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Résumé

Dans cette these, nous étudions un sujet important en théorie analytique des nom-
bres, a savoir le probléme de Goldbach, qui conjecture que tout nombre pair supérieur
a 2 est la somme de deux nombres premiers. Nous nous intéressons particuliérement
a deux versions généralisées du cas classique.

Tout d’abord, nous étudions ce probléme ou les nombres premiers sont en pro-
gressions arithmétiques. Il est connu que presque tous les entiers pairs satisfaisant
une certaine condition de congruence peuvent s’écrire comme la somme de deux nom-
bres premiers dans des classes de congruence. Nous étudierons la valeur moyenne
de la fonction Goldbach pondérée dans les progressions arithmétiques qui est définie
comme

S(X,q1,q2,a1,a1) = Z Z A(m)A(D),
n<X m+il=n
m=a1(q1)
1=a2(q2)
ou A est la fonction de von Mangoldt.

Similairement au probléme original, ’objectif principal est de montrer les termes
principaux et le terme d’erreur de S(X, q1, ¢, a1, a2). Elle a été introduite pour la
premiére fois par Riippel en 2012. En 2017, Suzuki a obtenu une formule asympto-
tique sous 'hypothése de Riemann généralisée avec des zéros réels tandis que pour
le cas du module commun, Bhowmik-Halupczok-Matsumoto-Suzuki ont prouvé une
formule asymptotique ot le terme d’erreur est exprimé en termes de zéros de fonc-
tions L.

L’un des objectifs de cette thése est d’obtenir les résultats pour le cas de modules
différents, de nouveau explicitement en termes de zéros de fonctions L de Dirich-
let. Les termes principaux étant plus faciles & obtenir, nous nous concentrerons sur
I’étude du terme d’erreur qui comprend la recherche d’une bonne borne supérieure
et une bonne borne inférieure pour celui-ci. Une difficulté importante pour trouver
sa borne supérieure est d’estimer le second moment pour les nombres premiers dans
les progressions arithmétiques. Notez que sous I'hypothese de Riemann généralisée,
une telle borne supérieure a été étudiée par Prachar tandis que Goldston et Yildirim
ont donné une borne inférieure de cette fonction. Cependant, I’approche ne fonc-
tionne pas bien si nous souhaitons d’abord écrire explicitement le terme d’erreur
qui peut ensuite étre amélioré sous I’hypothése de Riemann généralisée. Cela se
traduit par le facteur log® X dans le terme d’erreur ainsi nous pouvons récupérer
toutes les meilleures estimations connues des valeurs moyennes des représentations
de Goldbach dans le cas classique et dans le cas des progressions arithmétiques.
De plus, dans ce contexte, nous donnons une formule pondérée de Cesaro dans les
progressions arithmétiques.

Nous obtenons en outre une bonne borne inférieure du terme d’erreur de
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S(X, q1,q2,a1,az), ce qui montre que la formule asymptotique est essentiellement
la meilleure possible.

Dans la deuxiéme partie, nous nous intéressons au nombre de représentations
d’un entier comme somme de plusieurs nombres premiers. Nous nous concentrons
sur le terme d’erreur des valeurs moyennes. Languasco et Zaccagnini ont énoncé
une formule asymptotique avec le terme d’erreur X*~'log" X sous I’hypothése de
Riemann. Ici, nous utilisons une autre méthode et améliorons la puissance de log de
k a 3 pour k > 2. Il s’agit d’'une amélioration du résultat de Languasco-Zaccagnini
pour k > 4. De plus, nous montrons qu’il existe un résultat oméga dans ce cas.

Il est connu qu’il existe une équivalence entre I’hypothése de Riemann et d’une
bonne estimation de S(X), ou

SX)=Y" Y Am)A().

n<X m+l=n

Dans ce travail, nous étendons cette équivalence pour la formule asymptotique des
nombres qui peuvent s’écrire comme la somme de k£ > 2 nombres premiers.

6 Thi Thu Nguyen



Abstract

In this thesis, we study an important topic in analytic number theory, which is the
Goldbach problem that expects every even number greater than 2 to be the sum of
two prime numbers. We are particularly interested in two generalized versions of
the classical case.

Firstly, we study this problem where the primes are in arithmetic progressions.
It is known that almost all even integers satisfying some congruence condition can
be written as the sum of two primes in congruence classes. We will study the average
order of the weighted Goldbach function in arithmetic progressions which is defined

S(X>Q1,C]2,al,&1)=z Z A(m)A(1),

n<X m+l=n
m=a1(q1)
lEaz(qz)

where A is the von Mangoldt function.

Similar to the original problem, the main goal is to show the main terms and the
error term of S(X, q1, g2, a1, az). It was first introduced by Riippel in 2012. In 2017,
Suzuki obtained an asymptotic formula under the Generalized Riemann Hypoth-
esis with real zeros while for the case of common modulus, Bhowmik-Halupczok-
Matsumoto-Suzuki proved an asymptotic formula where the error term is in terms
of the zeros of L-functions.

One goal of this thesis is to obtain the results for the case of different modulus
again explicitly in terms of zeros of Dirichlet L-functions. The main terms are
easier to obtain, we will focus on the error term and find a good upper bound
and lower bound for it. An important difficulty in finding its upper bound is to
estimate the second moment for primes in arithmetic progressions. Note that under
the Generalized Riemann Hypothesis, such an upper bound was studied by Prachar
while Goldston and Yildirim gave a lower bound of the second moment. However,
the approach in does not work well if we wish to first write the error term explicitly
which can then be improved under the Generalized Riemann Hypothesis. Here,
we use another approach based on the study of the Chebyshev function to prove a
good estimation unconditionally. This results in the factor log® X in the error term
thus we can recover all the best known estimates of the average orders of Goldbach
representations in the classical case and arithmetic progressions. Moreover, in this
context, we give a Cesaro weighted formula in arithmetic progressions.

We further obtain a good lower bound of the error term of S(X,q1, ¢, a1, as),
which shows that the asymptotic formula is essentially the best possible.

In the second part, we are interested in the number of representations of an
integer as a sum of many primes. We focus on the error term of the average orders.
Languasco and Zaccagnini stated an asymptotic formula with the error term is
X*1log" X under the Riemann Hypothesis. Here we use another method and

7
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improve the log-power from £ to 3 for £ > 2. This is an improvement of Languasco-
Zaccagnini’s result for £ > 4. Moreover, we show that there is an omega-result in
this case.

It is known that there is an equivalence between the Riemann Hypothesis and a
good estimate of S(X), where

SX)=Y" Y Am)A().

n<X m+l=n

In this work, we extend this equivalence for the asymptotic formula of the numbers
that can be written as the sum of £ > 2 primes.

Structure of the Thesis

My thesis includes 3 Chapters and an Appendix.

Chapter 1: We recall basic definitions, notations and important functions. We
explain the original problem, the Goldbach conjecture in the classical case.

Chapter 2: We consider the binary Goldbach problem with summands in arith-
metic progressions. Here I want to emphasise on different arithmetic progressions.
Moreover, we prove an Omega-result of the error term and then show that the
asymptotic formula above is essentially the best possible. This omega result is un-
conditional. We also deal with averages with a Cesaro weighted, with the constraint
that the summands in the Goldbach representations lie in fixed arithmetic progres-
sions. These results are available in the arXiv pre-print [37].

Chapter 3: We study the decomposition of n as a sum of several prime numbers.
We can prove an equivalence between the Riemann hypothesis and an average order
of the Goldbach representation for several primes. These results are available in the
arXiv pre-print [33].

Appendix: We indicate some further directions of work to find bounds for the
oscillating terms involving zeros of L-functions in our study of average orders, reduce
the gap between the error and omega terms of the asymptotics of Goldbach functions
and construct explicit numerical results without error terms for the summatory
functions encountered.

8 Thi Thu Nguyen
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Chapter 1

Introduction

Prime numbers are the building blocks of arithmetic and there and many conjectures
has been formulated around them. The study of these problems, whether or not fully
solved have given rich tools to number theory.

We cite two famous historical questions. At the start of the 19th century, Gauss
and Legendre proposed a conjecture that the number of primes up to x is asymptotic
to z/log x, when x tends to infinity, where log x is the natural logarithm of x. This
conjecture was proved independently by Hadamard and De la Vallée Poussin in
1896 using the ideas of Bernhard Riemann. This result is now known as the Prime
Number Theorem. Another important 19th century result was Dirichlet’s theorem
on arithmetic progressions, that certain arithmetic progressions contain infinitely
many primes.

Some old problems still remain open. One such unsolved problem is the Goldbach
conjecture.

Christian Goldbach, a German mathematician, conjectured that every even num-
ber is the sum of two primes. Though this conjecture remains unsolved, in the 1930s,
Vinogradov proved a weaker form which implies that any sufficiently large odd in-
teger can be written as a sum of three prime numbers.

In this study, we concentrate on Goldbach’s conjecture and some of its variants.
On 7 June 1742, Christian Goldbach wrote a letter to Leonhard Euler (letter XLIII),
in which he proposed the following conjecture:

Fvery integer that can be written as the sum of two primes can also be written
as the sum of as many primes as one wishes until all terms are units.

Goldbach was following the now-abandoned convention of considering 1 to be a
prime number. He then proposed a second conjecture in the margin of his letter,
which implies the first:

Fvery integer greater than 2 can be written as the sum of three primes.

Euler replied in a letter dated 30 June 1742 and reminded Goldbach of an earlier
conversation they had had:

Every positive even integer can be written as the sum of two primes.

It has been known for a very long time that the conjecture is statistically true
and it is empirically supported by calculations for all numbers the threshold of which
has gone up from 10,000 in 1855 [12] to 4 x 10'® [39] in 2014.

This conjecture is equivalent to proving the Goldbach counting function

gn) == > 1, (1.1)

p1t+p2=n

11
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which counts the number of representations of an integer n as the sum of two primes
p1 and po, is always positive for even n > 2.

Instead of studying directly the Goldbach counting function, we consider the
corresponding problem for a smoother version using logarithms, that is the weighted

Goldbach function

G(n):= > Am)A(), (1.2)

m-—+l=n

where A is the von Mangoldt function.
In 1924, Hardy and Littlewood mentioned a conjecture about G(n) that

Conjecture 1.0.1 (Hardy-Littlewood [21]). The approzimation G(n) ~ J(n) holds
for even n with

J(n) = nC’ZH]% (1.3)
Pl

p>2
1 . ) )
and Cy = 2 Hp>2 1— W 18 the twin prime constant.
p —

Though the conjecture in its totality seems out of reach at the moment it gen-
erates a lot of mathematical activity.
To state asymptotic results, we recall some material.

1.1 Notations

Definition 1.1.1. Let f, g be two real or complex valued functions. We say that

i, f(z) = O(g(x)) (or f(x) < g(x)) if there exists some unspecified constant
C > 0 and ¢ such that

|[f(2)] < Clg(x)] for all & > xo.

it, f(x)=o0(g(x)) if for every positive constant € there exists xo such that

|f(2)| < eg(x) for all x > xo.

wi, f(x) ~g(x) if

dm oy T b

/(@)
g

iv, f(x) = Ag(x)) if

- flx)
i sup ‘ 4(2)

12 Thi Thu Nguyen
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1.1.2 Arithmetic functions

An arithmetic function is a complex-valued function defined on N* = {1,2,...}.
The following arithmetic functions are classical.

1. Euler’s totient function, counting the number of invertible residues modulo n.
Noting that

p(n) =n]J(1-p). (1.4)

2. The von Mangoldt function is defined as

_J logp, iftn=p*a>1,pisprime
An) = { 0, otherwise.

The weighted counting functions

I(w) = logp

U(x) =Y logp =) Aln)

were introduced by Chebyshev. The functions 9(z) and ¢ (z) are approximately
equal, and both are closely related to the counting function 7(z) of the primes. In
particular, we have the asymptotic relations (see [35], Corollary 2.5)

I(z) = P(x) + O(z/?),
_ Y(x) T
™) = 1050 7O (mg?x) |

So the asymptotic relations

Y(x) ~ x, V(x) ~x

are equivalent to the Prime Number Theorem. We define the Chebyshev function v
i arithmetic progressions. Let g be a positive integer, a coprime to ¢, we have

blaqa)= 3 Aln). (L5)

n<x
n=a(q)

We next give the partial summation formula, which is a tool frequently used in
analytic number theory (see |1, Theorem 4.2]).

Proposition 1.1.3 (Partial summation formula). Let f be an arithmetic function
and g be a continuous function with piecewise continuous derivative on [1,00). Then

> nlatn) = Falale) = [ Pl (wyin.
where F' is the summatory function of f,

F(x) =Y f(n).

n<x

Thi Thu Nguyen 13
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The next two results are due to Mertens. These depend on the Chebyshev
bound ¥ (z) = O(x) is an essential way. Proofs of these results can be found in (]35,
Theorem 2.7]).

Proposition 1.1.4. The estimates

Zlo%:z:%mﬁ—(?(l):logm—f—(?(l)

p<z n<x

hold.
Proposition 1.1.5. There is a constant a such that, for x > 2,

1 1
Z—:loglogx—i—a—f—(’)( >
P log

p<z

In fact, the constant a is known as the Meissel-Mertens constant, a &~ 0.261497.
The next result is of considerable significance in prime number theory for various
considerations of a probabilistic nature.

Proposition 1.1.6 (Mertens’ product formula). Let x > 2, we have

1 -
16-)-i
P log x

n<x

where v* denotes the Fuler-Mascheroni constant, v* ~ 0.5772. ...

1.1.7 Dirichlet L-function

We denote by ¢ the Riemann zeta function, defined as

)=

n>1

for R(s) > 1. This functionn is a meromorphic function on the whole complex plane,
which is holomorphic everywhere except for a simple pole at s = 1 with residue 1.
The Riemann zeta function plays a pivotal role in analytic number theory. The
functional equation, that is

1
§(s) = 5s(s = V)T (5) 7, for all s,
shows that the Riemann zeta function has zeros at —2,—4,.... These are called

the trivial zeros. The non-trivial zeros have captured far more attention because
their study yields important results concerning prime numbers and related objects
in number theory. It is known that any non-trivial zero lies in the open strip {s €
C:0 < R(s) < 1}, which is called the critical strip. The zeta zeros are symmetrical
with respect to the real axis and they are also symmetrical about the critical line

1
R(s) = 3 This brings us to the Riemann Hypothesis.

Hypothesis 1.1.8 (RH). The real part of every non-trivial zero of the Riemann

o1
zeta function is 3"

14 Thi Thu Nguyen
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We now define the Dirichlet characters and state some useful properties.

Definition 1.1.9. Let q be a positive integer. A Dirichlet character to the modulo
q is the arithmetic function extending a character x of the group (Z/qZ)* by means
of the formula

(m), ifn=m(q), 1 <m<gq, (mq) =1
X<n):{ (>)<, if (n,q) > 1. ! ! !

We denote by xo(q) the principal character modulo q, whose value x(n) is always 1
for n coprime to q.

A non-principal character is called quadratic if x* = xo.

A character x(q) is termed primitive if it cannot be factored as x = x'xo, where x’
1s a character of modulus strictly less than q.

Then we have the following.

Theorem 1.1.10 (Orthogonality of Dirichlet characters). Let q be a positive integer.
We have

LZx(n):{ 1ifn=1(q) (1.6)

0 oth Se.
gp(q) o otherwise
1 _J Tifx = xolg),
©(q) ; x(n) _{ 0  otherwise, (L.7)
(n,q)=1

where p(q) is Euler’s totient function.
Moreover, for any integers n,m > 1, we have

ﬁ ZX(”)X(m) _ { 1 if n =m(q) and (m,q) =1, (1.8)

0 otherwise.
x(q)

For all Dirichlet characters x,x’, to the modulus q, we have

S e = { 4 I (19)

©(q) 2. 0 otherwise.

Let x be a Dirichlet character modulo g, then the Dirichlet L-series is defined
by the formula

x(n)
L(s,x) = Z .
n>1
with Euler product
B x(p)

This series and its Euler product converge on the half plane {s € C: R(s) > 1}. In
particular, L(s, x) # 0 when R(s) > 1. The function L(s, x) can be meromorphically

Thi Thu Nguyen 15
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continued to the entire plan. Its only singularity is a simple pole s = 1, with residue
1, when x = xo.

Furthermore, Dirichlet L-functions satisfy a functional equation, which provides
a way to analytically continue them throughout the complex plane. Let x be a
primitive character modulo ¢, the functional equation relates the value of L(s, x) to
the value of L(1 — s,%),

£(s,x) = W(x)E(1 = s,X) (s€C)
with

o\ 2 fs4s 7(x) 1—x(-1)

£(s,x) == <E> r ( 5 ) L(s, x), W(x) := e 0= —s
For R(s) < 0, there are zeros at certain negative integers s, they are the points —2k
(k> 0) if x(—=1) = 1 and the points —2k — 1 (k > 0) if x(—1) = —1. These points
are called the trivial zeros of L(s, x) and the remaining zeros lie in the critical strip
0 < R(s) < 1 are called the non-trivial zeros. In 1837, Dirichlet mentioned that
L(s,x) is non-zero at s = 1 and moreover, L(s,x) # 0 when R(s) = 1. The non-
trivial zeros are symmetrical about the critical line R(s) = 1/2, that is, if L(p, x) =0
then L(1 —p,x) = 0 too. If x is a real character, then the non-trivial zeros are also
symmetrical about the real axis, but not if x is a complex character.

Remark 1.1.11. If x is not primitive, we have

1.0 =265 T (1- 52,

pS
plg

plg*

where x*(q* ) is the primitive character inducing x.

Similar to the Riemann zeta function, we focus on the non-trivial zeros of L-
function. We denote by p, non-trivial zeros of L(s, x) with the real part 3, and the
Imaginary part 7,,

Px = 6)( + i7x-
We now state the Generalized Riemann Hypothesis.
Hypothesis 1.1.12 (GRH). The real part of every non-trivial zero of the Dirichlet

L-function is 3

Remark 1.1.13. Let B, = sup{R(p,) : L(s,py) = 0} and B, = sup{B, : x(q)}.
1 1

We then have 3 < B, <1. The GRH would give B, = 3

We know that the zeros close to R(s) = 1 are indeed rare. More precisely, we
recall the theorem following (|35, Corollary 11.10]).

Theorem 1.1.14 (Landau-Page). There is an absolute constant ¢ > 0 such that for
any Q,T > 2, the product HqSQ H;(q) L(s, x) has at most one zero in the region

c
<7, l-o<——
log(QT)
where H;(q) denotes a product over all primitive characters x(q). If such a zero
exists, then it is necessarily real and associated to a unique, quadratic x mod q.

16 Thi Thu Nguyen
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Such a zero if it exists and the eventual corresponding character are respectively
called the exceptional zero (or Landau-Siegel zero) and the exceptional character.
We let 0;(x) = 1 if x is the exceptional character and 0 otherwise.

1.1.15 The circle method

The circle method originated in a paper of Hardy and Ramanujan in 1918 on the
partition function p(n), which for each natural number n counts the number of ways
of writing n in the shape

n=x+xo+ -+ T

where s € N and 1 > z9 > - -+ > x, are natural numbers.
Hardy and Littlewood were instead interested in Waring’s problem.

Conjecture 1.1.16 (E.Waring, 1770). All natural numbers are the sum of at most
4 squares of natural numbers, or of at most 9 cubes of natural numbers, or of at
most 19 fourth powers of natural numbers, and so on.

Hardy and Littlewood applied the circle method to Waring’s problem [22]|. Their
idea was to write down a power series

o
: : k
= Zn s

n=0

where k is a non-negative integer. Note that this series is absolutely convergent for
| z |[< 1. We now consider the expression hj(z):

:ii Zn1+n’§++n

nyp= 0n2 0 HS—O

= iR(s, k,n)z
n=0

where
R(s, k,n) = #{(n1,n2,...,ns) € N*:n¥ 40k + ... 40k =nl.

The goal is to obtain a suitable estimate for R(s, k,n), at least when n is large. By
Cauchy’s integral formula

1 s —n—1
R(s, k.n) = 5 /C By(2)> " dz,
where C is a circle centered at 0 of radius r, where 0 < r < 1 is close to 1. We
suppose 2z = re(a) with e(a) = ™,

To study the order of R(s,k,n), they split the circle |z| = r into two sets; the
magjor arcs corresponding to roots of unity of low order, and the complement, called
the minor arcs. Integration over the major arcs gave a main term together with an
error term that they could handle well by choosing the major arcs suitably. This
left the harder problem of bounding the contribution to the final error term from

Thi Thu Nguyen 17



Goldbach representations

the integral over the minor arcs. One remarkable application of the circle method
is Rademacher’s exact formula for the partition function (|2], Chapter 5).

Moreover, Hardy and Littlewood discovered that their method could also be
applied to the binary and ternary Goldbach problems [23], [24].

1.2 Exceptional sets

With the definitions of G(n), J(n) in (1.2) and (1.3), Hardy and Littlewood [21]
proved that

D (G(n) = J(n))* < a®/>* (1.10)

n<x
under the GRH. Let now
Ex)=#{n<z,ne€2N:n#p +py}

denote the size of the exceptional set depending on =z, i.e., the number of even
integers up to x which do not satisfy the Goldbach conjecture.
From the bounds for the second moment (1.10) we are able to deduce estimates

E(SL’) < $1/2+e’
for any € > 0. This result was improved by Goldston [17] to
E(z) < 212 log® z.

In 1975, Montgomery and Vaughan [34] showed unconditionally that there exists a
positive effectively computable constant § > 0 such that, for all large = z(¢), one

has
E(z) < z'7°. (1.11)

Lu [32] showed that § = 0.121 is admissible in (1.11) and recently Pintz [10] obtained
that 6 = 0.28 is admissible.

1.3 Average orders

We now return to the weighted Goldbach function

G(n) = Z A(m)A(D).

m+l=n

We remark that the function g(n), which is defined in (1.1), can be recovered from
G(n) by the use of the partial summation formula.
Now we define its average order, that is

S(X) =Y G(n).

n<X

18 Thi Thu Nguyen
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The study of which is a common practice in analytic number theory. A first asymp-
totic result was obtained by Landau in 1900 [26], he proved that

X2
Zg(n)~—2, as X — o0,
2log” X

which is equivalent to
2

S<X>N7’ as X — oo.

This was later refined by Fujii under the assumption of the Riemann Hypothesis.

Theorem 1.3.1 (Fujii [11]). Suppose that the RH is true. Then we have

2

S(X) = X H(X) + E(X),

2
Xp+1
where H(X) = =23 FrE) is the sum over the non-trivial zeros p of the Rie-
plp
mann zeta function, counted with multiplicity and E(X) < (X log X)*/3.
Granville proved the same result and unconditionally stated |20, 21|, that
E(X) < X535 log? X,

where

B = sup{R(p) : ((p) = 0}. (1.12)

Egami and Matsumoto expected the error term to be O(X'*€) (|13, Conjecture 2.2]).
In fact, this conjecture was proved by Bhowmik and Schlage-Puchta |7] who showed
in 2010 that the error term is O(X log” X) under RH. This result was improved in
2012 by Languasco-Zaccagnini [28] to

E(X) < Xlog® X. (1.13)

Using different methods later Goldston-Yang [19] in 2017 and Goldston-Suriajaya
[18] in 2023 to obtained the same result.

Remark 1.3.2. Assuming the RH, the order of magnitude of H(X) is O(X3/?),
while unconditionally, it is
H(X) < X't5,

where B is defined in (1.12).

Moreover, Bhowmik and Schlage-Puchta [7] also proved an omega-result showing
that the asymptotic result is essentially the best possible.

Theorem 1.3.3 ([7]). We have

2

S(X) = XT + H(X) + Q(X loglog X).
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Interestingly obtaining a good average order is actually equivalent to the Rie-
mann Hypothesis. It is a combination of the results of Bhowmik-Halupczok-Matsumoto-
Suzuki’s paper [5] and Bhowmik-Ruzsa’s paper [1].

Theorem 1.3.4. The RH is equivalent to the estimate

2

X
S(X) = -+ O,

for X sufficiently large.

After this brief and largely incomplete introduction to the state of the art about
Goldbach conjecture related results, we start to describe our work.

20 Thi Thu Nguyen



Chapter 2

(Goldbach Representations in
Arithmetic Progressions

In this chapter, we study the case in which the prime summands in ¢g(n) lie in arith-
metic progressions. Analogously to the original problem, it is known that almost
all even integers satisfying some congruence conditions can be written as the sum
of two primes in congruence classes.

Here again, the conjecture is known to be almost always true. In fact, we consider
the following exceptional set:

Eq,a7b($) == #{n S Zr,n S 2N7n =a+ b(q> - n 7& D1 +p27p1 = a(Q)ap? = b(Q)}

This function can be estimated as

Il_(S

©(q)

for a computable positive constant § and all ¢ < 2° (see [31]). Moreover there exists
D > 0 such that for all but < log” z prime number ¢ < z%/2*~¢ and all integers a, b
such that (ab,q) =1,

Eq,&b (.CE) <

T

Eyap(r) < :
® ol ) qlong

see |3]. Such an exceptional set was recently studied by Martin [33] using heuristic
arguments and numerical data.

Let q1,¢o be positive integers and 1 < a; < ¢1,1 < as < ¢ be positive integers
such that (a1,q1) =1, (a2, q2) = 1. We consider the function

G(n, q1,q2, a1, a2) == Z A(m)A(1),

m—+l=n
m=a1(q1)
lEaz(qg)

whose summatory function is defined as
S(X,q1, 2,01, 02) 1= Z G(n,qu, g, a1, az).
n<X

This function was first introduced by Riippel [12] in 2012. Suzuki [11] in 2017
obtained an asymptotic formula under the Generalized Riemann Hypothesis with
real zeros while for the case of common modulus, Bhowmik-Halupczok-Matsumoto-
Suzuki [5| proved an asymptotic formula where the error term is in terms of the
zeros of L-functions. In general, we expect to obtain similar results for the case of
different modulus.
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2.1 Some preliminaires

With the notations of 1.1 of Chapter 1, we first evoke some lemmas for sums over
non-trivial zeros.

Lemma 2.1.1 ([35], Theorem 10.17). For any T > 0,

> 1< log(q(T +2)).

T<|x|<T+1

Lemma 2.1.2 ([5], Lemmas 2 and 3). For any T > 1, we have

1
< log? (2¢T) + 61(x)q 1/2 log? g,
e <T |px|
Z 1 log(qT)
[>T ‘px‘z T

< log2(2qT) + 01(x)q 1/2 log q,

%; Ipx(px + 1)

where §1(x) = 1 if x is the exceptional character and §,(x) = 0 otherwise.

Lemma 2.1.3. Let p, = v, +ify be a non-trivial zero of L(s, x) such that |y, | > 1.
Then we have

1 log?
Z I / << Og (q‘fYXl)’ (21)
7 A =% D [l
3 ! < log(qln)), (2.2)
(1 vy — 74l)?

Y

where Z denotes a sum over the non-trivial zeros of Dirichlet L-function associ-
ated to x modulo q.

Proof. Firstly, to prove (2.1), we split into two cases.
Case 1: If |y, | > 2]yy|. Then we have

WX\

e = Yl = 1 = Il > 5

Thus, by using Lemma 2.1.2, we obtain

1 1 IOg(qy'YxD
< <K .
2 Vel (L + e — 1) 2 2

> a0 ]

! X ! X
V5 [>2]vx| [Y5 [>2]7x]

Case 2: 1f |y, | < 2|7y, we have

e = Yl S ]+ 1l < 3|l
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This implies

i) D

m V(T4 [y = 74l m V(14 [ = 74l
I |<207 | = | <3l
1 1
= 2 aamea 2 maeheea
'Y;( ,}/X IYX 7X ’Y;( 7)( ’VX /YX
[vx =75 <1 1< yx =75 | <3|
1 1 1
Z | + Z n Z ! |
Yy XU 1<n<3|y| Vi X
=7 l<1 n<|yy—74|<n+1

By using Lemma 2.1.1, we can estimate the last sum to be

lo 1 log®
< logland) v )< g (alnd)
So we obtain the stated result. And similarly, we also can prove (2.2). O

We now recall the Vinogradov-Korobov zero free region in a suitable form.

Lemma 2.1.4. Let ¢ > 3, and let x (q) be a Dirichlet character. For any 6 > 0,
there is some constant c1(8) such that the Dirichlet L-function does not vanish in
the region

c1(9)
>1-— d[t] < X.
721 (e, g X (loglog X)) 4 11 =
The result in Lemma 2.1.4 is a consequence of Theorem 1.1 [25] and Siegel’s

theorem ([35], Corollary 11.15).

2.2 Asymptotic formula of the average order

Now we prove an asymptotic formula for S(X, gy, g2, a1, as), which can be stated as
follows.

Theorem 2.2.1. For any e > 0

X2 1 1
SX7Q7Q7a7a - + HX7Q7CL +—HXJQ7G’
ot ) = oot T ol ) T gy T w) g g
+ O(XBZIFlJrB;z log X log(q1 X ) log(q2X)),
where the implicit constant depends on q1, g2, and
1 pr+1
H(X7 q, a) = - Y(a) s
90(‘]) Z Z PX(PX + 1)
x(q) Px
* * . C €
By = By(X) =min(By, 1 —n), n=mn,(X)= (9

max(q¢, (log X)*/*(log log X)'/%)’

with some small constant ¢, (€) > 0.
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Remark 2.2.2. For the unconditional order of magnitude of H(X,q,a), we have

X1+Bq 1

HX o) € Z0m DD oy

x(q) Px

By using Lemma 2.1.2, we obtain

148,
H(X,q,0) < —— > (log® ¢ + 61 (x)q"*log” ¢)
©(q)
x(q)
<<q X1+Bq.

Assuming the GRH, we can obtain
H(X,q,a) <, X2

Corollary 2.2.3. Assuming the GRH, we have
XQ

20(q1)0(q2) " ©(q2)
+ O(X log X log(q1 X) log(g2X)),

1
S(Xaq17Q27alaa2): H(X7q17a1)+90
where the implicit constant depends on qi,qs.

Remark 2.2.4. Assuming the GRH, we can see that Corollary 2.2.3 is similar to
[/, Theorem 1.1].

When ¢; = ¢ = ¢, we replace S(X,q1,q,a1,a2) by S(X,q,a1,az). Then we
obtain the following corollary of Theorem 2.2.1.

Corollary 2.2.5. Let ay,ay be positive integers with (ajaq, q) = 1, we have
S(X, quan ) = o — LS () + X)) Y
2¢%(q)  #*(a) £~ ~ Py +1)

+ O(X?Pilog X log?(¢ X)),

pr+1

where the implicit constant depends on q.

This result improves the upper bound log”(¢X) of [5, Theorem 2| by a factor
log3(¢X)
Tl X

Now, we put z = re(a), r = e '/, |a] < 1/2. Let ¢ be a positive integer,
1 < a < ¢ be an integer coprime to ¢ and 1 < y < X, let us consider the power

series as was done by Hardy-Littlewood [23]:

Foq(2) = Z A(n)z",

n>1

. When we take ¢ = 1, we recover the best known result for S(X).
1/X

n=a(q)
1 n n
[q(z)::—z,z, I(y,z)::Zz.
v(9) & =

Their choice was natural because F, ,(%) is a generating function of primes in arith-
metic progression with additive property and we expect it to be close to I,(z) by
Dirichlet’s theorem.

We will show that S(X,qi,qe,a1,a2) can be expressed in terms of F,, 4 (2),
Fiu,.0,(2) in the following theorem.
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Theorem 2.2.6. We have

X2 1
2e(a) o) | ola) o)
+ O(X (log®(: X) +1og*(q2 X)) + E(X, q1, @2, a1, az),

S(X,q1,q2,a1,az) = H(X,q1,a1) + H(X,q,as)

where

Bt a) = [ (Fun(0) = 10(2) (Fua(®) - 1)1 (X2 ) day 25

and the implicit constant depends on g1, qo.

To prove Theorem 2.2.1, we use the circle method to compute the sum. First we
will prove Theorem 2.2.6.

2.2.7 Proof of Theorem 2.2.6

In this part we consider the generating function

)= Y An)"= > An)e ¥ e(na).
n>1 n>1
n=a(q) n=a(q)

We first note that
(Fal,th (Z) - IQI (Z)) (Faz,fm(z) - L]z (Z)) = FCLI:QI(’Z)FGQJIQ (2> - FaMIl (Z)[(D(z)

(2.6)
— Foy g0 (2) 10, (2) + L4y (2) 1, (2).
From the definitions of /,(z) and F,,(z), we calculate
Fa1,q1(z a2 q2 Z A(m)=" Z A(k)zk:ZG(H7Q13(]2;Q17G2)Z”7
m>1 k>1 n>2
m=a1(q1) k=a2(q2)
1
Fo 0 (2),(2) = A(m)z"F = —1,q1,a1)2",
q ( ) CI< ) (P(Q2> m;I ( ) 1 1)
mzal_ql)
1
Faz Q2(Z)Iq1 <Z> - 19(” - 17 q2, a2)z )
vla) 2=
1 n
I(n (Z)I(m(z) = (n - 1)2 )

where 1 is the Chebyshev function in arithmetic progression (1.5). Hence, the right
hand side of (2.6) can be rewritten as

Z B(n, q1, q2, a1, a2)r"e(no),
n
with

B(n, q1, 2, a1,a2) = G(n, q1, g2, a1, az) Z¢ —1,q1,a1)

—1,g2,a2) + ;)Z(n— 1)z".

) = p(0)e(e) =
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So that

E(X,q1,q2,a1,a9) / Z Z n,qi,q, a1, az)r"e(na)r-"e(—ma)da

n m<X
1
=YY B ana™ [ el(n - mja)da
n m<X 0
= Z B(TL, 41, 42,01, a2)
n<X
since .
/ e(ta)da =1 if t = 0 and 0 otherwise.
0

Then we obtain the equation

LS G- L)

S(Xa q1, q27a17a2) = E(X’ q1, Q27a1,a2) +
ple)

n_ 1 (2.8)
r b ) - ,;( o(a)e(a)
Moreover, we have an explicit formula for the average of 1(n, ¢, a) as follows.
Lemma 2.2.8. Let X > 2 and (a,q) = 1, we have
Xextl 9
1;1# —1,qa ZX Zm O(X log™(¢X)).

Proof. We first remark that

> wn-1,q0)= > (X —n)A(n) :/ W(t, q,a)dt. (2.9)
n<X n?aé) 1

Using the orthogonality relation of Dirichlet characters, we have
U(t, g, a) = Zx

where

= x(n)A(n). (2.10)

n<t

Let now x be a primitive character modulo q. Then from Theorem 12.5 and Theorem
12.10 of [35], we obtain for t,T > 2

1Px

W(t, x) = do(x)t — Z —+0 < log?(qtT) + &, (x)q"/*log? q) , (2.11)

<t X

where dp(x) = 1 if x = xo and dp(x) = 0 otherwise; d; () is defined in Lemma 2.1.2.
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If x is imprimitive. Suppose that y is a character modulo ¢ induced by the
primitive character xy* modulo ¢*, ¢* > 1. Then we have

Yt x) =t x) < Y An) =) > logp

n< k
n q_)t>1 plg pk<t
<Z[ ]logp<<logt210gp
plg plg

< logqlogt.

Hence we rewrite (2.11) for all characters y modulus ¢. Let 2 < ¢, T < X, one has

st =a00i- 3 Zho <£1Og (4X) + 10072 10g? q) (2.12)

o<t PX

Substituting the above formula into (2.10), we obtain

tPx

t
Px

1 —
¥(t,q,a) =) @Zx(a)

[y [T

+0 % > (; log?(gX) + 01 (x)q"/* log? Q)

x(q)

This leads to the following
t 1 X
U(t,q,a) = 20 o@ Z Z — 40 (—log (qX)) (2.13)
x(q

since there is at most one exceptional character mod q.
Substituting (2.13) into (2.9),

X2 1 XPxHl
7;(@/) R0 W%X(a) gS:T (o +1)
+ O(XT2 log?(¢X)).
Note that by (2.1.2), one has
Xl e X2
S Px(py +1) %T ‘px‘g < - log(qT)
Therefore Lemma 2.2.8 is proved when we choose T' = X. O

The proof of Theorem 2.2.6 is complete when we substitute Lemma 2.2.8 into
(2.8).
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2.2.9 Proof Theorem 2.2.1

From Theorem 2.2.6, to prove Theorem 2.2.1, it is enough to estimate
E(X, q1,g2, a1, a3) Kgy4, X707 log X log(g1.X) log (g2 X).-

By the Cauchy-Schwarz inequality, the integral E(X, q1,go, a1, a2) is estimated as

2

B(X, 41,42, 1, 00) = / (Fuaan(2) = 1 (2) (Fran(e) ~ 1) 1 (X, do

[ttt [ st )

Noting that |E(X, ¢1, g2, a1, a2)| can be estimated as the product of two factors which
have the same properties. So we need only consider

T\(X.q.a) /r el

|E(X, g1, 42, 01, 02))| < max(Th(X, ¢;, ;).

i=1,2

i (X, %) ‘ dar, (2.14)

we remark that

1
We will estimate 77(X, ¢,a) by bounding (X , —) and then the moment of
z
|Fuq(2) —I(2)|. We first remark that , for 1 <y < X, by partial summation,

I(y, %) = e ¥e(—na) = /X 3 e(—na) / S e(—na)e’ Xt

n<ly n<ly n<t

> e(—na) < min (t, M%I) ,

n<t

(1) < min (). o1

We now prove the following lemma.

Since

we obtain

Lemma 2.2.10. Let X > 2 and |a| < 1/2. For any integrable positive function of
period 1, we have

IOgX) 2k+1/X

1/2
f() min (X 1)da<< Z X O fla)da. (2.16)

-1/2

Proof. Because of periodicity, we can restrict ourselves to [0,1/2]. We evaluate the
left hand side of (2.16) as

/ / /
12f(oz)min (X,i) dC%IX/le(X)chmL 12f(a)d_0‘
0 || 0

1/X o
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2k 2k_“]

We write [+, 1] as the disjoint union of [% for 0 < k < O(log X). Then the

right hand side of the above formula is bounded by

O(log X) ok+1/x

X/ flo da+Z/2 fa—

k/X
1/X O(IOgX) X 2k+1/X
<X fla)da+ > = fla)da
0 = 2" Jax
O(log X) 2k+1/X
X
< Z f(a)da,
and this proves the lemma. O
Since z = z(a) = e Xe(na), we replace f(a) = |F,q(z) — I(2)]* in Lemma

3.3.4, to obtain

O(lOgX) X 2k+1/X

Ti(X,q,0) < ) BT |F,q(2) — I(2)| dov. (2.17)
k=0 0

For 1 < h < X, putting

1/2h
WX, g a,h) : = / Fug(2) — I(2)2 do
0

:/01/%2

where d(n) is defined as

d(n)=1 if n=a(mod ¢) and 0 otherwise. (2.18)

Now we recall Gallagher’s lemma (see [19], section 4)

[

n

2

1
da < —

ane(na) 2

X |z<n<ath

where a,, € C and ) |a,| < co. Then for 1 < h < X, we obtain

3 (A<n)5(n) - L) x|

z<n<z+h ¥ (q)

; (A<”>5<n) - L) e/ 2
Z <A(”)5(n) — L) /X

1 [o.¢]
z<n<z+h

1 [o¢]
W(X,q,a,h)<<—/ dx

n ).,

h

1
< - dx (2.19)

h? J,

_|__
h? J,
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Next we evaluate

3 (A(n)a(n) - L) x| gy

o v(q)

(A(n)a(n) — @) e /X 2

h
Jl,a,Q<X7 h) = /
0

J27a7q(X, h) = / dx
0

z<n<z+h
from the two following lemmas.

Lemma 2.2.11. Let X > 2 and 1 < h < X,

Jl,a,q(Xa h) < Ha,q(h) +

where

Proof. We have

Traq(X,h) = /0 h > <A(n)5(n) - %) /X

Lemma 2.2.12. Let X >2 and 1 < h < X,

2 o
Jraq(X, h) X—Z

where )
v h
Koq(z, h ::/ (wt—l—h,q,a —Y(t,q,a ——) dt
a(, h) i ( ) —(t,q,a) 0
and H, 4 function is defined in the last previous.

Proof. We denote

For y > 2, using partial summation, we have

ZF(n)e’"/X = ¥/X ZF( / ZF e X at.

nly n<ly n<t

L (a0 + 2) + 3 5 (HaatiXom +

(2.20)
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We replace y in (2.20) by x + h and x, we obtain

> ret = (3 -3 e

r<n<z+h n<z+h n<lz

_ o—(@Hh)/X Z F(n) / ZF Je~t/X gt

n<x+h n<t
Y ) / S Fln)e /Xt (2.21)
n<x n<t
= X Z F(n) +e /X Z F(n)(e "X —1)
x<n<x+h n<z+h
> F(n)e Xat.
)(”/m n<t

Since et — 1 < t for all non-negative ¢, then e /X —1 < h/X. Now squaring

out and integrating (2.21), we obtain

Z F(z)e X

z<n<z+h

<</OOO< > F(n))Qe_Q‘”/de

z<n<z+h

e / OO ( 2 F(n)) e /X dy

n<x-+h

/(/ > F(n) Wth) da.

n<t

2

Jiaﬂ()(ah)::b/u dz
0

(2.22)

We now proceed to estimate (2.22) in several steps.
Step 1: The first term on the right hand side of (2.22) is

Ia ( S R ) ‘%/de—Z /J("“’X< 3 F(n))Qe‘Qx/de

z<n<z+h z<n<z+h

- ier /‘(J+1)X( Z n) iy < Zw /(J+1 <

7=0 JX rz<n<z+h

F(n)> dx,

z<n<z+h

since e=% < 277 for all j non-negative integers. Moreover, for y > 2,

/j( > F(n)>2dx:/Oy(¢<x+h,q,a)—¢(x,q,a)_i&?bi@)ydt

r<n<z+h

# [ (s maer vt - ) e [ (G- 065 5

y
< Kagly, h) + :
(v, h) ©2(q)
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Hence we have obtained that

) R . jiX
/0 < > K >> d <<;2j—1 (Ka,q(JX,h)+¢2(q)). (2.23)

z<n<z+h

Step 2: Next we consider the last term of (2.22). By the Cauchy-Schwarz inequality,

/(/ > F(n) —t/th> dx<<h// (m )26_2t/thdx

n<t

Moreover, analogously to Step 1, we have

/OOO <;F(n)> *Qt/th<Z /]H (N n)>2dt

<<Z2J 1( Hoal1X) + )

©?(q)

Hence the last term of (2.22) is bounded by

h? o~ 1 , i X
<33 > 51 (qu(‘]X) + ) . (2.24)
j=1

Step 3: Finally, the second term of (2.22) is

2 00 2 2 oo 2
%/ (Z F(n)> e_%/de:th/X%/ (ZF(n)> e~ 2 X dt
0 0

n<z+h

) = (2.25)
h? = 1 iX
— — | Ho U X))+ 55—~ |-
©x le 2 ( AURH @2((1))
Combining (2.23), (2.24), (2.25) and (2.21), the proof is complete. O
Hence, it suffices to estimate the two functions H, ,(z) and K, ,(x, h).
Lemma 2.2.13. With the notation of Theorem 2.2.1, we have the estimate
H, () <4 2*Patt,
Proof. Using (2.13) for 2 < T < x, we can rewrite
2
1 T tPx T .2
Hyy(z) = ——~ / > X(a) Y — | dt+0 ( / x—2log4(qt)dt)
©*(q) Jo Px o T
x(a) i |<T
, (2.26)
1 o n (" ex
< ——= > _Ix(a)| o —| dt+ —210g (qz).
(9) 0 X T
x(a) IyxI<T
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We first consider

2 2 2
Px

/x Z& dt«/mzt— dt+/$ oo dt
0 0 0

o<t PX i<t Px 1<jrl<T

By the well known bound of the Siegel zero, we have

2
v tPx x
JIZ 2] ezt
0 Px

For the last sum, we get

BxHB A1

Vel IV (L v = %)

Y Saes ¥ %

1<impi<T PX L<jrn|<T 1< |<T

2B +1 1

reeriaimer A+ T =
By using Lemma 2.1.3, that is
3 1 log* (g 7:|)
/ / << 9
7 @+ =% ]

we then obtain

1 log? y
S ¥ e

T 3
lo n
<> % <, 1.

Hence,

2
z th *
/ > | dt <4 a?Pit (2.27)
0

I |<T Px

By substituting (2.27) into (2.26), we obtain

3
x
T2 log*(qz).

Ha,q(x) <4 gt 4 T

1
Now, we choose T' = x. Therefore, since B > 3 we obtain

Ha,q(x) <<q I2B;‘+1 —i—xlog4(qx) <<q x2B;+1.
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Lemma 2.2.14. For 1 <h <z and x >, 1, we have
Ko 4(z, h) <, ha*Pa log®(qx).

Proof. We consider two cases:
Case 1: Let GRH be true.
Prachar [11] showed that for x > 2,1 < ¢ <x,1 < h <z, we have

N Kug(w, h) < halog?(gz),
a(q)

where ZZ(q) denotes a sum over a set of reduced residues modulo ¢. Thus this

lemma is true under the GRH.
Case 2: Let GRH be false, which means that B, > 1/2.
For 0 < 6 <1, we consider

K(x,0) = /Qw (@/}(t—i—t@ q,a) —(t,q,a) — %)20&

2zv +0 2
<</ / ( t+t9,q,a)—¢(t,q,a)——> dtdv
zv/2 ()O(Q>

in which we used the idea of Saffari-Vaughan [13].
Using (2.13), we have

2zv +0 2
/ (1/}(15 +1t0,q,a) —(t,q,a) — —) dt

v/2 Qp(q)
/m/z XZX ; o L H O =] i (2.28)
+ / " (logQ(qx(l +0)) — logQ(qx))2 dt
xv/2

=: K1(v) + K3(v).
Trivially, K,(v) < 2zvlog*(qz), then

/1 K)o < log(gz). (2.29)

By the Cauchy-Schwarz inequality, we obtain

) < L |

2

Z P oy — 1| ar

2zv

v/2 Px
0)rx —11[(1+ 0 —1] -
- [ e L
zv/2 poX
B +epx_1}[(1+9)ﬁ_1]
= K@) Z
x(@) o~ P PPl
y QL+px+py __2—1—px—p§< (xv)fbﬁaﬂ_
px t+ o+ 1
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Thus,
[(1+0)Px — 1][(1 + 0)% — 1] 21FPxtrh — 2= 1=pr
[ EEINIDW Y - 2
Px / poX pX + px + 1
y 22+PX+pX - 1xpx+a+1.

Py + P+ 2

By the trivial inequality |2122| < |21]* + |22|?, we hence obtain

[(1+0)7 — 1)[(1+0)% —1]|  anteit!
Ki(v)dv < X(a)? —
/ : qz ZZ f’xf’% oo+ o+ 1
Px_l 1
<<:EQB+1 |X | ‘ —
Z Z !ﬂx+ﬂ’x+1\2

<<5’72BHZ|X IQme{m ’Yx 2}2 1+|7 |)
x(q) Tx X

By Lemma 2.1.3, we have

Z ( ! e < log(gq]vyl)-

1+|7x

X

Then we have the estimate

2 . _ log(q
[ mw < it S p | X 2 S o)

! X e N g

2B; 411 2 (1

L x771 0 log 7) (2.30)
From (2.28), (2.29) and (2.30), we obtain
« 1
K(x,0) <, 2*5a01og? (5) + zlog*(qx).

Similar to [13, (6.21)], we have

/ ’ <w(t+h,q,a) —(t qa) — i) dt

©(q)

T 3h/x 3z +0 2
< 7 /h/Sx (/x (¢(t +1t0,q,a) —(t,q,a) — m) dt) do

<, ha*Palog® <§> + zlog*(qx).

h
Since By > 1/2, there exists €(q) > 0 such that 2B} > 1+ €(q). Thus,

zlog?(qz) < £*Ba=<D log?(qz) < *Palog?(qz) for x>, 1.
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Therefore

T 2
/2 (@/J(t +h,q,a) —Y(t,q,a) — %) dt <, hx*Pilog?(qz). (2.31)

Now we split K, ,(x, h) into two parts:

Koy, h) = /Oh <¢(t b hga) — it g a) — ﬁ)Q dt

+/h$ <¢(t+h,q,a) —(t, q,a) — %)2@.

The first one is bounded by

<</Oh <¢(t+h,q,a)—%)2dt—l—/oh (w(t,q,a)—$>2dt

<<q hQBf;-l—l.

We recover [h,x] by the disjoint union of [5%r, 5z], for 0 < & < O(log 7). Using

(2.31), we rewrite the second part as

<> /mk (¢(t + h,q,a) —(t,q,a) — ﬁ)z dt

>0 Y z/2F T

<y hz <2k> log (qx)

k>0
<, ha*Bilog? (qm).
Combining the two estimates above, the proof is complete. O

Now, using Lemmas 2.2.11, 2.2.12, 2.2.13, 2.2.14 and (2.19), we complete the
proof of Theorem 2.2.1.

. h
W(X,q,a,h h*Pa +1+—)
( ) < ©*(q)

i <]X QB*+1+ jX >

©*(q)

v|~

><|H

1 1
T £z 21

. . . JX
h(5X)?Pa1log?(qj X) + )
( e (2 %) v*(q)
2B;+1

p2Bi-1 4 x2B;-1 J X8 szél 20, %
<, Dt 2 g g’ (aX)

i>1 i1

<<qT log®(¢X).
Substituting the above inequality into (2.17), we get

Ty (X, q,a) <, X log X log?(¢X).
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We conclude

E(X7 q1,42, a1, az) <qgi,2 Tl(X; Q1,a1)1/2T1(X7 Q2,a2)1/2
S X B84 log X log(q1.X) log(q: X).

Now the proof of Theorem 2.2.1 is complete. 0

2.3 Omega-result for the average order

Similar to the classical case, Theorem 1.3.3, we prove an omega-result in the arith-
metic progressions showing that the asymptotic formula proved in (1.13) is essen-
tially the best possible.

Theorem 2.3.1. We have

X2 1
20(a)p(@) sO(qz)H(X’ @) (2.32)

1
+ —H(Xa Q2,a2) + Q<X lOglOgX),
o(q1)

S(X,Ch,(b,al,%) =

where the implicit constant in the 2-symbol depends on q1, qs.

Proof. By Theorem 2.2.1, we obtain the main terms in this formula. We will show
that

G(”anaq27a17a2) = Q(nloglogn)v (233)

and then Theorem 2.3.1 will follows. In fact, assuming the error term of Theorem
2.3.1 1s o(X loglog X), one has

S(n+1,q1,q2,a1,a2) — S(n, q1, 2, ax, az)

— (n + 1)2 —n? n ay) — n a
© 20(q)e()  ela) (H(n+1,q1,a01) = H(n, q1, a1))

o) (H(n+1,42,a2) = H(n, g2, a2)) + o(nloglog n)
= o(nloglogn).

So (2.33) would be false. Hence the error term of Theorem 2.3.1 is Q(X loglog X).
We now show how to prove (2.33). We recall the following result.

Lemma 2.3.2. Let ¢’ be a positive integer, ¢ = [ p<e Dp, where py is some prime
p#p1.pfq’
divisor of the exceptional modulus up to q if there exists a Siegel’s zero, then

X
r— Y An)xo(m)|+ D[ Y. A(n)x(n) <5
r<n<2z x(q) lz<n<2z
XF#X0
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This lemma is implied by [16, Theorem 7| (see also in |7, Lemma 4|). It follows
that, for (a q) =1,

»(2z,q,a Z A(n Z A(n)

n<2x x§n§2x
n=a(q) n=a(q)
ZX > x(n)A(n)
QD q X(q r<n<2z
1 1
=—— > Amxo(n) + —= > X@) > x(mA(n)
So(q) r<n<2r go(q) X(q) r<n<2x
XFX0
) (2.34)
T _
= | X A = SoX@ 3 A
PY\q PY\q r<n<2r x(q) r<n<2z
X7X0
T 1
2 50 o | |72, M) + X @] 3 A
v wvia z<n<2z x(a) T<n<2w
XF#X0
T T T
> _
(@) 20(q)  20(q)
Let now
Q= [ »
p<z
PF#p1,P1q1q2
Hence,

ST M
{i\g

Z G(n, q1, 2,01, a2) Z A(D). (2.35)

n<dx b=1 m<2x <2z
Qln (0,.Q)=1m=ai1(q1) I1=a2(q2)
m=b(Q) 1=Q-b(Q)

We now use the Chinese remainder Theorem to evaluate the right hand side of
(2.35). Since @ and ¢; are coprime, the solutions of the system m = a;(¢;) and
m = b(Q) are given by

m = amiQ + bmaeqi (1Q) = A(1Q),

where mq, mq are integers satisfying m;Q) + moq; = 1.
Analogously to the system | = as(g2) and [ = Q — b(Q), we have

Thus, using Lemma 2.3.2, the right hand side of (2.35) is

Q
Z Z A(m Z A(l Z (22, 1Q, A)p(2z, 2Q, B)

m<2x <2z b=1
(bQ) I m=A(:Q) I=B(¢2Q) b.Q)=1

; Q1Q 20(q2Q) 4@(611)90(6]2)%0(@)’

38 Thi Thu Nguyen



Goldbach representations

since (¢1,Q) =1, (g2, Q) = 1.

Hence, we obtain

max G(n, q1, g2, a1, az) 4Q Z n, q1,q2, 01, A2)

n<dx
n<dz
Qln
Q) X ~1y-1
> = (1-p")
160(01)¢(g2)p(Q)  16¢(a1)(g2) g
p#p1.plaraz
I1 \ (I=ph)
= (1= p—l Pl9192 - 1— p_l -1
=) eavta ~ 77
> 0.0 Tloglogz,
where in the last inequality, we used Proposition 1.1.5.
O
2.4 Cesaro weighted
The Cesaro weighted average for Goldbach numbers was introduced in [30] by Lan-

guasco and Zaccagnini. They proved, for X > 2, and k£ > 1 a real number, that
k
%) X’ L(p)
G(n -2 — 7 Xrtl
>~ 60 i - i er+k+2>

n<X
Pz) 1/2
XPree 4 O (X3,

In the study of these problems, the parameter £ plays a crucial role and we would
like to keep it as small as possible. The work of Languasco-Zaccagnini treats & > 1.
Goldston-Yang [19] extended the above for & = 1 under the Riemann Hypothesis.
Further, Cantarini considered this problem without assuming any hypotheses [30]

and Briidern-Kaczorowski-Perelli [10] gave a general formula for & > 0, still for
q = 1, in which the zero-sum converges conditionally.
In arithmetic progressions, Cantarini-Gambini-Zaccagnini |1 1] studied the Cesaro

weighted version for ¢ = ¢ and k£ > 1. We would like to extend this problem to
the case ¢ # ¢2 and k = 1 in the following theorem.

Theorem 2.4.1. When X tends to infinity, we have

n X2 1
1__ Gananaua’ = + LX,q,a,
7;(( X) ( 1,42, U1 2) 6@((]1)90(%) §0<q2) ( 1 1)

1 R
* v(q )L(X7 @, az) + O(XPatBa log X log(q1 X) log(ga X)),
1

where the implicit constant depends on q1,q2 and for (a,q) =1,

X xtl

1
a0 == X0 0 G S )
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Remark 2.4.2. When ¢ = g2 = 1 and assuming the RH, the error term in Theorem
2.4.114s O(X log® X). It is weaker than the result of Goldston-Yang [19] because some
functions which we used in our argument can be estimated in a more efficient way
when g =1 and under the RH.

Proof. First, let
K(X,2)=Y (1 - Y) o, (2.36)
Then we have
[ @ = 106D (Fr )~ Lo K (.2 )
_ /0 1 zn: B(n,g1,42, iy, 0)r"e(na) 3 (1= 52) - e(=ma)da

m<X
= E (1 — —n>B(n q1, 42, a1 CLQ).
X y 415 42, ’
n<X

From (2.7) and Lemma 2.2.8, we have

n
—— B
X) (n,Ch,CIz,al,Ch)

n<X
n
— <1 — —) G(n,q1,q2, a1, a2) / Zw —1,q2,a2)du
n<X X X n<u
1 X
— —1,q1,a1)du + —————— / n—1)d
)X ), ;uw ,q1, Q1) )o@ X ;
n
= <1 - —> G(n, q1,492, a1, (12)
n<X X
1 X[ u? uPxtt
- — — X(a ————— + O(ulog*(qu
ela)p(@)X )i\ 2 %) ( 1>§px(px+1) (ulog ()
o ru/pX+1
[ X 3+ Olulog? () | du
@) N px<px+ )

Then we obtain

n X? 1 1
n;( (1 %) ot o a0 00) = 6o(a)e(@) | o(a) ola)

+ O(X(10g2(91X) + 10g2(Q2X)) +E(X, q1,q2, a1, az),

L(X,q1,a1) + L(X, g2, a9)

where

0100 01,02) = [ (B (2) = 10(9) (Fr(2) — 1 () K (X, o
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)
)

By the Cauchy-Schwarz inequality, we have

1
| 8<X7 (117(12;a17a2) |2<</ |Fa1,q1(z) - Iq1(z)|2 K (X7 do

< [ o) = 1 [ (x
We need only to estimate

1
X q,a / | )|2 IC (X7 _)
z
We consider

K(X,é)zZ(l—}> WX o(_pa) X/ Y e Xe(—na)d

n<lz n<t
1 [* 1
= —/ I <t, —) dt
X )i z
. 1
< min <X, —) ,
|af

since (2.15). Using Lemma 3.3.4 and similarly to the proof of Theorem 2.2.1, we
also obtain

da.

IS IR S

dov.

T5(X, g, a) <4 X1 log X log*(¢X).

We conclude
E(X, qu, g2, a1, 02) gy g X 17722 log X og(q1 X ) log(q2 X).

Hence the proof of Theorem 2.4.1 is now complete. ]
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Chapter 3

(Goldbach Representations of an
integer as a Sum of many primes

Let k£ > 2 be an integer, we define the weighted Goldbach function for £ primes
Gr(n) = > A(ny)...Alng),
ni+n2+..4tng=n
and its average order
Sk(X) =) Gi(n).
n<X

Then we obtain results about Si(X) as follows.

3.1 An asymptotic result for S;(X) under the RH

In this section we prove
Theorem 3.1.1. Let k > 2, X > k and assume the RH holds. Then we have

Xk
Sp(X) = Tt Hy(X) + On(XFog® X),
with o
otk
Hy(X)=—k ,
(%) Xp:p(erl)...(erk:—l)
where the sum is taken over the non-trivial zeros in the critical line of the Riemann

zeta function.

This improves the existing result for k£ > 4, where the error term is bounded by
X*1logh X ([28], Theorem 1.3) and agrees with the best known upper bound of
the error term of S(X) for k = 2, i.e., X log® X, first obtained in [28] and later in
[19].

For our proof we follow the idea of Goldston and Yang [19] for £ = 2 and a trivial
bound (see Lemma 3.1.4).

To prove Theorem 3.1.1, we now use induction on k. We know that this theorem
is true when k£ = 2 and suppose that it holds up to k£ — 1, then we prove it for k.

We use the notation of [19]. Consider the generating function
So(a,z) = ZAo(n)e(na), e(a) = ™,
n<x
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where Ag(n) = A(n) — 1. Then for k£ > 2, we have

Sola, )b = D Ag(mr) ... Ag(ni)e((ny + - - + ng)a)

where

Bi(n,z)= Y Ag(n)... Ao(ng).

When k& < n <z, we can express Gi(n) through Bi(n,x) as

Bi(n,x) = Z Ao(ny) ... Ag(ng)

ni+--+ng=n

= Y A -1 (A - )

ni+--4+ng=n
n—k+1 k—2

HAOEISY Gk_l(n—nl)—l—Z(—l)i(l;) S A Al
ni=1 =2 ni+-+ng=n
+ (DR YD A+ (=D ) L
ni+--Fng=n ni+-+ng=n

(3.1)

Let y > 2, we define

T(y,«a) = Ze(na). (3.2)

n<y

1
We then have the estimate T'(y, ) < min (y, ﬂ) . For x > X, we have
a

/0 So(o, 2)FT(X, —a)do = Z Bi(n, x).

n<X
Substituting (3.1) into the above, we obtain

Sk(X) = /0 So(o, ) T(X, —a)da + Z(—l)i-i-l (]:) Z Z A(nigq) ... Alng)

n<X ni+-+ng=n

DYDY A+ (CDFTY D >

n<X ni+-+ng=n n<X ni+-4np=n
k—2 ‘ k
=: No + Z(—l)”l (Z)N + (=) EN,_1 + (1) N,

(3.3)
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Now, we estimate Nj;, for 0 <1 < k.
Part 1: Main term of N.
We have

Ne=> > 1=> (Z:D = % +O(X*), (3.4)

n<X ni+-+ng=n k<n<X

Part 2: Main term of N,_;.

X—(k—1)
V=YY A=Y Y Y A
n<X ni+-+ng=n n<X np=1 ni+-4ng_1=n—ng
X—(k-1) X—(k-1) X k—1 -
= ;{ Zl ( ) Zl A(ny) ( G nl;))' + O(X* 2))

=Y (X —k+1)+ O(X’H),

where for j being a non-negative integer, we denote

P;(x) : j'Zx—n]A (3.5)

n<x

We note that for j7 > 1, one has

0= [ o (3.

Moreover, for j = 1 we have an explicit formula (see [35, (13.7)])
t2 tp—',—l C/ C/
() = — — 0)t + 1)+ O /2
(0=5 - s~ O+ Do
t2 tp+1 (37)
—— - ——— 401
2 zp: p(p+1) )
Then by (3.6) and the induction method, it is easy to prove that
i+l ] .
+O(t). (3.8)

¢j(t):m_;p(p+l)...(P+j)

To be able to exchange ) p and the integral is important to remark that > , into
(3.7) absolutely converges.
Moreover, by definition of ;(x), we obtain

Lemma 3.1.2. Let j be a non-negative integer, then for any positive integer n, we
have

Vi(z +n) = P;(z) + Oa).
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Proof. By the definition of Q/Jj(:r) and (3.8), we have

Yi(x+1)= ZA Yz +1—m)
m<z+1
7 .
T

2+ 3 iy ale) = dy(e) + O,

Hence Lemma 3.1.2 is proved. O]

From (3.8) and Lemma 3.1.2, we obtain

Xk Xp—i—k—l
T
k! - plp+1)...(p+k—1)

+ O(XFh. (3.9)

Part 3: Estimate N.
Analogously to the idea of Goldston and Yang [19], we define an expected value
function for Sp(a, x) as

Ex(So(a)) = % /X Sol, 2)dz.

We need the following lemmas.

Lemma 3.1.3 ([19], Lemma 7). Assuming the RH, we have for 1 < h < X,

1/2h XIO 2X
/ Bx((So(0)*)da & 5
—1/2h

Lemma 3.1.4. Let z € [X,2X], we have the estimate
Sola,x) < X.
Proof. We have

Sola,z) < Y [A(n) = 1f[e(na)] < Y [A(n) — 1]

n<lx n<x
<Y Am) + )1 =9() + [a]
n<lx n<x
< X,
with z < 2X. ]

1
Consider a € [—1/2,1/2], since T(X, —a) < min (X, m), we have
o

1/2 1/2
Ny < / 1So(, z)|* T(X, —a)da = / Ex(|So(e)")T(X, —a)da
-1/2 -1/2 (3 10)
1/X 1/2 B k :
< X ' (18o(0)[F)der + / Bx(So(@)l) 4,
1/X 1/X o
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We estimate the first term of (3.10)

1/X /X 4
X Ex(|So(e)[F)da = X = |So(av, z)|" dzdor
~1/x —iyx X Jx
/X 4 o X )
<X — S N S dxd
<X [ gmes S0l [ 1o drdo

1/X
<X max [Sy(a, Z‘)|k_2/ Ex(|So(a)|*)dox
z€[X,2X] -1/X
|| <1/X

< X 1og? X,

where for the last inequality, we use Lemma 3.1.3 and Lemma 3.1.4.
For the second term of (3.10), writing [1/X, 1/2] as the disjoint union of [27 /X, 27! / X]|
for 0 < j < O(log X), then

/ x(| 0( d < Z Ex(|So(a)[)da

1/X 2 /X
O(logX X 20+ x 1 2X
< — max |So(a,x kQ/ So(av, 2)|* dedo
Do o Ly X oS0l DI [ ol

X k—2 2j+1/X 2
< > 5 mex IS / Ex(|So()P)da
2.

J )
= 2 z€[X.2X] i/X
a€[27 /X, 2741 /N]

O(log X) .
23+1
< > EXk_2X710g2X<<Xk_llog3X.
5=0

Then we obtain

Ny < X" log® X. (3.11)
Part 4: Main term of N;, 1 <i: <k — 2.

No=> > Amiq).. A(ng)

n<X ni+--+np=n
n—(k—1)

n<X nit+-4n;=t \n;y1+--+ng=n—(ni+--+n;)

[ ot or (el

n<X

- (i_l)Gk i(X —i)+{(§:1>+(i_¢1)1c:ki(X—1_z')+,.,
+sz>+<i_i1)+'~+(”f__f_lﬂc:ki(k—i).

Using the formula for m being a non-negative integer, we have

(Z:D+(Zj1>++(ZZ+_T>:(Z+”Z+1) (3.12)
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Hence we obtain that

N, — @GM(X _i)+ (Zjl)e,”(x i)t (”f‘ k)Gki(k:—i)
-> (X @_ ”) Gri(n)

= Z Mle(n) +0 (Z(X - “)Zlez(n)>

n<X n<X

= E(XJ k — 7’) + O<Xk_1>7

where for 7 > 0,
. 1 ;
T;(X, k—1i) = il Z(X —n) Gr_i(n).

n<X

Then we have a property for this function, that is

X
7}+1<X7k_i) :/ n(t7k_l)dt
0

Moreover, by the induction hypothesis, for 1 <1i < k — 2, we have

k—i

> Giiln) = ( kx_ o+ Hiile) + Or(z*og? ).

So we calculate
Xk—i+j
— (k- -
(k—i+3)! ( )zp:p(p—i—l)...(p—l-k—l-i-]_l) (3.13)

+ Op(XF 1 og® X).

X pth—itji—1

Ti(X, k — i) =

Replacing j =i in (3.13), we obtain

Xk Xkl
No=20 —(k—i
k! ( Z)z:p(erl)...(p—Hc—1)

p

+ Ok(X* og? X). (3.14)

Combining (3.3), (3.4), (3.9), (3.11) and (3.14), we obtain

k

Se(X) = ii—,k [i(—l)m (f)] -2 plp+ 1)Xp+(kp_1+ k—1) [Zl(_l)m (];) - i)]

=1 p i=

+O(X* og® X)

Xk Xerkfl
=— —k
k! Z,o(p—I—l)...(p—i—k:—l)

p

+ Ok(Xk_l log® X),

where in the last equation, we used
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and
. [k
S0 (§) - = k1 - <o
i=0
Our proof of Theorem 3.1.1 is now complete. O

We now return to the original error term of log" X. In 2012, Languasco and
Zaccagnini [28] stated an asymptotic formula of Si(X) for k£ > 3 as follows.

Theorem 3.1.5. Let k > 3 be an integer and assuming the RH, then for X > 3

k

X
Sp(X) = 0 Hy(X) + O(X* 1 log" X).

Following their proof for the case k = 2, we fill in the details for case £ > 3 using
the original Hardy and Littlewood approach to the circle method.

In this section, we will prove asymptotic formulas of Theorem 3.1.5. Furthermore,
we will check if Theorem 3.1.1 can be recovered from the original proof of [29], a
question posed by the referee.

To prove Theorem 3.1.5, we need the two following results. Firstly,

Theorem 3.1.6. Let k > 3 be an integer and assuming the RH. Then for 2 <y <
X, we have

k-1

2. [Gk(n) — kpa(n) + — ] /X

(i —2)1 < X" (log X)F,

n<y
where the function ;(x) is defined in (3.5).

The reason why we are able to derive Theorem 3.1.5 from Theorem 3.1.6 is the
same for £k = 2: via partial summation, the exponential weight in Theorem 3.1.6
just varies in the range [e_l/ N e71], and so the orders of magnitude of the functions
involved are not changed.

Moreover, we can prove the following lemma.

Lemma 3.1.7. Let k > 3 be an integer and y > 2, we have
k—1

n B prrkfl o1
2 <w“(n)_ (/f—l)!) —_zp:p(ﬁl)---(ﬁk—l) TOwT)

n<y

Proof. From (3.8) with j = k — 2, we have

n<y

[zt 0t ) d

1\ elp+ D). (ptk=2)
+0(y*)
Z yp+k71 O( k 1)
= - + Oy ).
-~ plp+1)...(p+k—1)
Then the proof is complete. n
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We follow the notation of [28]. Let X > 2, then the weighted exponential sums
are

S(a) = ZA(n)e‘”/Xe(na) = ZA(n)e_m,

n>1 n>1
Via) = Z e " Xe(na) = Z e ",
n>1 n>1
- . 1
R(0) = 8(0) — ~,

where z = 1/X — 2mia, a € [—1/2,1/2].

Remark that these are some exponential sums originally used by Hardy-Littlewood
and rewritten with the congruence condition in Chapter 2 of this thesis.

Then we have the following lemmas.

Lemma 3.1.8 ([28], Lemma 2.4). We have

V(o) = % +0(1).

To proceed further we need the following results:

Lemma 3.1.9 (|28], Lemma on page 797). Assume the RH holds. Fora € [—1/2,1/2],
we have B
IR(a)| < (X' + X|a|"?)log X.

Lemma 3.1.10 ([27]). Assume that the RH holds. Let X be a sufficiently large
integer. For 0 < & <1/2, we have

€ _
/ |R(a)]Pda < X€log? X.
—£

Lemma 3.1.11 ([29], Lemma 8). Let k > 2 be an integer, then for 1 <1 < X we
have

1/2 e(—na) nk-1
dao=e N —— 1 O1).
/_1/2 g ey oW

Proof. With z as above, by the residue theorem we obtain

/1/2 6(_na)da _ 6—n/X /1/X+7rz' 6(_nz)da
— 1

k : k
/2 % 2m /X —i z

B efn/X nk-1 N efn/X / efn/X
B (k=1 2m Jp(k—1)

— ,n/X n
where we denote by T" the left half of the circle |z — 1/X| = . O
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PROOF OF THEOREM 3.1.6
From the definitions of S(a) and G, (n), we calculate

=(ZA<m>e-m/X ) = 3" Gulm)e ™ ¥e(na).

m>1 n>1

Then we obtain

/2
Gr(n)e X :/ S(a)fe(—na)da.
~1/2
So that
1/2
S Gylm)e Y = Z/ (—na)da = S(a)* T (y, —a)da,  (3.15)
<y ey’ —1/2 -1/2

- 1
where T'(y, ) is defined in (3.2). Since S(a) = R(«a) + —, we rewrite (3.15) as
2

S Giln)e /X = / v (Em) + %)kT(y, —a)da

<y —-1/2

V2 T(y, —a) 2 R(a)
= / ————da+ k:/ —T(y, —a)da

k
1/2 z 1/2 #

; Z )/ RO 14, a)da+ / " Ry, ~a)da

k
12 27" 1/2

k—1 k‘
_10+/<:11+Z( )[ + Iy

=2

(3.16)

To prove Theorem 3.1.6 we will estimate I; for : = 0,1,... k.
Estimate of I;. Using Lemma 3.1.11, we obtain

Iy = Z/

n<y

k—

_ Ze—n/X n !
= 1)

n<y

+O(y). (3.17)

1/2

Estimate of I;. By Lemma 3.1.8,

== V() + OV () ?).

zk=
Then I; become

L = /1/2 ﬁ(al)T(y, —a)da

k—
1/2

1/2 . 1/2 .
_ / R()V () T(y, —a)da + Oy ( /_ R(a)V(a>k2T(y,—a)da>.

—~1/2 1/2
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Since R(a) = S(a) — V() + O(1), we obtain

1/2 . 1/2 .
R(a)V ()" ' T(y, - )da—/ (S(a) = V(e)V ()" ' T(y, —a)doy

—-1/2 1/2

Remark that

and for any s positive integer.

S SR —nio;(z:ll)e_"/xe(na). (3.19)

n=s ni+..ng=n

Then we obtain

/2
/ (8(0) = V(@)V(@)'T(y, ~a)da =Y / ( 1>—1>e—m1/Xe<m1a>>

1/2 n<y
- —1
X ( Z <n;2_ 5 )e‘mz’/xe(mga)> e(—na)do
mo=k—1
- S am-n Y (7))
n<y mi=1 mo=k—1
1/2
X e_(m1+m2)/X/ e(my +my — n)da
~1/2
= niHl(A(ml) _p(t !
n<ly mi1=1 k - 2 7

where for the last equality, we use

1/2
/ e(my +mg —n)da =1 if my + ms = n and 0 otherwise.
~1/2

In the following we will need two properties of binomials, i.e.,

| r
(n) R Lo, Y,
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Using the above forme and (3.8), we obtain

n k! n—m; —1 n (n—my —k+1)k2
2 A(m1>( k—2 ) = > Almi) (k—2)!

mi1=1 mi1=1

n—k+1
+ Ok ( Z A(my)(n —my — k+ 1)k_3>
mi1=1

=p_o(n —k +1) + Op(n*2).

By Lemma 3.1.2, we can infer

> A (") = st + 04, (3.20)

mi1=1

Moreover, we also have

PG D ol (A8 B ()

mi1=1

Therefore, combining all the previous equations, we obtain

/2 k-1
a)—V(a a)k! —a)do = e X h_o(n) — L.
8@ = VianV @ Tt ~ayte = e (ventod = ) + 0
Hence
L=) e <"¢k2(n) - h) + O(X*71). (3.21)

n<y

Estimate of I; for 2 <i < k — 1. Analogously to I;, using Lemma 3.1.8, we have

1/2 i
I, = / REﬁ) T(y, —a)da
-1/2 A

1/2 1/2

v | v |
_ /_ R()IV (@) T(y, —a)da + O, ( /_ R(a)’V(a)k_’_lT(y,—a)da>.

The first term of I; can be estimated by

1/2

/2 _ . . ~ . ‘
/_ (S(a) — V() V() "T(y, —a)da + Oy </ (S(a) = V() V() 1T (y, —a)da) )

1/2 —-1/2

Our work now is to bound

/2 ‘ .
Iiv = /_ (S(a) — V() V()T (y, —a)da. (3.22)

1/2
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From (3.19) and

(S(a) = V(@) =>"" Y (Alm)—1)...(A(n) — 1), (3.23)

n>1 ni+-+ng=n

we have

Ly =3 e (Z - z - D S Y A1) (Am) 1) (324)

n=1 m=t ni+---+n;=m

Moreover, we also obtain

M=) > (Am)—1)...(Am) — 1) < n " log™ .

m=t ni+--+n;=m
This implies I; yy < y* " log" y. Hence

I < XFogh X. (3.25)

1
Estimate of ;. Since T'(y,a) < min (y, m) ,we have
!
1/2
e |
~1/2
1/y
<
-1/y
Using Lemma 3.1.10 and Lemma 3.1.9, we obtain

1/y
v
—1/y

R(o)| 17(, ~a)lda
E(a)]k

~ k 1/2
R(a)’ doz+/ Tda.
1/y

~ k 1/y
R(a)(

~ k=2
do <y ‘R(a)’ /

—1/y

X \"? X
<y <X1/2 + W) (log X)’“‘Qg log? X <« X*'logh X.

Moreover [1/y,1/2] can be written as the disjoint union of [27 /y, 297! /y] for 0 < j <
J, for J satisfies 27 /y < 1/2 < 27t /y. Then

172 |R() /
Y 5 k

Ipq1:= —d = R d

k,1 /1/y > a <L E_ 5 | |R(a)|"da
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We have the estimates

Io < JX"?logh X < X" loghtt X
X k-1 logk X 2(J+2)(k—2)/2 _ 2(k—2)/2
S22 D2 1

I3 =

2J (k—2)/2
< <—) X" ogh X < Xk ogh X.
)

Thus we split into two cases:
Case 1: for k = 2.

Ik73 < [k’Q.

So we obtain

[k < [k’g < X10g3 X.

Case 2: for k > 3.
Iio < I 3.

Hence

I < o <5 XFogh X.

Combining the above and (3.17), (3.21), (3.25), we complete the proof of Theo-
rem 3.1.6. O

PROOF OF THEOREM 3.1.5

As for k = 2, we notice that for £ > 3, Theorem 3.1.5 is a consequence of Theorem
3.1.6 since, by partial summation, we have

5 [Guto) — kst + o]

n<X
k—1
=) X [Gk(n) — ki _a(n) + k” 5 ‘] /X
n<X ( - )
k-1 x
=e Y |Gi(n) = kibp_a(n) + ik
n<X :
1 [ k-1 x
_X/1 nz<y [ka)_lﬁ/}kﬂn)%— (k:—2)!] e dy + O(1).
By Theorem 3.1.6, for £ > 3 we obtain
nt! k=17 k
Z Gk(”) - k¢k—2(n) + m <L X log” X.

n<X

Thi Thu Nguyen 95



Goldbach representations

On the other hand,

nk—1 k-1
n<X [ (k=2 = n<X (k—1)!
- Z k-1
= (k—1)!
nk—1
=) Gr(n) =k (1/% 2(n) = 1)!)
n<X n<X
X B
~ T + Op(XF 1
Since Lemma 3.1.7, we obtain
Xk Xerkfl
= —k X" ogh X
;{Gk(n) k! Zp(p+1)...(p+k‘—1) + Oxl og" X);
n< p
which completes the proof of Theorem 3.1.5. Il

It was pointed out recently by one of the reviewers of the thesis, Alessandro
Languasco, that estimating Lemma 3.1.9 better, as follows, would improve the log-
power from k to 3.

Lemma 3.1.12. Assume the RH holds. For o € [—1/2,1/2]
|R(a)| < X.
Proof. By the definition of E, we have

[R(a)| =D (A(n) = Ve Xe(na)|

n>1
<Y (A(n) = 1)
n>1
<Y (A(n) +1)e X
n>1
< X,
by the PNT and by partial summation.
The above would give the estimate I, < X% !log® X. O
Remark 3.1.13. Lemma 3.1.12 is better than Lemma 5.1.9 only for
1
— <lal <5
log® X 2

In the remaining alpha-range Lemma 3.1.9 is much sharper.

3.2 Omega result for Si(X)

Analogously to the case k = 2, we expect an omega-result of the average order of
Gr(n) as was studied by Bhowmik, Schlage-Puchta [%], who proved the error term
is Q(X*1), while [6] shows a similar result for the error term to be Q. (X*~1). In
this section, we prove the following result.
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Theorem 3.2.1. Let k > 2, we have

Xk
Sk(X) = 77 + Hi(X) + QX loglog X),
where the implicit constant in the Q-symbol depends on k.

To do that, we use the idea in [7] for £ = 2. We show that for n sufficiently large,
Gr(n) = Q(n*tloglogn). Then Theorem 3.2.1 will be proved because if Theorem
3.2.1 is false, that means

k

Sk(n) = % + Hyi(n) + o(n**loglogn).

This implies
Gr(n) = Sp(n) — Si(n — 1) = o(n* ' loglogn).

Let ¢ = [[p<z p be the product of primes which are less than x and not divisible
pla
by q1, where ¢; is the exceptional modulus up to ¢ if there exists a Siegel’s zero.

Since (2.34), for (a,q) = 1 we have
¥(2z,q,a A(n
-2 M (Q)

n<2x
n=a(q)

Let b be an integer coprime to ¢, then

Z Ga(n Z »(2x,q,a)(2z,q,b — a) > 4x(q),

n<dx ¥
n=b(q)
23
Z G3(n) Z Z 2/}(2‘1:7QJ Z GQ 2 ( ) SR
n<6z (a,g)=1 n<4z gO q
n=b(q) n=b—a(q)
k-1
> Gz T venae ¥ Gz g
n<2(k—1)z (a,g)=1 n<2(k—2)x 90 q
n=b(q) nEb—a(q)
Thus,
o
> Gin) > Y(2r,q.a) Y Gra(n) > 5
o el - 2%¢(q)
n x a,q)=1 n<2(k—1)z
qln n=q—a(q)
So that
2k k
T max Gi(n) > ’
q n<2ke 25¢(q)
Therefore, we obtain
1 g k1 -1 B
nax Gi(n) = 2511 (q) ~ okl H (1-p7) H (1-p")

p<z p1lq1

> ¥ oglog z.

Thi Thu Nguyen 57



Goldbach representations

3.3 The equivalence

For k = 2, we know that there is a strong connection between the Riemann Hypoth-
esis and the average order, i.e., the RH is equivalent to

2

Sy(X) = XT + (X3,

for any € > 0, as proved in [5] and [!]. The method of |1] was generalized in [9] to
obtain a zero-free region for the Riemann zeta-function.

In this section, we prove that for k£ > 2, a good estimate for Si(X) is equivalent
to the Riemann Hypothesis.

Theorem 3.3.1. Let k > 2 be a fixed integer and X > k, the RH is equivalent to

k

X
Sk<X) — ﬂ + (/)k()(lcfl/2+e)7

for any e > 0.
The following theorem is an important result for proving Theorem 3.3.1.

Theorem 3.3.2. Let k > 2. We assume that there exists 0 < 6 < 1 such that

k

X
Sp(X) = -+ OR(X*79).

Then for any non-trivial zero p of Riemann zeta function, we have R(p) < 1 —
2(k+1)

3.3.3 Proof of Theorem 3.3.2

In this part, we consider the power series for |z| < 1,

F(z) =Y A(n)z". (3.26)

n>1

We take the k™ power of F(z) and obtain

F(z)F =Y Gp(n)2" = (1—2) Y _ Sk(n)2".

n>1 n>1

By the assumption in Theorem 3.3.2, we have

> Si(n)e =) (Z—T + Ok(nk_5)) "

n>1 n>1
- N (3.27)
= anz” + O (Z nk_5|z|"> :
" n>1 n>1

We then evaluate the main term in (3.27) as follows.
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Lemma 3.3.4. For any integer k > 2, we have

k!
k. _n —k
=— 1+ 0O(1 - .
HZZInz (1—z)k+1+ (11 =279
Proof. We note that there exist unique real numbers ag, ai, ..., a; such that
k .
Z (n + j) a; =nk (3.28)
=0\ 7

holds for all positive integers n. From (3.28), we can rewrite

k_n __ Qg Af—1 ap
> nt —<1_Z)k+1+(1_z>k+ i

n>1

We calculate the value of a; as follow:

ap = k" — (’f) (k—1)"+ <§) (k—2)F -+ (=D (k f 1). (3.29)

We just need to prove
ap — k!

Let k > 2, we define the function

frg =k — (lf) (k—1)+ (g) (k—2)"—- 4+ (-1 (k f 1). (3.30)

We note that

fri = k(frior + fr1i-1) (3.31)

and
fri=0, forall1 <i:<k-—1. (3.32)

In fact, we prove (3.32) by induction on i. When ¢ = 1,

fer == (D(k_lH (];)(k_Q)_”'H_l)M(kﬁl)
ot

k() i (,f ) a0 nsr

since
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and differentiating we obtain
: k
k(1 —x)F! = (—1){7( ,)xf—l. (3.33)

Replacing z in (3.33) by 1, we obtain f;; = 0.
Next, assuming that (3.32) is true for 1 < i < k — 2, we now prove that it is true
for i + 1. By (3.31), we have

Jriv1 = k(fei + fro14) = 0.
From (3.31) and (3.32), we obtain

Jroke =kfeoip—1 ==kl fi1 =kl
Thus
ar = [rxr = k.
[
Using Lemma 3.3.4, we rewrite (3.27) as follows
1 — ke —
2 Sim)" = g + O (L= 1)),
n>1
Hence, we obtain
F(z)f =(1-2)) Si(n)z"
n>1
1 — Kk —
- (1— 2)F + O (1= 2[(1 = |2 (3.34)
1
— 1— Nk+1—(5
(1_2)k+ok (| z| )

on the circle [z| = R =1 — %, for a large positive integer N. We remark that the

error term is less than the absolute value of the main term if |1 — z| < N w1 We
call this is a major arc on |z| = R, denoted by 9. The rest of the circle is called a
minor arc, denoted by M.

We consider the major arc. Taking the complex & root of (3.34), then F(z)
can be written as

w
F(z) = T T 0 (J1 — z[FNFH0) (3.35)
—z
where w is a k™ root of unity, i.e., w = cos 277” +17sin 277”, for 0 <1 < k—1. We prove
now that w = 1. In fact, we suppose that w is not a real number, i.e.,

ez {1,2,...,k—1}, if k is odd
T {2, k= 1\{E), if K is even.

On the circle |z] = 1 — <7, we choose a real number

1
Zozl—ﬁ.
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From the definition of F'(z), we imply that F'(2) is also a real number. Furthermore,
F(zp) can be written as

w -
F(z) = = + O <|1 _ Zo|ka+1 5)

= Nw + O, (N'7?).

We note that a necessary condition for F'(zy) to be a real number is that the distance
from Nw to the real line is at most Oy, (le‘s), ie.,

Op (N'°) > N sin%ﬂl : le 2

> N.

This is impossible with § € (0,1). Hence w is also a real number. We consider two
cases for the positive integer k.

Case 1: if k is odd, this implies w = 1.

Case 2: if k is even, w = =£1. Since F(z) is continuous and its coefficients are
non-negative, the sign of w is +, i.e., w = 1. We conclude

1
Fz) = 7=+ O (|1 - z2[FNFT0) on 9. (3.36)

Now we introduce the kernel function,

N
_No11l—2

K =
(5) = VI

then K(z) < |1 — z|7'. By Cauchy’s integral formula, the Chebyshev function can
be written as
1
W(N) = — F(2)K(2)dz

21 |z|=R

N+ QLM - (F(z) - ! Z) K(2)dz.

We split the circle |z| = R into the major arc 9t and the minor arc M.
On M, from (3.36), we obtain

/zm (F(Z) —7 1 )K(z)dz <<k/ (|1 —z|kN’“+1*5) K(2)dz

— 2 m
<<k’/ (’1 - Z’k_lNk+1_6) dz
Mm

(3.37)

k—1
< (N%H*) NhH1=6 ATt -1
— N,

On M, by Cauchy-Schwarz inequality, we have

/M (F(Z) 1 iz) K(z)dz < (/M \K(Z)|2d2) - </M 'F(z) 1 iz 2dz> 1/2.
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Moreover, similar to 1] for & = 2, we have the estimations

12 2
/ ‘F(z)— dz < / F(z)— dz < Nlog N
M ==z |5|=R -z
1
/ K (2)[2dz <</ ———dz < N'E
M M |1 = 2|
Hence, we have an estimation on the minor arc
o -y 1/2
F(z) . K(z)dz < N 720+ (log N )=, (3.38)
M —Z

Combining the major arc, minor arc and from (3.37), we obtain
Y(N) — N <, N7 (log N)V/2,

Therefore, for any non-trivial zero p of Riemann zeta function, we have

)

Hence Theorem 3.3.2 is proved. U
We will apply this theorem for proving Theorem 3.3.1, it will be stated in the
following section.

3.3.5 Proof of Theorem 3.3.1

Assuming the Riemann Hypothesis, we can easily deduce the asymptotic formula of
Sk(X) in Theorem 3.3.1. Now we prove the reverse in the following steps.

Step 1:  Granville showed a formula of Si(X) without using the RH (|20, 21,
(1.3)]), that is

Xk XrPth-l 4B+2
Sk(X) = F + Tk<p)m + Ok(Xk—2+837++0(1)>’ (339)
o
where B is defined in (1.12) and
k
ri(p) = o (p+k—2)

Remark 3.3.6. We know that 1/2 < B < 1.

Step 2: We define the corresponding Dirichlet series of Gj(n)

fils) = S e

ns
n>1
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which converges absolutely and is analytic for R(s) > k. From (3.39) in step 1, we
have

R s 4B+2
=S — 4+ r PR + O xk—Q-‘rT-i-o(l) x—s—ldx
/1 (k! Zp: W) O )

= 1 + Z ri(p) Ts /OO Ok(xk72+&3+2+0(1))xfsfldx
1

(s —k)(k—1)! ~ s—p—k+1
1 r&(p)
+k!+zp:p+k—1'

From the above, the series fi(s) can be continued meromorphically to the haft plane
{R(s) >k -2+ i;“2}.
Step 3: We assume that B < 1. Then we obtain

1
(s— k) (k1)

1
k—1+ B =inf{oy >k — 5 fr(s) — is analytic on R(s) > oo }.

(3.40)

We then prove (3.40). From step 2, the right-hand side of (3.40) is at most k —2 +
i;z <k-—-1+ B, since B < 1.

1
For the reverse inequality, the right-hand side of (3.40) is at least k — 5 then

1 1
(3.40) is true if B = 3" So we can assume 3 < B < 1. Hence

4B + 2 1
max{k — 2 + 3+ - Sb<k-1+B.
There exists € > 0 such that
4B + 2 1
max{k — 2 + 3+ ,k—§}<kz—1+B—€.

By the definition of B, there exists a non-trivial zero p such that
B —e < R(p).
Thus we obtain
k—%<k—1+B—e<§R(p+k—1).

We consider in the haft plane {}(s) > k — 14+ B — €}, fx(s) has a pole at p+k — 1.
So the right-hand side of (3.40) > k— 1+ B —e¢. Let € tend to 0, the proof of (3.40)
is completed.
Step 4: Let
Xk
Sk
Then by the assumption of this part, Ex(X) < Xh-ate,

Ep(X) = Sp(X)
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Moreover,

S

8/100 En(x)r™ Y = fi(s) + G5k

Then

| = 1
149~ =B =T :5/1 By(a)a e + (3.41)

1
We note that the right-hand side of (3.41) is analytic on {R(s) > k — 5} Then

from Step 3, we obtain
1

Ek—1+B<k-—-_,
2
ie.,

B<

N | —

1
We conclude B = 37 that means the Riemann Hypothesis is true.

Step 5: Notice that in Step 3, we assume that B < 1. So we need to exclude
the case B = 1. By assumption,

k

X
Sk<X) = F + Ok(Xk_é),

0
with § = % — €. Applying Theorem 3.3.2, we obtain R(p) < 1 — m < 1. This
implies B < 1. U
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Appendix: Further directions of work

In this section, we indicate some further directions of related work .
Firstly, we can study the oscillating term in the Goldbach conjecture. We con-
sider
xp+k 1

)= —k
Z plp+1)...(p+k—1)

For k = 2, it was studied by Fujii [15] who proved that under the linear independence
conjecture on the first 70 zeros on the critical line of the Riemann zeta function the
oscillating term

=R

Z (1/2 4 iv) 3/2 + 1)

with the sum over ordinates of the non-trivial zeros of ((s), the inequalities
Ry(z) > 0.012, R(z) < —0.012

hold for an unbounded sequence of positive real numbers x. More recently Moss-
inghoff and Trudgian [36] improved the above bounds to

Ry(z) < —0.022978, Ry(x) > 0.021030

under the RH and that these oscillations are almost optimal. In the case of several
factors, consider

"

B TP R ey R

Rk($) =R

where the sum is over ordinates of the non-trivial zeros of the Riemann zeta function
in the upper half plane. We would like to determine bounds on the oscillations of

e Upper bounds on |Ri(z)| that are valid for all x > 0.
e Lower bounds on the oscillations.

We have first that
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For k = 2, we have a simple expansion de Ms(7)

1 1 2 61 B
Ms(y) = -+ = +0(71).

Then we have

1 _
Ro(a)| £ 3" g = SR
>0 4 p
14 log 4w

v
% ~ 0.02309,

where 7* is the Euler-Mascheroni constant.
For small k, Mossinghoff calculated

135 2639 107395
M - 7 o O —11
()=~ 55 Y1y 10200 T 90 )

1 21 1659 16829

e/ . —12
= 3 Tl 1eyi0 PO
1 165 _ 46563 6462665

M. - — _
() =5~ 37 T o9 ~ T2

+0(y7").

We can use the first known zeros of ((s) to obtain crude bounds. We would like to
get better bounds for small £ and in general for k£ > 3.

A similar question is to quantify the asymptotic results obtained in this thesis.
This involves obtaining explicit numerical bounds on the error terms. For the clas-
sical case of the Prime Number Theorem, ¢)(x) ~ x was recently quantified, in the
tradition of Rosser and Schoenfeld (1975), by Trudgian and Platt, as

[ (x) — x| < Alog? xexp(—C+/log z)

for positive constants A, B,C and for # > exp(1000). For the case of arithmetic
progressions, investigations of Bennett, Martin, O’Bryant and Rechnitzer (2018)
have given sharp numerical bounds for

T

| <

~ logx

for x > B for explicit constants B, . In this context Bhowmik, Ernvall-Hyténen
and Palojérvi have obtained numerical bounds for the Goldbach functions S(x) and
S(z,q,a,b). On the same lines we would like to study the numerical versions of S (z)
and S(z,q1,qo,a1,a2) to find cut-off points where the asymptotic results obtained
can be replaced by inequalities.
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