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General introduction 

Amongst the new cohort of advanced materials, hydrogel-based nanocomposites, designed by 

incorporating nano-sized second phase into hydrogels, have fascinating properties. They have very 

recently attracted a lot of attention due to the new extraordinary opportunities that such 

sophisticated and multifunctional materials offer in a wide range of domains including aerospace, 

3D printing, waste-water treatment, biomedical engineering (drug delivery and tissue 

engineering), sensors, actuators and energy storage. 

While traditional (organically crosslinked) hydrogels have poor mechanical performances (e.g. 

low fracture toughness and limited ductility), this new class of nanocomposites is extremely 

resilient and extremely stretchable with an elongation than can exceed 3000%. Very recent studies 

have illustrated impressive improvements of mechanical properties, in addition to extreme 

stretchability, such as high toughness and high mechanical strength. The reinforcing effect of 

nanoparticles is attributed to several factors such as hydrogel matrix properties, nature (and 

amount) of nanoparticles and strength of interactions. Nanofillers considerably improve the 

structural stability of the hydrogels due to the occurrence of multiple specific interactions between 

the polar surface of the charges and hydrophilic chains such as hydrogen bonds, van der Waals 

interactions and electrostatic interactions, to achieve better chemical, electrical, mechanical and 

biological properties. These smart and adaptive materials combine the advantage of the nano-scale 

reinforcement and the multiphysics (chemical, physical, mechanical and biological) properties of 

hydrogels including biocompatibility (along with some similarities to biological tissues), 

stimulating responsiveness, adsorption performance and facile room temperature self-healing (by 

restoring initial microstructure and mechanical strength).  

Whereas considerable efforts have been devoted to elaboration and characterization of hydrogel-
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filler material systems, the mechanisms of nanofillers reinforcement remain largely 

misunderstood. A better understanding of the structure-property relationship for such new material 

systems is of prime importance in order to provide detailed information for their reliable design 

considering a rigorous set of their various specific characteristics: extreme stretchability and self-

healing facility along with a strong viscous consistency. As a meaningful prerequisite of advanced 

applications of such new materials, the formulation of constitutive models is needed. Such tools 

would provide a better understanding of the separate and synergistic effects of key factors that 

govern the impressive improvements of mechanical properties. An exhaustive literature survey 

shows that the constitutive modelling of hydrogels is rare. Despite the important advance 

accomplished by these models, they cannot connect the nanostructure to the overall recovery 

behavior of hydrogel-based nanocomposites. A rigorous constitutive representation of the 

nanofiller-hydrogel material system, including explicit active interactions between nanofillers and 

hydrogel matrix, would allow to propose physically consistent explanations of the reinforcement 

mechanisms in connection to the nonlinear material response and the room-temperature self-

healing facility. In this regards, only micromechanics-based approaches allow to propose a 

framework avoiding (or at least limiting) the arbitrary inclusion of heuristic parameters. Such a 

development would offer a way to gain a better understanding of the reinforcing effect of 

nanoparticles on the overall properties and to provide detailed information for their design. A 

constitutive representation that considers as well history-dependent effects and local matrix-

nanoparticle interaction has not yet been developed. In the present PhD dissertation, a model, 

formulated within the framework of nonlinear continuum mechanics, is developed to constitutively 

correlate the behavior of nanocomposites to their internal network structures in terms of rubbery 

matrix and inorganic nanoparticles properties. 
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Objective and thesis plan 

In order to realize our objective, the actual thesis was planned following several well-constructed 

steps that will be described in details through the following chapters: 

In Chapter I, a succinct summary of classic knowledge which can be found in specialized works 

and that have been selected for their relevancy in the present study for the reader convenience. The 

classification, properties and industrial applications are briefly reported. It was followed by 

detailed literature survey on reinforced hydrogels in terms of their methods of preparation, and 

improvement of mechanical, electrical, biological and magnetic properties and their applications 

in biomedical applications. 

In Chapter II, we present a model based on the Eshelby inclusion theory and the micromechanics 

framework using the concept of cubic material volume to account for the effective role of 

nanoparticles on the nonlinear and finite-strain macro-behavior of hydrogel-based 

nanocomposites. The hydrogel-nanofiller material system is representatively regarded as a cubic 

unit cell containing nine particles. A central nanoparticle connects eight nanoparticles placed at 

the cube vertices via a number of hydrogel chains. The model explicitly considers the chains 

network with dynamic reversible detachable/re-attachable mechanisms of bonds to coherently 

capture the rate-dependent extreme stretchability and some inelastic features including strong 

hysteresis upon stretching-retraction and continuous relaxation. A quantitative evaluation of our 

model is presented by comparisons to a few available experimental data of a variety of hydrogel-

nanofiller material systems. The model is used to discuss some important aspects of the 

mechanisms of nanofillers reinforcement, failure and room temperature self-healing facility. 
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In Chapter III, the micromechanical model is further developed to capture the inelastic response 

of hydrogel-based nanocomposites by considering the swelling-damage coupling. The constitutive 

model formulated in a finite strain context introduces explicitly the hydrogel network features in 

terms of swelling and dynamic breaking-recombination. The effective interactions between the 

nanoparticles and the swollen hydrogel network are considered using a micro-macro scale 

transition within the Eshelby inclusion theory. The model is compared to experimental 

observations of a high-swelling capacity hydrogel-based nanocomposites reinforced with different 

concentrations of nanoparticles. The model is firstly identified using monotonic stretching data at 

an initial swelling state in terms of stress-strain response, energy dissipation and ultimate 

properties. The predictive capability of the model is then verified on a wide range of swelling 

ratios for a given nanofiller concentration. The efficiency of the model is further critically 

discussed by comparisons with history-dependent data under stretching-retraction and self-

healing. The effects of nanoparticles and swelling on the self-healing response are shown thanks 

to the model. 

In Chapter IV, we address the problem of the multiscale constitutive representation of the 

multiaxial inelastic behavior of elastomeric particulate composites. A fully three-dimensional 

model is proposed within a micromechanical treatment to describe the multiaxial inelastic response 

in relation to the reinforcement mechanisms. A network decomposition based on the tube 

confinement theory is used to consider the combined effects of multiaxiality and inelasticity. The 

near-field direct interactions between the particles and the rubber networks are physically 

described using the Eshelby inclusion theory. The capabilities of the microstructure-based model 

are evaluated for different modes of deformation over a wide range of filler concentrations. It is 

found able to successfully reproduce the significant features of the multiaxial macro-response upon 
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monotonic and cyclic loading sequences. Important insights about the effective role of the 

reinforcement mechanisms on the multiaxial dissipation are revealed. 

A general conclusion closes this PhD dissertation with the main results obtained.
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CHAPTER I 

I. Structure and properties of advanced 

soft materials 
 

 

 

 

A succinct summary of classic knowledge, which can be found in specialized works and selected for 

their relevancy, is provided in this first chapter. For the reader convenience, we begin to briefly report 

general assessments including classification, properties and industrial applications. We then provide 

a detailed literature survey on hydrogel-based nanocomposites in terms of their methods of 

preparation, and improvement of mechanical, electrical, biological and magnetic properties with a 

special focus on their biomedical applications. 

 

 

 

 

 

 

 

 

 



 Chapter I: Structure and properties of advanced soft materials  

 

8 

 

I.1 What is a soft material? 

Soft materials are omnipresent in nature as most living organisms are composed of materials that are 

soft, such as tissue and organs of the human body. The complex physics that is orchestrated from the 

nano to the macroscale, in conjunction with the dynamic internal/external stimuli underlying 

biological processes, has inspired the design of sophisticated soft materials exhibiting stimuli-

responsive features. As one of the most fascinating soft materials designed, hydrogels are a typical 

soft material that has a unique, three dimensionally cross-linked polymers network structure swollen 

with a large amount of water. They can be designed with controllable responses due to external 

environmental conditions (Koetting et al., 2020; Zhang et al., 2020; Yang et al., 2022). Hydrogels 

may change configurations in response to a variety of physical and chemical stimuli, where the 

physical stimuli include temperature, electric or magnetic field, light, pressure, and sound. While the 

chemical stimuli include pH, solvent composition, ionic strength, and molecular species (Jiang et al., 

2020; Andrade et al., 2021; Arrizabalaga et al., 2022; Fragal et al., 2022; Hu et al., 2022) (Figure I.1). 

They can be used either in their natural state or can be developed synthetically. Extensive employment 

of these products in several industrial and environmental areas of application are considered to be of 

prime importance. Hydrogel materials are widely used in various fields like biomedical, electronics, 

tissue engineering, robotics, medicines and wastewater treatment. 

I.2 Classification of hydrogel products 

The hydrogel products can be classified on different bases as detailed below: 

I.2.1 Classification based on source 

Hydrogels can be classified into two groups based on their natural or synthetic origins (Deng et al., 

2022; Long et al., 2022). 
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Figure I.1 Stimuli-responsive hydrogels reacting to physical and chemical stimuli. 

 

I.2.2 Classification according to polymeric composition 

The method of preparation leads to formations of some important classes of hydrogels. These can be 

classified as follows: 

(a) Homopolymeric hydrogels (Dourado et al., 2021).  

(b) Copolymeric hydrogels (Fox et al., 2020). 

(c) Multipolymer interpenetrating polymeric hydrogel (Rungrod et al., 2022).  

I.2.3 Classification based on configuration 

The classification of hydrogels depends on their physical structure and chemical composition can be 

classified as follows: 

(a) Amorphous (non-crystalline) (Xia et al., 2021). 
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(b) Semicrystalline: A complex mixture of amorphous and crystalline phases. 

(c) Crystalline. 

I.2.4 Classification based on type of cross-linking 

a) Chemically cross-linked networks (Reis et al., 2021). 

b) Physical networks (Pita-López et al., 2021). 

I.2.5 Classification based on physical appearance 

Hydrogels appearance as matrix, film, or microsphere depends on the technique of polymerization 

involved in the preparation process. 

I.2.6 Classification according to network electrical charge 

Hydrogels may be categorized into four groups on the basis of presence or absence of electrical charge 

located on the cross-linked chains: 

(a) Nonionic (neutral) (Nguyen et al., 2011). 

(b) Ionic (including anionic or cationic) (Shojaeiarani et al., 2021).  

(c) Amphoteric electrolyte (ampholytic) containing both acidic and basic groups (Xu et al., 2022). 

(d) Zwitterionic (polybetaines) containing both anionic and cationic groups in each structural 

repeating unit (Jiao et al., 2021). 

I.3 Improving hydrogel properties with nanomaterials 

With the current development in nanotechnology now make it is feasible to generate well-defined 

nanomaterials (in terms of sizes, shapes, and properties) from both organic and inorganic precursors 

which can be combined with soft materials. The innovative combination of nanomaterials and 

hydrogels creates synergistic, unique, and potentially useful properties that are not found in the 

individual components. However, the properties given to the hydrogel-nanocomposite systems 
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depend on the type of nanomaterials incorporated and synthesis method. The main aim of the 

incorporation of nanomaterials into the hydrogel (natural and synthetic) is to improve their 

mechanical, electrical, or biological properties. This combination increases the hydrogel properties. 

The resultant biomaterials could be used to optimize a variety of properties required for biomedical 

applications; these materials can be engineered as materials that better mimic the natural tissues. 

Improved properties of hydrogel-based nanocomposites can be attributed to their unique network 

structure as well as the specific way in which the nanomaterials interact with the surrounding 

polymers (Haraguchi et al., 2007). For instance, enhanced interactions due to surface 

functionalization of nanoparticles were demonstrated to influence mechanical, chemical, and 

biological properties all at once. 

 

Figure I.2 With the right combination of nanomaterials and hydrogel, it is possible to manufacture 

mechanically tough, stimuli responsive, and biocompatible systems for biomedical applications. 

 

I.3.1 Nanocomposite hydrogel synthesis 

Generally, hydrogel-based nanocomposites can be synthesized from either synthetic polymers or 

natural polymers. Currently, there are several methods in which the incorporation of nanomaterials 
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into hydrogel can be achieved. These methods are applied to organic and inorganic nanomaterials 

(Figure I.2), and a wide range of nanomaterials were successfully incorporated into hydrogel 

networks (Thoniyot et al., 2015), by in situ polymerization, in situ growth of the nanoparticles, or 

physical mixing (Figure I.3). As a result, controlled network structures yielding hydrogel-based 

nanocompositeswith customized properties can be attained (Chen et al., 2018). Figure I.3 describes 

different ways used to fabricate nanocomposite hydrogel systems. 

 

Figure I.3 Nanocomposite hydrogel synthesis: (a) in situ polymerization of monomer in 

nanoparticle suspension, (b) reactive nanoparticle synthesis within gelled materials, (c) physical 

embedding of nanoparticles into the hydrogel matrix after gelation (Chen et al., 2018). 

 

 

I.3.2 Properties of hydrogel-based nanocomposites 

Overall, the mechanical, physical, and biological properties of hydrogel-based nanocomposites vary 

depending on the synthesis strategy, nanomaterial choice, and network formation approach. By 

optimizing these parameters (individually or in synchrony) biomedically relevant hydrogel-based 

nanocomposites can be obtained and tailored applications will be possible for these materials. 
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I.3.2.1 Mechanical properties 

Mechanical properties of materials are an essential feature, to improve mechanical properties, 

nanomaterials can be incorporated into the hydrogel network structures by physical crosslinking 

without the need for any organic crosslinkers. Nanomaterials can also act as chemical crosslinkers 

forming covalent bonds which leads to hydrogels with improved functionalities. Both natural and 

synthetic hydrogels using both organic and inorganic nanomaterials have been generated with 

enhanced mechanical performance (Haraguchi et al., 2003; Haraguchi, and Li, 2006, Bedoui et al., 

2022) relevant to broad biomedical applications (Bach et al., 2013; Memic et al., 2015; 

Vedadghavami et al., 2017; Beldjilali-Labro et al., 2018; Esmaeili et al., 2022). 

For example, in Figure I.4, hydrogel-based nanocomposites have been prepared by Haraguchi et al. 

(2007) with improved optical and mechanical properties that could be used for contact lens 

applications (Molina et al., 2015; Memic et al., 2015). Similarly, Li et al. (2021) prepared a 

SiO2@PANI core-shell nanoparticles which were used to enhance the mechanical and conductive 

properties of the P(AM/LMA) hydrogel. The mean diameter of Si-ANI particles was about 139.2 nm. 

The introduction of SiO2@PANI core-shell particles has improved the tensile strength, elongation at 

break, toughness, and elastic modulus of P(AM/LMA) hydrogel, by comparison to the pure PAM 

hydrogel (Figure I.5). The SiO2@PANI-P(AM/LMA) hydrogels were designed into various shapes 

to suit different applications. 
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Figure I.4 (PDMAA-)/clay nanocomposite prepared using various kinds of clay: (a) tensile 

mechanical response of several kinds of hydrogel/clay nanocomposites, (b) schematic 

representation of the network structure. Panels c, d, e, f and g show a nanocomposite hydrogel 

obtained in various shape with extraordinary mechanical toughness: (c) thin film, (d) sheet, (e) 

uneven sheet, (f) hollow tube, and (g) bellows (Haraguchi et al., 2007). 

 

 

In Figure I.6, a PAAm/exfoliated montmorillonite (MMT) nanocomposite were synthesized with 

unprecedented stretchability (fracture elongation up to 11 800%), toughness (fracture toughness up 

to 10.1 MJ m–3), and self-healing have been reported (Gao et al., 2015). Self-healable hydrogels have 

received considerable attention in recent years because of their good self-healing and mechanical 

performances. The remarkable performances of these materials are typically demonstrated by 

physical cross-linking (non-covalent bonding) between polymer chain and nonreinforcements. 
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Figure I.5 SiO2@PANI-P(AM/LMA) hydrogels showing extraordinary mechanical properties: (a) 

Under curl, (b) stretch under curl, (c) puncture resistance, (d) blowing a ‘‘hydrogel balloon’’, (e) 

tensile stress-strain curve (the tensile strength of 589 kPa and elongation at break of 2100% was 

obtained), and (f) elastic modulus (43 kPa) and toughness (4.3 MJ m3) (Li et al., 2021). 

 

Shao et al. (2017) prepared a fully physically stretchable, recoverable, and self-healable cross-linked 

nanocomposite hydrogel (PAA-CNF-Fe3+) by in situ free radical polymerization. In the resultant 

nanocomposite, the coordination bonds act as strong bonds and maintain primary structure, whereas 

the hydrogen bonds act as weak bonds to form a sacrificial network.  

Adding to that, the coordination bonds are dynamic and serve as sacrificial bonds to dissipate energy 

after the rupture of hydrogen bonds, giving a unique combination of high toughness, fast self-

recovery, and significant self-healing property after deformation or damage (Figure I.7). 
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Figure I.6 Montmorillonite nanosheet crosslinked hydrogels: (a) Polymer chains are adsorbed on 

clay nanosheets, (b) the obtained hydrogels are very flexible and (c) stretchable to very large 

strains, (d) uniaxial tensile stress-strain curves show that the fracture strain was as high as 11 800%, 

(e) the polymer chains are able to migrate across the interface of two hydrogels in contact, leading 

to complete self-healing (Gao et al., 2015). 

 

Figure I.7 (a) Schematic of PAA-CNF-Fe3+ physical hydrogel, (b) hydrogel specimens were cut into 

halves and self-healed without any external intervention at the ambient temperature, the healed 

hydrogel can sustain stretching and lifting a weight of 350 g, (c) tensile stress-strain curves of PAA, 

PAA-Fe3+, and PAA-CNF-Fe3+, (d) cyclic tensile loading-unloading curves with different resting 

times between two successive measurements, and (e) corresponding recovery ratio and residual 

strain, (f) stress-strain curves of PAA-CNF-Fe3+ with different healing temperatures and (g) 

corresponding healing efficiency, (h) stress-strain curves of the original and self-healed gels at 

various healing times and (i) corresponding self-healing efficiency (Shao et al., 2017). 
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Self-healing zirconium hydroxide nanocomposite hydrogel (Zr-NC gel) developed by Jiang et al. 

(2017) were fabricated by in-situ free radical copolymerization. This nanocomposite was prepared 

using non-covalent hydrogen bonding interactions between polymer chains and zirconium hydroxide. 

The obtained tough hydrogel has excellent self-healing properties at room temperature (Figure I.8). 

 

Figure I.8 (a) Schematic illustration of the synthesis of Zr-NC gels with zirconium hydroxide 

nanoparticles as crosslinkers, (b) self-healing process consisting of two healing mechanisms 

including hydrogen bonds recombination and polymer chain entanglements and (b) photographs of 

the self-healed Zr-NC gel, (b.a) the samples were cut into several blocks and two of them were dyed 

with methyl orange for visualization of the cut surfaces, (b.b) the separated blocks were brought 

into contact at room temperature without external stimulus, (b.c) the healed sample was mechanical 

tough which could be brought into a circle, (c) the tensile stress-strain curves with various 

zirconium hydroxide contents, (d) stress-strain curves of the original and healed Zr-NC gels, (e) the 

corresponding self-healing efficiency, (f) cyclic loading-unloading tensile testing with the same 

sample levels of maximum strains, (d) fixed maximum strain of 300% by cyclic tensile test of five 

times for Zr-NC gel with 6 wt% zirconium hydroxides (Jiang et al., 2017). 
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Soft materials exhibit a complex mechanical behavior. Cyclic loading-unloading tensile testing is a 

way to analyze this complex mechanical behavior and the internal fracture process of soft materials. 

The resulting stress-strain curves can be used as indices to assess the energy dissipation and the 

mechanical properties of the materials. 

The change in mechanical properties of nanocomposites under cyclic loading was firstly observed by 

Mullins and his co-workers (Mullins, 1948, 1969; Mullins and Tobin, 1957, 1965). The principal 

phenomenological observations described by Mullins and co-workers can be summarized as follows: 

• The softening is uniquely observed under higher elongations than the preceding ones in the  

loading history. 

• An induced anisotropy as a consequence of the softening. 

• The softening increases with an increasing volume of fillers. 

• The complete recovery of the initial stiffness is never reached. 

• The softening behavior is seen also from non-dilating load conditions, i.e. compression and  

shearing tests.  

Additional to the first pre-strain softening (Mullins effect), the effect of repeated deformation leads 

the rubbery materials to approach asymptotically a steady state with a constant – equilibrium – stress 

response (Figures I.8-I.10). Softening occurs in both filled and non-filled soft materials. Numerous 

authors (Bouasse and Carrière, 1903; Shedd and Ingersol, 1904; Schwartz, 1907) published data 

demonstrating that stretching resulted in a softening of rubber. However, Holt (1931) was the first to 

describe the effects of repeated stretching and stretching-speed on the stress-strain properties of 

rubber compounds.  
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Together with the progressive softening during repeated deformation, Holt (1931) also showed that 

stretching to a series of increasing strains resulted in a progressive increase in the observed softening 

at low strains. Numerous authors have investigated the influence of filler particles on the stiffness of 

hydrogel-based nanocomposites (Figures I.7- I.10). Li et al. (2017) reports their strategy to design an 

ultrahigh mechanical strength, tough, and self-healable hybrid dual crosslinked polyacrylic acid 

(PAAc) hydrogel. The hybrid PAAc hydrogel was fabricated in a one-pot reaction with two types of 

crosslinking points, i.e. the primary chemical cross-linkers that create covalent cross-linking among 

PAA chains and the secondary physical cross-linkers Fe3+ that introduce ionic coordinates between 

Fe3+ and −COO− groups (Figure I.9).   

 

Figure I.9 Cyclic loading-unloading tensile testing of hybrid dual-crosslinked hybrid hydrogels 

under two different strain levels: (a) low and (b) high (Li et al., 2017). 
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Figure I.10 Tensile hysteresis loops of Agar/PAAc-Fe3+ DN gels in (a) the small strain and (b) the 

large strain measured in a cyclic tensile test, (c) strain-stress curves of Agar/PAAc-Fe3+ DN gels 

recovered from a sealed bag at room temperature without any external stimuli, (d) strain-stress 

curves of Agar/PAAc-Fe3+ DN gels recovered from a ferric iron solution at room temperature, (e) 

strain-stress curves and (f) the recovery ratio of Agar/PAAc-Fe3+ DN gels recovered from a sealed 

bag at 50 °C without other external stimuli (Li et al., 2017). 

 

In Figure I.10 an example of an Agar/PAAc-Fe3+ double network hydrogel which exhibited very 

favorable mechanical properties (tensile strength 320.7 kPa, work of extension 1520.2 kJ m-3, 

elongation at break 1130%), fast self-recovery properties in Fe3+ solution (100% recovery within 30 
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min), in 50 oC conditions (100% recovery within 15 min), and under ambient conditions (100% 

recovery of the initial properties within 60 min), as well as impressive self-healing properties under 

ambient conditions has been reported by Li et al. (2017). 

 

 

Figure I.11 (a) Schematic for the preparation of P(VI-co-AAc) hydrogels, (b) tensile stress-strain 

curves with different (i) molar fraction, (ii) displacement rate, (iii) temperatures, (iv) equilibrated in 

pH (Ding et al., 2017). 
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Soft materials exhibit a strong time-dependent mechanical behavior, and may change configurations 

in response to a variety of physical and chemical stimuli. The experiments of Ding et al. (2017) in 

which a tough (P(VI-co-AAc)) hydrogels (1-vinylimidazole-co-acrylic acid) reinforced by robust 

hydrogen bonds were synthesized by free-radical copolymerization. Their results demonstrate that 

the hydrogels with different compositions have excellent mechanical performances. The tough 

hydrogels also show temperature- and deformation rate dependency. Adding to this, the mechanical 

properties of the prepared hydrogels can be reversibly tuned by the pH of incubated solutions. In 

addition, the tough hydrogels also show fast self-recovery ability after unloading due to the dynamic 

nature of hydrogen bonds (Figure I.11). 

I.3.2.2 Electrical properties 

For many biomedical applications, the development of electrically conductive materials could be very 

beneficial. For example, a range of tissues require electrical conductivity including muscle, nerve, 

and cardiac tissues (Min et al., 2018; Wen et al., 2020). Developing electrically conductive hydrogels 

could be achieved by incorporating an array of conducting nanomaterials into the polymeric network.  

Conductive biomaterials could play important roles in drug delivery, biosensor, actuator applications 

and tissue engineering. The design of these conductive materials leads to biomaterials that better 

mimic the native tissue. For example, Arslantunali et al. (2014) used MWNT and poly (2-

hydroxyethyl methacrylate) (pHEMA) to generate conductive hydrogel nanocomposites intended for 

nerve regeneration. Mehrali et al. (2017) hypothesize that new synthetic life-like forms with simple 

cognitive abilities and exceptional locomotive strength could emerge. With regard to future research 

and special attention should be given to 3D printing of intricate neural circuits or strong hybrid 

skeletal-muscle tissue from carbon-based hydrogel nanocomposites. By sculpting these parts into 

hybrid creatures (Figure I.12). 
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Figure I.12 Future directions: (a) 3D printing of hybrid neural, (b) the potential application of cell-

laden conductors in cyborganics, (c) use of 3D-printed neural circuits and cyborg skeletal muscle to 

generate advanced biorobots (Mehrali et al., 2017). 

 

 

Liao et al. (2017) Report the fabrication of hybrid mussel-inspired self-adhesive, self-healable, and 

conductive nanocomposite hydrogels. Hydrogel-based nanocomposites comprising of conductive 

functionalized single-wall carbon nanotube (FSWCNT), biocompatible polyvinyl alcohol (PVA), and 

PDA exhibiting excellent and repeatable adhesiveness to the inorganic and organic surface, such as 

porcine skin for mimicking human skin tissue. Hydrogel-based nanocomposites showed no 

cytotoxicity and facilitate cell attachment and proliferation, indicating the great promising application 

of the healable adhesive wearable soft strain sensors with tissue adhesiveness and reliable 

biocompatibility (Figure I.13). 
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                                            (a)                                                                          (b)  

Figure I.13 Self-healing capability of the conductive PVA-FSWCNT-PDA hydrogel: (a) Schematic 

representation of the conductive nanocomposite network hydrogels that could be (i,ii) reversibly 

self-healed, and (i) self-adhered on the wrist during the human–machine interaction and healthcare 

monitoring, (b) the conductive properties of the PVA-FSWCNT-PDA hydrogel (I) Circuit and 

cartoon containing self-healing PVA-FSWCNT-PDA hydrogel connected with a blue LED 

indicator: (i) original, (ii) completely severed (open circuit), and (iii) self-healing. (II) Time 

evolution of the self-healing process for the conductive PVA-FSWCNT-PDA hydrogel by the real-

time resistance measurements: (i) the cutting-healing cycles at the same location and (ii) the 

magnified self-healing process (Liao et al., 2017). 

 

I.3.2.3 Biological properties 

Biological properties of materials are arguably the most important characteristics that ultimately 

determine their usefulness and biomedical application. Even with superior mechanical and electrical 

properties, in vivo failure of hydrogels is too often caused by interactions with biological 

environment. Toxicity and biomaterial/ biological environment are essential biological properties of 

biomaterials requiring detailed characterization. Incorporation of nanomaterials into hydrogels can 

significantly improve their biological behavior. For example, Alonci et al., (2018) successfully 
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developed a nanocomposite poly(amidoamine) hydrogel cross-linked with cystamine. In vitro tests 

showed that the hydrogel was able to sustain the proliferation of human dermal fibroblasts and to 

undergo degradation in response to cell-secreted molecules. The material was successfully tested in 

vivo, in pigs, as a fluid cushion for ESD and demonstrated long-lasting mucosal elevation. The 

developed injectable hydrogel can solidify in less than 3 minutes upon a supramolecular interaction 

with type I collagen, which is naturally present in the submucosal layer (Figure I.14).  

 

Figure I.14 In vivo gastric endoscopic submucosal dissection. A nanocomposite (silica 

nanoparticles) hydrogel, injectable, able to quickly (<3 min) jellify forming a solid long-lasting 

cushion that facilitates en bloc tumor resection (Piantanida et al., 2019). 

 

I.3.2.4 Magnetic properties 

One type of remotely controlled stimuli responsiveness is achieved by incorporation of magnetic 

nanomaterials. These magnetically responsive hydrogel-based nanocomposites have been used for 

making improved drug delivery systems, magnetic sensors, and diagnostic imaging agents (Figure 

I.15).  
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Figure I.15 Schematic representation of drug delivery under external magnetic field. The drug (red 

spheres) can be loaded in magnetic hydrogels, which can be shaped as patches or injected in vivo 

(Frachini and Petri, 2019). 

 

 

Figure I.16 Stimuli-responsive nanocomposite hydrogels: (a) Schematic of operation of remote-

controlled valves with hydrogel-based nanocomposites, (b) alternating the magnetic field results in 

collapse of the hydrogel, leading to opening or closing of the valve, permitting individual-colored 

liquid flows (Memic et al., 2015). 

 

To generate magnetically controlled nanocomposite hydrogels, magnetic Fe3O4 nanoparticles were 

incorporated into the NIPAAm hydrogel network (Frimponget al., 2010). This nanocomposite can be 

used for complex functions such as remote-controlled microfluidic valves. The nanocomposite was 
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integrated within a microfluidic device at the intersection of the Y-junction, acting as a valve. The 

collapse and swelling response of the magnetic nanocomposite hydrogel can be triggered with a radio-

frequency alternating magnetic field, which permits on-off control of the device flow (Figure I.16). 

 

I.4 Partial conclusion 

This literature survey highlights the considerable efforts devoted in the very recent years to the 

fabrication of advanced soft materials reinforced by nanoparticles. Accurate relationship between 

structure and properties is fundamental for a reliable design of such new materials. Among all 

mysterious aspects, the mechanisms of nanofillers reinforcement remain largely misunderstood.  

The next chapters will be focused on the mechanics of these materials through the formulation of 

constitutive models, even if behind the goal will be to provide a more general multiphysics 

constitutive model mixing the different fascinating phenomena (chemical, physical, mechanical and 

biological) described in Chapter 1. The developed models will be continuously enriched to provide 

step by step better predictabilities and understanding of the separate and synergistic effects of key 

factors that govern the impressive improvements of mechanical properties. 
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CHAPTER II 

II. A micromechanics-based model for 

visco-super-elastic hydrogel-based 

nanocomposites1 
 

This chapter presents a micromechanics-based model that constitutively relates internal network 

physics of hydrogel-based nanocomposites with their visco-super-elastic mechanics. The model is 

based on the Eshelby inclusion theory combined to the concept of cubic material volume to take 

into account the effective role of inorganic nanoparticles on the finite-strain response of hydrogels. 

Dynamic bonds between hydrogel chains and nanoparticles allow to describe the impressive time-

dependent properties of hydrogel-based nanocomposites such as rate-dependent extreme 

stretchability, strong hysteresis upon stretching-retraction and room temperature self-healing 

facility. The model is compared to a few available experimental data of a variety of hydrogel-

nanofiller material systems in terms of stress-strain response till failure, hysteresis, continuous 

relaxation and self-healing. The effects on the hydrogel behavior of loading conditions (strain rate 

and strain level) and internal network structures (due to variations in reinforcing elements and 

cross-linker amounts) are examined. The micromechanical model simulations are found in 

excellent agreement with experimental observations showing the relevance of the proposed 

approach. The mechanisms of nanofillers reinforcement and failure are discussed with respect to 

the model. The room temperature self-healing characteristics of hydrogel systems are discussed in 

connection to loading history and nanostructure. To further illustrate the model capabilities, the 

behavior of hydrogel systems is finally treated under different biaxial loading conditions. 

 

Keywords: Hydrogel-based nanocomposites; Micromechanical modeling; Extreme stretchability; History-

dependent effects; Self-healing. 

 

1 This chapter is based on the following paper: Saadedine, M., Zaïri, F., Ouali, N., Tamoud, A., Mesbah, A., 2021. A 

micromechanics-based model for visco-super-elastic hydrogel-based nanocomposites. International Journal of 

Plasticity 144, 103042. 
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II.1 Partial introduction 

Amongst the new cohort of advanced materials, hydrogel-based nanocomposites, designed by 

incorporating nano-sized second phase into hydrogels, have fascinating properties. They have 

very recently attracted a lot of attention due to the new extraordinary opportunities that such 

sophisticated and multifunctional materials offer in a wide range of domains including aerospace, 

3D printing, waste-water treatment, biomedical engineering (drug delivery and tissue 

engineering), sensors, actuators and energy storage (Lima-Tenorio et al., 2015; Merino et al., 

2015; Bhattacharya and Samanta, 2016; Farahani et al., 2016; Yang et al., 2016; Thakur et al., 

2017a, 2017b; Zhai et al., 2017; Liu et al., 2019; Deng et al., 2019; Guo et al., 2019; Xu et al., 

2019; Zhang et al., 2019). 

While traditional (organically crosslinked) hydrogels have poor mechanical performances (e.g. 

low fracture toughness and limited ductility), this new class of nanocomposites is extremely 

resilient and extremely stretchable with an elongation than can exceed 3000%. Very recent 

studies have illustrated impressive improvements of mechanical properties, in addition to 

extreme stretchability, such as high toughness and high mechanical strength (Sun et al., 2012; 

Shi et al., 2015; Chen et al., 2017; Liu et al., 2019). The reinforcing effect of nanoparticles is 

attributed to several factors such as hydrogel matrix properties, nature (and amount) of 

nanoparticles and strength of interactions. Nanofillers considerably improve the structural 

stability of the hydrogels due to the occurrence of multiple specific interactions between the polar 

surface of the charges and hydrophilic chains such as hydrogen bonds, van der Waals interactions 

and electrostatic interactions, to achieve better chemical, electrical, mechanical and biological 

properties (Sarvestani et al., 2008; Schexnailder and Schmidt, 2009; Kumar et al., 2014). These 

smart and adaptive materials combine the advantage of the nano-scale reinforcement and the 

multiphysics (chemical, physical, mechanical and biological) properties of hydrogels including 

biocompatibility (along with some similarities to biological tissues), stimulating responsiveness, 
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adsorption performance and facile room temperature self-healing (by restoring initial 

microstructure and mechanical strength).  

Whereas considerable efforts have been devoted to elaboration and characterization of hydrogel-

filler material systems, the mechanisms of nanofillers reinforcement remain largely 

misunderstood. Behind the basic inelastic features illustrated in Figure I.1, a better understanding 

of the structure-property relationship for such new material systems is of prime importance in 

order to provide detailed information for their reliable design considering a rigorous set of their 

various specific characteristics: extreme stretchability and self-healing facility along with a 

strong viscous consistency. As a meaningful prerequisite of advanced applications of such new 

materials, the formulation of constitutive models is needed. Such tools would provide a better 

understanding of the separate and synergistic effects of key factors that govern the impressive 

improvements of mechanical properties. An exhaustive literature survey shows that the 

constitutive modeling of hydrogels is rare (Long et al., 2014; Guo et al., 2016; Liu et al., 2016; 

Wang and Gao, 2016; Mao et al., 2107; Shao et al., 2017; Wang et al., 2017; Vernerey et al., 

2017, 2018; Vernerey, 2018; Yu et al., 2018; Kulcu, 2019; Morovati and Dargazany, 2019; 

Drozdov and Christiansen, 2018, 2020; Lin et al., 2020; Zhu and Zhong, 2020; Xiao et al., 2021). 

More specifically Morovati and Dargazany (2019) proposed a constitutive model based on the 

network decomposition along with the detachment mechanism to capture the stress-softening in 

double network hydrogels. Liu et al. (2016), Kulcu (2019) and Xiao et al. (2021) proposed also 

inelastic constitutive models for double network hydrogels while Wang and Gao (2016) and 

Wang et al. (2017) paid attention to the networks crosslinked by nanoparticles. The strong 

viscous consistency of hydrogels may be represented by using either phenomenological or 

physically-based approaches. The latter seems more attractive to provide a proper description of 

the underlying microstructure phenomena in the aim of controlling them (Dargazany et al., 2014; 

Li et al., 2016; Yang and Li, 2016; Guo et al., 2018; Zhou et al., 2018; Mahjoubi et al., 2019; 

https://www.sciencedirect.com/science/article/pii/S0022509618301704#bib0085
https://www.sciencedirect.com/science/article/pii/S0022509618301704#bib0085
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Xiang et al., 2019; Guo and Zaïri, 2020, 2021). For example, Mao et al. (2017) developed a 

constitutive model to describe inelastic behavior and stress-softening in double network 

hydrogels in which the inelastic damage caused by the rupture of ionic bonds is introduced. The 

self-healing behavior is also an important feature to control by tailoring the microstructure. 

Intensive efforts have been done to the thermally-induced strain recovery prediction of more 

conventional amorphous networks (Su and Peng, 2018; Shen et al., 2019; Cherief et al., 2020; 

Dai et al., 2020) in relation to previous thermo-mechanical history and heating conditions in 

terms of recovery temperature and heating rate. Actually, hydrogels are room-temperature self-

healable materials and this feature has been considered in a very few constitutive models (Long 

et al., 2014; Vernerey et al., 2017; Wang et al., 2017; Yu et al., 2018; Lin et al., 2020). Long et 

al. (2014) developed a rate-dependent phenomenological model for dual cross-linked self-healing 

hydrogels. Vernerey et al. (2017) provided latter a more direct connection between single chain 

and macroscopic mechanics. Wang et al. (2017) developed a polymer-network based theory to 

capture the response of self-healable nanocomposite hydrogels taking into account the particle 

concentration and chain length distribution. However, the chain-particle interaction has been 

highly simplified. Lu et al. (2020) and Lin et al. (2020) developed constitutive models, based on 

the eight-chain model and on a Neo-Hookean formulation, respectively, in which 

association/dissociation of chains were incorporated to capture the recovery behavior of different 

hydrogel types. The constitutive models are able to describe the rate-dependent tensile response 

but the presence of particles is not taken into account.  

Despite the important advance accomplished by these models, they cannot connect the 

nanostructure to the overall recovery behavior of hydrogel-based nanocomposites. A rigorous 

constitutive representation of the nanofiller-hydrogel material system, including explicit active 

interactions between nanfillers and hydrogel matrix, would allow to propose physically 

https://www.sciencedirect.com/science/article/pii/S0022509618301704#bib0085
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consistent explanations of the reinforcement mechanisms in connection to the nonlinear material 

response (Zaïri et al., 2011) and the room-temperature self-healing facility. 

 

 

 

 

Figure II.1 Dynamic bonds in hydrogel-filler material system upon a stretching-retraction 

cycle. Each color is associated to a group of chains according to their lengths. 

 

 

In this regards, only micromechanics-based approaches allow to propose a framework avoiding 

(or at least limiting) the arbitrary inclusion of heuristic parameters. Such a development would 

offer a way to gain a better understanding of the reinforcing effect of nanoparticles on the overall 

properties and to provide detailed information for their design. A constitutive representation that 
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considers as well history-dependent effects and local matrix-nanoparticle interaction has not yet 

been developed.  

The objective of this chapter is to constitutively correlate the behavior of visco-super-elastic 

hydrogel-based nanocomposites to their internal network structures in terms of hydrogel matrix 

and inorganic nanoparticles properties. We present a model based on the Eshelby inclusion 

theory and the micromechanics framework using the concept of cubic material volume to account 

for the effective role of nanoparticles on the nonlinear and finite-strain macro-behavior of 

hydrogel-based nanocomposites. The hydrogel-nanofiller material system is representatively 

regarded as a cubic unit cell containing nine particles. A central nanoparticle connects eight 

nanoparticles placed at the cube vertices via a number of hydrogel chains. The model explicitly 

considers the chains network with dynamic reversible detachable/re-attachable mechanisms of 

bonds to coherently capture the rate-dependent extreme stretchability and some inelastic features 

including strong hysteresis upon stretching-retraction and continuous relaxation. A quantitative 

evaluation of our model is presented by comparisons to a few available experimental data of a 

variety of hydrogel-nanofiller material systems.  

The model is used to discuss some important aspects of the mechanisms of nanofillers 

reinforcement, failure and room temperature self-healing facility. 

The chapter is organized as follows. The micromechanical model is presented in Section II.2 

Section II.3 presents and discusses the model results especially regarding the reinforcing effect 

of inorganic nanoparticles on the visco-super-elastic response of hydrogels. Concluding remarks 

are finally given in Section II.4. 

The following notation is used throughout the text. Tensors and vectors are denoted by normal 

boldfaced letters and italicized boldfaced letters, respectively, while scalars and individual 

components of vectors and tensors are denoted by normal italicized letters. 
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II.2 Model 

II.2.1 Cubic material volume 

When nanoparticles are embedded into a hydrogel medium, the nano-sized discrete second phase 

acts as anchoring (crosslinking) points for hydrogel chains and strengthens the chains network 

(Haraguchi et al., 2002; Liu et al., 2019). A multiscale approach starting from the nanostructure 

is then required to represent the material system. 

 

 

 

 

 

Figure II.2 Unit cell and corresponding geometric setting. 
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Figure II.2 presents the representative volume element used to derive the model. It arises from 

the eight-chain cubic material volume of Arruda and Boyce (1993) in which nine nanoparticles 

are inserted. A central nanoparticle 0P  connects eight nanoparticles ( 1P  to 8P ) placed at the cube 

vertices via the eight chains. The hydrogel chains network will be characterized by the mean 

number of segments in a chain N  (mean chain length) and the mean chain density n .  

The macroscopic free energy   from which the stress-strain relationship is obtained may be 

expressed as a function of the chain free energy chain  and the free energy of the nanoparticles 

p :  

 
( )8 2

chain p

b r

V
  

−
= +  (II.1) 

where b  is the center-to-center distance between the central nanoparticle and a neighboring 

nanoparticle, r  is the nanoparticle radius, V  is the cubic unit cell volume and   is the volume 

fraction of nanoparticles. 

The quantity chain  being an energy density per unit chain length, it may be expressed as a 

function of the strain energy density per unit volume of the hydrogel matrix m : 

 
8

chain m

V

b
 =  (II.2) 

Eq. (II.1) can be re-written as follows: 

 ( )1 2 m p   = − +  (II.3) 

with r b = . 

With increasing amount of nanoparticles, the distance between them decreases. The volume 

fraction of nanoparticles   is defined as the ratio between the volume of domains p  occupied 
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by the nanoparticles in the cubic unit cell and the total volume V . Since each of the eight 

nanoparticles 1P  to 8P  occupies a volume of 1 8 pV  and the central nanoparticle 0P  occupies a 

volume of 
pV , the volume fraction of nanoparticles is given by: 

 33
p

3

2V
=

a
 =  (II.4) 

where 4 3 3

pV = πr  is the nanoparticle volume and 2 3a b=  is the cube length.  

II.2.2 Constitutive equations for the two phases 

The proposed multiscale model satisfies the continuum mechanics rules for which the 

deformation gradient tensor F  is a key quantity to define the kinematics of a continuum body 

with ( )detJ = F  the Jacobian. Let us define the tensors F , mF  and pF  the deformation gradients 

of the hydrogel-nanofiller material system, of the hydrogel matrix and of the nanoparticles, 

respectively. Each constitutive phase is supposed to be an isotropic and homogeneous medium 

with the stiffness tensors mK  and pK  defined with their respective shear moduli Bm nk T =  ( Bk  

is the Boltzmann’s constant and T  is the absolute temperature) and p  , and their respective 

bulk moduli mK  and pK . 

II.2.2.1 Hydrogel matrix 

As shown in Figure II.2, the chain end-to-end vector c  is defined, in the Cartesian coordinate 

system, by:  

 ( )_1 _ 2 _3

2
+ +

3
m m m

b r
  

−
c = x y z  (II.5) 

where _1m , _ 2m  and _3m  are the principal stretches of the hydrogel matrix. 

The vector c  may be also defined as follows: 
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 2= −c b r  (II.6) 

in which b  and r  are vectors given, in the Cartesian coordinate system, by: 

 ( )1 2 3+ +
3

b
  =b x y z  and ( )_1 _ 2 _3+ +

3
p p p

r
  =r x y z  (II.7) 

where 1 , 2  and 3  are the principal stretches applied at the macro-level and, _1p , _ 2p  and 

_ 3p  are the principal stretches of the nanoparticles pF . 

Combining Eqs. (II.5), (II.6) and (II.7), the micro-macro transition is realized. The obtained 

deformation gradient tensor of the hydrogel matrix mF  may be expressed as follows: 

 ( )
1

2
1 2

m p


= −
−

F F F  (II.8) 

The deformation gradient tensor mF  may be multiplicatively split into a volumetric part _volmF
 

and an isochoric part _isomF  as: 

 _vol _iso.m m m=F F F  (II.9) 

For an isotropic swelling, the two tensors are given by:  

 1 3

_volm mJ=F I  and 1 3

_isom m mJ −=F F  (II.10) 

where I  is the unit tensor. 

The viscoelasticity in the material medium is based on the multiplicative decomposition concept 

of the deformation (Li et al., 2017). The deformation gradient tensor of the hydrogel matrix 

_ isomF  is then further multiplicatively split into an elastic part _ iso

e

mF  and a viscous part _ iso

v

mF  

as : 

 _ iso _ iso _ iso.e v

m m m=F F F  (II.11) 
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The velocity gradient tensor of the hydrogel matrix 1

_ iso _ iso _ iso.m m m

−=L F F  is expressed as: 

 _iso _iso _isom m m= +L D W  (II.12) 

in which _ isomD  is the stretching rate tensor (symmetric part) and _isomW  is the spin tensor (skew-

symmetric part): 

 ( )_ iso _ iso _ iso

1

2

T

m m m= +D L L
 
and ( )_ iso _ iso _ iso

1

2

T

m m m= −W L L  (II.13) 

Using the irrotationality hypothesis for the viscous flow (Gurtin and Anand, 2005), the viscous 

spin tensor is null _isom =W 0  and the viscous deformation gradient tensor _ iso

v

mF  is governed by 

a differential equation of the general form: 

 
1

_ iso _ iso _ iso. .v e v

m m m m

−

=F F D F  (II.14) 

in which v

mD  is the viscous stretching rate tensor of the hydrogel matrix given by the following 

flow rule: 

 _ isomv v

m m

m

=
σ

D
σ

 (II.15) 

where v

m  is the accumulated viscous strain rate, _ isomσ  is the isochoric part of the Cauchy stress 

tensor mσ  and mσ  is the effective stress expressed by the Frobenius norm: 

 ( )_ iso 1 3tracem m m= −σ σ σ I  and ( )_ iso _ isotrace . T

m m m=σ σ σ  (II.16) 

The accumulated viscous strain rate v

m  is expressed using a Bergstrom and Boyce (1998) 

formulation: 
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( )1 3 1

v v
m m

v

m

k

I


 =

−

σ  (II.17) 

where ( )1 _iso _isotrace .
Tv v v

m m mI = ε ε  is the first invariant of the viscous part of the isochoric Hencky 

strain tensor _iso _ isolnm m=ε F , vk  is the chains relaxation parameter and   is the stretch-

dependency parameter. 

The free energy of the hydrogel matrix m  is additively split into a volumetric part 
_volm  

and an 

isochoric part 
_isom  as: 

 ( ) ( )_vol _vol _iso _iso

e

m m m m m   = + F  (II.18) 

The volumetric free energy of the hydrogel matrix _volm  is a function of the Hencky volumetric 

strain _vol lnm mJ =  (Holzapfel and Simo, 1996):  

 ( )( )_vol _vol _vol

1
exp 2 1 2

4
m m m mK  = − −  (II.19) 

The isochoric free energy of the hydrogel matrix _isom  is expressed as (Arruda and Boyce, 1993): 

 
1

1 0

1 1B
_iso 1

1

( ) 3 ( )

6 3 ( )

e
m

e
m

e
I

em
m meI

m

In t k T N t
dI

N t I

−
 

=  
 
 

  (II.20) 

where ( )1 _isotracee e

m mI = C  is the first invariant of the elastic part of the isochoric Cauchy-Green 

deformation tensor 
_ isomC  of the matrix and ( )1 x−  is the inverse Langevin function given by a 

Padé approximant ( ) ( ) ( )1 2 23 1x x x x−  − − .  
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II.2.2.2 Nanoparticles 

The description of the nanoparticles requires to take into consideration the local interaction 

between hydrogel matrix and inorganic reinforcement through the micromechanics framework. 

The Eshelbian homogenization provides an approximate solution for the problem of one particle 

embedded in an infinite domain. The Eshelby equivalent inclusion method consists to replace the 

particle domain by the matrix material by the introduction of an eigenstrain replacing the 

perturbed strain induced by the inhomogeneity. Following this method, Yin et al. (2002) obtained 

the averaged eigenstrain of a particle interacting with its neighboring nanoparticles by means of 

the Green function technique. Appendix II.A provides a summarize of the procedure.   

The finite-strain kinematics of the particles are derived from Eq. (II. A12) of the equivalent 

homogeneous medium of the linear elastic two-phase media given in Appendix II.A. In virtue of 

the Saint Venant-Kirchhoff assumption on hyperelastic media, the velocity gradient tensor of the 

particles 1.p p p

−=L F F  is expressed as: 

 ( )
1

. . :p 
−

= −L A Γ I Γ L  (II.21) 

where 1. −=L F F  is the macroscopic velocity gradient tensor of the nanocomposite, Γ  is a tensor 

provided in Appendix I.A and A  is the mismatch tensor: 

 ( )
1

.p m m

−

= −K K KA  (II.22) 

The free energy of the nanoparticles 
p  is expressed through an ensemble-volume averaged 

homogenization procedure (Yin et al., 2002). It may be additively split into a volumetric part
 
and 

an isochoric part as: 

 ( ) ( )
22 2 2 2

1 2 1 2 2 vol 1 iso iso3 2 3 :
2

p

p p p


         

 
= + + + + 

 
ε ε  (II.23) 
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where vol  is the Hencky volumetric strain, iso isoln=ε F  is the isochoric Hencky strain tensor, p  

is the Lame’s constant and, 1  and 1  are given by: 

 1

1

2

m

p mw M




  
=

− − −
 and 

( )
2 1

1 1

3 2 3 3

m

p m

K

w m M K K
 


= −

+ − − −
 (II.24) 

It is worth noticing that the local stress-strain response of the nanoparticles depends explicitly on 

the hydrogel matrix properties. Any perturbation of the local structure and dynamics of the 

hydrogel chains will affect the response of the nanoparticles as a result in changes of the near-

field direct interactions.  

II.2.3 Dynamic bonds 

II.2.3.1 Stretching-retraction 

Due to the large nanoparticle interfacial area, the nanoparticle surface contains a huge number of 

attaching groups which bond hydrogel chains having a chain length distribution (Haraguchi et 

al., 2002) with a mean length N . The basic inelastic features in the material system during the 

course of a stretching followed by a retraction are illustrated in Figure II.1 The detachment 

mechanism is a progressive process, beginning with the shorter chains and progressing into the 

longer ones. At the initial stage, all links are intact. During the stretching stage, a number of 

chains may be detached from the nanoparticle surface leading to changes in chain length. The 

chains detachment mechanism acts first in the shorter chains (see the yellow, blue and red chains 

in the illustration) attached between nanoparticles pair whereas the longer chains (see the green 

chains in the illustration) continue to sustain the chains network integrity. A hysteresis loop is 

then formed due to the concomitant contribution upon retraction of the chain re-attachment 

mechanism and the viscous effects. The re-attachment mechanism may be done in new positions 

(see the yellow chains in the illustration). The mean length of the elastically active chains ( )N t  
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should be always larger than its reference ( )0 0N N t= =  whereas the mean chain density of the 

elastically active chains ( )n t  should be always smaller than its reference ( )0 0n n t= = . We 

express these two physical quantities as follows: 

 ( ) 0

/on off

N
N t

N
=  and ( ) 0 /on offn t n N=  (II.25) 

where the term /on offN  is defined by the following kinetics: 

 ( )/ / /1 1on off on off on offN N k= − +  (II.26) 

in which /on offk  is the rate of attachable and detachable bonds given by: 

  / / _ 0

/

exp m

on off on off

off on off

k k
N

 
=   

 

σ
 (II.27) 

where / _ 0on offk  is a material constant and 
off  is a scale factor controlling the bonds strength.  

A key point of our theory, the quantity /on offN  is a decreasing function of the applied strain upon 

stretching and an increasing function of the applied strain upon retraction. The stress in the 

hydrogel matrix drives these opposite evolutions of /on offN  by the rate of attachable and 

detachable bonds /on offk . The evolutions affect in turn the interfacial characteristics and thus the 

bond strength between the two phases. At the end of the stretching-retraction process applied to 

the nanocomposite, the network recovers its initial features such that: 

 ( ) 0N t N=  and ( ) 0n t n=   (II. 28) 

Nonetheless, the equilibrium state is not reached at the end of the mechanical loading since a 

strain amount remains retained in the hydrogel system at the loading time-scale. 
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To disclose some important indications concerning the chains behavior in interaction with the 

particles features, Figure II.3 presents an illustrative example of the chain force evolution with 

the applied strain for different particle radii while the particle amount is kept constant. The model 

parameters are those used for Figure II.4b. The model shows that the chain stiffness decreases 

distinctly with the decrease in particle radius and particle amount. Whereas in the case of a purely 

elastic response the chain force will become infinite at the limiting extension, the detachment 

mechanism leads to the progressive stiffness reduction and the appearance of a peak in the chain 

force evolution. When the particle amount increases, the chain damage occurs earlier and the 

critical strain involved in the peak force is distinctly decreased.  

II.2.3.2 Self-healing 

When the nanocomposite is unloaded down to a free stress, i.e. =σ 0 , an amount of the strain is 

instantaneously recovered whereas another amount necessitates a longer recovery time (see the 

illustration in Figure II.1). The different parts of the deformation gradient tensors F I , 

_ iso

v

m F I , 
_ iso

e

m F I  and p F I  are related by using Eq. (II.8): 

 ( )_ iso _ iso

1
2

1 2

v e

m m p


= −
−

F F F F  (II.29) 

Considering volume preserving, Eq. (II.3) is re-written as: 

 ( ) _iso _iso1 2 m p − + =σ σ 0  (II.30) 
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(a) (b) 

Figure II.3 Model results for the chain force evolution at different particle radii considering a 

purely elastic response (dashed lines) and detachment mechanism (solid lines): (a) 10% filler 

amount, (b) 20% filler amount. 

 

                                                  (a)                                         (b) 

Figure II.4 Stress-strain curves of the pure hydrogel and the hydrogel-based nanocomposites: (a) pure 

hydrogel for different cross-linker amounts, (b) hydrogel-ZIF-8 systems for different filler amounts 

(lines: model calibration results, symbols: experiments). 
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where the Cauchy stress tensors _isomσ  and _isopσ  may be expressed as: 

 
_ _iso _ _iso 1

_iso

_ 1 _

e e e
m i m m i m m

m e e ei
m m i m m m i

I

J J I

   

 

  
  = =    
σ  and 

_ _iso

_iso

_

p i p

p i
p p iJ

 




  =  
σ  (II.31) 

No summation on i is implied in this equation. 

From Eqs. (I.14), (I.15), (I.17) and (I.30), the viscous deformation gradient tensor _ iso

v

mF  can be 

extracted: 

 

( )
_ iso _ iso _iso

1

.
1 2

3 1

v vv
m m p

v

m

k

I





= −

−
−

F F σ  (II.32) 

Using Eq. (II.29) and (I.30), 
_ iso

e

mF  and F  are calculated upon a creep condition at zero-stress. 

The parameter vk  controls the hydrogel chains relaxation during the different loading stages. To 

consider the stretching-retraction asymmetry of the gel rate-sensitivity, the following expression 

is retained (Lin et al., 2020): 

 ( )( )_ 0

0

1 exp sgnv vk k








 
= +  

 

 (II.33) 

in which _ 0vk  is the viscous multiplier,   is the rate-dependency factor and 0  is the reference 

loading rate. The term ( )sgn   signifies: 

 ( )

( )

( )

( )

1 for stretching 0

sgn 1 for retraction 0

0 for recovery 0



 



+ 



= − 


=

 (II.34) 

By constitutively relating the nanostructure and the overall nanocomposite behavior, the model 

may be employed to better understand the mechanisms of mechanical property enhancement. To 
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this goal, the following important features will be examined by comparisons with available 

experimental data of a variety of nanocomposite systems: 

• The stretching-retraction cycle of nanocomposite system in connection to the chains 

detachment-attachment mechanism and the nanoparticle-matrix interaction as illustrated 

in Figure II. 1.  

• The complete failure of nanocomposite system when the network losses all connectivity. 

• The self-healing response of nanocomposite system when the network recovers its 

equilibrium state. 

II.3 Comparison with experiments 

The model contains very few inputs listed in Table II.1 for which the physical meaning is 

provided. Some of them (elastic constants of phases, chains network features and amount of 

phases) have direct physical meaning while others (related to viscosity and bonds dissociation/re-

association) are physically interpretable.  

In what follows, the effects of various microstructures on the macro-response are considered by 

examining nanofiller type, nanofiller concentration and hydrogel chains network features. The 

examined macro-behaviors include monotonic stress-strain response till failure and some 

inelastic features such as rate-dependency, hysteresis, continuous relaxation and room 

temperature self-healing facility. Some data are used to fit the model parameters while others are 

used to verify the model predictability. All stress and strain quantities are defined in their nominal 

form. 

II.3.1 Stretchability and strength 

In this section, the model calibrations are compared to monotonic stress-strain experimental data 

taken from the work of Liu et al. (2019). The hydrogel systems are made of metal-organic 
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framework (MOF) (ZIF-8, ZIF-67, UiO-66) and SiO2. The hydrogel systems are designated as 

X-Y-Z (X being the filler type, Y the filler amount and Z the cross-linker amount). The tests have 

been performed at room temperature under a constant stretch rate of 30 min-1. Figures. II.4 and 

II.5 present the comparison between micromechanical model simulations and experimental data 

in which several microstructure factors having a significant impact are examined. Model 

simulations are presented as lines while experimental data are presented as symbols. The 

computed stress is presented till failure that is defined as the local maximum stress. Unless 

explicitly otherwise stated, the model inputs are those listed in Table II.1. They correspond to a 

cross-linker amount of 1 mg and a filler amount of 10%. They were obtained through a fitting 

optimization based on the minimization of differences between model simulations and 

experimental data. Figures. II.6 and II.7 completes the identification results with the parameters 

affected by the cross-linker and filler amounts. The values must be seen as average values 

incorporating variability effects and the trends will be used to bring a better understanding of 

reinforcement mechanisms. 

 

Table II.1 Model parameters for various hydrogel-based systems with cross-linker amount of 1 

mg. 

II.3.1.1 Pure hydrogel 

Prior to compare with the data of nanocomposites, Figure II.4a. presents the comparison between 

model simulations and stress-strain experimental data of the pure hydrogel (designated as matrix-

1 in Table II.1) including different cross-linker amounts (1, 5, 10 and 40 mg).  
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The obvious increase in stiffness and decrease in stretchability with the increase in cross-linker 

amount is the direct consequence of chemical microstructure change, that is, an increase in mean 

density and strength of elastically active chains (along with a decrease in mean length of 

elastically active chains) as shown in Figure II.6a.  

 

                                       (a)                                                                       (b) 

Figure II.5 Stress-strain curves of the hydrogel-based nanocomposites for different filler types: 

(a) ZIF-8, ZIF-67, UiO-66 and SiO2 (b) ZIF-8 and SiO2 for different cross-linker amounts 

(lines: model calibration results, symbols: experiments). 

 

Bonds strength in pure hydrogel is slightly modified with the variation in cross-linker amount 

but chains viscosity remains constant as evidenced in Figure II.7a.  

II.3.1.2 Filler amount 

Figure II.4b presents the stress-strain curves of the hydrogel-ZIF-8 systems for different filler 

amounts using hydrogel as the matrix. The presence of nanoparticles is likely to modify the 

molecular organization and dynamics of the hydrogel chains as compared to the pure hydrogel. 
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                                   (a)                                                                   (b) 

Figure II.6 Mean chain density n and mean chain length N: (a) Effect of the cross-linker 

amount (in mg with Z = 1, 5, 10 and 40), (b) effect of the filler amount (in %). 

 

 

The dispersion of 10% nanoparticles in the hydrogel leads to a remarkable increase of ductility. 

When the amount of nanoparticles increases from 10% to 20%, the contact area between    

nanoparticles and hydrogel matrix is extremely magnified. As a consequence, the stretchability 

decreases but the mechanical strength significantly increases, indicating that adding more ZIF-8 

nanofillers leads to a loss of mobility of hydrogel chains in the vicinity of nanofillers that 

strengthens the whole hydrogel network (Figure II.6b and II.7b). Due to the increased level of 

interactions between the hydrogel chains and the nanoparticles, the chains viscosity is also 

increased. 

II.3.1.3 Filler type 

The application of our model is extended to the other types of reinforcing elements (namely ZIF-

67, UiO-66 and SiO2) in Figure II.5.  While the model is capable of fitting the experimental data 
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reasonably well, it can bring some physical interpretations in particular on the complex 

interaction between nanofillers and hydrogel matrix.                                                                                                       

 

 

                                          (a)                                                                   (b) 

Figure II.7 Bonds strength off  and chains viscosity kv_0: (a) Effect of the cross-linker amount 

(in mg with Z = 1, 5, 10 and 40), (b) effect of the filler amount (in %). 

 

 

The level of overall property enhancement is controlled by the strong nanoparticle-matrix 

interactions and the mobility changes at the nano-scale. Inevitably, the higher level of interaction, 

the larger the perturbed region of polymer matrix surrounding the nanoparticle (Boutaleb et al., 

2009). Table II.1 shows a modification of the properties of the hydrogel inside the 

nanocomposite, as compared to those of the neat hydrogel. The nanoparticles act as additional 

crosslinking points to strengthen the network but the strength of interactions varies from a 

nanofiller type to another which impacts differently the stretchability and the mechanical strength 

of the nanocomposite. The evolution of the chains network due to progressive chains detachment 

mechanism is presented in Figure II.8a till its complete loss of load-bearing capability. Also, the 

interfacial interaction between hydrogel matrix and nanoparticles is affected by the hydrogel 
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response evolution that in turn affects the nanoparticles response. As shown in Figure II.8b, the 

stress magnitude in the nanoparticles depends on their nature and the gradual weakening of bonds 

between the two phases.  

 

 

                                        

                                       (a)                                                                       (b) 

Figure II.8 Evolution as a function of strain of (a) chains network translated by Non/off and (b) 

stress in nanoparticles for different filler types. 

 

This local response can be connected to the macroscopic mechanical properties given in Figure 

II.5a in particular to the maximum strain and stress levels reached by the nanocomposite before 

final failure. The ZIF-8-10%-M1 and ZIF-67-10%-M1 hydrogels exhibit quite similar 

stretchability whereas the UiO-66-10%-M1 hydrogel is slightly less stretchable than the ZIF 

systems but with a significantly higher mechanical strength. The SiO2-10%-M1 hydrogel has the 

lowest ductility but the highest toughening effects with a great mechanical strength improvement. 

The reinforcement mechanisms are generally ascribed to electrostatic interactions between the 

hydrogel chains and the nanofillers. Stronger near-field direct interactions result in better 

mechanical properties of the hydrogel-based nanocomposites. In MOF nanofillers (ZIF and UiO), 
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the polar groups and cationic metal centers on the nanoparticle surface act as anchoring points 

for hydrogel chains (Liu et al., 2019). The latter results in an increase in mean chain density (see 

Table II.1 and Figure II.6). The insolubility and aggregation of SiO2 nanofillers leads to higher 

crosslinking points in hydrogel, compared to MOF nanofillers, and to a higher mean chain 

density. The ZIF-8 and SiO2 nanofillers reinforcement is also examined in Figure II.5b. for 

different cross-linker amounts. The increase in cross-linker amount profoundly modifies the 

chains network properties as reported in Figures II.6a. and II.7a. Both mean length and density 

evolve with cross-linker amount but in an opposite manner. The toughening effects of the 

hydrogels are also largely determined by the strength of nanofillers-matrix interactions and the 

competition between elasticity and strength of the temporarily attached chains. Note that the 

effects of the cross-linker amount on the macro-stress are directly connected to the local 

properties evolution in the hydrogel and depends on the nanofiller type. The monotonic 

macro-stress evolution of the SiO2 hydrogel with cross-linker amount implies a monotonic 

evolution of the network properties as observed in the plots of Figures. II.6a and II.7a. The 

network monotonic evolution is not expected for the ZIF-8 hydrogel since its macro-stress at 

failure increases with the cross-linker amount to reach a maximum value and falls beyond 

this value. Figure II.6a shows that the bonds strength in the ZIF-8 hydrogel follows the same 

trends. Also, the nanofiller-matrix interaction leads to an alteration of the network properties, 

amplified by the filler amount as observed in the plots of Figures II.6b and II.7b. 

II.3.2 Inelastic features 

In this section, the model is applied to some history-dependent features (such as rate-dependent 

stress-strain till failure, hysteresis and continuous relaxation) of hydrogel-based nanocomposites 

with metal-coordinated Fe3+ bonds taken from the work of Lin et al. (2020).  
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II.3.2.1 Rate-dependent stretchability and strength 

Figure II.9 shows that our model is able to provide a good representation of the monotonic stress-

strain response for the different stretching rates. Again, the micromechanical model results are 

presented till failure that is defined as the local maximum stress.  

 

 

Figure II.9 Stress-strain curves of the hydrogel-based Fe3+ nanocomposites for different stretch 

rates (lines: model calibration results, symbols: experiments). 

 

The inputs required by the modeling are listed in Table II.1 in which the bonds strength parameter 

off  and the viscous multiplier _ 0vk  are expressed as follows: 

 ( )13.73exp 2.9 10 6.40off −= − −  +  (I.35) 

 ( )2

_ 0 2.34exp 4.2 10 2.48vk −= − −  −  (I.36) 

While these data provide a good first verification of the model, Figures II.10- II.14 present some 

model predictions for various key loading conditions governing the hydrogel mechanics. The 
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goal is to further verify the predictive capacities of the model and to better understand the relation 

between macro-response and mechanisms of nanofillers reinforcement. 

II.3.2.2 Stress hysteresis 

Figure II.10 shows how the model can reproduce the hydrogel mechanics during stretching-

retraction cycles at different maximum stretch levels and stretch rates, respectively. In these 

simulations, the macroscopic stretch is ramped to a pre-determined level at a constant rate and 

then ramped down to zero-stress at the same absolute constant rate. The pronounced hysteresis 

loops displayed by the material upon the cyclic loading is well captured by the model along with 

the increase in loop area (along with the related dissipated energy) with increasing applied strain. 

During the hydrogel retraction stage, the unloading path shape is not well replicated by the model 

what a fine analysis of the model results has attributed to the particles response. The effect of the 

applied strain on the recovery extent at the end of the retraction segment is nonetheless well 

captured by the model. It is therefore able to connect the nanostructure, the dissociation and re-

association mechanism of the shorter hydrogel chains and the macroscopic stress hysteresis of 

the nanocomposite system (see Figure II.1). 

II.3.2.3 Stress relaxation 

We examine also the model capabilities under continuous relaxation. In these simulations, the 

macroscopic stretch is ramped to a pre-determined level at a constant rate and then kept constant 

for a prescribed delay. As depicted in Figure II.11, the model is able to reproduce the different 

features of the Fe3+ hydrogel mechanics upon continuous relaxation at different maximum stretch 

levels and stretch rates, respectively. These adequate agreements further confirm the validity of 

our approach.  
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II.3.2.4 Self-healing 

To illustrate further the model capabilities, the capacity of the hydrogels to restore, by self-

healing, initial microstructure and mechanical strength, in relation to loading conditions and 

microstructure features, is now treated. Figure II.12 shows the capability of our model to evaluate 

the room temperature self-healing of the Fe3+ hydrogel for different recovery times. In the 

simulations, a creep at zero-stress is carried out for a prescribed waiting delay between each 

stretching-retraction cycle. The second cycle is reported in the Figure order to replicate the same 

conditions than the experiments of Lin et al. (2020), an amount of remanent strain (at zero-stress) 

still remaining after the partial strain recovery. The creep process, corresponding to the course of 

the recovery from non-equilibrium state (at the retraction instant) to equilibrium state when the 

hydrogel recovers its initial conformation, is driven in our theory by the formulae of Section 

II.2.3.2. In agreement with the experimental observations, the model simulations show that the 

mechanical strength and the hysteresis loop become progressively larger with the waiting time, 

indicating the gradual recovery of the hydrogel-based nanocomposite. It is satisfactory to point 

out that the waiting time of eight hours for the nearly full recovery is well captured by the model. 

The proper description of the stress-strain curves till failure as well the hysteresis, the continuous 

relaxation and the room temperature self-healing facility demonstrates that the microstructure 

monitoring via the model seems physically realistic.  
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                                       (a)                                                                       (b) 

Figure II.10 Stress-strain curves of the hydrogel-based Fe3+ nanocomposites upon a stretching-

retraction cycle at (a) a stretch rate of 8.4 min-1 and at different stretch levels, (b) different 

stretch rates and a strain level of 300% (lines: model, symbols: experiments). 

 

(a) (b) 

 

Figure II.11 Temporal stress changes of the hydrogel-based Fe3+ nanocomposites upon a 

stretching followed by a relaxation at (a) different strain levels and a stretch rate of 8.4 min-1, 

(b) a strain level of 150% and different stretch rates (lines: model, symbols: experiments). 
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It should be emphasized that one of the most important capabilities of the proposed model is 

related to self-healing predictions that may be related to loading histories and microstructure  

features. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure II.12 Recovery time effect on the second stretching-retraction cycles of the hydrogel-

based Fe3+ nanocomposites at a stretch rate of 8.4 min-1 and a strain level of 300% (lines: 

model, symbols: experiments). 

 

The strain evolution during recovery at zero-stress of the hydrogel-based Fe3+ nanocomposites 

is plotted in Figure II.13 as a function of recovery time such that a curved profile is obtained by 

considering the following expression for the strain recovery R : 

 
max

1- 100




 
=  

 
R  (I.37) 

where   and max  are, respectively, the nominal strain stored in the hydrogel and its maximum 

value. The strain recovery starts to increase linearly with the recovery time and rapidly exhibits 

a curved profile which tends towards a stabilized state for which there is no strain recovery 
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change. The reached maximum recovery extent corresponds to the equilibrium state. Similar 

profiles are obtained in other traditional polymeric systems (Su and Peng, 2018; Shen et al., 2019; 

Cherief et al., 2020; Dai et al., 2020) but with a strain recovery requiring a quasi-infinite duration 

at room temperature.  

 

 

                                           (a)                                                                      (b) 

Figure II.13 Recovery behavior of the hydrogel-based Fe3+ nanocomposites previously 

stretched at (a) different stretch levels at a stretch rate of 8.4 min-1, (b) different stretch rates at 

a strain level of 300%. 

 

Figure II.13 depicts the effect of loading conditions (stretch levels and stretch rates) on the self-

healing response. It can be observed that the higher the strain level, the higher the recovery extent. 

Due to higher hydrogel chains relaxation at the lowest stretch rate, the time-dependent recovery 

becomes significantly higher with less elastic energy. 

Numerical simulations are carried out to address the influence of microstructure features on the 

self-healing facility of hydrogel systems examined in Section II.3.1. Figure II.14 provides 

important indications concerning the complex nanofiller-matrix interaction on the self-healing 

facility due to variations in nanofiller type and cross-linker amount. Figure II.14a shows that the 
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recovery extent varies from a nanofiller type to another which indicates the great complexity of 

the history-dependent features of hydrogel systems. This prediction is possible because the 

reinforcing effect of nanoparticles is introduced in the model. The micromechanical model results 

in Figure II.14b show that the cross-linker amount is also another key microstructure parameter 

governing the response. 

 

     

                                        (a)                                                                      (b) 

Figure II.14 Recovery behavior of the hydrogel-based nanocomposites previously stretched at 

a stretch rate of 30 min-1 and a strain level of 300%: (a) different filler types, (b) different 

cross-linker amounts. 

 

It can be observed that the increase in cross-linker amount enhances the self-healing ability. The 

micromechanical model simulations demonstrate that for the evaluation of the self-healing 

response, it is fundamental to consider the simultaneous effects of the different internal network 

features related to the nanoparticles and the hydrogel matrix. This prediction can only be made 

if they are explicit inputs of the modeling approach. 
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II.3.3 Biaxial loading effect 

As a final point of discussion, the model capabilities to describe the biaxial behavior of hydrogel 

systems is presented. The model is expected to predict the visco-super-elastic response under any 

biaxial loading path. Nonetheless, multiaxial experiments on hydrogel systems are rarely 

documented in the literature. As far as we know, only the work of Mai et al. (2018) exists to date 

and only for a pure hydrogel stretched under equibiaxial (EB), unequal biaxial (UB) with a 0.5 

biaxiality ratio and planar (P) loadings. Figure II.15 provides a schematic representation of these 

biaxial loading paths. All experiments have been performed at room temperature under a constant 

stretch rate of 1.2 min-1. Figure II.15 provides the experimental data of Mai et al. (2018) and the 

computed stress as a function of the applied strain along the maximum principal direction. The 

model parameters were identified from the EB response of the pure hydrogel (designated as 

matrix-2 in Table II.1) and the same model parameters were then used to predict the UB and P 

curves. It is satisfactory to observe that the model provides an acceptable description of the 

nonlinear stress response and the peak (failure) stress. The predicted stretches at failure are 

plotted in Figure II.16 under a wider range of biaxiality ratios such that a failure envelope is 

obtained with a symmetry relative to the main bisectrix.  

 

 

 

 

Figure II.15 Stress-strain curves of the pure hydrogel under different biaxial loading conditions 

(lines: model, symbols: experiments). 
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The model is also used in Figure II.16 to predict the effect of nanofillers reinforcement on the 

biaxial failure envelope. The insertion of inorganic nanoparticles into the matrix-2 is performed 

using the same amplifying effect obtained for the matrix-1 properties for the nanofiller types 

examined in Section II.3.1. The larger failure envelope is obtained for the ZIF-8 hydrogel and 

the smaller one for the the SiO2 hydrogel. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure II.16 Model results for the biaxial failure envelope of the pure hydrogel and the 

hydrogel-based nanocomposites (with cross-linker amount of 1 mg and filler amount of 10%). 

 

II.4 Partial conclusion 

The aim of this chapter was to propose a quantitative prediction of the mechanics of visco-super-

elastic hydrogel-based nanocomposites. Using the concept of cubic material volume combined 

with the Eshelby equivalent inclusion method, the continuum-based model connects the macro-

response to internal network physics starting from the nanostructure. The model is used to relate 

the reinforcing effect of nanoparticles to overall properties such as stretchability, mechanical 
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strength, stress hysteresis and self-healing response. Quantitative comparisons with available 

experiments show the relevance of the model for a variety of hydrogel-nanofiller material 

systems. The model contains very few physically interpretable material constants and appears as 

a valuable tool for the reliable design of such new material systems. 
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Appendix II.A. Volumetric free energy function 

From the Eshelby equivalent inclusion method under infinitesimal elastic theory, the local strain 

fields ε  may be expressed at any local point r  of the domain occupied by the nanoparticles p  

and by the hydrogel matrix m  (Ju and Sun, 1999): 

 ( ) ( ) ( )1 *:m

−= +ε K σ εr r r  for pr  and ( ) ( )1 :m

−=ε K σr r  for mr  (II.A1) 

where ( )σ r  is the local stress and *
ε  is the equivalent eigenstrain. 

The interaction of the central nanoparticle with its eight neighboring nanoparticles is considered 

by means of the Green function technique. At any local point r  of the central nanoparticle 0P , 

the perturbed strain ( )ε r  can be related to the eigenstrain ( )*
ε r  as the sum of the perturbation 

contribution from the central nanoparticle itself and the effect from the local points r  in the 

eight neighboring nanoparticles: 

 ( ) ( ) ( ) ( )
1

* *
8

: : d

i

n

i

=

=

 = + S Gε ε ε-r r r r' r' r
Ω

 (II.A2) 

where S  is the Eshelby tensor and G  is the fourth-rank Green function: 

 ( )

( )( )

( )
( )

3

1 2

1
3

8 (1 )
3 3 1 2 15

m ik jl il jk ij kl

ijkl m ik j l il j k jk i l jl i k

m

ij k l m kl i j i j k l

G n n n n n n n n
r

n n n n n n n n

      

    
 

  

 − + −
 
 − = + + + +

−  
 + + − −
 

r r  (II.A3) 

in which  ij
 is the Kronecker delta, r = −r r , ( ) r= −n r r  and m  is the Poisson’s ratio of 

the hydrogel matrix.  
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The volume averaged eigenstrain 
0

*

ε  over the domain occupied by the central nanoparticle is: 

 
0 0 0

* * *

0: : :  = + +−A ε ε S ε g ε  (II.A4) 

where 0ε  is the far-field strain (
1

0 0:m

−=ε K σ  with 0σ  the far-field stress) and g  is the interaction 

term: 

 ( )
i

8

1 Ω Ω

1
d d

Ω
m

n

im

=

=

 =    G -g r r r r  (II.A5) 

Yin et al. (2002) derived the following relationship of the volume averaged eigenstrain 
0

*

ε : 

 
0

*

0: = −Γε ε  (II.A6) 

where Γ  is a tensor given by: 

 
( )( ) ( )

( )
1

2 2 3 2 2 4
ijkl IK ij kl ik jl il jk

m M

w M w m M w w M w
      

 −
 = + + +  − + − − 

 (II.A7) 

in which m , w  and M  are given by: 

 
( )

5 11

3 15 1 5

m m m

p m p m m

K M
m

K K

 

  

  −
= − + +  − − − 

 (II.A8) 

 
( )

4 51

2 15 1 5

m m

p m m

M
w

 

  

−
= + +

− −
 (II.A9) 

 
( )

( )

2 340 14 5

45 1 m

M
 



−
=

−
 (II.A10) 

The governing constitutive equations of the equivalent homogeneous medium of the linear elastic 

two-phase medium are given by the following relationships (Yin et al., 2002): 
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 0: :e

m= =σ K ε K ε  (II.A11) 

 ( ) 1 1. . :e

p − −= −ε I Γ Γ A ε  (II.A12) 

 ( )
1

0 : e
−

= −ε I Γ ε  (II.A13) 

where σ  and e
ε  are the ensemble-volume averaged (macroscopic) stress and elastic strain tensors 

and K  is the macroscopic stiffness tensor.  
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CHAPTER III 

III. A micromechanical model for the 

swelling effect on visco-super-elastic and 

damage self-healing behaviors of 

hydrogels reinforced by nanoparticles 2 
 

 

In the present chapter, a micromechanical model is developed for the visco-super-elastic behavior of swollen 

hydrogel-based nanocomposites. The model formulated in a finite strain context introduces explicitly the 

hydrogel network features in terms of swelling and dynamic breaking-recombination. The effective 

interactions between the nanoparticles and the swollen hydrogel network are considered using a micro-

macro scale transition within the Eshelby inclusion theory. The model is compared to experimental 

observations of a high-swelling capacity hydrogel-based nanocomposite reinforced with different 

concentrations of nanoparticles. The model is firstly identified using experimental data at an initial swelling 

state in terms of stress-strain response, energy dissipation and ultimate properties. The predictive capability 

of the model is then verified on a wide range of swelling ratios for a given nanofiller concentration. The 

efficiency of the model is further critically discussed by comparisons with history-dependent data under 

stretching-retraction and self-healing. The effects of nanoparticles and swelling on the self-healing behavior 

are shown thanks to the model. 

 

Keywords: Hydrogel-based nanocomposites; Multiscale modeling; Swelling; Visco-super-elastic behavior; 

Damage self-healing. 

 

2 This chapter is based on the following paper: Saadedine, M., Zaïri, F., Ouali, N., Tamoud, A., Ding, N., Mesbah, A., 

2022. A micromechanical model for the swelling effect on visco-super-elastic and damage self-healing behaviors of 

hydrogels reinforced by nanoparticles. Mechanics of Materials 104511.  
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III.1 Partial introduction 

Hydrogel-based nanocomposites are three-dimensional cross-linked polymer networks immersed 

in a solvent and reinforced by a nano-sized inorganic second phase. The nano-scale reinforcement 

leads to impressive improvements of mechanical properties including extreme resilience, extreme 

stretchability, strong mechanical strength and extreme facile room temperature self-healing (Sun 

et al., 2012; Shi et al., 2015; Chen et al., 2017; Liu et al., 2019). Numerous experimental studies 

established a correlation between the swelling effects and the mechanical properties of hydrogels 

(Urayama et al., 2008; Zhao et al., 2010; Konda et al., 2011; Lou et al., 2012). The interplay 

between the effects of cross-linked hydrogel network features and swelling capacity, i.e. physical 

association between the chains and the solvent molecules, is qualitatively well understood. 

Nonetheless, the mechanisms of nanofillers reinforcement and their changes due to the hydrogel 

swelling state are far to be fully understood.  

Over the years, constitutive models of swollen hydrogel mechanics were proposed. Wineman and 

Rajagopal (1992) proposed a particular free energy function for polymer gels based on the Mooney-

Rivlin model and the Flory-Huggins mixing theory, which was also used by Deng and Pence (2010, 

2010) to examine the mechanical reactions of saturated and unsaturated polymer gels. Dolbow et 

al. (2004) modified the Neo-Hookean model to study the chemical-induced swelling of hydrogels. 

Hong et al. (2008) formulated a constitutive model taking into account the nonlinear large 

deformation based on the Flory-Rehner equation, which was widely adopted to study the chemo-

mechanical coupling in hydrogels (Wang and Wu, 2013; Guo et al., 2016; Lai and Hu, 2017). 

Drozdov and Christiansen (2013) derived a novel expression for free energy density of a swollen 

elastomer based on the Flory theory of polymer networks with constrained junctions. Several 

researchers proposed to model the chemo-mechanical behavior of hydrogels in the framework of 

the multiplicative decomposition of the deformation into mechanical and swelling parts (Duda et 

al., 2010; Chester and Anand, 2010).  
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Chester and Anand (2010, 2011) introduced the Arruda-Boyce model to the Flory-Rehner theory 

taking the chain extensibility into account to study the effect of the transient swelling response of 

a constrained gel predicted by Gaussian and non-Gaussian network theories. Li et al. (2014) 

integrates the Gent model to the Flory-Rehner theory to investigate the effect of limiting chain 

extensibility. Okumura et al. (2016, 2018) used two scaling exponents to estimate the strain energy 

functions separated into isochoric and volumetric parts. Their model successfully reproduced the 

effect of swelling on Young’s modulus for several combinations of elastomer and solvent. 

Recently, they incorporate the Arruda-Boyce and Gent models using limiting chain extensibility 

into the Flory-Rehner theory to study the ultimate swelling of elastomers (Okumura and Chester, 

2018).  

Most of constitutive models consider the mechanics of the neat hydrogel and only a very few 

introduced the presence of fillers (Wang and Gao, 2016; Wang et al., 2017; Saadedine et al., 2021). 

In order to constitutively describe the overall visco-super-elastic response of hydrogels reinforced 

by inorganic nanoparticles, we formulated in a previous chapter (Saadedine et al., 2021) a 

micromechanics-based model in which the effective interactions with the nanoparticles were 

integrated by means of the Eshelby equivalent inclusion method within a finite strain context and 

the eight-chain cube context to consider as well the internal hydrogel network structure and the 

large nonlinear response. The objective of this chapter is to further develop the model by taking 

into account the hydrogel swelling state in order to provide a quantitative prediction of the visco-

super-elastic response of swollen hydrogel-based nanocomposites. The model is applied on a high-

swelling capacity hydrogel-based nanocomposite reinforced with different concentrations of 

nanoparticles. Monotonic stretching till failure, stretching-retraction and self-healing properties, all 

largely depend on the swelling state, are used to verify the model capacities. The swelling-induced 

changes in both dynamic breaking-recombination mechanism and strength of interactions with 

nanofillers are pointed out thanks to the model. 
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Figure III.1 Hydrogel-based nanocomposites seen as (a) a cubic material volume containing eight 

chains interconnected to nine spherical nanoparticles and accounting for the swelling-induced 

volume change (b) which acts locally on the chain response by inducing a loss of stretchability 

(the chain force is plotted, until the peak appearance corresponding to the failure, for two 

amounts of nanoparticles at a given radius and different swelling ratios) and (c) which is 

described within the finite strain kinematics framework via the multiplicative decomposition 

concept of the deformation gradient. 
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The following notation is used throughout the text. Tensors and vectors are denoted by normal 

boldfaced letters and italicized boldfaced letters, respectively, while scalars and individual 

components of vectors and tensors are denoted by normal italicized letters. The superposed dot 

designates the time derivative. The superscript T indicates the transpose quantity. The overbar 

defines the macroscopic quantities of the nanocomposite while the subscripts m and p are used to 

differentiate matrix and nanoparticles, respectively. 

III.2 Model formulation 

In our previous work (Saadedine et al., 2021), we constitutively represented the hydrogel-based 

nanocomposite by the cubic unit cell illustrated in (Figure III.1a) Eight chains are interconnected 

to nine spherical nanoparticles, eight nanoparticles being located in the vertices of the cube and 

one in the center. The microstructure of the swollen hydrogel-based nanocomposite is defined by 

four key elements: the average number of chains per unit unswelled volume n , the average number 

of statistical links in a chain N , the nanoparticles volume fraction in the dry nanocomposite 0  

and the volume change of the gel J . Each hydrogel chain has ultrahigh elongation capacities and 

is viewed as viscoelastic in accordance with the tube-constraints concept. Dynamic bonds between 

hydrogel chains and nanoparticles are integrated to capture the damage behavior and self-healing 

of the nanocomposite. The whole will confer to the overall response visco-super-elastic properties. 

We propose here to incorporate the swelling for a more accurate description of the visco-super-

elastic behavior by considering the swelling-induced loss of chain extensibility and of 

reinforcement efficiency. An illustrative example of the interplay between the swelling and the 

chain behavior can be observed in (Figure III.1b) for two nanoparticle amounts while the radius is 

kept constant. 
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III.2.1 Free energy  

From a simple topological-based analysis of the cubic unit cell for the micro-macro mapping, the 

free energy of the nanocomposite   may be expressed as a function of the free energy of the 

swollen hydrogel matrix m  and the free energy of the nanoparticles p  (Saadedine et al., 2021): 

 ( )1 2 m p= − +     (III.1) 

where 0 J=   is the actual nanoparticles volume fraction and   is the ratio between the 

nanoparticle radius r  and the center-to-center distance b  between the central nanoparticle and a 

neighboring nanoparticle (see Figure III.1). To consider the increasing inter-particle distance with 

the swelling, the latter is re-written as a function of the initial nanoparticles volume fraction as: 

 

1 3

0

3 J

 
=  

 





 (III.2) 

After a series of straightforward derivations of the relation between the chain end-to-end vector c   

and the vectors b  and r  using a simple topological-based analysis of the cubic unit cell, the 

deformation of the nanocomposite is given by (Saadedine et al., 2021):  

 ( )1 2 2m p= − +F F F   (III.3) 

where mF  is the deformation gradient of the swollen hydrogel matrix and pF  is the deformation 

gradient of the nanoparticles. 

III.2.1.1 Swollen hydrogel matrix 

The finite strain kinematics of swollen hydrogels is introduced via the multiplicative decomposition 

concept illustrated in (Figure III.1c) The free energy of the swollen hydrogel matrix m  is 

expressed with the formulation developed by Boyce and Arruda (2001) to consider the changes in 

configurational entropy due to the combined effect of swelling and mechanical stretching in 

limiting chain extensibility: 
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e
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N N

    
 = + − −   
     

 
   

 
 (III.4) 

where Bk  is the Boltzmann constant, T  is the temperature and m  is the volume fraction of polymer 

matrix relative to the dry state defined here as follows: ( )( )
2

1 / 3m J = − . The functions iso  

and vol  are defined, respectively, as: 

 ( )1

iso 1 _iso 3e

mI N−=  and ( )1

vol 1 _ vol 3mI N−=  (III.5) 

in which iso  and vol  define the inverse of the Langevin function ( ) ( )coth 1= −x x x  which can 

be treated by a Padé approximation: ( ) ( ) ( )1 2 23 1x x x x−  − − , ( )1 _ iso _isotracee e

m mI = C  and 

( )1 _ vol _voltracem mI = C  are the first invariants of the isochoric part 
_iso _ iso _ iso.

Te e e

m m m=C F F  and the 

volumetric part 
_vol _vol _vol.

T

m m m=C F F  of the right Cauchy-Green deformation tensor with the 

deformation gradients 
_ iso

e

mF  and _ volmF  coming from the multiplicative decomposition: 

_iso _ vol.m m m=F F F  and _ iso _ iso _ iso.e v

m m m=F F F . The superscripts e and v denote the elastic and viscous 

components, respectively. In view of these transformations, the volume change is defined as 

_volm mJ J=  since _iso 1mJ =  for the isochoric part and 1 3

_volm mJ=F I  and 1 3

_isom m mJ −=F F  where I  is 

the unit tensor. The time derivative of the deformation gradient writes 
_iso _iso _isom m m= L FF  where 

_iso _ iso _ iso

e v

m m m= +L L L  is the gradient of the spatial velocity with 
1

_ iso _ iso _ iso

e e e

m m m

−

=L F F and 

1 1

_ iso _ iso _ iso _ iso _ iso

v e v v e

m m m m m

− −

=L F F F F . The latter tensor is further additively decomposed into a symmetric 

part ( )_iso _ iso _ iso 2
Tv v v

m m m= +D L L  (viscous stretching rate) and a skew-symmetric part 

( )_iso _ iso _ iso 2
Tv v v

m m m= −W L L  (viscous spin).  
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By choosing the viscous flow irrotational (Gurtin and Anand, 2005), i.e. 
_ iso

v

m =W 0 , the evolution 

equation of the viscous deformation gradient is given by:  

 
1

_ iso _ iso _ iso _ iso _ iso

v e v e v

m m m m m

−

=F F D F F  (III.6) 

The elastic deformation gradient is then extracted from the multiplicative decomposition: 

1

_ iso _ iso _ iso

e v

m m m

−

=F F F . The viscous stretching rate tensor 
_ iso

v

mD  is given by the following flow rule: 

 _iso

_iso

mv v

m m

m

=
σ

D
σ

  with ( )_ iso _ isotrace . T

m m m=σ σ σ  (III.7) 

where ( )_ iso 1 3tracem m m= −σ σ σ I  is the isochoric part of the Cauchy stress tensor mσ , 
mσ  is 

the effective stress by the Frobenius norm and v

m  is the accumulated viscous strain rate that can 

be expressed as a function of the effective stress using the viscoplasticity theory but without yield 

surface such that the elastic and inelastic strain rates are non-zero at all deformation stages (Zaïri 

et al., 2007): ( )v v

m m m= σ  . 

III.2.1.2 Nanoparticles 

Empirical approaches are largely used in the literature to deal with reinforced polymers by 

considering the inorganic reinforcement only through the volume fraction concept, possibly 

coupled with an empirical amplification factor (Ovalle-Rodas et al., 2015; Guo et al., 2018). 

Although the effective effect of the volume fraction is well considered, the local interaction 

between matrix and inorganic reinforcement is not physically consistent or completely 

disregarded. In the present approach, the local interaction is considered through micromechanical 

assessments and the Eshelby equivalent inclusion method providing an approximate solution for 

the problem of one particle embedded in an infinite domain. The Eshelbian homogenization  
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framework consists to replace the particle domain by the matrix material via the introduction of an 

eigenstrain replacing the perturbed strain induced by the inhomogeneity, the averaged eigenstrain  

of a particle interacting with its neighboring nanoparticles being obtained by means of the Green 

function technique. Dealing with large-strain mechanical response of hydrogel nanocomposites, 

the theoretical framework is here provided within the finite-strain kinematics framework More 

details on the developments are given in the Appendix of the previous chapter. The following 

formulation is used for the free energy of the nanoparticles p  (Yin et al., 2002): 

 ( ) ( )
22 2 2 2

1 2 1 2 2 vol 1 iso iso3 2 3 :
2

p

p p p


         

 
= + + + + 

 
ε ε  (III.8) 

where vol  is the Hencky volumetric strain, iso isoln=ε F  is the isochoric Hencky strain tensor, p  

and p  are the Lame’s constants and, 1  and 2  are given by: 

 1

1

2

m

p mw M




  
=

− − −
 and 

( )
2 1

1 1

3 2 3 3

m

p m

K

w m M K K
 


= −

+ − − −
 (III.9) 

where mK  and pK  are the bulk moduli, m m Bnk T=   and p  are the shear moduli and, m , w  and 

M  are given by: 

 ( )
( )

1 5 1

3 15 1 5

m
mp mp

m

M
m K

−
= − + +

−





, 

( )
4 5

2 15 1 5

mp m

m

M
w

−
= + +

−

 


, 

( )
( )

2 340 14 5

45 1 m

M
 



−
=

−
 (III.10) 

with ( )mp m p mK K K K= − , ( )mp m p m= −     and m  is the Poisson’s ratio. 

The time derivative of the deformation gradient is 
ppp =F L F  with pL  the gradient of the spatial 

velocity that may be expressed through the Eshelbian homogenization solution in the finite strain 

context using the Saint Venant-Kirchhoff assumption (Yin et al., 2002): 

 ( )
1

. . :p 
−

= −L A Γ I Γ L  (III.11) 
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where A  is the mismatch tensor: 

 ( )
1

.p m m

−

= −K K KA  (III.12) 

in which mK  and pK  are the stiffness tensors. 

The term Γ  is a tensor given by: 

 
( )( ) ( )

( )
1

2 2 3 2 2 4
ijkl IK ij kl ik jl il jk

m M

w M w m M w w M w
      

 −
 = + + +  − + − − 

 (III.13) 

in which  ij
 is the Kronecker delta. 

III.2.2 Chains network  

In our previous work (Saadedine et al., 2021), the chains network kinetics were formulated to take 

into account the dynamic breaking and recombination of bonds participating to energy dissipation 

and quick reconstruction in the recovering. In this work, some refinements are brought to take into 

account the detachment-reattachment mechanism changes due the presence of the solvent in the 

hydrogel. The extension of the molecular chains caused by the solvent-induced swelling results in 

an earlier strain hardening onset and a decrease in extensibility (Figure III.1b). This mechanism 

may be captured by managing the limiting chain extensibility into our model. For this purpose, the 

average number of statistical links in a chain N  may be expressed as follows (Saadedine et al., 

2021): 

 ( )
( )

/

0

on off

N t
N t

N

=
=  (III.14) 

where the constraint of conservation of monomers imposes ( ) ( ) /0 on offn t n t N= = , the quantities 

( )0N t =  and ( )0n t =  being the original values and /on offN  is here expressed by the following 

kinetics: 

 ( )( )/ / /1 1on off m on off on offN N k= − +  (III.15) 

in which /on offk  controls the rate of the detachment-reattachment mechanism: 
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 / / _ 0

/

exp m

on off on off

off on off

k k
N

 
=   

 

σ
 (III.16) 

in which / _ 0on offk  is a material constant and 
off  is a scale factor controlling the bonds strength. 

To consider the destruction of bonds due to the presence of the solvent and thereby the strength 

loss, the following relation is here proposed: 

 ( )_ 0 _ 0

1
ln

3
off off m off= +     (III.17) 

where _ 0off  is the initial value. 

The swelling state reduces also the inter-chain interaction and thereby the topological constrain of 

surrounding chains on an individual chain translated by its viscous resistance. The viscous 

deformation may be understood in the Doi-Edwards tube framework in which the reptational 

Brownian motion is described as lateral motion restriction of individual chains due to the 

interaction of the neighboring chains. The accumulated viscous strain rate v

m  takes the form of the 

Bergstrom-Boyce power law (Bergstrom and Boyce, 1998):  

 

( )1 3 1

v v
m m

v

m

k

I


 =

−

σ  (III.18) 

where ( )1 _iso _isotrace .
Tv v v

m m mI = ε ε  is the viscous first invariant with 
_iso _isolnv v

m m=ε F  the viscous 

isochoric Hencky strain tensor,   is the stretch-dependency parameter and vk  is the chains 

relaxation parameter expressed as follows (Saadedine et al., 2021): 

 ( )( )max
_ 0 max

0

1 exp sgnv vk k
 

= +  
 







 (III.19) 

in which _ 0vk  is the viscous multiplier,   is the rate-dependency factor, ( )max 11 22 33max , ,=     is 

the maximum stretch rate and 0  is the reference loading rate. The term ( )maxsgn   signifies: 
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max max
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1 for stretching 0

sgn 1 for retraction 0

0 for recovery 0

+ 



= − 


=



 



 (III.20) 

When the external load is removed, the dynamic nature of bonds renders the hydrogel with self-

healing ability without any external stimulus. The temporarily broken bonds re-attach by following 

the relations (III.14- III.17) and the strain recovery is simulated by a creep at zero-stress using the 

following formulae (Saadedine et al., 2021): 

 ( )1 2 m p− + =σ σ 0   and ( )
1

2
1 2

m p= −
−

F F F


 (III.21) 

with _ iso _ iso _ vol. .e v

m m m m=F F F F . The volume preserving is assumed during the creep process and the 

viscous deformation gradient tensor 
_ iso

v

mF  is computed using the following formula (Saadedine et 

al., 2021): 

 

( )
_ iso _ iso _iso

1

.
1 2

3 1

v vv
m m p

v

m

k

I





= −

−
−

F F σ  (III.22) 

Energy dissipation, failure and self-healing properties can be all assessed by the model while the 

effect of swelling is considered. So, the model can be employed to better understand the changes 

of the hydrogel swelling state on the mechanisms of nanofillers reinforcement and thus the changes 

of the interactions with the nanoparticles hindering the relative motion of chains and modifying the 

intrinsic viscosity. Besides, the bonds tending to preferentially breaking and maximizing the energy 

dissipation can see their activity modified by the hydrogel swelling state.  

III.3 Model application 

The micromechanical model has been coded in MATLAB software. The model capacities are 

checked by comparisons with the available time-dependent data reported by Zhong et al. (2016) of 

a poly(acrylic acid) hydrogel-based nanocomposite exhibiting strong swelling capacities and 

https://www.sciencedirect.com/science/article/pii/S0749641921001170#bib0029
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reinforced by vinyl-hybrid silica nanoparticles over a nanofiller amount range from 0 to 1.5 wt%3. 

The initial swelling state corresponds to a swelling ratio of 67%. The model efficiency is checked  

Parameter Significance Value 

p  (GPa) Particle shear modulus 3.2 

pK  (GPa) Particle bulk modulus 160 

/ _ 0on offk  (s-1) Dynamic bonds  5×10-5 

0  (s-1) Reference loading rate 0.01 

  Rate-dependency 0.2 

  Stretch-dependency 1.4 

Table III.2 Model parameters. 

 

 

on data obtained under different mechanical loading conditions at a constant stretch rate of 0.1 /s 

and at room temperature. Table III.1 provides a summarize of the available data for the present 

model application. They include monotonic stretching till failure at different swelling ratios and, 

stretching-retraction and self-healing measurements at the initial swelling state.  

 
 

Table III.2 Model identification (MI) using monotonic data, model predictability verification 

(PV) using non-monotonic data and model predictions (MP) showing the swelling effect on 

microstructure-mechanics relationship. 

 

 

 

 

3 The nanoparticle weight fraction 0w  at the initial swelling state was converted to the nanoparticle volume fraction 

0  by using the following formula: ( )( )
1

0 0 0 01w w w p m

−

= + −       where p  = 2.0 g/cm3 is the vinyl-hybrid silica 

nanoparticle density (Sakamoto et al., 2018) and m  = 1.4 g/cm3 is the poly(acrylic acid) hydrogel matrix density (Lira 

et al., 2009).  
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The monotonic data at the initial swelling state are used to fit the model. After verification of the 

model predictability using data not used in the identification exercise, some predictions are 

performed to highlight the link between microstructure, swelling and overall mechanical response. 

Unless explicitly otherwise stated, the simulation results are presented at the constant stretch rate 

of 0.1 /s. 

 

 

 

                   

 

 

 

 

 

 

 

 

 

 

 

 

(a)                                                                      (b)                            

 

                         

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c)                                                                      (d) 

 

Figure III.2 Model vs. experimental under monotonic stretching at the initial swelling state for 

different nanofiller amounts: (a) stress-strain response, (b) toughness, (c) failure strain and (d) 

failure stress. 
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III.3.1 Strengthening effect 

Figure III.2 presents the computed results of the macro-stress evolution under monotonic stretching 

at the initial swelling ratio. The model simulations are conducted until the complete loss of load-

bearing capability corresponding to the local maximum stress level reached as indicated by the 

cross. The identified model parameters are provided in Table III.2 and Figure III.3. The values of 

the experimental data and model outputs are also reported in Table III.3 along with the relative 

error quantifying the discrepancy. 

 

 

 

 

 

 

(a)                                                                           (b) 

Figure III.3. Hydrogel matrix characteristics at the initial swelling state for different nanofiller 

amounts: (a) mean chain density, mean chain length and bulk modulus, (b) bonds strength and 

viscous multiplier. 

 

 
 

Table III.3 Experimental data and model outputs under a monotonic stretching at the initial 

swelling state for different nanofiller amounts. 

 

https://www.sciencedirect.com/science/article/pii/S0749641921000516#tbl1
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The model simulations are in good agreement with the tendencies observed in the experimental 

observations in terms of nonlinear behavior, stored elastic energy 
0W  and ultimate properties.  

Both stiffening and loss of stretchability evolve in a monotonic manner with the nanofiller content 

increase while the tensile strength reaches a maximum at 0.7 wt% nanofiller concentration. The 

evolution of the material properties with the nanofiller concentration may be correlated to effective 

strengthening mechanisms and underlying changes of the hydrogel structural features.  

 

 

 

 

 

 

 

 

 

(a)                                                                           (b) 

Figure III.4 Swelling effect on (a) chains network evolution and (a) nanoparticle stress. 

 

The latter intensify with the increase in the total interfacial area when the amount of the dispersed 

second phase increases. The hydrogel structural changes are clarified by the model results reported 

in Figures III.3 and III.4. Increasing nanofiller content leads to the mean chain length reduction 

(Figure III.3a). Indeed, increasing the amount of nanofillers reduces the overall molecular weight 

in the hydrogel matrix as experimentally evidenced by Shi et al. (2015) for the same material 

system, in turn reducing the chain flexibility and thus the bonds strength governing the failure stress 

(Figure III.3b). It is worth noticing that the value found for N does not correspond to the expected 

value of a physically cross-linked system. In spite of its physical meaning, this parameter only leads  

https://www.sciencedirect.com/science/article/pii/S0749641921001170#bib0029
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to a phenomenological description of the polymer chains behavior (Guo and Zaïri, 2021). The 

uultrahigh toughness of the nanocomposite compared to its pristine counterpart may be directed 

related to the reorganization of the chains upon the mechanical history (Figure 4a). Besides, the 

extremely large surface area of the nanoparticles promotes strong physical contact and strong near-

field direct interactions leading to more efficient stress transfer (Figure III.4b). The enhanced 

toughening effects, with a great mechanical strength improvement but lowest stretchability, as the 

nanofiller content is increased may be interpreted by the increase in local events of detachment-

reattachment mechanism (Figure III.4a). Also, if the reinforcement mechanism is ascribed to strong 

near-field direct interactions, the nanofillers act also as entanglement attractors in the cross-linked 

network modifying the topological constrain (Figure III.3b). Indeed, the role of the nanofillers is 

not limited to their ability to reinforce the hydrogel network, they play an important role in energy 

dissipation capacity.  

 

 

 

 

 

 

 

  

   (a)                                                                         (b) 
Figure III.5 Model vs. experimental under a stretching-retraction cycle at the initial swelling state 

for different nanofiller amounts: (a) stress-strain response and (b) dissipated energy. 

 

Figure III.5a shows the model ability to predict the nonlinear mechanical response under a 

stretching-retraction cycle with a maximum strain of 1000%. Both the pronounced stress-strain 

hysteresis and the residual strain at zero-stress are adequately captured by the model for the 

different nanofiller amounts.  
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Table III.3 Experimental data and model outputs under a monotonic stretching at the initial 

swelling state for different nanofiller amounts. 

 

 

 

Both stored elastic energy 
0W  and dissipated energy 

uD  are plotted in Figure III.5b. The latter is 

calculated as 
0u uD W W= −   in which 

uW  is the released energy, i.e. area under the unloading 

segment. The experimental energy data along with the associated outputs of the model are also 

reported in Table III.4. It can be noticed that the model is favorably compared to the large amount 

of energy dissipated during the loading process and its variation with the nanofiller amount. 

III.3.2 Swelling effect Multiaxial energy dissipation 

The predictive capacities of the model regarding the swelling effect is now examined4. Figure III.6 

and Table III.5 present the model predictions for a 0.7 wt% filler concentration at different swelling 

ratios. The stress is computed till failure; it is defined as the local maximum stress level reached as 

indicated by the cross.  

 

4 The weight swelling ratio sw  is defined as the fractional increase in the hydrogel weight due to solvent absorption: 

( )0 0sw m m m= −  where 0m  and m  are the weights at the initial swelling state and at the swollen state, respectively. 

The weight swelling ratio sw  is used as a direct model input by using the following relationship with the volume 

change: ( )
1

11 1 sw m solventJ
−

−= + +   where m  = 1.4 g/cm3  is the poly(acrylic acid) hydrogel matrix density (Lira et al., 

2009) and solvent  = 1.0 g/cm3  is the solvent density. 
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Table III.4 Experimental data and model outputs under a stretching-retraction cycle at the initial 

swelling state for different nanofiller amounts. 

 

 
 

Table III.5 Experimental data and model outputs under a monotonic stretching at different 

swelling ratios for a 0.7 wt% nanofiller amount. 

 

 

The model predicts perfectly the serious reduction of the stiffness with the swelling ratio increase. 

This is a direct consequence of the chain density reduction with increasing water content. The 

model adequately captures the effective energy dissipation exhibited at low swelling ratio and its 

significant reduction with increasing water content.  

 

 

Table III.6 Experimental data and model outputs under a stretching-retraction cycle for a 0.7 wt% 

nanofiller amount. 
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The swelling-induced loss of energy dissipation capacity is attributable to the change in the limiting 

chain extensibility and the bonds strength (see Figure III.1b). The dramatic degradation of both 

stretchability and tensile strength with increasing water content is also well captured by the model. 

This negative effect on the tensile properties may be attributed to the swelling-induced network 

deformation and restriction of the chain motions, the breaking rate of bonds being strongly sensitive 

to the swelling as illustrated in (Figure III.4a).  

 

 

 

 

 

 

 

 

 

 

 

(a)                                                               (b) 

 

                                      

 

 

 

 

 

 

 

(c)                                                                       (d) 
Figure III.6 Model vs. experimental under monotonic stretching at different swelling ratios for a 

0.7 wt% nanofiller amount: (a) stress-strain response, (b) toughness, (c) failure strain and (d) 

failure stress. 
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Besides, the near-field direct interactions between nanoparticles and the swollen hydrogel matrix 

is strongly affected by the swelling state; More the amount of water, less efficient stress transfer as 

evidenced by the local stress in the nanoparticles plotted in (Figure III.4b).This negative effect on 

the tensile properties may be attributed to the swelling-induced network deformation and restriction 

of the chain motions, the breaking rate of bonds being strongly sensitive to the swelling as 

illustrated in (Figure III.4a). Besides, the near-field direct interactions between nanoparticles and 

the swollen hydrogel matrix is strongly affected by the swelling state; More the amount of water, 

less efficient stress transfer as evidenced by the local stress in the nanoparticles plotted in Figure 

(III.4b). The damage self-healing behavior is presented in (Figure III.7) for a 0.7 wt% filler 

concentration at the initial swelling state. (Figure III.7a) shows that the model matches very well 

with the stretching-retraction data both for the original response and after 1 hour of recovery. The 

large hysteresis observed for the first stretching-retraction cycle is gradually recovered to the 

original pathway after a reloading with increase in recovery time. In the insert of (Figure III.7b), it 

can be also observed a good agreement between the computed energy and the experimental data.  

 

 

 

 

 

 

 

 

 

                                        (a)                                                                     (b) 

Figure III.7 Model vs. experimental under a stretching-retraction cycle for a 0.7 wt% nanofiller 

amount and 1h recovery: (a) stress-strain response at the initial swelling state and (b) dissipated 

energy at different swelling ratios. 
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The other model predictions plotted in (Figure III.7b) and (Table III.6) point out the swelling effect 

on the self-healing in energy dissipation capacity. The latter is obviously affected by the stretch 

rate as observed in the illustrative examples provided in (Figure III.8) in which the stretching-

retraction behavior is presented for one order of magnitude higher and one order of magnitude 

smaller than the stretch rate used in (Figure III.7a) The figure points out in particular the rate-

dependency of the hysteresis loop both for the original response and after 1 hour of recovery. The 

higher the stretch rate, the higher the hysteresis loop area. 

The self-healing evolution with the recovery time is now presented in (Figures III.9 and III.10) in 

terms of the strain recovery factor ( )max1- 100R =    in which max  is the maximum nominal 

strain and   is the strain recovered with the time. The figures present computed results at the initial 

swelling state and at a swelling ratio of 50% for a 0.7 wt% filler concentration and the neat  

 
 (a)                                                                (b) 

Figure III.8 Model results of the stretching-retraction behavior at different stretch rates for a 0.7 

wt% nanofiller amount: (a) original and (b) after 1h recovery. 

 

 

hydrogel. The recovery response is characterized by an initial rapid transient followed by the trend 

to reach an equilibrium at the end of the zero-stress creep response. The model shows that the self-

healing capacities are highly facilitated by the adding of nanoparticles. Nonetheless, the destroyed 
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bonds in the swollen nanocomposite cannot fully recombine; the recovery efficiency depends on 

the swelling state. The higher the water content, the slower the recombination mechanism and the 

smaller the recovery extent.  

 
            (a)                                                                     (b) 

Figure III.9 Model results of the recovery behavior for previous stretching-retraction at different 

maximum strain levels: (a) 0.7 wt% nanofiller amount and (b) neat hydrogel (solid lines: initial 

swelling state, dashed lines: swelling ratio of 50%). 

 

 

The degree to which the strain is recovered is found actually highly dependent on coupled effects 

of swelling state, microstructure and previous mechanical history in terms of applied strain level 

and strain rate. The higher the strain level, the higher the recovery extent (Figure III.9). It is also 

found that the incomplete strain recovery increases with the increase in strain rate (Figure III.10). 

The same tendency is observed for the initial swelling state and for the 50% swelling ratio.  
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            (a)                                                                     (b) 

Figure III.10 Model results of the recovery behavior for previous stretching-retraction at different 

stretch rates (and a maximum strain level of 200%): (a) 0.7 wt% nanofiller amount and (b) neat 

hydrogel (solid lines: initial swelling state, dashed lines: swelling ratio of 50%). 

 

III.4 Partial conclusion 

In this chapter, a micromechanical model was proposed to quantitatively predict the visco-super-

elastic behavior of swollen hydrogel-based nanocomposites. The model is formulated using the 

Eshelby equivalent inclusion method within a finite strain context. The application was performed 

on a high-swelling capacity hydrogel filled with different concentrations of nanoparticles. The 

quantitative comparisons show the relevance of the model to describe the swelling effect on the 

stretchability, the mechanical strength, the energy dissipation and the self-healing while accounting 

for the mechanisms of nanofillers reinforcement. 

The model provides direct evidence of the variation of both structural evolution and reinforcement 

in response to a swelling variation, which is useful in the design and optimization of swollen 

hydrogel-based nanocomposites. In the future developments, the detachment-reattachment 

mechanism will be described by an expression based on a thermodynamic reasoning (Guo and 

Zaïri, 2021) while taking into account the chemical loading of the external fluid. More complex 

mechanical loading conditions remains also an important issue for further investigations of the 

swelling-microstructure-mechanics relationship. 
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CHAPTER IV 

IV. A multiscale model for multiaxial 

inelastic behavior of elastomeric 

particulate composites5 
 

 

This chapter addresses the problem of the multiscale constitutive representation of the multiaxial inelastic 

behavior of elastomeric particulate composites. A fully three-dimensional model is proposed within a 

micromechanical treatment to describe the multiaxial inelastic response in relation to the reinforcement 

mechanisms. A network decomposition based on the tube confinement theory is used to consider the 

combined effects of multiaxiality and inelasticity. The near-field direct interactions between the particles 

and the rubber networks are physically described using the Eshelby inclusion theory. The capabilities of the 

microstructure-based model are evaluated for different modes of deformation over a wide range of filler 

concentrations. It is found being able to successfully reproduce the significant features of the multiaxial 

macro-response upon monotonic and cyclic loading sequences. Important insights about the effective role 

of the reinforcement mechanisms on the multiaxial dissipation are revealed. 

 

 

Keywords: Elastomeric particulate composites; Reinforcement mechanisms; Multiaxial deformation, 

Multiaxial failure; Multiaxial dissipation. 

 

5 This chapter is based on the following paper: Saadedine, M., Zaïri, F., Ouali, N., Mai, T., Urayama, K., Tamoud, A., 

Mesbah, A., 2022. A micromechanics-based model for visco-super-elastic hydrogel-based nanocomposites. 

International Journal of Plasticity. (Under Review) 
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IV.1 Partial introduction 

A reliable design of elastomeric parts requires to consider the multiaxial mechanical history that 

they could undergo. In this regard, the formulation of continuum-based constitutive models with 

multiaxial abilities to capture and predict the mechanical response in connection to the 

microstructure is of prime importance. By allowing a physically-consistent representation, the 

widely used eight-chain model proposed by Arruda and Boyce (1993) offers a flexible and simple 

three-dimensional analytical formulation. It takes into account the entropy of a simple network of 

eight long-chain molecules by introducing the Langevin chain statistics and degenerates to the more 

classical Neo-Hookean model for extremely long-chain molecules. Although it is widely used to 

design elastomeric parts, eight-chain model fails to capture the biaxial mechanics. Actually, most 

of existing models may capture the behavior in one loading mode such as the uniaxial extension to 

good accuracy and fail to predict the behavior in the other loading modes. 

Over the years, several authors proposed enhancements of the eight-chain model by more or less 

deep empirical or physical corrections (Boyce and Arruda, 2000; Meissner and Matejka, 2003, 

2004; Miroshnychenko and Green, 2009; Bechir et al., 2010; Kroon, 2011; Dal et al., 2020; 

Anssari-Benam and Bucchi, 2021). These models were proposed to increase the biaxial 

performance of the eight-chain model. Comparative studies of the different modified versions of 

the eight-chain model can be found in the literature (Boyce and Arruda., 2000; Hossain et al., 2015; 

He et al., 2021; Melly et al., 2021). Being based on an affine description, the eight-chain model 

ignores the interactions between polymer chains. Some well-known modified versions of the eight-

chain model were proposed to consider the chains interactions through the adding of the topological 

constraint effects obtained from the micromechanics of the chain molecules. Boyce and Arruda 

(2000) proposed a modified version of their original model based on a network decomposition by 

combining a phantom part due to the presence of neighboring chains, and represented by the eight-
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chain energy function, with a Flory and Erman (1982) topological constraint contribution6, the two 

networks being thus considered in which the chain crosslinking points are constrained from the 

eight-chain network with phantom characteristics via interactions with other chains. Wu and van 

der Giessen (1992) combined the three-chain model (James and Guth, 1943) and the eight-chain 

model by a phenomenological adjustment parameter. In the Wu and van der Giessen (1992) model, 

when the deformation is applied, the two superimposed networks deform affinely. Later, Bechir et 

al. (2010) proposed a similar phenomenological eight-chain/three-chain combination considering 

topological constraints to account for the non-affine deformation with four supplementary model 

parameters. Meissner and Matejka (2003, 2004) added an entanglement term of the extended tube 

model to the eight-chain model. In the abovementioned models, the eight-chain energy function 

remains solely dependent on the first strain invariant 1I  which explains in great part the difficulty 

to predict or even to simply capture the multiaxial mechanical response. Other extensions of the 

eight-chain model were proposed to improve its multiaxial abilities by the incorporation of the 

second strain invariant 2I . This strain invariant has indeed a greater importance in the multiaxial 

deformation than in the uniaxial deformation (Horgan and Saccomandi, 1999; Wineman, 2005; 

Horgan and Smayda, 2012; Puglisi and Saccomandi., 2016; Destrade et al., 2017). In the latter 

aforementioned studies, specific examples can be found in torsional and simple shear deformations. 

In a more general specification, all generalized neo-Hookean functions are unable to capture full 

deformation modes if the second strain invariant is not incorporated whatever the mathematical 

expression. Kroon (2011) improved the eight-chain model by introducing a 2I -dependence using 

the tube model along with topological constraints to consider the non-affine deformation of a 

polymer chain; the resulting model contains three supplementary model parameters. Recently, Dal 

 

6 This approach is consistent with the tube-constraints earlier introduced by Doi and Edwards (1988) and extended 

latter by several authors (Edwards and Vilgis, 1988; Heinrich et al., 1988; Heinrich and Kaliske, 1997; Khiêm and 

Itskov, 2016) in which a chain is confined by neighboring chains within a tube-like region. Similarities of the physics 

can be noticed between the Flory-Erman (1982) and the Doi-Edwards (1988) approaches despite the different departure 

points in the treatment of topological constraints. 
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et al. (2020) proposed a similar 2I -based extension of the eight-chain model resulting in three 

supplementary model parameters. Anssari-Benam and Bucchi (2021) proposed an extended eight-

chain model introducing both the tube-constraints and the second strain invariant; the resulting 

model contains two model parameters. These studies provide improved fits to the experimental 

data compared with the original model particularly for biaxial and pure shear deformations. The 

incorporation of the second strain invariant into strain energy function appears as a necessary 

condition to capture the multiaxial behavior and to further improve model prediction abilities 

(Anssari-Benam et al., 2021). Besides, the nanoparticles are widely employed to reinforce the 

elastomers. Nonetheless, none of these extensions of the eight-chain model introduces the effective 

contribution of fillers while the model abilities are verified most of the time by comparisons to 

particle filled elastomeric experimental data. Moreover, these material media exhibit inelastic 

features such as Mullins effect and hysteresis upon stretching-retraction. Considerable efforts have 

been made to the constitutive modeling of the inelastic features of rubber-like materials (Ayoub et 

al., 2014; Dargazany et al., 2014; Khiêm and Itskov, 2016; Guo et al., 2018; Su and Peng, 2018; 

Zhou et al., 2018; Mahjoubi et al., 2019; Morovati and Dargazany, 2019; Mohammadi and 

Dargazany, 2019; Xiang et al., 2019; Chaabane et al., 2021; Morovati et al., 2021; Xiao et al., 2021; 

Guo and Zaïri, 2020, 2021; Liu et al., 2022). In the most physically-based constitutive models, the 

description of the inelasticity in neat rubber is provided by means of the tube-constraints of Doi 

and Edwards (1988) describing conceptually the interaction of an individual chain with its 

neighbourhoods via its reptational Brownian motion along the centerline of a tube-like region. 

Besides, the energy dissipation in filled rubbers is mainly governed by the interfacial friction 

between the fillers and the rubber matrix, e.g. slippage of chains along the filler surface and 

adsorption-desorption mechanism of chains on the filler surface. Due to an increase in the total 

interfacial area between filler and rubber matrix, a deep influence of the filler concentration on the  
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energy dissipation was reported (Guo et al., 2017) with a strong influence in loading multiaxiality 

(Mai et al., 2017). 

Comprehensive understanding of the coupled effects between multiaxiality and inelasticity in 

connection to the reinforcement mechanisms is important but a constitutive representation 

connecting them has not been treated in the literature yet. In order to resolve this issue, in this 

contribution, we formulate, identify and verify a micromechanics-based extension of the eight-

chain model. In our previous work (Saadedine et al., 2021), we formulated a micromechanics-based 

model relating the internal network structure of reinforced soft rubber-like materials to their large 

nonlinear response while considering the effective interactions with the inorganic nanoparticles. 

The latter were integrated by means of the Eshelby equivalent inclusion method within a finite 

strain context and the eight-chain cube context. Only monotonic stretching till failure had been 

used to verify the model abilities. The main objective of this paper is thus to further extend the 

model to provide him multiaxial abilities. A two-scale strategy is used to formulate the multiaxial 

and multiscale model. Firstly, the transition from the particles scale to the macroscale is described 

within the Eshelby inclusion theory. Secondly, the micromechanics of the chains is described using 

the tube-constraints and the second strain invariant to account for the combined effects of 

multiaxiality and inelasticity in the finite-strain behavior. The fully three-dimensional 

microstructure-based constitutive model is used to represent the multiaxial macro-response of 

elastomeric particulate composites upon monotonic and cyclic loading sequences. The developed 

approach is employed to better understand the mechanisms of mechanical property enhancement 

by providing important insights about the relation between microstructure and multiaxial 

dissipation. 

This chapter is organized as follows. Section IV.2 provides the main elements of the multiscale 

model formulated within the continuum-based micromechanical framework.Section IV.3 presents 

and discusses the multiaxial capacities of the model. Section IV.4 closes the paper with some 

concluding remarks. 
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The following notation is used throughout the text. Tensors and vectors are denoted by normal 

boldfaced letters and italicized boldfaced letters, respectively, while scalars and individual 

components of vectors and tensors are denoted by normal italicized letters. The superposed dot 

designates the time derivative. The superscript T indicates the transpose quantity.  

 

 
 

 
 

 
 
 

 
 
 

 
 
 
 
 

 
 
 
 
 
 
 

 

Figure IV.1 Nine-particle cubic cell with tube-constrained eight-chain and three-chain networks 

and energy balance upon loading-unloading and loading-unloading-reloading sequences.  
 

 

IV.2 Model formulation 

Figure IV.1 presents a schematic view of the model based on the idealized eight-chain cubic cell. 

The ideal representation of the polymer network has undergone in our approach some adjustments 

to introduce the combined effects of multiaxiality and inelasticity using a network decomposition. 

The topological constraints of the polymer chains are introduced using the tube model in which the 

motion of a single chain of the eight-chain cubic cell is constrained in a tube-like region due to the 

neighboring chains. In the main cubic cell is inscribed another cubic cell constituted by four three-
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chain units located in the center and distributed upon the three principal axes. The introduction of 

the four three-chain units into the eight-chain cubic cell was earlier proposed by Bechir et al. 

(2010). The main cubic cell is used for the non-entangled links while the inscribed three-chain units 

play the role of a superimposed constraint network to represent the entanglements. Both links may 

change with the mechanical loading depending on the deformation mode and the deformation level 

applied to the cell. The particles are then explicitly considered in the model thanks to the micro-

macro scale transition within the Eshelby inclusion theory as already presented in our previous 

work (Saadedine et al., 2021). The Eshelbian homogenization provides the approximate solution 

of the near-field direct interactions between matrix and particles. Eight particles are inserted at the 

vertices of the cubic cell and are connected to a central particle via the eight chains as illustrated in 

Figure IV.1. 

 

IV.2.1 Kinematics based on micro-macro scale transition 

This subsection provides the finite-strain kinematics within the framework of continuum 

mechanics. A simple topological-based analysis of the cubic cell leads to the following expression 

of the deformation gradient of the composite F  (Saadedine et al., 2021): 

 ( )1 2 2m p= − +F F F   (IV.1) 

where mF  and 
pF  are the deformation gradients of the rubber matrix and the particles, respectively. 

The term r b =  is defined as the ratio between the particle radius r  and the center-to-center 

distance b  between the central particle and a neighboring particle. The Jacobian of the deformation 

gradient F  is ( )det 0J = F  and its time derivative is =F FL  in which L
 
is the spatial velocity 

gradient. The different couplings are inserted using the multiplicative decomposition notion of the 

deformation based on the conceptual sequence of configurations. By introducing an intermediate 

virtual configuration, 
iso vol.=F F F  is multiplicatively split into an isochoric part 

isoF  and a 
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volumetric part 
volF . The Jacobian of the isochoric part is equal to unity and the volumetric 

deformation gradient is expressed as 1 3

vol J=F I , I  being the unit tensor.  

The intrinsic viscosity of the composite emanates from the rubber matrix. By considering an 

intermediate relaxed configuration during a spontaneous virtual elastic unloading, the isochoric 

deformation gradient of the rubber matrix 
_isomF  may be multiplicatively split into an elastic part 

_ iso

e

mF  and a viscous part _ iso

v

mF  as _ iso _ iso _ iso.e v

m m m=F F F . The corresponding isochoric spatial 

velocity gradient 
1

_iso _iso _isom m m

−=L F F  is described by:  

  
1 1 1

_iso _ iso _ iso _ iso _ iso _ iso _ iso _ iso _ iso

e e e v v e e v

m m m m m m m m m

− − −

= + = +L F F F F F F L L

 

 (IV.2) 

The viscous part 
1 1

_ iso _ iso _ iso _ iso _ iso

v e v v e

m m m m m

− −

=L F F F F
 
is the sum of the viscous stretching rate tensor 

( )_iso _ iso _ iso 2
Tv v v

m m m= +D L L  and the viscous spin tensor ( )_iso _ iso _ iso 2
Tv v v

m m m= −W L L : 

_ iso _ iso _ iso

v v v

m m mL D W  and becomes equivalent to the symmetric part 
_ iso

v

mD  while the common 

assumption of viscous irrotationality 
_ iso

v

m =W 0  is respected (Gurtin and Anand, 2005). The 

viscous stretching rate 
_ iso

v

mD  is defined by the following general flow rule: _ iso

v v

m m=D N  in which 

v  is the accumulated viscous strain rate and 
_ isom m=N σ σ  is the direction tensor of viscous 

flow aligned with the isochoric Cauchy stress ( )_ iso 1 3tracem m m= −σ σ σ I  with 

( )_ iso _ isotrace . T

m m m=σ σ σ  the effective stress expressed by the Frobenius norm. 

The finite-strain kinematics of the particles is obtained using the Eshelbian homogenization. The 

governing constitutive equations of the equivalent homogeneous medium of the linear elastic two-

phase medium, obtained using the Eshelby equivalent inclusion method, may be expressed in the 

context of hyperelasticity by invoking the Saint Venant-Kirchhoff assumption (Yin et al., 2002). 

The spatial velocity gradient of the particles 1.p p p

−=L F F  is expressed as: 

 ( )
1

. . :p 
−

= −L A Γ I Γ L  (IV.3) 
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where   is the volume fraction of particles, ( )
1

.p m m

−

= −K K KA  is the mismatch tensor with mK  

and 
pK  the stiffness tensors of the rubber matrix and the particles, respectively, and Γ  is a tensor 

given by: 

 
( )( ) ( )

( )
1

2 2 3 2 2 4
ijkl IK ij kl ik jl il jk

m M

w M w m M w w M w
      

 −
 = + + +  − + − − 

 (IV.4) 

in which  ij
 is the Kronecker delta and, m , w  and M  are given by: 

 ( )
( )

1 5 1

3 15 1 5

m
mp mp

m

M
m K

−
= − + +

−





, 

( )
4 5

2 15 1 5

mp m

m

M
w

−
= + +

−

 


, 

( )
( )

2 340 14 5

45 1 m

M
 



−
=

−
 (IV.5) 

with ( )mp m p mK K K K= −  and ( )mp m p m= −    . The terms mK  and 
pK  are the bulk moduli, 

m  and 
p  are the shear moduli and m  is the Poisson’s ratio. 

 

IV.2.2 Constitutive relations 

The strain-energy function of the composite    is given as follows (Saadedine et al., 2021): 

 ( )1 2 m p   = − +  (IV.6) 

where m  and 
p  are the strain-energy functions of the rubber matrix and the particles, 

respectively, from which the local stresses are obtained from the differentiation with respect to 

respective deformations. In what follows, the constitutive relations for the chains network and the 

particles are successively provided.  

IV.2.2.1 Free energy of the rubber matrix with multiaxial abilities 

In virtue of the isochoric-volumetric coupling, the free energy of the rubber matrix 

_vol _isom m m= +    is additively split into a volumetric part 
_volm  

and an isochoric part 
_isom .  
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The volumetric strain-energy function 
_volm  may be expressed as follows (Holzapfel and Simo, 

1996): 

 ( )( )_vol _vol _vol

1
exp 2 1 2

4
m m m mK  = − −  (IV.7) 

where 
_vol lnm mJ =  is the Hencky volumetric strain of the rubber matrix. 

The isochoric free energy 
_isom  is given by a combination of the eight-chain and three-chain 

models as: 
_iso 8 3m = +   . The following modified version of the eight-chain strain-energy 

function 8  is used: 

 1
8 8 8 8 2

8

3
ln 3

sinh

e
em

B m

I
n k TN CN I

N

  
= + +  

   


 


 (IV.8) 

in which three material parameters are involved: the number of statistical links in a chain 8N , the 

chain density 8n  and the constant related to the tube constraint on the chains C . The term Bk  is the 

Boltzmann constant, T  is the temperature, ( )1

1 83e

mI N−=  is the inverse Langevin function 

given by a Padé approximant ( ) ( ) ( )1 2 23 1x x x x−  − − , ( )1 _isotracee e

m mI = C  is the elastic first 

invariant and ( ) ( )( )22

2 _iso _isotrace trace 2e e e

m m mI = −C C  is the elastic second invariant, 

_iso _ iso _ iso.
Te e e

m m m=C F F  being the elastic part of the isochoric right Cauchy-Green deformation tensor 

of the rubber matrix. Two valuable differences from the Kroon (2010) work can be noted regarding 

the considering topological constraints. Firstly, the power-law part originating from the non-affine 

polymer chain deformation consideration is not introduced in Eq. (IV.8), only the 2I -dependent 

part based on the tube theory is kept. Secondly, due to similarities of the physics, the non-

constrained and constrained stretches are replaced, respectively, by the viscous and elastic 

stretches.  
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The following modified version of the three-chain strain-energy function 3  is used: 

 
3

_3 3
3 _ _

1 _

ln
3 sinh

i ceB
i c i c

i i c

n k TN

=

  
= +   

   



  


 (IV.9) 

in which the terms 3N  and 3n  are the two material parameters related to the three-chain model 

with signification analogue to the counterparts of the eight-chain model. Here, 
_i c  is the inverse 

Langevin function given by ( )1

_ _

e

i c i c

−=   in which 
_ _ 3

e e

i c i mk N=   is introduced to consider 

the topological constraints of the polymer chains to account for the non-affine deformation because 

of the fluctuations of the junction points. The term 
_

e

i m  is the principal elastic stretch in the 
thi

direction and k  is a constant referring to the strength of the constraints. 

The three-chain units and the 2I  dependence are the two key aspects combined and added to the 

original eight-chain model to cancel its difficulties to capture the biaxial mechanics. 

The quantities 8 8n kT =  and 3 3n kT =  represent the respective shear moduli of the networks in 

the non-deformed state. The shear modulus of the rubber matrix at small-strains writes 8 3m = +  

. According to Elias-Zuniga and Beatty (2002), and Bechir et al. (2010), the following proportional 

relationship between each network modulus and the rubber matrix modulus is retained: 

 max_

3

3

1

e

c

m
N

 
= − 

 
 


   and 1

8

8

3e

m
m

I

N
=    (IV.10) 

where ( )max_ 11_ 22_ 33_max , ,e e e e

c c c c=     and,   and   are constants related to the strength of chain 

interactions. 
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IV.2.2.2 Free energy of the particles 

The strain-energy function of the particles 
p  is given by (Yin et al., 2002): 

 ( ) ( )
22 2 2 2

1 2 1 2 2 vol 1 iso iso3 2 3 :
2

p

p p p


         

 
= + + + + 

 
ε ε  (IV.11) 

where vol  is the Hencky volumetric strain of the composite, 
iso isoln=ε F  is the isochoric Hencky 

strain tensor of the composite, 
p  is the Lame’s constant of the particles and, 1  and 1  are given 

by: 

 1
2

mp

w M
=

− −





 and 

( )
1

2
3 2 3 3

mpK

w m M
= −

+ − −





 (IV.12) 

IV.2.2.3 Viscous flow 

The viscous flow is captured by the accumulated viscous strain rate v

m  taking here the following 

form: 

 

( )1 3 1

v v u
m m

v

m

k k

I

−
=

−

σ


  (IV.13) 

where   is the stretch-dependency factor and ( )1 _iso _isotrace .
Tv v v

m m mI = ε ε  is the viscous first invariant, 

_iso _isolnv v

m m=ε F  being the viscous isochoric Hencky strain tensor. The term vk  represents 

conceptually the strength of inter-chain interactions and is expressed as follows (Saadedine et al., 

2021): 

 ( )( )max
_ 0 max

0

1 exp sgnv vk k
 

= +  
 







 (IV.14) 

in which 
_ 0vk  is the viscous multiplier,   is the rate-dependency factor, 

0  is the reference loading 

rate, ( )max 11 22 33max , ,=     is the maximum stretch rate, ( )maxsgn 1= +  for stretching (
max 0

) and ( )maxsgn 1= −  for retraction (
max 0 ). The recovery term uk  conceptually captures the 

https://www.sciencedirect.com/topics/engineering/viscous-flow
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conformational change upon unloading. With the assumption of a proportionality to the maximum 

viscous strain ( )_max 11 _iso 22 _iso 33 _isomax , ,v v v v

m m m m=    , it takes a similar form:   

 ( )( )max
_ 0 _max max

0

1 exp sgnv

u u mk k
 

= +  
 




 


 (IV.15) 

where 
_ 0uk  is the viscous multiplier and the other parameters are defined above. 

IV.2.2.4 Dynamic bonds 

The microscopic origin of the degradation at the origin of the Mullins effect or even the final failure 

can be attributed to the destruction of bonds from the crosslinks between chains, the links between 

chains and particles or the internal chain fracture. To capture the failure when the network losses 

all connectivity, the dynamic detachment mechanism of bonds is considered using the following 

changes in average chain lengths of the two networks: 

 ( ) ( )3 0

3

/

t

on off

N
N t

N

=
=  and ( ) ( )8 0

8

/

t

on off

N
N t

N

=
=  (IV.16) 

with ( ) /0m m on offt
N

=
=  . The terms 

( )3 0t
N

=
, 

( )8 0t
N

=
 and 

( )0m t=
  are the initial values and 

/on offN  is 

defined by the following kinetics: 

 ( )/ / /1 1on off on off on offN N k= − +  (IV.17) 

in which 
/on offk  is the rate of detachable bonds given by: 

 / / _ 0

/

exp m

on off on off

off on off

k k
N

 
=   

 

σ
 (IV.18) 

where 
/ _ 0on offk  is a material constant and 

off  is a scale factor controlling the bonds strength.  

The chain scission occurs for chains with extensibility smaller than the applied maximum stretch 

level 
max

old  while the chains with extensibility higher than 
max

old  remain unbroken, as main Mullins 

effect characteristic. This deformation-induced damage behavior can be captured by a change in 

the average chain length with the historical maximal deformation by following the equation: 
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( ) ( )( )

max8 8 0 8 0t t
N N N N N

= =
= + −  

 (IV.19) 

in which 
max

N
 and N  are expressed as: 

 
( )max

2

max

8 0

max

1
exp

1

old

t chain
N N

=

  −
 =  
 −  






 and 

2

max

1
1 exp

1old
N





   −
  = − − 

  −   

 (IV.20) 

where 
max

chain  is a material constant. 

The above two equations introduce a possible mechanism for the Mullins effect and affect only the 

features of the non-entangled links of the main cubic cell, the entangled part being not concerned. 

This deformation-induced damage allows describing a smaller overall stress upon the reloading 

process compared to the virgin state. The local events of detachment mechanism lead in turn to 

changes in the local filler-chains interactions which is directly reflected in our approach by the 

modifications of the strain energy.  

 
 

 

     

  (a)                                                                       (b) 

Figure IV.2 Elastomeric matrix characteristics for different filler amounts: (a) mean chain density 

and mean chain length, (b) bonds strength. 
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IV.3 Model application 

The micromechanical model has been coded in MATLAB software. To assess how the proposed 

model works for different loading modes, the model simulations are compared with available 

experimental data extracted from the paper of Mai et al. (2017) of an elastomeric material system 

with a wide range of amounts of particles: 0 %, 5 %, 9 %, 14 %, 17 % and 21 %. The examined 

behaviors include monotonic stress-strain response till failure and inelastic features characterized 

by the Mullins effect and the dissipation at room temperature and upon different loading paths: 

uniaxial extension (UA), equal-biaxial extension (EB) and planar extension (PS - Pure shear). The 

UA data are used to fit the model parameters while the other loading paths (EB and PS) are used 

to verify the model predictability with the same set of model parameters. 

 

 

   

Parameter Significance Value 

m  Matrix Poisson’s ratio  0.49 

p m p mK K  =  Moduli mismatch 50 

/ _ 0on offk  (s-1) Dynamic bonds  5×10-5 

_ 0vk  (MPa-1 s-1) Viscous multiplier 9 × 10-6 

_ 0uk  (MPa-1 s-1) Viscous multiplier 2.3 × 10-6 

0  Reference loading rate 0.01 

  Rate-dependency 0.8 

  Stretch-dependency 2.1 

C  (MPa) Tube constraint 1×10-3 

   Interactions strength 2.5 

  Interactions strength 4.8 

max

chain  Mullins constant 1.8 

Table IV.3 Model parameters. 

 

Some of the model parameters (elastically active chains features, filler elastic constants and filler 

amount) have direct physical meaning while other inputs (related to dissociation/re-association 

mechanism and to tube-constraints for inelasticity and multiaxiality) are physically interpretable. 

(Table IV.1) and (Figure IV.2) provide the model parameters obtained through a fitting  
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optimization based on the minimization of differences between micromechanical model 

simulations and uniaxial experimental data. (Figure IV.2) is a supplement of the identification 

results with the model parameters that were found modified with the variation in filler amount. 

 

 

                                        (a)                                                                       (b) 
 

                                              

 

 

                                         (c)                                                                     (d) 

 

 

Figure IV.3 Stress-strain curves of the elastomers for different filler amounts: (a) uniaxial 

extension, (b) equal-biaxial extension, (c) planar extension in the (x) direction, (d) planar 

extension in the (y) direction (lines: model, symbols: experiments). 
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      (a)                                                                       (b) 

 

       (c)                                                                    (d) 

Figure IV.4 Stress-strain curves considering the influence of the three-chain units and the 2I  

dependency under uniaxial extension for the elastomers with (a)  = 21%, (b)  = 0%, and under 

equal-biaxial extension for the elastomers with (c)  = 21%, (d)  = 0% (lines: model, symbols: 

experiments). 

 

   

IV.3.1 Multiaxial monotonic stress-strain behaviors 

It can be seen in (Figure IV.3a) the identification quality of the monotonic macro-stress evolution 

for different amounts of fillers. The simulations are conducted till failure, identified as the local 
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maximum stress level reached as indicated by the cross. The model identification can bring some 

physical interpretations in particular on the effective strengthening mechanisms and the underlying 

changes of the elastomeric structural features. The reinforcement mechanisms may be ascribed to 

stronger near-field direct interactions modifying the networks features inside the composite 

(Boutaleb et al., 2009) and resulting in better overall stretchability and strength. The presence of 

fillers is likely to act as additional crosslinking points to strengthen the network; the higher the 

filler amount, the smaller the mean chain length and the higher the mean chain density and the 

bonds strength (Figure IV.2). We show in (Figures IV.3b, IV.3c and IV.3d) how the model predicts 

the multiaxial experimental observations. A global view at these plots shows that the general trends 

of the model provide an acceptable description of the main features of the multiaxial monotonic 

response while taking into consideration the reinforcement mechanisms with a strong physical 

interpretation. The model adequately reproduces, as the filler content increases, the increase in 

biaxial strength and ductility. It is also satisfactory to observe that the considerable decrease of the 

ultimate properties under a biaxial stretching state is well predicted by the model. The rollover of 

the low-strain biaxial response is captured rather poorly by the model for the highest filler amounts. 

Nonetheless, the general trends of the large-strain macro-response variation with the biaxial 

stretching state are well predicted. Recall that the progressive local damage events of detachment 

mechanism identified under UA loading till failure were directly integrated to simulate the 

complete loss of load-bearing capability under EB and PS loadings. The reorganization of the 

chains upon the biaxial stretching state modifies in turn the interfacial interactions between 

elastomeric matrix and fillers and the topological constrains leading to lowest stress transfer and 

lowest overall toughening effects. (Figure IV.4) shows how the two main parts of the model (three-

chain units and 2I  dependency) act on the uniaxial and equal-biaxial response of one selected filler 

concentration and the unfilled elastomer by canceling them in the plots. For the unfilled elastomer, 

the incomplete model does not provide a good agreement with the experiments under the two  
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loading paths, highlighting the importance of both three-chain units and 2I  dependency. It is 

obvious that the fitting of the incomplete model using uniaxial data would provide a better match 

for this loading mode but without the possibility of predicting the other loading mode. Interestingly, 

both three-chain units and 2I  dependency have negligible effects on the uniaxial behavior of the 

filled elastomer. Nonetheless, more significant effects are clearly observed on its equal-biaxial 

behavior.  

 

    

(a)                                                                  (b) 

Figure IV.5 Failure envelope in (a) the u - v  plane and (b) the u - v -  space. 

 

 

The question that arises now is how the proposed model captures quantitatively the macroscopic 

multiaxial failure behavior, the predictability of the failure envelope being itself an open issue (Guo 

and Zaïri, 2021). The ultimate points in terms of maximum stress and maximum principal strain 

are computed by identifying the macroscopic failure state by the local maximum stress in the 

material response. The computed failure envelope is here represented in the following u - v  plane: 

 ( ) ( )max1 lnu K= +   and ( ) ( )max1 lnv K= −   (IV.21) 

where max  represents the maximum strain in the principal loading direction and 

( ) ( )( )1 2ln lnK  =  is the biaxial ratio. 
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The computed results are plotted in (Figure IV.5a) under a wide range of biaxial loading conditions 

such as a symmetric failure envelope with respect to the u  axis is obtained. A very good agreement 

can be seen with the tendencies of the experimental data reported in the figure using asterisks. 

These plots show the predictive ability of the model to estimate the failure surface while 

considering both the particle concentration effect and the multiaxiality of the loading (Figure 

IV.5b).   

 

 

 

            
        (a)                                                                    (b) 

 

 

 

 

 

 

                                           
          

 

 

 

(c)                                                                     (d) 

Figure IV.6 Stress-strain curves upon a stretching-retraction cycle of the elastomer with  = 21%: 

(a) uniaxial extension, (b) equal-biaxial extension, (c) planar extension in the (x) direction, (d) 

planar extension in the (y) direction (solid lines: model, dashed lines: experiments). 
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IV.3.2 Multiaxial stretching-retraction behaviors 

The model capacities upon cyclic loading at different stretch amplitudes are also examined. We 

can see in (Figure IV.6) that the model can match well the uniaxial cyclic data and predict well the 

biaxial cyclic data. The loss of stiffness when subjected to cyclic loading and the emergence of the 

residual strain over cycles, both characteristics of the Mullins effect, are well reproduced. The 

influence of the particle concentration is reproduced in a satisfactory manner by the model.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       

(a)                                                                     (b) 

Figure IV.7 Dissipated energy for the elastomers with different filler amounts under multiaxial 

loading-unloading sequences: (a) experimental data of Mai et al. (2017) and (b) model 

predictions. 

 

IV.3.3 Multiaxial energy dissipation 

The quantitative evaluation of the model regarding the multiaxial dissipation is now presented. The 

energy balance illustrated in (Figure IV.1) introduces two key parameters for multiaxial loading-

unloading and loading-unloading-reloading sequences:  

 0u uD W W= −  and 0r rD W W= −  (IV.22) 

in which 0W  is the stored elastic energy in loading, uW  is the released energy in unloading and rW  

is the stored elastic energy in reloading. 
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The dissipation factors representing the fraction of energy loss in input energy can be further 

defined as the following ratio for the two multiaxial loading sequences: 

 
0

u
u

D

W
 =  and 

0

r
r

D

W
 =  (IV.23) 

(Figures IV.7a and IV.8a) report the experimental data extracted from the paper of Mai et al. (2017) 

for the two dissipation factors u  and r  as a function of the first strain invariant for different 

types of deformation. The model predictions are presented in (Figures IV.7b and IV.8b) for all the 

amounts of particles. It worth noticing that energy data at filler amounts not reported in the paper 

of Mai et al. (2017) were provided in the figures for the sake of completeness.   

 

 

              (a)                                                                     (b) 

Figure IV.8 Dissipated energy for the elastomers with different filler amounts under multiaxial 

loading-unloading-reloading sequences: (a) experimental data of Mai et al. (2017) and (b) model 

predictions. 
 

 

 

 

 

 



Chapter IV: A multiscale model for multiaxial inelastic behavior of elastomeric particulate composites 

126 

 

(Figures IV.9a and IV.9b) present the data in the form of model-experimental plots in order to 

appreciate the discrepancies between experimental and predicted data. It can be seen that all points 

are close to the main bisectrix indicating a good agreement of our predictions with the experiments. 

The strong sensitivity of the magnitudes of u  and r  to the amount of particles is well predicted 

by the model. In (Figures IV.7(a,b) and IV.8(a,b)), the mean values are plotted in the form of 

straight lines around which the u  and r  data are arranged. It appears that after a certain extent 

of deformation, u  and r  become insensitive to both level and type of the deformation. In other 

words, at a given filler concentration, a constant fraction of the input energy dissipates 

independently of both the level and type of the deformation. The degree of local events of 

detachment mechanism and local filler-chains interactions increases with the filler concentration 

and appears proportional to the stored elastic energy. 

 

 

 

(a)                                                                     (b) 

Figure IV.9 Model vs. experimental for the dissipated energy at different filler amounts under (a) 

multiaxial loading-unloading sequences, (b) multiaxial loading-unloading-reloading sequences. 
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IV.4 Partial conclusion 

In this chapter, we presented a physically-based model able to reproduce intrinsic behavior of 

elastomeric particulate composites in connection to the microstructure, the underlying mechanisms 

and the multiaxial loading conditions. Our approach considers a two-scale strategy: (i) a network 

decomposition at the chain scale based on the tube confinement theory to consider the combined 

effects of multiaxiality and inelasticity, (ii) the micro-macro scale transition to consider the 

effective contribution of particles. A quantitative evaluation of the model showed that the 

predictions successfully reproduced a series of multiaxial experimental observations under 

monotonic and cyclic conditions. We have clearly shown the trustworthiness of the model to give 

accurate estimates of the multiaxial energy dissipation in elastomeric particulate composites. 

In future works, the proposed constitutive model will be implemented into a finite element program 

and numerical applications will be presented in order to investigate the damage and failure under 

more complex inhomogeneous deformation conditions. 

 

 

 

 

 

 

 

 

 



Chapter IV: A multiscale model for multiaxial inelastic behavior of elastomeric particulate composites 

128 

 

References 

Arruda, E.M., Boyce, M.C., 1993. A three-dimensional constitutive model for the large stretch 

behavior of rubber elastic materials. Journal of the Mechanics and Physics of Solids 41, 389-412. 

 Anssari-Benam, A., Bucchi, A., 2021. A generalised neo-Hookean strain energy function for 

application to the finite deformation of elastomers. International Journal of Non-Linear 

Mechanics, 103626. 

Anssari-Benam, A., Bucchi, A., Saccomandi, G., 2021. On the central role of the invariant I2 in 

nonlinear elasticity. International Journal of Engineering Science 163, 103486. 

Ayoub, G., Zaïri, F., Naït-Abdelaziz, M., Gloaguen, J.M., Kridli, G., 2014. A visco-hyperelastic 

damage model for cyclic stress-softening, hysteresis and permanent set-in rubber using the 

network alteration theory. International Journal of Plasticity 54, 19-33. 

Bechir, H., Chevalier, L., Idjeri, M., 2010. A three-dimensional network model for rubber 

elasticity: The effect of local entanglements constraints. International Journal of Engineering 

Science 48, 265-274. 

Boutaleb, S., Zaïri, F., Mesbah, A., Naït-Abdelaziz, M., Gloaguen, J.M., Boukharouba, T., 

Lefebvre, J.M., 2009. Micromechanics-based modelling of stiffness and yield stress for 

silica/polymer nanocomposites. International Journal of Solids and Structures 46, 1716-1726. 

Boyce, M.C., Arruda, E.M., 2000. Constitutive models of rubber elasticity: A review. Rubber 

Chemistry and Technology 73, 504-523. 

Chaabane, M., Ding, N., Zaïri, F., 2021. An approach to assess the thermal aging effects on the 

coupling between inelasticity and network alteration in filled rubbers. International Journal of 

Non-Linear Mechanics 136, 103783. 

Dal, H., Gültekin, O., Açıkgöz, K., 2020. An extended eight-chain model for hyperelastic and finite 

viscoelastic response of rubberlike materials: Theory, experiments and numerical aspects. 

Journal of the Mechanics and Physics of Solids 145, 104159. 

Dargazany, R., Khiêm, V.N., Itskov, M., 2014. A generalized network decomposition model for 

the quasi-static inelastic behavior of filled elastomers. International Journal of Plasticity 63, 94-

109. 

Destrade, M., Saccomandi, G., Sgura, I., 2017. Methodical fitting for mathematical models of 

rubber-like materials. Proceedings of the Royal Society A: Mathematical, Physical and 

Engineering Sciences 473, 20160811. 

Doi, M., Edwards, S.F., 1988. The Theory of Polymer Dynamics (Vol. 73). Oxford University 

press. 

Edwards, S.F., Vilgis, T. A., 1988. The tube model theory of rubber elasticity. Reports on Progress 

in Physics, 51, 243. 

Elı́as-Zúñiga, A., Beatty, M. F., 2002. Constitutive equations for amended non-Gaussian network 

models of rubber elasticity. International Journal of Engineering Science 40, 2265-2294. 

Flory, P.J., Erman, B., 1982. Theory of elasticity of polymer networks. 3. Macromolecules 15, 800-

806. 

Guo, Q., Zaïri, F., Baraket, H., Chaabane, M., Guo, X., 2017. Pre-stretch dependency of the cyclic 

dissipation in carbon-filled SBR. European Polymer Journal 96, 145-158. 

Guo, Q., Zaïri, F., Guo, X., 2018. A thermo-viscoelastic-damage constitutive model for cyclically 

loaded rubbers. Part I: Model formulation and numerical examples. International Journal of 

Plasticity 101, 106-124. 

 

 

 



Chapter IV: A multiscale model for multiaxial inelastic behavior of elastomeric particulate composites 

129 

 

 

Guo, Q., Zaïri, F., 2020. A physically-based thermo-mechanical model for stretch-induced 

crystallizable rubbers: Crystallization thermodynamics and chain-network crystallization 

anisotropy. International Journal of Plasticity 131, 102724. 

Guo, Q., Zaïri, F., 2021. A micromechanics-based model for deformation-induced damage and 

failure in elastomeric media. International Journal of Plasticity 140, 102976. 

Gurtin, M.E., Anand, L., 2005. The decomposition F=FeFp, material symmetry, and plastic 

irrotationality for solids that are isotropic-viscoplastic or amorphous. International Journal of 

Plasticity 21, 1686-1719. 

He, H., Zhang, Q., Zhang, Y., Chen, J., Zhang, L., Li, F., 2022. A comparative study of 85 

hyperelastic constitutive models for both unfilled rubber and highly filled rubber nanocomposite 

material. Nano Materials Science 4, 64-82. 

Heinrich, G., Straube, E., Helmis, G., 1988. Rubber elasticity of polymer networks: theories. 

Polymer Physics 85, 33-87. 

Heinrich, G., Kaliske, M., 1997. Theoretical and numerical formulation of a molecular based 

constitutive tube-model of rubber elasticity. Computational and Theoretical Polymer Science 7, 

227-241. 

Holzapfel, G., Simo, J., 1996. Entropy elasticity of isotropic rubber-like solids at finite strains. 

Computer Methods in Applied Mechanics and Engineering 132, 17-44. 

Horgan, C.O., Saccomandi, G., 1999. Simple torsion of isotropic, hyperelastic, incompressible 

materials with limiting chain extensibility. Journal of Elasticity 56, 159-170. 

Horgan, C.O., Smayda, M.G., 2012. The importance of the second strain invariant in the 

constitutive modeling of elastomers and soft biomaterials. Mechanics of Materials 51, 43-52. 

Hossain, M., Amin, A.F.M.S., Kabir, M.N., 2015. Eight-chain and full-network models and their 

modified versions for rubber hyperelasticity: A comparative study. Journal of the Mechanical 

Behavior of Materials 24, 11-24. 

James, H.M., Guth, E., 1943. Theory of the elastic properties of rubber. The Journal of Chemical 

Physics 11, 455-481. 

Khiêm, V. N., Itskov, M., 2016. Analytical network-averaging of the tube model: Rubber elasticity. 

Journal of the Mechanics and Physics of Solids, 95, 254-269. 

Kroon, M., 2011. An 8-chain model for rubber-like materials accounting for non-affine chain 

deformations and topological constraints. Journal of Elasticity 102, 99-116. 

Liu, D., Ma, S., Yuan, H., Markert, B., 2022. Computational modelling of poro-visco-hyperelastic 

effects on time-dependent fatigue crack growth of hydrogels. International Journal of Plasticity 

155, 103307. 

Mahjoubi, H., Zaïri, F., Tourki, Z., 2019. A micro-macro constitutive model for strain-induced 

molecular ordering in biopolymers: application to polylactide over a wide range of temperatures. 

International Journal of Plasticity 123, 38-55. 

Mai, T. T., Morishita, Y., Urayama, K., 2017. Novel features of the Mullins effect in filled 

elastomers revealed by stretching measurements in various geometries. Soft Matter 13, 1966-

1977. 

Meissner, B., Matějka, L., 2003. A Langevin-elasticity-theory-based constitutive equation for 

rubberlike networks and its comparison with biaxial stress–strain data. Part I. Polymer 44, 4599-

4610.  

Meissner, B., Matějka, L., 2004. A Langevin-elasticity-theory-based constitutive equation for 

rubberlike networks and its comparison with biaxial stress–strain data. Part II. Polymer 45, 7247-

7260. 

Melly, S. K., Liu, L., Liu, Y., Leng, J., 2021. A review on material models for isotropic 

hyperelasticity. International Journal of Mechanical System Dynamics 1, 71-88. 

 

 

 



Chapter IV: A multiscale model for multiaxial inelastic behavior of elastomeric particulate composites 

130 

 

 

Miroshnychenko, D., Green, W.A., 2009. Heuristic search for a predictive strain-energy function 

in nonlinear elasticity. International Journal of Solids and Structures 46, 271-286. 

Mohammadi, H., Dargazany, R., 2019. A micro-mechanical approach to model thermal induced 

aging in elastomers. International Journal of Plasticity 118, 1-16. 

Morovati, V., Dargazany, R., 2019. Micro-mechanical modeling of the stress softening in double-

network hydrogels. International Journal of Solids and Structures 164, 1-11.  

Morovati, V., Bahrololoumi, A., Dargazany, R., 2021. Fatigue-induced stress-softening in cross-

linked multi-network elastomers: Effect of damage accumulation. International Journal of 

Plasticity 142, 102993. 

Puglisi, G., Saccomandi, G., 2016. Multi-scale modelling of rubber-like materials and soft tissues: 

An appraisal. Proceedings of the Royal Society A: Mathematical, Physical and Engineering 

Sciences 472, 20160060. 

Saadedine, M., Zaïri, F., Ouali, N., Tamoud, A., Mesbah, A., 2021. A micromechanics-based model 

for visco-super-elastic hydrogel-based nanocomposites. International Journal of Plasticity 144, 

103042. 

Su, X., Peng, X., 2018. A 3D finite strain viscoelastic constitutive model for thermally induced 

shape memory polymers based on energy decomposition. International Journal of Plasticity 110, 

166-182. 

Wineman, A., 2005. Some results for generalized neo-Hookean elastic materials. International 

Journal of Non-Linear Mechanics 40, 271-279. 

Wu, P. D., van der Giessen, E., 1992. On improved 3-D non-Gaussian network models for rubber 

elasticity. Mechanics Research Communications 19, 427-433. 

Xiang, Y., Zhong, D., Wang, P., Yin, T., Zhou, H., Yu, H., Baliga, C., Qu, S., Yang, W., 2019. A 

physically based visco-hyperelastic constitutive model for soft materials. Journal of the 

Mechanics and Physics of Solids 128, 208-218.  

Xiao, R., Mai, T.T., Urayama, K., Gong, J.P., Qu, S., 2021. Micromechanical modeling of the 

multi-axial deformation behavior in double network hydrogels. International Journal of Plasticity 

137, 102901. 

Yin, H.M., Sun, L.Z., Chen, J.S., 2002. Micromechanics-based hyperelastic constitutive modeling 

of magnetostrictive particle-filled elastomers. Mechanics of Materials 34, 505-516. 

Zhou, J., Jiang, L., Khayat, R.E., 2018. A micro-macro constitutive model for finite-deformation 

viscoelasticity of elastomers with nonlinear viscosity. Journal of the Mechanics and Physics of 

Solids 110, 137-154.  
  



 

131 

 

 

 

 

 

 

 

 

 

 

 

 

 

General conclusion 
 

 



General conclusion 

132 

 

 

General conclusion  

 

The implantable devices that can match tissues mechanically, electrically and biologically, 

emerged in biomedical applications. The theoretical calculation and experimental validation can 

guide the manufacturing of soft materials with programmable responses. As a meaningful 

prerequisite of advanced applications of such new materials, the formulation of constitutive 

models is needed. Such tools would provide a better understanding of the separate and synergistic 

effects of key factors that govern the impressive improvements of their properties. In this regards, 

only micromechanics-based approaches allow to propose a framework avoiding (or at least 

limiting) the arbitrary inclusion of heuristic parameters. Such a development would offer a way to 

gain a better understanding of the overall properties and to provide detailed information for their 

design. The aim of this PhD thesis dissertation was to propose a quantitative prediction of the 

mechanics of hydrogel-based nanocomposites. A constitutive representation that considers as well 

history-dependent effects and local matrix-nanoparticle interaction had not been yet developed. In 

this work, we firstly developed a constitutive model to correlate the behavior of visco-super-elastic 

hydrogel-based nanocomposites to their internal network structures in terms of hydrogel matrix 

and inorganic nanoparticles properties. We presented a model based on the Eshelby inclusion 

theory and the micromechanics framework using the concept of cubic material volume to account 

for the effective role of nanoparticles on the nonlinear and finite-strain macro-behavior of 

hydrogel-based nanocomposites. The hydrogel-nanofiller material system was representatively 

regarded as a cubic unit cell containing nine particles. A central nanoparticle connects eight 

nanoparticles placed at the cube vertices via a number of hydrogel chains. The model explicitly 
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considers the chains network with dynamic reversible detachable/re-attachable mechanisms of 

bonds to coherently capture the rate-dependent extreme stretchability and some inelastic features 

including strong hysteresis upon stretching-retraction and continuous relaxation. A quantitative 

evaluation of our model was presented by comparisons to a few available experimental data of a 

variety of hydrogel-nanofiller material systems. To get even closer to the physics that governs 

hydrogel-based nanocomposites, the constitutive model was extended to take into account the 

mechanisms of nanofillers reinforcement and their changes due to the hydrogel swelling state. We 

thus improved the model by taking into account the hydrogel swelling state in order to provide a 

quantitative prediction of the visco-super-elastic response of swollen hydrogel-based 

nanocomposites. The model was applied to a high-swelling capacity hydrogel-based 

nanocomposite reinforced with different concentrations of inorganic nanoparticles. Monotonic 

stretching till failure, stretching-retraction and self-healing properties, all largely dependent on the 

swelling state, was used to verify the model capacities. The swelling-induced changes in both 

dynamic breaking-recombination mechanism and strength of interactions with nanofillers were 

pointed out thanks to the model. We had further enriched the physically-based model to reproduce 

multiaxial mechanics of soft materials reinforced by nanoparticles. Our approach considered a 

two-scale strategy: (i) a network decomposition at the chain scale based on the tube confinement 

theory to consider the combined effects of multiaxiality and inelasticity, (ii) the micro-macro scale 

transition to consider the effective contribution of particles. A quantitative evaluation of the model 

showed that the predictions successfully reproduced a series of multiaxial experimental 

observations under monotonic and cyclic conditions.  

To summarize, we have successfully developed a useful predictive multiscale tool describing as 

realistic as possible the relation between microstructure evolution and overall multiaxial 

mechanics of reinforced soft materials. In the future, the developed tool may be beneficially 

applied in the advancement of biomedical engineering solutions. Improvements will be intended 
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to take into account the multiphysics coupling (chemical, thermal, electrical and biological) 

through the micromechanical framework introduced in this work. Thought a transition from 

academic investigations to future practical applications, the purchased goal will be to develop a 

robust predictive tool accounting for the underlying interactions with the human body. The 

accuracy of the constitutive theory was demonstrated by means of data taken from the literature, 

the realization of our own experimental measurements, especially considering the coupling with 

the environment under different stimuli (temperature and chemical) will be also very interesting 

to feed our models. It is also planned to begin the implementation of the model into a finite element 

code in order to perform non-homogeneous calculations.  

 

 

 

 

 

 


