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Abstract

Mathematical optimization and data management are two major fields of com-
puter science that are widely studied by mostly separate communities. However
complex optimization problems often depend on large datasets that may be cum-
bersome to manage, while managing large amounts of data is only useful insofar as
one analyzes this data to extract some knowledge in order to solve some practical
problem, so these fields are often actually intertwined in practice. This thesis places
itself at the crossroads between these two fields by studying linear programs that
reason about the answers of database queries.

The first contribution of this thesis is the definition of the so-called language of
linear programs with conjunctive queries, or LP(CQ) for short. It is a language to
model linear programs with constructs that allow one to express linear constraints
and linear sums that reason over the answer sets of database queries in the form
of conjunctive queries. We then describe the natural semantics of the language by
showing how such models can be interpreted, in conjunction with a database, into
actual linear programs that can then be solved by any standard linear program
solver and discuss the hardness of solving LP(C(@) models.

Motivated by the hardness of solving LP(CQ) models in general, we then intro-
duce a process based on the so-called T-factorized interpretation to solve such mod-
els more efficiently. This approach is based on classical techniques from database
theory to exploit the structure of the queries using hypertree decompositions of
small width. The T-factorized interpretation yields a linear program that has the
same optimal value as the natural semantics of the model but fewer variables which
can thus be used to solve the model more efficiently.

The third contribution is a generalization of the previous result to the framework
of factorized databases. We introduce a specific circuit data-structure to succintly
encode relations. We the define the so-called C-factorized interpretation that lever-
ages the succintness of these circuits to yield a linear program that has the same
optimal value as the natural semantics of the model but fewer variables similarly
to the T-factorized interpretation. Finally we show that we can explicitly compile
the answer sets of conjunctive queries with small fractional hypertreewidth into
succinct circuits, thus allowing us to recapture the T-factorized interpretation.

Keywords: Database theory, Linear programing, Conjunctive Queries, Fac-
torized databases, Knowledge compilation



Résumé

L’optimisation mathématique et la gestion des données sont deux domaines
majeurs de 'informatique qui sont largement étudiés par des communautés essen-
tiellement distinctes. Cependant, les problemes d’optimisation complexes dépen-
dent souvent de grands jeux de données qui peuvent étre difficiles a gérer, alors
que la gestion de grandes quantités de données n’est utile que dans la mesure ou
l'on analyse ces données pour en extraire des connaissances afin de résoudre un
probléme pratique, de sorte que ces domaines sont souvent entremélés en pratique.
Cette these se place a la croisée de ces deux domaines en étudiant les programmes
linéaires qui raisonnent sur les réponses de requétes de bases de données.

La premiere contribution de cette thése est la définition de ce que nous appelons
le langage des programmes linéaires avec requétes conjonctives (que nous noterons
LP(CQ)). 1l s’agit d'un langage de modélisation de programmes linéaires avec
des constructions permettant d’exprimer des contraintes et sommes linéaires qui
raisonnent sur les ensembles de réponses de requétes de bases de données sous
forme conjonctive. Nous décrivons ensuite la sémantique naturelle du langage en
montrant comment de tels modeles peuvent étre interprétés, en conjonction avec
une base de données, en de vrais programmes linéaires qui peuvent ensuite étre
résolus par tout solveur de programmes linéaires standard et nous discutons de la
difficulté de résoudre les modeles LP(CQ).

Motivés par la difficulté de résoudre les modeles LP(CQ) en général, nous in-
troduisons ensuite un processus basé sur ce que nous appelons U'interprétation T-
factorisée pour résoudre de tels modeles plus efficacement. Cette approche est basée
sur des techniques classiques en théorie des bases de données pour exploiter la struc-
ture des requétes en utilisant des décompositions arborescentes de petite largeur.
L’interprétation T-factorisée produit un programme linéaire qui a la méme valeur
optimale que la sémantique naturelle du modéle mais moins de variables et qui peut
donc étre utilisé pour résoudre le modele plus efficacement.

La troisiéme contribution est une généralisation du résultat précédent au cadre
des bases de données factorisées. Nous introduisons une structure de données spéci-
fique pour coder succinctement les relations sous forme de circuit. Nous définissons
ensuite l'interprétation dite C-factorisée qui exploite le caractere succinct de ces
circuits pour produire un programme linéaire qui a la méme valeur optimale que la
sémantique naturelle du modele mais avec moins de variables de maniére similaire a
I'interprétation T-factorisée. Enfin, nous montrons que nous pouvons explicitement
compiler les ensembles de réponses de requétes conjonctives admettant une décom-
position de petite largeur en circuits succincts, ce qui nous permet de récapturer
I'interprétation T-factorisée.

Mots-clés: Théorie des bases de données, Programmation linéaire, Requétes
conjonctives, Bases de données factorisées, Compilation de connaissances
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CHAPTER 1

Introduction

Mathematical optimization and data management are two major fields of com-
puter science that are widely studied by mostly separate communities. However
complex optimization problems often depend on large datasets that may be cum-
bersome to manage, while managing large amounts of data is only useful insofar as
one analyzes this data to extract some information(s) to solve some practical prob-
lem, so these fields are often actually intertwined in practice. This thesis places
itself at the crossroads between these two fields by studying linear programs that
reason about the answers of database queries. In this introduction we will gradually
introduce notions from both fields to motivate and contextualize our contributions.

We will begin by giving some short context about linear programming. We
will then discuss how linear programs are usually modeled. This then brings us to
discussing some existing links between linear programs and databases to motivate
the introduction of the LP(CQ) language as the first contribution of this thesis in
order to model linear programs that reason about the answers of database queries.
We then briefly discuss the complexity of solving linear programs based on databases
to motivate our second contribution which is a process based on the so-called T-
factorized interpretation to solve such models more efficiently. Finally the third
contribution is a generalization of the second result using so-called {W, x }-circuits
to succinctly encode the answer sets of queries.

Linear programming and modelization

Linear programming is a subfield of mathematical optimization that aims at
maximizing (or minimizing) a linear function under a system of linear constraints.
This term was coined by George Dantzig in 1947 but linear programming had been
independently studied by Leonid Kantorovitch since 1939. In both cases linear pro-
graming was motivated by logistical problems encountered by armed forces. From
then on linear programing has been widely used in economics, logistics, scheduling
etc...

An interesting property of optimization problems is that it is often possible to
describe the logical constraints of the system independently from the underlying
data. We illustrate this with a very simplistic example. Consider an unspecified
firm that wants to optimize its production to maximize its commercial revenue while
accounting for its storage capacity. We assume for brevity that every product is
equivalent in terms of required storage even though this makes the problem trivial
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to solve. This problem can be expressed by a simple model without any specific
prior knowledge about the products:

maximize Z quantity(p) x price(p)
pEproducts

subject to Z quantity(p) < mazx_quantity
pEproducts

Note that in this case we would consider the price of each product p to be a
parameter of the problem to be provided as part of the input dataset. On the other
hand the quantity of produced p would be an unknown variable that should be
optimized to maximize the revenue. Observe that this sum is indeed linear under
these assumptions.

An advantage of modelling problems this way is that such a model can then
easily be reused with different datasets. This idea is at the core of modelling
languages for linear programming such as AMPL [FGK90] and GNU Mathprog
and more general languages for constraint programming such as MiniZinc [NSB*07].
Using GNU Mathprog we can write our partial linear program model very similarly
to the formula we used previously:

set Products;

param Price{p in Products};
param Max_ quantity ;

var quantity{p in Products} >= 0;

maximize revenue:
sum{p in Products} quantity[p] * Price[p];
s.t. max_ production:
sum{p in Products} quantity[p] <= Max_ quantity;

The dataset can then be provided in a data section that follows the model. For
example, we might provide a simple dataset inline as follows:

set Products := Baguette Croissant;

param Price :=
Baguette 1.1
Croissant 0.9;

param Max_quantity := 100;

Observe that specifying a large dataset in this manner would be impractical.
To avoid this issue, modeling languages propose bindings to CSV files or databases.
We will now discuss the links betweeen linear programs and databases.



Linear programming and databases

Linear programming has been used in the context of database research, when
using integer linear programming for finding optimal database repairs as proposed
by Kolaitis, Pema and Tan [KPT13], or when using linear optimization to explain
the result of a database query to the user as proposed by Meliou and Suciu [MS12].

In general, given the common separation between the logical model of a linear
program and its dataset, it seems natural to be able to store this data in a database.
Thus, being able to bind a table of parameters or a set of variables to the answer
of an SQL query is a feature of linear programming modeling languages such as
AMPL or GNU Mathprog.

table products IN "ODBC" "Driver=SQLITE3; Database=bakery
"SELECT name, price FROM Products":
Products <— [name], Price ~ price;

Better integration of optimization problems directly into DBMS has also already
been investigated. Cadoli and Mancini [CMO07] introduced an extension of SQL called
ConSQL that allows to select optimal solutions to constraint problems directly in SQL-
like queries. Sik$nys and Pedersen introduced SolveDB in [SP16] which is also an
extension of SQL that allows to solve optimization problems directly in the querying
language thus simplifying the usual workflow of feeding an AMPL programs with data
extracted from a database.

Both languages proposed in these works are extensions of SQL that aim to
integrate optimization problems into queries. In this thesis we follow a different
philosophy by introducing the LP(CQ) language which aims to integrate queries
into LP models. At its core the LP(CQ) language is a formalization of the math-
ematical notations one could use to model an optimization problem, similar to the
AMPL and GNU Mathprog languages. A key difference between our language and
existing LP modeling languages is in the way we connect sets of variables of the
linear program with the database through queries. Models expressed in existing lan-
guages are based on sets variables and parameters that can then be populated by
in-line values, the content of CSV files or the answers of SQL queries on a database.
We instead limit ourselves to populating our sets of variables using only queries but
we also offer a way to reason about the answers of these queries inside the model
while still separating it from the database. In order to make use of known theo-
retical results we use Conjunctive Queries rather than SQL queries without losing
much expressivity!.

This is possible by writing linear sums with the weight operator that allows
one to refer to a specific subset of the variables bound to the answer of a query. Our
previous partial LP example can be expressed in the LP(C(Q) language as follows:

'Indeed conjunctive queries cover simple SELECT ...FROM ... WHERE ... queries

.sqlite"



4 Chapter 1. Introduction

maximize >, mnum(p’) weight ., (Q)
(n/,p"):Q’
subject to  weight,).;,.(Q) < Max_quantity
where Q(n) = Ip.Products(n,p)
and Q'(n',p’) = Products(n’,p')

Intuitively, the query Q(n) selects the names of all the products and a
weight,,).,,(Q) operator then refers to the combined produced quantity of every
product that satisfies the restriction expressed with g. Thus each occurrence
of weight(n):nin,(Q) in the sum captures one specific product named n’ while
weight ;.4 (@) captures every product. The LP(CQ) language is the first con-
tribution of this thesis and we will describe its semantics in details in Chapter 3.

Now while it may appear at first glance that we have simply duplicated? and
moved our query to the model, this change actually allows us to exploit the struc-
ture of the queries to get some interesting efficiency results when solving LP(CQ)
models.

Tractable results on conjunctive queries

It is well known that solving a linear program is polynomial in its number of
variables [Kar84]. Thus the complexity of solving an LP model actually depends on
the size of the dataset it is solved with. This issue is further intensified when the
dataset is described by a database query as it is well known that answering queries
is NP-hard in general which impacts the linear program. However it is known that
some classes of queries are tractable and the LP(C(Q) language allows us to to
exploit the structure of the queries. In this thesis we will present a technique to
solve some LP(C(Q) models more efficiently as a second contribution. These first
two contributions were previously published in [CCNR22]. This technique builds
on well-known techniques using dynamic programming on tree decompositions of
the hypergraph of conjunctive queries.

These techniques were first introduced by Yannakakis [Yan81] who observed
that so-called acyclic conjunctive queries could be answered in linear time using
dynamic programming on a tree whose nodes are in correspondence with the atoms
of the query. Generalizations have followed in two directions: on the one hand,
generalizations of acyclicity such as notions of hypertree width [GLS02, GLS99,
Gro06] have been introduced and on the other hand enumeration and aggregation
problems have been shown to be tractable on these families of queries such as finding
the size of the answer set [PS13] or enumerating it with small delay [BDGO7]. The
T-factorized interpretation mentioned above heavily draws inspiration from this
approach as we use bottom up dynamic programming on a hypertree decomposition
of each input query @) to construct a partial representation of the answers set of

2The queries Q and Q' are equivalent to "SELECT name FROM Products" and "SELECT
name, price FROM Products" in SQL.



() on database DD that we then use to construct the more succinct T-factorized
interpretation of the linear program that can thus be solved more efficiently.

We have seen that to exploit the structure of queries through their decomposition
is general enough that it can be adapted to various problems. However, in practice,
each of these algorithms reimplements the same common dynamic programming
framework with only a few differences to handle the specific problem at hand. This
idea has thus been generalized with factorized databases which allows on to abstract
away this cumbersome framework to a sort of precomputation phase.

Generalization to factorized databases

The tractability results presented previously can be obtained in a unified
and generalized manner by using factorized databases introduced by Olteanu and
Zavodny [0Z12, OZ15a], from which our third contribution is inspired. Factorized
databases provide succinct representations for answer sets of queries on databases.
The representation enjoys interesting syntactic properties allowing to efficiently
solve numerous aggregation problems on answer sets in polynomial time in the size
of the representation. Olteanu and Zavodny [OZ15a] have shown that when the
fractional hypertree width of a query @ is bounded, then one can construct, given a
hypertree decomposition of () and a database D, a factorized databases representing
the answers of @ on D of polynomial size. They also give a O(1) delay enumeration
algorithm on factorized databases. Combining both results gives a generalization
of the result of Bagan, Durand and Grandjean [BDGO7] on the complexity of enu-
merating the answers of conjunctive queries.

Our third contribution is thus a generalization of the T-factorized interpretation
(dubbed the C-factorized interpretation) that leverages a factorized representation
of the answer sets of the queries to avoid repeating the reoccuring dynamic pro-
gramming framework. However, rather than using factorized representations as
defined by Olteanu and Zavodny [OZ15a], we instead introduce our own factorized
representation, the so-called {W, x }-circuits after which the circuit-based factorized
interpretation takes its name. While {W, x }-circuits are very similar to these factor-
ized representations, they are slightly more general. More importantly, they are the
target of a specific compilation algorithm that allows us to encode some additional
informations that are necessary to solve some LP(C()) models. This allows us to
recapture the result of the T-factorized interpretation.

Outline of the thesis

We now outline the contents of this thesis.

Chapter 2 introduces the basic notions we will use throughout this thesis, namely
conjunctive queries and linear programs.

Chapter 3 is dedicated to the first contribution of this thesis, the LP(CQ)
language. We present the syntax and semantics of this language in details. We also
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formally study the complexity and hardness of solving LP(CQ) models. Finally
we formally introduce the notion of alternate interpretations of LP(CQ) models to
prepare the following chapters.

Motivated by the general hardness of solving LP(CQ) language, we characterize
a tractable a fragment of LP(CQ) models in Chapter 4. We then present the so-
called T-factorized interpretation as the second contribution of this thesis. This
interpretation leverages the tree-decomposition of conjunctive queries to build a
linear program that is smaller than the semantics of the model while having the
same optimal value thus providing a way to solve the model more efficiently. We
also show that we can then efficiently compute a solution of the semantics of the
model.

In Chapter 5 we introduce the so-called {4, x }-circuits as a succinct structure
to encode relations (and in particular the answer sets of conjunctive queries with
bounded width). We then use the {&, x }-circuits to define the so-called C-factorized
interpretation as the third main contribution of this thesis. Finally we show that
the C-factorized interpretation generalizes the T-factorized interpretation of the
previous chapter.

Finally in Chapter 6 we present a few ways in which our three main contributions
can be taken further by relaxing or lifting some of the restrictions we worked with
in the previous chapters.
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Preliminaries

Contents
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2.2.4  Width of tree decompositions . . . . . . ... ... ... ... 10
2.2.5 Normalizing tree decompositions . . . . .. .. ... .. ... 12
2.3 Linear programming . . . . . . . . . ¢ o oottt e w00 0. 12

2.1 General notations

2.1.1 Sets, Functions and Relations

Let B = {0,1} be the set of Booleans, N the set of natural numbers including
0 and Z the set of integers. Let Rt be the set of positive reals including 0 and
subsuming N and R the set of all reals.

Given any set S and n € N we denote by S™ the set of all n-tuples over S and
by S* = UpenS™ the set of all words over S. A weighting on S is a (total) function
f:S—RF.

Given a set of (total) functions A € DY = {f | f : S — D} and a subset
S" C S, we define the set of restrictions Ajgr = {f|s» | f € A}. For any binary
relation R C S xS, we denote its transitive closure by R™ C S x S and the reflexive
transitive closure by R* = R™ U {(s,s) | s € S}.

2.1.2 Rooted trees

A digraph is a pair (V,€) with node set V and edge sets £ CV x V. A digraph
is acyclic if there is no v € V for which (v,v) € £T. For any node u € V, we denote
by | u={v eV | (u,v) € E*} the set of nodes in V reachable over some downwards
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path from w, and by 1+ v = (V\ | u) U {u} the context of u. A rooted tree is an
acyclic digraph where (u,v), (u/,v) € € implies u = u/, and there exists a node
r € V such that V =] r. In this case, r is unique and called the root of the tree.
Observe that in this tree, the paths are oriented from the root to the leaves of the
tree.

2.1.3 Variable assignments

We fix a countably infinite set of variables X. For any domain dom, an
assignment of variables to domain elements is a function o : X — dom that
maps elements of a finite subset of variables X C X to values of dom. We
denote the empty assignment by e (that is € : § — dom). For any two sets
of variable assignments A; C dom™ and Ay C dom™? we define their join
Ap <Ay = {Oél U ag | a1 € A, € Ag,alu = 042‘[} where I = X7 N Xs.

Let A C dom”™ = {a | a : X — dom} be a set of variable assignments on a
finite set of variables X. Let X’ C X C X. For any o/ : X’ — dom we define the
set of its extensions into A by Ala/] = {a € A | ax» = o'}. Moreover, given a
weighting w : A — R of A, we define its projection on X’ as mx/(w) : Ajxs — R
such that for all o’ € Ajx: 7x/(w)(') = Xpeapaw(@).

We also use a few vector notations. Given a vector of variables x =
(z1,...,oy) € X™ we denote by set(x) = {x1,...,2,} the set of the elements
of x. For any variable assignment « : X — dom with set(x) C X we denote the
application of the assignment v on x by «a(x) = (a(z1),...,a(z,)).

2.2 Conjunctive queries

2.2.1 Relational Databases

A database schema is a pair ¥ = (R,C) where C is a finite set of constants and
R C UneNR(") is a finite set of relation symbols. The elements r € R are called
relation symbols of arity n € N.

A database D € dby is a tuple D = (X, D, -P), where ¥ is a schema, D a finite set
of database elements, and ” C D™ a relation for any relation symbol r € R(™) and
a® € D a database element for any constant a € C. We also define the database’s
domain dom(D) = D.

A database with real numbers is a tuple D = (£, D, - numP®) such that D =
(2, D, -P) is a relational database and numP® a partial function from D to R.

2.2.2 Conjunctive Queries

In Figure 2.1 we recall the notion of conjunctive queries on relational databases.
An expression E € Ex¢ is either a (query) variable x € X or a constant a € C.
The set of conjunctive queries ) € CQy, is built from equations E1=F,, atoms
r(En,..., Ey,), the logical operators of conjunction Q A Q’, existential quantification
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Expressions Ey,....E, € Ezc == z|a
Conjunctive queries @, Q" € CQx n= E1=Ey | r(Ey,..., Ey)
|QAQ" | Jz.Q | true

Figure 2.1: The set of conjunctive queries CQs, with schema ¥ = ((R™),en,C)
where z € X, a € C, and r € R,

eval®®(z) a(x)
eval®®(a) = aP
ans%(E1=Ey) = {a:X — D | eval®*(E;) = eval®(Fy)}
ans¥ (r(By,...,Ey)) = {a:X — D| (eval®*(Ey),...,eval™*(E,)) € rP}
ansy (Q1AQ2) = ansx(Q1) N ansk(Q2)

{ax |ae ansgu{x}(Q)} ife g X
undefined otherwise
ans%(true) = dom(D)X

ans%(F32.Q) =

Figure 2.2: Answer sets of conjunctive queries.

Jz.Q and the tautology true. Given a vector x = (z1,...,z,) € X™ and a query
Q, we write 3x.(Q) instead of Jzq..... dz,.Q.

The set of free variables fv(Q)) C X are those variables that occur in @ outside
the scope of an existential quantifier. A conjunctive query @ is said to be quantifier
free if it does not contain any existential quantifier.

For any conjunctive query @ € CQy, set X O fu(Q) and database D € dby
we define the answer set ans%(Q) in Figure 2.2. It contains all those assignments
a: X — dom(D) for which Q becomes true on D. We also write ans”(Q) instead

of ansﬁ)}(Q) (D)(Q). Observe that ans®(Ix.Q) = ansD(Q)|fv(Q)\set(x).

2.2.3 Tree decompositions

In this section we define hypertree decompositions of conjunctive queries which
are a way of laying out the structure of a conjunctive query in a tree. They allow one
to solve many aggregation problems (such as checking the existence of a solution,
counting or enumerating the solutions etc.) on quantifier free conjunctive queries
in polynomial time where the degree of the polynomial is given by the width of the
decomposition which we will define in the following section.

First we define decomposition trees of finite sets of variables that we will then
lift to conjunctive queries.

Definition 2.1.
Let X C X be a finite set of variables. A decomposition tree T of X is a tuple
(V,&,B) such that:
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- (V,€) is a finite directed rooted tree with edges from the root to the leaves,

the bag function B :V — 2% maps nodes to subsets of variables in X,

for all x € X the subset of nodes {u € V | x € B(u)} is connected in the tree
v, &),

each variable of X appears in some bag, that is J,cy B(u) = X.

Let T = (V, &, B) be a decomposition tree for a finite set of variables X. Given
two nodes u,v € V we denote the intersection of their bags by B* = B(u) N B(v).
For any decomposition tree T' = (V, £, B) and subset V' C V we define the set of
variables:

Attr(V) = | B(v)
veV
In particular, this defines for any v € V the union Attr(T v) of bags of vertices
in-the-context-or-equal-to v, and the union Attr({ v) of bags of vertices that are
descendants-or-equal-to v.

We now lift the notion of decomposition trees to conjunctive queries. A hyper-
tree decomposition of a quantifier free conjunctive query is a decomposition tree
where for each atom of the query there is at least one bag that covers its variables.

Definition 2.2 (Hypertree decompositions of quantifier free conjunctive queries).
Let QQ € CQy, be a quantifier free conjunctive query.

A generalized hypertree decomposition of @ is a decomposition tree T =
(V,E,B) of fu(Q) such that for each atom r(x) of Q there is a vertex u € V such
that set(x) C B(u).

2.2.4 Width of tree decompositions

In this section we define the width of a query and discuss its influence on the
complexity of query answering. We begin by defining the generalized hypertree
width of a quantifier free query.

Definition 2.3 (Generalized hypertree width of quantifier free conjunctive queries).
Let Q € CQy, be a quantifier free conjunctive query and T' = (V, &, B) be a hypertree
decomposition of Q.

The generalized hypertree width of T with respect to Q) is the minimal number
k such that every bag of T can be covered by the variables of k atoms of Q.

The generalized hypertree width of a query @Q is the minimal width of a tree
decomposition of Q.

We call a conjunctive query a-acyclic if it has generalized hypertree width 1.
The query r(z,y) Ar(y, z) has a generalized hypertree decomposition (V, &, B) with
V=1{1,2,3}, £ ={(1,2),(1,3)}, and B = [1/{y},2/{z,y},3/{y, z}] of width 1, so
it is a-acyclic.



2.2. Conjunctive queries 11

While generalized hypertree width allows to obtain efficient algorithms on con-
junctive queries, it can be generalized to fractional hypertree width, which consists in
a fractional relaxation of the generalized hypertree width, to obtain better bounds
in some cases. Let Q € CQy. be a quantifier free conjunctive query, A be the atoms
of Q and let X C fv(Q). A fractional cover of X is a function c: A — R assigning
positive weights to the atoms of () such that for every z € X, ZREA,fov(R) c¢(R) > 1.
The wvalue of a fractional cover c is defined as Y pc 4 ¢(R).

For example, consider the query Triangle = R(x,y) A S(y,z) A T(z,x) and
X = {z,y,z}. The function ¢ such that ¢(R) = ¢(S5) = ¢(T) = 1/2 is a fractional
cover of X of value 3/2.

Definition 2.4 (Fractional hypertree width of quantifier free conjunctive queries).
Let @Q be a quantifier-free conjunctive query and T = (V,E,B) be a generalized
hypertree decomposition of Q).

The fractional hypertree width of T' is the smallest k such that for every u € V,
there exists a fractional cover of B(u) of value smaller than k. The fractional
hypertree width of @, denoted by thtw(Q), is the smallest k such that Q has a
generalized hypertree decomposition of fractional hypertree width k.

Observe that the fractional hypertree width of a query is never larger and some-
times smaller than its generalized hypertree width. Indeed the generalized hypertree
width of T'riangle is 2 while its previously mentioned fractional cover had a value
of 3/2.

In the rest of this thesis we will simply refer to the fractional hypertree width
of T (or Q) as the width of T' (or Q).

The key observation making fractional hypertree width suitable for algorithmic
purposes is due to Grohe and Marx [GM14] who proved that if the free variables
of a quantifier free conjunctive query () has a fractional cover of value k then
lans®(Q)| < |D|*. Hence, if T = (V,&,B) is a tree decomposition of @Q of width
k, then ans®(Q) () is of size at most [D|* for any u € V. Moreover, it can be
computed efficiently:

Lemma 2.5.
Given a tree decomposition T = (V,E,B) of a quantifier free conjunctive query
Q € CQx, of width k and a database D € dby, one can compute the collection of bag
projections (ansD(Q)‘B(u))uey in time O((|D|*log(|D|)) - |T)).

Moreover, for every u € V, ansD(Q)|B(u) is of size at most |D|*.

Lemma 2.5 is folklore: it can be proven by computing the semi-join of every
bag in a subtree in a bottom-up fashion, as it is done in [Lib13, Theorem 6.25] and
using a worst-case optimal join algorithm such as Triejoin [Vell4] for computing
the relation at each bag. This yields a superset S, of ans®(Q)| B(u) for every u.
Then, with a second top-down phase, one can remove tuples from S, that cannot
be extended to a solution of ans®(Q).

Given a query @, we define AGM(Q) as min({v(c) | ¢ is a fractional cover of Q})
where v(c) is the value of ¢. By the previously mentioned upper bound of [GM14],
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we have ans”(Q) < |D|ACM(Q) Interestingly Asterias, Grohe and Marx later proved
in [AGM13] that this upper bound, now usually referred to as the AGM bound,

is tight (up to polynomial factors). More precisely, they prove that there exists a
|D*‘AGM(Q)

poly(1Ql) ~
Lemma 2.5 is then particularly interesting as it gives a way of describing the

set of solutions of @ that is of size |D|¥ that can be order of magnitudes more
succinct than representing ans®(Q) explicitly when & < AGM(Q). We will exploit

database D* such that ans®" (Q) is of size greater than

this succinctness to design efficient algorithms in this thesis.

2.2.5 Normalizing tree decompositions

In order to simplify the future proofs we will require the tree decompositions to
be so-called normalized decomposition trees:

Definition 2.6.
Let T = (V,E,B) be a decomposition tree. We call a node u €V of T':

- an extend node if it has a single child u' and B(u) = B(u') U {x} for some

x e X\ B),

- a project node if it has a single child v' and B(u) = B(u') \ {x} for some
x € X\ B(u),

- a join node if it has k > 1 children uy, ..., u with B(u) = B(u1) = ... = B(ug).

We call T normalized! if all its nodes in V are either extend nodes, project
nodes, join nodes, or leaves.

It is well-known that tree decompositions can always be normalized without
changing their width. Thus this requirement will not negatively impact the asymp-
totic complexity of the algorithms.

Lemma 2.7 (Lemma 13.1.2 of [Klo94]).

For every tree decomposition of T = (V,&,B) of Q of width k, there exists a nor-
malized tree decomposition T' = (V', &', B') of width k. Moreover, one can compute
T’ from T in polynomial time.

2.3 Linear programming

Let = be a set of linear program variables. In Figure 2.3, we recall the definition
of the sets of linear expressions LE, linear constraints LC and linear programs Lp
with variables in Z.

We consider the usual linear equations S=S" as syntactic sugar for the con-
straints S < S’ A S’ < S. Similarly S > S’ is syntactic sugar for the constraint
—S8 < —8'. For any linear program L = minimize S subject to C we call S the

'In the literature this property is referred to as “nice” tree decompositions.
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Linear expressions 5,5 € LEg == c¢|&|cS| S+ Y
Linear constraints C,C’ € Lcz S<S|CANC| true
Linear programs L e Lpr= = minimize S subject to C

Figure 2.3: The set of linear programs LP with variables £ € = and constants ¢ € R.

objective function of L and C the constraint of L. Note that the linear program
maximize S subject to C can be expressed by minimize (—1) S subject to C.

The formal semantics of linear programs is recalled in Figure 2.4. Since we will
only be interested in variables for positive real numbers — and do not want to impose
positivity constraints all over — we will always implicitly consider the variables of
linear programs to take values over RT.

For any weighting w : = — R™, the value of a sum S € LE is the real number
[S]w € R, and the value of a constraint C' € LC is the truth value [C], € B. We
denote the variables of a linear expression, constraint or program E by var(E).
We define the (feasible) solutions of a linear program L with objective function S
and constraint C' as sol(L) = {w : var(L) — R* | [C], = 1}. Its optimal value
opt(L) € R is opt(L) = min({[S]. | w € sol(L)}).

In practice the optimal solution of a linear program is computed via the ex-
ponential time Simplex method (Dantzig, 47) or a polynomial time interior point
method [Kar84]. However the best theoretical complexity that we can get follows
from combining [CLS21] and [AW21] which allows to prove the following theorem:

Theorem 2.8.
A linear program L can be solved in time O(|L|y - n*) where |L|y is the size in bits
of the encoding of L and £ = 2.37286.

More accurately, [CLS21] states that a linear program can be solved in time
O(|L|p - n¢) for e > max(2 + 1/6,w) where w is the best known exponent of matrix
multiplication complexity, which is known to be greater than 2.37286 by [AW21].
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[e]w =c

Hgﬂw — w(f)

[[CSﬂw —c- [[S]]w

IS+ 5] = [S] + [S']

[true]., -1

S < 9 _ {1 i 5L < IS,
0 otherwise.

[[C A Cl]]w — [[C]]w A [[C,]]w

[minimize S subject to C] =min({[S], |w: = — RT,[C],=1})

Figure 2.4: Evaluation of linear expressions, constraints and programs.
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3.1 Introduction

In this chapter we introduce the so-called LP(C()) language that allows one to
describe a linear program model that can then be automatically instatiated using
a database. We first consider a task assignment problem to illustrate this notion.
This problem will also serve as a running example throughout the chapter.

Consider a situation where an organization has to see some tasks to completion
by assigning employees to work on them. Each task requires a specific skill and
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Skills | eid skill
Alice | Python

Tasks ‘ tid ‘ skill ‘ duration
Ty | Python 45

Alice C
= © 10 Bob | SQL
T SQL 20

Bob | Python

Figure 3.1: Example for the T'asks and Skills tables.

Quassign ‘ t ‘ S ‘ e ‘ d H var
Ty | Python | Alice | 45 || 64
Ty | Python | Bob | 45 || 62
T2 C Alice 10 93
T3 SQL Bob | 20 || 64

Figure 3.2: Answers to the Qussign query on the example database with the associ-
ated variables

takes a set amount of time to be completed. For example the task "Update the
website" might take 20 hours of combined work from one or several HIML develop-
ers. Furthermore we need to account for the fact that employees cannot work over
the legal limit.

We can store the information about the tasks and employees in two tables
as follows: The first table Skills(eid, skill) represents the skills possessed by the
employees. The second table Tasks(tid, skill, duration) represents the skill and
time required for each task. An example database is given in Figure 3.1.

Now in order to find out how to assign the employees to the tasks we can model
this problem as a linear program. First we need to list every valid assignment by
joining these tables as follows:

Qassign = TGSkS(t, S, d) A Skzlls(e, S).

Then we create a variable for each assignment that will represent the duration
of the assignment. The answers of Qussign and associated variables are listed in
Figure 3.2. For example the value of A3 will represent the time Alice will spend
working on the task T5.

We can now use these variables to express the constraints of the problem. First
we want to ensure that the total time assigned to each task is sufficient. For example
to make sure that task 7T} is worked on for at least 45 hours we can enforce the
following constraint:

01 + 05 > 45.

Then we also need to make sure no employee is overworked. For example to
make sure that Alice doesn’t work for more than 40 hours a week we can enforce
the following constraint:
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01 + 63 < 40.

Finally we will minimize the total time spent by employees. The problem can
thus be modelled as follows:

Example 3.1 (Task assignment linear program).

minimize 01+ 02 + 603+ 04
subject to 01 + 03 < 40

02 + 04 < 40

01 + 65 > 45

03 > 10

04 > 20.

One possible answer to this linear program would be 6; = 25,60, = 20,605 = 10
and 64, = 20 which amounts to an objective value of 75. This solution means that
Alice would work 25 hours on task 77 and 10 hours on 75 while Bob would work
20 hours on 717 and 20 hours on T53.

Suppose now that the database was updated with new tasks and employees. We
would need to write a new linear program from scratch even though it would share
the same structure as the underlying problem stays the same. To avoid repeating
this process every time the input database changes, the natural approach is to write
a linear program model that describes a linear program once it is combined with
the input data. We thus introduce the LP(CQ) language in this chapter to model
linear programs with conjunctive queries.

Outline of the chapter

In Section 3.2 we give an overview of the features of the LP(CQ) language.
We then formally present its syntax in Section 3.3. In Section 3.4 we explain its
semantics in details. In Section 3.5 we study the complexity of solving LP(CQ)
models. Finally in Section 3.6 we introduce a notion of alternate interpretations of
LP(CQ) models that we will use in the following chapters.

3.2 Overview of the language

We want to model linear programs that assign weights to the answers of con-
junctive queries on a database. For this, we introduce the language LP(CQ) of
linear programs with conjunctive queries. This language is based on the standard
linear program syntax and has some additional constructs to access data from a
database. Namely it allows one to:

e assign weights to select subsets of query answers,

e universally quantify constraints,
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e sum linear expressions,

e retrieve constants from the database.

We will give some intuition about these features of our language using our task
assignment example.

3.2.1 Weighting subsets of answers

In our task assignment example the first constraint in Example 3.1 ensured that
Alice worked at most 40 hours in total. It was written as 61 + 603 < 40 where 61 and
63 correspond to both answers of Qgssign such that e=Alice.

In order to describe the weight of subset of answers without having to explicitly
answer the query we introduce the weight construct. The previous constraint can
then be rewritten as follows:

Weight (t,s,e,d):e=Alice (Qassign) < 40.

Here the weight expression means that among all the answers of Qussign On
variables (t, s, e, d) we select only the tuples that satisfy e=Alice. The constraint
then means that the total weight of these tuples should be lesser than or equal to
40 and it can interpreted back to our initial constraint 61 + 03 < 40.

Similarly the second constraint can be expressed as

weight (t,s,e,d):e=Bob (QGSSiQn) <40

which means that the assignments of Bob should amount to at most 40 hours.
Observe that these three constraints are very similar, only differing on the value
that the variable e should be equal to.

3.2.2 Quantifying contraints

Observe that when we defined the two constraints mentioned earlier we defined
one constraint for each employee. We can obtain these values from the database
with the query 3s'.Skills(e’, s") which gives the answer

3s’.Skills(e', s") ‘ e’
Alice
Bob

In order to describe such groups of constraints we introduce a V construct that
will iterate over the answers of the query to produce a constraint for each answer.
The two constraints mentioned earlier can be expressed as follows:

V(e'):3s'.Skills(€, s').Weight(t@e’d):eie,(Qassign) < 40.
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This means that for each value e’ taken by eid in Skills the total weight of the
answers of (Qussign such that e=¢’ should be at most 40. This can then be partially
interpreted as

Weight(t,s,e,d):eiAlice(Qassign) <40
N WEight(t,s,e,d):eiBob(Qassign) <40

and then further interpreted as

01 + 03 < 40
A By + 04 < 40.

Now we will look at the other three constraints that ensured enough time was
assigned to each task:

01 + 62 > 45
A 03>10
A By > 20.

Observe that we have one such constraint for each task while accounting for
the duration of the task in the right-hand side. We can obtain the tuples we are
interested in with the query 3s'.T'asks(t',s’,d’) which gives the following answers:

s’ Tasks(t',s',d") ‘ tid ‘ duration

Ty 45
Ty 10
13 20

We can then use this query and a V construct to iterate over each task. Finally
we are interested in bounding the total time assigned to the task which we can
represent using a weight construct. We obtain a constraint that would look like
this:

V(t” d/):EIS/,Task‘s(t” s, d,)'weight(t,s,e,d);tit/ (Qassign) > d’.

However the right-hand side constant depends on the value of the database
variable d’ but we cannot use it directly so we introduce a new operator to retrieve
its value.

3.2.3 Retrieving values from the database

In order to retrieve a value from the database and use it in the linear program
we simply introduce the num keyword. This operator takes a database variable
(that was bound by a V for instance) and converts it to a numerical value.
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We can thus express the last three constraints of the task assignment problem
as follows:

V(t,d):3s' Tasks(t', s, d’).weight(as’e’d):tit,(Qassign) > num(d’).

This means that we iterate over each pair of values (#',d') taken by tid and
duration in Tasks. We then ensure that for each such pair that the total weight of
the answers of Qqssign such that t=t' should be at least the numerical value of d’.
Using our database, this constraint will thus be interpreted as

01+ 62 > 45
A 03>10
A 04 > 20.

3.2.4 Summing linear expressions

We will now look at the objective function of our example. For the sake of
demonstration we will consider that the objective function should be written as the
sum of the workloads of the employees!.

To do so we introduce the Y operators which we can use to write the objective
function as follows:

z Weight(t,s,e,d):eie’ (Qassign)‘
(e/):3s’.Skills(e’,s")

This expression represents the sum over all the values €’ taken by eid of the
total weight of the answers of Qussign such that e=¢e'. It will be interpreted as
01 + 05 + 65 + 0, using our database like we explicitly defined in the introduction.

3.2.5 Full linear program model

Finally we get with the following linear program model:

Example 3.2 (Task assignment LP(CQ) model).

minimize Z weight, ;. 4).cce (Qassign)
(e’):3s’.Skills(e’,s")

subject to V(t',d"):3s" Tasks(t', s, d'). weight ; ; . 141 (Qassign) > num(d’)
A Y(e'):3s . Skills(e, s") . weight; o 1).ecer (Qassign) < 40.
In Section 3.4 we will define the semantics of LP(CQ) models. Interpreting

the semantics of this model using our initial database will yield our original linear
program of Example 3.1.

'Even though we may notice that the objective function could also be written as
weight; . . 1) 1rue(Qassign) (i-e., the total weight of all the answers of Qassign)-
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3.3 Full syntax of LP(CQ)

Constant numbers N € Num(CQ) == c|num(E)
LP(CQ) expressions 5,5 € LE(CQ) == NxS|S+S5|N

‘ Weightx:Q/(Q) | ZXZQ S
LP(CQ) constraints C,C" € Lc(CQ) == S<S|CAC|true|vx:Q.C
LP(CQ) models L e LP(CQ) = minimize S subject to C

Figure 3.3: The syntax of LP(CQ) models where ¢ € R, E € Ez¢, x € X* and
Q,Q € CQx.

We now formally define the syntax of the LP(CQ) language by adding the
additional features we saw previously to the standard definition of linear programs.
Let ¢ € R be a constant, E € FEz¢ be an expression as defined in Figure 2.1,
x € X* be a tuple of variables and @, Q" € CQy, be conjunctive queries. We define
constant numbers N € Num(CQ), LP(CQ) expressions S,S" € LE(CQ), LP(CQ)
constraints C,C’" € Lc(CQ) and LP(CQ) models L € LP(CQ) in Figure 3.3. The
specific features of the LP(CQ) language are highlighted in red.

As it was hinted at in the previous section, weight operators may contain free
variables that can then be bound in the context by V or ) operators. For instance
in the objective function of Example 3.2 we had

z weight o ¢ q).ce (Tasks(t,s,d) A Skills(e,s))
(e’):3s’.Skills(e’,s")

where the free variable ¢’ of the weight is bound to the variable ¢’ quantified by
the V. However the variable ¢, s, e and d are not free in the weight operator because
they are guarded by the tuple (t,s,e,d). In general we define the free variables of
a weight operator fv(weight,.o/ (Q)) = fu(Q) U fu(Q") \ set(x).

Similarly V and ) operators may also have free variables. For instance consider
the constraint

V(z):r(z). z S<C
(z,y):r' (,y,2)

where z is a free variable of the Y operator that is bound to the z variable
quantified by the V operator. Similarly to the weight operators, the free variables
of 37 and V operators are defined as fu(} .0 S) = fu(S) U fu(Q) \ set(x) and
f(vVx:Q.C) = fu(Q) U fu(C) \ set(x).

The free variables of the other elements of the LP(CQ) language are straight-
forward and are given in the full definition in Figure 3.4.

Overall we say that a LP(C(Q) model L is interpretable and thus well-formed iff
fo(L) = 0. In this thesis we will only consider well-formed LP(CQ) models.
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( fo(num(E)) = fo(E)
fo(weight s (Q)) = (fo(Q) U (@) \ set(x)  fo( S 8) = (o(S) U fo(@) \ set(x)
Fo(N x 8) = fo(NV) U fulS) (5 < §) = fu(S) U fu(S)
fu(S + 87) = fulS) U fu(S) Ju(C N CT) = fo(C) U fo(CY)
fo(vx:Q.C) = (fu(C) U fu(Q)) \ set(x) fo(true) =0

fv(maximize S subject to C) = fu(S) U fu(C)

Figure 3.4: Free variables of LP(C(Q) expressions, constraints, and programs.

3.4 Semantics

We now define the semantics of an LP(CQ) model L € LP(CQ) with respect
to a database D € dby; with real numbers by an interpretation to a linear program
(L)P € Lp. We first look at a smaller subclass of LP(CQ) models called closed
LP(CQ) models and defined as follows:

Definition 3.3.
An LP(CQ) model L, constraint C' € Lc(CQ) or expression S € LE(CQ) is closed
if

e noV or Y, quantifiers appear in it,

e 10 num operators appear in it,

o cvery weight, ./ (Q) operator that appears in it is closed i.e., fo(Q) Ufo(Q') C
set(x).

Oberve that closed LP(CQ) models are actually quite similar to linear programs
as all their constraints are inequalities of linear combinations of closed weight
operators. Thus to interpret such models we only need to give a semantic to the
weight operators which we will do by instantiating them into linear sums of linear
program variables.

3.4.1 Instantiating closed weight operators

In this section we will consider a simple closed LP(CQ) model to demonstrate
the instantiation of weight operators. Let Q = R(z) A R(y) be a conjunctive query
and D be a database with the following table R:

RP | x
0
1

We then consider the following closed LP(C(Q)) program L:
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maximize weight, .40 (Q)
subject to weight(x,y):xio(Q) <1
A weight, ..-(Q) < 1.

As we saw earlier when we use an expression weight,./ (Q) our intent is to
describe the weight of the answers of @) on set(x) that also satisfy Q'. Thus we
need to introduce variables to refer to the weight of these answers. However rather
than arbitrarily numbering our variables as we did in Section 3.2 we will instead
index our variables with the query and an answer of the query.

Here the set of answers of () and their associated variables is as follows

Q| x|y var
0ol ae5" "
0l 1 9[5?/0,?;/1]
110 g/tu/0l
111 9[5?/1,?;/1]

The expression weight, ,).;,,.(Q) in the objective function of the model rep-
resents the total weight of the answers of @) on variables (x,y) that also satisfy
the query true, that is every answer of (). Thus this expression is instantiated as
follows:

[z/0,y/0] [z/0,y/1] [z/1y/0] [z/1,y/1]
HQ + QQ + 962 + HQ .

The expression weight(x,y)mio(Q) in the first constraint represents the total
weight of the answers of () on variables (x,y) that also satisfy the query x = 0, that
is [£/0,y/0] and [x/0,y/1]. Thus the constraint is instantiated as follows:

Observe that these sums share the linear program variables 6 and

[2/0,/1]
0q

[z/0,y/0]
Q

, so these two weight expressions of L are semantically related.
Similarly the second constraint can instantiated as follows:

Finally the instantiation of L is

maximize 0

subject to glz/0.y/0] + glz/0.y/1] <1
A 95/1’3//0] + 95/1711/1} <1.

Formally, given a conjunctive query @, the set of variables it can describe is

00 = {03 | a € ansl (Q)}.
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We can then define the instantiation of closed weight operators with D as the
function Instp that maps any weight operator to the total weight of the variables
it represents.

Instp(weight,. (Q)) = Z 05-
TEansR(QAQ’)

Observe that () defines the set @g from which this instantiation pulls its
variables while @’ selects a subset of @g. Thus Instp(weight,.,(Q)) and
Instp(weight,./(Q)) can share variables independently of whether @ and Q"
are equal, as was evidenced in the above example.

Let ¢q(L) be the set of base queries that appear in L i.e., the set of queries @
such that there is a WeightX:Q/(Q) in L. Note that we consider queries to be equal
if and only if they are syntactically identical so ¢q(L) could contain two queries

Q = true and Q' = true A true for instance. In general the set of variables of a
LP(CQ) model L are defined as follows:

or= i oo
Qecq(L)
Finally we lift the notion of instantiation to closed LP(C(Q)) models.

Definition 3.4.
Given a closed LP(CQ) model L and database D, we denote the instantiation of L
with D by Instp(L).

It is the linear program obtained by replacing every Weightx:Q,(Q) in L with
Instp(weight,.o/(Q)) defined as 3. consdonqr) 00-

Observe that var(Instp(L)) C ©7.

3.4.2 Closing the model

In order to provide the semantics of LP(C(Q) models we define a semantics of
the quantifiers of the language that allows us to close any? LP(CQ) model.

To get some intuition about this closure, let us isolate the following constraint
from Example 3.2:

V(el)izlsl.SkiZZS(e,’ 5')-Weight(t,s,e,d):eie/(Qassign) S 40.

The central part of this transformation is the substitution of the free variable e’
of the weight expression with a value provided by the V quantifier it is bound to.
Thus, as a prerequisite to this substitution, we need to iterate over the answers of
ds’.Skills(e', s') and unfold the quantifier into a conjunction of subconstraints while
passing the corresponding answer to each subconstraint. In this case, the query has
two answers [e//Alice] and [¢//Bob] so we will generate two subconstraints while
propagating these two answers as follows:

*Recall that we consider only well-formed LP(CQ) models with no free variables.
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weight; ;. 5. (Qassign) < 40 (with [e/Alice])
VAN WEight(t,s,e,d):eie’(QGSSign) < 40 (\\'il‘h {(//B()M).

In general multiple quantifiers might be nested so we pass the variable assign-
ments as an argument of the closure, which we will call an environment, that can
be enriched as we traverse quantifiers. Given a database D and an environment
v :Y — dom(D) with fu(C') C Y, we denote the closure of a constraint C € Lc(CQ)
by close®Y(C). Formally we thus define the closure of this constraint (with an
empty initial environment as it is a top-level constraint in the model) as follows:

closeD,(Z)(v(e’):ﬂs/.Skills(e/’ s’).Weight(t,s,&d);eie/(Qassz’gn) < 40)
_ Close]]]),[e’//llice] (Weight(t,s,e,d):eie’ (Qassign) < 40)

A close™ e/ Bebl (weight(m,e’d):eie/(Qassign) < 40).

Then the next step of unfolding the inequality is straightforward:

close™le'/Alice] (weight, ; o 3).czer (Qassign)) < close™1e /Alice] (40)

A closePle'/Bobl (weight(t’sﬁ’d) (Qassign)) < close®l¢'/Bob] (40).

:e=e’

Finally we handle the weight operators by substituting their free variable e’
with the value provided by the environment while the right-hand side constants are
already closed:

WEight(t,s,e,d):eiAlice(Qass’ign) < 40
A Weight(t,s,e,d):eiBob(Qasm’gn) < 40.

In general we define for any conjunctive query () and variable assignment ~ :
Y — dom a conjunctive query subs,(Q) by replacing all free occurrences of variables
y €Y in @ by v(y). The formal definition is given in Figure 3.5.

As we saw earlier the closure of a constraint Vx:Q).C given a prior environment
~v:Y — dom is defined as a conjunction over the answers of @ of the closures of C'
with updated environments.

To build this new environment we first consider a restriction of v that does not
assign values to variables in X, 5 = ¥y\set(x), in order to avoid ambiguities when
multiple quantifiers refer to the same variable(s)3. The second part of our updated

3See Section 3.4.4 for more details.
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environments is the answer of ) being iterated upon by the quantifier. However
() might have free variables that are not covered by x and are thus bound to the
context therefore we substitute 4 in ) before enumerating its answers. Finally our
updated environments are 7U~’ with 4/ € ans2(subss(Q)). Thus the closure of this
constraint in environment v can be formally defined as follows:

close® (Vx:Q.C) = /\ close® T (C).
’\/’Eans?gt(x) (subs5(Q))

The closure of an expression } . o S is very similar to the closure of a V con-
straint with the only difference being that it generates a sum of closures of the
subexpression S. It is defined formally as follows:

closeD’V(z S) = Z close® 19 (9).
x:Q

W’Gansﬂjet(x) (subs3(Q))

To define the closure of an expression num(FE) we first need to substitute «y in
E to change it to a database constant a € dom if it was a query variable x € X.
We can then apply the num® operator to retrieve the value num®(a) € R of the
database constant a. It is defined formally as follows:

close”Y(num(F)) = num”(subs. (F)).

The rest of the inductive definition of the closure of LP(C(Q) models is straight-
forward and is given in Figure 3.6. As an example the closure of the LP(C()) model
from Example 3.2 is given in Example 3.5.

Example 3.5 (Closure of the task assignment LP(C(Q) model on D).

minimize weight; . . .- ajice(Qassign)
+ weight, ;. e pop(Qassign)
subject to weight; , . 1.1, (Qassign) > 45
A Weight(t,s,e,d):tiTg(Qassign) > 10
A Weight(t,s,e,d):tiTg(Qassign) > 20
A weight, o o iy.ex aice(Qassign) < 40
A weight ;o 0).c- pop(Qassign) < 40

We now show that our closure operation is indeed a closure by showing that the
closure of any LP(CQ) model is indeed closed in Proposition 3.8 and by showing
that it is the identity when applied to a closed model in Proposition 3.11.

We begin by showing that the closure of a well-formed LP(CQ) produces a closed
LP(CQ) model as defined in Definition 3.3, that is a LP(CQ) model that contains
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subsy(Q N Q") subsy(Q) N subs,(Q")
subsy(J2.Q) = 3Jw.subsy,,. ., (Q)
subsy(r(t1,...,tn)) = r(subsy(t1),...,subsy(tn))
subsy (t =t') subs (t)=subs(t')
v(x) if x € dom(y
subs () x( ) otherwise "
subsy(a) = a

Figure 3.5: Lifting substitutions 7 : fu(Q) — C to queries Q.

no V, 3 or num operators and whose every weight expression is closed. Observe
that by definition the closure removes any V, Y or num operators it encounters so
the proof will mostly focus on making sure the model is traversed properly as well as
on checking the free variables of weight expressions. For clarity we first prove this
property on LP(CQ) expressions and LP(CQ) constraints in the following lemmas.

Lemma 3.6.
Let S € LE(CQ) be an LP(CQ) expression and D be a database. Given an envi-
ronment ~y such that fu(S) C var(vy), close®(S) is closed.

Proof. We show this by bottom-up induction on the structure of S. Observe that
the case S = N can be split into two cases S = ¢ and S = num(FE).

Base case 1: S=ccR

By definition close®7(S) = ¢ so it is closed.

Base case 2: S = num(FE)

By definition close®7(S) = numP(subs,(E)) which returns a real ¢ € R so
closeP(S) is closed.

Base case 3: S = weight, ./ (Q)
By definition closeD’V(weightX:Q,(Q)) = Weightx:subs,y(Q/)(SUbS‘y(Q))'

Recall that v : Y — dom(D) such that fo(S) C Y so fu(Q) \ set(x) C Y.
Observe that when we consider 7 = 7}y se1(x) it still covers every variable in
fo(Q) \ set(x). Thus when we compute subs;(Q) we replace every variable in
fo(Q) \ set(x) with a database constant so fu(subsy(Q)) \ set(x) = 0. Sim-
ilarly fu(subs;(Q')) \ set(x) = 0 so fo(weighty. ., () (subsy(Q))) = 0 thus
weight,. .. (o) (subs3(Q)) is closed.

Inductive case 1: S =3 ,,5"

By definition closeD”(Zx:Q S') = cans® . (subss(Q)) close® T (S7)
)

set(x)
Recall that by definition fu(S

= fo(S") U fu(Q) \ set(x) and by hypothesis
fu(S) C var(y) so fu(S') \ set(x) C

var(y). Observe that var(y) = var(y) \
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close®Y(num(E)) = {

close®7(c) = ¢

0

num? (subs., (E))

if defined,

otherwise

close” (weight,.o(Q)) = weight ;.. (Q/)(subsv(Q))

YcloseP 7 (9)

(subs:, (Q)) ClOSeD’X/U,Y/ (S)
@) close® 7197 (C)

(
close (Sl + 89) = close®(Sy) + ClOS@ 7(S2)
close®V(N ) = close®7(N
close (N) =
close®7 (true) = true
ClOSe ( ) Z"//ELI’VLSD t(x)
ClOSG ’Y(VX Q C) /\'y eans set( )(subs
close®7(S; < S5) = close® "Y(Sl) < close®7(Sy)
close®7(Cy A Co) = closePV(C1) A close®7 (Cs)

close® (maximize S subject to C)

= maximize closeP?(S) subject to close®?(C)

Figure 3.6: Closure of linear expressions (constraints and programs) with conjunc-

tive queries F' over database D as closed linear expression (constraints and pro-
grams respectively) close®7(F), where v : Y — dom(D) and fuo(F) CY C X and

Y = Yy \set(x)-
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set(x) so fo(S') \ set(x) C wvar(¥). Finally var(y’) = set(x) so fo(S") C
var(y) Uwvar(y') so by induction close® 79 (S") is closed.

Thus close®7(S) is closed as it is a sum of closed expressions.

Inductive case 2: S =N x 5’
By definition close®7(N x S) = close®(N)close®7(S).

Recall that by definition fv(S) = fo(IN) U fo(S’) and by hypothesis fu(S) C
var(y) so fu(N) C var(y) and fu(S") C var(y).

Thus by induction close®(N) and closeP7(S’) are closed so closeP?(S) is
closed.

Inductive case 3: S =5+ 5"
By definition closeP(S" + S”) = close®7(S') + closeP7(S").

Recall that by definition fu(S) = fv(S") U fv(S”) and by hypothesis fu(S) C
var(y) so fu(S’) C wvar(y) and fu(S") C var(y).
Thus by induction closeP¥(S’) and closeP7(S") are closed so closeP(S) is

closed.

O

Lemma 3.7.
Let C € Lc(CQ) be an LP(CQ) constraint and D be a database. Given an envi-
ronment vy such that fo(C) C var(y), close®7(S) is closed.

Proof. We show this by bottom-up induction on the structure of S.

Base case 1: C = true

By definition close®7(C) = true which is closed.

Base case 2: C =5< 9
By definition close®7(S < S') = close®7(S) < closeP7(S").
Recall that by definition fo(C) = fo(S) U fv(S’) and by hypothesis fu(S) C
var(y) so fu(S) C var(y) and fu(S") C var(y).

Thus by Lemma 3.6 closeP(S) and closeP7(S) are closed so close®7(C) is
closed.

Inductive case 1: Vx:Q.C’

By definition close®? (vVx:Q.C") = close® 79 (C").

’yEans (x)(subS:y(Q))
Recall that by definition fo(C) = fu(C") U fu(Q) \ set(x) and by hypothesis
fo(C) Cwar(y) so fo(C") \ set(x) C var(y). Observe that var(y) = var(y) \
set(x) so fu(C') \ set(x) C war(¥). Finally var(y’) = set(x) so fu(C") C
var(7) Uwar(y') so by induction close® 797 (C") is closed.

Thus closeP7(S) is closed as it is a conjunction of closed constraints.
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Inductive case 2: C =C'NC"
By definition close®Y(C' A C") = close®7 (C") A closeP®(C").

Recall that by definition fu(C) = fo(C") U fu(C") and by hypothesis fo(C) C
var(y) so fu(C’) Cvar(y) and fo(C") C var(y).

Thus by induction close®Y(C’) and closeP7(C") are closed so closeP7(C) is

closed.

Proposition 3.8.
Let L = mazximize S subject to C be an LP(CQ) model and D be a database then
closeP (L) is closed.

Proof. By definition close® (maximize S subject to C) =
maximize closeP?(S) subject to close®?(C). Observe that fu(S) = @ be-
cause L is well-formed. Thus by Lemma 3.6, close®?(S) is closed. Similarly
fu(C) = 0 so by Lemma 3.7 close®?(S) is closed. Thus close®(L) is closed.

O

We now show that the LP(CQ) closure is the identity when applied to a closed
model. Observe that by definition the environment of a closure only changes when
encoutering a V or Y which will not happen in a closed LP(CQ) model so we will
only consider closures with an empty environment. For clarity we begin by proving
this property on LP(CQ) expressions and constraints in the following lemmas.

Lemma 3.9.
Let S € LE(CQ) be a closed LP(CQ) expression. Given a database D, close®?(S) =
S.

Proof. We show this by induction on the structure of S. Observe that because S is
closed there are no cases where S = num(E) or S =33, 55"

Base case 1: S =N € Num(CQ).

Observe that because S is closed then S is necessarily a constant ¢ € R. Then
by definition close®?(S) = S.

Base case 2: S = weight, .o/ (Q).

By definition close®7(S) = weight,. s () (subsy(Q)) with v = 0 and 7 =
Vivar(y)\set(x) = - Thus close®?(8) = weight,. ., (@) (subsp(Q)) = S.

Inductive case: S=N x 5" or S =5+ 5".

Observe that because S then N,S’ and S” are also closed thus by induction
close®?(N) = N, close®?(S") = §" and close®?(S”) = §”. Then close®?(Nx §') =
N x 8" and close®?(S" +8") = 8" + " O

Lemma 3.10.
Let C be a closed LP(CQ) constraint. Given a database D, close®?(C) = C.
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Proof. We show this by induction on the structure of C.
Observe that because C' is closed there are no cases where C' = Vx:Q.C".

Base case 1: C = true.

]D),Q)(

By definition close™” (true) = true.

Base case 2: C=S< 95"

By definition close®?(S < §') = close®?(S) < close®?(S"). However C is
closed so S and S’ are also closed. Thus by Lemma 3.9 close®?(S) = S and
close®P(8") = ' so close®?(§ < §') =85 < S

Inductive case: C =C'AC".

Observe that because C' then C’ and C” are also closed thus by induction
close®P(C") = ', close®?(C") = C". Then close®?(C' A C") = C' NC". O

Proposition 3.11.
Let L be a closed LP(CQ) model. Given a database D, close®(L) = L.

Proof. Let S be a LP(CQ) expression and C be a LP(CQ) constraint such that
L = maximize S subject to C.

By defintion close?(L) = maximize close®?(S) subject to close®?(C).

Observe that because L is closed then S and C' are also closed so by Lemma 3.9
close®™?(S) = S and by Lemma 3.10 close®?(C) = C. Thus it follows that
close? (L) = close® (maximize S subject to C') = maximize S subject to C' =
L. O

3.4.3 Semantics of LP(C(Q) models

As we saw in the two previous sections, the semantic of a LP(CQ) model is
defined by a two-step process. The model must first be closed before so that its
weight expressions can be instantiated as linear program variables. Thus the se-
mantic of a LP(CQ) model L is formally defined as:

(L)P = Instp(close® (L))

We let the reader check that the semantics of the model in Example 3.2 with
the database from Figure 3.1 is indeed the linear program seen in Example 3.1.
Instead we will look at the semantic of this model on a different database given in
Figure 3.7.
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Skills | eid skill
Tasks ‘ tid ‘ skill ‘ duration Alice | Python

Ty | Python 45 Alice C

T C 10 Bob SQL
T3 SQL 20 Bob | Python
Ty Java 30 Carol | Python

Carol Java

Qassign t S e d var

Ty | Python | Alice | 45 H(Q?g’.fice)

Ty | Python | Bob | 45 0825’:?::)

Ty | Python | Carol | 20 | 65

T | C | Alice | 10 || 6527

T3 | SQL | Bob | 20| ¢5

assign
Ty | Java | Carol | 30 || gd*CaroD

Qassign

Figure 3.7: Example for the T'asks and Skills tables. Answers of Qussign query.

Observe that the answers of 3s'.Skills(e’, s') and 3s'.Tasks(t',d’) are as follows:
s’ Tasks(t',s',d") ‘ tid ‘ duration

3s’.Skills(e', s") ‘ e’

Alice T 45
Ty 10

Bob
Carol T 20
: Ty 30

Thus the closure close®(L) of L on D is:

minimize Weight(t’sve,d):eiAhce(Qassign) + Weight(t7s7e,d);eiBob(Qassign)

+  weight ;. 4).c-caror(Qassign)

subject to weight; . ;)..o7, (Qassign) > 45
N weight, o g 1, (Qassign) > 10

welght(t s,e,d)it= T3(Qassign) =20

welght(t s,e,d)it= T4(Qassign) > 30

weight ;o 0).c= ajice(Qassign) < 40

weight, . 5. poy(Qassign) < 40

weight; ;o 4).c=caror(Qassign) < 40.

> > > > >

Finally we instantiate the weight operators to obtain the semantics of L.

For brevity we denote any variable G[t/ ts/s'e/e!,d/d] by gLt <) (for example

as%gn Qas sign
T] PZ/HL()?L e/Alic €, d/45 T] Alice

assign usszgn
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o s s (Ty,Alice) (T, Alice) (T'1,Bob) (T3,Bob) (T1,Carol) (T4,Carol)
minimize HQassign + eQass'Lgn + eQassign + eQass'Lgn + HQassign + eQassign
. (T1,Alice) (T1,Bob) (T1,Carol)
Sub']eCt tO OQassign + gQass'Lgn + OQassign Z 45
A H(QTQ,Alzce) > 10
assign
A0 EE > 90
N > 5
A 9(T1,Alice) +9(T2,Alice) < 40
Qasszgn Qasszgn
A (Tlvsob) + H(QT&BOI)) < 40
assign assign
A 6(T1,Carol) +0(T4,Carol) < 40.

assign Qassign

The optimal value of this linear program is 105 which can be achieved with the
following assignments:

H Alice ‘ Bob ‘ Carol

3.4.4 Intricacies of the semantics
Scope of database variables

We now explain the use of ¥ = V|yar(y)\x When defining the closure of V and }°
quantifiers.
Let C be the following LP(CQ) constraint:

V(' )r(2) ) weight, .- (¢(z,y)) < num(z’).
(z")er! (')

Observe that there are two instances of the variable z’ in weight expressions
but that, as indicated by the highlighting, they are bound to different quantifiers.
Indeed the occurence of 2’ in the weight operator is bound to the 3 quantifier as it
is its closest quantifier. Similarly the second occurrence of 2’ in the num operator
is bound to its own closest quantifier which is the V. We will show on an example
that the use of 4 in the closure operation allows us to properly handle such cases.

We consider a very simple database ID:

r| x | X
13 0
37 1

If we close the top-level V quantifier of C with ID and an empty prior environment
we obtain the following:
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close® /B3 weight, .- (q(x,y)) < num(a’))
(') (@)

A cose® Y weightiy ey (a(z,y)) < num(a)).
(a')er (@)

Then closing the inequalities yields:

close® ' /13)( Z weight
(@) ()

A close™ /37 Z weight
CORMCD)

(a(z,9))) < close” /1 (num(a’))

z,y):x=x’

(¢(z,v))) < close™® /37 (num(z')).

z,y):x=x'

Finally we close both operands of the inequality. In the right-hand operands we
will simply substitute the values of 2’ (here 13 and 37) provided by the environment.
However for the left-hand side, the values of ' will be overriden by new values
yielded by the Y operator which we will then substitute into the weight operators
as follows:

weight(%y)wil(q(ac, y)) + Weight(x7y);xi2(Q($a y) <13

a-Renaming may change the semantics of LP((C()) programs.

We note that a-renaming the bound variables in weight expressions does not
always preserve the semantics of LP(CQ) programs. It may make previously equal
queries different, so that different weights may be assigned to their answer sets.

To illustrate this let x = (z1,x2) and L be the following LP(CQ) program:
(r(x)) subject to weight,.,...(r(x)) < 1.

maximize weight, -, <

Let D be a database with signature ¥ = {r(®} and interpretation r® =

{(0,0),(0,1)}. If @ is the query r(x) then the semantics of this LP(C(Q) program
(L)P is the linear program:

maximize 081) subject to 98’0) + 98’1) <1.

The optimal value of (L)? is [(L)®]p = 1 since 98’0) + Qg)’l) <1 and OS)’O) > 0.
Now let us a-rename the second occurrence of x in L to x’ = (2, 24) yielding the
following LP(CQ) program L':

maximize weight,., -,(r(x)) subject to weight,, ;...(r(x)) < 1.
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The semantics (L')? is the following linear program where @ is r(x) and Q' is
r(x'):

) (0,0)

maximize 08’1 subject to HQ,’ + 98,’1) <1.

The optimal value of (L) is oo since Hg) s no longer constrained. Indeed

the queries r(x) and r(x’) are syntactically different so we consider them to be
different and to have distinct answer sets. Therefore the two weight operators are
instantiated with distinct sets of LP variables.

3.5 Solving LP(C(Q) programs

In this section we discuss the combined complexity then the data complexity of
computing the optimal value of closed LP(CQ) models. Finally we briefly discuss
the more general case of solving open LP(CQ) models.

3.5.1 Solving closed LP(C(Q) models

Solving a closed LP(CQ) model with a database D is quite straightforward.
Indeed, the natural interpretation of L with I yields a linear program L' = (L)P
which can then be handed to a linear program solver to obtain its optimal value
opt(L') and an optimal solution w : var(L') — R™.

3.5.1.1 Combined complexity

We formally define the problem of solving a LP(C(Q) model L on a database D.
We consider both L and DD to be a part of the input in order to study the combined
complexity of this problem.

Definition 3.12 (SOLVE(LP(CQ)) problem).
Input: A LP(CQ) model L and database D.
Output: The optimal value of L on D, opt([L]p)-

Intuitively this problem is NP-hard as instantiating L requires computing the
answer sets of the base queries cq(L). In order to formally study the hardness of
this problem, we introduce the following associated decision problem:

Definition 3.13 (DECIDE.(LP(CQ)) problem).
Input: A LP(CQ) model L and database D.
Output: True if opt([L]p) # 0, false otherwise..

We now show that this problem is NP-hard by reduction from query satisfiability.

Theorem 3.14.
The DECIDEo(LP(CQ)) problem is NP-hard.

Proof. The proof follows by reduction from the problem of deciding
whether ans®(Q) # 0 given a conjunctive query @ and a database D
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in the input, which is known to be NP-complete [CMT77]. We con-
sider, given a conjunctive query (), the following LP(CQ): Lg
maximize weight, ;...(Q) subject to weight,.,,....(Q) < 1.

The hardness now follows from the fact that for every @ and D, (Lg)P #
0 if and only if ans®(Q) # 0. Indeed, if ans®(Q) = 0, then (Lo)? =
maximize 0 subject to 0 < 1. The optimal value of (Lg)P is thus 0. How-
ever, if ans®(Q) # 0, we have (Lg)? = maximize ¢ subject to ¢ < 1 where
? = Yacanso(@) 90 Let o € ans®(Q) and consider the weighting w, such that
wa (03) = 1 and for every o/ € ans”(Q) such that o/ # a, wa(ﬁg) := 0. This
weighting clearly respects the constraints of <LQ>D and has value 1, showing that
the optimal value of (Lg)P > 1. O

3.5.1.2 Data complexity

The hardness from Theorem 3.14 mainly stems from the hardness of answering
conjunctive queries that is only relevant in the context of combined complexity.

It is often assumed however that the size of the query is small with respect to
the size of the data, hence one can study the data complexity of the problem, that
is, the complexity of the problem when we the query is fixed. We lift this notion to
our problem by fixing the linear program L. In this case, computing opt({L)®)
be done in time polynomial in |D| using the following procedure:

can

1. Explicitly compute ans®(Q) for every @ appearing in cq(L),
2. Compute L' = (L)P,
3. Solve L' in time polynomial in |L’| using an LP-solver.

The exact complexity of this procedure is however dependent on the size of
(L)® whose number of variables is bounded by the sum of |ans®(Q)| for every
Q € cq(L). We lift the AGM bound presented in Section 2.2.4 to closed LP(CQ)
models by defining AGM(L) to be the maximum of AGM(Q) for every query
Q € cq(L). Observe that any weight, ., (Q) can be instantiated with lans®(Q)|
variables at most so the size of the encoding of (L)P can now be upper bounded by
O(|L| - [IDIACMIL) . Jog(|D|ACM(L))). Using a worst-case optimal join algorithm such
as Triejoin [Vell4] to compute ans®(Q) in time O(|D[AM(@) and Theorem 2.8,
we conclude that one can compute opt((L)P) in time O(|(L)P|, - [DASME)4) where
{E)Pl, = O((IL| - [DASM(E) . Jog([DIAGM(L)),

In data complexity this corresponds to O(|DJACMIL) . Jog(|DACME)) .
|]D)|AGM(L)'€) — O(|D‘AGM(L)'(€+1) -log(]D))).

3.5.2 Solving open LP(C'Q) models

We now discuss the problem of solving an open LP(CQ) program K. To do
so we can simply close K yielding a closed LP(CQ) program L = close®(K). The
procedure described previously can then be applied to solve L.



3.6. Alternate interpretations 37

Thus it follows that one can compute the optimal value of K in O(|(L)P], -

IDACM(L)-) " Recall that when computing L, closing a constraint Vx:Q.C' generates
|ans®(Q)| constraints close®Y(C) which can be further compounded if C' contains
more V quantifiers. Thus L can be quickly grow much bigger than K depending on
the number and nesting depth of quantifiers in K as well as the number of answers
of the queries that appear in these quantifiers.

There are thus two levers that could be considered when trying to optimize the
solving time of an open LP(CQ) model: the closing phase and the instantiation
phase. Optimizing the closing phase falls out of the scope of this thesis and we will
instead focus on improving the instantiation phase to generate linear programs with
fewer variables. Thus, throughout this thesis we will study the problem of solving
closed LP(CQ) models and consider the closing phase to be a form of implicit
pre-computation.

3.6 Alternate interpretations

As we saw in Section 3.5 the natural semantics of a LP(CQ) model on a database
can be exponentially larger than the model and input database which makes the
resulting linear program hard to solve. More specifically recall that, even when
considering a closed LP(CQ) model, the instantiation step alone causes a blow up
in the number of variables.

In the following chapters we will show that we can solve some LP(C() mod-
els more efficiently by defining alternate interpretations of closed models that are
equivalent to their natural semantics.

In Section 3.6.1 we formalize the notions of LP(CQ) interpretations and instan-
tiations. Then, in Section 3.6.2, we provide a general framework to prove that two
interpretations are equivalent i.e., that they have the same optimal value.

3.6.1 Definitions

Recall that we defined the natural instantiation in Section 3.4.1 as a function
that maps weight operators to sums of linear program variables so we begin by
introducing a few notations to refer to weight operators more easily. Given a closed
LP(CQ) model L we denote by W (L) the set of all the closed weight operators
that appear in L. Additionally we define Wq(L) = {weight,.o/(Q') € W(L) |
Q@ = Q'} the set of all the closed weight operators of L that refer to Q. We extend
these notations to closed linear sums in LE(CQ) and linear constraints in Lc(CQ)
in a straightforward manner. We sometimes refer to weight operators of L by
w € W (L) for short.

Let W be a set of closed weight operators and = be a set of linear program
variables. We call a function Inst : W — LE= an instantiation function. Such a
function can then be applied to LP(C()) sums, constraints and models to define
an interpretation of LP(C(Q) models. Observe that the function Instp we defined
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in Section 3.4.1 to describe the natural semantics of LP(C()) models is indeed an
instantiation function.

Finally we formalize what it means to interpret a LP(C(Q) model as a linear
program. When we define more efficient interpretations in the following they will
include additional constraints to ensure their equivalence with the natural seman-
tics. Thus we define the interpretation of a LP(CQ) model L given an instantiation
function Inst and additional constraint ac as

(L)8s5e¢ — Inst(L) A ac.

Observe that the natural semantics is indeed an interpretation with instantiation
Instp and additional constraint true. In the rest of this thesis we will sometimes
refer to it as the natural interpretation.

3.6.2 Equivalence of LP(C(Q) interpretations

We now show how to prove that two interpretations are equivalent i.e., that
they have the same optimal values. We consider a closed LP(CQ) model L and
two interpretations p1(L) = (L)PSt1:9¢1 and py(L) = (L)Pstz9¢2 Intuitively the
equivalence of pi(L) and po(L) will follow from linking pairs of weightings w; and
way of p1(L) and pa(L) respectively such that

w1 (Insty (w)) = wo(Inste(w))

for any w € W(L).

We fix two sets of linear program variables =1 and =9, two instantiations Inst; :
W (S) — LEz, and Insty : W(S) — LE=, and two weightings w; : 21 — RT and
Wy : S —> RT.

We can then easily extend this correspondence to linear sums and linear con-
straints in the two following lemmas.

Lemma 3.15.
Let S be a closed LE(CQ) expression.

If wi(Insti(w)) = wa(Insta(w)) for any w € W(S) then [Insti(S)]w, =
[Insta2(S)]w, -

Proof. We show this by induction on the structure of S.

Base case 1 S = weight,.,(Q)

[Inst1(S)]w, = wi(Instq(S5))
= wsa(Inste(S)) by hypothesis
= [Inst2(S)]w,

Base case 2 S=N

Observe that because S is closed then N is a constant ¢. Thus it is obvious
that [Inst1(S)]w, = [Inst2(S)]w,-
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Inductive cases S=N xS or S=5"+9".

These are straightforward by induction.

Lemma 3.16.
Let C be a closed Lo(CQ) expression.

If w?(]nstl(w)) = wQQ(Instg(w)) for any w € W(S) then [Inst;(C)]w, =
[Inst2(C)]w, -

Proof. By induction on the structure of C.

Base case 1 C = true

Obvious.

Basecase 2 C=95< 95
This follows directly from Lemma 3.15.

Induction step C = C' AN C”
This is straightforward by induction.

O]

Finally, in order to simplify future proofs, we show that we can deduce a re-
lationship between opt(pi(L)) and opt(p2(L)) from a correspondence on partial
weightings of these linear programs by considering each @ € cq(L) independently.

We denote the set of variables of the interpretation p;(L) related to a query
Q € cq(L) by varq(p1(L)) = Uwew (o, (1)) var(Insti(w)). Observe that given two

distinct queries (Q and @', the domains of w? and w?l are disjoint by definition.
Proposition 3.17.
Let L be a closed LP(CQ) model.

Let o1 (L) — <L>]nst1,acl and pz(L) — <L>Inst2,acz_

If it holds for any Q € cq(L) and weighting w? of varg(pi(L)) such that
laci], e = 1 that there exists a weighting wg of varg(p2(L)) such that
1

. [[CLCQ]]wQQ =1,
e Yw e Wqp(L), [[Instl(w)]]w? = [[Instg(w)]]wgg
then opt(L1) < opt(La).

Proof. Forany @ € cq(L), let w? be a weighting of varg(p1 (L)) such that [[acl]]w? =

1 It follows by hypothesis that there is a weighting wgg of varg(p2(L)) such that
laca] 0 =1 and [Inst1(w)] e = [Insta(w)] o for any w € Wq(L).
2 1 2



40 Chapter 3. Linear programs on conjunctive queries

Let wy : 21 — RT be the weighting defined such that wq(w) = w?(w) for any
Q € cq(L) and w € Wq(L).

Let wg : 23 — RT be the weighting defined such that we(w) = w? (w) for any
Q € cq(L) and w € Wg(L).

Observe that [aci1(Q)]w, = 1, [ac2(Q)]w, = 1 and for any w € W(L),
[[Instl(w)]]le = [[InstQ(w)]]%Q.

Suppose now that w; also satisfies Inst1 (C') (making it a solution of L) then by
Lemma 3.16 wy satisfies Insto(C') and is a solution of Ls. Moreover by Lemma 3.15
it follows that [Inst;(S)]w, = [Inst2(S)]w,. Thus for any optimal solution of L;
there is a solution of Ly with the same objective value so opt(L1) < opt(La). O

Observe that if opt(L1) < opt(L2) and opt(L2) < opt(L;) then it follows that
opt(L1) = opt(Ls).

3.7 Conclusion

In this chapter we have extensively discussed the syntax and semantics of the
LP(CQ) language that allows one to model linear programs whose underlying data
is represented by conjunctive queries. We then studied the complexity of solving
LP(CQ) models and remarked that this problem is NP-hard in general. Finally we
introduced the notion of alternate interpretations of LP(C(Q) models to pave the
way for more efficient interpretations that we will present in the following chapters.
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4.1 Introduction

In this chapter we introduce an alternate tractable interpretation based on hy-
pertree decompositions to solve some closed LP(C(Q) models more efficiently.

Recall that we remarked in Section 3.5 that the complexity of solving LP(CQ)
models stems from answering the query @ for each weight,.,/(Q) term. Classi-
cally, from Yannakakis’ algorithm [Yan81] to factorized databases [0Z12, Olt16],

tractable results for various operations’

on conjunctive queries rely on hypertree
decompositions. In line with these results we will lift the notions of hypertree de-
composition and hypertree width to closed LP(CQ) models. We will then show
that we can exploit the decomposition of a closed LP(CQ) model to construct a

linear program with fewer variables than its natural semantics.

!Satisfiability, enumeration, counting, ...
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Intuitively we reduce the number of variables in the linear program by instanti-
ating each weight operator in a closed LP(CQ) model with a single variable. We
give a broad intuition of this approach on a very basic example.

Intuition of the tractable interpretation

Consider a conjunctive query @ = R(z) A R(y) and a database D with a single
table R? = {(0), (1)}. We then consider the following closed LP(CQ) program L:

maximize weight ., (Q)+ weight . -(Q)
subject to  weight, ,.,-((Q) <1
A weight(, v..-1(Q) <1

The answer set of Q is ans®(Q) = {a | a : {z,y} — {0,1}}. The natural
interpretation (L) is thus the following linear program with variables in ©2, where
we denote any query answer o € ans”(Q) by a pair (a(z'),a(y’)) in the Cartesian
product {0,1}? for brevity:

maximize 98’0) + 08’1) + 08’0) + 98’1)
subject to 98’0) + 08’1) <1
Aoy oyt <1

Observe that this linear program has an optimal value of 2.

The main idea of the tractable interpretation is to instantiate each
weight . - ,(Q) with a single variable &, /4. In this case this yields the follow-
ing:

maximize o) + Lly/1)
subject to {0 <1
N e <1

However observe that this new linear program is now unbounded as its con-
straints are now independent from its objective function. In this case we can restore
the link between the variables by adding the following linear constraint to the LP:

§ly/0) + /1) = /o] T S/

Note that while this linear program is simple enough that fixing it only required
adding a single so-called soundness constraint, their general construction is more
complex. Intuitively we rely on the fact that the projections of the answers of ()
are a succinct representation of the answer set of @ (see Lemma 2.5) to bound
the number of variables of the T-factorized interpretation. We then exploit the
structure exposed by the tree decomposition of the query to reconstruct the link
between the variables through the soundness constraints mentioned above.
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Overview of the tractable interpretation

We have seen in Section 3.5 that using the natural interpretation to solve closed
LP(CQ) models is inefficient as instantiating models can generate a large amount of
variables related to the answers of the queries that appear in the model. Indeed, the
number of variables of <L)D may contain up to DAGML) variables. In this chapter,
we propose the so-called T-factorized interpretation that, for a fragment of closed
LP(CQ) models, yields a linear program equivalent to their natural interpretation
(i.e., that has the same optimal value) but only D* variables where k is a general-
ization of hypertree-width to closed LP(C(Q) models that may possibly be smaller
than AGM(Q) leading to a more efficient method for solving LP(CQ) models.

Outline of the chapter

In Section 4.2 we define the so-called LP(CQ),),,;
fractional hypertree width to models in this fragment, we then define the so-called
T-factorized interpretation. Then in Section 4.3 we describe how the T-factorized
interpretation can be used to solve LP(CQ)

fragment and lift the notion of

proj models. Finally Section 4.4 is

dedicated to proving that this approach is correct.

4.2 A tractable interpretation of LP(C(Q)) models

In this section we formally define the tree decomposition-based factorized inter-
pretation or T-factorized interpretation for short that will allow us to solve closed
LP(CQ) models more efficiently.

4.2.1 Characterizing tractable LP(C(Q)) models and their width

We start by defining the fragment of projecting LP(C()) programs, whose main
restriction resides on how the weight operators can select subset of answers of their
queries. This restriction will allow us to apply the T-factorized interpretation and
bound the number of its variables.

Definition 4.1.
The fragment LP(CQ),,,; is the set of closed LP(CQ) programs L such that every
one of its weight,., (Q) satisfies the following:

- fo(Q) = set(x),
- Q' is of the form x'=d with fo(Q') = set(x') C set(x) and set(d) C dom.

Additionally we denote by LP(CQ y)proj the subset of LP(CQ)
conjunctive query Q € cq(L) is quantifier free.

proj where every

We now lift the notions of tree decompositions and (fractional hypertree) width
to closed LP(CQ f)proj pPrograms.
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The T-factorized interpretation of a closed LP(C(Q) model L will exploit tree
decompositions of the queries in cq(L) that have some additional structure. The
complexity of this new approach will be tied to the width of these decompositions.
Hence, to present our algorithm, we first need to lift the concept of tree decomposi-
tions of queries to LP(CQ) models to integrate this additional structure. Moreover
we also lift the notion of width in order to analyze its complexity.

Definition 4.2.
Let L be an LP(CQ ) proj program and T = (1q)qgecq(r) @ collection of decomposi-
tion trees.

We call T a tree decomposition of L if for any expression weightx:x,iy(Q) n
L, Tog = (Vg,&q,Bg) is a tree decomposition of Q and there is a node u of Ty such
that Bg(u) = set(x').

We define the width of T to be the maximal (fractional hypertree) width of Tg
for Q € cq(L). The size of T is defined to be |T] = Y gecqr) Val-

Observe that the width of the decompositions in 7 may be greater than the
minimal width of the queries in ¢q(L) as they might require bigger bags in some
places in order to cover the weight expressions in L. We show a tree decomposition
as part of an example in Section 4.2.3.

4.2.2 Tree decomposition-based factorized interpretation

In this section we define a more succinct interpretation — the so-called tree
decomposition-based interpretation or T-factorized interpretation for short — that
leverages the efficiency afforded by the tree decompositions of the base queries in
the LP(CQ) model. As we saw in the introduction of this chapter, the general idea
is to instantiate each weight operator with (at most) one variable then add some
soundness constraints to restore the semantical link between the new variables.

Recall that in Section 3.6 we defined interpretations of closed LP(CQ) models
as pairs of instantiations and additional constraints.

4.2.2.1 T-factorized instantiation

We begin by defining the T-factorized instantiation. Intuitively this instantia-
tion maps every weight,., (Q) € W(L) to a variable associated to a tuple in the
projection of ansP (@) on the bag of some node of the decomposition of Q). For-
mally the set of variables of the T-factorized instantiation is =; = LﬂQqu( L) ZLQ

where E,qg = Wyuev, {§o.us | B € ansE(Q)‘BQ(u)}. Observe that every =, g can be

computed efficiently:

Lemma 4.3.
Let k be the width of T.

The size of 21, ¢ is at most |V|- |D|* and one can compute Zp, g in time O(|T| -
ID|* log(|D])).
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Proof. 1t follows directly by Lemma 2.5 in Section 2.2.4. O
We now define the T-factorized instantiation:

Definition 4.4 (T-factorized instantiation).
Given a closed LP(CQ ) proj model L, database D and decomposition T of L, we
denote the instantiation of L with D and T by Finstp 7{(L).

It is the linear program obtained by replacing every Weightx:x,iy(Q) mn L
with FInstID(weightx:x,iy(Q)) where Flnstrp is the function that maps any
weight, /- (Q) to §gup with u the vertex of T such that Bo(u) = fo(Q') and
B=1[x'/ylif p € ansD(Q)‘B(u) or 0 otherwise.

Observe that 8 ¢ ans”(Q) ) iff ansy(Q Ax'=y) =0 so the factorized instan-
tiation of weightx:x,iy(Q) is 0 iff its natural instantiation is also 0.

Observe that each operator w in L is instantiated with one variable at most so
it can be encoded in log(|D|*) bits from which the following lemma follows:

Lemma 4.5.
Given a closed LP(CQ y)proj model L, database D and decomposition T of L of
width k, Flnstp (L) can be encoded in O(|L| - log(|D|*)) bits.

4.2.2.2 Local soundness constraints

While the T-factorized interpretation yields a more concise linear program, it
is not yet sufficient to solve LP(CQ) models efficiently as this new linear program
does not necessarily have the same objective value as the natural interpretation of
the model?.

Thus we need to add additional constraints to link our new variables together.
Given a query @ and its tree decomposition Ty € 7, we define the so-called local
soundness constraints on an edge (u,v) of Tg.

Definition 4.6 (Local soundness).
Given a query @, its tree decomposition Tg and database ID.
Let A = ans2(Q) and e = (u,v) be an edge of T.

IscTeP(e) = /\ Z §Qu.p= Z §Q.u.8'

VEA|BG (w)NBg (v) BEAIBG (w) ] B'€A 1B (v) D]

We denote the local soundness constraint for a query @ by lsc(Q) =
/\eeTQ IscT@P(e). Tt can also be computed efficienctly with respect to the width
of its decomposition:

Lemma 4.7.
Let k be the width of T.

The constraint Isc(Q) can be encoded in O(|T| - |D|* - log(|D|¥)) bits and it can
be computed in time O(|Q| - |T| - |D|* log(|D])).

2We observed this in the example of the introduction of this chapter.
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Proof. In order to compute Isc(Q), we start by computing (ans® (Q)|5(u))ucy using

Lemma 2.5. Then for each edge e = (u,v) of T, we construct lsc’@P(e) as follows:
We begin by iterating over the tuples g € ansD(Q)|B(u). Let v = B|5(v), We create a
linear sum S} = £g 4 g if it does not already exist or we append +¢q , g if it does.
Similarly we construct sums S) by iterating over the tuples 3’ € ans” (Q)| B(v)"

/\WEA\BQ(u)nBQ(U) Sy=S] by pairing each S with
the corresponding S). Observe that each sum S (resp. S7) has a counterpart Sy
(resp. S)) because the 3 and B’ are projections of the tuples of ans®(Q).

Observe that each 3 € ans” (Q) () and g e ansD(Q)lg(U) is listed at most once
for each edge of T so IscT@P(e) can be encoded in O(2 - |D|* - log(|D[¥)) bits from
which it follows that Isc(Q) can be encoded in O(|T| - |D|* - log(|D|¥)) bits.

Moreover observe that the projection = can be constructed in time O(|Q]) so

the total time required to construct Isc(Q) is O(|Q| - |T| - D[ log(|D])). O

Finally, we obtain Isc’@P(e) =

4.2.2.3 T-factorized interpretation

Finally we define the factorized interpretation of a closed LP(CQ j)pro; L with
a tree decomposition 7 and database D denoted by p”"P(L). Tt is obtained by
combining the local soudness constraint of any edge e in any decomposition Ty € T
with the factorized instantiation of L as follows:

Definition 4.8 (Factorized interpretation).
Given a closed LP(Cqu)pmj model L, database D and decomposition T of L,

pT’D(L) — <L>F1nst7—,D,C

with C' = NryerNeegg, 15" (e).

The factorized interpretation p”P(L) is interesting because it is smaller than
the natural interpretation (L)P. Indeed, while (L)® may have up to O(|DJACML))
variables and O(|L|) constraints (see Section 2.2.4), one can show that if k is the
width of 7 then the size of p7P(L) is O(|D|¥) in the data complexity model (where
L is considered constant). It follows from the following, more precise, combined
complexity analysis:

Theorem 4.9.
Given L € LP(CQ y5)proj, its tree decomposition T of width k and a database D, Let
q be the sum of the sizes of the queries in cq(L).

The T-factorized interpretation p”®(L) can be encoded in O((|L| + |T] - |DJ¥) -
log(|D|¥)) bits and it can be computed in time O(|L| + ¢|T] - |D|¥ log |D|).

Proof. This is a direct consequence of applying Lemma 4.3 and Lemma 4.7 to each
query in cq(L) as well as Lemma 4.5. O

We will show in Section 4.3 that the T-factorized interpretation can indeed be
used to efficiently solve closed LP(CQ ) pro; models.
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Figure 4.1: Tree decomposition for the task assignment LP(CQ) model
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Figure 4.2: Variables for the factorized interpretation of L.

4.2.3 Example

We now demonstrate the T-factorized interpretation on the task assignment
problem from Chapter 3. We consider the closed LP(CQ) model L from Exam-
ple 3.5 and we give its tree decomposition in Figure 4.1. Observe that it is indeed
a decomposition of L as the three middle nodes are a normalized® decomposition
of the query Qussign = Tasks(t,s,d) A Skills(e, s) and the additional ¢ and e bags
cover all the weight operators of L.

Now, in order to compute the factorized instantiation of L and its soundness
constraints, we first need to define its variables. For brevity we use shortened names
detailed in Figure 4.2.

Applying the factorized instantiation to the model yields the following:

minimize X4 + Xq5
subject to X7 > 45
A X9 > 10
A X35> 20
A X14 <40
A X5 <40

3For brevity we consider a relaxation of normalized tree decompositions where we allow the
extension and projection of multiple variables at once under which our result is still correct.
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t |var|W t s d |var|W s var| W ? S var| W

T1|X; |45 T1[Python|45| Xq |45 c [X7|10 Alice) C i“’ 10 ° ;ar W

2| X, [10 T2 C |10|Xs5 10 Python|Xg |45 ’;hclf Eyt:‘m — ;5 ‘;h‘if - 25

T3[X3 |20 T3[ SQL |20|Xg |20 SQL [Xo |20 ob |Python|*1220 ob [X15]40
Bob| SQL [X13]20

Figure 4.3: Solution W of the factorized interpretation of L.

We can then construct the local soundness constraints on the decomposition
tree as follows:

Xi=XyNXo=X5N X3 =X
AXs= X7 A Xy = Xg A Xg = Xo
N X7 = X0 N Xg = X11 + X12 A Xg = Xi3
N Xio+ X1 = X A Xag + Xaz = Xas

Finally this yields the following linear program:

minimize X4 + X5

subject to X; > 45
A X9 > 10
A X3 > 20
A Xq4 <40
A Xi5 <40
AXi=X4 A Xog=Xs A X3 = Xg
AXs=Xr A Xqe=Xg A Xg= Xo
ANXr=X10 N Xg=X11+X12 N Xg= X3
ANXipo+ X=X AN Xio+Xi3=Xy5

This program has an optimal value of 75, which is the same value we obtained
in Section 3.1, with a weighting W given in Figure 4.3.

In the next section we will formally show that the T-factorized can be used to
solve closed LP(C(Q) models.
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4.3 Solving LP(CQ) models efficiently

4.3.1 Computing the optimal value of a LP(C'Q) model

The minimum expectation when solving a linear program is to get its optimal
value. Thanks to the following theorem we can do so directly by solving the T-
factorized interpretation of a closed LP(CQ ,¢) proj model which has the same optimal
value as its natural interpretation.

The correctness of this approach is expressed by the following theorem:

Theorem 4.10 (Equivalence of factorized interpretation and natural semantics).
Let L be a LP(C’qu)pmj program, T a decomposition of L of width k and D a
database.

The T-factorized interpretation pT’D(L) has the same optimal value as its natural
semantics (L)P.

Moreover opt(pTP(L)) can be computed in O(|pTP(L)|y - [T] - [D**) where
IpTP(L)y = O((|L| + |T] - DI*) - log(|D[*)) in combined complexity which corre-
sponds to O(|D[F+1) . log(D)) in data complexity.

The complexity of solving p”"P(L) follows from Theorem 4.9 and Theorem 2.8.
Observe that it does indeed improve on the complexity stated in Section 3.5.1.2.

We will prove the correctness of this theorem in Section 4.4 using the framework
introduced in Section 3.6.2. We give an overview of this proof here. Recall that in
order to use Proposition 3.17 we fix query @) and need to reconstruct a weighting w?
of the variables of the natural interpretation from a weighting wQ‘Q of the variables of
the T-factorized interpretation and vice-versa. The key point of these constructions

is that the following correspondence must hold:

Yw € Wo(L).w? (Instp(w)) = wS (FInst7p(w)).

Recall that we only consider LP(Cqu) proj Mmodels whose weight operators are
of the form weight, ., 4(Q). The factorized instantiation of such a weight is a
variable g, g with 8 = [x//d]. The natural instantiation of this weight is the sum
Y acans®(Qax'=d) 00 which can be alternatively described as 3¢, (g) 00-

O[lx/ :B
In order to simplify the constructions and proofs, we further decompose w? into

a family of weightings for each node u in the tree decomposition 1" of ):

Definition 4.11.
A family W = (Wy), ey is a weighting collection on T of ans®(Q) if it satisfies the
following conditions for any edge (u,v) € &:

- W, is a weighting of ansD(Q)|B(u), i.e., Wy : ansD(Q)‘B(u) — RT.

- W, is sound for T at (u,v), i.e., mguw(Wy) = mpus (Wy).
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Observe that the soundness property of a TWD of ans® (Q) corresponds to
satisfying the soundness constraints [sc(Q)) which will allow us to seamlessly convert
it to a weighting w? of = ¢ that satisfies lsc(Q) in the later parts of the proof.

Given a query @, the value assigned by W for a given bag u and tuple 3 is simply
Wu(B) = wgg (£Q,u,8)- Similarly for the natural interpretation we consider weightings
w : ans®(Q) — RY with w(a) = w?(@%) Observe that the value of the natural
instantiation is now >, ¢ (g w(@) = Tp(w)(w)(B). Thus the correspondence we

oy =B
need to upkeep while reconstructing weightings back and forth is

() (W) (B) = Wu(B).

Observe that this correspondence gives us an obvious way to reconstruct a
weighting collection on T W from a weighting w by projecting it on every bag
of u. The inverse construction is a bit more complex however. We present it in
the next section as a minor contribution whose uses go further than the proof of
Theorem 4.10.

4.3.2 Computing a full solution of the natural interpretation

While computing the T-factorized interpretation of a closed LP(CQ ;¢) proj model
yields a smaller linear program with the same optimal value as its natural semantics,
this comes at the cost of losing some information on the weights of the individual
0¢, variables of the natural semantics. However one might still be interested in the
values of these individual variables. Fortunately, as we mentioned before, we have
to reconstruct a weighting of the variables of the natural semantics of L given a
solution of its T-factorized interpretation as part of the proof of its correctness.

For simplicity we construct weightings restricted to a single query that we can
then recombine into a full weighting of the interpretation.

Definition 4.12.
Let @ be a conjunctive query, T = (V,E,B) be a normalized decomposition tree of
fo(Q) and W = (W, )uecy be a weighting collection on T for ans®(Q). Let r be the
root of T.

We construct a weighting IL(W) : 915 — RT such that T(W)(03) = wr() for
any 0¢) € @g where wy : ansD(Q)| Attr(Ju) R* 4s constructed through bottom-up
induction on the nodes u € V:

If u is a leaf of T, we define w, such that for all o € ansD(Q)Wtr(w), wy(a) ==
Wy(a).

Now, assume w, is defined for all children v’ of u. Let o € ansD(Q)Wtruu) and

B = B(w)-
We define wy () as follows:

If u is an extend node with a single child v then w,(a) = WW“(B)

WW'U(O‘Mttr(M)))
if Wo(ap(vy) > 0 and wy(a) = 0 otherwise.
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If u is a project node with a single child v then w,(a) = w,(a)4.

k
If u is a join node with children vy,...,vx then wy(a) = Hi:lvo[;v"(éo)t,‘f_“{u”)) if

Wu(B8) > 0 and w,(a) = 0 otherwise.

Finally, given a solution wo of L4, we obtain a solution wy of Lyqs by simply
defining w1 (0g)) = H(WQ)(HE‘Q) where W is a weighting collection on T of ans®(Q)
with W2(53) = wa(Eg.u.p)-

We will prove that this reconstruction is correct in Section 4.3.2 as a simple
byproduct of the proof of Theorem 4.10:

Lemma 4.13.
Let L be a LP(Cqu)pmj program, T a decomposition of L of width k and D «a
database. Let S be the objective function of L and wy be an optimal solution of
TD(T,
p" (L)

We can construct a solution wi of (L)P in O(Jwi|) such that [Instp(S)]w, =
[FInstrn(S)]ws,-

Observe that given a query @ and node u € Tg, |ansD(Q)|Attr(w)| < |ans®(Q)|
so we can compute II(W) in O(|Tg|- [D|AM@) and wy in O(|7]- [DJACME)). While
this is slower than simply computing opt(p”"P(L)), this is still more efficient than
explicitly solving (L)P in O((|L] - [D|ACML)E),

Moreover, if we sort the tuples in (ansD(Q)‘B(u))ugp, then wy can be seen as a
succinct encoding of w; that allows one to compute a specific wl(H%) in O(|Tg| -
log(|D|¥)). This could be useful in applications where one might want to provide
users with access to the value of a few variables 9% without materializing the whole
solution at once.

Example We illustrate this process using the example from Section 4.2.3 and the
solution W of Figure 4.3 in particular.

We will compute the value taken by the answer [T}, Python, Alice,45]°of Q =
Qassign-

We denote each node of the decomposition of @) by the variables of its bag and
we consider the left-most node t in Figure 4.1 to be the root of the decomposition.

We begin with the leaf e where we have we([Alice]) = We([Alice]) = 35.

We then have wes([Alice, Python]) = W"’S(‘Eélz[cj’lig)hon])we([Alice]) =335=25

since es is an extend node.

At the project node s we simply have wg([Alice, Python]) =
wes ([Alice, Python|) = 25.

The next node tsd is an extend node so we have wysq([T1, Python, Alice,45]) =

Wisa([T1,Python,45 .
?/I(/[s(%Py?ﬁwn]) Dws([Alzce7 Python]) - % -25=25

“Observe that in this case Attr(] u) = Attr(] v).
®We omit the variables for brevity since the values are not ambiguous.
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Finally the root s is a project node so we simply obtain
ws([Th, Python, Alice,45]) = wsqa([T1, Python, Alice,45]) = 25.  Thus we
know that Alice should be assigned to work 25 hours on the task T7.

4.3.3 Handling conjunctive queries with existential quantifiers

The previous method of factorized interpretation only works for the
LP(CQy)proj fragment, where conjunctive queries are supposed to be quantifier

free. It turns out that one can similarly solve linear programs of LP(CQ) pro-

proj
grams by applying a simple transformation.
For any LP(CQ),,,;

conjunctive query into the weight expression as follows, yielding an LP(CQ ) pro;

program L we can move the existential quantifiers of the

program muq(L): we replace every subexpression weightx:Q/(Hz.Q) of L, where @)
is quantifier free, by weight,,.(Q) where xz is the concatenation of vectors x and
z. We have:

Theorem 4.14 (Removing Existential Quantifiers).
For any projecting LP(CQ) program, the LP(CQ y)proj program muvq(L) has the
same optimal value as L.

Proof (Sketch). It is clear that every () appearing in a subexpression
weight,,.o/(Q) of mvg(L) is quantifier free by definition. Now, since L is in
LP(CQ),,, Q' is of the form x' = y where x’ only contains free variables of
Jz.Q). Since fv(3z.Q) C fu(Q), we have that x" only contains free variables of Q.
Moreover, the other condition of LP(CQ),,,
quantification are still respected in mvg(L), thus L is in LP(CQ ) proj-

Now, let w; : ©F — R* be a solution of L. We define w] : @Bwq(L)

follows: wj(03) = %wl(ﬁgﬂg) where U = fv(32.QQ) and N = #{03 : z — dom |
aUpB € ans®(Q)}. It is readily verified that the value [weighty .o (32.Q)]w, is
the same as [weight, ;.o (Q)]., and thus that wj is a solution of mvg(L) and
[L]wy = [mog(L)]wy -

For the other way around, given w} : @H%v o) R™ a solution of mvq(L), we

concerning the sum and universal

— Rt as

construct wy : OF — R as w1(09, o) = 2 jauscans®(Q) w’l(ﬁguﬁ). Again, it is read-
ily verified that the value [weight,. (32.Q)]w, is the same as [weight, .o/ (Q)]w
and thus that w is a solution of L and [L]w, = [mvq(L)].; - O

4.4 Proof of equivalence between the T-factorized and
natural interpretations
4.4.1 Weighting correspondence

We will actually show a slightly more general correspondence by generalizing it
from ans®(Q) to so-called conjunctively decomposed sets of variables assignments.
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As we mentioned in Section 4.3.1 we will consider a fixed conjunctively decomposed
set A as a stand-in for the answer set of a fixed query Q.

We now define what it means for a set of variable assignments to be conjunc-
tively decomposed. Note that the answer set of a query ansD(Q) is a conjunctively
decomposed set of variable assignments as we will show later in Proposition 4.27.

Definition 4.15.
Let T = (V,&,B) be a decomposition tree of X C X. We call a subset of variable
assignments A C DX conjunctively decomposed by T iff for any v € V and 8 €
Ay’

{arUaa | a1 € A (8], a2 € Ajaeru 18]} = AlB]-

Finally we fix a set of variable assignments A (which can be seen as fixing a
query Q) and reason about weightings w : A — R* for the natural interpretation.
For the T-factorized interpretation we will use weighting collections of A°S.

The correspondence theorem is then expressed as follows:

Theorem 4.16 (Correspondence).
Let T = (V,&,B) be a normalized decomposition tree of X C X and A C DX be a
set of variable assignments that is conjunctively decomposed by T .

1. For every weighting w of A, (7g)(w))uev s a weighting collection on T for
A.

2. For any weighting collection W on T for A there exists a weighting w = IL(W)
such that Yu : Wy, = g, (w)-

We will prove Theorem 4.16 1 in Section 4.4.2 by projecting w on every bag of
T. We will then prove Theorem 4.16 2 in Section 4.4.3 using the reconstruction of
Definition 4.12. Finally we will show that Theorem 4.10 follows from Theorem 4.16
and Proposition 3.17 in Section 4.4.4.

4.4.2 Reconstructing a weighting collection on T of A

The first item of the correspondence theorem directly follows from the following
proposition.

Proposition 4.17.
Let AC DX and let T = (V, &, B) be a decomposition tree for X. For any weigthing
w:A— RT, the family (TB(w) (W))vey is a weighting collection on T for A.

Proof. For any u € V let W, = mp(,)(w). The first condition on weighting projec-
tions holds trivially so we only have to show that the soundness constraint holds.
By definition of Wy, mgus(W,) = mgue(mg(,)(w)). Observe that B C B(u) so by
Proposition 4.20 mguw (W) = mguv (w). Similarly 7mgu (W,) = mguw (w). O

5We generalize the notion from Definition 4.11 to weighting collections of A in a straightforward
manner
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If T is normalized then the local soundness constraint (4.11) of W at (u,v) € £
can be rewritten equivalently into a simpler form as follows:

o if uw is an extend node with unique child v then: V3 € Apy)
ZB’GAls(w[B] W (B") = Wo(B),

o if u is a project node with unique child v then VB € Ay @ Wu(B) =
25,6A|B(v)[ﬁ] W’U (/8/)’

o if u is a join node with child v then V3 € Ay : Wu(B) = Wy(5).

4.4.3 Reconstructing a weighting of A

In this section we prove the second item of Theorem 4.16 by reconstructing a
weighting of A by Definition 4.12 generalised to A in a straight-forward manner.
Observe that this also implies that the reconstruction is indeed correct.

The proof that Vu : W, = mp(,)(w) is done via two inductions. The first one is
a bottom-up induction to prove that W, = mpg,)(wy) for every node u in the tree
decomposition. Then, by top-down induction, one can prove that wy, = Tattr(ju) (wr).
The proof is tedious and mainly relies on calculations and careful analysis on how
A is decomposed along T'. We begin by showing a few lemmas on weightings and
set of tuples.

First we show that the extensions of two different tuples are distinct:

Lemma 4.18.
For any two ay, o € Ajxs, if ar # ag then Alan] N Alag] = 0.

Proof. If a1 # a € A|x/, then there exists 2’ € X' such that oy (z') # ag(z’), so if
7 € Alai] and v, € Afag] then v1(2') = a1 (2') # as(a’) = ya(2'). O

Lemma 4.19.
For ACDX, X" CX'CX,a" e Axn:

Ald"] = L—ﬂ Ald].

/€A xr (o]

Proof. First note that the union on the right is disjoint by Lemma 4.18.

For left-to-right inclusion, let o € A[a] and o/ = o x/. By definition, o/ € A|x
so a € A[/]. Furthermore, o/ € Ajx/["] so a € deleAlX,[au] Ald].

For right-to-left inclusion, let o € Lﬂo/éA‘X/[oc”] Ala'] and let o € Ajx/[a] be
such that o € A[e/]. By definition, oy, = o’ and o/|x» = o”. Since X" C X,
o xr = |xn = . Thus a € A[a"]. 0

Proposition 4.20.
ForAe DX, w:A—-RT, X" C X' CX:

mxr (W) = mxn (T (w)).
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Proof. Indeed, let o € Ajx». We have:

mxn(w)(a") = Z w(a) by definition
aeAfa"]
= Z Z w(a) by Lemma 4.19
o'€A|y/[a"] acAl]
= Z mxr(w)(a') by definition of 7x/(w)

€A xr[a]

=Tx" (FX/(LU))(O//) by definition of 7x»(7mx/(w)).

The last equality is well defined since o’ € Aixn = (4 X/)‘ - O
Lemma 4.21.
Let T be a decomposition tree of X, u an extend node of T with child v, and A C DX
a subset of variable assignments. If A is conjunctively decomposed by T then any
assignment 3 € Ay satisfies:

A|Attr(¢u) [B]|Attr(¢v) = A|Attr(¢v) [6|B(U)]

Proof. For left-to-right inclusion, let & € Ajaeer(yu) [Bljater(pv)- Since o € Ajager(jo)
and OB(v) = ﬂ|8(v) it follows that « € A|Attr(¢v) [/8\8(1;)]

For right-to-left inclusion, let o € Ajawr(jo)[BBw)]- Let v € Ajaer(ro)[B] be
arbitrary and 7 =y U a.

Note that (T‘Attruu))Mttr(iv) = q, so it is sufficient to show Tjawtr(ju) € Ajattr(yu) [B]-

Since u is an extend node with child v it follows that Attr(T u) = Attr(T v),
and thus v € Ajagr(to)[8]- By conjunctive decomposition of A by T it follows that

7 € A[B]. Hence, Tawtr(ju) € AjAter(lu)[B] as required. O

Lemma 4.22.

Let T be a decomposition tree of X, u a join node of T with children vy,...,vs
where k > 1, and A C DX a subset of variable assignments. If A is conjunctively
decomposed by T' then any B € Ajp,) satisfies:

Ajater(pu) 8] = Ajactr(on) 18] D9+ - D3 Ajager(yop) [B]

Proof. The inclusion from the left to the right is obvious by projecting an element
of Ajastr(yu)[6] to Attr(] v1). .. Attr({ vg).

For the inclusion from the right to the left let a1 € Ajagr(oy)[B],---ar €
Ajattr(Jvy) [B]- We show by induction that Vp € [1,k], 7, = a1 ... o € A}y, [B]
where Y, = U_; Attr({ v;).

Base case p = 1: Obvious.
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Inductive case: Recall that by induction 7, € Ay, [8] and observe that Y, C
Attr(1T vpy1) so there exists v € Attr(1 vp41)[8] such that vy, = 7.
By conjunctive decomposition on vp41, & = v > 41 € A. Finally we have

Ay, = (Y™ %H)\YpuAttr(pr) = NY, P Wl Atte(loppq) — T P Optl =
Tp+1 80 Tpy1 € Ayy, ;- Thus 7,41 € Y}[5] because To+L | Bu) =

Proposition 4.23.
For allu € V, Wy = mg(y) (Wu)-

Proof. We show by bottom-up induction on the nodes of T' that for all u € V and
B € A ZaeA‘Am(w)[ﬂ] wu () = Wy(B).

The base case is clearly true by the definition of w, when wu is a leaf.

Case 1 u is an extend node with v its only child.

Let g € A|B(u) and ' = B|B(’U)

Case 1.1 W,(f') =0.
By definition Voo € Ajager(ju)[8], wu(a) = 0.
Recall that by soundness >Zgrea ;5] Wy (") = Wy(8') = 0. Observe
that § € Aj)[B] s0 Wu(B) = 0= 3 nea pyyu 8] @ul)-

Case 1.2 W,(5) > 0.

EaeA\Attr(Lu)[B] wu(a) W,
= ZaeAMttr(Lu) (8] W, ((ﬂ/) wu(a\Attr(w ) by definition

- Wv(ﬂ/) ZO‘EA\Attr 1w 6] w”(a|Attr iv )
- Wv(ﬂ/) a EA‘Attr(J'u)[BhAttr(,Lv
because every « is equal to 3 (az) D O Agr(v) With 7 = B(u) \ B(v)
- % Za’eA‘Am(w)[ﬁq wy () by Lemma 4.21
I/IM//: ((,3/8/)) Wy (8') by induction
Wu(B)

Case 2 u is a project node with only child v.

EaeA\Attr(Lu) [B] wu(a)
= ZaeA| Actr(Lu) 18] wy (o) by definition

2B € A5y [6] 2o € Ay 18] wy(a) by Proposition 4.20 and B(v) C Attr({ u)
2 8e A 8] Wy (8") by induction and Attr({ u) = Attr({ v)

Wu(5) by soundness at (u,v)
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Case 3 u is a join node with children vy, ...

Let g € A|B(u)

Case 3.1 W,(5) = 0.

By definition Vo € Ajager(u)[B]5

s Uk

wy(a) = 0.

Thus ZaeAMttr(lu) 8l wyu(a) =0 =W,(B).

Case 3.2 W, (B) > 0.

ZO&GA\Am(w)[ﬂ] wu(a)

k
H¢:1 W, (O‘IAttr(ivi))

Za€A|Attr(¢u) 18]

DY

2 €A attr(L,) B

Wu(B)k—1

Zal €A (Lo 18] T ZakGAmttruvk)[ﬁ]

] W, (az)

by definition

Wu(ﬁ)k71
[T, W (8)
Wu(ﬁ)k_l
W (8)k
Wu(ﬂ)k71
W ()

Lemma 4.24.

by induction

by soundness at (u, v;)

Let v be the child of an extend node u, Yoo € Ajpgee(y) With 8= -

Ala]

U

Alau ]

B'€A|B(w) ]

by Lemma 4.22

Proof. For left-to-right inclusion, let 7 € Afa] and ' = 7)(,). Observe that 5’ €
A [B]. Moreover Attr(] u) = Attr(] v)UB(u) 80 Tjager(ju) = @UB so T € AlaUS'].
For right-to-left inclusion, let 7 € Wgrca s (9] AlaU f']. By definition 7 € A

and Tjagr(l) = @ S0 T € Ala].

Lemma 4.25.
Given a join node u and its children v, .

-y Uk, let @ € Ajptr(loy) and B = ajp)-

A Attr(Ju) [a] = {a} A\Attr(wg)[ﬂ] BI... ] A\Attr(m)[ﬂ]

O]

Proof. Clearly Ajase(juyl@] = {7 € Ajaeer(yu) 18] | Tjater(10y) = @} because = o g(y)-
Thus by Lemma 4.22, A\Attr(w) [a] = {7 € A\Attr(m)[ﬁ] DA A|Attr(¢yk)[5] |
T|Attr(Ju) = Oé} = {Oé} > A|Attr(¢vg)[ﬁ] DI ] A\Attr(ﬁ%)[ﬁ]

Proposition 4.26.
Forallu eV, w, = TAttr(Lu) (wr).

O]
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Proof. We show by top-down induction on the nodes of T that for all v € V and

o€ A|Attr(¢v)a ZTeA[a] wr (1) = wy(a).
The base case is clearly true when v is the root r of 7.
In the following we consider a given o € Ajager(jv)- and we let 8 = a ()

Case 1 v is the only child of an extend node u.

By Lemma 4.24, 37 4o wr(7) = 28 € Ayps(uy 8] 2or€ AlaUB'] wy(7). By induc-
tion this is equal t0 >Zgca 15 wu(axa 3.

Case 1.1 W,(5) = 0.
By definition of Wy s Z/B/EA\B(u) 18] (.UU(OC D] 6,) =0.
Observe that by Proposition 4.23, Za,eAMttr(J,u)[B] wy(a) = Wy (B) = 0.
However w, is non-negative so wy(a) =0 =3 c ojq) wr(7)-

Case 1.2 W,(B) > 0.

Zﬁ’EA\B(u) 1) wular > B)
W (B’ o
Zﬂ’eA‘B(u) (8] %Wv((a > B,)|Attr(¢v)) by definition

B'EA|Bw) A] W“(’Bl)w (a
W, (B) v
wy (@) by soundness at (u,v)

Case 2 v is the only child of a project node u.
By induction 3 ¢ o wr(7) = wy(a) so it follows by definition of w, that
D reaja) wr(T) = wy(a).
Case 3 v is the child of a join node u.
Let vq,...,v, be the children of u, we assume wlog that v is vy.
By Proposition 4.20, 3°_c o wr(T) = Za’€A|Am(¢u) o] 2ore Ao Wr(T)-

By induction we obtain >2qe 4,0l wy(a).

Case 3.1 W,(5) = 0.
By definition of wu, > are Ay lof wy(a’) = 0.
Recall that because u is a join node, W, () = Wy, (8) = 0 so similarly to
Case 1.2, wy(a) =0 = > reAfa] wy (7).
Case 3.2 W,(B) > 0.
By definition of W, Yare Ay 0] wy () =

k /
Z i—1 Y (a \Attr(ivi))
@' €A atr(yuy [0 Wy (B)k—1 :
can split o/ into a X ap X -+ X oy, and the sum into

Moreover by Lemma 4.25 we

k
H¢:1 wo, (@ |actr(yv;))
E—1

EO‘2€A|Attr(Lv2)[B] . ZakeA\Anr(wk)[/@] Wo () . Observe that each
term in the product only depends on «; (or « for i = 1) and that
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the denominator only depends on the fixed S so we can rewrite the
k
Ilies ZaieA\AmuW) (g @i (%)

Wa (Bt which is

formula into the following w,(«) -

Wy (B)k—1
soundness, Hfzg W, (B) = Wy (B)FL.

Thus 3¢ gjq) wr(T) = wy(a).

equal to wy(a) by Proposition 4.23. Finally observe that by

O]

Finally we are ready to prove the second item of Theorem 4.16. We know
by Proposition 4.23 that W, = mp(,)(wy) which is equal to m¢,)(Taetr(1u)(wr)) by
Proposition 4.26. Thus Wy, = 7p(,)(wr) by Proposition 4.20.

4.4.4 Proof of the equivalence of the natural and T-factorized in-
terpetations

Now armed with Theorem 4.16 and Proposition 3.17 we are ready to prove
Theorem 4.10. First we need to verify that the answer set of a conjunctive query is
indeed conjunctively decomposed by its decomposition T' thus allowing us to apply
the correspondence theorem.

Proposition 4.27.
For any tree decomposition T of a quantifier free conjunctive query Q € CQy, and
database D € dbx,, the answer set ans®(Q) is conjunctively decomposed by T.

Proof. Let u be a node of T. Let R(x) be an atom of @), observe that there exists
v in T such that x C B(v) by definition. Thus we either have x C Attr(] u) or
x C Attr(1 u) (or both).

Moreover, recall that B(u) = Attr(} w) N Attr(T u) by the connectedness of
tree decompositions. Let f € ansD(Q)‘B(u), ap € ansD(Q)‘Attr(w) [B] and ag €
ansD(Q)‘Attr(Tu) [3]. We have to show that a = a3 Uag € ans®(Q)[B]. Clearly,
Q|B(u) = B by construction so it remains to show that a € ans®(Q). To do so, we
fix an atom R(x) of @ and suppose by our earlier observation that x € Attr(] u) (the
other case is symmetric). Observe that by definition there is some o/ € ans®(Q)
such that a1 = o/ |agr(ju) 50 @1 and by extensions « satisfies R(x). Thus it follows

that a satisfies every atom of @ so a € ans®(Q).
O

Proposition 4.27 does not hold when @) is not quantifier free thus the equivalence
theorem is restricted to the fragment LP(CQf)proj. We however explained how
to extend it to LP(CQ),,,; in Section 4.3.3.

We are now ready to prove Theorem 4.10.

Let Ly = (L)? = (L)1 with C; = Ngeeq(r) true. Let Lo = pTP(L) =
(LYFIst70:C2 with Cy = Ageegry Is¢™(Q).

Fix a query @Q € cq(L).
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For any weighting w? of varg(Ly) (that obviously satisfies true), we define
a weighting w of ans®(Q) such that for any 7 € ans®(Q), w(r) = w?(eé)
By Proposition 4.27 and Theorem 4.16, (mp(,)(w))uey is sound. Thus the
weighting wg defined as wg(fQ,u,ﬁ) = 7w (w)(B) for any u € Ty and B €
ans”(Q) () satisfies Isc”P(Q). Moreover by definition it follows that for any

w WQ(L)7 [[FInStT,D(W)]]wg? - w?(&QMﬁ) = TB(u) (w)(ﬁ) = ZaéansD(Q)[ﬁ} w(a) =
P acans®(Q)[4] w?(&%) = [Instp(w)], e Thus by Proposition 3.17, opt(L1) < opt(Lz).
1

For any weighting wgg of varg(Ly) that satisfies Isc7'P(Q) we define a weight-
ing W = (Wy)y ey such that for any u € T and 8 € ans”(Q)|pw), Wu(B) =
wQQ (€Q.u,3). Observe that W is sound so by Theorem 4.16 there exists a weighting
w : ans®(Q) — R* such that W = (7B(u)(W))uey. We define a weighting w? such
that w?(@é) = w(7) for any 7 € ans®(Q) that obviously satisfies true. Similarly to
the above it follows that for any w € Wg(L), [[InstD(w)]]w(fg = [[FInstID(w)]]w;g.
Thus by Proposition 3.17, opt(Ls) < opt(L1). Additionally Lemma 4.13 holds by
Lemma 3.15.

Finally opt(L1) = opt(L2) and Theorem 4.10 holds.

4.5 Conclusion

In this chapter we have characterized the fragment of closed LP(CQ) proj Models
and lifted the notion of fractional hypertree width to these models. We then de-
fined a more succinct interpretation of LP(CQ),,,; models called the T-factorized
interpretation. Finally we have showed that the T-factorized interpretation can be
used to efficiently compute the optimal value and an optimal solution of LP(CQ) proj
models.

In Figure 4.4, we give a summary of the solving process with both interpretations
as well as their compared performances in data complexity by considering |L| and
|7] to be constants. On the left-hand side we sum up how a closed LP(CQ) model
can be naturally interpreted to a linear progral L, which can be solved to obtain
its optimal value and an optimal solution w,. On the right-hand side we represent
the T-factorized interpretation of L to L; using a collection of tree decompositions
T of width k that then yields the optimal value and an optimal solution w; of L;

from which we can reconstruct an optimal solution w,, of L,.
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Natural interpretation T-factorized interpretation

O(|DACM(D) O(|D[k)

s

LP solver LP solver
O(|D|AGM(L)-(¢+1) - log(|DY)) O(|D[k(&+1) - log(|DI))

| O(ID|AGM(L)

S

Figure 4.4: Summary and data complexity of the solving process of a closed LP(CQ)
model L
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5.1 Introduction

In this chapter we introduce the circuit-based factorized interpretation (or C-
factorized interpretation for short) as a more general alternate interpretation to
solve LP(C()) models efficiently.

This interpretation is based on so-called {W, x }-circuits that succinctly encode
relations with additional decomposability and determinism properties that we will
define in this chapter. In our case we will consider circuits that encode the relations
represented by the queries of a LP(CQ) model.



64 Chapter 5. Linear programs on relational circuits

This approach is very similar to the T-factorized interpretation of the previ-
ous chapter and can be summed up as instantiating to a smaller set of variables
then restoring the semantical link between those variables with some soundness
constraints. In this case we reduce the number of variables by exploiting the suc-
cinctness of the {W, x }-circuits and using the edges of the circuits as the variables
of the C-factorized interpretation. We then define soundness constraints using the
structure of the gates of the circuits.

We will then show that these similarities are not a coincindence by explicitly
recapturing the result from the previous chapter with {W, x }-circuits by showing
that the answer sets of the queries of any LP(CQ) proj Model can be compiled to a
{W, x }-circuit. Recall that in the previous chapter we took advantage of the oft-
used fact that, given a query @, it was possible to efficiently compute the projection
of its answer set on the bags of its decomposition then reconstruct the full answer
set through a bottom-up induction on the decomposition. In this case the compiled
circuit acts both as a succinct encoding of the answers of () and as a materialization
of the generic bottom-up induction that is at the core of every algorithm that lever-
ages the strucuture of tree decompositions to efficiently reason about conjunctive
queries.

The relation between the T-factorized and C-factorized interpretations follows
from a well-known connection between bounded width queries and the existence
of small and tractable datastructures representing the answers of said queries on a
given database.

It has indeed been proven in [OZ12, OZ15b] that the answer set of a conjunc-
tive query @@ on a database D can be represented as a d-representation of size
O(|D|/Mw(Q)) where d-representations is a restricted family of the {&, x }-circuits
we use in this thesis. Such circuits are tractable in the sense that many aggregation
operations on the relation they represent can be solved in polynomial time in the
size of the circuits. For example, given a {W, X }-circuit G, one can compute the size
of the relation it represents in time linear in the size of G'. The well-known results
by Skritek and Pichler [PS13] on the tractability of counting the number of answers
of a conjunctive query () when its width is bounded can be recovered by computing
a {W, x }-circuit C representing ans”(Q) then using the aforementioned algorithm
on C. Many more known tractability results can be recovered with this approach,
such as enumerating the answers of a query with a linear time preprocessing and a
constant delay [BDGO7]. This approach also led to the discovery of new interest-
ing tractable operations on conjunctive queries such as efficiently performing linear
regression [SOC16].

Using circuits (or factorized representations) is akin to the approach used in the
area of knowledge compilation, where one is interested in transforming — in an offline
phase — an intractable input into a more tractable representation. Traditionally,
knowledge compilation has been mostly oriented toward compiling knowledge bases
encoded as CNFs and has thus been more focused on data structures in the Boolean

!See the end of Section 5.2.2 for a short description of this algorithm.
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domain. The relation between relational circuits and these data structures have
been made formal in [Olt16], where it is shown that {W, x }-circuits can be seen as
a generalization to non-binary domains of d-DNNF [Dar01, DM02, PDO08] and it is
not hard to see that {W, x }-circuits on the Boolean domain are exactly the same
as d-DNNFs. Thus the C-factorized interpretation follows the usual approach of
knowledge compilation in the sense that we show the tractability of an optimization
problems on a restricted family of circuits. As a byproduct the results presented
in this chapter can be directly generalized to solve linear programs whose variables
are the solution sets of d-DNNF.

Outline of the chapter

In Section 5.2 we define Relational circuits and {W, x }-circuits. We then define
the circuit-based factorized interpretation in Section 5.3. Section 5.4 is dedicated
to proving that the C-factorized interpretation can indeed be used to solve LP(CQ)
models. Finally in Section 5.5 we show that the T-factorized interpretation can be
captured by the C-factorized interpretation.

5.2 Relational circuits

5.2.1 Relational circuits

We start by defining a basic circuit structure to encode relations which we will
enhance with additional properties in the following section.

Definition 5.1.
A relational circuit with variable set X and domain dom is a tuple G = (V, E, p, 0)
such that (V, E, p) is a directed acyclic graph rooted by p € V and 0 : V — {1, U} U
{[z/d] | x € X,d € dom}U{[|} is a function mapping nodes to operators or constants
of the relational algebra.

We define the type of a gate g € V with children g1, ...,g9n, € V as follows:

e if o(g) =< or o(g) = U then Attr(g) = Attr(g1) U... U Attr(gn).
e if o(g) = [x/d] then Attr(g) = {x} and n = 0.

e if o(g) =[] then Attr(g) =0 and n = 0.

We assume that G is well-typed i.e., for any U-gate g € V with children

G1s- -5 0n, Attr(g) = Attr(g1) = ... = Attr(gn).
The size |G| of G is the cardinality of its edge set E.

The nodes of a relational circuit are also called gates. An p<-gate is a node g
with o(g) = < and an U-gate a node with o(g) = U.

For each node g of a circuit G = (V, E, p, 0) we can define a database relation
rel(Gg) C {a | a: Attr(g) — dom} inductively as follows:
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— = O O R
— O = e
— O ~= = OflW

Figure 5.1: Example of a relational circuit with its database relation.

o if 0(g) =pathen rel(Gy) = rel(Gy,) <. ..>xarel(Gy, ).

)
o if 0o(g) = U then rel(Gy) = rel(Gy,) U...Urel(Gy,).
if o(g) = [x/d] then rel(Gy) = {[z/d]} and n = 0.

o if 0(g) =[] then rel(Gy) = {[]} and n = 0.

Finally we define the relation represented by G as rel(G) = rel(G)).

An example for a relational circuit G is given in Figure 5.1. The domain of
this circuit is dom = {0,1}. The attributes of this circuit are Attr(p) = {z,y, z}.
The nodes g with operator o(g) = < all have Attr(g) = {z,y,z}. Figure 5.1 also
contains the database relation rel(G).

If the circuit G is not clear from the context, we will write Attrg for the typing
function of G. For any gate g of a circuit &G, we denote by G, the subcircuit of G

that is rooted in g, i.e., the restriction of G' to descendant-or-self nodes of g.

5.2.2 {4, x}-Circuits

Unfortunately aribtrary relational circuits are not tractable for anything, even
deciding whether their relation is non-empty, so we enhance them with additional
properties which allow for tractable operations such as counting the answers of their
induced relation which we will show as a short example at the end of this section.

We restrict relational circuits to {W#, x }-circuits by imposing the restrictions of
determinism and decomposability. These properties are well-known from d-DNNFs
in the domain of knowledge compilation and our notion of {W, X }-circuits can be
identified with multi-valued d-DNNFs [KLMT15, Olt16, Dar01, DMO02].

Definition 5.2.
A {W, x }-circuit is a relational circuit G = (V, E, p, 0) such that for any node g € V
with children g1,...,9n:

decomposability if o(g) = then Attr(g;) N Attr(g;) =0 for any 1 <i < j <n.
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determinism if o(g) = U then rel(Gy,) Nrel(Gy;) =0 for any 1 <i < j <n.

For {W, x }-circuits, the semantics of the join operation < is a simple Cartesian
product by decomposability and the semantics of the union operation U is a disjoint
union by determinism. Therefore, when considering {W, x }-circuits, we will freely
identify the relation symbols <t with x and U with W.

Observe that the relational circuit in Figure 5.1 is a {W, x }-circuit.

Determinism is a semantical condition and it is coNP-hard to check the deter-
minism of a gate given a relational circuit. In practice however, agorithms producing
{W, x }-circuits, such as the one presented in Section 5.5.1, often ensure the deter-
minism of all U gates. This is usually achieved by building U gates of the form:
Wacdom (Ga) % [x/d], so that the different values d assigned to x ensure determinism.

Observe that for any node v in a {W, X }-circuit G we can compute the cardinality
of its relation |rel(G,)| in time linear in the size of G by a simple inductive agorithm
that adds the sizes of the children of an W gates, multiplies the sizes of the children
of the x gates and returning a size of 1 (resp. 0) for leaves labelled with [z/d]
(resp. []). It is easy to see that the correctness of this algorithm follows from the
semantics of the nodes of G.

5.2.3 Proof trees

From now on we will only consider circuits that are decomposable and deter-
ministic.

Let G = (V, E, p,0) be a {4, x }-circuit and 7 € rel(G) be an assignment in the
database relation of G.

The proof-tree of T, denoted pt(7), is a subcircuit of G participating in the
computation of 7. More formally, pt,(7) is defined inductively by starting from
the output as follows: the output of G is in pt;(7). Now if g is a gate in ptg(7)
and ¢’ is a child of g, then we add ¢’ in pts(7) if and only if T)attr(Gy) € rel(Ggy).
A proof-tree may be seen as the only witness that a tuple belongs to rel(G). An
example of a proof-tree is depicted in blue in Figure 5.1.

We define the relation induced by an edge e as the set of tuples of rel(G) such
that their proof-tree contains the edge e, that is rel(G,e) = {7 € rel(G) | e €
po(r)}.

In the rest of this chapter, to simplify the proofs, we assume wlog that every
internal gate of a {W, X }-circuit has fan-in two. It is easy to see that, by associativity,
x-gates and W-gates of fan-in k > 2 can be rewritten with &k — 1 gates of fan-in 2
which is a polynomial size transformation of the circuit. We also assume that for
every x € Attr(G) and d € D, we have at most one input labeled with x/d. This
can be easily achieved by merging all such inputs. For the rest of this section, we
fix a {W, x }-circuit G on attributes X and domain dom.

We now show that decomposability enforces that the underlying graph of every
proof tree is indeed a tree while determinism ensures that every 7 € rel(G) has
exactly one corresponding proof tree.
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Proposition 5.3.
Given a {W, x }-circuit G and T € rel(G), P := pts(7), the following holds:

o cvery X-gate of P has all its children in P,
o cvery W-gate of P has exactly one of its children in P,
e P is connected and every gate of P has out-degree at most 1 in P,

o for any x € Attr(G), P contains exactly one input labeled with x/7(x).

Proof. By induction, it is clear that for every gate g of P, 7 44tr(c,) € rel(Gg). Thus,
if g is a W-gate of P, as g is disjoint, exactly one of it child v has 7 ar(q,) € rel(Gy).

If g is a x-gate with children g1, g2, then by definition, 7)44,(q,) € rel(Gy) if
and only if 7 ar(G,,) € rel(Gg,) and Tjaur(G,,) € Tel(Gy,). Thus both g1 and go
are in P.

It is clear from definition that P is connected since P is constructed by induc-
tively adding children of gates that are already in P. Now assume that P has a gate
g of out-degree greater than 1 in P. Let g1, go be two of its parents. By definition
they are both connected to the root of P so the output of G is their common ances-
tor. Now let v be their least common ancestor in P. By definition, v has in-degree
2 and so is necessarily a x-gates with children v, ve. Thus g is both in G,, and
Gy, , which is impossible since they are disjoint subcircuits by determinism of v.

Finally, let € Attr(G). Observe that if P has an input labeled g with x/d then
d = 7(z) since Taurq,) € rel(Gy). Thus, if P contains two inputs v; and vy on
attribute z, they are both labeled with x/7(z) and are thus the same input. O

We present additional properties of proof-trees in 5.4.1 as part of the proof of
the correctness of the C-factorized interpretation.

5.3 Circuit-based factorized interpretation

We now introduce a so-called circuit-factorized interpretation to solve closed
LP(CQ) models more efficiently by leveraging the conciseness of {W, X }-circuits
representing the answer sets of the queries of the model. Intuitively this approach
relies on the fact that each tuple in the relation described by a {4, x }-circuit is
represented by a unique proof-tree in the circuit. Intuitively we will reduce the
number of variables by taking advantage of the fact that each edge of the circuit
can represent a subset of tuples of the relation whose proof-trees contain said edge.

5.3.1 Caracterizing informed circuits

We now introduce an additional property that we will require of our {W, x }-
circuits called informedness. Recall that for the T-factorized interpretation we
required our tree decompositions to also cover the weight operators of the model
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which allowed us to link each one to a variable g, 3. In a similar vein, the in-
formedness property will allow us to link weight operators of LP(CQ ) proj models
with subsets of edges of the circuits.

Definition 5.4 (Informed circuit).
Let G = (V, E, p, 0) be a {W, x}-circuit and X C Attr(G).

We call G informed on X if there exists a function edgsy mapping any assign-
ment B € rel(G) x to a subset edgsx (B) € E such that:

rel(G)[B] = H—J rel(G,e).

e€edgsx (8)

Observe that a circuit is always informed on sets of a single variable as we can
then simply define edgs,)(8) to be the outgoing edges of the inputs labelled with
[z/B()].

We then lift this definition to linear programs.

Definition 5.5 (Informed circuit).
Let G be a collection of {W, x }-circuits and L a LP(CQ ) proj model.
We say that G is informed on L iff for any Q € cq(L):

o there is a circuit Gg € G such that rel(G) = ans®(Q),

e for any weight, ... (Q) in Wq(L), Gq is informed on x'.

5.3.2 Circuit-based factorized interpretation

Intuitively the circuit-based factorized interpretation relies on having each edge
of the circuits in G carry the weight of its induced relation. Thus, given a
LP(CQ ) proj model L, an informed collection of circuits G and a query @ € cq(L)
we define a set of variables associated with the edges of the circuit that Gg € G as
follows:

ELQ = {9 ee Eg,}-

The variables of the full C-factorized interpretation are then 2, = Wgeeq(r) =10
We now formally define the C-factorized instantiation as follows:

Definition 5.6 (Factorized instantiation).
Given a closed LP(CQ ) proj model L, database D and a collection of circuits G that
is informed on L, we denote the instantiation of L with G by Cinstg(L).

It is the linear program obtained by replacing every weightxzx,iy(Q) n
L with C’instg(weightxcx,iy(Q)) where Cinst¥ is the function that maps any
weight,. /- (Q) 10 X ccedgss (' /) €9 if X' /y] € rel(Gg) or 0 otherwise.

Given a query @ and its circuit Gg € G we then define the so-called circuit
soundness constraints on a gate g of G.
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Definition 5.7 (Circuit soundness).
Given a query Q, its circuit Gg and an internal gate g of Gg.

CSCGQ (g) _ Zieln(g) 57,62 = ZOEOut(g) goQ if 0(9) =4
Nicin(g) &° = Socout() €& if olg) = x.

Observe that any internal gate in a {W, x }-circuit is either a W-gate or a x-gate
so the definition is complete.

Finally we define the factorized interpretation of a closed LP(CQ ) proj L with
informed circuits G which we denote by pY (L). It is obtained by adding the local
soudness constraint at any internal gate g in any decomposition Ty € 7T to the
factorized instantiation of L as follows:

Definition 5.8 (Circuit-factorized interpretation).
Given a closed LP(CQ ) proj model L and informed circuits G.

p9(L) = Cinst® (L) A Ncgeg Ayevis, €5¢7(9)

The C-factorized interpretation can then be used in the exact same way as the
T-factorized interpretation.
We now show how the size of p9(L) depends on the size of G.

Lemma 5.9.

Given a closed LP(CQy)proj model L and circuits G informed on L, p9(L) can be
encoded in |p9(L)|, = O((|L|- Ig +|G|) -1og(|G|)) bits where |G| = |Z| is the number
of edges of G and Ig = mazgereiq), , |edgsx (B)| for any G € G and X on which G
is informed.

x|

Proof. First we consider the size of the encoding of Cinst9(L). Observe that each
weight,.o/(Q) in L can be instantiated with |edgs,.,x)(8)| variables at most so
(Cinst? (L), = O(IL| - Ig - log(|G):

For the soundness constraints, observe that we can use transitivity to write
csc(g) = (67 = €N (E2 =& N+ A (62 = Tocou(e) §Q) for a x-gate g with
ingoing edges i1, . ..,%,. Hence each variable £€2 can appear at most 3 times in the
soudness constraints, twice as an ingoing edge of a x-gate and once as an outgoing
edge of any gate. Thus it follows that the soundess constraints of p9(L) can be
encoded in O(|G| - log(G)) bits O

The correctness of the C-based interpretation is expressed in the following the-
orem wich we prove in Section 5.4.

Theorem 5.10 (Equivalence of C-factorized interpretation and natural semantics).
Let L be a LP(CQ f)proj program and G be circuits informed on L.

The C-factorized interpretation p¥(L) has the same optimal value as its natural
semantics (L)P.

Moreover opt(p*(G)) can be computed in O(|p*(G)|s - |G|Y) where |p"(G)]y =
(IL| - Ig + |G|) - log(|G|) in combined complezity.
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We prove this theorem in Section 5.4 using the framework introduced in Sec-
tion 3.6.2. The complexity of solving p”(G) follows from Lemma 5.9 and Theo-
rem 2.8.

In order to easily reason about weightings of the C-factorized interpretation that
concern a fixed query @), we will consider sound edge-weightings W of G by lifting
the soundness constraints as follows:

Definition 5.11.
Let G = (V, E, p,0) be a {W, X }-circuit.
An edge-weighting W : E — RT of G is sound if it holds for any g € V that:

i if 0(9) =, Zieln(g) W(Z) = Zonut(g) W(O);

e if 0(9) =x, Vie In(g)W(Z) = Zonut(g) W(O>

5.3.3 Computing a full solution of the natural interpretation

Similarly to the T-factorized interpretation, we provide a way to compute a
solution of the natural interpretation from a solution of the C-factorized interpre-
tation.

For simplicity we construct weightings restricted to a single query that we can
then recombine into a full weighting of the interpretation.

Definition 5.12.
Let @Q be a conjunctive query, G = (V,E, p,0) be a {W, x }-circuit with rel(G) =
ans®(Q) and W be a sound edge-weighting of G. We assume wlog that the root r
of G has a single ingoing edge which we call the output edge o,.

We construct a weighting IL(W) : Gg — R such that T(W)(03) = w,, () for
any 0 € @g where we : rel(Gy) — RT is constructed through bottom-up induction
on the edges e = (g,4g') € E. We distinguish the cases based on the type of g.

e Case 1: g is an input labeled with x/d (resp. [|): Observe that rel(Gg)
contains only the tuple T = [x/d] (resp. T =]).

We define we(T) := Wi(e).

e Case 2: g is a W-gate with children g1, go.

Let e1 = (g1,9) and ez = (g2, 9). In this case, given T € rel(Gg), we have by
definition that 7 € rel(Gy,) with i € {1,2}, and we then define:

weq (T) .
we(T) = {W(e)wwniwwz) if X peou(q) W(f) # 0

0 otherwise.

Observe that since W is sound, W (e1) + W (e2) = 3= reour(q) W (f) # 0, so we

never divide by 0.
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e Case 3: g is a x-gate with children g1, gs.

Let e1 = (g1,9) and ez = (g2, 9). In this case, given T € rel(Gg), we have by
definition that T = 11 X T with 71 € rel(Gg,) and T € rel(Gy,). We define:

we(7) = {W(e)%(e?)) T AW(e) £0 and Wiez) £0,

0 otherwise.

Finally, given a solution ws of p9(L), we obtain a solution w; of (L) by simply
defining w1 (0g)) = H(WQ)(Gg?) where W€ is a weighting of the edges of G with
W(e) = ws(€Q).

We will prove that this reconstruction is correct in Section 5.4 as a simple
byproduct of the proof of Theorem 5.10:

Lemma 5.13.
Let L be a LP(CQ f)proj program and G be a collection of circuits informed on L.
Let S be the objective function of L and wo be an optimal solution of p¥(L).

We can construct a solution wy of (L)P in O(Jwi|) such that [Instp(S)]w, =
[Cinst9 (S)]w, -

5.4 Correctness

5.4.1 Proof trees properties

In this section we show a few properties of proof-trees that will be useful later.

Proposition 5.14.
Let u be a gate of G and ey, ea € Out(u) with ey # ea. Then rel(G,e1)Nrel(G,es) =
0.

Proof. Assume that 7 € rel(G,e;) and 7 € rel(G,e2) for e;,eo € Out(u) with
e1 # ey. By definition, it means that both e; and es are in pt,(7) which is a
contradiction as pts(7) has out-degree 1 by Proposition 5.3. O

Next we show that the disjoint union of the relations induced by each ingoing
edge of a W-gate is equal to the disjoint union of the relations induced by each
outgoing edge of this gate.

Proposition 5.15.
Let u be an internal W-gate of G,

H—J rel(G,i) = U—J rel(G, o).
i€ln(u) 0€0ut(u)
Proof. Let Sy, := {7 | u € ptg(7)} and 7 € S,. It is clear from Proposition 5.3 that
a proof tree contains u if and only if it contains at least an edge of In(u) and at
least an edge of Out(u). Thus, both unions are equal to S,,.
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The disjointness of the first union directly follows from the second item of Propo-
sition 5.3 and the disjointness of the second union from Proposition 5.14. O

Finally we show that the disjoint union of the relations induced by the outgoing
edges of a x-gate is equal to the relation induced by each ingoing edge of this gate.

Proposition 5.16.
Let u be an internal X-gate of G,

Vi € In(u) : rel(G,i) = tI-J rel(G, o)
0€0ut(u)

Proof. Let Sy, := {7 | u € ptg(7)}. By Proposition 5.3, it is clear that if v is in a
proof tree P, then every edge of In(u) is also in P and exactly one edge of Out(u)
is in P. Thus, both sets in the statement are equal to S,. The disjointness of the
union follows directly from Proposition 5.14. O

5.4.2 Weighting correspondence

This section is dedicated to showing a weighting correspondence between weight-
ings of the relation represented by a circuit and weightings of the edges of this circuit
as expressed in Theorem 5.17. Similarly to the previous chapter, we will use The-
orem 5.17 in combination with Proposition 3.17 in Section 5.4.3 in order to prove
Theorem 5.10.

Given a circuit G and a weighting w : rel(G) — RT we define its projection on
G as 1g(w) : Eg — R* such that for any e € Eg, ng(w)(e) = X erei(c,e) @(T)-

Theorem 5.17.
Let G be a {W, x }-circuit G.

1. For every weighting w of rel(G), mq(w) is sound.

2. Given a sound edge-weighting W of G, there exists a weighting w = IL(W) of
rel(G) such that W = mg(w).

5.4.2.1 Proofw to W

This section is dedicated to the proof of Theorem 5.17(1), namely that, given a
{W, x }-circuit G and a tuple-weighting w of G, the edge-weighting W of G induced
by w defined as W(e) :=3_ c,0(q,e) w(T) is sound.

We will see that the soundness of W follows naturally from the properties of
proof-trees of the previous section. We prove that W is sound by checking the case
of W-gates and x-gates separately.

e We first have to show that for every Ww-gate u of G, it holds that
> ecout(w) W(e) = Xeein) W(e). This is a consequence of Proposition 5.15.
Let u be a W-gate of G.
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Z W(e) = Z Z w(r) (by definition of W)

e€Out(u) e€Out(u) T€rel(G,e)
= Z w(T) (where R = L—ij rel(G,e))
TER ecOut(u)

The disjointness of the union in R has been proven in Proposition 5.15, which
also states that R = W.ciny) 7el(G, ). Thus, the last term in the sum can be
rewritten as

dowln= > Y w)

TER e€ln(u) rerel(G,e)
= Z W{(e) (by definition of W)
e€ln(u)

o We now show that for every x-gate u of G and for every edge i € In(u) going
in w, it holds that " couew) W(e) = W(i). Let u be a x-gate and i € In(u).
The proof is very similar to the previous case but is now a consequence of
Proposition 5.16. As before, we have > couew) W(e) = > cpw(r) where
R = Wecout(u) 7el(G, ). The disjointness of the union in R has been proven
in Proposition 5.16, which also implies that R = rel(G,i). Thus, we have:

Y. W= >, w1

e€Out(u) Terel(G3)
=W() (by definition of W)

5.4.2.2 Proof W to w

This section is dedicated to the proof of Theorem 5.17(2), namely that, given a
circuit W and a sound edge-weighting W of G, there exists a tuple-weighting w of
G such that, for every edge e of G, }> ¢ ey(g.e) w(T) = W(e).

In this section, we fix a {W, x}-circuit G = (V,E,p,0) and a sound edge-
weighting W of its edges. We then construct weightings w, for the edges of G
with Definition 5.12.

The following lemma which follows the inductive construction of we is the first
step of our proof and establishes the relation between w, and W e).

Lemma 5.18.
For every gate u of G and e = (u,v) € E,

Wi(e) = we (7).
Terel(Gy)
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Proof. Let e = (u,v) be an edge of G. Observe that when > couw) W (o) = 0, then
W (e) = 0 since e € Out(u) and W has non-negative value. Moreover, by definition
of we, for every 7 € rel(Gy), we(7) = 0. In particular, 3° c ey, ) we(T) = 0= W(e).
In this case then, the lemma holds.

In the rest of the proof, we now assume that 3 coue) W(0) # 0. We show the
lemma by induction on the nodes of G from the leaves to the root.

Base case : u is a leaf labeled with 7 = z/d or [].
Let e be an outgoing edge of u. By definition of we, we(7) = W(e).
Moreover, observe that rel(G,) = {7} thus W(e) = > ¢ e1(c,) We(T)-

Inductive case Now let u be an internal gate of G with children ui,us and let
e1 = (u1,u) and ez = (ug,u), as depicted in Figure 5.2.

Figure 5.2: Inductive step notations.

Case 1: u is a W-gate.

Let W = W(e1) + W(ez). Since u is disjoint, given 7 € rel(G,,), either
T € rel(Gy,) or T € rel(Gy,) but not both. It follows that

> welr) = we(T)+ > wel(7)

Terel(Gy) Terel(Guy) Terel(Guy)
Wie Wie
= Z I/I(/)wel (Tl) + Z M(/' )Weg (TQ)
Terel(Guy) Terel(Gusy)

by definition of we.

Observe that by induction we have W(e1) = 3 cei(q,,)We: (T1) and
Wie2) = 3rerei(G,,) Wea(T2). Thus, by taking the constants out and
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using this identity, it follows that:

Y owm="1 Y wm B Y wam)

Terel(Gy) Terel(Guy) Terel(Guy)

o Wlen) + W (es)

e)

W(ez2)

_ Wt
= W(

Case 2: u is a x-gate.

By definition of w,, we have

. Wey (7_|Attr(Gu1 )) Wey (7-|Attr(GU2))
Z we(T) = Z W(e) Wie Wies)
Terel(Gy) Terel(Guy)

Remember that by definition of {W, x }-circuits, rel(G,) = rel(Gy,) X
rel(Gu,). That is, 7 € rel(Gy) if and only if 71 = Taw(G,,) € 7el(Gu,)
and T = T)awr(G,,) € T€l (Guy). Thus, we can rewrite the previous sum
yielding

We, (T1) Wey (T2)
Yown= Y Y wete _
Terel(Guy) T1€ETel(Guy ) T2ETEl(Guy) W(el) W(€2)
By taking the constants W (e), W (e1) and W(ez) out of the sums and

observing that the sum is now separated into two independent terms, we
have:

. ZTlerel(Gul) Wey (Tl) E‘rgerel(GuQ) Wey (7_2>
Z we(T) - W<e) W(el) W(€2)

Terel(Guy)

By induction, W(e;) = > creiq,, ) We; (1i) for i = 1,2. Thus both frac-

tions are equal to 1, from which we conclude that

Z we(T) = Wi(e).

Terel(Gu)
O

We choose w = w,, where o, is the output edge. Lemma 5.18 is however not
enough to prove Theorem 5.17 as it only gives the equality W(e) = 3 c,eye) w(T)
for e = o,. Fortunately we can show that it holds for every edge e of the circuit.
We actually prove a stronger property, that w, is, in some sense, a projection of w.

Given an edge e = (u,v) of G and 7 € rel(G,), we denote by rel(G,e, ") the
set of tuples 7 of rel(G, e) such that 7ar(q,) = 7. We prove the following:
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Lemma 5.19.
For every e = (u,v) € E, for every 7' € rel(Gy),

we(T') = Z w(T).
1(G,e,r’

TETE )

Proof. We prove this lemma by top-down induction on the edges of G.

Base case We prove the result for e = o, = (u,v). Let 7/ € rel(G,). Because
u is the output gate, we have Attr(G,) = Attr(G) and thus rel(G,e,7') =
{7'}. Recall that w = w,, by definition. In other words, we(7") = w(7’) =

ZTETel(G,e,T’) w (T) :

Inductive case: Now let e = (u,v) be an internal edge of G. Let o1,...,0, be
the outgoing edges of v, u/ be the only sibling of u and let ¢/ = (u/,v). See
Figure 5.3 for a schema of these notations. We fix 7’ € rel(G,) and prove the
desired equality.

Figure 5.3: Notations for the inductive step.

Case 1 : v is a W-gate.
In this case, 7/ € rel(G,). We claim that

rel(G,e, ') = L—lj rel(G,o, 7).
0€0ut(v)

For left-to-right inclusion, let 7 € rel(G,e, 7). By definition, its proof
tree pto(7) contains e. Since pt;(7) is connected by Proposition 5.3,
pto(7) has to contain one edge of Out(v). The disjointness of the right-
side union is a direct consequence of Proposition 5.14.

For the right-to-left inclusion, fix o € Out(v) and let 7 € rel(G,o, 7).
By definition, its proof tree pt,;(7) contains o, thus it also contains the
vertex v. Now recall that Tjaur(q,) = 7' € rel(Gy). Thus, by definition
of proof trees, u is also in pt;(7). In other words, 7 € rel(G, e, 7’).
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Using this equality, we have

Y. wln= ) . w(r)

Terel(G,e, ") 0€0ut(v) Terel(G,o,7")

= Z wo (")

0€0ut(v)

since we know by induction that for every o € Out(v), wo(7') =

ZTGrel(G,o,T/) w(T)'

Assume first that 3 cou(w) W(0) = 0. In this case, by definition, for
every o, w,(7") = 0. However, since W is sound, it follows that W (e) = 0,
which implies by Lemma 5.18 that w.(7') = 0 as well. In this case,
Yrerel(Gery W(T) = 0= we(7') which is the induction hypothesis.

Now assume that 3 cout() W(0) # 0. We can thus apply the definition
of wo(7") = %we(ﬂ) in the last sum. This yields

Z wO(T/): Z I/VVV(O),)UJ@(T’)

0€0ut(v) 0€0ut(v)

1
= we(T) s Y W(o)
W(e) + W(e,) 0€0ut(v)
= we (1)
where the last equality follows from the fact that W is sound and that
the ratio is thus 1.

Case 2: v is a x-gate.

Similarly as before, we have:

rel(G,e, ') = L—ij L—ij rel(G,o,7" x 7).
' erel(G, ) o€Out(v)

For left-to-right inclusion, let 7 € rel(G,e, 7). By definition, its proof
tree pto(7) contains e. Since pto(7) is connected by Proposition 5.3,
pte(7) has to contain one edge o of Out(v). Thus, 7 € rel(G,o,7" x
7'\Attr(Gu/))~

The disjointness of the right-side union is a direct consequence of Propo-
sition 5.14. For the right-to-left inclusion, we fix o € Out(v) and
7" € rel(Gy). Let 7 € rel(G,o0,7" x 7). By definition, its proof tree
pto(7) contains o, thus it also contains the vertex v and by definition of
proof trees, u is also in pts(7). Moreover, since TAttr(Gy) = 7/, it follows
that 7 € rel(G, e, 7’). Using this equality, we have

>, wlm= > > >, wm

Terel(G,e, ") o€Out(v) "' erel(G,,r) Terel(G,o,7" x1'")

= > S wolr x 7).

0€0ut(v) "7 €rel(G,/)
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since we know by induction that for every o € Out(v), wo(7" x 7") =
ZTETel(G,o,T’XT”) w(T)‘

Assume first that 3°,cou() W(0) = 0. In this case, by definition, for
every o and 7, w,(7' x ) = 0.

However, since W is sound, we also have W(e) = 0 which implies by
Lemma 5.18 that we(7') = 0 as well. In this case, 3 ¢ ei(qe,r) W(T) =
0 = we(7') wich is the induction hypothesis.

(v) W(0) # 0. We can then apply the definition

of wo(7" x ) = W (o) %((e)) w‘;g;;) in the last sum. This yields

Z Z wo(r" x ")

o€O0ut(v) " erel(G,/)

Now assume that Y, cout

B alr) ()
- 2 WO e We

0€0ut(v) " erel(G,/)

6(7-/) ) ZT”GT@Z(GU/) We! (T//)
w2 VT

0€0ut(v)

€

Since W' is sound, it follows that },coue(w) W(0) = W (e). Moreover, by
Lemma 5.18, 3> i, q,,) we (T") = W(e'). Thus, the last sum is equal
to we(7') which concludes the proof.

O
Theorem 5.17 2 is now an easy consequence of Lemma 5.18 and Lemma 5.19:

Wi(e) = Z we(7")  (by Lemma 5.18)
T'erel(Gy)

= Z Z w(r) (by Lemma 5.19)

T'erel(Gy) Terel(G,e, ")

= Z w(T) (since rel(G,e) = L—Ij rel(G,e,")).

Terel(G,e) T'erel(Gy,)
Indeed, rel(G,e) = Wyerea,) rel(G e, 7). For the left-to-right inclusion, if
7 € rel(G, e) then by definition 7" = T|aur(q,) € rel(Gy) and thus 7 € rel(G,e, 7).

The other inclusion follows by definition since rel(G,e, ") C rel(G,e) for every
7' € rel(Gy).

5.4.3 Proof of the equivalence theorem

Now armed with Theorem 5.17 we are ready to prove Theorem 5.10.

Let Ly = (L)P? = (L):C1 with ¢y = NGeeq(r) true.

Let Ly = p9(L) = (L)Cnst*.C2 with Oy = Ageeg(r) €5¢9(Q). We fix a query
Q € cq(L).
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For any weighting w? of varg(Ly1) (that obviously satisfies true), we define a
weighting w of ans®(Q) such that for any 7 € ans®(Q), w(r) = le(GZQ) By The-
orem 5.17, mg(w) is sound. Thus the weighting w? defined as w?(fg) = mg(w)(e)
for any u € Tg and 8 € ans”(Q)|5(,) satisfies Isc’P(Q).

We now fix weight,,-4(Q) € Wg(L), let 5 = [x/d]. By definition
[[CinStg(w)]]wg = ZeEedgsG(ﬂ) ég = Zeeedgsc(ﬁ) Zaerel(G,e) w(a)' Observe that GQ
is informed on x 50 rel(G)[B] = Wee eggs, (3) 7€l(G, €) thus it follows that the previous

sum is equal t0 3= cqns0 ()8 W(X) = Xacans®(Q)[4] w?(&%) = ﬂInstD]]w?.

Thus by Proposition 3.17, opt(L1) < opt(Ls).

For any weighting w$ of varg(Lz) that satisfies csc¥(Q) we define a weighting
W such that for any edge e € Gg, W(e) = w?({?) Observe that W is sound so by
Theorem 5.17 there is a weighting w = II(W) such that W = ng(w). We define a
weighting w? such that w?(t%) = w(7) for any 7 € ans”(Q) that obviously satisfies
true. Similarly to the above it follows that for any w € Wg(L), [[Instl(w)]]w? =
[[InStQ (W)]]wgg .

Thus by Proposition 3.17, opt(Ls) < opt(Li). Additionally Lemma 5.13 holds
by Lemma 3.15.

Finally opt(L;) = opt(L2) and Theorem 5.10 holds.

5.5 Recapturing the T-factorized interpretation

In this section we will show that the C-factorized interpretation is a generaliza-
tion of the T-factorized interpretation.

First we show that the answer set of any conjunctive query @) with tree decompo-
sition T of width k on the database D) can be represented as a {#, x }-circuit of size
O(|T||DJ¥) that is informed on every bag of T. Thus, given a closed LP(CQ ) proj
model L and a tree decomposition of L, we are then able to compute an informed
circuit for every @ € cq(L). Finally we can use this family of circuits to compute
the C-factorized interpretation of L which allows us to compute opt(L) with the
same data complexity as computing it through T-factorized interpretation

5.5.1 Compiling a conjunctive query with a tree decomposition

We now describe how to compile a normalized tree decomposition T" of a query
Q and database D into a {W, x }-circuit that represents ans®(Q). While a similar
result appears in [OZ15b], we are looking for different properties in our circuits
(particularly the informedness) so we define and prove our own process in this
section to best suit our purposes.

We assume that the bag of the root of T is empty, that is B(r) = (), which can
easily be ensured by adding some project nodes on top of the tree. For simplicity we
also assume that we have computed ansD(Q)| B(t) for any t € T" which is relatively
easy to do by Lemma 2.5.
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For simplicity we denote by g = l(g1,...9gn) & gate with o(g) = [ and children
J1,---,9n and by g =1 a gate with o(g) = [ and no children.

Definition 5.20.
We compile a query @ with a tree decomposition T and database D into a circuit
compile(Q,T,D) by constructing a gate g g inductively for each vertex t € T' and

B e ansD(Q)w(t) as follows:

e ift is a leaf then
gt = []7

e ift is a join node with children t',t" then
91,5 =g 8, 91 ),
e ift is a extend node with child u' then
g9t,8 = U(gr p')

with 3 = By,

e ift is a project node with child t' and B(t') \ B(t) = {x} then

96,8 = U(91.8,8,(2) - - 1.8, 51())

with g g @) = >gwp;,[x/Bi(z)]) for any Bi = PBuz/Bi(z)] €
ans”(Q) ) [B)-

Finally compile(Q,T, D) is the relational circuit G rooted in g, .

The compilation is also illustrated in Figure 5.4. In the next section we will show
that this circuit is a {W, X }-circuit that represents the answers of @) and moreover
that it is informed on any bag of T.

5.5.2 Correctness of the compilation

In this section we will prove that a compiled circuit does indeed represent the
answers of its input query and that it also informed on any bag of the input tree
decomposition.

Throughout this section we fix a query @, a database D and a tree decomposition
T of Q. For brevity we denote compile(Q,T,D) by G and we use the notations
defined in Defintion 5.20 when referring to the gates of G. We also carry over the
initial assumptions from the previous section. For brevity we denote rel(G,) by
rel(g).

We begin by proving the following lemma about the typing of the gates of the
compiled circuit.
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8, B

8t, p
8t, B

(b) Join node t with children (c) Extend node ¢ with child
(a) Leaf t 't t" and ' = Bpw)

8,8

8, B, Bi(x)

(d) Project node ¢ with child ¢ and ; € ans®(Q)s)[5]

Figure 5.4: Gate created for a node t and 3 € ansD(Q)|3(t)
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Lemma 5.21.
The circuit G is well-typed and for any t € T and S € ansD(Q)|B(t), Attr(gep) =

Attr(] t) \ B(t).

Proof. We show this by bottom-up induction on the nodes ¢t € T'. In each case we
fixafe ansD(Q)|3(t).

Base case: ¢ is a leaf.

In this case g; g is labelled with [] so Attr(g:3) = 0. Observe that because ¢ is
a leaf then Attr(] t)\ B(t) = B(t)\B(t) = 0. Thus Attr(g,p) = Attr({ t)\B(t).

Inductive case 1: t is a extend node with a child ¢'.

Observe that g¢:3 is a U-gate with a single child g3 so Attr(g.p) =
Attr(gy g) = Attr(J t') \ B(t') by induction. Moreover it is obviously well-
typed.

Recall that t is a extend node so there is a variable z such that B(t) =
B(t") W {z} and moreover that x ¢ Attr(] ¢') by connectivity of T. It follows
that Attr(] t)\ B(t) = (Attr({ ¢)W{z})\ (B(t)w{z} = Attr({ ¢)\ B(t'). Thus
Attr(gep) = Attr(] t) \ B(1).

Inductive case 2: t is a project node with a child #'.

Observe that t is a project node so there is a variable x such that B(t') = B(t)¥
{r}. Recall that g; 5 has a child g, 3 ,(,) for any value ; € ansD(Q)|B(t/)[ﬂ].
Observe that Attr(g,5s,x)) = Attr(gy ) U Attr([z/Bi(z)]). By induction
Attr(gy pr) = Attr({ t') \ B(t') so Attr(gep,,x)) = Attr({ t') \ B(t') U {z} =
Attr(] t) \ B(t).

Thus g; 5 is well-typed and Attr(g.g) = Attr(} t) \ B(t).

Inductive case 3: t is a join node with children ¢ and ¢”.

By induction Attr(gy g) = Attr(] t")\B(t') and Attr(g g) = Attr(L t")\B(t").
By definition Attr({ ¢) = Attr(} ¢') U Attr(] ¢”) U B(t). However recall that
B(t") = B(t") = B(t) because T is normalized so B(t) = B(t') C Attr(] t) thus
Attr(] t) = Attr({ ¢') U Attr(] t7).

Finally Attr(g.g) = Attr(gv g) U Attr(gy g) = Attr(l t') \ B(t') U Attr({ t”) \
B(t") which we can rearrange as Attr({ t")UAttr(] ¢")wB(t). Thus Attr(g.p) =
Attr(] t) \ B(t).

Observe that through this induction we have also checked that any U-gate in G
is well-typed so G is well-typed.
O

We then prove that the gates of G are deterministic and decomposable.

Lemma 5.22.
The circuit G is a {W, X }-circuit.
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Proof. We show that we only introduce deterministic U-gates and decomposable
>-gates when constructing g; 3 for a node t € T and j € ansD(Q)| B(t)-

Case 1: t is a leaf

In this case g; g is also a leaf so there is nothing to verify.

Case 2: t is a extend node with child ¢.

It is clear that g; g is decomposable as it only has a single child.

Case 3: t is a project node with child #'.

Observe that, for any child g, 5 6,(») of gi,5, any 7 € rel(g; 5.5, (2)) satisfies
7(x) = Bi(x) by construction. Thus rel(g; 5,4,(x)) and rel(gs5,5;(2)) are pair-
wise disjoint for any i # j so g g is deterministic.

Now consider a g; g g, (») gate introduced as the child of a U-gate g; s introduced
for a project node. By definition there is a variable z such that B(t') =
B(t) W {z}. Thus by Lemma 5.21, = & Attr(gy guz/a,)) = Attr(L ') \ B(t') so
9t,8,;(z) 18 decomposable.

Case 4: t is a join node with children ¢ and ¢”.

By Lemma 5.21 we know that Attr(gy g) = Attr(] t')\ B(t') and Attr(gw g) =
Attr(J t”)\ B(t"). Observe that for any variable z if x € Attr(] t') N Attr(] t”)
then z € B(t') = B(t") by connectivity of T". Thus Attr(gy g) N Attr(gw g) =
Attr(L t")\ B(t") N Attr(J t”) \ B(t") = 0 so g; g is decomposable.

O]

We now prove an intermediate lemma that we will use to tie the next proof to
some properties from Chapter 4.

Lemma 5.23.
Let X and Y C X be two sets of variables and D be the domain. Given a set of
variable assignments A C DX and an assignment 3:Y — D, Ajx[8] = AlBlx-

Proof. We show this by double inclusion.
For left-to-right inclusion, let o € A x[f]. By definition there exists an o € A[J]
such that o/|x = a. Thus o/|x = a € A[f] .
For right-to-left inclusion, let a € A[f] x. Observe that A[S] € Aso o € Ax
Moreover oy = 3 by definition so o € A|x[3].
O

We now show that G encodes the relation ans®(Q).

Lemma 5.24.
The circuit G represents the answers of QQ that is,

rel(G) = ans®(Q).
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Proof. We show by bottom-up induction on the nodes of T' that for any ¢ € T" and

B e WSD(QNB(t)a rel(gep) = anSD(Q)[B]|Attr(¢t)\l’>’(t)‘
First of all observe that the lemma follows from applying the induction at the
root of the decomposition tree. Indeed, rel(G) = rel(Gy, ;) which is equal to

cmsD(Q)[[H|Attr(w)\3m = ans®(Q) by induction.

Base case: t is a leaf.

By definition rel(g; 5) = {[]}. Observe that since we assumed that ans®(Q) #
(0 then it follows that ansD(Q)[ﬁhAttr(w\B(t) = ansD(Q)[ﬁ]m = {[]}. Thus

rel(gip) = anSD(Q) 5] |Attr(4£)\B(t)"

For the inductive case, we will show by induction that rel(g;p) =
GHSD(Q)Wtr(u,) [B]|Attr(¢t)\6(t) in order to be able to use lemmas from Chapter 4.

Observe that the equivalence of this equality with the induction hypothesis easily
follows from Lemma 5.23.

Inductive case 1: t is a extend node with a child ¢'.

Let 8" = PBpw). By definition rel(gp) = rel(grp) so by induc-
tion rel(grp) = ansD(Q)lAttr(W)[B/hAttr(w)\B(t')' By Lemma 4.21
we know  that ansD(Q)‘Attr(w)[ﬂ’] = ansD(Q)lAttr(u)[B]Wtr(w)
from  which it follows that ansD(Q)Wtr(U')[B/]|Attr(¢t/)\5(t/) =
anSD(Q)mm(u) [m|Attf(¢f’)|Attr(¢t')\8(t')' Observe that Attr( ¢') \ B(t') C Attr({
t') so amD(Q)\Attr(u) [B]IAttr(it’)\Attr(w)\B(t/) = GHSD(Q)\Attr(u) [5]|Attr(¢t,)\3(t,)-

Thus it follows from the two previous equalities that rel(g ) =
D
ans”(Q)|acer(yr) [m|Attr(w)\B(tf)'
Finally because ¢ is an extend node then Attr(] t)\ B(t) = Attr(} ') \ B(t') so
— oD
rel(gi,p) = ans”(Q) aser(11) [B]IAttr(it)\B(t)'

Inductive case 2: t is a project node with a child ¢'.
Let = be the variable such that B(t') = B(t) W {z}.
By definition rel(g:5) = Hﬁ/eansD(Q)‘B“,)[lB] rel(gg:(x)) which we can further

expand 0 ¥y cans(Q) 8 9" (@ jacer(1e) B pgayopmey < {78/ @
Given ' € ansD(Q)w(t/)[ﬁ], observe that when we compute the
3 D / . /
Cartesian product of ans (Q)lAt“(U')[ﬂ]\Attr(u')\zs(t') with  {[z/p'(x)]}
we are actually restoring the value of x that was projected

away and so we obtain ansD(Q)‘Attr(w)[ﬁ’] Moreover,

|Attr(Jt)\B(t)”
Attr(} ¢) = Attr(] t) because t is a project node so this disjoint

union s equal to  Wgcansd(Q) 50,18 QHSD(Q)\Attr(it)[ﬁl]mttr(u)\s(t) -
/

ﬁ])lAttr(u)\B(t)' Finally by Lemma 4.19,
B

N = ans” (®) |Attr(4t) 5]

(HB’ €ans®(Q) 54 [6) ans” (Q) |Attr(lt’) [
(g eans®(@),5(41) 18] ans”(Q) acer (1)
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B D
Thl;f relgs) = Wyreans(@)u 81 9 (@ianr(1o0 [ ar s
ans (Q)|Attr(iﬁ) [t]|Attr(¢ﬁ)\B(5)'

Inductive case 3: t is a join node with children ¢’ and ¢".

By definition rel(g:g) = rel(gy g) x rel(gw g) so by induction rel(g;g) =
D D
ans (Q)|Attr(it’)[6]|Attr(¢t/)\3(t/) X ans (Q)|Attr(it”)[6]|Attr(¢t”)\8(t”)'

By Lemma 4.22 we know that ansD(Q)Wtr(w)[ﬁ]NansD(Q)lAttr(w/)[ﬁ] =

D 1 D
ansD(Q)|Attr(¢t) [8] from which it foll;;ws that ans (Q)\Attr(w)[ﬁ]\Attr(u)\B(t) D>
ans (a1 B peronaey = 9 (@raero ) paropys
_ D
Thus rel(ge,5) = ans™(Q) (1) [mmm(u)\g(t)'
]

Finally we show that G is informed on any bag of T.

Lemma 5.25.
For any node t € T, G is informed on B(t).

Proof. In this proof, given a gate g of G, we denote by rel(G, g) the set of tuples
of rel(G) such that their proof-tree contains g.

We will show by top-down induction on the nodes of T that rel(G,g;g) =
rel(G)[B] for any B € rel(G) z)-

First of all observe that the lemma will indeed follow from this induction. Let
edgsp(r)(B) = Out(ge,g). Observe that rel(G, g:,8) = Wocout(g, 5) Tel(G:0) so it fol-
lows by the induction hypothesis that rel(G)[5] = L’doeedgsB(t>(B) rel(G,o0) thus G is
informed on B(t).

Base case: t is the root of T’

Recall that B(t) = 0 so ans®(Q);54) = {[]}. By definition g, j is the root of
G so rel(gy ) = rel(G) = rel(G)[[]]-

For the inductive cases we fix a 8 € rel (G)‘ B(r)- We distinguish cases based on
the type of the parent of .

Inductive case 1: t is the child of an extend node ¢

By construction, because t’ is an extend node, the parents of g; 3 are all the
gates gy g such that 3 € rel(G)[8] and that g, g is the only child of each
of these gates as shown in Figure 5.4c. Thus it follows that rel(G, g, 3) =

Warereiai 7el(G, g pr) which is equal to Wgre,e (g 7€l (G)[8'] by induction.
Finally by Lemma 4.19 rel(G, g 3) = rel(G)[3].
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Inductive case 2: t is the child of a project node #/

Let B/ = By € rel(G)|B(t/). By construction, because t’ is a project node,
gt is a child of gy g g(;) which is a child of gy g as shown in Figure 5.4d.
We prove the induction hypothesis by double inclusion.

Let 7 € rel(G)[8]. Observe that rel(G)[f] C rel(G)['] so T € rel(G, gv pr)
by induction. Moreover, because 7(z) = (z), it follows that pt,(7) contains
the leaf labelled with [x/B(x)] thus 7 € rel(G, gy g g(z))- Finally, because
0(gy g1 (z)) = X it follows that 7 € rel(G, g4, 5). Thus rel(G)[B] C rel(G, g1,5)-

Now let 7 € rel(G, g1, g). Observe that, by the structure of G, 7 € rel(G, gy p)
so by induction 7 € rel(G)[f']. Moreover, because o(gy g g(z)) = X, it follows
that pts(7) contains the leaf labelled with [z/8(z)] so 7(z) = p(x) so T €
rel(G)[B]. Thus rel(G, g p) C rel(G)[3].

Finally rel(G, g: g) = rel(G)[5] by double inclusion.

Inductive case 3: t is the child of a join node #’

By construction g; g has a single parent gy 3 as shown in Figure 5.4b. Observe
that, because o(gy g) = x then rel(G, g 3) = rel(G, gv g)-

Thus rel(G, g1, 3) = rel(G)[B] by induction.
0

Finally the following proposition easily follows frome Lemma 5.24 and
Lemma 5.25.

Proposition 5.26.
Let L be a closed LP(CQ ) proj with tree decomposition T.
The collection of circuits (compile(Q, T, D))gecq(r) s informed on L.

5.5.3 Link to the T-factorized compilation

Let L be a closed LP(CQg)proj model with tree decomposition 7. We have
shown in Theorem 4.10 that the T-factorized interpretation of L is equivalent to its
natural interpretation. We can now show that, following the previous sections, we
are able to compile an informed circuit for any @ € ¢q(L) and that the C-factorized
interpretation of L is equivalent to its natural interpretation. More interestingly,
we will also show that the size of the C-factorized interpretation is similar to that
of the T-factorized interpretation.

We begin by showing that compiling a query @) with a yields a concise circuit.

Lemma 5.27.
Let Q) be a conjunctive query with a tree decomposition T of width k and D be a
database.

The circuit G = compile(Q, T, D) has O(|T||D|¥) edges.
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Proof. Recall that the construction of G is shown in Figure 5.4.
In order to bound the number of edges of G we consider each type of node ¢ in
T. Observe that, by Lemma 2.5, there are at most |D|* tuples in ansD(Q)w(t).

Case 1: tis a leaf

By construction no edges are introduced for ¢.

Case 2: t is a join-node

By construction there are 2 new edges for each g € ansD(Q)‘ B(t) so there are
2|DJ* edges for t.

Case 3: t is a extend-node

By construction there is one new edge for each 5 € ansP (Q)B(t) so there are
ID|* edges for t.

Case 4: t is a project-node

Let t' be the child of ¢, by construction there are 3 new edges for each g’ €
ans”(Q) gy so there are 3|D|* edges for t.

Theorem 5.28.
Let L be a closed LP(CQ )proj model with a tree decomposition T of width k and
D be a database.

The C-factorized interpretation p¥ (L) with G = (compile(Q, T, D)) geeq(r) ver-
ifies that:

e opt(p9(L)) = opt({L)),
e p9(L) has O(|T] - |D|*) variables,

e opt(pY(L)) can be computed in O(|p% (L), - |T]- |D**) in combined complexity
with |p9(L)[s = O((|L] +|71) - [D|* - log(|DI")),

e opt(p9(L)) can be computed in O(|DF D . log(D)) in data complexity.

Proof. We know by Proposition 5.26 that G is informed on L so it follows from
Theorem 5.10 that the first item of this theorem holds.

The second item follows from Lemma 5.27. Indeed the number of variables of
pY(L) is equal to the number of edges of G by definition.

The combined complexity follows from Theorem 5.10 with |G| = O(|7] - |D|¥)
and Ig = |D|*. Indeed recall that in this case we defined edgsx () to be Out(g; ).
Observe that Out(g: 3) only contains more than one edge when ¢t is the child of an
extendt’. The gate g g has a parent gy g for each extension ' of 3. There are at
most |D|* such extensions so I = |D|*.

Finally the data complexity easily follows by considering |L| and |7] to be con-
stants. O
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O(|DJk)

LP solver

O(IDJ*(t+1) - log(|D]))

 O(IDJAGM®D)  O(IDIAGMD)

> >

Figure 5.5: Summary and data complexity of the solving process of a closed LP(CQ)
model L

Observe that it follows from this theorem that the C-factorized interpretation
covers every possible use of the T-factorized interpretation. The C-factorized inter-
pretation is actually more general as it can be applied in wider situations on which
the T-factorized could not be applied, we will see an example of such a situation in
Section 6.2.

5.6 Conclusion

In this chapter we introduced relational circuits and {W, x }-circuits as means
to efficiently encode relations. We then defined a succinct C-factorized interpreta-
tion of informed closed LP(CQ) models based on {4, x }-circuits and proved the
correctness of this interpretation. Finally we recaptured the result of the previous
chapter by showing that we were able to compile the answer sets of the queries of
LP(CQ),,,; programs into succinct {W, x }-circuits.

In Figure 5.5, we give a summary of the solving process with the three inter-
pretations we defined in this thesis as well as their compared performances in data
complexity by considering |L| and |7] to be constants. On the left-hand side we
recall the natural and T-factorized interpretation processes we already presented in
Figure 4.4. On the right-hand side we represent the C-factorized interpretation of
L to L. using a collection of circuits G which may be obtained by a compilation
based on tree decompositions 7 of width k. It then yields the optimal value and an
optimal solution w. of L. from which we can reconstruct an optimal solution w,, of
the natural interpretation L,,.
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In this section we present a few interesting ideas to extend our results in two
different areas as well as their (current) limitations. We first present a few extensions
from an optimization problem point of view, then we consider enriching the query
language on which the LP(CQ) language is based.

6.1 Going beyond linear programs

Throughout this thesis we have specifically targeted linear programs with non
negative real values. In this section we identify three variations of this setting,
namely lifting the restriction to non negative values, solving programs with integer
values and the relaxing the linearity of the programs.

In the following sections, we either describe how our results can be extended to
lift to these variations or leave them as open problems.

6.1.1 Allowing variables to take negative values

A severe restriction throughout this thesis is that we only consider linear pro-
gram variables that take non-negative values. This restriction is necessary to prove
the weighting correspondences from which the equivalence of the factorized inter-
pretations with the natural semantics follows. More specifically, parts of our proofs
rely on the fact that the total weight of a subset of variables is 0 iff the individual
weight of each variable is 0. In this section we will thus discuss the problem of
solving LP(CQ) models in R rather than in R*. For clarity we introduce a new
notation optg(L) to denote the optimal value of L when solved with values in S.
Observe that, while we have implicitly denoted optr+ (L) by opt(L) throughout this
thesis, we are now interested in computing optg(L).

In linear programming it is well known that a linear program with real values
can be equivalently rewritten to a standard form with non-negative values. Given
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a linear program L, the idea is to introduce two new variables £ and & such that
&F >0, & > 0 for any variable z of L then replace every occurrence of x with
the difference (£ — &) yielding a new linear program L’. Tt is well known that
optr(L) = optry (L'). Moreover, given an optimal solution w’ : var(L') — RT it is
easy to reconstruct an optimal solution w : var(L) — R by computing the difference
w(z) = w'(€}) — ().

It turns out that this idea can easily be lifted to LP(CQ) models without losing
the ability to use the factorized interpretations. First we define the standard form
of a LP(CQ) model as follows:

Definition 6.1.

Let L be a closed LP(CQ) model. For each query Q € cq(L) let Q~ = Q A true.
We denote the standard form of L by sf(L), it is the closed LP(CQ)

model obtained by replacing every weighty. o (Q) in L with weight, o (Q) —

WEightx:Q’ (Q_) :

Observe that in this definition, each Q7 is semantically equivalent but syntac-
tically different from its associated query Q.
We now show that solving sf(L) in R* is equivalent to solving L in R.

Lemma 6.2.
Given a closed LP(CQ) model L, optg+ ((sf(L))®) = optr ((L)P).

Sketch of proof. By definition, when computing (sf(L))?, the instantiation of

weight, .o (Q) — weight,.o/(Q7) is X canst(Qn) 90 = 2reansz(@-rqr) OG- Which
can be rewritten as 3 ¢ nsn(nqr) (05 — 05-) since ans®(Q) = ans®(Q~). Observe
that because Q and Q™ are syntactically different then 05 and 96, are distinct
variables that can take the roles of {;’6 and §0_TQ.

Thus (sf(L))? is the standard form of (L) so the lemma holds. O

Moreover this approach can be used to efficiently solve L on R. We formalize
this for the T-factorized interpretation, it is then straightforward to see that the
C-factorized interpretation can be used for similar results.

Lemma 6.3.
Let L be a LP(Cqu)pmj model, T a decomposition of L of width k and D a database.
One can compute optr ((L)P) in O(|D|*MWL)) with ¢ < 2.37286.

Proof. Observe that sf(L) is also a LP(CQg)pro; model since we can use the
decomposition Tg € 7T for each duplicated query @~. Thus by Theorem 4.10,
optg+ (pTP(sf(L))) = optg+ ((sf(L))P). Finally, by Lemma 6.2, optg+ (p7P(sf(L))) =

optr ((L)P).
For the complexity, observe that p7P(sf(L)) has twice as many variables as
pTP(L) so pTP(sf(L)) can be solved in O(2|D|*Mew(L), 0

Observe that Lemma 4.13 can be lifted to this setting by computing the differ-
ences 0, — 95,.
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6.1.2 Solving programs on integer values

While we have considered linear program variables to take (positive) real values,
in some settings it makes more sense to restrict the variables to integer values in
order to reason about discrete objects. Such programs are know as Integer Linear
Programs (ILPs) or Mixed Integer Programs (MIPs) if there are both integer and
real variables.

Since an ILP only differs from a LP in the domain of its variables, the LP(CQ)
language can directly be used to describe ILPs. Indeed, we can simply compute
(L)P then hand it to an ILP solver to obtain opty((L)®) (the technique from the
previous section can be used if one is interested in optz({L)P)).

Unfortunately the T-factorized and C-factorized interpretations cannot be di-
rectly used to compute optz({L)P) more efficiently. Indeed recall that half of the
proof of the correctness of both these interpretations relies on reconstructing a so-
lution of (L)P with the II(.) function that makes use of divisions and would thus
often yield real values rather than the expected integer values.

We leave finding a succinct interpretation of LP(CQ) models that can be equiv-
alently solved with integer values as an open problem.

6.1.3 Relaxing linearity

Finally, while linear programs cover a wide array of applications, they are only
a subset of optimization problems and it may be useful to relax the linearity of the
programs.

Consider for instance the task assignment example from Example 3.2. We could
minimize the squares of the assignments of the employees in order to obtain more
balance between the workloads of the employees as follows:

Example 6.4 (Updated task assignment model).

. e . . 2
minimize z welght(t,s,&d):eie, (Qassign)
(e/):3s’.Skills(e’,s")

subject to V(t',d'):3s' Tasks(t', s, d').weight(m’&d):tit,(Qassign) > num(d’)
A ‘v’(e'):EIs/.Skills(e’,5’).Weight(m,e’d):eie,(Qassign) < 40.

It is possible to extend the core idea of the LP(CQ) language to generic opti-
mization problems by considering models of the form

minimize f(x)
subject to AL, gi(yi) <0
Nj=1hj(z;) =0
where x,y; and z; are vectors of weight operators.
It is easy to see that one can compute the natural interpretation of such models,
and that the only limitation is the existence of an algorithm to solve the resulting
optimization problem.



94 Chapter 6. Extensions and limitations

Moreover it turns out that, if applicable, the T-factorized and C-factorized in-
terpretations of such models are still equivalent with their natural semantics. In-
tuitively the base building blocks of this relaxed language are still the weight
operators so the framework defined in Section 3.6 translates quite easily to this new
setting.

Indeed it is straightforward that we can lift Lemma 3.15 to this setting as follows:

Lemma 6.5.
Let f be a function and w be a vector of weight operators.

If wi(Insti(w)) = wa(Inste(w)) for any w € w then [Insti(f(W))]w, =
[Insta(f (W) ], -

It then follows that we can also lift Proposition 3.17 to this setting thus the
T-factorized interpretation and C-factorized interpretation can indeed be used to
solve these models.

For example we remark that the model L of Example 6.4 describes a least
squares problem, so a factorized interpretation could be handed to a solver with
D

)

least squares capabilities in order to compute opt({L)") more efficiently by reducing

the number of variables to be handled by the solver.

6.2 Going beyond conjunctive queries

We now discuss how to extend the LP(CQ) language by lifting the restriction to
conjunctive queries. Observe that since we will always consider queries ) that de-
scribe a relation ans”(Q), the natural interpretation will easily be translateable to
these new types of queries. On the other-hand, since the tree decomposition based
algorithms are specifically tied to conjunctive queries, the T-factorized interpreta-
tion will cease working with any of these extensions. Thus we will mostly discuss
the impact of these changes on the C-factorized interpretation and see that the
additional abstraction sometimes allows it to be more general than the T-factorized
interpretation. While there are a lot of different ways to extend conjunctive queries
up to first order queries, we only present two specifically interesting extensions here.

UCQs

First we consider a common extension by adding disjunctions V to the syntax of
C@s,. This allows us to describe a class of queries commonly referred to as Unions
of Conjunctive Queries (UCQs) from which we can define the LP(UCQ) language
of linear programs with UCQs in a straightforward manner.

Let Q@ = R(z) V S(y) be a UCQ and D be a database of domain {0, 1,2} with
the following tables:

RP | x SPly
0 1
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Observe that @ indeed defines a relation ans®(Q) = ansﬁ))(Q)(R(x)) U

ans%}(Q)(S (y)) as follows so the natural interpretation can be seamlessly ported
to the LP(UCQ) language.

ans®(Q)

N = OO O
= =) N - O

Observe that if we consider a UCQ Q = @1V ---V Q; V---V @, then
ans®(Q) = ans®(Q1) U --- U ans®(Q;) U --- U ans®(Q,,). Thus a first idea to port
the C-factorized interpretation to the LP(UCQ) language would be to compile each
individual query @; into a {W#, x }-Circuit as presented in Section 5.5.1 then consider
the union of these circuits. However these circuits are not guaranteed to describe
disjoint relations so the full circuit that describes @ would not necessarily be a
{W, x }-Circuit itself. Thus the C-factorized interpretation we presented in this the-
sis would not directly work for UCQs, we leave finding some form of C-factorized
interpretation that doesn’t rely on determinism as an open question.

CQs with negations

We now consider the extension of conjunctive queries to CQs with negations
(CQneg) where we allow atoms to be negated where a negated atom represents the
complement of the relation in the domain.

For example, let @@ = R(xz) A—S(y) be a conjunctive query and D be a database
of domain {0, 1,2} with the following tables:

RP | x SP |y
0 1

The query @Q describes the following relation, from which if follows that the
natural interpretation can also be seamlessly ported to the LP(CQ¢,) language of
linear programs with conjunctive queries with negations.

ans(Q) | x |

Interestingly, the result from [Capl7] could be adapted to compile some CQyeq
queries to {W, x }-circuits as follows:

O O
N O

Theorem 6.6.
Given a [-acyclic CQneg query Q and database D, there is a {W, X }-circuit G of
size O(|D| - |Q|) such that rel(G) = ans®(Q).
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While finding an informed compilation algorithm for C'Qyey queries would be
more involved, recall that any {W, X }-circuit is necessarily informed on single vari-
ables. Thus the C-factorized interpretation could be applied to LP(CQpeg) models

whose weight operators are of the form weight (Q) with z € x and d a domain

x:x=d
value.

Observe that it is possible to rewrite a UCQ into a union of disjoint queries by
using negations to make sure no answer is selected twice. While this opens another
approach to handle UCQs, the rewritten query could grow to be much larger than
the original query which would lead to decreased efficiency. Moreover, this approach
would fall prey to a loss of expressiveness because of the restricted informedness

mentioned above.
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Conclusion

In this thesis we have defined the LP(CQ) language to model linear programs
that reason about the answers of conjunctive queries without materializing the an-
swer sets of these conjunctive queries beforehand. Because solving LP(C()) models
is hard in general, we presented the T-factorized interpretation to efficiently solve
some closed LP(C(Q) models using hypertree decompositions of the queries that
appear in the models. We then generalized this approach with the C-factorized
interpretation that relies on {#, x }-circuits that succinctly encode the answer sets
of the queries of the models. Finally we presented some extensions that take our
results further.

We now list a few open questions that follow from this thesis, some of which
were already mentioned in the previous chapter.

As mentioned in the previous chapter, it would be interesting to investigate
whether it is possible to efficiently compute optz((L)P) for a fragment of LP(CQ)
models L given a database D.

In the previous chapter we discussed the extension of the LP(CQ) language to
the LP(UCQ) language and left the question of efficiently solving LP(UCQ) models
as an open problem. A first lead to solve this question would be to try and adpating
the C-factorized interpretation to work with circuits that are not not deterministic.

While we have focused on efficiently solving closed LP(CQ) models through-
out this thesis, trying to close LP(CQ) models more efficiently would also be an
interesting line of research.

Finally it would be interesting to implement the LP(CQ) language, possibly
as an extension of an existing modeling language, as well as our T-factorized and
C-factorized solving algorithm to see how they would fare on practical problems.
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