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Notice to readers

This thesis was intended to contain a fourth chapter, which we were unable to
include due to time constraints. This chapter, which will be detailed in future works,
is meant to provide further insights on A,.-structures from a cellular point of view.
While the constructions in the first chapter, notably regarding generalized versions
of Yoneda’s Lemma, Kan extensions, and Day’s convolution product, have intrinsic
interest in our opinion, they were originally intended to serve as the theoretical
background for the aforementioned missing chapter.

Due tu the same time constraints, this version still contains some inaccuracies
and is intended to be refined and corrected.

It should also be noted that the notation we employ for ends and coends is
reversed compared to modern references (notably [20]) on the subject. This dif-
ference in notation was not intentional but rather intuitive due to the exponential
notation, so that it seemed more natural to us to write the category on which the
end depends as an exponent.






Introduction

The main purpose of this thesis is to provide an operadic way of understand-
ing operadic actions that interchange. The main motivation for this study is the
construction of combinatorial models of E,-operads based on models of structure
interchanges governed by operads.

Interchange of structures occur when we form the category of P-algebras in a
category of Q-algebras, for operads P and Q. Indeed, we can identify the objects of
this category with objects equipped with compatible actions of the operads P and
Q and the interchange of structure gives precisely the shape of this compatibility
relation. Boardman and Vogt introduced the tensor product of (set theoretical or
topological) operads in order to represent this category as a category of algebras
over an operad P Qgy Q (see for instance [5]). They provided, as a follow-up, an
approach to understand the compatibility relations based on structure interchanges
in the context of operads.

Recall that a topological operad is said to be an E,-operad if it is homotopy
equivalent to the operad of little n-cubes C™, which model operations acting on n-
fold loop spaces (see again [5, 4] and [24]). The construction of the Boardman-Vogt
tensor product was originally motivated by applications to the study of iterated
loop spaces, and hence, is related to the study of E,-operads. The idea is to get
information about the structure of an n-fold loop space Y = Q"X in terms of its n
distinct compatible structures of 1-fold loop space, and hence, to get information
about structures governed by an E,-operad in terms of n compatible structures
governed by an Fp-operad. The Boardman-Vogt tensor product can be used to
model the structure interchange that governs the compatibility relation between
such iterated structures. But we face difficulties to obtain effective information
from the Boardman-Vogt tensor product. The operad of associative algebras As
provides a set-theoretic (discrete) model of Ej-operad, but set-theoretic operads
do not carry enough homotopical information to retrieve E,-operads by using the
tensor product operation. In fact, according to [6], the Eckmann-Hilton argument
yields an isomorphism of operads As ®gy As=Com, where Com represents the
operad of commutative algebras. The topological operads, on the other hand, lack
of explicit description by generators and relations. The homotopy type of P ®gy Q,
for topological operads P and Q, is therefore hard to determine and few examples
are known. The most powerful result on the tensor product asserts that the tensor
product operad C®gy D of an E,-operad C and an E,,-operad D is an E,,;,-operad
as soon as the operads C and D are both cofibrant (see [9]).

To address these issues, we propose to work in the context of categorical oper-
ads, and to take inspiration from operads M™ that describe the structure of n-fold
monoidal categories. The operads M" were introduced by Balteanu, Fiedorowitch,
Schwinzle and Vogt for the study of n-fold loop spaces from a categorical point of

9



10 INTRODUCTION

view [2]. The realization of the nerve of the operad M" is homotopy equivalent
to the operad of the little n-cubes. Hence, the operads M™ can be understood as
categorical analogues of F,-operads.

In fact, operads defined in the monoidal 2-category of categories (CAT, X) en-
joy several properties which make them convenient for the study of algebraic struc-
tures which interchange. Indeed, the 2-category CAT is particular among the other
2-categories in that each 2-category is naturally equipped with a category of mor-
phisms between each pair of objects, so that it makes sense to consider algebras
over non symmetric CAT-operads in any monoidal 2-category and over symmetric
CAT-operads in any symmetric monoidal 2-category.

In this thesis, we formalize a notion of presentation by generators and relations
for operads defined in the category of small categories cat, in terms of operadic
polygraphs. We show that the operads M"™, in particular, admit such a presenta-
tion. This notion of presentation gives explicit conditions for objects to have the
structure of an algebra over a categorical operad. Then we will equip the category
OPcat with the model structure transported from the canonical model structure on
cat. In this model category, we characterize the cofibrant operads as the categori-
cal operads whose underlying operad of objects forms a free operad. We construct
a tensor product both at the level of operads and at the level of polygraphic pre-
sentations in a compatible way, so that we obtain an explicit presentation of the
tensor product of operads in terms of the presentation of each factors. We obtain
isomorphisms MP ®g, M9 MPT4 and a homotopy invariance of the tensor prod-
uct without cofibrancy hypothesis. We therefore obtain an explicit presentation of
a cofibrant resolution M7, of the operads M™ from an explicit cofibrant resolution
ML of the operad M!, given by a categorical counterpart of the Stasheff operad
of associahedra. We finally provide an explicit M7 -algebra structure on n-fold
loop spaces by constructing a morphism of operads M7, — IIC™, where IIC" refers
to the categorical operad obtained from the operad C™ by using the fundamental
groupoid functor II : TopP — cat.

We give a more detailed outline of these ideas and results in the next para-
graphs.

Iterated monoids and iterated loop spaces

To any monoidal 2-category (A, ®,) we can associate a 2-category of monoids
MON(),g,) in A. Let (A, ®1) be a monoidal 2-category and ®2 : A x A — A be a
2-functor. The 2-category of monoidal 2-categories is monoidal (with respect to the
cartesian product), so that (A, ®;) x (A, ®;) inherits the structure of a monoidal
2-category. Hence we can assume that the 2-functor ®4 is lax monoidal with respect
to this structure. In this case, it induces a 2-functor between their 2-categories of
monoids

®a : MON(A’®1) X MON(AY®1) — MON(A’®1)7
providing (MON(, g,), ®2) with the structure of a monoidal 2-category. We then
define the 2-category of 2-fold monoids in A as MON%A,®1,®2) = MON(I\[ON(AY®1>,®2)'
We can apply this construction inductively, to get the 2-categories of n-fold monoids

n —_—
MONGs @.,...0n) = MONQioxrt )

If the monoidal 2-category structure (A, ®,) on A is symmetric, then its 2-category
of monoids inherits a monoidal structure as well, so that we can also define the
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2-category of n-fold monoids MON?A7®) in A by

n _
MON(y ) = MON(I\,IONF/;%)@).

We have an explicit description of n-fold monoids. The case of n-fold monoids
in the monoidal 2-category of small categories can be described as follows. The
2-category of n-fold monoidal categories MON{(c,¢ ) has for objects the small cat-
egories C equipped with n strictly associative and unital monoidal products

1,00, @n :CxC—C,
and natural transformations ®g such that

(2 3

(CxC)x(CxC) (CxC)x(CxC)

®; % ®jl - l&' X ®;

CxC ®! CxC ’
C

satisfying coherence diagrams:

- Dg , D;- for i < j relative to the compatibility of ®§' with the associativity
of ®; and ®;,

— Oi<i<j<k<n Which ensure that ®§ is a lax monoidal 2-morphism with
respect to ®;.

The structure of an n-fold monoidal small category is considered by Balteanu,
Fiedorowitch, Schwénzle and Vogt in [2]. One of the main outcome of their work
asserts that the geometric realization of the nerve | NC | of an n-fold monoidal
category C € MON?Cat,x) is weakly equivalent to an n-fold loop space up to group
completion.

Categorical operads and their algebras

We review in depth the definition of categorical operads in this thesis. We
let & denote the category which has the natural numbers n € N as objects and
the symmetric groups ¥, regarded as groups of automorphisms of the objects n,
as morphisms. We define the 2-category of symmetric sequences in a monoidal
2-category A as the 2-category A®”" of 2-functors &% — A We equip the category
of symmetric sequences with a composition product o, which gives to (AGGP, 0)
the structure of a monoidal 2-category. We then define the 2-category OPcur of
symmetric operads defined in the symmetric monoidal 2-category (CAT, x) as the
category of monoids in the monoidal 2-category (CATGOP, o).

The operads M™ of iterated monoidal categories give examples of symmetric
operads in CAT, so that M"™ ALG=MON((,; ). We introduce a suitable notion of
presentation of operads by operadic polygraphs in order to revisit the construction
of these operads. In the thesis, we explain a general definition of this notion of op-
eradic polygraph presentation in the context of operads in n-categories. In the case
of a small categorical operad P, the idea is to take a presentation of the operad of
objects of P as a set-theoretic operad, and then to take morphisms that generate P
with respect to both operadic compositions and categorical compositions, together
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with generating relations involving both directions of compositions as well. We give
an idea of this construction in the next subsection.

Operadic polygraphs. Recall we have a free/forgetfull adjunction for SET-

theoretical operads
U : OPgpr = SETS™ : T,

We have different manners of forgetting some structure on categorical operads: we
can first forget about the categorical structure and the operadic structure and get
a symmetric sequence of graphs, then forget about the 1-cells of a graph and get a
symmetric sequence in SET. Since the objects of an operad in Cat form an operad
in SET, we can also forget about the morphisms of the operad, and then forget
about the operad structure. We call OPg'ET the result of the following pull back:

yo
OPCat
\\\ w)
Y.

The induced morphism W) : OPcar — OPQ‘ET has a left adjoint we call 7() :
OPé”ET — OPcat- The category OPgET can be described as the the category whose
objects are symmetric sequences of graphs whose underlying sequence of 0-cells has
the structure of an operad. For P € OPg,.+ we write Py = VJ(FO)(P) for the operad
of O-cells, P; for the symmetric sequence of 1-cells, and we adopt the notation
P ="P; = Py. An operadic polygraph £ is the data of

- £W e or,,,

~ &0 ¢ §pT®”’,
such that Eél)%T(O)(EO). Thus, an operadic polygraph is just a graph of generating
objects and morphisms

&= (B =TOE)),

where we wrote F; for 51(1) and Ey for Séo). Call QOPca¢ the category of op-
eradic polygraphs, we have a pair of adjoints functors extending the free/forgetful
adjunction
T: QOPcat = OPCat WL

We need to define how to endow operadic polygraphs with relations in a com-
patible way, so that we can talk about polygraphic presentations of categorical
operads. Let € be an operadic polygraph. We define a system of compatible rela-
tions R = (Ry, Rp) on & as the data of

— a symmetric sequence Ry € SET®” together with morphisms
1
Ry =2 T(€)o .
— a symmetric sequence Ry € SETGOP, together with morphisms

Rl z::; T(S)l s
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such that mps and mot both equalize sy and s1, where my = coeq(r1,r2) and m =
coeq(s1, s2), so that we have induced source and target morphisms

Hence we have a well defined functor
T(—:—): Q™ OPcat — OPcat,

where QFF'OPggy¢ is the category whose objects are operadic polygraphs equipped
with compatible relations.

DEFINITION. A polygraphic presentation of an operad P is an isomorphism
T(E:R) — P.

The homotopy theory of categorical operads. In what follows, we say
that an operad P is free on its objects if there exists a symmetric sequence E and
an isomorphism of operads 7% (E)=P,, where P is the operad of objects of P.
We rely on the following result to do homotopy theory for operads.

THEOREM (Corollary I1.3.2.5 and Proposition 11.3.2.15). There exists a model
category structure on OPcap such that

— The weak equivalences are aritywise equivalences of categories
— Fibrations are aritywise isofibrations
— An operad is cofibrant if and only if it is free on its objects.

The second main result of the work of Balteanu, Fiedorowitch, Schwénzle and
Vogt in [2] is that the operad of n-fold monoidal categories provides a model of
FE,-operad in the sense that we have a weak equivalence of topological operads

| NM™ |5 C,

where C,, denotes the operad of little n-cubes. Note however that the operads M™
are not free on their objects because of the associativity and unit relations. Hence
they are not cofibrant. We will therefore aim to provide a construction of a cofibrant
resolution of these operads.

Note that we did not considered the 2-categorical structure of CAT yet. In
order to have some notions of compatible actions of operads, it can be convenient
to define algebras over operads in CAT in a monoidal 2-category which is not CAT.

Algebras over categorical operads. We now examine the definition of the
2-category of algebras over a symmetric categorical operad. We generally work in
the setting of a symmetric monoidal 2-category (A, ®4). !

1n this thesis, we also study the case of non symmetric operads, as well as their algebras in
a monoidal 2-category (A, ®,). It is worth noting that we do not require the monoidale structure
on A to be symmetric. See 1.4.8
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For an object A of A, we define the category ENDY (r) = A(A®A, A) for r > 0,
with the obvious action of the symmetric group. This collection of categories form
a symmetric operad END/‘? in CAT. The composition is given by the composite

A (A%, 4) x ﬁA (4%, 4) — A (4%5, 4) xA <®AA®X1»A> A (4%, 4),
i=1 i=1

where the first functor is the tensor product functor ®, induced in the category
of morphisms of A and where the second functor is given by the composition of
morphisms in A.

DEFINITION (Definition 1.4.9). Let P be an operad in CAT and A be a sym-
metric monoidal 2-category.

— A P-algebra is an object X of A equipped with a morphism of CAT-operads
Yx : P — ENDY.

In particular, each p € P(r) yields a morphism in A from X®A4 to X, which
we may also denote by p or px : X® — X.

— Let X and Y be P-algebras. We let P-ALGA(X,Y) be the category
whose objects are lax morphisms of P-algebras from X to Y, and whose
set of morphisms between lax morphisms of P-algebras F,G is given by
P-ALG) (X, Y)(F, G), where

— a lax morphism of P-algebras from X to Y is a pair (F,®}), where
F: X — Y is amorphism in A and ®% is a 2-morphism in [A°P, CAT]:

A (X®3X)

P

P ®F A (X®R)Y)
N . /A<F'®1.\,Y)
A(YER,Y)
which fulfils natural commutativity constraints (see Definition 1.4.9).

— For F,G € P-ALGA(X,Y), a 2-morphism of P-algebras is a morphism
a: F — Gin A(X,Y) such that the following diagram commutes for

all p € P(r):
ek
py(F7...,F) —_— F(px,...,px)
py ()| Jax )
pY(Ga7G) T G(prpr)
G

We obtain a 2-category P-ALG, whose objects are given by P-algebras in A, and
whose category of morphisms between P-algebras X and Y is given by P-ALGA (X, Y).

We have the following observation.

PROPOSITION. The 2-category P-ALGp is symmetric monoidal. Moreover,
ALG yields a 3-functor

. Op°P <] IS
ALG : OpP¢,, X MONg,,, — MONg,,,,
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where we use the notation MONS’ATZ for the 3-category of symmetric monoidal 2-
categories.

The category of iterated monoids, defined in the first section of this introduc-
tion, can now be described as the 2-category of algebras over the CAT-operads M™,
so that we have an isomorphism of 2-categories

Mn'ALG(A’®A) %JMON?A’S)A) .
We can also form the following definition.

DEFINITION. The 2-category of Q-algebras in the category of P-algebras in A
is the category Q-ALGp._a1q, Obtained by the composite

M S (P,Q) O op O op M S OPZ‘:{\)'I'XAL(;O op M S
ONCar, Poar X UPgy X MONgyy, Pcar X MONg,,
®Rpy X R’IONS“Q ? lALG
v
op S AL S
OPCAT X MONCAT2 ? MONCAT2

Note that, in the case of the operads M™, we have the isomorphism

Mq-ALGMP_ALG(A@A) %/Mp+q—ALG(A7®A).

The (lax) Boardman-Vogt tensor product of operads and homotopy
iterated monoids

The idea of the Boardman-Vogt tensor product is to form a tensor product of
operads in order to fill the square of the diagram of the previous definition.

The construction of the (lax) Boardman-Vogt tensor product. Let
P,Q : & — SET be symmetric sequences. The isomorphism of sets {1,...,n} x
{1,...,m}={1,...,nm} induces group morphisms ¥, x %, — X,,,. Hence, we
have a functor

X:6x6 =6
which gives to & the structure of a monoidal category. We define the matrix product
of P, Q by a Day convolution operation:

S x6 XS cat

M
xl \ -7

Bl - (ulo)
S

so that we have POQ = Lany (P x Q). Hence the data of a morphism of symmetric
sequence POQ — R is equivalent to the data of a morphism P(n)x Q(m) — R(nm)
for each n,m in N. Note that the square product induces a monoidal structure on
the category of symmetric sequences in CAT. Moreover, the isomorphisms P(n) x

Q(m) =N Q(m) x P(n) induces a morphism
s5p,0 : POQ = QUIP.
We also consider the morphism tp g : POQ — P o Q induced by the composite

idx A"

P(n) x Q(m) ——— P(n) x H Q(m) — P o Q(nm).
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The usual Boardman-Vogt tensor product PRy, Q is identified with the quotient
of the coproduct operad P V Q by the operadic ideal generated by POQ, with
projections o, T on the free operad given by

LP,Q

oc:POQ —=PoQ—=PVA
7 POQ 2% orip 122, Qo P PV Q.

so that the operad P ®gy Q is universal amoung the operads equalizing o and 7:

PDQ#&PVQ ————— » P Qpy Q .

The main interest of this construction is that the category of P ®y, Q-algebras
is equivalent to the category of P-algebras in the category of Q-algebras, so that
this tensor product is notably suitable for the study of interchanging structures in
general and iterated loop spaces in particular.

In a sense, the idea of this thesis is to consider a lax version Boardman-Vogt
tensor product in the context of categorical operads. The idea precisely consists in
generalizing the construction of the operads M" and adding a morphism between
o(p,q) and 7(p,q) for each p € P and ¢ € Q, instead of making these operations
equal. This construction will enables us to have a strong additivity property. We
make the generators of this tensor product explicit on polygraphic presentations to
give the ideas behind the construction.

DEFINITION. Let (£,R) and (F,S) be operadic polygraphs together with com-
patible relations. We define their tensor product (£,R) ®gy (F,S) as an operadic
polygraph with relations (£ U F UG, R US UU) with:

- Go=Up=0
- G, = EOF) = f(EO U Fo)
— Uy = RyOFy U EpOSy U E10OSy U RyOIF.

This construction can also be made on the categories of categorical operads
OPc,r, Without reference to a presentation. The operad P ®gzy Q is constructed
as the coproduct operad PV Q, to which we add a sequence POQ of generating
morphisms with source and target given by ¢ and 7, and subject to coherence
relations involving operadic composition of the objects of P and Q and morphisms in
P and Q. In particular, the objects of P®gy Q is the coproduct of the object operads
of P and Q. This construction is compatible with the polygraphic presentations,
in the sense that we get the following proposition.

PROPOSITION. We have an isomorphism T ((€,R) Qgyv (F,S)) =T (£, R) Qpy
T(F,S).

We then have the following main result.

THEOREM. The lax Boardman-Vogt tensor product extends to a 2-functor which
provides the 2-category of categorical operads with a monoidal structure

Qpy : OPCat X OPCat — OPCat'

Moreover, the algebra 2-functor ALG gives to the 2-category of symmetric monoidal
2-categories the structure of a left module over the monoidal 2-category (OPcar, ®sy),
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in the sense that the square
OrZP xALg
op op S Car op S
OPc, x OPE, . X MONG,;, —— OP¢,, X MONg,;,

®g\1'7X1\ION(§\T2l lAI,G

OpPZ,. x MONE,,, ———— MoNg,,,
commutes up to a canonical isomorphism. The tensor product also preserves acyclic
fibrations, and PRgy Q is a cofibrant operad if and only if both P and Q are cofibrant.

This result admits the following corollary.

COROLLARY. If we have cofibrant resolutions P> SPand 0> 5 Q of oper-
ads P and Q, then the tensor product

P> @py QF° 5 P Qpy Q
is a cofibrant resolution of P Qg Q.

Note that the tensor product is not symmetric. However, we have an isomor-
phism
per Ry QOpg(Q Rpy ,P)Op'
We say that this tensor product is lax because the Q-algebra structure on a P®gy Q-
algebra yields lax morphisms of P-algebras. The monoidal structure induced on
the 2-category of operads in CAT is associative up isomorphism.

The application to the definition of cofibrant resolutions of the op-
erads M"™. In the case of the operads M, we have an isomorphism M" ®gy
MMM T™ - The idea of this thesis is therefore to use the strong additivity
property of the lax Boardman-Vogt tensor product in order to produce a cofibrant
resolution M™, of the operad M" from a cofibrant resolution ML, of the operad
M. We with a description of the construction of this operad M?_.

We define the operad M by the following presentation.

We first define a non symmetric operadic polygraph £= aritywise by

- E%o(n) = {@n},

o : . —1
- E_l(n) = H {®:',s7®:‘,s }1§i§”7
r+s=n+1
7r,5>0

with s, ¢ ET(n) — T(E;)(n) given by
- s(®}”,s) = Qr 0; Qs,
— 58, ") = @,
— H(®%L,) = On.
- t(®1i",sil) = Qr 0; Qs,
We then consider the system of relations R™ for the operadic polygraph £ that we
form as follows

_ REO _ 0 1
=(n) = {nT i Tlei
- Rl (n) - {77 }(TGTS(n),pT=3) HT+S];IH+1{®T,5 ®r,s = 1®r0i®s}1§i§T
r,s>0
H H {®;,s®z‘,s = l®n}1Si§r7
r+s=n+1

r,5>0
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where 1 implements the relations corresponding to the comutativity of
the diagrams

T — T/{e}

| |

for each T' € T E(n) with 3 vertices.
We eventually set ML = T(E¥: R¥). We get the following first statement.

THEOREM. The operad M?, is cofibrant. We have an acyclic fibration
ML S M
providing a cofibrant resolution of the operad M.

In chapter II, we actually define a cofibrant resolution Ass, of M! by applying
a general construction of a cofibrant resolution C(P) for categorical operads. For
P = M?, the result of this construction As, = C(M?) is identified with the operad
MU given by the above presentation.

We then use our result on the Boardman Vogt tensor product to get the fol-
lowing main result.

THEOREM (Corollary T11.3.1.1). The operad M?, = (ML)® is cofibrant,
and provides a cofibrant resolution of the operad M™ through the following acyclic
fibration

M S M

Moreover, we have the following operadic presentation of MY :

n

B =5
i=1

- Bl = |_| Ei U |_| E OE,
i=1 1<i<j<n

- R? = I_l R U |_| EOFE U |_| EoUOE, U |_| EyUE OE,.

i=1 1<i<j<n 1<i<j<n 1<i<j<k<n

Hence its objects are freely generated by n operations in each arity and its morphisms
are edge contractions between vertices of the same color together with interchange
morphisms between each pair of operation, subjected to coherence relations.

We can define a homotopy n-fold monoid in a symmetric monoidal 2-category
(A, ®,) is the data of

— an object X of A
— for each 1 <7 <n and r € N, a morphism in A

@ : X® - X,
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— for each 1 <i <r and p,q,r € N, a 2-morphism ®??" in A such that

pt+q+r

XOU" — XOh @, X®h @) X

lX@’?@A@g@AX@K

K ®’1;va7‘ J/

1
®P
X @ptrtt X
which fulfils coherence constraints expressed by the commutativity of a
familly of squares for each 1 <1i < n, _
— foreach 1 <i < j <mandr s €N, an interchange 2-morphism fo in A,
such that

(xeR)* 25 (e

(X)®A —— X

IR

s\ ®%
(X®a)" T

and which fulfils coherence constraints expressed by>%he commutativity of
— a family of pentagons {O:’;’s’p,l <l< r}mip__ where the penta-
i 1<i<j<n

gon O;’;’S’p ensures that the l-morphism ®¥ is compatible with the
2-morphism ®;7 if i < j and ensures that the 2-morphism ®;7 is

compatible with the 1-morphism ®7 if j <1,
— a family of hexagons {O:;f, 1<i<j<k< n} , where the

e r,8,p>0
hexagon 07”7} ensures the compatibility of the 2-morphism D;’f with
respect to the 1-morphism ®}.

We can describe an M7 -algebra structure on the n-fold loop space 2" X of a
topological space X, in the monoidal 2-category (ToP, x), where the 2-morphisms
are the homotopy classes of the homotopies. For this purpose, we first observe
that the n-cube I" has the structure of an M7 -algebra in the monoidal 2-category
(Top,U), which induces an M -algebra structure in (T'OP,U) on the n-sphere S™

via the isomorphism S™="/0I™.

Let ®j : klglfn — I™ be the map which sends the j-th little n-cube to I™ by

inclusion in contracting its i-th coordinate by 1/r. Explicitly, we set

@ 4 -
®:(t(j)) — (tgj), . M“ . 7t’£’Lj)>
r

where t(0) = (tgj ), . ,tgj )>. Note that the interchange laws hold strictly. We also

can define homotopies ®7 o; ®% — ®7 ™! which fullfil the coherence constraints,

so that I" € M7, -ALG(1op,)- Moreover, the maps ®; together with the homo-
topies, induce maps and homotopies on the quotient I"™/9I"™=S5™ so that S™ has
an induced structure of an M’ -algebra in (Top, ).
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Let X be a topological space. We construct an M7 -algebra structure on Q"X =
[S™, X] by the composite

[s", X]" = [gsn,x] 1s™, X],

where (®7)* is an extension of ®, such that:

Lgn )y
T /7(

®?l @D ()
S’YL
We therefore obtain a 2-functor

Q" ToP — M -ALG(Top,x)-

Logical background and size issues

Questions related to the size of categories play a significant role in this thesis.
Indeed, the operads M™ of iterated monoidal categories are defined in the category
of small categories, so that a significant part of our work is situated within this
framework. However, in order to establish the constructions defined in this thesis in
a formal way, it seemed appropriate to place ourselves in a 2-categorical framework,
with particular attention given to the 2-categories CAT and CAT™ of categories and
sequences of categories. By category, we mean, unless otherwise specified, what
is usually referred to as a locally small category. The appendix of this thesis is
dedicated to establish a logical framework enabling precise reasoning, particularly
with regard to questions related to size. The first chapter of this thesis may be seen
as a detailed application of the framework introduced in the appendix, focusing in
the case where n =1, 2.



CHAPTER 1

Categorical algebra in a 2-category

This chapter aims to lay down the foundational framework employed in this
thesis. To be specific, we focus on the context of 2-categories, as the main objects
of this thesis consist in operads defined in the 2-category CAT of categories.

In a first section, we provide a comprehensive review of general constructions
of category theory in the framework of 2-category theory, and delve deeper into the
exploration of those categorical concepts We inspect the 2-category of categories,
examining its structure and the properties that render it an appropriate funda-
mental object amidst all other objects in the 3-category CATy of 2-categories. We
review the customary definitions involving 2-categories, such as 2-adjunctions and
monoidality, and we recall the different notions of Kan extensions in a 2-category.

In a second section, we study the internal structures of a given 2-category.
We begin with a digression on the structure of 2-categories A equipped with a
distinguished object %5, a unit. This unit enables us to associate a category to any
object of A, the category of its points. We use this distinguished object to unravel
the underlying structure of objects in A, serving as a starting point for subsequent
internal reasoning we will implement in this chapter. In this context, it becomes
pertinent to examine the nature of the 2-functor A(x, —) : A — CAT, which maps
the objects of A to categories. Indeed, whether this 2-functor is locally faithful
or not will provide information on whether the structures defined internally and
externally in A coincide. Notably, when A is 2-category CAT, this 2-functor is an
equivalence. Then we introduce various notions of limits and colimits within a 2-
category A, both from internal and external perspectives. We revisit the definitions
of Kan extensions and provide internal versions of them. We show that internal
Kan extensions pointwise coincide with external Kan extensions in a sense that we
make precise.

In a third subsection we extensively explore the concepts of monoidality, ex-
amining their intricacies and fundamental aspects. We examine the definition of
monoidal 2-categories. Then we study a notion of monoid internal to a monoidal
2-category, and we examine the definition of iterated monoid structures in iterated
monoidal 2-categories. Finally, we extend day convolution product to the context
of monoids internal to a monoidal 2-category which is also cartesian closed.

In a fourth section, we examine the case where the 2-category A is a cartesian
closed monoidal 2-category equipped with a distinguished object S. We require
some assumptions on the structure of S, such as internal completeness and cocom-
pleteness, so that this object will provide an analogue of the category of sets. We
use the object S to provide each object of A with a structure analogous to a cate-
gory, which we require to satisfy coherence conditions. Those conditions will ensure
that the 2-category structure of A is compatible with the internal category struc-
ture of its objects. Finally, we define internal ends and coends in A and use them

21
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to provide an explicit description of Kan extensions and day convolution products.
We conclude this section by defining free cocomplete completion of objects in A
with respect to S. We also provide an analogue of the Yoneda embedding and
prove an equivalent of the Yoneda lemma.

1. Basic 2-category theory

The purpose of this section is to review some basic categorical definitions,
mainly to fix the background of the constructions of this thesis. To be specific, in
the subsequent sections of this chapter, we will generalize usual categorical con-
structions within the framework of a 2-category satisfying some properties that
make this 2-category looks like the 2-category of categories. Therefore, we recall
some facts involving sets, categories, 2-categories, and the way these concepts are
entangled?.

In this thesis, the concept of equality is only defined for elements of a given set.
The categories and the 2-categories we consider are, a priori, large?. For this reason,
we no not consider strict functors between large categories, neither do we consider
strict 2-functors or strict 2-natural transformations between 2-categories. Note
that this perspective aligns with expectations that have been extensively observed
in the literature (see for instance [13, 22]). We propose in Appendix A a logical
framework, on which we can found our constructions and work out set theoretic
difficulties that generally occur in such contexts. We refer to this appendix for
further precision on the background of the definitions of this section®.

1.1. Conventions. We start with a review of conventions regarding sets, cat-
egories, 2-categories and 3-categories (referring to Appendix A for the details of the
definitions). We make a particular emphasis on the basic case of sets in order to
give a hint of our interpretation of sets within this hierarchy of categorical struc-
tures. In what follows, we generally let SET denote the category of sets, we let CAT
denote the 2-category of categories with the categories of functors as categories of
morphisms, we let CAT, denote the 3-category of 2-categories with the 2-categories
of 2-functors as 2-categories of morphisms, and so on. We also use the convention
CATg = SET, CATy = CAT.

NotAaTION 1.1.1.

— Let X be a set.
— If x is an element of X, then we write z € X.
— If z,y € X, then we may write X (z,y) for the truth value of the
relation x = y.
— Let C be a category.

13We have SET € CAT, CAT € CAT2,CATy € CAT3, and so on. Most of the constructions made
in CAT are based on a similar construction at the level immediately lower of sets. In the same way,
we also need to examine the structure of CAT2, so that categorical constructions can be defined
into a global, functorial framework.

2See Appendix A. for a definition of small objects.

3In general, we adopt standard mathematical notation in the main text of the thesis. Note
however that these notations may occasionally differ from the conventions adopted in the appendix.
For instance, we adopt the usual notation ‘€’ for the belonging relation of objects in the main text,
while in the appendix we prefer to use the notation ¢’ in order to stress a logical interpretation
of this relation. In the same way, in the appendix, we use the notation ‘<’ and ‘=" as logical
constructors for definitions that we explain more informally in the account of this section.



1. BASIC 2-CATEGORY THEORY 23

— If X is an object of C, then we write X € C.
— If X,Y € C, then we write C(X,Y) for the set of morphisms from X
to Y. We also write f: X — Y for f € C(X,Y).
— Let A be a 2-category.
— If C is an object of A, then we write C € A.
— If C,D € A, then we write A(C,D) for the category of morphisms
from C to D. We also write F': C — D for F' € A(C, D).
— Let 7 be a 3-category.
— If A is an object of T, then we write A € T.
— If A,T € T, then we write T(A,T) for the 2-category of morphisms
from A to I'. We also write F : A — T for F € T(A,T).

NoTATION 1.1.2.
— Let C € CAT. We write
C(_,_):C?”xC — SET
for the functor given on objects X, Y of C by the set of morphisms C(X,Y")

from X to V.4
— Let A € CaTy. We write

A, ) AP x A — CaT

for the 2-functor given on objects C, D of A by the category of morphisms
A(C, D) from C to D.5

1.2. Categorical constructions.
Oppositization. We review and unravel the definition of oppositization functors
in the setting of categories, 2-categories, 3-categories.

DEFINITION 1.2.1. Let C € CAT. We let C°? € CAT be the opposite category
of C, defined as follows:

— The objects X € C° correspond to objects X € C.
— For X,Y €C, weset C?(X,Y) =C(Y, X).

DEFINITION 1.2.2. Let A € CATs.

— We let A°? € CATy be the opposite 2-category of A, defined as follows:
— The objects C € A°P correspond to objects C € A.
— For C,D € A, we set A°?(C,D) = A(D,C).
— We let A°P2 € CATy be the 2-opposite 2-category of A, defined as follows:
— The objects C € A°P2 correspond to objects C € A.
— For C,D € A, we set A°P2(C, D) = A(C,D)°P.

DEFINITION 1.2.3. We let _ °? : CAT°?? — CAT be the oppositization 2-
functor, defined as follows:

— To the object C € CAT®P?, corresponding to C € CAT, we associate C°P €
CAT.

4This functor may also be obtained from the definition of a category (cf. Appendix A).
The functor C(_, _) yields maps C(Y1, X1) x C(X2,Y2) — SET(C(X1, X2),C(Y1,Y2)) natural in
the objects X1, X2,Y7,Y2 of C. This map can be regarded as the composition of morphims in
C, simultaneously on both sides. The associativity of this simultaneous composition operation is
ensured by the naturality constraints that C(_, ) must satisfy to be a functor.

5This functor may again be obtained from the definition of a 2-category.
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~ For C, D € CATP?, we define the functor _ ¢, : CaT"?(C, D) = CaT(C,D)? —
CAT(C°P, DP) by the following correspondence:

— To F € CAT(C, D)2, we associate the functor F°P € CAT(C°P, DP)
using that every object X € C°P, corresponding to X € C, can be
mapped to FX € D giving FPX = FX € D, and for every
pair X,Y € C°P, we can form F?(X,Y) = F(Y,X) : C?(X,Y) —
DP(FX,FY).

— For F,G € Catr(C, D)2, we define the map CaT(C,D)°P*(F,G) —
CAT(C°P, DP)(F°P,GP) through

Cat(C,D)°P*(F,G) = Car(C,D)(G, F)

XeC
o~ / D(GX, FX)

Xecor
~ / DP(FPX, G X)
~ CAT(CP, DP)(F°P, G°P).

DEFINITION 1.2.4. Let U € CAT;.

— We let U°P € CAT3 be the opposite 3-category of U, defined as follows:
— The objects A € U°P correspond to objects A € U.
— For A,T' € U°P, we set U°P(A,T') =U(T, A).

— We let U°P2 € CAT3 be the 2-opposite 3-category of U, defined as follows:
— The objects A € U°P2 correspond to objects A € U,
— For A, T € U°P2, we set UP2(A,T') = U(A,T)°P.

— We let U°P3 € CAT3 be the 3-opposite 3-category of U, defined as follows:
— The objects A € U°P3 correspond to objects A € U,
— For A, T € U°P3, we set U°P3(A,T') = U(A,T)°P2.

DEFINITION 1.2.5. We let _ °P : CATS”> — CAT2 be the oppositization 3-
functor on 2-categories, defined as follows:

— To the object A € CAT"?, corresponding to A € CAT,, we associate
A°P € CATs.
— For A, T € Cary”, we define the 2-functor — "% : CATy? (A, T') = CAT2(A, )P —
CAT2(A°P,T°P) by the following correspondence:
— To F : A — T, we associate the 2-functor F°P2 : A°? — I'°P using
that every object C € A°P, corresponding to C € A, can be mapped
to FC €T, giving F°PC = FC € T', and for every pair C,D € AP, we
can form Fg'h = Fpc: A(D,C) — T'(FD, FC).
— For F,G : A — T, we define CAT2(A,T)P(F,G) = CAT2(A,T) (G, F)
— CAT2 (AP, TP)(F°P GP)
through

CeA N CeN°P
CaTo(A,T)(G, F) = I(GC,FC) = TP (FoPC, GoPC)

IR

IR

=, CATo(AP,T°P)(FP, GP).

DEFINITION 1.2.6. We let _ °P2 : CAT9"® — CATy be the 2-oppositization
3-functor on 2-categories, defined as follows:



1. BASIC 2-CATEGORY THEORY 25

— To the objects A € CATS", corresponding to objects A € CATy, we asso-
ciate A°P2 € CAT,
~ For A,T € CaTy”® we define the 2-functor A Carg? (A, T) = CaTy(A, T)P2 —
CATo(A°P2, T°P2) by the following correspondence:
— To F': A — T, we associate the 2-functor F°P2 : A°P2 — T'°P2 using
that every object C € A can be mapped to FC € T', and for every
pair C,D € A, we can form F°P?(C,D) : A°P*(C,D) — I'°P*(FC, FD)
by taking
F(C,D)°P
A°P2(C,D) = A(C,D)? ——— T(FC,FD)°? =T°P?(FC, FD).
— For F,G : A — T, we define CATS"* (A, T')(F, G) = CATo(A,T)(F, G)?P

— CATo (A2 TOP2)(FoP2 GP?)
through

CeN°P ~ CeA°P2
CaTy(A,T)(F, )P =5 I(FC,GC)™ = / pop (ForaC, Gora)

1R

1R

— CATy(AP2,T9P2)(FP2 GP?).
REMARK 1.2.7. More generally, we have an r-oppositization n + 1-functor
_ 9P CaTPrtt — CATy,
whose construction is made precise in A.2.6.2.

Terminal objects. Initial objects. We review the definition of terminal and
initial objects. We rely on the construction of the one-point set, which we explain
in detail in Definition A.6.0.7, using the formalism developed in the appendix, and
of the one-object n-category, which we can obtain by a straightforward inductive
construction from the definition of the one-point set. We just make explicit the
result of these constructions in the next Definition. Recall that we adopt the
notation B for the boolean set and T for the element true of B (see Appendix A).

DEFINITION 1.2.8. The one-point set, which we will denote by #q, is the set
such that *q(z,y) = T, for all 2,y € %¢°. The one-object n-category, which we will
denote by #,, is so that %, (z,y) = *,_1 for all z,y € *,,".

REMARK 1.2.9. We have X € SET = SET(X, %) = %9 and C € CaT,, =
CAT,(C, #p,) X %4,
DEFINITION 1.2.10. Let %), : 4.1 — CAT,, be defined as follows:
— To x € *,41 we associate *,x = x, € CAT,,.
— For x,y € %41, we take %, (z,y) = 1., : %y = *p41(2,y) = CAT, (5, %p) =
*p,.
DEFINITION 1.2.11. For C € CAT,,, we define *,,_1 : C°? — x,, as follows:

— To X € C°P, we associate ¥,_1X = *,_1 € *,.
— For X, Y € C°P, we take %,,_1(X,Y) :=%,,_2 : CP(X,Y) = s (kp—1, kp_1) =

*p—1-

6Thus, all elements x and y of %9 are equal in xg by definition. It is convenient to write
T € %o for the unique element of *q.

"The definition implies that all objects are equal in *,, as in the case n = 0. We may also
write *p,_1 € %y, for the unique object of *,.
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DEFINITION 1.2.12. Let C be a category. We say that an object x¢ € C is
terminal if it is equipped with a canonical isomorphism

*1.

In other words, an object is terminal in C if it represents the composite CP o,
%1 -2 SET.

ExXAMPLE 1.2.13. The one-point set %y € SET is terminal.

DEFINITION 1.2.14. Let A be a 2-category. An object x5 € A is terminal if it
is equipped with a canonical isomorphism

A(—*n)
AP — 7 CaAT

%\) /
*9.

ExXAMPLE 1.2.15. The one-object category *; € CAT is terminal.
The definition of an initial object is dual to the definition of a terminal object.

DEFINITION 1.2.16. Let C be a category. We say that an object ¢ € C is initial
if it is equipped with a canonical isomorphism

C(0c,—)
C— 7 SETr

% %
*71.

In other words, an object is initial in C if it corepresents the composite C o, * 2
SET.

DEFINITION 1.2.17. Let A be a 2-category. An object §5 € A is initial if it is
equipped with a canonical isomorphism

Cartesian products. We now review the definition of cartesian products. We
make explicit a construction of cartesian products for sets in Definition A.6.0.16,
using the formalism developed in the appendix. We can still extend this construc-
tion to m-categories, using a straightforward inductive procedure. We just state the
result of these constructions in the case of sets, categories and 2-categories, in the
next definition.
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DEFINITION 1.2.18.

— For X,Y € SET, we let X XY € SET denote the cartesian product of X
and Y, formed as a set equipped with projection maps 7x : X xY — X
and my : X xY =Y.

— For C, D € CAT, we let C x D € CAT denote the cartesian product of C and
D, formed as a category equipped with projection functors m¢ : C XD — C
and mp : C x D — D.

— For A,T' € CAT2, we let A x I' € CATy denote the cartesian product
of A and I', formed as a 2-category equipped with projection 2-functors
ap AXT —wAand np : AxT —T.

ExampPLE 1.2.19.
— We have SET € CAT, and hence the cartesian product SET x SET is defined
in CAT. The cartesian product of sets extends to a functor
X : SET X SET — SET.

— We have CAT € CATs, and hence we can form the cartesian product
CAT x CAT in CATy. The cartesian product of categories extends to a
2-functor

x : CAT x CAT — CAT.

DEFINITION 1.2.20. We say that a category C € CAT is cartesian if it has a
terminal object and if there exists a functor

x:CxC—C
and an isomorphism
CPxCxC—22 5 (CPxC
TAJ/
CPxCxCPxC = C(—,—)
C(*v*)xc(fvf)\l« *
SET X SET ————— SET,

where 7A is the composite of the functor induced by the diagonal A

CP x C x € 222X 0op 0P o ¢ % C

with the functor induced by the permutation 7 of factors in the cartesian product
CP x CP x C x C 55 C%P x C x C°P x C.
Note that in this case, the terminal object *¢ of C is such that X € C = xx X = X.

ExAaMPLE 1.2.21. The cartesian product functor on sets x : SET X SET —
SET gives to (SET, X, o) the structure of a cartesian category. The canonical
isomorphism 7* such that

SET? x SET x SET — > SET’ X SET
ﬂl
SET?? x SET X SET?? x SET = SET(—,—)
SET(,,,)XSET(,,,)l "
SET x SET SET
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can be given, componentwise, for Z, X, Y € SET, by the canonical bijection 7 y y :
SET(Z,X xY) — SET(Z,X) x SET(Z,Y).

DEFINITION 1.2.22. We say that a 2-category A € CATy is cartesian if it has a
terminal object x5, € A and if there exists a 2-functor

Xx:AXxA—=A
and a canonical isomorphism
AP x A x A —5 4 AP x A
TA\L
AP x A x A°P x A = A(—,—)
A, )xA(—, )] i
CAT x CAT — CArT,

where 7A refers to the composite of the functor induced by the diagonal A
AP x A x A 2220 AP 5 AP x A x A
with the functor induced by the permutation 7 of factors in the cartesian product
A% X A% x A x A 2755 AP x A x AP x A

Note that if x4 € A is a terminal object, we have a canonical isomorphism the
terminal object x5 of A is such that C € A = x5 x C 2 C.

ExAaMPLE 1.2.23. The cartesian product 2-functor x : CAT x CAT — CAT of
Example 1.2.19 gives to (CAT, X, *;) the structure of a cartesian 2-category.

Internal morphisms.

DEFINITION 1.2.24. We say that a category C is cartesian closed if it is cartesian
and if it is equipped with a functor

[, Jc:CP?xC—C,
referred to as the internal hom of C, together with an isomorphism

CoP x CP x C =21 CoP x C

lwaqﬂ o lqaq

Cor x C ﬁ SET.

In this case, the canonical isomorphism given in X € C by *¢ x X = X induces an
isomorphism

CP xC CiQ SET

[77—]Cl %’)
C.

If C is cartesian closed, then we also have the following isomorphisms

CoP x 0P x ¢ =X gop x ¢ cor x ¢ =) gpr

1><[—7—]cl o l[*’*]c [7’7]CJ %7—)
C.

C"PxCﬁC
——le
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ExAMPLE 1.2.25. The functor
SET(_, ) : SET’” x SET — SET

gives a cartesian closed category structure to the category of sets. We also write
[, ] for the functor SET(_, ).

DEFINITION 1.2.26. Let A be a 2-category. We say that A is closed if there
exists a 2-functor
[, Ja: AP xA—A,
which we call the internal hom of A.
DEFINITION 1.2.27. We say that a 2-category A is cartesian closed if it is

cartesian and if it is equipped with an internal hom 2-functor [, ]a, together
with an isomorphism

AP x AP x A L5 AoP x A

1><[,,7]Al = lA(—’—)

A°P x A ﬁ CAT.

In this case, the isomorphism given in C € A = by x5 x C = C induces an isomor-
phism

AP x AN car
[777]Al %’7)
A

If A is cartesian closed, then A also is internally cartesian closed in the sense that
we have canonical isomorphisms

AP 5 AP 5 A XU Aop 5 A AP s A=) oar

| o [ ) %,4
Al

A"prﬁA
——]a

ExaAMPLE 1.2.28. The structural 2-functor of CAT
CAT(_, ) : CAT?? x CAT — CAT

gives the structure of a cartesian closed 2-category to the 2-category of categories.
We also write [, _] for the 2-functor CAT(_, _).

REMARK 1.2.29. Let C € CAT and X € C. The cartesian closed structure of
CAT justifies the existence of the functor C(_, X) : C°? — SET. More precisely, the
isomorphism given by the cartesian closed structure of CAT induces an isomorphism

[C? x €, SET] = [C, [C°P, SET]]

which takes the functor C(_, ) : C°? x C — SET to the Yoneda embedding h¢ :
C°P — [C°P,SET]. The Yoneda Lemma can be stated as follows.

LEMMA 1.2.30. Let C € Catr. Write n for the morphism corresponding to
1 € CAT ([C°P, SET], [C°P, SET]) under the isomorphism

[[coP, SET], [C°P, SET]] 2 [C°P x [C°P, SET], SET].



30 I. CATEGORICAL ALGEBRA IN A 2-CATEGORY

We have a canonical isomorphism

P x1

C°P x [C°P, SET] et [CoP,SET] X [C°P, SET]

X J/[Cop’SET](fv—)
n

SET.
As a consequence, the Yoneda embedding he : C — [C°P, SET] is fully faithful.

CONSEQUENCE 1.2.31. For any category C, it makes sense to define objects by
universal property, which amounts to finding an object representing a given functor
C — SET or C°? — SET. Indeed, by fully faithfulness of the Yoneda embedding, two
objects representing the same functor are canonically isomorphic in C.

DEFINITION 1.2.32. Suppose that P is a property regarding functors. Let
A1, Ay € CATg and F': Ay — Ay be a 2-functor. We say that F satisfies the property
P locally if for every pair of objects C,D € Ay, the functor Fep : Ai1(C,D) —
Ao (FC, FD) satisfies P.

ExXAMPLE 1.2.33. A 2-functor F': A; — As is locally fully faithful if for every
pair of objects C,D € Aj, the functor Fep : Ai(C,D) — Ay(FC, FD) is fully
faithful.

Adjunctions between 2-categories.

DEFINITION 1.2.34. Let Ay, Ay € CAT2. An adjunction between A; and Asg,
which we write
F:A 717 Ay:G,
is a pair of 2-functors F' : Ay — Ag, G : Ay — A1, equipped with an equivalence
between the 2-functors

A(,G ) ATP x A M) AP x A M CAT
and
op
Ao(F ., )t AP x Ay F7 XAz, AP x Ay M Car,

that is, equivalences of categories
Ay(FC,D) =5 A (C,GD)

which are 2-natural in the objects C of Ay and D of Ay. We also say that F' is left
adjoint to G or that G is right adjoint to F, or that (F,G) form a pair of adjoint
2-functors.

Cartesian, cocartesian and bicartesian 2-categories. In Definition 1.2.22, we
give a definition of a cartesian 2-category A in terms of a globally defined cartesian
product 2-functor x : A x A — A. In the next definition, we make explicit the
definition of the cartesian product of a pair of objects in a 2-category, without
assuming the existence of such a 2-functor defined in the whole 2-category.

DEFINITION 1.2.35. Let A be a 2-category and let C; and Cs be objects of A.
A cartesian product of C; and Cs in A is a universal pair (C; X Ca, (71, 72)), where
Ci xCyeANandfori=1,2, m :C; x Co — C; is a morphism in A.

Precisely, (C; x Ca, (71, 72)) represents the cartesian product of C; and Cy in A
if any other pair (D, (p1,p2)), with D € A and p; : D — C; for i = 1,2, yields a pair
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(p, (P, p5)) where p : D — C; xCy is a morphism in A and p¥, p} are 2-isomorphisms
in A:

such that for any pair of morphisms ¢; : D — C1,q2 : D — Cs and any pair
of 2-morphisms f; € A(D,Cy)(p1,q1), f2 € A(D,C2)(p2,q2), there exists a unique
2-morphism f € A(D,C; x C2)(p,q) such that fip] = plf and foph = pd f:

q2

q
q q
p p

C] (Tcl XCQﬂ_—l>Cg.

Equivalently, (C1 X Ca, (71, m2)) represents the cartesian product of C; and Cy if
C1 x Cq represents the 2-functor A(_,Cy) x A(_,Cs) through (71, 72), in the sense
that (71, m2) yields an equivalence

A(,C1 x Co) = A(_,C1) x A(_,Cy).

REMARK 1.2.36. Thus, a 2-category A is cartesian if it has a terminal object
x5 and the cartesian product of any pair of objects exists (the universal property
ensures that the cartesian product defines a 2-functor in this case).

DEFINITION 1.2.37. Let A be a 2-category and let C; and Cs be objects of A.
A cartesian coproduct of C; and Cs in A is a universal pair (C1 [[Cs, (¢1,t2)), where
Cy xCye Aandfori=1,2, :C; — C; X Co is a morphism in A.

Precisely, (C1 X Ca, (11, t2)) represents the cartesian coproduct of C; and Cy in A
if any other pair (D, (j1, j2)), with D € A and j; : D — C; for ¢ = 1,2, yields a pair
(4, (01, p3)) where j : C; [[Co — D is a morphism in A and p?, p} are 2-isomorphisms
in A:

such that for any pair of morphisms k1 : C; — D,ks : C — D and any pair
of 2-morphisms f; € A(C1,D)(j1, k1), f2 € A(Ca,D)(j2, k2), there exists a unique
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2-morphism f € A(Cy [[C2,D)(j, k) such that fp] = p§fy and f0} = pb fo:

Cy L> C1HC2 <L Co

J1

Equivalently, (C; x Co, (71, 72)) represents the cartesian coproduct of C; and Cy
if C; [] Co represents the 2-functor A(Cy, ) x A(Cz, ) through (i1, ¢2), in the sense
that (¢1,t2) yields an equivalence

AC ] Cor ) = ACr ) X A(Ca, ).

DEFINITION 1.2.38. We say that the 2-category A is cocartesian if it has an
initial object and if the coproduct of any pair of objects exists.

DEFINITION 1.2.39. Let A be a 2-category which is both cartesian and cocarte-
sian. The morphisms obtained from

Cl XD—>Cl —>C1HCQ
and
Clx'D—>Cl—>CQHCQ,

together with the projections onto D, yield a distribution morphism
(€1 xD)[[(C2 x D) = (&1 ][ C2) x D

which is natural in the objects C1,Co, Dy of A. We say that A is bicartesian if the
distribution morphism is an isomorphism, as well as the initial morphism @, —
o x D when we form a cartesian product with the initial object of A.

1.3. The 2-category of small categories. We revisit the definition of the
notion of a small category in this section. Recall that for a set S, we denote by LS
the discrete category associated to S®.

DEFINITION 1.3.1. A small category is a triple (C,Co, €¢), where

— C is a category,
— Cp is a set,
— €¢ : ICy — C is a functor yielding an equivalence on objects®:

xz €Cye xelll

We also say that C is a small category, and we write C € Cat. For objects z,y € C,
we write x = y if the corresponding elements in the set Cy are equal.

8See A.8.2.1.

9A 0-equivalence in the sense of Definition 2.5.1.

10The predicates — € Cp and _ € C are equivalent, i.e. they are equal in the set of predicates
- cf Appendix A, Definition 5.0.11.
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REMARK 1.3.2. Let C be a small category. The functor e¢ yields morphisms

GC(JJ,y) : ICU(way) — C(x7y)a

which are natural in 2,y € C. Recall that ICy(z,y) is non empty if and only if z = y
in Cp, in which case we have ICy(z,y) = *. Therefore, any elements z,y € Cy such
that z = y yield a map ec(x,y) : * = C(z,y), such that ec(z,x) € C(x,z) is the
identity of x in C. By naturality of ec, the diagram

1Co(x, y) % 1Co(y, ) XU (0 ) x C(y, x)

| |

ICo(m,l‘) C(xjx)

ec(z,x)=ta
commutes, ensuring the coherence of this definition.

DEFINITION 1.3.3. Let (C,Co), (D,Dy) € Cat. A functor F' from (C,Cp) to
(D, Dy) is the data of
— amap Fy:Cy — Dy
— a functor F': C — D
— such that the diagram

¢, 5 1D,

ecl lev

[ )
strictly commutes, in the sense that for each element = € Cy, the elements
of Dy corresponding to the objects Fecx and epFpx in D are equal.

If (F, Fy) is a functor from (C,Cp) to (D, Dy), then we write F' : C — D or F €
Cat(C, D).

DEFINITION 1.3.4. Let Cat be the 2-category such that

— C € Cat is given by Definition 1.3.1,

— Cat(C,D) € CAT is such that F' € Cat(C,D) if F is as defined in Defini-
tion 1.3.3, and for F,G € Cat(C, D), the set Cat(C,D)(F,G) is given by
the end

el
Cat(C,D)(F,G) = / D(Fz,Gz)

of the following composite in CAT

cor x ¢ 222G, por  p 2o, gy
PROPOSITION 1.3.5. For any pair of small categories C,D € Cat, the category
Cat(C,D) of functors from C to D admits a small category structure [C, D]cat €
Cat. We can form a 2-functor

[, ]cat : Cat’? x Cat — Cat,

which gives to the 2-category of small categories Cat the structure of a cartesian
closed 2-category. In particular, the 2-category of small categories Cat is monoidal,
so that (Cat, x) € MONcr, -
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PRrROOF. Let C,D € Cat and F,G € Cat(C, D). Recall that F', respectively G,
is equipped with a map Fy : Cy — Dy, respectively Gg : Co — Dy. By definition,
the maps Fy and Gy satisfy Fy = Gy if and only if Fox = Gox in Dy for all x € Cy.
Suppose that (F, Fp), (G, Gp) is such that Fy = Gy. The functor ep yields natural
maps

Do(Foy, Goy) — D(Fy, Gy).
By Remark 1.3.2, we obtain natural isomorphisms D(F'z, F'y) =N D(Fz,Gy) for all
x,y € C. Let us write
F(, ),G(, ):C(, )= DF G )
for the natural transformations corresponding to F/(_, ) and G(_, ) under this
identification, as displayed on the following diagram

Clz,y) =25 D(Ga, Gy)

(1) F(z,y)l lg

D(Fz,Fy) —— D(Fx,Gy).

Define F = G as (F = G) := [C°?xD, SET|(C(_, _),D(F _,G_)(F(_,_),G(_, )).
We have

z,yeC
(F=G) o / SET (C(2,y), D(Fz, Gy)) (F(z,y), G(x,1))

z,yeC heC(z,y)
o [ [ pn Gy F e Gl

e I I (F@uph=Gayh).

z,y€Co heC(x,y)

To sum up, we have F' = G if and only if for all objects z, y of C and each morphism
h :x — y in C, the morphisms F'h : Fr — Fy and Gh : Gx — Gy are equal as
morphisms in D from Fz to Gy. Note that we used the equality Fy = Gy.

Let [C, D]o be the set such that F' € [C, D]y < F € Cat(C, D), with [C, D]o(F, G) :=
(Fo = Gp) x (F =G) for F,G € [C,D]o. The functor ep yields a map

IDy(Foz, Gox) — D(Fz,Gzx),

whose naturality in € Cy follows from the commutativity of the above diagram
(1), itself given by F' = G. We obtain a map

xeC
I((Fo =Go) x (F=G)) — / D(Foz, Gox),
or equivalently,
I[C, D]o(F,G) — Cat(C,D)(F, Q)
which is natural in F, G € Cat(C,D). Those natural maps yield a functor
G[C,D]Cat : I[C,D]O — CAT(C,D)

which is identical on objects, and hence a 0-equivalence. The set [C, D]y, together
with the functor €¢ pje,,, gives to the category Cat(C, D) the structure of a small
category which we call [C, D]cat. We obtain an internal hom 2-functor

[, ]cat : Cat®? x Cat — Cat.
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The cartesian structure closed structure of Cat is directly inherited from the carte-
sian closed structure of SET and of CAT. O

DEFINITION 1.3.6. We let cat be the category of small categories, defined as
follows:

— C € cat & C € Cat,
-~ C,D € cat = cat(C,D) := [C, D]y, where the set [C,D]y is given in the
proof of Proposition 1.3.5
The category cat thus obtained inherits a cartesian closed structure from Cat.

REMARK 1.3.7. We have a 2-functor Icat — Cat given by

— C € cat & C € Cat,
— for C,D € cat, F € cat(C,D) & F € Cat(C,D),
— and for F,G € cat(C, D), Icat(C,D)(F,G) — Cat(C,D)(F,G) is induced
by xz,y € C = (IDy(Fz,Gx) — D(Fz,Gz)).
The 2-functor thus obtained is a 1-equivalence by construction. According to Def-
inition 7.0.1, the 2-category Cat of small categories is 1-small.

2. Categorical constructions within a 2-category

We extend some categorical notions, usually defined in the 2-category of cat-
egories, to the objects of a given 2-category A. In particular, we define limits,
colimits, and Kan extension within a 2-category in such a way that we recover the
usual notions of limits, colimits and Kan extensions of functors when this 2-category
is the 2-category of categories. We first observe that there is a forgetful 2-functor
A(xp, ) : A — CAT from A to the 2-category CAT as soon as A is equipped with
a distinguished object x5. We get in this context that every object of A has an
underlying structure of a category.

2.1. The forgetful 2-functor.

DEFINITION 2.1.1. Let A be a 2-category with a distinguished object x5 € A.
The structural 2-functor A(_, _) of A yields!! a 2-functor
A(xp, ) : A — CaAT.
If C € A, then we write C* € CAT for the image of C under A(xp, ). We say that
C* is the category of objects of C.
REMARK 2.1.2. The 2-functor CAT(x, ) induces an equivalence of 2-categories

CAT = CAT. One way to see this is to notice, first, that the one-object category
* is a unit for the cartesian product. The 2-category CAT is cartesian closed with
respect to its own structural 2-functor CAT(_, ), hence the result.

OBSERVATION 2.1.3. Let A € CATy and x5 € A. If the forgetful 2-functor
A(xp, ) is an equivalence of 2-categories, then A is equivalent to CAT. For each
pair of objects C,D € A, the 2-functor A(xx, ) yields a functor which we write

A*(C,D) : A(C,D) — [C*,D"].

HNote that we use the cartesian closed structure of CAT2.
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— Suppose that for all C,D € A, the functor A*(C,D) is an equivalence of
categories, so that the forgetful 2-functor A(xp, ) is a local equivalence.
In particular, we have an explicit description of the morphisms in A: the
data of a morphism F : C — D in A is equivalent to the data of

— a morphism FX :xy — D for all X : x5 — C,
— forall XY :xp = C,and f : X =Y a2-morphism Ff : FX = FY:

X X
wJIC > o ER3C
Y Y

which satisfies naturality conditions.
We also obtain an explicit description of the 2-morphisms by their value
on the generalized objects xp — C.
— Suppose that for all C,D € A, the functor A*(C, D) is fully faithful, so that
the forgetful 2-functor A(xp, ) is locally fully faithful. In this case, for
F,G:C — D, the morphism

AC,D)(F,G) — [C*, D*] (F*,G")
is an isomorphism, so that the characterization of natural transformations
in terms of an end yields the isomorphism

N Xecr
A(C,D)(F,G) = / D*(FX,GX).

As a consequence the 2-morphisms of such a 2-category are determined by
their values on points, in the sense that the data of a 2-morphismn : F =

G in A
X F
kA ——— C @ D
G
is equivalent to the data of natural morphisms nx € D*(FX,GX) in X :
kA — C

FX
w e
GX

— Suppose that for all C,D € A, the functor A*(C,D) is faithful, so that
the forgetful 2-functor A(xp, ) is locally faithful. This means that for
F,G:C— D andn,u € A(C,D)(F,G), we have n = u as soon as X €
C = nx = px. In particular, the commutativity of diagrams in A can be
shown pointwise.

DEFINITION 2.1.4. We say that a 2-category A is xp-primary if the 2-functor
A(xp, ) is locally fully faithful. In this case, the commutativity of (3-dimensional)
diagrams can be shown pointwise and 2-morphisms can be defined by their value
on the objects of their domain.

ExXAMPLE 2.1.5. We will see in the next section that the 2-category of V-
enriched categories is *y-primary.

REMARK 2.1.6. Let A be a closed monoidal 2-category with unit x5 € A. For
all objects C1,Cq, D1, Dy € A, the 2-functor A(x,, ) yields a functor

A([C1, D1]a, [C2, D2|a) — [A(C1,D1), A(Ca, D2)]
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which is fully faithful if and only if A is xx-primary. In this case, the set of 2-
morphisms between morphisms L, K : [C1,D1]p — [C2, D2]a in A is such that

N F:C1—D;
A(C1, Dil s [Co. Do) (LK) =5 / A(Co, Dy)(LF, K F).

2.2. Adjunctions.

DEFINITION 2.2.1. Let A € CAT, C,CD €A F:C —Dand G:D — C. We
say that F' and G form a pair of adjoint morphisms if there exists 2-morphisms
n:1l¢c = GF,e: FG = 1p in A, such that the following diagrams commute

e paF oles qara

BN Jor N [

The triangle on the left is written in the category A(C, D)7 whereas the one on the
right is written in the category A(D,C). We also say that (F, G) is a pair of adjoint
morphisms.

REMARK 2.2.2. Let Aj,A; € CAT2. Any 2-functor Ay — A, takes a pair of
adjoint morphisms in A; to a pair of adjoint morphisms in As.

The following lemma can be easily deduced from the last remark and the char-
acterization of adjoint functors in CAT.

LEMMA 2.2.3. Let A be a 2-category and x5 be an object of A. FEach pair of
adjoint morphisms

F:C z D:G,
yields isomorphisms
D*(FX,Y)=C"(X,GY)
which are natural in X : x5 — C and Y : xp, — D.

PrROPOSITION 2.2.4. Let A € CATy. If A is xp-primary, then a pair of mor-
phisms form an adjunction in A

F:C E D: G,
if and only if there is natural isomorphisms in X : xp — C,Y 1%y — D
D*(FX,Y) = C*(X,GY).
PROOF. Suppose that there is an isomorphism
D*(FX,Y) =2 C"(X,GY)
natural in X : x5 — C and Y : x5y — D. The morphism
ng i x L4 DY (FZ,FZ) = C*(Z,GFZ)

is natural in Z : x5 — C, and hence induces a morphism

PRI C*(Z,GFZ) = A(C,C)(1c, GF).

Z:xp—C
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Similarly, we obtain a 2-morphism € : FFG = 1p from the natural morphisms
6%, 0(GZ,GZ) = D*(FGZ, 7).

in Z : x5 — D. Consequently, the data of a 2-morphism 7 : 1¢ = GF, respectively

€ : FG = 1p in A is equivalent to the data of morphisms ¢xy : D*(FX,Y) —

C*(X,GY), respectively ¢xy : C*(FX,Y) — D*(X,GY), natural in X : x5 — C

and Y : A — D. The morphism thus obtained ¢x y, respectively 1 x y, satisfies

lZ)X,Y(bX,Y = 1p*(FX,Y)) respectively (bX,Y'l/)X,Y = 1c*(X,GY)> if and only if the
following triangle on the left hand side, respectively on the right hand side,

£ FGF 128, GFG
\ leolp \ llcoe
commutes in the category A(C, D), respectively in the category A(D,C). |

2.3. Limits and colimits.

We define pointwise and global limits of morphisms in a 2-category A. For this
purpose, we require A to be equipped with a closed monoidal structure (A, xa, [, ], *a)
and an augmentation 15 = %4, so that each C € A yields a morphism C — %, in a
natural way. If A is equipped with a cartesian closed structure, then the unit *, is
terminal in A. Consequently, we obtain an augmentation given in each object C of
A by the unique morphism C — %,.

It is convenient to assume that the unit of A is send to the terminal object
of CAT by the forgetful 2-functor A(xa, ), especially when dealing with pointwise
limits and colimits. Indeed, we will observe that pointwise limits and colimits
are shaped on set-theoritical limits and colimits. We therefore assume that this
assumption holds. Let us also notice that the closed monoidal structure on A is not
required to define pointwise limits and colimits.

DEFINITION 2.3.1. Let S € A. The unit object x5 of A induces a functor
S* 55 A(xa, 8) X * — A(x4,8) x A(I,x5) — A(I,S)

natural in each object I € A, which we call the constant functor. For any X : x5 —
S, we write X : I — S for the image of X under the constant functor.

DEFINITION 2.3.2. Let I,§ € Aand F : I — S§. We define the limit of F
as a universal pair (lim F, p), where imF : x4 — S and p € A(I,S)(lim F, F).
Explicitly, p consists in the data for each i € I of a 2-morphism p; in A such that

I ‘\”—>i S
I >0
*A

and such that the following equality holds for all 4,5 € I and f :7 —

j N = j N

4 Py
AR RN
) T >
*A

*A
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REMARK 2.3.3. Let X : %y — §. Write S*(X, F') : I — SET for the functor

S*"X,F): I* — SET
i = S*X, Fi).

The pair (S*(X, lim F), S*(X, p)), where S*(X, p) € [I*, SET] (5* (X, im F), S*(X, F)) :
is the limit of the functor S*(X, F'). In particular, we have an isomorphism for all
Xes”
S*(X,lim F) = lim S* (X, F).
DEFINITION 2.3.4. Let I,S € A and F' : I — S. We define the colimit of F

as a universal pair (colimF, ), where colimF : xy — S and ¢ € A(I,S)(F, colimF).
Explicitly, ¢ consists in the data for each i € I of a 2-morphism ¢; in A such that

12,39

T
colimF
*A

and such that the following equality holds for all 4,7 € I and f :i — j.

1 % S = I—t55
N Ty

’L\:f>/] colimF' j]\ ! colimF'
*A *A

REMARK 2.3.5. Let X : ¥y — §. The morphism F' : T'— § yields a functor

S*(F,X): I — SET
) —  S*(Fi,X).

The pair (§*(colimF, X), 8*(¢, X)), where S*(¢, X) € [I*°P, SET|(S*(colimF, X)), S*(F, X)),
is the limit of the functor S*(F, X). In particular, we have an isomorphism for all
Xeds*

S*(colimF, X ) = lim S*(F, X).

REMARK 2.3.6. This definition of limits and colimits of morphisms in a 2-
category coincides with the usual definition of limits and colimits of functors, when
regarded as morphisms in the 2-category CAT of categories.

DEFINITION 2.3.7. Let S € A and *gs : xA — S. We say that *s is terminal in
S if each X : %5 — S yields an isomorphism S*(X, xg) = *.

DEFINITION 2.3.8. Let S € A and (s : 5 — S. We say that (s is initial in S
if each X : x5 — S yields an isomorphism S*(fs, X) = *.

DEFINITION 2.3.9. We say that an object S of A is locally I-complete if any
morphism F': I — § admits a limit. Dually, we say that S is locally I-cocomplete
if any morphism F : I — S admits a colimit.

EXAMPLE 2.3.10. The object S of A has a terminal object xs if and only if
the unique morphism ()5 — S has a limit. Consequently, S is locally ()5-complete
if and only if it has an terminal object.

EXAMPLE 2.3.11. The object S of A has an initial object #s if and only if the
unique morphism )4 — S has a colimit. Consequently, S is locally (-cocomplete if
and only if it has an initial object.
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PROPOSITION 2.3.12. Let S be an object of A.

- If § is locally I-complete, then each morphism F : I — S in A yields a
morphism lim F' : xx — S in a natural way. We can form a functor

lim: A(I,8) —» S§*

which sends F to im F' : x5y — S. Moreover, the functor lim is right
adjoint to the constant functor.

Conwersely, suppose that the constant functor S* — A(I,S) has a right
adjoint lim : A(I,S) — 8*. For F : I — S, the pair (im F), p) is the limit
of F, where p € A(I,S)(IF,F) is given by the counit of the adjunction
thus obtained.

- If § is locally I-cocomplete, then each morphism F : I — S in A yields a
morphism colimF : x — S in a natural way. We can form a functor

colim: A(I,S) — S*

which sends F to colimF : xx — S. Moreover, the functor colim is left
adjoint to the constant functor.

Conversely, suppose that the constant functor S* — A(I,S) has a left
adjoint colim : A(I,S8) — S8*. For F : I — S, the pair (colimF,¢) is
the colimit of F, where v € A(I,S)(F, colimF) is given by the unit of the
adjunction thus obtained.

PRrROOF. Let F,G : I — S and a € A(I,S)(F,G). Write «; : Fi — Gi for the
composite
F

sn —— T o S.
~_
G
The pair (lim F, {aipf }l) satisfies the universal property of lim GG, and hence yields
a morphism lim F' — lim G by universality of (lim G,pG). Moreover, the pair
(ColimG, {LlG O‘i}z‘) satisfies the properties of colimF', and hence yields a morphism
colimF — colimG. The converse statements are immediate from the definition. [

DEFINITION 2.3.13. Let S be an object of A and X,Y : x5 — S. A cartesian
product of X and Y in § is a universal pair (X xs Y, (7x,7y)) with
- X XgY %y — S,
-mx: X xsY = X,
-7y : X xgY =Y.

DEFINITION 2.3.14. Let S be an object of A and X,Y : x5 — S. A coproduct
of X and Y in S is a universal pair (X [[g,Y, (tx,ty)) with
— XHSY kA —> S
—ux X 5 X[[Y
Sy Y 5 XY

DEFINITION 2.3.15. We say that an object S of A is cartesian if it has a terminal
object *s : xp — S and if the cartesian product of any X, Y : %, — S exists.

DEFINITION 2.3.16. We say that an object S of A is cocartesian if it has an
initial object 05 : ¥4 — S and if the cartesian coproduct of any X,Y : x4 — S
exists.
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REMARK 2.3.17. For X,Y : %y, — &, the product X xgY : x5 — S can also
be defined as the object of S* representing the functor

S*(,X)x8(_,Y): 8 — SET,

given on Z : xp — S by $*(Z, X) x §*(Z,Y). Consequently, the product of X and
Y in § is such that

S*(Z,X xsY) — 8*(Z,X) x S*(Z,Y)
forall Z: % — S.

REMARK 2.3.18. For XY : ¥, — S, the coproduct X [[gY : A — S may
also be defined as the object of §* co-representing the functor

S*(X, ) x8*(Y,_):S8" — SET,

given on Z : x5y — S by S*(X,Z) x §*(Y, Z). Consequently, the coproduct of X
and Y in § is such that

S (x[[v.2) = 8 (X.2) x S* (Y. 2)
S

forall Z:x — S.

REMARK 2.3.19. Let A be a bicartesian closed 2-category. We obtain a sequence
of natural isomorphisms in each object C of A:

A (c, [ka H*A,S]A) > A ((*AH*A) X c,s)
= A (4 x O JJ(xa x €),5)

= AC]]e.s)
~ A(C,8) x A(C,S)
2 AC,SxS).

As a consequence, we have an isomorphism [x5 [[*a,S]a 2 S x S in A. In partic-
ular, the data of X,Y : xp — S corresponds to the data of a morphism

(X,Y):*AH*A %S,

whose limit is given by the cartesian product of X and Y in S, and whose colimit is
given by the cartesian coproduct of X and Y in S. Therefore, the cartesian product
of all XY : %y — S exists in S if and only if S is (x5 []*a)—complete. In this
case, the limit yields a functor

A(xp, S xp S) = S*.

It would be convenient to obtain a monoidal structure on § internally in A, such
that the tensor product is given pointwise by the catesian product. This motivates
the subsequent notion of internal limits.

In order to manipulate the notions of limits and colimits internally in A, we
define internal completeness and cocompleteness. For this purpose, we assume that
A is a closed 2-category.

DEFINITION 2.3.20. Let I,S € A. We let the constant morphism ¢ : S — [I, S|
be defined by the composite

S S [kp, S]a — I, #a]a X [*a,S]a = [, S]a
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DEFINITION 2.3.21. Let S be an object of A. We say that S is internally
I-complete if the constant morphism has a right adjoint, denoted by limy

c: S8 L [I,8]p :limy.

Dually, we say that S is internally I-cocomplete if the constant morphism has a
left adjoint, denoted by colimp

colimy : [[,S]a 222 S

s c.

DEFINITION 2.3.22. Suppose that & has an initial object and is (xa []*a)-
complete. The internal cartesian product provides (S, Xs) with the structure of a
monoid in A with respect to the cartesian product. We say that S is a cartesian
monoid in A.

REMARK 2.3.23. S is internally (s [ [*a)-complete if and only if it is ] [*a-

n
complete for each strictly positive natural number n. Consequently, S has the

structure of a cartesian monoid if and only if it is [ [*a-complete for each natural
n
number n.

REMARK 2.3.24. Suppose that S has a terminal object xs : ¥y — S. We can
regard xs : x5y — S as a morphism and consider its colimit, which exists and is
given by *s : *p — S. Suppose that S is internally (x4 []*a)-cocomplete. The
colimit of (xg,*s) : *p [[*a — S yields an element s [[*s : *A — S of §*. Let
[I*s : *a — S be inductively defined by
n

— ls =]I*s = *s
1

~ (n+1)s = [I*s :colim((]ﬁ[*s,*5> Cxa [T #a —>S> = +s1I*s.

n
Suppose that S also has an initial object (ls : x5 — S and write 0s = (s. We
obtain elements ngs : x5 — S for each natural number, which we can add by using
the internal coproduct of S, so that ns + ms = (n+m)s.

REMARK 2.3.25. A category C is cartesian in the sense of Definition 1.2.35 if
and only if it is a cartesian monoid in (CAT, X, *).

DEFINITION 2.3.26. We say that S is internally complete in A if for each object
I of A, the constant morphism has a right adjoint.

DEFINITION 2.3.27. We say that S is internally cocomplete in A if for each
object I of A, the constant morphism has a left adjoint.

PROPOSITION 2.3.28. Suppose that A is xp-primary. The object S is internally
complete, respectively cocomplete, if and only if for each object I of A, any morphism
I — S has a limit, respectively a colimit, in S.

PrOOF. For any object I of A, we have A([I,S]a,S) = [A(I,S),S*] by Remark
2.1.6. The result follows from Proposition 2.3.12. (]

ExAMPLE 2.3.29. The category of sets is internally complete and cocomplete
in CAT.
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REMARK 2.3.30. We require the existence of arbitrary limits, no matter how
large. It is worth notifying that Freyd’s theorem on large limits does not apply
to our framework. Indeed, the ’collection’ of all morphisms on a category can not
be given the structure of a set,'? mainly because equality between objects of an
arbitrary category is not defined.

Nevertheless, limits defined over small categories often hold more significance
than limits defined over large categories. For instance, the cartesian product is
defined as a small limit. Conversely, the limit and the colimit of the identity
functor SET — SET is respectively given by the one element set and the empty set.

The fact that limits and colimits are better suited for functors from a small
category can be understood as follows. Let C and D be categories and F': C — D
be a functor. Both the limit and the colimit of F' produce a single object of D
from all objects and morphisms in C. In this way, any object of C collapses into an
element of the limit or colimit object of F', reducing the dimension by one level.

2.4. Kan extensions.

In this subsection, we fix an object S of A.

DEFINITION 2.4.1. Let C1,Co € A and p: Co — Cy. A local left Kan extension

of a morphism F': Co — S along p is a universal pair (Lan,F, o), where Lan, F :
Ci — § and where o € A(Ca, S)(F, (Lan, F')p) is a 2-morphism in A, such that

F
Co —— S
z /‘Vﬁ .
»* Lan,F
C1

-

Hence for any other pair (L, 3) such that L : C; — S and 8 € A(C2, S)(F, (Lan,F)u),
there exists a unique A € A(C1, S)(Lan,F, L) such that the following diagram com-
mutes in the category A(Cq,S).

F —*— Lan,Fpu

X e

Ly

REMARK 2.4.2. The pair (Lan,F, «) can be equivalently defined as the unique
pair such that o induces an isomorphism

A(Cy,S)(Lan,F,L) = A(Ca,S)(F, Ly).

REMARK 2.4.3. Let C1,C2 € A, the 2-functor A(_,S) : A°? — CAT induces a
functor
A(Cs,C1) — CAT (A(C1,S),A(Cs,S)),
which is given in p : C3 — C; by the functor A(u, S) : A(C1,S) — A(Cq, S) obtained
by precomposition with . We often omit the dependance on S on this expression
and write p, instead of A(u,S) for simplicity.

12ywe actually can. However, the elements of the resulting set will correspond to equivalence
classes of the objects of the category of arrows. See Appendix A for more details.
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DEFINITION 2.4.4. Let C;,Co € A and p : Co — Ci. We say that Lan, :
A(Cy,8) — A(C2, S) is the global S-valued left Kan extension along p with values
in S if Lan,, is left adjoint to u, in CAT, so that

—
Lan, : A(C2,S) 1 A(C1,S) @ ps.
PR

PRrROPOSITION 2.4.5. Let C1,Co € A and p: Co — Cy.

— Suppose that Lan,, : A(C1,S) = A(Ca,S) is the global left Kan extension
along p with values in S. Writen € [A(C1,S), A(C1,S)] (1, uxLany,) for the
counit of the adjunction thus defined. The pair (Lan,F,np) is the local
left Kan extension of F along u.

— Suppose that for all F: Co — S, the pair (Lan,F,ap) is the local left Kan
extension of F' along . Then we can form a functor

Lan,, : A(C2,S) — A(C1,S)
given on F € A(Cq,S) by Lan,F : C; — S which is left adjoint to pi.
ProOF. Let F,G : C; — S and define
Lan,(F,G) : A(C2,S)(F,G) = A(Cy,S)(Lan,F, Lan,G)

as follows. Let A € A(Ca,S)(F,G), we obtain a pair (Lan,G,ag)) with Lan,G :
Ci — S and ag : A(C2, S)(F, Lan,Gpu). By universality of the pair (Lan,F, ar),
there is a unique 2-morphism Lan,(F,G)\ : Lan,F — Lan,G such that the
following diagram commutes in A(Cs, S).

F 2, @G -2, Lan,Gu

ap TLanu(F,G))\u

Lan, Fu
O

PrOPOSITION 2.4.6. Let C1,Co € A and suppose that for all p : Co — Cy,
Lan,, : A(C2,8) = A(C1,S) is the global left Kan extension along p. We can form
a functor

Lan : A(Cz,C1) — [A(C3, S), A(C1,S)],
gwen on p € A(Ca,C1) by Lany, : A(C2,S) — A(C1,S).
PRrROOF. Let p,v € A(Cy,Cq) and ¢ € A(C2,Cy1)(p, V). Let
Lang € [A(C2,S),A(Cy,S)] (Lan,, Lan,,)

be defined in F' : Co — S as follows. The canonical morphism F' — Lan, F'v induces
a morphism F' — Lan, Fu by precomposition with ¢ : g — v. By universality of
the pair (Lan,F,a,), there exists a unique morphism LangF : Lan,F — Lan,F
such that the following diagram commutes in A(Cs,S).

F — Lan, Fv —; Lan,Fpu

J, ’,,—”//Land,Fu

Lan,Fu )
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We show that LangF is natural in F'. Let G : Co — S and A € A(C2, S)(F,G). The
naturality condition can be expressed by the commutativity of the diagram

Lan, A
Lan,F —*"*2 & Lan,G

Lanq;FJ/ J/L‘”%G

_— .
Lan,F Tam Lan,G

Both of the resulting composites induce a map F' — Lan,G. The commitativity of
the diagram follows from the universality of Lan, F'.

F A G
\a" \La” ’
e Lan,\v Qy,
a#l Lan, Fv ————~—— Lan,Gv
Lan, Fu LangFv \\“\\\\ LansGv  Lan,Gpu
(LawF)w\ ! \> L(Lan,G)o
Lan, Fv Tanw Lan,Gv
"

We obtain a natural transformation Lang : Lan, — Lan, for each ¢. Let ¢; €
A(Co,Cy)(v1,v2) and ¢o € A(Co,Cy)(ve,v3), we obtain a canonical isomorphism
Lang,y, = Lang,Lang, immediately from the universality of the constructions,
hence the result. ]

In what follows, we suppose that A is equipped with a closed monoidal structure
(A, ®n,14). The internal hom 2-functor induces a 2-functor

[*,S]A: AP — Al

DEFINITION 2.4.7. Let C; and Cy be objects of A and p : Co — C;. We say that
Lanf : [C2,S8]a — [C1,S]4 is the internal left Kan extension along x with values in
S, if it is left adjoint to [, S]a, so that we have the following adjunction in A

Lani 2 [C2, SIa T2 [C1, S]a : [1, S]a-

REMARK 2.4.8. We may still consider ordinary left Kan extensions in the sense
of Definition 2.4.4. To make the distinction precise, we refer to the functor Lan,, :
A(Cs,S) = A(Cy,S) as the external left Kan extension along pu.

DEFINITION 2.4.9. We say that the internal left Kan extension is globally de-
fined for S-valued morphisms if it exists along any morphism p : Co — C; in A and
extends to a functor

Lan® : A(C2,C1) = A ([C2,S]a, [C1,S]A) -
We say that the internal left Kan extension is internally defined if the internal left
Kan extension is globally defined and if there is a morphism
Lan® : [C5,C1]a — [[C2. Sy, [C1. S]],
in A whose image under the forgetful 2-functor A(1, ) is given by Lan®.

PropPOSITION 2.4.10. Let C1,Co € A, u:Co — C1 and F : Co — S. Suppose
that the internal left Kan extension along p with values in S exists. The composite

Lan®

Lan‘iF TN £, [C2, S]A — [C1,S]a
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corresponds to the left Kan extension of F' along u under the isomorphism of cate-
gories A(Cy,S) = [C1, S]}.

PrOOF. We deduce from Lemma 2.2.3 that LanﬁF satisfies the universal prop-
erty of Lan,F, hence Lan,F' = Lanf}F. |

COROLLARY 2.4.11. If the internal left Kan extension is globally defined for S-
valued morphisms, then the external left Kan extension exists, so that the following
diagram

S
A(C2,Cr) —H2— [A(C2, ), A(C1, S))]
Lansl mﬂcz;sh)*
A([C2, S]A,[C1,S]a)
commutes.

PROPOSITION 2.4.12. If the 2-category A is xx-primary, then the internal left
Kan extension is globally defined for S-valued morphisms if and only if the internal
left Kan extension exists along any morphism p: Co — Cy.

PROOF. Suppose that the internal left Kan extension with values in S exists
along any morphism of A, and let pu,v : Co — C; be morphisms in A. Since A is
*A-primary, we have the following isomorphisms

A([Co. S]a. [C1, S]a) (Lang, Lan) = / (€1, SJ4(LanSF, LanSF)
FelCa, S}

1

/ A(Cy,S)(Lan,F, Lan, F')
F:C;—S8

= [A(Co,S),A(C1,S)] (Lany, Lan,).
By Proposition 2.4.6, p — Lanﬁ extends to a functor, hence the result. (I

COROLLARY 2.4.13. If the 2-category A is xp-primary, then the internal left
Kan extension is internally defined if and only if the internal left Kan extension
is globally defined, if and only if the internal left Kan extension exists along any
morphism.

In what follows, we suppose that A is an xa-primary 2-category. We state some
properties of global Kan extension functor

Lan® : A(Ca,C1) — A([C2, S, [C1, SA)-

We let AL%" be the 2-category whose objects are the objects S of A such that the
internal left Kan extension is globally defined for S-valued morphisms. For any
objects C; and Co of A, we write [Co, —]a, [C1, —]a : AL¥™ — A for the 2-functors
induced by [C1, _]a, [C2, —]a : A = A by restriction.

LEMMA 2.4.14. Let p : Co — Cy. The functor Lanf s natural in S, in the
sense that the functors Lanl‘f yield a colax 2-natural transformation

Lan:t : [C27 7]/\ — [Cl, 7]A
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PROOF. We let the colax 2-natural transormation Lanj, be defined as follows.
Let 85,81 be such that the internal left Kan extension if globally defined and let
P:S5,— 8. Let Lanl‘f be the 2-morphism in A such that

Co,®
[02732]1\ g; [C2, S1a

P

[C1, Sa]a i (€15 Sila,

and defined by using the natural isomorphism
A ([C2, 8a], [C1. S1]a) (Lans! o [Co, ], [Cr, @]a 0 Lans?)
>~ [A(Cs,S),A(C1,51)] (Lanfq), @Lanf)

F.Cz —>32
i~ / A(C1,81) (Lan$ ®F, ®Lan’? F) .

Let F' : Co — S, the canonical morphism F — LanﬁQF,u in A(Cy,S2) yields a
morphism ®F — @LanﬁQF 1 in A(Ca, S1) as displayed in the following diagram.

F P
2 S 82 BEPEE Sl
Lan1@F I =
w e L
e @ _
Cl :___fl_ajl_“—F -7 ®LanS2F

By universality of LanﬁHI)F, we obtain Laan : Lanl‘fl OF — @Lanl‘%F as the
unique morphism in A(Cy, S1) such that the following diagram commutes

OF 2% Lan,®Fpu

P
m lLanM Fpu

®Lan, Fpu.

Let S3 22, Sg 2, §;. The 2-morphism resulting from composition of the left hand
side diagram is equal to the 2-morphism displayed on the right hand side diagram
by the universality of the definition.

[Cz7®2 [C27‘I’1 [C27‘1>2‘1’2]

[C2, S3]a —— [Ca, SaJa —— [Ca, S2]a [C2,S3]a ——[C2, S1]a
Lan‘sﬁJ( Lanﬁ)z LaanJ( Lan;zl/ J(Lanil ,i> Lan‘s J(Lan%q;l/ J(Lanfl
[61783]1\ [C—<I>> [61781]1\ [C—¢'> [01781] [61783] [61781]
Let ®1,®P5 : So — 81 and x : &1 — Po. The equality
Lcmff? o (Lanil.[Cg,X]A) = ([Cl, x]A.Lanﬁ2) o Lcm:IL>1
holds'® by universality, hence the result. O

LEMMA 2.4.15. The S-valued global left Kan extension is compatible with com-
position of morphisms in the following sense. Let C1,Co and C3 be objects of A

1311 the set A ([Ca, S2]a, [C1,S1]a) (Lansl 0 [Ca, ®1]4, [C1, Ba]a o Lan,§2).
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and let uy, po be morphisms in A such that C3 By B8 C. We have a canonical

isomorphism
S
12

Proor. Let F': C3 — &. Write oy, 1 F1 = Lanl‘fleulug for the left Kan
extension of F' along pp2, ay, @ F — LanﬁzF,ug for the left Kan extension of
F along po, and af? : Lanl‘sz — LanﬁlLanﬁzFul for the left Kan extension of
LanﬁzF along 1.

~ S S
Lan = LanmLanM.

F
Cg U ‘g S
#2ll Lan® E-7
uzl O‘uutvai’,, f?’ “
- /

-
- ¢ K2 ’
C - // a2 Y
2 = y
- 7
s /,
HIJ/ LanuwzF .
.

.
.
-
- s s
Cl - Lanu1 La/n,“2 F

S

popy £ the composite morphism

— By universality of Lan

ay, 06'12112
F —2 Lang Fuy —— Lang, Lan$, Fppis

yields a canonical morphism 8,,,,, : Lan$ ,, F — Lan$ Lans, F.

— By universality of LanﬁQF, the morphism a4, : F — L‘mﬁwzFﬂllQ
yields a morphism £, : Lanng — Lanﬁ1 o E -

— By universality of Lcml‘f1 in Lan,, F', the morphism f,,, yields a morphism

H2 . S S S
42 LanmLaan — LanmmF.

We obtain a canonical isomorphism Lanf1 Lan‘iQF = L(mf1 o I from the canonic-
ity. The result holds internally when A is an %j-primary 2-category. ]

PROPOSITION 2.4.16. Let S be an object of A such that the internal Kan exten-
sions is globally defined for S-valued morphisms in A. The internal Kan extension
yields a 2-functor

[,SIE:A—=A
which is natural in the objects S of A such that S-valued internal Kan extensions
exist.

PROOF. Let C be an object of A, we set [C,S]¥ = [C,S]a. Let C; and Cy be
objects of A. The global Kan extension functor

Lans : A(CQ,C]) — A ([CQ7S}A7 [Clas]/\) .

is natural in the objects C1,C; of A by Lemma 2.4.15, and hence defines a 2-functor
A— A |

3. Monoidal structures in 2-categories

We study in depth the definition of monoidal structures in 2-categories. In
a preliminary step, we examine the definition of monoidal 2-categories. Then we
study the definition of monoids in monoidal 2-categories, and hence of internal
monoidal structures on objects of a monoidal 2-category. We rely on this construc-
tion to give a definition of a 2-category of 2-fold monoids, and more generally, of
iterated monoids in 2-categories equipped with iterated monoidal structures. To
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complete the account of this section, we explain the definition of generalized Day
convolutions for this notion of monoid internal to a monoidal 2-category.

3.1. Monoidal 2-categories. We make explicit the definition of a monoidal
2-category in this subsection. But, before that, we give the following definition
of a notion of an N-unbiased monoidal 2-category, which is more general, and has
the advantage of making explicit higher operations hidden in the structure of a
monoidal 2-category.

DEFINITION 3.1.1. An N-unbiased monoidal 2-category is a 2-category A equipped
with:

— For each natural number n, a 2-functor ®}, which we call the tensor
product4:
@) A" = A
— For each natural number r, and all nq,...,n,, a 2-natural transformation
@Y™, which we call the associator:

r n: = n
, P =
[, A A
; ®T1n. n
H:=1 ®xll —;A:__? J{@A
ANl —— A
ZIN
where n =ny +...n,.
— For each natural number p, for all natural numbers ry,...,7,, and for all
natural numbers n},...,n! fori =1,...,p, a modification @™, called

the 2-associator of A, between the 2-natural transformations resulting from
the composition of the following cubical diagram:

P i n’ ~
i=1 Hj:l A .
. 4 K
7 nd
To [T, ®,

P
i=1

where:
—r=r1+--+7rp
—Fori=1,...,p,n;=n} +---+nl".
—n=ni1+--+np
—Fork=1,...,r,n

H{l,...,ri}’é{l,...,r}.

k corresponds to n] under the isomorphism

MNote that we obtain a unit by taking n = 0.
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— The 2-natural trans.formation on the top square is obtained from the
2-associator ®€’:;;n' of the monoidal 3-category (CATa, X) in the ob-
ject corresponding to A under the diagonal.

— The 2-natural transformation on the far left square results from the

naturality of the associator ®¢i,s, of the monoidal 3-category (CATg, x)

with respect to ®Xi g ®X”p.
The domain and the codomain of this modification are made explicit on
Figure 1.

— The last condition involves a fourth-dimensional diagram made of compos-
ites of the 2-functors, 2-natural transformations, and modifications defined
above. We state this condition by using the definition of equality between
two modifications 1, ¢ between 2-natural transformations. The modifica-
tions ¢ and v are equal if and only if for each object C of their domain
2-category I', the 2-morphisms obtained in the codomain category C, ¢C
are equal. Consequently, a fourth-dimensional diagram made of compo-
sitions of modifications in the 3-category of 2-categories commutes if and
only if the 3-dimensional diagram obtained in the codomain 2-category by
precomposition with the 2-functor C : * — I' commutes. We require that

N\ Pi
for all natural number s, for all (p;);_,, for all [];_, (rf) ‘1’ and for all
j=

LTy T122, (4 )jy . for all object Co — [[iz, TT22, T2, A7, make
commute this 3-dimensional cubical diagram.
If A is an N-unbiased monoidal 2-category, then we write A € MoONN ATq "
We say that an N-unbiased monoidal 2-category A is strongly monoidal if its
associator and 2-associator are isomorphisms.

DEFINITION 3.1.2. Let A and I' be N-unbiased monoidal 2-categories. A monoidal
2-functor A — I' is a 2-functor F': A — I' equipped with:

— For each natural number n, a 2-natural transformation ®% called the
product of F":

A —
n ®‘;; n
®Al _— l®r
_—
A 7 r
— For each natural number r, and for all natural numbers nq, ..., n,, a mod-

ification ®3"*, called the associator of F', between the 2-natural transfor-
mations displayed on the following cubical diagram:
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The domain and the codomain of this modification are made explicit on
Figure 2 by using an hemispherical decomposition of this cube.
— such that

We write ' € MONEAT2 (A,T'). We say that a monoidal functor is strongly monoidal
if its product and associator are isomorphisms.

EXAMPLE 3.1.3. Let A € MoONy,, . The oppositization 3-functor’® _°P :
CAaT5"”? — CATy yields a 2-functor

CATo(A™, A)°P — CAT,((A)", A°P),

and hence gives to (A%, ®7") the structure of an N-unbiased monoidal 2-category
whose associator is given in the opposite direction. The direction of the 2-associator
is not changed. We say that a 2-category equipped with an N-unbiased monoidal
structure is N-unbiased op-monoidal if its associator is given in the opposite di-
rection. In this way, the opposite 2-category A°P of any monoidal 2-category A
inherits an N-unbiased op-monoidal 2-category structure. In particular, A°P is
equipped with an N-unbiased monoidal structure as soon as the associator of A
is an isomorphism.

EXAMPLE 3.1.4. Let A € MONDSATz. The 2-oppositization 3-functor'® _°r2 :
CAT5” — CAT; yields a 2-functor

CATo (A", A)°P2 — CAT,((A%P2)", AP2),

and hence sends the tensor product of A to a tensor product (®R)°P? : (AP2)" —
APz While the direction of the associator is not changed, the direction of the
2-associator is reversed. We say that a 2-category equipped with an N-unbiased
monoidal structure is N-unbiased ops-monoidal if its 2-associator is given in the
opposite direction. In this way, the 2-opposite 2-category A°P? of any monoidal 2-
category A inherits an N-unbiased ops-monoidal 2-category structure. In particular,
A°P2 ig equipped with an N-unbiased monoidal structure as soon as the 2-associator
of A is an isomorphism.

DEFINITION 3.1.5. Let A,T' € MON,,,. We obtain a 2-category MON(, . (A, T),
which gives to MONQ ar, the structure of a 3-category.

REMARK 3.1.6. Monoidal 2-categories admit a smaller presentation. The un-
biased point of view consists in providing an explicit description of each of the
monoidal laws on a 2-category, which makes it often easier to work with. In fact,
we will see that the unbiased definition corresponds to the barycentric subdivision
of the associahedra. We give the smaller definition of a monoidal 2-category.

DEFINITION 3.1.7. A monoidal 2-category (A, ®4,14) is a 2-category A, equipped
with

— a unit object 15 € A,
— a 2-functor ®, : A x A — A called the tensor product,

153ee Definition 1.2.5
16See Definition 1.2.6.
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— a 2-natural transformation a called the associator:

(AxA)x A —225 A x(AxA)

XX@A

A XA an AXxA
/ J/®A

AxA i A

— a 2-natural transformation /5 and a 2-natural transformation rj, respec-
tively called left and right unitors:

*XA7 Ax*7
1A><AJ/ AXlAl n
AxA AxA

— a modification, called the 2-unitor, providing an isomorphism in the 2-
category of 2-functors [A2, Al:

1A,
(—®a 1a) ®A—(—A>)®A(1A®A -)

A
<>®Al A

— a modification ag\, called the 2-associator, whose domain and codomain are
the given by the 2-natural transformations resulting from the composition
of the diagrams displayed in Figure 3 and 4, and which can we written as
follows in the 2-category of 2-functors [A*, Al:

((—®r —) ®@r —) @A —

a’%*@AV \/\(7,757)®A7

(— @A —) @A (— @2 —) (— @A (—®r—)) @A —
temroro)] _ [
— @A (—®a (—®a —)) —®prat—,—,— — @A ((—®r —) ®a —)

— a J-associator and which fulfill the coherence constraints expressed by the
commutativity of diagrams given by the associahedra K,

If A is a monoidal 2-category, then we write A € MONc,r,. If the associator and
the 2-associator of A are isomorphisms, then we say that A is a strongly monoidal
2-category.

ExAMPLE 3.1.8. Recall from Definition 1.2.22 that a 2-category A is cartesian
if it has a terminal object x5 and a cartesian product 2-functor

x:AxA— A

We easily check that the cartesian product is associative up to a canonical isomor-
phism. We accordingly obtain a monoidal 2-category structure on A, which we call
the cartesian monoidal structure, with the terminal object of A as unit.
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EXAMPLE 3.1.9. As expected, the 2-category of categories (CAT, X, x) is (carte-
sian) monoidal.

REMARK 3.1.10. The definition of the 3-category MONcsr, of monoidal 2-
categories involves the use of the cartesian product of 2-categories, and hence,
the monoidal structure of CAT, given by the cartesian product. The 3-category
(CAT2, x) is monoidal in (CAT3, X), which is itself monoidal in (CAT4, X), and so
on. In this way, the 3-category MONcar, should be regarded as the 3-category of
monoids in the monoidal 4-category (CAT3, x). More generally, the framework that
enables the definition of monoidal structures is provided by an infinite sequence of
entangled monoids (CAT,, X) € MONgar,, ., -

OBSERVATION 3.1.11. There is a notion of monoidality for 3-categories as well.
When the monoidal structure is given by the cartesian product, the universality of
the product ensures that the coherence conditions hold.

The 3-category MONcar, is monoidal. We will extensively use this monoidal
structure in what follows. Let (A1,®a,,1a,) and (A2, ®p,,1a,) be monoidal 2-
categories. The cartesian product A := Ay X Ay inherits a monoidal 2-category
structure. Explicitly, we set 1 = 15, X 15,. We let @ be defined by the composite

XA (Al X AQ) X (Al X AQ) = (Al X Al) X (A2 X AQ) ®A11)®A2 A1 X A2.

We take for o the natural transformation defined on the objects C,D,E of A x Ao
by O[A(C, D7 5) = aAl (Cl, D17 51) X aA2 (027 D27 52); so that

(C@a D) @a E = ((C1 @4, D1) @4, &1, (C2 @r, D2) @4, E2)
J/o/\l (C1,D1,E1) xa2(Ca,D3,E2)
CRAN(DR)E)=(C1®p, (D14, £1),C2 ®p, (D2 @4, E2)).

We wrote B; € A; for the projection on A; of any object B € A. The left and right
unitors I, r™ are given by the composite

lA1><lA2 A

o

In:Ia®@a — = (1a, X 1a,) @4 — — (1a, @Ay ) X (1a, @A, )

IR

and

= TAy XTAg

A D — ®pA 1A i) — XA (1A1 X 1A2) ; (— &®A, 1A1) X (_ (2 1A2) A

We obtain a monoidal 2-category (A, @, 1a), which moreover represents the carte-
sian product of A1 and Ao in the 3-category of monoidal 2-categories. Consequently,
(MONGar,, X, %) s a cartesian monoidal 3-category.

Let (A,®a, 1) be a monoidal 2-category. The 3-category of 2-categories is
cartesian closed, so that the tensor product 2-functor ®, : A x A — A may be
regarded as 2-functor A — [A, A]car,. Therefore, each object C of A yields to a
2-functor

Cpr _ :A— A

DEFINITION 3.1.12. Let (A, ®a,1a) be a monoidal 2-category. We say that A
is closed respect to ®, if is equipped with an internal hom 2-functor

[—,—Ja: AP x A= A
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such that each object C of A yields an adjunction
Cor - A 17 A:[C,—]a.

DEFINITION 3.1.13. Let I', A be closed monoidal 2-categories. We say that a
2-functor F' : I' — T' is closed if it is equipped with a 2-natural transformation

[777]1’:

F°PxF
[P x ' ——22 5 A% x A

e S
r _ v,

The isomorphism
o 'x1er
D7 X DANE e [P0 S [ AL PPy
%

then yields morphisms [X, Y], : F'[X,Y];
in X,Y :x—1T.

[FX,FY]y in ¥ which are natural

ExAMPLE 3.1.14. A cartesian 2-category A is closed for its cartesian monoidal
structure if and only if it is cartesian closed in the sense of Definition 1.2.27.

We have the following extra observation

ProOPOSITION 3.1.15. Let A be a cartesian closed 2-category. If A is also co-
cartesian, then it is necessarily bicartesian. We say that A is bicartesian closed.

PRrOOF. Let A € CATy be cartesian closed and cocartesian. Let Cy,Co, D, € be
objects of A. We have the following natural isomorphisms

A (<c1 [Tc) x D,S) > A (01 [1¢ [DS]A)
= A (Cy, [D,E]n) x A (Ca, [D,E]A)
= A(C; x D,E) x (Ca x D, E)

A ((c1 x D) [ (€2 x D),S)

1%

O

3.2. Monoids in a monoidal 2-category. We can now give the definition
of monoidal objects in an ambient monoidal 2-category.

DEFINITION 3.2.1. Let (A, ®a,1a) be a monoidal 2-category. We let the 2-
category of monoids in A be defined as the 2-category of monoidal 2-functors

MON(A,@JA) = MONCI\Tz (*, (Av ®A)) .

Explicitly, a monoid (C,®c, 1¢) in A consists in the data of

— an object C of A,
— a morphism 1¢ : 15 — C in A called the unit of C,
— a morphism ®¢ : C ®5 C — C in A called the tensor product of C,
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— a 2-morphism o€ called the associator:

(CRAC) DA C -2 C@p (C®4C)

W@c
®c®AC % CopC
l@c

C®pC o C

— a 2-morphism l¢ and a 2-morphism 7¢, respectively called left and right

unitors:
1p®pC = C @ 1p =
1c®ACl : C®A1Cl :
C®pC C®pC

and which fulfils the coherence constraints expressed by the commutativity of the
diagrams of Figure 5 and 6.

REMARK 3.2.2. We can also define monoidal 3-categories and monoidal 3-
functors between them, so that the 2-category of monoidal 2-categories in the sense
of Definition 3.1.1 satisfies

MONCr, (*, CAT2) = CAT3(*, MONCar, ) = MONCar, -
For any monoidal 2-category (A, ®,), the 2-category of monoids in A satisfies
MON(5,@,) = MONCar; (%, CAT2) (%, (A, ®@4)) = CAT3(*, MONgar, ) (*, (A, ®4))
2 MONgar, (*, (A, ®2)) = CAT2 (%, MON( g,))-

ExXAMPLE 3.2.3. The cartesian product gives to the category of small categories
cat the structure of a monoid in the monoidal 2-category of categories (CAT, X).

DEFINITION 3.2.4. Let (C,®c,1¢),(D,®p,1p) € MON(4 g,). By definition,
we have

MON(4,g) (C, D) = MONcar, (%, (A, ®4)) (C, D).

A monoidal morphisms from C to D in A is an element of this category. Explicitly,
a monoidal morphism from C to D is a morphism F': C — D in A equipped with a
2-morphisms ® g, called the tensor product, and a 2-morphism 1z, called the unit:

conC 25 ¢ 1, <5 ¢

F@Apl 8% JF %FF
D

DorD 225 D D

such that
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— the following diagram commutes in the category A(C®X,C):

D
Ap _ P _F _

(Fep F)®p F
®F®D_l
F(_ ® - )®pF
®F(—®C—v—)l

F®p(FepF)
l_®p®p

~®@pF(_ ®c )

l@F(—7—®c—)

F((— ® ) ®c )

F(— ®c(- ® ))

— the following diagrams commute in the category A(C, D):

1p @p F 225 Pl @p F Foplp 225 pos Flp

lDJ/ J/IC®F7 Tvl J,f ®rlp

The diagrams above involve some identifications between isomorphic objects in A.
The accurate diagram for associativity can be found in Figure 8.

DEFINITION 3.2.5. Let (C,®c,1lc), (D, ®p,1p) be monoids in (A, ®4) and let
F,G € MON() ,)(C, D). By definition, the set of monoidal 2-morphisms from F
to G is given by

MON(a,@,) (C, D) (F,G) = MONcar, (%, (A, ®4)) (C, D)(F, G).

Explicitly, a monoidal 2-morphism « : F = G is a 2-morphism in A such that
following diagrams commute:

Associativity
ConC—2¢ ¢ CanC —2¢ ¢
®F . aRa
F@pl / F<=>>G = FQF <§> G@C/®G [G
DRIND —— D DD —— D
®p ®p
Unitality
1y, —< ¢ 1, —< ¢

1p

Z, (o - 4 [

REMARK 3.2.6. Recall from Example 3.1.11 that the 3-category of monoidal
2-categories is cartesian, so that MON(CATg, x) is monoidal. Let (A,®,) and
(T, ®r) be monoidal 2-categories. The cartesian product 2-category A x I' inherits
a monoidal 2-category structure (A X I',®axa). We have an isomorphism of 2-
categories

MON(Axr,@rxr) = MON(A,@,) X MON(r,@p).-
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ExaMPLE 3.2.7. The usual 2-category of monoidal categories can be obtained
as the 2-category of monoids in the monoidal 2-category of categories.

ExXAMPLE 3.2.8. The unit object 15 : * — A of A has the structure of a monoid
in (A, ®A)~

If A has a terminal object, then it also has the structure of a monoid in A. The
corresponding object in the 2-category of monoids in A is terminal in MON(4 g,)-

DEFINITION 3.2.9. Let C be a monoid in A. Let MON(4 g,)(C,®c) be the
category of monoids internal to C, given by
MON(A’@)A)(C’ ®C) = MON(A,®A)(*A’ (c, ®C))'
Thus, a monoid internal to C is, by definition, a monoidal morphism X : x5, — C,
and explicitly consists in
— a morphism X : %y — Cin A
— a 2-morphism 1x, called the unit:

kA —> KA
ol
C

— a 2-morphism ®x, called the tensor product:

*A X—>®AX C ®A C

such that:
— The following diagrams commute in the category A(x,,C):
le ®c X X% X @c X X @c 1o X8 ¥ @, X
lcl l@x TCJ/ l@x
X — X X — X

— The diagram of Figure 9 commutes. The 3-dimensional diagram may be
written internal to the object C of A, so that we retrieve the usual pentagon
condition in the category A(x,C):

(X ®c X)®c X — X ®c (X @¢ X)

w)ﬁgx

Rx®cX X ®cX
l@x
X ®c X s X.

Let X,Y be monoids internal to C. By definition, a monoidal morphism F': X — Y
is a monoidal 2-morphism in A:

X
Tl
Y



58 I. CATEGORICAL ALGEBRA IN A 2-CATEGORY

Explicitly, a monoidal morphism F' : X — Y is a morphism in A(xs,C), which
satisfies the coherence conditions given by the commutativity of the following dia-
grams:

Associativity
®xp @y
kA QA kp ———— *p kA QA KA ————— *p
X®XJV ®/v X <:a>> Y = X®X <C;§°> Y®% JY
Y
_ _
C®eprC e C C®pC ®e C
Unitality
1. 1.
I S SN kA Iy S SN *A
1X/ 1y
b's <:a>> Y = 7 J/Y
1c 1c
C C
We can write those diagrams internally to C, in the category A(xa,C). We obtain:
X®cX BE yeey lo 5 X
®xl l@y \ lF
ly
X — Y Y.

EXAMPLE 3.2.10. A monoid in the monoidal 2-category of categories (CAT, X, *)
is a monoidal category. With this definition, a monoid internal to C corresponds to
the usual notion of a monoid in a monoidal category.

DEFINITION 3.2.11. Recall from Example 3.2.3 that the cartesian product gives
to the category of small categories cat the structure of a monoidal category. Let

moncat := MON(c,r, x)(cat, x).

According to Definition 3.2.9, an object of moncat is a small category equipped
with a monoidal structure which is strictly associative and strictly unital. We say
that moncat is the category of strictly monoidal categories.

DEFINITION 3.2.12. Recall from Proposition 1.3.5 that the 2-category of small
categories Cat is monoidal, so that (Cat,x) € MONcar,. Let MonCat :=
MONgar, (Cat, x) be the 2-category of monoids in Cat.

Let C,D € MonCat. We say that a morphism F' : C — D in MonCat is
strictly unital if the diagram

1, — ¢
/ﬂlF
D

commutes strictly in Cat, so that F'1¢ = 1p in the set Dy. If C,D € MonCat, then
we let MonCat®(C, D) be the full subcategory of Mongcat(C, D) whose objects are
strictly unital monoidal morphisms. We set C € MonCat® < C € MonCat, and
obtain a 2-category whose objects are monoidal small categories, whose morphisms

1p
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are given by monoidal morphisms which are strictly unital, and whose 2-morphisms
are monoidal 2-morphisms.

DEFINITION 3.2.13. Let Moncat € CAT be defined as follows.
— We set C € Moncat < C € moncat.
— Let C,D € moncat, we let Moncat(C,D) = MonCat®(C, D)y, where
MonCat®(C, D)y is the underlying set of the small category MonCat®(C, D).

Consequently, the objects of Moncat are strict monoidal categories in the sense
of Definition 3.2.11. If C and D are strictly monoidal categories, then a morphism
F € Moncat(C, D) is a monoidal morphism F € MON(cat,x)(C, D) in the sense of
Definition 3.2.4, with the additional condition of being strictly unital.

PROPOSITION 3.2.14. Let (A,®4), (T, ®r) € MONcar,. Any morphism F €

MONcar, (A, ®4), (T, ®r)) yields a 2-functor
MoONpg : MON(A,®A) — MON(F,@,F).

The monoidal 2-category structure on the terminal 2-category * yields a 2-functor
MONcar, (%, — ) : MONgar, — CATy. For any monoidal 2-category A, the 2-category
MONcar, (%, A) corresponds, by definition, to the 2-category of monoids in A. More-
over, for any monoidal 2-functor F € MONcar, (A, ®4), (T, ®r)), the 2-functor
MONgar, (%, F') also corresponds to the 2-functor MONg. Consequently, we write

MON : MONcap, — CATo

for the 3-functor MONcr, (%, — ). Moreover, we deduce from Remark 3.2.6 that the
3-functor MON s monoidal.

PRrROOF. This proposition follows from straightforward verifications. |

REMARK 3.2.15. Suppose A is a monoidal 2-category and let C and D be
monoids in A. If F': C — D is a monoidal morphism in A, then F' takes monoids
internal to C to monoids internal to D. Therefore, F' induces a functor between the
categories of monoids

F MON(C,@JC) — MON(D7®D).

Let (A,®a, 1) be a monoidal 2-category. We assume that A is cartesian, so
that (A, x,*,) has the structure of a monoidal 2-category too. We show that
the cartesian monoidal structure on A is necessarily compatible with its former
monoidal structure. In particular, any monoidal 2-category which is also cartesian
naturally possesses a 2-monoidal 2-category structure.

LEMMA 3.2.16. The cartesian product is compatible with any monoidal structure
(A, ®4) on a 2-category A, in the sense that the 2-functor

Xt (A X A»@AXA) — (A, ®A)~
is naturally equipped with a monoidal structure.

PRrROOF. We show there is a natural transformation

(A xA) x A><A A x A

| / l

AxA

><)><(><

Let (C1,D1),(C2,D2) € (A x A) X (A x A). The canonical projections
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—plzclxDlﬂcl,pQ:CQXDQ%CQ,
fqlzC'l XDl—)Dl,QQZCQXDQ—)DQ

yield morphisms

~ p1®@ap2:(Cr xD1) @4 (C2 x D) — Cp @4 Ca,s
— q1®a q2 : (C1 x D1) ®p (C2 X Da) = Dy @ Ds.

We obtain interchange morphisms
picy,Dy,Co,D5 ¢ (C1 X D1) @4 (C2 X Da) — C1 @5 C2 X D1 @4 D2

which are natural in the objects C1,Ca, D1, Do of A. The interchange thus obtained
readily satisfies the unit and associativity constraints due to the universality of the
cartesian product. [

COROLLARY 3.2.17. Let (A, ®a,15) be a monoidal 2-category. The 2-category
MON(A,@,4,1,4) @ cartesian as soon as A is. The cartesian, product X XY of monoids
in A is represented by the image of (X,Y) by the 2-functor

X : MON(A,®A,1A) X MON(A,®A,1A) — MON(A,®A,1A)
induced by the cartesian product 2-functor on A.

EXAMPLE 3.2.18. Let (A,®x) be a symmetric monoidal 2-category. The sym-
metric structure provides the tensor product ®,, the associator and the 2-associator
of A with the structure of a monoidal 2-functor with respect to its own monoidal
structure. In particular, the tensor product yields a 2-functor

® : MON(A7®A) X MON(A7®A) = MON(AXA,®A><A) — MON(A7®A).

We obtain a monoidal 2-category structure on MON(, g ,), and hence, a 2-category
MON(Moxy ¢, ,,@a)- Note that the monoidal 2-category (MON(a @,),®a) is also
symmetric, so that we can iterate this construction.

DEFINITION 3.2.19. Let (A, ®;1) be a monoidal 2-category and suppose that it
is equipped with an other monoidal 2-category structure (A, ®s) such that both
the unit, the tensor product, the associator and the 2-associator are monoidal
morphisms. By Proposition 7?7, the 3-functor MON is monoidal, and hence takes
monoids to monoids. We obtain a monoidal 2-category structure (MON(, g,), ®2)
on the 2-category MON(, g,). We let the 2-category of 2-fold monoids in A be
defined as

2 L
MON(A’®1,®2) T MON(MON(A,®1)’®2)'
We recursively obtain a 2-category of p-fold monoid in A as soon as A is equipped
with p monoidal structures such that the r-th monoidal structure on A has the

structure of a morphism in MONZX%I @) for all r = 1,...,n. In this case, we
obtain a 2-category

n —
MON@ @,,....0n) = MON(mrlowij}QI o 1) ®n)

REMARK 3.2.20. The compatibility of the monoidal structures are ordered be-
cause monoidal morphisms have a direction. Hence the 2-categories MON?A’&_’@I_)

. 2
does not have the same meaning as MON(} o & -
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DEFINITION 3.2.21. Suppose that (A, ®,) is a symmetric monoidal 2-category.
We deduce from Example 3.2.18 that there is a well defined 2-category of n-fold
monoids in A defined by

MON{) @) i= MON(} o )

for all n € N. It follows from the symmetry of the cartesian product and by Lemma
3.2.16 that when A is complete we always can define the 2-category of cartesian
n-fold monoids

MON?A7><) = MON?A,X,..A,X)'

PROPOSITION 3.2.22. Let (A, ®1,...,®n, 1) be an n-fold monoidal 2-category.
We have the following characterization of the 2-category MON?A’&W)@”).

— An n-monoid in A consists in the data of
— an object C of A,
— morphisms 1, ..., un i A, such that for 1 <i <n,

i C®;C—C
— 2-morphisms D{ in A for all 1 <i < j<n, such that

(C®,;C)®; (C®,C)

C®;C (C®iC)®; (C®;C) »
o
MJ/ J/Hi@jui
c - C®;C

and such that the diagrams of Figure 7 and 77 commute.
— An n-fold monoidal morphism F : (C,p1,. .., tn) = (Dyp1,y..., fin) con-
sists in the data of
— a morphism F : C — D in A
— for all 1 <i<mn, a2-morphism 1; in A, such that

Cw,C ¢

F®,-FJ/ > lF
D®;D——D

and such that the faces of the 3-dimensional diagrams of Figure 10
and ?? are equal.

ExAMPLE 3.2.23. Consider the monoidal 2-category (CAT, X) of categories
with respect to the cartesian product. Recall that monoids in (CAT, X) are usual
monoidal categories, so that strict monoids in (CAT, x) are monoidal categories
which are strictly associative and unital. The 2-category MON{¢, ) of n-fold
monoidal categories has for objects the categories C equipped with

— a unit object 1¢ € C
— for each 1 < i < n, a functor

®;:CxC—=C

which gives to (C, ®;, 1¢) the structure of a strict monoidal category



62 I. CATEGORICAL ALGEBRA IN A 2-CATEGORY

— for each 1 <i < j < n, a natural transformation 17{ , such that

CxC)x(Cxc) —CP L cxe)x(CxC)
®jX®]i N l@m@n
CxC ’

] CxC
c

and which satisfies coherence diagrams: .
— O, 00 for i < j relative to the compatibility of 7] with the associa-
tivity of ®; and ®;,
— Oi<i<j<k<n Which ensure that n;? is a lax monoidal 2-morphism with
respect to ®;.

3.3. Day convolution. Let C be a monoidal category. By Day’s convolution,
the category of presheaves [C°P,SET] inherits a monoidal structure from C such
that the Yoneda embedding yc : C < [C°P, SET] has the structure of a lax monoidal
functor. The pair ([C°P, SET], yc¢) is universal among those consisting in a cocom-
plete monoidal category D together with a lax monoidal functor C — D, so that the
category of presheaves of C is the free cocomplete completion of C in the 2-category
of monoidal categories. This result generalizes to the framework of V-enriched cat-
egories. If C is a V-enriched monoidal category, then the V-enriched category of
V-enriched functors [C°P, V], inherits the structure of a V-enriched monoidal cat-
egory from C, such that the Yoneda enriched embedding is the free cocompletion
of C in the 2-category of monoidal V-enriched categories. As previously observed
in this section, monoids can be defined internally into any monoidal 2-category,
encompassing the notions of a monoidal category and of a V-enriched monoidal
category as monoids internal to (CAT, x) or (CATy, xy).

The purpose of this subsection is to make precise the conditions under which
one can generalize the Day convolution product for monoids internal to some closed
monoidal 2-category A, notably for a monoidal structure that is not necessarily the
one for which the 2-category A is closed. In the next section, we will formalize
the presheaf construction within a 2-category. To each object C, we will associate
a cocomplete object C, together with a fully faithful morphism y¢ : C — C, such
that the pair (C, yc) is the free cocompletion of C in A. For any monoid C in A, we
will use the results of this subsection to give to € the structure of a monoid in A,
such that the fully faithful morphism C — C has the structure of a lax monoidal
morphism. As a result, we will obtain that the pair (C', yc) is free cocompletion of
C in the 2-category of monoids in A.

In the next chapter, we will give to the cartesian closed 2-category CaT™
the structure of a monoidal 2-category (CATN,O), and will define CAT-operads
as monoids in (CATN, o). Subsequently, the presheaf object of any operad will be
given the structure of an operad by using the results of this subsection.!”

171 Chapter 4, we make the construction of presheaf operads explicit for a cofibrant model
T of the associative operad in CAT. We will use our results on generalized Day convolution to
construct a topological realization of operads internal to T from the associahedra.
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Let (A, ®a,14) be a monoidal 2-category. Suppose that A is closed, with the
internal hom 2-functor given by

[, —]a : AP X A — A.
We assume that [—, —]x has the structure of a strongly unital’® lax monoidal mor-
phism®.
DEFINITION 3.3.1. The lax monoidal structure of [—, —]5 yields the following

morphism in A
®4 1 [C1,D1]a @4 [C2, D2]a — [C1 @4 Ca, D1 @A D2,

which is natural in the objects Ci,D1,Cs, Dy of A. We call this morphism the
external product.

LEMMA 3.3.2. Let S be a monoid in (A, ®x,1x). The 2-functor
[—,S]a: AP = A
1s lax monoidal.

PrOOF. The external product and the monoidal structure of S induce a mor-
phism
® C C
[C1,S]a ®n [Ca, Sl 2 [C1 @4 Ca, S @4 S “H2ETN (0, 0, €5, 8],

natural in C; and Ca, which gives the composition product of [, S]s. We let the
unit be defined by the composite

1 = [1a,14] 1 lsl, (1A, S]A,

where 1g : 15 — S is the unit for the monoidal structure of S. The unit of [, S|
inherits the structure of a unit for the composition product from the unit of S. The
composition product satisfies the associativity conditions, which also are inherited
from the associative structure of the monoidal product of S. Let us define the
associator

([C1. S]a @4 [C2,S]a) @4 [C3,S]a —2s [C1,S]a @4 ([Ca, S]a @4 [C3,S]a)

®A®A[CS,S]Al l[cl,smm@

([C1 ®A Ca, S @4 S]a) ®n [Cs,S]A [C1,S]A @A ([C2 @4 C3,S @4 S]A)
[Cl@ACQy@S]A@A[C.’},S]AJ/ — J/[C],S]A@A[CQ@AC:;,@S]A
([Cr ®a C2, S]a) @4 [C3,S]A [C1,S]a @4 ([C2 @4 C3,S]A)

A [

[(C1 ®A C2) @A C3,S @A S| [C1 ®A (C2 @A C3),S @a S|
[(Cl®AC2)®AC37®s]Al l[cl®/\(c2®/\c3),®s]/\

[(Cl ®A 62) ®A C3,S]A (T [C] ®A (CQ ®A 03),8]/\

181 the sense that we have a canonical isomorphism [15, 1] = 14 in A.
9Note that the internal hom is always lax monoidal with respect to the cartesian product.
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First, by naturality of ®, with respect to ®s : S ® § — S, this diagram is
equivalent to

([C1, S]a ®4 [C2, S]a) @4 [C3, S]a —2 [C1, S]a @ ([C2. S]a @4 [Cs,S])
@A@A[Clys]Al l[cl,S]A®A®A
([C1 ®a C2, S @4 S]a) @4 [C3,S]a [C1,8]a @4 ([C2 @4 C3,S @A S]a)

5| =

[(C1 ®A C2) ®A C3, (S @A S) @4 S]a [C1 @A (C2 @A C3),S @A (S ®AS)]A )

[(CI®AC2)®Ac3y®S®AS]Al l[C1®A(CQ®ACS)7S®A®S]A
[(C1 ®A C2) ®p C3,S @4 S|a [C1 ®A (C2 @A C3),S @A S|
[(C1®AC2)®AC37®S]AJ/ J/[C1®A(C2®AC3)7®S]A

[(61 ®A CQ) @A C3,S}A T [C1 QA (Cz XA Cg),S]A

and therefore, to

[C1, S]a @4 ([C2,S]a @4 [C3,S]a)

e

([C1, S]a @4 [C2,S]a) @4 [Cs, S]a ®ao([C1,S]A®ATR)
®a0(®a®a[C3,S]a) C1 ®p (C2 ®A C3),S @p (S®4 S)|a
[(Cr ®4 C2) ®A C3, (S @a S) @a S]a

/ [aA,SRA(SRAS)]|A

[(C1®AC2)RAC3,a™]A [C1®A(C2®AC3),®50(SRA®s)]A

[(C1®AC2)RAC3,¢s]A

[(C1 ®aC2) @4 C3, S Dp (SO S|4~ [C1 @A (C2 @4 C3),S)]a

[(C1®AC2)RAC3,850(Rs®AS)]A

[(C1RAC2)®AC3,®50(S®A®S)]|A

\

[(C1 ®4 C2) @4 Cs,S]A

The isomorphism on the square is provided by the naturality of [a®, ]x with
respect t0 ®s0(S®p ®s). The 2-morphism on the pentagone on the top is provided
by the lax monoidal structure of the tensor product of A, and the 2-morphism on
the triangle is provided by the associator of §. The coherence conditions can be
deduced in the same way from the conditions fullfiled by the associator of S, the
associators of A, and the monoidal structure on the tensor product of A.

O
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PROPOSITION 3.3.3. Let S be a monoid in (A, ®). Suppose that S is internally
cocomplete in A, so that S-valued left Kan extensions exist along any morphism of
A. Let (C,®¢) be a colax monoid in A. The image of C in A through the morphism

[,S]a: AP = A

inherits a lax monoidal structure from C. The tensor product is given by the com-
posite

Dy 1 [CS] @ [C,S]a —22 [C 04 C,8 @4 Sla 28 [C @y €, S]a e 10, Sl

The unit 1c : 1n — [C,S]a is given by the global left Kan extension of the unit of
S along the unit of C, hence by the composite

[1s, 1a

To i 1p =5 C S [1a,Cla 2225 (14, S]a, [C, Slala 2225 [14, C, S]ala = [C, S]a.

PrROOF. The cohererence conditions can be more easily proven by using the
unbiased framework. We let the tensor product be defined in arity n € N by the
following composite.

n @7 n n C®X7®n n Laﬂ%n
O, 1€, SITA 28y 00k, sok), O oot g TP 1),
Note that we obtain the unit by taking n = 0. Let r € N and nq,...,n, € N. Let
us show that there is a natural transformation ag such that

®A® i(C,S)
®[C. Sl — 2 @, [, 5P —— @, [e=h, 85| ,
i=1 i=1 i=1 éA [C®X1,®gi]
i=1 A
c¥
i=1 A
SI()) = lzg/\ Lan;gi
ggA[Cvsk\
l@r(c S)

[C®R, S®R] {éAC, ®AS]
i=1 i

s®R |:®AC 5] R

Lan®g

Langg

[Ca‘S’@x]A [CaS]A

[C.®%],

For this purpose, we use the properties of Kan extensions to exchange step by step
the morphisms involved in the diagram above, so that we can use the associators
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of C and §. We obtain a chain of 2-morphisms which arrange into the diagram of
Figure 11. (]

4. Entangled enrichment on a 2-category

In the constructions of this section, we require some additional structures on
our 2-category A, which will enables us to endow the objects of A with a structure
that is close to the structure of a category. For this purpose, we will need an object
S of A, which will play a role analogous to the category of sets. We will assume that
each object C of A is equipped with a morphism C(_, ):C%? x,C —- Sin A. In
particular, each pair of objects X,Y : x5 — C of C yields an object C(X,Y): % — S
of §, which may be regarded as the object of morphisms in C from X to Y.

It is well known that the Yoneda lemma expresses, in particular, the compat-
ibility between the internal structure of objects and the global structure of CAT,
notably with regards to the closed structure of CAT. In this section, we aim to
provide a conceptual explanation of the interplays between the internal structure
on the objects of A and the global structure of A. We obtain an analogue of the
Yoneda lemma. In particular, we will be able to define objects internally in the
objects of A by universal property.

4.1. Opposite objects in a 2-category.
DEFINITION 4.1.1. An oppositization on a 2-category is the data of a 2-functor
()P AP 5 A
such that:

— It is idempotent in the sense that the diagram commutes up to canonical
isomorphism

Ao°P2 ﬂ A (Aopz)opz

N [(mers

AoP2,

In particular, for object C of A, we have (C°P)°P = (.
— It is compatible with the 2-functor A(xa, ) : A — CAT in that there is a
canonical isomorphism

O o
A 2Ly pore

A(*m—)l ~ lA(*A,—)GPZ :

Car o CArP?

REMARK 4.1.2. The compatibility of oppositization with the 2-functor A(xx, )
ensures that for object C of A, we have an isomorphism
A(xa,CP) = A(x4,C)7,
which may be understood as ‘the underlying category of C°? has the same objects

than C and morphisms in the opposite direction.

DEFINITION 4.1.3. We say that an oppositization on a closed monoidal 2-
category (A, ®p, [, Ja)is
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— monoidal if the oppositization 2-functor is strongly monoidal with respect
to the monoidal structure of A. In particular, we have isomorphisms (C ®x
D) = C°%P @, D°P natural in the objects C,D of A.

— closed if the oppositization 2-functor is closed in the sense of Definition
3.1.13. In this case, each pair of objects C,D of A yields a morphism
[C, D] — [CoP, DP],.

— closed monoidal if it is both closed and monoidal.

EXAMPLE 4.1.4. The oppositization 2-functor CATopy — CAT given in Defini-
tion 1.2.3 yields a closed monoidal oppositization on (CAT, X,[ _, _]).

DEFINITION 4.1.5. Let (A, Xa,[—, _]a,*a) be a closed monoidal 2-category
equipped with an oppositization. Let (S, Xs,*s) be a monoid in A. We say that
the monoidal structure on S is closed, or that S is a closed monoidal object of A,
if § is equipped with a monoidal morphism

[,,,]S:SOP XA S —S

together with an isomorphism

XP XA
Sop ><A80p XASS—> 307) XAS

1><A[,,f]sl ] l[f’f]s

Sep XAS ﬁ S,
—,—]s

such that the following diagram commutes in §* for all X,Y,Z, T : x5 — S.

[(X Xs Y) Xs Z,T]S E—— [X Xs (Y Xs Z),T}S

l l

[Zv [[X XS Y]SvT]S]S [Y X8 Za [X7 T]S]S

\ l

[Zv [Yv [Xa T]S]S]S

In this section, A is a closed monoidal 2-category equipped with an oppositiza-
tion. We also assume that A is equipped with an object (S, xs,[—, _]s,*s) which
is closed monoidal.

4.2. Ends and coends. The standard definition of ends and coends involves
using the set of morphisms between objects within a category, which render their
generalization to an arbitrary 2-category intricate. Before we introduce the suitable
framework for defining internal ends and coends, we first define ends and coends
externally by using the forgetful 2-functor A — CAT. We also introduce the notion
of an end and a coend relatively to a morphism C°? x5 C — S in A, which we will
use in the subsequent section to define entangled enrichments. We will be able to
define ends and coends internally in a 2-category as soon as it is provided with an
entangled enrichment by using the relative ends and coends.

DEFINITION 4.2.1. Let C and S be objects of A and let
F:CPxpyC—>S
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be a morphism in A. An end of F' is a universal pair (fc F, 7r), where

C
/ F:xpy— S

is a morphism in A, and where 7 consists in the data of a 2-morphism 7y for each
X x5 = C:

cor XAC
(Xy ﬂ K ,
*A fCF S

such that for all X,Y : %5 — C and all morphism f: X — Y in C*, the induced
2-morphisms

cep XA C cep XA C
(X,Y) (X,Y)
F F
A T ( OP;')\ Ty
(X,X) (YY)
" JF s o JoF .

satisfies F(X, f)rx = F(f°P,Y)my.
REMARK 4.2.2. The morphism F : C? x5 C — S in A yields a functor
F* . C*P x C* = S*,
whose end fc F* € 8* precisely is the end fc F : x5 — &8 of F thus defined.

DEFINITION 4.2.3. We say that the end is globally defined is there is a morphism
c
/ ([CPxC,Sls = S

which corresponds to the usual end under the forgetful 2-functor A — CAT.

REMARK 4.2.4. Let F : C°? x5 C — S be a morphism in A. Each X : x5 = S
yields a functor

S*(X,F(—,—)): (C*)°? x C* — SET.
Its end fc S*(X, F(—,—)) € SET is such that the canonical morphism

/C S*(X,F(—,—)) = &* <X, /C F(_, ))

is an isomorphism.
DEFINITION 4.2.5. Let C and S be objects of A and let
F:CPxpyC—S

be a morphism in A. A coend of F' is a universal pair (fc F, L), where

/F:*A—>S
C
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is a morphism in A, and where ¢ consists in the data of a 2-morphism ¢x for each
X :ixp —C:

cor XA C
(Xy ﬂ K 7
XA ch S

such that for all X,Y : %5 — C and all morphism f: X — Y in C*, the induced
2-morphisms

cep XA C cep XA C
(Y, X) (Y, X)
(f pv% Lx r Y,% Ly 4
(X,X (YY)
S S
" G T JoF

satisfy «x F(f°P, X) = vy F (Y, f).

REMARK 4.2.6. The morphism F': C°? x5 C — S in A yields a functor
F*:.C*? x C* — §*,
whose coend fc F* : x5 — S precisely is the coend fc F : x5 — S of F thus defined.

DEFINITION 4.2.7. We say that the coend is globally defined is there is a mor-
phism

/ ([CPxC,Sls = S
c
which corresponds to the usual coend under the forgetful 2-functor A — CAT.

REMARK 4.2.8. Let F': C°? x C — S be a morphism in A. Each X : %y — S
yields a functor

S*(F(—,—-),X):C" x (C")°? — SET.
Its end fc S*(F(—,—), X) is such that the canonical morphism

/C S*(F(—,-),X) = 8* </C F(,),X>

is an isomorphism.

DEFINITION 4.2.9. Let F' : C°? x5 C — §. The morphism F', together with the
closed monoidal structure on S, yields a morphism

F(,,,) Xs _:S— [COp XAC,S}A.

We say that a morphism
F
/ :[COPXAC,S]A%S

is an F-relative end if fF is right adjoint to F'(_, ) Xg .
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DEFINITION 4.2.10. Let F' : C°? x5, C — §. The morphism F, together with
the closed monoidal structure on S, yields a morphism

[F(—, ), ]g:S—=[CxpCP S]a.
We say that a morphism
/ : [C XACOP,S]A—)S
F
is an F-relative coend if [, is left adjoint to [F'(_, ), _]s.

PRrROPOSITION 4.2.11. Suppose that the 2-category A is xp-primary. Let C be an
object of A, and let F : C°P xsC — S. The closed structure on S yields a morphism

[F(,, ,), ,]3 : [COp XA C,S]A — [(COP XA C)Op XA (COP XA C),S]A
The F-relative end factors through the composite

CoPxC

F
/ L [C% xp C, 8] LIS, 10or ) )P x ) (CP XA C),S]a s S

so that the F-relative end of any morphism G(_, ) :C°? x5 C — S satisfies

1R

F CPxC
JRCE F(, )G, s

PrOOF. We use the xp-primary structure of A to reason pointwise. Let Z :
xp — S and G : C°P? x, C — S. We have the following natural isomorphisms

CPx AC
s* (z, / F(_, ),G(_, >1s>

1w

X, YECPx,C
/ 8" (Z,[F(X.Y),G(X,Y)]s)

L®

X, YEeCPxpC
/ S*(Z xs F(X,Y),G(X,Y))

L

[Cop X Cvs];k\ (Z Xs F(*? 7))G(77 7))

— S* (Z,/F G(_, )) ,

hence the result. O

1R

PROPOSITION 4.2.12. Suppose that the 2-category A is xx-primary. Let C be
an object of A, and let F : C°? xg C — §. The monoidal structure on S yields a
morphism

_Xs F(,,,) : [C XACOP,S]A — [C XACOP XA (C XACOP)OP,S]A.
The F-relative coend factors through the composite

_xsF(—,) fc><Ac0P
_—

/:[CXACOP,S]A S
F

so that the F-relative coend of any morphism G(_, ) : C x5 C°? — S satisfies

[t /Cc G, ) xs F(_, ).

[C XACOP XA (C XACOP)OP,S]A
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PROOF. Again, we use the x,-primary structure of A to reason pointwise. Let
Z :xp — S and G:C? x) C — S. We have the following natural isomorphisms

L

X, YECXACP
/ S (G(X,Y) xs F(X,Y)s, )

1

X,YECXCP
/ S'(G(X,Y),[F(X,Y),Z]s)

1w

[C XACOpvs]*<G( ’ )’[F( ’ )7Z]S)
S 62,

hence the result. O

IR

REMARK 4.2.13. As a consequence of Proposition 4.2.11 and 4.2.12, relative
ends and coends can be made internally in A. We obtain a morphism in A

/  [C% x5 C, )% = [[C° x4 C, S]a, S], »
which maps F' to [ F Dually, we obtain
/ 1€ x4 )P, S|P — [[C %A C,S]a, S,

which maps F to [.

4.3. Entangled enrichment. Let A be a cartesian®’ closed 2-category equipped
with an oppositization and let S be an object of A. In this subsection, we assume
that the 2-category A is *-primary. We define a 2-category A ¢ together with a
closed monoidal structure, and use it to efficiently describe the coherence condi-
tions that should satisfy the internal morphism S-objects in A. For this purpose,
we assume that the oppositization 2-functor is closed monoidal. We also make the
following assumptions on S:

— § is internally bicomplete in A
— § is equipped with the structure of a closed monoid (S, xXs,[, _]s, *s)-

DEFINITION 4.3.1. Let A /s be the 2-category defined as follows:

— An object of A /g is a pair (C, F'), which we also write FC, where
— C is an object of A
— Fis a morphism F' : C? x5 C — Sin A

~ For each pair of objects F©, GP of A /s, we let A;s(F€, GP) be the category
such that
— An object of A/S(FC, GP) is a triple (11,19, @), where
* 11,19 : C — D are morphisms in A
* «a is a morphism « : F' — G(¢7¥, 1) in A(CP x, C, S)

20We assume that the monoidal structure on A is cartesian for the sake of simplicity. Though
we will not use the property of the cartesian product, we will sometimes need to exchange factors.
We suspect this exchange of factors to comes from the global structure of oppositization rather
than from symmetry. In particular, the subsequent constructions may generalize to any biclosed
monoidal structure on A. But in practise, the monoidal structure for which the constructions of
this subsection are relevant is given by the cartesian product.
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— For each pair of objects (¢1, 2, @), (¢1, P2, 5) of A/S(FC, GP), amor-
phism v : (¢, a) — (¢, ) is a pair (v1,v2), where vy : ¥ — ¢1 and
vy : g — ¢o are morphisms in A(C, D) such that the following equal-

ity holds:
cep XAC cep XAC
F F
o 1X AV2 o o viP X A1 o1
PP xaga | = | 7P xavdlal S =P X a2 | == | #7" X a2 S
< %
DP xp D DP x A D

We write IT : A/s — A for the evident projection 2-functor.
DEFINITION 4.3.2. A section of II is a 2-functor M : A — A5 such that

— the composite A M, Ass I A is the identity of A
— the image of S by M is given by the internal hom of [, _]s:S8?Xx,8 — S
of S.
We say that a section satisfies a property regarding 2-functors if its underlying
2-functor does.

REMARK 4.3.3. We introduce the following notations in order to make the
manipulation of A /s easier.
— We write Ajs = [[ A(C? xAC,S).
CeA
— For any pair of objects F¢, GP of A5, we write

Ais(FC.GP) = I AC7 xaC.8)(F.Go (WP 42)),
P1,92€A(C,D)

Note that the data of a morphism in A /s from F € to GP effectively cor-
responds to the data of morphisms 1,9 in A from C to D, together with
a morphism « in A(C°P x C,S) from F to G(¢1,12).

— Let (1/}1,1/)2,0[), (¢1, (bz,ﬂ) € A/S(FC, GD) We write

11 A(CP x5 C,8) (F, G5, $2))(G.(1,1) 0 ar, G. (¥ 1) © B)
v1E€A(C,D)(Y1,61)
v2€A(C,D)(Y2,h2)
for the set A/s (FC,GD) (¥, a), (¢, 8)). In the same way, the data of a
morphism in A /s (F€,GP) from (1, @) to (¢, B) effectively corresponds to
the data of morphisms v; in A(C,D) from 1; to ¢;, i = 1,2, such that
G.(1,v2) o = G.(v{",1) o B. Following our conventions, each factor of the
coproduct below is a proposition, or equivalently a truth value, which is
true if and only if the equality (G.n) o a = 3 holds®!.

PROPOSITION 4.3.4. The 2-category A s inherits a monoidal structure from the
monoidal structure of A and the monoidal structure on S. Moreover, the object of

21Recall from Appendix A that a truth value has an element if and only if this truth value is
‘true’. Consequently, (G.(1,v2)oa = G.(v7%,1)03) has an element if and only if the corresponding
equality holds, and the data of an element of (G.(1,v2) o @ = G.(v7?,1) o B) corresponds to the

data of a proof of this equality.
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A /s corresponding to the internal hom [, ]s : S? xp S — S of S has a monoidal
structure in A/s.

PROOF. We let the tensor product
st [JACP xaC,8) x JTAMD? xaD,8) = JTAE? x1 £,S)
CeA DeA £eA
be induced by the tensor product x5 : A xp A — A, together with the induced
functor
A(CP x5 C,8) x A(DP x5 D,8) Z5A((CP x5 C) xp (D x5 D),S xp S)

AEXS)A((C xp D)P xp (C XA D),S).

We readily obtain a monoidal 2-category structure on A s whose unit 1,5 : xA — 8
is given by the object of A s corresponding to the unit of §. The lax monoidal

structure of [, |s yields a 2-morphism in A
(8 2 8)77 X7 (8 x4 8) = L (89 xu S) xp (8P x A8y g li s x5, g
<Fxaxs| N
SP xS
from which we deduce a monoidal structure on [, ]s: S8 xy S = S. O

PROPOSITION 4.3.5. The 2-category A s is equipped with an internal hom 2-
functor

[ Jass s AT x Ays = Ays
which gives to A ;s the structure of a closed monoidal 2-category.
Let F': C? XA C — S and G : D? x, D — § be regarded as objects of As.
The internal hom yields an object
IIFv G]]/S : [Cvp]f/)\p XA [C7D]A - S.

whose value on 1,19 € [C, D]A is given by

u COpXAC
[F,G]/s(¥1,v2) — / G o (11,12) —>/ F(,),G(pr—, 2 )]s

PROOF. By using the notation introduced in Remark 4.3.3, the 2-category A‘/)g

can be written as A‘/)g = ]I A(C? x5 C,8)°P. Let C and D be objects of A and
CeAor
define natural morphism

[[,, *]]/s : [COP XA C,S]?\p XA [DOP XA D,S}A — [[C,'D]?\p XA [C,D]A,S]A
as follows. The closed monoidal structure of A yields a morphism
[C,,}A : [D0p XA D,S]A — HCOP XA C,'DOP XA D]A,[COp XA C,S]A]A

which is natural in the objects C and D of A. The lax monoidal structure of the
internal hom of A yields a morphism

[[C% XA C, D xp Da, [C% x5 C,S]al, — [[C, DI x4 [C, D, [C x4 C, S]al,
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We write x : [D xp D, S|y — [[C, DI xa [C,D]a,[C xa C,S]a], for the mor-
phism obtained by composition of the two morphisms just defined. Recall from
Remark 4.2.13 that the relative end yields a morphism

/  [C% xp C,S]% — [[C° x5 C, S]n, 8],

Welet [, ] s be defined by the composite
[COP XA C,S]?\p XA [DOP XA D,S]A

L2300 11697 55 €, S]a, S, %a [[C. DI %4 [C, DIa, [C x4 C. Sal,,

— [[CaD]?\p XA [C’D]AaS]A

where the last morphism is the internal composition in A obtained from its closed
monoidal structure. We obtain a 2-functor

o .-
~ i /s
AZxAs S [T AMCOP x AD,S) ——*——— A([C.DIA.S) > Ays
(C,D):A°Px A
from the internal hom [, ] of A and the morphism [_,
[, 7, is the functor obtained from [

], s defined above, where

—, ], by the forgetful 2-functor A — Car.

By construction, the internal hom thus defined gives to A s the structure of a
closed monoidal 2-category. We provide the explicit calculation for better clarity.

Let C,D,E beobjectsof A, FF: C -+ S,G: D — Sand H : £ — S be morphisms
in A, regarded as objects of A s. First write
A/S(FX/SG,H> = H A((CXAD)OPXA(CXAD),S)(FX/SG,HO(I/)(l)p,’(bQ)).
1,2 EA(CXAD,E)
On the other hand, we have
As(FIG Hlns) = T ACP xa CS)(F G, Hys (477 2)).
¥1,92€A(C,[D,E]A)
Let ¢1, 12 € A(C, [D, E]A). By definition, we have

G
A(CP x5 C,S)(F, G, H]]/S(ll)(fp,wg)) — [CP x5 C,S]j\ (F,/ Ho (wl,w2)>
= [(C xa D) x5 (C xa D), S|} (F x5 G, H o (Y7F 1h3)).

The closed monoidal structure on A yields an isomorphism A(Cx D, &) =N A(C,[D, &),
so that we obtain

[T A@xaC.8)(Gx sk HY) = T ACID,SIA(E G, H] jst¥),
YEA(DXAC,E) YH#EN(C,[D,E]A)
hence the result. ([l
DEFINITION 4.3.6. An entangled S-enrichment on A is a strongly closed monoidal

section of II
Maps : A — A/S-

NOTATION 4.3.7.
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— For each object C of A, we write C(_, _) : C°? x5 C — S for MAPs C
— For each pair of objects C, D of A and each morphism F': C — D, we write

F(_, ):C(_, )—>DF_,F_)

for the morphism MAPs F' in A/s. This morphism can be displayed by
the following diagram in A:

corx,c o g

Fopx,\Fl L/Fj)
D(—,—

D°P x, D
REMARK 4.3.8. Note that in particular, for all C,D,£ € A, F : C — D and
G :D — &, we have

— a natural isomorphism

=] N

corxpac s
cxpcor T

c

— a natural isomorphism

(C XA D)Op XA (C XA D) ExaP(77) S

.| u]] [

(€7 X2 €)xa (DT XA B) ~ 575 § % S

Moreover,
— the morphism
*A(—,—) : *oAp XA %A — S
corresponds to *g : ¥y — S under the isomorphism *3” X 5 %5 2 %y,
- G(F_,F )oF(_, )=GF(_,_),so that

CP x, C CP? x,C
o C(_v_) 6(7’7
F pXAE“ 7’7)
& % \
DP xyD ——5 S = GF°Px,GF ar(_, S
Gl—,-)
G"”XAGl %) /—;
EP xp\ E EP x)\ E
— the 2-morphisms obtained by composition of the diagrams
CoP x5 C ce) S CoP x5 C ) S
FoPx . F GPxpG
F(_,_ G(—,—
%ﬂ /5,—) \%jmgﬂ /4—)
FOPXAG FOPXAG
DOPXAD DOPXAD.

are equal.
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REMARK 4.3.9. If (A,S) is an entangled 2-category, then we have a forgetful
2-functor
A — CATg-.

REMARK 4.3.10. Let C € A. For X, Y € C, the object C(X,Y) € S may be
regarded as the object of morphisms in C from X to Y. The morphism C(_, ) :
C°? x5 C — § induces a 2-morphism in A

Cop(fv 7) Xs C(*? 7) - S<C(77 7)76(77 7)>
In particular, we obtain natural morphisms in &
C(-X17 Yl) Xs C(-X27 }/2) — S(C(Y17}/2)7C(X17X2))7

which we can regard as composition of morphisms on the left and on the right.

DEFINITION 4.3.11. Let C € A. Any X : x5 — C yields a 2-morphism

op *A
*A X kA

2=
XOPXXJ( /CCX/C(\ ’

CPrxC
hence a morphism 1x : s = C(X, X) in S*, which we call the identity of X.

REMARK 4.3.12. In the previous section, we observed that each object C of A
has an underlying category C*, so that for X, Y : x — C, the set C*(X,Y) can be
regarded as the set of morphisms from X to Y in C. The entangled S-enrichment
on A yields an object C(X,Y) € S§*. Consequently, the set S*(xs,C(X,Y)) may
also represent a set of morphisms from X to Y in C.

Let f : X — Y be morphism in C*. The structural morphism C(_, ) of C

C(—.f)

yields a morphism C(—, X) —=% C(—,Y) in the category A (C°P,S), and hence a
map
C'(X,Y) = A(C?,S)(C(—,X),C(-,Y)).
The precomposition of 2-morphisms with X : x5 — C°P yields a morphism
A(CP,S)(C(—,X),C(—,Y)) = A(xp,S) (C(X, X),C(X,Y)).
We obtain a morphism
A (%7, 8) (C(X, X),C(X,Y)) = S (xs,C(X,Y))
by precomposition in the category S* with the internal identity 1x : *. — C(X, X)
of X, hence a comparison morphism
C*(X,)Y) = 8" (xs5,C(X,Y)).
Note that the identity of X in C* is send to the internal unit of C.

REMARK 4.3.13. The compatibility of the 2-functor MAPs with respect to
the closed structures of A and A,s can be expressed as follows. Let C and D
be objects of A. The 2-functor MAPg sends the object [C,D]x of A to an object
[C,D](,, ,) : [C,D]?\p XA [C,'D]A — S of A/S.

On the other hand, the object C of A is send to the object C(_, ) : C? x,C —
S of A/g, and the object D of A is send to the object D(_, ) : D x, D — S.
The closed monoidal structure on A /s yields an object

[[0(77 7)&D(7a 7)]]/8 : [Ca’D]?\p XA [C,D]A )
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of A/s, such that

*S
*A - S
I P

v
7
I P

I 17 [C(—v—)vD(—v—)]]/S ’

~

[Cv D]OAP XA [Cv D]A

The closed structure of MAPs yields an isomorphism [C,D]x(—, ) = [C(, ),D(, )];s-
Let F,G : C — D be morphisms in A. By definition, we have

e,
e P s 6 = [ D6,
and hence [C, D]a(F,G) is given by the same formula.

REMARK 4.3.14. Let C,D be objects of A and F,G : C — D be morphisms.
The 2-functor MAPg yields a map

A(C,D)(F,G) — A(C xx C,S)(C(_, ), D(F_,G_)).

By definition of relative ends, we obtain an isomorphism
N Cc(—,—)
AC 2 C,8) (C(, ) D(F ,G ) s <*5/ D(F,G))

PROPOSITION 4.3.15. The 2-functor MAPg is locally fully faithful.

ProoOF. Let C and D be objects of A and F,G : C — D be morphisms. The
2-functor MAPs sends an element 7 of A(C,D)(F,G) to an element (n,7) of A/s,
which is such that the composite of the left hand side diagram is equal to the
composite of the right hand side diagram:

C(—,—) C(—v_)

C? x5 C S C? x5 C S
FPx s F GPxaG
F(_,_ G(—,— .
FOPXAG FOPXAG
DoP 5\ D DoP x  D.
A morphism from F'(_, ) to G(_, ) in A/s consists in the data of elements oy, az

of A(C,D)(F, Q) satisfying
D(F7V1)0F< ) ):D(VQ’G)OG< ) )

in the set
A(CP x5 C,S)(C(—, ), D(F_,G_)).

Let X : xA — C, by precomposition with 1y : *s — C(X,X), we obtain v;% o
F(X,X)(ex) = G(X, X)(ex)ovi* in the set D*(FX,GX). We have F(X, X)(ex) =
erx, and hence v{¥ o F(X, X)(ex) = vi*. We obtain the equality v{* = v5* in the
set D(FX,GX). Recall that on an x5-primary category, the forgetful 2-functor
A(xa, ) is in particular locally faithful. Consequently, for vy, s in A(C,D)(F, G),

we have
XeC
A(C,D)(F,G)(v1,v2) :/ D*(FX,GX) (v, v3).

Hence v1 = vy and MAPg is locally fully faithful. ]
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REMARK 4.3.16. The statement of Proposition 4.3.15 may be seen as a more
general version of the Yoneda Lemma. We will see that the Yoneda lemma directly
follows from this proposition.

COROLLARY 4.3.17. For any object C of A and for any objects X, Y of C, we
obtain an isomorphism
CHX,Y) = 8*(xs,C(X,Y)).

COROLLARY 4.3.18. Let C be an object of A and F : CP? x5 C — §. We have
the following isomorphisms in S*:

c e

[ref s

/F g/ F.
c cor(_,)

In the next subsection, we will define ends and coends internally so that they point-
wise correspond to the ends and coends of Definition 4.2.1 and 4.2.5. Those iso-
morphisms impose the definition of internal ends and coends.

and dually,

COROLLARY 4.3.19. For any objects C and D of A, and for any morphisms
F,G :C — D, we have the following expression of the internal object of morphisms
from F to G:

~ Xixp—C
[C, DIA(F,G) — / D(FX,GX).

4.4. Back to internal constructions. In this subsection, (A, X, [, _]a,*a)
is a closed monoidal 2-category equipped with an entangled S-enrichement. In
particular, S is bicomplete, and (S, Xs,[_, _]s,*s) has the structure of a closed
monoid in A.

We use the results of the previous subsection to provide a characterization of
the internal constructions defined in the previous section in terms of their values
on objects?2. In particular, we provide explicit formulas for Kan extensions.

We study the case where A is equipped with another monoidal structure which
is compatible with its cartesian closed structure and provide an explicit formula for
the Day convolution product.

DEFINITION 4.4.1. Let C and D be objects of A and F' : C — D be a morphism.
We say that F' is fully faithful if its image F'(_, ) : C(—,—) — D(F(-),F(-))
under MAPg is an isomorphism.

Adjunctions.

DEFINITION 4.4.2. An internal adjunction between objects C,D of A consists
in the data of a morphism F': C — D, a morphism G : D — C, and an isomorphism

C(_,G)=D(F_, )
in the category A(CP? x5 D, S).

22If C is an object of A, then we say that X is an object of C if X is a morphism x5 — C in
A.
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PrOPOSITION 4.4.3. Let C and D be objects of A. An internal adjunction
between C and D yields an adjunction in the sense of Definition 2.2.1. If the 2-
category A is xp-primary, then a pair of functors form an internal adjunction if
and only if they form an adjunction in the sense of Definition 2.2.1.

PRrOOF. This is a straightforward consequence of the following isomorphism
L [X,YeCrx,D
€ xA D, 8], (C(_,G_ ). DF_, )= / S(C(X,GY),D(FX,Y)).
Indeed, we also have
~ Xec
C.Cl, (e, GF) / C(X,GFX).
We use the forgetful 2-functor A — CAT to obtain the result. (]

Tensored objects.

DEFINITION 4.4.4. We say that an object C of A is tensored over S if it equipped
with a morphism
Xe:SxpC— C,
in A such that for each object X : x5 — C, the morphism _ x¢ X : § — C is left
adjoint to C(X, ) : C — S§. In particular, for each objects X,Y of C and each
object Z of S, the resulting adjunction yields natural isomorphisms

C(X x8 2,Y)=8(Z,C(X,Y)).

ExAMPLE 4.4.5. The object S is tensored over itself.

Ends and coends. Let D be an object of A such that D is tensored over S. By
definition, D is equipped with a morphism _ Xp _ : & x5 D — D such that for
each object Z of D, the induced morphism Z xp _ : § — D which is left adjoint
to D(Z, ). Each object C of A yields a morphism

C(_, )Xp _:D—=][C? xC,D]a,
obtained by the composite

D L, Doy [0 X AC, S]a = [CP X AC, Dxp 8]y CaGXp s

[COPXAC,D]A.

DEFINITION 4.4.6. For any object D of A which is tensored over S, and for any
object C of A, we let the D-valued end morphism

C
/ L [C x5 C,D]p — D

be defined as the right adjoint of
C(,, ,) Xp _:D— [COp XA C,'D}A.
Note that the S-valued end morphism corresponds to the C(_, )-relative end.

DEFINITION 4.4.7. For any object C of A, we let the coend morphism
/ : [C XACOP,S]A )
C

be defined as the left adjoint of
[C(——), —]s: 8 = [C XA CP, S]a.
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Note that the coend morphisms thus defined corresponds to the C(_, _)-relative
coend.

REMARK 4.4.8. The forgetful 2-functor A — CAT sends the internal end to the
end defined in 4.2.1, and the internal coend to the coend of Definition 4.2.5

REMARK 4.4.9. Let F': C°? x C — §. By Proposition 4.2.11, we obtain

/CF = /COPXAC{C(, ). Fls,

and by Proposition 4.2.12, we obtain

Fi)/ COP(,,,)XsF.
C CoPx AC
Kan extensions.

PRrROPOSITION 4.4.10. The internal left Kan extension with values in S is in-
ternally defined, in the sense that we have a morphism

Lan® : [C2,C1]¥ — [[Ca, S]a, [C1,S]Al,
whose value Lanﬁ on a morphism p : Co — Cy is the internal left adjoint of [, S]a.

For any morphism F : Co — S, we obtain the following expression of Laan:

Lan} F = Ci(uX,-) xs FX.

Xixp—Co

Where the coend is taken over the morphism
Cl (u_, _) Xs F(—) : Csp X CQ — [Cl,S]A.

PRrROOF. We have the following sequence of isomorphisms which are natural in
each variable

X:*A—>C2
[ClaS]A </ C1 (,u’Xv_) XSFX7G> g/}( c [D7S]A(Cl (MX7_) XSFX7G)
= [ S@X S|, (DX, -).6)
X:*A—)C2

= [ SWX.Gux) = (62,8, (PG,
X:*A—)Cz
We obtain
C1,8], (Lan F.G) = [C2, ], (F.Gn),
hence the result. O
4.5. Presheaf objects.

PROPOSITION 4.5.1. For each object C of A, the object [C°P, S|, is tensored
over §. The action of S over [C°P,S],

x§ 1 [CP,S], xa S — [C, 8],
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is defined by the composite

S
€7, 8], xp S ———S—s [CP, 8],

% T[COP,MA

[COP,S]A XA[*A,S]A E— [COP XA *A,S XAS]A.

PROOF. Let Z : xp — S and F,G : x5 — [C°?,S],, we have natural isomor-
phisms
Xikp—C X:ikp—C
(€7, 8], (Z x§ F,G) = / S(Z xs FX,GX) = / S(Z,S(FX,GX))

~S (Z, /X:*ﬁc S(FX, GX)) ~ S8 (Z,[c, 8], (F,G)).

O

The Yoneda embedding. Let A be equipped with an entangled S-enrichement.
Recall that we assumed A to be equipped with a closed monoidal structure. For
each object C of A, the data of a morphism

CPxpC—S
is therefore equivalent to the data of a morphism C — [C°?,S],. In particular, the

morphism C(—,—) : C°? x5 C — S corresponds to a morphism y¢ : C — [CP,S],.
If X : %5 — C, then we also write C(—, X)) : C? — S for ye X : x5 — [CP,S],.

DEFINITION 4.5.2. Let C be an object of A. Define its object of presheaves as
the object [C°P,S]a of A. We call the morphism
ye : C — [C°P, 8],
the Yoneda embedding.

PrOPOSITION 4.5.3. Let C be an object of A, let X be an object of C, and let
F:C°? —» §. We have natural isomorphisms

Y:ixp—C -
[ s S

and
F= C(_,X)xsFX
Xixp—C
in 8*, which is natural in X and F. In particular, we obtain the following isomor-
phisms in 8* for each object X of C, and each morphism F : C? — S:

[c?,S]A(C(_, X),F) = FX.

Proor. This is an immediate consequence of Proposition 4.3.15 and 4.3.19 by
using the closed monoidal structure on S and the definition of ends and coends.
First observe that any morphism F : C°? — S yields a morphism in A(C°? x C,S):

F(, ):iC™(, )>S(F F)
which by closed monoidal structure on S, and by definition of the coend, corre-
sponds to

F#:/ C(_,X)xsFX - F_,
X:ixp—C
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which corresponds to
Y *A%C
Fy:F_ — / S(C(Y, ), FY).
We show that both F# and Fy are isomorphisms. By Proposition 4.3.15, we have
[C?, SIA(F,G) = [C x €, S]A (C(—, ), S(F .G ))

1®

X,YecC
/ 5(C(Y. X),8(FX,GY))

L

X, YecC
/ S(C(Y, X) x5 FX,GY))

L®

YeC
/ S ( C(Y,X) xs FX, GY)
XeC

e

[COP,S]A< C(_,X) XsFX,G>,
XeC

and hence, F' represents the coend fx:*AacC(*vX) xs FX. On the other hand,
we have

. 8], (G, / T sew ), FY)) = / s (GX, / T s ew X),FY))

X:xp—C Y:xp—C
/ / S(GX, S (C(Y, X), FY))

2

L

XY*A—>C
i/ S(GX xsC(Y. X), FY)
- XY*A—)C
;/ C(Y, X),S (GX,FY))
= [Cx P, S]A (CP(—, ), 8(G_,F_))
= [C?,S]a (G, F).

O
REMARK 4.5.4. We obtain the Yoneda lemma by taking A = CAT and S = SET.

PROPOSITION 4.5.5. The Yoneda embedding is fully faithful. In particular, for
each object C of A and each pair of objects X,Y of C, the canonical morphism

C(X.Y) = [C, 8], (C(=. X),C(=,Y))
is an isomorphism.

CONSEQUENCE 4.5.6. The previous definitions of objects by universal property
is well defined. Indeed, two objects satisfying the same universal property are iso-
morphic by Proposition 4.5.5.

Completeness.

PROPOSITION 4.5.7. Let C be an object of A. The object [C°P,S]a is complete
and cocomplete. Let 1 be an object of A. The biclosed structure of A yields an
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isomorphism [I, [C°P,S]a]a =N [CoP,[I,S]ala- The colimit, respectively the limit
morphism, is given by the composite
[L[CP, S]ala = (€, [L, S]ala = (€, S]a,
where the morphism on the right hand side is obtained from the colimit, respectively
from the limit morphism [I,S]ls — S of S.
PROOF. Let G : C°? — S and F : I — [C°P,S]a. We also write F' : CP —

o

[I,S]a for the corresponding element under the isomorphism [I, [CP,S|ala —
[CoP,[I,S]a]a.- We show that the colimit of F' is represented by object colim F :
C°? — § defined above. We have the following isomorphisms in A

[L.[C7, S]ala (F,G) =[C°7, [1,S]s]a (F.G)
XeC

L®

A(FX,GX)

L

/Xec
f

S(colim FX,GX)

iuz

[CP, S]A(colimF, G),
hence the result. U

PROPOSITION 4.5.8. For any object C of A, the Yoneda embedding C — [C°P, S]a
preserves colimits and is universal among such morphisms in the sense that for each
pair (D, F) where D is a cocomplete object of A and F : C — D is a morphism in
A, there is an essentially unique morphism F € [CP,S]|a which preserves colimits
such that

C 4> D

1 .

[CoP,S]A.

PROOF. We use the fact that D is cocomplete. In particular, D is tensored over
S. We write - : S XA D — D for the action of S on D thus obtained. Let F' : C — D
be a morphism in A such that F preserves colimits. Let F' : [C°?, D]y — D be
defined as the left Kan extension of F' along the Yoneda embedding, so that

/

\ HZ

F

F= / [CP, SIA(C(_,X), ) - FX = evx - FX.
Xec Xec
By Proposition 4.5.3, the restriction of F on C is canonically isomorphic to F. The
morphism F : [C°P, D]y — D preserves colimits by construction. O

REMARK 4.5.9. In particular, the object S of A is the free cocomplete comple-
tion of *4.

Monoidality. We deduce an expression of the Day convolution product in terms
of coends from the expression of Kan extensions. We assume that A is equipped with
an additional monoidal structure (A, ®x, 1o) which is compatible with its former
closed monoidal structure?®, so that in particular, the internal hom of A is lax
monoidal with respect to (A, ®x,15). We also assume that this monoidal structure

23Recall that a monoidal structure on a complete 2-category always has the structure of a
lax monoidal 2-functor with respect to the cartesian product.
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is compatible with the oppositization. We suppose that the object S is also equipped
with another monoidal structure (S, ®s) in (A, ®,), which is compatible with its
cartesian closed structure. In particular, (S, Xs, ®s) has the structure of a 2-fold
monoid in the 2-monoidal 2-category (A, x,®,). 24

PROPOSITION 4.5.10. The 2-category A ;s inherits a monoidal structure from
(A, ®4), which is compatible with its closed monoidal structure defined in Proposi-
tion 4.3.5.

ProOF. Let C and D be objects of A. The compatibility of ®, with respect to
X A yields an interchange morphism
7: (CP @A D) x5 (CRAD) — (CP xpC)R®p (D? x5 D).
The compatibility of ®, with respect to oppositization yields an isomorphism
C? @) D = (C @5 D). Let
®/s : AMCP xp C,8) x A(D? x5 D,S) — A((C @A D) x4 (C®a D),S)
be defined by the composite

A(C x4 C,8) x A(D x5 D,S) Z5A((CP x4 C) @p (D x5 D),S)
2SN (CP @p D) x4 (C@p D), S)

ZA((C @A D) xp (C®AD),S).
The functor @, thus obtained, together with the 2-functor ®,, yield a 2-functor
1o
H A(CP xp C,8) x A(DP xx D,8) ——— A((C @4 D)°P x4 (C®4 D),S)
C,DeA
and hence a 2-functor
®A/s : A/S X A/S — A/S

The unit 15 : 15 — S of (S,®s) yields a morphism

137 xals ——ls

1A/S:1?\pr1A SOPXAS[4>8.

We obtain a monoidal structure (A/s,®a/s,1a/s) on A/s. The compatibility of
®a with respect to X, together with the compatibility of ® s with respect to X g,
yield an exchange morphism between ®,,s and x,,s from which we deduce the
compatibility of ®,,s with respect to x,/s. O

DEFINITION 4.5.11. We say that the entangled S-enrichement on A is lax
monoidal if the structural 2-functor MAPs : A — A/s has the structure of a lax
monoidal morphism (A, ®x) — (A/s,®a,s) which is compatible with its former
strongly closed monoidal structure.

PROPOSITION 4.5.12. Let (C,®c) be a monoid in (A,®,). The presheaf object
[C°P,S]a of C inherits a monoidal structure such that the embedding

Yc :C — [COP,S]A

24Note that the cartesian product distributes with itself, so that we can restrict to the case
where the additional monoidal structure on A also is given by the cartesian product. In this case,
we can both consider a 2-fold monoidal structure on S in (A, X, ) given by 2 distinct laws, or its
2-fold monoidal structure (S, X s) given by the cartesian product.
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is a monoidal morphism. Moreover, the pair ([C°P,S|a, yc) is universal among such
pairs, in the sense that for any cocomplete monoid D equipped with a monoidal
morphism C — D, there is an essentially unique cocomplete monoidal morphism
F :[c°P,S]px — D such that

J:

C

[

[CoP,S]A.

IR
\
v

)ﬁl \\

For each natural number n, the tensor product thus obtained
®’VL
®feon,s)y 1 [C75SIp™ = [C,S]a
satisfies

®[nCop S]AF. = C(®E'LX.’ —) Xs ®g[®AF.](X.)
' Xo€C®R

for all Fy : x5 — [CP — S]%X.

REMARK 4.5.13. Given that the monoidal structure on A is not necessarily
cartesian, the objects of [C°P, S]%X do not restrict to the elements of the form F} ®x
-+ @p F, for some Fi,...,F, :CP? = S. Let Fg = F1 Qp -+ ®@p Fp : x4 — [CP —
S]%X be obtained from the tensor product in A of the objects Fy,..., F, : C? - S
and let Xo = X1 @4 -+ @ X, : %4 — C®A be obtained from X7, ... X, : x — C.
We have

R5[OAF](X,) = F1.X1 ®s -+ ®s F Xp.

ProOOF. The formula is a straightforward consequence of the definition of the
Day convolution product by using Proposition 4.4.10. The monoidal structure of the
embedding is consequence of the aforementioned formula and Proposition 4.5.3. [

4.6. Example: enriched categories. Let (V, ®y, x)) be a bicomplete closed
symmetric monoidal category. If X € V, then we write x € X for z € V(xy, X).

DEFINITION 4.6.1. We say that C is a V-enriched category, and we write C €
CATy, if C is equipped with

— objects X € C %

— for each pair of objects X,Y € C, an object C(X,Y) € V of morphisms
from X to Y,

— for each object X € C, an element 1x € V(*y,C(X, X)) called the identity
of X

2511 fact, a predicate . € C, so that X € C is a proposition for all symbol X -cf Appendix
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— for X,Y,Z € C, an object o € V(C(Y, Z) @y C(X,Y)?5 called the compo-
sition morphism?”,
— such that:
—for XY €Cand f € C(X,Y), we have f = f o1y,
—for X, Y €Cand f € C(X,Y), we have 1y o f = f,
—for X,Y,Z,T € C, and f € C(X,Y), g € C(Y,Z), h € C(Y,T), we
have (hg)f = h(gf).

DEFINITION 4.6.2. We let V € CATy denote the obvious V-enriched category,
associated to V, that we formally define as follows.

— The objects X € V correspond to objects X € V.

— For X,Y €V, we take V(X,Y) = [X,Y],, € V.

— For X €V, we let 1x € V(xp,[X,X]yp) be defined by the element corre-
sponding to the identity 1% € V(X, X) of X in the category V) under the
isomorphism V(X, X) = V(xy, [X, X]v)..

— For XY, Z € V, we let the composition o € V([X, Y]y @y [Y, Z]y, [X, Z]y)
be defined by the element resulting from the composite

ny,z

*y - V(Y Xy [KZ]V,Z)
V(nx,y®vlY,Z]v,Z)

V(X ey [X,Y]y) ey Y, Z]y, Z)
S VX oy (X, Y]y oy Y, Z]y), 2)
S VX, Y]y ey Y, Zv, [X, Z)y).

We deduce the unit and associativity constraints from the definition and
the naturality of the morphisms involved.

DEFINITION 4.6.3. For C,D € CaTy, we let CATy,(C,D) € CAT denote the
category such that:
— an object F' € CATy(C, D) consists in a mapping, which’ toany X € C asso-
ciates an object FX € D, together with F/(_, ) € fc rxe V(C(_, ), D(F_,F_)),
— and for F, G € CATy(C, D), we take CATy(C, D)(F, G) = [* < V(xy, D(FX,GX)) €
SET.
DEFINITION 4.6.4. We let CATy € CAT2 be the 2-category such that:

— the objects X € CATy, consist of the V-enriched categories in the sense of
Definition 4.6.1,

— and to X,Y € CATy, we associate the category CATy(X,Y’) € CAT given
by Definition 4.6.3.

26¢(Y, Z) @y C(X,Y) € V denotes the image of (C(Y, Z),C(X,Y)) € V x V under the functor
Ry : VXV =)V
27T For f € C(X,Y),g € C(Y, Z), we write go f € C(X, Z) for the element resulting from the

# <L) Vi, CX,Y)) X Vi, €Y, 2)) =5 ¥ x V(v 0), (C(X, V), C(Y, 2)))

‘\\\‘\\\‘\ J{@v
composite i gof Tt eel_ V(xy ®y #y,C(X,Y) @y C(Y, Z))
e J{V(e\;.o)
V(xv,C(X, Z)).
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REMARK 4.6.5. The forgetful 2-functor CATy(*y, ) takes the V-enriched cat-
egory V to the category V.

DEFINITION 4.6.6. For C,D € CATy, we let C Xy D € CATy denote the V-
enriched category such that:

— the objects X € C xy D consist of pairs (n¢X € C,mpX € D),
—and for X|Y € C xy D, we take C xy D(X,Y) = C(ncX,ncY) ®yp
2)(7'1”[))(7 WDY).

DEFINITION 4.6.7. To Cy,Cs, D1, Dy € CATy, we associate a functor
Xy . CATv(Cl,CQ) X CAT\;(Dl,Dg) — CATV(Cl Xy Dl,CQ Xy Dg)

that we define as follows.
For F¢ € CAT\;(CI,CQ),FD S CATV(Dl,Dg), we define

Fe xy Fp € CATy(Cy Xy Dy,Cq Xy Da)
on objects by
Fe xy Fp X = (Ferme, X, Fprp, X) € C3 Xy Do,

and for X,Y € C; xy D1, we let

Fe xy Fp(X,Y) : Cy xy D1(X,Y) = Co xy Day(Fe Xy Fp X, Fe xy FpY)
be the morphism in V obtained as the composite

C1 Xy D1(X,Y) = Ci(Co, Ye) ®y D1(Do, Yp)
Fc(Co,Ye)®v Fp(Do,YD)

C2(FcCo, FeYe) @y Do(FpDo, FpYp)
=5 Cy xy Do(Fe xy Fp X, Fe xy Fp Y)
PRrROPOSITION 4.6.8. We let

Xy : CATy X CATy — CATy

denote the 2-functor given by Definition 4.6.6 on objects and by Definition 4.6.7 on
morphisms.

PRrROPOSITION 4.6.9. The functor
CATv([Cl,Dl]v, [CQ,DQ]V) — [CAT\/(Cl,Dl), CATv(CQ,DQ)]

induced by CATy(*y, _) is an equivalence of categories, natural in Cy,Co, D1, Dy €
Caty. Consequently, the forgetful 2-functor CATy(xy, ) : CATy — CAT is a local
equivalence. In particular, the 2-category CATy is %y -primary.

DEFINITION 4.6.10. For C € CATy,, we let C°? € CATy denote the V-enriched
category such that:
— the objects X € C° correspond to objects X € C,
— and for X,Y € C°P, we take C?(X,Y) =C(Y,X) € V.

REMARK 4.6.11. Each C € CATy yields a morphism C(_, ) € CATy(C? xy
C,V).

DEFINITION 4.6.12. Let C,D € Caty. We let [C,D],, € CATy be the V-
enriched category such that
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— an F € [C,D],, consists in a mapping, which to any X € C associates an
object FX € D, together with F(_, ) e [© “°V(c(_, ),D(F_,F_)),
— and for F,G € [C,D],,, we take [C,D],, (F,G) = fc DF _,G )eV.
PROPOSITION 4.6.13. Let B,C,D € CATy. We have a natural isomorphism
Caty(B,[C,D)y) = CaTy(B xy C, D).
Moreover, we can form a 2-functor
[, _]v: CATy x CATY — CATy,
which gives a closed monoidal structure to the 2-category of V-enriched categories.

REMARK 4.6.14. The 2-category CATy is naturally equipped with an entangled
V-enrichement, and the forgetful functor of Remark 4.3.9 is an equivalence.

REMARK 4.6.15. Let C1,Cs, D1, Dy € CATy. We can form a morphism in CATy
Xy : [C1, Dilv Xy [C2, Daly = [C1 Xy C2, D1 Xy Daly

as follows.
Let (Fl,FQ) € [Cl,Dl]v Xy [CQ,DQ]V. We let Fy xy Fy € [Cl Xy Co, D1 Xy 'DQ]V
be defined as follows.
— For (X17X2) € C1 Xy Ca, we set F| xy Fy (X17X2) = <F1X1,F2X2) €
Dl Xy DQ.
— For (Xl,Xg), (Yi,}/g) € C1 Xy Caq, we let Fy xy Fy ((X17X2>, (Yly}/2)) be
defined by the composite

C1 xv Co (X1, X2), (Y1,Y2)) = C1(X1,Y1) ®y Ca(Xa, Ya)
F1(X1,Y1)®vF2(X2,Y2)

Di(FiXy, FiY1) ®y Da(Fa X, FY5)
= Dy xy Dy (F1X1, F2 X)), (F1Y1, F2Y3)) .
Let (Fy, F3),(G1,G2) € [C1,Di]v Xy [C2,Ds]y. The composite of the following

morphisms in V

~

[C1, D1y xv [C2, Dol ((F1, F2), (G1,G2)) — [C1, Dilv(F1,G1) ®v [C2, Dalv (F2, Ga)

L@

XeCy YeCs
/ D1 (F1X,G1X) ®v / Dy(FY, G2Y)
TX vy

(X,Y)eC1 xvCa2
Tx®vy, / Dy (FL X, G1X) ®y Do FyY, GoY)

(X,Y)eCy xvCa
/ Dy xy Do (Fy xy F2(X,Y),G1 xy G2(X,Y))

1

gives to Xy the structure of a morphism in V.

OBSERVATION 4.6.16. In fact, the structure of CATy is not fully exploited when
regarded as a 2-category. To illustrate this point, we informally describe an object
denoted as CAT@, which appears to offer a more natural framework for enriched
category theory. Say that A € CATZ if A has objects C € A, and if each pair of
objects C,D € A yields a V-enriched category A(C,D) € CATy. For A,T € CATY,
we let CATY(A,T) € CAT? be such that:
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— an object F € CATZ(A,T') consists in a mapping, which to any C € A asso-

ciates FC € T, together with F(_, ) € f ACary(A(, ), T(F_,F_)),
— and for F,G € CATY(A,T') we take CaT3(A,T)(F,G) = f I'F ,G )e
CATy.

For A,T € CATY, we let A xy T’ € CATZ be such that:

- an object C € A x T is given by a pair Cp € A, Cr € T),

— and for C,D € A xyT, we take A xyI' = A(Cp,Dp) Xy '(Cr, Dr) € CATy.
Then we let CATY € CAT? be such that:

~ the objects C € CATy correspond to objects C € CATy,

— and for C,D € CATy, we take CATY(C,D) = [C, D]y € CATy.
By Definition 4.6.6 and Remark 4.6.15, we obtain a morphism

xy € CATy xy CATy — CATy,

in CATY, which provides CATY with the structure of a monoid internal to (CATY, Xy ).
Note that we obtain a hierarchic system V € CAtTy, CATy € CATY, ..., which be-
haves like SET € CAT, CAT € CATo,....
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FIGURE 1. The domain and codomain of the 3-associator for a

monoidal 2-category A.
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FIGURE 2. Hemispherical decomposition providing the domain
and codomain of the associator attached with a monoidal 2-functor
F : A — T'. The isomorphism on the top square of the upper di-
agram is obtained by using the monoidal 3-category structure of
(CATq, X).
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(AxA)xA)x A

(@axA)xA—— (A x A) x A

— N
Q2O (A ALA) XA =~ = @A XA
'S =" Y
(Ax (AxA))xA (Ax@p)xA ——— (A x A) x A ®axA Ax A
QN (A AXALA) a®T2 (A ALA) \®A
Ax ((AxA)xA) Ax(@axA) —— A x (A x A) an A
| = = ) /
Axa?® T (AALA) = Ax® A
) + /LA ) A\ /
A x (Ax(AxA)) PSS, Ax(AxA)WAxA

FIGURE 3. Associativity 1. Here, a®*"2 refers to the associator of
(CAT3, x). The isomorphism on the square in the middle of the

diagram is provided by naturality of a©AT2.
(A x A) x A) x A (©ax)xA (A xA) x A
o
QAT (AN A) XA
e PN (AXAALA) a2 (AN A) ®@aXA

(Ax (AxA))xA l l
QA AxAN) © = (AXA)x (A xA) DaxAx) A X (AxA)
1 ‘ (AxA)x®n Ax®@a

Ax ((AxA)xA) “(AxA) x A DaxA 5

AX (A x (A xA)) ST AAN)

Ax(AX®47) =
Ax (AxA)

FIGURE 4. Associativity 2. This diagram is made of 3 pentagons
and 3 squares. There is one square on the top, one square on the
middle and one on the bottom. We obtain the isomorphism on
the middle square by functoriality of the tensor product of A. The
isomorphisms on the squares of the top and the bottom are given
by naturality of the associator a®*™ provided by the monoidal
structure of CATs.

QAN AXA)
\ , \
Axa®@T(A A N) l
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(- ® —)® —)®c —

(- ® —)®c (- ® ) (—®c (- ® ) ®c —
of — @) Joc e )
~®c (- ®c(-® )) B TE— @ (- ®c —)®c )

FI1GURE 5. Coherence constraint for the associator. Here, we see
the vertices of the pentagone as objects in the category of mor-
phisms A(C®?\,C), where C®A can be written without ambiguity
since all braidings are equivalent up to a unique isomorphism. The
corresponding 3-dimensional coherence diagram has a hemispheri-
cal decomposition into 2-dimensional faces that are required to be
equal. Those hemispheres respectively correspond to Figure 3 and

Figure 4.
le,
( ®c 1¢) ®c—(—c>)— ¢ (le ®c —)
®C l %

FIGURE 6. Coherence constraint for the left and right unitors. In
the same way, this diagram lies in the category of morphisms

A(C®3,0)..
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C®p (Co4C) COrc CepC

(FRAF)QAF

DRA®D

D ®prD

FIGURE 7. Associativity constraint for a monoidal morphisms F' :
C — D in MONy g,

C®p(C®AC) %C@AC

A
Qc.c,c | ®
/ FonF C
(C®AC)RAC / F@r(FORBASF l = C
(F@nF)@nF QXANF,FF = F
D a (D ®a —————— D®\D F
Z
D,D,D

(D ®A D)4 D
D®m) /

D@aD

C®p(C®AC) Cor%c CopC
®c

A
(NG E=INE \ ¢
(F®AF)®AFJ W / ®c lF
(D ®n D) ®a D QFrQaF CoAC

RF D
F®a

DeaD

Fi1GURE 8. Hemispherical decomposition of the diagram below.
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*AQADxy
kA @A (kA ®a *p) *A QA kA
@y
A X®A®x
OL"‘Aﬂ"‘A”“A *A
*A
(X@AaX)®aX
®x &‘
C
(CorC)®pC

®c

CROA®c

CopC

FIGURE 9. Associativity constraint for a monoid X in C, where C
is a monoid in (A, ®4)



96 I. CATEGORICAL ALGEBRA IN A 2-CATEGORY

C®iC) e, (Caic) 2 cw,c

J
Mecee NG

(C &j C) X (C j C) (F®: j (F®iF) ar@ior Fe; F c

"

vi®jvi

(F®; F)®i(F®;F) (P®; P)®; (D®; D) —— D®,; D F
Y
n?(D,D,D,D) XJJ
(D&, D)@, (Do, D) 0 D
®; D) ®i (D ®; ‘
\ v /
vjQivj / ’

D®; D

(C®:C) ®; (C®; C) L2

—— C®;
j (D)
(€®;0):(C®;0) ?///
\

i @iy
(F®; F)®i(FQ;F) C®;C

j ‘81‘71/7 ‘

(D®; D) ®; (D ®; D) FaiF / F

D®; D D

Vi

FIGURE 10. Coherence constraint for n-fold lax monoidal morphisms.
While the 2-morphisms 7; ensure that F' is a morphism of monoids
(Cyui) — (D,v;), this 3 dimensional diagram ensure that the 2-
morphisms 7; are lax monoidal 2-morphisms with respect to u;,v; for
alli < g .
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FIGURE 11. Construction of the associator IRNE
diagram displaying the domain and the codomain of the associator
is the one obtained from the purple arrows, forgetting about the

others arrows.

The former






CHAPTER II

Operads

The concept of an operad was initially introduced by Michael Boardman and
Rainer Vogt [5], and Peter May [24], for the study of (iterated) loop spaces. These
works also initiated general applications of operads for the study of structures up
to homotopy, including higher associative structures. The idea of an operad is to
govern collections of operations of varying arities and their compositions, and to
use this approach to manage the coherence issues that occur in the description of
structures up to homotopy. In fact, Max Kelly simultaneously perceived the need
for such a structure in the context of categorical coherence [14].

The topological little n-cubes operads, denoted by C,,, were defined in order to
govern the information associated to the structure of n-fold loop spaces. The key
assertion is that a connected space X is weakly homotopy equivalent to an n-fold
loop space as soon as it is equipped with the structure of an algebra over C,. To
those operads, we can more precisely associate a delooping machine which produces
a sequence of spaces BPX for p = 0,...,nsuch that B°X = X and QBPX ~ BP~1X
for p > 0. In homotopy theory, in order to perform delooping constructions, we may
deal with spaces equipped with actions of operads that are only weakly homotopy
equivalent to C,. We refer to such an operad as an FE,-operad.

For n = 1 and n = 0o, we have also delooping machines associated to discrete
operads, and hence for algebra structures on spaces governed by discrete collections
of operations. Indeed, we can form a delooping BX out of a monoid structure on a
space X, and iterate this construction infinitely many times as soon as the monoidal
structure on X is commutative. In fact, we can establish a purely algebraic defini-
tion of structures underlying iterated loop spaces for all n = 1,2, ..., 00 by passing
to categories, and considering the nerve to get the connection with topological
spaces. The notion of a monoid extends to the notion of a monoidal category, and
the notion of a commutative monoid extends to the notion of a symmetric monoidal
category. Balteanu, Fiedorowicz, Schwnzle, and Vogt defined an operad M™ for any
n, governing n-fold monoidal category structures, which are intermediate between
monoidal categories and symmetric monoidal categories (see [2]). They proved that
to any m-fold monoidal category C, one can associate a space B"C together with
a map |NC| — Q"B"C, which is a weak homotopy equivalence when |[NC| is con-
nected, and a group completion in general. In the particular case n = 2, we have
similar results using an operad governing braided monoidal categories instead of
Ms. Moreover, Balteanu, Fiedorowicz, Schwnzle, and Vogt showed that the re-
alization of the nerve of M™ is weakly homotopy equivalent to the operad of the
little n-cubes, so that those operads can be understood as categorical analogues of
E,-operads.

99
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The purpose of this chapter is to revisit the general definitions of the theory
of operads and to go deeper in the study of categorical operads, with motivating
examples given by the operads of iterated monoidal categories.

In a first section, we recall some basic notions about operads defined in monoidal
categories and their algebras. We give a new definition of the composition product of
collections, on which the structure of an operad is shaped, with the aim of providing
a more general framework for the definition of operads. The idea is to investigate
the distinct roles played by two monoidal structures in the composition product
of sequences. The first law yields a closed monoidal structure, while the second
law depends on the structure of the objects under consideration. We also give
a natural generalization of the definition of the composition structure of operads
for operads defined in 2-categories. We extend day convolution product to the
context of algebras over a categorical operad P in a monoidal 2-category A, which
is equipped with the structure described in the first chapter such that the object S
collecting the internal morphisms has the structure of a P-algebra. In this way, the
presheaf object of any P-algebra inherits a P-algebra structure. The operads M™
are defined in the category of small categories. Nevertheless, it will be convenient
to use operads defined in the 2-category of all categories and to regard M" as
such. Indeed, just like set operads may act on any monoidal category because of
the definition of a category, categorical operads naturally act on any monoidal 2-
category. In the case of M™, we will be able to retrieve the 2-categories of n-fold
monoids in a symmetric monoidal 2-category as a 2-category of algebras over M™.
In addition, the application of some constructions of the first chapter will lead to
consider, in the fourth chapter, operads defined in categories which are not small
but defined in categories of presheaves. To complete our study, we recall the n-
fold delooping construction described in [2] and briefly investigate the properties
a 2-category should have to make this delooping possible, in an attempt to realize
n-fold monoids in a 2-category as topological n-fold loop spaces.

In a second section, after having recalled the way the category of operads
inherits a model category structure from the monoidal category over which it is
defined, we equip the category Opcq; of small categorical operads with the model
structure transported from the canonical model structure on Cat. We identify
cofibrant operads as those operads whose objects form a free operad. We provide
a functorial cofibrant resolution of operads. We observe that the resolution M
of M is given aritywise by the codiscrete groupoid on the set of trees of this arity.
But for M™ with n > 1, the functorial resolution becomes very big, and is therefore
hardly exploitable.

In the third section, we formalize a definition of presentations by generators
and relations adapted to small categorical operads. The interplays between the
aritywise structure of a category and the global structure of an operad make the
structure of categorical operads intricate, so that the usual presentations of oper-
ads in terms of generators and relations cannot fit the cases we are investigating.
Indeed, the operads M™ have generating morphisms between operadic composites
of its generating objects. To handle such generation schemes, we take inspiration
from polygraphs, which provide convenient generators for w-categories. By em-
ploying this approach, we will be able to generate categorical operads in both the
operadic direction and the categorical direction. We will also impose relations on
operadic polygraphs to obtain a polygraphic notion of presentations of operads. As
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an application, we provide the operads M"™ with a polygraphic presentation. We
also exhibit a polygraphic presentation of the operad M;°°, thanks to which it
identifies with the face poset of the unital associahedra (see[26]).

A notion of operadic polygraphs previously arose in the context of higher rewrit-
ting for operads defined in vector spaces. To be specific, in [23], Philippe Malbos
and Isaac Ren introduced operadic polygraphs in a way that is actually constructed
in the reverse direction to ours. Precisely, the objects arising from their construc-
tion are resolutions of linear operads by w-categories internal to linear operads,
where ours aim to provide presentations of operads internal to categories. How-
ever, it seems that the free omega category monad and the free operad monad
distribute over each other, so that w-categories internal to operads should identify
with operads defined in w-categories. It should also be mentioned that what we
call a polygraphic presentation of operads differs from their definition in that we
actually need our generating cells to be subjected to relations in each dimension,
while they inductively add some cells of higher dimensions to relax the relations
involving the operations of linear operads in a homotopical coherent way.

1. Generalities on categorical operads and their algebras

We define operads and their algebras in a 2-categorical context. We both
consider symmetric and non symmetric operads with values in the 2-category of
categories. We do not explicit the case of operads with values in a monoidal 2-
category which is not CAT. However, we make all of the constructions formal, so
that more general cases should be easily deducible from the one established in this
section. In particular, one can easily obtain the definition of non symmetric operads
with values in a monoidal 2-category (A,®,), provided that A is also equipped
with a closed monoidal 2-category structure (A, xa,[—,—]a), possibly different,
but compatible with the first monoidal 2-category structure. On the other hand,
symmetric operads can be defined in any symmetric monoidal 2-category (A, ®4)
equipped with a compatible closed monoidal structure (A, xa,[—,—]a). Notably,
a symmetric closed monoidal 2-category yields a suitable framework for symmetric
operads as soon as the the internal hom is monoidal.

We also introduce the categorical operads M" of n-fold monoidal categories, and
describe their algebras in any symmetric monoidal 2-category.

1.1. The unbiased structures on which operads are shaped. In Chapter
I, we explained the definition of N-unbiaised monoidal 2-categories with the pur-
pose of unravelling fine structures underlying associativity relations in monoidal
2-categories. This definition of N-unbiaised monoidal structures for 2-categories is
a 2-categorical counterpart of a classical definition of N-unbiaised monoidal struc-
tures for categories (see [18]).

The purpose of this subsection is to review the definition of unbiased structures
that give the shape of the composition schemes of categorical operads, in both the
non symmetric and the symmetric case. This subsection is expository, and is mostly
intended to fix the background of our constructions and some conventions.

The unbiased structure of natural numbers. Let N be the set of natural numbers.
The addition of natural numbers gives to (N, +, 0) the structure of a monoid in the
monoidal category (SET, X). In fact, the structure of a monoid is precisely shaped
on the structure of the natural numbers. To be explicit, recall that a monoidal
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structure on an object is defined as the data of a unit object, a binary operation
(the tensor product), together with unit and associativity isomorphisms, which
satisfy coherence constraints ensuring that any different orders between iterations
of the tensor product yield equivalent results, so that the n-th iteration of the tensor
product makes sense. In the unbiased setting, we define a monoidal structure as
the data of an operation ®" of arity n for all n € N, which model an n-fold
tensor product. These operations are subject to compatibility isomorphisms as
well, so that the composite ®" o (®™,...,®"") is equivalent to @177 Recall
simply that the structure of an unbiased monoidal category, which we obtain by
this approach, is equivalent to the usual notion of a monoidal category (see [18]).
In what follows, we use the expression ‘N-unbiased monoidal category’ to refer to
a monoidal category equipped with the equivalent unbiased structure. Hence, an
N-unbiased monoidal category comes equipped with an operation ®" of arity n for
each n € N.

In the appendix, we observe that the structure of the set of natural numbers is
precisely shaped on the principle of iteration, which underlies this correspondence
between the usual and unbiased monoidal structures. Recall that each natural num-
ber n corresponds to the n-th iteration of the map s : N — N applied to the element
0, so that we can write n = s(0). Note that this notation makes sense, again by
virtue of the associativity of the composition of maps. The unbiased definition of
the monoidal structure inherent to the set of natural numbers precisely gives the
way composites of operations should arrange for unbiased monoidal structures, and
may be formalized as follows. Let r € N. We have an operation

+":N™ = N,
which to nq,...,n, associates the sum +"(ny,...,n,) =ny +--- + n,. Since each
n; satisfies n; = +"(1,...,1), we obtain the relation

7ML, 1), A (1)) = 4T G G D AT (e D) (),

In the context of operads, we will interpret the above equality of natural num-
bers as an equality of operations +7(4+™,..., ") = 4+ (1)
For the moment, we just form an N-sequence

[N®*,N] : N — SET,

to collect such operations +". Basically, this N-sequence associates to r the set of
functions N™ — N. Let #™ : N — SET be the terminal N-sequence, so that ™ = x.
The collection of operations +" can now be expressed as a morphism in the category
[N, SET] such that

+0 N 5 IN® N

We will see that the terminal sequence *™ defines an N-operad, whose algebras
precisely correspond to N-unbiased monoidal objects. In this setting, we can inter-
pret the set of natural numbers N as the free N-unbiased monoidal object generated
by the terminal set * in the N-unbiased monoidal category of sets.

The unbiased structure of symmetric groups. We adapt the previous construc-
tion to define a collection that models unbiased structures attached to symmetric
monoidal structures. We will generally use the phrase ‘G-unbiased structures’ to
refer to these unbiased structures, where the notation & refers to the symmetric
groupoid, on which we shape these structures, and of which we review the definition
first.
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Let n € N. In what follows, we generally write |n| = {1,...,n} for the set
with n elements, and we adopt the notation ¥, for the symmetric group on n
letters, regarded as the group of automorphisms of this set |n|. Then we define
the symmetric groupoid & as the category which has the natural numbers n as
objects and the elements of these automorphism groups as morphisms. Note that
G forms a groupoid. Nevertheless, in what follows, we generally regard & as an
object of the 2-category CAT. We may also write G for the 2-category IS, which we
obtain by adding identity 2-morphisms to &. We then call ‘symmetric sequences
of categories’ the objects of the 2-category such that CAT® = [6, CaT].

The symmetric groupoid naturally arises in the description of the different ways
of permuting coordinates. To see this, we can first notice that the set |n| : * — SET
with n elements can be defined as the n-th iterated coproduct of the terminal set,
so that |n| 2« U .- U*. The n distinct elements of |n| are given by the structural
morphisms of the coproduct ¢; : * — x U --- U x for s = 1,...,n. By the universal
property of the coproduct, the data of a morphism o : [n| — |n| in the category
of sets is equivalent to the data of a morphism o; : *x — %L --- U % for each
i =1,...,n, and hence to an element ¢y, : * — |n|. In this formalism, we obtain
¥, = SET™ (|n],|n|), so that each ¢ € ¥, corresponds to the automorphism of |n|
given by the family {Lg(i)}izl e

Let C be a category and observe that for each n € N, the n-th iterated cartesian
product of C satisfies

———

n

Cr=Cx---xc=][c=[xu--uxc],
i=1

where the terminal object appears n times. Hence, each category induces a 2-
functor

C*®: &P — Car,

given by r — C" = C x --- x C on objects, and that we determine as follows on
—_———

T
morphisms. Let o € X,.. Then ¢ induces a functor

[*|_|...|_|*’C]££]—>[*I_I~-|_I*,C]

by pre-composition, which is an isomorphism. In particular, for » € N, we obtain a
2-functor

G* : G — CaT,

which to r : * — G&°P associates the cartesian product category &", and which to a
permutation o € ¥, associates a functor

The functor o* is given

~ by o*(n1,...,n:) = (Ng-1(1), - -, No—1()) ON Objects,
— by o*(11,...,7) = (To-1(1), - - s To—1(;)) ON Morphisms.

In order to fully describe how the different compositions of permutations ar-
range, observe that the 2-functor &* induces a 2-functor

[6°,6]: & — CarT,
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such that [&6°,8](r) = [6", 8], and [&°,&8](r,r)(0) = [6",6] L (&7, &]. For
our purpose, we also consider the terminal symmetric sequence

x© . 6 — CaT

given by x(r) = *.
The multiplicative structure of permutations can now be expressed in terms of
a morphism

+°:+% = [6°, 6]
in the 2-category of symmetric sequences of categories CAT® = [6, CaT]. To be
explicit, for 7 : x - &, we define

+": 6" = G,

by +"(n1,...,n;) =n1 +--- +n, on objects and by

T T T

o~ 1 o~ = ~
I | SET™ (|n4], [ni|) = SET <| I [n4, | I |nz|> — SET (|n1+- - +ny|, [ni+--+n,|)
i=1 i=1 i=1

on morphisms. To give +° the structure of a 2-natural transformation, we define,
for ¢ € ¥, a natural isomorphism +? such that

(e, 8)

Z |~

— [67,6].

-

ML R
+| K
R

For this purpose, let (ni,...,n,): * — &". Then we define
+7 (1, np) A+ ((No-1(1)5 -y No=1(ry) = + (1,2, )
by the isomorphism
Moty 10-100] 2 gy U Ulng sy 5 [y U+ Uy | & [y 4.
For all morphism (7q,...,7.) € 6"((n1,...,n.), (n1,...,n.)), the diagram

+U(nla-~~7n7‘)

Ing-1| U=+ Ulng-1n| =" |naf U Ulny|
7071(1)u~».UTa,1(7,)J/ l‘rlu...uq—r

Ro-1 | U+ Ulng-10)| Lm0 U

—
+7(n1,..y
commutes. Here we write 7y U- - - U7, instead of +"(71,...,7,) for clarity. It follows
that +7 defines a natural transformation o,+" = +", so that we have defined the
2-functor +° : ¥ — [&°®, &] governing the structure of symmetries.

We will define G-operads as objects of the 2-category CAT® equipped with
an extra structure called composition. We will see that the terminal symmetric
sequence *© defines a G-operad, whose algebras precisely correspond to G-unbiased
monoidal objects. We can then interpret the symmetric groupoid & as the free &-
unbiased monoidal object generated by the terminal category * in the G-unbiased
monoidal category of categories.
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Conventions. In what follows, we let A denote either N or &, regarded either as
a category or as a 2-category depending on the context. Most of the time, we will
treat simultaneously the cases of monoidal structures (A = N) and of symmetric
monoidal structures (A = &) using the 2-category A. In both cases, the objects of
A are given by the set of natural numbers and there exists a morphism between n
and m if and only if n and m are equal.

When dealing with symmetric monoidal structures, we often need to use the
morphisms of A. Hence, we may write o : x — A(n,n) for constructions in the
general A-unbiased monoidal framework, so that when A is &, the morphism o
corresponds to a permutation, whereas when A is N, the morphism o is always the
identity of n.

1.2. Miscellaneous structures on 2-categories. In this subsection, we re-
visit the definition of structures on 2-categories that we need for the definition of
operads.

Tensored 2-categories.

DEFINITION 1.2.1. Let A be an A-unbiased monoidal 2-category. Let I' be a
2-category. We say that I is tensored over A if it is equipped with a 2-functor

cAXID —T,

which satisfies natural unit and associativity relations with respect to the internal
monoidal structure of the category A. In the case where the 2-category I' is also
A-unbiased monoidal, we say that the tensoring is monoidal if this 2-functor forms
an A-unbiased monoidal morphism.

We say that I' is enriched over A is it is equipped with a 2-functor
(=, =) TP x T — A,

with unit morphisms 1 : 15, — I'*(P,P) and composition morphisms o : I'* (R, Q)®
(P, R) — I'*(P, Q), which again satisfy natural unit and associativity relations.

We say that T" is tensored and enriched over A if it is both tensored over A and
enriched over A and, for each object C of A and each pair of objects P, Q of ', we
have an equivalence of categories

L(C-P,Q) = A, TMNP,Q)).

We also assume in this context that the unit 1p : 15 — I'*(P,P) corresponds to
the unit isomorphism 1, - P = P of the tensor structure under the equivalence
of categories A(15,I'*(P,Q)) = I'(1, - P, Q), while the composition morphism
o:TMR,Q) @ TA(P,R) — I'’(P, Q) corresponds to the composite of adjunction
augmentations I'*(P, Q)-(T'A(P, R)-P) — I'*(R, Q)-R — Q under the equivalences
of categories

AN (R, Q) ® (P, R), T (P, Q) = I((I'(R, Q) @ T*(P,R)) - P, Q)

Note also that every 2-category is canonically enriched over CAT. The following
proposition provides a sufficient condition for the existence of a tensoring associated
to this enriched structure.
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ExAMPLE 1.2.2. Every closed monoidal 2-category is tensored and enriched
over itself, which is monoidal if and only if the closed structure is.

PROPOSITION 1.2.3. Let T' be a cartesian 2-category such that for each category
C, any constant 2-functor IC — T' has a colimit in I'. Then T is tensored and
enriched over CAT.e

PrOOF. We define a 2-functor [ [ : CAT — I as follows. Let C be a category
and consider the constant 2-functor

$$IC — % 25T
We define [[#r := [[#r(C) : x — T as the colimit of *&, which extends to a
c
2-functor [ *r : CAT — I'. Define an action of CAT on I' as the composite

oAt x T A p e 5T

Note that we have C - P = colim [ ], P, where [[, P is the constant 2-functor
PC.1C 5« BT,

The colimit of this 2-functor is an object of I', which we write
[[P:+-1.
c

This construction extends to a 2-functor
. CAaTxI' =T

Let C be a category and P, Q be objects of I'. We have the following equivalences
of categories

r'C-P,Q=r (H P, Q) =~ [[r(P, Q) = Car(C,T(P, Q).
c C

The unit and associativity relations of this tensoring - : CAT x I' — T follows from
universal properties. The correspondence between the unit and the composition
morphisms in I' and the universal morphisms attached to this tensoring follows
from similar arguments. [

EXAMPLE 1.2.4. Suppose that a 2-category I' is tensored over a 2-category A,
then we have a 2-functor

[Anp) X]
e

<t A X [APT] = [AP,A x T [A°P T,

so that the 2-category of 2-functors [A°P, T'] is tensored over Al

1This observation is valid for any 2-category A, not restricted to A = N, S.
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The integral product.

DEFINITION 1.2.5. Let I" be a bicomplete 2-category and A be a 2-category such
that I is tensored over A. We define the integral product over A? as the 2-functor

T:[A Al x [AP,T] =T
obtained by the composite

(A, A] % [A%,T] 25 [A x AP, A x T] 25270 10 o por 1y Joy

PRrROPOSITION 1.2.6. Let I' be a bicomplete 2-category and A a 2-category such
that T' is tensored and enriched over A. Then for each C : A°P — T", the 2-functor
induced by the integral product

—ftC:[AA] T
has a right adjoint T4(C,—) : T' — [A, A], which extends to a 2-functor
TA(=, =) : [AP. 1) x T — [A, Al
Hence for P:A— A, C: A°? - T and X : x — ', we have a natural isomorphism
[A,A] (P, TA(C,X)) 2T (PtC,X).

PrOOF. Recall that the oppositization 3-functor takes the 2-category of 2-
functors [A?, T|°P to the 2-category [A,T'°P]. We let T'4 be the 2-functor defined as
the composite

TA(—, =) : [A,T] x T — [A,T] x T =5 [A, T x T] LT84,

Let C: A - T, X : x — [ and n : * — A. We explicitly have '} (C, X)(n) =
I'*C(n),X). Let P: A— A, C: AP - T and X : + — I. The folowing natural
isomorphisms

P(P1C,X)= T (/m% P(n) ~C(n),X>

I

nik—A
/ T (P(n)-C(n), X)

1%

n:ik—rA
/ I (P(n).T (C(n), X))

I

nik—A
[ remrienm)
[A,A] (P,TA(C. X))

1%

show that for each C : A’ — T, the 2-functor I'} (C, —) is right adjoint to —{C. O

2The construction of this definition makes sense for any CAT-small 2-category A, not restricted
to A=N,G.
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FEzxponentiation.
DEFINITION 1.2.7. Let A be a 2-category. We define its exponentiation A® as
the 2-functor
A AP — CATs,

which to n associates the 2-category A" = A x --- x A, and for A = &, associates
—_——

n
to any permutation o € ¥, the isomorphism of 2-categories

[t7 Al

A" 2 kU U Al —— [« Usx, A] 2 A"

REMARK 1.2.8. Let A and I' be 2-categories. The cartesian product A® x I'®
in [A°P, CATs] is naturally equivalent to (A x T')°.

PROPOSITION 1.2.9. The 2-functor U* which forgets about A-unbiased monoidal
structures has a left adjoint

—
A.CATy L+ MONACAT, : U2,
—

which associates, to every 2-category A, a free A-unbiased monoidal 2-category FAA.
This object FAA can be expressed in terms of the following coend

FAN / W% A®
nix—rA

PROOF. Let A be a 2-category and I' be an A—unbiased monoidal 2-category.
Let ¢ : A — UAT be a 2-functor and write 1) fA ** x A®* — T" for the image of 1
under the composite

(A, T —>fA* Sl {/ * x A',/ % r-} [fx**x A% @] [/ A % A',F} .
A A A

We equip 1 with the structure of an A-unbiased monoidal 2-functor extending v,
in the sense that the diagram

A—Y T

154

FAA

commutes up to an equivalence. Let n : x — A. The component 1), : A" — T of ¢
in n is defined by the composite

A L
Let o : * — A(n,n). The natural isomorphism v, : @, = g, is given by the
composite

A" L> e SE,

ez

ATF
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The composite A — FAA 1 precisely gives 1. The data of an isomorphism

Forrn I pear

TIAJ/ @ o l@{é

F“\ATF

R

corresponds to the data of an isomorphism «j*»"" for each r : * — A and
Nyevoy e — A

r H P T H ®1T“Li

i=1 i=1

[JA" —=" & JJD™ = "

i=1 i=1
’El ganl »»»»» ny ®;
A" T

J)n :®F¢”

where n = nj + -+ + n,, and an isomorphism a2t : g(0q, ..., o).l =

amto" for all o @« — A(r,r) and oy : x — A(ng,n;),i = 1,...,r. Let afftnr
T

be defined by the isomorphism &7 o [[®p = ®f. The existence of the required
i=1

isomorphism ag'» 7 follows from the commutativity of the following diagram

ng

ns
r P r ®p
i=1

i=1 _F Bz i=1
I=1 »
WSR-S ®r

[fam
[fam

/

T ” ]
[TA™ v —IIer — I’ _
i=1 i=1 i=1

Pn=Qpp"

This shows that 1) : FAA — T defines an A-unbiased monoidal morphism extending
. Conversely, let ¢ : FAA — T be an A-unbiased monoidal morphism. Let

n :x — A and let ¢, be defined by the composite
qﬁn:A’Li)/*AxA'i)F.
A

We show that ¢ is determined by ¢,. Let n : x — A. Since ¢ is A-unbiased monoidal,
we have an isomorphism

(fA*AxA‘)T — [xh x A®

ol e s

r ——m ——7T,
®r
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so that in particular, we have isomorphisms

f(n1, ) iRAT * X H A™i
Ax A%) *‘4

o

An1+~~+nr

1R

fn:*A byt

rr . r
®r

The composite (fn:*—)A ¢n1+...+nr) pi1,... 1) precisely gives ¢, so that ¢, = ¢,". [

REMARK 1.2.10. For A = N, we obtain that the free monoidal 2-category
generated by a 2-category A satisfies

Fha JT A
neN
In particular, the 2-category N is freely generated by the terminal 2-category .
REMARK 1.2.11. For A = &, we first construct a 2-category A™/%,, for each
n : x — & as the 2-category whose objects are the objects of A, and whose category

of morphisms A"/¥%,,(C, D) for objects C and D is defined as follows. The data of an
object of A"/%,,(C, D) is equivalent to the data of an object of [[ A"(0.C,D).

oik— N,

Let F:x = A"(0p,C,D) and G : x = A"(0g,C, D). We let the set of morphisms
from F to G be defined as

A"/%,(C,D)(F,G) = A"(0p.C,D)(F,0r; '06.G),
which can be graphically described as the following diagram in A™

GF.C F D

aF:IJ %

C T) OG.C.

In particular, if for ¢+ = 1,...,n, we have a morphism f; : C; — D; in A, then
for all o € X, both f = (f1,...,fn) : (C1,...,Cp) = (D1,...,Dy,) and o.f =

(fo(1)7 feey fa(n)) : (60(1)7 e aco(n)) — (Dl, e ,Dn) are objects OfAn/En ((Cl, e ,Cn), (Dl, e

Moreover, the identity of ¢.F in A™ provides an isomorphism between o.f and
f in A™/%,, whose inverse is given by the identity of f in A™. We give to
A"/%,(C,D) the structure of a category as follows. Let F' : + — A"(op,C,D),
G:*— AN(0g.C,D) and H : * = A"(oy,.C,D). We define a composition mor-
phism by the composite
A" (0p.C,D)(F,0r; '0g,G) x A" (06.C,D)(G,0¢; o H)
—  A"op.C,D)(F,op;'06,G) x N"(0p.C,D)(0r; 06, G or; toy, H)
— An(UF.C,'D)(F,UF;laH*H),
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where the last arrow is given by the composition of morphisms in the category
A"(op.C, D). The composition in A" /3, (C, D) therefore corresponds to the follow-
ing composition scheme in A™

O'FC
o]
C w02 oc.C D.
OH J/ y
H
O’H.C

Let C, D and & be objects of A"/X,,. We define the composition functor
A"/%,(C,D) x A"/%,(D,E) = A" /2,(C,E)
in the components o, 7 € ¥, by the composite
A" (0.C, D)XA" (1« D, E) = A" (120, C, 7. D)x A" (1. D, E) — A" (140.C,E) = A" /X, (C,E).

We obtain the following description of underlying 2-category of the free symmetric
monoidal 2-category generated by A:

FAA = T A™/%0

neN

EXAMPLE 1.2.12. Let &®) be the free monoidal 2-category generated by the

terminal 2-category #, so that &2 = J[ *" /%,,. Hence, the data of an object of
neN

&®) is equivalent to the data of a natural numbers. For each natural number n, the
category of morphisms 6%2) := & (n,n) can be described as follows. The data of

an object of 6512) is equivalent to the data of a permutation o € ¥,,, corresponding to

the unique object of the category *™(c.x™, ™). Let 0,7 € ¥,,. The set of morphisms

e (0, 7) has precisely one element, which is given by *™(o.x™, ™) (x", 0~ Lr.4")

*.

REMARK 1.2.13. If we use the 2-category &? instead of & to model symmetric
monoidal 2-categories, then an &()-unbiased monoidal structure on a 2-category
A consists in the data of

— for each n € N, a functor
®p A" = A,

which satisfies unit and associativity conditions,
— for each o : x = ¥,,, a natural transformation ®¢ such that

An An

\/

with natural isomorphisms ®{®} = ®47 for each 0,7 : ¥ = 0y,
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112
— for each 0,7 : ¥ — ¥, an invertible modification ®}” such that

and which is compatible with composition
i 27 to be given by the

In fact, the compatibility relations impose the modification ®
following composite
T /id\‘
A" —> A" o A T AP A" —> A"
o305 ;@;?’
\ A — ! \ = A
" @  ®% A

1R

IR

so that a G-unbiased monoidal 2-category structure is equivalent to an &®-unbiased

monoidal 2-category structure on A
REMARK 1.2.14. The adjunction of Proposition 1.2.9 induces a monad U*F*

which we also write F# for simplicity
FA: MoN*CATs — MONACATs.

A 2-category is an A-unbiased monoidal 2-category if and only if it is an algebra
over F2. Indeed, the structural morphism given by the F*-algebra structure on a

2-category A provides a morphism
@h 1 FAA — A,
AT — A

which is A-unbiased monoidal. In particular, we obtain a 2-functor ®%}
for each n € N, which is invariant under the action of the symmetric group when

A=6.
DEFINITION 1.2.15. Let n : * — A and consider the n-diagonal 2-functor A
oA =4 A,, for the natural

Let 0 : * — A(n,n), and write A, :
otno induce a morphism into

A — A"
isomorphism induced by o. The collection {A,,A,}

the end
A
A:A—)/ 2 x A°.

The composite
A

A
®ﬁAn:A£>/ A A Ty A Ly /* x A® 22,

induces a 2-functor @A A : AP — [A, A]
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DEFINITION 1.2.16. Let A be an A-unbiased monoidal 2-category. We define
the exponentiation as the 2-functor

—* A = [P A

that corresponds to the 2-functor ®4 A under the equivalence [A%P, [A, A]] = [A, [A°P, A]].
Let C be an object of A. The object C® : A% — A is defined on n : * — A by C®A,
and when A is the symmetric groupoid &, the right action of ¥,, on C®4 is yielded

by the permutation of the coordinates on A,C = (C,...,C) : x — A™.

ProroOSITION 1.2.17. Suppose that A is an A-unbiased monoidal 2-category
which is bicomplete, and recall that the 2-category [A°P, A] inherits an A-unbiased
monoidal structure from the A-unbiased monoidal structures of A°P and A.

DEFINITION 1.2.18. Let A and I'' be A-unbiased monoidal 2-categories such that
I" is tensored over A. We define the composition product as the composite

o [AA] x T AT 1a A s ar,T) T
so that for P: A— A and C: % =T, we have PoC =P {C* = [, P(n)-C®F. If T
is tensored and enriched over A, then we also have an equivalence

I'(PoC,D)=[AA](P,TR(C*,0)).

1.3. Sequences of categories and categorical operads. We can now give
the definition of operads in categories, relying on the constructions of the previous
subsection.

Sequences of categories. For simplicity, we write N for the discrete 2-category
I?N whose objects are given by the natural numbers. The monoid structure of the
set of natural numbers extends to a monoidal 2-category structure on N seen as a
2-category.

DEFINITION 1.3.1. We define the 2-category CAT™ of categorical sequences as
the 2-category of 2-functors CATy(N, CAT). Explicitly, the 2-category CAT™ is such
that

— An object C of CAT™ consists in the data of a category C(n) for each n € N,
— IfC and D are objects of CAT™, then the category of morphisms CAT™ (C,D)
is defined as follows:
— The data of an object F' : C — D consists in the data of a functor
F(n):C(n) = D(n) for each n € N,
— If F,G : C — D, then a morphism 7 from F' to G is given by a natural
transformation n(n) : F(n) — G(n) for each n € N.

The 2-category CAT" is cartesian closed. Indeed, the cartesian product is given
by the pointwise cartesian product. In the same way, if C and D are sequences of
categories, we define the sequence of categories [C, D] by the category of functors
[C,D]n(n) = [C(n), D(n)] for n € N. We obtain a 2-functor

[—, =N cat™ ? x car™ — caT™
such that for each sequence of categories C, the induced 2-functor

[c,—™: car™ — car™
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is right adjoint to the 2-functor
C x —: Cat™ — Cat".

Observe that a morphism F : [C;,Di]N — [Co, Do]™ in CaTM is a sequence
of functors F'(n) between the categories [C1(n), D1(n)] and [C2(n), Da(n)], whereas
a functor CAT™(Cy, D;) — CAT™(Cy, Dy) takes a sequence of functors to another
sequence of functors, but is not necessarily itself a sequence of functors. Therefore,
the category of functors from CATN(Cl, D) to cat™ (Cq, Dy) carries less structure
than the category of morphisms from [Ci,Di]n to [Co, D2]w in Cat™. However,
the following proposition allows us to identify the functors that can we written as
sequences of functors with morphisms of CaT".

PRrROPOSITION 1.3.2. The 2-functor of objects of sequences of categories
Cat™(+™ —) = Car™ — Car

is injective, locally injective, and locally fully faithful. In particular, for each se-
quences of categories C1,Co, D1, Ds, the functor

CAT[N ([Cl,plln\l s [Cl,Dl]N) — [CATN(Cl,Dl)7 CATN(CQ,DQ)]

is fully faithful.

PROOF. Let C be a sequence of categories. Since CATY is a 2-category of
2-functors, we have

C* = CatN(+N,0) = /nEN Car(x,C(n)) = [] ¢(n),

neN

so that the 2-functor CAT™ — CAT is injective on the objects. Moreover, if D is
another sequence of categories, we have

Cat™(¢, D) = [ [C(n), D(n)]
neN
and
[C*, D] = [H C(n), H D(n)] )
neN neN

so that the functor CAT™(xN, —)(C,D) : Cat™(C,D) — [C*,D*] induced by the
2-functor of objects corresponds to the natural morphism

[T com. [T )

neN neN

[Tcm). D) -

neN

)

which is injective on the objects. Let F,G : * — CAT™(C,D). The morphism
Cat™ (N, —)(C,D)(F,G) : Cat™(C,D)(F,G) — [C*,D*] (F*,G*) factors through
the following isomorphisms of sets



1. GENERALITIES ON CATEGORICAL OPERADS AND THEIR ALGEBRAS 115

Cat™(C, D)(F,G) = [T [C(n), D()] (F(n), G(n))

neN

Xy x—C(n)
~ ] / D(n)(F ()Xo, G(n)X,)

nenN

o~

/ I1 Xnx— T C(n

B B0 ((H F(n)> X, (H G(n)> X)

neN neN neN
X:x—C*
~ / D' (F*X,G"X) = [C*, D*] (F*,G")

which shows that CAT™(«N, —) is locally fully faithful.

DEFINITION 1.3.3. We define the oppositization 2-functor
—op; (Cart™)™ — CaT™

as follows. Let C be a sequence of categories and define its opposite sequence
C? in n € N by C°?(n) = C(n)°?. Let D be a sequence of categories. Observe
that any sequence of functors from C to D naturally induces a functor from C°
to D°P, whereas any 7 : * — CAT"(C,D)(F,G) induces a 2-morphism 7 : x —
CaT™(CoP, DP)(GP, F°P). We obtain a functor

cat™(C, D) — Cat™(CoP, DP).

DEFINITION 1.3.4. Let SET™ : % — CAT" be the constant sequence of categories
defined on n € N by SET™(n) = SET.

The object SET™ of CATY is bicomplete cartesian closed, and as a consequence,
is suitable for collecting internal morphisms in CAT™.

We define internal morphisms in CAT" with values in SET™. Let C : ¥ — Cat"
be a sequence of categories. We define a morphism in CAT™

C(—,—):C% x C — SeT".
We let C(—, —) be the sequence of functors defined on n € N by the functor
C(n)(—,—) :C°?(n) x C(n) — SET,

which, to objects X,Y of C(n), associates the set C(n)(X,Y’) of morphisms from X
to Y in the category C(n).

Let X : #™ — C and let the internal unit 1x € C(X, X) of X be defined by the
sequence of functions given in arity n € N by

Lx(n) = 1x(m) : * = C(n)(X(n), X(n)).
Let X,Y,Z : x — C. We define a composition morphism in SET"
CX,)Y)xC(Y,Z)—C(X,Z)

given in arity n € N by the composition of morphisms in C(n). The verification
of the unit and associativity axioms is immediate from the associativity and unit
axioms of a category.
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LEMMA 1.3.5. For each pair of objects C,D and morphisms F,G : C — D of
CATY, the canonical morphism

XN
c,DIN(F,G) — / D(FX,GX)
is an isomorphism in SETY, so that the internal SET™ -category structure of objects
of CATY is regular.
PROOF. The sequence of sets [C, D|N(F, G) is defined on n € N by

€, DI™(F,G)(n) =[C, D](n)(F(n), G(n))
=[C(n), D(n)] (F(n),G(n))

I

Xy ix—C(n)
/ D(m)(F(n) X, G(m)X)
X:Noe
o ( / D(FX, GX)) (n).

COROLLARY 1.3.6. Let C: +™ — CATY, X € C and F : C°? — SET™. We have
an isomorphism in S

O

[coP, SET™N(C(—, X), F) = FX.

As a consequence, the objects defined by universal property internally in SET" are
unique up to a canonical isomorphism.

LEMMA 1.3.7. For each C : + — CATY and each pair of objects X,Y : x — C,
we have an isomorphism

CAT™(,C)(X,Y) = CaT™ (%, SETV) (%, C(X,Y)),

so that the internal SET™-category structure of objects of CATY is compatible with
their external category structure.

PRrROOF. On the one hand, we have
neN
Car’ (5, QX Y) = [ Cante Cn) (X (). Y (n)

=~ ] c(n)(X(n),Y (n)).

neN
On the other hand, we have

Cat™ (%, SET™) (%, C(X,Y)) u/nEN CAT(%, SET)(x,C(X,Y)(n))

i~ H SET(x,C(n)(X(n),Y(n)))

neN

= T] cm)(X(m). Y (n))

neN
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Categorical operads. Recall that the 2-category [N, CAT| inherits a monoidal
structure ([N, CAT],+pgy) from the monoidal 2-category structure of (N,+) by
Day’s convolution product for 2-categories. Let P : N — CAT. The cartesian
closed structure of CAT, allows us to see P as a 2-functor P : ¥ — [N, CAT].

REMARK 1.3.8. The addition of natural numbers gives to (N, +, 0) the structure
of a monoid in the monoidal category (SET, x, ). Moreover, (N, +,0) is the free
monoid generated by the terminal set *. As a consequence, we have an equivalence
of 2-categories

[N, CAT] =2 MONCAT3 ((N, +), ([N, CAT], + pay) -

Under this isomorphism, any categorical sequence P corresponds to a monoidal
2-functor

P2 (N, +) — (CATN, 4+ pay)-

DEFINITION 1.3.9. We define the power sequence 2-functor —% : CaT" —
[N, CAT"] as the 2-functor obtained by the composite

CAT™ 2 MONCAT; (N, +), (CAT™, +pay)) — [N, Car™],

where the last arrow forgets about the monoidal structure of the 2-functors. Let P
be a categorical sequence and 7 € N. The sequence of categories P is explicitly
given by

r

P = [ TTP() x N 4+ 4my),
(n1,...,np) ENT =1

so that the sequence P®" is given in arity n € N by the category
T
P"m)y= [ [[P0)
ni+etne=n i=1

DEFINITION 1.3.10. We define the composition of categorical sequences as the
2-functor

o:CatY x CaT™ — CaT

obtained by the composite

Cat™ x Car™ =5 N, Cat) x [N, CAT™] —— [N x N, CAT x [N, CAT]]

|

[N x N, [N, CAT x CAT]]
S l[Nx(N%N“P),[D\I,x]]

[N x N°P, [N, CAT]]

Let P and Q be categorical sequences. We obtain

POQ:/PXQ®.
N
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LEMMA 1.3.11. For any categorical sequences Q, R : N — CAT, we have an
isomorphism
(QoR)® 2 Q¥o R.

PRrROOF. Let » € N. We first observe that

0% o R = / Q%" (n) x R®".

We also have

(QOR@TZ <r[ )chﬂmq+~u+mg

i=1

IIZ

( Q(n;) x R®™ (m ))XN(—,m1+-~-+m7-)
ml, My n; EN

nytotng

1

/ (n1—|— “+n,) x R® (my+---4+my)
My, My nl? HNr

/ Q® >< R®

and hence, we get the result of the lemma. |

X N(—=,mq +---+m,)

LEMMA 1.3.12. The composition product of categorical sequences is associative.

PRrROOF. Let P,Q,R : N — CAT. We obtain the result by the following iso-
morphisms:

(PoQ) OR:/GN('PO Q)(n) x R®"

:/ P(r) x Q%" (n) x R®"
neN JreN

QoR):/@ﬂ%ﬂx(QoR@T

P(r) x 0% o R

reN

B /rew Plr) /neN Q% (m) x R

g/ P(r) x Q% (n) x R®".
neN JreN
O

DEFINITION 1.3.13. Let I: % — CAT™ be the sequence defined on n € N by

I(n) = {* if n :.1

(0 otherwise

We refer to I as the unit categorical sequence.

LEMMA 1.3.14. Let P be a categorical sequence. The unit categorical sequence
is a unit for the composition product of categorical sequences.
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PRrROOF. First observe that 1" (n) =  and 12" (m) = ) for m # n. Hence
7301:/ P(n) x 18" =P,

neN
We also immediately obtain
1o7>=/ I(n) x PE" =1(1) x PO =P,
neN
(]

PROPOSITION 1.3.15. The composition product of categorical sequences gives to
(CAT™, 0,1) the structure of a monoidal 2-category.

DEFINITION 1.3.16. We define the 2-category of categorical operads as the 2-
category of monoids

OP,yp := MON(Cary, ) (CATN, 0,T) .

ExXAMPLE 1.3.17. The 2-category OPgAT has a terminal object, denoted by As
or #*™ depending on the context. Its underlying sequence is given in each arity n € N
by the terminal category. We also refer to the terminal operad as the associative
operad.

ExaMPLE 1.3.18. The cartesian product of sets gives to the categorical se-
quence SET" the structure of a categorical operad.

DEFINITION 1.3.19. Let P be a categorical operad. We define the category of
operads internal to P as the category of monoids internal to P, so that

P-OP := MON(Cry, ) (CAT™, 0,T) (*,P).

Explicitly, an operad X internal to P consists in the data of

— a sequence of objects { X (r)}ren, where X (r) is an object of P(r) for each

reN,

— a morphism € — X (1) in P(1), where € is the unit object of P,

— for each r € N and each collection nq,...,n, € N, a morphism in P(n; +
e _|_ nr)

e (X (1), X (1), X () = Xy 4+ +1,),
where pup denotes the product operation of the operad P,

so that the unit and associativity axioms of internal monoids hold.

EXAMPLE 1.3.20. An operad internal to the operad SET" is a sequence of sets
X : N — SET equipped with a distinguished element 1x : x — X(1) and maps

T
X(r) x [[X(ni) = X (n),
i=1
satisfying the usual associativity and unit axioms.

DEFINITION 1.3.21. We define the 2-category CAT® of symmetric categorical
sequences as the 2-category of 2-functors CAT2(GP, CAT).
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1.4. Algebras over categorical operads. The algebras over a CAT-operad
naturally lie in a monoidal 2-category, just like the algebras over a SET-operad lie
in a monoidal category. We associate a CAT-operad to any object of a monoidal
2-category, namely, its endomorphism operad, and define an algebra over a CAT-
operad P in a monoidal 2-category A as an object X of A equipped with a morphism
of CAT-operad from P to the endomorphism operad of X. We obtain a 2-category
of P-algebras in A for each CAT-operad P. We define algebras over symmetric
categorical operads in a symmetric monoidal 2-category in the same way. We also
obtain a 2-category of algebras over a symmetric categorical operad in a symmetric
monoidal 2-category. We show that we obtain a 2-functor ALG, which to a cate-
gorical operad P, respectively a symmetric categorical operad P, and a monoidal
2-category A, respectively a symmetric monoidal 2-category A, associates the 2-
category of algebras over P in A. In the case where the monoidal 2-category A is
symmetric, we show in this subsection that the 2-category of algebras over a (sym-
metric or non symmetric) operad in A inherits a symmetric monoidal 2-category
structure. Hence, we will be able to define the 2-category of P-algebras in the
2-category of Q-algebras in A, for each (symmetric or non symmetric) categorical
operads P and Q.

Algebras over categorical operads in a monoidal 2-category. We define the 2-
category of algebras over a categorical operad in a monoidal 2-category. We in-
vestigate the conditions under which the 2-category of P-algebras in a monoidal
2-category can be equipped with a monoidal 2-category structure. Let (A, ®a, 14)
be a monoidal 2-category and X : x5 — A be an object of A.

DEFINITION 1.4.1. The tensor product 2-functor of A induces a 2-functor
X®% N — A,
which to n € N associates the image X®A of (X,...,X) : *+ — A" under the n-th
tensor product @} of A. We refer to X ®2 as the power sequence of X.

REMARK 1.4.2. The power sequence X®4 yields a monoidal 2-functor
X®3 ;% — [N, A].

We have, as a consequence, a 2-natural transformation in the 2-category [N, CATs]

o N
WX g AN
| =z loow
s [N, A

X®1

which is an isomorphism. We accordingly have an isomorphism for each r € N

r X®A7. [[N,A]T

l%ay

N, A

*

I\ |

X @A

The composite ®TDayX®RT : N — A is given by

®rDayX®/.\T = /

(Mg yeeeyng)ik—NT

n;

NGy + -+, =) ¢ @) XK,
i=1
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so that the isomorphism of sequences ®7, ayX ®X > X®X ig given in arity n by

r r
/ [N(n1+...+nr7n)x ® ){®7\I =~ H ® X®7\1 gX®X
(n1,eeynp )ik —INT i:1A A

nit-tny=n i=1

DEFINITION 1.4.3. Let X be an object of A. We let END% : NP — CAT be
the sequence of categories obtained by the composite

NP -----<- » CAT
(X®A’X)l /(—7—)
A°P x A

We may also write A(X*®, X) for this sequence.

DEFINITION 1.4.4. Let X be an object of A. The sequence END% corresponds
to a 2-functor ENDY : % — [N, CAT]. We let

ENDY " : N — [N?, CaT] .

be the unique monoidal 2-functor extending END/)\( for the monoidal structure given
on [N°?, CAT] by Day’s convolution, and by using the isomorphism N = FNx. Let
r € N. The sequence ENDﬁ}T is therefore given by the coend

ENDI)\(T:/ N(”1+"'+nrv—)XHA(X(@T’X)’
(M1, mp ) ik —INT i=1

so that for each n € N we obtain

Exoy () =[] ﬁA (X®7§i,X> .

nitetny=ni=1

REMARK 1.4.5. For each r € N and n4,...,n, € N, the tensor product of A
yields a functor

oh s [TA (XN, X) » A <® X®Xi,X®R> .
i=1 i=1
DEFINITION 1.4.6. We let the unit of X be the morphism of categorical se-
quences Iy : I — END% obtained from the identity 1x : x — A(X, X).
DEFINITION 1.4.7. We let

R / END% (r) x (ExD%)" — END%
rik—N

be the morphism of categorical sequences that we form as follows. Let » € N. We
first obtain a morphism from

ENDQ{TZ/ N(n1+~-~+nr,—)XHA(X®X",X)
(N1 yeeyngp ) ik —INT i=1

Sy s N(Bni,—) x®} r . r
(ng)i N A / N(n1++nr,_) XA ( ®AX®A , ®AX>
=1 i=1

(n1,.0ynp )ik — N7

N N(ng + - +n,, —) XA<X®X1+,.,+7H-’X®X) .

(N1,eeeynp ) ik —INT
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We define i as the composite
/ END% (r) x (ENDY)"
rik—N

= A(X®7\,X> x/(

N(nl 4+ 4 Ty, _) X A (X®X1+--.+n'r',X®X)

rix—N N,y )ik—NT

g/ / N(ny + - +np,—) ><A<X®X,X) xA(X@X”"'*""’X@)
rik—N J (ng,...,n. ) x—N"

—>/ / N(ng + -+ 1y, —) % A (X®X””'+"T,X) ~ Expf,
rik—N J (ng,...,n. ) k—N"

where the last morphism is induced by the composition of morphisms in A. The
associativity and unit isomorphisms provided by the associative and unitary struc-
ture of the composition of morphisms in A yield isomorphisms which give to END/)\(
the structure of a monoid for the composition of sequences.

DEFINITION 1.4.8. For each object X of A, we define the endomorphism operad
of X as the categorical sequence END%, equipped with the unit and composition
morphisms given in Definition 1.4.6 and Definition 1.4.7.

DEFINITION 1.4.9. Let P be an operad in CAT and A be a monoidal 2-category.

— A P-algebra is an object X of A equipped with a morphism of CAT-operads
Px : P — ENDX.

In particular, each p € P(r) yields a morphism in A from X®A4 to X, which
we may also denote by p or px : X® — X

— Let X and Y be P-algebras. We let P-ALGA(X,Y) be the category

whose objects are lax morphisms of P-algebras from X to Y, and whose

set of morphisms between lax morphisms of P-algebras F,G is given by

P-ALGA (X, Y)(F, G), where
— a lax morphism of P-algebras from X to Y is a pair (F,®%.), where
F: X — Y isamorphism in A and ®% is a 2-morphism in [A°P, CAT]:

A (X®3X)

P

P % A (X®A)Y)

N /A(Fm ¥)

A(Y®1)Y)

which fulfils the constraint expressed by the commutativity of the
diagram ?7.

— For F,G € P-ALG)(X,Y), a 2-morphism of P-algebras is a morphism
a: F — Gin A(X,Y) such that the following diagram commutes for
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all p € P(r):
%
py(F,...,F) e F(px,...,px)
py(a,m,a)l la(pxw--,px)
py(G, Ce ,G) TpG) G(px, e ,px).

We obtain a 2-category P-ALGA whose objects are given by P-algebras in A, and
whose category of morphisms between P-algebras X and Y is given by P-ALG,.

NoTATION 1.4.10. We may use the following notation, which are convenient
when working in the framework of operads and algebras over operads.

— If P be an operad in (A, ®,) and p € P(r), we write
. r

p
|

and may omit the numbering. If X is an object of A equipped with a P-
algebra structure, then each p € P(r) yields a morphism in A from X®a
to X. We use the same notation for this morphism.

— If f € P(r)(p1,p2) is a morphism between the operations pi,ps € P(r),

we write
1 2

—> p

for the morphism f in the category P(r). If X is an object of A equipped
with a P-algebra structure, then f yields a morphism in the category
A(X®r, X) from p; to po. We use the same notation for this morphism.
Note that if A is CAT, then p; and ps are functors, and f is a natural
transformation.

— Suppose that X and Y are equipped with a P-algebra structure in A. Let
p € P(r) and F : X — Y be a morphism in A. The morphism F' yields a
morphism F® : X®1 — V@4 in A. We write

F F
\/
1

F®h

for the composite morphism X®» —— Y ®i 2y Y in A. More generally,
we extend the usual notation of operadic composites to morphisms in A
involving iterated tensor products. We give the following characterization



124 II. OPERADS

of For instance, we obtain the following for ®%.:

F F ?% \/
P
v
|
/

REMARK 1.4.11. Let X,Y be P-algebras in A. Let F : * — P-ALGA(X,Y) be
a lax morphism of P-algebras. For each r € N and each operation p € P(r), the
natural transformation ®%. yields a morphism in the category of objects of YV’

p(Fz1,...,Fz.) = Fp(z1,...,x.),

which is natural in 1, ..., 2, : x4 — X. In particular, we obtain the notion of a lax
monoidal functor when P is the associative operad and A is the 2-category CAT.

PROPOSITION 1.4.12. Let X be an object of A and P be an operad in CAT. The
data of a morphism of categorical operads

P — ENDY

is equivalent to the data of a morphism in A
/ Px X 5 X
N
such that the following diagram commutes up to a 2-isomorphism in A:
o\ Rr®
JuPx (P x X€%)

Ju ’PW =

fNP x X®a® fTED\I f(nh__'7nr)€N,. P(r) x PO« X®a®

wxl J/IHPXX®A

®O
X = Ju P x X

1R
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PROPOSITION 1.4.13. Let X,Y : % — P-ALG(),g,)- Suppose that A is equipped
with another monoidal structure (A, ®2) which is compatible with (A, ®1), so that
(A, ®1,®2,14) has the structure of a 2-monoidal 2-category. Then the tensor prod-
uct ®9 yields a tensor product on the 2-category of P-algebras in (A, ®1)

Rg : P-ALG(A,®1) x P_ALG(A,®1) - P_ALG(A’®1)'

More generally, the monoidal structure (A, ®2) on the monoidal 2-category (A, ®1)
yields a monoidal structure (P-ALG(A,&), ®2) on the 2-category of P-algebras.

PRrROOF. Let X and Y be P-algebras in (A, ®1). The monoidal structure of the
2-functor ®9 yields morphisms in A for each n € N:
@ (X @2 V)81 — X @, Y&
which are natural in X, Y, and which satisfy the coherence conditions of monoidal

morphisms. We equip X ®2 Y with a P-algebra structure as follows. The sequence
of morphisms given in arity » € N by the composite

P(r) — X A(XEE, X)X A(YER,Y)
¢X®2Y(7')§ J/®2
A((X @2 V)P, X @ Y) gy A (X @ YL X @, Y)

yields a morphism of CAT-operads, and hence a P-algebra structure on X ® Y.
The verification of associativity and unit constraints is easily deducible from the
constraints on ®s, for instance by using the N-unbiased monoidal structure attached
to (MON(A7®1), ®32). O

REMARK 1.4.14. It is important to notice that we used the universal property of
the cartesian product to produce the morphisms P(n) — A(X®i, X) x A(Y®1,Y)
from the structural morphisms given by the P-algebra structure on X and on Y.
As a consequence, this construction can a priori not be adapted in the enriched
setting unless the monoidal structure is cartesian.

DEFINITION 1.4.15. Let P and Q be CAT-operads and let (A, ®1,®2) be a
2-monoidal 2-category. We define the 2-category of Q-algebras in the 2-category
of P-algebras in (A, ®1,®2) as the 2-category Q-ALG(p.Arc(A,®,),0.)- 1f the 2-fold
monoidal structure on A is given by a symmetric monoidal structure (A, ®), then
we just write Q-ALGp.aLe, for the 2-category of Q-algebras in the 2-category of
P-algebras in (A, ®).

ProroOSITION 1.4.16. We have a 2-functor
ALG : OPg, x IIMONcyr, — IICAT,,

which, to an operad P and a monoidal category (A, ®), associates the 2-category
of P-algebras in (A, ®) as defined in Definition 1.4.9. If (A, ®) is a symmetric
monoidal 2-category, then the 2-category P-ALGp inherits a symmetric monoidal
structure. In this case, ALG extends to a 2-functor

ALG : OpZ, x IIMONE,,, — IIMONG,,, .

PROOF. Let P, Q € OPgar and (A, ®4), (I, ®r) € MONcar,. We define a
functor

OPcar(Q,P) x IIMONGar, (A, T') — IICATo (P-ALGA, Q-ALGr)
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as follows.
— Let @ € OPcar(Q,P) and x € MONgar, (A, T'). The 2-functor

P-ALGp — Q-ALGr

is defined as follows.
— let (C,9) € P-ALGp such that C € A and ¥ € OPcu (P, A(C*,C)),
then xC € T inherits a Q-algebra structure by the composite

Q%P % Ae*,0) X, p(y(e*), x¢) B p((x0)* x0),

where 7, : (xC)®* — x(C*®) is given by the monoidal structure of .
([l

Algebras over symmetric categorical operads in a symmetric monoidal 2-category.
We define the 2-category of algebras over a symmetric categorical operad in a sym-
metric monoidal 2-category. We show that the 2-category of P-algebras in a sym-
metric monoidal 2-category can be equipped with a symmetric monoidal 2-category
structure. Let (A, ®4, 1a) be a symmetric monoidal 2-category and X : x5 — A be
an object of A.

DEFINITION 1.4.17. For each n € N and for each object X of A the symmetric
group ¥, acts on the left on X®A by permutation of the factors, so that each object
X of A induces a 2-functor

X®h 6 — A
We refer to X®A as the power symmetric sequence of X.

REMARK 1.4.18. The power symmetric sequence X®A defines a symmetric
monoidal 2-functor, so that
— forr:x — & and nq,...,n.x* > &, we have

.
ni4-tnge n;
X&' =~ (X)) X%
A )

i=1

— for each 0 : ¥ = %, and o0; : * = X,,,, we have a natural isomorphism

(01 seemror)

nitotng v ® (1)t Tt e ()
Q)1 XTA L X®,

noy;

r ng T
QAX I @)X
1=

-
0. @yX®A i=1
i=1

DEFINITION 1.4.19. We define a symmetric sequence of categories END% :
&°P — CAT by the composite

DEFINITION 1.4.20. We call unit of X the morphism of symmetric sequences
¢ : T — ENDY induced by the identity 1x :  — A(X, X).
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DEFINITION 1.4.21. We let
T
/ ENDY (1) x (ENDY)" — EnDY
rix—S

be the morphism of symmetric sequences that we form as follows. Let » € N. The
tensor product 2-functor ®, also induces functors on the categories of morphisms

in A. In particular, for each r € N and nq,...,n, € N, we have a functor
[T (X%, x) = (@ X®X",X®R> .
i=1 i=1

We form the composite

A (X@X,X)xﬁA (X%, X) A (X%5 X) A (@X@’T’X@x) =4 (X% x).
=1 =1

where the last arrow is obtained from the 2-category structure of A by composition
of the morphisms, to get the requested composition functor at the level of our
coend. The compatibility of this composition functor with the action of ¥, comes
from the symmetric monoidal structure of A. We use, as in the non-symmetric
case, the natural isomorphism provided by the associativity of the composition of
morphisms in A to get an associativity isomorphism for this composition functor,
which again satisfies the usual coherence conditions of associativity isomorphisms.
The morphism € similarly satisfies the required conditions for being a unit with
respect to the operadic composition product in ENDg\(.

DEFINITION 1.4.22. For each object X of A, we define the endomorphism sym-
metric operad of X as the categorical symmetric sequence END/)\(7 equipped with the
unit and composition morphisms given in Definition 1.4.20 and Definition 1.4.21.

DEFINITION 1.4.23. Let P be a symmetric operad in CAT. We define the 2-
category P-ALG, of P-algebras, lax P-algebras 1-morphisms and lax P-algebras
2-morphisms by the following.

— A P-algebra is an object X of A equipped with a morphism of symmetric
CAT-operads

Yx : P — ENDY.
— If X and Y are P-algebras, then the category P-ALGx(X,Y) is such that

— its objects are the morphisms F' : X — Y in A equipped with a
natural transformation 7(r)

A (X®h, X)
V A(X®R,F)
P(r) n(r) A(X®AY),
N e
A(Y®AY)

for each r € N, which is compatible with the action of 3, and such
that the diagram of Figure 7?7 commutes,



128 II. OPERADS

— the set of 2-morphisms from F to G, for F, G : x — P-ALGA(X,Y) lax
morphisms of P-algebras in A, consists of the 2-morphisms « : F' = G
in A, such that the corresponding diagram commutes.

REMARK 1.4.24. Suppose that A has a distinguished object 14, let X,Y be
P-algebras in A and let F': x — P-ALGA(X,Y) be a lax morphism of P-algebras.
For each r € N, the natural transformation 7(r) part of the P-algebra mor-
phism structure of F' provides morphisms in the category of objects of Y for each
Z1,...,&p 2 x5 — X for each operation p : x — P(r), such that n(r) corresponds to

U(T)w1,...,mr : p(F<-T1)7 R 7F(xr)) - F<p<ml7 cee -Tr))

The compatibility with the action of ¥, ensures that given a permutation o € ¥,
the diagram

P (F(J,‘g(l)), . ,F(JZU%@‘;? — F (p(a:a(l), e ,xg(r)))

P)ag(1) 2 (r)
comimutes.

PROPOSITION 1.4.25. Let X,Y : x — P-ALG(pg). The tensor product @
extends to P-algebras

® : P-ALG(p,0) X P-ALG(A @) — P-ALG(),g),
so that (’P—ALG(A@), ®) has the structure of a monoidal 2-category.

PROOF. Let X and Y be P-algebras in (A, ®). We define a P-algebra structure
on X ®Y as follows. Let r € N. We let ¥xgy be the morphism of symmetric CAT-
operads defined in arity r by the composite

A(X@Y)?LX®Y),
where the vertical isomorphism is given by the commutativity of ®. [

DEFINITION 1.4.26. Let P and Q be symmetric CAT-operads and (A, ®) be
a symmetric monoidal 2-category. We define the 2-category of O-algebras in the
2-category of P-algebras in (A, ®) as the 2-category Q-ALG(p_Ara(A,®),0)-

PROPOSITION 1.4.27. Let (A, ®) be a symmetric monoidal 2-category. The
2-category P-ALGy is symmetric monoidal. Moreover, ALG defines a 2-functor

< op N
ALG: Opg,, x IIMONG,,, — IIMONg,,,,

which to a symmetric CAT-operad P and a symmetric monoidal 2-category A asso-
ciates the 2-category P-ALGp of P-algebras in A.
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Generalized Day convolution product for algebras over operads. Let (A, ®) be
a bicomplete monoidal 2-category which is cartesian closed, and suppose it is
equipped with internal morphisms with values in the bicomplete object Sy of A.
Let P be a categorical operad such that Sy is equipped with a P-algebra structure.
We generalise Day’s convolution product in the context of P-algebras in A, so that
when P is the associative categorical operad, we precisely obtain Day’s convolution
product as defined in section 1. Precisely, recall that we have a presheaf 2-functor

[_,SA]A : Agp — A.

(Here Ag is the full sub-2-category of Sy-small objects in A, and AZ has the same
objects than Ag, with categories of morphisms between objects C and D of A de-
fined by AZ(C,D) = As(D,C)P.)

Let C be an Sp-small object of A which is equipped with a P-algebra structure.
We show that the object [C°P,Sp]a inherits a P-algebra structure.

PROPOSITION 1.4.28. The presheaf 2-functor [—,S|a restricts to P-algebras,
hence it induces a 2-functor

[—,S]a : P-ALGA P — P-ALG,.

Digression on multidimensional algebra and commutativity. The main benefit
of working in a symmetric monoidal framework for defining algebras over operads
lies in the possibility of iterating the algebra process. However, it is important
to note that symmetric monoidal objects inherit significantly less structure than
n-fold monoidal objects, and hence make the information more difficult to manage.

Indeed, let P and Q be non symmetric categorical operads and let (A, ®1,®2)
be a 2-monoidal 2-category. The 2-category Q-ALG(p_ara(A,@,),®,) has for objects
the objects of A which are equipped with an action of P with respect to ®1, to-
gether with a compatible action of Q with respect to ®s. The distinction between
the monoidal structures on which these operads act imposes structural constraints,
resulting in a better understanding on the combinatorial aspects involving the sym-
metries induced by the interchange between P and Q. In fact, the two monoidal
laws may be seen as distinct directions in a 2-dimensional algebraic framework, in
a way analogous to the vertical and horizontal concatenation of topological homo-
topies. With this paradigm, working in a symmetric monoidal framework amounts
to study an infinite dimensional structure through a projection on a single dimen-
sional space.

In this section, we noticed that non-symmetric operads are shaped on associa-
tivity, while symmetric operads are shaped on commutativity.

In the next section, we introduce generalized operads, which can be shaped on
any given structure, in an attempt to model particular composition schemes in a
more accurate way. For instance, we will be able to define operads OP(CTQT shaped
on n-fold associativity, which we will call n-fold operads. To such an operad, we
will associate a 2-category of algebras in any n-fold monoidal 2-category.

We claim that n-fold operads efficiently govern structures which can be decom-
posed into n compatible actions of usual (symmetric or non-symmetric) operads.
To see this, we briefly examine the structure corresponding to compatible actions
of some operads P and Q. Recall from Proposition 1.4.13 that the 2-category of
P-algebras in a monoidal 2-category (A, ®1) inherits a monoidal structure whenever
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A is equipped with another monoidal structure whose tensor product ®o defines
a monoidal morphism with respect to (A,®1). Consequently, given another op-
erad Q, it makes sense to consider the 2-category of Q-algebras in the monoidal
2-category (P-ALG(),g,), ®2), whose objects are P-algebras in (A, ®1) equipped
with the structure of a Q-algebra with respect to ®9, such that the structural mor-
phisms given by the action of Q are morphisms of P-algebras. Its seems natural
to ask whether the 2-category Q-ALG(p.Arc(a,®,),0,) Can be represented as the 2-
category of algebras over an operad P ®g 5y Q. Necessarily, algebras over such an
operad have to be defined in a 2-fold monoidal 2-category, so that we can require
P ®g svQ to be such that

P (2 BvQ-ALG(A@l,@Q) = Q'ALG('P—ALG(A7®1)7®2)'

This observation motivates the definition of generalized operads, and specifi-
cally, of operads shaped on n-fold associativity. In this thesis, we mostly treat the
case where the operads under consideration are symmetric. In Chapter III, we will
give an explicit description of the tensor product of symmetric operads. For any
symmetric monoidal 2-category (A, ®), we will obtain an isomorphism

P ® v Q'ALG(A,®) = Q'ALG(P-AL(;(A,®),®)'

Recall that associative structures can be encoded via both symmetric and non
symmetric operad. In practice, working with the non-symmetric associative operad
is much more natural and straightforward. Indeed, the symmetric version of the
associative operad requires managing unnecessary additional relations involving the
action of symmetric groups. In contrast, it could seems that the use of symmetric
operads is necessary to describe structures governing compatible actions of operads.

Indeed, suppose that P and Q are non-symmetric operads, let (A,®) be a
symmetric monoidal 2-category, and let A € Q-ALGp_aic(a,0),). By definition,
for each ¢ € Q(n), the object A € P-ALG (), is equipped with a lax morphism of
P-algebras

et A% — A
in A. In particular, for each p € P(r), A is equipped with a 2-morphism ¢? in A
such that
(AB")®" T, (487)®"

%e;n
Vg

w?r _ A®n
A® T) A.

Hence, if we try to encapsulate the resulting structure on A € A by a single
operad P ®g pvQ, this operad would in particular be equipped with a morphism
plg encoding the aforementioned exchange involving the 2-morphism ¢7. Note
that the morphism 7 involved in the exchange diagram is an isomorphism in A
which realises a permutation of the coordinates in the product A®"". It follows
that the action of the symmetric group is needed to encode the source and the
target of the operation

qu epP ®® BVQ(p(Qa .. '7q)7T'q(pa v 7p)) .
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Consequently, the operad P ®g 5y Q can not be defined as a non symmetric operad,
resulting in the well known combinatorial intricacies regarding the exchange of
operadic structures, notably with regard to the structure of iterated loop spaces.

For a better understanding of operadic actions which interchange, we briefly
state the general scheme of n-fold operads and their relation with interchange.
Although the construction of n-fold operads and their algebras in n-fold monoidal
2-categories can be deduced from the next section as a particular case, we do
not provide a proof of what follows for the moment, neither construct the tensor
product of an n-fold operad with an m-fold operad. We simply state propositions
whose proof and details will be given in future work. Therefore, the following can
be viewed as conjectural, as well as a remark of interest for the understanding of
iterated structures.

In the case of n-fold operads, the algebra 2-functor analogous to the one con-
structed in Proposition 1.4.16 will have the following expression

ALG : OP(CZ)TOP x IIMON¢,p, — IICAT.

By similar arguments as in Proposition 1.4.13, given an n-fold operad P and an
(n 4+ m)-monoidal 2-category (A, ®1,...,®pntm), the 2-category P-ALG(A @,,...®.)
will inherits the structure of an m-fold monoidal 2-category from A, with products
given by ®p41,...,dnt+m. Consequently, any m-fold operad Q will yield a 2-
category of algebras internal to the 2-category of P-algebras in A:
Q‘ALG(P-ALG(A@l On) Ont1se s ®ntm)?

seees

whose objects may be seen as objects of A equipped with an action of P and an
action of Q which are compatible with each other. We expect a graded tensor
product

(n+m)

Beny : 0PI x OPI — 0PIt

CaT

such that for any n-fold operad P and any m-fold operad Q, the (n+m)-fold operad
P ®g svQ thus obtained satisfies

P R BVQ'ALG(A7®1,~-7®n+m) = Q_ALG(P-ALG(A@l ..... On ) @nt1sesOntm)?

and more generally, such that the following diagram commutes up to isomorphism.

m) P n) °P = m) P n) P
OP(CA% X OPéA)T X HM”""m-ALG(CAT%X) - OPEMZ X OPéA)T X HM"-ALG(MWL_AL(;(CAWX)’X)

®® HVJ( 1XALG

IR

n+m)°P n+m m) %P m
0PI ™™ S TIMP M- ALG (Gary ) OP(h X IIM™-ALG (Car, )
ALc
ALc
HCATQ

Note that if the horizontal isomorphism on the top of the diagram has first been
observed in Chapter I as a direct consequence of the definition of iterated monoids,
it will also comes straightforward from the isomorphism of symmetric categorical
operads MM = M™ @ M™ which will be stated after having defined the tensor
product in Chapter III.
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2. Generalized operads

The purpose of this section is to formalize the definition of a generalized notion
of operad within the framework of a monoidal category and with a structure shaped
on a categorical operad. The operadic shape provides a way of extending the
notion of a non-symmetric operad (where we take associative composition shapes)
and the notion of a symmetric operad (where we take symmetric and associative
composition shapes).

We still work in a 2-categorical framework. We precisely define, for T a small
(symmetric) categorical operad and A a monoidal 2-category, a 2-category of Y-
operads internal in A. For this purpose, we have to assume that A is bicomplete
close, with internal morphisms taking values in a bicomplete closed object Sy, which
has the structure of an Y-algebra in A.

To make our account shorter, we only describe the case where T is a symmetric
categorical operad in detail. We just have to forget about symmetric structures to
get the non-symmetric case of our constructions.

2.1. Definition and examples. Let T be a symmetric categorical operad
and let (A, ®a, XA, [—, —]a,*a) be a bicomplete closed and symmetric monoidal
2-category equipped with internal morphisms in Sp. Suppose that Sy has the
structure of an Y-algebra in A with unit given by the terminal object *g : x5, — S.
We provide a description of free Y-algebras in the monoidal 2-category (A, ®) and
use the free Y-algebra F¥ (x,) generated by the terminal object 5 of A to define
a category OPX of generalized Y-operads in A. For this purpose, we define a
composition product o and equip the object [F¥ (¥4)°P,S]a with the structure of a
monoid in the monoidal 2-category (A, ®). We will use the condition of the following
definition to define a unit for this composition product on [FY (x4)°?, S]x.

DEFINITION 2.1.1. For a small categorical operad T and an Y-algebra S in
a monoidal 2-category (A,®), we say that an object s : x5 — S defines a 0-
object for the T-algebra structure if the following property holds: “for each col-
lection sq,...,8, : *p — S®A, if there is some i such that s; = s, then we have
pg (81, .., 8.) = s for all T — Y(r).

PROPOSITION 2.1.2. The obvious forgetful 2-functor U™, from the 2-category of
Y-algebras in A to the 2-category A, has a left adjoint F¥, which associates to every
object of A a free Y-algebra in A. Hence, we have an adjunction of 2-categories

fT i A L T—ALG(A7®) :Z/{T.

Moreover, this adjunction restricts to S-small objects and commutes with the Yoneda
embedding, so that the diagram

FY
-1
Ag (u—T T—ALG(A&@)
b T MM
ux

commutes.
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PROOF. Let E : + — A. We construct an object FYE : * — A and an Y-
algebra structure on F¥E. We define

FYE = / Y(r) x E®A.
rix—S

We equip F Y E with the structure of an Y-algebra in (A, ®). For this purpose, we
let

u:/ T x (FYE)®» —» FYE
S

be defined by the composite
A N
/Tx(}'TE)@)AE/Tx(/TxE@A) —
IS IS &

Now we assume that the initial object s of S is a 0-object for the YT-algebra
structure of S. Recall that the terminal object x5 of A satisfies x5 = I(xg), so that
it is S-small. Let Tp be the free Y-algebra in (A, ®,) generated by the terminal
object of A, so that To = FY(x5). By generalized Day’s convolution product for
algebras over an operad, the presheaf object [Y7”,S]a inherits the structure of an
T-algebra in (A, ®,). We recall the expression of this structure. Let T : x — Y(r).
The Y-algebra structure of [T, S]p provides a morphism

O

pr : Y2, SIS0 — Y, 8],
in A. Let P : % — [TX”,S]?’T‘. Then prP : T — S is given on V : x — T by

prPy & /_ o p3PT xs T (VoulT) .
T:*—)TAA

Recall that if we have T; : * — Y5 for i =1,...,r, then we can form the composite
T
* T H 3 AT A
A

to define an object T : %5 — Y®r. In what follows, we also use the notation
Ty @4 --- @ T, for this object T : x5 — Y®A. Suppose that P : x — [’I”/O\”,S]%X is
also induced by the data of P; : + — [T, 8] for ¢ = 1,...,r, then the summand
indexed by T in the coend is given by

prPTxsYa (V, uT) = pi7 (P1Ty @ -+ @4 PrTo)xs T (Vg (Th @4 -+~ @ Th)) -
We have an equivalence of categories
A(TL,S) = T-Alga(Ta, [T, SIA])
induced by the adjunction. Let P : Y? — S be a morphism in A. We write
P*:Tp — [YP, S
for the morphism of Y-algebras in A corresponding to P under this equivalence.

LEMMA 2.1.3. The morphism P® has the following description.
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~ Let T :x — Y. Then PT %y — [T, Sy is given by
PT = / M%(PTN' e 7,PTT) Xs TA(_vﬂT(T; Tlv s 7TT))'
Ty, Trikpa—YT
— Let T,W : x5 — Yp. The corresponding morphism

PTW YN (T, W) — [YE, SIA(PT, PV)

in 8* associates to each ¢ : xg — YA(T,W) the element PTW ¢ : x5 —
(Y, SIA(PT,PW) of S, whose term

PTWoy x5 = S(PE,PY),
Jor V iy — Y, is given by
Py, =/ 13 (Prys. .. Pr) xs Ya(V,px (65T, ..., T).
Ty, Tpikpa—YT
DEFINITION 2.1.4. We define the composition product morphism in A as the
composite

[T, S]p x [T, S]a —— [T, S]a x [T, [T, S]pla —— [TP? x 1,8 x [T, S]a]a

Tteell l[TOpXT,Xs]A

T [TOP x T, [TOP,S]A]A
‘\\\‘\\‘\~‘\\ lf'r

7 rrer, S,

The composition product is given for P, Q : x5 — [T°P,S]p by

POQZ/PXSQ'.
Y

DEFINITION 2.1.5. The Y-algebra structure on Y, induces a functor ¢(0) :
T(0) = % — A(xp, Ya), and hence, a morphism 1y : x4 — T, in A. We define
IT iy — [T, 8]
by IT1y = s and ITT = (s for T : x5 — Y such that T # 1.

REMARK 2.1.6. Note that we can say that two objects T,V : x5, — YT, are
distinct because YT, is S-small.

LEMMA 2.1.7. The object I defines a unit for the composition product.
PROOF. Let P: TP — S and V : xy — Tx. We have

T
’PoITVE/ Prxs Ity
T:*A—)TA
g/ Pr Xs/ p (I, .. 13,) xs Ta (VaM}A(Thu-,Tr))
T:*A—)TA Tl,...,TT:*A%TA
g/ , Pr xs p (x5, ., ks) xs Ta (Vw;A(lT, ce 1T))
Tixpa—Y A

g/ PT Xs TA(V,T)
T:xp—TA
= ’PVa
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where the last isomorphism follows from Lemma ??7. On the other hand, we have

ITop Ip xg PT = plr = p,

T:*A—)TA

O

PROPOSITION 2.1.8. The presheaf object [T, S]a : xa — A, with the composition
product o and unit I defines a monoid in the 2-category (A, x).

DEFINITION 2.1.9. We define the category of Y-operads in A as the category
OPX = MON(s @, ([T, S]a,0,I7) .

2.2. Algebras over generalized operads. In order to provide a meaning to
generalized operads, we proceed to define the objects on which a generalized operad
can act. Just like generalized Y-operads in A are defined in a framework internal to
T-algebra structures, an algebra over an Y-operad will naturally lies in an object
which is equipped with an Y-algebra structure. We associate an Y-operad to any
point of an Y-algebra in A, and we call this operad the endomorphism operad of
this point.

DEFINITION 2.2.1. Let C : * — T-ALG(s,g) and X : x5 — C. We define a
morphism
ENDS : Y¥ = S
as follows. Let T : xp — Y. We let END():(T : %5, — S be defined by
ENDSGT = C(uS (X, ..., X), X).

In the first chapter, we observed that monoids can be defined within any
monoidal 2-category. Given a monoidal 2-category and a monoid, we can also
define monoids internal to this monoid. In the same way, a monoidal 2-category
precisely is a monoid within the monoidal 3-category of 2-categories, with product
given by the cartesian product. Accordingly, monoidal structures lie in an entangled
system of monoids internal to them others. Formally, the definition of monoidal
structures involves a hierarchic system {T,}, such that each T, : T,4; has the

structure of a monoidal object in T, 41, so that (T,,®t,) : MON(y In

nt1,®T,1)"
the previous section, we introduced the notion of symmetric and non syn;rﬁletric
operads and observed that the 2-category MON(y g,) of monoids in a monoidal
2-category (T,®7) could be obtained as the 2-category of algebras in T over the
terminal non-symmetric operad.

The purpose of this section is to generalise the notion of an operad by using
the aforementioned observations on monoidal structures and on the structure of
operads. For this purpose, we consider a hierarchic system {T,}, as defined in
Appendix A, so that each T, is an object of T,,1;. We assume each T, to be
complete and cocomplete in T,1; and write *,_7 € T, for the terminal object
of T,,. We show how the notion of an operad arises from the notion of a monad
through exponentiation and free objects.

All of the constructions established in this section rely on the entangled nature
of the notion of an algebra over an monad. In particular, we extensively use the
connexion between the levels provided by the hierarchic type system T. We first
place at level n + 1 and suppose that there is a monad in T,,; such that T, has
the structure of an algebra over this monad.
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2.3. Monads. We first introduce some basic facts on monads and their alge-
bras and show some technical results that we will use in the next section to set the
framework of generalized operads.

2.3.1. Generalities on monads and their algebras.

DEFINITION 2.3.1. Let A : T,,41. Any C : A yields an object A(C,C) : T,, which
we call QA¢. Suppose that each morphism in A is equipped with an inverse in a
coherent way. In this case, we obtain a morphism

QA A —T,.

The following is a straightforward consequence of the definition of the objects
and morphisms of T,.

PROPOSITION 2.3.2. The composition of morphisms in A yields a monoidal
structure on QA¢ in (T, X) whose unit is given by the identity morphism of C.

DEFINITION 2.3.3. A monad in A : T,41 on C : A is a monoid in QA¢. Explic-
itly, a monad in A consists in

— an object C : A

— amorphism P:C — Cin A

a 2-morphism € : Ic = P, hence, an element € : A(C,C)(I¢,P)

— a 2-morphism p : FF = F, hence, an element u : A(C,C) (PP, P)
satisfying associativity and unit conditions.

Algebras over a monad. The notion of an algebra over such a monad requires
a distinguished object x5 : A so that each object C : A has internal objects X : C
given by the morphisms X : x5 — C in A. We can then define an algebra over a
monad P : C — C in A as an object X : C equipped with a morphism PX — X in
C**, and a unit x¢ — X provided that C also has a distinguished object. However,
we need stronger notions of completeness are required so that the algebras over P
can be given the structure of an object of A. For this reason, we only consider
monads internal to T,4;. We will later extend the notion of an algebra over a
monad internally in some object by using the notion of morphism of algebras.

DEFINITION 2.3.4. An algebra over a monad P : T,41 — T,41 is an object
C : Tp4+1 equipped with
— a morphism ®¢ : PC — C in T,,41, called the composition
— a morphism e¢ : %, — C, called the unit
— satisfying coherence conditions.

EXAMPLE 2.3.5. The monad structure on P : T,,41 — Tp41 yields a P-algebra
structure on PA for any A : T,,41. We say that PA is the free P-algebra generated
by A.

DEFINITION 2.3.6. Suppose that P : T,41 — T,41 is a monad and let C
and D be objects of T,,+1 equipped with the structure of an algebra over P. Let
P-ALGy,,,(C,D) : T,y1 be such that

— an element f : P-ALGy
equipped with
— for f,g: P-ALGy

+1(C,D) is a morphism f : C = D in T4

C,D), we let P-ALGt, ,(C,D)(f,g) : T,, be such that

n+1(



2. GENERALIZED OPERADS 137

DEFINITION 2.3.7. Let P : T,y 1 — T, 11 be a monad. We let P-ALGT,, ., : Thyo
be the type of P-algebras in T,,41, whose objects are P-algebras in T,,11, and whose
morphisms P-ALGT, ., (C,D) : T,,11 between P-algebras C,D is the element of type
T,, given in Definition 2.3.6.

DEeFINITION 2.3.8. Let P : T,41 — T,41 be a monad and let A : T, 1 be
equipped with the structure of a P-algebra. We let the type P-ALGp : T,41 of
P-algebras in A be defined as

IP—ALGA = I}D—ALG'ﬂ'n+1(*n, A)

More generally, P-algebras can be defined internally in any P-algebra through the

structural morphism of P-ALG,,,. We obtain a functor

P-ALG [P-ALGUHJrl — ﬂ—n+1

which is precisely given by the functor of points

P-ALGT, , (*n, —) : P-ALGT,,, = Thi1.

n41

DEFINITION 2.3.9. We let Up : P-ALGT,,
a F-algebra to its underlying object in T, 4.

— T,41 be the functor which maps

2.3.2. Monads and adjunctions.

ProroSITION 2.3.10. Let C,D : A and suppose that there is an adjunction in
A
F:C=D:G.
The unit and the counit, together with the coherence relations, yield the structure of
a monad on the composite morphism P := GF : C — C. The composition is given
by

PP = GFGF SL, gF =P

The unit of the adjunction n : Ic = GF yields a unit for this composition. In the
case where A is a well pointed object®, we can directly deal with the equivalence in
T,.(CP xD,T,-1)

DF . )=c( .G ).

We can state a reciprocal as soon as the monad has a well defined object of
algebras.

ProroSITION 2.3.11. Let P: Typ41 — Tphp1 be a monad and recall from Exam-
ple 2.3.5 that the morphism P factors through its object of algebras. The forgetful
functor

Up : P-ALGT,,, = Thp1
yields an adjunction

—
P: ﬂ—n+1 L P-ALGT :Up.

n+1

Moreover, the monad induced by this adjunction precisely corresponds to the former
monad P.

3Recall that A : Tp+1 is well pointed if it is equipped with an object %5 : A such that the
canonical morphism A(xp, ) : A — Ty, is locally fully faithful.
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2.3.3. Closed morphisms.

DEFINITION 2.3.12. Let I', U be closed objects of T,, 1. We say that a morphism
F:T — U is closed if it is equipped with a 2-morphism [, ]p in Tp41:

FoPx |
[P x T —— X5 5 §oP x @

. = [
r v

The isomorphism
'xrer
v (F [77 7]{‘ ) [F,, F*]\I/)

1

[Fop X Fv lII]T,LH (F [*7 *]F ) [F*’F*]\I/)
then yields morphisms [X,Y], : F[X,Y]|, — [FX,FY], in ¥ which are natural
in X,Y %, =T

LEMMA 2.3.13. The free P-algebra monad is closed.

2.3.4. Generalized Day’s convolution product. Let Fp : Tp41 — Tp41 be a
monad and suppose that T, has he structure of a P-algebra. Recall that any
I : T,41 yields a presheaf object T,,41(I'°P, T,,) : T,,41. We use the closed structure

of the free P-algebra monad to give to [I'°P, Hn]TrnH the structure of a P-algebra.
The closed structure of Fp yields a morphism

Fp [Fopv-[rnhn+1 — [FpI, FpTy]
The P-algebra structure on T,, yields a morphism
]:[P [Fop’ ﬂ—n] — []:[PFO:D, —ﬂ—"]ﬂ'n+1

Trnyr

Trnt1

by composition with the structural morphism of P-algebras ®%';n Fpl, = T,.

PrROPOSITION 2.3.14. Suppose that I" : T,,41 has the structure of a P-algebra.
The left Kan extension along the opposite of the structural morphism ®% : FpI' — T
yields a P-algebra structure on the presheaf object [T°P,T,,] The structural
morphism is explicitly given by the composite

-I]—n+1 :

[]—'PFOP,(@[PTM] Lan®[p

- [‘Fﬂgropv-ﬂ—n]'ﬂ'n-;_l — [Fopvvn]'ﬂ'

.F[P [].—‘Op,—l]—n] ) — [.F[P].—‘Op,fp—l]—n]
REMARK 2.3.15.

-ﬂ—n+ -ﬂ—n+1 n+1 :

ProPOSITION 2.3.16. The presheaf functor therefore restricts to P-algebras,
and hence yields a functor

[701)7-”—”]1',,,_,.1 : [P-AL(}%Z+1 — P—ALG]{H+1.

The P-algebra structure thus obtained on the presheaf object of a P-algebra in T, 41
is universal among those providing the Yoneda embedding

I' = [T, T,]¢

n41
with the structure of a morphism of P-algebras.

2.4. Operads and monads. In this section, we place at level n + 1 and
consider a monad
‘F[Pn,+1

We assume that T, : T,,41 has the structure of a P,,;-algebra in T,,4;.

tTng1 = Toga
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2.4.1. Ezponentiation and free algebras.

DEFINITION 2.4.1. Welet P,, : T,,+1 be the free P, 1-algebra in T,,11 generated
by the terminal object *,, equivalently given by the image of *, under Fp,,, so

that

]:[Pn+1

*n
Pr: #ngn 22 Togt o Pyyi-ALGY, .

DEFINITION 2.4.2. Let I' : Py,41-ALGT, ;. We let the P,-exponentiation be
the morphism in T4

()™ T = Ppii-ALcr,,, (Pp,T)

obtained by using the adjunction of Definition 2.3.11. The exponentiation is ex-
plicitly given by the following composite in T, 41

n+1 (

I' = Typt (40, T) = Ppig-ALcry, , (Po,T).

Let p: P, and X : T. We write X®" : I for the corresponding object of I".

n+1

REMARK 2.4.3. Let I" be a P, 41-algebra in T, 41 and let ®¥"+1 s Fp, I =T
be the morphism in [PnJrl—ALqun+1 provided by this P,,4i-algebra structure. The

functor Fy,,, : Tpy1 — Ppy1-ALGy, ,, yields a functor at the level of morphisms
Ths1(¥ns I') = Prg1-ALGT,,, (FPoyy s FPp L)
We therefore obtain a morphism
I' - Puy1-ALGT P.,I)
which precisely corresponds to the exponentiation given in Definition 2.4.2. The
P,- exponentiation of an object X of I' is therefore given by

X" =@l Fp L X

n+1

i (

EXAMPLE 2.4.4. The P,,4;-algebra structure on T,, yields the exponentiation
Pr
()®" T, = Pogi-ALcr,,, (Py, Ty) .

PRrROPOSITION 2.4.5. Let I’ be a P, 41-algebra in T,,1 and let X : T'. The left
Kan extension of the unique morphism x : P, — %, in Ty 1 yields a morphism
P

FLooor =2 Poyi-ALcr,,, (P, T) 29 P -ALGT, ., (%0, T) = Prt-ALGE

n+1 n+41 nt1
which is left adjoint to the forgetful functor
Up, ., :Pny1-ALGr — T

For any object X : ', we therefore obtain a P,-algebra structure on F[,EHHX, which
satisfies

n+1

Fr X%/ «x X
Prn
We say that fnl;nHX is the free Ppy1-algebra generated by X in T'.

PROOF. The universal property of the left Kan extension yields isomorphisms

(P, T) (X®[P" : ?)

Pn

[P,-H_l-ALG[‘ (Lan*X® ,Y) = [Pn+1-ALG‘n'

~ I'(X,Y)

n+1
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which are natural in X : I" and Y : P,41-ALGr. The formula ,Fﬂl.;nHX ~ f[P * X

X® " is a direct consequence of the expression of left Kan extensions in terms of
coends. 0

2.4.2. On P,-sequences. We only treat the case of P,-sequences with values in
the canonical object T,, but also have the more general notion of P,,-sequences in a
P,41-algebra I'. In order to have the same results on P,-sequences with values in
a P,y1-algebra I, this object must have similar notions of completeness that T,,.
The case of sequences with values in some I' can be obtained by using a different
hierarchic system of types with I" instead of T,,.

DEFINITION 2.4.6. We let the type of P,-sequences in T, be the type of
presheaves [[F’ff’,?n]mﬂ. According to Proposition 2.3.14, the generalized Day
convolution product yields a P, 41-algebra structure on the type of P,,-sequences in
T,.

REMARK 2.4.7. The P,,11-algebra structure on P,-sequences obtained by Day’s
convolution yields the exponentiation of P,-sequences

P
()% [P, Talr,,, = Pus1-ALGr, ., (Po, [P Tl ,, ) -
Let P : P% — T,,. The exponentiation of P is the morphism

Py, °
PO P, — PP, T,y

Thnt

n+1
given in p : P,, by the presheaf
P®p B /q"IP®¥n+l IPn(i, ®§;nq) X ®1.|]7—n7) T"+1q : lP?’/p - -l]—n
DEFINITION 2.4.8. Let I' be a P, 1-algebra in T,,41. Each object X of I yields
a P,-sequence

r (X®"°" : X) PP T,
obtained by the composite

N (x87) " xx ()

T
PP =5 PP x sy~ TP xT T,.

DEFINITION 2.4.9. Let xp, : P?? — T,, be the constant P,-sequence given by
the terminal object *,_1 : T,,, obtained by the composite

*n—1

PP — %, 225 T,,.

Note that *p, effectively is terminal in [P7P, Tp]y | .

2.4.3. On P, -operads.
Operads as monoids.

DEFINITION 2.4.10. Let [ : P9? — T,, be the P,-sequence obtained as the left
Kan extension of the unit of T,, for its P, 41-algebra structure along the unit of P,
for its P,,41-algebra structure. We say that [ is the unit P,-sequence.

DEFINITION 2.4.11. Let o : [P, T,] x [P, T,] — [P%,T,] be defined as the
composite

@Fn f
P2, Tal x[P3P, To] = (PP, Tu] X [P, [P7P, Tl = [PP x Poy, [PPP, To]] = [P7P, Toi]
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We say that o is the substitution product of P,-sequences. Let P,Q : Po? — T,,
we explicitly have

POQ:/ P x Q¥
Pr

REMARK 2.4.12. The P,-sequence P o Q can be explicitly given in some q : P,
by

Poo= [ [ Pula.ohp)xP@)xst,0%p
p:Py, ﬁ:ﬂ’?ﬁ

PROPOSITION 2.4.13. The substitution product of P, -sequences in T, yields a

monoidal structure on P,-sequences whose unit is given by the unit P, -sequence |
defined in 2.4.10.

DEFINITION 2.4.14. We let P,,-OPy, be the element of type T,41 defined as

[Pn—OPrn = MON(T ) ([U:'Zp,-ﬂ—n] , 0, |])

n41,X
EXAMPLE 2.4.15. The terminal sequence *p, : P?? — T,, trivially has a P,-
operad structure.

PROPOSITION 2.4.16. Let I" be a P,,1-algebra in T, 1 and let X be an object
of I'. The endomorphism sequence

r (X‘X’[P",X) PP T,
defined in 2.4.8 can be given the structure of a P,-operad in T,.

PRrROOF. We use the closed structure of the exponentiation and the composition
of morphisms in I' and obtain the operadic composition. The identity of X yields
a unit for this product. The associativity is ensured by the associativity of the
composition of morphisms in I' and the associativity of the exponentiation (itself
ensured by its universal property). (I

Operads as algebras over a monad. The notion of an operad could be more
accurately stated without involving the notion of a monoid. For this purpose, we
need to endow the object of P,,-sequences in T,, with the structure of an operad in
Pri2. In this way, it will be possible to define an operad as an operad internal to
this operad.

2.4.4. Algebras over P, -operads. Let I" be a P,41-algebra in T,,; and let P
be a P,-operad in T,,.

DEFINITION 2.4.17. A P-algebra in I' is an object X : I' equipped with a
morphism of operads ®% : P,-Opy, (7?, r (X®'P" , X)) We write X : P-ALGr.

DEFINITION 2.4.18. Let X,Y : I' and suppose that X and Y are equipped
with the structure of a P-algebra. We say that a morphism F: X - Y inT'is a
morphism of P-algebras and we write F' : P-ALcr(X,Y) if it is equipped with a



142 II. OPERADS

natural transformation ®% such that

[(X®n X)
®7; \F()(;@Pn ’F)
P ®7F’” ['(X®nY)
®F /F(F®Pn Y)
L (Y®m,Y)

and which satisfy the coherence constraints expressed by

If F,G are morphisms of P-algebras in I', we let P-ALGr(X,Y)(F,G) : T,
be given by

We obtain an element P-ALGp : T, 41.

The following proposition establishes a link between the algebras internal to a
P,+1-algebra I' and the algebras over the terminal P,-operad.

PROPOSITION 2.4.19. The algebras in I' over the terminal operad *p, precisely
correspond to P, -algebras in T, so that we have an isomorphism

*p, -ALGp = Pp,-ALGr = Pj41-ALG(%p, ).

PRrROOF. First recall that a P, i-algebra internal to I' is an object X : T’
equipped with a morphism

]:|Pn+1X
P, —" s Fp,,.T

*l = l®§n+1

®Xn+l

kp ——— I

such that ®§"“ has the structure of a morphism of P,,i-algebras. We have iso-
morphisms

_ p:Pn »
Tyt (P, T) <®§n+1fﬂgn+lx,x) g/ F(X®F,X)

p:PyP .
g/ Tt (*,F (X®F,X)>
> [P, T,] (*[Pn,r (X®?,X))

A morphism is a morphism of P, i-algebras if and only if the corresponding
morphism xp — I’ (X o X ) under the aforementioned equivalence, is a morphism

of P,-operads. We therefore obtain an equivalence
Ppi1-ALGr, ,, (Pn,T) (®gjn+1fpn+lx, X) ~P,-Opr, <*Pn,r <X®’E7X>) :
hence the result. [

COROLLARY 2.4.20. We have an equivalence

Pn-ALGT, = Ppy1-ALGT,, , (*n, Tn)
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Free P-algebras. The proof of Proposition 2.4.19 suggests a candidate for an
explicite expression of the free P,,-algebra generated by an object of I'. We actually
have the following general result on free P-algebras for an operad P.

ProroSITION 2.4.21. Let T' : P,41-ALGT
over T,. There is an isomorphism

[POP, T,,] (P,P (X®”’",X)) 57T (/[PP x X®"’n,X> .

wi1 0nd suppose that T' is tensored

Pn

Moreover, a morphism P — T° <X® ,X) of P,,-sequences is a morphism of operads

if and only if the corresponding morphism fn, Px X®n — X in T yields a P-
algebra structure on X.

PROOF. The result follows from the isomorphisms

[POP, T,,] (P,I‘ (X®P",X)) = [ T, (’P(p)71" (X®",X))

/wn r(Pp) x*',X)
r
:P

([ )

We obtain the following corollary, which generalizes Proposition 2.4.5.

1R

1

L®

COROLLARY 2.4.22. The forgetful functor Up : P-ALGr — ' has a left adjoint
Fp : ' = P-ALGr.
The underlying object of the image of X : I by Fp is given by

FpX =/ P(p) x XF.
p:Pr

2.4.5. Free P,-operads. The characterization of operads in terms of monoids
makes the construction of free operads difficult to manage. In this section, we use
the free operad generated by the terminal sequence to provide an easier description
of the free operad generated by a P,-sequence. For this purpose, we assume that
the free P, 41-algebra monad

FPrsr : Ungp1 = T

n+1

follows the same scheme that the one we established in the previous section. In
particular, we assume T,; to have the structure of a P, 2-algebra in T, 2. Ac-
cording to the microcosm principle, we precisely assume that the hierarchic type
system in which we we work satisfies

T, : [Pn+1—ALG1]'n+1.

In the same way, the element P, 11 : T,2 refers to the free P, 2-algebra generated
by the terminal object #,,2 in T, ;2. We obtain similar notions of P,,i-operad
and algebras for each level. We still assume that the P, i-algebra structure on T,
in T, 41 is compatible with its cartesian monoidal structure.



144 II. OPERADS

In particular, we obtain from Proposition 2.4.5 that the object P : T,,41 satisfies

®P
P, = / Ky XKy = / *p.
pZ[Pn+1 p:an+1

~ Lemma 2.4.23. Let A,T' : Tpy1. The constant presheaves defined in 2.1.6
AT PP — Thga satisfy

_ oy lP"+1 o
P, Top] A,T) / o1 (AT) 25 [P, T, (A,T)] .

PROOF. P, = TP, 41 . 0

We obtain the following as a direct consequence.

LEMMA 2.4.24. LetT : T, 41 be regarded as a constant presheafT : PP — T,4q.
The end fp:[P”“ *, X I', where %, is seen as a constant presheaf as well, satisfies

p:an+1 ~
/ k, X I' =[PP T7].

PrOOF. We proceed inductively as follows. We have
S XM (i Pa = Xy i Tip P = X T Ta(X,, X))
< M PP, T,

S XY s () () 2 )
We also have
p:IPn+1 ~
/ I'— [[PZ?H X [Pn+1v-ﬂ—n+1] (IPnJrl(fa 7)71—‘)
O

PrOPOSITION 2.4.25. The P,,1-algebra structure on T,, gives to the associated
constant Ppy1-sequence T, : [Pflﬁ_l — Tp41 the structure of an operad.

PRrROOF. The exponentiation of T, satisfies

_®I7

-l]—n —/ [Pn—&-l(f,p'(j)'@% lﬂ—n-
q:Pn+1®p n+

The P,,41-algebra structure on T,, yields a morphism
P’"/
®'|]'n+1 : / ®%n+l‘[|—n — —[rn
P:Pria

The projection fq:P e Pri1( ,p.q) — * in each p : P,y1, together with the

Pn4+1 ® M - algebra structure on T,, then yields a product

-ﬂ—_’no-u—_’ﬂi /[P [[P QP |Pn+1<7,p,q)-ﬂ—n ><@>%n+1-[|—n
Plnt1 Y@ n41
N / Tox @) T,—=T,xT, =T,
piPny1
5T,
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PROPOSITION 2.4.26. The data of a morphism xp, ., — T, in [Pyryy, Tpqa] is
equivalent to the data of a morphism PP — T,. This equivalence extends to an
equivalence

[sz, —ﬂ—n] =~ [ﬂjfﬁi_l, -ﬂ—n+1] (>l<[|>nJrl y -ﬂ—n) .

ProOOF. We have isomorphisms

o~ p:Priti1 ~ p:Pry1
[D’Zﬂl,ﬁnﬂ} (*[pn+1,TIn) = / Tht1 (xn, Tp) ;>/ T,.
The results follows from Lemma 2.4.24. O

DEFINITION 2.4.27. We let L : P,-OPy, be the free operad generated with
the terminal P,, - sequence. We say that .7-"5 is the operad of P-trees in T,,.

PROPOSITION 2.4.28. There is an isomorphism
ﬂjn—i—l‘OP'ﬂ'nJrl (;nvfn) i> [Pn‘OP'ITn-
COROLLARY 2.4.29. The free operad functor factors as

Tot1 (P, Tn) = [P+ 1%, Tnpt] (Fny Tn) — Ppy1-OP — Tppy (Fp,, T,)
Lan([FP H’*n) = o
~ Prt1-OPr,,, (%4, Tn) = Py-OpPy,.

ExXAMPLE 2.4.30. The free monoid monad yields usual non symmetric oper-
ads, which may be regarded as monoids internal to the monoidal category of N-
sequences. The free N - operad generated by the terminal sequence precisely gives
the operad of non symmetric trees.

REMARK 2.4.31. More generally, for any P, 11 ®gy M* - algebra ', we let FL
be the operad of P,-trees in I, freely generated by the terminal sequence in I'. As
usual, we only treat the (non restrictive) case where I is T,.

DEFINITION 2.4.32. We also let F,, : T,,4+1 be the left Kan extension of ]-'E
along the terminal morphism,

FP
op n
P —— Tap
*J/ ,/’/’
’,/’/ Lan*]:r
*n

which is hence explicitly given by

F, = / FF(p).
p:Pn+1

Any element 7T : [,, hence corresponds to an element T : F7 (p) for some pr : Ppy1.
We refer to pr : P,41 as the arity of 7'

The following is straightforward.
PropOSITION 2.4.33. The mapping T : F,, — pr : Ppy1 extends to a functor

p:F, = P,
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DEFINITION 2.4.34. Each p : P, yields a morphism Fp, —» %, which corre-
sponds to the composition in the terminal operad *p, . The coend of this morphism
of operads yields a morphism

/ fn:ngﬂ'_nan—)/ *, =P,
piﬁ)n+1 Pi[Pn—f—l

in T,,+1, which corresponds to the arity defined in 2.4.33

ExXAMPLE 2.4.35. The category of G-trees Fg = fn:G Fe(*) is equipped with
a morphism

Fes > 6

which to a symmetric tree associates its arity. The arity of a tree is given by
operadic composition.

DEFINITION 2.4.36. Each p : P, yields an operation I, : Fp, (p) which we call
the p - corolla.

REMARK 2.4.37. Let p : P, and g : P®”. The composition in the free operad
Fp,, yields an operation I, o I : Fp, (poq).

EXAMPLE 2.4.38. Symmetric and non symmetric corollas.

DEFINITION 2.4.39. Let M : P? — T, be a P,-sequence in T,,, which we
regard as a morphism M : %, — T, in [Py5 |, Trq1]. The structure of an operad
on T, yields a morphism of operads

Mg FY =T,
Each T : F,(p) for p : P,, yields an object which we just write M7 : T,,.

REMARK 2.4.40. Let p : P,, g : P and write 77 for the operation of Fp,
resulting from the composition of the associated corollas. The morphism

Fp,M(poq): Fp,(poq) — T,
sends T to M(p) x @ M q.

PROPOSITION 2.4.41. The forgetful functor U{’:'OP : P,-Opy, — [P2P,T,] has
a left adjoint
Fyr O L [PP, T,,] — Py-OPr,
which is explicitly given by
FyrOPM = Prya(—,uT) x MT
" T:F,
ProoOF. Left Kan extension of the exponentiation of M along the terminal

morphism of sequences. O

2.5. Examples.
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2.5.1. M2- operads. Let P : M2”? — T, be an M?-sequence. The substitution
product yields a sequence

®T
PoP = Pr x Pe .
T:M2
Suppose that P has the structure of an M2?-operad in T,,, then any T : M? yields a
composition
T
wr - Pro 7)® — P.
Yy T

Let T : M? be the operation given by Y . The M?-sequence P®  satisfies

o

P 5 M?(_, (Ty o Tp) @ (Ts 0 T1)) X (Pr, ®2 Pr,) ®1 (Pr, ®s Pr,)
T1,T2,T3,Ty

3. Small categorical operads

Let A denotes either N or &. Recall from Definition A.7.0.1 that an object
P of CAT” is said to be SET”-small, or just small, if there exists an object X
of SET* such that P < P, and which satisfy some coherence conditions. Also
recall that we can define a category Cat” whose objects are small objects in CAT?,
and whose set of morphisms is given by strictly associative functors, with equality
defined pointwise. Let P and Q be small categorical operads and let Xp and Xg
be objects of SET” such that pe P pe Xpandge Q& g € Xo. The set of
morphisms Cat” (P, Q) is then defined as
~ F:x— Cat’(P,Q) & F : x —» Cat*(P, Q) x (F is strict), and
— for F,G : x — CatA(P, Q), the truth value F' = G is defined for A = N by

z:x— Xp
Cat'(P.QEG) =[] [ XolFr.Go)).
neN
an for A= & by

N ni*x—6S  px(n)*x—Xp(n)
Cat® (P, Q)(F.G) = / / Xo(n)(F(n)z(n), G(n)z(n)).

REMARK 3.0.1. We can also give to Cat™ the structure of an object of CaT™
as follows.
~ P:Cat" & (P: Car™) x (P is small )
— if P,Q: Cat™ we define CatN(P, Q) : N — SET™ by
— F:Cat"(P,Q) & F: Cat™(P, Q)
— for F,G : Cat™(P, Q), the truth value (F = G) : B is defined by

zx— Xp
Cat™(P, Q)(F,G) = / Xo(Fz,Gx).

We will however mostly use the category structure of Cat™ in this section, so that
we can make use of model category theory.

In this section, the word operad denotes small categorical operads, and the word
symmetric operad denotes small symmetric categorical operads.

3.1. The operads M,, and their algebras. We recall the definition of the
categorical operads M" governing iterated monoidal categories introduced in [2],
and the way they are linked with n-fold loop spaces.
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Construction and main results on the operads M™. We briefly recall the con-
struction of the operads M™ introduced in [2]. We do not give its explicit de-
scription for the moment, which can be found in the same article, Definition 3.1.
We will instead provide a description of M™ in terms of generators and relations
after having introduced polygraphic presentations of operads. We also state the
main theorem of the article [2], thanks to which the operads M™ can be seen an
FE,-operads in the category of small categories.

Recall from Definition A. 7.0.1 that a category C is said to be small if there
exists a set Cy such that the data of an object of C is equivalent to the data of an
element of Cy. With this formalism, equality between objects of C makes sense: we
say that objects are equal if the corresponding elements are equal in the set Cy. We
also say that two objects are distinct if they are not equal. Recall that we have a
small category MON"(Cat, x, *) whose objects are small categories equipped with
a strictly unital and stricly associative n-fold monoidal structure in the monoidal
category (Cat, x,x*), and whose morphisms are strictly associative and strictly
unital lax monoidal functors.

The forgetful functor MON"(Cat, X, x) — Cat has a left adjoint

Frn : Cat — MoN"(Cat, x, *).

Let C be a small category. The category F,,C has for objects are all finite expressions
generated by the objects of C using associative operations ®,...,®,. Define the
length of an expression as the number of objects of C involved in this expression and
let F,C(r) be the full subcategory of F,,C whose objects are expressions of length
r. In particular, we have a map F,C(r)o — CJ which to an expression of length r
associates the objects of C involved in this expression. The category F,,C(r) admits
the decomposition

FuC = [ FaC(r).
reN

Let Cj C Cj be the subset of Cjj such that its elements are all distinct and F,C(r)
be the full subcategory of F,C(r) whose objects are send to Cj. The symmetric
group ¥, acts freely on F,Cq(r) by permutation of the coordinates in Cj, and this
action extends to the morphisms of F,,C(r) in a compatible way, so that we obtain a
functor F,,C : &°? — Cat. Let E,. be the set with r elements and let the symmetric
sequence M" : &°? — Cat be defined in arity r by M"(r) = F,,E,.(r), where we
obtain the symmetric action from the observation that we have an isomorphism

FnEr(r) =2 F,N(r) for each arity r. The coproduct

[T 7N

reN

carries the structure of an n-fold monoidal category, providing an n-fold monoidal

category structure on the coproduct [] M™(r). It should also be noted that the
reN

category JF,,C(r) is isomorphic to M™(r) x C" for each r, so that the decomposition

r

of F,,C reduces to
FaC= [ M (r) x C".

reN e
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REMARK 3.1.1. When C is the terminal category, we obtain the following de-
scription of the free n-fold monoidal category generated by the terminal category

Fulx) = [T M™(r) /%,
reN
It is also worth notifying that if the symmetric group action is necessary to define
the morphisms involving the interchange of the different monoidal structures, the
action of 3, on M"(r) is free on objects.

REMARK 3.1.2. Suppose that C has the structure of an n-fold monoidal cate-
gory, the counit of the adjunction provides an evaluation morphism F,C — C. It
follows that we get a functor for each r

M (r) x C" = C.
=
In the particular case where C is the coproduct over r € N of the categories M"™(r),
we obtain a morphism of symmetric categorical sequences

M (r) x M™M= M™,
reN
providing the symmetric sequence of categories M"™ with the structure of a cate-
gorical operad.

REMARK 3.1.3. The symmetric categorical operad M is defined in arity r by
My (r) = X,, with free right action of X, given by translation, so that it precisely
corresponds to the symmetric associative operad. It will also be convenient to
consider the non symmetric version of Mj, which is given in each arity by the
terminal category.

The following coherence theorem is one of the main results of [2], where a
complete description of the morphisms in M™ is also given.

THEOREM 3.1.4. (see [2, Theorem 3.6]) The operad M™ consists of posets.

Recall that both the nerve and geometric realization functors preserve products,
so that they define monoidal functors. It follows that the geometric realization of
the nerve of any categorical operad yields a topological operad. The main interest
of the operads M™ will be given by the following theorem. Because of this result,
we refer to any categorical operad which is equivalent to the operad M" as an
FE,,-operad.

THEOREM 3.1.5. (see [2, Theorem 3.14]) The operad [N M™| is weakly equiv-
alent to the little n-cubes operad C,.

On M™-algebras and n-fold monoids. We describe the algebras over the op-
erads M". For this purpose, it will be convenient to see the operads M"™ as
operads defined in the 2-category of all categories, so that we will be able to define
M™-algebras in any symmetric monoidal 2-category. In particular, we recover the
2-category of n-fold monoids in a monoidal 2-category as the 2-category of algebras
over M" in this monoidal 2-category.

PRrROPOSITION 3.1.6. Iterated momnoids as defined in Chapter II can now be
described as the 2-category of algebras over the CAT-operads M™, so that we have
an isomorphism of 2-categories

M"-ALG (A @,) = MON{ g,)
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On n-fold loop spaces and n-fold delooping.

THEOREM 3.1.7. (see (2, Theorem 2.2]) IfC € MON{((y, ) is an n-fold monoidal
category, then the geometric realization of its nerve | NC | is an n-fold loop space
up to group completion.

REMARK 3.1.8. The proof of Theorem 3.1.7 consists in iterating the delooping
construction and constructing an n-simplicial space B"X and a group completion
Q" | B*C |- N | C|. The properties of the monoidal 2-category (CAT, x) that
make this n-fold delooping possible can be adapted to a monoidal 2-category (A, ®4)
so that we can obtain a similar result. For this purpose, we need the category A
to be equipped with a pseudomonoidal 2-functor into the 2-category of topological
spaces with cartesian product (which is given by the geometric realization of the
nerve for CAT). We also need to be able to produce a strict functor (A°P)" — A
from a lax one in such a way that the pseudomonoidal functor into TopP takes the
lax functor and its strictification to objectwise equivalent lax functors.

Let X € PSMON{, ). We construct a lax 2-functor

B"X : (AP)" — A.

We set B"X,, ., = X&' " for a collection of objects (r1,...,r,). We first
define the value of B" X on the collections of morphisms (fi,..., f,) in (A°)™ that
have only one non identity morphism f; in coordinate 1 < ¢ < n. We proceed in

T

the same way than the usual delooping, of the monoid X ey 1, with respect to
the monoidal product ®;, raised to power of 7,41 ...7,. Then we decompose any
morphism (f1,..., f,) in (A°P)" as the composite

(fl,...,fn> = (id,...,id,fn)O"'O(f17id,...7id)
and we take
B"X(f1,...,fn)=B"X(id,...,id, f,)o---0o B"X(f1,id,...,id).

The 2-morphisms 7727 are 2-morphisms in A and provide B"X with the structure of
a lax monoidal 2-functor. The coherence constraints of 7] ensure that B"X also
satisfies the coherence constraints for lax monoidal 2-functors. Now suppose that

— the lax 2-functor B"X can be 'strictified’ to a 2-functor B"X,
— the 2-category A is equipped with a pseudomonoidal 2-functor

| = % (A, @a) = (Top, %),

— forallry,...,r, we have a homotopy equivalence | B"X \ﬁ\l ~| B X |A

in T'op.
Then | B"X |A is a special A”-space. It follows that the map

seesTn

Q" || BX M| X A

is a group completion. Hence we get the result of Theorem 3.1.7 in the case of the
monoidal 2-category (CAT, X) equipped with Street’s rectification of lax functors,
and the pseudomonoidal functor realization of the nerve | N |: CAT — Top.

T1,...NTp
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3.2. Model category structure on small categorical operads. We define
a model category structure on the category of small categorical operads and small
symmetric categorical operads. We provide a simple characterisation of cofibrant
operads for this model structure. Finally, we make explicit a cofibrant replace-
ment functor and apply our results to exhibit a cofibrant model of the operad My
governing monoidal categories.

Transferred model category structure. We briefly recall the conditions under
which the category of operads defined in a symmetric monoidal category inherits
a model category structure from a model category structure on its based category.
We observe that the symmetric monoidal category (Cat, X, ) satisfies the required
properties. We apply the results of [11] and [3] to define a model category struc-
ture on the category of small categorical operads and small symmetric categorical
operads.

Recall that the category Cat is bicomplete closed and is equipped with a model
structure such that

— the weak equivalences are the equivalences of categories,
— the fibrations are the isofibrations,
— the cofibrations are the injections on the objects.

We refer to this model category structure as the canonical model structure on Cat.
Note that this model category structure is cofibrantly generated (see for instance
[28]) and that every category is both fibrant and cofibrant. Recall that the category
Cat" inherits a model structure from the model structure on Cat such that the
weak equivalences, fibrations and cofibrations are defined degreewise. In particular,
every object of Cat™ is both fibrant and cofibrant. The general statement of [11]
implies that the right transferred model structure along the adjunction

N S
G x —:Cat 1 Cat”:U
A
is well defined, so that we have the following proposition.

PRrOPOSITION 3.2.1. There is a model category structure on the category Cat®
such that

—
Gx—:CathN 1 Cat®:U
—
is a Quillen adjunction, and where the weak equivalences are the aritywise equiva-

lences of categories and the fibrations are the aritywise isofibrations.

DEFINITION 3.2.2. Let (C,®,1) be a symmetric monoidal category equipped
with a model structure. We say that this model structure is monoidal if the following
conditions are satisfied.

Unit axiom The unit is cofibrant.
Pushout-product axziom If ¢; : X1 — Y7 and 1o : Xo — Y5 are cofibrations, then the
natural morphism

X10Y; H XY = Y1i®Y,
X10X2

is a cofibration, which is acyclic if either ¢1 or o is acyclic.
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Note that the unit axiom is trivially satisfied for the canonical model structure
on Cat since all the objects of are cofibrant. The pushout-product axiom also holds
([28],Theorem 5.1), so that we obtain the following proposition.

PROPOSITION 3.2.3. The canonical model structure on the symmetric monoidal
category (Cat, X, x) is monoidal.

We recall the following theorem.

THEOREM 3.2.4. (see [3]) Let £ be a cartesian closed model category such that

— & is cofibrantly generated and the terminal object of £ is cofibrant,
— FE has a symmetric monoidal fibrant replacement functor.

Then the right transferred model structure on OPE6 along the adjunction

F:E8 17 0p8:U
exists, so that there is a cofibrantly generated model category structure on the cate-

gory OP? of operads in E.

COROLLARY 3.2.5. There exists a cofibrantly generated model category structure
on both the categories OP%at and OPcat, such that all the adjunctions involved in
the commutative square

f
—
CatN L OPCat

u

Sx—|(4|U Sx—(4|U
].'

— 3
t© L

—
u

Ca 0PS¢

are Quillen adjunctions, and such that both in OPgay and OPgy,,

— the weak equivalences are the aritywise equivalences of categories
— the fibrations are the aritywise isofibrations.

REMARK 3.2.6. Quillen adjunctions are stable under composition. We write
FS:CatN T OPg, : U®

for the Quillen adjunction obtain by the diagonal composition of the adjunctions
in the commutative square.

REMARK 3.2.7. Recall that an equivalence of categories F' : C — D yields a
weak equivalence of topological spaces |Nf| : INC| = |ND| via the geometric
realisation of the nerve. Moreover, an isofibration f : C — D induces a fibration of
topological spaces [N f| : INC| = |N'D|. Hence, the weak equivalences we consider
are stronger than the weak equivalences given by Thomason’s model structure on
Cat, and there are more cofibrant objects in the model structure we use. It follows
any cofibrant resolution of a categorical operad P will provide a weak equivalence
of topological operads, which will however not necessarily be a cofibrant resolution

of INP|.
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Cofibrant objects. We construct cofibrant resolution functors for the model cat-
egory structures we defined on the categories of categorical operads and of sym-
metric categorical operads. We also characterize cofibrant objects.

DEFINITION 3.2.8. We say that the symmetric group acts freely on the objects
of symmetric sequence F : & — Cat if there exists a sequence A : N — SET and
an isomorphism of symmetric sequences Fy = & x A.

DEFINITION 3.2.9. Let £ : 6 — Cat be a symmetric sequence. We define
a symmetric sequence C'E as follows. We let CEy = & x UEy. If r € N and
(0,2),(T,y) : x = X, x Ey(r), then we define

CE(r)((o,2),(1,y)) = E(r)(0.2, T.Y).
Let E,F : & — Cat. We define a morphism Cg r in SET®
Cp.r: Cat®(E, F) — Cat® (CE,CF)

as follows. Let f : % — Cat®(E,F). Then f induces a morphism Cg pf : * —
CatG(CE, CF). It is given on the objects by & X fo : & x Ey — & x Fy. Let
r € N and let (0,2),(7,y) : * = X, X Ey(r). The morphism induced by f on the
morphisms is given componentwise by f;, : E(r)(o.x,7.y) = F(r)(fo.x, fr.y) =

F(r)(o.fzx,T.fy).

Hence C defines a functor C' : Cat® — Cat®. The unit of the adjunction be-
tween categorical sequences and symmetric categorical sequences induces an acyclic
fibration

g : CE ey )

PROPOSITION 3.2.10. A symmetric sequence in Cat is cofibrant if and only if
the symmetric group acts freely on its objects.

PROOF. We show that for any symmetric sequence of categories E such that
Eo = & x A for some A € SETY, the symmetric sequence E is cofibrant. Let
m:F 5 G be an acyclic fibration. By definition, 7 defines an equivalence of
categories for each r € N, so that for each pair of operations p,q of Fy(r), the
functor 7 (r) induces a natural isomorphism

m(r)(p,q) : F(r)(p,q) = G(r)(rq, 7r)
which is compatible with the symmetric group action. More precisely, 7 induces a
2-morphism «, in Cat®

For x F 2 spr®
- U
o G(=,-)

which is an isomorphism. Let f : E — G. We define a morphism f : E — F such
that the diagram
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commutes. Since 7(r) is an isofibration, it is in particular surjective on the objects.
Hence we obtain a map g(r) : A(r) — Fy(r) such that n(r)g(r)z = f(r)x for
each x € A(r). We let f be defined on the objects by the morphism of symmetric
sequences induced by the collection g(r). We define a 2-morphism « 7in SET® by
the composite

FoP x F

—ato) | =

G? x G —G——)—> SET®

M"WT //E(_,_>

EP x E
so that we obtain a 2-morphism in CAT®
ajr: E(z,z) = F(fx, fx),

such that the induced morphism of symmetric categorical sequences f : E — F
lifts f.

Let E be a cofibrant symmetric sequence and let A\ : E — CFE be a lifting in
the diagram

CE

P b

E —a K.
In particular, A provides a morphism of symmetric sequences
M E—-YxUE.
Let A : «™N — SET™ be defined by the equalizer

Write 7 : & x A — E for the morphism of symmetric sequences induced by 4. Let
r € Nand © € Ey(r). Let o, € Xr and z, € Ey(r) be such that \x = (04, 2,). Since
A = id we have 0,.z, = x, and since ) is a morphism of symmetric sequences we
have Az = 0,.A2, = (04, 22), so that Ax = 0,.€z,. Hence Az, = €z,, and there is
some a, € A(r) such that ia, = z,. We obtain a morphism h : Ey — X x A which
to x associates (04, a;). Indeed, if x € Ey(r) and o € 2, then 0. \x = 0.(04, 22) =
(0.0, zz). On the other hand, Ao.x = (04, 4, 20.;). Note that h is such that hia = a
for each a € A(r). Since A is a morphism of symmetric sequences, we obtain z, =
2.z and 0.0, = 04.,. We have for x € Ey(r), ihe = %(J$,am) = 0400 = OpZy = T.
Conversely, for (0,a) € ¥, x A(r), we have hi(o,a) = h(o.ia) = o.hia = (0,a).
This proves that we have an isomorphism of symmetric sequences £y =2 & x A. 0O

COROLLARY 3.2.11. The category Cat® of symmetric categorical sequences is
equipped with a functorial cofibrant resolution C : Cat® — Cat®.

DEFINITION 3.2.12. We say that a categorical operad P is free on its object if
there exists a sequence F : N — SET and an isomorphism of operads Py = F(E).
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DEFINITION 3.2.13. Let P be an operad. We define a sequence of categories
C(P) as follows:

— We let the sequence of objects of C(P) be freely generated by the objects
of P, so that C(P)g = F(UPy).

— Let r € N and p,q : * — C(P)o(r). We define the set of morphisms in
C(P)(r) from p to ¢ by

C(P)(r)(p,q) = P(r) (u(p), n(q)) -

PROPOSITION 3.2.14. The categorical sequence C(P) is naturally equipped with
the structure of an operad in Cat. Moreover, the operadic composition of P induces
an acyclic fibration of categorical operads.

m:C(P) > P.

PrOOF. Let r,n1,...,n, € N. We define the composition functor
C(P)(r) x [ C(P)(ni) = C(P)(n1 + -+ +ny)
i=1

on the objects by the operadic composition of the free operad C(Py) = FUPy. Let
p,q: % = C(P)o(r) and p;,q; : * = C(P)o(n;). Let n =ny + -+ + n,. We define
the operadic composition for morphisms in C(P) as the map

C(P)(r)(p,q) x HC(P)(m)(pz»qi) — C(P)(n)(p(p1,---,pr) a(qrs- - ar))

given by the composition of morphisms in P

P(r)(up, nq) XH P (i) (upis pgi) — P(n) (p[pp; (pprs - - -5 ppe)] s i (0gs (pga s - - - pgr)])

using that the associativity of the composition provides an equality between the
composite operations

wpps (ppas - - ppr)) = p(p; (P15 - -, ).

From the definition of C(P), it is straightforward to see that the counit FUPy — Po
of the free-forgetful adjunction

F:SEm™ T L7 OPgur : U.
induces an acyclic fibration of operads 7 : C(P) ey O

PROPOSITION 3.2.15. An operad is cofibrant if and only if it is free on its
objects.

PRrROOF. Let P be a categorical operad which is free on its objects. Let 7 :
QO — R be an acyclic fibration and f : P — R be a morphism of operads. We

construct a morphism of operads f : P — Q which lifts f, so that the following
diagram commutes
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Let E : N — Sets™ and let ¢ : F(E) =, Py be an isomorphism of operads.
We first construct a morphism of operads fo : Py — Qp lifting fy as follows.
The morphism of operads fo : Py — Ro is induced by a morphism of sequences
f : B — URy. Let r € N and let = be an element of E(r). The image of z
under f(r) is an element f(r)z of the underlying set of Ro(r). Since m(r) is an
equivalence of categories, there is some element z of the underlying set of Qq(r)

and an isomorphism ¢ : w(r)z — f(r)z. Since 7(r) is an isofibration, there exists

an element y, of Q(r) and an isomorphism 1 : z — y, such that 7(r)y, = f(r)z
and 7(r)(¢)) = ¢. We let the morphism of operads f : Py — Qg be induced by the
morphism of sequences given in arity » € N by the map E(r) — Qq(r) which to =
associates .

We lift f at the level of the morphisms. For this purpose, we define a 2-
morphism

fiiP(==)=Q(f-.f-)
between the lax morphisms of CAT operads
P(—,—): % = PP x P — SET"
and
R(f—, f—) : 5 — PP x por L2, gov g R, g,

Since 7 is an equivalence, it defines a 2-isomorphism in OPga¢ such that

0or x 9 2=7) g

o

S A

RP x R.

In particular, the diagram

shows that m( _, ) induces an isomorphism
Q(f_a.f—> % R(Wf_,ﬂf_) : % — SET
and we let f; be defined by the composite
P(— ) B R(f~ f-) 3 R(xf-7[-) 5 Q- ]-).

Hence we obtain a morphism of operads f : P — Q such that 7f = f and the
operad P is cofibrant.



3. SMALL CATEGORICAL OPERADS 157

Now we show that any cofibrant operad is free on its objects. Let P be a
cofibrant operad. Let A : P — C(P) be a lifting of the identity morphism of P:

P
2 b

P /i—d> P.
Also write A for the morphism of operads induced by A on objects
APy — FUP,.
Write € : UPy — UFUP, for the counit of the free-forgetful adjunction

F:SE™™ T L7 OPgpr: U.

applied to the object UPy of SET". Consider the equalizer in SET"

we can think about E as the subsequence of the underlying sequence of the operad
Py of objects of P made of operations which can not be written as a non trivial
operadic composite. Let i : F (E) — Py be the morphism of operads induced by 1.
We will show 7 is an isomorphism.

We choose a canonical representation of each element in the free operad so that
for each element T € FUPy(n), there is a unique tree T' together with elements
x, € Po(ny) of Py for each v € V(T) such that £ = ][] z,. Let T be a tree
veV(T)

and T, € FUPy be an operation of the free operad for v € V(T). We write
C{fv}er(T) € FUPy(n) for the resulting composite operation in the free operad.
In particular, if for each v € V(T') we have z, € Py(n,), then the composition in
the free operad of the operations ex,, € FUPy(n,) along the tree T is such that

clers}yey(ry = H Ly
veV(T)

Let x € Py(n). Let T be a tree and x, € Py(n,), for v € V(T), be such that we

have \x = [ . Since p\ = id we have
veV(T)

e=upl J[ =

veV(T)

Since A is a morphism of operads we have

c{)\x,,}yev(T) =\ H z, | = Az,
veV(T)

Hence we obtain

C{EIV}VGV(T) = H T, = A\t = C{)‘mV}VGV(T) ,
veV(T)
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so that for all v € V(T) we have ex, = Az,. By the universal property of the
morphism i : E — UPy, there exists a unique e, € E(n,) such that ie, = z,. We
take
px = H e, € FE(n).
veV(T)
We show that the map =z — ¢z defines a morphism of operads ¢ : Py — FE.
Let € Py(r) and z; € Py(n;) for i = 1,...,r. The equality ¢z(x1,...,z,) =
¢x X [] ¢x; holds since A is a morphism of operads, which is inverse to i ]
i=1

PROPOSITION 3.2.16. For each operad P, the operad C(P) is cofibrant, and C

extends to a functor
C: OPcat = OPcat.

The operadic composition in P induces a morphism of operads C(P) 5 P which
is an acyclic fibration. Therefore, C provides a functorial cofibrant replacement for

categorical operads.

PROOF. Any morphism of operads P — Q extends functorially to a morphism
of operads C(P) — C(Q), in a way which is compatible with the replacement
morphisms of P and Q. O

DEFINITION 3.2.17. We say that a symmetric categorical operad is G-cofibrant
if it is cofibrant as a symmetric categorical sequence.

DEFINITION 3.2.18. We say that a symmetric operad P is free on its objects if
there exists a sequence of sets E : +N — SET™ and an isomorphism of symmetric
operads F€(E) = P,.

DEFINITION 3.2.19. Let P be a symmetric operad. We define a symmetric
sequence C(P) in Cat as follows:

— We let the symmetric sequence of objects of C(P) be freely generated by
the objects of P, so that C(P)g = FC (U Py).

— Let r € N and p,q : * — C(P)o(r). We define the set of morphisms in
C(P)(r) from p to ¢ by

C(P)(r)(p,q) = P(r) (u(p), n(q)),

and we equip this set with the action of the symmetric group induced by
the action of ¥, on P(r).

PROPOSITION 3.2.20. The symmetric sequence C(P) is naturally equipped with
the structure of an operad in Cat. Moreover, the operadic composition of P induces
an acyclic fibration of symmetric categorical operads.

m:C(P) > P.

ProOF. Let r,ny,...,n, € N. We define the composition functor
rix—G 4
[ e < TLem)m) e+ n)
i=1

by the operadic composition of the free operad C(Py) = FEUS P,y on objects, and
we proceed as follows for morphisms.
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Let p,q: % — C(P)o(r) and p;,q; : * = C(P)o(ni). Let n =ny +--- +n,. We
define the operadic composition for morphisms in C(P) as the map

C(P)(T)(p? Q) X HC(P)(nl)(pla QZ) - C(P)(n)(p(ph s apr)a q(qla s ,qr))

given by the composition of morphisms in P

P(r)(up, pq)x [ [ P(na) (upis pai) — P(n) (ulup; (uprs - upe)] s o 0g; (nans - - pge)])
i=1

The associativity of the composition provides an equality between the composite

operations

(s (prs - mpr)) = (D5 (P15 pr))-
From the definition of C(P), it is straightforward to see that the counit FSUSP, —
Py of the free-forgetful adjunction

N — S
F© :SET L~ Opg,, : US.
induces an acyclic fibration of symmetric operads 7 : C(P) 5. a

ProPOSITION 3.2.21. A symmelric categorical operad is cofibrant if and only
if it is free on its objects.

PrOOF. Let P be a symmetric categorical operad which is free on its objects.
Let E : ™ — Sets™ and let ¢ : F©(E) — Py be an isomorphism of operads. Let
7: Q5 R bean acyclic fibration and f : P — R be a morphism of symmetric

operads. We have FOE = & x FE, so that we obtain a morphism of operads on
objects f such that the diagram

UQy

f‘/ﬁ b

commutes. By adjunction we obtain a morphism of symmetric operads f© :
6 x FE — Qp which lifts f. Since any acyclic fibration induces isomorphisms
at the level of morphisms, we can lift f at the level of morphisms as well. Hence
any symmetric categorical operad which is free on objects is cofibrant.

Conversely, suppose that P is a symmetric cofibrant operad. In particular, both
the operad UP and the symmetric sequence UP are cofibrant. Let E : N — SET be
a sequence such that FE = UPy in OPcat and let G : & — SET be UPy = X x G.
We have an isomorphism U(X x G) = UFE, so that for each r € N, we have an
isomorphism FG(r) & X, x E(r). O

ExAMPLE 3.2.22. The operads M" are G-cofibrant but not cofibrant. Indeed,
their objects are subject to associativity and unit relations.

ProPOSITION 3.2.23. For each symmetric operad P, the symmetric operad
C(P) is cofibrant, and C extends to a functor

C: 0P8 — OPSat-
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The operadic composition in P induces a morphism of operads C(P) 5 P which

is an acyclic fibration. Therefore, C provides a functorial cofibrant replacement for
symmetric categorical operads.

PRrROOF. Any morphism of operads P — Q extends functorially to a morphism
of operads C(P) — C(Q) in a way that is compatible with the replacement mor-
phisms of P and Q. O

REMARK 3.2.24. Let P be a symmetric categorical operad and suppose that P
is G-cofibrant, so that its sequence of objects Py is G-free. Let CNP : % — OPg,,
be such that

~ CN(P)o = FUPy
— For p,q: % — CN(P)o(r) we define CN(P)(p, q) = P(up, nq).

The canonical cofibrant resolution of P factors as
cPScNp P

There is a natural acyclic fibration CNP 5 P. The symmetric group acts freely on
the objects of C™(P), so that C™(P) provides a smaller cofibrant resolution of P.

Application to the monoidal category operad My. Recall that the operad M
governing monoidal categories can be defined both as a symmetric operad and as
a non symmetric operad. We write As for the monoidal category operad and As®
for the monoidal category symmetric operad. We apply the results of the previous
subsection to construct a cofibrant model of both As and As®.

DEFINITION 3.2.25. Let AsS € Opg,; be the operad defined as AsS =
CN(My). The isofibration AsS — As® provides a cofibrant resolution of As®.

The operad AsS is freely generated on objects by the symmetric sequence
given in arity » € N by the symmetric group %,., with a symmetric action given by
translation. There is a morphism between two operations of each arity if and only if
their operadic composite in As® correspond to the same permutation. Hence, the
operad AsS is a poset. It is convenient to consider this operad as a non symmetric
operad in order to have an easier description of a cofibrant model.

DEFINITION 3.2.26. Let Aso, € OPcat be the operad defined as As., = C(As).

The isofibration Asso 5 As provides a cofibrant resolution of As. The operad
Asso is freely generated by one operation in each arity on its objects, with a unique
morphism between each pair of operations.

DEFINITION 3.2.27. Define the category of As., monoidal small categories as
the category Asoo-Alg. An As., monoidal small category consisits in the data of a
small category C equipped with

— for each n € N, a functor u, : C"* = C
— for each r € N and nq,...,n, € N, a natural transformation
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which is an isomorphism, and such that any two ways of producing a natu-
ral transformation between functors involving compositions of the functors

(1p),, are equal.

REMARK 3.2.28. Let us insist that in Definition 3.2.27 the natural isomor-
phisms ensuring associativity are required to satisfy a condition on all possible
composites of the generating functors. Consequently, it may be difficult to verify
such a condition. In the next chapter, we will provide a presentation of Ass in
terms of generators and relations, from which we will extract more accurate coher-
ence conditions. In this way, the commutativity of specific diagrams will be enough
to deduce the commutativity of all the required diagrams.

REMARK 3.2.29. In [10], Fiedorowicz, Gubkin and Vogt defined a categorical
operad k providing a categorical analogue of Stasheff’s associahedra. The operad
k is a contractible poset whose objects are freely generated by an operation in each
arity, and whose order is given by Tamari’s. They defined an A,,-monoidal category
as a small category equipped with the structure of an algebra over k. They proved
that an A.,-monoidal category is equivalent to a monoidal category as soon as
all the natural transformations involved are isomorphisms. Such an A.,-monoidal
category corresponds to an algebra over the operad As., that we define. However,
they only considered A,.-monoidal categories with a strict unit, whereas an algebra
over our operad As, is required to satisfy unit axioms only up to isomorphism,
so that the operad As., has infinitely many operations in each arity. We will
relax the isomorphism conditions and provide a lax form of our operad As, after
having defined polygraphic presentations of operads. This lax version precisely
corresponds to the operad k, except for the fact that again, we consider weaker
unit conditions. It also is worth notifying that this lax or directed version of the
operad As, can not be equivalent to the operad As governing monoidal categories
in the model structure that we use. Indeed, the equivalences we defined involve
the strong notion of an equivalences of categories. The directed version of Asq
will instead be topologically equivalent to As after passing to nerve and geometric
realization.

Recall that any small categorical operad can also be seen as an operad in the
2-category of all categories (CAT, X, ). From now we will see the operad As
as such. In this way, we will be able to define As..-algebras in any monoidal 2-
category, even if its monoidal structure is not symmetric. For the moment, we
only give a formal definition of this weakened version of monoids in a monoidal
2-category. We will provide an explicit description of them after having introduced
suitable generators for operads in Cat.

DEFINITION 3.2.30. Let (A,®a,14) be a monoidal 2-category. We define an
Ass monoid in A as an algebra over the CAT-operad As,,. More precisely, we
define the 2-category of As.-algebras in A as the 2-category Asoo-Alga,@a,14)-

REMARK 3.2.31. Note that we also obtain cofibrant models of the operads M"
for n > 1 from the canonical cofibrant resolution constructed in Remark 3.2.24.
However, the objects of CN(M™) are freely generated by the underlying symmetric
sequence of the objects of M™, but still lack of an explicit description. We will fix
this issue in two steps. One of them consists in introducing suitable generators for
operads defined in the category of small categories. Next, we will construct a tensor



162 II. OPERADS

product for Cat-operads and their generators. Observing that this tensor product
behaves well with respect to the model structure we considered in OPcat, we will
deduce an explicit cofibrant model of M™ from the description of the operad As..
in terms of generators of relations.

3.3. Operadic polygraphs and presentations of small categorical op-
erads. We want to construct categorical operads whose generating morphisms can
have their source and target expressed as operadic composition of generating ob-
jects rather than generating objects only. For this purpose, we define a kind of
generators that we will call operadic polygraphs by analogy with polygraphs for
w-categories. In this way, an operad generated by an operadic polygraph will be
aritywise a category generated by operadic compositions of the generating mor-
phisms. The interaction between the operadic and the categorical structure will
induce some relations on the morphisms, so that in each arity we do not have a free
category.

Operads generated by polygraphs. We introduce operadic polygraphs and use
them as convenient generators for small symmetric categorical operads. Let Gph,,
be the category of n-graphs (see for instance [18] or [25]), which we equip with its
cartesian monoidal category structure. We write Cat,, for the category of small
n-categories, which we also equip with its cartesian monoidal category structure. A
small n-category may be defined as an n-graph equipped with additional structure

allowing compositions of p-morphisms for p = 0,...,n. In particular, we have an
adjunction
Fn)
Gph, =1 Cat,
U

for each n € N, which is also monoidal, so that it induces an adjunction between
the resulting categories of symmetric operads

Fn)
€1
—
u™

OPGphn OPCatn .

Again, we refer to [18] or [25] for further details on higher small categories, and
focus on the lower cases n = 0 and n = 1 for the purpose of this thesis. However,
it is worth observing that the constructions we establish in this subsection may be
generalized to higher values of n (see [23] for the K-linear case). We set Gph_1 =
Cat_; = x for convenience. Note that Gphy = Caty = SET, and that Cat,; = Cat.

In general, we adopt the notation C, for the set of r-cells of an n-graph, respec-
tively, of a small n-category. In the case of a categorical n-operad P, the sequence
P., formed by the sets of r-cells in P, has the structure of an operad in the category
of sets.

Let C be a small n-category and z,y € Cp_1 be p-1-cells of C. We write Cp(x,y)
for the subset of the set of p-cells of C obtained by the pull back
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Write Cp—1 for the discrete category associated to the set C—1, we obtain a functor
Cp(—,—) : Cp—1 x Cp—1 — SET which to (z,y) associates the set Cp(z,y).

Each n-graph has an underlying n-1-graph when forgetting about the n-cells.
In the same way, each n-category has an underlying n-1-category. The induced for-
getful functors are both monoidal, hence induces forgetful functors between their
resulting categories of operads. We can summarize the compatibility of these func-
tors as the commutativity of the following cube of adjunctions

(n—1)
S —T —>
Gph’n—l < V(nil) — OPGphn—l

R ¢ T
v..v.nF(n—l)ej’TU(n—l)G ’ ]_-(n—l)L/Iu(’n—l)

mm e & . —=Tr D=
. - Catn71 — _ _ PCatn,l
N pn—1) v

O
Gphn RV(") _ OPGphn

F(n)G\(/’IU(n)G B ]:(H)L/Ju(n)

& —TM—
Catn Rv(n)——/ OPCatn,

where the dotted arrows forget about the n-cells. Let

o . GphS .+ OPcat, sy

be the functors that result from the diagonal adjunction in the above square. Let
0 < p,q < n. Recall that each small n-category C yields a category Hg,?q)C whose

underlying graph is given by P, = P,, so that H§,’73 defines both a functor Cat,, —
Cat and a functor Gph,, — Gph. These functors are compatible with the free
forgetful functors, so that the following diagram commutes

(n)
Gph, —2*— Gph

F(n>LTU(n) - F(I)LTU(l) .
H n

Cat,, —*— Cat
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Moreover, the functors HI(,flq) are strongly monoidal, and hence induce functors on
the resulting categories of operads. We therefore also have commutative cubes

= (1)
s — TV —
Gphl — v — OPGph1

N 5
<1>6HU(1J@ f(l)ﬂum

& =T —
Catl — P _/\' Opcatl

. o
s —T —
Gphn <\V(”> _/,.-OPGphn

F(H)GLTU(H)G.-“ e ]:(")L/)Au(n) )

> / T(”) —

Cats KV(") - OPCat".

LEMMA 3.3.1. The category of n + 1-graphs Gph,1+1 can be obtained from the

category of n-graphs by adding n + 1-cells, in the sense that the following diagram
is a pull back

('n,+1)1
Gphn—H "'Ti’lzj_ﬁ Gph
H(n+1) i B lngl) .

+

DEFINITION 3.3.2. Let OPéatn be the category defined as the result of the pull
back

n +

OPCat _____ e Gphn+1
I

(i ln“z)

An object P of OPéatn corresponds to the data of an operad P<,, = H(f)P in Cat,,

and of a symmetric sequence of n + 1-graphs P = yi")P such that the underlying
sequence of n-graphs P<, = ™ P of P is identified with the underlying n-graph
YMP_, of P. Let P and Q be objects of OP&,, - The set OPG,, (P, Q) is
obtained by the pull back

ym N
OP&y, (P, Q) -----5---> Gph$, 1 (P, Q)

g i B lnw
e (n)
OPcat, (P<n: Q<n) > GphS (P<n, Q<n).

LEMMA 3.3.3. The data of an object of OPéatn consists in the data of an operad
P in Cat,, together with a symmetric sequence P11 of additional n + 1-cells and
morphisms s,t : P11 — Pp such that the following diagrams commute

Py —— Py P —— P,

T

Pn S—n> Pn—l Pn t—"> Pn—l-
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Formally, the category OPéat, exhibits the fiber product OPcat, X Gph®, so that
n SETS

the following diagram is a pull back

Let P,Q: % — OPéatn. The set of morphisms OPéatn(P, Q) is therefore obtained
by the following pull back

H(lttg y(n)

! >
n) ! 1
(™ Y

S
OPCat" (P§n7 an) (H)/)ﬁbn) SET (Pna Qn)

It follows that the data of a morphism f =P — Q in OPéatn is equivalent to the
data a morphism of operads fe : P<n — Q<p together with a morphism of symmet-
ric sequences fni1 : Pni1 — Qi1 such that the following diagrams commute

frt1 Frt1

Pn+1 — Qn+1 Pn+1 — Qn+1
I I
Pp —— Qn Pn —— Q.

PrOOF. We deduce the following sequence of isomorphisms from Lemma 3.3.1
and by associativity of the fiber product

OP&ay, = OPcat, X Gphy,y = OPcat, X (Gphf X Gph6> =~ OPcat, x Gph®.
GphS G SETS SETS

h
(]

DEFINITION 3.3.4. Let 7.""" : Op&,,  — OPcag

for each object P of OPéatn7 we have

be the functor such that,

n+1

Opcat,., (TP, Q)) = OPcut, (Pens Qan) % GOHE (Panit, Quni):
ETS (P, Qn

The operad 7j£n+1)7) has the same underlying n-categorical operad as P and has
all operadic and categorical compositions of elements of P, for its n + 1-cells.
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PROPOSITION 3.3.5. Let WD : OPgag,,, — OPEat" be the functor induced
by the functors Y1) and I | so that

y(n+1)

OPCatn+1

~o_ win+D

n n -

The functor Tﬁnﬂ) is left adjoint to WY | so that we have the following adjunc-
tion
T OpEe T OPgag,,, : WD,

PrOOF. We have the following isomorphisms for each object P of OPJCratn and
each object Q of OPcat,,:

OPE,, (PWIDQ) = OPcar, (P Qcn) %X Gph® (Panit, Qunt)
SETS (P,,,Qn)

>~ OPcGat, . (7'("“)73, Q) .

The first isomorphism is a consequence of Lemma 3.3.3, and the second isomorphism
holds by definition of TinH)P. a

REMARK 3.3.6. For n = —1, we obtain OPgat_1 >~ SET®, and the previous
constructions fit into the following diagram

y(©)

OPSET R

We obtain the usual adjunction between symmetric sequences of sets and set-
theoretical operads

7O . SET® 717 OPgyr : WO,
REMARK 3.3.7. For n = 0, we have the following diagram
ym
OPCat

~

~oow
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In what follows, we sometimes omit the exponents and simply write 7 for ’711)
and W for WJ(:). We obtain an adjunction

) — .
Ti: OPY,. 717 OPcag : W.

An object P of the category OPé”m consists in the data of a set-theoretical operad
Py together with a symmetric sequence P; equipped with morphisms

s, t: Pp — Py.

Such an object P can equivalently be defined by the data of a set-operad Py of
objects, and for all r € N and z,y : * — Py(r), of a set of 1-cells P;(r)(z,y)
equipped with an action of ¥, such that each o acts as a morphism

o: Pi(r)(z,y) = Pi(r)(o.x,0.y).

An operadic n-polygraph P can also be inductively characterized as the data of

— an operad Py : * = OPgpgr,

— for all € N and z,y : x — Py(r), an operadic n-1-polygraph P(r)(x,y)

— a lax morphism
For P, Q : x — OPZ,,,, the set of morphisms Opg,, (P, Q) has for elements the mor-
phisms of operads fo : Py — Qp equipped for each r € N and each z,y : x — Py(r)
with a morphism f(r)(z,y) : Pi(r)(z,y) = Q1(r)(fox, foy) which is invariant un-
der the action of X,.

Each object P of OpgET yields a categorical operad T,.P, whose operad of ob-
jects TPy = Py is given by the set-operad Py, and whose morphisms are freely
generated by the elements of the symmetric sequence P;, both operadically and
categorically.

DEFINITION 3.3.8. For n € N, we let

n n—1
. +
H,T. H OPCatp_l — H ()PCatp
p=0 p=0

be the functors whose projections 7,,II,, for p = 0,...,n — 1, are given by the
composites

n n - n _+(_p)
P
7; : H OPCatp—l — OpCatp_l — OPCatP
p=0

and
n . - Ef)
P
I, : H OP&yy, , —— OPGay, — OPcat, -
p=0
We define the category QOPcat, of operadic n-polygraphs as the equalizer
T
+ -1
QOrcat, ----- > [Tp=0 OP&as, , ? 1,0 OPcat,-

Hence, an operadic n-polygraph &€ consists in the data, for each 0 < p < n, of
— an object £,y 1 * — OP*C'atp_1

— and an isomorphism of p-categorical operads 7]@5(1,) = HS?)S(I,H).
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The projections [[)_y OP&ae. = [[)—o OP&ae, , and [17=) OPcat, — 1,2 OPCat,
for r < n yield a truncation morphism QOPcat,, — QOPcat,. If £ is an operadic
n-polygraph, then we write £<, for the operadic r-polygraph obtained from & by
truncation.

DEFINITION 3.3.9. Let n € N and 7 : QOPcat, — OPcat, be the functor
defined as the composite

n (n)
Q0Pcat, — H OPJ(SMV1 = OP&ye, , — OPcat,, -
p=0
We say that an n-categorical operad P is quasi free if there exists an operadic
n-polygraph € and an isomorphism P = 7("¢.
ProPOSITION 3.3.10. The data of an operadic n-polygraph & is equivalent to
the data of
— a symmetric sequence of sets B, forp=0,...,n,
— together with source and target morphisms
Sprtp : Ep = T(pil)(gqo)p—l
forp=1,...,n, such that sp_1s, = sp_1t, and t,_15, = tp_1tp.
We may directly make the source and target of the generating cells explicit and use

the following equivalent description of an operadic n-polygraph, which consists in
the data of

~ a symmetric sequence Eq : * — SET®,
~ foralll <p<nand0<i<p, foralz;y;:*— TD(E<) (o, y0) - (Ti1,vi-1),
a symmetric sequence of generating p-cells

Ep(0,40) - - - (Tp—1,Yp—1) : * — SET.
We obtain symmetric sequences E, for allp =0,...,n by setting

Ep - H EP('TOvyO)"‘(xpflyypfl)

z0,y0:+—T () (Ep)
T yp kT P (E<p 1) (@0,0)--(Tp—1,Up—1)

In both cases, we write € = (Ey, ..., Ey) for the operadic n-polygraph with gener-
ating n-cells given by E,,.

Let €& and F be operadic n-polygraphs. The data of a morphism f : &€ — F is

equivalent to the data of morphisms of sequences f, : B, — F, forp =0,...,n

such that the diagrams
E, i Ey By, L F,
Spl J/Sp Spl J/sp

TE=D(E_)p T (Fop)p_1 TP (Ecp)p T (Fep)p

-_—
T(p_l)(f<p)p*1

commute for all p = 1,...,n. FEquivalently, the data of a morphism f : € — F is
equivalent to the data of

T —
T(p_l)(f<p)p71

— a morphism of symmetric sequences fo : Eg — Fy



3. SMALL CATEGORICAL OPERADS 169

~for1<p<n,0<i<p, and i, y; : % = TD(E<;) (0, 90) - - - (Tiz1, Yim1),
a morphism of symmetric sequences

To(@o,y0) -+ (Tp—1,Yp—1) : Ep(w0,%0) - - (Tp—1,yp—1) = Fp(foxo, fovo) - - - (fp—1Zp—1, fp—1Yp—-1)-

PRrROOF. We proceed by induction on n € N. Since an operadic O-polygraph is
a symmetric sequence of sets, the case n = 0 is trivial. Suppose that the category
of operadic p-polygraphs admits the following presentation for p = 0,...,n and
let £ be an operadic n + 1-polygraph. The category of n + 1l-operadic polygraphs
equalizes the diagram

T, )
+
QOPcat,,, - » QOPcat, X OPGy, ?; OPcat, »
1T " ™2
+

so that £ is determined by the data of the operadic n-polygraph €<, together
with an object £ of OPéatn which has the same underlying n-categorical operad
than 7 (E<,), so that & is determined by the data of €<, and &, = &F. In
particular, we obtain an isomorphism at the level of n-cells

E5 =T (E<n)n,

so that &€ is determined by the data of symmetric sequences Ey, ..., F, with the
source and target morphisms characterizing £, and by the symmetric sequence
E,J[ 1, together with source and target morphisms Er 1= T(")(Sgn)n that satisfy
the required compatibility conditions because £ has the structure of an n-operad.

The characterization of the morphisms of operadic n-polygraphs can be obtained

in the same way by induction on n by using the expression of QOPcat,,,, (£, F) as
the equalizer
L e (R () o Ty(n) 14
QOPcatn(ggn,]:Sn) X OPCatn(g ,.7: ) o OPcatn(H+ £ ,H+ F ) .
H+n uy)
|

PROPOSITION 3.3.11. For all n € N, the functor T has a right adjoint Q™)
such that

T™ . QOPgat, . L OPcat, : Q™.

PRrROOF. We proceed by induction on n € N. For this purpose, we first make
explicit the cases n = 0 and n = 1. For n = 0, observe that we have an isomorphism
QO0Pg; = SET®. The functor 7 corresponds to the free operad functor, whose
right adjoint is given by the usual forgetful functor

T(O) : SETG /ﬁ_ OPgpr :Q(O)~

Let P be a categorical operad. We define Qél) : OPgat — Sets® as the composite
(0) (0)
Qél) : OPcat o, OPgpr L, SETS.
We also define a functor Q(ll) : OPcat — OPg'ET as follows. First recall that

OPd,, = OPgpr o Gph®. We define an object Q{"P of OPZ, . for each categorical
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operad P by its components Q(ll)P =~ (P, P+). We let the underlying set-theoretical
operad P of le)P be given by the composite

s T

_ P (@ Q(O) (0)
P % — OPcat — OPgpr —— SET> —— OPgpr,

so that P corresponds to the operad freely generated by the 0-cells Py of P. We
define the symmetric sequence of graphs P+ as follows. Let Pty = QP and let
P+ be the colimit of the composite

PxP L pyx P, RSN SET®,
where 1 is given by composition of the unit 7 Q) Py — Py with Q). Hence for
each r € N we can write

PHi(r) = H Py (r)(uxy, pxe).
w1,22€PFo(r)

(z1,22)
7

For all x1,22 € Pto(r) and i = 0,1, we have a morphism 7
the composite

(r) obtained as

7Ti(om,m)(r) . P1(7”)(,u$1,,u$2) — % M P+0(T) X 'P+0(T) N P+0(T),

which induces morphisms on the colimit m(_, —)(r),m2(r) : PT1(r) = Pto(r).
We give to PT the structure of a symmetric sequence of graphs by setting s(r) =
7(_, )(r)and t(r) = ma(r). Since the symmetric sequence of O-cells of P coincides
with the 0-cells of P*, the pair (P, P*) defines an object Q(ll)P of OPE,.. Observe
that we have isomorphisms

nYoVp =~ px~T7OQOMOPp = TP,
so that the pair of functors (Qél), le)) induce a functor Q) : OPcay — QOPcat.
Let P = (P©,PM) be an operadic polygraph, where P(*) is an object of Opéati—l'
We set TP = 7:51)73(1). We accordingly get a functor 7)) : QOPcat — OPcat.
We show that 7() and Q) are adjoint to each other. On the one hand, we have
natural isomorphisms
OPcat(THP,R) = Oprd (PH WOLR)

OPgr (PM o, Ro) X Gph® (P R)
SETG (P(l)o,Ro)

>~ Opge(TOPO Ry)

1%

X Gph® (PY | R)
SETS (QO)T(0P(0) Ry)

SET® (PO, Ry) X Gph®(PW | R).
SETG (Q(O)T(O)P(),R())

1

On the other hand, we have a natural isomorphism

QOPcat(P, QWR) = OpL, (PY, QMR 1)) SeT® (P, Ry)

X
OPSl-;’x~(T(O)P(O)aT(D)RO)
Recall that the set of morphisms OPg,, (P!, QR ;)) is isomorphic to

OPger (TP, T Ry) x Gph®(P,R* = R),
SETS (QO) T (O P0) QO)T(0) Ry)
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where P is the underlying graph of P and where Rt = R is the underlying graph
of QWR. As a consequence, we obtain the isomorphism

QO0Pcat (P, QWR) = Gph®(P,R* = R) %
SETS (Q(O) T(0)P(0), Q(0) T(0) Ry)
Let ¢ : ¥+ = QOPgat(P, QWR) with its component ¢(V) : + — Gph® (P, Rt = R).
The graph morphism ¢() is given on the 0-cells by qﬁf)l) = TOpO) where ¢ :

PO — Ry. Since ¢V is a graph morphism, its value on some f € PM) is given by
(sf,tf, ¢1f) € RT1 for a unique ¢ : P — Ry, so that we have

QOPcat (P, QR) = Gph® (P, R) SET® (P, Ry)

X
SETS (QO)T(0)P(0) 9(0)T(0) Ry)
= Oprcat (TP, R).

This shows that 7! is left adjoint to Q). Now suppose that we have an adjunction
T(p) : Q()PCatp et ()PCatp : Q(p)

for each p < n — 1, such that for each operadic p-polygraph &, the p-categorical
operad T®)E is given by TP E = Tpr )£®) | We show that we have an adjunction

T(n): QOPCatn L OPCatn Q(n)

Let P be an n-categorical operad. We define an operadic n-polygraph QP by its
underlying objects Qz()n)P of OPEatp_1 for p=0,...,n. We have an operadic n-1-

polygraph Q~DP_, . We write Q;"_I)PQL for its underlying objects of OPJéatp_1

forp=0,...,n—1. We set Q,(,n)P = Q,()n_l)P<n forp=0,...,n—1. We form the
n-1-categorical operad

?E _ T(nfl) Q(nfl)fp<n
and we write pu : P,_1 — P,_; for the restriction of the counit morphism

Tr-DQ-Vp_, P,

on the n — 1-cells. We consider a symmetric sequence of graphs P given in arity
r by the following graph

H Pn(r)(ux,uy) jpn—l(r>7
x,y€EP, _1(r)

where the source and target morphisms are given by the canonical projections. The
pair QP := (P,PT) defines an object of OP{a, - We have isomorphisms of
n-1-categorical operads

HSTL_I)Q%“),P o~ 75 o T(nfl)Q(nfl),P<n o ﬁn_l)Qin__ll),P<n o ﬂn—l)Qin_)l,P’

from which we deduce that the objects Q(()")P,...,Q%")P yield an operadic n-
polygraph QM P. We obtain a functor Q™ : OPcat, = QOPcat,, , which we show

n?

SET® (P Ry).
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is right adjoint to 7). We have natural isomorphisms
OPGat, (TE, P) = OPgas, (TLVEM, P)
OP&y,  (EM WMD)

OPcat, , [T Ve P_,) x Gph® (55") =& p, = P,H)
SETS (8(") Pn—l)

n—17

1%

1%

> OPgat, , (T VEMD P_) x Gph® (5,<ﬁ> =& p, = Pn,l)
Ser® (&0, Pa1)

= QOPCatn—1 (€<na Q(n_l)P<n) X Gth (ST(Ln) = 57(1791, Pn = Pn—l) ’
SETS (Sfbn_)l,Pn,l)

We also have natural isomorphisms

QOPcat, (£,Q"P) = QOPCat, , (E<n. Q" VPcn) x Ordy, (6 = £, QP
OPgpr (57(;1_)1 , QP 1)

where
QP 1 n(r) = I P (ua, my) = QWP (r).
z,y€Q(MIP,, _1(r)

We have

O, (60 =&l WP, 1) 2 Ong (60 = e, [T Palu i) = QWP
z,y€QMP,_4

= Opger (£00, QP 1) x Gph® (& = €1, QP = QP ).
SETS (Sffi)l,g("ﬂ%_l)

Hence we obtain that the category QOPgat, (€, Q" P) is isomorphic to

QOPGat, _,(E<n, Q" VPcn) x Gph® (&0 = €0, Q"P, = QP, ).
SETS (5}7731 ,Q(n)Pn,l)

Given an element of this fiber product, its component given by the graph morphism
is freely generated by the morphism of sequences (£<,)n—1 — (Q™ " DP_.)p1. O

REMARK 3.3.12. — An operadic 0-polygraph is the data of a generating
symmetric sequence and 7(? is the free operad functor

T : QoOP = SET® — OPgpy.

— An operadic 1-polygraph is the data of sequences of generating objects Fy
and generating morphisms FE;, where the source and the target of each
generating morphism is a free composite of the generating objects. Write
= Q;0p for the category of operadic (1)-polygraphs, the functor

T : Q0P — OPcat

takes an operadic polygraph (Ey, F1) to an operad whose objects are freely
generated by Ey and whose morphisms are categorical composites of op-
eradic compositions of the generating morphisms and objects
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Polygraphic presentation of operads. We want to add some relations on poly-
graphic generators for operads, so that we have a notion of polygraphic presentation.
We make precise the conditions under which we can subject the generating n-cells
to relations, in a way that we can produce an operad presented by polygraphic
generators and relations.

Let € be an operadic polygraph with generating n-cells E,. Say R = (Ry, (P, qn)) s
where p,,, g, are morphisms R,, — T (&),, define compatible relations on £ when-
ever m,_18, and m,_1t, both equalize p,, and ¢, where m,_1 = coeq(pn—1,Gn-1)

so that we have induced source and target morphisms
TE:R)y S TE:R)p_s.
tn

PROPOSITION 3.3.13. IfR defines compatible relations on an operadic polygraph
E, then T(£ : R)(r) has an induced structure of n-category and we obtain a Cat,,-
valued operad T (€ : R).

DEFINITION 3.3.14. Let P be an operad in Cat,,. A polygraphic presentation
of P is the data of an operadic polygraph £ equipped with compatible relations R

and an isomorphism 7 (€ : R) > P.

DEFINITION 3.3.15. We define the category Q" Op whose objects are operadic
polygraphs equipped with compatible relations, and whose morphisms (£,R) —
(G,S) are pairs

(f.9): (E,R) — (G,S)
where

— f:& — G is a morphism of operadic polygraphs
— g = (gn)n consists of morphisms g, : R,, — S, such that the diagrams

Ry == T(E)n

gnl lT(f)n

Spn —= T(G)n
commute.
PROPOSITION 3.3.16. We have a well defined functor T : QR*OpP — OPcat,, -

ProoF. Let (£, R) (7:9) (G, S) be a morphism in QF"Op. Recall that a mor-

phism

=

TE:R)—T(G:S5)



174 II. OPERADS

is uniquely determined by a morphism & — 7(G : S) that equalizes both Ry and
R;. The following diagrams

Ry :; T(Eo) ————— > T(g : R)O Ry :; T(S)l ----- > T(g : R)l
gol f@l T D, gll T(h )l \T(f:g)l\)
So —= T(Gop) ----- > 'T(g S)o S —=T(G)1 ----- » T(G:5)

show we have a well defined induced (functorial) morphism

T(f:9):TE:R) —T(G:9).

PROPOSITION 3.3.17. The functor T has a right adjoint W:
W OPcat T 7 QREEQOP T

PROOF. By definition a morphism 7 (€, R) — Q is equivalent to the data of a
morphism 7 (£) — Q such that the induced morphisms equalize the diagrams

Ry :; T(g)o E— QO

R —=T(€)1 — Q1.

Thus it is equivalent to the data of a morphism £ — V(Q) together with a morphism
of relations

Ry ———= T(&)o Ry —= T
T(Q) = T(V(Q) TV(Qh =% T(V(Q)r.

Let
id id
5 = (7(Q0) S T(V(Q). T(V(@1 5 TV(@) )
Then S is a system of compatible relations for Q.
This shows that W : Q — (V(Q),S) defines a functor which is right adjoint to
T. O

3.4. Applications.

ExXAMPLE 3.4.1 (Polygraphic presentation of the operads M™). Let M,, be the
operad in Cat from [2]. Let (£™,R"™) € QF*OP be defined by

— generating objects E™y concentrated in arity 2 with
Eno(2) =Y. { \./}
— generating morphisms E™; concentrated in arity 4, with

E"1(4) = %4 {W }1<i< <n-

)
1<i<n

7
;i

where s,t: E™1 = E™( are defined by
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VY

— s —

o

! (23) v
—t:im; = . ’vl ,
. .j . . .
— the relations on the objects R"( are concentrated in arity 3 and ensure
the associativity of the binary operations, so that

R"(3) = Zs. 'i\/ N/ g ,

1<i<n

— the relations on the morphisms R"; encode compatibility with the inter-
change morphisms and separate as

R" = H EG.Rnl(i’j)(G) H H Eg.Rnl(i’j’k)(S),

1<i<j<n 1<i<j<k<n
with
. NV ARAVAVZRYY
Rnl(z,J)(6) _ ; i . %% % % o o
VU N
o n o ;
VY Y Y Yy
I1 W NS
and
o YWY NN WYY (N
g o; i o i

where the trees labelled by generating operations represent the free composition of
these and * denotes the free composition of the morphisms on the free operad. We
wrote f * g for the composition g o f. We also identified an object operation with
the identity morphism it induces on the free operad (whose morphisms are freely
generated).

PRrOPOSITION 3.4.2. The operads M,, admit a polygraphic presentation
M, = F(E™: R").

DEFINITION 3.4.3. Define a non symmetric operadic polygraph £ aritywise by

B = ()
- Ein)= II Aeqh<icr
r+s=n+1
r,5>0

with s,¢: E1(n) — T(Eop)(n) given by
= s(ag.s) = pr 0i s,
- t(a:",s) = Hn-
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REMARK 3.4.4. We can describe the non symmetric operad generated by &
as follows. Its operad of objects is generated by a single operation in each arity,
and hence precisely corresponds to the operad of trees. With this identification, its
morphisms are freely generated by edge contractions. In what follows, we introduce
a system of compatible relations for £ which ensures that edges can be contracted
in any order.

NOTATION 3.4.5. Given a tree T corresponding to an object of any arity of the
operad TE, we write pT" :€ N for the number of vertices of T. For instance, each
generator u, € Eg(n) corresponds the n-corolla Y,,, which satisfies pY,, = 1.

DEFINITION 3.4.6. Define a system of relations R for the operadic polygraph
€ as follows
-~ Ry=10
- Ri(n) = {nT}(TeTg(n)’pTZS), where np implements the relations corre-
sponding to the commutativity of the diagrams

T — T/{e}

| |

T/{fy — THe f} =
for each T' € T E(n) such that pT = 3.

PROPOSITION 3.4.7. The operad M;> := T(€ : R) is a poset whose objects
are given by trees, and where there is a morphism T — S if and only if S can
be obtained from T by contracting internal edges. Hence this poset corresponds to
the face poset of the unital associahedra (see [26]). As a consequence, the operad
M; % is contractible. Moreover, it corresponds to the operad k defined by [10] (up
to unit).

REMARK 3.4.8. Recall that the weak equivalences associated with the model
structure we defined on OPcy¢ are given by equivalences of categories. Hence,
despite the fact that we have an equivalence of topological operads |M;%°| = |M],
the operad ML can not be equivalent to M; with respect to with model structure.

DEFINITION 3.4.9. Define a non symmetric operadic polygraph £= aritywise
by

— E%o(n) = {pn},

- E=(n) = I A{algal, hes, with st Ef(n) — T(EF)(n)
r4+s=n-+1
r,s>0
given by

— s(ag.s) = pr 05 s,
— (ol ) = pn,
= t(ag. ) = in-
— tlal ") = e o s,
REMARK 3.4.10. The operad of objects of TE= also corresponds to the operad
of trees. Hence, we see the generating morphisms as edge contractions as well. The

relations that we will define on £ will both ensure that these edge contractions
are isomorphisms, and that edges can be contracted in any order.
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DEFINITION 3.4.11. Define a non symmetric operadic polygraph £= aritywise

- E¥on) = {p} 1
- E=i(n) = I Aolgohs hi<icr, with st 0 Ey(n) = T(Eg)(n)
r+s=n+1 ’ ’ T
r,s>0
given by

— s(af. ) = pir 0 fls,
— s(aly ) = pn,
= t(ag. ) = in-
— tad ) = e o s,
DEFINITION 3.4.12. We define a system of relations R= for the operadic poly-
graph & as follows

~R¥, =10
= RE0) = {0} perempren LI 1 fah. "ol = 10 hi<icr
e
H HS]:[nﬂ{aiwsai’S*l B 1“"}19-97
r,s>0

where npr implements the relations corresponding to the commutativ-
ity of the diagrams

T — T/{e}

| |

for each T' € T E(n) such that pT = 3.

PROPOSITION 3.4.13. This operad is still aritywise a poset. Moreover, there is
an isofibration
ML - ML
which induces an equivalence of topological operads
| NML S NMLT
presentation of the operad defined in 3.2.26

REMARK 3.4.14. Observe that the categories M_(r) identifies with the posets
of planar trees with r leaves, with a free symmetric action and a morphism S — T
whenever T is obtained from S by contracting an edge. It is shown in [10] that
ML _(r) is precisely the face poset of the associahedron K(r), so that we have an
equivalence of topological operads | N ML | = K.

PropPOSITION 3.4.15. The projection M})o% — MU is an acyclic fibration, so
that we have the following cofibrant resolution of the operad M?:

o

MLT 5 ML
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FIGURE 1. Coherence constraint for a 2-morphism of P-algebras
a: F — G, where F,G : X — Y are lax morphisms of P-algebras.



CHAPTER III

Tensor product of operads in Cat and interchange

In [15], Lawvere introduced the tensor product of algebraic theories as a way to
define a single algebraic theory describing the structure of compatible combinations
of algebraic theories. Building upon Lawvere’s work, Boardman and Vogt applied
this construction to the framework of topological and set-theoretical operads. For
set-theoretical or topological operads P and Q, the Boardman-Vogt tensor prod-
uct P ®py Q is defined by a universal property, yielding a representation of the
category of Q-algebras in the category of P-algebras as a category of algebras over
P gy Q, hence providing a better understanding on objects on which P and @
act in a compatible way. In what follows, we merely use the expression ”tensor
product” for this operation on operads. (We will actually use the same expression
for generalizations of this tensor product construction that we formulate in the con-
text of categorical operads.) In [9], Fiedorowicz and Vogt, motivated by a previous
additivity result established by Dunn, proved that the tensor product E,, @y Ey,
is an Ey,yn-operad as soon as F,, is a cofibrant model of FE,, operad and E, is
a cofibrant model of E,, operad. Jacob Lurie’s work in [21] further explored the
tensor product of (0o, 1)-operads, specifically on the E,-operads obtained from the
topological operads C,, via the homotopy coherent nerve construction. Lurie con-
structed a map of simplicial sets E,, x E,, — E,4,, which exhibits E,,, as the
tensor product of E, and F,,, providing an (0o, 1)-operadic analogue of Dunn’s
additivity. To obtain a straightforward description of the tensor product, such as
through generators and relations, the topological framework is inadequate due to
the absence of explicit generators. Additionally, the set-theoretical framework en-
counters difficulties with the Eckmann-Hilton argument, which can be interpreted
as the existence of an isomorphism As ®pgy As = Com, contradicting the expected
additivity property for E; operads. In the (oo, 1)-categorical framework, the tensor
product P ®gy Q of two (00, 1)-operads P and Q lacks an explicit description since
its existence relies on a fibrant replacement of an (oo, 1)-preoperad obtained from
the Cartesian product of P and Q. This section aims to provide a clear description
of the tensor product in a categorical framework. To achieve this, we take inspira-
tion from the structure of the categorical operads M,,.

In a first subsection, we provide a concise review of the tensor product’s con-
struction in the discrete setting. Additionally, we revisit the construction of the box
product of symmetric sequences, which gives the scheme of interchange relations.

In the second subsection, our focus shifts towards the construction of the
tensor product. The main idea behind this construction is to relax the inter-
change condition in the categorical setting. The tensor product that we define
endows the 2-category of categorical operads with the structure of a monoidal

179
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2-category which is not commutative. We establish that the tensor product of
operads satisfies the desired universal property, leading to the equivalence P ®gy Q-
ALG(p,@) = QALG(p,AL(;(A@)’@). Additionally, we lift the tensor product to poly-
graphic presentations of operads, enabling us to explicitly describe the tensor prod-
uct in terms of the presentations of its individual factors. We get, as a particular
case of this description, the additivity relation M,, ®gy My, = My 4m. Moreover,
we investigate the behavior of the tensor product within the model structures stud-
ied in the previous section of the thesis. We observe that the tensor product of
two operads is cofibrant if and only if each factor is cofibrant. Furthermore, we
prove that the tensor product maps cofibrant resolutions of operads to a cofibrant
resolution of their tensor product.

In the third subsection, we elaborate on the applications of the tensor prod-
uct to the operads M,,. As a main result, we provide an explicit presentation of
cofibrant models M2° of M,, using the presentation of MP° described earlier and

the relation M?%V = M,,. Then, we focus on studying the algebras over the MS°
operads within the 2-category (ToP, x). We describe an M2°-algebra structure on
the n-cubes I" in (ToP,U), enabling us to equip each n-fold loop space with an
M¢Se-algebra structure. However, we note that the M2°-algebra structure on n-fold
loop spaces factors through a morphism of operads M$° — 1IC,,, where 1IC,, is the
fundamental groupoid operad of C,,. Consequently, the structure of an M:°-algebra
on a topological space does not provide significant information on that space for
n > 2. Nevertheless, the case n = 2 remains of interest, and we describe an explicit
non-trivial M§°-algebra structure on the fundamental groupoid of any 2-fold loop
space. We obtain, as a consequence, that a topological space has the homotopy
1-type of a 2-fold loop space up to group completion if and only if its fundamental
groupoid has the structure of an M5°-algebra.

Recall that that the categorical operad M{° is identified with the face poset
of the associahedra. Considering that the operads MS$° are posets too, we aim
to investigate the possibility of realizing the nerve of the operads M>° as cellular
spaces, so that the morphisms in M$° correspond to inclusions of boundaries. Due
to the inhomogeneity of the cell dimensions in relation to the interchange mor-
phisms, the cell structure we expect will require an unconventional way of gluing
along boundaries. In fact, these gluing operations will involve partial gluing along
separate dimensions, and these partial gluings themselves will be subjected to re-
lations that involve interchange. This approach will allow us to efficiently describe
the symmetries present in the operads M,,, arising from the interchangeable role of
each operation. While it may not be possible for these cellular spaces to have the
structure of an operad like the associahedra due to dimension arguments, we con-
jecture that they have the structure of what we will call an n-fold operad. Notably,
this structure may not require aritywise actions of the symmetric group. With this
terminology, 1-fold operads should correspond to non symmetric operads and can
have algebras over any monoidal category, whereas the algebras over n-fold operads
naturally fit in the framework of n-fold monoidal categories. Developing these tools
will involve to extend usual constructions to an n-fold monoidal framework.
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1. The Boardman-Vogt tensor product of operads

The Boardman-Vogt tensor product was originally defined for symmetric oper-
ads defined in the closed monoidal category of topological spaces or in the monoidal
category of sets, with monoidal product both given by the cartesian product. As
noticed in Remark I1.1.4.14 in the framework of operads defined in the 2-category
CAT, the property of the cartesian product, and the compatibility of the product
with respect to itself due to its commutativity, will permit us to endow the cate-
gory of P-algebras in (TOP, x) with the structure of a monoidal category, for any
set-theoretical or topological operad P.

In this section, C denotes a cartesian closed category, which in practise is either
Top of SET. The word operads will refer to operads defined in C. We first recall
the definition of actions of operads which interchange, and the resulting Eckmann-
Hilton argument.

1.1. Interchange and Eckmann-Hilton argument, revisited.

DEFINITION 1.1.1. Let V be a cartesian closed category and recall that the
2-category CATy, of V-enriched categories is symmetric monoidal. We say that an
object X of CATy is a V-enriched n-monoidal category if it has the structure of an
internal n-pseudomonoid in CATy.

DEFINITION 1.1.2. Let B be an operad and (D, ®) be a topologically enriched
monoidal category. Let X be an object of D, and let END? be the topological
operad defined as follows. For r € N, we let ENDY(r) = D(X®",X) € Top.
The operad structure is induced by the following composite for each r € N and
Ny, ey € N

T T
DX, X)x[[D(x®", X) =2 D(X®, X)xD(J[ X", X®") = D(X®", X),
i=1 i=1
where n = ny + ... +n,. We may also write ENDY = D(X®", X).
Let B-ALGp € CAT be the topologically enriched category of B-algebras in D,

defined as follows.

label=- A B-algebra in D is a pair (X,1)) where X € D and ¢ : B — ENDY, is a
morphism of operads.

label=- For X,Y € B-ALGp, we let the space of morphisms B-ALGp(X,Y) be the
subspace of D(X,Y’) whose elements are the morphisms F' € D(X,Y’) such
that for each r € N, the diagram

B(r) 9 prxe” x)

wy(r)l lD(XW,F)
DY®Y) —— D(X®Y)
D(F® ,X)

commutes in TOP.

PROPOSITION 1.1.3. Let B be an operad and (D, ®1) be a topologicaly enriched
monoidal category. Suppose that D is equipped with an other monoidal category
structure (D, ®3) such that (D, ®1,®2) is a 2-monoidal topologically enriched cat-
egory. Then the topologically enriched category of B-algebras in (D, ®1) inherits a
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monoidal structure from ®o. More generally, if (D, ®1, ..., ®y) is an n-fold topolog-
ically enriched monoidal category, then the topologically enriched monoidal category
of B-algebras in (D, ®1) inherits the structure of an (n — 1)-fold topologically en-
riched monoidal category.

PrOOF. We construct the tensor product of the underlying topologically en-
riched monoidal structure

®9 : B-ALGp X B-ALGp — B-ALGp

by

label=- (X, wx), (Y, 1/}}/) € B-ALGp = (X R9 Y, YVx Q2 ¢y) € B-ALGp, where
hx ®2 ¢y : B— ENDR g,y

is defined by the composite

B 2, p(x®1 X) x D(YOL,Y) —225 D(X® @, VO, X ®,Y),

Tl D(1,X®2Y)

T
D((X ®q Y)®I,X ®2Y)

where 7 refers to the interchange morphism between ®; and ®s.
label=- Let (X1,vY%), (X2,v%%), (Y1,91), (Ya,9%) € B-ALGp, and define the map
®29 on the space of morphisms

B—ALGD (Xl, XQ) X B—ALGD (Yl, Yé) — B—ALGD (Xl X2 Yl, Xo ®o }/2)
by restriction of the map induced by ®5 on the morphisms on D
D(X1,X2) x D(Y1,Y2) = D(X1 ®2 Y1, X2 @2 Y2).

For this purpose, we need to show that for each Fix € B-ALGp (X1, X2) and
Fy € B-ALGp (Y1,Y3), the tensor product Fx ®3 Fy € D(X; ®2 Y1, Xo ®9
Y5) of the underlying morphisms Fy and Fy in D is a morphism of B-
algebras. The diagram expressing the compatibility of the morphism F'x ®4
Fy with respect to the B-algebra structures on X; ® Y7 and X5 ®2 Y5 in
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(D, ®;1) admits the following decomposition into commutative subsquares

B(r)
P XP3 PYx XYy

D(XPT, Xy) x D(YST,Ya) D(X®T X)) x D(YET, vy)

~ : <

DFET X)xD(FET vy) D(x®T Fy)yxD(v 1 Fy)

\ /
®2 D(XP1, X5) x D(Y1,Ys) ®2

DX @5 Y1, Xo @, Va) 2 DX® 2, VO, X, @, 1)

\. . . . /

D(Fj'?l@zFfl X2®2Y2) D(X{@1®2Y1®1 ,Fx®sFy)

D(7,X2®2Y2) DX @5 V1, Xy @, Y2) D(7,X1®2Y1)
D((X2 ®2 Y2)®7, X ®2 Y2) D(7.X2®2Y2) D((X1 ®2 Y1)®1, X1 ®2 Y1)
D((FX®2FY)®;7X1®2Y1) D((X1®2Y1)®I,Fx®2FY)

D((X) ®2 Y1)®T, Xy @, Ya)

and hence commutes, which shows that Fx ®o Fy is a morphism of B-
algebras.

O

COROLLARY 1.1.4. Let (D,®) be a topologically enriched symmetric monoidal
category and B be an operad. The topologically enriched category B-ALGp of B
algebras in D is symmetric monoidal. Notably, the topologically enriched monoidal
category of B-algebras in (ToP, X) is symmetric monoidal.

REMARK 1.1.5. In the topologically enriched category Top, a diagram com-
mutes if and only if it commutes pointwise. As a consequence, if B is an operad
and X,Y € B-ALGT1op, a continuous map F' : X — Y is a morphism of B-algebras
if and only if for each r € N and p € B(r), the following diagram commutes

X
xr P x

er—Y>Y
p
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DEFINITION 1.1.6. Let A and B be operads and (D, ®;1,®2) be a topologi-
cally enriched 2-monoidal category. We let (A—ALGB_ALG(D@W@Q) be the topo-
logically enriched category of A-algebras in B-algebras. If D is symmetric with
®1 = ®2, we write A-ALGp.ALcp- In this case, we have an equivalence of categories
A-ALGB ALep = B-ALG A ALcp- When D is Top, we write A-ALGB.ALq-

ExAMPLE 1.1.7. Let A and B be operads and let X be a space equipped with
both an A-algebra and a B-algebra structure. Then X € A-ALGg. AL, if and only
if for each r,s € N and p € A(r), ¢ € B(s), the diagram

o r

(Xr)s = (Xs)’r‘ ‘1_> XT

| :

X X

q

commutes. We also say that the actions of 4 and B on X interchange.

ExampPLE 1.1.8. Let C, be the topological of little n-cubes, and recall that for
each 1 < i < n, there is a morphism of topological operads

(673N Cl — Cn
explicitly given in arity r € N by
(c1y.eycr) €Co(T) = (LiC1y vy ticr) € Cp(T)

where ¢ C [0,1] and ¢, = [0,1]771 x ¢ x [0,1]*7F C [0,1]" for k = 1,...,7.
Then for any C,-space X and each i # j, the actions of C; on X induced by a;, o
interchange.

LEMMA 1.1.9 (Eckmann-Hilton’s argument). Let (A, X1, X2,1A) € Moncar, be
a 2-monoidal 2-category. Suppose that C € A has the structure of a 2-fold monoid
in A, so that (C,®1,R®2,1¢) € Mon%mxl’xg). Let (X, p1,p2,1x) € Mon%c’&’@z) be
a 2-fold monoid internal to C such that the monoidal structures (C, 1) and (C, p2)
share the same unit €. Then for each pair of generalized objects x,y of X, the
following equalities hold in the set A(1x,C)(1c, X)

- (T ®1y) = p2(r @29)
- (e ®1y) = pa(y @1 2)
- Mz(w ®9 y) = Mz(y a2 CC)

ProOF. First observe that the objects under consideration arrange as follow
within CAT2
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We obtain the following diagram from the properties of the cartesian product and
the 2-fold monoidal structure on A
((€,14),(14,0))

LGk Late) AT % (A x A)

z,1x),(1x,y
\

(AXxA)x(AxA)

(La,LA),(1A,20) B
AxA X2X X2
le
A A x A
X1

X1 XX X N
ZP270 A x A 225, we obtain

By composition with (A x A) x (A x A)
((Cx114)x2(2A x1C))

X><11A)><2(1A><1X)

(Lex11a)X2(lax11c,

_—
:EXllx)Xz(lxxly

(Lax11a)X2(LaX11A)

and by composition with (AxA)x (AxA) = (AxA)x (AxA) 22222 Ax A X4 A,

we obtain

((Cx217)%x1 (1A %2C))

X X2lp)X1(L1aX2X)

(Lex21p)X1(1aX21c,

zx21x)x1(1x X2y

(Tax2LAa)X1(LaX214s)

The transformation 8 provides a transformation between those diagrams. For bet-
ter clarity, let us step down a level and place internally within A. Under the

identifications
— (La x11p) X2 (Tp X1 1p) = 1y,
= (La x21p) X1 (Ta X2 1p) = 1y,
— ((C x11a) X2 (1p x1C)) =C x2C,
- ((C X9 ILA) X1 (IlA X9 C)) ~Cx,C,

we obtain
B 1eX1le
/\ 1/_\
Lexzlce C xsC Cx;C Eleﬂ 1a
{"/ ~_ Vv _~
T X2y u ®o ®1 X><1X
2
1A w C H1
X1y

X
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where 7 is the interchange morphism obtained from the 2-fold monoidal structure
of C. The resulting composite can be displayed internally in C as

e 2% X o, X —— 1 L X @, X &Y 1,

Rl

where A is the interchange morphism obtained from the 2-monoidal structure of
X. As a consequence, \ provides an element of type py € A(1x,C)(Le, X)(p2z ®2
y,x ®1Y), with A(1x,C)(Le, X)(p2x ®2 y, 11 ¢ ®1 y) € B, so that py is a proof
of the equality p; x ®1 y = pox ®2 y. The equalities p;  ®1 y = w1y ®1 « and
o T Q2 Yy = oy ®o x can be proven similarly. For this purpose, the interchange
may be applied to (14,C), (C,14). O

REMARK 1.1.10. Most of the time, the 2-category A in which one applies
Eckmman-Hilton’s argument is symmetric monoidal, with monoidal product given
by cartesian product. In fact, A is often the 2-category of categories, with internal
2-fold monoid given by a category C, which also is often symmetric, with monoidal
product given by the cartesian product. Indeed, the framework usually employed
for the study of iterated monoids stands in the category of topological spaces or in
the category of sets. The interest in stating Eckmann-Hilton’s argument with such
a level of generality ! is in our opinion, at least two fold. First, it may be convenient
to work in the 2-category of topologically enriched categories, so that we can con-
sider 2-fold monoids internal to a topologically enriched category of algebras over
an operad. Furthermore, the intricacies regarding the combinatorial aspects of it-
erated monoids appear with greater clarity as the amount of structure increases, as
noticed in the previous chapter?. This generalized expression of Eckmann-Hilton’s
argument can be interpreted as follow. Let X be a 2-fold monoid internal to a 2-fold
monoid, itself internal to a 2-fold monoidal 2-category. If 3 : X ®; X — X and
o : X ® X — X send each pair of generalized objects x,y : 1¢ — X of X to the
same element, their global comparison as monoidal structures does not make sense
for that all, in that their domain differ. Still, when both A and C are symmetric,
we retrieve the customary statement of Eckmann-Hilton’s argument.

1.2. Pairing of operads and matrix monoidal product of symmetric
sequences. We recall the definition of a pairing of operads, due to May, which will
be useful to express the universal property of the tensor product. For this purpose,
we first introduce a way of arranging permutations on blocks, which will be useful
both for the description of a pairing of operads and for the subsequent constructions
in this subsection. We recall a symmetric monoidal structure on the category of
symmetric sequences described in [8], called the matrix monoidal product, and use
it to reformulate the universal property of the tensor product in categorical terms.

IThis framework is however, still inaccurate. The right approach for considering iterated
monoids is to place within an infinite sequence of monoids internal to each others, so that A,, €
Mon?Ap41 for all n. This paradigm is implicitly used in the statement of Eckmann-Hilton’s
argument. Indeed (CATg2, X), is a symmetric monoid, in particular a 2-fold monoid, internal to
(CATs, x), and so on. For more details see Appendix A.

2See 11.1.4
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In the next section, we will extend the matrix monoidal product to the 2-category
of symmetric sequences of categories and will extensively use it to describe the
generators and relations involved in the construction of the tensor product.

DEFINITION 1.2.1. Let n,m € N. We let 07" : |n| X |m| = |nm| be the isomor-
phism consisting in the concatenation of m lines of n elements, which formally sends
(i,7) € |n|] x |m| to (j — 1)n + i € |nm|. The isomorphisms o} : [n] X [m] & [nm)]
induce a group morphism &, x &,, — &,,, for each n,m € N. Those group
morphisms induce a functor

0:6x6 -6,

which gives to the category & the structure of a symmetric monoidal category
whose unit is given by 1 € G.

DEFINITION 1.2.2. Let n,m € N. We let 7,* be the permutation in ¥,,,, which
‘exchanges rows and columns ’, defined as the composite
m—1 n
m T = Tm
" Inm| —— |n| X |m| = |m| x |n| = |nm|.

DEFINITION 1.2.3. Let A, B and C be operads. A pairing p : (A, B) — C is the
data for each r,s € N, of a morphism of symmetric sequences p : A(r) x B(s) —
C(rs) such that

(a) for each o, € ¥, and o5 € Xy, for each a € A(r) and b € B(s) we have
w(or.a,05.b) = 0,.0os.1u(a,b),
(b) for each ny,...,n, € N and each my,...,ms € N, for all a € A(r),a; € A(n;)
and b € B(s),b; € B(m;),
pla(ar, ...,ar),b(by,...,b.)) = 7.1u(a, b) (u(ai, b))

where the order on the family (u(a;,b;)), ; is given by the isomorphism
o of Definition I11.1.2.2, and where 7 is the permutation obtained by the
following sequence of operadic compositions in the operad of permutations

Irl(Inal, s [ne]) o (Isl(fmal, ..y [ms)™) ==-mmmmmmmmmmg > [rs|(Inimyli z)

l

[l (fal (sl (fmal, oo Ims )™ 5o ] (8] (Imal, oo fms])™).

PROPOSITION 1.2.4. Let A, B and C be operads and 1 : (A, B) — C be a pairing
of operads. We obtain morphisms of operads pyg : A — C and ug : B — C.
Moreover, those morphisms satisfy the exchange law in the sense that for all a €
A(r) and b € B(s), we have

pal@)({us(d)}izy) = or-ps(b)({mala)};_y).
PRrROOF. Let py : A — C be given in arity » € N by the composite
pa(r) s Ar) = A(r) x 1¢ “25E5 A(r) x B(1) £ C(r),

by condition 1 on pu, the morphism p 4 yields a morphism of symmetric sequence,
and by condition 2, the morphism 4 is compatible with the operadic composition.
Consequently, we obtain a morphism of operads 4 : A — C. In the same way, we
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obtain a morphism of operads pp : B — C. Write 14 € A(1) and 15 € B(1) for the
units of A and B. For a € A(r) and b € B(r), the second condition ensures that

pala)({ps®)}ioy) = pla, 18)({n(1a, b) }ioy) = p(a,b)

and
orus(b)({pala)}i,) = o7.u(la,b)({u((a, 18)};—,) = o7.05.u(a,b) = p(a,b),
which proves the second assertion of the proposition. (I

DEFINITION 1.2.5. The symmetric monoidal structure on & given in Definition
II1.1.2.2 induces a symmetric monoidal structure on the category of symmetric
sequences in C by Day’s convolution. We write

0:C% xC® —¢®

for the tensor product functor thus obtained. For A, B € C®, the symmetric se-
quence ACIB € C® is given by the left Kan extension

AxB
Gx6 225 ¢
X
0 -7 AOB

6.

Hence, we obtain the following formula in arity r € N
ADB(r) = / &(n x m,r) x A(n) x B(m)
n,meGx&

gn]m_[re o ks A(n) x B(m).

REMARK 1.2.6. By construction, the data of a morphism of symmetric sequence
AOB — Ris equivalent to the data for each n, m in N of a morphism A(n)x B(m) —
R(nm) which is compatible with the action of the symmetric group.

1.3. The Boardman-Vogt tensor product. We recall the customary def-
inition of the Boardman-Vogt tensor product of topological operads and provide
an equivalent characterization in terms of coequalizers, which will be more suitable
for our purpose. We refer to [7] and [6] for details on the existence of the tensor
product.

DEeFINITION 1.3.1. Let A and B be operads. The Boardman-Vogt tensor prod-
uct of A and B is a universal pair (A®B, i1 : (A, B) - A®B), where A® B is an op-
erad and where p is a pairing of operads. Precisely, a pair (AQB, v : (A, B) — ARB)
represents the Boardman-Vogt tensor product of A and B if for any operad C
equipped with a pairing v : (A, B) — C, there is a unique morphism of operads
7: A® B — C such that the following diagram commutes

(A, B) s A®B

b
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DEFINITION 1.3.2. Let A and B be symmetric sequences. The sequence of
isomorphisms given in n,m € N by P(n) x Q(m) — Q(m) x P(n) induces an
isomorphism of symmetric sequences

sp,o : POQ = QUIP
which maps pOq € POQ(nm) to 77*.q0p € QP (nm) for p € P(n) and ¢ € Q(m).
The sequence of morphisms given in n,m € N by the composite

idx A"

P(n) x Q(m) ——— P(n) X ﬁ Q(m) — Po Q(nm) — PV Q(nm),

where the morphism A™ is induced by the identity in each factor, yield a morphism
tpo + PUQ — PV Q. We also let tp o be the morphism obtained from the
following composite:

th o POQ % 0P 2% Qv P =PV Q.

NoTATION 1.3.3. Let R be a symmetric sequence and P, Q be operads in C.
We say that a diagram

R=P—Q

is a coequalizer if the following induced diagram is a coequalizer in the category of
operads

TR 3P — Q.

PROPOSITION 1.3.4. Let A and B be operads. The data of a pairing of operads
w: (A,B) — C is equivalent to the data of a morphism AV B % C equalizing the
diagram

LA,B
AOB —= AVB —4— C .
La.B
Moreover, this diagram is a coequalizer if and only if the pairing u : (A,B) — C is
universal.

PRrROOF. By Proposition I11.1.2.4, a pairing of operads (A, B) — C yields mor-
phisms of operads A — C and B — C which satisfy the exchange law. Equivalently,
the induced morphism of operads AV B — C equalizes ¢ 4,5 and ¢y 5. Conversely,
let v : AVB — C be a morphism of operads such that vi 4,5 = v17; 5. The family of
morphisms u(r, s) : A(r) x B(s) — C(rs) given in a € A(r),b € B(s) by v(a(b, ..., b))
provides a pairing of operads. The equivalence between the universality of the pair-
ing and the universal property of equalizers is straightforward. (I

COROLLARY 1.3.5. Let A and B be operads and let D be a topologically enriched
monoidal category. The category of B-algebras in A-ALGp is equivalent to the
category of A ® B-algebras in D.

PROPOSITION 1.3.6. The Boardman-Vogt tensor product yields a functor
®py : OP x Op — OpP,

which gives to the category of operads the structure of a symmetric monoidal cate-
gory.
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REMARK 1.3.7. The main interest of the Boardman-Vogt tensor product lies in
that the category of P®py Q-algebras is equivalent to the category of P-algebras in
the category of Q-algebras, which makes it notably suited for the study of iterated
loop spaces. However, this tensor product may be too rigid to capture the infor-
mation on higher commutativity. Notably, in the discrete case, Eckmann-Hilton’s
argument states that we have an isomorphism As ® gy As = Com. Under specific
cofibrancy assumptions, the subsequent additivity theorem was established in [9].

THEOREM 1.3.8. Let A be an E,-operad and B an E,,-operad. If both of them
are cofibrant, then the tensor product A @py B is a Enim-operad.

REMARK 1.3.9. The resulting operad is not necessarily cofibrant.

2. Lax tensor product of categorical operads

The idea of the tensor product that we define in this section is taken from the
construction of the operads M™. Instead of requiring a strict interchange between
each pair of operations, we add a morphism encoding the compatibility between
those operations.

2.1. Preliminary remarks on the interchange relation.

NoTATION 2.1.1. We write o, € Ms(r) for the arity r-th operation of My
corresponding to the first monoidal law, and we write let o, € Ms(s) be the
operation of arity s corresponding to the second one.

OBSERVATION 2.1.2. We can write the interchange morphism in the category
My (4) as follows:

.(Ov O) - U% : O(.a .)7

where T3 € Y4 is the permutation exchanging rows and columns, as defined in
II1.1.2.2. Note that 73 is the transposition 5 = (23). More generally, for each
pair of natural numbers n,m, the operadic composition of e, with {om}?=1 yields
an operation e, (om,...,0m,) € Ma(nm), which is minimal in the sense that there
is no non identical morphism into it in Ma(nm). Conversely, the operadic compo-
sition of oy, with {e,};~, yield an operation oy, (e,,...,e,) € Mao(nm), which is
mazimal in the sense that there is no non identical morphism from it in Ma(nm).
The interchange morphism yields chains of morphisms from the minimal operation
©,.(0Om,...,0m) to the mazimal operation T)" - o, (e, ..., ®,), which are all equal
in the poset Ma(nm), so that we have a unique morphism:

.n(omv .- ~7om> — T:Ln ’ Om('ny .- '7.71)'

DEFINITION 2.1.3. For n € N*. We let M,, be the free n-fold monoidal category
generated by the terminal category *. Recall from Remark I1.3.1.1 that M,, satisfies

Mo = [T Ma(r)/%,.
reN

Note that in particular, M; = N as monoidal categories.

LEMMA 2.1.4. The sum of permutations + : & x & — & yields an Ma-algebra
structure on the category &.
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PROOF. The sum of permutation is strictly unital and strictly associative. Let
the interchange morphism 5:

(GXxB)x(6x6) —T— (6x6)x(6x06)

+><+l l+><+
B

G x 6 G x 6
\\\\\\\1\\\\\\\\\$ l+
S

be defined in nq,ng, mi,me € & by the permutation (n; + n2) + (m1 + me) =
(n1 +my) + (n2 + mg) corresponding to the evident isomorphism of sets

(fa T tn2l) TT(mal TT tmel) = (fnal TT ma ) TT(1mal TT Ime))-

The verification of the unit and associativity constraints is straightforward. O

DEFINITION 2.1.5. Let g : M2 — & be the 2-fold monoidal functor induced by
the functor 1 : * — &. Each object of the summand of My indexed by r € N is send
to r € © by mg. Notably, the morphism corresponding to the binary interchange
law e(0,0) — 03 - o(e, ®) in Mo (4)/3, is send to the permutation 73 = (2 3) of .

DEFINITION 2.1.6. Let @ : M; x My — My and B: M; x M; — Ma be defined in
(n,m) € M; x My by the following elements of Ms:
—nmm=e,(0n,...,),
- nBm=1"" on(en,...,0,).
2.2. Construction of the tensor product.
DEFINITION 2.2.1. Let A be a 2-category and ¢1,t2 : R — P be morphisms in
A. A lax coequalizer of (i1,t2) in A is a universal triple (P/R, g, 7), where

— P/R is an object of A,

— 7 : P — P/R is a morphism in A,

— T : @y = Ty is a 2-morphism in A.
Precisely, we say that the triple (P/R,7r,7) is universal if for any other triple
(Q,m, o), there exists a unique pair (7, 8):

R P2 P/R
N
Q

such that the following diagram commutes in A:

) 3
O3
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LEMMA 2.2.2. Let P and Q be small symmetric categorical operads, regarded as
objects of the category OPﬁatyx). Let POQ : G°? — cat be the symmetric sequence
as defined in II1.1.2.5 and recall that it comes equipped with with morphisms t,tr :
POQ — PV Q. The following diagrams strictly commute in [S°P, cat]:

DEFINITION 2.2.3. Let P and Q be small symmetric categorical operads, re-
garded as objects of the 2-category OPgat. The Boardman-Vogt tensor product of
P and Q is a universal triple (P ®gy Q, 7, 7), where

— P gy Q is a symmetric categorical operad
~ 1:PVQ— PRy Qis a morphism in OPg,,
— 7:m = m" is a 2-morphism in Cat®
and which satisfies the following:
— the triple (P ®gy Q, 7, 7) is a lax coequalizer for (¢,¢7) in the 2-category
Cat®

DEFINITION 2.2.4. Let (£,R) and (F,S) be some operadic polygraphs together
with compatible relations. We define their tensor product (£, R) Qgy (F,S) as an
operadic polygraph with relations (£ UF UG, R US UU) with:

~ Gy = EyOF, = F(Ey U Fy)
T
~ U, = RyOF, U Ey0S, U E10S, U RyOIF,.

This construction also can be made on the categories of categorical operads
OPcqt. The operad P ®gy Q is constructed as the coproduct operad PV Q, to
which we add a sequence PUQ of generating morphism with source and target
also defined by ¢ and 7, and subjected to coherence relations involving operadic
composition of the objects of P and Q and morphisms in P and Q. In particular,
the objects of P ®gy Q is the coproduct of the objects operads of P and Q. This
construction is compatible with the polygraphic presentations, in the sense that we
get the following proposition.

PROPOSITION 2.2.5. T ((£,R) ®gy (F,S)) = T(E,R) Qv T(F,S).

THEOREM 2.2.6. There is a monoidal structure on the 2-category of categorical
operads whose tensor product is given by the lax Boardman-Vogt tensor product,
which extends to a 2-functor

Qpy * OPC’at X OPCat — OPC’at-

Moreover, the algebra 2-functor ALG gives to the 2-category of symmetric monoidal
2-categories the structure of a left module over the monoidal 2-category (OPZ, ., ®gy),
in the sense that the square

op op S 1dX ALG op S
Org,, x Oprg,, X MONGy, —— Org,, X MON¢ 1,

®pP % idl J/ALG

op S ALG S
OpP¢p X MONG,y, ————— MONg,,,

commutes up to isomorphism. The tensor product also preserves acyclic fibrations,
and P ®gy Q is a cofibrant operad if and only if both P and Q are cofibrant.
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COROLLARY 2.2.7. M" ®gy M™ = MT™,

COROLLARY 2.2.8. If we have cofibrant resolutions Paso 5P and O =0 of
operads P and Q, then the tensor product
POO ®BV QOO :;-) P ®BV Q
is a coftbrant resolution of P Qg Q.

REMARK 2.2.9. The term "lax” of the lax tensor product P® gy Q only refers to
the interchange between P and Q, in that an algebra over P® gy Q is equipped with
regular structures of a P-algebra and of a Q-algebra, which are ”lax” compatible.

2.3. Additivity and further properties.

REMARK 2.3.1. The monoidal structure on categorical operads induced by the
tensor product fails to be symmetric. Indeed, any morphism of sequences

P Qpy Q = Q Rpy P

mapping the morphism pOg to ¢Op also should map the object p(q, ..., ¢) to q(p, ..., p),
thus it can not be a morphism of operads. However, we have an isomorphism of
operads

per Qpv QP = (Q Rpv P)Op~

3. Application: cofibrant models of the operads M, and n-fold loop
spaces

3.1. Description of cofibrant models of M,,.

COROLLARY 3.1.1. The operad M”, := (ML )®s is cofibrant, and provides a
cofibrant resolution of the operad M™, so that we have an acyclic fibration

M S M
Moreover, we have the following operadic presentation of MY :

- Ey = | E
i=1

-Er=||E1U || E\OE,
i=1

1<i<j<n
n
- R? = |_| R U |_| EOFE, U |_| EyOFE; U |_| Eo OE OE,.
i=1 1<i<j<n 1<i<j<n 1<i<j<k<n
Hence its objects are freely generated by n operations in each arity and its morphisms
are edge contractions between vertices of the same color together with interchange
morphisms between each pair of operation, subjected to coherence relations.

DEFINITION 3.1.2. An n-fold monoid up to homotopy in a symmetric monoidal
2-category (A, ®,) is the data of
— an object X of A
— for each 1 <i <n and r € N, a I-morphism in A

,u;:X@’T\ — X,
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— for each ;s € N, 1 <k <rand 1 <i <r, a2-morphism o’} in A such

that

®7‘+s 1 o ®k—1 ®° ®T—k

X —— X% @5 X9 @) X%

lid@muf@/\id

r4s— k—1 r—k

/”Lz+ 1 ij:g X®A ®AX®AX®A
ik l
X X®h

r

Mg
and which fulfill coherence constraints expressed by the commutativity of
a familly of squares for each 1 < i <n,
— foreach 1 <i < j <mandr s &N, an interchange 2-morphism fo in A,
such that

X®A ®A /“LL X)®

o

(X®5A')® — —
s @A

and which fullfil coherence constraints expressed by the commutativity of
r,s,p>0
— a family of pentagons {O:’é’s’p, 1<1< r} where the pen-
' 1<i<j<n

” &P ensures that the 1-morphism 4 is compatible with

tagone O’
the 2- morphlsm a;7 if i < j and ensures that the 2-morphism al is
compatible with the l-morphism pj if j <1,

— a family of hexagons { TPl <i<j<k< n} , where the
X 7,8,p>0
hexagon O;; 2 ensures the compatibility of the 2-morphism 0, ’p with

respect to the 1-morphism p7.

3.2. Link with n-fold loop spaces. We describe an M7 -algebra structure
on the n-fold loop space 2" X of a topological space X, in the monoidal 2-category
(Top, x), where the 2-morphisms are the homotopy classes of the homotopies. For
this purpose, we first observe that the n-cube I™ has the structure of an M-
algebra in the monoidal 2-category (ToP,Ul), which induces an M7 -algebra struc-
ture in (ToP,U) on the n-sphere S™ via the isomorphism S™ = I"/0I™.

Let pf : kglfn — I™ be the map which sends the j-th little n-cube to I™ by

inclusion in contracting its i-th coordinate by 1/r. Explicitely, we set

) . (J) -1 )
L (D)) = (tgﬂ,.__,i ..,t§g>>

r

where t() = (tgj ), ...,tgj )). Note that the interchange laws hold strictly. We also

can define homotopies pi o — i ™*~! which fullfil the coherence constraints, so

that I" € M7, -ALG(top,s)- Moreover, the maps ] together with the homotopies,
induce maps and homotopies on the quotient I™/9I™ = S™ so that S™ has an
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induced structure of an M7 -algebra in (Top, LJ).

Let X be a topological space. We construct an M7 -algebra structure on Q"X =
[S™, X] by the composite

(57 X" [uas” X | S (57,

*

where (u])* is an extension of uf, such that:

usn(%w-ﬁr)X
r ke

-
-

“?l D) ()
S’I’L
Hence we have
Q" TopP — MU -ALG(Top,x)-






APPENDIX A

Hierarchical categorization of mathematical
structures

Since Zermelo Frankel’s formalization of mathematics through set theory, math-
ematical knowledge has progressively diverged from its set-theoretical foundations
(see for instance the introduction of [19]). Apart from the increasingly recognized
inadequacy of ZFC theory in formalizing problems arising from modern research -
notably with regards to higher algebra - the paradoxes inherent in this theory yield
strong restrictions on the nature of mathematical objects [29]. Notably, it seems
that we still lack a well defined framework for the treatment of the so-called big
sets, or proper classes, leading to sort of a confusion on the very definition of a
category. In this thesis, we extensively work in a framework where the objects un-
der consideration are not small. It is indeed necessary to work in the 2-category of
all categories CAT for our purpose, as well as in the 2-category CAT™ of sequences
of categories, so that we can introduce the notion of a CAT-operad. The constant
operad SET, given in each arity by the category of sets, is one of the fundamental
exemple of such a CAT-operad structure. The former aim of this appendix is to
formalize the notion of a small object. For this purpose, we propose novel logical
foundations that enable precise definitions of the objects used within this thesis.

The framework that we sketch meets the expectations raised by the scientific
community in the last decades. Far from being exotic in practice, the language
we present should be regarded instead as a natural formalization of what has been
repeatedly observed in modern research, notably in attempts to lay the foundation
of mathematics from a categorical perspective [22, 17, 1]. It should nonetheless
be noted that the underlying logic of what we aim to propose as a foundation
significantly differs from the view widely adopted since the advent of modern logic.
In what follows, we aim to outline the main issues identified by modern research as
well as the solutions we propose. We will also highlight the specificities related to
the method we employ when establishing the logical framework of our approach.

Although the main ideas are present in this appendix, the treatment of the few
details missing for a rigorous presentation will be the subject of a dedicated article,
which is currently in preparation.

Logical foundations of mathematics. The foundation of mathematics is
usually approached through formal systems. This method allows truths to be in-
ferred from axioms by using a specified set of rules. For this purpose, one usually
deals with primitive notions, the meaning of which is understood by means of the
axioms that they satisfy. The underlying logic of formal systems used to prove

197
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statements about the theory always reduces to Boolean logic with implication, con-
junction and disjunction!. Our framework is close to dependant type theory and
homotopy type theory and aims to reconcile different perspectives. In type the-
ory and homotopy type theory, there are multiple notions of equality (judgmental,
definitional, equality type, equivalence of types) and implication (entailment, im-
plication in the deductive system, and implication internal to the theory). The
logical framework we define contains its own metalanguage and lacks undefined
basic objects that satisfy axioms (or rules). Equality is explicitly defined within
our framework. We also have a syntactical equality, which, similar to type theory,
is dynamic. For instance, defining an element X of n-type A : T, by X :=Y
where Y : A amounts to ‘add’a literal equality X = Y to the language L : Ty.
This process is made formal by considering quotient of sets (see 6.0.34). While in
homotopy type theory, n-types are defined as particular kinds of types, we proceed
in the reverse direction. Indeed, we define an infinity type as the data of an n-type
for each n equipped with additional structure enabling to see an infinity type as a
limit of its underlying n-types. We make this construction precise in 8.

While the question of size is usually treated in the literature as a hierarchy of
universes, so that the collection of all sets forms a class, we offer a fundamentally
different approach in this appendix. In particular, we avoid the typical ambiguities
due to such hierarchies, so that each object under consideration has a well defined
unique type.

In particular, in 6.0.1, we define a set as the data of its elements, together with
the data of a truth value between each couple of elements, satisfying a naturality
condition, from which we will deduce transitivity. With this paradigm, we say that
two elements of a set are equal if the corresponding truth value is true. While
reflexivity comes as a necessary consequence of the structure of the category of
sets, the symmetry of the equality relation thus defined requires to be stated as
an extra condition. The fundamental construction of the category of sets will be
treated in detail in subsection 6.

We propose to define truth, truth values, sets, categories and so on, as a mutual
data through a linear hierarchy of containers T,, : T,1, which can be interpreted
either as n-dimensional spaces, n-types, n-categories or n-toposes. Recall that a
topos has an underlying cartesian closed category C, equipped with a subobject
classifier 2 with a distinguished element 1 : * — €, where * is the terminal object
of the topos. The subobject classifier is usually interpreted as the object of truth
values internal to the topos, with truth value ‘true’given by the distinguished el-
ement 1. From our point of view, this data corresponds to the first 3 levels of a
hierarchy starting with 1: Q, Q: C, C : CAT, and continuing with CAT,, : CAT,,41.

We address the usual coherence issues regarding the higher morphisms of higher
categories through naturality conditions. The interest is that the framework we
propose is particularly suited for inductive reasoning.

Chapter I may be seen as a partial application of the theory developed in this
appendix at levels below 2. We precisely start from the usual hierarchy of cate-
gories CAT,, : CAT, 11 and proceed to internalize categorical constructions, leading

1Suppose for instance that we are given judgments Ji, ..., Jr, J about a theory. One usually

emploies the notation Jl"j”JT for the implication [];_; J; = J.
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to another hierarchy starting from? S : A, with A : CAT,, and going back to
CATs : CAT3, and so on.

1. Introduction

1.1. The general shape of an N-language. The language that we define
is shaped on the set of natural numbers N, which encodes the linear form of the
process of comprehension and iteration. We define an N-language as the data of a
family of types T, for each n equipped with an entangled structure which makes
mathematical reasoning possible in this language. In particular, each type T,, must
be given the structure of an element of type T,1, so that T,, is both a container
for the elements of type T, and an element of type T,,+1. We define the notion
of a proposition internally to this system, as well as the more general notion of a
predicate, which may be regarded as a functional proposition on a given domain.
We will define the property of being of type T,, as a predicate _ : T,, depending
on a domain -usually the familiar alphabet- corresponding to the letters or words
we use when writing. To any element X of the domain will thereby correspond a
proposition X : T,, whose meaning may be interpreted as ‘X is an element of type
T,  , and which is therefore assigned with a truth value -usually, but not necessarily,
true or false. In order to avoid classical paradoxes, it will be appropriate to remove
the word corresponding to the literal expression of the predicate from its domain
of definition. For instance, the domain of the predicate _ : T, will be required
not to contain the element ‘T, ’of the language, so that the expression T, : T,
always is meaningless. The former fixed expressions of the language consist of the
elements T,, of type T,4+1. Given that our language is dynamic, in the same way
that the language of type theory is, me may want to fix, or equivalently, define,
some elements X : T,. It is convenient to remove the literal expression of fixed
elements from the domain of predicates, so that such elements can not be taken as
variables involved in the definition of predicates. For instance, we will define the
set of natural numbers N as an element of type Ty in 6.0.27, providing a proof of
the proposition N : Ty. The literal expression N : L will thereby be forbidden in the
domain of any predicates, so that it will not be possible to define another element
N of some type after ‘N’ has been assigned the value ‘set of natural numbers’.

On n-dimensional spaces and n-types. Each element of type T,, should be re-
garded as an n-dimensional space. We proceed inductively as follows to formalize
this idea. Suppose that X is an element of type T,, so that we are given a proof
of the proposition X : T,. Such a proof consists, in particular, to the data of a
predicate _ : X which gives the conditions for some x to be an element of type
X. We may regard the elements = : X as the points of X. Any pair of elements
x,y : X, formally given by a proof of the proposition (z : X) X (y : Y) obtained
by conjunction, yields an element X (x,y) of type T,_1, which we regard as the
n-1-dimensional space of morphisms, or paths, from x to y in X. Let us give an
example in the case where X is an element of type To. Let x,y : X, we obtain a 1-
dimensional space X (x,y) : T1. The T;-type structure on X (x,y) yields a predicate
_: X(z,y). Let f,g: X(x,y), we obtain a 0-dimensional space X (z,y)(f,g) : To,
on which we consider a point 7 : X (z,y)(f,g). The way x,y, f, g and n arrange can

2By using the notation employed in Chapter 1.
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be displayed as follows

7
x vy f—"1>g .

The diagram on the left hand side is written within the 2-dimensional space X.
While the elements x,y of X correspond to points, the morphisms f, g : X(z,y)
correspond to path between them, and the 2-morphism 7 may be regarded as the
2-dimensional disk which provides a path between the paths f and g. The diagram
on the middle is written in the 1-dimensional space X (z,y) of morphisms between
x and y in X. Here, the morphisms f and g are regarded as elements, or points
of the space X (z,y), and the 2-morphism 7 hence corresponds to a morphism, or
path, between f and g. The diagram on the right hand side is written on the
0-dimensional space X (z,v)(f,g), on which we just have the point 7.

In this regard, any object that we consider within the system T corresponds
to an element of some space, itself corresponding to an element of T,, for some n.
From now on, we use the diagram notation just introduced. In particular, for any
elements z, y of an element X of type T,,, f : © — y equivalently means f : X (z,y).

1.2. Alpha. In order to enable reasoning entirely internal to such a system,
notably for the definition of the system itself, it is necessary to have an infinite
graduation in both the increasing and the decreasing direction, so that the sequence
of types T,, neither starts nor ends. It is however desirable to have this sequence
constant until a certain level, so that we can have a meaningful internal notion of
truth values, as well as a meaningful notion of element and unicity. In this way, we
will see that elements of a given type are indistinguishable below level —2 . Note
that, due to the T,,1-type structure on each T,, the minimal language could not
be ‘empty’, but would rather be ‘constant’.

We will fix the hierarchic system of types T constant until n = —2, so that T_;
is the first level where there is an element which differs from the one necessarily
present, given by the type at the immediately lower level T_,. We say that the
system splits at level —1. We will write By := T_; for the first non constant type,
and will call truth values the elements of type By. We will also write T = T
and a = T_3, so that « is the unique element of type T. By construction, T is an
element of type By, which we call true, and there is, at least, one other element
of type By. By construction again, T is the unique element of type By which has
an element, or proof. Note that it is necessary for the system T to split so that
the element © true ’ as defined acquires meaning as a truth value. Conversely, the
concept of * truth ’ necessarily exists as soon as the system splits.

Necessarily, the element « : T has a unique element, which itself has a unique
element, and so on. For each n, we will define an element *, : T,y from the
primary element «, so that T, = x, at levels below —2. The element %, should
be regarded as a reflection of « at level n, and is closely related to the concept of
element. Notably, the data of a proof of the proposition X : T, corresponds to
the data of a morphism X : %, — T, between the elements x*,, T, of type T,1,
and hence, provides a way to shift dimension. In parallel, if X : T,,, the data of
an element x of X, that is, the data of a proof of the proposition x : X, will be
equivalent to the data of a morphism x : *,_1 — X in T,,.
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1.3. Omega. In topology and homotopy theory, the objects we mainly deal
with have elements, paths between each pair of elements, paths between pairs of
paths and so on. Consequently, the structure of these objects can not be fully
encapsulated by the structure of an element of some type T,, for some finite n. In
general, we can nonetheless obtain sufficient information on a topological space from
its sequence of homotopy groups. In a similar fashion, we will define a predicate
_ : T, by using the hierarchic system of types T, so that any X : T, will in
particular be equipped with an element X, : T,, for each n. Notably, the sequence
of elements *, : T,,+1 yields an element x*,, : T,,.

We extend the notion on morphisms and elements previously defined on T,, to
T,. For this purpose, we will first associate a predicate _ : X to each X : T, and
call z an element of X as soon as x satisfies x : X. Given z,y : X, we will define an
element X (z,y) : T, whose elements will be called w-morphisms in X from z to y.
Then, we show that each pair of elements X, Y : T, yield an element T,,(X,Y) : T,,.
We show that the predicates _— : X and _ : T, (*,,X) are equivalent, and this
equivalence of predicates extends to an equivalence X = T, (%,,X) in T,. The
data of an element of X is therefore equivalent to the data of an w-morphism
*, — X, and for each z,y : X, we obtain an equivalence X (z,y) = T, (., X)(z,y)
in T,,.

The hierarchy provided by the system T ensures that any mathematical con-
struction involving objects, morphisms and higher morphisms is made internal to
some other object. Thanks to this perspective, the framework that is used is al-
ways made accurate, and any diagram acquires a precise meaning. In contrast, we
may encounter a difficulty with T,,, which is itself not contained, and hence cannot
be seen as a proper object. Indeed, while T, does have elements and morphisms
between each pair of elements X, Y, respectively given by the predicate _ : T,,, and
by the element T, (X,Y) : T, there is no object T,, that encapsulates this entire
structure.

We aim to address this issue by proceeding as follows. We let T,_1 : T, be
given in level n by the element T, _1 of T,,. We obtain an equivalence between the
predicates _ : T, and _ : T,. We also obtain an equivalence T,_;(X,Y)
T,(X,Y) in T, for each X,Y : T,. We therefore obtain a container T,,_1, which
we may just write T,,, and which we can regard as contained in itself by shifting
levels. We then provide each T,, with the structure of an element of type T, so
that all the constructions previously made levelwise can be gathered in T,,.

1.4. Hierarchic type systems. This subsection is dedicated to the definition
of a hierarchic type system T.

DEFINITION 1.4.1. We use the notations given in 1.4.2 and the definitions of
1.4.3. A hierarchic type system T is the data of

— A language® L : T
— A formal* definition

3That is, an element L of type To, or equivalently, a proof of the proposition (L : Tg), which
by definition corresponds to the data of an element g : (L : Tg). Hence, in the basic case, L is a
set of symbols in which we write.

4The symbol n which we use in this definition does not have a meaning a priori and is
therefore exchangeable with any other symbol. Notably, the data of such an element def,} yields
an element defI_H. For instance, while defJ consists, in particular, in the data of a proof of
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defl :( ((X:T,):B),((X:T,)=((_:X):PrED)),
(X :Tp)=(X(, ) Tu(XPx X, Tpoq) ),
(-[rn Thy1) )
together with an adjunction in T,41
—
Hn—l : Fn L In+1—wn—l : In7

such that °

— Each T, is internally complete and cocomplete in T, ;.
— The internal hom

[, ] =T, ):T?xT,—>T,

provided by the proof of the proposition (T, : T,41), together with the
monoidal structure (T, X) : MON(T,,41, X) obtained from the cartesian

product in T, give to (T, x,[_, ]¥) the structure of a closed monoid in
(TrnJrlv X, [77 f]g+1)'
NOTATION 1.4.2. Let T be a hierarchic type system and X,Y : T,,. We write
— « for T_g,
— T for F_Q,
— Bfor T_q,

— (z,y: X) for (z: X) x (y: X),
- f:X=>Yfor f:T,(X,Y).
If n = —1, we may also write
- f:X=Yfor f: X —>Y, and
- X &Y :=B(X,Y) x B(Y, X).
We therefore have equalities in L between the denoted element and its notation, so
that for instance, the (litteral) expressions f: X — Y and f : T,,(X,Y) are equal
in L.
DEFINITION 1.4.3. Let T be a hierarchic type system.
— For X,Y : T, the n-type of adjunctions T, (X,Y)~ : T, is given in 2.7.1.
— We say that an element X : T,, is internally complete in T, if it has all
limits in the sense of Definition 2.9.2.
— We say that an element X : T, is internally cocomplete in T, if it has all
colimits in the sense of Definition 2.9.2.
— We say that an element X : T, is internally complete and cocomplete in
T, if it is both internally complete in T,, and internally cocomplete in T,,.
— The cartesian product in an internally complete object X : T,, is defined
in 7?7 and yields a symmetric monoidal structure on X, which is made
precise in 77.
— The definition of a closed monoidal structure on an object X : T,, is given
on 77.
— For X : T, the opposite element X°P : T,, is defined in 2.6.1

the proposition (T, : Tp41), we obtain a proof of the proposition (Tn41 : Tn+1+41) as well by
substitution.

SIf Pisa property depending on X : Ty, so that, for instance, P yields (X : Tp,) = (PX : B),
we say that X is such that PX if X comes equipped with a proof ax : PX. We make this notion
precise in 77.
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ExXAMPLE 1.4.4. Let us define a constant hierarchic type system a as follows.
We use the usual alphabet as a language, so that (z : L) =

- We let = : 0, & & = 0,,—1, where the equality is taken in L,
— and 0, (0p—1,0p—1) := Cp—1.

Each @,, has therefore a unique element a,,_1.

1.5. Formal definition of a hierarchic type system. Formally, a hierar-
chic type system consists in a sequence of formal symbols, or assertions, and whose
meaning will be given by the definition of the system T.We present some of these
assertions and provide an explanation for each one.

The sequence

(a) px : (X :Ty):B)
(b) Pn - (Hn—l : Hn)
) pX :B(X : Ty, (z: X):B)
) pe” i B(C:T,,C%: Ty)
(e) pZ’fx B(C: Ty, B(X :C, X :CP))
(f) pcx (C T,,B(X:CP X : C))
) be( ., (C -ﬂ—n,C(,,,) (Cv-ﬂ— (C op —ﬂ—n 1)))
) pcpxp B(C:T,,B(D:T?,B(X :C,B(F:T,(C,D),FX :D))))
) (X, (Y:Tn,XxY.TF))
) pigfy [B(X T, B(Y : T,,B(z: X x Y, 7xz: X)))
) (X :T,,BY:T,,B(z: X xY,7yz:Y)))
) pﬁ(’yxy B(X :T,,B(Y : T,,,B(z: X,B(y : Y, (x,y) : X xY))))

therefore corresponds to the following.

(a) For any symbol Y, the assertion Y : T, should be understood as "Y is
an element of type T,”. In the case where n = —1, the assertion 7 : B
should be understood as "7 is a truth value”. Define a proposition as an
assertion to which a truth value is assigned, so that (X : T,,) : B becomes
an assertion which states that X : T,, is a proposition. Necessarily, the
assertion ((X : T,,) : B) becomes a proposition. To see this, take X : T,
for X and n = —1. Let P be a proposition, and define a proof p of P as
an element of type P, so that p is a proof of P means p : P. Say that P is
true if it is equipped with a proof p : P. Then, our first axiom states that
there is a proof px of the proposition asserting that the assertion (X : T,,)
is a proposition. We will define this proposition in the next subsection.

(b) The second assertion requires a given proof of the proposition T,_1 : Ty,
so that for each n, ”T,,_;1 is an element of type T,” is true. In particular,
the propositions T : B and o : T must be true. Hence, there is a truth
value T which is equipped with a proof o that T is true if we see this truth
value as a proposition. We refer to T as "true”, and we will show that a
proposition is true in the sense that there is a proof of this proposition,
if and only if it is true in the sense that the truth value assigned to this
proposition is given by T.

(¢) The meaning of this assertion depends on assertions 7 and 8, and must be
understood as an implication, which states that when X is an element of
type T,, then we have a proposition x : X. We will interpret z : X as "z
is an element of type X.
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(d)

The meaning of this assertions depends on assertions 4, 5, 7 and 8. By
assertion 4 we have B°? : Ty. Given propositions P : B and @ : B, by
assertion 5 there is a proposition @ : B°?, and by assertion 8, there will
be a proposition B(P, @), which we will interpret as ”if the proposition P
is true, then the proposition Q is true”, or just ”if P then Q". We write
P = @ for the proposition B(P, Q). This justifies the assertion that if
Q@ : B then @ : B? as well as B: To = B°? : Ty.

The forth assertion states that for any element C of type T,,, we have an
element C°P of type T,. It will correspond to the opposite category of a
category in the case where n = 1, or the the opposite poset of a poset in
the case where n = 0.

This assertion states that the opposite element C°P of an element C of type
T, has X as an element whenever X is an element of type C.
Symmetrically, we need to be able to produce an object of type C for any
object of type C°P. In fact, after having defined equivalence of truth values,
we will require X : C < X : CP.

This assertions states that whenever C is an element of type T,,, it comes
equipped with an element C(_, ) of type T,,(C, T,(C°P, T,,—1)), which will
correspond to the Yoneda embedding and provide a type of morphisms
between each pair of objects of C. In the case where C = B, we will obtain
a truth value of morphisms between each pair of truth values, which we
will refer to implication.

First observe that T,,(C, D) is not define. We used a notation for the sake
of clarity, which depends on the next assertion and is given as follows.
For C : T,, we have C(_, ) : T,(C°?,T,(C?,T,—1)). By axiom 7, if
X : C, we obtain C(_, )X : T,,(C°?,T,). Welet C(X, ) :=C(_, )X.
Now for Y : C°, we obtain C(X, )Y : T,, and we write C(X,Y) :=
C(X,_)Y. Note that this notation makes B(71,72) into a proposition
when 71 : B and 79 : B. Now, since T, : T,41 is true by axiom 2, we
obtain T,,(—, —) : Tpg1(Th, Tp41 (TSP, T,,)). Hence, for C : T,, and D : TP,
we obtain T,(C,D) : T,. It follows that F': T, (C,D) is a proposition by
axiom 1.

One of the most essential notions remaining to define is the conjunction
of truth values. In fact, the conjunction of truth values not only is a
particular instance of cartesian product, but also states the essence of
its definition. For this reason, we will use the symbol X to denote the
conjunction of truth values. It is also worth notifying that it is closely
related to enumeration. For instance, we want to be able to consider
several elements of type T, so that X : T,,,Y : T,, becomes a proposition
asserting that X : T,, and Y : T,,. Assertion 7 states that given an element
X of type T,, then whenever Y is an element of type T,, there is a
proposition (X,Y : T,). Of course, this statement is purely syntactical,
so that it makes sense to require this proposition to be true, which is the
statement of the next axiom.

Now that any propositions X : T, and Y : T,, yield a proposition X, Y : T,
our eight assertion ensures that X, Y : T,, is judge as true whenever X : T,
and Y : T, is. It will be convenient to obtain the converse statement, so
that X,Y : T, provide a proof of both X : T, and Y : T,. For this
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purpose, we need to have access either to conjunction of truth values or
to equivalence of them, which requires conjunction.

2. Terminology

2.1. The n-th dimensional point. We first give the full definition of the
n-th point *, : T,4+1. We also provide a definition of *, in terms of generators
and relations and show that those definitions agree. In both cases, we proceed by
induction on n and let %, : T,, 41 be such that %, =T, for n < —2.

We use a particular notation for the first values *_3 and *_s to highlight the
particular meaning attached to those objects. Recall that we write B : Ty for the
element T_q : Tg, which we call the element of truth values.

We use the symbol T : B for the truth value *_5, which we call true. We also
use the symbol « : T for the element x_3 : T. We will see that « is the unique
element of type true after having defined the notion of unicity.

DEFINITION 2.1.1. We let %, : T,,41 be such that
— Bk, & T & % g
- ﬁﬂ’ Lkp = *n(ﬁ77) = *kp—1.

DEFINITION 2.1.2. We let ], : T,,41 be such that ], _; : %/

n—1 n*

ProroSITION 2.1.3. The data of an element of type *, is equivalent to the
data of an element of type x|, for each n. Consequently, we obtain an equivalence
between *,, and *, in Tpiq1.

PRrROOF. We proceed by induction on n. The definition of %, and */, agree for
n < —=2. O

PRrOPOSITION 2.1.4. Let X : T,,. The data of an element of type X is equiv-
alent to the data of a morphism *, — X in T,411. More generally, there is an
isomorphism Tpq(%,, X) 2 X in Tpyq.

PROOF. This result is a straightforward consequence of the equivalent defini-
tion of #, in terms of its generators given in 2.1.2. We also have equivalences

ik, X e — x> 0 X
- *n(fv 7) - X(,, 7)
S-T=_:X
- gn—l — X(,, 7)
The data of an element of type T,,41 (%, X) is therefore equivalent to the data of

an element x : X, together with the identity 1, : X (z,x). The result follows from
the isomorphisms

ok
~ —kn

T o}
Taaln X)) 5 [ xS [ xS xC0)

IR

O

PROPOSITION 2.1.5. For each X : Tyy1, there is a unique morphism X — %,
Precisely, any X : Tp41 yields an isomorphism Tp1(X, %) =k in Tpyq.
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DEFINITION 2.1.6. Let A : T,,41. The isomorphism T,,41(A, %,) & %, yields a
functor

() :Thn = Thp1 (AP T,)

which is obtained by the composite
T, = T, X *x, = —Hn+1(*na—ﬂn) X Tn+1(A0p, *n) — Fn+1(AOP,Fn),

where the last morphism is the composition of morphisms in T, ;. We say that
the presheaf thus obtained

- * Z
Z NP = %, =T,

is the constant presheaf equals to Z. Note that Z effectively sends any element of
type A to the element Z of type T,,.

Terminal and initial objects.

DEFINITION 2.1.7. Let X : T,, and *x : X. We say that xx is terminal in X is
there is an isomorphism X (_,%x) = #,_1.

REMARK 2.1.8. If an element *x : X is terminal in X, then by Yoneda’s Lemma
*x is unique among the elements of X satisfying this property.

EXAMPLE 2.1.9. The element #, : T,i1 satisfies T,11(_,%*,) = %, and is
therefore terminal in T,,41.

2.2. Composition and units.

DEFINITION 2.2.1. Let X : T,, and recall that z : X equivalently corresponds
to a morphism x : *,_1 — X in T,,. We therefore obtain a morphism

1yt #p—0 = X(z, )
in T,,_1, which we call the unit of z.
DEFINITION 2.2.2. Let X : T, and z,y, 2 : X. We obtain the following mor-

phisms from the T,-type structure on X:

- X(z, f)y,z X (y,2) = T (X (2, ), X(2,2)),

- X(*y y)x,z : X(l’, y) - ﬂ—n—l(X(ya Z)v X(:L‘, Z))
We write X (z, ) : X(x,y) = T,,-1(X(y, 2), X(x, 2)) for the morphism obtained
from X (z, ) by using the cartesian closed structure of T,,_;. By naturality of the
structural morphism of X, the morphisms X (z, ) and X (_,y) are equivalent. We
obtain equivalent morphisms

Xz, ), X(fry) : X(y,2) = X(z,2)

which are natural in f : X (x,y). We write gf : X(z,2) or x ER y L 2 for the image
of g : X(y, z) under those equivalent morphisms.

PRrOPOSITION 2.2.3. Let X : T,, and x,y : X. For any morphism [ :x — y in
X, we have fl, = f and 1,f = f in X(z,y).
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2.3. Properties.

DEFINITION 2.3.1. A property P on an element I' : T,, is a morphism P : " —
T,—1. We also say that P is a property regarding X. We say that an element X : T"
satisfies P if there is some p : PX.

Let P, be a property regarding morphisms in T,,.

DEFINITION 2.3.2. Let I, A : T,,. Wesay that F' : I' — A satisfies P,,_1 locally if
for each pair of elements X,Y : T', the morphism F(X,Y) : I'(X,Y) —» A(FX,FY)
induced by F in T,,_; satisfies P,_1.

Let ¢,¢ : T' — T,,_1. We say that G : T,,(T', T,,—1)(¢,¥) satisfies P,_; if GX
satisfies P, for all X : I". With this terminology, F' : I' — A satisfies P,,_; locally
ifand only if F((_, ) : T,(T°? x I, T,,—1)(I(_, ), A(F_, F_)) satisfies P,,_1.

DEFINITION 2.3.3. Let P : I' — T, be a property on I' : T,,4; and let X : T'.
We let I'p : T,41 be the element obtained by the directed pull back

The data of an element (X,px) : I'p is therefore equivalent to the data of an
element X : I' together with a proof px : PX that X satisfies P. We say that I'p
is the subtype of the elements of type I' which satisfy P.

DEFINITION 2.3.4. Let P:I' — T, be a property on I' : T,,;.1 and let X : I'p,
so that X is an element of I" which satisfies P. We say that X is unique such that
P if X yields an isomorphism I'p & x,,.

ExaMPLE 2.3.5. For any X : T,, there is a unique morphism X — %, _1.

DEFINITION 2.3.6. Let P : I' — T,, be a property on I' : T,,1. We say that
there is no element satisfying P if 'p = {),,.

EXAMPLE 2.3.7. There is no element satisfying the property T,,(_,0): T%? —
T,. In other worlds, T, (X,0,—1) = 0,,_1 for any X : T,,.

2.4. Injectivity and surjectivity.

DEFINITION 2.4.1. Let p : E — B be a morphism in T,,. We say that it is
0-surjective if for each b : * — B there is some e : * — F and an isomorphism
pe = bin B. We say that p is n + 1-surjective if for all x,y : * — B, the morphism
p(z,y) : E(z,y) = B(pz,py) in T,_; is n-surjective.

REMARK 2.4.2. Any morphism in T,, is m-surjective for m > n + 1.
2.5. Equivalences.

DEFINITION 2.5.1. A morphism F :C — D in T, is

— a 0-equivalence if it yields an equivalence of predicates — :C < _ : D,
— an r-equivalence if
— it induces an equivalence of predicates = :C < _ : D

— it is a local r-1 - equivalence.
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DEFINITION 2.5.2. We say that a morphism F' : C — D is an equivalence if it
is an n + l-equivalence.

ExXAMPLE 2.5.3. A 0-equivalence of sets is a surjective function. An equivalence
of sets f : X — Y is a surjection such that f induces an equivalence X (z,y) <
Y (fz, fy). Hence an equivalence of sets is an isomorphism of sets.

EXAMPLE 2.5.4. An equivalence of categories F': C — D in the sense of Defi-
nition 2.5.2 is an equivalence of categories is the usual sense.

2.6. Oppositization.

DEFINITION 2.6.1. Let X : T,,. We let X°P : T,, be such that
- _:XP=_:X
— XP(_, )T, ((X°P)P x X° T,_1) is obtained by the composite

o X(_,
(XP)P x X 2 X x X0 Ty XP x X X

where 7 is the morphism that exchanges the factors in the cartesian prod-

uct, and where the isomorphism (X°P)°P = X is tautological on the pred-

icates, and is given on the morphisms by using the involutive structure of

T.

DEFINITION 2.6.2. More generally, we have an r-oppositization morphism in
—I]—n+1
_opr . '[]'%’urﬂ = T,,
which we define inductively by the following.
- TP e _:T,= _°:T,, where X : T, = X : T,, is defined by
- XPr=_:X
— XOPr(_, _):(X°Pr)PxX°Pr — T, is given by the morphism X (_, )°Pr-1
obtained by the the image of X(_, ) through the composite
TP+ (XP x X, Tpoq) = Tp(X x X, Tp_y)%P"

_oPr (XOP X X, TOPT)

TL((XP) x X T7)

Ta((X°P)2P7 x X, _“Pr-1)

T, ((XP)Pr x XPr T, 1)
= To((XP)P x X, T, ),
The last isomorphism is induced by (X°Pr)°P =5 (X°P)°Pr which is

identical both on the objects and on the morphisms. To see this, let
z,y : X. On the one hand, we have

(XOPT)OP(:L-’ y) = XOp'V' (y’ x) = X(y’ x)opr—l,
and on the other hand,
(XP)Pr(z,y) = (X (2, )Pt = X(y,2)"

~ Welet °Pr(_, ) : TP (_, ) — T,(_°r, °Pr) be the morphism in
Tr1 ((TPr)oP x TP, T,,) given in X,Y : T, by the morphism

T (X,Y) = Tu(X,Y)77 = Ty (X7, YP"),

defined as follows.
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— For F : T,(X,Y), we let F°Pr : X°Pr — Y°Pr be given by F on
the objects, and on the morphism by F°Pr(_, ), obtained by the
composite

X (L, )= X(, e Doy (P R e = YR (R F ).

— Let F,G : T,,(X,Y), the isomorphisms

XDPT
-ﬂ—n(XOpT7YOPT)(FOPT,GOP’ i>/ YOp’ FOP7 ’Gopri)
=% [ v e
Opr—1
=N ( Y(F_,G_ )>
= T (X, Y)(F,G)oPr
= Ta(X,Y)P" (F,G)

give __°P on the morphisms.
2.7. Adjunctions.

DEFINITION 2.7.1. Let X,Y : T, and F: X =Y. Wesay that G:Y — X is
right adjoint to F' if it is equipped with an equivalence
niX(F ., )=Y( G ).
We also say that F is left adjoint of G, or that (F,G) form a pair of adjoint
morphisms in T,,. We write (F,G,n) : T, (X Y)=, or just
F:X 1°Y: G .
&;

Let (Flalenl)a (F27G2»772) : -U—H(X; Y): We let -ﬂ—n(Xay): ((Flleanl)v (F27G27772)) .
T,—1 be defined as

IT TaX? <Y Tuea) (Ta(Fr s ), T, Go ) (T, ) Tu( s e)m)™,
(kF,uc)
where the corproduct is taken over (up, pug) : Tn(X,Y)(Fy, F1) x T, (Y, X)(G1, G2).
We therefore obtain an n-type T,(X,Y )~ of adjunctions in T, from X to Y. The
(n-1)-type of morphisms between two adjunctions (Fy,G1,m) and (F1, G2,7n2) has
for objects the pairs (up, pg) of 2-morphisms pp : Fo = Fi, pg : G1 = G2 in T,
equipped with an equivalence

-U—’I’L(Fl—;f) +> n(—aGl—)

v"(uF’f)l ~ lh(f,uc)
—HVTL(F2757) 4> n(77G2—)-

R[S

in the n-type T,,(X°? x Y, T,,_1).
DEFINITION 2.7.2. Let X : T,,. We let
X X(, )T =2 T (XP x X, Thoq)
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be the morphism in T,, obtained by the composite

Tt 25 Tot Xt 2 T X T (X % X, Ty

= T (et Tnot) X To(X x X, T,y)

S Tp(XP X X, Tpo1 X Tpe1)

TN, T on s XT, ).

DEFINITION 2.7.3. Let X : T,,. We let
ﬂ—n—l(X(—y —)a —) : —ﬂ—n—l — -ﬂ—n(X X Xopaﬂ—n—l)
be the morphism in T,, obtained by the composite

Tp—1(—,—)

Tpoy ——m -ﬂ—n(-ﬂ—zp_h-ﬂ—n*l) Tno1(X(—, =) Tn-1)

—[l—nfl(X X XOP,—ﬂ—nfl).
DEFINITION 2.7.4. Let X : T,,. We let the end morphism

X
/ : -ﬂ—n(XOP X X, -H-n—l) — -n—n—l

be the right adjoint of — x X(_, ), so that we have the following adjunction in
T,:

_ X X(*& 7) : Trn—l ¢ - -[rn(Xop X X7—|]—"—1) : fﬁ:X

OBSERVATION 2.7.5. The definition of X : T,, involves a morphism X (_, ) :
XP x X = T,_1 in T, whose definition itself involves X (_, ). Welet X(_, )
be defined inductively as follows. By definition, the data of a morphism X(_, ) :
XP x X = T,_1 consists in:

—z,y: X = X(z,y): Tpoa
= Xy X ) x X () 2 T (X (-, ), X ()
in T, ((XP x X)) x X°P x X, T,,_1), and hence,

T1,T2,Y1,Y2
D (T N / Tno1 (X(z2,21) X X(y1,92), Tn-1(X(21,91), X (22,2))) -

We definition of the structural morphism X(_, ) of any element X : T,, as well
as the more general definition of naturality, follows inductively.

DEFINITION 2.7.6. Let X : T,,. We let the coend morphism

/ : —Wn(X X XOP,—Wn_l) — Th1
X

be the left adjoint of T,,(X(_, ), ), so that we have the following adjunction in
Ty:

J o Ta(X X XP T ) = Ty s To(X (), ).
2.8. Terminal object.

DEeFINITION 2.8.1. Let A : T,. A terminal object in A is an object %5 : A
equipped with an equivalence

A(,, *A) = *Xp—2.
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2.9. Limits and colimits.

DEFINITION 2.9.1. Let X : T,, and let *xx : X — % be the unique morphism.
IfY : T, we write o : Y — T,(X,Y) for the morphism in T,, obtained by the
composite

0:Y 2T, (V) Z2EL T (X, %) x To(x,Y) 2 T,(X,Y).
We refer to ¢ as the constant morphism.

DEFINITION 2.9.2. For any elements X and Y of type T,,, we define, the limit
morphism, respectively the colimit morphism, as the right adjoint, respectively as
the left adjoint, to the constant morphism in T,,:

colim
L

T, (X,Y) i,

lim

Y.

3. The hierarchic system of categories

DEFINITION 3.0.1. We let _ : T,, : PREDy be defined on X by the proposition
X : T,, whose truth value is given by

(X:Tp)e ((-:X):PRED, X (., ): T (X?xX,T,_1)).
Let X,Y : T, we let T,,(X,Y) : T, be defined by
- FiT,(XY)e (L X=F Y, F(, ) [""T,1(X(2,y), Y (Fz, Fy)))
- F,G:T,(X,)Y)=T,(X,Y)(F,G) = ["Y(Fz,Gz).
The notation [~ H(z, z) is made precise in 2.7.4 for any Y : T, and H : Z% x Z —
T,—1, and encodes the concept of naturality. We say that z : Z = 0, : H(z,2)

is natural if it yields an element n : [* H(z,z). Conversely, we assume that any
n: [7 H(z,z) yields natural maps 2 : Z = n, : H(z, 2).

REMARK 3.0.2. This definition involves a T,,-type structure on T,,_; for all n.
We first assume that T,,_; : T,, for all n and introduce the notion of naturality. We
will then be able to prove T,,_1 : T,,.

OBSERVATION 3.0.3. Let X : T,, and let H : X°? x X — T,_1. By definition,
H yields an element H(x,y) : T,,—1 for each x,y : X, as well as an element of the
end

T1,Y1,T2,Y2
/ Toor (X% (21, 22) X X (51, 92), T (H(z1,50), H (22, 2))

For fy 29 — x1 and fy : y1 — Y2, we write H(fy, fy) : H(x1,y1) = H(z2,y2) for
the morphism obtained from H. In particular, for x,y : X we obtain morphisms

- H(1lg, ) : X(x,y) = Tpor(H(z, ), H(z,y)), and

- H(, 1) X(w,y) = Taa(H(y,y), H(z,y)).
Suppose that we are given some 1, : H(x,x) for all x : X, we obtain the following
morphisms for x,y : X:

o H(lw’ 7)771 : X({E,y) - H(l‘,y),

- H(*a ly)ny : X(IE, y) - H(l’,y),
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and hence

(2) H(z,y) (H(lz, )ne, H(—, 1y)ny) : X (2,y) x X(z,y) = Tn_a.

Suppose that for all x,y : X and f : X(z,y), we are given a 2-morphism n;’y in
‘l]rn—l-'

J ni/ lH(mf)

so that z,y : X = (f c X(z,y) = 0y H(z,y) (H(x, f)nm,H(f,y)ny))- Let X' :=
T, be defined by X' = X°P x X and let K : X'°P x X' — T,_1 be defined by the
composite

X(—,)"xH Tno1(—,—)
I

(X x X)P x (X x X) TP X Tpeq T

Both H(1, _)n, and H(_,1,)n, yield an element of K(z,z) for all z : X°P x X
given by z = (z,y). We write u, : K(z,z) for H(1z, )Ny and p* : K(z,2) for
H(_,1,)ny. Let f: Z(z1,22) be given by fo : XP(x1,22) and f, : X(y1,y2) with
z1 = (z1,y1) and 2o = (x2,y2) in X°P x X. We can observe the following.

- By definition, the data of a 2-morphism By, y, in Tn—1 such that

H(ley, )ne
* SR Tr—1 (X (z1,91), H(z1,91))

H(lmwf)nml ﬁf?“’/ J:I]—n—l(X(x17y1)vH(f17fy))

Tt (X(w2,92), H(z2,y2)) — Tt (X(21,51), H(22,92))
Tn—l(X(fm1f1/)fH(z27y2))

corresponds to the data of an element

g9: X (21,y1)
6fccafy :/ H('TQ’y?) (H(fmfy)H(lzug)na:mH(lzzvfygfw)nzz)

and hence to morphisms ng‘m,fy s H(fo, fy)H(1ay, 9)0e = H(1ay, fy9fe)Ns
in H(za,y2) which are natural in g : X (x1,y1). For g : X(z1,y1), we let
B?I’fz be the morphism in H(xa,y2) resulting from the composite of the

diagram
by H(xy,11) Heva) H(x1,31)
T2 H(xy,21) MQ H(x2,11) H(fo,fy)
H (wy JJQ \H(asz,m
H(.’L’Q,$2) H(l’g,yg).

H(x27fygfz)

The mapping g — 6?”]{1/ thus obtained inherits naturality in g : X (z1,y1)
from naturality of the mappings

- g (H(fx,fy)H(xl,g) = H(mg,fy)H(xg,g)H(fx,wl)) and
-9 (H(mz’fy)H(ifQ,g)H(xQ,fx) = H(ws, fygfa:))-
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We therefore obtain a 2-morphism [y : K(z1,22) (K (21, f) ey, K(f, 22) piz,)
for all f: Z(z1,22).
- The data of a morphism vy, y, in T,_1 such that

H — Ly
. (g Too1 (X (z1, 1), H(z1,91))

H<,,1y2>ny2l e = lwrn_l(X(xl,yl),H(fz,fy))

Tt (X (22, 92), H(z2,y2)) —— Tt (X (z1,91), H(z2,y2))
-D—n—l(X(fmyfy)yH(z%yQ))

corresponds to the data of an element

9: X (w1,y1)
fozvfy : / H(l?g,yg) (H(fxa fy)H(gﬂyl)nymH(fygfwva)nyz) 3

and hence, to morphisms 7%, ;= H(fo, f,)H(g.y1 )y, — H(fy9 e y2)0ys
in H(za,y2) which are natural in g : X(x1,22). For g : X(z1,11), we let
ng,fy be the morphism in H(xa,ys) resulting from the composite of the

diagram
) H(g,
x — s H(y1,y1) (G.0,) H(z1,y1)
H(g,
2 H(y17y2) (9.v2) H($17112) H(fx:fy)
H(fy,yy' H% wj,yz)
H(y2,v2) H(xz,y2).

H(fygfzy2)
The mapping g : X(z1,11) = 7?1,)‘2 thus obtained inherits naturality in
g : X(x1,y1) from naturality of the mappings

— g (H(Fer ) H (g 1) 5 H(Fory2)H (9. 92)H . £,)) and

9= (H(Fr 2 H (g y2) H(fyry) 5 H(Fogfy o).
We therefore obtain a 2-morphism vy : K (21, z2) (K (21, f)pu*, K(f, z2)u*?)
for all f: K(z1,22).
DEFINITION 3.0.4. Let X : T, and H : X’ x X — T,_1. We say that a
mapping (z : X = n, : H(z,x)) is natural in = : X, and we write 7 : fz:X H(z,x),
if the following holds.

— For z,y : X, we are given
UW : Tyn—l(X(mvy)a H(.’E, y)) (H(fax)nmv H(fvy)ny) )

and hence, a mapping f : X(z,y) = 07" : H(z,y) (H(z, f)ne, H(f,y)ny)
which is natural in f : X(2,y), where np"Y is seen as an element of
L=Y(f, f) with L*Y : X(x,y)°? x X(z,y) = Tp_o is made explicit in
(2).
— for
In particular, the end of any H : Y°P xY — T,,_; will satisfy fY H>=T,(Y°Px
Y. Tn)(Y (), H).
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EXPLANATION 1. Let X : T,. By definition, X is equipped with a morphism
X(, ):X?xX — T,_1in T,. We sketch a characterisation of X(_, ) by
using the definition of _ : T, (X x X, T,,_1).

—z,y: X = X(z,y): T

=X ) [T T (X )X (), Ta (X (), X ().
The expression of X(__, ) as an end can not be taken as a definition in itself, as
it presupposes that X (_, _) already is a morphism. It should instead be understood
as a necessary condition that X satisfy so that X : T,,.

The idea is to give to z,y : X = X(z,y) : T,,—1 the structure of a morphism
inductively. For this purpose, X (z,y) must satisfy naturality conditions encapsu-
lated by X(__, _ ). Recall that for z,y : X, the element X (z,y) of T,,_; must be
regarded as T,_i-type of morphisms in X from z to y. Providing =,y — X (z,y)
with the structure of a morphism X° x X — T, _; will then amount to define a
composition for morphisms in X.

REMARK 3.0.5. Defining an element X of type T,, amonts to provide a proof
that X : T, is true. We may write ‘let X : T,, be such that ...’ to define an element
X of type T, with the corresponding proof given instead of the dots.

4. The poset of truth values

We unravel the definition of CAT,, for n = —1 to obtain the definition of the
poset B := CAT_; : Ty of truth values. According to Definition 3.0.1, the poset B
satisfies

-v:Be ((B:v):B)x (b1,82:v=v(Bf1,B2):T)),
- v,7:B=B(v,7):B,

- v:B= B(y,v),

— v, T, B= By, 1) x B(T, u) = B(v, u).

DEFINITION 4.0.1. Let T : B be such that (8 : T) < T. Necessarily, we have
(ﬂlaﬂQ T = T(ﬂlaﬂ?) = a)~

REMARK 4.0.2. Let v : B. Recall that « is the unique element of type T in the
sense that 8 : T = T(8,a) = a. For any f31, 82 : v, we must have v(f51,82) = a.
Hence, the data of an element v : B is equivalent to the data of a proposition
(8 : v) : B. In the same way, we have v : B(r,v) & ((8: 7) = (y6 : v)). Also note
that for v : B, there is at most one element of type v.

PROPOSITION 4.0.3. Let v : B, we have B(v, T) & T.
PROOF. Let p: v — T in B be such that
- B:iv=pb=a:T,
= B,y v =p(B,7) :v(B,7) = T(a,a) is given by
a: T B(T,T)e (v(B,v) = T(a,a)).
It follows that p : B(v, T) is true, that is, p : T = B(r, T). In the same way, we
obtain B(v, T) = T, so that B(v, T) & T. O
DEFINITION 4.0.4. We define L : Bby f: L < L.

REMARK 4.0.5. The element L : B satisfies v : B = B(L,v) = T. Indeed,
suppose v : B, the data of an element ~ : B(L,v) is given by (8: L =8 :v) &
B(L,v8:v)=T.
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5. The poset of propositions

We make the concept of a proposition formal and investigate the nature of
the assertion ‘Every proposition is either true or false’. Recall that we defined a
proposition as an assertion to which a truth value is assigned. In fact, an assertion
may depend on elements of a given domain, and is formulated in a certain language.

DEFINITION 5.0.1. A language L® on an alphabet a € SET is a subset L® of the
underlying set of the free monoid generated by a.

DEFINITION 5.0.2. We let the set Aj of assertions expressed on a language L®
be defined as the free associative monoid on the set L*.

DEFINITION 5.0.3. Let a € SET be an alphabet and L* be a language on a. We
define the poset L*PROP of propositions on the language L* as follows. We set

- P:L*PRrROP & P: A x B,
~ P,Q:L°Prop = L°PrOP(P, Q) = B((P), (Q)).

Consequently, the data of a proposition consists in the data of an assertion
expressed in a certain language, and a truth value. We write *_" : L"PrROP — A}
and () : L°PrROP — B for the induced projections. For any proposition P, we
say that ‘P’ is the assertion of P and that (P) is its evaluation. We may define a
proposition P by its value (P) : B. In this case, we let the corresponding assertion
be given by ‘P’.

DEFINITION 5.0.4. Let P and @ be propositions. Write (P = Q) for the truth
value L*PROP(P, )). We obtain a proposition P = @, whose truth value satisfies

(P=Q) = ((P)=(Q)).
The implication thus defined yields an internal hom on the poset of propositions
=: L*ProOP? x L*PrOP — L*PROP.

DEFINITION 5.0.5. The set of propositions inherits conjunction and disjunction

from the set of truth values B. Let I : SET and P, : I — L*PROP. Let [[P; : B for
i1
the proposition such that

(a:HB) & (i:1p: B).
il

The proposition [ [P;, together with the natural projections, represents the colimit

i1
of P: I — L°Propr.
In the same way, let HIH : B be the proposition such that

1
The proposition IgPi, together with the natural projections, represents the limit of
1
P:I— L*Prop.
PRrROPOSITION 5.0.6. We obtain a product from the conjunction of propositions

x : L*PRrRoOP x L*PROP — PROP
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which gives to the poset L*"PROP — PROP a cartesian closed structure, so that for
any propositions P,Q and R, we have

(PxQ)=R & P=(Q=R)

and
P=(QxR) & (P=Q)x(P=R).

PROPOSITION 5.0.7. We obtain a product from the disjunction of propositions
H : L*Prop x L*ProrP — PrOP

which gives to the poset L*PROP — PROP a bicartesian closed structure, so that
for any propositions P,Q and R, we have

(PHQ) =R & (P=R[[(@=R)
and

P:>(QHR> & (P=Q)=R

DEFINITION 5.0.8. Define the category of propositional domains L*DoOM on the
language L® as follows.
- D:L°Dom < (Ep : SET, Ip : Ep — Af)
- Dy,Ds : L*DoM = L*Dom(Dq,Ds) : SET, where

-f:L°DoMm(Dy,Dy) & (&5 : SET(éD,, ED,),
Iy : SET(ép,, AL )(ID,Ey, ID,)),
- f,g:L*DoM(Dy,D3) = L*Dom(Dy,Ds2)(f,9)
= SET(ép,,¢Dp,)(Ef,&)-

The function I may be seen as an interpretation of the elements of the domain in
terms of words or sentences. We may refer to £p as the set of subjects of D.

EXAMPLE 5.0.9. The category of propositional domains on the language L
has a terminal object which is given by the set A together with the identical
interpretation 1: Af — Af.

EXAMPLE 5.0.10. The projection ‘" : L*"PROP = Af xB — Af gives to the set
of propositions the structure of a propositional domain, such that the interpretation
of a proposition is given by its underlying assertion. We write L*Dpyop for this
propositional domain.

DEFINITION 5.0.11. Let D : L*Dom. A predicate P on the domain D, ex-

pressed in the language L%, is the data of

— an expression ‘P’ : A%

— an evaluation (_ P):&p — B.
We obtain a set L"PREDp whose elements are predicates on the propositional do-
main D by setting L*PREDp = Af x SET(Ep, B). We write the canonical projec-
tions as follows:

— '~ 7 :L*PREDD — A,

- (- ) :L*PrEDD — SET(ép, B),
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so that *_ _’ takes a predicate P to its expression *_ P’, and (_ _) takes a predicate
P to its evaluation function (_ P). We may define a predicate by its evaluation
function (_ P) : Ep — B, in which case we let the expression of this predicate be
given by ‘_ P’.

DEFINITION 5.0.12. Let D : L*DoM. We let the evaluation function
L*PREDD X ép — B

be defined as the projection (_ ) : LYPREDp — SET(Ep, B) by using the cartesian
closed structure of SET. For a predicate ~ P and a subject = : £p, the evaluation
provides an element (z P) of B.

DEFINITION 5.0.13. Let D : L*DoM. We let the expression function
L*PREDD X &p — Al

be defined as the composite
« ogr
LPREDD X €p NIV LR NyTS

where the last morphism is given by the free monoidal structure on Af, which
we can regard as concatenation. The expression function thus defined yields an
element ‘z P’ of the language Af for each proposition P and each subject = of the
domain of P.

OBSERVATION 5.0.14. For any propositional domain D on Af, the evaluation
and expression functions yield a map

L*PREDD X &p — L°PROP.

Given a predicate P and an element of the domain x, we obtain a proposition x P.

ExAMPLE 5.0.15. By definition, any element X of type T, is equipped with a
predicate _ : X on the terminal domain. For any symbol x, the proposition z : X
thus obtained is true if and only if = is an element of X.

EXAMPLE 5.0.16. Let us define a predicate _ ISTRUE on the propositional
domain L*Dpgop of propositions defined in Example 5.0.10. For this purpose, we
let the evaluation map (_ ISTRUE) : L*PROP — B be given by the canonical
projection, so that for any proposition P,

(PISTRUE) = (P),

so that the proposition P ISTRUE is true if and only if P is true.
Conversely, we obtain a predicate — ISFALSE whose evaluation map is given
by the composite

(_ ISFALSE) : L*ProP 2, Leprop 7 por B

so that for any proposition P, the proposition P ISFALSE is true if and only if the
proposition P is false.

DEFINITION 5.0.17.
PRrOPOSITION 5.0.18. For any proposition P, Let P : PROP. The proposition
ISTRUEORISFALSE P := ISTRUE P H ISFALSE P

obtained by disjonction of the propositions ISTRUE and ISFALSE, is true.
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PrROOF. Since we identified the proposition P with its evaluation, we have P :
B. Hence by definition P is either given by T, in which case ISTRUE P[] ISFALSE P <
B(P,L)]IB(T,P) & B(T,L)]IB(T,T) < L]][T < T, or P is given by L, in
which case ISTRUE P[JISFALSE P < B(P, L) [[B(T,P) < B(L, L)][B(T, 1) &
TI[L&T. (]

COROLLARY 5.0.19. The proposition® Every proposition is either true or false’,
formally defined by the product [] P ISTRUEORFALSE, is true.
P:Pror
PROOF. Proposition 5.0.18 yields a proof of the proposition P ISTRUEORFALSE

for each proposition P, and hence a proof of the proposition [] P ISTRUEORFALSE.
P:Pror
a

6. The category of sets

In this subsection, we focus on the category of sets, defined as 0-th level of the
hierarchic type of categories. In [19], Tom Leinster, following Lawvere’s Elementary
Theory of the Category of Sets (see [16]), states the axioms of the theory of sets. To
be precise, recall that Lawvere’s Set Theory involves undefined terms, or primitive
concepts, which are supposed to satisfy some axioms. These primitive concepts are
sets, functions, composition and identity. We unravel the definitions of the last
subsection in the case where n = 0, use them to propose a definition of the terms
to which the axioms apply, and show that these axioms hold when applied to the
terms thus defined.

DEFINITION 6.0.1. We let the category of sets be the element SET := CATf :
CAT;. According to Definition 3.0.1, the data of an element X : SET is equivalent
to the data of

— a predicate _ : X,
— a morphism X(_, ): X°? x X — B,
— together with an isomorphism X — X°P which sends any x : X to the
same literal value x : XP.
We call a set any element of SET. If X is a set and x : X, we say that = is an
element of X. If X and Y are sets, we define a function from X to Y as an element
of the set SET(X,Y’), which is defined as follows.
— The data of an element f : SET(X,Y") is given by the data for each element
x: X of an element fz : Y such that fz = fy in Y whenever z = g in X.6
— Given elements f,g: SET(X,Y), the truth value f = g is defined as

z: X
SET(XY)(f0) = [ Vifzg0) = [[Y(fa.90).
x: X

For any element f of SET(X,Y), we write f : X — Y. Note that by
definition, two functions f,g: X — Y are equal if for each = : X we have
fx=gz.

NOTATION 6.0.2. Let X : SET and z,y : X be elements of X. Welet (z =y) : B

be the truth value defined as (x = y) := X (x,y). We say that elements z,y pf the
set X are equal if this truth value is true.

6In the sense of Notation 6.0.2.
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Notably, the set L whose elements are the words of the language, is equipped
with an equality which we call literal equality, and which we recall is dynamic.

EXPLANATION 2. The data of a set X : SET is therefore equivalent to the data
of
— a truth value (z : X) : B for any = : L such that (z : X) & (y : X)
whenever x and y are literally equal in L,
— for each pair of elements x,y : X, a truth value X (x,y) : B, such that
—1; : T = X(z,z), which means that * = z in X, from which we
deduce the reflexivity of equality in X ;
—z,y: X = (X(z,y) & X(y,z)), so that equality of elements is
symmetric ;
- z,y,z : X = (X(z,y) X X(y,2) = X(z,2)), so that equality is
transitive.

DEFINITION 6.0.3. Let X, Y, Z besets, f: X - Y and g: Y — Z. We let the
composite of f and g be the function gf : X — Z defined as
- x:X:J;fJ::Yégfx:Z
-y X =gf(x,y): X(x,y) = Z(gfx,g9fy) where gf(x,y) is given by the
composite

af(z,y) : X(z,y) TS Y (fa, g2) VY Z(gf2, 9 fy).

DEFINITION 6.0.4. Let X be a set. We let the identity 1x : X — X be defined
as follows.

— 2: X =1x2:=x: X, which is always true since v : B= B(v,v) =T,
- z,y: X =1x(x,y) : X(z,y) = X(xx,1xYy), where 1x(x,y) is the unique
element a of type T < B(X(z,v), X(z,y)) © B(X(x,y), X (1xx,1xYy)).

PRrROPOSITION 6.0.5. For each sets X,Y,Z, T and each functions f: X — Y,
g:Y = Z, h:Z—T, we have (hg)f = h(gf). Moreover, for each sets X,Y, we
have 1y f = f = fix.

PrOOF. Let X,Y,Z,T : SET and f : SET(X,Y),g : SET(Y, Z),h : SET(Z,T).
On the one hand, z : X = (hg)fz : T is defined as the composite
x:X:];fJ::Yig(hg)(fx):T,

hence by

x:X:f>fx:Y:g>g(fx):Z:h>h(g(fx)):T.
On the other hand, x : X = h(gf)z : T is defined as the composite

v XL (g Y w(gf)a): T,

hence by

x:X:f>f;1::Y:g>g(f:z:):Zéh(g(fx)):T.

It follows that x : X = (hg)fxz = h(gf)x, so that (hg)f = h(gf). Let X,Y : SET
and f: X =Y. Wehave v : X = v fr =1 (fr) = frand z : X = fixz = fu,
hence 1y f = f = fix. |
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DEFINITION 6.0.6. We say that X : SET has a unique element if z,y : X =
X(z,y). If X is a set with a unique element, we therefore obtain z,y : X = (z = y).

We say that X : SET has no element if z : X < 1. Equivalently, X : SET has
no element if z : X = L.

DEFINITION 6.0.7. We let the empty set () and the one point set x be defined
as follows.
We let * : SET be such that
—xixes T
—z,y:x=x*x(z,y)=T:B.
We let () : SET be such that
—z:0e L,
— we have B(z,y : 0,0(x,y) : B) & B(L,0(x,y) : B) & T.
DEFINITION 6.0.8. Let T : SET. We say that T is terminal if for each X : SET,

the set SET(X,T) has a unique element. We say that I : SET is initial if for each
X : SET, the set SET(I, X) has a unique element.

PROPOSITION 6.0.9. There exists a terminal set.

PROOF. We show that the set * has a unique element. Let X : SET and
xx : SET(X, *) be such that

—x: X > *sxr=1o:%
— let z,y : X, since
B(X(z,y),*(z,y)) & B(X(z,y), T) & T,
we let 2,y : X = *x(z,y) : X(x,y) = *(z,y) be defined as z,y : X =
xx(x,y)=a:T.
Let «'y : SET(X, %), we have

z: X z: X
ST(X,4) (e #x) = [ steca) = [T =T,

so that the symmetric equation shows that xx = ;.. Hence SET(X, ) has a unique
element and * is terminal. a

PROPOSITION 6.0.10. The set () is initial.
PROOF. Let X be a set, we have
Dx :SET(0,X) < (z:0=0xz: X)X (2,y: 0= 0x(x,y) : BO(x,y), X(Dxz,0xy)))
& B(x:0,0x2: X) x B(z,y : 0,B(0x (2, y) : B(z, y), X(0xz,0x))))
< B(L,0xz: X) x B(L,B(0x(x,y) : B(0(z,y), X (Dxz,0xy))))
ST xTsT.
We also have
Dx,0% : SET(D, X) < SET(D, X)(Dx, 0y)

z:0
= X((Z)X:c, (Z),X:Z?)

1
- / X(0xz, Wy)
= 1.
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Hence the set SET((), X) has a unique element and { is initial. O

REMARK 6.0.11. For any set X, the data of a proof of the proposition z : X is
equivalent to the data of an element Z : SET(x, X). Indeed, we have
Z:SET(x,X) < (z:x=>Tz: X) X (2,t: % = T(2,t) : x(2,t) = X(Tz,Tt))
S (T=>22: X)X (T =2Z(2,t): T = X(Zz,7t))
S (T=z:X).
REMARK 6.0.12. A set X has no element in the sense of Definition 6.0.6 if and
only if the set of functions SET(*, X') has no element.

PROPOSITION 6.0.13. There exists a set with no element.
PROOF. The set () has no element by definition. (I

PrOPOSITION 6.0.14. Let X and Y be sets and let f,g : X — Y. If for all
x: X we have fx = gz, then f = g.

PROOF. This axiom holds by definition of the equality of functions. |

DEFINITION 6.0.15. Let X and Y be sets. A product of X and Y is a set X xY
together with functions 7x : X XY — X and my : X X Y — Y, such that for any
set F, the functions mx, 7y induce an equivalence between the data of a function
f:E — X xY and the data of functions fx : F - X, fy : E > Y.

DEFINITION 6.0.16. Let X,Y : SET. We define X x Y : SET as follows.
—z2: XxY e (" X)x (YY),
— 21,20 X XY = X xY(21,22) = X(2,25) x Y(27, 29)
Let mx : X xY — X be such that
—2: X xY=25:X
— 21,29 0 X = wx(21,22) ¢ X(27,2%) x X(2¥,2Y) = X(z2f,2%) is given by
the structural implications of the conjunction in B.
We define my : X XY — Y similarly.

PROPOSITION 6.0.17. Every pair of sets has a product.

PrOOF. Let X,Y : SET. We show that X x Y, together with 7x and 7y,
defines a product for X and Y. Let E beaset and fx : F — X, fy : E =Y. We
show that there exists a unique f : E — X XY such that rx f = fx and ny f = fy.
Let f: E— X x Y be defined as

—e:E=fxe: X, fye: Y = fe: X xY
—e1,e0: E= f(x,y): E(er,er) (fx(er,ea)ufr(e2,e2)) X(
X xY(fer, fe2).
We obtain a function f : E — X XY such that 7x f = fx and 7y f = fy. Suppose
g: F— X xY is such that nxg = fx and myg = fy, then
el
SET(E, X xV)(f,9)= [ X xY(fe,ge)

fxer, fxe2)xY (fye, fyes) &

el
%/ X(mx fe,mxge) X Y(wy fe, my ge)
> SET(E, X)(rx f,mxg) X SET(E,Y)(ny f,myg) = T.
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Similarly, we obtain
SET(E, X x Y)(g, f) = SET(E, X)(rxg,7x f) X SET(E,Y)(nyg, 7y f) = T.
This shows that X x Y is a product for X and Y. O

DEFINITION 6.0.18. Let X,Y : SET. A function set for X and Y is a set [X, Y]
equipped with a function ev : [X,Y] x X — Y such that for each set E equipped
with a function e : E x X — Y, there exists a unique function € : E — [X, Y] such
that ev(é X 1x) =e.

PRrROPOSITION 6.0.19. For all sets X and Y, there exist a function set from X
toY.

ProOOF. Let X and Y be some sets. Recall that the category of sets is cartesian
closed. The counit provides a morphism of sets

ev: SET(X,Y)x X =Y,
which is defined by
- (f:SET(X,Y),z: X)=evfa:=fz:Y,
= (f,9:SEX(X,Y), 2,y : X) = ev((f,2),(9,y)) : SET(X,Y)(f, 9)x X (2,y) —
Y (fz,gy), where ev((f, ), (g,v)) is given by the composite

SET(X, Y)(f,9) x X(2,y) ZZC0 v (f, ga) x Y (g2, 9y) > Y (fz, ).

Let E be a set equipped with a function e : Ex X — Y, andlet e: E — SET(X,Y)
correspond to the adjoint of e provided by the cartesian closed structure of SET,
which is such that for p : F and z : X, we have ev(é x 1x)(p,x) = ev (ep,z) =
e(p)(xz) = &(p, ). The construction by adjunction of the function & ensures that it
is unique among the functions satisfying ev(é x 1x) = e. Hence the set SET(X,Y),
together with the function ev, defines a function set from X to Y. O

DEFINITION 6.0.20. Let X, Y : SET, f: X — Y and y : Y. An inverse image
of y under f is a set f~'y together with a morphism ¢ : f~'y — X such that
x : f~ly = fux = y, and such that for each set E equipped with a function
j: E — X satisfying z : X = fjx = y, there is a unique function j : E — f~1y
such that ¢j = j.

PropPOSITION 6.0.21. If XY : SET and f : X — Y, for eachy : Y, there exists
an inverse image of y under f.

PROOF. The element ¥ : Y induces a function y : * — Y. Let f~'y : SET and
t: f~ly — X be defined as the pull back of the following diagram

By construction, the composite ft¢ maps any element = of f 'y to y. The set f~'y
and the morphism ¢ : f "'y — X have the following explicit description.
—pifTlye (@ X X fa,=y) = wpi=1x,: X,
- pq: fﬁly < fﬁly(pa Q) = X(Z'p,l‘q), so that L(p, Q) = X (zp,ag)
X(zp, xq) = X(xp, 24).
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The pair (f 1y, ) satisfies the uniqueness property by the universal property of the
pull back. 0

DEFINITION 6.0.22. We say that a function f: X — Y is injective if
(z,y: X) = (X(z,9) & Y(fz, fy)).

DEFINITION 6.0.23. We say that a function f : X — Y is surjective if it is
0-surjective in the sense of Definition 2.4.1. Hence, f is surjective if

y:Y = HY(y,fsc).
z: X
DEFINITION 6.0.24. A subset classifier is a set €2 together with a distinguished
object T :  such that for each sets U, X and each injective function f : U — X,
there exists a unique function x : X — Q such that (U,t : U — X) defines an
inverse image of T under .

PROPOSITION 6.0.25. There exists a subset classifier.

PRrROOF. We show that the set of truth values B : SET, together with the element
true T : B, defines a subset classifier. Let U and X be sets and let + : U — X be
an injection. We let x : X — B be defined as follows.

—z: X = xz=]]X(wu,xz)
w:U

—z,y » X = x(z,y) : X(z,y) — [B(HX(Lu,x),HX(Lu,y)), where
w:U w:U

x(x,y) is induced by u : U = (X(x,y) x X () > X(tu,y) — ] X(Lu,y)).
w:U

We have v : U = X (w,w) Loy 11 X (v, v), so that v : U = xw = T. Hence,

we have v : U = w : X, xw :u;léf. Let  : X be such that yx = T. Since an
implication T = ] X(wu, ) is equivalently given by an element uyx : U and an

u:U
implication T = X (tug,x), we obtain in particular (z : X, xx = T) = u, : U,
hence, an equivalence

(z: X,xx=T) e u;:U.

Moreover, we have (u,v : U = (U(u,v) < X (tu,w)), which shows that U = y~1T.
Let x’ : X — B be such that ¢ : U — X defines an inverse image of T under x’.
Then for each x : X, we have x'z = T if and only if there is some u : U such that
x = wu, if and only if yx = T, so that x = x’. Hence x : X — B is unique such
that ¢ : U — X defines an inverse image of T under . O

DEFINITION 6.0.26. A natural number system is a set N together with

— an element 0 : N
— a function s : N — N

such that for each set N equipped with an element e : N and a function r : N — N,
there exists a unique function 7 : N — N such that 70 = e and n : N = 7sn = srn.

DEFINITION 6.0.27. Let N : SET be the set generated by 0 : N and n : N =
n+1:N. The predicate _ : N is therefore defined as

n:N)em=0U((m:N),(n=m+1)),
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where the equality is taken literally in .. The equality of natural numbers also
comes straightforward from the equivalence (n = m) < (n+ 1 = m + 1) for each
n,m : N, together with (0=0+1) < L.

Note that we obtain a function _— 4+ 1 : N — N. It should also be noted that
our definition precisely corresponds to Peano’s axioms of natural numbers stated
in [27].

NOTATION 6.0.28. Weset 1 =:0+1,2:=1+1,3:=2+1,...,9:=8+1,10:=
9+1, and recover the usual expression of natural numbers by using decimal notation.

REMARK 6.0.29. We obtain a monoidal structure directly from the definition of
the set of natural numbers, which will be discussed in detail in a forthcoming article
currently in preparation. The product of this monoidal structure corresponds to
the addition of natural numbers. We therefore obtain a function 4+? : NP — N for
each p : N by using the structure of an algebra over the associative operad thus
obtained on N. It is worth noting that the operadic composite

+Po(+9,...,4+% : (NT)P = N
sends the element (1,...,1) : NP? to the usual product p x ¢ : N of p and ¢ in N, so
that the commutativity of the product of natural numbers precisely corresponds to
interchange. It is therefore possible to apply the tools of operad theory, especially

regarding cofibrant resolutions, to deduce results on the factorization of integers
into products of prime factors.

PROPOSITION 6.0.30. There exists a natural number system.

Proor. We show that the set N of Definition 6.0.27 satisfies this universal
property. Let N : SET, e: N and r : N — N. The assignment 70 := e, 7sn := sin
yields a function 7 : N — R, which is unique among these satisfying 70 = e and
n:N = rsn = srn. (]

DEFINITION 6.0.31. A right inverse of a function f : X — Y is a function
g:Y — X such that gf =1x.

REMARK 6.0.32. The choice axiom of set theory is equivalent to the requirement
that every surjective function has a right inverse.

We do not provide a proof of this axiom in our approach. Consider a surjective
function f: X — Y and try to construct a right inverse g : Y — X. By definition,
we have

y: Y = [[Y(fz,v),
x: X

so that each y : Y provides an element ay : [],. Y (fx,y), that is, an element
xy : X such that y = fx.

— At the level of the elements, we can define g as y : Y = gz :=x, : X.

— Suppose y,z : Y, we need to provide an implication g(z,y) : Y(y,z) =

X(zy,x).

In fact, nothing ensures that the chosen antecedent x, of y under f is the same than
the one we chose for z. To illustrate this, consider the surjection 7 : X — X/R
associated to the quotient of a set X by a relation R. Suppose that ¢ : X/R — X
is a right inverse for 7. If ¢ maps = : X/R to its canonical antecedent x : X by p,
then ¢ induces an implication ¢(z,y) : X/R(z,y) = X(x,y) for each z,y : X if and
only if R is the trivial relation on X.
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DEFINITION 6.0.33. A relation on a set X is a morphism R : X x X — B. We
say that R satisfies

- reflexivity if it is equipped with a 2-morphism r: X(_, ) = R(_, _):

X xX

XxX — 3B
R(—.)

- symmetry if it is equipped with an isomorphism

X xX

| &)

XxX —— 3
R )

where 7 exchanges the factors in the product. We obtain
(z,y € X = (R(z,y) < R(y,x)))-
- transitivity if it is equipped with a 2-morphism

XxXxX 229 (X x X)x (X x X) 25 BxB

("“”)l — lx

X xX R B

Where A is the diagonal morphism. We obtain
(x,y,2 € X = (R(z,y) X R(y,z) = R(z,2))).

DEFINITION 6.0.34. Let X beaset and R : X xX — B be areflexive, symmetric
and transitive relation on X. A quotient of X by R is a universal pair (X/R, ),
where X/R is a set, and 7 : X — X/R is a morphism in SET such that

z,y € X = (R(z,y) = X/R(rx,my)).
The following description of the quotient X/R is tautological.

PROPOSITION 6.0.35. Let X be a set and R be a relation on X. Let X/R be
the set such that

- _:X/R:=_:X,

— the equality relation X/R(—, ) : X/R x X/R — B is obtained from R
by using the transitivity and reflexivity properties. If x,y € X, we have
X/R(z,y) = R(z,y).

We have a canonical projection m : X — X/R which is identical on the ob-
jects, and which is given on the morphisms by r(—, ) : X(—, ) = R(—, ) =N
X/R(r_,m_).

The pair (X/R, ) represents the quotient of X by R.
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7. Small objects

DEFINITION 7.0.1. An r-small object in T,, is the data of

— an object C € T,
— an object C,. € T,
— an r-equivalence I"~"C, — C.

REMARK 7.0.2. Any object of T,, is canonically equipped with n-small struc-
ture.

DEFINITION 7.0.3. Let ﬂf) be the element of type T,;; whose elements are
given by r-small objects. Let (C,C,),(D,D,) be r-small objects. Let ™ (C,D) :
# — T, be defined as follows. The data of an element of T'/ (C,D) is given by
the data of an element of T,(C,D). Let F,G : X — Y be such elements. We let
T(X,Y)(F,G) : * — T,_1 be given by the end

$:*—)EX
TO(X,Y)(F,G) = / Ey(Fz,Gz).

We have a forgetful morphism
Infrfl-ﬂ-%r) N ﬂ—na

which to any r-small object of type T,, associates its underlying object of type T,.
Given r-small objects (X, Ex), (Y, Ey), the morphism

In—r—lﬂ-g)((X’ EX)v (K EY)) — -l]—n(Xv Y)

EXAMPLE 7.0.4. An element C of type T,, is 0-small if there exists a set E such
that the data of an element of C is equivalent to the data of an element of E. We
obtain a category of 0-small objects of type T,,, where two morphisms are equal if
they are pointwise equal in the underlying set of the target object.

7.1. Size and limits. Recall that the notions of completeness and cocom-
pleteness usually restrict to the existence of limits and colimits of functors from a
small category. The impact of the size of sets on categorical constructions has been
addressed in detail in [29]. In particular, the following theorem, due to Freyd (see
[12]), is recalled and provides a compelling argument for this restriction. We recall
the proof of Freyd’s theorem as well, and show the reason why this theorem is not
valid in our framework (as previously observed by Shulman in [30]).

THEOREM 7.1.1. If a category C has products indexed by the collection Arr(C)
of arrows in C, then C is a preorder. In particular, any small complete category is
a preorder, and no large category that is not a preorder can admit products indezed
by proper classes.

PRrROOF. Suppose that we had two different arrows f,g: X — Y, and form the
product [] Arre Y- Then f and g gives us 2/47¢l arrows X — 11 Arre Y » but there
is only | Arre | arrows in C, which is a contradiction. O

Here, the notion of a small category is equivalent to the one we defined, and the
notion of a large category corresponds to our notion of a category with the property
of not being small. In fact, this theorem can not be stated in the context of our
theory, mainly because for us, all sets have the same ’size’, and hence, we do not
use the terminology of proper class, neither of the one of collections. In our point
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of view, sets can be distinguishable only up to isomorphism, and two morphisms in
a category are therefore distinguishable only when the source and target are fixed.
It is therefore meaningless to consider the cardinal of all the arrows in a category
without taking the isomorphism classe of the objects. Try for instance to define a
set of all sets SET'S : SET, so that the data of an element of SETS corresponds to
the data of an element of SET. Then each pair of sets £ and F' must be endowed
with a truth value SETS(FE, F). Since equality of sets does not make sense in our
framework, a reasonable way of assigning a truth value to each pair of sets consists
in setting
SETS(E, F) := ISET™ (E, F),

in which case a set is said to be equal to another if and only if they are isomorphic.
We therefore obtain the set of cardinal numbers, which we write CARD, and which
is such that the data of an element of CARD is equivalent to the data of a set, and
where two cardinals are equal if and only if the corresponding sets are isomorphic.
In the same way, the collection of arrows of a category naturally carries the structure
of a category, and can hence be given the structure of a set either when the category
is small, or by taking isomorphism classes of objects.

DEFINITION 7.1.2. Let C : CAT be a category, and let ARR¢ : CAT be defined
as follows.
— The data of an element of ARR¢ corresponds to the data of
- X,Y:C
- f:C(X,)Y).
— Let (X,Y, f), (X', Y', ') : ARRc. We let the set ARRc (XY, f), (X', Y, f"))
be defined as
- 9g: ARRC ((X7K f)a (le Yl: f/))
& (9x 1 C(X, X'), gy : C(VY"), 0 : C(X,Y')(f'9x, 9v f) ,
- gag/ : ARRC ((X7 va f)v (Xla Ylv f/))
& ARRe (XY, f), (XY, f) (9,9') = C(X, X")(9x,9%) x C(Y.Y")(9v, gy )-
Suppose that (C, F) is a small category, and let Arrc : SET be such that
- g:Arre < g: ARRe,

- (X,Y, ), XY, f): Arre & Arre (XY, f), (X', Y7, f')) : B, with
Arre(X,Y, f), (XY, f) = E(X, X") x E(V,Y') x C(X,Y")(f'ex,x, ev,y f).
When C is a category which is not necessarily small, we still can define a ’set of

arrows’ by considering ITARRc.

Let C be a category and suppose that there is some X,Y : C and f,¢g: C(X,Y)
such that C(X,Y (f,g) = L. Let ARR¢c — C be defined by the composite
ARR¢ — * X, C,
and suppose that its limit ] Arre ¥ 1 C exists. By definition, we have

cx, [[v)= ] cx.v).

ARRc ARRc

Moreover, the data of an element of [] . C(X,Y) is given by the data for each
h:C(Xp,Y), of an element ¢y, : C(X,Y), such that

j : ARRc(h : Xh — Yh,k : Xk — Yk) = C(X,Y)(¢h,¢’k)
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In particular, suppose that i : X =N Xpand i : Y, =N Yk, then we must have
¢rn = ¢ini in C(X,Y). Hence, distinct morphisms f, g : X — Y induce an inclusion

ICAT (ARRe, I{f,g}) = C(X, [] . Y),

ARRc

which do not lead to a contradiction. However, suppose that a small category C
has objects X,Y : C and distinct morphisms f, g : C(X,Y’), and suppose that the
discrete product [ Arre Y+ C obtained by the limit of the functor

Arre — * — C

exists, then f = g by the same argument than Theorem ??7. We obtain the following
proposition as a direct consequence.

PRrROPOSITION 7.1.3. Any small category with small limits is a poset.

PrOPOSITION 7.1.4. Let C be a category such that for each pair of objects
X,Y :C, the set C(X,Y) has at most one element. Then there exists a poset P and
an isomorphism C = 1P. In particular, the category C is small.

PROOF. Let P be the poset whose elements are given by the elements of C, and
such that for each X,Y :C, P(X,Y) :=IIC(X,Y) : B. The categorical structure of
C provides P with the structure of a poset. Moreover, it is immediate that we have
an isomorphism IP 2 C. (]

8. The omega type of omega types

DEFINITION 8.0.1. We say that X is an element of type T, if for each n > 0,
X comes equipped with

— an element X<, of type T,
— and an adjunction in T,

—
Tt X<pn , L IXcp1 1ty .

DEFINITION 8.0.2. Let X be an element of type T,,. We say that x is an element

of type X, and we write x : * — X, if  comes equipped with

— for each n > 0, an element <, : * = X<,
— for each n > 0, an adjunction internal to X<,

T . - .z
Ty + T<n L nT<n—-1 Ly -

DEFINITION 8.0.3. Let X and Y be elements of type T,,. For n > 0,

—let To(X,Y )<y := T, (X<p, Y<p,) 1% — Ty,
—let ) To(X,Y )<y = IT,(X,Y)<n—1 be defined by the composite of

X

_n_Y
To(X<n, Yen) 25 T (Xan, Wen1) =5 T (IX<p_1, TV p_1)
and

-l]—n(IXSn—la IYSn—l) = I-”—n—l(IXSn—la IYSn—l) = I-n—n—l(XSn—lygn—l)-
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The adjoint m, : HOT,(X,Y )<, — T,(X,Y)<n—1 of 7 is given by the
composite

Y X
T, (X<n, Yen) — T (X, Ien1) —2 TT,(IX<p 1, Vepn_1)

1T, 1(X<p-1,Y<n-1)

1]—n—l()(er—la Yﬁn—l)
—let vy 1 ITW(X,Y)<n—1 = T (X, Y )<y be defined by the composite of
Ty 1 (X<n—1,Y<n1) E1T 1 (IX<cp 1, W) T (IX <1, IV 1)

and

Wy X
—l]—n(IXSn—lyIYSn—l) — -l]—n(IXSn—hYSn) — -U—n(XSTuYSn)v

This gives to T, (X,Y) the structure of an element of type T,,. We write F': X — Y
for any element F' of type T, (X,Y).

DEFINITION 8.0.4. More generally, let X be an element of type T, and z,y :
* — X. We give to X (z,y) the structure of an element of type T, as follows. Let
n < 0, and define

= X(7,y)<n = X<nt1(T<nt1, Y<ntr) 1% = Ty

X(z,y) .
— Tn ( P X< > WY<n-—1
X(zy) |
— ln TT<n—1 =7 Y<n
— isos

PROPOSITION 8.0.5. Let T be the element of type T, be defined as T<, :=
Tpn—1: T, equipped with the adjunction

I, :T,,-1 <+ " IT,,_o:1,

that will be defined in Proposition 8.2.9. The sequence of elements T<, := Tp_1 :
Ty, together with the morphisms1:1T,,_1 — T, andI1: T,,_1 — IT,, give to T the
structure of an element of type T,,. Moreover,

— the data of an element of type T, is equivalent to the data of an element

of type T,
— for each elements X,Y of type T, we have an isomorphism between the
following elements of type T,

T(X,Y)2T,(X,Y).
Hence, T,, may be seen as the internalization of T,.
PRrOOF. Immediate. (]

DEFINITION 8.0.6. Let Ty : * — T be defined as follows.

—0:x—>Thyandn:x—Ty=n+1:%x— Ty,
- -[r[N(OaO) = T,-[FN(O,STL) = J_,-H—N(STL, 0) = J_,TIN(sn,sm) = -ﬂ—[N(nvm)'

We refer to Ty as the natural number object internal to T.
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ProrosiTiON 8.0.7. T 1limT,.

ProprosITION 8.0.8. Let X : x — T, be an element of type T,,. For0 <p<mn,
let X<pp—p :=1PX 1% = Ty, and let mp—p : [IPX — IIIPX, 1y, ITIIPX — TIPX
be deduced from the adjunction of Proposition 8.0.5. Forp > n, let X<pqp :=1PX :
* = Tpyp and let Tpqp i, tnyp oo These data define an element 17" X of type T,,.
Let X andY be elements of type T,,, and let

“~"(X,Y) : "I, (X,Y) = TI¥ "X, I“~"Y)
be defined as follows. [...]

We obtain a fully faithful morphism in T,
| e LT

PROPOSITION 8.0.9. The data of an element of type 1“~"~'T,, is equivalent to
the data of an element of type T,,.

8.1. Postnikov decomposition.

ProrosiTiON 8.1.1. Let p : E — B be a morphism in T,. There exists
E,,....,Ey: T, such that p factors as

E P B

p nm % ’

where py, is r-surjective for r # k.

PRrROOF. We proceed by induction on n. Let p : E — B be a morphism in
Ty and define Ey : * — T such that * - Ey < * — E, and for z,y : * — Ej,
Eo(z,y) = B(pz,py). Let py : E — Ey be the identity on the objects, and for
x,y: % = E, let p1(x,y) = p(z,y) : E(z,y) = Eo(z,y) = B(px,py). In particular,
p1 is O-surjective. Also define pg : Eg — B such that pgx = px, and for xz,y : * —
Eo, po(x,y) =id: Eg(x,y) = B(x,y) — B(x,y). Note that pg is 1-surjective, and
that pop1 = p. Now let p: E — B be a morphism in T,4+;. For z,y : * = E, p
defines a morphism p(z,y) : E(x,y) — B(px,py) in T,, which by induction admits
a factorisation

E(z,y) B(pz,py)

‘bb‘#l(% %o(l'yy)
Fo(z,y) ey o Fo(z,y)

Let k =0,....,n+ 1, and let E}y : * — T,41 be such that x - Ey < « — E. For
x,y : * = Ej, define Ey(z,y) = Fir_1(z,y) if £ > 0 and Ey(x,y) = B(pz,py).
For k = 1,..,n+ 2, we let E,o := F and we define p; : E, — Ej_1 as the
identity on the objects, and for z,y : * — F, we set pr(x,y) = qr—1(z,y). In
particular, py is O-surjective. Moreover, since pg(x,y) is r-surjective for r # k — 1
by induction hypothesis, it follows that pjy is r-surjective whenever r # k. Let
po : By — B be defined on the objects by = : * — Ey = poxr = pr : * — B, and
on the morphisms by the identity of B(pzx,py) for each z,y : x — E. Hence pq is
r-surjective for each r # 0. Define F,, 15 := E and E_; := B. We obtain a sequence

p(z,y)
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of objects Ey 11, ..., Eg of T41, together with morphisms py, : Ex — Fx_1 which are
r-surjective for r # k, for each k = n + 2,...,0. The composite pg...pp+2 : £ — B
maps any object z of E to the object px of B. For each pair of objects x,y of F,
we have

P0---Prt2(T,Y) = Po--Pnt1(T,Y) €Bpa,py) = 0(T,Y) - Gni1(,y) = p(2,y),

so that the sequence p, 42, ..., po factors p. O
8.2. Dimensional shifts.

DEFINITION 8.2.1. Let X be an element of type T,,. We define an element I,, X
of type T, 41 by induction as follows. We write I for I,, for clarity.

— The data of an element of type IX is equivalent to the data of an element
of type X. We write Iz for the element of type IX corresponding to the
element x of type X.

— For each pair of elements Iz, Iy of type I1X, we set IX (Iz,Iy) = IX (z, y).

Note that for any element p of type T,, with n < —2, there is a unique element of
type T,+1, so that Ip: * — T, is necessarily given by this element.

Let X and Y be elements of type T,,. We define a morphism I,,(X,Y) in T,y
inductively on n, such that

L(X,)Y): L, T,(X,)Y) - T,+1(IX,IY).
We just write I for clarity.

— Let F be an element of type T, (X,Y). We define an element IF of type
-[rn—i—l (IXv IY)
— For Iz : x — IX we set [Flz :=1Fz: % — IY.
— Let Iz, Iy : *x — IX. We obtain a morphism by induction

I(F,,) : 1X(z,y) = IY (Fz, Fy),
hence a morphism
1Fia 1y : 1X (I, Iy) — 1V (IF2, IFy) = 1Y (IF1z, IFTy).
— If F and G are elements of type T, (X,Y), we define the morphism
Liric : ITa(X,YV)(IF,IG) — Topt (IX,IV)(IF, IG)

as follows. On the one hand, we have
zx— X
IT,.(X,Y)(IF,1G) = I/ Y(Fz,Gzx),

which can be shown by induction to be equivalent to [ fox=IX IY (1F1z,1G1x),
and on the other hand, we have

Tz:x—1X
Tyt (IX, IV)(IF, IG) = / 1Y (1F1z, IGIz),

so that we let I1r 16 be induced by the isomorphism

xix— X Iz:x—I1X Iz:x—1X
I / Y (Fz,Gz) = / 1Y (IF1z, IGIz) = / 1Y (IFIz, 1G1z).
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PrOPOSITION 8.2.2. We obtain a morphism in T, 4o for each n € N
In : In+1—|]—n — -ﬂ—n—i-l'

Moreover, 1, is fully faithful, so that for each elements X,Y of type T,, we have
an isomorphism

L(X,Y) : L Tp(X,Y) S5 Topr (I,X,1,Y).

ProOOF. We proceed by induction on n € N. For n < —2, we have IT,, = IT,,41,
so that I, is the identity morphism. Let X,Y : % — T,. Then the data of
an element f : % — T,11(IX,IY) consists in the data for each z : ¥+ — X,
of an element fzr : * — Y, and for each x,y : * — X, of a morphism f;, :
L1 X(z,y) = L,1Y(fz, fy), which by induction uniquely corresponds to an el-
ement of I, T,,_1(X(z,y),Y (fz, fy)), which we also write f,,. It follows that the
data of an element of type I,,41T,(X,Y) is equivalent to the data of an element of
type Tp+1(L, X, 1,Y). Let f,g: % — 1,11 T,(X,Y). Then

zx—1X
IT (X, Y)(f,g) = IT,(IX,IY)(f,g) = / LY (fz,gz) 2 Tyt (IX,1Y).
(I

NotAaTION 8.2.3. For each p > 0 and n € N we write I? : IPT,, = T,,4,, for the
morphism in T, 441 defined by I = Id and IP+! = 11°T,, 25 1T, ) 5 Ty

EXAMPLE 8.2.4. Recall that we wrote « = T_3, T = T_5 and By = T_;. The
element Ia of type By has a unique element, so that we obtain Ia = T in By.
Moreover, the object IT in Ty has a unique element. We write x := IT. More
generally, we define the element ,, of type T, by *, := Ix,_; = I""2q, and will
often just write x for this element.

REMARK 8.2.5. The data of an element of type T,, is equivalent to the data
of a morphism * — T,, in T,,4;. Hence, for each element X of type T,,, we write
X :x—>T,.

REMARK 8.2.6. Suppose that By has an initial object L, and suppose that the
element 1L of type Ty has an element x : * — IL, then there is some [ of type
Br(T, L) such that z = I3. Hence IL has no element. We write IL = ().

DEFINITION 8.2.7. Let X : * — T,, with n > 0 and let IIX : x — T,,_1 be such
that

- x> IIX & *x— X,
— forz,y : * — X, the element I1X (x,y) : * — T, _2 is defined as [I1X (z,y) =
aif n=0and IIX(z,y) = (X (z,y)) else.

Let X,Y :x — T,, and let
Oxy:T,(X,Y) = 1T, (ILX,IIY)

be the morphism in T,,; inductively obtained as follows.
—Let F: X —Y. Welet IIF : IIX — IIY be such that z : x - X = Fux :
* — Y and for x,y : * — X, we let the morphism in T, _o

IF,,  IIX(z,y) — Y (Fzx, Fy)



8. THE OMEGA TYPE OF OMEGA TYPES 233

be defined by the image of F , : « — T,,_1 (X(x,y),Y (Fz, Fy)) by
HX(J:,y),Y(Fw,Fy) t T (X(l‘,y), Y(FJZ, Fy)) —= Il —2 (HX(J),y),HY(FJ},Fy))

if n > 0, and by the unique element of type T,,_a(«, ) else.
— Let F,G: X =Y and z : *x - X. By induction we have a morphism

. y(Fo,Gz) : Tno1 (5, Y (Fa,Gx)) = IT, o (I, 1Y (Fz,Gx)) = 1Y (ITFz, IIGx).
We let
Oxy(F,G): T(X,Y)(F,G) = IT,_(II1X, IIY ) (ILF, IIG)
be defined by the end

xik— X xix— X xik— X
/ IL v (Fz,Ga) 1/ Y (Fz,Gx) —>/ My (Fx,11Gx)

zix— X
> / 1Y (I1Fz, TIGx).

REMARK 8.28. If X : x - Ty isaset, thenIIX = 1 & X =0, and [IX =T
whenever X has an element.

PRrROPOSITION 8.2.9. We obtain a morphism in T,+1 for each n such that
I, : T,, = L, Ty

which is left adjoint to 1,41 : 1, T,,—1 — T,,. Hence, for each element C of type T,
and each element X of type T,,_1, we have an isomorphism

T.(C,1X) 21T, -, (IIC, X),
which equivalently corresponds to an isomorphism
7, (C,1X) 2 T,,—1 (1IC, X).
In particular, the morphism I1,, corresponds under this isomorphism to
I 1, Ty, — Tha

PRrOOF. We define a morphism 7 : Id = III by induction on n, so that n : * —
Tnt1(Tn, T,)(Id,III). Let C be an element of type T, and let ne : C — ITIC be
such that

- Y:x—=C=nY =I1IIY : « = IIIC,
—forY,Z :x — C, we let

ne(Y,Z) : C(Y, Z) — INCITIX,ITY) = 1 (C(X,Y))

be the morphism in 07}, _; obtained by induction hypothesis. For n = 0,
let £ be an element of type Ty and suppose E has at least an element.
Hence IIE = T : « — T_q, and IIIE = %, so that we define ng as the
unique morphism E — * in Ty. If E = (), then IIE = 1 and ITIE =, so
that we define as the identity 7y : @ — 0.

We define a natural isomorphism ey : IIIX — X by induction. Let X be an
element of type bT_;. Then either X = T and IX = %, so that IIIX = %, or
X = 1L and IX = (), so that IIIX = 1. Hence we let ex be the equivalence
IIIX & X. Let X : « = T,. We define ex : IIIX — X by the identity on the
objects, and for x,y : * — X, by the morphism obtained by induction hypothesis
€EX(z,y) * HIX(:L',y) — X(S(J,y)
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Let X : %« — T,,_1. Then by ex we have III1X = X, and the composite
IX 25 TIIX 25 X

can easily be shown to be the identity. Let C : * — T,,. The composite
e % MITIC <5 ¢

also is the identity, so that II is left adjoint to I.
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