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Résumeés de la these

Résumé vulgarisé. L'apprentissage PAC-Bayésien est une branche de la théorie de
I'apprentissage récemment mise en avant pour ses garanties de généralisation des
réseaux de neurones profonds permettant de mieux comprendre leur performances
empiriques sur des exemples jamais vus par la machine auparavant. Cette théorie
a été initialement développée dans le cadre de la théorie de I'information, qui peut
s'avérer limitée pour comprendre précisément la capacité de généralisation des réseaux
neuronaux profonds, capacité étant acquise via un processus d'optimisation souvent
non-exploité dans les bornes PAC-Bayes. Dans cette thése, une vision optimisatoire
de I'apprentissage PAC-Bayes est proposée et développée a travers de nombreux al-
gorithmes d'apprentissage et de bornes de généralisation, mettant en évidence les
différentes interactions entre les bénéfices de la phase d'apprentissage et la généralisation.

Résumé complet. L'apprentissage PAC-Bayésien est une branche de la théorie de
I'apprentissage récemment mise en avant pour ses garanties de généralisation des
réseaux de neurones profonds permettant de mieux comprendre leur performances
empiriques sur des examples jamais vus par la machine auparavant. Cette théorie
a été initialement développée dans le cadre de la théorie de I'information, qui peut
s'avérer limitée pour comprendre précisément la capacité de généralisation des réseaux
neuronaux profonds, capacité étant acquise via un processus d'optimisation souvent
non-exploité dans les bornes PAC-Bayes. Dans cette these, une vision optimisatoire
de I'apprentissage PAC-Bayes est proposée et développée a travers de nombreux al-
gorithmes d'apprentissage et de bornes de généralisation, mettant en évidence les
différentes interactions entre les bénéfices de la phase d'apprentissage et la généralisation.
En effet, I'apprentissage PAC-Bayes est classiquement développé via la théorie de
I'information, impliquant des quantités interprétées comme bayésiennes telles que la
connaissance 'a priori. Cela peut étre difficile a concilier avec |'optimisation concrete
des réseaux neuronaux profonds, qui implique I'optimisation d'un grand ensemble de
parametres et ne fait pas appel a |'apprentissage Bayésien. Pour combler cette la-
cune, nous remettons en question les interprétations et les hypothéses du PAC-Bayes
issues de la théorie de I'information et proposons une nouvelle perspective basée sur
I'optimisation.

Plus précisément, nous présentons |'apprentissage PAC-Bayes au chapitre 1, ainsi
que notre nouvelle vision optimisatoire. Le chapitre 2 remet en question les hy-
potheses statistiques du PAC-Bayes. Le chapitre 3 introduit I'apprentissage PAC-
Bayesien en ligne, qui permet de réduire I'impact de l'initialisation pendant le processus
d'apprentissage. Le chapitre 4 atténue I'impact de I'optimisation dans |'apprentissage
par lots en exploitant les "minima plats”, un certain type de minima souvent at-
teint par les réseaux neuronaux profonds, ce qui permet de mieux comprendre la
généralisation dans de telles structures. Le chapitre 5 montre qu'il est possible de
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combiner I'apprentissage PAC-Bayes et le transport optimal, ce qui permet d'incorporer
directement des garanties d'optimisation dans une borne PAC-Bayes. Enfin, le chapitre
6 constitue un premier pas vers la pratique en mettant en ceuvre de nouveaux algo-
rithmes PAC-Bayes en ligne et par tas pour des Diracs, ce qui n'est pas possible lorsque
la théorie de I'information est utilisée.

Thesis summaries

Lay summary. PAC-Bayesian learning is a branch of learning theory recently high-
lighted for its tight generalisation guarantees of deep neural networks, yielding a sharper
understanding of their practical efficiency on a novel, unseen example. This theory was
initially developed through information theory, which may prove to be limiting for un-
derstanding precisely the generalisation capacity of deep neural networks, acquired
through an optimisation process. Indeed, a large part of the PAC-Bayesian literature
does not dwell on the characteristics and positive impact of the learning phase to
enrich the understanding of the generalisation phenomenon observed in practice. In
this thesis, an optimisation-driven vision of PAC-Bayes learning is proposed and devel-
oped via numerous learning algorithms and generalisation bounds, highlighting various
interplays between the benefits of the learning phase and generalisation.

Full summary. PAC-Bayesian learning is a branch of learning theory recently high-
lighted for its tight generalisation guarantees of deep neural networks, yielding a sharper
understanding of their practical efficiency on a novel, unseen example. This theory was
initially developed through information theory, which may prove to be limiting for un-
derstanding precisely the generalisation capacity of deep neural networks, acquired
through an optimisation process. Indeed, a large part of the PAC-Bayesian literature
does not dwell on the characteristics and positive impact of the learning phase to
enrich the understanding of the generalisation phenomenon observed in practice. In
this thesis, an optimisation-driven vision of PAC-Bayes learning is proposed and devel-
oped via numerous learning algorithms and generalisation bounds, highlighting various
interplays between the benefits of the learning phase and generalisation.

Indeed, PAC-Bayes learning is classically developed through an information-theoretic
prism involving in particular Bayesian quantities such as prior knowledge. This may
be hard to fit with concrete optimisation procedure of deep neural networks, involving
optimisation on large parameters set without the Bayesian paradigm. To fill this gap,
we challenge the information-theoretic interpretations and assumptions disseminated
within the PAC-Bayes literature by proposing an optimisation-based perspective.
More precisely, we introduce PAC-Bayes learning in Chapter 1, as well as our novel op-
timisation view. Chapter 2 challenges statistical assumptions of PAC-Bayes. Chapter
3, introduces Online PAC-Bayes Learning, allowing to reduce the impact of the initial-
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isation during the learning process. Chapter 4 attenuates the impact of optimisation
in batch learning by exploiting 'flat minima’, a certain type of minima often reached
by deep neural networks, providing a sharper understanding of generalisation in such
structures. Chapter 5 shows that it is possible to mix up PAC-Bayes learning and opti-
mal transport, allowing to directly incorporate optimisation guarantees in a PAC-Bayes
generalisation bound. Finally, Chapter 6 is a first step towards practitioners by imple-
menting novel batch and online PAC-Bayes algorithms for Dirac distribution, which is
not possible by the information-theoretic approach of PAC-Bayes.



Remerciements

Ces quelques lignes viennent d'un matin de juillet qui parachéve I'écriture de ce
manuscrit, produit d'un voyage rarement hésitant mais toujours incertain. Remercier
certes, mais par oll commencer, une métaphore peut étre? Je vois cette these comme
une lance finement ouvragée dont je ne suis que le fer, sobre et discret qui s'attelle a la
tache, la ot vous tous formez cette hampe magnifique qui donne prestance, extension
et force.

Commencons par la prestance, toute scientifique, de ce manuscrit qui n'aurait pu étre
sans Benjamin, qui m'a accompagné pendant quatre ans, qui m'a appris les divers as-
pects du métier et m'a fait évoluer d'étudiant enthousiaste a chercheur en herbe. Un
merci particulier pour m'avoir laissé bricoler mon cadre de vie insolite a Paris qui, pour
rester avec mes proches, m'a amené loin du labo. Un grand merci également a Umut
Simsekli, Paul Viallard, Pierre Jobic, Omar Rivasplata ainsi que John Shawe-Taylor
pour m'avoir fait découvrir, sous divers aspects, la richesse de la collaboration qui offre
un sens bien plus humain a la chose scientifique. Point d'orgue sur cette liste déja
fournie, un grand merci aux membres du jury, Pascal Germain qui a eu la gentillesse de
participer a ce jury, Claire Boyer et Gérard Biau que j'ai connu en tant qu’enseignants
aux prémisses de ma these et dont la présence dans ce comité clét magnifiquement
cette boucle. Enfin, un grand merci a Frédéric Chazal et Stéphane Chrétien d'avoir
été rapporteurs et d'avoir consacré leur précieux temps a cette production scientifique
qui je I'espére, aura suscité un certain interét (et avec un peu de chance, un interét
certain).

Continuons par I'extension, toute spirituelle, qui m'a été prodiguée lors de cette his-
toire par mes amies et amis qui m'enrichissent autant qu'ils me font rire chaque jour.
Sans la merveilleuse mosaique de leurs passions et reflexions, nul doute que ma these
serait terne et sans saveur. Je songe a ce magicien d'Anatole, cette chanteuse d'Anais,
a Pierre qui apparait une deuxieme fois dans ces remerciements, a Antoine qui aime
trop Grenoble pour que je le voie souvent, a Farf qui a troqué la pizza cachanaise pour
I'italienne. Je songe a mes amis qui dansent, membres la Guillotine (nom a redéfinir
au demeurant): Keko et Chanus qui secrétement adorent me voir parler du grand cap-
ital, Kaou, Sélene, Vince, Antoine, Angelo, Maxime, Juliette, Abou, Calvin, Bertrand.
Merci également a Jadou et Phil dont je sais la présence, merci a Miles pour avoir
partagé ta vision de la guitare, merci a Hugo et Pia qui seront les prochains artistes
pop-electro de cette génération. A tous, merci pour votre musique. Merci également
a tous ceux qui m’'ont enchanté de temps a autre par leur présence au fil des ans: Ar-
mand, Samy, Valentin qui est toujours |a pour une session tennis tout comme Thibault,
mes anciens colocs Quentin et Aaron qui ne sont jamais bien loin. Merci aussi a Liam
et Sophie qui sont a ce jour les derniéres belles rencontres que j'ai faites. Je songe
également aux copains de prépa que j'ai toujours le plaisir de croiser de temps a autres,
Merwan, Pierre (troisieme apparition dans ces remerciements), Clément, Mat’ Blanke

-6 -



que j'ai eu la chance de redécouvrir pendant cette thése ainsi que Song. Merci aussi a
Martin (Verdammt), au Greg d'étre la de la soirée au déjeuner (ou bien I'inverse).
Que de noms déja mentionnés qui masquent des analyses fines, de I'art vivace, des
discussions précieuses. Et tant encore a venir: merci au Hossen qui a bien des fois
changé mon rapport aux choses, a Tom et ses analyses d'une justesse rare, Mathias,
le réalisateur le plus prometteur de Paris, Gabriel qui développera sans nul doute un
regard frais et caustique sur |'astrologie romaine, Ulysse qui philosophe avec sa bien-
veillance rare, et Ariane qui porte sur le monde son regard solaire.

Finalement, la force, c'est ce que m'ont donné les plus courageux d’entre vous qui
me supportent de facon bien trop réguliere. Vous m’avez sans cesse sorti du silence
froid de ma chambre ou les maths ont foisonné trois années durant. Je pense a ma
trés chére Mathilde qui a toujours eu du temps malgré des études de médecine de plus
en plus prenantes, a Yvan et Simon et leur bienveillance rare, a Antoine, Jacques et
Francois-Xavier qui incarnent cette alliance apaisée d'un regard percant aux choses et
d'une écoute sincére. Je pense a Louis qui a rendu possible mon projet musical et
qui est 1a dans moults facettes de ma vie. Je pense au concile de Vincennes: Hada,
Monjuju, Yannis, Yaacov, Alex, Brian qui rendent tout léger, sauf leur ventre, depuis
I'adolescence. Finalement, je pense a ma famille qui est la depuis le début, a mon
pere, a ma mere qui m'ont élevé dans tout les sens du terme, a mon grand frere JB
qui prend le temps de m'instruire au tennis et d'improviser des bons plans, a Kevin et
Clémence qui m'ont toujours accueilli au coin de leur salon pour un jeu de plateau, et
enfin 3 mon Nain et ma Naine a qui je transmets ce que je peux. A vous tous, merci.



A Anais, qui rend commun ce qui est rare.



CONTENTS

Contents
List of Notations

List of Publications

Conference article . . . . . . . .
Journal article . . . . . . .
Research Report . . . . . . . . . . . .. .

Préambule: Apprentissage Humain, Apprentissage Machine
et Généralisation

Preamble: Human Learning, Machine Learning and Generalisation

1 PAC-Bayes Learning, a field of many paradigms

1.1 A brief introduction to statistical learning . . . . . . . . ... .. ..
1.2 An information-theoretic exposure of PAC-Bayes learning . . . . . .
1.3 From theory to learning algorithms . . . . . . . . .. ... .. ..
1.4 An optimisation perspective of PAC-Bayes . . . . . .. ... ...

2 PAC-Bayes with Weak Statistical Assumptions: Generalisation Bounds

for Martingales and Heavy-Tailed losses

2.1 Introduction . . . . . ...
2.2 A PAC-Bayesian bound for unbounded martingales . . . . . . . ..
2.3 Application to the multi-armed bandit problem . . . . . . . .. ..
24 Conclusion . . . . ..

3 Mitigating Initialisation Impact by Real-Time Control: Online PAC-

Bayes Learning

3.1 Introduction . . . . . ...
3.2 An online PAC-Bayesian bound for bounded losses . . . . . . . ..
3.3 An online PAC-Bayesian procedure . . . . . . .. ... ... ...
3.4 Disintegrated online algorithms for Gaussian distributions. . . . . .
3.5 Experiments . . . . . .. ..
3.6 Online PAC-Bayes for heavy-tailed losses. . . . . . . . ... .. ..
3.7 Conclusion . . . . . ...

11

13
13
13
13

15

19

23
23
25
29
32

39
40
44
51
53



4

Mitigating Initialisation Impact through Flat Minima: Fast Rates for
Small Gradients

4.1 Introduction . . . . . . .
4.2 Preliminaries . . . . . . ...
4.3 Reaching a flat minimum allows Poincaré posteriors generalising well
4.4  Generalisation ability of Gibbs distributions with a log-Sobolev prior . .

75
7
83

4.5 On the benefits of the gradient norm in Wasserstein PAC-Bayes learning 85

4.6 An empirical study of Assumption 4.3.1 for neural networks . . . . . .
47 Conclusion . . . . . ..

Wasserstein PAC-Bayes Learning: Exploiting Optimisation Guaran-
tees to Explain Generalisation

5.1 Introduction and state-of-the-art results . . . . . . . ... ... ... ..
5.2 PAC-Bayesian bounds for compact predictor spaces . . . . . . . . . ..
5.3 PAC-Bayesian bounds for Gaussian distributions . . . . . . . . .. ..
5.4 Wasserstein PAC-Bayes with data-dependent priors . . . . . . . . . ..
5.5 Generalisation ability of the Bures-Wasserstein SGD . . . . . . . . ..
5.6 Conclusion . . . . . . . ...

Wasserstein PAC-Bayes in Practice: Generalisation-Driven Learning
Algorithms for Deterministic Predictors

6.1 Introduction . . . . . . ... ...
6.2 Our framework . . . . . . ..
6.3 Wasserstein-based PAC-Bayesian generalisation bounds . . . . . . . ..
6.4 Learning via Wasserstein regularisation . . . . . . .. ... ... ...
6.5 Conclusion . . . . . . ...

Conclusion and Perspectives

A
B
C
D

E

Appendix of Chapter 2
Appendix of Chapter 3
Appendix of Chapter 4
Appendix of Chapter 5

Appendix of Chapter 6

References

- 10 -

87

125
126
128
129
134
139

141
143
153
175
187
201

227



L1ST OF NOTATIONS

dist (-

Vf

General

A scalar (integer or real)
The set of real numbers
The euclidean set of dimension d

a norm of an euclidean set

,-) A distance on a Polish space.

The set of natural numbers

the gradient of a function f : R? — R

Statistical Learning Theory

Data space. In supervised learning, Z = (X,)) with X', input and label
spaces

A datum of Z, in supervised learning z = (x,y) with x input and y label
Learning sample & = {z;}i>1

Distribution of S

Restriction of S to its m first data S, = {z;}i=1..m
Distribution of S,,

For i.i.d. S, distribution of a single datum on Z
For i.i.d. S, distribution of S,,, i.e. D,, = D™.

For i.i.d. §, Test set drawn from D

The set of hypotheses

A hypothesis h € ‘H

Loss function ¢ : H x Z — R

Probability Theory
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Ex~,[] The expectation w.r.t. the random variable X ~ v
Px~.[] The probability w.r.t. the random variable X ~ v

1 [a] Indicator function; returns 1 if a is true and 0 otherwise
(Fi)i>1 Filtration adapted to S

E:[] Conditional expectation w.r.t. F;, i.e. E;[-| == E[- | F}]

N(u,¥) Gaussian distribution on R? with mean ;. and covariance matrix %

PAC-Bayes framework
M(H)  Set of Probability densities w.r.t. the reference measure on ‘H
Q Posterior distribution Q € M(H) on H
P Prior distribution P € M(H) on H
KL(Q||P) Kullback-Leibler (KL) divergence between Q and P
D,(Q||P) Rényi Divergence between Q and P
Rp(h)  Population Risk of h € H w.r.t. D, i.e. Rp(h) := E,p [((h,z)]
Rs, (h)  Empirical Risk on S,,, i.e. ﬁgm(h); Zf:lé(h,zi)

As, (h)  Generalisation gap Ag, (h) := Rp(h) — Rs,, (R)
Rp(Q)  Expected population risk w.r.t. Q, i.e. Rp(Q) := Ejwq [Rp(Q)]

Q)  Expected empirical risk w.r.t. Q, ﬁgm(Q) = Enq [IAQSM(Q)]
Q)  Expected generalisation gap w.r.t. Q, As,,(Q) := Enwq [As,, (h)]

P_rm) Gibbs posterior associated to prior P and function f : H — R

Optimal transport

W, The 1-Wasserstein distance
W, The 2-Wasserstein distance

['(Q,P) Set of all coupling distribution on H? whose marginals are Q and P.
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PREAMBULE: APPRENTISSAGE
HUMAIN, APPRENTISSAGE MACHINE
ET GENERALISATION

Ce manuscrit étudie la question de la capacité de généralisation des algorithmes
d’apprentissage machine. Pour comprendre la généralisation, il faut d"abord appréhender
I'apprentissage, prenons donc le luxe, pour un bref instant, d'oublier les machines pour
se concentrer sur |'apprentissage en ce qu'il a de plus humain.

Appréhender I'apprentissage humain. Un &tre apprenant, en premier lieu, va
se structurer autour d'expériences, vécues ou transmises par autrui et va ensuite en
bénéficier via diverses modalités. |l peut, par exemple, considérer une expérience médiée
comme vraie (le feu briile) et agir en fonction de ce postulat alors qu'a I'opposé, la
réitération ou la négation de cette méme experience peuvent étre symptomatiques
d'une valeur de vérité nulle. Ces scénarios peuvent tout aussi bien apparaitre pour
une expérience vécue (hallucinations). Cette premiére dichotomie quant au traitement
de l'information est intrinsequement liée a une question clairement énoncée : est-ce
que le feu briile? Puis-je me fier a mes sens ou ai-je halluciné ? Dans ces cas de
figure, |'apprentissage a eu lieu a travers |'assujettissement de I'expérience a sa valeur
de vérité par rapport a une question simple (ici a deux issues). Cette vision peut
facilement s'étendre a une arborescence finie de possibles pour des questions a choix
multiples. En effet, on peut étendre la question de la brlilure comme suit: quelle est
I'intensité de la brilure en fonction de la température du feu? On peut dés lors établir
une multitude de réponses représentant divers degrés de briilure.

Néanmoins, de nombreuses questions ne peuvent se réduire a un nombre fini de pos-
sibilités. Par exemple, qu'est-ce que le feu? Pour répondre a cette question, il est
néanmoins possible d'exploiter de multiples facettes d'expériences (feu de bois, brindille,
roche) pour proposer le feu comme étant la réaction chimique de I'oxygeéne de I'air avec
un matériau combustible, un apport d'énergie servant de déclencheur.

[l est alors légitime de se demander pourquoi |'apprenant a eu besoin de comprendre
la vraie nature du feu. Cette compréhension fondamentale des choses émerge de
considérations pratiques : comment ne plus avoir froid? Peut-on manger de la viande
autrement que crue pour diminuer les risques de maladie? Il faut alors de multiples
interactions avec I'environnement pour générer des expériences et ensuite apprendre
d’elles pour répondre graduellement a un besoin complexe (comment faire un feu pour
se réchauffer?).
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Ainsi, par cette analyse préliminaire, nous avons trouvé plusieurs prémices de compréhension
de |'apprentissage chez I'homme.

= Comment |'apprentissage se formalise-t-il structurellement 7 L'apprenant doit
abatardir |'expérience a des questions simples pour acquérir des certitudes pri-
maires. Ces derniéres acquises, il est possible d'atteindre des questions complexes
en imbriquant de plus en plus de considérations élémentaires.

= D’ou provient le besoin d'apprendre ? D’un point de vue pratique, |I'émergence
de ces questions complexes dérive bien souvent d'un rapport de |'étre a son
environnement, permettant d'élaborer des objectifs contextuels. L'apprenant
devient alors graduellement capable de répondre a des besoins complexes par
une succession d'actions simples.

De I'apprentissage humain a I’apprentissage machine. L'apprentissage machine
s'est structuré autour de deux approches, une premiere symbolique qui tire profit des ex-
trapolations humaines pour apprendre a la machine a manipuler une axiomatique et une
seconde, statistique, qui consiste a fournir bon nombre d’expériences a la machine pour
lui faire apprendre par de multiples exemples empiriques. Nous allons nous focaliser sur
la seconde approche car, elle sous-tend une large partie de la recherche moderne. Cette
méthode requiert de nombreuses expériences transmises a la machine qui en extrait les
connaissances a travers des procédures optimisatoires. Plus précisément, la connais-
sance extraite dépend de la question posée ainsi que sa traduction mathématique. Nous
pouvons alors relever des paralleles avec |'apprentissage humain décrit plus haut: il faut
des expériences et une question pour réduire le réel a quelque chose d'apprenable. Pour
aller plus loin, la variétés des scenarii d'apprentissages humain décrits au dessus ont
une correspondance dans |'apprentssage machine moderne: a la question "Le feu briile-
t-il?"” on peut associer |'apprentissage supervisé qui traite apprend sur des questions a
choix multiples. A la question "qu'est-ce que le feu?”, on peut associer |'apprentissage
non-supervisé qui va chercher, dans le cas du clustering (ou regroupement), des simil-
itudes non-induites par la question entre diverses expériences. Finalement, quant a
I'interaction avec I'environnement et la question "puis-je faire un feu?”, elle est as-
sociée a l'apprentissage par renforcement qui étudie I'apprentissage d'un agent qui
interagit avec son environnement.

Comprendre la généralisation depuis I'apprentissage. La généralisation peut
étre vue comme la capacité d'exploiter |'apprentissage d'une expérience au dela de cette
derniere. Cela englobe une compréhension théorique et axiomatique d'un phénomene
bien au dela de I'expérience en elle méme, i.e. une extrapolation fructueuse ou bien la
capacité a exploiter la connaissance acquise pour une situation inédite, présentant des
similitudes avec divers vécus, i.e. interpoler des expériences.
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Ce double aspect de la généralisation se retrouve aussi bien chez 'homme que la ma-
chine sous diverses modalités. Les réseaux de neurones profonds, qui sont le fer de
lance de |'apprentissage machine moderne, se basent sur des espaces de dimension
finie pour apprendre, ce qui revient a dire qu'un probléme peut étre appris a travers
un nombre fini de principes fondateurs. Le nombre de principes pouvant étre aug-
mentés autant que les capacités numériques le permettent, nous dirons alors que les
réseaux de neurones ont une puissance discrete de généralisation. Etant donné que
les méthodes d'apprentissage machine sont corrélées a leur pendantes humaines, on
peut alors se demander si la puissance de généralisation (et méme d'apprentissage)
humaine est également discrete. Cette afirmation semble cavaliére, car méme s'il est
possible de supposer que la part consciente de |'esprit humain raisonne a horizon finie
et a une puissance dénombrable (transmise d'ailleurs a la machine, apprenant selon
des modalités humaines), cette dimension occulte la quantité d'information sans cesse
captée et filtrée par notre cerveau ainsi que son assimilation inconsciente, relevant
autant de la pensée abstraite que du biologique peut potentiellement générer une puis-
sance de généralisation relevant d'un infini plus large et ainsi fournir une puissance
de généralisation continue (relevant davantage de la ligne que du point). Des lors,
comment penser la généralisation chez I'homme alors que, mathématiquement, nos
intuitions les plus simples nous font défaut lorsque cette puissance continue intervient
(la boule de rayon 1 n'est pas compacte en dimension infinie, RIESzZ, 1955)? On peut
également se demander si |'extrapolation existe dans de telles structures ou si tout
revient a interpoler (HASSON et al., 2020).

Quid de la généralisation en apprentissage machine de nos jours? Qu'espérer
alors des réseaux de neurones artificiels et de leur capacité de généralisation rela-
tivement a I'humain? Les théorémes d'approximations universels (voir e.g. LU et
al, 2017; PARK et al., 2021) assurent que les réseaux de neurones sont capables
d’'approximer n'importe quelle fonction vivant dans un espace a la puissance du con-
tinu (e.g. I'espace de Banach des fonctions continues a support compact qui n'admet
pas de base dénombrable), faisant de ces structures des candidats prometteurs pour
appréhender les mécanismes humains de généralisation. Les approximations prodiguées
par ces machines seront, dans un avenir proche, potentiellement suffisamment puis-
santes pour donner l'illusion d'une capacité de généralisation humaine. Néanmoins, il
demeure bon de garder en téte que, si la thése d'une inégalité fondamentale de nature
entre les puissances de généralisation humaine et machine est avérée, alors les réseaux
de neurones artificiels n'atteindront jamais pleinement les capacités de compréhension
du monde de leurs homologues biologiques. Reste que la qualité de leurs approxi-
mations font de ces structures des assistants de valeur, enrichissant les capacités de
chacun. Mieux comprendre la puissance de généralisation machine, étre capable de la
quantifier, d'identifier les mécanismes qui la favorisent sont les objets de ce manuscrit.
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PREAMBLE: HUMAN LEARNING,
MACHINE LEARNING AND
(FENERALISATION

This manuscript tackles the notion of generalisation a notion built upon the general
notion of learning. For a brief moment, let's take the luxury of forgetting about
machines and concentrate on learning at its most human.

Apprehending human learning A human being (here a learner) is structured around
experiences, either lived or passed on by others.

The learner then benefits from these experiences in various ways, for instance, by
considering a mediated experience to be true (fire burns) and acting according to
this. On the contrary, reiteration or denial of this same information may be symptoms
of zero truth value. These scenarios can just as easily appear for a lived experience
(the question of hallucinations). This first dichotomy in information processing is
intrinsically linked to a clearly stated question: does fire burn? Can | trust my senses
or have | hallucinated? In these cases, learning has taken place by reducing the intrinsic
complexity of an experience to its truth value w.r.t. a simple question (in this case
with two outcomes). This vision can easily be extended to a finite tree of possibilities
through multiple-choice questions. Indeed, we can extend the burning question as
follows: what is the intensity of the burn as a function of the temperature of the fire?
We can then establish a multitude of answers representing various degrees of burn.
However, many questions cannot be reduced to a finite number of possibilities. For
example, what is fire? To answer this question, it is nevertheless possible to exploit
multiple facets of experience (wood, twig, rock fire) to propose that fire is the chemical
reaction of oxygen in the air with a combustible material, with a supply of energy serving
as the trigger.

Then, a legitimate question is: why has mankind understood the nature of fire? This
fundamental understanding emerged from practical considerations: how can we stop
being cold? Can we eat meat other than raw to reduce the risk of illness? It then takes
multiple interactions with the environment to generate experiences and then learn from
them to gradually respond to a complex need (how to make a fire to keep yourself
warm?).

Thus, through this preliminary analysis, we have found several premises of understand-
ing human learning.
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» How is learning formalised structurally? The learner must base the experience
on simple questions to acquire primary certainties. These latter acquired, it is
possible to reach complex questions by interweaving more and more elementary
considerations.

= Where does the need to learn come from? From a practical point of view, the
emergence of these complex questions often arises from a relationship between
the being and its environment, making it possible to develop contextual objec-
tives. The learner then gradually becomes capable of responding to complex
needs through a succession of simple actions.

From human to machine learning Machine learning has been structured around
two approaches, the first is symbolic and takes advantage of human extrapolations to
teach the machine to manipulate an axiomatic, while the second is statistical, and con-
sists of providing the machine with a large number of experiments so that it learns from
multiple empirical examples. We are going to focus on the second approach because
it underpins a large part of modern research. This method requires a large number
of experiments to be transmitted to the machine, which then extracts the knowledge
through optimising procedures. More precisely, the knowledge extracted depends on
the question posed and its mathematical translation. We can see parallels with human
learning described above: you need experiments and a question to reduce reality to
something learnable. To go a step further, the variety of human learning scenarios
described above can be applied to modern machine learning: the question "Does fire
burn?” can be associated with supervised learning, which learns from multiple-choice
questions. The question "What is fire?” can be associated with unsupervised learning,
which, in the case of clustering, looks for similarities between numerous experiments
that are not induced by the question. Finally, the question "Can | make a fire?" can
be linked to reinforcement learning which focuses on the evolution of an agent learning
from its interaction with the environement.

From learning to generalisation. Generalisation can be seen as the ability to exploit
learning from experience beyond that experience. This encompasses a theoretical and
axiomatic understanding of a phenomenon, i.e. a fruitful extrapolation, or the ability
to exploit the knowledge acquired for a new, yet showing similarities, situations i.e. to
interpolate experiences.

This dual aspect of generalisation can be found in both humans and machines in a
variety of ways. Deep neural networks, which are the spearhead of modern machine
learning, are based on finite-dimensional learning spaces, which means that a problem
can be learned through a finite number of founding principles. Since the number of
principles can be increased as far as numerical capacity allows, we can say that neural
networks have discrete generalising power. Given that machine learning methods are
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correlated with their human counterparts, we might then ask whether the power of
human generalisation (and even learning) is also discrete. This assertion is somewhat
bold as even it is assumable that the conscious part of the human mind reasons on
a finite horizon and has a discrete generalisation power (transmitted, moreover, to
the machine, which learns according to human methods), this dimension obscures the
quantity of information constantly captured and filtered by our brain, as well as its
unconscious assimilation, In other words, the fact that our brain is as much a part of
abstract thought as it is of biological thought can potentially generate a generalisation
power that relates to a wider infinity and thus provide a continuous generalisation power
(relating more to the line than to the point). So how can we think about generalisation
in humans when, mathematically, our simplest intuitions fail us when this continuous
power is involved (the ball of radius 1 is not compact in infinite dimension, RIESZ,
1955)? We might also ask whether extrapolation exists in such structures or whether
it all boils down to interpolation (HASSON et al., 2020).

What to expect from generalisation in modern machine learning? So what
can we expect from artificial neural networks and their ability to generalise to humans?
Universal approximation theorems (see e.g. LU et al., 2017; PARK et al., 2021) ensure
that neural networks are capable of approximating any function living in a space to the
power of the continuum (e.g. the space of continuous functions with compact support
which does not admit a countable base as a Banach space), making these structures
promising candidates for partially understanding human generalisation mechanisms. In
the near future, machine approximations will potentially be powerful enough to give
the illusion of human generalisation capacity. Nevertheless, it is worth bearing in mind
that, if the thesis of a fundamental inequality in nature between the powers of human
and machine generalisation is confirmed, then artificial neural networks will never fully
attain the world-understanding capacities of their human counterparts. It is stll worth
noticing artificial neural nets ability to approximate this human intelligence makes
these structures valuable assistants, enriching the capabilities of any individual. That
being said, this manuscript aims to provide a better understanding of generalisation in
machine learning, quantifying and indentifying the mechanisms that promote it.
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PAC-BAYES LEARNING, A FIELD OF
MANY PARADIGMS
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1.1 A brief introduction to statistical learning

Statistical learning (VAPNIK, 1999; JAMES et al., 2013) quantifies and identifies how
learning algorithms, trained on a specific task using a finite training dataset, generalise,
i.e. being able to perform well on novel, unseen datum. More precisely, an agent has to
learn how to answer a question, formalised as a learning problem being a tuple (H, Z, /)
composed of a predictor space on which evolves the agent during the learning process, a
data space Z and a loss function being the mathematical formulation of the question.
Such a minimalistic structure is convenient to encompass a broad range of real-life
learning scenarii. To learn, the agent has access to a training dataset S,, = (2;)i=1...m-
The most classical way to learn from S, is the empirical risk minimisation (ERM),
minimising the empirical risk defined as, for all h € H as Rs,, (h) := Ly l(h,z;). In
this setting, when S,,, is i.i.d. (following the distribution D), two facets of generalisation
are commonly studied in statistical learning for an agent h € H.

= First, the population risk Rp(h) := E,p[l(h,z)] focus on the average perfor-
mance of our learning agent w.r.t. any new situation z € D, independent of
S, possibly faced by the agent. A small population risk ensure then efficient
generalisation.

= Second, the generalisation gap As, (h) := Rp(h) — Rs,, (k) evaluate the co-
herence between the empirical risk and the population one. Having a small
generalisation gap ensure that the generalisation ability of the agent has the
same magnitude than its training performance.
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Note that the population risk is a stronger notion of generalisation than the generali-
sation gap. However, a small generalisation gap (in absolute value) as well as a small
empirical risk is enough to ensure a good population risk. Given that modern optimi-
sation algorithm often yield small empirical risk, the generalisation gap has received a
particular attention in statistical learning.

Generalisation bounds. Generalisation bounds are inequalities controlling the gen-
eralisation gap (or the population risk) by various quantities depending either on H, Z
or §,,. We propose below general patterns usually involved in generalisation bounds
for an agent hs, € H depending on S, (for instance the output of the ERM).
Expected generalisation bound. For any training set S,,:

Es, [As,, (hs,)] < f (COMPLEXITY, 1) . (1.1)
m

High-probability generalisation bounds. For any training set S,,, with probability
1 — 0 over the draw of S,,:

As, (hs,) < f (COMPLEXITY, ;,log ;) . (1.2)
The nature of f and the COMPLEXITY term depend on the facet of the complexity
of the learning problem we aim to focus. Celebrated examples are for instance the di-
mension of H, if euclidean, the VC dimension of H (VAPNIK, 2000), the Rademacher
complexity (BARTLETT and MENDELSON, 2001, 2002), the stability parameter of
a learning algorithm (BoUSQUET and ELISSEEFF, 2000) or the subgaussian diame-
ter of Z (KONTOROVICH, 2014). Another approach relies on the Bayesian learning
paradigm, deriving posterior knowledge from data and prior modelling of the envi-
ronment. Then, the COMPLEXITY term can be borrowed from information theory
(CoVER and THOMAS, 2001), e.g. mutual information (NEAL, 2012), or from opti-
mal transport, e.g. Wasserstein distances (WANG et al., 2019; RODRIGUEZ-GALVEZ
et al., 2021).
Those two approaches have various benefits. A notable strength of expected bounds
is that they may reach fast convergence rates (i.e. faster than ﬁ) contrary to high-
probability one, even when H is a singleton thanks to the central limit theorem (GRUN-
WALD et al., 2021). However, expected bounds often involves a theoretical COMPLEX-
ITY which cannot be estimated in practice and may be hard to interpret while high
probability bounds may be fully empirical and can be considered with small confidence
parameter § as it is attenuated by a logarithm.

How to choose the complexity term ? An introductory example. There is
no evidence proving that a certain notion of complexity is preferable to another. The

—-24 -



1.2. An information-theoretic exposure of PAC-Bayes learning

choice of COMPLEXITY may however be driven by practical considerations, emerging
from the learning problem of interest. To illustrate this point, let us focus on the
following example, providing two learning problems which differs only from the predictor
space H and which have very different interactions with the VC dimension.

Example 1.1.1 (VC dimension of multilayer perceptrons). Consider a supervised
learning problem where Z = RF x J with Y = {0,1}, k smaller than m and
with loss ((h, (x,y)) = 1{h(z) # y}. First, assume that H is the set of linear
classifiers; i.e. Hy := {hg(x) = sgn((0,z))}, where sgn(a) denotes the sign of
a. In this case, using the VC dimension may lead to non-vacuous generalisation
bounds (VAPNIK, 2000).

However, in modern machine learning, deep neural networks are often considered,
let us first define a celebrated class of deep neural networks.

Definition 1.1.1 (Multlilayer perceptron). A multilayer perceptron with depth
K and architecture {Ny, -+, Ni}, denoted as hy(x) := WhE(--- hl(x)) +b,
is composed of K layers h'(-),...,h5 (). W € R¥*Nk and b € RVx are the
weight matrix and the bias of the last layer, and the i-th layer h?, composed
of N; nodes, is defined by hi(x) := o;(W;x + b;), where W; € R¥*Ni-1 and
the bias b; € RYi are its weight matrix and bias respectively; o; : RV — RV is
an activation function. The weights w = vec({W, Wi, ... , W1, b,bk,...,b1})
represent the vectorisation of all parameters of the network.

Now, consider the learning problem with the same Z, ¢ as above, but with H,
being the set of multilayer perceptrons w.r.t. a fixed depth K and architecture
{Ny,---,Nk}. To be consistent with modern practice, assume also that we are
in the overparametrised setting, meaning that the space H5 has a dimension d far
greater than m. In this case, VC dimension fails to explain the good generalisation
ability (seen in practice) of multilayer perceptrons (BARTLETT and M AASS, 2003).

Understanding the generalisation ability of deep neural networks remains nowadays
a major challenge and in what follows, we focus on a modern branch of learning
theory which provided non-vacuous bounds of the generalisation ability of deep neural
networks: PAC-Bayes learning.

1.2 An information-theoretic exposure of
PAC-Bayes learning

PAC-Bayes learning is a recent branch of learning theory which emerged in the late 90s
via the seminal work of (SHAWE-TAYLOR and WILLIAMSON, 1997; MCALLESTER,
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1998, 1999, 2003b) and later pursued by (CATONI, 2003, 2007). Modern surveys are
available to describe the various advances in the field (GUEDJ, 2019; HELLSTROM
et al., 2023; ALQUIER, 2024). Similarly to subfields of statistical learning described in
Section 1.1, PAC-Bayes provide generalisation bounds involving a COMPLEXITY term,
inspired here from the Bayesian learning paradigm of designing a posterior knowledge
of the learning problem based on both training data and a prior knowledge of the
considered situation.

A concrete example of Bayesian learning would be an explorer mapping an ill-known
territory. The explorer has to adapt the existing maps at its disposal before exploration
to its discoveries. Doing so, he creates an a posteriori map imbricating the benefits of
both the prior knowledge alongside its findings.

From a mathematical perspective, the Bayes approach relies on the Bayes formula,
providing an update recipe from a prior distribution P € M(#H) over the predictor
space H to a posterior Q € M(H) through a likelihood. On the contrary, PAC-Bayes,
while inspired from the Bayesian philosophy, relies historically on tools from information
theory. This general approach benefits from additional flexibility as PAC-Bayes can be
linked and applied to Bayesian learning (see GUEDJ, 2019) but also blurs the notion of
prior and posterior distributions, now independent of the fundamental Bayes formula.
We further develop those points through two celebrated high-probability bounds: the
McAllester and Catoni ones.

Two fundamental results

The McAllester's bound (MCALLESTER, 2003b) enriched with Maurer’s trick (MAU-
RER, 2004) and Catoni's bound (ALQUIER et al., 2016, Theorem 4.1, being a relax-
ation of CATONI, 2007, Theorem 1.2.6) are probably the most known high-probability
PAC-Bayes bounds. We recall them in Proposition 1.2.1.

Proposition 1.2.1 (McAllester and Catoni's bounds). Assume S, to be i.i.d..
McAllester’s bound, (Maurer, 2004, Theorem 5). For any 6 € (0,1),¢ €
[0,1], any data-free prior P € M(H), with probability at least 1 — ¢, for any
posterior Q € M(H),

2/
KL(Q,P) + In =% . (13)

As,(Q) < J

2m

Catoni’s bound, (Alquier et al., 2016, Theorem 4.1). For any A € R/{0},0 €
(0,1), ¢ being o2-subgaussian and a data-free prior P, with probability at least 1 —¢
over S, for any Q € M(H),
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KL(Q,P) + log(1/9) N o2

As,(Q) < 3 o

(1.4)

For both results, Ag, (Q) denotes the expected generalisation gap w.r.t. Q and
KL denotes the Kullback-Leibler divergence.

Recall that a random variable X is o2-subgaussian if for any A € R, E[exp(A(X —
E[X]))] < exp (#) and that any loss ¢ € [0, C] is C-subgaussian. Both McAllester
and Catoni bounds fit the general shape of (1.2). In both cases, COMPLEXITY =
KL(Q,P) and f varies. The immediate link with the Bayesian philosophy of learning
is that the prior has to be data-free. However, (1.3) and (1.4) are both valid simulta-
neously for any posterior, which is strictly more general than considering the Bayesian
posterior. Note that if A is optimised, then Catoni's bound would boil down to an
upgraded McAllester bound without the log(y/m) term, but such an optimisation is
not feasible as A has to be chosen independently of the dataset S,,. Note that this
gap has been recently filled by DUuPUIS and SIMSEKLI (2024, Theorem 33). While
the theoretical links between those two bounds are clear, they involve two different
toolboxes: McAllester’'s bound heavily relies on the KL divergence between Bernoullis
alongside calculation tricks exploiting the boundedness of the loss while the original
Catoni's bound (CATONI, 2007, Theorem 1.2.6) exploits tools from statistical physics.
The relaxation (1.4) proposed here is reachable by a few key arguments, involved in a
vast majority of PAC-Bayes proofs. We propose it below for pedagogical purpose.

Proof of Equation (1.4). Note that the first part of the proof holds for a large part
of PAC-Bayes literature.

A generic pattern for PAC-Bayes bounds. This part is designed upon two
cornerstones, retrievable in many existing results: the change of measure inequality
(Cs1SzAR, 1975; DONSKER and VARADHAN, 1976 — see also BANERJEE, 2006;
GUEDJ, 2019 for a proof) and Markov's inequality.

Lemma 1.2.1 (Change of measure inequality). For any measurable function
¥ : H — R and any distributions Q, P on H:

Enqlv(h)] < KL(Q, P) + log (En~p[exp(s(h))])

For a given A > 0, the change of measure inequality is then applied to a certain
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function f,,, : H — R, possibly involving S,,: for all posteriors @,

En~qlfm(h)] < KL(Q, P) + log (En~p[exp(fm(h))]) - (1.5)

To deal with the random variable X (S,,) := Ejplexp(fn(h))], our second build-
ing block is Markov's inequality (P(X >a) < %) which we apply for a fixed
d € (0,1) on X(S,,) with a = Eg, [X(S,)]/0. Taking the complementary
event gives that for any m, with probability at least 1 — 0 over the sample S,,,
X(Sn) < Es, [X(Sm)]/0, thus:

Enqlfm(h)] < KL(Q, P) +log(1/) + log (En~rEs, [exp(fm(h))]) . (1.6)

Note that in (1.6), we swapped the two expectations in the last term thanks to
Fubini's theorem and the fact that P is data-free.
Proving Catoni’s bound. Now, we take f,,(h) = AAg, and consider for any

h € H,A(h) = Eg, [exp(fm(h))].
Note that, given S,, is iid,

An) = TTEs, [exo (3 Rolt) - en2)

=1

and thanks to Heoffding’s lemma alongside ¢ being o-subgaussian,
m )\20.2 )\20.2
A(h) < = .
W=l (5s) =0 (30

Plugging this upper bound in (1.6) and dividing by A\ concludes the proof. |

The generic pattern (1.6), allows to retrieve many PAC-Bayes bounds, starting with
McAllester’s one, where f,, = kl(Rp(h),Rs,, (h)), ki being the KL divergence between
Bernoullis and completing with the subtle calculations of MAURER (2004). This
pattern is also valid, for instance, for the results of GERMAIN et al. (2009), the
Bernstein PAC-Bayesian bounds of TOLSTIKHIN and SELDIN (2013) and MHAMMEDI
et al. (2019) and many other results, e.g. THIEMANN et al. (2017), GUEDJ and
ROBBIANO (2018), HOLLAND (2019), and WU and SELDIN (2022). This then pins
two major points for a large part of PAC-Bayes literature:

1. Interpreting PAC-Bayes from a Bayesian point of view is legitimated by the
change of measure inequality, yet the KL divergence. More generally, this prop-
erty allows interpreting PAC-Bayes under a more general information-theoretic
paradigm, where relevant prior information is transferred to the posterior (here
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by absolute continuity to keep the KL finite). This information-theoretic vision
is also retrieved in in-expectation PAC-Bayes bounds, where mutual information
can be considered instead of KL divergence (Russo and Zou, 2016; XU and
RAGINSKY, 2017; HELLSTROM and DURISI, 2020; STEINKE and ZAKYNTHI-
NOU, 2020; GRUNWALD et al., 2021; HELLSTROM and DuRIsI, 2022).

2. The statistical properties of the learning problem are linked to the exponential
moment coming from the change of measure inequality, this often implies the
strong assumptions of Proposition 1.2.1: data-free prior, bounded or subgaussian
losses (sometimes attenuated to subexponentiality CATONI, 2004).

A theory suited for Example 1.1.1? The two previous points show that Propo-
sition 1.2.1 holds for learning problem with light-tailed losses (often bounded), i.i.d.
data, encompassing classification tasks for instance. Then, PAC-Bayes learning seems
suited to understand, on such problems, the McAllester and Catoni bounds are suited
to the learning problem (Hs, Z,¢) of Example 1.1.1.

However, the question of their tightness is unsolved as we do not know the behaviour
of the KL term in practice. Furthermore, the question of which distribution Q should
be taken in Proposition 1.2.1 remains open. Hopefully, PAC-Bayes bounds can be
transformed into learning algorithms.

1.3 From theory to learning algorithms

Algorithms associated to McAllester and Catoni bounds

A shared particularity of McAllester and Catoni bounds is that they are both fully
empirical. Then it is possible to minimise them in practice and thus, deriving new
theory-driven learning algorithms which are expected to have at worse, a small gener-
alisation gap and at best, a small population risk. More precisely, learning algorithms
associated to Proposition 1.2.1 are stated below:

KL(Q,P)

= ar min R +\ —. 1.7
Qum (%ec 5n(Q) o (1.7)

For any A > 0,
KL(Q, P)

Q¢ := argmin Rs, (Q) + (1.8)

Qec A

In both cases, C C M(H) is the class of distributions on which we optimise. The choice
of C may come from prior knowledge of the problem or from optimisation concerns to
make the KL divergence tractable.
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Knowing Catoni's bound is a relaxation of McAllester's one, it seems more natural
to consider Qs over Qc. However, the presence of a square root in (1.7) can be
challenging for practical optimisation. We illustrate this below.

Example 1.3.1 (A celebrated class of measures for PAC-Bayes algorithms). Con-
sider the case where, for a given o > 0, C = {N(i,0%1d) | u € R?}. Then the for
any P = N (p1,0%1d), Q = N (p2,0%1d), KL(Q, P) = % Then, optimising
(1.7) in this case implies to lose the strong convexity of the KL divergence while it
is retained for (1.8).

Another practical advantage of (1.8) over (1.7) emerges when C = M(H). In this
case, Catoni's bound admits a closed form solution, while McAllester's one should be
numerically optimised on all the space of distributions, which is not feasible. This
closed form, extracted from CATONI (2003, Section 5.1), is recalled below.

When C = M(H), dQc(h) = exp(—/\IQS,"L(h))

= Eprlexp(ars, )

Then, Q¢ = P—Afism is the Gibbs posterior associated to P,)\ﬁsm. By introducing
Gibbs posterior in statistical learning, CATONI (2007) draws a theoretical link between
statistical physics and learning theory. Unfortunately, Gibbs posteriors often require
Monte Carlo methods to be implemented, which can be time-consuming. Below, we
then focus on PAC-Bayes algorithms working on a subset C of M(H).

Instantiation and efficiency of PAC-Bayesian algorithms

A general pattern for PAC-Bayesian algorithms The introductory examples
(1.7),(1.8) unveil a general design for any KL-based PAC-Bayesian algorithm, sat-
isfying a trade-off between (i) the empirical risk, showing that the learner has to fit the
training dataset, and (ii) a regulariser being a function of KL(Q, P). This regulariser
ensures that, during training, the learner will not overfit on training data. This training
ensures a good generalisation ability as long as the associated generalisation bound is
small.

While the conceptual ins and outs of PAC-Bayes algorithms are getting clearer, two
unanswered questions remains:

1. How are those algorithms instantiated in practice?

2. Are these algorithms efficient and do they come with non-vacuous theoretical
guarantees?
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Instantiating a PAC-Bayes algorithm In practice, using a single prior P usually
does not work, but it remains theoretically possible to consider a finite set of priors.
Indeed, if one wants to consider k priors, then it is possible to consider £ PAC-Bayes
bounds holding for each of those priors with probability at least 1 —% and then consider
a union bound, such a set of priors is called a grid. This method has been widely used
in many PAC-Bayes work with clever grids, deteriorating initial bounds at the cost of
supplementary log(n) or loglog(n) (divided by m), see e.g. ALQUIER (2024). This
can also be used, for Catoni-typed algorithms, to the parameter A. In both cases,
considering grids allows optimising on both the prior, the posterior and possibly A
when involved. Then, taking the closest value of those optimised parameters on the
grid to still obtain theoretical guarantees. Another technique to ensure a good prior
is to sacrifice part of the training set to pre-train P. Doing so, the prior is then data-
dependent and yields tighter bounds alongside increased performance (PEREZ-ORTIZ
et al., 2021a,c).

Efficiency of PAC-Bayes algorithms on supervised learning problems. The
work of DZIUGAITE and ROY (2017) showed that optimising (1.7) when C is a class
of Gaussian measures for the weights of a deep neural network yields non-vacuous
generalisation bound, meaning that the generalisation benefits of PAC-Bayesian train-
ing on deep nets can be theoretically ensured. Note that PAC-Bayesian bounds can
also be used to quantify the generalisation ability of other learning algorithms, but
the bound value is then suboptimal. DZIUGAITE and ROY (2017) used the toolbox
described in the 'instantiation’ paragraph, alongside a preliminary use of Stochastic
Gradient Descent (SGD) to update Q before the PAC-Bayes training algorithm. This
promising work paved the way to various extensions, providing non-vacuous guarantees
for a wide range PAC-Bayes algorithms (LETARTE et al., 2019; RIVASPLATA et al.,
2019; DZIUGAITE et al., 2021; PEREZ-ORTIZ et al., 2021a,b,c; BicGs and GUEDJ,
2022a, 2023), showing that the PAC-Bayes toolbox provides elements of answer to
understand the generalisation ability of neural networks. Beyond generalisation guar-
antees, PAC-Bayes bounds are also useful to propose original training methods, even
if the associated guarantees are vacuous (B1GGs and GUEDJ, 2021, 2022b). Another
important empirical use is to exploit PAC-Bayes bounds as correlation measures, to
see whether a decrease of the bound is related to an increased generalisation ability
of the learner. For instance NEYSHABUR et al. (2017) used McAllester's bound (1.3)
as a 'flatness’ measure and showed that it correlates well with generalisation ability
for a few learning problems. This conclusion has been extended to a wider range of
problems in DZIUGAITE et al. (2020) and JIANG et al. (2020).

PAC-Bayes algorithms beyond supervised learning. While supervised learning is
widely used to perform experiments in PAC-Bayes (often involving celebrated datasets
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such as MNIST or CIFAR-10), the McAllester bound holds for any learning problem with
bounded loss, going beyond this setting. This theoretical flexibility has been exploited
to derive PAC-Bayesian algorithm for various learning settings reinforcement learning
(FARD and PINEAU, 2010), multi-armed bandits (SELDIN et al., 2011, 2012b; SAKHI
et al., 2023), meta-learning (AMIT and MEIR, 2018; DING et al., 2021; FARID and
MAJUMDAR, 2021; ROTHFUSS et al., 2021, 2022) to name but a few.

Is Example 1.1.1 tackled now? (DzIUGAITE and ROY, 2017) and following works
have provided a positive answer by obtaining non-vacuous guarantees (sometimes tight)
for (Hq, Z,¢) of Example 1.1.1 for various Z (being, e.g., set of images for MNIST
CIFAR-10 etc...). To obtain such guarantees, a PAC-Bayesian training needs to be per-
formed to minimise its associated theoretical bound. That being said, several questions
then legitimately emerge.

» Modern machine learning often implies learning problems where assumptions
such as bounded (or subgaussian) losses or i.i.d. data do not hold. Is PAC-Bayes
theory extendable beyond those assumptions?

= As shown in DZIUGAITE and ROy (2017), the PAC-Bayesian training is of-
ten combined to another procedure (e.g. ERM) to yield non-vacuous bounds.
However, PAC-Bayes bounds do not bring the theoretical understanding of such
additional methods, often outputting deterministic predictors (i.e. Dirac distri-
butions). This kind of predictor is not allowed in (1.3), (1.4). Is it possible to
obtain PAC-Bayes bounds valid for such methods?

1.4 An optimisation perspective of PAC-Bayes

The questions raised at the end of the previous part are important as they underline
a gap between the information-theoretic approach of PAC-Bayes bounds and practical
optimisation. A supplementary example of this is the grid required in practice to
optimise the prior (and/or A in Catoni's bound). Indeed, this hybrid solution is required
to roughly fit theory,(exploiting a single prior) and practice (optimising freely the prior
on a continuous space), while not being truly adapted to any of these settings. This
then raises the following fundamental question:

Can we think PAC-Bayes learning from an optimisation perspective?

The elements of answer to this question are multiple. First, one can mix up PAC-Bayes
argument with geometric properties of optimisation procedures to obtain generalisation
bounds designed for specific algorithms including but not limited to, SGD, Langevin
dynamics (LONDON, 2017; DZIUGAITE and ROY, 2018a; NEU et al., 2021; CLERICO
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et al., 2022; HAGHIFAM et al., 2023; ZHOU et al., 2023). Those works show both
convergence properties and minimax rates, showing the impact of PAC-Bayes learning
to provide a better theoretical understanding of the generalisation ability of concrete
algorithms.

A second approach consists in describing general principles that should be satisfied by
the various terms and assumptions in PAC-Bayes when looking at this through the
prism of optimisation. We propose such an analysis below.

An optimisation-driven view of PAC-Bayes

= Statistical assumptions. While / satisfies desirable geometric properties (con-
vexity, gradient lipschitz ...), no statistical assumption is needed to have optimisa-
tion algorithms with convergence properties, one then may wonder about the gen-
eralisation ability of the reached empirical minima. It happens that the output of
two runs of a stochastic optimisation algorithm on the same training set may vary
a lot, for instance, the specific case of SGD shows that heavy-tailed behaviour
(see e.g. SIMSEKLI et al., 2019; ZHANG et al., 2020; GURBUZBALABAN et al.,
2021) may emerge in practice. Given such behaviours, generalisation bounds,
from an optimisation point of view, should hold with weak statistical assump-
tions on the dataset, possibly at the cost of additional geometric assumptions
on the loss.

= The role of the prior. The information-theoretic approach justifies the Bayesian
view of the prior, as discussed earlier. In this spirit it is also possible to sacrifice
a part of the training set (i.e. of the available information) to enrich P. Doing
so, we accept to not understand what happens during the training of P and
thus, to explain only partially the efficiency of an information-theoretic training.
Those two visions (Bayesian prior or data-dependent prior) are not easily linked
to optimisation concerns as the first one would be linked to a 'good’ initialisa-
tion, something we cannot know in advance, while the second makes little sense
as P is obtained through a first, unexplained, optimisation process which is nec-
essary to understand the efficiency of the second part of training, outputting
Q. From an optimisation stance, we suggest assigning only two possible roles
to P: (i) the initialisation of the optimisation algorithm, then its impact should
be attenuated through the learning process and (ii) a minimum we aim to reach
through optimisation. In this case, its impact is crucial as it translates the speed
of convergence of our learning algorithms.

» The place of stochastic predictors. Involving a KL divergence as a complexity
brings a particular focus on stochastic predictors, drawn from a distribution Q.
Classical PAC-Bayes bounds usually focus on the average performance of such
a predictor (hence the expectation over Q in (1.3),(1.4)), but recent extensions
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directly proposed guarantees for a single draw over Q (RIVASPLATA et al., 2020;
VIALLARD et al., 2023a). However, involving a KL implies that ) has to be
absolutely continuous w.r.t. P, meaning that the support of () cannot go beyond
the one of P: this excludes the case of Dirac distributions, i.e. deterministic
predictors. This is a clear limitation of the information-theoretic approach, as
many learning algorithms outputs a deterministic predictor and thus, should be
avoided to be in line with common practice in optimisation.

Those three points, while not necessarily considered explicitly through the lens of
optimisation have been recently challenged.

PAC-Bayes beyond the usual setting

Recall that according to what we saw in McAllester's bound (1.3) and Catoni's one
(1.4), we denote by usual setting a bound holding for i.id. S,,, with bounded or
subgaussian losses and involving a KL divergence as COMPLEXITY term. Many works
overcame at least one of this assumption as precised below.

Beyond i.id. data The work of FARD and PINEAU (2010) established links be-
tween reinforcement learning and PAC-Bayes theory. This naturally led to the study
of PAC-Bayesian bound for martingales instead of i.i.d. data (SELDIN et al., 2011,
2012a,b). Also, PAC-Bayesian bound for lifelong learning (PENTINA and LAMPERT,
2014; FLYNN et al., 2022) challenged also the i.i.d. assumption. We also denote that
the PAC-Bayes bound for meta learning (AMIT and MEIR, 2018; DING et al., 2021;
FARID and MAJUMDAR, 2021; ROTHFUSS et al., 2021, 2022) consider independent
but non-identically distributed datasets (corresponding to different tasks).

Avoiding light-tailed losses. Light-tailed losses encompass bounded, subgaussian,
subexponential losses. Deriving PAC-Bayes bound for heavy-tailed losses, starting from
AUDIBERT and CATONI (2011) which provided PAC-Bayes bounds for least square
estimators with heavy-tailed random variables. Their results were suboptimal with re-
spect to the intrinsic dimension and was followed by further works from CATONI (2016)
and CATONI and GIULINI (2017). More recently, this question has been addressed
in the works of ALQUIER and GUEDJ (2018), HoLLAND (2019), KuzBORSKIJ and
SZEPESVARI (2019), and HADDOUCHE et al. (2021), extending PAC-Bayes to heavy-
tailed losses under additional technical assumptions.

Towards data-dependent priors. The work of (CATONI, 2007; LEVER et al,
2010, 2013) proposed priors, not directly data-dependent, but depending of the data
distribution D when i.i.d. data are considered. can be informed by the data-generating
distribution, PARRADO-HERNANDEZ et al. (2012), ONETO et al. (2016), DZIUGAITE
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and Roy (2017), and MHAMMEDI et al. (2019) also obtained PAC-Bayes bound with
data-dependent priors by infusing directly data in the prior (and sacrificing a part of
the dataset). The drawback of this method is that, in practice, such a prior allows
tighter bounds, but at the cost of a reduced theoretical understanding as the prior is in
practice often learned via ERM, and the PAC-Bayes bound hardly gives insights on what
happens during this pre-training. Furthermore, if this pre-training has already made the
bound converge to a minimum generalising well, then the PAC-Bayes training has no
effect and the associated bound is no more than a test bound (the case Q = P). It has
been shown for instance in (PEREZ-ORTIZ et al., 2021a) that when P is trained with
a consequent fraction of data, then the generalisation performance of the pre-trained
P was roughly the same as Q, obtained from P after a PAC-Bayesian training. It is
then unclear how impacting are PAC-Bayes methods compared to a test bound in this
case. To alleviate this issue, another original route (DZIUGAITE and RoOY, 2018b)
exploits differential privacy to replace the data-free prior by a differentially private one,
making possible to consider the prior as the learning objective (in their case a Gibbs
posterior).

Beyond KL divergence. Several works allowed extending PAC-Bayes beyond KL
divergences. The most investigated route is to focus on the more general class of
f-divergence, which include, e.g., KL, x?, Rényi divergences among others (ALQUIER
and GUEDJ, 2018; OHNISHI and HONORIO, 2021; PICARD-WEIBEL and GUEDJ,
2022; VIALLARD et al., 2023a). However, f-divergences still implies absolute conti-
nuity of Q w.r.t. P. Another route recently emerged (AMIT et al., 2022), replacing
f-divergences by integral probability metrics (IPMs), finally allowing Dirac distribution
in PAC-Bayes.

These works have sometimes been explicitly driven by optimisation considerations (Dz-
IUGAITE and ROy, 2018b involved differential privacy to numerically tighten their
bound without sacrificing data). However, in many cases, the information-theoretic
vision of PAC-Bayes remained majority. In what follows, the contributions of this
manuscript are designed w.r.t. the optimisation view of PAC-Bayes detailed above.

Contributions of this thesis

The contributions of this manuscript are motivated by optimisation considerations and
are structured as follows:

= In Chapter 2, we propose novel PAC-Bayes bounds for martingales, batch learn-
ing, with an application to multi-armed bandits. Those bounds are anytime-
valid (i.e. for any dataset size simultaneously) and holds at the sole assump-
tion of finite order 2 moments on both the posterior and the data distribution.
Such weak statistical assumptions make these results applicable, for instance, for
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heavy-tailed SGD or many learning problems where optimisation procedure are
performed regardless of the training set noise.

» Chapter 3 introduces Online PAC-Bayes learning, proposing theoretical bounds
and learning algorithms involving a sequence of pairs (Q;, P;), evolving through
the optimisation process. Contrary to PAC-Bayes in a batch setting, the impact
of P = P is attenuated during the learning process, making Online PAC-Bayes
useful when there is no prior information available, which is consistent with the
vision of P as initialisation of a learning algorithm, while being only applicable,
for now, to stochastic predictors as a KL divergence is involved.

» Chapter 4 still consider the prior as initialisation, while focusing on batch learning
algorithms. It is shown that the impact of the prior is attenuated by flat min-
ima, i.e. minima such that their neighbourhood nearly minimise the loss. More
generally, this chapter exhibits theoretical links between flat minima and gener-
alisation and thus draw links between the benefits of a successful optimisation
process (small gradients) and generalisation.

» Considering P as the learning objective allows to draw more explicit links between
optimisation and generalisation. In Chapter 5, it is shown that the convergence
guarantees of Bures-Wasserstein SGD, a SGD-like algorithm on Gaussian mea-
sure spaces, can be directly incorporated within PAC-Bayes bounds, yielding in-
terpretable results. This is possible by exploiting Wasserstein PAC-Bayes learning,
which uses as COMPLEXITY term a 1-Wasserstein distance, allowing to trade
statistical assumptions to geometric ones such as lipschitz or gradient-lipschitz
losses.

» Wasserstein PAC-Bayes learning can also be exploited when P is seen as an ini-
tialisation point. In Chapter 6, we propose Wasserstein PAC-Bayes algorithms
with associated theoretical bound for both batch and online learning. A no-
table strength of these methods is that they hold for deterministic predictors
(Dirac distributions), making PAC-Bayes in line with a large part of optimisation
algorithms.

We finally recap in Figures 1.1 and 1.2 the classical information-theoretic vision of
PAC-Bayes alongside the original optimisation view proposed above.
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Figure 1.1. Recap of the information-theoretic vision of PAC-Bayes.
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Figure 1.2. Recap of the optimisation vision of PAC-Bayes and where those views
are exploited in the manuscript.

— 38 -



PAC-BAYES WITH WEAK
STATISTICAL ASSUMPTIONS:
(GENERALISATION BOUNDS FOR
MARTINGALES AND HEAVY-TAILED
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This chapter is based on the following paper

MAXIME HADDOUCHE and BENJAMIN GUEDJ. PAC-Bayes Generalisation Bounds
for Heavy-Tailed Losses through Supermartingales. Transactions on Machine Learning

Research. (2023)
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Abstract

Chapter 2 provide PAC-Bayes bounds holding with weak statistical assumptions
(finite variance, which is what we consider as heavy-tailed in this manuscript),
this is promising to encompass various learning situations involving optimisation
algorithms such as heavy-tailed SGD (GURBUZBALABAN et al., 2021) where
assumptions such as bounded or subgaussian losses do not hold. Furthermore
those results go beyond i.i.d. assumption on S and hold for all datasets (S, )m>1
simultaneously. Such a flexible setting is in line with various optimisation frame-
works, where new data can be available after the beginning of the learning pro-
cess and be incorporated on-the-fly to the ongoing training, regardless of their
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potential correlation with previous data. Then, the theoretical results proposed
in this chapter are a promising step toward practical settings where data may
exhibit heavy-tailed behaviours and the loss function to be unbounded.

2.1 Introduction

In Chapter 1, McAllester's and Catoni's bound (MCALLESTER, 2003b; CATONI,
2007) have been presented as key theoretical results with practical repercussions through
their associated learning algorithm. However, the bounded or subgaussian assumption
on the loss makes those results limited to tackle many real-life situations. Indeed,
from an optimisation perspective, as stated in Section 1.4 of Chapter 1, generalisation
bounds should hold with weak statistical assumptions to make PAC-Bayes compatible
with heavy-tailed data. Several works already proposed routes to overcome the bound-
edness constraint: CATONI (2004, Chapter 5) already proposed PAC-Bayes bounds
for classification tasks and regressions ones with quadratic loss under a subexponential
assumption. This technique has later been exploited in ALQUIER and Biau (2013)
for the single-index model, and by GUEDJ and ALQUIER (2013) for nonparametric
sparse additive regression, both under the assumption that the noise is subexponential.
However all these works are dealing with light-tailed losses.! ALQUIER and GUEDJ
(2018), HoLLAND (2019), KuzBORSKIJ and SZEPESVARI (2019), and HADDOUCHE
et al. (2021) proposed extensions beyond light-tailed losses. This chapter stands in the
continuation of this spirit while developing and exploiting a novel technical toolbox. To
better highlight the novelty of our approach, we first present the two classical building
blocks of PAC-Bayes.

2.1.1 Understanding PAC-Bayes: a celebrated route of proof

In the following subsection, we exploit again, for the sake of pedagagogy, the general
pattern of proof for PAC-Bayes bounds described in Equation (1.4) to prove Catoni's
bound.

2.1.1.1 Two essential building blocks for a preliminary bound

For the rest of this section, similarly to Chapter 1, we assume access to a non-negative
loss function £(h, z) taking as argument a predictor h € H and data z € Z (think
of z as a pair input-output (z,y) for supervised learning problems, or as a single
datum z in unsupervised learning). We also assume access to a m-sized sample S, =
(21, ey 2m) € 2™. Sy, is then used to learn a posterior distribution Q on H, from a
prior P.

LA loss ¢ is light(heavy)-tailed if for all h, £(h,.) is light(heavy)-tailed
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PAC-Bayesian proofs are built upon two cornerstones. The first one is the change
of measure inequality, recalled in Lemma 1.2.1. This property is applied to a certain
function f,,, : Z™ x ‘H — R of the data and a candidate predictor: for all posteriors

Q.
Enqlfm(Sm, h)] < KL(Q, P) + log (En~p[exp(fm(Sm, h))]) - (2.1)

To deal with the random variable X (S,,) := Ehwp[exp(fm(Sm, h))], our second build-
ing block is Markov's inequality ( (X >a) M) which we apply for a fixed § €
(0,1) on X(S,,) with a = Egs, [X(S,,)]/0. Taking the complementary event gives that
for any m, with probability at least 1—¢ over the sample S,,,, X (S,,) < Es,, [X(Sim)]/9,
thus:

Envqlfm(Sm, )] < KL(Q, P) +1og(1/6) + log (En~pEs,, [exp(fm(Sm, h))]) - (2.2)

2.1.1.2 From preliminary to complete bounds

From the preliminary result of Equation (2.2), there exists several ways to obtain
PAC-Bayesian generalisation bounds, all being tied to specific choices of f and the
assumptions on the dataset S,,. However, they all rely on the control of an exponential
moment implied by Markov's inequality: this is a strong constraint which has been at
the heart of the classical assumption appearing in PAC-Bayes learning. For instance,
McAllester's bound (1.3) and Catoni's bound (1.4), exploits in particular, a data-free
prior, an i.i.d. assumption on §,, and a light-tailed loss. Most of the existing results
stand with those assumptions (see e.g., CATONI, 2007; GERMAIN et al., 2009; GUEDJ
and ALQUIER, 2013; TOLSTIKHIN and SELDIN, 2013; GUEDJ and ROBBIANO, 2018;
MHAMMEDI et al., 2019; WU and SELDIN, 2022). Indeed, in many of these works,
either a boundedness or a subgaussian assumption on the loss is used. CATONI (2004)
extended PAC-Bayes learning to the subexponential case. Many works tried to mitigate
at least one of the following three assumptions.

= Data-free priors. With an alternative set of techniques, CATONI (2007) ob-
tained bounds with localised (i.e., data-dependent) priors. More recently, LEVER
et al. (2010), PARRADO-HERNANDEZ et al. (2012), LEVER et al. (2013),
ONETO et al. (2016), Dz1uGAITE and ROy (2017), and MHAMMEDI et al.
(2019) also obtained PAC-Bayes bound with data-dependent priors.

» The iid. assumption on S,,. The work of FARD and PINEAU (2010) estab-
lished links between reinforcement learning and PAC-Bayes theory. This natu-
rally led to the study of PAC-Bayesian bound for martingales instead of iid data
(SELDIN et al., 2011, 2012a,b).
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» Light-tailed loss. PAC-Bayes bounds for heavy-tailed losses (i.e., without sub-
gaussian or subexponential assumptions) have been studied. AUDIBERT and
CATONI (2011) provide PAC-Bayes bounds for least square estimators with
heavy-tailed random variables. Their results was suboptimal with respect to
the intrinsic dimension and was followed by further works from CATONI (2016).
More recently, this question has been adressed in the works of ALQUIER and
GUEDJ (2018), HOLLAND (2019), KuzZBORSKIJ and SZEPESVARI (2019), and
HADDOUCHE et al. (2021), extending PAC-Bayes to heavy-tailed losses under
additional technical assumptions.

Several questions then legitimately arise.

Can we avoid these three assumptions simultaneously? The answer is yes: for
instance the work of RIVASPLATA et al. (2020) proposed a preliminary PAC-Bayes
bound holding with none of the three assumptions listed above. Building on their
theorem, HADDOUCHE and GUEDJ (2022) only exploited a bounded loss assumption
to derive a PAC-Bayesian framework for online learning, requiring no assumption on
data and allowing data (history in their context)-dependent priors.

Can we obtain PAC-Bayes bounds without the change of measure inequality?
Yes, for instance ALQUIER and GUEDJ (2018) proposed PAC-Bayes bounds involv-
ing f-divergences and exploiting Holder's inequality instead of Lemma 1.2.1. More
recently, OHNISHI and HONORIO (2021) and PICARD-WEIBEL and GUEDJ (2022)
developed a broader discussion about generalising the change of measure inequality for
a wide range of f-divergences. We note also that GERMAIN et al. (2009) proposed
a version of the classical route of proof stated above avoiding the use of the change
of measure inequality. This comes at the cost of additional technical assumptions (see
HADDOUCHE et al., 2021, Theorem 1 for a statement of the theorem in a proper
measure-theoretic framework).

Can we avoid Markov’s inequality? We mentioned above that several works
avoided the change of measure inequality to obtain PAC-Bayesian bounds, but can
we do the same with Markov's inequality? This is of interest as avoiding Markov could
avoid assumptions such as subgaussiannity to provide PAC-Bayes bound. The answer
is yes but this is a rare breed. To the best of our knowledge, only two papers are
explicitly not using Markov's inequality: KAKADE et al. (2008) obtained a PAC-Bayes
bound using results on Rademacher complexity based on the McDiarmid concentra-
tion inequality, and KUZBORSKIJ and SZEPESVARI (2019) exploited a concentration
inequality from DE LA PENA et al. (2009), up to a technical assumption to obtain
results for unbounded losses. Both of those works do not require a bound on an
exponential moment to hold.
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2.1.2 Originality of our approach

Avoiding Markov's inequality appears challenging in PAC-Bayes but leads to fruitful
results as those in KUZBORSKIJ and SZEPESVARI (2019).

In this work, we exploit a generalisation of Markov's inequality for supermartingales:
Ville's inequality (as noticed by DOOB 1939). This result has, to our knowledge, never
been used in PAC-Bayes before.

Lemma 2.1.1 (Ville's maximal inequality for supermartingales). Let (F;) be a
filtration adapted to (Z;), a non-negative super-martingale with Z; = 1 almost
surely, i.e. (Z;);>1 is a discrete process such that foranyt € N, E[Z; | Fi1] < Z;4
a.s., t > 1, then, for any 0 < § < 1, it holds

P(3T21:2T>5‘1)§6.

Proof. We apply the optional stopping theorem (DURRETT, 2019, Thm 4.8.4)
with Markov's inequality defining the stopping time i = inf{t >1: Z; > § '} so
that

P(3t>1:2>0")=P(2Z>0")<E[Z]6 <E[Z]i <3

A major interest of Ville's result is that it holds for a countable sequence of random
variables simultaneously. This point is new in PAC-Bayes and will allow us to obtain
bounds holding for a countable (not necessarily finite) dataset S.

On which supermartingale do we apply Ville’s bound ? To fully exploit Lemma
2.1.1, we now take a countable dataset S = (z;);>1 € ZN_ Recall that, because we
use the change of measure inequality, we have to deal with the following exponential
random variable appearing in Eq. (2.1) for any m > 1:

Zym = Epplexp(fn(S, h))].

Our goal is to choose a sequence of functions f,, : ZN x H — R such that (Zm)m>1
is a supermartingale. A way to do so comes from BERCU and ToUATI (2008).

Lemma 2.1.2 (Towards the design of a supermartingale). Let (M,,) be a locally

square-integrable martingale with respect to the filtration (F,,). For all n € R and
m > 0, one has:

E [exp (nAMm - ”22 (A[M], + A(M>m)> | fmll <1,
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where AM,, = M,, — My_1, A[M],, = AMZ and A(M),, = E[AM2 | Fo_i].
We define V,,(n) = exp (an - % ([M ] + (M )m)) . Then, for all n €

R, (Vin(n)) is a positive supermartingale with E[V,,,(n)] < 1 where [M],,(h) =
im1 AlM]n(h), (M) () := 3 AM ) (h).

In the sequel, this lemma will be helpful to design a supermartingale (i.e., to choose a
relevant f,, for any m) without further assumption.

2.1.3 Contributions and outline

By avoiding Markov, a key message of (KUZBORSKIJ and SZEPESVARI, 2019) is
that, for learning problems with independent data, PAC-Bayes learning only requires
the control of order 2 moment on losses to be used with convergence guarantees.
This is strictly less restrictive than the classical subgaussian/subgamma assumptions
appearing in the major part of the literature.

We successfully prove this fact remains even for non-independent data: we only need
to control order 2 (conditional) moments to perform PAC-Bayes learning. We focus
in this chapter on the PAC-Bayesian framework for martingales (SELDIN et al., 2011,
2012a,b). We then provide a novel PAC-Bayesian bound holding for data-free priors and
unbounded martingales. From this, we recover in PAC-Bayes bounds for unbounded
losses and iid data as a significant particular case. We also propose an extension of
SELDIN et al. (2012a)’s result for multi-armed bandits.

More precisely, Section 2.2.1 contains our novel PAC-Bayes bound for unbounded
martingales and Section 2.2.3 contains an immediate corollary for learning theory with
iid data. We eventually apply our main result for martingales in Section 2.3 to the
setting of multi-armed bandit. Doing so, we provably extend a result of SELDIN et al.
(2012a) to the case of unbounded rewards.

Appendix A.1 gathers more details on PAC-Bayes, we draw in Appendix A.2 a detailed
comparison between our new results and a few classical ones. We show that adapting
our bounds to the assumptions made in those papers allows recovering similar or
improved bounds. We defer to Appendix A.3 the proofs of Sections 2.2.3 and 2.3.

2.2 A PAC-Bayesian bound for unbounded
martingales

2.2.1 Main result

A line of work led by SELDIN et al. (2011, 2012a,b) provided PAC-Bayes bounds for
almost surely bounded martingales. We provably extend the remits of their result to
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the case of unbounded martingales.

Framework Our framework is close to the one of SELDIN et al., 2012a: we assume
having access to a countable dataset S = (z;);>1 € with no restriction on the dis-
tribution of S (in particular the z; can depend on each others). We denote for any
m, Sy = (2;)i=1.m the restriction of S to its m first points. (F;);>o is a filtration
adapted to S. We denote for any i € N E;_1[.] := E[. | F;_1]. We also precise
the space H to be an index (or a hypothesis) space, possibly uncountably infinite. Let
{X1(81,h), Xo(Sa, h), -+ : h € H} be martingale difference sequences, meaning that
for any m > 1,h € H, E;_1 [X;n (S, h)] = 0.

For any h € H, let M,,(h) = >, Xi(S;, h) be martingales corresponding to the
martingale difference sequences and we define, as in BERCU and TOUATI (2008), the
following

m

[M]n(h) =D Xi(Si, h)?,

(M), () = iEi_l [Xi(Si, )]

For a distribution () over ‘H define weighted averages of the martingales with respect
to Q as M, (Q) = Epq [M,(h)] (similar definitions hold for [M],,(Q), (M)(Q)).
Main result. We now present the main result of this section where we succesfully
avoid the boundedness assumption on martingales. This relaxation comes at the cost
of additional variance terms [M],,, (M ).

Theorem 2.2.1 (A PAC-Bayesian bound for unbounded martingales). For any
data-free prior P € M(H), any A > 0, any collection of martingales (M,,(h))m>1
indexed by h € H, the following holds with probability 1 — § over the sample
S = (zi)ien, for all m € N/{0}, Q € M(H):

KL(Q, P) +1og(2/6)
A

M,(Q) < 2 (M1(Q) + (M)n(Q).

Proof lies in Section 2.2.2.

Analysis of the bound. This theorem involves several terms. The change of measure
inequality introduces the KL divergence term, the approximation term log(2/0) comes
from Ville's inequality (instead of Markov in classical PAC-Bayes). Finally, the terms
[M],,(Q), (M), (Q) come from our choice of supermartingale as suggested by BERCU
and TOUATI (2008). The term [M],,(Q) can be interpreted as an empirical variance
term while (M),,(Q) is its theoretical counterpart. Note that (M),,(Q) also appears
in SELDIN et al. (2012a, Theorem 1).
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We recall that this general result stands with no assumption on the martingale dif-
ference sequence (X;);>1 and holds uniformly on all m > 1. Those two points are,
to the best of our knowledge, new within the PAC-Bayes literature. We discuss in
Section 2.2.3 and appendix A.2 more concrete instantiations.

Comparison with literature. The closest result from Th. 2.2.1 is the PAC-Bayes
Bernstein inequality of SELDIN et al., 2012a. Our bound is a natural extension of theirs
as their result only involves the variance term (not the empirical one), but requires two
additional assumptions:

1. Bounded variations of the martingale difference sequence: Vm,3C,, € R? such
that a.s. for all h | X,,,(Sim, h)| < G,

2. Restriction on the range of the A\: Vm, \,,, < 1/C,,.

SELDIN et al. (2012a) need those assumptions to ensure the Bernstein assumption
which states that for any h, E[exp(AM,,,(h) — A;(Z\/[)m(h))] < 1. Our proof technique
do not require the Bernstein assumption (and so none of the two conditions described
above, which allow us to deal with unbounded martingales) as we exploit the super-
martingale structure to obtain our results. More precisely, the price to pay to avoid the
Bernstein assumption is to consider the empirical variance term [M],,,(h) and to prove
that (exp ()\Mm - ’\; ([M] + <M>m)))m>1 is a supermartingale using Lemma 2.1.1

and Lemma 2.1.2 (see Section 2.2.2 for the complete proof). A broader discussion is
detailed in appendix A.2.

2.2.2 Proof of Theorem 2.2.1

Proof of Theorem 2.2.1. We fix n € R, and we consider the function f,, to be for
all (S, h):

fonl S, 1) = Mo (B) = L (M () + (M) (1))

- U
=2 nAM;(h) = - (A[Mi(h) + A(M)i(h),
i=1
For the sake of clarity, we dropped the dependency in & of M,,. Note that, given

the definition of M,,, M,,(h) is F,, measurable for any fixed h.
Let P a fixed data-free prior, we first apply the change of measure inequality to
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obtain Ym € N,VQ € M(H):

En~qlfm (S, h)] < KL(Q,P) +log (EhNP [exp(fm (S, h))]) ,

o= hn,

with the convention f; = 0. We now have to show that (Z,,),, is a supermartingale
with Zy = 1. To do so remark that for any m, because P is data free one has the
following result.

Lemma 2.2.1. For any data-free prior P, any o-algebra F belonging to the
filtration (F;);>0, any nonnegative function f taking as argument the sample
S and a predictor h, one has almost surely:

E[Envp[f(S,h)] | F] = Enwr [E[f(S,h) | F].
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Proof of Lemma 2.2.1. Let A be a F-measurable event. We want to show
that
E[Enp[f(S,h)]1a] = E[Epwp [E[f(S,h) | F]] 4],

where the first expectation in each term is taken over S. Note that it is possible
to take this expectation thanks to the Kolomogorov's extension theorem (see
e.g. TA0, 2011, Thm 2.4.4) which ensure the existence of a probability space
for the discrete-time stochastic process S = (z;);>1.

Thus, this is enough to conclude that

E [Envp[f(S,h)] | F] = Enp [E[f(S,R) | F]],

by definition of the conditional expectation. To do so, notice that because
f(S,h)14 is a nonnegative function, and that P is data-free, we can apply
the classical Fubini-Tonelli theorem.

E[Enp[f (S, h)]1a] = Epep [E[f(S, R)14]].
One now conditions by F and use the fact that 1 4 is F-measurable:
= Enp [E[E[f(S,R) | F]1a]].
We finally re-apply Fubini-Tonelli to re-intervert the expectations:
= E[Enwp [E[f(S,R) | F11a]].

This concludes the proof of Lemma 2.2.1. |
We then use Lemma 2.2.1 with f = exp(f,,) and F = F,,,_; to obtain:

€ 111Z] = Encr [Encs (05 (S, W)
= Evon [oxDfn (5, 0) Bt [exprAMy (1) = (M) + AQD ().

with fr-1(S.h) = S0 n(AM;(h)) = Z(A[M]:(h)+ A(M)i(h)). Using Lemma
2.1.2 ensures that for any A,

2

Epn-1[exp(nAMn(h) = - (A[M]m(h) + A(M)m(W))] < 1,
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thus we have
Emfl[Zm] S EhNP [exp(fmfl(sv h))] = mel-

Thus (Z,,)m is a nonnegative supermartingale with Z; = 1. We can use Ville's
inequality (Lemma 2.1.1) which states that

PS(EIm21:Zm>5_1)§5.

Thus, with probability 1 — ¢ over S, for all m € N, Z,,, < 1/§. We then have the
following intermediary result. For all P a data-free prior, n € R, with probability
1 —¢ over S, forallm>0Q¢e M(H)

2

nMn(Q) < KL(Q,P) +1og(1/8) + L (M]n(Q) + (M)n(Q)],  (23)

recalling that M,,,(Q) = Exp~q[M,»(h)], and that similar definitons hold for [M],,(Q), (M).(Q).
Thus, applying the bound with = +X (XA > 0) and taking an union bound gives,
with probability 1 — & over S, for any m € N, Q € M(H)

2

MM (Q)] < KL(Q,P) +log(2/8) + 5 (M]n(Q) + (M)n(Q)]

Dividing by A concludes the proof. |

2.2.3 A corollary: Batch learning with iid data and
unbounded losses

In this section, we instantiate Theorem 2.2.1 onto a learning theory framework with iid
data. We show that our bound encompasses several results of literature as particular
cases.

Framework We consider a learning problem specified by a tuple (H, Z, ¢) consisting
of a set H of predictors, the data space Z, and a loss function ¢ : H x Z — R*.
We consider a countable dataset S = (z;);>1 € ZN and assume that sequence is i.i.d.
following the distribution D. We also denote by M(H) is the set of probabilities on
H.

Definitions Similarly to Chapter 1, the population risk R of a predictor h € H is
Vh,R(h) = E,wpll(h,z)], the empirical error of h is Vh,Rs, (h) = Ly l(h, %)
and finally the quadratic generalisation error V of h is Vh, Quad(h) = E,.p[l(h, 2)?].
We also denote by generalisation gap for any h the quantity R(h) — Rs,, (h).
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Main result. We now state the main result of this section. This bound is a corollary
of Theorem 2.2.1 and fills the gap with learning theory.

Theorem 2.2.2 (A PAC-Bayes bound for batch learning with heavy-tailed losses).
For any data-free prior P € M(H), any A > 0 the following holds with probability
1 — & over the sample S = (2;);en, for all m € N/{0}, Q € M(H)

R A M
En-alR(1)] < Envg |Rs, () + 5 3 €(h, z)°
i=1

N KL(Q,P)}\T—ir—llog(Q/(S)

+ ;\EhNQ[Quad(h)].

Proof is furnished in Appendix A.3.

About the choice of A\. A novelty in this theorem is that the bound holds simulta-
neously on all m > 0 — this is due to the use of Ville's inequality. This sheds a new light
on the choice of \. Indeed, taking a localised A depending on a given sample size (e.g.
Am = 1/4/m) ensures convergence guarantees for the expected generalisation gap.
Doing so, our bound matches the usual PAC-Bayes literature (i.e. a bound holding
with high probability for a single m). However the novelty brought by Theorem 2.2.2 is
that our bound holds for unbounded losses for all times simultaneously. This suggests
that taking a sample size-dependent A\ may not be the best answer. We detail an
instance of this fact below when one thinks of A as a parameter of an optimisation
objective. Indeed, our bound suggests a new optimisation objective for unbounded
losses which is for any m > 0:

1 m
argming Epq [m > (f(h, 2) + ;E(h, 21)2)

i=1

. KL(Q,P)

e (2.4)

Equation (2.4) differs from the classical objective of CATONI (2007, Thm 1.2.6) (de-
scribed in (1.8)) on the additional quadratic term $¢(h, z;)?. Note that this objective
implies a bound on the theoretical order 2 moment to be meaningful as we do not
include it in our objective. Note that this constraint is less restrictive than Catoni's
objective which requires a bounded loss. This objective stresses the role of the pa-
rameter \ as being involved in a new explicit trade-off between the KL term and the
efficiency on training data.

Also, this optimisation objective is valid for any sample size m, this means that our
A should not depend on certain dataset size but should be fixed in order to ensure
a learning algorithm with generalisation guarantees at all time. This draws a parallel
with Stochastic Gradient Descent with fixed learning step.
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About the underlying assumptions in this bound. Our result is empirical (all terms
can be computer or approximated) at the exception of the term E;,.q[Quad(h)]. This
invites to choose carefully the class of posteriors, in order to bound this second-order
moment with minimal assumptions. For instance, if we consider the particular case of
the quadratic loss £(h, z) = (h—2)?, then we only need to assume that our data have a
finite variance if we restrict our posteriors to have both bounded means and variance.
This assumption is strictly less restrictive than the classical subgaussian/subgamma
assumption classically appearing in the literature.

Comparison with literature. Back to the bounded case, we note that instantiating
the boundedness assumption in Th. 2.2.2 make us recover the result of ALQUIER et
al. (2016, Theorem 4.1) for the subgaussian case. We also remark that instantiating
the HYPE condition HADDOUCHE et al. (2021, Theorem 3) allow us to improve
their result as we transformed the control of an exponential moment into one on a
second-order moment. More details are gathered in Appendix A.2. We also compare
Theorem 2.2.2 to KUZBORSK1J and SZEPESVARI (2019, Theorem 3) which is a PAC-
Bayes bound for unbounded losses obtained through a concentration inequality from
DE LA PENA et al. (2009). They arrived to what they denote as semi-empirical
inequalities which also involve empirical and theoretical variance terms (and not an
exponential moment). Their bound holds for independent data and a single posterior.
First, note that Theorem 2.2.2 holds for any posterior, which is strictly more general.
Note also that our bound is a straightforward corollary of Theorem 2.2.1 which holds
for any martingale (thus for any data distribution in a learning theory framework) and
so, exploits a different toolbox than KuzBORSK1J and SZEPESVARI (2019) (control
of a supermartingale vs. concentration bounds for independent data). We insist that
a fundamental novelty in our work is to extend the conclusion of KUZBORSKIJ and
SZEPESVARI, 2019 to the case of non-independent data: it is possible to perform
PAC-Bayes learning for unbounded losses at the expense of the control of second-order
moments. Note also that their bound is slightly tighter than ours as their result is
Theorem 2.2.2 being optimised in A (which is something we cannot do as the resulting
A would be data-dependent).

2.3 Application to the multi-armed bandit problem

We exploit our main result in the context of the multi-armed bandit problem — we
adopt the framework of SELDIN et al. (2012a).

Framework. Let A be a set of actions of size |[A] = K < 400 and a € A be an
action. At each round 7, the environment furnishes a reward function R; : A — R
which associate a reward R;(a) to the arm a. Assuming the R;s are iid, we denote for
any a, the expected reward for action a to be R(a) = Eg,[Ri(a)]. At each round 1,
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the player executes an action A; according to a policy m;. We then set the filtration
(Fi)iz1 to be Fy =0 ({m;, Aj, R; | 1 < j <m}).

Assumptions. We suppose here that (R;);>1 is an iid sequence and that at each
time ¢, A; and R; are independent and that 7; is F;_; measurable. This means that
the player is not aware of the rewards at each round and performs its current move
w.r.t. the past.

We also add two technical assumptions. First, the order two moment of the expected
reward is uniformly bounded: sup,. 4 Eg, [R1(a)?] < C. This assumption is strictly less
restrictive than the boundedness assumption made in SELDIN et al., 2012a. Similarly to
this work, we also assume that there exists a sequence (g;);>1 such that inf,c 4 m;(a) >
;. We say that (7;);>1 is bounded from below by (g;);>1.

Definitions. Fori > 1anda € {1,..., K}, define a set of random variables (R{);>1
(the importance weighted samples, SUTTON and BARTO, 2018)

%Rl’, if A,L = a,
R} = mi(a)

0, otherwise.

We define for any time m: R,,(a) = L 3| R¢. Observe that for all i, E [R? | ;1] =

A

R(a) and E[R,,(a)] = R(a). Let a* be the "best” action (the action with the highest
expected reward, if there are multiple "best” actions pick any of them). Define the
expected and empirical per-round regrets as

Observe that m (Am(a) - A(a)) forms a martingale. Let

m

Vo) = B[ (R = B = [R(@") = R@)) | Fina

be the cumulative variance of this martingale and

m

Vila) =" (R ~ R? ~ [R(a") - R(a)])’

=1

its empirical counterpart. We denote for any distribution Q over A, A(Q) = E,q[A(a)],

Vin(Q) = Eqq[Vin(a)], similar definitions hold for A,,,(Q), V,(Q). We can now state
the main result of this section — its proof is deferred to Appendix A.3.
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Theorem 2.3.1 (PAC-Bayes bounds for heavy-tailed rewards). For any m > 1,
any history-dependent policy sequence (7;);>1 bounded from below by (&;);>1, we
have with probability 1 — ¢, for all posterior Q

AQ) — An(Q) < 2$ (1:+2F) Qost) + log(4/9))

MEpm,

To the best of our knowledge, this result is the first PAC-Bayesian guarantees for multi-
armed bandits with unbounded rewards. The proposed bound is as tight as Theorem
2.3 of SELDIN et al. (2012a), up to a factor (e —2) transformed into (1 + %) (which
is a huge dependency in K') within the square root. Note that our result comes at
the price of the localisation: Theorem 2.3 of SELDIN et al. (2012a) proposes a bound
holding uniformly for all time m while our approach only holds for a single time m.
We believe there is room for improvement in Th. 2.3.1. Indeed, the current approach
is naive as it consists in bounding crudely with high probability the empirical variance.
Such a naive trick impeach us to consider all times simultaneously. Indeed, in its current
form, taking an union bound on Theorem 2.3.1 is costful as we have a dependency in
1/6 in our result (instead of log(1/J) in SELDIN et al., 2012a): this would destroy
the convergence rate. The question of dealing more subtly with the empirical variance
term is left as an open question.

2.4 Conclusion

A first step towards an optimisation perspective of PAC-Bayes We showed
that it is possible to generalise the PAC-Bayes toolbox to unbounded martingales and
heavy-tailed losses (resp. learning problem with unbounded losses for batch/online
learning), the solely implicit assumption being the existence of second order moments
on the martingale difference sequence (resp. on the loss function) which is reasonable
as many PAC-Bayes bound lies on assumptions on exponential moments (e.g. the
subgaussian assumption) to work.

Current Limitations. Doing so, we made a first step towards concrete optimisation
perspective of PAC-Bayes by showing generalisation bounds are attainable with weak
statistical assumptions and thus, compatible with many practical settings where opti-
misation is performed. However, Chapter 2 still presents some strong links with the
information-theoretic approach such as: (i) the presence of a prior P in Theorem 2.2.2
which does no fit the optimisation views of the prior (see Figure 1.2), and (ii) the
presence of a KL divergence, suggesting an information-theoretic perspective of learn-
ing. Point (i) will be later developed in Chapters 3, 4 and 6 when P is seen as an
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initialisation point and in Chapter 5 when P is the learning objective. (ii) will be later
developed in Chapters 5 and 6.

Extensions of this work. The supermartingale framework presented here are ex-
tracted from HADDOUCHE and GUEDJ (2023a) and has inspired many follow-up
works. CHUGG et al. (2023) extended the approach of this chapter to other super-
martingales as well as reversed submartingales, allowing to recover a vast majority
of existing PAC-Bayes literature, also, RODRIGUEZ-GALVEZ et al. (2023) tightened
the theorems presented here by allowing the optimisation in A. The tools presented
in this work (e.g. Ville's inequality) are also useful to obtain fast rate PAC-Bayes
bounds based on the coin-betting approach JANG et al. (2023) and KUZBORSKIJ
et al. (2024). The coin-betting approach originally in online learning (ORABONA and
PAL, 2016). In Chapter 3, we take a deeper focus on online learning, showing that an
online approach of PAC-Bayes is possible, and allows to consider prior distribution as
an initialisation point of a learning algorithm.
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Abstract

While Chapter 2 showed weak statistical assumptions were reachable in PAC-
Bayes, allowing its use in a wide range of concrete optimisation settings, the role
of the prior P remains untreated. To tackle this issue, we propose here to con-
sider P as the initialisation point of a learning algorithm. Then, to attenuate its
impact in PAC-Bayes procedures, we develop Online PAC-Bayes learning, which
consider a sequence (Q;,P;)i—1.., of pairs (posterior,prior) evolving through
time. Thus, the impact of initialisation P = Py is attenuated through the evo-
lution of P; during the learning phase. We develop the first Online PAC-Bayes
bounds and propose experiments showing that online PAC-Bayes outperforms
SGD in several cases.
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3.1 Introduction

Batch learning is somewhat the dominant learning paradigm in which we aim to design
the best predictor by collecting a training dataset which is then used for inference or
prediction. Classical algorithms such as SVMs (see CRISTIANINI, SHAWE-TAYLOR, et
al., 2000, among many others) or feedforward neural networks (SVOZIL et al., 1997)
are popular examples of efficient batch learning. While the mathematics of batch
learning constitute a vivid and well understood research field, in practice this might
not be aligned with the way practitionners collect data, which can be sequential when
too much information is available at a given time (e.g. the number of microtransactions
made in finance on a daily basis). Indeed, batch learning is not designed to properly
handle dynamic systems.

Online learning (OL) (ZINKEVICH, 2003; SHALEV-SHWARTZ, 2012; HAZAN, 2016)
fills this gap by treating data as a continuous stream with a potentially changing
learning goal. OL has been studied with convex optimisation tools and the celebrated
notion of regret which measures the discrepancy between the cumulative sum of losses
for a specific algorithm at each datum and the optimal strategy. It led to many fruitful
results comparing the efficiency of prediction for optimisation algorithms such that On-
line Gradient Descent (OGD), Online Newton Step through static regret (ZINKEVICH,
2003; HAZAN et al., 2007). OL is flexible enough to incorporate external expert advice
onto classical algorithms with the optimistic point of view that such advices are useful
for training (RAKHLIN and SRIDHARAN, 2013a; RAKHLIN and SRIDHARAN, 2013b)
and then having optimistic regret bounds. Modern extensions also allow to compare to
moving strategies through dynamic regret (see e.g. YANG et al., 2016; ZHAO et al.,
2020; ZHANG et al., n.d.). However, this notion of regret has been challenged recently:
for instance, WINTENBERGER (2021) chose to control an expected cumulative loss
through PAC inequalities in order to deal with the case of stochastic loss functions.
While OL tackles problems beyond batch learning, it can also be used as a tool to
understand stochastic methods in a batch framework, such as SGD, where data are
picked sequentially. In the context of PAC-Bayes, it is then natural to ask whether
online learning could explain either the in-training evolution of the generalisation ability
of batch methods or provide online variants of classical algorithms (e.g. (1.7), (1.8)).
In both cases, the online paradigm allows focusing less on the prior P and more on its
evolution, being consistent with the optimisation view of the prior as an initialisation
point (see Figure 1.2).

Our contributions. Our goal is to provide a general online framework for PAC-
Bayesian learning. Our main contribution (Theorem 3.2.1 in Section 3.2) is a general
bound valid for bounded losses exploiting the generic PAC-Bayes bound of RIvAS-
PLATA et al. (2020), later used to derive several online PAC-Bayesian results (as
developed in Sections 3.3 and 3.4). More specifically, we derive two types of bounds,
online PAC-Bayesian training and test bounds. Training bounds exhibit online pro-
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cedures while the test bound provide efficiency guarantees. We propose then several
algorithms with their associated training and test bounds as well as a short series of
experiments to evaluate the consistency of our online PAC-Bayesian approach. Our
efficiency criterion is not the classical regret but an expected cumulative loss close to
the one of WINTENBERGER (2021). More precisely, Section 3.3 propose a stable yet
time-consuming Gibbs-based algorithm, while Section 3.4 proposes time efficient yet
volatile algorithms. However, even if OPB requires no assumption on the data distribu-
tion, allows priors to be data-dependent and do not require any convexity assumption
on the loss (as commonly assumed in the OL framework), it still requires a bounded
loss. We circumvent this limitation in Section 3.6 that it is possible to extend OPB
results to the case of heavy-tailed losses, exploiting the supermartingale toolbox of
Chapter 2.

Outline. Section 3.2 introduces the theoretical framework as well as our main result.
Section 3.3 presents an online PAC-Bayesian algorithm and draws links between PAC-
Bayes and OL results. Section 3.4 details online PAC-Bayesian disintegrated procedures
with reduced computational time, Section 3.5 gathers supporting experiments and
Section 3.6 gathers an extension of Section 3.2 for heavy-tailed losses. We include
reminders on OL and PAC-Bayes in Appendices B.1.1 and B.3. Appendix B.2 provide
discussion about our main result. All proofs are deferred to Appendix B.4.

3.2 An online PAC-Bayesian bound for bounded
losses

We establish a novel PAC-Bayesian theorem (which in turn will be particularised in
Section 3.3) overcoming the classical limitation of data-independent prior and i.i.d.
data. We call our main result an online PAC-Bayesian bound as it allows to consider
a sequence of priors which may depend on the past and a sequence of posteriors that
can dynamically evolve as well. Indeed, we follow the online learning paradigm which
considers a continous stream of data that the algorithm has to process on the fly,
adjusting its outputs at each time step w.r.t. the arrival of new data and the past. In
the PAC-Bayesian framework, this paradigm translates as follows: from an initial (still
data independent) prior Q; = P and a data sample S,,, = (z1, ..., z,), we design a
sequence of posterior (Q;)1<i<m Where Q; = f(Qq, ..., Qi—1, z:).

Framework. We fix a countable dataset S = (z;);>1, following a distribution Dg, an
integer m > 0 and the training set S,,, € Z™, being the restriction of S to its m first
data, drawn from an unknown distribution D,,,. We do not make any assumption on
Ds, D, and we fix a filtration (F;);>0 adapted to S. We set a sequence of priors,
starting with P; = P a data-free distribution and (P;);>2 such that for each i, P;
is F;_1 measurable. For P,QQ € M (H), the notation Q < P indicates that Q is
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absolutely continuous wrt P (i.e. Q(A) = 0 if P(A) = 0 for measurable A C H).
We also denote by Q; our sequence of candidate posteriors. There is no restriction on
what Q; could be. In what follows we denote by KL the Kullback-Leibler divergence
between two distributions.

We consider a predictor space H and a loss funtion £ : H x Z — R* bounded by a real
constant K > 0. We denote by M(#) the set of all probability distributions on #.
We now introduce the notion of stochastic kernel (RIVASPLATA et al., 2020) which
formalise properly data-dependent measures within the PAC-Bayes framework. First,
for a fixed predictor space H, we set Y3, to be the considered o-algebra on H.

Definition 3.2.1 (Stochastic kernels). A stochastic kernel from Z™ to H is defined
as a mapping Q : Z™ x 34 — [0; 1] where

» For any B € X4, the function S,,, = (21, ..., Zm) — Q(S, B) is measurable,

= Forany S, € Z™, the function B — Q(S,,, B) is a probability measure over
H.

We denote by Stoch(Z™,H) the set of all stochastic kernels from Z™ to H and
for a fixed S, we set Qg,, := Q(S, .) the data-dependent prior associated to the
sample S,, through Q.

From now, to refer to a distribution Qg depending on a dataset S,,, we introduce a
stochastic kernel Q(., .) such that Qs,, = Q(Sy,, .). Note that this notation is perfectly
suited to the case when Qg is obtained from an algorithmic procedure A. In this case
the stochastic kernel QQ of interest is the learning algorithm A. We use this notion to
characterise our sequence of priors.

Definition 3.2.2 (Online Predictive Sequence). We say that a sequence of stochas-
tic kernels (P;);—1 ., is an online predictive sequence if (i) for all i > 1,S,, €
Z™ Pi(Sm,.) is Fi_1 measurable and (ii) for all i > 2, P;(S,,.) < Pi—1(Sm, -)-

Note that (ii) implies that for all ¢, P;(S,,.) < P1(Sp,.) with Pi(S,,,.) a data-free
measure (yet a classical prior in the PAC-Bayesian theory).
We can now state our main result.

Theorem 3.2.1 (An OPB bound for bounded losses). For any distribution D,,
over Z™, any A > 0 and any online predictive sequence (used as priors) (P;);—1...m,
for any sequence of stochastic kernels (Q;);=1..., we have with probability 1 — §
over the sample S,,, ~ D,,, the following, holding for the data-dependent measures

Qi,sm = Qz(STm ')7 Pi,Sm = Pz('Sma ) :
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Z Ehi"’Qi,Sm [E[é(hlv Zi) | ‘Fi—l]] < Z EhiNQi,Sm Whu Zl)]
=1

=1
KL(Q; s ,P; AmK?  log(1/6
KU Pisa) | I log(1/0)

Remark 3.2.1. [Lighter notations for stochastic kernels| For the sake of clarity,
we assimilate in what follows the stochastic kernels Q;, P; to the data-dependent
distributions Q;(S,.), Pi(Sm,.). Then, an online predictive sequence is also as-
similated to a sequence of data-dependent distributions. Concretely this leads to
the switch of notation Q;s,, — Q; in Theorem 3.2.1. The reason of this switch
is that, even though stochastic kernel is the right theoretical structure to state our
main result, we consider in Sections 3.3 and 3.4 practical algorithmic extensions
which focus only on data-dependent distributions, hence the need to alleviate our
notations.

The proof is deferred to Appendix B.4.1. See Appendix B.2 for context and discussions.
A batch to online conversion. First, we remark that our bound slightly exceeds
the OL framework: indeed, it would require our posterior sequence to be an online
predictive sequence as well, which is not the case here (for any i, the distribution
Qi.s,, can depend on the whole dataset ). This is a consequence of our proof method
(see Appendix B.4.1), which is classically denoted as a "batch to online” conversion
(in opposition to the "online to batch” procedures as in DEKEL and SINGER, 2005).
In other words, we exploited PAC-Bayesian tools designed for a fixed batch of data
to obtain a dynamic result. This is why we refer to our bound as online as it allows
considering sequences of priors and posteriors that can dynamically evolve.

Analysis of the different terms in the bound. Our PAC-Bayesian bound formally
differs in many points from the classical ones. On the left-hand side of the bound, the
sum of the averaged expected loss conditioned to the past appears. Having such a
sum of expectations instead of a single one is necessary to assess the quality of all our
predictions. Indeed, because data may be dependent, one can not consider a single ex-
pectation as in the i.i.d. case. We also stress that taking an online predictive sequence
as priors leads to control losses conditioned to the past, which differs from classical
PAC-Bayes results designed to bound the expected loss. This term, while original in
the PAC-Bayesian framework (to the best of our knowledge) recently appeared (in a
modified form) in WINTENBERGER (2021, Prop 3). See Appendix B.2.2 for further
discussions.

On the right hand-side of the bound, online counterparts of classical PAC-Bayes terms
appear. At time i, the measure Q; (i.e. Qs, according to Remark 3.2.1) has a
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tradeoff to achieve between an overfitted prediction of z; (the case Q; = d., where ¢
is a Dirac measure) and a too weak impact of the new data w.r.t. our prior knowledge
(the case Q; = P;). The quantity A > 0 can be seen as a regulariser to adjust the
relative impact of both terms.

Influence of \. The quantity A also plays a crucial role on the bound as it is involved
in an explicit tradeoff between the KL terms, the confidence term log(1/4) and the
residual term mK?/2. This idea of seeing A as a trading parameter is not new (GER-
MAIN et al., 2016; THIEMANN et al., 2017). However, the results from THIEMANN
et al. (2017) stand w.p. 1 — ¢ for any A while ours and the ones from GERMAIN et al.
(2016) hold for any A w.p. 1 — § which is weaker and implies to discretise R* onto a
grid to estimate the optimal .

We now move on to the design of online PAC-Bayesian algorithms.

3.3 An online PAC-Bayesian procedure

OL algorithms (we refer to HAZAN, 2016 for an introduction to the field) are producing
sequences of predictors by learning from a dynamic data stream (see Appendix B.1.1
for an example). Recall that, in the OL framework, an algorithm outputs at time 7 a
predictor which is F;_i-measurable. Here, our goal is to design an online procedure
derived from Theorem 3.2.1 which outputs an online predictive sequence (which is
assimilated, according to Remark 3.2.1, to a sequence of distributions).

Online PAC-Bayesian (OPB) training bound. We state a corollary of our main re-
sult which paves the way to an online algorithm. This constructive procedure motivates
the name Online PAC-Bayesian training bound (OPBTRAIN in short).

Corollary 3.3.1 (OPBTRAIN). For any distribution D,, over Z™, any A > 0 and
any online predictive sequences Q, P, the following holds with probability 1 — ¢ over
the sample S,,, ~ D,, :

m

; B,y [El(Ri 20) | Fia]] < Z Ep oo, [0(hi, 2:)]

KL(QH—laPi) 4 AmK? 1 log(1/6)
A 2 A

Here, \ is seen as a scale parameter as precised below. The proof consists in applying
Theorem 3.2.1 with for all 7, Q; = Qi+1 and P;. Note that in this case, our posterior
sequence is an online predictive sequence in order to fit with the OL framework.

Corollary 3.3.1 suggests to design Q as follows, assuming we have drawn a dataset
S ={z,..., zm}, fixed a scale parameter A > 0 and an online predictive sequence P;:
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N A KL(Q, P;
Q1 =P, YVi>1Q =argminEy,,q [((h,2;)] + KL(Q.P) (3.1)
QeM(H) A
which leads to the explicit formulation
dQ; —\(h, z;
Q L (h) = exp ( _( i) - (3.2)
dP; Enp, [exp (=\(h,z;))]

Thus, the formulation of Equation (3.2), which has been highlighted by CATONI
(2003, Sec. 5.1) shows that our online procedure produces Gibbs posteriors. So, PAC-
Bayesian theory provides sound justification for the somewhat intuitive online procedure
in Equation (3.1): at time ¢, we adjust our new measure QZH by optimising a trade-off
between the impact of the newly arrived data z; and the one of prior knowledge QZ

Notice that Q is an online predictive sequence: QZ is F;_1-measurable for all i as it
depends only on Qz 1 and z;_;. Furthermore, one has Qz < QZ 1 for all 4 as Qz is
defined as an argmin and the KL term is finite if and only it is absolutely continuous

w.r.t. Qi—l-

Remark 3.3.1. In Corollary 3.3.1, while the right hand-side is the reason we con-
sidered Equation (3.1), the left hand side still needs to be analysed. It expresses
how the posterior Q,-H (designed from Qi,zi) generalises well on average to any
new draw of z;. More precisely, this term measures how much the training of Qiﬂ
is overfitting on z;. A low value of it ensures our online predictive sequence, which
is obtained from a single dataset, is robust to the randomness of S,,, hence the
interest of optimising the right-hand side of the bound. This is a supplementary
reason we refer to Corollary 3.3.1 as an OPBTRAIN bound as it provide robustness
guarantees for our training.

Online PAC-Bayesian (OPB) test bound. However, Corollary 3.3.1 does not say
if Qiﬂ will produce good predictors to minimise £(.,z;y1), which is the objective of
Qiﬂ in the OL framework (we only have access to the past to predict the future).
We then need to provide an Online PAC-Bayesian (OPB) test bound (OPBTEST
bound) to quantify our prediction’'s accuracy. We now derive a OPBTEST bound
from Theorem 3.2.1.

Corollary 3.3.2 (OPBTEST). . For any distribution i over Z™, any A > 0, and
any online predictive sequence (Q;), the following holds with probability 1 — § over
the sample S,,, ~ D.

f: Epq, [El0(hi,z:) | Fia]] < f} By, [0(hi, 2:)] + M;K * log(;/é)-

i=1 i=1

- 61 -



3.3. An online PAC-Bayesian procedure

Optimising in \ gives A = \/21%(12/5) and ensure that:

m m

SE, o [El0(h2) | Fil] < S°E, o [0(hi,2)] + O (y/log(l /5)K2m> .

i=1 i=1

The proof consists in applying Theorem 3.2.1 with for all 7, Q; = Ql =P;.

Corollary 3.3.2 quantifies how efficient will our predictions be. Indeed, the left hand
side of this bound relates for all i, how good Q; is to predict z; (on average) which
is what Q; is designed for. Note that here, the involved \ can differ from the scale
parameter of Equation (3.1), it is now a way to compensate for the tradeoff between
the two last terms of the bound. The strength of this bound is that since Q is an online
predictive sequence, the Kullback-Leibler terms vanished, leaving terms depending only
on hyperparameters.

Links with previous approaches

We now present a specific case of Corollary 3.3.1 where we choose as priors the online
predictive sequence Q (i.e. in Theorem 3.2.1, we choose Q; = Qi+1,Pi = QZ) The
reason we focus on this specific case is that it enables to build strong links between
PAC-Bayes and OL.

We then adapt our OPBTRAIN bound (Corollary 3.3.1). The online procedure be-
comes:

+ KL(?’ Q"), (3.3)

Ql = P, \4) Z 1 Qi-‘rl = argminQ EhiNQ [f(h“ Zz)]
which leads to the explicit formulation

dQyin (h) = — P (=X(h, 2;))
dQ; E)q, lexp (=M(h, z))]

Links with classical PAC-Bayesian bounds. We denote that the optimal pre-
dictor in this case is such that at any time i, dQ;s1(h) o exp(—M(h,z;))dQ;(h)
hence dQun.1(h) o exp (=AY, £(h,z;))dQi(h). One recognises, up to a multi-
plicative constant, the optimised predictor of CATONI (2007, Th 1.2.6) which solves
argming Enwq [ S0 (h, z;)] + w thus one sees that in this case, the out-
put of our online procedure after m steps coincides with Catoni’s output. This shows
consistency of our general procedure which recovers classical result within an online
framework: when too many data are available, treating data sequentially until time

m leads to the same Gibbs posterior than if we were treating the whole dataset as a
batch.
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Analogy with Online Gradient Descent (OGD). We propose an analogy be-
tween the procedure Equation (3.3) and the celebrated OGD algorithm (see Ap-
pendix B.1.1 for a recap). First we remark that our minimisation problem is equiv-
alent to argming AEj,~q [((hi, 2:)] + KL(Q||Q;). Then we assume that for any
i,Q; = N (hu, I;) with r; € R% and we set £;(h;) = Ej,~a, [((hi,z;)] . The minimi-
sation problem becomes: argmin,, AL;(1)+ 3 |/ —77;||*. And so using the first order
Taylor expansion, we use the approximation L;(m) ~ L;(1h;) + (1 — 1, V.L;(17;))
which finally transform our argmin into the following optimisation process: ;.1 =
m; — AV .L;(11;) which is exactly OGD on the loss sequence £;. We draw an analogy
between the scale parameter A and the step size 1 in OGD. the KL term translates the
influence of the previous point and the expected loss gives the gradient. This analogy
has been already exploited in SHALEV-SHWARTZ (2012) where they approximated
Eningu[€(hiy2i)] := Li(p) ~ p"V L;(11;) where p is their considered online predictive
sequence.

Finally, we remark that the optimum rate in Corollary 3.3.2 is a O(y/m) which is
comparable to the best rate of SHALEV-SHWARTZ (2012, Eq (2.5)) (see Proposi-
tion B.1.1).

Comparison with previous work. We acknowledge that the procedure of Equa-
tion (3.3) already appeared in literature. L1 et al. (n.d., Alg. 1) propose a Gibbs
procedure somewhat similar to ours, the main difference being the addition of a surro-
gate of the true loss at each time step. Within the OL literature, the idea of updating
measures online has been recently studied for instance in CHERIEF-ABDELLATIF et
al. (2019). More precisely, our procedure is similar to their Streaming Variational
Bayes (SVB) algorithm. A slight difference is that they approximated the expected
loss similarly to SHALEV-SHWARTZ (2012). The guarantees CHERIEF- ABDELLATIF
et al. (2019) provided for SVB hold for Gaussian priors and comes at the cost of ad-
ditional constraints that do not allow to consider any aggregation strategies contrary
to what Corollary 3.3.1 propose. Their bounds are deterministic and are using tools
and assumptions from convex optimisation (such that convex expected losses) while
ours are probabilistic and are using measure theory tools which allow to relax these
assumptions.

Strength of our result. We emphasize two points. First, to the best of our knowl-
edge, Corollary 3.3.1 is the first bound which theoretically suggests Equation (3.3) as a
learning algorithm. Second, we stress that Equation (3.3) is a particular case of Corol-
lary 3.3.1 and our result can lead to other fruitful routes. For instance, we consider
the idea of adding noise to our measures at each time step to avoid overfitting (this
idea has been used e.g. in NEELAKANTAN et al., 2015 in the context of deep neural
networks): if our online predictive sequence (QZ) can be defined through a sequence
of parameter vectors [i, then we can define P; by adding a small noise on fi; and thus
giving more freedom through stochasticity.
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Thus, we see that our procedure led us to the use of the Gibbs posteriors of Catoni.
However, in practice, Gaussian distributions are preferred (e.g. DZIUGAITE and RoOY,
2017; RIVASPLATA et al., 2019; PEREZ-ORTIZ et al., 2021a,b,c). That is why we
focus next on new online PAC-Bayesian algorithms involving Gaussian distributions.

3.4 Disintegrated online algorithms for Gaussian
distributions.

We dig deeper in the field of disintegrated PAC-Bayesian bounds, originally explored by
BLANCHARD and FLEURET (2007) and CATONI (2007), further studied by ALQUIER
and B1AU (2013) and GUEDJ and ALQUIER (2013) and recently developed by RI-
VASPLATA et al. (2020) and VIALLARD et al. (2023a) (see Appendix B.3 for a short
presentation of the bound we adapted and used). The strength of the disintegrated
approach is that we have directly guarantees on the random draw of a single predictor,
which avoids considering expectations over the predictor space. This fact is particularly
significant in our work as the procedure precised in Equation (3.2), require the estima-
tion of an exponential moment to be efficient, which may be costly. We then show that
disintegrated PAC-Bayesian bounds can be adapted to the OL framework, and that
they have the potential to generate proper online algorithms with weak computational
cost and sound efficiency guarantees.

Online PAC-Bayesian disintegrated (OPBD) training bounds. We present a
general form for online PAC-Bayes disintegrated (OPBD) training bounds. The termi-
nology comes from the way we craft those bounds: from PAC-Bayesian disintegrated
bounds we use the same tools as in Theorem 3.2.1 to create the first online PAC-
Bayesian disintegrated bounds. OPBD training bounds have the following form.

For any online predictive sequences Q,P, any A > 0 w.p. 1 —9 over S,, ~ D,, and

(hh ceuy hm) ~ QQ X ... Q& Qerl:

m m

STEW(hiyzi) | Fia) <30 0hi, i) + U (hiy Qir, Py) + (), (3.4)

i=1 =1

with WU, ® being real-valued functions. W controls the global behaviour of Q); 1 w.r.t.
the F;_1-measurable prior P;. If one has no dependency on h; this behaviour is global,
otherwise it is local. Note that those functions may depend on \,d. However, since
they are fixed parameters, we do not make these dependencies explicit. Similarly to
Corollary 3.3.1, this kind of bound allows to derive a learning algorithm (cf Algorithm 1)
which outputs an online predicitve sequence Q. Finally we draw (hiy ey ) ~ Qs ®
e ® Qmﬂ (and not h®.® Qm) since an OPBD bound is designed to justify
theoretically an OPBD procedure in the same way Corollary 3.3.1 allowed to justify
Equation (3.1).
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Why focus on Gaussian measures? The reason is that a Gaussian variable h ~
N(w,c%1;) can be written as h = w + ¢ with ¢ ~ N(0,0%I;), and this expression
totally defines i (I being the identity matrix).

A general OPBD algorithm for Gaussian measure with fixed variance We use an
idea presented in VIALLARD et al. (2023a) which restrict the measure set to Gaussian
on R% with known and fixed covariance matrix o2I;. Then we present in Algorithm 1
a general algorithm (derived from an OPBD training bound) for Gaussian measures
with fixed variance which outputs a sequence of gaussian Q; = N (;, 0%1,) from a
prior sequence P; = N'(w?, 0*1;) where for each i, w? is F;_;- measurable. Because
the variance is fixed, the distribution is uniquely defined by its mean, thus we identify
Q, and w;, P; and w?.

Algorithm 1: A general OPBD algorithm for Gaussian measures with fixed
variance.
Parameters : Time m, scale parameter \
Initialisation: Variance o2, Initial mean @, € R?, epoch m
1 for each iteration ¢ in 1..m do
2 Observe z;, w? and draw &; ~ N(0, 021,)
3 Update:

Wiy = argming cga £(w + &5, 2;) + V(W + g5, w, w))

4 end
5 Return (@;)i=1. mi1

At each time i, Algorithm 1 requires the draw of &; ~ N(0,0%I;). Doing so, we
generated the randomness for our h; (because our bound holds for a single draw of
(hiy ey ) ~ Q2 ®..Q Qmﬂ), we then write h; = w + &; and we optimise w.r.t. ¥
to find ;.

Bounds of interest. We present two possible choices of pairs (U, ®) derived from the
disintegrated results presented in Appendix B.3. Doing so, we explicit two ready-to-use
declinations of Algorithm 1.

Corollary 3.4.1 (Two OPB disintegrated learning algorithms). For any distribution
1 over Z™ any online predictive sequences of Gaussian measures with fixed variance
Qi = N (1, 0%1,) and P; = N (w?, 0%1,), any A > 0, w.p. 1 — 6 over S,, ~ D,,

and (h; = W11+ €)imc1m ~ Q2 ® ... ® Quua1, the bound of Equation (3.4) holds
for the two following pairs W, ®:
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oy L i+ e — wPl]? — [le]]? _ AmK? | log(1/9)
\Iil<hi7wi+17wi) - 2/\0_2 (bl(m) - 9 + )\ )
(3.5)
Dy — w||? 3log(1/4)
N s 0y _ sz—i-l wz” i} — K2 . .
o (hiy Wiyq,wy;)) g o(m) = AmK~= + 7\ (3.6)

Where the notation 1,2 denote whether the functions have been derived from
adapted theorems of RIVASPLATA et al., 2020; VIALLARD et al., 2023a recalled
in Appendix B.3 We then can use Algorithm 1 with Equation (3.5), Equation (3.6).

Proof is deferred to Appendix B.4.2. Note that in Corollary 3.4.1, we identified Q, to
w; and for the last formula, ¥ has no dependency on h;.

Comparison with Equation (3.1). The main difference with Equation (3.1) provided
by the disintegrated framework is that the optimisation route does not include an
expected term within the optimisation objective. The main advantage is a weaker
computational cost when we restrict to Gaussian distributions. The main weakness is
a lack of stability as our algorithm now depends at time i on ¢(h + &;, ;) so on ¢;
directly. We denote that Equation (3.5) is less stable than Equation (3.6) as it involves
another dependency on ¢; through WU. The reason is that RIVASPLATA et al., 2020
proposed a bound involving a disintegrated KL divergence while VIALLARD et al.,
2023a proposed a result involving a Rényi divergence avoiding a dependency on ¢;. We
refer to Appendix B.3 for a detailed statement of those properties.

Comparison with Hoeven et al., 2018. Theorem 3 of HOEVEN et al. (2018)
recovers OGD from the exponential weights algorithm by taking a sequence of moving
distributions being Gaussians with fixed variance which is exactly what we consider
here. From these, they retrieve the classical OGD algorithm as well as its classical
convergence rate. Let us compare our results with theirs.

First, if we fix a single step 7 in their bound and assume two traditional assump-
tions for OGD (a finite diameter D of the convex set and an uniform bound G on
the loss gradients), we recover for the OGD (greedy GD in HOEVEN et al., 2018) a
D2 4 10°TG?  This js, up to constants and notation changes, exactly our U,
2021 2

(i € {1,2}). Also, we notice a difference in the way to use Gaussian distributions:
Theorem 3 of HOEVEN et al. (2018) is based on their Lemma 1 which provides guar-
antees for the expected regret. This is a clear incentive to consider as predictors the
mean of the successive Gaussians of interest. On the contrary, Corollary 3.4.1 involves
a supplementary level of randomness by considering predictors h; drawn from our Gaus-
sians. This additional randomness appears in our optimisation process (Algorithm 1).
Finally, notice that HOEVEN et al. (2018) based their whole work on the use of a KL
divergence while Corollary 3.4.1 not only exploit a disintegrated KL (W) but also a
Rényi a-divergence (U5). Note that we propose a result only for « = 2 for the sake

rate of
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of space constraints but any other value of « leads to another optimisation objective
to explore.

OPBD test bounds. Similarly to what we did in Section 3.3, we also provide OPBD
test bounds to provide efficiency guarantees for online predicitve sequences (e.g. the
output of Algorithm 1). Our proposed bounds have the following general form.

For any online predictive sequence Q, any A > 0 w.p. 1 — & over S and (hiyeeey Byy) ~

Q1@ ... @ Qu:

f;E[ (hiyzi) | Fica] < i:ﬁ(hi,zi) + ®(m), (3.7)

with ® being a real-valued function(possibly dependent on A, 0 though it is not ex-
plicited here).

Note that our predictors (hy, ..., hy,) are now drawn from Q; ® ... ® Q,,. Thus, the
left-hand side of the bound considers a h; drawn from an JF,_;-measurable distribution
evaluated on /(.,z;): this is effectively a measure of the prediction performance.

We now state a corollary which gives disintegrated guarantees for any online predicitve
sequence.

Corollary 3.4.2 (OPB disintegrated test bounds). For any distribution p over
Z™, any A > 0, and any online predictive sequence (Ql) the following holds with
probab|||ty 1 — 0 over the sample S,, ~ D,, and the predictors (hy,..., hy,) ~
Q1 @ ... ® Q,, the bound of Equation (3.7) holds with :

AmK?  log(1/6
mk? | log(1/0)

log(1/9)
2 A '

®y(m) = 2AamK? + ;)

®y(m) =

Where the notation 1,2 denote whether the functions have been derived from
adapted theorems of RIVASPLATA et al., 2020; VIALLARD et al., 2023a recalled

in Appendix B.3. The optimised A gives in both cases a O(y/mlog(1/J)).

Proof is deferred to Appendix B.4.2.

3.5 Experiments

We adapt the experimental framework introduced in CHERIEF-ABDELLATIF et al.
(2019, Sec.5) to our algorithms. We conduct experiments on several real-life datasets,
in classification and linear regression. Our objective is twofold: check the convergence
of our learning methods and compare their efficiencies with classical algorithms. We
first introduce our experimental setup.
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Algorithms. We consider four online methods of interest: the OPB algorithm of
Equation (3.3) which update through time a Gibbs posterior. We instantiate it with
two different priors le a Gaussian distribution and a Laplace one. We also implement
Algorithm 1 with the functions ¥;, Uy from Corollary 3.4.1. To assess efficiency, we
implement the classical OGD (as described in Alg. 1 of ZINKEVICH, 2003) and the
SVB method of CHERIEF-ABDELLATIF et al. (2019).

Binary Classification. At each round i the learner receives a data point z; € R? and
predicts its label y; € {—1,+1} using (z;, h;), with h; = E,_, [h] for OPB methods
or h; being drawn under QZ for OPBD methods. The adversary reveals the true value
y;, then the learner suffers the loss ¢(h;,z;) = (1 — yihiTxi)+ with z; = (z;,v;) and
ay = aifa > 0and a; = 0 otherwise. This loss is unbounded but can be thresholded.

Linear Regression. At each round ¢, the learner receives a set of features x; € R4
and predicts y; € R using (z;, h;) with h; = Ea, [h] for SVB and OPB methods or h;

being drawn under QZ for OPBD methods. Then the adversary reveals the true value

y; and the learner suffers the loss ¢(h;, z;) = (yz- — h'fxi)Q with z; = (x;,y;). This loss
is unbounded but can be thresholded.

Datasets. We consider four real world dataset: two for classification (Breast Cancer
and Pima Indians), and two for regression (Boston Housing and California Housing).
All datasets except the Pima Indians have been directly extracted from sklearn (PE-
DREGOSA et al., 2011). Breast Cancer dataset (STREET et al., 1993) is available here
and comes from the UCI ML repository as well as the Boston Housing dataset (BELS-
LEY et al., 2005) which can be obtained here. California Housing dataset (PACE and
BARRY, 1997) comes from the StatLib repository and is available here. Finally, Pima
Indians dataset (SMITH et al., 1988) has been recovered from this Kaggle repository.
Note that we randomly permuted the observations to avoid learning irrelevant human
ordering of data (such that date or label).

Parameter settings. We ran our experiments on a 2021 MacBook Pro with an M1
chip and 16 Gb RAM. For OGD, the initialisation point is Oga and the values of the
learning rates are set to n = 1/4/m. For SVB, mean is initialised to Og« and covariance
matrix to Diag(1). Step at time i is ; = 0.1/+/i. For both of the OPB algorithms
with Gibbs posterior, we chose A = 1/m. As priors, we took respectively a centered
Gaussian vector with the covariance matrix Diag(c?) (¢ = 1.5) and an i.i.d. vector
following the standard Laplace distribution. For the OPBD algorithm with Wy, we
chose A = 107*/m, the initial mean is Ogra and our fixed covariance matrix is Diag(c?)
with o = 3.1073. For the OPBD algorithm with ¥, we chose A = 2.1073/m, the
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Figure 3.1. Averaged cumulative losses for all four considered datasets. 'Gibbs Gauss’
denotes OPB with Gaussian Prior, 'Gibbs Laplace’ denotes OPB with Laplace prior.
'OPBD Riva’ denotes OPBD with V1, 'OPBD Via’' denotes OPBD with W,.

initial mean is Og« and our covariance matrix is Diag(c?) with 0 = 1072, The reason of
those higher scale parameters and variance is that U from RIVASPLATA et al. (2020)
is more stochastic (yet unstable) than the one VIALLARD et al. (2023a).

Experimental results. For each dataset, we plot the evolution of the average cu-
mulative loss >f_, ¢(h;,z;)/t as a function of the step t = 1,...,m, where m is the
dataset size and h; is the decision made by the learner h; at step 7. The results are
gathered in Figure 3.1

Empirical findings. OPB with Gaussian prior ('Gibbs Gauss') outperforms OGD on
all datasets except California Housing (on which this method is not implemented )
while OPB with Laplace prior ('Gibbs Laplace’) always fail w.r.t. OGD. OPB methods
fail to compete with SVB on the Boston Housing dataset. OPBD methods compete
with SVB on regression problems and clearly outperforms OGD on classification tasks.
OPBD with ¥, (labeled as "OPBD Via' in Figure 3.1) performs better on the California
Housing dataset while OPBD with ¥, (labeled as 'OPBD Riva') is more efficient on
the Boston Housing dataset. Both methods perform roughly equivalently on classifi-
cation tasks. This brief experimental validation shows the consistency of all our online
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procedures as we observe a visible decrease of the cumulative losses through time. It
particularly shows that OPBD procedures improve on OGD on those dataset. We refer
to Appendix B.5 for additional table gathering the error bars of our OPBD methods.

Why do we perform better than OGD? As stated in Section 3.4, OGD can be
recovered as a Gaussian approximation of the exponential weights algorithm (EWA).
Thus, a legitimate question is why do we perform better than OGD as our OPBD
methods are also based on a Gaussian surrogate of EWA? HOEVEN et al., 2018 only
used Gaussians distributions with fixed variance as a technical tool when the considered
predictors are the Gaussian means. In our work, we exploited a richer characteristic of
our distributions in the sense our predictors are points sampled from our Gaussians and
not only the means. This also has consequences in our learning algorithm as at time
i of our Algorithm 1, our optimisation step involves a noise g; ~ N(0,c%I). Thus,
we believe that OPBD methods should perform at least as well as OGD. We write 'at
least’ as we think that the higher flexibility due to this additional level of randomness
might result in slightly better empirical performances, as seen on the few datasets in
Figure 3.1.

3.6 Online PAC-Bayes for heavy-tailed losses.

Results of Section 3.2 exploited a PAC-Bayesian theorem of RIVASPLATA et al. (2020)
to perform, however, we note that the OL framework, by considering non-i.i.d. data
is compatible with the supermartingale toolbox of Chapter 2. We then show that
it is possible to obtain anytime-valid OPB bounds for heavy-tailed losses, extending
our results. Note however that such an extension can have consequences in terms of
algorithmic procedures.

We now state the main theorem of this section.

Theorem 3.6.1 (An OPB bound for heavy-tailed losses). For any distribution
over the dataset S, any A > 0 and any online predictive sequence (used as priors)
(Pi)i>1, we have with probability at least 1 — § over the sample S ~ Dg, the
following, holding for the data-dependent measures P; s := P;(S,.) any posterior
sequence (Q;);>1 and any m > 1:

ZEh ~Q; [E[l(hi, 2:) | Fia]] < ZEh ~q; [((hi, z;)]

;i NQZ[V(hz,z )+ Vi(h ] f:KLQ“ L )+10g(;/5).
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With for all 4, Vj(h;, z;) = (€(hi,zi) — Eia[€(hi, 2:)])? is the empirical variance at
time i and V;(h;) = E;_1[V (h;,2;)] is the true conditional variance.

Proof lies in Appendix B.4.3.

Analysis of the bound. This bound is, to our knowledge, the first Online PAC-
Bayes bound in literature holding for heavy-tailed losses. It is semi-empirical as the
variance and empirical variance terms have theoretical components. However, these
terms can be controlled with assumptions on conditional second-order moments and
not on exponential ones (as made in Section 3.2 where the bounded loss assumption
was used to obtain conditional subgaussianity). To emphasise our point, we consider
as in Section 2.2.3 the case of the quadratic loss ¢(h, z) = (h — z)%. Here, we only
need to assume that our data have a finite variance if we restrict our posteriors to have
both bounded means and variance. Also the meaning of the online predictive sequence
P; is that we must be able to design properly a sequence of priors before drawing our
data, this can be for instance an online algorithm which generate a prior distribution
from past data at each time step.

Finally, we note that if we assume being able to bound simultaneaously all conditional
means and variance (which is strictly less restrictive than bounding the loss), then
Theorem 3.6.1 suggests a new online learning objective which is an online counterpart
to Equation (2.4).

A A KL(Q, P;
Vi Z 1 QiJrl = argminEhiNQ g(hz, Zz) + g(hz, 1)2 + M (38)
QEM(H) A
While the algorithm differs from the one derived Theorem 3.2.1, we can still draw

many links with this theorem.

= |f we assume our loss to be bounded, then we can upper bound our empiri-
cal /theoretical variance terms to recover exactly Theorem 3.2.1. Theorem 3.6.1
then shows that finite order two moments are sufficient to perform online PAC-
Bayes.

= Another crucial point lies on the range of our result which holds with high prob-
ability for any countable posterior sequence (Q;);>1, any time m and the priors
(P;s,.)i>1- This is far much general than Theorem 3.2.1 which holds only for
a single m and a single posterior sequence (Q;.s,,)i=1.m. This happens because
a preliminary theorem from RIVASPLATA et al. (2020) has been used instead
of the change of measure inequality (Lemma 1.2.1). This preliminary theorem
has imposed conditionnal subgaussianity to deal with the exponential moment.
On the contrary, the use of the change of measure inequality alongside the su-
permartingale toolbox of Chapter 2 allowed a result holding for any posterior
sequence, and any time simultaneously.
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3.7 Conclusion

Chapter 3 bridges a gap between online learning and generalisation. As seen in Sec-
tion 3.5, considering online PAC-Bayes procedures mitigates the impact of the prior in
the learning process and thus, fit the optimisation view of the prior as in initialisation
point (Figure 1.2), yielding performances at least comparable to online gradient de-
scent. However, while Online PAC-Bayes is a promising step forward optimisation, with
time-efficient procedures (Appendix B.3), some questions remains: (i) Is it possible to
propagate the view of prior as initialisation directly for batch algorithms? (i) Is it
possible to obtain PAC-Bayes learning algorithms directly for deterministic predictors
instead of using disintegrated results in order to be consistent with practitioners, often
avoiding stochastic predictors?

Elements of answer to (i) lie in Chapter 4, showing that flat minimum, often attained
in the context of deep neural network with much more parameters than training data,
allows to attenuate the impact of the prior through a fast convergence rate. (ii) is
tackled in Chapters 5 and 6 where the KL divergence is traded for a Wasserstein
distance.
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MITIGATING INITIALISATION IMPACT
THROUGH FLAT MINIMA: FAST
RATES FOR SMALL GRADIENTS

This chapter is based on the following paper
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A PAC-Bayesian Link Between Generalisation and Flat Minima. (2024)
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4.7 Conclusion

Abstract

Chapter 3 showed that a way to attenuate the impact of the prior, seen as an
initialisation, in PAC-Bayes is online learning, allowing the evolution of the prior
through time. However, a legitimate question is whether the prior could be
attenuated, even in the batch learning setting, widely used in practice. Main-
taining the vision of the prior as initialisation, we propose in this chapter to
attenuate its impact in the batch setting through convergence rate faster than
1/y/m. The proposed results hold when a flat minimum has been reached, i.e.
a minimum whose its neighbourhood nearly minimise the loss as well. Then,
a sharper understanding of generalisation can be reached when exploiting the
benefits of a successful optimisation process. Indeed, this study is particularly
meaningful in the context of deep learning, where it has been shown that flat
minimum (also known as sharpness) correlates to a good generalisation ability.
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4.1 Introduction

Can we make the impact of the prior vanish at a faster rate than 1/y/m in the context
of batch learning? While this is desirable from an optimisation perspective, this is not
what is proposed by classical PAC-Bayes bounds, considering all elements of M(H)
simultaneously. The challenge of this study is to obtain faster rates for a smaller class of
posteriors. Doing so, we aim to attenuate the impact of the initialisation (seen as prior)
for nonnegative heavy-tailed losses, potentially satisfying geometric assumptions such
as gradient-lipschitz, making a promising step towards concrete optimisation settings.
The practical way to do so is to obtain results holding only for posteriors distributions
focusing on flat minima, which can be seen, e.g. in deep learning, as a benefit of a
successful optimisation process.

Indeed, dating back to HOCHREITER and SCHMIDHUBER (1997), it has been hypoth-
esised that the notion of ‘flatness’ (or sometimes equivalently referred to as ‘sharpness’)
has tight links with the generalisation error: among the minima (belonging to ﬁgm)
that is found by the learning algorithm, the ‘flatter’ the minimum is, the lower is the
generalisation error. While the initial flatness notion was (vaguely) defined through low
Kolmogorov complexity, there is no single formal definition of ‘flatness’. Hence, several
flatness notions have been considered, which typically are based on the second-order
derivatives of the empirical risk around the local minimum found by the algorithm, such
as trace(V2Rg, (1)), see e.g., JASTRZEBSKI et al. (2017) and WEN et al. (2023).
While there have been several attempts to link some form of flatness to generalisation
in a mathematically rigorous way (NEYSHABUR et al., 2017; PETZKA et al., 2021,
ANDRIUSHCHENKO et al., 2023; YUE et al, 2023), mainly in the framework of
‘sharpness aware minimisation’ (FORET et al., 2020), it has been recently shown that
flat minima do not always imply good generalisation. In fact, there exist scenarios
such that the flattest minima achieve the worst generalisation performance compared
to non-flat ones (WEN et al., 2023).

In this study, we aim at developing novel links between flatness and the generalisation
error from a PAC-Bayesian perspective (see e.g., GUEDJ, 2019; HELLSTROM et al.,
2023; ALQUIER, 2024). Denoting by Q, the probability distribution of the algorithm
output A (or the output of a learning algorithm), we identify sufficient conditions on
Q such that flatness always implies good generalisation. More precisely, we make the
following contributions:

= We show that, when Q satisfies the Poincaré inequality and a technical condition
that we identify, we can obtain a ‘fast-rate’ generalisation bound that diminishes

with rate L (rather than ﬁ) and mainly contains two terms:

(i) The flatness term: E;.q [% TNV Re(h, zl)Hz} This term is directly
linked to the Hessian of the loss ¢, due to the connection between the Fisher
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information and the Hessian of the loss BICKEL and DoksuM, 2015. For

instance, under certain conditions, it can be shown that trace(V2Rs, (k) =
25 [IVal(h, z;)||* (WEN et al., 2023, Lemma 4.1).

(ii) The classical PAC-Bayesian complexity term KL(Q, P), where KL denotes
the Kullback-Leibler divergence and P is data-independent ‘prior’ distribu-
tion.

= We then further analyse the term KL(Q, P). We show that, when Q is a Gibbs
distribution, i.e., Q(h) o exp(—9Rs,, (k))P(h) for some > 0 and P satisfies
a log-Sobolev inequality, the generalisation error can be controlled solely by
the term: v2¢,5(P) Envq[l|ViRs,, (h)]|%], where ¢1,5(P) denotes the log-Sobolev
constant of the prior P.

= We finally go beyond the KL divergence to link flat minima to deterministic
predictors (i.e., when Q is a Dirac distribution) through a novel Wasserstein-
based generalisation bound for gradient Lipschitz loss functions.

We provide a numerical assessment of the technical condition underlying our main
result, suggesting that it is suitable in the case of neural networks on classification
tasks, confirming the relevance of our bounds to better understand the generalisation
ability of neural networks. Our results shed further light on the impact of the flatness
of the minima over the generalisation error: when the learning algorithm ensures a
sufficiently regular distribution over the parameters, the generalisation error can be
directly controlled by the flatness of the region found by the algorithm.

4.2 Preliminaries

Framework. We consider a predictor set H C R? equipped with a norm |.||, a data
space Z and the space of distributions over H, M(H). We also consider a loss function
¢:H x Z — R. We assume that we have access to a i.i.d. dataset S = (z;);>; € ZN
with associated distribution D. For each m > 1, we define S, := {21, - ,Zm}.
In PAC-Bayes learning, we construct a data-driven posterior distribution Q € M(H)
with respect to a prior distribution P. To assess the generalisation ability of a predictor
h € H, we define the population risk to be Rp(h) := E,~,[¢(h,z)] and for each m, its
empirical counterpart R, (h) := Ly U(h,z;). As PAC-Bayes focuses on elements
of M(H), we also define the expected risk and empirical risks for Q € M(H) as
Rp(Q) := Enwg[Rp(h)] and Rs,, (Q) := Epq[Rs,, (h)]. PAC-Bayes bounds usually
aim at controlling the expected generalisation error (or gap) for each dataset size m,

e, As, (Q) :=Rp(Q) — Rs,, (Q).
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Background on Poincaré and log-Sobolev inequalities. In this work, we exploit
Poincaré and log-Sobolev inequalities in the PAC-Bayes framework. We first recall the
definition of Poincaré and log-Sobolev inequalities. To do so, for a fixed distribution
Q, we define the Sobolev space of order 1 on R? as follows:

H'Y(Q) == {f € LA(Q) NDy(RY) | |Vf]| € LAQ)},

where D;(R?) denotes the set of derivable functions f : R? — R.

Definition 4.2.1 (Poincaré and Logarithmic Sobolev inequalites). A measure Q
satisfies a Poincaré inequality with constant cp(Q) if for all function f € HY(Q)
we have

Varg(f) < er(@) E (19707,

where Varq(f) = Enwq [f(h) — Enq[f(R)]]? is the variance of f w.r.t. Q. We
then say that Q is Poincaré with constant cp(Q), or that Q is Poinc(cp). Also, Q
satisfies a log-Sobolev inequality with constant crs(Q) if for all function f € H'(Q)
we have

Eotpm )| Ses@ & IV mIf].

where the term on the left hand side is the entropy of f?, denoted as Entg(f?).
We then say that Q is log-Sobolev with constant c.5(Q), or that Q is L-Sob(crs).

£ o (g L)

The class of Gaussian distributions is an important particular case of distributions
satisfying both Poincaré and log-Sobolev inequalities, this is the subject of Proposition
42.1.

Proposition 4.2.1. For a given pair (1, %) of mean and covariance matrix in R?,
define Q = N (i,X). Then we have, for any f € H(Q):

EntQ(fQ) < 2EQ [<EVf, Vf>] , and VarQ(f2) < EQ [(EVf, Vf)] .

Thus, Q is L-Sob(cs) with constant ¢;5(Q) = 2||X||,, and also Poinc(crs) with
constant crs(Q) = ||X||op, Where ||.||,, denotes the operator norm.

In Proposition 4.2.1, the first inequality can be derived from the classical log-Sobolev
inequality for N'(0,1d) stated in GROSS (1975), with a change of variable. Similarly,
the Poincaré inequality can be obtained through a change of variable from the Poincaré
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inequality for A/(0,1d) which is a particular case of the Brascamp-Lieb inequality for
log-concave probability measures (BRASCAMP and LIEB, 1976) and is stated explicitly
in BECKNER (1989, Theorem 1).

We now focus on specific posterior distributions called Gibbs posteriors, or Gibbs
distributions. For a fixed loss ¢ and dataset S,,, the Gibbs posterior, w.r.t. prior
P € M(H), risk Rgm and inverse temperature vy > 0.is defined as Pﬂﬁ such

m

that dP_ g (h) exp(—7Rs,, (h))dP(h). Gibbs posteriors are a class of closed-
form solutions for relaxation of CATONI (2007, Theorem 1.2.6) stated, for instance, in
ALQUIER et al. (2016, Theorem 4.1). Proposition 4.2.2 shows that when the prior and
the loss satisfies a few properties, then the associated Gibbs posterior is L-Sob(cs).

Proposition 4.2.2. Assume that P is a probability measure on R? such that
dP(h) o exp(—V(x)) with V' a smooth function such that Hess(V) > ﬁ(mld
(We say that A = B if A — B is a positive semidefinite matrix.). Assume
that ¢ = ¢; + ¢y with ¢; convex, twice differentiable and ¢, bounded. Then

for any v > 0, the Gibbs posterior Q = P__ s is L-Sob(crg) with constant
crs(Q) = crs(P) exp (4[|62][)-

Proposition 4.2.2 applies, e.g., when P is a Gaussian prior P = N (up,Xp). Notice
that in this case c.5(P) = 2||Xp||p. This property is a straightforward application of
CHAFATI (2004, Corollary 2.1) with GUIONNET and ZEGARLINKSI (2003, Property
2.6) and is stated in Appendix C.1 for completeness. Finally, notice that satisfying a
log-Sobolev inequality is stronger than satisfying a Poincaré one. This is stated for
instance in LEDOUX (2006, Proposition 2.1) and properly recalled in Appendix C.1.

4.3 Reaching a flat minimum allows Poincaré
posteriors generalising well

4.3.1 Fast rate PAC-Bayes bounds for heavy-tailed losses

In order to obtain fast rates, i.e., bounds converging to zero faster than \/% we exploit
the notion of flat minimum (where the loss takes a small value in the neighbourhood
of the minimum). Indeed, in an overparametrised setting such as neural networks, it is
likely to obtain such a minimum once the optimisation phase has been performed, as
there are much more parameters than training data. We exploit this flatness property
within PAC-Bayes bounds through the gradient norm ||V ,¢(.,z)|| of the loss w.r.t. the
predictor h for any z. This is, to the best of our knowledge, the first attempt to do so
as GAT et al. (2022) focus on gradients with respect to the data V,¢ (one does not
optimise on those, as the dataset is fixed in practice).
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In this section, we consider posterior distributions () being Poinc(cp). This assumption
covers the important case of Gaussian measures (Proposition 4.2.1) as well as all
measures satisfying a log-Sobolev inequality (Proposition C.1.1). We focus on PAC-
Bayes bound holding for distributions Q satisfying a particular assumption involving the
data distribution D (contrary to many PAC-Bayes bounds holding for all Q). We then
define the error of Q € M(#H) for any datum z € Z as Err(¢, Q, z) := Ejq[l(h, z)]
and identify Assumption 4.3.1 to later involve flat minima.

Assumption 4.3.1. We say that Q € M(H) is quadratically self-bounded with re-
spect to ¢ and constant C' > 0 (namely QSB({,C')) if

E,op [Err((,Q,2)?] < CRp(Q) (= CEqup [Enr((, Q,2)]).

Assumption 4.3.1 is a relaxation of boundedness, as if ¢ € [0, C] then it is QSB(¢, C).
It is an alternative to the bounded expected variance assumption in anytime-valid
PAC-Bayes bounds as in Chapter 2 and (CHUGG et al., 2023). An issue with such
boundedness assumption is that it has to hold for all posteriors, including those pro-
viding poor generalisation performances. This is avoided by the QSB assumption which
intricate the properties of D, ¢ and Q. Such a design is in line with the conclusions
of the recent work of GASTPAR et al. (2023), inviting to derive generalisation bounds
valid for specific pairs (Q, D) (and not uniformly valid for all such pairs). Finally, we
interpret C' as a contraction constant attenuating, on average, the local expansion
(governed by variances of Q, and D) of the loss around the mean of Q). Exploiting the
PAC-Bayes supermartingales bounds of Chapter 2 and CHUGG et al. (2023) alongside
Poincaré inequality leads to the following.

Theorem 4.3.2. For any C' > 0, any % > A\ > 0, any data-free prior P, any ¢ > 0
and any ¢ € [0, 1], we have, with probability at least 1 — § over the sample S, for
any m > 0, any Q being Poinc(cp), QSB(¢,C) and £(.,z) € H'(Q) for all z,

Ro(@) < — (fesm@) 4 KHUQR) + los(l] ‘”)
g men(@ E) LE, (I P).

This theorem shows that, for any posterior being QSB w.r.t. the distribution D, fast

rates are achievable as long as IAQSm ~ 0, and expected gradients are vanishing. While

the first condition is often involved for deep neural networks in the overparametrised

setting, the second holds if a flat minimum has been reached through the optimisation
1

process. Then, taking A = 5 ensures an anytime-valid PAC-Bayesian bound with a

- 78 —



4.3. Reaching a flat minimum allows Poincaré posteriors generalising well

fast rate of % Otherwise, for a fixed m, taking A = mT_O‘ o € {0; %} allows to adapt

the convergence speed w.r.t. the behaviour of the gradients. In the case of constant
gradients, we recover a convergence rate of ﬁ matching ALQUIER et al. (2016,
Theorem 4.1).

On the role of flat minima in PAC-Bayes learning. Theorem 4.3.2 suggests that,
in order to attain good generalisation ability, the mean of () has to be close from two
minima: (i) on Rs,, in order to make Rg, small, and (i) on E, p[||[V.l(h,2)|?] to
make the gradients small. The variance of QQ has to fit the flatness of those minima,
the flatter they are, the larger the variance in order to shrink the expected terms on
the right-hand-side of Theorem 4.3.2. Finally, the KL term invites, e.g. for Gaussian
distributions, to consider high variances, hence flat minima to maintain a small value
of the bound.

A focus on C'. Taking A\ = é in Theorem 4.3.2 attenuates the impact of the prior
distribution and amplifies the gradient term. Then, a small C'is desirable when working
with flat minima to attenuate an ill-designed prior. Having a small C' is reachable in
practice: we show in Section 4.6, for a classification task on MNIST, that the QSB
assumption is verified with C' strictly smaller than 1 when considering neural networks.
High probability bounds with fast rates, a paradox? GRUNWALD et al. (2021,
page 7) showed that, for a trivial H = {h} C RY, for any loss, any i.i.d. dataset S,
with variance o, we have asymptotically, with probability at least «, for a constant C,,
depending on a and N(0,1d), we have Rp(h) > Rs,, (h) + C’a\‘/’—;. Is it paradoxical
with Theorem 4.3.27 The answer is no: the bound in GRUNWALD et al. (2021) gives
an asymptotic lower bound on the convergence of R, (h) to Rp(h). Theorem 4.3.2 in-
forms us on how Rp is getting closer from ?&ﬂﬁsm which converges to 1_—E\/QRD > Rp
as the loss is non-negative. Theorem 4.3.2 then show the existence of a ‘transition
regime’ involving a fast rate. Once %Wﬁs is reached, the clower bound of GRUN-
WALD et al. (2021) ensures an asymptotic regime with slow convergence rate. Note
that such transition regimes already appeared in the literature in TOLSTIKHIN and
SELDIN (2013) and MHAMMEDI et al. (2019) at the cost of additional variance terms
compared to Theorem 4.3.2. However, such fast rates have never been linked before
to flat minima (and optimisation in general), highlighting the potential of our bound
to explain the ability of deep neural networks to generalise well in the overparametrised
setting (m far smaller than the dimension of #), where flat minima are likely to be
reached, as studied, e.g., in DZIUGAITE et al. (2020), showing correlations between
flat minima and generalisation for various learning problems.

m

Proof of Theorem 4.3.2. We start from CHUGG et al. (2023, Corollary 17) instan-
tiated with a single )\, i.i.d. data and a prior P. With probability at least 1 — 4,
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for any Q € M(#H) and m > 0:

KL(Q,Pi\;;log(l/(S) n ; <th [EZND[K(h,z)Q]D :

>

Rp(Q) <Rs, (Q) +

where z ~ D is independent of S. We study the last term on the right-hand side.
First, applying Fubini's theorem gives:

E, [E~p[t(h,2)"]] = Esup LEQ[E(h, z)QJ]

z~D h~Q

_ [varm (E(h,z))—|—< E [z(h,z)]ﬂ.

As for any z, /(.,z) € H', we apply Poincaré’s inequality to obtain:

< 5, or@ £, (I9at(2)F) + (£ e, 20) |.

z~D

Using that Q is QSB(¢, C') and re-organising the terms gives:

1 (a KL(Q, P) + log(1/6)
Rp(Q) < T_x % (RSM(Q) + o )
+sen(@) B [ E (1Mt 2)?)]

It is possible to go beyond the QSB assumption. This comes at the cost of an upper
bound on Rp as well as a supplementary Poincaré assumption on D.

Corollary 4.3.1. For any C > 0, any 6 € (0,1) any 2 > X > 0, any data-free
prior P, any ¢ > 0 such that, for any z € Z, we have /(.,z) € H' and for any &,
the loss function ¢(h,.) is C' almost everywhere on Z. If the data distribution D is
Poinc(cp), then with probability at least 1 — § over the sample S, for any m > 0,
any posterior Q being Poinc(cp) with Rp(Q) < C-

m

. , KL(Q.P) +log(1 /5))

t5 _AAC (cp<Q) E LEQ (||Vh€(h,z)||2)] +cp(D) E (

~D

[9-t(h.2)

)

h~
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Proof is deferred to Section C.3.1. Corollary 4.3.1 states that, if () reached a flat min-
imum (meaning ||V/|| is small), and this minimum is robust to the training dataset
(meaning ||V || is small), then a fast rate is attainable while only requiring an upper
bound on Rp(Q). This conclusion holds when D Poinc, encompassing the case of
Gaussian mixtures (SCHLICHTING, 2019), which can approximate any smooth density
(as recalled in GAT et al., 2022). However, the Poincaré constant of a general mixture
is not known, and the upper bound of SCHLICHTING (2019) scales with the number
of components, involving potentially high x? divergences.

Comparison with Gat et al. (2022). We compare Corollary 4.3.1 with GAT et al.
(2022, Theorems 3.5, 3.6). First, our result holds with the assumption that D follows
a Poincaré inequality, which is strictly less restrictive than assuming a log-Sobolev
inequality (Proposition C.1.1). Second, they assume a bounded loss and their result
holds only for classification problem satisfying a technical assumption on the label
repartition (see their Lemma 3.3) while ours holds for any learning problem at the sole
assumption of a bounded Rp(Q), allowing ¢ to be non-negative. Moreover, note that
to conclude their proof, GAT et al. (2022) had to use a uniform bound on Ez[||V /||
in their Theorem 3.5 to have a tractable bound, thus the benefits of gradient norm is
unclear. While they overcome this limitation in GAT et al. (2022, Theorem 3.6), the
explicit influence of the gradient norm appears within an exponential moment on the
losses (attenuated by a logarithm). However, a major limitation is that this exponential
moment is averaged w.r.t. P, being data-free. Thus, the associated gradients have
no apparent reason to be small, and their result cannot be linked to flat minima,
contrary to Corollary 4.3.1 involving expected gradients w.r.t. Q, being the output of
an optimisation process.

4.3.2 Towards fully empirical bound for gradient-Lipschitz
functions.

In this section, we assume the loss / is such that, for any z € Z, the gradient V,/(., z)
is G-Lipschitz, which is often considered for convergence bounds in optimisation. A
large part of high-probability PAC-Bayes bounds are fully empirical: this has numerous
advantages including in-training numerical evaluation of generalisation as well as novel
PAC-Bayesian algorithms, minimising such empirical bounds; see (DZIUGAITE and
Rovy, 2017; PEREZ-ORTIZ et al., 2021b; VIALLARD et al., 2023b) among others.
However, Theorem 4.3.2 and Corollary 4.3.1 are not fully empirical and thus, do not
have such desirable properties. We circumvent this issue in Theorem 4.3.3.

Theorem 4.3.3. For any C,Cy, ¢ > 0, any data-free prior P, any ¢ > 0 being C?
and any ¢ € [0, 1], we have, with probability at least 1 — § over the sample S, for
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any m > 0, any Q being Poinc(cp) with constant ¢, QSB(¢, C}), QSB (|| V4||%, Cy)
and {(.,2), ||[Vil]]*(.,2z) € HY(Q) for all z,

2c 1
-~ E 72 : 12
Cy h~Q [m P IVnt(h,z:)] ]

4cG? + @) KL(Q,P) + log(2/9)
Cy

Ro(Q) < 2Rs,(Q) +

‘|—2<01+C
m

Proof is deferred to Section C.3.2. Here, we showed that to attain fast rates, the QSB
assumption has to be reached for both the loss and its gradient. This suggests several
things on the flat minimum that has to be reached by Q (designed from ﬁg): first,
it needs to be close from a flat minimum of Rp to satisfy the QSB assumption. Sec-
ond, this minimum also ensures the contraction of the gradients. We then are able to
derive an empirical generalisation bound, involving both empirical loss and gradients.
Not only Theorem 4.3.3 yields, to our knowledge, the first PAC-Bayesian algorithm
involving gradient terms, but also can be translated to a generalisation metric in order
to understand generalisation. Such an idea has been exploited recently (NEYSHABUR
et al., 2017; DZIUGAITE et al., 2020; JIANG et al., 2020). In particular, from IfZS(Q),
NEYSHABUR et al. (2017) derived a notion of sharpness, stated in Equation (4.1), aim-
ing to be informative on the flatness of the reached minima for any Q = N (g, 0*1d).
This notion is defined by

A A

By [Rsuliia +v) = Rs, (1a)] (4.1)

Theorem 4.3.3 enhance this notion of sharpness by involving the empirical gradients
when Q is QSB(¢, C1):

Sharp 2 (Q) =

C1

N 0'2 A N 0’2 A
E 2R —G-R — 2R —G-R 4.2
VN (0.0214) [( Sm T C1G $m> (hq +v) ( S, T+ C’lG 3m> (,uQ)} , (4.2)

where G-Rs, (k) = L3 [IVal(h,2;)||*. This gradient term can be seen as an
empirical Fisher information, linked to the second-order moment derivative. Thus,
(4.2) involves a notion of flatness on both the loss and its gradient, contrary to (4.1).
For the sake of clarity, we particularise Theorem 4.3.3 in Corollary 4.3.2 with Gaussian
distributions and this novel notion of sharpness.
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Corollary 4.3.2. For any C, Cy > 0, any fixed variance o2 > 0, any data-free prior
P = N (up, 0?Id), any nonnegative loss ¢ being C* and any § € [0, 1], we have, with
probability at least 1 — § over the sample S, for any m > 0, any Q = N (uq, 0*1d)
being QSB(¢, C1), QSB (||V4£||2, Co) and £(.,2z), || VLe||*(.,z) € H(Q) for all z,

<KL(Q,P) + 1og(2/5)> .

Rp(Q) <2Rs, (1q) + G-Rs,, (11q) + Sharp,2 (Q) + O

[ef} m

4.4 Generalisation ability of Gibbs distributions
with a log-Sobolev prior

One limitation of the results given in Section 4.3 is that the KL divergence term
remains uncontrolled in general as its formulation depends on the nature of P and Q.
A close form exists for Gaussian distributions for instance, but this class of distribution
is limiting. Perpetrating the spirit of CATONI (2007), we go beyond the Gaussian
distributions to focus on the Gibbs posteriors which have naturally appeared in PAC-
Bayes through the use of tools from statistical physics. We show that log-Sobolev
inequalities allow us to control the KL divergence of such distributions w.r.t. their
priors.

Controlling the KL divergence when () is a Gibbs posterior. Lemma 4.4.1
exploits the fact that the KL divergence can be formulated as an entropy w.r.t. the
prior distribution P. It then shows that the KL divergence of the Gibbs posterior
P—vfism w.r.t. P is upper bounded by gradient terms as long as P satisfies a log-
Sobolev inequality.

Lemma 4.4.1. For any m, P being L-Sob(crs), any £ > 0 such that for any z,
((.,z) € H'(P), we have, for any v > 0:

Y*crs(P)

KL(P_g, .P) <7 E  [|ViRs, (W)IF].

—Rs,,

Proof is deferred to Appendix C.3.3. The crucial message of this lemma is that, a
flat minimum of Rs allows controlling the KL divergence. This message is new and
independent of Section 4.3 which focus on flat minima reached for Rp. Note that
in this case, the KL divergence has an explicit formulation. However it involves to
calculate the exponential moment Ej,_p[exp(—7Rs,, )] which is costly in practice. On
the contrary, we only need to estimate a second-order moment over P*’Yﬁsm'
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Generalisation ability of Gibbs posteriors. WWhen Gibbs posteriors are involved, KL
divergence is controllable by a gradient term. An ideal way to conclude would be, as in
Section 4.3 to involve Poincaré inequality. However, Gibbs posterior are not necessarily
satisfying a Poincaré inequality as in Section 4.3, we then need to make supplementary
assumptions on the loss.

Theorem 4.4.1. For any C' > 0, any v > 0, any prior P being L-Sob(crs), any
¢ >0 and any ¢ € [0, 1], we have the following inequalities. If ¢ € [0, 1], then with
probability at least 1 — 0 over the sample S, for any m > 0, and any Q € M(H):

Rp (P

ks,

v?cLs(P)
4dm  h~P

E [IViRs, (W] + 1()55(1/5)) |

<2|Rs, (P_¢

- ( Sm( _WRSm)+ -Rs,, m

If £ = ¢; + ¢y with ¢; convex, twice differentiable and ¢, bounded, assume that
P satisfies the conditions of Proposition 4.2.2. Then for any % > A > 0, with
probability at least 1 — § over the sample S, for any m > 0, such that Q is
SB(¢,C) and {(.,z) € H'(P__4_ ):

2
5 Y ers(P) 5 o1 log(1/6)
S1oac (RSW(P—W'ism) o nrE, IVaRs, (7] + =0

—“/Rsm

Aetltello ) o(P)
4 —-2)\C'"  z~D |~P

E (||vhf<h,z>||2)] :

—Wésm

Proof is deferred to Appendix C.3.4. Note that we could have derived analogous
to Corollary 4.3.1 at the cost of a supplementary Poincaré assumption on D. The
influence of the inverse temperature v is quadratic: this is the price to pay to fit the
dataset and reduce the influence of the prior. This dependency is therefore attenuated
by a gradient term, small if a flat minimum on the empirical risk has been reached.
This suggests that in the case of Gibbs posteriors with log-Sobolev prior, reaching a
flat minima on Rgm controls not only IA?gm(Q), but also the KL divergence and this
last point is not reachable when considering Poincaré distributions. The other gradient
term comes from Section 4.3 and requires to be close from a flat minimum on Rp to
attain fast rates.
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4.5 On the benefits of the gradient norm in
Wasserstein PAC-Bayes learning

In Sections 4.3 and 4.4, we provided various generalisation bounds, benefiting from
flat minima. However, our results involve a KL divergence, implying absolute con-
tinuity of Q w.r.t. P, incompatible with the case of deterministic predictors (Dirac
distributions). To circumvent this issue, a recent line of work emerged, involving in-
tegral probability metrics, with a particular focus on the 1-Wasserstein distance as in
Chapters 5 and 6 and AMIT et al. (2022). The idea behind these works is to replace
the change of measure inequality (Cs1szAR, 1975; DONSKER and VARADHAN, 1976)
by the Kantorovich-Rubinstein duality (VILLANI, 2009) to trade a KL for a Wasser-
stein. We go even further here by obtaining the first PAC-Bayesian bound involving
directly a 2-Wasserstein distance (see definition C.1.1), trading Lipschitz assumption
for gradient-Lipschitz one (well-suited for optimisation). To do so, we first derive a
novel change of measure inequality.

Theorem 4.5.1. Assume H to have a finite diameter D > 0. Then for any function
f + H — R with G-Lipschitz gradients, the following holds: for all distributions
P,Q e M(H)?,

Enqlf(h)] < SWﬁ(Q, P) + Enp[f(W)] + DEao[IV F (M)

Proof is deferred to Appendix C.3.5 Theorem 4.5.1 shows it is possible when gradients
are Lipschitz, to obtain a duality formula involving the gradient of the considered
function at the price of a linear dependency on the diameter of H. Theorem 4.5.1 is
also linked to the change of measure inequality when the prior distribution satisfies a
log-Sobolev inequality.

Corollary 4.5.1. Assume that P is such that dP oc exp(—V)dz with V being C?
and P is L-Sob(crs). Then, for any R > 0, any f with gradients G-Lipschitz on
B(0, R), and any distributions P, Q,

Enq [f (Pr(h))]

< GCLs(P)

KL(Q, P) + Enwp [f (Pr(h))] + 2REwq [V f (Pr(R)I]]

where Pg denotes the Euclidean projection on 5(0, R).
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Proof is deferred to Appendix C.3.6. Corollary 4.5.1 involves a KL divergence and an
Euclidean predictor space H = R?. This comes at the cost of approximating Q,P
by Pr#Q, Pr#P. Thus, R is now an hyperparameter which arbitrates a tradeoff be-
tween the quality of our approximations and the looseness of the bound (if the gradient
norm is large). A notable strength is that the smoothness assumption is relaxed on
smoothness over B(0, R).

From Theorem 4.5.1, we now derive a novel generalisation bound allowing deterministic
predictors.

Theorem 4.5.2. Let 6 € (0,1) and P € M(H) a data-free prior. Assume H has
a finite diameter D > 0, ¢ > 0 and that for any m, the generalisation gap Ag,
is G gradient-Lipschitz. Assume that Ej, pE,p[l(h, 2)?] < o2, then the following
holds with probability at least 1 — 4, for any m > 0 and any Q:

202 log (%)
m

+ DEjq (thRD (h) vhRS H)

A G
Rp(Q) < Rs,.(Q) + 5 W5(Q, P) +

Proof is deferred to Appendix C.3.7. Theorem 4.5.2 is not the first generalisation
bound to involve a 2-Wasserstein distance (LuGos! and NEU, 2022; Lucost and
NEU, 2023). However, those results involve infinitely smooth loss functions. Also,
results from AMIT et al. (2022), Chapters 5 and 6 using 1-Wasserstein can be directly
relaxed on bounds involving the 2-Wasserstein, while still requiring a Lipschitz loss.
On the contrary, our result holds for any nonnegative gradient-Lipschitz Ag, , which is
well-suited for optimisation. Theorem 4.5.2 involves a slow rate of ﬁ as we have to
control the generalisation gap w.r.t. to P. It is possible to make appear the gradients
expected over P using the QSB assumption, but we have no reason to expect those
gradients to be small, we then controlled this term uniformly by o2. Another restriction
of our result compared to previous ones is that it holds for H having a finite diameter,
however, having a small expected ||V,Rp — V,,Rs, || over Q (which is the case when
flat minima on both empirical and true risks are reached) allows taking D large, and
thus, having good approximations of measures on a Euclidean space through orthogonal
projections as in Corollary 4.5.1.
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4.6 An empirical study of Assumption 4.3.1 for
neural networks

In this section, we check empirically whether the QSB assumption is verified for neural
networks. This allows us to verify if Theorem 4.3.2 is useful to understand the gener-
alisation ability of neural nets.

Experimental protocol. We consider classification tasks on two datasets: MNIST (LE-
CUN, 1998) and FashionMNIST (X1A0 et al., 2017). We kept the original training set
S, and the original test set denoted by 7, (of size n). We consider the convolutional
neural network of SPRINGENBERG et al. (2015) adapted for MNIST and FashionM-
NIST. The model is composed of 4 layers containing 10 channels with a 5x 5-kernel; we
set the stride and the padding to 1, except for the second layer, where it is fixed to 2.
Each of these (convolutional) layers is followed by a Leaky ReLU activation function.
Moreover, an average pooling with a 8 x8-kernel is performed before the Softmax acti-
vation function. To initialise the weights of the network, we use GLOROT and BENGIO

(2010) uniform initializer, while the biases are initialised in [—\/%ﬁ, +1/\}%] uniformly

(except the first layer, the interval is [—£,+1]). Hence, in this case, H is the set of
neural networks with a fixed architecture, and parametrised with a vector w. While the
posterior distribution Q is a Gaussian measure A/(w, 02Id) centered on the parameters
w associated with the model; o is set to 10~*. Note that this distribution respects
the Poinc(cp) assumption; see Section 4.3.1. We train the neural network with the
(vanilla) stochastic gradient descent algorithm, where the batch size is equal to 512,
and the learning rate is fixed to 1072, We train for at least 10 gradient steps and
finish the current epoch when this number of iterations is reached. Our loss ¢ is the
bounded cross-entropy loss of DzIUGAITE and ROY (2017, Section D).

In Figure 4.1, we report the evolution of three quantities: (i) the estimated value of
C, (ii) the test risk Ry, (Q) and (iii) the test risk with the 01-loss. More precisely,
for computational reasons, the risks and C' are estimated by sampling one hypothesis
h ~ @Q and by computing the values on a mini-batch of 7, (with 512 examples) at
each iteration. Then, Figure 4.1 represents averaged values on 5 runs, each point of
the curve representing the average on 100 iterations of the training process (for 10*
iterations we only plot 10? averaged points for clarity).

Empirical findings. Figure 4.1 illustrates that, when neural networks are involved for
two classification tasks, () evolves during the optimisation process while maintaining
the QSB property with constant C' < 1. For both MNIST and FashionMNIST, the
constant C' decreases from approximately 0.55 to 0.45. We deduce two things from
this: (i) the learning phase, while optimising If{gm also gain in generalisation ability,
shrinking the averaged loss on new data which is translated by a smaller C; and (ii),
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Figure 4.1. Evolution of the test risks (with the 0l-loss and the bounded cross-
entropy loss) and the value of C' during the training phase.

having a data-free P (0 iteration) being QSB with C' < 1 suggests that the architecture
of our neural network also has an influence on the QSB assumption. As precised in
Section 4.3, having C' < 1 attenuates the impact of the KL term, thus P. This is
desirable as it allows the optimiser to deeply explore the predictor space when P yields
poor performances. We also note that the generalisation ability of Q on the training
loss nearly matches the performance on the 0-1 loss for MNIST but is deteriorated
for FashionMNIST, this invites to study more deeply the design of such surrogates in
future work.

Finally, the take-home message of this study is that the QSB assumption is verified for
neural networks on MNIST. Such an empirical confirmation is crucial as it is required for
our main result (Theorem 4.3.2) and thus confirms that, for neural networks, reaching
flat minima during the optimisation phase translates in increased generalisation ability.

4.7 Conclusion

This chapter showed that it is possible to exploit the benefits of a successful op-
timisation process to obtain faster rates, making a promising step forward a better
understanding of deep neural networks, whose generalisation ability correlates well to
flat minima. However, while we exploited potential benefits of optimisation process, we
still do not know whether an optimisation algorithm will reach a flat minima. This is
somewhat unconsistent as optimisation processes are often supported by deterministic
convergence guarantees. To fill this gap we show in Chapter 5 that it is possible to
incorporate directly optimisation guarantees onto PAC-Bayes bounds.
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WASSERSTEIN PAC-BAYES
LEARNING: EXPLOITING
OPTIMISATION (FUARANTEES TO
EXPLAIN GENERALISATION

This chapter is based on the following papers

MAXIME HADDOUCHE and BENJAMIN GUEDJ. Wasserstein PAC-Bayes Learning:

Exploiting Optimisation Guarantees to Explain Generalisation. (2023)
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Abstract

To make PAC-Bayes consistent with practical optimisation which often considers
deterministic predictors, we need to consider PAC-Bayes learning beyond the KL
divergence term which has been a cornerstone of PAC-Bayes since its emergence.
In this chapter, we develop PAC-Bayes learning with Wasserstein distances,
allowing to trade statistical assumptions for geometric ones. We also develop an
explicit bridge with optimisation by incorporating the convergence guarantees of
the Bures-Wasserstein SGD into a generalisation bound. This is possible when
considering the prior distribution as the learning objective.
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5.1 Introduction and state-of-the-art results

In Chapters 2 to 4, we challenged many information-theoretic visions of PAC-Bayes
(Figure 1.1) by limiting statistical assumptions, attenuating the impact of the prior
seen as initialisation in both batch and online settings. However, we always involved
a KL divergence term as a complexity measure of the predictor space, and this term
is strongly linked to information theory. Indeed, a KL divergence focuses on posteriors
being absolutely continuous w.r.t. the prior, meaning that it is possible to transfer in-
formation to posteriors with similar shape to the prior (and thus a finite KL divergence).
While this vision makes perfectly sense from an information theoretic perspective, it
is harder to justify such a condition from an optimisation stance. Indeed, Dirac prior
and posterior (i.e. deterministic predictors) are often considered in practice and this
makes the KL infinite. Furthermore, KL divergence suffers from limitations as it does
not satisfy classical properties such as the triangle inequality or even symmetry: it is
challenging to exploit geometric properties of the measure space and the loss function
through it. Then we might ask whether it is possible to maintain the flexibility of
PAC-Bayes by involving another complexity measure, more compatible with optimisa-
tion. In this chapter we will develop PAC-Bayes learning theory based on Wasserstein
distances, issued from optimal transport and compatible with such considerations.

PAC-Bayes learning with Wasserstein distances. A recent line of work led by
AMIT et al. (2022) investigates PAC-Bayes generalisation bounds with a Wasserstein
distance rather than the KL. This idea has been simultaneously developed by OHANA et
al. (2023) for sliced adaptive Wasserstein distances. Also the recent work of MBACKE
et al. (2023) provides PAC-Bayesian bounds for adversarial generative models where
the quantity of interest is a Wasserstein distance (although the complexity measure
remains a KL divergence).

In the present chapter, we propose a major development of the emerging Wasserstein
PAC-Bayes (WPB) theory. AMIT et al. (2022) provided the first high-probability WPB
bounds with explicit convergence rates (for bounded losses) only for finite predictor
classes or for linear regression problems. We extend those results to a broader frame-
work including uncountable predictor classes and unbounded losses. We first propose
a novel WPB bound valid on any compact for bounded lipschitz losses. From this, we
demonstrate that the WPB framework allows to bypass both the compactness assump-
tion on the predictor class and the bounded loss assumption: Wasserstein PAC-Bayes
only requires Lipschitz or smooth functions to be used. We obtain explicit bounds for
the case of prior and posterior distributions taken within a compact space of Gaus-
sian measures. We also extend those results to the case of data-dependent priors,
which is of interest when one compares the output of an algorithmic procedure to its
minimisation objective.
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As Wasserstein distance recently appeared as complexity measure in expected gener-
alisation bounds (see e.g. RODRIGUEZ-GALVEZ et al., 2021), the high-probability
Wasserstein PAC-Bayes bounds presented here investigate deeper this lead. We also
go a step further by showing that Wasserstein PAC-Bayes allows to reap the bene-
fits of optimisation guarantees within generalisation. To the best of our knowledge,
no previous PAC-Bayes bound has achieved this goal. More precisely, we focus on the
Bures-Wasserstein SGD (ALTSCHULER et al., 2021; LAMBERT et al., 2022) and show
that the output of this algorithm, with enough data, after enough optimisation steps,
is able to generalise well, independently of the quality of the initialisation point. The
take-home message is that if an optimisation method has convergence guarantees with
respect to a Wasserstein distance, then WPB theory allow us to determine, before any
training, whether the algorithmic output will generalise well.

Outline. The reminder of this chapter is structured as follows: we state in Sec-
tion 5.1.1 the framework and notation. In Section 5.1.2, we describe how current
PAC-Bayes procedures are designed and how their efficiency is evaluated, and we dis-
cuss current limitations. In Section 5.1.3, we describe our main contributions, showing
how we establish a WPB theory (using techniques which differ from those in AMIT
et al., 2022) in order to exploit the optimisation results of LAMBERT et al. (2022).
Section 5.2 gathers results for compact predictor spaces, Section 5.3 gives WPB bounds
for Gaussian prior and posterior, Section 5.4 contains a WPB bound with a data-
dependent prior for unbounded Lipschitz losses. Section 5.5 establishes a link between
optimisation and generalisation by exploiting the results of LAMBERT et al. (2022) to
establish new generalisation guarantees for the Bures-Wasserstein SGD. We defer to
Appendix D.1 additional background notes and to Appendix D.2 proofs which are not
essential to the understanding of our contributions.

5.1.1 Framework

Learning theory framework. We consider a learning problem specified by a tuple
(H, Z,0) of a set H of predictors, a data space Z, and a loss function ¢ : H x Z — R.
We consider a finite dataset S,;, = (2;)ic{1.m} € Z£™ and assume that sequence is i.i.d.
following the distribution D. We always assume that H C R?, we denote by ¥4 the
associated Borel o-algebra and we denote by ||.|| the classical Euclidean norm. We
denote by M(H) the set of probability measures on 7. We denote by P, (H) (resp.
P2(H)) the subspace of M(H) of with finite order 1 (resp. order 2) moments w.r.t.

Definitions. The generalisation error Rp of any predictor h € H is Rp(h) =
E.-p[l(h,z)], the empirical error of his Rs,, (h) = = 3> (h,z;). The generalisation
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gap of any h is the quantity Ag (k) = Rp(h) — Rs,,(h) and, for any Q € M(H),
As, (Q) = EnqlAs,,(R)]. In what follows, we let B(x,r) (resp. B(x,r)) denote
the ball (resp. closed ball) centered in x € R? of radius r. We define the Gibbs
posterior associated to the prior P € M(H) as the measure P_,s_ such that
dP_ g, o< exp(=ARs,, (.))dP(.).

We denote by BW(R?) C P,(R?) the set of non-degenerate Gaussian distributions,
also known as the Bures-Wasserstein space. For a measurable function 7' : R? —
R, and a measure P € P;(R?) we let T#P denote the measure such that for any
B € Yga, T#P(B) = P(T7'(B)). For any R > 0, we denote by P the projection
over B(0Ora, R). Finally, as we consider compact sets of BW(R?), we define for any
0<a<p,M?>0 the set

Capar = {N(m,%) € BWR) | ||m|| < M, ald = 3 < fId}.

5.1.2 PAC-Bayes and optimisation: limits and caveats

Optimisation in PAC-Bayes. PAC-Bayesian generalisation bounds are meant to
control how well measures derived from a learning algorithm perform on novel data.
Those bounds involves a complexity term which is typically a Kullback Leibler (KL)
divergence. A prototypic bound is as follows: with probability 1 — ¢, for all measure

Q,

A, (Q) < 1 CMPQ)

m

where COMP is a complexity term involving a data-free prior P and an approximation
term 1 — 9. From an optimisation perspective, this upper bound can be seen as
a learning objective, where COMP acts as a regulariser to avoid overfitting on the
empirical risk:

Q= argminﬁgm(Q) - COLP(Q)
QeEM(H) m
Such algorithms are build to ensure a candidate measure with a good generalisation
ability. However the convergence of the optimisation process remains unclear: as
v COMP is not necessarily convex in QQ, it is unclear whether an optimisation procedure
on the previous learning objective will lead to Q (or a good approximation of it). A
good introductory example is to optimise the PAC-Bayesian learning objective for the

following complexity term, holding for a loss ¢ being in [0, 1]:

COMP(Q) _ KL(Q.P) ,

m ’ A om’
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with A being usually fine-tuned over a countable grid. This objective, linear in the KL
divergence term is optimised by the Gibbs posterior:

dQ*(h)  exp(—=ARs,, (h))dP(h).

This distribution, while being known analytically, may be hard to compute in practice.
A class of methods dedicated to compute or approximate this posterior distribution are
the Markov Chain Monte Carlo (MCMC) methods that rely on carefully constructed
Markov chains which (approximately) converge to Q*. However, MCMC methods can
be computationally costly and other methods were studied to obtain quickly surrogates
of Q*. In particular, Variational Inference (V1) has been developed as a time-efficient
solution. VI algorithms aims to estimate a surrogate Q) of Q*, often chosen within
a parametric class of measures such as Gaussian measures. For instance, in order to
approximate QQ* it is natural to consider the following surrogate:

Q = argmin KL(Q, Q"),

QeC

where C is a subset of M(?). When C is the set of Gaussian measures (also known
as the Bures-Wasserstein manifold), the convergence of the associated VI algorithm
has been studied (ALTSCHULER et al., 2021; LAMBERT et al., 2022). This candidate
Q is approximated after N optimisation steps by a measure QN and is then used in
McAllester's bound to assess its efficiency:

KL(Qw, P) + log(m/)

2m

Asm(QN) < J (5.1)

Role of the prior P. From an optimisation perspective, the conclusion of (5.1) is
that if QN is a good approximation of Q and if the initialisation P is well-chosen, then
the generalisation ability Q is guaranteed to be high. Assuming such a condition on P
may be unrealistic. Furthermore the term KL(QN, P) acts as a blackbox as we do not
have a theoretical control on how far Q and QN diverge from the prior. In particular if
the prior is ill-chosen, then we could have KL(Qy, P) = O(m), making (5.1) vacuous.

Data-dependent priors are not enough to explain the generalisation gain
through optimisation. As shown above, in order to have a sound theoretical control
on the generalisation ability of the algorithmic output QN, it is irrelevant to compare
it to the initialisation P. Thus, it is legitimate to wonder if the existing PAC-Bayesian
techniques using data-dependent priors are enough to fill this gap. To do so, we identify
two strategies.
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1. Taking Q* as a 'prior’ distribution (as advised by DZIUGAITE and RoyY, 2017)
is, at first sight, a convincing answer. However, the use of KL divergence is
problematic. Indeed, we cannot make () appear easily in Equation (5.1) which
is the relevant point of interest. Furthermore, to our knowledge, there is no VI
algorithm which guarantees that KL(QN, Q*) is decreasing.

2. The prior is obtained from an algorithmic method on a fraction of training data.
Then, such a bound does not inform us whether the considered optimisation
method has been able to reach an optimum during the training phase: similarly
to a test bound, it mainly assesses the post-training efficiency of the output of
the learning algorithm. A relevant example is Table 3 of PEREZ-ORTIZ et al.
(2021a) which considers data-dependent priors obtained through SGD. Then as
the performance of the prior and the posterior is roughly similar, it is hard to
determine whether the associated theoretical guarantee is more meaningful than
a test bound as the prior measure could have already converged near a local
optimum.

A strategy to replace (5.1). In order to assess whether the output of a learning
algorithm enjoys high generalisation, a PAC-Bayes bound should satisfy the following
generic form:

FINYD(P, Q) + ¢ + log(m/é)

2m

As, (Qu) < J ; (5.2)
where f is a function decreasing to 0 as N goes to infinity, which comes from the opti-
misation procedure, D is the way to measure the discrepancy between P, Q (classically
it would be the KL divergence) and ¢ is a residual term which could contain for instance
the discrepancy KL(Q*, Q) between the approximation and the true minimiser. Such
a guarantee would give theoretical evidence that the generalisation ability of QN is
€+10g(m/6)) '

independent of the choice of the initialisation point P and tends to O < p
To the best oonur knowledge, there is no work proposing an optimisation procedure
such that KL(Qn, Q) < f(N)KL(P,Q). This lack is unfortunate but not surprising
as the KL divergence is not a distance: it is not easy to incorporate optimisation

guarantees, often based on geometric properties of the loss, into the KL divergence.

Our aims in this chapter. A legitimate question is then: is it possible to extend the
PAC-Bayes theory beyond the KL divergence in order to explain before training, with
a bound of the form of (5.2), whether the output of optimisation procedure have high
generalisation ability? We structure the present chapter to provide a positive answer
to this question. More precisely we develop a WPB bound of the form of (5.2) for the
output of the Bures-Wasserstein SGD (LAMBERT et al., 2022).
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5.1.3 Summary of our contributions

To make PAC-Bayes learning useful to explain the generalisation ability of minimis-
ers reached by optimisation algorithms, we develop theoretical results built around
Wasserstein distances whose definitions are recalled below.

Definition 5.1.1. The 1-Wasserstein distance between P, Q € P;(H) is defined
as

P)= inf [ llz—ylld
Wi(@QP)= _inf [, Ilz—vlldr(@.y),

where TI(Q, P) denote the set of probability measures on H? whose marginals are
Q and P. We define the 2-Wasserstein distance on Py(H) as

WaQP) = [_jnt [ lle—slPar(e.y).

mell(Q,P)

AMIT et al. (2022) provided a preliminary WPB bound, being explicit for the case of
finite predictor classes and linear regression problems. To do so, they exploited the
Kantorovich-Rubinstein duality (see, e.g., Remark 6.5 in VILLANI, 2009) of the 1-
Wasserstein distance. We exploit another duality formula (Theorem 5.10 in VILLANTI,
2009) valid for any cost function (in the framework of optimal transport). This leads
to a WPB bound valid for uniformly Lipschitz loss functions.

Definition 5.1.2. We say that a function ¢ : H x Z — R is uniformly K-Lipschitz
if for any z € Z, ((.,z) is K-Lipschtiz. We also say that a function is uniformly
L-smooth (or simply smooth) if for any z € Z, its gradient V/(.,z) is L-Lipschitz.

A WPB bound for compact predictor classes. We first extend the PAC-Bayes
framework to the case where the discrepancy between measures is expressed through
the 1-Wasserstein distance. It is stated as follows: for uniformly K-lipschitz functions

bounded in [0, 1] with H C Bg := B(0ra, R), we have for any prior P € M(H), with
probability at least 1 — §, for any posterior distribution Q € M(H)

2d log (3%)

As, (Q) <O JZK(2K+ 1) (1+Wy(Q,P)) + logn@

This bound extends the WPB bound of AMIT et al. (2022) to the case of a compact
space of predictors. The proof technique exploits covering number arguments to prove
the Lipschitzness (with high probability) of a relevant functional. The duality theorem

- 05 —



5.1. Introduction and state-of-the-art results

of VILLANI (2009, Theorem 5.10) allows us to generate a local change of measure
inequality (see, e.g., DONSKER and VARADHAN, 1976) required to use PAC-Bayes
learning. This bound is stated in Theorem 5.2.2 and further discussed in Section 5.2.
However, this result does not cover the celebrated case of PAC-Bayes with Gaussian
priors and posteriors. We then develop the next result to address this important case.

WPB bounds with Gaussians measures for unbounded losses. Through the
calculus of the residuals of Euler's Gamma function we obtain in Theorem 5.3.1, stated
in Section 5.3, the following result when H = RY, for loss functions lying in [0, 1] being
uniformly K-lipschitz: for any gaussian prior P in a compact C, 5,y € BW(R?), with
probability at least 1 — 4, for any posterior distribution Q € C,

As,, (Q)]
dl 1+2Rm ] m
<0 2K(2K+1>2 ) (1+@+wl(Q,P>) +“i§5> ,

m

where R = O(max \/dlog(d), \/log(m)). This shows that, using R as an hyperpa-
rameter, we are able to maintain nearly the same convergence rate than Theorem 5.2.2
at the cost of an extra factor of y/log(dm). Interestingly, we are able to remove in
Corollary 5.3.1 the boundedness assumption to obtain a WPB bound, valid for un-
bounded uniformly K-lipschitz function with an additional boundedness assumption
on sup, ¢(0,z). This bound is more sensitive to the dimension of the problem when
few data points are available. However, the asymptotic dependency remains (nearly)
unchanged, at the cost of an extra polynomial factor in log(dm):

() ss)

>|3

A5, (Q)I 0 &Ki (14 Wi(Q.P) + (14 K?log(m))

O hides a polynomial dependency in (log(d),log(m)). This result is further discussed
ion Section 5.3. The underlying proof technique is general enough to deal with (possibly
unbounded) convex smooth loss functions. More details are gathered in Theorem 5.3.2
and Cor. 5.3.2.

A WPB bound with data-dependent prior. As we aim to intricate optimisation
guarantees with generalisation bounds, we have to overcome the Bayesian paradigm
of data-free priors which sets the prior distribution as a comparison point. Here, it is
necessary to compare the candidate posterior with the optimisation goal. To do so,
we elaborate in Section 5.4 on the idea of DZIUGAITE and ROY (2018b) who exploit
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differential privacy to obtain PAC-Bayesian bounds allowing to take data-dependent
priors. We show that it is possible to maintain the asymptotic convergence rate of
Corollary 5.3.1 when taking as 'prior’ a Gibbs posterior. We introduce the following
theorem holding again when H = R?. For any gaussian prior P living in C,, 557, with
probability at least 1 — 9, for any posterior distribution Q € C, s, We have the
following asymptotic convergence rate

log ()

25,(Q) <0 szi (1+Wi(@QP -

ko)) + (1 + K2log(m))

A
2K Sm

We also study non-asymptotic regimes in Theorem 5.4.1. While DZIUGAITE and
RoY (2018b) exploited differential privacy results for the Gibbs posterior when the loss
function is bounded, we successfully extended these results to (possibly unbounded)
uniformly Lipschitz losses. This is not specific to the WPB framework and may be of
independent interest.

PAC-Bayes provides generalisation guarantees for the Bures-Wasserstein SGD.
While working on WPB theory, we notice a shift from classical assumptions due to the
KL divergence. Indeed, statistical assumptions (such as subgaussiannity, bounded vari-
ances) are transformed into geometric assumptions such as Lipschitzness and convex
smoothness when Wasserstein distances are involved. We exploit in Section 5.5 WPB
theory to provide generalisation guarantees for the Bures-Wasserstein SGD (recalled in
Algorithm 2) which approximates the best Gaussian surrogate Q of Q* := P—ﬁﬁsm
(in the sense of the KL divergence, see Section 5.5 for more details). More pre-
cisely, we show that the KL divergence and Wasserstein distances are linked within the
WPB framework: the (KL-based) PAC-Bayesian learning objective of CATONI (2007),
which outputs the Gibbs posterior Q*, can be approximated by QN, the output of
the Bures-Wasserstein SGD after IV optimisation steps, which is provably close from
Q with respect to the 2-Wasserstein distance (see Theorem 5.5.1). Within the WPB
framework, this link is translated in Theorem 5.5.2 as a generalisation bound ensuring
that asymptotically, the minima reached by the Bures-Wasserstein SGD has a strong
generalisation ability.

Concretely, for N large enough, for uniformly K-lipschitz, convex, smooth loss func-
tions we have the following asymptotic guarantee with probability 1 — 9:

A = A log (&
|As,, (Qn)| <O \IQKi (1+Wi(Q Q) + (1 + K2 10g(m))g77£<5)
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Thus, the WPB framework is enough to provide an explicit convergence rate for the
generalisation gap avoiding the comparison to an arbitrary prior. Instead, this bound
shows that a (long enough) run of the Bures-Wasserstein SGD with enough data (or a
Lipschitz constant small enough) leads to a minimiser with a high generalisation ability.
Furthermore, Theorem 5.5.2 is a reformulation of (5.12) which is, to our knowledge,
the first PAC-Bayesian bound of the form (5.2) with D = \/dW, and

e = O(/dW.(Q, Q).

This provides elements of answer to the question listed in Section 5.1.2 and concludes
this work.

Discussion about the assumptions For the sake of clarity, we provide in Fig-
ure 5.1.3 the topography of our main results. We focus on the assumptions required
to state each of the results and doing so, we aim to give to the reader a broader vision
of when can these bounds be applied. We stress that the Lipschitzness assumption is
at the core of all results, except Theorem 5.3.2 and Cor. 5.3.2. Convexity is required
to use differential privacy and to obtain Theorem 5.4.1. Finally, we note that while the
results of LAMBERT et al. (2022) are usable with only smoothness and convexity, we
must add the uniform Lipschitz assumption to obtain Theorem 5.5.2. The question of
whether all these assumptions are minimal to perform WPB remains open.

5.2 PAC-Bayesian bounds for compact predictor
spaces

Here we establish WPB bounds for bounded losses when the predictor space is a
compact of R%. To intricate the 1-Wasserstein distance within the PAC-Bayes proof,
we design a surrogate of the change of measure inequality (DONSKER and VARADHAN,
1976) by exploiting the uniform Lipschitz assumption on the loss. To do so we need
to exploit the notion of covering number recalled below as well as Kantorovich duality
(VILLANI, 2009, Theorem 5.10). This notion of duality holds for any cost function
(in an optimal transport framework) contrary to the Kantorovich-Rubinstein duality
exploited by AMIT et al. (2022) which only holds when the cost function is a distance.
This result is recalled in Appendix D.1.1.

Definition 5.2.1 (Covering number). Let % C R%. An e-covering of # is a subset
C' of H such that H C U,ccB(x,€). The e-covering number of  is defined as

N(H,e) := min{n > 1| 3 an e-covering of H of size n}.
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WPB bound with WPB bound with
euclidean predictor space euclidean predictor space
and lipschitz loss and convex smooth loss
Residual of Eulers Residual of Eulers
Gamma function Gamma function
WPB bound with

compact predictor space
and bounded loss

Optimal transport
and statistics

Lipschitzness Convexity Smoothness

Differential privacy

WPB bound with
data-dependent prior

Optimisation

Generalisation guarantee for
Bures-Wasserstein SGD

Figure 5.1. An overwiew of the assumptions required to obtain the main results.
Assumptions are stated in blue, main results are in pink boxes and the proof technique
exploited to obtain such results are within grey boxes.

We also define the ¢, 1-Wasserstein to be W.(Q,P) = ¢ + W;(Q,P). This cost
function is essential to the analysis. We now state the main results of this section.
Additional background is gathered in Appendix D.1.1.

5.2.1 A Catoni-type bound

We propose here a WPB bound analogous to a relaxation of CATONI (2007, Theorem
1.2.6) stated for instance in ALQUIER et al. (2016, Theorem 4.1).

- 99 —



5.2. PAC-Bayesian bounds for compact predictor spaces

Theorem 5.2.1. For any ¢,6 > 0, assume that ¢ € [0, 1] is uniformly K-Lipschitz
and that H is a compact of R? bounded by R > 0. Let P € P;(H) be a (data-free)
prior distribution and assume we choose a parameter A such that

2m
0< A< — = Mnaz-
- K\J 2dlog(1 + 2£) + log(%)

Then, with probability 1 — § , for any posterior distribution Q € P (K),

W1(Q,P) + 2 4 log(2/0) N A

< —.
A3m<Q) <4Ke+ \ o

Note that we assumed the loss to be bounded, although this can be relaxed to sub-
gaussiannity at no cost. In Theorem 5.2.1, the range of A is restricted and the loss
required to be uniformly Lipschitz. Such restrictions do not exist in ALQUIER et al.
(2016, Theorem 4.1) which recovers a similar result with a KL divergence coming from
the change of measure inequality (DONSKER and VARADHAN, 1976). In WPB this
is required to have a control on Ag which is exploited in Kantorovich duality (Theo-
rem D.1.1). Furthermore, assuming Lipschitzness on a compact space is not restrictive
as it covers, e.g., all C! functions. Note that the smaller the Lipschitz constant K is,
the larger \,,q.. This is not surprising as, from an optimisation point of view, A acts as
a learning rate which determines the influence of data with respect to the regulariser
Wi (Q,P). A small K says that huge variations between data have a small influence
on the loss value, then we can give more influence to the training set without deteri-
orating much the generalisation ability of the posterior. This bound also says that it
is legitimate to consider a WPB learning objective analogous to the one derived from
ALQUIER et al. (2016, Theorem 4.1) (which yields Gibbs posteriors):

Wi(Q,P) n A

Theorem 5.2.1's proof is stated below and mixes up several arguments from optimal
transport with PAC-Bayes learning through covering numbers.

Proof of Theorem 5.2.1 Step 1: define a good data-dependent function. We
define, for any sample S,,, and predictor h € H,

fsn(h) = AAs,, (h).

This function satisfies the following lemma:
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Lemma 5.2.1. Let £ > 0 assume that 0 < A <

i _ 2m .
%[ (N(H,sﬂ)' We have, with
0og 3

probability 1 — 0 for all h, A/ € H, for any P:

fsn(h) = fs,. (W) <2(1+2XK)e + ||h — I||.

Proof of Lemma 5.2.1. We rename here N := N(H,¢). There exists an e-covering
C :={hy,...,hy} of H of size N. Then for any h, ' € C?, we have:

Fsn(h) = fs (R ZE (h,z) — £(W'z)] — (L(h, z:) — (W, 2:))
mo
We know that for any h, b/, z, |0(h,z) — £(h',z)| < K||h — }||. Then, applying

Hoeffding's inequality for all pairs h, h’ € C* and performing an union bound gives
that with probability at least 1 — ¢, for all pairs (h,h') € C? :

log (X2
s () = s, () < %Q(Wj)wuh ~ K]l

So for any h,h' € H? there exists ho, hfy € C? such that ||h — hy|| < e and
||h" — hgl| < e. Thus, we have

fsn(h) = fs,.(B) = fs,.(h) = fs,.(ho) + fs,.(ho) — f(hg) + fs,.(ho) — fs,.(R')
< 20K (||h — hol| + [|A — hgl]) + logQ(Wf))\KHho—héH

log (X
< 4AKe + mAKHhO — h|.
2m

By the triangle inequality, ||ho — (|| < ||k — R/|| + 2¢ so we finally have with
probability at least 1 — §, for any h, ' € K?:

, log (NTQ) )
fs,.(h) — fs, (h) < 4\Ke + T/\K(ngL [|h — R'|]).

2m

- 1
Using A < 5 log(N ) and upper bounding concludes the proof. [ |

Step 2: A probabilistic change of measure inequality for fs . We do not have for
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the Wasserstein distance such a powerful tool than the change of measure inequality.
However, we can generate a probabilistic surrogate on P;(#) valid for the function

S50

Lemma 5.2.2. For any € > 0, any § > 0, any

1 2
O<)\§E w%;

we have with probability 1 — § over the sample S,,, for any P € P;(K)

<QES7131¥()K) Erealfs, ()] — 2(1 + AK)e — Wi(Q, P>) < Eneelfs, (0)].

Proof of Lemma 5.2.2. Firstly, we introduce the cost function c.(z,y) = ¢+ ||z —
y||. From this we notice that we can rewrite the ¢, 1- Wasserstein distance:

W.(Q,P)= inf / c.(z,y)dm(z,y).
Q.P)=__inf  [.Ccl&y)dr(zy)
Remark that because Wy is a distance, then W, is symmetric. Furthermore, if we
fix X = Y = H and we notice that ¢. > 0, then the condition for Kantorovich
duality is satisfied. Thus, we apply Theorem D.1.1 as follows: forall Q,P € P;(H):

(Q,P) = W.(P, = ' / € ) )
W(Q,P) = We(P,Q) o ., G, ha)dm(ha, ia)

- h)dQ(h) — h)dP(h
D @) [ vmaQm) — [ amapn)

= sup [En~qlt(h)] — Enplo(R)]] -
(,9)eL (Q)x L*(P)
Y—¢p<ce
A crucial point is that for a well-chosen A with high probability, the pair (fs,,, fs,.)
satisfies the condition stated under the last supremum. It is formalised in the
following lemma.
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2m

Lemma 5.2.3. For any e > 0 any d >0, any 0 < A < % W , We
log 76’8

have with probability at least 1 — d over the sample S,, that, for all measures

Q,P € Pi(H)*:
- me € Ll(Q>7L1(P)v
» forall h, W' € H?, fs, (k) — fs,, (W) < ca(h, ) with &' := 2(1 4 2\K)e.

Thus, Kantorovich duality (Theorem D.1.1) gives:

( sup Enqlfs,.(h)] — Wg/(Q,P)> < Ep~plfs,. (h)];

QEP1(H)

and using W = &’ + W, and the definition of &’ concludes the proof.

Proof Proof of Lemma 5.2.3. Because the space of predictors H is compact
and that for any z € Z, the loss function ¢(.,z) is K-Lipschitz on #, then
both the generalisation and empirical risk are continuous on H. Thus |fs, |
is also continuous and, by compacity, reaches its maximum Mg on H. Thus
for any probability P on H,Ejp[|fs,, (h)|]] < Ms < +oo almost surely. This
proves the first statement. We notice that the second statement, given the
choice of ), is the exact conclusion of Lemma 5.2.1 with probability at least
1 — 4. So with probability at least 1 — ¢, Kantorovich duality gives us that for
any P, Q with ¢’ = 2(1 + AK)e,

Enqlfs. ()] — En~plfs,. ()] < W (Q,P).

Re-organising the terms and taking the supremum over Q concludes the proof.

This concludes the proof of Lemma 5.2.2. [ |

Step 3: The PAC-Bayes route of proof for the 1-Wasserstein distance.
We start by exploiting Lemma 5.2.2: for any prior P € P;(K), for

=K log (RETY

with probability at least 1 — /2 we have

(500 Euvalis, (0] - (21 + 2AK)e = Wi(Q,P)) < Eveelfs (1)
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We then notice that by Jensen's inequality,

En~plfs,, (h)] < log (Epplexp(fs,, (h))]) -

Then, by Markov's inequality we have with probability 1 — §/2

Ermrlfs, (1] < 1og () + 108 (EsEn [exp(fs, (W)

By Fubini and Hoeffding lemma applied m times on the iid sample S,,,, we have
)\2
EsEnvp [exp(fs,. (h))] = BavpEs [exp(fs,, (R)] < o .
Taking an union bound gives us with probability 1 — ¢, for any posterior Q:

Wi(Q,P) +2¢ +1og(2/5) A
+ =
A 2m

En~q[Rp(h)] < Envq[Rs,, (h)] + 4Ke +
Finally, we know that H is bounded by R so by Proposition D.1.1 we have
N? = N(B(0, R),¢)? < (14 2mR)*.

Thus, we can take \ equal to

1 2m
K\ 2dlog(1 + 2£) +log(3)

This concludes the proof.

5.2.2 A McAllester-type bound

We now move on to a McAllester-type bound, which can be tighter than Theorem 5.2.1
for large values of the 1-Wasserstein.

Theorem 5.2.2. For any 6 > 0, assume that ¢ € [0,1] is uniformly K-Lipschitz
and that H is a compact of R%. Let P € P;(H) a (data-free) prior distribution.
Then, with probability 1 — § , for any posterior distribution Q € P;(H):

(W1(QP) +2,) + ”0“75;”)

2d log (3120 )

A, (Q)] < J2K(2K+ 1)

o (%) 2m

with ¢, — —% <2+\/1og(§)+2dlog(1+23m)> _ O<1+ dlogg?m))_
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We deteriorate the bound of AMIT et al., 2022 by transforming a convergence rate of

Wl(Q7P>
m

for finite predictor classes onto a \/(KdVVl(Q, P)+1) % for compact classes. This
deteriorated rate is the price to pay to consider a general WPB bound for an uncount-
able number of predictors. However, notice that the dimension dependency can be
attenuated through the Lipschitz constant, with the limit rate of

log (%)
m

O

which is dimension-free and is a consequence of the statistical component of PAC-
Bayes learning. Furthermore, note that this proof technique allows us to recover
the rate of AMIT et al. (2022) rate when considering finite classes. The proof of
Theorem 5.2.2 involves similar arguments to the one of Theorem 5.2.1, therefore we
defer it to Appendix D.2.1.

5.3 PAC-Bayesian bounds for Gaussian
distributions

In this section we develop McAllester-type WPB bounds on an Euclidean predictor
space. Indeed, in PAC-Bayes learning, considering this predictor space is common
as PAC-Bayesian objective often focuses on Gaussian priors and posteriors (see, e.g.,
DzIUGAITE and RoY, 2017; AMIT and MEIR, 2018). Those bounds build up on
Theorem 5.2.2 and the overall conclusion is the following: when considering functions
with interesting geometric properties (i.e., Lipschitzness or smoothness) on R?, WPB
bounds hold for Gaussian priors and posteriors over H = R? at the cost of negligible
extra terms (Theorems 5.3.1 and 5.3.2). More importantly, we show that in this setup,
the assumption of a bounded loss is not required anymore to perform WPB: only
boundedness on a compact is needed. Thus, we propose WPB bounds for unbounded
losses (Corollaries 5.3.1 and 5.3.2).

Two sets of assumption. Previously, we assumed two assumptions on the losses:
uniform Lipschitzness (Definition 5.1.2) and boundedness (in [0,1]) on a compact
of R, We provide below to novel sets of hypotheses which encapsulates previous
assumptions while allowing the loss to be unbounded on all R?.

= (A1) ¢ is uniformly K-Lipschitz over #, and sup,cz |[¢(0,2)|] < D < +o0.
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» (A2) For any z € Z, {(.,z) is continuously differentiable over H, ¢(.,z) is also
a convex L- smooth (i.e, its gradient is L-Lipschitz) and sup,.z ||V4€(0,2)|| <
D < +o0.

Example 5.3.1. Recall that # = R? and let ¢ : H — R%. Also, let ¢ : Z — R4
such that ¢(Z) is bounded by C;, > 0. We assume that both ¢, ¢ are continuously
differentiable and that V¢ is G-Lipschitz. Note that the ||¢|| is possibly unbounded
on H. Then (A2) holds for the loss function ¢(h,z) = ||¢(h) — 1 (2)||* Indeed,
Vil(h,z) = 2(Vp(h)—1(z)) so on any compact K bounded by R, V;/ is uniformly
2-Lipschitz. Also sup,cz||V40(0,2)|| < 2C. Note that on R? /(.,z) is not
necessarily Lipschitz for any z (take the case ¢ = Idra) so (A1) is not satisfied.

A brief summary of the proof technique. To extend Theorem 5.2.2 to the case
H = R?, we use the push-forward distribution Pr#P where P € C, 5 for fixed
a, 3, M (notation defined in Section 5.1.1). The interest of this is to use Theo-
rem 5.2.2 by considering projections of the Gaussian prior and posterior. When con-
sidering Gaussian distributions, the gap between projected distributions and original
ones is explicitly controlled. More precisely, for any R > 0 large enough, for any
P e Cu g0, Wi(P,Pr#P) is upper bounded. This is the conclusion of an important
technical lemma (Lemma D.1.2), stated with additional background in Appendix D.1.2.
We state below new WPB results with Gaussian distributions for Lipschitz functions
in Section 5.3.1 and for smooth functions in Section 5.3.2.

5.3.1 PAC-Bayesian bounds for Lipschitz losses

This section focuses on the case of Lipschitz losses. We show that when the loss is
uniformly Lipschitz, it is possible to maintain the tightness of Theorem 5.2.2 on all
R? when the loss remains bounded. We also show that it is also possible to obtain a
WPB bound when the loss function satisfies (A1) (i.e. with an additional boundedness
assumption on sup, ¢(0,z)), while remaining unbounded (Corollary 5.3.1).

Theorem 5.3.1. Assume that d > 3, H = R? and that the loss is uniformly
K-Lipschitz and lies in [0,1] over H . For any § > 0,0 < o < 5, M > 0, let
P € C, s m a (data-free) prior distribution. Then, with probability 1 — ¢ , for any
posterior distribution Q € Cy, g ar:

As,, (Q)]
dl 14+2Rm 1 3m
§2W+$2K(2K+1)2 Og(3 d ) (Wl(Q,P)+am)+Og7gl‘s>,
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with R = O(max\/dlog(d),\/log(m)) and «a,,, = 2(M + 1)# + em =

@) <1 + v/ dbgTEzRM) with &,,, defined in Theorem 5.2.2.

Theorem 5.3.1 shows that, at the cost of additional residual terms, it is possible to
maintain the convergence rate of Theorem 5.2.2 when considering Gaussian prior and
posterior within the compact C, g . The influence of «, 3,y appear in the explicit
value of R described as it is always taken in this work as the smallest value satisfying
the assumption Rad described in Appendix D.1.2. As in Theorem 5.2.2, the idea that
a small Lipschitz constant tightens the bound is still conveyed here and is of great
importance for Corollary 5.3.1 which provides a WPB bound for unbounded losses
with higher dimension dependency when few data is available.

Proof of Theorem 5.3.1. We take a specific radius R which is the smallest value
satisfying Rad. The proof starts with a straightforward application of Theo-
rem 5.2.2 on the compact B(0, R), with the prior Pr#P, and with high probability,
for any posterior Pr#Q with Q € Cy g s

|As,, (Pr#Q)|

2d log (3%) log (37’") |

< JQK(QK +1) (Wi(Pr#P, Pr#tP) + &m) +

From this we control the left hand-side term as follows:

|As,, (Q)] < |As,, (Pr#Q)| + |As,,(Q) — As,, (Pr#Q)|-

And we also have

185,(Q) ~ 6, (Pr#Q)| < Eneg (185, (h) — As, (Pa(h)]
— Evqlls, (h) — As, (Pr(W)([A]] > B)]
< 2q(|pll > B < 2222,

the last line holding thanks to Lemma D.1.2 and because Ag € [—1,1]. Also we
have by the triangle inequality:

Wi (Pr#P, Pr#P) < Wi(Q, (Pr#Q)) + W1(Q, P) + Wi (P, Pr#P).
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Because both Q,P € C, g, using again Lemma D.1.2 gives:

W1 (Pr#P, Pr#P) < W1(Q,P) +2(M + 1)5‘7{?.

We then have:

2
A6, (@) <27V
m
2d log (31+2hm log (3™
+J2K(2K+1) i )(WI<Q,P)+am)+TEf),
with a,,, = 2(M + 1)% + &, = O(1). This concludes the proof. |

A corollary for unbounded losses. We provably extend Theorem 5.3.1 to the case
of unbounded Lipschitz losses.

Corollary 5.3.1. Assume that d > 3, # = R? and that the (unbounded) loss
satisfies (A1l). Forany 6 > 0,0 < a < ,M > 0, let P € C, 3 a (data-
free) prior distribution. Then, with probability 1 — §, for any posterior distribution
Q € Cyp,m, the three following bounds holds.

Low-data regime (d > m)

As, Q<0 (J ZKfL (\/E+W1(Q,P)> + (14 K2d) 1Ogﬂg?)) ‘

Transitory regime (m > d, dlog(d) > log(m))

A5, (Q) <O JszL (1+W(Q,P)) + (1 + K2d) logng?)

Asymptotic regime (dlog(d) < log(m))

A log (%
’Asm(QHSO \lzKi<1+W1(Q’P))+(1+K210g(m)) g(é)

m

In all these formulas, O hides a polynomial dependency in (log(d),log(m)). For an
explicit formulation of the bounds, we refer to (5.5).
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The message here is that in Wasserstein PAC-Bayes, the bounded loss assumption is
not as important as in classical PAC-Bayes using KL divergence. Indeed, the geometric
constraints of WPB forced us to consider compact classes of Gaussian distribution and
Lipschitz losses. Having such geometric assumptions on the distribution space and the
loss is enough to exploit the properties of the 1-Wasserstein distance and to circumvent
the boundedness assumption. To avoid boundedness, we transformed the limit rate

log (%
([ ()
m
of Theorem 5.2.2 into
log (%
0 \J(1+K2d) (3)
m
for non-asymptotic regimes and
log (%
O \J (1+ K? log(m))@
m

for the asymptotic one. Thus, even when few data is available, a well constrained
(unbounded) Lipschitz loss is able to control the impact of the dimension. Note that,
in the small data regime, we have the highest dimension dependency. Note also that
the dimensionality of the learning problem is controlled by the Lipschitz constant with
the limit rate of

tog ()

m

which is dimension-free and is a consequence of the statistical component of PAC-Bayes
learning. To the best of our knowledge, our work is the first to exploit geometric prop-
erties of the loss to propose PAC-Bayes bounds for unbounded and heavy-tailed losses
with explicit convergence rates. Indeed, the existing literature on unbounded losses
exploits either general divergence properties (ALQUIER and GUEDJ, 2018; PICARD-
WEIBEL and GUEDJ, 2022), functional properties for heavy-tailed distribution (HOL-
LAND, 2019), uniform boundedness assumption on the loss over the data space (HAD-
DOUCHE et al., 2021) or concentration inequalities as in Chapter 2 or in KUZBORSKIJ
and SZEPESVARI (2019), RIVASPLATA et al. (2020), and JANG et al. (2023).
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Proof of Corollary 5.3.1. First, we start from Theorem 5.2.2 which gives, with
probability at least 1 — 9:

|As,, (Q)]

log(2) + 2dlog (1 + 2Rm)
m

log (377")
—

(5.4)

< JQK(zK +1) (Wi(Q,P) +em) +

This last bound holds for any uniformly Lipschitz function taking value on [0, 1]
on a compact predictor space bounded by a certain R. Let P € C,5nm. We
now assume (A1) and consider R to be the smallest value satisfying Rad. Let
' =1(/(D+2KR). We note Dr = D + 2K R, then on the ball B(0,R), ¢
takes value in [0, 1] (because the compact is bounded by R and the loss is K-
Lipschitz) and is K/Dg-Lipschitz. Applying Equation (5.4) with ¢ on B(0, R)
and multiplying by D gives, with high probability, for any Q € C, g u:

|As,, (Pr#Q)|

SDRJ K K log() + 2dlog (1 + 2Rm)

1 m
(W1 (Pr#P, Pr#P) + &) + 0g ( 5)

2—(2— +1
<DR+) m m

Dp

N——

log(}) + 2dlog (1 + 2Rm log {3
8(5) mg( )(Wl(pR#P:PR#P)"‘Em)"'D?% 7£6 ’

- J 2K (2K + Dp)

where ¢, = O (1) defined in Theorem 5.2.2. As in Theorem 5.3.1, we have:

W, (Pr#P, Pr#P) < Wy (Q,P) + 2(M + 1)%%.

We have

A5, (Q)] < 1As,, (Pr#Q)| + |As,,(Q) — As,, (Pr#Q)l,

And we have

A5, (Q) — As,, (Pr#Q)| < Envq[|As,,(h) — As,,(Pr(h))]]
= EnqllAs,.(h) — As,, (Pr(h))[L(|[R]| > R)].
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And because ¢ is K-Lipschitz, Ag is 2K-Lipschitz and we have:

A5, (Q) = As,, (Pr#Q)| < 2KE[||h — Pr(h)|[L(][2]] > R)]
< 2KE[||p|[L(][n]] > R)].

Finally, applying Lemma D.1.2 gives:

4,,(Q) = As,, (Pr#Q)| < 2K (M + 1)%% —o(1).
Then we have:
A5, (@) < 2K + )22
1 —
JzK@K;+Dmk%@)+2d£fO+ﬂRMJQNJQJU+amy+D%O%£6)

(5.5)

where a,, = O (1 4F \/‘“OgT(nM> defined in Theorem 5.3.1. Finally we exploit

that R = (’)(\/dlog(d), \/log(m)) (cf. Remark D.1.1) and D = O(1 + K*R),
to conclude the proof for all the three regimes. |

5.3.2 PAC-Bayesian bounds for convex smooth functions

This section is focused on convex smooth loss functions, which are well suited for
many optimisation objectives. We show that under (A2), it is possible to transform
Theorem 5.2.2 into a bound for smooth functions on all R? when the loss remain
bounded. We also show that it is possible to obtain a PAC-Bayesian bound for smooth
unbounded loss functions.

Theorem 5.3.2. Assume that d > 3, H = R? and that the loss satisfies (A2) and
lies in [0, 1] over H. Forany § > 0,0 <a < jg,M >0, let P e C,p a(data-
free) prior distribution. Then, with probability 1 — §, for any posterior distribution
Q € Ca,,B,M:

1+2Rm 3m
2108 () () ) + bgs& )

+J2DR@DR+1)
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with R = O (max ,/dlog(d), \/log(m)), Dr = D+ LR and a,, = O(1) is defined
in Theorem 5.3.1.

The key idea of the proof is to state that on a compact space, a smooth function is also
Lipschitz. Therefore, the proof follows the same route as the one of Theorem 5.3.1,
with additional technical steps. We then defer it to Appendix D.2.3. We note that,
even for bounded losses, the price to pay to consider smooth functions instead of
Lipschitz ones is an extra factor D = O(1 + R) when D > 0. Therefore, in the
general case we lose the idea that a tight smooth function will change the convergence
rate of the problem as in general the upper bound D of sup, |((Ora, z)| is greater than
zero. However, we are able to obtain results still useful when enough data is available.
We also show it is possible to obtain a WPB bound for unbounded convex smooth
functions.

Corollary 5.3.2. Assume that d > 3, H = R? and that the (unbounded) loss
satisfies (A2). Forany § > 0,0 < a < 5, M > 0, we assume that R > 0 is the
smallest value satisfying Rad. We assume that sup,. |[¢(0,2)|| = Dy < +00. Let
P € C, s m a (data-free) prior distribution. Then, with probability 1 — ¢ , for any
posterior distribution Q € C, 3, the three following bounds holds.

Low-data regime (d > m)

as.@l<of @ (\/z +W1(Q,P))

Transitory regime (d < m,dlog(d) > log(m))

5

26,(Q) <O J‘fn (14+W,(Q.P))

Asymptotic regime (dlog(d) < log(m))

1As,.(Q) <O (\/g(l + Wl(Q7P))) :

In all these bounds, O hides a polynomail factor in (log(d),log(m)). For a complete
formulation of the bounds, we refer to (5.6).

We remark that this theorem is particularly interesting in the transitory and asymptotic
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regime as, contrary to Corollary 5.3.1, we do not have a Lipschitz constant to attenuate
the impact of the dimension (indeed we have Dy = D + LR and in general D > 0).
However, this bound remains of great interest when many data are available as the
smoothness assumption is often used in optimisation.

Proof of Corollary 5.3.2. Firstly, we use Theorem 5.2.2 which state that for any
prior on a compact, loss function ¢ € [0,1] being uniformly K-Lipschitz on this
compact gives with probability at least 1 — 9:

log(2) + 2dlog (1 + 2Rm)
m

log (%”)
|As,, (Q)] < 42K (2K +1) (Wi(Q,P) +em) + ——.
Let P € Cyp,01. We fix R to be the smallest value satisfying Rad and we assume
(A2). On B(0, R), as seen in the proof of Theorem 5.3.2, ¢ is uniformly Dp :=

D + LR-Lipschitz, so ¢ is bounded on this ball by Cr := D, + RDr = O(1+ R?).

We apply Theorem 5.2.2 on the loss function ¢ = ¢/Cx and we multiply the
resulting bound by Cr. Recall that ¢’ takes value in [0, 1] and is Dr/Cg-Lipschitz.

We then have with high probability, for any Q € C,, g as:

|As,, (Pr#Q)|

3m
5

log(3) + 2dlog (1 + 2R log
0g(5) + 2dlog (1 + 2Rm) (wl(PR#P,PR#PHemHC%?S@’

m

< J 2Dg(2Dg + Cg)

where ¢, = O (1) defined in Theorem 5.2.2. As in Theorem 5.3.1, we have:

Wi (Pr#P, Pr#P) < W1(Q,P) +2(M + 1)@

We have:

1As, (Q) < |As,, (Pr#Q)| + |As,, (Q) — As,, (Pr#Q)],

And we have:

A5, (Q) — As, (Pr#Q)| < Envq [|As,, () — As,, (Pr(h))]]
= EnqllAs,.(h) — As,, (Pr(h))[L(|[R]] > R)].
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We study the last gap more carefully:
|As,, (h) = As, (Pr(h))| = E:[|t(h,2) — £(Pr(h), 2)|]

o D00 ) — (Pa(h), 2]
And we know that for any z, because ¢ is convex smooth:
((h,z) — £(Pr(h),2) < Vil(Pr(h),2)" (h — Pr(h)) + g!lh = Pr(R)I]
< Dl ~ Pa(®]| + 5 lIh — Pa()|Pl
We also have by convexity:

((Pr(R),z) — L(h,z) < Vi l(Pr(R),2)T (Pr(h) — h)
< Dg||h — Pr(h)||.

In any case, we have for any h, z:
L
|¢(h,z) — {(Pr(h),2)| < Dg||h — Pr(h)|| + §||h — Pr(R)[*.
Thus:

15,(Q) = As, (Pa#Q)| < DrEingllh ~ Pr(h)[1(1A]] > )]
+ 2 Enna [lI = Pa)PL(IH] > R)]

< DrEnnollIRIIL( 1A > R)

L

+ 5 Ennq [ IRIPL(IA]] > B)] .

And thanks to Lemma D.1.2, we finally have:

|&M@—A%@ﬁ@ﬂs@w+;M+myM+nﬁf.
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Then we have:

|As, (Q) < (DR + g(M + 1)> (M + 1)6;’1/B+

log(2) 4 2dlog (1 + 2Rm)
m

(Wl(Q> P) + Oém) + C}%bgglgn)7
(5.6)

J 2Dgr(2Dg + CR)

where «,,, = O (1 + \/dlogrffm> defined in Theorem 5.3.1. Finally, we exploit

that R = (’)(\/dlog(d), \/log(m)) (cf Remark D.1.1), that D = O(1 + R) and
Cr = O(1 + R?), to conclude the proof for all the three regimes. [ |

5.4 Wasserstein PAC-Bayes with data-dependent
priors

In PAC-Bayes learning, obtaining results holding with data-dependent priors is a widely
studied topic. The reason behind that is that it is more meaningful to compare the
posterior distribution, usually obtained via an optimisation procedure to a competitive
one (classically the Gibbs posterior) to ensure tight generalisation bounds. A classical
way to do so is to use differential privacy as in DzZIUGAITE and ROY (2018b). However,
their contribution relies on bounded losses to apply the exponential mechanism, a
useful tool to determine whether an algorithm is differentially private. We exploit new
theorems from MINAMI et al. (2016) and ROGERS et al. (2016) which allow us to
exploit differentially private priors when the loss is unbounded, convex and Lipschitz.
We recall in Appendix D.1.3 elements of differential privacy.

A PAC-Bayesian bound for Lipschitz convex losses with data-dependent prior.
We now state a PAC-Bayes theorem valid for differentially private probability kernels.
The proof elaborates on DzIUGAITE and ROy (2018b, Theorem 4.2) and is based on
the following bound, which is a minor modification of (5.5), making it valid for any
prior (and not only Gaussian ones).

Theorem 5.4.1. Assume that d > 3, H = R? and that the loss is convex and
satisfies (Al). Let 3, = O(ﬁ) and A < y/m. Let P € C, s\ a (data-free) prior
distribution. Then, for any 3,, < d < 1, with probability 1 — ¢ , for any posterior
distribution Q € C, g 1 and the Gibbs prior P_ » ¢, the following bound holds.

2K Sm
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Low-data regime (d > m)

A5, (Q)] <

i :
5 (J QKjln (\/EH;VI(Q,p_ﬁ(ﬁsm)+fR (P_Msm)) + (1 + K2d) Ogng )

Transitory regime (m > d, dlog(d) > log(m))

>|3
~—

As,, (Q)] <

’ T 29K RS"L

o JQKC:L (1+Wi(QP_4q )+fR(PQTKQS”L»—l—(l—i—sz)log(?)

Asymptotic regime (dlog(d) < log(m))

|As, (Q)] <

O JQKZ (1 +W1(Q,P_ﬁ§$m)) + (14 K2 log(m))T :

where R = O (max \/dlog(d), \/log(m)), fr(P) := Wi(Pr#P,P). In the above
O hides a polynomial dependency in (log(d),log(m)). For an explicit formulation
of the bounds, we refer to (5.11).

Note that in the asymptotic bound, the condition to get rid of fR(P_%ﬁsm) is that \
is a fixed constant, in particular it does not depend on m. This is essential to apply the
law of large numbers: a fixed learning rate in the Gibbs posterior is required for a bound
with only explicit terms. Furthermore, an important message is that Lipschitz functions
are well suited to the PAC-Bayes framework through Wasserstein distances. Indeed,
not only are we able to recover McAllester or Catoni-type WPB bounds, but we also
obtain WPB with data-dependent priors using the same techniques than PAC-Bayes
learning with KL divergences. Data-dependent WPB bounds have also an additional
benefit as they provide guarantees for the Bures-Wasserstein SGD of LAMBERT et al.
(2022) as shown in Section 5.5.
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Proof of Theorem 5.4.1. Firstly, we start from a slightly modified version of Equa-
tion (5.5) which holds for any prior distribution (and not only Gaussian ones). To
obtain it we restart from the triangle inequality W1 (Pr#Q, Pr#P) < W1 (Pr#Q, Q)+
W1(Q,P)+ fr(P). where fr(P) := W (Pr#P, P) and we apply exactly the same
route of proof than in Corollary 5.3.1. We then obtain, for any data-free prior P,
with probability at least 1 — 9, for any Q € C, 5,1

As. (Q)] < 2K(M + 1)5\/_

\J log(5) + 2dlog (1 + 2Rm)
Cr

m

log (&
(W1(Q.P) +an + fo(P)) + D} gﬂ(f),

where D = D + KR and Cg = 2K (2K + Dg) (D, K defined in (Al)). We
then denote by Bound(S,,, P, Q, d) the bound:

A, (Q)] > 2K (M + 1)5\77+

J log(§) + 2dlog (1 + 2Rm)
Cr

m

log (&
(W1(Q,P) + am + fr(P)) + D% ngé ) .

And for a given ¢', let
Ev(P,d") :={Sn € 2™ | 3Q € C, s s.t. Bound(S,,, P,Q,d") holds}

. We know that for a data-free prior P, Ps cpm (S, € Ev(P)) < J. To exploit
the differential privacy framework, we first assume having a differentially private
probability kernel P. We fix § > 0 and re-exploit the idea of DZIUGAITE and
Roy (2018b):

P, {Sm € Ev(P(S),5)} < el Psm) 55, upam 1Sm EEV(P(Sp)} + 6
(5.7)
< f=Pmg 4 g =, (5.8)

The last line holds for any 6 > 3 by fixing &' = e*I&(P;m)(é — ). Note that
log (é) log ( ) + I8 (P;m), this suggests to bound the 3-approximate max-
information. To do so, we need to give specific values for the pair (¢,7). More
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concretely, let € = %,7 = —=;. Then thanks to Proposition D.1.3, we know
that for 3, := O(=), we have:

1% (P,m) = O (log(m)) . (5.9)

The last thing to do is to prove that the probability kernel Po(S,,) := P,z is

(€,7) differentially private. This is true thanks to Proposition D.1.2 which states
that P, satisfies differential privacy as long as X' < A, with:

1 alog(m) B 1
Am = 2K\J m (1 — 2loglog(m) + 10log(m)) © (ﬁ) ' (5.10)

Note that « intervenes because for any prior P e Cypum, —log P(.) is a-strongly
convex. From now we consider \' = W where A < /m. We then have
N < \,. We then know, thanks to Equation (5.7) with 5 = f,,, that for
any 6§ > ﬁm Ps pn{Sm € EV(Po(Sp),d) < & with & = e~ I=Pm)(§ — 3)
Taking the complementary event and recalling that thanks to Equation (5.9),
log (%) = log (ﬁ) + O(log(m)) gives, for any data-free Gaussian prior P, for
any 0 > f3,,,, with probability at least 1 — ¢, for any Q € C,, g us:

185,(Q) < 250+ )Py
JC log(d_ﬁm) + O(log(m)) + 2dlog (1 + 2Rm)

. \/(Wl(Q, P_sp )+ ah+ fa(P_ g )
|yl () ot

m

where o, = O(1+ dlog )} has the same analytical expression than a,, (defined in
Theorem 5.3.1) but where all the occurences of § have been replaced by ¢'. Note
that in the last equation, we used va +b < \/a + Vb (a,b > 0) for the sake of
readability but we put everything within the same square root in our theorem as it
is tighter. Then, exploiting that R = (’)(\/d log(d), \/log(m)), gives us the results
for the low-data and transitory regimes.
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Also, we are able to prove that asymptotically, because R\/log(m) — oo when m
goes to infinity:

Fr(P_p e, ) <E[IX = PrON =0,

where X follows the Gibbs distribution Pfiﬁs . The convergence to zero comes
2K

m

from the dominated convergence theorem. Indeed,
E[|IX — eI} = [, gn(@)dP(2),

exp(f)\li,sm (x))
Eplexp(—ARs,, (z))]

with g.,(z) = ||z — Pr(z)|| . Thus, bounding crudely gives:

1
infmzl EP[eXp (_)\ﬁsm (ZL'))] B

E[l[X = Pr(X)]]] < ||z = Pr(z)||dP(z).

We know that inf,,>; Ep[exp (—)\F}Sm(x))] := inf,,>1 Ep[fin(x)] > 0 because
fom is AK - lipschitz (z — e ** is M-lipschitz and the loss ¢ is K-lipschitz) and
converges almost surely on RY towards # — exp —AR(x). Indeed, thanks to the
law of large numbers, we know that on Q?, f,, — f almost surely and using that
all the sequence is AK lipschitz extends the result to all R%. We also notice that for
any m, f,, <1 sowe can use the dominated convergence theorem to conclude that
Ep[fm(@)] = Eplexp(~AR(X))] > 0. So infyz1 Eplexp (—ARs, ()] > 0. The
last thing to do is to use Lemma D.1.2 to ensure that [a || —Pgr(z)||dP(z) — 0.
This allows us to get rid of fr for the asymptotic regime and then, conclude the
proof. [ |

5.5 Generalisation ability of the Bures-Wasserstein
SGD

For the sake of completeness, we recall (and precise) several elements already defined in
Section 5.1.2. In PAC-Bayes learning, the following learning algorithm can be derived
from a relaxation of CATONI (2007, Theorem 1.2.6), for any data-free prior P and
inverse PAC-Bayesian temperature A > 0:

KL(Q,P)

argminEhNQ [ﬁsm (h)} + 2K
QEM(H) A

We considered the parameter ﬁ as it was suggested by Theorem 5.4.1. A closed form
solution is given by the Gibbs posterior Q* := P__» such that dQ" o exp(—Vs,, (h))dh,
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with Vs, (h) = ﬁ@gm(h)—log(dP(h)) and dh being the Lebesgue measure. However,
such a measure can be difficult to estimate in practice. Two solutions are available.
We can estimate the Gibbs posterior through MCMC methods that rely on Markov
chains which (approximately) converge to Q*. However, there is no clear stopping cri-
terion to obtain a good approximate of the true posterior. Otherwise, we can exploit
variational inference (V1) to produce rapidly a basic yet informative summary statistics
on a subclass of M(?H). In this section, we focus on the VI approach. As Q* is the
result of an optimal trade-off between the empirical loss FAigm and the K L divergence
(weighed by \) acting as a regulariser, we consider the closest measure of BW(R?)
from Q* with respect to the KL divergence:

A

Q=N(,%) = argmin KL(Q,Q").

QEBW/(RY)

At the cost of this approximation, can we have an optimisation algorithm with conver-
gence guarantees which goes to Q? Furthermore, if enough data is available, does Q
possess a good generalisation ability? We first state the assumptions holding through-
out the whole section.

(A3): We assume that H = R? and

= There exists M > 0 such that ||/2|| < M almost surely.

» ( is twice differentiable, and (A1), (A2) hold. In particular, ¢ is L-smooth,
convex and uniformly K-Lipschitz over H. We furthermore assume that L = 1.

» The prior P used in the definition of Q* is a Gaussian with mean 0 and covariance
matrix > = diag(y),1 > v > 0. We assume A < 2K in the definition of Q.

Note that under (A3), we have 0 < ol < V?Vs =< I. The work of LAMBERT
et al. (2022, Theorem 4) provides convergence guarantees for SGD over the Bures-
Wasserstein space when (A3) holds (in particular, they do not even requires the uni-
formly Lipschitz assumption). We first state their algorithm in Algorithm 2. Note that
Algorithm 2 is a slight adaptation of the work of LAMBERT et al. (2022). Indeed,
we added a projection step P,; within the compact of radius M in R?. This does
not change the convergence guarantees stated in Theorem 5.5.1 as long as we assume

(A3).
Theorem 5.5.1. Assume (A3). Also, assume that 1 < g—g and that we initialize
Algorithm 2 at a matrix satisfying 51 =< Yy =< é]. Then, for all £ € N,

36dn

a2

EWE (1 Q) < exp(—akn)W3 (G, Q) +
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Algorithm 2: Bures-Wasserstein SGD.
Parameters : Strong convexity parameter o > 0, radius M > 0; step size
n > 0, initial mean my, initial covariance >}
Set up Qo = N (mo, ).
for k=0..N —1do

1
2
3 Draw a sample X}, ~ Qk

4 Set m;: = myy — HVVSm (Xk)

5 | Set My =1—n(VV*X)—%h).

6 Set E]i_ = MkEkMk

7 Set Mmrg+1 = PM(mD, Zkz-ﬁ-l = Clipl/a EZ_
8 Set Qry1 = N (Mps1, Biy1)

9 end

A

10 Return (Q)p—1..n-

In particular, we obtain EW? (Qk,Q) < 22 provided we set n =< 2 and the

d
number of iterations to be k > —&; log (Wz (QO, Q) /5)

We want to incorporate Theorem 5.5.1 within Theorem 5.4.1. To do so, we need to
make sure that the outputs of Algorithm 2 and Q lie a compact of BIWW(R?). To do so
we exploit the following lemma, which sums up the work of LAMBERT et al. (2022)
(namely their Lemma 6 and the discussion in Section 3.3).

Lemma 5.5.1. Assume (A3) and the step-size 7 of Algorithm 2 is lesser than ‘g—;.
Also in Algorithm 2, assume that %I < Y. Then %I < E;, and so, %I <Y
é[. Furthermore, I < )y =< é]. Thus, if the initialisation of Algorithm 2 is such

that §1 < Xy = é], then the sequence (Qk)kzo and Q) are in the compact C%,é,M'

Using Lemma 5.5.1, we now can apply Theorem 5.4.1 and obtain the main result of
this section.

Theorem 5.5.2. Assume (A3), also assume that d > 3. Let 3, = O(\/%) and

fix any 3, < 0 < 1. Assume that we perform Algorithm 2, with step size n < 0‘72‘5
and the number of iterations to be N 2 ﬁ log (W2 (Qo, Q) /5) We also set the
initialisation such that 1 < > =< i[, then we can upper bound the generalisation

ability of Q. with probability 1 — 24:
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Asymptotic regime (dlog(d) < log(m))

>|3

N - N lo
As, (Qn)| <O JQKZ (1 +W1(Q,Q*)) + (14 KZ%log(m)) g( ) :

m

where O hides a polynomial dependency in (log(d),log(m)). We refer to (5.12)
for a bound presenting the explicit influence of the Bures-Wasserstein SGD.

Theorem 5.5.2 is based on Equation (5.12) which answers the question stated in the
'Our aims in this chapter’ paragraph of Section 5.1.2. We successfully designed a
bound of the form of (5.2) by incorporating the optimisation guarantees of LAMBERT
et al. (2022) onto a statistical framework. As such, this bound is a bridge between
optimisation and PAC-Bayes learning. To the best of our knowledge, it is the first
time that PAC-Bayes is able to explain why the minimiser attained by an optimisation
procedure on a measure space is also able to generalise well. Until now PAC-Bayes
guarantees were used as a check-in procedure, which means that during the optimi-
sation phase it is possible to see whether the candidate predictor is able to generalise
well. On the contrary our bound higlights, before any training, that the output of
the Bures-Wasserstein SGD will become better at generalising, with the limit rate of
VEWL(Q Q) o+ el

Let us analyse the bound: the convergence rate depends on the quality of the approx-
imation Q of Q*, this says that if Gaussian measures are not suited to approximate
well the Gibbs posterior, then we sacrifice some generalisation ability. However this
term is also controlled by the Lipschitz constant K: if K is small, then the learning
problem is easy enough to compensate both the curse of dimensionality and a possi-
bly bad approximation Q of Q*. Again, the limit convergence rate is the statistical

ersatz O (y/l"g;:")). This roughly says that we cannot hope to converge better than

a Hoeffding test bound in this setting. Finally note also that the step n of Algorithm 2
now depends on §: this suggests that the Bures-Wasserstein SGD needs to be tuned
with a smaller step size to ensure not only convergence, but also a good generalisation
ability.

Proof Proof of Theorem 5.5.2. We start from Theorem 5.4.1, considering the
asymptotic case. We have with probability 1 — §, for the posterior Qy obtained
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after N steps of Algorithm 2 distribution Q € C,, 5.1 and the prior Q*:

log (%
m

|As,, (Qn)| <O JQKZ (1 +W1<QN;Q*)) (1 + K?log(m

A

Then, the triangle inequality gives that Wl(QN, Q") < W1(Qn, +W1 , Q%)
Finally, we exploit Theorem 5.5.1 as follows:

W1 (Qn, Q) < VW3(Qw, Q) by Jensen
A A
< 2EWV2(5QN’Q)] by Markov
—aN 3662ln
< 2exp( aNm)W 5(QO’ Q) = by Theorem 5.5.1.

Note that in the last line, we were able to apply Theorem 5.5.1 thanks to Lemma 5.5.1.
This leads to the following bound:

A, (Qw)
d — log (%
(J (V) W(Qo, @) + 1+ &) + (1 + K2log(m)) (5)>,
m m
(5.12)
where f(N,n) = \/eXp(_aNn;W%(QO’Q) and ¢ = ?ffg + Wi(Q,Q*). Finally,
using that with step size n < % and the number of iterations to be N 2>

call—@) 2 36d7;
35 log (W2 (Qo, ) /5) allows us to bound: \/2 el kn)WJ(Q 0 Q)+ < 1. This
concludes the proo |

5.6 Conclusion

We extended the Wasserstein PAC-Bayes theory beyond the results of AMIT et al.
(2022). We exploited optimisation results to explain the generalisation ability of exist-
ing algorithms and we instantiated this for the Bures-Wasserstein algorithm of LAM-
BERT et al. (2022). We conclude by discussing avenues for future works.
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Can we exploit WPB for neural networks? As shown in Figure 5.1.3, we had
to assume, Lipschitzness, smoothness and convexity to reach Theorem 5.5.2. Those
assumptions are necessary in the current framework and to obtain the results of LAM-
BERT et al. (2022) and thus, do not cover the important case of neural networks.
Therefore, an interesting lead to investigate would be to first, avoid smoothness to
reach convex neural networks BENGIO et al. (2005) and also avoid the convexity as-
sumption to reach the broader subclass of Lipschitz neural networks (e.g GOUK et
al., 2021). The case of Lipschitz neural networks is particularly interesting as WPB
theory shows that a small Lipschitz constant is enough to attenuate the impact of
dimensionality.

Are the classical PAC-Bayesian techniques suited to WPB? In Theorems 5.2.1
and 5.2.2, we exploited a surrogate of the change of measure inequality to then exploit
the PAC-Bayesian theory. However, those techniques are developed around the control
of an exponential moment which appears naturally through the change of measure
inequality. The surrogate directly involves the true moment with respect to the prior:
an interesting direction would be to check whether tighter concentration bounds (or
other bounds exploiting weaker assumptions than a bounded loss) are accessible. Fur-
thermore, we exploited covering numbers to state that, with high probability, the loss
is close to a Lipschitz one. Those covering numbers, while crucial, involve explicitly
the dimension of the problem. This is challenging as such a dependency do not appear
explicitly in KL-based PAC-Bayes learning (although they play a role in the KL term).
We provide elements of answer to those two questions in Chapter 6, where we obtain
tractable bounds for heavy-tailed losses, yielding sound learning algorithms for neural
networks. Those benefits come at the cost of no convergence rate for the Wasserstein
term but also does not involve explicitly the dimension of 7. This practical trade-off
sacrifices theoretical understanding for new efficient algorithms.
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Abstract

While Chapter 5 proposes a theoretical study of PAC-Bayes learning with Wasser-
stein distances, we now focus on practical expansions of Wasserstein PAC-Bayes.
The optimisation view of PAC-Bayes learning is deeply exploited here: we derive
theory-driven batch and online algorithms (the online paradigm attenuates the
impact of the prior) valid for deterministic predictors (and thus consistent with
many practical optimisation algorithms) and are derived from bounds valid for
heavy-tailed lipschitz losses (weak statistical assumption and a stronger geomet-
ric one to be in line with the optimisation literature). This chapter shows that
the optimisation view of PAC-Bayes leads to efficient procedures, competing
with classical methods.
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6.1 Introduction

Chapter 5 introduced Wasserstein PAC-Bayes learning from a theoretical perspective.
Indeed, the main goal there was to incorporate the convergence guarantees of existing
algorithms onto a generalisation bound. On the contrary, we focus here on deriving
novel learning algorithms from Wasserstein PAC-Bayes bounds, circumventing many
classical limitations of KL-based PAC-Bayes, which is the major part of the literature.
Indeed, the practical use of KL divergence comes with two main limitations: (i) as
illustrated in the generative modeling literature, the KL divergence does not incorporate
the underlying geometry or topology of the data space Z, hence can behave in an
erratic way ARJOVSKY et al., 2017, (ii) the KL divergence and its variants require
the posterior (Q to be absolutely continuous with respect to the prior P. However,
recent studies (CAMUTO et al., 2021) have shown that, in stochastic optimisation, the
distribution of the iterates, which is the natural choice for the posterior, can converge
to a singular distribution, which does not admit a density with respect to the Lebesgue
measure. Moreover, the structure of the singularity (i.e., the fractal dimension of Q)
depends on the data sample & (CAMUTO et al., 2021). Hence, in such a case, it
would not be possible to find a suitable prior P that can dominate QQ for almost every
S ~ D™, which will trivially make KL(Q||P) = +oo and the generalisation bound
vacuous.

Some works have focused on replacing the Kullback-Leibler divergence with more gen-
eral divergences in PAC-Bayes (ALQUIER and GUEDJ, 2018; OHNISHI and HONORIO,
2021; P1cARD-WEIBEL and GUEDJ, 2022), although the problems arising from the
presence of the KL divergence in the generalisation bounds are actually not specific to
PAC-Bayes: information-theoretic bounds (GOYAL et al., 2017; XU and RAGINSKY,
2017; Russo and Zou, 2020) also suffer from similar issues as they are based on a
mutual information term, which is the KL divergence between two distributions. In this
context, as a remedy to these issues introduced by the KL divergence, ZHANG et al.,
2018; WANG et al., 2019; RODRIGUEZ-GALVEZ et al., 2021; Lucost and NEU, 2022
proved analogous bounds that are based on the Wasserstein distance, which arises from
the theory of optimal transport MONGE, 1781. As the Wasserstein distance inherits
the underlying geometry of the data space and does not require absolute continuity, it
circumvents the problems introduced by the KL divergence. Yet, these bounds hold
only in expectation, i.e., none of these bounds is holding with high probability over the
random choice of the learning sample & ~ D™,

In the context of PAC-Bayesian learning, the recent works CHEE and LOUSTAU, 2021;
AMIT et al., 2022 incorporated Wasserstein distances as a complexity measure and
proved generalisation bounds based on the Wasserstein distance. More precisely, AMIT
et al., 2022 proved a high-probability generic PAC-Bayesian bound for bounded losses
depending on an integral probability metric (MULLER, 1997), which contains the
Wasserstein distance as a special case. On the other hand, CHEE and LOUSTAU,
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2021 exploited PAC-Bayesian tools to obtain learning strategies with their associated
regret bounds based on the Wasserstein distance for the online learning setting while
requiring a finite hypothesis space and do not deal with generalisation.
Contributions. The theoretical understanding of the high-probability generalisation
bounds based on the Wasserstein distance is still limited. The aim of this chapter is
not only to prove generalisation bounds (for different learning settings) based on the
optimal transport theory but also to propose new learning algorithms derived from our
theoretical results.

(i) Using the supermartingale toolbox introduced in Chapter 2, we prove in Sec-
tion 6.3.1, novel PAC-Bayesian bounds based on the Wasserstein distance for
i.id. data. While AMIT et al., 2022 proposed a McAllester-like bound for
bounded losses, we propose a Catoni-like bound (see e.g., ALQUIER et al.,
2016, Theorem 4.1) valid for heavy-tailed losses with bounded order 2 moments.
This assumption is less restrictive than assuming subgaussian or bounded losses,
which are at the core of many PAC-Bayes results. This assumption also covers
distributions beyond subgaussian or subexponential ones (e.g., gamma distribu-
tions with a scale smaller than 1, which have an infinite exponential moment).

(ii) We provide in Section 6.3.2 the first generalisation bounds based on Wasserstein
distances for the online PAC-Bayes framework of Chapter 3. Our results are,
again, Catoni-like bounds and hold for heavy-tailed losses with bounded order 2
moments. Previous work (CHEE and LousTAuU, 2021) already provided online
strategies mixing PAC-Bayes and Wasserstein distances. However, their contri-
butions focus on the best deterministic strategy, regularised by a Wasserstein
distance, with respect to the deterministic notion of regret. Our results differ
significantly as we provide the best-regularised strategy (still in the sense of a
Wasserstein term) with respect to the notion of generalisation, which is new.

(i) As our bounds are linear with respect to Wasserstein terms (contrary to those
of AMIT et al., 2022 and Chapter 5), they are well suited for optimisation pro-
cedures. Thus, we propose the first PAC-Bayesian learning algorithms based on
Wasserstein distances instead of KL divergences. For the first time, we design
PAC-Bayes algorithms able to output deterministic predictors (instead of distri-
butions over all H) designed from deterministic priors. This is due to the ability
of the Wasserstein distance to measure the discrepancy between Dirac distribu-
tions. We then instantiate those algorithms in Section 6.4 on various datasets,
paving the way to promising practical developments of PAC-Bayes learning.

To sum up, we highlight two benefits of PAC-Bayes learning with Wasserstein distance.
First, it ships with sound theoretical results exploiting the geometry of the predictor
space, holding for heavy-tailed losses. Such a weak assumption on the loss extends
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the usefulness of PAC-Bayes with Wasserstein distances to a wide range of learning
problems, encompassing bounded losses. Second, it allows us to consider deterministic
algorithms (i.e., sampling from Dirac measures) designed with respect to the notion
of generalisation: we showcase their performance in our experiments.

Outline. Section 6.2 describes our framework and background, Section 6.3 contains
our new theoretical results and Section 6.4 gathers our experiments. Appendix E.1
gathers supplementary discussion, Appendix E.2 contains all proofs of our claims, and
Appendix E.3 provides insights into our practical results as well as additional experi-
ments.

6.2 Our framework

Framework. We consider a Polish predictor space H equipped with a distance d
and a o-algebra ¥4, a data space Z, and a loss function ¢ : H x Z — R. In this
work, we consider Lipschitz functions with respect to d. We also associate a filtration
(Fi)i>1 adapted to our data (2z;);—1__m, and we assume that the dataset S follows
the distribution Ds. In PAC-Bayes learning, we construct a data-driven posterior
distribution Q € M(#H) with respect to a prior distribution P.

Definitions. For all i, we denote by E;[-] the conditional expectation E[ - | F].
In this work, we consider data-dependent priors. A stochastic kernel is a mapping
P:uUYX_ 2™ x ¥y — [0,1] where (i) for any B € ¥4, the function S — P(S, B) is
measurable, (ii) for any dataset S, the function B — P(S, B) is a probability measure
over H.

In what follows, we consider two different learning paradigms: batch learning, where the
dataset is directly available, and online learning, where data streams arrive sequentially.
Batch setting. For any m, we assume the dataset S,, to be iid. of size m, so
there exists a distribution D over Z such that Ds, = D™. We then define, for
a given h € H, the risk to be Rp := E,.p[l(h,z)] and its empirical counterpart
ﬁgm = %Z?;l ((h,z;). Our results aim to bound the expected generalisation gap
defined by Ej-q[Rp(h) — Rs,, (h)]. We assume that for any m > 0, the dataset S,,, is
split into K disjoint sets S}, ...  SX. We consider K stochastic kernels Py, ..., Pg
such that for any S,,, the distribution P;(S,,,.) does not depend on S .

Online setting. We adapt the online PAC-Bayes framework of Chapter 3. We assume
that we have access to a stream of data S = (z;);>1, arriving sequentially, with no
assumption on Ds. We assume our sequence of stochastic kernels (used as priors)
(P;)i=1..n to satisfy: (i) for all i and dataset S, the distribution P;(S,.) is F; 1
measurable and (ii) there exists Py such that for all i > 1, we have P;(S,.) < Py.
Indeed, all those measures are uniformly continuous with respect to any Gaussian
distribution. This last condition covers, in particular, the case where  is an Euclidean
space and for any ¢, the distribution P, s is a Dirac mass. This is weaker than the
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condition (ii) of the stochastic kernels sequence in Chapter 3, but enough to exploit
the conditional Fubini lemma (Lemma B.4.2).

Wasserstein distance. We focus on the Wasserstein distance of order 1 introduced
by KANTOROVITCH, 1960 in the optimal transport literature. Given a distance d :
A x A — R and a Polish space (A, d), for any probability measures o and 3 on A,
the Wasserstein distance is defined by

Wi(a, ) ;== inf E d(a,b), (6.1)

vel(a,B) (a,b)~y

where T'(a, 3) is the set of joint probability measures v € M(A?) such that the
marginals are o and 5. The Wasserstein distance aims to find the probability measure
v € M(A?) minimising the expected cost E, )~ d(a,b). We refer the reader to
VILLANI, 2009; PEYRE and CUTURI, 2019 for an introduction to optimal transport.

6.3 Wasserstein-based PAC-Bayesian generalisation
bounds

We present novel high-probability PAC-Bayesian bounds involving Wasserstein dis-
tances instead of the classical Kullback-Leibler divergence. Our bounds hold for
heavy-tailed losses (instead of classical subgaussian and subexponential assumptions),
extending the remits of AMIT et al., 2022, Theorem 11. We exploit the supermartin-
gale toolbox, recently introduced in PAC-Bayes framework by CHUGG et al., 2023;
HADDOUCHE and GUEDJ, 2023a; JANG et al., 2023, to derive bounds for both batch
learning (Theorems 6.3.1 and 6.3.2) and online learning (Theorems 6.3.3 and 6.3.4).

6.3.1 PAC-Bayes for batch learning with i.i.d. data

In this section, we use the batch setting described in Section 6.2. We state our first
result, holding for heavy-tailed losses admitting order 2 moments. Such an assumption

is in line, for instance, with reinforcement learning with heavy-tailed reward (see, e.g.,
L1u and ZHAO, 2011; LU et al., 2019; ZHUANG and Sut, 2021).

Theorem 6.3.1. We assume the loss ¢ to be L-Lipschitz. Then, for any 6 € (0, 1],
for any sequence of positive scalar (\;);cq1,..x}, with probability at least 1 — & over
the sample S, the following holds for the distributions P; s := P;(S,.) and for any
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Qe M(H):

£, [Ro(h) ~ Rs, (k)

h~Q
K 9ISi|L 1 E () )

<> TEW(Q,Pis) +— ~|E i ((h (R,
<Y T WHQ P+ Y — +2(hNPi,5[vsm|<>+v3m|< >])

where P; s does not depend on S’ . Also, for any i,|S’ |, we have f/|53n|(h) =
Saesi, (((h,2) = R () and Vs, (h) = Es;, [Visy, (h)].

The proof is deferred to Appendix E.2.1. While Theorem 6.3.1 holds for losses taking
values in R, many learning problems rely in practice on more constrained losses. This
loss can be bounded as in the case of, e.g., supervised learning or the multi-armed
bandit problem (SLIVKINS, 2019), or simply non-negative as in regression problems
involving the quadratic loss (studied, for instance, in CATONI, 2016; CATONI and
GIULINI, 2017). Using again the supermartingale toolbox, we prove in Theorem 6.3.2
a tighter bound holding for heavy-tailed non-negative losses.

Theorem 6.3.2. We assume our loss ¢ to be non-negative and L-Lipschitz.
We also assume that, for any 1 < ¢ < K, for any dataset S, we have
Enep,(.5),:~p [((h,2)?] < 1 (bounded order 2 moments for priors). Then, for
any 0 € (0, 1], with probability at least 1 — 0 over the sample S, the following holds
for the distributions P; s := P;(S,.) and for any Q € M(H):

A K 2|S! |L K /2|8 |In &
E Rp(h>—Rsm(h>} < ’nﬁz‘wl(Q,Pi,s)+Z Aonllns

h~Q i=1 i=1

9

m2

where P; s does not depend on S .

Note that when the loss function takes values in [0, 1], an alternative strategy allows
tightening the last term of the bound by a factor % This result is rigorously stated in
Theorem E.2.1 of Appendix E.2.3.

High-level ideas of the proofs. Theorems 6.3.1 and 6.3.2 are structured around
two tools. First, we exploit the Kantorovich-Rubinstein duality VILLANI, 2009, Re-
mark 6.5 to replace the change of measure inequality CsiszAR, 1975; DONSKER and
VARADHAN, 1976; this allows us to consider a Wasserstein distance instead of a KL
term. Then, we exploit the supermartingales used in Chapter 2 and CHUGG et al.,
2023 alongside Ville's inequality (instead of Markov's one) to obtain a high probabil-
ity bound holding for heavy-tailed losses. Combining those techniques provides our
PAC-Bayesian bounds.
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Analysis of our bounds. Our results hold for Lipschitz losses and allow us to con-
sider heavy-tailed losses with bounded order 2 moments. While such an assumption
on the loss is more restrictive than in classical PAC-Bayes, allowing heavy-tailed losses
is strictly less restrictive. While Theorem 6.3.1 is our most general statement, The-
orem 6.3.2 allows recovering a tighter result (without empirical variance terms) for
non-negative heavy-tailed losses. An important point is that the variance terms are
considered with respect to the prior distributions P; s and not Q as in Chapter 2. This
is crucial as these chapters rely on the implicit assumption of order 2 moments, holding
uniformly for all Q € M(H), while we only require this assumption for the prior distri-
butions (P; s)i=1... k. Such an assumption is in line with the PAC-Bayesian literature,
which often relies on bounding an averaged quantity with respect to the prior. This
strength is a consequence of the Kantorovich-Rubinstein duality. To illustrate this,
consider i.i.d. data with distribution D admitting a finite variance bounded by V' and
the loss ¢(h, z) = |h — z| where both h and z lie in the real axis. Notice that in this
particular case, we can imagine that z is a data point and h is a hypothesis outputting
the same scalar for all data. To satisfy the assumption of Theorem 6.3.2, it is enough,
by Cauchy Schwarz, to satisfy Epp, ¢ .~p[l(h, 2)?] < E[h?]4+2V E[||]+V? < 1 for all
P;s. On the contrary, Chapter 2 would require this condition to hold for all Q, which
is more restrictive. Finally, an important point is that our bound allows us to consider
Dirac distributions with disjoint support as priors and posteriors. On the contrary, KL
divergence forces us to consider a non-Dirac prior for our bound to be non-vacuous.
This allows us to retrieve a uniform-convergence bound described in Corollary E.2.1.

Role of data-dependent priors. Theorems 6.3.1 and 6.3.2 allow the use of prior
distributions depending possibly on a fraction of data. Such a dependency is crucial
to control our sum of Wasserstein terms as we do not have an explicit convergence
rate. For instance, for a fixed K, consider a compact predictor space H, a bounded
loss and the Gibbs posterior defined as dQ(h) o exp (—)\FA{gm(h)) dh where A > 0.

Also define for any i and S, the distribution dP; s(h) o exp (—~ARs;sy, (h)) dh. Then,
by the law of large numbers, when m goes to infinity, for any h, both Rg(h) and
(Rsysi, (h))i=1,...m converge to Rp(h). This ensures, alongside with the dominated
convergence theorem, that for any i, the Wasserstein distance W;(Q, P; s) goes to
zero as m goes to infinity.

Comparison with the literature. AMIT et al, 2022, Theorem 11 establishes a
PAC-Bayes bound with Wasserstein distance valid for bounded losses being Lipschitz
with high probability. While we circumvent the first assumption, the second one is less
restrictive than actual Lipschitzness and can also be used in our setting. Also AMIT
et al., 2022, Theorem 12 proposes an explicit convergence for finite predictor classes.
We show in Appendix E.1 that we are also able to recover such a convergence.

Towards new PAC-Bayesian algorithms. From Theorem 6.3.2, we derive a new
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PAC-Bayesian algorithm for Lipschitz non-negative losses:

5 K 2|S! |L
argmin E [Rs, (h)] + Sl W1(Q,P;s). (6.2)

QeM(H) h~Q i=1

Equation (6.2) uses Wasserstein distances as regularisers and allows the use of multi-
ple priors. We compare ourselves to the classical PAC-Bayes algorithm derived from
CATONI, 2007, Theorem 1.2.6 (which leads to Gibbs posteriors):

{A } KL(Q,P)

Rs, (h)| + T (6.3)

argmin E

QeM(m) h~Q
Considering a Wasserstein distance in Equation (6.2) makes our algorithm more flexible
than in Equation (6.3), the KL divergence implies absolute continuity w.r.t. the prior
P. Such an assumption is not required to use Equation (6.2) and covers the case of
prior Dirac distributions. Finally, Equation (6.2) relies on a fixed value K whose value
is discussed below.
Role of K. We study the cases K = 1, v/m, and m in Theorem 6.3.2. We refer
to Appendix E.1 for a detailed treatment. First of all, when K = 1, we recover a
classical batch learning setting where all data are collected at once. In this case, we
have a single Wasserstein with no convergence rate coupled with a statistical ersatz
of \/%. However, similarly to AMIT et al., 2022, Theorem 12, in the case of a

finite predictor class, we are able to recover an explicit convergence rate. The case
K = \/m provides a tradeoff between the number of points required to have good

data-dependent priors (which may lead to a small ZgWI(Q,Pi)) and the number
of sets required to have an explicit convergence rate. Finally, the case K = m leads

to a vacuous bound as we have the incompressible term /In (%) which makes the

bound vacuous for large values of m. This means that the batch setting is not fitted to
deal with a data stream arriving sequentially. To mitigate that weakness, we propose
in Section 6.3.2 the first online PAC-Bayes bounds with Wasserstein distances.

6.3.2 Wasserstein-based generalisation bounds for online
learning

Here, we use the online setting described in Section 6.2 and derive the first online PAC-
Bayes bounds involving Wasserstein distances in Theorems 6.3.3 and 6.3.4. Online
PAC-Bayes bounds are meant to derive online counterparts of classical PAC-Bayesian
algorithms as in Chapter 3, where the KL-divergence acts as a regulariser. We show in
Theorems 6.3.3 and 6.3.4 that it is possible to consider online PAC-Bayesian algorithms
where the regulariser is a Wasserstein distance, which allows us to optimise on measure
spaces without a restriction of absolute continuity.
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Theorem 6.3.3. We assume our loss ¢ to be L-Lipschitz. Then, for any 6 € (0, 1],
with probability at least 1 — & over the sample S, the following holds for the
distributions P; s := P;(S,.) and for any sequence (Q;)i=1... € M(H)™

Z EQZ [ U(hiy2i) | Fica] — f(hi,zi)} < QLiWI(QiaPi,S)
;\ ;m:lhz {‘Z’(hi, Zi) + Vz(hz)} + ln(f\/(S),

z

_|_

1[£(hi,2;)])? is the conditional empirical
,Z;)| is the true conditional variance.

where for all i, Vi(h;, z;) = ({(hs,z;) —E;_
variance at time i and V;(h;) = E;_1[V (h;

The proof is deferred to Appendix E.2.4. We also provide the following bound, being
an online analogous of Theorem 6.3.2, valid for non-negative heavy-tailed losses.

Theorem 6.3.4. We assume our loss ¢ to be non-negative and L-Lipschitz. We
also assume that, for any ¢, S, Ejp,(.s) [Ei—1[¢(h, z;)?]] < 1 (bounded conditional
order 2 moments for priors). Then, for any § € (0, 1], with probability at least 1 —¢
over the sample S, any stochastic kernels sequence (used as priors) (P;);>1, we have
with probability at least 1 — ¢ over the sample S ~ D, the following, holding for
the data-dependent measures P; s := P;(S,.) and any posterior sequence (Q;);>1:

i Qi Pis) 21n (%)

m

>, E, (Bt | 7~ th)] <

1
m

The proof is deferred to Appendix E.2.5.

Analysis of our bounds. Theorems 6.3.3 and 6.3.4 are, to our knowledge, the first
results involving Wasserstein distances for online PAC-Bayes learning. They are the
online counterpart of Theorems 6.3.1 and 6.3.2, and the discussion of Section 6.3.1
about the involved assumptions also apply here. The sum of Wasserstein distances
involved here is a consequence of the online setting and must grow sublinearly for
the bound to be tight. For instance, when (Q; = dp,);>1 is the output of an online
algorithm outputting Dirac measures and P; s = Q;_1, the sum of Wasserstein is
exactly >, d(h;,h;—1). This sum has to be sublinear for the bound to be non-
vacuous, and the tightness depends on the considered learning problem. An analogous
of this sum can be found in dynamic online learning ZINKEVICH, 2003 where similar
sums appear as path lengths to evaluate the complexity of the problem.
Comparison with literature. We compare our results to existing PAC-Bayes bounds
for martingales of SELDIN et al., 2012b. SELDIN et al., 2012b, Theorem 4 is a PAC-
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Bayes bound for martingales, which controls an average of martingales, similar to our
Theorem 6.3.1. Under a boundedness assumption, they recover a McAllester-typed
bound, while Theorem 6.3.1 is more of a Catoni-typed result. Also, SELDIN et al.,
2012b, Theorem 7 is a Catoni-typed bound involving a conditional variance, similar to
our Theorem 6.3.4. They require to bound uniformly the variance on all the predictor
sets, while we only assume averaged variance with respect to priors, which is what we
required to perform Theorem 6.3.4.

A new online algorithm. Chapter 3 derived from their main theorem, an online
counterpart of Equation (6.3), proving it comes with guarantees. Similarly, we exploit
Theorem 6.3.4 to derive the online counterpart of Equation (6.2), from the data-free
initialisation Q

Vi > 1, Qz S argmin E [E(h“ Zz)] + 2LW1(Q, Pi,S)- (64)
QeM(#) h~Q

We highlight the merits of the algorithm defined by Equation (6.4), alongside with the
one from Equation (6.2), in Section 6.4.

6.4 Learning via Wasserstein regularisation

Theorems 6.3.2 and 6.3.4 are designed to be informative on the generalisation ability
of a single hypothesis even when Dirac distributions are considered. In particular, our
results involve Wasserstein distances acting as regularisers on 7. In this section, we
show that a Wasserstein regularisation of the learning objective, which comes from our
theoretical bounds, helps to better generalise in practice. Inspired by Equations (6.2)
and (6.4), we derive new PAC-Bayesian algorithms for both batch and online learn-
ing involving a Wasserstein distance (see Section 6.4.1), we describe our experimental
framework in Section 6.4.2 and we present some of the results in Section 6.4.3. Addi-
tional details, experiments, and discussions are gathered in Appendix E.3 due to space
constraints. All the experiments are reproducible with the source code provided on
GitHub at https://github.com/paulviallard/NeurIPS23-PB-Wasserstein.

6.4.1 Learning algorithms

Classification. In the classification setting, we assume that the data space Z = A'x )
is composed of a d-dimensional input space X = {x € R? | ||x||s < 1} and a finite
label space Y = {1,...,|Y|} with || labels. We aim to learn models A, : R? — R
parameterised by a weight vector w that outputs, given an input x € X', a score
hw(x)[y'] € R for each label 3. This score allows us to assign a label to x € X;
to check if hy, classifies correctly the example (x,y), we use the classification loss
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defined by (“(hw, (x,y)) := 1 [hw(x)[y] — max, +, hw(x)[y'] < 0], where 1 denotes
the indicator function.

Batch algorithm. In the batch setting, we aim to learn a parametrised hypoth-
esis hy, € H that minimises the population classification risk, namely, Rp(hy) =
E(x,y)~D {°(hw, (x,y)) that we can only estimate through the empirical classification
risk Rs(hw) = = 37 £°(hw, (X;,:)). To learn the hypothesis, we start from Equa-
tion (6.2), when the distributions Q and Py,..., Py are Dirac masses, localised at
B, Py s - - - hw, € H respectively. Indeed, in this case, W;(Q,P;s) = d(hw, hw,)
for any i. However, the loss ¢“(.,z) is not Lipschitz and the derivatives are zero for
all examples z € X x Y, which prevents its use in practice to obtain such a hypoth-
esis hy. Instead, for the population risk Rp(h) and the empirical risk Rs, (h) (in
Theorem 6.3.2 and Equation (6.2)), we consider the loss defined as ¢(h, (x,y)) =
ﬁ Syzy max(0, 1=n(hly]—=h[y'])), which is n-Lipschitz w.r.t. h[1],... h[|Y|]. This
loss has subgradients everywhere, which is convenient in practice. We go a step further

by (a) setting L = 5 and (b) adding a parameter £ > 0 to obtain the objective

argmin {Ifism(hw) +€ [i ’i’Ad (hw, hwi)] } : (6.5)

hweH

To (approximately) solve Equation (6.5), we propose a two-step algorithm. First, PRI-
ORS LEARNING learns K hypotheses hy,, ..., hw, € H by minimising the empirical
risk via stochastic gradient descent. Second, POSTERIOR LEARNING learns the hy-
pothesis hy, € H by minimising the objective associated with Equation (6.5). More
precisely, PRIORS LEARNING outputs the hypotheses hy,,, - - - , hw,, obtained by min-
imising the empirical risk through mini-batches. Those batches are designed such that
for any i, the hypothesis h,, does not depend on S’,. Then, given hy,, ..., hy, € H,
POSTERIOR LEARNING minimises the objective in Equation (6.5) with mini-batches.
Those algorithms are presented in Algorithm 4 of Appendix E.3. While ¢ is not sug-
gested by Equation (6.2), it helps to control the impact of the regularisation in practice.
Equation (6.5) then optimises a tradeoff between the empirical risk and the regulari-
sation term ¢ 30| %d(hw, hw, ).

Online algorithm. Online algorithms output, at each time stepi € {1,...,m}, a new
hypothesis h,. From Equation (6.4), particularised to a sequence of Dirac distributions
(localised in hy,, - - , hw, ), we design a novel online PAC-Bayesian algorithm with a
Wasserstein regulariser:

Vi> 1, h; € argmin ((hy, ) + d (hw, hw,_,) st d(hw,hw,_,) <1 (6.6)
hweH

According to Theorem 6.3.4, such an algorithm aims to bound the population cumu-
lative classification loss €p = 7", E[(°(hw,,z;) | Fi—1]. Note that we added the
constraint d(hw,hwifl) < 1 compared to Equation (6.4). This constraint ensures
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that the new hypothesis hy, is not too far from hy,_, (in the sense of the distance
| - ]2)- Note that the constrained optimisation problem in Equation (6.6) can be
rewritten in an unconstrained form (see BOYD and VANDENBERGHE, 2004) thanks
to a barrier B(-) defined by B(a) =0 if a < 0 and B(a) = +oc otherwise; we have

Vi> 1, h; € argmin (hy, ) + d (hw, hw,_, ) + B(d (hw, hw,,) = 1). (6.7
hw€H

When solving the problem in Equation (6.7) is not feasible, we approximate it with
a log barrier of KERVADEC et al., 2022 (suitable in a stochastic gradient setting);

given a parameter t > 0, the log barrier extension is defined by B(a) = —+In(—a)
if @ < —% and B(a) = ta — +In(75) + § otherwise. We present in Appendix E.3

Algorithm 5 that aims to (approximately) solve Equation (6.7). To do so, for each
new example (x;,y;), the algorithm runs several gradient descent steps to optimise
Equation (6.7).

6.4.2 Experimental framework

In this part, we assimilate the predictor space H to the parameter space R?. Thus, the
distance d is the Euclidean distance between two parameters: d (hy, hy') = ||[W—w'||2.
This implies that the Lipschitzness of ¢ has to be taken w.r.t. w instead of h..
Models. We consider that the models are either linear or neural networks (NN).
Linear models are defined by hy(x) = Wx + b, where W € RPI*? is the weight
matrix, b € RPI is the bias, and w = vec({W,b}) its vectorisation; the vector w
with the zero vector. Thanks to the definition of X, we know from Lemma E.3.1
(and the composition of Lipschitz functions) that the loss is \/2n-Lipschitz w.r.t. w.
For neural networks, we consider fully connected ReLU neural networks with L hidden
layers and D nodes, where the leaky RelLU activation function ReL.U : RP? — RP
applies elementwise = +— max(x,0.01z). More precisely, the network is defined by
hw(x) = WhE(---hY(x)) 4+ b where W € RPIXP p ¢ RPI Each layer hi(x) =
ReLU(W;x + b;) has a weight matrix W; € RP*P and bias b; € RP except for
i = 1 where we have W, € RP*? The weights w are also the vectorisation w =
vec({W, Wy, ...,Wy,b,bp,...,b1}). We have precised in Lemma E.3.2 that our loss
is Lipschitz w.r.t. the weights w. We initialise the network similarly to DZIUGAITE
and ROy, 2017 by sampling the weights from a Gaussian distribution with zero mean
and a standard deviation of 0 = 0.04; the weights are further clipped between —2¢
and +20. Moreover, the values in the biases by, ..., by, are set to 0.1, while the values
for b are set to 0. In the following, we consider D = 600 and L = 2; more experiments
are considered in the appendix.

Optimisation. To perform the gradient steps, we use the COCOB-Backprop opti-
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miser ORABONA and TOMMASI, 2017 (with parameter o = 10000).* This optimiser
is flexible as the learning rate is adaptative and, thus, does not require hyperparameter
tuning. For Algorithm 4, which solves Equation (6.5), we fix a batch size of 100, i.e.,
|U| = 100, and the number of epochs T" and 7" are fixed to perform at least 20000
iterations. Regarding Algorithm 5, which solves Equation (6.7), we set ¢ = 100 for the
log barrier, which is enough to constrain the weights and the number of iterations to
T = 10.

Datasets. We study the performance of Algorithms 4 and 5 on UCI datasets (Dua
and GRAFF, 2017) along with MNIST (LECUN, 1998) and FashionMNIST (X1A0
et al., 2017). We also split all the data (from the original training/test set) in two
halves; the first part of the data serves in the algorithm (and is considered as a training
set), while the second part is used to approximate the population risks Sip(h) and €p
(and considered as a testing set).

6.4.3 Results

We present in Tables 6.1 and 6.2 the performance of Algorithms 4 and 5 compared
to the Empirical Risk Minimisation (ERM) and the Online Gradient Descent (OGD)
with the COCOB-Backprop optimiser. Tables 6.1a and 6.2a present the results of
Algorithm 4 for the i.id. setting on linear and neural networks respectively, while
Tables 6.1b and 6.2b present the results of Algorithm 5 for the online case.

Analysis of the results. In batch learning, we note that the regularisation term brings
generalisation improvements compared to the empirical risk minimisation. Indeed, our
batch algorithm (Algorithm 4) has a lower population risk YRp(h) on 11 datasets for
the linear models and 9 datasets for the neural networks. In particular, notice that
NNs obtained from Algorithm 4 are more efficient than the ones obtained from ERM
on MNIST and FASHIONMNIST, which are the more challenging datasets. This
suggests that the regularisation term helps to generalise well. For the online case,
the performance of the linear models obtained from our algorithm (Algorithm 5) and
by OGD are comparable: we have a tighter population classification risk SRp(h) on
5 datasets over 13. However, notice that the risk difference is less than 0.05 on 6
datasets. The advantage of Algorithm 5 is more pronounced for neural networks: we
improve the performance in all datasets except ADULT and SENSORLESS. Hence,
this confirms that optimising the regularised loss £(hy,, z;) + ||[w—w;_1|| brings a good
advantage compared to the loss ¢(hy,z;) only. A possible explanation would be that
OGD suffers from underfitting (with a high empirical risk €p) while we are able to
control overfitting through a regularisation term. Indeed, only one gradient descent
step is done for each new datum (x;,;), which might not be sufficient to decrease

1The parameter a in COCOB-Backprop can be seen as an initial learning rate; see ORABONA
and TomMmAsI, 2017.

- 137 -



6.4. Learning via Wasserstein regularisation

Table 6.1. Performance of Algorithms 4 and 5 compared respectively to ERM and
OGD on different datasets on linear models. For the i.i.d. setting, we consider ¢ = %
and ¢ = \/—% and with K = 0.2y/m. For each method, we plot the empirical risk
Rs(h) or €s with its associated test risk Rp(h) or Ep. The risk in bold corresponds
to the lowest one among the ones considered. For the online case, the two population

risks are underlined when the absolute difference is lower than 0.05.

(a) Linear model - (b) Linear model — online
batch learning learning
Algo. 4 (1) Algo. 4 (ﬁ) ERM Algo. 5 OGD

Dataset MRs(h) Ro(h) Ms(h) Ro(h)  Ms(h) Ro(h) ¢s € | Cp

ADULT 165 .166 |[.165 .167 |.166 .167 230 .236 |.248 .248
rasHioNmNIsT |.128 151 |.126 .148 |.139 .153 223 .282 |.540 .548
LETTER 285 297 |.287 .296 |.287 .297 919 .935 [.916 .926
MNIST 200 216 |.066 .092 |.065 .091 || | .284 .310 |.378 .397
musarooms  [.001 .001 [.001 .001 |.001 .001 || || .218 .222 |.082 .087
NURSERY 766 .773 |.760 .773 |.794 .807 794 .807 |.789 .805
pENDIGITS  [.049 .059 |.050 .061 |.052 .064 342 .484 |.589 .600
PHISHING 063 .067 |.065 .069 |.064 .067 || || .226 .242 |226 .220
SATIMAGE 144 200 [.138 201 |.148 .209 669 .938 |.635 .888
seGMENTATION |.057 .216 |.164 .386 |.087 .232 .749 .803 |.738 .893
seNsorLEss  [.129 .129 [.131 131 |.134 .136 906 .910 |.825 .830
ticractoe  |.388 .299 |.013 .021 |.228 .238 443 468 |.390 .303
YEAST 527 497 |.524 504 A70 .427 699 .713 |.667 .708

the loss. Instead, our method solves the problem associated with Equation (6.7) and
constrains the descent with the norm [|w — w;_4]|.
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Table 6.2. Performance of Algorithms 4 and 5 compared respectively to ERM and
OGD on different datasets on neural network models. For the i.i.d. setting, we consider
€= % ande = ﬁ and with K = 0.2y/m. For each method, we plot the empirical risk
MRs(h) or €s with its associated test risk Rp(h) or Ep. The risk in bold corresponds
to the lowest one among the ones considered. For the online case, the two population
risks are underlined when the absolute difference is lower than 0.05.

(a) NN model — batch (b) NN model — online
learning learning
Algo. 4 (L) Algo. 4 (ﬁ) ERM Algo. 5 OGD
Dataset  Ms(h) %p(h) Ps(h) Rp(h)  Ps(h) Rp(h) ¢s ¢ |¢s ¢p
ADULT 164 164 |.166 .165 |.165 .163 241 254 |.248 .248

rasuionmnisT |.159 163 |.156 .160 |.163 .167 .096 .327 397 .446
LETTER 259 272 |.250 .260 |.258 .270 829 .945 958 .963
MNIST 112 120 |.084 .094 |.119 .127 .092 .265 | 470 .521

musHrooms |.000 .000 |.000 .000 |.000 .000 || ||.082.122 202 .217

NURSERY 706 .719 |.706 .719 |.706 .719 || | .800 .805 |.793 .806
penpigrTs  [.009 .023 |.021 .032 |.009 .022 | | .323 .537 |871 .879
PHISHING 042 .050 |.039 .054 |.046 .055 164 .222 331 .318
SATIMAGE 132 184 149 172 |.141 .189 401 .763 (626 .857

seeMENTATION |.145 .250 |.189 .373 |.174 .389 619 .857 739 .913

sensorLess [.076 .079 [.077 .079 |.075 .078 || | .899 .910 [622 .633
ticractoe  |.392 301 |.000 .038 |.000 .023 || | .388 .309 (397 .309
YEAST 679 666 [.487 .478 |.644 .682 662 .720 (702 .720

6.5 Conclusion

We derived new learning algorithms based on Wasserstein PAC-Bayes bounds. Such
remarkable empirical results shows the strengths of the optimisation perspective on
PAC-Bayes learning. Indeed, we exploited here various paradigms gathered in Fig-
ure 1.2: weak statistical assumptions with stronger geometric ones (heavy-tailed lip-
schitz losses), the use of deterministic predictors, allowed through the introduction
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of Wasserstein distance. For the online method, we also involve the vision of prior
as initialisation point, which is attenuated theoretically as the learning process goes.
Finally, note that for our batch methods to work, we involved data-dependent priors
which is an ersatz from the information-theoretic view of PAC-Bayes (Figure 1.1) cir-
cumventing this limitation, possibly by exploiting the results of Chapter 4 in the batch
learning case is a promising future lead to reach not only strong performances, but
also non-vacuous theoretical guarantees, which is not the case here.
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Conclusion

In this thesis we studied various interplays between PAC-Bayes learning and optimisa-
tion. Doing so, we challenged various prerequisites of PAC-Bayes bounds:

» Strong statistical assumptions. The main conclusion of Chapter 2 is that, in
order to perform PAC-Bayes, no assumption stronger than finite variance is re-
quired. In particular, classical bounded or subgaussian assumptions on the loss
can be replaced by bounded variance at no additional cost. Note also that in
Chapter 5, it is even possible to relax this assumption to boundedness over a
compact alongisde lipschitz or gradient lipschitz assumption. This is consistent
with optimisation which often involves such geometric assumptions. Further-
more, the supermartingale toolbox allows bounds holding for all dataset size
simultaneously, which is consistent with, e.g., online optimisation.

» The information-theoretic perspective of the prior. A major contribution has been
to formalise perspectives on the prior differing from the Bayesian view paradigm.
Indeed, by considering the prior either as an initialisation point or a learning
objective, we derived novel PAC-Bayesian bounds aiming to either reduce the
impact of the prior (Chapters 3 and 4) when seen as initialisation or highlight
it (Chapter 5) when seen as a learning objective. This drove the emergence of
Online PAC-Bayes learning and the introduction of gradient norm or convergence
guarantees in PAC-Bayes.

»  PAC-Bayes is useful for stochastic predictors only.. Following the spirit of AMIT
et al. (2022), we developed Wasserstein PAC-Bayes to incorporate deterministic
predictors within PAC-Bayes bounds, as such predictors are often involved in
optimisation algorithms. To obtain explicit convergence rates with such bounds
we exploited duality results from optimal transport in Chapter 5. We also in-
corporated directly convergence guarantees of the Bures-Wasserstein SGD in a
generalisation bound, at the price of an explicit impact of the dimension of the
predictor space. It is then hard to tackle the case of deep neural networks, this is
why we developed in Chapter 6, another kind of Wasserstein PAC-Bayes bounds,
with no explicit convergence rate, but yielding learning algorithm exploitable for
neural nets.
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Perspectives

This thesis left unanswered many important questions on the interplays of optimisation
and generalisation.

» Can we relax the finite variance assumption to obtain generalisation bounds? As
proven Chapter 2 and CHUGG et al. (2023) it is possible to extend a large body
of generalisation bounds to the case of finite variance. An interesting question
is whether such an assumption is relaxed, this would be of interest, for instance,
to understand the case of heavy-tailed SGD (GURBUZBALABAN et al., 2021)
which may be modelled by Lévy processes, often having infinite variance.

» Can we further exploit flat minima to understand generalisation? Chapter 4 pro-
posed the first PAC-Bayes generalisation bounds exploiting flat minima. However
the QSB assumption is required to exploit those results. While we saw that such a
condition is verified by small networks, whether this condition is verified for deep
neural nets remains an open question. Furthermore, the only empirical bound we
have implies gradient lipschitz loss, a condition possibly hard to reach for deep
nets. Empirical evaluation of those results is then an interesting future lead.

» Can we reach Wasserstein PAC-Bayes bound as simple and efficient than a KL
one? As shown in Chapter 5 and Chapter 6 we did not obtain Wasserstein PAC-
Bayes bounds with explicit convergence rate and without the explicit impact of
the dimension as in KL-based PAC-Bayes bounds. An open question is whether
it is possible to obtain a Wasserstein PAC-Bayes with both these desirable prop-
erties simultaneously.

» Investigating the links between Online Learning and PAC-Bayes. Chapter 3
draws a link from PAC-Bayes toward online learning by deriving novel learn-
ing algorithms from Online PAC-Bayes bounds. Recently, the elegant work of
Lucost and NEU (2023) has taken the opposite perspective: starting from
an online game they retrieve various generalisation bound, including KL-based
and Wasserstein-based ones. Given the direct connection between online learn-
ing and the supermartingale framework (WINTENBERGER, 2021), obtaining a
unifying framework encompassing Wasserstein and KL-based PAC-Bayes from
online learning for heavy-tailed losses is a promising future lead. A first step
in this direction has recently been made VIALLARD et al. (2024) but does not
involve online learning and holds only for bounded losses.

Investigating those leads, and then reaching a better understanding of the impact of
optimisation on generalisation are exciting questions for future work.
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APPENDIX OF CHAPTER 2

A.1 Some PAC-Bayesian background

We present below an immediate corollary of SELDIN et al. (2012a, Thm 2.1) where
we upper bounded the cumulative by an empirical quantity (the sum of squared upper
bound of the martingale difference sequence).

Theorem A.1.1 (SELDIN et al., 2012a, Theorem 2.1). Let {C},C5,...} be an
increasing sequence set in advance, such that | X;(.S;, h)| < C; for all

S;, h with probability 1. Let {P;, P, ...} be a sequence of data-free prior distribu-
tions over H. Let ()\;);>1 be a sequence of positive numbers such that

1
A < —.
=
Then with probability 1 — ¢ over § = (2;);>1, for all m > 1, any posterior QQ over
Hy

KL (Q,P,,) + 2log(m + 1) + log 2
Am

| M (Q)] < +(e=2)AnVn(Q),

where V,,,(Q) is defined in appendix A.2.1.
Furthermore, if we bound the variance term, we would have:

M (Q)’<KL(Q,Pm)+2log(m+1)+10g%+(€_2))\ iC’?.

)\m i=1

Below, we use the definitions introduced in Section 2.2.3. We study here a particular
case of ALQUIER et al., 2016 for bounded losses which are especially subgaussian
thanks to Hoeffding's lemma.

Theorem A.1.2 (Adapted from ALQUIER et al., 2016, Theorem 4.1). Let m >
0,8 = (21,...,Zy,) be an iid. sample from the same law . For any data-free
prior P, for any loss function ¢ bounded by K, any A > 0,§ €]0;1[, one has with
probability 1 — § for any posterior Q € M;(H)
KL(Q,P) +1og(1/6) AK?
+ .
A 2m

Enq[R(h)] < Enwq[Rs, (h)] +
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Theorem A.1.3 (HADDOUCHE et al, 2021, Theorem 3). Let the loss ¢ be
HYPE(K) compliant. For any P € M(#) with no data dependency, for any
a € R and for any 6 € [0,1], we have with probability at least 1 — § over size-m
samples S, for any Q

Enq [R(h)] < Envq [Rs, (h)] + KL(Q,P) + log ) - nia log (Ehwp [exp ( fe(h)” )D .

me 2m172a

A.2 Extensions of previous results

Here we gather several corollaries of our main result in order to show how our Theo-
rem 2.2.1 extends the validity of some classical results in the literature. More precisely
we show that our result extends (up to numerical factors) the PAC-Bayes Bernstein
inequality of SELDIN et al. (2012a). Then, going back to the bounded case, we gen-
eralise a result from CATONI (2007) reformulated in ALQUIER et al. (2016) and we
also show how our work strictly improves on the bound of HADDOUCHE et al. (2021).

A.2.1 Extension of the PAC-Bayes Bernstein inequality

Here we rename two terms for consistency with Theorem 2.1 of SELDIN et al. (2012a)
(see Theorem A.1.1). For a martingale M,,(h) = >, X;(S;, h), we define, at time
m, empirical cumulative variance to be V,,(h) = [M],,(h) = S, X;(S;, h)? and the
cumulative variance as V,,(h) = (M), (h) = X" E; 1[Xi(Si, h)?].

We provide below a corollary containing two bounds: the first one being a straight-
forward corollary of Th. 2.2.1, the second being valid for bounded martingales and
formally close to Theorem 2.1 of SELDIN et al. (2012a).

Corollary A.2.1. Let {P,P,,...} be a sequence of data-free prior distributions
over H. Let (\;);>1 be a sequence of positive numbers. Then the following holds
with probability 1 — 6 over S = (z;);>1: for any tuple (m, A, Pi) with m, &k > 1,
any posterior () over H,

< KL (Q,Py) + 2log(k + 1) + log(2/0)
< "

2 (7(Q) + V@)
(A1)

| My (Q)]

with V,,(Q) = Eneq[Vin(h)], Vin(Q) = Epq[Vin(h)]. Furthermore, if we assume
that for any i, there exists C; > 0 such that | X;(S;, h)| < C; for all S;, h then we
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have the following corollary: with probability 1—6 over S, for any tuple (m, A, Py)
m > 1, any posterior Q,

< KL (Q,P,,) + 2log(m + 1) + log(2/

M, (@) .

) +Am§:CZ. (A.2)

The proof is deferred to appendix A.3. Note that Eq. (A.1) holds uniformly on all
tuples {(Ax,Px,m) | & > 1,m > 1} while Eq. (A.2), as well as Theorem 2.1 of
SELDIN et al. (2012a) holds uniformly on the tuples {(\,,, P,,m) | m > 1} which
is a strictly smaller collection. Hence our approach gives guarantees for a larger event
with the same confidence level.

Furthermore, Theorem 2.1 of SELDIN et al. (2012a) involves the cumulative variance
Vn(Q) (and not its empirical counterpart). Because this term is theoretical, we bound
it in Th. A.1.1 by >, C? which is supposedly empirical. In this context, Eq. (A.2),
recovers nearly exactly the bound of SELDIN et al., 2012a with the transformation of
a factor (e — 2) into 1. Notice also that Eq. (A.2) stands with no assumption on the
range of the \;, which is not the case in Th. A.1.1.

Finally, we stress two fundamental differences between our work and the one of SELDIN
et al. (2012a). First, we replace Markov's inequality by Ville's inequality; second, we
exploited the exponential inequality of Lemma 2.1.2 instead of the Bernstein inequality.
These allow for results for unbounded martingales for all m simultaneously.

A.2.2 Extensions of learning theory results
A.2.2.1 A general result for bounded losses

We use definitions from Section 2.2.3 and provide a corollary of our main result when
the loss is bounded by a positive constant K > 0. We assume our data are iid.

Corollary A.2.2. For any data-free prior P € M(H), any A > 0 the following
holds with probability 1 — & over the sample S = (z;);en, for all m € N/{0},
Qe M(H)

_ KL(Q,P) +log(2/9)

EnwqlR(h)] = Enng [Rs, (W] | < + AK2.

Am

We also have the local bound: for any m > 1, with probability 1 — § over S, for
all Q € M(H)

KL(Q, P) + log(2/9) N AK?

EnalR(1)] < Ennq [Rs,. ()] + 3 m
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The proof is deferred to appendix A.3. Remark that the second bound of Corollary
A.2.2 is exactly the Catoni bound stated in ALQUIER et al. (2016) (see Theorem A.1.2
in Appendix A.1) up to a numerical factor of 2.

The first bound is, to our knowledge, the first PAC-Bayesian bound for bounded losses
holding uniformly (for a given parameter \) on the choice of (), m and thus extends
the scope of Catoni's bound which holds for a single m with high probability. Indeed,
if we want for instance Theorem A.1.2 to hold for any i € {1..m}, we then have to
take an union bound on m events which turns the term log(1/0) into log(m/d) (but
with the benefit of holding for m parameters Ay, ..., \,;,). This point is common to the
most classical PAC-Bayesian bounds (including McAllester and Catoni's ones (1.3),
(1.4)) and impeach us to have a bound uniformly on all m € N/{0} as log(m) goes
to infinity asymptotically.

A.2.2.2 An extension of Haddouche et al. (2021)

We now focus on the work of HADDOUCHE et al. (2021) which provides general PAC-
Bayesian bounds for unbounded losses. Their theorems hold for iid data and under
the so-called HYPE (for HYPothesis-dependent rangE) condition. It states that a loss
function ¢ is HYPE(K') compliant if there exists a function K : H — R* (supposedly
accessible) such that Vz € Z, ¢(h,z) < K(h). We provide Corollary A.2.3 to compare
ourselves with their main result (stated in Theorem A.1.3 for convenience).

Corollary A.2.3. For any data-free prior P € M(H), any loss function ¢ being
HYPE (K) compliant, any a € [0,1],m > 1, the following holds with probability
1 — & over the sample S = (2;);en, for all Q € M(H)

Enq[R(R)] < Envq [; zm: (E(h, z;) + le1—a€(hv Zi)2>‘|

. KL(Q,P) +1log(1/0) | ﬁiaEhNQ[Kz(h)].

me 2m

Proof. The proof is a straightforward application of Th. 2.2.2 by fixing m > 1
choosing A = m®~! (thus we localise Theorem 2.2.2 to a single m), and bounding
Quad(h) by K2(h). [ |

The main improvement of our bound over Theorem A.1.3 is that we do not have
to assume the convergence of an exponential moment to obtain a non-trivial bound.

Indeed, we transformed the (implicit) assumption Ej;.p [exp (ﬁ@;)} < 400 onto
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Enq[K (h)?] < 400, which is significantly less restrictive. Furthermore, Theorem A.1.3
holds for a single choice of m while ours still holds uniformly over all integers m > 0.
Cor. A.2.3 also sheds new light on the HYPE condition. Indeed, in HADDOUCHE
et al. (2021), K only intervenes in an exponential moment involving the prior P, while
ours considers a second-order moment on K implying the posterior Q. The difference
is major as E,.q[K (h)?] can be controlled by a wise choice of posterior. Thus it can
be incorporated in our optimisation route, acting now as an optimisation constraint
instead of an environment constraint.

A.3 Proofs
A.3.1 Proof of Th. 2.2.2

Proof. Let P a fixed data-free prior, set (F;);>o such that for all 7, z; is F; mea-
surable. We also set for any fixed h € H, M,,(h) := X", l(h,z;) — R(h). Note
that because data are i.i.d., for any fixed h, the sequence (M,,(h)),, is indeed a
martingale. We set for any m > 1,h € H

m

(M) = 3 (4 ) ~ R0
and
(M) () = 3Bl 2) ~ O] = 3 Evvnl(E(h2) = RO

The last equality holds because data is assumed iid. Thus, we can apply Th. 2.2.1
to obtain with probability 1 — ¢

KL(Q,P) +1og(2/6) A
| M (Q)] < \ + 5

(M]m(Q)* + (M)m(Q)?)

Now, we notice that |M,,(Q)| = m|Ep-q[R(h) — Rs,, (h)]| and that for any m, h,
because ¢ is nonnegative

(€(h,2:) — R(h))* + Exun[(€(h, 2) — R(R))?]

I

N
I
—

(M (R) + (M)m(h) =

((h,2;)* + R(h)* + E,upll(h,2)?] — R(h)%.

R

N
Il
—

<
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Thus integrating over h gives:
[M]n(Q) + ) < Z Enqll(h, z:)?] + mEp-q|Quad(h)].

Then dividing by m and applying the last inequality gives

1 m

£ o[R(M)] < Ensg [m > (E(h, 2;) + ié(h, z¢)2>]
Z KL(Q, P) + log(2/4)

Am

+ §Eh~Q [Quad(h)].

This concludes the proof. [ |

A.3.2 Proof of Th. 2.3.1

Proof. Let ()\,,);>1 be a countable sequence of positive scalars. As precised earlier
M, (a) == m (Am(a) — A(a)) is a martingale. We then apply Theorem 2.2.1
with the uniform prior (Va, P(a) = %) and A = )\, (depending possibly on m):
with probability 1 — 6/2, for any tuple (m, \,;,) with m > 1, any posterior Q,

KL (Q,P) + 2+ log(4/6) 7m
Am 2

M (Q)] < (Vm(Q) + Vin(Q)) -

Notice that for any Q, KL(Q,P) < log(K) by concavity of the log. We now fix
an horizon M > 0, we then have in particular, with probability 1 — §/2: for any
posterior Q,

log () + 2log(k + 1) + log(4/8)

| M, (Q)] < " 77”

(V(Q) + Vin(Q))

We now have to deal with V,(Q), Vk(Q) for all k < m. To do so, we propose the
two following lemmas.

Lemma A3.1. Forallm>1,a € A, V,,(a) < 26%” Then, we have for any
m,Q, Vm(Q) < QSTm
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Proof. We have

Vi(a)

o

@
I
—

E|([7 - B - @) | Fica

— mA(a)?

o

N
I
—

(7 - &) | Fin

IN
NE
m

(R - B)’ | 7]

<.
Il
L,

1
Wi(a*)2

Ri(a*)?*1(A; = a*) +

o

@
Il
L,

EAZ‘ ~T; ERi [

The last line holding because R; is independent of F;_;, A; is independent of
R; and 7 is F;_; measurable. We now use that for all i,a, Eg,[R;(a)?] < C

1 1
mi(a)?

Cl(A; = a)] | .7-}_11

=1 (
m 1 1
:§C<m> (@)
20m
S 13

Lemma A.3.2. Let m > 1, with probability 1 — §/2, for any posterior Q, we

have AOK
A m
Vin(Q) < :

EmO
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Proof. Let Q) a distribution over A. Recall that

Vin(Q)

(e

i ~ R~ [R(e") - R(@)”
acA

Notice that for any a, (SM.. ). is a nonnegative random variable. We then
apply Markov's inequality for any a, with probability 1 — § /2K

A 2KE[V,,

o) < ZKEule)]

Noticing that E[V,,(a)] = E[V;,(a)], we can apply lemma A.3.1 to conclude

that o0
E[V;.(a)] < - mn

Finally, taking an union bound on thoser events for all a € A gives us, with
probability 1 — ¢ /2, for any posterior Q

acA
4CKm
<2 Qa)—
acA Em
_4CKm
e,
This concludes the proof. |

To conclude, we apply lemmas A.3.1 and A.3.2 to get that with probability 1 — 9,
for any posterior

1+ =

My (Q)] < d

KL (Q, P) + log(4/96) N CmA, < 2K> '

Am Em
Dividing by m and taking

. J (log(K) + 10g(4/0)) &1
: Cm (1+ %)

concludes the proof.
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A.3.3 Proof of Cor. A.2.1

Proof. Fix § > 0. For any pair (Ag, Py),k > 1, we apply Theorem 2.2.1 with

o 4]

%= D S R

Notice that we have 3"/ 6, = . We then have with probability 1 — 4, over S,
for any m > 1, any posterlor Q,

KL (Q,Py) + 2log(k +1) +10(2/3) | A
P 2

My (Q)] < (Vin(Q) + Vin(Q) -
Taking an union bound on all those event, gives the final result, valid with proba-
bility 1 — ¢ over the sample S, for any any tuple (m, A, Py) with m,k > 1, any
posterior Q over H. This gives Equation (A.1).

To obtain Eq. (A.2), we restrict the range of Eq. (A.1) to the tuples (m, Ay, P ), m >
1 (the restricted set of tuples where k = m) and we bound both V,,(Q), V,n(Q)
by =7, C? to conclude. [ ]

A.3.4 Proof of Cor. A.2.2

Proof. For the first bound we start from the intermediary result Eq. (2.3) of
Th. 2.2.1. Using the same marrtingale as in Th. 2.2.2 gives, for any n € R,
holding with probability 1 — 4 for any m > 0,Q € M(H)

(ZEM (h,z:)] mEh~Q[R(h)]>

< KL(Q, P) + log(1/6) + — L iEhNQ A[M];(h) + A(M);(h)).
Taking 77 = £ with A > 0 gives
A [Epnnq[R(R) = Rs,, (h)]| < KL(Q, P) +log(1/) (A3)
L i EnqA[Mi(h) + AM)(h)].  (A.4)

Finally, divide by Am and bound A[M];(h) + A(M);(h) by 2K to conclude.
For the second bound, we start from Equation (A.3) again and for a fixed m, we
now apply our result with \' = A/m. We then have for any m, with probability
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1 —4, for any Q

2 m

; EnQ[A[M]i(h)+A(M)(h)].

A [Erq[R(R) = Rs, ()] < KL(Q, P)+log(1/0)+5

Finally, dividing by A, bounding A[M];(h) + A(M);(h) by 2K?* and rearranging
the terms concludes the proof. [ |
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APPENDIX OF CHAPTER 3

B.1 Background

B.1.1 Reminder on Online Gradient Descent

For the sake of completeness we re-introduce the projected Online Gradient Descent
(OGD) on a convex set KC. This is a first example of online learning philosophy. It may
be the algorithm that applies to the most general setting of online convex optimization.
This algorithm, which is based on standard gradient descent from offline optimization,
was introduced in its online form by ZINKEVICH, 2003. In each iteration, the algorithm
takes a step from the previous point in the direction of the gradient of the previous
cost. This step may result in a point outside of the underlying convex set. In such
cases, the algorithm projects the point back to the convex set, i.e. finds its closest
point in the convex set. We precise this algorithm works with the assumptions of a
convex set I bounded in diameter by D and of bounded gradients (by a certain G).
We also assume here to have a dataset S; = (z;);—1.7 and to be coherent with the
online learning philosophy, we assume that for each ¢ > 0, we possess a loss function
¢, depending on the points (z1, ..., z;). We present OGD in Algo. 3

Algorithm 3: Projected OGD onto a convex K with fixed step 7.
Parameters : Epoch T, step-size (7))

Initialisation: Convex set K, Initial point 6y € K, T, step sizes (1;);
for each iterationt in 1..T" do

Compute f'(6,)

3 Play (observe) 6; and compute the cost f;(6;) Update and project

N

Gt =01 — nvgt(‘gt—l)

0 = i (¢r)

4 end
Return 0,

[&,]

One now defines the notion of regret which is the classical quantity to evaluate the
performance of an online algorithm.
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Definition B.1.1. One defines the regret of a decision sequence (6;) at time T’
w.r.t. a point 0 as:

Regretr(0) = th(&g) - Z&g(O)

Now we state a regret bound which can be found in SHALEV-SHWARTZ, 2012, Eq
2.5 although we slightly modified the result, which uses additional hypotheses from
HazAN, 2016.

Proposition B.1.1. Assume that K has a fixed diameter D and that the gradients
of any point is bounded by G. Then for any 6 € IC, the regret of projected OGD
with fixed step 7 satisfies:

D2
Regretr(0) < o +nTG?

B.2 Discussion about Th. 3.2.1

B.2.1 Comparison with classical PAC-Bayes

The goal of this section is to show how good Th. 3.2.1 compared to a naive approach
which consists in applying classical PAC-Bayes results sequentially. The interest of this
section is twofold:

= First, presenting a classical PAC-Bayes result extracted and adapted from ALQUIER
et al., 2016 which is formally close to what we propose.

= Second, showing that a naive (yet natural) approach to obtain online PAC-Bayes
bound leads to a deteriorated bound.

We first state our PAC-Bayes bound of interest.

Theorem B.2.1 (Adapted from ALQUIER et al., 2016, Thm 4.1). Let S,, =
(z1, ..., Zy,) be an i.i.d. sample from the same law D. For any data-free prior P, for
any loss function ¢ bounded by K, any A > 0,0 € (0, 1), one has with probability
1 — ¢ for any posterior Q € M(H):

1 . KL(Q.P) +log(1/) | AK?
EhNQEzw'D %ZE}LNQ (Q ))\ g( / )+ 2m
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Remark B.2.1. Two remarks about this result:

» Th. B.2.1 is a particular case of the original theorem from ALQUIER et al.,

2016 as we take the case of a bounded loss which implies the subgaussianity

. 2

of the random variables ¢(., z;) and then allows us to recover the factor %

= This theorem is derived from CATONI, 2007 and constitutes a good basis to
compare ourselves with as it similar formally similar.

Naive approach A naive way to obtain OPB bounds is to apply m times Th. B.2.1
(one per data) on batches of size 1 and then summing up the associated bounds. Thus
one has the benefits of classical PAC-Bayes bound without having no more the need
of data-free priors nor the iid assumption. The associated result is stated below:

Theorem B.2.2. For any distributions Dy, ..., D,, over Z (such that z; ~ D;), any
A > 0 and any online predictive sequence (used as priors) (P;);=1...n, the following
holds with probability 1 — ¢ over the sample S,,, ~ D™ for any posterior sequence

(Qi) :

KL(Qi[[P:) n AmK?® n mlog(m/d)

Z EhiNQi [Ezi"’Di [E(hz, ZZ)H < Z EhiNQi [é(hzv Zz)] + \ 9 \ .
=1 =1

Recall that here again we assimilate the stochastic kernels QQ;, P; to the data-dependent
distributions Q;(Sp, .), Pi(Sm, -)

Proof. First of all, for any i, we apply Th. B.2.1 m to the batch {z;}. This allows
us to consider P; as a prior as it does not depend on the current data. We then
have, taking 0’ = §/m, for any i € {1..m} with probability 1 — §/m:

KL(Q:||P;) X AK? 4 log(m/0)

e 7z, ~D; iy 4g S .~ 19 g
Eninqi [Ezinn, [€(hi, 2:)]] < Eninq [€(Di, 2:)] + 3 > )

Then, taking an union bound on those m events ensure us that with probability
1 -4, for any i € {1..m}:

KL(Qi[|P;) 4 AK? 4 log(m/0)

EthQz [EZzNDZ [€<h7«7 Z'L)]] — EthQz [E(h’b’zlﬂ + )\ 2 )\

— 155 —



B.2. Discussion about Th. 3.2.1

Finally, summing those m inequalities ensure us the final result with probability
1—4.
|

Comparison between Th. 3.2.1 and Th. B.2.2 Three points are noticeable be-
tween those two theorems:

» First of all, the main issue with Th. B.2.2 is that has a strongly deteriorated rate
of O (M instead of the rate in O (M) proposed in Th. 3.2.1. More
precisely, the problem is that we do not have a sublinear bound: one cannot
ensure any learning through time. This point justifies the need of the heavy
machinery exploited in Th. 3.2.1 proof as it allows a tighter convergence rate.

= The second point point lies in the controlled quantity on the left hand-side of
the bound. Th. B.2.2 controls A := Y| Ej,~q, [Ezinp; [€(hi, 2;)]] instead of
B =30 Bniq [E[(hi, 25) | Fia]].

A is a less dynamic quantity than B in the sense that it does not imply any
evolution through time, it just considers global expectations. Doing so, A does
not take into account that at each time step we have acces to all te past data to
predict the future, this may explain the deteriorated convergence rate. Thus B,
which appears to be a suitable quantity to control to perform online PAC-Bayes
(see appendix B.2.2 for additional explanations)

= Finally, an interesting point is that in Th. B.2.2 the bound, while looser, holds
unformly for any posterior sequence contrary to Th. 3.2.1 which holds only for a
specific posterior sequence. This point will have a consequence for optimisation.
We will come back later on this in appendix B.2.3.

B.2.2 A deeper analysis of Th. 3.2.1

This section includes discussion about our proof technique and why all the assump-
tions made are necessary. We also propose a short discussion about the benefits and
limitations of an online PAC-Bayesian framework as well as a deeper reflexion about
the new term our bound introduce.

Why do we need an online predictive sequence as priors? This condition is fully
exploited when dealing with the exponential moment &, in the proof (see lemma B.4.1
proof). Indeed, the fact of having P; being F; ;-measurable is essential to apply
conditional Fubini (lemma B.4.2). Note that the condition Vi, P,_; > P; is not
necessary as the weaker condition Vi, P, > P; would suffice here. However, note that
when we particularise our theorem, for instance if we choose in Cor. 3.3.1 P, = QZ one
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recovers the condition Ql > Qiﬂ to have finite KL divergences. Hence the interest
of taking directly an online predictive sequence.

About the boundedness assumption The only moment where we invoke the
boundedness assumption is in lemma B.4.1's proof where we apply the conditionnal Ho-
effding lemma. This lemma actually translates that the sequence of r.v. (£(.,2;)i=1.m
is conditionally subgaussian wrt the past i.e for any 7, h; € H; X € R:

~ N2 K?
E[exp()\&(h,,zz)) ’ E—l] S exp (2)

where El(hl, Zi) = E[E(h“ Zi) | f‘i_ﬂ — g(hl, Zi)-

This condition is the one truly involved in our heavy machinery. However, we chose to
restrict ourselves to the stronger assumption of bounded loss function for the sake of
clarity. However, an interesting open direction is to find whether there exists concrete
classes of unbounded losses which may satisfy either conditional subgaussianity or
others conditions (such as conditional Bernstein condition for instance).

Reflections about the left hand side of Th. 3.2.1. We study in this paragraph
the following term
B =) En~q: [E[l(hi, 2;) | Fii]
i=1

has naturally arisen in our work as the right term to compare our empirical loss with
to perform the conditional Hoeffding lemma. Taking a broader look, we now interpret
this term as the right quantity to control if one wants to perform online PAC-Bayes
learning. Indeed this term is a 'best of both world' quantity bridging PAC-Bayes and
online learning:

= From the PAC-Bayes point of view one keeps the control on average (cf the
conditional expectation in B) on a novel data drawn at each time step. This
point is crucial in the PAC-Bayes literature as our posteriors are designed to
generalise well to unseen data.

= From the Online Learning point of view, one keeps the control of a sequence of
points generated from an online algorithm. Because an online learning algorithm
generate a prediction for future points while having access to past data, the
conditional expectation in B translates this.

Finally this conditional expectation appears to be a good tradeoff between the classical
expectation on data appearing in the PAC-Bayes literature (see e.g. Th. B.2.1) and the
local control that we have in online learning by only dealing with the performance of
a sequence of points generated from a learning algorithm (see e.g. proposition B.1.1)
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About the interest of an Online PAC-Bayesian framework The main shift
our work does with classical online learning literature is that it does not consider
the celebrated regret but instead focuses on B which is a cumulative expected loss
conditionned to the past. This shift does not invalidate our work but put some relief
to hte guarantees Online PAC-Bayes learning can provide that Online Learning cannot
and reversely.

» Online PAC-Bayes ensure a good potential for generalisation as it deals with the
control of conditional expectation. This can be useful if one wants to deal with
a periodic process for instance.

= Online Learning through the regret compares the studied sequence of predictors
(typically generated from an online learning algorithm) and tries to compare it to
the best fixed strategy (static regret) or the best dynamic one (dynamic regret).
In this way, OL algorithms want to ensure that their predictions are closed from
the optimal solution. This point is not guaranteed by our online PAC-Bayesian
study.

= However the limitations of online learning can arise if the studied problem has
a huge variance (for instance micro-transactions in finance). In this case those
algorithms can follow an unpredictable optimisation route while PAC-Bayes still
ensure a good performance on average (knowing the past) in this case.

» Finally, we want to emphasize that PAC-Bayesian learning circumvent a problem
of memoryless learning which appears in classical OL algorithms. For instance,
the OGD algorthm (see appendix B.1.1) uses once a data and do not memorise
it for further use. This problem does not happen in Online PAC-Bayes learning.
Indeed, we take the example of the procedure Eq. (3.3) which generates Gibbs
posterior which keep in mind the influence of past data.

B.2.3 Th. 3.2.1 and optimisation

In this section we discuss about the way Thm 2.2 can be thought in the framework of
an optimisation process as we did in sections 3.3 and 3.4.

A significant change compared to classical PAC-Bayes Th. 3.2.1 holds 'for any
posterior sequence (Q;) the following holds with probability 1 — § over the sample
S, ~ D™ " while most classical PAC-Bayesian results such that Th. B.2.1 holds 'with
probability 1 — d over the sample S,, ~ D™ for any posterior Q. This change is
significant as our theorem does not control simultaneaously all possible sequences of
posteriors but only holds for one. Thus, Th. 3.2.1 has to be seen as a local or pointwise
theorem and not as a global one. In classical PAC-Bayes, this local behavior is a brake
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on the optimisation process. But as we develop below, it is not the case in our online
framework.

Th. 3.2.1 is compatible with online optimisation We first recall that classically,
an online algorithm like OGD (see appendix B.1.1) performs one optimisation step
per arriving data. Thus, at time m, such algorithm will perform m optimisation steps
and generate m predictors. Similarly the OPB algorithm of Eq. (3.1) generates m
distribution in m time steps.

We insist on the fact that, Th. 3.2.1 and all its corollaries throughout our paper
are valid for a sequence of m posteriors and not only a single one. A key point
is that whatever the number m of data, our theoretical guarantee wil still be valid for
m posterior distributions with the approximation term log(1/4) (and not log(m/¢) as
an union bound would provide for a classical PAC-Bayes theorem).

For this reason, given an online PAC-Bayes algorithm, Th. 3.2.1 is suited for optimi-
sation. Indeed, having a bound valid for a sequence of posteriors ensures guarantees
for a single run of our OPB algorithm. This point is crucial to bridge a link with
online learning as regret bounds (e.g. proposition B.1.1) also provide guarantees for a
single sequence of predictors. In online learning however, those guarantees are mainly
deterministic (because based on convex optimisation properties) but not totally: the
recent work of WINTENBERGER, 2021 proposed PAC regret bounds for its general
Stochastic Online Convex Optimisation framework.

An interesting open challenge is to overcome the pointwise behavior of our theorem,
for that, we need to rethought RIVASPLATA et al., 2020, Thm 2.1 as this basis is
pointwise itself. Given we consider a sequence of data-dependent priors one cannot
apply the classical change of measure inequality to ensure guarantees holding uniformly
on posterior sequences.

A crucial point: having an explicit OPB/OPBD algorithm In our previous
paragraph we said that our bound were suitable for optimisation given an OPB/OPBD
algorithm. We now provide some precision about this point. All the procedures pro-
vided in the paper (i.e. Eq. (3.1), Algo. 1) take into account an update phase implying
an argmin. Luckily for our procedures, this argmin is explicit:

= For the OPB algorithm of Eq. (3.1), the argmin is solved thanks to the variational
formulation of the Gibbs posterior

= For OPBD algorithms, given the explicit choices of W given in Cor. 3.4.1, argmin
becomes explicit when one has a derivable loss function.

In both cases, this explicit argmin ensure our procedure of interest generates explictly
a single posterior per time step: we have a well-defined sequence of m posteriors at
time m. Doing so the guarantees of Th. 3.2.1 holds for this sequence.
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B.3 A reminder on PAC-Bayesian disintegrated
bounds

We present two PAC-Bayesian disintegrated bounds valid with data-dependent priors
(i.e. any stochastic kernels).

= The first one is Th. 1) i) from RIVASPLATA et al., 2020 which provides a
disintegrated version of Th. 3.2.1.

» The second one is Thm 2. from VIALLARD et al., 2023a which involves Rényi
divergence instead of the classical K L. Note that this bound has originally been
stated for data-indepedent prior, which is why we revisit the proof to adapt it to
the stochastic kernel framework.

Proposition B.3.1 (Th 1) i) RIVASPLATA et al., 2020). Let P € M(H), Q° €
Stoch(Z™, F). Let f : S, Xx H — R be any measurable function. Then for any
() € Stoch(Z2™,F) and any § € (0,1), with probability at least 1 — ¢ over the
random draw of S ~ P and h ~ Qg,,, we have:

dQs,,
dQ¥

where &, = [ [;,¢/*MQY (dh)P(ds) and 228 is the Radon Nykodym deriva-

dQ%m
tive of Qgs,, w.r.t. Q% .

F(Sms) < log ( <h>) +10g(6n/3).

Proposition B.3.2 (Adapted from Th. 2 of VIALLARD et al., 2023a). Let u €
M(Z™), Q° € Stoch(Z™,F). Let @« > 1 and f : S, x H — R be any
measurable function.

Then for any Q € Stoch(Z™,F) such that for any S,, € Z™ Qs, <
Q% . Q% > Qs,, and any 0 € (0,1), with probability at least 1 — & over the
random draw of S, ~ D,, and h ~ Qg , we have:

o 200 — 1 2

7 108(f(Sm. 1)) < log 5 + Da (Qs[1Q8,,)

—i—log(SE E (an,h’)cﬁl)

r:anDnLh/NQg

where D,(Q,P) = ﬁ log (E |:EhNP (Z%(h))aD is the Rényi diverence of order «.
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Note that Viallard et al. original bound only stand for data-free priors and i.i.d data.
However it appears their proof works with any stochastic kernel as prior and any
distribution over the dataset. We propose below an adaptation of their proof below to
fit with those more general assumptions.

B.3.1 Proof of proposition B.3.2

Proof. For any sample S,, and any stochastic kernel @, note that f(S,,,h) is a
non-negative random variable. Hence, from Markov's inequality we have

2i=?

[\)

2 /

h~Qs, ~Qsp,

~— E ]llf(Sm?h)S?h,E f(S,R) 21—2

hNQsm‘ ern

Taking the expectation over S,, ~ D,, to both sides of the inequality gives

2 )

o, P lfGSm,h)__éthsmj(Sm,h) > 13
P fSmh) <2 E fSmi)| 21-2
SmNDmthQSm m - 5 h!~ Sm s 2 .

Taking the logarithm to both sides of the equality and multiplying by —=5 > 0, we
obtain

[e9)

(07 (07

P 1 ) < >1-2,
o Ponas, |5 OB (S ) < 2

log (2 E f(Sm,h’)>

OW~Qs,,

[\]

We develop the right side of the inequality in the indicator function and make
the expectation of the hypothesis over ng our "prior” stochadtic kernel appears.
Indeed, because for any S € S,,,Qs,, > Q% and Q% < Qg,, one can write

d 0 -1 5 o
properly ggim and inZ = (38?‘) the Radon-Nykodym derivatives. Thus we

have
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o 2 ,
——log (5h/wgsmf<8m, h >)

0
__“ | log (2 E dQs,, (h’)dQSm

7))

— §h~Qs,, dQ% ' dQs,,
[0 2 dQS ’ ’
1 - E ~(h R |-

o—1 0g (5h'~ng dQ?'Sm (h)f(S )

Remark that % -+ % = 1 with 7 = o and s = -%;. Hence, we can apply Holder’s

inequality:

1 a—1

dQs dQs N o |

™ (B o, h') < E ™ (h' E ', h' )= )
W~andQ%m( Wl M~Q&n<dQ%m< )> ] [M~Q&nf05 ) 11

Then, by taking the logarithm; adding log (%) and multiplying by —%5 > 0 to both
sides of the inequality, we obtain

Q=

(07 2 dQS , ’
log| - E = (h h
a—1°% <5h’~ng dQ%m( )f (Sm, )>

a 2 dQs. .., \° e ]
< 1 E ™ (h E h')a
_a‘l%(5hwaawa<0] LW%ﬂ&”) ] )

| Qs 017\ . o | 2 -
= 1 E ~(h log — +1 E my ) o=
e WA o) I R S A O

(07

2 .
_ 0 - Naz
= Do (Qs,.1Q3,,) + ———log 5+ log <h/~%gmf(3m’ 1) 1>

From this inequality, we can deduce that

(0%

0
smNDmP,hNQsm [oz -1 10g((Simr 1)) < De (Q&nHQsm)

« 2 &
log = +1 E f(S,, h)a=
+—— log = +log <h/~ngf( ) >]
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Note that E;qo f(Sm, ')a-T is a non-negative random variable, hence, we apply
Markov's inequality to have

\ (o)
([@%)

P E  f(Sp, h)aT E E f(S, KT

>1—-.
Sm~Dm |h~QY 5S;n~Dmh’~ng

(V]

Since the inequality does not depend on the random variable h ~ Qg , we have

2 et
P E (S, I - E f(S K)a
8 ~Dp, |j7/~Q0 f( ) 5 NDmh/NQO f( m ) ]
2
= E 1 E S, b)) < 2 5. Ep E

- E E ]1[ E  f(Sp, k)T <§ E E f(S,h)T ]

Sm~Dm hNQSm h/NQO Dmh/NQO
L2
= P E S, h')a - E E
L O N A

Taking the logarithm to both sides of the inequality and adding %5 log§ give us

2 o 5
P E Wys==1 <= E E 1| >1—-
Sm~Dm,h~Qs,, lh’NQO f(8m7 ) 5 Dmh’NQO f< ) = 9 —
P log 2 +1 E f(Smh)aT) <
0g < 0 my =
S"LND"“]—LNQSm o — 1 g 6 g h/NQOSm
200 — 1 2 o 5
-z z >1-2 .
— log < +log <S, Epmh,N%O f(Sp, b= ) >1-5. (B2

Combining Equation Eq. (B.1) and Eq. (B.2) with a union bound gives us the
desired result. |

B.4 Proofs
B.4.1 Proof of Th. 3.2.1

Background We first recall RIVASPLATA et al., 2020, Thm 2.

Theorem B.4.1. Let D,, € M(Z2™), Q" € Stoch(Z™, F). Let k be a positive
integer, any A : S,, x H — R* a measurable function and ' : R* — R be a convex
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function . Then for any Q € Stoch(Z™,F) and any 6 € (0, 1), with probability
at least 1 — 0 over the random draw of S,,, ~ D,,, we have

F (Qs, [As) < KL (Qs,, Q%) + log(6n/0).

where &, =[5 [, e/EMQY (dh)P(ds) and Qs,,[As,] == Qs [A(Sm,.)] =

Proof of Th. 3.2.1. To fully exploit the generality of Th. B.4.1, we aim to design
a m-tuple of probabilities. Thus, our predictor set of interest is H,, = H®™
and then, our predictor h is a tuple (hq, .., hy,) € H. Throughout our study, our
stochastic kernels @, Q° will belong to the specific class C defined below:

C:=1{Q | HQ)icrms.t. VS, QSm,.) = Qi(Sp, ) @ oo. @ QS ). (B.3)

Thus our kernels are such that conditionally to a given sample, our predictors
(hi, ..., hy,) are drawn independently.

We now apply Th. B.4.1. To do so, we consider the following function A :
S X Hm — R? such that VS, = (2;)i=1.m, b = (B)i=1.m € Sm X Hon:

A(S, h) = (Z E[¢(h;,z;) | }"il],ZE(hi,zi)>
i=1 i=1

A is indeed measurable in both of its variables. For a fixed A > 0, we set the
function F' to be F(x,y) = Az —y) .
The only thing left to set up is our stochastic kernels. To do so, let P = (P, ...P,,)
be an online predictive sequence, we then define Q° € C (defined in Eq. (B.3))
s.t. for any sample S,,,
Q% =Pi(Sm,.) ® ... ® Pppy(Sm, ). We also fix Q, ..., Qy, to be any (posterior)
stochastic kernels and similarly we define the stochastic kernel (3 € C such that
for any sample S,,,, Q(Si,.) = Q1(Sm, ) ® ... ® Quu(Sps -)-
From now, we fix a dataset S,, and, for the sake of clarity, we assimilate in
what follows the stochastic kernels Q;,P; to the data-dependent distributions
Qi(Sm, .), Pi(Si, ) (i.e. we drop the dependency in S,,,).
Under those choices, one has:
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Qs [As,] = /h _ AlSn, h)Qs, (Ahs, ... dh)
(/h iE [0(hs, 2:) | Fir]Qs,, (dh1, ... d /h Zé hi, 2:)Qs,. (dhy, ..., dh )).

eHmZ 1 E,}-[Tn”l, 1

Furthermore, @ € C, thus Qs,, (dhy, ..., dh,,) = 117", Q;(dh;) so
Qsm Asm (Z Eh NQZ h’L? z; ‘ —E 1 Z Eh NQZ hl7 Z’L)]) .
Finally:

F(Qs,.[A (Z En,~q,[E [l(hi,2z;) | Fizi]] Z En~q; (R, zl)]> .

Applying Th. B.4.1 and re-organising the terms gives us with probability 1 — §:

KL L log(&,, /6
ZEMQ [0(hi,2:) | Fica <ZEhNQZ (hey 22)] + (QS;”Q&,LM Og(i/)_

Thus:

i KL(%HPJ 4 log(é;\m/5)'
(B.4)

ZEh ~Qi [E[l(hi,2;) | Fia]] < Z En,~q; (i, 2:)] +

i=1 =1

The last line holding because for a fixed S,,, Qs,, = @1 ® ... ® Q,, and Q%m =
P®..QP,.
The last term to control is

Sm = Eg lEhl ..... hmngm |f3Xp ()\Zg (hla Zz))]] )

=1

with 0;(h;, z;) = E[(hi, 2;) | Fi—1] — €(hs, ;). Hence the following lemma.
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Lemma B.4.1. One has for any m, &,, < exp (’\2”;K2> with K bounding /.

The proof of this lemma is deferred to Section B.4.1.1
To conclude the proof, we just bound &, by the result of lemma B.4.1 within
Eq. (B.4). |

B.4.1.1 Proof of lemma B.4.1

Proof of lemma B.4.1. We prove our result by recursion: for m = 1, §; = z; and
one knows that P; is Fy measurable yet it does not depend on S,,. Thus for any
hy € H, E[l(h1,21) | Fo] = E[¢(h1,21)]. We then has:

51 = E31 Eh1~P1 [gl(hla Z1)]

= Epyop Es, [01 (01, 21)] by Fubini

N K*?

< exp

The last line holding because for any h; € H, gl(hl,zl) is a centered variable
belonging in [~ K, K| a.s. and so one can apply Hoeffding's lemma to conclude.

Assume the result is true at rank m — 1 > 0. We then has to prove the result
at rank m. Our strategy consists in conditioning by F,, 1 within the expectation
over S,,:

&m = Es,, [Ehl ..... hm~QY [exp </\§:gi(hia ZZ))H .

=1

First, we use that Q° € C, thus Q?gm =P ®..® P, (i.e. our data are drawn
independently for a given S,,):

= Es I, En,np, [exp (Mi(hi,2:))]] .

We now condition by F,,_; and use that H?i‘llEhini [exp ()\lz(hi, zl))} isa F_1-
measurable r.v.

Em = Es [II25"En,wp, [exp (Ai(hi, 2:))| E [Enym [eXD (Mo (i, Zm))] | Fina ]

Now our next step is to use a variant of Fubini valid for F,,,_1- measurable mea-
sures.
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Lemma B.4.2 (Conditional Fubini). Let f : H x Z — R*. For a sigma-
algebra F over Z and a measure P over H such that

» P is a F-measurable r.v.
= There exists a constant measure (a.s.) Fp such that P < Py.

Then one has almost surely, for any r.v. z over Z:

E[Enplf(h,2)] | F] = Enep [E[f(h,2) | F]].

The proof of this lemma lies at the end of this section.

We then fix F = F,,_; and f(h,z) = exp(\;(h,z)). Furthermore, because
we assumed the sequence (P;);—1..., to be an online predictive sequence, P, is
Fm_1-measurable and P,, >> P, with P, a data-free prior. One then applies
lemma B.4.2:

E [Enpumpn [eXDMon (B, Zm))] | Finot| = Enps [ELXDNln (i, Zim)) | Fona]] -

Yet, injecting this result onto &, provides:

&n =Es [H?;lEhiNPi {exp (/\gi(hi,zi))} En,~p, {E[exp(AlZm(hm,zm)) | fm_l]H
The final remark is to notice that for any h,, € H, E[@m(hm,zm) | Fin1] =0
and {p,(hm, zm) € [—K, K] a.s. then one can apply the conditional Hoeffding's
lemma which ensure us that for any A > 0:

N 2K2
E[exp()‘gm(hrmzm)) | ]:m—l] < exp <)\ 2 > :

One then has &, < exp (%) &n—1. The recursion assumption concludes the
proof.
[ |

Proof Proof of lemma B.4.2. Let A be a F-measurable event. One wants to show
that

E[Enp[f(h,2)]14] = E[En-p [E[f(h,2) | F]]14].

Where the first expectation in each term is taken over z. This will be enough to
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conclude that
E[En~p[f(h,2)] | F] = Enp [E[f(R,2) | F]]

thanks to the definition of conditional expectation. We first start by using the
fact that P is F-measurable and that Fy > P with P, a constant measure. This
is enough to obtain that the Radon-Nykodym derivative 4&- is a F-measurable

: dP,
function, thus:

dP
E Evnel (1 2)01a] = [Ery | 1002) 35 00)] 14@)]
dP
= E [EhNPO [f(h,Z)CiP%)(h)]].A(Z)]] .
Because f(h,z)%(h)]lA(z) is a positive function, and that F is fixed, one can
apply the classical Fubini-Tonelli theorem:

dp

~Eror, [ | 102) - 00142

dP

By 14 are F-measurable:

One now conditions by F and use the fact that

dp

~Euor, [ [EL(2) | 7] 001400

We finally re-apply Fubini-Tonelli to re-intervert the expectations:

dp

£ [E,WPO [E [£(h,2) | ] dl%(h)]lA(Z)H |

= E[Enwp [E[f(h,2) | F]1a(2)].-

This finally proves the announced results, yet concludes the proof.

B.4.2 Proofs of section 3.4

We prove here Cor. 3.4.1 and Cor. 3.4.2.
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B.4.2.1 Proof of Cor. 3.4.1

We fix Q,P to be online predictive sequences (with Ql,Pl being data-free priors).
Recall that we assimilated the stochastic kernels Qi,Pi to the their associated data-
dependent sitribution given a sample S,, Q,-(Sm, ), Pi(Sm, ).

As in Th. 3.2.1, our predictor set of interest is H,, := H®™ and then, our predictor
h is a tuple (hy,..,h,) € H. We consider the stochastic kernel ) belonging to the
class C defined in Eq. (B.3) such that for any S € S,,,, Q(Sp,.) = Qo ® ... @ Qs
Similarly one defines Q° € C such that for any S € S,,,Q°(S,,.) =P ® ... ® P,

Proof for (U;,®;): For A > 0, we set our function f to be for any dataset S,, and
predictor tuple h = (hy, ..., hy),

f(3m7 h) = A (f:E [f(huzi) | ]:z‘—1] - f:g(hiazi)> .

i=1 i=1
We then apply proposition B.3.1 with the function f, @, Q" defined above. One then
has by dividing by A with probability 1 — § over S ~ p and h = (hy,...,hy) ~
Qe ® ... ® Q1

log(1/6)

S el ) | 7] < 3 0nm) + 5 10w (S ) + o) + 2

And then using the fact that S € S, Qs = Q0 ® .. ® Qu11, Q% =P ® ... @ Py,
gives us:

m

ZE[ (h,,ZZ |./T" f: hl’zi)+i\§:10g (dQH—l (hz)) +110g(§m)+10g(1/6),

i=1 dPZ A A

with & = Es [En, nu~as, [exp (AT, Gi(hi 2,))]] and for any i, Gi(hi,z;) =
E[l(hi,z;) | Fia] — €(hi, z;)

Notice that, because P is an online predictive sequence, then one can apply directly
lemma B.4.1 to conclude that &, < exp (’\2K2 )

We also use VIALLARD et al., 2023a, Lemma 11 which derives the calculation of the
disintegrated KL divergence between two Gaussians. One then has for any i, with
hi = UA}H_l + &8

dQ; Wit +e; — w2 —|le| |2
1og(dl;1<m>) ey +6o— wllP = el

Combining those facts altogether allows us to conclude.
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Proof for (Wy, ®5): For A > 0, we set our function f to be for any dataset S,,, and
predictor tuple (h = hq, ..., hyn),

f(Sm,h) —exp< (ZE (hiyzi) | Fic1] — ié(hi,zi)>>.

=1

We take a = 2 and apply this time proposition B.3. 2 One then has by dividing by 2\

with probability 1 — d over S ~ p and h = (hy, ..., hy,) ~ Q®..® Qm+1
i " 3. 2
> E[l(hiyz) | Fima] <300 hiyz:) + 2)\log(S
i=1 i=1

D, (QS ”Q% ) 1
S VAN | E E S K)?
+ 2)\ 2>\ Og SéerDmh/NQg/ f< m )

=t

We first notice that D <Q5m HQ?gm) = Y7, Do(Qiy1||P:) as our predictors are drawn
independently once S,, is given.

We also use that for any 7, the Rényi divergence with o« = 2 between Qz’+1 and P;

s )" (as recalled in

(two multivariate Gaussians with same covariance matrix) is
GIL et al,, 2013).

We then remark that:

' = E E e 2\ E [¢(h;, Fi O(h, .
gm S{,,,NDmh’NQO, Xp ( (;:1 z z) 1] ; ( i z)))
Thus we recover the exponential moment &,,, from the Rivasplata's case up to a factor
2 within the exponential. We then apply lemma B.4.1 with A’ = 2\ to obtain that
¢ < exp(2\*K?m).

Combining all those facts allows us to conclude.

B.4.2.2 Proof of Cor. 3.4.2

We apply the exact same proof than Cor. 3.4.1. The only difference is the way to
define our stochastic kernels. We now take, for a single online predictive sequence Q
the following stochastic kernels:

We consider the stochastic kernel ) belonging to the class C defined in Eq. (B.3) such
that for any S € Sy, Q(Sm,.) = Q1 ® ... ® Q,, and we take Qy = Q.

This fact allows the divergence terms (Rényi or KL depending on which bound we
consider) to vanish. The rest of the proof remains unchanged.
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B.4.3 Proof of Theorem 3.6.1

Proof. We fix m > 1, & a countable dataset and (P;);>1 an online predictive
sequence. We aim to design a m-tuple of probabilities. Thus, our predictor set of
interest is H,, := H®™ and then, our predictor h is a tuple (hq, .., h,,) € H.

Our goal is to apply the change of measure inequality on H,, to a specific function
fm inspired from Lemma 2.1.2. We define this function below, for any sample &
and any predictor "™ = (hq, ..., hy,)

m 2 m

Fa(8.H™) = 3o AXi (o) — o S (Vihi,20) + Vi),
i=1 i=1
where X;(h;,z;) = E;_1[0(h;, z;)] — £(hi, z;). Notice that for fixed h, the sequence
(fm (S, h))m>1 is a supermartingale according to Lemma 2.1.2.
Now for a given posterior tuple @1, ...Q,, we define ) = Q1 ® ... ® Q,,, and also
Py = Pg® .. ®P,s. We can now properly apply the change of measure
inequality for any m:

i Eninqi[AXi(hi 2:) — );(Vi(hz’» z;) + Vi(hi))] = Epmg [f(S, )]

i=1

< KL(Q, Pg") + log (EhmegL exp(fin(S, hm))) :

Noticing that KL(Q, P§") = >, KL(Q;, P;.s,,), the only remaining term to deal
with is the exponential rv.
To do so we prove the following lemma:

Lemma B.4.3. The sequence (M,, := Epmpp exp(fin (S, h™)))m>1 is a non-
negative supermartingale.

The proof of this lemma lies at the end of this section.
Now we can apply Ville's inequality which implies that with probability at least
1—4, for any m > 1:

1

5

Thus we have with probability at least 1 — 0, for any posterior sequence (Q;);>1,
the data-dependent measures P, g, ..., P,, s and any m > 1:

Epm~pp exp(fn (S, h"™)) <
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2

U A~ Ui 1
> B [AXi(hi,20) = 5 (Vi(hi,2) + Vi(ho) | < 3OKL(Qu Pis,) +10g (5)
i=1 =1

Re-organising the terms in this bound and dividing by A concludes the proof.
|

Proof of Lemma B.4.3. We fix m > 1 and we recall that for any ¢, P; s, is F;_1-
measurable. We show that E,,_1[M,,] < M,,_1. We first recover M,,_; from
Emn_1[Mp)].

Em1[M] = Ep1 [Enmepyp exp(fn(S, ™))
=En1 [Ehl,..,thPLs@...@Pms exp(fm (S, hm))}

A2
=Emn1 [Ehl,..,thPLs@...@Pmﬁ lnﬁl exp (AXi(hia Zi) - ?(V;(hivzi> + Vz(hz))>H

)\2

— m—lEm—l [EthPmys [eXP (AXm(hmy Zm) - ?

(Vi (s 2im) + Vm(hm))>H .

The last line holding because Pfg”’l =Ps®..® P, 15 is F,_1 measurable.

Now we exploit the fact that P,, s is F,,—1 measurable to apply Lemma B.4.2.
We have:

2

Em_1 [Ehmwpmys [exp ()\Xm(hm, Zon) — AQ(vm(hm, Zn) + Vm(hm))>H

= Epppr s [Eml [exp ()\Xm(hm, Zom) — A22(177,1(}%, Zm) + Vm(hm))>H .

Now we can apply Lemma 2.1.2 for any h,, € H with AM,, = Xy, (hin, 2m), A[M],, =
V (b, Zm) and A(M),, = V;,(hy). We then have for all b, € H:

)\2
2
Thus E,,—1[M,,] < M,,_1, this concludes the lemma'’s proof. [ |

En—1 lexp (AXm(hm,zm) — (Vi (P Zn) + Vm(hm))ﬂ <1
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B.5 Additional experiment

In this section we perform error bars for our OPBD methods in order to evaluate their
volatility. We ran n = 50 times our algorithms and then show in the table below
for each data set the means and the standard deviation of our averaged cumulative
losses at regular time steps. We denote for i € {1,2} 'OPBD ¥;’ to indicate that this
algorithm is our OPBD method used with thev optimisation objective ;.

Analysis Those tables shows the robustness of our OPBD methods to their intrinsic
randomness: we always have a decreasing mean through time as well as an overall
variance reduction. Note that for the most complicated problem (California Housing
dataset), the variance is the highest. More precisely, we notice that the standard
deviation of OPBD with W, is always greater than the one of OPBD with Wy which is
not a surprise as W involves a disintegrated KL divergence while Wy is a proper Rényi
divergence. Hence the additional volatility for OPBD with W;.

This fact is particurlaly noticeable on the California Housing dataset where both the
means and variance of OPBD with W, increase drastically between t=16000 and
t=20000 while the increase is more attenuated for OPBD with W,. This fact is also
visible on fig. 3.1.
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means OPBD W, | std OPBD V¥, | means OPBD V¥, | std OPBD W,
t=200 | 0.2014 0.0034 0.1993 0.0007
t=400 | 0.1888 0.0030 0.1861 0.0004
t=600 | 0.1867 0.0023 0.1839 0.0003
t=800 | 0.1714 0.0020 0.1686 0.0003
t=1000 | 0.1760 0.0016 0.1731 0.0003
Table B.1. Error bars for the Boston Housing dataset
means OPBD ¥, | std OPBD W¥; | means OPBD ¥, | std OPBD ¥,
t=100 | 0.1619 0.0063 0.1601 0.0030
t=200 | 0.1350 0.0057 0.1361 0.0008
t=300 | 0.1214 0.0044 0.1241 0.0009
t=400 | 0.1210 0.0043 0.1238 0.0021
t=500 | 0.1131 0.0037 0.1159 0.0015
Table B.2. Error bars for the Breast Cancer dataset
means OPBD ¥, | std OPBD ¥, | means OPBD ¥, | std OPBD ¥,
t=150 | 0.7102 0.0061 0.7069 0.0007
t=300 | 0.6455 0.0056 0.6422 0.0007
t=450 | 0.6134 0.0042 0.6103 0.0007
t=600 | 0.5860 0.0035 0.5837 0.0008
t=750 | 0.5685 0.0031 0.5664 0.0008
Table B.3. Error bars for the PIMA Indians dataset
means OPBD W, | std OPBD ¥, | means OPBD ¥, | std OPBD V¥,
t=4000 | 0.9320 0.0572 0.8905 0.0003
t=8000 | 0.6325 0.0335 0.5947 0.0003
t=12000 | 0.5314 0.025% 174 = | 0.4954 0.0002
t=16000 | 0.4967 0.0299 0.4477 0.0004
t=20000 | 0.5273 0.1056 0.4355 0.0030

Table B.4. Error bars for the California Housing dataset



APPENDIX OF CHAPTER 4

C.1 Supplementary background

C.1.1 Additional details on Poincaré and Log-Sobolev
inequalities.
Proof of proposition 4.2.2.

Proof. We define Py such that dP;(h) o< exp(—V (h) — 7Rs,, (h))dh, then note
that, by convexity assumption over /1, Hess(V+7§3m) - ild. Then, applying
CHAFALI (2004, Corollary 2.1), we know that P, satisfies a Poincaré inequality with
constant cr¢(P).

Finally, defining Py such that dP,(h) oc exp(—2L >, l5(h,z;)), thanks to the
boundedness of /5, we use GUIONNET and ZEGARLINKSI (2003, Property 2.6),
which ensure that P, = P—vﬁsmdpl(h) satisfies a Log-Sobolev inequality with

constant 2crs(P) exp(4[/(2][c)cp(P). Noting that P, = P concludes the
proof. [ |

Proof of Ledoux (2006, Propsition 2.1) We prove here Proposition C.1.1, stated
below, showing that Log-Sobolev implies Poincaré.

Proposition C.1.1. If Q) is L-Sob(cys), then it is also Poinc(cp).
We then have cp(Q) = 52

We provide the proof for completeness.

Proof. Let f € H'(Q), such that Eg[f] = 0 and E[f?] = 1. For any ¢ > 0,
1+ ¢f € H'. We then apply the Log-Sobolev inequality on 1 + ¢ :

Eq [(1+¢f)? (2log(1 + ¢ f) — log(1 +&%))] < cLs(Q)e’Eq [[IVFI7] -

Note that, by a Taylor expansion, log(1 +¢cf) =¢f — % + 0(€?) and also that
log(1 + &?) = €2 + o(e?). Then, plugging this into the previous equation gives:
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Eo [28]’ +3(ef)? —e2 + 0(82>} < c15(Q)e’Eq [||Vf|]2} .

We use that E[f] = 0 and we then divide by 2. Taking the limit ¢ — 0 gives:

Eq [3/2 — 1] < czs(QEq [IVFI?] -
Using that E[f?] = 1 gives:

1< Eq [IV£1]

CLS(Q)
2

Then, for any ¢ € H'(Q) applying this proof on f = %‘Q[?) concludes the
arq(g

proof. [ |

C.1.2 Wasserstein distances

We recall here the definition of Wasserstein distances, valid for any Polish space H
equipped with a distance d.

Definition C.1.1. The 1-Wasserstein distance between P, Q € M(H)? is defined

as

P:'f/—d.
W@ P)= gt [ e = ylldn(z.y)

where T1(Q, P) denote the set of probability measures on H? whose marginals are
@ and P. We define the 2-Wasserstein distance on P(H) as

W@ )= i [l vl ).
H

7ell(Q,P) .

C.2 PAC-Bayes bounds for Lipschitz losses through
log-Sobolev inequalities

Extending Catoni’s bound to Lipschitz losses. A well-known relaxation of CATONI
(2007, Theorem 1.2.6) (see e.g. ALQUIER et al., 2016, Theorem 4.1) holding for sub-
gaussian losses has been widely used in practice as a tractable PAC-Bayesian algorithm
exhibiting a linear dependency on the KL divergence. We exploit below a consequence
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of the Herbst argument as stated, e.g., in LEDOUX (2006, Section 2.3), stating that a
L-Lipschitz function of a random variable following a distribution D being L-Sob(cs)

is L\/crs(D) subgaussian. This yields the following corollary.

Corollary C.2.1. Let A > 0, m > 1 and a data-free prior P. Assume that for any
h € H, {(h,.) is L-Lipschitz and that the data distribution D is L-Sob(c.s). Then
for with probability at least 1 — § over S, for any Q € M(H),

KL(Q,P) + log(1/4) N 2X2L%cp5(D) |

A m

Rp(Q) <Rs,.(Q) +

Proof. We take f(h) = AAg(h) := AMRp(Q) — R, (Q)) first use the change of
measure inequality (CsISZAR, 1975; DONSKER and VARADHAN, 1976) to state
that, for any Q,

Enqlf ()] < KL(Q, P) +log (En~p [exp (f(R))]) -

Markov's inequality alongside Fubini's theorem gives, with probability at least 1—4,

En~qlf(h)] < KL(Q,P) +log(1/4) + log (En-pEs [exp (f(h))]) -
Now, we use that f is L-Lipschitz for all h, then the function S — Ag(h) is \/27”-

Lipschitz on S for each h. As D is L-Sob(cps) inequality, D®™ is also L-Sob(cys)
with identical constant (ANE et al., 2000, Corollary 3.2.3). Then, using Herbst
argument similarly as in LEDOUX (2006, Section 2.3) allow us to conclude that f

is 2Ly/cps(D)-subgaussian, thus,
2X2[2

log (En~pEs [exp (f(h))]) < o

This concludes the proof. [ |

Disintegrated PAC-Bayes bounds Numerical estimation of PAC-Bayes bounds is
usually challenging as it often involves Monte-Carlo approximations of the expectation
over the posterior (). A recent line of work developed in Chapter 3 and RIVASPLATA
et al. (2020) and VIALLARD et al. (2023a) studies disintegrated PAC-Bayes bounds
e.g., bounds holding with high-probability on both the dataset S and a single predictor
h drawn from the posterior ). Those bounds are relevant for practitioners as they
require little computational time. However, a drawback of these bounds is that existing
disintegrated bounds do not allow the KL divergence to be used as a complexity
measure. Either disintegrated KL (RIVASPLATA et al., 2020) or Rényi divergences
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(VIALLARD et al., 2023a), which can be seen as a relaxation of the KL one, are
considered.

Using again the subgaussianity behavior of Lipschitz losses, it is possible to attain
PAC-Bayesian disintegrated bounds as long as the posterior distribution satisfies a log-
Sobolev inequality with sharp constant (achievable for instance for Gaussian distribution
with small operator norm).

Lemma C.2.1. Assume that for any z,/(.,z) is L-Lipschitz and that Q is
Poinc(cp) with cp(Q) < 1/m. Then, with probability 1 — ¢ over the draw of
h~Q:

2L21log(1/9)

As, (h) < As, (Q) + o

This lemma states that, as long as we assume our loss to be Lipschitz w.r.t. h,
then it is possible to easily derive disintegrated PAC-Bayesian bounds. Also notice
that Lemma C.2.1 is easily completed by Corollary C.2.1 which makes appear a KL
divergence as complexity. Note also that as the loss is Lipschitz, it is also possible to
make appear 1-Wasserstein distance through the bounds of Chapters 5 and 6. Thus
Having a Log-Sobolev assumption with sharp constant on the posterior distribution
is enough to provide disintegrated PAC-Bayesian bounds involving KL or Wasserstein
terms instead of Rényi divegerences or disintegrated KL.

C.3 Proofs
C.3.1 Proof of Corollary 4.3.1

To start this proof, we first state an important intermediary theorem, holding at no
assumption on the data-distribution.

Theorem C.3.1. For any C' > 0, any % > X > 0, any data-free prior P, any
nonnegative loss function ¢ such that, for any z € Z /(.,z) € H!, and any ¢ €
[0, 1], we have, with probability at least 1 — § over the sample S, for any m > 0,
any posterior Q being Poinc(cp), such that Rp(Q) < C and such that for any

z, {(.,z) € H(Q):

m

1 <A N KL(Q,P)+10g(1/5))
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Theorem C.3.1 exhibits the influence of the gradient norm of V¢ on the generalisation
ability: small gradients makes the bound vanish, the remaining variance term is not
treated for now and can be assumed bounded, but we cannot then recover a fast
rate. We show next that assuming additional assumption over the data distribution
circumvent this issue.

Proof. We re-start from CHUGG et al. (2023, Corollary 17), for any A > 0, with
probability at least 1 — 4, for any m > 0, any posterior Q:

KL(Q,P) +1og(1/9) N A (
2

m

Ro(Q) < Rs, (Q) + E [EZND[E(h,z)z]D :

h~Q

Then, the last term is controlled as follows,

h~ z~D

2
2 2
£, [Ernlth 2] < E, |er(@) £, (IVst.2)12) + (E fen ) |
We then make appear a supplementary variance term:

= E|on(@),E, (IVat(h,2)|)] + Varsen ( € [4(h2))

~D

4 ( E E [e<h,z)])2.

z~D h~Q

Note that by Fubini, the last term on the right-hand side is exactly Rp(Q)?, then
using that the averaged true risk is lesser than C, and re-organising the terms in
CHUGG et al. (2023, Corollary 17) gives, for A € (O, %)

A N KL(Q,P) +log(1/9)
¥ i)

-, _AAC (cP(Q) E LEQ (IVse(h, z)||2>} e <hEQ[€(h, z)])) |

Now Theorem C.3.1 is proven, we only need to exploit the Poincaré assumption on the
data distribution on the variance term to obtain Corollary 4.3.1.

C.3.2 Proof of Theorem 4.3.3
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Proof. We start again from Theorem 4.3.2, with A = 1/ then have with proba-
bility 1 — §/2:

Ro(Q) < 2 (fesm@) 120, KHUQP) +1og(2/ ‘”)

m
cp(Q) ;

T L%(”Vﬂ(haZ)II )} (C.1)

We now remark that g(h,z) := [|[V,l(h,z)||* is nonnegative. Then, given our

assumptions, we apply the route of proof of Theorem 4.3.2 on ¢ ie. we start
again from the (CHUGG et al., 2023, Corollary 17), apply Poincaré’s inequality on
Q and use the QSB assumption on g. We then have for any A > 0, with probability
at least 1 — /2, any Q being Poinc(cp), QSB(g,Cs) and ¢(.,z) € H(Q) for all
zZ:

5 LB (19 12)] <, [ S50t KL sl
s e £, (1m0 17)] + 252 £ LE, (19utt 2I)] - (€2)

Finally, notice that, by definition of g, V,g(h,z) = 2Hess,({)(h,z)Vl(h,z),
where Hessy,(¢) denotes the Hessian of . Thus, using that ¢(.,z) is G gradient
Lipschitz for any z gives, for any (h,z) that ||[Vag(h,2)|| < 2G| Vil(h,2)|.
Plugging this in (C.2) gives:

E [E (thé(h,Z)llzﬂ < Hiuvhm 2 HZ] KL(Q, P) + log(2/9)

2~D [h~Q Pt Am
+;@ﬂ®@+@L5L%WWWMWﬂ-K@

Finally, using that cp(Q) = ¢, taking A = and re-organising the terms in

4c G2+C
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(C.3) gives:

1 m
o [hEQ (||Vh€(h,z)||2)} <2,E [m ; IV nl(h, )|
KL(Q, P) +1og(2/6)

m

Finally, taking an union bound and plugging (C.4) in (C.1) concludes the proof. W

C.3.3 Proof of Lemma 4.4.1

Proof. For conciseness, we rename Q := P . We first notice that, denoting

7’y§5m
by Z—g the Radon-Nikodym derivative of (Q with respect to P:

KL (P_ g, ,P) =Enq [log (i?,(@)]

= Entp (fg) = Entp[g?,

where g = \/Z—Q.

Recall that fl—g(h) = L exp (—fyﬁgm(h)) where Z = Ejp [exp (—'yﬁsm(h))]
Then, g(h) = > exp(—3Rs,, (h)) belongs in H'(P) as long as £ € H'. Indeed, as
exp is infinitely smooth, g € D;(R?), also as the loss is nonnegative, then g < %
thus g € L2(f’). Finally, Vg = —%g(h)VI?{gm(h). As g(h) < % we only need
to bound ||[VRs, (h)|* to ensure that g € H!(P):

2
1<i,j<m

VR, (W = —5 3 (Ve(h,), Ve(h, %)

1
<5 2 IVURz)I +([Ve(h 2]

1<i,j<m

As we assumed ||V/(.,z)||* € L*(P) for all z, we conclude that g € H'.
We then can apply the log-Sobolev inequality to conlude that
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KL (P_g,, . P) < cus(P) E [[Vg(h)[}
= D) g [19iRs, (I (0)

2 P . d
- 2B 9, PSR

2
vecrs(P A
- Tasl®) e (19, (I

,,Yﬁsm

C.3.4 Proof of Theorem 4.4.1

Proof. We start again from CHUGG et al. (2023, Corollary 17) instantiated with
a single A, i.i.d. data and a prior P. Then with probability at least 1 — 9, for any
posterior () and m > 0:

Ro(Q) < Rs, (@) + BB L 2 (e [, opu(h,2)7)).

where z ~ D is independent of S.

For the first inequality, we just take A = 1, we use that ¢(h,z)? < ¢(h,z) and
re-organise the terms. Finally, we upper bound the KL term thanks to Lemma
44.1.

For the second inequality, we exploit Proposition 4.2.2 to use the fact that P—vf?sm

is L-Sob(crs) alongside Proposition C.1.1 which ensures that P__» is Poinc(cp)

with constant equal to ¢y g (P—vﬁs P /2.
We then apply a route of proof similar to Theorem 4.3.2. We have :

E  |Exolt(h2)]] = E

Zi~

h~P

Varh~P7V§5 (ﬁ(h,z))+< E [E(h,z)])]

m i~ _'YRSm

_'YRSm

Applying Poincaré’s inequality then gives:
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E  |Exnll(h2)Y]

z~D h~ - ~ .
- —Rsm —Rsm

< B [erPretiel= e (wa,zw?)*(h = W’Z)M'

Finally, using that P__r_ is QSB(¢,C) allow us to re-organise the terms as in
Theorem 4.3.2. Combining this with Lemma 4.4.1 to bound the KL divergence

concludes the proof.
[ |

C.3.5 Proof of Theorem 4.5.1

Proof. We assume first G = 1. We start from the Kantorovich duality formula
(VILLANI, 2009, Theorem 5.10) instantiated with the cost function c(z,y) =
|z — y||*. We have for any Q, P, because W, is a distance:

W*(Q,P) =W*P,Q) = Sup Enqlo(h)] = Envp[¢(R)], (C.5)

where the supremum is taken over the functions ¢,v € L'(Q) x L(P) such that
for all h, W' € H?, ¢(h) —Y(I) < ||h — |

We claim that if ¢(h) = f(h) — D||V f(h)|| and ¢»(R") = f(h’) then the pair &, ¥
satisfies ¢(h) — 1(h') < 1h=PIE,

Indeed,

¢(h) —(h') = f(h) — f(B) = DIV f(h)]
= fog(1) — fog(0) = D|IVf(h),

where g(t) = th + (1 — t)h'. Then, by the fundamental theorem of calculus, we
have

8(h) = () = [ (oY (®)dt = DIV 1)

= | (VI (th+ (1= t)k),h=K)dt = DIV f(h)].
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We now control the last term using that ||h — A'|| < D and Cauchy-Schwarz:

80 = 9() < [ (VF (th+ (1= OW) k= K} de = (V£ (), h = I)
_ /01 (VF (th+ (1= DR) = V() h— I dt.

Then by Cauchy-Schwarz alongside Lipschitz gradient,

8() = () < lIh = || [ IV f (th+ (1 = )R = V(8
< a1l [~ o)t 1 B

_ h=r"
R

We then conclude by applying (C.5) to the pair (2¢,21). The general case with
G # 1 is immediate when considering the pair (%gb, %w) |

C.3.6 Proof of Corollary 4.5.1

Proof. We fix R > 0 and we start from Theorem 4.5.1 with predictor space
Ho = B(0,R), f being gradient-Lipschitz on this ball and prior and posterior

Pr#Q, PritP,

| @

Envq[f (Pr(R)] < W3 (Pr#Q, Pr#P)+Enp [f (Pr(l)+2REnq [[IV.f (Pr(M))]].

We first prove that W2 (Pr#Q, Pr#P) < W2(Q,P). Let 7 € T'(Q, P) being the
optimal transport coupling from P to Q, i.e.

W3(Q,P) = Egxyyer [1X = Y]
Then notice that if we denote by m; = (Pgr, Pr)#, then m; € T (Pr#Q, Pr#P)

and so:

W3 (Pr#Q, Pa#tP) < Exyyem [IX = Y]
= Ex,y)om MPR(X) - PR(Y)M ’

~ 184 -



C.3. Proofs

Using that Pg is 1-Lipschitz gives,

W3 (Pr#Q, Pr#P) < Exyyem [I1X = Y]
= W3(Q,P).

Then we need to control W2(Q, P). To do so, we use the fact that P is L-Sob(czs)
to affirm, through Otto-Villani's theorem (OTTO and VILLANI, 2000, Theorem
1) that the following holds: W2(Q,P) < “S®IKL,(Q,P). This concludes the
proof. |

C.3.7 Proof of Theorem 4.5.2

Proof. We start from Theorem 4.5.1, using that Ag,, is G-gradient-Lipschitz for
any m to obtain:

EnvqlAs, (h)] < §W§(Q, P) + Enp[As,, (h)] + DEnq[|VAs,, (R)]]

The only thing left to control is Ej.p[As,, (h)]. For this, we use that P alongisde
the supermartingale concentration inequality of CHUGG et al. (2023, Corollary 17)
instantiated with prior equal to posterior, i.i.d. data showing that, for any A > 0,
with probability at least 1 — 9,

log(1/6) A
0g(1/9) + SEnrEsnlf(h, 2)7.

Enp[As, (h)] < \

The last term on the right-hand side is bounded by 0% by assumption, then, taking

\ = 21%(21/5) gives finally EhNPEZND[g(ha 2)2] < 2log(1/§)/m, concludes the
proof. u
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APPENDIX OF CHAPTER 5

D.1 Additional background

D.1.1 Background on optimal transport and covering numbers

We recall a basic property on covering numbers.
= d
Proposition D.1.1. For any R,e, N(B(0, R)),¢) < (1 + %) _

The following theorem is initially stated in (VILLANI, 2009, Theorem 5.10).

Theorem D.1.1 (Kantorovich duality). Let (X, Q) and (), P) be two Polish prob-
ability spaces and let ¢ : X x J) — RU {400} be a lower semicontinuous cost
function, such that

V(z,y) € X x Y, c(z,y) > alz)+b(y)

for some real-valued upper semicontinuous functions a € L'(Q) and b € L*(P).
Then there is duality:

Lnin /X XyC(x,y)dW(fc,y) R [ /y ¢(y)dP(y) — /X w(x)dQ(w)},
p—p<c

where L;(P) refers to the set of all functions integrable with respect to P and the
condition ¢ — 1 < ¢ means that for all z,y € X x Y, é(y) — ¥ (z) < c(z,y).

D.1.2 Technical background for Section 5.3

The theorems of Section 5.3 all rely on a well-chosen radius R (seen here as an
hyperparameter) verifying the following set of (non-restrictive) assumptions.

The set of assumptions Rad.

We say that R > 0 is satisfying Rad(«, 3, M, m,d) (abbreviated as Rad when clear
from context) for 0 < o < 8 and d € N/{0}, M > 0 if:

1. R> M +1,
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2. R>M+ mddlog (dmi%g> = M + m\/dlog (d\}é—i) + 2log(m),

3. R>M+25,/1+ 4

Remark D.1.1. Note that R = (’)max(\/d log(d), \/log(m)) when R is the small-
est value satisfying Rad.

We state a lemma from PANARETOS and ZEMEL, 2020 which controls the Wasserstein
distance between a measure and its projection on a ball.

Lemma D.1.1 (Adapted from PANARETOS and ZEMEL, 2020, Equation 2.3).
Let P € M(RY) and R > 0. The 1-Wasserstein distance between P and Pr#P is
controlled as follows:

Wi (P, Pr#P) < [Ix = Pr(x)[[dP(x) <

x> R x> R

Ix||dP(x).

Lemma D.1.1 suggests to consider projected distributions and to control them through
the residual moments of the norm of gaussian vectors — which is done in the following
result.

Lemma D.1.2. For d > 3, R satisfying Rad, any Q = N (i, %) € Cu 5.0,

Qi > B < V2
Also, for any Q € Cy g s
WL(Q Pa#Q) < Enca Il 1(18l > B < (M + 1)V

Finally:

B (1112 11811 > )] < (a1 + 172222,

The proof of Lemma D.1.2 is gathered in Appendix D.2.2.
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D.1.3 Differential privacy background

Definition D.1.1 (Probability kernels). A probability kernel P from Z™ to M(H)
is defined as a mapping P : Z™ — M(H) .

Definition D.1.2. A probability kernel P : Z™ — T is (e, ~y)-differentially private
if, for all pairs S,,,, S/, € Z™ that differ at only one coordinate, and all measurable
subsets B € Y4, we have

P{P(S,) € B} <eP{P(S.,) € B} +.

Further, e-differentially private means (e, 0)-differentially private.

Remark D.1.2. Note that classically, differential privacy do not consider stochastic
kernels but randomised algorithms. Note that this is equivalent to consider prob-
ability kernels as precised in DZIUGAITE and ROy (2018b, footnote 3, Appendix
A).

For our purposes, max-information is the key quantity controlled by differential privacy.

Definition D.1.3 (DWORK et al. (2015), paragraph 3). Let 5 > 0, let X and Y
be random variables in arbitrary measurable spaces, and let X’ be independent of
Y and equal in distribution to X. The (3-approximate max-information between X
and Y, denoted IEO(X; Y'), is the least value k such that, for all product-measurable

events F/,
P{(X,Y) e E} <'P{(X"Y) € E}+ 3.

The max-information I.(X;Y) is defined to be I?(X;Y) for 3 = 0. For
m € N and stochastic kernel P : Z™ — M(Z), the [-approximate max-
information of P, denoted Ifo(P,m), is the least value k& such that, for all
p € My(2),15(S,; P(Sn)) < k when S,, ~ D™. The max-information of
P is defined similarly.

DzIuGAITE and ROY (2018b) exploited a boundedness assumption to control the
exponential mechanism of MCSHERRY and TALWAR (2007). This ensures that the
Gibbs posterior P(Sy) = P_,,, is e-diffrentially private for € given in DZIUGAITE
and ROy (2018b, Corollary 5.2). Here, we use a theorem from MINAMI et al. (2016)
to ensure that for uniformly Lipschitz losses (possibly unbounded), the Gibbs posterior
remain (e, y)-differentially private.
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Proposition D.1.2 (MINAMI et al. (2016), Corollary 8). Assume H = RY. Assume
the loss function to be convex and satisfying (A1). Finally assume that the (data-
free) distribution P is such that —log P(.) is twice differentiable and m p-strongly
convex. Let ¢ > 0,0 <y < 1. Take A > 0 such that

g mp
/\Sﬁ\ 1+210g(%>.

Then the probability kernel P : S, — P, & s (e, 7)-differentially private.

Note that, as we mainly focus on Gaussian priors lying on the compact C, g s, the
condition on P will always be satisfied with mp > «. The last result in this appendix
is Theorem 3.1 of ROGERS et al. (2016) which upper bounds the [3-approximate max-
information of any (e, ) differentially private probability kernel.

Proposition D.1.3. Let P : Z" — M(H) be an (¢, ~)-differentially private prob-
ability kernel for ¢ € (0,1/2] and v € (0,¢). For 8 = e <™ + O (m\/g) we

have
1% (P,m) = O <e2m + m,/7> :
€

D.2 Additional proofs

D.2.1 Proof of Theorem 5.2.2

We fix A > 0.
Step 1: define a good data-dependent function. We define, for any sample S,, and
predictor h € H

fs,.(h) = AAS,2(h).

This function satisfies the following lemma.

Lemma D.2.1. We fix

log (&2 log (N2
e L xlzK\/Og(5) \/Og<5)+2Kg ,
m 2m 2m

with N = N(H,¢) the e-covering number of H. We then have with probability
1 —26 for all h,h' € H:

fsn(h) = fs,,(I') < em + ||h = 1],
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) B log(%)+2dlog(1+2Rm) | ]
‘ Wlthem—10(§)<2+\/ s - >_O(1+\/;).

Proof of Lemma D.2.1. We rename N := N(#H,¢). For any h, ' € H?, we have:

fsn(h) = f5,.(h) = A(As,, () = As,, (1)) - (As,,(h) + As,, (1)) -

The proof of Lemma 5.2.1 gives with probability at least 1 —d, for any h, ' € H?,

log (N%)
AAs,, (h) — Agm(h’) <4 \Ke + T)\K (2¢ + ||h — A|) .

Thus with probability 1 — 9:

, log (°5)
fs,(h)—fs, (h) < [ 4 \Ke + 5 AK 2e+||h—hl|) | . [2sup As,, (h)
m heK

log
=A[2Ke |2+ ||h n'l| QSupAgm(h)>

Because H is compact and /¢ is K-lipschitz, AS,, is continuous so there exists hg,
such that supj,cy As,, (h) = As,, (hs,,)-

We consider an e-covering C' := {hy, ..., hy} of H of size N. Thus, there exists
ho € C such that ||hs,, — ho|| < e. Furthermore, because ¢ € [0, 1], by Hoeffding
inequality applied for every h € C and an union bound, we have with probability
at least 1 — 4, for all h € C-

log(§) _ wf)g(f?).

2m 2m

As, (h) < \/

Finally using that AS,, is 2K-Lipschitz gives with probability at least 1 — §:

S0 As, (h) = As,, (hs,) = As,, (ho) + (As,, (hs,,) — As,, (ho))
log(F)

<
- 2m

+ 2Ke.
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So finally, with probability 1 — 28, we have, for any h, h' € H?:

1
X(fsm() fsn (1))

< |2ke |2+ (T K Hh | | ( (N2>+2Ks>.

N2
Taking ™1 = QK\/lOg( 5 <¢10g2(nf) + 2K5> gives:

2 | 2+ bg(f))

Joum(h) = fs,. (W) < - - + |lh — K]
\/log<f§> <\/1og(N5> +2K€>
2m 2m
log (X
< dme o)
log (NT) 2m
4 log + 2dlog(1 + 2Rm)
< 2+$ (5 + = H].
log(5) 2m

_ d
The last line holds as N > 1 and that N' < N(B(0,R)),) < (1+ )" thanks
to Proposition D.1.1 (¢ = 1/m). This proves the lemma. |

Step 2: A probabilistic change of measure inequality for fs, . We do not have for
the Wasserstein distance such a powerful tool than the change of measure inequality.
However, we can generate a probabilistic surrogate on P;(H) valid for the function

fs,, described below.

Lemma D.2.2. For any ), ¢, defined as in Lemma D.2.1, any § > 0, we have
with probability 1 — 2§ over the sample S,,,, for any P € P;(H):

( sup  Enqlfs, (h)] — em — Wl(Q,P)> < Enplfs,.(h)].

QEP1(H)
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Proof Proof of Lemma D.2.2. For any € > 0, we introduce the cost function
c-(z,y) = e+ ||z —y||. From this we notice that we can rewrite the &, 1- Wasser-
stein distance introduced in Definition 5.1.1 the same way we did in Lemma 5.2.2.
This leads to

We(Q,P) = sup [En~qlt/(h)] — En~plo(R)]].
(bOELH QLI (P)

A crucial point is that for a well-chosen A with high probability, the pair (fs,,, fs,.)
satisfies the condition stated under the last supremum. It is formalised in the lemma
below.

Lemma D.2.3. Given our choices of )\, ¢,,, we have with probability at least
1 — 2§ over the sample S,, that, for all measures Q,P € P;(H):

- me S Ll(Q>7L1(P)'
o forall byl € M2, fs. (B) — fs. (W) < e, (b, B).

Thus, Kantorovich duality gives us:

( sup Enq[fs, (h)] — Wsm(Q,P)> < En~plfs,.(h)],

QEP1(H)

and using W. = ¢, + W; concludes the proof.

Proof of Lemma D.2.3. Because our space of predictors is compact and that
for any z € Z, the loss function ¢(.,z) is K-lipschitz on H, then both the
generalisation and empirical risk are continuous on #H. Thus |fs, | is also
continuous and, by compacity, reaches its maximum Mg on H. Thus for any
probability P on K, E;p[|fs,, (h)|] < Ms < 400 almost surely. This proves
the first statement. We notice that the second bullet, given our choice of A,
is the exact conclusion of Lemma D.2.1 with probability at least 1 — 2. So
with probability at least 1 — 29, Kantorovich duality gives us that for any P, Q

EhNQ[me<h)] - EhNP[me(h)] S WEm(Q’ P)

Re-organising the terms and taking the supremum over Q concludes the proof.
|

This concludes the proof of Lemma D.2.2. [ |
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Step 3: The PAC-Bayes proof for the 1-Wasserstein distance.
We start by exploiting lemma D.2.2: for any prior P € P;(H), for A, €, defined as in
Lemma D.2.1, with probability at least 1 — 26 we have:

( sup Enqlfs, (h)] —em — Wl(Q,P)> < En~p[fs,. (h)].

QEP1(H)
We then notice that by Jensen's inequality

B fs, (1) < g o (Encrlexp(2m — 1AS2(1)]).

Then, by Markov's inequality we have with probability 1 — §:

EsEnp |exp (2(m — 1)AS,*(h
Ernlfs. ()] < 2(m>\_ 3 log( SEn [ P( (5 ) ( ))}>

By Fubini and Lemma 5 of MCALLESTER (2003a), we have

EsEth [eXp(me(h))] S m.

Taking an union bound and dividing by A gives with probability 1—34, for any posterior
Q

Wi(QP) ten , log (=)

EnqlAS,*(h)] < 3 m—1)

We also remark that we can upper bound \:

o1 onf L B 4

log(5) + 2dlog (1 + 2Rm)
2m '

<2K(2K +1)

The last line holding because 1/m < y/ %25 ) Also N = N(H, 1/m) < (1+ 2Rm)?
thanks to proposition D.1.1. Then, boundmg 1/2m,1/(2m — 1) by 1/m gives, with
probability at least 1 — 36, for any posterior

1 1 m
sl ) + 20008 (L2 20) (v, (Q,P) + £,) + Ogrg‘s )

Enq[AS%(h)] < 2K (2K + 1)

We finally exploit Jensen's inequality once more to remark that for any Q, E;q[AS,,*(h)] >
(EhNQ[ASm(h)])2. Then, with probability at least 1 — 30, for any posterior Q

2d log (H2m) log (%)
m

As, (Q)] < JZK@K +1) (Wi(Q, P) +em) +

Taking 0’ = §/3 concludes the proof.
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D.2.2 Proof of Lemma D.1.2

Proof of Lemma D.1.2. We denote by x a vector of R?, by dx = d,,...dz, the
Lebesgue measure on R? and f, s(x) = exp (%(XT -m)X 1 (x — m))

First bound. First we use that ||u|| < M to say that B(Oge, R — M) C B(—m, R)
and so:

fun(x)dx < / fox(x)dx

||x||>R—M

enI5Qlzll > R) = [

[Ix[[>R

where |X| the determinant of X. We now use that because Q € C, g, ald =
Y < BId. We then have: |X| > a¢ and for any x, xT%7!1x > ||x||?/8. Thus we
have:

Q(lh| > R) = N Axw " (%HX“ )dx

We use the hyperspherical coordinate (see e.g. BLUMENSON, 1960) to obtain:

R—-M

d+1 ‘.
= 64/20 /R M>2 r2 exp ' dr.

400 2
< ritl exp (—;) dr

The second line holding because we assumed R— M > 1 thanks to Rad. We define

the residual of Euler's Gamma function as: T’ (1 + %, (R;éw)2> = f;o_oM)Q rs exp " dr.
(Rotn?

Then we use GABCKE (1979 Lemma 4.4.3, p.84) which ensure us that (because

point 3 of Rad gives( 25) >1+ )
2 a2 _an2\ g
plrgd B=MPY _d+2 [ (R=MP) ((R—M)
2'" 23 2 23 23

We now control this quantity through the following lemma.
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Lemma D.2.4. Let d > 3, f(r) = & log(r) —r Then for any r = F720° with
R satisfying Rad, we have :

£(r) < —glog (@) — log(m) — log (d; 2) .

The proof of Lemma D.2.4 lies at the end of this section. We then have

exp <_ (R ;ﬁM)?) ((R ;BMV)?

d
:exp<f<(R;5M)2>>§ 7rﬁoz Xd—?—QX

3|~

Hence the final bound:

Bv/28
Qi) > B < 222
Second bound. We use lemma D.1.1 to have
Wi(Q, Pr#Q) < |[x — Pr(x)[|dP(x).

Ix[[>R

By definition of the projection on a closed convex, ||x — Pr(x)|| < [|x||. Thus:

,/ 2) |E /| >R
< W /| aon X~ Hllus G+ MQU A > R)

! MBy/2B
Tomdy - o L MG AE
- (2m)4|2] /|XI>R||X |z (x)dx + -

The last line holding thanks to the first part of the proof, then using again that
lul| < M gives:

[1[| £ (x)dx

Wi(Q, Pr#Q) <

Il s Goyi + OV

\/ (27) |E /XI>R M
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Then using the same arguments than in the first part of the proof gives:

WiQPr#Q) < g [ ey (~505) ax o MV,
[1x||>R—M

2T 20 m

We use the hyperspherical coordinate to obtain:

[I]]? teo r?
_ d :/ S
Ax|>RMHXHexp< 25 X PWM?" exp 23 r
+00 2
< rétlexp (—T> dr

R—M

- B\/>d+1 /R M)2 Tg =1 el
_B\/»UH (d—i—l R;5M>2>-

The second line holding because R — M > 1. Then applying again Lemma D.2.4
gives:

Enva [I[l] 1(|[A]] > R) <ﬁff d”ﬁ f+MW_

(M+1

m

Hence the final bound:

Wi (Q, Pa#Q) < EncallIbl 110l > R) < (31 + )22,

Third bound. We start again as

EnolllPIPL(1[A]] > R)] =

m/'|>Rr| 1, m(x)dx
) W o 2003 = ) P o0)
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Then, using that x is the mean of ) and that ||u|| < M gives:

\/ﬁ/ﬂbpb _:u|| fMZ( )
MW o I = pll (i + MPQUIR] > B)

Then, the first and second bounds of lemma D.1.2 give

Enallll[*L(|I2]] > R)]

EnalllFIPL(IR] > B = il G + (12 + 230) PV

\/m/uuz

Finally,

EnalllRl[*L([|2]] > R)]

1 2
< d/| o MHxH?exp (-H;‘y )d + (M? 4+ 2M + 2)——"
V2ma JIxlI>E=

We use the hyperspherical coordinate to obtain:

2 1| /*w d+1 r?
— dx = —— | d
/||x||>RM ||x||* exp ( 25 X . Mr exp 25 r
d+1 .
= [41/26 /R M)Q r2exp ' dr

—5\r <d+1 R;BM)2>_

Then applying again Lemma D.2.4 gives:

6\/_

B [ 210l > )] < 220 4 a2 o) V2P
= (M+1)26\;ﬁ.

This concludes the proof.
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Proof of Lemma D.2.4. First of all, f is decreasing on [£,+00). Notice that if

2
ro = dlog dmi/B _then 7o > ¢ because d > 3. Thus, r = =M° with R
Vra 2 2/

satisfying Rad. We then know that r > rq so f(r) < f(rg). The only thing left
to prove is that

fr) < _;ilog (\/z) — log(m) — log <d;2> :

To do so, notice that:

log(ro) = log(d) + log (1og (dmg 5)) :

So, multiplying by d/2 gives:

Finally:

f(ro) = —;i log (m3 6) _oy ;i log log (dm35>

e’

We conclude the proof by proving

d d—+2
_ + —loglog dm L < —log ate .
2 2 TQ 2

Note that this is equivalent to

%
dm%\/ b (1 + d) log (dm?i 6) > 0.
T 2 T

2

This is true because for d > 3, (1 + g)g < 2 and the function R, + — 2 —
2log(x) is positive. This concludes the proof. [ |

D.2.3 Proof of Theorem 5.3.2
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Proof of Theorem 5.3.2. We take a specific radius R which is the smallest value
satisfying Rad. We first notice that because for all z, {(.,z) is L-smooth, then on
B(0, R), the gradients of /(.,z) are bounded by Dr = D+ LR. Thus ¢ is uniformly
Dpg-Lipschitz on the closed ball of radius R. This allow us a straightforward
application of Theorem 5.2.2 on the compact B(0, R), with the prior Pr#P, and
with high probability, for any posterior Pr#Q with Q € C,, g

|As,, (Pr#Q)| <

2d log (3%)

m

1 3m
(W1 (Pr#Q, Pr#P) +em) + M-

\J 2Dgr(2Dgr + 1)
From this we control the left hand-side term as follows:

1As,, (Q)] < |As,, (Pr#Q)| + |As,, (Q) — As,, (Pr#Q)|

And we also have as in the proof of Theorem 5.3.1:

185,(Q) - As, (Pr#Q)| < 2Q([hl] > ) < 2220

Also we have by the triangle inequality:
WI(PR#Qa PR#P) S Wl(Q7 PR#Q) + Wl (Q7 P) + Wl(Pa PR#P>

Because both Q, P € C, g, using again Lemma D.1.2 gives:

WA(PR#Q PaP) < Wi(Q, P) + 2001 + )22
We then have:
As,, (Q)] <
AL J 2Dn(2Dn + 1) (15) (Wi(Q,P) + o) + log (%),
m m m

with o, = 2(M + 1)’Bmﬁ +en=0 (1 + dlogqff"”). This concludes the proof.
|

- 200 -



APPENDIX OF CHAPTER 6

The supplementary material is organized as follows:
1. We provide more discussion about Theorems 6.3.1 and 6.3.2 in Appendix E.1;
2. The proofs of Theorems 6.3.1 to 6.3.4 are presented in Appendix E.2;

3. We present in Appendix E.3 additional information about the experiments.

E.1 Additional insights on Section 6.3.1

In Appendix E.1.1, we provide additional discussion about Theorem 6.3.1 while Ap-
pendix E.1.2 discuss about the convergence rates for Theorem 6.3.2.

E.1.1 Supplementary discussion about Theorem 6.3.1

HADDOUCHE and GUEDJ, 2023b, Corollary 10 proposed PAC-Bayes bounds with
Wasserstein distances on a Euclidean predictor space with Gaussian prior and posteriors.
The bounds have an explicit convergence rate of O( %) where the predictor
space is Euclidean with dimension d. While our bound does not propose such an
explicit convergence rate, it allows us to derive learning algorithms as described in
Section 6.4. A broader discussion about the role of K is detailed in Theorem 6.3.2.
Furthermore, our bound holds for any Polish predictor space and does not require
Gaussian distributions. Furthermore, our result exploits data-dependent priors and
deals with the dimension only through the Wasserstein distance, which can attenuate
the impact of the dimension.

E.1.2 Convergence rates for Theorem 6.3.2

In this section, we discuss more deeply the values of K in Theorem 6.3.2. This implies
a tradeoff between the number of sets K and the cardinal of each S',. The tightness
of the bound depends highly on the sets S! ... SX.
Full batch setting K=1. When S! = S,, with K = 1, the bound of Theorem 6.3.2
becomes, with probability 1 — 4, for any Q € M(H)

. In+
E. [Ro(h) — Rs,, ()| < 2LWy(Q.P) + 2/~ |

h~Q
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where P = Py is data-free. This bound can be seen as the high-probability (PAC-
Bayesian) version of the expected bound of WANG et al., 2019. Furthermore, in this
setting, we are able, through our proof technique, to recover an explicit convergence
rate similar to the one of AMIT et al., 2022, Theorem 12. It is stated below.

Corollary E.1.1. For any distribution D on Z, for any finite hypothesis space H
equipped with a distance d, for any L-Lipschitz loss function ¢ : H x Z — [0, 1],
for any § € (0, 1], we have, with probability 1 — ¢ over the sample S, for any
Qe M(H):

JE, |Ro(h) - @Sm(h)} <L

where P is a data-free prior.

Proof. We exploit AMIT et al., 2022, Equation 35 to state that with probability
at least 1 — 2, for any (h, h') € H>:

1 & 21n (425
‘mZ[ﬁ(h',zi)—ﬁ(h,zi)]—ZLED[E(h’,z)—K(h,Z)] < L\ ———d (b, ).

So, with high probability, we can exploit the Kantorovich-Rubinstein duality with
this new Lipschitz constant: with probability at least 1 — §/2:

E, [Ro(h) = Rs. ()]

h~Q
21n (4‘%2)
<L 7W1(QP [ZRD ) —Ll(h,z;)|,

m

To conclude, we control the quantity on the right-hand side the same way as in
Theorem 6.3.1 and Theorem 6.3.2. We then have, with probability at least 1—4/2,
for a loss function in [0, 1]:

In

— Z RD — g h Z; )
m
Taking the union bound concludes the proof. [ |
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Mini-batch setting K = \/m. When a tradeoff is desired between the quantity of
data we want to infuse in our priors and an explicit convergence rate, a meaningful
candidate is when K = /m. Theorem 6.3.2's bound becomes, in this particular case:

m
\/m

Towards online learning: K = m. When K = m, the sets S, contain only one
example. More precisely, we have for all i € {1,...,m} the set S, = {z;}. In this
case, the bound becomes:

(E.1)

. o V7
E Rp(h)—Rsm(h} \/_Zwl Q.P) +2

N 2L
E R -R < — P;)+2,/In —
E,[Roh) ~Rs, (0] < 03 Wi(@ P 42/ .

This bound is vacuous since the last term is incompressible, hence the need for a new
technique detailed in Section 6.3.2 to deal with it.

E.2 Proofs

The proof of Theorem 6.3.1 is presented in Appendix E.2.1. Appendices E.2.2 and E.2.3
introduce two proofs of Theorem 6.3.2. Theorem 6.3.3's proof is presented in Ap-
pendix E.2.4. Appendix E.2.5 provides the proof of Theorem 6.3.3.

E.2.1 Proof of Theorem 6.3.1

Theorem 6.3.1. We assume the loss ¢ to be L-Lipschitz. Then, for any 6 € (0, 1],
for any sequence of positive scalar (\;)icq1,...x}, with probability at least 1 — & over
the sample S, the following holds for the distributions P; s := P;(S,.) and for any
Qe M(H):

E, |Ro(h) ~ Rs, (1)

h~Q
K 2|S! |L 1 & (%() Ai ~

<3 TREW(Q,Pis) +— +2 | E |[Visi (k) + Vs ((h)]],
= i s) mi= A 2 <hNPi,S[ i) sl )D

where P, s does not depend on Si,. Also, for any i,|S: |, we have Vis: (h) =
Saesy, (€(h,2) — Rp(h))” and Vis; | (h) = Eg;, [V|Sjn|(h)}-
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Proof. For the sake of readability, we identify, for any 7, P; and P; s.

Step 1: Exploit the Kantorovich duality Villani, 2009, Remark 6.5. First
of all, note that for a L-Lipschitz loss function ¢ : H x Z — [0, 1], we have

|<|Sl Rp(hy)— 3 €(hy,z ) (ys Rp(hy)— 3 €(hy, 2 )‘
z€S}, z€S},

< 2|8,,|Ld(hy, o). (E.2)

Indeed, we can deduce Equation (E.2) from Jensen inequality, the triangle inequal-
ity, and by definition that we have

‘(;3 Rp(hy)— 3 €(hy,z ) (|3 Rp(hy)— 3 €(hy,z) )|
z€S?, z€S?,

(ZRDhl thl, ) (ZRDh2 Zgh% )‘

zES}, z€S}, z€S? z€S},

<Y E [\e hy.z )—e<h2,z')|+|e(h2,z>—e(h1,z>|}

z€S},

E S 2Ld(hy, hs)

z'~D

z€SE,
— 2|S% | Ld(hy, hs).

We are now able to upper-bound E,.q[Rp(h) — Rs,, ()]. Indeed, we have

1
m

o] - 2

-

hQ[|S|RD Zth]

zeS),

K 7 K
< 2|S|LW1QP +ZE [|SWRD Zehz], (E.3)

=1 = ZC S

where the inequality comes from the Kantorovich-Rubinstein duality theorem.

Step 2: Define an adapted supermartingale. Forany 1 <1 < K, we fix \; >
0 and we provide an arbitrary order to the elements of S}, := {z; 1, ,2;s,}.

~ 204 —



E.2. Proofs

Then we define for any h:

|5

M|Sl() |S |RD thz ZRD —fhz”)

zeS},

Remark that, because our data are i.i.d., (M\Sin|>|5in|21 is a martingale. We then
exploit the technique Chapter 2 to define a supermartingale. More precisely, we
exploit a result from BERCU and ToOUATI, 2008 cited in Lemma 1.3 of Chapter 2
coupled with Lemma 2.2 of Chapter 2 to ensure that the process

2

A2
SMys;, = E, [eXp <)\ Mis;, (h) =+ (Vise. (h) + V|s¢n|(h))>] :

is a supermartingale, where 17|5;n|(h) = Z'f;’i‘ (¢(h, 2 ;) — Rp(h))” and Visi |(h) =
Es;, | Viss (1)]-

Step 3. Combine steps 1 and 2. We restart from Equation (E.3) to exploit
again the Kantorovich-Rubinstein duality.

e [Roh) —Rs, ()] = =3 €

h~
Q zES},

S! [Rp(h Zehz]

N -

K 2|S! |L 1
< |m| Wi(QPi) + 3 —-A |$1|RD Zéhz],

i=1 i=1 ? zcS?

X 2|8k |L

:; EWL(Q, P) ZmA E [AiM,SM,
2S¢ |L
<> | ‘ — Wy ( (5M|sm)
=1

M

The last line holds thanks to Jensen's inequality. We now apply Ville's inequality
(see e.g., Section 1.2 of Chapter 2). We have for any i:

1
(VIS 2 1,5Mp, < 5) 216

Sz ND‘Sm‘
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Applying an union bound and authorising \; to be a function of |S;| (thus the
inequality does not hold for all |S? | simultaneously) finally gives with probability
at least 1 — 4, for all Q € M(H) :

o~ 2SulL
m

=1

W1(Q,Py) +Z <E)

E, [Ro(h) — Rs,.(h)] <

h~Q

+ A g [V|s;n|(h) "‘VISZ;J(h)}'

2m h~P;

E.2.2 Proof of Theorem 6.3.2

Theorem 6.3.2. We assume our loss ¢ to be non-negative and L-Lipschitz.
We also assume that, for any 1 < ¢ < K, for any dataset S, we have
Eiep,(.5):~p [((h,2)?] < 1 (bounded order 2 moments for priors). Then, for
any 0 € (0, 1], with probability at least 1 — 0 over the sample S, the following holds
for the distributions P, s := P;(S,.) and for any Q € M(H):

i K

m2

K 7
25 |LW1(Q Pis) + Z

-1 M i=1

E [Roth) = Rs, ()] <

where P; s does not depend on S,

Proof. For the sake of readability, we identify, for any 7, P; and P; s.

Step 1: Exploit the Kantorovich duality Villani, 2009, Remark 6.5. First
of all, note that for a L-Lipschitz loss function ¢ : H x Z — [0, 1], we have

|<|s Ro(h)— Zeh1,> (ys Rolo)— 3 £(ha,2 )‘

zeSy, z€S},

< 2|8" |Ld(hy, hy). (E.4)
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Indeed, we can deduce Equation (E.4) from Jensen inequality, the triangle inequal-
ity, and by definition that we have

|<|5 IRp(h1)— Zeh1,> (|3 Rp(hy)— 3 €(hy,z )‘

zeS? z€S},

(ZRDhl thl, ) (ZR’DhQ Zeh% )‘

z€S}, zeS}, zeS), zeSk,

< % E, [0n,) — a2 + Veh,2) — €60, )

zeSE,

< E_ Y 2Ld(hy, hy)

/~D
“ z€S},

= 9|S! |Ld(hy, hy).

We are now able to upper-bound E,.q[Rp(h) — Rs,, (R)]. Indeed, we have

. [
E |Rp(h) R h]: SR oh,
E, [Ro(h) = Rs, (1) m;m| wlRo() = 3 £ ]
KQ‘S”L K
< 7
2 “mEWL(Q, Py) +;h S IRp(h Z;éhz , (E.5)

where the inequality comes from the Kantorovich-Rubinstein duality theorem.

Step 2: Define an adapted supermartingale. Forany1 <i < K, we fix \; >
0 and we provide an arbitrary order to the elements of Sﬁn ={z1, - ,ZMS”}.
Then we define for any h:

||
M|S7.() |S |RD Zﬁhz ZRD —EhZZJ)

z€S},

Remark that, because our data are i.i.d., (Msi |)si (=1 is @ martingale. We then
exploit the technique CHUGG et al, 2023 to define a supermartingale. More
precisely, we exploit CHUGG et al., 2023, Lemma A.2 and Lemma B.1 to ensure
that the process

)\2
SM‘STH o= hEPi [exp <)‘1M|S$n(h) - ?L‘Sz |(h)>] 9
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is a supermartingale, where, because S'is i.i.d., Lsi |(h) = Es [Z'S‘ U(h, 2z ;) } =
|85l Eznp[€(h, 2)7)].

Step 3. Combine steps 1 and 2. We restart from Equation (E.5) to exploit
the Kantorovich-Rubinstein duality again.

o

(]

S! Rp(h Zzhz]

Q zES}

A {|52|RD Zehz],

zeSt

1
m

E {Rp(h)—fasm ]

h~Q

=1

K K
2ShlL

<

" Po)+ 2.

i=1 i=1

.

= 2|8k |L 1

=1

The last line holds thanks to Jensen's inequality. We now apply Ville's inequality
(see e.g., section 1.2 of Chapter 2). We have for any i:

<V|S|>1 SM|5<(15> >1-4.

Si, ND‘SZ

Applying an union bound and authorising \; to be a function of |S;| (thus the
inequality does not hold for all |S? | simultaneously) finally gives with probability
at least 1 — 4, for all Q € M(H) :

=1
+; Aim +2m h~P; [L|S |(h )}

Finally, using the assumption E;p, E.p[l(h,2)?] < 1 gives, with probability at
least 1 — 4, for all Q € M(H):

X 2|8 |L
=1 m

e, [Ro(h) — Rs,.(h)] <

h~Q

Ko (%) AlSi)
Wl(Q;Pi>+i§::1 o =
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21In(K/9)
|55

Taking for each 7, \; = concludes the proof. [ ]

E.2.3 Alternative proof of Theorem 6.3.2

We state here a slightly tighter version of Theorem 6.3.2 for bounded losses, which relies
on an application of McDiarmid's inequality instead of supermartingale techniques.
This is useful for the numerical evaluations of our bound.

Theorem E.2.1. We assume our loss ¢ to be in [0, 1] and L-Lipschitz. Then, for
any 0 € (0, 1], with probability at least 1 — 0 over the sample S, the following holds
for the distributions P; s := P;(S,.) and for any Q € M(H):

K 2SI Sl

2m?

WI(Q PzS) Z

h~Q i=1 i=1

E [Ro(h) — fz&n(h)] <

where P; does not depend on S,

Proof. For the sake of readability, we identify, for any ¢, P; and P; s.
First of all, note that for a L-Lipschitz loss function ¢ : H x Z — [0, 1], we have

< 2|8" |Ld(hy, hy).

‘(|3 Rp(h1)— 3 4(hy,2) ) (|5 IRp(hs)— 3 €(hy,z )

zeSk, zeS},

(E.6)

Indeed, we can deduce Equation (E.6) from Jensen's inequality, the triangle in-
equality, and by definition that we have

|<|s IRp(h1)— Zeh1,> (|3 Rp(hy)— 3 €(hy,z )‘

zeS? z€S},

(ZRDhl thl, ) (ZR’DhQ Zﬁh% )‘

pAS zeS}, zc S}, zeSk,

< X E, |10, 2) — blha, )| + [£(h2,2) — €00, 2)]
zeS},

< E Y 2Ld(hy, hy)

/~D
“ z€S?,

= 9|S! |Ld(hy, hy).
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We are now able to upper-bound E;q[Rp(h) —

N 1 X
E |Rp(h) —R ] — SlR
£ ot L, o - 5
KQSZL K
<> AW QP) + 3 B, IS, IRe(
=1 =1

Zﬁhz

|

thz

zeS}k,

Rs,. (R)]. Indeed, we have

], E7)

where the inequality comes from the Kantorovich-Rubinstein duality theorem. Let

f(Si) = Enwp, & IS5 IRp(h) — Laesy, £, 2:)]

the function has the bounded

difference mequallty, i.e., for two datasets S’ and S! that differs from one example

(the k-th example, without loss of generality), we have

£(SE) = £(S))

1 1 ]

_ S IRp (h Zﬁhz]—EwwRD — Y U(h.2) ‘
hNsz z€S? z'€S]

| E | LIS Ro(h) = = 3 e(hz) — 2ISEIRn(R) —i—fZEhz
[ T M jes, m & M yes
Z E h, z - — Z E h, z
hNP [ z/€S] zESl
1 1 1
— & [me(h,zk) _ é(h,zk)H <—.

Hence, from Mcdiarmid’s inequality, we have with probability at least 1 — % over
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S~ Dm
h~ [|8 IRp(h Z l(h,z ]
ZES7"/
|Si, | In £
= e ; “ml = 5
sl g ][5
|S? | In &
SCN'Dm |Sm|5‘z ND|S‘ | h~Pi M | | D ZEZSZ Z 2m2
|SE | In
= ot sp e, |15/ ((h, 4
SgnDm ISl P T A si, ~p| il GZS 2) om2
j |S? \lnK
SenDm— ISkl hPs m[' mIRp(h) =[S, |Rp(h)| + —
[SnlIn 5
2m?

From the union bound, we have with probability at least 1 — § over S ~ D™, for

any Q € M(H),

5 K 2|8t |L |S: |ln—
E |Rp(h) —Rs (h)| < P;)
E [Ro() = Rs,. (1) > W@ z Sl
which is the claimed result. [ |

We are now able to give a corollary of Theorem E.2.1.

Corollary E.2.1. We assume our loss ¢ to be in [0,1] and L-Lipschitz. Then, for
any 0 € (0, 1], with probability at least 1 — 0 over the sample S, the following holds
for the hypotheses h; s € H associated with the Dirac distributions P; s and for
any h € H:

R K 9|8t L K J1Si | In &
Rp(h) <Rs,, (h) + > === [m| d(h, h;s) Z 21712

-1 m -1

Such a bound was impossible to obtain from the PAC-Bayesian bounds based on a
KL divergence. Indeed, the KL divergence is infinite for two distributions with disjoint
supports. Hence, the PAC-Bayesian framework based on the Wasserstein distance
allows us to provide uniform-convergence bounds from a proof technique different
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from the ones based on the Rademacher complexity KOLTCHINSKIT and PANCHENKO,
2000; BARTLETT and MENDELSON, 2001, 2002 or the VC-dimension VAPNIK and
CHERVONENKIS, 1968, 1974. In Section 6.4, we provide an algorithm minimising such
a bound.

E.2.4 Proof of Theorem 6.3.3

Theorem 6.3.3. We assume our loss ¢ to be L-Lipschitz. Then, for any § € (0, 1],
with probability at least 1 — § over the sample S, the following holds for the
distributions P; s := P;(S,.) and for any sequence (Q;)i=1... € M(H)™:

i [ U(hi,z;) | Fi- 1]_€(hzazl]<2LZW1 Qi Pis)
i=1 =1

é m ' ' . In(1/6)
2 A

—

1[€(h;, z;)])? is the conditional empirical
i ZZ)] is the true conditional variance.

where for all i, V;(hs,z;) = (£(hs, 2;) —Ei-
variance at time i and V;(h;) = E;_1[V/(

Proof. First of all, note that for a L-Lipschitz loss function ¢/ : H x Z — R, we
have

(e 20 m) ) — (B0, 2], )| < 220 ). (E8)

—1

Indeed, we can deduce Equation (E.8) from Jensen inequality, the triangle inequal-
ity, and by definition that we have

(Em,zn t(hs ) ) = (et m)] =00 7))

i—1 i—1

< E [16(hi,2) = 008, 0)| + 1601, 2:) — €00, 29

From the Kantorovich-Rubinstein duality theorem VILLANI, 2009, Remark 6.5, we
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m

<2L) Wi(Qi,Pis +ZhES [Rp(hi) — €(hi, zi)] -
i=1 b
Now, we define Xi(hi,zi) == E;i_1[l(h;,2;)] — £(h;, ;). We also recall that for any
i, we have V;(h“ZZ) = (€(hl,zz) — Ei,l[ﬁ(hl-,zi)]y and V;(hl) = Elfl[V(hz,Zl)]
To apply the supermartingales techniques of Chapter 2, we define the following
function:

m )\2 m.
fm(S, b1y ey ) == Z)\Xi(hiazi) D) Z(Vi(hiazi) + Vi(hs)).
i=1 =1

Now, Lemma 2.2.1 state that the sequence (SM,,)>1 defined for any m as:

SM,, = E {exp (fm(s, hy, ...,hm)ﬂ ,

(h1,+ hm)~P1, 5® P 5

is a supermartingale. We exploit this fact as follows:

> E |, 22)] — €A )|

i1 h~Qi—1 |21
= E [Z Xi(hs, 2;) 1

(h1,+ ) hm)~P1,5®®Pm,s |

[fm(S, R, s )]+

1 ~
X (h1, hm)~P1 5@ ®Pm s E {V;(h“ Zi) + Vxhl)}

A
2
i W E [V(hi,zmwhi)}

The last line holds thanks to Jensen's inequality. Now using Ville's inequality
ensures us that:
1

|
g(vm, SM,, < 5) >+

Thus, with probability 1—4, for any m we have In (SM,,,) < In (%) This concludes
the proof. [
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E.2.5 Proof of Theorem 6.3.4

Theorem 6.3.4. We assume our loss ¢ to be non-negative and L-Lipschitz. We
also assume that, for any i, S, Ejp,(.s) [Ei—1[€(h, 2;)%]] < 1 (bounded conditional
order 2 moments for priors). Then, for any § € (0, 1], with probability at least 1 —¢
over the sample S, any stochastic kernels sequence (used as priors) (P;);>1, we have
with probability at least 1 — ¢ over the sample S ~ D, the following, holding for
the data-dependent measures P; s := P;(S,.) and any posterior sequence (Q;);>1:

ih-E {E[ (hi,2;) | Fii] —f(huzz] <

m

i Q. Pis) 21In (%)

Proof. The proof starts similarly to the one of Theorem 6.3.3. Indeed, note that
for a L-Lipschitz loss function ¢ : H x Z — R, we have

(E [0(hi, 2:)]— ﬁ(hi,zi)) _ (E (R, 7)) é(h;,zi))‘ < 2Ld(hs,1). (E.9)

i—1 i—1

Indeed, we can deduce Equation (E.9) from Jensen inequality, the triangle inequal-
ity, and by definition that we have

(EWMJH t(hs2)) = ( et )]0k 7))

i—1 i—1

< £, |10, 2) — ki, 2] + ki, 20) — ki, 20
< E, 2Ld(hi, H) = 2Ld(hi ).

From the Kantorovich-Rubinstein duality theorem VILLANI, 2009, Remark 6.5, we
have

Z E

hi~Qi =1 i=1 h~P;.s

m

Now, we define X;(h;,z;) := E;_1[((h;,2;)] — €(h;,z;). To apply the supermartin-
gales techniques of CHUGG et al., 2023, we define the following function:

m 2 m
(S, Ry ooy ) ::Z)\X (hs,2;) — A Z E [0(hi, z:)?]
i=1
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Now, because our loss is nonnegative, CHUGG et al., 2023, Lemma A.2 and Lemma
B.1 state that the sequence (SM,,)>1 defined for any m as:

SM,, -— E {exp (fm(S, Iy, ...,hm)ﬂ ,

(h1, hm)~P1 5@ ®Pm s

is a supermartingale. We exploit this fact as follows:

;m%_l L‘Ewh“zi)] - g(hi’zi)} TR S L; Xi(hi’zi)l
A 8 (Bt
<mlin) 25 BBl

The last line holds thanks to Jensen's inequality. Now using Ville's inequality
ensures us that:

1 1
?(VWSMWL = 5) 25

Thus, with probability 1—9, for any m we have In(SM,,)<In %. We conclude the
proof by exploiting the boundedness assumption on conditional order 2 moments
and optimising the bound in \. |

E.3 Supplementary insights on experiments

In this section, Appendix E.3.1 presents the learning algorithm for the i.i.d. setting.
We also introduce the online algorithm in Appendix E.3.2. We prove the Lipschitz
constant of the loss for the linear models in Appendix E.3.3. Finally, we provide more
experiments in Appendix E.3.5.

E.3.1 Batch algorithm for the i.i.d. setting

The pseudocode of our batch algorithm is presented in Algorithm 4.
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Algorithm 4: (Mini-)Batch Learning Algorithm with Wasserstein distances
1: procedure PRIORS LEARNING
2: hi,...,hg < initialize the hypotheses
3: fort«+ 1,...,7T do
for each mini-batchi{ C S do
fori<1,..., K do
L h; < perform a gradient descent step with VR, (h;)

4: return hypotheses hq, ..., hg

5: procedure POSTERIOR LEARNING
6 h < initialize the hypothesis
7: fort < 1,...,7" do
for each mini-batchtd C S do
h < perform a gradient descent step with
L h)+e XK Sulgp, b))
8:

return hypothesis h

PRIORS LEARNING minimises the empirical risk through mini-batches i/ C S for T’
epochs. More precisely, for each epoch, we (a) sample a mini-batch ¢ (line 4) by
excluding the set 8!, from U for each h; € H (line 5-6), then (b) the hypotheses
hi,...,hxg € H are updated (line 7). In POSTERIOR LEARNING, we perform a
gradient descent step (line 14) on the objective function associated with Equation (6.5)
for T" epochs in a mini-batch fashion.

E.3.2 Learning algorithm for the online setting

Algorithm 5 presents the pseudocode of our online algorithm.

Algorithm 5: Online Learning Algorithm with Wasserstein distances
1: Initialize the hypothesis hy € H
2: fori <+ 1,...,m do

fort«+ 1,...,7T do
L h; < perform a gradient step with

V[l(hi, ;) + B(d(hs, hi—1)—1)] (Eq. (6.7) with B)
3: return hypotheses hq,..., h,,

For each time step 7, we perform T' gradient descent steps on the objective associated
with Equation (6.6) (line 4). Note that we can retrieve OGD from Algorithm 5 by (a)
setting 7' = 1 and (b) removing the regularisation term B(d(h;, h;_1)—1).
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E.3.3 Lipschitzness for the linear model

Recall that we use, in our experiments, the multi-margin loss function from the Pytorch
module defined for any linear model with weights 1 € RYI*¢ and biases b € RPl, any
data pointze X x Y

(Wbz) = e S max (0. f(Wib.z,)))
YI=1.2,
where f(W,b,z,y') = 1+ (W[y'] - Wly],x)+bly'] - [y, and W[y] € R? and b[y] € R
are respectively the vector and the scalar for the y-th output.
To apply our theorems, we must ensure that our loss function is Lipschitz with respect
to the linear model, hence the following lemma.

Lemma E.3.1. For any z = (x,y) € X x ) with the norm of x bounded by 1,
the function W, b — ((W, b, z) is 2-Lipschitz.

Proof. Let (W,b), (W', 1) both in RV x RVl we have

LW, b,z) — L(W' V7))

1 > |max (0, f(W,b,z,y)) — max (0, f(W',V,z,y)) |.

<
V| =Lz

Note that because o — max(0, «) is 1-Lipschitz, we have:

! Z |f(VV7 b,z,y') - f(W/a b/,Z,y/)l.

|€(VVa b,Z) - K(W/a b/,Z)l <
YI=177,
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Finally, notice that:

SIfW,b,z,y) — fF(W' V', 2,9)]

|y|—1m

S|y|1—1g}y| (W = W)ly] = (W = W)ly), )|
ﬂy\_lgy'b—b’ ~ (b=l

|y|-1§y“W W) = (W = W)l ]

|y|_1§#—:|b_b/ (b_b,)[yH

Because we consider the Euclidean norm, we have for any ¢/ € ):

(W = W11 = (W = WOl = /Il (W = W)ly] = (W = W")[y]||?
< V2(IW = W+ [(W = W) 1[12)
< V2w —w'.

The second line holding because for any scalars a, b, we have (a —b)* < 2(a? + b?)
and the last line holding because |[WW — W'||> = 3, ¢y, [[(W — W) [y]||*>. A similar
argument gives

S -] — (b= < V2Ib -Vl

y'#y

Iy!—l

Then, using that ||z|| < 1 and summing on all ¥/ gives:

[6(W, b,2) — (W', ¥, 2)] < V2(|W = W'[| + [[b = b))

Finally, notice that (||[W — W'|| + ||b — ¥||)? < 2(]|W — W'||> + ||b — V'||?) =
2||<W’ b) - (W/7b,)H2'
Thus ||[W —W!||4||b—0b|| < V2||(W,b)— (W' )||. This concludes the proof. W

E.3.4 Lipschitzness for neural networks

Recall that we use, in our experiments, the multi- margin loss function from the Pytorch
module defined we consider the loss ¢(h, (x,y)) = y >y max (0, I=n(hly]—n[y])),
which is n-Lipschitz w.r.t. the outputs A[l], ... [D/H For neural networks, A is the
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output of the neural network with input x. Note that this loss is n-lipschitz with
respect to the outputs. To apply our theorems, we must ensure that our loss function
is Lipschitz with respect to the weights of the neural networks, hence the following
lemma with associated background.

We define a FCN recursively as follows: for a vector Wy = vec({W7, b}), (i.e., the vec-
torisation of a weight matrix W and a bias b) and an input datum x, FCN; (W, x) =
o1 (Wix + b1), where oy is the activation function. Also, for any i > 2 we define
for a vector W; = (W;,b;, W;_1) (defined recursively as well), FCN;(W;,x) =
o; (W;FCN;_1(W;_1,x) + b;). Then, setting z = (x,y) a datum and h;(x) :=
FCN,;(W;, x) we can rewrite our loss as a function of (W, z).

Lemma E.3.2. Assume that all the weight matrices of W; are bounded and that
the activation functions are Lipschitz continuous with constant bounded by K.
Then for any datum z = (x,y), any i, W; — ¢(W,, z) is Lipschitz continuous.

Proof. We consider the Frobenius norm on matrices as W5 is a vector as we
consider the L2-norm on the vector. We prove the result for ¢« = 2, assuming it
is true for : = 1. We then explain how this proof generalises the case « = 1 and
works recursively. Let z, W, WY, for clarity we write FCNy(x) := FCN(Wj, x)
and FCN;(x) := FCN(W}, x). As /is Lipschitz on the outputs FCNy(x), FCN,(x).
We have

(W3, 2z) — {(W},z)| < n||[FCNy(x) — FCNy(x)|
< 1 ||oa (WoFCNy(x) 4 by) — 0o (W5FCN(x) + b5) ||
< TIKO-HWQFCNl(X) + by — WQ/FCNS(X) — b/2||
< K, (||(Wa — W3)FCNy (x)|] + |[W5(FCNy (x) — FCN/ (x))[| + [[b2 — by]]) -

Then, we have ||(WW, = W3)FCNy (x)]| < [|(Ws — W) | IFCN: ()] < Kol | (W —
W3)||r. The second inequality holding as FCN;(x) is a continuous function of the
weights. Indeed, as on a compact space, a continuous function reaches its maxi-
mum, then its norm is bounded by a certain K. Also, as the weights are bounded,
any weight matrix has its norm bounded by a certain Ky thus |[W3(FCN;(x) —
FCN' ()| < (Il (FCN: (x) — FCN}(x) | < Ko |FCN3 (x) — FCN} ()] Fi-
nally, taking Kiemp = nK, max(Kx, Ky, 1) gives:

M(W%Z) _g(W,27Z)|
< Keemp (|[(Wa = W)l p + [|b2 — b5]] + [[FCNy (x) — FCNy (x)]]) -
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Exploiting the recursive assumption that FCN; is Lipschitz with respect to its
weights W gives |[FCN;(x) — FCN}(x)|| < K1||[W, — W/||.
If we denote by (W5, bs) the vector of all concatenated weights, notice that
[(Wy = W)l + (b2 — b
= V(W = W)l + [1b2 — B 1)2
< /2011 (Wa — W)|I% + [[b2 — 52)
= V2||(Wa, by) — (W, b)]|

(we used that for any real numbers a,b, (a + b)* < 2(a® + b?)). We then have:

WW%Z) _g(w/%z)’
< Kiemp max(V2, K1) (||(Wa, bs) — (W3, b5)|| + || W1 — Wi|))
< \/§Ktemp max(\/i, K1)||W2 - WIQH

The last line holds by reusing the same calculation trick. This concludes the
proof for ¢ = 2. Then for i = 1 the same proof holds by replacing W5, by, FCN,
by Wi, by, FCN; and replacing FCN; (x), FCN}(x) by x (we then do not need to
assume a recursive Lipschitz behaviour). Therefore the result holds for i = 1.

We then properly apply a recursive argument by assuming the result at rank 7 — 1
reusing the same proof at any rank i by replacing W5, by, FCNy by W;, b;, FCN;
and FCN;(x), FCN}(x) by FCN;_;(x), FCN}_,(x). This concludes the proof. M

E.3.5 Experiments with varying number of priors

The experiments of Section 6.4 rely on data-dependent priors constructed through the
procedure PRIORS LEARNING. We fixed a number of priors K equal to 0.2\/m.
This number is an empirical tradeoff between the informativeness of our priors and
time-efficient computation. However, there is no theoretical intuition for the value of
this parameter (the discussion of Section 6.3.1 considered K = \/m as a potential
tradeoff; see Appendix E.1). Thus, we gather inTables E.1 to E.3 the performance of
our learning procedures for K = ay/m, where a € {0,0.4,0.6,0.8,1} (the case &« =0
being a convention to denote K = 1). The experiments are gathered below, and all
remaining hyperparameters (except K') are identical to those described in Section 6.4.
Analysis of our results. First, when considering neural networks, note that for any
dataset except SEGMENTATION, LETTER, the performances of our methods are similar
or better when considering data-dependent priors (i.e., when o > 0). A similar remark
holds for the linear models for all datasets except for SATIMAGE, SEGMENTATION, and
TICTACTOE. This illustrates the relevance of data-dependent priors. We also remark
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that there is no value of «, which provides a better performance on all datasets. For
instance, considering neural networks, note that o = 1 gives the better performance
(i.e., the smallest Sp(h)) for Algorithm 4 (ﬁ) for the SATIMAGE dataset while,
for the same algorithm, the better performance on the SEGMENTATION dataset is
attained for o = 0.8. Sometimes, the number K does not have a clear influence: on
MNIST with NNs, for Algorithm 4 (Lm) our performances are similar, whatever the
value of K, but still significantly better than ERM. In any case, note that for every
dataset, there exists a value of K and such that our algorithm attains either similar
or significantly better performances than ERM on every dataset, which shows the
relevance of our learning algorithm to ensure a good generalisation ability. Moreover,
there is no obvious choice for the parameters . For instance, in Table E.3, for the
SEGMENTATION dataset, the parameters K = 1,¢ = % are optimal (in terms of
test risks) for both models. As K = 1 means that our single prior is data-free, this
shows that the intrinsic structure of SEGMENTATION makes it less sensitive to both
the information contained in the prior (K = 1 meaning data-free prior) and the place
of the prior itself (¢ = 1/m meaning that we give less weight to the regularisation
within our optimisation procedure). On the contrary, the YEAST dataset performs
significantly better when e = 1/y/m(K = 0.2y/m), exhibiting a positive impact of our
data-dependent priors.

E.3.6 Experiments on classical regularisation methods

We perform additional experiments to see the performance of the weight decay, i.e.,
the L2 regularisation on the weights; the results are presented in Table E.4. Moreover,
notice that the 'distance to initialisation’ |[w —wy|| (where wy is the weights initialized
randomly) is a particular case of Algorithm 4 when K =1 (i.e., we treat the data as a
single batch, and the prior is the data-free initialisation); the results are in Table E.4.
Analysis of our results. This experiment on the weight decay demonstrates that
on a few datasets (namely SENSORLESS and YEAST), when our predictors are neural
nets, the weight decay regularisation fails to learn while ours succeeds, as shown in
tables below. In general, this table shows that, on most of the datasets, considering
data-dependent priors leads to sharper results. This shows the efficiency of our method
compared to the 'distance to initialisation’ regularisation.
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E.3. Supplementary insights on experiments

Table E.1. Performance of Algorithm 4 for neural network models. We consider
e==Lande= ﬁ with K = a/m and o € {0,0.4}.

(a) K=1

(b) K = 0.4/m

Algo. 4 ()  Algo. 4 (=)
Dataset Rs(h) Rop(h) | Rs(h) NRo(h)

Algo. 4 ()  Algo. 4 (=)
Dataset Rs(h) Rp(h) | Rs(h) Ro(h)

ADULT 0.207 0.207 | 0.248 0.248
rasaioNMNIsT | 0.160 0.164 | 0.158 0.164
LETTER 0.258 0.269 | 0.268 0.280
MNIST 0.116 0.123 | 0.085 0.096
musurooMs | 0.000 0.000 | 0.000 0.001
NURSERY 0.705 0.720 | 0.720 0.736
PENDIGITS 0.704 0.724 | 0.021 0.037
PHISHING 0.048 0.052 | 0.038 0.055
SATIMAGE 0.148 0.208 | 0.147 0.207
seeMENTATION | 0.141 0.176 | 0.248 0.385
sensorLEss | 0.907 0.911 | 0.907 0.911
TICTACTOE 0.000 0.042 | 0.000 0.033
YEAST 0.695 0.712 | 0.677 0.658

ADULT 0.167 0.166 | 0.164 0.164
rasuioNmNisT | 0.160 0.164 | 0.156 0.160
LETTER 0.263 0.275 | 0.252 0.263
MNIST 0.112 0.120 | 0.085 0.096
musarooms | 0.000 0.000 | 0.000 0.000
NURSERY 0.705 0.720 | 0.706 0.719
PENDIGITS 0.011 0.025 | 0.010 0.022
PHISHING 0.043 0.053 | 0.041 0.052
SATIMAGE 0.147 0.178 | 0.145 0.174
sEGMENTATION | 0.345 0.408 | 0.225 0.416
sensorLess | 0.075 0.078 | 0.074 0.077
TICTACTOE 0.000 0.031 | 0.000 0.019
YEAST 0.450 0.480 | 0.695 0.712
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E.3. Supplementary insights on experiments

Table E.2. Performance of Algorithm 4 compared to ERM on different datasets for
linear models. We consider ¢ = = and ¢ = ﬁ with K = a/m and o € {0.6,0.8}.

(a) K =0.6y/m (b) K =0.8ym
Algo. 4 (1) Algo. 4 (\/%) Algo. 4 (1) Algo. 4 (ﬁ)
Dataset Rs(h) NRp(h) | Rs(h) Rop(h) Dataset Rs(h) NRp(h) | Rs(h) NRo(h)
ADULT 0.166 0.167 | 0.166 0.167 ADULT 0.166 0.167 | 0.166 0.167
rasaioNMnisT | 0.127  0.147 | 0.127 0.150  rasmonmnisT | 0.130 0.149 | 0.128 0.151
LETTER 0.288 0.296 | 0.286 0.296 LETTER 0.285 0.296 | 0.288 0.297
MNIST 0.067 0.092 | 0.067 0.093 MNIST 0.067 0.091 | 0.067 0.093

musarooMms | 0.001 0.001 | 0.001 0.001 musurooms | 0.001 0.001 | 0.001 0.001
NURSERY 0.791 0.802 | 0.759 0.779 NURSERY 0.771 0.787 | 0.758 0.778
PENDIGITS 0.048 0.061 | 0.047 0.059 PENDIGITS 0.047 0.060 | 0.047 0.059
PHISHING 0.062 0.067 | 0.064 0.068 PHISHING 0.062 0.066 | 0.065 0.068
SATIMAGE 0.146 0.202 | 0.137 0.199 SATIMAGE 0.168 0.216 | 0.137 0.199
seeMENTATION | 0.058 0.215 | 0.058 0.204 secmentaTiON | 0.053 0.212 | 0.052 0.204
sENsorLESs | 0.129 0.130 | 0.130 0.130 sensorLEss | 0.129 0.130 | 0.132 0.132
TICTACTOE 0.013 0.021 | 0.013 0.021 TICTACTOE 0.013 0.021 | 0.013 0.021
YEAST 0.477 0.461 | 0.478 0.464 YEAST 0.476 0.461 | 0.477 0.460
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E.3. Supplementary insights on experiments

Table E.3. Performance of Algorithm 4 compared to ERM on different datasets for
linear models. We consider ¢ = L and e = \/—% with K = ay/m and a € {1}. We

plot the empirical risk Rs(h) with its associated test risk Rp(h).

(a) K=m (b) ERM
Algo. 4 (;;)  Algo. 4 (1) Dataset Rs(h)  Rop(h)
Dataset Rs(h) Rop(h) | Rs(h) NRo(h)

ADULT 0.166 0.167

FASHIONMNIST

rasuronmnisT | 0.354  0.361 | 0.127 0.151
LETTER 0.287 0.296 | 0.288 0.298
MNIST 0.068 0.092 | 0.065 0.092
musHrooms | 0.001 0.001 | 0.001 0.001
NURSERY 0.795 0.805 | 0.796 0.805
PENDIGITS 0.050 0.062 | 0.047 0.059
PHISHING 0.062 0.067 | 0.065 0.067

LETTER 0.287 0.297
MNIST 0.065 0.091
musHrooMs | 0.001  0.001
NURSERY 0.794 0.807
PENDIGITS 0.052 0.064
PHISHING 0.064 0.067

satvace | 0.143 0.200 | 0.137 0.201 sarmace | 0.148 0209
sEGMENTATION | 0.055 0.210 | 0.055 0.212 seGMENTATION | 0.087 0.232
sensorLess | 0.130  0.130 | 0.131 0.132 sensorLess | 0.134  0.136
mieracroe | 0.013 0.021 | 0.392 0.301 tietactor | 0.228  0.238

YEAST 0.476 0.456 | 0.476 0.457 YEAST 0.470 0.427
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E.3. Supplementary insights on experiments

Table E.4. Performance of ERM with weight decay (with the L2 regularisation) for
linear and neural network models.

(a) Linear (b) NN
L2 Reg. () L2 Reg. (ﬁ) L2 Reg. (1) L2 Reg. (ﬁ)
Dataset Rs(h) Ro(h) | Rs(h) NRo(h) Dataset Rs(h) NRp(h) | Rs(h)  NRop(h)
ADULT 0.207 0.207 | 0.248 0.248 apuLT 0.207 0.207 | 0.248 0.248
rasHioNMNIST | 0.141  0.149 | 0.127 0.150rasuronmnist | 0.160 0.166 | 0.159 0.164
LETTER 0.285 0.295| 0.285 0.296 LETTER 0.261 0.275 | 0.256 0.269
MNIST 0.067 0.092 | 0.066 0.092  wmniIsT 0.116 0.125 | 0.084 0.095
musHrooms | 0.001 0.001 | 0.000 0.000 musnrooms | 0.000 0.000 | 0.000 0.000
NURSERY 0.788 0.799 | 0.796 0.804 NURSERY 0.704 0.721 | 0.770 0.788
PENDIGITS 0.049 0.060 | 0.047 0.057 pENDIGITS 0.009 0.022 | 0.012 0.026
PHISHING 0.063 0.065 | 0.057 0.062 pHIsHING 0.042 0.050 | 0.054 0.059
SATIMAGE 0.144 0.203 | 0.138 0.200 SATIMAGE 0.150 0.215 | 0.143 0.205
seGMENTATION | 0.058 0.157 | 0.075 0.17%ecmentaTiON | 0.141 0.216 | 0.198 0.371
sensorLEss | 0.907 0.911 | 0.907 0.911 sensorress | 0.907 0.911 | 0.907 0.911
TICTACTOE 0.013 0.021 | 0.013 0.021 TiCcTACTOE 0.000 0.046 | 0.000 0.021
YEAST 0.702 0.720 | 0.693 0.687  YEAST 0.662 0.674 | 0.693 0.683
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