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Résumé

La modélisation mathématique des écosystémes permet une étude des questions
lices a la diversité des espéces et a la complexité de leurs interactions. En biologie et
en écologie mathématiques, I'usage de grands systémes de Lotka-Volterra est courant
dans la modélisation de la dynamique des écosystémes faisant intervenir des espéces
qui interagissent entre elles.

Lorsque les écosystémes, réseaux trophiques ou microbiomes, impliquent de nom-
breuses espéces, il peut étre difficile d’observer ou de mesurer les interactions entre
ces especes et pertinent de considérer les interactions comme aléatoires. Depuis les
années 70, certains écologues ont ainsi fait appel aux résultats de la théorie des
matrices aléatoires (RMT) dans ’étude des réseaux trophiques. La matrice des in-
teractions est alors une matrice aléatoire.

Dans une premiére partie de cette thése se posera la question de l'existence
d’un équilibre faisable, c’est-a-dire d’'une solution strictement positive du systéme
de Lotka-Volterra, ce qui correspond au scénario ot aucune espéce ne disparait au
cours de la dynamique. Par ailleurs, certains modeéles en écologie font appel a des
matrices creuses, contenant de nombreux zéros; chaque espéce interagissant avec
un petit nombre d’autres espéces. En RMT, I'étude des matrices creuses est assez
récente et c’est dans ce contexte que se posent les questions de la faisabilité et de la
stabilité de I’équilibre. L’existence asymptotique, lorsque le nombre d’espéces tend
vers l'infini, d’un seuil de faisabilité est démontrée pour deux modeéles : lorsque la
matrice des interactions a une structure par blocs et lorsque le parameétre de sparsité
est proportionnel au nombre d’espéces.

La deuxiéme partie portera sur une toute autre question, celle de la proportion
d’espéces survivantes et la mesure empirique du vecteur solution du systéme de
Lotka-Volterra. En particulier, les résultats présentés sont obtenus dans le cas de
matrices d’interactions symétriques, appartenant & I’Ensemble Gaussien Orthogo-
nal, ou dans le cas de matrices de Wishart, utilisées pour mesurer notamment la «
proximité » des espéces en fonction de leurs traits. Ce chapitre nous permettra de
faire le lien entre ’équilibre du systéme de Lotka-Volterra et la solution du Linear
Complementary Problem ainsi que d’appliquer 1'algorithme de I’Approximate Mes-
sage Passing.

L’objectif de la troisiéme partie sera consacré a ’étude d’un théoréme central
limite, s’intéressant au comportement asymptotique de la solution d'un systéme al-
gébrique d’équations couplés dont les coefficients sont aléatoires. La démonstration
s’appuiera sur des outils d’analyse combinatoire et de théorie des graphes.
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Enfin, dans la derniére partie, divers modéles de matrices aléatoires structurées
apparaissant dans la littérature en écologie et en biomathématiques seront présentés.
L’accent sera mis sur leur utilisation en écologie théorique tout en faisant le lien avec
des résultats mathématiques et des questions ouvertes.
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Abstract

Mathematical modeling of ecosystems offers an approach to study issues related
to the diversity of species and the complexity of their interactions. In mathematical
ecology and biology, it is common to use large systems of Lotka-Volterra (LV) to
model the dynamics of ecosystems with interacting species.

When ecosystems, food webs and microbiomes, involve many species, it becomes
difficult to observe or quantify the interactions between those species which makes
it relevant to consider the interactions as random. Since the seventies, some ecolo-
gists use Random Matrix Theory (RMT) in the study of food webs. The interaction
matrix is then random.

In the first part of the thesis, the question of the existence of a feasible equi-
librium arises. It corresponds to a positive solution of the Lotka-Volterra system,
which is the scenario where no species disappears during the dynamics. Furthermore,
some ecological models rely on sparse matrices with many zeros, each species inter-
acting with few others. In RMT, the study of sparse matrices is a recent topic and
it is in this context that emerge the issues of feasiblity equilibrium and its stability.
When the number of species goes to infinity, the asymptotic existence of a feasibility
threshold is proved for two models : for an interaction matrix with a block structure
and for a sparsity parameter proportional to the species number.

The second part concerns a totally different matter, the one of the proportion
of surviving species and the behavior of the empirical measure of the LV equili-
brium solution. The provided results are obtain for symmetric interaction matrices,
from the Gaussian Orthogonal Ensemble, and for Wishart matrices, used to eva-
luate the « proximity » between species according to their features. This chapter
provides a link between equilibrium of Lotka-Volterra system and the solution of
Linear Complementary Problem and allows for an application of the Approximate
Message Passing algorithm.

The goal of the third part is to the study of a central limit theorem, showing
the asymptotic behavior of the solution of an algebraic system of coupled equations
with random coefficients. The proof relies on combinatorics and graph theory tools.

Finally, the last part will be dedicated to present a variety of structured random
matrix models, that appear in ecological and biomathematical literature, emphasi-
zing on their use in theoretical ecology and listing mathematical results and questions
of interest.
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Introduction

Etymologiquement, le terme écologie provient du grec oikos (« maison, habitat
») et logos (« discours ») : il signifie alors la science de I'habitat.
Inventé en 1866 par Ernst Haeckel, biologiste darwiniste, dans son ouvrage Morpho-
logie générale des organismes |Haeckel, 1966|, ce terme désignait « la science des
relations des organismes avec le monde environnant, c’est-a-dire, dans un sens large,
la science des conditions d’existence ».
De nos jours, cette science étudie les étres vivants (animaux, végétaux, micro-
organismes, etc.), leur milieu et les interactions qu’ils entretiennent entre eux et
avec leur milieu. Lorsque I'accent est mis sur les interactions entre espéces, il s’agira
d’écologie des communautés.

En écologie, une espéce est constituée d’individus pouvant se reproduire entre
eux et produire une descendance fertile, formant ainsi des populations. En régle
générale, les individus sont mutuellement dépendants les uns des autres pour leur
survie.

Une communauté est formée des individus de différentes espéces vivant dans une
méme région. L’ensemble des étres vivants dans un environnement donné (par exemple :
forét, intestin, lac, etc.) forme un écosystéme |Tansley, 1939].

La compréhension des écosystémes et de leurs mécanismes de fonctionnement
constitue un défi majeur en écologie [MacArthur et Wilson, 1967].

A ce jour, les scientifiques ont répertorié plus de 2 millions d’espéces sur Terre.
Certains rares écosystémes sont ainsi trés petits (2-3 espéces), tandis que la plupart
ont un trés grand nombre d’espéces, comme la forét amazonienne qui abrite 10°
espéces ou le microbiome qui recele entre 10% et 10'® especes |Coyte et al., 2015].
Cette grande diversité d’espéces est nécessaire a la survie des étres vivants.

La compréhension de ces grands écosystémes pourrait permettre de gérer dura-
blement les populations animales et végétales afin de protéger celles qui sont me-
nacées, ou encore d’avoir une meilleure gestion des antibiotiques sur notre flore
intestinale. Cependant, de nombreuses questions restent sans réponse, la compré-
hension de ces grands écosystémes demandant de nombreuses données empiriques
et les études expérimentales n’étant pas adaptées a leur étude.

De nombreuses études expérimentales sont menées sur des systéemes a peu d’es-
péces, tandis que la récolte de données a grande échelle connait rapidement des
limites logistiques. Ces derniéres années, de nombreux outils technologiques ont été
développés en laboratoire pour étudier des systémes microbiologiques et permet-
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traient de faire des comparaisons avec les études théoriques |Hu et al., 2021|. Ainsi,
I’émergence du deep learning améne a 'automatisation de nombreux processus per-
mettant, par exemple, de reconnaitre des espéces et de les compter sur des images
prises par avion ou drone.

Le manque de données peut aussi étre compensé par l'utilisation et I’étude de
modeles. Ces derniers n’ont pas pour unique objectif de prédire la dynamique de
I’écosystéme mais également de comprendre les mécanismes qui permettent une
grande diversité.

L’une des grandes questions en écologie concerne la relation entre la diversité
et la stabilité d'un écosystéme. Depuis longtemps, de nombreux écologues ont ainsi
suggéré que la diversité des communautés renforgait la stabilité des écosystémes [Ma-
cArthur, 1955).

Cependant, partant d’un modéle théorique qu’il a introduit dans les années 70, [May,
1972| a remis en question la relation diversité-stabilité en utilisant une analyse de
stabilité linéaire sur un modele de communauté construit de maniere aléatoire et a
découvert que la diversité seule tend a déstabiliser le systéeme. Cela a conduit au
débat sur la diversité-stabilité [May, 1973,|Yodzis, 1981, McCann, 2000, Ives et Car-
penter, 2007, Jacquet et al., 2016, Landi et al., 2018|. Les enjeux théoriques consistent
a trouver, entre autres, les arguments et mécanismes manquants au modele de May.

Dans cette thése, il sera question de I’étude de grands écosystémes dans I'objec-
tif de comprendre I'un des principaux facteurs écologiques affectant leur diversité et
leur dynamique : les interactions entre espéces.

En particulier, le systéme de Lotka-Volterra, utilisé pour décrire la dynamique de la
communauté, permettra d’appréhender certains effets des interactions sur les pro-
priétés d'un équilibre telles que 'existence, la diversité, la stabilité.

1 Bréve introduction a la théorie des matrices aléa-
toires

Le statisticien John Wishart introduit la théorie des matrices aléatoires a la fin
des années 20’. Il s’intéresse alors a des matrices aléatoires de covariance empirique
d’échantillons gaussiens multivariés [Wishart, 1928|. Dans les années 50, |Wigner,
1955| y fait appel pour une toute autre raison : expliquer la distribution des ni-
veaux d’énergie dans les noyaux atomiques. L’approche innovante utilisée par [Wi-
gner, 1967 pour décrire le spectre d’une matrice aléatoire Hermitienne a été reprise
par d’autres physiciens pour résoudre notamment des problémes de physique nu-
cléaire [Dyson, 1962).

Par la suite, de nouvelles structures matricielles ont été étudiées. Ainsi, de nombreux
travaux ont été réalisés par [Marcenko et Pastur, 1967] sur les grandes matrices de
covariance. |Girko, 1985|, |Bai, 1997| et |Silverstein et Choi, 1995} Bai et Silverstein,
2010] se sont, quant & eux, penchés sur I'extension des résultats aux matrices non-
Hermitiennes. La théorie des matrices aléatoires s’est depuis lors étendue et une
multitude de travaux ont été réalisés dans des domaines trés divers des mathéma-
tiques tels que la combinatoire, les graphes aléatoires, la théorie des probabilités
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libres, la théorie du signal, la théorie des nombres, etc.

La théorie des matrices aléatoires doit sa force, entre autres, au comportement
universel du spectre de ces matrices, lorsque leur dimension tend vers 'infini. Autre-
ment dit, 'un des résultats clefs de RMT s’apparente a la loi des grands nombres et
concerne le spectre de la matrice; la distribution des valeurs propres de la matrice
revét un caractére déterministe.

Dés lors, de nombreux résultats de la théorie des matrices aléatoires s’intéressent
aux propriétés du spectre des matrices : valeurs propres, vecteurs propres, plus
grande valeur propre, etc; et reposent d'un point de vue technique sur une combi-
naison de divers domaines des mathématiques tels que l'algébre linéaire, les proba-
bilités, ’analyse complexe ou encore la combinatoire.

1.1 Premiéres définitions

Soit A := (Ajj)1<ij<n une matrice carrée de taille n a coeflicients complexes

(A;; € C). On note A* := AT.

Definition 1.1. Les valeurs propres de A, notées A1(A), A2(A), ..., A\ (A), sont les
racines de son polynome caractéristique.
L’ensemble des valeurs propres de A est appelé spectre de A et est noté sp(A).

Definition 1.2. On suppose que
A(A)] < [A(A)] < - < A(A)]
Le rayon spectral de la matrice A, noté p(A), est défini par

p(A) = [An(A)] = max | Xi(A)],  ou [n] == [1;n].

i€[n]

Definition 1.3. Les valeurs singuliéres 01(A) < 09(A) < --- < 0,(A) de la matrice
A sont les racines carrées des valeurs propres de la matrice hermitienne A*A :

gi(A) ==/ N(A*A), Vie|[n].

Definition 1.4. Soit un vecteur x € R™, on note ||x||, sa norme euclidienne :
)

w2<fjuﬁ%.

k=1

La norme spectrale de la matrice A, notée ||A|| est définie par sa plus grande
valeur singuliére :

|Al| := max ||Az|s = 0,(A).

[[z]l2=1

Definition 1.5. Soit £ C C, on note 0, la masse de Dirac au point A définie par

1 siAeF,
0 sinon,

(E) = 150 - {

ou 1; désigne la fonction indicatrice de 1.



Definition 1.6. Soit A € M,,(C) et A;(A), \a(A), ..., A\ (A) ses valeurs propres.
On définit la mesure spectrale empirique de A dans (C, B(C)) par

1 n
= — ) .
27\ n ; Ax(A)

Pour tout sous-ensemble E C C, la quantité :

Ccard{l <k <n | MA) €L}

pa(E) "

désigne la proportion de valeurs propres de A dans E.

La mesure spectrale vient caractériser le spectre d’une matrice et son comporte-
ment. Ainsi, la convergence faible d’une mesure spectrale empirique vers une mesure
déterministe décrit de nombreux résultats de RMT.

Definition 1.7. On dit que pa converge faiblement vers une mesure de probabilité
Wy 1.e. g SN 1, si pour toute fonction f continue et bornée sur R,
n—oo

[ fnatan) = 237 0w — [ Fun.

Remark 1. Si A est aléatoire, alors 14 est une probabilité aléatoire (& support fini),
cela implique [ fua(du) sont aussi des variables aléatoires. Nous dirons alors que
presque strement (p.s.) p4 converge faiblement vers

d
pa ——p (p.s.).
n—o0

Definition 1.8. Soit A € M,,(C), on appelle résolvante de la matrice A la matrice
Q) = (Qij)1<i j<n définie par

Q(z) = (A—zI)"', z¢sp(A).

1.2 Matrices de Wigner

Definition 1.9. Soit W,, une matrice Hermitienne de taille n xn, W,, = W telle que
ses entrées (Wiy)1<k<e<n sont des variables aléatoires indépendantes avec E(Wp,) = 0

et E(|Wkg|2) < 00, Vi<k<U/.
On suppose de plus que la famille (Wyy)i1<p<r<n (resp. la famille (Wig)1<p<n) est
composée de variables aléatoires identiquement distribuées.

W, /\/n est appelée matrice de Wigner.

Theorem 1. (Universalité du théoréme de Wigner et de la loi semi-circulaire).
Soit W, une matrice de Wigner définie par la famille de variables aléatoires i.i.d

(Wkg)lgkgggm telles que :
2. E(|Wi)*) =0?<o00,V1<k<{<neto>0.



Alors, presque stirement, la mesure spectrale empirique de W, /y/n converge faible-
ment vers la loi semi-circulaire :

n

1 d
Hw v == Z(SAk(Wn/\/ﬁ) o Hse (p-s.),
k=1
ol [is. est définie par
1
dﬂsc(t) = 5rg? Vio? — t2]1[_20720}(t)dt .

Remark 2. Les valeurs propres de la matrice W,,/y/n sont réelles.

On note

Amax(Wy) = max \e(W,,) et Apin(W,,) = min A\p(W,,) .
ke[n) ke[n]

Dans le cas des matrices de Wigner, de nombreux travaux ont été réalisés dans
les années 80’ concernant le comportement de la plus grande valeur propre de la
matrice |Furedi et Komlos, 1981} Bai et Yin, 1988|.

Theorem 2. (Convergence des valeurs propres extrémes).
Si E (|Wie|*) < o0, V1 < k < ¢, alors

Amax (Wn/\/ﬁ) 22595 et A (Wn/\/ﬁ) 22 9.
n—oo

n—oo
— = max A ——
\/ﬁ e \/ﬁ

Si E (|Whe|?) = 00, V1 < k < £, alors

En particulier,

Y

Ainin Wa PE o
\/ﬁ n—oo

Amax (Wa/v/1) 22 400
n—oo

1.3 Matrices non-hermitiennes

L’objet de cette nouvelle partie d’introduction sur les matrices aléatoires concer-
nera les matrices non-hermitiennes.

Soit Y,, € M,,(C) une matrice aléatoire carrée de dimension nxn dont les entrées
sont i.i.d. centrées de variance 2. Les valeurs propres de Y,, ne sont plus réelles mais
complexes.

Le résultat principal concerne la convergence de la mesure spectrale empirique de
Y, /+/n vers la loi circulaire dans le plan complexe.

Suite aux travaux de |Ginibre, 1965| sur la formule explicite du spectre , [Mehta,
1967| prouve cette convergence pour la distribution spectrale empirique moyenne
dans le cas d’une gaussienne complexe. Par la suite, [Edelman, 1997| a établi la loi
circulaire dans le cas de variables aléatoires gaussiennes réelles. |Silverstein et Choi,
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1995], quant & eux, ont donné un argument pour passer de la convergence moyenne a
la convergence presque stire. |Girko, 1985] a travaillé sur la version universelle (pour
d’autres types de distribution) en fournissant quelques éléments de preuves tels que
la technique d’hermétisation. Et c¢’est finalement [Tao et al., 2010] qui sont parvenus
a la démonstration dans le cas général.

Theorem 3. Soit Y,, une matrice aléatoire M, (C) telle que (Yi¢)recp sont des
variables aléatoires i.i.d centrées et de variance E(|Yj|?) = o2
Alors, presque stirement, la mesure spectrale empirique de Y,,//n converge faible-

ment vers la loi circulaire
d
,UYT,,/\/E n—)ocj e s

ou . est la loi circulaire, i.e. la loi uniforme sur le disque de rayon o de C avec

comme densité !

dpe(z) = Eﬂzeo l2j<od2 .

Dans le cas de la loi du cercle, la position du rayon spectral revét une certaine
importance. De nombreux travaux ont été réalisés sur ce sujet, en particulier par |Bai
et Yin, 1988, /Geman, 1986, Geman et Hwang, 1982].

Theorem 4. (Convergence des valeurs propres extrémes).
Si E(Yie) = 0 et E(|Yie|?) < 00, V1 < k, £ < n, alors

p.s. Yn p.s.
g et p (_) 2y,

Y,
% n—00 \/ﬁ n—00

Plus récemment, |[Bordenave et al., 2021 ont montré cette convergence sous des
hypothéses de moment plus optimales.

1.4 Le modéle elliptique

Le modéle elliptique est initialement introduit par |Girko, 1986| et a depuis été
largement étudié [Girko, 1995, Naumov, 2012, Nguyen et O’Rourke, 2015,|0’Rourke
et Renfrew, 2014].

Definition 1.10. (Modeéle elliptique aléatoire).
Soit X, une matrice aléatoire réelle qui satisfait aux trois conditions suivantes :

1. Les paires (Xgs, X ), k # € sont des variables aléatoires i.i.d avec
Ve #L0, E(Xp) =0, E(|Xp) =1 et E(|Xpl*) <.

2. Pour k < ¢, le vecteur (X, Xyi) est tiré d’'une distribution bivariée avec une
covariance E(X,X) = p avec |p| < 1.

3. (Xkk,1 <k <n)sont des variables aléatoires i.i.d., indépendantes des entrées
hors-diagonales avec E(Xp,) = 0 et E(|Xp[?) = 1.

Pour p € (—1,1), on définit l’ellipsoide

22 %
€, =qz=x+1yecC; + Sl}.
g { (1+p)?  (1-p)?




Remark 3. 1. Pour p = 1, € est Uintervalle [—2; 2] sur 'axe réel et pour p =
—1, € est lintervalle [—2; 2] sur axe imaginaire.

2. Sip=1, X, est une matrice de Wigner.

3. 81 p =0 et que X;; et X5 sont de méme loi, alors X,, est une matrice
non-Hermitienne (telle que définie par le théoréme |3)).

Theorem 5. (Loi elliptique).

Soit X,, une variable aléatoire elliptique satisfaisant les conditions de la définition
Alors presque stirement, la mesure spectrale empirique de X,/ /n converge
faiblement vers la loi elliptique :

px ——p, (ps),
Vvn n—oo

ol y, est la mesure de probabilité uniforme sur 'ellipsoide €, de densité

1 .
- 1) SIZGGp,
z) =
Ho(2) { 0 sinon .

Pour p € {—1, 1}, la mesure spectrale empirique de X,,/y/n converge faiblement
vers la loi semi-circulaire.

Le résultat de |O’Rourke et Renfrew, 2014}, Cor. 2.3| fournit des informations sur
le rayon spectral d’'une matrice elliptique.

Proposition 6. (Rayon spectral d’une matrice aléatoire elliptique).
Soit X,, une matrice aléatoire elliptique définie dans la définition [I.10] alors

Xn p-.S. 1+‘ ‘
P \/ﬁ n—00 PL-

2 Le systéme de Lotka-Volterra en écologie

2.1 Bréve introduction aux équations différentielles ordinaires

En écologie, la dynamique des populations peut étre modélisée en temps continu
ou discret. En temps continu, des équations différentielles ordinaires (EDO) sont
utilisées pour décrire I’évolution du vecteur des abondances * = (x1,...,z,) d'un
systéme a n espéces au fil du temps.

En EDO, le probléme de Cauchy se traduit comme suit :
Soit f : R™™ — R continue par rapport a (z,t),

O 0)
{wcé()) =x. (1)

L’étude de ce systeme repose sur les questions liées a l’existence et 'unicité
des équilibres et leurs propriétés. Un équilibre &* du systéme est une solution
de I’équation :

da(t)
dt

=0 Cclest-a-dire f(x(t)) =0.



La fonction f peut étre complexe, les solutions de ce systéme ne sont pas nécessai-
rement triviales et il peut y avoir plusieurs équilibres avec des propriétés différentes.
Dans la suite de cette thése, la fonction f sera prise indépendante de la variable
temps t.

Un équilibre x* est dit faisable si toutes ces composantes sont strictement posi-
tives
x>0 ie ;>0 Vke{l,...,n},

ce qui correspond au scénario oll toutes les espéces survivent.

Une propriété majeure d’un point d’équilibre est sa stabilité |Takeuchi, 1996,

Chapitre 3|. Un équilibre est stable s'il revient & sa valeur d’équilibre aprés une
petite perturbation du vecteur d’abondance . Un équilibre non stable sera appelé
équilibre instable.
Autrement dit, un équilibre x* est stable si pour tout voisinage W de x*, il existe
un voisinage V' tel que pour tout point initial £ € V, 'orbite {x; t > 0; z° € V'}
reste dans W. Dans le cas d'une équation différentielle linéaire, I’étude de la stabilité
est triviale et dépend des valeurs propres de l'opérateur linéaire. Dans le cas non
linéaire, elle est plus complexe. On peut cependant linéariser le systéme pour obtenir
des informations sur la stabilité locale autour de I’équilibre.

Soit «* un point d’équilibre de , on dit que x* est asymptotiquement stable
s'il est stable et si Porbite {x'; ¢t > 0; x° € V'} converge vers x*.

Theorem 7. (Stabilité d’un équilibre, cas non-linéaire)
Soit &* un équilibre d’un systéme différentiel non linéaire autonome ot f est dif-
férentiable en a* et soit Df(x*) = J(x*) sa Jacobienne au point d’équilibre. Soit

sp(J (z*)) le spectre de J(z*) et Re(A) la partie réelle de A.
1. SiVA € sp(J(z*)), Re(N) <0, alors * est asymptotiquement stable et on a

Vi €]0; min —Re(M\)[, Ve < 0, 3§ > 0, |z(to) —x*| < ¢
=Vt > ty, x(t) existe et |x(t) — x*| < ee 710

2. Sl existe A € sp(J(x*)) tel que Re(A) > 0, alors * est instable.

3. SiVA €sp(J(z*)), Re(\) <0 et ilya au moins une valeur propre nulle ou
purement imaginaire, alors on ne peut pas conclure.

Finalement, I’équilibre &* est globalement (asymptotiquement) stable s’il est asymp-
totiquement stable et si le voisinage W peut étre pris comme étant R}, i.e. pour
tout @y > 0, la solution de (1) qui commence & x(0) = x, satisfait

x(t) — x”.
t—o0

Une matrice Y est (Lyapunov) stable (ses valeurs propres ont une partie réelle
strictement négative) si et seulement s’il existe une matrice définie positive H telle
que HY + YT H est définie négative. Cette condition est issue des travaux de [Lia-
pounoft, 1907|, approfondis par |Barker et al., 1978| et |Logofet, 2005].

Une matrice Y est Lyapunov diagonalement stable si et seulement s’il existe une
matrice diagonale D & éléments strictement positifs telle que DY 4+ YT D est définie
négative.
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2.2 Emergence des modéles densité-dépendant en écologie

Les modeéles basés sur les équations différentielles, comme le modéle densité-
dépendant, sont fréquemment utilisés en biologie et en écologie pour décrire un
écosystéeme d’espéces en interaction. Le modéle densité-dépendant se définit par le
systéme suivant :

z(0) =x,

dalt) — g x e dm® _ 4 x n
{ 20 = a(t)f(() 0 —nOf(@) kel

ou f correspond au taux de croissance d’une espéce.
Lorsque f(x(t)) < 0 (resp. f(x(t)) > 0), la dynamique sera décroissante (resp. crois-
sante).

A la fin du 18%™ et au début du 19°™€ siécles, Thomas R. Malthus s’est intéressé
a la modélisation des fluctuations d’une population.

d
{ B0 ra(r),

z(0) =xo,

ou r = taur de naissance — taux de mort et la solution analytique est x(t) = xge"™.
En I’absence de toute contrainte, il apparait que I’abondance des populations croit
de facon exponentielle ce qui améne & une solution réaliste.

Durant le 19°™ siécle, Pierre Francois Verhulst s’est intéressé a un modéle dans
lequel il suppose que 'abondance des espéces est limitée par une capacité de charge
K > 0, qui correspond & une "taille maximale" :

dx(t x(t
{ i —rel) (1-52).

x(0) =xo,

Ce systeme peut permettre de modéliser, par exemple, la croissance d’une popula-
tion de zébres dans la savane limitée par la pénurie de ressources.

Par la suite, les scientifiques se sont davantage intéressés a la modélisation des
interactions entre espéces. Historiquement, le premier modéle, encore d’actualité,
est le modele de Lotka-Volterra, du nom des deux scientifiques qui l'ont formulé
indépendamment a la fin des années 20’ |[Lotka, 1925| Volterra, 1926].
Réguliérement présenté sous la forme d’un modéle proie-prédateur a 2 espéces, il a
été comparé a des données issues de populations naturelles |[Huffaker et al., 1958|.

D’un point de vue général et dans des dimensions supérieures, le systéme de
Lotka-Volterra joue un role clé dans 1’étude de la dynamique des populations dans
le temps. Sa polyvalence et son analyse mathématique possible font de ce modéle
une pierre angulaire dans le développement des modeéles écologiques. Ce modele a
été étudié a la fois en écologie ( [Wangersky, 1978,|Jansen, 1987, [Law et Blackford,
1992|) et en mathématiques ( |[Goh et Jennings, 1977, Goh, 1977, Taylor, 1988| Hof-
bauer et Sigmund, 1998 |Takeuchi, 1996]).



Le systéme de Lotka-Volterra, composé de n équations différentielles, permet de
décrire la dynamique de la population d’un systéme a n espéces :

dx(;(t) = xk(t) T — Ql’k(t> + Z ngl’g(t) 5 (3)
ten]

ou k € [n]. L’abondance de 'espéce k au temps t est représentée par zx(t) et =
(x1,...,2,) est le vecteur des abondances des différentes espéces. Le paramétre 6
est le coefficient d’autorégulation ou l'interaction intraspécifique de chaque espéce.
Le paramétre rp correspond au taux de croissance intrinséque de l'espéce k. Le
coefficient My, est 'effet de I’espéce ¢ sur 'espéce k.

La matrice M, appelée matrice des interactions, représentant la structure du ré-
seau d’interactions, peut souvent étre décomposée sous différentes formes : blocs, cas-
cade, etc. |Cohen et Newman, 1988 Stouffer et al., 2005, Lewinsohn et al., 2006} Po-
cock et al., 2012]. Ce réseau d’interactions est appelé réseau trophique lorsqu’il re-
présente I’ensemble des interactions d’ordre alimentaire entre les étres vivants d’un
écosysteme.

L’objet d’étude de nombreux mathématiciens et écologues consiste en la compré-
hension du comportement du systéme en lien avec ces différents parameétres. Ainsi,
se retrouvent des questions liées au nombre d’équilibres, leur stabilité et leur faisa-
bilité afin de saisir les implications écologiques qui en découlent.

Dans le cas des grands systémes, la difficulté a observer, mesurer ou estimer
les interactions pousse les chercheurs a remplacer les interactions par des variables
aléatoires dont les propriétés statistiques (moyenne, variance, etc.) et la structure
(blocs, cascade, etc.) codent certaines des véritables propriétés du réseau trophique.
Il apparait alors comme intéressant de choisir la matrice des interactions M comme
étant une matrice aléatoire.

2.3 Le modéle de May : apparition des matrices aléatoires en
écologie
Les mathématiques derriére le modéle de May

Inspiré par les travaux de |Gardner et Ashby, 1970|, Robert May propose un
premier modeéle mathématique [May, 1972| qui lie la stabilité d’un écosystéme a sa
complexité.

Dans ce modeéle, le vecteur des abondances @ satisfait au systéme d’équations
différentielles non linéaires de premier ordre de la forme :

dz i
dt

May ne considére pas exactement le systéme d’équations différentielles présenté par

(2)-

= Fy(x). (4)

Le principal intérét de May concerne 1’étude de la stabilité de ’équilibre de tels
systémes. L'existence de I'équilibre * = (z7);cp est supposée vérifiée et 'abondance
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de l'espéce i au temps ¢ s’écrit z;(t) = = + €;(t). Au voisinage de I'équilibre, la
stabilité du systéme se résume a la stabilité du systéme linéaire

d
d_i = J(x")e,
ou J := J(x*) est la matrice Jacobienne de taille n x n avec
OF;
Ji‘ = ).
J axj (ZL‘ )

En particulier, ’équilibre est Lyapounov-diagonalement stable si et seulement si
toutes les valeurs propres de J ont une partie réelle strictement négative. La Ja-
cobienne représente ici la matrice des communautés qui décrit l'effet de 1'espéce /¢
(colonne) sur l'espéce k (ligne) autour du point d’équilibre.

May, en modélisant la Jacobienne par une matrice aléatoire, fait ainsi appel aux
résultats mathématiques de RMT dans son étude. Plus précisément, May choisit
de remplacer le coefficient d’interaction interspécifique par —1 et tous les autres
coefficients sont choisis indépendants les uns des autres, de sorte que :

J=—I+T (5)

ou I';; = 0 et pour ¢ # j, I';; sont des variables aléatoires centres i.i.d de variance
V := Var([';;), et de loi indépendante de n.

Il s’agit alors de déterminer les conditions sur n et sur V' pour s’assurer que
toutes les valeurs propres ont partie réelle strictement négative. En se basant sur
un résultat de [Ginibre, 1965], qui démontre qu’asymptotiquement en n, les valeurs
propres de la matrice I' sont contenues dans un disque centré en (—1,0) de rayon
VnV. Cela améne May a établir la transition de phase suivante :

Proposition 8. [May, 1972]
Soit J la matrice donnée par , alors avec grande probabilité, I’équilibre est stable

S1

1
V< —
n

et instable avec grande probabilité si

V> l
n
En réalité, le résultat de Ginibre n’est pas suffisant pour expliquer la transition
de phase mais il est nécessaire de s’intéresser au rayon spectral de la matrice J.
Or, la stabilité étant liée au nombre n d’espéces, pour obtenir rigoureusement le
résultat de May, il suffit d’avoir une inégalité de concentration sur le rayon spectral
telle que celle obtenue par Bordenave et coauteurs dans le théoréme suivant :

Theorem 9. |Bordenave et al., 2018|

Soit X,, = (Xj;) une matrice aléatoire de taille n x n, & entrées i.i.d. complexes, avec

E[|X11]?] < 1. S’il existe € > 0 et B > 0 tels que E[|X;;]*"¢] < 3, alors, pour tout

d > 0, il existe une constante K := K (e, d, 5) > 0, tel que pour tout n € N :

P [p(X,) > (1+ 8] < —
"= ~ (logn)?
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Cela signifie que dans ce premier modéle, pour n suffisamment grand, avec grande
probabilité, il n’y aucune valeur propre de J qui soit en dehors du disque centré en
—1 et de rayon /n(V + d) pour n assez grand, pour tout § > 0.

Le spectre de la Jacobienne est illustré par la figure [I}

20

20
1514
15
101
10

0.5

05
0.0

00
-0.5 1

—05
-1.0 1

-1.0

-1.5

-15
2.0 T T T T T t T
-30 -25 -20 -15 -10 -05 00 05 10

-2.0 T T T T T T
-30 -25 -20 -15 -10 -05 0.0 05 10

(b) Certaines valeurs propres ont partie

it _
(a) Stabilité du spectre réelle positive.

FIGURE 1 — Spectre de la matrice Jacobienne J = I'— I, pour n = 1000 espéces avec
C =1, les entrées I';;, pour ¢ # j sont des variables aléatoires centrées indépendantes
et de variance V, avec V = 5= < L pour (a) et V =2 > < pour (b).

Remark 4. Il y a une légeére différence entre le modeéle de [Bordenave et al., 2018|
et le modeéle ([5)) : pour Bordenave et ses coauteurs, la symétrie des lois des entrées
est requise et toutes les entrées de la matrice, y compris les entrées diagonales, sont
des variables aléatoires i.i.d tandis que pour le modéle , les entrées diagonales
sont toutes nulles.

May considére déja une version "sparse" dans son modéle initial. Chaque inter-
action a une probabilité C, appelée connectance, d’étre effective (et une probabilité
1 — C d’étre égale a 0), indépendamment des autres interactions. Les chapitres [1| et
(section [1)) permettront d’approfondir cette notion de sparsité.

Dans le modéle de May, cela signifie qu’en moyenne, chaque espéce interagit avec
une proportion C' de ’ensemble des autres espéces.

La transition de phase s’écrit alors :

Proposition 10. [May, 1972
Soit C' la connectance du modéle, 1’équilibre est stable avec grande probabilité si
1
CV < —
n
et instable avec grande probabilité si

1
cV > —.
n

Mathematiquement, il est possible de faire appel au formalisme suivant. Soit
Agg la matrice d’adjacence d’un graphe d’Erdos-Rényi (cf chapitre || section [2 pour
les détails). Chaque entrée de Agg est égale a 1 avec probabilité C' et a 0 sinon. En
d’autres termes, chaque espéce a une probabilité C' d’avoir un effet sur une autre
espéce. Alors, la matrice I' introduite par est remplacées par I' définie par :

[:=Aggol = ([Apg)yly;) -
12



Le paramétre C peut dés lors s’interpréter comme le nombre moyen de voisins pour
un sommet donné du graphe.

Dans ce nouveau modele, la matrice [ a la méme loi que I' a I'exception du
parameétre de variance Var( ;) = CV, pour i # j, ce qui améne & la proposition |1

Relation entre le modéle de May et le systéme de Lotka-Volterra

Supposons qu’il existe un équilibre * a I’équation (avec § = 1). Si * > 0,
il est possible de déterminer la matrice Jacobienne a ’équilibre.
Soit z;(t) = xf 4 €;(t). A I’équilibre, puisque x} > 0, il vient que
ri=a; — (Mz");.

Ainsi
d.T,L'
dt

=z;(r; —x; + (Mx);),

= (x; +e)(ri — (] + &)+ (M(x"+¢€));),

= (xf +&)(xf — (Mx*); — (x} + &)+ (M(x* +€));),
= (27 + &) (—&i + (Me)y),

= |diag(x )(—1+M) Ji + o(e) .

et la Jacobienne vaut alors
J =J(x*) = diag(z*)(—1 + M).

Bien que cette Jacobienne ressemble a celle obtenue par May, il subsiste quelques
différences importantes. En effet, dans la formule de la Jacobienne diag(z*)(—I+ M)
apparait le produit entre la matrice diagonale diag(x*), et la matrice —I + M.

Si M est aléatoire, alors diag(x*) et M sont dépendantes puisque x* = r + Mz*
pour un équilibre faisable.

[Stone, 2018| considére une matrice Jacobienne de cette forme tout en simplifiant
les hypotheéses en considérant que les entrées de diag(x*) sont indépendantes de M.
Ainsi J est instable si et seulement si M est instable, et le critére de May reste vrai.

Cette hypothése d’indépendance entre diag(x*) et M reste cependant forte puisque
le sous-ensemble des espéces survivantes et leur abondance sont une fonction de la
matrice des interactions M.

A l'aide de méthodes heuristiques issues de la physique statistique [Bunin, 2017],
il a été démontré que le critéere de May reste vrai en prenant en compte les corre-
lations et en remplacant le nombre total n d’espéces par le nombre d’espéces survi-
vantes (card{i; xf > 0}).

Par ailleurs, |Stone, 2018| ne considére pas le régime de normalisation pour lequel
I'équilibre &* est faisable |Bizeul et Najim, 2021]. Il n’est donc pas tout a fait clair
que la formule de la Jacobienne est initialement associée & un systéeme de Lotka-
Volterra.

Autres modéles

Certains auteurs ont fait appel a d’autres modéles pour la Jacobienne, tel que
la matrice elliptique (cf [Tang et al., 2014]) et obtiennent des critéres de stabilité
similaires concernant les parameétres du modéle.
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Il est également possible de faire appel a d’autres modéles aléatoires, comme
ceux étudiés par |[Ben Arous et al., 2021, Fyodorov et Khoruzhenko, 2016 :

dl’i

dt

= —z;(t) + fi(x),

ou fi(x) est une fonction lisse et modélise la complexité et la non-linéarité des
interactions. Autrement dit, la fonction f; est spécifique a l’espéce 7.

2.4 Nature des interactions

Afin de simplifier I’étude du systéme (3)), il est possible de rendre les paramétres
r et 0 déterministes. (r, = 1, Vk € [n] et 0 = 1).

Les taux de croissance égaux permettent de réduire le nombre de paramétres et
de simplifier grandement les calculs. La compréhension de I'impact de la matrice
d’interaction M dans le systéme de Lotka-Volterra ouvre le champ a de nombreux
problémes ouverts.

Dans le cas 6 # 1, le systéme peut étre redimensionner pour supprimer le pa-
ramétre 0 en posant 7y = Oz, My = My, /0. |Barabas et al., 2017 ont étudié
I'importance d’avoir un terme d’autorégulation fort pour que le systéme ait un équi-
libre stable.

Les valeurs de la diagonale de la matrice M ne sont pas fixées a 0, mais leurs
valeurs microscopiques ont un impact négligeable sur les résultats asymptotiques.

Le systéme de Lotka-Volterra se réécrit alors

T = o) | = aw(t) + Y Myg(t) | k€ [n], (6)
Le[n]
autrement dit,
dl’k
szk(l—lﬁk‘i‘(Mw)k) , Vke€|n], (7)

ou M reste a déterminer.

La compréhension des points d’équilibre du systéme de Lotka-Volterra (|7)) et leur
stabilité permet de mieux comprendre I'impact du réseau d’interactions, représenté
par la matrice d’interaction M, sur I’abondance des espéces. En particulier, le réseau
d’interactions a un impact sur la persistance des espéces qui le composent (i.e. le
nombre d’espéces survivantes), la faisabilité du systéme (c’est-a-dire 'existence d'un
équilibre pour lequel toutes les espéces survivent) et sa stabilité.

L’enjeu majeur de cette thése est de comprendre I'impact de la matrice d’inter-
action M sur la dynamique du modéle Lotka-Volterra.
La matrice M correspond au réseau d’interactions entre les espéces. Les (trés) grands
réseaux écologiques fortement connectés sont fréquents dans la nature [Dunne et al.,
2002, Pimm et al., 1991].

Remark 5. Dans le systéme de Lotka-Volterra , lorsque M est une matrice de
Wigner, les interactions entre espéces sont considérées comme étant symétriques :
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I’effet d’'une espéce k sur une espéce ¢ est identique a l'effet de ’espéce £ sur I'espéce
k.
Pour les matrices non-hermitiennes, toutes les interactions sont indépendantes.
Cependant, en écologie, les effets réciproques d’une espéce k sur une autre espéce
0, (Mye et My,) sont liés. Mathématiquement, il s’agit d’une corrélation par paire
entre les entrées de la matrice. Celle-ci peut étre utilisée pour décrire des processus
biologiques comme la prédation lorsque le signe des interactions est inversé, i.e que
la corrélation est négative.
En RMT, lorsque les interactions par paire sont tirées d’une distribution bivariée,
cela permet d’obtenir le modéle elliptique.

Ainsi, la matrice d’interaction M peut étre définie par une matrice aléatoire non
centrée avec des interactions corrélées deux a deux combinée a une structure de
graphe :

H T
M=Ao|——+75+ 1 1 8
(77 +21ar). 8
ou o est le produit d’Hadamard, c’est-a-dire (X oY);; := X;;Y;; et 1,, est le vecteur
(1,...,1) de taille n x 1.
La matrice aléatoire A = (Ag¢)scjn) satisfait les conditions suivantes :

1. (Age, k < £) sont des variables aléatoires indépendantes identiquement dis-
tribuées (11d) et E(Akg) = 0, E(‘AM’Q) =1et E(|Ak4’4) < 00, V1 S k S L.

2. pour k < £, le vecteur (Ags, Agr) a une distribution standard bivariée, indé-
pendante des autres variables aléatoires, avec une covariance cov(Age, Ag) =
E(AkeAw) = p avec |p| < 1.

A = (Ap)keem) est la matrice d’adjacence d'un graphe orienté. Chaque espéce
est représentée par un sommet et une interaction entre deux espéces par un aréte
orientée. Ainsi,

g _ 1 ¢’il existe un effet de ’espéce £ sur 'espéce k ,
7 0 sinon.

La nature des interactions joue un role prépondérant sur les caractéristiques
d’un écosystéme, et en particulier son (ou ses) équilibre(s). Par ailleurs, le type
d’interaction varie en fonction des especes. Ces parameétres sont gérés par des choix
sur les propriétés statistiques des variables aléatoires M;;. Le triplet de parameétres
(o, i, p) permet de représenter tout un panel d’interactions.

Le parameétre a permet de déterminer la force des interactions. Une grande valeur
de « représente un systéme avec des interactions faibles tandis qu’une valeur petite
pour « permettra d’obtenir des interactions trés fortes.

Les paramétres p et p décrivent quant & eux la nature des interactions du sys-

téme.
Lorsque p < 0, les interactions entre deux espéces partenaires ont un impact opposé
I'une sur 'autre, comme dans les interactions proies-prédateurs (le prédateur a un
impact négatif sur 'abondance de sa proie tandis que la présence de la proie affecte
positivement celle du prédateur). Au contraire, si p > 0, les interactions entre par-
tenaires ont un impact similaire les uns sur les autres (interactions mutualistes ou
compétitives).
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En fonction de son signe, le paramétre d’interaction p permettra d’augmenter la
proportion d’interactions compétitives ou mutualistes.

Etant donnée une interaction par paire My,/My, dans le systéme, les trois types
d’interactions prépondérants sont :
— compétition (relation -/-), qui se produit plus souvent lorsque p > 0, u < 0,
— mutualisme (relation +/+), qui se produit plus souvent lorsque p > 0, u > 0,
— prédation (relation +/-), qui se produit plus souvent lorsque p < 0, p ~ 0
( |Allesina et Tang, 2012]).
D’autres types d’interactions existent tels que le commensalisme ou ’amensalisme
[Begon et Townsend, 2021].

2.5 Condition de non-invasibilité

Une caractéristique essentielle pour comprendre la dynamique du systéme LV
(M) est lexistence d’un équilibre &* = (2} )ref tel que :

{ i%(;g xlt + (Mz*)) =0, Vk € [n], (9)

Parmi les premiéres questions se posent celles de 'existence puis de 'unicité de
I’équilibre.
Dans le cas ou I'équilibre existe et est unique, se pose la question de la convergence
vers cet équilibre, autrement dit la convergence d'une solution & vers 1’équilibre x* :
x(t) — x* si x(0) est suffisamment proche de x*.

Enfin, la description de la stabilité se pose : locale, globale, résilience (i.e. capacité
d’un systéme a retrouver sa structure initiale suite & une perturbation), etc.

L’ensemble (R% )" est invariant pour le systéme de Lotka-Volterra, c¢’est-a-dire
que x(0) > 0 (composante par composante) implique x(t) > 0 pour tout ¢ >
0. Cependant, certaines de ces composantes xj(t) peuvent converger vers zéro si
I’équilibre x* a des composantes nulles.

Lorsque x*, solution du systeme @D, a des composantes nulles, une approche
naive et immédiate pour résoudre ce probléme est de choisir un sous-ensemble Z C
[n], définir les composantes correspondantes 7 = (z});ez & zéro, et de résoudre le
systéme linéaire restant :

Lpe = 1‘Ic| + Mzexze .

S’il existe xze > 0 qui résout ’équation précédente, alors & = <azz> satisfait @D
Tc

et est un équilibre. Le nombre de sous-ensemble Z C [n] est 2" mais surtout croit de
maniére exponentielle lorsque n — oo.

Les équations d’équilibre deviennent mal posées car il peut y avoir plusieurs
équilibres. Une condition connue en écologie pour les systémes dynamiques est la
condition de non-invasibilité associée a I’équilibre saturé [Law et Morton, 1996}|Jan-
sen et Sigmund, 1998|. Un équilibre est saturé s’il est résistant a I'invasion d’une
espéce initialement absente. L’étude des équilibres saturés est un sujet de recherche
important dans le domaine des systémes dynamiques |[Hofbauer et Sigmund, 1998|.
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Definition 2.1. (Equilibre saturé).
Soit Z¢ I’ensemble des espéces persistantes.
Un équilibre a* est dit saturé si Vk € 7; 1 — } + (Mx*), < 0.

Lemma 11. S'il existe une solution strictement positive (t) > 0, telle que x(t) —
— 00

x*, alors &* est un équilibre saturé.

En se basant sur |Takeuchi, 1996, Thm 3.2.5|, une condition nécessaire pour que
I'équilibre a* soit stable est que pour tout k € [n].

1 —a;+(Mzx"), <0. (10)

Ainsi, I’ensemble des conditions suivantes donne un cadre & la recherche de I’équi-
libre, pour tout k € [n],

v, (1 —aj + (Mz")y) = 0,
1 —ap + (Ma*), < 0, (11)
Ty > 0.

Le probléme de la recherche d'un équilibre positif entre ainsi dans la classe des
problémes de complémentarité linéaire (LCP), décrit dans la derniére section de
cette introduction.

3 Cadre théorique et organisation de la thése
Comme indiqué par ’équation @), le systeme de Lotka-Volterra étudié s’écrit :

dx

7 = ol =@t (Mx)y) ke n].
A la différence du modele standard de Lotka-Volterra, la présence du parameétre de
normalisation 1/y/n dans la définition de la matrice d’interaction M est due a
la raison théorique suivante : limiter 'impact des parameétres d’interaction sur les
autres termes tout en gardant une influence asymptotique c’est-a-dire

E (> Myzt) | ~O1) et [ M| ~Op(1).

D’un point de vue écologique, il semble naturel de considérer que lorsque le nombre
d’espéces augmente dans un écosystéme et que chaque espéce interagit avec un grand
nombre d’autres espéces, I'impact d’une espéce sur ’autre aura tendance a diminuer.

3.1 Faisabilité

Dans les années 70, |Goh et Jennings, 1977| s’intéresse a la question de la faisabi-
lité d’un équilibre * > 0 pour le modéle Lotka-Volterra. Par la suite, [Logofet, 2018]
s’est penché sur ce probléme dans le cas d'un systéme compétitif tandis que [Ross-
berg, 2013| a également étudié le nombre moyen d’espéces pouvant coexister dans
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ces communautés compétitives. Plus récemment, |Grilli et al., 2017| ont étudié I'im-
pact des propriétés du réseau d’interactions sur le taux de croissance pour maintenir
un équilibre faisable en utilisant les méthodes de stabilité structurelle introduites
par |Rohr et al., 2014].

En reprenant le modele des matrices d’interactions (8), [Bizeul et Najim, 2021|
ont étudié mathématiquement le cas d’'une matrice d’interaction pleine définie par

M, = (12)
ott Ay, := (Ape)keem) est & entrées 1.i.d de loi N(0,1).

En se basant sur les travaux de |Geman et Hwang, 1982|, [Dougoud et al., 2018§]
ont montré que lorsque la matrice d’interaction est aléatoire, si «,, > 0 est fixé et
indépendant de n alors nécessairement certaines espéces s’éteignent.

[Bizeul et Najim, 2021] obtiennent un seuil de faisabilité de 1’équilibre lorsque

*

af = y/2log(n) et montrent que la faisabilité implique la stabilité. Ce type de
résultat avait déja été observé par |Stone, 2016]; le seuil de stabilité est d’ailleurs

franchi avant le seuil de faisabilité (cf |Clenet et al., 2022b|).

En partant de I’équation @D, si &* > 0, 'ensemble des équations d’équilibre
devient une équation linéaire :

=1+ M,z*. (13)

Theorem 12. |Bizeul et Najim, 2021|
Soit a,, —— o0 et ) = y/2log(n). Soit x* = (x})rejn) solution de avec

n—oo
et A, = (Age)k,eefn) une matrice aléatoire a entrées i.i.d de loi N'(0,1).

1. Sl existe € > 0 tel que a, < (1 —€)a alors

]P’(minx}:, >O> — 0.

k€[n] n—00

2. S’il existe € > 0 tel que a,, > (1 + €)a alors

P (minx}z > 0) — 1.
k€[n] n—00
Dans le chapitre [1}, il sera de nouveau question de I’existence et de I'unicité d'un
équilibre faisable pour le systéme d’équations de Lotka-Volterra . Cette fois-ci, la
matrice d’interaction sera définie par
A
M. =A o—"_
n n an\/a )

ou A, est la matrice d’adjacence d’un graphe d-régulier et A,, := (Akg)kje[n] est a
entrées i.i.d de loi N'(0,1).
Plus précisément, on considére un graphe orienté d-régulier & n sommets, c’est-a-
dire un graphe tel que chaque sommet ¢ a exactement d arétes entrantes et d arétes
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sortantes (une boucle étant comptée a la fois dans les arétes sortantes et dans les
arétes entrantes). A, est définie comme étant la matrice d’adjacence d’un tel graphe,
A,, a donc d composantes non nulles par ligne et par colonne, soit dn entrées non
nulles au total, ces entrées valant toutes 1.

L’évolution du parameétre de normalisation y/n en v/d sera explicitée par la suite.
Dans ce modele, chaque espéce interagit alors avec d autres espéces et le rapport
d/n refléte la connectance du réseau d’interactions.

Deux cas distincts seront étudiés, d’une part lorsque d est proportionnel a n et
d’autre part, lorsque d > log(n) et lorsque A,, a une structure en blocs.
Dans ce chapitre, il sera aussi question de la stabilité globale de I’équilibre.

3.2 Probléme de complémentarité linéaire (LCP)

Le LCP est une classe de problémes issue de I'optimisation mathématique qui
englobe notamment les problémes de programmation linéaire et quadratique [Murty
et Yu, 1988||Cottle et al., 2009].

Soit Y une matrice de taille n X n et g un vecteur de taille n x 1, le probléme de
complémentarité linéaire associé, noté LCP(Y, q) consiste a trouver deux vecteurs
z, w de taille n x 1 satisfaisant les conditions suivantes :

z > 0 ie. Vkeln], z>0,
w=Yz+q > 0, (14)
w'z = 0.

Etant donné que w s’obtient directement de z, Y et ¢, on peut noter z € LCP(Y, q)
si (w, z) est une solution de ([14]).

L’étude du LCP remonte aux travaux de |Lemke, 1965| et |[Dantzig et Cottle,
1968]. [Lemke et Howson, 1964] ont développé un algorithme basé sur des étapes du
pivot pour résoudre le probléme ((14)).

Introduite par [Fiedler et Ptak, 1966|, la classe des P-matrices est reliée au
probléme de complémentarité linéaire. En particulier, [Murty, 1972] montre que si
Y est une P-matrice alors il existe une unique solution au LCP.

Definition 3.1. Une matrice carrée Y est une P-matrice si tous ses mineurs prin-
cipaux (sous-déterminants) sont strictement positifs, c’est-a-dire

det(YI) >0, V1 C [n] ol Yr = (Y]d)k,éez-

De nombreuses propriétés sur les conditions nécessaires et suffisantes pour qu’une
matrice réelle soit une P-matrice ont été étudiées par [Rump, 2003| et [Rohn, 2012].

Theorem 13. (Existence et unicité d’une solution au probléme LCP - [Murty,
1972)).

Une matrice Y est une P-matrice si et seulement si le LCP(Y, g) a une unique
solution (w), z) pour tout q € R™.

Remark 6. En considérant , rechercher la solution du systéme de Lotka-Volterra
(6) se ramene a trouver la solution «* € LCP(I — M, —1).

19



Lemma 14. Soit Y une matrice symétrique de taille n x n.
Y est une P—matrice si et seulement si toutes ses valeurs propres sont strictement
positives, i.e. Y est définie positive.

Proposition 15. [Takeuchi et al., 197§/
Si Y est Lyapunov diagonalement stable, alors —Y est une P-matrice.

Takeuchi et Adachi (voir par exemple |Takeuchi, 1996, Thm 3.2.1|) fournissent
un critére pour l'existence d’un équilibre unique x* et la stabilité globale du systéme

LV ().

Theorem 16. [Takeuchi et Adachi, 1980)].
Si —01 + M est Lyapunov diagonalement stable, alors LCP(#1 — M, r) admet une
unique solution.
De plus, pour tout » € R”, il y a un unique équilibre x* a 7 qui est globalement
stable dans le sens o pour chaque @y > 0, la solution de (3)) qui démarre a (0) = x,
satisfait
x(t) — x”.
t—o0

L’étude du LCP(I — M, —r) fera 'objet du chapitre 2] dans le cas d’une matrice
M issue du GOE ou lorsque M est une matrice de Wishart. L’originalité du cha-
pitre réside dans l'utilisation de l'algorithme dit de 'AMP (Approximate Message
Passing).
Ce LCP est aussi a l'origine du théoréme limite central étudi¢ dans le chapitre [3|

3.3 Structure des interactions

La structure du réseau d’interactions différe selon les écosystémes. En effet, la
structure de la matrice d’interaction, définie par , peut étre affectée par I’existence
de communautés, c’est-a-dire de groupes d’espéces qui interagissent préférentielle-
ment entre elles [Thébault et Fontaine, 2010,|Allesina et al., 2015]. Dans le systéme
(@, le réseau est représenté par A, matrice d’adjacence d’un graphe donné. Plusieurs
types de structures, étudiés en écologie et pouvant étre modélisés par le graphe A,
feront I'objet du chapitre [4
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Chapitre 1

Feasibility of sparse large
Lotka-Volterra ecosystems

Ce chapitre est tiré de larticle |[Akjouj et Najim, 2022|, écrit en collaboration
avec J. Najim et publié dans Journal of Mathematical Biology.

Consider a large ecosystem (foodweb) with n species, where the abundances
follow a Lotka-Volterra system of coupled differential equations. We assume that
each species interacts with d = d,, other species and that their interaction coefficients
are independent random variables. This parameter d reflects the connectance of the
foodweb and the sparsity of its interactions especially if d is much smaller that n.

We address the question of feasibility of the foodweb, that is the existence of
an equilibrium solution of the Lotka-Volterra system with no vanishing species. We
establish that for a given range of d, namely d o< n or d > log(n) with an extra
condition on the sparsity structure, there exists an explicit threshold depending
on n and d and reflecting the strength of the interactions, which guarantees the
existence of a positive equilibrium as the number of species n gets large.

From a mathematical point of view, the study of feasibility is equivalent to
the existence of a positive solution @, (componentwise) to the equilibrium linear
equation :

x,=1,+ M,x, ,

where 1,, is the n X 1 vector with components 1 and M, is a large sparse random
matrix, accounting for the interactions between species. The analysis of such positive
solutions essentially relies on large random matrix theory for sparse matrices and
gaussian concentration of measure. The stability of the equilibrium is established.

The results in this article extend to a sparse setting the results obtained by
[Bizeul et Najim, 2021].

1 Introduction

Lotka-Volterra system of coupled differential equations.

Large Lotka-Volterra (LV) systems are widely used in mathematical biology and
ecology to model populations with interactions |[Gopalsamy, 1984, Hofbauer et Sig-
mund, 1998, Kiss et Kovacs, 2008|. For a given foodweb, denote by ®!, = (21 (t))repn]
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the vector of abundances of the various species at time ¢ > 0. In a LV system, the
abundances are connected via the following coupled equations :

=xp(t) | e — x(t) + Z Mypz(t) for k€ n],

where M,, = (My,) stands for the interaction matrix, and ry for the intrinsic growth
of species k. At the equilibrium % = 0, the abundance vector @, = (74)repn is
solution of the system :

rr | e — 2k + Z Mz, | =0 for x>0 and ke€|n]. (1.1)

Len]

An important question, which motivated recent developments |[Dougoud et al.,
2018, Bizeul et Najim, 2021], is the existence of a feasible solution x,, to , that
is a solution where all the x;’s are positive, corresponding to a scenario where no
species disappears. Notice that in this latter case, the system takes the much
simpler form :

x,=7r,+ M,x,,

where r,, = (ry).

Aside from the question of feasibility arises the question of stability : for a com-
plex system, how likely a perturbation of the solution @, at equilibrium will return
to the equilibrium ? |Gardner et Ashby, 1970|] considered stability issues of complex
systems connected at random. Based on the circular law for large random matrices
with i.i.d. entries, [May, 1972| provided a complexity/stability criterion and moti-
vated the systematic use of large random matrix theory in the study of foodwebs,
see for instance [Allesina et Tang, 2015]. Recently, |Stone, 2018| and |Gibbs et al.,
2018| revisited the relation between feasibility and stability.

In the spirit of MayEl and in the absence of any prior information, we shall model
the interactions of matrix M,, as random and in order to simplify the analysis, we
will consider intrinsic growths (7;);cf, equal to 1, and the equations under study will
take the following form in the sequel :

dl’k(t)
dt

= ap(t) | L= an(t)+ > My(t) for ke [n]. (1.2)

Sparse foodwebs

One of the most important parameters of the complexity of an ecosystem is its
connectance, which is the proportion of interactions between species (see for ins-
tance [Pimm, 1984]). This corresponds to the proportion of non-zero entries in the
interaction matrix M,,. May’s complexity /stability criterion asserts that the insta-
bility of an ecosystem increases with the connectance (i.e. the less sparse M, is, the

1. Beware that May did not consider LV systems but rather used a random matrix model for
the jacobian at equilibrium of a generic system of coupled differential equations.
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more unstable is the ecosystem equilibrium). More specifically, |Grilli et al., 2017]
specifies that the effect of the sparsity depends on the nature of the interactions
(random, predator-prey, mutualistic or competitive). In the case of random interac-
tions, |Allesina et Tang, 2012| supports the idea that sparse ecosystems lead to a
stable equilibrium. Based on ecological and biological data (see for instance [Dunne
et al., 2002|), recent studies |Busiello et al., 2017] suggest that foodwebs can actually
be very sparse. In a recent theoretical study, [Marcus et al., 2022| study the proper-
ties of sparse ecological communities in relation with the strength of interactions.
To encode this sparsity in a simple parametric way, we first consider a directed d,,-
regular graph with n vertices and its associated n x n adjacency matrix A,, = (A;;) :

A 1 if there is an edge pointing from i to 7,
Y 0 otherwise.
In the considered graph, each vertex i has d,, edges pointing from a vertex k € [n]
to i, and has d, other edges pointing from i to a vertex ¢ € [n]. An edge pointing
from 7 to ¢ is called a loop. In particular, matrix A,, is deterministic, has exactly d,,
non-null entries per row and per column, and n X d,, non-null entries overall.
Denote by A, a n x n matrix with independent Gaussian N (0,1) entries and
consider the Hadamard product matrix A, 0 A, = (A;;A4;;). Let o = o, be a positive
sequence. We assume that matrix M,, has the following form

_ Apo0 4,

M, = ———.
anV/dy,

(1.3)

Let us comment on the normalizing factor 1/(c,/d,,). Theoretical results on sparse
large random matrices [Bandeira et van Handel, 2016| assert that asymptotically

| =222 =0, oo

Vd,

where || - || stands for the spectral norm, if the degree d,, of the graph satisfies d,, >
log(n), a condition that we will assume in the remaining of the article. In particular,
normalization 1/+/d,, garantees that matrix A, o A,/v/d, has a macroscopic effect
in the LV system, even for large foodwebs (large n).

The extra normalization 1/a, is to be tuned to get a feasible solution.

Denote by 1, the n x 1 vector of ones and by AT the transpose of matrix A.
In the full matrix case A, = 1,1}, |[Dougoud et al., 2018, based on |Geman et
Hwang, 1982, proved that a feasible solution is very unlikely to exist if a,, = o is
a constant. We thus consider the regime where «,, — oo and will prove that there
is a sharp threshold «,, ~ y/2log(n) above which a feasible solution exists (with
high probability) and below which does not. This phase transition has already been
established in [Bizeul et Najim, 2021| for the full matrix case.

One can notice that, in sparse foodwebs, the interaction coefficients can be stron-
ger than when the interaction matrix is full (i.e. when d,, = n) in the sense that
N
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Models and feasibility results

The sparse random matrix model under investigation is given in ((1.3]). Specifying
the range of d,, and the structure of the deterministic matrix A,, we introduce
hereafter two models amenable to analysis.

Model (A) : Block permutation matrix.

Let n = d x m. Denote by S, the group of permutations of [m] = {1,--- ,m}.
Given o € §,,, consider the associated permutation matrix

1 if j = a(i),
Py = (Pyj)ijem) where Py = {0 else

Denote by J; = 1dldT the d x d matrix of ones. Assume that
— matrix M, is given by ,
— d=d, >log(n),
— matrix 4\,, introduced in is a block-permutation adjacency matrix given
by
An =P, ®J;= (P,]Jd)

where ® is the Kronecker matrix product.
Notice that A, still corresponds to the adjacency matrix of a d-regular graph.

(1.4)

i,j€[m]

Example 1. To illustrate these definitions, we provide an example. Let n = m x d
with m = 4 and o € S defined by

(12 3 4
=\1 4 2 3) "

Matrices P,, A and A o A are respectively given by :

1000 Ji 00 0 AD 000
10001 10 0 0 Jy 1o 0o 0o A®
F=lot1ool 2|0 o o 2o a0 o o
0010 0 0 Jg O 0 0 AW 0
where AW (1 € [4]) is a d x d matrix with i.i.d. A/(0,1) entries.
Model (B) : d is proportional to n.
Assume that M, is given by (|1.3) and that d = d,, satisfies
. dy
lim —=/5>0. (1.5)

n—oo 1

We can now state the main result of the article :

Theorem 17. Let A, be a n x n matrix with i.i.d. N'(0, 1) entries and A, given by
Model (A) or (B). Assume that «,, —— 0o and denote by

n—oo

a, =+/2logn .
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Let x,,

Then
1.

2.

= (@k)kem) be the solution of

x, =1 (A0 A, x, . (1.6)

1
nt —F—
o/ dy,

If 3¢ > 0 such that eventually a,, < (1 —¢)a,
then P {mingepn) vy > 0} — 0,
n—oo

If 3¢ > 0 such that eventually o, > (14 ¢)a,
then P {minke[n] T > 0} — 1.

n—o0

The results of Theorem [I7] are illustrated in Fig[I.1]

Remarks
1. By taking d,, > log(n), we guarantee that the spectral norm of matrix A”—\/‘E?A"

is of order O(1), see |Bandeira et van Handel, 2016|. In particular, matrix

([n — M) is invertible and the solution @, can be represented as :

anVdn
<I A”OA”)_ll
Ly = n T n -
anVd,

. An informal first-order expansion of the solution immediatly explains this

phase transition. If we expand the inverse matrix and neglect the remaining
terms, we get

A, oA, Zn
1, = 1+2=2

Oy, \/d_n On

x, ~ 1,+

where
" (A A ).
zp = (2) and z = g %.

j=1
Notice that the z;’s remain i.i.d. A(0,1). Going one step further in the ap-

proximation yields
min; 2
minz; ~ 1+ S .
1€[n] (679

By standard extreme value results, we have min;cp,) 2; ~ —/2log(n), hence
the phase transition.

. The component-wise positivity of the solution has been studied in the full

matrix case, i.e. A, = 1,1 and d,, = n, in |Bizeul et Najim, 2021| where the
same phase transition phenomenon occurs. Proof of Theorem [I7]can be hand-
led as in [Bizeul et Najim, 2021] for Model (B) with non-trivial adaptations
that will be specified.

In the case where d,, < n, a normalization issue occurs. To say it roughly,
the euclidian norm of vector 1, /1/d, is no longer of order O(1) but of order
\/n/d, and one needs to handle more carefully the sparsity of matrix A,,.
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In this regard, the block-permutation structure of Model (A) is a technical
and simplifying assumption. The problem of the component-wise positivity
of ,, for a general adjacency matrix A, of a d-regular graph with d > log(n)
remains open.

10 A

0.5 1

06 -

0.4 -

0.2 1

Proportion of feasible solutions

00

100 125 150 175 200 225 250 275 300
Kappa value

FIGURE 1.1 — Let n = 15000 with log(n) ~ 9.61. For d = 10 and m = 1500, we
first draw at random a permutation o € S,, and fix A, = P, ® 141} once for all.
Each point of the solid line represents the proportion of feasible solutions @, of
over 2000 realizations of random matrices A, for different values of x, with
a, = y/klog(n). The same simulation is realized with d = 30 over 500 realizations
of A, (dotted line).

Stability results

A classical property of is the positivity of the orbitsf]: if % € (R**)", then
x! € (R*M)" as well (t > 0).

We first recall definitions related to stability from |Takeuchi, 1996 Chapter 3|.
An equilibrium «,, is stable if for any given neighborhood W of x,,, there exists a
neighborhood V' such that for any initial point ¥ € V, the orbit {z!; t > 0; z0 €
V'} stays in W. In addition, if the equilibrium is stable and the orbit converges to
x,, the equilibrium is said asymptotically stable.

In the full matrix case (A, = 1,1}, d, = n), it has been proved in |Bizeul et
Najim, 2021| that in the regime where feasibility occurs, the system is asymptotically
stable in the sense that the Jacobian matrix J of the LV system evaluated at
T, :

J(x,) = diag(x,,) (-1, + M,) (1.7)

has all its eigenvalues with negative real part.
Finally, the equilibrium is globally stable when it is asymptotically stable and
the neighborhood V' can be taken as the whole state place (R*)".

2. Beware that this property does not prevent some components x;(t) to converge to zero, hence
does not enforce a feasible equilibrium.
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We complement Theorem [I7)and prove that feasibility and global stability occur
simultaneously.

Theorem 18 (Global stability, Takeuchi and Adachi |Takeuchi, 1996, Theorem

3.2.1]). Let d,, > log(n), oo, — 00, and A,, the adjacency matrix of a d,-regular
n—oo

graph. Then, with probability going to one as n — oo, Eq. (L.1) admits a unique

nonnegative solution @, which is a globally stable equilibrium.

Beware that in this theorem, the solution, although unique, is no longer (com-
ponentwise) positive and may have zero components corresponding to vanishing
species. Notice that the assumption over A,, covers Models (A) and (B) but is far
less restrictive. We illustrate Theorem [18|in Figure [1.2
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(a) Feasible equilibrium for o, =
3log(n).

FIGURE 1.2 — LV system with feasible equilibrium (left) and vanishing species
(right) : minimum, maximum and mean of the population dynamics (xf, ¢ > 0)
solution of for n = 5000 (log(n) ~ 8.51), d = 10 and A,, follows Model (A). In
the first figure, v, > y/2log(n), the minimum abundance remains positive. In the
second one, a,, < /2log(n), the minimum abundance vanishes and the equilibrium
is not feasible.

(b) Vanishing species for a,, = /log(n).

We now specify Theorem [18]in the case of feasibility.

Proposition 19 (Stability and convergence rate). Let d,, > log(n), a;,, —— o0,
n—oo

and assume that A, is given by Model (A) or (B). Denote by S,, the spectrum of
the Jacobian matrix J(x,) given by (1.7]).
Assume that there exists € > 0 such that eventually «,, > (1 + ¢)a;. Then :
1. The probability that the equilibrium ,, is feasible and globally stable converges
to 1,

2. The spectrum §,, asymptotically coincides with —diag(,,) in the sense that :

. P
max min |\ + zx| —— 0,
AES, ke(n] n—00

3. Moreover,

*

maxRe(\) < —(1—£7)+o0p(1) where  £7 = hmsup% <1.(1.8)

AESH n—oo O{'rL
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As a consequence of ([L.§), for any @) € (R™)", the orbit @, converges to the
equilibrium @,, at an exponential convergence rate, see Fig[T.3b
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dances (b) Population dynamics with starting

abundances equals to %

FIGURE 1.3 — Consider the population dynamics (2, ¢t > 0) solution of where
M is given by and A,, follows Model (A) with n = 15000 species, m = 1500
blocks, d = 10 > log(n) ~ 9.62 and «,, = y/31og(n). On the right, we plot 10 species
randomly chosen over 15000 with starting abundances equals to % On the left, the
histogram of the abundances is represented, and the normal density with mean 1
and variance 0%2 is fitted. Notice the substantial spread of the abundances despite
the high value of n.

Notations

If v is a vector then ||v|| stands for its Euclidian norm ; if A is a matrix then || A||
stands for its spectral norm and [|A|lr = />, [4]? for its Frobenius norm. Let
¢ be a function from some space ¥ (usually R) to R then [|¢|x = sup,cy [@(2)].

Convergence in probability is denoted by 2, When no confusion can occur, we shall
drop n and simply denote A, A, «, d, x, etc. instead of A,,, A, o, d,,, ., etc.

Organization of the chapter

In Section [2, properties of the spectral norm of a sparse matrix are presented,
together with the general strategy of proof. Proof of Theorem is provided in
Section [3] for Model (A), and in Section [i] for Model (B). Theorem [1§ is proved in
Section [5} In Section [0, we conclude and state an open question.

2 Spectral norm of the interaction matrix and stra-
tegy of proof

The spectral norm of A, 0 A,/ Vd

In the following proposition which proof is based on |[Bandeira et van Handel,
2016], we provide an estimate of ||A o A/v/d||. The fact that A’s entries are A/(0, 1)
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and that d,, > log(n) is crucial.

Proposition 20. [Bandeira et van Handel, 2016, Corollary 3.11]

Let X be the n x m matrix with X;; = g¢;;b;j, where {g;; : 1 <i <n,1 <j <m}
are independent A (0, 1) random variables and {b;; : 1 <i <mn,1 < j < m} are
given scalars. Then,

P [HXH > (1+¢) {01 + o5+ log(n /\m)} +t| < e

log(1 + €)

for any 0 < e < % and t > 0, where

01 1= max
1€[n]

09 1= max
J€[m]

Z bz] ’ Oy = Ilax |b1]| .
3

Proposition 21. Assume that A is a n X n matrix with i.i.d. A/(0, 1) entries, that
A is a n x n adjacency matrix of a d-regular graph, that d > log(n). Then there
exists a constant x > 0 independent from n (one can take for instance x = 22) such

that
(1551=)
P >k| ——0.

n—oo

In particular, let 0 € (0, 1) be fixed and o = a(n) —— oo. Then

n—oo

P(‘gH §1—5) 1
a\/a n—oo
AocA

Démonstration. Applying propositionto i withe = 1

2

n=m,ie op=09=1

and o, = \/L&’ we obtain

QF Vi fﬁe

2
Fix t = {/logn, then e 7T = f — 0 and - <1 by assumption. Furthermore,
n—oo

there exists a rank n; such that for all n > n1 :

15 Vdiogn t 15

+— < d+—e < kKk:i=22.

log(3/2) : d vd T~ 2\/10g%

Thus, P <H QoA ‘ > /4) — 0. Since o — o0, the last part of the proposition imme-
diatly follows O

HAOAH \/logn 2

Strategy of proof

Based on the previous control of the spectral norm in probability, we reduce the
problem of feasibility to the control of the extreme values of high order terms of the
resolvent, considered as a Neumann sum, see Lemma
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Going back to Eq.(|1.6]), we can write ( I — 2—\‘}‘3) x = 1. Introducing the resolvent

—1
Q = (I — 2—\0/‘3) which by Proposition [21] exists with probability tending to one,

we obtain the representation
Ao A\
x=(rp)r=|1— 1=0Q1
() < oz\/3> “

which holds with growing probability. Denote by e the n x 1 k-th canonical vector,
then z; = ef ¢ = e} Q1. Unfolding the resolvent as a Neumann sum, we obtain

x Ao A\ Zy R
T E T k k

£=0
where
Ao A 1 [AoA\’
Z:eT<—)1 and R:eTE ( )1.
k k \/C_l k k — al—2 \/E

Notice that the Z}’s are i.i.d. (0, 1) random variables and denote by M = mingey) .
Eq. (1.9) immediatly yields

minke[n] r, = 1+ éM + é minke[n] Ry, )
(1.10)
Milgep o < 1+ éM + é maxyen] L -

Let o, = v/2logn, B = a, — 5= log(4mwlogn) and denote by G(z) = e " the
cumulative distribution of a Gumbel distributed random variable. Then it is well-
known, see for instance [Leadbetter et al., 1983 Theorem 1.5.3], that

P(a;(M,+85) >z) — G(z). (1.11)

n—0o0

By taking into account this convergence, we can rewrite ((1.10)) as

*

e R
1+ dn (—1+0P(1)+%) < minay (1.12)
Oy, o e, ken]
ot maXpei,]
< 14+-n (—1+0p(1)+¢> .
Qp QO

where we used (a)~'(M + %) = op(1). Theorem |17 will then follow from the
following lemma.

Lemma 22. Under the assumptions of Theorem [I7] the following convergence holds

maxie(, B P . 0 and mingep By p 0

anyv2logn  n—oo anyv/2logn  n—oo

Proof of Lemma [22] relies on a careful analysis of the order of magnitude of the
extreme values of the remaining term (Rjy)xejn). The sparse structure of matrix Ao A
(either Model (A) or (B)) requires a specific analysis, substantially different from
the one in [Bizeul et Najim, 2021].
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3 Proof of the feasibility result for the block model

We assume that A,, follows Model (A).

In order to prove Lemma , we first take advantage of the fact that [|[Ao A/v/d||
is typically lower than k (see Proposition and replace R by a truncated version
Ry (step 1). We then prove that A — Ry(A) is Lipschitz (step 2). The quantity R
being Lipschitz, its centered version is subgaussian if the matrix entries are Gaussian
i.i.d. We finally prove that Rj(A) is uniformily integrable (step 3). The conclusion
easily follows. Although the general strategy is similar to the one developed in |Bizeul
et Najim, 2021], the proofs are substantially different. In particular, proofs of step
2 and 3 heavily rely on the block permutation structure of the matrices.

Step 1 : Truncation

Toward proving Lemma 22] sub-Gaussiannity is an important property, which
follows from Lipschitz properties by standard concentration of measure arguments.
Unfortunately A — Ry (A) fails to be Lipschitz (simply notice that Ry(A) has qua-
dratic and higher order terms). In order to circumvent this issue, we provide a
truncated version of Rj.

Let £ > 0 as in Prop. [21| (one can take k = 22), n € (0,1) and ¢ : RT — [0, 1] a
smooth function :

o) = (1.13)

1 ifzel0,k+1—-n),
0 ifz>k+1

strictly decreasing from 1 to 0 for z € (k +1 —n,k + 1). According to Prop.

(25D

is equal to one with high probability. We introduce the truncated value :

Ri,(A) = pa(A)Ri(A) .
We have
P (m]?X Ry(A) # max Rk(A)) <P (Hk; € [n], Rp(A) # Rk(A)>

A
=
5
=
=

A

Nt

A

=
>

from which we deduce

maXpe(y Ry — MaxXpep) By p
anv2logn n—00

It is therefore sufficient to prove

maXge(n] Ri p
anpy/2logn n—oo

to establish the first part of Lemma [22] The property of the minimum can be proved
similarly.

0 (1.15)
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Step 2 : Lipschitz property for R;(A)
For ¢ > 2, we introduce the following summand terms :

1 Ao A
A = eT— _—
pk,f( ) k ( \/a

0/—2
SO that Rk<A) = ZZQ pk,é(A) and Rk(A) = 22.22 ﬁkyg(A)

The following lemma is the main result of this section.

¢
) 1 and  pre(A) = wa(A)pre(A) (1.16)

Lemma 23. Let x > 0 as in Proposition 21 § € (0,1) and ng such that for all
n 2 No,
k+1

an
For ¢ > 2 and n > ng, the function g : M, (R) — R is K,-Lipschitz, i.e.

<1-9.

|Pke(A) = Pra(B)| < Ki[|A = Bl (1.17)

where K, = Ky(x,n0,0) > 0 is a constant independent from k, d and n > ny.
Moreover, K := 2522 K, < o0o. In particular, the function Ry is K-Lipschitz :

Fi(A) = Ru(B)| < K |4 = B (1.18)

Given a n x n matrix C, we define its hermitization matrix H(C) by :

H(C) = (CE)T g) |

A well-known property of H(C) is its symmetric spectrum and the fact that the
singular values of C' are the non-negatives eigenvalues of H(C). In particular, ||C||
corresponds to the largest eigenvalue of H(C').

In order to prove Lemma we first consider the case where H(A o A) has a
simple spectrum, a sufficient condition for the differentiability of ||A o AJ|, we then
prove that the euclidian norm of the gradient of py ,(A) is bounded : ||V i (A4)| < Ko
and finally proceed by approximation to get the general Lipschitz property.

Démonstration. We first consider the case where H(Ao A) has a simple spectrum. In
this case, ||AoA|| is equal to the largest eigenvalue of # (Ao A) which has multiplicity
1 and is thus differentiable. Denote by 0;; = &%j' Notice that if A;; = 0, then for any
smooth function f: R™"™ — R, 0;;f(A o A) = 0. If needed, we will take advantage
of this property. We have :

V(A = | D 10pre(AI,

i=1
and
0iiPre(A) = 0ij (0a(A)pre(A))

= (0ijpa(A)) pre(A) + ©a(A)0jpre(A)
=: 1,5 + S25 -
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In particular,

D 0oke(AF <2 1S+ 2> 18240
ij=1 ij=1 ij=1
We first evaluate >, 1.

Recall that ||A o A|| being the maximum eigenvalue of H(A o A) which by as-
sumption is simple, it is differentiable by [Horn et Johnson, 2013, Theorem 6.3.12].
Let u and v be respectively the left and right normalized singular vectors associated
to the largest singular value [|A o A|| of Ao A. Then

H(AoA)w = ||[Ao Aljw, where w = (:j) .

Notice that [|Jw|* = 2. We have

L, HAOAH>
Diipa(A) = — Oijl|A o A
sea) = < (52 0180 4)
and
DA 0 Al = lel (u'eiejv+vlejefu) =ueefv if Aj#0, (1.19)
0 else.
Let i € [n]. Denote by
Zi={jelnl, Aij=1}; (1.20)

notice that |Z;| = d. We have

2 ISul =22,

seer([57]) d
i,j€[n] i€n] j€L;

Ao A
<Jo (J22]) Jpeatn| Sl S leol*

i€[n] Jj€ln]
Ao A
| (|577]) Zamee

2

9

2

We now focus on

2

2
1 1 [AoA\' 1
— Al = eT—(—) —
‘m’”’“( | =lea= T ) va

Notice that ||1/v/d|| = y/n/d. Since matrix Ao A follows Model (A), one can notice
that (A o A)¢ remains a block matrix with only d nonzero terms per row (and per
column as well). This property is fundamental for the remaining estimates and fully
relies on the Model (A) assumption.

Denote by

NYES {p € [n], [(AoA)] b 7 0} (1.21)
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and by 17x¢ the n x 1 vector with zero coordinates except those belonging to Jj s,
set to 1. In particular, ||17%¢|| = v/d. Then

ej (Ao A)1=el(AoA)f17me

We have

i - e CR) (G
_ e <AoA> g ) 1JH

E

)

< et (AoA> AoA 17k ||?

— \/E Y

< |57 A
Using the fact that ¢’ <‘ A\;’g‘ D =0 if A—jdf‘ ‘ > Kk + 1, we have

Q) < ORI
% \/a \/apké = \/a \/a )
< Pl =8P (14 k)",
and finally
D18l < @15 (1= 6" x (14 R)*. (1.22)

1,7=1

We now evaluate szzl |5’2,ij|2 = Zide[n] |g0d(A)6ijpk7g(A)|2.
Recall the definitions of Z; and J, introduced in (1.20)), (1.21). We have

-1
_ 1 T D T {—1—p . .
aijpkyg(A) = m ; €L (A o A) eiej (A o A) 1 if J e IZ
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and zero else. Then

DY 105pke(A)

i€[n] JEL;
/
< g | 22 le B o) e 1]
i€[n] jEL;
=2 n
+ Z Z Z lex (Ao AYee (Ao A)é_l_plf) :
p=0 i=1 jeI,
14 /—1 2
= Suog dy  |[(AoA) 1l
i€[n]

2

LYY

p=0 i€[n] jEL;

[(A 0 A)"]y; e;.F(A o A)1r

1
Vd

t -1 1T
= ([(AOA) (Ao A)Y) L}k
(-2 12
+3 3 (A0 AP lef (Ao A)“H”ﬁ
p=0 ic[n] JEL;
(1.23)
2
We concentrate on the term © =3, e (Ao 14)5*1*1”\%8 and prove that
0 < |AoA|Ptp (1.24)

Let Iz, = diag {17, (k); k € [n]}, where 17, is the indicator function of Z;, then

1T —1-p1T ° ﬁflfpi
@ZEKAOA) | (Ao A Jd

Notice that (A o A)*~1P has the form (P, ® 141} ) o B for some 7 € S,, and some
n x n matrix B. In particular, taking into account the matching between the indices
of I7, and (A o A)*17P’s blocs, there exists a d x d bloc of matrix (Ao A)*P~1 say
B, such that matrix

[(A 0 A7) [, (A 0 AY 1

is zero except a d x d block B B; on the diagonal and

1y 1,

vd 'V

Eq.(1.24)) is established. Notice in particular that the estimate does not depend on
35
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the index i. Plugging this estimate into ([1.23|) yields

Z Z |aijpk,£(A)

i€[n] j€L;
14 ) -2
B 2(0—p—1)

- W(“(AOM I A APy (o AVl s oA >
14 -2

S W (HAOA”Q(EU HAOAHZpHAOA”Q(gpl)) ’

Qo 2

/2 2(e-1) Ao A 2(0—2) Ao A 9

= g 1804l = P :

Multiplying by |p4(A)|? finally yields the appropriate estimates :
Ao AP

d

2) ‘AoA 2

- < 52(1 . 5)2((—2)(1 + I{)Q.

D 150457 < lpa(A))

i,j€[n]

(1.25)

Combining (|1.22) and ([1.25]), we obtain :

IVae AN < (|23 180517 +2 37 1824 < 201-8) 2 (6t 1)2(|¢ g +0) =t ke
ij=1 ij=1
(1.26)
where K, does not depend upon k, n, d and is summable. So far, we have established
a local estimate over ||V (A)|| for any matrix A such that H(A o A) has a simple
spectrum. We first establish the Lipschitz estimate (1.17]) for two such matrices A
and B.

Let A, B such that H(A o A) and H(A o B) have simple spectrum and consider
the interpolation matrix

for t € [0;1] . The continuity of the eigenvalues implies that there exists ¢ > 0
sufficiently small such that H (A o A;) has a simple spectrum for ¢ < € and ¢ >
1 — e. By an argument in |[Kato, 1995, Chapter 2.1|, the number of eigenvalues of
H (A o A;) remains constant for ¢ € [0, 1], except maybe for a finite number of points
;1 <I<L):ty=0<t; <--+ <ty <try = 1. Since H (A o A;) has simple
spectrum for ¢ € [0;¢) U (1 — € 1], it has simple spectrum for all ¢ ¢ {t;, | € [L]}.
We can now proceed :

- . d
e (Ay) = pre (A)| = hm/ Vike (Ar) o - (Adt

Td
li — Ap)dt
1m/ dtpké( t ’

T/‘t1 T t1
<l [V (A)] X 1B = Allpde < Kot B = Al
T 1 0
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By iterating the process over the intervals (t,_1,t,), we get

L+1

Pk (B) — pre (A)] < Z ’ﬁk,z (Ay) = Pre (A )
=1

L+1
< Y Ke(ti—ti)|B=Allp =K ||B— Al .

=1

)

Hence the Lipschitz property along the segment [A, B].

To go beyond, we proceed by density and prove that for a given matrix A as in
Model (A), the set of matrices (A o A) such that H(A o A) has a simple spectrum
is dense in the set of matrices (Ao A, A € R™™).

Let P, be the permutation matrix used to define A in and I, the identity
matrix of size d. We define the following n x n matrices

N=P,®Il; and Dy=(AocAM". (1.27)

Notice that II is a n X n permutation matrix and that D4 is a block diagonal matrix
with d x d blocks on the diagonal. Since IITIT = II'II = I,,, we also have

Dsll=Ao0cA.

In the framework of Example [T matrices IT and D4 are given by :

I, 0 0 0 AV 0 0 0
10 0 0 I 10 A® 0 0
=101, 0 0 and — Da=1 0 "o 4 o
0 0 I; O 0 0 0 A®W

An important feature of D, is that A o A and D4 have the same singular values :
DD = (Ao AT (Ao AT = (Ao A) (Ao AT,

hence H(Ao A) and H(D,4) have the same eigenvalues and their spectrum, if simple,
is simultaneously simple. Denote by (A(.))uepm) the m diagonal d x d blocks of matrix
D 4 and consider their SVD

Ay = Uy Ay Vi) -

Consider a simultaneous e-perturbation of the A(,)’s into Afu) so that all the A?M)’s
have distinct diagonal elements, e-close to the A(,)’s. Denote by

Afy = Uy ALy Vi -

and let D3 be the block diagonal matrix with blocks (Af,))ue(m). Then H(D3) is
arbitrarily close to H(D,4) and has a simple spectrum. Note that DI is e-close to
Ao A, is such that H(D5II) has a simple spectrum and has the same pattern as
Ao A in the sense that :
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To emphasize this property, we introduce the n x n matrix A° defined as

[As]ij _ [DAH]”LJ if Aij =1,
Ajj else

so that DI = A o A® and

04— Ao Alr = 147~ Alr —5 0

We can now conclude. Let A o A, A o B be given and D3Il = A o A® and
D%IT = A o B* constructed as previously ; notice that C' — py,(C') is continuous.
Then

1Pke(B) = pee(A)| < prye (BY) = pre(B)| + K¢ || Be — Acll g + [Pr,e (Ac) — pre(A)]
;; KeHB _AHF .

This concludes the proof of the Lipschitz property. n

Step 3 : uniform estimate for ER;(A)

As a consequence of the Lipschitz property of Ry, Rip(A) if centered is sub-
Gaussian if A is a n X n matrix with i.i.d. N'(0, 1) entries. The following estimate
easily follows using Tsirelson-Ibragimov-Sudakov inequality ( [Boucheron et al., 2013,

Theorem 5.5]).

Proposition 24. Under the assumptions of Lemma 23], the following estimate holds
true :

Emz[n]( <}~%k — Eék> < K+/2logn.
ken

For the proof, see |Bizeul et Najim, 2021, Proposition 2.3].
The rest of the section is devoted to the control of ERy(A).

Proposition 25. Under the assumptions of Theorem [I7] there exists n; € N and a
constant C' > 0 such that for all n > nyq,

sup
ke[n]

ERk(A)’ < C.

Démonstration. Recall that n = d x m and that Ao A is a block permutation matrix
with m blocks (AW),cpn of size d x d. We choose a given block A" and denote
by p1, -, ptq the d indices corresponding to the rows of block A® in A o A. By
exchangeability, we have

Vk € [d], ER, (A)=ER,(A).
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Denote by 1% the n x 1 vector with ones for the indices (11;);cq and zeros elsewhere.
We have

ERu ()] = |53 ER, (4

IN
&=

-1
We start by expanding ( I— ﬁﬂ)

s (58 (-3 - e () 3

Notice that (A o A)¢ is a block matrix constituted of m blocks of size d x d. In
particular, among the d rows

([(A o A)Y] ]>

i€{p1, - ualt, JEN]

there exist vy, - - - , 14 (consecutive) indices such that the only non-null entries are

([ =47,

i€{p1, - ual, j€{v1, - va}

Denote by 1®) the n x 1 vector of ones for the indices (Vi)ielq) and zeroes elsewhere.
As a consequence of the previous remark,

1WT(Ao A)f1 =1WT (A0 A)1W

and
1 (AOA) 1| 1 (AoA)Z
= () 7 aHf i) vl
HAOA
<
AoAEonA

avd Vd
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Let k> 0 as in Proposition 1] 6 € (0,1),n9 € N as in Lemma [23] then

Z o2 pa(A

(=2

Ao AllF?

om/_

Ao Al
d

AOA

e

E

<

Plugging this estimate into (T.28)) concludes the proof of the estimation of |[ER,, (A)|.
This estimate being uniform over p,--- , g and over all the blocks (A®), the
proposition is proved.

]

Proof of lemma 22l

Combining Lemma [23] Propositions [24] and [25] one can prove Lemma [22] as in
[Bizeul et Najim, 2021} Section 2.3] with minor adaptations.

4 Proof of the feasibility result for the d o« n model

We assume that A,, follows Model (B).

The strategy of proof closely follows the one in [Bizeul et Najim, 2021], with
one specific issue to handle : the uniform bound on ER;. An important property
exploited in |Bizeul et Najim, 2021] to establish a uniform bound over ER;, was
the exchangeability of the R’s (or block exchangeability in the case of Model (A)).
There is not enough structure in Model (B) to guarantee this exchangeability (which
might not hold).

We carefully address this issue hereafter.

A uniform bound over ER, for Model (B)

Proposition 26. Under the assumptions of Theorem , uniformly in &k € [n],

~ Q
ER,=0(—] .
-o(3)
Proof of Proposition [26 relies on two important facts.
— The fact that almost everywhere H(A o A) has a simple spectrum, hence the

Lipschitz function ||Ao Al| is almost surely differentiable with an explicit for-
mula for the partial derivatives, see ([1.19)). Details are provided in Appendix

[
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— The Gaussian integration by parts (i.b.p.) formula : If Z ~ N(0,1) then
EZf(Z) = Ef'(Z). Interestingly, this formula holds for f Lipschitz. In this
case, f is absolutely continuous hence almost surely differentiable (see for
instance [Hartman et Mikusinski, 1961, Chap. 7, Thm. 4]) with linear growth
at infinity.

Recall that ¢4 (A) = ¢ (HA\;’;U, where ¢ is defined in (1.13]).

Démonstration. In order to get an asymptotic bound over ERk(A), we expand its
expression :

ERy(A) = E

pa(A)el (Aj{‘)zcyl] |

= Y S E [ a o A (A0 A)Q),]

1€1y jE[n]
= \/—Z > Elpa(A)(A 0 A (=05 + Q)]
lGIk jE€[n]
= Z]E 0a(A) (Ao Al + ZZ]E 0a(A)(A o A)wQiy] -
zEIk zEIk JjE€[n]

At this point, we use the Gaussian i.b.p. formula applied to A — ¢4(A) which is
Lipschitz and a.s. differentiable with explicit derivative (see ([1.19)).

ER(A) = Z]E [Oripa(A Z > E [0k (9a(A)Q)]

zEIk zEIk JjE€[n]
a 1A 0 Al [[Ac Al
= _E ZE |:U,kU,L < Z Z E UV \/— Ql]
1€, zeIk j€[n]
Z > " E[pa(A) (0:iQi)]
zeIk jE€[n]
=T +T1T,+T;.

We first handle the term 77 by Cauchy-Schwarz inequality :

, ||AoA||> o [ (||AoA||>H (a)
i — || £ =E|Vd o —
w )t ( Nz Nz Vd
We now handle the term 75 :

€T,
>5a.

< SB[l et < Sy PElviien - o (5).

We finally handle the term 73. Notice that 0y;Qi; = ﬁgQiszj and denote by
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(6]
Bl < SE




w = (Qiklz}j))ie[n]‘ Notice that |w||? < efQ*Qey hence |w|| < ||Q] and

| T5] = = |E [pa(A)w" Q1]

Efpa(A)lwl QNI < LB [pa(4) Q1] = o(ﬁ |

QUl— =
3

<

Combining these asymptotic notations finally yields :

ER,(A) = O (%) .
]

Notice that even if the bound obtained in Proposition is weaker than the
one obtained in Proposition 25| or in [Bizeul et Najim, 2021, Prop. 2.4], it is still
sufficient to establish the feasibility under Model (B).

5 Proofs of the stability results

Proof of Theorem [18

The proof is a combination of Takeuchi and Adachi’s theorem |Takeuchi, 1996)
Theorem 3.2.1| and Proposition

We first recall the definition of Volterra-Liapunov stability, see for instance |Ta-
keuchi, 1996, Section 3.2| : Let B be a n x n real matrix. B is Volterra-Liapunov
stable if there exists a n x n positive definite diagonal matrix D such that DB+BTD
is negative definite.

Going back to Eq. , according to Takeuchi and Adachi’s theorem [Takeu-
chi, 1996, Th. 3.2.1|, this LV system has a unique nonnegative and globally stable
equilibrium if M,, — I,, is Volterra-Liapunov stable.

We now rely on the asymptotic spectral properties of M,, to study the Volterra-
Liapunov stability of M, — I,,. We drop the subscript n in the sequel. Take D = [
then

DM -1+ (M~—-D"D=M+M"—-2I

is an hermitian matrix. This matrix is negative definite if all its eigenvalues are
negative. Given that M + M7 is also hermitian, we just have to check that the
spectral radius p (M + M T) < 2. According to Proposition [21]:

T
>
P(p(M+M")<2) > P(IM|<1) — L
Thus, the probability that M — [ is Volterra-Liapunov stable converges to 1 as
n — oo. By |Takeuchi, 1996, Th. 3.2.1|, this implies that the probability that the
LV system ([1.2)) has a unique nonnegative and globally stable equilibrium converges
to 1 as n — oo.
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Proof of Proposition

We first prove the first part of the proposition. By Theorem [I8] there exists a
unique nonnegative globally stable equilibrium to . If there exists € > 0 such
that eventually «,, > (1 + €)a’ where o = /2logn, then this equilibrium x,, is
positive by Theorem [17| with overwhelming probability as n — oo.

The rest of the proof closely follows the proof of [Bizeul et Najim, 2021, Corollary
1.4] and is omitted.

6 Conclusion

In this article we study the feasibility and stability of sparse large ecosystems
modelled by a large Lotka-Volterra system of coupled differential equations :

dx,
dt

=x,(1, —z, + M,x,).

Our work is motivated by recent research |Busiello et al., 2017| which suggests
that in the light of many ecological and biological datasets living networks are of-
ten sparse. It also illustrates the interest to study feasibility in relation with the
normalization of the interaction matrix’s entries beyond the non-sparse full i.i.d.
models, and opens perspectives to study models with more structure such as elliptic
interactions or patch models.

In the model under investigation, the interaction matrix M, is a sparse random
matrix, where the sparsity is encoded by a patterned matrix A,, based on an under-
lying d,,-regular graph, and the randomness by i.i.d. random variables (matrix A,)
for non-null entries. The single parameter d,, of the regular graph provides an easy
one-dimensional parametrization of the connectance of the foodweb.

Our main conclusion is that beyond the standard normalization 1/1/d,, of the
interaction matrix A o A, which guarantees a bounded norm

5] o0

an extra factor 1/, with «,, — oo is needed to reach feasibility. The interaction
matrix finally writes

A0 A,
an/d,

and a sharp phase transition occurs at o) = y/2log(n). Interestingly, the same
phase transition as in the non-sparse case occurs. In the very sparse setting log(n) <
d, < n, we rely on an extra block-structure assumption over matrix A,, namely
Model (A), to establish the feasibility and the phase transition. Our method of proof
crucially relies on this technical assumption which somehow concentrates the non-
null entries of the sparse interaction matrix (and its powers) into localized blocks.

However simulations (cf. Fig suggest that this block structure assumption
is not necessary and could be relaxed. Hence the following :

M,
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FIGURE 1.4 — Let n = 15000, d = 10 (notice that d > log(n) ~ 9.61). Matrix A,
is drawn at random once for all among the adjacency matrices of d-regular graphs
(and a priori does not follow Model (A)). Each point of the curve represents the
proportion of feasible solutions x, of Eq. over 1500 realizations of random
matrices A, for different values of x, with «,, = y/klog(n). The phase transition
resemble those of Figure

Open question 27. Let A, the adjacency matrix of a deterministic d,regular
graph, with d,, > log(n), and A,, a random matrix with i.i.d. A/(0, 1) entries. Consi-
der the equation

A, oA,
an/d,

Is it true that the same phase transition as in Theorem [17] holds ?

xz,=1,+ x,, Q,—>00.

7 Appendix : With probability one, the singular va-
lues of a sparse random matrix are distinct

We establish hereafter that with probability one the singular values of matrix
A o A are distinct, a key argument in the proof of Proposition [26] to compute the
partial derivatives of A — ||A o A||. The lemma below and its proof are inspired
by Nick Cook |[Cook, 2021]. We start by mentioning Birkhoff’s theorem ( [Horn et
Johnson, 2013, Theorem 8.7.2]), used in the proof of Cook’s lemma [29|

Theorem 28 (Birkhoff [Horn et Johnson, 2013|). A matrix A of size n x n is doubly
stochastic if and only if there are permutation matrices Py, ..., Py of size n x n and
real positive scalars t1,...,ty such that ¢t{ +---+¢ty =1 and

A=t,P +---+tyPy
Moreover, N <n? —n + 1.

Lemma 29 (Cook [Cook, 2021]). Let n > 1, A,, a n X n matrix with i.i.d. N'(0,1)
entries and A,, the adjacency matrix of a d-regular graph. Then with probability
one, all the singular values of A,, o A,, are distinct.
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Remark 7. The original statement of Cook is slightly more general : matrix A,
entries only need a distribution with positive density, and the deterministic matrix
A, only needs a generalized diagonal, i.e. (Aj;;); % € [n]) for some o € S, with
n — 1 non null entries.

Démonstration. Let Ea be the set of matrices with entries supported on the nonzero

entries of A,

Thus, € is the support of the law of A o A. Besides, Ea is a manifold as a subspace
of R™*™.

Let R denote the set of matrices with a repeated singular value. It is the set
of n x n matrices X for which the characteristic polynomial p of XTX has zero
discriminant (p), see for instance [Cohen, 1993, Section 3.3.2].

R = {XeR"; p(p(X'X)) =0} = {XeRY"; P(X)=0},

where P : R"™*" — R defined by P(X) = p(p(XT X)) is a polynomial in the entries
of X. It follows that R is an algebraic manifold in R"*".

Hence, EA N'R is either equal to Ea, or a submanifold. of £o of zero Lebesgue
measure (under the product measure on €a).

For the claim, it suffices to show that £o ¢ R hence to exhibit Y € £, with
distinct singular values. By Birkhoft’s theorem |[Horn et Johnson, 2013, Theorem
8.7.2], the doubly stochastic matrix A/d writes

é:ZaUPU, a, > 0 and Zaazla
d S, 0ES

where P, is the permutation matrix associated to o € S,,. There exists in particular
o* with o« > 0 and Py« € Ea. Let Py = (Py); e then matrix Y = (iP;); jen]
has distinct singular values (1,--- ,n). This completes the proof.

O
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Chapitre 2

Equilibria of large random
Lotka-Volterra systems with
vanishing species : a mathematical
approach

Ce chapitre est tiré de 'article [Akjouj et al., 2023|, écrit en collaboration avec
W. Hachem, M. Maida et J. Najim.

Ecosystems that consist in a large number of species are often modelled as Lotka-
Volterra dynamical systems built around a large random interaction matrix. Under
some known conditions, global equilibria exist for such dynamical systems. This pa-
per is devoted towards studying rigorously the asymptotic behavior of the distribu-
tion of the elements of a global equilibrium vector in the regime of large dimensions.
Such a vector is known to be the solution of a so-called Linear Complementarity Pro-
blem. It is shown here that the large dimensional distribution of such a solution can
be estimated with the help of an Approximate Message Passing (AMP) approach,
a technique that has recently aroused an intense research effort in the fields of sta-
tistical physics, Machine Learning, or communication theory. Interaction matrices
taken from the Gaussian Orthogonal Ensemble, or following a Wishart distribution
are considered. Beyond these models, the AMP approach developed in this paper
has the potential to address more involved interaction matrix models for solving the
problem of the asymptotic distribution of the equilibria.

1 Introduction

In the field of mathematical ecology, the Lotka-Volterra (LV) multi-dimensional
differential equations are widely used to model the time evolution of the abundances
of n interacting species within an ecosystem |Takeuchi, 1996]. Such systems take the
form

r(t)=zt)o(r+ (M —1)x(t)), z(0) € (0,00)",

where the vector function x : [0,00) — R} = [0,00)" represents the abundances
of the n species, ® is the componentwise (or Hadamard) product, r € R’} is the
so-called vector of intrinsic growth rates of the species, and the matrix M € R™*"
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quantifies the strengths of the food interactions among these species.

When the number of these species is large, the interaction matrix M is often
modelled in the ecological literature as a random matrix, rendering the ecological
system a large disordered system. Such systems have aroused an important amount
of research in the fields of mathematical ecology, borrowing tools from statistical
physics, high dimensional probability, or random matrix theory [Akjouj et al., 2022|.

In this paper, we shall be interested in the situation where the dynamical system
induced by the LV differential equation is well-defined on R, and has a globally
stable equilibrium vector x* = [xj]jzl In these conditions, it is of interest to un-
derstand the behavior of the distribution of the elements of this vector in the large

dimensional regime. Specifically, our purpose is to evaluate the behavior of the pro-

bability measure
Ll
== (sx* )

where 9, stands for the Dirac measure at a, for large n, which is a random measure
defined on the probability space of r and M (we assume in most generality that the
intrinsic growth rates are also random). We note here that in general, the equili-
birum vector z* lies at the boundary of R, i.e. may have vanishing components.
In these conditions, it is of particular interest to evaluate the asymptotic behavior
of ||z*]|o/n, which is the proportion of surviving species at the equilibrium (here
|z||o = card {i; =} > 0} is the number of non-zero elements of the vector x).

Among the “canonical” interaction matrix models considered in the literature
devoted to large LV systems are the Gaussian Orthogonal Ensemble (GOE) model,
the so-called Ginibre model, or the so-called elliptical model, which can be seen as an
interpolation between the first two [Allesina et Tang, 2012|. The asymptotics of u*"
for these models were recently considered in the physics literature. In [Bunin, 2017],
Bunin studied a non-centered elliptical model, and evaluated the large-n behavior of
©*" with the help of the dynamical cavity method. A similar result was obtained by
Galla in |Galla, 2018] by means of generating functionals techniques. Older results
related with this problem date back to |Opper et Diederich, 1992 Tokita, 2004].
Heuristic estimates were also proposed in |Clenet et al., 2022a,|Clenet et al., 2022b|
in the context of the elliptical model.

Many insights are provided by these techniques from a physicist point of view.
However, up to our knowledge, no rigorous method for determining the asymptotics
of u*" can be found in the literature so far. The purpose of this paper is to address this
question. The principle of our approach stands as follows. When it exists, the globally
stable equilibrium x* of the LV equation above is known to be the solution of a
so-called Linear Complementarity Problem (LCP), see for instance |Takeuchi, 1996)
Chap. 3|, which consists in finding a real vector that satisfies a system of inequalities
involving the matrix M and the vector r (the reader is referred to Section below
for a quick overview, and to |Cottle et al., 2009| for a comprehensive exposition
of the LCP theory). With this at hand, the idea we develop in this paper is that
the distribution p* can be estimated for large n with the help of an Approximate
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Message Passing (AMP) approach.

The AMP algorithms have been widely popular in the fields of statistical physics,
Machine Learning, high-dimensional statistics, or communication theory, as shown in
the recent tutorial |Feng et al., 2022| and the references therein. An AMP algorithm
produces a sequence of R"valued random vectors, say £, which are iteratively built
around a n x n random so-called measurement matrix. This algorithm is conceived
in such a way that for any finite collection &', - -, &% of these vectors, the following
joint empirical distribution :

1 n

converges as n — oo to a Gaussian distribution on R? that can be characterized by
the so-called Density Evolution (DE) equations. In the context of our LV equilibrium
problem, it turns out that an AMP algorithm can be designed in such a way that
the AMP iterates approximate our LCP solution after an adequate transformation.
Thanks to this approximation, the asymptotics of 4*" can be deduced from the DE
equations.

Regarding the statistical model for M, we shall consider in this paper the GOE
model [Allesina et Tang, 2012|, and the so-called Wishart model. The latter is a
particular case of a kernel matrix, which is considered when the interaction between
two species depends on a distance between the values of some functional traits
attached to these species, see [Akjouj et al., 2022, §4.6] and the references therein,
or the recent paper |Rozas et al., 2023].

We also advocate that the LCP/AMP approach for studying p® can be ge-
neralized and applied to more involved models for the interaction matrix M. For
instance, the recent results of Fan |[Fan, 2022 might be used to cover the general
rotationally invariant case. In another direction, our approach can be generalized to
non-Gaussian interaction matrices with the help of the recent universality results
of, e.g., |Bayati et al., 2015,|Wang et al., 2022|. Matrices with a variance profile
that can be sparse can also be considered. These generalizations are currently under
investigation.

This paper is organized as follows. Section [2]is devoted to the problem statement
and solution in the GOE case. The main result of this section, Theorem is
proven in Section [2.2] where the proof revolves around the LCP formalism for the
global equilibrium (recalled in Section and a properly designed AMP algorithm
(Section [2.2). Section [3| deals with the Wishart case.

2 The GOE case : problem statement, assumptions,
and the results
We start by rigorously stating our problem. Let (A4,),>1 be a sequence of random

matrices such that A, is a n x n GOE matrix. Namely, considering that X,, is a real
n x n matrix with independent A(0, 1) elements,

_Xat Xp

Ay :
V2
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where YT stands for the transpose of matrix Y. Let (Tn)n=12,. be a sequence of
random vectors such that r, € [0,00)" (notation r, = 0). We shall assume that r,
and A, are independent for each n. Let s be a real non-zero number and denote by
M, the matrix
ATL
KM

For each n, consider the LV dynamical system with trajectories z,(t) = 0 repre-
sented on t € Ry by the Ordinary Differential Equation (ODE)

M, =

n(t) = 20(t) ® (1t + (M — L) 20(t)),  2a(0) € (0,00)", (2.1)

where u ® v = (u;v;)1<i<n for u = (u;) and v = (v;) n x 1 vectors. We shall consider
the following assumption :

Assumption 1. k > 2.

One of the most well-known results of the large random matrix theory is that the
spectral measure of the matrix A, /y/n weakly converges in the almost sure sense to
the so-called semi circle law (supported by the interval [—2, 2]), and that the spectral
norm || A4, /+y/n|| almost surely (a.s.) converges to 2, the edge of the semi circle law,
as n — oo |Pastur et Shcherbina, 2011].

Independently of the struture of M, it is moreover known that when the condi-
tion || M, || < 1 is satisfied, the ODE admits an unique solution on R, with a
bounded trajectory, for an arbitrary initial value x,,(0) € (0,00)™ [Li et al., 2009).
Since Assumption [l| ensures that with probability one, ||M,]|| < 1 for all large n, we
obtain that the ODE has an unique solution on R, for these values of n.

The existence of the solution being settled, we now focus on the possible equili-
brium points of the ODE . It is known, as recalled with more detail in the next
section, that when || M, || < 1, the ODE has a globally stable equilibrium point
x} in the classical sense of the Lyapounov theory [Takeuchi, 1996, Chapter 3|. Our
purpose is to study the distribution of the elements of z; for large n.

Let us introduce some notions intended to make precise what we mean by the
asymptotic distribution of the elements of x;. Given an integer d > 0, the notation
Py (RY) refers to the Wasserstein space of the probability measures on R? with finite

: Po(R?
24 moment. We recall that the convergence in P, (R?), that we denote as i, 250
n—oo

@, amounts to the weak convergence complemented with the convergence of the
second moment of u, to p. An equivalent characterization of the convergence in
P,(R?) will be useful in this paper. A function ¢ : RY — R is said a pseudo-
Lipschitz function with Lipschitz constant L > 0 and degree 2 when it satisfies for
all z,y € R? the inequality

o(z) — ()| < Lllz =yl (1 + [zl + [yl

(here, || - || is the Euclidean norm). We denote as PL4(2) (or PL(2) when d = 1)
the set of the R? — R pseudo-Lipschitz functions with degree 2. The convergence
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PQ(Rd)
Un — W amounts to

/ odiy, m / edp

for each function ¢ € PL4(2) [Feng et al., 2022,|Villani, 2009].
Further, given a d-uple of vectors (z},--- ,2%) € (R*)? with 2 = [}, -+, 2f ] B
we denote as i € P5(R?) the joint distribution of their elements, defined as

1 n

1 d

LTpy 3Ty e g

/JI n 5(x217n7“'7x§l’n)7
=1

where 8(q,,...q;) is the Dirac measure at (ai,--- ,aq). Our purpose is to characterize
the asymptotic behavior of the random probability measure u® in the space Py (R).
To this end, we need an assumption on the distributions of the vectors r,, :

Assumption 2. There exists a measure i € Py(R) such that i # dp, and

(a.s.) p™ P®), f

n—oo

An equivalent formulation for this assumption is that

I _
=1

for each function ¢ € PL(2), where r,, = [r1.,...,7nn] . Note that /i is supported
by R, similarly to the pu™.
The main result of this section is stated as follows :

Theorem 30. Let Assumption |1 hold true. Then, ||M,| < 1 for all large n with
probability one. For each of these n, the ODE is defined on R, and has a
globally stable equilibrium z7*. For the other n, put z* = 0. The distribution p*»
is a Po(R)-valued random variable on the probability space where A, and r, are
defined.

Let Assumption [2 hold true. Let 7 > 0 be a random variable such that g = £(7).
Let Z be a (0, 1) random variable independent of 7. Then, the system of equations

K=04+7/0, (2.2a)
1 = \2

o2 — EEFEZ (cZ + 7‘)+, (2.2b)

v = E:P; [UZ +7 > O}, (2.2¢)

admits an unique solution (6,02, v) in (1/v/2,00) x (0, 00) x (0, 1).
Let Assumptions [T and [2 hold true. Then, the convergence

zx P2(R)

n—o0

0 L ((1 +7/8%) (0 Z + 77)+> almost surely (2.3)

holds true.
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FIGURE 2.1 — The plots represent a comparison between the theoretical solutions
v, the mean and the root mean square at equilibrium of the abundances arising
from system and their empirical Monte Carlo counterpart (the star marker) as
functions of the interaction strength x. Matrix M, has size n = 500 and the number
of Monte Carlo experiments is 100. When interaction x~! increases, the proportion
of surviving species v decrease but their mean and variance increase.

There is a strong matching between the parameters obtained by solving the
system and their empirical counterparts obtained by Monte-Carlo simulations.
This is illustrated in Fig. by comparing ~, the mean and the root mean square
of the abundances species at equilibrium.

The theorem calls for some remarks.

Remark 8. The result of Theorem [30] can be obtained at a physical level of rigor by
the dynamical cavity method, see |[Bunin, 2017| that considers the particular case
where 7 is a constant. A similar remark can be made regarding the reference |Galla,
2018.

Remark 9. Write 2}, = [2},,,...,2},,] B Inspecting ([2.2¢|) and (2.3)), the parameter
~ can be seen as “the limit proportion of surviving species”, in the sense that

where sup,, is taken on the set of functions {¢ : R — [0, 1] continuous, ¢(0) = 0}.
Note that since the function 1, is not continuous, the convergence does not
imply that ||x}|o/n converges to 7, whatever is the sense of this convergence.

Up to our knoweldge, there is no rigorous approach in the literature that solves the
problem of the asymptotic behavior of ||z ||o/n.
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Clenet, Massol
Bunin and Najim
( |Bunin, || ( [Clenet et al., GOE

2017)) 2022b)) model
Number of species S n n
Abundances of species i N; T Z;
Carrying capacity K; 1 1
Intrinsec growth rate T T T
Proportion of surviving
species d p* vy

TABLE 2.1 — Correspondence between the initial notations of the Lotka-Volterra
model of each of the three papers.

Remark 10 (Behavior of surviving species proportion). Recalling that 7 > 0 and
Plr > 0] > 0, we easily see from Equation v > 1/2 : More than half the
species survive.

Furthermore, an easy calculation involving Equations and shows
that v does not change if we replace 7 with ¢ where ¢ > 0 is an arbitrary constant. In
particular, v does not depend on E;. In practice, this implies that in the framework of
Model , the empirical mean of the free growth rate vector r,, has little influence
on the surviving species proportion.

2.1 Link with Bunin’s article

In his paper [Bunin, 2017|, Bunin studies the effects of migration and species in-

teractions for a community, with population dynamics described by a Lotka-Volterra
system of equations. In particular, diversity and species abundance distributions are
two topics of common concern.
For that reason, the aim of this section is to explain how Bunin’s model fits with
the following mathematical models : the GOE model and the one given by [Clenet
et al., 2022b|, which corresponds to a model where the interactions are i.i.d centred
random variables.

The Lotka-Volterra system of S species studied by Bunin is :

sz r; .
JF

where N; is the abundance of species 4, a;; = & +0ayy, for i # j, encode interspecies
interactions, r; are the intrinsic growth rates, K; are the carrying capacities.
To simplify the interpretation, one puts r; = 1 and K; = 1.

Table matches the initial parameters of the Lotka-Volterra system of each
of the three papers. This will make easier to the reader the transition between the
models.

Besides, Bunin chooses the variables a;; as centred (E(a;;) = 0), with variance
equal to ¢ and correlation-factor E (aj;a;;) = 3.
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At equilibrium, this system is rewritten :

J#i
where
= , U= ) AZ: ’
<Nj> o O'<Nj>
g

n;

h=—

1
and <Nj >= gzj:N]

As K; = 1, it implies that \; = 0 and 03 =< \? >= 0.

In the dynamical cavity method, it is common to add a new species to the exis-
ting system and comparing the properties of the solution with S species to that with
S + 1 species.

Starting from the previous system , one assumes that the normalized abun-
dances n; of the species in the pool ¢ € {1,...,S} are known. Then, a new species
with interactions (ao;, @i);_; g is introduced. A small perturbations ; is added to
A; in the system for each species. The response to this perturbation is defined by :

on;
Vij = ( : and v=<w; > .
&=0

0&;

Denote by Z ~ N(0,1) a standard Gaussian random variable, pz the cumulative
22
Gaufsian distribution function of Z, A = h/\/q + 0% and wi(A) = [ \/%76_7(2—%
A)kdz. We can now specify the system (10) of [Bunin, 2017] :

O =wy(A) =P(Z > —A), (2.5)
u—yv=1/q+oiwi(A)=1/¢g+3E[(Z+A),], (2.6)
(u— 0)? = (1 + %) walA) = <1 + %) E[(Z+A)?]. (2.7)

From Bunin to Clenet-Massol-Najim

The model proposed by [Clenet et al., 2022b| corresponds to Bunin’s model with
~ the correlation factor put to 0.
Henceforth, we use table to rewrite Bunin’s system ([2.4]) with the notations used
by Clenet and coauthors.

The first equation of Bunin becomes :

p*:P(Z>—5*):1—PZ(—5*), ie ,021(1—]?*):—(5*.
Thus,
Ongl(l—p*>—{—5*,
=2 (=) + = (= +
_pZ p o* \/F ﬂ p )
= U*\/F,O;(l —p") +a(l+ ump*),
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Bunin ( |Bunin, Clenet, Massol and Najim

2017)) ( |Clenet et al., 2022b))
E(ai;) = p —p
u= o+ 1)

< N; > p*m*

NS 1

— <Ni>
h - o (6% <p*m* _I— /"L>

< N? > pro*?

2 0_*2

q =<n” > p*m*Q

— _h * o (_1 *
A= 5—0*(\/10—*+um\/p_>

TABLE 2.2 — For Bunin’s model with correlation between the random variables a;;
and aj; put to 0 (7 = 0), this table matches the parameters involved in system ([2.4))
with parameters of Clenet, Massol and Najim articles.

which is exactly |Clenet et al., 2022b, Equation (14)]).
The second equation (2.6) gives :

a(l—f-%):

\/gm*E (Z+6,] . (2.8)

We, first, study the following conditional expectation :

E Z]l —0* . * *
E(Z|Z > —6*) = ﬁ ie. E(Zlys_g)=pE(Z|Z > -6,

and
E(Z1zs-5) =E ((Z +6%),) —6"P(Z > —0)
ie. E((Z+0),)=p"(E(Z|Z>—-0")+5).
Equation is rewritten :

(14 5)m = T (B(ZLgs) +0°p)
n Q+/p
O.*
= v'E(Z|Z > —6%) + §p*) ,
oo WE(ZIZ > =) +5p)
IVl (7212 > —6*) + ZX 5
(0% «
p*
(0%

Y

= iIE(Z|Z > —6%) + 1+ ump* .

The equations of Clenet, Massol and Najim are obtained at equilibrium, i.e. when
n goes to oo. From there, since factor 1 + p/n = 1+ o(1), we get |Clenet et al.,
2022b, Equation (15)].

Rewrite the last one gives :

o (1+ %)2 —E([(Z+0)] . (2.9)
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Bunin ( [Bunin,

2017)) GOE model
E(ai;) = p 0
SVar(a;;) = o 1

_ 175/5' K

2
< N? > (64 1) 0”
A = —h LaY = l
\/m (6+~/8)o o

TABLE 2.3 — For Bunin’s model with correlation between the random variables a;;
and aj; put to 1 (7 = 1), this table matches the parameters involved in system ([2.4))
with parameters of the GOE model.

To express this last expectation differently, one uses the conditional expectation :

1
E(Z%Z > —6") = ~E ([(Z+ 6% —25(Z +6) + 6] 1gsse)

1
—E
p*

Yet, equation (2.9) can be rewritten :

In other words,

( )
n

*2, %

P
a2

o

0.*2p*

a2

which corresponds asymptotically (where p/n

and coauthors.

Z2
Z2
Z2

E(22Z > ) + 277 ( !

From Bunin to GOE

1Z > —5%)

Z > —5%)

1Z > —5%)

Z > —6%) 4227
o

VP*

(67

((Z+6)) - 25)—:1@ (Z+0),) +0.

+20°E ((Z +67),) — 6",
+26"p (E(Z|Z > —6%) + 6%) — 6°%p",
+26p'E (Z|Z > —6%) + 6"%p"

< 1

N + ,um\/]?> E(Z|Z > —6")

2

+ (14 pmp*)* .

0-*2

; umﬁ) E(Z]Z > —8%) + (1 + pmp™)? |

E (Z°|Z > &%) + 2%]?_ (14 pump*)E(Z|Z > —6*) + (1 4+ pmp*)?

o(1)) to Equation (16) of Clenet

The GOE model refers to Bunin’s model with high correlation factor v = 1. One
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reminds |[Bunin, 2017, Eq.(11)] which concerns the response to the perturbation
factor v due to the arrival of a new species by :
)

v = . which becomes (using table vk —v) =7 .
U — YU

The correspondence between the last equality and equation involves either
v=9Jorv=r-—2J.
While parameter § seems to be previously an artefact of the AMP method, it is
related to the indirect effects of the existing community on the new species.

In the same way than previously, rewriting Bunin’s system (equation (2.5)) and
(2.7))) using this chapter notation (column GOE of table allows to recover equa-

tions (2.2d) and (2.2b) when v = x — §. We briefly detail the calculation for (2.7),
which becomes using our notations :
1\2
(+2)].
7/ +

— %E [(cZ +1)%] .

(k—(k—6))*=E

that is equation (2.2b)) with r = 1,

2.2 Proof of Theorem

Characterization of 2} through a LCP

One reminds that the stable equilibria of the ODE can be seen as solutions of
LCP’s in the theory of mathematical programming |Takeuchi, 1996|. We recall herein
some elements of the LCP theory in order to establish the first part of Theorem [30}

Given a matrix B € R™" and a vector ¢ € R", the LCP problem, denoted as
LCP(B,¢), consists in finding a couple of vectors (z,y) € R x R" such that

y=Bz+c*>0,
z =0,
supp(z) Nsupp(y) = 0,
where supp(z) is the support (set of indices of non-zero elements) of the vector z.
When a solution (z,y) exists and is unique, we write z = LCP(B, ¢).
Obviously, an equilibrium Z of our LV dynamical system ({2.1]) is defined by the
system
730,
z® (rp+ (M, —1,)x) =0.

Furthermore, the supplementary condition
rn+ (M, —1,)T <0

(with the obvious meaning of <) turns out to be a necessary condition for the
equilibrium Z to be stable in the classical sense of Lyapounov theory (see [Takeuchi,
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1996, Chapter 3| to recall the different notions of stability, and |Takeuchi, 1996,
Theorem 3.2.5] for this result). These three conditions can be rewritten as

(
z =0, (2.10)

in other words, the couple (Z,w) solves the problem LCP(1,, — M,,, —ry,).

Theorem [30| is more specific, since it asserts that the ODE has a (unique)
globally stable equilibrium when || M, || < 1. Recalling that M, is a symmetric matrix,
this can be obtained from the following result :

Proposition 31 (Lemma 3.2.2 and Theorem 3.2.1 of |[Takeuchi, 1996|). Given a
symmetric matrix B € R™™" and a vector ¢ € R", consider the LV ODE

(t) =z(t) ® (c+ Bx(t)), t>0, x(0) € (0,00)". (2.11)

Then, the LCP problem LCP(—B, —c¢) has an unique solution for each ¢ € R™ if and
only if B is negative definite (notation B < 0). On the domain where B < 0,¢ € R",
the function x = LCP(—B, —c) is measurable. Moreover, if B < 0, then for each ¢ €
R™ the ODE has a globally stable equilibrium x given as x = LCP(—B, —c¢).

It is clear that under Assumption , (I,— M,,) is positive definite with probability
one for all large n, and the vector z; defined as

LCP(I,, — M, —r,) if ||M,| <1,
Tn = 0 otherwise

*

(2.12)

satisfies the statement of the first part of Theorem [30]
We now turn to the second part of this theorem, devoted towards the system of

equations ([2.2)).

Existence and uniqueness of the solution of System (2.2

We begin with the following result. The second part of this lemma will be used
in the next section.

Lemma 32. For a given § > 0, Equation admits a solution o2 if and only if
§ > 1/4/2, and the case being, this solution is unique, and is written o%(d).
Assume 0 > 1/ V2. Starting with an arbitrary oy > 0, consider the iterates in
t=0,1,...
2 1 7 | =)\2
ot = 5EEz [(atz + r)+] .
Then, o7 —; 02(9).

Démonstration. Writing E = E;Ez, consider the function f(c?) £ E(0Z + 7)%.
Then, Equation (2.2b)) is written

=02 (2.13)
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Let us compute df (0?)/do?. Fixing o > 0 and assuming that the real number & has
a small enough absolute value, the function

r(er) 2 et Wzt (o

is easily shown to satisfy |on(z,7)| < |2|(((c +h)z + 1)+ + (02 +71)4+). Thus, by
Assumption [2] and the Dominated Convergence Theorem, it holds that

df(e®) _ 1.df(e?) _ 1. dcZ +7)2
do? 20 do 20 do
_ Fooo_
=E 2175+, + P (Z12> /5] -

) B2z 7.],

g

By doing an Integration by Parts involving the Gaussian law, we obtain that

T exp(—T72/20?)

B (2 ) =, [p(- 1) - LR
(Fz2-r10) {p o/ o Vom
where

Az) = \/LQ_W / " exp(—t2/2) dt.

T T exp(—72/20?%)
B (Z12s-0e) =B | L2

i =5 o(5))

We observe from this equation that df (c?)/do? decreases from 1 asymptotically to
1/2 as o2 increases from 0 to oo.
The function

We also have

thus,

it 2 17 _

satisfies g5(0) = 0 2E;72 > 0. If § < 1/4/2, then dg;(0?)/do? > 2df (0?)/do? —1 > 0
for each 02 > 0, therefore, gs(-) is increasing and the equation gs(c?) = 0, i.e.,

Equation ([2.2b)), has no solution.
We now consider the case § > 1/y/2. If § > 1, then, 62 sup,. df(0?)/do? < 1,

and the results of the lemma are consequences of Banach’s fixed point theorem.
Let us consider the case where § € (1/v/2,1], or, equivalently, 62 € [1,2). There
exists a point 62 > 0 that satisfies the following properties :
1. 672 SUP,2¢(52,00) df(O'Q)/dO'2 < 1.

2. gs(0*) > 0 on [0,6?%]. To see why this is possible, remember that gs(0) > 0
and dg(o?)/do? = 672df (6%)/do* — 1. Thus the function gs starts increasing
at 0> = 0 (unless § = 1), then eventually decreases. The point 62 can be
chosen in such a way that gs is decreasing at 2 but is still positive.

By this choice of 62, we have

6 2f([6% 00)) C [6%, 00). (2.14)
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Indeed, since f(o?) is increasing, for each ¢* > &2, it holds that d 2f(0?) >
672f(5?) > &2, the last inequality being due to the fact that gs(52) > 0.
We furthermore have that
min gs(0?) > 0 (2.15)

02€(0,62]

since gs(0?) is continuous and positive on the compact [0, 52].

By Items [l and [2| above, Inclusion ([2.14)), and Banach’s fixed point theorem,
Equation has a unique solution, and moreover, if we start with o2 > 52, then
o? converges to this fixed point.

If 02 € [0,5?), then the iterates o7 will reach the interval [62, 00) after a finite
number of steps by 7 and we are led back to the first case. n

We can now show that the system has an unique solution (8,02, v) €
(1/+/2,00) x (0,00) x (0,1). To that end, we reuse the notations of the previous
proof.

For a given 6 > 1/ v/2, the previous lemma shows that Equation admits a
unique solution o%(§). Plugging this value in the right hand side of Equation ([2.2d),
we can write

_ 7 df (0?)
=) = E- — = 2.16
! ﬁy( ) |:p< 0(6)>1 do? 02=02(d) ( )
All what remains to show is that the equation
K=0+ @ (2.17)

has an unique solution § > 1/4/2. We thus need to study the behavior of (). In
all the remainder, differentiability issues can be easily checked and are skipped.

In the previous proof, 0%(§) has been obtained through Banach’s fixed point
theorem, which implies that

df (%)

do?

< % (2.18)

02=02(6)

Recalling that df (0?)/do? decreases from 1 asymptotically to 1/2 as o? increases

from 0 to oo, the last inequality has two consequences. First, 0%(8) — oo as § | 1/v/2.
Second, we obtain by using Equation (2.13)) and taking the derivatives with respect

to d that

do*(6) ;1 df(o?) __2f(0%(9))

do ( 62 do? ) B 6
which shows that 0%(§) is a decreasing function. Getting back to Equation (2.16)),
and observing that p(-) is a decreasing function, we obtain that v(§) is increasing,.
We now have all the elements to study Equation (2.17). For 6 | 1/+/2, 0%(8) — oo
by what precedes, thus, () | 1/2, and 6 + v(8)/6 — /2 < k. For § near infinity,
d+7(0)/d ~ § > k. Consequently, Equation has a solution by continuity.
To establish uniqueness, we show that the function § — § + v(0)/d is increasing.

Indeed,
d 7(6) 7'(0) () 7(9)
2 RASOA) I _9 s 29
d5(5+5> s e 2w 2l
as shown by Inequality (2.18)), and we are done.
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Study of the LCP solution via AMP

We begin with some of the fundamental results of the AMP theory. The now
classical form of an AMP iterative algorithm, as formalized in the article |Bayati
et Montanari, 2011| of Bayati and Montanari based in part on a result of Bolthau-
sen |Bolthausen, 2014, can be presented as follows. For ¢t = 0, 1,..., let (h"); be a
sequence of Lipschitz R? — R functions. Let a,, € R™ be a random vector of so-called
auxiliary information. Recall that A, is the GOE matrix introduced in Section [2]
Starting with a vector u® € R™, the AMP recursion reads

An

ultt = %ht(ufwan) — (01hf(ul, an))n RN UE ay).
Here, writing u!, = [ufn]?zl and a, = [a;,];_,, we set h~' = 0 and A'(u, a,) =
[ht(ul,, am)]?:l € R™. Observing that the derivative dh'(u, a)/du is defined almost

everywhere thanks to the Lipschitz property of A, the function 9 h'(u,a) is any
function that coincides with this derivative where it is defined. Finally, (x), =
n~t> " x; for o = [z)_,.

With this construction, it turns out to be possible to evaluate precisely the
asymptotic behavior of the empirical measures of the type u“”’“}““"ui as n — oo for
each value of ¢, leading to the so-called Density Evolution (DE) equations that cha-
racterize the limits of these measures. The so-called “Onsager term” (- - - ), /' ! (v a,,)
(equal to zero for t = 0) plays a crucial role in making possible this convergence.
For a detailed exposition of the AMP theory, along with the description of many of

its applications, the reader is referred to the recent tutorial [Feng et al., 2022].

To establish Theorem we shall study the properties of the following AMP
algorithm. For each n, let (u%,a,) € R™ x R™ be a couple of random vectors in-
dependent of A,, and such that a, = 0. Assume that there exists a couple of L?
random variables (u,a), with a # 0, such that

2
ul) an m L((a,a)) almost surely. (2.19)
n—oo

We can now take u as the deterministic vector u® = 1,,; the vector a, will be
precised later. Note that @ > 0. Take h' = h for each integer ¢ > 0, where

(u+a)s
5 Y
and where 6 > 1/4/2 solves the system (2.2). Our AMP iteration reads then

h(u,a) =

<]]"U4$L+an>0>n (ufl_l + an)+
)2 '

t+1 — An
" dv/n
The DE equations for this algorithm are provided by the following proposition, which

is a direct application of, e.g., [Feng et al., 2022, Theorem 2.3| (see also |Bayati et
Montanari, 2011, Theorem 4|) :

u (ul + an)y — (2.20)

Proposition 33. Consider the algorithm ([2.20f). Then, for each t > 1,

t+1
Man,u}”---7uz m L((a, Z ..., Zt)) almost surely,

n—oo
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where [Z1,..., Z!] is a centered Gaussian vector, independent of (i, a), which cova-
riance matrix is R is recursively defined in ¢ as follows :
1 o
R'=E[(Z")?] = E [(a+a)].
Given R, only the last row and column of R have to be determined. This is done
through the equations

[R+] _E (212" = 1 { E[(Z* "‘?)Jr(_Zk_i +a)y) %f ked{2,....t+1},
t+1k 2 | E[(Z'+a)s(a+a)i] if k=1

Note that by writing U = [(a+ @)1, (Z' + a@)+,...,(Z"+ d)Jr}T, we see that

R =E (U™ (U*™)T), which imediately shows that R" is a positive semidefinite
(actually, definite) matrix.

With this result at hand, the idea of the proof of the remainder of Theorem

can be summarized as follows :

— If n is large enough then if ¢ is large enough, (v}, + a,), will be seen as the
solution of a perturbed version of the LCP problem in . To obtain this
result, we need to show that the vectors (uf + a,), and (ul! + a,); tend
to be aligned. To this end, we rely on a result of Montanari and Richard
in [Montanari et Richard, 2016|, see also [Donoho et Montanari, 2016].

— The behavior of p(*nten)+ for large n then for large t is described by the DE
equations.

— This behavior can be transferred to p®» with the help of the LCP perturbation
results of Chen and Xiang in |Chen et Xiang, 2007].

AMP iterates in an LCP form, and DE estimates

Write 2, = ul, + an, and let 7}, = (L(yt 4a,)>0)n = (Lat >0)n- Recall the expression
of v in (2.2¢|). With these notations, the AMP recursion can be rewritten as

A, Ve
ot = = (al) s — = (2l )4 4 an

thus,
zh = (;il/%(:cflﬁ — %(ZIJZ)JF + an + £y,
where .
= T al — a4 (@)~ @) (22

52
We now put the next to last equation under the form of a LCP problem. Specifically,
writing x = x, — x_ for a vector x, we have

A t

n 7
5\/ﬁ($n)+ - ﬁ(xiﬁ —(zh)4 +an + e,

—(a,)- =
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in other words,

(). A, L ate
T/ <[“ Ty Ww) S

Remember that k = § + v/0 and that M,, = A,,/(k+/n). Thus, when || M,|| < 1, we
have .
+¢
Yy =LCP (I, — M, ——15n ) 2.22
() =10P (1, - b, 20 ) (2.22)
By putting
ay = (1+7/8%)rn,

as we shall do hereinafter, this equation can be compared with . Note that if
we set, e.g., u® = 1,, then the assumption on /ﬂ%’“" is satisfied thanks to
Assumption [2] with @ = (1 + /6?)T.

Before bounding &!, in , let us study the behavior of x(*»)+ with the help

of Proposition Recall that Z ~ A(0,1). Proposition shows that for ¢t > 2,
t PQ(R)

pin == L(Z*), with Z! ~ 0,7, and
n—o0
1 = _
oi = HE (02 + (1+4/6)7)%].

Since the function p(u,a) = (u + a)y is Lipschitz, it is clear that p(®n)+ P®),

n—oo

L((6¢Z 4 (1+/0%)7) ). Furthermore, since the distribution function of the law of
0:7 + (14 /6?7 has no discontinuity, it holds that

VA EP[oZ + (1+7/0%)7 > 0] =E,P; [00Z + (1 +7/6%)F > 0].

Now, by replacing 7 with (1 + +/6%)7 in the statement of Lemma we obtain by
this lemma that the sequence (o?) converges to o2, defined as the unique solution

of the equation
1 - _
o’ = ﬁE [(0oZ + (14 7/52)7’)3] .

A consequence is that the sequence (') converges to 4> defined as
Y° =EiP; 05 Z + (1 +7/6%)F > 0].

By comparing these two equations with (2.2b)) and (2.2c|) respectively, we easily see

that
2

= and — 2o _ 42
T (1+7/57)
Since (z%)4 is designed to be an approximation of z¥, our purpose is to show
that

i 2O, & Lo Z 4 (14 [)F)s) = LU+ 7/ 02 +7)y)  (2:23)

n—00

to establish Theorem B0l
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Control of the error term &,

Getting back to the expression (2.21) of €!, it holds by what precedes that
(251412 /n = E(oy—1Z+(1+7/6%)F)2 = o762, which is bounded, and furthermore
lim, aslim(y — 4%) = 0. We thus have

n—o0

N2 ([(t=1) (12
lim astim O =22 M@ )" (2.24)

t—o00 n—oo (54 n

The main idea to control the two other terms at the right hand side of is to
show that the correlation coefficient E(Z!~1Z")/(o;_10) converges to 1 as t — oo.
This was done in a similar context in [Montanari et Richard, 2016|, see also [Donoho
et Montanari, 2016|. For self-containedness, we summarize herein their approach :

Lemma 34. The sequence (Q;) defined as

, B(Z170
Qe ®7 2

010y

starting with ()5 satisfies (), — 1.
—00

Démonstration. Let [X1, X3] be a centered Gaussian vector such that EX? = EXZ =
1, and EX; Xy = ¢ € [0,1]. Let W be a random variable independent of [X7, X5],
and such that E(X; + W)? < co. Consider the function H : [0, 1] — [0,1] defined as

E[(X1 4+ W) (Xo + W), ]
E[(Xy+W)3]

g+ H(q) =

It is shown in [Montanari et Richard, 2016 Lemma 38 and proof of Lemma 37| that
H is a continuous increasing function on [0, 1] such that H(q) > ¢ for all ¢ € [0,1),
and H(1) = 1. Thus, starting with any ¢ € [0,1), the sequence ¢+1 = H(g) is
increasing and is bounded by 1. Since its limit g, satisfies ¢oo = H(¢x), it holds
that g, = 1. B

Writing Z! = 7", we have
E(z'z%Y)  E[(owaZ7 ' +a) (02" +a)y]

0041 \/IE [(a.tilth 4 &)ﬂ E [(o-tZt + Ez)ﬂ
]E [(Zt_l —+ d/Ut,1)+(Zt + a//O't)+]

E(Z T rafo R E[(Z +afo ]

Qt+1 =

When defining the fonction H by :

- s ElloXi + W) (02Xo +W),]
H{g,01,00) = VE[(0:X; + WRJE [(02X; + W)2]

with o1, 09 > 0, one gets

Qt+1 = ﬁ(Qt, O¢—1, O't)-
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Note that H is a continuous function. Furthermore, if we set W = (/0 in the
definition of H above, then we have that H(q, 0w, 0ss) = H(q). Also, it is clear from
the previous display (and by Cauchy-Schwartz inequality) that Q; € [0, 1].

The lemma is established if we prove that @), = liminf, Q, satisfies Q, = 1. Let
us first show that liminf H(Q;) > H(Q.).
If we assume that @, = 0, then V¢, Q; > Q. and H(Q;) > H(Q.) > 0, hence
liminf, H(Q:) > H(Q.) > Q..
It is enough to assume that @), > 0. For each € > 0, ), > Q. —¢ for all ¢ large enough.
Thus, H(Q;) > H(Q.—¢) for all ¢ large, which implies that lim inf H(Q;) > H(Q.—¢).
Since £ > 0 is arbitrary, we have liminf H(Q,;) > H(Q.). With this, we have

Q. = limtinff:j(Qt, o 1,0¢)
= limtinf I:j(@t, oo, Ooo)
= limtinf H(Q:)
> H(Q.),
where the second equality is due to the continuity of H. This shows that Q.=1. 0O
Let us now deal with the second term at the right hand side of . Taking
¢(x1,29) = (71 — 22)* € PLy(2) and using Proposition [33] we have

foz - xﬁlHQ 1 t t+1 t+1 2 2 2
. EZ@(ui,nvui,n ) > E [(Z - Z) } =0} +0; —2011101Qu1-
=1

Thus, it holds by Lemma [34] that

lat, — atr 12

lim aslim 0. (2.25)

t—00 n—oo n

Regarding the last term, we similarly have lim;_, aslim 1@n)+ *i’”z_lnnz = (. Combi-
n— o0
ning this convergence with (2.24) and ([2.25]), and using that

ek |7 <3 (v = )2 (i D) P n |t — x| n Y2+ = (@ D+l
n o4 n n o4 n ’

we get that

t |2
lim astimi=2 — o (2.26)

t—00 n—oo n

(that the aslim at the left hand side exists can be deduced again from Proposi-

n—
tion [33)).

Use of a LCP perturbation result

When ||M,|| < 1, we can compare ([2.22)) with (2.12]) by using the LCP perturba-
tion results of |[Chen et Xiang, 2007|. Applying |Chen et Xiang, 2007, Theorems 2.7
and 2.8|, we have

[EA

o, — ()l < || (1 - 2) o
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Let ¢ : R — R be an arbitrary function in PL(2). For a given positive integer ¢,
we have

n

%Zw(fvin) - /sodu* = %Z (e(x},) — e((ah,)4) + %Z o((zh,)+) — /wdu*

i=1
= &, () + &)
Dealing with £2(t), we have from Proposition [33| that
E(t) = Ep(o,Z +a), —Ep(0uZ +a),.
Using that the function x, is 1-Lipschitz and |z, | < |z|, the limit satisfies
E (p(01Z +a)y — p(0Z +a)s)| < Lloy—o|E (| Z|(1+ |00 Z + a| + |0 Z + al)),

which is easily seen to be bounded by a constant C(t) that converges to zero as
t — o0, since oy — O .

We now turn to £!(¢). Denoting as L the Lipschitz constant of ¢, we have by the
Cauchy-Schwarz inequality

%Z\wx;n)—w(x;n)u!sgzm—(xm) | (1 + lafl +I(at,) )

1/2
)| (Zl+|xm|+|< >|>2>
5, = (23)+] [l 1)+l
<l imld (p lnl Jmd),
Writing B, = ||(I — A,/(kv/n))7Y|/(1 + 7/?), we obtain that
el [(7,) ] el
. (1+2 oL +Bn\/ﬁ>.

We know from Assumption [I]that B,, converges almost surely to a positive constant.
From Proposition [33], we furthermore have

[€.(t)] < 3LB,

Ul a4 0t)"

which is bounded in ¢. Thus, using (2.26]), we obtain that lim sup,, |} (¢)] is bounded
with probability one by a constant C(t) that converges to zero as t — oo.
We finally obtain that

Zs@ ) /sodu*

Since C(t) + Cy(t) can be made arbitrarily small, we have

1 n
8. = ) — dp*
as n;qﬂ(%,n) /90 T

which terminates the proof of Theorem
66
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3  Wishart model

3.1 Problem statement, assumptions and results

Beyond this GOE model, part of the literature on ecological networks considers
the interaction matrix as a Wishart matrix (see for instance |[Akjouj et al., 2022, § 4.6]
or |[Rozas et al., 2023|). Indeed, the interactions between two species are seen as
dependent on a distance between their respective values of some functional traits.

Let’s take (A,,) a sequence of matrices such that A,, € M, (R) has independent
Gaussian N(0,1) entries. Let (r,,),—12... be a sequence of random vectors such that
rn = 0. We shall assume that p = p(n) where n/p — ¢ € (0,00) when n — oo, and
that r, and A,, are independent for each n.

For a given foodweb of n species, the ™ column of A, is a vector modelling the
traits of species 7. Related to this model, the LV differential equation is :

&, =, O (1 + (M — L) x,) , @) € (0,00)", (2.27)

where the vector function «, : [0,00) — R” = [0,00)" represents the abundances
of the n species, ® is the componentwise (or Hadamard) product, r € R} is the
so-called vector of intrinsic growth rates of the species, and the matrix M, € RP*P
quantifies the strengths of the food interactions among these species.

AVA,
=

M,

for k a real positive number.
Assumption 3. £ > (1 +/¢)?

A well-known result of the large random matrix theory is that the largest ei-
genvalue (and the spectral norm) of the matrix % almost surely (a.s.) tends to

(1+ 4/c)? as n — oo |Bai et Silverstein, 2010, Thm 5.8].
We briefly remind assumption [2] :

Assumption (Ass. [2). There exists a measure i € Po(R) such that i # &, and

P (R)
—

Tn

(a.s.) p

n—oo

The result of this section reads as follows :

Theorem 35. Let Assumption [3[ hold true. Then, ||M,]| < 1 for alla large n with
probability one. For each of these n, the LV ODE solution is defined on R, and has
a globally stable equilibrium . For the other n, put x* = 0. The distribution p®»
is a Py(R)—valued random variable on the probability space where A, and r, are
defined.

Let Assumption [2 hold true. Let 7 > 0 be a random variable such that i = £(F).
Let Z be a N(0, 1) random variable independent of 7. Then, the system of equations

k= (0+cy) (1 + %) , (2.28a)
= SEE; (12 +7)1] (2.28b)
v = E.P; [TZ Y 0] , (2.28¢)
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admits an unique solution (8, 7%,7) in (1/¢/2,00) x (0,00) x (0,1).
With Assumptions [3] and 2| hold true, the convergence

[ Po®), L ((1 +1/90) (TZ + f)+> almost surely (2.29)
n—oo

holds true.

There is a strong matching between the parameters obtained by solving the
system [2.28] and their empirical counterparts obtained by Monte-Carlo simulations.
This is illustrated in Fig. 2.2 by comparing -y, the mean and the root mean square
of the abundances species at equilibrium.
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FIGURE 2.2 — The plots represent a comparison between the theoretical solutions
v, the mean and the root mean square at equilibrium of the abundances arising
from system and their empirical Monte Carlo counterpart (the star marker) as
functions of the interaction strength x. Matrix M,, has size n = 500 and p = 300.
The number of Monte Carlo experiments is 50. When interaction x~! increases, the
proportion of surviving species v decrease but their mean and variance increase.

The proof of this theorem relies on an asymmetric version of the AMP algorithm.
We provide herein the main elements of this proof.

3.2 Proof of Theorem 35

Existence and uniqueness of the solution of System ([2.28))

We begin by an adaptation of lemma |32 to the system ([2.28)).

Lemma 36. For a given § > 0, Equation ([2.28D)) admits a solution 72 if and only if
§ > +/c/2, and the case being, this solution is unique, and is written 72(4).
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Assume § > 1/4/¢/2. Starting with an arbitrary 79 > 0, consider the iterates in
t=0,1,...
) c S N2
Tt—f—l = EEFEZ |:(7‘tZ + T)+:| .

Then, 77 - 72(6).

Démonstration. Writing E = E;E, consider the function f(72) = E [(TZ + f)%r]
Then, Equation (2.28b)) is written
¢ 2

% (%) =72 (2.30)

Let us compute df (7%)/dr?. Fixing 7 > 0 and assuming that the real number h has
a small enough absolute value, the function

s ((T+h)z+ r):—(rz+r)
gDh(Z,T) - h

is easily shown to satisfy |¢n(z,7)] < |2|[((7 4+ h)z +7)+ + (72 +r)4]. Thus, by
Assumption [2] and the Dominated Convergence Theorem, it holds that
2 1 2 1_[d(tZ +7)? 1 -, =
df(T ) _ _df<7— ) o —E |: (T d+ T)+:| — —]E [Z(TZ—{—?)_;,.} 7
T

-
=E[Z"1z5 5] + ;E (Z1 75 5] -

dr2 27 dr 27

By doing an Integration by Parts involving the Gaussian law, we obtain that

(D)-fg).

E (2175 1y,) =B (-

where

3(z) = \/%_ﬂ / " exp(—12/2) dt.
;E [Z]IZZ—F/T} = E; [;%] )
0o -2

We observe from this equation that df (72)/dr? decreases from 1 asymptotically to
1/2 as 72 increases from 0 to oo.
The function

We also have

thus,

satisfies g5(0) = SE(7?) > 0.
If § < \/c/2, then dgs(7?)/d7? > 2df (1%)/dr®—1 > 0 for each 72 > 0, therefore, g;(-)
is increasing and the equation gs(7%) = 0, i.e., Equation (2.28D]), has no solution.
We now consider the case § > +/c/2.
If 6?/c > 1, then, S sup2df(r?)/dr® < 1, and the results of the lemma are
consequences of Banach’s fixed point theorem.
Let us consider the case where § € (1/¢/2,/c], or, equivalently, =2 € [1/c,2/c).
There exists a point 72 > 0 that satisfies the following properties :
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L & SuD e ooy df () dr? < 1.

2. g5(7%) > 0 on [0,7%]. To see why this is possible, remember that gs(0) > 0
and dg(7?)/dr* = $df (7?)/dr® — 1. Thus the function gs starts increasing

at 72 = 0 (unless § = /c), then eventually decreases. The point 72 can be
chosen in such a way that gs is decreasing at 72 but is still positive.
By this choice of 72, we have
c L. .
5 ([7*, 00)) C [?, 00). (2.31)

Indeed, since f(72) is increasing, for each 72 > 72, it holds that 5 f(7°) > 5 f(7?) >
72, the last inequality being due to the fact that gs(7%) > 0.
We furthermore have that

min_ gs(7%) > 0 (2.32)

72€[0,72]

since gs(72) is continuous and positive on the compact [0, 72].

By Items |1 and [2| above, Inclusion , and Banach’s fixed point theorem,
Equation @ has an unique solution, and moreover, if we start with 72 > 72,
then 72 converges to this fixed point.

If 72 € [0,7%), then the iterates 77 will reach the interval [72, 00) after a finite
number of steps by , and we are led back to the first case. O

We can now show that the system has an unique solution (§,72,7) €
(v/¢/2,00) x (0,00) x (0,1). To that end, we reuse the notations of the previous
proof.

For a given § > \/c/_2, the previous lemma shows that Equation ad-
mits an unique solution 7%(§). Plugging this value in the right hand side of Equa-
tion ([2.28¢)), we can write

_ T df (1%)
=~(8) = E. <__)} = 2 7 ) 2.33
7=10) [p 7(0) dr? T2=72(6) ( )
All what remains to show is that the equation

k= (1+0) (1 + %@) (2.34)

has an unique solution § > \/c¢/2. We thus need to study the behavior of v(9). In
all the remainder, differentiability issues can be easily checked and are skipped.

In the previous proof, 72(d) has been obtained through Banach’s fixed point
theorem, which implies that

52
< —. (2.35)

T2=72(4) ¢

df (%)

dr?

Recalling that df (72)/dr? decreases from 1 asymptotically to 1/2 as 72 increases from

0 to oo, the last inequality has two consequences. First, 72(6) — oo as ¢ | /c/2.
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Second, we obtain by using Equation (2.30) and taking the derivatives with respect

to § that
o O e gy 20)
do 62 d7'2 o3 ’

T2=72(4)

which shows that 72(4) is a decreasing function. Getting back to Equation ,

and observing that p(-) is a decreasing function, we obtain that v(¢) is increasing.
We now have all the elements to study Equation ([2.34)).

For ¢ decreasing to \/0/_2 72(8) goes to oo by what precedes, thus, v(d) decreases

t01/2,and(1+5)(1+”) <1+\/_>( \;/2_2)<n.

For § near infinity, (1+ 0) <1+ %(5)> ~ 0 > k. Consequently, Equation ([2.34)
has a solution by continuity. To establish uniqueness, we show that the function
§— (1+49) (1 - %@)> is increasing. Indeed,

d [(1+5) ( 07(5))] _ 1,90 ) e (0) 21— () _

ds ) ) 52 2
as shown by Inequality (2.35]), and we are done.

Study of the LCP solution via asymetric AMP

Let (n) be a sequence of integers growing to infinity, and let (p = p(n)) be
another sequence of integers growing to infinity in such a way that 0 < infp/n <
supp/n < oo.

For each couple (p,n), let A, € RP*™ be a random matrix consisting in pn
independent A(0, 1) elements.

Let a, € R", b, € R? be the random vectors of auxiliary information.
Fort=0,1,..., let (ft“) and (g'); be two sequences of Lipschitz R? — R functions.
Starting with ¢~ := 0, (01 f°(u2, a,)), € R and f°(u?,a,) € R", the asymmetric
AMP recursion is given by

A*
Uy = 7%9t<vgtw bp) — <819t(vztw bp))p [ (U @) (2.36)
A, R
o= B ) — (0 )y o by (237

VD

Here, writing uf, = [ul,,]" , v = [v},]" | an = [a;n];_, and b, = [b;,]}_,, we set

(s an) = [ (W5, 000)] i) €R™ and g'(vy,b,) = [g'(vi, bip)] 1, € R

Observing that the derivatives df*(u,a)/du and dg*(v,b)/dv are defined almost eve-
rywhere thanks to the Lipschitz property of f! and ¢*, the functions 9y f*(u, a) and
014" (v,b) are any functions that coincide with those derivatives where they are de-
fined. Finally,

(01 f'(u!,a) pzal uj,aj) and (0,g"'(v’,b)) Z@lg

7=1
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With this construction, it turns out to be possible to evaluate precisely the
asymptotic behavior of the empirical measures of the type ,u“”’“n’ “n and pv VprUps---iV
as n — oo for each value of ¢, leading to the so-called Density Evolution (DE)
equations that characterize the limits of these measures. The so-called “Onsager
terms” (---)pf'(ul,an) and (---),g" " (vi7',by) (equal to zero for t = 0) play a
crucial role in making possible those convergences. For a detailed exposition of the
AMP theory, along with the description of many of its applications, the reader is
referred to the recent tutorial [Feng et al., 2022|.

To establish Theorem [35], we shall study the properties of the following AMP
algorithm. For each n, let (u%,a,) € R™ x R™ be a couple of random vectors in-
dependent of A,, and such that a, % 0. Assume that there exists a couple of L?
random variables (u,a), with @ # 0, such that

P2(R?
afsan P2ED, L((u,a)) almost surely. (2.38)
n—oo
We can now take u) as the deterministic vector u® = 1, and b, = 0,; the vector

a, will be precised later. Note that @ > 0. Take f' = f and h! = h for each integer
t > 0, where

f(uva):%

and where § > \/¢/2 solves the system ([2.28)). Our AMP iteration reads then

and g(v,b) =v—0b,

uttt — A ot (ufz +an) s
' \/_ v g 7 (2.39)
vl = A (ul, + an)y — —<]lu%+a">0>pvt_1 |
P 5\/— n n)+ 5 P .

The DE equations for this algorithm are provided by the following proposition,
which is a direct application of, e.g., [Feng et al., 2022, Theorem 2.5| :

Proposition 37. Consider the algorithm ([2.39)). Then, for each ¢ > 1,

Po(RU+H!
it PR, L((a, 7z}, ..., 7)) almost surely,
n—oo
and .
Pa(R
11000 PR, L(Z2°,7%,...,7")) almost surely,
n—oo
where (Z1,.. ., Z?) is a centered Gaussian vector, independent of (u,a), which cova-
riance matrix is T and (22, ..., Z%) is a centered Gaussian vector with covariance
matrix Ll

T" and Y are recursively defined in ¢ as follows :
TV =11, =E(zH?, W =%,

Given T and Y, only the last row and column of Tt and of Sl have to be
determined. This is done through the equations

[T[HHLH =T =Ty 2 Cov (22, ZI) =R (25 28) =E(Z,271) |
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and
[i[ﬁl]] = it,kfl = ikfl,t 2 Cov (chrﬁl’ Zé)

B 3{ E[(Zt+a)(ZF +a)] if ke{2,... t+1},
2| El(Z+a)(u+a)y] if k=1. ’

t+1,k

AMP iterates in an LCP form, and DE estimates

Write x!, = uf +a,, y]t? = v]t?, and let 7% = (Lt +a,)>0)p = (Lat>0)p and 7% = 71 /c.
Recall the expression of v in ([2.28¢|). With these notations, the AMP recursion can
be rewritten as

Ay At

b= <x2)+ - Fy; !

A, CY 41, Y=V 4
(@t = S + T

A, ey Y=Y o cY _
= (fct)+—6y§,+—6 ;1+5(t =1

which yields

cy A, Y=Y o CY _
(1+—)y§,= (@) + ——u + = (v — vy ),

5 5P 5 T
le.
A 1 cy—cyt ., ey _
t_ n t not—1 Yt i1
yp_(1+%)5\/ﬁ<m")++1+%( 5wty Bmw) )

In this way, ! can be rewritten :

A*A A Y=t ey _ 1
l‘t—H: n‘n l’t + n c nt1+_ t o t—1 ——ZL‘t +ay,
hence,
AXA 1
y, = () — ()4 +an + e,
(1+%)dp 5
where
oo Ar = VZytq L9 () — ") ) + o, — 2t (2.40)
B G RV N R T

We now put the next to last equation under the form of a LCP problem. Specifically,
writing * = x, — x_ for a vector x, we have

A2 A, |
—(a,)- = <1+—?)6p(93;)+ - (1 + 5) (%) 4 + an + €,

in other words,

(x,)- B AL A i Gnte,
_(” (1+5)(1+cy/5)p)(")+ 14+1/8
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Remember that £ = (146) (1 + ¢y/d) = (e¢y+0)(1+1/9) and that M,, = A% A, /(kp).
Thus, when ||M,]|| < 1, we have

o B Can el
('), = LCP (In M,, -T2 1/5) . (2.41)

By putting
an = (1+1/0)r,,

as we shall do heremafter this equation can be compared with ( . Note that if
we set, e.g., u = 1,, then the assumption on /ﬂ s satlsﬁed thanks to
Assumptlon 2 with @ — (14 1/0)7.

Before bounding ¢!, in - let us study the behavior of u(” + with the help
of Proposmon Recall that Z ~ N(0,1). Proposition [37| shows that for ¢ > 0,

uttl P2(R

PO, £zt and poh 22 £(20), with 20 ~ 700 Z and 20 ~ 0,2,
n—oo

n—oo
where
i = E(9(Z,,0)%) = E ((2))) = o7,
and
_ & = _
oy 1= B (f(Z4,0) = SE((renZ + (L4 1/0)7)2),
which give :

= SE((Z+ U+ 10%)  and  of, = SE((0:Z +(1+1/6)7)2).

J
Since the function (u,a) — (u + a)y is Lipschitz, it is clear that p(*n)+ P2®),
n—oo

L((T+Z + (1+1/6)7)). Furthermore, since the distribution function of the law of
7:Z 4+ (14 1/0)7 has no discontinuity, it holds that

V=Y EP [T Z+ (1+1/8)F > 0] =E:Py [7.Z + (14 1/6)F > 0].

Now, by replacing 7 with (1 + 1/6)7 in the statement of Lemma [36] we obtain by
this lemma that the sequence (77) converges to 72 defined as the unique solution

of the equation

T2 = 52 ((TOOZ+(1+1/5> r)2 )

A consequence is that the sequence (') converges to 4> defined as
YO =EiP; [T Z + (1+1/8)F > 0].
By comparing these two equations with (2.28bf) and (2.28¢)) respectively, we easily

see that
2

-
o _ d ‘oo 2
R (S VFE
Since (z%)4 is designed to be an approximation of x¥, our purpose is to show
that
pen PO 8 p(rZ+ (14 1/0)0).) = LA+ 1/0)(rZ +7),)  (2.42)

n—oo

to establish Theorem [B5l
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Control of the error term &,

Getting back to the expression ([2.40)) of €!, it holds by what precedes that
ly, 11
n

—E (<Ut*12)2) =0, =T,

which is bounded,
2

A 2
aslim || —2| = (1++c)",
stim | 22— (1 v
and furthermore liin aslim(y — ~f£) = 0. We thus have
=12
lim aslim =)l I (2.43)
t—00 n—oo 6 —+ f)/) n

The main idea to control the two other terms at the right hand side of is to
show that the correlation coefficient E(ZZ) /(74,17;) converges to 1 as t — oo.
This was done in a similar context in [Montanari et Richard, 2016|, see also [Donoho
et Montanari, 2016|. For self-containedness, we summarize herein their approach :

Lemma 38. The sequences (Q,) and (Q;) defined as

E Zt+lzt ~ E Zt—i—lzt
Qté ( T 7') and Qté ( o 0')
Ti+1Te Ot+10¢

starting with Q; and Q; satisfy Q; — 1 and Q, — 1.
—00 —00

The proof of this lemma can be done following the exact same reasoning as for
Lemma . For @, one will consider o; = 734;.
Taking (1, 22) = (11 — 22)? € PLy(2) and using Proposition we have

||x£L _xZHHQ 1 £l 41 )2 2 2
T - E Z@(Ul no 'Ln ) — E [(ZT - ZT) ] = TtJrl + Ty — 2Tt+1TtQt’
i=1
and
Iy — v P e & 2 -
P =Y lulyely!) S E (2= 2| = o+ ot~ 2000, 1Q0 s

i=1
Then, it holds by Lemma [3§] that

th _ xt+1”2

t t—l“2

¢
. . . My, =y
lim aslim =0 and lim aslim—2—=~

t—o0 n—oo n t—o0 n—oo n

=0. (2.44)
Combining this convergence with (2.43), and using that

S R N e P AT WL
NG ( n n ’

=
- cy +6)? n (cy+6)?
we get that

n

2
lim aslirn” ol =0 (2.45)

t—o00 n—oo n

(that the aslim at the left hand side exists can be deduced again from Proposi-
n—00

tion .
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Use of a LCP perturbation result

Once again, when |[M,| < 1, we can compare (2.41)) with (2.12)) by using the
LCP perturbation results |[Chen et Xiang, 2007, Theorems 2.7 and 2.8| :

AN U (AT NEA

Let ¢ : R — R be an arbitrary function in PL(2). For a given positive integer ¢,
we have

n

D> elat) = [t =Y (olal) = plah ) + 5 Y ellat ) - [ edu

i=1 i=1

=&, (1) + 6(1).
Dealing with £2(t), we have from Proposition [37] that

& (t) ok [p(1:Z +a)1] —E[p(TeeZ +a)y].
Denoting as L the Lipschitz constant of ¢ and using that the function x — = is
1-Lipschitz and |z, | < |z|, the limit satisfies

|E (p(TeZ +a); — (T Z +a)4)| < LITi—T|E (12| (1 + |7 Z + a| + |7 Z + )

which is easily seen to be bounded by a constant Cy(t) that converges to zero as
t — 00, since 0y — O .
We now turn to &!(¢), we have by the Cauchy-Schwarz inequality

n

%Z o(ay,) — (25 ,)4)] < L 3

*

n m7L,n - (xlze,n)+| (1 + ‘x::n‘ + ‘(xz,n>+‘)
I - n 1/2
< o — ()4 (Z(l + ) + |<x§,n>+|>2>
=1

2 = @)l (4, loall | et
<grlmnimld (p Il Jmd),

Writing B, £ %H([—n)*lﬂ, we obtain that

1 et TCAN
|gn<t>|ssLBnﬁ(1+z o +Bn\/ﬁ>.

We know from Assumption [3|that B,, converges almost surely to a positive constant.
From Proposition [37], we furthermore have

()£ |

vn

which is bounded in ¢. Thus, using (2.45]), we obtain that lim sup,, |} (¢)] is bounded
with probability one by a constant C(t) that converges to zero as t — oo.
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We finally obtain that

1 n
=Sl — [ wdp
n - ()O(xz,n) /90 124

Since Cy(t) + Cy(t) can be made arbitrarily small, we have

1 - * *
~> elai,) = /cpdu ,
=1

which terminates the proof of Theorem

lim sup < Cy(t) + Cy(t)  with probability one.

n

7
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Chapitre 3

A central limit theorem

Ce chapitre sera consacré a la démonstration d’'un théoréme central limite issu
d’un systéme algébrique d’équations couplées dont les coefficients sont aléatoires.
Il s’agit plus précisément d’une extension d’un résultat obtenu par [Geman et Hwang,
1982].

L’étude de ce théoréme central limite est apparue lors d'une premiére approche
du probléme LCP, ce dernier ayant par la suite pu étre étudié dans les cas GOE et
Wishart en faisant appel a la théorie de TAMP (Chapitre .

1 Introduction

We start by explaining what brings to study this CLT.

1.1 From the Linear Complementarity Problem to a fixed
point equation

Let Y be a n x n matrix, g be a vector of size n. The LCP(Y, ¢) consists in finding
two vectors w and z of size n such that :

z >0,
w=Yz+q >0,
wrz =0.

Assume that Y is a P—matrix (definition [3.1)). Then, using a result by [Murty,
1972|, the LCP(Y, ¢) has a unique solution (w, z) for all ¢ € R™.
Let x be the vector of size n solution of the fixed point equation :

r = Blz|+0, (3.1)

with
B b =—-(I+Y) g,
|| = (Jz]); and { B = (I+Y)_1(Iq— Y).

z=|z|+=x,

are the unique solution of the LCP(Y,q). Let
w=lz|—x,

The quantities {

f(z) =b+ Blz|.
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If Y|l < 1, by a consequence of [Horn et Johnson, 2013, Corollary 5.6.16] and using
Banach fixed-point theorem, the recursive problem ™ = f(x("=1) converges to the
fixed point solution.

This first approach was promising in what follows.

1.2 From Lotka-Volterra equations to fixed point equation
Equilibrium of Lotka-Volterra equations and LCP

As it has been seen previously, in a LV system, the abundances are connected
via the following coupled equations :

Az (¢)
dt

= @y(t) | re— Ee(t) + > Mydy(t) for ke [n], (3.2)

where M,, = (My,) stands for the interaction matrix, and ry for the intrinsic growth

of species k.
As usual, M, is defined by

An
/1

M, =

Az, __
dt

At the equilibrium
system :

0, the abundance vector &, = (T)re[, solution of the

Ty Tk_jk‘i‘ZMkZi’é =0 for 2, >0 and kE[n]
Len]

may arise from the LCP(I,, — M,,, —r,).

Fixed point equation

If I, — a:‘\% is a P—matrix, the fixed point equation (3.1)) becomes :

A -1
= (2, — —= n+ 2|z|) = |z|. 3.3
(20 = 222) Gt 2al) I (33)
Lemma 39. Let A, be a Wigner matrix (i.i.d. centred and reduced entries, with
Symmetry : Az] = Aﬂ)

If a > 2, then I — af\% is a P—matrix (a.s., for n big).

Remark 11. — The number of surviving species of corresponds to the
number of non-zeros entries of z = |z| + x, i.e. the number of positive com-
ponents of x.

— This brings us to study the distribution of x to estimate

—E (card{z; > 0}) = ZE 2:50) ZIP’ x; > 0) =~ P(xy),

assuming that the x; are asymptotically i.i.d.
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Studying the asymptotic distribution of x from this point fixe equation is not
easy. For the GOE and the Wishart cases, this LCP problem has been solved in the
previous chapter.

Before reaching this proof (and knowing about the AMP theory), we had been
interested in an other recursive problem.

Alternative recursive problem
Let g : R" x M, (R) — R" be the function :
g(z, M) == (2 — M)"" (1, + 2|]) — |z|.

Let (Mp)¢=1.,.. be asequence of independent random matrices where M, = (Ml-(f))lgjgn
is a n X n real random matrix.
The goal of this part is to study the problem :

{ Yo e R" )
Yer1 = g(ye, My) .
By independence of the matrices My, (y¢) is a Markov chain and we initially hope

that asymptotically the distribution of y, converges to the law of a random variable
y independent of M solution to the problem L(y) = L(g(y, M)).

1.3 Central Limit Theorem

Assumption 4. Let (A,),—12. . be a sequence of random matrices where A, =
(AZ(-?))lgingn is a n x n real random matrix.
We assume that the variables (AE?))lgi’an’ n>1 are i.i.d with mean 0 and variance

o2 and that A\) has all its moments finite.

Assumption 5. Let (z,),-12.. be a sequence of real random vectors where z,, =

(xm)z:1n
We assume that the variables (z;,)1<i<n, n>1 are i.i.d with mean p and variance 6>
and that the moments of z; ; are finite (yet, all the moments of |z; ;| are finite).

The topic of interest is the fixed point of the following function :

o = (20~ 2) 7 20—l

(1= 2) (e pnl) <l

1, A, \ ! 1,
7nn:::2?+wxn|7 Zn = (L1_' > my, and yn:::f(xn»_TZ'::Zn_ﬂnn'

2ay/n

Let’s have

Hence, Vi € {1,...,n}

A, \" A, \"
Zin = Min + Z e; (2&\/5) My, and Yin = Z e; (2a\/ﬁ> my, .

keN*
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As we have the assumption that all the moments of |z, ,| are finite, it implies
that all the moments of m; ,, are also finite.
Denote by 7 the distribution of the variable m;; and A :=E (m%l)

Theorem 40. Let « be a positive real number. Let assumptions [] and [5] hold true.
We assume that 02 < o? and that there exists a constant 3 such that Vk > 2,

E (JAD)F) < (20)54
Let ¢ € N* and I, be the identity matrix of size g.

Then
(y1,my2,m -5 Yq, n) m N( ]q) )
and
9 a2 A
T =12 2
4o — o
Besides,
(Zl,sz,m---an, ) m'j\/( Iq) *7.‘-®q’

where * is the convolution of the two distributions.

2 Elements of Graph theory

Before diving into the core result of this chapter, we first recall some combina-
torial definitions and useful properties.

We will consider directed graphs with possily multiple edges and directed cir-
cuits. The vertices are integers between 1 and n. An edge (x,y) is considered to be
directed from z to y; y is called the head and x is called the tail of the edge.

An isolated vertex is a vertex that is neither the head nor the tail of an edge.

For a directed graph G, we denote Vg the set of its (non-isolated) vertices,
Ve C [1;n], and Eg the set of its edges.
The multiplicity of an edge (x,y) C Vg X Vg is the number of edges in the graph G
starting by the same vertex = and ending by the same vertex y. Some of the vertices
are said distinguished.
We denote by vg the number of non distinguished vertices and eg the number of
edges of GG, counted without multiplicity.

Two directed graphs G' and H are said to be equivalent (see figure for an
example), if and only if there exists a permutation o € S,, such that

— z € Vg ifand only if o(x) € Vi ;

— the distinguished vertices of GG are fixed points of o ;

— if z,y € Vg, the multiplicity of the edge (z,y) in E¢g is the same as the

multiplicity of the edge (o(z),0(y)) in Eg.

From this equivalence relation, we define the equivalence class of a graph G, that
we will denote G and we call G a representative of the class G.

A directed path of length k > 1 is a (finite or infinite) sequence of edges (i1, j1),
(42, 52), - - s (ks Ji) With te4q = jo.
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3 3
(a) Graphe G (b) Graphe H

FIGURE 3.1 — Example of equivalent graphs G and H.

A directed trail is a directed path in which all edges are distinct.

A directed circuit is a non-empty finite directed trail in which the first and last
vertices are the same.

A directed acyclic graph is a directed graph with no directed circuit.

We now consider a directed graph GG, we will denote g the associated undirected
graph : the edge {7, j} € E, if and only if (4, j) € E¢ or (j,i) € Eq.
We say that two vertices are in the same weakly connected component of G if and
only if they are in the same connected component of the undirected graph g.
In particular, if G is a directed acyclic graph and g a forest with ¢ trees, we will
say that G is a directed forest with q directed trees (see figure and section 9.1
in |[Deo, 2017]).

9
Y A
G

(a) Directed acyclic graph that is not a

t .
ree (b) Directed tree.

FIGURE 3.2 — Examples of skeleton of directed acyclic graphs.

We have the following lemma :

Lemma 41. Let H be a directed graph with ¢ weakly connected components. Then,
the number of vertices of H, written #V}y, verifies :

#VH S ey + q,
with equality if and only if H is a directed forest with ¢ directed trees.
Démonstration. A proof by induction on the number of vertices will give the inequa-
lity.

Base case : Let H be the simpliest graph, made up of a single edge :

— H can have only one vertex (if its edge is a directed circuit), then : #Vy =
1<egy+qg=1+1=2;

— or H has two vertices, then #Vg =2 <eg+qg=1+4+1=2.
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The property is clearly true in that case.

Induction step : Assume that H is a directed graph with ¢ weakly connected
components, such that #Vy < ey +q.
We add a new vertex to H. As we consider only non-isolated vertices, there are
several paths we can take :

— we can link this new vertex to an existant weakly connected component of
H. In that case, we have improve simultaneously the number of vertices #V
and the number of edges without multiplicity ey and the inequality stays
true;

— or we can add a directed circuit to the new vertex. In that case, we have
created a new weakly connected components, so we improve all at once the
number of vertices #Vy, the number of edges without multiplicity ey and
the number of weakly connected components q.

— or we can link this new vertex to several existant weakly connected compo-
nents of H. In that new case, the number of weakly connected components ¢
decreases while the number of vertices #Vy and the number of edges without
multiplicity ey increase. However, ey’s increment is bigger than ¢’s decrease
and the inequality remains true.

For the case of equality, a proof by induction, reasoning on the undirected graph,
will give it. O

3 Moments lemma

Foralln>1, k>1, 1 <i<n,let’s have

vi,k,n) = e (2 j;ﬁ)kmn, (3.4)

1\ - .
- (20&%) Z A“l Alllz t Azk 1zkmik,n .

11,02,.,0 =1

Lemma 42 (Moments lemma). Let (i1, k1), (i2, ka), .. ., (is, ks) € N* x N be distinct
pairs. Then :

(i, ky,n), v (in, ko, n), . . . vy, ksyn)) ———> (Z1, Za, ..., Zs),

n——+0oo
where the random variables (Z;)1<j<, are independent and satisfy

i lf I{Zj - O,
2y~ N(O, (%)ij A) else.

Démonstration. Strategy : Let nq,...,ns be a family of positive integers. We will
show that

E (v(i1, k1,m)™ ... v(is, ks, n)™)

: o\ Fing nj n;
m H <£> [A 2 (nj — 1)”1]63.21]1%;0[2} + E (ml’l) ij:()} s (35)

J=1
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where v(i, k,n) is defined by equation (3.4), (n;—1)!! = (n;—1)x(n; —3)x---x3x1

and 1z is the indicator function of the subset E.

In the sequel, we simply denote A (resp. m) instead of A, (resp. m,) and A;;

(resp. m;) the entry AE;Z) (resp. the i*" coordinate m;,) of this matrix A, (resp.
vector m,,).

The strategy of proof is divided in three steps. First, to understand the inde-
pendence between the variables Z; of the lemma @, we study the case s = 2 and
ny =ng = 1,1.e E (v(i,k,n)v(j,¢,n)). Then, we take a look at E (v(i, k,n)?), which
brings to the factor (n; — 1)!! in equation . Finaly, we combine these two steps
to get the convergence (3.5]).

First part : Let’s take a look at E (v(i, k,n)v(j,4,n)).

We start by the case where k, ¢ > 0.

For I = (i,i1,19,...,1), J = (4,71,.--,7¢), we denote A; := A, Aijip .- A
and my =m,,. As well, Ay := Aj;,Ajj, .- Aj,_;, and my =m;,.

For i € [1;n], let Z;; be the set of (k + 1)—tuples of integers in [1;n] starting
by ¢. By independence of A and m, we have

Ig—10k

E (u(i, k,n)v(j, £,n)) = <2a1\/ﬁ> S E(A1A))E (mimy)

JGI]',@

We set ig = i. Let G| be the directed path with vertices Vi, = {4,1,%2,..., 9}
and edges Fg, = {(im,im+1) | m € {0,...,k —1}}.
We can notice that G; can also be seen as a directed path starting by vertex ¢ of
length k (the graph can contain directed circuits).

The vertices ¢ and j are distinguished vertices.

For I and J given, we write Cr; :=E (A;A;) E (mm,).
If there is I’ and J’ such that Gy UGy € Gy UGy, then

O[J:O[/J/ =:C

aoa, <09,

i.e. all the elements in the same equivalence class have the same contribution.

Let define Gy, 0y the set of equivalence classes of graphs composed by the
union of a directed walk starting by vertex ¢ of length k£ and a directed walk starting
by vertex j of length .

Hence,

E(y(i,k,n)y(j,é,n)):( i/_)kH Y Y o,

1,J s.t.
GiUG ;eG

:(ml\/ﬁ)w ooocs Y 1L

GEG (i k), (.00} GIL]GS.t.e@
I J

GEG1 ik, (.00}

85



Moreover, for a given equivalence class CAJ, all graphs have the same number of
distinct edges and we call it vg. Then,

Z Il=nxn—-1)x---x(n—-vg+1),
I1,J s.t.
G1UG eCG

=n"6(1+0(1)).

Hence

E (v(i, k,n)v(j,l,n)) = (2al\/ﬁ) Z n’é(1+40(1))Cg .

GeGiik), (.0}

For i, j, k and ¢ fixed, the number of equivalence classes, i.e. the number of
elements of Gy(;x) (01, does not depend on n.
We are interested by the equivalence classes that will bring an asymptotic contribu-
tion, i.e. such that vy > % and Cg # 0. First, it is the skeleton of the contributive
classes (which is the same for all the graphs of a given class) that interests us. Then,

we will take a look to the number of elements in each contributive class.

Let H € Giin) 0y
By definition, there exist I = (i,11,12,...,i) a (k 4+ 1)—tuples of integers in [1;n]
starting by ¢ and J = (4, j1, ..., je) (£ + 1)—tuples of integers in [1;n] starting by j
and G =G UG, such that G € G UG, = H.
G is a representative of the equivalence class G = H € Gy p), (01

C@ =K (A[AJ)E (mImJ) =K (Azzl LA Ajjl .. Ajeflje) E (mikmje) .

ik—1%k
In order to get Cz # 0, the multiplicity of each directed edge of GG has to be at least
2.
Thus,
k+¢
ea < % .
Following lemma [1], we have these inequalities :
— If ¢ = 7, G has only one distinguished vertex and only one weakly connected

component, so
vg = #Ve — 1 < eq,with equality if G is a directed tree.

— If i # j, G has two distingueshed vertices and at most two weakly connected
components

#Vi < eg+#{weakly connected components of G}, so vg = #Ve—2 < eg,

with equality if G is a directed forest with two distinct directed trees.

Hence,
k+/
va <es < %

86



The equivalence class G of G asymptotically contributes if and only if

k+¢

5 (3.6)

vg =eg =
the first equality is verified if G is a directed tree when i = j (resp. a directed forest
when ¢ # j) and the second one is verified if the multiplicity of each directed edge
is exactly 2 (each edge is crossed exactly twice).

We now want to show that if G contributes asymptotically, then necessarily
I = J and all the elements of I are distinct, such that only one equivalence class
contributes asymptotically. R R
We assume that the equivalence class G of G contributes asymptotically, i.e. G

verifies the equalities (3.6]).

We reason by absurdity and suppose that i # j :

— First case : G has two weakly connected components Gy and G.
As Eg, N Eg, = 0, I must contain a directed circuit in order to allow G to
contribute in the expectation (each edge must be crossed at least twice).
So Gy is not a tree and G doesn’t contribute asymptotically, which leads to
a contradiction.

— Second case : GG has only one weakly connected component.
In this case,

vagt+2=#Vg<eg+1lie vg<esg—1,

which contradicts .
From this first step, we deduce that necessarly ¢ = 7 and G is a directed tree.
— So that G is a directed tree, the vertex ¢ should appear only in the edges
(i,41) and (7, 71) (else, we would have a directed circuit).
Yet, in order to get all the edges crossed twice, the edges (i,7;) and (i, 1)
have to be the same.
So le = jl-
— By iteration of this arguments, it appears that Ym € [min(k, £)], i, = Jm.
— We assume that k # /.
Let’s take k& < ¢, then the path {(ix, jk+1), (Jr+1, Jkt2), - - - (Jo—1,Je)} With-
draws so each edge is crossed exactly twice.
G would have a directed circuit and will no more be a tree, which is absurd.
So k=1/. R
To conclude : the equivalence class G of G contributes asymptotically if G = G;UG;
is a directed tree such that I = J and all the elements of [ are distinct.
In this case

Co=E(A})E (mf) =E(A2)E(42,)...E (A2, ) E(m2) by independence,

= oA
We finally have the following convergence :

{o if i£jork#/0,

E (v(i, k,n)v(j, ¢
(v(i,k,n)v(j,l,n)) —— (%)zkA if i=jandk="~¢.

n—-+00

87



Remark : we can now take a look to the case k > 0and /=0 :

E (v(i,k,n)v(j,0,n)) = (Qa\/_> =

By definition, Z;( contains only the 1-tuple J := (j). Hence,

E(u(i,kz,n)y(j,o,n)):<2a1\/_)k > > g,

CEGm. G0 G e e

<2alf>k S w1+ o(1))Cs,

GEG((i.k), .00}

where

Ca =E (A7) E (mrm;),

with G = G7 U Gy a representative of this equivalence class.

One can see that if k is odd, then E (A7) = 0, which implies Cz = 0. So that the
graph G contributes, £ must be even.
For the same reasons than previously, one gets

| /\

Vg a<

le

The equivalence class G of G asymptotically contributes if and only if

A_/{?
G_2'

vg =
The first equality is verified when G is a directed tree when the second one is
verified as soon as the multiplicity of each edge of G is 2.

Let’s assume that & > 2, to get the edge (i,41) crossed twice, there exists ¢ €
{1,...,k — 1} such that i, = 7. Which implies that G contains a directed circuit,
i.e Gy is not a directed tree, which is absurd.

So k=0 and

E (v(i,0,n)v(j,0,n)) = { A< 1> if g f;
Finally,

(i) if i=jandk=/¢+#0,
E<V(Z7k7n)y<]>£7n))—> Em) if Z#]al’ldkzg:o,
0

n——+oo
else.

Second part : We are now interested in E (v (i, k,n)?).
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In a first time, we assume that k # 0.
To avoid any ambiguity between the identity matrix I, and the (k + 1)-tuples star-
ting by i, we rewrite this last J = (4,11, 42, ..., ix).
For qc {1, N ,p}, we denote Jq = (i, Z'gQ), ZSJ), PN ,Zéq)), AJq = Aii(q>Ai(q)i(q> - .Ai(q) (@
and mj, = M. e o
Like previously, the independence between A and m gives

1 \"
E (v(i, k,n)P) = (204\/%) Z E(AjAy, ... AL)E (mymy,...my,) .
J17~~~7Jp€l—i7k

We reuse the notation Gy r)r) for the set of equivalence classes of graphs com-
posed by the union of p directed walks starting by vertex ¢ of length k.

For H € G{(ikyry given, there exists Ji, ..., J,, (k + 1)-tuples starting by ¢, such
that the graph G, UG, U--- UG, is a representative of the equivalence class H.
So,

Cﬁ =K <Aiigl>Ai§1>iél> ce Aix(clllii(gl)Aii?) ce Ail(cp) ig,)) E (mil(:)mil(f) Ce mil(gp)) .

—1
and

E(u(z’,k,nv):(mlﬁ)@AZ Y 1

GeGyuppy o eClin st
Gjl U"'UGJPZG

= (ﬁ)kz) Y Canx(n—1)x-x(n—vg+1),

GEGy(i,kypy

~(as) X welrsonce.

GEG (i,

Let G be the graph G; UG, U---UG ,, representative of the equivalence class
H = G. Then G has only one weakly connected component and by lemma

vg = #Ve — 1 < eg with equality if G is a directed tree.
Besides, so that Cz # 0, the multiplicity of each edge has to be at least 2. So

egg—p hence vggegg@.
2 2
The equivalence class of G contributes if and only if vg = e = %, where the
first equality if verified if G is a directed tree and the second if the multiplicity of
each edge of GG is exactly 2.
Thus, we look for the classes that asymptotically contribute in the expectation.
— As G is a directed tree, the vertex i should appear only in the edges (i, z‘gl)),

(, z’§2)), oy (1 igp)). If this condition is not respected, there will be a directed
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cycle and G will no more be a directed tree.
Moreover, for each edge to be crossed exactly twice, one needs

#{(1, i), (10, )y =

ie. pisevenand Vj € {1,...,p}, I e {1,....,p}\{j} s-t. igj) = igﬁ).
— Let 5,0 € {1,...,p}, with j # ¢, such that igj) = z‘ﬁ‘) (i.e. edges (z’,igj)) and
(1, z{“) are the same).
¢ ¢
— 1fif) £y e (iY,iF) # 7).
Then, since edge (i §J ), Zé )) is crossed twice, vertex z ) should appear once

-(7) ©)

again and not only in 47" and @1 .

And because the multiplicity of edge (i, zﬁ@) can’t be bigger than 2, this
implies the existence of a directed circuit, which contradicts the first hy-
pothesis.
— By reusing this argument, it comes
Vge{l,....k}, ¥ =40,
The equivalence class Gof G asymptotically contributes if G = G; UG, U--- UG,
is such that Vq € {1,...,p},
— J, starts by vertex ¢ and has k + 1 separate vertices,
— and 3 € {1,...,p}\{q} such that J, = J,.
There is as much equivalence classes that make a contribution o*?A% than the
number of pairings of {1,...,p}.
That finally gives, for k # 0,

N p
E (v(i,k,n) )m

0 if pis odd,
(p—1 (%)kpAg if pis even.

On the other hand, if £ = 0, it cames that :
E(v(i,0,n)") = E (mg) = E (mj) .

7

Third part : general case.
The goal of this part consists in bringing together the arguments used in the two
previous parts.

Let (i1, k1), (i2, k2), . .., (is, ks) € N* x N be distincts pairs of integers.
Let ny,Na,...,Ng € N.
Using the previous rating, it brings that :

E (v(i1, k1, )" w(ig, ko, )™ .. v(is, ks, n)"™)

1 EJ 1 kimy
= (205\/5) Z E <AI£1) .. 'AL(Lll)AIf) .. AISS)) E <ml£1) .. 'mfr(fs)> s

IF)? ’I( )ezis,ks

_ (mlﬁ) b 3 0o (1 + o(1))Cy

GEG (i1 ,ky)™1 ... (s ks) s }

90



We first look at the case where k; # 0 for all j <'s.

To get a non zero asymptotic contribution, it is necessary to match two per two
the chains with the same starting vertex ¢; and the same length £;.
So, n; must be even and there is szl(”j — 1)!! possible pairings. Once the pairing
is chosen, it determines the graph class, which contributes for

( g ) 2j .
I, I 2x
Jj=1

Assume now that some k; are zeros. Let’s take a look to the following example :

E (v(3,1,n)%0(1,0,n)) = (204\/_) ZIE (A3) E(m?my),

- (Qal\/ﬁ)z (n — 1)a?AE(m,) + (2Ql\/ﬁ>202E(mi’),
4 )QAE(ml).

. (_
200

n—+00

This suggests there is the following relationship to show :
E (v(iq, k1,m)" v (ig, ko, )™ .. v (ig, ks, n)")

~E| ] vGnkim ) JI E@mY) ——0 (37)

n—oo
j s.t. ]%#0 ] s.t. k'JZO

which finally gives the lemma.

Now we justify . One can assume without loss of generality that ky = ko =
...=k.=0and for all r <t < s,k #0. Then iy, ...,1%, are distinct.
We denote J := {iy,...,i.}. and Z; ;s the set of all the chains of length k starting
by ¢ and ending by an index belonging to J. Hence, one gets the disjoint union
ik = Li,s UZig,ge-
We can verify that the main contribution comes from

1 =1 kyng
<2a\/ﬁ> N Z E(‘Afil)"'Ab(lll)AIfQ)"'AL(;SS)>]E<mI§1)"'mb(fs)>
7

1
1 Jr(zl)GIil,kl,JC

L, ) €T iy e

and in this case

— nj
E (mfil) . 'mfr({?) == HE (ml )]E <m1{r+1) . 'mfr({?> .

J<r
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We therefore get

E (v(iy, k1,m)" ... v(is, ks, n)™)

o\ king ny .
n—s00 1_[1 (%) [A 2 (nj = D!Xk;>1X,=0p) + B (m1]) ijzo} ;
j:
which concludes the proof of the moments lemma O

4 Proof of the Central Limit Theorem

We can now deal with the proof of the CLT (0]
Let ¢ € N* fixed and Ay, Ag,..., A\, € R.

We want to show that

1 q
(exp ( Z)\]y] n)) m exp (_572 ZA?) .
j=1

Like in the proof of the moments lemma we simply denote y instead of y, and
y; the i coordinate Y;n of this vector.

Let p € N*, denote by y® the vector

p—1 k
) = 4\
— 2ay/n

p—

q 1
Z)\jyj Z/\J v(j, k,m).
j=1 1

k=

Hence,

Moments lemma [42] implies

q q p—1
®) o\ 2k

k=1
By writing
2 ~2 =2
.0 ,  O0°A s A0"—0
0= 5y V= s and v(p)—A1_52 : (3.8)
one gets
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Let denote by r® =y — y®)_ Yet,

A - y(p
2a4/1 ’

r(p) :y—y(p) =

So

A A \?
() — (p) - . 3.9
" 204\/ﬁr * <2a\/ﬁ> m (3:9)

For § € |22;1[, we denote G,, := { ﬁ” < 5}, where ||.|| stands for the spectral

norm for a matrix and the Euclidean norm for a vector.
According to |Geman, 1980|, 15, — 1 almost surely.
n—-+oo

We show that Vi € {1,...,q}, Ve >0,

lim sup lim sup P (‘11Gnr§p) > e) =0.
p—+00 n—+00
From equation (3.9)), one has :
A A P
1~ r®@| < |1 1. 7@ 1
e < 1652z | @l + o gz i

<4 Hﬂgnr(”)” + 67 [[m]| .

That is

(p)

2 . )
PO < 6% ]

(1—0)*1g, i

=1

And by symmetry and using the fact that E (||m||2) =nE (m?) = nA,

e (1,

Hence, using Markov’s inequality, one gets :

r@(p) <

— (=02

2) AN

r Z(p)

)

2 )

E(L%
> e) < lim sup lim sup

p—+00 n—s+oo €

| 5P A
< 1i e ——
= e (1—6)2e”

=0,

lim sup lim sup P (‘ 1¢q, 7’1@ )

p—>+o00 n—+0o
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which implies that :

Z HG (p)

p—+o0 n—+oo i—1

Ve > 0, limsuplimsupP <

N
Il
o

Then,
[
liszrup (exp < Z )\jyj)> —exp <_§72 Z A?)

bl ) (o2
g oo (2007) ) (‘5@*) |
o 1) ) )

+

1
2 2 2 2
exp (—57@) E :)\j> — &Xp <—§7 § :)‘j>
j j

where 7(2},), o and 2 are defined by (3.8)). In this way,

lim sup 7(21)) =2, (3.10)

p—+o00

1 2 2 1 2 2
exp (‘5%) Z*j) — exp (‘57 hBRY
J

J

lim sup =0.
p

We, now, take a look to

(exp( ZAJ% > (exp (izj:Ajr]@)) — 1))‘ . (3.11)

The following inequality comes

) mlm7))
E(p< Sl )
om0 -

lim sup lim sup
p—+o00 n—+oo

IN

exp (iZAjr§p)> —1

g

).

Let € > 0,

E ( exp (iZAjr](»p))— 1
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On one side,

lim sup lim sup E (

p—+00  n—+00

exp (iZAjr](p)) -1

J

]1‘2] Ajr§p)‘>e>

< lim sup lim sup 2P (

p—>+o00 n—+o0o

> o

J

)
)| < e) ,

=0.

On the other side,

]l‘zj AT

p—+o0 n—+oo

limsup limsup E (

exp <z Z )\jr](-p)> —
J

< lim sup lim sup (P <

p—+o0 n—+oo

:Cm

where (. = |exp (i€) — 1| — 0.
e—0

) (48
() (48

which concludes the proof of the first part of the theorem 0] the convergence of a
finite number of components of y.

Hence, for all € > 0,

lim sup lim sup
p—+00 n—+oo

Thus

lim sup lim sup
p—>+o0 n—+oo

Concerning the convergence in distribution of the vector (21, 22, - .., 2¢n), O0E
should remember that, asymptotically, the moment lemma |42 implies

p—1
(») 1)2’“
y; +my —>n—>+oo N (O,A; <2a * T

Hence,
) NI
where z( P) = yj( P) +m;.
For ease of reading, we write Z = (zq,. .., 2,), A= (A1,...,A,) and the characte-

ristic function is written :

0:(N) = 0oty Ay) = (exp ( ZA z]>> .

95



The aim is to show that :

p:z(A) —— oy (Neir(A)
where Y = (Y1,...,Y,) is a random vector of i.i.d variables of law A (0,+?) and
M = (M, ..., M,) is a random vector of i.i.d variables of law 7 independent from
the Y;.
Henceforth,

n——+o0o
o=(M) - somi)\ +1im sup | 930 (3) = 05 (Vo (A
n—-+00 n——+o0
= lim su ex AjZ; — ex
‘<Py<p> :\ :\ ) (5\) )
= limsup |E <exp (iZ)\jZ](p)> (exp (2'2)\3'7’]@)) _ 1))
n—-+00o j ;

+ e (70 () = w5 (V)
(3.12)

)

where Y = (V;”, ... Y,”)) is a vector of i.i.d variables of law A(0, V4) and 72, &
and 72 are defined by (3.8).

In this way, we deal with the first member of (3.12)) by using the exact same
reasoning than for (3.11]).
To manage the second member of (3.12), we reuse the convergence (3.10]), which
means that

limpsup ‘QOM(:\) (9017(1)) (A) — 901?(5‘)> ‘

< timsup 50 (V) — 7 (V)]
p

1 I 1, o
o (i 3008 <o (37308
j=1

j=1

= lim sup
p

=0.

To get a control on the first term of equation (3.12]), we reuse the same argu-
mentation than the one used for (3.11]) and get

p—>+o0 n—+oo
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Chapitre 4

Structured models

Ce chapitre est tiré de la revue |Akjouj et al., 2022| écrite en collaboration avec
M. Barbier, M. Clenet, W. Hachem, M. Maida, F. Massol, J. Najim et V.C. Tran
dans le cadre du projet KARATE (LotKA-VolterRA models — when random maTriz
theory meets theoretical Ecology).
Il s’agit de ma contribution principale & ’article correspondant a la partie 4. Elle
développe les modéles impliquant des structures sur la matrice des interactions M
ou la matrice des communautés I'.

Large Random Matrices and RMT play a prominent role in the theoretical study
of systems of particles in interactions such as ecosystems, foodwebs, etc. In this
thesis and more particularly in the revue, we have studied at large the LV system
of differential equations :

dl’i
dt

where matrix M, supposed random, has either i.i.d. entries or follows the elliptic
model. Associated to the generic model :
dl’i
dt

another line of research focused on a modelisation of the Jacobian of the system
near equilibrium :

J=—I+T (4.1)

where I' is a random matrix, the question being then to understand the relative
localisation of the spectrum of I" with respect to -1 to conclude on the stability of
the system. This second approach is historically the first one with the influential
paper by [May, 1972] being one of its landmarks.

In order to progress toward a more realistic description of the reality, one is
tempted to consider more involved models of random matrices to take into account
more properties of the complex systems such as sparsity, existence of underlying
structures, randomness beyond independence, etc.

For instance, the question of the effect of the structure of the ecological network
on its feasibility and stability already appeared in [Pimm, 1979|, following the work
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of May, where Pimm argues that connectance is not the only parameter that can
influence the feasibility and stability of the networks and starts a theoretical study
of structured (both deterministic and random) networks.

In this section, we present a variety of random matrix models beyond the i.i.d.
and elliptic ones, emphasizing on their use in theoretical ecology and listing mathe-
matical results and questions of interest. Often, mathematical results of interest are
not available on the shelf for a direct use and massive simulations remain the main
approach to exploit the potentialities of such models.

1 An introduction to sparsity for ecological models

Empirically, in an ecosystem with n species, even if the maximal number of

interactions is n?, the real number L of nonzero interactions is often much smaller.
For a LV system, this means that the interaction matrix M has many entries equal
to zero. We define the connectance as C = L/n?.
Before starting the presentation of the models, let us clarify that the notion of
sparsity used here is different from the usual one in mathematics, where matrices or
networks are said to be sparse when the L/n? goes to zero with n. We will consider
a wider range for the connectance (in particular when C' can be of order O(1)).

Although the interpretation is more doubtful in the jacobian modelization ,
the connectance already appears in |Gardner et Ashby, 1970]’s simulations and in
[May, 1972]’s work . It is an important parameter to capture the sparsity of the
models of interest.

In more recent works, |Grilli et al., 2017 work explicitely on the interaction
matrix of a LV system and study the stability and feasibility of the equilibrium as
a function of various parameters, among which the connectance (see also [Marcus
et al., 2022,[Dunne et al., 2002|). Based on empirical evidence, |Busiello et al., 2017|
suggest that foodwebs can actually be very sparse.

Beyond the connectance, it is possible to take into account the structure of
the network by setting some of the entries to zero, thus enforcing an absence of
interactions. For this, we may use a matrix A = (A;;) where A;; equals 1 if species
j has an effect on species ¢ and 0 otherwise. If one draws the system interactions
as a graph, then A can be interpreted as the adjacency matrix of this graph and
the interaction matrix M or the community matrix I' can then be represented as
proportionnal to A o A where o represents the Hadamard product of matrices, that
is :

(Ao A)y = A A;

and A is random either i.i.d. or elliptic. In such a model, A represents the structure
of the system and A the (random) intensity of the interactions.

In the following subsections, we consider a number of sparse models, A being
deterministic or random. We also refer to [Allesina et Tang, 2015| for a presentation
of many models in connection with RMT.
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2 The simplest model for sparsity for ecological net-
works : Erdos-Rényi graphs

When all species play the same role in the foodweb and the only parameter of
interest is the average number of interactions for a given species,it is natural to
choose A as the adjacency matrix of an ER graph of size n : each coefficient of the
random matrix A has probability p to be nonzero, equal to 1, and probability 1 — p
to be put to zero, independently of the others. The average number of edges in the
graph is pn?, hence the connectance C' equal to p.

ER in the mathematical literature

ER graphs are reference models in the field of random graphs and their geometric
properties have been extensively studied (see e.g. [Bollobas, 2001, Durrett, 2007}|der
Hofstad, 2017]). The spectral properties of their adjacency matrices have also been
studied. In the regime when C' = O(1), which is called dense by mathematicians,
the ER matrix is a rank one deformation of a matrix with centered i.i.d. entries, so
that we observe a circular law and one outlier. In fact,

A 1

1
— = A —EA)+ —EA with
Jn \/ﬁ( )+ wl

s [ -

where ||.|| refers to the spectral norm when applied to a matrix. Notice that the
precise understanding of the extreme eigenvalues of \/% in sparse or very sparse
regimes is still an active subject in RMT. A concise overview can be found in the

introduction of [Alt et al., 2021].

ER in the ecological literature : sparsity increases stability

As developed in the introduction of May’s model, the case when I';; = A;;A;;,
with A the adjacency matrix of a dense ER graph and A has i.i.d. centered entries
with variance V' has been already considered by May. This sparse model is equiva-
lent to the full model, where the entries have variance C'V and in this case sparsity
increases stability : in fact, the stability condition nVC < 1 is easily satisfied for
small C'.

The case when A is the adjacency matrix of an ER graph but the model for the
matrix A is more involved has been studied in particular in [Allesina et Tang, 2012].
They use models for A that are of the same flavour as the elliptic model - for example,
(Aij, Aji)icj both positive to model mutualistic systems or with opposite sign to
model a prey-predator situation. As illustrated in Figure 4.1 in the mutualistic
case, outliers with a large real part may strongly affect the stability. In [Allesina
et Tang, 2012|, the authors also establish an explicit stability criterion adapted to
each case, generalizing May’s criterion and emphasize again that sparsity increases
stability.
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(a) Predator-prey. (b) Competitive. (c¢) Mutualistic.

FIGURE 4.1 — Spectrum of the interaction matrix for n = 1000 species. A is ER
symmetric with C' = 0.1. For the competitive (resp. mutualistic) model, A;; = Aj;
with distribution —|A/(0,1)| (resp. |[A(0,1)]) variables. For predator-prey A;; =
—Aj;, distribution |[A(0, 1)].

3 Sparsity with a deterministic structure

An alternative to the ER model is the case where matrix A is deterministic.

Consider a d-regular oriented graph with n vertices, that is a graph where each
vertex ¢ has exactly d oriented edges exiting from 7 and d edges coming to 7. Let A
be the adjacency matrix of such a graph, then A has d non-null entries per row and
per column and L := d X n non-null entries overall. Parameter d which may depend
on n accounts for the sparsity of the system and in the framework of a LV system,
consider the interaction matrix :

a Vd a\ Vd /'
where the A;;’s are i.i.d. and « is an extra normalization which may depend on n.
Notice that the normalization is no longer y/n but V/d accounting for the fact that

there are exactly d non-null entries per row. For such a model the connectance C'

equals :

c=1

n
and the interest lies in relatively "small" values of d.

This model has been studied in chapter 1 where specific assumptions on d and
A are considered, namely either d is proportional to n, or d > log(n) and A has
a specific block structure. In these models, values of d are slightly large but much
smaller than n. In this chapter, it is shown that the same phase transition as in the
full model occurs : feasibility and stability hold iff & = oy, > /21log(n).

The spectrum of matrix 294 together with the proportion of equilibria near the
phase transition thershold are plotted in Figure

4 Introducing modularity through Stochastic Block
Model (SBM)

Beyond the Erdos-Rényi case, when every species equally interacts with any
other, it is often more realistic to consider that there exist within the ecosystem
communities (also called modules), that is groups of species sharing the same
connexion patterns. This leads to the celebrated Stochastic Block Model (SBM),
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FIGURE 4.2 — Deterministic model with n = 1000 species and d = 10. Each species
interacts with d = 10 species. The existing interaction are i.i.d. Gaussian N (0, 1)
entries. In figure [£.2b] each point represents the proportion of feasible solutions x
over 200 realizations of random matrices M, for different values of x, with «a,, =

/K log(n).

introduced in [Holland et al., 1983], (see also [Abbe, 2018| Lee et Wilkinson, 2019
for reviews). Let r € N be the number of communities. Given

— a vector of positive real numbers (mq,- -, 7, ) such that Y. m =1,
— an r X r matrix P,

the corresponding SBM is a random graph whose vertices are partitioned into r com-
munities C, - - -, C,., where each node belongs to the community C;, i € {1,--- ,r},
with probability ;. Then, an edge between a vertex u € C; and a vertex v € C}
exists with probability p;;, independently of all other edges.

SBM in the mathematical literature

There exists a huge literature on the SBM, initially introduced to analyze social
networks, and extensively used in machine learning for modelling complex networks
and address the community detection problem. The goal there is to design algo-
rithms to cluster the different communities and estimate accurately matrix P, see
for example [Matias et Miele, 2017, Baskerville et al., 2011].

Again using the Hadamard product Ao A, the spectrum of the adjacency matrix
A associated to a SBM can be described, at least in simple cases. Consider for
example a SBM with r = 2 communities of equal size (7, = m = 1/2) and let

>

q p)’

with p and ¢ of order 0(1) (dense case). Then A is a rank-two perturbation of a
matrix with centered independent entries. Depending on the values of ’% and 24,

there can be up to two outliers in its spectrum. As in the ER case, sparse cases has
also been recently considered, see e.g. [Benaych-Georges et al., 2020].
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SBM in the ecological literature : modularity increases stabi-
lity

In the seventies, May and Pimm already considered rudimental forms of the SBM
into the framework of the Jacobian model , to take into account some features
of ecosystems such as modularity and compartmental models.

presents a simple occurrence of SBM. He considers a SBM with
r modules and a probability vector (cy,...,c.). This SBM corresponds to modules
with no interactions, while within the ¢th block made of d; species, the interactions
behave like an ER graph with connectance ¢; and variance V;. The stability condition
reads :
max ¢;V;d; < 1,
i€(r]
hence modularity increases stability. This phenomenon is illustrated in Figure .
[Pimm, 1979| addresses the following question "should model systems be orga-
nized into compartments of species characterized by strong interactions within com-
partments, but weak interactions among the compartments ?" A random version of
such a model would correspond to a SBM with a matrix P having large diagonal
coefficients and small off-diagonal ones.
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(a) Spectrum of the normalized by

: 1
1 interaction matrix, where ¢; — (b) Spectrum of the normalized by T

V(e1ta)n 5 5 When th interaction matrix for a bipartite model,
0'5_ > C2h_' 0.2 > .q - 0'0.'. d Gen b ?re where ¢ = 0.5 and ¢; = co = 0. A is sym-
i\};l(sotsi)t e Interactions are 1.1.d. Gaussian metric and A has iid |N(O, 1)| entries.

FIGURE 4.3 — SBM with two communities of 500 species, n = 1000. The probability of inter-
actions inside the first (resp. second) community is ¢; (resp. cz) and the probability of interaction
with species of the other community is equal to q.

More recently, the effect of modularity on the stability of the networks is extensi-
vely explored in [Thébault et Fontaine, 2010] in the framework of a tamed version of
LV equations. They evaluate modularity through an index, introduced by
and, through simulations, illustrate that persistence, that is the number of sur-
viving species, increases with modularity in trophic networks (see also [Stouffer et
Bascompte, 2011]) but decreases with modularity in mutualistic networks. It would
be interesting to investigate whether mathematical results on SBM could help to
understand their observations.

The question of stability is for example important for plant-pollinator ecosys-
tems. The latter correspond to bipartite mutualistic networks (see e.g. |Thébault
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et Fontaine, 2010, Billiard et al., 2022]). In |Billiard et al., 2022| in particular, the
evolution of abundances can be approximated, when the number of species n tends
to infinity, by a kinetic integro-differential equation where the dense graphs are re-
placed by graphons. The theory of graphons is mathematically well developed but
beyond the scope of this review (see for example |Lovasz, 2012]).

5 Nested models : a few generalist and many spe-
cialist species.

In the Erdés-Rényi model or in SBM, the network is determined by considering
the absence or presence of edges for each pair of vertices independently of the others.
Other models of random graphs are defined by specifying the degree distributions.
For example in the configuration models (also known as Molloy-Reed-Bollobés, see
e.g. [Bollobas, 2001, Molloy et Reed, 1995|/der Hofstad, 2017]), independent random
variables distributed with the target degree distribution are associated to each vertex
and edges are formed by pairing at random the half-edges.

By choosing heavy-tailed degree distributions, one can thus create a few ver-
tices with very high degrees (corresponding to generalist species) and a majority of
vertices with low degree (corresponding to specialists). Such ecosystems are called
nested. They have also been modelled and studied, at least through simulations.
This idea has been implemented in [Thébault et Fontaine, 2010| following |[Okuyama
et Holland, 2008|.

Nested ecosystems can also be described through random graphs with given
expected degrees. This model is known as the Chung-Lu model : take a deterministic
sequence w = (wy,...,w,), that will correspond to the expected degrees and draw
an edge between vertex ¢ and vertex j with probability w;w;/ > | w; independently
of all other edges. If we choose all the weights to be equal to pn, we are obviously
back to the ER model with connectance p but nested ecosystems can be modeled by
choosing a power-law distribution for the weights, that is w; = cfﬁ, for i greater
or equal to some 7y. In this case, the number of species interacting with k others
is proportional to k2. The spectrum of the adjacency matrix of such a graph has
been studied in |Chung et al., 2003| where they point out that a phase transition
occurs at 3 = 2.5 : for § > 2.5, the largest eigenvalue behaves like y/n, which is the
maximal degree in the graph, whereas for § < 2.5, the largest eigenvalue behaves
like d, which is the weighted average of the square of the expected degrees. It would
be interesting to investigate whether these mathematical results could be effectively
used in the study of nested ecosystems.

6 Kernel matrices

Definition of the model.

Part of the literature on ecological networks considers that the interactions bet-
ween two species depends on a distance between their respective values of some
functional traits. The examples that we will present below, fit into the mathemati-
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cal framework of kernel matrices. We have
M;j or T'y; = f(g(Xi, Xj)),

where X is a vector modelling the traits of species ¢, g : RPxRP — R is a symmetric
matrix, denoted as the kernel (corresponding to the measure of the distance), and
f:R — R a function called the envelope. Typical examples are g(z,y) = z'y, or
|z — y||* and f(z) = exp(ex) or (1 + z)* etc.

Kernel matrices in the mathematical literature.

Among these models, the first interesting and well studied case is the so-called
Wishart caseEI, when g(x,y) = 27y and f(x) = z. If the entries of the vectors are
i.i.d. centered and normalized, then it is well known (see |[Marcenko et Pastur, 1967|)
that, if the ratio p/n of the number of traits over the number of species converges to
7, the spectrum converges almost surely to the Marcenko-Pastur distribution. The
mathematical theory of kernel matrices is developped in the revue [Akjouj et al.,
2022, App. E. 2|. The main message is that in the RMT regime, that is when the
number of traits is large and of the same order as the number of species, and if ¢
and f are reasonable, they have almost no influence on the spectrum, meaning that,
in the models, "any" kernel matrix could be without harm replaced by a Wishart
matrix or a Gaussian kernel matrix.

Kernel matrices for ecological networks.

Dieckmann and Doebeli consider a simple co-evolutionary model [Roughgarden,
1979 Dieckmann et Doebeli, 1999,|Champagnat et al., 2006]. The birth rate of an
individual with trait = is b(x) = exp(—2?/20}), the individual natural death rate
is constant d(x) = d¢, and the competition between two individuals with traits
z and y is C(x,y) = n. exp(—(z — y)?/20?%), 0. > 0. This would correspond to
a Gaussian kernel (also used in |Meszéna et al., 2006]). In [Nuismer et al., 2013],
they develop phenotype matching model, where the interaction is stronger when the
traits of two species are close but also phenotype difference ( or threshold) model,
in which successful interaction depends on the degree to which the trait of the se-
cond species surpasses the trait of the first oneEl (see also |Kisdi, 1999, de Andreazzi
et al., 2020]). Other models involving thresholds can be found in [Santamaria et
Rodriguez-Girones, 2007] and in |[Rohr et al., 2016|, the models involving a com-
bination of characteristics of the species taken separately and a measure of the
similarity between the traits.

We end this paragraph by mentioning the work of [Servan et al., 2020|, which
lies in the LV framework, with a kernel matrix M for which the distance between
the traits, is determined through a distance between species in their phylogenetic
tree. He addresses the questions of feasability and stability has been detailed in
the revue for the elliptic case and explicitely uses the link with Wishart matrices
mentioned above. It would be interesting to investigate whether this point of view
can be fruitful in other contexts.

1. That is the empirical covariance matrix of the vectors Xi,..., X,,.
2. One can think of fruit and beak sizes in a plants-birds interaction network.
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