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Abstract

This thesis develops a stochastic realization theory for Generalized Linear Switched Systems
(GLSS), a model class that unifies and extends several classical and modern dynamical system
classes such as Linear Switched Systems, Jump-Markov Models, LPV systems, and piecewise-
linear systems. These models are suitable for capturing the behavior of nonlinear and time-varying
systems through a combination of multiple linear subsystems governed by a switching signal.

The central contribution of the thesis is the formulation of a stochastic realization framework
for GLSS models with inputs and i.i.d. switching. The study begins with a general decomposition
result (Chapter 3), showing that any output process of a GLSS can be uniquely decomposed into
deterministic and stochastic components. This separation enables the reuse of existing deterministic
realization results and sets the stage for a unified treatment of stochastic GLSS realization in
innovation form.

In Chapter 4, the thesis focuses on autonomous GLSS models and provides an algebraic
characterization of minimality and innovation form. It establishes sufficient conditions — in
terms of the rank and observability properties of the system matrices — under which a stochastic
autonomous GLSS admits a minimal representation in innovation form. These results are pivotal in
guaranteeing identifiability and uniqueness up to isomorphism.

Chapter 5 first introduces a covariance-based realization algorithm for GLSS with inputs, which
constructs a minimal stochastic realization in innovation form using only input-output covariance
data. This algorithm addresses key challenges in subspace system identification, including di-
mensionality reduction via nice-selections, minimality in innovation form, and uniqueness up to
isomorphism. Building on this, a complete identification procedure is proposed: it estimates the
required covariances from input-output data, and then applies the realization algorithm. The identi-
fication method is shown to be asymptotically consistent and computationally efficient. Finally, a
gradient-based refinement step is introduced to enhance the accuracy of the estimated parameters.

The thesis concludes by summarizing these contributions and outlining several future directions,
including generalizations to non-i.i.d. switching and time series applications.
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Résumé de la thèse

Cette thèse développe une théorie de la réalisation stochastique pour les modèles appelés
Generalized Linear Switched Systems (GLSS), une classe unificatrice englobant plusieurs modèles
dynamiques classiques et modernes, tels que les systèmes linéaires commutés (LSS), les modèles de
Markov à sauts (JMLS), les systèmes linéaires à paramètres variant (LPV). Ces modèles permettent
de représenter des comportements non linéaires et temporellement variables en combinant plusieurs
sous-systèmes linéaires gouvernés par un signal de commutation.

La contribution principale de cette thèse est la formulation d’une théorie de la réalisation
stochastique pour les GLSS avec entrées et signal de commutation i.i.d. Le travail débute par un
résultat de décomposition (Chapitre 3), démontrant que tout processus de sortie d’un GLSS peut
être décomposé de manière unique en une composante déterministe (dépendante des entrées) et
une composante stochastique (dépendante du bruit). Cette décomposition permet de tirer parti des
résultats existants sur la réalisation déterministe et sert de base pour l’étude des représentations
sous forme d’innovation.

Le Chapitre 4 se concentre sur les GLSS autonomes stochastiques. Il propose une caractérisation
algébrique permettant de vérifier si une telle représentation est minimale et sous forme d’innovation.
Les conditions proposées sont suffisantes, et s’expriment uniquement en fonction des matrices du
modèle. Ces résultats permettent de garantir l’unicité (à isomorphisme près) de la représentation,
ce qui est crucial pour les problèmes d’identifiabilité.

Le Chapitre 5 propose d’abord un algorithme de réalisation basé sur les covariances d’entrée-
sortie, permettant de construire une représentation stochastique minimale d’un GLSS sous forme
d’innovation, à partir de moments statistiques. Cet algorithme traite des enjeux fondamentaux
liés à l’identification par sous-espace, notamment la réduction de dimension via des sélections
appropriées, la garantie de minimalité sous forme d’innovation, ainsi que l’unicité à un isomor-
phisme près. Sur cette base, une procédure complète d’identification est ensuite formulée : elle
consiste à estimer les covariances à partir de données d’entrée-sortie, puis à appliquer l’algorithme
de réalisation. La cohérence asymptotique de l’identification est démontrée, et son efficacité
computationnelle est assurée. Enfin, une phase de raffinement par descente de gradient est proposée
pour améliorer la précision des paramètres estimés.
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Chapter 1
General introduction

Control of dynamical systems is a mature field whose history stretches back to the 1930’s.
Its objective is to change the behavior of dynamical systems by using feedback. In a nutshell, a
dynamical system is a system in which variables of different kinds (inputs, disturbances, noise,
etc.) interact and produce observable signals (outputs) [66]. In other words, a dynamical system
determines the evolution of the observed signals in time, discretely or continuously, with internal
variables describing the states of the system. Feedback is a mechanism which maps measured
outputs to control inputs. It is often referred to as feedback controller, or controller for short.

The design of a feedback controller relies directly or indirectly on models. In particular, the
quality of the feedback controller is significantly influenced by the quality of these models. For
this reason, to be able to compute feedback controllers in a scientifically sound way, the class
of dynamical systems under consideration has to be restricted to those that can be adequately
described by suitable models. Below we will discuss a number of model classes that are widely
used in control theory.

The most popular model class used in controller synthesis is the class of linear systems. Linear
systems are models which specify a linear relationship between the various signals. Mathematically,
they can be described by linear difference/differential equations. A particularly convenient class of
linear models are Linear Time-Invariant (LTI) state-space (SS) models. There is a rich and complete
literature on designing feedback controllers for LTI-SS models, for various control objectives.

However, linear models, including LTI-SS, are very limited when discussing practical, realistic
applications due to the nonlinear behavior of these applications. Therefore, many models were
developed for describing nonlinear dynamic systems, such as bilinear models, polynomial models,
input-affine models and many others. Nevertheless, while these models are accurate representations
of the underlying system, they are difficult to use for synthesizing feedback controllers. Hence, in
order to combine the accuracy of nonlinear models with the favorable properties of linear ones,
researchers have proposed various classes of models which are composed of several linear ones.
From these models we mention Linear Switched Systems (LSS), Linear Parameter-Varying (LPV)
models and piecewise-linear models.



2 General introduction

In addition, in the field of control engineering, there are many challenges that are characterized
by irregular random fluctuations in the observed signals. Examples include environmental variables
such as temperature, humidity, air quality or climate control; traffic flow in urban areas, including
fluctuations in vehicle speeds, densities, etc.; fluctuations in heart rate variability or neural activity
in the brain in the biological systems; energy consumption patterns in smart grid; economic
indicators; and many others. These fluctuations can be modeled mathematically by a stochastic
control system. In system theory, many theorems and concepts are offered in order to formulate
stochastic control systems. Difference/differential equations with stochastic noise (and possible
random parameters) are mathematical models developed in the interest of describing stochastic
linear systems, and applying stochastic controllers. There is a rich theory for linear stochastic
systems, but linear stochastic systems are not always accurate, and nonlinear stochastic systems are
difficult to use. Jump-Markov Linear Switched (JMLS) models offer a compromise between linear
and nonlinear stochastic systems: they are approximations of nonlinear systems but still inherit
some nice properties of the linear ones.

From the above discussion, it becomes rather clear that high-quality models are essential for
the design of feedback controllers. While models based on domain knowledge (i.e., first-principle
models) are ideal, their development is often challenging or even impractical due to their complexity.
An alternative is to learn models of dynamical systems from data. The latter problem is the subject
of the branch of control theory known as system identification. Algorithms for identifying stochastic
LTI systems are well understood [14], but system identification of stochastic nonlinear models is
not well-developed in the literature.

This thesis aims at contributing to system identification of a class of models referred to as
Generalized Linear Switched Systems (GLSS). The models belonging to this class can capture
nonlinear behavior, which makes them a good choice for modeling nonlinear dynamical systems
with the aim of designing feedback controllers. More precisely, a GLSS model is considered to be
a good model for nonlinear systems, because it maintains the linear relation between the input and
the output of the system while conserving the nonlinear behavior. In turn, the preserved linearity
between inputs and outputs allows the extensions of proven techniques from controller design of
linear systems and robust control. In fact, the existing literature proposes computationally efficient
and theoretically sound control design methods for several subclasses of GLSS.

However, there remain many open problems in system identification of GLSS, especially for
GLSS with stochastic noise. As the first step towards solving these open problems, one needs to
develop the so called realization theory of stochastic GLSS. In a nutshell, realization theory is
an idealized version of the learning problem studied in system identification, where it is assumed
that the input/output behavior of the underlying system can be completely measured. That is, it is
assumed that we can make an infinite amount of arbitrary experiments with the system.

In this thesis we develop stochastic realization theory for the GLSS class and we demonstrate
its utility by using it for formulating a theoretically sound system identification algorithm.



Informal representation of the GLSS framework 3

1.1 Informal representation of the GLSS framework
Generalized linear switched systems is a class of nonlinear systems. GLSS class includes

various well-known classes of models such as LSS, JMLS, LPV with affine dependency on the
scheduling signal, piecewise-linear systems and many other subclasses. The latter classes are
all popular classes of models used in control theory. In general, a GLSS is an extension of LSS
that allows for more general structure and has piece-wise linear dynamics: it consists of multiple,
possibly infinite, linear subsystems, and the system can switch between them according to a
predefined or state-dependent switching rule. Figure 1.1 illustrates the GLSS framework. All the
subclasses of the GLSS class can be found by Fig 1.1, however, further restrictions on the switching
signal are required for some of these subgroups.

GLSS

Switching

.

.

.

.

Figure 1.1: The GLSS framework shows the relation between the input signal u and the output
signal y, dictated by the switching signal µ. The system is described by the state signal x which is
a function of µ and all nµ state signals of the LTI models, where the integer nµ > 1.

The main motivation for regrouping all these classes into one class is that they share certain
relevant mathematical properties. The results developed in this thesis can be applied to many
classes, therefore, having a class that include as many subclasses as possible can be very convenient
for the different research communities.

The attentive reader might have noticed that the definition of GLSS resembles closely to the
class of the so called hybrid systems. Recall that, generally, a hybrid system is a combination of
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continuous time (real-time) dynamics and discrete time dynamics (discrete events). However, many
difficulties arise when using the latter term.

The main difficulty with using the term "hybrid systems" is that the latter is not an exclusive
term, meaning that it can include a wide classes of dynamical systems to which some technical
assumption has to be introduced in order to restrict the term "hybrid". Also, several communities
from different fields (computer science, modeling, machine learning, systems and control, etc.)
contribute to the area, each using their own definition.

In addition, the contributions of this thesis can be applied to the LPV class and while some
subclasses of the LPV class are considered to be hybrid systems, others are not. Therefore, this is
another difficulty that discouraged us from using the term "hybrid systems". For more details on
hybrid systems and some examples, see [117, 25].

In short, the term GLSS is more restricted and exclusive than the "hybrid systems" term. Figure
1.2 shows the relationship between all the classes mentioned above.

Hybrid 
Systems

Generalized Linear 
Switched Systems

Linear Parameter-
Varying Systems

Linear Switched 
Systems

Jump-Markov Linear
Switched Systems

Piecewise-Linear
Systems

Bilinear Systems

Figure 1.2: Relationship between the system classes.

The main interest of the GLSS model class is that they can represent a large variety of models
which arise by approximating nonlinear models by a (possibly infinite) collection of LTI models.
There are many ways to construct such an approximation. A particularly popular method is to
linearize the nonlinear model at several (possibly infinite number) of operating points. While
mathematical nonlinear models are more accurate in describing real models compared to LTI
models, it is preferable to work with the latter for their reliability, practicality, stability and high
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performance. Also, engineers have more experience with LTI models. Additionally, practice
has shown that a lot of nonlinear systems can be approximately modelled by one or more LTI
models. Therefore, in the last couple decades of the twentieth century, researchers and scientists
has adopted the concept of switching between the LTI models (this concept is also known as the
gain-scheduling concept, for more details see the thesis of J.S. Shamma [104] and some follow up
results [103, 105, 106]). While preserving the nonlinearity and the time-varying aspect of the real
system, this approach helps in describing the system with linear relations between the input signal
and the output signal at several operating points. Those relations, however, are dictated by what is
called the switching signal denoted as µ in this thesis (in the literature and many references, it is
sometimes referred to as p).

We should mention that LTI theory and tools cannot, in general, be used for GLSS without
some modifications and that additional theory and specialised algorithms are needed in order to
combine controllers computed for LTI subsystems into a controller which achieves the desired
control objectives for the collection of the LTI systems. For example, it is well-known that even if
a controller stabilises all the LTI systems, it may fail to stabilise the resulting GLSS if the signal
µ changes too fast. However, the necessary theory is relatively well understood, and suitable
controllers can often be computed using LMI (Linear Matrix Inequalities) techniques. In the same
manner, existing theory of system identification and realization theory for LTI systems cannot be
used for GLSS models without non-trivial extensions. In fact, new theory for system identification
and realization theory, specific for GLSS models, has to be developed. This theory is inspired by
and extends the corresponding results for LTI models, but it does not use results from LTI theory.

In what follows, we will briefly present various popular subclass of GLSS models and mention
some examples where they were applied.

Linear parameter-varying systems: In the literature of LPV, the switching signal is usually
referred to as the scheduling signal. The LPV approach has gained popularity after the introduction
of the concept of gain-scheduling. One may argue that GLSS are quite close to LPV systems.
However, in contrast to LPV systems, in general we are agnostic about the role of µ in control,
hence the use of the term "Generalized".
More precisely, in LPV systems, the scheduling is assumed to be an arbitrary, usually bounded
signal, which can be used by the controller to compute a control action, but which cannot be
changed by the controller. One of the famous applications of LPV is the aircraft control application
[76, 69, 124]. We know that, at constant altitude, the system can be seen as a LTI [17, 109]. Then
the altitude can be considered as the scheduling signal dictating the LTI to be used. Another
intuitively appealing example of using LPV systems is vehicle control. For vehicle systems, the
scheduling signal can represent factors such as damping, road conditions, deflection, or certain
nonlinear components. With an appropriate choice of scheduling, the relationship among the
remaining variables becomes linear. This allows the transformation of the nonlinear system into a
LPV system [31]. For a comprehensive overview of LPV system applications, see [75].
Among LPV systems, a particularly popular class is the one with affine and static dependency on
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the parameters. The latter means that the coefficients defining the linear relationship between the
state, input and output signals are affine function of the current value of the scheduling signals
[113]. This is in contrast to models with a dynamic and nonlinear dependency on parameters,
where these coefficients are nonlinear functions of not only current but also past or future values
of the scheduling signals (in discrete time) or high-order derivatives of the scheduling signal at a
given time (in continuous time).

Linear switched systems: LSSs are, by definition, multi-model in nature, and like GLSSs, the
switching is considered to be arbitrary. However, contrary to a GLSS, the switching signal of a LSS
can only take a finite number of values. By way of illustration, in the LSS case, the state signal in
Figure 1.1 is only equal to one state of a LTI chosen by the switching signal. The boost converter is
a famous example of using LSS in the electrical engineering field, where the switching can only
take two values (on or off). The switching can be controlled by an external signal, for instance,
using a pre-determined pulse-width modulator is a common way to do so. For more details on
the model design see [22]. The authors of [140] provide a good overview on the LSS models and
examples. In addition, contrary to LPV systems, the switching signal can be a control input.

Piecewise-linear systems: In the literature, piecewise-linear systems are considered to be LSSs.
However, in contrast to a LSS, the switching of a piecewise-linear system is not arbitrary, but
state-dependent. In control theory for example, applying a saturated feedback control on a system
is very common. This can make the system piecewise linear, because the system’s current linear
behavior depends on the state spaces induced by the actuator feedback saturation. For more details,
see [50].

Jump-Markov linear switched systems: A JMLS is a LSS where its sub-models (modes) switch
or jump according to a Markov chain, meaning that the switching is not arbitrary but a Markov
process. Note that, if the probabilities of the jumps are all equal, we say that the JMLS model
is a regular stochastic LSS model. For instance, in [112] it was desired to control the water flow
through a boiler dependently on the weather, where its changes are dictated by a Markov process.
To this end, a JMLS model was studied. JMLS are also used in economic theory in order to study
the behavior of the system in question due to some changes in the economic periods of the country.
For example, choosing the optimal policy for the national income can be determined by studying a
JMLS model [51] were the switching between the modes is based on historical data of the nation’s
income. For an overview on JMLS models and their application see [18].

1.2 System Identification
Having a high-precision, low-complexity mathematical models is of paramount importance

for the control. Laws of physics, chemistry, etc., - or what we call first principles - can be used
to identify the model in question for synthesizing feedback controllers. However, such methods
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are time consuming or they are not practical because the equations are often very complex or they
contain unknown parameter. System identification, in contrast, involves building mathematical
models of dynamical systems based on measured data. Such data-driven methods have proven to
be useful in many applications.

The procedure to identify models from the observed data is well understood and it is known as
the system identification loop.

Procedure (System identification loop [66]).

Step 1) Experiment design and data processing: the experiment design should focus on obtaining
informative data sets. This is done by choosing persistently exciting inputs1. Such inputs
result in having necessary information in the output signals in order to describe the dynamical
relations between the signals. For instance, white noise inputs, for LTI systems, represent the
simplest example of persistently exciting inputs.

Step 2) Model structure selection: this is considered to be a crucial step in the system identifica-
tion loop. In this step, we determine the model structure in terms of representation form,
parametrization, and the type of the noise modeling. In addition, the size of the model should
be determined (number of parameters or the order of the model). Some model predictions
can be constrained, with regard to the size of the model, due to some requirements of the
to-be-identified system.

Step 3) Choice of the identification criterion: in this step, we choose the identification criteria which
formulates, mathematically, the performance measure of the model estimate. There has been
a lot of criteria for the identification problem, but the least-squares are still considered to be
a very reliable choice.

Step 4) Estimation of the model: the model estimation step is the result of the model structure choice,
the processed data and the criteria selected. The resulting model is obtained in this step.

Step 5) Validation/invalidation of the estimated model: In order to determine whether the estimate
is a good model or not, measured data and prior knowledge should be used. The measured
data is compared to the validation data set in order to verify (or refuse) the model estimate.
Prior knowledge and past measured data are used to analyse the performance of the model
estimate as a predictor of future outputs of the system. If the model estimate fails, we go back
to previous steps until the validation is accomplished.

In this thesis we are interested in the case when, in Step 2), we choose a subclass of GLSS.
System identification methods can be divided into two categories: parametric and subspace methods.
Below, we present a brief overview of both approaches for GLSS models.

1Notions on persistently exciting inputs for linear switched systems can be found in [82].
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1.3 Parametric identification methods for GLSS
A parametric identification method for state-space representation can fall in one of these two

classes:

• Estimating so called Input/output (I/O) models from data and then transforming the estimated
model to state-space forms.

• Direct parametric estimation method for the state-space identification.

In the following, we will talk about each class by presenting its contribution in the literature for the
GLSS subclasses.

1.3.1 I/O to state-space
In general, contrary to state-space models that describe the I/O behavior with a state-space

representation, I/O models describe linear/nonlinear direct relationship between the inputs and
the outputs. One of the popular input-output model structure choice, for LTI systems, is the Auto
Regression with eXogenous inputs (ARX) model. It is known for its simplicity and straightfor-
wardness in describing the behavior of the system with a linear equation relating the inputs to the
outputs. Later, the AutoRegression Moving Average with eXogenous inputs (ARMAX) model
extended the ARX model. Contrary to ARX, the ARMAX incorporates a moving average (MA)
component of the noise to account for system noise or disturbances more effectively. These linear
I/O models are popular is system identification, as they can be estimated using methods which rely
on extensions to the classical techniques for linear regression. In particular, there is a rich literature
on algorithms and their analysis for the identification of such models. Motivated by the usefulness
of the ARX models for LTI systems, the ARX models were extended to LPV and switched cases.
See for example, [130, 68, 67, 33] for switched and piecewise linear systems, and [9, 36, 133, 132]
for the LPV subclass, where they introduced an equivalence of ARX and ARMAX models for
GLSS systems. Informally, an LPV-ARX (respectively switched ARX) is a classical ARX model,
where its parameters depend on the scheduling (respectively the switching) signal.

While I/O models are useful for system identification, it is found that, in some applications,
the state-space representation of the model is more suitable for control - depending on the control
objectives. Therefore, in order to make I/O models useful for control, a transformation from I/O
models to state-space models is needed. For linear systems, this transition from the I/O framework
to the state-space framework can be effectively done using standard algorithms [66]. In particular,
the thus obtained models cover all I/O behaviors which can be represented by LTI state-space
representation.

However, unlike the linear case, the transformation from I/O representation to state-space
representation for the GLSS class is difficult. For example, suppose we would like to obtain LPV
state-space models using I/O LPV models. LPV-ARX models with static and affine dependencies
with respect to (w.r.t.) the scheduling signal can easily be used for this purpose [20]: there exists an
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algorithm for converting LPV-ARX model with affine and static dependencies w.r.t. the scheduling
signal to LPV state-space models with affine and static dependencies w.r.t. the scheduling signal.
Unfortunately from [93], it follows that not all LPV state-space with affine and static dependencies
w.r.t. the scheduling signal admit a LPV-ARX model with affine and static dependencies w.r.t. the
scheduling signal. In fact, [93] shows that, in general, LPV state-space models with affine and
static dependencies w.r.t. the scheduling signal correspond to LPV-ARX models with polynomial
and dynamic dependencies w.r.t. the scheduling signal. That is, there exist I/O behaviors which can
be described by LPV state-space models with affine and static dependencies w.r.t. the scheduling
signal but not by LPV-ARX models with affine and static dependencies w.r.t. the scheduling signal.

We have a similar problem regarding the switched system case: switched ARX models corre-
spond to LSS which are observable for any switching sequence, i.e., for which the initial state can
be reconstructed from the I/O behavior for any switching [134]. However, there are I/O behaviors
which can be represented by a LSS representation, but which cannot be represented by a LSS
which is observable for any switching sequence. That is, not every LSS admits an equivalent
representation as a switched ARX.

For these reasons, we concentrate, in this thesis, on state-space models for GLSS. That is,
there is a need for methods which directly estimate the state-space models, in particular, GLSS
state-space models.

1.3.2 Direct parametric estimation
For the parameters of a state-space framework, there are several parametric identification meth-

ods to estimate directly the state-space representation matrices. In these estimation methods, the
desired state-space representation is assumed to belong to a family of models defined by parameters,
and the task is to estimate the correct parameter values using data. The most common approach
to estimate the parameters of the chosen model is the direct Prediction-Error Minimization or the
direct PEM method: the model parameters are estimated by minimizing the squared prediction error
based on input-output data. For state-space models, this process involves nonlinear optimization
with a non-unique global minimum. This non-uniqueness can be found even in LTI systems [66].

Two common approaches for solving this optimization are Gradient-Based methods (GB) and
Expectation-Maximization (EM) algorithms. GB methods use search strategies like Newton’s
method, Levenberg-Marquardt, or similar approaches. In addition, they may incorporate tools like
regularization or backtracking for faster convergence. GB methods for LTI state-space identification
can be found in [66, 56], where gradient descent methods are used for minimizing the criterion
function. For EM methods, the reader can refer to [37, 35]. In a nutshell, the EM method, often
used in signal processing, treats the state sequence as missing data. In the expectation step, the state
sequence is reconstructed using a Kalman-like filtering approach, and in the maximization step, the
model parameters are updated. These steps are repeated until convergence. The LTI EM method is
more robust to poor initial estimates compared to GB PEM [139, Table III], but it converges more
slowly near the optimum [131]. Both the EM and GB methods can be computationally intensive,
and their convergence is highly dependent on a good initial guess of the parameters. A challenge
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in GB and EM state-space identification is the existence of many isomorphic representations
that produce the same input-output behavior, due to the non-uniqueness of the state basis. In
order to solve this problem, the Data-Driven Local Coordinate (DDLC) framework was developed
[71, 63, 128, 139], which excludes isomorphic models from the search to prevent the optimization
from drifting among equivalent solutions.

EM and GB methods were extended to the GLSS framework. For example, GB methods were
used for LPV in [63, 64] and EM algorithms were used in [138, 49]. Usually, in LTI systems,
subspace techniques are used to find a initialized model and direct PEM are then applied to
refine the model. However, this approach is less reliable in the GLSS subclasses case due to the
limited development of subspace-based identification methods for GLSS systems. In addition to
EM and GB methods, other approaches for GLSS subclasses have been proposed for parametric
identification which use machine or deep learning [130, 5, 57].

In this thesis, we don’t propose new parametric methods. However, we explore the combination
of parametric methods with subspace methods. In addition, the results of this thesis on uniqueness
up to isomorphism of minimal GLSS is expected to be helpful for the theoretical justification of the
DDLC algorithm for GLSS subclasses.

In the next section, we will explore the alternative to parametric estimation method, namely
subspace identification methods, in particular, for the GLSS class.

1.4 Subspace identification methods
By contrast to direct parametric estimation methods, subspace identification methods do not

require prior assumptions about the structure of the system. They are based on the success of
realization theory, and emerged with it in the late 1980s and early 1990s. Subspace identification
methods use the geometric properties of data matrices to extract state-space models. This makes
them ideal for handling complex and multivariable systems more efficiently. In this way, they are
more practical for real large-scale applications compared to traditional methods. In fact, as will be
elaborated later on, the results of this thesis are relevant to subspace methods for GLSS.

1.4.1 Subspace identification methods for LTI models
For LTI systems, there are numerous papers for the identification of the system’s representation

using subspace identification methods. Among these methods, we can mention the Numerical
Subspace State-Space System IDentification (N4SID) [119] and the Multivariable Output-Error
State sPace (MOESP) [129]. These methods construct Hankel matrices from the measured data
and then use realization theory techniques such as Singular Value Decomposition (SVD) or QR/LQ
decomposition to extract the relevant subspaces that summarize the system’s dynamics. Other
subspace approaches include canonical variate analysis (CVA) [59, 61], and subspace splitting [48].
For a comprehensive overview of the foundations of subspace identification for both deterministic
and stochastic linear systems, see [56].
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1.4.2 Subspace identification for GLSS models
Later, a multitude of papers have attempted to extend various subspace identification methods for

the subclasses of GLSS. For instance, [125, 26, 122, 114] address the LPV subspace identification.
For a unified framework, see [21]. For other subclasses, [6, 7] focus on LSS, while [126] examines
the piecewise linear systems. Let us briefly and informally present the common GLSS subspace
approaches.

PO-MOESP: The LTI past-output multivariable output-error state-space (PO-MOESP) method
has been adapted for the LPV case by [123], and for the LSS and piecewise linear cases by
[12], assuming a periodic scheduling/switching signal to mitigate dimensionality issues. The
PO-MOESP method uses realization theory to obtain the state and output matrices and projection
for the remaining SS model matrices.

PBSID: The well-known Predictor Based Subspace IDentification (PBSID) method was applied
to LPV subspace identification in [127]. PBSID(opt) was first used for the LPV case in [122],
extending [15] from the LTI to the LPV case. In this extension, estimation bias was eliminated, and
prediction was considered "optimal" (opt). This method was widely used for about half a decade in
the LPV community. However, to our knowledge, there have been no applications of this method to
other GLSS subclasses. Nonetheless, this method requires high computational complexity, making
full regressors impractical and limiting its use to low-dimensional systems.

CVA: Canonical Variate Analysis (CVA) is a widely used projection-based technique for sys-
tem identification, particularly for state-space models identification.While extensively applied to
LTI systems, it has seen limited direct use in LSS. Nevertheless, several approaches have been
developed to enhance LPV subspace identification using CVA [60], in particular, for LPV with
affine dependencies on the scheduling signal. This assumption improves computational efficiency,
mitigates the curse of dimensionality, and simplifies the mathematical structure. However, the
constraints of this assumption have not been thoroughly evaluated through extensive experimental
research.

KCCA: In [98], it was demonstrated how to extend the CVA and its closely related concept,
the Canonical Correlation Analysis (CCA), to estimate the state-sequence and matrix coefficient
functions non-parametrically. This extension is known as Kernelized Canonical Correlation
Analysis (KCCA). In KCCA, the projection stage employs kernel methods to handle complex,
nonlinear dependencies and recover the state-sequence non-parametrically. The matrix coefficient
functions are then estimated non-parametrically using the Least-Squares Support Vector Machine
(LS-SVM) framework [97], which builds upon the full-state measurements techniques. Despite its
theoretical promise, KCCA has not yet been extensively applied in practice to thoroughly evaluate
its properties. In particular, comparisons between KCCA and other subspace identification methods
remain unexplored.
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Remaining gaps: As mentioned earlier, the aim of this thesis is to develop an efficient and
theoretically sound system identification algorithm for stochastic nonlinear systems using the
GLSS framework. However, despite the extensive literature reviewed above, several important gaps
remain:

• No proof of consistency exists when noise gain is present.

• Another gap involves relaxing the usual observability assumption used in [125, Theorem 4]
and [127], which requires at least one of the LTI subsystems constituting the GLSS to be
observable.

• If the local modes are not observable, noise gain estimation cannot take place [19].

• Existing methods assume innovation form and uniqueness up to isomorphism. However, it is
not clear when, if ever, these conditions are satisfied. In fact, the definition of innovation is
unclear.

As a step toward addressing these challenges, we decided to develop and extend realization
theory for stochastic GLSS.

Before delving deeper into the scientific challenges, we will first provide an informal, non-
technical overview of realization theory in the literature and its role in subspace system identifica-
tion.

1.5 Realization theory
Realization theory can be attributed to R. E. Kálmán, the founder of modern control theory,

who presented the realization problem by considering the system in question as a "black box", and
trying to realize its input/output map [53, 54]. Later on, the behavioral approach of Willems was
introduced as a more formal framework [137, 135, 136]. The literature on realization theory can be
divided into two groups: realization theory of linear systems and of nonlinear systems.

1.5.1 Realization theory of linear systems
In time, realization theory has gained popularity for the deterministic LTI case, leading to the

development of significant literature. For an overview of the deterministic linear case, see [23]. In
a nutshell, realization theory for LTI systems relies on the observation that the input-output maps
of linear (but not necessarily LTI ) systems can be characterized by a sequence of matrices known
as Markov parameters. Markov parameters admit a simple formula in terms of the matrices of an
LTI state-space representation of the given input-output map, provided such an LTI system exists.
Conversely, one can construct a special infinite matrix from the Markov parameters, the so called
Hankel matrix, which has a recurrent structure with the following property: If the input-output map
can be represented by an LTI system, then the rank of the Hankel matrix is finite. Moreover, if the
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rank of the Hankel matrix is finite, then an algorithm can be computed to deliver a minimal linear
system from a sub-matrix of the Hankel matrix. This algorithm is called the Kalman-Ho realization
algorithm [52, 55]. Theory has also proven that a minimal LTI system is both controllable and
observable, and the converse also holds. Furthermore, all minimal LTI systems realizing the same
input-output map are isomorphic, meaning that they can be transformed via basis change.

Next, contributors extended the realization theory to the stochastic linear systems without
inputs. This extension relies on the observation that the covariances of the output process of a
stochastic LTI system are the Markov parameters (entries of the Hankel matrix) of a deterministic
LTI system. Also, conversely, any minimal deterministic LTI system whose Markov parameters are
the covariances gives rise to a stochastic LTI system whose output is the given output process. It
turns out that the representation of the latter stochastic LTI system is in the so called innovation
form. In other words, the noise of the system is an innovation process, i.e., the difference between
the current output and its best possible linear prediction. Furthermore, it was shown that minimal
representations of LTI systems in innovation form for the same output are isomorphic. For a more
detailed discussion, see [14, 65]. Additionally, using the so called covariance realization algorithm,
the matrices of the stochastic LTI system can be obtained from output covariances. This algorithm
is considered a combination of the Kalman-Ho realization algorithm and the Riccati equation or
LMI. Later on, the extension to stochastic LTI systems with inputs was presented. For instance, see
[65, 56] and the references therein.

The two main applications of realization theory are model reduction and system identification.
In control design, having a minimal LTI system that preserves the input-output behavior is consid-
ered more efficient, since minimal LTI systems are controllable and observable. In other words,
controlling such systems is easier, and observability is ensured, which makes them easier to handle.

Again, realization theory proved its significance when it gave rise to subspace identification,
specifically, by extending the Kalman-Ho realization algorithm [118, 56]. We also highlight its role
in identifiability analysis [38, 40, 116], and recursive parametric system identification algorithms
[40, 77, 70].

1.5.2 Realization theory of nonlinear systems
Motivated by the success of the realization theory in the LTI case, researchers attempted to

extend it to more general classes of systems. First, it was shown that a wide class of non-linear
systems could be transformed to a minimal dimensional one and minimal systems are reachable
and observable. In addition, any two minimal realizations of the same I/O map are isomorphic
[111, 45]. Later, rank conditions, similar to the condition of the finite rank of the Hankel matrix,
were derived [46, 47, 43, 32, 34]. Hovewer, these general results were not computationally effective,
as no minimization or realization algorithms were proposed. Later these results were adapted
to more restricted classes of dynamical systems such as deterministic bilinear and LPV systems
[108, 107, 42, 44]. In contrast to the general non-linear case, realization theory for bilinear systems
did lead to minimization and Ho-Kalman-like realization algorithms [43, 44, 42, 108, 107]. In
particular, it was shown that any bilinear system can be transformed to minimal one (equivalent
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to being observable and reachable). In turn, observability and reachability of bilinear systems
can be characterized by the rank of suitable matrices, and the transformation can be formulated
as an algorithm. For the more general noiseless LPV case, realization theory was investigated in
[115] where the behavioral approach was used. Results on realization theory for discrete-time
noiseless LPV systems can be found in [114]. The latter studies deal with affine dependency on the
scheduling signal. This type of system was then studied in [85, 86].

Additionally, for noiseless LSS and piecewise-linear systems, realization theory was first
introduced by [39] for general hybrid systems and was later further developed for the case of
externally generated switching [79, 80, 88, 87, 89]. These results were mostly based on [78].
Moreover, preliminary results for realization theory of JMLS systems were formulated in [90].

However, despite the significant development of realization theory for the GLSS subclasses,
many problems remain unsolved. For instance, realization theory for stochastic GLSSs with inputs
remains partially developed. Solving these challenges could lead to more efficient realization
algorithms and subspace identification techniques for the GLSS class.

1.6 Scientific challenges: problem formulation
Following a quick overview of the vast literature on system identification and realization

theory, it is clear that the estimation of GLSS models has been the subject of much research
in recent decades. Nevertheless, a number of significant obstacles still exist in spite of these
developments. Specifically, when it comes to subspace system identification, there is a noticeable
lack of theoretically sound system identification algorithms for stochastic GLSS models. The
purpose of this thesis is to fill in these gaps.

In order to accomplish this, the following challenges need to be addressed:

Challenge 1 (Decomposition of stochastic GLSS models). If we want to follow the approach
adopted in stochastic realization theory of LTI systems, then stochastic GLSS models must be
broken down into stochastic and deterministic parts: the stochastic part is dependent only on the
noise and the deterministic part is only dependent on the inputs. This would allow the deterministic
component to be addressed by applying current findings from deterministic realization theory
[85, 113, 86], and the stochastic part could be addressed using realization theory of generalized
bilinear systems [91]. For LPV systems, such a decomposition was suggested in [72], but it was
not generalized for GLSS models.

Challenge 2 (Algebraic characterization for minimality and innovation form). It is generally
known that in order to guarantee the uniqueness of the system’s representation for LTI systems,
minimal representation in innovation form is a prerequisite. The notion of minimal innovation
representations for GLSS models has only been explored for certain subclasses of autonomous
GLSS, such as General Bilinear Systems (GBS) and stochastic autonomous GLSS models [91].
However, there is still no coverage in the literature on how to guarantee minimality, uniqueness
and innovation form for GLSS models without inputs using only conditions on the matrices of the
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system’s state-space representation. Establishing such guarantees for autonomous GLSS (without
inputs) is considered to be a first step toward guaranteeing minimality, uniqueness and innovation
form for GLSS models with inputs. Uniqueness of state-space representation (up to isomorphism)
is important for the following reasons:

a) Identifiability: Uniqueness (up to isomorphism) is crucial for identifiability of GLSS models.
In general, parametric system identification methods rely on estimating a fixed set of parame-
ters to describe the system. If a model is not identifiable, then the parametric methods might
not converge to the global minimum. Hence, the parameters might converge to different
values, depending on the initial conditions or noise, leading to unreliable results.

b) Control and Prediction: Even for non-parametric methods, uniqueness (up to isomorphism)
is crucial for defining consistency in a way that is useful for control. Intuitively, we want
the estimated model to reproduce the behavior of the data-generating system for all inputs
and switching signals. Standard notions of consistency ensure that the estimated model
reproduces the output of the true system for the inputs and switching signals used in the
identification experiment. Without uniqueness, multiple different models could fit the data
used for the system identification experiment, making it impossible to determine which one
correctly represents the actual system behavior. However, if the state-space representation
that produces the same output for these inputs and switching signals is unique, then classical
consistency results automatically imply that a model estimated by a consistent algorithm will
be isomorphic to the true system. Consequently, for any input and switching signals, the two
systems will generate the same output, at least as the number of data points tends to infinity.

Challenge 3 (Minimality of GLSS in innovation form with inputs: characterization, existence,
uniqueness). It is known that the minimality of a stochastic system can be established by proving the
minimality of its deterministic counterpart. More precisely, covariances of the output of stochastic
systems are impulse responses of a deterministic systems, and the matrices of these two systems
are directly related and can be computed by a transformation that preserves minimality, and can
be realized by an algorithm. This was extended to certain subclasses of GLSS without inputs
[91]. However, this has not been thoroughly explored for GLSS models with inputs. Extending
this principle requires formalizing the relationship between the deterministic and stochastic GLSS
models. As argued above in Challenge 2, this is very important for control.

Challenge 4 (Development of a covariance realization algorithm). Following the approach used
in subspace identification for LTI systems, it is desirable to formulate a covariance realization
algorithm that generates a minimal GLSS model in innovation form. This algorithm is essential
for developing a subspace method that yields a minimal GLSS in innovation form. There is a
substantial gap in the literature for GLSS models since, although a realization approach was
presented in [72] for LPV systems, it does not ensure minimality.

Challenge 5 (Consistency of realization-based system identification algorithms). For GLSS models,
the identification algorithms which are based on realization theory, needs to be statistically
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consistent. In other words, the identified model should converge to a realization of the outputs as
the number of training data points approaches infinity. To our knowledge, there are no consistency
results for most of the existing realization-based system identification algorithms.

Challenge 6 (Computational efficiency and observation assumptions). Naive versions of subspace
identification of subclasses of GLSS often require the use of Hankel matrices whose size grows fast
with the state-space dimension of the underlying system. Working with the large Hankel matrix
can be very challenging, since the computation of the latter can be memory-intensive, making it
impossible to run the algorithm using usual tools. In order to remedy this situation, most subspace
identification algorithms for subclasses of GLSS assume that there is a dominant discrete state by
which the corresponding LTI system is observable, and the contribution of other discrete states
to the output is small. This allows for the use of Hankel matrices similar to LTI ones, and whose
dimension grows linearly with the dimension of the system. However, this assumption is very
restrictive. In particular, it is easy to generate examples of input-output behaviors for which there
is no GLSS that satisfies this assumption.2 Another assumption that is imposed to deal with the
curse of dimensionality, is the assumption that the effect of the switching is absent after a certain
number of time-steps. While asymptotically this assumption may be true, it is unclear how many
data points we need for it to hold and it may lead, potentially, to biased estimates. Moreover, it is
not clear how to enforce this assumption in the estimated model. In turn, this makes the consistency
analysis more difficult: the assumed and estimated models belong to different classes.

This thesis seeks to overcome these obstacles by creating a system identification technique
for GLSS models with inputs, based on a statistically consistent and computationally efficient
realization theory algorithm.

1.7 Contributions and outline of the thesis
This thesis is divided into six chapters, including the introduction and the conclusion chapters,

i.e., Chapter 1 and Chapter 6.
The basic fundamentals that lay the groundwork for the in-depth study and applications covered

in later chapters are presented in Chapter 2. In particular, this chapter presents the general model
class examined in this thesis, as well as its numerous subclasses, both mathematically and formally.
The class of stationary GLSS, which is the class of systems studied in this thesis, is formally
introduced at the end of Chapter 2, along with technical definitions and key characteristics of the
signals involved. A summary of realization theory for autonomous stationary GLSS models is also
presented in Chapter 2. Discussing autonomous GLSS is justified by the fact that understanding

2Indeed, it is sufficient to consider a GLSS which is observable and reachable, but none of its LTI subsystems is
observable and reachable: such GLSS is then minimal and let us call it G1. Then, assume there was a GLSS equivalent
to G1, that we will call it G2, and that G2 contains a minimal LTI system. Then G2 is observable and reachable and hence
minimal. Thus, G2 would be isomorphic to the G1, and hence, G1 would have a minimal LTI subsystem. However, we
assumed the opposite. In other words, we have a contradiction.
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the autonomous case is the foundational step toward developing stochastic realization theory for
GLSS models with inputs. Building on this foundation, each of the subsequent chapters discusses
particular contributions to the realization theory of the systems under study.

Our initial theoretical contribution to the GLSS model class is presented in Chapter 3, which is
based on [101]. We demonstrate that the output of GLSS systems can be divided into stochastic
and deterministic components in order to solve Challenge 1. We define sufficient criteria for GLSS
state-space representations to be minimal and unique, and we demonstrate their existence in inno-
vation form using this decomposition. The foundation for creating effective system identification
algorithms is laid by this effort. However, it is essential to first examine the stochastic autonomous
case, particularly the stochastic component of the GLSS decomposition mentioned above, in order
to completely accomplish this purpose. The latter is the central theme of Chapter 4.

In Chapter 4, we focus specifically on autonomous stochastic GLSS. We present a new algebraic
characterization for such systems to be minimal and in innovation form, in order to overcome
Challenge 2. This characterization depends solely on the system’s representation matrices. This
contribution is important for understanding realization theory of GLSS with inputs, and also for
handling some problems encountered in the system identification process which will be further
discussed in the respective chapter. Chapter 4 is based on [99].

Chapter 5 addresses the four remaining challenges. First, Chapter 5 addresses Challenge 3 and
Challenge 4 by proposing a covariance realization algorithm and proving that it returns a GLSS
which is minimal, unique (up to isomorphism) and in innovation form. In addition, the proposed
covariance algorithm uses a reduced size of the Hankel matrix, by applying the technique of "nice
selection". Second, in Chapter 5, we formulate a system identification algorithm based on the
previously-mentioned covariance realization theory algorithm. This system identification algorithm
addresses Challenge 5 and Challenge 6, as it has the following properties:

• Small Hankel matrix: The algorithm uses reduced-size Hankel matrices, which helps avoid
the curse of dimensionality and ensures computational efficiency.

• No state-observation assumption: There is no assumption regarding the observability of
the underlying LTI systems.

• No decaying effect of the switching: All past and current switching values are treated with
their respective relevance to the output. In other words, we do not assume that the effect of
the switching on the state/output evolution decreases with time.

• Uniqueness of minimality in innovation form: The algorithm ensures that a minimal GLSS
model in innovation form is obtained, as uniqueness (up to isomorphism) is guaranteed.

• Consistency: We can show that the algorithm is asymptotically consistent. That is, in the
limit, the identified model will be isomorphic to the data generator if the latter is also minimal.
Consequently, the model will produce the same response as the data generator to any input
and switching signals.
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Finally, we combine the system identification algorithm with a gradient-descent search in order
to improve the algorithm’s accuracy.3 Chapter 5 is based on [100].

Chapter 6 wraps up the thesis by revisisting its key points again, combining the theoretical
developments, and considering their wider ramifications. To highlight their influence on the field
of realization theory and system identification, the main findings are reviewed briefly.

By addressing significant gaps in realization theory and providing a rigorous framework for
system identification, this thesis aims at filling the gap in the theoratical foundations of system
identification of GLSS. By doing this, the work contributes to theoretical research and has the
potential to be useful for practical applications, offering knowledge and resources that could benefit
the broader systems and control community.

3Note that the only drawback to this system identification algorithm is that it is restricted to using i.i.d. signals for
the identification procedure, despite its capability of returning a valid model for any switching and inputs signal. This
can be limiting for some applications. Nonetheless, we believe that such system identification algorithm is a first step
toward developing more general algorithms.



Chapter 2
Preliminaries

2.1 Introduction
In this chapter, we will formally define the class of general mathematical model that we will

be working with throughout the thesis. This class of models includes subclasses of Jump-Markov,
Piecewise-linear and LPV systems. Therefore, this class of models is called "Generalized Linear
Switched System" (GLSS), because it switches among potentially infinitely many linear systems. In
addition, we will present some technical definitions handling the properties of the designated signals.
The definitions of this chapter will be used in the following chapters of the thesis. Throughout the
following chapters, we will use the notations and terminologies defined in this chapter. However, if
needed, we will recall some of the definitions or invite the reader to revise this chapter.

The outline of the chapter will be as follows. In Section 2.2, we introduce informally the class
of systems studied in this thesis. The definition in Section 2.2 is too general and too informal for
our purposes. In order to refine it, we need to define some notation and introduce the necessary
terminology. In particular, we need to restrict the class of switching signals. Furthermore, we
should restrict attention to processes with suitable stationary properties. To this end, in Section
2.3, we define the necessary notations. In particular, we define the notation used in the thesis
regarding probability theory and formal languages in Subsection 2.3.2. Section 2.4 introduces the
necessary properties that the processes of GLSSs should have. Specifically, in Subsection 2.4.1, we
define the class of admissible switching signals, which will be used to formally define the class of
switched systems used in the thesis. In Subsection 2.4.2, we introduce an extension of the notion
of stationarity, called Zero Mean Wide Sense Stationary with respect to the switching sequence
(ZMWSSI). This extension is necessary in order to capture properly the interplay between the
switching signals and the state, the output and the noise processes. Properties of the latter processes
will also be defined, namely, the property Square Integrable with respect to Inputs (SII) and the
property white noise with respect to the switching signal. Finally, in Section 2.5, we define the
class of stationary GLSSs. Informally, the systems belonging to the latter class are such that they
are quadratically stable, and their state, input, output and noise processes are stationary in the



20 Preliminaries

sense defined in Subsection 2.4.2, and their switching signals are admissible in the sense defined in
Subsection 2.4.1.

2.2 Generalized Linear Switched System (GLSS)
In this section, we define the class of systems studied in this thesis. All the stochastic processes

in this thesis are discrete-time ones defined over the time-axis Z of the set of integers: a stochastic
process r is a collection of random variables {r(t)}t∈Z taking values in some set X . Note that we
use bold letters to denote random variables and stochastic processes. A discrete-time stochastic
Generalized Linear Switched System (abbreviated as GLSS) is a system of the form

S

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Biu(t) +Kiv(t))µi(t)

y(t) = Cx(t) +Du(t) + Fv(t), t ∈ Z
(2.1)

where Ai ∈ Rnx×nx , Bi ∈ Rnx×nu , Ki ∈ Rnx×nn , i = 1, . . . , nµ, C ∈ Rny×nx and D ∈ Rny×nu ,
F ∈ Rny×nn are constant matrices. All the processes present in the model above, are stochastic.
In particular, x is the state process, u is the input process, y is the output process, v is the
noise process and µ = (µ1, . . . ,µnµ)

T is the switching process, taking values respectively in
Rnx ,Rnu ,Rny ,Rnn ,Rnµ . Intuitively, (2.1) is a generalization of linear switched systems to the case
of infinitely many discrete modes.

GLSSs cover a variety of system classes. These classes are defined depending on the choice of
the switching signal. This means that there exist several possible choice of the switching signal µ,
and each choice correspond to a well known class of systems. For instance:

• Assume that µ(t) takes values in the set of unit vectors, i.e., µi(t) ∈ {0, 1}, i = 1, . . . , nµ,

nµ∑
i=1

µi(t) = 1.

and define the process θ(t) taking values in {1, . . . , nµ} as θ(t) = i ⇐⇒ µi(t) = 1. Then
(2.1) is a switched system [110] and can be written as follows:

S

{
x(t+ 1) = Aθ(t)x(t) +Bθ(t)u(t) +Kθ(t)v(t)

y(t) = Cx(t) +Du(t) + Fv(t)
(2.2)

• If, in addition, the process θ(t) is a Markov chain, then (2.2) is a jump-Markov system [18].

• If µ takes values from a possibly infinite set and µ1 = 1, then (2.1) could be viewed as
a subclass of LPV systems [113] with an affine dependence on scheduling, and µ̃(t) =
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(µ2(t), . . . ,µnµ(t))
T corresponds to the scheduling signal. In other words, (2.1) can be

expressed as an LPV system:

S

{
x(t+ 1) = A(µ̃(t))x(t) +B(µ̃(t))u(t) +K(µ̃(t))v(t)

y(t) = Cx(t) +Du(t) + Fv(t)
(2.3)

where the matrices of the state equation can be written as follows:

A(µ̃(t)) = A1 +

nµ∑
i=2

Aiµi(t)

B(µ̃(t)) = B1 +

nµ∑
i=2

Biµi(t)

K(µ̃(t)) = K1 +

nµ∑
i=2

Kiµi(t)

Remark 2.1. Note that the references in what follows use the terminologies of LPV, LSS, GBS or
piecewise-linear systems. The term GLSS is used in this thesis, in order to cover all those system
classes.

Example 2.1 (Hybrid Electric Vehicle). A practical application of switched systems is in Hybrid
Electric Vehicles (HEVs), which operate by switching between different power sources—electric
motor, combustion engine, or both—depending on driving conditions. These switching behaviors
can be modeled using discrete-time linear switched systems.

Figure 2.1: HEV switching simulation

System variables: The system evolves according to:

x(t+ 1) = Aθ(t)x(t) +Bθ(t)u(t) +Kθ(t)v(t)
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where:

• x(t) =

[
x1(t)
x2(t)

]
∈ R2 is the state vector where x1(t) is the battery charge level (%), and

x2(t) is the cumulative fuel used (liters).

• u(t) ∈ R is the control input (e.g., power request).

• v(t) ∈ R is an external disturbance (e.g., terrain slope).

• θ(t) ∈ {1, 2, 3} is the active mode at time t.

Figure 2.1 illustrates a switching simulation.
Modes and dynamics:
– Mode θ = 1: Electric mode.
Used at low speeds when the battery is sufficiently charged. The vehicle is powered entirely by the
electric motor:

A1 =

[
0.98 0.00
0.00 1.00

]
, B1 =

[
−0.10
0.00

]
, K1 =

[
−0.05
0.00

]
.

Battery charge decreases; no fuel is consumed.
– Mode θ = 2: Hybrid mode.
Used at moderate speeds. Both electric motor and engine contribute:

A2 =

[
0.97 0.00
0.02 1.00

]
, B2 =

[
−0.08
0.05

]
, K2 =

[
−0.06
0.03

]
.

Battery and fuel are both consumed.
– Mode θ = 3: Engine mode.
Used at high speeds or when battery charge is low:

A3 =

[
0.995 0.00
0.01 0.98

]
, B3 =

[
0.5
0.32

]
, K3 =

[
0.03
0.04

]
.

Fuel usage increases, and the battery may slightly recharge.

Switching logic: The mode θ(t) is chosen according to the following rule:

θ(t) =


1, if speed < 30 km/h and battery charge ≥ 40,

2, if 30 ≤ speed ≤ 70 km/h,
3, if speed > 70 km/h or battery charge < 40.

This logic prioritizes electric propulsion at low speeds when the battery is charged, hybrid power at
intermediate speeds, and engine power at high speeds or low battery levels.
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Figure 2.2: Stock market regime switching

Example 2.2 (Stock Market Regime Switching). A market regime is a state of the financial market
characterized by distinct statistical properties (such as return trends and volatility). At each time
step t, the system evolves according to:

x(t+ 1) = Aθ(t)x(t) +Bθ(t)u(t) +Kθ(t)v(t),

where x(t) ∈ R is the latent market state (interpreted as log-return or price signal), u(t),v(t) ∼
N (0, 1) are independent Gaussian input and noise processes, Ai, Bi, and Ki are scalar parameters
specific to each regime i ∈ {0, 1, 2}. The three regimes we modeled are:

• Bull Market (θ = 0) : High returns, low volatility (A0 = 1.015, B0 = 0.04, K0 = 0.01).

• Bear Market (θ = 1) : Negative returns, high volatility (A1 = 0.995, B1 = −0.01, K1 =
0.03).

• Stagnant Market (θ = 2) : Low or near-zero returns, moderate volatility (A2 = 1.000, B2 =
0.005, K2 = 0.015).

Let us consider that the regime-switching process θ(t) follows a Markov chain, with transition
probabilities matrix:

P =

0.85 0.1 0.05
0.3 0.5 0.2
0.2 0.15 0.65


where rows represent the current state θ(t), columns represent the probability of switching to
the next state θ(t + 1). For instance, if the market is currently in a bull phase, there’s an 85%
probability it remains bullish, a 10% probability it switches to a bear market, and a 5% probability
it becomes stagnant. Figure 2.2 illustrates the relationship between the states of the market regime
(represented as nodes) along with a numerical simulation.
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Note that, for some applications, the input process of the GLSS may be absent. We call such
systems autonomous stochastic Generalized Linear Switched Systems (aGLSS). That is, an aGLSS
is a system described by

Sa

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Kiv(t))µi(t)

y(t) = Cx(t) + Fv(t)

(2.4)

where Ai ∈ Rnx×nx , Ki ∈ Rnx×nv , C ∈ Rny×nx , F ∈ Rny×nv , and x is the state process,
µ =

[
µ1, . . . ,µnµ

]T is the switching process, v is the noise process and y is the output process.
Also note that all the involved processes of (2.1) and (2.4) are defined for both negative and

positive time. This may create technical problems for the existence of a solution and the role
of initial state. In this thesis, we will circumvent this problem by considering GLSS which are
mean-square stable in a suitable sense and state process of which is stationary, i.e. stationary
GLSS and autonomous stationary GLSS. These assumptions guarantee that a solution exist for
both negative and positive times.

Remark 2.2 (Negative time instants). More precisely, the motivation behind considering both
negative and positive times for the processes is to avoid unnecessary technical complications
related to non-stationarity of the processes involved and the choice of the initial state. As it was
already mentioned, we assume that the GLSSs involved are stable. Hence, after a sufficiently long
time, the effect of the initial state effectively disappears, i.e., the system approaches its stationary
regime. This means that, for system identification, and to some extent for control, only the stationary
behavior is of interest. Our definition captures exactly the stationary regime. The assumption that
the time is negative means that the system was started infinitely long time ago at some initial state,
and the state/output trajectory represents the stationary behavior of the system. This assumption is
standard in stochastic systems theory [65].

In order to deal with this class of GLSSs, we introduce some terminology and notations in the
following section.

2.3 Terminology and notations
In this section, we will present certain notions from linear algebra, probability theory and

formal languages.

2.3.1 Linear algebra
We recall that a Schur matrix is a square matrix all eigenvalues of which are inside the complex

unit disk. We denote by ⊗ the Kronecker product of matrices, and by In then n × n identity
matrices.
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2.3.2 Probability theory
Throughout the thesis, we use the standard terminology of probability theory [11], unless it is

mentioned otherwise. All the random variables and stochastic processes are understood w.r.t. to a
fixed probability space (Ω,F , P ), where F is a σ-algebra over the sample space Ω, and P is the
probability measure. In other words, F is a collection of subsets of Ω, that includes Ω itself. It is
closed under complement, closed under countable unions and closed under countable intersections.
For two σ-algebras Fi, i = 1, 2, F1 ∨ F2 denotes the smallest σ-algebra containing the σ-algebras
F1,F2. The expected value of a random variable r is denoted by E[r] and conditional expectation
w.r.t. σ-algebra F is denoted by E [r | F ]. The stochastic processes in this thesis are discrete-time
ones defined over the time-axis Z.

After identifying the standard terminology of the probability theory, we are now ready to
introduce the following notation.

Notation 2.1 (Orthogonal projection El). Recall that the set of square integrable random variables
taking values in R, forms a Hilbert-space with the scalar product defined as < z1, z2 >= E[z1z2].
We denote this Hilbert-space by H1. Let z be a square integrable vector-valued random variable
taking its values in Rk. Let M be a closed subspace of H1. By the orthogonal projection of z
onto the subspace M , denoted by El[z |M ], we mean the vector-valued square-integrable random
variable z∗ =

[
z∗1, . . . , z

∗
k

]T such that z∗i ∈ M is the orthogonal projection of the ith coordinate
zi of z onto M , as it is usually defined for Hilbert spaces. Let S be a subset of square integrable
random variables in Rp for some integer p, and suppose that M is generated by the coordinates
of the elements of S, i.e. M is the smallest (with respect to set inclusion) closed subspace of H1

which contains the set {αT s | s ∈ S, α ∈ Rp}. Then instead of El[z |M ] we use El[z | S].

Intuitively, El[z | S] is the best (minimal variance) linear prediction of z based on the elements
of S. For example, consider the case where M is finite, i.e., M = {m1, . . . ,mn}. Let us define

TM = E


m1

...
mn

 [mT
1 · · · mT

n

] =

E
[
m1m

T
1

]
· · · E

[
m1m

T
n

]
...

...
E
[
mnm

T
1

]
· · · E

[
mnm

T
n

]
 ,

ΛzM =

E
[
z mT

1

]
...

E
[
z mT

n

]
 ,

then El[z | M ] = ΛzMT
−1
M

m1
...

mn

. Now we can write z = El[z | M ] + e where e and M are

orthogonal and e is the projection error. In other words:

El[z |M ] = argmin
α ∈ Span{M}

E
[
||z− α||2

]
.
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If (z,M) are jointly Gaussian, then El[z | M ] = El[z | FM ], where FM is the σ-algebra
generated by M .

2.3.3 Finite sequences
Here, we recall a few standard notions from automata theory used in the rest of the thesis.

Notation 2.2 (Sequences over Σ). An alphabet is a finite set of symbols in automata. Alphabets
are a set of symbols used to construct a language. In what follows,

Σ = {1, . . . , nµ}

denotes the finite alphabet, where nµ > 0. A non empty word over Σ is a finite sequence of letters
(elements) of Σ, i.e., w = σ1σ2 · · · σk, for some k ∈ N, k > 0, σ1, σ2, . . . , σk ∈ Σ. The length of
the word w is denoted by |w| = k. The set of all nonempty words is denoted by Σ+. We denote
the empty word by ϵ and by convention |ϵ| = 0. Let Σ∗ = {ϵ} ∪ Σ+. The concatenation of two
nonempty words v = a1a2 · · · am and w = b1b2 · · · bn is defined as vw = a1 · · · amb1 · · · bn for
some m,n > 0. By convention vϵ = ϵv = v for all v ∈ Σ∗.

Here is an example to illustrated the previous notation introduced from automata theory.

Example 2.3. For nµ = 2, Σ = {1, 2}, Σ∗ = {ϵ, 1, 2, 11, 12, 21, 22, 111, . . .}, for the word
w = 111 ∈ Σ∗, |w| = 3 and wϵ = 111ϵ = 111. If v = 12211 ∈ Σ∗, then wv = 11112211 and
|wv| = 8.

Notation 2.3 (Notation for matrices). We denote by In the n× n identity matrix. Consider n× n
square matrices {Aσ}σ∈Σ. For any w = σ1σ2 · · ·σk ∈ Σ+, k > 0 and σ1, . . . , σk ∈ Σ, we define
Aw = AσkAσk−1

· · ·Aσ1 . For an empty word ϵ, set Aϵ = In.

Example 2.4. For instance, let us consider the following three matrices:

A1 =

[
2 3
1 2

]
, A2 =

[
1 3
2 3

]
, A3 =

[
0 1
1 0

]
.

In this case, we will consider the sequence Σ = {1, 2, 3} where nµ = 3. For a word w = 123 ∈
Σ∗ = {ϵ, 1, 11, 12, 13, 111, 121, 121, . . . } we will have

Aw = A3A2A1 =

[
7 12
5 9

]
.

We can also realize from Notation 2.2 and Notation 2.3 that, for example, for the word v = 12 ∈ Σ∗,
AwAv = A3A2A1A2A1 = Avw.
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2.4 Process properties
This section recalls from [91] the concept of admissible processes and the concept of zero mean

wides sense stationary processes with respect to the switching. These definitions of properties
concerning the processes are used in the following chapters. But before, let us recall from the
literature on probability theory the following definition.

Definition 2.1 (Wide-Sense Stationary (WSS)). A random process is called weak-sense stationary
or wide-sense stationary (WSS) if its mean and its autocovariances do not change if time is shifted.
More precisely, if r is a WSS process, then for all t1, t2 ∈ Z and for all δ ∈ Z,

E [r(t1)] = E [r(t2)] ,

E [r(t1)r(t2)] = E [r(t1 + δ)r(t2 + δ)] .

This is one of the most common forms of stationarity that is widely used in practice and
literature. One can easily see that the autocorrelation of the process at two different instant depends
only on the time difference (the time shift).

In contrast, a Strict Stationarity (SS) is a stronger condition where all the joint distributions
of the process are invariant under time shifts. For strict stationarity, the entire distribution of the
random process does not change over time. So, a process can be wide-sense stationary without
being strictly stationary if it satisfies the conditions on the mean, variance, and autocorrelation, but
does not exhibit time-invariant higher-order moments or joint distributions.

2.4.1 Admissible process
With the notations above, we can identify the process µ with the collection {µσ}σ∈Σ of its

components, in order to introduce the definition of an admissible process. To this end, let us
consider that for every word w ∈ Σ+ where w = σ1σ2 · · ·σk, k ≥ 1, σ1, . . . , σk ∈ Σ, we define
the process µw as follows:

µw(t) = µσ1(t− k + 1)µσ2(t− k + 2) · · ·µσk(t). (2.5)

For an empty word w = ϵ, we set µϵ(t) = 1. Recall that the processes are defined over the
time-axis Z. Let us present the following example to illustrate what we just introduced:

Example 2.5. We will consider the alphabet finite set Σ = {1, 2}, where nµ = 2. Then for a word
w = 121 ∈ Σ∗, where |w| = k = 3, we will get, for an instance t ∈ Z,

µw(t) = µ12(t− 1)µ1(t) = µ1(t− 2)µ2(t− 1)µ1(t).

Notice that, for a word w ∈ Σ∗, the product µw(t) at an instance t ∈ Z depends on some past
values of the switching. Now we are ready to define what we mean by an admissible swtching.
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Definition 2.2 (Admissible process [91]). The switching process µ is called admissible, if the
following holds:

1. There exists a set E ⊆ Σ× Σ of pairs of letter from Σ, such that:

– for every letter σ ∈ Σ, there exists a letter σ′ ∈ Σ such that (σ, σ′) ∈ E .

– Define the set of admissible words L as the set of all words w ∈ Σ+ such that

w = σ1 · · · σk ∈ Σ+,

for σ1, . . . , σk ∈ Σ, k > 0 and (σi, σi+1) ∈ E for all i = 1, . . . , k − 1. Then for all w ∈ Σ+,
such that w /∈ L, it holds that µw = 0.

2. Denote by Fµ,−
t the σ-algebra generated by the random variables {µ(k)}k<t. There exists

positive numbers {pσ}σ∈Σ such that for any w, v ∈ Σ+, σ, σ
′ ∈ Σ, t ∈ Z:

E[µwσ(t)µvσ′ (t) | Fµ,−
t ] =

{
pσµw(t− 1)µv(t− 1) if σ = σ

′
and wσ, vσ ∈ L

0 otherwise

E[µwσ(t)µσ′ (t) | Fµ,−
t ] =

{
pσµw(t− 1) if σ = σ

′
and wσ ∈ L

0 otherwise

E[µσ(t)µσ′ (t) | Fµ,−
t ] = 0 if σ ̸= σ

′

3. There exist real numbers {ασ}σ∈Σ such that
∑

σ∈Σ ασµσ(t) = 1 for all t ∈ Z.
4. For each w, v ∈ Σ+, the process

[
µw,µv

]T is wide-sense stationary.

Let us now explain the intuition for each condition:

a) The first condition states that the product µw is zero for words which are not in L. Intuitively,
this means that the product µw is of interest only for sequences w which belongs to L.
In addition, it is assured that the elements of L are generated by a binary relation E that
determines which letters are allowed to succeed the other, and for words outside L,µw is
zero.

Example 2.6. To illustrate the first condition, consider an example where Σ = {1, 2, 3} and
the relation E is defined as follows:

E = {(1, 2), (2, 3), (3, 1)}

w = 123 is an admissible word because:

(1, 2) ∈ E , (2, 3) ∈ E .
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v = 13 is not admissible because:

(1, 3) /∈ E .

In this case, the word v is not allowed, and if the switching process µ tries to follow this
sequence (word), it would result in µv = 0.

b) The second condition states that future products of µ depend on past products of µ, and
that µσ(t) and µσ′(t) are conditionally uncorrelated (independent) with respect to the past
values of µ if σ ̸= σ′. This condition allows us to later prove a recurrence relation on the
covariances of the outputs of the GLSS.

c) Intuitively, we want to ensure that past values of the outputs are products of past outputs and
past switching. This will allow us to argue that innovation noises are uncorrelated. More
precisely, the condition

k∑
σ=1

ασµσ(t) = 1,

for some coefficients {ασ}kσ=1, allows us to conclude that

y(t− k) = y(t− k)µ1(t− k)α1 + · · ·+ y(t− k)µk(t− k)αk,

i.e., y(t− k) belongs to the linear spam generated by y(t− k),µσ1(t− k), . . . ,µσk(t− k).

d) The last condition requires wide-sense stationarity of µw, i.e., that relevant moments of µw

are independent of time.

Note that Definition 2.2 is a reformulation of [91, Definition 1]. Notice, if µ is admissible, then
µw,µv are jointly wide-sense stationary. Moreover, µw(t) and µv(t) are uncorrelated, if the last
letters of w and v are different, and the real positive numbers {pσ}σ∈Σ from part 2. of Definition
2.2 satisfy

E[µ2
wσ(t)] = pσE[µ

2
w(t)] (2.6)

for any sequence w ∈ Σ+, and letter σ ∈ Σ.
Below we recall from [91] a number of examples of admissible processes.

Example 2.7 (White noise). If µ = [µ1,µ2, . . . ,µnµ ]
T is an i.i.d. process such that µ1 = 1, for all

i, j = 2, . . . , nµ, t ∈ Z, µi(t),µj(t) are independent and µi(t) is zero mean, then µ is admissible
with E = Σ× Σ and pσ = E[µ2

σ(t)].

Example 2.8 (Discrete valued i.i.d process). Let θ be an i.i.d process with values in Σ =
{1, . . . , nµ}. Let µσ(t) = χ(θ(t) = σ) for all σ ∈ Σ, t ∈ Z, where χ is the indicator func-
tion, i.e.,

χ(θ(t) = σ) =

{
1, if θ(t) = σ

0, otherwise.
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Let E = Σ× Σ, and pσ = P (θ(t) = σ), ασ = 1 for all σ ∈ Σ. Then µ is admissible.

Example 2.9 (Markov chain). Assume that θ is a stationary and ergodic Markov process whose
state space is the finite set Θ. Let us take Σ = Θ×Θ, and

E = {(σ1, σ2) ∈ Σ× Σ | σ1 = (q2, q1), σ2 = (q3, q2), q1, q2, q3 ∈ Θ}.

Define
p(q2,q1) := P (θ(t) = q2 | θ(t− 1) = q1)

for q1, q2 ∈ Θ, and note that p(q2,q1) > 0. Note the switching from state q1 to q2 as:

µ(q2,q1)(t) = χ(θ(t+ 1) = q2,θ(t) = q1)

for all q1, q2 ∈ Θ and t ∈ Z. Define ασ = 1 for all σ ∈ Σ. Let us identify Σ with the set {1, . . . , nµ},
where nµ is the square of cardinality of Θ. Then, µ is an admissible switching process.

Sketch of the proof that µ is admissible. For the switching process µ to be admissible, the admis-
sibility conditions must hold:

1. Existence of set E: In this example the first condition is satisfied, as for each pair (q2, q1),
there exists a corresponding (q3, q2), such that (q2, q1), (q3, q2) are in the set E , and where
q1, q2, q3 ∈ Θ. Note that the set of admissible words L consists of words

w = (θ2, θ1)(θ3, θ2) . . . (θk, θk−1) ∈ Σ+,

where θ1, θ2, θ3, . . . , θk ∈ Θ and
(
(θi, θi−1), (θi+1, θi)

)
∈ E , for i = 2, . . . , k − 1.

2. Conditional expectations: Consider four letters in Σ for {qi}4i=1, {q′i}4i=1 ∈ Θ:

σ = (q2, q1) and σ′ = (q′2, q
′
1)

s = (q4, q3) and s′ = (q′4, q
′
3)

Consider the following two words: w = w′s, v = v′s′ ∈ Σ∗ where s, s′ ∈ Σ. Then

wσ = w′(q4, q3)(q2, q1) and vσ′ = v′(q′4, q
′
3)(q

′
2, q

′
1).

We know that for some k1, k2 ∈ Θ and k = (k1, k2) ∈ Σ:

µk(t) = µ2
k(t) = µ(k2,k1)(t) = χ(θ(t+ 1) = k2, θ(t) = k1).

We can then write:

µwσ(t) = µw′(t− 2)µs(t− 1)µσ(t)

= µw′(t− 2)χ(θ(t) = q4, θ(t− 1) = q3)χ(θ(t+ 1) = q2, θ(t) = q1),
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µvσ′(t) = µv′(t− 2)µs′(t− 1)µσ′(t)

= µv′(t− 2)χ(θ(t) = q′4, θ(t− 1) = q′3)χ(θ(t+ 1) = q′2, θ(t) = q′1).

From the definition of E , we know that wσ = w′(q4, q3)(q2, q1) is an admissible word, if
w′s is an admissible word and (s, σ) = ((q4, q3)(q2, q1)) ∈ E , i.e., if q4 = q1. Similarly,
vσ′ = v′(q′4, q

′
3)(q

′
2, q

′
1) is admissible if q′4 = q′1 and v′s′ is an admissible word. In other

words, we can say:

µwσ(t)µvσ′(t) =

{
µw(t− 1)µv(t− 1)µ2

σ(t), if σ = σ′

µw(t− 1)µv(t− 1)µσ(t)µσ′(t), otherwise

=

{
µw(t− 1)µv(t− 1)χ(θ(t+ 1) = q2, θ(t) = q1), if σ = σ′

0, otherwise.

In the equation above, we used the fact that

µσ(t)µσ′(t) = χ(θ(t+ 1) = q2, θ(t) = q1)χ(θ(t+ 1) = q′2, θ(t) = q′1),

which is equal to zero when σ ̸= σ′, because σ ̸= σ′ implies that at least one of the indicator
functions is equal to zero. We can now start computing the conditional expectation – that we
will call Ec – for the case where σ = σ′ and (s, σ) and (s′, σ′) are both admissible sequences
(Ec = 0 otherwise):

Ec = E
[
µwσ(t)µvσ′(t) | Fµ,−

t

]
= E

[
µw(t− 1)µv(t− 1)χ(θ(t+ 1) = q2, θ(t) = q1) | Fµ,−

t

]
.

We know that:

Fµ,−
t = {µk(s) | s < t}

= {χ(θ(s+ 1) = k2, θ(s) = k2) | s < t and k1, k2 ∈ Θ}.

Since µw(t− 1) and µw(t− 1) are Fµ,−
t measurable, as they are products of the random

variables which are among the generators of Fµ,−
t , it follows that:

Ec = µw(t− 1)µv(t− 1)E
[
χ(θ(t+ 1) = q2, θ(t) = q1) | Fµ,−

t

]
.

It is clear that
χ(θ(t) = q) =

∑
q1∈Θ

µ(q,q1)(t− 1),

since at any time instant t, the process θ(t) must be in exactly one state q, the sum above
counts all possible transitions from any previous state q1 to the state q. This means that

χ(θ(t) = q) ∈ Fµ,−
t .
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Consequently, the σ-algebra σ
(
χ(θ(s) = q) | q ∈ Θ, s ≤ t

)
generated by

{χ(θ(s) = q) | q ∈ Θ, s ≤ t} and Fµ,−
t are equal. It follows that:

Ec = µw(t−1)µv(t−1)E
[
χ(θ(t+ 1) = q2, θ(t) = q1) | σ

(
χ(θ(s) = q) | q ∈ Θ, s ≤ t

)
}
]
.

This means that Ec represents the conditional probability that the system transitions from q1
to q2 given all past states. By definition of the Markov chain properties, we can replace the
conditional expectation by the transition probability:

E
[
χ(θ(t+ 1) = q2, θ(t) = q1) | σ

(
χ(θ(s) = q) | q ∈ Θ, s ≤ t

)]
= p(q1,q2)χ(θ(t) = q1).

Hence,
Ec = µw(t− 1)µv(t− 1)p(q1,q2)χ(θ(t) = q1),

where p(q1,q2) = P (θ(t+ 1) = q2, θ(t) = q1) is the transition probability from the state q1 to
the state q2. Notice that:

χ(θ(t+ 1) = q2, θ(t) = q1)χ(θ(t) = q1) = χ(θ(t+ 1) = q2, θ(t) = q1).

Then:
µw(t− 1)χ(θ(t) = q1) = µw′(t− 2)χ(θ(t) = q3, θ(t− 1) = q4)χ(θ(t) = q1)

= µw′(t− 2)χ(θ(t) = q3, θ(t− 1) = q4)

= µw(t− 1)

since q4 = q1 because we are studying the case where (s, σ) is admissible. Finally, we can
then write:

Ec = E
[
µwσ(t)µvσ′(t) | Fµ,−

t

]
= µw(t− 1)µv(t− 1)p(q1,q2)

3. Normalization condition: with ασ = 1, for σ ∈ Σ, we get∑
σ∈Σ

ασµσ(t) =
∑
σ∈Σ

µσ(t) = 1

because only one µσ(t) can be equal to 1 at a time.

4. Wide Stationarity condition: Since θ is a stationary Markov process, the distribution of
µw(t) does not depend on t, i.e., µw(t) is stationary and hence

[
µw,µv

]T is wide-sense
stationary for all w, v ∈ Σ+.

Notice that, µ uniquely determines a collection of numbers {pσ}σ∈Σ. Indeed, if (σ1, σ) ∈ E and
µσ1(t) ̸= 0, then

pσ =
E
[
µ2
σ1σ

(t)
]

E
[
µ2
σ1
(t)
] .

This latter collection will play an important role in the sequel. For instance, for µ from Example
2.7, pi is the variance of µi, and for µ from Example 2.8, pi is the probability P (θ(t) = i), for all
i ∈ Σ.
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2.4.2 Zero Mean Wide Sense Stationary process with respect to Inputs
(ZMWSSI), Square Integrable process with respect to Inputs (SII) and
white noise process with respect to switching

In this subsection, we recall the concept of Zero Mean Wide Sense Stationary process with
respect to Inputs (ZMWSSI) from [91], in addition to the Square Integrable with respect to Inputs
(SII) and white noise with respect to switching properties. Note that, by analogy with [91], the
inputs are the switching in our case. However, in order to stay consistent with the terminology of
the literature, we decided to stick with the abbreviations ZMWSSI and SII, despite that, in our case,
the process is zero mean wide sense stationary and Square Integrable with respect to the switching.

Intuitively, these concepts concerning the processes are needed for defining the class of GLSS
studied in the following chapters. To this end, we need to introduce some terminology which will
be used later on in the thesis.

In this section, we assume that µ is admissible switching, i.e., it satisfies Definition 2.2.
Let {pσ}σ∈Σ be the constants determined by µ as explained in part (2.) of Definition 2.2, and

define the products

pw = pσ1pσ2 · · · pσk . (2.7)

for any w = σ1σ2 · · ·σk ∈ Σ+, where σ1, σ2, . . . , σk ∈ Σ. For an empty word w = ϵ, we set
pϵ = 1. For a stochastic process r ∈ Rm and for each w ∈ Σ∗ we define the stochastic process zrw
as

zrw(t) = r(t− |w|)µw(t− 1)
1

√
pw
, (2.8)

where µw and pw are as in (2.5) and (2.7). For w = ϵ, let zrw(t) = r(t). The process zrw in (2.8)
is interpreted as the product of the past of r and µ. The process zrw will be used as predictors for
future values of r for various choices of r.

After getting familiar with the necessary terminology, we introduce the following definition:

Definition 2.3 (ZMWSSI w.r.t. µ). A process r is Zero Mean Wide Sense Stationary w.r.t.
admissible switching µ (ZMWSSI) if the following holds:

(1) For t ∈ Z, let us consider

– the σ-algebra generated by the variables {r(k)}k≤t denoted by Fr
t ,

– the σ-algebra generated by the variables {µσ(k)}k<t,σ∈Σ denoted by Fµ,−
t ,

– and the σ-algebra generated by the variables {µσ(k)}k≥t,σ∈Σ, denoted by Fµ,+
t ,

Then Fr
t and Fµ,+

t are conditionally independent w.r.t. Fµ,−
t , [121, Definition 2.9.1].
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(2) The processes {r, {zrw}w∈Σ+} are zero mean, square integrable and are jointly wide sense
stationary. i.e., ∀t, s, k ∈ Z, w, v ∈ Σ+,

E [r(t)] = 0,

E [zrw(t)] = 0,

E
[
r(t+ k)(zrw(s+ k))T

]
= E

[
r(t)(zrw(s))

T
]
,

E
[
r(t+ k)(r(s+ k))T

]
= E

[
r(t)(r(s))T

]
,

E
[
zrw(t+ k)(zrv(s+ k))T

]
= E

[
zrw(t)(z

r
v(s))

T
]
.

The first condition means that future values of µ do not depend on past or current values of r,
except through their shared dependency on past values of µ. In other words, there is no feedback
from r to µ: the process r does not influence future values of µ beyond what is already encoded in
past values of µ. The only way information from r can influence future values of µ is indirectly,
via the effect that past values of µ had on both r and µ. This type of assumption is common in
stochastic processes when modeling systems where the observed process r is influenced by an
external source µ, but does not itself alter the dynamics of µ.

The second condition of the ZMWSSI definition means that the processes involved are wide
sense stationanry.

The first and second conditions imply, together with [91, Lemma 7], that the relationship
covariances of r have the recursive structure described below.

Notation 2.4. For any two ZMWSSI processes r and b and for sequences w, v ∈ Σ∗, define the
covariances:

Λr,b
w = E[r(t)(zbw(t))

T ], T r,b
w,v = E[zrw(t)(z

b
v (t))

T ] (2.9)

In particular, if r is ZMWSSI w.r.t. µ, then, for w, v, s ∈ Σ∗ and σ ∈ Σ, we have:

T r,r
wσ,vσ′ =

{
T r,r
w,v if σ = σ′ and wσ ∈ L, vσ

′ ∈ L

0 if σ ̸= σ′ or wσ /∈ L or vσ′
/∈ L

In particular:

T r,r
w,v =


(Λr,r

s )T if w = sv and v, w ∈ L, |s| > 0
Λr,r
s if v = sw and v, w ∈ L, |s| > 0

0 otherwise

and if |w| = |v| then the following holds

T r,r
w,v =

{
T r,r
σ,σ if v = w = σs, w ∈ L

0 if w ̸= v or w /∈ L or v /∈ L

This means that ZMWSSI is an extension of wide-sense stationarity, where Σ+ is viewed as time
axis: ZMWSSI implies that the covariances E

[
zrw(t)(z

r
v(t))

T
]

do not depend on t, and they depend
on the difference between v and w.
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In order to understand better the intuition behind the properties of a ZMWSSI process, let
us present the following covariance matrix: T r,r = (T r,rw,v)w,v∈L = (E

[
zrw(t)(z

r
v(t))

T
]
)w,v∈l.

This matrix cannot be easily illustrated. Therefore, we will consider, for a simple illustra-
tion, the case where Σ = {1, 2} and where the set of the admissible sequences L = Σ+ =
{1, 2, 11, 12, 21, 22, 111, 112, 121, 122, . . . }. In this case, we will get:

T r,r =



T r,r
1,1 T r,r

1,2 T r,r
1,11 T r,r

1,12 T r,r
1,21 T r,r

1,22 T r,r
1,111 T r,r

1,112 T r,r
1,121 · · ·

T r,r
2,1 T r,r

2,2 T r,r
2,11 T r,r

2,12 T r,r
2,21 T r,r

2,22 T r,r
2,111 T r,r

2,112 T r,r
2,121 · · ·

T r,r
11,1 T r,r

11,2 T r,r
11,11 T r,r

11,12 T r,r
11,21 T r,r

11,22 T r,r
11,111 T r,r

11,112 T r,r
11,121 · · ·

T r,r
12,1 T r,r

12,2 T r,r
12,11 T r,r

12,12 T r,r
12,21 T r,r

12,22 T r,r
12,111 T r,r

12,112 T r,r
12,121 · · ·

T r,r
21,1 T r,r

21,2 T r,r
21,11 T r,r

21,12 T r,r
21,21 T r,r

21,22 T r,r
21,111 T r,r

21,112 T r,r
21,121 · · ·

T r,r
22,1 T r,r

22,2 T r,r
22,11 T r,r

22,12 T r,r
22,21 T r,r

22,22 T r,r
22,111 T r,r

22,112 T r,r
22,121 · · ·

T r,r
111,1 T r,r

111,2 T r,r
111,11 T r,r

111,12 T r,r
111,21 T r,r

111,22 T r,r
111,111 T r,r

111,112 T r,r
111,121 · · ·

T r,r
112,1 T r,r

112,2 T r,r
112,11 T r,r

112,12 T r,r
112,21 T r,r

112,22 T r,r
112,111 T r,r

112,112 T r,r
112,121 · · ·

T r,r
121,1 T r,r

121,2 T r,r
121,11 T r,r

121,12 T r,r
121,21 T r,r

121,22 T r,r
121,111 T r,r

121,112 T r,r
121,121 · · ·

T r,r
122,1 T r,r

122,2 T r,r
122,11 T r,r

122,12 T r,r
122,21 T r,r

122,22 T r,r
122,111 T r,r

122,112 T r,r
122,121 · · ·

...
...

...
...

...
...

...
...

... . . .



.

Because r is a ZMWSSI process, then the value of T r,r
w,v is determined by the values of T r,r

s,s′ where
s, s′ ∈ Σ are prefixes of w and v. Moreover, if the last letters of v and w are not the same, or that
the words does not belong to the set of admissible sequences, then the covariances T r,r

w,v are zero. It
follows that the matrix above can be written as follows:

T r,r =



T r,r
1,1 0 Λr,r

1 0 Λr,r
2 0 Λr,r

11 0 Λr,r
12 · · ·

0 T r,r
2,2 0 Λr,r

1 0 Λr,r
2 0 Λr,r

11 0 · · ·
(Λr,r

1 )T 0 T r,r
1,1 0 0 0 Λr,r

1 0 0 · · ·
0 (Λr,r

1 )T 0 T r,r
1,1 0 0 0 Λr,r

1 0 · · ·
(Λr,r

2 )T 0 0 0 T r,r
2,2 0 0 0 Λr,r

1 · · ·
0 (Λr,r

2 )T 0 0 0 T r,r
2,2 0 0 0 · · ·

(Λr,r
11 )

T 0 (Λr,r
1 )T 0 0 0 T r,r

1,1 0 0 · · ·
0 (Λr,r

11 )
T 0 (Λr,r

1 )T 0 0 0 T r,r
1,1 0 · · ·

(Λr,r
12 )

T 0 0 0 (Λr,r
1 )T 0 0 0 T r,r

1,1 · · ·
0 (Λr,r

12 )
T 0 0 0 (Λr,r

1 )T 0 0 0 · · ·
...

...
...

...
...

...
...

...
... . . .



.

We can conclude that the covariance T r,r has a certain recursive structure in the length of w and v.
One can easily notice that the whole matrix can be computed if we know the first two rows due to
the repetition of their values. For the more general case, where nµ > 2, one needs the values of the
first nµ rows to compute T r,r.

Furthermore, let us illustrate the more restricted linear case [56] where Σ = 1, i.e., µ(t) = 1
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for all t ∈ Z. To this end, let us define the following matrices:

T (k, l) = T r,r
w,v = E

[
r(t+ k)(r(t+ l))T

]
Λ(l) = Λr,r

v = E
[
r(t+ l)(r(t))T

]
,

where k and l are the lengths of w and v respectively. Since Σ = 1, in this case, w and v
are sequences of 1 repeated k and l times respectively. This means that T (k, l) = Λ(k − l) =
E
[
r(k − l)(r(0))T

]
because r ∈ Rny is ZMWSSI. Now, let us consider the stacked infinite

dimensional vectors of the past value given by

p(t) =

r(t− 1)
r(t− 2)

...


then, the covariance matrix of the auto-covariance matrices of the past is given by:

T− = E
[
p(t)pT (t)

]
=


Λ(0) Λ(1) Λ(2) · · ·

(Λ(1))T Λ(0) Λ(1) · · ·
(Λ(2))T (Λ(1))T Λ(0) · · ·

...
...

... . . .

 =


Λ(0) Λ(1) Λ(2) · · ·

(Λ(1))T

(Λ(2))T

...
T−

 .
Consider now the auto-covariance matrices of the past where they are finite Toeplitz matrices:

TN− =


Λ(0) Λ(1) Λ(2) · · · Λ(N − 1)

(Λ(1)))T Λ(0) Λ(1) · · · Λ(N − 2)
...

...
...

...
(Λ(N − 1))T (Λ(N − 2))T (Λ(N − 3))T · · · Λ(0)

 ,

TN− =


Λ(0) Λ(1) Λ(2) · · · Λ(N − 1)

(Λ(1))T

(Λ(2))T

...
(Λ(N − 1))T

TN−1
−

 .
We can see the same recursive relationship as mentioned before in the general case. This is
important, because it means that the projection r̂N(t + k) of the future output r(t + k) onto the
past outputs {r(t− 1), . . . , r(t−N)}, defined by

r̂N(t+ k) =
[
Λ(k) · · · Λ(k −N)

]
(TN− )−1

 r(t− 1)
...

r(t−N)


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will have a recursive expression. This recursive structure of TN− helps us to derive formulas for
best linear prediction of r based on past values of r.

Note that, like the general case, we need the values of the first row (nµ = 1) in order to compute
T− (which is equal to T r,r for the general case). However, unlike the general case, T− is a Toeplitz
matrix due to the absence of the zeroes.

The argument above can be extended to the general case. In particular, we can formulate the
same recursive relationship between the estimator of the future value r̂N(t+ k) and the past values
of r by selecting the necessary rows and columns from T r,r.

In addition to stationarity, we will need another technical condition for outputs of the GLSSs of
interest. More precisely, we will need to consider projections of products of {µσ}σ∈Σ and future
outputs to the space generated by products of past outputs and past values of {µσ}σ∈Σ. To this
end, we need to ensure that the former product are in H1, which will be ensured by the following
definition.

Definition 2.4 (SII process w.r.t. µ, [91]). A process r is Square Integrable w.r.t. the switching µ
(SII), if for all w ∈ Σ∗, t ∈ Z, the random variable r(t+ |w|)µw(t+ |w| − 1) is square integrable.

Remark 2.3. As it was mentioned in [91, Section III, Remark 2], if r is square integrable and µσ

is essentially bounded for all σ ∈ Σ, i.e, there exists a constant K > 0 such that |µσ(t)| ≤ K
almost everywhere for all σ ∈ Σ, t ∈ Z, then r is SII. In particular, if the switching is bounded,
and r is ZMWSSI, then r is SII

Among ZMWSSI and SII processes, we will need another subclass of processes which is an
extension of the notion of white noise process. Therefore we present the following definition:

Definition 2.5 (White noise w.r.t. µ). A ZMWSSI process r is a white noise w.r.t. µ, if for all
w ∈ Σ+, v ∈ Σ∗, σ ∈ Σ,

T r,r
w,σv = E[zrw(t)(z

r
σv(t))

T ] =

{
0 if w ̸= σv or w /∈ L or σv /∈ L
T r,r
σ,σ if w = σv and w ∈ L

and E[zrσ(t)(z
r
σ(t))

T ] is nonsingular for all σ ∈ Σ.

Intuitively, if r is a white noise process w.r.t. µ, then {zrw(t)}w∈Σ+ is a sequence of uncorrelated
random variables. Due to part (3.) of Definition 2.2, the product r(t−k)r(t) is a linear combination
of {zrw(t)}w∈Σ+ , hence a white noise process w.r.t. µ is also a white noise process in the classical
sense. Conversely, if r is a white noise and it is independent of {µ(s)}s∈Z, then it is a white noise
process w.r.t. µ.

With the definitions of these properties, we are now ready to present the assumption of station-
arity discussed in Section 2.2.



38 Preliminaries

2.5 Stationary GLSS
In this section, after introducing the necessary definitions and characterizations, we present the

definition of stationary GLSS and autonomous stationary GLSS.

Definition 2.6 (Stationary GLSS). A stationary GLSS (abbreviated sGLSS) realization of (y,u,µ)
(sGLSS of (y,u,µ) for short) is a system in the form of (2.1), such that

1. w =
[
vT , uT

]T is a white noise process w.r.t. µ, and the following orthogonality condition
holds: E[v(t)uT (t)µ2

σ(t)] = 0, for all σ ∈ Σ.

2. The process
[
xT , wT

]T is a ZMWSSI, and the following orthogonality conditions hold:
E[zxσ(t)(z

w
σ (t))

T ] = 0 and E[x(t)(zww (t))
T ] = 0, for all σ ∈ Σ, and w ∈ Σ+.

3. The eigenvalues of the matrix
∑

σ∈Σ pσAσ ⊗Aσ are inside the open unit disk, where ⊗ is the
Kronecker product.

4. For all letters σ1, σ2 ∈ Σ, if (σ1, σ2) /∈ E , i.e., σ1σ2 is not an admissible sequence, then
Aσ2Aσ1 = 0 and Aσ2

[
Bσ1 Kσ1

]
E[zwσ1(t)(z

w
σ1
(t))T ] = 0.

If (y,u,µ) is clear from the context, then we refer to a sGLSS realization of (y,u,µ) as sGLSS.

Some remarks are in order: First, we defined sGLSS as a realization of tuple of processes
(y,u,µ). That is, in order to define a sGLSS, one should not only specify the system matrices and
the noise v, but also the input, switching and output processes. In particular, a certain collection of
matrices {Ai, Bi, Ki}nµ

i=1, C and D may cease to give rise to a valid sGLSS, if (y,u,µ) is changed.
This is reflected in the terminology, as we speak of sGLSS realizations of (y,u,µ). As it was
mentioned in the definition, for the sake of brevity we will refer to a sGLSS realization of (y,y,µ)
as a sGLSS of (y,u,µ). We will use the two forms interchangeably in the rest of the thesis.

Second, this definition is coherent with the usual definition of stochastic dynamical system
[121]. More precisely, we view a GLSS as encoded version of conditional probability distribution
of future states and current outputs based on past outputs, inputs and state. The noise, intuitively,
is the difference between the next state and current output and their best prediction based on past
inputs, states and outputs.

The definition above includes several technical conditions that ensure stability, orthogonality,
and well-behaved stochastic properties. Let’s break down each condition intuitively:

• Condition 1 ensures that the input and the noise are uncorrelated. Also, in ensures that they
are both independent from the switching signal. These are standard assumptions in stochastic
systems theory. Condition 1 also ensures that the input u is white noise. This ensures
persistence of excitation of the input, and simplifies the underlying system identification
problem.
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• Condition 2 ensures that the mean and auto-covariance of the processes do not change over
time, which is essential for stationarity. In addition, it ensures that the state is uncorrelated
with the current values of the noise and the switching. This helps in designing optimal state
estimation algorithms (Kalman-like filters) since the state updates will not be contaminated
by correlated noise.

• Condition 3 ensures that the system is stable in the sense of mean-square stability. Since
the Kronecker product represents how the system propagates uncertainty over time, then
the eigenvalues being inside the unit disk means that the system does not diverge over time,
which is necessary for long-term predictions and control.

• Condition 4 imposes constraints on transitions between states. It ensures that the product of
system matrices which correspond to inadmissible words are zero. These product capture
the effect of products of switching signals µw for w /∈ L. Since µw = 0 for w /∈ L, these
matrix products never show up in the dynamics, hence they could take any values without
influencing the observed behavior of the system. By requiring them to be zero we eliminate
this source of ambiguity. This is particularly important for GLSS, in particular for switched
or Jump-Markov systems, where the transition structure can be constrained by physical rules
or external conditions.

Note that Condition 2. implies that w is a white noise, i.e., E[w(t)] = 0 and, for t ̸= s,

E[w(t)wT (s)] = 0.

In this thesis we will also be interested in autonomous stationary GLSSs, which are sGLSSs with
no inputs. Their formal definition goes as follows.

In this thesis we will also be interested in autonomous stationary GLSSs, which are sGLSSs
with no inputs. Their formal definition goes as follows.

Definition 2.7 (Autonomous Stationary GLSS). An autonomous stationary stochastic GLSS re-
alization of (y,µ) (asGLSS of (y,µ) for short) is a system of the form (2.4), such that the same
conditions of Definition 2.6 apply, but w = v and the input process u does not exist and Bi = 0,
for i ∈ Σ, and D = 0. If (y,µ) is clear from the context, then we refer to an asGLSS realization of
(y,µ) as asGLSS

The state of an sGLSS is uniquely determined by its matrices and noise process. From [91,
Lemma 2] it follows that

x(t) =
∞∑
N=0

∑
σ ∈ Σ, σv ∈ L
v ∈ Σ∗, |v| = N

√
pσvAvKσz

v
σv(t) +

√
pσvAvBσz

u
σv(t) (2.10)

where the infinite sum on the right-hand side is convergent in the mean square sense, see Appendix
2.9 for more details on the convergence of the right-hand side of (2.10). In fact, even the order of
summation in the right-hand side of (2.10) can be changed, see Appendix 2.9 for more details.
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Equation (2.10) is a direct generalization of the well-known formula for the state of a stochastic
LTI system. More precisely, consider the following LTI system:{

x(t+ 1) = Ax(t) +Bu(t) +Kv(t)

y(t) = Cx(t) +Du(t) + Fv(t)

where A is Schur1 to ensure the stability of the system. Then, by [56],

x(t) =
∞∑
k=1

(
Ak−1Kv(t− k) + Ak−1Bu(t− k)

)
.

Since the state of a sGLSS is uniquely determined by its noise, input process and state matrices
- as shown by the structure of (2.10) - we now introduce the following notations:

Notation 2.5. We identify the sGLSS S of the form (2.1) with the tuple

S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v,u,µ).

When u and µ are clear from the context, we use the notation

S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v).

We identify the asGLSS Sa of the form (2.4) with the tuple

Sa = ({Aσ, Kσ}nµ

σ=1, C, F,v,u,µ).

When u and µ are clear from the context, we use the notation

Sa = ({Aσ, Kσ}nµ

σ=1, C, F,v).

In the terminology of [91], a sGLSS and an asGLSS correspond both to a stationary GBS w.r.t.
inputs {µσ}σ∈Σ with the noise process w =

[
vT uT

]
and v respectively. Note that the processes

x and y are ZMWSSI, in particular, they are wide-sense stationary, and that x is orthogonal to the
future values of the noise process v. We focus on wide-sense stationary processes, because it is
difficult to estimate the distribution of non-stationary processes. Moreover, wide-sense stationary
processes solve the problem of the initial state conditions.

In the sequel, we will be interested in GLSS as models representing a certain input-output
behavior. More precisely, we formalize the input-output behavior of a sGLSS as triples (y,u,µ).
This prompts us the following definition:

1all its eigenvalues are inside the unit disk
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Definition 2.8 (Minimal realization). If S is of the form (2.1), then we call the state-space dimension
nx the dimension of S and we denote it by dimS . We say that the sGLSS S is a minimal realization
of (ỹ, ũ, µ̃), if for any sGLSS realization S ′

of (ỹ, ũ, µ̃), the dimension of S ′
is not smaller

than dimS. This is also applicable for the class of asGLSS with no input (u = 0): we say
that the asGLSS S is a minimal realization of (ỹ, µ̃), if for any asGLSS realization S ′

of (ỹ, µ̃),
dim(S ′

) ≥ dimS.

We can formulate the realization and identification problems for GLSS as follows.

Problem 1 (Realization problem). For the process (y,u,µ), assuming that it has a sGLSS realiza-
tion S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v,µ), find, based on (y,u,µ), a minimal sGLSS realization
Sm = ({Amσ , Bm

σ , K
m
σ }

nµ

σ=1, C
m, Dm, Fm,v,µ) of (y,u,µ).

Problem 2 (Identification problem). Assume that y, u, µ are sample paths of y,u,µ respec-
tively, and assume that there exists a sGLSS S of (y,u,µ). Compute from the samples D =
{y(t), u(t), µ(t)}Nt=1 the estimates {{ÂNi , B̂N

i , K̂
N
i , Q̂

N
i }

nµ

i=1, Ĉ
N , D̂N , F̂N} of Ŝ, such that as

N → ∞, these estimated matrices converge to matrices {{Ai, Bi, Ki, Qi}nµ

i=1, C,D, F} of the
true system S respectively.

Note that the realization problem is essentially an idealized version of the identification problem,
where we assume that we know the stochastic processes involved, rather than only a sample path
of each of them. The motivation for considering the realization problem is that its solution helps
to analyze the solution of the identification problem. The realization theory helps to solve the
identification problem above on several levels.

2.6 Motivation for stochastic realization theory of GLSS
The goals of realization theory can be listed as follows:

• Find a condition for the existence of a sGLSS realization of (y,u,µ).

• Find an algorithm for computing a minimal sGLSS realization of (y,u,µ) for (y,u,µ).

• Define a suitable notion of innovation form for sGLSS. By a suitable notion we mean that (a)
the sGLSS in innovation form can be interpreted as an optimal predictor of current output
based on past outputs, inputs and switching signals; (b) any sGLSS can be transformed to a
sGLSS in innovation form.

• Propose a covariance realization algorithm which uses covariances of outputs and inputs to
compute a sGLSS realization. Then, show that the covariance realization algorithm returns a
minimal dimensional sGLSS in innovation form.

• Show that minimal sGLSS in innovation form (with the same output) are isomorphic.
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The motivations for these goals are the following headlines:

M1 - Stochastic systems as predictors of current output based on past outputs, inputs and
switching: In order to find a GLSS Ŝ realizing (y,µ,u), a widespread approach is to interpret
it as parametrization of a predictor, which maps past inputs and outputs to current output. Then,
finding Ŝ boils down to finding the best predictor. However, while the parameters of a GLSS can
be used to compute such a predictor, apriori it is not clear that this correspondence is one-to-one
and that the resulting predictor is a finite dimensional dynamical system of GLSS type.
Indeed, a naive way to construct such a predictor would be to construct a Kalman-filter based
on GLSS. More precisely, for deterministic switching, we could view GLSS as a time-varying
linear system and apply classical Kalman-filtering. However, from [20], we know that the resulting
system would have matrices which depend on all the past switching, even if the switching is
deterministic.
For stochastic switching, applying a Kalman-filtering is complicated. However, if we show that any
GLSS can be converted to a minimal GLSS in innovation form, then it can naturally be interpreted
as an optimal predictor. Moreover, there is a one-to-one (up to isomorphism) correspondence
matrices of such a GLSS and parameters of the predictor.

M2 - Consistent estimator (predictor) means good model: A consistent estimator in system
identification ensures that, as more data is collected, the estimated GLSS model Ŝ converges to the
true GLSS S for the specific input and switching signals used during the identification experiment.
However, consistency alone does not guarantee that Ŝ will behave like S for all possible inputs and
switching sequences. This creates a blind spot: models may appear statistically valid while failing
to capture the true system’s behavior outside the scope of the identification data.
This limitation arises from the nature of stochastic identification, where one attempts to reconstruct
a deterministic system’s behavior from noisy and finite observations. In fact, two GLSS models
may produce the same outputs for the inputs and switching signals used during identification but
diverge significantly for others. This issue will be addressed in Chapter 4 and illustrated in the
corresponding Numerical Example section.
The proposed solution relies on stochastic realization theory, which provides a rigorous framework
for ensuring that the identified model reproduces the true system’s complete input-output behav-
ior—not just its behavior on previously observed data.
In the LTI case, this issue was resolved by assuming that both the data generator in (2.1) and the
stochastic system corresponding to Ŝ are minimal and in innovation form. In this setting, two
minimal systems in innovation form with the same input-output behavior are isomorphic [65]. This
means that the identified model faithfully reproduces the system’s behavior for any input, not just
those used during identification.
Realization theory allows us to avoid this blind spot by using minimal realizations in innovation
form. Suppose that estimated model is a minimal sGLSS in innovation form, and suppose that it is
a realization of (y,µ,u), i.e., Ŝ generates the same output as the true system S for the designated
input and switching used for the identification experiment. Assume that Ŝ is also minimal and
in innovation form. Then the matrices of S and Ŝ are the same after a basis transformation. In
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other words, when the estimated model perfectly matches the true system’s outputs on training
data, we achieve structural equivalence up to state-space transformations - meaning the model
will generalize perfectly. In particular, S and Ŝ will generate the same output for any input and
switching, and not only for the ones used in the identification experiment.
However, in practice, Ŝ only approximates the true output y. In this case the argument above
does not hold but can still be extended. More precisely, the system matrices of Ŝ are continuous
functions of the output covariances, due to the structure of the covariance realization algorithm.
Hence, intuitively, if Ŝ generates an output close to the true one, then its matrices are close to the
matrices of the true system S after a suitable state-space transformation. In particular, the output of
Ŝ to any input and switching (not only the ones used in the identification experiment) will be close
to that of the true system S.

M3 - Identifiability: In system identification, a fundamental question is whether a given model
structure can uniquely determine the system parameters from input-output data. We know from
[3, 2], that a parametrization is globally identifiable if no two different parameter vectors produce
the same input-output map. Non-identifiable models lead to ill-posed identification problems,
where multiple parameter sets produce the same input-output behavior, complicating parameter
estimation and control design. For GLSSs, this question is complicated because traditional LTI
identifiability tools fail when applied to GLSS models because frozen LTI models (obtained by
fixing the switching signal) may not capture the full dynamics of the GLSS system. Moreover, in
[3, 2], the authors state that for LPV systems with affine dependencies on the scheduling, which
are a subclass of the GLSS class, parametrization is identifiable if:

(1) the parametrization is injective (no two parameters give the same model),

(2) no two models with different parameters are related by an isomorphism.

We expect that the same reasoning can be extended to GLSSs. To this end, more investigations
in realization theory are needed to ensure that minimal GLSS, producing the same outputs, are
isomorphic.

M4 - Covariance realization algorithm leads to a subspace system identification algorithm:
As it was mentioned in Chapter 1, system identification methods can be divided into parametric
and subspace methods. For LTI systems, subspace methods relied heavily on realization theory.
First, many subspace methods were based on covariance realization algorithm. Second, realization
theory was instrumental for analyzing consistency of subspace methods. Consistency here refers
to the property that, as the amount of data grows, the estimated parameters converge to the true
system parameters.
We expect to reap the same benefits from realization theory for GLSS systems. In particular, the
formulation of a covariance realization algorithm will yield a simple subspace method, if it is
applied to empirical covariances instead of the true ones. In addition, as the empirical covariances
converge to the true ones , the GLSS obtained from applying covariance realization algorithm to
empirical covariances is also expected to converge to the true system. Moreover, it will be minimal
and in innovation form.
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Motivated by the discussion above, in this thesis, we develop a realization theory for the GLSS
class with inputs. Our approach is inspired by classical realization theory for LTI. In particular, a
key step in the proof of existence and isomorphism of minimal LTI systems in innovation form was
the decomposition y(t) = yd(t) + ys(t) of the output into two components. The component yd is
determined by the input and it is the output of a noiseless LTI system. The component ys is the
output of an autonomous LTI system and it depends only on the noise. Then the results on minimal
LTI systems in innovation form follow by applying realization theory [65] to the autonomous LTI
system generating ys. The existence of this decomposition will be proven for the GLSS case in
Chapter 3, in order to prove the existence of minimality and uniqueness of the GLSS realization.
These results are necessary to introduce the realization algorithm and the identification algorithm
in Chapter 5.

Nonetheless, in order to present all these contributions in the following chapters, we have to
recall some prior results, concerning the autonomous case, that existed already in the literature.

2.7 Systematic overview: existence and minimality of asGLSS
in innovation form

In this section, we review the principal results on existence and minimality of asGLSS in
innovation form. To this end, in Subsection 2.7.1 we recall from [83, 81, 86] some results on
realization theory of deterministic Linear Switched System (abbreviated as LSS). In Subsection
2.7.2 we present the definition of asGLSSs in innovation form, and in Subsection 2.7.3 we present
results on existence and uniqueness of minimal asGLSSs. In Subsection 2.7.4 we present rank
conditions for minimality of asGLSSs and an algorithm for converting any asGLSS to a minimal
one in innovation form. The results presented in this section follow from [91], but they have never
been formulated explicitly for GLSSs.

2.7.1 Deterministic realization theory of LSS

Let us consider a deterministic counterpart of sGLSS. We will consider only the case where
µ(t), for any time instance t, takes values in {0, 1}, as it is sufficient for our purpose. For this case,
deterministic Linear Switched systems (dLSS) are the natural deterministic counterparts of GLSSs.
A dLSS is a system described as follows:

S

{
x(t+ 1) = Aq(t)x(t) + Bq(t)u(t)
y(t) = Cx(t) +Du(t)

, (2.11)

where {Aσ,Bσ}σ∈Σ, C,D are matrices of suitable dimensions, q : Z → Σ is the switching signal,
x : Z → Rnx is the state trajectory u : Z → Rnu is the input trajectory y : Z → Rny is the output
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trajectory with left bounded support2. We identify a dLSS of the form (2.11) with the tuple

S = ({Ai,Bi}nµ

i=1, C,D). (2.12)

We refer to [83, 81] for a detailed definition input-output behavior of dLSSs, their realization theory,
minimality, etc. In particular, let us call any function M : Σ∗ → Rny×nu a Markov function. The
dLSS S realizes M , if for all w ∈ Σ∗,

M(w) =

{
CAsBσ, w = σs, σ ∈ Σ, s ∈ Σ∗

D w = ϵ
. (2.13)

If S is a realization of M , then M is referred to as the Markov function of S and it is denoted
by MS . The values {M(w)}w∈Σ∗ of MS are the Markov parameters of S . From [83, 81] it then
follows that two dLSSs have the same input-output behavior, if and only if their Markov functions
are equal. For the dLSS in (2.11) the integer nx is called the dimension of S , and we say that
a dLSS is minimal, if there exists no other dLSS of smaller dimension which realizes the same
Markov-function. From [83, 81], it follows that a dLSS is minimal if and only if it is reachable and
observable, and the latter properties are equivalent to rank conditions of the extended reachability
and observability matrices [81, Definition 23, Theorem 1, Theorem 2]. Furthermore, any dLSS can
be transformed to a minimal one with the same Markov function, using a minimization algorithm
[81, Procedure 3 (Minimization)]3. For a more detailed discussion see [81]. Moreover, any two
minimal dLSS which are input-output equivalent are isomorphic, i.e. they are related by a linear
change of coordinates [81, Theorem 1].

We should note that, in [86], we can find these result extended to the class of LPV systems with
affine dependence in parameters, which is another subclass of the GLSS class. In addition, because
the dLSS class is a subclass of LPV, and which is equivalent to LPV in terms of realization theory,
we will use the results of [86] to dLSS systems, in what follows in this subsection.

From [86], we notice that minimality of dLSSs can be characterized via rank conditions for
suitable matrices. These matrices are counterpart of the well-known controllability and observability
matrices for linear systems. More precisely, consider a dLSS S of the form (2.11) and recall from
[86, Definition 1] the definition of the i-step extended reachability matrices RS ,i and the i-step
observability matrices OS ,i of S : RS ,0 =

[
B1 B2 . . . Bnµ

]
, OS ,0 = CT , and for all i > 1

RS ,i =
[
RS ,0 A1RS ,i−1 . . . AnµRS ,i−1

]
OS ,i =

[
OT

S ,0 AT
1OT

S ,i−1 . . . AT
nµ
OT

S ,i−1

]T (2.14)

Then the following holds

Theorem 2.1 (Rank Conditions [86]). The dLSS S of dimension nx is minimal, if and only if
rank{RS ,nx−1} = nx, and rank{OS ,nx−1} = nx.

2a function g : Z −→ Rp has a left bounded support, then it ∃ t0 ∈ Z, such that ∀ t < t0, g(t) = 0.
3[81, Corollary 1] should be applied with zero initial state



46 Preliminaries

Remark 2.4. We mention that, if a dLSS is reachable, this does not mean that his linear subsystems
are individually reachable. In [79] the following counter example was presented:

Example 2.10. Let nµ = 2, nx = 3, nu = 1 and ny = 2.

A1 =

0 1 0
0 0 0
0 0 1

 , B1 =

01
0

 , D =

[
0
0

]
,

A2 =

0 0 0
0 0 0
0 1 0

 , B2 =

00
0

 , and C =

[
1 1 0
0 0 1

]
.

Let us compute the reachability matrices RS ,0,RS ,1 and RS ,nx−1 = RS ,2 as follows:

RS ,0 =
[
B1 B2

]
=

0 0
1 0
0 0

 , A1RS ,0 =

1 0
0 0
0 0

 , A2RS ,0 =

0 0
0 0
1 0

 .
Then:

RS ,1 =
[
RS ,0 A1RS ,0 A2RS ,0

]
=

0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 0 1 0



A1RS ,1 =

1 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

 , A2RS ,1 =

0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 1

 .
Then rank{RS ,2} = rank{[RS ,1 A1RS ,1 A2RS ,1]} = 3. This means that the GLSS is reachable.
However, note that neither of the individual subsystems is reachable on its own:

Subsystem 1: The reachability matrix of (A1, B1) is

R1 =
[
B1 A1B1 A2

1B1

]
=

0 1 0
1 0 0
0 0 0

 ,
with its rank equals 2 < nx = 3. Hence, subsystem 1 is not reachable.

Subsystem 2: Since B2 = 0, subsystem 2 is trivially not reachable.

The discussion above suggests the following algorithm for checking if a dLSS is minimal.
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Algorithm 1: Checking minimality,
Input : The dLSS S = ({Ai,Bi}nµ

i=1, C,D).
Output : Return 1 if S is minimal and 0 if it is not.

1: Compute the (nx − 1)-step reachability matrix RS ,nx−1 using the recursion (2.14).
2: Compute the (nx − 1)-step observability matrix OS ,nx−1 using the recursion (2.14).
3: Check the rank of RS ,nx−1 and OS ,nx−1. If both ranks are equal to nx, then S is minimal,

otherwise, S is not minimal.

Note that the number of columns (respectively rows) of the (nx − 1)-step extended reachability
matrix (resp. nx − 1-step extended observability matrix) grows as O(nnx−1

µ ), where O(·) is the
Big-O (Landau) notation. However, using the results of [10, Algorithm 1 - Algorithm 2], we can
compute a matrix representation of the image of the nx − 1 extended reachability and observability
matrices in polynomial time and space. As Algorithm 1 requires only the knowledge of the image
of the matrices RS ,nx−1 and OT

S ,nx−1 and not the knowledge of the matrices themselves, it can
be modified to have polynomial complexity (see [10, Algorithm 1 - Algorithm 2]). Furthermore,
any dLSS can be transformed to a minimal one with the same sub-Markov function, using Kalman
decomposition [86, Corollary 1]4. Subsequently, Algorithm 2 can be formulated.

Algorithm 2: Minimization algorithm,
Input: The dLSS S = ({Ai,Bi}nµ

i=1, C,D) representation matrices.
Output: Return minimal dLSS Sm.

1: Choose a basis {bi}nx
i=1 ⊂ Rnx such that Span{b1, . . . , br} = Im{Rnx−1} and

Span{brm+1, . . . , br} = (Im{Rnx−1} ∩ ker{Onx−1}) for some r, rm ≥ 0.
2: Define T =

[
b1 b2 . . . bnx

]−1, and let Âi = T AiT −1, B̂i = T Bi, Ĉ = CT −1, i =
1, . . . , nµ. Then

Âi =

Am
i 0 A′′

i

A′
i Â′ A′′′

i

0 0 A′′′′
i

 , B̂i =
Bm

i

B′
i

0

 , Ĉ =

(Cm)T

0
(C ′)T

T , (2.15)

where Am
i ∈ Rrm×rm ,Bm

i ∈ Rrm×nu , A′′′
i ∈ R(n−r)×(n−r), B′

i ∈ R(r−rm)×nu i = 1, . . . , nµ, and
Cm ∈ Rny×rm , , C ′ ∈ Rny×(n−r).

3: Let Sm = {Am
i ,Bm

i }
nµ

i=1, Cm,D)

For the convenience of the reader, we will present [86, Corollary 1] with our terminology:

Corollary 2.1 ([86]). With the notation of (2.15), the dLSS Sm = {Am
i ,Bm

i }
nµ

i=1, Cm,D) is mini-
mal.

4[86, Corollary 1] should be applied with zero initial state
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Example 2.11. To illustrate the algorithm above, consider the following dLSS S from [86], where
nx = 3, nµ = 2, nu = 1 and ny = 2:

A0 =

 0 1 −1
−1 0 1
−1 0 0

 , B0 =

10
0

 ,
A1 =

 1 −1 −1
−1 2 0
−1 0 2

 , B1 =

01
1

 , C =

[
1 −1 −1
2 −2 −2

]
,

and some matrix D ∈ Rny×nu = R2×1. After calculating RS ,2 and OS ,2, we can see that
rank{RS ,2} = 2 and that rank{OS ,2} = 1. Now, we can find a suitable base by taking

b1 =

10
0

 , b2 =

21
1

 , and b3 =

00
1

 .
We can easily see that {b1, b2} span Im{RS ,2} and that b2 spans Im{RS ,2} ∩ ker{OS ,2}. After
that, we can apply the transformation by taking

T =
[
b1 b2 b3

]−1
=

1 −2 0
0 1 0
0 −1 1

 ,
and Âi = T AiT −1, B̂i = T Bi, Ĉ = CT −1, i = 1, 2. These matrices are as of the form of (2.15).
We can then deduce that

Am
1 = 2, Am

2 = 3, Bm
1 = 1, Bm

2 = −2, Cm =

[
1
2

]
.

Note that the matrix D stays the same, because it has no effect, neither on the observability nor on
the reachability matrix. Also, it should keep the same dimension respecting the corresponding input
and outputs. That said, by Corollary 2.1, Sm = {Am

i ,Bm
i }2i=1, Cm,D) is a minimal realization of

the input-output behavior of the original dLSS S .

2.7.2 Definition of asGLSS in innovation form
Next, we define what we mean by asGLSS in innovation form. To this end, we need Notation

2.1 for orthogonal projection from Section 2.3.2.
This said, considering an asGLSS of the form (2.4), we define the innovation process e of y

with respect to µ as follows:

e(t) = y(t)− El[y(t) | {zyw(t)}w∈Σ+ ] (2.16)
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In other words, e(t) is the difference between the output and its projection on its past values w.r.t.
the switching process µ, i.e., e is the best predictor of y using the product of the output and
switching past values from (2.8).

Example 2.12. Consider the following non-linear model, where Σ = {1, 2}:

y(t) = a2µ2(t− 1)y(t− 1) + a1µ1(t− 1)y(t− 1) + v(t),

µ(t) =

[
µ1(t)
µ2(t)

]
,

where µ is i.i.d. process and µ(t) is independent of y(s) for t > s ∈ Z. Also, v(t) is independent
of µ(s),y(s) for t > s ∈ Z, and v is zero mean i.i.d. process. Next, let us define the state process:

x(t) := a2µ2(t− 1)y(t− 1) + a1µ1(t− 1)y(t− 1).

Then, we can write
y(t) = x(t) + v(t)

and
x(t+ 1) = a2µ2(t)y(t) + a1µ1(t)y(t)

= a2µ2(t)x(t) + a1µ1(t)x(t) + a2µ2(t)v(t) + a1µ1(t)v(t).

Then, we can write {
x(t+ 1) =

∑2
σ=1

(
aσx(t) + kσv(t)

)
µσ(t)

y(t) = x(t) + v(t)

where, in this example, kσ = aσ. This leads to

x(t) =
2∑

σ=1

(
(aσ − kσ)x(t− 1) + kσy(t− 1)

)
µσ(t− 1). (2.17)

In what follows, for the ZMWSSI process y, let Hy
t be the closed subspace of H1 (see Notation

2.1) generated by the entries of {zyw(t)}w∈Σ+ . By construction, we know that x(t) ∈ Hy
t , in

particular:
x(t) = a2µ2(t− 1)y(t− 1) + a1µ1(t− 1)y(t− 1)

= a2
√
p2z

y
2 (t) + a1

√
p1z

y
1 (t).

Moreover, v(t) is orthogonal to Hy
t . Hence

El[y(t) | {zyw(t)}w∈Σ+ ] = El[y(t) | Hy
t ] = El[x(t) | Hy

t ] + El[v(t) | Hy
t ]

= El[x(t) | Hy
t ] + 0 = x(t)

In other words, x(t) is the projection of y(t) onto the subspace {zyw(t)}w∈Σ+ . In this case, if we
want to calculate e(t), we will get

e(t) = y(t)− El[y(t) | {zyw(t)}w∈Σ+ ] = y(t)− x(t) = v(t).

We can say that the noise process v is the innovation process.
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Example 2.13. A more straightforward case is the linear case, where Σ = {1}, and µ1(t) = 1 for
all t ∈ Z:

y(t) = ay(t− 1) + (k − a)v(t) + v(t)

for some a, k ∈ R, |a| < 1, |a− k| < 1. Next, we define:

x(t) := ay(t− 1) + (k − a)v(t− 1)

Then, one can easily see that

y(t) = x(t) + v(t),

x(t+ 1) = ay(t) + (k − a)v(t) = ax(t) + av(t) + (k − a)v(t) = ax(t) + kv(t),

v(t) = y(t)− x(t).

We can then write:

x(t+ 1) = ax(t) + k
(
y(t)− x(t)

)
,

= (a− k)x(t) + ky(t)

= (a− k)
(
ax(t− 1) + kv(t− 1)

)
+ ky(t)

= (a− k)
(
ax(t− 1) + ky(t− 1)− kx(t− 21)

)
+ ky(t)

= (a− k)2x(t− 1) + (a− k)ky(t− 1) + ky(t)

= (a− k)2
(
ax(t− 2) + kv(t− 2)

)
+ (a− k)ky(t− 1) + ky(t)

= (a− k)2
(
ax(t− 2) + ky(t− 2)− kx(t− 2)

)
+ (a− k)ky(t− 1) + ky(t)

= (a− k)3x(t− 2) + (a− k)2ky(t− 2) + (a− k)ky(t− 1) + ky(t)

= . . .

We can then conclude that:

x(t) =
∞∑
l=1

(a− k)l−1ky(t− l),

y(t) =
∞∑
l=1

(a− k)l−1ky(t− l) + v(t).

In this case, when we calculate the innovation process e(t), we will get

e(t) = y(t)− El[y(t) | {zyw(t)}w∈Σ+ ] = y(t)− El[y(t) | {y(t− 1),y(t− 2), . . . }].

One can easily see that the projection of y(t) onto the past values of y is x(t), i.e.,

x(t) = El[y(t) | {y(t− 1),y(t− 2), . . . }].

Then, e(t) = y(t)− x(t) = v(t). We finally conclude that the noise process v is the innovation
process.
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Definition 2.9 (asGLSS in innovation form). An asGLSS of the form (2.4) is said to be in innovation
form, if it is a realization of (y,µ), F = Iny and v is the innovation process of y, i.e., v = e.

The representation of such system can be described as follows:

S

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Kie(t))µi(t)

y(t) = Cx(t) + Inye(t)

(2.18)

2.7.3 Existence and uniqueness of minimal asGLSS in innovation form
Let S be an asGLSS of the form (2.18) in innovation form. Let S̃ = ({Ãσ, K̃σ, }nµ

σ=1, C̃, Iny , e)

be another asGLSS of (y,µ) in innovation form. We say that S and S̃ are isomorphic, if there
exists a non-singular matrix T (referred to as isomorphism from S to S̃) such that

∀σ ∈ Σ : Ãσ = TAσT
−1, K̃σ = TKσ, and C̃ = CT−1.

Note that if T is an isomorphism from S and S̃ and x and x̃ are the state processes of S and S̃,
then x̃(t) = Tx(t), i.e., T is a one-to-one linear map which preserves dynamics and which does
not depend on the switching µ.

Definition 2.10 (Full rank). We will say that the process y is full rank, if for all i = 1, . . . , nµ,
Qi = E[e(t)(e(t))Tµ2

i (t)] is invertible.

This is a direct extension of the classical notion of a full rank process [65].

Theorem 2.2 (Existence and uniqueness). Assume that (y,µ) has an asGLSS realization and that
y is full rank and SII w.r.t. µ. It follows that:

1. (y,µ) has a minimal asGLSS realization in innovation form.

2. Any two minimal asGLSS realizations of (y,µ) in innovation form are isomorphic.

The proof of this theorem follows [91, Theorem 2] by using the correspendence between GBS
and asGLSS.

Theorem 2.2 implies that asGLSSs in innovation form have the useful property that, when they
are minimal and realize the same output, then they are unique up to isomorphism. Moreover, any
asGLSS can be transformed to a minimal asGLSS in innovation form with the same output. Hence,
in system identification of asGLSSs, in the absence of additional information on the true system,
there is no loss of generality in assuming that the true system is a minimal asGLSS in innovation
form. That is, for system identification it is preferable to consider parametrizing the elements
of minimal asGLSSs in innovation form. This motivates finding conditions for an asGLSS to be
minimal in innovation form and formulating algorithms for transforming an asGLSS to a minimal
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one in innovation form.
To this end, in Subsection 2.7.4 we present a rank condition for minimality and a minimization
algorithm based on the results of [91]. However, the results of Subsection 2.7.4 do not allow
checking that an asGLSS is in innovation form. Moreover, the algebraic conditions for minimality
are difficult to apply. This motivates us to present the more user-friendly characterization of
minimality and being in innovation form in Chapter 4. However, in this chapter, we keep presenting
what already exists in the literature.

2.7.4 Minimization algorithm
In order to present the rank conditions for minimality of asGLSS and the minimization algorithm,

we need to define the dLSS associated with asGLSS as

SS = ({√piAi, Gi}nµ

i=1, C, Iny), (2.19)

where
Gi =

1
√
pi
(AiPiC

T +KiQiF
T ), (2.20)

and Qi = E[v(t)vT (t)µ2
i (t)] for i = 1, . . . , nµ is the noise covariance matrix, and Pi =

E[x(t)xT (t)µ2
i (t)], i = 1, . . . , nµ are the state covariance matrices, and they can be computed as

follows:
Pi = lim

Ī→∞
P Ī
i ,

and {P Ī
i }

nµ

i=1 satisfy the following recursions:

P Ī+1
i = pi

nµ∑
j=1

(AjP
Ī
j A

T
j +KjQjK

T
j ), (2.21)

with P 0
i = Onx,nx where Onx,nx denotes the nx × nx matrix with all zero entries. Note that the

existence of the limit of P Ī
i when Ī goes to infinity follows from [91, Lemma 5]. Note that the

matrices Gσ can also be related to covariances of states and outputs as follows.

Remark 2.5 (Interpretation of Gσ). From equation (37) in [91], by applying it to w = ϵ, it follows
that for all σ ∈ Σ,

Gσ = E [x(t)zyσ(t)] .

From [91] it also follows that the dLSS associated with an asGLSS S represents a realization
of Markov-function Ψy : Σ∗ → Rny×ny ,

Ψy(w) =

{
E[y(t)(zyw(t))

T ] = Λy,y
w , if w ∈ Σ+,

Iny , if w = ϵ.

computed from the covariances of y. Then from [91] we can derive the following.
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Theorem 2.3. The dLSS SS associated with S is a realization of the Markov-function Ψy. An
asGLSS S = ({Aσ, Kσ}nµ

σ=1, C, F,v) is a minimal realization of (y,µ), if and only if the associated
dLSS SS = ({√piAi, Gi}nµ

i=1, C, Iny) is a minimal realization of Ψy.

The proof follows from the proof of Theorem 2 of [91] by noticing that the recognizable
representation associated with a GBS in the terminology of [91] corresponds to the dLSS associated
with an asGLSS in the terminology of this chapter. From Theorem 2.3 it follows that minimality of
S can be checked by applying Algorithm 1 to the dLSS SS . Note, as mentioned in motivation M2
of Section 2.6, that in contrast to dLSSs, minimal asGLSSs, realizing the same output, may not be
isomorphic. In fact, this will be illustrated in the numerical section of Chapter 4.

Vice versa, with any dLSS realization of Ψy we can associate an asGLSS in innovation form.
This latter relationship is useful for formulating a minimization algorithm. More precisely, consider
a dLSS

S = ({Âi, Ĝi}nµ

i=1, Ĉ, Iny),

which is a minimal realization of Ψy. Define the asGLSS SS associated with S as

SS = ({ 1
√
pi
Âi, K̂i}nµ

i=1, Ĉ, Iny , e),

where K̂i = limĪ→∞ K̂ Ī
i , and {K̂ Ī

σ}σ∈Σ,Ī∈N satisfies the following recursion

P̂ Ī+1
σ =

∑
σ1 ∈ Σ
σσ1 ∈ L

pσ

(
1

pσ1
Âσ1P̂

Ī
σ1
(Âσ1)

T + K̂ Ī
σ1
Q̂Ī
σ1
(K̂ Ī

σ1
)T
)

Q̂Ī
σ = pσT

y,y
σ,σ − ĈP̂ Ī

σ (Ĉ)
T

K̂ Ī
σ =

(
Ĝσ

√
pσ −

1
√
pσ
ÂσP̂

Ī
σ (Ĉ)

T

)(
Q̂Ī
σ

)−1

(2.22)

where P̂ 0
σ = Onx,nx and T y,y

σ,σ = E
[
zyσ(t)(z

y
σ(t))

T
]
. We can state the following reformulation of

[91, Theorem 3]

Lemma 2.1. Assume that y is full rank and (y,µ) has a realization by an asGLSS and S is
a minimal dLSS realization of Ψy. Then the recusion (2.22) is well posed, i.e., the matrices
{Q̂I

σ}σ∈Σ,I∈N are invertable, the limits K̂σ = limĪ→∞ K̂ Ī
σ , Q̂σ = limĪ→∞ Q̂Ī

σ, P̂σ = limĪ→∞ P̂ Ī
σ

exist, and the associated asGLSS SS is a minimal asGLSS realization of (y,µ) in innovation form.
Furthermore, T e,e

σ,σpσ = Q̂σ, and if x is the unique ZMWSSI state process of SS , then P̂σ = pσT
x,x
σ,σ .

The discussion above suggests the following realization algorithm (Algorithm 3) for transform-
ing an asGLSS S to a minimal one, which can be deduced from [91].
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Algorithm 3: Minimization algorithm,
Input : The asGLSS S = ({Aσ, Kσ}nµ

σ=1, C, F,v) representation matrices.
Output : The asGLSS SSm .

1: Compute the dLSS SS associated with S and compute T y
σ,σ = 1

pσ
(CPσC

T + FQσF
T ) and

Qσ = E[v(t)vT (t)µ2
σ(t)]

2: Transform the dLSS SS to a minimal dLSS Sm using Algorithm 2.
3: Construct the asGLSS SSm associated with Sm.

From [91, Theorem 3], it follows that Algorithm 3 returns a minimal realization of (y,µ)
in innovation form, if S is an asGLSS realization of (y,µ) and y is SII. Note that Algorithm
3 requires only the knowledge of the matrices of S and the noise covariance matrices Qσ =
E[v(t)vT (t)µ2

σ(t)]. Also note that all the steps above are computationally efficient. However, they
require finding the limits of P Ī

σ and K̂ Ī
σ for Ī → ∞ respectively. Also note that, in [74], there

exists another minimization algorithm which uses covariances matrices.

Remark 2.6 (Challenges). The main disadvantage of verifying the rank condition of Theorem
2.3 or applying Algorithm 3 is the necessity of constructing a dLSS and the necessity to find the
limit of the matrices in (2.22). The latter represents an extension of algebraic Riccati equations
[91, Remark 7] and even for the linear case requires attention. Moreover, the rank conditions of
Theorem 2.3 are not easy to apply to parametrizations: even if the dependence of the matrices
{Ai, Ki}nµ

i=1 and C on a parameter θ are linear or polynomial, the dependence of the matrices of
the associated dLSS need not remain linear or polynomial, due to the definition of Gi in (2.20).
For the same reason, it is difficult to analyze the result of applying Algorithm 3 to elements of a
parametrization. Moreover, the conditions of Theorem 2.3 do not allow us to check if the elements
of a parametrizations are in innovation form. These shortcomings motivate the contribution in
Section 4.2 of Chapter 4.

2.8 Conclusion

This chapter presented the classes of models we are dealing with throughout this thesis, the
sGLSS and the asGLSS. To this end, it presents a number of definitions concerning the properties
of the stochastic processes of the designated stochastic system. This was necessary in order to
avoid repetitions in the following chapters, where we will be introducing the contributions of the
thesis. In addition, we presented an overview of the realization theory for the subclass asGLSS. In
turn, asGLSS will serve as a basis for stochastic realization theory of GLSS with inputs.
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2.9 Appendix: further details on existence, uniqueness and
series representation of state processes of sGLSSs.

In this section we will discuss in more detail the uniqueness of the state process of sGLSSs
and the convergence of the infinite sum (2.10). We start with the following lemma, which is a
consequence of [91, Lemma 3] and which will be used in the subsequent chapters.

Lemma 2.2 (Convergence infinite sums). Consider a p×nmatrixC and matrices n×ny {Bi=1}nµ

i=1

and n× n matrices {Fi}nµ

i=1 such that that
∑ny

i=1 pi(Fi ⊗ Fi) is stable. Let v be a white noise w.r.t.
µ. Then the following holds:

(a) The infinite sum

r(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwCFwBσz

v
σw(t) (2.23)

is convergent in the mean-square sense.

(b) The process r(t) is ZMWSSI and it is the unique state process of the
asGLSS ({Fi, Bi}nµ

i=1, C, I,v).

(c) The infinite sum
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

E[∥CFwBσz
v
σw(t)∥22] (2.24)

is convergent.

By replacing v by w =
[
vT uT

]T in Lemma 2.2, it follows that (2.10) holds and that its
right-hand side is mean-square convergent.

Before presenting the proof of Lemma 2.2, we need the following result

Lemma 2.3 (Orthogonal noises). Let v be a white noise w.r.t µ. Then zvw(t), z
v
v (t) are uncorrelated

for all w, v ∈ Σ+, v ̸= w.

Proof of Lemma 2.3. Clearly E[zvw(t)(z
v
v (t))

T ] is either zero if w is not a suffix of v, or if v is not
a suffix of w or if either v /∈ L or w /∈ L, as it is ZMWSSI. If say v = sw, s ̸= ϵ, w, v ∈ L then

E[zvw(t)(z
v
v (t))

T ] = E[v(t)zvs (t)] = 0,

due to the definition of a white noise w.r.t. µ.
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Proof of Lemma 2.2. The proof of Lemma 2.2 is divided into two stages: the first deals with
propositions (a) and (b) of the Lemma and the second deals with the remainder of its propositions -
(c).
Proof of (a) and (b):
From [91, Lemma 3] it follows that (2.23) is convergent in mean square sense and r(t) is ZMWSSI
as it is the solution of the asGLSS ({Fi, Bi}nµ

i=1, C, I,v).
Proof of (c):
From Lemma 2.3 and the assumption that v is a white nose w.r.t. µ it follows that zvw(t), z

v
v (t) for

any v ̸= w are uncorrelated. Hence

E[∥
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

CFwBσz
v
σw(t)∥22]

= trace


∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

∑
|v| = N
v ∈ Σ∗

∑
σ1 ∈ Σ
σ1v ∈ L

CAwBσE[z
v
σw(t)(z

v
σ1v

(t))T ](CAvBσ1)
T


=

∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

E[∥CFwBσz
v
σw(t)∥22]

and as the left-hand side of the latter equation is convergent by mean-square convergence of (2.23),
it follows that (2.24) is convergent.

In fact, the sum in (2.23) remains mean-square convergent if we change the order of the
summands. To formalize this observation, we will need to recall from [41, Definition 3.2] the
notion of unconditional convergence of a series of elements of a Hilbert-space: a series

∑∞
n=0 an

is unconditionally convergent if it is convergent and for any bijection π : N → N, the rearranged
series

∑∞
n=0 aπ(n) is also convergent, and

∞∑
n=0

an =
∞∑
n=0

aπ(n).

Informally, this means that the elements of an unconditionally convergent series can be summed in
any order without changing the resulting infinite sum.

In particular, let aw, w ∈ Σ∗ be a collection of square-integrable random variables from the
Hilbet-space H1 defined in Notation 2.1. Notice that as the set Σ∗ is denumerable, we can always
define a bijection ϕ : N → N and identify the series

∑
w∈Σ∗ aw with the series

∑∞
n=0 aϕ(n). We

will say that
∑

w∈Σ∗ aw is unconditionally convergent in the mean square sense, if the series
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∑∞
n=0 aϕ(n) is unconditionally convergent in the Hilbert-space H1. In particular, this means that for

any bijection τ : Σ∗ → Σ∗,
∞∑
n=0

aϕ(n) =
∞∑
n=0

aτ(ϕ(n)).

Indeed, in this case τ(ϕ(n)) = ϕ(π(n)), for the bijection π : N → N, π(n) = ϕ−1(τ(ϕ(n)). In
particular, in this case

∞∑
N=0

∑
w∈Σ∗,|w|=N

aw =
∑
n=0

aϕ(n).

The latter limit we will denote by
∑

w∈Σ∗ aw.
It is easy to see that unconditional convergence of

∑
w∈Σ∗ aw does not depend on the choice of

the bijection ϕ: if ψ : N → Σ∗ is another bijection, then for any bijection ϕ on N, π̃ = ϕ−1 ◦ ψ ◦ π
is a bijection on N and

ψ(π(n)) = ϕ(π̃(n)),

n ∈ N, and hence unconditional convergence of
∑∞

n=0 aϕ(n) implies that of
∑∞

n=0 aψ(n). That is, if∑
w∈Σ∗ aw is unconditionally convergent, then the infinite sum

∑
w∈Σ∗ aw can be summed in any

order without changing the limits.

Lemma 2.4. With the assumptions and notation of Lemma 2.2, the infinite sum (2.23) is uncondi-
tionally convergent in the mean-square sense.

Since the right-hand side of (2.10) is a particular case of (2.23), and for all v ∈ Σ+, v /∈ L,
zvv = 0, zuv = 0, with convention above for unconditionally convergent sums, we can rewrite (2.10)
as

x(t) =
∑

w∈Σ∗,σ∈Σ

√
pσw (AwBσz

u
σw(t) + AwKσz

v
σw(t))

Proof of Lemma 2.2. Since zvw(t), z
v
v (t) are uncorrelated, i.e., their components are orthogonal

elements of the Hilbert-space H1 from Notation 2.1 the statement of the lemma follows from [41,
Exercise 3.1] and part (c) of Lemma 2.2. More precisely, (2.24) implies that

∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

(
CiFw(Bσ)j

)2
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is convergent where i = 1, 2, . . . , ny and j = 1, 2, . . . , nu. Indeed, if σw ∈ L, then

E[∥CFwBσz
v
σw(t)∥22] = trace

(
(CFwBσ)T

v,v
σw,σw(CFwBσ)

T

)
= trace

(
(CFwBσ)T

v,v
σ,σ (CFwBσ)

T

)
=

ny∑
r=1

(CrFwBσ)T
v,v
σ,σ (CrFwBσ)

T

≥ (CiFwBσ)T
v,v
σ,σ (CiFwBσ)

T

as for all r = 1, . . . , ny
(CrFwBσ)T

v,v
σ,σ (CrFwBσ)

T ≥ 0.

However,
(CiFwBσ)T

v,v
σ,σ (CiFwBσ)

T ≥ λmin(T
v,v
σ,σ )∥CiFwBσ∥22,

where λmin(T v,v
σ,σ ) is the smallest eigenvalue of T v,v

σ,σ . As T v,v
σ,σ > 0 is strictly positive definite,

λmin(T
v,v
σ,σ ) > 0. Hence, for any σw ∈ L:

(CiFw(Bσ)j)
2 ≤ ∥CiFwBσ∥22 ≤ E

[
∥CFwBσz

v
σw(t)∥22

λmin(T
v,v
σ,σ )

]
.

Define, for all i = 1, . . . , ny, j = 1, . . . , nu:

ci,jw =

{
CiFw(Bσ)j, σw ∈ L

0, otherwise,
and ejw = zvσw(t)

(Tv,v
σ,σ )j,j

.

Then
∞∑
N=0

∑
w∈Σ∗,|w|=N

(ci,jw )2 < +∞,

and (ejw)w∈Σ∗ is orthogonal in H1. From [41, Exercise 3.1] it follows that
∑

w∈Σ∗ ci,jw e
j
w is un-

conditionally converged. Notice that the ith entry of CFwBσz
v
σw(t) equals

∑
w∈Σ∗ ci,jw e

j
w and

hence
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

CiFwBσz
v
σw(t)

is a sum of unconditionally convergent series, hence it is unconditionally convergent. Finally, as all
entries of

∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwCFwBσz

v
σw(t)

are unconditionally convergent, so is the entire series.



Chapter 3
Realization theory for GLSS with inputs:
decomposition into stochastic and deterministic
components

3.1 Introduction
In this chapter, we present the first theoretical contribution for the GLSS class, which, we

recall, includes subclasses of jump-Markov, piecewise-linear and LPV systems. We prove that the
output of such systems can be decomposed into deterministic and stochastic components. Using
this decomposition, we show existence of state-space representation in innovation form, and we
provide sufficient conditions for such representations to be minimal and unique up to isomorphism.
These theoretical results represent a step towards stochastic realization theory, which, in turn, is
important for the system identification algorithm to be presented in Chapter 5.

Contribution: In this chapter, we study GLSSs of the form (2.1) with white noise inputs,
uncorrelated with the switching and with the noise. We show that the output of a GLSS can be
written as y(t) = yd(t) + ys(t), where yd is the output of a GLSS with no noise v, and ys is
the output of a GLSS with no input u. Furthermore, by using results on realization theory of
GLSSs with no inputs [91], we use this decomposition to show existence of an innovation form for
GLSSs with inputs. Moreover, we present sufficient conditions for minimality and uniqueness (up
to isomorphism) of GLSSs in innovation form. Intuitively, an isomorphism between two GLSSs
is a linear change of basis, independent of the discrete modes, which transforms the matrices of
one GLSS to the corresponding matrices of the other GLSS. This means that minimal GLSSs in
innovation form have the same useful properties for system identification as their LTI counterparts.
In particular, if two minimal GLSSs in innovation form generate (approximately) the same output
for the data used for identification, then they will generate (approximately) the same output for any
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input and switching signal, including those which do not satisfy the assumptions of the identification
experiment.

Prior work related to this chapter: Stochastic realization theory of GLSSs with no inputs, i.e.,
jump-Markov systems with no inputs, bilinear systems and autonomous stochastic LPV systems
were addressed in [91]. With respect to [91] the main difference is the presence of the control input
u.

Existence of a decomposition and existence of innovation form appeared in [72], but only for
the case of LPV systems with zero mean i.i.d. scheduling,. With respect to [72], the main novelty
is that we allow more general switching processes, including finite Markov chains, and that we
address minimality and uniqueness of innovation representations.

The existence of innovation representation was studied for LPV systems in [19, 21]. In
contrast to this chapter, in [19, 21] the noise gain of the innovation representation has a dynamical
dependence on the scheduling signal, and there is no claim on minimality and uniqueness of
such representations. In particular, it is unclear when the innovation representation from [19, 21]
generates the same output as the original model for all scheduling signals. However, [19, 21] has
the advantage that it is valid for any scheduling signal.

Outline of the chapter: In Section 3.2, we present the assumptions used in this chapter. Those
assumptions concern the process involved in the GLSSs systems. After this, the main contributions
of this chapter are presented in Section 3.3. Finally, the chapter is concluded in Section 3.4.

3.2 Preliminaries and assumptions
Below, in this section, we present the assumptions used in the chapter. To this end, the reader

should recall the definitions of Chapter 2 concerning the properties of the processes (ZMWSSI,
Whte noise, Admissible process, etc.). Also, we note that in this chapter we will handle the GLSS
class of systems with inputs, i.e., the class of (2.1) defined in Section 2.2

This said, the first assumption applied in this chapter states that:

Assumption 3.1 (Stationarity). The GLSSs are considered to be stationary in the sense of Definition
2.6.

Intuitively, sGLSSs are introduced in order to ensure that all the relevant stochastic processes are
stationary in a suitable sense. The latter assumption is widespread in stochastic realization theory
and system identification.
We recall from the previous chapter that, in the terminology of [91], a sGLSS (resp. asGLSS)
corresponds to a stationary Generalized Bilinear System (GBS) with noise

[
vT uT

]T (resp. v),
meaning that the results of [91] are applicable for sGLSSs. Then, from [91], it follows that the state
and output process x and y are ZMWSSI, and hence Assumption 3.3 is satisfied for all (u,µ,y)
generated by sGLSS.
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As a result, Assumption 3.1 implicitly includes the following two assumptions, which we now
state for clarity.

Assumption 3.2 (switching). The switching process µ is admissible.

This assumption imposes restrictions on the data used for system identification, but not necessarily
for the model class which will be identified depending on the switching µ as discussed in the
preliminary chapter. It can be thought of as a persistence of excitation condition. In particular,
binary and white noises, which are the simplest persistently exciting signals, satisfy our assumption.
We believe that for developing realization theory for general switching signals, these simple cases
must be understood first. Moreover, admissible switching signals cover the fairly general case of
Markov chains.

Remark 3.1 (LPV systems). For LPV systems, our assumption implies that the scheduling signal
used for identification is sampled from a stochastic process. In addition to this being a persistence
of excitation condition, we argue that in certain cases this assumption is justified [95]: in the
presence of measurement errors, or when the scheduling is externally generated, or is a function of
the stochastic states/inputs.

Assumption 3.3 (Inputs and outputs). (1) u is a white noise w.r.t. µ, (2) and the process
[
yT , uT

]T
is a ZMWSSI.

The assumption that u is white noise was made for the sake of simplicity. We conjecture that
the results of the chapter can be extended to more general inputs, e.g., inputs generated by
autoregressive models driven by white noise.

Remark 3.2. In stochastic realization theory of LTI systems [94], it is assumed that y does not
Granger cause u. If u is a white noise, this condition is satisfied, i.e. we are consistent with [94].
Note that part (1) of Definition 2.3 is similar to Granger causality, but it captures absence of
feedback from y to µ and it is different from Granger-causality used in [94].

Remark 3.3. Note that u and v may have different variances, as long as they satisfy condition 1.
of Definition 2.6.

3.3 Main result: decomposition into deterministic and
stochastic component

Using Notation 2.1, let us define the deterministic component yd of y as follows

yd(t) = El[y(t) | {zuw(t)}w∈Σ+ ∪ {u(t)}]. (3.1)

Also, define the stochastic component of y as

ys(t) = y(t)− yd(t). (3.2)
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It then follows that y(t) = ys(t) + yd(t). Intuitively, yd(t) represent the best prediction of y(t)
which is linear in the present and past values {u(s)}s<t of u and nonlinear in the past values
{µ(s)}s<t of µ. In fact, yd is the output of the asGLSS obtained from (2.1) by considering v = 0
and viewing u as noise. That is, yd is the output of the system with no noise, i.e. yd(t) is a
deterministic function of {u(s),µ(s)}s<t ∪ {u(t)}. This motivates calling yd the deterministic
component, despite it being in its mathematical nature a stochastic process. This terminology is
consistent with the LTI literature [56, Definition 9.3]. In contrast, ys is the output of the asGLSS
obtained from (2.1) by taking u = 0 and viewing v as noise. In particular, ys depends only on the
noise v, and yd does not depend on the noise but it depends only on the input u. This can be seen
from the following equations of the theorem.

Theorem 3.1. For a sGLSS of the form (2.1), Sd = ({Aσ, Bσ}nµ

σ=1, C,D,u) is an asGLSS of
(yd,µ) and Ss = ({Aσ, Kσ}nµ

σ=1, C, F,v) is an asGLSS of (ys,µ). Define

xd(t) = El[x(t) | {zuw(t)}w∈Σ+ ∪ {u(t)}], (3.3)

xs(t) = x(t)− xd(t), (3.4)

then,

Sd

xd(t+ 1) =

nµ∑
i=1

(Aix
d(t) +Biu(t))µi(t),

yd(t) = Cxd(t) +Du(t),

(3.5)

Ss

xs(t+ 1) =

nµ∑
i=1

(Aix
s(t) +Kiv(t))µi(t),

ys(t) = Cxs(t) +Dv(t),

(3.6)

and,

yd(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

(
√
pσwAwBσz

u
σw(t)

)
+Du(t) (3.7)

ys(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

(
√
pσwAwKσz

v
σw(t)

)
+ Fv(t) (3.8)

The proof of Theorem 3.1 is presented in the Appendix 3.5.1. In fact, the converse of Theorem
3.1 also holds. To this end, recall from Chapter 2, Section 2.7.2, (2.16) (or, alternatively, from [91])
the definition of the innovation process of ys:

es(t) = ys(t)− El[y
s(t) | {zys

w (t)}w∈Σ+ ] (3.9)

Intuitively, es(t) is the difference between y(t) and the best linear prediction of ys(t) based on its
own past multiplied with past values of the switching process.
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Theorem 3.2. Assume that there exists a sGLSS of (y,u,µ) of the form (2.1), and that the following
holds:

1. Ŝd = ({Âi, B̂i}nµ

i=1, Ĉ, D̂,u) is an asGLSS of (yd,µ).

2. Ŝs = ({Âi, K̂i}nµ

i=1, Ĉ, Iny ,v) is an asGLSS of (ys,µ) in innovation form, i.e. v = es.

Then Ŝ = ({Âi, K̂i, B̂i}nµ

i=1, Ĉ, D̂, I, e
s) is a sGLSS of (y,u,µ), and the innovation process es

satisfies es(t) = y(t)− ŷ(t), where

ŷ(t) = El[y(t) | {zyw(t), zuw(t)}w∈Σ+ ∪ {u(t)}]. (3.10)

The proof of Theorem 3.2 is presented in Section 3.5.2.

Remark 3.4. The condition that the matrices {Âi}nµ

i=1 and Ĉ of Ŝd and Ŝs are the same can be
relaxed: if S̄d = ({Âdi , B̂d

i }
nµ

i=1, Ĉ
d, D̂,u) and S̄s = ({Âsi , B̂s

i }
nµ

i=1, Ĉ
s, I, es) are asGLSS of (yd,µ)

and (ys,µ) respectively, then with

Âi =

[
Âdi 0

0 Âsi

]
, B̂i =

[
B̂d
i

0

]
, K̂i =

[
0

K̂s
i

]
, Ĉ =

[
Cd Cs

]
,

Ŝd and Ŝs from Theorem 3.2 are asGLSSs of (yd,µ) and (ys,µ) respectively and Theorem 3.2
applies.

Thus, Theorem 3.1 – 3.2 means that finding sGLSSs of (y,u,µ) is equivalent to finding an
asGLSS representations of the deterministic and stochastic components respectively.

Theorem 3.2 suggests that es(t) can be viewed as the innovation process of y. Indeed, ŷ(t)
from (3.10) is the best linear prediction of y(t) based on past values of y and past and current
values of u multiplied by past values of the switching process. Then es(t) is the prediction error
y(t)− ŷ(t). This motivates the following definition.

Definition 3.1 (Innovation form). A sGLSS S is a sGLSS in innovation form, if F is the identity
matrix and v = es.

That is, S from 2.1 is in innovation form, then:

S

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Biu(t) +Kie
s(t))µi(t)

y(t) = Cx(t) +Du(t) + Inye
s(t), t ∈ Z

(3.11)

Similarly to the LTI case [65], a sGLSS in innovation form can be viewed as a recursive filter
driven by y, u, µ, whose output is the optimal prediction ŷ(t) from (3.10). Indeed, from

es(t) = y(t)− Cx(t)−Du(t)
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it follows that x(t+ 1) is a function of x(t),u(t),y(t) and µ(t), and

ŷ(t) = Cx(t) +Du(t).

In other words, the filter can be expressed as follows:

x(t+ 1) =

nµ∑
i=1

(
(Ai −KiC)x(t) + (Bi −KiD)u(t) +Kiy(t)

)
µi(t)

ŷ(t) = Cx(t) +Du(t), for t ∈ Z.
(3.12)

In what follows we will make the mild assumption that ys is SII. This assumption is always
satisfied when µ is bounded. This follows from [91, Remark 2] and from the fact that ys is the
output of an asGLSS, and thus, by [91], it is ZMWSSI.

Corollary 3.1 (Existence). Assume that ys is SII. Then any sGLSS of (y,u,µ) can be transformed
to a sGLSS of (y,u,µ) in innovation form.

Proof. From Theorem 3.1 it follows that Ss is an asGLSS of (ys,µ) and Sd is an asGLSS of
(yd,µ). From [91, Theorem 2] it follows that there exists a (minimal) asGLSS Ŝs of (ys,µ) in
innovation form and by [91, Theorem 3] it can be computed from Ss using [91, Algorithm 1] or
the minimization algorithm presented in Chapter 2 (Algorithm 3). Then using Remark 3.4 and
Theorem 3.2, it follows that Ŝ defined in Theorem 3.2 is a sGLSS of (y,u,µ) in innovation form,
where, in this case, Ŝd from Theorem 3.2is equal to Sd.

Next, we formulate conditions for minimality of sGLSSs. To this end, let us consider a sGLSS
S of the form of (2.1). Recall from Chapter 2 the dimension of S, denoted by dim(S), as the
dimension nx of its state-space.

Corollary 3.2 (Minimality). Assume that S is a sGLSS of (y,u,µ), ys is SII, and assume that
Ss from Theorem 3.1 is a minimal asGLSS realization of (y,µ). Then S is a minimal sGLSS
realization of (y,u,µ).

Proof. Let Ŝ be a sGLSS of (y,u,µ) such that dim(Ŝ) < dim(S). Then by Theorem 3.1, Ŝs is
an asGLSS of (y,µ) of the same dimension as Ŝ . However, from [91, Theorem 2], Ss is a minimal
dimensional asGLSS of (y,µ) and hence dim(Ss) ≤ dim(Ŝs). However, dim(Ss) = dim(S) by
construction and hence dim(S) ≤ dim(Ŝ), which is a contradiction.

In order to verify that the asGLSS Ss = ({Aσ, Kσ}nµ

σ=1, C, F,v) is minimal, by Theorem 2.3, it
is sufficient to verify that the dLSS SSs of the form (2.19) associated with Ss is minimal, i.e., it is
reachable and observable. This can be verified by the rank condition as follow:
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1. Compute the the i-step extended reachability matrices RSSs ,i
and the i-step observability

matrices OSSs ,i
of SSs:

RSSs ,i
=
[
RSSs ,0

√
p1A1RSSs ,i−1 . . .

√
pnµAnµRSSs ,i−1

]
,

OSSs ,i
=
[
OT

SSs ,0

√
p1A

T
1OT

SSs ,i−1 . . .
√
pnµA

T
nµ
OT

SSs ,i−1

]T
,

(3.13)

where RSSs ,0
=
[
G1 G2 . . . Gnµ

]
, OSSs ,0

= CT , and for all i > 1:

2. Verify if rank{RSSs ,nx−1} = nx, and rank{OSSs ,nx−1} = nx.

We also get the following sufficient condition for isomorphism of minimal sGLSSs in innovation
form.

To this end, below we define the concept of isomoprhism between sGLSS as follows. Let S
be an asGLSS realization of (y,u,µ) in innovation form of the form (2.6) with F = Iny . and let
Ŝ = ({Âσ, B̂σ, K̂σ}nµ

σ=1, Ĉ, D̂, Iny , e
s) be another asGLSS of (y,u,µ) in innovation form. We say

that S and Ŝ are isomorphic, if there exists a non-singular matrix T (referred to as isomorphism
from S to Ŝ) such that(

∀σ ∈ Σ : Âσ = TAσT
−1, K̂σ = TKσ, B̂σ = TBσ

)
and Ĉ = CT−1, D̂ = D. (3.14)

Note that if T is an isomorphism from S and Ŝ and x and x̂ are the state processes of S and Ŝ,
then x̂(t) = Tx(t), i.e., T is a one-to-one linear map which preserves dynamics and which does
not depend on the switching µ.

Corollary 3.3 (Isomorphism). Assume that S is of the form (2.1) and that
Ŝ = ({Âσ, B̂σ, K̂σ}σ∈Σ, Ĉ, D̂, I, es) and they are both sGLSS of (y,u,µ) in innovation form
and Ss and Ŝs are both minimal asGLSS realizations of (ys,µ). Assume that ys is SII, and that
the covariance matrix E[es(t)(es(t))Tµ2

σ(t)] is nonsingular and Im[BT
σ , B̂

T
σ ]
T ⊆ Im[KT

σ , K̂
T
σ ]
T ,

σ ∈ Σ and D̂ = D. Then there exists an isomorphism from S to Ŝ.

Proof. Since Ss and Ŝs are both minimal asGLSS of (ys,µ) in innovation form, and by Theorem
2.2 they are isomorphic, i.e., there exists a non-singular matrix T such that

TAσT
−1 = Âσ, TKσ = K̂σ, CT

−1 = Ĉ

holds. Since Im[BT
σ , B̂

T
σ ]
T ⊆ Im[KT

σ , K̂
T
σ ]
T , for some matrix Zσ, Bσ = KσZσ, B̂σ = K̂σZσ, from

which (3.14) follows.

We illustrate Corollary 3.3 with the following example.

Example 3.1. Let Σ = {1, 2}, and define the sGLSS S of the form (2.1) with state dimension
n = 2, µ being an admissible switching process with p1 = p2 = 1 and L = Σ+ such that µ(t)
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is essentially bounded (i.e. there exists K > 0 such that for all t ∈ Z, with probability one
∥µ(t)∥2 < K) and with the following matrices:

A1 =

[
0.5 0
0 0.3

]
, A2 =

[
0.4 0
0 0.2

]
,

B1 =

[
1
0

]
= K1, B2 =

[
0
1

]
= K2,

C =
[
1 1

]
, D = 0, F = 1,

and the noise v is such that Qσ = E[v(t)vT (t)µ2
σ(t)] = 1 for σ = 1, 2. The dLSS SSs =

({Aσ, Gσ}2σ=1, C, 1) associated with Ss is reachable and observable, and hence Ss is a minimal
asGLSS. Indeed, from (2.20) and (2.21) it follows that

P1 = P2 =

[
1

1−(0.52+0.42)
0

0 1
1−(0.32+0.22)

]
,

G1 =

[
0.5

1−(0.52+0.42)
+ 1

0.3
1−(0.32+0.22)

]
, and G2 =

[
0.4

1−(0.52+0.42)
0.2

1−(0.32+0.22)
+ 1

]
,

and hence the columns of the extended reachability matrix RSSs ,0
=
[
G1 G2

]
span the state

space. Likewise, the extended observability matrix OSSs ,1
=

 C
CA1

CA2

 has full column rank, and

the output y depends on both state variables via C. The output process ys is SII by Remark 2.3.
Therefore, this sGLSS satisfies the conditions of Corollary 3.2 and is minimal.

Define another sGLSS Ŝ = ({Âσ, K̂σ, B̂σ}2σ=1, Ĉ, D̂, 1,v) with the same alphabet, switching
process µ, noise process v, and state dimension:

Â1 =

[
0.5 0
0 0.3

]
, Â2 =

[
0.4 0
0 0.2

]
,

B̂1 =

[
1
0

]
= K1, B̂2 =

[
0
1

]
= K2,

Ĉ =
[
1 0

]
, D̂ = 0.

The dLSS SŜs
= ({Âσ, Ĝσ}2σ=1, Ĉ, 1) associated with Ŝs reachable but not observable, as the

second state variable is not seen in the output. Hence, Ŝs is not minimal, and thus the system Ŝ
does not satisfy Corollary 3.2 due to lack of observability. More precisely, if x̂s is the unique state
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process of the stochastic component Ŝs of Ŝ , then from (2.20) it follows that the state covariances
P̂i = E[x̂s(t)(x̂s)T (t)µ2

i (t)], i = 1, 2 satisfy

P̂1 = P̂2 =

[
1

1−(0.52+0.42)
0

0 1
1−(0.32+0.22)

]

Ĝ1 =

[ 0.5
1−(0.52+0.42)

+ 1

0

]
, and Ĝ2 =

[ 0.4
1−(0.52+0.42)

1

]
.

Then the extended reachability matrix RSŜs
,0 =

[
Ĝ1 Ĝ2

]
is full row rank, i.e., SŜs

is indeed
reachable. However, it is easy to see that the second column of the 1-step extended observability

matrix OSŜs
,1 =

 Ĉ

ĈÂ1

ĈÂ2

 is always zero, i.e., SŜs
is not observable.

Note that, in later chapters, a more general (necessary and sufficient) condition for minimality
of GLSS will be presented. Furthermore, uniqueness of minimal GLSS will be shown for a more
general case.

3.4 Conclusion
We have shown that outputs of stochastic generalized linear switched systems can be de-

composed into two parts, deterministic and stochastic one, and we used it to derive existence
of representation in innovation form and to formulate sufficient conditions for minimality and
uniqueness of such representations up to isomorphism. Future work will be directed towards
extending these results for a larger class of inputs and switching signals. In the following chapters,
we use the results of this chapter to formulate a realization algorithm for GLSS systems with inputs.
The latter algorithm could not be unfolded without the technical decomposition presented in this
chapter. This also led to develop a subspace identification algorithm based on the realization theory.

3.5 Appendix: proofs of Theorems 3.1 and 3.2
In what follows, for a ZMWSSI process r, we denote by Hr

t,+ the closed subspace of H1 (see
Notation 2.1) generated by the entries of {zrw(t)}w∈Σ+ ∪ {r(t)} and by Hr

t the closed subspace of
H1 generated by the entries of {zrw(t)}w∈Σ+ .

In addition, we will say that r is orthogonal to v, if E
[
r(t)vT (s)

]
= 0 for any t, s ∈ Z, where

r and v are square integrable random variables. Moreover, if M is a closed subspace H1, then we
say that r is orthogonal to M, if r is orthogonal to every element of M.
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3.5.1 Proof of Theorem 3.1
In order to prove Theorem 3.1, we need the following lemmas, namely, Lemma 3.1, Lemma

3.2, Lemma 3.3.

Lemma 3.1. The entries of v(t), {zvw(t)}w∈Σ+ are orthogonal to Hu
t,+,

Proof. By definition, w(t) = [vT (t),uT (t)]T is a white noise process w.r.t. µ, and v(t) is the
upper nn block of w(t). Since w is a white noise w.r.t. µ, it holds that

E[w(t)(zww (t))
T ] = 0,

and E[v(t)(zuw(t))
T ] is the upper-right block of that latter matrix, and hence it is also zero. From

the definition of sGLSS (Definition 2.6), it follows that

E[v(t)(u(t))Tµ2
i (t)] = 0 for i ∈ Σ.

Since
E[v(t)(u(t))Tµi(t)µj(t)] = 0

for i ̸= j due to w being ZMWSSI (see [91, Lemma 7] or refer to the properties of a ZMWSSI
process in Definition 2.3), and

∑np

i=1 αiµi = 1 for some {αi}nµ

i=1, then

E[v(t)(u(t))T ] =

nµ∑
i,j=1

αiαjE[v(t)(u(t))
Tµi(t)µj(t)] = 0.

That is, v(t) is orthogonal to Hu
t,+.

Since w(t) is a ZMWSSI, from [91, Lemma 7] it follows that

E[zww (t)(z
w
v (t))

T ] = 0

for all v ∈ Σ+, v ̸= w or v /∈ L or w /∈ L.
However, if v = w ∈ L and σ is the first letter of w, then

E[zww (t)(z
w
w (t))

T ] = E[zwσ (t)(z
w
σ (t))

T ].

Since E[zvw(t)(z
u
v (t))

T ] is the upper right block of E[zww (t)(z
w
v (t))

T ], it follows that

1. E[zvw(t)(z
u
v (t))

T ] = 0 if v ̸= w

2. E[zvw(t)(z
u
w(t))

T ] = E[zvσ(t)(z
u
σ(t))

T ] = 1
pσ
E[u(t− 1)v(t− 1)µ2

σ(t− 1)] if w ∈ L,

where σ is the first letter of w, and from Definition 2.6, it follows that the latter expectation is zero.
As E[u(t)v(t)µ2

σ(t)] = 0, it follows that

E[zvw(t)(z
u
v (t))

T ] = 0 for all v ∈ Σ+.
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Since w(t) is a white noise w.r.t. µ, it follows that

E[zwws(t)(z
w
s (t))

T ] = 0,

for any s ∈ Σ+. Furthermore, by [91, Lemma 7]

E[zww (t)(w(t))T ] = E[zwws(t)(z
w
s (t))

T ]

for any s ∈ Σ+. Then
E[zww (t)(w(t))T ] = 0.

Since E[zvw(t)(u(t))
T ] is the upper right block of E[zww (t)(w(t))T ], then

E[zvw(t)(u(t))
T ] = 0.

Since zvw(t) is orthogonal to the generators of Hu
t,+, the lemma follows.

Lemma 3.2. Define xd(t) = El[x(t) | Hu
t,+]. The entries of xd(t) belong to Hu

t and

xd(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwAwBσz

u
σw(t), (3.15)

where the convergence is in the mean square sense.

Proof. It is clear from the definition that the components of xd(t) belong to Hu
t,+ because it is the

orthogonal projection of x(t) onto the subspace Hu
t,+.

From Lemma 3.1 it follows that,
El[z

v
σw(t) | Hu

t,+] = 0

and since the components of zuσw(t) belong to Hu
t,+, it follows that

El[z
u
σw(t) | Hu

t,+] = zuσw(t).

Recall (2.10) from Chapter 2 that

x(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwAwKσz

v
σw(t) +

√
pσwAwBσz

u
σw(t).

Since (2.10) holds and the map z 7→ El[z |M ] (where z ∈ H1) is a continuous linear operator for
any closed subspace M , it follows that xd(t) will have the following expression:

xd(t) = El[x(t) | Hu
t,+]

=
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwAw

(
KσEl[z

v
σw(t) | Hu

t,+] +BσEl[z
u
σw(t) | Hu

t,+]
)

=
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwAwBσz

u
σw(t)
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i.e., (3.15) holds.
Since the components of zuσw(t) belong to Hu

t , the components of the right-hand side of (3.15)
belong to Hu

t and hence the components of xd(t) belong to Hu
t .

The convergence of the right-hand side of (3.15) in the mean square sense follows from Lemma
2.2.

Lemma 3.3. Define xs(t) = x(t)− xd(t). The entries of xs(t) belong to Hv
t , they are orthogonal

to Hu
t,+ and

xs(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwAwKσz

v
σw(t), (3.16)

where the sum converges in the mean-square sense.

Proof. From (3.15) and (2.10), we can write:

xs(t) = x(t)− xd(t)

=
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

[
√
pσwAwKσz

v
σw(t) +

√
pσwAwBσz

u
σw(t)−

√
pσwAwBσz

u
σw(t)

]
.

It follows that (3.16) holds, and it is clear that xs(t) belong to the subspace Hv
t .

By Lemma 3.1, {zvw(t)}w∈Σ+ are orthogonal to Hu
t,+, hence all the summands in the right-hand

side of (3.16) are orthogonal to Hu
t,+.

Proof of Theorem 3.1. The proof is an extension of [73, proof of Lemma 1]. Since∑
σ∈Σ

pσAσ ⊗ Aσ is Schur

and u and v are white noise processes, from (3.15)-(3.16) and Lemma 2.2 it follows that xd is the
unique state process of Sd and xs is the unique state process of Ss. Notice that

yd(t) = CEl[x(t) | Hu
t,+] +DEl[u(t) | Hu

t,+] + FEl[v(t) | Hu
t,+].

By Lemma 3.1, v(t) is orthogonal to Hu
t,+, El[v(t) | Hu

t,+] = 0 and as the components u(t) belong
to Hu

t,+, El[u(t) | Hu
t,+] = u(t). Hence,

yd(t) = Cxd(t) +Du(t)

and

ys(t) = y(t)− yd(t) = Cx(t) +Du(t) + Fv(t)− Cxd(t)−Du(t) = Cxs(t) + Fv(t).

That is, Sd is an asGLSS of (yd,µ) and Ss is an asGLSS of (ys,µ) respectively.
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3.5.2 Proof of Theorem 3.2
In order to prove Theorem 3.2, we need to present Lemma 3.4, Lemma 3.5 and Lemma 3.6. To

this end, assume that S of the form (2.1) is a sGLSS of (y,u,µ).

Lemma 3.4. The entries of ys(t), es(t) and {zys

v (t), ze
s

v (t)}v∈Σ+ belong to Hv
t,+.

Proof. Recall from the proof of Theorem 3.1 that

ys(t) = Cxs(t) + v(t).

Then by (3.16), the components of ys(t) belong to Hv
t,+.

Then by [91, Lemma 11], the components of zys

v (t) belong to Hv
t,+ and hence, Hys

t ⊆ Hv
t,+. Since

es(t) = ys(t)− El[y
s(t) | Hys

t ],

this then implies that the components of es(t) belong to Hv
t,+. Since

zvv (t) =

nµ∑
i=1

αiz
v
vi(t+ 1), v(t) =

nµ∑
i=1

αiz
v
i (t+ 1)

as
∑nµ

i=1 αiµi = 1, it follows that Hv
t,+ ⊆ Hv

t+1 and from [91, Lemma 11] it follows that the
components of zesv (t) belong to Hv

t−1,+ ⊆ Hv
t ⊆ Hv

t,+.

Lemma 3.5. The entries of {zys

v (t), ze
s

v (t)}v∈Σ+ , ys(t) and es(t) are orthogonal to Hu
t,+.

Proof. The coordinates of ys(t), es(t), {zys

v (t), ze
s

v (t)}v∈Σ+ belong to Hv
t,+, and by Lemma 3.1

the elements of Hv
t,+ are orthogonal to Hu

t,+.

Lemma 3.6. r =
[
(es)T uT

]T is a white noise process w.r.t. µ and E[es(t)uT (t)µ2
σ(t)] = 0 for

all σ ∈ Σ.

Proof. Recall that a white noise process w.r.t. the switching is, first, a ZMWSSI process. Therefore,
we first show that r is a ZMWSSI, by showing that r satisfies the conditions of Definition 2.3 one
by one.
• Part 2. of Definition 2.3. By assumption, u is a ZMWSSI and white noise process w.r.t. µ.
From the fact that Ŝs is an asGLSS of (ys,µ) it follows that as es is a noise process of the asGLSS
Ŝs, it is a ZMWSII and a white noise w.r.t. µ.
Thus es(t),u(t) and {zesw (t), zuw(t)}w∈Σ+ are zero mean, square integrable, and hence so are r(t)
and zrw(t).
Finally, we show that r(t) and zrw(t), for all w ∈ Σ+, are jointly wide-sense stationary, i.e., for all
s, t,∈ Z, E[h1(t)(h1(s)

T )] depends on t− s, where h1(τ),h2(τ) ∈ {r(τ)} ∪ {zrw(τ)}w∈Σ+ .
Note that, we show only the case where

E
[
zrw(t)(z

r
v(s))

T
]
= E

[
zrw(t− s)(zrv(0))

T
]
.
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The proof of the general case is similar.
By Lemma 3.5,

E
[
ze

s

w (t)(zuv (s))
T
]
= 0,

and hence E
[
zrw(t)(z

r
v(s))

T
]

is a block-diagonal matrix:

E
[
zrw(t)(z

r
v(s))

T
]
=

[
E
[
ze

s

w (t)(ze
s

v (s))T
]
E
[
ze

s

w (t)(zuv (s))
T
]

E
[
zuw(t)(z

es

v (s))T
]

E
[
zuw(t)(z

u
v (s))

T
]] ,

=

[
E
[
ze

s

w (t)(ze
s

v (s))T
]

0
0 E

[
zuw(t)(z

u
v (s))

T
]] .

As u and es are ZMWSSI, the diagonal blocks depend on t− s:

E
[
zrw(t)(z

r
v(s))

T
]
=

[
E
[
ze

s

w (t− s)(ze
s

v (0))T
]

0
0 E

[
zuw(t− s)(zuv (0))

T
]]

= E
[
zrw(t− s)(zrv(0))

T
]

• Part 1. of Definition 2.3. By Lemma 3.4, the entries es(t) belong to Hv
t,+(t). Moreover,

by definition of sGLSS, w = [vT ,uT ]T is ZMWSSI. Hence, the σ-algebras Fw
t and Fµ,+

t are
conditionally independent w.r.t. Fµ,−

t . Since es(t) belongs to Hv
t,+, es(t) is measurable with

respect to the σ-algebra generated by {v(t)} ∪ {zvv (t)}v∈Σ+ and the latter σ-algebra is a subset of
Fw
t ∨ Fµ,−

t , where F1 ∨ F2 denotes the smallest σ-algebra generated by the union of sets F1 and
F2. That is, es(t) is measurable w.r.t. the σ algebra Fw

t ∨ Fµ,−
t . Hence, Fr

t ⊆ Fw
t ∨ Fµ,−

t . Since
Fw
t and Fµ,+ are conditionally independent w.r.t. Fµ,−

t , from [120, Proposition 2.4] it follows
that Fw

t ∨ Fµ,−
t and Fµ,+

t are conditionally independent w.r.t. Fµ,−
t , and as Fr

t ⊆ Fw
t ∨ Fµ,−

t , it
follows that Fr

t and Fµ,+ are conditionally independent w.r.t. Fµ,−
t .

So far, we have shown that r is a ZMWSSI process. Next, we show that r is a white noise
process w.r.t. µ. To this end, by [91, Lemma 7], it is enough to show that

E[r(t)(zrw(t))
T ] = 0

for all w ∈ Σ+. We know that:

E
[
r(t)(zrw(t))

T
]
=

[
E
[
es(t)(ze

s

w (t))T
]
E
[
es(t)(zuw(t))

T
]

E
[
u(t)(ze

s

w (t))T
]

E
[
u(t)(zuw(t))

T
]] .

Since es and u are white noise w.r.t µ, then:

E
[
r(t)(zrw(t))

T
]
=

[
0 E

[
es(t)(zuw(t))

T
]

E
[
u(t)(ze

s

w (t))T
]

0

]
,

and by Lemma 3.5, es(t) and ze
s

w (t) are orthogonal to Hu
t,+, in particular, we get

E
[
es(t)(zuw(t))

T
]
= 0 and E

[
u(t)(ze

s

w (t))T
]
= 0.
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Then,

E
[
r(t)(zrw(t))

T
]
= 0.

Finally, by Lemma 3.5 again, as zesw (t) is orthogonal to Hu
t,+, and as the latter contains zuσ(t), then

E
[
ze

s

σ (t)zuσ(t)
]
= 0.

Because r is ZMWSSI, then, in particular:

E
[
ze

s

σ (t+ 1)zuσ(t+ 1)
]
= E

[
ze

s

σ (t)zuσ(t)
]
= 0.

It follows that, E[es(t)uT (t)µ2
σ(t)] = 0 for all σ ∈ Σ and t ∈ Z.

Proof of Theorem 3.2. The proof of Theorem 3.2 is an extension of [73, proof of Lemma 2].
To understand this proof, recall the definition of a sGLSS (Definition 2.6).
From Lemma 3.6, it follows that r =

[
(es)T uT

]T is a ZMWSSI process. Also, it follows that the
noise process es and the input u satisfy the condition of

E[es(t)(u(t))Tµ2
σ(t)] = 0, for σ ∈ Σ.

This means that the first condition of Definition 2.6 is satisfied.
Since Ŝs and Ŝd are both asGLSS, it follows that

∑nµ

i=1 piÂi⊗Âi is stable. Then, the third condition
of Definition 2.6 is satisfied.
The fourth condition of the definition is satisfied by assumption, as Ŝd and Ŝs are both assumed
to be asGLSS. More precisely, due to the latter assumption, Âσ2Âσ1 = 0, for σ1, σ2 ∈ Σ and
σ1σ2 /∈ L, and:

Âσ2B̂σ1E
[
zuσ1(t)(z

u
σ1
(t))T

]
= 0,

Âσ2K̂σ1E
[
ze

s

σ1
(t)(ze

s

σ1
(t))T

]
= 0.

By Lemma 3.6, for w =
[
uT (es)T

]T , we get:

E
[
zwσ1(t)(z

w
σ1
(t))T

]
=

[
E
[
zuσ1(t)(z

u
σ1
(t))T

]
0

0 E
[
ze

s

σ1
(t)(ze

s

σ1
(t))T

]] = [Tu,u
σ1,σ1

0
0 T es,es

σ1,σ1

]
.

Then we can write:

Âσ2
[
B̂σ1 K̂σ1

]
E[zwσ1(t)(z

w
σ1
(t))T ] = Âσ2

[
B̂σ1 K̂σ1

] [Tu,u
σ1,σ1

0
0 T es,es

σ1,σ1

]
=
[
Âσ2B̂σ1E

[
zuσ1(t)(z

u
σ1
(t))T

]
Âσ2K̂σ1E

[
ze

s

σ1
(t)(ze

s

σ1
(t))T

]]
= 0.
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Next, the second condition of Definition 2.6 is verified. Let x̂s and x̂d be the unique state processes
of Ŝs and Ŝd respectively. We know that:

x̂(t) = x̂d(t) + x̂s(t)

=
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwÂwB̂σz

u
σw(t) +

∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwÂwK̂σz

es

σw(t)

=
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσwÂw

[
B̂σ K̂σ

] [zuσw(t)
ze

s

σw(t)

]

Then, by Lemma 2.2, x̂(t) is the unique state process of Ŝ. Indeed,

x̂(t+ 1) =

nµ∑
i=1

(Âix̂(t) + B̂iu(t) + K̂ie
s(t))µi(t)

holds and x̂(t) is a ZMWSSI, as it is a sum of two ZMWSSI processes. Hence, the second condition
of Definition 2.6 is satisfied and x̂(t) is the unique state process of Ŝ. Finally, from

yd(t) = Ĉx̂d(t) + D̂u(t)

(as Ŝd is an asGLSS of (yd,µ)) and

ys(t) = Ĉx̂s(t) + es(t)

(as Ŝs is an asGLSS of (ys,µ)), it follows that y(t) = Ĉx̂(t) + D̂u(t) + es(t), i.e., Ŝ is a sGLSS
of (y,u,µ) since all the conditions of Definition 2.6 are satisfied.



Chapter 4
On minimal GLSS state-space representations
in innovation form: an algebraic
characterization

4.1 Introduction
In this chapter, autonomous stationary Generalized Linear Switch System (asGLSS) are consid-

ered. The main technical contributions are new algebraic conditions for an asGLSS to be minimal
in innovation form. These conditions depend only on the matrices of the system representation.

4.1.1 Motivation for studying asGLSS
Under suitable technical assumptions discussed in Chapter 3 any stochastic GLSS can be decom-

posed into a noiseless deterministic GLSS which is driven only by the control input, and asGLSS
driven only by the noise. Moreover, at least for specific subclasses of GLSS, the identification of
these two subsystems can be carried out separately [72]. Note that minimality and uniqueness of
deterministic LPV state-space representations is well understood, [86], and the analogy can be
easily made for the more global GLSS class. Hence, in order to understand the notion of minimality
and innovation representation for stochastic GLSS with control input, the first step is to understand
these notions for asGLSS. In turn, as it was argued in Chapter 1, minimal GLSSs in innovation
form are instrumental for system identification

Recall from Section 1.6 of Chapter 1, that in the formulation of the identification problem for a
class of GLSS state-space representation [122, 30, 125, 127, 21] the stated goal is usually to find a
GLSS which is either isomorphic or at least input-output equivalent to the data generating system.
In the former case, the isomorphism is often required to be linear and independent of the switching
signal. However, in general there may exist GLSSs (in fact asGLSSs) which generate the same
output for some switching signal, but which are not isomorphic (see Example 4.2 in Section 4.3 or
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[58]), or which are not input-output equivalent. In the latter case the systems generate different
outputs when the switching signal is changed (see Example 4.1 and Example 4.2 of Section 4.3 of
this chapter).

This implies that in general the system identification problem for GLSSs, in fact, even for the
subclass of asGLSSs, is ill-posed. However, it becomes well-posed, if we add the assumption that
the underlying data generating system is a minimal asGLSS in innovation form.

Indeed, if the observed output has an asGLSS representation, it has a minimal one in innovation
form, and all such representations are related by an isomorphism (independent of the switching
signal). The necessity of this assumption is illustrated by the examples in Section 4.3. From
Chapter 2 it follows that this assumption is sufficient, as the identification algorithm in [74] returns
a minimal asGLSS in innovation form. We conjecture that the same will be true for most of the
existing subspace identification algorithms [122, 30, 125, 127, 21, 27].

To deal only with minimal asGLSS representations in innovation form, simple conditions to
check minimality and being in innovation form are needed. The latter is necessary in order to check
if the elements of a parametrization of asGLSS are minimal and in innovation form, or to construct
such parametrizations.

4.1.2 Related work to this chapter
It should be noted that there is a rich literature on subspace identification methods for stochastic

Linear Parameter-Varying state-space representations [27, 29, 21, 122]. The results of the cited
papers can be also applied to a GLSS. However, the cited papers do not deal with the problem of
characterizing minimal stochastic GLSS state-space representations in innovation form. In [19, 21]
the existence of an LPV state-space representation in innovation form was studied, but due to
the specific assumptions (deterministic scheduling) and the definition of the innovation process,
the resulting LPV state-space representation in innovation form had dynamic dependence on the
scheduling parameters. Moreover, [19, 21] do not address the issue of minimality of the stochastic
part of LPV state-space representations.

As it was mentioned in Chapter 2, Subsection 2.7.4, an asGLSS can be viewed as GBS, and
stochastic realization theory of asGLSS follows from that of GBS [91]. The main novelty presented
in this chapter with respect to [91] is the new algebraic characterization of minimal asGLSSs in
innovation form, and that the results on existence and uniqueness of minimal GBSs are spelled out
explicitly for GLSSs.

The paper [74] used the correspondence between GBSs and asGLSSs to state existence and
uniqueness of minimal asGLSSs in innovation form. However, [74] did not provide an algebraic
characterization of minimality or innovation form. Moreover, it considered only switching signals
which were zero mean white noises. In contrast, in this chapter, more general switching signals
are considered. The reader can consider this chapter as a complementary to [74]: here, we explain
when the assumption that the data generating system is minimal asGLSS in innovation form could
be true, while [74] presents an identification algorithm which is statistically consistent under the
latter assumption.
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4.1.3 Outline of the chapter
In Section 4.2 we present the first contribution of the thesis, namely, algebraic conditions for

an asGLSS to be minimal in innovation form. Finally, in Section 4.3 numerical examples are
developed to illustrate the contribution. These examples also demonstrate the problems which may
arise when systems that are not in innovation form are used.

4.2 Main results: algebraic conditions for an asGLSS to be
minimal in innovation form

For the main results, we invite the reader to recall the preliminaries in Chapter 2, especially
Remark 2.6. In order to present the main contribution of the chapter, we will have to assume the
following:

1. We are working with asGLSSs of the form (2.4), for which, in particular, Definition 2.7 from
Section 2.5 holds.

2. The switching is considered to be admissible (see Definition 2.2 of Subsection 2.4.1).

Motivated by the challenges explained in Remark 2.6, we present, in this section, sufficient
conditions for an asGLSS to be minimal and in innovation form. These conditions depend only on
the matrices of the asGLSS in question and do not require any information on the noise processes.

The first result concerns an algebraic characterization of asGLSS in innovation form. In order
to streamline the discussion, we introduce the following definition.

Definition 4.1 (Stably invertible w.r.t. µ). Assume that S is an asGLSS of the form (2.4) and
F = Iny . We will call S stably invertible with respect to µ, or stably invertible if µ is clear from
the context, if the matrix

nµ∑
i=1

pi(Ai −KiC)⊗ (Ai −KiC) (4.1)

is Schur.

Note that a system can be stably invertible w.r.t. one switching process, and not stably invertible
w.r.t. another one. We can now state the result relating stable invertibility to asGLSSs in innovation
forms. To this end, recall Definition 2.4 and Definition 2.10 from Chapter 2.

Theorem 4.1 (Innovation form condition). Assume that y is SII and y is full rank w.r.t. µ. If an
asGLSS realization of (y,µ) is stably invertible, then it is in innovation form.

The proof can be found in the Appendix 4.5.1.
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Stably invertible asGLSSs can be viewed as optimal predictors. Indeed, let S be the asGLSS of
the form (2.1) which is in innovation form. Hence, the following equation holds:

x(t+ 1) =

nµ∑
i=1

(Ai −KiC)x(t) +Kiy(t))µi(t),

ŷ(t) = Cx(t)

(4.2)

where x is the state process of S, and ŷ(t) = El[y(t) | {zyw(t)}w∈Σ+ ], i.e., ŷ is the best linear
prediction of y(t) based on the predictors {zyw(t)}w∈Σ+ . Intuitively, (4.2) could be viewed as a
filter, i.e., a dynamical system driven by past values of y and generating the best possible linear
prediction ŷ(t) of y(t) based on {zyw(t)}w∈Σ+ . However, the solution of (4.2) is defined on the
whole time axis Z and hence cannot be computed exactly. For stably invertible asGLSS we can
approximate ŷ(t) as follows.

Lemma 4.1. With the assumptions of Theorem 4.1, if S of the form (2.4) is a stably invertible
realization of (y,µ), and we consider the following dynamical system:

x̄(t+ 1) =

nµ∑
i=1

(Ai −KiC)x̄(t) +Kiy(t))µi(t),

ȳ(t) = Cx̄(t),

x̄(0) = 0,

(4.3)

then lim
t→∞

(x̄(t)− x(t)) = 0, and lim
t→∞

(ȳ(t)− ŷ(t)) = 0, where ŷ(t) = El[y(t) | {zyw(t)}w∈Σ+ ]

and the limits are understood in the mean square sense.

The proof of Lemma 4.1 can be found in Appendix 4.5.1. That is, the output ȳ(t) of the
recursive filter (4.3) is an approximation of the optimal prediction ŷ(t) of y(t) for large enough t.
That is, stably invertible asGLSS not only result in asGLSSs in innovation form, but they represent
a class of asGLSSs for which recursive filters of the form (4.3) exist.

Next, we present algebraic conditions for minimality of an asGLSS in innovation form. To this
end, recall from Subsection 2.7.1 of Chapter 2 the definition of a dLSS and its minimality. With
that definition in mind we can state the following.

Theorem 4.2 (Minimality condition in innovation form). Assume that S is an asGLSS of the form
(2.4) and that S is a realization of (y,µ) in innovation form. Assume that y is full rank and y is
SII. Then S is a minimal realization of (y,µ), if and only if the dLSS DS = ({Ai, Ki}nµ

i=1, C, Iny)
is minimal.

The proof of Theorem 4.2 can also be found in Appendix 4.5.1. Theorem 4.2, in combination
with Theorem 4.1, leads to the following corollary.
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Corollary 4.1 (Minimality and innovation form). With the assumptions of Theorem 4.2, if DS is
minimal and S if stably invertible, then S is a minimal asGLSS realization of (y,µ) in innovation
form.

Remark 4.1 (Checking minimality and innovation form). Recall that Algorithm 1 presented in
Subsection 2.7.1 of Chapter 2, can be used to check minimality of DS . Checking that S is stably
invertible boils down to checking the eigenvalues of the matrix (4.1). That is, Corollary 4.1 provides
effective procedure for verifying that an asGLSS is minimal and in innovation form. Note that in
contrast to the rank condition of Theorem 2.3, the procedure above uses only the matrices of the
system.

Remark 4.2 (Parametrizations of asGLSSs). Below we will sketch some ideas for applying the
above results to parametrizations of asGLSSs. A detailed study of these issues remains a topic for
future research.

For all the elements of a parametrization of asGLSSs to be minimal and in innovation form, by
Corollary 4.1 it is necessary that (A) all elements of the parametrization, when viewed as dLSS,
are minimal, and that (B) they are stably invertible and satisfy condition (3) of Definition 2.6. In
order to deal with (A), the techniques used in [1] or [84] could be applied. The condition (B) is
equivalent to stability of a suitable parametrization of LTI systems, as we could view the matrices
(4.1) and

∑nµ

q=1 piAi ⊗ Ai as matrices of an LTI state-space representation. For the latter we can
use standard techniques (see [96] and the references therein).

Finally, note that extension of argument of [1, Theorem 2] would also lead to identifiability
conditions for parameterizations which satisfy the conditions (A) and (B) described above.

Corollary 4.1 suggests the following minimization algorithm.

Algorithm 4: Minimization algorithm,
Input: A stably invertible asGLSS S.

Output : asGLSS Sm = ({Ami , Km
i }

nµ

i=1, C
m, Iny , e).

1. Transform the dLSS DS from Theorem 4.2 to a minimal dLSS Dm =
({Ami , Km

i }
nµ

i=1, C
m, Iny) using Algorithm 2.

Theorem 4.3. (Correctness of Algorithm 4) The asGLSS Sm is stably invertible and it is a
minimal asGLSS realization of (y,µ) in innovation form.

The proof of this Theorem 4.3 is presented in Appendix 4.5.2. That is, Algorithm 4 is a simpler
counterpart of Algorithm 3 which does not require computing the limits (2.21) and (2.22). The
latter can create difficulties (see Remark 2.6). Theorem 4.3 implies that stable invertibility is
preserved by minimization.
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4.3 Numerical examples and counter examples
In this section, we present numerical examples in order to illustrate the main results. More

precisely, Example 4.1 is an example of an asGLSS S which is not minimal. After using Algorithm
3 from Chapter 2, we get a minimal asGLSS Sm, which has the same output as S for the chosen µ.
However, for another switching µ′, S and Sm have different outputs.

Example 4.2 demonstrates that the phenomenon observed in Example 4.1 is not due to non-
minimality. In this case, the asGLSS is already minimal (but not in innovation form), yet the same
output discrepancy occurs: if the asGLSS from Example 4.2 is transformed by Algorithm 3 to a
minimal asGLSS Sm in innovation form, then S and Sm generate the same output for the switching
process µ, under which Algorithm 3 was applied. However, S and Sm still generate different
outputs if the switching is changed.

Finally, Example 4.3 shows that for minimal and stably invertible asGLSSs in innovation form
the problems arising in the two previous examples are not present.

Example 4.1. Consider an asGLSS S of the form (2.4), where nµ = 2 and

A1 =

0.4 0.4 0
0.2 0.1 0
0 0 0.2

 , K1 =

01
1

 , C =
[
10 0 0

]

A2 =

0.1 0.1 0
0.2 0.3 0
0 0 0.2

 , K2 =

01
1

 , and F = 1

The switching signal process is defined as µ = [µ1 µ2] such that µ1(t) = 1 and µ2(t) is a
white-noise process with uniform distribution U(−1.5, 1.5). This corresponds to the parameters
values {pσ}σ∈{1,2} to be p1 = E [µ2

1(t)] = 1 and p2 = E [µ2
2(t)] = 0.75. The noise process is a

white Gaussian noise with a variance equal to 1, i.e., v ∼ N (0, 1). Note that not all eigenvalues
λj of

∑nµ

i=1 pi(Ai −KiC)⊗ (Ai −KiC) are in the unit disk for j = 1, 2, . . . , nx × nx:

λ1 = 0.04, λ2 = −2.5991 + 0.6951, λ3 = −2.5991− 0.6951,

λ4 = 0.0450 + 0.3130i, λ5 = 0.0450− 0.3130i, λ6 = 2.4850,

λ7 = 2.9183, λ8 = 0.0450 + 0.3130i, λ9 = 0.0450− 0.3130i.

This means that the latter matrix is not Schur, hence,

S = ({Aσ, Kσ}nµ

σ=1, C, F,v)

is not stably invertible and it is not clear if it is in innovation form. Using Algorithm 3, we can find
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a minimal asGLSS in innovation form with the following matrices:

Am1 =

[
0.4007 0.3997
0.1997 0.0993

]
, Km

1 =

[
−0.046
−0.0541

]
Am2 =

[
0.1003 0.1002
0.2002 0.2997

]
, Km

2 =

[
−0.0116
−0.0578

]
Cm =

[
−10 0.0116

]
, and Fm = 1

Note that

Sm = ({Amσ , Km
σ }

nµ

σ=1, C
m, Fm, e,µ)

is guaranteed to be a minimal asGLSS in innovation form, since it is the output of Algorithm 3.
As the dimension of S is higher than the dimension of Sm, it follows that S is not minimal. We
observe that the two systems have the same output trajectory when the chosen switching is applied.
This is well illustrated in Figure 4.1. The values for the Variance Accounted For (VAF) and the
Best Fit Ratio (BFR) are 99.9711% and 98.2948% respectively.

In order to estimate a sample path of the innovation process e we proceeded as follows. First,
we chose sample paths of v and µ, and simulated S with these sample paths of v and µ to obtain
a sample path of y. Then, we used

x̂(t+ 1) =

nµ∑
i=1

((Ami −Km
i C

m)x̂(t) +Km
i y(t))µi(t), e(t) = y(t)− Cmx̂(t) (4.4)

to obtain a sample path of e corresponding to the chosen sample paths of y and µ.

On the other hand, if we replace the switching process µ by µ
′
, where µ

′
1 = µ1 and µ

′
2 is

also a white-noise with a uniform distribution U(−
√
3,
√
3), and we use the realization of v and e

computed in the previous simulation, then the respective outputs of

S = ({Aσ, Kσ}nµ

σ=1, C, F,v,µ
′
) and Sm = ({Amσ , Km

σ }
nµ

σ=1, C
m, Fm, e,µ

′
)

will be different, as illustrated in Figure 4.2. In other words, the two systems are not input-output
equivalent. Subsequently, the two representations are not isomorphic.
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Figure 4.1: Outputs of S and Sm using µ
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Figure 4.2: Outputs of S and Sm using µ′

Example 4.2. We consider an asGLSS S of the form (2.4), such that we use the same noise process
v and switching process µ as in Example 4.1. The system matrices are as follows.

A1 =

[
0.4 0.4
0.2 0.1

]
, K1 =

[
0
1

]
, C =

[
10 0

]
A2 =

[
0.1 0.1
0.2 0.3

]
, K2 =

[
0
1

]
, and F = 1

A direct computation reveals that

nµ∑
i=1

pi(Ai −KiC)⊗ (Ai −KiC) =


0.1675 0.1675 0.1675 0.1675
−4.6550 0.0625 −4.6550 0.0625
−4.6550 −4.6550 0.0625 0.0625
168.07 −3.1850 −3.1850 0.0775

 .
The eigenvalues λj of the above matrix are not all inside the unit disk for j = 1, 2, . . . , nx × nx
where

λ1 = −4.8790 + 1.2976i, λ2 = −4.8790− 1.2976i,

λ3 = 5.4104, λ4 = 4.7175.

This means that the latter matrix is not Schur, hence,

S = ({Aσ, Kσ}nµ

σ=1, C, F,v)

is not stably invertible and it is not clear if it is in innovation form. As before, we use Algorithm 3
to obtain a minimal asGLSS innovation form with the following matrices

Am1 =

[
0.4007 −0.3997
−0.1997 0.0993

]
, Km

1 =

[
−0.046
0.0541

]
,

Am2 =

[
0.1003 −0.1002
−0.2002 0.2997

]
, Km

2 =

[
−0.0116
0.0578

]
Cm =

[
−10 −0.0116

]
, and Fm = 1
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Note that

Sm = ({Amσ , Km
σ }

nµ

σ=1, C
m, Fm, e,µ)

is guaranteed to be a minimal asGLSS in innovation form, because it is the output of Algorithm
3. Since S and Sm have the same dimensions, it follows that S is minimal. When using the
switching µ (of the previous example) in Algorithm 3, the two systems get the same trajectory. This
is illustrated in Figure 4.3. The VAF is equal to 99.97% and the BFR is equal to 98.3%.

On the other hand, S and Sm have different output trajectories, when using the switching
process µ

′
from Example 4.1 (as shown in Figure 4.4).

We used the same method as in Example 4.1 to simulate S and Sm both for µ and µ
′
, i.e., we

chose a sample path of v and µ in order to obtain a sample path of y by simulating S , and then we
used the sample path of y and (4.4) to obtain a sample path of the innovation process e. We used
the same sample paths of v and e both for simulating the systems for µ and for µ′.

In particular, this means that the two systems are not isomorphic. From Example 4.2, we can
conclude that minimality alone does not provide uniqueness.
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Figure 4.3: Outputs of S and Sm using µ
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Figure 4.4: Outputs of S and Sm using µ′

Example 4.3. We present a minimal asGLSS S in innovation form, where the state dimension
nx = 2 and its matrices are as follows:

A1 =

[
0.4 0.4
0.2 0.1

]
, A2 =

[
0.1 0.1
0.2 0.3

]
K1 =

[
0
1

]
, K2 =

[
0
1

]
, C =

[
1 0

]
, and F = 1

We use the same switching process µ and noise process v as in Example 4.1, i.e., p1 = E [µ2
1(t)] = 1,
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p2 = E [µ2
2(t)] = 0.75 and v ∼ N (0, 1). A direct computation reveals that

nµ∑
i=1

pi(Ai −KiC)⊗ (Ai −KiC) =


0.1675 0.1675 0.1675 0.1675
−0.38 0.0625 −0.38 0.0625
−0.38 −0.38 0.0625 0.0625
1.12 −0.26 −0.26 0.0775

 .
The eigenvalues λj of the above matrix are not all inside the unit disk for j = 1, 2, . . . , nx × nx
where

λ1 = 0.5385, λ2 = −0.3055 + 0.3783i,

λ3 = −0.3055− 0.3783i, λ4 = 0.4425.

This means that the latter matrix is Schur, hence,

S = ({Aσ, Kσ}nµ

σ=1, C, F,v)

is stably invertible and it is in innovation form. If we apply Algorithm 3 to the system above, we get
another asGLSS Sm with the matrices

Am1 =

[
0.4642 −0.3581
−0.1581 0.0358

]
, Km

1 =

[
−0.1143
0.9934

]
Am2 =

[
0.1367 −0.1188
−0.2188 0.2633

]
, Km

2 =

[
−0.1143
0.9934

]
Cm =

[
−0.9934 −0.1143

]
, and Fm = 1

Note that

Sm = ({Amσ , Km
σ }

nµ

σ=1, C
m, Fm, e,µ)

is guaranteed to be a minimal asGLSS in innovation form, because it is the output of Algorithm
3. Since S and Sm have the same dimensions, it follows that S is minimal. Moreover, as S is
innovation form, then Sm is innovation form by Theorem 2.2 of Chapter 2. As expected, the two
systems are isomorphic, since they are both minimal and in innovation form, and the transformation
matrix is

T =

[
−0.9934 −0.1143
−0.1143 0.9934

]
Finally, we realize that the output trajectories of both systems are indeed the same not only for

the chosen switching sequence (Figure 4.5), but also for any other switching process (Figure 4.6).
Here, we again used the same method as in Example 4.1 to simulate S and Sm both for µ and

µ
′
.
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Figure 4.5: Outputs of S and Sm using µ
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Figure 4.6: Outputs of S and Sm using µ′

4.4 Conclusion

In this chapter, we formulate conditions for a GLSS state-space representation to be minimal and
in innovation form. These conditions depend only on the matrices of the GLSS representation. A
minimization algorithm for transforming any GLSS representation to a minimal one in innovation
form is formulated too. These results are expected to be useful for system identification, in
particular, for making the identification problem mathematically well-posed. In the future, we will
explore the application of the proposed results to concrete system identification algorithms.

4.5 Appendix

4.5.1 Proofs of Theorems 4.1 and 4.2

The proofs of Theorem 4.1-4.2 relies on the following series of technical results.

Lemma 4.2 (Mean-square stability block-diagonal matrices). Consider nx × n matrices
{Bi=1}nµ

i=1 and n×nmatrices {Fi}nµ

i=1 and nx×nx matrices {Ai}nµ

i=1 such that that
∑nµ

i=1 pi(Fi⊗Fi)
and

∑nµ

i=1 pi(Ai ⊗ Ai) are Schur. Consider the matrix

F̃i =

[
Fi Bi

0 Ai

]
.

Then
∑nµ

i=1 pi(F̃i ⊗ F̃i) is Schur.
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Proof of Lemma 4.2. From [92, Lemma 5] it follows that
∑nµ

i=1 pi(F̃i ⊗ F̃i) being Schur is equiva-
lent to the existence of a matrix P > 0 such that

P −
nµ∑
i=1

piF̃iPF̃
T
i > 0.

We will construct such a matrix P . To this end, notice that as
∑nµ

i=1 pi(Ai ⊗ Ai) is Schur from [92,
Lemma 5] it follows that there exist P2 > 0 such that

P2 −
nµ∑
i=1

piAiP2A
T
i > 0.

Define

S =

nµ∑
i=1

pi(BiP2B
T
i ) + D(P2 −

nµ∑
i=1

piAiP2A
T
i )

−1DT

where D = (
∑nµ

i=1 piBiP2A
T
i ). It then follows that S ≥ 0, as (P2 −

∑
i=1 nµpiAiP2A

T
i )

−1 is
positive definite and BiP2B

T
i are postive semi-definite matrices for each i = 1, . . . , nµ. From [92,

Lemma 5] it follows that there exist P1 > 0 such that

P1 −
nµ∑
i=1

FiPiF
T
i − S > 0 (4.5)

Consider P =

[
P1 0
0 P2

]
. By standard calculation, it follows that

M(P ) = P −
nµ∑
i=1

piF̃iPF̃
T
i =

[
P1 −

∑nµ

i=1 piFiP1F
T
i − D1 −D

−DT P2 −
∑nµ

i=1 piAiP2A
T
i

]
where D1 =

∑nµ

i=1 pi(BiP2B
T
i ). Note that P2 −

∑
i=1 nµpiAiP2A

T
i > 0, hence, by using Schur

complement [13], M(P ) > 0 if (4.5) holds. The latter is true by the choice of P1.

Lemma 4.3. Assume that (y,µ) has an asGLSS realization. Consider n× ny matrices {Bi=1}nµ

i=1

and n× n matrices {Fi}nµ

i=1 such that that
∑nµ

i=1 pi(Fi ⊗ Fi) is Schur. Then the infinite sum

r(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

FwBσz
y
σw(t) (4.6)

converges in the mean-square sense and r(t) is a ZMWSSI process. Furthermore, r is the unique
process r̄ which satisfies

r̄(t+ 1) =

nµ∑
i=1

(Fir̄(t) +Biy(t))µi(t) (4.7)

where
[
r̄T yT

]
is ZMWSSI.
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Proof of Lemma 4.3. Assume that S = ({Ai, Ki}nµ

i=1, C, I, e) is a minimal asGLSS realization of
(y,µ) in innovation form of dimension nx. Let us define the matrices

F̃i =

[
Fi BiC
0 Ai

]
B̃i =

[
Bi

Ki

]
C̃ =

[
In 0

]
From Lemma 4.2 it follows that

∑nµ

i=1 pi(F̃i ⊗ F̃i) is Schur, and hence by Lemma 2.2

x̃(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwF̃wBσz

e
σw(t) (4.8)

is convergent in the mean square sense and it is the unique state process of ({F̃i, B̃i}nµ

i=1, C̃, I, e).
From [91, Lemma 2 and Lemma 9] it follows that

zyv (t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwCAwKσz

e
σwv(t) + Izev(t) (4.9)

Notice that

F̃w =

[
Fw

∑
s1,s2∈Σ∗,σ1∈Σ,w=s1σs2 Fs2Bσ1CAs1

0 Aw

]
(4.10)

and there exists a process x̄(t) such that x̃(t) =
[
x̄(t)
x(t)

]
, where x is the unique state process of the

asGLSS S = ({Ai, Ki}nµ

i=1, C, I, e) which realizes (y,µ). Indeed, let x̄(t) be the vector formed by

the first n entries of x̃(t) and let ¯̄x(t) be formed by the last nx rows of x̃(t). Then, x̃(t) =
[
x̄(t)
¯̄x(t)

]
.

We show that ¯̄x(t) = x(t), where x(t) is the state of the asGLSS S. To this end, notice that

x̃(t+ 1) =

[
x̄(t+ 1)
¯̄x(t+ 1)

]
=

nµ∑
i=1

([
Fi BiC
0 Ai

] [
x̄(t)
¯̄x(t)

]
+

[
Bi

Ki

]
e(t)

)
µi(t)

=

nµ∑
i=1

[
Fix̄(t) +Bi(C ¯̄x(t) + e(t))

Ai ¯̄x(t) +Kie(t)

]
µi(t)

=

nµ∑
i=1

[
Fix̄(t) +Bi ¯̄y(t)
Ai ¯̄x(t) +Kie(t)

]
µi(t),

where ¯̄y(t) = C ¯̄x(t) + e(t). Then

¯̄x(t) =

nµ∑
i=1

(
Ai ¯̄x(t) +Kie(t)

)
µi(t).



88 On minimal GLSS state-space representations

Since x̃ is ZMWSSI, then ¯̄x is also ZMWSSI. Then, by Lemma 2.2 ¯̄x is the unique state process of
S. Then ¯̄x = x and ¯̄y = y.
We also know that

[
x̄T , yT

]T is a ZMWSSI since,[
x̄(t)
y(t)

]
=

[
I 0
0 C

] [
x̄
x

]
=

[
I 0
0 C

]
x̃(t)

and x̃(t) is ZMWSSI, as it is the state process of ({F̃i, B̃i)}nµ

i=1, C̃, I,v). We will show that if r̄(t)
is such that

r̄(t+ 1) =

nµ∑
i=1

(
Fir̄(t) +Biy(t)

)
µi(t)

and
[
r̄T yT

]T is ZMWSSI, then r̄ = r, and r is mean square convergent. This in particular,
implies that x̄ = r. In order to to show that r̄ = r and that the right-hand side of (4.6) is convergent,
we proceed as follows:

r̄(t) =
∑

|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

Fw
√
pwz

r̄
w(t) +

N−1∑
k=0

∑
|v| = N
v ∈ Σ∗

∑
σ ∈ Σ
σv ∈ L

√
pσvFvBσz

y
σv(t).

If we define

rN(t) :=
N−1∑
k=0

∑
|v| = N
v ∈ Σ∗

∑
σ ∈ Σ
σv ∈ L

√
pσvFvBσz

y
σv(t),

then we get the following:

r̄(t)− rN(t) =
∑

|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

Fw
√
pwz

r̄
w(t).

If we show that limN→∞E [∥r̄(t)− rN(t)∥22] = 0, then this means exactly that the right-hand side
of (4.6) is convergent in the mean square sense, and r̄(t) = r(t). To this end, notice that

E
[
∥r̄(t)− rN(t)∥22

]
= trace

(
E
[
(r̄(t)− rN(t))(r̄(t)− rN(t))

T
])

= trace

( ∑
|w| = N
w ∈ Σ∗

∑
|v| = N
v ∈ Σ∗

√
pw

√
pvFwE

[
zr̄w(t)(z

r̄
v(t))

T
]
F T
v

)

= trace

( ∑
|w| = N
w ∈ Σ∗

∑
|v| = N
v ∈ Σ∗

√
pw

√
pvFwT

r̄,r̄
w,vF

T
v

)
.



Appendix 89

Because r̄ is ZMWSSI, it follows that T r̄,r̄
w,v = 0 when w ̸= v and |w| = |v|. Then we can write:

E
[
∥r̄(t)− rN(t)∥22

]
= trace

( ∑
|w1| = N
w1 ∈ Σ∗

pw1Fw1T
r̄,r̄
w1,w1

F T
w1

)

= trace

( ∑
|w| = N − 1
w ∈ Σ∗

pwFw

( ∑
σ ∈ Σ

FσT
r̄,r̄
σ,σF

T
σ

)
F T
w

)
.

Consider the following linear map

R : Rn×n ∈V −→
∑
σ∈Σ

pσFσV F
T
σ .

Also consider that:
S =

∑
σ∈Σ

pσFσV F
T
σ .

This leads to:

E
[
∥r̄(t)− rN(t)∥22

]
= traceR ◦R · · · ◦ R︸ ︷︷ ︸

N−1 times

(S) = RN−1(S).

From [18, Proposition 2.5], it follows that
∑

σ∈Σ pσFσ⊗Fσ being Schur implies that limk→∞Rk(V ) =

0 for any V , in particular, V = S. Hence, limN→∞ trace
(
RN−1(S)

)
= 0. ThenE [∥r̄(t)− rN(t)∥22] −→

0 as N → ∞.

Proof of Lemma 4.1. From Lemma 4.3 it follows that

x̃(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

FwKσz
y
σw(t),

where Fi = (Ai −KiC), i = 1, . . . , nµ is convergent in the mean-square sense. Hence x̄(t)− x̃(t)
converges to zero in the mean square sense. In order to see this, notice that

x(t) = lim
N→∞

N∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t),
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where the convergence is understood in the mean square sense (in H1). In addition, notice that

x̄(t)− x̃(t) = lim
N→∞

[
N∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)−

t−1∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

]

= lim
N→∞

bN

,

where

bN =

[
N∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)−

t−1∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

]

By convergence of subsequences of a convergent sequence, it follows that limN→∞ bN = limN→∞ bN+t−1

and hence

x̄(t)− x̃(t) = lim
N→∞

[
N+t−1∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)−

t−1∑
k=0

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

]

= lim
N→∞

[
N+t−1∑
k=t

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

]
.

Because the limit is convergent in the mean square sense, then

E
[
∥x̄(t)− x̃(t)∥22

]
= lim

N→∞
E


∥∥∥∥∥
N+t−1∑
k=t

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

∥∥∥∥∥
2

2

 .



Appendix 91

However, as {zyσw}|w|≥N are jointly wide-sense stationary it follows that

E


∥∥∥∥∥
N+t−1∑
k=t

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(t)

∥∥∥∥∥
2

2


=

N+t−1∑
k=t

N+t−1∑
k1=t

∑
|w| = k
|w1| = k1
w,w1 ∈ Σ∗

∑
σ, σ1 ∈ Σ

σw, σ1w1 ∈ L

√
pσw

√
pσ1w1trace

(
FwKσE

[
zyσw(t)(z

y
σ1w1

(t))T
]
KT
σ1
F T
w1

)

=
N+t−1∑
k=t

N+t−1∑
k1=t

∑
|w| = k
|w1| = k1
w,w1 ∈ Σ∗

∑
σ, σ1 ∈ Σ

σw, σ1w1 ∈ L

√
pσw

√
pσ1w1trace

(
FwKσE

[
zyσw(0)(z

y
σ1w1

(0))T
]
KT
σ1
F T
w1

)

= E


∥∥∥∥∥
N+t−1∑
k=t

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(0)

∥∥∥∥∥
2

2

 .
Hence

E
[
∥x̄(t)− x̃(t)∥22

]
= lim

N→∞
E


∥∥∥∥∥
N+t−1∑
k=t

∑
|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(0)

∥∥∥∥∥
2

2

 . (4.11)

Let us define the following series:

ak =
∑

|w| = k
w ∈ Σ∗

∑
σ ∈ Σ
σw ∈ L

√
pσwFwKσz

y
σw(0).

Then by Lemma 4.3
∑∞

k=0 ak is convergent in the mean-square sense. By the classical Cauchy
property of convergent series in Hilbert-spaces, we get:

lim
t→∞

∞∑
k=t

ak = 0.

Hence, the norm of
∑∞

k=t ak in H1 converges to zero as t → ∞. But the square of the norm of∑∞
k=t ak in H1 is E [∥

∑∞
k=t ak∥22] and hence

lim
t→∞

E

[
∥

∞∑
k=t

ak∥22

]
= 0.
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From (4.11) it follows that E [∥x̄(t)− x̃(t)∥22] = E [∥
∑∞

k=t ak∥22], and hence

lim
t→∞

E
[
∥x̄(t)− x̃(t)∥22

]
= lim

t→∞
E

[
∥

∞∑
k=t

ak∥22

]
= 0.

This means that x̄(t)− x̃(t) converges to zero in the mean-square sense.
It remains to show that x̃(t) = x(t). To this end, notice that x(t) satisfies (4.2), hence by Lemma
4.3, x(t) = x̄(t).

Proof of Theorem 4.1. Note that we can write v(t) = y(t)−Cx(t) and hence the first equation of
(2.1) holds, i.e., x(t+ 1) =

∑nµ

i=1(Ai −KiC)x(t) +Kiy(t))µi(t). Since the matrix
nµ∑
i=1

µi(Ai −KiC)⊗ (Ai −KiC) is Schur,

from Lemma 4.3 it follows that

x(t) =
∑

w∈Σ∗,i∈Σ

√
piwAwKiz

y
iw(t),

and hence the elements of x(t) belong to the Hilber-space generated by {zyw(t)}w∈Σ+ . Note
that El[v(t) | {zyw(t)}w∈Σ+ ] = 0, see the proof of [91, eq. (37), proof of Theorem 4], hence,
El[y(t) | {zyw(t)}w∈Σ+ ] = Cx(t) and therefore e(t) = v(t).

Proof of Theorem 4.2. Note that S is minimal if and only if the associated dLSS

SS = ({√piAi, Gi}nµ

i=1, C, Iny)

is minimal. In turn, the latter holds if and only if the extended nx − 1-step observability and
reachability matrices of the associated dLSS satisfy the following rank conditions rankOSS ,nx−1 =
nx and rankRSS ,nx−1 = nx. Also note that the rows of the extended observability matrix ODS ,nx−1

of the dLSS DS defined in the statement of Theorem 4.2 coincide with the rows of the observability
matrix OSS ,nx−1 multiplied by a positive constant. Indeed, the set of row of ODS ,nx−1 is the
unions of the set of rows of the matrices CAw for some w ∈ Σ∗, |w| ≤ nx − 1. Likewise, the
set of rows of OSS ,nx−1 is the union of the set of rows the matrices

√
pwCAw for some w ∈ Σ∗,

|w| ≤ nx − 1. Hence, the linear space spanned by the rows of these two matrices are the same
and hence rank OSS ,nx−1 = rank ODS ,nx−1. That is, S satisfies the observability rank condition if
and only if the dLSS DS is observable. We will show that ImRSS ,nx−1 = ImRDS ,nx−1, where
RDS ,n−1 is the nx − 1-step extended controllability matrix of the dLSS DS . From this, it follows
that S satisfies the reachability rank condition if and only if DS is reachable.

Now we will show that ImRSS ,nx−1 = ImRDS ,nx−1. To this end, we recall that x(t) belongs
to the linear space generated by the columns of AwKσ, w ∈ Σ∗, σ ∈ Σ, due to the fact that x(t)
can be expressed as the infinite sum (2.10) with Bσ = 0, σ ∈ Σ. Since, by Remark 2.5,

Gσ = E[x(t)(zyσ(t))
T ],
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it then follows that the columns of Gσ also belong to the linear space generated by the columns
of AwKσ, w ∈ Σ∗, σ ∈ Σ. Therefore, the columns of AvGσ, v ∈ Σ∗, σ ∈ Σ also belong to the
linear space generated by the columns of AwKσ, w ∈ Σ∗, σ ∈ Σ. In turn, it is easy to see that latter
subspace equals ImRDS ,nx−1. That is, Im AvGσ is a subspace of ImRDS ,nx−1, and therefore
Im RSS ,nx−1 ⊆ ImRDS ,nx−1. Conversely, from [91, eq. (37), proof of Theorem 4] it follows
that

E[x(t)(zyσv(t))
T ] =

√
pwAvGσ,

i.e., for every w ∈ Σ+, the columns E[x(t)(zyw(t))
T ] belong to the space generated by AvGσ,

σ ∈ Σ, v ∈ Σ∗. Notice that by [81, Theorem 2 and Remark 1] applied to the dLSS SS , the latter
space equals ImRSS ,nx−1. Since the elements of ze

σ(t) are limits of finite linear combinations
of the rows of {zyw(t)}w∈Σ+ , it then follows that the columns of E[x(t)(ze(t))T ] are the limits of
finite linear combinations of columns of E[x(t)(zyw(t))

T ], w ∈ Σ+, and hence the columns of
E[x(t)(zyw(t))

T ], w ∈ Σ+ also belong to ImRSS ,nx−1. From [91, Proof of Theorem 4] it follows
that

KσQσ = E[x(t)(ze
σ(t))

T ],

where Qσ = E[e(t)eT (t)µ2
σ(t)], and hence the columns of KσQσ belong to ImRSS ,nx−1. Since

Qσ is non-singular, it then follows that the columns of Kσ belong to ImRSS ,nx−1. Since by [81,
Theorem 2 and Remark 1] the space ImRSS ,nx−1 is Aσ-invariant for all σ ∈ Σ, it then follows that
ImAvKσ ⊆ ImRSS ,nx−1 for all v ∈ Σ∗, σ ∈ Σ, and thus ImRDS ,nx−1 ⊆ ImRSS ,nx−1.

4.5.2 Proof of Theorem 4.3
Before presenting the proof of Theorem 4.3, we need to define some necessary maps used in

the proof.

Definition 4.2 (Necessary Maps). Define, for the sequel, the following maps:

F : D 7−→ F (D)

D : D 7−→ D(D)

where D = ({Ai, Ki}nµ

i=1, C, I) is a dLSS and F (D) and D(D) are two transformed dLSSs
with F (D) = ({Ai − KiC,Ki}nµ

i=1, C, I) and D(D) = ({Ai, Ki}nµ

i=1,−C, I). For a dLSS D =
({Ai, Ki}nµ

i=1, C, I), let us denote by YD the input-output map of D induced by the initial state zero
(see [86]). In other words, YD is defined as follows, for every u : Z −→ Rnu , µ : Z −→ Rnµ with
finite support, YD(u, µ) = y, where y : Z −→ Rny is the unique function for which there exists
x : Z −→ Rnx with finite support such that (2.2) holds1.

Note that if X is a dLSS, then it is clear that D(F (D(F (X )))) = X .
1Note that in [86] solutions of dLSS were defined for positive times. However, that definition is equivalent to the

one described above in Subsection 2.7.1 of Chapter 2.
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Lemma 4.4. Let D and D′ be two dLSSs. If D and D′ are input-output equivalent, then
1) F (D) and F (D′) are input-output equivalent.
2) D(D) and D(D′) are input-output equivalent.

Proof of Lemma 4.4. Recall the terminology and notation of Section 2.7.1. In particular, recall the
notion of a Markov function MD realized by a dLSS D defined in (2.13). We will show that if
MD =MD′ , then MF (D) =MF (D′) and MD(D) =MD(D′).
Recall from [86] the notion of a solution of a dLSS in discrete time, and consider that (x, u, µ, y) is
a solution of the system D. It then follows that

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Kiu(t))µi(t)

y(t) = Cx(t).

It can then be modified to

x(t+ 1) =

nµ∑
i=1

(Aix(t) +Ki(Cx(t)− Cx(t) + u(t)))µi(t)

=

nµ∑
i=1

((Ai −KiC)x(t) +Ki(y(t) + u(t)))µi(t).

Notice that (x, v, µ, y) is a solution of the system F (D) with v = y + u. It can also be shown,
in the same manner, that if (x, v, µ, y) is a solution of F (D), then (x, u, µ, y) is a solution of D,
with u = v − y. That is, we conclude that YD(u, µ) = y = YF (D)(v, µ). In the same manner, if
(x̄, u, µ, ȳ) is a solution of D′ then (x̄, v̄, µ, ȳ) is a solution of F (D′), with v̄ = u + ȳ. Since D
and D′ are both realization of the sub-Markov parameters MD, i.e., MD = MD′ , by [86], it then
follows that YD = YD′ . However, from the discussion above, it follows that YD and YD′ determine
uniquely YF (D) and YF (D′) respectively. More precisely:

YF (D)(v, µ) = y ⇐⇒
y = YD(v − y, µ) = Y ′

D(v − y, µ) ⇐⇒
y = YF (D′)(v, µ)

That is, for all v, µ, YF (D)(v, µ) = YF (D′)(v, µ), i.e., YF (D) = YF (D′). In other words, from [86]
it follows that F (D′) is a realization of MF (D).
Finally, note that MD(D) = −MD, hence

MD′ =MD =⇒MD(D′) = −MD′ = −MD =MD(D).
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Corollary 4.2. An dLSS Σ is a minimal realization of MΣ, then F (Σ) is a minimal realization of
MF (Σ).

Proof of corollary 4.2. Suppose that Σ is minimal and F (Σ) is not. This means that, there exists
a minimal dLSS Σm such that dimΣm < dimF (Σ) = dimΣ and Σm is a realization of MF (Σ).
Define the dLSS Σ̂m := D(F (D(Σm))). Then, by using Lemma 4.4 and the fact that MF (Σ) =
MΣm , it follows that:

MD(F (D(Σm))) =MD(F (D(F (Σ))))

Notice that

D(F (D(Σm))) = Σ̂m

D(F (D(F (Σ)))) = Σ

Hence
MΣ̂m =MΣ

i.e., Σ̂m is a realization of MΣ. Notice that dimΣ = dimF (Σ) > dimΣm = dimΣ̂m, which
implies that Σ is not minimal, and leads to a contradiction.

Proof of Theorem 4.3. In order to prove Theorem 4.3, two steps are needed: (1) proving that Sm is
stably invertible, and (2) proving that Sm is a realization of (y,µ) in innovation form.

Step(1): From Lemma 4.4 it follows that F (D) and F (Dm) are both a realization of MF(D),
this is due to the fact that D and Dm are both a realization of MD. Recall from [92, Lemma 6] 2

that if the matrix

nµ∑
i=1

(
√
piA

T
i )T ⊗ (

√
piA

T
i )T =

nµ∑
i=1

piAi ⊗ Ai is Schur,

then the matrix
nµ∑
i=1

piA
m
i ⊗ A m

i is also Schur,

where Ai are the state matrices of an dLSS Σ1 and A m
i are the state matrices of the min-

imal dLSS Σm
1 which is equivalent to Σ1. Recall that Algorithm 4 assumes that its input

S = ({Aσ, Kσ}nµ

σ=1, C, Iny) is stably invertible. It follows that the matrix

nµ∑
i=1

pi(Ai −KiC)⊗ (Ai −KiC) is Schur,

2The termenology of [92] refers to the switch systems representations not the GLSS representations. However, the
two are equivalent using the correspondence from [86, Appendix B]
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where (Ai − KiC) are the state matrices of F (D). Note that F (Dm) is minimal due to the
minimality of Dm and Corollary 4.2 and F (Dm) is equivalent to F (D). It follows, from [92,
Lemma 6], that the matrix

nµ∑
i=1

pi(A
m
i −Km

i C
m)⊗ (Ami −Km

i C
m) is Schur,

where (Ami −Km
i C

m) are the state matrices of F (Dm). Therefore, the algorithm’s output Sm is
indeed stably invertible.

Step(2): Since S is a realization of (y,µ) in innovation form, then there exists a unique
ZMWSSI process x such that (2.1) holds with v = e. Let us apply the linear transformation T of
the Kalman decomposition as described in [86, Corollary 1] to S. Then, let

x̂(t) = Tx(t), Âi = TAi, K̂i = TKi, for i = 1, . . . , nµ, and Ĉ = CT−1.

Then the asGLSS Ŝ = ({Âi, K̂i}nµ

i=1, Ĉ, I, e) is also a realization of (y,µ) in innovation form.
Now, in order to get the Kalman decomposition, recall form [86, Corollary 1] that:

Âi =

Ami 0 A′
i

A′′
i A′′′

i A′′′′
i

0 0 Auci

 , K̂i =

Km
i

K ′
i

0

 , Ĉ =
[
Cm 0 C ′] ,

for i = 1, . . . , nµ, and for suitable block matrices. In particular, for all w ∈ Σ∗ we found:

Âw =

Amw 0 ∗
∗ A′′′

w ∗
0 0 Aucw

 , (4.12)

where ∗ refers to any block matrix. Indeed, it can be shown that for w = ϵ, Âw = I . Now if (4.12)
holds for w = v, then for w = vσ′:

Âw =

Amσ′ 0 ∗
∗ A′′′

σ′ ∗
0 0 Aucσ′

Amv 0 ∗
∗ A′′′

v ∗
0 0 Aucv

 =

Amσ′v 0 ∗
∗ A′′′

σ′v ∗
0 0 Aucσ′v

 .
Hence, by induction of then length of w, (4.12) holds. It then follows that:

ÂwK̂σ =

AmwKm
σ

∗
0

 .
Consider the following decomposition:

x̂(t) = Tx(t) =

xm(t)xc(t)
xuc(t)

 .
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From Lemma 2.2, x̂(t) can be expressed as:

x̂(t) =
∞∑
N=0

∑
σ ∈ Σ, σw ∈ L
w ∈ Σ∗, |w| = N

√
pσwÂwK̂σz

e
σw(t).

It follows that:

x̂(t) =
∞∑
N=0

∑
σ ∈ Σ, σw ∈ L
w ∈ Σ∗, |w| = N

√
pσw

AmwKm
σ z

e
σw(t)

∗
0

 =


∑∞

N=0

∑
σ ∈ Σ, σw ∈ L
w ∈ Σ∗, |w| = N

√
pσwA

m
wK

m
σ z

e
σw(t)

∗
0

 .
(4.13)

From (4.13) it follows that

xm(t) =
∞∑
N=0

∑
σ ∈ Σ, σw ∈ L
w ∈ Σ∗, |w| = N

√
pσwA

m
wK

m
σ z

e
σw(t).

Then from Lemma 2.2 it follows that xm(t) is the state process of Sm. Finally, notice that, as Ŝ is a
realization of (y,µ),

y(t) = Cx(t) + e(t) = ĈTx(t) + e(t) = Ĉx̂(t) + e(t).

The output can then be expressed as:

y(t) =
[
Cm 0 C ′] xm(t)xc(t)

xuc(t)

+ e(t). (4.14)

From (4.13) it follows that xuc(t) = 0. Hence, from (4.14) it follows that y(t) = Cmxm(t) + e(t).
Since xm is the state process of Sm, it then follows that Sm is a realization of (y,µ). In addition,
because Sm is stably invertible, as proven in (1), then Sm is a realization of (y,µ) in innovation
form by Theorem 4.1.





Chapter 5
Towards stochastic realization theory for GLSS
models with i.i.d. inputs: minimal covariance
realization algorithm and its application to
subspace system identification

5.1 Introduction
In this chapter, we extend the concept of minimal (dimensional) systems in innovation form to

the class of GLSS and apply it to system identification. For the sake of simplicity, we assume that
µ is i.i.d. process and u is a white noise process w.r.t. µ. These assumptions represent the simplest
case of persistently exciting data, and there is little hope to tackle the more general case without
solving this one first.

We present a necessary and sufficient condition for minimality GLSS realization of (y,u,µ) in
innovation form, and we show that all such realizations of an output are isomorphic. In addition, we
present a realization algorithm for computing such GLSSs from covariances of inputs and outputs.

Finally, we present a statistically consistent system identification algorithm which is based on
the latter realization algorithm, and which returns, in the limit, a minimal GLSS in innovation
form. In particular, if the true system is a minimal GLSS in innovation form, then in the limit this
identification algorithm returns a GLSS which is isomorphic to the true GLSS, hence, it has the
same deterministic behavior. We further improve this identification algorithm by combining it with
Gradient-Based (GB) methods [20].

5.1.1 Related work to the chapter
Realization theory of deterministic switched systems was studied in [83], for stochastic switched

systems with no inputs in [90, 91]. To the best of our knowledge, our results on realization theory



100 Towards Stochastic Realization Theory

of stochastic GLSS (precisely for the LSS subclass) with inputs are completely new.
Identification of switched and jump-Markov systems is an active research area, see the [62,

33, 8, 16, 4, 6], and the references therein. However, most of the literature assumes that the
switching signal is unobserved, which makes the problem more challenging but also leads to lack of
consistency results for state-space representations. A consistent subspace identification algorithms
was presented in [82] for noiseless LSSs. In [102] a consistent identification algorithm for noisy
LSSs was presented, but the noise gain matrix and the noise covariance were not estimated, and the
identification was based on several i.i.d. time series.

Moreover, there is a wealth of literature on system identification for LPV systems, including
subspace methods, [113, 21, 72, 126, 125] and the references therein. Stochastic realization theory
of LPV systems was investigated in [72, 19]. In [19] the existence of LPV systems in innovation
form was investigated, but the noise gain matrices of the obtained system depended on the current
and past scheduling. Moreover, [19] did not address minimality and uniqueness of systems in
innovation form. Unlike the identification algorithm of this chapter, the existing subspace methods,
see the overview [21], are not proven to be consistent or to return a minimal system in innovation
form.

A statistically consistent identification algorithm was presented in [74] for noisy LPV systems
with no inputs, and in [72] for noisy LPV systems with inputs. This chapter is an extension of [72],
the main difference w.r.t. [72] is as follows:

(1) The conditions on the scheduling signals from [72] do not directly apply for i.i.d. switching
signals (see Remark 5.1 at the end of the introduction).

(2) We characterize minimality and uniqueness (up to isomorphism) of systems in innovation
form.

(3) The proposed identification algorithm returns a minimal system in innovation form, while
the one of [72] returns a non-minimal one; that is, the system returned by the algorithm from
[72] need not have the deterministic behavior as the true system.

(4) We present novel modifications to improve the empirical behavior of the identification
algorithm.

To sum up, the identification algorithm of this chapter is the first algorithm for noisy GLSSs that
has all of the following properties: (a) it estimates the noise gain and the noise covariance, (b)
returns a minimal GLSSs in innovation form, and (c) applies to one single long time series.

This chapter uses the technical results from Chapter 3 on the decomposition of outputs of
GLSSs into stochastic and deterministic components. The latter is used in Chapter 3 to show
existence of a realization in innovation form and to provide sufficient conditions for minimality and
uniqueness of GLSSs in innovation form. In contrast to Chapter 3, we formulate necessary and
sufficient conditions for minimality, and we show isomorphism of a much wider class of GLSSs in
innovation forms, see Remark 5.3 for a detailed explanation of the gap between the two results of
the chapters.
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5.1.2 Outline of the chapter
This chapter is structured as follows. Section 5.3 shows the association between a dLSS and

its correspondent sGLSS in order to present the necessary and sufficient conditions mentioned
above. In Section 5.4, the selection Ho-Kalman algorithm is recalled from the literature in the aim
of presenting the new covariance realization algorithm. Finally, in Section 5.5, the identification
algorithm, which is based on the previous covariance algorithm, is introduced. In addition, the
gradient search algorithm is added as a last step of this new identification algorithm. The proofs of
the theorems and Lemma presented in this chapter are discussed in the Appendixes.

5.2 Technical assumptions on GLSS
In this chapter we consider stochastic processes y,u,µ such that the following holds.

Assumption 5.1. The tuple (y,u,µ) has a realization by a sGLSSs of the form (2.1)

In particular, Assumption 5.1 tacitly implies that µ is an admissible switching process. For
the sake of simplicity, in this chapter we will further restrict the class of switching sequences by
considering i.i.d switching processes, i.e., we impose the following additional restriction on µ.

Assumption 5.2 (i.i.d. switching). The switching process µ is admissible and is of the type as
described in Example 2.8, Chapter 2. That is, µ arises as follows. Let θ be an i.i.d process with
values in Σ = {1, . . . , nµ}. Then µσ(t) = χ(θ(t) = σ) for all σ ∈ Σ, t ∈ Z, where χ is the
indicator function, i.e.,

χ(θ(t) = σ) =

{
1, if θ(t) = σ

0, otherwise.

Moreover, we set E = Σ × Σ and thus L = Σ+ holds. Furthermore, the constants {pσ}σ∈Σ are
defined as pσ = P (θ(t) = σ), ασ = 1 for all σ ∈ Σ. Finally, with ασ = 1, σ ∈ Σ it holds∑

σ∈Σ ασµσ(t) = 1.

This assumption imposes restrictions on the data used for system identification, but not neces-
sarily for the model class which will be identified depending on the switching µ as discussed in the
preliminary chapter. It can be thought of as a persistence of excitation condition.

The assumption that (y,u,µ) has a sGLSS realization implicitly implies that u is a white noise
w.r.t. µ and that y,u are jointly ZMWSSI. In addition, in order to avoid cumbersome expressions
in the statement of the main results and their proofs, we will assume that Tu,u

σ,σ = Qu > 0 does not
depend on σ ∈ Σ. This is the case, for example, if u is an i.i.d. process with Qu = E[u(t)uT (t)],
such that the σ-algebra generated by {u(s)}s∈Z is independent of the σ-algebra generated by
{µ(s)}s∈Z. For the convenience of the reader we gather these facts and assumptions in the
following assumption.
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Assumption 5.3 (Inputs and outputs). (1) u is a white noise w.r.t. µ and there exists a positive
definite matrix Qu > 0 such that for all σ ∈ Σ, Tu,u

σ,σ = Qu. (2) and the process
[
yT , uT

]T is a
ZMWSSI.

Remark 5.1 (Relationship with [72]). In this chapter, if we view the switching µ of the GLSS we
are working with as a scheduling signal, then it does not satisfy the assumptions of [72]: while it is
an i.i.d. process , it is not zero mean, µi(t),µj(t) are not uncorrelated for i, j ∈ Σ, and µ1(t) ̸= 1.
By applying a suitable normalizing affine transformation to µ we can bring it to a form which
satisfies [72]; for example, for nµ = 2, we can take

µ̃(t) = (µ1(t) + µ2(t),µ2(t)− p2)
T = (1,µ2(t)− p2)

T ,

where p2 is defined in Definition 2.2. The system matrices of the thus arising LPV system are
affine combinations of the system matrices of original GLSS. However, this transformation does
not appear to simplify the derivation of the results. To the contrary, it would require handling the
affine transformation between system matrices when analyzing minimality.

5.3 Minimality of sGLSS in innovation form

5.3.1 Relationship between sGLSSs and dLSSs
The idea behind relating sGLSSs and dLSSs is to express the covariances of outputs of sGLSSs

as Markov parameters of dLSSs. To this end, we need to recall from Chapter 3 the decomposition
of the output y into deterministic and stochastic parts, and the notion of orthogonal projection
from Chapter 2. We recall that, intuitively, the orthogonal projection El[z | S] is minimal variance
linear prediction of z based on the elements of S.

We also recall from Chapter 3, Section 3.3, (3.1)-(3.2) that the deterministic component yd and
the stochastic component ys of y are defined as

yd(t) = El[y(t) | {zuw(t)}w∈Σ+ ∪ {u(t)}],
ys(t) = y(t)− yd(t).

(5.1)

Recall from Section 3.3 that intuitively, yd is the best linear prediction of y based on the present
and past values of u multiplied by indicator functions of past discrete modes. In fact, by Theorem
3.1 of Chapter 3, yd (resp. ys) is the output of the asGLSS obtained from (2.1), by setting Kσ = 0
(resp. Bσ = 0), for all σ ∈ Σ.

Next, we define the following Markov functions (see Chapter 2, Section 2.7.1 for the definition
of a Markov function) values of which are formed by suitable covariances of ys,yd and u.

Definition 5.1 (Markov function). Define the Markov function My,u : Σ∗ → Rny×(ny+nu) by

My,u(w) =


[
Λyd,u
w Q−1

u , Λys,ys

w

]
w ̸= ϵ,[

Λyd,u
ϵ Q−1

u , Iny

]
w = ϵ.

(5.2)
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Definition 5.2 (Auxiliary covariances). Define the Markov function Ψu,y such that Ψu,y(w) is
formed by the first nu columns of My,u(w), i.e. Ψu,y(w) = Λyd,u

w Q−1
u , and define the Markov

function Ψys such that Ψys(w) is formed by the first ny columns of My,u(w), i.e. Ψys(w) = Λys,ys

w .

The intuition behind the Markov function definition is as follows. It can be shown that Ψu,y(w)
can be expressed as Markov parameters of a suitably defined dLSS. Since, by Theorem 3.1 and
Theorem 3.2 of Chapter 3, ys is the output of an asGLSS, and hence of a GBS in terminology
of [91], then by [91, Lemma 4] Ψys can be shown to be the Markov function of a suitable dLSS
too. Subsequently, by combining the dLSS realizations of Ψu,y and Ψys , it follows that My,u has a
dLSS realization.

Formally, consider the process xs(t) = x(t)−El[x(t) | {zuw(t)}w∈Σ+ ∪ {u(t)}] from Theorem
3.1, Chapter 3, and consider the covariances T xs,xs

σ,σ = E[zx
s

σ (t)(zx
s

σ (t))T ]. Define the matrices

Gσ =
√
pσ(AσT

xs,xs

σ,σ CT +KσT
v,v
σ,σ F

T ) (5.3)

Then define the dLSS associated with sGLSS as

SS = ({√pσAσ,
[√
pσBσ Gσ

]
}nµ

σ=1, C,
[
D Iny

]
), (5.4)

Note that, by the proof of Theorem 3.1, presented in Section 3.3 of Chapter 3, xs(t) is the state of
the asGLSS Ss defined in (3.6), which is obtained from S by considering Bσ = 0, and hence xs is
a ZMWSSI process and T xs,xs

σ,σ is well-defined.

Lemma 5.1. If S is a sGLSS realization of (y,u,µ), then the associated dLSS SS is a realization
of My,u.

The proof follows from [91, Lemma 4] and Theorem 3.2 of Chapter 3. For the convenience of
the reader, the proof is represented in Appendix 5.8.1

Remark 5.2 (Computing Gσ). In order to compute Gσ, we can use the fact that xs is the state of
the asGLSS obtained from (2.1) by setting Bσ = 0, σ ∈ Σ (see the proof of Theorem 3.1 in Section
3.5.1 of Chapter 3). Hence, by [91, Lemma 5], the covariance of xs satisfies

pσT
xs,xs

σ,σ = lim
N→∞

PN
σ ,

where P 0
σ = 0 and

PN+1
σ = pσ

∑
σ1∈Σ

(Aσ1P
N
σ1
ATσ1 + pσ1Kσ1T

v,v
σ1,σ1

KT
σ1
).

Conversely, we can associate with any dLSS realization of the Markov function My,u a sGLSS
realization of (y,u,µ). In order to define the latter, we need to specify its noise process, which
happens to be the innovation noise es of ys as defined in [91, eq. (16)]. By Theorem 3.2 of Chapter
3,

es(t) = y(t)− ŷ(t)

ŷ(t) = El[y(t) | {zyw(t), zuw(t)}w∈Σ+ ∪ {u(t)}].
(5.5)
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That is, es(t) is the prediction error of the best linear predictor ŷ(t) of y(t) given the products of
past outputs, inputs and discrete modes, i.e., es is direct extension of the classical innovation noise.

Definition 5.3 (Full rank property of a sGLSS output process). The process y is said to be full
rank w.r.t. u and µ, if for all σ ∈ Σ, the covariance T es,es

σ,σ is invertible.

Note that the difference between the definition above and Definition 2.10 is that, in Chapter 2,
the output was assumed to be an output of an asGLSS. However, in what follows, we will only
mention that y is full rank when it is clear from the context that it is w.r.t. u and µ or only w.r.t. µ.
If y is full rank, then, for an observable dLSS

S = ({Âσ,
[
B̂σ Ĝσ

]
}nµ

σ=1, Ĉ,
[
D̂ Iny

]
) (5.6)

for which
∑nµ

σ=1 Âσ ⊗ Âσ is a Schur matrix, define the sGLSS SS associated with S as

SS = ({ 1
√
pσ
Âσ,

1
√
pσ
B̂σ, K̂σ}nµ

σ=1, Ĉ, D̂, Iny , e
s), (5.7)

where for all σ ∈ Σ,
K̂σ = lim

I→∞
K̂I
σ , (5.8)

and the matrices {K̂I
σ}σ∈Σ,I∈N satisfy the recursion

P̂ I+1
σ = pσ

∑
σ1∈Σ

1

pσ1

(
Âσ1P̂

I
σ1
ÂTσ1 + K̂I

σ1
Q̂I
σ1
(K̂I

σ1
)T
)

Q̂I
σ = pσT

ys,ys

σ,σ − ĈP̂ I
σ (Ĉ)

T

K̂I
σ =

(
Ĝσ

√
pσ −

1
√
pσ
ÂσP̂

I
σ (Ĉ)

T

)(
Q̂I
σ

)−1

(5.9)

with P̂ 0
σ = 0. We will argue below that the limit (5.8) exists and that the matrices Q̂I

σ, σ ∈ Σ,
I ∈ N are invertible, and hence the recursion (5.9) is well-posed. Note that the noise process of
SS is the innovation noise, and we will argue below that its noise and state covariances satisfy

pσT
es,es

σ,σ = lim
Ī→∞

Q̂Ī
σ, pσT

x̂s,x̂s

σ,σ = lim
Ī→∞

P̂ Ī
σ , (5.10)

where

x̂(t) =
∞∑
N=0

∑
σ ∈ Σ, w ∈ Σ∗

σw ∈ L, |w| = N

√
pσÂwK̂σz

es

σw(t) +

√
pσ√
pw
ÂwB̂σz

u
σw(t)

is the unique state process of SS , and

x̂s(t) = x̂(t)− El[x̂(t) | {zuw(t)}w∈Σ+ ∪ {u(t)}]

and x̂s is the state of the asGLSS stochastic component (SS )s of SS defined as in (3.6). The
well-posedness of (5.9) (non-singularity of the matrices Q̂I

σ) convergence of (5.8), (5.9) and (5.10)
follow from the proof of [91, Theorem 3] and it is shown in the proof of Lemma 5.2 below.
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Lemma 5.2. If y is full rank w.r.t. µ, and (y,u,µ) has a realization by sGLSS, and S is a minimal
dLSS realization of My,u, then the recursion (5.9) is well-posed, i.e., the matrices {Q̂I

σ}σ∈Σ,I∈N
are invertible, the limits (5.8) exist, and the associated sGLSS SS is a stationary, and it is a sGLSS
realization of (y,u,µ), and (5.9) and (5.10) hold.

In the rest of the chapter, we will refer to SS as the sGLSS associated with the dLSS S . The
proof of Lemma 5.2 is presented in Appendix 5.8.2, it relies on Theorem 3.2 of Chapter 3 and [91,
Theorem 3].

5.3.2 Main result on minimal sGLSSs in innovation form
Recall from Chapter 3, Definition 3.1 that a sGLSS of the form (2.1) is said to be in innovation

form, if its noise process v equals es from (5.5) and F = Iny . Note that the sGLSS associated with
a dLSS is in innovation form. Recall from The sGLSS (2.1) in innovation form gives rise to the
predictor (3.12), i.e.,

x(t+ 1) =

nµ∑
i=1

(
(Ai −KiC)x(t) + (Bi −KiD)u(t) +Kiy(t)

)
µi(t)

ŷ(t) = Cx(t) +Du(t),

(5.11)

which generates the best linear prediction ŷ(t) of the output y(t), while being driven by past
outputs and inputs. Indeed, since F = Iny from (2.1) it follows that

v(t) = y(t)− Cx(t)−Du(t)

and if v(t) = es(t), then by substituting the expression above into (2.1) the equation (5.11) follows.
Recall from Definition 2.8 that we say that a sGLSS realization of (y,u,µ) is minimal, if it has

the smallest dimension among all sGLSS realizations of (y,u,µ). In order to study minimality,
we need the concepts of reachability and observability. We call a sGLSS S reachable (resp.
observable), if the associated dLSS SS is reachable, (resp. observable) according to the definition
of [81, Definition 19], applied to zero initial state.

In order to investigate uniqueness of minimal sGLSS in innovation form, we need to recall the
concept of isomorphism from Chapter 3, (3.14). Let S and Ŝ be sGLSSs realization of (y,u,µ) in
innovation form such that S is of the form (2.1) and Ŝ = ({Âσ, B̂σ, K̂σ}nµ

σ=1, Ĉ, D̂, Iny , e
s). We

say that S and Ŝ are isomorphic, if there exists a nonsingular matrix T such that

Âσ = TAσT
−1, K̂σ = TKσ, B̂σ = TBσ, σ ∈ Σ

Ĉ = CT−1, D = D̂
(5.12)

Theorem 5.1 (Main result: minimal innovation form). Assume that (y,u,µ) has a sGLSS realiza-
tion and that y is full rank w.r.t. u and µ. Then the following holds.
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1. A sGLSS realization of (y,u,µ) is minimal if and only if it is reachable and observable.

2. If a dLSS Sm of the form (5.6) is a minimal realization of My,u, then the associated sGLSS
SSm is a minimal sGLSS realization of (y,u,µ) in innovation form.

3. There exists a minimal sGLSS realization of (y,u,µ) in innovation form.

4. Any two minimal sGLSS of (y,u,µ) in innovation form are isomorphic.

The proof is presented in Appendix 5.8.3, it relies on the fact that any dLSS can be transformed
to a minimal one, that minimal dLSSs with the same input-output map are isomorphic and on
Lemma 5.1-5.2.

Note that observability and reachability of the associated dLSS SS of the form 5.4 can be
checked using simple rank conditions of suitable matrices [81]. That is, our conditions for
minimality can be checked numerically as follows:

1. Compute the the i-step extended reachability matrices RSS ,i and the i-step observability
matrices OSS ,i of SS :

RSS ,i =
[
RSS ,0

√
p1A1RSS ,i−1 . . .

√
pnµAnµRSS ,i−1

]
,

OSS ,i =
[
OT

SS ,0

√
p1A

T
1OT

SS ,i−1 . . .
√
pnµA

T
nµ
OT

SS ,i−1

]T
,

(5.13)

where RSS ,0 =
[[√

p1B1 G1

] [√
p2B2 G2

]
. . .

[√
pnµBnµ Gnµ

]]
, OSS ,0 = CT ,

and for all i > 1 and for all σ ∈ Σ:

Gσ =
√
pσ(AσT

xs,xs

σ,σ CT +KσT
v,v
σ,σ F

T ).

2. Verify if rank{RS ,nx−1} = nx, and rank{OS ,nx−1} = nx.

Moreover, when dealing with non-minimal sGLSS S, the latter can be transformed effectively
to a minimal one in innovation form as follows: first we compute the associated dLSS SS , we
minimize it using Algorithm 2 (see Chapter 2) to obtain a minimal dLSS Sm realization of My,u,
and then we compute the sGLSS SSm associated with the latter minimal dLSS.

Remark 5.3 (Improvement over Chapter 3). For a sGLSS S of the form (2.1), we now refine the
minimality condition presented in Chapter 3 (Corollary 3.2).
In Chapter 3 the minimality condition was stated in terms of the reachability and observability of a
dLSS that captures only the stochastic component Ss of S. This system, denoted by (2.19), differs
from the associated dLSS defined in equation (5.4).
To clarify, the dLSS in (5.4) is given by:

SS = ({√pσAσ,
[√
pσBσ Gσ

]
}nµ

σ=1, C,
[
D Iny

]
).
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The dLSS associated to the stochastic-only component Ss from (2.19) is:

SSs = ({√pσAσ, Gσ}nµ

σ=1, C, Iny),

and it is obtained from (5.4) by deleting the columns of
√
pσBσ. The minimality of latter is sufficient,

but not necessary for the reachability and observability of the dLSS associated with S.
Likewise, in Chapter 3 we showed isomorphism between sGLSSs in innovation form which satisfy
the above sufficient condition for minimality, and for which the image of Bσ belongs to the image
of Kσ. In contrast, Theorem 5.1 establishes isomorphism for a much wider class of sGLSSs in
innovation form. This marks a significant generalization and improvement over the minimality
results of Chapter 3.

5.4 Minimial covariance realization algorithm
In this section we present a Ho-Kalman-like algorithm for computing a minimal sGLSS

realization innovation form from My,u. To this end, we first recall the Ho-Kalman realization
algorithm for dLSS.

5.4.1 Reduced basis Ho-Kalman algorithm for dLSS
Below we recall from [19] an adaptation of the Ho-Kalman-like algorithm for dLSS from [81].

Define a (n, ny, nu)-selection (selection for short) as a pair of word-index sets (α, β) such that,

α = {(ui, ki)}ni=1, β = {(σj, vj, lj)}nj=1, (5.14)

for some ui ∈ Σ+, |ui| ≤ n, ki ∈ {1, 2, · · · , ny}, σj ∈ Σ, vj ∈ Σ+, |vj| ≤ n, lj ∈ {1, 2, · · · , nu},
i, j ∈ {1, . . . , n} .

Intuitively, the components of α, β which belong to Σ+ ∪ Σ determine the choice of Markov
parameters, while the other components determine a choice of row and column indices of the
chosen Markov parameters, see [72] for an example.

Formally, let M : Σ∗ → Rny×nu be a Markov function. Define the Hankel matrix HM
α,β ∈ Rn×n

and the matrices HM
σ,α,β ∈ Rn×n, HM

α,σ ∈ Rn×nu and HM
β ∈ Rny×n as follows as follows:[

HM
α,β

]
i,j

= [M(σjvjui)]ki,lj , i, j = 1, . . . , n (5.15)[
HM
σ,α,β

]
i,j

= [M(σjvjσui)]ki,lj , i, j = 1, . . . , n (5.16)[
HM
α,σ

]
i,j

= [M(σui)]ki,j , j = 1, . . . , nu, i = 1, . . . , n (5.17)[
HM
β

]
i,j

= [M(σjvj)]i,lj , i = 1, . . . , ny, j = 1, . . . n (5.18)

where (ui, ki) ∈ α, (σj, vj, lj) ∈ β are as in the ordering in (5.14). Finally, let Lα,β be the set of all
words w ∈ Σ∗ such that M(w) occurs in one of the matrices, (5.15) – (5.16), i.e.,

Lα,β = {ui, σjvj, σjvjui, σjvjσui, σui | σ ∈ Σ}ni,j=1
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The promised algorithm is presented in Algorithm 5, which is an extension of the linear Ho-Kalman
[56].

Algorithm 5: Ho-Kalman for dLSSs,
Input: (n, ny, nu)-selection (α, β), {M(w)}w∈Lα,β

, M(ϵ).
Output: dLSS ({Âσ, B̂σ}nµ

σ=1, Ĉ,M(ϵ))

1: Construct the matrices HM
α,β , HM

σ,α,β HM
α,σ and HM

β , and set

Âσ = (HM
α,β)

−1HM
σ,α,β, B̂σ = (HM

α,β)
−1HM

α,σ, Ĉ = HM
β .

Lemma 5.3 ([19]). Assume that there exists a minimal dLSS realization of M of dimension n. Then
there exists an (n, ny, nu)-selection (α, β) such that rank(HM

α,β) = n. For any (n, ny, nu)-selection
(α, β) for which rank(HM

α,β) = n, Algorithm 5 returns a minimal dLSS realization of M .

5.4.2 Covariance realization algorithm
Theorem 5.1, together with Algorithm 5 and Lemma 5.3 suggest that in order to compute a

sGLSS realization of (y,u,µ), one could apply Algorithm 5 to Hankel-matrices corresponding to
My,u. However, the definition of My,u uses the covariances of the processes yd and ys, which are
not directly available. Below we show how to compute My,u using only the covariances of y and
u. To this end, note that by Lemma 5.1 the dLSS ({√pσAσ,

√
pσBσ}nµ

σ=1, C,D) is a realization of
Ψu,y.

Lemma 5.4. If there exists a sGLSS of (y,u,µ), then

Λyd,u
w = Λy,u

w , Λys,ys

σw = Λy,y
σw − Λyd,yd

σw

T ys,ys

σ,σ = T y,y
σ,σ − T yd,yd

σ,σ

(5.19)

for all w ∈ Σ∗, σ ∈ Σ. Moreover, if ({Ãdσ, B̃d
σ}

nµ

σ=1, C̃
d, D̃d) is a minimal dLSS realization of Ψu,y,

then

Λyd,yd

σw =
1

pσ
C̃dÃdw(Ã

d
σP̃σ(C̃

d)T + pσB̃
d
σQu(D̃

d)T )

T yd,yd

σ,σ =
1

pσ
(C̃dP̃σ(C̃

d)T + pσD̃
dQu(D̃

d)T )
(5.20)

where
P̃σ = lim

J→∞
P̃J
σ

P̃ 0
σ = 0,
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and

P̃J+1
σ = pσ

∑
σ1∈Σ

(
1

pσ1
Ãdσ1P̃

J
σ1
(Ãdσ1)

T + B̃d
σ1
Qu(B̃

d
σ1
)T
)
.

In particular, if we define the matrices Λys,ys,J
σw , T ys,ys,J

σ,σ , Λyd,yd,J
σw , T yd,yd,J

σ,σ w ∈ Σ∗, σ ∈ Σ such
that

Λys,ys,J
σw = Λy,y

σw − Λyd,yd,J
σw , T ys,ys,J

σ,σ = T y,y
σ,σ − T yd,yd,J

σ,σ

Λyd,yd,J
σw =

1

pσ
C̃dÃdw(Ã

d
σP̃σ

J
(C̃d)T + pσB̃

d
σQu(D̃

d)T ),

T yd,yd,J
σ,σ =

1

pσ
(C̃dP̃σ

J
(C̃d)T + pσD̃

dQu(D̃
d)T )

(5.21)

then
lim
J→∞

Λyd,yd,J
σw = Λyd,yd

σw , lim
J→∞

T yd,yd,J
σw = T yd,yd

σ,σ (5.22)

and hence
lim
J→∞

Λys,ys,J
σw = Λys,ys

σw , lim
J→∞

T ys,ys,J
σw = T ys,ys

σ,σ (5.23)

The proof of Lemma 5.4 is presented in Appendix 5.4. The first part of the lemma relies on
orthogonality of ys(t) and {zuw(t)}w∈Σ∗ established in Chapter 3. The second part follows by
identifying dLSS realizations of Ψu,y with asGLSS realizations of yd whose noise is u, and using
the equations in [91, Lemma 4], or alternatively, Section 2.7.3, for the covariances of yd.
We can then use Lemma 5.4 to compute the necessary values of My,u as follows. First, we compute
a minimal dLSS realization of Ψu,y using Algorithm 5, and then use (5.19) – (5.20) to compute
those values of Λys,ys

w , and hence of My,u, which are necessary for applying Algorithm 5 to My,u.
This idea is formalized in Algorithm 6. For Algorithm 6 to be well-posed, Algorithm 5 should be
applicable in Step 2 and Step 5. In turn, for the latter

rank(HMy,u,J
α,β ) = nx, rank(HΨu,y

ᾱ,β̄
) = n̄.

should hold. Moreover, in order to apply (5.9) in Step 6, each of the matrices {J Q̂I
σ}ĪI=0 should be

invertible for all σ ∈ Σ. We show that for large enough J Algorithm 6 is well-posed and that as
Ī,J tend to ∞, Algorithm 6 returns a minimal sGLSS realization of (y,u,µ) in innovation form.

Corollary 5.1. Assume that y is full rank and there exists a minimal sGLSS realization of (y,u,µ)
of dimension nx, and a minimal dLSS realization of Ψy,u of dimension n̄. Assume that the selections
(α, β) and (ᾱ, β̄) satisfy

rank(HMy,u

α,β ) = nx,

rank(HΨu,y

ᾱ,β̄
) = n̄.

(5.25)

Then there exists an integer J⋆ > 0 such that for all J > J⋆,

rank(HMy,u,J
α,β ) = nx, and ∀I = 0, . . . , Ī,∀σ ∈ Σ : J Q̂I

σ is invertible (5.26)
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Algorithm 6: Minimal covariance realization algorithm,
Input: (nx, ny, nu + ny)-selection (α, β); (n̄, ny, nu)-selection

(
ᾱ, β̄

)
; covariances

{Λy,u
w }w∈Lα,β∪Lᾱ,β̄

, {Λy,y
w }w∈Lα,β

, Λy,u
ϵ , {T y,y

σ,σ }σ∈Σ; integers Ī,J > 0.

Output: Matrices {J Âσ√
pσ
,

J B̂σ√
pσ
, J K̂ Ī

σ ,
J Q̂Ī

σ}
nµ

σ=1,
J Ĉ, J D̂.

1: Use (5.19) to compute {Ψu,y(w)}w∈Lᾱ,β̄
and Ψu,y(ϵ).

2: Run Algorithm 5 with M = Ψu,y and selection (ᾱ, β̄) and denote the result by
Sd = ({Ãdi , B̃d

i }
nµ

i=1, C̃
d, D̃d).

3: Compute {Λys,ys,J
w ,Λyd,u

w }w∈Lα,β
, using (5.21), (5.19) and {Λy,u

w ,Λy,y
w }w∈Lα,β

.
4: Define the Markov function My,u,J in the same way as My,u but with Λys,ys

w replaced by
Λys,ys,J
w , i.e.

My,u,J (w) =


[
Λyd,u
w Q−1

u , Λys,ys,J
w

]
w ̸= ϵ,[

Λyd,u
ϵ Q−1

u , Iny

]
w = ϵ.

(5.24)

Compute My,u,J (w) from {Λys,ys,J
w ,Λyd,u

w } for w ∈ Lα,β .
5: Run Algorithm 5 with M =My,u,J and selection (α, β), and denote by

S = ({J Âi,
[
J B̂i,

J Ĝi

]
}nµ

i=1,
J Ĉ, J D̂) the result.

6: From {T y,y
σ,σ }σ∈Σ compute {T ys,ys,J

σ,σ }σ∈Σ using (5.21) and the dLSS Sd from Step 2. Define
the matrices J K̂I

σ := K̂I
σ , J Q̂I

σ := Q̂I
σ, where K̂I

σ and Q̂I
σ are as in (5.9) for I = 0, . . . , Ī,

with Âσ, Ĝσ, Ĉ, D̂, T ys,ys

σ,σ replaced by J Âσ,
J Ĝσ,

J Ĉ, J D̂, T ys,ys,J
σ,σ .

and hence Algorithm 5 in Step 2 and Step 5 can be applied and (5.9) in Step 6 is well-posed, and
Algorithm 6 returns matrices such that the following limits exist

lim
J→∞

J Âσ = Âσ, lim
J→∞

J B̂σ = B̂σ for σ ∈ Σ, lim
J→∞

J Ĉ = Ĉ, lim
J→∞

J D̂ = D̂ (5.27)

lim
J→∞

J K̂I
σ = ˆ̄KI

σ , lim
J→∞

J Q̂I
σ = ˆ̄QI

σ, for σ ∈ Σ, I = 0, 1, . . . , Ī (5.28)

K̂σ = lim
Ī→∞

ˆ̄K Ī
σ = lim

Ī→∞
lim
J→∞

J K̂ Ī
σ ,

ˆ̄Qσ = lim
Ī→∞

ˆ̄QĪ
σ = lim

Ī→∞
lim
J→∞

J Q̂Ī
σ, for σ ∈ Σ. (5.29)

and the tuple

S̃ =

({
Âσ√
pσ
,
B̂σ√
pσ
, K̂σ

}nµ

σ=1

, Ĉ, D̂, es

)
(5.30)

defines a sGLSS which is a minimal realization of (y,u,µ) in innovation form, and

T es,es
σ,σ pσ = Q̂σ (5.31)

for all σ ∈ Σ. Moreover, there exist an (nx, ny, nu + ny)-selection (α, β) and (n̄, ny, nu)-selection
(ᾱ, β̄) which satisfy (5.25).
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The proof of Corollary 5.1 is presented in Appendix 5.8.5, it uses Lemma 5.3, Theorem 5.1 and
the notion of sGLSSs associated with dLSSs.
That is, Algorithm 6 returns a minimal sGLSS in innovation form based on the input and output
covariances, if the selections (α, β), (ᾱ, β̄) give Hankel-matrices of a correct rank, and there always
exist such selections.
Since minimal sGLSS realizations of (y,u,µ) in innovation form are isomorphic, it follows that
Algorithm 6 finds a sGLSS which has the same deterministic behavior as the true system, i.e. the
same output response as the true system for any inputs, noise and switching signals, if the true
system is assumed to be minimal in innovation form.

5.5 Identification algorithm
We formulate an identification algorithm based on Algorithm 6. The formulated algorithm uses

empirical covariances instead of the true ones Λy,u
w , Λy,y

w , T y,y
σ,σ and applies to them Algorithm 6.

To this end, we make the following assumptions.

Assumption 5.4. (1) The (nx, ny, nu + ny)-selection (α, β) and the (n̄, ny, nu)-selection (ᾱ, β̄)
satisfy (5.25), y is full rank, and nx and n̄ satisfy the hypothesis of Corollary 5.1.

(2) The process (y,u,µ) is ergodic, and the observed sample paths y : Z → Rny , u : Z → Rnu

and q : Z → Σ of y, u and µ respectively satisfy the following: For all w, v ∈ Lα,β ∪Lᾱ,β̄ ∪
Σ ∪ {ϵ} define the empirical covariances

T y,b
v,w,N =

∑N
t=N0

zyv (t)(z
b
w(t))

T

N −N0

, where b =

{
y if b = y

u if b = u
, (5.32)

and for all µσ(t) = χ(q(t) = σ), σ ∈ Σ, and for all w = σ1σ2 . . . σr ∈ Σ+, r > 0,
σ1, . . . , σr ∈ Σ, b ∈ {y, u}

µw(t) = µσ1(t− k + 1)µσ2(t− k + 2) · · ·µσr(t)

zbw(t) = b(t− r)µw(t− 1)
1

√
pw
, zbϵ(t) = b(t),

and N0 is an upper bound on the length of words in Lα,β ∪ Lᾱ,β̄ ∪ Σ. Then we assume that
for all b ∈ {y,u},

Λy,u
w = lim

N→∞
T y,u
ϵ,w,N , T y,y

σ,σ = lim
N→∞

T y,y
σ,σ,N (5.33)

The first assumption is not restrictive, such selections always exist, and they can be found by an
exhaustive search through all the possible selections. The assumption (5.33) says that the observed
sample (y, u, q) satisfies the law of large numbers; ergodicity, which is a standard assumption in
identification, implies that almost any sample satisfies (5.33). In order to be able to apply Algorithm
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Algorithm 7: sGLSS identification algorithm,
Input: Data {y(t), u(t), q(t)}Nt=1, (nx, ny, nu + ny)-selection (α, β) and (n̄, ny, nu)-selection(
ᾱ, β̄

)
; integers Ī,J > 0.

Output:The matrices {ÃN,Jσ , B̃N,J
σ , K̃N,Ī,J

σ , Q̃N,Ī,J
σ }nµ

σ=1, C̃
N,J D̃N,J returned by Algorithm 6.

1: Run Algorithm 6 with the covariances Λy,y
w , Λy,u

w , Λy,u
ϵ and T y,y

σ,σ being replaced by the empirical
covariances T y,y

ϵ,w,N , T y,u
ϵ,w,N , T y,u

ϵ,ϵ,N and T y,y
σ,σ,N respectively for w ∈ Lα,β ∪ Lᾱ,β̄ , σ ∈ Σ and with

the integers Ī,J .

6, the latter should be well-posed for the data at hand, i.e., the second equation of (5.25) and both
equations in (5.26) should hold, if the covariances used to construct Ψy,u and My,u,J are replaced
by the empirical covariances described in Algorithm 7. If this is the case, the we say that Algorithm
7 is well-posed for the given choice of (J , N). In Lemma 5.5 we will show that for large enough
N and J , Algorithm 7 is well-posed, and as N,J , Ī tend to ∞, the matrices of Algorithm 7 will
converge to the matrices of a minimal sGLSS realization of (y,u,µ) in innovation form. Moreover,
in the proof of Lemma 5.5 we will spell out formally the conditions under which Algorithm 7 is
well-posed.

Lemma 5.5 (Consistency). Under Assumption 5.4, there exist an integer J⋆ > 0 such that for any
J > J⋆ there exists an integer N⋆(J ) such that for all N > N⋆(J ), Algorithm 7 is well-posed for
this choice of (J , N), and the matrices returned by Algorithm 7 satisfy the following:

K̃σ = lim
Ī→∞

lim
J→∞

lim
N→∞

K̃N,Ī,J
σ , pσT

es,es
σ,σ = lim

Ī→∞
lim
J→∞

lim
N→∞

Q̃N,Ī,J
σ

[Ãσ, B̃σ] = lim
J→∞

lim
N→∞

[ÃN,Jσ , B̃N,J
σ ], [C̃, D̃] = lim

J→∞
lim
N→∞

[C̃N,J , D̃N,J ]

and S = ({Ãσ, B̃σ, K̃σ, }nµ

σ=1, C̃, D̃, e
s) is a minimal sGLSS realization of (y,u,µ) in innovation

form.

That is, by Lemma 5.5, Algorithm 7 is a statistically consistent. Moreover, if the true system
is a minimal sGLSS in innovation form, which, by Theorem 5.1 we can assume w.l.g, then the
sGLSS returned by Algorithm 7 will be isomorphic to the true system, as N → ∞. In particular,
in the limit, the identified system has the same deterministic behavior as the true system. That is,
while the data used for identification had to be sampled from certain distributions, the identified
model recreates the behavior of the true one for any switching signal and input.

Remark 5.4 (Computing empirical covariances). Algorithm 7 can be improved by using (5.32)
directly for computing empirical covariances T y,b

ϵ,w,N , b ∈ {y,u} results in slow convergence.
Instead, we propose to compute the empirical covariances by solving a linear regression problem.
More precisely, assume that Lα,β ∪ Lᾱ,β̄ = {w1, . . . , wk} and Lα,β = {w1, . . . , wr} for some
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k, r > 0. Let us then define the following matrices

R =

y(N0)
...

y(N)

 , Φb =

z
b
w1
(N0) · · · zbwl(b)

(N0)
...

...
zbw1

(N) · · · zbwl(b)
(N)


where for b = y, l(b) = r and b = y, and for b = u, l(b) = k and b = u. By the well-known
formula,

Θ̂b = (ΦT
bΦb)

−1ΦT
bR

is the least squares solution of the equation R = ΦbΘ̂
b. Hence,

1

N −N0

(ΦT
bΦb)Θ̂

b =
1

N −N0

ΦT
bR,

and the latter contains all covariances T y,b
ϵ,w,N , b ∈ {u,y} required for Algorithm 7. In turn, Θ̂b

can be computed using standard linear regression tools.

Building on this approach, once the sGLSS parameters (the model matrices) are estimated
using Algorithm 7, on can consider them as initial estimation and further refine them through a GB
optimization procedure. This leads to the following refinement step:

Algorithm 8: Refined sGLSS Estimation via Gradient Descent,
Input: Dataset D = {(u(t), y(t), q(t))}Tt=1.
Output: Return the refined parameters Θ⋆ obtained after convergence of the gradient descent.

1: Initial Estimation
Run Algorithm 7 to obtain initial sGLSS parameters
Θ(0) =

[
{Ã(0)

σ , B̃
(0)
σ , K̃

(0)
σ , Q̃

(0)
σ }nµ

σ=1, C̃
(0), D̃(0)

]
2: Gradient-Based Refinement

Apply the Gradient-Based algorithm of [20, Algorithm 7.1] using Θ(0) as initialization.
Note: Unlike [20], where zero matrices are used to initialize the noise gain matrices Kσ, here
we use the non-zero estimates K(0)

σ from Algorithm 7

5.6 Numerical example
In this section, we illustrate Algorithm 7 on a numerical example. All computations are carried

out on an i7 2.11-GHz Intel core processor with 32GB of RAM running MATLAB R2023b. For
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data generation we use the following randomly generatated sGLSS (2.1) with Σ = {1, 2}

A1 =

0.1039 0.0255 0.5598
0.4338 0.0067 0.0078
0.3435 0.0412 0.0776

 , B1 =

1.61435.9383
7.3671

 ,
A2 =

0.1834 0.2456 0.0511
0.0572 0.2445 0.0642
0.1395 0.6413 0.5598

 , B2 =

6.06244.9800
3.1372

 ,
K1 = [0.4942 0.2827 0.8098]T ,

K2 = [0.6215 0.1561 0.7780]T

C =
[
0.1144 0.7623 0.0020

]
, D = 1, F = 1.

Training and validation data of length N and Nval, respectively, are generated using the data
generator sGLSS with white-noise input process u with uniform distribution U(−1, 1), an i.i.d.
process θ sucht that P(θ(t) = q) = 0.5, q = 1, 2, and a Gaussian white noise v with variance
σ2
v. The corresponding Signal-to-Noise Ratio SNR are shown in Table 5.1. We run the version of

Algorithm 7 using the Least-Square method from Remark 5.4, with (α, β) = (ᾱ, β̄),

α = {(11, 1), (1, 1), (ϵ, 1)}, β = {(2, ϵ, 1), (1, 2, 1), (1, 1, 1)},

and the GB refinement step from Algorithm 8. For the latter we used the LPVcore toolbox [24].
For validation, the true output minus the measurement noise Fv(t), denoted by y(t), was

compared with the output ŷ(t) predicted by the estimated model in innovation form using past
inputs and outputs, as explained in Section 5.3.2, (5.11). The quality of the match is evaluated via
Best Fit Rate criterion

BFR = max

{
1−

√∑Nval

t=1 (y(t)− ŷ(t))2∑Nval

t=1 (y(t)− ȳ)2
, 0

}
× 100%,

where ȳ denotes the sample mean of the output in the validation set.

Table 5.1: BFR on a noise-free validation data (Nval = 500)

Method
N = 5000 N = 10000

SNR = 6.1 dB, σv = 1.5
BFR[%] time[s] BFR[%] time[s]

GB + zero noise gain 83.13 197 82.42 361
Algorithm 7 85.67 2.60 90.86 2.03

Algorithm 7 + GB 90.5 256 91.71 323
SNR = 0.5 dB, σv = 3

GB + zero noise gain 63.25 188 66.11 316
Algorithm 7 76.97 1.94 87.29 1.90

Algorithm 7 + GB 84.17 236 88.03 376
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The results are reported in Table 5.1. We compare Algorithm 7 with using only the GB search
algorithm from [20] where the initial value of the noise gain is zero, while the other matrices
are initialized by the outcome of Algorithm 7. This is then equivalent with combining the CRA
algorithm of [19] with GB. Algorithm 7 appears to perform better than using only GB search,
especially for noisy data and a larger number of data points. Moreover, Algorithm 7 is faster than
GB search. If combined with GB search, the performance of Algorithm 7 improves further, but at
the expense of computational time.

5.7 Conclusion
In this chapter, we show a characterization of minimality and uniqueness of LSSs in innovation

form, and we presented a realization algorithm for computing minimal LSS in innovation form.
Using this realization algorithm, we formulated a system identification algorithm proven to be sta-
tistically consistent. The latter algorithm was evaluated on a numerical example and demonstrated
promising performance, both in terms of runtime complexity and estimation accuracy.

5.8 Appendix

5.8.1 Proof of Lemma 5.1
In order to present the proof we need some preliminaries definitions, notations and lemmas.

Assume that S of the form (2.1) is a sGLSS of (y,u,µ). Recall from Notation 2.1 the Hilbert-
space H1. Following the notation of Appendix of Chapter 3, for a ZMWSSI process r denote
by Hr

t,+ and Hr
t the closed-subspace of H1 generated by the components of random variables

{zrw(t)}w∈Σ+ ∪ {r(t)} and {zrw(t)}w∈Σ+ respectively.

Lemma 5.6. Assume that there exists an sGLSS of (y,u,µ). Then, ({Aσ, Bσ}, C,D,u) is an
asGLSS of (yd,µ), if and only if the dLSS ({√pσAσ,

√
pσBσ}σ∈Σ, C,D) is a realization of Ψu,y

and
∑nµ

i=1 piAi ⊗ Ai is Schur.

Proof of Lemma 5.6. • Part(1) (only if direction ⇒): Assume that ({Aσ, Bσ}σ∈Σ, C,D,u) is an
asGLSS of (yd,µ). Then

∑nµ

i=1 piAi ⊗Ai is Schur by definition of asGLSS, and using Lemma 2.2
it follows that yd(t) =

∑∞
N=0

∑
s∈Σ∗,|s|=N

∑
σ∈Σ

√
pσsCAsBσz

u
σs(t) +Du(t).

E[yd(t)(zuw(t))
T ] =

∞∑
N=0

∑
s∈Σ∗,|s|=N

∑
σ∈Σ

√
pσsCAsBσE[z

u
σs(t)(z

u
w(t))

T ] +DE[u(t)(zuw(t))
T ]

=
√
pσsCAsBσQu = Ψy,u(σs)

This equation follows from the fact that u is white noise process, and therefore

E[u(t)(zuw(t))
T ] = 0
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and

E[zuσs(t)(z
u
w(t))

T ] =

{
Qu, if σs = w,

0, otherwise.

Similarly,
E[yd(t)u(t)] = DQu = Ψy,u(ϵ)Qu.

Hence, Ψy,u(σs) =
√
pσsCAsBσ and Ψy,u(ϵ) = D i.e., ({√pσAσ,

√
pσBσ}σ∈Σ, C,D) is a realiza-

tion of Ψy,u.
• Part(2) (if direction ⇐): Assume that {(√pσAσ,

√
pσBσ}σ∈Σ, C,D) is a dLSS realization of

Ψy,u and
∑nµ

i=1 piAi ⊗ Ai is Schur. Consider the asGLSS S = ({Aσ, Bσ}σ∈Σ, C,D,u). Note that
S is a well-defined asGLSS, as u is a white noise w.r.t. µ.
Let x̃ be the unique trajectory of S, and let ỹ be the unique output of S. From Lemma 2.2 and
ỹ(t) = Cx̃(t) +Du(t) it follows that

ỹ(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ∈Σ

√
pσwCAwBσz

u
σw(t) +Du(t),

where the right-hand side converges in the mean-square sense. Using Ψy,u(σs) = CAsBσ, it
follows that

ỹ(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ∈Σ

Ψy,u(σw)z
u
σw(t) + Ψy,u(ϵ)u(t) (5.34)

By assumption, there exists a sGLSS

S = ({A′
σ, B

′
σ, K

′
σ}σ∈Σ, C ′, D′, F ′,v),

where S is a realization of (y,u,µ). By the decomposition theorem, Theorem 3.2, of Chapter 3,

Sd = ({A′
σ, B

′
σ}σ∈Σ, C ′, D′,u)

is an asGLSS realization of (yd,µ). Hence, by Part(1) of this lemma, ({A′
σ, B

′
σ}σ∈Σ, C ′, D′) is a

dLSS realization of Ψy,u, where Ψy,u(σs) =
√
pσsC

′A′
sB

′
σ and Ψy,u(ϵ) = D′.

But from [91, Lemma 1], it follows that

yd(t) =
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ∈Σ

√
pσwC

′A′
wB

′
σz

u
σw(t) +D′u(t)

=
∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∑
σ∈Σ

Ψy,u(σw)z
u
σw(t) + Ψy,u(ϵ)u(t)

(5.35)

Hence, by combining (5.34) and (5.35) it follows that ỹ(t) = yd(t). More precisely,
S = ({Aσ, Bσ}σ∈Σ, C,D,u) is a realization of (y,µ).
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Proof of Lemma 5.1. Assume the sGLSS of the form (2.1) is a realization of (y,u,µ). From the
decomposition theorem, Theorem 3.1 of Chapter 3, it follows that Ss defined in (3.6) is an asGLSS
realization of (ys,µ), and Sd is an asGLSS realization of (yd,µ) as defined in (3.5). Consider the
dLSS SSs as defined in (2.19).

From Theorem 2.3 it follows that SS is a realization of Ψys , i.e.,

Ψys(σs) =
√
pwCAsGσ (5.36)

where w = σs ∈ Σ+, and Ψys(w) = I for w = ϵ. From Lemma 5.6 it follows that
({√pσAσ,

√
pσBσ}nµ

σ=1, C,D) is a dLSS realization of Ψy,u. Hence

Ψy,u(w) =

{ √
pσsCAsBσ w = σs, σ ∈ Σ, s ∈ Σ∗

D w = ϵ
(5.37)

Combining (5.36) and (5.37) results in having

My,u(σs) =
[
Ψy,u(σs) Ψys(σs)

]
=

√
psCAs

[√
pσBσ Gσ

]
My,u(ϵ) =

[
Ψy,u(ϵ) Ψys(ϵ)

]
=
[
D I

] (5.38)

That is, Ss is a realization of My,u.

5.8.2 Proof of Lemma 5.2
Using the terminology of [91, Appendix C, Subsection 1)], consider the recognizable represen-

tation
R = (nx, {Aσ}σ∈Σ,

[
G1 . . . Gnµ

]
, C),

and consider the formal power series the formal power series

Σ∗ ∋ s 7→
[
Ψys(1s), . . . , Ψys(nµs).

]
(5.39)

From [91, Theorem 4] it follows that R is the representation of the formal power series defined
in (5.39). Moreover, R is stable and observable in the terminology of [91, Appendix C]. The
latter follows from the observation that observability of the representation R is equivalent to
the observability of the dLSS ({Ai,

[
Bi Gi

]
}nµ

i=1, C,D), see [79, Theorem 5.1]. The the well-
posedness of the recursion (5.9) (invertibility of the matrices Q̂I

σ), the existence of the limit
Kσ = limI→∞KI

σ and the equations (5.9) and (5.10) follow from [91, Lemma 21], by noticing
that the proof of [91, Lemma 21] requires only the observability of the representation R. Moreover,
from [91, Lemma 21], it follows that the asGLSS ({Ai, Ki}nµ

i=1, C, I, e
s) is a realization of (ys,µ).

From Lemma 5.6 it follows that the asGLSS ({Ai, Bi}nµ

i=1, C,D,u) is a realization of (yd,µ).
Hence by Theorem 3.2 it follows that the sGLSS ({Ai, Bi, Ki}nµ

i=1, C,D, I, e
s) is a realization of

(y,u,µ).
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5.8.3 Proof of Theorem 5.1
Before presenting the proof of Theorem 5.1, we need the following lemma.

Lemma 5.7. If (y,u,µ) has an sGLSS realization, and S = ({Âσ, B̂σ}σ∈Σ, Ĉ, D̂) is a minimal
dLSS realization of My,u then S is observable and

∑nµ

i=1 piÂi ⊗ Âi is Schur.

Proof of Lemma 5.7. Let S = ({Âσ, B̂σ}nµ

σ=1, Ĉ, D̂,u) be a dLSS of dimension n̂x We will use
the terminology of [91, Appendix C] on formal power series and their recognizable representations.
Note that by [79, Section 5] there exists a one-to-one correspondence between recognizable
representations of formal power series and dLSS realizations of Markov functions. Consider the
formal series

Ψ : Σ∗ ∋ s 7→
[
My,u(1s) . . . My,u(nµs)

]
(5.40)

Then following [79, Construction 5.1] we can associate with the dLSS S the recognizable repre-
sentation

RS = (n̂x, {Âσ}σ∈Σ,
[[
B̂1 Ĝ1

]
. . .

[
B̂nµ Ĝnµ

]]
, Ĉ) (5.41)

From [79, Theorem 5.1] it follows that RS is a recognizable representation of Ψ if and only if S
is a realization of My,u. It is easy to see that by [79, Lemma 5.3] RS is reachable (observable), if
and only if S satisfies the reachability and observability rank conditions of [86]. Hence, as it was
pointed out in [79, Corollary 5.2], the dLSS S is minimal, if and only if RS is minimal.
We will proceed to show that RS is stable in the sense of [91], i.e.,

nµ∑
σ=1

pσÂσ ⊗ Âσ is Schur.

To this end, let S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v) be an sGLSS realization of (y,u,µ) of the
form of (2.1). Then by Definition 2.6,

∑nµ

σ=1 pσAσ⊗Aσ is Schur. Consider the dLSS SS associated
with S . By Lemma 5.1, SS is a realization of My,u. Let us consider the formal series Ψ defined in
(5.40) above and let us consider the recognizable representation

RSS = ({√pσAσ}σ∈Σ, G̃, C)

associated with the dLSS SS , where

G̃ =
[[√

piB1 G1

]
. . .

[√
pnµBnµ Gnµ

]]
.

With the same argument as above, namely, by using the fact that SS is a realization of My,u and
[79, Theorem 5.1], it is easy to see that RSS is a representation of Ψ. Since RSS is stable in the
terminology of [91, Appendix C] (as

∑nµ

i=1

√
pσAσ ⊗

√
pσAσ =

∑nµ

i=1 pσAσ ⊗ Aσ is Schur), then
by [91, Theorem 6], Ψ is square summable, i.e.,

∞∑
N=0

∑
|w| = N
w ∈ Σ∗

∥Ψ(w)∥22 < +∞



Appendix 119

From [91, Theorem 6] it follows that any minimal representation of Ψ is stable. In particular, if S
is minimal, then RSS is minimal, therefore, RSA is stable, i.e.,

∑nµ

σ=1 pσÂσ ⊗ Âσ is Schur. The
observability of S follows from its minimality.

Proof of Theorem 5.1. • Part 1: Observability and reachability =⇒ minimality.
Assume that S is reachable and observable sGLSS of (y,u,µ). Then by definition the dLSS SS is
also reachable and observable, and hence it is a minimal realization of My;u by [86]. Let S ′ be
another sGLSS of (y,u,µ). Then by Lemma 5.1 the dLSS SS′ associated with S ′ has the same
Markov parameters as SS . Hence, since SS is minimal dimensional, the dimension of SS cannot
exceed that of SS′ . Since the dimension of a sGLSS is the same as that of the dLSS associated
with it, it follows that the dimension of S cannot exceed that of S ′ .

• Part 2: Consider the following minimal dLSS:

Sm = ({Âσ,
[
B̂σ Ĝσ

]
}nµ

σ=1, Ĉ,
[
D̂ Iny

]
),

then its associated sGLSS can be presented as:

SSm = ({ 1
√
pσ
Âσ,

1
√
pσ
B̂σ, K̂σ}nµ

σ=1, Ĉ, D̂, Iny , e
s),

where K̂σ = limI→∞ K̂I
σ , and {K̂I

σ}σ∈Σ,I∈N satisfies

K̂I
σ =

(
Ĝσ

√
pσ −

1
√
pσ
ÂσP̂

I
σ (Ĉ)

T

)(
Q̂I
σ

)−1

as in (5.9). First, we claim that the dLSS associated with SSm equals Sm. Indeed, the dLSS
associated with SSm can be computed from (5.4) as follows:

SSSm
= ({√pσ

1
√
pσ
Âσ,

[√
pσ

1√
pσ
Bσ G̃σ

]
}nµ

σ=1, Ĉ,
[
D̂ Iny

]
)

= ({Âσ,
[
B̂σ G̃σ

]
}nµ

σ=1, Ĉ,
[
D̂ Iny

]
)

where G̃σ have the following expression as in (5.3):

G̃σ =
√
pσ(

1
√
pσ
ÂσT

xs,xs

σ,σ CT + K̂σT
es,es

σ,σ ).

Note that from (5.10), we have:

pσT
es,es

σ,σ = lim
I→∞

Q̂I
σ = Q̂σ, pσT

x̂s,x̂s

σ,σ = lim
I→∞

P̂ I
σ = P̂σ,
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then, we get the following:

G̃σ =
√
pσ(

1
√
pσ
Âσ

1

pσ
P̂σC

T + K̂σ
1

pσ
Q̂σ)

=
1

pσ
ÂσP̂σC

T +
1

√
pσ

(
Ĝσ

√
pσ −

1
√
pσ
ÂσP̂σ(Ĉ)

T

)(
Q̂σ

)−1

Q̂σ

=
1

pσ
ÂσP̂σC

T + Ĝσ −
1

pσ
ÂσP̂σ(Ĉ)

T = Ĝσ.

Then Sm = SSSm
= ({Âσ,

[
B̂σ Ĝσ

]
}nµ

σ=1, Ĉ,
[
D̂ Iny

]
). Since Sm is minimal, it is reachable

and observable. Hence, by the if direction of Part 1 proven above, SSm is reachable and observable,
and hence minimal. The rest of the statement follows from Lemma 5.2, i.e., SSm is a sGLSS
realization of (y,u,µ).

• Part 1: Minimality =⇒ observability and reachability.
Assume that S is a minimal sGLSS realization of (y,u,µ). Then by Lemma 5.1, the dLSS SS
is a realization of My,u. We argue that SS is also a minimal dLSS realization of My,u. If the
latter is true, then SS is observable and reachable, and hence by definition of observability and
span-reachability of sGLSSs, so is S.
It remains to show that the associated dLSS SS is indeed minimal. Assume that SS is not minimal.
Consider a minimal dLSS realization Sm of My,u. It then follows that the dimension of Sm is
strictly smaller than the dimension of SSm , and the latter is equals to dim S . From Part 2 it follows
that the sGLSS SSm is a minimal realization of (y,u,µ), and by construction, the dimension of
SSm equals the dimension of Sm. The latter is strictly smaller than dimS , i.e., dimSSm < dimS .
The latter contradicts to minimality of S.

• Part 3: Let
S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v)

be a sGLSS realization of (y,u,µ). From Lemma 5.1, we define

SS = ({√pσAσ,
[√
pσBσ Gσ

]
}nµ

σ=1, C,
[
D Iny

]
),

the associated dLSS, which is a realization of My,u. From SS as an input of Algorithm 5 and from
Lemma 5.3, we can get a minimal dLSS

Ŝ = ({Âσ, B̂σ}σ∈Σ, Ĉ, D̂)

realization My,u. We know, from Lemma 5.7, that
∑nµ

i=1 piÂi⊗ Âi is Schur. It follows, from part 2
of Theorem 5.1, that the associated sGLSS ŜS is in innovation form and it is a minimal realization
of (y,u,µ).
Therefore, if (y,u,µ) has a sGLSS realization, then there exists a minimal sGLSS realization in
innovation form.
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• Part 4: Let the two systems

S = ({Aσ, Bσ, Kσ}nµ

σ=1, C,D, F,v)

S̃ = ({Ãσ, B̃σ, K̃σ}nµ

σ=1, C̃, D̃, F̃ ,v)

be two sGLSSs, and assume that S and S̃ are minimal sGLSS of (y,u,µ) in innovation form, i.e.,
F = F̃ = Iny , and v = es. Let, also, the two systems

SS = ({√piAi,
[
Gi,

√
piBi

]
}nµ

i=0, C,D)

SS̃ = ({√piÃi,
[
G̃i

√
piB̃i

]
}nµ

i=0, C̃, D̃)

be the corresponding dLSSs. By Lemma 5.1, SS and SS̃ are realizations of the same Markov
function which is My,u, and they are both reachable and observable, hence they minimal. Thus,
D̃ = D, and by minimality of SS and SS̃ , they are isomorphic, i.e., there exists a non-singular
matrix T such that for i = 1, . . . , nµ the following equations hold:

Ãi = TAiT
−1, B̃i = TBi, G̃i = TGi,

C̃ = CT−1, D = D̃.

In order to show that K̃i = TKi, notice that G̃i = TGi, i = 1, . . . , nµ holds, and use the the
proof of [91, Part (ii), Theorem 2], by applying it to the sGLSS Ss = ({Ai, Ki}nµ

i=1, C, I, e
s) and

S̃s = ({Ãi, K̃i, }nµ

i=1, C̃, I, e
s). More precisely, T satisfies the properties of the matrix T defined in

the proof of [91, Part (ii), Theorem 2]. Then, the rest of the proof of [91, Part (ii), Theorem 2] can
be repeated verbatim.

5.8.4 Proof of Lemma 5.4
Proof. By definition of decomposition presented in Chapter 3, we know that

y(t) = ys(t) + yd(t).

From that, we have
zyw(t) = zy

s

w (t) + zy
d

w (t).

From [91, Lemma 11], we know that the entries of yd(t) and the entries of zyd

w (t) are in Hu
t,+. From

Lemma 3.5, it follows that zys

w (t) is orthogonal to Hu
t,+ and hence to zy

d

w (t). That is,

T y,y
σ,σ = E [y(t)zyw(t)] = E

[
ys(t)zy

s

w (t)
]
+E

[
ys(t)zy

d

w (t)
]
+E

[
yd(t)zy

s

w (t)
]
+E

[
yd(t)zy

d

w (t)
]
.

And since ys(t) is orthogonal to Hu
t,+ and the entries of zyd

w (t) belong to Hu
t,+, then

E
[
ys(t)zy

d

w (t)
]
= 0.
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Similarly, since the components of yd(t) are in Hu
t,+ and zy

s

w (t) is orthogonal to Hu
t,+ by Lemma

3.5, then E
[
yd(t)zy

s

w (t)
]
= 0. Then

Λy,y
w = E [y(t)zyw(t)] = E

[
ys(t)zy

s

w (t)
]
+ E

[
yd(t)zy

d

w (t)
]
= Λys,ys

w + Λyd,yd

w .

Also, note that
Λyd,u
w = E

[
yd(t)zuw(t)

]
= E [(y(t)− ys(t))zuw(t)]

= E [y(t)zuw(t)]− E [ys(t)zuw(t)] = E [y(t)zuw(t)]
(5.42)

since ys(t) is orthogonal to Hu
t,+ and hence to zuw(t), thus

E
[
ys(t)(zu

s

w (t))T
]
= 0.

Then Λyd,u
w = Λy,u

w . Finally, note that

T y,y
σ,σ = E

[
zyσ(t)(z

y
σ(t))

T
]
= E

[
zy

s

σ (t)(zy
s

σ (t))T
]
+ E

[
zy

s

σ (t)(zy
d

σ (t))T
]

+ E
[
zy

d

σ (t)(zy
s

σ (t))T
]
+ E

[
zy

d

σ (t)(zy
d

σ (t))T
]
.

(5.43)

By definition, the components of yd(t) belong Hu
t,+, and hence by [91, Lemma 11], the components

of zyd

σ (t) belong to Hu
t,+. By Lemma 3.5, zys

σ (t) is orthogonal to Hu
t,+ hence

E
[
zy

s

σ (t)(zy
d

σ (t))T
]
= E

[
zy

d

σ (t)(zy
s

σ (t))T
]
= 0.

Subsequently, T y,y
σ,σ = T yd,yd

σ,σ + T ys,ys

σ,σ . Then equation (5.19) of Lemma 5.4 holds. Equation (5.20)
of Lemma 5.4 follows from [91, Lemma 4], which is recalled in Section 2.7.4.

5.8.5 Proof of Corollary 5.1
Proof. Let us recall the equation (5.2) and Definition 5.2.

My,u(w) =


[
Λyd,u
w Q−1

u , Λys,ys

w

]
=
[
Ψu,y(w), Ψys(w)

]
w ̸= ϵ,[

Λyd,u
ϵ Q−1

u , Iny

]
=
[
Ψu,y(w), Iny

]
w = ϵ.

From Lemma 5.3, it follows that

Sd = ({Ãdi , B̃d
i }

nµ

i=1, C̃
d, D̃d)

is a minimal dLSS realization of the covariance sequence Ψu,y(w). Then from Lemma 5.4, it
follows that Step 3 and Step 4 of Algorithm 6 result in computing {My,u,J (w)}w∈Lα,β

, and (5.23)
holds, hence for all w ∈ Σ∗

lim
J→∞

My,u,J (w) =My,u(w) (5.44)
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In particular, limJ→∞HMy,u,J
α,β = HMy,u

α,β and limJ→∞ det(HMy,u,J
α,β ) = det(HMy,u

α,β ) where det(X)

denotes the determinant of a matrix X . Since HMy,u

α,β is full rank, det(HMy,u

α,β ) ̸= 0 and hence
there exists an integer J⋆,1 > 0 such that for all J > J⋆,1 it holds that det(HMy,u,J

α,β ) ̸= 0, and
hence rankHMy,u,J

α,β = nx, i.e., the first part of (5.26) holds. Moreover, it is easy to see that when
Algorithm 5 is applied to a Markov functions M such that HM

α,β is full rank, the resulting matrices
are continuous functions of the finite collection {M(w)}w∈Lα,β

. Hence, if

Sd = ({Âi,
[
B̂i, Ĝi

]
}nµ

i=1, Ĉ, D̂)

be the dLSS returned by Algorithm 5 applied toMy,u, then from (5.44) and continuity of Algorithm
5 it follows that

lim
J→∞

J Âσ = Âσ, lim
J→∞

J B̂σ = B̂σ, lim
J→∞

J Ĝσ = Ĝσ, σ ∈ Σ

lim
J→∞

J Ĉ = Ĉ, lim
J→∞

J D̂ = D̂
(5.45)

In particular (5.27) holds. By Lemma 5.3, Sd is a minimal dLSS realization of My,u. Let K̂I
σ , Q̂I

σ

as in (5.9) for I = 0, . . . , Ī. From Lemma 5.2 it follows that the limits

Q̂σ := pσT
es,es

σ,σ = lim
I→∞

Q̂I
σ, K̂σ := lim

I→∞
K̂I
σ (5.46)

exist, and Q̂I
σ is invertible for all σ ∈ Σ. By induction on I it is easy to see that Q̂I

σ and K̂I
σ are

continuous functions of Âσ, Ĝσ, Ĉ, D̂, T ys,ys

σ,σ and the latter function defined on an open domain.
More precisely, for matrices {Āσ, Ḡσ, T̄σ,σ}σ∈Σ, C̄, D̄, define the tuple of matrices

{K̄I
σ , Q̄

I
σ}σ∈Σ,I=0,...,Ī = gĪ({Āσ, Ḡσ, T̄σ,σ}σ∈Σ, C̄, D̄)

P̄ I+1
σ = pσ

∑
σ1∈Σ

1

pσ1

(
Āσ1P̄

I
σ1
ĀTσ1 + K̄I

σ1
Q̄I
σ1
(K̄I

σ1
)T
)

Q̄I
σ = pσT̄σ,σ − C̄P̄ I

σ (C̄)
T

K̄I
σ =

(
Ḡσ

√
pσ −

1
√
pσ
ĀσP̄

I
σ (C̄)

T

)(
Q̄I
σ

)−1

P̄ 0
σ = 0, I = 0, . . . , Ī, σ ∈ Σ

(5.47)

Define the function

{Āσ, Ḡσ, T̄σ,σ}σ, C̄, D̄ 7→ gĪ({Āσ, Ḡσ, T̄σ,σ}σ∈Σ, C̄, D̄) (5.48)

on the domain which consists of matrices {Āσ, Ḡσ, T̄σ,σ}σ, C̄, D̄ such that
∑

σ∈Σ Āσ⊗ Āσ is Schur,
T̄σ,σ is positive definite for all σ ∈ Σ, and the recursion in (5.47) is well-posed, Q̄I

σ are invertible
for all σ ∈ Σ. Notice that if T̄σ,σ are positive definite, then Q̄0

σ is well defined and invertible, so for
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Ī = 0 the domain of definition of gĪ is not empty. Note that for any Ī , {Âσ, Ĝσ, T
ys,ys

σ,σ }σ∈Σ, Ĉ, D̂
is in the domain of definition of gĪ for all Ī, and in fact,

gĪ({Âσ, Ĝσ, T
ys,ys

σ,σ }σ∈Σ, Ĉ, D̂) = {K̂I
σ , Q̂

I
σ}σ∈Σ,I=0,...,Ī (5.49)

That is, intuitively the function gĪ represents the application of (5.9) to matrices which correspond
to an estimate of a dLSS realization of My,u and of the covariances T ys,ys

σ,σ , σ ∈ Σ.
Since P̄ I+1

σ is a polynomial function of the entries of {Āσ, Ḡσ, T̄σ,σ, Q̄
I
σ, K̄

I
σ , P̄

I
σ }σ∈Σ, and

Q̄I
σ, K̄

I
σ are rational functions of {Āσ, Ḡσ, T̄σ,σ, P̄

I
σ }σ∈Σ, C̄, D̄, by induction on I it follows that

the domain of definition of gĪ is an open set (if we identify the tuples of matrices which serve as its
argument with a subspace of an Euclidean space), and gĪ is continuous on its domain of definition.

From (5.45) and (5.23) it then follows that the tuple ({J Âσ, J Ĝσ, T
ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂)

converges to ({Âσ, Ĝσ, T
ys,ys

σ,σ }σ∈Σ, Ĉ, D̂) as J → ∞. The latter tuple is in the domain of
definition gĪ . Since the domain of definition gĪ is open, it follows that there exists an integer
J⋆,2 > 0 such that for all J > J⋆,2, the tuple ({J Âσ, J Ĝσ, T

ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂) belongs to the

domain of definition of gĪ . This then implies that

gĪ({J Âσ, J Ĝσ, T
ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂) = {J Q̂I

σ,
J K̂I

σ}σ∈Σ,I=0,...,Ī

is well-defined and the matrices J Q̂I
σ are invertible for all I = 0, . . . , Ī, σ ∈ Σ. Finally, from

continuity of gĪ , from (5.49)and the fact that the tuple ({J Âσ, J Ĝσ, T
ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂) con-

verges to ({Âσ, Ĝσ, T
ys,ys

σ,σ }σ∈Σ, Ĉ, D̂) as J → ∞ it follows that (5.28) holds with ˆ̄KI
σ := K̂I

σ ,
ˆ̄QI
σ := Q̂I

σ. That is, if we define J⋆ = max{J⋆,1,J⋆,2}, then for all J > J⋆, (5.26) holds and we
have shown (5.27)-(5.28). Finally, (5.29) follows by combining (5.46) and (5.28).

From part 2 of Theorem 5.1, it follows that the sGLSS S̃ from (5.30) is a minimal sGLSS
realization of (y,u,µ) in innovation form. Finally, (5.31) is a direct consequence of (5.46). The
last statement of the Corollary 5.1 follows from Lemma 5.3.

5.8.6 Proof of Lemma 5.5
Proof. The main idea of the proof is to show that the result of Algorithm 7 converges to the result
of the realization algorithm Algorithm 6.

To facilitate the discussion, we will use the notation of Algorithm 6 to denote the matrices,
dLSSs and covariances computed in Step 1-Step 6, Algorithm 6, when the latter is applied to the
true covariance Λy,y

w , Λy,u
w , Λy,u

ϵ , and T y,y
σ,σ w ∈ Lα,β ∪ Lᾱ,β̄ , σ ∈ Σ.

In contrast, we will add an index N to the left of the index J or to the subscript/superscript
to denote the dLSSs and covariances computed by Step 1-Step 6, Algorithm 6, if the latter is
applied to data where the true covariances Λy,y

w , Λy,u
w , Λy,u

ϵ , and T y,y
σ,σ are replaced by the empirical

covariances T y,y
ϵ,w,N , T y,u

ϵ,w,N , T y,u
ϵ,ϵ,N and T y,y

σ,σ,N respectively for w ∈ Lα,β ∪ Lᾱ,β̄ , σ ∈ Σ.
In particular, for Step 1, for every w ∈ Σ∗, σ ∈ Σ, define the quantities Λyd,u,N

w as

Λyd,u,N
w = T y,u

ϵ,w,N , (5.50)
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and define the Markov function

Ψy,u,N : Σ∗ ∋ w 7→ Λyd,u,N
w Q−1

u (5.51)

For Step 2 of Algorithm 6 applied to empirical covariances, denote by

Sd,N = ({Ãd,Ni , B̃d,N
i }nµ

i=1, C̃
d,N , D̃d,N)

the result of applying Algorithm 5 to the Markov function Ψy,u,N and selections (ᾱ, β̄).
For Step 3 of Algorithm 6 applied to empirical covariances, denote by Λys,ys,N,J

σw , Λyd,yd,N,J
σw ,

T yd,yd,N,J
σ,σ the quantities obtained by using (5.21) but with Λy,y

σw replaced by T y,y
ϵ,σw,N , and Λyd,yd,J

σw ,
T yd,yd,J
σ,σ replaced by the right hand sides of (5.21) where instead of

Ãdσ, B̃
d
σ, C̃

d, D̃d

we use
Ãd,Nσ , B̃d,N

σ , C̃d,N , D̃d,N

for all σ ∈ Σ, i.e., for all σ ∈ Σ, w ∈ Σ∗

Λys,ys,N,J
σw,N = T y,y

ϵ,σw,N − Λyd,yd,N,J
σw , T ys,ys,N,J

σ,σ = T y,y
σ,σ,N − T yd,yd,N,J

σ,σ

Λyd,yd,N,J
σw =

1

pσ
C̃d,N Ãd,Nw (Ãd,Nσ P̃σ

N,J
(C̃d,N)T + pσB̃

d,N
σ Qu(D̃

d,N)T ),

T yd,yd,N,J
σ,σ =

1

pσ
(C̃d,N P̃σ

N,J
(C̃d,N)T + pσD̃

d,NQu(D̃
d,N)T )

P̃N,J+1
σ = pσ

∑
σ1∈Σ

(
1

pσ1
Ãd,Nσ1 P̃

N,J
σ1

(Ãd,Nσ1 )T + B̃d,N
σ1

Qu(B̃
d,N
σ1

)T
)
, P̃N,0

σ = 0.

(5.52)

For Step 4 of Algorithm 6 applied to empirical covariances, we define the Markov function
My,u,N,J as the Markov function My,u, but with Λys,ys,N,J

w replaced by Λys,ys

w,N and Λyd,u
w replaced

by T y,u
ϵ,w,N , i.e.,

My,u,N,J (w) =


[
T y,u
ϵ,w,NQ

−1
u , Λys,ys,N,J

w

]
w ̸= ϵ,[

T yd,u
ϵ,ϵ,NQ

−1
u , Iny

]
w = ϵ.

(5.53)

For Step 5 of Algorithm 6 applied to empirical covariances, denote by

S = ({N,J Âσ,
[
N,J B̂σ,

N,J Ĝσ

]
}nµ

σ=1,
N,J Ĉ,N,J D̂)

For Step 6 of Algorithm 6, when applied to empirical covariances, denote by N,J K̂I := K̂I
σ ,

N,J Q̂I := Q̂I
σ the matrices as in (5.9) for I = 0, . . . , Ī, with Âσ, Ĝσ, Ĉ, D̂, T ys,ys

σ,σ replaced by
N,J Âσ,N,J Ĝσ, N,J Ĉ,N,J D̂, T ys,ys,NJ

σ,σ .
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Then the result of Algorithm 7 is the tuple

({
N,J Âσ√
pσ

,
N,J B̂σ√
pσ

,N,J K̂ Ī
σ ,

N,J Q̂Ī
σ}

nµ

σ=1,
N,J Ĉ, J ,ND̂) =:

({ÃN,Jσ , B̃N,J
σ , K̃N,Ī,J

σ , Q̃N,Ī,J
σ }nµ

σ=1, C̃
N,J D̃N,J )

From the discussion above it is clear that for Algorithm 7 to be well-posed, the following
conditions should hold

rank(HΨy,u,N

ᾱ,β̄
) = n̄

rank(HMy,u,NJ
α,β ) = nx,

N,J Q̂I is invertable for all I = 0, . . . , Ī, σ ∈ Σ

(5.54)

We will show that there exists an integer J⋆ > 0 such that for every J > J⋆ there exists an in
integer N⋆(J ) such that for all N > N⋆(J ) the conditions in (5.54) hold.

To this end, we will use the following observation: if Xn,l is a sequence of square matrices for
every l = 1, . . . , L such that limn→∞Xn,l = Xl and Xl is invertible for l = 1, . . . , L, then there
exists an integer n⋆ > 0, such that for all n > n⋆, Xn,l is invertible for all l = 1, . . . , L. This can
be seen by noticing that the determinants satisfy limn→∞ det(Xn,l) = det(Xl) and as det(Xl) ̸= 0
it follows that there exists n⋆ such that for all n > n⋆, for all l = 1, . . . , L, det(Xn,l) ̸= 0.

Note that limN→∞Ψy,u,N(w) = Ψy,u(w) by (5.33) for allw ∈ Σ∗, and hence limN→∞ HΨy,u,N

ᾱ,β̄
=

HΨy,u

ᾱ,β̄
. Since by assumption HΨy,u

ᾱ,β̄
is full rank, there exists N⋆,0 such that for all N ≥ N⋆,0,

rank(HΨy,u,N

ᾱ,β̄
) = n̄, i.e., the first condition of (5.54) holds.

Moreover since the matrices returned by Algorithm 5 are continuous in M , it follows that the
matrices Sd,N converge to that of Sd, i.e. ,

lim
N→∞

Ãd,Nσ = Âdσ, lim
N→∞

B̃d,N
σ = B̃d

σ, lim
N→∞

C̃d,N = Ĉd, lim
N→∞

D̃d,N = D̃d (5.55)

Next, we explore the second equation of (5.54) To this end, consider the Hankel-matrix
HMy,u,N,J
α,β . Since the right-hand side of (5.21) is continuous in the matrices of Sd from (5.55) it

follows that
lim
N→∞

Λys,ys,N,J
w = Λys,ys,J

w , lim
N→∞

T ys,ys,N,J
σ,σ = T ys,ys,J

σ,σ (5.56)

Since limN→∞ T y,u
ϵ,w,N = Λy,u

w and limN→∞ T y,u
ϵ,ϵ,N = Λy,u

ϵ and by (5.19) Λyd,u
w = Λy,u

w , hence

lim
N→∞

My,u,N,J (w) =My,u,J (w) (5.57)

for all w ∈ Σ∗. From Corollary 5.1 it follows that there exists an integer J⋆ > 0 such that for all
J > J⋆ equation (5.26) holds.

Since (5.57) implies that
lim
N→∞

HMy,u,N,J
α,β = HMy,u,J

α,β ,
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it follows that for any J > J⋆ there exists an integer N⋆,1(J ) > 0 such that for all N > N⋆,1(J ),
it holds that rankHMy,u,N,J

α,β = nx. That is, for N > max{N⋆,0, N⋆,1(J )} the first to conditions of
(5.26) holds.

Moreover, since the matrices returned by Algorithm 5 are continuous in the input Markov-
function, it follows

lim
N→∞

N,J Âσ = J Âσ, lim
N→∞

N,J Ĝσ = J Ĝσ, lim
N→∞

N,J B̂σ = J B̂σ, σ ∈ Σ,

lim
N→∞

[N,J Ĉ,N,J D̂] = [J Ĉ, J D̂]
(5.58)

By Corollary 5.1, for any J > J⋆, the matrices J Q̂I
σ are invertible for all σ ∈ Σ and I = 0, . . . , Ī .

Recall from (5.48) in the proof of Corollary 5.1 the definition of the function gĪ , and recall that
this function is continuous with an open domain of definition. It then follows that

gĪ({J Âσ, J Ĝσ, T
ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂) = {J Q̂I

σ,
J K̂I

σ}σ∈Σ,I=0,...,Ī (5.59)

Moreover, since (5.58) and (5.56) hold, it follows that

lim
N→∞

({N,J Âσ,N,J Ĝσ, T
ys,ys,N,J
σ,σ }σ∈Σ,N,J Ĉ,N,J D̂) =

({J Âσ, J Ĝσ, T
ys,ys,J
σ,σ }σ∈Σ, J Ĉ, J D̂)

(5.60)

and as the latter tuple is in the domain of definition of gĪ , which is open, it follows that there exists
an integer N⋆,2(J ) > 0 such that for any N > N⋆,2(J ), the tuple

({N,J Âσ,N,J Ĝσ, T
ys,ys,N,J
σ,σ }σ∈Σ,N,J Ĉ,N,J D̂)

is in the domain of definition of gĪ and

gĪ({N,J Âσ,N,J Ĝσ, T
ys,ys,N,J
σ,σ }σ∈Σ,N,J Ĉ,N,J D̂) = {N,J Q̂I

σ,
N,J K̂I

σ}σ∈Σ,I=0,...,Ī

and the matrix N,J Q̃I
σ is invertible for all σ ∈ Σ, I = 0, . . . , Ī. Hence, the last equation of (5.55)

holds for J > J⋆ N > N⋆(J ) = max{N⋆,0(J ), N⋆,1(J ), N⋆,2(J )}. Moreover, by continuity of
gĪ , (5.59) and (5.60),

lim
N→∞

N,J Q̂I
σ = J Q̂I

σ, lim
N→∞

N,J K̂I
σ = J K̂I

σ , σ ∈ Σ (5.61)

Combining Corollary 5.1 with (5.58) - (5.61) yields the statement of the theorem.





Chapter 6
Conclusion

6.1 Summary
This thesis is organized into six chapters, beginning with the introduction in Chapter 1 and

concluding in Chapter 6.
Chapter 2 lays the groundwork by presenting the necessary preliminaries essential for the

following chapters. In Chapter 2, we formally introduce the general model class and its subclasses,
along with the technical definitions and properties. These necessary properties characterize the
processes involved. In particular, we introduce the notion of:

• Admissible switching processes.

• Zero mean wide sense stationary process with respect to the switching process.

• White noise process with respect to the switching process.

• Square integrable process with respect to the switching process.

All these definitions are necessary in order to define formally the class of stationary Generalized
Linear Switched System (GLSS) model. This class of systems is the main focus of the thesis.

Additionally, Chapter 2 explains the motivation for stochastic realization theory of GLSS, then
provides an overview of stochastic realization theory for autonomous stationary GLSS systems, as
understanding the autonomous case is crucial for progressing to stochastic realization theory of
such systems with inputs.

This overview discusses the existence and minimality of autonomous stationary GLSS in
innovation form. First, it presents, formally, a definition for deterministic LSS and the realization
theory contributions and algorithms from the literature associated to such systems. Second, it
explains the relationship between the stochastic autonomous stationary GLSS and deterministic
LSS by recalling a minimization algorithm from previous results from the litrature on realization
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theory. Each of the following chapters presents a distinct contribution to the realization theory of
the systems under study.

In Chapter 3, the first theoretical contribution to the GLSS class is introduced. It demonstrates
that the output of these systems can be decomposed into deterministic and stochastic components.
Using this decomposition, the existence of a GLSS state-space representation in innovation form
is proven. Moreover, sufficient conditions are provided to ensure that such representations are
minimal and unique up to isomorphism.

Isomorphism implies that if two minimal GLSS models generate the same output for the
data used in the identification experiment, they will generate the same outputs for any input and
switching signal, including those that do not satisfy the assumptions of the identification experiment.
Intuitively, this property should also hold when the two GLSS models produce approximately the
same outputs, meaning they do not need to match exactly.

This contribution marks a step forward in stochastic realization theory, with the ultimate goal of
developing efficient system identification algorithms. However, to achieve this goal, the autonomous
stochastic case—specifically, the stochastic component of the decomposed GLSS—must first be
studied. This is the focus of Chapter 4.

Chapter 4 delves into the autonomous stochastic GLSS, offering a new algebraic characteriza-
tion for these systems to be minimal and in innovation form. This characterization relies solely
on the system’s representation matrices, making it a key contribution to the realization theory of
GLSS with inputs and the challenges of system identification. The uniqueness of minimal GLSS in
innovation form is crucial, as it enables the proposal of identifiable parameterizations for system
identification and guarantees the consistency of system identification algorithms.

It is desirable to determine, based on the system matrices, whether a given GLSS is in innovation
form. Furthermore, to ensure that the identified model closely approximates the input-output
behavior of the true system, the true system itself must be minimal in innovation form. However,
while certain assumptions about the system’s matrices may sometimes be available, the statistical
properties of the noise are almost always unknown. Unfortunately, the definition of innovation
form involves a condition on the noise, adding an additional layer of challenges. This emphasizes
even more how important is the algebraic characterization presented in Chapter 4 since it relies
solely on the system’s representation matrices, bypassing the need for explicit noise assumptions.

Building on the previous chapters, Chapter 5 presents the final contribution of the thesis,
introducing necessary condition for GLSS to be minimal in innovation form (Note that, in contrast
to this chapter, Chapter 3 introduces sufficient conditions for a GLSS to be minimal in innovation
form). In addition, it presents a new realization theory algorithm and, subsequently, a new
statistically consistent subspace identification algorithm for GLSS models, based on the former
algorithm. In addition, Gradient-based search is added to the newly developed identification
algorithm. A comparison was made with the latest algorithm presented in the literature in order to
study the efficiency in terms of precision and time consumption.
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6.2 Future works
In conclusion, this thesis has made a contribution in the stochastic realization theory of gen-

eralized linear switched systems and the system identification of such systems. However, it is
important to note that there are still many open problems worth exploring. We list some of the
possible directions that can be further studied in the future.

6.2.1 Extension to general switching
In control theory, when dealing with subclasses of the studied systems in this thesis, the

switching process is, often, controllable. For these cases, the covariance realization and system
identification algorithms can be applied. However, in other cases, this is not possible: the switching
signal cannot be chosen at will or it may even be non-measurable. This calls for extensions of
the results of this thesis to more general switching scenarios. To this end, as the first step, we
should extend the results of the thesis to switching processes which are observed but not admissible
according to Definition 2.2. One could try applying a change of probability measure to make
such switching signals i.i.d. and solve the realization and identification problems over the new
probability measure. A similar approach was already used for filtering stochastic systems [28]. We
believe that such manipulation can work and we already started investigating the deterministic case.
Nevertheless, further theoretical work and practical simulations ought to be done in order to reach
the stochastic case.

6.2.2 Extension to time series
The subspace identification algorithm presented in Chapter 5 can learn a GLSS model from a

single input-output dataset. However, in practice, one is often bound to work with multiple time
series. Treating these time series as a single large dataset when applying the algorithm can be risky,
as the different time series are typically uncorrelated—due to discontinuities in data observation,
for example—potentially leading to inaccurate output covariance calculations. To address this,
we average empirical covariance estimates from individual time series. However, high accuracy
demands large datasets, and theoretical guarantees are needed. Therefore, further adaptations
should be explored to improve the algorithm’s efficiency in estimating models from time series
data.
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