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Abstract vii

Model spaces, spectral sets and Schwarz-Pick type inequalities

Abstract

The Schwarz-Pick inequality for holomorphic functions of one variable is a classical topic in complex
analysis and, more specifically, in hyperbolic geometry. Schwarz-Pick type inequalities for three points
and, subsequently, for n points in the open unit disc have been established by Beardon and Minda, and
by Baribeau, Rivard, and Wegert, respectively. The aim of this PhD thesis is to study Schwarz-Pick
type inequalities from an operator-theoretic perspective. By employing the von Neumann inequality for
operators on Hilbert spaces and its generalizations, the Schwarz-Pick inequality and the Beardon-Minda
inequality are derived in a unified manner. The connection with model operators is explored, and new
Schwarz-Pick type inequalities for functions in one or several complex variables are established. The
thesis also focuses on operator versions of Schwarz-Pick type inequalities, building on the work of Ky
Fan and D. Joćić. To this end, we discuss related topics such as explicit holomorphic functional calculus,
non-commutative divided differences, and contractivity criteria for matrices. The manuscript concludes
with a brief exploration of some other spectral sets.

Keywords: functional analysis, operator theory, mathematical analysis, complex analysis, holomorphic
functions, spectral theory, Hilbert spaces, hyperbolic geometry, Schwarz-Pick lemma

Espaces modèles, ensembles spectraux et inégalités de type Schwarz-Pick

Résumé

L’inégalité de Schwarz-Pick pour une fonction holomorphe d’une variable est un sujet classique en analyse
complexe et, plus spécifiquement, en géométrie hyperbolique. Des inégalités de type Schwarz-Pick pour
trois points et, ensuite, pour n points du disque unité ouvert ont été établies respectivement par Beardon et
Minda, et par Baribeau, Rivard, et Wegert. L’objectif de cette thèse de doctorat est d’étudier les inégalités de
type Schwarz-Pick dU point de vue de la théorie des opérateurs. En utilisant l’inégalité de von Neumann
pour les opérateurs sur les espaces de Hilbert et ses généralisations, les inégalités de Schwarz-Pick et de
Beardon-Minda sont obtenues de manière unifiée. Le lien avec les opérateurs modèles est mis en évidence,
et de nouvelles inégalités de type Schwarz-Pick en une ou plusieurs variables complexes sont établies. Nous
nous concentrons également sur les versions opérateurs des inégalités de type Schwarz-Pick, en suivant
les travaux de Ky Fan et D. Joćić. Pour ce faire, nous discutons d’autres sujets d’intérêt, tels que le calcul
fonctionnel holomorphe explicite, les différences divisées non commutatives et les critères de contractivité
pour les matrices. Le manuscrit se termine par un aperçu rapide d’autres ensembles spectraux.

Mots clés : analyse fonctionnelle, théorie des opérateurs, analyse mathématique, analyse complexe, fonc-
tions holomorphes, théorie spectrale, espaces de Hilbert, géométrie hyperbolique, lemme de Schwarz-
Pick

Laboratoire Paul Painlevé
CNRS UMR 8524 – Cité Scientifique, Bâtiment M2 – 59655 Villeneuve d’Ascq Cedex
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Notation

N denotes the set of non-negative integers, i.e. N = {0,1,2,3, . . . }.

D denotes the open unit disk

T denotes the unit circle, T = D\D

∥·∥∞ for ω = (ω1, . . . ,ωn) ∈ Cn, we denote ∥ω∥∞ = sup{|ωi | : 1 ≤ i ≤ n}

Bn denotes the open unit ball of Cn, i.e. Bn =
{
(z1, . . . , zn) ∈ Cn :

∑n
i=1 |zi |2 < 1

}
C(X,Y ) denotes the set of continuous functions mapping X to Y , where X and Y are

metric spaces

∥ · ∥∞ for f ∈ C
(
D
)
, we denote ∥f ∥∞ = sup{|f (z)| : |z| ≤ 1}

H (U ,V ) is the set of holomorphic functions mapping U to V , where U and V are subsets
of C. When V = C, we sometimes write H (U ) instead of H (U ,C).

H2 (U ) is the Hilbert-Hardy space of U , where U is an open subset of C. When U = D,
we sometimes write H2 instead of H2 (D)

H∞ (U ) is the set of bounded holomorphic functions on U , where U is an open subset
of C. When U = D, we sometimes write H∞ instead of H∞ (D)

A
(
D
)

is the disc algebra, i.e. the set of functions that are holomorphic on D and

continuous on D

[f (z0), . . . , f (zn)] denotes the n+ 1 order divided difference of f at the points z0, . . . , zn

(z,w) denotes the complex pseudo-hyperbolic distance (z,w) := z−w
1−wz

ρ(z,w) denotes the pseudo-hyperbolic distance ρ(z,w) := |(z,w)|

d(z,w) denotes the hyperbolic distance d(z,w) = tanh−1 1+ρ(z,w)
1−ρ(z,w)

f ∗(z,w) denotes the hyperbolic divided difference f ∗(z,w) := (f (z),f (w))
(z,w)

B(H,K) is the set of bounded linear operators from H to K , where H and K are two
complex Hilbert spaces. B(H) is a short for B(H,H).
In this manuscript, all the operators are supposed to be linear and bounded

∥ · ∥ denotes the norm of an element of the Banach space under consideration.
When T ∈ B(H,K), ∥T ∥ denotes the operator norm

1



2 Notation

T ∗ denotes the adjoint of T , where T is a Hilbert space operator

AT denotes the transpose of the matrix A

⟨·, ·⟩ denotes the dot product, with the convention that ⟨·, ·⟩ is linear with respect to
the first argument, and anti-linear with respect to the second one

DT denotes the defect operator of a contraction T ∈ B(H), i.e. ∥T ∥ ≤ 1. Thus
DT = (Id− T ∗T )1/2, where Id is the identity operator

A ≤ B means that the bounded linear operator B−A, acting on a Hilbert space H , is
positive. If B = λId, for some λ ∈ C, we may simply write A ≤ λ.

σ (T ) denotes the spectrum of T ∈ B(H)

r(T ) denotes the spectral radius r(T ) = sup{|λ| : λ ∈ σ (T )} of T

Ker(T ) denotes the kernel of T

Im(T ) denotes the range (image) of T

J1,nK denotes the set of all integers j with 1 ≤ j ≤ n

Sn denotes the set of permutations of J0,n− 1K.

In the entire manuscript, we use the convention that an empty sum is equal to 0 and that an
empty product is equal to 1.



Introduction (en français)

Motivation

Le point de départ de ce travail est l’observation quelque peu surprenante que le lemme de
Schwarz-Pick, un résultat classique en analyse complexe, peut être obtenu comme un cas
particulier de l’inégalité de von Neumann, qui est un résultat classique en théorie spectrale des
opérateurs. Commençons par rappeler les énoncés de ces deux résultats :

Théorème 0.1 (Inégalité de von Neumann). Soit T une contraction opérant sur un espace de Hilbert
H , c’est-à-dire un opérateur linéaire borné sur H tel que ∥T ∥ ≤ 1, et soit p ∈ C[X] un polynôme.

On a :
∥p(T )∥ ≤ ∥p∥∞ := sup{|p(z)| : |z| ≤ 1}.

Théorème 0.2 (Lemme de Schwarz-Pick).

(i) Soit f : D→ D une fonction holomorphe du disque unité dans lui-même, et soient ω1,ω2 ∈ D
deux points distincts du disque unité. Alors, on a :∣∣∣∣∣∣ f (ω1)− f (ω2)

1− f (ω1)f (ω2)

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ω1 −ω2

1−ω1ω2

∣∣∣∣∣ (0.1)

Si l’on note ρ(ω1,ω2) :=
∣∣∣∣ ω1−ω2
1−ω1ω2

∣∣∣∣ la distance pseudo-hyperbolique sur le disque unité, cette
inégalité devient :

ρ (f (ω1), f (ω2)) ≤ ρ(ω1,ω2).

En d’autres termes, toute fonction holomorphe du disque unité est contractante par rapport à la
métrique pseudo-hyperbolique.

(ii) Si ω1 = ω2 =: ω ∈ D, cette inégalité devient :

|f ′(ω)| ≤
1− |f (ω)|2

1− |ω|2
(0.2)

Il est connu (voir, par exemple, [46, Ex. 2.17–2.18] ou [52, p. 17]) que l’inégalité de Schwarz-Pick
peut être obtenue comme un cas particulier de l’inégalité de von Neumann, appliquée à une
matrice 2 × 2 bien choisie. L’idée est la suivante : soient ω1,ω2 ∈ D deux points distincts du

3



4 Introduction (en français)

disque unité ouvert, et soit

T2 =
(
ω1 α
0 ω2

)
∈M2(C).

On commence, dans un premier temps, par prouver les deux lemmes suivants :

Lemme 0.3. T2 est une contraction si et seulement si

|α|2 ≤ (1− |ω1|2)(1− |ω2|2).

Lemme 0.4. Pour tout polynôme p ∈ C[X], on a :

p(T2) =
(
p(ω1) α ·

(
p(ω1)−p(ω2)

ω1−ω2

)
0 p(ω2)

)
.

On pose ensuite α =
√

1− |ω1|2
√

1− |ω2|2, et on applique l’inégalité de von Neumann à T2.
On obtient alors une inégalité qui, après quelques transformations, s’avère être équivalente à
l’inégalité de Schwarz-Pick pour les polynômes. On peut alors conclure la démonstration par un
argument d’approximation. Davantage de détails seront donnés dans le Chapitre 1, après avoir
passé en revue quelques concepts fondamentaux de théorie spectrale.

Dans cette thèse, nous étendons cette observation à des matrices de plus grande taille et à des
matrices à coefficients opérateurs. Ce faisant, nous sommes confrontés aux deux problèmes
suivants :

Problème 0.5. Étant donnée une matrice de taille n×n, notée Tn, et un polynôme – ou une fonction
notée f – comment exprimer explicitement f (Tn) ?

Problème 0.6. Étant donnée une matrice Tn de taille n×n, comment estimer sa norme spectrale ?

Au vu du théorème de décomposition de Schur – qui stipule que toute matrice est unitairement
équivalente à une matrice triangulaire supérieure – l’étude peut être limitée aux matrices
triangulaires supérieures.

Fonction d’une matrice : un calcul fonctionnel explicite

Le premier problème a déjà été étudié sous différents aspects dans plusieurs références (voir
par exemple [33, 36, 16, 31, 40]). Dans ce manuscrit, nous allons développer une approche
légèrement différente. Dans le Chapitre 3, nous introduisons la notion de différences divisées
non commutatives pour les opérateurs – une généralisation des différences divisées usuelles bien
connues pour les scalaires. Nous commençons par les polynômes, puis nous étendons ce concept
aux fonctions rationnelles, et enfin aux applications holomorphes.

Rappelons que, dans le cas scalaire, si x0 . . . ,xn sont n+ 1 points deux à deux distincts de C et si f
est une application définie sur un sous-ensemble de C contenant x0, . . . ,xn, les différences divisées
sont définies par récurrence comme suit :

[f (xk)] := f (xk), ∀ k ∈ J0,nK

[f (xk), . . . , f (xk+j )] :=
[f (xk+1), . . . , f (xk+j )]− [f (xk), . . . , f (xk+j−1)]

xk+j − xk
, ∀k ∈ J0,n− jK,∀ j ∈ J1,nK



Fonction d’une matrice : un calcul fonctionnel explicite 5

Selon la régularité de f , on peut alors obtenir plusieurs formules explicites pour les différences
divisées. Nous discuterons ce point plus en détails dans la Section 3.1.

Dans le chapitre 3, on étend ensuite cette notion aux opérateurs, et on définit les différences
divisées non commutatives comme suit (voir Définitions 3.2.1, 3.2.11, 3.2.13 et 3.2.20) :

Définition 0.7. Soient H0, . . . ,Hn des espaces de Hilbert. Étant donnés des opérateurs linéaires
bornés Wi ∈ B (Hi), pour i ∈ J0,nK, et Cj ∈ B

(
Hj+1,Hj

)
, pour j ∈ J0,n− 1K, on définit :

(i) [W k
0 , . . . ,W

k
n ](C0,...,Cn−1) :=

∑
i0+···+in=k−n

i0,...,n≥0
W i0

0 C0W
i1
1 . . .Cn−1W

in
n , ∀k ≥ 0.

Cette définition peut être étendue par linéarité aux polynômes : pour un polynôme p(X) =∑n
k=0 akX

k ∈ C[X], on pose :

[p(W0), . . . ,p(Wn)](C0,...,Cn−1) =
n∑

k=0

ak[W k
0 , . . . ,W

k
n ](C0,...,Cn−1).

Ensuite, pour les fractions rationnelles, on définit :

(ii)
[
W −k0 , . . . ,W −kn

]
(C0,...,Cn−1)

:= (−1)n
∑

i0+···+in=k−n
i0,...,in≥1

W −i00 C0W
−i1
1 . . .Cn−1W

−in
n , ∀k ≥ 1;

En utilisant la décomposition en éléments simples, cette définition peut également être étendue
par linéarité à toutes les fractions rationnelles.

Enfin, pour toute fonction f holomorphe sur un voisinage de
⋃n

i=0σ (Wi), on définit :

(iii) [f (W0), . . . , f (Wn)](C0,...,Cn−1) :=
∫
Γ
f (ξ)(ξId−W0)−1C0(ξId−W1)−1 . . .Cn−1(ξId−Wn)−1dξ,

où Γ est un système fini de courbes de Jordan rectifiables, orientées positivement, entourant⋃n
i=0σ (Wi).

Nous verrons que – par analogie avec les différences divisées classiques – les différences divisées
non commutatives satisfont la relation de récurrence suivante :

Proposition 0.8. Soit n ≥ 1, et soient H0, . . . ,Hn des espaces de Hilbert. Étant donnés des opérateurs
linéaires bornés Wi ∈ B(Hi), pour i ∈ J0,nK, et Cj ∈ B(Hj ,Hj−1), pour j ∈ J1,nK, et étant donnée une
fonction f analytique au voisinage de

⋃n
i=0σ (Wi), on a :

[f (W0)] = f (W0) ;

W0[f (W0), . . . , f (Wn)](C0,...,Cn−1) − [f (W0), . . . , f (Wn)](C0,...,Cn−1)Wn

= [f (W0), . . . , f (Wn−1)](C1,...,Cn−2)Cn−1 −C0[f (W1), . . . , f (Wn)](C1,...,Cn−1).

Cette notion de différences divisées non commutatives nous permettra d’établir un calcul fonction-
nel explicite pour les matrices triangulaires supérieures à coefficients opérateurs (voir Théorèmes
3.2.6, 3.2.16 et 3.2.22) :



6 Introduction (en français)

Théorème 0.9. Soit n ≥ 2, soient H1, . . . ,Hn des espaces de Hilbert, et soit

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

un opérateur linéaire borné. Soit f une fonction analytique dans un voisinage de
⋃n

i=0σ (Wi).

Alors, on a :

f
(
T̃n

)
=



f (W1) D
(1)
1 D

(n−1)
1

0 f (W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 f (Wn)


,

où D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
f
(
Wk0

)
, . . . , f

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) .

L’analogie entre les différences divisées non commutatives pour les opérateurs et les différences
divisées usuelles pour les scalaires nous permettra alors d’obtenir le corollaire suivant :

Corollaire 0.10. Soit

Tn =


ω1 α

(1)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(n−2)
2

α
(1)
n−1

0 0 ωn


∈Mn(C)

une matrice telle que ωi , ωj , pour tout i , j, et soit f une fonction holomorphe au voisinage de
ω1, . . . ,ωn.

On a alors :

f (Tn) =



f (ω1) β
(1)
1 β

(n−1)
1

0 f (ω2) β
(1)
2 β

(n−2)
2

β
(1)
n−1

0 0 f (ωn)


,

où β
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

 l−1∏
s=0

α
(ks+1−ks)
ks

[f (
ωk0

)
, . . . , f

(
ωkl

)]
.
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La relation de récurrence de la Proposition 0.8 nous amènera ensuite à étudier l’équation de
Sylvester :

AX −XB = Y , (0.3)

où A,X,B,Y sont des opérateurs linéaires bornés agissant sur un espace de Banach.

Dans la Section 3.3, nous verrons que, dans le cas où les spectres respectifs des Wi sont deux à
deux disjoints, la relation de récurrence de la Proposition 0.8 définit complètement les différences
divisées non commutatives. Cela nous mènera au résultat suivant :

Théorème 0.11. Soit n ≥ 2, soient H1, . . . ,Hn des espaces de Hilbert, et soit

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

un opérateur linéaire borné. Soit f une fonction analytique au voisinage de
⋃n

i=0σ (Wi). Supposons
que σ (Wi)∩ σ (Wj ) = ∅, pour tout i , j.

Alors, on a :

f
(
T̃n

)
=



Id −X(1)
1 −X(n−1)

1

0 Id −X(1)
2 −X(n−2)

2

−X(1)
n−1

0 0 Id





f (W1) 0 0
0 f (W2)

0
0 0 f (Wn)





Id Y
(1)
1 Y

(n−1)
1

0 Id Y
(1)
2 Y

(n−2)
2

Y
(1)
n−1

0 0 Id


où, pour tout j ∈ J1,n− 1K, pour tout i ∈ J1,n+ 1− jK, X(j)

i est l’unique solution de l’équation

WiX
(j)
i −X

(j)
i Wi+j = C

(j)
i −

j−1∑
k=1

C
(k)
i X

(j−k)
k+i (0.4)

et
Y

(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

X
(k1−k0)
k0

. . .X
(kl−kl−1)
kl−1

(0.5)

Matrices contractantes

Le second problème (Problème 0.6), consistant à estimer la norme spectrale d’une matrice,
sera abordé dans le Chapitre 4. Une approche directe pour estimer la norme d’une matrice
consisterait – au moins pour les matrices à coefficients scalaires – à tenter d’exploiter la formule
∥Tn∥2 = ∥T ∗nTn∥ = r (T ∗nTn), où r(·) désigne le rayon spectral. Cette méthode fonctionne très bien
pour les matrices 2× 2 (voir Lemme 1.2.14). Cependant, pour n ≥ 3, les calculs deviennent trop
complexes pour fournir un critère utilisable en pratique. Dans ce manuscrit, nous utiliserons
le raffinement suivant du théorème de Parrott sur la complétion de matrices à coefficients
opérateurs :
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Théorème 0.12 (Parrott). Soient H1,H2,K1,K2 des espaces de Hilbert. On suppose que les opérateurs[
A
C

]
∈ B(H1,K1 ⊕K2) et

[
C D

]
∈ B(H1 ⊕H2,K2) sont des contractions.

Alors,

T =
[
A B
C D

]
: H1 ⊕H2→ K1 ⊕K2

est une contraction si et seulement s’il existe une contraction W ∈ B(H2,K1) telle que :

B = DZ∗WDY −ZC∗Y ,

où Z ∈ B(H1,K1) et Y ∈ B(H2,K2) sont des contractions telles que D = DC∗Y et A = ZDC , et où DS
désigne l’opérateur de défaut associé à la contraction S.

De plus,

(i) Y et Z peuvent être choisis comme étant (respectivement) les uniques solutions Y0 et Z0 de
norme minimale parmi toutes les solutions des équations D = DC∗Y et A = ZDC ;

(ii) Si T est une contraction, il existe une unique contraction W0 telle que :

B = DZ∗0
W0DY0

−Z0C
∗Y0 et Im

(
DZ∗0

)⊥
⊂ Ker(W ∗0).

Cet opérateur satisfait :

∥W0∥ = inf{∥W ∥ : B = DZ∗0
WDY0

−Z0C
∗Y0}.

Nous déduirons de ce théorème les résultats suivants pour les matrices de taille 3× 3 et 4× 4
(voir les Théorèmes 4.2.2 et 4.3.1 pour une version plus détaillée de ces résultats) :

Théorème 0.13. Soient ω1,ω2,ω3 ∈ D. Alors, T =

ω1 α1 β
0 ω2 α2
0 0 ω3

 ∈M3(C) est une contraction (vue

comme un opérateur agissant sur l’espace de Hilbert C3) si et seulement si : |αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,2,∣∣∣β(1− |ω2|2) +α1α2ω2

∣∣∣2 ≤ [
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
·
[
(1− |ω2|2)(1− |ω3|2)− |α2|2

]

Théorème 0.14. Soient ω1,ω2,ω3,ω4 ∈ D. Alors, T =


ω1 α1 β1 γ
0 ω2 α2 β2
0 0 ω3 α3
0 0 0 ω4

 ∈ M4(C) est une con-
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traction (vue comme un opérateur agissant sur l’espace de Hilbert C4) si et seulement si :

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3 & |α2|2 < (1− |ω2|2)(1− |ω3|2)

|βi(1− |ωi+1|2) +αiαi+1ωi+1|2 ≤
[
(1− |ωi |2)(1− |ωi+1|2)− |αi |2

]
×[

(1− |ωi+1|2)(1− |ωi+2|2)− |αi+1|2
]
, i = 1,2∣∣∣γ[(1− |ω2|2)(1− |ω3|2)− |α2|2] +α1β2ω2(1− |ω3|2) +α3β1ω3(1− |ω2|2)

+β1β2α2 +α1α2α3ω2ω3

∣∣∣2 (1− |ω2|2)(1− |ω3|2)

≤
[(

(1− |ω1|2)(1− |ω2|2)− |α1|2
)(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)
−

∣∣∣α1α2ω2 + β1(1− |ω2|2)
∣∣∣2]

×
[(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)(

(1− |ω3|2)(1− |ω4|2)− |α3|2
)
−
∣∣∣α2α3ω3 + β2(1− |ω3|2)

∣∣∣2]

ou



|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3 & |α2|2 = (1− |ω2|2)(1− |ω3|2)

βi =
−αiαi+1ωi+1

1− |ωi+1|2
, i = 1,2∣∣∣∣∣γ − ω2ω3α1α2α3

(1− |ω2|2)(1− |ω3|2)

∣∣∣∣∣2 (1− |ω2|2)(1− |ω3|2)

≤
[
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
×
[
(1− |ω3|2)(1− |ω4|2)− |α3|2

]
Nous verrons que dans le cas des matrices de taille 4× 4, les calculs deviennent plus laborieux.
Le calcul fonctionnel explicite du Théorème 0.9 nous permettra de simplifier ces derniers en
supposant que l’un des coefficients diagonaux est égal à 0.

Nous obtiendrons également la généralisation suivante du Théorème 0.13 pour les matrices à
coefficients opérateurs :

Théorème 0.15. Soient H1,H2,H3 trois espaces de Hilbert. Soient Wi ∈ B(Hi), 1 ≤ i ≤ 3, trois
contractions, et soit

T =

W1 A1 B
0 W2 A2
0 0 W3

 ∈ B(H1 ⊕H2 ⊕H3).

Alors, T est une contraction si et seulement s’il existe trois contractions V1 ∈ B(H2,H1),V2 ∈
B(H3,H2),V3 ∈ B(H3,H1) telles que :

A1 = DW ∗1
V1DW2

,

A2 = DW ∗2
V2DW3

,

B =
[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

De plus, en tentant de généraliser les Théorèmes 0.13 et 0.14 aux matrices de taille n × n,
nous établirons le théorème suivant, qui caractérise les contractions dont la diagonale et la
sur-diagonale sont prescrites :
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Théorème 0.16. Soit n ∈ N∗, soient ω1, . . . ,ωn ∈ D et soit

Tn =



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C).

Supposons que
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2, pour tout 1 ≤ i ≤ n− 1.

Alors, Tn est une contraction si et seulement si

α
(j)
i =

j+i−1∏
k=i+1

(−ωk)
√

1− |wi |2
√

1− |ωi+j |2, pour tout 1 ≤ i ≤ n, 1 ≤ j ≤ n− i.

À nouveau, pour prouver ce théorème, le calcul fonctionnel explicite du Théorème 0.9 nous
permettra de simplifier les calculs en supposant que l’un des coefficients diagonaux est égal à 0.

Opérateurs modèles

Nous verrons que le Théorème 0.16 fournit une caractérisation précise des opérateurs modèles
(voir Chapitre 2 puis Section 4.4) :

Soit H∞ = H∞(D) l’ensemble des fonctions holomorphes bornées sur D, et soit H2 = H2(D)
l’espace de Hardy-Hilbert du disque unité, c’est-à-dire l’espace des fonctions f holomorphes sur
D telles que

sup
0<r<1

∫
T
|f (ζ)|2dm(ζ) <∞

ou, de manière équivalente, telles que

∞∑
n=0

|an|2 <∞, en écrivant f (z) =
∞∑
n=0

anz
n.

Si u est une fonction intérieure, i.e. une fonction de H∞ telle que limr→1− |u(rξ)| = 1, pour
presque tout ξ ∈ T, on définit l’espace l’espace modèle correspondant Ku par :

Ku :=
(
uH2(D)

)⊥
=

{
f ∈H2(D) : ⟨f ,uh⟩ = 0, ∀h ∈H2(D)

}
.

Soit maintenant S : H2(D)→H2(D) le shift unilatéral, défini par S(f )(z) = zf (z) ou, en raisonnant
avec les coefficients de Taylor (an)n≥0 de f , par S(a0, a1, . . . ) = (0, a0, a1, . . . ).

On définit le shift compressé associé par Su := PuS |Ku
, où Pu est la projection orthogonale de H2(D)

sur Ku .
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Si Θn est un produit de Blaschke fini dont les zéros ω1, . . . ,ωn ∈ D sont deux à deux distincts, et
si l’on note bωk

(z) = z−ωk
1−ωkz

le facteur de Blaschke associé à ωk , pour k ∈ J1,nK, on peut prouver

que dim
(
KΘn

)
= n. Plus précisément, on obtient une base orthonormée de KΘn

en posant :

φ1(z) =

√
1− |ω1|2
1−ω1z

et φk(z) =

k−1∏
j=1

bωj


√

1− |ωk |2
1−ωkz

k = 2, . . . ,n.

La base (φ1(z), . . . ,φn(z)) est appelée la base orthonormée de Takenaka–Malmquist–Walsh de
KΘn

.

En notant MΘn
la représentation matricielle de SΘn

dans la base de Takenaka–Malmquist, on a :

[
MΘn

]
i,j

=


ωj si i = j∏j−1

k=i+1 (−ωk)
√

1− |ωi |2
√

1− |ωj |2 si i < j

0 si i > j

.

Ainsi, avec cette notation, le Théorème 0.16 peut être reformulé comme suit :

Théorème 0.17. Soit n ∈ N∗, soient ω1, . . . ,ωn ∈ D et soit

Tn =



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C).

Supposons que
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2, pour tout 1 ≤ i ≤ n− 1.

Alors, Tn est une contraction si et seulement si Tn = MΘn
.

Inégalités de type Schwarz-Pick

Dans le Chapitre 5, nous utiliserons des versions de l’inégalité de von Neumann pour obtenir des
inégalités de type Schwarz-Pick. L’idée principale sera d’appliquer l’inégalité de von Neumann
à une contraction (ou un tuple de contractions) bien choisi T . Nos inégalités découleront alors du
fait que f (T ) demeure une contraction, pour toute fonction f de l’algèbre du disque telle que
∥f ∥∞ ≤ 1. Pour ce faire, nous utiliserons le calcul fonctionnel explicite du Chapitre 3 ainsi que
les caractérisations des matrices contractantes du Chapitre 4.

Nous commencerons par nous concentrer les matrices de taille 3× 3, en établissant une preuve
opératorielle du lemme Schwarz-Pick à trois points obtenu par Beardon et Minda [8] :

Théorème 0.18 (Beardon-Minda). Soit f ∈ H(D,D) une fonction holomorphe de D dans lui-même,
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et soient ω1, ω2,ω3 trois points distincts de D. Alors, on a :

d(f ∗(ω1,ω2), f ∗(ω3,ω2)) ≤ d(ω1,ω3). (0.6)

où d désigne la distance hyperbolique du disque unité et où f ∗(z,ω) désigne la différence divisée
hyperbolique de f aux points z et ω.

De plus, l’égalité a lieu si et seulement si f est un produit de Blaschke de degré ≤ 2.

De même, nous donnerons une preuve opératorielle du résultat suivant, établi par Yamashita
[65], qui peut être vu comme un analogue de l’inégalité de Beardon-Minda dans le cas où les
trois points sont confondus :

Théorème 0.19. Soit f ∈ H (D,D) une fonction holomorphe sur le disque unité et soit Γ (z, f ) :=
(1−|z|2)|f ′(z)|

1−|f (z)|2 . Alors, pour tout ω ∈ D, on a :∣∣∣∣∣∂Γ (ω,f )
∂ω

∣∣∣∣∣ ≤ 1− |Γ (ω,f )|2

1− |ω|2
. (0.7)

De plus, l’égalité a lieu si et seulement si f est un produit de Blaschke de degré ≤ 2.

Cette inégalité peut être reformulée en termes de dérivées invariantes de Peschl. Soit f : D→ D
une fonction holomorphe, et soit ω ∈ D. Considérons l’application :

g : z ∈ D 7→
f
(
z+ω

1+ωz

)
− f (ω)

1− f (ω)f
(
z+ω

1+ωz

) ∈ C. (0.8)

Alors, g est analytique sur D et g(0) = 0. On a alors g(z) =
∑∞

n=1
Dnf (ω)

n! zn, avec Dnf (z0) := g(n)(0).
Les quantités Dnf (ω) sont appelées dérivées invariantes de Peschl (voir par exemple [37]). Les
deux premières dérivées invariantes de Peschl sont calculées explicitement comme suit :

D1f (ω) =
(1− |ω|2)f ′(ω)

1− |f (ω)|2
,

D2f (ω) =
(1− |ω|2)2

1− |f (ω)|2

f ′′(ω)−
2ωf ′(ω)
1− |ω|2

+
2f (ω)f ′(ω)2

1− |f (ω)|2

 .
Avec ces notations, l’inégalité de Schwarz-Pick pour les dérivées (0.2) s’écrit |D1f (ω)| ≤ 1, tandis
que l’inégalité (0.7) s’écrit (voir [12, Proposition 3.4]) |D2f (ω)| ≤ 2(1− |D1f (ω)|2).

Par la suite, nous examinerons les inégalités de Schwarz-Pick à n points du point de vue de la
théorie des opérateurs. Dans la Section 5.2, nous nous pencherons sur le lien entre l’inégalité
Schwarz-Pick à n points de Baribeau-Rivard-Wegert [7] – qui fait intervenir des différences
divisées hyperboliques –, le problème d’interpolation de Nevanlinna-Pick et l’inégalité suivante :

∥f (MΘn
)∥ ≤ 1, pour toute fonction holomorphe f : D→ D, (0.9)

qui est une conséquence de l’inégalité de von Neumann.

Nous établirons également l’inégalité de Schwarz-Pick d’ordre supérieur suivante, prolongeant
ainsi les travaux de Wiener et Ruscheweyh [47, 56] :
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Théorème 0.20. Soit f une fonction analytique de D dans D. Si l’on note f (z) =
∑∞

n=0 anz
n, pour

z ∈ D, alors, pour tout n ≥ 1 et pour tout k ≥ 1, on a :∣∣∣an+k(1− |a2
0|) + anaka0

∣∣∣2 ≤ [
(1− |a0|2)2 − |an|2

]
·
[
(1− |a0|2)2 − |ak |2

]
. (0.10)

On obtient en particulier le corollaire suivant :

Corollaire 0.21. Soit f une fonction analytique de D dans D avec f (z) =
∑∞

n=0 anz
n pour z ∈ D. Alors

1− |a0|2 − |an| ≥

∣∣∣a2n(1− |a2
0|) + a2

na0

∣∣∣
2(1− |a0|2)

.

Ce résultat est une amélioration de l’inégalité de Wiener :

|ak | ≤ 1− |a0|2, ∀ k ≥ 1.

Par la suite, dans la Section 5.4, nous nous concentrerons sur le polydisque, en exploitant les
résultats de Drury [20] et Knese [39] – qui stipulent (respectivement) que l’inégalité de von
Neumann s’applique aux n–uplets commutatifs de matrices de taille 2×2 et 3×3 (voir Théorèmes
1.2.11 et 1.2.12) – pour obtenir plusieurs inégalités de type Schwarz-Pick pour le polydisque.
Tout d’abord, nous donnerons une preuve opératorielle du résultat suivant :

Théorème 0.22 (Rudin, [54]).

(i) Soit f ∈ H(Dn,D) et soient a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Dn.

On a alors : ∣∣∣∣∣∣ f (a1, · · · , an)− f (b1, · · · ,bn)

1− f (a1, · · · , an)f (b1, · · · ,bn)

∣∣∣∣∣∣ ≤ max
1≤i≤n

∣∣∣∣∣ ai − bi1− aibi

∣∣∣∣∣ . (0.11)

(ii) Soit f ∈ H(Dn,D) et soit a = (a2, . . . , an) ∈ Dn.

On a alors :
n∑
i=1

(1− |ai |2)
∣∣∣∣∣∂f (a)
∂zi

∣∣∣∣∣ ≤ 1− |f (a)|2. (0.12)

Ensuite, nous établirons, dans la Section 5.4.2, la généralisation suivante – en plusieurs variables
– du Théorème 0.19 :

Théorème 0.23. Soit n ∈ N∗, soit w = (ω1, . . . ,ωn) ∈ Dn, et soit f : Dn→ D une fonction holomorphe.
On a alors :

|D2f (ω)| ≤ 2(1− |D1f (ω)|2), (0.13)

où D1f et D2f désignent les dérivées invariantes de Peschl de f .

Dans le cas particulier du bidisque, nous utiliserons la notion de variétés distinguées – introduite
par Agler and McCarthy dans [1] – pour obtenir un raffinement du Théorème 0.22.

Une variété distinguée est un ensemble de la forme V ∩D2
, où V est une variété algébrique dans

C2 telle que V ∩∂(D2) = V ∩T2.

Agler et McCarthy ont prouvé dans [1] le résultat suivant :
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Théorème 0.24 (Agler-McCarthy, [1]). Pour toute paire de contractions (T1,T2) telle que T1T2 = T2T1
et telle que ni T1 ni T2 n’aient de valeurs propres de module 1, il existe une variété distinguée V ∩D2

telle que l’inégalité de von Neumann soit vérifiée sur V ∩D2 pour tout polynôme p dans C[X1,X2],
c’est-à-dire :

∥p(T1,T2)∥ ≤ sup{|p(z1, z2)| : (z1, z2) ∈ V ∩D2}.

Ce théorème est un raffinement du théorème d’Ando, qui affirme que l’inégalité de von Neumann
est valable pour toute paire de contractions (T1,T2) agissant sur un espace de Hilbert et telles
que T1T=T2T1.

En exploitant ce résultat, nous établirons le raffinement suivant du Théorème 0.22 dans le cas
du bidisque :

Théorème 0.25.

(i) Soient (a1, a2), (b1,b2) ∈ D2 deux points du bidisque. Alors, il existe une variété distinguée
V ∩D2 telle que l’inégalité de Schwarz-Pick∣∣∣∣∣∣ f (a1, a2)− f (b1,b2)

1− f (a1, a2)f (b1,b2)

∣∣∣∣∣∣ ≤max
{∣∣∣∣∣ a1 − b1

1− a1b1

∣∣∣∣∣ , ∣∣∣∣∣ a2 − b2

1− a2b2

∣∣∣∣∣} (0.14)

soit vérifiée pour toute fonction f holomorphe sur D2 et continue sur D2
telle

sup{|f (z1, z2)| ≤ 1 : (z1, z2) ∈ V ∩D2}.

(ii) Soient (a1, a2), (b1,b2) ∈ D2 deux points du bidisque. Alors, il existe une variété distinguée
V ∩D2 telle que l’inégalité de Schwarz-Pick soit vérifiée pour toute fonction f holomorphe sur
D2 pour laquelle il existe une suite de réels (rn)n∈N∗ ⊂]0,1[ convergeant vers 1 telle que :

sup{|f (rnz1, rnz2)| ≤ 1 : n ≥ 1, (z1, z2) ∈ V ∩D2}.

Enfin, pour conclure le Chapitre 5, nous nous pencherons sur des inégalités de type Schwarz-Pick
pour les opérateurs, en prolongeant le travail de Fan [22] et, plus récemment, de Jocić [33], qui
ont établi des versions opératorielles du lemme de Schwarz. Nous établirons ainsi les deux
résultat suivants à partir du théorème de Parrott et du Théorème 0.15 :

Théorème 0.26. Soient H1,H2 deux espaces de Hilbert, et soient W1 ∈ B(H1), W2 ∈ B(H2),V ∈
B(H2,H1) trois contractions. On suppose que σ (W1)∩ σ (W2) = ∅, et que f ∈ H(D,D) est holomorphe
sur un voisinage ouvert de σ (W1)∪ σ (W2). On note X = XW1,W2,V l’unique solution de l’équation

W1X −XW2 = DW ∗1
VDW2

.

Alors, il existe une contraction Y ∈ B(H2,H1) telle que :

f (W1)X −Xf (W2) = Df (W1)∗YDf (W2).

Théorème 0.27. Soient H1,H2,H3 trois espaces de Hilbert, et soient W1 ∈ B(H1), W2 ∈ B(H2) et W3 ∈
B(H3) trois contractions. On se donne également trois contractions V1 ∈ B(H2,H1), V2 ∈ B(H3,H2),
et V3 ∈ B(H3,H1). On suppose que σ (Wi)∩ σ (Wj ) = ∅, pour tous 1 ≤ i < j ≤ 3. Soit f : D→ D une
fonction holomorphe sur un voisinage ouvert de σ (W1)∪ σ (W2)∪ σ (W3). On note respectivement
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X1,X2,X3 les uniques solutions (respectives) des équations de Sylvester :

W1X1 −X1W2 = DW ∗1
V1DW2

,

W2X2 −X2W3 = DW ∗2
V2DW3

,

et W1X3 −X3W3 = B−W1X1X2 +X1W2X2,

où
B =

[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

Alors, il existe trois contractions Y1 ∈ B(H2,H1),Y2 ∈ B(H3,H2),Y3 ∈ B(H3,H1) telles que :



f (W1)X1 −X1f (W2) = Df (W1)∗Y1Df (W2),

f (W2)X2 −X2f (W3) = Df (W2)∗Y2Df (W3),

f (W1)X3 −X3f (W3) = X1f (W2)X2 − f (W1)X1X2

+
[
Df (W1)∗(Id−Y1Y

∗
1)Df (W1)∗

]1/2
Y3

[
Df (W3)(Id−Y ∗2Y2)Df (W3)

]1/2
−Df (W1)∗Y1f (W2)∗Y2Df (W3).

(0.15)

(0.16)

(0.17)

On note que, dans le cas scalaire, ces deux résultats sont respectivement équivalents à l’inégalité
de Schwarz-Pick (Théorème 0.2) et à l’inégalité de Beardon-Minda (Théorème 0.18).

Ensembles spectraux

En 1951, von Neumann a introduit dans [63] la notion d’ensemble spectral, afin d’estimer la
norme des fonctions de matrices en fonction de la norme sup de la fonction :

Définition 0.28. Soit T ∈ B (H), soit S ⊂ C une partie du plan complexe contenant σ (T ), et soit
K > 0 une constante réelle.

On dit que S est un ensemble K-spectral pour T si, pour toute fonction rationnelle f dont les
pôles sont en dehors de S, on a :

∥f (T )∥ ≤ K · ∥f ∥S ,

où ∥f ∥S = sup{|f (z)| : z ∈ S}.

Si K = 1, on dit que S est un ensemble spectral pour T .

Par exemple, l’inégalité de von Neumann affirme que le disque unité fermé est un ensemble
spectral pour toute contraction.

Une notion analogue d’ensemble K-spectral peut être définie pour un n-uplet d’opérateurs
commutant deux à deux.

Dans le dernier chapitre de ce manuscrit, nous examinerons brièvement deux autres ensembles
spectraux : la boule unité ouverte de Cn et la couronne Ar := {z ∈ C : r < |z| < 1}, avec r ∈ [0,1[.

Tout d’abord, concernant la boule unité de Cn, notée Bn, Hartz, Richter et Shalit ont prouvé dans
[30] l’inégalité suivante :

Définition 0.29. Soit H un espace de Hilbert, et soit T = (T1, . . . ,Tn) un n-uplet d’opérateurs
linéaires bornés sur H . On dit que T est une contraction en rang si ∥T ∥2 = ∥

∑n
i=1TiT

∗
i ∥ ≤ 1.
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Théorème 0.30 (Hartz-Richter-Shalit). Pour tout entier d ≥ 1, il existe une constante Cd telle que,
pour tout n ∈ N∗, pour tout n-uplet (T1, . . . ,Tn) de matrices de taille d × d commutant deux à deux tel
que ∥T ∥2 = ∥

∑n
i=1TiT

∗
i ∥ ≤ 1, et pour tout polynôme p ∈ C [X1, . . . ,Xn], on ait :

∥p(T )∥ ≤ Cd · sup {|p(z)| : z ∈ Bn} .

De plus, on peut choisir C2 = 1.

Nous commencerons donc par établir un critère explicite pour qu’un n-uplet (T1, . . . ,Tn) de
matrices triangulaires supérieures de taille 2× 2 commutant deux à deux soit une contraction en
rang puis, en exploitant l’inégalité de Hartz-Richter-Shalit, nous obtiendrons le lemme de type
Schwarz-Pick suivant pour la boule unité, qui est un cas particulier du lemme de Schwarz pour la
boule unité obtenu par Rudin [55, Theorem 8.1.4] :

Théorème 0.31. Soit f : Bn→ D une fonction holomorphe, et soient ω,z ∈ Bn.

Alors, on a : ∣∣∣1− f (ω)f (z)
∣∣∣2

(1− |f (z)|2)(1− |f (ω)|2)
≤ |1− ⟨z,ω⟩ |2

(1− ∥z∥2)(1− ∥ω∥2)
.

Ensuite, concernant la couronne Ar , nous nous concentrerons sur les travaux de Tsikalas [61],
qui a introduit la classe d’opérateurs linéaires bornés

Fr :=
{
T ∈ B (H) : r2T −1

(
T −1

)∗
+ T T ∗ ≤ r2 + 1,σ (T ) ⊂ Ar

}
,

où H désigne un espace de Hilbert et r ∈ [0,1[.

Tsikalas a prouvé que, pour tout r ∈ [0,1[, Ar est un ensemble
√

2-spectral pour les éléments de
Fr :

Théorème 0.32 (Tsikalas). Pour toute fonction holomorphe bornée φ ∈H∞ (Ar ), et pour tout T ∈ Fr ,
on a :

∥φ(T )∥ ≤
√

2sup { |φ(z)| : z ∈ Ar } ,

où
√

2 est la meilleure constante possible.

Pour conclure cet ultime chapitre, nous établirons la caractérisation suivante de la classe Fr pour
les matrices triangulaires supérieures de taille 2× 2 :

Proposition 0.33. Soit T =
(
ω1 α
0 ω2

)
∈M2(C), avec ω1,ω2 ∈ Ar .

T ∈ Fr si et seulement si

|α|2 ≤ (1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

.
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Motivation

The starting point of this manuscript is the somewhat surprising observation that the Schwarz-
Pick lemma, a classical result in complex analysis, can be derived as a special case of the
von Neumann inequality, a result concerning Hilbert space operators. Let us first recall the
statements of these two results:

Theorem 0.1 (von Neumann’s inequality). Let T be a contraction acting on a Hilbert space H , i.e. T
is a bounded linear operator on H such that ∥T ∥ ≤ 1.

Then, for every polynomial p ∈ C[X], we have:

∥p(T )∥ ≤ ∥p∥∞ := sup{|p(z)| : |z| ≤ 1}.

Theorem 0.2 (Schwarz-Pick’s lemma).

(i) Let f : D→ D be an holomorphic function, and let ω1,ω2 ∈ D be two distinct points of the unit
disc. Then, we have: ∣∣∣∣∣∣ f (ω1)− f (ω2)

1− f (ω1)f (ω2)

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ω1 −ω2

1−ω1ω2

∣∣∣∣∣ (0.1)

If we denote by ρ(ω1,ω2) :=
∣∣∣∣ ω1−ω2
1−ω1ω2

∣∣∣∣ the pseudo-hyperbolic distance on the unit disc, this
inequality can be written as:

ρ (f (ω1), f (ω2)) ≤ ρ(ω1,ω2)

In other words, every holomorphic function mapping D to D is contractive with respect to the
pseudo-hyperbolic metric.

(ii) If ω1 = ω2 =: ω ∈ D, this inequality becomes:

|f ′(ω)| ≤
1− |f (ω)|2

1− |ω|2
(0.2)

It is known (see for example [46, Ex. 2.17–2.18] or [52, p. 17]) that the Schwarz-Pick inequality
can be obtained as a special case of the von Neumann inequality, applied to a suitably chosen
2×2 matrix. The idea is the following: let ω1,ω2 ∈ D be two distinct points of the open unit disc,

17
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and let T2 =
(
ω1 α
0 ω2

)
∈M2(C). We first prove the two following lemmas:

Lemma 0.3. T2 is a contraction if and only if

|α|2 ≤ (1− |ω1|2)(1− |ω2|2).

Lemma 0.4. For every polynomial p ∈ C[X], we have:

p(T2) =
(
p(ω1) α ·

(
p(ω1)−p(ω2)

ω1−ω2

)
0 p(ω2)

)
.

Then, we let α =
√

1− |ω1|2
√

1− |ω2|2, and we apply the von Neumann inequality to T2. After
some computation, we get the Schwarz-Pick inequality for polynomials. We can then conclude
the proof by an approximation argument. Further details will be given in Chapter 1, after
reviewing some fundamental concepts in spectral theory.

In this thesis, we extend this observation to matrices of larger sizes and to matrices with operator
coefficients. In doing so, we encounter the following two problems:

Problem 0.5. Given a n×n matrix Tn and a polynomial – or a more general function f – how can we
explicitly express f (Tn)?

Problem 0.6. Given a n×n matrix Tn, how can we estimate its spectral norm?

In light of the Schur decomposition theorem – which states that every matrix is unitarily
equivalent to an upper-triangular matrix – the study can be limited to upper-triangular matrices.

Function of a matrix : an explicit functional calculus

The first issue has already been studied in several references (see e.g. [33, 36, 16, 31, 40]), from
different perspectives. In this manuscript, we develop a slightly different approach. In Chapter 3,
we introduce the notion of non-commutative divided differences for operators– a generalization of
the well-known divided differences for scalars. We start with polynomials and then extend this
concept to rational functions and, finally, to holomorphic maps.

Recall that, in the scalar case, if x0 . . . ,xn are n+ 1 pairwise distinct points of C and if f is a map
defined on any subset of C containing x0, . . . ,xn, the divided differences are defined recursively as
follows:

[f (xk)] := f (xk), ∀ k ∈ J0,nK

[f (xk), . . . , f (xk+j )] :=
[f (xk+1), . . . , f (xk+j )]− [f (xk), . . . , f (xk+j−1)]

xk+j − xk
,∀ j ∈ J1,nK, ∀k ∈ J0,n− jK.

Depending on the regularity of f , we can then obtain several explicit formula for the divided
differences. This will be discussed in Section 3.1.

Now, we extend this notion to operators and we define the non-commutative divided differences as
follows (see Definitions 3.2.1, 3.2.11, 3.2.13 and 3.2.20):
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Definition 0.7. Let H0, . . . ,Hn be Hilbert spaces. Given bounded linear operators Wi ∈ B (Hi), for
i ∈ J0,nK, and Cj ∈ B

(
Hj+1,Hj

)
, for j ∈ J0,n− 1K, we define:

(i) [W k
0 , . . . ,W

k
n ](C0,...,Cn−1) :=

∑
i0+···+in=k−n
i0,...,in≥0

W i0
0 C0W

i1
1 . . .Cn−1W

in
n , ∀k ≥ 0.

This definition can be extended by linearity for polynomials. Given a polynomial p(X) =∑n
k=0 akX

k ∈ C[X], we set:

[p(W0), . . . ,p(Wn)](C0,...,Cn−1) =
n∑

k=0

ak[W k
0 , . . . ,W

k
n ](C0,...,Cn−1).

Then, for rational fractions, we define:

(ii)
[
W −k0 , . . . ,W −kn

]
(C0,...,Cn−1)

:= (−1)n
∑

i0+···+in=k−n
i0,...,in≥1

W −i00 C0W
−i1
1 . . .Cn−1W

−in
n , ∀ k ≥ 1;

Using the partial fraction decomposition, this definition can also be extend by linearity for
arbitrary rational fractions.

Finally, for any function f holomorphic in the neighborhood of
⋃n

i=0σ (Wi), we define:

(iii) [f (W0), . . . , f (Wn)](C0,...,Cn−1) :=
∫
Γ
f (ξ)(ξId−W0)−1C0(ξId−W1)−1 . . .Cn−1(ξId−Wn)−1dξ,

where Γ is a finite system of rectifiable, positively oriented, Jordan curves surrounding⋃n
i=0σ (Wi).

We will see that – in analogy with the classical divided differences – the non-commutative divided
differences satisfy the following recursive relation:

Proposition 0.8. Let n ≥ 1, and let H0, . . . ,Hn be Hilbert spaces. Given bounded linear operators
Wi ∈ B(Hi), for i ∈ J0,nK, and Cj ∈ B(Hj ,Hj−1), for j ∈ J1,nK, and given a map f which is analytic in
the neighbourhood of

⋃n
i=0σ (Wi), we have:

[f (W0)] = f (W0);

W0[f (W0), . . . , f (Wn)](C0,...,Cn−1) − [f (W0), . . . , f (Wn)](C0,...,Cn−1)Wn

= [f (W0), . . . , f (Wn−1)](C1,...,Cn−2)Cn−1 −C0[f (W1), . . . , f (Wn)](C1,...,Cn−1).

This notion of non-commutative divided differences will allow us to develop an explicit func-
tional calculus for upper-triangular matrices with operator coefficients (see Theorem 3.2.6,
Theorem 3.2.16 and Theorem 3.2.22):

Theorem 0.9. Let n ≥ 2, let H1, . . . ,Hn be Hilbert spaces, and let

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

be a bounded linear operator. Let f be a map which is analytic in the neighborhood of
⋃n

i=0σ (Wi).
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Then, we have :

f
(
T̃n

)
=



f (W1) D
(1)
1 D

(n−1)
1

0 f (W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 f (Wn)


,

where D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
f
(
Wk0

)
, . . . , f

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) ,

and where the
[
f
(
Wk0

)
, . . . , f

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) ’s

denote the non-commutative divided differences.

The analogy between the non-commutative divided differences for operators and the usual
divided differences for the scalars will then allow us to deduce the following corollary:

Corollary 0.10. Let

Tn =


ω1 α

(1)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(n−2)
2

α
(1)
n−1

0 0 ωn


∈Mn(C)

be a matrix such that wi , wj , for all i , j, and let f be a function holomorphic in the neighborhood of
ω1, . . . ,ωn.

Then, we have:

f (Tn) =



f (ω1) β
(1)
1 β

(n−1)
1

0 f (ω2) β
(1)
2 β

(n−2)
2

β
(1)
n−1

0 0 f (ωn)


,

where β
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

 l−1∏
s=0

α
(ks+1−ks)
ks

[f (
ωk0

)
, . . . , f

(
ωkl

)]
,

and where the
[
f
(
ωk0

)
, . . . , f

(
ωkl

)]′
s

denote the divided differences.

Furthermore, the recursive relation of Proposition 0.8 will lead us to focus on the Sylvester
equation:
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AX −XB = Y , (0.3)

where A,X,B,Y are bounded linear operators (acting on a Banach space).

In Section 3.3, we will see that, in the case where the spectra of the Wi ’s are pairwise disjoint, the
recursive relation of Proposition 0.8 defines completely the non-commutative divided differences.
This will lead to the following result:

Theorem 0.11. Let n ≥ 2, let H1, . . . ,Hn be Hilbert spaces, and let

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

be a bounded linear operator. Let f be a map which is analytic in the neighborhood of
⋃n

i=0σ (Wi).
Assume that σ (Wi)∩ σ (Wj ) = ∅, for all i , j.

Then, we have:

f
(
T̃n

)
=



Id −X(1)
1 −X(n−1)

1

0 Id −X(1)
2 −X(n−2)

2

−X(1)
n−1

0 0 Id





f (W1) 0 0
0 f (W2)

0
0 0 f (Wn)





Id Y
(1)
1 Y

(n−1)
1

0 Id Y
(1)
2 Y

(n−2)
2

Y
(1)
n−1

0 0 Id


where, for all j ∈ J1,n− 1K, for all i ∈ J1,n+ 1− jK, X(j)

i is the unique solution of the equation

WiX
(j)
i −X

(j)
i Wi+j = C

(j)
i −

j−1∑
k=1

C
(k)
i X

(j−k)
k+i (0.4)

and
Y

(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

X
(k1−k0)
k0

. . .X
(kl−kl−1)
kl−1

(0.5)

Contractive matrices

The second issue (Problem 0.6, which is about estimating the spectral norm of a matrix) will
be dealt with in Chapter 4. A straightforward approach for estimating the spectral norm of a
matrix would be – at least for matrices with scalars coefficients – to try to exploit the formula
∥Tn∥2 = ∥T ∗nTn∥ = r (T ∗nTn), where r(·) denotes the spectral radius. This method works very well
for 2×2 matrices (see Lemma 1.2.14). However, for n ≥ 3, the computations become too intricate
to provide a practical criterion. In this manuscript, we will use the following sharpened version
of Parrott’s theorem on matrix completion:
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Theorem 0.12 (Parrott). Let H1,H2,K1,K2 be Hilbert spaces, and assume that the operators
[
A
C

]
∈

B(H1,K1 ⊕K2) and
[
C D

]
∈ B(H1 ⊕H2,K2) are contractions.

Then,

T =
[
A B
C D

]
: H1 ⊕H2→ K1 ⊕K2

is a contraction if and only if there exists a contraction W ∈ B(H2,K1) such that:

B = DZ∗WDY −ZC∗Y ,

where Z ∈ B(H1,K1) and Y ∈ B(H2,K2) are contractions such that D = DC∗Y and A = ZDC , and
where DS denotes the defect operator of a contraction S.

Moreover,

(i) Y and Z can be chosen to be (respectively) the unique solutions Y0 and Z0 of minimal operator
norm among all solutions of the operator equations D = DC∗Y and A = ZDC ;

(ii) If T is a contraction, there exists a unique contraction W0 such that:

B = DZ∗0
W0DY0

−Z0C
∗Y0 and Im

(
DZ∗0

)⊥
⊂ Ker(W ∗0).

This operator satisfies:

∥W0∥ = inf{∥W ∥ : B = DZ∗0
WDY0

−Z0C
∗Y0}.

We will derive from this theorem the following results for 3× 3 and 4× 4 matrices (see Theo-
rem 4.2.2 and Theorem 4.3.1 for a more detailed version of these results):

Theorem 0.13. Let ω1,ω2,ω3 ∈ D. Then, T =

ω1 α1 β
0 ω2 α2
0 0 ω3

 ∈M3(C) is a contraction when acting

on the Hilbert space C3 if and only if: |αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,2,∣∣∣β(1− |ω2|2) +α1α2ω2

∣∣∣2 ≤ [
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
·
[
(1− |ω2|2)(1− |ω3|2)− |α2|2

]
.

Theorem 0.14. Let ω1,ω2,ω3,ω4 ∈ D. Then, T =


ω1 α1 β1 γ
0 ω2 α2 β2
0 0 ω3 α3
0 0 0 ω4

 ∈ M4(C) is a contraction
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when acting on the Hilbert space C4 if and only if:

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3 & |α2|2 < (1− |ω2|2)(1− |ω3|2)

|βi(1− |ωi+1|2) +αiαi+1ωi+1|2 ≤
[
(1− |ωi |2)(1− |ωi+1|2)− |αi |2

]
×[

(1− |ωi+1|2)(1− |ωi+2|2)− |αi+1|2
]
, i = 1,2∣∣∣γ[(1− |ω2|2)(1− |ω3|2)− |α2|2] +α1β2ω2(1− |ω3|2) +α3β1ω3(1− |ω2|2)

+β1β2α2 +α1α2α3ω2ω3

∣∣∣2 (1− |ω2|2)(1− |ω3|2)

≤
[(

(1− |ω1|2)(1− |ω2|2)− |α1|2
)(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)
−

∣∣∣α1α2ω2 + β1(1− |ω2|2)
∣∣∣2]

×
[(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)(

(1− |ω3|2)(1− |ω4|2)− |α3|2
)
−
∣∣∣α2α3ω3 + β2(1− |ω3|2)

∣∣∣2]

or



|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3 & |α2|2 = (1− |ω2|2)(1− |ω3|2)

βi =
−αiαi+1ωi+1

1− |ωi+1|2
, i = 1,2∣∣∣∣∣γ − ω2ω3α1α2α3

(1− |ω2|2)(1− |ω3|2)

∣∣∣∣∣2 (1− |ω2|2
)(

1− |ω3|2
)

≤
[
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
×
[
(1− |ω3|2)(1− |ω4|2)− |α3|2

]
We will see that in the case of 4 × 4 matrices, the computations become more complex. The
explicit functional calculus of Theorem 0.9 will allow us to simplify them, by assuming that one
of the diagonal entries is equal to zero.

Then, we will also obtain the following generalization of Theorem 0.13 for matrices with
operators coefficients:

Theorem 0.15. Let H1,H2,H3 be three Hilbert spaces. Let Wi ∈ B(Hi), 1 ≤ i ≤ 3, be three contractions
and let

T =

W1 A1 B
0 W2 A2
0 0 W3

 ∈ B(H1 ⊕H2 ⊕H3).

Then, T is a contraction if and only if there exist three contractions V1 ∈ B(H2,H1),V2 ∈ B(H3,H2),V3 ∈
B(H3,H1) such that:

A1 = DW ∗1
V1DW2

,

A2 = DW ∗2
V2DW3

,

B =
[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

Furthermore, in attempting to extend Theorem 0.13 and Theorem 0.14 to n×n matrices, we will
establish the following theorem, which characterizes contractions with prescribed main and
upper diagonals:
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Theorem 0.16. Let n ∈ N∗, let ω1, . . . ,ωn ∈ D and let

Tn =



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C).

Assume that
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2, for all 1 ≤ i ≤ n− 1.

Then, Tn is a contraction if and only if

α
(j)
i =

j+i−1∏
k=i+1

(−ωk)
√

1− |wi |2
√

1− |ωi+j |2, for all 1 ≤ i ≤ n, 1 ≤ j ≤ n− i.

Again, to prove this theorem, we will use the explicit functional calculus of Theorem 0.9 to
simplify the computations, by assuming that one of the diagonal entries is equal to zero.

Model operators

In fact, we will see that Theorem 0.16 provides a precise characterization of model operators
(see Chapter 2 and, then, Section 4.4):

Let H∞ = H∞(D) be the set of all holomorphic functions that are bounded on D, and let H2 =
H2(D) be the Hardy-Hilbert space of D, which is the space of all holomorphic functions f ∈ H(D)
such that

sup
0<r<1

∫
T
|f (ζ)|2dm(ζ) <∞

or, equivalently, such that
∞∑
n=0

|an|2 <∞ if f (z) =
∞∑
n=0

anz
n.

If u is an inner function, i.e. a function of H∞ such that limr→1− |u(rξ)| = 1, for almost every
ξ ∈ T, the corresponding model space Ku is defined to be

Ku :=
(
uH2(D)

)⊥
=

{
f ∈H2(D) : ⟨f ,uh⟩ = 0, ∀h ∈H2(D)

}
.

Now, let S : H2(D)→H2(D) be the unilateral shift, defined by S(f )(z) = zf (z) or, in terms of the
Taylor coefficients (an)n≥0 of f , by S(a0, a1, . . . ) = (0, a0, a1, . . . ).

We define the associated compressed shift by Su := PuS |Ku
, where Pu is the orthogonal projection

from H2(D) onto Ku .

If Θn be a finite Blaschke product with pairwise distinct zeros ω1, . . . ,ωn ∈ D, and if we denote



Schwarz-Pick type inequalities 25

by bωk
(z) = z−ωk

1−ωkz
the Blaschke factors, for k ∈ J1,nK, we can prove that dim

(
KΘn

)
= n and, more

precisely, we obtain an orthonormal basis of KΘn
if we set:

φ1(z) =

√
1− |ω1|2
1−ω1z

and φk(z) =

k−1∏
j=1

bωj


√

1− |ωk |2
1−ωkz

k = 2, . . . ,n.

The basis (φ1(z), . . . ,φn(z)) is called the Takenaka–Malmquist–Walsh orthonormal basis of KΘn
.

Writing SΘn
with respect to the Takenaka–Malmquist basis gives the matrix representation MΘn

with entries [
MΘn

]
i,j

=


ωj if i=j∏j−1

k=i+1 (−ωk)
√

1− |ωi |2
√

1− |ωj |2 if i<j

0 if i>j

.

Thus, with this notation, Theorem 0.16 can be restated as follows:

Theorem 0.17. Let n ∈ N∗, let ω1, . . . ,ωn ∈ D and let

Tn =



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C).

Assume that
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2, for all 1 ≤ i ≤ n− 1.

Then, Tn is a contraction if and only if Tn = MΘn
.

Schwarz-Pick type inequalities

In Chapter 5, we will use versions of the von Neumann inequality to derive Schwarz-Pick
type inequalities. The key idea will be to apply the von Neumann inequality to a well chosen
contractive matrix (or tuple of contractive matrices) T. Our inequalities will then follow from the
fact that f (T ) remains a contraction, for every function f on the disc algebra such that ∥f ∥∞ ≤ 1.
In order to do this, we will use the explicit functional calculus from Chapter 3 together with the
characterizations of contractive matrices from Chapter 4.

We will first focus on 3×3 matrices, and we will use Theorem 0.13 to provide an operator-theoretic
proof of the three points Schwarz-Pick lemma obtained by Beardon and Minda [8]:

Theorem 0.18 (Beardon-Minda). Let f ∈ H(D,D) be an holomorphic function from D to itself, and
let ω1, ω2,ω3 be pairwise distinct points in D. Then,

d(f ∗(ω1,ω2), f ∗(ω3,ω2)) ≤ d(ω1,ω3), (0.6)

where d denotes the hyperbolic distance of the open unit disc, and where f ∗(z,ω) denotes the hyperbolic
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divided difference of f at the points z and ω.

Moreover, equality holds if and only if f is a Blaschke product of degree ≤ 2.

Similarly, we will develop an operator-theoretic proof of the following result proved by Yamashita
in [65], which can be seen as an analog of Beardon-Minda’s inequality in the case where the three
points are coincident:

Theorem 0.19. Let f ∈ H(D,D) and let Γ (z, f ) = (1−|z|2)|f ′(z)|
1−|f (z)|2 . Then, for every ω ∈ D,∣∣∣∣∣∂Γ (ω,f )

∂ω

∣∣∣∣∣ ≤ 1− |Γ (ω,f )|2

1− |ω|2
. (0.7)

Moreover, equality holds if and only if f is a Blaschke product of degree ≤ 2.

This inequality can be rephrased in terms of Peschl’s invariant derivatives. Let f : D→ D be an
holomorphic function, let ω ∈ D, and consider the mapping

g : z ∈ D 7→
f
(
z+ω

1+ωz

)
− f (ω)

1− f (ω)f
(
z+ω

1+ωz

) ∈ C. (0.8)

Then g is analytic on D and g(0) = 0. We have g(z) =
∑∞

n=1
Dnf (ω)

n! zn, with Dnf (z0) := g(n)(0). The
quantities Dnf (ω) are called Peschl’s invariant derivatives (see e.g. [37]). The first two values of
Peschl’s invariant derivatives are explicitely computed as:

D1f (ω) =
(1− |ω|2)f ′(ω)

1− |f (ω)|2
,

D2f (ω) =
(1− |ω|2)2

1− |f (ω)|2

f ′′(ω)−
2ωf ′(ω)
1− |ω|2

+
2f (ω)f ′(ω)2

1− |f (ω)|2

 .
With these notations, the Schwarz-Pick inequality for derivatives (0.2) can be restated as
|D1f (ω)| ≤ 1, while (0.7) can be written (see [12, Proposition 3.4]) as |D2f (ω)| ≤ 2(1− |D1f (ω)|2).

Afterwards, we will examine n–points Schwarz-Pick type inequalities from an operator-theoretic
perspective. In Section 5.2, we will explore the connection between the n points Schwarz-Pick
inequality of Baribeau, Rivard, and Wegert [7] – which involves hyperbolic divided differences –,
the Nevanlinna-Pick interpolation problem and the inequality:

∥f (MΘn
)∥ ≤ 1, for all holomorphic map f : D→ D, (0.9)

which is a consequence of the von Neumann inequality.

We will also establish the following higher order Schwarz-Pick inequality, extending the work of
Wiener and Ruscheweyh [47, 56]:

Theorem 0.20. Let f be a analytic function of D into D with f (z) =
∑∞

n=0 anz
n for z ∈ D. Then, for

each n ≥ 1 and each k ≥ 1 we have:∣∣∣∣an+k

(
1− |a0|2

)
+ anaka0

∣∣∣∣2 ≤ [
(1− |a0|2)2 − |an|2

]
·
[
(1− |a0|2)2 − |ak |2

]
. (0.10)
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In particular, this gives:

Corollary 0.21. Let f be a analytic function of D into D with f (z) =
∑∞

n=0 anz
n for z ∈ D. Then

1− |a0|2 − |an| ≥

∣∣∣∣a2n

(
1− |a0|2

)
+ a2

na0

∣∣∣∣
2(1− |a0|2)

.

The last result is an improvement of Wiener’s inequality:

|ak | ≤ 1− |a0|2, ∀ k ≥ 1.

Subsequently, in Section 5.4, we will focus on the polydisc, exploiting Drury’s [20] and Knese’s
[39] results – which state (respectively) that the von Neumann inequality holds for commuting
tuples of 2× 2 and 3× 3 matrices (see Theorem 1.2.11 and Theorem 1.2.12) – to derive several
Schwarz-Pick type inequalities for the polydisc. First of all, we will provide an operator-theoretic
proof of the following result:

Theorem 0.22 (Rudin, [54]).

(i) Let f : Dn→ D be an holomorphic function, and let a = (a1, . . . , an), b = (b1, . . . ,bn) ∈ Dn.

Then, ∣∣∣∣∣∣ f (a1, · · · , an)− f (b1, · · · ,bn)

1− f (a1, · · · , an)f (b1, · · · ,bn)

∣∣∣∣∣∣ ≤ max
1≤i≤n

∣∣∣∣∣ ai − bi1− aibi

∣∣∣∣∣ . (0.11)

(ii) Let f : Dn→ D be an holomorphic function, and let a = (a2, . . . , an) ∈ Dn.

Then,
n∑
i=1

(1− |ai |2)
∣∣∣∣∣∂f (a)
∂zi

∣∣∣∣∣ ≤ 1− |f (a)|2. (0.12)

Then, we will establish in Section 5.4.2 the following generalization of Theorem 0.19 in several
variables:

Theorem 0.23. For n ∈ N∗ let w = (ω1, . . . ,ωn) ∈ Dn and consider f ∈ H(Dn,D).

Then, we have:
|D2f (ω)| ≤ 2(1− |D1f (ω)|2), (0.13)

where D1f and D2f denote the Peschl invariant derivatives of f .

Furthermore, in the particular case of the bidisc, we use the notion of distinguished varieties –
introduced by Agler and McCarthy in [1] – to obtained an enhanced version of Theorem 0.22.

A distinguished variety is a set of the form V ∩D2
, where V is an algebraic set in C2 with the

property that V ∩∂(D2) = V ∩T2.

Agler and McCarthy proved in [1] the following result:

Theorem 0.24 (Agler and McCarthy, [1]). For any pair of commuting contractive matrices (T1,T2)
without unimodular eigenvalues, there is a distinguished variety V ∩D2 such that the von-Neumann
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inequality holds on V ∩D2 for any polynomial p in C[X1,X2], i.e.

∥p(T1,T2)∥ ≤ sup{|p(z1, z2)| : (z1, z2) ∈ V ∩D2}.

This theorem is a sharpening of Ando’s theorem, which states that the von Neumann inequality
holds for any pair of commuting contractions acting on a Hilbert space.

Exploiting this result, we establish the following sharpening of Theorem 0.22 for the bidisc:

Theorem 0.25.

(i) Let (a1, a2) and (b1,b2) be two points in the bidisc D2. Then there is a distinguished variety
V ∩D2 such that the Schwarz-Pick inequality∣∣∣∣∣∣ f (a1, a2)− f (b1,b2)

1− f (a1, a2)f (b1,b2)

∣∣∣∣∣∣ ≤max
{∣∣∣∣∣ a1 − b1

1− a1b1

∣∣∣∣∣ , ∣∣∣∣∣ a2 − b2

1− a2b2

∣∣∣∣∣} (0.14)

holds for any function f which is holomorphic on the bidisc D2 and continuous on D2
with

sup{|f (z1, z2)| ≤ 1 : (z1, z2) ∈ V ∩D2}.

(ii) Let (a1, a2) and (b1,b2) be two points in the bidisc D2. Then there is a distinguished variety
V ∩D2 such that the Schwarz-Pick inequality holds for any function f which is holomorphic in
the bidisc D2 and for which there is a sequence of positive real number (rn) convergent to 1 with
rn < 1 such that

sup{|f (rnz1, rnz2)| ≤ 1 : n ≥ 1, (z1, z2) ∈ V ∩D2}.

Last but not least, in Chapter 5, we will also explore operator versions of Schwarz-Pick type
inequalities, extending the work of Fan [22] and, more recently, of Jocić [33], who established
operator versions of the Schwarz lemma. We will thus derive the two following results from
(respectively) Parrott’s Theorem 0.12 and Theorem 0.15:

Theorem 0.26. Let H1,H2 be two Hilbert spaces. Consider three contractions W1 ∈ B(H1), W2 ∈
B(H2) and V ∈ B(H2,H1). Assume that σ (W1)∩ σ (W2) = ∅, and that f ∈ H(D,D) is holomorphic
on an open neighborhood of σ (W1)∪ σ (W2). We denote by X = XW1,W2,V the unique solution of the
equation

W1X −XW2 = DW ∗1
VDW2

.

Then, there exists a contraction Y ∈ B(H2,H1) such that:

f (W1)X −Xf (W2) = Df (W1)∗YDf (W2).

Theorem 0.27. Let H1,H2,H3 be three Hilbert spaces. Consider three contractions W1 ∈ B(H1), W2 ∈
B(H2) and W3 ∈ B(H3). Let V1 ∈ B(H2,H1), V2 ∈ B(H3,H2), and V3 ∈ B(H3,H1) be contractions.
Assume that σ (Wi)∩ σ (Wj ) = ∅, for all 1 ≤ i < j ≤ 3, and that f ∈ H(D,D) is holomorphic on an
open neighborhood of σ (W1)∪ σ (W2)∪ σ (W3). Let X1,X2,X3 be respectively the unique solution of
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Sylvester’s equations:

W1X1 −X1W2 = DW ∗1
V1DW2

,

W2X2 −X2W3 = DW ∗2
V2DW3

,

and W1X3 −X3W3 = B−W1X1X2 +X1W2X2,

where
B =

[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

Then, there exist three contractions Y1 ∈ B(H2,H1),Y2 ∈ B(H3,H2),Y3 ∈ B(H3,H1) such that:



f (W1)X1 −X1f (W2) = Df (W1)∗Y1Df (W2),

f (W2)X2 −X2f (W3) = Df (W2)∗Y2Df (W3),

f (W1)X3 −X3f (W3) = X1f (W2)X2 − f (W1)X1X2

+
[
Df (W1)∗(Id−Y1Y

∗
1)Df (W1)∗

]1/2
Y3

[
Df (W3)(Id−Y ∗2Y2)Df (W3)

]1/2
−Df (W1)∗Y1f (W2)∗Y2Df (W3).

(0.15)

(0.16)

(0.17)

Observe that in the scalar case, the first theorem is equivalent to the Schwarz-Pick lemma
(Theorem 0.2), and the second one is equivalent to the Beardon-Minda inequality (Theorem 0.18).

Spectral sets

In 1951, von Neumann introduced in [63] the notion of spectral set, in order to estimate the
norm of functions of matrices in terms of the sup-norm of the function:

Definition 0.28. Let T ∈ B (H), let S ⊂ C be a subset of the complex plane containing σ (T ), and
let K > 0 be a real constant.

We say that S is a K-spectral set for T if, for every rational function f whose poles are outside S,
we have:

∥f (T )∥ ≤ K · ∥f ∥S ,

where ∥f ∥S = sup{|f (z)| : z ∈ S}.

If K = 1, we say that S is a spectral set for T .

For instance, the von Neumann inequality states that the closed unit disc is a spectral set for
every contraction.

A similar notion of K-spectral set can be defined for commuting n-tuples of operators.

In the last chapter of this manuscript, we will have a quick look at two other K-spectral sets: the
open unit ball of Cn and the annulus Ar := {z ∈ C : r < |z| < 1}, with r ∈ [0,1[.

First of all, concerning the open unit ball Bn of Cn, Hartz, Richter, and Shalit proved in [30] the
following von Neumann type inequality:

Definition 0.29. Let H be an Hilbert space, and let T = (T1, . . . ,Tn) be a n-tuple of bounded
linear operators on H . We say that T is a row contraction if ∥T ∥2 = ∥

∑n
i=1TiT

∗
i ∥ ≤ 1.
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Theorem 0.30 (Hartz-Richter-Shalit). For every integer d ≥ 1, there exists a constant Cd such that,
for all n ∈ N∗, for every commuting row contractive n-tuple of d × d matrices T = (T1, . . . ,Tn), and for
every polynomial p ∈ C [X1, . . . ,Xn], we have:

∥p(T )∥ ≤ Cd · sup
z∈Bn

|p(z)|.

Moreover, we can choose C2 = 1.

We will establish an explicit criteria for a commuting row contractive n-tuple of 2 × 2 upper-
triangular matrices to be row contractive and, then, exploiting this inequality, we can obtain the
following Schwarz-Pick type lemma for the unit ball, which is particular case of Rudin’s Schwarz
lemma for the unit ball (take m = 1 in [55, Theorem 8.1.4]):

Theorem 0.31. Let f : Bn→ D be an holomorphic map, and let ω,z ∈ Bn.

Then, ∣∣∣1− f (ω)f (z)
∣∣∣2

(1− |f (z)|2)(1− |f (ω)|2)
≤ |1− ⟨z,ω⟩ |2

(1− ∥z∥2)(1− ∥ω∥2)
.

Finally, concerning the annulus, we will focus on the work of Tsikalas [61], who introduced the
class of bounded linear operators:

Fr :=
{
T ∈ B (H) : r2T −1

(
T −1

)∗
+ T T ∗ ≤ r2 + 1,σ (T ) ⊂ Ar

}
,

where H denotes a Hilbert space and r ∈ [0,1[.

He proved that, for all r ∈ [0,1[, Ar ] is a
√

2-spectral set for the elements of Fr :

Theorem 0.32 (Tsikalas). For every bounded holomorphic function φ ∈H∞ (Ar ), for every T ∈ Fr ,

∥φ(T )∥ ≤
√

2sup { |φ(z)| : z ∈ Ar } ,

where the constant
√

2 is the best possible.

In the end of this manuscript, we will establish the following characterization of the class Fr for
2× 2 upper-triangular matrix:

Proposition 0.33. Let T =
(
ω1 α
0 ω2

)
∈M2(C), with ω1,ω2 ∈ Ar .

T ∈ Fr if and only if

|α|2 ≤ (1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

.



Chapter1
The von Neumann inequality

In this chapter, we recall some fundamental concepts in operator theory.

In all this chapter, X denotes a (complex) Banach space and H denotes a (complex) Hilbert space.

1.1 Basics of spectral theory

We state here – without proof – some very classical results in spectral theory. The interested
reader can refer to [35, Chap. 3–4], [14, Chap. VII] or [21, Chap. VII] for a more complete
overview.

1.1.1 General definitions and properties

We start by recalling the definition of the spectrum of an operator:

Definition 1.1.1. Let T ∈ B (X).

(i) The spectrum of T is the set σ (T ) = {λ ∈ C : T −λId is not invertible };

(ii) The spectral radius is the quantity r(T ) = sup{ |λ| : λ ∈ σ (T ) };

(iii) The resolvent of T is the map R( · ,T ) : C\σ (T )→B (X) defined by R(z,T ) = (T − zId)−1.

Remark 1.1.2. If H is of finite dimension, σ (T ) is just the set of all the eigenvalues of T .

Remark 1.1.3. If A is a unital subalgebra of B (X), we denote by

σA(T ) = {λ ∈ C : T −λId is not invertible in A}.

We have σ (T ) ⊂ σA(T ).

The two following properties can be easily deduced from the definition:

Proposition 1.1.4. With the above notation:

(i) r(T ) ≤ ∥T ∥;

31
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(ii) σ (T ) is a compact subset of C.

With a little more work, one can prove the following important result giving the spectrum of
p(T ), where p is a polynomial:

Proposition 1.1.5. Let T ∈ B (X) and let p ∈ C[X].

Then,
σ (p(T )) = p (σ (T )) = {p(λ) : λ ∈ σ (T ) }.

The resolvent has the following properties:

Lemma 1.1.6. (i) Resolvent’s identity :

∀λ,µ ∈ C, R(λ,T )−R(µ,T ) = (λ−µ)R(λ,T )R(µ,T );

(ii) The resolvent is holomorphic on C\σ (T ) and satisfies lim|z|→+∞R(z,T ) = 0;

(iii) For all λ ∈ C such that |λ| > r(T ), R(λ,T ) = −
∑∞

n=0
T n

λn+1 . Moreover, the series converges in the
uniform operator topology.

Those properties of the resolvent enable us to prove the following proposition:

Proposition 1.1.7. (i) σ (T ) is non empty;

(ii) r(T ) = limn→∞ ∥T n∥1/n = infn≥1 ∥T n∥1/n (spectral radius formula).

1.1.2 Spectral theory in an Hilbertian framework

The last identity of Proposition 1.1.7 has the following crucial consequence when we work in an
Hilbertian framework:

Corollary 1.1.8. Let T ∈ B (H).

(i) If T is normal, then, r(T ) = ∥T ∥;

(ii) In the general case, we have ∥T ∥2 = r(T ∗T ).

We have also the following useful properties:

Proposition 1.1.9. Let T ∈ B (H).

(i) If T is self-adjoint, then, σ (T ) ⊂ R;

(ii) If T is positive, then, σ (T ) ⊂ R+;

(iii) If T is unitary, then, σ (T ) ⊂ T.

Finally, one of the main tool that we will use in this manuscript is the existence of functional
calculus for bounded linear operators acting on Hilbert spaces. We start with the continuous
functional calculus for self-adjoint operators:

Theorem 1.1.10. Let T ∈ B (H) be a self-adjoint operator. There exists a unique continuous homo-
morphism ΨT : C (σ (T ))→B (H) such that ΨT (p) = p(T ), for every polynomial p ∈ C[X]. Moreover, if
we denote f (T ) = ΨT (f ), for f ∈ C(σ (T )), we have the following properties :

(i) There exists a sequence of polynomials (pn)n∈N such that limn→∞pn(T ) = f (T ) ;

(ii) ∥f (T )∥ = ∥f ∥∞,σ (T ) := sup{ |f (t)| : t ∈ σ (T ) } ;
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(iii) f (T )∗ = f (T ) ;

(iv) f (T )A = Af (T ) for every A ∈ B (H) such that TA = AT ;

(v) σ (f (T )) = f (σ (T )) ;

(vi) If f ∈ C (σ (T ),R) and g ∈ C (f (σ (T ))), (g ◦ f )(T ) = g (f (T )).

ΨT is called the continuous functional calculus associated to T .

A noteworthy application of the continuous functional calculus is the following:

Definition 1.1.11. An operator T ∈ B (H) is called a contraction if ∥T ∥ ≤ 1. If ∥T ∥ < 1, we say that
T is a strict contraction.

Proposition 1.1.12 (Defect operator). Let T ∈ B (H) be a contraction.

(i) There exists a unique positive operator DT := (Id− T ∗T )1/2 such that D2
T = Id− T ∗T .

This operator is called defect operator associated to T .

Moreover:

(ii) There exists a sequence of polynomials (pn)n∈N such that limn→∞pn(T ∗T ) = DT ;

(iii) The defect operator satisfies the equation TDT = DT ∗T .

In the more general case where the operator T is not necessarily self-adjoint, one can define an
holomorphic functional calculus, also known as Riesz-Dunford’s functional calculus:

Definition 1.1.13. Let T ∈ B (H) and let H(T ) be the set of functions that are holomorphic on
some neighborhood of σ (T ). Let f ∈ H(T ) and let U be an open set containing σ (T ) whose
boundary ∂U consists of a finite number of rectifiable Jordan curves oriented in the positive sens,
and such that f is holomorphic on U .

Then, the operator f (T ) is defined by the equation :

f (T ) =
1

2iπ

∫
∂U

f (ξ)(ξId− T )−1dξ.

The holomorphic functional calculus satisfies the following properties:

Theorem 1.1.14. Let T ∈ B (H).

(i) The mapping f 7→ f (T ) is a homomorphism of algebra from H(T ) to B (H);

(ii) If f ∈ H(T ) has the power series expansion f (z) =
∑∞

k=0 akz
k , valid in a neighborhood of σ (T ),

then, f (T ) =
∑∞

k=0 akT
k ;

(iii) If f ∈ H(T ), then, f ∈ H (T ∗) and f (T ∗) = f (T )∗;

(iv) If f ∈ H(T ), then, σ (f (T )) = f (σ (T )) ;

(v) If f ∈ H(T ) and g ∈ H (f (σ (T ))), then, (g ◦ f ) (T ) = g (f (T )).

1.1.3 Gelfand representation

The Gelfand representation theory relies on the following lemma :
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Lemma 1.1.15 (Gelfand-Mazur). LetA be an unital Banach algebra such that every non zero element
is invertible. We denote by 1 its unital element.
Then, A is isometrically isomorphic to C.

In the following, we place ourselves within the framework of a unital commutative Banach
algebra C. For instance, C can be a commutative subalgebra of B (X), where X is a Banach space.

A unital commutative Banach algebra is, in particular, a unital commutative ring and, as such,
admits (maximal) ideals. Given a closed ideal I ⊊ C, we equip the vector space C/I with the usual
quotient norm ∥x∥ = infy∈x ∥y∥. Together with this norm, C/I is a Banach space.

Lemma 1.1.16. Let M be a maximal ideal of C.
Then, M is closed in C and C/M ≃ C.

Now, we introduce the key notion of this paragraph:

Definition 1.1.17. A non-zero algebra homomorphism χ : C → C is called a character of C.
The set of all characters of C is called the Gelfand spectrum of C, and is denoted by Ĉ.

Proposition 1.1.18. LetMC be the set of maximal ideals of C.
The map Φ : χ ∈ Ĉ 7→ kerχ ∈MC is a bijection.

This allows us to state the following crucial theorem, which establishes a connection between
the spectrum of an element x ∈ C and the Gelfand spectrum of C:

Theorem 1.1.19. Let χ ∈ Ĉ and let x ∈ C.

(i) χ is continuous on C and ∥χ∥ = 1;

(ii) σC(x) =
{
χ(x) : χ ∈ Ĉ

}
;

(iii) x is invertible in C if and only if, for all χ ∈ Ĉ, χ(x) , 0.

1.1.4 Joint spectrum

Definition 1.1.20. Let T = (T1, . . . ,Tn) be a n-tuple of pairwise commuting operators acting on a
Banach space X. The (algebraic) joint spectrum of T is the set

σ (T ) =
{
(χ(T1), . . . ,χ(Tn)) : χ ∈ Ĉ

}
,

where C is the commutative subalgebra of B (X) generated by T1, . . . ,Tn.

In this manuscript, the notion of joint spectrum will only appear in the finite-dimensional case.
In this context, the notion joint spectrum is linked with the notion of joint triangularization (see
[13]).

Recall that if T = (T1, . . . ,Tn) is a n-tuple of d × d pairwise commuting matrices with complex
coefficients, there exists a unitary matrix U such that, for every i ∈ J1,nK, U ∗TiU is upper-

triangular with diagonal entries λ
(i)
1 , . . . ,λ

(i)
d , where

{
λ

(i)
1 , . . . ,λ

(i)
d

}
denotes the spectrum of Ti

(perhaps with repetitions).

Proposition 1.1.21. Let T = (T1, . . . ,Tn) be a n-tuple of d × d pairwise commuting matrices over C,

and let
{
λ

(i)
1 , . . . ,λ

(i)
d

}
be the spectrum of Ti (perhaps with repetitions), for all i ∈ J1,nK.
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Then, we have:
σ (T ) =

{(
λ

(1)
k , . . . ,λ

(n)
k

)
: k = 1, . . . ,d

}
.

Remark 1.1.22. For a n-tuple of pairwise commuting operators T = (T1, . . . ,Tn) acting on a Banach
space, the accurate notion of spectrum is the Taylor spectrum σ

Tay
(T ), whose construction is more

elaborated. For further details on the Taylor spectrum, see [41, 60]. In general, we have the
inclusion σ

Tay
(T ) ⊂ σ (T ). However, in the finite-dimensional case, it can be shown (see [13]) that

σ
Tay

(T ) = σ (T ).

1.2 The von Neumann inequality

1.2.1 von Neumann’s inequality in one variable

From now, for f ∈ C
(
D
)
, we will denote

∥f ∥∞ = ∥f ∥∞,D = sup{ |f (z)| : |z| ≤ 1 }.

This work is mainly based on the following crucial inequality, obtained by von Neumann in
1951:

Theorem 1.2.1 (von Neumann [63]). Let T ∈ B (H) be a contraction and let p ∈ C[X] be a polynomial.
Then,

∥p(T )∥ ≤ ∥p∥∞.

Remark 1.2.2. If we set p(z) =
∑n

k=0 akz
k , this inequality is a refinement of the rough majorization:

∥p(T )∥ =

∥∥∥∥∥∥∥
n∑

k=0

akT
k

∥∥∥∥∥∥∥ ≤
n∑

k=0

|ak | · ∥T ∥k ≤
n∑

k=0

|ak | =: ∥p∥1.

Indeed, for all z ∈ D, |p(z)| ≤
∑n

k=0 |ak | · |z|
k ≤ ∥p∥1, which implies that ∥p∥∞ ≤ ∥p∥1.

Remark 1.2.3. Although we have ∥ · ∥∞ ≤ ∥ · ∥1, the norms ∥ · ∥1 and ∥ · ∥∞ are not equivalent on
C[X]. To see this, let us consider the sequence (pn)n∈N∗ , where pn(z) =

∑n
k=1

1
k

(
zn+k − zn−k

)
, for

all n ≥ 1. On the one hand, it is easy to see that limn→∞ ∥pn∥1 = +∞. On the other hand, for

z = eiθ ∈ T,
∣∣∣∣p (

eiθ
)∣∣∣∣ =

∣∣∣∣∑n
k=1

sin(kθ)
k

∣∣∣∣. Using some results on convergence of Fourier series, we can

prove (see e.g. [64, Chap. 2, Ex. 7.26]) that, for all n ∈ N∗, for all θ ∈ R,
∣∣∣∣∑n

k=1
sin(kθ)

k

∣∣∣∣ ≤ π
2 + 1. It

follows that, for all n ∈ N∗, ∥pn∥∞ ≤ π
2 + 1.

There exist several proofs of this famous inequality. One of the most usual proofs uses Sz.-Nagy’s
dilation theorem, which enables to restrict oneself to the case where T is unitary:

Theorem 1.2.4 (Sz.-Nagy). Let T be a contraction operator on a Hilbert space H . Then, there is a
Hilbert space K containing H as a subspace and a unitary operator U on K such that, for all n ∈ N:

T n = PHU
n
|H ,

where PH : K →H is the orthogonal projection onto H .
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We say that U is an unitary dilation of T .

The interested reader can, for instance, refer to [50, Chap. 1] or to [46, Chap. 1] in order to
obtain more information about those two results.

Remark 1.2.5. We can also prove (see e.g. [50, Th. 1.9]) that the von Neumann inequality actually
characterizes Hilbert spaces in the following sense: if X is a complex Banach space such that, for
all T ∈ B (X) with ∥T ∥ = 1, we have ∥p(T )∥ ≤ ∥p∥∞ for all polynomials p, then, X is isometrically
isomorphic to a Hilbert space.

A fundamental application of the von Neumann inequality is the existence of functional calculus
for contractions on the disc algebra:

Theorem 1.2.6. Let T ∈ B (H) be a contraction. There exists a continuous homomorphism ΨT :
A

(
D
)
→ B (H) such that ΨT (p) = p(T ), for every polynomial p ∈ C[X]. Moreover, if we denote

f (T ) = ΨT (f ), for f ∈ A
(
D
)
, we have the following properties:

(i) There exists a sequence of polynomials (pn)n∈N such that limn→∞pn(T ) = f (T );

(ii) ∥f (T )∥ ≤ ∥f ∥∞.

1.2.2 von Neumann’s inequality in several variables

The von Neumann inequality can be generalized to polynomials of two complex variables:
indeed, for pairs of commuting contractions, there is an analogue of Sz.-Nagy’s dilation theorem
due to Ando ([5]) and, consequently, a two-variable analogue of von Neumann’s inequality (see
[50, Chap. 1] or [46, Chap. 5]):

Theorem 1.2.7 (Ando). Let T1,T2 ∈ B (H) be two commuting contractions. Then, there exist a Hilbert
space K containing H as a subspace, and two commuting unitaries U1,U2 on K such that, for all
n,m ∈ N,

T n
1 T

m
2 = PHU

n
1 U

m
2 |H ,

where PH : K →H is the orthogonal projection onto H .

Corollary 1.2.8. Let T1,T2 ∈ B (H) be two commuting contractions, and let p ∈ C[X1,X2] be a
polynomial in two variables. Then,

∥p(T1,T2)∥ ≤ sup{|p(z1, z2)| : |z1| ≤ 1, |z2| ≤ 1}
= max{|p(z1, z2)| : |z1| = |z2| = 1}

This can also be generalized to n-tuples of commuting isometries (see [46, Th. 5.1]):

Theorem 1.2.9. Let n ∈ N∗ and let V1, · · · ,Vn be n commuting isometries on a Hilbert space H . Then,
there exists a Hilbert space K containing H and a n-tuple of commuting unitaries (U1, · · · ,Un) on K
such that, for all m1, · · ·mn ∈ N:

Vm1
1 · · ·Vmn

n = PHU
m1
1 · · ·U

mn
n |H ,

where PH : K →H is the orthogonal projection onto H .

Corollary 1.2.10. Let n ∈ N∗, let V1, · · · ,Vn be n commuting isometries on a Hilbert space H and let
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p ∈ C[X1, · · · ,Xn] be a polynomial in n variables. Then,

∥p(T1, · · · ,Tn)∥ ≤ sup{|p(z1, · · · , zn)| : |z1| ≤ 1, · · · , |zn| ≤ 1}
= max{|p(z1, · · · , zn)| : |z1| = · · · = |zn| = 1}

More surprisingly, the analogue of von Neumann’s inequality fails for three or more commuting
contractions. There are several counterexamples in the literature: the two most known are
probably due to Crabb and Davie, who found in [15] an example of three commuting contractions
acting on a 8-dimensional Hilbert space who do not satisfy the von Neumann inequality, and to
Varopoulos, who found in [62] another counterexample involving three commuting contractions
acting on a 5-dimensional Hilbert space. More recently, Holbrook found in [32] a 3-tuple of 4×4
matrices which fails the von Neumann inequality.

Of course, this implies that Ando’s dilation theorem is not valid for three (or more) mutually
commuting contractions. Nevertheless, Parrott presented in [45] an example of three mutually
commuting contractions T1,T2,T3 which do not dilate to three commuting unitaries, but which
satisfy the von Neumann inequality, i.e. such that, for every polynomial p ∈ C[X], we have:

∥p(T1,T2,T3)∥ ≤ sup{|p(z1, z2, z3)| : |z1| = · · · = |z3| = 1}.

This shows that the results on dilations of commuting contractions are stronger than the von
Neumann inequalities.

However, the von Neumann inequality still holds for n-tuples of 2×2 or 3×3 contractive matrices:

Theorem 1.2.11 (Drury [20] ; Fu and Russo [25]). Let T1, ...,Tn be mutually commuting 2 × 2
contractive matrices, and let p ∈ C[X1, · · · ,Xn] be a polynomial in n variables. Then, we have:

∥p(T1, ...,Tn)∥ ≤ sup{|p(z1, · · ·zn)| : |z1| = · · · = |zn| = 1}.

Theorem 1.2.12 (Knese [39]). Let T1, ...,Tn be mutually commuting 3× 3 contractive matrices, and
let p ∈ C[X1, · · · ,Xn] be a polynomial in n variables. Then, we have:

∥p(T1, ...,Tn)∥ ≤ sup{|p(z1, · · ·zn)| : |z1| = · · · = |zn| = 1}.

1.2.3 Link between the von Neumann inequality and the hyperbolic geome-
try of the unit disc

Another application of von Neumann’s inequality, which can be considered as the starting
point of this work, is the fact that von Neumann’s inequality provides an alternative proof of
Schwarz-Pick’s lemma:

Theorem 1.2.13 (Schwarz-Pick).

(i) Let f ∈ H(D,D) be an holomorphic function mapping D to D and let ω1,ω2 ∈ D be two distinct
points of the unit disc. Then, we have:∣∣∣∣∣∣ f (ω1)− f (ω2)

1− f (ω1)f (ω2)

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ω1 −ω2

1−ω1ω2

∣∣∣∣∣ (1.1)

If we denote by ρ(ω1,ω2) :=
∣∣∣∣ ω1−ω2
1−ω1ω2

∣∣∣∣ the pseudo-hyperbolic distance on the unit disc, this
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inequality becomes:
ρ (f (ω1), f (ω2)) ≤ ρ(ω1,ω2).

In other words, every holomorphic function mapping D to D is contractive with respect to the
pseudo-hyperbolic metric.

(ii) If ω1 = ω2 =: ω ∈ D, this inequality becomes:

|f ′(ω)| ≤
1− |f (ω)|2

1− |ω|2
(1.2)

The fact that von Neumann’s inequality provides an alternative proof of Schwarz-Pick’s lemma
is mentioned in [46, Ex. 2.17–2.18] or in [52, p. 17] but, as this observation plays a crucial role in
this work, we write down the details in this manuscript.

The idea is to apply von Neumann’s inequality to a well chosen 2× 2 matrix. In order to do this,
we start with the following lemmas:

Lemma 1.2.14. Let T =
(
a c
0 b

)
∈M2(C), and let N = |a|2 + |b|2 + |c|2, δ = ab.

Then,

(i) ∥T ∥2 = 1
2

(
N +

√
N2 − 4|δ|2

)
;

(ii) ∥T ∥ ≤ 1 if and only if |c|2 ≤ (1− |a|2)(1− |b|2).

Proof.

(i) We will use the identity ∥T ∥2 = ∥T ∗T ∥ = r(T ∗T ).

If we denote by χT ∗T the characteristic polynomial of T ∗T , a straightforward computation
gives:

T ∗T =
(
|a|2 ac
ac |c|2 + |b|2

)
and

χT ∗T (λ) = λ2 −Nλ+ |δ|2.

The discriminant of this polynomial is:

∆ = N2 − 4|δ|2

=
[
|a|2 + |b|2 + |c|2 + 2|ab|

] [
(|a| − |b|)2 + |c|2

]
Except in the trivial case where T = a·Id, we have ∆ > 0 and, therefore, T ∗T has two distinct
real eigenvalues equal to 1

2

(
N ±

√
N2 − 4|δ|2

)
. Hence, ∥T ∥2 = r(T ∗T ) = 1

2

(
N +

√
N2 − 4|δ|2

)
.

(ii) This is a straightforward consequence of the preceding item.

Lemma 1.2.15. Let T =
(
a c
0 b

)
∈M2(C), and let p ∈ C[X].
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(i) If a , b, then, p(T ) =
(
p(a) c

(
p(a)−p(b)

a−b

)
0 p(b)

)
;

(ii) If a = b, then, p(T ) =
(
p(a) cp′(a)

0 p(a)

)
.

Proof.

(i) We can prove, by induction on n, that for all n ∈ N,

T n =
(
an c

(
an−bn
a−b

)
0 bn

)
.

Thus, we obtain that, for every polynomial p ∈ C[X],

p(T ) =
(
p(a) c

(
p(a)−p(b)

a−b

)
0 p(b)

)
.

(ii) We proceed as in the proof of the previous item.

Remark 1.2.16. If a , b ∈ D, then, we can use the density of polynomials in the disc algebra A
(
D
)

to get:

f (T ) =
(
f (a) c

(
f (a)−f (b)

a−b

)
0 f (b)

)
, for all functions f ∈ A

(
D
)
.

Similarly, if a = b ∈ D, we get:

f (T ) =
(
f (a) cf ′(a)

0 f (a)

)
, for all functions f ∈ A

(
D
)
.

We will also need the following key identity, that will play a crucial role throughout this
manuscript:

Lemma 1.2.17. For all u,v ∈ C, we have:

|1−uv|2 =
(
1− |u|2

)(
1− |v|2

)
+ |u − v|2 (1.3)

Now, we are ready for the proof of Theorem 1.2.13:

Proof of Theorem 1.2.13.

We only deal with the case where ω1 , ω2 (the case where ω1 = ω2 is similar). If f (ω1) = f (ω2),
the result is obvious. In the following, we will thus assume that f (ω1) , f (ω2). Let ω1,ω2 ∈ D

and let T =
(
ω1 α
0 ω2

)
, with α =

√
1− |ω1|2

√
1− |ω2|2. By Lemma 1.2.14, T is a contraction. Now,

let f ∈ A
(
D
)
.
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By Lemma 1.2.15, f (T ) =
(
f (ω1) α

(
f (ω1)−f (ω2)

ω1−ω2

)
0 f (ω2)

)
and, by von Neumann’s inequality, f (T ) is a

contraction too. Thus, by Lemma 1.2.14, we have:

(
1− |ω1|2

)(
1− |ω2|2

) ∣∣∣∣∣ f (ω1)− f (ω2)
ω1 −ω2

∣∣∣∣∣2 ≤ (
1− |f (ω1)|2

)(
1− |f (ω2)|2

)
which is equivalent to: (

1− |ω1|2
)(

1− |ω2|2
)

|ω1 −ω2|2
≤

(
1− |f (ω1)|2

)(
1− |f (ω2)|2

)
|f (ω1)− f (ω2)|2

(1.4)

Then, by (1.3), (1.4) is equivalent to∣∣∣∣∣1−ω1ω2

ω1 −ω2

∣∣∣∣∣2 − 1 ≤
∣∣∣∣∣∣1− f (ω1)f (ω2)
f (ω1)− f (ω2)

∣∣∣∣∣∣
2

− 1,

which is equivalent to Schwarz-Pick’s inequality. Finally, for an holomorphic function f ∈
H(D,D), we define the net (fr )0<r<1, where fr(z) = f (rz), for all z ∈ D. For all r ∈]0,1[, fr ∈ A

(
D
)

and, thus, we have: ∣∣∣∣∣∣ f (rω1)− f (rω2)

1− f (rω1)f (rω2)

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ω1 −ω2

1−ω1ω2

∣∣∣∣∣ .
Schwarz-Pick’s lemma is then obtained by making r→ 1− in this inequality.

As it will be the common thread of this work, let us sum up quickly the scheme of the proof:
first of all, we apply the von Neumann inequality to a well chosen contractive matrix T (we will
see that this matrix is in fact the model matrix of size 2 with diagonal entries ω1, ω2). Then, we
use the explicit formula for f (T ), where f is a function of the disc algebra, together with the
characterization of contractive 2× 2 matrices to obtain an inequality that turns out to be, after
some transformations, equivalent to the Schwarz-Pick lemma. Once we get the inequality for
the functions of the disc algebra, we conclude with a classical approximation argument.



Chapter2
Hardy spaces and model operators

In this chapter, we recall – without proof – some elementary facts about Hardy spaces and model
operators. For general notions on Hardy spaces and model spaces, we refer to [27, 28, 26, 2, 24]
for a more complete overview about the topic.

2.1 Hardy spaces.

2.1.1 Hardy-Hilbert space on the open unit disc.

In this section, if f is an holomorphic function on D, we denote by (an(f ))n∈N its Taylor coeffi-
cients, i.e. f (z) =

∑∞
n=0 an(f )zn.

Definition 2.1.1. The Hardy-Hilbert space H2 = H2(D) is the set of holomorphic functions on D
whose Taylor coefficients are square summable, i.e.

H2 = H2(D) :=

f ∈ H(D) :
∞∑
n=0

|an(f )|2 <∞

 .
For f ,g ∈H2(D), we define the inner product by:

⟨f ,g⟩H2 =
∞∑
n=0

an(f )an(g),

and the norm ∥ · ∥H2 by:

∥f ∥2H2 := ⟨f , f ⟩H2 =
∞∑
n=0

|an(f )|2.

Proposition 2.1.2. H2(D) is an Hilbert space which is isometrically isomorphic to ℓ2(N). Moreover, if
we denote en : z 7→ zn, for all n ∈ N, then, (en)n∈N is an orthonormal basis of H2.

An important property of the Hardy-Hilbert is the existence of reproducing kernels. We start with
the following proposition:

41
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Proposition 2.1.3. Let (fn)n∈N be a sequence of functions of H2, and let f ∈H2.

(i) If fn −−−−−→n→∞
f in H2, then, fn −−−−−→n→∞

f uniformly on every compact of D.

(ii) For every a ∈ D, the linear form δa : f 7→ f (a) is continuous on H2.

Applying Riesz’s representation theorem, we obtain the following:

Corollary 2.1.4. For every a ∈ D, there exists an unique function ka ∈H2 such that, for every f ∈H2,
f (a) =

〈
f ,ka

〉
H2 .

We say that ka is the reproducing kernel of H2 at the point a.

A straightforward computation gives:

Proposition 2.1.5. For every a ∈ D, for every z ∈ D, ka(z) = 1
1−az .

This function is usually called the Szegö kernel or the Cauchy kernel.

Moreover, for n ≥ 0, we have f (n)(a) =
〈
f ,k

(n)
a

〉
, where k(n)

a (z) = n!zn
(1−az)n+1 .

We can also characterize the Hardy-Hilbert space using integral means:

Proposition 2.1.6. Let f ∈ H(D) be an holomorphic function on D.

f ∈H2 if and only if sup0≤r<1

∫ 2π
0 |f (reiθ)|2 dθ

2π <∞.

In this case, we have:

∥f ∥2H2 = lim
r→1−

∫ 2π

0
|f (reiθ)|2 dθ

2π
.

Remark 2.1.7. From this characterization, we obtain quite easily that every bounded holomorphic
function on D belongs to H2.

2.1.2 Hardy-Hilbert space on the open unit circle

In this section, if f ∈ L2(T) and n ∈ Z, we denote by f̂ (n) the nth Fourrier coefficient of f ,
i.e. f̂ (n) =

∫ 2π
0 f (eiθ)e−inθdθ.

Definition 2.1.8. The Hardy-Hilbert space on T is the set of integrable functions on T whose
negative Fourrier coefficients are all zero, i.e.

H2(T) :=
{
f ∈ L2(T) : f̂ (n) = 0,∀n < 0

}
.

As it is closed subspace of L2(T), it is a Hilbert space. More precisely, one can identify the two
spaces H2(D) and H2(T):

Proposition 2.1.9. The two spaces H2(D) and H2(T) are isometrically isomorphic through the
application:

Φ : H2(T) −→ H2(D)
f 7−→

(
z 7→

∑∞
n=0 f̂ (n)zn

)
whose inverse is:

Ψ : H2(D) −→ H2(T)
f 7−→

(
f ∗ : eiθ 7→

∑∞
n=0 an(f )einθ

) .
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The map f ∗ is called the boundary value of f and is defined almost everywhere on T.

Corollary 2.1.10. Let f ,g ∈H2(D).

〈
f ,g

〉
H2 =

〈
f ∗, g∗

〉
L2 =

∫
T
f ∗(ξ)g∗(ξ)dξ.

The boundary value have the following properties:

Proposition 2.1.11. Let f ∈H2(D), r ∈ [0,1[ and fr : eiθ ∈ T 7→ f (reiθ) =
∑∞

n=0 an(f )rneinθ .

(i) fr ∈H2(T)∩C(T) and f̂r (n) = cn(f )rn, for all n ≥ 0;

(ii) fr −−−−−→
r→1−

f ∗ in L2(T).

Theorem 2.1.12 (Fatou’s theorem). Let f ∈H2(D). For almost all ξ ∈ T, we have:

lim
r→1−

f (rξ) = f ∗(ξ).

Remark 2.1.13. Proposition 2.1.11 together with the Riesz-Fischer theorem provide imme-
diately the following weak version of Fatou’s theorem: for every f ∈ H2(D) and for every
sequence (rn)n∈N ∈ [0,1[N converging to 1, there exists a subsequence

(
rφ(n)

)
n∈N

such that
limn→∞ f (rφ(n)ξ) = f ∗(ξ) almost everywhere on T. Fatou’s theorem states that there is in fact no
need to restrict oneself to a subsequence.

From now, we will identify H2(D) and H2(T), and denote similarly a function f ∈H2(D) and its
boundary value f ∗.

2.1.3 The Riesz projection

Definition 2.1.14. The Riesz projection P is the orthogonal projection from L2(T) to H2.

In terms of Fourier series, P is given by the formula:

P

∑
n∈Z

f̂ (n)ξn

 =
∑
n≥0

f̂ (n)ξn.

The Riesz projection returns the analytic part of a Fourier series in L2. For instance,

P (1 + 2cos(θ)) = P (e−iθ + 1 + eiθ) = 1 + eiθ .

We also notice that, as an orthogonal projection, P is self-adjoint.

Proposition 2.1.15. The Riesz projection is given by the formula:

(P f )(a) =
〈
f ,ka

〉
H2 =

∫
T

f (ξ)

1− ξa
dξ,

where ka is the Cauchy-Szegö kernel.
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2.2 Operators on Hardy spaces

2.2.1 Shifts on H2

Definition 2.2.1. The forward shift is the linear operator S : H2→H2 defined by

S(f )(z) = zf (z), ∀z ∈ D.

In terms of Taylor coefficients, identifying H2 with ℓ2(N), S can be defined as follows:

S(a0, a1, . . . , ) = (0, a0, a1, . . . ).

Proposition 2.2.2. With respect to the canonical orthonormal basis of H2, S has the following matrix
representation: 

0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .


.

Proposition 2.2.3. The adjoint of the forward shift is the backward shift S∗ : H2→H2 defined by

S∗(f )(z) =
f (z)− f (0)

z
.

In terms of Taylor coefficients, identifying H2 with ℓ2(N), S∗ can be defined as follows:

S(a0, a1, . . . , ) = (a1, a2, . . . ).

With respect to the canonical orthonormal basis of H2, S∗ has the following matrix representation:
0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
0 0 0 0 . . .
...

...
...

...
. . .


.

2.2.2 Multiplication operators

Definition 2.2.4. An analytic function φ : D→ C is a multiplier of H2 if φ ·H2 ⊂H2.

Note that the set of multipliers of H2 forms an algebra.

Definition 2.2.5. If φ is a multiplier of H2, the multiplication operator with symbol φ is the
operator Mφ : H2→H2 defined by:

Mφ(f ) = φf .

Proposition 2.2.6. Let H∞ = H∞(D) be the set of bounded holomorphic functions on D.

Then, H∞ is exactly the multiplier algebra of H2.
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Moreover, for all φ ∈H∞, ∥Mφ∥ = ∥φ∥∞.

Multiplication operators can be characterized as the commutants of the forward shift. More
precisely, we have the following:

Proposition 2.2.7. A bounded linear operator A ∈ B
(
H2

)
satisfies SA = AS if and only if A = Mφ,

for some φ ∈H∞.

2.2.3 Toeplitz operators

Definition 2.2.8. For φ ∈ L∞, the Toeplitz operator Tφ : H2→H2 with symbol φ is defined by

Tφ(f ) = P (φf ),

where P is the Riesz projection of L2 onto H2.

Using the integral representation of the Riesz projection, one can write an integral formula for
Tφ:

Tφ(f )(λ) =
∫
T

f (ξ)φ(ξ)

1− ξλ
dm(ξ), ∀λ ∈ D,∀ f ∈H2.

When φ ∈H∞, we have Tφ(f ) = φf , and Tφ is just the multiplication operator with symbol φ.

Proposition 2.2.9. With respect to the canonical orthonormal basis of H2, Tφ has the the following
matrix representation: 

α0 α−1 α−2 α−3 α−4 . . .
α1 α0 α−1 α−2 α−3 . . .
α2 α1 α0 α−1 α−2 . . .
α3 α2 α1 α0 α−1 . . .
α4 α3 α2 α1 α0 . . .
...

...
...

...
...

. . .


,

where αk = φ̂(k), for all k ∈ Z.

Proposition 2.2.10 (Brown-Halmos). For all φ ∈ L∞, ∥Tφ∥ = ∥φ∥∞

Proposition 2.2.11. For all φ ∈ L∞, T ∗φ = Tφ.

2.3 Model spaces

2.3.1 Model spaces as invariant subspaces

An important issue in functional analysis is the invariant subspace problem, which can be
stated as follows: does every bounded linear operator on a complex Banach space sends some
non-trivial closed subspace to itself? For the forward shift operator, the existence of invariant
subspace is established, and it is possible to give an explicit characterization of these subspaces.

First of all, we start with an important definition:

Definition 2.3.1. A function u ∈H∞ is said to be inner if |u(ξ)| = 1 for almost every ξ ∈ T.
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Example 2.3.2. The automorphisms of the open unit disc, i.e. functions of the form

τθ,ω : z 7→ eiθ
z −ω

1−ωz
, ω ∈ D, θ ∈ R

are inner. Subsequently, if ω1, . . . ,ωn ∈ D, τ = τ1,ω1
τ1,ω2

. . . τ1,ωn
is also an inner function.

Now, we can state the following characterization of the forward shift’s invariant subspaces:

Theorem 2.3.3 (Beurling). The non-trivial invariant subspaces of H2 under the forward shift S are
exactly the subspaces of the formM = uH2, where u is a non-constant inner function.

As a corollary of Beurling’s theorem, we can also characterize the non-trivial invariant subspaces
of the backward shift S∗:

Definition 2.3.4. If u is an inner function, the corresponding model space Ku is defined to be

Ku := (uH2)⊥ = {f ∈H2 :
〈
f ,uh

〉
= 0,∀ h ∈H2}.

Corollary 2.3.5. The model spaces Ku are precisely the proper S∗-invariant subspaces of H2.

2.3.2 Reproducing kernel

As a subspace of the reproducing kernel Hilbert space H2, each model spaceKu has a reproducing
kernel. More precisely, we have:

Proposition 2.3.6. Let u be an inner function. Then, for every a ∈ D, the function mu
a defined by

mu
a (z) =

1−u(a)u(z)
1− az

, z ∈ D

is the reproducing kernel of Ku at the point a.

In other words, for each a ∈ D, the function mu
a belongs to Ku and satisfies the reproducing formula

f (a) =
〈
f ,mu

a
〉
, for every f ∈ Ku .

2.3.3 The projection Pu

Using non-tangential boundary values, Ku can be seen as a closed subspace of L2(T). Let Pu be
the orthogonal projection of L2 onto Ku . Then, we have the following relations:

Proposition 2.3.7. Let f ∈ L2.

For every a ∈ D, (Puf )(a) =
〈
f ,mu

a
〉
.

Moreover, mu
a = Puka, where ka denotes the Cauchy-Szegö kernel.

Proposition 2.3.8. For all f ∈H2, we have:

Pu(f ) = f −uP (uf ),

where P is the Riesz projection from L2 onto H2.
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2.3.4 Finite-dimensional model spaces

The simplest examples of model spaces are those corresponding to finite Blaschke products

u(z) =
n∏

k=1

bωk
(z), where bωk

(z) =
z −ωk

1−ωkz
.

In this case, the vectors in Ku can be completely characterized in an explicit fashion:

Proposition 2.3.9. If Θn is a finite Blaschke product with distinct zeros ω1, . . . ,ωn ∈ D of respective
multiplicities p1, . . . ,pn, then,

KΘn
= span

{
k

(li−1)
ωi : 1 ≤ i ≤ n, 1 ≤ li ≤ pi

}
,

where knω(z) = n!zn
(1−ωz)n+1 .

In particular, dimKΘn
= p1 + · · ·+ pn.

Furthermore, model spaces derived from finite Blaschke products are the only finite-dimensional
model spaces:

Proposition 2.3.10. Let u be an inner function.

dimKu <∞ if and only if u is a finite Blaschke product.

Unlike the Hardy space H2, which has the natural orthonormal basis (zn)n∈N, there is no canonical
orthonormal basis for a model space Ku . However, when u is a finite Blaschke product, an
orthonormal basis can be obtained by orthogonalizing the kernel functions corresponding to the
zeros of u. The orthonormal basis that is obtained is usually called the Takenaka-Mamquist-Walsh
basis:

Theorem 2.3.11. Let Θn be a finite Blaschke product with zeros ω1, . . . ,ωn (repeated according to
multiplicity), let bωi

(z) = z−ωi
1−ωiz

, for all i ∈ J1,nK, and let:

φk(z) =

 n∏
j=k+1

bωj
(z)


√

1− |ωk |2
1−ωkz

, for all k ∈ J1,nK

Then, (φ1, . . . ,φn) forms an orthonormal basis ofKΘn
, which is called the Takenaka-Malmquist-Walsh

basis.

2.3.5 The compressed shift

Definition 2.3.12. Let H be a separable complex Hilbert space, letM be a closed subspace of H ,
and let T ∈ B (H). We define the operator R ∈ B (M) by R = PMT|M, where PM is the orthogonal
projection from H ontoM.

According to the orthogonal decomposition H = M⊕M⊥, T has the matrix representation[
R ∗
∗ ∗

]
.

We say that R is a compression of T to the subspaceM (and that T is a dilation of R) if, for every
n ∈ N, we have Rn = PMT n

|M.
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Definition 2.3.13. For an inner function u, the operator

Su : Ku −→ Ku
f 7−→ PuSf

is called the compressed shift operator.

Those two definitions coincide in the following sense:

Theorem 2.3.14. For an inner function u, the operator Su is a compression of S.

Moreover, we can show that S∗u is the restriction of the backward shift operator S∗ to Ku :

Proposition 2.3.15. For any inner function u and for any function f ∈ Ku ,

S∗u(f ) =
f − f (0)

z
.

One of the main motivation for studying model spaces and compressed shifts is the theory of
model operators, developed by Sz.-Nagy and Foias (see [59] or [27, Chapter 9]), where it is shown
that certain types of Hilbert space contractions are unitarily equivalent to the compressions of
the unilateral shift to a model space. More precisely, we have:

Theorem 2.3.16 (Sz.-Nagy–Foias). If T is a contraction on a Hilbert space H satisfying:

(i) ∥T ∗nx∥ −−−−−→
n→∞

0 for all x ∈H ;

(ii) rank(Id− T ∗T ) = rank(Id− T T ∗) = 1;

then, there exists an inner function u such that T is unitarily equivalent to Su .

2.3.6 Model matrices

In the case where Θn is a finite Blaschke product, we can write the matrix representation of SΘn

in the Takenaka-Malmquist-Walsh basis. A straightforward computation gives:

Theorem 2.3.17. Let Θn be a finite Blaschke product with distinct zeros ω1, . . . ,ωn ∈ D. The matrix
representation MΘn

of SΘn
in the Takenaka-Malmquist-Walsh basis is given by:

[
MΘn

]
i,j

=
〈
zφj ,φi

〉
=


ωj if i=j∏j−1

k=i+1 (−ωk)
√

1− |ωi |2
√

1− |ωj |2 if i<j

0 if i>j

(2.1)

If Θn has distinct zeros, then, MΘn
has distinct eigenvalues and, thus, it can be diagonalized (see

[10, Section 5]):

Theorem 2.3.18. Let Θn be a finite Blaschke product with distinct zeros ω1, . . . ,ωn ∈ D, and let MΘn

be the matrix representation of SΘn
in the Takenaka-Malmquist-Walsh basis.
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Then, MΘn
= PDP −1, where D is the diagonal matrix with diagonal entries ω1, . . . ,ωn, and

[P ]i,j =


1 if i = j√

1−|ωi |2
√

1−|ωj |2
ωj−ωi

∏j−1
k=i+1

(
1−ωkωj

ωj−ωk

)
if i < j

0 if i > j

[P −1]i,j =


1 if i = j√

1−|ωi |2
√

1−|ωj |2
ωi−ωj

∏j−1
k=i+1

(
1−ωkωi
ωi−ωk

)
if i < j

0 if i > j

.
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Chapter3
Function of a matrix

The aim of this chapter is – given a function f and an upper-triangular matrix T – to give an
explicit expression for f (T ). Recall (see Lemma 1.2.15) that for a 2× 2 upper-triangular matrix

T2 =
(
ω1 α
0 ω2

)
∈M2 (C)

and a polynomial p ∈ C[X], a straightforward computation gives

p(T2) =
(
p(ω1) α

(
p(ω1)−p(ω2)

ω1−ω2

)
0 p(ω2)

)
(3.1)

Then, we can obtain a similar formula for f (T2), where f is a function holomorphic in the
neighborhood of ω1,ω2, using classical approximation arguments. However, for a matrix Tn
of size n ≥ 3, straightforward computations give more intricate expressions for p(Tn). In this
chapter, we will generalize (3.1) to matrices of bigger size.

Similarly, given a polynomial p ∈ C[X] and a 2× 2 matrix

T̃2 =
(
W1 C
0 W2

)
,

whose coefficients are operators acting on a Hilbert space, how can we express p (T2) ?

A straightforward computation gives

T̃2
k

=

W k
1

∑k−1
j=0 W

k−j−1
1 CW

j
2

0 W k
2

 , for k ∈ N,

which generalizes (3.1) in the non-commutative case, in view of the well-known identity

(a− b)
k−1∑
j=0

ak−j−1bj = ak − bk , ∀ a,b ∈ C, ∀ k ∈ N.

51
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In this chapter, we will also generalize this formula to operator matrices of arbitrary size.

Observe that those two problems can be seen in a unified way, as a n×n scalar upper-triangular
matrix Tn can be seen as a 2 × 2 operator upper-triangular matrix using the following block
decomposition:

Tn =



ω1 α
(1)
1 α

(n−2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(n−3)
2 α

(n−2)
2

α
(1)
n−2

0 0 ωn−1 α
(1)
n−1

0 0 ωn


=


Tn−1 ∗

0 ωn


.

Moreover, observe that in (3.1), the quantity f (ω1)−f (ω2)
ω1−ω2

can be seen as a first order divided
difference.

The key point of this chapter will be the notion of non-commutative divided differences, which
generalizes the well-known notion of divided differences for scalars. What follows is in line with
the work presented in various references, as e.g. [33, 36, 16, 31, 40]. We offer here a slightly
different perspective.

3.1 Usual divided differences

Before defining the non-commutative divided differences, we will quickly recall some well-known
facts about usual divided differences. One can refer for instance to [18, 58] for a more complete
overview about that.

Definition 3.1.1. Let n ∈ N and let (x0, y0), . . . , (xn, yn) be n+ 1 points of C2 such that xi , xj when
i , j. The divided differences are defined recursively as follows:

[yk] := yk , ∀ k ∈ J0,nK

[yk , . . . , yk+j ] :=
[yk+1, . . . , yk+j ]− [yk , . . . , yk+j−1]

xk+j − xk
, ∀k ∈ J0,n− jK,∀ j ∈ J1,nK.

In the following, we will always assume that yk = f (xk), for some map f : K→K.

The divided differences are usually known for being used in Newton-Lagrange’s polynomial
interpolation :

Theorem 3.1.2. Let x0, . . . ,xn be (n+ 1) distinct points of K, and let f : K→K be a map. Then, the
unique polynomial Pn of degree less than or equal to n such that Pn(xk) = f (xk), for all k ∈ J0,nK, is
given by :

Pn(x) =
n∑

k=0

f (xk)
n∏
i=0
i,k

x − xi
xk − xi

(Lagrange’s formula)



3.1. Usual divided differences 53

=
n∑

k=0

[f (x0), . . . , f (xk)]
k−1∏
i=0

(x − xi) (Newton’s formula)

Pn is said to be the interpolation polynomial of degree n of f .

The following explicit formula for divided differences can be seen as a corollary of the previous
theorem (by identifying the coefficient of degree n in both formulas), but it can also be proved
very easily by induction, by using only the recursive definition:

Proposition 3.1.3.

[f (x0), . . . , f (xn)] =
n∑

k=0

f (xk)∏
0≤i≤n
i,k

(xk − xi)

From that formula, we can deduce the following noteworthy properties:

Proposition 3.1.4.

(i) Invariance under permutation of indices: [f (xσ (0)), . . . , f (xσ (n))] = [f (x0), . . . , f (xn)], ∀ σ ∈ Sn+1;

(ii) Linearity: [(f +λg)(x0), . . . , (f +λg)(xn)] = [f (x0), . . . , f (xn))] +λ [g(x0), . . . , g(xn)], ∀ f ,g : K→
K, ∀λ ∈K.

In particular, if f =
∑p

k=0 akX
k ∈K[X], [f (x1), . . . , f (xn)] =

∑p
k=0 ak

[
xk1, . . . ,x

k
n

]
;

(iii) Sequential continuity : if f is the pointwise limit of a sequence (fk)k∈N, then

[f (x0), . . . , f (xn)] = lim
k→∞

[fk(x0), . . . , fk(xn)].

Using Newton’s interpolation formula and Rolle’s theorem, one can prove the following result:

Proposition 3.1.5 (Mean value theorem for divided differences). Let f : R → R be a n times
differentiable function, and let x0 < · · · < xn ∈ R. Then, there exists ξ ∈]x0,xn[ such that:

[f (x0), . . . , f (xn)] =
f (n)(ξ)

n!
.

Another important result on divided difference is the following, which generalizes the Leibniz’s
rule for derivatives:

Proposition 3.1.6 (Leibniz’s formula). Let f ,g : C→ C be two applications, and let x0, . . . ,wn ∈ C
be n+ 1 pairwise distinct points.
Then, we have:

[(f · g)(x0), . . . , (f · g)(xn)] =
n∑

j=0

[f (x0), . . . , f (xj )] · [g(xj ), . . . , g(xn)].

We will now focus on the case where f is a polynomial. The following proposition generalizes
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the well-known identity

(a− b)
k−1∑
j=0

ak−j−1bj = ak − bk , ∀ a,b ∈ C, ∀ k ∈ N.

Proposition 3.1.7. Let k ∈ N and let x0, . . . ,xn ∈ C be n+ 1 pairwise distinct points.

(i) [xk0, . . . ,x
k
n] =

∑
i0+···+in=k−n
i0,...,in≥0

xi00 xi11 . . .xinn ;

(ii) [xk0, . . . ,x
k
n] = 0 provided n > k ;

(iii) [xk0, . . . ,x
k
n] =

∑k−1
j=0

[
x
k−j−1
0 , . . . ,x

k−j−1
n−1

]
x
j
n =

∑k−n
j=0

[
x
k−j−1
0 , . . . ,x

k−j−1
n−1

]
x
j
n.

Proof.

(i) By induction on the number of points:

• For one point x0, this is obvious.

• Now assume that the formula is true for n pairwise distinct points. Then, we will prove
that for n+ 1 pairwise distinct points x0, . . . ,xn, we have:

(x0 − xn)
∑

i0+···+in=k−n
xi00 xi11 . . .xinn = [xk0, . . . ,x

k
n−1]− [xk1, . . . ,x

k
n].

Indeed,

(x0 − xn)
∑

i0+···+in=k−n
xi00 xi11 . . .xinn

=
∑

j0+···+jn=k−(n−1)
j0≥1

x
j0
0 x

j1
1 . . .x

jn
n −

∑
j0+···+jn=k−(n−1)

jn≥1

x
j0
0 x

j1
1 . . .x

jn
n

=
∑

j0+···+jn=k−(n−1)

x
j0
0 x

j1
1 . . .x

jn
n −

∑
j1+···+jn=k−(n−1)

x
j1
1 . . .x

jn
n

−
∑

j0+···+jn=k−(n−1)

x
j0
0 x

j1
1 . . .x

jn
n +

∑
j0+···+jn−1=k−(n−1)

x
j0
0 x

j1
1 . . .x

jn−1
n−1

=
∑

j0+···+jn−1=k−(n−1)

x
j0
0 x

j1
1 . . .x

jn−1
n−1 −

∑
j1+···+jn=k−(n−1)

x
j1
1 . . .x

jn
n

=[xk0, . . . ,x
k
n−1]− [xk1, . . . ,x

k
n] by induction hypothesis.

(ii) The second item is just a direct consequence of the first one (but it can also be seen as a
consequence of the interpolation theorem, noticing that the interpolation polynomial of
x 7→ xk is Xk).
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(iii) The third item is also a consequence of the first one :

k−1∑
j=0

[
x
k−j−1
0 , . . . ,x

k−j−1
n−1

]
x
j
n =

k−n∑
j=0

[
x
k−j−1
0 , . . . ,x

k−j−1
n−1

]
x
j
n

=
k−n∑
in=0

 ∑
i0+···+in−1=k−n−in

xi00 xi11 . . .xin−1
n−1

xinn
=

∑
i0+···+in=k−n

xi00 xi11 . . .xinn

=
[
xk0, . . . ,x

k
n

]
.

Similarly, we can prove the following proposition:

Proposition 3.1.8. Let k ∈ N∗ and let x0, . . . ,xn be n+ 1 pairwise distinct points.

(i) [x−k0 , . . . ,x−kn ] = (−1)n
∑

i0+···+in=k+n
i0,...,in≥1

x−i00 x−i11 . . .x−inn ;

(ii)
[
x−k0 , . . . ,x−kn

]
= −

∑k
j=1

[
x
−j
0 , . . . ,x

−j
n−1

]
x
j−k−1
n

Last but not least, in the case where f is an holomorphic function, we have the following
noteworthy formula:

Proposition 3.1.9. Let f be an analytic function in an open neighborhood of the the points z0, . . . , zn ∈
C. Then, we have:

[f (z0), . . . , f (zn)] =
1

2iπ

∫
Γ

f (ξ)∏n
k=0 ξ − zk

,

where Γ is a finite system of rectifiable Jordan curves oriented in the positive sense surrounding
z0, . . . , zn.

3.2 Non-commutative divided differences

3.2.1 Definition and elementary properties

Definition 3.2.1. Let n ≥ 1, and let H0, . . . ,Hn be Hilbert spaces. Given bounded linear operators
Wi ∈ B (Hi) , for i ∈ J0,nK, and Cj ∈ B

(
Hj+1,Hj

)
, for j ∈ J0,n− 1K, we define the non-commutative

divided differences as follows:

(i) ∀ k ∈ N, [W k
0 ] := W k

0 ;

(ii) ∀ k ∈ N, [W k
0 , . . . ,W

k
n ](C0,...,Cn−1) :=

∑
i0+···+in=k−n
i0,...,in≥0

W i0
0 C0W

i1
1 . . .Cn−1W

in
n ;

(iii) ∀ p =
∑d

k=0 akX
k ∈ C[X], [p(W0), . . . ,p(Wn)](C0,...,Cn−1) :=

∑d
k=0 ak

[
W k

0 , . . . ,W
k
n

]
(C0,...,Cn−1)

.
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Remark 3.2.2. In view of Proposition 3.1.7, if W0, . . . ,Wn,C0, . . . ,Cn−1 are scalars, we recover the
usual divided differences:

[p(W0), . . . ,p(Wn)](C0,...,Cn−1) = C0 . . .Cn−1[p(W0), . . . ,p(Wn)] = [p(W0), . . . ,p(Wn)]C0 . . .Cn−1.

Proposition 3.2.3. With the above notation, we have:

(i)
[
W k

0 , . . . ,W
k
n

]
(C0,...,Cn−1)

= 0 provided n > k ;

(ii)
[
W k

0 , . . . ,W
k
n

]
(C0,...,Cn−1)

=
k−1∑
j=0

[
W

k−j−1
0 , . . . ,W

k−j−1
n−1

]
(C0,...,Cn−2)

Cn−1W
j
n

=
k−n∑
j=0

[
W

k−j−1
0 , . . . ,W

k−j−1
n−1

]
(C0,...,Cn−2)

Cn−1W
j
n .

Proposition 3.2.4. With the above notation, we have:

W0 [p(W0), . . . ,p(Wn)](C0,...,Cn−1) − [p(W0), . . . ,p(Wn)](C0,...,Cn−1)Wn

= [p(W0), . . . ,p(Wn−1)](C0,...,Cn−2)Cn−1 −C0[p(W1), . . . ,p(Wn)](C1,...,Cn−1)
.

In particular,

W0[p(W0),p(W1)](C0) − [p(W0),p(W1)](C0)W1 = p(W0)C0 −C0p(W1).

Remark 3.2.5. If W0, . . . ,Wn,C1, . . . ,Cn are scalars (with W0 ,Wn and Ci , 0, for all i ∈ J0,n− 1K)
then, this identity is equivalent to:

[p(W0), . . . ,p(Wn)] =
[p(W0), . . . ,p(Wn−1)]− [p(W1), . . . ,p(Wn)]

W0 −Wn
.

Proof of Proposition 3.2.4. First, note that by linearity, it is enough to show this identity for the
monomials p(X) = Xk , k ∈ N.

Now, we have:

W0[W k
0 , . . .W

k
n ](C0,...,Cn−1) − [W k

0 , . . .W
k
n ](C0,...,Cn−1)Wn

=
∑

i0+···+in=k−n
W i0+1

0 C0W
i1
1 . . .Cn−1W

in
n −

∑
i0+···+in=k−n

W i0
0 C0W

i1
1 . . .Cn−1W

in+1
n

=
∑

i0+···+in=k−n+1
i0≥1

W i0
0 C0W

i1
1 . . .Cn−1W

in
n −

∑
i0+···+in=k−n+1

in≥1

W i0
0 C0W

i1
1 . . .Cn−1W

in
n

=
∑

i0+···+in=k−n+1

W i0
0 C0W

i1
1 . . .Cn−1W

in
n −

∑
i0+···+in=k−n+1

W i0
0 C0W

i1
1 . . .Cn−1W

in
n

−C0

∑
i1+···+in=k−n+1

W i1
1 C1W

i2
2 . . .Cn−1W

in
n +

∑
i0+···+in=k−n+1

W i0
0 C0W

i1
1 . . .Cn−2W

in−1
n−1 Cn−1

= [W k
0 , . . . ,W

k
n−1](C0,...,Cn−2)Cn−1 −C0[W k

1 , . . . ,W
k
n ](C1,...,Cn−1).
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3.2.2 An application to functional calculus for polynomials

Let n ≥ 2, let H1, . . . ,Hn be Hilbert spaces, and let

T̃n =



W1 C
(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

be a bounded linear operator and let p ∈ C[X] be a polynomial.

The non-commutative divided differences enable us to compute easily p
(
T̃n

)
, by induction on n.

Indeed, for n = 2, we have p
(
T̃2

)
=

p(W1) [p(W1),p(W2)](
C

(1)
1

)
0 p(W2)

 and, then, for all n ≥ 3, we can

write T̃n =

 �Tn−1 C̃

0 Wn

, with C̃ =
[
C

(n−1)
1 C

(n−2)
2 . . . C

(1)
n−1

]⊺
and, then, we obtain

p
(
T̃n

)
=

 p
(�Tn−1

) [
p
(�Tn−1

)
,p(Wn)

]
(C̃)

0 p(Wn)

.
More precisely, we obtain the following result:

Theorem 3.2.6. With the above notation, we have :

p
(
T̃n

)
=



p(W1) D
(1)
1 D

(n−1)
1

0 p(W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 p(Wn)


,

where D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
p
(
Wk0

)
, . . . ,p

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) .

Proof. First, observe that, by linearity, it is enough to prove this formula in the case where p is a
monomial, i.e. when p(X) = Xm, for some m ∈ N.

Now, we will prove this formula by induction on n.

• For n = 2, it is easy to see (by induction on m) that T̃1
m

=

Wm
0 [Wm

0 ,Wm
1 ](

C
(1)
1

)
0 Wm

1

, for every

m ∈ N.



58 CHAPTER 3. Function of a matrix

• Now, let n ≥ 2, and assume that the formula is true for T̃1 and �Tn−1.

As mentioned above, we write T̃n =

 �Tn−1 C̃

0 Wn

, with C̃ =
[
C

(n−1)
1 C

(n−2)
2 . . . C

(1)
n−1

]T
and,

then, we obtain

T̃n
m

=

 �Tn−1
m [�Tn−1

m
,Wm

n

]
(C̃)

0 Wm
n

.
Now, just replace �Tn−1

m
by its explicit expression, i.e.

�Tn−1
m

=


Wm

1 D
(1)
1 D

(n−2)
1

0 Wm
2 D

(1)
2 D

(n−3)
2

D
(1)
n−2

0 0 Wm
n−1


,

where D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
Wm

k0
, . . . ,Wm

kl

]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

)

and compute 
D

(n−1)
1

D
(n−2)
2
...

D
(1)
n−1


:=

[�Tn−1
m
,Wm

n

]
(C̃)

=
m−1∑
p=0

�Tn−1
m−p−1

C̃W
p
n .

Using Proposition 3.2.3, we have, for i ∈ J1,n− 1K,

D
(n−i)
i =

m−1∑
p=0

Wm−p−1
i C

(n−i)
i +

n−i−1∑
j=1

D
(j)
i C

(n−j−i)
j+i

W p
n

=
m−1∑
p=0

W
m−p−1
i C

(n−i)
i +

n−i−1∑
j=1

∑
1≤l≤j

i=k0<···<kl=j+i

[
W

m−p−1
k0

, . . . ,W
m−p−1
kl

]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) C(n−j−i)
j+i

W
p
n

= [Wm
i ,Wm

n ](
C

(n−i)
i

) +
n−1∑
j=1

∑
1≤l≤j

i=k0<···<kl=j+i

[
Wm

k0
, . . . ,Wm

kl
,Wm

n

]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

,C
(n−j−i)
j+i

)

= [Wm
i ,Wm

n ](
C

(n−i)
i

) +
n−1∑
j=1

∑
1≤l≤j

i=k0<···<kl=j+i
kl+1=n

[
Wm

k0
, . . . ,Wm

kl
,Wm

(kl+1)

]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

,C
(kl+1−kl )
kl

)
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=
∑

1≤l≤n
i=k0<···<kl=n

[
Wm

k0
, . . . ,Wm

kl

]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) .

Corollary 3.2.7. Let

T̃n :=



W1 C1 0 0
0 W2 C2

0
Cn−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

and let p ∈ C[X]. Then, we have:

p
(
T̃n

)
=



p(W1) D
(1)
1 D

(n−1)
1

0 p(W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 p(Wn)


,

where D(j)
i = [p(Wi), . . . ,p(Wi+j )](Ci ,...,Ci+j−1).

A noteworthy application of Theorem 3.2.6 is the following: given an upper-triangular matrix

Tn =


ω1 α

(1)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(n−2)
2

α
(1)
n−1

0 0 ωn


∈Mn(C)

and a polynomial p ∈ C[X], we can compute very easily p(Tn), without diagonalizing Tn (nor
computing its Dunford decomposition):

Corollary 3.2.8. With the above notation,

p(Tn) =


p(ω1) β

(1)
1 β

(n−1)
1

0 p(ω2) β
(1)
2 β

(n−2)
2

β
(1)
n−1

0 0 p(ωn)


,

where β
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

 l−1∏
s=0

α
(ks+1−ks)
ks

[p (
ωk0

)
, . . . ,p

(
ωkl

)]
.
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Remark 3.2.9. The sequential continuity in Proposition 3.1.4 enables us to extend this result to
any function that can be approximated by polynomials.

Another noteworthy application of Theorem 3.2.6 is that those non-commutative divided differences
satisfy the Leibniz’s rule too:

Corollary 3.2.10 (Leibniz’s formula). Let p,q ∈ C[X] be polynomials, let n ≥ 1, and let H0, . . . ,Hn be
Hilbert spaces. Given bounded linear operators Wi ∈ B (Hi) , for i ∈ J0,nK, and Cj ∈ B

(
Hj+1,Hj

)
, for

j ∈ J0,n− 1K, we have:

[(p · q)(W0), . . . , (p · q)(Wn)](C0,...,Cn−1) =
n∑

j=0

[
p(W0), . . . ,p(Wj )

]
(C0,...,Cj−1)

·
[
q(Wj ), . . . , q(Wn)

]
(Cj ,...,Cn−1)

.

Proof. Let

T̃n :=



W0 C0 0 0
0 W1 C1

0
Cn−1

0 0 Wn


.

We write (p · q)
(
T̃n

)
= p

(
T̃n

)
· q

(
T̃n

)
and, then, we apply Corollary 3.2.7 to write the explicit

formulas for (p · q)
(
T̃n

)
, p

(
T̃n

)
and q

(
T̃n

)
. We obtain the Leibniz’s formula by identifying the

coefficient in the top-right hand corner on both side of the equality.

3.2.3 Extension to rational fractions

Our goal is now to extend the definition of non-commutative divided differences to rational
fractions. Using the complex partial fraction decomposition, it is enough to give a consistent
definition for rational fractions of the form r(X) = X−k , with k ∈ N∗.

Definition 3.2.11. Let n ≥ 1, and let H0, . . . ,Hn be Hilbert spaces. Given n+ 1 invertible bounded
linear operators Wi ∈ B(Hi), for i ∈ J0,nK, and n bounded linear operators Cj ∈ B(Hj ,Hj−1), for
j ∈ J1,nK, we extend Definition 3.2.1 as follows:

(i) ∀ k ∈ N∗,
[
W −k0

]
:= W −k0 ;

(ii) ∀ k ∈ N∗,
[
W −k0 , . . . ,W −kn

]
(C0,...,Cn−1)

:= (−1)n
∑

i0+···+in=k−n
i0,...,in≥1

W −i00 C0W
−i1
1 . . .Cn−1W

−in
n .

Remark 3.2.12. In view of Proposition 3.1.8, if W0,W1, . . . ,Wn,C0, . . . ,Cn−1 are scalars, we recover
again the usual divided differences.

Definition 3.2.13. Let r = p
q ∈ C(X), and assume 0 < q(σ (Wi)), for all i ∈ J0,nK. If the complex

partial fraction decomposition of r is r(X) = e(X) +
∑r

j=1
∑dj

kj=1(X −αj )
−kj (with e ∈ C[X]), then,
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we define (with the above notation):

[r(W0), . . . , r(Wn)](C0,...,Cn−1) = [p(W0), . . . ,p(Wn)](C0,...,Cn−1)

+
r∑

j=1

dj∑
kj=1

[
(W0 −αjId)−kj , . . . , (Wn −αjId)−kj

]
(C0,...,Cn−1)

.

Then, the analog of Proposition 3.2.3 and Proposition 3.2.4 are respectively:

Proposition 3.2.14.

[
W −k0 , . . . ,W −kn

]
(C0,...,Cn−1)

= −
k∑

j=1

[
W
−j
0 , . . . ,W

−j
n−1

]
(C0,...,Cn−2)

Cn−1W
j−k−1
n .

Proposition 3.2.15.

W0[r(W0), . . . , r(Wn)](C0,...,Cn−1) − [r(W0), . . . , r(Wn)](C0,...,Cn−1)Wn

= [r(W0), . . . , r(Wn−1)](C0,...,Cn−2)Cn−1 −C0[r(W1), . . . , r(Wn)](C1,...,Cn−1).

In particular,

W0[r(W0), r(W1)](C0) − [r(W0), r(W1)](C0)W1 = r(W0)C0 −C0r(W1).

Now, we can get an analog of Theorem 3.2.6:

Theorem 3.2.16. Let n ≥ 2, let H1, . . . ,Hn be Hilbert spaces, and let

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

be a bounded linear operator. Let r = p
q ∈ C(X) such that 0 < q(σ (Wi)), for all i ∈ J1,nK.

Then, we have :

r
(
T̃n

)
=


r(W1) D

(1)
1 D

(n−1)
1

0 r(W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 r(Wn)


,

where D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
r
(
Wk0

)
, . . . , r

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) .

Proof. First, considering the partial fraction decomposition of r, observe that as we have already
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proved this formula for polynomials, we only need to prove this formula for
(
T̃n

)−k
, where k ∈ N∗.

The main idea of this proof will be to combine the arguments developed in the proof of Theo-
rem 3.2.6 with the following identity:[

A C
0 B

]−1

=
[
A−1 −A−1CB−1

0 B−1

]
, if A and B are invertible operators (3.2)

As for the proof of Theorem 3.2.6, we proceed by induction on n.

• For n = 2, we use successively Theorem 3.2.6 and (3.2) to get

T̃2
k

=

W
k
1

[
W k

1 ,W
k
2

](
C

(1)
1

)
0 W k

1

 ,
and, then,

(
T̃2

)−k
=

W
−k
1 −W −k1

[
W k

1 ,W
k
2

](
C

(1)
1

)W −k2

0 W −k2

 =

W
−k
1

[
W −k1 ,W −k2

](
C

(1)
1

)
0 W −k2

 .
• The inductive step then works exactly as in the proof of Theorem 3.2.6 (using Proposition 3.2.14

instead of Proposition 3.2.3).

Corollary 3.2.17. Let

T̃n :=



W1 C1 0 0
0 W2 C2

0
Cn−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

and let r = p
q ∈ C(X) such that 0 < q(σ (Wi)), for all i ∈ J1,nK.

Then, we have:

r
(
T̃n

)
=



r(W1) D
(1)
1 D

(n−1)
1

0 r(W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 r(Wn)


,

where D(j)
i = [r(Wi), . . . , r(Wi+j )](Ci ,...,Ci+j−1).

Corollary 3.2.18 (Leibniz’s formula). Let n ≥ 1, let H0, . . . ,Hn be Hilbert spaces. Given two rational
fractions r = p

q , s = p′

q′ ∈ C(X), given bounded linear operators Wi ∈ B (Hi) such that 0 < q(σ (Wi))∪
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q′(σ (Wi)), for i ∈ J0,nK, and Cj ∈ B
(
Hj+1,Hj

)
, for j ∈ J0,n− 1K, we have:

[(r · s)(W0), . . . , (r · s)(Wn)](C0,...,Cn−1) =
n∑

j=0

[
r(W0), . . . , r(Wj )

]
(C0,...,Cj−1)

·
[
s(Wj ), . . . , s(Wn)

]
(Cj ,...,Cn−1)

.

Corollary 3.2.19. Let

Tn =


ω1 α

(1)
1 α

(n−1)
1

0 ω1 α
(1)
2 α

(n−2)
2

α
(1)
n−1

0 0 ωn


∈Mn(C),

with wi , wj , for all i , j, and let r = p
q ∈ C(X) such that q(ωi) , 0, for all i ∈ J1,nK.

Then, we have:

r(Tn) =



r(ω1) β
(1)
1 β

(n−1)
1

0 r(ω2) β
(1)
2 β

(n−2)
2

β
(1)
n−1

0 0 r(ωn)


,

where β
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

 l−1∏
s=0

α
(ks+1−ks)
ks

[r (ωk0

)
, . . . , r

(
ωkl

)]
.

3.2.4 Non-commutative divided differences for analytic functions

In this paragraph, we finally extend the notion of non-commutative divided differences to
analytic functions.

In view of Proposition 3.1.9, we can define those non-commutative divided differences as follows:

Definition 3.2.20. Let n ≥ 1, and let H0, . . . ,Hn be Hilbert spaces. Given bounded linear operators
Wi ∈ B(Hi), for i ∈ J0,nK, and Cj ∈ B(Hj ,Hj−1), for j ∈ J1,nK, and given a map f which is analytic
in the neighbourhood of

⋃n
i=0σ (Wi), we define:

(i) [f (W0)] := f (W0) =
∫
Γ
f (ξ)(ξId −W0)−1, where Γ is a finite system of rectifiable Jordan

curves, oriented in the positive sense, surrounding σ (W0);

(ii) [f (W0), . . . , f (Wn)](C0,...,Cn−1) :=
∫
Γ
f (ξ)(ξId−W0)−1C0(ξId−W1)−1 . . .Cn−1(ξId−Wn)−1dξ,

where Γ is a finite system of rectifiable Jordan curves, oriented in the positive sense,
surrounding

⋃n
i=0σ (Wi).

As in the cases of polynomials and rational fractions, we have the characteristic identity:

Proposition 3.2.21. With the above notation, we have:

W0[f (W0), . . . , f (Wn)](C0,...,Cn−1) − [f (W0), . . . , f (Wn)](C0,...,Cn−1)Wn

= [f (W0), . . . , f (Wn−1)](C0,...,Cn−2)Cn−1 −C0[f (W1), . . . , f (Wn)](C1,...,Cn−1)
.
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In particular,

W0[f (W0), f (W1)](C0) − [f (W0), f (W1)](C0)W1 = f (W0)C0 −C0f (W1).

This provides the following explicit functional calculus:

Theorem 3.2.22. Let n ≥ 2, let H1, . . . ,Hn be Hilbert spaces, and let

T̃n =


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


:

n⊕
i=1

Hi →
n⊕
i=1

Hi

be a bounded linear operator. Let f be a map which is analytic in the neighborhood of
⋃n

i=0σ (Wi).

Then, we have :

f
(
T̃n

)
=



f (W1) D
(1)
1 D

(n−1)
1

0 f (W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 f (Wn)


,

where D
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

[
f
(
Wk0

)
, . . . , f

(
Wkl

)]
(
C

(k1−k0)
k0

,...,C
(kl−kl−1)
kl−1

) .

Remark 3.2.23. We have σ
(
T̃n

)
⊂

⋃n
i=1σ (Wi). Indeed, for λ ∈ C, we have:

T̃n =



W1 −λId C
(1)
1 C

(n−1)
1

0 W2 −λId C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn −λId


.

If, for all i ∈ J1,nK, Wi −λId is invertible, then, it follows from Section 3.2.3 (see Theorem 3.2.16)
that T̃n −λId is invertible too.

Proof of Theorem 3.2.22. Let Γ be a finite system of rectifiable Jordan curves, oriented in the

positive sense, surrounding
⋃n

i=1σ (Wi). Then, by definition, f
(
T̃n

)
= 1

2iπ

∫
Γ
f (ξ)

(
ξId− T̃n

)−1
dξ.

The results just follows by integrating the formula of
(
ξId− T̃n

)−1
given by Theorem 3.2.16.
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Corollary 3.2.24. Let

T̃n :=



W1 C1 0 0
0 W2 C2

0
Cn−1

0 0 Wn


and let f be a function which is holomorphic in the neighborhood of

⋃n
i=1σ (Wi).

Then, we have:

f
(
T̃n

)
=



f (W1) D
(1)
1 D

(n−1)
1

0 f (W2) D
(1)
2 D

(n−2)
2

D
(1)
n−1

0 0 f (Wn)


,

where D(j)
i = [f (Wi), . . . , f (Wi+j )](Ci ,...,Ci+j−1).

Corollary 3.2.25 (Leibniz’s formula). Let n ≥ 1, and let H0, . . . ,Hn be Hilbert spaces. Given bounded
linear operators Wi ∈ B (Hi), for i ∈ J0,nK, and Cj ∈ B

(
Hj+1,Hj

)
, for j ∈ J0,n − 1K, and given two

functions f ,g which are holomorphic in the neighborhood of
⋃n

i=0σ (Wi), we have:

[(f · g)(W0), . . . , (f · g)(Wn)](C0,...,Cn−1) =
n−1∑
j=0

[
f (W0), . . . , f (Wj )

]
(C0,...,Cj )

[
g(Wj ), . . . , g(Wn)

]
(Cj+1,...,Cn−1)

.

Corollary 3.2.26. Let

Tn =


ω1 α

(1)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(n−2)
2

α
(1)
n−1

0 0 ωn


∈Mn(C)

such that wi , wj , for all i , j, and let f be a function holomorphic in the neighborhood of ω1, . . . ,ωn.

Then, we have:

f (Tn) =



f (ω1) β
(1)
1 β

(n−1)
1

0 f (ω2) β
(1)
2 β

(n−2)
2

β
(1)
n−1

0 0 f (ωn)


,

where β
(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

 l−1∏
s=0

α
(ks+1−ks)
ks

[f (
ωk0

)
, . . . , f

(
ωkl

)]
.
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3.3 The equation AX −XB = Y

The recursive relations of Proposition 3.2.4, Proposition 3.2.15 and Proposition 3.2.21 lead us to
focus on the equation

AX −XB = Y (3.3)

where A,X,B,Y are operators (on a Banach space).

This equation has been studied e.g. in [9, 51]. As it plays an important role on studying functions
of matrices, we give here some details about the solvability of this equation.

We start with the following existence and uniqueness result:

Theorem 3.3.1 (Sylvester-Rosenblum). If A and B are operators acting on a Banach space such that
σ (A)∩ σ (B) = ∅, then, the equation AX −XB = Y has a unique solution X for every operator Y .

Remark 3.3.2. A consequence of this result is that, with the notations introduced in the previous
section, if W0, . . .Wn are operators such that σ (Wi) ∩ σ (Wj ) = ∅, for all i , j, then, the non-
commutative divided differences are well-defined by the recursive relation:

[f (W0)] = f (W0);

W0[f (W0), . . . , f (Wn)](C0,...,Cn−1) − [f (W0), . . . , f (Wn)](C0,...,Cn−1)Wn = [f (W0), . . . , f (Wn−1)](C1,...,Cn−2)Cn−1

−C0[f (W1), . . . , f (Wn)](C1,...,Cn−1).

Proof of Theorem 3.3.1. Let MA,B : X 7→ AX − XB, so that the Sylvester’s equation becomes
MA,B(X) = Y . It is enough to prove that, if σ (A) ∩ σ (B) = ∅, then, MA,B is invertible. In or-
der to do this, we define LA : X 7→ AX and RB : X 7→ XB, so that we have MA,B = LA −RB. It is
easy to see that LARB = RBLA, that σ (LA) ⊂ σ (A) and that σ (RB) ⊂ σ (B).
Now, saying that MA,B is invertible is equivalent to say that 0 < σ (MA,B) = σ (LA −RB). Thus, the
theorem is a consequence of the following lemma:

Lemma 3.3.3. If A and B are commuting operators, then, σ (A−B) ⊂ σ (A)− σ (B).

Proof of Lemma 3.3.3.

• In the finite dimensional case, it is just a consequence of the simultaneous trigonalization
of commuting endomorphisms: since A and B commute, there exists a basis in which A
and B are both upper-triangular. The results follows from the fact that the spectrum of an
upper-triangular matrix is the set of the diagonal entries.

• In the general case, we need to use the Gelfand transformation (see Section 1.1.3). Let C be
the maximal commutative algebra containing both A and B. Observe that for any operator
T ∈ C, σ (T ) = σC(T ). Now, we write:

σ (A−B) = σC(A−B)

=
{
χ(A−B) : χ ∈ Ĉ

}
=

{
χ(A)−χ(B) : χ ∈ Ĉ

}
⊂

{
χ(A) : χ ∈ Ĉ

}
−
{
χ′(B) : χ′ ∈ Ĉ

}
= σC(A)− σC(B)

= σ (A)− σ (B).
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This completes the proof of Theorem 3.3.1.

Now, let us focus on the expression of this unique solution. We focus on two expressions of the
solution:

Theorem 3.3.4. Let A and B be two operators such that σ (B) ⊂ D(0,ρ) and σ (A) ⊂ C\D(0,ρ), for
some ρ > 0. Then, the solution of the equation AX −XB = Y is

X =
∞∑
n=0

A−n−1YBn.

Proof. The only thing that need to be proved is that the series is convergent (if it is the case,
then, it is obvious that this sum is solution of the Sylvester equation). First of all, observe that
as σ (A) ⊂ C\D(0,ρ), it makes sense to consider negative powers of A. Now, let ρ1 < ρ < ρ2 such
that σ (B) ⊂ D(0,ρ1) and σ (A) ⊂ C\D(0,ρ2). Then, σ (A−1) ⊂ D(0,ρ−1

2 ). By the spectral radius
formula (Proposition 1.1.7), there exists an integer n0 ≥ 0 such that, for all n ≥ n0, ∥Bn∥ < ρn1 and

∥A−n∥ < ρ−n2 . Thus, we have ∥A−n−1YBn∥ <
(
ρ1
ρ2

)n
∥A−1Y ∥, and the series converges normally.

Remark 3.3.5. If a and b are non-zero scalars, with b < a, then,
∑∞

n=0 a
−n−1ybn = y

a

∑∞
n=0

(
b
a

)n
= y

a−b .

The next theorem gives an expression of the solution whenever σ (A) and σ (B) are disjoint,
without any more special assumption:

Theorem 3.3.6 (Rosenblum). Let Γ be a finite system of rectifiable Jordan curves, oriented in the
positive sense, with total winding number 1 around σ (A) and 0 around σ (B). Then, the solution of the
equation AX −XB = Y can be expressed as

X =
1

2iπ

∫
Γ

(A− ξId)−1Y (B− ξId)−1dξ.

Proof. If AX −XB = Y , then, for every complex number ξ, we have (A− ξId)X −X(B− ξId) = Y .
If A− ξId and B− ξId are invertible, this gives:

X(B− ξId)−1 − (A− ξId)−1X = (A− ξId)−1Y (B− ξId)−1.

The result follows by integrating this equality over Γ , and noting that
∫
Γ
(B− ξId)−1dξ = 0 and∫

Γ
(A− ξId)−1dξ = −2iπId.

Remark 3.3.7. If a and b are two scalars such that a , b, and if Γ is a loop with winding number 1
around a and 0 around b, then, the residue theorem implies that 1

2iπ

∫
Γ

y
(a−ξ)(b−ξ) dξ = y

a−b .

A noteworthy application of the study of this equation is the diagonalization of certain matrices
with operator coefficients:

Lemma 3.3.8. Let A and B be two operators such that σ (A)∩ σ (B) = ∅. Then, for any operator C, the

matrices
(
A C
0 B

)
and

(
A 0
0 B

)
are similar.
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More precisely, we have: (
A C
0 B

)
=

(
Id −X
0 Id

)(
A 0
0 B

)(
Id X
0 Id

)
where X is the unique solution of the equation AX −XB = C.

An easy induction gives the following theorem:

Theorem 3.3.9. Let W1, . . . ,Wn be operators such that σ (Wi)∩ σ (Wj ) = ∅, for all i , j. Then, for any

operators
{
C

(j)
i

}
1≤j≤n−1

1≤i≤n+1−j
, the matrices

T̃n :=


W1 C

(1)
1 C

(n−1)
1

0 W2 C
(1)
2 C

(n−2)
2

C
(1)
n−1

0 0 Wn


and

D̃n :=


W1 0 0
0 W2

0
0 0 Wn


are similar.

More precisely, we have:

T̃n =


Id −X(1)

1 −X(n−1)
1

0 Id −X(1)
2 −X(n−2)

2

−X(1)
n−1

0 0 Id




W1 0 0
0 W2

0
0 0 Wn




Id Y

(1)
1 Y

(n−1)
1

0 Id Y
(1)
2 Y

(n−2)
2

Y
(1)
n−1

0 0 Id


where, for all j ∈ J1,n− 1K, for all i ∈ J1,n+ 1− jK, X(j)

i is the unique solution of the equation

WiX
(j)
i −X

(j)
i Wi+j = C

(j)
i −

j−1∑
k=1

C
(k)
i X

(j−k)
k+i (3.4)

and
Y

(j)
i =

∑
1≤l≤j

i=k0<···<kl=j+i

X
(k1−k0)
k0

. . .X
(kl−kl−1)
kl−1

(3.5)

Remark 3.3.10. In order to use this theorem, we first need to determine all the coefficients X(1)
i ,

then all the coefficients X(2)
i ,... until the coefficient X(n−1)

1 .

Corollary 3.3.11. With the above notation, if f is a map which is holomorphic in the neighborhood of
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⋃n
i=1σ (Wi), we have:

f
(
T̃n

)
=


Id −X(1)

1 −X(n−1)
1

0 Id −X(1)
2 −X(n−2)

2

−X(1)
n−1

0 0 Id




f (W1) 0 0

0 f (W2)

0
0 0 f (Wn)




Id Y

(1)
1 Y

(n−1)
1

0 Id Y
(1)
2 Y

(n−2)
2

Y
(1)
n−1

0 0 Id


.

Another interesting application of Theorem 3.3.9 is to provide an alternative of Theorem 2.3.18:

Corollary 3.3.12. Let ω1, . . . ,ωn ∈ D, and let

Mn :=



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C),

with

α
(j)
i =

j+i−1∏
k=i+1

(−ωk)
√

1− |wi |2
√

1− |ωi+j |2, for all j ∈ J1,nK, for all i ∈ Jn− j,nK.

Then, we have:

Mn =


1 −x(1)

1 −x(n−1)
1

0 1 −x(1)
2 −x(n−2)

2

−x(1)
n−1

0 0 1




ω1 0 0
0 ω2

0
0 0 ωn




1 y

(1)
1 y

(n−1)
1

0 1 y
(1)
2 y

(n−2)
2

y
(1)
n−1

0 0 1


with

x
(j)
i =

√
1− |ωi |2

√
1− |ωi+j |2

ωi −ωi+j


i+j−1∏
k=i+1

1−ωkωi+j

ωi+j −ωk

 (3.6)

y
(j)
i =

√
1− |ωi |2

√
1− |ωi+j |2

ωi −ωi+j


i+j−1∏
k=i+1

1−ωkωi+j

ωi −ωk

 (3.7)

for all 1 ≤ j ≤ n, n− j ≤ i ≤ n. Moreover,
1 −x(1)

1 −x(n−1)
1

0 1 −x(1)
2 −x(n−2)

2

−x(1)
n−1

0 0 1



−1

=


1 y

(1)
1 y

(n−1)
1

0 1 y
(1)
2 y

(n−2)
2

y
(1)
n−1

0 0 1


.
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Proof. • For the coefficients x(j)
i , we proceed by induction on j:

– For j = 1, the coefficients x(1)
i are (respectively) the solutions of the equations

ωix
(1)
i − x

(1)
i ωi+1 = α

(1)
i ,

which gives

x
(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2

ωi −ωi+1
.

– Now, let j ∈ J2,nK, and assume that

x
(m)
i =

√
1− |ωi |2

√
1− |ωi+m|2

ωi −ωi+m

m+i−1∏
k=i+1

1−ωkωi+m

ωi+m −ωk

 , for all m ∈ J1, j−1K, for all i ∈ Jn−m,nK.

Then, for all i ∈ Jn− j,nK, we have:

ωix
(j)
i − x

(j)
i ωi+j = α

(j)
i −

j−1∑
l=1

α
(l)
i x

(j−l)
i+l

=


i+j−1∏
k=i+1

−ωk

√1− |ωi |2
√

1− |ωi+j |2

+
√

1− |ωi |2
√

1− |ωi+j |2
j−1∑
l=1


 i+l−1∏
k=i+1

−ωk

( 1− |ωi+l |2

ωi+j −ωi+l

)
i+j−1∏

k=i+l+1

1−ωkωi+j

ωi+j −ωk




=

√
1− |ωi |2

√
1− |ωi+j |2 ·Ni,j∏i+j−1

k=i+1

(
ωi+j −ωk

) ,

where

Ni,j :=


i+j−1∏
k=i+1

−ωk


i+j−1∏
q=i+1

(
ωi+j −ωq

)

+
j−1∑
l=1

(1− |ωi+l |2)

 i+l−1∏
k=i+1

−ωk

 i+j−1∏
p=i+l+1

(
1−ωpωi+j

) i+l−1∏
q=i+1

(
ωi+j −ωq

)

=


i+j−2∏
k=i+1

−ωk


i+j−2∏
q=i+1

(
ωi+j −ωq

) [
−ωi+j−1(ωi+j −ωi+j−1) + 1− |ωi+j−1|2

]

+
j−2∑
l=1

(1− |ωi+l |2)

 i+l−1∏
k=i+1

−ωk

 i+j−1∏
p=i+l+1

(
1−ωpωi+j

) i+l−1∏
q=i+1

(
ωi+j −ωq

)
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= (1−ωi+j−1ωi+j )


i+j−2∏
k=i+1

−ωk


i+j−2∏
q=i+1

(
ωi+j −ωq

)

+
j−2∑
l=1

(1− |ωi+l |2)

 i+l−1∏
k=i+1

−ωk

 i+j−1∏
p=i+l+1

(
1−ωpωi+j

) i+l−1∏
q=i+1

(
ωi+j −ωq

)
.

Iterating this process, we get

Ni,j =
i+j−1∏
k=i+1

1−ωkωi+j

and, thus,

x
(j)
i =

√
1− |ωi |2

√
1− |ωi+j |2

ωi −ωi+j


j+i−1∏
k=i+1

1−ωkωi+j

ωi+j −ωk

 .
• Now, if we denote by

Xn :=


1 −x(1)

1 −x(n−1)
1

0 1 −x(1)
2 −x(n−2)

2

−x(1)
n−1

0 0 1


,

observe that Xn =
[
Xn−1 Cn

0 1

]
, where Cn =

[
−x(n−1)

1 −x(n−2)
2 · · · −x(1)

n−1

]T
. Thus, we have

X−1
n =

[
X−1
n−1 −X−1

n−1Cn
0 1

]
, and we can prove by induction on n that

X−1
n =


1 y

(1)
1 y

(n−1)
1

0 1 y
(1)
2 y

(n−2)
2

y
(1)
n−1

0 0 1


where

y
(j)
i =

√
1− |ωi |2

√
1− |ωi+j |2

ωi −ωi+j


i+j−1∏
k=i+1

1−ωkωi+j

ωi −ωk

 , for all j ∈ J1,nK, for all i ∈ Jn− j,nK.
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Chapter4
Contractive matrices

The main goal of this chapter will be to generalize Lemma 1.2.14 – which gives a characterization
of contractive 2× 2 matrices – to matrices of bigger size.

Observe that in view of Schur’s decomposition theorem – which states that every square matrix
is unitary equivalent to an upper-triangular matrix – it makes sense to restrict ourselves to that
case.

For instance, let

T3 =

ω1 α1 β
0 ω2 α2
0 0 ω3

 ∈M3(C).

Under which condition is T3 a contraction ?

In essence, following the approach used for 2× 2 matrices, one can try to calculate the operator
norm of a 3× 3 matrix acting on the Euclidean space C3 using the formula:

∥T ∥2 = ∥T ∗T ∥ = r(T ∗T ) = sup{|λ| : det(T ∗T −λId) = 0}.

This computation of the operator norm ∥T ∥, the largest singular value of T , leads to an equation
of degree 3 with no trivial solution. The expression of the solutions – involving Cardans’s
formulas – are quite intricate and, therefore, the criterion derived from this observation holds
limited practical interest. We follow here a different approach based on a result about completion
of matrices going back to Parrott (see [44, 23], [66, Theorem 12.22] and [6, 17]).

4.1 Parrott’s theorem

In this section, we prove a slightly more precise version of Parrott’s theorem. We adopt the
approach presented by Davis, Kahan, and Weinberger in [17], noticing that the ideas developed
in this proof enables in fact to be more precise regarding the selection of solutions with minimal
norms.

First of all, let us recall that the defect operator of a contraction T is given by DT = (Id− T ∗T )1/2.

73
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Theorem 4.1.1 (Parrott). Let H1,H2,K1,K2 be Hilbert spaces, and assume that the operators
[
A
C

]
∈

B(H1,K1 ⊕K2) and
[
C D

]
∈ B(H1 ⊕H2,K2) are contractions.

Then,

T =
[
A B
C D

]
: H1 ⊕H2→ K1 ⊕K2

is a contraction if and only if there exists a contraction W ∈ B(H2,K1) such that:

B = DZ∗WDY −ZC∗Y ,

where Z ∈ B(H1,K1) and Y ∈ B(H2,K2) are contractions such that D = DC∗Y and A = ZDC .

Moreover,

(i) Y and Z can be chosen to be (respectively) Y0 and Z0, the solutions of minimal operator norm
among all solutions of the operator equations D = DC∗Y and A = ZDC ;

(ii) If T is a contraction, there exists a unique contraction W0 such that:

B = DZ∗0
W0DY0

−Z0C
∗Y0 and Im

(
DZ∗0

)⊥
⊂ Ker(W ∗0).

This operator satisfies:

∥W0∥ = inf{∥W ∥ : B = DZ∗0
WDY0

−Z0C
∗Y0}.

We shall call Y0 and Z0 the minimal solutions and we shall refer to W0 as the minimal solution of
the equation

B = DZ∗0
WDY0

−Z0C
∗Y0.

In order to prove this result, we start with the following lemma. Recall that if S and T are two
operators on a Hilbert space H , the notation S ≤ T means that T − S is a positive operator. If
T = λId, for some λ ∈ C, we may simply write S ≤ λ.

Lemma 4.1.2 (Douglas [19]). Let L,M1,M2 be Hilbert spaces. Suppose that A ∈ B(L,M1), B ∈
B(L,M2) and c ≥ 0. Then, B∗B ≤ c2A∗A if and only if there exists C ∈ B(M1,M2) such that: B = CA

∥C∥ ≤ c
. (4.1)

Moreover, if it is the case, there exists a unique operator C0 satisfying (4.1) such that Im(A)⊥ ⊂ Ker(C0).
The operator C0 satisfies:

∥C0∥2 = inf{∥C∥2 : C satisfies (4.1)} = inf{µ ≥ 0 : B∗B ≤ µA∗A},

and will thus be referred as the minimal solution of the equation B = CA.

Proof.
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• Assume first that there exists an operator C ∈ B (M1,M2) such that B = CA and ∥C∥ ≤ c. We
have:

||C|| ≤ c ⇐⇒ ⟨Cx,Cx⟩ ≤ c2⟨x,x⟩, ∀ x ∈M1 ⇐⇒ c2Id−C∗C ≥ 0.

Moreover, the equality B = CA implies that c2A∗A−B∗B = A∗(c2Id−C∗C)A ≥ 0, i.e. B∗B ≤
c2A∗A, using the following elementary fact:

Fact 1. Let H,K be two Hilbert spaces, T ∈ B(H,K) and P ∈ B(K) be a positive operator.
Then, T ∗P T ≥ 0.

• Assume now that B∗B ≤ c2A∗A. First, note that:

B∗B ≤ c2A∗A ⇐⇒ ⟨Bx,Bx⟩ ≤ c2 ⟨Ax,Ax⟩ ∀ x ∈ L ⇐⇒ ||Bx|| ≤ c||Ax||, ∀ x ∈ L.

Now, let C : Im(A)→M2, Ax 7→ Bx.

C is well-defined, as if Ax = Ay, then, ||Bx −By|| ≤ c||Ax −Ay|| = 0, and so Bx = By.

Moreover, C is continuous with ||C|| ≤ c. Now, we extend C by continuity on Im(A) and we
set, for instance, C = 0 on Im(A)⊥. We still have B = CA and ||C|| ≤ c, and C is now defined
on all M1 = Im(A)⊕ Im(A)⊥.

In the previous construction, the only degree of freedom that we have is when we define C
on Im(A)⊥. Thus, if we require that C = 0 on Im(A)⊥, C is unique. We denote by C0 this
operator. Moreover, this requirement minimizes the norm of C. Hence, for every µ ≥ 0
such that B∗B ≤ µA∗A, we have ||C0||2 ≤ µ, which means that

||C0||2 ≤ inf{µ ≥ 0 / B∗B ≤ µA∗A}. (4.2)

Finally, we have seen in the beginning of the proof that if ||C0||2 ≤ λ, then, the equality
B = C0A implies that B∗B ≤ λA∗A. Thus, we cannot have a strict inequality in (4.2).

From this lemma, we deduce the following result about column matrices.

Proposition 4.1.3. Let H,K1,K2 be Hilbert spaces. Suppose that A ∈ B(H,K1) and B ∈ B(H,K2)

are contractions. Then,
[
A
B

]
: H1→ K1 ⊕K2 is a contraction if and only if there exists a contraction

V ∈ B(H,K1) such that A = VDB.

Moreover, if it is the case, there exists a unique contraction V0 such that A = V0DB and Im(DB)⊥ ⊂
Ker(V0). This contraction V0 satisfies

∥V0∥ = inf{∥V ∥ : A = VDB },

and will thus be referred as the minimal solution of the equation A = VDB.

Proof. The column matrix
[
A
B

]
is a contraction if and only if A∗A ≤ Id − B∗B = D∗BDB. Using

Lemma 4.1.2, we obtain A = VDB with ∥V ∥ ≤ 1.
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Corollary 4.1.4. Let H1,H2,K be Hilbert spaces. Suppose that A ∈ B(H1,K) and B ∈ B(H2,K) are
contractions. Then,

[
A B

]
: H1 ⊕H2 → K is a contraction if and only if there exists a contraction

V ∈ B(H1,K) such that A = DB∗V .

Moreover, if it is the case, there exists a unique contraction V0 such that A = DB∗V0 and Im(DB∗ )⊥ ⊂
Ker(V ∗0 ).

This contraction V0 satisfies
∥V0∥ = inf{∥V ∥ : A = DB∗V },

and will thus be referred as the minimal solution of the equation A = DB∗V .

Proof. Observe that
[
A B

]
is a contraction if and only if

[
A B

]∗
=

[
A∗

B∗

]
is a contraction, and

then apply Proposition 4.1.3.

The following technical corollary will play a crucial role in the proof of Parrott’s theorem:

Corollary 4.1.5. Let H,K1,K2,A,B be as in Proposition 4.1.3, and let U ∈ B(H) be an arbitrary (but

fixed) isometry. Then,
[
A
B

]
: H1 → K1 ⊕K2 is a contraction if and only if there exists a contraction

V ∈ B(H,K1) such that A = VUDB.

Moreover, if it is the case, there exists a unique contraction V0 such that A = V0UDB and Im(UDB)⊥ ⊂
Ker(V0). This contraction V0 satisfies

∥V0∥ = inf{∥V ∥ : A = VUDB },

and will thus be referred as the minimal solution of the equation A = VUDB.

Proof. It is enough to prove the sufficiency part. By Proposition 4.1.3, if
[
A
B

]
is a contraction,

there exists a contraction W ∈ B(H,K1) such that A = WDB. Moreover, W can be chosen such
that W = 0 on Im(DB)⊥ (and in this case, the minimal solution W0 is unique).

Now, let V = WU ∗. As U is an isometry, it is easy to see that V is a contraction and that
VUDB = WDB = A. Moreover, V = 0 on Im(UDB)⊥. Indeed, let x ∈ Im(UDB)⊥. For all x′ ∈ H ,
⟨x,UDBx

′⟩ = 0, which can be rewritten ⟨U ∗x,DBx
′⟩ = 0. Thus, for x ∈ Im(UDB)⊥, U ∗x ∈ Im(DB)⊥

and, then, V x = WU ∗x = 0 (by minimality of W ). It is moreover easy to see that there exists a
unique V such that A = VUDB and V = 0 on Im(DB)⊥.

Now, we are ready for the proof of Theorem 4.1.1:

Proof of Theorem 4.1.1. First of all, the existence of two contractions Z ∈ B(H1,K1) and Y ∈
B(H2,K2) such that D = DC∗Y and A = ZDC comes from Proposition 4.1.3 and Corollary 4.1.4, as[
A
C

]
and

[
C D

]
are contractions. We denote the minimal solutions by Y0, and respectively Z0.
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Set A =
[
A B

]
and B =

[
C D

]
, so that we have T =

[
A
B

]
, with ||B|| ≤ 1. Now, using that

TDT = DT ∗T , we have:

IdH1⊕H2
−B∗B =

[
IdH1

−C∗C −C∗D
−D∗C IdH2

−D∗D

]
=

[
IdH1

−C∗C −C∗DC∗Y0
−Y ∗0DC∗C IdH2

−Y ∗0DC∗DC∗Y0

]
=

[
IdH1

−C∗C −DCC
∗Y0

−Y ∗0CDC IdH2
−Y ∗0Y0 +Y ∗0CC

∗Y0

]
= S∗S,

where S =
[
DC −C∗Y0
0 DY0

]
.

For every w ∈H1 ⊕H2, we have:〈
(IdH1⊕H2

−B∗B)w,w
〉

= ⟨S∗Sw,w⟩ ,

which is equivalent to ∥Sw∥ = ∥DBw∥. Thus, there is an isometry U ∈ B(H1 ⊕H2) such that
S = UDB. Indeed, let U : Im(DB)→H1 ⊕H2, DBx 7→ Sx. We extend U by continuity to Im(DB),
and we set U = Id on Im(DB)⊥.

Suppose that T is a contraction. Then, by Corollary 4.1.5, there exists a contraction

V =
[
V1 V2

]
∈ B(H1 ⊕H2,K1)

such that: {
A = VUDB,

V = 0 on Im(S)⊥.

(4.3)

(4.4)

By Corollary 4.1.4, there exists a contraction W ∈ B(H2,K1) such that V =
[
V1 DV ∗1

W
]
. The

operator W can be chosen such that Im(DV ∗1
) ⊂ Ker(W ∗) (in that case, the minimal solution W0 is

unique).

Then, (4.3) is equivalent to [
A B

]
=

[
V1 DV ∗1

W
][DC −C∗Y0

0 DY0

]
=

[
V1DC −V1C

∗Y0 +DV ∗1
WDY0

]
. (4.5)

In particular, we have A = V1DC . We now show that V1 = Z0.

Fact 1. Im(DC)⊥ ⊕ {0} ⊂ Im(S)⊥.

Proof. Let v ∈ Im(DC)⊥ = Ker(DC). In order to prove that
[
v
0

]
∈ Ker(S∗) = Im(S)⊥, notice that we
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have

S∗
[
v
0

]
=

[
0

−Y ∗0Cv

]
.

As we know that Y ∗0 = 0 on Im(DC∗ )⊥ = Ker(DC∗ ), it is enough to show Cv ∈ Ker(DC∗ ). Using
again the identity CDC = DC∗C, we have

∥DC∗Cv∥2 = ⟨DC∗Cv,DC∗Cv⟩ =
〈
Cv,D2

C∗Cv
〉

=
〈
Cv,CD2

Cv
〉

= 0,

which completes the proof of the Fact 1.

Continuing the proof of Theorem 4.1.1, we can deduce from (4.4) that V1 = 0 on Im(DC)⊥ and,
thus, V1 = Z0. Finally, (4.5) is equivalent to

B = −Z0C
∗Y0 +DZ∗0

WDY0
.

Conversely, if there exists a contraction W ∈ B(H2,K1) such that B = DZ∗0
VDY0

−Z0C
∗Y0, then

it is easy to check that A = V′S = V′UDB, with V′ =
[
Z DZ∗W

]
. As V′ is a contraction (Corol-

lary 4.1.4), this implies that T is a contraction (Corollary 4.1.5).

4.2 Contractive 3× 3 matrices

In [29, Lemma 2.7], Gupta has used Parrott’s theorem on matrix completion to characterize the
contractive matrices of the form

T =

ω α 0
0 ω β
0 0 ω

 , with ω ∈ D and α,β ∈ C.

In this section, we extend this argument to achieve a broader characterization of contractive 3×3
upper-triangular matrices, whose entries can be either scalars or operators.

First of all, the following result provides a criterion for determining whether a 3× 3 operator
matrix is a contraction:

Theorem 4.2.1. Let H1,H2,H3 be three Hilbert spaces. Let Wi ∈ B(Hi), 1 ≤ i ≤ 3, be three contractions
and denote

T =

W1 A1 B
0 W2 A2
0 0 W3

 ∈ B(H1 ⊕H2 ⊕H3).

Then, T is a contraction if and only if there exist three contractions V1 ∈ B(H2,H1),V2 ∈ B(H3,H2),
V3 ∈ B(H3,H1) such that:

A1 = DW ∗1
V1DW2

,

A2 = DW ∗2
V2DW3

,

B =
[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

(4.6)

(4.7)

(4.8)
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Proof. First, if T is a contraction, then
[
W1 A1
0 W2

]
and

[
W2 A2
0 W3

]
are also contractions, as they

are compressions of T . Then, Parrott’s theorem (Theorem 4.1.1) implies that (4.6) and (4.7) are
satisfied. Moreover, V1 and V2 can be chosen such that Im

(
DW ∗1

)⊥
⊂ Ker(V ∗1 ) and Im

(
DW ∗2

)⊥
⊂

Ker(V ∗2 ). With this choice, V1 and V2 are (respectively) the solutions of the equations A1 =
DW ∗1

V1DW2
and A2 = DW ∗2

V2DW3
with minimal operator norm. In the following we assume that

(4.6) and (4.7) are satisfied, and that V1 and V2 are chosen as above.

Now, denote

A =
[
W1 A1

]
, C =

[
0 W2
0 0

]
and D =

[
A2
W3

]
.

By Parrott’s theorem, T is a contraction if and only if:

B = (Id−ZZ∗)1/2V3(Id−Y ∗Y )1/2 −ZC∗Y , for some contraction V3 ∈ B(H3,H1). (4.9)

Here, Y and Z are contractions such thatD = DC∗Y

Y ∗ = 0 on Im(DC∗ )
⊥

and A = ZDC

Z = 0 on Im(DC)⊥
.

The existence of such Y and Z is ensured by Proposition 4.1.3 and Corollary 4.1.4, as
[
A
C

]
and[

C D
]

are contractions.

We have Id−CC∗ =
[
Id−W2W

∗
2 0

0 Id

]
and Id−C∗C =

[
Id 0
0 Id−W ∗2W2

]
.

• Assume first that ∥W2∥ < 1. Then, DC and DC∗ are invertible, and we get

Y = D−1
C∗D =

[
D−1
W ∗2

A2

W3

]
=

[
V2DW3
W3

]
,

Z = AD−1
C =

[
W1 A1D

−1
W2

]
=

[
W1 DW ∗1

V1
]
.

It follows that DZ∗ =
[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
, DY =

[
DW3

(Id−V ∗2V2)DW3

]1/2
and

ZC∗Y = DW ∗1
V1W

∗
2V2DW3

. Therefore, (4.9) is equivalent to (4.8).

• In the general case, DC and DC∗ are not necessarily invertible. Let Y =
[
Y1
Y2

]
and Z =[

Z1 Z2

]
.

We have:

D = DC∗Y ⇐⇒

DW ∗2
Y1 = A2

Y2 = W3
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⇐⇒

 Y ∗1DW ∗2
= DW3

V ∗2DW ∗2
Y2 = W3

.

Thus, we have Y ∗1 = DW3
V ∗2 on Im

(
DW ∗2

)
.

Moreover, we have:

Im
(
DW ∗2

)⊥
⊕ {0} = Ker

(
DW ∗2

)
⊕ {0}

⊂ Ker(DC∗ )

= Im(DC∗ )
⊥ .

Thus, Y ∗ = 0 on Im(DC∗)
⊥ implies that Y ∗1 = 0 = DW2

V ∗2 on Im
(
DW ∗2

)⊥
. In the end, we get

Y ∗1 = DW3
V ∗2 on Im

(
DW ∗2

)
⊕ Im

(
DW ∗2

)⊥
and, therefore, Y =

[
V2DW3
W3

]
.

Furthermore, we have also:

A = ZDC ⇐⇒

 Z1 = W1

Z2DW2
= A1

⇐⇒

 Z1 = W1

Z2DW2
= DW ∗1

V1DW2

,

which implies that Z2 = DW ∗1
V1 on Im

(
DW2

)
.

As {0} ⊕ Im
(
DW2

)⊥
⊂ Im(DC)⊥, Z = 0 on Im(DC)⊥ implies that Z2 = 0 on Im

(
DW2

)⊥
.

Claim. V1 = 0 on Im
(
DW2

)⊥
.

Proof of the claim. If it were not the case, the operator Ṽ1 defined by

Ṽ1 =

 V1 on Im
(
DW2

)
0 on Im

(
DW2

)⊥
would be a solution of the equation A1 = DW ∗1

Ṽ1DW2
satisfying

∥∥∥Ṽ1

∥∥∥ < ∥V1∥, which is impossible.

Therefore, we have Z2 = DW ∗1
V1 on Im

(
DW2

)
⊕ Im

(
DW2

)⊥
and, then, we get Z =

[
W1 DW ∗1

V1
]
.

We conclude the proof as in the case where ∥W2∥ < 1.

We obtain the following general criterion in the scalar case:

Theorem 4.2.2. Let ω1,ω2,ω3 ∈ D. Then, T =

ω1 α1 β
0 ω2 α2
0 0 ω3

 is a contraction when acting on the
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Hilbert space C3 if and only if:
|ω2| < 1,

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,2,∣∣∣β(1− |ω2|2) +α1α2ω2

∣∣∣2 ≤ [
(1− |ω1|2)(1− |ω2|2)− |α1|2

] [
(1− |ω2|2)(1− |ω3|2)− |α2|2

] (4.10)

(4.11)

or


|ω2| = 1,

αi = 0, i = 1,2,

|β|2 ≤ (1− |ω1|2)(1− |ω3|2).

(4.12)

(4.13)

Proof. This result follows from Theorem 4.2.1. We give some details for completeness. As in the

proof of Theorem 4.2.1, if T is a contraction, then the two dimensional compressions
[
ω1 α1
0 ω2

]
and

[
ω2 α2
0 ω3

]
are also contractions. Thus (4.10) is satisfied, and it will be assumed from now on.

Note that if |ω2| = 1, this implies that α1 = α2 = 0.

We use similar notation as in the proof of Theorem 4.2.1, with:

A =
[
ω1 α1

]
, B =

[
β
]
, C =

[
0 ω2
0 0

]
and D =

[
α2
ω3

]
.

By Theorem 4.1.1, T is a contraction if and only if:

B = (Id−ZZ∗)1/2V (Id−Y ∗Y )1/2 −ZC∗Y , for some contraction V , (4.14)

where Y and Z are contractions such thatD = DC∗Y

Y ∗ = 0 on Im(DC∗ )
⊥

and A = ZDC

Z = 0 on Im(DC)⊥
.

We have

Id−CC∗ =
[
1− |ω2|2 0

0 1

]
and

Id−C∗C =
[
1 0
0 1− |ω2|2

]
.

• Assume first that |ω2| < 1. An easy computation shows that

Y = (Id−CC∗)−1/2D =

 α2√
1−|ω2 |2

ω3


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and
Z = A (Id−C∗C)−1/2 =

[
ω1

α1√
1−|ω2 |2

]
.

Thus, T is a contraction if and only if (4.14) is satisfied, that is

β +
α1α2ω2

1− |ω2|2
=

(
1− |ω1|2 −

|α1|2

1− |ω2|2

)1/2

V

(
1− |ω3|2 −

|α2|2

1− |ω2|2

)1/2

for some contraction V , which is equivalent to (4.11).

• Assume now that |ω2| = 1.

Let Y =
[
y1
y2

]
and Z =

[
z1 z2

]
. As D = (Id −CC∗)1/2Y , we get D∗ = Y ∗(Id −CC∗)1/2. This

holds if and only if y2 = ω3. Moreover, Y ∗ = 0 on Im(DC∗ )
⊥ implies that y1 = 0.

Similarly, A = Z(Id−C∗C)1/2 holds if and only if z1 = ω1, and Z = 0 on Im(DC)⊥ implies
that z2 = 0.

Then, we have ZC∗Y = 0 and, therefore, T is a contraction if and only if |β|2 ≤ (1−|ω3|2)(1−
|ω1|2). This is equivalent to (4.13).

4.3 Contractive 4× 4 matrices

The aim of this section is to establish the following criterion for contractivity:

Theorem 4.3.1. Let T =


ω1 α1 β1 γ
0 ω2 α2 β2
0 0 ω3 α3
0 0 0 ω4

 ∈M4(C), with ω1,ω2,ω3,ω4 ∈ D.

Then T is a contraction when acting on the Hilbert space C4 if and only if:



|ω2| < 1 ; |ω3| < 1

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3

|α2|2 < (1− |ω2|2)(1− |ω3|2)

|βi(1− |ωi+1|2) +αiαi+1ωi+1|2 ≤
[
(1− |ωi |2)(1− |ωi+1|2)− |αi |2

]
×[

(1− |ωi+1|2)(1− |ωi+2|2)− |αi+1|2
]
, i = 1,2∣∣∣γ[(1− |ω2|2)(1− |ω3|2)− |α2|2] +α1β2ω2(1− |ω3|2) +α3β1ω3(1− |ω2|2)

+β1β2α2 +α1α2α3ω2ω3

∣∣∣2 (1− |ω2|2)(1− |ω3|2)

≤
[(

(1− |ω1|2)(1− |ω2|2)− |α1|2
)(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)
−∣∣∣α1α2ω2 + β1(1− |ω2|2)

∣∣∣2]
×
[(

(1− |ω2|2)(1− |ω3|2)− |α2|2
)(

(1− |ω3|2)(1− |ω4|2)− |α3|2
)

−
∣∣∣α2α3ω3 + β2(1− |ω3|2)

∣∣∣2]

(4.15)

(4.16)

(4.17)
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or



|ω2| < 1 ; |ω3| < 1

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3

|α2|2 = (1− |ω2|2)(1− |ω3|2)

βi =
−αiαi+1ωi+1

1− |ωi+1|2
, i = 1,2∣∣∣∣∣γ − ω2ω3α1α2α3

(1− |ω2|2)(1− |ω3|2)

∣∣∣∣∣2 (1− |ω2|2
)(

1− |ω3|2
)

≤
[
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
×
[
(1− |ω3|2)(1− |ω4|2)− |α3|2

]

(4.18)

(4.19)

(4.20)

or



|ω2| = 1 ; |ω3| < 1
α1 = α2 = 0
|α3|2 ≤ (1− |ω3|2)(1− |ω4|2)
|β1|2 ≤ (1− |ω1|2)(1− |ω3|2)∣∣∣∣β2

(
1− |ω3|2

)∣∣∣∣2 ≤ (1− |ω3|2)(1− |ω4|2)− |α3|2∣∣∣γ(1− |ω3|2) +α3β1ω3

∣∣∣2 ≤ [
(1− |ω3|2)(1− |ω4|2)− |α3|2

] [
(1− |ω1|2)(1− |ω3|2)− |β1|2

]

or



|ω3| = 1 ; |ω2| < 1
|α1|2 ≤ (1− |ω1|2)(1− |ω2|2)
α2 = α3 = 0
|β1(1− |ω2|2)|2 ≤ (1− |ω1|2)(1− |ω2|2)− |α1|2

|β2|2 ≤ (1− |ω2|2)(1− |ω4|2)∣∣∣γ(1− |ω2|2) +α1β2ω2

∣∣∣2 ≤ [
(1− |ω1|2)(1− |ω2|2)− |α1|2

] [
(1− |ω2|2)(1− |ω4|2)− |β2|2

]

or


|ω2| = |ω3| = 1
α1 = α2 = α3 = 0
|βi |2 ≤ (1− |ωi |2)(1− |ωi+2|2), i = 1,2∣∣∣γ ∣∣∣2 ≤ (1− |ω1|2)(1− |ω4|2)

We will follow the same approach as for 3× 3 matrices, employing Parrott’s theorem on matrix
completion. However, we will find that the calculations become more intricate.

First of all, we will need the following technical lemma, which provides the diagonalization of a
specific matrix M. This will allow us to define powers Ms of M.

Lemma 4.3.2. Let ω,α ∈ C, ω , 0, M =
(
1− |ω|2 −ωα
−αω 1− |α|2

)
and s ∈ R.

(i) We have M = 1
|α|2+|ω|2

(
−α ω
ω α

)(
1 0
0 1− |α|2 − |ω|2

)(
−α ω
ω α

)
;

(ii) We can define

Ms =
1

|α|2 + |ω|2

 |α|2 + |ω|2
[
1− |α|2 − |ω|2

]s
−αω

(
1−

[
1− |α|2 − |ω|2

]s)
−αω

(
1−

[
1− |α|2 − |ω|2

]s)
|ω|2 + |α|2

[
1− |α|2 − |ω|2

]s  ,
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provided
[
1− |α|2 − |ω|2

]s
is well-defined.

Proof. We just diagonalize M. Using the characteristic polynomial may lead to quite compli-
cated computations. However, let us recall that the product of the eigenvalue is equal to the
determinant, and that the sum of the eigenvalues is equal to the trace. In that case, this gives
that the product of the eigenvalues is equal to 1− |α|2 − |ω|2 and that the sum of the eigenvalues
is equal to 2− |ω|2− |α|2. Thus, a natural candidate for the spectrum of M is σ := {1;1− |α|2− |ω|2}.

We can then easily check that
(
−α
ω

)
and

(
ω
α

)
are eigenvectors associated (respectively) to 1 and

1−|α|2−|ω|2, and then we obtain the first item of this lemma. The second item follows as a direct
consequence of the first one.

Now, let us start with the particular case where one of the diagonal element of the matrix, ω3, is
equal to 0:

Lemma 4.3.3. Let T =


ω1 α1 β1 γ
0 ω2 α2 β2
0 0 0 α3
0 0 0 ω4

 ∈M4(C), with ω2 ∈ D and ω1,ω4 ∈ D.

Then T is a contraction if and only if:



|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3

|α2|2 = 1− |ω2|2

β1 =
−α1α2ω2

1− |ω2|2

β2 = 0

|γ |2(1− |ω2|2) ≤
[
(1− |ω1|2)(1− |ω2|2)− |α1|2

] [
1− |ω4|2 − |α3|2

]

(4.21)

(4.22)

(4.23)

(4.24)

or



|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), i = 1,3

|α2|2 < 1− |ω2|2

|βi(1− |ωi+1|2) +αiαi+1ωi+1|2 ≤
[
(1− |ωi |2)(1− |ωi+1|2)− |αi |2

]
×[

(1− |ωi+1|2)(1− |ωi+2|2)− |αi+1|2
]
, i = 1,2∣∣∣∣γ (

1− |ω2|2 − |α2|2
)

+ β2 (ω2α1 +α2β1)
∣∣∣∣2 (1− |ω2|2)

≤
[(

(1− |ω1|2)(1− |ω2|2)− |α1|2
)(

1− |ω2|2 − |α2|2
)

−
∣∣∣β1(1− |ω2|2) +α1α2ω2

∣∣∣2]
×
[(

1− |ω2|2 − |α2|2
)(

1− |ω4|2 − |α3|2
)
− |β2|2

]

(4.25)

(4.26)

(4.27)

Proof. Denote ω3 = 0. First of all, if T is a contraction, then the compressions

ω1 α1 β1
0 ω2 α2
0 0 ω3


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and

ω2 α2 β2
0 ω3 α3
0 0 ω4

 are contractions. As it is a necessary condition for T to be a contraction, we

will assume in the following that it is the case. Thus, from Theorem 4.2.2, we have:

|αi |2 ≤ (1− |ωi |2)(1− |ωi+1|2), 1 ≤ i ≤ 3 (4.28)

and
|βi(1− |ωi+1|2) +αiαi+1ωi+1|2 ≤

[
(1− |ωi |2)(1− |ωi+1|2)− |αi |2

]
×[

(1− |ωi+1|2)(1− |ωi+2|2)− |αi+1|2
]
, 1 ≤ i ≤ 2

(4.29)

Let A =
[
ω1 α1 β1

]
, B =

[
γ
]
, C =

0 ω2 α2
0 0 ω3
0 0 0

 and D =

β2
α3
ω4

.
By assumption,

[
A
C

]
and

[
C D

]
are contractions.

By Parrott’s theorem, T is a contraction if and only if

B = (Id−ZZ∗)1/2V (Id−Y ∗Y )1/2 −ZC∗Y , for some contraction V , (4.30)

where Y and Z are contractions such that D = (Id−CC∗)1/2Y and A = Z(Id−C∗C)1/2.

Note that the existence of two contractions Y and Z such that D = (Id − CC∗)1/2Y and A =
Z(Id−C∗C)1/2 is ensured by Parrott’s theorem for column (respectively row) matrix-operators,

as we are assuming that
[
A
C

]
and

[
C D

]
are contractions.

We have Id−CC∗ =

1− |ω2|2 − |α2|2 0 0
0 1 0
0 0 1

 and Id−C∗C =

1 0 0
0 1− |ω2|2 −α2ω2
0 −ω2α2 1− |α2|2

.
• Assume first that ω2 , 0 and that |α2|2 < 1− |ω2|2.

Then, denoting Σ = |α2|2 + |ω2|2, we have

(Id−CC∗)−1/2 =


1√

1−Σ
0 0

0 1 0
0 0 1

 ,
and, by Lemma 4.3.2,

(Id−C∗C)−1/2 =
1
Σ


Σ 0 0

0 |α2|2 + |ω2 |2√
1−Σ

−α2ω2

[
1− 1√

1−Σ

]
0 −α2ω2

[
1− 1√

1−Σ

]
|ω2|2 + |α2 |2√

1−Σ

 .
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Thus, we get Y = (Id−CC∗)−1/2D =


β2√
1−Σ
α3
ω4

.
Moreover, we get also

Z = A (Id−C∗C)−1/2

=
[
ω1

α1
(
|α2 |2

√
1−Σ+|ω2 |2

)
−β1α2ω2

(√
1−Σ−1

)
Σ
√

1−Σ
−α2ω2α1

(√
1−Σ−1

)
+β1

(
|ω2 |2

√
1−Σ+|α2 |2

)
Σ
√

1−Σ

]
:=

1

Σ
√

1−Σ

[
z′1 z′2 z′3

]
,

where

z′1 = Σ
√

1−Σω1;

z′2 = α1

(
|α2|2
√

1−Σ+ |ω2|2
)
− β1α2ω2

(√
1−Σ− 1

)
;

z′3 = −α2ω2α1

(√
1−Σ− 1

)
+ β1

(
|ω2|2

√
1−Σ+ |α2|2

)
.

Thus, we have:

ZC∗Y =
β2

Σ (1−Σ)
(ω2z

′
2 +α2z

′
3) =

β2

1−Σ
(α1ω2 + β1α2) .

Now, let us consider the Cholesky factorization (see e.g. [48, chapter 4]) of Id−C∗C: let SC be
the (unique) upper-triangular matrix with positive diagonal such that

Id−C∗C = S∗CSC .

It is easy to see that:

SC =


1 0 0
0

√
1− |ω2|2

−α2ω2√
1−|ω2 |2

0 0
√

1−|ω|2−|α2 |2
1−|ω2 |2

 .
Moreover, for every x ∈ C3, we have ||SC x||2 = ⟨(Id−C∗C)x,x⟩ = ||DC x||2. Therefore, there exists
an isometry UC ∈ B

(
C3

)
such that DC = UCSC . Since UC acts on the finite dimensional space C3,

the operator UC is even unitary.

Now, let Z̃ = ZUC . We have
A = Z̃SC (4.31)

and
Id−ZZ∗ = Id− Z̃Z̃∗. (4.32)

From (4.31) we get:

Z̃ = AS−1
C =

[
ω1

α1√
1−|ω2 |2

α1α2ω2+β1(1−|ω2 |2)√
1−|ω2 |2

√
1−|ω2 |−|α2 |2

]
.

Finally, by (4.30) and (4.32), T is a contraction if and only if:
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∣∣∣∣γ (
1− |ω2|2 − |α2|2

)
+ β2 (ω2α1 +α2β1)

∣∣∣∣2 (1− |ω2|2)

≤
[(

(1− |ω1|2)(1− |ω2|2)− |α1|2
)(

1− |ω2|2 − |α2|2
)
−
∣∣∣β1(1− |ω2|2) +α1α2ω2

∣∣∣2]×[(
1− |ω2|2 − |α2|2

)(
1− |ω4|2 − |α3|2

)
− |β2|2

].

• Assume now that ω2 = 0 and |α2| < 1.

We have then Id−CC∗ =

1− |α2|2 0 0
0 1 0
0 0 1

 and Id−C∗C =

1 0 0
0 1 0
0 0 1− |α2|2

.
Thus, we obtain

Y = (Id−CC∗)−1/2D =


β2√

1−|α2 |2

α3
ω4


and

Z = A (Id−C∗C)−1/2 =
[
ω1 α1

β1√
1−|α2 |2

]
and we are brought back to the previous case (taking ω2 = 0 in the expressions of Y and Z). Note
that in this case, as Id−C∗C is diagonal, SC = DC and, thus, Z̃ = Z.

• Assume now that ω2 , 0 and α2 = eiθ2
√

1− |ω2|2, for θ2 ∈]−π,π].

Note that in that case, (4.29) implies that β1 = −α1α2ω2
(1−|ω2 |2) and β2 = 0.

Moreover, we have also:

(Id−CC∗)1/2 =

0 0 0
0 1 0
0 0 1


and

(Id−C∗C)1/2 =


1 0 0
0 1− |ω2|2 −eiθ2ω2

√
1− |ω2|2

0 −ω2e
−iθ2

√
1− |ω2| |ω2|2

 .

Let Y =

y1
y2
y3

 and Z =
[
z1 z2 z3

]
. Then, D = (Id−CC∗)1/2Y if and only if y2 = α3 and y3 = ω4.

Taking for Y the minimal solution of the equation D = DC∗Y , we can set y1 = 0.

Moreover, A = Z (Id−C∗C)1/2 if and only if:
z1 = ω1

(1− |ω2|2)z2 −e−iθ2ω2
√

1− |ω2|2z3 = α1

−eiθ2ω2
√

1− |ω2|2z2 +|ω2|2z3 = β1
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which is equivalent to: {
z1 = ω1

(1− |ω2|2)z2 −e−iθ2ω2
√

1− |ω2|2z3 = α1

as we have, by assumption, β1 = −α1e
iθ2ω2√

1−|ω2 |2
. Again, we take for Z the minimal solution of the

equation A = ZDC , which means that Z = 0 on Im(DC)⊥.

It is easy to see that the rank of DC is equal to 2, and that


1
0
0

 ,


0√
1− |ω2|2
−e−iθ2ω2


 is an orthonormal

basis of Im(DC). Using Gram-Schmidt’s algorithm, we find that


1
0
0

 ,


0√
1− |ω2|2
−e−iθ2ω2

 ,


0
eiθ2ω2√
1− |ω2|2




is an orthonormal basis of C3 adapted to the decomposition C3 = Im(DC) ⊕ Im(DC)⊥. If we
require that DC = 0 on Im(DC)⊥, then, we obtain the following system:


z1 = ω1

(1− |ω2|2)z2 −e−iθ2ω2
√

1− |ω2|2z3 = α1

eiθ2ω2z2 +
√

1− |ω2|2z3 = 0
,

which is equivalent to: 
z1 = ω1
z2 = α1

z3 = −e
iθ2ω2α1√
1−|ω2 |2

.

Then we have ZC∗Y = 0.

Finally, T is a contraction if and only if

|γ |2 ≤
[
1− |ω1|2 −

|α1|2

1− |ω2|2

][
1− |ω4|2 − |α3|2

]
.

• Assume now that ω2 = 0 and that α2 = eiθ2 , for some θ2 ∈]−π,π].

We have then Id−CC∗ =

0 0 0
0 1 0
0 0 1

 and Id−C∗C

1 0 0
0 1 0
0 0 0

.
Again, let Y =

y1
y2
y3

 and Z =
[
z1 z2 z3

]
.

We have

D = (Id−CC∗)1/2Y ⇐⇒
{
y2 = α3

y3 = ω4
.
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Taking for Y the minimal solution of the equation D = DC∗Y gives us y1 = 0.

Moreover, we have A = Z (Id−C∗C)1/2 ⇐⇒
{
z1 = ω1

z2 = α1
.

Taking for Z the minimal solution of the equation A = ZDC gives us z3 = 0. We are therefore
brought back to the previous case (taking ω2 = 0 in the expressions of Y and Z).

Definition 4.3.4. For ω ∈ D, we define the Möbius transformation

Mω : C\
{ 1
ω

}
∋ z 7→ ω − z

1−ωz

We recall that Mω is involutive, holomorphic on D, and that for all z ∈ D, |Mω(z)| ≤ 1, with
equality if and only if |z| = 1. For more details, see for instance [43, Chapter IX, Section 2].

Definition 4.3.5. Let ω ∈ D. For a Hilbert space H , we define

Bω(H) :=
{
T ∈ B(H) :

1
ω
< σ (T )

}
and

Mω := Bω(H) ∋ T 7→ (ωId− T )(Id−ωT )−1.

Remark 4.3.6. All contractions belong to Bω(H).

Lemma 4.3.7. With the above notations:

(i) Mω is involutive ;

(ii) T is a contraction if and only if Mω(T ) is a contraction.

Proof.

(i) Firstly, we note that if T ∈ Bω(H), then the spectrum σ (Mω(T )) = Mω(σ (T )) does not con-
tain 1

ω . This is because the equation ω−z
1−ωz = 1

ω has no solution. Therefore, Mω(Mω(T )) is
well-defined. Subsequently, using properties of the rational functional calculus (Corol-
lary 3.2.19), we can write Mω(Mω(T )) = (Mω ◦Mω) (T ) = T .

(ii) This can be seen as a consequence of the von Neumann inequality. For completeness, we
present here a more elementary and direct proof. From the previous item, it is enough to
prove that if T is a contraction, then so is Mω(T ).
Let x ∈H , and let y = (Id−ωT )−1 x. First of all, we have:

||x||2 = || (Id−ωT )y||2

= ||y||2 + |ω|2||T y||2 − 2Re(ω
〈
T y,y

〉
)



90 CHAPTER 4. Contractive matrices

Then, we can write:

||Mω(T )x||2 = ||(ωId− T )y||2

= |ω|2||y||2 + ||T y||2 − 2Re(ω
〈
T y,y

〉
)

= ||x||2 − (1− |ω|2)||y||2 + (1− |ω|2)||T y||2

≤ ||x||2 − (1− |ω|2)||y||2 + (1− |ω|2)||y||2 = ||x||2

In the end, we get ||Mω(T )x|| ≤ ||x||, for all x ∈H . Thus, Mω(T ) is a contraction.

Proof of Theorem 4.3.1.

• We first consider the case where |ω2| < 1 and |ω3| < 1.
In this case, we use Lemma 4.3.7: T is a contraction if and only if Mω3

(T ) is a contraction. In
the following, as long as there is no ambiguity, we will just write M instead of Mω3

. Using the
rational functional calculus, we get the following matrix representation for M(T ):

M(T ) =


M(ω1) α1[M(ω1),M(ω2)] λ1 µ

0 M(ω2) α2[M(ω2),M(ω3)] λ2
0 0 M(ω3) α3[M(ω3),M(ω4)]
0 0 0 M(ω4)

 (4.33)

where λ1 = α1α2[M(ω1),M(ω2),M(ω3)] + β1[M(ω1),M(ω3)]

λ2 = α2α3[M(ω2),M(ω3),M(ω4)] + β2[M(ω2),M(ω4))]

µ = α1α2α3[M(ω1),M(ω2),M(ω3),M(ω4)] +α1β2[M(ω1),M(ω2),M(ω4)]
+α3β1[M(ω1),M(ω3),M(ω4)] +γ[M(ω1),M(ω4)].

For i, j,k, l ∈ J1,4K, we have:

[M(ωi),M(ωj )] =
|ω3|2 − 1

(1−ω3ωi)(1−ω3ωj )

[M(ωi),M(ωj ),M(ωk)] =
ω3(|ω3|2 − 1)

(1−ω3ωi)(1−ω3ωj )(1−ω3ωk)

[M(ωi),M(ωj ),M(ωk),M(ωl)] =
ω3

2(|ω3|2 − 1)
(1−ω3ωi)(1−ω3ωj )(1−ω3ωk)(1−ω3ωl)

Hence, (4.33) can be rewritten:

M(T ) =


ω3−ω1

1−ω3ω1

α1(|ω3 |2−1)
(1−ω3ω1)(1−ω3ω2)

−α1α2ω3−β1(1−ω3ω2)
(1−ω3ω1)(1−ω3ω2) µ

0 ω3−ω2
1−ω3ω2

−α2
1−ω3ω2

−α2α3ω3+β2(|ω3 |2−1)
(1−ω3ω2)(1−ω3ω4)

0 0 0 −α3
1−ω3ω4

0 0 0 ω3−ω4
1−ω3ω4


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where µ =
γ(|ω3|2 − 1)

(1−ω3ω1)(1−ω3ω4)
+

α1β2ω3(|ω3|2 − 1)
(1−ω3ω1)(1−ω3ω2)(1−ω3ω4)

−
α3β1ω3

(1−ω3ω1)(1−ω3ω4)
− α1α2α3ω3

2

(1−ω3ω1)(1−ω3ω2)(1−ω3ω4)

=
(|ω3|2 − 1)[γ(1−ω3ω2) +α1β2ω3]−ω3[α3β1(1−ω3ω2) +α1α2α3ω3]

(1−ω3ω1)(1−ω3ω2)(1−ω3ω4)

Now, we apply Lemma 4.3.3 to M(T ), recalling that |M(w2)| = 1 if and only if |ω2| = 1 and
using the key identity:

∀u,v ∈ C, (1− |u|2)(1− |v|2) = |1−uv|2 − |u − v|2 (4.34)

Using this identity, it is easy to see that∣∣∣∣∣ −α2

1−ω3ω2

∣∣∣∣∣2 ≤ 1−
∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2
if and only if

|α2|2 ≤ 1− |ω2|2,

and that equality holds in one the two inequalities if and only if equality holds in the other
one.

Thus, we can distinguish two subcases:

– If |α2|2 < 1− |ω2|2, it is easy to see (using Equation (4.34)) that (4.25) and (4.26) applied to
M(T ) are (respectively) equivalent to (4.15) and (4.16). Let us give some details to show
that (4.27) applied to M(T ) is equivalent to (4.17):

(4.27) applied to M(T ) is equivalent to

|E|2
(
1−

∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2) ≤ F ·G (4.35)

where

E =
(|ω3|2 − 1)[γ(1−ω3ω2) +α1β2ω3]−ω3[α3β1(1−ω3ω2) +α1α2α3ω3]

(1−ω3ω1)(1−ω3ω2)(1−ω3ω4)

×
(
1−

∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2 − ∣∣∣∣∣ α2

1−ω3ω2

∣∣∣∣∣2)− α2α3ω3 + β2(1− |ω3|2)
(1−ω3ω2)(1−ω3ω4)

×
(
α1(ω3 −ω2)(|ω3|2 − 1)
|1−ω3ω2|2(1−ω3ω1)

+
|α2|2α1ω3 + β1α2(1−ω3ω2)
|1−ω3ω2|2(1−ω3ω1)

)
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F =
[
1−

∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2 − ∣∣∣∣∣ α2

1−ω3ω2

∣∣∣∣∣2][(1− ∣∣∣∣∣ ω3 −ω1

1−ω3ω1

∣∣∣∣∣2)(1− ∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2)
−
∣∣∣∣∣∣ α1(|ω3|2 − 1)
(1−ω3ω1)(1−ω3ω2)

∣∣∣∣∣∣2
− ∣∣∣∣∣∣−α1α2ω3 − β1(1−ω3ω2)

(1−ω3ω1)(1−ω3ω2)

(
1−

∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2)
+

α1α2(1− |ω3|2)(ω3 −ω2)
(1−ω3ω1)(1−ω3ω2)|1−ω3ω2|2

∣∣∣∣∣∣2
and

G =
(
1−

∣∣∣∣∣ ω3 −ω2

1−ω3ω2

∣∣∣∣∣2 − ∣∣∣∣∣ α2

1−ω3ω2

∣∣∣∣∣2)(1− ∣∣∣∣∣ ω3 −w4

1−ω3ω4

∣∣∣∣∣2 − ∣∣∣∣∣ α3

1−ω3ω4

∣∣∣∣∣2)
−
∣∣∣∣∣∣α2α3ω3 + β2(1− |ω3|2)

(1−ω3ω2)(1−ω3ω4)

∣∣∣∣∣∣2

On the one hand, we have:

(1−ω3ω1)(1−ω3ω2)(1−ω3ω4) |1−ω3ω2|2 ·E

=
(
|ω3|2 − 1

)
(1−ω3ω2)

[
γ
(
(1− |ω2|2)(1− |ω3|2)− |α2|2

)
+α1β2ω2(1− |ω3|2)

+α3β1ω3(1− |ω2|2) + β1β2α2 +α1α2α3ω2ω3

]
On the other hand, we have:∣∣∣(1−ω3ω2)2(1−ω3ω1)

∣∣∣2 ·F
=
(
1− |ω3|2

)2 [(
(1− |ω1|2)(1− |ω2|2)− |α1|2

)(
(1− |ω2|2)(1− |ω3|2)− |α2|2

)
−
∣∣∣∣α1α2ω2 + β1

(
1− |ω2|2

)∣∣∣∣2]
and

|(1−ω3w2)(1−ω3ω4)|2 ·G

=
(
(1− |ω2|2)(1− |ω3|2)− |α2|2

)(
(1− |ω3|2)(1− |ω4|2)− |α3|2

)
−
∣∣∣∣α2α3ω3 + β2

(
1− |ω3|2

)∣∣∣∣2
Therefore, (4.35) is equivalent to (4.17).

– If |α2|2 = 1 − |ω2|2, we check that (4.21), (4.22), (4.23) and (4.24) applied to M(T ) are
equivalent to (4.18), (4.19) and (4.20).

• We are now considering the case where |ω3| = 1.

First of all, if T is a contraction, then the compressions

ω1 α1 β1
0 ω2 α2
0 0 ω3

 and

ω2 α2 β2
0 ω3 α3
0 0 ω4

 are

contractions. As it is a necessary condition for T to be a contraction, we will assume in the
following that it is the case.
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let A =
[
ω1 α1 β1

]
, B =

[
γ
]
, C =

0 ω2 α2
0 0 ω3
0 0 0

 and D =

β2
α3
ω4

.
By assumption,

[
A
C

]
and

[
C D

]
are contractions.

By Parrott’s theorem, T is a contraction if and only if:

B = (Id−ZZ∗)1/2V (Id−Y ∗Y )1/2 −ZC∗Y , for some contraction V , (4.36)

where Y and Z are contractions such that D = (Id−CC∗)1/2Y and A = Z(Id−C∗C)1/2.

We have: (Id−CC∗)1/2 =


√

1− |ω2|2 0 0
0 0 0
0 0 1

 ; (Id−C∗C)1/2 =


1 0 0
0

√
1− |ω2|2 0

0 0 0


– If |ω2| < 1:

Applying the criterion for 3×3 matrices, the assumption that the compressions

ω1 α1 β1
0 ω2 α2
0 0 ω3


and

ω2 α2 β2
0 ω3 α3
0 0 ω4

 are contractions means that |α1|2 ≤ (1 − |ω1|2)(1 − |ω2|2), α2 = α3 = 0,

|β1(1− |ω2|2)|2 ≤ (1− |ω1|2)(1− |ω2|2)− |α1|2 and |β2|2 ≤ (1− |ω2|2)(1− |ω4|2).

Moreover, the equations D = (Id − CC∗)1/2Y and A = Z(Id − C∗C)1/2 have both infinitely

many solutions. Taking the minimal solutions for Y and Z, we obtain Y =


β2√

1−|ω2 |2

0
ω4

 and

Z =
[
ω1

α1√
1−|ω2 |2

0
]

Hence, we have ZC∗Y = α1β2ω2
1−|ω2 |2

and, in the end, T is a contraction if and only if:∣∣∣∣∣γ +
α1β2ω2

1− |ω2|2

∣∣∣∣∣2 ≤ [
1− |ω4|2 −

|β2|2

1− |ω2|2

][
1− |ω1|2 −

|α1|2

1− |ω2|2

]
,

which is equivalent to∣∣∣γ(1− |ω2|2) +α1β2ω2

∣∣∣2 ≤ [
(1− |ω4|2)(1− |ω2|2)− |β2|2

] [
(1− |ω1|2)(1− |ω2|2)− |α1|2

]
.

– If |ω2| = 1:

Applying the criterion for 3×3 matrices, the assumption that the compressions

ω1 α1 β1
0 ω2 α2
0 0 ω3


and

ω2 α2 β2
0 ω3 α3
0 0 ω4

 are contractions means that α1 = α2 = α3 = 0, |β1|2 ≤ (1− |ω1|2)(1− |ω3|2)
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and |β2|2 ≤ (1 − |ω2|2)(1 − |ω4|2). Moreover, taking the minimal solutions for Y and Z, we

obtain Y =

 0
0
ω4

 and Z =
[
ω1 0 0

]
Hence, we have ZC∗Y = 0 and, in the end, T is a

contraction if and only if: ∣∣∣γ ∣∣∣2 ≤ (1− |ω1|2)(1− |ω4|2)

• The case where |ω2| = 1 and |ω3| < 1 is similar to the case where |ω3| = 1 and |ω2| < 1.

4.4 Extremal contractive matrices and model space operators

4.4.1 A noteworthy observation: link with model matrices

Recall from Section 2.3.6 that, if Θn is a finite Blaschke product with distinct zeros ω1, . . . ,ωn ∈ D,
the matrix representation MΘn

of the compressed shift SΘn
in the Takenaka-Malmquist-Walsh

basis is given by:

[
MΘn

]
i,j

=


ωj if i=j∏j−1

k=i+1 (−ωk)
√

1− |ωi |2
√

1− |ωj |2 if i<j

0 if i>j

(4.37)

For example, for n = 2 and n = 3, we obtain the following matrices:

MΘ2
:=

(
ω1

√
1− |ω1|2

√
1− |ω2|2

0 ω2

)

MΘ3
:=

ω1
√

1− |ω1|2
√

(1− |ω2|2 −ω2
√

(1− |ω1|2
√

(1− |ω3|2)
0 ω2

√
1− |ω2|2

√
(1− |ω3|2

0 0 ω3

 .
Those two matrices can be seen as extremal matrices for the criteria of contractivity for (respec-
tively) 2× 2 matrices and 3× 3 matrices.

Indeed, let us recall that a 2×2 matrix of the form T2 =
(
ω1 α
0 ω2

)
(with ω1,ω2 ∈ D) is a contraction

if and only if |α| ≤
√

1− |ω1|2
√

1− |ω2|2, and that a 3× 3 matrix of the form T3 =

ω1 α1 β
0 ω2 α2
0 0 ω3


(with ω1,ω2,ω3 ∈ D) is a contraction if and only if |αi | ≤

√
1− |ωi |2

√
1− |ωi+1|2, i = 1,2∣∣∣β(1− |ω2|2) +α1α2ω2

∣∣∣ ≤√
(1− |ω1|2)(1− |ω2|2)− |α1|2 ·

√
(1− |ω2|2)(1− |ω3|2)− |α2|2

.

If we set α1 =
√

1− |ω1|2
√

1− |ω2|2 and α2 =
√

1− |ω2|2
√

1− |ω3|2, then, T3 is a contraction if and
only if T3 = MΘ3

.
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Similarly, observe that, in Theorem 4.3.1, if we set αi =
√

1− |ωi |2
√

1− |ωi+1|2, for i = 1,2,3, then,
T = T4 is a contraction if and only if: βi = −ωi+1

√
1− |ωi |2

√
1− |ωi+2|2, i = 1,2

γ = ω2ω3
√

1− |ω1|2
√

1− |ω4|2
,

which is equivalent to say that T4 = MΘ4
.

The aim of the next section is to generalize those observations.

4.4.2 Extremal contractive matrices of arbitrary size

We will now prove the following result:

Theorem 4.4.1. Let n ∈ N∗, let ω1, . . . ,ωn ∈ D and let

Tn =



ω1 α
(1)
1 α

(2)
1 α

(n−1)
1

0 ω2 α
(1)
2 α

(2)
2

α
(2)
n−2

α
(1)
n−1

0 0 ωn


∈Mn(C).

Assume that
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2, for all 1 ≤ i ≤ n− 1.

Then, Tn is a contraction if and only if Tn = MΘn
, where MΘn

is defined as in (4.37).

In other words, Tn is a contraction if and only if

α
(j)
i =

j+i−1∏
k=i+1

(−ωk)
√

1− |wi |2
√

1− |ωi+j |2, for all 1 ≤ i ≤ n, 1 ≤ j ≤ n− i.

Proof. First of all, note that if Tn =
(
ti,j

)
1≤i,j≤n

, then we have α
(j)
i = ti,i+j . Now, we will proceed

by induction on the size of the matrix Tn.

• For n = 2, there is nothing to prove.

• Let n ≥ 3, and assume that the result is true for a matrix of size n− 1.

If Tn is a contraction, then, the two compressions

S
(1)
n =


ω1 α

(1)
1 α

(2)
1 α

(n−2)
1

0 ω2 α
(1)
2 α

(n−3)
2

α
(1)
n−2

0 0 ωn−1


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and

S
(2)
n =


ω2 α

(1)
2 α

(2)
2 α

(n−2)
2

0 ω3 α
(1)
3 α

(n−3)
3

α
(1)
n−1

0 0 ωn


are contractions too. Using the induction hypothesis, that happens if and only if

α
(j)
i =

j+i−1∏
k=i+1

(−ωk)
√

1− |wi |2
√

1− |ωi+j |2

for all i, j, except maybe for α(n−1)
1 (who does not appear in any of those two compressions).

Our aim is now to prove that there exists a unique choice for the coefficient α(n−1)
1 such that Tn

is a contraction. As we know that for

a
(n−1)
1 =

n−1∏
k=2

(−ωk)
√

1− |w1|2
√

1− |ωn|2.

Tn = MΘn
is a contraction, that will be enough to prove the theorem.

Let A =
[
ω1 α

(1)
1 α

(2)
1 α

(n−2)
1

]
, B =

[
α

(n−1)
1

]
, C =


0 ω2 α

(1)
2 α

(n−3)
2

α
(1)
n−2

ωn−1
0 0


and D =


α

(n−2)
2
...

α
(1)
n−1
ωn

.
As Tn is a contraction, then,

[
A
C

]
and

[
C D

]
are contractions too. By Parrott’s theorem, T is a

contraction if and only if there exists a contraction V such that:

B = (Id−ZZ∗)1/2V (Id−Y ∗Y )1/2 −ZC∗Y , (4.38)

where Y and Z are contractions such that D = (Id−CC∗)1/2Y and A = Z(Id−C∗C)1/2.

Note that (4.38) can be rewritten:∣∣∣∣α(n−1)
1 +ZC∗Y

∣∣∣∣2 ≤ (1−ZZ∗)× (1−Y ∗Y ) (4.39)

Fact 1. If ω2 = 0, then C∗C =



0 0 0

0 0

1

0
0 0 1



2

n−3

2 n−3
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Proof. Denote C = (ci,j )1≤i,j≤n, with ci,j =


0 if j ≤ i

ωj if j = i + 1

α
(j−i−1)
i+1 if j ≥ i + 2

.

We have [C∗C]i,j =
∑n−1

k=1 ck,ick,j =
∑m(i,j)

k=1 ck,ick,j , where m(i, j) = min{i − 1, j − 1}.

We can easily notice that [C∗C]1,j = 0, for all j ∈ J1,n− 1K and [C∗C]i,1 = 0, for all i ∈ J1,n− 1K
(which means that the first row and the first column of C∗C are zero).

Moreover, it is easy to see that [C∗C]2,2 = |ω2|2 = 0 and that [C∗C]2,j = ω2α
(j−2)
2 = 0, for all

j ∈ J3,n− 1K.

Furthermore, for i ∈ J3,n− 1K, we get:

[C∗C]i,i =
i−2∑
k=1

∣∣∣∣α(i−k−1)
k+1

∣∣∣∣2 + |ωi |2

= (1− |ωi |2)
i−2∑
k=1

 i−1∏
s=k+2

|ωs |2
 (1− |ωk+1|2) + |ωi |2

= (1− |ωi |2)

 i−2∑
k=1

i−1∏
s=k+2

|ωs |2 −
i−2∑
k=1

i−1∏
s=k+1

|ωs |2
+ |ωi |2.

Now, we make a change of indices in order to make a telescopic sum appear:

[C∗C]i,i = (1− |ωi |2)

 i∑
k=3

i−1∏
s=k

|ωs |2 −
i−1∑
k=2

i−1∏
s=k

|ωs |2
+ |ωi |2

= (1− |ωi |2)

1−
i−1∏
s=2

|ωs |2
+ |ωi |2

= 1,

as the first term of the product
∏i−1

s=2 |ωs |2 is equal to 0.

Similarly, for i ∈ J3,n− 1K and j > i, we get:

[C∗C]i,j =
i−2∑
k=1

α
(i−k−1)
k+1 α

(j−k−1)
k+1 +ωiα

(j−i)
i

=
√

1− |ωi |2
√

1− |ωj |2
 i−1∑
k=1

(1− |ωk+1|2)
i−1∏

s=k+2

(−ωs)
j−1∏

s=k+2

(−ωs)

−
j−1∏
s=i

(−ωs)


=

√
1− |ωi |2

√
1− |ωj |2

 i−1∑
k=1

(1− |ωk+1|2)
i−1∏

s=k+2

|ωs |2
j−1∏
s=i

(−ωs)

−
j−1∏
s=i

(−ωs)


=

√
1− |ωi |2

√
1− |ωj |2

j−1∏
s=i

(−ωs)

 i+1∑
k=3

i−1∏
s=k

|ωs |2 −
i∑

k=2

i−1∏
s=k

|ωs |2 − 1


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=
√

1− |ωi |2
√

1− |ωj |2
j−1∏
s=i

(−ωs)

1− i−1∏
s=2

|ωs |2 − 1


= 0.

Finally, we conclude using the self-adjointness of C∗C.

Fact 2. Suppose ω2 = 0. Then ||Tn|| ≤ 1 if and only if α(n−1)
1 = 0.

Proof. If ω2 = 0, we have

Id−C∗C =



1 0 0

0 1

0

0
0 0 0



2

n−3

2 n−3

.

Denote Z =
[
z1 . . . zn−1

]
. The identity A = Z(Id−C∗C)1/2 is equivalent to

 z1 = ω1

z2 =
√

1− |ω1|2
.

If we further require that Z = 0 on Im(DC)⊥ (which is a necessary condition for Z to remain a
contraction), we obtain:

z3 = · · · = zn−1 = 0

Finally, we have:
ZZ∗ = 1

and
ZC∗ =

[
0 . . . 0

]
.

Therefore (4.39) holds if and only if:

α
(n−1)
1 = −ZC∗Y = 0.

The proof of Fact 2 is complete.

The general case can be reduced to the case where ω2 = 0 by using the fact that Tn is a
contraction if and only if M(Tn) is a contraction, where M = Mω2

: z 7→ ω2−z
1−ω2z

(Lemma 4.3.7).
Using the rational functional calculus, we can write:

M(Tn) =



M(ω1) β
(1)
1 ∗ ∗

0 M(ω2) β
(2)
2

∗

β
(1)
n−1

0 0 M(ωn)


,
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where β
(1)
i = α

(1)
i [M(ωi),M(ωi+1)] =

α
(1)
i (|ω2 |2−1)

(1−ω2ωi )(1−ω2ωi+1) .

Assume that
α

(1)
i =

√
1− |ωi |2

√
1− |ωi+1|2,

for all i ∈ J1,n− 1K. Then, for all i ∈ J1,n− 1K, we have:

β
(1)
i = eiφi

√
1− |M(ωi)|2

√
1− |M(ωi+1)|2, for some φi ∈ [0,2π[.

Set θi = φ1 + · · ·+φi and U = diag(eiθ1 , . . . , eiθn−1 ,1). Then U is unitary and

U ∗M(Tn)U =



M(ω1) γ
(1)
1 ∗ ∗

0 M(ω2) γ
(2)
2

∗

γ
(1)
n−1

0 0 M(ωn)


,

where γ
(1)
i =

√
1− |M(ωi)|2

√
1− |M(ωi+1)|2.

The operator M(Tn) is a contraction if and only if U ∗M(Tn)U is a contraction and, from the
previous reasoning we know that if U ∗TnU is a contraction, then, all its coefficients are uniquely
determined. If all the coefficients of U ∗TnU are uniquely determined, then, it is also the case for
M(Tn) and for Tn = M ◦M(Tn).
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Chapter5
Schwarz-Pick type inequalities from
an operator theoretical point of view

In this chapter, we use several versions of von Neumann’s inequality to prove various Schwarz-
Pick type inequalities.

5.1 Three points Schwarz-Pick type inequalities

5.1.1 An operator theoretical proof of Beardon-Minda’s inequality

First of all, let us recall the following notation (see e.g. [11, Chapter 6] for more details):

Definition 5.1.1. Let z,w ∈ D and f ∈ H(D,D). We define:

(i) The complex pseudo-hyperbolic distance (z,w) := z−w
1−wz ;

(ii) The pseudo-hyperblic distance ρ(z,w) := |(z,w)|;

(iii) The hyperbolic distance d(z,w) = tanh−1 (ρ(z,w));

(iv) The hyperbolic divided difference f ∗(z,w) := (f (z),f (w))
(z,w) .

We provide now an operator-theoretic proof of the following result established by Beardon and
Minda [8]:

Theorem 5.1.2 (Beardon-Minda). Let f ∈ H(D,D) and let ω1, ω2 and ω3 be pairwise distinct points
in D. Then,

d(f ∗(ω1,ω2), f ∗(ω3,ω2)) ≤ d(ω1,ω3). (5.1)

The proof in [8] requires an assumption that f is not a conformal automorphism of the unit disk.
Such an assumption is unnecessary in the subsequent proof.

101
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Proof of Theorem 5.1.2. Let us first notice that Beardon-Minda’s inequality (5.1) is equivalent to:∣∣∣∣∣∣ f ∗(ω1,ω2)− f ∗(ω3,ω2)

1− f ∗(ω3,ω2)f ∗(ω1,ω2)

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ω1 −ω3

1−ω3ω1

∣∣∣∣∣ , (5.2)

and that, for z,ω ∈ D, we have:

f ∗(z,ω) =
f (z)− f (ω)

z −ω
· 1−ωz

1− f (ω)f (z)
. (5.3)

For u,v ∈ C, we write
Su,v := (1− |u|2)(1− |v|2) = |1−uv|2 − |u − v|2. (5.4)

Now, let ω1,ω2,ω3 ∈ D, with ωi ,ωj (i , j), and consider

T =

ω1 α1 β
0 ω2 α2
0 0 ω3

 ,
with

αi =
√

1− |ωi |2
√

(1− |ωi+1|2, i = 1,2,

and

β =
−ω2α1α2

1− |ω2|2
= −ω2

√
1− |ω1|2

√
1− |ω3|2.

Notice that T is the model matrix of size 3 with diagonal entries ω1,ω2,ω3.

Our strategy will be the same as for the proof of the Schwarz-Pick lemma (Theorem 1.2.13).

Firstly, by Theorem 4.2.2, T is a contraction. Thus, applying the von Neumann inequality, we
get that the operator f (T ) remains a contraction, for every function f ∈ A(D) such that ∥f ∥∞ ≤ 1.
Then, using the explicit functional calculus of Corollary 3.2.26, the matrix representation of
f (T ) can be expressed in terms of first order and second order divided differences as follows:

f (T ) =

f (ω1) α1[f (ω1), f (ω2)] β[f (ω1), f (ω3)] +α1α2[f (ω1), f (ω2), f (ω3)]
0 f (ω2) α2[f (ω2), f (ω3)]
0 0 f (ω3)

 .
Assume that f (ωi) , f (ωj ) whenever i , j (otherwise, there is nothing to prove).

In order to simplify the computations, we introduce the following notation:

α̃i = αi[f (ωi), f (ωi+1)], i = 1,2,

β̃ = β[f (ω1), f (ω3)] +α1α2[f (ω1), f (ω2), f (ω3)].

Using Theorem 4.2.2, the fact that f (T ) is a contraction provides the following inequality:∣∣∣∣β̃ (
1− |f (ω2)|2

)
+ α̃1α̃2f (ω2)

∣∣∣∣2 ≤ [
Sf (ω1),f (ω2) − |α̃1|2

]
×
[
Sf (ω2),f (ω3) − |α̃2|2

]
.
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Now, our aim will be to prove that this inequality is equivalent to (5.2).

If we multiply each side of this inequality by |ω1 −ω3|2, we get:

Sω1,ω3

∣∣∣∣(1− |f (ω2)|2
)
A+B

∣∣∣∣2 ≤ |ω1 −ω3|2C1C3, (5.5)

where

A := −ω2 (f (ω1)− f (ω3)) +
(
1− |ω2|2

)( f (ω1)− f (ω2)
ω1 −ω2

−
f (ω2)− f (ω3)

ω2 −ω3

)
,

B := f (ω2)(1− |ω2|2)(ω1 −ω3) ·
(f (ω1)− f (ω2))(f (ω2)− f (ω3))

(ω1 −ω2)(ω2 −ω3)
,

Ci := Sf (ωi ),f (ω2) − Sωi ,ω2

∣∣∣∣∣ f (ωi)− f (ω2)
ωi −ω2

∣∣∣∣∣2 , i = 1,3.

We want to prove that (5.5) is equivalent to (5.2). The calculations are somewhat laborious;
the key idea is to use (5.3) to make hyperbolic divided differences appear each time we see an
expression of the form f (z)− f (ω). We provide additional details to assist the reader.

On the one hand, we have:

Ci = Sf (ωi ),f (ω2) − Sωi ,ω2 |f
∗(ωi ,ω2)|2 ×

∣∣∣∣∣∣1− f (ω2)f (ωi)
1−ω2ωi

∣∣∣∣∣∣
2

=
∣∣∣1− f (ω2)f (ωi)

∣∣∣2 − |f ∗(ωi ,ω2)|2 × |ωi −ω2|2 ×
∣∣∣∣∣∣1− f (ω2)f (ωi)

1−ω2ωi

∣∣∣∣∣∣
2

− |f ∗(ωi ,ω2)|2 ×
∣∣∣1− f (ω2)f (ωi)

∣∣∣2 + |f ∗(ωi ,ω2)|2 × |ωi −ω2|2 ×
∣∣∣∣∣∣1− f (ω2)f (ωi)

1−ω2ωi

∣∣∣∣∣∣
2

=
∣∣∣1− f (ω2)f (ωi)

∣∣∣2 (1− |f ∗(ωi ,ω2)|2
)
.

Thus, we have:

C1C3 =
∣∣∣1− f (ω2)f (ω1)

∣∣∣2 × ∣∣∣1− f (ω2)f (ω3)
∣∣∣2 × Sf ∗(ω1,ω2),f ∗(ω3,ω2).

Now, let us deal with the first member of the inequality. We have:

A = −ω2f
∗(ω1,ω2)

1− f (ω2)f (ω1)
1−ω2ω1

 (ω1 −ω2) +ω2f
∗(ω3,ω2)

1− f (ω2)f (ω3)
1−ω2ω3

 (ω3 −ω2)

+
(
1− |ω2|2

)f ∗(ω1,ω2)

1− f (ω2)f (ω1)
1−ω2ω1

− f ∗(ω3,ω2)

1− f (ω2)f (ω3)
1−ω2ω3


= f ∗(ω1,ω2)

(
1− f (ω2)f (ω1)

)
− f ∗(ω3,ω2)

(
1− f (ω2)f (ω3)

)
= (f ∗(ω1,ω2)− f ∗(ω3,ω2))

(
1− f (ω2)f (ω1)

)(
1− f (ω2)f (ω3)

)
+ f (ω2)

[
f ∗(ω1,ω2)f (ω3)

(
1− f (ω2)f (ω1)

)
− f ∗(ω3,ω2)f (ω1)

(
1− f (ω2)f (ω3)

)]
= (f ∗(ω1,ω2)− f ∗(ω3,ω2))

(
1− f (ω2)f (ω1)

)(
1− f (ω2)f (ω3)

)
+ f (ω2)D,
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where D := f ∗(ω1,ω2)f (ω3)
(
1− f (ω2)f (ω1)

)
− f ∗(ω3,ω2)f (ω1)

(
1− f (ω2)f (ω3)

)
.

This term can be written as follows, where we make appear the differences f (ω3)− f (ω2) and
f (ω1)− f (ω2):

D = f ∗(ω1,ω2) (f (ω3)− f (ω2))
(
1− f (ω2)f (ω1)

)
− f ∗(ω3,ω2) (f (ω1)− f (ω2))

(
1− f (ω2)f (ω3)

)
+ f (ω2)f ∗(ω1,ω2)

(
1− f (ω2)f (ω1)

)
− f (ω2)f ∗(ω3,ω2)

(
1− f (ω2)f (ω3)

)
.

We obtain

D = f ∗(ω1,ω2)f ∗(ω3,ω2)

1− f (ω2)f (ω3)
1−ω2ω3

 (ω3 −ω2)
(
1− f (ω2)f (ω1)

)
− f ∗(ω3,ω2)f ∗(ω1,ω2)

1− f (ω2)f (ω1)
1−ω2ω1

 (ω1 −ω2)
(
1− f (ω2)f (ω3)

)
+ f (ω2)A

= f ∗(ω1,ω2)f ∗(ω3,ω2)
(
1− f (ω2)f (ω1)

)(
1− f (ω2)f (ω3)

)
· (1− |ω2|2)(ω3 −ω1)

(1−ω2ω1)(1−ω2ω3)
+ f (ω2)A

= −(1− |ω2|2)(ω1 −ω3) ·
(f (ω1)− f (ω2))(f (ω2)− f (ω3))

(ω1 −ω2)(ω2 −ω3)
+ f (ω2)A.

Hence, we get

A = (f ∗(ω1,ω2)− f ∗(ω3,ω2))
(
1− f (ω2)f (ω1)

)(
1− f (ω2)f (ω3)

)
−B+ |f (ω2)|2A.

Therefore

(1− |f (ω2)|2)A+B = (f ∗(ω1,ω2)− f ∗(ω3,ω2))
(
1− f (ω2)f (ω1)

)(
1− f (ω2)f (ω3)

)
.

Combining all of these elements, the inequality represented by (5.5) transforms into

Sω1,ω3 |f
∗(ω1,ω2)− f ∗(ω3,ω2)|2 ≤ |ω1 −ω3|2 × Sf ∗(ω1,ω2),f ∗(ω3,ω2),

which is equivalent to (5.2).

Beardon-Minda’s inequality is thus proved for f ∈ A(D). Now, for f ∈ H(D), we have fr : z 7→
f (rz) ∈ A(D), for every r ∈]0,1[. Based on the preceding information, it can be concluded that
Beardon-Minda’s inequality is satisfied by the functions fr , for all r ∈]0,1[, so it is also by f , by
letting r→ 1−.

Remark 5.1.3. The calculations in this proof can be somewhat simplified by assuming that
f (ω2) = 0 and composing with a Möbius transformation at the end. However, this approach
leads to a loss of symmetry in the formulas.

Remark 5.1.4. In [8], it is further proved that if f does not represent an automorphism of the
unit disk, equality holds in Theorem 5.1.2 if and only if f is a Blaschke product of degree no
greater than 2. This inference can also be derived through operator theory considerations. We
will come back to this point in Section 5.2.



5.1. Three points Schwarz-Pick type inequalities 105

5.1.2 A Beardon-Minda type lemma for derivatives

We now investigate the case where ω1 = ω2 = ω3 =: ω. For a holomorphic function f we use the
notation

Γ (z, f ) =
(1− |z|2)|f ′(z)|

1− |f (z)|2
.

The Schwarz-Pick inequality for derivatives (1.2) can then be expressed as |Γ (z, f )| ≤ 1.

We give now an operator theoretical proof of the following result, proved by Yamashita in [65,
Theorem 2].

Theorem 5.1.5. Let f ∈ H(D,D) and let Γ (z, f ) = (1−|z|2)|f ′(z)|
1−|f (z)|2 . Then, for every ω ∈ D,∣∣∣∣∣∂Γ (ω,f )

∂ω

∣∣∣∣∣ ≤ 1− |Γ (ω,f )|2

1− |ω|2
. (5.6)

Moreover, equality holds if and only if f is a Blaschke product of degree ≤ 2.

Proof. Let ω ∈ D, and let T =

ω α β
0 ω α
0 0 ω

 ∈ M3(C), with α = 1 − |ω|2 and β = −ω(1 − |ω|2). By

Theorem 4.2.2, T is a contraction. Moreover, we can easily check that for f in the disk algebra
we have

f (T ) =

f (ω) αf ′(ω) 1
2α

2f ′′(ω) + βf ′(ω)
0 f (ω) αf ′(ω)
0 0 f (ω)

 .
In this representation, the divided differences have been replaced in this limit case by first
and second-order derivatives. By von Neumann’s inequality, f (T ) is a contraction. Using
Theorem 4.2.2 we obtain:∣∣∣∣∣(1

2
α2f ′′(ω) + βf ′(ω)

)(
1− |f (ω)|2

)
+α2f ′(ω)2f (ω)

∣∣∣∣∣ ≤ (
1− |f (ω)|2

)2
−
∣∣∣αf ′(ω)

∣∣∣2 ,
which is equivalent to (5.6). A proof of the equality case can be obtained using model spaces, as
discussed in the preceding subsection.

The inequality (5.6) can be rephrased in terms of Peschl’s invariant derivatives. Let f ∈ H(D,D),
let ω ∈ D, and consider the mapping

g : z ∈ D 7→
f
(
z+ω

1+ωz

)
− f (ω)

1− f (ω)f
(
z+ω

1+ωz

) ∈ C. (5.7)

Then g is analytic on D and g(0) = 0. We have g(z) =
∑∞

n=1
Dnf (ω)

n! zn, with Dnf (z0) := g(n)(0). The
quantities Dnf (ω) are called Peschl’s invariant derivatives (see e.g. [37]).
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The first two values of Peschl’s invariant derivatives are explicitely computed as:

D1f (ω) =
(1− |ω|2)f ′(ω)

1− |f (ω)|2
,

D2f (ω) =
(1− |ω|2)2

1− |f (ω)|2

f ′′(ω)−
2ωf ′(ω)
1− |ω|2

+
2f (ω)f ′(ω)2

1− |f (ω)|2

 .
With these notations, the Schwarz-Pick inequality for derivatives (1.2) can be restated as
|D1f (ω)| ≤ 1, while (5.6) can be written as |D2f (ω)| ≤ 2(1− |D1f (ω)|2).

We refer to [12, Proposition 3.4] for a different proof of (5.6).

5.2 Generalization to n points

5.2.1 The Nevanlinna-Pick problem

Let ω1, . . . ,ωn ∈ D be n initial data, and let λ1, . . . ,λn ∈ D be n target data. The Nevanlinna-Pick
problem is to determine wether there exists (or not) an holomorphic function f : D→ D that
interpolates the data, i.e. such that

f (ωi) = λi , for all i ∈ J1,nK (5.8)

In [49], Pick proved the following theorem:

Theorem 5.2.1 (Pick). There exists an holomorphic function f : D→ D satisfying the interpolation
condition (5.8) if and only if the Pick matrix

Pn :=

 1−λjλi

1−ωjωi


1≤i,j≤n

is positive semi-definite.

Moreover, in the regular case where Pn is positive definite, the problem has infinitely many solutions,
including Blaschke products of degree n. In the singular case where Pn has rank m < n, the problem
has a unique solution, which is a Blaschke product of degree m. Problems which have no solution are
said to be void.

Independently, Nevanlinna ([42]) and Schur ([57]) developed recursive procedures which allow
to construct all solution. The interested reader can refer to [2] for a more complete overview
about this problem.

In the case n = 2, the positive semi-definiteness of the Pick matrix P2 reduces to the condition:

(1− |λ1|2)(1− |λ2|2)
(1− |ω1|2)(1− |ω2|2)

≥ |1−λ2λ1|2

|1−ω2ω1|2
,

which is equivalent to the Schwarz-Pick lemma, using the identity (1.3).

In the case n = 3, the Pick condition seems too complicated for practical uses. However, it is
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proved in [8, Theorem 7.1] that this condition is equivalent to the Beardon-Minda inequality:

d
(

(λ1,λ2)
(ω1,ω2)

,
(λ3,λ2)
(ω3,ω2)

)
≤ d(ω1,ω3).

5.2.2 Higher order hyperbolic divided differences

In [7], Baribeau, Rivard, and Wegert generalized the work of Beardon and Minda. First of all,
they iterated the notion of hyperbolic divided difference as follows:

Definition 5.2.2. Let f ∈ H(D,D) be an holomorphic function, and let ω1, . . . ,ωk ∈ D be pairwise
distinct points. We set:

∆0f (z) = f (z), z ∈ D

∆jf (z;ω1, . . . ,ωj ) =
(∆j−1f (z;ω1, . . . ,ωj−1),∆j−1f (ωj ;ω1, . . . ,ωj−1))

(z,ωj )
, j = 1, . . . k

Then, they obtained the following generalization of Beardon and Minda’s work:

Theorem 5.2.3 (Baribeau-Rivard-Wegert). Let f ∈ H(D,D) be an holomorphic function which is not
a Blaschke product of degree n ≤ k, and let ω1, . . . ,ωk ∈ D be pairwise distinct points. Then, for all
u,v ∈ D, we have:

ρ
(
∆kf (u;ω1, . . . ,ωk),∆kf (v;ω1, . . . ,ωk)

)
≤ ρ(u,v).

Moreover, if equality holds for a pair of distinct points u and v, then, f is a Blaschke product of degree
(exactly) k + 1, and equality holds for all u,v ∈ D.

Moreover,the link with the Nevanlinna-Pick’s problem is also established. In particular, as
for Schwarz-Pick’s lemma and Beardon-Minda’s theorem, Baribeau-Rivard-Wegert’s result is
equivalent to Pick’s criterion. To see this, we first introduce the following definition:

Definition 5.2.4. Let ω1, . . . ,ωn ∈ D be n (pairwise distinct) initial data, and let λ1, . . . ,λn ∈ D
be n target values. Let ∆0

j := λj for j = 1, . . . ,n+ 1. Assume that, for some k with 1 ≤ k ≤ n and

j = k + 1, . . . ,n+ 1, the divided differences ∆k−1
j and ∆k−1

k are given. Then, we set:

∆k
j :=


[
∆k−1
j ,∆k−1

k

]
[zj ,zk]

if
∣∣∣∣[∆k−1

j ,∆k−1
k ]

∣∣∣∣ ≤ ∣∣∣[ωj ,ωk]
∣∣∣ ,

+∞ otherwise

This definition is compatible with the definition of ∆kf for functions f ∈ H(D,D):

Lemma 5.2.5 (Baribeau-Rivard-Wegert). Let ω1, . . . ,ωn ∈ D be pairwise distinct points, and let
f ∈ H(D,D). If we set λj := f (ωj ), for all j ∈ J1,nK, then, we have:

∆kf (ωj ;ω1, . . . ,ωk) = ∆k
j , 0 ≤ k ≤ n− 1, k + 1 ≤ j ≤ n.

The complete list of the hyperbolic divided differences can be conveniently arranged in a
triangular table (see Table 5.1).

Then, we have the following useful criteria for the solvability of the Nevanlinna-Pick problem:
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Points of D 1 2 3 . . . n− 1 n n+ 1
ω1 λ1 = ∆0

1
∆1

2
ω2 λ2 = ∆0

2 ∆2
3

∆1
3 ∆3

4

ω3 λ3 = ∆0
3 ∆2

4
. . .

∆1
4 ∆3

5 ∆n−1
n

ω4 λ4 = ∆0
4 ∆2

5
... ∆n

n+1

∆1
5

... ∆n−1
n+1

ω5 λ5 = ∆0
5

... .·
...

...
... ∆3

n+1
ωn λn = ∆0

n ∆2
n+1

∆1
n+1

ωn+1 λn+1 = ∆0
n+1

Table 5.1: Table of hyperbolic divided differences

Theorem 5.2.6 (Baribeau-Rivard-Wegert). With the above notation, the Nevanlinna-Pick problem
(5.8) is regular, singular or void if and only if∣∣∣∆n−1

n

∣∣∣ < 1,
∣∣∣∆n−1

n

∣∣∣ = 1 or ∆n−1
n = +∞

respectively.

Remark 5.2.7. The proof of this result in [7, Theorem 4.1] furnishes an algorithm to construct all
solutions, which coincides with the classical approaches of Nevanlinna and Schur. This algorithm
can be seen as an hyperbolic version of the Newton scheme for polynomial interpolation.

5.2.3 The link with model matrices

We recall (see Section 2.3.6 and Section 4.4) that, if Θn is a finite Blaschke product with distinct
zeros ω1, . . . ,ωn ∈ D, the matrix representation MΘn

of the compressed shift SΘn
in the Takenaka-

Malmquist-Walsh basis is given by:

[
MΘn

]
i,j

=


ωj if i=j∏j−1

k=i+1 (−ωk)
√

1− |ωi |2
√

1− |ωj |2 if i<j

0 if i>j

(5.9)

We have seen (see Section 1.2.3 and Section 5.1.1) that we can recover Schwarz-Pick’s lemma
and Beardon-Minda’s inequality by applying the von Neumann inequality to the model matrices
MΘ2

and MΘ3
respectively (which are themselves equivalent to the semi-positive definiteness of

the Pick matrices P2 and P3).

For any n ∈ N∗, MΘn
is a contraction. Thus, we can always apply von Neumann’s inequality to it,

an we get
∥f (MΘn

)∥ ≤ 1, for all holomorphic mapf : D→ D (5.10)
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In [10, Theorem 3.1], it is moreover proved that we have ∥f (MΘn
)∥ = 1 if and only if f is a finite

Blaschke product of degree ≤ n− 1 (which coincides with the equality case in Beardon-Minda’s
inequality and Baribeau-Rivard-Wegert’s generalization).

It is therefore natural to wonder wether we can recover Baribeau-Rivard-Wegert’s result from
(5.10). In order to obtain Schwarz-Pick’s lemma and Beardon-Minda’s inequality from (5.10)
if the cases n = 2 and n = 3, we used criteria to determine whenever a 2 × 2 (respectively a
3× 3) upper-triangular matrix is a contraction. Nevertheless, for 4× 4 upper-triangular matrices,
the criterion we obtained in Theorem 4.3.1 is quite complicated, and seems therefore to be of
limited practical use. We can however establish a connection by a more theoretical (and a more
roundabout) way, adapting the argument of Rovnyak in [53].

In order to do this, we consider the diagonalization of MΘn
(see Theorem 2.3.18): if we denote

by v1, . . . , vn the columns of the matrix P defined by

[P ]i,j =


1 if i = j√

1−|ωi |2
√

1−|ωj |2
ωj−ωi

∏j−1
k=i+1

(
1−ωkωj

ωj−ωk

)
if i < j

0 if i > j

then, (v1, . . . , vn) is a basis of eigenvectors of MΘn
.

Moreover, for all j ∈ J1,nK, we get:

〈
vj ,vj

〉
=

∏j−1
l=1 |ωj −ωl |2 +

∑j−1
i=1 (1− |ωi |2)(1− |ωj |2)

(∏i−1
l=1 |ωj −ωl |2

)(∏j−1
k=i+1 |1−ωkωj |2

)
∏j−1

l=1 |ωj −ωl |2

Denoting by Nj the numerator of this fraction, we can write:

Nj =


j−2∏
l=1

|ωj −ωl |2
(|ωj −ωj−1|2 + (1− |ωj−1|2)(1− |ωj |2)

)
+

j−2∑
i=1

(1− |ωi |2)(1− |ωj |2)

 i−1∏
l=1

|ωj −ωl |2



j−1∏
k=i+1

|1−ωkωj |2


= |1−ωj−1ωj |2

j−2∏
l=1

|ωj −ωl |2
+

j−2∑
i=1

(1− |ωi |2)(1− |ωj |2)

 i−1∏
l=1

|ωj −ωl |2



j−1∏
k=i+1

|1−ωkωj |2


using the key identity

|1−uv|2 = (1− |u|2)(1− |v|2) + |u − v|2, for all u,v ∈ C.
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Iterating this process, we obtain:

Nj = |1−ωj−1ωj |2

j−3∏
l=1

|ωj −ωl |2
(|ωj −ωj−2|2 + (1− |ωj−2|2)(1− |ωj |2)

)
+

j−3∑
i=1

(1− |ωi |2)(1− |ωj |2)

 i−1∏
l=1

|ωj −ωl |2



j−1∏
k=i+1

|1−ωkωj |2


= |1−ωj−1ωj |2 · |1−ωj−2ωj |2

j−3∏
l=1

|ωj −ωl |2
 |1−ωj−1ωj |2

+
j−3∑
i=1

(1− |ωi |2)(1− |ωj |2)

 i−1∏
l=1

|ωj −ωl |2



j−1∏
k=i+1

|1−ωkωj |2


= · · ·

=
j−1∏
k=1

|1−ωkωj |2.

Finally, we get 〈
vj ,vj

〉
=

j−1∏
l=1

|1−ωlωj |2

|ωj −ωl |2
.

Similarly, for 1 ≤ j < k ≤ n, we have:

〈
vj ,vk

〉
=

j−1∑
i=1

(1− |ωi |2)


√

1− |ωj |2

ωj −ωi

j−1∏
l=i+1

1−ωlωj

ωj −ωl

 ·

√

1− |ωk |2
ωk −ωi

k−1∏
p=i+1

1−ωpωk

ωk −ωp


+

√
1− |ωj |2

√
1− |ωk |2

ωk −ωj

k−1∏
l=j+1

1−ωlωk

ωk −ωl

=

√
1− |ωj |2

√
1− |ωk |2 ·Nj,k(∏j−1

l=1 ωj −ωl

)
·
(∏k−1

p=1ωk −ωp

)
·
(
1−ωkωj

) ,
where

Nj,k := (1−ωkωj )
j−1∑
i=1

(1− |ωi |2)


j−1∏
l=i+1

1−ωlωj


 k−1∏
p=i+1

1−ωkωp


 i−1∏
q=1

ωj −ωq


 i−1∏
r=1

ωk −ωr


+

k−1∏
p=j

1−ωkωp



j−1∏
q=1

ωj −ωq



j−1∏
r=1

ωk −ωl


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= (1−ωkωj )
j−2∑
i=1

(1− |ωi |2)


j−1∏
l=i+1

1−ωlωj


 k−1∏
p=i+1

1−ωkωp


 i−1∏
q=1

ωj −ωq


 i−1∏
r=1

ωk −ωr


+

k−1∏
p=j

1−ωkωp



j−2∏
q=1

ωj −ωq



j−2∏
r=1

ωk −ωl

[(1− |ωj |2)(1−ωkωj ) + (ωj −ωj−1)(ωk −ωj−1)
]

= (1−ωkωj )
j−2∑
i=1

(1− |ωi |2)


j−1∏
l=i+1

1−ωlωj


 k−1∏
p=i+1

1−ωkωp


 i−1∏
q=1

ωj −ωq


 i−1∏
r=1

ωk −ωr


+ (1−ωj−1ωj )

 k−1∏
p=j−1

1−ωkωp



j−2∏
q=1

ωj −ωq



j−2∏
r=1

ωk −ωl


,

using the identity

(1− |u|2)(1−wv) + (v −u)(w −u) = (1−wu)(1−uv), for all u,v,w ∈ C (5.11)

Iterating this process, we obtain:

Nj,k =

k−1∏
p=1

1−ωkωp



j−1∏
l=1

1−ωlωj

 ,
and, finally, 〈

vj ,vk
〉

=

√
1− |ωj |2

√
1− |ωk |2

1−ωkωj


j−1∏
l=1

1−ωlωj

ωj −ωl


k−1∏
p=1

1−ωkωp

ωk −ωp

 .

Now, for j ∈ J1,nK, let

ṽj =
1√

1− |ωj |2


j−1∏
j=1

ωj −ωl

1−ωlωj

vj .

By construction, (ṽ1, . . . , ṽn) is a basis of KΘn
satisfying

SΘn

(
ṽj

)
= ωj ṽj , for all j ∈ J1,nK (5.12)

and 〈
ṽj , ṽk

〉
=

1
1−ωkωj

, for all j,k ∈ J1,nK (5.13)

Now, if f ∈ H(D,D) is an holomorphic map mapping D to D, we have:

f
(
SΘn

)
n∑

j=1

cj ṽj

 =
n∑

j=1

cjf (ωj )ṽj , for any scalars c1, . . . , cn ∈ C.
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As SΘn
is a contraction, by von Neumann’s inequality, we have:∥∥∥∥∥∥∥∥

n∑
j=1

cjf (ωj )ṽj

∥∥∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥∥∥
n∑

j=1

cj ṽj

∥∥∥∥∥∥∥∥
2

.

By (5.13), this is equivalent to:

n∑
k=1

n∑
j=1

1− f (ωk)f (ωj )

1−ωkωj
cjck ≥ 0,

which is exactly the semi-positive definiteness of the Pick matrix (which is itself equivalent to
Baribeau-Rivard-Wegert’s result).

5.3 Higher order Schwarz-Pick inequalities

Let f ∈ H(D,D) be an analytic function of D into itself with f (z) =
∑∞

n=0 anz
n. It has been proved

by F.W. Wiener that for each k ≥ 1 we have

|ak | ≤ 1− |a0|2. (5.14)

We refer for instance to [47] for an operator theoretical proof of this inequality and for applica-
tions to Bohr’s phenomenon. For k = 1, the inequality (5.14) gives |f ′(0)| ≤ 1− |f (0)|2. Applying
this inequality to F(z) = f ((ω+z)/1+ωz), for a fixed ω ∈ D, we obtain the Schwarz-Pick inequality
(1.2). For an arbitrary k, a similar reasoning has been used by Ruscheweyh [56] to obtain the
following sharp higher-order inequality for an analytic function f ∈ H(D,D), z ∈ D and k ≥ 1:

|f (k)(z)| ≤
k!(1− |f (z)|2)

(1− |z|)k(1 + |z|)
. (5.15)

We prove in this section some results related to (5.14).

Theorem 5.3.1. Let f be an analytic function of D into D with f (z) =
∑∞

n=0 anz
n for z ∈ D. Then, for

each n ≥ 1 and each k ≥ 1 we have∣∣∣an+k(1− |a2
0|) + anaka0

∣∣∣2 ≤ [
(1− |a0|2)2 − |an|2

]
·
[
(1− |a0|2)2 − |ak |2

]
. (5.16)

Proof. As ∥f ∥∞ ≤ 1, the multiplication operator Mf given by Mf (g) = f g acts contractively on the
Hardy space H2(D). Recall that {zn : n ≥ 0} is an orthonormal basis of H2(D). The compression
T = PKMf |K of Mf to the 3-dimensional Euclidean space K = span(1, zn, zn+k) is also a contraction.
The matrix of T is given by

T =

a0 an an+k
0 a0 ak
0 0 a0

 .
Then (5.16) is a consequence of Theorem 4.2.2.

When a0 = 0 we obtain the following consequence.
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Corollary 5.3.2. Let f be a analytic function of D into D with f (0) = 0 and f (z) =
∑∞

n=1 anz
n for

z ∈ D. Then
|an+k | ≤

√
1− |an|2 ·

√
1− |ak |2. (5.17)

For n = k = 1, and a0 = 0, we obtain the inequality |a2| ≤ 1− |a1|2. Applying this inequality to
(5.7) we obtain Yamashita’s inequality |D2f (ω)| ≤ 2(1− |D1f (ω)|2).

The following consequence is an improvement of Wiener’s inequality (5.14).

Corollary 5.3.3. Let f be a analytic function of D into D with f (z) =
∑∞

n=0 anz
n for z ∈ D. Then

1− |a0|2 − |an| ≥

∣∣∣a2n(1− |a2
0|) + a2

na0

∣∣∣
2(1− |a0|2)

.

Proof. Applying (5.16) for k = n we obtain∣∣∣a2n(1− |a2
0|) + a2

na0

∣∣∣ ≤ [
(1− |a0|2)2 − |an|2

]
.

Therefore

1− |a0|2 − |an| ≥

∣∣∣a2n(1− |a2
0|) + a2

na0

∣∣∣
1− |a0|2 + |an|

≥

∣∣∣a2n(1− |a2
0|) + a2

na0

∣∣∣
2(1− |a0|2)

.

The proof is complete.

5.4 Schwarz-Pick inequalities for the polydisc

5.4.1 Using von Neumann’s inequality for tuples of 2× 2 matrices

Using the von Neumann inequality for tuples of 2× 2 matrices (see Theorem 1.2.11) gives an
alternative proof of the following known ([54, Lemma 7.5.6]) Schwarz-Pick inequality for the
polydisc:

Theorem 5.4.1.

(i) Let f ∈ H(Dn,D) and let a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Dn. Then:∣∣∣∣∣∣ f (a1, · · · , an)− f (b1, · · · ,bn)

1− f (a1, · · · , an)f (b1, · · · ,bn)

∣∣∣∣∣∣ ≤ max
1≤i≤n

∣∣∣∣∣ ai − bi1− aibi

∣∣∣∣∣ . (5.18)

(ii) Let f ∈ H(Dn,D) and let a = (a1, . . . , an) ∈ Dn. Then:

n∑
i=1

(1− |ai |2)
∣∣∣∣∣∂f (a)
∂zi

∣∣∣∣∣ ≤ 1− |f (a)|2. (5.19)

Proof.

(i) We first observe that the result is obvious whenever a = b or f (a) = f (b). Therefore, in the
following, we assume a , b and f (a) , f (b).
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For 1 ≤ i ≤ n, let

Ti =
(
ai d(ai − bi)
0 bi

)
,

with

d = min
1≤i≤n

√
(1− |ai |2)(1− |bi |2)

|ai − bi |2
.

Here, whenever ai = bi , we make the convention that
√

(1−|ai |2)(1−|bi |2)
|ai−bi |2

= +∞. As we assume
that a , b, this cannot happen for all the indices i.

It can be easily verified that the matrices Ti are mutually commuting and that ∥Ti∥ ≤ 1. By
induction it can be shown that for all i ∈ J1,nK, for all ki ∈ N,

T ki
i =

akii d
(
akii − b

ki
i

)
0 bkii

 .
Let p ∈ C[X1, . . . ,Xn] be a polynomial with ∥p∥∞ < 1. We have

p(T1, · · · ,Tn) =
(
p(a) d(p(a)− p(b))

0 p(b)

)
.

Drury’s result (Theorem 1.2.11) implies that ∥p(T1, . . . ,Tn)∥ ≤ 1. As in the one variable
case, a computation gives the Schwarz-Pick inequality (5.18) for p. By an approximation
argument, (5.18) holds also for functions in the polydisc algebra. Now, if f ∈ H(Dn,D),
consider the family of functions (fr )0<r<1 defined by fr(z1, · · · , zn) = f (rz1, . . . , rzn). For all
r ∈ ]0,1[, fr is in the polydisc algebra and, thus, fr satisfies (5.18). Then, let r → 1− to
conclude the proof.

(ii) The proof follows the same method as that of Theorem 5.4.1. Let a = (a2, . . . , an) ∈ Dn and

let p ∈ C[X1, . . . ,Xn] be a polynomial with ∥p∥∞ < 1. For 1 ≤ k ≤ n, let Tk =
(
ak γk
0 ak

)
, where

γk = eiθk (1 − |ak |2), for some θk ∈ [0,2π[ to be chosen later on. For all k ∈ J1,nK, ∥Tk∥ ≤ 1,
and, for all k, l ∈ J1,nK, TkTl = TlTk . We have:

p(T1, · · · ,Tn) =

p(a)
∑n

k=1γk
∂p(a)
∂zk

0 p(a)

 .
Again, by Theorem 1.2.11, we get ∥p(T1, . . . ,Tn)∥ ≤ 1. Therefore:∣∣∣∣∣∣∣

n∑
k=1

γk
∂p(a)
∂zk

∣∣∣∣∣∣∣ ≤ 1− |p(a)|2. (5.20)

Now, let tk = ∂p(a)
∂zk

, 0 ≤ k ≤ n. We write tk = |tk |eiArg(tk ) and we set θk = −Arg(tk).

With this choice we obtain γktk = (1− |ak |2) |tk |. Replacing in (5.20) we get

n∑
i=1

(1− |ai |2)
∣∣∣∣∣∂p(a)
∂zi

∣∣∣∣∣ ≤ 1− |p(a)|2.
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We conclude by using an approximation argument.

Remark 5.4.2. The study of the case of equality in the Schwarz-Pick inequalities for the polydisc is
an interesting problem. Knese [38] studied the equality case in (5.19) using operator-theoretical
methods (transfer functions) and described which functions play the role of automorphisms of
the disk in this context: they turn out to be rational inner functions in the Schur-Agler class of
the polydisc with an added symmetry constraint.

5.4.2 Peschl’s invariant derivatives in several variables

The inequalities from Section 5.1.2 can be extended to analytic functions of several variables.

Let n ∈ N∗, let f ∈ H(Dn,D), and fix a vector ω = (ω1, · · · ,ωn) in Dn. Similarly as in the one
variable case, we define

g : z = (z1, · · · , zn) ∈ Dn 7→
f
(
z1+ω1

1+ω1z1
, · · · , zn+ωn

1+ωnzn

)
− f (ω1, · · · ,ωn)

1− f (ω1, · · · ,ωn)f
(
z1+ω1

1+ω1z1
, · · · , zn+ωn

1+ωnzn

) ∈ C
and, then, write

g(z1, · · · , zn) =
∞∑

j1,··· ,jn=0

∂j1+···+jng(0, · · · ,0)
∂j1z1 · · ·∂jnzn

z
j1
1 · · ·z

jn
n =

∞∑
j1,··· ,jn=0

aj1,··· ,jnz
j1
1 · · ·z

jn
n .

For k ∈ J1,nK, let Dkf (w) = ∂kg(0, . . . ,0) =
∑

j1+···+jn=k aj1,··· ,jn . A straightforward computation
gives:

D1f (ω) =
n∑

j=1

1− |ωj |2

1− |f (ω)|2
·
∂f

∂zj
(ω),

D2f (ω) =
n∑

j=1

∂2g(0, · · · ,0)
∂2zj

+ 2
∑

1≤j<k≤n

∂2f (0, · · · ,0)
∂zj∂zk

=
n∑

j=1

(1− |ωj |2)2

1− |f (ω)|2

∂2f (w)
∂2zj

+
2f (w)

1− |f (w)|2
−

2ωj

1− |ωj |2
·
∂f (ω)
∂zj


+ 2

∑
1≤j<k≤n

(1− |zj |2)(1− |zk |2)

1− |f (ω)|2

 ∂f (ω)
∂zj∂zk

+
2f (ω)

1− |f (ω)|2
·
∂f (ω)
∂zj

·
∂f (ω)
∂zk

 .
With the same method of proof as before, we can obtain the following result:

Theorem 5.4.3. For n ∈ N∗ let w = (ω1, . . . ,ωn) ∈ Dn and consider f ∈ H(Dn,D). Then, we have:

|D2f (ω)| ≤ 2(1− |D1f (ω)|2). (5.21)
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Proof. For 1 ≤ k ≤ n, let

Tk =

ωk αk βk
0 ωk αk
0 0 ωk

 ∈M3(C),

with αk = 1− |ωk |2 and βk = −ωk(1− |ωk |2). By Theorem 4.2.2, Tk is a contraction, for all k ∈ J1,nK.
Moreover, for all 1 ≤ k, j ≤ n, TjTk = TkTj . Therefore, by Knese’s result (Theorem 1.2.12),
p(T1, . . . ,Tn) is a contraction, for every p ∈ C[X1, . . . ,Xn] with ∥p∥∞ < 1. Moreover, it is easy to
check that

p(T1, . . . ,Tn) =

p(ω) γ1 γ2
0 p(ω) γ1
0 0 p(ω)

 ,
with

γ1 =
n∑

j=1

αj
∂p(ω)
∂zj

,

γ2 =
1
2

n∑
j=1

α2
j
∂2p(w)
∂2zj

+
∑

1≤j<k≤n
αjαk

∂2p(w)
∂zj∂zk

+
n∑

j=1

βj
∂p(w)
∂zj

.

By Theorem 4.2.2, we obtain :∣∣∣∣γ2

(
1− |p(ω)|2

)
+γ2

1p(ω)
∣∣∣∣ ≤ (1− |p(ω)|2)2 − |γ1|2, (5.22)

which is equivalent to (5.21) for polynomials. The inequality extends to all functions f ∈
H(Dn,D).

5.4.3 Distinguished varieties and Schwarz-Pick inequalities

In the bidisc case, the refined version of Ando’s inequality by Agler and McCarthy (see [1] or [3,
Section 8.6]) results in corresponding enhancements of Schwarz-Pick type inequalities.

We start by recalling the notion of distinguished variety introduced in [1]:

Definition 5.4.4. A distinguished variety is a set of the form V ∩D2
, where V is an algebraic set

in C2 (so there is a polynomial q ∈ C[X1,X2] such that V = {(z,w) ∈ D2 : q(z,w) = 0}) with the
property that

V ∩∂(D2) = V ∩T2.

Therefore a distinguished variety is the trace on D2 of a one-dimensional complex algebraic
variety V in C2 such that V intersects D2 and exits the bidisc through its distinguished boundary,
T2, without intersecting any other part of its topological boundary.

We have the following representation for distinguished varieties:

Theorem 5.4.5 (Agler and McCarthy, [1]). A distinguished variety has the following determinantal
representation

V ∩D2 =
{
(z,w) ∈ D2 : det (Ψ (z)−wId) = 0

}
(5.23)

for some matrix-valued rational function Ψ on the unit disc that is unitary on the unit circle.
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Agler and McCarthy also proved the following sharpening of Ando’s inequality:

Theorem 5.4.6 (Agler and McCarthy, [1]). For any pair of commuting contractive matrices (T1,T2)
without unimodular eigenvalues, there is a distinguished variety V ∩D2 such that the von-Neumann
inequality holds on V ∩D2 for any polynomial p in C[X1,X2], i.e.

∥p(T1,T2)∥ ≤ sup{|p(z1, z2)| : (z1, z2) ∈ V ∩D2}. (5.24)

Theorem 5.4.7.

(i) Let (a1, a2) and (b1,b2) be two points in the bidisc D2. Then, there is a distinguished variety
V ∩D2 such that the Schwarz-Pick inequality∣∣∣∣∣∣ f (a1, a2)− f (b1,b2)

1− f (a1, a2)f (b1,b2)

∣∣∣∣∣∣ ≤max
{∣∣∣∣∣ a1 − b1

1− a1b1

∣∣∣∣∣ , ∣∣∣∣∣ a2 − b2

1− a2b2

∣∣∣∣∣} (5.25)

holds for any function f which is holomorphic on the bidisc D2 and continuous on D2
with

sup{|f (z1, z2)| : (z1, z2) ∈ V ∩D2} ≤ 1

(ii) Let (a1, a2) and (b1,b2) be two points in the bidisc D2. Then, there is a distinguished variety V ∩
D2 such that the Schwarz-Pick inequality (5.25) holds for any function f which is holomorphic
in the bidisc D2 and for which there is a sequence of positive real number (rn) convergent to 1
with rn < 1 such that

sup{|f (rnz1, rnz2)| : n ≥ 1, (z1, z2) ∈ V ∩D2} ≤ 1

Proof. Consider the matrices

T1 =
(
a1 d(a1 − b1)
0 b1

)
, T2 =

(
a2 d(a2 − b2)
0 b2

)
,

with

d = min


√

(1− |a1|2)(1− |b1|2)
|a1 − b1|2

,

√
(1− |a2|2)(1− |b2|2)

|a2 − b2|2

 ,
(using the same conventions as in the proof of Theorem 5.4.1–(i)). Following [1], we can also
assume that T1 and T2 are jointly diagonalizable (this is the first case in the proof of [1, Theorem
3.1]). It follows from the result proved in [1] (see also [3, p.211] for details and unexplained
terminology) that there is a distinguished variety V such that T = (T1,T2) can be extended to a
pair of commuting unitaries U = (U1,U2) with spectrum σ (U ) = V ∩∂(D2) = V ∩T2. As f is in
the bidisc algebra, f (T ) and f (U ) are well-defined and f (T ) is a restriction of f (U ) to C2 ×C2.
We obtain, as in [1], that

∥f (T1,T2)∥ ≤ sup{|f (z1, f2)| : (z1, z2) ∈ V ∩D2}. (5.26)

Therefore f (T1,T2) is a contraction and the proof of Theorem 5.4.1–(i), implies that inequality
(5.25) holds true. The second part follows from the first one applied to the functions f (rnz1, rnz2)
and then making n→∞.
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The following result follows in a similar manner from the Agler and McCarthy result and the
proof of Theorem 5.4.3.

Theorem 5.4.8. Let w = (ω1,ω2) ∈ D2. Then there exists a distinguished variety V ∩D2 such that

|D2f (ω)| ≤ 2(1− |D1f (ω)|2) (5.27)

for every f ∈ A(D2
) with

sup{|f (z1, z2)| ≤ 1 : (z1, z2) ∈ V ∩D2}.

Remark 5.4.9. Some Nevanlinna–Pick interpolation problems on distinguished varieties in the
bidisc have been studied in [34].

5.5 Operator versions of Schwarz-Pick type inequalities

We move now to operator versions of the Schwarz-Pick and Beardon-Minda inequalities. The
first operator generalizations for the Schwarz lemma and the Schwarz-Pick inequality have been
proved by Fan in [22]:

Theorem 5.5.1 (Fan). Let H be an Hilbert space and let A ∈ B (H) be a proper contraction, i.e. ∥A∥ < 1.
Let f ,g,h ∈ D be such that f = gh and |h(z)| ≤ 1 for all z ∈ D.

Then, we have:

(i) g(A)g(A)∗ ≥ f (A)∗f (A);

(ii) ∥g(A)∥ ≥ ∥f (A)∥.

Strict inequality holds in (i) if and only if g(A)∗g(A) > 0 and h is not a constant function of absolute
value 1. Equality in (ii) holds if and only if either g(A) = 0 or h is a constant function of absolute
value 1.

Corollary 5.5.2. Let A be a proper contraction on a Hilbert space H and let f ∈ H(D) be such that
|f (z)| < 1, for all z ∈ D and f (0) = f ′(0) = · · · = f (n−1)(0) = 0 for some n ∈ N∗.

Then, we have:

(i) An∗An ≥ f (A)∗f (A);

(ii) ∥An∥ ≥ ∥f (A)∥.

Strict inequality holds in (i) if and only if An∗An > 0 and if f is not of the form f (z) = ηzn for some
constant η with |η| = 1. Equality occurs in (ii) if and only if either An = 0 or f (z) = ηzn with |η| = 1.

Theorem 5.5.3 (Fan). Let A be a proper contraction on a Hilbert space, let f ∈ H(D) such that
|f (z)| < 1, for all z ∈ D, and let z0 ∈ D.

Then, we have:

(Id− z0A
∗)−1(A∗ − z0Id)(A− z0Id)(Id− z0A)−1

≥ (Id− f (z0)f (A)∗)−1
(
f (A)∗ − f (z0)Id

)
(f (A)− f (z0)Id)

(
Id− f (z0)f (A)

)−1, (5.28)



5.5. Operator versions of Schwarz-Pick type inequalities 119

which implies that:∥∥∥(A− z0Id)(Id− z0A)−1
∥∥∥ ≥ ∥∥∥∥(f (A)− f (z0)Id)

(
Id− f (z0)f (A)

)−1∥∥∥∥ . (5.29)

Strict inequality occurs in (5.28) if and only if (A∗ − z0Id)(A − z0Id) > 0 and f is not of the form
f (z) = ε z−z1

1−z1z
, with |ε| = 1 and |z1| < 1. Equality occurs in (5.5.3) if and only if either A = z0Id or f is

of the form f (z) = ε z−z1
1−z1z

, with |ε| = 1 and |z1| < 1.

Variations of the last theorem have also been discussed in [4].

More recently, Jocić proved in [33, Theorem 3.5] the following operator version of the Schwarz-
Pick lemma:

Theorem 5.5.4 (Jocić). Let f ∈ H(D,D) be an holomorphic map on the open unit disk and let
A,B ∈ B (H) be two proper contractions on a Hilbert space H .

Then, we have: ∥∥∥∥D−1
f (A)∗ [f (A), f (B)](X)D

−1
f (B)

∥∥∥∥ ≤ ∥∥∥D−1
A∗ XD−1

B

∥∥∥ .
5.5.1 An operator version of the Schwarz-Pick inequality

The following result is a counterpart of [33, Theorem 3.5]. When specialized to scalars, it reduces
to the Schwarz-Pick inequality for two distinct points.

Theorem 5.5.5. Let H1,H2 be two Hilbert spaces. Consider three contractions W1 ∈ B(H1), W2 ∈
B(H2) and V ∈ B(H2,H1). Assume that σ (W1)∩ σ (W2) = ∅, and that f ∈ H(D,D) is holomorphic on
an open neighborhood of σ (W1)∪σ (W2). We denote by X = XW1,W2,V the unique solution of Sylvester’s
equation (see Section 3.3):

W1X −XW2 = DW ∗1
VDW2

. (5.30)

Then, there exists a contraction Y ∈ B(H2,H1) such that:

f (W1)X −Xf (W2) = Df (W1)∗YDf (W2).

Proof. Let T =
[
W1 DW ∗1

VDW2

0 W2

]
. Denote C = DW ∗1

VDW2
. By Parrott’s theorem, T is a contraction.

Moreover, using (5.30), we have:

T =
[
W1 C
0 W2

]
=

[
Id −X
0 Id

][
W1 0
0 W2

][
Id X
0 Id

]
and, thus,

f (T ) =
[
Id −X
0 Id

][
f (W1) 0

0 f (W2)

][
Id X
0 Id

]
=

[
f (W1) f (W1)X −Xf (W2)

0 f (W2)

]
.

As ∥f ∥∞ ≤ 1, we have ∥f (T )∥ ≤ 1 by von Neumann’s inequality. Thus, by Parrott’s theorem, there
exists a contraction Y ∈ B(H2,H1) such that f (W1)X −Xf (W2) = Df (W1)∗YDf (W2).
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5.5.2 An operator version of the Beardon-Minda inequality

Using the analogue proof framework as employed in Theorem 5.5.5, we can deduce the following
outcome for 3× 3 operator matrices:

Theorem 5.5.6. Let H1,H2,H3 be three Hilbert spaces. Consider three contractions W1 ∈ B(H1), W2 ∈
B(H2) and W3 ∈ B(H3). Let V1 ∈ B(H2,H1), V2 ∈ B(H3,H2), and V3 ∈ B(H3,H1) be contractions.
Assume that σ (Wi)∩ σ (Wj ) = ∅, for all 1 ≤ i < j ≤ 3, and that f ∈ H(D,D) is holomorphic on an
open neighborhood of σ (W1)∪ σ (W2)∪ σ (W3). Let X1,X2,X3 be respectively the unique solution of
Sylvester’s equations:

W1X1 −X1W2 = DW ∗1
V1DW2

, (5.31)

W2X2 −X2W3 = DW ∗2
V2DW3

and (5.32)

W1X3 −X3W3 = B−W1X1X2 +X1W2X2, (5.33)

where:

B =
[
DW ∗1

(Id−V1V
∗
1 )DW ∗1

]1/2
V3

[
DW3

(Id−V ∗2V2)DW3

]1/2
−DW ∗1

V1W
∗
2V2DW3

.

Then, there exist three contractions Y1 ∈ B(H2,H1),Y2 ∈ B(H3,H2),Y3 ∈ B(H3,H1) such that:



f (W1)X1 −X1f (W2) = Df (W1)∗Y1Df (W2),

f (W2)X2 −X2f (W3) = Df (W2)∗Y2Df (W3),

f (W1)X3 −X3f (W3) = X1f (W2)X2 − f (W1)X1X2

+
[
Df (W1)∗(Id−Y1Y

∗
1)Df (W1)∗

]1/2
Y3

[
Df (W3)(Id−Y ∗2Y2)Df (W3)

]1/2
−Df (W1)∗Y1f (W2)∗Y2Df (W3).

(5.34)

(5.35)

(5.36)

Proof. Denote A1 = DW ∗1
V1DW2

and A2 = DW ∗2
V2DW3

. Then, according to Theorem 4.2.1, the
operator

T =

W1 A1 B
0 W2 A2
0 0 W3


is a contraction. With this notation, X1,X2,X3 are respectively the unique solutions of Sylvester’s
equations W1X1 −X1W2 = A1, W2X2 −X2W3 = A2 and W1X3 −X3W3 = B−W3X1X2 +X1W2X2.

In view of Theorem 3.3.9 (or, in a more elementary approach, using the computation rules in the
Heisenberg group), we can write:

T =

Id −X1 −X3
0 Id −X2
0 0 Id


W1 0 0

0 W2 0
0 0 W3


Id X1 X3 +X1X2

0 Id X2
0 0 Id

 .
This diagonalization allows one to write the 3× 3 operator matrix of f (T ), which is a contraction
by von Neumann’s inequality:

f (T ) =

Id −X1 X1X2 −X3
0 Id −X2
0 0 Id


f (W1) 0 0

0 f (W2) 0
0 0 f (W3)


Id X1 X3

0 Id X2
0 0 Id

 .
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Thus the matrix of f (T ) is given by:f (W1) f (W1)X1 −X1f (W2) f (W1)X3 −X3f (W3)−X1f (W2)X2 + f (W1)X1X2
0 f (W2) f (W2)X2 −X2f (W3)
0 0 f (W3)

 .
We apply again Theorem 4.2.1.

In the scalar case, the condition (5.36) is equivalent to the Beardon-Minda inequality.
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Chapter6
Other spectral sets

6.1 The unit ball of Cn

In all this section, we denote by Bn the open unit ball of Cn, i.e. Bn =
{
(z1, . . . , zn) ∈ Cn :

∑n
i=1 |zi |2 < 1

}
.

The set of holomorphic functions on Bn is supposed to be equipped with the topology of uniform
convergence on every compact subset of Bn.

In [30], Hartz, Richter, and Shalit proved an analogous of von Neumann’s inequality for row
contractive tuples of matrices. We start by recalling the definition of a row contractive tuple of
operators:

Definition 6.1.1. Let H be an Hilbert space, and let T = (T1, . . . ,Tn) be a n-tuple of bounded
linear operators on H .
We say that T is a row contraction if ∥T ∥2 = ∥

∑n
i=1TiT

∗
i ∥ ≤ 1.

Now, we can state the von Neumann type inequality for the unit ball (see [30, Theorem 1.1 and
Corollary 3.4 ]):

Theorem 6.1.2 (Hartz-Richter-Shalit). Let d ∈ N∗. There exists a constant Cd such that, for all
n ∈ N∗, for every commuting row contraction T = (T1, . . . ,Tn) on a Hilbert space of dimension d, and
for every polynomial p ∈ C [X1, . . . ,Xn], we have:

∥p(T )∥ ≤ Cd sup
z∈Bn

|p(z)|.

Moreover, we can choose C2 = 1.

Furthermore, they also gave an elementary construction of an holomorphic functional calculus
for the unit ball (see [30, Appendix A]), which is a particular case of the Arens-Calderon
functional calculus.

Theorem 6.1.3. Let T = (T1, . . . ,Tn) be an n-tuple of bounded linear operators on an Hilbert space H ,
and let B be an open ball containing the joint spectrum of T . Then, there exists a unique continuous
homomorphism φ :H (B,C)→B (H) such that φ(p) = p(T ), for every polynomial p ∈ C [X1, . . . ,Xn].

123
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It turns out that applying Theorem 6.1.2 to a suitably chosen row contractive n-tuple of 2× 2
matrices, we can obtain the following Schwarz-Pick type lemma for the unit ball, which is
particular case of Rudin’s Schwarz lemma for the unit ball (take m = 1 in [55, Theorem 8.1.4]):

Theorem 6.1.4. Let f : Bn→ D be an holomorphic map, and let ω,z ∈ Bn.

Then, ∣∣∣1− f (ω)f (z)
∣∣∣2

(1− |f (z)|2)(1− |f (ω)|2)
≤ |1− ⟨z,ω⟩ |2

(1− ∥z∥2)(1− ∥ω∥2)
.

In order to show this, we will need the following lemma, which can be seen as a corollary of
Lemma 1.2.14:

Lemma 6.1.5. Let T =
(
a c
c b

)
∈M2(C), with a,b ∈]0,1] and det(T ) = ab − |c|2 ≥ 0.

Then, ∥T ∥ ≤ 1 if and only if |c|2 ≤ (1− a)(1− b).

Proof. In order to use Lemma 1.2.14, we will write down the Cholesky decomposition of T :

Let ST =
(
s1 s2
0 s4

)
be the Cholesky factorization of T , i.e. ST is an upper-triangular matrix with

non-negative diagonal such that T = S∗T ST .

An easy computation gives:

s1 =
√
a ; s2 =

c
s1

=
c
√
a

; s4 =
√
b − |s2|2 =

√
b − |c|

2

a
.

Then, ∥T ∥ ≤ 1 if and only if ∥ST ∥ ≤ 1. By Lemma 1.2.14, this happens if and only if

|c|2

a
≤ (1− a)

(
1− b+

|c|2

a

)
which is equivalent to

|c|2 ≤ (1− a)(1− b).

We will also make use of the following identity, which is a generalization of the key identity (1.3)
that has been used several times in this manuscript:

Lemma 6.1.6. For all ω,z in Cn, we have:

|1− ⟨z,ω⟩|2 −
(
1− ∥z∥2

)(
1− ∥ω∥2

)
= ∥ω − z∥2 + |⟨ω,z⟩|2 − ∥ω∥2 · ∥z∥2 (6.1)

Remark 6.1.7. If ω and z are linearly dependent, we have |⟨ω,z⟩|2 = ∥ω∥2 · ∥z∥2 (this is the equality
case in the Cauchy-Schwarz inequality) and, thus, the identity becomes

|1− ⟨z,ω⟩|2 −
(
1− ∥z∥2

)(
1− ∥ω∥2

)
= ∥ω − z∥2.

In particular, for n = 1, we recover the key identity (1.3).
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Now, we are ready to prove Theorem 6.1.4:

Proof of Theorem 6.1.4. Let ω = (ω1, . . . ,ωn) and z = (z1, . . . , zn).

In the trivial cases where ω = z or f (ω) = f (z), there is nothing to prove. Therefore, in the
following, we will assume that this is not the case.

For every i ∈ J1,nK, we consider the matrices:

Ti =
(
ωi αi
0 zi

)
,

where αi = d(ωi − zi), for some scalar d to be determined later.

We have TiTj = TjTi , for all i, j, and

n∑
i=1

TiT
∗
i =

(
∥ω∥2 + ∥α∥2 ⟨α,z⟩
⟨z,α⟩ ∥z∥2

)
, with α = d(ω − z).

By Lemma 6.1.5, ∥
∑n

i=1TiT
∗
i ∥ ≤ 1 if and only if:

|⟨α,z⟩|2 ≤
(
1− ∥ω∥2 − ∥α∥2

)(
1− ∥z∥2

)
,

which is equivalent to:

|d|2 ·
[∣∣∣⟨ω,z⟩ − ∥z∥2

∣∣∣2 + ∥ω − z∥2
(
1− ∥z∥2

)]
≤

(
1− ∥ω∥2

)(
1− ∥z∥2

)
or, after simplification, to:

|d|2 ·
[
∥ω − z∥2 + |⟨ω,z⟩|2 − ∥ω∥2 · ∥z∥2

]
≤

(
1− ∥ω∥2

)(
1− ∥z∥2

)
.

Using (6.1), we obtain that ∥
∑n

i=1TiT
∗
i ∥ ≤ 1 if and only if:

|d|2 ≤

(
1− ∥ω∥2

)(
1− ∥z∥2

)
|1− ⟨ω,z⟩|2 − (1− ∥z∥2) (1− ∥ω∥2)

.

In the following, we will take d =

√
(1−∥ω∥2)(1−∥z∥2)

|1−⟨ω,z⟩|2−(1−∥z∥2)(1−∥ω∥2) .

For f : Bn→ D, we have:

f (T1, . . . ,Tn) =
(
f (ω) d [f (ω)− f (z)]

0 f (z)

)
and, by Theorem 6.1.2, ∥f (T1, . . . ,Tn)∥ ≤ 1. By Lemma 1.2.14, this is equivalent to:

|f (ω)− f (z)|2

(1− |f (ω)|2) (1− |f (z)|2)
≤ 1
|d|2

.
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Using the identity (1.3), we get:∣∣∣1− f (ω)f (z)
∣∣∣2

(1− |f (z)|2)(1− |f (ω)|2)
≤ |1− ⟨z,ω⟩ |2

(1− ∥z∥2)(1− ∥ω∥2)
.

6.2 The annulus

For r ∈ [0,1[, we denote by Ar := {z ∈ C : r < |z| < 1} the annulus of radii r and 1. Moreover, if H is
an Hilbert space, we denote by Fr :=

{
T ∈ B (H) : r2T −1

(
T −1

)∗
+ T T ∗ ≤ (r2 + 1) · Id, σ (T ) ⊂ Ar

}
.

Recall that if S and T are two operators on a Hilbert space H , the notation S ≤ T means that
T − S is a positive operator. If T = λ · Id, for some λ ∈ C, we write sometimes S ≤ λ.

In [61], Tsikalas has shown that Ar is a
√

2-spectral set for every element of Fr :

Theorem 6.2.1 (Tsikalas). For every bounded holomorphic function φ ∈H∞ (Ar ), for every T ∈ Fr ,

∥φ(T )∥ ≤
√

2sup { |φ(z)| : z ∈ Ar } (6.2)

where the constant
√

2 is the best possible.

Remark 6.2.2. In [61], it is proved that the constant
√

2 is the best possible if we require (6.2)
to be true for every bounded linear operator T ∈ Fr . However, if we restrict ourselves to 2× 2
matrices, this constant may not be optimal.

We can characterize Fr in the case where H = C2. To do this, we first generalize Lemma 6.1.5 as
follows:

Lemma 6.2.3. Let T =
(
a c
c b

)
∈M2(C), with a > 0, b ∈ R, and det(T ) = ab − |c|2 ≥ 0, and let ρ > 0.

Then, T ≤ ρ · Id if and only if |c|2 ≤ (ρ − a)(ρ − b).

Proof. As in Lemma 6.1.5, we consider the Cholesky factorization T = S∗T ST . If we denote

ST =
(
s1 s2
0 s4

)
, we have:

s1 =
√
a ; s2 =

c
s1

=
c
√
a

; s4 =
√
b − |s2|2 =

√
b − |c|

2

a
.

Now, we observe that T ≤ ρ if and only if, for all x ∈ C2, ρ∥x∥2 − ∥ST x∥2 ≥ 0, which is equivalent
to saying that ∥ST ∥ ≤

√
ρ or, equivalently, that 1√

ρST is a contraction.

By Lemma 1.2.14, this happens if and only if

|c|2

ρa
≤

(
1− a

ρ

)(
1− b

ρ
+
|c|2

ρa

)
,
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which is equivalent to
|c|2 ≤ (ρ − a)(ρ − b).

Now, we are ready to prove the following lemma:

Proposition 6.2.4. Let T =
(
ω1 α
0 ω2

)
∈M2(C), with ω1,ω2 ∈ Ar .

T ∈ Fr if and only if

|α|2 ≤ (1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

.

Proof. Let Br := r2T −1
(
T −1

)∗
+ T T ∗. First of all, observe that Br is positive as it is the sum of two

positive operators. Moreover, we have:

Br =
r2

|ω1ω2|2

(
|ω2|2 + |α|2 −αω1
−αω1 |ω1|2

)
+
(
|ω1|2 + |α|2 αω2

αω2 |ω2|2

)
.

By Lemma 6.2.3, Br ≤ (r2 + 1) · Id if and only if∣∣∣∣∣∣αω2 −
r2

|ω1ω2|2
αω1

∣∣∣∣∣∣2 ≤
[
r2 + 1− r2

|ω1|2
− |ω1|2 − |α|2

(
r2

|ω1ω2|2
+ 1

)][
r2 + 1− r2

|ω2|2
− |ω2|2

]
(6.3)

which is equivalent to

|α|2 ·
∣∣∣∣∣∣ω2 −

r2

|ω1ω2|2
ω1

∣∣∣∣∣∣2 +
(

r2

|ω1ω2|2
+ 1

)(
r2 + 1− r2

|ω2|2
− |ω2|2

)
≤

(
r2 + 1− r2

|ω1|2
− |ω1|2

)(
r2 + 1− r2

|ω2|2
− |ω2|2

) (6.4)

Let

C :=

∣∣∣∣∣∣ω2 −
r2

|ω1ω2|2
ω1

∣∣∣∣∣∣2 +
(

r2

|ω1ω2|2
+ 1

)(
r2 + 1− r2

|ω2|2
− |ω2|2

)
and

D :=
(
r2 + 1− r2

|ω1|2
− |ω1|2

)(
r2 + 1− r2

|ω2|2
− |ω2|2

)
.

On the one hand, we have:

C = |ω2|2 +
r4

|ω1|2 · |ω2|4
− 2Re

(
r2

ω1ω2

)
+

r4

|ω1ω2|2
+

r2

|ω1ω2|2
− r4

|ω1|2 · |ω2|2
− r2

|ω1|2
+ r2 + 1− r2

|ω2|2
− |ω2|2

=

∣∣∣∣∣∣1− r2

ω1ω2

∣∣∣∣∣∣2 + r2
(
1− 1
|ω1|2

− 1
|ω2|2

+
1

|ω1ω2|2

)
=

1
|ω1ω2|2

[
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

]
.
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On the other hand, we have:

D =
1

|ω1ω2|2
(1− |ω1|2)(|ω1|2 − r2)(1− |ω2|2)(|ω2|2 − r2).

Thus, (6.4) is equivalent to:

|α|2 ≤ (1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

.

Remark 6.2.5. In the case where r = 0, Fr is the set of invertible contractions. If we take r = 0 in
Proposition 6.2.4, we recover the criteria of contractivity for 2× 2 matrices (Lemma 1.2.14).

Now, let K2 > 0 be the smallest constant such that Ar is a K2–spectral set for every 2×2 matrix of
Fr (by Tsikalas’ inequality, we know that K2 ≤

√
2).

Applying the inequality

∥φ(T )∥ ≤ K2 sup { |φ(z)| : z ∈ Ar } , ∀φ ∈H∞ (Ar )

to the matrix T =
(
ω1 α
0 ω2

)
, where ω1,ω2 ∈ Ar , and

α =

√
(1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)
|r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)

,

we obtain the following Schwarz-Pick type inequality:

Corollary 6.2.6. Let ω1,ω2 ∈ Ar , and let f : Ar → D be an holomorphic map. Then, we have:

|f (ω1)− f (ω2)|2(
K2

2 − |f (ω1)|2
)(
K2

2 − |f (ω2)|2
) ≤ |ω1 −ω2|2

K2
2

· |r2 −ω2ω1|2 + r2(1− |ω1|2)(1− |ω2|2)
(1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)

(6.5)

or, equivalently,

|f (ω1)− f (ω2)|2(
K2

2 − |f (ω1)|2
)(
K2

2 − |f (ω2)|2
) ≤ r2 · |ω1 −ω2|4

K2
2 (1− |ω1|2)(1− |ω2|2)(|ω1|2 − r2)(|ω2|2 − r2)

+
r2 · |ω1 −ω2|2

K2
2 (|ω1|2 − r2)(|ω2|2 − r2)

+
|ω1 −ω2|2

K2
2 (1− |ω1|2)(1− |ω2|2)

(6.6)

Proof. We proceed as in the proof of Schwarz-Pick’s lemma introduced in Section 1.2.3, except

that this time, Tsikalas’ inequality gives that ∥f (T )∥ ≤
√

2 or, equivalently, that
∥∥∥∥ 1√

2
f (T )

∥∥∥∥ ≤ 1.

For the second inequality, we use the identity

|r2 −ω2ω1|2 = r2 · |ω1 −ω2|2 + (|ω1|2 − r2)(|ω2|2 − r2) (6.7)
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Model spaces, spectral sets and Schwarz-Pick type inequalities

Abstract

The Schwarz-Pick inequality for holomorphic functions of one variable is a classical topic in complex
analysis and, more specifically, in hyperbolic geometry. Schwarz-Pick type inequalities for three points
and, subsequently, for n points in the open unit disc have been established by Beardon and Minda, and
by Baribeau, Rivard, and Wegert, respectively. The aim of this PhD thesis is to study Schwarz-Pick
type inequalities from an operator-theoretic perspective. By employing the von Neumann inequality for
operators on Hilbert spaces and its generalizations, the Schwarz-Pick inequality and the Beardon-Minda
inequality are derived in a unified manner. The connection with model operators is explored, and new
Schwarz-Pick type inequalities for functions in one or several complex variables are established. The
thesis also focuses on operator versions of Schwarz-Pick type inequalities, building on the work of Ky
Fan and D. Joćić. To this end, we discuss related topics such as explicit holomorphic functional calculus,
non-commutative divided differences, and contractivity criteria for matrices. The manuscript concludes
with a brief exploration of some other spectral sets.

Keywords: functional analysis, operator theory, mathematical analysis, complex analysis, holomorphic
functions, spectral theory, Hilbert spaces, hyperbolic geometry, Schwarz-Pick lemma

Espaces modèles, ensembles spectraux et inégalités de type Schwarz-Pick

Résumé

L’inégalité de Schwarz-Pick pour une fonction holomorphe d’une variable est un sujet classique en analyse
complexe et, plus spécifiquement, en géométrie hyperbolique. Des inégalités de type Schwarz-Pick pour
trois points et, ensuite, pour n points du disque unité ouvert ont été établies respectivement par Beardon et
Minda, et par Baribeau, Rivard, et Wegert. L’objectif de cette thèse de doctorat est d’étudier les inégalités de
type Schwarz-Pick dU point de vue de la théorie des opérateurs. En utilisant l’inégalité de von Neumann
pour les opérateurs sur les espaces de Hilbert et ses généralisations, les inégalités de Schwarz-Pick et de
Beardon-Minda sont obtenues de manière unifiée. Le lien avec les opérateurs modèles est mis en évidence,
et de nouvelles inégalités de type Schwarz-Pick en une ou plusieurs variables complexes sont établies. Nous
nous concentrons également sur les versions opérateurs des inégalités de type Schwarz-Pick, en suivant
les travaux de Ky Fan et D. Joćić. Pour ce faire, nous discutons d’autres sujets d’intérêt, tels que le calcul
fonctionnel holomorphe explicite, les différences divisées non commutatives et les critères de contractivité
pour les matrices. Le manuscrit se termine par un aperçu rapide d’autres ensembles spectraux.

Mots clés : analyse fonctionnelle, théorie des opérateurs, analyse mathématique, analyse complexe, fonc-
tions holomorphes, théorie spectrale, espaces de Hilbert, géométrie hyperbolique, lemme de Schwarz-
Pick

Laboratoire Paul Painlevé
CNRS UMR 8524 – Cité Scientifique, Bâtiment M2 – 59655 Villeneuve d’Ascq Cedex
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