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Chapitre 1

Introduction

1.1 Background and objective

In addressing numerous scientific problems, it is essential to characterize phenomena
based on their rates of change, which are often represented by derivatives. Consequently,
the study of differential equations and the properties of their solutions is pivotal for solving
many practical issues and holds significant research importance and application value. A
current research hotspot in differential equation theory is functional differential equations.
These equations describe changes in phenomena that depend not only on the current state
but also on states over past or future periods. Functional differential equations have im-
portant practical applications in fields such as physics, information technology, chemistry,
engineering, economics, and biomathematics. Due to their widespread application in scien-
tific research, studying the stability theory and asymptotic behavior of their solutions has
become particularly important.

The pantograph equation
y'(z) = ay(qz) + by(z) (1.1.1)

serves as an ideal mathematical model for describing the wave motion problem of the ove-
rhead supply line in an electrified railway system, where a and b are non-zero real numbers,
y(z) is a real-valued function. Equation (1.1.1) is classified as a functional differential equa-
tion because substituting y = €', ¢ = ¢, and y(z) = z(t) transforms it into the equation
e 2 (t) = a(t+c) +bz(t). If 0 < g < 1, then ¢ = In(q) < 0, and the equation becomes a
delayed functional differential equation. Conversely, if ¢ > 1, then ¢ = In(q) > 0, and the
equation becomes an advanced functional differential equation.

According to [46], the term “pantograph” originates from the works of Ockendon, Tayler
and Iserles [70, 44|. This equation has significant applications in various fields, such as
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numerical analysis [66], nonlinear dynamical systems [29], among others. In 1971, Kato and
Mcleod studied the existence, analytic and asymptotic properties of solutions to Equation
(1.1.1) [54]. They examined the effect of the parameter g on the solution : if 0 < ¢ < 1, then
Equation (1.1.1) with y(0) = 1 is “well-posed”, meaning there is a unique analytic solution
in the neighborhood of z = 0 if ¢ > 1, then there is no analytic solution. Therefore, in this
thesis, we consider the case 0 < g < 1.

The pantograph equation also belongs to the class of differential ¢-difference equations.
Unlike ordinary differential equations, the solutions at infinity of Equation (1.1.1) are in-
finitely dimensional due to the influence of the parameter ¢. This complexity makes it
challenging to analyze the asymptotic properties of the solution at zero. To address this
problem, Kato and Mcleod first proposed establishing a connection formula between the
solutions at zero and infinity. They then used this connection formula to derive the asymp-
totic properties of the solution at zero. This approach is also an important idea that will
be utilized in this thesis.

Some authors have also studied the non-homogeneous form of the equation correspon-
ding to the pantograph equation. For example, Lim [60] investigated the asymptotic bounds
of solutions to the equation

y'(x) = ay(qz) + by(z) + g(z), (1.1.2)

by assuming g is a function defined on [0, 00) and g(z) = O(z®) as © — .

Currently, most research on functional differential equations focuses on the properties
of solutions in the real plane. Analyzing the properties of solutions in the complex plane is
a complicated and challenging process, and the related theories are not yet fully developed.
As a result, this remains a significant research hotspot in the field of differential equations.
Inspired by previous work, this thesis primarily investigates the analytical and asymptotic
properties of solutions of the non-homogeneous pantograph functional differential Equation
(1.1.2) in the complex plane.

Consider = on the Riemann surface of the logarithm. Let = —% (b # 0) and define

u(t) = y(z) = y(—4%). Then, the derivative of u(t) with respect to t is given by u/(t) =
—4y/(—1%). Substituting 2 = —£ into Equation (1.1.2), we obtain :

u'(t) = au(qt) — u(t) + £(1),

where o = —¢ # 0 and f(t) = —%g(—%). Thus, we focus on analyzing the following
equation :
y'(z) = ay(qz) — y(z) + f(2). (1.1.3)
We assume that the non-homogeneous term f is a rational function. Then, we only need
to consider f in one of the three forms :
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(i) polynomials;

(ii) fractions with a singularity at zero : f(z) = -, m > 0;

(iii) fractions with a non-zero singularity : f(z) = W, m > 0,c e C*.

We will discuss each of these cases in Chapters 2, 4, and 5, respectively.

When f is a fraction with singularity at zero, we mainly study the asymptotic behaviors
of solutions of Equation (1.1.3). Following Kato and Mcleod’s ideas on the connection
formula mentioned earlier, we first study the connection formula between the solutions of
Equation (1.1.3) at zero and infinity. Since the theory of elliptic functions is closely related
to the analytic theory of linear functional g-difference equations |20, 97, 82, 30, 78|, we use
the Jacobi function to represent the solution of (1.1.3). Then the asymptotic form of the
solutions at zero is analyzed according to the connection formula. When f is a fraction with

singularity at non-zero constant, the solutions may have an infinite number of singularities
g = q% e
Therefore, different from the previous situation, the focus of the study changes to the study

due to the action of g, These singularities are like —c, —cq, —cq?,- -, or —c, —

of the analytical properties of the solution.

The homogeneous equation corresponding to Equation (1.1.3) is

y'(z) = ay(qr) — y(z). (1.1.4)

Zhang [98]| proved that on the complex plane, a unique power series solution of Equation
(1.1.4) satisfying the initial condition y(0) = 1 can be represented by a linear combination of
all elements of the fundamental solution system at infinity. This relation formula is called the
connection formula between solutions at zero and infinity, and it plays an important role in
determining the asymptotic form of the solution with the initial condition. The difference
between the two solutions of the non-homogeneous Equation (1.1.3) is a solution of the
homogeneous Equation (1.1.4). Therefore, the connection formula between the solutions of
the non-homogeneous pantograph equation can be derived using the connection formula
obtained by Zhang, and this simple observation will play a key role in this study.

In this thesis, a theoretical study is conducted on the properties of solutions to non-
homogeneous pantograph equations. The main results are as follows :

(1) A connection formula between the solutions at zero and infinity for non-homogeneous
functional differential equations is established in the complex plane.

(2) By utilizing the properties of g-periodic function to analyze the asymptotic properties
of solutions, the asymptotic form of the solution with the initial condition is described more
precisely.

(3) Index theorems of the operators corresponding to the differential g-difference equa-
tions are established.
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(4) The correlation theory of the properties of solutions for a class of non-homogeneous
functional differential equations in the complex plane is perfected.

1.2 Current research of the pantograph equation

The study of the homogeneous pantograph equation dates back to 1971 when Ocken-
don et al. [70] established a mathematical model for the motion of the pantograph head on
the electric supply system of British railway trams, i.e., Equation (1.1.1), and investigated
the dynamical properties of the tram power supply system. In the same year, Fox et al.
[36] classified the parameter ranges in Equation (1.1.1) and obtained solutions expressed in
series or integral forms, along with their asymptotic properties. Kato et al. [54] studied the
existence and uniqueness of solutions and discussed the asymptotic properties of solutions
under various parameter values. Carr et al. [25] extended the work of Kato et al. [54] by
supplementing the case where parameter b is purely imaginary, analyzing the asymptotic
properties of solutions when Re b = 0. Liu [63] investigated numerical methods for Equation
(1.1.4), utilizing perturbation techniques and Kuruklis’s results [56] to analyze the discreti-
zed form of the equation and explore the asymptotic behavior of numerical solutions. Zhang
[98] studied solutions of the equation in the complex domain at the origin and infinity, de-
riving connection formulas between these solutions and analyzing the asymptotic form of
the origin solution at infinity.

It is worth mentioning that discussions on the non-homogeneous pantograph equation
began as early as 1924, before the term “pantograph” was proposed. Flamant [35] studied
the existence and uniqueness of the solution of equation

fi(z) = a(w)f(;) +b(x)

through the successive approximations, and also discussed the behavior of the solution
when the non-homogeneous term b(x) has singularities at the origin or other points. When
a(z) and b(z) are holomorphic at the origin, and b(x) has a simple pole at the origin, the
behavior of the solution f(z) near the origin is similar to f(x) = ¢(z) + ¢ (x) log x, where
¢(x) and 9 (x) are holomorphic functions.

The pantograph equation also belongs to a class of linear functional ¢-difference equa-
tions. In the study of functional g-difference equations, distinct or even opposite results
often arise for ¢ > 1 and 0 < ¢ < 1 |21, 26, 96]. Equation (1.1.1) exhibits similar pheno-
mena. Kato et al. [54] separately discussed the properties of solutions in the real domain for
these ranges of ¢. They proved that when 0 < ¢ < 1, there exists a unique analytic solution
near x = ( satisfying boundary conditions, with all solutions having specific asymptotic
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properties. Conversely, when ¢ > 1, Equation (1.1.1) lacks analytic solutions, and only one
solution matches a prescribed asymptotic form.

The analytic theory of linear functional g-difference equations is closely linked to el-
liptic function theory [20, 91, 72, 1]. Birkhoff [20] generalized the Riemann problem to
ordinary differential equations with irregular singularities, linear difference equations, and
g-difference equations. By prescribing singularities and characteristic constants, he descri-
bed solution properties near singularities via asymptotic expansions and matrix analysis.
Di et al. [91] studied power series solutions of differential g-difference equations, including
hypergeometric and basic hypergeometric functions. Adams [1] classified series solutions
and analytic conditions for n-th order linear differential g-difference equations based on
root distributions of characteristic equations : (i) all roots are finite and non-zero; (ii) not
all roots are finite and non-zero. Ohyama et al. [71]| derived explicit Euler-type formulas
for analytic solution bundles of arbitrary linear algebraic ¢-difference equations, relating to
“intermediate singularities.”

When b = 0, Equation (1.1.1) reduces to :

y'(z) = ay(qz) (1.2.1)

Despite its resemblance to ordinary differential equations, this equation exhibits distinct
behaviors. Morris et al. [69] showed that solutions of Equation (1.1.1) with a = —1 are entire
functions and proved unbounded oscillations as t — oo via the Phragmén-Lindel6f principle.
Iserles [44] established that lim sup,_, . ||y(t)|| = oo holds regardless of a and ¢. Kato et al.
[54] further discussed the complex asymptotic behavior of solutions in this case.

For nonhomogeneous pantograph equations, Lim [60] assumed g(x) = z% and introdu-
ced k = In|b/a|/In g, classifying asymptotic bounds based on b : (i) y(x) = O(e®®) (z — o0)
for b > 0; (ii) for b < 0, y(z) = O(z") if @ < Kk, O(z"Inx) if a = Kk, and O(z®) if o > k.
Aldosari et al. [6] employed Maclaurin series expansions to solve equations with exponen-
tial nonhomogeneous terms, deriving closed-form series solutions with explicit convergence
proofs. Saadeh et al. [81] proposed the Residual Power Series Method (RPSM) to construct
analytic approximations for pantograph systems, validated via numerical examples. Aljoufi
[8] transformed nonhomogeneous equations with polynomial terms into standard homoge-
neous forms, deriving explicit solution formulas.

Regarding series solutions, Ramis [76] introduced Gevrey asymptotic expansions and
multisummability for divergent series. Balser [16] outlined advances in formal solutions for
complex differential equations. Ismail et al. [48] derived convergent asymptotic expansions
for g-functions using integral representations. Andrews et al. [14] discussed g-series relations
and connections to elliptic functions. Chen et al. [27] applied Borel-Laplace summation to
holomorphic solutions of nonlinear PDEs.
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Liu et al. [61] studied analytic and numerical solutions for multi-delay pantograph equa-
tions, proposing h-methods with stability conditions. Li et al. [59] analyzed Runge-Kutta
(RK) stability for multi-delay equations. Anakira et al. [13] enhanced RPSM with Laplace
transforms and Padé approximants for multi-delay equations. Singh et al. [86] applied frac-
tional differential transform methods to solve fractional pantograph equations.

Fractional and higher-order pantograph equations were explored by Bhalekar et al. [18],
deriving special functions and their properties. Jafari et al. [52| implemented Legendre
pseudospectral methods for delay differential equations. Alzabut et al. [12] studied asymp-
totic stability of nonlinear fractional pantograph equations using Krasnoselskii’s fixed-point
theorem. Almalahi et al. |9] established existence and stability for implicit fractional panto-
graph equations. Yang et al. [95] proposed Jacobi spectral Galerkin methods for nonlinear
fractional pantograph equations.

For variable coefficients in Equation (1.1.1), Alrebdi et al. [10] combined Maclaurin se-
ries and Adomian decomposition methods. Guglielmi et al. [40] analyzed one-leg #-methods
for stability on quasi-geometric grids. Wang et al. [92] developed shifted Chebyshev poly-
nomial algorithms for variable-coefficient equations. Dix [32] studied asymptotic behavior
via Lyapunov functionals.

Following the establishment of Equation (1.1.1), its generalizations have been extensi-
vely studied [39, 31, 3, 57, 41, 83, 64, 42, 15, 85, 24, 90, 33, 2, 79, 53|. Buhmann et al. [22]
analyzed stability of neutral differential equations with variable delays :

y'(t) = Ay(t) + By(qt) + Cy' (pt),

4(0) = o, (1.2.2)

where A, B, C' are matrices and p,q € (0,1). Stability conditions for discretized models
align with the original equation under step-size constraints. Iserles [45] termed Equation
(1.2.2) the “generalized pantograph equation,” deriving asymptotic stability via Dirichlet
series : limy o y(t) = 0if Re(A\(A4)) < 0 and || A~ B|| < 1. Zhao et al. [100] proved L-stable
RK methods preserve asymptotic stability.

For the neutral equation :

l

l
v () =ay(t) + > biy(ait) + > v/ (pit),
=1

i (1.2.3)

y(0) = o,

Iserles et al. [47] established existence, uniqueness, and asymptotic behavior. Liu [62]
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analyzed #-methods for numerical stability. When p; = ¢;, Buhmann et al. [23] studied RK
stability, while Koto [55] introduced Pn.-stability concepts.
Wang [93] proposed G4(g)-stable geometric grid methods for :

y'(t) = ft,y(t), y(At), ¥ (AL)). (1.2.4)
Shammakh et al. [84] investigated Hilfer fractional pantograph equations, while Aly et
al. [11] applied fixed-point theorems to v-Hilfer equations. Yang et al. [94] implemented
Jacobi spectral methods for nonlinear fractional pantograph equations.
Existing research predominantly focuses on real-domain asymptotic bounds [99, 38, 94,
80, 68, 87] and numerical methods [17, 19, 50, 51, 7, 88, 49, 73, 4, 43, 89, 5]. In contrast,
complex-domain analytic solutions remain underexplored. This study focuses on the ana-
lyticity and asymptotic behavior of solutions to the nonhomogeneous pantograph equation
(1.1.2) in the complex domain, aiming to advance understanding in this field.

1.3 Preliminary knowledge

For the convenience of analysis, we introduce notations common to all chapters.
Let C* be the Riemann surface of the complex logarithm, and let log be the complex
logarithmic function on the Riemann surface C*, i.e., % = e®1°8% for all @ € C and z € C*.

For ¢ € C, we denote by C\ {—c} the Riemann surface of the complex logarithmic
function log(z + ¢). Let a,b be two real numbers such that a < b, and let S¢(a,b) be the

o~

open sector on C\ {—c} :
S¢(a,b) = {z € C\ {—c}|a < arg(¢"z + ¢) < b},
especially,
S(a,b) 2 S9(a,b) = {x € C*|a < arg(z) < b},
Si(a,b) 2 Sk(a,b) = {z € C\ {~1}|a < arg(z + 1) < b}, (1.3.1)
Si(a,b)={z € (Cﬁfl}’a < arg(q"z +1) < b}.
We denote the Jacobi-6 function as

n(n—1)
0(q2)=> ¢ = a",

ne”Z

simplyfied by 6(x). For any n € Z, we have

_n(n=1)

0(q"x) =q = z "0(x). (1.3.2)
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For any o € C and n > 1, let («; ¢)p, and (), be the product of the following fomulas :

n—1 n—1
(@;9)n = [J(1 = ad’), (a)n = [J(a+9),
7=0 J=0

and (a;q)o = (a)p = 1. It follows that («;¢q), and (a), can be extended to («;q)e and
(@)oo @s n — oco. Furthermore,

Q
(aq™" @) = (—1)”(5; Dnl)"a (1.3.3)
Some equations that will be used (see [14]) :
1 n 1

7; GO0 @D [z < 1,lql <1,
m 1.3.4
Z (1);(;] q)2 ok (s, <l ( )

n>0 »4J/m

As in [98], we define

Fo(asq,z) = Z Mﬁﬂ (1.3.5)
n>0

then Fy(a;q, ) is the unique solution of Equation (1.1.4) with initial condition y(0) = 1.
In case of no ambiguity, it is abbreviated as Fy.

1.4 Main contents of this study

Based on the above analysis, this thesis primarily investigates the existence, analyticity,
and asymptotic forms of solutions to the non-homogeneous pantograph functional differen-
tial Equation (1.1.3) in the complex plane. First, we study the existence and uniqueness
of solutions to Equation (1.1.3) with non-homogeneous terms under specific assumptions.
Next, we explore solutions expressed as series at zero and infinity, respectively. We estimate
the growth trend of these series and analyze the solutions’ analyticity based on the series’
radius of convergence. Furthermore, we establish the relationship between the integral solu-
tion and the series solution, which facilitates the analysis of the connection formula between
solutions at zero and infinity. Finally, we study the asymptotic behavior of the solution with
given initial conditions using the connection formula. The thesis is structured as follows :

In Chapter 2, we focus on the existence and uniqueness of the Laurent series solu-
tion when the non-homogeneous term is expressed as a Laurent series expanded at zero
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and infinity. We also examine the existence and uniqueness of the solution when the non-
homogeneous term is a polynomial. When the non-homogeneous term is represented as a
Laurent series expanded at zero, we seek solutions in the form of a Laurent series at zero.
Conversely, when the non-homogeneous term is given as a Laurent series expanded at in-
finity, we look for solutions expressed as a Laurent series at infinity. For analytic analysis,
we assume the non-homogeneous term to be an analytic function. If this term is a rational
function, it can be considered as a combination of three cases. In the scenario where the
non-homogeneous term is a polynomial, we study the existence and uniqueness of the po-
lynomial solution and explore the relationship between solutions at zero and infinity. The
other two cases are discussed in Chapters 4 and 5.

Chapter 3 mainly studies the index theory of Equation (1.1.3). We analyze the in-
dex theorem of the operator corresponding to Equation (1.1.3) in the complex plane, ba-
sed on the index theory of differential g-difference equations, and examine how the non-
homogeneous term affects the properties of the solution. We distinguish between two cases :
0<g<landgq>1. For 0 < g <1, which aligns with the range of ¢ studied in this thesis,
we discuss the operator form and the corresponding index theorem when the operator acts
on series at zero and infinity. The solutions are used to verify the theoretical results for
0 < g < 1. For q > 1, this represents the opposite situation to the solutions studied in this
thesis. It can be regarded as the perfection of the operator index theory when the equation
does not limit the range of q.

In Chapter 4, we mainly consider the second case : when the non-homogeneous term is
a fraction with a singularity at zero. We study the asymptotic properties of the analytic
solutions. The solutions expressed in terms of the series at zero and infinity are found,
respectively, and the analytical properties of the solutions are analyzed. By applying the
Laplace transform to the equation, we obtain two Laplace integral solutions. We then ex-
plore the relationship between these integral functions by examining the equation satisfied
by the Laplace integrals and the solutions of the corresponding homogeneous equation. The
relationship between the integral solution and the series solution is analyzed by using per-
turbations of the equation. This analysis allows us to study the connection formula between
solutions at zero and infinity, ultimately leading to an understanding of the asymptotic form

of the solution given an initial condition.

In Chapter 5, we delve into the third case, where the non-homogeneous term is a fraction
with a singularity at a nonzero constant, we study the analytic and asymptotic properties of
solutions. We identify solutions expressed as series expansions at zero and infinity, as well as
divergent series solutions with an infinite number of singularities at nonzero constants. Using
the equation’s perturbation, solutions in terms of the integral-sum function are studied,
and the analytical properties of solutions are analyzed. Additionally, we utilize the Borel
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summation method to compute the integral-sum function corresponding to these divergent
series solutions, confirming that it aligns with the solution obtained through perturbation
of the equation. This consistency supports the robustness of our approach. The uniqueness
of the solution with the initial condition is studied, and the relationship between the series
at zero and the integral-sum function is analyzed by using the uniqueness of the solution
with the initial condition.



Chapitre 2

Laurent series solution at zero and
infinity

2.1 Introduction

In this chapter, we begin by examining the Laurent series solutions of the equation at
both zero and infinity. These solutions can be expressed in terms of the series expansions
around these points, respectively. The following lemma establishes that the solutions at
zero can be represented as a combination of power series and logarithmic terms.

Lemma 2.1. For the formal power series u(x) and v(x), if y(x) = u(z) - logz + v(z) is a
solution of Equation (1.1.3), then it has the following form :

y(x) = uplogz - Fy(a;q,x) + v(z),

where ug is an arbitrary constant and v(x) is a solution of equation

V(2) = av(gx) — v(x) + f(z)

with
uoFo(o; q, )

f(z) = a(lng)uoFo(e; g, gz) — + f(z).

X

Proof. Assuming that y(z) = u(z)-log z+v(z) with u(x) =3, g unz™ v(z) = 3, 50 vnz"
and substituting them into (1.1.3), we have

log x [u'(z) — au(gz) + “Ex)] =0, (2.1.1)

v (x) = av(gz) —v(x) + f(x),

11
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where f(z) = a(Inq)u(qgz) — u(z) - 1 4+ f(z). The first equation of (2.1.1) is equivalent to

(1.1.4), then
(_1)n(a; Q)nuo

Up = 1
n.

I

where ug is an arbitrary constant. O

2.2 Laurent series solution at zero

Let © = D(O, R) be an open disk centered at zero with radius R on the complex plane.
If f(z) =2a"¢(x) (v € C) with ¢(z) is an analytic function on £ and ¢(0) # 0, then one

can write

flx) = Z Gzt

n>0

We assume that y = 37, - anz?™™ (a9 # 0) is a solution of Equation (1.1.3) and substitute
it into the equation, then

Z(n + v)an:c"_l + Z(l — aq"'w_l)an_lx"_l = Z 12"t

n>0 n>1 n>1
Comparing the coefficients of 2”1, we get

Yao = 07 n::(L

. oyt 2.2.1
(1)1 —aq Yan—1+ ¢n_1’ w1, ( )
n 4y

an =

Equation (2.2.1) holds only if v = 0. Consequently, we can categorize the values of v into
three distinct cases :

(i) v =0,

(i) v € C*\ Z<o,

(1i1) v € Z<p.

We will discuss each of these cases in the subsequent sections.

Remark 2.1. If v € Z~q, then it falls under case (ii). From Equation (2.2.1), we observe
that there are no non-zero solutions of the formy =% -, anx™. Therefore, we assume that
a solution of Equation (1.1.8) can be expressed as y(x) = z7+° Y om0 @nx", where c is an
undetermined constant. Substituting this expression into the equatz’oﬁ yields :

Y 4yt ana" T =D (ag"T = Daga™tC+ ) dpa (2.2.2)

n>0 n>0 n>0
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Comparing the coefficients of the constant term in (2.2.2), we find that ¢ = 1. The solution
y(x) = 273 Jana™ can be written as Y., <o bna™, where by = by = --- = by, = 0, and
bniyt1 = an for_n > 0. Similarly, f = Zn>0_¢nx7+” is equivalent to Y <, ¥Ynx™, where
Yo=Y = =y_1 =0, and Py, = gbn_for n > 0. This leads us to conclude that the
situation is analogous to the case where v = 0.

2.2.1 Parameter 7 =0 in the non-homogeneous term

In this section, we will explore the existence and uniqueness of solutions for Equation
(1.1.3). To analyze the analyticity of the solution, let 2 be a connected domain. Let f be
an analytic function on €2, denoted as f € A(Q2; C). Consider the n-th derivative of (1.1.3) :

y"(2) = agy™ (qz) — y™ (@) + f(2), neN. (2:2.3)

When o ¢ ¢%<0, we introduce the series

—1)"(«; n o 1\n— . (k—
F(a;qjc,f,x):c-z(l)n(ﬁ“’(f)”xmrz (=1)" " (a; Q) f* 1)(0)33”,
' n>1k=1

= nl(e; @k
where ¢ € C is an arbitrary constant. Then, we have the following theorem.

Theorem 2.1. Let f € A(Q;C) and assume that a ¢ ¢?<0. Given a constant co € C*, then
the function F(«;q, co, f,x) is a unique analytic solution of Equation (1.1.3) with y(0) = ¢y
on 2.

Proof. Since f € A(2;C), the function f(z) can be expanded as a Taylor series on (2 :

(n)
fa) =3 O,

n!
n>0

and |f9)(0)| < MjI(R)™7 (j € N) for 0 < R’ < R, where M is a positive constant. Let
x = 0, Equation (2.2.3) becomes

y™ D (0) = ag"y™(0) =y (0) + f(0), neN,

We have

(n)

o y(0)

F—g o T
n>0

with
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(—1)™(a; 9)ny(0) ,,

The radius of convergence for the series Z ' " is infinity. Then, we will
n!
n>0
calculate the radius of convergence of the series

Sy s, n.aq D 6 ).

n>1k=1

Let

n —

Z n,aq Dn p(5-1) ),

From limy, o0 [(a;q)n| = M (M is a positive constant), we have My < |(a;q)i| < My
(i € N), where My, My are positive constants. Therefore,

)n MiM(k—1)!
‘un‘ = ‘Z (k Y Z ]\4’1271‘

for sufficiently large n, we get

MoyM(k—1) 1
< — .
n'z M (RY=T = pl Mi(Ry™ 1 = M(R)y" 1

Since

sup { My (R)n1

the radius of convergence for the series ) " is R'. Therefore, the radius of

Mo M T
n>0 My (R/)n—1
convergence of the series

ZZ ; 9n f(k 1)(0)1,

n>1k=1 Q)k

is at least R'. Since R’ is any constant satisfying R’ < R, the radius of convergence of F
is R, and for z € Q = D(O, R), the function F' is a unique analytic solution of Equation
(1.1.3) with y(0) = co. O

Remark 2.2. The parameter a € ¢%<0 does not affect the result; we just need to replace

0 it (aq ;).

Remark 2.3. If a € ¢%<0, then there is a constant ko € N, such that o = g~ *0. Then we
have the following properties :
(1) (;q)n =0 forn > ko +1;
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(2) (ad** )t = (1 —ag®)--- (1 — ag™ ') = 0 for k,n satisfying k < kg < n —1,
L )k = S0 =1 for k=,
The solution F(«a;q, co, f,x) can be written as the following form :

and (aq

ko —1)™ (e q)n ko n—1 _1)n—k o q)n (k=1 (0 .
3 EL e S eI 0,
n=0 n=2 k=1
n—1 1)k ;) (k—1) 0 . (n—1) 0 .
Py § e, 5 000,

n>ko+2 k=ko+1 n>1

If kg < 2, then 220:2 Z;% ()" M(asg)n fE7D (0) ™ becomes 0.

n!(a;q)x

From the above results, we obtain that, if f € A(£2, C), then the radius of convergence
of the Taylor series solution that satisfies the Equation (1.1.3) expanded at zero is R. In
other words, for f € A(2, C), if y is a solution of Equation (1.1.3), then y € A(Q2,C).

Corollary 2.1. Let E = A(£2,C) be the set of all analytic functions on 2, and let L : E —
E be an operator satisfying L(y) = vy'(z) — ay(qx) + y(z) (o # 0,0 < ¢ < 1), then L is
surjective but not injective. In other words, for any f € E, there are an infinite number of
solutions y € E, such that L(y) = f.

Proof. From Theorem 2.1 and its following Remark, one can obtain that the operator L is
surjective. Since
—1"(a:
y:C'Z ( )n('a’Q)nx"
n>0 ’

is a solution of L(y) = 0 and ¢ can be any constant, the operator L is not injective. O
Corollary 2.2. Let E = A(C,C) be the set of all entire functions, and let L:E—E
be the operator satisfying L(y) = ' (z) — ay(qz) + y(x) (o # 0,0 < q < 1). Then L is
surjective but not injective. In other words, for any f € E, there are an infinite number of
solutions y € E, such that i}(y) = f.

Proof. Letting R — 400 prove the conclusion, where R is as in the above. ]

According to [67|, we can calculate the index of the operator L, the definition is as
follows.

Definition 2.1. Let E and F be two vector spaces. The linear operator v : E — F has
an index if the dimensions of the Spaces Ker(u) and Coker(u) are finite. The index of the
operator u is defined as :

x(u) = dim Ker(u) — dim Coker(u).
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Remark 2.4. Since L is surjective, we have dim Coker(L) = 0. From
D™ Dn
Ker(L) = {c- Z o aice (C},
n>0
we obtain that dim Ker(L) = 1. Therefore,
X(L) = dim Ker(L) — dim Coker(L) =1,

and the index ofﬁ s also 1.

2.2.2 Parameter v € C*\ Z. in the non-homogeneous term

To demonstrate the convergence of the series solution derived later, we first introduce

an estimate of the gamma function, as outlined in the following lemma.

Lemma 2.2. Let a,b € C. Then

F(CL + TL) ~ nafb
I'(b+n)

as n — +00.

Proof. From the Stirling formula of the gamma function :

re) - Z () (1+0(h)).
we have
o) o ey (e

~exp{b—a+ (a+n)logla+n)— (b+n)log(b+n)}

oo oo )b ) i (217

b — by
—eb—a exp {alog(l + %) —blog(1 + E) +(a—b)logn +log (1 * Zi—l—b) }

as n — 400. Both log(1 + %) and log(1 + %) tend to 0 as n — 400, and

. a—b\n . a—b\ 15/
lim log (1 + 7> = lim log (1 + 7)
n—+o00 n+b n—-+o0 n+b

a—b
= lim loge™+®/»
n—+400

=a —b.
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Then ?EZIZ; ~n%basn — +oo. O
Ify € C*\Z<g and a ¢ ¢ 772<0_ we assume that y(z) = 27T 3" _ a,z™ and substitute

it into (1.1.3), where f(x) =273 <o ¢na" (v & Z<o, ¢o # 0), then

Z(’y +n+ 1ayz" = Z(oaﬂ*” — Dayp—12" + Z dna".

n>0 n>1 n>0
Then
(’7+1)G0:¢0, n:07
Tt 1
a, = (ag Jan—1 + ¢n, n>1.
y+n+1

One can get that

ayn —

(=1)"(aq't7;q) ¢ N Z )7 Ry + 2)— 1(aq1+7;q)n¢k
(Y + Dns1 (v + 2)n(ag" ™ )k

Z )R (y + 1)y, (aqlﬂ;Q) 5
k-
7 + Dnr1(agtt7;q)

k=0

1 .
If o € g7 %<0 we only need to replace 83;7:’;33: with (g’ ™*+1; ¢),—i. Define

~ 14.
Fl(a;q77a¢7$)zzanx ZZ ’y—i_l (aq 77q)n¢k(_x)n’

1+7.
n>0 n>0 k=0 7_%1 1(ag" 5 q)r

we have the following theorem.

Theorem 2.2. Let f(x) = 27¢(z) (v € C* \ Z<o, ¢(0) # 0) and ¢(x) = > 50 Pn2" €
A(Q,C). Then Fl(a 4,7, 0, ) = aﬂ“‘lﬁl(a 4,7, 9, ) is an analytic solution of Equation
(1.1.3) on {x € C* : |z| < R}, and Fi(c:q,7,¢,x) € AQ,C).

Proof. We only need to prove that Fvl(a;q,%q’), x) € A(Q,C). Since ¢(x) € A(Q,C), we
have |¢x| < M(R')™* (k € N) for any 0 < R’ < R, where M is a positve constant. Let
My < |(aq'™;q)i| < My (i € N), where My, M5 are positve constants, we have

‘Z Ry 4+ 1)g—1(agt™; Q)n¢ ‘<Z":M1M(Iv\+l)k_1
(v + Dn(eg™*7; q)k T i Ma|(y + 1)n| (R
It Nk
(v +De(R)* [+ k >,

(W + Dpa (RO R
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then k& > R’ — |y|. Therefore, for k > R’ — ||, the function % is increasing with
respect to k. Then
(ES RS T
(B (R

for sufficinetly large n. From Lemma 2.2, we get

— Mo|( ’H‘ R""_Mz ‘

MMZ |’y]+n+1)
|F v+n+ 1)[(R)"

<C(n+ 1)n|7| (R

as n — +00. Then the radius of convergence of ﬁl(a; 4,7, ¢, ) is R. U
From (2.1), we have

n (@5 q)nb (=D R (a; @)k — 1)!
b = (1 0+k:1( | «i;qi)m( Py

Together with by = 0 and ¥g = 91 = --- = 19y_1 = 0, we obtain that the above expression
for b, is equivalent to

f: (=1)"*(a;q)n(k - wk 1_”5:1 )" a ;q)n(k+7)!wkw

. | |
k=y+1 (047 q)kn =0 OZ q)k+7+1n.
id)n k+7)
Then anob = Zn>0 Zk o a;q) kiyi)l(zlt}}-&(-l & P+ anﬂﬂ Since p4, = @i, the
function
. )" (0 @Qngyr1 (k4 7)!
F a;q,7, ¢7 = x’y—i_l & (bkmn
( ZZ k+’y+1(n+’7+ 1!

n>0 k=0

is an analytic solution of Equation (1.1.3) on £ (¢(x) is an analytic function on §2).

Remark 2.5. For~y € Z~, the functions Fy(a;q,7, ¢, ) and F(a; 4,7, ¢, x) have the same

eTPTeSSION.

For the operator L : E — E satisfying L(y) = ¢'(z) — ay(qz) + y(x) (a # 0,0 < ¢ < 1),
let L(y) = f (f = 27¢), it has a solution of the form y = 27+ 1u. Substituting y = 27" u
into L(y), we get

Lz ) = (v 4+ DaYu(z) + 277 (2) — ag? ™ a7 u(gr) + 27 u(z).
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Then L(y) = f is equivalent to

L(u) = v'(x) — aq" " u(gz) + (1 +

where L(u) = 2~ 0D L(z7Hy).

Corollary 2.3. Let E = A(Q, C) be the set of all analytic functions on Q, let L : E — E
be the operator such that L(u) = v (x) — aq"u(qa) + (1 + hyy(z) (@ #0,0<g<1,9¢
Z<y), then Lisa surjective but not injective. In other words, for any ¢ € E, there exist an
infinite number of solutions u € F, such that E(u) = ¢.

Since L is a surjective, we have dim Coker(L) = 0. From
Ker {cFlaq’yf:c CG(C},

we get dim Ker(z) = 1. From the definition 2.1, one can obatin that X(Z) =1.

2.2.3 Parameter 7 € Z_, in the non-homogeneous term

With regard to parameters of non-homogeneous terms, we note that Theorem 2.2 holds
under the condition v ¢ Z<q, and the case of 7y = 0 has already been discussed. Therefore,
we next consider the case of v € Zg. To facilitate the analysis, we first discuss the case
where v = —1.

2.2.3.1 Parameter v = —1

For a ¢ ¢%<0, define

“ (1)t 14+ a¢* Y (klng—1
Py = ZZ (—1)" nl)k([l j'a(;] )( q—1)] o
nth=l (2.2.4)

Onlk -1,
F12—ZZ aqkn'( )qbkx.

n>1k=1

(259)n

If o € ¢%<0, we only need to replace Tagt-T in F11 with

(1-aq)(1—ag®) - (1 -a¢"™) k=1,
(1—0a)---(1-ag" )1 —-ag®)---(1 —ag"™) k=2,3,--,n—1,

and replace % in Fio with (ag¥; q),—i. We get the following theorem.
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Theorem 2.3. Let f(z) = 7 ¢(x), where ¢p(x) = 3,50 Pnz™ € A(Q,C) (¢(0) # 0).
Given vg € C, the function F(a;q,vo, , ) = ¢olog x- Fo+voFo+ ¢oFi1+ Fio defined on C*
is a unique analytic solution of Equation (1.1.3) that satisfies the initial asymptotic property
y(z) = dologx + vy +o(1) (z — 0). The function F is analytic on Q = {z € C* : |z| < R}.

Proof. We suppose the solution is of the form y(x) = u(z) -log z + v(z). From Lemma 2.1,
the series

n!
n>0

is a solution of homogeneous Equation (1.1.4). For f =", ., ¢nz" !, substituting v(z) =
> n>0 Unx™ into the second equation of (2.1.1), we have

Z nopz" ! = Z(aq"_l - 1)vn,1xn_1 +alng Z Up_1q" Tz !

n>1 n>1 n>1
o 2 :unmn—l + § :d)nxn_l-
n>0 n>0

When n = 0, the above equation becoms ug = ¢9. When n > 1, conparing the coefficients
of 2”71, one can get that

(=D =aq" Dvpr  alng-un1g"" —un  én

n = n n n

_ (D0 —ag" Dvpr | (D) N @ndo[l + ag” H(nlng —1)] | ¢n

= —+ — + —
n nn!(l — agn—1) n

_ DM@ @nvo 5 zn: (=1)" N q@)n[l + ag" ' (kIng —1)]

n! 0 — nlk(1 — agk-1)
~ (—1)" (e q)n(k — 1)!
i ; (a; @) Pk
The proof is completed. O

It can be easily calculated that the radius of convergence of series Fy and Fj; are infinite.
If the radius of convergence of ¢(x) is R, then the radius of convergence of series Fj9 is also
R.
2.2.3.2 Parameter v € Z.o \ {—1}

When v € Z-g and v # —1, we have a similar result to the case v = —1.
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Theorem 2.4. Let f(x) = 27¢(x), where v = —ko and kg is a positive integer that is not
less than 2, ¢(x) =, >0 Pn2"™ € A(Q,C) (¢(0) # 0). Then

Fko <a7 q, ¢7 l')
ko—2 n —k(, k—ko+1
aqnn (=)™ *(agh o ,an
e D=L KL 3 o Y
7>0 n=0 k=0 (k — ko + 1)n—p+1 >0

is a solution of Equation (1.1.3) if and only if ug # 0. The function Fy,(a;q, ¢, x) is analytic
on Q= {x € C*: |z| < R}, where

ko—1 ke
0 (_1)k0 k l(aqk ko+1. Q)ko b1
(k: — ko + 1)k0—k—1

O

ug =
k=0

The expression for wy, is shown as (2.2.7).
Proof. For v = —kg, we assume that y(z) = u(z) - logx 4+ v(x), where

= Zunx", v(z) = ;Dkfz)l + w(x),

n>0

the function w(zx) is a power series, and P(x) is a polynomial with the highest degree
ko—2. Write w(z) = ), <o wpa™ and P(z) = S ko 02 pra™. Substituting them into Equation
(1.1.3), it has the same form as Equation (2.1.1), where f(2) = alnq-u(qz) —u(z ) L4 f(x)
(f(@) = ,50 Pnx™ ). the function u(z) = ug > >0 M ™. Equation

V(@) = av(gz) —v(z) + f(2)

becomes
(ko +1)P(z) P'(x) aP(qz) P(x) 5
o + ho 1 w'(z) = oIk T + aw(qx) — Ro—1 w(z) + f(x).
Then

(—ko+1)P(z)+zP' (z)+z*uw' (z) = ag " e P(qz)+oz o w(qe)—zP(z)—a*ow(z)+2" f(z).

Since P(x) = fLO:_OZ prx" is a polynomial with the highest degree kg —2, we have py,_2 # 0.
Divide the above equation into two parts, one containing x°, z!,---  2*~1 and the other
terms forming the other part. The above equation is equivalent to

ko—2 ko—2 ko—1 ko—1

—ko+1) Z Pz + Z npnr" Z( g ko — Dpp_12"™ — ugz®o 1 + Z P (2.2.5)
n=0

n=1
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and
Z nwy,z" TRl = Z(aq”_l — 1)wn_1x”+k°_1 +alng Z un_lq”_lx”+k°_1
n>1 n>1 n>1 (226)
- Z unanrkDi1 + Z ¢n+k0*1wn+k071-
n>1 n>1
For n =0,1, -, kg — 2, comparing the coefficients of 2™ in (2.2.5), we get
(—ko + 1)po = bo, n=0,
(aqn—ko - 1)pn—1 + @Z)n
= =1,2,--+ ko — 2.
pn n _ ko —"_ 1 ) n ) ) M 0
Comparing the coefficients of zF0~1 in (2.2.5), we get
(g™ = 1)prg—2 — o + drg—1 = 0.
Then
n
g (ag" Rt g) g
Pn = _1nk ¢k7 n:0,1,-~,k0—2,
! kzo( ) (k= ko + 1)n—kt1
and -
0— ko—k—1(, k—ko+1.
1 (=1)" (g™ ™ g1
up = (g — 1)prg—2 + Pro—1 = ¢
( ) 0 0 kZ:O (k _ k,o + 1)k0—k—1
Therefore,
ko—2 n k—ko+1.
_ (Oéq 0 7Q)nfk
P(z) = (—1)nk brz™.
nZ:o g (k—ko+1)n_ny1
Comparing the coefficients of 2% (i > ko) in (2.2.6), we have
wy = (@ — Nwo + a(lng)ug — u1 + @k,
1 _ _
w, = - [(aq” T Dwp—1 + a(lng)g” Y1 — upy + ¢n+k0,1] .
Then
—1
(=1)™(a;9)n (—1)" Hag; q)n—1 «— (=) k(g ¢)n-1
Wp = nl wo + nl d)k‘o + kz_l n‘(@q, Q)k ¢k+k0

Y (—=1)" "kl ag; q)n1

a(ln q)¢Fuy — upiq)].
perd nl(aq; ) lodlng) 1
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71)n(a;q)n

Substituting the expression of u,, : ano ( i , we obtain that

—D"(c: -1 n—1 ”_1 n k— 1]{7' . _
( ) (a7Q)nw0 + ( ) (aq q n— 1 _|_ Z (aq Q)n 1
n! n! n!(aq; q)k

Wy, = Dkt-ko

1

k=
n—1
(—1)"* 1kl (ag; q)p—1 [(—1)* (IDQ)(a,q)kuO (=1 (a; q)p+1u0
" ,;) nl(ag; q)k [ (k+1)! ]

P (2.2.7)
sy SO g
k=0

(og; @)k

n

+qu(—1) “(ag; @)n-1[aq” (k‘lnq—l)-kl]‘

n!

Similar to the previous proof, the radius of convergence of the series in the function
Fi,(a;q, ¢, 7) is the same as that of the series ¢(z). O

Remark 2.6. Under the same conditions as the theorem 2.4, if

ko—1 (_1)k0—k—1( ko +1.

7Q)k0 k-1
— 0,
(k—ko+ 1)ry—r—1 Ok

uy =
k=0

then for any constant wg, the function

ko—2 n

k—ko+1.
~ aqn i (@@ )k n
Fko (Oé, q, (ba =wo Z TL + Z Z(_l)n ¢k$
n>0 n=0 k=0 (k — ko + Ln—k+1
n—1
(—1)" kN (ag; q)n1
+ZZ nl(ag; q) = Phrkor"
n>1 k=0 q;4)k

is the analytic solution of Equation (1.1.3) on Q.

Corollary 2.4. Let ¢(z) =, ~qanx™ be the formal series, and Ey = {:ﬂqﬁ(w)"y € Z<0}.
Define Hy = logxEy + Eo. If L : Hy — Ey is the operator such that L(y) = v'(z) —
ay(qr) +y(x) (a # 0,0 < g < 1), then L is surjective but not injective. In other words, for
any f € Ey, there are an infinite number of y € Hy, such that L(y) = f.

2.3 Laurent series solution at infinity

In order to study the series solution at infinity, we assume that the non-homogeneous
term f(x) can be represented by a series expanded at infinity, that is : f = x%)(x), where
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Y(x) = 3,50 ¥nx " is a series expanded at infinity, and 1(cc) # 0. We first consider the

case 0 = 0. In this case, Equation (1.1.3) becomes
Y (z) = ay(qz) — y(x) + Y thpz ™.
n>0
For a, given
—log a + 2mri
A = ————
Ing

where — log « is the principal value of arg(¢g"), i.e., ag’ —1 = 0.

2.3.1 Parameter a ¢ q?=0

(2.3.1)

When «a ¢ ¢?>°. Supposing y = z D on>0CnT "+ X, 50 an®” " and substituting it into

(2.3.1), we obtain that

Z()\ —n+ 1)cn,1x)‘_” + Z(—n + Dap—1z™"

n>1 n>2
= E cnx’\ "+ E Dayx™™ + E Yz ",
n>0 n>0 n>0

Comparing the coefficients of 2*~" on both sides of the equation, we obtain

(an - 1)60 = Oa

Cp = Wcml, n>1.
Then .
A=A, = —10goz+2m7r17 mer.
Ing
From the expression of o and A, shown in the Introduction, one can obtain that,
o — A +n— 1Cn—1 _ (=Am)n ‘o
l—ag™ (@ hg n

for n > 1, where ¢ is an arbitrary constant.

—-n

Define a_; = 0. Comparing the coefficients of ™", we have

— Day,—
an:(n )a”1+¢”, n > 0.
1—aqg™™

n kn
Zaqk() ) Vi

k=0 7q_1 n—k+1

Then

We obtain the conclusion as follows.
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Lemma 2.3. If o ¢ ¢*>°, and f = (x) is the series expanded at infinity ((z) =
ano Ypx™™, P(00) # 0), then

G(a;¢, A, co, f,2) = comAmZ n+zz( (k‘)n e

n>0 )n n>0 k=0

is a solution of Equation (1.1.3), where ¢y is an arbitrary constant. The series

)\mz —-n
g1 —1 1. -1 ©

n>0

is analytic on C*. The radius of convergence of the series Y >0 b0 W@%lﬁ;ﬂx_”
is the same as that of ¥(x).

Proof. Since

A+ 1

n—oo |l — g -1

. 1. -1
i | e
n—oo (q_ ;g )n—|—1 (_)\m)n

o

the radius of convergence of the series 2™ Y >0 %cox_” is infinity. Then we prove

that the radius of convergence of the series

D Z e

n>0 k= o —k+1

is the same as that of the series (). Since 1 (z) is analytic at infinity, there is a constant
R >0, such that ¢(z) = > g ¥nr™", and |b;| < M(R"™7 (j € N) for any 0 < R’ < R.
One can obtain that the radius of convergence of G(«; g, A, f, ) is also %. O

From the lemma above, we derive the corresponding result for any §.

Theorem 2.5. Ifa ¢ ¢~ 7720 and f = 2% (x) (1p(c0) # 0) is a series expanded at infinity,
then

G0 4, A co, f ) —ckaz Jn —uzz ‘”’W Ppa® "

n>0 n>0 k= o Dkt

is a solution of Equation (1.1.3), where cq is an arbitrary constant. The series

c xAmZ -n

n>0
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s analytic on C*, the radius of convergence of the series

is the same as that of (x).

In the following, we look for solutions expressed by power series. Introduce the following

series : B
(c 0+ K)p— .
Gs(: g, b, ) _xazz g4 () Jn—kVk ’
n>0 k=0 (g% g a1
where
(=0 4+k)ptr=(-0+n—-1)(-04+n—-2)--- (=5 + k), k=1,2,---,n—1,

Theorem 2.6. If o ¢ q~°F7>0  and the non-homogeneous term f = x¢(z) (y(c0) # 0)
with ¥ (x) is the series expanded at infinity, then Gs(a;q,, ) is a solution of Equation
(1.1.3), and the radius of convergence of the power series Gs(c; q,, x) is the same as that

of ().

Proof. Since ¢(z) is analytic at infinity, we have ¢(z) = > ~q¥n2™", and there exists
a positive constant R, such that |¢| < M(R)~* (k € N) for constant M > 0 and any
0 < R' < R. Letting y = 2% > n>0@nz " and putting it into (1.1.3), we have

d—n) Z anz® 1" =« Z an(qx)‘s_" — Z anrd " + Z wnac‘s_".
n>0 n>0 n>0 n>0

Comparing the coefficients of 2°, we get (aq® — 1)ag + 1o = 0. Comparing the coefficients

d—n—1

of x , we obtain

(ag"™" = D = (=6 + 1 = Dan—1 =

for n > 1. Then
—6+n-—1 1

In = T o Gt T
(=Da~'¢" (=0 +n—1) (=Da"'g"
- 1_ a—lql Sqn—1 An—1 % 7 a—lgl—dgn—1 Un-

According to the recurrence formula, the expression of a,, is

_ o n(n+1) _ _ "(77+1) _
R A G na0+z )a g " (@ '¢" % k1 (=0 + K)nrn

1-96. k(k—1)
(1'% q)n —1)k=la~ (k71)q—(k—1)6+ T (g~ 5’q)
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The radius of convergence of the second series in the right-hand side of the above equation
is calculated in the following remark, the radius of convergence of the series Gs(«;q, f, x)
is R, it is analytic on |z| > . O

Remark 2.7. The radius of convergence of the series

S 3o a0 g ) Ak R
—1q—(k=1)g—(k—1)6+k(k—1)/2 1,1-6.

S (CDFlar (g (mDIkED2 (07170 g)y

is R. Therefore, the radius of convergence of Gs(c;q, f,x) is also R.

Proof. It is easily to get that

n6+n(n+1)/2( 1q1 —4. q) ( 5+k)n—k:
‘Z 1)k- 1a (k=1) g=(k=1)5+k(k=1)/2(q~1¢1=9; ¢),, ¥

k

—1.1-6
_ k1 ken—1_(k—n—1)5+n—k+1)(n+k)/2 (@4 " Dk-1(=0 + F)nk
-4§:PU 1 (k=15 + (n—k 1) (n+k) e el
From the beginning of the proof of Theorem 2.6, it is obtained that || < M(R')~* (k € N)

for constant M > 0 and any 0 < R’ < R. In addition, @ = ¢* and p can be expressed as
Re(p) + ilm(p). Therefore, the above equation is equivalent to

e g (k= =1) (4+7) Hilk—n— Ik (k=1)/2 n(r+1) /2 (@ 'q" % @)e—1(=0 + k)n_rtr
Z q (@ 1q1=% ¢)n

< MlM\ (=6 4 k)p_g|qF—n— DS+ +n(n+1)/2
> Z M2qk(k71)/2(R/)k

Denote the above series by Y, uy. Since

’Uk—i-l‘ _|(_5 +k+ 1)n—k—1| q(k—n)(|6|+7)+n(n+1)/2 . qk(k—l)/2(R/)k
m - qk(k+1)/2(R/)k;+1 ’(_5_’_k)nik’q(k—n—l)(|5\+7)+n(n+1)/2
_ q|6|+’r—k
|~ 0+ kIR’

we have |UZ—Zl] > 1 for sufficiently large k. Thus, for sufficiently large n,

wk < qun—\6|—T(R/>—n

\ﬁf g 207 g gy (<0 + R

k;l k—1 k—1)6+k(k-1)/2(H—1,1-46.
=1 a( )q( ) ( /(a q q)n

The radius of convergence of the series > -, Cng" 77 (R')™"z" is R'/q > R’. Then the
radius of convergence of Gs(«;q, f,x) is at least R’ for any 0 < R’ < R, i.e., the radius of

convergence equals R, and the proof is completed. O
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2.3.2 Parameter a € g0

From Lemma 2.1, if y = logz - u(z) + v(x) is a solution of Equation (2.3.1), then it is
equivalent to Equation (2.1.1) with f =3 bz~ ". For u(x) = () with

—log o + 2mmi _
= B (e = e

the first equation in Equation (2.1.1) becomes

Z(Am —n41)ep1z’m " = Z(aq)‘m_” — Depzm™m,

n>1 n>0
Then
(aq/\m - 1)C0 =0, n =0,
= e, 1, n> 1
We get
Cpn = 7(_/\771)” Co
S AT

where ¢g is an undetermined constant. Therefore,
A (_)‘m)n —n
U(x) =xm Z ﬁcow .
=@ ha™n
Supposing v(x) = > ,,~¢ anx~ " and putting it into the second equation in (2.1.1), we have

—Am)n— -n,.—n
Z(—n + Dap_127 " = Z(aqfn —Dapz™" + a(lng) Z Mcoq)‘m x

—1. -1
n>2 n>0 n>—Am (5 a7 Dn-xn,

_ Z (= Am)ntAm—1 com_”+zwnm_”.

—1. -1
oo 1 @5 a1 =

To ensure that the above equation holds, we need to compare the coefficients of each term.
Consequently, the parameter A, must be an integer that is less than or equal to zero.
When A, = 0, the above equation becomes

_ _ _ C _
Y (—n+Dan127"=> (ag" — anz ”+a001nq—;0+zwnx "

n>2 n>0 n>0
then
(a—1)-ap+acplng+1vy=0, n=0,
(aq_l_l)al—CO‘f‘QM :07 ’I’lzl,
ay = (n=Dan_1+¢n n>2.

l—ag—" ’
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For a = ¢~ =1, we have

0-ag+colng+ g =0,

11—
ar = >
1 —aq (2.3.2)
1—q¢ H(n—1) =
n:( Q_I)n Z nklbk >
(a7 q = (74 Dn-kn1
When ), is an integer less than or equal to —1 (o = q,¢?,---), it is similar to the steps
above. Therefore, if a € ¢#>0, then we obtain a solution of Equation (2.3.1).
If « =1,q,q¢% -, then the corresponding term of
Yo Ll Y1+ (1 —ag )iy

l-a' l-ag Nz’ 1-—ag H(1-ag2)z~2"

ZZ e

n>0 k= o B4 -k

of the series

in G(«; q, Am, f,x) will be meaningless. For example, when o = 1, the constant term does
not make sense. But if we add the logarithmic term (suppose y = log x - u(x) + v(z)) to the
other equation (the first equation in (2.3.2)), we can make the equation true by determining
the value of the undetermined constant cg. In this case, for the first equation in the system,

1

we compare the coefficients of x~", and the term multiplied by ag is 0. When « = ¢, the
term containing x~! becomes meaningless. The specific steps are omitted here, but we can
imagine that for the second equation in the system, comparing the coefficients of ™", the
term multiplied by a; is 0, and to make the equation hold, we get another fixed value of ¢y.

The calculation details are shown in the proof below.

Theorem 2.7. Ifa = ¢ and f = +(x) is a convergent series expanded at infinity (1(00) #
0), then

ko—1 —n—k
1 (k) ko—k 0 o
G (0 - o~ 1
k(@i 4, f,) mq( kz PN + ko) ngg e T
ko—1 n
(K)n—k _ ko n— ko _
+Z Fo—k. —1 ”+Z LTy kT
n=1 k=1 (%7 0 )ns n>ko Jn—ko
N Z zn: [qkofk(ko)kfko Ing+ (gh—* — 1)(k0)k7k071] (k>n7k60$_n
(Y50 n—ko (qko"“; T

n>ko+1 k_k0+l

N Z Z Jn— k;bk -

n>ko+1 k= k0+1 —k+1
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is an analytic solution of Equation (1.1.3) on the Riemann surface of the logrithm, where

ay, 15 an arbitrary constant,

ko—1

= lnq<kzl Bk 1y, +1/1k0>

kok

and ¥y (k € N) are coefficients of 2*. For ¢ (z) = > k>0 bpa®, the radius of convergence of
Gro(a;q, f,x) is the same as that of ¥(x). When ko is equal to 0 or 1, the series

ko—1 ko—1 n

(k) ko—k (k)n—k _
Yk, E — (U
; (4 Dok — ; (¢ % g )kt
are equal to 0. When kg = 0 = 0.

71q

Proof. Specific calculations for the case of & = 1, & = ¢ and o = ¢? (kg = 0, 1,2) are in the
next section, which can be expressed by the corresponding solution for the case of ky > 3.
When o = ¢* (ky > 3), Equation (2.3.1) becomes

log x [u’(a:) — ¢"™u(qz) + u(z)| =0,

/ ) ) 1 (2.3.3)
v@0=qOMwﬁ—v@%+q%mwumw-ﬂdﬂ'5+f@)

Putting u(z) = 2’ > Seaz™ (A = 228 — k) into the first equation in (2.3.3), we

Ing
have
Z(/\m —n+ I)Cn_l.%‘)‘m_n _ Z(q)\m—n-i-ko - 1)cnx)\m—n'
n>1 n>0
Then
(PR —1)eg =0, n=0,
cn:%cn 1, n>1.
We get
(_)\m)n
Cn = ————3C0,
" (g n

where ¢g is a constant to be determined. Therefore,

u(z) = Z ((_)\m)nc x "

0
a7,
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n

Supposing v(z) = Y, ~oanx” " and substituting it into the second equation of the above

eqution, we obtain

_Am n — —
Z(_n + 1)an_1x—n :Z(q—n—i-ko _ l)anm—n + (lnq):r/\m Z (7)00(] n,—n

—-1.,—1
n>2 n>0 n>0 (q 3 q )n
—Am)n—
Y C m)ln) L+ Y oz
n>1 q “5q n—1 n>0

To compare the coefficients and make the above equation hold, A, + kg should be an integer,
S0 A = Ao = —ko. We have ¢, = 7@,(1’“%)?1)71 co (n >1)and u(z) =z~ Y n>0 7((17(1’9;?1)111)” cox™ ™.
The equation is equivalent to

ko)n—
Z(_” + Dan127" = Z(Cf"%o —Dayz™" + (Ing) Z (0)—"1’“000(”%%711

1. =
n>2 n>0 n>ko (@07 )n—ko
ko) n—kn—
_ Z 7(1.0)111 ko—1 cox™" + Z @Z)nx_n-
ni @ ke =
Then
(q" — 1)ag + 1o = 0, n=0,
(¢~ ' = a1 + 1 =0, n=1,
1
an:l—qm[(n_l)anil_‘_d}n], 2<n<ky—1,
(1 —ko)ags—1 = 0-ag, +colng + P, n = ko,
1 [ q "0 (ko) i, In gco (k0)n—ko—1€0
ap = ———|(n— Dan_1 + — +¢},n2k0+1.
"1 — gl ( Jan (% ¢ Dn—ko (@5 Vnkg—1
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We have
0 — o
0 — 1— qko’
_
a) = 1— qk0717
( k)n k
an, = @ZJ1+ Yk, 2<n<ko—1,
" (g Z () P
a _ < lnq + ¢ko
ko—1 1_ kO ’
. - (ko) n—ko . " (@R (ko) k—ko Ing + (¢F7F — 1) (ko) k—ko—1] (k)n—kco
B O (@5 a D r—ro (@ ¢k
Jn— k%
+ Z ) n Z kO + 17
k=ko +1 "Dk

where ay, is an arbitrary constant. From the third and fourth equations in the system
above, we obtain that, when n = kg — 1,

L (1 —ko)(ko —2)! 1
cp =— -
’ hlq[ (4 Dko—1 kz @ Dok Yk~ Vo
1 & ki
- 0—
a lnq<z ks * +¢k°)
The proof is completed. U

2.3.3 Specific calculations for the special cases of «

This section mainly shows the computational details about some special case of a = 1,
a = q and a = ¢? in the proof of Theorem 2.7.

Remark 2.8. If a =1, f = ¢(x) is analytic at infinity (Y (c0) # 0), then

bo bo n—1! _, - k) n—ib .
GO(O(;QM}C)x)__lOgJT—Fao—{—Z((_I_zx + Z(q_( ) kYk z

Ing & (¢4 n S (@M Dk

is an analytic solution of (1.1.3) on Riemann surface of the logarithm, where by (k € N)
are coefficients of =¥ for ¢(zx) = > k>0 bpx®. The radius of convergence of Go(a;q, f,x) is
the same as that of ¥(x).
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Proof. When a = 1, suppose y(z) = logz - u(z) + v(z), Equation (4.2.1) becomes
logz [u/(z) — u(qz) + u(x)] =0,

1 (2.3.4)
(@) = v(gz) — o(x) + g ulgr) — ulz) -+ f(z).

Suppose u(z) = z*mw(z) (A, = 2171711;1’ w(z) =) ,~0cne” ") and substitute it into the first

equation of (2.3.4), we have

Z(Am —n4 ez’ " = Z(q)‘m*” — Dz,

n>1 n>0
Then
(¢ —1)eg = 0, n=0,
A +n—1
Cp = ﬁcnil, n 2 1.
We get
Cp = 7(_/\"1)” Co
S (R M

where ¢y is a constant to be determined. Then
Dy = T
n>0

Supposing v(z) = >, 5¢anr”" and substituting it into the second equation of (2.3.4), we

have
Z(—n—i— Dap—1z™" :Z(q —Dapz " +1ng -z’ Z e _1 coqg "z
n>2 n>0 n>0 (235)
oy e e
n>1 Jn-1 n>0

To compare the coefficients and make Equation (2.3.5) true, Ay, should be an integer, so
Am = Ao = 0. We have ¢, =0 (n > 1) and u(z) = ¢p. Equation (2.3.5) becomes
_ _ _ C _
Z(—n + Dap—1z™ " = Z(q "—1Dapx™" +cplng — ;0 + Z bz ".
n>2 n>0 n>0
Then
0-ag+colng+by =0, n =20,
(' =1ay —co+b =0, n=1,
(n - 1)an71 + by,

n — )

1 — n > 2.
—q
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Consequently,
bo
o= —7
Ing
bl — Cp 1 bo
= = b _
T < g/
1—q1)(n—1) - k) n—1b
a”:( ({1 )(—n1 )a1+z —IE )ilkk nz2,
(¢75q7)n = (7% Dn—k1
bo n—1)! - k) p—1bk
T Ing (71. 73 +Z —IS.): ’
Ing (¢75¢ Dn = (@750 nkta
where ag is an arbitrary constant. g

Remark 2.9. If a = q, f = ¢(x) is analytic at infinity ((c0) # 0), then

b1 nlg="1 bo (n—1)! -n
Gl(a;% fvx) = _mlogﬂfz (qil;qil)n + 1— q + Z (76”33

—1. -1
n>0 n>1 q "5q )n
" =kl — 1)1 =k D)k —2)! (k)p_ _
Yy lq" % ( jl ngl+ (g - )El N (k)n—rco N 1élf)rilkbk o
s (5 a 1@ % ¢ Dnkmr (% g Dt

is an analytic solution of (1.1.3) on the Riemann surface of the logarithm, the radius of
convergence of Gi(w; q, f,x) is the same as that of ¥(x).

Proof. When a = ¢, Equation (4.2.1) becomes

logz [v'(z) — qu(qz) + u(x)] =0,
1 (2.3.6)
v'(2) = qu(gr) —v(@) + qlng - u(gz) - u(z) - — + f(2).

Substituting u(z) = 2 > >0 Cnx” " into the first equation of (2.3.6), we have
Z()\ —n4 e, 2V " = z:(q)‘_"'|r1 — Dz,
n>1 n>0

Then

A+1 _ 1)

(q COZOa TL:(),
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For n > 0, we have

o
A=A, 1= mmi 7
Ingq
(=Am + 1)n
Cp = ———Cp,
(@ 5q N

where ¢q is a constant to be determined. Then

)\ 1
u(z) = = gtm _12 + 0:1:_".
n>0

Supposing v(z) = Y, ~oanx” " and substituting it into the second equation of (2.3.6), we
have

Z(—n + Dap—1x2™ " = E:(q_”+1 —Dapz™" +1Ing- a2’} Z =~ egg "

n>2 n>0 n>0
+ 1 _
)\m1§: m n+§:bnxn
n>1 Jn— n>0

To compare the coefficients and make the above equation true, A, should be an integer,
$0 Ay, = 0. We have ¢, = mc() (n>1) and u(z) = 27! > >0 Wcox ", The
above equation becomes

— 1
Y (At Dagaz" =Y (¢ = 1apz " +1Ing- Z n ———coqg "t

n>2 n>0 n>1
n—2)!
I 3 " S b
n>2 a4 n>0
Then
(q_l)a0+b0:07 nZOa
0-a1+coglng+ by =0, n=1,
1 (n—1!lng  _,4 (n—2)!
ap = ————— n—la_1+—o ntl 2 T8 0+ b , n>2.
T l—glm (n=1)an (% q na (@ Gqg Dpa "
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Consequently,
by
co=———
0 h’lq’
bo
an =
0= 7 7
 (n-1)! [ Rk =) ng + (¢'F = 1) (k — 2)!1] (k)n-rco
"t T (@75 n-1(a""F507 )0
n =2 5 —k+1
n
(k)n—kbk
+ , n>2,
% (@' 0 n—kr1
where a; is an arbitrary constant. ([l

Remark 2.10. If a = ¢%, f =+ (x) is analytic at infinity (1(c0) # 0), then

Go(a;q, f,x)

1 ( il 2 bo b (2)n—2
= +b2> logasz s+ T +ZT‘L2$
Ing n>0 )n 1 —¢¢ 1—g¢ nso (¢ )n—2
= p_oIng+ (2 F = 1)(2)s_3] (k)p_re k)b
+Z “F(2)k- 2 q+(q - )El)k 3}( Jn—kCo . 2_(k )_lk % o
n>3 k= (@5 a Dn-2(® 0 nba (S g P

is an analytic solution of (1.1.3) on Riemann surface of the logarithm, the radius of conver-
gence of Go(a; q, f,x) is the same as that of ¥(x).

Proof. When a = ¢%, Equation (4.2.1) becomes
log z [/ (z) — ¢*u(qz) + u(x)] = 0,

2.3.7
v'(2) = ¢*v(qr) — v(x) + ¢* Ing - u(gr) — u(x) - % + f(x). 23D

Substituting u(z) = z > n>0Cn® " into the first equation of (2.3.7), we have

Z()\ —n+1)e,2M " = z:(q)‘_"+2 — Dy,

n>1 n>0

Then



2.3. LAURENT SERIES SOLUTION AT INFINITY 37

We get
9
A=A —2="T0_o
Ing
C :7(_)\771—’_2)”00
S Ut o M

where ¢y is a constant to be determined. Then

)\ —|—2 _
u(x) —x)‘m2g cox” ™.
n>0 Ju

Supposing v(z) = >, 5o anz~" and substituting it into the second equation of (2.3.7), we
have

—Am +2)p _
Z(_n + 1)an_1x—n — Z(q—n—i-Q _ 1)an$—n + co lnq . a;.)\7n—2 Z Q(ql‘) n

1.1
n>2 n>0 >0 (q g )n
2
wz 2t Dncdpon 3 b,
n>1 Jn— n>0

(2.3.8)
To compare the coefficients and make Equation (2.3.8) true, A, should be an integer, so

?27,13:8)0;7\76 have ¢, = %CO (n>1)and u(z) = 272 ano %cox_”. Equation
3. ecomes

- - - 2)n— —nt2 —
S Dane ™ = 3 D g 3 g

n>2 n>0 n>2 4
(2)71*3 —-n n
- Z cor "+ Z bnx
1. -1
= (¢ n-s =
Then
(q2—1)a0+b0:0, n =20,
(q_l)al+b1:07 nzl?
—a;=0-a94+colng+bs, n=2,
1 (2)71,2 hlq —n42 (2),1,3
an=———|n—1ap 1+ ———-q "cg————co+bp|, n>3
Tl (n = 1)an (a5 -2 (5% q s "
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Consequently,
bo
ag = —5
0 1— q2>
by
a1 =
1 1 _ qv
a1 + by
o = — )
Ingq
w = (2 Z (@Qp—2lng + ("7 = D(@)r-3] (k)n-rco
" g e T A (@1 a0 Dn—2(* %07 s
)n—kbk
+ o , n>3,
kz_g (q2*’“; q Y )n—k+1
where as is an arbitrary constant. O

2.4 Properties of solutions when the non-homogeneous term

is a polynomial
If f is a polynomial of order m, then it can be written as
f=e+eix+--+enz™, eger, -, em€C,
we have the following theorem.

Theorem 2.8. Let P be a polynomial, and let Clx]| be the set of all polynomials. Let
L : Clzx] — Clz] be the operator satisfying L(P) = P’ — aP(qx) + P. For a = ¢", if

p ¢ ZcoUs 27”Z then L is a bijection. Accordingly, the polynomial solution y(x) = Y " ™
satisfies L( ) f, where m is the order of the polynomial f(z), and

'« n+k)( Dnlnk
P

04 Q)n+k+1

Proof. For y(x) € Clz], we have L(y) = v/'(z) — ay(qz) + y(x) = f(x). Since f(x) is a
polynomial of order m, the polynomial solution y(z) is also of order m. Assuming that
y(x) =lo+ liz + -+ - + l,,2™ and substituting it into the Equation (1.1.3), we have

Iy + 2lpz + - 4+ mlpe™ 1t —aly — adigr — - — oy z™ 4 1o + lhx + -

+lpz™ =eg+eix+ - +epa™.
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Comparing the coefficients on both sides of the equation, we obtain
m — (1 - aqm)lma
€m—1 = (]- - O‘qm_l)lmfl + mlmv

em—2=(1—0aq™ %)+ (m—1)h, 1, (2.4.1)

eg = (1 — Oz)lo + 1.
Ifl—o,1—aq,---,1 —ag™#0, then Equation (2.4.1) has a unique solution. Therefore,
if ué Z<oU 27”Z for a = ¢, then L is a bijection. From Equation (2.4.1), we get

Ly = —m
m 1 — ozqm’
L, 1= Em—1 _ mem
L—agm ! (1-agm)(1—agm1)’
€m—2 (m—1)em—1 m(m — 1)ep,
lm72 =

T—aq™2 (1 —ag™ (1 —ag™?) " (1 agm)(l - ag™ (I - ag™?)’

- Z(_l)k (m—i+k)(; q)m_iemin'

(m — )N Qm—ivrr1

Then y(z) = 3,5 Im—;x™ " is a polynomial solution of Equation (2.4.1). Replacing m — i
with n, we get y(z) = > 2", where

)

5

pars 7 @ntkt1

and m is the order of the polynomial f(x). O

2.4.1 Solutions at zero and infinity

When y(z) is a polynomial of order m, by Theorem 2.1, the corresponding solution can
be written as

m 0 q) m n )1 (; ) fED)
Fp(a;q,x)zz( 1)( q y(0 ZZ n(!(aq)q)f O (249
n=0 n=1 ’

From Theorem 2.6, a polynomial solution of order m at infinity has the following form :

1
Gp(o;q,x) = 2™Gp(—m; g, *)

n.—n —nm+n(n+1)/2( ) m

 (—1)"a"q )" Gk
_ B Zmn m,k,n  m-—n
_Z (@ 1™ g)n +Z a—lg—m; nw )

n*l
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where y(0) = 52—, and

1—aq™>

n

Iombem = Z(_1)k—lak—n—lq(k—n—l)m+(n—k+1)(n+k)/2( lql m. Q)k 1( m+ k)n—kem—k;'
k=1

2.4.2 Connection formula between solutions at zero and infinity

From Theorem 2.8, the constant term y(0) in the solution F},(a; ¢, ) can be determined,
we proceed to a conclusion.

Theorem 2.9. Ify is a polynomial solution of order m, then Fy(«;q,x) = Gp(o;q,x), they
can be expressed by the polynomial in Theorem 2.8.

Proof. Since f = ey + €1z + - - - + e,,2™, we have f*~D(0) = (k — 1)lex_1. From Theorem
2.8, we get

m

Z kk'ek.

(a;
=0 S @)kt

Then Equation (2.4.2) is equivalent to

(o q,z) = i i (—1)"F (o q)nekxn N i Z”: (_l)nk(i!— DI q)ner_1 o

720 k0 n!(e; q)k+1 — (o q)k

_ i i (fl)i‘kk!(a; Dk n _ i’” (=) k(s e,
P S CEL VS o Swer SR C )

_ i i )n kk'(aa q)nek L
=0 k—n n!(e; q)k+1 '

(=D*(n + k)N @)nenik o
n!(Q; @Qntk+1

T (=) RN (o q)ne n “
ZZ( )n!( ;() q) ko, :Z

n=0 k=n n=0 k=0

)

the right-hand side of the above equation has the same form as the solution shown in
Theorem 2.8.
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Peplacing n with m — n and replacing k& with m — k, we have

m
_(_1)na7nq7nm+n(n+l)/2(_m)nao (_l)ng ok B
Gylasq,x) = + }xm "
eien) =2 | (@ ), (@ g )
— in: [ (_1)m nmlem ( 1) g— m,k,n }xn
—l(l—agq") - (1-ag ™ el g),
:zm:. (_1)m nmlem +nil m—i—kmnkemk } n
—ll-aq) - (1-aqm) — (1-aq™" Yy oo (1= agm)
[ (=D)mrmley, ~ (—)* "k (0 )nek]
_Z (1—ag)--- (1 —agm) +Z n!(a; q) g1 }JE
n=0 k=n +
=0 kem n' (o Q)k+1 ’
then Gp(a;q,2) = Fy(asq, ). O

2.5 Summary of this chapter

In this chapter, we study the properties of solutions at zero and infinity, including the
existence, uniqueness, and analytic properties of the Laurent series solution. The conver-
gence radius of the series part of the solution at zero and infinity is calculated respectively,
which is the same as that of the non-homogeneous term. For the Laurent series solutions at
zero, the parameters in the non-homogeneous term are discussed in three cases. The Taylor
series, Laurent series, and the solution with the logarithmic term are obtained, respectively.
For the Laurent series solutions at infinity, parameter « is discussed in two cases. The so-
lution in general case and the solution with logarithmic terms in special case are obtained.
When the non-homogeneous term is a polynomial, there is a unique polynomial solution
that satisfies the equation, and its order is equal to the order of the non-homogeneous term.
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Chapitre 3

Index theorem for differential
g-difference equation

3.1 Introduction

We have introduced the index concept of operators in Definition 2.1. Next, we will derive
the index calculation method of the operator corresponding to the equation studied in this
chapter. We follow the steps in [65].

Consider the operator that the space C[[z]] to itself :

L= % —aog+1,
where 0 < ¢ < 1, C[[z]] is the set of formal series, and o, is the operator that maps the
formal series ) -, anz™ to the formal series ), <, ang™2". Equation (1.1.3) can be written
as Ly = f. - -

From the definitions, it is easy to see that the operators x and % that map space C[[z]] to
itself have indexes of —1 and 1, repectively. Then the index of the operator z& on C[[z]] —
C[[x]] is 0. For the sake of discussion, we first study the operators Ly = 2 — azo, +
from the space C[[z]] to itself.

We introduce some definitions and results of reference [65] as follows.

Definition 3.1. For a formal series g(x) = _,~q anz", let s, s’ € R and A > 0. If for any
n € N, there exists C > 0, such that

sn(n+1)

lan| < Clg|~ 2 (n})¥ A",

we call that g is q-Gevrey of s-order and Gevrey of s'-order. Denoted as g(x) € C[[z]]g.5,5 A-

43
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Define
Cllzllgs,s = U Cl[2]]g,s5,5,4
A>0
(C[[:B]](q,s,s’) = ﬂ (C[[$]]q7575/,A-
A>0

Lemma 3.1. Letu: E — F and v : F — G be two operators with indexes. Then v o :
E — G is an operator with index, whose index is equal to : x(vowu) = x(v) + x(u).

Inspired by the method outlined in [65], we review the study of operators in the context
of Banach spaces, particularly focusing on the calculation of indexes.
Let s, € R, p > 0 and u € R. We define the mapping :

Ys.s pu Cll=z]] — C[[x]]
Zanx" — anx"
n>0 n>0
. __sn(n+1) ,
with b, = |q|” 2 (n])* p™ (1 +n) Hay,.
Let l;7s,7p7u = Ys,s pu (l1 ((C)) For b = {b,} € l;7s,7p7u, define
- |0
1Blls.s o0 = D~ —— < oo,
n=0lg|” 2 (n)*p7"(1 +n)7H
which is a norm of the space l; S o Then l; S o is a Banach space, and we identify the

sequence space CNwith the space of formal series.

1
8,8",p,14

1

l875/7p7.u'_1 ’

Lemma 3.2. 1‘% 2
Proof. Since {a,} €1} o Ve get
[e.e]

|an|
”an||s7s’,p,u = Z ~ sn(ntl) 1? < 00
=0l E T () pn (14 )

For ano bz = xf—z (ano ana;") = ano na,z", we have b, = na,, and

[e.9]

[nan|
Hb’nHS,S,,P“U = Z sn(n+1) , .
n=0lg|” 2 (n)¥pm (1 +n)~ ("l

o0
-y | T~
- _sn(n+41) ,
o laTTE T )Ly LD
(o)

|an‘
< Z (i1

=0 lal T E T () (14 )
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Then {b,} €1}, pu—1> the proof is completed. O
gl 1
Lemma 3.3. w1, — 1 o s o

J7l 1
Lemma 3.4. zoy : ls,S’,p,u — ls,s/,plql‘(”s),uﬁ"

The proof is similar to the proof in lemma 3.2.

3.2 The operator for a formal series expanded at 0

In this section, we will calculate the index of the operator acting on the series expanded
at the origin, following a similar step to the reference [65]. According to the above lemma,
we get the following conclusion about the operator L.

Proposition 3.1. Let s >0 and s' €R or s =0 and s’ > —1. The operator

d
lexa—axaq—{-x

maps space l;s/%M to space li,s’,p,u—l' In other words, the operator Ly is a (p,1,p,—1)-
operator.

Proof. From Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have m% : l;’s,,p’“ — l;s,’p’#_l,
—Qxoy : li’s,,p,# — li,d,plql*““%u%’ and zx : l;’s,%u — li,s’,p\qlﬂ,wrs" Ifs>0and s €R
or s = 0 and s’ > —1, the union of sets l;,s’,p,;hp l;,S’,plq\—“*S),quS’ and l;,s’,p\q\_s,u+s’ is
l;,s’,p,u—l’ then the operator L : l;ys,m’“ — l;’s,7pw_1. O

Remark 3.1. The operator Ly is (p, 1, u, —1)-operator can be obtained by Definition 4.3.6
in reference [65], the main contents of the definition are :

Let s, s, p,r,pu,v € R, where p,r > 0. Let L be an endomorphism of the space C[[z]]q s s
(Cl[z]](g,5,57)- Then L is called (p,r, u,v)-operator. If for suitable 0 < p < po (p > po),

: : : : 7l 1 ~
there is a continuous linear mapping L g o700 - ls’s,%u — lS7S,’pr7“+V makes the following
diagrams commutative :

I Lot p,ropw 1

5,8" 0,0 8,8’ ,pryptv

l l

Cllallgssw —=  Cllallgse

Proposition 3.2. For s > 0 and s € R or s = 0 and s’ > —1. Let u € R and let
Ly : Cllellges — Clallyss (Clialligss) be (p, L. ~1)-operator. For 0 < p < po (resp.
p > po) and suitable py, we assume that every operator Ly 1., -1 has an index, and the
index is independent of the value of p. Then Ly has an index and x (L1) = x (Ls,s@pyl%,l).
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Next we will show that if s >0 and s’ € R or s =0 and s’ > —1, then the study of the
operator Ly = 1:% — azog + x is reduced to the study of the operator Lo = x%.

Proposition 3.3. Let s >0 and s’ € R ors=0and s’ > —1. If Ly ¢ ;1 ,,—1 has an index
and is independent of the value of p for 0 < p < po (p > po) and suitable poy, then the
operator Ly on Cl[z]]qss (Cl[z]](g,s,57)) has an index and x(L1) = x(L2).

Proof. It is obviously that L1 = Ly + L3 + L4, where L3 = —axoy is (p, lq|=(F9) p, s')-
operator, and Ly = z is (p, |q| ™%, u, 8')-operator. If s > —1 and s’ € R or s = —1 and
s’ > —1, then Lo+ L3 is (p, 1, 4, —1)-operator, and x(La+ L3) = x(L2). If s >0 and s € R
or s =0and s’ > —1, then Ly + L3 + Ly is (p, 1, u, —1)-operator, and x(Ls + L3 + L) =
X(L2 + L3) = x(L2). Regarding the intersection of the values of s and §', i.e. s > 0 and
s €Rors=0and s >—1, we have Ly + L3+ Ly = Ly, then x(L1) = x(La2). O

Proposition 3.4. Let s =0 and s' = —1. For suitable po, if Ls g 51,1 has an index, and
the index is independent of the value of p for 0 < p < po (p > po), then L1 on C[z]]qss
(Cllz]l(g,s,5)) s an index operator, with an index x(L1) = x(L2 + L4).

Proof. The proof is similar to that of the Proposition 3.3. g
After the above steps, we reduce the operator Lj (Lg) to the operator of the ordinary
differential equation. J. Ramis |74, 77| studied the situation :
If s>0and s € Ror s =0 and s’ > —1, then

X (TL?C[['xHq,S,S/) = _inf{k|3i73j> (ivjv k) € N(S,S/)},
X (TLa(C[[x]](q,s,s’)) = - Sup{kﬁEi, Elj, (ivjv k) € N(Sv 5/)}‘

For d
sk(k+1) .
11 = E ( E Yy kD2 xk)(fﬁfdgj)z

€S kEK;
and § = {7’ = 07 aﬂﬂ]aak, (Zvjvk) € N('S?S/)}v Kl = {k 2 OHJ? (Zvjak) € N(Svsl)}7

where
N(s,s") = {(i,j, k) € M(s)|ks’ —i=vs9(L)},
M(S) = {(27]7 k)’ai,j,k 7é O’] + ks = pg(L)}a

with p(L) = infa, ,,20(j + ks) and vs ¢ (L) = info, 20 1ks=p(r)(ks" —1).
When i = 1,k = 0 and aq,00 = 1, the operator Lo is equivalent to 77, we have

X (L2, Cl[llg,s,51) = x (L2, Cllxll(g,5,51) = 0,

fors>0and s € Rors=0and s > —1.
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The operator Lo + L4 can regarded as T, if s =0, a1 90 = 1 and ag,0,1 = 1. Therefore,
for s =0 and s’ = —1, we get

X (L2 + Ly, C[[d]q,s,s’) =0, x (L2 + La, C[[ﬂ](q,s,sl)) = -1

Lemma 3.5. For the operator L1 = x% —arog+ .
(i) Ifs>0and s €R orif s=0 and s’ > —1, then

x (L1, Cllalla,s,0) = x (L1, Cllal) g.s)) = 0.

(ii) If s =0 and s’ = —1, then

X (Ll,(C[[x]]q,&s/) =0, x (Lla(c[[x]](q,s,s’)) =-L

Proof. From Proposition 3.3 and Propostion 3.4, if s >0and s’ € Ror s =0 and s’ > —1,
then

X (L1, C[[x]]q,S,S’) = x(Lo, C[[x]]q,s,b") =0,
X (L1, Cl[x]](g,5,5)) = X(L2; C[[z]](g,5,57) = O.

If s=0and s’ = —1, then

X (L1, C[[x]]q,s,S’) = X(L2 + Lu, C[M]q,s,S’) =0,
X (L1, C[[z]])(g.s,5)) = X(L2 + La, C[[z]] (4,5,5)) = —1.

The proof is completed. O

Theorem 3.1. For the operator L = -~ — aog + 1.
(i) Ifs<0and s €R ors=0 ands < —1, then

X (L, Cllallg.s.sr) = x (L, Clla])g.5.59) = 0.
(ii) If s = 0 and s’ = —1, then
% (L,C[[m]]q,&s/) =1, x (L,(C[[J:H(q,s,s/)) =0.

Proof. The operator L; can be seen as L = Y1_, Ejl':o S o @itz L) o), where
a100=1, ap11=—aand agp1 = 1. Let

11 dz’j
L= ZZ Oé,gk x)Uq.

i=0 j=0 k=0
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Since
X (i, C[[an,s,s,) — —inf{k|3i,34, (i, 4, k) € N(s, s},
we have

¥ (L, Cllallg ) = = inf{k = il3i, 3, (i, j, k) € N(s, )},

by replacing k with k — ¢, where

N(s,s') = {(i.k) € M(s)|(k — i)s' — i = v, (L)},
M(s) = {(i,j k)lasgp # 0,5+ (k — i)s = p)(L)},

with pd(L) = infa, ; , 20(j + (k —i)s) and v, o (L) = info, ., 20+ks=po(z)((k —i)s" —1). The
operator L can be written as L (a100 =1, ap,1,0 = —a, and agoo = 1).
(i)If s<Oand s € Ror s =0 and s < —1, then inf j + (k — i)s = inf{—s,0} = 0 and

M (s) =(0,0,0) or M(s) ={(1,0,0),(0,0,0)}, N(s,s’) =(0,0,0), therefore,

X (L, C[[z]]g,s,') = x (L, C[[2]](g,5,6)) = 0-

, M(s) = {(1,0,0),(0,0,0)},

(ii) If s = 0 and &' = —1, then inf{j + (k — i)s} = 0, M(s)
1,0,0),(0,0,0)}, therefore,

inf{(k —i)s’ —i=inf(—s'— 1)} =0 and N(s,s’) = {(

X (Lv C[[xﬂq,s,s') = 17 X (La(c[[w]](q,s,s/)) =0.
The proof is completed. ]

Remark 3.2. Let C{x} be the space of series whose radius of convergence is not zero.
When s,s" = 0, the space C[[z]],s.s becomes C{xz}. The result of Theorem 3.1 is the same
as that of Remark 2.4.

According to the index theorem, we can classify the solutions of the equations. First of
all, we introduce some definitions and results in [65] (corresponding to this case).

Definition 3.2. We say that s € R is an exceptional value for Ly, if it exists two triples
(il,jl,kl - il) and (ig,jg,kg — ig) m M(S) such that k‘l — il 7& kg — ig.

Definition 3.3. Let s € R. The real s’ is an exceptional value to s for the operator Ly, if
there are two triples (i1, j1,k1—11) and (ia, j2, ko —i2) in N(s,s') such that ky —iy # ko —is.

Definition 3.4. We denote Ly o (resp. Liq s s)) the algebra of operators of this form with
a;j(x) € Cllz]lgs,s (Cllz]](q,s,s")). If aij(x) € C[lz]], the algebra is denoted L. Finally, if

the coefficients are convergent series, the corresponding notation is L.
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Lemma 3.6. Let L € .. Let s1 > sy > --- > s; be the possible exceptional values > 0
for L. For each of them, s,, let 8;’1 > Sp2 > 0 > Spy, be the possible exceptional values
relative to s, (if s, = 0 we limit ourselves to positive or zero s'-values). Let f € C[[z]] and

g € C{x} such that L(f) = g. Then :
— Either f € C{z},

— Either there exists a unique real s' > 0 such that f € Cl[#]]q0.¢ and f ¢ Cllz]l(g,0,5 -
we say that f is Gevrey of exact order s,

— Either there exists a unique real s > 0 and a unique real s' € R such that f € Cllz]lgs,s
and f & C[[]](g,s,) - we say that f is g-Gevrey of exact order s and Gevrey of exact
order s'.

From these results in [65] and Theorem 3.1, no positive exceptional value s and s’ for

the operator L; = x% —arog+x and L = % — ooy + 1. Then we have the following

results.

Lemma 3.7. For L) = 2 X —azo,+2 €L, if f € Cl[z]] and g € C{x} such that L, (f) = g,

then f € C{z}.

Theorem 3.2. For L=< —ao,+1€L, if f € C[[z]] and g € C{x} such that L(f) = g,
then f e C{x}.

The result in the above theorem is consistent with that of Corollary 2.1.

3.3 The operator for a formal series expanded at oo

For the operator for a formal series expanded at oo, we tranform it into an operator
for a formal series expanded at 0, so that we can analyze it as described in the previous
subsection.

For f(z) = >_,50an2™ a formal series expanded at 0, we have L(f(z)) = (% —aog +
1)(f). Let t = 1 then f(t) =3, ant™ is a formal series expanded at co. We have

LU(1) = (3 — 00y + D) = (2?5 — a0, + 1)(),

ie.,

-1

Loo = |—2%(=—)o, —a+ 0, o,

dx

is the operator for a formal series f € Cl[[z~Y]], then we study the index theorem by the
process similar to above.
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Denote L = —:r(x%)aq —a+ oy, then Ly, = Lo o, From Lemma 3.1, we get
X(Los) = (L) + x(0;'). The operator o, ! is an isomorphism of I} , o 1. plalyp (resp.
an automorphisme of Cl[z]]q s« and C[[z]]( s s)). Therefore, it has zero index in these

spaces. Then x(Lso) = x(L).
Let s> —1and s € Ror s =—1 and s’ > 1 in the following discussion.

Definition 3.5. We denote Ly s s 1 (resp. Lig s s —1)) the algebra of operators of this form
with a; j(z) € Clla™Y)yss (resp. Cllz)(g,s,5)). If a;j(x) € Cllz™Y], the algebra is
denoted L_. Finally, if the coefficients are convergent series, the corresponding notation is
L_q.

Proposition 3.5. The operator

L=—x( Joq —a+ oy

Y dx
operates from l;s,’p# to li,s’,p‘q‘fpg(fd,u—‘rvsys/(Z) with

p2(L) = inf{s +1,0,1}, wvey(L)=inf{s' —1,0}.
In other words, L is a (p, \q|_p2(z),M,U&S/(E))—opemtor.

Proof. From Proposition 4.3.5 in [65] : Let i, j, k € N. The operator :Bk(w%)iag operators

from 1;78,712,“ to l;,s’,p|q|*(ﬂ'+k5>,u—i+ks" Then

the operator —l’(l‘%)Jq : li’s,,p’# — li,s’,p|q|*(1+3>,u—1+s”

the operator oy : l;s,%# — l;s,,mq',l’“, and the operator —a : l;s/’/w — 1;78,7[)7“.
The union of l;s’,p\q|7(1+5),u—l+s” l;7s,7p|q|_17u and l;,s’,p,u is li,s’,p|q|7p(5)<i),;H-US’S/(E)’ then the
operator L: l;s,’p# — ! O

5,8',plgl =P8 D) ptu, (D)

The discussion will be divided into three cases.

(i) If s > —1,5 € R, then p%(L) = 0, M(s) = N(s,s') = {(0,0,0)}. The study of L
reduces to the study of L=—a.

(i) If s = —1,5" > 1, then M(s) = {(0,0,0),(1,1,1)} and N(s,s") = {(0,0,0)}, which
is the same case as (i).

(i) If s = -1, =1, M(s) = N(s,s") = {(0,0,0),(1,1,1)}. In addition, s = —1 is an
exceptional value for Z, and s’ = 1 is an exceptional value relatively to s = —1 for L. The
study of L reduces to the study of L = —xQ(%)aq —a.

Then, we reduce the operator L to an opertator of ordinary differential equation. We

define i) i)
n(n+1 % _n(n+1
n@)=>q 2z 2", @)=Y ¢ 2 2"

n>0 n>0
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and denote the Hadamard product of the formal series by

O anz™O  bua™) = (O anbna™).
n=0 n>0 n>0

Define the new operator L(f) = nOL(p*0f). Then L = —¢1z2(L) — a.

dz

Since the mapping

and
no lé,l,p,,u —
f — nlf

are isomorphisms, we have y(n) = x(n!) = 0. For L(f) = n7' o L o5, we obtain the
following lemma.

Lemma 3.8. The operator L : lé’l’p,” — l(l)’lyp’” 1s indexed if and only if

= 1
L lO,l,p,u lO,l,p,u

is indezed. In this case, x(L) = x(L) (similar statement holds in the cases Cl[z]]¢.0,1 and
C[[w]](q,o,l))-
d

Theorem 3.3. For the operator L = —z(rg;)oq —a+ oy
(i) If s>—1and s €R ors=—1 and s > 1, then
¥ (Z.Cliallg ) = x (2, Clll] g0 =0
(ii) If s = —1 and s’ =1, then

¥ (L, Cllallgss ) =0, x (Z,Cliallgss) = —1.
Proof. By using the theory of index for operator in ordinary differential equations, cacu-

lating the index of L directly, we can easily get the result. O
No positive exceptional value s and s’ for the operator L. Then, we have the following
results.

Lemma 3.9. For L = —z(zL)oy —a+o, €L, if f € Cl[z]] and g € C{x} such that
L(f) =g, then f € C{x}.

Theorem 3.4. For L = 4 aog+1ely, if f € Cllz™Y] and g € C{z~'} such that
L(f) =g, then f € C{z—1}.
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3.4 The operator with |¢g| > 1

There are no positive exceptional values s and s’ for the operator L as 0 < |¢| < 1. In
this section, we consider the case |g| > 1.

Let p= %. Thus, o, = ot

» » and the operator L = % — aoy + 1 becomes

_ -1
= |750p —a+op|o,,

dx

with 0 < |p| < 1. Denote L = 45, —a+ 0, It's similar to the case 0 < |g| < 1 of

1

the two sections above, by replacing ¢ with p. The operator ¢, is an isomorphism of

1 1
ls,s’,p,u - ls,s/,plp\,u

zero index in these spaces. Then x(L) = x(L). Let s<land s € Ror s=1and s’ < —1.

(resp. an automorphisme of Cl[z]], s+ and Cl[[z]](, s )), therefore has

.y 7T _d 1 1 ~
Proposition 3.6. The operator L = 3 0,—a+0, operates from ZS,S,%M to l575,7p|p‘7pg(m#+vs (B
with

pY(L) = inf{1 — 5,0}, w,(L)=inf{—s" —1,0}.
In other words, Lisa (p, \p|_p2(z),u,vsﬁ/(lﬁ))—opemtor.

: T _ d
Since L = 3:0p — @+ 0p can be seen as

with o110 =1, app,0 = —a, and ag 1,0 = 1, the discussion will be devided into three cases.

(i) If s < 1,5 € R, then p(L) = 0, M(s) = N(s,s') = {(0,0,0)}. The study of L
reduces to the study of L = —a.

(i) If s = 1,8 < —1, then M(s) = {(1,1,0),(0,0,0)} and N(s,s") = {(0,0,0)}, the
same case as (i).

(i) If s = 1,8 = =1, M(s) = N(s,s') = {(1,1,0),(0,0,0)}. In addition, s = 1 is an
exceptional value for E, and s’ = —1 is an exceptional value relatively to s = —1 for L. The
study of L reduces to the study of L = %Jp —a.

Lemma 3.10. For the operator L= %ap —a+op.
(i)Ifs<lands €eR ors=1and s < —1, then

¥ (L.Cllellps.s ) = x (L, Cllall ) = 0.
(1) If s =1 and ' = —1, then

(L. Cllellpsw) =1 x (L, Cliall ey = 0.
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Theorem 3.5. For the operator L = % —aog+1 €L with |q] > 1.
(i))Ifs<lands €eR ors=1and s < —1, then

X (L, Cllallg,—s,5) = x (L, Cllal] (g —s.51) = 0-
(ii) If s =1 and s’ = —1, then
X (L Cllllg,—s) = 1 x (E,Clla](g,—s,01)) = 0.

Theorem 3.6. Let L = % —aog+1 €L with |q| > 1, f € C[[z]] and g € C{x} such that

L(f)=g. Then :
— Either f € C{z},
— Either f € Cl[z]]y—1,-1 and f ¢ Cll*]](g,—1,—1) « we say that f is q-Gevrey of exzact

order —1 and Gevrey of exact order —1.

Proof. Since s = 1 is the positive exceptional value for L in C[[z]]y s (C[[x]](g—s,s));
and s’ = —1 is an exceptional value relatively to s = —1 for L, we can easily get the result
from Lemma 3.6. 0

Remark 3.3. For the operator L = %—aatﬁ—l € L (|g| > 1) for a formal series expansions
at 0o, it becomes Log = —12 L —ao, +1 (0 < |p| < 1).
(i) If s >0 and s €R or s =0 and s’ > 1, then

X (L, Cl[z]]g,~s,s') = x (L, Cl[z]](g,—s,51)) = O-
(i1) If s =0 and s’ = 1, then
X (L, Cl[#]lg-s.s) =0, X (L,Cl[x]](g—s,5) = —1.

We get that s = 0 is the exceptional value for L., and s’ = 1 is an exceptional value
relatively to s = 0 for L.

Proposition 3.7. Let L = & — a0, +1 € L_y with |q| > 1, feCz™"] and g € C{z1}

A~

such that L(f) = g. Then :
— EBither f € C{z™1},

— Either f € C[lz~ Y] 01 and f ¢ Cllz™W(g0.1) - we say that f is q-Gevrey of exact
order 0 and Gevrey of exact order 1.
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3.5 Summary of this chapter

In this chapter, we study index theorem of the non-homogeneous pantograph equation.
It is divided into two cases : 0 < ¢ < 1 and ¢ > 1. The index and the exceptional values of
the operators of formal power series at the origin and infinity are calculated, and the growth
rates of the solutions of formal series are classified according to the existence of exceptional
value. When 0 < ¢ < 1, there is no positive exceptional value, and then the influence of
the non-homogeneous term on the solution satisfying the equation is obtained : if the non-
homogeneous term is a series with a non-zero radius of convergence at the origin (infinity),
then the corresponding solution of the formal series is also a series with a non-zero radius
of convergence at the origin (infinity). This is consistent with the conclusion obtained later

when the non-homogeneous term is analyzed in a more specific form.
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Properties of solutions when the
non-homogeneous term has a
singularity at zero

4.1 Introduction
When the non-homogeneous term is a fraction with a singularity at zero, there is a

unique polynomial transformation such that equation (1.1.3) with f(z) = —L is transformed

into an equation (1.1.3) with f(z) = 1 (see proposition below). Therefore, we will study

the simplified non-homogeneous functional differential equation

Y (@) = aylar) — y(e) + (11.1)
where « is a non-zero complex number.
Proposition 4.1. Let m be an integer with m > 1. If a ¢ {q,q*,---, ¢™ '}, then there is
-1
a unique transformation of the form y(zx) = mz ajz_j +dz(x), where aj,d € C*, such that
the equation v (z) = ay(qz) — y(z) + = is é:;verted to 2/ (z) = az(qz) — z(x) + .
Proof. By direct computation, one gets that, for j =1,2,--- ,m — 1,

a; = —(aqg ™ Q) mj1

G- (0™ )
(m—1)!" N (m—1)!

The proof is completed. O

55
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Remark 4.1. If a = ¢* for some k € {1,2,---,m — 1}, then there is a transformation of

m—1

the form y(x) = Z ajz ™7 + 2(z), such that equation y'(z) = ay(qz) — y(z) + == can be
j=k

converted to the homogeneous equation 2'(x) = az(qx) — z(x).

In order to prove the uniqueness of the solution of a non-homogeneous equation, we first
prove the uniqueness of the solution of the corresponding homogeneous equation satisfying
the initial value conditions, as follows.

Lemma 4.1. Let y(x) be a solution of Equation (1.1.4) analytic on (0,a) (a > 0). Then
y(x) =0 for all x € (0,a) if and only if lir% y(x) = 0.
T—r

Proof. For = € (0,a), let z(z) = y(z)e®. Then
2 (2) = (ay(gz) — y(x))e” +y(2)e” = aey(qz) = ae "V z(qz).

If0<zy <<z <a, then

2(x) = z(x0) + « /I U=t (gt)dt.

zo

Therefore, by letting zg — 0, we have

z(z) = a/ U0t (gt)dt.
0

That means,
< (1—-q)z1
2(2)| < fafare =07 max [3(0)

holds for all € (0, z;]. Therefore,

< —z (1—q)z1 t <
ly(z)] < |afrie™ e o Dnax le"y(t)] < Cay o nax ly(t)],

where C' = |a|e®'. Then

max z)| < Czp; max t)|.
xe(o’m]ly( )| < 10<tgqx1|y( )l

By iterating, we get

max z)| < C"g™ /250 max t)].
e ly(z)| < C"q T, max ly(t)]

One can obtain that max |y(x)| =0 as n — +o0. O
0<z<z)
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4.2 Solutions expressed in terms of power series

Notice that Equation (1.1.3) with f(z) = -5 can be tranformed into Equation (1.1.3)
with f(x) = % Therefore, in this section, we will study the solution of Equation (4.1.1) at
zero and infinity.

We now study solutions of equation (4.1.1) by means of power series at zero. As usual,

n
1
we denote by H,, = Z o the n-th harmonic number.
k=1

Lemma 4.2. Let Fy(a;q,x) be as in (1.3.5), and let u,v be two convergent power series.
The function

y(z) = u(x)log z + v(x)

is a solution of equation (4.1.1) iff the two functions u(x) and v(x) satisfy the following

equations :
u' () = au(qr) —u(z), wu(0)=1,
V'(z) = av(qr) —v(z) + alng - u(qx) — ue) 1
Hence, u(r) = Fo(a;q,x).
Proof. From Lemma 2.1, we obtain that
log z[u(z) — au(gr) 4+ u(x)] =0,
! u(x) 1 (422)
V'(z) = av(qr) —v(z) + alng - u(qx) — ue) 1

The first equation of (4.2.2) is equivalent to Equation (1.1.4), hence u(x) = up Fo(a; ¢, x),
where ug = u(0). Furthermore, the second equation of (4.2.2) admits a power series solution
v only when u(0) = 1. So, we find the system given in (4.2.1). O

Theorem 4.1. Let o ¢ g%<0. For any constant cy, we define
F(a; g, co, ) = (co + log ) Fo(s ¢, 2) + Fi(a; ¢, @), (4.2.3)

where Fy(a;q,x) is as in (1.3.5) and where

Then the function F(«;q,co,x) is a unique analytic solution on C* of equation (4.1.1) with
the initial asymptotic condition y(x) =logx+co+o(1), as z — 0 along a certain direction.
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Proof. Since Fiy(; g, z) is an analytic solution of Equation (1.1.4), substituting F'(«; g, co, )
into Equation (4.1.1), we see that the first equation in (4.2.1) is satisfied. By taking
v(z) = Fi(a; q,x), the second equation in (4.2.1) is satisfied.

Since the sequence |1 4+ ag"*~!(kIng — 1)]| is convergent as k — oo, then there exists a
constant C such that |1 + a¢®* '(klng —1)]| < Cy, for all k > 1. Because o & ¢, there
exists a constant Cy such that |1 — ag®~!| > Cs for all k > 1. Therefore, for n > 1,

— (=)™ Ha;q)ull + a¢" H(kIng - 1)], _ Cil(e; )nl
| ; k(L = agh 1) <o

Hence, the radius of convergence of Fi(«;q,x) is oo.

Furthermore, it is trivial that F'(a;q,co,x) = logx 4+ ¢o + o(1) as  — 0 along any
direction. From the analysis above, the function F(«;q,co,x) is a solution of Equation
(4.1.1) as described in the theorem.

For uniqueness, we can easily see that using a suitable change of variable, the difference
of two solutions with the given asymptotic initial condition satisfies the conditions of Lemma
4.1. ]

Next, we look for a power series solution at co.

Theorem 4.2. If a ¢ q%>0 then the following power series
— 1)t g (n41) o (n+1)(n+2) /2,
G(a;q,x):x‘lz( )" a n

n>0

" 4.2.4
(a7 1q; @) nt1 ( )

represents the unique analytic solution of Equation (4.1.1) in C* U {oco} which vanishes at
infinity.
Proof. We suppose y = ano anz~""! and substitute it into Equation (4.1.1), then
- Z(n +Dapz "2 = Z(ozq_”_1 — Dape " L4271
n>0 n>0

Comparing the coefficients of 27!, one obtains ag = ﬁ (for a # q). By comparing the

coefficients of 72,273, --- | we have (ag”" ! — 1)a,, = —na,_1 for n > 1. Therefore,
n (_1)nafnqn(n+3)/2n!
AQp — ——————————————— Ay 1] — *++ — a
" 1-ag i (a=lg%q)n °

for a ¢ ¢%>°. Thus, the expression for a, is unique. Since

1 n+2
= lim 7(71—1— )4

n—00 ’a — q”‘

an+1
Qp

lim

n—oo

:0,

the power series (in %) G(a;q, ) defined by (4.2.4) is the unique analytic solution of Equa-

tion (4.1.1) in Riemann sphere C* U {oo}, such that lim G(«;q,z) = 0. O
T—00
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Remark 4.2. When a # 1, any analytic solution at infinity is null there. In this case,
G(a;q, ) is the unique analytic solution at infinity.

Proof. This comes from the fact that lim (y'(z) — 1) = 0, which implies that (a —

T—00
1) lim y(z) = 0. O
T—>00
The connection formula between F(«;q,co,z) and G(«;q,z) will be given in Section
4.5. In formula (4.2.4), one can notice that, for any o ¢ ¢2>°,
o~ (D) 1 1

(@ g 1| la—q)a—g2) - (a— gD S o (4.2.5)

where € = kain |o — ¢*|. Furthermore, we have the following Remark.
€4>0

Remark 4.3. The function F(o;q,co,x) of Theorem 4.1 is analytic for o ¢ q»<0, while
the function G(c; q,x) of Theorem 4.2 is analytic for o ¢ ¢%>°.

Indeed, by using the uniform convergence theorem, one can see that Fy(«;q,z) and
F1(o;q,x) are respectively analytic for (a,z) € C x C and for all (o,z) € C x C such
that ag® # 1 for any k € Zs¢. This implies the analyticity of F(a;q,co, ) for (a,z) €
((C \ qZSO) x C. In the same way, we get the analyticity of G(«; g, x), by using (4.2.5).

4.3 Two Laplace integrals and relationship between them

In this section, we will look for solutions of (4.1.1) in the form of Laplace integral. For
the convergence of Laplace integral, we refer to [67, p. 216, Definition A.2.3|, whose main
content is : Let f € C2([0,+0c0)). Suppose there are A, B > 0 such that |f(z)| < AeP?,
then the function £ — f0+oo f(z)e~*¢dx converges for Re(¢) > B. It is denoted Lf, Laplace
transform of f, which holomorphic for Re(§) > B. We first give an elementary lemma as
follows.

Lemma 4.3. Assume that d € R, € > 0, and h is an analytic function in the open sector
{t € C*||arg(t) — d| < €}, verifying h(t) = O(t) for t — 0, and h(t) = O(eM) for t — oo
(A >0). An integral of the form

is a solution of Equation (4.1.1) in the domain

SgA = U {z € @*|Re(azei5) > A},
de(d—e,d+e)
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if and only if the function h(t) satisfies

ah(t) + (gt — 1)h(qt) = —qt. (4.3.1)
1 ooc dt .
Proof. One has — = / te*t"’“"? for Re(ze'?) > 0, and y(x) can be extended into an
x 0
analytic function in Sg , under the given conditions. Thus, we can obtain the result by

substituting y(z) in Equation (4.1.1). O

4.3.1 Two types of Laplace integral solutions

Suppose @(t) = >~ ¢nt" and substisute it into Equation (4.3.1). Comparing the
coefficients of ", we obtain

1

" [ ag

=_———,andforn>2¢, =
1 —aq™

br1. (4.3.2)

Next, we use it to get an integral solution of Equation (4.1.1), as shown in the following

lemma.

Lemma 4.4. Let o ¢ ¢%>°, d € [0,27], and
tn+1

o(t) = Z ¢n+1tn+1 = Z W

(4.3.3)
n>0 n>0 1 Q)nt1

Ooei(i
dt
Then the integral L[ld}(oz;q,x) = / gi)(t)e*tx? is an analytic solution of Equation
0~
(4.1.1) for x in the Riemann surface C* such that arg(x) € (—d — 5, —d + 7).
Consequently, glueing all the functions L[ld] (o;q,x) (d € ]0,27]) gives rise to an analytic
solution of Equation (4.1.1) in C* U {oco}, which will be denoted by L1(c; q,x).

Proof. First, from (4.3.2) and (1.3.3), we have ¢,, = O(a "¢""*1/2), we get that ¢(t) is
an entire function satisfying (4.3.1) and ¢(0) = 0. According to Lemma 4.3, it suffices to
prove that ¢(¢) has at most exponential growth at oo.

From |77, p. 59, Proposition 2.1|, we obtain that

t _ (oglt/ava)?
’¢(t)’ <Ce 2Zlng | as |t] = 4o0.

Therefore, as t — oo in C, ¢(t) = O(eM!) for any X > 0. Hence, the integral L[ld] (ov;q,7) is
well-defined in any direction d € [0, 27|. This is to say, there is no singular direction. Thus,
one obtains an analytic function on C* U {oo}. O

Note that the proof above for Lemma 4.4 is based on a basic idea of the Borel-Laplace
summation theory (see [67, p. 216, Proposition A.2.3]).
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Theorem 4.3. If a ¢ ¢>>°, then the relation
G(asq,z) = Li(a; ¢, @) (4.3.4)
holds for x € C* U {oo}.

Proof. By the definition in (4.2.4), one can get that

n!
G(a;q,7) = S
7 nZZO (g™ L @)1

Given any direction d and x such that Re(zed) > 0, by using dominated convergence
theorem, we have

id

ettt n! o
Lia;q,2) :/0 e’ <I5(t)7 = Z(fx g

n—1.
=5 (@7 q)nm

Then G(a;q,x) = L[ld] (av; ¢, ). By the analytic continuation process, relation (4.3.4) holds
for all z € C* U {oo}. O
In the following, we will introduce another kind of integral solution.

Lemma 4.5. Let |a| <1, d € (0,27), and

U(t) = (@) Y S — (4.3.5)

S (@ D)ala" =)

The integral
id
dt

haaa) = [ wiet S

is an analytic solution of Equation (4.1.1) for x in the Riemann surface C* such that
arg(z) € (—=d — 5,—d+ 5).
Consequently, glueing all the functions Lgd}(oz; q,z) (d € (0,2m)) gives rise to an analytic

solution of Equation (4.1.1) for arg(z) € (—57”, 5), which will be denoted by La(c; q, ).

Proof. To see that L[2d] (a; ¢, x) is a solution of (4.1.1), we first prove that ¢(t) is a solution
of (4.3.1) (Lemma 4.3). Letting g(t) = 1(¢)/t, we only need to prove that g(¢) is a solution

of
(1= 1)~ 2o(0) = 1.

It can be proved by direct computation with the help of the following identity :

(@ q)oe Y

= (@ )n

n

= 1.
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Then (t) is a solution of Equation (4.3.1).
Next, we consider the growth of ¢(¢) at infinity to prove the convergence of the integral.
Since

|ar |q|+rt—qr>
o0)] <l g)ocl 3

=t
n20 (4.3.6)
!06! q \04|"
(@ 9)| Y o ry (sl 3o
n>0 n>0

the function 1 (t) is bounded as ¢ — oo in any direction d € (0,27). The result follows by
applying Lemma 4.3 (A =0,d = € = ). O
The following theorem describes the Stokes phenomenon of La(«; g, x).

Theorem 4.4. Let |a| <1 and arg(z) € (—2F, —3F), the following formula holds :

_ . n
ae 1TE

La(a; ¢, we*™) — Lo(a; q, ) = 2mi(0; @)oo D @
Y n

n>0

, (4.3.7)

the right-hand side of (4.3.7) is a solution of the homogenous Equation (1.1.4).

Proof. Let L be any smooth and anti-clockwise curve whose interior contains the set
{1,q,¢*---}. By the residue theorem,

a?’l

et dt

Ly(a; q,2e”™) — Ly(a; q,x) = /L(a;q)mz (

= (@ D)nlt —q")

n,—q"c

. a’’e
= 27i(0 @)oo Y

which is (4.3.7). Since |a| < 1, the series in (4.3.7) is convergent for Re(x) > 0, which is

satisfied when arg(z) € (—2F, —3I). By direct calculation, one can prove that the right-hand

side of (4.3.7) is a solution of Equation (1.1.4). O

4.3.2 Relationship between the two integral solutions

We have established that Lj(«a;q,z) and Lao(o;q,x) are solutions of Equation (4.1.1).
Then Li(a;q,x) — La(a; g, ) is a solution of the homogeneous Equation (1.1.4). We now
study the link formula between Lj («a; g, ) and Lo («v; g, x), by giving an explicit expression of
Li(a;q,x) — La(a; q, z). For doing this, we should study the relation between the functions

¢ and .
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Lemma 4.6. Let 1(t) be as in Lemma 4.5. For |t| > 1, the following equation holds :

90 ==Y an(()"

n>0

Proof. By using 1—#‘1—" = Zm20(§)m for every fixed n, Equation (4.3.5) becomes

t

() = —( e Y (ag”)" (%)m (4.3.8)

Sy (¢;Q)n

For every fixed m, by applying Equation (1.3.4), we obtain

(a;q)mz(aqm)n: @50 _ () (4.3.9)

= (@D (ag™:q)o

Putting (4.3.9) into (4.3.8) allows us to complete the proof. O
The functions ¢ and v are solutions of (4.3.1), and ¢ is an entire function while ¢ has
simple poles on the set ¢¥. The homogeneous equation of (4.3.1) has special solutions, for

example,

0(—Lt)
H(t) - >~ a7

(21 0)o0(5 )0
who has the same poles as 1. We will obtain the relationship between ¢(t),v(t), and H(t),
as shown in Lemma 4.7. From (1.3.3), we have

: (4.3.10)

n(n+1)

tntl P t\n+1
0= 3 T~ g G o)

>0 ntl o 030 o) Dn+1

According to the definition of basic hypergeometric series in [37, p. 4, formula (1.2.22)] :

(a1§ Q)n(a% Q)n - (ar; Q)n n(n=1)71+s=r
'rd)s(al)aQ?"' 7a7“;b17b27"' ,bs;q,Z) :Z R . . (_1)71(] 2 Zn7
=5 (@G n(01;0)n - (bs;@)n [ ]

the right-hand side of the series in (4.3.8) can be viewed as a basic hypergeometic series,
written as 1 (q; 3¢, %) — 1. The connection formula for 5¢, is proposed in [37, p. 117,
formula (4.3.2)], and the following relationship can also be regarded as the connection
formula for ;¢;.

Lemma 4.7. Let ¢(t) and (t) be as in (4.3.3) and (4.3.5). For |t| > 1, the following
equation holds :

o(t) = H(t) + 0 (t). (4.3.11)
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0(ct)
(—¢i9)o0 (50)00

Proof. Let ¢ = —Z, Equation (4.3.10) can be rewritten as H(t) = From

formula (1.3.4), we have, for |t| > 1,

= "

(30 =5 (G Ok

1(1—1) )
Multiplying with the series 6(ct) = ZleZ q 2 (ct)!, we obtain

1 =1
H(t)= ———> Zq T (ct) = HY(t)+ H (1),
(= @)oo 15 (q Qi t) =
where
clql(lgl) l l(l 1) 1
H*(t) = B S = s
kzz();(_c§Q)oo(QQQ)k g; —¢4)o0(¢; Dk )

Letting m = [ — k and replacing [ with k + m, it follows that

k(k—1) m(m-—1)

H+(t): Z (Cqm)kq 2 q 2 (Ct)m

m>0,k>0 (¢ @)oo (@3 Dk

By applying Equation (1.3.4), for fixed m, we have

k(k—1)

(cg™)q > m
Zf = (—cq"; q)o
k>0 q;9)k
Therefore,
H+(t) — Z (_Cqm;CI)ooqm(Tg—l) (Ct)m _ Z qm(TZ = (_g )m _ ¢(t)
= (6 = (Lgm a

Next, letting n = k — [ and replacing | with k& — n, we have

ken (k—n)(k—n—1) 1

_ . C q 2 Lyn
0= 2 (=6 @)oo (@ O (t) '

n>0,k>0

Notice that (kfn)(gfnfl) = k(=1) | n(ndl)

5 5 — — kn. By summing on k and using Equation
(1.3.4), we obtain

(0 = Y el

n>0
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where (—e.q)
—gn:4)oo n(n+1) c n(n+1)
q -, ——a -n
=g 2 = (——3q)uc "q ?
G g
By using formula (1.3.3), we have ¢, = (@;¢q)n. From Lemma 4.6, we can obtain that
H~(t) = —1(t), which completes the proof. O

Remark 4.4. We note that Equation (4.3.11) is still valid for all t € C*\q". This property
will be used in the sequel.

We obtain the link formula between the two integral solutions as follows.

Theorem 4.5. Let || < 1 and a ¢ ¢%>°. For any x verifying arg(x) € (—57”, ), there
exists a direction d € (0,27) such that the following relation holds :
id

ooe dt
Lu(ai g, @) = La(as q,2) + / e H (1)
0

— 4.3.12
L (43.12)

where H(t) is shown in (4.3.10).

Proof. For any given such x, one can find a direction d € (0,27) such that arg(z) €
(—d —5,—d+ %), by using Lemma 4.7 and Remark 4.4, the proof is completed. O

4.3.3 Another approach to derive the relationship : elliptic functions

The relationship between the L; and Ly integral solutions (4.3.12) can also be derived
from related knowledge of elliptic functions.

Let ¢(t) and 1 (t) be defined as in (4.3.3) and (4.3.5), they are both solutions of Equation
(4.3.1), so their difference : I(t) = ¢(t) — 1(t) is a solution of the homogeneous equation

t
(1 —t)h(t) = ah(-). (4.3.13)
q
We will study the form of the meromorphic solution for I(¢) in the following.
I(t) satisfies two conditions : (1) The set of sigularities for I(t) is {¢";n € N}U{0}; (2)
For n € N, Res[I(t),q"] = (0:9)o00"q" e wil] find the meromorphic solution of Equation

(¢:0)n
(4.3.13) to detemine I(t). Equation (4.3.13) has the solution
O(At)
Ho(t) = Co(qt; @)oo 5
() = Colati) o

where § = a and Cj is an arbitrary constant. Let

Hy(t) = Colqt; q)os _Z
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by choosing A = —4 and p = —q. In the following, we will prove that I(t) is equivalent to
H,(t) as the constant Cj determined.

For convenience, we introduce some notations from [58]. Let wi,ws be two complex
numbers linearly independent over the real numbers, which means that there is no relation
awy +bws = 0 (with a,b € R not both 0). Define L{w;, wo] as the lattice generated by wy,wa,
we obtained a fundamental period-parallelogram L|wi,ws] = mw; + nwe (m,n € Z), which
is the lattice looks like the intersection of two families of parallel lines. For a € C, we call
the set consisting of all points o + tjw; + tows (0 < t; < 1) a fundamental parallelgram for
the lattice. From [58], we have the following two lemmas.

Lemma 4.8. An elliptic function f(z), which is the entire (without poles), must be constant.

Proof. If f(z) has no poles in a fundamental parallelogram, then it is analytic and conse-
quently bounded in the parallelogram. There is a positive constant K, such that |f(z)| < K
for any z in the parallelogram. From the period properties of f(z), we have |f(z)| < K for
any z € C. Then f(z) is a constant from Liouville’s theorem : Let f(z) be analytic for all
values of z and let |f(z)| < K for all values of z, then f(z) is a constant. See P105 of [14]
for more details. 0

Lemma 4.9. Let P be a fundamental parallelogram, and assume that the elliptic function
of f has no zero and pole on its boundary. Let {a;} be the singular points (zeros and poles)
of f inside P, and let f have order m; at a;. Then > m; = 0.

Lemma 4.10. The functions with simple poles at ¢%=° that satisfy Equation (4.3.13) are
all in the form of
0(—4t)

0(—qt)

Hi(t) = Colqt; ¢)oo

Proof. We only need to prove that the meromorphic solutions of Equation (4.3.13) differ
by at most a constant multiple. If Ha(t) is also a meromorphic solution of (4.3.13), then

function Hs(t) = g?gg

satisfies :
(i) Ha(qt) = Hs(t); (ii) Hs(te*™) = Hs(t),

which equivalent to :

() Hy(=+ 1) = Ha(2); (i) Ha(= + ﬁf;) — Hy(2)

for ¢* = t. Therefore, H3(t) is an elliptic function with periods 1,i7. Let Py be the funda-
mental parallelogram defined as the set consisting of all points : o + t1 + toiT (0 < t; < 1).
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Hy(t) is analytic in C*\ ¢%>0, then H3(t) has as most simple poles ¢%0 in Py. From lemma
4.8, H3(t) is analytic in Fp. From lemma 4.9, we have H3(t) = C' (C is a constant) and
then HQ(t) == CHl(t) [l

Remark 4.5. The function Hi(t) with simple poles ¢%>° is the form of the meromorphic
solution for I(t), and Cy is determined by the residue of Hi(t).

Then we determine the value of Cy, From the Jacobi triple product formula

0(@) = (65 Do (5 Do~ T3 D)ow 2 (4,2, ~ 1 0)oc (4.3.14)
we have
—%t)
I(t) =Co(qt; @)oo 6 aD)
o (65 9) 00 (Z59) 00 (%5 0)
Ol Doe 1)t )L )
_ Co '9(—%)
(¢ D)0 (310)00

From Remark 1.3.2, we have

Co ‘9(—(1%%1” _ o 0(=a) atg"
@Gk (@5 (G0% (@Ga)n

Res[I(t),q"] =

From the condition Res[I(t),q"] = (059)oca™0” o obtain that Cp = F92 Therefore,

(@:9)n (£:9)0
O(—
(£:9)o0 (55 @)oo
Theorem 4.6. Let |a| < 1 and argx € (—2F,%). Then I(t) is a meromorphic solution of

Equation (4.3.13), and the integral I(a; q,z) = [° e~ I(t)9 s a solution of homogeneous
equation y'(x) = ay(qx) — y(x). Futhermore, the following relation holds :

> 0(—%)  dt
Lo(oq,7) —y* (e q, ) = / ete_ ) 7
0 (£59)00(3:¢)00 t

for argx € (—57”, 5)-



68 Chapitre 4

Proof. From

(1—t)I(t) = ool
— % Z(_l)nanqn(n_l)/gt_n
(£ 0)oo(f )0 2
= %q)ooa(g;q)oo ;Z(—l)n—l(aq)n—lq(n—l)(n—2)/2t_(n_1)
= aI(7)7

we have I(t) is a solution of Equation (4.3.13). Since d € (0,27), we have ¢ satisfies that
t¢ ¢V u{0} and

id

Mg = [ ee1nT
0

is a solution of y/(z) = ay(qz) — y(x). Together with the analytic continuation process, it

follows that I(a;q,z) converges for argz € (—2F, 7). Since
© [ . dt
Lifosa.0) = La(osa.o) = [~ e o) —vo) T = [ e
the proof is completed. O

4.4 Expression of integral solutions in terms of series

This section focuses on exploring the relationship between series and integral solutions,
which is structured into the following aspects. By applying perturbations of the equation,
we derive an alternative expression for La(«; g, z), which is represented in terms of series ex-
pansions at zero. Finally, we establish the link formula between F'(«; ¢, ¢, ) and La(«; ¢, x)
by using Theorem 4.3.

4.4.1 Perturbations of the parameter «

The idea of perturbations of the equation gives another representation of La(cv; ¢, x). In
the following, we consider « as a parameter close to zero.
If & = 0, then Equation (4.1.1) becomes

Y (x) = —y(x) + —, (4.4.1)
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which has the divergent series solution ), -, n!(1)"*1. From the Definition 1.3.1.2 in [67] :
We place ourselves in the plane of 7 = —. »~ 22 is Borel-summable in U = {Re(7) > 0}, of
sum f, if :

IC >0, VneN, VrelU, |f(r)-> —|<
-
k<n
We obtain that, given any d € (0, 27), the corresponding Borel-sum in the direction d is

id

o 1t

for Re(ze'?) > 0, i.e., arg(z) € (—d — 5, —d+ 7). By the analytic continuation process, it

yields a function E(z), which is a solution of (4.4.1) for arg(z) € (—2F, %) on C*, for more

details, see Ramis [75, p. 183, Definition 3.1] and Malgrange [67, p. 217, Proposition A.2.4].
Since La(av; ¢, x) is a solution of (4.1.1) with o # 0 and E(x) is a solution of (4.1.1) with
a =0 , Equation (4.1.1) can be seen as the perturbation of Equation (4.4.1). We expect to

expand Lo(c; g, x) as a perturbation series related to E(x).
Proposition 4.2. Let a # 0 and |a| < 1. For arg(z) € (—2F,%) on C*, the following

relation holds n

Lo(a; ¢,2) = (a5 q)oc Y

2 @ q)nE(q”x). (4.4.2)

Consequently, Lo(a;q,x) — E(x) as a — 0.

Proof. For any given x with arg(z) € (—2F, %), one can find a direction d € (0,2n) such
that arg(z) € (—d - 5,—d+ %) By the definition of Ls(c; ¢, x), we have
id

oo at _pdt
L0 q,2) = (o q)oo/ t

T et
= (@ aalgn —1) ¢
where the series under the integral verifies (4.3.6). Since

id
| T e = B
o -t t ’

we can apply the dominated convergence theorem to obtain (4.4.2). ]
Let o # 0 and close to 0. Note that a function in the form y(z) = >, <o yn(x)a™ is a
solution of Equation (4.1.1) iff the functions y,, (x) satisfy the following syster;l of differential
equations :
yh(x) +yo(z) = 7,
Yn41(®) + Ynt1(z) = yn(gz), n > 0.
By using equations (1.3.4) and (4.4.2), we obtain the following corollary, which gives a

(4.4.3)

particular solution to the above system.
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Corollary 4.1. For arg(x) € (=2, %), a particular solution of system (4.4.3) is given by
the following

n k(k—1)/2
méE(q”kx), forn > 0.

(¢ Dk(g59)

4.4.2 Relationship between Ls(a;q,x) and F(a;q,co,x)

To derive the link formula between Lo («v; q, z) and F(«; q, co, x), we will express Lo(a; q, )
in terms of power series at 0. This is done by establishing the relationship between E(x) and
the series solution at 0 of Equation (4.4.1), because formula (4.4.2) indicates that La(a; g, x)
can be expressed in terms of F(zx), and E(x) is a solution of (4.4.1).

Lemma 4.11. Let v =T"(1) be the Euler’s constant ([28,p.185, formula (10.8.1)]) and

wy () = ye " + e “log(ex) + ) Z i " (4.4.4)

n>1 k= 0
Then, for arg(z) € (—2F, %), we have E(z) = wy(x).

Proof. Choose d = 7 for E¥(z). Given z such that arg(z) € (—3%,—Z), we have Re(z) < 0,

and )
ocoe!'™  —tx +o00 tx
E(z) = / € gt=— / ° at.
0 1—1¢ 0 1+t

From |28, p. 276, formula (14.1.10)|, we have the exponential integral

ooe—zt . k:zk
Ei(2) ::/1 . dt:—'y—Ln(z)—Z(;!)k,

k>1

where Re(z) > 0. If z = ¢z, then we have

k
[7] _ I, =T —z i —x xz
E™(z)=—e"E1(e""z) =ve * + e “log(ez) + e Z s
k>1
One completes the proof by direct computation and analytic continuation. ]

n

1
As usual, we denote by H,, = Z A the n-th harmonic number.
k=1

Remark 4.6. The series in (4.4.4) has another expression as follows

annn

wy () = Y+ e Tlog(ex) + Z (4.4.5)

n>1
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By utilizing formula (4.4.2) and Lemma 4.11, we have the following corollary.

Corollary 4.2. Let |a| < 1 and arg(z) € (—57”, 5). The function La(c; q,x) can be expres-

sed in terms of wy(z) as follows :

wy(q"x). (4.4.6)
The following lemma presents a relation that will be used to study the relationship
between La(a; g, z) and solutions at 0 of Equation (4.1.1).

Lemma 4.12. For any |x| < 1, the following equation holds

max"™ 1 zq®
> ( = > ol (4.4.7)

S0 (@ Dm (0o

Proof. For any |z| < 1, by using (1.3.4), we have

x 7 ™ (m +1)z™
[(x;q)oo] B [mz;() (Q;Q)m} - ngo (@ Dm
Then
ma™ x 7 x™
(G Dm |:(x7Q)oo} g;o (@ D
_ (#59)00 — 2[(#39)0]” ™ —o[(7;q)o]
(239)% =0 (@ D)m (=3 9)%
Since [(%5¢)oo) = (%3 @)oo D >0 %, Equation (4.4.7) can be easily proved. O

We now examine the relationship between Lo(«v; g, z) and F'(«; g, co, ), where the func-
tion F'(a; q, co, x) is defined in Theorem 4.1. For a special value of ¢y, we have the following
result.

Theorem 4.7. Let o ¢ ¢»<0 and arg(x) € (=%, T). The following relation holds :

22
La(e; q, ) = F(a;¢,70, ), (4.4.8)
where .
0= T+ z;z +y+im. (4.4.9)

k>0
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Proof. According to Remark 4.3, the function F(«;q, o, 2) is analytic for o ¢ ¢%<0. Thus,
we need only to establish the validity of (4.4.8) for |a| < 1.
First, we have (see |98, p. 7, Proposition 2.1])

Fo(asq,2) = (@3 q) oo Z M = Z Mxm’

=0 @
Then, from (4.4.5) and (4.4.6), we obtain
Lo(; ¢,2) = (log(e™x) + 7) Fo(; ¢, ) + A1 + Ag,

where
(log(g™))e """

and

Az = (5¢)s0 Z

m>0

ZZ T

mn>1k 1

By using the exponential series and inversion of the summation order of convergent power

A = (gl ma™ o~ (=q"a)"
L = Geting Y S

series, we get

S0 @D =
(=2)" §~ mleg")™
= (259)oo(Ing
()l ),;0 Kl mzm (¢ O)m
By applying (4.3.9) and (4.12), we further have
)k: aqk-l-m
A = (1
' (05 Do{lng ,;Ok'(aq 5 @)oo Z 1 — agh+tm
S ag® lnq (a,q)nxn
1 — agk n! )

n>0k>n
Together with (1.3.4), we get
a™ mn (_1)n—1

x™ ~1)"'H, n
133 > i) oy B g

n>1k=1 m>0 ’ n>1

Hence,

k

ag®In

Ay + Ay = Fi(osq,7) + ) 1q qZFo(a;qjx)-
k>0

Thus, the proof is completed. O
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4.5 Connection formula and asymptotic behavior

We recall that F'(a;q,co, ) and G(a;q,x) are as in (4.2.3) and (4.2.4). In this section,
we first introduce some lemmas about g-periodic functions. Then, we present the connection
formula between F'(«;q,co,x) and G(«;q,x) for a special case (cg = 7p). The asymptotic
behaviors of F'(a;q,v0,x) are obtained using the connection formula. Finally, we draw
conclusions about the connection formula and the asymptotic behaviors at oo of solutions
around zero for the general case.

4.5.1 Two families of ¢-periodic functions

Let p be a fixed complex number such that oo = ¢* and —ﬁ < Im(p) < “gq‘. There
are infinity numbers of p; = p+ ikl (I € Z and k = —1%]), such that ¢g" = «. All values of

wy form a set, which we call A, = {y; € C: ¢" = a}.

Lemma 4.13. Let o ¢ ¢%. For arg(z) € (—°F, %), the function

L(n + )z
gn(a;q,x) = Z ez " >0 (4.5.1)
ﬂleAa

is an analytic solution of the equation y(z) = ay(qx).
Proof. For y; € A, we have
|z | = |e~ Re(m)+ilm(m))(loglol+iarg(@))| — Im(m)arg(z) || —Re() (4.5.2)
Therefore,
’1 _ eQm‘ul‘ > ‘1 o |€27riulH _ ’1 _ 6727r1mp6727ml’. (4.5.3)
Since o ¢ g%, we have p; ¢ Z @ ixkZ. By using Stirling’s formula for the Gamma function

(see |14, p. 21, Corollary 1.4.4]), it yields that

[Im(pg)]
P(n -+ ) = V2T R0~ 3 = T |

1+ O<\Im(1m)|>] (4.5.4)

as [Im(p)| — +o0.
(i) If Im(py) > 0 (I > 0), then for Im(y;) = Im(p) + xl, we have

L(n+ ) = O(l"+Re(“)7%e*%€l), as | — +o0.
Together with equations (4.5.2) and (4.5.3), we obtain that

jnHRe() — 4 rl(arg(2)— 5)

1 — e—2nIm(u)—2mkl

Ln 4 p)a* Tm (1) arg ()
Z 1 — e2mim < Ce s Z
Im(,ul)>0 ZGZ>0

| R (4.5.5)
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The series of the right-hand side of (4.5.5) is convergent if the ratio of two consecutive terms
tends to a limit smaller than 1, that is to say :

(1 . e—QWImu—anl)eﬁ(arg(m)*%)

lim | (1+ 1)”“‘6(“)*%

| = ers@-5) < 1,
l—+o00 l

1 — e—2nImp—2mk(I+1)
ie., arg(z) < 7.
(i) If Im(p;) < 0 (I < 0), then Equation (4.5.4) becomes

wlm(py)

L(n+w) = O((—Im(ul))”+RC(“)_%e 2 ), when Im(y) — —oo.

By taking m = —I, we have

_ KM

L(n— pm) = O((—m)"'me(“)_%e 2 ), as m — +00.

Equation (4.5.2) becomes |z 7| = e(Im(p)—rm) arg(z) | - =Re(1)  Therefore, we have
— 1 us
‘ Z I‘(n + Ml)ff 12 < Celm(“) arg(x) Z mn—i-Re( ) 2e rm(arg(z)+7) |$’7Re(,u)
1 — e2miw — e—2nIm(u)+2rem _ |
Im(p;)<0 meZ>o
(4.5.6)

The series of the right-hand side of (4.5.6) is convergent if

_ e—27rImu+27mm) —k(arg(x)+3)

; L\ ntRe(u)—3 (1 e
ml_lffoo (1 + E) ’ 1 — e—27Imp+27K(m+1)

ie., arg(z) > —2F.
To sum up, the Laurent series in (4.5.1) is convergent if the series of the right-hand side
of (4.5.5) and (4.5.6) are convergent. Therefore, the function g, (c; g, x) is well-defined and

analytic for arg(z) € (—2F, Z). Finally, it is obvious that g, (; ¢, ) satisfies ay(gz) = y()

by direct computation. O

ho(e; q,7) = gnla; q,2) — gn(a; g, ze>™).

Then, we have hy,(a;q,x) = Z L(n + )z .
ll/leAa

The next lemma gives estimates of the functions g, («a; g, z) and hy(a;q, ).

Lemma 4.14. For any fized n, the functions g,(c;q,x) = xtgn(a; q,x) and Bn(a;q,x) =

xthy(a; q,x) are g-periodic functions and bounded as x — oo in any direction d € (757”, 5)

and d € (=73, %), respectively.
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Proof. Both g,(«;¢q,z) and h,(«;q,x) are solutions of equation y(x) = ay(qx). It is easy
to verify that g, and h,, are g-periodic functions, i.e., satisfying §(qz) = §(z). We only need

to prove that g, satisfies |g,(c; ¢, )| < C as  — oo in any direction arg(z) € (=2, Z).

For h,, we change the direction to arg(z) € (—Z 5 5)
For any d € (—2F,Z) and = € [1 id q12 '], we have §j(z) = §j(qx), where gz € [¢*, ; e'd].
Therefore, using the continuity and taking C' = max |9(x)|, we have |g(x)| < C for all
a:E[eid,Eeid]
z = te' with ¢ > 1. O

4.5.2 The connection formula for the critical value ¢y = 7

In this section, we will present the connection formula between F'(«; q, 70, ) and G(«; ¢, x).

We first introduce a lemma that will be used later.
log

Define e(q;z) = e 2ma¢ . One can get that both e(¢;z) and 6(q;x) satisfy equation
ry(qr) = y(x). Let ¢* = e 2™ and * = 2~ . From [14, p. 498, (10.4.2)] and [98, p. 12,
(4.2)], we have

[
Sk

0(q; ™) = VK e(q; ™ x)0(q*; ez, (4.5.7)
and from [98, p. 12, Lemma 4.1|, we have
0(¢; —¢"z) —ulu-1)/2( imy - (€ —emiha)
= e _— 4.5.8
0(g;—x) () 0(q*; —z*) (4.58)

Define (¢*,¢'™"; @)oo = (¢"; @)oo (¢' ;@) oo. We have the following lemma.

Lemma 4.15. Let p € C\ Z. For arg(t) € (0,2m), the following relation holds :

0(q; —%) _ (qﬂ 1- ,q ~ Z Z n q" n+1)/2tn+,u+ml (4 ; 9)
(%; Qoo )oo =i (e — e2mi(ptinl))
Proof. Let z = 1. Since arg(t) € (0,2n), we have arg(z) € (—2m,0). Then
‘:L'*’ _ enarg(z) e (672571" 1) _ (q*, 1)
From [14, p. 502, (10.5.3)] : for |g| < 1 and |ba™1| < 1,
3 (@) 1 _ (425 9)o0(a/a; 4)oo(d; 4)oo (/a3 ¢)
= (b:q) (23 @)oo (b/ax; 4) oo (b5 @)oo (/a3 @)oo
Letting ¢ = ¢*, x = z*, a = €™ and b = ¢*e*™* yields that
O(a*: — 2L ok *, _ 2w *1
(@ —e™a) _ blgs e ™) R (4.5.10)
0(q*; —a*) (¢ q)% 1 — e2ming!

leZ
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From (4.5.8) and (4.5.10), we have

e(q; _qﬂx) — qf,u(,ufl)/Z(e?ﬁr)ﬁue(q*; _627rw) ‘,E*l' )
0(¢; —) (0%, 0% & 1 - exming!

By using (4.5.7) to 8(q*; —e*™) and (¢*; ¢")oo = #em/m(q; q) oo, it yields that

K

(¢ —¢"=) _K(a", 4" " @)oo q a~(ptinl)
= (7; Q)oo Z
1

(7;0)00 (€ Q)00 z leZ 1 — e2mi(ptinl)
_/ﬁ?(q/i7 qlf,u; Q)oo Z (_1)nqn(n+1)/2xfn Z o (utirl)
(9 (¢ O)n 1= czmiGutind)’

n>0 leZ

the series in the right-hand side is normally convergent on any compact of {z|arg(z) €
(=2m,0)} (|z*| < 1). The proof is completed by replacing z with 1. O

Theorem 4.8. Let o ¢ ¢ and o be as in (4.4.9). The following relation holds for any
z € C* with arg(z) € (=5F,Z) :
n, n(n+1)/2

Fla; q,70,7) = Glas ¢, ) + (45 @)oo n%;) (¢ @)n

—n

gn(a;q, )

Proof. By Jacobi triple product formula (4.3.14), we obtain that 0(—%) = 0(—%). From
equations (4.3.4), (4.3.12) and (4.4.8), letting d = 7, we have

F(a;q,'yow):G(a;q,fc)—/o (€

for arg(z) € (—2F,2).
Assuming that |a| < 1, then we obtain Re(u) > 0. From «a ¢ ¢%, we have p + ikl ¢ Z.

By using Equation (4.5.9), Lebesgue’s dominated convergence Theorem and

> —tyn+ptikl de .

e thTH TZF(n—i-u—i-ml),

0

we obtain the equation given in the theorem, where g, (a; g, z) is shown in Lemma 4.13. By

applying Remark 4.3 and analytic continuation, the equation in the theorem holds for any
Smom

value of a and arg(z) € (=3, 5). O

Then, we obtain the asymptotic form of solution at zero for the critical value ¢y = vg.
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Theorem 4.9. Let o ¢ ¢%, and let vy be as in (4.4.9).
(2) If |a| < q, then

1
F ; = -1 -1
(Oé, q,70, CL’) 1— qufl r -+ O(JZ )
as x — 0o in any direction arg(x) € (=5, 7).
(id) If |a| > g, then
‘ iR( Qoo . u L
F(asq,70,7) = _790(0&,%:6)1‘ +o(x™H)
(¢ @)oo

as x — o0 in any direction arg(x) € (-3, %), where go(a;q,x) is a bounded q-periodic
function shown in Lemma 4.14 with n = 0.
(#i1) If |o| = q, then

1 1 k()0 _ 1
F(o;q,70,7) = g1 go(asq,x)x™ " +o(x™")
1—aq™! (¢: 9)oo
as x — 0o in any direction arg(x) € (=5, 5).

Proof. In order to study the asymptotic behavior of F(«;q,co,x), we distinguish three
cases :
(i) If |o] < g, then —Re(p) = —In|a|/Ing < —1. From Theorem 4.8, we have

—(n+1) (n+1)(n+2)/2n|
Fla;q,v0,2) = o '[—— + E a a "7+ O(z~ Re(w+
(5070, ) o = (@ 1¢;q)ns1 ( )
= i 14 0@ + Oz Rel )]

as x — oo in any direction arg(z) € (=5, 7).
(ii) If |a| > g, then Re(p) — 1 < 0. From Lemma 4.14 and Theorem 4.8, we get

k(5 q) oo _ B ()
F(a;q,70,7) = ((qq)q)go(oé; g, x) +a [0z + O(zReW 1]
as £ — 00 in any direction arg(z) € (=3, 5).

(iii) If |a| = g, then we assume that p =1+ ﬁl—“q (a ¢ 2rZ). From Theorem 4.8, we have

_ _IZL‘_I [1 + O(:L‘_l)] + L(a; q)‘x’gg(a; q,z)x [1 + O(:L‘_l)]

F(a;q,70,2) =
( ) 1 —-aq (¢ @)oo

as x — oo in any direction arg(x) € (=5, 7). O
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4.5.3 Concluding results for general ¢,

From the above analysis, we draw conclusions about the connection formula and asymp-
totic behaviors in the general case.

Corollary 4.3. Let o ¢ ¢*. The following relation holds for any cy € C* and x € C* with
arg(z) € (=5, 5) :

ZH a: q n nn+1)/ cn — 3
F(a;q, co, ) = Gla; ¢, @) G D OOZ [gn (0 @, 2)+ L0 by (0 g, )]
n>0

2mi
Proof. The proof is completed, by using Theorem 4.8,

F(a;q,c0,2) = F(a; 4,70, %) + (co — v0) Fola; ¢, ),

and the connection formula

n q" (n+1)/2
Fo(es g, LGS Z hon(c;q, z)x™"
>0

for arg(x) € (=73, 5) in [98, p. 6, Theorem 1.2|. O
Therefore, we obtain the asymptotic form at oo of solutions around zero.

Theorem 4.10. Let a ¢ ¢”.

(1) If |a| < g, then
-1
Flosg,0,0) = 7= +ola ™)

as x — 0o in any direction arg(x) € (=5, F).
(ii) If |a| > q, then

iK(05 @)oo

€0 — 707 _ _
ho(a; g, z))z " + o(x™"
(4 90)oo ol ) =)

211

F(a;q,c0,7) = (90(a;q,2) +

as x — oo in any direction arg(r) € (=73, %), where go(a; q,x) and ﬁo(a;q,aj) are bounded

(=%,%), as shown in Lemma 4.14 (n = 0).

q-period functions in any direction arg(z) € (=5, 5

(1it) If || = q, then
at ir(a; Q) oo
l—agt (9

N Co — 703 — —
F(osq,c0,2) = (9o q, ) + 2m.7 ho(o; g, @)z + o(z™)

as x — 0o in any direction arg(x) € (=3, 7).



4.6. SUMMARY OF THIS CHAPTER 79

Proof. Similar to the proof of Theorem 4.9, it can be easily obtained by using the above
corollary. O
As mentioned in the Introduction, Lim obtained the asymptotic boundaries for all so-
lutions of Equation (1.1.2). We now compare the asymptotic form obtained in this chapter
with the results in [60]. In this chapter, the non-homogeneous term g(z) = 1 has a sin-
gularity at 0, which is defined on (0,00), does not satisfy the condition in [60] that g is
defined on [0,00), but it satisfies other conditions such as ¢ = O(z~!) and ¢ = O(x~?)
(equivalent to the case where o = —1 in [60]). Recall Lim’s results in [60, Theorem 1| (let’s
make o = —1 for comparison) :
Let b < 0. Assume that ¢’ exists. Let g(z) = O(z~!) and ¢'(x) = O(x~2). Then :
(i) If Inlb/al 1 every solution of (1.1.2) is O(x%) as T — 00.

Ing
In |b/a|

(ii) If % = —1, every solution of O(x ¢ Inz) as x — oo.

(iii) If % < —1, every solution of (1.1.2) is O(z~!) as x — oo.

From the tranform shown in the Introduction, we know that a = —7. Therefore, the
_In ||

above case (i) is equivalent to : if |a| > ¢, every solution of (1.1.2) is O(x ™~ Tna
which is consistent with the case (ii) in Theorem 4.10 (because hfﬂ'j‘

solution is O(z~ReW)) as 2 — 00). The above case (iii) is equivalent to : if |a| < ¢, every

) as T — 00,

= Re(p) and every

solution of (1.1.2) is O(z~!) as 2 — oo, which is also consistent with the case (i) in Theorem
4.10.

4.6 Summary of this chapter

This chapter studies the asymptotic properties of the analytic solutions of the correspon-
ding equation at the origin and infinity when the non-homogeneous term has a singularity
at zero. Using the Laplace transform, we obtain two types of Laplace integral solutions and
establish the relationship formula between them. Using the idea of equation perturbation,
we derive the relationship between the series solutions and the Laplace integral solutions.
With the relationship between the two Laplace integral solutions as a bridge, we establish
the connection formula between the solution at zero and the solution at infinity based on
the earlier relationship formula, thereby obtaining the asymptotic form of the solution at
zero. Based on the conclusion about the asymptotic form, we conclude that for small |a/],
Equation (4.1.1) has a form similar to ordinary differential equations. On the other hand,
for large |a|, the g-difference operator plays a more important role than the differential
operator.
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Properties of solutions when the
non-homogeneous term has a
singularity at non-zero constant

5.1 Introduction

If y(z) is an analytic solution of

1
"(z) = - 5.1.1
y(@) = aylgr) —y(@) + ——. (5.1.1)
then, by taking (m — 1)-th derivative of the equation, one obtains that z(x) = yﬁ:igf) is

a solution of 2/(z) = o/2(qx) — z(x) + W with o/ = ag™~!. Hence, we only need to
consider equation (5.1.1). We mainly investigate (5.1.1) in a special case where ¢ = 1,
1
/
e — —_— 5.1.2
y(@) = aylgr) —y(z) + (5.1.2)

For the case of general ¢, we divide the discussion into two cases based on its value.

(i) If Re(c) > 0. We can get similar results to the solutions of (5.1.2), except that the
expression and asymptotic behaviors of solutions are both related to c.

(ii) If Re(c) < 0. From the previous analysis and change of variables, without loss of
generality, we only need to study the following equation

1
y'(2) = ay(gzr) — y(z) + 11— (5.1.3)

the asymptotic behaviors will be discussed at the end for general c. In the last section of
this chapter, we will discuss the properties of solutions to the Equation (5.1.1) when c¢ is a
general value. We first introduce the formulas and lemmas that will be used later.
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According to reference [14, P490 Corollary 10.2.2 (c)-(d)], we have

N [e'e)
S0 oo §

k=0

= (5.1.4)

N+k—1] . 1
q

(¢ Dn

N
where [k]q T (@GOG D

is called the g-binomial coefficient.

Lemma 5.1. Let k € N and integer m € [0,k|. The following equation

(@5 Y _ 3 (ag” D)@ ™ g)n
(agq™; (4 9)n

(5.1.5)

-1
3 q )k+1 >0

holds for any |o| < ¢**1.

Proof. We will prove the equality holds by induction. If £ = 0, then m = 0, equality
(5.1.5) becomes ﬁll

(5.1. 5) holds for k, then for £+ 1, the left-hand side of (5.1.5) is equivalent to M :

= > solag™)™ for |a] < g, which is obviously true. If equality

— 1 which can be viewed as the product of two series
1—aq—(k+2)7

Z (qu_(k+1))n(qk—m+1SQ)n .Z(aq—(k—i&))n _ Z —(k+2) nzn: ¢ (gF—mHL, Q)z‘
n>0 (q; Q)n n>0 n>0 =0 Z
Letting b=1and ¥ =k —m + 1 in [34, p. 379 (10.97)], we have
Zq ") (@)
(GDn
it can also be proved by induction. Therefore, Equation (5.1.5) holds for & 4 1. U

5.2 Solutions expressed by power series at zero and infinity

In this section, we obtain the solutions of Equation (5.1.2), which can be expressed by
power series at 0 and oo, and study the analytic continuation properties of these solutions.
5.2.1 Power series solutions at zero

By letting 14%:5 = ano(_x)n (|z| < 1) and assuming y = >, < a,2", we have

Y et = 3 (ag" = Dag-ia" 4 3 ()

n>1 n>1 n>1
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n—1

Compraing the coefficients of 2"~ !, one get a, = — 1_ag an—1 + % (n > 1). Define

— agk: _
a g, T ZZ (k 1)'( q 7Q)n kxn‘ (521)

n!
n>1 k=1

Let D(0,1) be an open disk centered at 0 and with radius 1. One can find the following
result.

Theorem 5.1. Let Fy and Fy be defined as in (1.3.5) and (5.2.1). Given a constant ¢y € C,
the function
F(a;q,c0,2) = coFy(a;q,2) + Fi(o; g, x) (5.2.2)

is the unique series solution analytic in D(0,1) of Equation (5.1.2) with y(0) = ¢o. Fur-
thermore, the series Fy is an entire function, the radius of convergence of Fy is 1.

Proof. It is obvious that Fj is an entire function. Since (aqk i @)n—k is bounded, the radius
of convergence of F is at least 1. We suppose that the radius is R, then Fij(«;q,qx) is
analytic on |z| < %. Then Fi(«a;q, )— alFi(a;q,qr) + Fi(a; ¢, x) is analytic on |z| < R. If
R > 1, then y'(z) — ay(qw) +y(r) = 15
contradicts the fact that 17— has a singularity at 2 = —1. Hence R = 1. According to [98]
we obtain that F'(a;q,co,x ) is a unique solution of (5.1.2) with y(0) = ¢p on D(0,1). O

would have no singularity for any |z| < R, which

Remark 5.1. Notice that IT'): = > nso(=2)" € C{z}. According to Corollary 5.2, we
obtain that : solutions of Equation (5.1.3) satisfy y € C{x}. From Theorem 5.1, we have

F(a;q,co,x) € C{z}, it is consistent with the result in Corollary 3.2.

5.2.2 Power series solutions at infinity

Next, we look for solutions of Equation (5.1.2), which can be expressed by power series at
—n—1

infinity. Let 1+x = i'lil = ano(—l)”af”’l (|z] >1). By assuming y = > < ant

and substituting it into Equation (5.1.2), we have Y, -, (=n)an 127" = 3 (g "1 =

n—1

Dapz™ " 143, < o(—=1)"27 1. Comparing the coefficients of ="' in the above equation,

we get the expression for all a,, (n > 0).

Theorem 5.2. Let o ¢ q%>°. Then the function

)Fnl( aq 1;q‘ ) Jp—
G(asq,x ZZ k‘ = gl (5.2.3)

7>0 k=0 +1

is the unique analytic solution of (5.1.2) in |x| > q vanishing at infinity. Furthermore, the
following relation holds :

. 1
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_ -1 k —1.,—1
Proof. From G(0:4,%) = Y150 tagrgryy Lo Ukt ", where uy, = (SO0
—k
We have !qu 1} = ‘kol;q | > 1 for sufficient large k and n. Then

n+1 e
Glasg,a)l <O g =y lal ™"
n>0

The above series is convergent for |z| > ¢, then G is analytic on |z| > q.

—L it can be proved by direct calculation. O

For lim, o0 - G(ov; ¢, ) = o

Remark 5.2. By using the uniform convergence theorem, we can see that F(a; q, co, x) and
G(w; q, ) are respectively analytic for (a,z) € Cx D(0,1) and for all (a,z) € Cx {|z| > ¢}
such that ag™" # 1 for any k € Zwy.

Remark 5.3. The series solution G(c;q,x) € C{z™1}, it is consistent with the result in
Corollary 3.4.

5.2.3 Analytic continuation of solutions at zero and infinity

The following two theorems show the analytic continuation properties of the solutions
represented by power series at zero and infinity, respectively.

Theorem 5.3. The function Fy given by (5.2.1) satisfies Equation (5.1.2) with y(0) = 0,
which can be analytically extended to C\ (—oo, —1|, and with the following property : Given
any integer n > 0, there exists a function y,(x) analytic in |x| < ¢ such that

Fi(o;q,2) = yn(x) + Z Ap(x)log(1 4 ¢*x), (5.2.4)
k=0

where
iG=1)

k .
k (17477 (1igkayg
= ——————————€ .
Z(q;q)j ; j

= (¢ D—j

Proof. We prove formula (5.2.4) by induction on n. Let = ¢ (—oo, —1]. By Theorem 5.1
and taking F} = u(z)e”" into the equation, we get u/(z)e™" — au(qr)e™ % = 1+w Then
u(x) = fox %dt + a fox e'Fi(a; q, qt)dt. The function defined by the power series solution

Fi(a;q, ) satisfies

x t T
Fi(o;q,x) = ex/ C + ae‘r/ e'Fi(a; q, qt)dt. (5.2.5)
o 1+t 0
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(14£)™

Notice that e’ = e™!-e!tt =¢e71. 37 - =0i— we have
T et
/0 T tdt = —e llog(1+z) + go(z), (5.2.6)

where go(x) is an entire function. Hence, formula (5.2.4) is true for n = 0, where

T

yo(x) = go(x)e " + ae“”/ e'Fi(a; q, qt)dt
0

is an analytic function in |x| < ¢!
Supposing that assertion (5.2.4) is true for some n and substituting (5.2.4) and (5.2.6)

into the right-hand side of (5.2.5), we have

Fi(aig,z) =" log(1+ ) + ¢ “go(a) + ac™ | ety (at)ie
0

T n
+ ae‘x/ e’ Z Ap(qt)log(1 + ¢ t)de.
0 k=0
In the following, we will take the terms that contain log(1 + ¢*z) out of the last integral of
the above equation. Since

z n
/ et Z Ag(qt)log(1 + ¢"1t)dt
0

k=0

k Co _ Rl
—1)igiG—1)/2—(+g"t)g™’

:/ PO Y q(q' Q)'(qe' Q)k—j log(1 +¢"*0)dt

. s 4)9\Ys -7

n+1 k—1 Poa(i
—1)gil—1)/2 z _
q(. q))(g e 1/0 e~ (1"t log(1 +qkt)dt7
) J 9 —J]—

where the last integral [ e~ H(1=d" Nt 150(1 4 ¢k4)dt is equal to

efq_jJr(lqu_j):): x qkefq_jJr(lqu_j)t
—— log(1 4 ¢"z) + /
1 —gh=d o (

- dt
= F )+

—k

— log(1+ ¢*z) + gi(x), (g(w) is an entire

ke—a I +(1—qF It . a
x gFe . e
and [ (=g At can be written as

function), one obtains that F(«a;q,x) =

n+1

e~ log(1 4 ) + e go(z) + ae_x/ e'yn(gt)dt + 3 A1 (2)gk(w)
0

h= (5.2.7)

n+l k-1 (_1)jqj(j;1) [e(l—i-q’“m)q_j — e—(l—l—qkm)q_k]

k
(:9)5(¢5 Q) r—;j log(1 + ¢ ).
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From the first equation of (5.1.4), it follows that

k—1 . J(J 1) _
1)’q (=D q

— ( GOk—; (GO

k(k—1)
2

<.

Substituting it into (5.2.7), we have y(z) = ynt1(z) + Zm—l k(2)log(1 — ¢*z), where
Yn+1(x) is an analytic function on |z| < ¢7" 2. -

Theorem 5.4. Let G(«a;q,x) be as in (5.2.3), then it can be analytically extended to C*\
{—q,—q¢* —q>,---}. In other words, there is a function g,(z) analytic in neighborhood of
x = —q" (n > 1) and polynomial P,(x) such that

G(a;q,7) = Py(x) + gn(x), (5.2.8)
where )
n
1) 1 k
P,(x n .
n( ) Zl (q Q)n k (x+qn)
Proof. We will prove (5.2.8) by induction. The equation
(@) = aylan) — (@) +
Y = aylq Y 1tz
. 3 1
can be written as y(z) = ;[y'(7) + () — ;L ], then
q
Glagq, ) = [G/a , + Gl q, ], 5.2.9
(o q,7) = (q)(qq)Hq (5.2.9)
which is analytic on |z| > ¢. Then G(a;q,2) = -2 - x_l_q + g1(x) with g1 (z) analytic near
x = —q. Hence, the assertion holds for n = 1. Suppose, Equation (5.2.8) holds for some
n>1,ie., G(a;q,x) = Py(z)+ gn(z) as above, g,(x) is an analytic function near z = —¢".
Substituting formula (5.2.8) into (5.2.9), we obtain G(«; ¢, z) = [P’( )+ Pn(0)]+gn+1(2),
where gn41(x) = [gn( ) +9n(§) — 75, is an analytic functlon near r = — ”H . We only

need to prove that L [P’ (3) + P (%)] = Pns1(z). From the expression of Pn(m), it yields
that

1, , x q\n " m—1 k(k+1) 1
SR+ R =) [; o o), O

" n — ]. k41 k(k—1) k—1 1
-1 k—1)! —_—
+;[,€_1L< 1L
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where the notation [n ] is shown in Section 5.1. By replacing k in the last series of the
q

above equation with k£ + 1, and combining the sum of k£ on the right of the equation from
1 to n — 1, the right-hand side of the above formula becomes

n-1 n(n+1)

q\n+1 m kgl 1 g1 (=D)"nlg 2 ginpr 1
(a) ; k q( ) q (x+qn+1)k+1 +(a) (x_l_qn-‘rl)n-l-l (Oz) x+qn+1'
By calculation, the above equation is equal to
B I
o k- 1lq 4 (x4 gtk
Then é[P,’L(g) + Pn(%)] = P,4+1(x), which accomplishes the proof. O

5.3 Two approaches to obtain the integral-sum function

In this section, we propose two ways to obtain a solution which is expressed by the
sum of integral. The first way : we apply the idea of equations’ perturbation to obtain the
integral-sum solution. The second way : we look for the formal series solution, and calculate
its corresponding Borel-sum by using the method of Borel summation for divergent series.
The Borel-sum solution has the same form as that of the integral-sum solution.

5.3.1 First approach by perturbation

Let a be a parameter that is close to 0. If & = 0, then Equation (5.1.2) becomes

1
1+’

y'(z) = —y(z) + (5.3.1)
it has the same form as Euler equation y'(z) = —y(z) + 1. Let S(a,b) be as in (1.3.1).

—n—1

Notice that Euler has a formal series solution ) ., nlz , whose Borel-sum E(m) is an

analytic function defined on S(—%, 25), and E(z) consists of the analytical continuation of

‘ 27 2
all functions foooeld §—dt with integral directions d € (—m, 7). Then Equation (5.3.1) has a

divergent series solution Y -, n!(1+2) " 1. one can get that the divergent series is Borel-
summable (see [67, p. 175 Definition 1.3.1.2]). Let Si(a,b) be as in (1.3.1). Similar to the
Borel-summation for the Euler series, Equation (5.3.1) has a Borel-sum solution E(x+1),
which is defined on Si(—%, 21).

If we view Equation (5.1.2) as the perturbation of Equation (5.3.1) and expanded the
solution of (5.1.2) into >, < yn(z)a™, then

—xt

Yn+1(2) + Ynt1(2) = ynlgz), n > 0. (5.3.2)
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Lemma 5.2. Let S!(a,b) be as in (1.3.1). There is a family of funtions {I,(z)}n>0 defined
on SL(—%,5F) that satisfy the system (5.3.2).

Proof. Let Si(a,b) be as in (1.3.1). Choose yo(z) = foooe_m efil_tz)tdt as a solution of
(5.3.1) which is defined on S1(%, 3T). Let y,41 = e 2, we get z = e, ey (qty)dt,, where
lr = {t +i-Tm(z)|t € (—00,Re(x)]}. Therefore, yny1 = e "z = [, e "Hry,(gt,)dtn.

Forn=0:
ooe i —(qto+1)t ooe i —(qz+1)t
/ / et & T dtdtg = / .
1—t 0 (1 —=1¢)(1—qt)
Forn=1:
coe ™17 —(¢*t1+1)t ocoe~ 1™ —(q?z+1)t
[ e : L
¢ Jo (1—1)(1 —qt) 0 (1=t)(1 —qt)(1 - q%)
. . —im —(q"z+1)
By induction, we have y,(z) = [;~° = t)'fl qqt)+(1t o dt for n > 0.
Let S!(a,b) be as in (1.3.1). Each function Yn is well-defined on the domain S} (%, 2I).
Replacing the integral path [0, coe ™) by [0, ccel?), where d € (—27,0), we obtain
ooel ,—(q"a+1)t
19 (z) = / £ (5.3.3)
0 (t; @nt1
FIGURE 5.1 — Domain of analyticity of L[Ld}(x)
Let
Ve=8(—d— I —d+ 1), (5.3.4)

2 2
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we will prove the analyticity of the function Iy[Ld] in any compact subset of V.¢. By writing
t = re'?, one can get that, in any compact subset Vg,
‘e—(q"z-l—l)t’ eRel—(q"z+1)t} B e—[Re(q”x—f—l)cosd—Im(q"z-{—l)sind}r _ e—€nT
(t; @)nt1 [sin(d)]" [sin(d)]" ~ [sin(d)]"’

where €, = mingex {Re(¢"z + 1) cos(d) — Im(¢"x + 1) sin(d)} > 0. Since €, — cos(d) as

/
—€er

n — 0o, we have €, > ¢ > 0. Then ‘Iild](:n)‘ < 0+°° [Si‘;l(wdr = W Then I[ ]( ) is
analytic on V¢ for every fixed d € (—2m,0). By analytic continuation, gluing all functions
7 (z) yields a function defined on the domain S!(—Z, 2F), denoted by I,(z). O

Theorem 5.5. Let |a] < 1 and let Si(—m,m) be as in (1.3.1). There are two analytic
functions Ty and Ty on Si(—m,m), such that :

(i) They are both solutions of Equation (5.1.2).

(ii) To(a;q,2) — Ti(a;q,2) = (n2 — m)Fo(a; q,x), where Fy is given in (1.3.5), and
where n1 and 19 are two constants defined as follows :

ooeldl - ocoeld2 -
e kz>0 / (t:@)rr1 d, = ,;0 / (t; Drt1 e " (5.3.5)
with dy € (0, %) and dy € (=7%,0).
(iii) For x € S1(—3, %),
M n -j
To(a;q,2) — Ti(a; q,x) = 2#@2 Z n_je —(g"z+ D)™ (5.3.6)

Proof. From the perturbation of equation, }, an 1l (x) satisfies Equation (5.1.2), then
we study the analycity of 3 -, an 1 (z). Let V¥ be as in (5.3.4). If d € (—%,0) U (0, %),
one can see from Figure 5.1 that V¢ c V& C ---c V& C--- and Mo Vd=Vd Butifde

(Z,37), then ,,5 V¢ will be empty, and we can not prove the analyticity of 3, <, an 1 ()
for all n. Therefore, for sufficiently small € > 0, we choose di = § — ¢ 67(0, 5) and
dy = -5 +e€ (—%,0). Let Si(a,b) and S}(a,b) be as in (1.3.1). Define T} (a; ¢, =) and
T5(a; q, ) as two functions analytic for z € S1(—7m+¢,€) and x € S1(—€, ™ —€) respectively,
which can be seen as the analytic continuation of ), -, \a|”Ir[Ld1] and Y, < |a|”IT[Ld2}.
From the previous definition, we first consider the analyticity of T} on S1(—7 + €,¢€),
so we only need to prove the analyticity of > -, \oz|”[ [da] (the function T admits the
same result). For d; € (0,7), we have V le <. Cc V& C -... From the proof

of Lemma 5.2, we have ‘ano a”I [da] ( )| < Yo (

) L. For |a| < 1, there exists a
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sufficiently small € > 0, such that |a| < cos(e), the previous series is normally convergent
in K. Therefore, the function 77 is defined and analytic on Si(—m + €, ¢€). Similarly, the
function 75 is defined and analytic on S1(—€, 7 — €).

Notice that 77 and T, are well-defined at = = 0. Let 1, and 72 be as in (5.3.5). From
Theorem 5.1, we obtain that 77 and T, can be analytically extended to C\ (—oo, —1], such
that T1(a;q,0) = m1 and Ta(a; q,0) = 12, respectively.

Let L be an anti-clockwise smooth curve whose interior contains {q*j } for 0 < j <n.

Since
—(q"z+1)t
Tr(oy T ( dt
Q(Qaq’ ) 1 a;q, T r;) / t: q 1 _tq])(tq]-l,-l Q) n—j )
Equation (5.3.6) can be proved by the Residue theorem. O

Remark 5.4. We will only consider the function T1 in the following, the function T also
admits the result.

5.3.2 Another approach by Borel summation

This section will propose another way to obtain the integral-sum function, i.e., by
applying the summation method of Borel-Laplace to the formal series solution of Equa-
tion (5.1.2). We first look for the formal series solution with singularities. Since the non-

homogeneous term 14%90 has a singularity at x = —1 and the action of opertator y(gz) in
(5.1.2), we obtain that the solution may contain an infinite number of singularities like
—q ', —q72,---. Assume that the solution of Equation (5.1.2) contains the terms 1+%”Ct
(n € N). Together with the action of operator y'(z) in Equation (5.1.2), the terms -
become W (m,n € N). Therefore, we assume that the formal series
i) = 3 (3 ()
n>0 m>0 (1 + q .T)
We have the following result.
Proposition 5.1. Fquation (5.1.2) has a formal series solution §(x Zyn , where
n>0
=3 m!(¢"™ " q)n
" (1 +q"2)™(g; q)n

m>0

for every fized n, the Borel-sum of g, (x) is Ir[Ld] (x), which has the same form as that of the
integral-sum solution shown in Theorem 5.5.
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Proof. To simply notations, in the following we shall denotevthe successive Z Z by
n>0m>0
Z . By putting ¢(x) into Equation (5.1.2), we get
n>0,m>0

_ Z (m + 1)ann,m — Z An,m _ Z An,m + 1
(1 + qn$)m+2 (1 + qn—&-lx)m—&-l (1 + q”x)m'H 1+ .23.

n>0,m>0 n>0,m>0 n>0,m>0

Then
Agp =1, Ao = mAgm—1 =m!,

An,(] = aAn—l,O = an’ An,m = OéAn—l,m + mann,m—l-

Therefore, Ay, = m!a”%, and g(z) is a formal sries solution of (5.1.2).

For every fixed n, we will derive the borel-sum of ¢, (z). From the second equation of
(5.1.4), we have

Z(Qmﬂ;Q)ntm:Z[m%-n}tm: 1 .
(4 9)n sotom e (t Dt

m2>0
Then for every fixed n, the Borel-sum of g, (x) with respect to g = ¢"z + 1 is equal to
ooe'd e—(q"z+1)t

ooetd m+1.
emrot 5 D gy /  dt=19),
/0 Z 'Q) 0 ( )

m>0 (q7 n (t7Q)n+1

where I (x) is defined as in (5.3.3). O

5.4 Asymptotic behavior of the series solution with initial
condition

In this section, we first study the asymptotic behaviors of the integral-sum function
T (a;q,2) (or Ta(asq,2)) as  — oo. Then, we establish the relationship between the
power series F'(«;q, co, ) and the integral-sum function T'(«; g, x). Finally, we investigate
the asymptotic behaviors of F'(«; ¢, ¢, z) at infinity according to the asymptotic properties
and relation formulas obtained above.

5.4.1 Asymptotic behaviors of integral-sum functions

Before analyzing the asymptotic behaviors of T7 and T3, we first introduce the following
lemma, which shows the asymptotic expansion of the function I,, for every fixed n (see
reference [16, P. 70| for the definition).
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Lemma 5.3. Let Si(a,b) be as in (1.3.1). Consider the family of analytic functions {I,(x) }n>0
mentioned in Section 5.3.1. Then for every relatively-compact subsector S &€ Si(—m, ),

there exists C's > 0, such that the following Gevrey asymptotic expansion

s (@™ ) 1
I,(x) = @ . e +rp m(x) (5.4.1)

m=0
holds for any n, M € N and any x € S, where

MHL 1

(—q
M+ —
( + ) |qnx+1|M+2

T'n,M\T <
S (05T g),
Proof. We will follow the similar steps to the proof of [16, p. 79, Theorem 22|. Let S

be any relatively-compact subsector Si(—m, 7). Then there exist 0 < e < m, such that
SeSi(—rm+em—e¢). Letdi =5 —§,do=—5 + 5, and let

Dy ={w € C\{~1}arg(s +1) € [-d1 — 2 + £, ~dy + = — 5]}

={z e C\ {~1}|arg(z +1) € [~ +,0},

Dy ={z € C\ {~1}|arg(z +1) € [d2—§—|— —d2+§—§]}

={z e C\ {-1}|arg(z +1) € [0, — €] }.
Since S1(—m + €,m —€) C D1 U Do, we have S C Dy U Ds. Let X = ¢"x + 1, we only need

id —
to prove that I[ 1]( ) = Oooe ' %dt has the same asymptotic expansion as (5.4.1),
the other directions follow the same process. From the second equation of (5.1.4), one can

obtain that

M m+1
Z + f'n,M(t)7
n—i—l m—0 n
where the function u
1 m+1.
P (t) = "5 @y, (5.4.2)

(tQns1 = (G
Then we will simplify 7y, 7(t). From the first equation of (5.1.4), we have

M k(k+1) k(k+1)
0o _ 55 UG 2§ OO T 1)
o (@ o A Yk (GG O 1 tgF

Substituting the above equation into (5.4.2) and using

1 n (71>qu(k2+1> )

GOt = (@GOG Dk 1—tg"
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we have
k(k+1) k(k+1)
o= L ~ (DR 1 ()M N (DR (tgh)MH
n, - = .
G Dnrr ZA(GO(G Dk 11k = GOG Dok 1 —tg"
Th f _m € N (*qM+1§Q)n M+1
en, for di = § — §, we have Re(t) > 0, and |7, 2/ ()] < WM .
id
From [;~° me—Xtqt = <=+, we have
idy, M M
/"Oe N @D X gy > ml(@" ! @)
o = (@ 2= X g5 q)n

id i[d] +arg(X)] ¢ t
Define rpr(z) = [7°° " (t)eXtdt. Then 7, pr(x) = o e %(X)etdt by the

change of variables. By letting t = sell®1+218(X)] (5 ¢ R) and using the estimation of T, (1),

we have
M4+1.
b

— 1 +o0
[T ()] < (—q On / M+ jeos(di+arg(X))s g ¢
0

(@an  [X[MF2
For any « € D1, the integral in the above equation satisfies

+ +
/ oo $M+1ecos(d1+arg(X))st < / o0 sMJrleiﬁst _ (Mz\;‘ ;)!7
0 0 KM

where £ (dependent on Dy ) is a postive constant equal to inf { —cos(d; +arg(X))} = sin(§).
The direction dg follows the same process. Therefore, for every S € Si(—m, ), there is a
positive constant Cs = sin(§) (dependent on S), such that the function I,,(x) has the
Gevrey asymptotic expansion shown in (5.4.1), and

(M +D)1(=¢""q)n 1
(Co)M+2(g5q)p | XM+

70,0 ()] < for any z € S.

O

Lemma 5.4. For any relatively-compact subsector S of C\ [0,—0c0), there is a positive
constant Cg, such that for any couple of integers M and m € [0, M], the function %

has the following expansion :

tm+1 M

= (=DM™EL
T = 2wy ) 543

where M
(1+CS) + "t‘M+2

|Vm7M(t)| S (Cs)m+1

foranyteS.
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Proof. Let S be any relatively-compact subsector of C \ [0, —00). There is a sufficiently
small € > 0, so that S € {t € C*|arg(t) € (-7 +€,m —€)}. Assume that t € S. Let
p=|t|sin(5) and L, = {z € C‘z =t+pe’, 0 € [0,27]} rotating counterwise centered at ¢.

For any fixed n and m € [0, M|, we have
tm+1 (_1)mtm+1 dm 1

(14¢)m+l m! dim 1+t)'

(5.4.4)

For t € S, one can get that 1+t Z]k\/[:o(_t)k + % Substituting it into (5.4.4), we

have M
tm—l—l (_ )k—i—mk[ Kl

—_ = 7t m. M (t),

(1 + t)m+1 I; ml(k —m)! + Vv (t)
where

_1mm+1 m M+1 _1mm+1 _ \M+1 1
() = S (B B [ dz.
m! A\ 1+t 27i L. l1+z (z—t)mt

For z € L, C {z € C|arg(z) € (-7 + §,m — §)}, we have |1 + z[ > sin§ and [z] <
[t|[1 +sin(5)]. Then

e e e
o ~ 2msin§ Jy (|t]sin §)™ (sin §)m+1 '
The proof is completed. ]

Then we obtain the asymptotic behavior of T} (or T%).

Theorem 5.6. Let |a| < ¢M*2 and let S(—m,7) be as in (1.3.1). For every relatively-
compact subsector S € S(—m, ), there exists a constant Dgpar > 0, so that for every
non-negative integer M and x € S,

k —
- Z kkvaq B w1 o 5.4.5
1(a’q’ m . )k+1 . gy S,M(«T)a ( 4. )
—0m=0 i
1
where |Rgs yr(x)] < Dg,r - |z|M+2

Proof. From (1.3.1), we have S(—m,7) C Si(—m, 7). Letting t = }LI in (5.4.3), we obtain
that for any relatively-compact subsector S of S(—, 7), there is a constant C'g = sin(5) > 0,

such that
M *1)k+mk!q_"(k+1) 1

1 (
(o"e + 1)m+L — ’ n,m , 4.
(g"x + 1)m+1 kz;n ml(k —m)! 1+ Vnm (2) (5.4.6)
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where
(1 + CS)MJrqun(MJrQ) 1
(Cs)m+1 ‘:L»|M+2

[Vin,m,m ()] < (5.4.7)

for any n and any = € S.

Similar to Lemma 5.4, for remainder 7, »/(x) in Lemma 5.3, it can be estimated as

(1+CLS)M+1(M+ )( M+1. q)ann(M+2) 1

n < . 5.4.8
|7' ,M(x)| > (CS)M+3(Q; Q)n ]a;\M+2 ( )
for any fixed n and any x € S.
Substituting (5.4.6) and (5.4.8) into (5.4.1), we have
(a;q,x Z a™In(
n>0
(5.4.9)

k-l—m (k—l—l)) (qm-‘rl.q)nk;l 1

_Z Z Z On(k —m)! ’ - g + Ry (),

n>0m=0 k=m

where

M
=3 oy (@) + > a0 Vpmu(x)

n>0 n>0 m=0

) M (14Cg)M+1 (M+2)|n
Since (547> shows ‘$M+2 ZnZO a” Em:O Vn’m’M(ZL‘)l < Zn>0 Zm 0 (L+Cs (Cs)lfryz(il | 5

the last series of the above formula converges as |a| < ¢™*+2. Together with (5.4.8), we have
‘mM"'zRM(m)‘ <

M+1 — n —
(14 )"+ DY(=gMH g)ufag" M+ o~ (14 Cs)MH |ag=(MF2)|n

2 (€)™ (g; 2> (€5

n>0 n>0 m=0

for any x € S. Denote the right-hand side of the above equation by Dg rs. We replace m
by k—m in (5.4.9) and simplify the coefficients of zk% (m € N), the proof is completed by
using Equation (5.1.5). O

Remark 5.5. The functions 17 and T> have asymptotic behavior as shown in formula
(5.4.5), whose first M terms are the same as the first M terms of the expression of the
function G, but formula (5.4.5) holds when both the parameter o and the coefficient Dg pr
are related to M. Therefore, formula (5.4.5) does not belong to Gevrey asymptotic expansion,

which does not contradict the uniqueness of the Gevrey asymptotic expansion.
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5.4.2 The asymptotic behaviors of series solutions

To obtain the asymptotic behavior of the power series solution with the initial condition,
we first study the relationship between the power series F' and the integral-sum function
Ty (or Ts). Let n1,m2 be as in (5.3.5), we have T1(a;q,0) = n1 and T(a;q,0) = 2. From
Theorem 5.1, the function F'(«; g, co, x) satisfies Equation (5.1.2) with y(0) = ¢y. We obtain

F(a;q,co,2) = Ti(a; g, ) + (co — m) Fo(x) (5.4.10)

for any « € S(—m, 7). Similarly, F(«;q,co,x) = To(e; q, ) + (co — n2) Fo(x).
Let u € C be a fixed number such that o = ¢*. There are infinity numbers of p; = pu+ixl
2

(l€Zandk = _H)’ such that ¢" = «. In the following, we introduce a g-periodic function

representing the relationship between F' and T3 (or T%).

Lemma 5.5. For every fixed n, the function

gn(p;q,x) = Z D(n+ p+ic)z™™ n >0 (5.4.11)
lEZ

of the solution of equation : y(qr) = y(x). Furthermore, g, is called a q-periodic function
and bounded as x — oo in any direction arg(x) € (=73, 5).

Proof. Let zg be the parameter in [, %e"d] with d € (=%, %). For every solution of

y(qxr) = y(z), we have y(zg) = y(%xo) = ---. By using the continuity and letting C' =

MAX, ¢ ia 1ia] [gn (43 ¢, T)|, We obtain that [gn(p; g, z)| < C for z = te' with ¢ > 1. O
’q

Theorem 5.7. Let a ¢ ¢”<0. The relation

B —1)rgn(n+1)/2 g, ) _
F(a;q,c0,x) = Ti(a, g, x) + Cor ™" (1) : 9n(159,7) (5.4.12)
= (¢
holds for x € S(—7%, %), where
k(co — M) (e @)oo
Cq = . 5.4.13
27(¢; @)oo (54.13)

Proof. One can complete the proof by using Equation (5.4.10), and the connection formula
in (98, p. 6, formula (1.7)] :
)n n(n+1)/2

o K(Q;Q)oo (_1 q ik ik x—u—iml l n
fo= 27r(q;q)oo§;; (4 9)n %;’H Ua ot 41) )

for a ¢ ¢%<0 and arg(xz) € (—%, ). Together with (5.4.10), the proof is completed. O
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Remark 5.6. Fquation (5.4.12) still holds after replacing T\ with Ty, where

~ kleo —m2)(5q)0
Co = 2m(q; @)oo

From Theorem 5.6 and Theorem 5.7, we obtain the asymptotic behavior of F'(«; g, co, x)

as follows.

Corollary 5.1. Assume that || < ¢*. Then

(i) F(a;q,co,x) = qfia ~x7 +o(x71) as & — oo in any relatively-compact subsector of

S(-5.9).
(i1) F(o;q,co,x) = (0;q)ce™ ™ +0(e7") as  — 0o in any relatively-compact subsector

of S(Z,m) U S(m, 3.
Proof. (i) For x in the right-half plane CT. From ¢* = «, we have

| = | Rel)log el+im(0) arg +ilRe() arg z—Im(u) logl ]| — Im(0) arg || ~Re(s)

(1) If cg # 11,72, then we need to compare the values of —Re(u) and —1. Since |a| < ¢2,
we have —Re(p) = —Inja|/Ing < —1. From (5.4.12) and Theorem 5.6 (M = 0), we obtain

that the function F' has the same 1asymptotic behavior as T1 and 15 for arg(z) € (=75, 5).

Therefore, F(a;q,co,z) = 271 [1—aq*1 —i—O(a:*Re(“)H)} as x — oo in any relaticely-compact
subsector of C*. (2) If ¢y = n1 or ¢y = 12, then C,, = 0. The fucntion F still has the same

asymptotic behavior as 77 and T5.

(ii) For z € C™, according to [98, p. 8, Theorem 2.1], we obtain that Fy(a;q,z) =
(;q@)oce™ + 0(e7™) as * — o0o. One can obtain the result from the analytic region of T}
(or T). O

Consider Equation (5.1.3) : ¢/ (z) = ay(qz)—y(z)+ L. Similar to the analysis in Section
5.2.1 and 5.2.2, the series solutions at 0 and oo of Equation (5.1.3) have a similar form as the
solutions F' and G in Theorem 5.1 and 5.2. Similar to the function T'(ev; ¢, ), an integral-sum
function is obtained, which is an analytic solution of (5.1.3) for arg(z—1) € (0, 27). Finally,
we obtain the asymptotic behavior of the series solution of Equation (5.1.3) with initial
condition (denoted by F'). Assume that |a| < ¢?. Then, for z € C*, we have F(a; q,co,T) =
ai_q -z~ +o(z7!) as z — oo in any relatively-compact subsector of S(—%,0)US(0, Z). For
x € C~ we have F(oz; q,c0,x) = (@;q)0e™ ™ + 0(e™*) as x — oo in any relatively-compact

subsector of S(%, %),



98 Chapitre 5

5.5 The properties of solutions to equation vy'(z) = ay(qzr) —

y(z) + =

In this section, we consider the properties of solutions of Equation (5.1.1) : ¢/(z) =

ay(qx) —y(x) + chr:p’ where ¢ € C*. The non-homogeneous term CJ%:B can be expanded at 0

and oo as follows : Y ~o(=1)"c™ "1z (for x| < |c|) and 2, ~q(—c)"z™" " (for |z] > |c]).
Similar to the analysis process in Section 5.2, the series solutions at 0 and oo of equation

(5.1.1) have similar forms as the solutions F(«;q,cg,x) in Theorem 5.1 and G(«;¢q,x) in
Theorem 5.2, except that the expression and their radius of convergence at 0 and oo are all
related to c. Define

~ (=) k- D) (ad® @k
Filosqae) =Y (=D"( n')(q Dot

n>1k=1

(5.5.1)

and
n

Ao (RO T —
Glasg,em) =) > T R (5.5.2)
n>0 k=0 ’ "

Let D(0, R) be an open disk centered at 0 and with radius R, one get the following results.

Corollary 5.2. Let Fy amd Fy be as in (1.3.5) and (5.5.1). Given a constant ¢y € C, the
function F(a;q,co,c,x) = coFo(a; q,x) + Fl (a; q, ¢, ) is the unique series solution analytic
in D(0,]|c|) of Equation (5.1.1) with y(0) = co. Furthermore, the series Fy is an entire
function, the radius of convergence of F is |c].

Corollary 5.3. Let a ¢ ¢%>°, and let @(a;q, c,x) be as in (5.5.2). Then the function

A~

G(a;q,c,x) is the unique analytic solution of (5.1.1) in |x| > q|c| vanishes at infinity.
Furthermore, the following relation holds : limg,_ oo x - G’(a; q,c, ) =

1
l—ag—1-

From the analysis in the previous section, one can obtain that the asymptotic form of

A

F(a;q,co,c,x) is the same as that of F(«;q,co, ).

Corollary 5.4. Assume that |a| < ¢*. Then

(i) F(o;q,co,c,) = q_ia -z +o(z7) as x — oo in any relatively-compact subector of
S(_%v g)

(ii) F(a;q,co,c,x) = (a5q)ce” " +0(e™") as © — oo in any relatively-compact subector

of S(5,m) U S(m, 2.
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5.6 Summary of this chapter

In this chapter, we study the analytic and asymptotic properties of the solution of the
equation when the non-homogeneous term has a singularity at x = 1. According to the
series form of the non-homogeneous term expanded at zero and infinity, respectively, the
power series solutions at zero and infinity are calculated. By using the method of equation’s
perturbation, the solutions in the form of integral-sum function are obtained. By using the
Borel summation method of divergent series solutions, the solutions of divergent series

L ¢72, --. are summed to obtain the corresponding Borel-sum

with singularities at 1, ¢~
function solution, which is the same form as the integral-sum function, and can be regarded
as another derivation method of the solution of the integral form. The relationship between
the solution at zero and the integral-sum function is established, and then the analytic form
of the solution at zero is obtained. Finally, the results are extended to the case where the

non-homogeneous term has a singularity at x = c.
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Conclusions

In this thesis, we study the existence, uniqueness, analytic, and asymptotic properties of
solutions of non-homogeneous pantograph functional differential equations over the complex
number field by using the theory of analytic functions, Laplace integral, perturbation of
equations, connection formulas of solutions, etc. The main contents and results of the study
are as follows :

(1) The existence and uniqueness of solutions in the Laurent series at zero and infinity
of the equations are studied. For the Laurent series solutions at zero, the non-homogeneous
term is the product of 7 and a series at zero. The value of v can be the following three
cases : zero, a negative integer, and the other cases, which are discussed separately. When ~
equals to zero, it can be classified as the case of a Taylor series, and a solution in the form
of a Taylor series is obtained. When + is a negative integer, the solution of the equation
contains the term log . In the other cases, the solution is the product of z7*! and a series
at zero. They all have the same radius of convergence as the series of the non-homogeneous
term. The solution in the Laurent series at infinity is obtained by taking the form of the
non-homogeneous term as the Laurent series at infinity. For the sake of analyticity, we
assume that the non-homogeneous terms are analytic functions. If the non-homogeneous
term is a rational function, then it can be viewed as a combination of the following three
conditions : (i) the non-homogeneous term is a polynomial ; (ii) the non-homogeneous term is
a fraction with a singularity at the origin ; (iii) the non-homogeneous term is a fraction with
singularities at non-zero constants. When the non-homogeneous term is a polynomial, the
existence and uniqueness of the solution at zero and infinity are studied, and the connection
formula between the solutions at zero and infinity is obtained.

(2) The index theorem corresponding to the non-homogeneous pantograph equation is
studied. The non-homogeneous pantograph equations studied in this thesis belong to a class
of differential ¢-difference equations. According to index theorems of differential g-difference
equations in the literature, the corresponding conclusions of non-homogeneous pantograph
equations are discussed. By calculating the index and exceptional values of the operator
corresponding to the equation, the influence of the non-homogeneous term on solutions
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is obtained. The value of ¢ is divided into two cases : 0 < ¢ < 1 and ¢ > 1. Since the
pantograph equation studied in this thesis considers the case of 0 < g < 1, we use the
index theorem corresponding to 0 < ¢ < 1 to analyze the influence of non-homogeneous
terms on the solutions. For an operator acting on the series expanded at zero, if the formal
power series solution at zero under the action of the operator yields a power series with a
(non-zero) radius of convergence at zero, the solution is a series with a (non-zero) radius of
convergence ; For an operator acting on a series expanded at infinity, if the formal power
series solution at infinity under the action of the operator yields a power series with a (non-
zero) radius of convergence at infinity, the solution is a series with a (non-zero) radius of
convergence at infinity.

(3) The asymptotic properties of the analytic solutions of the equation are studied when
the non-homogeneous term has a singularity at zero. We obtain the solution at zero and
infinity in terms of power series based on the hypothesis that the solution is expressed
by the power series expanded at zero and infinity. By calculating the convergent radius of
the series, the analytic property is analyzed, and the uniqueness of the analytic solution is
proved. According to the Laplace transform, assuming that the solution has the form of a
Laplace integral, it is obtained that the function under the Laplace integral satisfies a class
of g-difference equations. Solving the g-difference equation gives two solutions, and their
corresponding Laplace integral is the solution of the non-homogeneous pantograph equation.
The relationship between the two solutions of the g-difference equation is established using
the special solution of the corresponding homogeneous g-difference equation, Then, the
relationship between their corresponding Laplace product solutions is obtained. Using the
equation’s perturbation, the relationship between the series solution at zero and one of the
Laplace integral solutions is studied. The relationship between the power series solution at
infinity and another Laplace integral solution is obtained from the integral representation
of the gamma function. According to the relation formulas obtained above, the connection
formula between the solution at zero and infinity is established. The asymptotic form of
the solutions with initial conditions is studied by using the connection formula.

(4) The analytical and asymptotic properties of the solutions are studied when the non-
homogeneous term has a singularity at a nonzero constant c. We first consider the case where
the non-homogeneous term has a singularity at 1. By expanding the non-homogeneous term
into a series at zero and infinity, assuming that the solution of the equation has the form of
a power series at infinity, the power series solution at zero and infinity and their radius of
convergence are calculated. Using the idea of the equation’s perturbation, a solution in the
form of an integral-sum function is obtained, and the analytic property is analyzed. Due
to the differential and g¢-difference operators, the equation has a divergent series solution

with singularities at 1, ¢~1, ¢72, - - -, etc. By the Borel summation method of the divergent
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series, the corresponding Borel-sum solution is obtained, which is the same as the solution
of the previous integral-sum form and can be regarded as another method of deriving an
integral-sum function solution. The relationship between the power series solution at zero
and the integral-sum function is established. Then, the asymptotic form of the solution at
zero is obtained from this relationship.

The follow-up research of this thesis can be carried out from the following aspects :

(1) Parameter ¢ > 1 : The equation studied in this thesis considers the case of 0 < ¢ < 1.
When ¢ > 1, the obtained result may not be valid or opposite. For example, for the analytic
proof of solutions, the series converges for 0 < ¢ < 1, but if ¢ > 1 the series will be divergent.
The method of Borel summation for divergent series might be used. In addition, it is difficult
to study the asymptotic form of the solution.

(2) Combine the three cases that rational functions have : the combination of the non-
homogeneous term is a polynomial, the fraction with a singularity at zero and the fraction
with a singularity at a non-zero constant, what effect it has on the analyticity of the solution,
the region of convergence, and the connection formula.

(3) In this thesis, we study the connection formulas between solutions at zero and
infinity in three cases where the non-homogeneous term is a polynomial, a fraction with
a singularity at zero, and a fraction with a singularity at a non-zero constant. For non-
homogeneous terms with more general forms, for example, the connection formula between
the solution of a Laurent series at zero and infinity, as well as the connection formula for the
solution of a non-homogeneous functional differential equation, can be studied in further
detail.
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Abstract.

Functional differential equations are a research hotspot in differential equations, des-
cribing changes related to current, past, and future states. The pantograph equation, also
known as the differential g-difference equation, models wave motion in electrified railway
systems. Due to its wide applications, studying the properties of its solutions is crucial.
However, research on solutions in the complex plane is lacking, and the non-homogeneous
term and g-difference operator complicate asymptotic analysis.

This paper investigates the existence, uniqueness, analyticity, and asymptotic forms of
solutions for non-homogeneous pantograph equations in the complex plane. We analyze
Laurent series solutions at zero and infinity, and explore the influence of rational functions
on these solutions. The operator index theorem is applied to classify solution growth and
verify theoretical consistency.

When the non-homogeneous term has a singularity at zero, we study series solutions at
zero and infinity, using Laplace transforms and Jacobi functions to establish relationships
between integral and power series solutions. For singularities at nonzero constants, we ana-
lyze polynomial-transformed equations, deriving asymptotic forms and verifying solution
uniqueness through initial value conditions.

Overall, this research provides a comprehensive analysis of non-homogeneous panto-
graph equations in the complex plane, addressing key challenges and advancing theoretical
understanding.

Keywords. Functional differential equation ; Laplace transformation ; Pantograph equa-
tion ; Connection fomula ; Asymptotic behaviors; Laurent series.

Résumé.

Les équations différentielles fonctionnelles constituent un sujet de recherche majeur en
analyse différentielle, décrivant les changements liés aux états actuels, passés et futurs.
L’équation du pantographe, également appelée équation différentielle a g-différence, mo-
délise le mouvement des ondes dans les systémes ferroviaires électrifiés. En raison de ses
nombreuses applications, I’étude des propriétés de ses solutions revét une importance cru-
ciale. Cependant, les recherches sur les solutions dans le plan complexe restent limitées, et
le terme non homogeéne ainsi que 'opérateur a g-différence complexifient ’analyse asymp-
totique.

Cet article examine l’existence, 'unicité, ’analyticité et les formes asymptotiques des
solutions des équations du pantographe non homogénes dans le plan complexe. Nous ana-
lysons les solutions sous forme de séries de Laurent en zéro et & I'infini, tout en explorant
I'influence des fonctions rationnelles sur ces solutions. Le théoréme de 'indice des opérateurs
est appliqué pour classifier la croissance des solutions et vérifier la cohérence théorique.

Lorsque le terme non homogéne présente une singularité en zéro, nous étudions les so-



lutions en série en zéro et & 'infini, en utilisant les transformées de Laplace et les fonctions
de Jacobi pour établir des liens entre les solutions intégrales et les solutions en série entiére.
Pour les singularités en des constantes non nulles, nous analysons des équations transfor-
mées par des polyndémes, en dérivant des formes asymptotiques et en vérifiant I'unicité des
solutions via des conditions initiales.

Globalement, cette recherche offre une analyse compléte des équations du pantographe
non homogénes dans le plan complexe, abordant des défis clés et faisant progresser la
compréhension théorique.

Mots clés. Equation différentielle fonctionnelle ; Transformation de Laplace ; Equation
du pantographe ; Formule de connexion ; Comportement asymptotique ; Séries de Laurent.
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