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Résumé
Dans cette thèse, nous nous intéressons à l’optimisation d’un problème d’approvisionnement multi-
échelon. Cette thèse est réalisée dans le cadre d’une convention CIFRE, et le problème est motivé
par un cas d’application industriel. Le problème de gestion des stocks est crucial pour le bon fonc-
tionnement des chaines logistiques, et le réapprovisionnement en est une part importante. C’est
aussi un problème avec beaucoup de variables de décision et de contraintes, ce qui le rend compliqué
à résoudre, spécifiquement pour des jeux de donnée de taille industrielle. Dans la littérature, ce
problème est souvent traité de façon mono-échelon. Cela veut dire que les quantités à comman-
der sont calculées pour chacune des entités du système séparément. Cela permet de simplifier le
problème, mais occulte certaines contraintes liées aux liens entre les entités du système.

Le but premier de ce travail est de développer une méthode d’optimisation qui permet de
résoudre un problème d’approvisionnement multi-échelon. Cette méthode devra être adaptée à des
données de taille industrielle, et être applicable pour à des cas réels. Nous nous concentrons sur un
réseau avec un entrepôt et plusieurs magasins.

Nous commençons par construire un modèle mathématique en utilisant la programmation linéai-
re. Ce modèle est basé sur une étude de cas représentative des cas auxquels il devra s’appliquer.
Ce cas d’étude nous permet d’identifier et d’expliciter les contraintes pertinentes. Ce travail nous
permet d’intégrer des contraintes industrielles dans la modélisation. A partir de ce modèle, nous
pouvons faire des expérimentations avec des logiciels existants de résolution exacte, en utilisant des
données issues de notre cas d’étude.

Les résultats montrent que les méthodes de résolution exactes sont rapidement limitées lorsque
la taille des instances augmente. Nous cherchons donc à mettre en place une méthode heuristique
permettant d’obtenir des résultats satisfaisants dans un temps raisonnable. Pour ce faire, nous
choisissons de développer une métaheuristique de type recherche locale. Nous mettons en place un
ensemble d’opérateurs dédiés spécifiquement au problème étudié. Chaque opérateur agit sur une
partie précise de la fonction coût. Etant donné que les performances individuelles des opérateurs
ne sont pas satisfaisantes, nous nous orientons vers la mise en place d’une recherche locale utilisant
plusieurs opérateurs. Nous mettons en place un algorithme qui permet de sélectionner les opérateurs
en se basant sur un score d’efficacité qui évolue pendant la recherche. Plus un opérateur a un score
élevé, plus il aura de chance d’être sélectionné pendant la recherche.

Après avoir validé notre algorithme et évalué ses performances d’un point de vue algorithmique,
nous nous intéressons aux performances de la méthode d’un point de vue industriel. Dans cette
partie du travail, nous cherchons d’une part à évaluer les performances de la méthode dans un
contexte réaliste, et d’autre part à valider l’intérêt d’une approche multi-échelon par rapport à une
approche mono-échelon. Pour ce faire, nous mettons en place un outil de simulation qui permet de
reproduire le processus d’approvisionnement, et de calculer des indicateurs de performances (KPIs).
Nous utilisons cet outil de simulation pour reproduire le processus sur plusieurs périodes de temps,
en utilisant notre méthode d’optimisation multi-échelon. Nous reproduisons aussi l’expérience avec
deux moteurs mono-échelon existant dans l’entreprise, afin de comparer leurs performances. Ces
expériences montrent un avantage significatif à l’utilisation d’un moteur multi-échelon, car il permet
de réduire les niveaux de stocks et de ventes perdues.
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Abstract
In this thesis, we focus on the optimization of a multi-echelon supply problem. This thesis is carried
out within the framework of a CIFRE agreement, and the problem is motivated by an industrial case
study. The inventory management problem is crucial to the smooth operating of supply chains,
with replenishment playing a vital role. It is also a problem with many decision variables and
constraints, which makes it complicated to solve, especially for industrial-scale data sets. In the
literature, this problem is often treated in a single-step manner. This means that the quantities to
be ordered are calculated for each of the system’s entities separately. This simplifies the problem,
but overlooks certain constraints relating to the links and dependencies between system entities.

The primary aim of this work is to develop an optimization method for solving a multi-echelon
supply problem. This method should be adapted to industrial-scale data, and be applicable to
real-life cases. We focus on a network with one warehouse and multiple retailers.

We start by building a mathematical model using linear programming. This model is based on
a case study representative of the contexts to which it will be applied. This case study enables
us to identify and make explicit the relevant constraints. This allows us to integrate industrial
constraints into the model. From this model, we can run off-the-shelf exact solvers, using data from
our case study.

The results show that exact solution methods are quickly limited as the size of the instances
increases. We are therefore looking to develop a heuristic method that will deliver satisfactory
results in a reasonable time. To this end, we have chosen to develop a local search metaheuristic.
We develop a set of operators dedicated specifically to the problem under study. Each operator
acts on a specific part of the cost function. Given that the individual performances of the operators
are not satisfactory, we move towards the implementation of a local search using several operators.
We implement an algorithm that selects operators based on an efficiency score that evolves during
the search. The higher an operator’s score, the more likely it is to be selected during the search.

After validating our algorithm and evaluating its performance from an algorithmic standpoint,
we now focus on the method’s performance from an industrial perspective. In this part of the work,
we aim to evaluate the method’s performance in a realistic context, and to validate the advantages
of a multi-echelon approach over a single-echelon approach. To achieve this, we develop a simulation
tool that reproduces the procurement process, and calculates key performance indicators (KPIs).
We use this simulation tool to reproduce the process over several time periods, using our multi-
echelon optimization method. We also reproduce the experiment with two existing single-echelon
engines, in order to compare their performance. These experiments show a significant advantage
to the use of a multi-echelon engine, as it reduces inventory levels and lost sales.
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Introduction

Motivations

In today’s industrial landscape, companies must make significant efforts to enhance the efficiency,
resilience, and performance of their supply chain management to remain competitive. The inventory
control and replenishment functions play a crucial role in the optimization of supply chains. As a
matter of fact, managing the inventory is at the core of the supply process, as it directly impacts
the customer satisfaction and global costs. Moreover, it can also impact other aspects of the supply
chain management process, such as network design or logistics activities for instance. In Figure 1,
we provide an overview of the inventory management process and its implications in supply chain
management. Inventory control optimization for real-world applications is a great challenge for
organisations, although the field has been widely studied in the literature. Due to the high number
of business constraints and specificities existing in practice, the field still offers significant room
for the development of optimization methods and recommendation systems that can be directly
applied in industrial contexts.

Figure 1: Inventory management process and implications.

Inventory control optimization methods aim at answering the questions faced by inventory
managers on a daily basis, namely what quantity of products to order, and when to place the orders.
These decisions have to be made given uncertain customer demands, lead times and sometimes
even quantities supplied. Most of the research dealing with inventory control propose methods to
compute relevant orders for all entities of the supply chain separately. Although this method has
many benefits, one of them being the simplicity of the resulting problem to solve, it also presents
many limitations. As a matter of fact, all entities of a supply chain are linked to each other, and
there exist constraints that can only be treated by considering all entities jointly in the inventory

1
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control optimization. Such an approach is called multi-echelon inventory optimization.

Context of the Thesis and Objectives
This thesis focuses on the development of optimization methods for improving the inventory control
in one-warehouse multiple retailers supply chain by proposing a multi-echelon optimization method.
The research presented in this dissertation has been conducted under an industrial agreement for
training through research (CIFRE). This work is the result of a collaboration between the CRIStAL
Laboratory (University of Lille) and the company Vekia. Vekia is a company located in Lille, that
was founded based on the idea that artificial intelligence and optimization methods are powerful
tools to achieve better performance through supply chain automation. The company offers a cloud-
based Software as a Service (SaaS) platform to provide both a forecast for the customer demand
and a recommendation system for inventory control. In the laboratory, the thesis is conducted
within the ORKAD team (Operational Research, Knowledge and Data). The team focuses on
simultaneously using combinatorial optimization and knowledge extraction to address optimization
problems. The synergy between these two research fields offers an opportunity to enhance the
performance of operational research methods through knowledge, and to efficiently solve knowledge
extraction problems with operational research methods.

One of the objectives of our work is to design a new optimization method to strengthen the
existing inventory control optimization methods of the company. This new optimization method
will be grounded by a study of real-world inventory control contexts. As a result, the model will
include realistic characteristics and constraints, which is a known research gap in the multi-echelon
inventory control literature. In this research project, the company provides knowledge and data
relating to the problem under study, which ensures the results of the work are applicable for the
customers and their contexts. The laboratory, for its part, provides the optimization expertise and
the academic knowledge. This allows us to guide our work towards suitable optimization methods
for the problem, and to produce an academically relevant research. Although the main contributions
of the research presented in this manuscript can be applied in a general context, the work mainly
focuses on the contexts encountered by Vekia’s customers.

Overall, the research we present in this dissertation aims at investigating the inventory control
problem, from both an academic standpoint and for an industrial application. The main focus of
the research is to develop a resolution method that can efficiently solve a complex optimization
problem while being applicable to real-world contexts, based on a realistic inventory control model.
The main research questions motivating this work are the following. First, we want to uncover
the characteristics and the specific constraints faced by inventory managers, in order to propose a
model and a resolution method that can answer their needs. Second, we want to demonstrate the
benefits of a multi-echelon inventory control approach over a single-echelon one.
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Outline of the Manuscript

In Chapter 1, the inventory control problem under study is presented in more detail. We introduce
the classical approaches to solve such problems, and survey the literature dealing with inventory
control problems. One of the best known inventory control optimization method relies on the use
of Inventory Control Policies. There exist many of Inventory Control Policies, that can be applied
to different contexts. However, we could not find a reference summarizing the literature around
this topic. Consequently, we propose a classification for Inventory control policies, and a unified
notation. We then focus on the multi-echelon inventory control specifically, and outline the main
research gaps identified in the literature, one of them being the lack of models including industrial
and realistic constraints. The industrial context and the expectations of the company are also
detailed, highlighting the need of a multi-echelon model and resolution method. All of this leads
to the conclusion of the chapter, expressing of the motivations for the work presented, and its
positioning in relation to the literature and the company’s expectations.

In Chapter 2, we focus on the presentation of the mathematical model developed for the research
work. We detail the exact context that is studied, and list all the specific constraints and character-
istics that the model must take into account. Most of these constraints are coming from the study
of a real-world inventory control context, for which we provide an overview. This case-study gives
us industrial data, that will be used for all experimentations throughout this research. We provide
insight on this industrial data, and detail how we manipulate them to extract instances for our
problem. To build the mathematical model, we choose to use Linear Programming, and we provide
an overview of the history of this language, and its advantages for the case we study. Then, we
introduce the notations and the mathematical model that serve as a basis for the optimization. A
first experimentation is presented for the exact resolution using instances drawn from the industrial
data. These instances are very small compared to the actual data volume of the case-study, and the
experimentations show a clear limitation in the use of an exact resolution method, as the execution
time quickly increases. These results motivate the use of an heuristic method.

In Chapter 3, we describe the heuristic resolution method designed for the inventory control
problem under study. We first motivate the selection of the resolution method given the problem
type and the industrial requirements, leading us to the selection of a local search algorithm. Then,
the need for the development of dedicated neighborhood operators is explained. We describe the
ones built for our problem, and provide an overview of their performances in a classic local search.
These results are not satisfying, and lead us to the use of a more sophisticated metaheuristic,
still based on the local search principles, but using several neighborhood operators. We then
explain the final metaheuristic selected for the resolution, which is a local search using multiple
neighborhood operators, and selecting them according to their relevance in the search. The details of
the algorithm design are carefully described for every step of the optimization process. The method
is then validated through experimentation, by comparing its performances to alternative algorithms.
Finally, we provide performance results for the selected resolution method with instances drawn
from the industrial data.

In Chapter 4, the focus is put on validating the benefits of the multi-echelon approach compared
to single-echelon approaches. In this chapter, we aim at providing business-oriented performance
measures for our proposed solution, and at comparing it with existing resolution methods in the
company. This validation phase is achieved by developing a simulation tool, that aims at reproduc-
ing the industrial control process over a given time horizon. We first detail the motivations for using
a simulation tool, and its benefits. This tool is built specifically four our problem, and is composed
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of several components, that allow us to imitate the actual replenishment process and to compute
key performance indicators. We detail every component of the simulation tool, how they work and
how they interact with each other. We then provide experimentation results on the comparison of
different inventory control optimization methods, and conclusions on the benefits and limitations
of all approaches. These results show a clear benefit on the use of a multi-echelon approach, as it
achieves a better inventory level versus lost sales balance in every instance of the experiment.

Finally, this manuscript is concluded by an overview of the contributions proposed in the pre-
vious chapters. This overview outlines the structure of each chapter, the research questions they
address, and the significant results obtained. We also offer promising perspectives in both academic
and industrial contexts. These perspectives are intended to deepen and extend the research con-
ducted during this thesis, and are presented according to the anticipated time-horizons to achieve
them.
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6 CHAPTER 1. PROBLEM DESCRIPTION AND MOTIVATIONS

1.1 Introduction
An industry, or industrial system, can be defined as a company whose economic activities combine
production factors to produce goods for the market. The supply chain is the business function
that manages the physical flow of consumer goods from its entry in these industrial system until
its delivery to the final customer. It comprises several classes of activities, such as demand plan-
ning, supply planning, logistics, finance or information system management. Its efficient operation
directly impacts the global performance of the company in various aspects (e.g. economical, envi-
ronmental, etc.). As a result, all the decisions made by supply chain managers are crucial in the
industry’s strategies.

In a distribution context, i.e. if the industrial system treats only already finished products, the
supply chain’s function is to drive these products from the supplier to the end consumer, and the
goods pass through storage facilities, transportation modes and retailers. To describe the structure
of the majority of supply chains, we can use the term of Supply Chain Network (Chopra et al.
[2013]). This network includes all the physical facilities of the chain, along with the flow patterns
that link these facilities together to transfer the products. We provide a simplified representation
of a distribution supply chain network in Figure 1.1. To describe the different levels of a supply
chain network, we refer to each one of them as an echelon.

Figure 1.1: Simple representation of a supply chain network.

Supply chain management can be defined as a series of processes relating to a network of
interdependent facilities that aim to improve the flow of goods, information and services from
initial supplier to final customer (Simchi-Levi [2000]). It includes a large panel of various decisions
that involve different actors and different entities of the industrial systems. The aim of this function
is to make products available in the right quantities, at the right locations and at the right times
with minimal costs and maximal customer satisfaction.

One major activity to manage this availability of products is inventory control. Inventory
control, or replenishment, refer to the decisions made in order to maintain a given inventory level
in the entities of the supply chain network. Moreover, inventory related decisions and operations
represent a major part of supply chain costs (Sahu [2020]). In the work we present, we focus on
inventory control optimization problems, and develop methods to apply in industrial contexts.

In this chapter, we first introduce the industrial context we work with and describe the company
funding the thesis in Section 1.2. We then define inventory control and replenishment problems
and present the literature related to these problems in Section 1.3. Inventory control policies
is a traditional way to deal with replenishment problems and is widely used in the literature.
In Section 1.4, we list the usual policies used in the literature and propose a classification. In
Section 1.5, we focus on the multi-echelon approach for replenishment problems, and provide insights
on the existing literature on this topic. In the company, there already exist optimization methods
for replenishment problems. We detail them and their scope in Section 1.6. Combining all the
concepts, tools and literature presented in all the sections, we conclude this chapter by providing
motivations and positioning for our work in Section 1.7.
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1.2 Industrial Context: Vekia Company

As this thesis is conducted with a CIFRE contract, the research presented is the result of a collab-
oration between a research lab and a company. The company that funds the thesis and provides
context for our work is Vekia. This company, founded in 2007, provides cloud-based software as
a service (SaaS) services for supply chain automation. These services are directed towards vari-
ous customers from different supply chains and market types. This motivates the need to develop
generic tools that can be applied to diverse contexts and that can be easily adapted. The company
develops a collection of functionalities directed towards supply chain automation and decision mak-
ers support. These functionalities are integrated into a platform that is the product commercialised
by the company. The functions provided by the platform are divided into two categories: demand
forecasting functions, and inventory control functions.

1.2.1 Demand Forecast

The forecasting functionality is intended to provide an estimate of future external demand. This
estimation is based on historical demand and exogenous data. Is is computed using time-series-
based techniques and machine learning algorithms. Due to high variability in the demand and
diversity in the customer’s behavior, perfect demand forecast is impossible. Given this, providing
a deterministic forecast, which gives a single predicted value, is limited. To answer this limitation,
the demand value predicted is usually accompanied with a certain form of uncertainty. There are
plenty of ways to evaluate and express uncertainty. At Vekia, the way chosen to express uncertainty
on the forecast is to provide a probabilistic forecast composed of a set of likely samples of the future
demand. In this thesis, we will focus on inventory replenishment optimization. As a result, we will
use the already existing forecasting methods of Vekia, and consider the forecasted demand as input
data for our work.

1.2.2 Inventory Control

The inventory control function aims mainly to compute the best orders to place for each time period
in order to maintain a certain inventory level. These decisions are computed based on the demand
forecast. The main objectives are to answer the demand as best as possible, taking into account
the forecast and its uncertainty, together with minimizing the remaining inventory at the end of
the period and minimizing costs. As mentioned before, this part of supply chain management is
crucial and represents a major part of cost optimization. Vekia provides several tools to optimize
inventory control and replenishment that we describe further in Section 1.6. In this thesis, we focus
on inventory control problems, and one of our goals is to develop an order optimization algorithm
that answers some limitations of the existing ones.

1.3 Replenishment Problems

As we mentioned in the previous sections, the focus of the work we present is on inventory control
and replenishment problems, or as it is more frequently called in the literature, inventory control,
or inventory management.

Inventory control refers to the decisions relating to the amount of items kept within the supply
chain in order to satisfy the customer demand. It focuses on the trade-off between meeting this
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customer demand and maximizing the profitability of operations (Ma et al. [2019]), although the
demand may not be known in advance. This can also be described as decisions aimed at finding the
best compromise for providing a given customer service level with a minimal cost (Bushuev et al.
[2015]). To find this compromise, decision makers mainly have to make three fundamental choices
(Silver [1981]):

• How often should the inventory level be observed?

• When should an order be placed?

• What quantity of items should be observed?

Optimizing inventory management aims at finding answers to these questions while optimizing
a certain number of criteria. The main focus is to have the minimal cost possible. In a distribution
setting, this cost usually includes the purchase and transport costs of the goods, the inventory
holding cost and the shortage cost. Depending on the problem under study, other costs can be
included such as disposal costs for perishable items, maintenance costs in machine repair contexts,
recycling costs in case of reusable items, etc.

Inventory management is central in supply chain management, and has many interactions with
other areas of operations management, such as production scheduling, raw material provisioning,
facility location and sizing, etc. As a result, these decisions have a huge impact on the efficiency
and profitability of industries, and should receive particular attention.

The literature dealing with optimizing the inventory management decision is extensive, initiated
by the academic study of Harris [1913]. This research focuses on a simple deterministic inventory
system and aims at deriving the optimal decision rule for answering the three aforementioned
questions, and introduces the first known inventory control policy, the Economic Order Quantity.
In the years following the publication of this paper, the literature related to inventory models
quickly expanded to extend and adapt Harris’s model to various cases, but also to develop new
inventory models in different contexts and with diverse assumptions. The research around inventory
control models and their applications gained attention from the 1950s to the 1990s, leading to
the publication of a significant number of reviews on the topic in this time span (Whitin [1954],
Veinott Jr [1966], Newberry [1960], Aggarwal [1974], Nahmias [1978], Silver [1981], Prasad [1994]),
or more recently (Glock et al. [2014], Drake and Marley [2013]). In the literature, we can also find
plenty of reviews examining the research conducted and identifying gaps for several given contexts
of inventory management, such as spare parts inventory control (Bhalla et al. [2021]), perishable
items (Bakker et al. [2012], Khanlarzade et al. [2014]), inventory management multiple supplying
sources (Svoboda et al. [2021]), or transshipment assumptions (Paterson et al. [2011]). All of this
research leads to a broad bibliography dealing with various themes and academic disciplines. A more
comprehensive review on the literature related to inventory control models is provided in Bushuev
et al. [2015].

A traditional approach to deal with inventory management decisions is to focus on separated
sub-problems of the global inventory control system. In other words, researchers often provide
decision support systems for single-entity and even single-item contexts. As a result, the classical
approach to provide decision support system for inventory control decision makers is to provide
optimization methods for a single entity. This method is intended to be replicated for all entities
of the supply system. This approach can be referred to as the mono-echelon approach.

Moreover, a large part of the literature focuses on adapting existing decision rules to various
inventory control contexts. These decision rules, referred to as Inventory Control Policies, are
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central in inventory management research, and are the basis of most research conducted in the area.
There are several Inventory Control Policies that are known and broadly used in the literature. We
provide a list of these Inventory Control policies and a description of each of them in Section 1.4. All
of them have the same global form, and provide a small set of parameters that direct the quantities
ordered and the moments to place an order. They have the advantage of being very simple to use
and to explain, but they are on the other hand very rigid and do not adapt in quickly changing
contexts.

Inventory models are usually classified according to the customer demand profile that the enti-
ties under study face. This demand can be constant or variable. Moreover, inventory models are
separated in two categories: stochastic and deterministic. These categories refer to the assump-
tions on the prior knowledge of the system’s characteristic, such as demand, lead time, quantities
supplied, etc. Deterministic models assume that these characteristics are known perfectly, while
stochastic models assume a certain form of uncertainty in one or several characteristics. This leads
to more complicated mathematical models, and this implies that generic mathematical conclusions
are more difficult to derive, but at the same time the models are closer to the reality of supply
chain management.

In most of the articles, both of these classifications of inventory systems (fixed or variable
demand, deterministic or stochastic model), along with further assumptions and descriptive features
of the system under study, lead to the choice of an Inventory Control Policy. The aim of the research
is then to find a method to compute the parameters of the chosen policy efficiently, while optimizing
a given set of criteria and satisfying the system’s constraints.

Another way to approach mono-echelon inventory replenishment problems is to treat the items
jointly. This type of problems is referred to as joint replenishment problems, and reviews of the
academic work on such problems is provided in Goyal and Satir [1989], and more recently in Peng
et al. [2022]. In this approach, the goal is to compute the best orders for several items at the same
time. In such problems, in addition to optimize the classical costs that we mentioned above, the
aim is also to minimize costs that specifically apply to group of items. For instance, in some cases
the supplier adds a fixed cost to every order that can represent the transport cost or the preparation
cost. In such situation, minimizing this cost requires computing the quantities for all items included
in the order jointly.

1.4 Inventory Control Policies
As mentioned in the previous section, Inventory Control Policies are an essential part of the solutions
provided in the literature for optimizing inventory management and replenishment optimization.
An Inventory Control Policy, or ICP, is a set of decision rules guiding the inventory management
by stating on one hand when to place orders, and on the other hand what quantity to order. These
decision rules are defined by a small set of parameters, usually two or three, which indicate different
cases of decision making and their corresponding choice. An ICP usually provides the following
alternatives for the two aforementioned decisions.

• For the "when" question, the decision maker may order periodically with a time span given
by the ICP, or review the inventory continuously and place an order when needed, which is
also stated by the ICP.

• For the "how much" question, the decision maker may order a fixed quantity given by the
ICP, or order a variable quantity.
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Combining both of these alternatives, and the values of the ICP’s parameters, leads to the
complete expression of an ICP. Surveying the literature, we can observe that there exists a limited
set of ICPs that are recurring and widely studied. We also note that, though these policies are
frequently used in articles, they often appear under different names or notations. An overview of
some ICPs used in the literature can be found in Ma et al. [2019]. This survey focuses however only
on stochastic inventory control. Jackson et al. [2020] also propose a review relating to ICPs, but
they focus on the methods used to find the values of their parameters, and only include a subset of
all the recurring ICPs we can find in the literature.

To the best of our knowledge, there is no academic material that provides a comprehensive list
of the most used ICPs in the literature. In this Section, we propose a survey of the literature dealing
with ICPs, and a description of ten ICPs we identified as being recurring in this research field, and
classify them into categories. Moreover, we notice that there is no consensus on the notations to
describe these policies. Consequently, we also propose a unified notation process to better describe
and identify ICPs.

1.4.1 Basic Policies

In this Section, we present the simple policies that we can find in the literature. These policies are
basic in the sense that the ordering strategy they propose relies on a reduced set of decision rules.
Despite this simplicity, they are still considered relevant in various contexts and each of them has
been widely studied in the literature.

Economic Order Quantity

As mentioned before, the Economic Order Quantity is the first ICP introduced in the literature.
This policy was first presented in Harris [1913], and it is intended to be used in a production
context with a deterministic and constant demand. Given this context, the paper aims at finding
the optimal quantity to produce and the optimal time span between two production orders given
the set of costs involved in the process. The findings of this paper have been adapted to inventory
management contexts, leading to the emergence of extensive research around the Economic Order
quantity, its applications in the field and its extensions to address different contexts and constraints.
The strategy is simple. Every T periods – i.e. days, weeks, etc. – we place an order of Q items.
We provide a representation of the inventory level evolution using this ICP on Figure 1.2.

Figure 1.2: Schematic representation of the inventory level evolution of an item using the Economic Order Quantity ICP.
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This ICP has been widely studied and adapted to a multitude of contexts since its introduction.
According to Snyder and Shen [2019], this policy is relevant in case of deterministic demand, fixed
ordering cost and lost sales. For the centenary of this paper, Andriolo et al. [2014] proposed a
survey of the extensive literature dealing with the Economic Order Quantity. This study identifies
the major fields in which the ICP is used, including among others imperfect quality items (Hayek
and Salameh [2001], Jamal et al. [2004], Jaber et al. [2008], Khan et al. [2010]), permitted delays
in payment (Teng [2002], Chung et al. [2005], Mahata [2011]), and time-varying demand (Wu et al.
[2000], Teng et al. [2005], Sana [2008]). The policy has also been proven to be optimal for single-
echelon inventory systems with deterministic demand (Kleinau and Thonemann [2004]).

Order-Up-To

The order-up-to policy appeared later in the literature. It has been introduced in Naddor [1956],
as a periodic variant of the well-known (s, S) policy, that we detail later in Section 1.4.2. The
strategy is the following. Let S be a fixed value representing the recompletion level. The inventory
is reviewed periodically with a time span of T periods, in other words the decision maker checks
the inventory every T periods to make a choice on the order to place. At the review time period,
we place an order to bring the inventory level up to this recompletion level. The order value is
calculated in the following manner. Let t be a time period where we have to place an order, and It
the inventory level at this period. Then, the amount of the order q is computed as follows.

q =

{
0 if It ⩾ S
S− It otherwise

(1.1)

In the literature, we can find this policy under the names Order-up-To-policy, (S, T ) or (R,S).
In the two last notations, S is the recompletion level, and the number of periods between two
reviews is R in the first one, and T in the second. A schematic representation of the inventory level
evolution of an item using the Order-Up-To policy is provided in Figure 1.3.

Figure 1.3: Schematic representation of the inventory level evolution of an item using the Order-up-to ICP.

The Order-Up-To policy is proven optimal for inventory systems with stochastic stationary
demand, no fixed cost and no lead time (Snyder and Shen [2019]). It is also optimal for single-
echelon, single-item inventory systems with stochastic demand and lost sales, when the lost sale
penalty is significantly higher than the holding cost (Huh et al. [2009]).
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It has been studied in various contexts, and especially for systems with perishable items (Haijema
et al. [2007]) or highly perishable items (Duan and Liao [2013]). It is also proven to be optimal in
systems with perishable items under several assumptions (van Zyl [1963], Nguyen and Chen [2020]).

In other fields, the policy has also been used for capacitated systems (Bertazzi et al. [2002],
Veeraraghavan and Scheller-Wolf [2008], Taleizadeh et al. [2010]), capacity planning (Cheng et al.
[2004]), or systems with order crossovers (Bischak et al. [2014], Riezebos and Gaalman [2009]).

Reorder Point

The reorder point policy has been introduced in Galliher et al. [1959], initially to deal with an
inventory system with random demand. The ordering strategy of this policy is a bit different than
the two first policies we describe, because there is no fixed time span between the orders. With this
policy, the inventory system has to be reviewed continuously. Once the inventory level drops under
a given value r, which is the reorder point, an order of size Q is placed. Usually, the value of Q is
computed like in a classic EOQ policy.

In the literature, this policy is referred to as the (r,Q), or the (R,Q) policy. In both notations,
Q is the quantity to be ordered, and r and R represent the value of the reorder point. We provide a
schematic representation of the inventory level evolution of an item using the reorder point policy
in Figure 1.4.

Figure 1.4: Schematic representation of the inventory level evolution of an item using the Reorder Point ICP.

This policy is known to be optimal for single-echelon inventory systems with stochastic demand.
It is also proven to be optimal for an inventory system with stochastic demand, deterministic lead
time, back-order and fixed cost (Snyder and Shen [2019]). In the literature, this policy is generally
used in inventory systems with lead times (Taleizadeh et al. [2010], Chiang [2010], Wang [2011],
Taleizadeh et al. [2013], De Smet et al. [2019]). It has also been used in contexts with perishable
items (Berk and Gürler [2008], Kouki et al. [2015]), and in contexts with capacitated constraints
(Zhao et al. [2012], Tamjidzad and Mirmohammadi [2015], Tamjidzad and Mirmohammadi [2017]).

1.4.2 Hybrid Policies
The ICPs we detail in this Section are more elaborate than the basic policies described above. They
are built by combining several simple policies, or by adding a parameter to one of them. As a result,
the set of decision rules provided by hybrid ICPs is less simple. However, this allows for addressing
new contexts, such as customer waiting time, or more complex problems, such as multi-echelon
inventory management or inventory systems with transshipment for instance.
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Periodic Reorder Point

The Periodic Reorder Point policy has been introduced and studied first in Tempelmeier [1985],
in order to develop a policy minimizing the customer waiting time in an inventory system with
back-order. This ICP is a periodic extension of the Reorder Point Policy we presented above. The
strategy is the following. The inventory is reviewed every T periods. If the inventory level is under
a given value r at the review time period, an order of size Q is placed. Otherwise, no order is placed
until the next inventory review time period.

In the literature, the ICP can be found with the notation (R, s,Q). In this notation form, R is
the number of periods between two inventory reviews, s is the value of the reorder point, and Q is
the size of the orders. A schematic representation of the inventory level evolution of an item using
the Periodic Reorder Point ICP is provided in Figure 1.5.

Figure 1.5: Schematic representation of the inventory level evolution of an item using the Periodic Reorder Point ICP.

After its introduction, this policy has mainly been used in the same framework it was developed
for, namely inventory systems where the decision makers want to minimize the customer waiting
time (Kiesmüller and de Kok [2006], Tempelmeier and Fischer [2010]). It has also been studied
in various other contexts, like capacity constrained systems (Wang et al. [2011], Tempelmeier and
Bantel [2015]), inventory management in medical contexts (Bijvank and Vis [2012b], Wilson et al.
[2015]), systems with a minimum order quantity constraint (Kiesmüller et al. [2011]), multi-echelon
systems (Tempelmeier [2013]), continuous demand (Johansen and Hill [2000]), and inventory sys-
tems with perishable items (Kouki and Jouini [2015]).

Reorder Point Order-Up-To

This policy is the second that has been introduced in the literature, and like the Economic Order
Quantity ICP, it has been widely studied with diverse settings and assumptions. The seminal
paper presenting this policy is Arrow et al. [1951], and aims at deriving an optimal ICP for a
simple inventory system with different assumptions on the demand form. Their main concern is to
provide a policy adapted for contexts with stochastic demand. The authors also provide a formula
to compute the best values for the parameters of the policy using the demand distribution and the
characteristics of the system. In this policy, the inventory level is reviewed continuously and the
ordering decisions are determined by two parameters: the reorder point r and the recompletion
level S. As long as the inventory level is higher than the reorder point level, no order is placed.
Once the inventory level drops under the reorder point, an order is placed to bring the inventory
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level up to the recompletion point. Let t be a time period where the inventory level It ⩽ r. The,
the order size q = S− It.

In the literature, this policy is almost always referred to as the (s, S)-policy, where s represents
the value of the reorder point, and S the value of the recompletion level. It can be viewed as
a crossover policy between the Reorder Point Policy and the Order-Up-To policy, that we both
described in Section 1.4.1. We provide a schematic representation of the inventory level evolution
of an item using the Reorder Point Order-Up-To ICP in Figure 1.6.

Figure 1.6: Schematic representation of the inventory level evolution of an item using the Reorder Point Order-Up-To ICP.

There is a large part of the literature using the Reorder Point Order-Up-To policy with different
systems, and especially in case of stochastic demand and setup costs. It is known to be optimal
for inventory systems with stochastic stationary demand, fixed ordering costs and null lead times
(Snyder and Shen [2019]). In recent years, this policy has also been used for various stochastic
inventory model with pricing decisions. In cases of joint inventory and pricing decisions, there
exists a lot of studies that prove its optimality for different assumptions (among others Chen and
Simchi-Levi [2004], Pang [2011], Chen and Sun [2012]). Among the list of fields in which this
policy has been applied and studied, we can cite inventory systems with transshipment (Kukreja
and Schmidt [2005], Ekren and Arslan [2020]), spare parts inventory management (Ilgin and Tunali
[2007], van Jaarsveld et al. [2015], Guajardo et al. [2015]), and capacity constraints (Yang et al.
[2014], and Kong et al. [2020], that prove its optimality for capacity constrained inventory systems
with fixed ordering costs).

Periodic Reorder Point Order-Up-To

This policy is the periodic extension of the above described Reorder Point Order-Up-To ICP. It
has been introduced by Scarf [1959], to deal with inventory systems stochastic stationary demand
and more generic functions for expressing the costs. With this strategy, the inventory is reviewed
periodically. Every T periods, the decision maker checks if the inventory level is above a given value
r, which is the reorder point. If so, no order is placed until the next review time period. Otherwise,
an order is placed to bring the inventory level up to its recompletion level S > r. The decision rule
set can be summarized as follows. Let t be an inventory review time period, and It the inventory
level at this time. Then, the value of the order placed q is computed as follows.

q =

{
0 if It ≥ r
S− It otherwise

(1.2)
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In the literature, this policy can be found with the notations (R, s, S) and (s, S, T ). In both
notations, s represents the value of the reorder point, and S the value of the recompletion level.
The number of periods between two inventory reviews is indicated by T in the first notation, and
by R in the second. We provide a schematic representation of the inventory level evolution of an
item using the Periodic Reorder Point Order-Up-To ICP in Figure 1.7.

Figure 1.7: Schematic representation of the inventory level evolution of an item using the Periodic Reorder Point
Order-Up-To ICP.

In the seminal paper of Scarf [1959], the policy is proven to be optimal for inventory systems
with stochastic stationary demand, piecewise linear purchase cost, and convex holding lost sale
costs. This result has been extended to N -echelon serial inventory systems with the same assump-
tions in Clark and Scarf [1960]. It has also been proven optimal for single-echelon single-period
systems with stochastic stationary demand, no lead time and no supply uncertainty in Rabta and
Aïssani [2005]. More recently, it has been used for inventory systems with lost sales (Esmaili et al.
[2019], Bijvank and Vis [2012a]), and continuous demand (Moors and Strijbosch [2002], Gutier-
rez and Rivera [2021]). We can also find a significant amount of literature applying this policy
in various contexts such as transshipment (Tlili et al. [2012]), multi-echelon systems (Göcken and
Dosdogru [2015]), spare parts inventory management (Rodrigues and Yoneyama [2020]) or capacity
constrained systems (Miranda and Cabrera [2010]).

1.4.3 Policies with Multiple Quantities

In this Section, we present two policies that have a slightly different ordering mechanism. They
still provide ordering decision rules based on a reduced set of parameters, but they introduce a new
type of parameter.

Reorder Point with Multiple Quantities

The idea to order a multiple of a base batch-size is first presented in Morse [1959], and it has
been translated to the Reorder Point Policy with Multiple Quantities in Hadley and Whitin [1962].
The strategy is close to the Reorder Point policy, but the order value is computed with a different
method. The ICP strategy is the following. Like in the reorder point strategy, the inventory is
reviewed continuously. Once the inventory level drops under the reorder point r, we place an order
of size n ×Q. n is the smallest integer such that the quantity ordered brings the inventory level
above the reorder point r.
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In the literature, this policy can be found with the notation (s, nQ) or (R,nQ). In both nota-
tions, nQ represents the quantity to order. The reorder point is noted s in the first and R in the
second.

This policy has mainly been studied in multi-echelon contexts (Kiesmüller et al. [2004], Li and
Sridharan [2008], Shang et al. [2009], Li and Chen [2012], Berling and Marklund [2014], Berling and
Farvid [2014], Xiang and Rossetti [2014]. We can also find studies that apply this policy in different
contexts such as inventory systems with perishable items (Molana et al. [2012], dual sourcing (Zhou
and Yang [2016]) and joint replenishment planning (Feng et al. [2011]).

Periodic Reorder Point with Multiple Quantities

This policy is the periodic version of the one we presented previously. It has also been introduced
by Hadley and Whitin [1962], in the same paper. This policy is close to the Periodic Reorder Point
ICP, but like its continuous review version, the order quantity is computed differently. It is intended
to be used in the same situation. The strategy is the following. The inventory level is reviewed
periodically, and every T periods, we check if the inventory level is under a value r. If not, no order
is placed until the next review time period. Otherwise, an order of size n × Q is placed, with n
being the smallest integer so that the inventory level is brought above the reorder point value r.

In the literature, we can find this policy under the following notations: (R, s, nQ) or (r, nQ, T ).
In both notations, nQ refers to the ordering quantity. The reorder point is noted s in the first
notation and r in the second, whereas the number of periods between two inventory reviews is
noted R in the first notation, and T in the second.

As stated before, this ICP has been introduced in the same paper than the Reorder Point with
Multiple Quantities, and with the same motive. This policy has been used also been used in various
contexts, such as inventory systems with lead times (Larsen and Kiesmüller [2007], Lagodimos et al.
[2012], Christou et al. [2020], inventory management with perishable items (Broekmeulen and van
Donselaar [2009], van Donselaar and Broekmeulen [2012]). We can also find this ICP used in multi-
echelon contexts (Shang et al. [2009]), in inventory systems with constraints on the order quantity
(Zhu et al. [2015]) and in systems with packaging constraints (Lee [2009]).

1.4.4 Other Policies

The two remaining ICPs are policies that we could not classify in other categories, but that we still
found in a significant portion of the literature.

Base-Stock

This policy is a specific case of the Reorder Point Order-Up-To ICP. It has been introduced in Feeney
and Sherbrooke [1966], that studies the behavior of the policy with stochastic demand. The strategy
is the same than for the Reorder Point Order-Up-To policy. Inventory is reviewed continuously,
and once the inventory level drops under the reorder point, an order is placed to bring it up to the
recompletion level. In this case, if S is the recompletion level, the reorder point r = S− 1.

In the literature, this policy is mostly referred to as the (S − 1, S)-policy. In the early years after
its introduction, this policy was mainly used for repairable and recoverable items (Sherbrooke [1968],
Graves [1985]). More recently, this policy has been used in more diverse contexts. It has mostly
been used for inventory systems with high-price low-volume items (Grahovac and Chakravarty
[2001], Garg et al. [2012], Varas et al. [2019]), spare-parts replenishment contexts (Aronis et al.
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[2004], Cestana et al. [2019]), and perishable items inventory management (Olsson [2010], Alizadeh
et al. [2014], Mahmoodi et al. [2015]). It has also been studied for items with time-varying demand
(Pinçe and Dekker [2011]) and inventory systems with lead time (Lee [2009]).

Can-Order

The can-order policy is a policy that has been defined only for joint replenishment contexts, which
means we are computing the orders for a group of items simultaneously. It has been specifically
designed for such contexts. This ICP has been introduced in Balintfy [1964]. The strategy is the
following. Every item p has its own reorder point rp and its own recompletion level Sp. They also
have another level, the can-order level cp. Every time the inventory level of an item drops under
its reorder point, an order is placed to bring the inventory up to its recompletion level. For every
other item that have an inventory level lower than their can-order level, we add an order for these
items to bring their inventory level up to their recompletion level. This leads to an adaptation of
the Reorder Point Order-Up-To policy, but for joint replenishment contexts. In the literature, this
policy is noted (s, c, S).

1.4.5 Unified Notation

As we mentioned in the previous Sections, some policies have different notations in the literature.
Moreover, even if all the policies we described are distinct, we can note that they are all based on
a small set of parameters, that are recurrent. These parameters, although they refer to the same
concept (reorder point value, number of periods between two orders, etc.), are referred to with
different notations and in different orders.

In order to describe the ICPs in a more consistent way, and to clarify the notions associated to
each parameter, we propose a unified notation process.

Based on the previous description of inventory control policies, there are four parameters that
can be used to describe an ICP.

The first parameter is the quantity to order, in case this one is predefined. In all the policies,
this parameter is noted Q, or nQ in case of multiple quantities. In order to define a unique notation
for this manuscript, we note the quantity Q.

The second parameter that have a solid notation throughout the literature is the order-up-to,
or recompletion, level. This represent the inventory level we should have after an order. This
parameter is noted S. For the same reason as Q, we note this parameter S.

The first two parameters were intended to define the quantity of items to be ordered. The next
two parameters concern the ordering timing.

If the inventory is reviewed continuously, the policies define a reorder point value, that will
trigger the order. In the literature, this reorder point is either noted r or s. In order to clearly
distinguish the notations, and to not avoid confusion between the reorder point and the Order-Up-
To level, we select the notation r.

If the inventory is reviewed periodically, we have to define a number of periods between two
orders. In the articles, this parameter is either noted R or T . For the same reasons that motivate
the choice of r, we select the notation T.

The final notation is the following: (w, x, y, z), with each component defined as follows.

w =

{
T if the inventory is reviewed periodically
∅ otherwise (1.3)
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x =

 r if there is a reorder point
r, c if there is a can order point
∅ otherwise

(1.4)

y =

{
S if there is a recompletion level
∅ otherwise (1.5)

z =

 Q if there is a predefined order quantity
nQ if the order quantity is multiple
∅ otherwise

(1.6)

We recapitulate all the policies, their classification and their final notation in Table 1.1, using
the process we described above.

Table 1.1: Final notation and classification of Inventory Control Policies.

Inventory Control Policy Notation

Classic policies

Economic Order Quantity (T, ∅, ∅,Q)
Order-Up-To (T, ∅,S, ∅)
Reorder Point (∅, r, ∅,Q)

Hybrid policies

Periodic Reorder Point (T, r, ∅,Q)
Reorder Point Order-Up-To (∅, r,S, ∅)
Periodic Reorder Point Order-Up-To (T, r,S, ∅)
Policies with multiple quantities

Reorder Point with Multiple Quantities (∅,S, ∅, nQ)
Periodic Reorder Point with Multiple Quantities (T, r, ∅, nQ)

Special cases

Base Stock (∅,S− 1,S, ∅)
Can Order (∅, r, c,S, ∅)
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1.5 Multi-Echelon Approach for Inventory Control

Although the research on inventory control traditionally focuses single-echelon approaches, in other
words by computing the orders for one item, or for a group of items within a single entity, this is
not the only approach for inventory control optimization. In fact, entities from a same supply chain
are connected to each other. Moreover, some of them depend on each other, when a warehouse
supplies a store for example, and some entities of a network can also share common constraints
such as suppliers’ requirement on the total quantity delivered for example.

All of this cannot be explicitly treated with a single-echelon model, as this approach considers
every entity of the system separately. However, although the decisions made for every entity are
mainly local, they still have an impact on the other entities of the system (Axsäter [2001]). For
example, if a warehouse supplies a set of stores facing customer demand, the inventory level of the
warehouse is critical. In addition to generating its own costs, if the inventory level of the warehouse
is too low to answer all of the orders, this will create customer dissatisfaction at the store level.

Moreover, it has been shown that, except when we take into account organisational or manage-
rial issues, if all the relevant information of the supply-chain network is centralised, multi-echelon
strategies outperform single-echelon ones in terms of costs and efficiency (Hausman and Erkip
[1994]). If we stick to inventory management using ICPs, there are studies proving the domination
of multi-echelon adapted ICPs over single-echelon ones in different contexts (Axsäter and Zhang
[1999]).

As a result, multi-echelon inventory management seems to be a promising research area for
dealing with modern supply chain networks. As we already mentioned, a large part of the literature
dealing with inventory control is focused on single-echelon inventory management, and especially
using ICPs. However, a broad research area continues to focus on multi-echelon inventory op-
timization. De Kok et al. [2018] propose a literature review and classification of multi-echelon
replenishment studies with stochastic demand. They also identify future research streams based of
the gaps in the literature they unveil. They highlight the need for further research on more general
structures, relaxing the usual restrictive assumptions that are made in the studies, e.g. known de-
mand uncertainty (Grahl et al. [2016], Patriarca et al. [2016], Stenius et al. [2016]), or even known
demand (Glock [2011], Sajadieh and Thorstenson [2014]), or infinite storage capacity (Moncayo-
Martínez et al. [2016], Zhu [2022], Topan and van der Heijden [2020]). Moreover, there is a need
for exploring more diverse constraints, such as storage capacity (Dai et al. [2021]) or capacity con-
strained transportation (Pazhani et al. [2016]), demand with forecast error (Boulaksil [2016]), lost
sales customer behavior (Chao et al. [2021]), operational flexibility in the inventory system net-
work (Drent and Arts [2021]). Such assumptions lead to more complex models, and that makes it
more difficult to analyze them or derive mathematical properties. Nevertheless, results in models
that better reflect industrial contexts, making them more applicable in real-world settings. Finally,
heuristic methods and simulation are identified as promising venues to explore such contexts and
propose more tractable solutions to inventory control problem.

In fact, looking more closely at the references selected in this literature review, most of them
are analytic studies. 67% of the articles are aimed at finding optimal policies, optimal parameter
values, or derive mathematical properties on diverse contexts. In order to be able to conduct a
mathematical analysis, the authors often make very restrictive assumptions, or work with small
inventory systems. This leads models that are hardly applicable in practice.

Moreover, if we concentrate on articles that do not propose an analytic study, there is still 27%
of them that are aimed at finding exact methods to solve the inventory replenishment problems
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they tackle. Their solving procedures mainly use dynamic programming, or classic mathematical
programming methods (linear programming, non-linear programming or stochastic programming).

Svoboda et al. [2021] propose a literature review on inventory control with multiple supplying
sources and supply network flexibility. One of the main research avenues they identify is to develop
models and solutions tackling problems with more complex networks, and especially with multi-
echelon network. This echoes the conclusions provided in De Kok et al. [2018] on the need to develop
multi-echelon models tackling operational flexibility. The literature review proposed in Svoboda
et al. [2021] is not focused on multi-echelon inventory control, but there still is a non negligible list
of references that propose multi-echelon models. In the same way as in De Kok et al. [2018], most
of the multi-echelon references cited in this paper are analytic, and aim at finding optimal policies
or at deriving optimal properties, and most of the remaining references use exact methods such
as linear programming. Nevertheless, there are some articles that use simulation as a comparison
tool to show the added value of introducing flexibility in the supply networks (Arıkan et al. [2014],
Schmitt et al. [2017]), or as an optimization tool (Wu et al. [2019], van Wingerden et al. [2019]).

To summarize all of the research streams identified for further research: there is a need for studies
that tackle supply networks that are closer to the reality. This can be achieved by considering larger
networks, with more echelons or more entities, or by including constraints that represent the actual
inventory systems in practice, like multiple sourcing or capacity constraints for example, or by
relaxing usual modeling assumption, like completely known demand uncertainty or full back-order
for example.

Considering one or some of the aforementioned research direction leads to more complete models,
and consequently also more complex models, with a lot of decision variables and more intricate cost
functions. As a result, mathematical properties and analytic studies are more difficult to conduct
in such contexts, and one has to find other techniques to find solutions for such inventory control
problems.

1.6 Existing Replenishment Optimization Methods at Vekia

As mentioned in Section 1.2.2, the partner company Vekia already has algorithms to manage in-
ventory control problems and optimize orders. There are two order engines, that are developed to
tackle given replenishment contexts, and that are in use for the customers. In the following sections,
we describe their scope and functioning.

1.6.1 Single-Echelon, Single-Item, Single-Period Inventory Control

If we decompose the global replenishment problem of a complete supply chain, the most simple
problem is to compute orders for each entity, each item, and each planning period. This leads to a
single-echelon, single-item and single-period inventory control problem. The SPSE (Single-Product
Single-Echelon) order engine aims at solving such problems. We provide a schematic representation
of the decision process within a supply chain using SPSE in Figure 1.8.

For a given entity, item and planning period length, the order engine takes as input a piecewise
convex cost function, a set of predicted demand samples, and a set of inventory control constraints
(e.g. minimum inventory level), it computes the optimal order to place in order to minimize the
given cost function on the whole planning period. The optimization method is based on a dichotomic
search process, which makes it very efficient.
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Figure 1.8: Schematic representation of decision process using SPSE. In this case, every ordering decision is made by one
separate run of the algorithm.

One big advantage of this order engine is that, given its efficiency and the simplicity of the
problem, the computation is very quick for each replenishment sub-problem. Moreover, every sub-
problem is independent from one another. Therefore, we can parallelize the execution of the engine
on all sub-problems and significantly reduce the total execution time for the whole supply chain.
Furthermore, the algorithm is very flexible, and we can add various single-item constraints and cost
elements to the model, as long as the cost function stays piecewise convex.

However, this approach is rather myopic, as it separates the whole problem in several inde-
pendent sub-problems that have a reduced scope. This makes the model unable to capture the
dependencies between each sub-problem. For example, in the supply network described in Fig-
ure 1.8, both stores order items from the warehouse. For a given item and time period, the sum of
both orders computed for the stores may exceed the inventory level of the warehouse. In such case,
we will have to add an allocation procedure that will decide how much to send to each store while
respecting the inventory level of the warehouse. Then, the store will not get its optimal order, and
this can incur extra cost. The nature of the algorithm makes it unable to tackle such problems,
even if we have the data to prevent it, which is a significant limitation.

1.6.2 Single-Echelon, Multi-item, Multi-period Inventory Control

As we mentioned in the previous Section, the single-echelon, single-item and single-period order
engine, although it is very efficient, is limited in terms of constraints and costs, as it can only treat
single-item specifications. In order to tackle some of these limitations, there is a second order engine
that is intended to solve single-echelon, multi-item and multi-period problems. MP2 (Multi-Product
Multi-Period) is an extension of SPSE, and computes ordering plans for groups of items that are
provided by the same source within a given entity.

The optimization process relies on splitting the total planning horizon into ordering periods,
that are called coverage periods, and the orders to place are represented as objects we call blocks.
A block represents an order that has to answer the customer demand for a given number of coverage
period. Blocks are defined by their length – the number of periods they have to cover, the quantity
of the item to order, and the single-item costs associated to the order. These are computed using
SPSE on the horizon of the number of coverage periods of the block. All the possible blocks for the
planning horizon are pre-computed for all items using SPSE, and they are the input for a Mixed-
Integer Linear program that will compute the best block combination on the planning horizon.
We provide a schematic representation of the decision process within a supply chain using MP2 in
Figure 1.9.
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Figure 1.9: Schematic representation of the decision process using MP2. In this case, we have to run the algorithm for
each entity separately, but one algorithm produces ordering decisions for all items and periods simultaneously.

This approach has the main advantage of integrating multi-item costs and constraints while
still respecting the single-item constraints ensured by SPSE. This is an extension of the single-item
single-period and can tackle constraints that we usually encounter such as fixed ordering cost or
order quantity sale.

Its main drawback is that the whole process is longer, especially the block computation phase.
Moreover, this still does not answer the problem of warehouse inventory allocation, because this
algorithm still computes orders for entities separately.

1.7 Conclusion: Motivations of our Work and Positioning

As it is described in Section 1.5, although the research on multi-echelon replenishment planning
exists, it is mainly focused on analytic studies, and on the establishment of formulae for computing
optimal parameters or solutions, or of mathematical properties or theorems for given replenishment
problems. As a result, the inventory control problems that are studied remain simple, as they
apply only to small supply chain and do not include many constraints, so that the problem remains
mathematically tractable. This kind of study is very important to build a better understanding of
the problems we tackle, uncover their specificities and identify where lies their complexity. They
also provide results that are mathematically proved, and that consequently can be applied in the
contexts they tackle without questioning their efficiency or relevancy.

However, this kind of study presents several downsides. First, they usually present a large
number of reductive assumptions such as infinite capacity of the entities, or fully known demand
variability. Moreover, they usually take only a few constraints into account, or even no constraint
at all. These studies also generally focused on small supply networks, either with a small number
of entities, a small number of flows, or a simple network structure. As a result, the cases that
are studied are not representative of inventory control problems we usually encounter in practice.
Therefore, although the results presented by these studies are solid, we can rarely apply them as
is, as the problems we tackle in real-life applications are more complex. Finally, finding optimal
solutions and proving their optimality is an interesting approach, because it provides the minimal
cost. Nevertheless, an optimal solution only applies on a given context, and most of the time this
context does not take into account the embedded variability of replenishment problem. Indeed,
the variability on the demand, delivery delays, quantities delivered by suppliers, etc. are common
in inventory control. Consequently, an optimal solution can be relevant for a given deterministic
context, but may be unsuitable once the real scenario occurs, as we may observe differences with
what was planned. As a result, in real-world contexts, it may be more interesting to rapidly find
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sub-optimal solutions that are satisfying, although their cost may be higher, than spend time and
resources into computing an optimal solution that may not cover the actual replenishment events
that will occur. Therefore, we identify a need for a study that tackles problems that are more
representative of real-life inventory control problems, by including industrial constraints, tackling
larger supply networks, or by incorporating variability in the planned events. This may result in a
mathematically intractable model, but finding a solution to such problems enables their application
to practical problems, although this solution is not optimal.

On the industrial side, as we mention in Section 1.6, there already exist optimization methods
to tackle replenishment problems in the company. These methods are designed with the aim of
being applicable to a large range of replenishment problems and contexts. They may not return an
optimal, or proven to be optimal, solution, but they provide good quality results in a reasonable
time. They are also designed to be adaptable, and can include a relatively significant number
of constraints if needed. This specificity is important in an industrial context where we provide
software to different customers, because each of their replenishment context is unique and has its
own set of costs and constraints.

Yet, both of the optimization methods already in place in the company use a single-echelon
approach. This means that, even if the customer provides information on their entire supply chain,
the entities will be treated separately in the order computation system. As we already mentioned
earlier, the single-echelon echelon approach is interesting because it separates the complete problem
and makes its complexity lower. Nevertheless, it hides the dependency between the entities and
the constraints they may share. For example, let us consider a supply network where a warehouse
supplies a given number of stores, that have to fulfill external demand for one given product. In this
case, with the single-echelon approach, an optimization method will compute the orders originating
from the stores directed at the warehouse for every store separately. Then, the warehouse will have
to fulfill these orders. Although we are in a setting where we have all the information on the supply
network, as we operate in a single-echelon approach, the stores do not have information on the
available inventory at the warehouse, or on the orders originated from the other stores. As a result,
the total number of items ordered by all stores may exceed the number of items available in the
warehouse inventory. In such cases, we will have to set an inventory allocation procedure so that
the total number of items sent to the stores stay within the available inventory levels, which means
that the stores may not receive the item quantity they ordered, and this can lead to unplanned
demand unfulfillment, and consequently to higher costs. This is one of many examples of the aspects
that are impossible to handle with a single-echelon approach, and this is a serious limitation of the
current optimization methods in place in the company. We provide a representation of the decision
process using a multi-echelon order engine in Figure 1.10.

Figure 1.10: Representation of the decision process using a multi-echelon order-engine. In this setting, the ordering
decisions for all entities, items and periods of the instance are taken simultaneously.
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As a consequence of all the elements presented above, we can note that there is a need, both
industrially and academically, for a study on inventory control problems that is aimed at treating
real-life, or at least realistic, problems. In fact, this gap is made clear by the literature (De Kok
et al. [2018], Svoboda et al. [2021]), as reviews state that there is still a need for research studies that
either tackle larger supply chains, relax common reductive assumptions, or include constraints that
are encountered in practice. On the other hand, the partner company still needs an appropriate
optimization method to treat multi-echelon inventory control problems, and cannot use already
existing methods, as the ones provided by the literature are hardly applicable to the customer
cases.

Overall, after surveying the existing literature and the needs of the company, we can conclude on
the relevance of a research study on realistic multi-echelon inventory control problems. Accordingly,
the aim of the work we present in this thesis is to model a replenishment problem using a multi-
echelon approach including industrial specifics to the supply configuration under study, and propose
an optimization method to solve it. In this thesis, we want to answer several objectives.

• Study the industrial contexts of the customers of the company in order to identify their needs,
characteristics and constraints regarding the inventory control process. With this analysis, we
want to determine the key aspects that the companies face in the replenishment process, so
that we can build a multi-echelon model that can better answer their requirements. This part
of the work establishes a solid foundation for the optimization part, and ensures we propose
a solution that will be applicable in practice.

• Propose an order computation tool that can solve a multi-echelon problem given the volume
of data we have to handle, and provide good results in a reasonable time. In this phase of the
work, we aim at identifying a suitable optimization method for the type of problem we want
to tackle, and adapt it to answer the requirements of the model.

• Compare the designed method with the ones already in place in the company. For this part
of our work, we want to highlight the advantages of using a multi-echelon approach. To do so,
we want to apply the solution method to a case study drawn from a real-world application.
We also want to identify its benefits over a single-echelon approach, and therefore we want to
compare the method we propose with the already existing single-echelon optimization methods
in place in the company.

To conclude, this thesis focuses on several aspects. First, we aim at modeling a realistic multi-
echelon inventory control problem. Then, we want to propose an optimization method that can
compute good quality order decisions in a reasonable time for this problem. Finally, it is impor-
tant to demonstrate the effectiveness of the approach by applying it to a realistic case-study and
comparing its results with the existing replenishment decision methods in the company.

In the following chapter, we provide a detailed description of the replenishment problem we
want to solve. The formulation of this problem is the result of a study of industrial replenishment
contexts. We describe all of the specifications drawn from this analysis, provide an application
case-study for the remaining experiments, and propose a mathematical model for the specified
problem.
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2.1 Introduction

The main goal of the research work conducted in this thesis is to model and solve a multi-echelon
inventory replenishment problem. One of the main highlights of the state of the art presented in
the previous Chapter is that, although there exists research focusing on multi-echelon inventory
control, there is still a lack of work taking into account realistic constraints and use-cases (De Kok
et al. [2018]).

In this regard, we want to develop a model that can describe a multi-echelon replenishment
problem, but that can also take into account relevant industrial constraints. Accordingly, we choose
to take an existing inventory control context as a case-study for our work.

As stated in Chapter 1, research on multi-echelon systems facing stochastic demand exist, and
there are plenty of studies developing exact or heuristic methods for inventory control of such
systems. However, the methods provided often turn to be intractable for real-life problems due to
high computation time or restrictive assumptions (Berling and Marklund [2014]).

Accordingly, using real-world problems and data as a case study for developing efficient solving
method seems promising. In the literature, we can find two types of approaches for using real-life
problems as case studies. Firstly, the case study is used as a validating example of a proposed
method for a given research question. Such work can be found in Klosterhalfen et al. [2014], Basten
et al. [2015], Ni and Shu [2015], Berling and Martínez-de Albéniz [2016]. This approach is suitable
for testing a theoretically developed method and provide more practical results. A second approach
is to build a model and a solving method from a given case-study, like in Moncayo-Martínez et al.
[2014] and Hua and Willems [2016]. This approach enables the development of methods that are
directly suited for real-life instances, and ensures the resolution the real-life problems under study.

Nevertheless, both approaches do not really counter the limitations mentioned previously. In
fact, the method is either tested on or constructed for a specific example of the problem considered,
and this does not ensure the tractability of the method on other datasets.

As a result, we chose to base our research on a realistic case-study drawn from a real-world
dataset. To do so, we use an inventory context given by one customer of the company, and use its
data. This case-study is the foundation for our model and provides data for the experimentations.
This ensures that our research is grounded in real-world applications. However, in order to avoid
the previously mentioned limitations, we choose a customer context that is known to be represen-
tative of the multi-echelon inventory control problems faced by the company, and we also adapt it
using additional constraints that we can encounter in practice. This approach ensures that we are
answering a practical research problem, while keeping our model generic enough to be applied on
several cases.

In this chapter, we focus on detailing the characteristics of the problem we chose to solve.
We explain the characteristics and specifications drawn from the case-study, in order to carefully
define the problem we intend to address. This is presented in Section 2.2. Based on this problem
description, we can build a mathematical model that will be the basis for the design of a resolution
method. We present and detail this model in Section 2.3. Then, we also describe the case-study’s
data we use and the solving instances we build in Section 2.4. We also use the proposed model for
a first study on the exact resolution of the problem using the case-study data, that we adapted for
our work. This study and its results are presented in Section 2.5. Finally, we provide a conclusion
of this part of our work in Section 2.6.
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2.2 Problem Definition
In this section, we detail all the characteristics and specifications of the case-study we set in place
for our work. As mentioned in Section 2.1, this case-study is based on a real-life industrial context.
This company provides spare parts and finished products for domestic heating systems. For the
spare parts category, they also provide the maintenance service to install and repair heating systems
at their customers place. Throughout the manuscript, we will refer to these spare parts and finished
products as products or items.

The network under study consists of a warehouse and a set of retailers, also called stores. These
are the entities for which we manage the inventory, also referred to as active entities. We also
consider a set of external suppliers, that provide items for the active entities. The suppliers provide
goods to the warehouse, and the warehouse redistributes these goods to the retailers. Retailers face
an external demand from customers and have to meet this demand without knowing it in advance.
This describes a classical One-Warehouse-N-Retailers (1WNR) network.

In the context under study, there is an additional specification regarding the flows of items within
the network. As a matter of fact, retailers can also place orders directly to suppliers, although the
warehouse is the privileged ordering source. This is set in place to complement orders or replace
warehouse orders when the latter does not have enough inventory to supply retailers. This property
of the network is called dual-sourcing.

A simple representation of the network under study is provided in Figure 2.1. The complete
network we work with in this thesis contains 905 items, 164 stores and 43 suppliers. In the following,
we detail the constraints linked to the problem under study. These constraints are incorporated
to the proposed model as case-specific constraints, or as representative constraints for the generic
dual-sourcing 1WNR industrial contexts.

We first detail the general characteristics of the inventory control problem we propose to solve in
Section 2.2.1. Then, in Section 2.2.2, we detail the industrial constraints related to the case under
study, and the modeling choices they incur.

Figure 2.1: Representation of the case study supply network. Solid lines represent the classic 1WNR flows, dotted lines
represent the dual-sourcing flows. Active entities are in the square.

2.2.1 Problem Specifications
Before getting to the case-study specifications and model definition, let us focus on the problem
design. In this section, we detail the characteristics of the inventory control problem we want to
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solve.

Multi-Echelon Approach - As stated in Section 1.6, the inventory planning system already in
place in the company is a single-echelon one, and treats each entity separately. This optimization
process splits the complete inventory control problem into separated entity-item couples, chooses a
supplying source according to fixed decision rules for every couple, and computes the optimal order
for these contexts according to the forecast. The warehouse then aggregates all orders originating
from the stores and allocate its available inventory. In our approach, we want to consider the
inventory control system in its whole to propose an ordering plan for all entity-item couples of the
supply chain. This allows, among other things, to avoid the supplying source selection and the
allocation phases.

Multi-Item Constraints - The problem we choose to tackle is also subject to multi-item costs
or discounts. The first multi-item discount mechanism is the so-called Franco penalty. This is an
extra constant cost charged by some suppliers if the total purchase price of an order does not exceed
a given amount. This penalty is specific to some external suppliers and only applies to orders placed
to them. The second multi-item cost is the fixed ordering cost charged to every order placed in
the system. This represents the processing cost of the orders, and does not only concern the orders
placed to suppliers but also the internal orders from stores to warehouse. Both of these costs (fixed
and Franco) apply on complete orders, i.e. all the items ordered to a supplying source. A single-
item order engine cannot treat these costs explicitly, because the orders are calculated for separate
items. As a result, such an optimization method is "blind" to those costs, even if we can reach
some thresholds by placing high orders. We want to include these constraints in the optimization
and therefore we consider a multi-item problem.

Multi-Period Planning - Finally, we want to propose a plan that can tackle all the aforemen-
tioned constraints and may also anticipate some further behavior of the demand. This is motivated
by two main aspects. First, we are provided with forecast on several planning period and want to
take advantage of this available data. Second, we know that treating the multi-item constraints
sometimes requires ordering more to reach thresholds. Multi-period planning is then interesting in
such cases, because it can help the order engine to order relevant additional quantities.

As a result, we aim to solve a multi-echelon, multi-item, multi-period inventory control problem.
This problem demands computing the best orders for a 1WNR-like supply chain with dual sourcing.
The objective is to minimize the global inventory levels, the total costs, and to maximize the satisfied
customer demand (i.e. minimize shortage). The model is enhanced with industry constraints and
specifications that allow us to better answer the actual situation faced by inventory controllers in
practice. Consequently, the model we develop is rich and complex, but more realistic and usable in
practice. The constraints and specifications included in the model are detailed in the next section.

2.2.2 Specific Constraints and Modeling Choices

In this section, we focus on the case-study specificities. We detail each one of them in the following,
and also the additional constraints we took into account for making the model more generic and
applicable to various customer contexts. For most constraints, we need to make modeling choices
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in order to translate them while staying as close as possible from the reality. These choices are also
explained in the following.

Supplier Specifications - As mentioned above, suppliers are external and not included in the
active entities set. This means we do not manage their inventory. In the work we present, suppliers
are considered to be perfect i.e. we assume they have unlimited capacity, and their lead times are
completely reliable. In other words, this means that there is no uncertainty on the supply, and
everything that is ordered is delivered at the time planned.

Demand Forecast - The external customer demand faced by the stores is not known in advance.
Still, we need some information on this demand in order to take suitable ordering decisions. To tackle
the uncertainty of the external demand, we use a likely estimation of the demand for the upcoming
planning period. This estimation is based on the combination of the past demand observations and
of a set of temporal features, that are used by machine learning-based forecasting engines. These
forecasting engines are given by the company and provide us with a probabilistic forecast for the
case under study and for a given time span. As a result, we consider this probabilistic forecast to
be an input data for our study, and this forecast is used to derive demand scenarii for our model.
For the model, we choose to use the mean of the forecast as the demand for the planning periods.
This choice may be changed without any impact on the proposed method.

Ordering Calendar - Active entities are not open every day of the planning horizon. This means
that, on closed days, the entities can neither place orders nor receive past orders. On these days,
external customer demand is also null. The ordering calendar is a piece of data that states which
days of the planning period the entities are open or closed. Every entity has its own calendar. We
use this parameter to force orders and demand to be null on closed days. Concerning the receiving
process, as demand is null on closed days, considering the entities to be open or closed for receiving
is mathematically equivalent for the inventory dynamic.

Shortage - When the total amount of customer demands exceeds the current inventory level of
an entity, the inventory level system faces a product shortage. There are two options to model the
customer behavior in such cases (ElHafsi et al. [2021]). We can consider the customer is patient
and willing to wait until their demand is fulfilled, and in this case the demand is delayed to the next
period. This is the back-order strategy. On the other hand, the customer can be impatient and will
abandon their demand or search to fulfill it elsewhere, and accordingly the unanswered demand is
deleted. This is the lost sales strategy. Both strategies incur a penalty for the system, either due
to unwanted waiting-time, or to customer dissatisfaction. In our case, the customer behavior is
better represented by the lost sales strategy. The penalty charged to the lost sales is modeled as a
function of the sale price of items in the different entities. As the sale price for a given item can
vary among the entities, this penalty will be specific to entity-item couples.

Transportation Cost - In the problem we study, we face different types of variable ordering
costs. There are mainly two cost categories we encounter. The first category corresponds to
the purchasing cost provided by the external suppliers. These purchasing costs are the result of
different buyer-provider purchase agreements. They usually include transportation costs. The
second variable cost category relates to transportation cost inside the active entities network. In
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our case, this corresponds to the transportation cost of goods from the warehouse to the stores. In
this situation, the products are already purchased and only the items’ shipment is charged. In the
model, both of these cost categories are grouped under the same cost, that we name transport cost
or purchase cost.

Capacity - In practice, entities that hold inventory do not have an infinite capacity and cannot
hold more than a given quantity of products. However, due to many uncertainties, they may
sometimes receive more products than they can store. In such cases, the extra quantity is not
thrown away, but this causes inventory management difficulties. To model this particular case, we
choose to introduce an overcapacity penalty. This translates the fact that exceeding the storage
capacity is accepted but not encouraged.

Frozen Horizon - In a real inventory control context, the orders placed are rarely delivered
instantaneously, as the products have to be shipped from another entity. As a result, an order
placed at a time period will be received after a processing and shipping time span, which is called
lead time. The orders previously placed that still did not go through the entire lead time are
referred to as the in-progress orders. To model these in-progress orders, we divide the time horizon
modeled into two parts, as described in Boulaksil [2016]. The first part of the horizon contains the
in-progress orders. As these orders are already placed, they cannot be modified. As a result, this
part is called the frozen horizon. The second part is the actual planning horizon, where decisions
are computed. We provide a schematic representation of this concept in Figure 2.2.

Figure 2.2: Schematic representation of the frozen horizon concept.

Objective - The problem we study contains several costs and aspects to optimize. Some of them
represent "real" costs (i.e. monetary). These real costs include the purchase and transportation
costs, the fixed costs and the Franco penalties. On the other hand, there are also costs that represent
parameters used to influence the decisions on a desired behavior. For example, we want to reduce
lost sales, so we charge a lost sale penalty to reflect this intention. This also includes the storage
cost, to reduce the inventory level, and the exceeding capacity cost. As a result, the objective
function is an aggregation of all these costs.

All of the characteristics listed and detailed above are elements that must be included in the
proposed mathematical model. This model allows us to represent the described context mathemat-
ically and build a method to solve it. In the next section, we define the problem mathematically
and provide the complete notations and model.
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2.3 Proposed Mathematical Model

In order to develop a solving method for the previously described problem, the first step is to
translate it into a mathematical model. Linear programming is a language that has been widely used
in service operations, as stated in Kang et al. [2015]. Moreover, this approach has the advantage of
being easy to use and to implement, and there exist many solvers that return the optimal solution
for such models. As a result, we choose to model our problem by using Mixed Integer Linear
Programming.

In the following, we define the Mixed-Integer Linear Program (MILP) corresponding to our
problem. In Section 2.3.2, we list the data and notations used for the model, and define the
decision variables. In Section 2.3.3, we describe the objective function and constraints that define
the problem.

2.3.1 Linear Programming

Linear Programming (LP) and Integer Linear Programming (ILP) are efficient ways to model
optimization problems. Linear programming was introduced by George Dantzig in 1947 in order to
model and solve decision-making problems for industrial contexts. He also introduced the simplex
algorithm, aimed at optimally solving linear programs. This algorithm and its generalizations
have had a lot of success and dominated practical operations research for half a century (Nash
[2000]). Consequently, linear programming can be found in a significant portion of the optimization
literature in general, as a modeling tool as well as a solving method.

In the field of multi-echelon inventory optimization, the problems under study often lead to
complex models and large instances to solve, and accordingly it is difficult to obtain solutions in a
reasonable time, especially for practical contexts. Hence, a lot of multi-echelon inventory control
references combine linear programming with heuristics to find good solutions within a reasonable
time span.

Alvarez et al. [2015] study service differentiation in a two-echelon spare parts supply chain
with back-order and emergency shipment. They model the problem with linear programming and
develop a custom column generation algorithm to solve it. Fattahi et al. [2015] investigate a multi-
period inventory planning problem in a two-echelon supply chain with uncertain demand. They
propose a MILP to solve the problem in a centralized (i.e. make decisions for all entities jointly)
and decentralized (i.e. make decisions for entities separately) setting. For instances where the
MILP solver is not able to find an optimal solution, they provide a heuristic method based on
evolutionary strategies. Lu et al. [2015] study assemble-to-order inventory systems and combine
a linear program model with a sample path analysis to characterize the structure of the optimal
ICP and find the expression of its parameters. Shu and Karimi [2009] develop a heuristic based in
solving a finite series of linear programs or mixed-integer linear programs to solve a safety stock
placement problem in general acyclic supply chains.

Linear Programming can be solved using the simplex method. This algorithm is very time-
efficient, which makes linear programming a very interesting modeling and solving tool. However,
this requires all the decision variables to be continuous. If all decision variables are integer, in
an Integer Linear Program (ILP), of even if only a part of them are integer, in a Mixed-Integer
Linear Program (MILP), this property is not preserved. As a matter of fact, ILP and MILP are
known to be NP-hard problems. The on-the-shelf solvers for linear programming provide efficient
resolution methods for ILP and MILP, usually based on several use of the simplex method in a
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branch-and-cut resolution method. However, due to the complexity of the model, these resolution
method, as efficient they are, can still have a significant execution time. In the case we study, we do
not allow the model to order portions of items, so the ordering quantities are necessarily integers,
which forces us to develop at least a MILP model.

2.3.2 Data and Notations

In this Section, we detail the input data used in the MILP mathematical model we propose for
solving the problem under study. As there is a significant amount of data to include, we separate
them into different categories. For the definition of the different sets, we choose to link the items
to the flows they transit on or to the entities they are sold in. As a result, we propose to use a
set of flow-items, that are composed of a source-entity, a target entity and an item, and a set of
entity-items. For the treatment of multi-item constraints, we also have a set of flows, composed of
a source entity and a target entity. This modeling choice has two advantages. First, we can take
into account the fact that all entities are not linked together, and that all items are not provided
in every entity. Moreover, it makes the notation lighter in the indices, and accordingly clearer.

Time Related Data

H - Planning horizon length
FH - Frozen horizon length
T− = J1,FHK - Frozen time horizon
T = JFH + 1,FH + HK - Planning time horizon
T+ = JFH + 1,FH + H − 1K - Reduced planning time horizon, used for the inventory dynamic
formula

Set Definition

E - Set of active entities. Entities are denoted by the index e.
ST - Set of entity-items (i.e. [entity - item] couples). Entity-items are denoted by the index s.
FL - Set of flows (i.e. [source entity - target entity] couples). Flows are denoted by the index l.
F - Set of flow-items (i.e. [source entity - target entity - item] triplets). Flow-items are denoted by
the index f .

Set Characteristics

ENs - Entity associated to entity-item s
ITs - Item associated to entity-item s

SFl - Source entity associated to flow l
TFl - Target entity associated to flow l

SEf - Source entity associated to flow-item f
TEf - Target entity associated to flow-item f
ITf - Item associated to flow-item f
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Cost Related Data

Ctf - Transport and purchase cost for flow-item f
Chs - Holding cost for entity-item s
Css - Shortage cost for entity-item s
Cfl - Franco penalty for flow l
Ckl - Fixed cost for flow l
Cae - Exceeding capacity cost for entity e

Additional Input Data

LTf - Lead time associated to flow-item f
Ot,f - In-progress order at time t ∈ T− for flow-item f
Ct,e - Boolean stating the entity e is open at time t ∈ T
I0s - Initial inventory level for entity-item s
Dt,s - External demand at time t ∈ T for entity-item s
FRl - Franco threshold of flow l
We - Holding capacity of entity e
M - Big M for constraint linearization

Subset Definitions

F−
s = {f ∈ F | TEf = ENs, ITf = ITs} - Set of flow-items targeting to an entity-item s

F+
s = {f ∈ F | SEf = ENs, ITf = ITs} - Set of flow-items originating from an entity-item s

F∪
l = {f ∈ F | SEf = SFl, TEf = TFl} - Set of flow-items that constitute a flow l

INe = {s ∈ ST | ENs = e} - Set of service-points that constitute entity e
Ae = {f ∈ F | TEf = e} - Set of flow-items targeting entity e

Variables

qt,f - Quantity of products transported for flow-item f at time t
it,s - Inventory level for entity-item s at time t
yt,s - Amount of demand that is not satisfied for entity-item s at time t
at,e - Amount of additional inventory at entity e and time t

αt,l =

{
1 If an order is placed on flow l at time t
0 Otherwise

βt,l =

{
1 If the total amount of orders of flow l at time t does not exceed FRl

0 Otherwise

The variable q is the main decision variable of the model. Other variables are so-called intermediate
variables that are required to compute costs, and are deduced from the values of q.
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2.3.3 Model

Objective

min
∑
f∈F

∑
t∈T

Ctfqt,f +
∑
s∈ST

∑
t∈T

(Chsit,s + Cssyt,s) +
∑
e∈E

∑
t∈T

Caeat,e +
∑
l∈FL

∑
t∈T

(Cklαl,t + Cflβt,l)

(2.1)

Constraints

∀t ∈ T−, ∀f ∈ F qt,f = Ot,f

∀s ∈ ST iFH+1,s = I0s

∀t ∈ T, ∀s ∈ ST,
∑
f∈F+

s

qt,f ⩽ it,s +
∑
f∈F−

s

qt−LTf ,t − (Dt,s − yt,s)

∀t ∈ T, ∀s ∈ ST, yt,s ⩾ Dt,s −

it,s +
∑
f∈Ae

qt−LTf ,f


∀t ∈ T, ∀s ∈ ST, yt,s ⩽ Dt,s

∀t ∈ T, ∀e ∈ E, at,e ⩾
∑

s∈INe

it,s +
∑
f∈Ae

qt−LTf ,f −We

∀t ∈ T+, ∀s ∈ ST, it+1,s = it,s +
∑
f∈F−

s

qt−LTf ,f −
∑
f∈F+

s

qt,f − (Dt,s − yt,s)

∀t ∈ T, ∀e ∈ E,
∑
f∈AE

qt,f ⩽ MCt,e

∀t ∈ T, ∀l ∈ FL,
∑
f∈F∪

l

qt,f ⩽ Mαt,f

∀t ∈ T, ∀l ∈ FL, βt,l ⩽ αt,l

∀t ∈ T, ∀l ∈ FL, FR× βt,l ⩾ FRlαt,l −
∑
f∈F∪

l

Ctfqt,f

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Domains

∀t ∈ T− ∪ T, ∀f ∈ F, qt,f ∈ N

∀t ∈ T, ∀s ∈ ST, {it,s, yt,s} ∈ R+

∀t ∈ T, ∀e ∈ E, at,e ∈ R+

∀t ∈ T, l ∈ E, {αt,l, βt,l} ∈ {0, 1}
The formula 2.1 is the objective function we want to minimize. This function includes all the

different costs we take into account for the optimization. The first sum relates to the purchase and
transport cost that applies on all quantities ordered. The second sum groups the inventory holding
cost, applying on all the items remaining in stock at the end of each period, and the lost sale cost,
applying on every unit of unsatisfied demand. The third sum refers to the exceeding capacity cost,
that applies on all hold items that create stock that exceeds the capacity. The last sum relates
to the multi-item costs. This includes the fixed costs, charged on every flow that orders at least
one positive quantity for an item, and the Franco penalty, charged on every flow for which the
order price is not null and under a given threshold. The values of the variables are defined in the
constraints, that we define in the following.

Constraint 2.2 assigns the in-progress orders to q variables of the frozen horizon. This allows
to compute receivings for the inventory dynamic. Constraint 2.3 assigns the initial inventory levels
to the corresponding entity-items at the beginning of the planning horizon. These two constraints
initialize the fixed variables of the model with the input data.

Constraint 2.4 ensures that the entities do not send more items than they hold in their inventory.
In our case specifically, this only concerns the warehouse. This constraint is the only "hard"
constraint of the model, as it translates a physical limitation on the quantities to be transported
within the network. Other constraints are there to define the values of the variables.

Constraint 2.5 and 2.6 define the value of lost sales variables according to the external demand
and available inventory. In our case-study specifically, this concerns only the stores, as the external
demand for the warehouse is set to zero (and accordingly the lost sales will be null).

Constraint 2.7 defines the value of the excess inventory. This value is based on the entities total
inventory considering all items combined, compared to their holding capacity.

Constraint 2.8 describes the inventory dynamic. For a given time period, it computes the
resulting inventory level for the next period based on the current inventory, the amount of items
delivered and the external demand satisfied.

Constraint 2.9 ensures entities do not place orders if they are closed, based on the calendar
provided.

Constraint 2.10 defines the value of the boolean variable for counting the fixed costs, and con-
straints 2.11 and 2.12 define the value of the boolean variable for counting the Franco penalty. Both
these variables are defined according to the orders aggregated on flows.

Based on the model definition and the linear program, we can compute the number of constraints
and variables corresponding to given instance sets’ sizes. The number of variables can be obtained
with formula 2.13, and the number of constraints with formula 2.14.

Number of variables = H (|F |+ 2|ST |+ |E |+ 2|FL|) (2.13)
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Number of constraints = FH |F |+ T (4|ST |+ |E |+ 4|FL|) (2.14)

We can see that the feature that contributes the most to both of these equations is the planning
horizon length H, as it is linked to every variable and almost every constraint. As a result, adding
one planning period to the problem will significantly increase its complexity. Moreover, there is
another feature that has a non negligible effect on the complexity. This feature is the number of
items. This number does not appear directly on the formula, but has an impact on the sets’ sizes.
To explain this, let us assume we add an item to a given instance, that is sold only in one store
of the network, and provided by one supplier. In this case, the size of the set F will be increased
by three, as it creates one flow-item with this new item for the three following flows: supplier →
warehouse, supplier → store and warehouse → store. Moreover, it also increases the size of the set
ST by two, as it creates one entity-item for the warehouse and one for the store. If the store in
question is not in the network of the original instance, it also increases the size of the sets E and
FL by one each. If the supplier is not in the original instance, it also increases the size of the set
FL by two – one flow for the warehouse and one flow for the store. Now if we add several items,
that are all sold in several stores and provided by several suppliers, we can easily conclude that
this will have a significant impact on both the number of constraints and the number of variables.
We provide a representation of the increase of the sets incurred by the addition of one item that is
supplied by an existing supplier and sold in a new store exclusively in Figure 2.3.

Figure 2.3: Representation of the elements added to an instance for the inclusion of an item supplied by an existing
supplier and sold in a new store exclusively.

2.4 Input Data and Problem Instances
Now that we have defined the model, let us focus on the data that we will use throughout our
work. As explained in Section 2.1, we use a dataset drawn from a real case to build the data for
testing the proposed model and solving methods. This dataset provides a large part of the input
data necessary to build the model detailed above. However, there are some necessary data that
are missing from the dataset provided. This may come from additional constraint we included in
the model, or from the company not providing all the necessary data. This is further discussed in
Section 2.4.1.

To test our model, and later also the solving methods we propose, we need to define several
instances from the complete dataset provided. We choose to select subsets of the total data to
create instances. This is motivated on one hand by the complexity of the input data, and on the
other hand by the need for testing diverse contexts. We detail this part in Section 2.4.2.
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2.4.1 Additional Elements for Data Completion
The first type of data for which we have to make assumptions concerns the cost element that are
applied to influence the model behavior (cf. the objective function paragraph in Section 2.2.2). As
explained before, they do not represent monetary costs, and therefore their exact values are not
known. For our model specifically, this concerns the holding cost, the lost sales cost, and the capacity
exceeding cost. These parameters need to be calibrated according to customer preferences and are
usually the result of an A/B testing procedure. A/B testing refers to the process of intuitively
comparing pairs of parameter values to choose the "best" values.

The second missing type of data corresponds to the constraints we added to the case-study to
make it more representative of a generic problem. Accordingly, as these constraints are not present
in the initial use-case, the data describing them are not provided. As we still want to treat these
problem characteristics, we choose arbitrary values for the parameters related to them. In our case
specifically, this refers to fixed ordering costs and entity capacities.

Finally, the last missing type of data are due to the data not being provided. This can be caused
by several factors, such as a problem in the data transmission, a lack in the company’s information
system, or if the process is based on manual manipulation of these data. In most cases, the company
is not able to provide the missing data quickly. Consequently we have to choose an arbitrary value.
In our case specifically, this corresponds to Franco penalty values.

2.4.2 Instance Construction
In this section, we describe the process we set in place to build the reduced instances drawn from
the complete dataset.

The dataset associated to our case-study contains 905 different items, with various forecasted
demand profiles. We want to build instances by selecting subsets of items and keep the correspond-
ing supply network they transit through. To ensure diversity in the instances we create, we define
several criteria to select the subsets of items. This is what we call generation modes.

Moreover, we are aware that the forecast profile of the items is very variable among the item
set. We provide an overview of the forecast values distribution among the item set in Table 2.1.

Table 2.1: Forecast profile distribution overview. At each line, we select items that meet the forecast limit requirement for
at least one period and in at least one store.

Forecast limit Number of items Percentage

≤ 1 622 68.72%
⩾ 1 283 31.27%
⩾ 5 40 4.42%
⩾ 10 10 1.10%

Given the results presented in this table, we know that around 70% items have a very low
forecast, namely the mean of the forecast is lower than 1. in all stores and for all periods of the
forecasting horizon. As a result, the selection strategy used to pick items for creating the reduced
instance has a high impact on the forecast profile of items in these instances, and we put several
generation modes in place in order to obtain diverse instances. In the following, we describe every
generation mode used to create instances.
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Alphabetical Order (alph) - In this category, we select items in the alphabetical order of
their names in the company’s information system. The item’s name starts with the label of the
external supplier that provides them. As a result, selecting them alphabetically gives instances with
a gradually expanding supply network as the number of items increases.

Random (rand) - In this category, we select items randomly. The first characteristic of these
instances is their diversity, as their is almost no pattern in the data selected. Secondly, as most of
the items of the given dataset have a low forecast, this produces instances that are rather easy to
solve, especially for small instances.

Average Forecast (fora) - In this category, we select items that have the highest forecast
averaged on all the time periods for which forecast is provided. As a result, we obtain instances
with items having a high forecasted demand. This implies problems that are more difficult to solve,
but the ordering plans will be more interesting.

Maximum Forecast (for) - In this category, we select items that have the highest maximum
forecast on all time periods for which forecast is provided. Like in the previous category, this yields
instances with higher forecasted demand and more interesting ordering plans. This allows us to
have a second batch of difficult instances, still a bit different from the one described in the previous
category.

Random Average and Maximum Forecast (randfora, randfor) - In this category, we select
items randomly, but not from the whole perimeter. We first select a subset of items that have the
highest forecast averaged on all time periods for which we have forecast, and extract items among
this list. Like the previous category, this allows to have more difficult instances, especially for small
instances. We also draw instances from a subset of items that have the highest maximum forecast
on all time periods.

Given the forecast distribution presented in Table 2.1, for the arbitrary generation mode (alph)
and random one (rand), there is a high probability that we only select low forecast-items. On
the contrary, for the other generation modes, as we base the item selection rule on high forecast
values, we know that it selects only items with higher forecast, at least for small instances. With
all generation modes described above, we are able to draw a substantial set of instances that we
can use for our experimentations. In the remainder of the thesis, we refer to the instances with the
following naming convention. Let gen be the generation mode of the instance, and P the number
of items, we name the instance (gen, P ). For example, if we use the average forecast generation
mode for an instance with 15 items, its notation is (fora, 15). We provide an overview of all the
instances types and their characteristics in Table 2.2.

2.5 Experimentations
In order to validate the previously proposed model and to estimate the execution times with free and
commercial solvers, we choose to run experiments on reduced instances of the problem. The results
of these experiments are useful for two main reasons. First, running the MILP with different solvers
allows us to have a more precise idea of the model complexity, and to confirm – or not – the need of
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Table 2.2: Overview of all generation modes for instances and their characteristics.

Generation mode Notation for P items Selection process

alph (alph, P ) Alphabetical order of item names
rand (rand, P ) Random selection
fora (fora, P ) Decreasing average forecast
for (for, P ) Decreasing maximum forecast
randfora (randfora, P ) Random selection from the 50 items with

the highest average forecast
randfor (randfor, P ) Random selection from the 50 items with

the highest maximum forecast

a heuristic method to solve large instances of the problem. Second, the optimal solution obtained
at the end of these experiments will be able to serve as baseline for the convergence performance
evaluation of the heuristic method we set in place in Chapter 3. We detail the experimental protocol
in Section 2.5.1. We present and discuss the results in Section 2.5.2.

2.5.1 Experimental Protocol

For the exact solving method of our MILP, we decide to run the experiments using several well-
known solvers. First, we try to solve the model using CPLEX v22.1.1.0 (IBM ILOG [2023]).
CPLEX solver is currently known to be one of the most efficient commercial solver in the literature.
However, the company does not wish to acquire a CPLEX license for industrial use. In order to
provide results using tools that will be available in practice, we also run the experiments using the
CBC solver (Forrest and Lougee-Heimer [2005]), which is a free solver. In order to provide diverse
results, we also want to run experiments with a solver that would have shorter execution times
than CBC, which is known to be slow. We choose SCIP (Bestuzheva et al. [2023]), which is also a
commercial solver. In the literature, SCIP is known to be an "average" alternative between CBC
and CPLEX in terms of execution time.

For the resolution with CPLEX, we use IBM ILOG CPLEX Optimization Studio, the integrated
development environment (IDE) provided with the solver. This IDE allows to code and solve the
model. For the resolution with CBC and SCIP, we use the Python PuLP library (Mitchell et al.
[2011]). This library enables to code the model using Python programming language, provides an
interface to call MILP solvers, among others CBC and SCIP, to solve the model.

Due to the high computation time, we cannot test all instances and therefore we chose only four
generation modes. We select a subset of instances to run our experiments. Among the generation
modes described in Section 2.4.2, we select the following ones: {alph, rand, fora, randfora}. This
choice is motivated by the will to test our model on diverse instances, and therefore we choose
two generation modes giving items with low forecast, and two generation modes giving items with
high forecast. As a result, this allows us to test the model on the different forecast profiles we
encounter in the data. Regarding the instance sizes, we select the following item numbers for
instances: {5, 15, 25, 30, 40}. In this way, we can test all of the instance sizes available for the
randfora generation mode.
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For each instance we selected, we try to solve it using the model presented above with each
chosen solver. We give the solvers a 7200 seconds time limit, which is a company requirement for a
solving method to be put into production. We also set a relative gap limit of 1%. The relative gap
is computed by the solvers during the branch and bound process.

2.5.2 Results and Discussion

In this section, we present the results we obtained by solving the selected instances with the exact
MILP solvers. As described in the previous section, we use three different solvers for our experimen-
tations, and give them 7200 seconds to find the optimal solutions for the instances. In Table 2.3,
we report the execution times obtained by the CPLEX solver during the experimentations. Both
other solvers timed out on all instances, meaning that they do not reach the 1% gap within the
time limit. A graphical representation of these results is also provided Figure 2.4

Table 2.3: Execution time in seconds for solving instances with CPLEX, 7200 second time limit, 1% relative gap limit.
The note "Time out" means the solver did not reach the gap within the given time span.

Instance alph rand fora randfora

5 items 77.68 15.58 88.89 44.81
15 items 1087.28 1398.90 635.89 1621.09
25 items 1291.58 4288.03 2362.30 1941.48
30 items 5423.61 Time out 6274.37 5240.29
40 items 6574.59 6278.47 Time out Time out

Figure 2.4: Graphical representation of the execution times in seconds obtained with CPLEX for every instance.

As we expected, we can see that the execution time quickly increases with the number of items.
This is an expected result because we know that more items means more decision variables and
therefore the instances are more complicated to solve.
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For 40 items, which is the highest instance size we selected for this experimentation, CPLEX
found a solution within around one hour and a half for only two instances. For the two remaining
instances, CPLEX timed out without reaching an initial solution. Remembering that the complete
problem contains 905 items, we cannot expect to find a solution with an exact solver within the
given time limit.

Moreover, we can note that the two instances for which CPLEX timed out are the ones that
have a higher forecast profile. And even for smaller problems, we can see that these instances are
generally longer to solve than the instances with lower forecast profile. As a result, we can conclude
that a higher forecast profile implies a higher complexity in the solving of the problems.

In order to have a more precise view on the solving process of each solver, we also report the relative
gaps found during the resolution for each instance in Table 2.4.

Table 2.4: Relative gaps found by the solver for all instances. The notation "Not found" means the solver did not find any
solution to compute the gap. The notation "∼ 1 %" means the solver reached the gap limit within the time limit.

Instance
alph rand

CBC SCIP CPLEX CBC SCIP CPLEX

5 items 85.62 % 49.76 % ∼ 1 % 50.45 % 29.15 % ∼ 1 %
15 items 45.69 % 21.80 % ∼ 1 % 24.07 % 27.04 % ∼ 1 %
25 items Not found 14.65 % ∼ 1 % 20.97 % 19.42 % ∼ 1 %
30 items Not found 17.81 % ∼ 1 % 16.21 % 10.52 % Not found
40 items Not found 14.92 % ∼ 1 % Not found 17.35 % ∼ 1 %

Instance
fora randfora

CBC SCIP CPLEX CBC SCIP CPLEX

5 items 79.24 % 54.36 % ∼ 1 % 79.24 % 54.51 % ∼ 1 %
15 items 70.68 % 49.34 % ∼ 1 % 69.13 % 45.51 % ∼ 1 %
25 items Not found 27.33 % ∼ 1 % Not found 27.35 % ∼ 1 %
30 items Not found 24.20 % ∼ 1 % Not found 24.14 % Not found
40 items Not found 17.73 % ∼ 1 % Not found 17.71 % Not found

We can see that CBC is the solver having the more trouble finding solutions. In fact, the solver is
unable even to compute a relative gap for instances size above 15 items, except for rand generation
mode. As this solver is the only one we can consider to use in a real-world situation, we cannot
think about exact resolution as a tractable solution to our problem.

2.6 Conclusion

In this chapter, we detail the industrial problem we want to tackle, and translate it into a math-
ematical model. This part of our work allowed us to formalise and describe the specificities and
constraints we face with the multi-echelon replenishment problem defined by our case study. As the
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problem comes from an industrial application, we have to add a significant number of constraints
to the model. Some of these constraints, such as the Franco constraint for example, are rather
unusual in academic problems.

In addition, we also describe supplementary specifications that make the study more represen-
tative of replenishment problems encountered in practice. This phase provides more genericity to
the model, and accordingly makes it easier to use and adapt to several industrial contexts. All of
this leads to a complex model with a high number of constraints and decision variables.

To model the problem, we choose linear programming, which is a widely used modeling language
in the replenishment and inventory control field. We build a mixed integer linear program, or MILP,
that enables us to transcribe the real case study into a mathematical model that is the base for
the problem resolution. Furthermore, the modeling part of our work allows us to establish a better
knowledge and understanding of the problem and its specific features.

As there exist several on-the-shelf solvers for Integer Linear Programming, this modeling lan-
guage choice also gives us the opportunity to solve the model by finding the optimal solution. Given
the size and complexity of the model we choose to draw reduced instances from the data provided
for the case-study. This leads to smaller – and accordingly easier to solve – instances. Moreover,
we develop several processes to create instances. This gives us the possibility to use various and
diverse instances in our experimentations. We select a subset from these instances and solve them
using three exact solvers: CBC, SCIP and CPLEX, giving them a time budget of two hours. As
we presumed, the time to solve these instances quickly increases and every solver is unable to find
a good solution for most instances with a size of 40 items. Recalling that these instances are only
small subsets of the total data, we cannot consider exact resolution through MILP solvers as a
satisfying solution to our problem.

As a result, if we want to find a solving method that can tackle both the complexity of the
model and the limited amount of time to find a good solution, we have to explore other solving
strategies. This solving strategy, as well as the design choices we made and the reasons motivating
them, are described in Chapter 3.
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3.1 Introduction

In the previous chapter, we detail the specifications of the problem we aim to solve. We also
provide a model to mathematically represent the problem, and better understand its constraints
and complexity. We conduct experiments with the model by trying to solve it with exact solvers
and with data drawn from a real-life case study. The main outcome of this work is, although our
model is relevant for the problem we study, the size of the instances and the time window we are
given to provide a solution make an exact resolution unthinkable in the situation we work on.

Given that, we have to find another method to provide a solution to the problem we study
that is applicable to the instance size of the industrial cases we want to tackle. There exist plenty
of optimization methods that can be used for various contexts. For inventory control problems
specifically, we can find many methods and techniques used for such situations. As we can see in
the state of the art presented in Chapter 1, there is no consensus on a single approach to solve
inventory control problems. This is partly due to the diversity of contexts that replenishment
problems includes. In fact, while surveying the articles, it is rare to find two identical contexts, as
every study includes different aspects, constraints or assumptions, in order to deal with the effective
contexts they work with. This makes the choice of a resolution method an important part to focus
on, even before the algorithm design. In the process of selecting a suitable optimization method,
we identify metaheuristics as an interesting solving method class.

The term metaheuristic refers to a large panel of algorithms that are widely used for optimization
problems in general. As metaheuristics include a lot of algorithms, there is not a unique definition of
the concept. Osman and Laporte [1996] describe metaheuristics as iterative processes that combine
different concepts to explore and exploit the search space. They also characterize them as general
algorithm frameworks for diverse optimization problems. Glover and Kochenberger [2006] define
metaheuristics as algorithms that combine local improvement strategies aimed at finding good
quality solutions with higher level strategies that intend to escape local optima. Talbi [2009] define
it as a family of optimization techniques that provide acceptable solutions in reasonable time for
complex problems. To summarize, this is a class of algorithms that are aimed at exploring large
solution spaces by iteratively improving solutions using exploration and exploitation techniques to
find good quality results in an acceptable time. Moreover, metaheuristics are known to be one of
the most practical approaches for solving many real-world problems (Onar et al. [2016]).

As mentioned in Section 2.3.1, multi-echelon inventory control problems often lead to large and
complex models, even for reduced instances. As a result, metaheuristics are present as solution
methods when the exact methods take too long or are unable to find a solution. Noordhoek et al.
[2018] study the application of a reorder-point order-up-to ICP on multi-echelon distribution net-
works with fill-rate constraint. They assess the performance of a scatter search for the computation
of the policy’s parameters, and compare this metaheuristic with another solving method. Phelan
and McGarraghy [2016] develop a grammatical evolution algorithm for generating ICPs and the ex-
pression of their parameters for serial and distribution supply networks. Nepal et al. [2011] develop
a multi-objective genetic algorithm to solve a supply chain configuration problem for a new product.
Kleinau and Thonemann [2004] use a two-stage genetic algorithm to first find the structure of a
compliant ICP for a given inventory control problem, and second to find the best expression of its
parameters. They apply these methods to several supply network contexts and several assumptions
on the demand.

In this chapter, we detail the complete process for developing an optimization method for the
problem we face and to apply on the instance size we have to deal with. We begin with the
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motivations to choose a given optimization method, leading us to select local search. We then go
to the application of this method to instances of our problem. The focus is also put on the design
of the actual algorithm that will be used and the validation of this design. As the outcome of this
work, we want to provide a multi-echelon, multi-period and multi-item heuristic resolution method
for a replenishment problem. This method has to provide good quality solutions for large instances,
namely instances with more than 40 items, in a time span that is reasonable enough to respect the
industrial requirements.

The Chapter is organized as follows. We first detail the reflection about the selection of the
optimization method in Section 3.2. Then, we detail the functioning of the method selected and
list the algorithm design choices to be made in Section 3.3. We also provide first insights on
the algorithm design in this Section. In Section 3.4, we describe the neighborhood operators we
designed for our problem and evaluate their performances. In Section 3.5, we explain the benefits
of an algorithm using multiple neighborhood operators. This leads to the development of the final
metaheuristic used in this thesis, that is described in Section 3.6. We then present an overview of
the performances of the algorithm in Section 3.7, and provide a conclusion in Section 3.8.

3.2 Resolution Requirements and Method Selection

As we previously explained, there is no single preferred method for inventory control problems, nor
clear guidelines to choose an optimization resolution method according to the specific context under
study. In this Section, we describe all requirements and specifications of the problem we study and
of the resolution method we want to design. These specifications are the motivating reasons to the
selection of an optimization method that is suitable both for the problem we tackle and for the
industrial conditions we have to respect in order to ensure the application of our proposed solution
method. In the following, we detail different characteristics of the problem and requirements for
the proposed solution method. Each element described allows to guide the selection of a suitable
resolution method, and motivates the choice.

Type of Problem - In their survey about simulation-optimization for inventory replenishment
problems, Jalali and Nieuwenhuyse [2015] propose a classification of resolution methods depending
on the type of problems to solve. This classification aims to be used as a guiding tool to choose a
resolution method class, and is presented as a decision tree. The first classifying step is whether the
decision variables are discrete or continuous. In the problem we study, we work with a Mixed-Integer
Linear Program, but only the intermediate variables are continuous. The main decision variables
are discrete. The second decision step is whether the feasible set is finite and small or infinite or
large. In our case specifically, the ordering variables are not bounded by the model, so the feasible
set is infinite. Moreover, even if we try to compute an upper bound for the optimal solution, there
is still a high number of variables, which means a high number of possible variable combinations
for the solutions, and makes the feasible set still large. In this case, Jalali and Nieuwenhuyse
[2015] recommend metaheuristics or ordinal optimization methods. In Figure 3.1, we provide a
representation of the classification proposed in the article, based on the decision tree they provide.

Solution Characteristics - As the problem studied is constrained, we presume that building
a feasible solution is not straightforward. Furthermore, some results of preliminary works confirm
that building a solution that respects the constraints of the model through random sampling of the
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Figure 3.1: Decision tree for choosing a suitable method. We provide only the options that relate to our problem. Grey
cells relate to the characteristics of our problem.

variables is not possible. In fact, we launched an experiment generating 10000 solutions through
random sampling by using several upper bounds. With all the upper bounds tested, we found no
feasible solution within all the generated ones. Consequently, creating a feasible solution, let alone
a good quality one, requires effort and hence is time consuming. Subsequently, population-based
methods such as genetic algorithms, ant colony or more generally swarming algorithms cannot be
considered as a suitable optimization method, as it would require too much computing effort to
generate the initial population. It also excludes ordinal optimization methods, which are based on
the sampling of a significant number of solutions to find the best ones.

Industrial Requirements - The last element we have to take into account to select an adequate
resolution method relates to industrial requirements we have to meet. These requirements are in-
tended to ensure that the proposed method is applicable in real-world contexts. In Section 2.5.1,
we mention a time limit of 7200 seconds of execution time for the resolution method. This require-
ment is given for the case-study specifically, and can be extended to most of the current contexts
faced by the company. However, we may encounter other application contexts where this execution
time limit is smaller, and the resolution method has to be able to still provide good quality solu-
tions in such cases. Consequently, the resolution method has to have a specific convergence profile,
which improves the solution very significantly at the beginning of the search, and may converge
more slowly in the remaining execution time given. This type of convergence profile ensures that,
even if we interrupt the algorithm before the initial time limit, the algorithm still returns a good
quality solution. This definition corresponds to the so-called anytime algorithms class (Grass and
Zilberstein [1996]).

Method Selected - If we combine every element and specification we detailed above, the outcome
is that we want a single-solution metaheuristic algorithm with an anytime convergence profile. One
standout algorithm that fills these requirements is the local search. In addition of being suited for
the type of problem we aim to solve, this algorithm has many advantages, among others being very
simple to understand and to set up, and being easily adaptable to many problems and contexts.
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3.3 Local Search: Overview

Local search is one of the oldest metaheuristic methods known, and it is also one of the simplest
(Talbi [2009]). In fact, the base principle of the algorithm is very straightforward. The algorithm
starts with an initial solution, to which is associated a performance measure, or fitness value. This
solution is marginally modified at each search step of the algorithm, creating neighbor solutions,
and a neighbor solution with a better fitness value is chosen. The latter solution replaces the initial
one, and the process is repeated until a given termination criterion is reached. The complete process
is detailed in Algorithm 1.

Algorithm 1 Local Search
1: Input: Termination criterion TC
2: Generate initial solution S0

3: S = S0

4: while not TC do
5: Generate candidate neighbors of S
6: Choose a neighbor solution S′

7: S = S′

8: end while

Although the optimization process is simple, there are still design decisions to make in order to
effectively implement it. More specifically, there are some elements that need to be determined.

Initial Solution: The initial solution is the starting point of the algorithm. Generating a good
initial solution is important, as it determines the beginning of the search. As explained in Sec-
tion 3.2, finding a feasible solution through random sampling is not possible in the case under
study. As a result we need to develop a method to build a rather good initial solution. This is
described in Section 3.3.2.

Neighborhood Operators: The neighborhood operators are the sub-processes that generate a
candidate solution from a current solution. Neighborhood operators are basically functions that
slightly modify a given solution to create new ones. There exist a wide list of operators in the
literature, either generic or specific to a problem class. In Section 3.3.3, we introduce our thinking
about the design of operators for the problem under study, and the evaluation of their performances.

Search Strategy: The search strategy relates to the order in which the neighborhood will be
browsed. As the neighborhood operator modifies the solution, it creates a set of candidate neighbors.
Consequently, we have to decide in which order to examine all of the candidate neighbors. For most
of the operators we describe in Section 3.4, candidate neighbors are ordered randomly.

Neighbor Selection Strategy: Once the local search examined one or several neighbor solutions,
we have to choose one of them to replace the current solution. In the literature, we can find
three main strategies for selecting a neighborhood. The first two strategies require an exhaustive
exploration of the neighborhood. Once all the possible neighbors have been generated and evaluated,
we create a subset with all the neighbors having a better fitness value. Then, we can either pick the
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Figure 3.2: Schematic solution representation for a given time period t.

best neighbor of the subset, following the best improvement strategy, or randomly pick a neighbor
within the subset of improving neighbors, following the random improvement strategy. In our case,
we work with large-size neighborhoods, and evaluating a neighbor is time consuming, so we cannot
perform an exhaustive evaluation of the neighborhood. Accordingly, we choose to select the first
improving neighbor we encounter while browsing the neighborhood, following the first improvement
strategy.

Termination Criterion: The termination criterion is the condition that states when the search
process is finished. There exist several termination criteria types, and choosing a suitable one is
crucial. As a matter of fact, choosing a good termination criterion ensures that the algorithm
provides a solution of good enough quality without wasting too much time at the end of the search.
The determination of the termination criterion is discussed later in this chapter.

3.3.1 Solution Representation

Before describing the algorithm design decisions, let us focus on the solution representation. This
solution representation is set for the heuristic resolution and will be used throughout this chapter.
In Chapter 2, we introduced the variables of the model and classify them into two categories. There
are the main decision variables, and the intermediate variables. As the intermediate variables are
computed based on the main decision variables values, we choose to only include the main decision
variables in the solution representation. As a result, the solution representation is composed of the
following set of variables: (qt,f )t∈H,f∈F. For a given pair (t, f), qt,f is the quantity transiting for
flow-item f at time period t.

Hence, the solution is represented as a two dimension table, with the first dimension being
relating to the time, and the second relating to the flow-item. In Figure 3.2, we provide an overview
of the solution representation for a given time-period t.

3.3.2 Initial Solution Generation

The initial solution is the first solution that is examined and modified by the algorithm. This
is the starting point of the algorithm, and its quality can impact the convergence of the search.
Consequently, creating a good quality initial solution is an important phase of the algorithm design.
As we already mentioned, we work with a constrained problem, which means that creating a solution
that is feasible, i.e. which respects all the constraints, is not straightforward. Moreover, we already
established that random sampling cannot be considered as a suitable generation method. Hence, we
have to develop a procedure to create a feasible initial solution in a reasonable time. We describe
this procedure for a given problem instance in the following.

We start from a given initial state, i.e. a set of in-progress orders O and a set for initial inventory
levels I0, which serves as base for constructing a feasible solution.
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The first step of our procedure is to solve the problem for the given instance using the relaxed
version of the MILP. In this step, we use the MILP described in Chapter 2, but we allow all
the variables to be continuous, making it a linear program. As a linear program can be solved
efficiently with the simplex algorithm, we can obtain a result relatively quickly with any instance
for this phase.

Once we ran the linear program and collect the results, we obtain a first set of orders, that will
be used for the initial solution. However, at this stage of the procedure, the orders are not integer,
as we allowed the variables to be continuous in the last step. Now, we have to round the variables
to get a set of integer orders. To begin with, we split variables into three groups.

• The quantities sent from the supplier to the stores (Group 1)

• The quantities sent from the supplier to the warehouse (Group 2)

• The quantities sent from the warehouse to the stores (Group 3)

Figure 3.3: Representation of the different groups of variables.

We provide a representation of this partition in Figure 3.3. For every group of variables, we
have to choose how to round them among the three following possibilities. We can either round
the variable up (+1), round the variable down (−1), or round the variable to the nearest integer
(0). These decisions have an impact on the construction if the initial solution, as it modifies the
compliance with constraints. As a matter of fact, the main constraint we have to respect is defined
in equation 2.4. This equation is in fact one of the constraints defined in the MILP in Chapter 2.

∀s ∈ ST, ∀t ∈ T,
∑
f∈F+

s

qt,f ⩽ it,s +
∑
f∈F−

s

qt−LTf ,f − (Dt,s − yt,s) (2.4)

For a given entity-item s, we note F−
s the set of flow-item that supply s and F+

s the set of items
that are supplied by s. qt,f in the quantity that is transported on flow-item f at period t, is,t
the inventory level for entity-item s at period t, Ds,t the demand faced by entity-item s at period
t, and ys,t the lost sales level for entity-item s at period t. This constraint models the fact that
the entities that supply other entities of the system – in our case specifically, this concerns the
warehouse only – cannot send more items than the quantity they have in stock.

For the variables in Group 1, there is no constraint on the feasibility space, as we consider the
suppliers have an infinite inventory. Consequently, the selection of a rounding alternative does not
have influence on the global feasibility of the solution.



50 CHAPTER 3. HEURISTIC RESOLUTION

Figure 3.4: Representation of a constraint violation for a given time period and a given item. All lead times are set to 0 in
this example.

For the variables in Group 2 and Group 3 however, the combination of both rounding methods
chosen may influence the global feasibility of the solution, as both groups are linked by the constraint
of equation 2.4. As the quantities sent by the suppliers to the warehouse are the quantities that
will be redistributed by the warehouse to the stores, if we choose to round down the variables in
Group 2 and round up the quantities in Group 3, there is a high chance that the constraint is
not respected, as the quantities sent to the stores may be higher than the ones received by the
warehouse. In such cases, we have to set up a process to repair the solution and make it respect
the constraints. We describe this process in the following. In Figure 3.4, we provide a schematic
representation of a situation where a constraint is broken. This schematic representation is for an
artificial case with one supplier, one warehouse and two retailers. We consider a given item and
time period, and assume all lead times are set to 0.

Stage 1: Let S = (qt,f )t∈T+,f∈F be a solution we want to repair, namely a set of integer ordering
quantities. We first evaluate the intermediate variables associated to the solution. Then, we list all
constraints that are violated by the solution.

Stage 2: Let Ct,s be a violated constraint relating to period t and entity-item s. Let IT be
the item associated to s. Moreover, the only entity that supplies other entities is the warehouse
in our case. Consequently, all violated constraints concern the warehouse. We first compute the
number of items necessary in the warehouse inventory to respect the constraint. Then, we choose
the supplier having the lowest cost for the considered item. Let f be the flow-item with the source
entity being the selected supplier, the target entity being the warehouse, and the item being IT.
Let LT be the lead time associated to f . If the condition t− LT > FH is verified, then we add the
required quantity to the variable qt−LT,f . The constraint is next removed from the list of violated
constraints. Otherwise, the solution is not modified and stays in the list. We provide a schematic
representation of this repair procedure in Figure 3.5. This example applies on an artificial network,
for a given item and a given time period, assuming all lead times are set to 0.

Stage 3: Let C′
t,s be a remaining violated constraint relating to period t and entity-item s. Let

IT be the item associated to entity-item s. We first compute the quantity of items lacking in the
warehouse inventory to respect the constraint. We then list all the stores that are affected by the
constraint, namely every store that placed a positive order of item IT to the warehouse at time
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Figure 3.5: Representation of the first repair procedure for a given time period and a given item. All lead times are set to
0 in this example.

t. We then modify the variables of the solution as described in Algorithm 2. We also provide a
schematic representation of this repair procedure in Figure 3.6. In this example, we consider an
artificial network, a given item and a given time period. We also assume all lead times are set to 0.

At the end of this procedure, we obtain a solution with integer quantities and that respects the
constraints. This means that we can use it as an initial solution for the local search.

Algorithm 2 Repair procedure for a remaining violated constraint

1: Input: List of stores E′, Quantity to remove V , Solution S, Item IT, Period t
2: v = 0
3: while v < V do
4: Pick one store e ∈ E′

5: Find f ∈ F such that the source entity is the warehouse, the target entity is e and the item
is IT

6: if qt,f = 1 then
7: qt,f = 0
8: Remove e from E′

9: else
10: qt,f = qt,f − 1
11: end if
12: v = v + 1
13: end while

We still need to choose the best way to round the variables. For every variable group, there are
three possibilities (round up, round down, or round to the nearest integer). As the initial solution
is the starting point of the local search, we want its cost to be the lowest possible. To decide a
rounding strategy, we create initial solutions for several instances with every possible combination,
perform the repair procedure when needed, and choose the combination that provides the lowest
fitness value on the most instances. This combination is the following. Variables of Group 1 are
rounded to the nearest integer, variables of Group 2 are rounded down, and variables of Group 3
are rounded up.
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Figure 3.6: Representation of the second repair procedure for a given item and a given time period. We assume all lead
times are set to 0, and Store 2 has been picked twice during the repair procedure.

3.3.3 Neighborhood Operators

The search process of a local search consists in moving through the search space by slightly modifying
the current solution to find a better one. To achieve this, we need to decide how to modify the
solutions.

This modification of the solutions is obtained by the use of neighborhood operators. A neighbor-
hood operator is a function u that associates to a solution S a set of solutions u(S). This function
modifies one or several variables of the solution to create a new solution that is slightly different
and that we call a neighbor solution.

In the literature, we can find plenty of neighborhood operators that can be used in a local
search. Most of them are specifically designed for given problem classes, like the 2-opt operator for
routing problems or the insertion operator for scheduling problems. There also exist neighborhood
operators that are designed for solution representations, like the bit-flip operators that applies on
solutions that only contains boolean values. Most of the neighborhood operators that we can find in
the literature are either designed for routing problems and scheduling problems, or for continuous
and boolean solution representations.

To the best of our knowledge, there is no classical neighborhood operator we can use or adapt
to our problem or solution format. Moreover, repairing an unfeasible solution demands a significant
computation effort, and may turn a modified solution back to the initial one. Hence, we choose
to develop neighborhood operators specifically for the problem and solution we study. This allows
us not only to work with neighborhood operators that are suited for our case, but also that target
precise characteristics of the cost function, and finally ensure that the resulting solution stays
feasible. The neighborhood operators we designed are described in the next section.

3.4 Dedicated Neighborhood Operators

In this section, we provide a list of neighborhood operators specifically designed for the optimiza-
tion problem under study. For every neighborhood operator, we describe the motivations for its
construction and how it works. We also provide results on its solving performances by using the
following protocol.

We evaluate the performances of the neighborhood operators on the following instances: (alph,
15), (rand, 15), (fora, 15), (randfora, 15). We choose the instances that were used in the exper-
imentations in Chapter 2. Since we already performed an exact resolution on these instances, we
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can compare the optimal objective value to the results obtained with the local search. For each in-
stance, we run a local search using the selected neighborhood operator with a termination criterion
of 1500 evaluations. We then compute a performance indicator: the solution improvement ratio X.
This indicator is calculated based on two values: z0 is the objective value associated to the initial
solution of the local search, and zLS is the objective value of the best solution found at the end of
the local search. The solution improvement ratio X is computed using equation 3.1. It is used to
evaluate the progress achieved through the optimization process compared with the initial solution
value. A high solution improvement ratio means that the neighborhood operator is efficient.

X =
z0 − zLS

z0
(3.1)

For every instance - operator couple, we perform 10 local searches with a random exploration
of the neighborhoods, a first-improve selection strategy, and a termination criterion of 1500 evalu-
ations. For every neighborhood operator, we report the values of X or each instance, averaged on
all local search runs. In the next subsections, we describe all the neighborhood operators developed
for our work and their performances. They are grouped into categories according to the type of
variable change they perform, and each category is dedicated to reduce specific costs.

3.4.1 Addition Neighborhood Operators

In this subsection, we present the category of neighborhood operators that add ordering quantities
to the solution. These neighborhood operators can target more or less specific variables of the
solution, and they aim especially at reducing lost sale costs. There are four neighborhood operators
in this category.

Random Addition

This neighborhood operator adds one ordering quantity to a flow-item from supplier to store (vari-
ables of Group 1). We refer to it as Add. It allows to randomly add ordering quantities without
breaking the feasibility of the solution, as the variables of the Group 1 are not constrained. It
randomly selects a flow-item f within Group 1, and a time period t. The corresponding variable
qf,t is modified as follows: qf,t = qf,t + 1. We provide the results of the performance experiments
in Table 3.1.

Guided Addition

This neighborhood operator, like the previous one, adds ordering quantities to the flow-items from
suppliers to stores (variables of Group 1), which ensures the solution stays in the feasible space.
However, it does not add ordering quantities randomly, but targets the entity-items that have a
high lost sale level. We refer to this neighborhood operator as AddS.

First, the lost sales level variables are arranged in a descending order. To keep randomness in
the neighborhood exploration, we select one variable randomly among the top-k, with k being an
integer. For the experimentations, we set k to 10. Let ys,t be the variable selected, with s being the
corresponding entity-item, and t the corresponding time period. Let V be the value of the variable.
We then list all the flow-items so that the source entity is not the warehouse, the target entity is
ENs, and the item is ITs. Let f be the flow-item of the list that has the lowest transport cost. If
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t − LTf > FH, then the corresponding variable qt−LTf ,f is modified as described in equation 3.2.
Otherwise, the neighbor is rejected and deleted from the candidate neighbors list.

qt−LTf ,f = qt−LTf ,f + ⌈V ⌉ (3.2)

With AddS, we aim at specifically targeting the orders that result in a high lost sale level. Its
performances are provided in Table 3.1.

Guided Addition with Repair

This neighborhood operator adds quantities to the flow-items from warehouse to stores (variables
of Group 3), that corresponds to entity-items with a high lost sale level. This is the same idea as
the previous neighborhood operator, but in this case we target variables that are constrained. As
a result, in order to ensure that the solution stays feasible, we have to develop a repair procedure.
We refer to this neighborhood operator as AddSR.

We first arrange the lost sale variables by descending order, and select one randomly among
the top-k. For our experiments, we set k = 10. Let ys,t be the variable selected, with s being the
corresponding entity-item and t the corresponding time period. Let V be the value of this variable.
We then select the flow-item f such that the source entity is the warehouse, the target entity is ENs

and the item is ITs. If t−LTF < FH, then the neighbor is rejected and deleted from the candidate
neighbors list. Otherwise, the corresponding variable qt−LTf ,f is modified as in equation 3.2. This
modification can create an unfeasibility, as now the warehouse may send more quantities than it has
in its inventory. Hence, we have to enter the repair phase. To do so, we first list all the flow-items so
that the source entity is a supplier, the target entity is the warehouse, and the item is ITs. We select
the flow-item f ′ with the lowest transport cost among this list. Let t′ = t−LTf . If t′−LTf ′ < FH,
then the neighbor is rejected and deleted from the candidate neighbor list. Otherwise, we modify
the corresponding variable qt′−LTf′ ,f ′ as described in equation 3.3.

qt′−LTf′ = qt′−LTf′ + ⌈V ⌉ (3.3)

This neighborhood operator, like the previous one, aims at reducing the lost sale costs, while
specifically targeting the flow-items that lead to high lost sales. However, in this case, we try to
impact the flow-items that pass through the warehouse, rather than placing orders to the warehouse
directly. We provide the performance results of AddSR in Table 3.1.

Extension of Guided Addition with Repair

This operator is a combination of AddS and AddSR. The mechanic is very simple. We first arrange
the lost sale variables by descending order, and select one variable among the top-k, with k = 10 for
the experiments. Based on this selected variable, we try to apply AddSR. If the solution is rejected,
we then applyAddS. If the solution is rejected, we delete the neighbor from the candidate neighbors
list. With this neighborhood operator, we still target the lost sale costs, but we try to benefit from
both supplying source for the stores. We prefer to make items pass through the warehouse, because
the transport costs are lower, but we still try to order to the supplier if the lead times are too long.
We refer to this neighborhood operator as AddE, and provide its performance results in Table 3.1.
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Performances

Let us summarize the performances of addition neighborhood operators. The results are provided
in Table 3.1. First, we can note that the performances are significantly variable depending on the
instance. The operators seem to be more efficient on the fora and the randfora instances. This
can be explained by the fact that these instances generation modes result in item groups with a
high demand. As a result, lost sale costs may be high on such instances if the initial solution is
not of good quality. Then, by comparing the neighborhood operator, we can note that AddE is
the most efficient. This means that guiding the neighborhood operator and trying several options
offers a significant increase in the performance for this operator category.

Table 3.1: Performances of addition neighborhood operators averaged on the 10 runs for every instance. Higher values are
better.

Instance Add AddS AddSR AddE

(alph, 15) 0.007 0.025 0.014 0.029
(fora, 15) 0.048 0.050 0.088 0.101
(rand, 15) 0.013 0.013 0.000 0.012
(randfora, 15) 0.066 0.063 0.112 0.130
Average 0.034 0.038 0.054 0.068

3.4.2 Deletion Neighborhood Operators

In this section, we describe neighborhood operators that remove quantities from the orders. Just like
the neighborhood operators described in Section 3.4.1, they can be more or less guided. Their main
goal is to reduce transport costs and storage costs. We also describe neighborhood operators that
"destroy" the orders that are placed in the solution. In contrast to the first neighborhood operators
described, that remove a given quantity from the variables (i.e. q ← q − 1), these neighborhood
operators remove the entire order for the selected variables (i.e. q ← 0). They can be applied on
variable groups of varying sizes, and aim at reducing the transport costs and the fixed costs. There
are four neighborhood operators in this category

Random Deletion

With this neighborhood operator, we target the quantities transiting from the supplier to the store,
or from the warehouse to the store (variables from Group 1 and Group 3). We randomly select a
strictly positive variable from one of the groups. Let f be the corresponding flow-item, and t the
corresponding time period. The variable is then modified as follows: qf,t = qf,t − 1. The idea is
to reduce unnecessary transport and storage costs while keeping the solution feasible. We refer to
this neighborhood operator as Del, and provide its performance results in Table 3.2.

Deletion Supplier - Warehouse

With this neighborhood operator, the idea is to remove a quantity on a flow-item from the supplier
to the warehouse (variables of Group 2). We randomly select a positive variable from this group,
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and remove one quantity from the order. However, this can make the solution unfeasible, as the
warehouse may not have enough inventory now to provide the planned quantities sent to the stores.
In such cases, the neighbor is rejected and deleted from the candidate neighbors list. We refer to
this neighborhood operator as DelSW. DelSW aims at reducing unnecessary transport and storage
costs, without penalizing the corresponding flow-items from the warehouse to the stores. We provide
the performance results of DelSW in Table 3.2.

Localized Destruction

This neighborhood operator targets flow-items from suppliers to stores or from the warehouse to
the stores (variables from Group 1 and Group 3). We refer to it as the Des neighborhood operator.
It randomly selects a variable from one of the groups and set its value to 0. Des aims at reducing
unnecessary transport cost while keeping the solution feasible. We provide the performance results
of Des in Table 3.2.

Flow Destruction

This neighborhood operator can be seen as an extended version of Des, as it works the same way
but applies on more variables. We refer to it as DesF. Instead of selecting one flow-item variable,
DesF randomly selects one flow originating from a supplier or from the warehouse and targeting a
store, and a time period. Let l be this flow, and t the selected time period. Then, for all flow-item
f such that SEf = SFl and TEf = TFl, the ordering quantity qt,f are set to 0. DesF aims at
reducing unnecessary transport costs, but also fixed ordering costs, as it removes an entire order
from the solution. The performances of DesF are provided in Table 3.2.

Performances

The performances of deletion neighborhood operators are presented in Table 3.2. First, let us focus
on the individual deletion neighborhood operators. The results are rather straightforward, as both
Del and DelSW do not improve the initial solutions of any instance. Therefore, these neighborhood
operators are not relevant for our problem. For the destruction operators however, we can note
improvements of the initial solution. DesF seem to be the most efficient, and it is better suited for
alph and rand instances. These generation modes result in instances with low demand, and we can
assume that a non necessary ordered quantity has more impact on the solution total cost in this
case.

Table 3.2: Performances deletion neighborhood operators averaged on the 10 runs for every instance.

Instance Del DelSW Des DesF

(alph, 15) 0.000 0.000 0.008 0.115
(fora, 15) 0.000 0.000 0.085 0.106
(rand, 15) 0.000 0.000 0.176 0.217
(randfora, 15) 0.000 0.000 0.019 0.030
Average 0.000 0.000 0.072 0.117
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3.4.3 Rescheduling Neighborhood Operators

In this category, we describe neighborhood operators that move orders to a different time period.
They can move the orders one period before, or one period later. By grouping orders together, they
aim at reducing fixed ordering costs, Franco costs, and unnecessary storage costs in case of order
postponing. There are five neighborhood operators in this category.

Localized Preponing

This neighborhood operator targets flow-items that originate from the warehouse and go to either
the warehouse or the stores (variables of Group 1 and Group 2). The idea is to group orders while
keeping the solution feasible. It randomly select one flow-item f in this group, and a time-period
t ⩾ FH + 1. Then, the ordering quantity qt−1,f = qt−1,f + qt,f , and the ordering quantity qt,f = 0.
We refer to this neighborhood operators as Pre, and provide its performances in Table 3.3.

Flow Preponing

This neighborhood operator is an extension as the previous one, as it moves ordering quantities
one period earlier, but applies to all flow-items of one flow, rather than to one flow-item only. It
targets flows that originate from the supplier and go to either the warehouse or the stores (variables
of Group 1 and Group 2). It randomly selects a flow l from one of both groups and a time period
t ⩽ FH+1. Then, for all flow-items f such that SEf = SFl and TEf = TFl, the ordering quantities
are modified as follows: qt−1 = qt−1,f + qt,f and qt,f = 0. We refer to this neighborhood operator
as PreF, and provide its performances in Table 3.3.

Period Preponing

This neighborhood operator is an extension of the previous one, as it applies to an even wider range
of variables. This time, we select a time period t ⩾ FH+1. For every flow-item f , the corresponding
variable qt,f is reported one time period before. We refer to this neighborhood operator as PreP.
Like both previous neighborhood operators, it aims at reducing the fixed ordering costs and the
Franco costs by grouping orders. But in addition, it also has a "perturbation" role, as it modifies a
large number of variables. As a result, the resulting solution may be more different from the initial
one than with other neighborhood operators. The performances of PrePare provided in Table 3.3.

Localized Postponing

This neighborhood operator targets the flow-items from the warehouse or the supplier to the stores
(variables of Group 1 and Group 3). The idea is to group orders while keeping the feasibility of the
solution. We refer it as Pos. It randomly selects a flow-item f from one of these groups, and a time-
period t ⩽ FH + H− 1. The corresponding variables are modified as follows: qt+1,f = qt+1,f + qt,f
and qt,f = 0. The performances of Pos are provided in Table 3.3.

Flow Postponing

This neighborhood operator is an extension of the previous one, as it applies on a group of variables.
It still applies on the flow-items from a supplier or the warehouse to a store (variables from Group 1
and Group 3, but this time we modify all flow-items of a flow. We randomly select a flow l and a
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time period t ⩽ FH + H − 1. Then, for all flow-item f such that SEf = SFl and TEf = TFl, the
corresponding variable qt,f is reported to the next period. We refer to this neighborhood operator
as PosF, and provide its performances in Table 3.3.

Performances

In Table 3.3, we provide the performances of rescheduling neighborhood operators. Let us first
compare preponing operators and postponing operators. We can note that preponing operators
have a significantly higher performance than postponing operators. We can conclude that, for
our problem, it is more interesting to move orders earlier if we want to reschedule them. If we
focus on preponing neighborhood operators, we can note that they are more efficient on fora and
randfora instances. Moreover, PreF and PreP seem to be more efficient than Pre. As a matter
of fact, Pre concerns individual orders, and therefore only impacts the storage costs and Franco
costs. As PreF and PrePconcern all the orders of one or several flows, they also help reduce fixed
ordering costs.

Table 3.3: Performances of rescheduling neighborhood operators averaged on the 10 runs for every instance.

Instance Pre PreF PreP Pos PosF

(alph, 15) 0.000 0.000 0.000 0.000 0.000
(fora, 15) 0.036 0.040 0.037 0.010 0.010
(rand, 15) 0.022 0.019 0.012 0.015 0.015
(randfora, 15) 0.035 0.039 0.039 0.005 0.005
Average 0.023 0.024 0.022 0.007 0.007

3.4.4 Saturate Franco Neighborhood Operator

This category relates to the neighborhood operator designed to reduce Franco costs specifically.
We developed a single neighborhood operator in this category, that we refer to as Sat. It works
as follows. The first step is to gather all flows that have least one strictly positive order and that
do not reach the Franco threshold. Then, we randomly select on flow from this group. Let l be
this flow, and t the corresponding time period. We next randomly pick out a flow-item f such
that SEf = SFl and TEf = TFl. Finally, the ordering quantity qt,f is increased of the exact value
needed to reach the Franco threshold.

The performances of Sat are provided in Table 3.4. This operator seem to be efficient only for
fora and rand. We can assume that both other instances either already reach Franco thresholds
for all orders, or that reaching the thresholds require to order too much compared to the demand.

3.4.5 Overview

Let us summarize the performances of all neighborhood operators. In Table 3.5, we provide an
overview of the performances of all neighborhood operators averaged on all instances. We provide
the results for X, and add another performance indicator: the relative distance to the optimal
value X∗. This operator is the counterpart of X. It allows us to evaluate how much there is still to
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Table 3.4: Performances of neighborhood operator Sat averaged on the 10 runs for every instance.

Instance Sat

(alph, 15) 0.000
(fora, 15) 0.028
(rand, 15) 0.025
(randfora, 15) 0.000
Average 0.013

optimize after the local search to reach the optimal. This indicator is calculated using the formula
in equation 3.4, with zLS being the cost associated to the best solution found by the local search,
and z∗ being the cost of the optimal solution.

X∗ =
zLS − z∗

z∗
(3.4)

The best value of X∗ we obtain is 1.283, which means we still are more than 100% away from
the optimal solution. This result is not very good, and we expect to find a solution with a lower
cost.

As a result, we cannot consider a classic local search with a single neighborhood operator as a
definitive solution to the problem under study. However, we take advantage of the work presented
in this Section to develop a more sophisticated metaheuristic, still using the search principle of a
local search. We detail the motivations for this metaheuristic and its exact functioning in the next
sections.

3.5 Use of Multiple Neighborhood Operators in the Search

As explained in the previous Section, the operators we developed are not very effective individually,
and are not able to find a solution of good enough quality. As each one of them was developed
to optimize one aspect of the cost function, we want to explore the possibility of using several
operators. This can be achieved by using a Variable Neighborhood Search (VNS ) inspired algorithm.
A Variable Neighborhood Search is a metaheuristic introduced by Mladenović and Hansen [1997].
Its basic idea is to systematically change the neighborhood both within a search phase to find a
local optimum or in a perturbation phase to escape a local optimum (Hansen et al. [2019]). In an
inventory optimization context, VNS are mainly used for inventory routing problems (Gruler et al.
[2018], Popović et al. [2012], Mjirda et al. [2012]). The main search process relies on the sequential
use of different local searches with different neighborhood operators or perturbation operators to
escape local optima and find better quality solutions. In this context, we aim to develop a VNS-
inspired algorithm that can apply several of the operators we described in Section 3.4. We provide
the pseudo-code for such an algorithm in Algorithm 3. The main idea is, given a set of operators
and an initial solution, to perform a local search with the first operator of the set, replace the initial
solution with the best solution found by the local search, and repeat this process for every operator
of the set.
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Table 3.5: Performances of all neighborhood operators averaged on all instances and arranged by ascending order of X∗.

Operator X X∗

DesF 0.117 1.283
Des 0.072 1.402
AddE 0.068 1.465
AddSR 0.054 1.502
AddS 0.038 1.533
Add 0.034 1.543
PreF 0.024 1.562
Pre 0.023 1.563
PreP 0.022 1.57
Sat 0.013 1.585
PosF 0.012 1.592
Pos 0.007 1.602
Del 0 1.623
DelSW 0 1.623

Algorithm 3 VNS-inspired algorithm
1: Input: Initial solution S, Set of operators U , Termination criterion TC
2: for u ∈ U do
3: S′ ← LocalSearch (S, u,TC)
4: S← S′

5: end for
6: Return: S

For a first experiment with this algorithm, we try to compare the convergence efficiency of
the VNS-inspired method with the convergence performance of the best operator from the list
described in Section 3.4, which is DesF. To do so, we select the following subset of operators: U =
{DesF,AddE,Add,PreF,PreP,Sat}, arranged by decreasing order of the performances obtained in
the last section. We set the termination criterion to 250 evaluations, so that the VNS-inspired
method has the same total number of evaluations than the local search with a single operator. In
Figure 3.7, we provide an example of two convergence curves to illustrate this first test. On the
left, there is the convergence curve of a classic local search with DesF, and a termination of 1500
evaluations. On the right, there is the complete convergence curve of the VNS-inspired algorithm
we described above. We can see a clear improvement in the convergence curve of the VNS-inspired
algorithm, as its final solution is significantly closer from the optimal value. This validates the
benefit of using several neighborhood operators in the search process.

However, there are still questions we have to tackle, especially for the design of the algorithm.
The main concern here is the decision of the order in which the operators are given to the local
search. To illustrate the impact of this order, we provide two example convergence curves in Fig-
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Figure 3.7: Convergence curves for both algorithms: individual Local Search with DesF on the left, VNS-inspired
algorithm on the right. For the right curve, a vertical bar represent a modification of neighborhood operator.

ure 3.8. On the left, we reproduced the convergence curve of the VNS-inspired algorithm provided
in Figure 3.7. In this case, the neighborhood operators are used in the decreasing order of their
performances. On the right, we provide the convergence curve of the exact same algorithm, but
with the neighborhood operators used in the increasing order of their performances. By comparing
these curves, we can notice that both solutions obtained by the algorithm are significantly different
in terms of cost function. We can deduce that the order in which we use the neighborhood operators
has an impact on the global performance of the algorithms.

Figure 3.8: Convergence curves for both algorithms: VNS-inspired algorithm with neighborhood operators in decreasing
performance order on the left, VNS-inspired algorithm with neighborhood operators in increasing performance order on

the right. Vertical bars represent modifications of neighborhood operator.

Overall, the results of this experiment shows that the operators can be more or less efficient
in different phases of the search, and can be more or less adapted to certain solution types. With
this observation in mind, we are interested in developing a variable local search algorithm that
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could take such specificities into account and use them to guide the search process. The idea is to
select operators based on their recent efficiency in the search process, and to develop an adaptive
way of selecting the neighborhood operators. This reflection lead to the construction of a new
metaheuristic, that we describe in the next section.

3.6 Variable Adaptive Local Search

3.6.1 Overview of the Algorithm
In the last section, we emphasize the advantages of using multiple neighborhood operators and note
that the effectiveness of these operators varies depending on the type of solution they are applied
to. This leads to the development of a new metaheuristic, still based on the local search principle,
but with a more elaborate way of selecting and using the neighborhood operators. The idea is
to associate an efficiency score to every neighborhood operator, and to use this efficiency score to
influence the selection of the neighborhood operators. Once a neighborhood operator is selected, we
apply it until a better solution is found, or a termination criterion is reached, and use its immediate
performance to make the neighborhood operator’s score evolve. We call this algorithm Variable
Adaptive Local Search (VALS ). We provide an overview of the global search process of VALS in
Algorithm 4. We also provide a schematic representation of the algorithm execution in Figure 3.9.

Algorithm 4 Variable Adaptive Local Search

1: Input: Set of neighborhood operators U, Scores of neighborhood operators G = {Gu}u∈U ,
Global termination criterion TC, Local termination criterion tc, Initial solution S

2: Compute selection probability distribution
3: while not TC do
4: Select a neighborhood operator u ∈ U following the selection probabilities
5: while not tc do
6: Generate a candidate neighbor S′

7: if S′ is better than S then
8: S← S′

9: tc← True
10: end if
11: end while
12: Compute immediate efficiency of u
13: Update Gu

14: Update selection probabilities
15: end while

This metaheuristic is inspired by the protocol for using different neighborhood operators, com-
pute their score and making this score evolve throughout the search described in Maturana et al.
[2009]. In opposition to the VNS-inspired algorithm we proposed in Section 3.5, we select a neigh-
borhood operator as soon as a better solution is found, and do not continue the search until the
neighborhood operator finds a local optimum. This allows a more dynamic exploration of the search
space, as we spend less time exploring a potential local optimum. Moreover, if a neighborhood op-
erator has a high efficiency score, its selection probability is accordingly higher, and can be selected
several times in a row. This allow the algorithm to exploit the neighborhood as long as the operator
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Figure 3.9: Schematic representation of VALS execution.

is relevant for the current solution. In order to implement VALS, we also have to make the following
algorithm design decisions.

Score Calculation: As we mentioned above, all neighborhood operators are associated with
an efficiency score. This score is very important for the algorithm, as it represents the current
relevance of a neighborhood operator, and it also determines the probability of a neighborhood
operator to be selected in the search process. The initialization and calculation of the scores are
detailed Section 3.6.2.

Neighborhood Operator Selection: Once the scores of the neighborhood operators are com-
puted, we need to determine how to select the neighborhood operators at the end of every neigh-
borhood exploration. This procedure is described Section 3.6.3.

Score Evolution: Every time we select a neighborhood operator, the score associated to the
neighborhood operator we have just used is updated based on its immediate performance. This
process ensures that the probability of selecting a neighborhood operator is representative of the
relevancy of the neighborhood operator for the current solution. This update process is detailed
Section 3.6.4.

Termination Criteria: There are two termination criteria that have to be determined for the
design of VALS. The first one is the global termination criterion, which states when the search
process finishes. It has the same function as a termination criterion in a classic local search, and
decides when the solution found is satisfactory enough to stop the algorithm. The second one
is the local termination criterion, that is applied on the individual neighborhood searches. This
local termination criterion ensures we do not spend too much search effort on a non promising
neighborhood. Both of these criteria are described Section 3.6.5.
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3.6.2 Score Initialization and Computation
In this section, we focus on the method for calculating the efficiency scores associated to every
neighborhood operator used by VALS. These scores are used as a basis to choose the neighborhood
operator each time we change neighborhood operators.

The score has a function of representing the efficiency of an operator at the end of the neigh-
borhood exploration. To translate it, we balance two aspects of the neighborhood exploration. The
first aspect is the gap between the initial solution, that is the input of the neighborhood search,
and the final solution, that is found at the end of the neighborhood exploration. The second as-
pect is the time needed to achieve this gap. As the neighborhood exploration stops once we find
the first improving neighbor, a short neighborhood exploration implies high efficiency, because this
means the neighborhood operator is able to quickly find improving neighbors. As the execution
time measure is dependent on various factors, such as the machine used to execute the algorithm or
the current occupation of this machine for example, we cannot consider this measure as objective
enough to use it as is. Consequently, to translate the time spent exploring a neighborhood, we use
the number of neighbors evaluated during the exploration. Let us consider a single neighborhood
exploration with a neighborhood operator u. With z0 being the fitness value associated with the
initial solution, z∗ the fitness value of the final solution, and NS the number of neighbors evaluated
during the search, the score of the operator is computed using the formula of equation 3.5. This
formula is used to compute the so-called "immediate" efficiency score of the operator. The process
to compute the final score associated to the neighborhood operator before choosing a new one is
further described in Section 3.6.4.

G =
z0 − z∗

NS
(3.5)

As stated before, we calculate this score at the end of every neighborhood exploration. However,
we also have to provide initial efficiency scores for the neighborhood operators as input for the
algorithm. To do so, we choose to perform an individual local search for every neighborhood
operator. This individual local search is applied to the initial solution computed for VALS, and
has a termination criterion of L neighbor evaluations. This criterion L is a hyper-parameter of
the algorithm. At the end of every individual local search, we compute the score associated to the
operator using the same formula. At the end of every operator score initialization, we keep the best
solution found as the initial one for the algorithm.

3.6.3 Neighborhood Operator Selection
In this section, we describe the selection mechanism for the neighborhood operators. This mech-
anism is used at the beginning of the search process, using the initial scores associated to the
neighborhood operators, and at the end of every neighborhood exploration, to select the next
neighborhood operator to be used in the search process.

The process we develop is very simple. Let U be the set of neighborhood operators used in
the search, and Gu the score associated with the neighborhood operator u. Based on the set of
scores, we compute the selection probabilities with the formula in equation 3.6. This is the most
straightforward way of computing probabilities.

∀u ∈ U, Pu =
Gu∑

u∈U Gu
(3.6)
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With the calculation of probabilities for every neighborhood operator, we obtain a probability
distribution for the selection of the neighborhood operators. Every time we have to select a neigh-
borhood operator, we randomly draw a neighborhood operator according to the probability law
described by P.

3.6.4 Score Evolution
In Section 3.6.2, we describe how the performance of the operators is assessed after every neigh-
borhood exploration. The formula we provide is used to give a representation of the immediate
performance of the neighborhood operator, but we do not use this value as is to compute the new
score that is used for the selection probability. Let G be the immediate score computed with the
formula described in equation 3.5. This score is the most up-to-date, but it is also the result of a
neighborhood exploration that selects candidate solutions randomly. As a result, this measure may
not be completely representative of the neighborhood operator’s performance, because it may be
the result of an arbitrarily advantageous (or disadvantageous) exploration. Moreover, basing the
selection probability of a neighborhood operator on a single exploration may not be relevant, as it
can ignore the information obtained with the previous explorations. Nevertheless, we do not want
to use the complete history of scores, as we want the method to stay adaptive.

Consequently, we want to find a way of making the scores evolve that is not too fluctuating
(i.e. using the immediate score as is), but not too stagnating (i.e. using the complete history of
immediate scores). To do so, we use the concept of sliding window, as described in Veerapen
et al. [2012]. The idea is to keep a given number of immediate scores to compute the resulting
score, and to make this reduced history evolve by adding the last immediate score to the list and
remove the oldest one. The sliding window process operates as follows. Let K be the size of the
sliding window, that represents the number of scores we keep in the history. We first fill every
sliding window of the neighborhood operators with their initial performance score. We consider a
neighborhood operator u, and we note its sliding window SWu. We place ourselves at the n-th time
we explore a neighborhood with u. Let Gu (n) be the immediate performance score associated to
this exploration. The new score associated to the operator for the selection probability is calculated
using the equation 3.7.

G′
u =

1

K + 1

(
Gu (n) +

K∑
i=1

SWu (i)

)
(3.7)

We then make the sliding window evolve in the following way. If n < K, then SWu (n) = Gu (n).
Otherwise, we remove SWu (0), and SWu (n) = Gu (K). We provide a schematic representation of
the process of updating the sliding window in Figure 3.10.

Using this mechanism, we obtain a score that takes into account the recent performance of the
operator without being too sensitive to the last exploration. The higher the K, the more inertia
the score evolution has (i.e. the score evolution is slower). On the contrary, the lower the K is, the
more dynamic the score evolution is (i.e. the immediate score has more impact). The size of the
sliding window K is a hyper-parameter of the algorithm.

3.6.5 Termination criteria
As we mentioned above, there are two types of termination criteria we have to define for the design
of VALS. First, there is the global termination criterion, that decides when the algorithm stops.
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Figure 3.10: Schematic representation of the evolution of the sliding window through the execution of VALS.

This criterion is denoted TC. Then, there is the local termination criterion, that decides when to
stop a neighborhood exploration when we did not find an improving neighbor for a certain time.
This criterion is denoted tc.

The global termination criterion determines the "budget" we allow the algorithm to find a
solution we consider satisfying. As we mentioned in Section 3.6.2, we do not consider the execution
time as an objective measure, as it varies with the machine used. Consequently, we prefer to use the
number of neighbors evaluated as a termination criterion, as it is a more objective measure of the
exploration of the search space. As a result, we prefer to express TC in neighbor evaluations. Once
the maximum number of evaluations is reached, the algorithm terminates its current neighborhood
exploration, and returns the best solution found. However, for some experimentations, we consider
an execution time limit more suited, as it allows to better control the total execution time of the
experimentations. Moreover, one of the industrial requirements for the resolution method is a time
limit of two hours, and we want to ensure that we find a reasonably good quality solution within
this time span.

The local termination criterion determines the maximum budget allowed for the exploitation of a
given neighborhood. Once a neighborhood operator is selected, the exploration of this neighborhood
will continue until an improving neighbor is found, or in default until the local termination criterion
is reached. This criterion is still a number of neighbors evaluated, for the same reasons as stated
above, but we choose to not directly set a value. As a matter of fact, we want the exploration
to stop once we evaluated a certain proportion of the neighborhood defined by the couple of the
initial solution and the neighborhood operator. Once we selected a neighborhood operator, let |u|
be the size of the corresponding neighborhood. The number of evaluations for the local criterion
tc is computed as follows: tc = ⌈γ × |u|⌉ evaluations allowed, with 0 < γ ⩽ 1, representing the
neighborhood proportion we allow the neighborhood operator to explore. If γ = 1, then we allow the
algorithm to eventually explore the complete neighborhood without finding an improving solution.
In such a case, the algorithm may spend a lot of its complete budget in the exploration of a not
relevant neighborhood. On the contrary, the closer to 0 γ is, the least number of neighbors we
allow the neighborhood operator to explore to find an improving solution. This ensures a lower
probability of spending time in a not relevant neighborhood, but also increases the probability to
miss a good solution if the limit is too low.
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3.7 Experimentations
In this section, we present the experimentations conducted with VALS and the results obtained.
We first validate the benefits of the method by comparing it with several variable methods in
Section 3.7.1. Then, we focus on the global performances of the algorithms by applying it on
several instances of the problem under study in Section 3.7.2.

Overall, the following design decisions have to be made in order to set up the VALS algorithm.
The first decision is the set of neighborhood operators that will be used for the search. Based on
the individual performances of the neighborhood operators, we select the following operator set:
{DesF,AddE,Add,PreF,PreP,Sat}. Next, we have to set the hyper-parameters we described in the
previous sections. They are: the number of neighbors evaluated to compute the initial scores of
the neighborhood operators L, the size of the sliding window K, the local termination criterion tc
and the global termination criterion TC. In the following experiments, we use the following hyper-
parameter values for our experiments. We set L = 75 neighbor evaluations for the initialization of
scores, K = 15 for the sliding window size, and tc = 0.1 for the proportion of the neighborhood we
allow the neighborhood operators to explore without finding an improving solution. Regarding the
total budget TC, it will vary depending on the experimentations.

3.7.1 Method Validation
In this Section, we aim at validating the metaheuristic design. We already gave insights on the
benefit of using several neighborhood operators in Section 3.5. In this part, we propose to validate
the two other aspects of VALS. The first aspect is the scoring of neighborhood operators, that
results in a non-uniform probability distribution for the selection of the neighborhood operators
along the search. By arbitrarily setting a uniform probability distribution for the neighborhood
operators selection, i.e. Pu = 1

|U | ∀u ∈ U , we give all neighborhood operators the same chance to
be used at each step of the search. In this case, the algorithm operates the exact same way as VALS,
without the score calculation, the score evolution, and the probability evolution processes. In the
following, we refer to this alternative algorithm as Uniform Variable Local Search (U-VLS ). The
second aspect is the adaptive function of the algorithm, that makes the selection probability evolve
along the search. By initializing a probability distribution for the neighborhood operator selection
based on their initial performance score, we use the fact that all neighborhood operators do not
have the same performance, but assume this performance remains stable along the optimization.
In this case, the algorithm operates exactly like VALS, but without the score evolution process. In
the following, we refer to this algorithm as Variable Local Search (VLS ). The pseudo-code for both
alternative algorithms, U-VLS and VLS, are in Appendix B.

In order to validate both the non uniform distribution for selecting neighborhood operators,
and the adaptive aspect of the algorithm, we compare the performances of our proposed solution
method, VALS, with both algorithms we described above: U-VLS and VLS. To this end, we select
a subset of instances for the problem under study (cf. Section 2.4), and apply the three algorithms
to solve them. As the algorithms rely on several random processes (e.g. neighborhood operator
selection, neighborhood exploration), we run each algorithm twenty times on the instances, and set
an input seed for every algorithm run. To ensure a fair comparison between the algorithms, we
set a common global termination criterion TC. The exact experimental protocol definition is as
follows.

• Instances: All pairs of generation modes {alph, for, fora, rand} and number of items
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{15, 25, 50, 100}, for a total of 16 instances.

• Number of seeds: 20

• Global termination criterion: 7200 seconds

To summarize, we run every algorithm twenty times on every instance with a fixed seed and a
termination criterion of 7200 seconds, which is the time limit set by the partner company. We then
compare their performances. As we do not have the optimal value for all instances of the set, we
evaluate the algorithm performance by calculating their relative gap from the initial solution. The
relative gap is computed the same way as described in Section 3.4. As a reminder, we recall the
formula of Section 3.4 in equation 3.1, with z0 being the cost associated to the initial solution, and
zLS the cost associated to the best solution found by the algorithms. This performance measure
allows to assess how much the algorithm can improve the initial solution, and has the advantage to
be comparable for instances with different initial solution values.

X =
z0 − zLS

z0
(3.1)

In Figure 3.11, we provide the results of the experimentations described above. These results
are shown in form of boxplots. For each algorithm, we produce a boxplot for all relative gaps
obtained with a single run of the algorithm. These results are aggregated for all instances of the
experimental protocol. If we focus on the boxplots, we can see that the VALS algorithm globally
obtains better results than both other algorithms. As a matter of fact, the median of its boxplot
is higher than both other medians. Moreover, this algorithm is the one that achieves the highest
performance, and its lowest value is also higher than both the lowest values of U-VLS and VLS.

Figure 3.11: Boxplots for the relative gaps results of the comparison of the algorithms U-VLS, VLSand VALS, aggregated
in all instances.

Overall, we can deduce that VALS is the algorithm that has a better chance to find the best
solution among the three alternatives we consider. Consequently, we can validate the benefit of
both the non-uniform distribution for the selection probability of the neighborhood operators, and
the evolution of this distribution score.
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3.7.2 Global Performances
In this section, we focus on the global performances of our proposed algorithm for the problem under
study. To this end, we put in place the same experimental protocol, but with other parameters.
The idea is to test fewer instances, but to give the algorithm a higher budget, so that it has more
time to optimize the instances. Moreover, we want to give a budget in neighbor evaluations and not
in execution time, so that the algorithm can have the same optimizing chance for all instances. As
a matter of fact, the algorithm is slower with the increase in the instance size, as it takes more time
to evaluate the cost function, so it can explore a lower number of neighbors for larger instances in
the same amount of time. The exact experimental protocol definition is as follows.

• Instances: All pairs of generation modes {fora, randfor, rand} and number of items
{15, 25, 40}, for a total of 9 instances.

• Number of seeds: 10

• Global termination criterion: 3000 neighbor evaluations

To assess the performance of VALS, we compute the average relative gap from the initial solution.
The formula to calculate this performance measure is provided in equation 3.8, with z0 being the
average of initial solution values on all seeds, and zLS the average of the best solution found values
on all seeds.

X1 =
z0 − zLS

z0
(3.8)

We provide the results of this experimentation in Table 3.6. We can see that, except for the
rand instances, the algorithm achieves at least a 10% improvement of the initial solution, even
for the larger instances, that are more difficult to solve. For the instance (fora, 15), we reach an
improvement of 25%, which is more than the double of the performance we could achieve with the
best neighborhood operator in a simple local search (cf. Section 3.4). As a result, we can see a
clear improvement in the resolution performances with our proposed algorithm. In Appendix C, we
provide the convergence curves obtained with this experimentation phase. For instances for which
we have the optimal objective value, this value is shown on the graphs.

Table 3.6: Average gaps from the initial solution using VALS.

Instance fora randfor rand

15 0.25 0.21 0.09
25 0.14 0.15 0.11
40 0.11 0.10 0.05

3.8 Conclusion
In this Chapter, we propose a resolution method to solve the problem we aim to tackle in this
thesis. Based on the characteristics of the problem, the specificities of the model, and the industrial
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requirements we have to meet, we orient the algorithm design to a local search-like algorithm. As
we do not find existing neighborhood operators that are suited for the problem under study, we
develop neighborhood operators dedicated to the problem, and conduct first experimentations to
assess their performance.

From this point, we note that the individual performance of the neighborhood operators is
not satisfying, but also that we can achieve a better performance by using several neighborhood
operators in the search. Moreover, we also note that the neighborhood operators have a varying
performance depending on the moment we use them in the search. This leads us to the develop-
ment of a new metaheuristic, the Variable Adaptive Local Search (VALS ). This metaheuristic is
designed to dynamically use a given set of neighborhood operators, by selecting a new one once an
improving solution is found. It also takes into account the fact that all neighborhood operators do
not have the same efficiency, by assigning them a non-uniform selection probability, and the fact
that this efficiency changes along the search, by making this selection probability evolve every time
a neighborhood operator is used.

The proposed algorithm is then validated by comparing its performances with two alternative
variable local searches, confirming the benefit of using a non-uniform selection probability for the
neighborhood operators, and the benefit of making this probability distribution evolve along the
search.

Finally, we assess the global performance of the proposed algorithm by applying it on several
instances of the problem under study. These experimentations show a significant improvement of
the initial solution, especially by comparing these performances to the ones obtained with a simple
local search. However, we know that the solution found with VALS are still far away from the
optimal solution. Nevertheless, we know that the problem is very difficult to solve, and we also
want to demonstrate the benefit of a multi-echelon inventory control approach over a single-echelon
one. To this end, we propose to compare the solutions obtained with our proposed multi-echelon
approach to the ones already existing in the partner company. This part of the work is detailed in
the next chapter.
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4.1 Introduction

One of the main questions and motivations for the work we accomplish is determining whether
multi-echelon inventory replenishment is a good strategy for inventory control and comparing this
approach to single-echelon strategies. By achieving this work, we expect to uncover the benefits
and drawbacks of each approach, and to provide recommendations on their use in real-case settings.

A grounding motivation for developing and studying a multi-echelon inventory control approach
is to show that this approach will outperform the traditional single-echelon approaches, at least
on some aspects. As a result, we are trying in this chapter to determine whether our approach
performs as we intend it to, which is the definition of model verification (Banks and Malavé [1984]).

In the previous chapters, we developed a realistic multi-echelon inventory control model and
implemented a method to solve this model in a reasonable time. This method has been tested
and evaluated on algorithmic aspects. In this chapter, we aim to evaluate our proposed algorithm
on more practical aspects. We also want to study the ordering behavior of our proposed model,
as well as that of single-echelon approaches. To achieve this, it seems necessary to reproduce the
inventory management process of the case under study in a framework that is the closest possible
to the reality. This framework will be useful to put the decision algorithms in realistic ordering
situations, and to study the impacts of applying their proposed decisions.

Real-world complex systems, such as supply chains, operate in conditions depending on multi-
ple random factors, which makes difficult to analyze them in real situations (Wiśniewski [2018]).
Simulation can be defined as the imitation of operations being part of a real-world process or sys-
tem over time (Banks [1999]). Simulation tools are suitable to analyze decisions in a framework
more similar to the reality (Alstrøm and Madsen [1992]), and to accurately capture and explain
the actual behavior of the system under study (Chu et al. [2015]). Moreover, simulation models are
widely used to reproduce real-world systems and assess their performances in diverse situations or
to study facets of their behaviors. In the field of supply chain management, and more specifically
in inventory control, there exists some studies that use simulation as a tool to compare different
inventory control strategies (Huq et al. [2006]) or to determine the impact of various parameters
on the global supply chain performance (Ganeshan et al. [2001], Brown et al. [2001], Fleisch and
Tellkamp [2005]).

As a result, simulation seems to be a relevant and performing solution to answer the aforemen-
tioned research question. This is why we choose to develop a simulation framework that reproduces
the inventory control process of a two-echelon supply network on several time steps. This simulation
tool is used as a frame that makes the decision algorithms calculate the recommended ordering plans
in multiple contexts, and then apply these computed orders to verify their performances regarding
practical criteria.

The remainder of this chapter is organized as follows. We first introduce key concepts for the
performance analysis and recall the different order computation engines we want to compare in
Section 4.2. Then, we focus on the detailed simulation process that is developed to answer the
aforementioned research questions of this chapter. We focus on the simulation tool initialization
and instantiating in Section 4.3. and we detail the different steps of the inventory control process
reproduction phase in Section 4.4. We also provide an overview of the actual simulation tool
developed as part of this work in Section 4.5. We present the experimental protocol conducted
using the simulator and the results in Section 4.6. Finally, we provide a conclusion of this chapter
in Section 4.7.
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4.2 General Description
As mentioned in the previous section, the main objective of this chapter is to study the performances
of our approach in a practical context, and to evaluate its performance from an industrial point of
view. Moreover, we want to compare our approach to the ones already existing in the company.

In order to achieve this goal, we concentrate on the context in which the algorithms are used in
practice. In the following, we refer to the inventory control decision algorithms as order engines or
decision agents. Recalling that we work on a one-warehouse N-retailers (1WNR) supply chain, we
want to develop a simulation model that reproduces this kind of supply chain, and especially the
ordering and demand answering process of entities that manage inventory on several time periods.

In this section, we introduce the key concepts that we use during the simulation protocol.
We also rapidly reintroduce the different decision agents that will be assessed in the simulation
experiments.

4.2.1 Inventory Control Process
Let us first describe the inventory control process from a localized point of view. Each period of
time is divided into several steps. For a given entity and item, each period starts with an initial
inventory I0. Then, the order engine computes an order q given the state of the system and the
demand previsions. From this time on, the inventory begins to evolve. First, the entity receives the
orders placed before. Let t be the current period, and LT the total time needed by the supplying
source to process an order once it is placed. Once the reception phase is over, the inventory level
is calculated as follows.

IR = I0 + qt−LT (4.1)

This inventory is the "effective" inventory that is used for the next steps of the time period,
which is meeting the customer demand. We operate under a lost sales assumption, which means
that every customer demand the inventory cannot meet is deleted, rather than carried forward to
the next period. Let D be the external demand for the given item and period. After meeting the
demand, the resulting inventory is computed as follows.

I+ =
[
IR −D

]+
(4.2)

This resulting inventory I+ is the end of period inventory. This amount of products will stay
in the inventory until the beginning of the next period, and it is consequently the initial inventory
of the time step t+ 1.

These steps are detailed in the Figure 4.1, with a description of the inventory level evolution
during the period. This process is applied for each entity and item of the system, at each time
period of the simulation procedure.

4.2.2 Order Engines
As mentioned before, the goal here is to test several order engines (i.e. different methods for the
order calculation phase of the process described in Section 4.2.1).

The first and main order engine we want to evaluate with the simulation framework developed
in this work is the Multi-Echelon Ordering Plan (ME-LS) order engine. Let us quickly recall its
characteristics. This decision agent, is a multi-echelon, multi-item and multi-period order engine.
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Figure 4.1: Description of the inventory control process on a given period with insight on the inventory level evolution.

The first step of the optimization process is the generation of a feasible solution. Then, a local search
is applied to improve this initial solution. The decision agent is used on all entities and items of
the system jointly, and computes an ordering plan for several periods. In the simulator, we use the
orders computed for the first period of the solution (cf. Section 4.2.3 for further explanation).

The simulation protocol is used to assess the performance of ME-LS, but also to compare these
performances to the ones of the already existing order engines in the company. These decision
agents, SPSE and MP2 are described in Section 1.6. As for ME-LS, let us rapidly recall their
functioning.

Firstly, let us describe the SPSE (Single-Product Single-Echelon) decision agent. It is a single-
echelon, single-item and single-period order engine. Its main feature is to compute an order for a
given entity-item and for the period in which it is called. This order engine is used on every entity-
item pair, for which we selected a supplying source beforehand (in the given supplying sources list, in
our case the warehouse and all available external suppliers). The detailed process and optimization
methods of this order engine is further explained by Sahu [2020, Chapter 5]. In the simulator, we
use the calculated orders as is.

Secondly, we also work with the MP2 (Multi-Product Multi-Period) decision agent. This order
engine is still single-echelon, but multi-product and multi-period. Accordingly, this order engine
is designed to compute the orders for an item group of a given entity and for a given number of
time periods. For each item of the system, we pre-select a supplying source, in the same list as for
SPSE, and group these items by entity and supplying source. Then, SPSE is used as a pre-solving
tool to compute all order possibilities we want to take into account and their associated single-item
cost (i.e. purchasing, holding and shortage cost). Then, the MP2 order engine computes the best
combination of these order possibilities on the given time horizon and returns the corresponding
order planning. As for the ME-LS decision agent, we only use the orders computed for the first
period of the planning horizon. The optimization protocol and precise functioning is described
in Métaireau et al. [2022].

4.2.3 Rolling Horizon

In the multi-periodic replenishment and inventory control field, the main goal is to compute orders
not for one single period but for a finite planning horizon containing several periods. One common
assumption is that the order planning computation is periodical (Saracoglu et al. [2014]). This
means that, for a given planning horizon length H, the orders are computed at time t = 1, and
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strictly applied until time t = H. The next order planning computation happens at time t = H+1,
and so on. This strategy is applied for many contexts, both single-echelon (Mousavi et al. [2013],
Kim et al. [2015]) and multi-echelon (Aharon et al. [2009]).

In most of situations however, the external demand is an uncertain parameter, and the forecasted
demand provided for the order computation is rarely the exact demand that the entities will face.
As a result, we cannot be sure that the ordering plan computed at the beginning of the planning
horizon will stay relevant along this number of time periods. As a matter of fact, the real inventory
evolution will not necessary match the computed inventory projection used for the ordering plan
due to the demand uncertainty. Then, the computed orders can be unsuitable for the real context,
especially near the end of the planning horizon.

When the external demand parameter is uncertain, there exist studies that choose another
planning strategy for multi-periodic contexts (Rahdar et al. [2018], Jung et al. [2004]). This strategy
is the so-called rolling-horizon concept, introduced by Reklaitis [1982], that we describe in this
section.

We use the concept of rolling horizon with the multi-period planning order engines MP2 and
ME-LS. In order to properly explain this concept, we need to introduce two notations. Let TH be
the entire simulation time horizon. In other words, TH is the number of time periods we want to
simulate during one experiment.

Then, we introduce H such that H≪ TH. H is the local planning horizon length for the multi-
period solvers, or rolling horizon. This means that, at each simulation period t with the ME-LS or
MP2 order engines, their planning horizon is Jt, t + HK. Once the solver finishes the computation
of the order planning on this horizon, only the orders supposed to be placed on time period t are
saved to be applied during the simulation. The simulation step then continues until the end of the
period, and the next planning horizon is Jt + 1, t + 1 + HK, and so forth until the last planning
horizon i.e. until the simulation period t = TH−H.

We provide a representation of the rolling horizon concept on Figure 4.2.

Figure 4.2: Representation of the rolling horizon concept.

4.3 Simulation Context Construction
The main goal of this chapter is to develop a simulation tool that is able to reproduce the previously
described process on several time steps and for different order calculation methods (i.e. decision
agents). In this section, we present in detail the simulation procedure. The simulator is a collection
of several processes that replicate the inventory control system on one time period. These processes
are called sequentially for one time step, and then the whole sequence is repeated for each time step
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of the simulation horizon. To illustrate this concept, we provide a representation of the simulation
protocol on Figure 4.3. In the following subsections, we describe the building of the simulation
model and the definition of the context to be simulated. This corresponds to the "Environment"
and "Instance" (respectively described in Sections 4.3.3 and 4.3.4) blocks displayed on the figure.
We also detail the initialization phase of the simulation tool in Section 4.3.1. Finally, we provide
some discussion about the initial solution computation for ME-LS agent in Section 4.3.2.

Figure 4.3: Description of the simulation protocol steps.

4.3.1 Initialization

Before entering the actual simulation process, there is an initialization process conducted only for
the first simulation time step.

In this phase, we mainly create the objects that hold data during the simulation (the environ-
ment, described in Section 4.3.3, the instance, described in Section 4.3.4, and the monitor, described
in Section 4.4.4).

We also create an initial state ζ0 = (I0,O) for the simulation, which is the first context used for
reproducing the inventory control process. In the data provided for our case study, we do not have
information on the inventory levels and in-progress orders for the period under study. As a result,
we have two options. Firstly, we can start from a so-called null initial state, i.e. we consider the
initial inventory level and in-progress orders to be strictly null. Secondly, we can create a non-zero
initial state based on the data. As the null initial state is hardly ever encountered in practice, we
choose to build a non-zero state.

We want this initial state to be realistic, i.e. to represent a situation that may be encountered
in practice. To do so, we set up an initial state computation protocol that starts from a null initial
state, and mimic a simplified inventory control process during several periods to obtain credible
initial inventory and in-progress orders.

The first step of this protocol is to solve the inventory control problem for the first time period
of the dataset. For this part, we use the continuous relaxation of the Mixed-Integer Linear Program
(MILP) described in Chapter 2. As mentioned in the same chapter, the MILP is too slow to be
used, so the Linear Program (LP) obtained after relaxation is a good alternative to obtain a basis
for a solution in a reasonable time. However, this solution is not feasible because the resulting
quantities are not integer. To make this solution feasible, we round the quantities and repair the
obtained solution. To do so, we use the same repair protocol as the one described in Chapter 3.

The outgoing set of quantities represent a feasible ordering plan for the first periods of the total
horizon available in the dataset. Let H be the planning horizon length. F is the set of flow-items of
the problem considered, and ST is the set of entity-items. Let (qtf )t∈H,f∈F be this ordering plan.
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Let (its)s∈ST,t∈H be the corresponding inventory levels. This serves as basis for the construction of
a representative initial state. Let us assume that the predicted demand on this planning horizon
is the exact customer demand. Let T− be the frozen horizon length. We now choose an integer
ND < T−. This integer represents the period we use to construct the initial state. In other words,
we shift ND time steps in the planning horizon. The elements of the initial state are constructed
as follows.

∀s ∈ ST, I0s = iT−+ND+1,s (4.3)

∀f ∈ F, ∀t ∈ J1,T− −NDK, Ot,f = 0 (4.4)

∀f ∈ F, ∀t ∈ JT− −ND + 1,T−K, Ot,f = qt+NDf (4.5)

We then create the initial state ζ0, which is the set of the previously computed I0 and O, and
add it to the environment object. This is the starting point of the simulation process.

4.3.2 Initial Solution Computation During Simulation
In the Multi-Echelon Ordering Plan (ME-LS) procedure, we have to compute an initial solution in
order to initialize the search. In Section 3.3.2, we detail a method to create this initial solution
starting from scratch. This method is adequate for a context in which we do not have any prior
information on a feasible solution. In the following, we refer to it as the step zero computation
method.

In a simulation framework, however, we can have an insight on the structure of a good solution
using the information gathered in the previous simulation period. As a matter of fact, for a given
time step t, the solution obtained in the period t − 1 can be slightly modified to be a compliant
starting solution for the current period.

The first intuition we had was that it would be more interesting to use this previous solution
for building the one for the current period. Actually, this solution is the result of a search process,
so exploiting this process seems to be a good strategy to enhance the ME-LS optimization perfor-
mances. So, we set up a method to compute an initial solution for ME-LS using the best solution
found at the previous period. This method is described in Algorithm 5. In the following, we refer
to it as the shifting computation method.

In the first simulation experiments we conducted, we used the shifting computation method for
ME-LS. When analysing the results, we notice cost variations that are not compliant with our
expectations, and Analyze a bit further the quality of the initial solutions. To do so, we run a
simulation with ME-LS decision agent on several periods and record the cost function values of
the initial and final solutions each period (respectively before and after the execution of the local
search). The simulation is launched on the instance fora with 15 items and a simulation horizon
TS = 45. The results are displayed on Figure 4.4.
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Algorithm 5 Shifting computation method
1: Input: Time step t
2: Initial solution S = ∅
3: if t = 1 then
4: Compute initial solution using the step zero computation method
5: else
6: Get previous solution S− = (qtf )t∈T,f∈F

7: Create new orders table
(
q′tf

)
t∈T,f∈F

8: Shift the solution one step forward
9: ∀f ∈ F, t ∈ J1,H− 1K , q′tf = qt+1f

10: Fill the table for the last time period
11: ∀f ∈ F, q′Hf = 0

12: S←
(
q′tf

)
t∈T,f∈F

13: end if

Figure 4.4: Representation of solution cost function values during the simulation experiment with ME-LS and information
exploitation computation method. The ’×’ markers are for initial solutions and the ’•’ markers are for final solutions. Zero

values are the week-ends.
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We notice that, after the first simulated week, there is a significant increase in the cost of the
initial solution for a given period. Moreover, the local search does not compensate this increase
and the solution cost function values stay high compared to the first week. This can be explained
by two assumptions. The first one is that the demand faced during the simulation process is very
different from the demand forecasted. This leads to an initial state for the next period that is not
resembling the state projected in the previous ordering plan. As a result, using the shifting method
to compute an initial solution can lead to an inappropriate ordering plan.

As this may be a characteristic of the instance under study, we compare this curve to the one
obtained with the same experiment but with the step zero computation method for all simulation
time periods. The results are displayed on Figure 4.5.

Figure 4.5: Comparison of solution cost function values during the simulation experiment with ME-LS and information
exploitation/step zero computation method. The ’×’ markers are for initial solutions and the ’•’ markers are for final

solutions. Zero values are the week-ends.

Comparing both curves, we can see that the step zero is higher for the beginning of the first week.
However, for the end of this week and for all the following ones, the cost function values of solutions
are stable and significantly lower than the solutions obtained with the information exploitation
computation method. This means that the global algorithmic performances of the local search
during the simulation are better with the step zero computation method than with the information
exploitation computation method. To validate this result, we reproduced the experiment on several
instances and reached the same conclusion. As a result, we choose the step zero computation
method for the rest of the simulation experimentations.

4.3.3 Environment

The first phase of the protocol is the environment set-up. The environment is the simulator’s
element that contains all the information related to the system under study. It is the object
defining the structure of the simulated context we want to build. It states which instance of the
case study is used in the current simulation experiment. It also holds the hyper-parameters that
generally describe the case study. For instance, elements like the storage capacity of entities W or
the fixed cost value Ck are defined and stored by the environment. These elements are the additional
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elements adjoined to the data to complete the inventory control model (cf. Section 2.4.1). To detail
the information categories described above, we provide an exhaustive list of the elements contained
in the environment in Table 4.1.

Table 4.1: Description of the elements defined in the environment object of the simulation tool.

Description Elements

Instance characteristics Generation mode of the instance gen
Number of items P

Problem specifications Entities capacity W
Franco penalty factor ωCf

Cost specifications Holding cost factor ωCh

Shortage cost factor ωCs

Fixed cost value Ck

At last, the environment also indicates the current simulation time step and contains its initial
state ζ0. The time step parameter states which time period of the simulation horizon is presently
under study. The initial state is the set of current in-progress orders and the entity-items’ initial
inventory. Both will be updated along the simulation. As a result, the environment is the global
descriptive process of the simulation protocol, and builds the general framework for the simulation.

4.3.4 Instance

The second process is the instance creation. The instance is the element that contains all practical
data used for the resolution and replication phases. Based on the environment hyper-parameters
and the available inputs, the instance creation process builds the suitable data structure needed to
compute orders, apply them, and move one step forward. In a sense, the instance can be viewed as
a tangible representation of the simulated system described by the environment.

First, it contains all the system specifications, mainly the sizes of every input set of data. Then,
it contains data defining the demand and order specifications. This includes the entities’ ordering
calendar, i.e. if the entity is open at each period of the simulation horizon, and all the demand
forecast for a given time horizon. As SPSE and MP2 are single-echelon models, they consider the
demand coming from the stores as an external demand. Accordingly, the instance holds the external
demand forecast for the stores, but also the store orders forecast for the warehouse. We provide a
detailed list of the elements mentioned above in Table 4.2.

Then, the instance builds the data structure describing the inventory control system and the
interactions between elements, based on the informations extracted from the input dataset. Con-
sidering the tools we choose to code the simulation framework, we implement this part using
dataframes. Dataframes are bi-dimensional data structures that are useful to store and manip-
ulate data in Python, as the language provides libraries to handle them. There is one dataframe
describing the entities, one describing the entity-items, one describing the flows between entities,
and one describing the flow-item pairs. The elements contained by each dataframe are described in
Table 4.3.
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Table 4.2: Description of the elements defined in the instance object of the simulation tool.

Description Elements

System specifications In-progress horizon size FH
Number of flow-items |F|
Number of entity-items |ST|
Number of entities |E|
Number of flows |FL|
Number of warehouses |E−|

Demand and order Forecast for stores
Forecast for the warehouse
Entities ordering calendar

Table 4.3: Description of the dataframes built during the instance creation process.

Dataframe Flow-items Entity-items Flows Entities

Elements

Source entity SE Entity EN Source entity SF Identifier e

Target entity TE Item IT Target entity TF Capacity W
Item IT Holding cost Ch Franco threshold FR Capacity
Lead time LT Shortage cost Cs Franco penalty Cf exceeding
Transport cost Ct Fixed cost Ck cost Ca

The instance is the process that holds every useful data for the remaining phases of the sim-
ulation, and especially the order calculation phase. These data are stored in different dataframes
that are called and modified during the next processes. Before the beginning of the actual simula-
tion process, the entity-items and flow-items dataframes are updated respectively with the initial
inventory and in-progress orders of the initial state ζ0.

4.4 Simulation Process

In this section, we concentrate on the different steps happening after the simulation has been
correctly defined and the simulated context parameterized. In other words, the processes described
in the previous sections are used to model the context we want to reproduce, and the processes we
describe in this section allow to play the scenario we want to simulate. In the following subsections,
we detail the processes corresponding to the "Agent", "Sampler", "Applicator", "Monitor" and
"Shifter" blocks displayed on Figure 4.3.
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4.4.1 Decision Agent

The next process is the order calculation agent. The order engines represent the decision making
phase, in our case the order computation. Accordingly, in this phase, we call one of the agents
described in Section 4.2.2, and let them compute the order (or order plan) they consider to be the
best. We assume that the order recommendation is trusted by the decision maker and that the
proposed orders are strictly placed without any modification. Before the optimization phase, we
need to adapt the instance to the current context of the simulation procedure.

First, we need to add the time period-specific information to the dataframes. The first step is
to generate the local opening calendar for the current rolling horizon and add it to the dataframe
that will contain the orders. This calendar is drawn from the total horizon calendar available in
the instance. The local calendar is of use for MP2 and ME-LS. We then create the simulation
demand scenario from the forecast. To do so, we take the mean of the probabilistic forecast for
every entity-item of the instance and every period of the rolling horizon (for the stores and the
warehouse), and add it to the entity-items dataframe.

The next step is to create the data structure that will effectively be used by the decision agent.
For ME-LS, the dataframes are already compliant so we use them without any modification. For
SPSE, we construct an independent replenishment problem for each entity-item pair of the system.
Consequently, we construct a sub-instance for each entity-item (warehouse included), and pre-select
a supplying source for every entity-item. We reproduce the actual decision rule of the case we study
to pre-select the supplying source. For the warehouse, we select the cheapest supplier. For the stores,
the rule is as follows: if the warehouse has inventory, then choose the warehouse, else, choose the
cheapest supplier. For MP2, we still manage the entities separately, but the items are grouped
within these entities. We first pre-select the supplying sources for every item of the system, and
them group them by entity and supplying source. Each group represents an optimization problem
that will be solved by MP2.

The next step is the order computation. Each solver computes orders for the sub-instances
mentioned above and return its ordering plan. We then take the orders computed for the current
period and add them to the flow-item dataframe.

4.4.2 Sampler

In this phase, we generate a demand scenario for the application of the previously computed orders.
This allows to create a deterministic demand for all items and entities that face external demand,
and confront the orders to a realistic scenario.

To generate this scenario, we use a Poisson distribution draw of the given forecast mean. We
only use the forecast of the stores for this phase, as the "external demand" for the warehouse is the
aggregation of the stores’ orders.

This demand scenario is applied to the dataframe that relates to entity-items, and replaces the
demand we took into account for the order engine computation phase.

4.4.3 Applicator

In this phase, we apply the computed orders and play the series of events of the simulated time
period.

The first step, for SPSE and MP2, is the order allocation process. As a matter of fact, as the
entities are treated separately, the sum of the orders placed from the stores to the warehouse may
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exceed the warehouse inventory level. In order to rectify this problem, we set up a warehouse
inventory distribution process. This process changes the orders placed by the stores in order to
respect the inventory level. We choose to allocate the orders proportionally. We describe how we
compute the quantities effectively sent by the warehouse in the following.

Let IWH(p, t) be the warehouse inventory level for an item p ∈ P at a period t ∈ TS . Let
Q(p, t) be the sum of orders placed by the stores for these item and period. Let E+ ⊂ E be the
set of entities that are stores (i.e. the whole set of entities E except the warehouse), and let m be
a member of this set E+. We note Qm(p, t) the order placed by this store m to the warehouse for
item p at period t. So, we have the following equation.

Q(p, t) =
∑

m∈E+

Qm(p, t) (4.6)

Using all of these informations, we can calculate the quantities sent by the warehouse to the
stores. These quantities are computed as follows. This enables an inventory allocation that is
proportional to the orders placed by the stores and that never exceeds the warehouse inventory
levels.

∀p ∈ P, t ∈ TS , m ∈ E+, Q+
m(p, t) =

⌊
Qm(p, t)× IWH(p, t)

Q(p, t)

⌋
(4.7)

Once this allocation is computed (only for SPSE and MP2), we unfold the next simulation steps,
as described in Section 4.2.1. We begin by simulating the receptions of orders that covered their
whole lead time and change the inventory in consequence (cf. equation 4.1). We then answer the
demand scenario drawn by the sampler phase of the simulation process described in Section 4.4.2.
Finally, we compute the new inventory values and all other intermediate variables (e.g. lost sales,
Franco penalties). These intermediate variables allow us to calculate the different performance
criteria in the monitor phase.

4.4.4 Monitor
In this phase, we compute all the performance criteria of the orders placed for the simulated period.
In the following, we list them and give a quick explanation of their meaning. First, let us describe
the criteria that we want to minimize with the order strategies of the decision agents.

Inventory levels: This criterion is the sum of all items remaining in the entities once the reception
and demand of the period have been treated. We differentiate warehouse inventory level and
store inventory levels.

Lost sale levels: This criterion is the sum of the lost sales of all items and for all stores in the
period. This represents all the unmet demand.

Total costs: This criterion is the total costs induced by the orders placed in the period. We
differentiate the purchase and transport cost induced by the warehouse orders, the purchase
and transport cost induced by the stores’ orders, the fixed costs and the Franco costs.

We also monitor one last criterion, that allows us to interpret the behaviors of the order engines.
We do not want to minimize or maximize this criterion, this is only an observation to help our result
analysis.
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Amount of orders: This represents the total amount of orders placed by stores in the period for
all items. We differentiate the orders placed to the warehouse and the orders placed to the
external suppliers.

We also monitor the execution time of the agents. This is a criterion that we want to be as
small as possible, but it is a more "algorithmic" feature used to compare the decision agents.

4.4.5 Shifter

This phase is the last one of the simulation process, and loops with the environment for the next
time period of the simulation. In this phase, we compute the final data of the simulation for the
current time period, which will be the initial data for the next one.

The end-of-period inventory levels (cf. equation 4.2) are the initial inventory levels for the next
period. These values have already been computed in the applicator phase (Section 4.4.3), so we
just have to record them for the next simulation period.

The in-progress orders set O are shifted one step forward. Thus, we create the next-step in-
progress orders set O+. For all flow-item f and time period t ∈ J1,FH−1K, we perform the following
transformation: O+

tf = Ot+1f . We also incorporate the orders computed in the decision agent phase
into the in-progress orders set: O+

FHf = q0f . This new set is used for the next time-period.
For the ME-LS agent, we also need to compute an initial solution for the next period. We

chose to use the ME-LS initial solution computation process at each period. The initial solution
for ME-LS is based on the resolution of the relaxed linear program of the problem for the whole
horizon. The resulting quantities are then rounded to create an integer solution, which is repaired
to respect the constraints. The initial solution generation process is further described in Chapter 3.
As mentioned in Section 4.3.2, we also tested other methods to generate initial solutions during the
simulation, but this one was the most interesting.

Then, we can change the environment’s current time step from t to t + 1, and begin the loop
from the first step for the next simulation period.

4.5 Simulator Overview

In the past sections, we decomposed the simulation tool into several sub-processes. This decompo-
sition allowed us to describe every step of the whole simulation process, and to detail their specific
functions in the simulation tool.

In this section however, we provide a more comprehensive overview of the complete simulation
tool. This allows to better represent the algorithm that is used for the simulation experiment, and
to describe how the different sub-processes are linked together. The pseudo-code for the complete
simulation tool is provided in Algorithm 6.

The Initialization part of the algorithm (lines 2-9) corresponds to the processes described Sec-
tion 4.3. In this part, we create the context that will be simulated during the experiment, and
set-up the starting point of the simulator.

The remainder of the algorithm corresponds to the processes described in Section 4.3. It details
the inventory control reproduction process for one period, which is performed for every time period
of the simulation horizon TS . It also details the steps followed in case of closing days, i.e. when the
entities are not open, accordingly they cannot place orders and do not face demand.
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The main object of interest resulting from the simulation experiment is the monitor. As it
records all the evaluating criteria at every time period, this is the element that allows us to visualize
and analyze simulation experiments results. On account of that, the monitor is the output of the
algorithm.

Algorithm 6 Complete simulation process
1: Input: Specification of the simulation experiment
2: Initialization
3: Create the Monitor object MSIM, Environment object ESIM, and Instance object ISIM

4: Initialize a non-zero initial state ζ0 = (I0,O)
5: Update the beginning period b← 1 +ND

6: Update the end period of the simulation horizon end← TH−H + 1
7: Set simulation time period t = b
8: Simulation loop
9: while t ⩽ end do

10: Get calendar opening boolean Ct

11: if Ct is True then
12: Create simulation demand scenarii for stores and warehouse, respectively DE+ and DWH
13: Assign initial state and demand scenarii to the dataframes for entity-items and flow-items
14: Create the Agent object ASIM

15: Solve the current inventory control problem with ASIM

16: Assign computed orders to the flow-item dataframe
17: Create demand scenario for simulation D and assign it to the entity-items dataframe
18: Compute intermediate variables
19: for k ∈ MSIM do
20: Compute and record k
21: end for
22: Shift one step forward by calculating new I0 and O, assign them to ζ0

23: t← t+ 1
24: else
25: Create demand scenario and orders with only null values, assign them to dataframes
26: Compute intermediate variables
27: for k ∈ MSIM do
28: Compute and record k
29: end for
30: Shift one step forward by calculating new I0 and O, assign them to ζ0

31: t← t+ 1
32: end if
33: end while
34: Return Monitor MSIM
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4.6 Experimentations

This section is dedicated to the experimental part of our work on performance analysis and simu-
lation. It includes a description of the experimental protocol we put in place and an analysis of the
different results we obtained. This allows us to compare the different order engines on the quality
of their proposed decisions in practice.

We conduct experimentations using the realistic instances drawn from the case-study dataset.
The complete instance set we built for the thesis work is described in Chapter 2.4.2. Due to time
constraints, we chose a subset of these instances to be simulated during this experimentation part.
This subset of instances, as well as the experimental protocol are described in Section 4.6.1.

The results of the experimentations are presented and analyzed in Section 4.6.2.

4.6.1 Experimental Protocol

In order to assess the performances of order engines and to compare them, we launch several
simulations using the realistic instances for our problem. The main goal is to compare the three
decision agents under study (cf. Section 4.2.2) on the same contexts so that the comparison is
the fairest possible. One simulation experiment is characterized by a set of parameters, and is
designated as

(
J,ASIM,TH, σ

)
. The first parameter is the instance J , described by its generation

mode gen and number of items P . The instance is designated as follows: J = (gen, P ). The second
parameter is the agent ASIM, designated by SPSE, MP2 or ME-LS. The third parameter is the
number of simulation periods TH. This parameter has to be smaller than the number of periods
on which forecast is provided in the input data. The last parameter is a seed σ, which allows to
use a fixed demand scenario for simulations experiments to be compared with each other. In other
words, for a given set of instances J , number of simulation periods TH and seed σ, we can build a
simulation experiment set

{
(J,SPSE,TH, σ) ,

(
J,MP2,TH, σ

)
, (J,ME-LS,TH, σ)

}
, so that we can

compare all order engines on a given context.
If we want to reproduce several weeks of inventory control for all solvers, this requires to launch

all order engines a significant number of times. This means that the duration of simulations can
go from several minutes for SPSE to around a day for MP2. As a result, we cannot test every
instance of our dataset and we select a subset of instances from all the instances drawn from the
case-study data. Each instance selected is tested with a given set of seeds of size Nσ, i.e. we build
Nσ simulation experiment sets for all instances chosen.

For the results we provide in the present work, we choose the following experimental parameters.

Instance subset: [(gen, P ) , gen ∈ {fora, rand} , P ∈ {15, 25, 40, 100}]

Number of simulation periods: TH = 45

Number of seeds: Nσ = 10

4.6.2 Results Analysis

In this section, we present and analyze results of the experiments described in the previous section.
We aggregate results by instance size, so that we can have a better overview of the order engines
behavior tendencies. The results for individual instances are available in Appendix A.
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During the experiments, we record the different performance criteria described in Section 4.4.4
for all order engines, and compare their values. In the remainder of this section, we display these
results and provide analysis and discussion.

The first criterion we focus on is the inventory level. On Figure 4.6, we display the inventory
levels for each simulated period of the experimentation. These inventory levels are averaged on
all instances and seeds for every problem size, and split between warehouse inventory levels and
stores inventory levels. For SPSE and MP2, we can note that, even though the warehouse inventory
levels are quite stable and periodic, the inventory levels for the stores tend to increase along the
simulation horizon. On the other hand, inventory levels obtained with ME-LS agent are more
stable. Moreover, global inventory levels are lower with the multi-echelon agent rather than with
both single-echelon agents.

Figure 4.6: Inventory levels at each simulated period averaged on all instances and seeds, for every problem size. Values
are split for warehouse and store inventory levels.

Now that we compared inventory levels, we want to confront them with the lost sales levels
of the stores. We display those results on Figure 4.7. This figure represents average, minimum
and maximum lost sales levels for all stores at each period of the simulation, aggregated on all
generation mode and seeds. We plot one separated graphs per problem size. We notice that, for
all problem sizes, although the lost sales levels of SPSE and MP2 agents tend to decrease along the
simulation, those obtained with ME-LS decision agent are globally lower. The only instance group
in which SPSE and MP2 manage to reach ME-LS inventory levels is the instance group with 15
items.

If we combine results obtained for inventory levels and lost sale levels, we can see that, with our
proposed multi-echelon resolution method, we can achieve a better inventory management strategy.
As a matter of fact, this method allows to better answer the demand with lower inactive inventory,
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Figure 4.7: Lost sales levels at each simulated period for all instances and seeds, for every problem size. Each curve
represent an order engine.

which means that the order strategy is more effective to manage the inventory / demand satisfaction
trade-off.

Let us focus on the cost induced by the orders proposed by the decision agents. On Figure 4.8, we
display the total costs incurred by the ordering strategies at each period of the simulation horizon.
These costs are averaged on all generation modes and seeds for each problem size. In this part, we
consider only the "monetary" costs, as opposed to "assumption" costs. Hence, we do not consider
holding cost or capacity exceeding costs for instance. These parameters are added into the cost
function of the algorithms to influence their behavior according to decision maker preferences, but
they are not actually paid during the inventory control process. As a result, we split the total cost
into four categories: transport and purchase cost of the warehouse, transport and purchase cost of
the stores, Franco penalty cost, and fixed cost.

We observe two different cost tendencies. For SPSE and MP2, we can note a high peak for all
costs on the first week of simulation. In the following simulated weeks, the total cost is lower and
mainly due to warehouse transport and purchase cost. As the cost of transporting products from
the warehouse is very low in our case study, we can deduce the ordering behavior of the engines for
these weeks. Looking at the inventory levels of the warehouse in the first periods in Figure 4.6, we
notice that they are lower than for the next period. As a result, we can explain the cost behavior
by the following. In the first week, the warehouse does not have many items in its inventory, and
the stores consequently place a lot of orders to the external suppliers. Then, as the warehouse
has more inventory, the supplying decision rule pushes the stores to order quasi-exclusively to the
warehouse. In addition, regarding the Franco cost, we observe high Franco penalties on the first
weeks for single-echelon engines, especially for SPSE. This is not the case for ME-LS, and this
behavior can be explained by the fact that the solving method contains a neighborhood operator
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Figure 4.8: Total costs at each simulated period averaged on instances and seeds, for every problem size. Costs are split in
four types: Warehouse purchase and transport, Stores purchase and transport, Franco and Fixed costs.

that aims to reduce the Franco costs.
For ME-LS however, the costs do not show the same tendency. In fact, the transport and

purchase cost of the warehouse is lower, and the total cost is higher. In this case, and combining
this observation with the inventory levels observed on Figure 4.6, we can deduce that the ME-LS
order engine tends to keep the inventory of the warehouse lower, and to make stores order more to
the external suppliers. Globally, the total cost is higher for every week except the first one.

On Figure 4.9, we display the amount of orders placed by stores at each period of the simulation
horizon. These amounts are averaged on all generation modes and seeds for each problem size. We
separate orders between orders placed to the warehouse and orders placed to the suppliers.

For SPSE and MP2, we observe relatively high orders of the two first weeks, and then they
tend to decrease quickly and to be quasi-exclusively placed to the warehouse. For ME-LS, the
total amount of orders is smoother, even if we still observe a small peak of orders in the two first
weeks. For the following weeks, the total amount of orders is higher compared to the one of both
single-echelon order engines. Moreover, the orders are roughly equally split between the warehouse
and suppliers. These observations tend to confirm the ordering behavior previously described in
the cost analysis paragraph.

Finally, we want to monitor and compare the execution time of all order engines. For this
criterion, we set up another experimentation. In fact, if we use the execution time obtained with
the previously detailed experimental protocol, we observe results that are not consistent on all
instances. These non consistent results are due to computation parallelization. In fact, the library
we use for managing the dataframes performs "hidden" multi-threading, and this impacts the
execution time of the algorithms when we launch several of them in parallel. As a result, we cannot
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Figure 4.9: Amount of orders placed by the stores at each simulated period averaged on all instances and seeds for every
problem size. Orders are split between orders to the warehouse and orders to the suppliers.

conclude on the execution time tendencies with these results.
Moreover, the decision agent’s execution time is a criterion that is stable along the simulation.

As a result, we can consider one simulation per decision agent to be representative for monitoring
the order engine execution time, as each simulation provides several tens of values for the criterion.
In this regard, we evaluate the execution time distribution on all the order computation of one
simulation experiment. We focus on the instances obtained with fora generation mode, as these
are the instances with the most demand and accordingly the most orders to compute. The results of
this experiment are displayed on Figure 4.10. The Figure represents the execution time distribution
for one simulation with each order engine for a fixed seed. The simulations are run with instances
(fora, 15), (fora, 25) and (fora, 40).

The first observation we can make from this experiment is that the SPSE order engine is very
fast compared to the two others. This can be explained by the fact that this engine is the one
that answers the smallest (and accordingly easiest to solve) problems, as it separates the complete
problem into single-echelon, single-period and single-item sub-problems. Moreover, this order engine
has been designed to be very quick. When we compare MP2 and ME-LS, we can see that the ME-LS
order engine computation times are globally lower than the MP2 (which treats single-echelon, multi-
period and multi-item sub-problems) order engine computation times. Moreover, the difference
between both seems to increase with the problem size.

As a result, our proposed method is slower than SPSE, which is a very efficient decision agent
for its application framework. Yet, it is still quicker than MP2, while answering a multi-echelon
problem, that is more complex and treats more constraints.
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Figure 4.10: Execution time in seconds of solvers distribution on all period of one simulation and all problem sizes with
generation mode fora.

4.6.3 Conclusion on the Results

In the previous section, we presented the experimental results on the selected performance criteria
and analyzed them separately. Now, we can combine the different observations and draw several
conclusions on the multi-echelon approach in regard to the two single-echelon approaches already
in place.

First, the two single-echelon methods have a very similar behavior. We can observe some dif-
ferences between them, but their global ordering strategies are really close. The multi-echelon
approach, however, propose a different ordering strategy. If we focus on the costs and quantities
ordered by the single-echelon order engines, we can see that the agents place orders from stores to
suppliers mainly - and almost only - on the two first weeks. This corresponds to time periods when
the warehouse inventory is lower, and can be explained by the supplying decision rules (cf. Sec-
tion 4.4.1). Still, consequently to these supplying decision rules, the stores almost place no more
orders to the suppliers once the warehouse inventory is higher. The ME-LS order engine, for its
part, do not pre-select supplying sources and do not have to choose between warehouse and external
supplier. Due to the relaxation of this decision rule, the decision agent can distribute the orders
more freely. Indeed, we observe on Figure 4.9 that the amount of orders placed from the stores to
the suppliers are higher, although the orders placed to the warehouse are not drastically lower.

This results in a total amount of orders placed by the stores higher with the multi-echelon
approach than with the single-echelon ones. This translates into an increasing of the total costs
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induced by the orders, especially regarding the stores transport and purchase cost.
If we look at the inventory level / lost sale balance, the results are also different between both

approaches. As a matter of fact, the orders placed multi-echelon approach result in lower inventory
levels, but also lower lost sale levels. This means that ME-LS decision agent achieves a better
service level and a better inventory management. Consequently, the orders seem more relevant for
this aspect, as the stores answer better to the demand while less saturating the inventory.

In consequence, we can say that, although the orders placed and the costs are higher, we achieve
a greater service level while keeping a lower inventory level with the multi-echelon approach. This
compromise between inventory level and lost sales is very important in inventory control, and is
usually the main criterion to judge the performance of an ordering plan. Therefore, the results we
obtain imply a better quality of the ordering strategy with regard to the customer satisfaction and
inventory level balance.

Regarding those criteria, we can conclude that the multi-echelon approach we developed allows
a better inventory management compared to the two single-echelon approaches presented in this
research work. This can be explained by two aspects. Firstly, the multi-echelon system has a
better visibility on the inventory and needs of all entities. As a result, it can adapt the stores
orders in regard to the available warehouse inventory level. In a single-echelon setting, each entity
has information only on its own stock and needs, so the order computed can seem very good for
its point of view, but in regard to the whole system, these orders can become irrelevant because
the warehouse may have to arbitrate orders. Secondly, the multi-echelon order engine has more
freedom concerning the supplying source decision rules, and can balance lower stores orders to
the warehouse (due to inventory constraints) by completing them with orders placed to suppliers.
The single-echelon approach cannot treat this aspect, and this penalizes orders because they are
conditioned by the pre-selected supplying source.

Still, one limit of our simulation tool is that it does not include a forecasting engine. In fact, in
the real framework in which the single-echelon order engines are used, the forecast is recomputed
at every time period. For the external customer demand, this is not a problem because the order
engines does not influence the customer behavior. For the warehouse forecast however, it is com-
puted based on the previous orders placed by stores, and so the ordering strategy can influence
this prediction. In our case, we use a pre-computed forecast on a given period. If we integrate a
forecasting engine to the simulation procedure, this could give a more relevant warehouse forecast
for single-echelon decision agents, because this forecast would be more adapted to the simulated
context, as a result the warehouse inventory could be more relevant.

4.7 Conclusion

In this chapter, we describe a simulation tool that aims to reproduce the inventory control pro-
cess of a supply chain. This framework comprises several phases. It first describes an inventory
control context based of the information extracted from input data. This context is the basis of
the framework and represents the inventory control system we want to reproduce throughout the
simulation. Then, the simulation tool computes an ordering plan using an optimization algorithm,
and simulate the application of this ordering plan: orders are placed in the in-progress orders list,
and the inventory projection is computed with the reception of previous orders and the satisfaction
of the demand. This results in a new inventory level that will be used for the next simulation time
period. This process is repeated on a given number of time periods.
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The idea behind the construction of this simulation tool is to run it on several instances of
our case study’s dataset with several order engines. The target is twofold. First, we can evaluate
our multi-echelon, multi-period and multi-item order engine (ME-LS) on industrial performance
criteria, and conclude on the quality of its ordering decision with a more practical point of view.
Second, we can also use it to monitor the same performance criteria for existing order engines in
the company. These order engines are SPSE, that computes orders for single-echelon, single-period
and single-item problems, and MP2, that computes orders for single-echelon, multi-item and multi-
period problems. By using the results obtained with these three order engines, we can compare
their performances and their ordering behavior on different contexts.

We run experiments with this simulation tool using the three aforementioned order engines on
several instances of the case study we work with. Results of these experimentations show that our
multi-echelon order engine leads to an ordering behavior that is different from the ones obtained
with the single-echelon order engines. In one hand, the amount of orders placed with ME-LS
are higher, and consequently the costs are also higher. In the other hand however, we observe
lower inventory levels and lower lost sales. This means that the multi-echelon approach provides
an ordering strategy that leads to a more efficient inventory management. Moreover, the balance
between inventory level and lost sales is an important criterion to judge the quality of an ordering
strategy, both in the academic inventory control field and in the industrial point of view.

To conclude, the results presented in this chapter show that the multi-echelon order engine we
propose in this thesis provides significant advantages for the inventory control problem we want to
tackle.
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General Conclusion and Perspectives

The research work presented in this manuscript is the result of a thesis focusing on the develop-
ment of a new optimization method for the inventory control problem. As it is a collaboration
between a research laboratory and a company, the main concern along this work was to provide a
research that was interesting in an academical point of view, but also easily applicable to indus-
trial contexts. Consequently, a special attention has been given to the problem specifications and
the model definition, in order to translate the practical constraints and characteristics faced by
inventory managers as best as possible. We also propose a resolution method designed to solve the
problem under study, given the specificities of the model, the industrial requirements, and the data
volume that real-world contexts imply. We propose a multi-echelon inventory control optimization
method, which means that the proposed orders are computed for all entities of the supply system
jointly. This makes the problem more difficult to solve, but allows to take into account aspects of
the problem that a single-echelon approach cannot tackle.

Summary of the Contributions
Throughout this manuscript, we present the research work conducted during the thesis, and provide
contributions on the research topic addressed. We organize the contributions summary according
to the different chapters of the manuscript.

In Chapter 1, we focus on the detailed definition of the problem that is studied in the thesis.
Based on an extended survey of the literature, we identify a major method used for single-echelon
inventory control: Inventory Control Policies (ICP). Although these ICPs are widely used in inven-
tory control optimization, and the literature about ICPs is extensive, we could not find a reference
listing the existing ICPs and the contexts in which they are usually applied. To answer this gap, we
propose a classification of the main ICPs used in the literature, and a unified notation procedure.
We then provide an overview of the state-of-the-art relating to multi-echelon inventory control,
and summarize the research gaps that are still to be addressed. The partner company and the
existing optimization tools they provide are also detailed, along with the current limitations they
expect this thesis to fill. Using both the literature survey and the company’s current status, we
provide motivations and positioning for our work, and present the research questions addressed in
the manuscript.

In Chapter 2, we provide a detailed presentation of the problem specifications and of the math-
ematical model. We first describe the case study that serves as a basis for the specification of the
problem. This results in a list of characteristics and constraints that we want to include in our
model, in order to make it applicable in practice for the decision makers. The case study also
provides data, that will be used for all experimentations of the thesis. We provide insight on what
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the dataset contains, on the assumptions made to complete this dataset, and on the process used to
draw instances from this dataset. We then provide the mathematical model built to translate the
inventory control problem and the specifications previously listed. Using this model and instances
built from the case-study dataset, we provide the results of experimentations on the exact resolution
of the problem. These results motivate the use of a heuristic method, as the problem is too difficult
to obtain a feasible solution in a reasonable time.

In Chapter 3, the focus is put on the construction of the heuristic method. Based on the problem
characteristics, the industrial requirements and the data volume, we identify metaheuristics, and
especially the local search, as a suited resolution method. As we do not find relevant neighborhood
operators in the literature, we present a list of neighborhood operators we designed specifically
for our problem. The first experimentations with these neighborhood operators do not show a
satisfying performance for the classic local search. However, we note a significant improvement in
the results by using several neighborhood operators in a Variable Neighborhood Search Algorithm.
Additionally, first results show that the individual performance of the neighborhood operators varies
depending on the moment we use them in the search. This motivates the construction of a new
metaheuristic, the Variable Adaptive Local Search (VALS ). This algorithm allows to dynamically
change neighborhood operators once an improving solution is found. Furthermore, it uses a non-
uniform selection probability for the neighborhood operators, and makes this probability evolve at
each use of the neighborhood operators. In this way, the algorithm is able to take into account the
variability of the neighborhood operators performances. The benefit of designing such an algorithm
for our problem is validated by comparing its performances to the ones of two alternative variable
local searches on instances of the case-study’s dataset. We also provide the global performance
results of the algorithm on the problem under study, showing a significant improvement of the
initial solution.

In Chapter 4, we propose to demonstrate the benefits of a multi-echelon inventory control ap-
proach by assessing its performances with a business point of view. We identify simulation as a
relevant approach for answering the objectives of this chapter, and develop a simulation tool aiming
at reproducing the inventory control process as good as possible on a given period of time. With
this tool, we can mimic the real-world inventory dynamic, by simulating the customer demand,
the receptions, and the order computations using different inventory control optimization methods.
We describe the simulation tool in details, and separate the complete simulation process into sub-
processes. We then explain how every sub-process work, and how it interacts with the others. Using
this simulation tool, we conduct experiments to assess the performances of our proposed method
in a business point of view, and to compare these performances to the ones achieved by the already
existing inventory control optimization methods in the partner company. These experiments show
a significant benefit of the multi-echelon approach, as it allows to improve the balance between
inventory levels and shortage levels, which is the most important aspect in inventory control op-
timization, although better balance implies an increase of the total costs. The main conclusion of
these experiments is that the multi-echelon approach allow a better inventory management by pur-
chasing more items, but these items are more relevant, as this approach allow to store less products
and to satisfy more customers.
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Perspectives

Based on the limitations we identified in the work presented, on the future research directions
we consider promising, and on the future inventory control optimization functions Vekia wants to
offer, we identify perspectives to extend the research conducted during this thesis. As the CIFRE
contract will lead to a full time research engineer position, we will be able to continue the work on
this project. After the end of the thesis, the priority will be the industrialization of our proposed
resolution method, so that it can be included in the software offered by the company. In the
following, we detail the other research perspectives identified, sorted according to the time scale
required.

Short-Term Perspectives - The perspectives presented in this part relate mainly to technical
improvements, or new experimentations. We consider them to be small enhancements of the solution
presented throughout this work.

The first aspect we want to consider is the initial solution generation for the optimization
algorithm. In this dissertation, we propose a protocol for generating a feasible initial solution,
based on repairing a solution obtained with continuous optimization. This process is practical, and
allow to build a solution by using the mathematical model proposed for the problem. However,
its execution time is significant, and it results in an initial solution that can be far away from the
optimal value. Moreover, we have the intuition that, if we give an initial solution that is closer from
the optimal to the algorithm, it may result in an even better global performance. Consequently, we
want to explore other ways of generating initial solutions, for example by using Inventory Control
Policies to generate an ordering plan.

Then, we also mentioned in the dissertation that the search space of the problem is very large.
This is due to the high number of decision variables, and to the large size of the industrial datasets
we have to manage. However, there is in the dataset a high number of suppliers for a lot of items.
In this thesis, we wanted to include the complete dataset to let the resolution method choose the
best options. In practice, we know that all suppliers are not requested. Consequently, we could add
a supplier selection process before the optimization process, and keep in the model only a reduced
number of suppliers that are most likely to be solicited. In doing so, we can significantly reduce
the number of variables, and consequently make the search space smaller. This can also reduce the
execution time of the cost function calculation.

Finally, the experimentations presented in this manuscript are based on a case-study. Although
this case study is representative of many real-world inventory control contexts, the dataset we
use for our experiments is specific to one situation. In order to have more extensive results and
conclusions, we want to use other data to validate the proposed solution. We already identified
candidate contexts for this part, and we need to work on their data to build a compliant dataset
for our future experiments.

The perspectives presented here are extensions of the work we present in this thesis, and they
do not require changes in the structure of the resolution algorithm. Consequently, we estimate
a low necessary workload to achieve them, except the time required for data management. We
plan to achieve the aforementioned perspective before or during the industrialization phase of the
algorithm.

Medium-Term Perspectives - In this part, we present perspectives that mainly concern exten-
sions of the model to make it closer to real-world contexts. Throughout this thesis, we put effort in
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the model definition to take into account the business constraints and characteristics faced by the
inventory managers on a daily basis. This was motivated by the objective of proposing a solution
that could be easily applicable in practice. However, we still had to make restrictive assumptions,
or to set aside several aspects. We identify restrictions that are the most relevant for the further
development of the multi-echelon order engine.

First, we mentioned that Vekia provides probabilistic forecast for the customer demand. In this
thesis, we propose a model that takes deterministic input data, and use only the average of the
probabilistic forecast provided. This leads to a model that is clearer, and less complex, but we know
that a probabilistic forecast provides more relevant data on the estimated customer demand. As
a result, a model that can use such information may propose more relevant orders. Consequently,
we consider to make the model able to use and optimize probabilistic input data, so that we can
exploit the complete forecast provided by Vekia. Such an evolution in the model can also enable
another extension we consider relevant, which is to relax the assumption on the perfect suppliers.

Indeed, we consider in this research that the suppliers have an infinite inventory capacity, and
that they deliver every order placed with no uncertainty on the delay or on the quantity delivered.
We know that this assumption is rarely true in practice. Therefore, if we extend the model to
enable the input of probabilistic data, we can also use it to add uncertainty on the supply, either
in the lead times or in the quantity delivered. Taking this into account can also help the model to
propose more relevant orders.

Finally, the model we propose computes unit quantity to order, and we know that there exist
many contexts where items are only available in packs. This limitation can be addressed with a
simple heuristic transforming the unit quantities recommended into a set of available packaging.
However, we consider to include the packagings information directly into the model, so that the
optimization can use this aspect.

All of these perspectives require a substantial amount of work, as it demands to make changes in
the model, and this may affect the resolution method. However, the global structure of the problem
stays the same, and consequently we estimate the workload to stay reasonable. As a result, we
plan to integrate the aforementioned perspectives as updates of the industrialized version of the
algorithm.

Long-Term Perspectives - Let us now propose perspectives for a more distant horizon. As we
explained in the manuscript, the model and solution method we proposed are specifically designed
for a One-Warehouse Multiple Retailers supply network. This kind of supply chain is the most
common in the contexts treated by Vekia, and more generally in distribution systems. As one of
the main motivations of our work was to produce optimisation tools that would be easily applicable
in practice, this modeling decision was the most relevant in the context of the thesis.

In a more general context, there exist other supply network types, and the model we propose
is not able to tackle them. A first interesting extension would be to enable the presence of several
warehouses. In theory, this would require only a small amount of work to make the model compliant
with such networks. Still, we know that every modification in the structure of the model requires a
large amount of time to test and debug the order engine. Moreover, we do not have any data for now
that we could use to test the model. Then, this would be relevant to make the model more generic
and enable the presence of one, or even several, echelons to the supply network. For example, we
can encounter distribution networks with a national warehouse supplying regional warehouses, that
supply retailers. This kind of network is completely excluded at the current state of the model.
However, including more echelons require a substantial change in the structure of the model and of
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the resolution method.
Finally, the model we propose in this work includes a given set of constraints, that we selected so

that the model can be applicable to the most possible cases. However, we know that each business
context is unique, and may have its own set of constraints. Consequently, it would be interesting
to propose a model and resolution method that could be more modular. Such a method could
include a process for easily activate or deactivate constraints, and even add new ones, depending
on the context. Such an extension would require a complete new reflexion on the structure of the
problem, the model and the resolution method. As a result, this may require to build a whole
research project around this thematic.

Both of the perspectives we mentioned above require a complete rework of the model and
algorithm we proposed for this thesis. Consequently, this represents a large amount of work, and
may even require the development of a new order engine. As a result, this may be part of a dedicated
research project, and it is not considered for now in the roadmap.

Figure 4.11: Timeline and summary of the perspectives.
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Simulation Extensive Results
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Appendix B

Alternative Variable Local Searches

Algorithm 7 Uniform Variable Local Search
1: Input: Set of neighborhood operators U, Global termination criterion TC, Local termination

criterion tc, Initial solution S
2: Compute selection probability distribution ∀u ∈ U, Pu = 1

|U |
3: while not TC do
4: Select a neighborhood operator u ∈ U following the selection probabilities
5: while not tc do
6: Generate a candidate neighbor S′

7: if S′ is better than S then
8: S← S′

9: tc← True
10: end if
11: end while
12: end while
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Algorithm 8 Variable Local Search

1: Input: Set of neighborhood operators U, Scores of neighborhood operators G = {Gu}u∈U ,
Global termination criterion TC, Local termination criterion tc, Initial solution S

2: Compute selection probability distribution
3: while not TC do
4: Select a neighborhood operator u ∈ U following the selection probabilities
5: while not tc do
6: Generate a candidate neighbor S′

7: if S′ is better than S then
8: S← S′

9: tc← True
10: end if
11: end while
12: end while
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Convergence curves for the
experimentations with VALS
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