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Notation

Some notations and preliminary definitions used throughout the thesis are as follows:

R denotes the set of real numbers;
|z| = V2" 2 is Euclidean norm of z = ()" = (21,...,2,) € R"
we write P > 0 if the symmetric matrix P = PT € R™ ™ is positive definite ;

Amin(Q) and Ajaq(Q) represent the minimal and maximal eigenvalue of a matrix
Q=Q";

diag{v} denotes the diagonal matrix with the components of the vector v € R™ on
the main diagonal;

Re(A) represent the real parts of eigenvalues of the matrix A;

|zl|p = Va T Px is the weighted Euclidean norm with P > 0;

given a linear operator A : R" — R", ||A[|p = sup,4 Hﬁfﬂ']‘f :
1, if >0,
the sign function is defined as sign(x) := ¢ 0, if =0,
-1, if x<0;

(-,+)is a scalar product on L?(0, 1) such that Vf, g € L%*(0,1), {f,g) = fol f(x)g(x)dz,
H*(0,1) is Sobolev space having k square integrable weak derivatives ;

f € H} ([0,400)) if for all a € (0,400), the restriction of f to (0,a) is in H'(0,a);

¢ denotes the set of all real sequences {w;}°, w; € R; a column vector ws :=
(wo, w1, ...)" with an infinite number of elements can be associated with such a
sequence, SO we can write wee € £;

the Hilbert space ¢? of quadratically summable sequences, the Banach space £> of
uniformly bounded sequences and all other P, p > 1 spaces are subsets of £ ;

we denote by ||Q||¢» the operator norm for a linear bounded operator @ : ¢# — P
and [|Q||¢» is defined as follows [|Qller = sup,,__c/r\ [0} 1Queclier

lwooller 2

A function v : Ry — Ry is said to be a class-K function if it is continuous, zero at
zero, and strictly increasing;

xiii
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Notation

e A class-K function v : Ry — R is said to be a class-Ko function if it is unbounded

with its argument;

A continuous function 8 : Ry x Ry — Ry belongs to the class-KL if (-, t) € K
for each fixed t € Ry, and S(r,-) is decreasing and lim [(r,t) = 0 for each fixed

t—+o0

re R+,
A continuous function 8 : Ry x Ry — Ry is said to be a Generalized class-KL
Junction (GKL—function) if i) the mapping r — £(r,0) is a class-KC function; #7)

for each fixed r > 0 the mapping ¢ — £(r,t) is continuous, decreasing to zero and
3T (r) € [0, +00) such that B(r,t) =0 for all t > T'(r);

Let us denote by 9.f(t,z) or fi(t,x) (resp. O, f(t,x) or fy(t,z)) the partial deriva-
tive of a function f with respect to the time (resp. space) variable ¢ (resp. x);

Let us also denote by 0., f(t,x) or fu.(t,x) the second partial derivative of a
function f with respect to the space variable x;



Résumé long

Cette thése se concentre sur la conception de contréleurs nonlinéaires précisément
homogeénes en dimension finie pour les phénomeénes physiques modélisés par les EDPs
paraboliques tels que les procédés thermiques et les écoulements. Pour la stabilisation des
systémes de controle en dimension infinie étudiés, comme méthode de stabilisation nous
avons opté pour la décomposition modale et comme outils de contréle, nous avons consid-
éré 'utilisation de contréles homogénes, qui constituent un intermédiaire entre le controle
linéaire et le controle modes glissants. L’approche par décomposition modale est util-
isée comme méthode clé pour stabiliser les équations aux dérivées partielles paraboliques.
Cette technique consiste a séparer ’équation aux dérivées partielles paraboliques en deux
composantes distinctes : la premiére composante est constituée d’une partie controlée
de dimension finie qui capture les modes instables, tandis que la seconde composante
est une partie résiduelle de dimension infinie qui englobe les modes stables. En isolant
les modes instables, n’importe quelle technique de conception de contréle pour les sys-
témes en dimension finie peut étre utilisée pour concevoir des stratégies de controéle pour
ce sous-systéme. Dans notre cas, pour la stabilisation du sous-systéme en dimension
finie nous avons utilisé des controles homogénes qui permettent d’avoir des propriétés
de convergence en temps finie ou en temps fixe pour le sous systéme en dimension finie
comparativement au contréle linéaire qui ne peut garantir que la convergence exponen-
tielle . Egalement, nous avons aussi opté pour le controle homogeéne car il permet d’avoir
une meilleure convergence avec un faible débordement du signal du contréle et moins
de pic du systéme durant la phase initiale de stabilisation comparativement au controle
linéaire qui en voulant garantir une meilleure convergence entraine un large débordement
du signal du contréle et un large pic du systéme durant la phase initial de stabilisation.
Cette approche de stabilisation pour les systémes en dimension infinie est avantageuse
car elle permet de concevoir des controle en dimension finie et donc par conséquent de
concevoir des gains de controles en dimension finie, de résoudre des inégalités matricielle
d’ordre réduits malgré qu’il s’agisse d’un probléme de stabilisation de systéme en dimen-
sion infinie. Grace a cette approche (décomposition modale + conception de contrdle
homogene), nous avons obtenu des résultats significatifs, en particulier en ce qui con-
cerne la stabilisation des équations aux dérivées partielles paraboliques, qu’elles soient
linéaires ou non linéaires. Plus précisément, cette thése présente une étude approfondie
sur la conception de contrdleurs homogénes au bord pour la stabilisation des équations
aux dérivées partielles (EDP) modélisant les phénomeénes d’écoulement, en se concentrant
plus particuliérement sur ’équation de Burgers 1D avec viscosité.

Dans un premier temps, nous nous sommes concentrés sur la stabilisation des équa-
tions de réaction-diffusion en employant la décomposition modale et en utilisant des



2 Résumé long

contréleurs homogeénes. En stabilisant la partie instable avec le contréle homogene et
puisque la partie résiduelle comporte des modes stables déja, le systéme en boucle fermée
est juste un systéme en cascade. I’analyse de la stabilité de tout le systéme ( comprenant
a la fois le sous-systéme instable et la partie résiduelle stable) peut étre étudiée via la
stabilité de Lyapunov et ’attractivité asymptotique de l'origine. Bien vrai que cette
approche permet de conclure la stabilité asymptotique globale du systéme en dimension
infinie, elle ne permet pas d'une part de conclure sur la décroissance de la norme de I’état
mais aussi d’autre part est inapplicable dans le cas des équations aux dérivées partielles
non-linéaires comme 1’équation de Burgers qui constitue ’objectif principale de notre
thése. Il s’est donc avéré nécessaire de construire une fonction de Lyapunov pour prou-
ver la stabilité asymptotique des équations de réaction diffusion avec controle homogéne
au bord et d’espérer qu’on peut s’inspirer de cette fonction de Lyapunov pour garantir
la stabilité locale des équations de Burgers avec controle homogéne au bord. Dans les
travaux existants employant la décomposition modale pour la stabilisation des équations
de réaction-diffusion, principalement les contréleurs linéaires sont concus et la fonction de
Lyapunov quadratique est utilisée pour conclure sur la stabilité exponentielle du systéme.
Cette fonction de Lyapunov quadratique ne nous permet pas de conclure la stabilité du
systéme en boucle fermée avec le contréle homogéne due & la nature non linéaire du con-
trole homogéne. La contribution majeure de la thése a été de construire une fonction de
Lyapunov non-quadratique pour garantir la stabilité asymptotique globale du systéme
en boule fermée avec le controle homogéne. Dans un second temps, nous avons proposé
la construction de ce contréle homogéne pour la stabilisation de ’équation de Burgers
en utilisant toujours la décomposition modale. Puisque pour les systémes en dimension
infinie la stabilité du linéarisé d’un systéme non-linéaire ne suffit pas pour conclure la sta-
bilité locale du systéme non-linéaire, nous nous sommes inspiré de notre travail fait dans
le cadre de la stabilisation des équations de réaction-diffusion avec contréle homogéne au
bord pour construire une fonction de Lyapunov garantissant la stabilité asymptotique de
I’équation de Burgers avec le controle homogéne au bord. Ainsi on a justifié qu’on peut
résoudre les problémes du contrdle actif d’écoulements turbulents principalement la sta-
bilisation des équations de Burgers en dimension en utilisant des contréleurs homogénes.
Apres avoir congu des controleurs homogénes au bord pour la stabilisation des équations
de réaction-diffusion et de Burgers et prouvé la stabilité asymptotique des systémes en
boucle fermée via la construction de fonction de Lyapunov, il est crucial d’'un point de
vue mathématique d’étudier le caractére bien posé des systémes en boucle fermée c’est &
dire vérifier si le systéme en boucle fermée admet de solution et si la solution est unique.
La plupart des résultats existants sur ’étude du caractére bien posé des systémes en
dimension infinie repose sur la propriété de Lipschitz mais dans noétre cas, le controle
homogeéne considéré n’est pas Lipschitzienne et ainsi ces méthodes classiques d’étude du
caractére bien posé sont inapplicables .Nous avons donc développées dans cette thése des
méthodes spécifiques permettant d’étudier le caractére bien posée des systémes en di-
mension infinie comportant des termes non-Lipschitziennes nous permettant de justifier
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que ’équation de réaction-diffusion avec le contréle homogéne au bord en boucle fermée
admet une solution unique et que I’équation de Burgers avec controle homogéne au bord
en boucle fermé admet de solution. Egalement dans cette thése nous avons concus des
prédicteurs homogénes au bord pour la stabilisation des équations de réaction-diffusion
avec un retard a ’entrée. L’analyse de stabilité du systéme en boucle fermée a été faite
via construction d’une fonction de Lyapunov. Enfin la question naturelle qui s’est posée
est de savoir pourquoi utiliser les contréleurs homogénes pour stabiliser les systémes en
dimension infinie alors que les contréleurs linéaires stabilisent déja les systémes en dimen-
sion infinie tout en garantissant une stabilité exponentielle et un caractére bien posée du
systéme en boucle fermée avec des algorithmes de controles plus faciles & implémenter lors
des expérimentations. Pour répondre a cette question, nous avons présenté des avantages
de l'utilisation des contréleurs homogénes pour la stabilisation des systémes en dimen-
sion infinie étudiées dans cette thése. Dans chacun des cas suivants: stabilisation de
I’équation de réaction-diffusion et de ’équation de Burgers , prédicteur homogéne pour
I’équation de réaction diffusion avec retard & l’entrée, nous avons présentés des simu-
lations numériques prouvant que le contréleur homogéne permet d’avoir une meilleure
convergence avec moins de débordement du signal de contréle et peu de pic de la solution
du systéme en boucle fermée durant la phase initiale de stabilisation comparativement
au contrdleur linéaire qui en voulant garantir une meilleure convergence en utilisant un
grand gain entraine un large débordement du signal du controéle et aussi un grand pic de
la solution du systéme en boucle fermée. Pour finir, dans cette thése nous avons égale-
ment concus des contréles homogénes pour des modeéles réduits qui peuvent étre utilisés
pour modéliser les écoulements. En effet, dans le domaine du contréle des écoulements,
deux approches sont généralement utilisées pour la conception de controéle: la premiére
consiste & concevoir le controleur pour les systémes en dimension infinie comme expliquée
plus haut et la seconde approche consiste & utiliser des méthodes de réductions tels que
la méthode de Galerkin, la méthode des différences finies ou la méthodes des éléments
finis pour obtenir des modéles réduits et ensuite concevoir le contréleur sur ces mod-
éles réduits; 'objectif de cette derniére approche est de capturer une large partie de la
dynamique du systéme en dimension infinie & travers le modéle réduit, de concevoir le
controle en utilisant le modele réduit et d’implémenter ce controleur directement sur le
systéme en dimension infinie espérant que ¢a puisse accomplir les objectifs désirés par
exemple assurer la stabilisation de ce systéme en dimension infinie. Puisque les sys-
témes d’équations en dimension infinie modélisant les écoulements sont non-linéaires, les
modéles réduits obtenus en utilisant les techniques de réduction sont des équations dif-
férentielles ordinaires non-linéaires. Nous avons congus des controleurs homogénes pour
des systémes quasi-linéaires assurant la stabilité locale en temps finis de ces systémes.
Par ailleurs, 'avantage de méthode de conception de controle stabilisant les systémes
quasi-linéaire en temps fini comparé aux autres méthodes qui existent et garantissant
aussi la convergence en temps fini tels que le controle optimale, 'approche par la fonc-
tion de controlabilité, contréle par fonction de Lyapunov ou aussi 'approche par fonction
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de Lyapunov implicite est que nétre méthode de conception de contréle temps-fini est
basée sur la résolution simples inégalités matricielles.

En résumé, cette thése offre de nouvelles contributions au domaine de la théorie du
controle des équations aux dérivées partielles en intégrant des stratégies de conception
de contréle homogeénes via la décomposition modale. On s’est intéressé a la stabilisa-
tion des équations de réaction-diffusion avec un contréle homogéne au bord ot ’analyse
de stabilité a été faite avec une construction de fonction de Lyapunov non-quadratique.
Cette construction de fonction de Lyapunov nous a permis de développer ce méme type
de controle homogéne au bord pour la stabilisation de 1’équation de Burgers et aussi
pour ’équation de réaction diffusion avec retard & l'entrée. Les travaux présentés dans
cette thése constituent la toute premiére investigation de conception de controleurs ho-
mogénes au bord pour la stabilisation des équations aux dérivées partielles linéaires et
non-linéaires.



CHAPTER 1

Introduction

1.1 Context and motivation: modeling and control using
infinite dimensional systems

The modeling of various phenomena in science and complex processes in engineering
is typically carried out using finite-dimensional systems—mnamely, ordinary differential
equations (ODEs)-—and infinite-dimensional systems, such as time-delay systems (TDS)
and partial differential equations (PDEs). ODEs are particularly effective for model-
ing systems where interactions can be analyzed through a single independent variable.
Examples include population growth, pendulum motion, and the dynamics of electrical
circuits, among many others. In contrast, PDEs capture interactions across space and
time and are essential for describing diffusion and propagation phenomena like heat trans-
fer, fluid flow, and wave propagation. Overall PDEs are essential for modeling several
complex physical systems, including networks (hydraulic [1], gas pipe-line [2], road traffic
[3], multi-agent systems [4]), chemical and biological processes, thermal systems [5], flow
control ([6], [7], [8], [9], [L0]) among others. The aforementioned system and phenomena
are typically described by PDEs such as parabolic PDEs [11], Hyperbolic PDEs [1], the
viscous Burgers equation [12], [13], Korteweg-de Vries equation (KdV) [14], [15], [16],
[17], [18], [19], [20], Kuramoto—Sivashinsky equation [21], [22], etc.

While those PDEs provide significant advantages for modeling complex and large-
scale systems, they are generally more challenging to handle than ODEs, specially when
it comes for control-oriented purposes. Fortunately, over several decades, the control of
infinite-dimensional systems has consolidated as an active research field that encompasses
various aspects of mathematical analysis, control theory, and the foundational principles
of dynamics.

For those systems, there are two ways of modeling an actuation, dependent of the
physical configuration: interior control or boundary control. Interior control (or in-
domain control) is directly integrated into the dynamics of the PDE model and operates
on a subset of the domain, whereas boundary control acts at the boundaries of the do-
main. This distinction means that interior control can influence the behavior of the
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system throughout its entire volume, allowing for localized adjustments to specific areas.
In contrast, boundary control allows for the application of control directly at the bound-
aries, which is more suitable in many practical cases. It can be more energy-efficient
than interior control. For instance, in thermal systems, regulating temperature at the
boundaries can minimize energy consumption compared to heating or cooling when actu-
ating through the entire volume of the system. For flow systems, adjusting the boundary
velocities is practically easier to implement than adjusting conditions within the flow
field, or changing the speed of inflow at an inlet boundary is often more straightforward
than trying to manipulate flow properties throughout the entire volume. Thermal and
flow systems are indeed clear examples of complex systems that are modeled by PDEs
having several control objectives, and therefore motivate the development of advanced
boundary control strategies. We briefly elaborate on both of them in the sequel.

Control of Thermal systems

Control of thermal systems is critical for example in applications such as HVAC (heat-
ing, ventilation, and air conditioning) systems, where the thermal regulation is crucial
for maintaining comfortable indoor environments while maximizing energy efficiency. In
solar thermal systems, managing the temperature of heat transfer fluids is key to opti-
mizing energy extraction and storage. In many manufacturing processes, thermal control
improves the final mechanical properties (such as hardness, toughness, and resistance), as
well as the electrical or optical properties of the product. Maintaining a stable tempera-
ture is crucial in many industrial processes to prevent hazardous situations. For instance,
in chemical reactions, excessive heat can lead to dangerous reactions or even explosions.
Moreover, many processes are optimized for specific temperature ranges; therefore, sta-
bilizing temperature can enhance efficiency, reduce waste, and lower energy consumption
in heating, cooling, or chemical reactions. In laboratories and data centers, tempera-
ture stability is vital for preserving the integrity of sensitive materials, equipment, and
stored information. Consequently, effective temperature control not only ensures safety
and quality but also contributes to operational efficiency and reliability across various
applications.

A thermal process can be mathematically modeled by relating temperature, time,
and spatial coordinates. The modeling can be done using the heat equation with a
source term, often referred to as reaction term, that may induce instability. Hence, the
stabilization problem for the heat equation involves controlling temperature distributions
to maintain or steer them to a desired state, especially when the system is subjected to
disturbances or uncertainties.

Counsider, for instance, a metal bar of length L that can be heated along its length.
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The temperature distribution is governed by the following equation:
I (t,0) =vZL(t,x) + Q(t,x), (t,x) € (0, +00) x (0, L),

where T'(t,z) represents the temperature at position x and time ¢, Q(¢,x) represents
internal or external heat sources within the bar, and v is the thermal diffusivity. The
initial condition is given by

T(0,2) = To(x), = €]0,L], (1.1)

where Ty is a known function representing the initial temperature distribution. We
assume that the temperature at the left end of the metal bar (at position x = 0) is
maintained at a constant value (e.g., zero degree Celsius), and the temperature at the
right end (at position x = L) is controlled by an external heat/cooling source modeled
by a function U(t) as follows:

T(t,0)=0, T(t,L)=U(t).
The control U(t) can be used to maintain or adjust the temperature according to de-

u(t)

O~ !
L C ) T D | | Tt |

Uncontrolled heat equation =L x=0 Controlled heat equation x=L

Figure 1.1: Uncontrolled and controlled temperature distribution along a metal bar of
length L influenced by reactive sources.

sired performance criteria, allowing for effective thermal management. Additionally,
U(t) influences how heat propagates through the entire system and enables the system
to respond to changing external conditions or demands, such as maintaining a specific
temperature in thermal processing applications. Figure 1.2 shows a numerical example
of the boundary stabilization of a 1D Reaction-Diffusion PDE.

Flow control

Flow control is an interdisciplinary field that integrates fluid mechanics ([24], [25], [26])
and control theory (|27]). The primary objectives of flow control are to manage fluid
dynamics in order to prevent the adverse effects associated with flow separation, thereby
enhancing performance and efficiency across various engineering domains [27]. In the
aeronautics sector, flow control significantly enhances aircraft performance by reducing
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Open-loop system Glosed-loop system Control Signal

0 05 1 15 2 25 3 35 4 45 5

Figure 1.2: Left: Uncontrolled reaction-diffusion equation with a source term Q(¢,x) =
1.172T(t,x). Middle: controlled reaction-diffusion equation with a linear boundary con-
troller (designed using e.g., the Modal decomposition approach [23| (as we will detail in
Section 1.2.2.2). Right: Time-evolution of the linear boundary control.

drag. In the transportation industry, flow separation generates drag forces; the higher
the drag, the greater the fuel consumption, which subsequently leads to increased carbon
dioxide (CO2) emissions. Therefore, the challenge lies in controlling the flow to minimize
separation, primarily by reducing the recirculation zone. In marine engineering, flow
control improves the hydrodynamics of ships, thereby increasing their energy efficiency.
Furthermore, in the energy sector, it optimizes the operation of wind turbines.

Fluid flow control can be categorized into two main types: passive and active control.
Passive control ([28], [29], [30]) typically involves modifications to the surface design,
such as wall-mounted devices, optimized shapes, vortex generators, streamwise ribs, or
riblets. This approach does not require auxiliary power but has limitations in adaptabil-
ity to changing experimental conditions, resulting in a lack of robustness. In contrast,
active control ([31]) includes strategies such as vibrating flaps, acoustic excitation, or
suction/blowing, which involve the continuous adjustment of variables that influence the
flow based on measurements from the flow field (feedback). In recent years, several con-
tributions addressing various active flow control strategies in synergy well-established
methods of analysis within fluid mechanics [32], [33], [34],[35], [36].

The physical phenomena behind turbulent flows, separation phenomena are modeled
by nonlinear PDEs, namely the Navier-Stokes equations or Burgers equation model flows
(understood as a reduced-order model of the Navier-Stokes equation). We recall that the
2D or 3D Navier-Stokes equations are given as follows [37]:

WY AV +(V-V)V =-Vp+V -7+ pg,

where p is the density of the fluid, p is the pressure, V is a vector representing flow
velocities, T is the stress tensor, and g is the vector representing gravitational forces.
This equation is often accompanied by the continuity equation:

L4V (pV) =0,
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which represents the conservation of mass. The Navier-Stokes equations are nonlinear
partial differential equations that are very difficult and complex to study !, especially
in the context of Automatic Control. Given the complexity of these equations, they are
often too intricate to be used for the design of real-time controllers without incurring
extremely high computational costs. Consequently, they are frequently approximated
to reduce the complexity of the system. The Burgers equation [12], [13], is an example
of a reduced-order model for the Navier-Stokes, which shares similar nonlinearity with
the Navier-Stokes equations, and captures essential dynamics often observed in turbulent
flows. Therefore, it can be utilized to approximate fluid flows in certain cases and under
some assumptions. These scenarios include one-dimensional flow problems, cases where
external forces like gravity or pressure gradients are negligible, and conditions in which
viscosity plays a critical role in influencing fluid behavior—such as in low Reynolds
number flows. It is frequently employed as a benchmark equation in both theoretical
studies and numerical simulations to gain a deeper understanding of more complex fluid
behavior. The one-dimensional viscous Burgers equation is expressed as:

O(t,z) = vOsv(t,z) —v(t,z)0xv(t,z), (t,z) € (0,+00) x (0, L),

where v(t, ) denotes the velocity of the fluid at position x and time ¢, and v represents
the kinematic viscosity. This equation effectively models the dynamics of viscous fluid
flow, enabling the study of shock formation and wave propagation in a simpler context
compared to the Navier-Stokes equations. One can assume a no-slip condition at the left
boundary z = 0, indicating that the fluid is at rest in contact with this boundary and
at the right boundary = = L, the fluid flow can be modified by a time-varying function
U(t), represented by the following boundary conditions:

v(t,0) =0, o(t,L)=U(t).
The initial condition for the system is given by:
v(0,z) =vo(x), =z €]0,L],

where vg(z) represents the initial velocity distribution along the spatial domain (0, L).
Boundary stabilization of the viscous Burgers equation is an essential topic in control
theory and mathematical physics, with numerous applications in both active and passive
flow control, particularly in the context of laminar flow stabilization, aerodynamic drag
reduction, and turbulence control [10], [27], [39].

1.1.1 Reduced order techniques

Model reduction is essential for various applications, particularly in control design, sim-
ulation, and real-time modeling, where full-scale simulations of PDEs may be compu-

1To date, the existence of a global-in-time classical solution of these equations in three dimensions
remains an open ("millennium") problem in mathematics [37], [38].
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u(t)

v(t,x)

x=0 x=L

Figure 1.3: Flow

tationally expensive or infeasible. The model reduction techniques aim to derive low-
dimensional systems that accurately represent the dominant dynamics of PDEs govern-
ing fluid flows or thermal systems. Several methodologies for approximating PDEs are
available, employing techniques such as Galerkin’s method, finite difference approxima-
tions, Proper Orthogonal Decomposition (POD), and the Finite Element Method (FEM)
[40], [41], [42], [43], [44]. The Finite Differences method relies on spatial discretization
using a grid and approximates derivatives, typically employing first- or second-order ap-
proximations. POD is a statistical and empirical technique used to derive a reduced
set of basis functions from the solutions of the PDE over time. This method involves
analyzing snapshots of the solution and identifying modes that capture the most energy
of the system. The FEM approximates solutions by using a discretized mesh, which sim-
plifies the process compared to determining an exact solution for the continuous system.
The Galerkin method involves projecting a PDE onto a finite-dimensional set of basis
functions, ensuring that the residual of the PDE is orthogonal to the subspace defined
by these basis functions. The model reduction techniques are extensively used in fluid
dynamics to analyze and control turbulent flows efficiently. In thermal systems, reduced-
order models can facilitate the design of more efficient heating and cooling systems by
accurately predicting temperature distributions while minimizing computational load.
However, developing models that accurately reflect the relevant dynamics of a system
can be quite challenging. Nevertheless, these models—despite their limitations—can still
be beneficial for control applications.

1.2 Overview of PDE control

1.2.1 Early and late lumping approaches

After a model reduction via spatial discretization, the resulting system of ODEs is used
in control design. The wide body of synthesis methods available for finite-dimensional
systems can be used to design a controller in order to achieve some goals, for example,
flow reattachment, set-point tracking (i.e., reaching a prescribed state of the flow system),
and maintaining a stable temperature defined by the user. This procedure is referred
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to as the early lumping approach [45], [46]. The early-lumping approach, also known
as indirect controller design, still plays an important role in engineering practice, which
certainly comes from the fact that its application does not require a deep theoretical
background. In contrast, the late lumping approach [47| aims at tackling directly the
control design for systems described by PDEs, without model reduction [39], [48]. The
main obstacle in the late lumping approach for fluid flow control system design is the
infinite-dimensional nature of the Navier-Stokes equations, which prohibits their direct
use for the synthesis of practically implementable (low-order) feedback controllers. There
is quite a large literature on active flow control based on the early lumping approach.
What mainly differentiates in the approaches used for is the design of a control. One
can cite for example center manifold approach [49], optimal closed-loop approach [42],
machine learning approach [50].

4‘[ Physical System ] [ Physical System ]‘7

model design model design
high order (N) high order (N)
model reduction control design
low order (M) high order (N)
control design controller reduction
low order (M) low order (M)

(a) (b)

Figure 1.4: (a) Early lumping approach. (b) Late lumping approach.

1.2.2 Methods for PDE control design

As discussed in previous sections, both linear and nonlinear partial differential equations
(PDEs) are central to modeling complex systems that involve diffusion and flow phe-
nomena. Controlling these systems—especially those governed by parabolic PDEs—has
been a longstanding focus of research [51], [52]. Several methods have been developed
for stabilizing both linear and nonlinear parabolic PDEs, including: 1) The backstep-
ping method; 2) The modal decomposition approach; 3) The control Lyapunov function
method.
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Given the numerous advantages of boundary control over interior control-such as
broader applicability, and easier implementation in practical settings—it is worth recalling
that most boundary stabilization strategies lead to the design of either finite-dimensional
or infinite-dimensional controllers. Among these, finite-dimensional controllers are gen-
erally preferred for experimental and real-world applications due to their simpler imple-
mentation. This practicality stems from their reliance on reduced-order models, which
capture the dominant system dynamics while simplifying the control design.

The feasibility of designing finite-dimensional controllers depends on the spectral
properties of the underlying differential operator—typically the Laplacian. Its spectrum
can be decomposed into a finite-dimensional part, which includes slow (and possibly un-
stable) eigenmodes, and an infinite-dimensional residual, comprising fast-decaying stable
modes. By focusing on the finite-dimensional component, one can design controllers that
achieve stabilization while reducing complexity.

Finite-dimensional controllers can be further categorized into linear and nonlinear
types. While linear finite-dimensional controllers have been extensively studied in the
literature, research on nonlinear finite-dimensional controllers is relatively limited, despite
their potential to address more complex nonlinear behaviors in systems.

1.2.2.1 Backstepping method

The backstepping method is typically used for linear PDEs [53]. It involves transforming
the original system into another system of the same type, referred to as the target system,
while ensuring the desired stability through a change of variables (an invertible Volterra
or Fredholm-type transformation), and next, the inverse transformation is to transfer
the desired stability property back to the original PDE system. This method leverages
the system structure to facilitate the identification of suitable Lyapunov functions for
assessing the stability of the closed-loop system. Additionally, it enhances control design
and stability analysis. The backstepping method relies on constructing feedback con-
trols based on the system current state by transforming it into a simpler system that
is easier to control (see [54] for more details on bacsktepping method). This technique
was utilized in [55] for the local stabilization of the Korteweg-de Vries (KdV) equation ,
which is a nonlinear PDE exhibiting the same type of nonlinearity as the Burgers equa-
tion. Furthermore, in [56], a more generalized integral transformation on the state was
employed to demonstrate local stabilization of the KdV equation. The authors intro-
duced a nonlinear Volterra transformation for the stabilization of nonlinear PDEs using
a backstepping approach [39], [48].
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1.2.2.2 Modal Decomposition approach

Linear parabolic PDE

As aforementioned, the modal decomposition approach relies on separating a finite-
dimensional unstable part from a stable infinite-dimensional part of the PDE. This
enables the design of simpler, more flexible, finite-dimensional controllers. The roots
of modal decomposition can be traced back to seminal works like [57], [58], [59]. In
[59], for instance, a Galerkin projection on a modal subspace is used to design a finite-
dimensional control for the reduced order model of the reaction-diffusion equation so
that the control law stabilizes the unstable part while maintaining the stability of the
residual part. Using the modal decomposition approach, the authors of [60] proposed a
finite-dimensional linear feedback control for the stabilization of a semilinear heat equa-
tion. They were the first to conduct the stability analysis of the closed-loop system by
introducing a quadratic Lyapunov function. Later, in [61], a finite-dimensional linear
predictor feedback control was designed for a 1-D reaction-diffusion equation with input
delay, and the stability analysis of the closed-loop system was performed using a similar
quadratic Lyapunov function. The methodology proposed in [61] was extended in [62]
for a feedback stabilization of a class of diagonal infinite-dimensional systems with in-
put delay. It followed [63], which addresses the output regulation of a one-dimensional
reaction-diffusion equation with input delay. A sampled-data finite-dimensional linear
feedback law is introduced in [64] via the modal decomposition approach. The proof of
the stability of the closed-loop system is done using a small-gain approach.

In contrast to state-feedback stabilization or output-feedback stabilization using an
infinite-dimensional observer, where the closed-loop system with a continuous linear
state/output feedback law is a cascade system, the closed-loop system with a finite-
dimensional observer-based feedback law is typically interconnected due to spillover.
Several works [65], [66], [67], [68] have focused on the design of linear finite-dimensional
observer-based controllers, yet they have not presented a constructive method for finding
the dimension of the observer. Instead, they have proposed very restrictive and overly
conservative conditions regarding the dimension of the observer. Recent research using
Lyapunov and LMI-based techniques has revived interest in designing finite-dimensional
observers and controllers (see, e.g., [23], [69], [70], [71] ). Based on feasible LMI conditions
and using a direct Lyapunov method, [23] constructed a finite-dimensional observer-based
control for the stabilization of a parabolic PDE with unbounded control and observation
operators, extending this approach to Dirichlet boundary control and measurement for
the heat equation in [69]. They were inspired by [60] and [61] to propose a suitable
Lyapunov function for studying the stability analysis of the closed-loop system. In [71] a
finite-dimensional linear control is proposed for a semi-linear parabolic PDE. The work
[23] was extended in |70] to the case of Dirichlet boundary control and either Dirich-
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let or Neumann boundary measurements. Finite-dimensional observer-based control has
been considered for the 2D and 3D parabolic PDEs in [72]. In contrast to the Lyapunov
method, in [73], a small-gain approach has been used to analyze the stability of the closed-
loop system with a linear finite-dimensional observer-based control law. This strategy
is used in [74] to tackle the problem of event-triggered finite-dimensional observer-based
output feedback stabilization for a 1D reaction-diffusion equation.

Example: Backstepping vs modal decomposition

Let us consider the 1D reaction-diffusion equation

z2i(tyx) = zza(t,x) + qz(t,x), (1.2)
A60) = 0, =(t,1)=U(), (13
2(0,z) = zo(x), (1.4)
(t,x) € (0,+00) x (0,1), U(t) is the control input, ¢ > 0 is the reaction coeflicient, z(t, )

is the PDE state.

The following change of variable

w(t,x) = z(t,x) — /OIB k(x,y)z(t,y)dy, (1.5)

accompanied by the feedback control

1
Us(t) = [ k(L 9)e(t.)ds (1.6
where k(-,-) is given as follows:
I z2—y?
k(z,y) = —qyl(\/q(éizi\/ijé))), 0<y<az<l, (1.7)

and I;(-) the modified Bessel function of first kind, transforms the system (1.2)-(1.3) into
the following one:

wi(t,z) = we(t,x), (1.8)
w(t,0) = w(t, 1) =0, (1.9)

which is globally exponentially stable in L2(0,1). On the other hand, following the modal
decomposition, we denote by ¢,(z) = 2sin(nmz) the eigenvector of the Laplacian

2

operator z — 2., associated to the eigenvalue \,, = —n?7%. By multiplying the equation

(1.2) by ¢,, and integrating over the interval (0,1) as follows:

1 1 1
/0 w1 2) (@) da = /0 e (b2 (2)d + /0 ot )b (2)d, (1.10)
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one derives

1 1
éit/o z(t, z)pn(z)dz = (An + q) / 2(t, ) (x)dz — ¢ (1)U (t). (1.11)

0
Let N > 0 such that A\, +¢ < 0 for all n > N + 1. By setting

= Jo #(t,x ¢n w)dz, by =—¢,(1), Z(t) = (a1(t), 22(t),- 2 (t)) T (1.12)
= (bl,...,bN)T, A = diag{\, + ¢}, (1.13)
one obtains the following projected system:
Z(t) = AZ(t)+ BU(t), (1.14)
Z2n(t) = (An+q@zn(t) +b,U(t), n> N. (1.15)

Since b, # 0 for all 1 < n < N, then the pair {A, B} is controllable; consequently, one
can design a globally exponentially stabilizing feedback law for the subsystem (1.14) as
follows:

Ut)=U(Z(t)) = KZ(t), (1.16)
where K € R™¥ is the control gain such that the closed-loop system
z2i(t,x) = zpz(t,z) + qz(t, x), (1.17)
z(t,0) = 0, =z(t,1)=KZ(t) (1.18)
2(0,z) = zo(z), (1.19)
with Z(t (fo (t,x)¢1(x fo z(t, z)on(z)d ) is globally exponentially stable

in L?(0, 1). Since the closed—loop system is in cascade, the exponential stability of the
system can be established using the Lyapunov stability property and the attractivity of
the origin.

In summary, the backstepping design impacts the entire spectrum of the
Sturm-Liouville operator SL : z — 2" + gz on the domain H?(0,L) N HE(0, L), without
specifically addressing individual eigenvalues. In contrast, the modal decomposition ap-
proach only affects the first NV eigenvalues of the SL operator, where N represents the
dimension of the finite-dimensional controlled subsystem. Consequently, modal decom-
position results in the design of a finite-dimensional controller, while the backstepping
method facilitates the design of infinite-dimensional controllers. Both approaches offer
distinct advantages, and neither diminishes the value of the other.

1.2.2.3 Control Lyapunov function method

The control Lyapunov function method, as described in [75, Section 12.1], uses an ap-
propriate Lyapunov function to design a feedback control law that ensures the desired
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Figure 1.5: Left: Evolution of the norm ||z(¢,)||12(0,1) of the closed-loop system (1.2)-
(1.3) with the backstepping controller (1.6) in blue line and finite-dimensional controller
(1.16) in red line in a logarithmic scale. Right: Time evolution of the control signal of
the backstepping controller (1.6) in blue line and the finite-dimensional controller(1.16)

in red line

stability of a given system. The author in [76] applied this approach for the boundary
stabilization of parabolic partial differential equations (PDEs). The issue of Lyapunov-
based nonlinear boundary stabilization for a class of one-dimensional reaction-diffusion
systems with a predefined rate of convergence is addressed in [77]. In [78], a nonlinear
control strategy was introduced to achieve global stabilization of the Burgers equation,
incorporating a quadratic Lyapunov function in its design. Additionally, the authors
of [79], [80] further developed the approach from [78] to extend its application to the
generalized Burgers equation.

Example 1.1
(]76]) Let us consider the following reaction-diffusion equation

2(t,x) = Zgolt,x) + 21°2(t, ), (1.20)
z(t,0) = 0, =z(t,1)=U(t), (1.21)

where z(t, ) is the PDE state and U(t) is the control input. By introducing the following
change of variable

w(t,:p) = Z(t,i()) - ¢($)U(t)a 1,/}(.%') = Sin(%rx)’ (122)
and the following virtual control input

() = Ut) + T2 U (), (1.23)
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one gets the following coupled ODE-PDE system

Uty = —TU@) + (1), (1.24)
wi(t,z) = wWee(t,z) + 2m%w(t, x) — Y(x)E(L), (1.25)
w(t,0) = w(t,1)=0. (1.26)

By multiplying the equation (1.25) by the function ¢(x) = /2sin(nz) and then integrating
over the interval (0,1), one obtains:

1 1
d /O w(t, 2)p(z)dz = 72 /O w(t, 2)é(z)dz + b (D), (1.27)
with b = — fol Y(z)p(x)dr. A control Lyapunov function for the system (1.24)-(1.26) is
1 2 1

V(t) = 1—;“(/0 w(t, x)qb(x)dx) + “21/0 w(t,x)dr + LU (t) (1.28)

for some a1, a2 > 0 and a feedback stabilizer for system (1.24)-(1.26) s

1
£(t) = / k(z)w(t, 2)da, (1.29)
0

with k(z) = $(=6 — n?)¢(z) for any § > 0. The change of variable (1.22) can be used
to estimate V (t) and £(t) in terms of the original state z(t,x) and original control input

Ut).

Norm of the system Control Signal

Figure 1.6: Left: Time Evolution of the Norm |[[z(¢,-)||2(,1) for the Solution of the
Closed-Loop System (1.20)-(1.21) and (1.24). Right: Control Signal U(t) as Described
in (1.24) and (1.29)
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Figure 1.7: Peaking effect for a double integrator: Left: Norm of the state with linear
control in blue line and high gain linear control in red line. Right: Linear control signal
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On modal decomposition for nonlinear parabolic PDE

The main difficulty of modal decomposition for nonlinear PDEs lies in the coupling of the
solution modes, which is introduced by the nonlinearity. The authors of [81] first solved
the local stabilization problem for the 1D nonlinear Kuramoto—Sivashinsky equation us-
ing the modal decomposition approach and in parallel the problem of global stabilization
of the semilinear heat equation with global Lipschitz nonlinearity [71] even with an input
delay [82]. They showed the stability of the closed-loop system by constructing an appro-
priate Lyapunov functional combined with the Parseval identity. The Parseval identity
helps for the compensation of the nonlinear terms in the nonlinear PDE system. A sim-
ilar procedure is used in [83] for the output-feedback stabilization of the 1D nonlinear
Kuramoto—Sivashinsky equation using a finite-dimensional observer. Recently, in [84], a
finite-dimensional sampled data observer-based control has been designed for the Burgers
equation.

In the aforementioned papers utilizing the modal decomposition approach, finite-
dimensional linear controllers have been designed for the stabilization of both linear and
nonlinear parabolic PDEs. The simplicity of linear controllers makes them well-suited for
both application and implementation, while also facilitating a more straightforward well-
posedness analysis of closed-loop systems. However, situations requiring robustness may
benefit from alternative approaches like sliding-mode controllers [85], [86], [87], which
can outperform linear controllers. In this context, the authors of the paper [88] pro-
posed a finite-dimensional sliding mode output-feedback controller based on an infinite-
dimensional linear observer for the stabilization of parabolic equations through modal
decomposition. The stability analysis was conducted using the Lyapunov stability prop-
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erty and the attractivity of the origin due to the cascade structure of the closed-loop
system. They also provided numerical simulations that illustrated the robustness of
the constructed sliding mode controller in comparison to the linear controller. Linear
controllers also have some other significant drawbacks, including the peaking effect, ex-
pressed in large overshoots during transient phases [89], [90], [91], [92]. The substantial
overshoot of linear controllers (see Figure 1.7 for a numerical example) during the initial
phase of stabilization—resulting in high energy consumption—can be particularly detri-
mental in applications such as active flow control, where the goal is to design control
algorithms that stabilize flows (modeled by the viscous Burgers equation) with mini-
mal energy use. The issues related to the peaking effect and large overshoot associated
with linear controllers can be mitigated by transforming them (or as we often refer to as
“upgrading") into the so-called homogeneous controllers.

1.3 Homogeneity theory for nonlinear control design

Homogeneity is a type of symmetry of an object (function or set) with respect to a group
transformation (dilation). This concept appears in many physical models and control
systems. A dilation is a group action that scales variables, and various (isotropic and
anisotropic) dilations have been studied in the literature. For example the following
dilations stand out (see also Figure 1.8):

e Standard (isotropic) dilation introduced by Leonhard Euler in the 18th century.
e Weighted dilation introduced by by V.I. Zubov [93].
e Geometric dilation generated by unstable C! vector field [94].

e Linear dilation generated by an anti-Hurwitz matrix [95].

The standard (Euler) homogeneity means that a function f(x) satisfies the scaling

property:
fe’x) =€’ f(z), VseR, xeR",

where v€ R is the degree of homogeneity and x — e®z is the standard dilation.
Generalized homogeneity, introduced by Zubov in 1958 [93], uses a weighted dilation of

the form:

18 s

(1,29, ...,2pn) — (€™%x1,e%x9, ..., ™%x,), sER,

where the weights 1,72, ...,7r, > 0 specify the dilation rate for each coordinate.

More general nonlinear (geometric) dilations have also been studied, including those
generated by non-commutative vector fields or more complex transformation groups [96],
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Figure 1.9: Homogeneity: Basic properties of homogeneous systems and advantages of
homogeneous controllers.

[97], [98]. A specific case of geometric dilation is the linear (geometric) dilation [99],
given by:

Ggs

T e 4,

where Gq € R™™" is an anti- Hurwitz matriz (i.e., —Ggq is Hurwitz).

Homogeneous systems offer several valuable properties: local stability can often be
extended globally, convergence rates can be inferred from the homogeneity degree [100],
and such systems frequently yield more accurate approximations than linearizations [101],
[102]. Even when a system lacks a controllable linear approximation, it may still admit
a controllable homogeneous approximation.

In control theory, homogeneity is useful for stability and controllability analysis,
and for the design of nonlinear controllers and observers [101], [103], [104], [105].
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Homogeneity-based control bridges linear and sliding mode control and has been suc-
cessfully applied to finite-dimensional systems [95], [105], [106], [107], [108].

For instance, homogeneous feedback laws solve classical problems like minimum-time
control of double integrator [109].

While linear controllers are simple to implement and analyze, homogeneous nonlinear
controllers provide significant performance benefits. In particular, they enable finite- or
fixed-time stabilization [110], [111], faster convergence, and avoidance of the peaking
effect. More details on this topic-core content of the thesis- will be given in Section 2.2
of Chapter 2.

1.4 Problems addressed in this thesis, structure and main
contributions

This thesis focuses on designing homogeneous finite-dimensional controllers for infinite-
dimensional systems modeled by some classes of PDEs using a modal decomposition
approach. This approach allows to separate the PDE into two components: a controlled
finite-dimensional part, which includes unstable modes, and an uncontrolled infinite-
dimensional residual part that contains stable modes. The objective of this study was
to design homogeneous controllers for the controlled finite-dimensional subsystem and to
conduct a stability analysis using an appropriate Lyapunov function.

As we have discussed in Subsection 1.2.2.2, in the existing literature on the stabiliza-
tion of parabolic PDEs through modal decomposition, several control design strategies
are employed. For example, the classical linear control design, which enables exponen-
tial stabilization and whose stability analysis relies on the use of a quadratic Lyapunov
function. Another approach utilizes nonlinear controllers, specifically sliding mode con-
trollers, with stability analysis based on Lyapunov stability properties and the attrac-
tivity of the origin. Other approaches employ saturated controllers that lead to local
stabilization, with stability analysis conducted using a quadratic Lyapunov function.

This thesis represents the first study on stabilizing linear and nonlinear parabolic
PDEs by employing nonlinear homogeneous-based control strategies and conducting sta-
bility analysis based on suitable Lyapunov functions that feature switching and account
for the degree of the homogeneity. Our main contributions are summarized as follows :

Part I

The first part of the thesis presents the design of finite-dimensional homogeneous con-
trol for the linear reaction-diffusion equation, as well as the design of a homogeneous
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predictor-based feedback for the reaction-diffusion equation with boundary input delay.

In both scenarios, stability analysis is conducted through

the construction of suitable

Lyapunov functions. We put special emphasis on the nonlinear (locally non-Lipschitz)

nature of the controllers and the well-posedness results.

C1). In Chapter 3, we consider the problem of boundary stabilization by means of

homogeneous feedback for the following 1D reaction-diffusion PDE:

Oz(t,x) = Opzz(t,z)+qz(t, ),
z(t,0) = 0,
z(t,1) = U(t),
z2(0,z) = zo(z)

where z(t,x) is the PDE state at time ¢ and position x,q is
is the control input and the initial condition is zg.

(t,x) € (0,+00) x (0,1)

the reaction coefficient, U(t)
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We propose a boundary controller, designed via the modal decomposition approach,
having the following form:

U(t):/o HIPU(s), (5, ds, ¥t >0, (1.34)

where H : R¥*1 — R is the nonlinear homogeneous feedback law, P is the projection
map given by
P:RxL*0,1) — RN (1.35)
T
(U7Z) — BU + <07 <27¢1>7"' 7<27¢N>) (136)

with

dn(z) = V2sin(nmz), B=(1,by,,by)" Lbp=Y2EU" 0 > 10 (1.37)

nm

and N number of unstable modes. Next, by constructing a Lyapunov function defined
as follows

V(t) = u(PWU @), 2(8,)) + D n?x?[(=(t ), ¢u()) + baU (D), (1.38)

n>N

where Q; € Ko, we prove that the closed-loop system with the homogeneous state-
feedback law is globally AS in H'(0,1), i.e, there exists 8, € KL,

V20, (2t N < BilllzolZ o D) (1.39)

Next, we design a linear infinite-dimensional observer and study the output-feedback
stabilization of the system using the homogeneous control output-feedback law

U(t):/o HIPU(s), 2(5, Nds, ¥t >0, (1.40)

where Z is the state of the observer. In this case, we also conduct stability analysis by
considering the following Lyapunov function

V(t) = u([PU), 2(t, )) + Xy 2°72(2(E, ), dn () + b U@+ (1.41)
Qa([l2(t, ) — 2(t, ) H10,1))5 (1.42)

where s € K and next we have shown that there exists 8y € KL such that
V>0, 112020 + 206 ) — 26 )2 < AelllzolBno ). (143)

In both scenarios—state feedback and output feedback—we analyze the well-posedness
of the closed-loop system. Finally, we provide numerical simulations comparing the
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homogeneous controller and the linear controller in terms of closed-loop performance,
particularly regarding the peaking phenomenon and the overshoot of the control signal.

C2). In Chapter 4, we consider the 1D reaction-diffusion equation with the input
delay

Oz(t,x) = Opzz(t,z)+qz(t,z), (t,x) € (0,400) x (0,1) (1.44)
2(t,0) = 0, z2(t,1)=U(t—r), (1.45)
2(0,2) = z(x) (1.46)

where z(t,z) is the PDE state at time ¢t and position z, ¢ is the reaction coefficient,
U(t — r) is the delayed control input and the initial condition is zp. We have shown in
this part that under the following nonlinear homogeneous predictor feedback law

0 if t<nr,

U(t_r):{ T UP(U(s), (s, Nlds it > (1.47)

where P(U(s), (s, -)) is the finite-dimensional predictor (using the Artstein transforma-
tion), the closed-loop system satisfies:

vt >0, [zt ')H?{l(o;) < /83(”20"?“{1(0,1)775)7 (1.48)

and
Ut—r)=0, (z(t,),¢6n)=0, n=1,--- N, Vi>T+r, (1.49)

with B3 some KL function. The proof of the AS is based on the following Lyapunov
function

V(t) = ([Pt —7),2()) + friax{tf,ﬂ,o} YIPU —r), 2(t,)) + (1.50)
YonsN n2m2[(z(t, "), on(-)) + b Ut —7)|?, ¥Vt >0, (1.51)

where ¢ is a K. Furthermore, we provide numerical simulations that illustrate the
closed-loop performance of the homogeneous predictor compared to the linear predictor.
Notably, the homogeneous predictor feedback achieves faster convergence, successfully
avoids peaking effects, and exhibits a smaller overshoot compared to the linear predictor
feedback.

Part 11

In this second part, we concentrate on the design of homogeneous controllers for nonlinear
systems in both finite and infinite dimensions. Initially, we developed homogeneous con-
trollers for the finite-time local stabilization of quasi-linear systems derived from viscous
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Burgers’ equation. Then, due to the fact that quasi-linear systems offer an approxima-
tion of the Burgers equation with less precision, they require very small discretization
steps or a large number of modes when employing finite difference or Galerkin methods
for satisfactory approximation. This can lead to a reduced model with very large ma-
trices, complicating controller implementation. Thus, it is essential to directly propose
finite-dimensional homogeneous controllers for the Burgers equation. Hence, drawing
inspiration from our results of the first part of the thesis, we employ the modal decompo-
sition approach to design homogeneous controllers for the local asymptotic stabilization
of the Burgers equation. The stability analysis in this case is more complex due to the
presence of nonlinearity. Unlike the previous scenario (homogeneous stabilization of the
reaction diffusion equation), where global stability is achieved, the closed-loop nonlinear
systems in this instance are only locally stable. The main challenge here is to identify
techniques that can be employed for the compensation of the nonlinear terms.

Counsider the 1D viscous Burgers equation

Oz(t,x) = vOppz(t,x) — 2(t,x)0z2(t,x), (t,x) € (0,400) x (0,1)  (1.52)
2(t,0) 0, (1.53)
z(t, 1) U(t), (1.54)
2(0,z) = zo(z) (1.55)

(t,z) € Ry x [0,1] , where z(t,z) is the velocity of the flow at position = and time ¢, v
is the viscosity , ¢ > 0 is the reaction coefficient, zp the initial condition and U(t) € R is
the control input.

An ODE approximating Burgers equation using the finite-difference method can be
defined as follows:

2(t, xip1) — 22(t, x3) + 2(t, 251) 2(t, zip1) — 2(t, 2 1)

Z(tvxi) =V A2 - Z(tvxi) 2IAL )
Z(t,l’o) = 07
z(t,zpy) = U), i=1,--- ,M—1,

where M > 1 is an integer and A, = 1/M is the step of the discretization.Setting
Z(t) = (z(t,x1), -, 2(t,xp—1)) "
one obtains the following quasi-linear system
Z(t) = (A+W(Z(1))Z(t) + (B+Q(Z(1)U (1) (1.56)

with
AGR(MA)X(M*U, B eR(M*l)Xl’
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the maps W : RM~1 — RIM=Dx(M-1) ynd @ : RM~1 — RM~1 are linear with respect
to their arguments.

C3). In Chapter 5, we study system (1.56). We exploit convex embedding techniques,
to design an homogeneous feedback law having the following form:

U(t) = H[Z(t)], Vt>0, (1.57)

H : RM~! 5 R is the homogeneous controller map such that the closed-loop system is
locally stable and
Z(t)=0, Vt>T, (1.58)

where T is the settling time. Existing methods for designing finite-time controllers for
quasi-linear systems have employed approaches such as the controllability function,
control Lyapunov function, and implicit Lyapunov function. However, these methods
often yield controllers that are not easily implementable in experimental settings. In
this section, we propose an LMI-based homogeneous control design for the finite-time
stabilization of a quasi-linear system. Additionally, the presented LMIs enable a positive
control signal, which is particularly advantageous for blowers used in turbulent flows.
Utilizing blowers with a positive signal helps ensure efficient, stable, and controlled
performance while minimizing undesirable effects such as pressure drops, noise, and
vibrations.

C4). Chapter 6, deals directly with the control design of 1D viscous Burgers equation
with a reaction term

Oz(t,x) = vOppz(t,x)+ qz(t,x) — 2(t,2)02(t, x), (1.59)
z(t,0) = 0, =2(t,1)=U(t), (1.60)
2(0,z) = zo(x) (1.61)

where (¢t,z) € Ry x [0,1] and ¢ is the reaction coefficient.

In contrast to previous work, where homogeneous controllers were designed for the
reduced models of the Burgers equation, the objective of this chapter is to develop ho-
mogeneous controllers directly (i.e., late lumped approach) for the Burgers equation. We
employed again the modal decomposition approach in synergy with homogeneity theory
to propose a homogeneous controller having the following form:

U(t) = /0 H[P(U(s), z(s,-))]ds, Vit >0, (1.62)

ensuring that the closed-loop system is locally asymptotically stable in H'(0,1). The
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proof of the asymptotic stability of the closed-loop system is established using the Lya-
punov function

V(t) = QUPU®), 2D+ D n*w[(z(t ) ¢a() + 0. U )P, VE= 0. (1.63)

n>N

and Q € K, function. The Lyapunov function considered in this case is inspired by that
used for the stabilization of the 1D reaction-diffusion equation.

Due to the nonlinear term zz, present in the Burgers equation, the closed-loop system
with a homogeneous feedback law is interconnected, in contrast to the reaction-diffusion
case, where the closed-loop system with a homogeneous feedback law is a cascade system.
We have shown in this part that given r > 0 sufficiently small, for any initial condition zg
satistying ||zo/| g1(0,1) < 7, any solution of the closed-loop system with the homogeneous
feedback law satisfies

vE>0, |[z(t, ')H%{l(o,l) < 64(||ZOH§{1(0,1)=75)7 (1.64)

with 84 € L. A similar analysis was conducted for the output-feedback stabilization
of the Burgers equation using homogeneous control, yielding the same results: namely,
local stability of the closed-loop system and global existence of solutions.

1.5 Positioning of our contributions concerning existing re-
sults on control design via the modal decomposition ap-
proach for the considered class of systems.

In this section, we situate the contributions presented in this thesis within the frame-
work of existing results on the stabilization of reaction-diffusion equations, both with
and without input delay, as well as on the stabilization of the Burgers equation through
a modal decomposition approach. As previously mentioned, most existing results on the
stabilization of partial differential equations (PDEs) via modal decomposition involve the
design of linear controllers, with stability analyses typically conducted using a quadratic
Lyapunov function. There are very few results that utilize nonlinear control strategies,
specifically sliding mode control or saturation control. In the case of sliding mode control,
the stability analysis of the closed-loop system has employed the properties of Lyapunov
stability and origin attractivity. Conversely, when using controls with saturation terms,
only local stability can be achieved due to the inherently unstable nature of the parabolic
systems considered. The stability analysis is done using a quadratic Lyapunov function.
In this thesis, we propose a nonlinear control strategy (homogeneous control) that glob-
ally stabilizes the reaction-diffusion equations, accompanied by an analysis that includes
the construction of a appropriate Lyapunov function.
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e of control ) )
Linear control strategy Nonlinear control strategy
Type of system
1D reaction-diffusion | [23], [69], [70], [73],[59], | Sliding mode control ([88]),
equation [65], [112] Saturating control  ([113],
[114]), Homogeneous control
(Chapter 3)
1D reaction-diffusion | [61], [63], [62], [115], [116], | Homogeneous control (Chap-
equation with input | [117], [118],[119] ter 4 )
delay
Nonlinear parabolic | [81], [83], [84] Homogeneous control ( Chap-
PDE with the same ter 6 )
kind of nonlinearity as
Burgers equation

Table 1.1: Positioning of our contributions concerning existing results on the stabilization
of parabolic PDEs via the modal decomposition approach

Publications

e M. Ayamou, A. Polyakov, N. Espitia "Locally homogeneous finite time stabilization

of quasilinear systems”, Proc. of the 62nd IEEE Conference on Decision and Control
(CDC), Singapore, 2023 [120]

M. Ayamou, N. Espitia, A. Polyakov, E. Fridman, "Finite-dimensional homogeneous
boundary control for a 1D reaction-diffusion equation”, Proc. of the 63nd IEEE
Conference on Decision and Control (CDC), Milan, 2024 [121]

M. Ayamou, N. Espitia, A. Polyakov, E. Fridman, "Homogeneous predictor feed-
back for a 1D reaction-diffusion equation with input delay ”, Furopean Control
Conference (ECC), 2025 [122] (accepted also for publication in a special issue of
European Journal of Control https://doi.org/10.1016/j.ejcon.2025.101336)

M. Ayamou, A. Polyakov, N. Espitia, E. Fridman, "Homogeneous boundary con-
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Journal of Mathematical Control and Information, https://doi.org/10.1093/
imamci/dnaf033, [123]
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2.1 Stability Notions

The concept of stability, as introduced in Lyapunov’s thesis [124], is one of the central
concepts in modern control theory. The stability is a critical concept that refers to the
behavior of dynamical systems over time in response to initial conditions and external
inputs. The following definition is inspired by [124], [125],[126], [100], [127].

Definition 2.1
Let Q C R™ be an open neighborhood of the origin. The system

i(t) = f(z(t), =z(0)= =0, (2.1)
where x € R™ and f : R™ — R™ with f(0) =0 is said to be

e Lyapunov stable if there exists o € K such that

@)l < alllzoll),  VE > to, Vao € &; (2.2)

29
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asymptotically stable if it is Lyapunov stable and

lim |lz(t)]| =0, Vzoe (2.3)

t——+o0
e exponentially stable if there erists some positive constants M,§ > 0 such that

lz(t)|| < Me % |xo||, Vt>0,Yzge Q; (2.4)

finite-time stable if it is Lyapunov stable and

Vzg € Q,3T(x0) € (0,+00) such that x(t) =0, Vt>T(xp); (2.5)

nearly fixed-time stable if it is Lyapunov stable and

Vr >0, 3T.€ (0,+00) such that |z(t)]|<r, Vt>T, VrgeQ; (2.6)

e fized-time stable if it is Lyapunov stable and

T € (0,400) such that z(t) =0, Vt>T, VxyeQ. (2.7)

The set Q is called the domain of attraction. If Q = R"™, then the origin is globally stable.
Example 2.1 e Lyapunov stability: A linear system
z(t) = Ax(t), x(0) = xo, (2.8)
where A€ R™ ™ 4s such that R.(A) <0, is Lyapunov stable;

o Asymptotic stability: any solution of the system

i(t) = —23(t), x(0) = o, (2.9)
satisfies
|z(t)| < |xo| and tiiinoo |z(t)| = 0. (2.10)

o Frponential stability: the unique solution of the following system
&(t) = —ax(t), x(0)= xo, (2.11)

where a > 0, satisfies
lz(t)| < e”|zo|, ¥t >0. (2.12)
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e Finite-time stability: the unique solution of the following system
i(t) = —alz(t) M Psign(z(t),  z(0) = xo, (2.13)
where a > 0, € (—1,0) satisfies

()] < lzol, VE>0, and w(t)=0, ¥t>T(z) =Lt (2.14)

e Nearly fized-time stability: for p > 0, the unique solution of the system (2.13)
satisfies

1
lz(t)|<|zo|, Vt>0, and Yr>0, |z(t)|<r, vtz ——, VroeR. (2.15)
ria

o Fized-time stability: the solutions of the following system
#(t) = —a(ja ()| + |x ()] H2)sign(a(1)) (2.16)
where a > 0, —1 < pu1 <0 < py satisfies

lz(t)| < |xo|, Vt>0, and x(t)=0, vt>-L4 L (2.17)

2.2 Homogeneity in finite dimensional settings

2.2.1 Preliminaries on homogeneity

We provide an overview of the main concepts and revisit the idea of homogeneity with
respect to linear dilation.

Dilation

The following definition of dilation is mainly inspired by [97], [94] . A family of operators
d(s) : R" — R™ with s € R is a continuous dilation in R™ if it satisfies:

e group property : d(0)z==x, d(s) od(t)x = d(s+ )z, Vz € R",Vs,t € R;

e continuity property : the mapping s — d(s)x is continuous, Vo € R™;
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Figure 2.1: Plot of solutions for systems exhibiting asymptotic (2.9), exponential (2.11),
finite-time (2.13), and fixed-time (2.16) stability .

e limit property: liminf ||d(s)z| = 400 and limsup ||d(s)z|| =0, Yz #0, where || - ||
s§—+00 $—»—00

is a norm of R™.

A dilation d is linear [99] if d(s) € R™ " is linear operator for any s € R. Being a Lie
group !, any linear continuous dilation d in R” admits the representation :

[0.9] .
iGY
d(s) = e*Cd = E Sﬂd, s € R,
=0

(2.18)

where Gg € R™ " is an anti-Hurwitz matrix called a generator of d. In [98], [128], the
dilation d is proposed to be generated as the flow of a C! vector field in the following
(2.19)

manner:
d(s)r = ¢u(s), Vo R,
1

1A Lie group is a group G which is also an analytic manifold such that the mapping (z,y) — xy~

of the product manifold G x G into G is analytic
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where ¢, is the solution to the following system:

O(s) = F(¢(s)), ¢(0) =z, seR,

with the vector field F' : R™ — R”™ such that the origin of the system z = —F(z) is
globally uniformly asymptotically stable. In our case, we consider the so-called linear
geometric dilation, where the vector field F': x — Ggqx is linear, and the matrix —Gyq is
Hurwitz.

Example 2.2
In this example, we consider three classes of dilation, as introduced in Section 1.3, and
give an numerical example (see Figure 2.2) on a sphere of radius 1.

e Uniform dilation : d(s) = e°I,;

o Weighted dilation : d(s) = diag{e™*®,e™* - e™*} withr; >0 for all 1 <i<mn;

e Linear (geometric) dilation: d(s) = e*%4 where Gq is an anti-Hurwitz matriz.

Definition 2.2
A dilation d is monotone if s — ||d(s)x|| is a monotone increasing function for any

x # 0.
A linear continuous dilation in R™ is monotone with respect to the weighted norm
PG4+ GqP =0, P»0. (2.20)

Any linear continuous and monotone dilation in a normed vector space also introduces
an alternative norm topology.

A function || - ||q : R™ — [0, +00) having the properties [129]: ||0]|q = 0 and
|z|la = e®, where s, € R: ||d(—sz)z|lp =1, z#0, (2.21)

is a canonical d-homogeneous norm in R", where d is a linear continuous dilation being
monotone with respect to the norm || - ||p . Note that || - ||g : R™ — Ry is single-valued,
continuous on R™ and continuously differentiable on R™\{0}:

Azlla _ z'd" (= In||z]a)Pd(~In|z]a)

o 4o, 2.22
or T el PGadC e © 7 o

and for all x € R™, one has
[d(—(l|zlla))z][p = 1. (2.23)
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d(0) di(s)

Figure 2.2: Tlustration of different dilations on a sphere of radius 1. Coordinates
of each marker are scaling by dilation d;(s) = e*%di i = 1,2,3,Gq, = I3,Gq, =

20 0 1 0 15
(01.5 0 ),Gd3: ( 1050 >,s:0.3.
00 05 0515 1

Proposition 2.1

[95] For the d-homogeneous norm || - ||q induced by the weighted Euclidean norm || - ||p
one has :
lzllg < llellp < llzllg, Yz e R™:zp <15 (2.24)
lzlla < llellp < llzllg, Vo eR™:|z]p =1, (2.25)
with
v — )\max(P1/2GdP—1/22+P—1/2GdTP1/2)7 S )\min(Pl/QGdP—1/22+P—1/2GIP1/2). (2.26)

In addition, for any x € R™ one has
mz||% < 2T PGazx < v||z||%. (2.27)
If there exist a,b > 0 such that
2aP < PG 4+Gy P <2bP, (2.28)

then a < 1T <wv <b.
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Proposition 2.2
[95] Let d be a dilation generated by an anti-Hurwitz matric Gg € R™™ and let 0 < P =
PT € R™ ™ satisfies (2.20). Then,

(2.29)

with v, T defined in (2.26).

Homogeneous mappings

Vector fields that are homogeneous with respect to a dilation d possess many valuable
properties for control design and state estimation in both linear and nonlinear systems.
They also play a significant role in analyzing the convergence rate.

Definition 2.3
[94] A function f:R™ — R is d-homogeneous of degree u € R if

fd(s)z) =e*f(z), VxeR", VsekR (2.30)
Example 2.3
Let p,q > 0 and o, > 0 such that ap = Bq. The function f(z,y) = 2P + y? is
as 0
d-homogeneous of degree ap with the dilation d(s) = ‘ 5
0 e

Definition 2.4
[94] Given a vector field f : R™ — R", f is d-homogeneous of degree p € R if

fd(s)z) =e'd(s)f(z), VYxeR" VseR. (2.31)

fd(s)x)=ed(s)f (x)

/@) a6

Figure 2.3: Homogeneous vector field f of degree p with respect to the dilation d

Homogeneity of a mapping implies homogeneity of any other mathematical object
induced by this mapping. For example, a derivative of a smooth homogeneous function
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is homogeneous too, a flow generated by a homogeneous vector field is homogeneous as
well. Being nonlinear, homogeneous dynamical systems have many properties useful for
control systems design and analysis.

2.2.2 Homogeneous systems

Homogeneity is a property of mathematical objects that is akin to symmetry, defined by
the preservation of a specific multiplicative scaling. In a homogeneous dynamical system,
the key characteristic is the scalability of its solutions.

Symmetry of solutions

Let us consider the following system:
i(t) = f(a(t)), (0) = w0, (2.32)

with z(t) € R", g € R™ the initial condition and let f : R®™ — R™ be homogeneous
vector field of degree p € R with respect to the standard dilation d(s) = €°I, i.e.,

flefz) = eV f(z), Vo eR", VseR. (2.33)

Any solution of the Cauchy problem (2.32) is symmetric with respect to the dilation of
the initial state xg in the following sense

x(t,e’xg) = e’x(e!’t,xg), VYVt >0, VseR. (2.34)

Example 2.4
Consider the following system

i(t) = —x?(t), z(0) =z, t>0, (2.35)

with the initial condition zo > 0 and p > % By setting f(x) = —2?P, one has f(e®r) =
e+ £ () with = 2p — 1 for all s € R. The exact solution is given by
1
2(t, 20) = o (1 +(2p— 1)1:3”*%) =2 4. (2.36)

For all s € R, one has

1
x(t, e*xg) = esx()(l +(2p— l)xgp_le@p*l)st) =2 e*x(ePP~V%¢ 10), Vi > 0. (2.37)

More generally, one has the following theorem borrowed by [93], [94], [110]:
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Theorem 2.1
Given a linear continuous dilation d and a d-homogeneous continuous vector field f :
R™ — R"™ of degree u € R ,any solution x(t,zo) of the Cauchy problem

o(t) = f(x(t), x(0) = o, (2.38)
with xg € R™ the initial condition satisfies
x(t, d(s)xo) = d(s)z(e"*t, xp), (2.39)

for all s € R and for allt > 0.

This theorem has several corollaries that are crucial for the qualitative analysis of
homogeneous systems. For example, local stability always implies global stability, and
the existence of strictly invariant compact sets guarantees asymptotic stability.

Homogeneous Lyapunov function theorem

The Lyapunov method is a powerful tool that provides sufficient conditions for determin-
ing the stability of general nonlinear systems without the need to explicitly compute their
solutions. It is the primary method used for stability analysis and stabilization of both
finite and infinite-dimensional linear/nonlinear systems. This raises the natural question
of whether the homogeneity of the Lyapunov function must be imposed for homogeneous
systems. Vladimir Zubov [93]| proved only the existence of a continuous homogeneous
Lyapunov function, while Lionel Rosier [103] constructed a smooth one using Kurzweil’s
converse Lyapunov theorem.

Theorem 2.2
Let d be a linear continuous dilation and f € C(R™\{0},R") be a d-homogeneous vector
field of degree p € R and f(0) = 0. The system

i(t) = f(zt), 2(0) = o, (2.40)

with x(t) € R™ is asymptotically stable if and only if there exists a positive definite
homogeneous function V€ C(R™) N C>°(R™\{0}) of degree m such that

V(z) < —pV'm () (2.41)

where p > 0 is some number.

Example 2.5
Let us consider the system

z;(t) = —pB|zi(t)|Psign(zi(t)), xi(0) =20, p>0, i=1,---,n (2.42)
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where n € N*, 8 > 0 which is homogeneous of degree p — 1 with respect to the standard
dilation d(s) = €°I,,. Let us define the Lyapunov candidate

Vg, an) =35> 22(t), (2.43)
=1
which s d-homogeneous of degree m = 2 provided that V(e*zy,---,e°x,) =

e?V (1, , ) for all s € R. Along the solutions of the system (2.42) one has

N
_ p—1
Ve, an) = B )P < =BV (21, ), (2.44)
=1

_ 1-p _
with 8=0n"2 forp>1and B =0 for p € (0,1) and one obtains the claimed result in

Theorem 2.2.

Characterization of convergence rates of homogeneous systems

The following theorem is borrowed by [100], [108],[95]:

Theorem 2.3

Let d be a linear continuous dilation and f € C(R™\{0},R") be a d-homogeneous vector
field of degree p € R and f(0) = 0. If the system (2.40) is locally asymptotically stable
then

o for p < 0 it is globally finite-time stable;

o for p =0 it is globally exponentially stable;

o for u > 0 it is globally nearly fived-time stable.

The fixed-time stability of locally homogeneous systems was discovered in [104].

Example 2.6
We consider the following system

a1 _ _, [le®lPsien(e(t) (2.45)

o (t) |z2()[Psign(z2(t))

with the initial condition (x1(0),22(0)) = o = (1,—1) and p € {0.2,1.2}. Applying the
previous theorem, this system is globally nearly fized-time stable for p = 1.2 and globally
finite-time stable for p = 0.2.
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Error Norm Error Norm
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Figure 2.4: Left: Time evolution of the norm |(z1(t), z2()) |, in logarithmic scale of the
system (2.45) with different initial conditions with p = 0.2. Right: Time evolution of
the norm |(x1(t), z2(¢)) "], in logarithmic scale of the system (2.45) with different initial
conditions with p = 1.2.

2.2.3 Homogeneous control for LTI systems

Now, we give the result of the homogeneous stabilization of the following linear control
system:

&(t) = Az(t) + Bu(t), (2.46)
with the initial condition z(0) = xg where x(t) € R" is the state, A € R"™" B € R**L,
Theorem 2.4
[95], [111] Let the pair {A, B} be controllable. Then

e any solution Yy € R1*" | Gy € R™™ of the linear algebraic equation

AGy — GopA+ BYy=A, GoB =0, (247)
is such that the matriz Gq := I, + uGo is anti-Hurwitz for any p € (—1, %) where
n is the minimal number such that rank[B, AB, - - - ,Aﬁle] = n, and the matrix
Ao = A+ BKy with Ko := Yo(Go — I,)"! satisfies the identity

AoGg = (Gg+ pln)Ao, GgB = B; (2.48)

e the following Linear Matriz Inequalities (LMIs)

AgX+XAJ+BY+Y BT 4p(GaX+XG}) =0, (2.49)
GaX+XGy~0, X=X"%0, (2.50)

have solutions X € R™"™ and Y € RY™™ for any p € Ry;
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e the canonical homogeneous norm || - ||q induced by the weighted norm || - || x-1 is a
Lyapunov function of the system (2.46) with the homogeneous feedback law

u(z(t)) = Koz(t) + N(x(t)),  N(2(t)) = |a(t)lg" K d(—In||lz(t)]a)(t), (2.51)

where K := YX~1 | X|Y solutions of the LMIs (2.49)-(2.50) and d is a dilation
generated by the anti- Hurwitz matriz G g;

o the solution of the closed-loop system (2.46) and (2.51) satisfies

dl|z(t
e < oy, w0, 252

Remark 2.1
The identity AgGq = (Gg+ pln)Ao in (2.48) ensures that the vector field x — Aoz is
d-homogeneous of degree p, where d(s) = eG4, Thus, the lincar feedback law Kox(t)
effectively "homogenizes" the linear system described by (2.46). For pu € (—1,0), the
inequality (2.52) indicates that the solution of the closed-loop system (2.46) and (2.51)
satisfies

z(t) =0, Vt>T(xo), (2.53)

—p
where T(zo)g% represents the settling time.

Example 2.7
We perform the numerical simulations on the system (2.46) with

0 -1
, o= . (2.54)
0 0 1 1

A:

Using Homogeneous Control Systems (HCS) Toolbox for MATLAB [130] , the homoge-
neous control parameters are :

p=-02Ky=(0,0), K=(-12,-7), Gg=

2.3 DMotivation to design a homogeneous control for linear
plant: peaking effect in linear control systems

In this section, we explain the concepts of overshoot and the peaking effect in closed-loop
systems with linear control. We present existing results that address this phenomenon in
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Control signal
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[2(®)]
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1045,

Figure 2.5: Left: Norm of state |z(t)| of the closed-loop system (2.46) with the homoge-
neous feedback law (2.51) . Right: Homogeneous control signal (2.51) .

a broader context and provide examples to illustrate the notions of overshoot and peaking
in linear systems. It is important to note that this section is essential for our thesis, as
we will subsequently illustrate how the advantages of the homogeneous controller, in
comparison to linear control, relate to these phenomena—specifically, the peaking effect
and overshoot.

2.3.1 On the peaking problem in LTI systems

Consider the following SISO LTI system:
x(t) = Ax(t) + Bu(t), (2.55)

with the initial condition z(0) = xo where z(t) € R" is the state, A € R®*" B € R"*L.
Assuming the pair { A, B} satisfies the Kalman rank controllability condition, then {A, B}
can be assumed to be in the canonical controllability form without loss of generality.

Hence, A= J, = ((O(n_l)xl,In_l)T,Onxl)T and B =(0,...,0,1)".

Since the pair {A, B} is controllable then there exists K € R*™ such that R.(A +
BK) < 0 . The closed-loop system with linear state feedback is exponentially stable,
with a decay rate that can be arbitrarily adjusted by suitably tuning K (the higher the
gain, the faster the convergence). Assume now that the initial state is bounded as follows:
|z(0)| < 1, and that the control aim is to stabilize the state of the system (2.55) into a
ball of a small radius € > 0 in a prescribed time 7' > 0, i.e.,

lz(t)| <€, Vt>T. (2.56)

As mentioned earlier, with a static linear controller (full state or output feedback), one
can obtain a closed-loop system with arbitrarily fast decay. More precisely, we can derive
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the following properties:

Ve >0, IKecRY™™: sup |z(t)|<e t>T, (2.57)
|zo|=1
lz(t)| < Me™%, t>0, (2.58)

where M > 1 depends on the eigenvalues of the matrix A+ BK, for which the real parts of
its eigenvalues are less than —9 for some positive § > 0. Notice that the smaller € > 0 the
larger § > 0 has to be assigned to solve the control problem (2.56). In particular, 6 — oo
as € — 0 provided that T is fixed. According to [89], there exists v > 0 independent of &
such that

sup sup |z(t)] > oL (2.59)
ogtg% lz(0)|=1

This means for n > 2,

sup sup |z(t)] = +o0 as € — 0. (2.60)
ogtg% |z(0)|=1

Therefore, using high gains to solve the problem (2.56) implies that the closed-loop linear
system will have large deviations from the origin during the initial phase of stabilization.
This phenomenon is called the “peaking effect" ? and the large deviation is referred to as
an “overshoot" (see, e.g., [92] and [89].).

Example 2.8
Let us consider the following double integrator system:

:'El(ﬂ = X

2(t), (2.61)
La(t) = u(

t), (2.62)
where (z1(t),r2(t))" € R? is the state, u(t) € R is the control input and the initial
condition is given by (x1(0),22(0)) = (1,0). By setting

01
x(t) = , A= , B= , Tg= , (2.63)

one can rewrite (2.61)-(2.62) as follows:
&(t) = Az(t) + Bu(t), x(0)= zo. (2.64)
We design a linear feedback law

u(t) = Kz(t) = kix1(t) + kaza(t), (2.65)

2The peaking is a large deviation of the system state from the set-point during the initial phase of
regulation/stabilization [90]
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with K = (k1, ko) € RY2 such that the spectrum of the matriz A+ BK is equal to {—6}
for some § > 0. After some computations, one gets

ky = =02, ky=—26. (2.66)

In this case, the exact solution of the closed-loop system (2.61)-(2.62) with the linear
feedback law (2.65)-(2.66) is given by

z1(t) = (0t +1)e %, zo(t) = —6%te ™, ¥t > 0. (2.67)

The Euclidean norm of x(t) is given by

lz(t)| = /(0% + 6212 + 26t + 1e™%, V¢ >0, (2.68)
and one has
sup o ()] = 2(3)] = e~1V/32 + 3, (2.69)
which leads to

sup |z(t)| > 6%, (2.70)

with v = e~ ! independent of 5. Moreover, the feedback control u(t) is given explicitly by
u(t) =620t —1)e™®, t>0, (2.71)

and then sup, _ L lu(t)] = 62. The norm of the state |x(t)| and the amplitude of the

0
control signal u(t) during the initial stabilization phase grow like § and 62, respectively.
Consequently, a smaller value of € implies a larger value of §, which in turn results in a
larger overshoot and peaking effect (see Figure 2.6).

Norm of the system 2s Norm of the system B Control signal

‘ =2 5
—0=4 s =
5 5 *6:6 E;Z 75:4
. ~0=6

1 15 0 05
t t t

Figure 2.6: Left: Time evolution of |z(t)| in logarithmic scale. Middle: Time evolution
of |z(t)| during the initial phase of stabilization. Right: Control signal u(t) for different
values of .
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Example 2.9
Let us consider a triple chain of an integrator system

an(t) = walt), (2.72)
Ta(t) = w3(t), (2.73)
#3(t) = ult), (2.74)

with the nitial condition x1(0) = 1,22(0) = 0,23(0) = 0, which can be rewritten as
follows

z(t) = Az(t) + Bu(t), z(0)=xo (2.75)
where
x1(t) 010 0 1
a(t)=|z2(t) |, A=[0 0 1|, B=[0|, zo=]0]- (2.76)
x3(t) 0 0O 1 0

The following linear controller:
u(t) = Kx(t), (2.77)

with the control gain K = (=63, —30%,-35) € RY™3 and § > 0 is a globally stabilizer for
the system (2.75) such that the spectrum of the matric A+ BK is equal to {—d}. The
exact solution of the closed-loop system (2.75)-(2.77) is given by

w1(t) = (146t + EE)e™ wo(t) = =S wa(t) = 8% (—1 + &)e ™, (2.78)
for all t > 0. One has the following estimate:

sup |z3(t)] = 5267, (2.79)
tef0,3)

and then SUD, 1o 1, [2(t)] > 48371, with v = & independent of 6. Using (2.77)
6

and the expressions of the solutions x1(t),z2(t) and x3(t) defined in (2.78), one gels
t)

SuptG[O%] lu(t)| = §3. The norm of the state |x(t)| and the amplitude of the control signal

u(t) during the initial stabilization phase grow like 6% and §°, respectively. As in the
previous example, a smaller value of € leads to a larger value of &, which subsequently
results in large overshoot and peaking effect (see Figure 2.7).

A natural question that may arise is whether the linear controller can be designed
more effectively to minimize overshoot. This question is addressed in the next subsection
which deals with minimization of peaking of linear control system by means of invari-
ant ellipsoid method. However, another question arises: Can we do better to improve
performance? Subsection 2.3.3 is devoted to give some insights to answer that question
as it presents the design of the homogeneous controller, which aims to achieve a better
reduction of overshoot.
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Figure 2.7: Left: Time evolution of |z(¢)| in logarithmic scale. Middle: Time evolution
of |x(t)| during the initial phase of stabilization. Right: Control signal u(t) for different
values of 4.

2.3.2 Minimization of peaking of linear control system by means of
invariant ellipsoid method

Let us define a magnitude of peaking (also referred to as an overshoot) of the output
control system

i(t) = Az(t) + Bu(t), t>0, AeR™" BeR™ (2.80)
2(t) = Hx(t), H € RXn (2.81)
by the following formula

0 :=sup|z(t)| — |2(0)| = sup |[Hx(t)| — |Hzo|, (2.82)
>0 >0

where x(t) € R™ is a solution of the system with a control u(¢) € R and with the initial
condition
z(0) = xp € R™. (2.83)

The control aim is to stabilize the system and minimize ¢ for a given xg # 0. Inspired
by [92], this problem can be solved in a suboptimal way using the invariant ellipsoid
method. Let a feedback control

u = Ky, (2.84)

stabilize the system (2.80). It is well known (see, e.g., [131], [132]) that the ellipsoid
EP1)={zcR": 2" Pr <1}, (2.85)
is an invariant set of the closed-loop system (2.80),(2.84) if and only if
P =0, P(A+ BKy,)+ (A+ BKy,) P <0. (2.86)
Moreover, xg € (P, 1) if and only if

xg Pxo < 1. (2.87)
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In this case, for any solution z(t) € £(P, 1) of the closed-loop system (2.80),(2.84) with
x(0) € £(P,1), it holds

2 =2  (OH Ha(t) =2 ()PP 2H HP 2P3z(t) <

Amase <P—%HTHP—%) 2T () P2(t) < Amax (P—%HTHP—%) .

Therefore, the magnitude of peaking of the output can be reduced by minimization
of Amax (P_%HTHP_%) subject to constrains (2.86), (2.87). It can be proved that a
solution of this optimization problem always exists if the system is stabilizable. However,
the obtained closed-loop system may be just Lyapunov stable, but not asymptotically
stable. In order to prescribe a convergence rate of the closed-loop system, let us modify
the control aim as follows: to reach a smaller ellipsoid E(P,e) with € € (0,1) in some
fized time T > O:

2(0) € E(P,1) = a(t)eE(Pe), Vt>T, (2.88)

where P is a matrix of a minimal (in some sense) invariant ellipsoid . To fulfill the above
constraint, the matrix inequality (2.86) has to be modified as follows

1
P+0, P(A+BKp)+ (A+ BK;) P— %P <0. (2.89)
Indeed, considering the quadratic Lyapunov function
V(z) ==z Pz, (2.90)

we derive the following estimate for the time derivative along the trajectories of the
closed-loop system

Ine

. 1
Vie)=a" (P(A + BEj) + (A + BKlin)TP) z < %I'Tpl' = V.

Hence, we conclude V (t) < e%lneV(O) < eV(0) for t > T, which implies (2.88). There-
fore, the peaking of the system with a linear feedback having the prescribed convergence
rate (2.88) can be optimized by solving the following problem
I G _1 .
Amax <P SHTHP z) ~ min (2.91)
P7K1i11
subject to (2.87), (2.89). This optimization problem is nonlinear, but it can be trans-

formed to an equivalent Semi-Definite Programming (SDP) problem introducing the new
scalar variable and the virtual constraint:

A>0, M,»=P :H HP 2. (2.92)
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The minimization of the parameter A subject to (2.87), (2.89), (2.92) results in minimiza-
tion of Amax <P_%HTHP_%> subject to (2.87), (2.89). Making the change of variables

X=r' Y=Ky,P" (2.93)

and applying Schur complement, the constrains (2.87), (2.89), (2.92) can be transformed
to the following system of LMIs:

1
X=0, XA+A'X+BY+Y'B" - %X <0, X>=azozg, A>HXH'. (2.94)

Therefore, the LMI-based solution of the considered stabilization problem can be formu-
lated as follows
A — min (2.95)
XY

subject to LMI (2.94).

Lemma 2.1
If the pair {A, B} is controllable then, for any € € (0,1), any T > 0 and zp € R™"\{0},
the LMI (2.94) is feasible.

Proof. The feasibility of the LMI
X=0, XA+A'X+BY+Y'B" -Bex <0 (2.96)

follows from controllability of the pair {A, B} (see, e.g., [131], [132]). If the pair (X,Y)
satisfies (2.96) then the pair (vX,~Y) with v > 0 also does. This means that a solution
of the LMI (2.96) can always be selected such that the matrix inequality X = zoz{
holds. Hence, the LMI (2.94) is feasible by taking a large enough . O

Example 2.10
We perform numerical simulations with the following parameters:

0 0 0 1
A= 27324 4.5894 0 , B=|-045021, H:(1 0 0>,
—1.3662 0 0.1480 0.2251

and the initial condition xo = (0,0.1,0.1)T. We compute the linear control ® gain by
solving the LMI (2.86), which resulted in a control gain K, and solved the LMI (2.94)
to obtain an optimal control gain Kop:

Kjin = (—481.5839, —961.4387, —37.9778), Kyp: = (—88.5842, —167.8885, —5.2716).

32 Optimal ” in the sense of control design based on minimization of the magnitude of the peaking.



48 Chapter 2. Preliminaries

Nezxt, we compute the linear control wy,(x) = Kpnx and the optimal linear control
Uopt () = Koprx. Let

Zlin(t) = Hl‘lm(t), Zopt(t) = Hltopt(t), (297)

where xy;, is the solution of the closed-loop system with the linear feedback law wpy, ()
and Zopt 15 the solution of the closed-loop system with the optimal linear feedback law
Uopt (). As dllustrated in Figure 2.8, we can see that

sup ‘zopt (t)‘ < sup ‘Zlin (t)‘,
t>0 t>0

while both the closed-loop system solution with the linear control wyy,(x) and the optimal
linear control oy (x) converge at the same decay rate.

Norm of the system Output of the System

— Non optimal
— Optimal

— Non optimal
— Optimal :

J(t)

1010 L L L L 2
0

Figure 2.8: Left: Time evolution of |z(¢)| of the closed-loop system with w;,(x) in blue
line, the closed-loop system with uep () in red line . Right: The time evolution of the
output 2, (t) in blue line, 2y (t) in red line.

Solving the optimization problem (2.95), (2.94) we obtain the linear feedback (2.84)
with Ky, = Y X!, which stabilizes the system with a prescribed convergence rate and
minimized magnitude of peaking. In the proposed method, the minimal invariant el-
lipsoid £(X 1, 1) characterizes the minimal magnitude of peaking where X is obtained
by solving the above optimization problem. Below, we show that we can “upgrade" the
obtained linear feedback to a homogeneous (nonlinear) control such that the minimal
invariant ellipsoid is preserved, but the convergence rate is accelerated (e.g., the system
is stabilized in a finite time to zero).
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Non optimal ellipsoid £(X !, 1) Optimal ellipsoid £(X !, 1)

Figure 2.9: Left: Ellipsoid £(X !, 1) of the closed-loop system with a non-optimal linear
control uy;,. Right: Ellipsoid £(X !, 1) of the closed-loop system with the optimal linear
control wgpt.

2.3.3 Elimination of the peaking effect using homogeneous control
Upgrading a linear feedback to a homogeneous controller

An existing linear controller can be upgraded to a d-homogeneous controller, resulting
in improved performance, such as faster convergence rates for the closed-loop system.

Let us assume that a linear control law is defined as follows:
Ulin = Klmx(t), Klin S Rlxn’ (298>

for the control system modeled by (2.46), where the control gain Kj;, is selected such
that the following Linear Matrix Inequality (LMI) is satisfied:

(A+ BK;;j,)"P+ P(A+ BKy;,) +2pP <0 (2.99)

for some P = PT > 0 and p > 0. Let some (not yet selected) linear dilation d(s) = e5¢d
in R™ be strictly monotone with respect to a weighted Euclidean norm || - || p with some
0 < P=P" € R™" satisfying PGq+GqaP = 0. Let ||-||a be the canonical homogeneous
norm induced by ||-||p. Let us define the homogeneous feedback upgraded from the linear
controller (2.84) as follows

u(x) = Kox + ||| 5 (K — Ko)d(—In ||z]|a), (2.100)

where Kjj, € R™™ is the linear control gain and Ky € R ™ is the homogeneous control
gain. With such a definition, the homogeneous feedback coincides with the given linear
controller on the unit sphere:

uy(r) = Kiinz  for e R":|z||p=1.
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According to [95], to complete the design of the homogeneous feedback (2.100), we just
need to define a positive definite symmetric matrix P such that the unit ball £(P,1) =
{z € R" : ||z||p < 1} is the strictly positively invariant set of the linear dilation d
monotone with respect to the || - ||p. The following corollary proves that this is always
possible if the pair {A, B} is controllable and the requested homogeneity degree p of the
closed-loop system satisfies certain restrictions.

Corollary 2.1

Let the pair {A, B} be controllable and the parameters Ko € R Ay € R™" Gy €
R™" gnd 7 € N be defined as in Theorem 2.4. Let W = (A + BKy,) P+ P(A +
BKjipn) + 2pP and Q = PGy + G(—)FP and 6 € (0,1). For any i € [fimin, fmax] Satisfying

1 1
. maxy 0, \max (P~ 2QP™ 2 {0~ Amin
Hr}lin = in {_1’ { E25 )}7 _ {max W) (Q)}} < O’ (2101)
1 1
_ maxy0,—Apmin (PT2QP 2 <0 A max
i = X {n { 2<5 >}, ’)mfiim(wg@}} >0, (2.102)

1) the matriz Gqg = I, + pGo is anti-Hurwitz and PG g+ GgP = 0;

2) the closed-loop system (2.80), (2.100) is globally uniformly asymptotically stable and
d
Llalla < —pllely™, Va0 (2.103)

3) the ellipsoid E(P,1) is invariant for the closed-loop system (2.80), (2.100);

4) supgee(py lun(r) — Koxl* = supyeg(pyy [Kiint — Koz|* = (Kiin — Ko) P~ (Kjin —
Ko)';

5) Supzeg(py) | Kpinz|? = SUPgeg(P,1) luu(2)|? = KijnP71K,}, . at least, for u being
close enough to zero.

Proof. See the Appendix B.0.1. O

The above corollary also proves that any linear controller can be transformed to a
homogeneous stabilizer such that

e the invariant ellipsoid £(P, 1), which, in particular, characterizes the overshoot (see
Section (2.3.2)), is preserved under this transformation;

e for pu < 0, the obtained homogeneous controller stabilizes the system in a finite
time avoiding the peaking discovered for linear feedback laws as € — 0.
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This corollary, as well as the examples given below, motivates the design of homogeneous
controllers in the case when the precision or the response time of a linear control system
is not sufficient, but further increase of feedback gain leads to an inadmissible overshoot.

Example 1 of upgrading Linear feedback to homogeneous feedback

We perform numerical simulations on the system described by (2.80) with the following
parameters:

0 0 1
A= . B= . H= (1 0) ,
—8.8858 0 —0.4502

and the initial condition g = (0,1)T. We compute the linear control gain by solving the
LMT (2.86), which resulted in a control gain Kj;,, and solved the LMI (2.94) to obtain
an optimal control gain Kop:

Kiin = (—1.1283,6.8050), Kop = (—7.3607, 1.7252).

Next, we compute the linear feedback law wy;,(z) = Kjnx and the optimal linear con-
trol uopt(r) = Koprx. Subsequently, we homogenize the two linear controllers to derive
homogeneous controls:

up(@) = |2 g™ Kiind (= n |2]|a)2,  whopt(2) = |2 g™ Koped (= In la),
where Ky = (0,0). As shown in Figure 2.10, we can observe that

sup |uopt(x)‘ < sup ’ulm(x”v
>0 >0

while the solution of the closed-loop system with the optimal linear control ey (x) con-
verges to zero faster than the solution of the closed-loop system with the linear control
uin(2). A similar conclusion applies to the case of homogeneous control, where we can
see that

Sup |uhopt ()] < sup |ua(z)|,
>0 >0

and the settling time of the closed-loop system with the homogeneous control wpept(x)
is shorter than that of the closed-loop system with the homogeneous control uy(x). In
Figure 2.11, we observe that the overshoot (as defined by formula (2.82)) of the closed-
loop system with linear optimal control ., is smaller than that of the closed-loop system
with linear control uy,. This is due to the optimal design of the linear control using
the aforementioned optimization problem. Also, we can remark that upgrading the
linear controls (both optimal and non-optimal) to homogeneous controls results in faster
convergence (finite-time in this case) with a reduced overshoot.
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Figure 2.10: Left: Time evolution of |z(t)| of the closed-loop system with wu,(x) in blue
line, uopt () in blue dashed line and with homogeneous control u () in red line, upopt ()
in red dashed line. Right: Time evolution of the control signal uy (z) in blue line, uop: ()

in blue dashed line, and homogeneous control up(x) in red line and wpep () red dashed
line.
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——Linear control(Non-optimal)
— — —Linear control(Optimal) 1
——Homogeneous control(Non-optimal) 05
—— —Homogeneous control(Optimal)

Linear control(Non-optimal)

— — — Linear control(Optimal)
Homogeneous control(Non-optimal)
— — — Homogeneous control(Optimal)
£(X~1,1) (Non-optimal)

— — —£(X"'.1) (Optimal)

0 0.5 1 1.5 2 25 3 3.5 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8
t T

Figure 2.11: Left: Time evolution of the output |z(t)| of the closed-loop system with
Upin () in blue line, uyp(x) in blue dashed line and with homogeneous control up(z) in
red line, upopt(x) in red dashed line. Right: the trajectories of the solutions of the closed-
loop system with wy,(z) in blue line, wop(x) in blue dashed line, and homogeneous
control up(z) in red line and upep () red dashed line.

Example 2 of transformation of linear to homogeneous controller

This example resembles the structure of the closed-loop systems addressed in the thesis.
The system considered has two components: a subsystem that can be stabilized using
linear control or homogeneous control, and another component that is already stable.
The objective is to investigate how the control design for the stabilizable subsystem can
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influence the overall system in terms of peak and overshoot effects, as outlined in the
previous examples.

Let us consider the following cascade system

z1(t) = wu(t), (2.104)
xg(t) = qlxl(t) + blu(t), (2.105)
23(t) = —26m3(t) + qez1(t) + bault), (2.106)
21(0) = 0,22(0) =1,23(0) =0, (2.107)
where b1, b2, q1, g2 € R, which can be rewritten as follows
z(t) = Ax(t) + Bu(t), (2.108)
i’g(t) = —2(51‘3(15) + q21x(t) + bgu(t), (2.109)
with z(t) = (z1(t), 22(t)) " and the system parameters A, B, 1 are given by
0 0 1
A= , B= , 1=(1,0), (2.110)
@ 0 b1
and ¢ some positive parameter. The following linear feedback law
2 _ 52
u(t) = kx(t), k= (ki,ka), ki=-25+8% k==, (2.111)

q

is a globally stabilizer for the system such that the spectrum of A + Bk is {—d}. The
exact solution of the closed-loop system is given by

() = te ™, wo(t) = (Skat + 1)e ™, (2.112)
with 0 = —é(é + k1) = b1 — 4. Notice that
sup|z1(t)| = sup |z1(t)| = %. (2.113)
=0 tefo.3]
From (2.109) and using the integration by parts formula, one derives
x3(t) = (t + ag)e % + age 2%, (2.114)
with
= ;62(1)2?12) +bodk3, ap = boka, Q1 = G, @p = 22U, 4y = — 42 (2115)

From the expressions of z1(t), x2(t) and z3(¢) in (2.112) and (2.114) one gets

23 (t) + 23(t) + 23(t) = (But® + Bt + B3)e 2 + (Bat + B5)e P! + Bee 1, (2.116)
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Figure 2.12: Time evolution of |(x1(t), z2(t), z3(t)) " | in logarithmic scale and during the
initial phase of stabilization and the state z1(t) for different values of 4.

with

b1 = % + 52/{% + O_é%, Bo = 25]{?2 4+ 2a1a, P3=1+ O_Z%, (2.117)
By =2a103, [P5 =203, [s=a3; (2.118)

By setting r(t) = \/x3(t) + 23(t) + 23(¢), for any T > 0, one has
r(T) > C(T)e T (2.119)

with
C(T) = 3min{B1T* + 52T + B3, 84T + Bs, Be}- (2.120)

C(T)e_‘ST . o
——5— we conclude that the linear controller can never stabilize the

system to the e-neighborhood of the origin at time 7' > 0, i.e., r(T") > € for any T >
0 provided that ¢ = %@ﬂw Let us show that upgrading the linear feedback to a

homogeneous controller eliminates this drawback, at least, for large enough T > 0.

Considering € =

Following the Corollary 2.1, we upgrade this linear feedback to the following homogeneous
feedback law:

E(2 (1)) = klla(t)llg""d(= In a(t)|a)z(t) (2.121)

where 1 € [—1,0) is the homogeneity degree, d the dilation generated by an anti-Hurwitz
matrix Gq. Notice that such an upgrade results in a homogeneous control having the
same estimate of an overshoot as the linear feedback. Along the solutions of the closed-
loop system, one has

1
4z(®)lla < —plle(t)|5, (2.122)
for some p > 0 which implies that

a(t) =0, Vt>Tp, (2.123)
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—H
where Ty = Ilzolla™ is the settling time. Then one has

—up
|z3(t)] = e 20 T0)|23(Ty)|, V> T, (2.124)
and
-1
|23(Th)| < Q(To) :=§ (balk T Amin(X 1) 2 [|z0llg™ + @20 ([[0]la)), (2.125)

with some o € K.

Notice that for a large enough 7' > 0 we have e*TC(T) > 2Q(Ty)e*™. Hence, we
derive Q(Tp)e 2%(T=To) < 0.5C(T)e 9T = € and

|(@1(t), ma(t), 23(t)) | <€, VE>T. (2.126)

Therefore, we conclude that linear controller can never guarantee the stabilization of
the state to the e-neighborhood of the origin at time 7" > 0, while the homogeneous
feedback ensures the prescribed-time practical stabilization, at least, in the case when
the prescribed setting time 7' is large enough.
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Figure 2.13: Left: Time evolution of the norm |(x1(t), z2(t), z3(t))T| of the closed-loop
system with linear control in blue line and closed-loop system with homogeneous control
signal in red line in logarithmic scale Right: The state z1(t) of the closed-loop system
with linear control in the blue line and with the homogeneous control signal in the red
line .
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This chapter addresses the problem of boundary stabilization for 1D linear reaction-
diffusion PDE systems using the modal decomposition approach. We design nonlinear
homogeneous full-state and output-feedback controllers to stabilize the unstable dynam-
ics. We consider a linear infinite-dimensional observer for the design of the homogeneous
output-feedback control. We investigate the well-posedness of the resulting closed-loop
system and conduct a stability analysis by constructing a suitable Lyapunov function
that accounts for the degree of homogeneity and a state-dependent switching condition
based on the homogeneous norm. The properties of homogeneous-based controllers are
exploited, and numerical simulations corroborate that the proposed controllers effectively
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mitigate peaking effects and control signal overshoot compared to classical linear bound-
ary feedbacks designed via modal decomposition. Additional simulations are provided
further to illustrate the performance of the proposed control laws.

3.1 Problem statement

Motivated by the discussion in Section 2.3.3, and the advantages that homogeneous
controller may offer compared to static linear controller in terms of reducing peaking
effect (and in some cases better performance such as faster convergence), we aim at
studying if the same conclusion can be made for some infinite-dimensional system under
a homogeneous-based control. In this chapter, we focus on a 1D reaction-diffusion PDE

Oz(t,x) = Opez(t,z)+ qz(t,x), (3.1)
anz(t, 0) + algzm(t, 0) =0, (3.2)
z(t,1) = U(t), (3.3)
2(0,z) = zp(x), (3.4)

(t,x) € Ry x[0,1], where z(t, -) is the reaction-diffusion PDE state at time t, zg € H*(0, 1)
the initial condition, ¢ > 0 is the reaction coefficient, U(t) € R is the control input and
the reals numbers a1, a1s are such that

e a17 = 1 and a;2 = 0 : Dirichlet boundary conditions ,

e a7 =0 and a;2 = 1 : Mixed Neumann-Dirichlet boundary conditions .

Assume that one has the following measurement: y(¢ fo z(t,z)dxr where ¢ €
L?(0,1) for non-local measurement or y(t) = z(t,z*) for the pomt measurement with
*e(0,1).

As we have mentioned, we aim at developing homogeneous finite-time feedback laws
for the system (3.1)-(3.4) using a modal decomposition approach. Moreover, we aim to
investigate numerically if the use of homogeneous feedback results in a smaller peaking
than linear feedback. Consider the following control problem: given an initial state
20 € HY(0,1), a stabilization precision € > 0 and a prescribed time T > 0, the closed-loop
system has the desired stabilization precision.:

12t )y <€ VE>T, (3.5)

with the restricted control magnitude

sup [U(t)| < U, (3.6)
t>0
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for some mazimal control amplitude U > 0. Alternatively, the control problem can read
as follows: given an initial state zg € H'(0,1), a prescribed time T > 0, and a control
amplitude U, the solutions of the closed-loop system meet conditions (3.5) and (3.6) for
some € > 0. Two situations related to this problem stand out: i) Both a homogeneous
controller and a high-gain linear controller may ensure that the solution of the closed-loop
system satisfies the criterion specified in (3.5). However, the high-gain linear controller
may not fulfill the control constraint outlined in (3.6), whereas the homogeneous con-
troller satisfies both (3.5) and (3.6). ii) Both the linear and homogeneous controllers
exhibit similar overshoot values, thereby satisfying (3.6). This situation can be achieved
by what we refer to as an “upgrade" of the linear control (whose synthesis will be detailed
in Subsection 3.2) into a homogeneous one, and that we develop in Subsection 3.3.1. In
this case, however, the linear controller may violate condition (3.5), whereas the homo-
geneous controller does not. Moreover, the expected stabilization precision € turns out
to be smaller under a homogeneous controller. Hence, the advantage of the homogeneous
controller lies in its ability to achieve faster convergence. These considerations can be
assessed numerically. In the rest of the chapter, we focus on the second situation.

3.2 Modal decomposition and Linear finite-dimensional
control design

We start by considering the following change of variable (see [52, Definition 3.3.2|):
w(t,z) = z(t,x) —r(z)U(t), (3.7)

with r(x) = z for Dirichlet boundary conditions and r(z) = 22 for Mixed Neumann-
Dirichlet boundary conditions (where U(0) = 0) to obtain the following equivalent PDE:

dw(t,z) = Opew(t,z) + qu(t,z) —r(@)U®1) + (gr(z) +r (@)U®R),  (3.8)
annw(t,0) +  ajpw,(t,0) =w(t,1) =0, (3.9)
w(0,z) = zo(x), (3.10)

provided that w(0,x) = zo(x) — r(z)U(0) = 2zo(x).

By introducing a new control input &(t) = U(t), one obtains a coupled ODE-PDE
system:

= &),
= Opew(t,z) + qu(t,z) — r(@)E(t) + (qr(z) + 7" (@)U (L),
ajpwy(t,0) = w(t, 1)

Zo(l‘),

~— ~— ~— ~—
+
I
=
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and .
gj(t):/o c(x)w(t,x)dr or g(t) =w(t,z¥), (3.15)

with (t) = y(t) — (fol r(m)c(m)daz) U(t) in the case of non-local measurement and g(t) =

y(t) — r(z*)U(t) in the case of point measurement.

The solution to (3.12) can be represented as follows:

w(t,z) =Y wa(t)on(@),  wa(t) = (w(t, "), én), (3.16)
n=1

with ¢, (z) = v2sin(nrz) for Dirichlet boundary conditions and ¢, (z) = v/2cos((n —

$)mz) for Mixed Neumann-Dirichlet boundary conditions.

Projecting onto the basis {¢,}5° ;, one has
U(t) = &), (3.17)
Wy (t) = (A + @Qwn(t) + bp&(t) + ¢ U (1), (3.18)
Jt) = ) cnwn(t), (3.19)
n>1
wy(0) = (20, ¢n), (3.20)

where n > 1, —\, is the eigenvalue of Sturm-Liouville eigenvalue problem ! correspond-
ing to the eigenvector ¢, and

by, = —<T, ¢n>> Cn = <C, ¢n> or ¢Cnp = (Z)n(x*)? qn = —qbp + <T/la ¢n> (3'21)

Note that A, = —n?7? in the case of Dirichlet boundary conditions and )\, = —(n— %)2ﬂ2
in the case of Mixed Neumann-Dirichlet boundary conditions. Since )\, — —oo when

n — 400, then there exists an integer N > 1 such that
An +q < =6, Yn > N +1, (3.22)

with § some positive constant. We obtain from (3.17)-(3.20) the following augmented
system:

Wu(t) = AW,(t) + BE(t), (3.23)

(1) = (An+ Qwn(t) +ba€(t) + ¢, U(t), n>N, (3.24)

gt) = CW(H)+ Y. cawn(t), (3.25)
n>N+1

Wu(0) = 2, wn(0) = (20,¢n), n>N+1, (3.26)

!Recall that :

"

¢ (2) +Ap(z) =0, an(0) +a12¢'(0) = ¢(1) =0,
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with

(0 01><N) . W) = (U@, wit),- ,wn®)T, W)= (wi(t), -, wn(t)T,

(])V:( <207¢1> '7<Z07¢N>)T> B:(lablv"'7bN)Ta C:<Clv"'aCN)7>
A= dlag{)‘n + Q}r]yzlﬂ Q = (C_Ih o aQN)T’

where by, ¢, and ¢, are defined in (3.21).

Linear finite-dimensional control design
In this part, we present the design of a linear control that exponentially stabilizes the
system (3.1)-(3.3).

Since {A, B} is controllable (see [61] and [70]), the following LMIs hold?:

(1- i))\]\/.ﬂ,—l +q+6<0, (3.27)
AX.+ X AT + BY. + Y."BT + 26X, + a|(bn, @) |Iv (Xel iy 1n41 X + Y, Y,) < 0(3.28)

where ||(bn, gn)llN = >, s np1(bn] + 1gn)%, 1n41 = (1,0,---,0), and the solutions are
a > %,XC,YC. It can be shown that the unique classical solution z of the closed-loop
system (3.1)-(3.3) with the linear feedback law

t
Ut) = Kin, / Wu(s)ds, Kpn =YX ", (3.29)
0
satisfies
[2(¢, ')H?{l(og) < Me_%tHZO”%{l(og)a vt >0, (3.30)
max{1 )\|mx)\mamX;1,1
with M = 4 (i P e Omar (X ) }. This can be established using the Lya-

min{Ain (Xe '),1}
punov function ([61], [71])

V() =W () X W (t) + Y [Malwd(), (3.31)
n>N

M|zl
for all ¢ > 0. Notice that if § > 5= In M , then (3.5) is satisfied. This implies

€
that for a fixed T, as ¢ — 0, it follows that § — +oo. Consequently, control gain
synthesis through (3.28) yields a high-gain linear control Kj;,, which ultimately results
in significant overshoot when the linear control approach is applied.

As indicated in Section 2.3.3, instead of using a high-gain linear control to achieve
faster convergence—at the expense of considerable overshoot of the control signal and

Zsimilar to LMI (2.23) in [71]
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peaking of the closed-loop solution—the designed linear control (3.29) can be upgraded
to a homogeneous controller. This adjustment may lead to a faster convergence to zero
with less overshoot of the control signal and without peaking of the closed-loop solution.

3.3 Homogeneous stabilization of 1-D heat system by full-
state feedback

In this section, we consider the problem of full-state feedback stabilization of (3.23)-(3.24)
using homogeneous control derived from upgrading the linear controller (3.29).

3.3.1 Upgrading a linear feedback to a homogeneous feedback

Since {fl, B} is controllable then according to Section 2.2.3, the linear algebraic equation
AGS —GEA+ BYg = A, G$B =0, (3.32)
has solution Y, G such that the matrix G — In41 is invertible.

Let (X,,Y.) be a solution of (3.28) and P, = X', F} = (A+ BK};,) P + P.(A +
BKjin) + 26P. and Fy = P.G§ + G§' P.. Assume that

Fy— 2P, <0, (3.33)

and let pimin € [—1,0) be defined as follows:

Hmin

_1 _1
1 _ min{ — 1, — max {O, Amax <2IN+1 + P. 2LP. 2> }7

_1 _1
_>‘max <21N+1 - Pc 2F2Pc 2) ) 6max§\?7;a_z>\(n};iy)l(&)} } (3'34)

According to Corollary 2.1, for any fe € [f4min, 0), the following statements hold:

1) the matrix Gq, = In4+1 + pucG§ is anti-Hurwitz ,the matrix At = A + BK, with
Ko =Y (Gf — Iny1)~! satisfies the identity

ASGq, = (Ga, + pelns1)AS, Ga.B =B, (3.35)



3.3. Homogeneous stabilization of 1-D heat system by full-state feedback 65

and the following LMIs hold:

X (A§+ BE)T + (A§ + BK) X, + 6(Ga, X + X.G] ) =0,
2max{l + pie, —pe} Xe < Ga. Xe+XcGq <22+ pe) Xe, (3.36)
X.=X/~0,

where K = Kj;,, — Ko;

2) the system (3.23) with the continuous feedback law

EWu(t)) = KoWu(t) + N (Wu(t)), (3.37)
N(Wa(t) = Wat) g " Kde(= (| Wa () ]la.) Walt), (3.38)
where || - |4, is the canonical homogeneous norm induced by the weighted norm

|| - [Ix-1 satisfies

1

Wi (t) = Ovgyx1,  VE>T9(%)) o

(3.39)
Remark 3.1

The finite-time convergence of the solution to the closed-loop system (3.23)-(3.37), as
stated in (3.39), is due to:

d||Wy(t
WolDlla. < gm0 (3.40)

for allt > 0.

Notice that for u. close enough to zero, the following estimate holds:

sup  [E(W,)P = sup |KuW,|* =YX, 'Y, (3.41)

Wl 11 Wall -1,

where (X, Y.) are solution of (3.28). This indirectly indicates that the linear controller
and the homogeneous state-feedback controller exhibit the same overshoot. In contrast,
the homogeneous controller stabilizes the finite-dimensional controlled subsystem (3.23)
in a finite time (see (3.39)).
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3.3.2 Well-posedness Analysis

The closed-loop system (3.11)-(3.14) with homogeneous feedback law (3.37) is then given
by:

Ut) = KoWu(t)+N(Wy(t)), (3.42)
Ow(t,x) = Opw(t,z) + qu(t,x) + (gr(z) + 1" (2))U(t) — r(z)(KoWa(t) + N (Wu(t)),
annw(t,0) + ajow.(t,0) =w(t,1) =0, (3.43)
w(0,2) = zo(x). (3.44)

Lemma 3.1
For any initial condition 29 € H?(0,1) such that a1120(0) + a1224(0) = 20(1) = 0, the
closed-loop system (3.42)-(3.44) admits

e unique mild solution ®* (U,w) € C([0,400),R x H1) N HE ([0, +00),R x L%(0,1))
fOT e € (_17 _%);

e unique classical solution (U,w) € C([0,+o0),R x H1) N C*([0, +o0), R x L2(0,1))
fOT’ e € [_%7 0)7

with

H = {f € H*(0,1)]a11 £(0) + a12f'(0) = f(1) = 0} (3.45)
Proof. See Appendix A.0.2 . O
Remark 3.2

Since the term N (-) in (3.37) is non-Lipschitz at O(ni1yx1, then [134, Theorem 1.6/
commonly used to justify the well-posedness of infinite dimensional system with locally
Lipschitz nonlinearities is inapplicable to the entire space H = R x L?(0,1) in this case.
Indeed, the control signal can be generated by an ODE (see (A.8)-(A.9)); therefore, we
reformulate the closed-loop system as an abstract system that incorporates this control sig-
nal (see (A.14)-(A.15)) and subsequently utilize the results from [135], as demonstrated in
[133]. For example, for u. =0, the homogeneous feedback control E(Wy(t)) = Ky W (t)
1s linear. In this case, the proposed methodology to study the well-posedness amounts to
rewriting the closed-loop system as follows

Z2(t) = AZ(t) + BE e AT BEun)t N - 7(0) = (0, 2) 7,

where Z(t) and A,B are defined in section A.0.2 and then used [135] to conclude the
existence of a unique classical solution.

3in the sense of 133, Definition 1].
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Another alternative ([136]) to study the well-posedness of the closed-loop system
(A.5)-(A.6) involves considering the following system:

Z(t) = (A+ BKoP)Z(t) + a, (IPZ(t)l|a.) BN (PZ(t))

with the initial condition Z(0) = (0,20)". Here, a, € CX(R4,R) and v > 1 is an
arbitrary real number such that a(s) =0 for s ¢ (%, 27) and a(s) =1 for s € [%,’y]
This system admits a unique mild solution Z.(t) for any initial condition P(0,20)" €
I(7), where I(y) = {x € RN+1: % < |\|z|la, < ~v}. Furthermore, Z,(t) coincides with
the mild solution Z(t) of (A.5)-(A.6) as long as PZ(t) € I(y). Similar methods based

on control approximation to study the existence of a solution are also proposed in [88],

[137], [138].

3.3.3 Stability Analysis

For H' stability analysis of the closed-loop system (3.42)-(3.44), we consider the following
Lyapunov functional:
V() = 2 (Vi(t)) + Val(t), (3.46)

where

Vi(t) = [[Wu®)lla.,  Va(t) = Y [Aalwp(t),

n>N
st THe if s<1
s if s<1,
Ql(S) = SQV*MC 2+#C 1 1 . (347)
2U— e - 2U— e + 24 pie if S Z 1’
with v1 > 0 and v being defined by:
Amax (X 2Ga X2+ x226] x71*?
y = dmaal acXe HX GaXe 1)) (3.48)
et Amin (Xo V2Gq, X2+ x26T x7Y%
= e e (3.49)
Notice that from (3.36) one has
max{l + e, — e} < T <V <2+ . (3.50)

Since 1 4 p. < 7 then 2v — pe > 2 4+ p. and Q1 € K.

Lemma 3.2
There exist 11,19 € Koo such that the Lyapunov functional V(t) defined in (3.46)
satisfies

01 (U2(0) + [t ) o) ) < V) < 00 (U0 + ot )Bpgy) 20,
(3.51)
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Proof. See Appendix A.0.3 . O

Computing the time-derivative of V"(¢) along the solutions of closed-loop system
(3.42)-(3.44), one has from (3.18) and (3.40), for all ¢ > 0,

Vi(t) < =0V (o), (3.52)
and .
Va(t) =2 " Palwn(®)(On + Q)oa() + fu(Walt)) ) (3.53)
n>N
with
Fa(Walt)) = bu(KoW(t) + N (Wa(£)) + g (1) (3.54)

Using |U(t)| < [Wy(t)| and [|de(—In [|[Wy(t)|la. ) Wu(t)| x-1 = 1, we obtain the following
estimate:
| (W) < Mi(lba] + lan ) IWa ()l x4+ [WalB)]l ), (3.55)
-1
with M1 = A\pin (X212 max{|K] |+ 1,|K [}
Using Young’s inequality , for any 9 > 0 the equality (3.53) implies

Vo(t) £2 37 Pl ((—1+255) Aal0) wl (O + 92 Mo (IWa (8) | 1+ W (B)157), (3:56)

n>N
with My = MY, o nv(1ba] + |gn])? < +oc.

Applying Proposition 2.1 and using the fact that 1+ u. < 7 (from (3.50)), one has,
for all £ > 0,

[Wu(®)ll x-1 < ¥3(Va()), (3.57)
with ¥3 € Ko defined as follows:

sltre if 5<1,

Y3(s) = (3.58)

v if s> 1.
Then, from (3.56) we find

Va(t) < =201 Va(t) + 4ya Mahs(VE(1), V>0 (3.59)

1

i A
_ %)|)\N+1| —q > 0 with v > x ANl

where Oy 1 = (1 2(An+11-9)°

From (3.47) and (3.52) , we obtain

) < gy (VE(1)), ¥t > 0. (3.60)
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Therefore, from (3.46) one has
V() = BG4 (1), (3.61)
and using (3.59)-(3.60), one derives, for all ¢ > 0,
VP (t) < max{—20n.1, =710 + 472 Mo} (3 (VE (1)) + Va(t).
For 41 > 49 M>/d, one has
0 = min{20y 1,5y, — 4y Ma} > 0, (3.62)

and thus . )
VIHE) < =69a(U(1) + lw(t, )1 0.1y (3.63)

with 14 some Ko function such that ¥3(VZ(t)) + Va(t) > va(U?(t) + |Jw(t, ')||%,1(0 1)).
The proof of the existence of 14 follows the same lines as the proof of Lemma 3.2.

Summarizing, one arrives at the first main result:

Theorem 3.1
There exists 1 € KL such that for any initial condition zg € H , the solution of closed-
loop system (3.1)-(3.3) with the homogeneous feedback law (3.11) and (3.37) satisfies

12t )1 0,0y < Brlllzoll3pro,0)02), W22 0. (3.64)
Moreover for all t > Tc(zév), the control input U and z satisfy
Ut)=0, (z(t,"),¢n)=0, n=1,.., N, (3.65)
_ __c ZN c
2t ) 20y < € 2T D (T, M 0.y (3.66)

with T¢(2) is defined in (3.39), and § such that (3.22) is verified. Additionally, there
exists A1 € Koo such that for any stabilization precision € > 0 and any prescribed time
T > TC(2)), if the parameter 8, characterized in (3.22), also satisfies*

1 Ay ([lzoll7
5> 2Tln< (ol 0.) , (3.67)

€2

then (3.5) is satisfied.

Proof. The inequality (3.63) with Lemma 3.2 imply that there exists £, € KL such that,
for all £ > 0,

U%(t) + et M3 oy < Brlz0l3 0,00, 0): (3.68)

4if 2o = 0 then (3.5) is satisfied for any § > 0.
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Using (3.7), one derives for all t > 0,

2(t, M7 0,1y < 2max{L, 7l g 1)} llw(t, iz o,1) + U (), (3.69)

and with (3.68), one obtains (3.64) with £, = 2max{l, Hr”%l(o 1)}81 . Since for all
t > T, Wu(t) = O(n41)x1 and using (3.7), one obtains

Ut)=0, (z(t,}),¢n)=0, n=1,--- N,

Vit > T(2)). (3.70)
%(Z(t7')7¢n>:()‘n+Q)<Z(t7')7¢n>7 n>N,

Thus, using (3.22), one derives for all t > T¢(z{Y),

(2(t, ), ¢n)| < €T N (2(T(2), ), d)-

and one gets (3.66). From the equality (3.24), the estimate (3.55), and the fact that
(w(T(2Y), ), n) = (2(T¢(2Y),*), ¢, for all n > N we obtain:

2M(bal Hlanh) 0 v (s).

[(2(T(20'), ), )| < (20, Pu)| +
" Potal e

Since Vi (s) < [|20]|a, for any s € [0,7¢(2{")], and by using Proposition 2.1, the estimate
(3.66), along with the fact that z(¢,-) € H; for any ¢ > T°(2}"), implies that there exists
a function A; € K« such that

120,20y < € Axllz0ll3 o) Ve > T

The proof is complete. O

3.4 Homogeneous stabilization of 1-D heat system by out-
put feedback

In this section, we propose constructing homogeneous output-feedback control to stabilize
unstable modes. For the estimation of an infinite-dimensional state, we design a linear
observer.

Assumption 3.1
([23], [69]) Assume that ¢, = fol c(z)pp(x)dx in the non-local measurement case, or
Cn = Gn(x*) in the point measurement case satisfies

cn 70, 1<n<N, (3.71)

where N is defined in (3.22).
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In the case of Dirichlet boundary conditions and considering point measurement,
Assumption 1 is satisfied for N = 1. For N > 2, it is equivalent to the condition that for
all 2 <n <N,

¥ # 5 forall 1<k<n-—1. (3.72)

Under this assumption, the pair {A, C'} is observable using the Hautus Lemma.

Remark 3.3

For very large N, selecting x* in the case of point measurement, or choosing ¢ for non-
local measurement under this assumption, can lead to a considerably high observer gain.
This may occur for a very large value of q.

3.4.1 Linear Observer Design

Since {A, C} is observable then there exists L; = (I1,--- ,ly)" € R¥*! and a symmetric
positive definite matrix P € R¥*N such that

P(A+L,C)+ (A+ L,C)TP < 25, P, (3.73)

with &1 some positive constant. Since in (3.11)-(3.14) U is known we construct an observer
w for w only (as in [69], but in the form of linear PDE as in [117]) :

Ot z) = Ope(t,z) + q(t,x) + (qr(z) + 7 (2))U(t) — r(2)E(t) +
1
la)( | eyt pde = i(0). (3.74)
a11w(t,0) + a1pte(t,0) =w(t,1) =0, (3.75)

and w(0,x) = 0 with g(t) defined in (3.15) and I(x) given by

N
=3 lugula), (3.76)
n=1

where N satisfies (3.22). The error e(t,z) = w(t,z) — w(t, ) satisfies
Ore(t,x) = Opge(t,x) + qe(t,x) + I(z fo r)dz,
apre(t,0) + aj2e,(t,0) = e(t, 1) = 0, (3.77)
e(0,x) = —zo(x).

The observer w(t,-) and the error e(t,-) can be represented as follows

@(t, ) = Zfzozl ’uA}n(t)¢n<)> wn(t) <UZ( ) ¢n> (378)

e(t,) = o1 en(t)on(), en(t) = (e(t,"), on).
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Next we design the homogeneous output-feedback law as follows
EWu(t)) = KoWu(t) + N(Wa(t)), (3.79)
N defined in (3.38) and W, (t) = (U(t), @1 (t), - ,n(t) .

The closed-loop system (3.11)-(3.14) and the observer (3.74) with the homogeneous
output feedback (3.79) is given by:

Wt) = AWt)+BEWut)+Li (CE(t)+n(1)), (3.80)

E(t) = (A+LO)E({) + Lin(t), (3.81)

én(t) = (A + q@lenl(t), > N, (3.82)

Wn(t) = (An +q)wn(t)+bn£( W) +aU(t), n>N, (3.83)

en(0) = —(20,0n), w,(0)=0, n>1, (3.84)

with B(t) = (e1(t), - ,en(t))", Ly = (0,L;)" and #(t) is given by
n(t)= > cnen(t). (3.85)
n>N+1

Lemma 3.3

For any initial condition 2o € H?(0,1) such that a1120(0) + a122(0) = 20(1) = 0, the
closed-loop system (3.80)-(3.83) admits a solution (e,U,w) with e(t,-) € H, (U,0) €
C([0,+00), R x H1) N CL([0,+00),R x L?(0,1)), where Hy is defined in (3.45).

Proof. See Appendix A.0.4. O

3.4.2 Stability analysis

Similarly to the proof of Theorem 3.1, for H' stability analysis of the closed-loop system
(3.80)-(3.83) let us consider the following Lyapunov functional

V() = 43 (Vi(1) + Va(t) + 7aQ2(Va(1)), (3.86)
where € is defined in (3.47),
it) = [Wu®)lla., (3.87)
ORI A (3.88)
n>N
Vs(t) = [[E@NE+5 Y Aalen(d), (3.89)
n>N
Lgm if s<1
st it s <1,
Do(s) = ) #1 . L (3.90)
—g? — 4+ = if s>1,
Ko Ko K1
K1 = iiﬁ;, Ro = /ic,er’ (391)
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V3,774,775 > 0 and P defined in (3.73). Since from (3.50) one has max{l + pc, —ptc} < 7
then 0 < k1 < k9 and Qs € K.

Lemma 3.4
There exist V5,106 € Koo such that the Lyapunov functional VP(t) defined in (3.86)
satisfies:

s (U2(8) + 1t )2 1) + et M) ) < V) < 06 (U2(0) + ()20 0
et o)

for allt > 0.
Proof. See Appendix A.0.5 . O

Computing the time derivatives along the solutions of closed-loop system (3.80)-
(3.83), applying (2.22) and (3.40) one derives:

Wa(t)Td] (= InVi(£) X7 de(— In Vi(4)) Li(CE(t) + n(t))
W (t)Td) (= InVi(t) X' Ga de(— In V4 (£)) Wa(2)

Vi(t) < =6V e (t) + Vi)

which implies, using Proposition 2.1, that
Vi(t) < = 6V (t) + MaVi(8)|CE(t) + n(t)]lde(—In Vi(£)) ]y

L2l —1

with M3 =

and n(t) defined in (3.85). Using the following estimate

() < MY aled®)?, Ma= (i |§%;)5, (3.92)

n>N n>N

N[

combined with the Proposition 2.1 leads to

. 1 VAT if Vi) <1,
) < v a1 TS
Vi) it Vi(t) > 1,

—1
with Mz = M3(Anin(P) 2 |CT| + L) Note that My < M in the case of nonlocal
Ve An+12

1

measurements and My < ﬂ( ZZZN ﬁ) 2 in the case of point measurements. Then

VTR (), VA (t) < 1,

G0 < 5 (VE(E) + MsVy (1)
- ' P v T Vi) > 1.

dt
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Repeating the same calculations as in the previous section, we get that the time-derivative
of V5 defined in (3.88) along the solutions of (3.80)-(3.83) is given by :

Va(t) < —20n2Va(t) + 476 Mot (VE(2)), (3.93)

. A
with 9]\]72 = (1 2%‘)‘)\]\[.’_1‘ —q > 0 and Yo > ﬁ

Along solutions of closed-loop system (3.80)-(3.83) , one has:

Va(t) < =201 | E@)IP + 295(—[Anvs1l + @) D [Anler(®) + 20| Ll pIn(t) || E(t)| -
n>N

Applying Young inequality to the term ||L;||p|n(¢)||E(t)| p, one has
Va(t) < —20n3V3(t), Wt >0, (3.94)

where
Ons = min{dr — T Li[p, v (Av+a| — q) — 277M4} >0

. From (3.86), we obtain

_ Mi
with 0 < Y7 < ||L HQ and V5 > 2v7(|IAN+1]—9)

V(1) = 33 T 1 V5 (0) + 0 VARV (1), (3.95)
and therefore, one derives

(- w+mmw“mkwmmvmﬁ”wu
—270n3V5 (1), i VA(t) < 1,V3(t) <
cﬁw+MMmm““%w+wmwaﬂf”“%>
—2v40n 3V52(t), if VAi(t) < 1, Va(t) >
(=30 + 46 M) Vi (t )+’73M5V3 Ol uc( ) (3.96)
20N 3V3 (1), i VA(?) > 1, Va(t) <
(=30 + 4v6 Ma2) V2 (t) +W3M5V3 (VT W(t)
—2mufN3V5 (t), if Vi(t) > 1,V3(t) > 1

Vil (t) < —20N 2 Va(t) +

1
From (3.50) and using Young’s inequality on the following cross terms V,2 (£)V,>~ 1< (t)
1

and Vi2 (£)V2* """ (t) appearing in (3.96) , one derives:

N[ =

2—v+le 2—v~+pie 1,2(14pe) K
VP (V2 H(r) < e ) () 4 Ly (), o

D=

V2 () V27T R (1) < 2R V(L) + 5 VER(E),
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with k1, ko defined in (3.91). Then, from (3.96), one derives :
V() < =2055Va(t) = Mrips(V(1)) — Mspr(Va (1)), (3.98)

with 13 defined in (3.58), 17 € Ko defined as follows:

s¥oif s <1,
r(s) = (3.99)

s if s> 1,

My = v3(6 — MsMe) — 46 Mo, Mg = 2v40Nn 3 — v3 M5 Mg and

Mg = max{3 s s BoTpie], (3.100)
For § > MsMg, 73 > % and 4 > 73M5M6 , one has
§ = min{20y 9, M7, Mg} > 0, (3.101)
and thus
VI < =0us (U(0) + 0t Vo + et MEnen).  (3102)

with g some K, function such that 13(VZ(t)) + ¥7(Va(t)) + Va(t) > vs(U3(t) +
|lw(t, )HH1 01) T le(t, )3 01)). The proof of the existence of g follows the same
lines as the proof of Lemma 3.4.

Summarizing, one arrives at the second main result:

Theorem 3.2

There exists B3 € KL such that for any initial condition zo € H?(0,1) such that a120(0)+
a12245(0) = 29(1) = 0, any solution of closed-loop system (3.1)-(3.3) and the observer
(3.74) with the homogeneous feedback law (3.11) and (3.79) satisfies:

ot s 0. + 12 M2 0.0y < Ballz0ll2ps 0.1y, ) ¥t = 0.

Proof. The inequality (3.102) with Lemma 3.4 imply that there exists §4 € KL such that
forallt >0

U(t) + l[w(t, )z 0,1y + et M1y < Balllzolizn o0, t)-

Using (3.7) one derives

12t 0.y < Bmasc{L, 173 oy HI0(E N oy + U0 + et M), (3103)

which complete the proof. O
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3.5 Numerical Simulations

We perform numerical simulations on the system (3.11)-(3.15) with initial condition
zo(x) = 1 — 22, Mixed Neumann-Dirichlet boundary conditions, point measurement
y(t) = z(t,0) and U(0) = 0, the reaction coefficient ¢ = 22.5. We selected N =
2, which corresponds to two unstable modes (w(t),w2(t)). In this case, Wy (t) =

(U(), wi(t), wa(t)) "

We consider (3.16) with M = 30 truncated basis. We use the control toolbox on
MATLAB to compute the linear control gains and the linear observer gain:

K, = (—539.3, -2852.3, —210.5),
Ky, = (—12147, —108190, —24788), (3.104)
Ly = (—77.4974,25.6429) T,

with which we compute the linear output-feedback control based on the linear observer
(3.74) given by

U(t) = E(Wu(t)) = KiWu(t). (3.105)
On the other hand, we use the Homogeneous Control Systems Toolbox for MATLAB
[130] to compute || - ||a, tte, 7, v, Ko, K, Gaq,. This gives,

e = —0.3, Ko = (—51.6180, —183.4370, —0.0002), K = (—487.7,—2668.9,210.5)
0.5349 —2.7058 0.0134
=1, v=13, Gaq =| 01301 1.7570 —0.0038
—0.1363  0.1746  1.6082

We adopt the following notations: LC=Linear control U(t) in (3.105) with Kj,, High
gain LC=High gain linear control U(¢) in (3.105) with Kj;,, HC=homogeneous control
U(t) in (3.11) and (3.79) , LO=Linear observer in (3.74).

Figure 3.1 shows the simulations the norm [|2(,-)|[g1(0,1) of the closed-loop system
with the linear output-feedback control (LC+LO in blue line and High gain LC+LO in
black dashed line) and with the homogeneous output-feedback control (HC+LO in red
line ) in logarithmic scale and during the initial phase of stabilization. In Figure 3.2, the
linear output-feedback control (3.105) and homogeneous output-feedback control (3.11)
and (3.79) and the solution z(¢, x) of closed-loop system (3.1)-(3.3) with the homogeneous
output-feedback law (3.11) and (3.79) are shown. We can observe from the numerical
simulations (see Figure 3.1) that the closed-loop system with high gain linear control
(High gain LC+LO) in black dashed line and the closed-loop system with homogeneous
control (HC+LO) in red line achieve

I2(t, o) <e=10"7, V¢t >T=1. (3.106)
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From Figure 3.2, closed-loop system with homogeneous control achieves (3.106) with the
control restriction
sup|U(t)| < U = 18. (3.107)
>0
One can also observe in Figure 3.1 and Figure 3.2 that using high-gain linear control
to achieve (3.106) implies a large deviation of the closed-loop system (a peaking ) and
an overshoot of the control signal during the initial phase of stabilization. Additionally,
we can observe in Figure 3.2 that both the linear controller and the homogeneous one
exhibit a similar overshoot value while verifying (3.107), but the linear controller violates
condition (3.106) whereas the homogeneous one does not. Hence, we can observe the
advantage of using a homogeneous control while making it possible to obtain faster
convergence without a peaking effect and with a small overshoot of the control signal.

Norm of the system Norm of the system

160

: "
‘h‘ LC+LO

140 HC+LO. i
y — — —High gain LC+LO

[l2(ts Mo,

LC+LO N
HC+LO N

10—10 L

— — —High gain LC+LO AN

10715
0

0.5 1 1.5 0.6

Figure 3.1: Evolution of the norm |[|2(¢,)[|g1(o,1) of the closed-loop system (3.1)-(3.3)
under linear output-feedback control (LC+LO in blue line and High gain LC+LO in
black dashed line) and under homogeneous output-feedback control (HC+LO in red line
) in logarithmic scale (at left) and during the initial phase of stabilization (at right).

3.5.1 Towards homogeneous observers
3.5.1.1 Homogeneous infinite-dimensional observer design

Since {A, C'} is observable then according to [139], [140] the linear algebraic equation
GiA — AGy+YyC = A, CGj=0, (3.108)

has a solution Y € RVX1 G¢ € RVXN guch that the matrix G§+ Iy is invertible. Then
the matrix

Ga, = IN + 1.G§ (3.109)
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Control Signal Closed-loop solution
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Figure 3.2: Time-evolution of the output-feedback control signal U(t) during the initial
phase of stabilization: the linear output-feedback control (LC+LO in blue line and High
gain LC+LO in black dashed line) and homogeneous output-feedback control (HC+LO
in red line ) and the solution z(t, z) of the closed-loop system (3.1)-(3.3) with the homo-
geneous output-feedback law (3.11) and (3.79)

is anti-Hurwitz for any p, € (—ﬁ,O) and the matrix A3 = A — (Iy + G§)~1YeC
satisfies the identity

ASGdO = (Gdo —I—,uOIN) 8, CGdo =0, (3.110)
and the linear matrix inequalities

(A34poGa,) Xo+ Xo(AS+poGa,) + Y,C + C Y, <0, (3.111)
Ga,Xo+X,GY =0, X, =X/ >0, (3.112)

have solution X, € RN*N 'y, € RV*! for any p, > 0. Let
L=X;'Y, Lo=-(Iy+G}'Yg, (3.113)
with X,, Y, solution of (3.111)-(3.112) and let d, the dilation generated by Ggq,.

Let h; = (0,...,1,...,0)" the i-th unit Euclidean vector in RV. As in the previous
section, we design a nonlinear observer w for w in the form of nonlinear PDE :

i (t, ) = Opptd(t,x) + qio(t, ) + (qr(z) + 7 (2))U(t) — r(x)E(t) + (3.114)

N 1
S b o[ clayitt.a)de — 5(0)on(o) (3.115)
i=1

an(t,0) + apia(t,0) = w(t,1) =0, (3.116)

and w(0,x) = 0 with O(-) defined by

O(s) = Los + |s[*1d,(In|s|)Ls, VscR. (3.117)
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The error e(t,x) = w(t, ) — w(t, x) satisfies

N 1
Oe(t,x) = Oyge(t,z)+ qe(t,x) + Z hl-TO(/O c(x)e(t, z)dz)pi(z), (3.118)
i=1

ajre(t,0) + ajoex(t,0) =e(t,1) =0, (3.119)
e(0,2) = —zo(x). (3.120)

The observer w(t,-) and the error e(t,-) can be represented as follows

Wt) = Y52 B(O)da()s alt) = (8(,-), b, _—
e(t,:) =2 a1 en()on(), enlt) = (e(t,-), dn).
Next, we design the homogeneous output feedback as follows:
EWu(t)) = KoWy(t) + N (W, (1), (3.122)

N defined in (3.38) , W, (t) = (U(t), @1 (t), - ,n(t))T and N is defined in (3.22).

The closed-loop system (3.11)-(3.14) and the observer (3.114) with homogeneous
output feedback (3.122) is given by:

Wu(t) = AW,(t) + BE(W,(1) + O(CE(t) +n(t)), (3.123)
E(t) = AE(t)+ O(CE(t) +n(t)), (3.124)
ént) = (An+qen(t), n>N, (3.125)
Wn(t) = (Mp+qQ)n(t)+ba&(Wy(t)+¢,U(t), n>N, (3.126)
en(0) = —(20,0n), wWp(0)=0, n>1, (3.127)

with O() = [0, 0()]T, E(t) = (ex(t), -~ ,en(t)) T and 5(t) = 3,y cnen(t).

Since the closed-loop system is cascaded, the H' stability analysis of the closed-
loop system (3.123)-(3.126) can be performed by demonstrating Lyapunov stability and
asymptotic attractivity.

By using (3.125) combined with (3.22), we obtain

D Anled() < e [Anll(z0, ¢n)|?, VE>0. (3.128)

n>N n>N

By following the same lines as in [95, Corrolary 8.8] , there exists My > 0 and a dilation
d, such that

IE@®E, < Bo(IIW(0)]la,,t)? + My P I7(s)IIE . vt =0, (3.129)
se

with 77(t) = Lon(t), Lo = (1,LJ)" and B, a GKL—function.
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Using the fact that WU(O) = O(n41)x1, one can be shown that there exists Mo > 0
and a dilation d. fulfilling the inequality

vt >0, [[Wu(t)lla, < Mo e IO(CE(s) +n(s))5 -
se€|0,t

By using (3.59) combined with the fact that 0, (0) = 0 one derives

ST Il () < Miy sup ws(|Wa(8)]3,), vt > 0, (3.130)
n>N s€[0,t]

for some My > 0 and 3 is defined in (3.58).

1

Since, from (3.92), we have the following estimate: [n(t)] < My (3o n [Anl€2(t))?,

it follows that 7(¢) is bounded and converges to zero as t — +oo. Utilizing the converging
input and converging state (CICS) property for ISS systems (|141]), we conclude that

. 2
Jim [E@3, = 0.

Hence, O(CE(t) + n(t)) — 0 as t — +o0 and, using the same arguments, we conclude

Jim W03, = tim > alid( (3.131)
n>N
and then
Jim (I3, + X2 P20 + [E@IE, + 3 Maled®) =0, (3.12)
n>N n>N

1
Using the fact that |n(¢)| < My ( Y s | An][(20, ¢n>|2) ? and using the estimates (3.128)-
(3.130) combined with Proposition 2.1, there exists 19 € K such that
W13, + Xsn Aal @3 (6) + IE@)Z, + Xpsn Palen(t) <
Yo (IW(O)3, + X Pall{z0.60) ), ¥E> 0. (3.133)

Summarizing, one arrives at the following third main result:

Theorem 3.3

There exists A3 € Koo such that for any initial condition zo € H , any solution of closed-
loop system (3.1)-(3.3) and observer (3.114) with the homogeneous feedback law (3.11)
and (3.122) satisfy:

1o, Moy + 128 ) 0y < Bslllzollzn,y), V>0,

and
tim (2t ) By + 100 )3 0)) =0 (3.134)

t—-+o0
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Proof. By following the same lines as in the proof of Theorem 3.2, we achieve the claimed
result. O

Remark 3.4
The estimate (3.129) is obtained by showing that there exists x € Koo such that

4B 4, < (— %+ 2x(ldo(= I EOl)E) g0 1B 57,

for some T, and X,. The construction of a Lyapunov function in this part re-
quires the knowledge of x and a Lyapunov function of the system with triple dilation

(de(s), do(s),€°).

3.6 Conclusion

In this chapter, we have developed a nonlinear homogeneous state/output feedback con-
troller to stabilize a 1D reaction-diffusion equation. The stability of the closed-loop sys-
tem is established through the construction of a Lyapunov functional for both the closed
system with state-feedback control and the closed-loop system with output-feedback con-
trol based on a linear infinite-dimensional observer. We also examine the well-posedness
of the closed-loop system under both homogeneous state feedback and output feedback
controls. Simulations indicate that the homogeneous controller outperforms the linear
feedback controller in terms of closed-loop performance, demonstrating less overshoot
and no peaking effect.
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This chapter deals with nonlinear boundary stabilization of a 1D reaction-diffusion
equation with input delay. Using the modal decomposition approach, we propose a
homogeneous-based predictor feedback for stabilizing the unstable modes. We prove the
stability of the closed-loop system via the construction of a suitable Lyapunov functional.
We present numerical simulations to support the analytical results and compare our
proposed controller to linear predictor feedback regarding closed-loop performance and
peaking effect.

4.1 Problem statement

Let us consider the 1D reaction-diffusion equation

Oz(t,x) = Opgz(t,x)+ qz(t,x), (4.1)
2(t,0) = 0, (4.2)
z(t,L) = U(t—r), (4.3)
2(0,z) = zp(x), (4.4)

83
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(t,x) € Ry x [0,L], z0 € H(0,L) the initial condition, where z(t,-) is the reaction-
diffusion PDE state at time ¢, ¢ > 0 is the reaction coefficient, U(t —r) € R is the control
input with 7 > 0 a constant delay where Ul[_,q = 0.

This chapter aims to design a homogeneous-based predictor feedback for the system
(4.1)-(4.4) using the modal decomposition approach ([61]) and to investigate numerically
if the use of a homogeneous feedback results in a smaller peaking than a linear feedback.
More precisely, as in Chapter 3, we consider the following control problem: given initial
state zg € H&(O,L), a stabilization precision € > 0 and a prescribed time T, > 0 ,the
closed-loop system has the desired stabilization precision:

It Mon < e V> T, (45)
with the restricted control magnitude

sup [U(t —r)| < U, (4.6)
t>0

for some maximal control amplitude U > 0. As discussed in Chapter 3, it may happen
that a high-gain linear controller ensures that the solution of the closed-loop system meets
the criteria specified in (4.5), but it does not fulfill the control constraint outlined in
(4.6). In contrast, the homogeneous control meets both criteria (4.5) and (4.6). Another
situation that can be considered is when both the linear controller and the homogeneous
one exhibit a similar overshoot value e.g,. while verifying (4.6), but the linear controller
may violate condition (4.5) whereas the homogeneous one does not. The advantage of
the homogeneous controller lies then in its ability to achieve faster convergence. These
considerations can be assessed numerically.

4.2 Modal decomposition

We start by considering the following trigonometric change of variable (see e.g., [71],
[76]):
w(t,z) = 2(t,x) — k(z)U(t —r), k(x)=sin(ox), (4.7)

with o = § to obtain the following equivalent PDE:
drot,z) = dupw(t,x) + quit,z) = k(@) U= 1) = (=0* + QU —1)|, (48)
w(t,0) = w(t,L)=0, (4.9)
w(0,2) = zo(x). (4.10)

By introducing a new control input (¢) such that £[[_, o = 0 and

) =U(t) — (—o? +qU(t), Vt>0, (4.11)
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one obtains the following coupled ODE-PDE system:

Ult—r) = (= +QUt—r)+Et—7), (4.12)
Ow(t,xr) = Opgw(t, )+ qu(t,x) — k(z)E(t —r), (4.13)
w(t,0) = w(t,L)=0,
w(0,2) = zo(x). (4.14)
The solution to (4.13) can be represented as follows:
w(t, ) =Y wa(t)bn(x), walt) = (w(t,-), dn), (4.15)
n=1
with ¢, (z) = \/%sin(%), n > 1. Projecting onto the basis {¢,}°° , one has
Ut—r) = (=" + Ut —7) +£(t—r), (4.16)
wn(t) = (_)‘n + Q)wn(t) + bnf(t - T), (4'17)
wn(o) = <20a¢n>7 n=>1, (418)

wheren > 1, A\, = 227 i5 the eigenvalue of Sturm-Liouville eigenvalue problem

L2
¢ (z) + Ap(z) =0, ¢(0) = (L) =0, (4.19)

corresponding to the eigenvector ¢,,,

by = — /OL k(@) b () = CLVRE (L (4.20)

Since A, — 400 when n — 400, then there exists an integer N > 1 such that
An+q< -6, Yn>N+1, (4.21)
with § > 0 some positive constant. We obtain from (4.16)-(4.18), the following system:
W(t) = AW(t)+ BE(t—r), (4.22)
wnp(t) = (=An+ Qun(t) + 0,6t —71),n > N, (4.23)
wn(0) = (20,¢n), n>1, (4.24)

with

W(t) = (Ut —r),wi(t), -, wn®)", B=1,b, - ,bx)", (4.25)
A= (T o) (4.26)

By introducing the Artstein transformation (see [142], [143|) as follows
t
Z(t) = W (t) —|—/ A=) Be(s)ds, (4.27)

t—r

one derives

Z(t) = AZ(t) + BE(t),  Z(0) = MW (0). (4.28)
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4.3 Homogeneous stabilization of 1-D heat system by full-
state feedback

In this part, we stabilize (4.28) using homogeneous control and next study the stability
of the entire system (4.22)-(4.24).

4.3.1 Stabilization of the finite-dimensional part

Since {A, B} is controllable (see [71], [76, Lemma 2.1]) then according to Section 2.2.3,
the linear algebraic equation

AGy— GgA+ BYy = A, GyB =0, (429)

has solutions Yy € R™>*WV+1) Gy e RIWFDX(N+1) guch that the matrix Go — Iy is
invertible , the matrix Gq := Iny1 + pGo is anti-Hurwitz for any u € (—1,0) and the
matrix Ag = A+ BKy with Ko = Yy(Go — In41) ! satisfies the identity

AoGq = (Ga + pIn11)Ao, GaB = B. (4.30)

Moreover, the linear matrix inequalities

(Ao+pGa) X +X(Ao+pGa)' +BY +Y'BT <0,

(4.31)
GaX+XG =21+ X, X=X"=0,

have solutions X,Y for any p > 0. Recall that d is the dilation generated by G4q. The
system (4.28) with the continuous feedback law

§(Z(t) = KoZ(t) + N(Z(1)), (4.32)
N(Z(1)) =l Z(#)llg™ Kd(= (| Z()a)) Z (1), (4.33)

where K = YX ! XY being solutions of (4.31) for some p > 0 is d-homogeneous of
degree p and globally finite-time stable

Z0)15*
Z(t)=0, Vt>T:= 120l (4.34)
—pp
Along the solutions of the closed-loop system (4.28) and (4.32)
d||Z(t)||la
1200 < 20y (4.35)
for all ¢t > 0. Let
_ )\maX(X—lﬂ(;Xm/? + X1/2GdTX—1/2) B /\min(X_l/QGXm/Q +X1/QGJX_1/2)
2 ) - 2 .

(4.36)
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Since the control system (4.28) is uncontrolled for ¢ < 0, one considers the following
feedback law

£(t) = 0, if t<0, (4.37)
) KoZ(t) + N(Z(t)) i t>0. '

Then, the closed-loop system (4.23),(4.24), (4.28) and (4.37) is as follows:

Z()=  AZ(t) + B(KOZ(t) +N(Z(t))), (4.38)
Wn(t) = (=An+ @Qwn(t) + X(r100) (t)bn (KoZ(t —r)+N(Z({t - r))), n> N,
Z(0) = eW(0), wn(0)= (z0,bn), n>N, (4.39)

With X (r,400)(t) = 0 for t <7 and x(; 1o0)(t) = 1 otherwise.

4.3.2 Stability of entire system

For H'! stability analysis of the closed-loop system (4.38), we define the following Lya-
punov functional :

t
V() =mQZ@)lla) + 72/ V(| Z(s)lla)ds + Y Anwp(t), VE>0, (4.40)
max{t—r,0} noN
with
1 24p gf <1 2(1+p)
2+ § ’ 1 s> 1, S s if s < 1,
mg—{f i ,M@—{% LT
555 ~ % T if s>1, s, if s>1.

and 1,72 > 0, v is defined in (4.36). Note that ¥ € Ko and using 1 + p < 7 (from
Proposition 2.1) then 2v — > 2+ p and Q € K.

Lemma 4.1
There exists 1 € Koo such that for allt > 0,

m(U = 1) + ot o) < V(). (1.42)
Proof. Since w(t,-) € H}(0, L) then there exists C; > 0 such that

lw(t, Moz < Cr Y Anwn(t), (4.43)

n=1
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which implies that

Ut =)+ it Mo < Co(IWOR+ Y0 Awd@®),  (444)
n=N+1

with Cy = max{C},C1An+1 + 1}. From (4.27), one has

Wt)=e4Z(t)— [ tax{t_m} eA“—s—T)B(KOZ(s) —|—N(Z(s))>ds, VE> 0. (4.45)

m.

From Proposition 2.1 (and using 1 + ¢ < 7 < v ), one has

120)x+ < w2(1ZB)]a). (4.46)

Using (4.46) and the fact that ||d(—1In||Z(t)]|a)Z(t)||x-1 = 1, one derives for all

t>0,
t

WP < (v(iZ@)a) + |

v(12(3)a)ds ) (4.47)
max{t—r,0}

with My = 2e24" X\ (X1~ max{1, 7| B|?My} and My = 4max{|K{ |?,|KT|?}. This
means for all ¢ > 0,

W ()2 < M, (\1; o QT (AV(1) + %V(t)). (4.48)

Using (4.44) and (4.48), the proof is complete. O

Let for all t > 0,

Vi) = 1Z(0)lla, Va(t) = Y dawp(),  Va(t) = Xrpoo) OIZ(E =)l (4.49)
n>N

Computing the time-derivatives along the solutions of closed-loop system (4.38), for all
t > r , one has from (4.35) and (4.41)

DU < _pwwim), (4.50)
and .
& [ wAe)ds = BA) - HVA) (a.5)

On other hand, along solution of closed-loop system (4.38) for all ¢t > r,

Va(t) =2 37 M (t) (=D + @)wn(t) + balt — 1) ). (4.52)

n>N
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ANT1

Using the Young inequality, for all 3 > Onr=0 the equality (4.52) implies for all ¢ > r,

V() <2 3 Aa (=14 25)h + q)wl(8) + 1 Ma W (Va (1)), (453)
n>N

with Mz = Apin (X 1)~ 1M, ( N |bn]2). Using (4.47), one derives for all ¢ > r,

Va(t) < =20Nn1Va(t) + 13 M3 (Va(t)), (4.54)
with
Ong = (1= 3;)AN+1—q > 0. (4.55)

From (4.40), along the solution of closed-loop system (4.38), one has for all ¢ > r,

V(t) = 716“2(;1(75)) +ypd /tt U(Vi(s))ds + Va(t). (4.56)

Then using (4.50),(4.51) and (4.54) one derives for all ¢ > r,

V(t) < =20N1Va(t) + (13Ms — 72) U(V3(2)) + (v2 — 11p) R (Va(2)). (4.57)

Since from (4.35) the map t — Vi(t) is decreasing on [0, 400) then for all ¢ > r, and for
all s € [t —r,t],
Y(Vi(t)) < ¥ (Vi(s)) < ®(Va(t)). (4.58)

This implies that for all ¢ > r
t
B(Vy(t)) > i/ W(Vi(s))ds. (4.59)
t—r

In addition, for 79 > v3M3 and v, > %2, one has

- . —~a M
p=min{20n1,71p — 72, B2} > 0, (4.60)

and then the inequality (4.57) implies that for all £ > r

t

V@s—ﬂ%@+wwm»+/ (Vi(s)ds). (4.61)

t—r
By using the Lemma A.1 (in the Appendix), one has the following inequality
t
/ U(Vi(s))ds + Va(t) + W o QHQVA(1))) = 12(V (1), (4.62)
t—r

where 15 is the K function given by

ma(s) = min{$, ¥ o Q! (E) 2=} Vs> (4.63)
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Finally, one concludes that, for all ¢ > r,
V(t) < —pma(V (1)), (4.64)
and then there exists $; € KL such that, for all t > r

V) < p(V(r),t—r). (4.65)

Consider now the case t < r. Along the solution of closed-loop system (4.38), for all
t € [0,7) one has:

V() < (—py1 +12) TV (0) + 2(~Ans1 +0) 3 Aawd (1), (4.66)
n>N

Since from (4.60) py1 > 72, one derives, for all t € [0,7), V(t) < 0, which implies that for
all t € [0, 7],
V() <mQIZ0)]la) + > Anwi(0). (4.67)

n>N

Since Q € Ko, using Proposition 2.1 and the fact that Z(0) = eA"W(0) there exists
N3 € Koo such that for all ¢ € [0, 7]

V() < ns(IW () + ) Awi(0)). (4.68)
n>N

Using the fact that zg € H}(0,L) and U(—7) = 0, one has

min{Ar, (WO + 3 Aw(0)) < 20301, (4.69)
n>N

One concludes that there exists 14 € Ko such that

vee 0], V) < mllzolde.)- (4.70)
From (4.65) and (4.70), there exists f2 € KL such that

VE=0, V(t) < ﬁQ(HZUH%{l(O,L)’t)' (4.71)
Summarizing, one arrives at the following main result:

Theorem 4.1

There exists 3 € KL such that for any initial condition 2o € HJ(0,L), the solution of
closed-loop system (4.1)-(4.3) with the homogeneous feedback law (4.12) and (4.37) where
Z is given by (4.22) and (4.27) satisfies :

1206 2oy < B0l 20,08 VE> 0. (4.72)
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Moreover, for all t > T, the control input U and z satisfy
Uit—r)=0, (z(t,"),¢n) =0, n=1,...,N, (4.73)
< e BT (T, ) 2 00, (4.74)

12t )13 0,1,

Ar N || —H
with T := He_zioud +r, Z(])V = (07 <Z07¢1>7 to 7<Z07¢N>)T‘

Proof. The inequality (4.71) together with Lemma 4.1 imply that there exists 83 € KL
such that

U= 1)+ [t Moy < B0l 0.0y ), Ve > 0. (4.75)
From (4.7), one has for all ¢ > 0,

2t M0,y < 2max{L, |81l o, Y (lw(t Mo,y + U (E=1)), (4.76)
then, one concludes that there exists 8 € KL such that
12(t, Mo,y < BUlz0ll70.0)5 ) ¥E > 0. (4.77)
Since for all t > T', Z(t) = 0 then using (4.27) one obtains,
Wi(t)=0, Vt>T,:=T+r. (4.78)
Thus using (4.7), for all ¢t > T,

U(t*T’):Ov <Z(ta')’¢n>zoa nzla"'vN

) (4.79)
E<Z(t")a¢n> = (=M + @)zt ), ¢n), n>N.
Using (4.21), one derives for all ¢ > T,
D Aal(z(t ), )P < e PETN N (T ), b)) (4.80)

n>N n>N
which together the fact that for all ¢t > T}, 2(¢,-) € H}(0, L), the proof is complete. [

Remark 4.1

For pn = 0, the homogeneous feedback control £(Z(t)) = (Ko + K)Z(t) is a linear one.
In this case, d(s) = e’Iny1 ,Gg = In+1 and then v = 7 = 1. One recovers the classical
Lyapunov functional considered in the linear case [61]:

t
V() =320 X Z(t) + Y Aawp (1) MQ/ Z(s)T X 1Z(s)ds.  (4.81)
n>N max{t—r,0}
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4.4 Numerical Simulations

We perform numerical simulations on the system (4.1)-(4.4), by using system (4.12)-
(4.14) and transformation (4.7). The initial condition and parameters are: L = m,
2o(r) = (L —x),r=2¢qg=125and N = 1. We consider (4.15) with M = 10
truncated basis. We use the control toolbox on Matlab to compute the linear control

gains:
K;, = (—26.6667 — 17.3114),
K, = (—34.3467 — 23.4025),
with which we compute the linear control ([82]) given by
t—r
Ult—r)= X (r,+00) K1 / e(_02+q)(t_s_r)z(s)d5' (4.83)
0

We use the Homogeneous Control Systems (HCS) Toolbox for MATLAB [130] to compute
H . ”d7 K07 K7 Gd:
Ko = (—1.3333, —0.0783), K = (—25.3333, —17.2331),

0.9333 —0.0627 (4.84)
0.2837 1.2667 |

uw=-02,71=1v=12,,Gq =

Figure 4.1 shows the simulations in logarithmic scale of the norm ||z(¢, -)|| g1 (o, 1) of closed-
loop system (4.1)-(4.3) with linear control (4.83) (with Kj,) in blue line, with high-gain
linear control (4.83) (with Kj,) in black dashed line and with homogeneous control (4.12)
and (4.37) in red line (at the left) and during the initial phase of stabilization (at the
right). Figure 4.2 shows the time-evolution of the linear predictor feedback law (4.83)
with K, in blue line, the linear predictor feedback law (4.83) with K, in black dashed
line and the with homogeneous control predictor feedback law (4.12) and (4.37) in red
line (at the left) and the solution of the closed-loop system (4.1)-(4.3) with homogeneous
control (4.12) and (4.37) (at the right).

We can observe the performance of the closed-loop system under both a high-gain
linear control and homogeneous control while achieving a prescribed precision,e.g.,

12t Moz < e=41073 Vt>T,:=5.17. (4.85)
with the control restriction
sup|U(t —r)| < U := 3. (4.86)
>0

However, from Figure 4.2 we can observe that only the homogeneous predictor feedback
allows to achieve (4.85) with the control restriction (4.86). Indeed, one can also observe
in Figure 4.1 and Figure 4.2 the price to pay of using high-gain linear control: achieving
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(4.85) implies a large deviation of the solution closed-loop system (a peaking ) and an
overshoot of the control signal during the initial phase of stabilization. Additionally,
we can observe in Figure 4.2 that both the linear controller and the homogeneous one
exhibit a similar overshoot value while verifying (4.86), but the linear controller violates
condition (4.85), whereas the homogeneous one does not.

Norm of the system Norm of the system

linear control
homogeneous control
— — —High gain linear control

linear control
homogeneous control
5 [y — — —High gain linear control | -

Figure 4.1: Evolution of |z(t,-)| g1(0,z) in a logarithmic scale (at the left) of the closed-
loop system (4.1)-(4.3) with linear control (4.83) (blue and black dashed line) and homo-
geneous control (4.12) and (4.37) (red line) and during the initial phase of the stabilization
(at the right)

Control Signal Closed-loop solution

linear control 2
homogeneous control | |
— — — High gain linear control

= X
Loer N
= 2
251
3
o
3 i
-4
0
351 1\
—
2 e, 7
4 I \3w,”«< = "3 4 5 6
0 1 2 3 4 5 6 7 X 0 1

Figure 4.2: Time-evolution of the control signal U(¢ — r) of the linear control (4.83)
(black dashed and blue lines) and homogeneous control (4.12) and (4.37) (red line) and
the solution z(t, z) of closed-loop system (4.1)-(4.3) with homogeneous control (4.12) and
(4.37).
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Conclusion

In this chapter, we have designed a homogeneous boundary predictor feedback law for
a 1D reaction-diffusion equation with input delay. We construct a suitable Lyapunov
functional to prove the asymptotic stability of the closed-loop system. The simulations
showed that the homogeneous controller makes it possible to obtain faster convergence
without peaking and with less overshoot of the controller.
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In this chapter, an algorithm of a local finite-time control design is developed for a
class of quasi-linear systems. The design procedure is essentially based on the concept
of generalized homogeneity and the convex embedding technique. The adjustment of
control parameters is realized by solving a system of linear matrix inequalities (LMIs).
Theoretical results are supported by numerical simulations.

5.1 Introduction

In Chapter 1, we were motivated by models coming from fluid mechanics, namely the
Navier-Stokes equation. Model reduction typically leads to the viscous Burgers equation,
and in turn to bilinear systems. As shown in [144], the finite stabilization of affine-
in-control systems can be realised using Sontag’s universal formula [145]. However, it
requires a design of an appropriate control Lyapunov function. The convex embedding
approach for homogeneous affine-in-control systems has been introduced recently [146].
It essentially uses the homogeneity (symmetry) of the vector field to define a stability
condition in terms of LMIs.

97



Chapter 5. Locally homogeneous finite-time stabilization of quasi-Linear
98 systems

5.2 Problem statement

Let us consider the system
&= (L+W(@)z+ (F+Q®)§+g x(0)=uxo, (5.1)

where x € R" is the system state, £ € R:[‘ is the control input, which is assumed to be
positive (due to the physical constraints), g € R™ is a known constant vector , L € R"*"
and F' € R™™™ are known constant matrices and W(x) € R™*" are state-dependent
matrices, whose values can be computed for any = € R".

Assume that the matrix-valued functions W : R™ — R™*™ and @ : R™ — R™ " are
linear. The latter implies that W : R™ +— R™*"™ and @ : R™ — R™*™ such that

W(z)y=W(y)z, Q)é=Q(&)z, Vz,yeR", VEER™. (5.2)

Assumption 5.1
Given x* € R" there exists §* € R’ such that

(L+W(z"))z* + (F+ Q(z*)" +g=0.

The state z = x* is an equilibrium (possibly unstable) of the system (5.1) with the
control £ = &*. We consider z* as a desired set point for tracking by the system.

Given r > 0, z* € R", " € R, the control aim is to design a finite-time stabilizing
feedback & = £(z) such that for any zp € R™ : |xg — z*| < r the trajectory of the
closed-loop system satisfies

x(t) >z as t— T(xg), (5.3)
E(x(t)) €RT, Yt >0, (5.4)

where T : R™ — R is the settling-time function.

5.3 Control design and stability analysis

Let us first derive the error equation and denote

E=&4u, z=x-—2% (5.5)
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where u € R™ is a new (virtual) control such that £* +u € R7'. We derive

2 = (L+W(@)z+F&+Fu+ Q)+ Q(x)u+g
= Lx+W(z)r — Lz* — W(x")z" + Fu — Q(z")&" + Q(z)§™ + Q(z)u
= Lz+W(x—a%)ax+W@)z+ (F+Q(z))u+ Q(x — z*)&™. (5.6)

Therefore, from (5.6) and using (5.2) we obtain the following bilinear system:

2= Az+ Bu+ D(z,u)z, (5.7)
with ) ]
A=L+W(*)+W(z*) +Q(&), (5.8)
B=F+Q(z"), (5.9)
and
D(z,u) = W(z) + Q(u). (5.10)

According to Section 2.2.3, if the pair {A, B} is controllable there exists a solution Yy €
R™" Gy € R™ ™ of the linear algebraic equation

AGy— GopA+ BYy=A, GyB=0 (511)

such that the matrix Gq := I, + uGy is anti-Hurwitz for any p € (—1,0), and the matrix
Ayg = A + BK with Kq := Yy(Go — I,,) ! satisfies the identity

AgGq = (Gd + ,ufn)Ag, GaB = B. (5.12)
Theorem 5.1

Let the pair { A, B} be controllable, the matrices Ko, G g be defined by solving the equation
(5.11) and p € [—1,0). If

1) GaQ(2) = Q(2) for all s € R and all z € R™, where d(s) = e is the linear
dilation;

2) for some p, B, w1, ws € Ry the matrices X = X7 € R™" and Y € R™*" satisfy

the LMIs
AgX+ XA +BY +Y 'BT 4 p(GgX + X G g)+ (w1 +ws) X <0, (5.13)
X YTQ(h)"
L R I (5.14)
TQ(hk)Y le
X X(W(hg) + Q(hg)Ko) T
w2 rX (W (hg) + Q(hi)Ko) 0, (5.15)

r(W(hg) + Q(hy)Ko) X wo X
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05X XKjej - 055X Y'e

—Y, ) :17 , M (516)
e] KoX 058 e/ Y 0.5
2028 — )X - GaX +X G =28X, (5.17)
2 I = X -0, (5.18)
where A\j > 0, hy = (0,...,1,... ,0)" is the unit Euclidean vector in R", ej =

(0,...,1,...,0)" is the unit Euclidean vector in R™ and & is the j-th element of
the vector £&* € R, then the system (5.7) with the feedback control

u= Koz + 2l Kd(-n 2].0)2 (5.19)
Ko:=Yy(Go—I,)"!, K=YX,
1s locally finite-time stable with the invariant ellipsoid
EX):={zeR": 2" X 12 <1} (5.20)
belonging to the attraction domain. Moreover, for |z(0)| < r, we have
0 <& +u(z(t)), Vt=>0,
z(t) >0 as t—T(2(0)),

where T'(2(0)) < % with the canonical homogeneous norm || - ||a induced by

the weighted Euclidean norm ||z|| = V2T X1z,

Remark 5.1
Given r > 0, the system of LMIs (5.13)-(5.17) is feasible for p sufficiently close to 0
provided that [rW (h;)| and |rQ(h;)| are small enough but £ € R} is large enough.

Indeed, taking 5 = —3/4 and any X > 0 one can see that the LMI (5.17) is fulfilled
for p sufficiently close to 0. The controllability of {A, B} implies the feasibility of (5.13)
(see, [111] for more details). For any fixed wi,ws € Ry and X > 0, the LMIs (5.14),
(5.15) are feasible if |[rW (h;)| and |rQ(h;)| are small enough. For any fixed X > 0, the
LMI (5.16) is feasible if £F € Ry is large enough.

Therefore, the only critical restriction in the above theorem is GgQ(z) = Q(z), but
it may be fulfilled in some practical cases, for example, for a discretization of the one-
dimensional viscous Burgers equation controlled on the boundary.

Proof. Using (2.22), for V = ||z||q we derive

szT(— In||z]|a)X ~'d(—1n|z|la)(Az + Bu+ D(z,u)z)

V=2
I=lla 2TdT (—In [[2][a) X ~LGad(— In||z]|q)=

(5.21)
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Using the homogeneity (namely, Aod(s) = e**d(s)Ap and d(s)B = e®B) we derive (see,
[111] for more details)

szT(—lnHsz)Xfld(—lnHsz)(Az—&-Bu) (5.22)
= [|z[|4z"d"(— In[[z]]a) X (Ao + BK)d(—In|z]la),

which in conjunction with condition (5.13), we obtain from (5.21) the following estimate:

—(w1 +wa)zllg +2"d" (~In|z]la) X 'd(~In||2]la) D(z, u)2)

V< —pVITH 4 . (5.23
=r 2Td T (—In||2]la) X —Gad(— In | z]lq)2 (5.23)
Notice that the term D(z,u)z can be rewritten as follows:

D(z,u)z =W (z)z+ Q(2)u
(svu)2 W (2)2 + Q2 o1

=W (2)z + Q(2) Koz + [12]g"Q(z) Kd(~ In |z ).

Hence, using d(s)Q(z) = €°Q(z) (since GaQ(z) = Q(2)) we obtain
Zla’(~Inzlla)X d(~In|z]la) D(z, u)z = |[z]4zd (= In|lza) X Q) Kd(~In |z]la)=
+z7d" (= In|z]la) X ~'d(—In||z]la) (W (2) + Q(2)Ko)z. (5.25)

Taking into account z'd'(—In ||z||a)X ~'d(—1n||z|la)z = 1, and using Cauchy-Schwartz
inequality we derive

2Td"(— In [2]a) X' Q(x)Kd(~ In|2]la)2 < w1, (5.26)
provided that K 'QT(2) X 1Q(2)K < w?X . Let us show that for ||z||; < r, one has
K'QT()X'Q(»)K <wix L. (5.27)
Indeed, using the Schur complement, inequality (5.27) can be rewritten as follows:

w1 X rY TQ(z/r)"
rQ(z/r)Y w1 X

=0, (5.28)

By Carathéodory lemma on convex hull, for any z such that ||z||; < 1, there exist scalars
oif > 0 such that 7_, o +a; =1 and

n

2= (off — o)y (5.29)
k=1
where hy = (0,...,1,...,0)" € R" is the unit Euclidean vector. Hence, for ||z||; < r we

derive

(it 507 = S i "2 o (it ),
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Taking into account Q(—z) = —Q(2),Vz € R™ we derive that (5.14) implies (5.26)
for any z : ||z||1 <.

Similarly, we derive

2T (< In [s}a) X ~'d(= In |}z (W ()4 Q) Kn)z - (5.31)

wal|2llg

provided that
—=rd(=Inl2]la)(W(2) + Q(2)Ko)=

wall2ll4*

<1

The inequality 2(28—p) X = Ga X+X G guarantees that the matrix G5 = (28—p)I,—Gq
is anti-Hurwitz and the dilation d(s) = e*“a

Hence, we have

is monotone with respect to the norm || - ||.

12137 d(=m 1zll0) | = lan ] zla)] < 1 (5.32)
for all z : ||z||la < 1 (which is equivalent to ||z|] < 1). Thus, the inequality
lwg (W (=/11z113) + Q(=/ 12113 Ko)=/ Il < 1 (5.33)

implies (5.31). The LMI Gq X+XGJ =2BX implies | z|| < Hz||g provided that ||z]|q < 1.
In this case, for ||z|| < 1 the inequality (5.33) follows from |lwy '(W(2) + Q(2)Kp)z|| <
1211 <

(W(2) + Q(2)Ko) " (W(2) + Q(2)Ko) < wp X . (5.34)

Repeating the above consideration, we derive that LMI (5.14) implies (5.31) provided
that [|z|| <1 and ||z]|; < 7. Therefore,

V< —pVitH (5.35)

where ||z]1 <7 and ||z]| < 1. Since 7?n~11,, = X, then

2]lir™! < @\Zl =Vr2nzTz<V2TX12<1,

for [|z|| < 1. Therefore, the closed-loop system is locally finite-time stable and the
ellipsoid £(X) = {z : ||z|| < 1} belongs to the domain of attraction. Moreover, since
|z| < |z]|]1 < 7 for ||z]] <1 then |2(0)] < r = 2z(t) — 0 with in the finite time T'(z(0)) <

(—pp) =1V (2(0)) 7.
The LMI (5.16) and the inequality 2" X 'z < 1 guarantees
ZTKOT@]'GJ'TKQZ < (5;‘)2/4
or, equivalently, \ejTKoz(t)| <& /2 for all t > 0. Similarly, taking into account

2ld" (—In||z)lq) X td(=In|z|lq)z = 1,
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we derive
(€)?

z'd"(=In Hsz)X_lYTeje;rYX_ld(— In|z]la)z <

or, equivalently, |e;—Kd(—lnHz(t)Hd)z(t)| < &;/2 for all t > 0. Since [[z[la < 1 then
&+ e]-Tng + HZHdejTKd(— In||2(t)||a)z(t) > 0 for all £ > 0. The proof is complete.

The feasibility of the system (5.13)-(5.17) can be studied similarly to [111].

5.4 Simulations

Let us consider the error system (5.7) with the parameters

-2 1 0 0 0 0O 1 0 0 0

1 =21 0 0 -1 0 1 0 0
A=10 1 -2 1 0], W(2)=e-diag 0 -1 0 1 0fz;p.

0o 0 1 -2 1 0 0 -1 0 1

o 0 0 1 =2 0 0 0 —-10
(5.36)

and B = (0.5,0,0,0,0) ", Q(2) = £(—0.521,0,0,0,0) " where z = (21, 22, 23, 24, 25) | € R®.
Solving the algebraic equation (5.11) we derive

0 -8 6 -4 2
0 -1 -6 4 =2
Ko = <20 —88 220 —330 264) , Go=10 0 -2 —4 2
0 0 0 -3 -2
0 0 0o 0 -4

(5.37)
The dilation is given by G4 = I5 + uGo where p € [—1,0). Obviously, GaQ(z) = Q(2)
so the first condition of the main theorem is fulfilled. The pair {4, B} is controllable, so
the LMIs (5.13)-(5.15),(5.17),(5.18) are feasible for small enough € > 0 (in this example,
the control restrictions are omitted). Solving (5.13),(5.17),(5.18) for 4 = —0.1 we derive

148.1977 54546  —28.9205 —2.0518 9.0251
5.4546  25.7547  0.2926 —4.9821 0.0481
X =1 -28.9205 0.2926 6.3759 0.1808 —2.3111 |, (5.38)
—2.0518 —4.9821  0.1808 1.0161 —0.1000
9.0251 0.0481 —2.3111 —0.1000 1.0000
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K = (—18.0000 65.0431 —210.9065 272.6945 —257.9888) . (5.39)

The simulations results for the open-loop (u = 0) and the closed-loop systems for € = 0.1
are shown on the Figure 5.1. The simulation results are obtained using the explicit

1 - —
Z1 3 —22
0.8 %

—
0.6

0.4

0.2

. 0 — .
02 /

A \
04 |
06/
08|

[

-1 | L
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8

Figure 5.1: Left: Evolution of the states of the open-loop system. Right: The states of
the closed-loop system.

—open-loop system
closed-loop system

Figure 5.2: Left: Comparison of the decay rates of the open-loop and closed-loop systems
in the logarithmic scale. Right: The dependence of the settling time on the variation of
the norm of the initial state.

Euler method with the sampling period 1073, Application of the homogeneous control
(5.19) requires a computation of the canonical homogeneous norm || - |4 by means of the
special numerical procedure [111]. Homogeneous Control Systems (HCS) Toolbox for
MATLAB [130] is utilized for this purpose.

The comparison of the decay rates of the open-loop and the closed-loop systems is
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given on the Figure 5.2. The system with the homogeneous controller demonstrates the
behavior typical for the finite-time stable system. According to simulation results the
settling time for the chosen initial state z(0) = 2 := (1,—1,0,1,0)" is about 8 units of
time. The dependence of the settling time of the initial condition can be observed from
the simulation results depicted on Figure 5.2.

Conclusion

In this chapter, an algorithm for the finite-time stabilizing control design is developed for
the class of quasi-linear systems. The design procedure uses the linear approximation as
the reference mode to design a homogeneous controller. The parameters of the controller
are tuned in such a way that allow the stabilization of the original (quasi-linear) system as
well. The convex embedding technique is utilized in order to derive the control parameters
from linear matrix inequalities. The obtained LMIs are shown to be feasible under
conditions of controllability of the linear approximation.
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In this chapter, we address the problem of nonlinear boundary control design for

the 1D viscous Burgers equation. Using the modal decomposition approach, we design a

finite-dimensional homogeneous controller for the controlled subsystem containing unsta-

ble modes.

We prove that the closed-loop system with the homogeneous state-feedback

control is locally asymptotically stable by constructing an appropriate Lyapunov func-

tional depending on the canonical homogeneous norm and the degree of homogeneity.

Next, we construct a linear infinite-dimensional observer and design the homogeneous
output-feedback controller to achieve the local stability of the closed-loop system. We
analyze the well-posedness of the closed-loop system with the finite-dimensional homo-
geneous state/output feedback control by using the Arzela—Ascoli theorem. Finally, we
present numerical simulations to support the analytical results and compare our proposed

controller t

o a linear one regarding closed-loop performance and the peaking effect.
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6.1 Problem Statement

Let us consider the 1D viscous Burgers equation :

Ohz(t,x) = vOuz(t,x) + qz(t,x) — $0,[*(t, 7)), (6.1)
z(t,0) = 0, (6.2)
2(t,1) = U(t), (6.3)
2(0,z) = zp(x), (6.4)

(t,z) € Ry x [0,1] , where z(¢,z) is the velocity of the flow at position z and time ¢, v
is the viscosity , ¢ > 0 is the reaction coefficient, zp the initial condition and U(t) € R is
the control input. Assume that one has the following measurement y(¢) given by

1
y(t):/o c(x)z(t, x)dx, (6.5)

where ¢ € L?(0, 1) for non-local measurement or y(t) = z(t, x*) for the point measurement
with z* € (0,1).

Notice that for ¢ < vr?, the open-loop system (i.e the equation (6.1)-(6.4) with
U(t) = 0) is globally exponentially stable in L?(0,1). This can be proven using the
Lyapunov function given by V(t) = ||z(¢, -)HQLQ(OJ), which satisfies the inequality V() <
2(—vm? +q)V (t) along the solution of the open-loop system. The open-loop system may
be unstable for ¢ > v72. In this chapter, we

e design the homogeneous finite-time stabilizer U(t) for the system (6.1)-(6.4) via
the modal decomposition approach, achieving the H' local asymptotic stability of
the closed-loop system and study the well-posedness of the closed-loop system with
the homogeneous state-feedback law:;

e construct an infinite-dimensional linear observer for (6.1)-(6.4) for an output feed-
back stabilization of (6.1)-(6.4) using the homogeneous control, and study the well-
posedness of the closed-loop system with the homogeneous output-feedback law

e demonstrate through some numerical simulations that the designed homogeneous
boundary feedback law for the 1D viscous Burgers equation has more advantages
than the linear one: we compare numerically the homogeneous control with the
linear control regarding closed-loop performance and show that the homogeneous
feedback control has a smaller overshoot than the linear feedback control. More
precisely, we consider the following control problem: Given any initial state zg €
H'(0,1), a stabilization precision € > 0 and a prescribed time T, > 0 the closed-loop
system achieves the desired stabilization precision:

HZ(t, ')HHl(O,l) <e, vt > Tp7 (66)
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with the restricted control magnitude

sup [U(t)| < U, (6.7)

t>0
for some maximal control amplitude U > 0. A high-gain linear controller may
ensure that the solution of the closed-loop system meets the criteria specified in
(6.6), but it does not fulfill the control constraint outlined in (6.7). In contrast,
the homogeneous control meets both criteria (6.6) and (6.7). Another situation
that can be considered is when both the linear controller and the homogeneous one
exhibit a similar overshoot value e.g., while verifying (6.7), but the linear controller
may violate condition (6.6), whereas the homogeneous one does not. The advantage
of the homogeneous controller lies then in its ability to achieve faster convergence.
These considerations can be assessed numerically.

6.2 Modal decomposition

This section focuses on a modal decomposition of the linear model that facilitates the
separation of the system into two distinct parts: the finite-dimensional controlled part,
which encompasses the unstable modes, and the infinite-dimensional part, which includes
the stable modes. To achieve this separation, it is convenient to reformulate the system
(6.1)-(6.4) as an equivalent homogeneous Dirichlet problem.

We begin by introducing the following polynomial change of variables, as discussed
in [52]:

w(t,z) = z(t,x) — 2U(t), (6.8)

where, as in [69], we set U(0) = 0. This leads us to the following equivalent PDE:
ow(t,r) = viyw(t,z)+qu(t,z) —zU(t) + qU(t) — %QE [(w(t,z) + 2U(t))*], (6.9)
w(t,0) = w(t1)=0, (6.10)
w(0,z) = z(z), (6.11)
y(t) = /0 c(x)w(t, x) dx + (/0 xe(x) dm) U(t), (6.12)

(and y(t) = w(t, x*) + x*U(t) for the point measurement case) provided that:

w(0,x) = zo(x) — 2U(0) = zo(z). (6.13)

We introduce a new control input £(t) and a new output g(t) given by

. 1
&0 =0, 5t =y - ( /0 ze(@)da )U(t) or §(t) = y(t) ~a"U(t),  (6.14)
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and obtain a following coupled ODE-PDE system

ut) = &), (6.15)
dw(t,z) = vdw(t,z)+ qu(t,z) — z€(t) + qzU(t) — 20, [(w(t,z) + 2U(t))?], (6.16)
w(t,0) = w(t,1) =0, (6.17)
gt) = /0 c(zx)w(t,z)de or g(t) =w(t,x"), (6.18)
w(0,z) = zo(z). (6.19)

The solution w to (6.16) can be represented by [69]:

w(t,z) = an(t)qﬁn(a:), wp(t) = (w(t, ), dn), (6.20)

n=1
with ¢y, () = V2sin(nrz), n = 1,2,... and projecting onto the basis {¢,}2°;, one has
U(t) = € (6.21)
wn(t) = (=vAn + Qwn(t) + 0n&(t) — qbnU(t) + fu(2), (6.22)
J(t) = Y cnwn(t), (6.23)

n=1

wn(0) = zom, (6.24)
where n > 1, A\, = n?r? is the eigenvalue of Sturm-Liouville eigenvalue problem !

corresponding to the eigenvector ¢, and by, ¢,, fn(t) are given by :

1
fn(t) = —;/ Ou(w(t, x) + zU (t))?)bp (z)dz, (6.26)
0
and
1 1
b, = _/0 rop(x)dr = (7172:‘/5,% :/0 c(x)pn(x)dr or ¢, = dp(z"), 200 = (20, Pn)-
(6.27)

Since A, — 400 when n — 400, then there exists an integer N > 1 such that
—vA\p+qg<—0, Yn>N+1, (6.28)
with § some positive constant. Next by setting
Wau(t) = (U(t),wi(t), -+, wn ()T, W(t) = (wi(t), - ,wn ()T, B = (1,br,-- ,by)T,

- 0 0
A:diag{—y)\n-i-q}q]lv:l, A: DN ) C: (017'” JCN)7
—qB A

FN(t):(Oafl(t)a"' afN(t))Ta B:(bﬂ)ﬁle?
(6.29)

!Recall that :
¢ (z)+Ap(z) =0, ¢(0)=¢(1) =0, (6.25)
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we obtain from (6.21)-(6.24), the following augmented system:

Wu(t) = AW,(t) + BE(t) +Fn (1), (6.30)

Wy (t) = (—vAn + Qwn(t) + bu&(t) — qbuU(t) + fu(t), n >N, (6.31)

gt) = CW(t) + Y cawn(t), (6.32)
n=N-+1

with the initial data

(Wu(0),w,(0) = (2, 20m), 20 = (0,201, ,205)". (6.33)

6.3 Homogeneous stabilization of 1D viscous Burgers equa-
tion by state feedback

In this part, we propose a nonlinear control following the concept of generalized homo-
geneity for the stabilization of the system (6.15)-(6.17) since the pair {A, B} is control-
lable (see [61]).

Following the same lines as in Theorem 2.4 of Chapter 2, there exists a solution
Yy € RN Gy e RVADX(N+HD) of the linear algebraic equation

AGy —GyA+BYy=A, GyB=0, (6.34)

such that the matrix Gq := In41 + pGy is anti-Hurwitz for any p € (—1,0), and the
matrix Ag = A + BKq with Kq := Yy(Go — Iny1) " satisfies the identity

A()Gd = (Gd + MIN+1)14~10, Gdé = B. (635)
Let X € RVHADX(N+1) and vV e RIX(VHD) he the solutions of the LMIs

AgX +XAJ +BY +Y BT +p(Ga X +XGJ) =0, (6.36)
GaX+XGi>0, X=X"50, (6.37)

for some p € Ry. We set

)\maX(X71/2GdX1/2+X1/2GTX71/2) )\min(X71/2GdX1/2+X1/2GTX71/2)
(= 2 . , = ) d ,(6.38)
and || - |la the canonical homogeneous norm induced by the weighted norm || - | x-1. We

design a homogeneous stabilizer for (6.30) as follows:

EWult)) = KoWu(t) + N(Wu(t)), N(Wu(t) = [Wu(t)|lg™ Kd(=In [Wa(t)[la) Wa(t),
(6.39)
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where Ky and K = Y X! are the homogeneous control gains. The closed-loop system
(6.15)-(6.17) with the homogeneous state-feedback control (6.39) is then given by

Ut) = KoWu(t) +NWu(1)), (6.40)
Bw(t,z) = vdmw(t,z) + qu(t,z) + qzU(t) — :c(KOWu(t) + N(Wu(t)))

—La,[(w(t, x) + 2U (1)), (6.41)

w(t,0) = w(t,1) =0, (6.42)

w(0,z) = zo(z), (6.43)

or equivalently in the projected form

t) = AWy(t) + B(KoWu(t) + N (W, ())) +FN<>,
t) = (VA + Qwn(t) + by (KoWi(t) + t))) — gbnU(t) + fu(t), n >N,
Wu(o) = (07 <z07¢1>7"' 7<Z07¢)N>) 7wn(0) - <207¢7L>a n > N,

where Fiy(t) and f,(t) are defined in (6.29) and (6.26) respectively.

6.3.1 Well-posedness analysis

In this part, we analyze the well-posedness of the closed-loop system (6.40)-(6.43), which
can be rewritten in the following abstract compact form:

Z(t) = AZ({t)+F(Z(t)) + B(KoPZ(t) + N(PZ(t))), (6.44)
Z(0) = (0,20) € H, (6.45)
where H = R x L?(0,1) is a Hilbert space with inner product given by (Z1, Zo)y =

UUs + <w1,w2>, with Z; = (U1,w1) EH, Iy = (Ug,wg) € H, Z(t) = (U(t),w(t, )) eEH
is the system state, the operators A : D(A) C H — H and F are given by

0 0 0
AZ(t) = Z(t), F(Z(t))=-1
D7 @) vt |70 T T ) + 0
D(A) = {(U,w) € R x H*(0,1)|w(0) = w(1) = 0}, (6.46)

k(z) = x, using the identity operator 1 on H and null operator 0 on H, the projec-
tion operator P : H — RN*! defined as PZ(t) = W,(t) is linear and bounded and

the operator B : R — H defined as B(t) = [,Hl(x)} &(t) is linear and bounded. The

operator A generates a strongly continuous semigroup on #H ([147, Therorem 3.2]) and
the nonlinear map F : R x H'(0,1) — R x L?(0,1) is locally Lipschitz (see [S1], [84]).
However, since the nonlinear term N (+) defined in (6.39) is non-Lipschitz at 0, the homo-
geneous state-feedback law considered is not Lipschitz on the entire state space H, and
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then the classical methods [134], [148] commonly used to justify the well-posedness of
infinite-dimensional systems with locally Lipschitz non-linearity are inapplicable to the
entire state space.

To study the well-posedness in this case, we represent the closed-loop system (6.40)-
(6.43) as follows:

Weo(t) = (2010 — Aoo)weo(t) + Foo(weo(t)) + Boo (§(Pocweo(t)) — qU (1)), (6.47)
weo(0) = (0,201,202, )", (6.48)

where weo(t) = (U(t),w1(t), )", I is the identity operator on €2, Fi, Pao, Boo given
by

Pootoo(t) = (Ut), w1 (t), -+ ,wn(®)",  Foo(wao(t)) = (0, fi(t), fo(t),--+) T,
Boo = (1,b1,ba, )T, Aso = diag{\,}2%, Ao = ¢ An = VA, +¢,n > 1, (6.49)
and by, fn(-) defined in (6.26).

The following theorem is a direct consequence of the results presented in Section C on
the well-posedness of an infinite-dimensional system with a locally Lipschitz nonlinearity.

Theorem 6.1

For any initial condition zg € H}(0,1), there exists T > 0 small enough such that the
closed-loop system (6.1)-(6.4) with the homogeneous state-feedback law (6.40) has a mild
solution z € C1([0,T]; L*(0,1)) N C([0,T); H'(0,1)) .

Proof. For any n > 1, we consider the following operator S, defined as follows:

Sn: Rx Hg(0,1) — R
X (6.50)
(Uy, w) = = fo (W (@) 4+ Uy)(w(z) + 2Uy) dn(x)dz.
Then (6.26) reads
Vn>1, Vt>0, fu(t)=S(U(t),w(t,-)), (6.51)

where f,,(t) is defined in (6.26). Using the Parseval identity, the Young and Sobolev
inequalities, for any (Uy, w), (Uy,v) € R x H}(0,1), one has

[e’s) o0 1
S 180U w) = S U )P = Y| /0 (' (@) + V) (w(z) — o) + (U~ U,) +
n=1 n=1

2
(0 (@) = V' (@) + (U — U)) (v(a) + 203 ()|
2
(1w’ 200y + 1l 220.1) + |Ui] + [Us])? %
(v = v || 20 + U — Ual)”. (6.52)

IN



Chapter 6. Homogeneous boundary control design for a 1D viscous Burgers
114 equation

On the other hand, using the expression of £(-) in (6.39) combined with the fact that
[|d(—In [| PooWoo () ||d) PooWoo (t)|| x-1 = 1 one has

—1
E(Pacton ()] < Amin(X 1) 2 max(| K7 |, 1K [H(Paotvao(®) -1 + [Poctose (8)157):

(6.53)
Using (6.52), F(-) satisfies condition (C.6) and using the estimate (6.53) combined
with Proposition 2.1 the homogeneous feedback control £(-) satisfies (C.10) . Apply-
ing the Theorem C.1, one concludes that there exists 7" > 0 small enough such that the
closed-loop system (6.40)-(6.43) has a mild solution (U,w) € C'([0,T];R x L?(0,1)) N
C([0,T);R x H}(0,1)). Using the relation (6.8), the proof is complete. O

6.3.2 Stability analysis

In the previous section, the dynamic extension of the PDE combined with the modal
decomposition approach is employed to obtain a finite-dimensional subsystem contain-
ing the unstable modes and a residual containing the stable modes; next, we designed
homogeneous state-feedback control for the controlled finite-dimensional subsystem by
using the homogeneity notions. In this part, a stability analysis of the closed-loop sys-
tem (6.40)-(6.43) in H'(0,1) is studied; we prove the local asymptotic stability of the
closed-loop system by constructing a suitable Lyapunov function which depends on the
homogeneous norm and the degree of the homogeneity. For this, we consider the following
Lyapunov functional:

V(t) = (Vi(t)) + Va(t), (6.54)
where
Vi(t) = [Wu(®)lla, (6.55)
Va(t) = D> dwi(b), (6.56)
n=N+1
and 2 defined by:
Q(s) = ﬁsﬂ“, s >0, (6.57)

and p € (—1,0) the degree of homogeneity. Notice that the function € € Ko provided
that 24+ > 0.

Lemma 6.1
There exist 1,12 € Ko such that the Lyapunov functional V(t) defined in (6.54)
satisfies

YU () + w(t, M o,n) < VE) < v2(U0) + lw(t,)ine,), ¥6>0. (6.58)

Proof. The proof follows the same lines as the proof of Lemma 3.2. 0
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The following lemma gives an estimate of the derivative V(t) along the solution of
the closed-loop system (6.40)-(6.43).

Lemma 6.2
Given r > 0 sufficiently small, there exist p > 0 and V3 € Ko such that if the following
estimate

U(t) + w(t, )Fngy < V>0, (6.59)

holds, then we have
V(t) < =pus(U(8) + w(t, )30y ¥E> 0, (6.60)
Proof. The proof is presented in Appendix B.0.2. O

In summary, combining the Lemmas 6.1 and 6.2 one arrives at the following main
result

Theorem 6.2

Given ¥ > 0 sufficiently small, for any initial condition 29 € HE(0,1) such that
120l 10,1y < V7, any solution z of the closed-loop system (6.1)-(6.4) with the homo-
geneous feedback law (6.40) can be extended to the interval [0,400) and z(t,x) salisfies
the following estimate

Hz(t, ')”%{1(0,1) < 51(”2’0”%11(0,1)715)7 vt > 07 (6-61)
with 1? some KL function .

Proof. In the view of the estimates (6.58) and (6.59)-(6.60), there exists f2 € KL such
that

U2(t) + w(t, Y200 < BellzolZii0ny t)s VE 20, (6.62)

for any initial condition 29 € Hg(0,1) such that 120l 10,1y < VT with 7 = Wyt oy (r).
Using the relation (6.8), one has

V>0, ot ) B < SOt )20 + U30), (6.63)
and then one concludes that there exists 81 € KL such that
Il W0 < Bi (1202000 D)s ¥E 20, (6.64)

for any initial condition ||zo||f1(9,1) < /7. Since the Lyapunov function V() given in
(6.54) remains bounded on any time interval of finite length, then z(t,-) is well defined
on the interval [0, +00). The proof is complete. O

2 independant of zg
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Remark 6.1
For =0 one obtains d(s) = €’ In+1 ,Ga = Ini1, || [la = |- l|lx-1 - In this case, the

homogeneous state-feedback control (W, (t)) = (K + Ko)Wy(t) is a linear control, and
one recovers the classical Lyapunov function considered in the linear case [81]

V(t) = sWa(t) T X I, (¢t Z Anw? ( (6.65)
n=N+1
Remark 6.2
An alternative approach to design the homogeneous state-feedback control for the 1D
viscous Burgers equation consists of decomposing the nonlinear term (w(t,-)0yw(t, "), Pn)
as follows

—TYIY e (BDwesa (), n=1,

w(t, )Opw(t,-), pn) =
o ) — 1TV S wi (B wk () + T2 SR wi () wn k() # 1,
(6.66)
and next rewrite the projected system (6.30)-(6.32) as follows
Wa(t) = (A+F (Wa()) ) Wa(t) + BE() Zwk WD), wi(t),  (6.67)
wn(t) = (_VAn + Q)wn(t) + bng( ) - qan( ) + fn( )v n> N, (668)

where F'(-) is linear with respect to its argument. Using similar arguments as in [120]
due to the controllability of the pair {A, B} and to the linearity of the term F'(-), one
can design a homogeneous feedback control for the quasi-linear controlled subsystem (6.67)
based on the convexr embedding technique ([146]). Next, by following the same lines as
in the proof of Theorem 6.2 one can prove the local stability of the entire system by
considering the same Lyapunov functional (6.54). Using this approach, the quasi-linear
term FY(W,(t))W,(t) is rejected in finite time. This alternative involves more calcu-
lations (to treat the nonlinear term (w(t,-)0zw(t,-), dn)), but more advantageous when
there are many unstable modes by not requiring p to be large enough due to the rejec-
tion of the nonlinear term FY(W,(t))Wy(t). It will therefore be sufficient in this case to
choose p large such that the term W, (t) present in F? is compensated compared to the
approach presented in this chapter for which p will be large enough to compensate both

FY W, (£))W,.(t) and the term of W, (t) present in F2(W,(t), wi(t)).

6.4 Homogeneous stabilization of the 1D viscous Burgers
equation by output feedback

In the previous section, we constructed the full-state finite-dimensional homogeneous
boundary controller to stabilize the 1D viscous Burgers equation. However, measuring a
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system’s full internal state is sometimes difficult, expensive, or impossible. In these cases,
the output feedback provides a way to achieve the control objectives while still using only
the available output measurements. In this section, we study the output-feedback stabi-
lization of the 1D viscous Burgers equation using the homogeneous control. To estimate
an infinite-dimensional state, we design a linear infinite-dimensional observer where the
observer gain is obtained following the same lines as in [117], [149]. Next, using the same
procedures as done in the previous section (i.e., modal decomposition of the linear model
and separation of unstable and stable modes), we design a finite-dimensional homoge-
neous output-feedback control based on LMI for the subsystem containing the unstable
modes. Inspired by [81], we prove the local exponential stability of the error system by
constructing a suitable Lyapunov function; the proof follows the same lines as in [150]
by using the S-procedure to compensate the nonlinear term present in the error system;
next using the homogeneity theory tools, we construct a suitable ISS Lyapunov function
for the observer system and finally we derive the asymptotic stability of the closed-loop
system with the homogeneous output-feedback control by combining the two Lyapunov
functions constructed. The observability property of the finite-dimensional subsystem
containing the unstable modes is obtained by making the following assumption:

Assumption 6.1
Assume that ¢, = fol c(x)pn(x)dx in the non-local measurement case or ¢, = ¢p(x*) in
the point measurement case satisfies

cn 70, 1<n<N, (6.69)
where N is defined in (6.28).

Under this assumption, the pair {A4,C} ( A, C defined in (6.29)) is observable (see
[69], [70]) and then there exists L; = (I1,---,ly)" € R¥X! the observer gain and a
symmetric positive definite matrix P € R¥*N such that

P(A+LC)+(A+LC)'P<-25iP, P=P' ~0, (6.70)

with &1 some positive constant. Since in (6.15)-(6.19) U is known we construct an observer
w for w only as follows :

Q(t,x) = vOu(t, )+ qi(t,z) — 20 [(0(t, 2) + zU(t))?] (6.71)
1

—a€(t) + aaU () +1@)( | cailtalde—5(0).  (672)

D(t,0) = @(t,1) =0, (6.73)

and w(0,x) = 0 with g(¢) defined in (6.18) and I(x) given by

N
l(:L‘) = Zln¢n(x)a (674)
n=1
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with {I,,}_; the observer gain defined in (6.70) and N defined in (6.28) . This type of
observer gain is suggested for reaction-diffusion PDEs in [117], [149]. Now using (6.16)-
(6.17) and (6.71)-(6.73), the error e(t,x) = w(t,x) — w(t, z) satisfies

Oe(t,r) = vOyze(t,r) + qe(t,x) — Oz[(w(t, z) + zU(t))e(t, z) — %eQ(t,x)] (6.75)

1
+ol) /0 c(@)e(t, z)dz, (6.76)
e(t,0) = e(t,1)=0, (6.77)
e(0,z) = —zo(x). (6.78)

The observer w(t,-) and the error e(t,-) can be represented as follows

w(t,:) = Z Wy (D)Pn (),  Wn(t) = (W0(L, ), Pn), (6.79)
n=1
e(t,) = Z en(t)on(-), enlt) = (e(t,), dn). (6.80)

n=1

By setting Wy (t) = (U(¢), w1 (t),--- ,n(t)) T and following the same lines as in the
previous section, we design the homogeneous output-feedback control £(W,,(t)) as follows:

A

EWu(t) = KoWult) + N(Wu(t), N (Wu(t) = [Wu(®)llg™ Kd(=In [ W (1) ]la) W (),

(6.81)
where u € (—1,0) the degree of homogeneity and the homogeneous control gains Koy, K €
R>XV+D) defined as in the previous section.

The closed-loop system (6.71)-(6.73) and (6.75)-(6.78) with the homogeneous output-
feedback control (6.81) is then given by:

Wut) = AW (t)+BEW )+ Fn(t) +Li (CE(t)+A(t)), (6.82)
E(t) = (A+ LIC)E(t) + LiA(t) + ON (1), (6.83)
én(t) = (—vAp+qen(t) +on(t), mn >N, (6.84)

Wn(t) = (—vAn + Q)n(t) + bpE (W) — gbuU () + fu(t), n >N, (6.85)
en(0) = —(20,0n), wW,(0)=0, n>1, (6.86)
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and fn(t), on(t) given by
fut) = —/ 0ul(ib(t, 2) + 2U ()2 om () da, (6.87)

on(t) = / O [(w(t,z) + zU(t))e(t, z) — %ez(t,:c)wn(x)dx. (6.88)

6.4.1 Well-posedness analysis

The following theorem is a direct consequence of the results presented in Section C
on the well-posedness of a coupled infinite-dimensional system with a locally Lipschitz
nonlinearity.

Theorem 6.3

For any initial condition zy € H&(O,l), there exists T, > 0 small enough such that
the closed-loop system (6.1)-(6.3) and the observer (6.71)-(6.73) with the homogeneous
output-feedback law (6.15) and (6.81) admits a mild solution (z,w) with

(z,0) € C([0,T,]; H'(0,1) x H3(0,1)) N C ([0, T,]; L*(0,1) x L*(0,1)).

Proof. The proof is presented for the case ¢ € L?(0, 1); a similar procedure can be adapted
for the case of the point measurement by using [151, Lemma 4.1]. By setting

woo(ﬂ = (U(t)7w1(t)7“')—ra eoo(t) = (07 el(t)a"')T’ (689)

one can rewrite the closed-loop system (6.82)-(6.85) as follows

oo () 210 — Ao 0 oo (1) Be

d — Woo
"\ enslt) 0 2Ins — Aoo | \ eso(t) o (6 (Pectin(®)
W (1)
—qU()) +G , (6.90)
WO+

with the initial condition
oo (0) = (0,0,---)",  €no(0) = (0, —20.1, —20.2, -+ ) " (6.91)
where I, Ao, Boo, Pso are defined previously and
Lo = (0 117" N, 0, )T, O( Doo (1), oo (1)) = (0, 01(), 02(t), -+ )T,
t): Ofl ")T) 0002(07615627"'))
oo (1) F 0 Loo
o0 (1) ( oo(t)) Leo
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lny €y 0n(t), fn(t) defined previously. For any n > 1, we consider the operator G,, defined
as follows: for any (Ug, W, euy) € R x H(}(O, 1) x HE(0,1)

I ( (i (x) +2Us > #(2) + 364 (@)] 60 (@) + lnc(@)es(2) ) do
and satisfying : Vn > 1, Vi > 0,

Fal®) + 103202, Cnen(t)> , (6.92)

On (t) + ZTL 270:;1 Cnen(t)
Using the Parseval identity, the Young and Sobolev inequalities, for any

Gn(U(t)v ﬁ)(t, ')7 e(tv )) = <

(Ug, W, eq), (Us, 0, e5) € R x H(0,1) x H3(0,1)
one has
o1 |Gn(Ugy i, e0) — Gn(Us, 0, €0)[? < 2((||w’IILz<o,1> + 191l 20,1) + U] + Us)?
+2[Li?|lellZ2 0.0y + Bllesl 200y + el 22,1y + 200" || £2(0,1) + 2|Um|)2) (Ilei,g —esllz201) +
4~ L2y + Vs — Usl) (6.9

Using (6.93), G(-) satisfies the condition (C.19) and using similar arguments as previously,
the homogeneous feedback control £(+) satisfies (C.10). Applying the Theorem C.2, one
concludes that there exists T, > 0 small enough such that the closed-loop system (6.82)-
(6.85) has a mild solution (U,w,e) with (U, @, e) € C([0,T,; R x H}(0,1) x HE(0,1)) N
C*([0,T,); R x L?(0,1) x L?(0,1)). Using the relation (6.8) we complete the proof . [

6.4.2 Stability Analysis

In this part, we will study the H' stability analysis of the closed-loop system (6.82)-
(6.85). For this, we consider the following Lyapunov functional

Vo(t) = 2 (Vi(t)) + Va(t) + Qa2(Va(t)), (6.94)
where € is defined in (6.57) and
Vi(t) = [[Wu(t)lla, (6.95)
Va(t) = > ddi(b), (6.96)
n=N-+1
Va(t) = IEOIF+ > Menld), (6.97)
n=N+1
Qa(s) = %15“1, s >0, (6.98)
mo= F (6.99)
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with P defined in (6.70), ¢ defined in (6.38) and p € (—1,0) the degree of homogeneity.

Lemma 6.3
There exist 14,105 € Koo such that the Lyapunov functional V,(t) defined in (6.94) satis-
fies: ¥t >0,

(6.100)
Proof. The proof follows the same lines as the proof of Lemma 3.4. O

For the stability analysis, we will proceed as in the previous case by establishing a
lemma to estimate the derivative Vo(t) The proof is based on the Poincaré inequality
and the Parseval identity. The procedure used to estimate Vg(t) is similar to that pro-
posed in |71], [81] for linear feedback stabilization of a nonlinear PDE, which consists of
compensating the nonlinear term (O” (¢) in this case) via the S-procedure.

Lemma 6.4
Given r1 > 0 sufficiently small, there exist p > 0 and g € Koo such that if the following
estimate

U2(t) + [t ')H%{l(og) + [le(t, ')H12L[1(0,1) <r, Vt=0, (6.101)

holds, then
Vo(t) < —ﬁwﬁ(tﬂ(t) + [, ) 0,0 + llet, -)H%p(o,l)), vt > 0. (6.102)
Proof. The proof is presented in Appendix B.0.3. 0

In summary, by combining the Lemmas 6.3 and 6.4 one arrives at the following main
result:

Theorem 6.4

Given 71 > 0 sufficiently small, for any initial condition zy € H&(O,l) such that
|20l 1. (0,1) < V/T1, any solution of closed-loop system (6.1)-(6.3) and the observer (6.71)-
(6.73) with the homogeneous output-feedback law (6.15) and (6.81) can be extended to the
interval [0, +00) and (z(t,z),w(t,x)) satisfies the following inequality :

0, M 0,0y + 12 o1y < BslllzollFry ) ¥t 20, (6.103)

with B33 some KL function .

3independamt of 2o
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Proof. Using the estimates (6.100)and (6.101)-(6.102), there exists 84 € ICL such that
U2(8) + 1t )20y + et Mo < BillzolZn ot W20, (6.10)

for any initial condition zp such that |zo[[f1(01) < /71 with 71 = Yzt o1ba(r1). From
the relation (6.8), one has

z(t,x) = w(t,z) + zU(t) + e(t, x) (6.105)
which implies that

20t ) 2 oy < 4RO 200y + U0 + llelt, M o) (6.106)

and then one concludes that there exists 83 € KL such that

o (t, M2 o + 12t Moy < Balllzollri oy t)s ¥ =0, (6.107)

for any initial condition ||zo[[f1(0,1) < +/71. Since the Lyapunov function V;(¢) remains
bounded on any time interval of finite length, then z(t,-) and w(t, -) are well defined on
the interval [0, +00). The proof is complete. O

Remark 6.3

We discuss some limitations of the proposed methodologies presented concerning finite-
dimensional observer design. Let M > N be an integer (N defined in (6.28)), and let us
consider the following finite-dimensional observer

M
n=1
where Wy, (t) with 1 < n < M salisfies
Wn(t) = (=1An + Qn(t) + ba&(t) — gbulU(t) + I chwn —§(t)), (6.109)

with the initial condition w,(0) =0 and I, =0 for N+ 1 < n < M. The closed-loop
system with the homogeneous output-feedback control is then given by

Wu(t) = AW, (t) + BEW.(1) + LICE(t) + CuEu(t) + R(2)), (6.110)
E(t) = (A4 LC)E(t)+ L(CuEn(t) + R(t)) — Fx(t), (6.111)
Ep(t) = AmEum(t)— Fy(t) (6.112)
W) = AyWar(t) + Bu&(Wa(t)), (6.113)
W (t) = (= + Qwn(t) + bpf(Wy (1)) — gbpU(t) + fa(t),n > M +1,(6.114)
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with Ep(t), R(t), Wa(t), A, B defined as follows:

Fy(t) = (fusa() -+ faa(0), En () = (fa(8), -, fn (), R(E) = 35 r Cntwn (D),
By = (bng1, - 5 ba) T Car = (engt, -+ em), An = diag{—vAn + ¢}y,
En(t) = (enta(t), - senr(t), War(t) = (bnga(t), ... oar(t)).

By setting V¢ (t) = W (t)]| g, Vi(t) = D on>Ml Aw2(t) and following the same lines as

in the proof of Theorem 6.4, along the solutions of the closed-loop system (6.110)-(6.114),

o
Vi(t) <1, Vi(t) <, (6.115)

with r > 0 then one has

LO(Vi() < —aaViU0) + ao(|CE®)™ + [Ca Ba (D)) + sV (1)
Vilt) < —aaVi(®) + asVi ) +as(EOF + [Bu(0)F).

where a1, s, -+ , g are some positive constants. Then one obtains

FQVE(1) + Vi(t) < (—an + as) VP (1) + (= aaVit) + as Vi (1)) +
Qs(|CEW)™ +Car Ear(01"2) + a6(1E() + [Ear (1) ).

In the case of linear control design, k1 = 1 and the term Vi(t) can be rejected for M
sufficiently large such that aqy > as . In our case, k1 < 1 which implies that

)

V'_l(t)< — aqVi(t) + azV;™ (75)> = —ay+ a3V Ht) = 400 as Vi(t) — 0. (6.116)

In other words, as we approach zero, the term a3V, (t) becomes the dominant term rela-
twe to —agVi(t). This indicates that we cannot consider the finite-dimensional observer
in our context, or at least not with the Lyapunov function discussed in the chapter.

6.5 Numerical Simulations

We perform numerical simulations on the system (6.1)-(6.4) with the homogeneous
output-feedback control (6.15) and (6.81), by using system (6.82)-(6.85). The initial
condition zg, the system parameters v and ¢, as well as the point measurement y(t), are
defined as follows:

2(z) =z(1 —z), v=015 g¢=4lvr?, N =2, y(t)=2(t,0.4), (6.117)

and we set U(0) = 0. We consider (6.20) with M = 10 truncated basis. As highlighted
in the chapter, the advantage of homogeneous control lies in its ability to achieve faster
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convergence with reduced peaking compared to linear control. Consequently, the linear
control is optimally designed using Linear Matrix Inequalities (LMIs), to achieve faster
convergence than that of classically designed linear control, while minimizing the over-
shoot of the control input (see Section 2.3.2 in Chapter 2). We utilize the control toolbox
in MATLAB to compute the linear control gains:

K, = (—140.0323, —272.0973, —14.2646), K, = (—202.8260, —416.7673, —38.0307),

(6.118)
and the observer gain is given by
L; = (—9.2644, 2.4339),
with which we compute the linear output-feedback control expressed as:
t A~
U(t) = Kl/ Wu(s)ds, (6.119)
0
where K; = Kj, corresponds to linear control, and K; = Kj, corresponds to high-

gain linear control. Next, we homogenize the linear output-feedback law to derive the
homogeneous-output feedback law, defined as follows:

t
U(t) = /O (KoWals) + V()57 (K, — Ko)(—n [Wau(s)la) Wa(s) ) ds,  (6.120)
using the following parameters: = —0.1,n =1, ( = 1.1, and

0.6875 —0.6886 0.0111
Ko = (—19.4386,—32.6580, —0.0005), Ggq= | 0.1846  1.4067 —0.0067

—0.0231 0.0517  1.2058

(6.121)
The Homogeneous Control Systems (HCS) Toolbox for MATLAB [130] is used to ob-
tain these parameters. Figure 6.1 shows the simulations in logarithmic scale of the
norm ||2(¢, -)|| 10,1y of closed-loop system (6.1)-(6.3) with linear output-feedback con-
trol (6.119) (with K7j,) in blue line, with high-gain linear output-feedback control (6.119)
(with K,) in black dashed line and with homogeneous output-feedback control (6.15) and
(6.81) in red line and during the initial phase of stabilization. In Figure 6.2, the linear
output-feedback control (6.119), the homogeneous control (6.15) and (6.81) and the solu-
tion z(t, x) of closed-loop system (6.1)-(6.3) with the homogeneous output-feedback law
(6.15) and (6.81) are shown. One remark from Figure 6.1 is that the closed-loop systems
with the homogeneous output-feedback control and the high-gain linear output-feedback
control achieve

12, My < e:=10"7, Vt>Tp:=09. (6.122)
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From Figure 6.2, only the closed-loop system with the homogeneous output-feedback
control achieves (6.122) with the control restriction

sup [U(t)| < U := 4. (6.123)
>0

In Figure 6.1 and Figure 6.2, one can observe that during the initial phase of stabilization,
the high-gain linear closed-loop solution has a large deviation (peaking effect ), and the
high-gain linear control has a large overshoot. Additionally, we can observe in Figure 6.2
that both the linear controller and the homogeneous one exhibit a similar overshoot value
while verifying (6.123), but the linear controller violates condition (6.122) whereas the
homogeneous one does not. Hence, the advantage of using the homogeneous control is
that it allows for better convergence without the peaking effect and with less overshoot.

Norm of the system

Norm of the system

Homogeneous control

o Linear control J
i — — —High gain linear control

homogeneous control
linear control N
— — —High gain linear control

Figure 6.1: Evolution of the norm ||z(¢,-)|| g1(0,1) in a logarithmic scale of the closed-loop
system (6.1)-(6.3) under linear output-feedback control (6.119) (in blue line and black
dashed line) and under homogeneous output-feedback control (6.15) and (6.81) in red
line

Remark 6.4

For the numerical simulations, the norm of the initial condition is ||2(0,)||g1(0,1) =~
0.7853. With this initial condition, the closed-loop system demonstrates asymptotic sta-
bility. However, upon conducting several tests, we observed instability in the closed-loop
system when starting from [|2(0, )| g1(0,1) = 1.5706.

6.6 Conclusions

In this chapter, we have developed a homogeneous state/output feedback controller to
stabilize the 1D viscous Burgers equation. The stability of the closed-loop system with
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Control Signal Closed-loop solution

homogeneous control
linear control
— — — High gain linear control 0

z(tx)

_ J 2

A

Figure 6.2: Time-evolution of the output-feedback control signal U(¢) : the linear control
(6.119) ( in blue line and in black dashed line) and homogeneous control (6.15) and (6.81)
in red line and the solution z(t, z) of closed-loop system (6.1)-(6.3) with the homogeneous
output-feedback law (6.15) and (6.81)

the homogeneous state/output feedback control is proven by constructing an appropriate
Lyapunov functional, which utilizes the homogeneous canonical norm and the degree
of homogeneity. The simulation results demonstrate that the homogeneous controller
outperforms a linear feedback controller, exhibiting improved closed-loop performance
characterized by reduced overshoot and smaller peaking.



CHAPTER 7

Conclusion and perspectives

7.1 Contributions

The research presented in this thesis primarily contributes to the field of finite-
dimensional nonlinear control design for some classes of infinite-dimensional systems,
including linear and nonlinear parabolic partial differential equations (PDEs). By bridg-
ing the gap between homogeneous control theory and distributed parameter systems,
this work offers innovative strategies for finite-dimensional homogeneous control design
for a 1D reaction-diffusion equation, both with and without input delay. Furthermore,
it is demonstrated that the methodology developed for linear parabolic PDEs can be
extended to certain nonlinear systems. For example, the thesis illustrates that finite-
dimensional homogeneous control can be effectively designed to stabilize the 1D viscous
Burgers equation.

The main novel contributions of this thesis to control theory are:

e A finite-dimensional nonlinear state/output feedback control design for the 1D re-
action diffusion, with the stability analysis based on an appropriate Lyapunov func-
tion: In this part, we employed modal decomposition and subsequently designed
a homogeneous control for the unstable component. Given that the closed-loop
system is cascaded, demonstrating Lyapunov stability and the attractivity of the
origin would have been sufficient to conclude asymptotic stability. The main contri-
bution of this part lies in the use of the constructed Lyapunov function to establish
the asymptotic stability of the closed-loop system.

e A finite-dimensional nonlinear predictor feedback control design for the 1D reaction-
diffusion equation with input delay, with the stability analysis based on an appro-
priate Lyapunov function: we adopted the same approach as previously, employing
modal decomposition in conjunction with homogeneous predictor feedback design.
Subsequently, we analyzed the stability of the closed-loop system by proposing
an appropriate Lyapunov function. To our knowledge, this contribution is the first
nonlinear predictor feedback design for reaction-diffusion equations using the modal
decomposition approach.

127
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e A finite-dimensional nonlinear control design for nonlinear parabolic PDEs, pre-
cisely the 1D viscous Burgers equation, with the stability analysis based on an
appropriate Lyapunov function: The linearized Burgers equation with reactive
terms around the origin is a reaction-diffusion equation. For finite-dimensional
systems, the global asymptotic stability of the linearized equation ensures the lo-
cal asymptotic stability of the nonlinear system; however, this does not hold for
infinite-dimensional systems. We applied modal decomposition to the linear part
of the Burgers equation and then designed the homogeneous control for the finite-
dimensional subsystem. It is essential to note that the presence of nonlinearity
leads to an interconnected closed-loop system. To analyze the stability of the
closed-loop system, we propose an appropriate Lyapunov function and employ the
Parseval identity to compensate the nonlinear term.

e Well-posedness analysis of closed-loop system with non-Lipschitz nonlinearity:
Since the homogeneous control is nonlinear and non-Lipschitz at the origin, classical
techniques used to study well-posed systems cannot be applied to closed-loop sys-
tems considered in this thesis. We have developed specialized methods to analyze
the well-posedness of closed-loop systems containing non-Lipschitz nonlinearities.
Two methods are presented: The first involves studying the finite-dimensional sys-
tem that generates the control signal, then considering an abstract system that
incorporates this signal, and finally proving that a solution to this abstract system
is also a solution to the original system. The second method involves using a con-
tinuous approximation of the non-Lipschitz controller and demonstrating that the
closed-loop system with this approximation admits a solution that coincides with
the solution of the original system on a specific interval.

e LMI-based finite-time control design for a quasi-linear system: We propose the
design of homogeneous controllers based on Linear Matrix Inequalities (LMIs) for
the local finite-time stabilization of quasi-linear systems. Quasi-linear systems are
models derived from approximations of Burgers’ equation using model reduction
techniques, such as finite difference, Galerkin method, and finite element method.
In most cases, experiments are conducted using these reduced models. The main
contribution of this section is the design of finite-time controllers that are imple-
mentable for reduced models representing fluid flows.

7.2 Perspectives

This thesis contributes to finite-dimensional nonlinear boundary stabilization problems
for various classes of infinite-dimensional systems. However, it is important to recognize
that several issues remain open, and that deserve further investigation. Below are some
potential avenues for future research that can be explored:
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Extension of the results presented in this thesis for 2D or 3D parabolic PDEs: The
equations discussed in this thesis are in one-dimensional space. Although these
1D parabolic PDEs (including the reaction-diffusion and viscous Burgers equation)
can effectively model thermal processes or flows under certain conditions, achieving
higher precision in experiments necessitates the design of homogeneous control
strategies for equations in two or three dimensions. This will be an extension of
the methodology proposed in this thesis.

Finite-dimensional homogeneous observer-based control design for the 1D reaction
diffusion equation: In the case of state-feedback stabilization or output-feedback
stabilization using an infinite-dimensional observer, the closed-loop system is struc-
tured as a cascade system. In contrast, for output-feedback stabilization employing
a finite-dimensional observer, the closed-loop system is interconnected. In the work
presented in this thesis, the specific form of the homogeneous controller, particu-
larly the dilation d., does not permit the design of a finite-dimensional homoge-
neous observer-based control for reaction-diffusion equations. Indeed, a sufficient
condition for addressing this issue is that the observer gain L must be an eigen-
vector of the dilation matrix G4, with eigenvalue 1 i.e Gq,L = L; however, this
condition is exceedingly restrictive and practically infeasible. Therefore, the in-
vestigation of finite-dimensional homogeneous observer-based control design poses
significant challenges.

Implementation challenges, including sampled-data and event-triggered homoge-
neous control, and consistent discretization of a homogeneous control for infinite-
dimensional systems: Designing homogeneous control laws is one aspect, but it
is equally important to propose methods for implementing these controllers to
facilitate their use during experiments. Therefore, it is crucial to develop ho-
mogeneous sampled-data or event-triggered controls. Most existing methods for
event-triggered or sampled-data control rely on Lipschitz conditions, small-gain ar-
guments, and descriptor methods; however, homogeneous control is not Lipschitz,
and small-gain arguments are not applicable for homogeneous systems ( at least
for those considered in this thesis). Thus, it would be highly beneficial to develop
specific tools to address this challenge.






APPENDIX A

Some technical proofs in Chapter 3

A.0.1 Technical Lemma

The following Lemma is similar to [152, Lemma 2| and is useful for lower bounding
Lyapunov functions.

Lemma A.1
For any a1, as and as € K one has

al(sl) + 042(82) + 043(53) > d(Sl + s9 + 53), (Al)
for any s1, 82,53 > 0 where & € Koo 45 given by
a(s) = min{a(3), 22(3), a3(3)}, (A.2)

for all s > 0.

Proof. Let s1, s2,53 > 0. By using the fact that @ € K one has the following inequality
a(s1 + sz + s3) < a(3s1) + @(3s2) + a(3s3), (A.3)

which combined with (A.2) implies that
3
a(sy + s2 + s3) < Zmin{al(si), az(s;), as(si)}

i=1

and then
a(s1 + s2 + s3) < ai(s1) + aa(s2) + as(ss). (A.4)

The proof is complete. O
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A.0.2 Proof of Lemma 3.1

Proof. The closed-loop system (3.42)-(3.44) is rewritten in the following compact form:

Z(t) = (A+BKyP)Z(t)+BN(PZ(t)), (A.5)
Z(0) = (0,2)" €H, (A.6)
where H = Rx L?(0, 1) is a Hilbert space with inner product given by (Z1, Zs)y = UyUs+

<w1,w2>, with Z; = (Ul,wl)T eH,Zy = (UQ,U]Q)T € H, Z(t) = (U(t),w(t, ))T € H is
the system state, the operator A : D(A) C H — H:

AZ(t) = [0, (gr + 7 )U(t) + (8 + @)t )] T, (A7)

D(A) = RxH; with H; defined in (3.45), the operator P : H — RN *! defined as PZ(t) =
W (t) is linear and bounded and the operator B : R — H defined as BE(t) = [_Tl(x)} ()
is linear and bounded. The operator A+BKyP generates a strongly continuous semigroup
(S8(t))e>0 on ‘H and B is admissible (see [135, Section 4.2] ) for S(t).
Let a(t) € RV*! be a solution of
a(t) = Aja(t) + BN (a(t)), (A.8)
a(0) = P(0,2) " € RN, (A.9)

where A and B are such that (3.35) is verified, A in (3.38). Notice that the solution
a(t) of (A.8)-(A.9) is unique and continuously differentiable on [0, +-00) (see [95, Theorem
9.1)).

Using the fact that |[dc(—1Inlle(t)|la.)l[x-1 = 1, for any pc € (—1,0), the map
t = N(a(t)) € L2([0,+00),R). Along the solution of (A.8)-(A.9) one derives
FN (@) = K| (51 ) lo [+ pe)Ives = Ga,| + o) (45 + BEK)
dt dt de He)IN+1 de de 0

xde(—Inla(t)]la.)a(t),
(A.10)
provided that from (3.35), ASd.(s) = et<*d.(s)Ag and d.(s)B = ¢*B, Vs € R (see [111]
for more details).

Let d9 > § such that
AGX A+ XA +BY,+Y, BT~ —65(Ga, X + X.G). (A.11)
Then using (2.22), along the solution of system (A.8)-(A.9) one derives

c d @ c c
—Sllat)||ie < Aelae < ) a()| 5. (A.12)
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From (A.10),(A.12) and using the fact that for all ¢ > T, a(t) = Oy11)x1 one derives

r

=1
with Mig = |K | Amin(X1H) 2 (HAC + BK||X 1+ SollpelNt1 — Gchxgl)~ Thus one
concludes that

2 Te
AN ds <2, [ () (A.13)

c

L([0,40),R), if p. € (=1,-3),
Hl([o,—FOO),R), if )UJCE[_?I,O).

t— N(at)) € {

Using [135, Proposition 4.2.5 and 4.2.10], the system
() = (A+BKyP)T(t)+BN(a(t)), (A.14)
o) = (0,20)", (A.15

~—

admits a unique solution

e '€ C([0,+00),R x H1) N HL ([0, +00),R x L*(0,1)) for p. € (-1, 3),

e '€ C([0,+00),R x H1) N C([0, +00),R x L?(0,1)) for pc € [5,0),

for any initial condition zg € H.

Using modal decomposition on I'(t) € D(A), PI'(t) satisfies %Pf(t) = ASPT(t) +

BN (a(t)) with PT(0) = P(0, 20) ". Then «a(t) = PI'(t) and therefore I'(t) satisfies
I(t) = (A+BKyP)I'(t)+BN(PL(t)), (A.16)
L) = (0,2)" € H. (A.17)

One concludes that (A.5)-(A.6) admits a solution for any initial condition 29 € H .

If there exists two solutions Z; = (Uy,w1) " and Zo = (U, w2) " of (A.5)-(A.6) such
that Z1(0) = Zo(0) = (0,20) ", then Z(t) = Zy(t) — Z»(t) is solution of

Z(t) = (A+BKgP)Z(t)+BWNPZi(t))—NMPZy(t))),
Z(0) = (0,0)".

Since ai(t) = PZi(t) and ag(t) = PZa(t) are solution of (A.8)-(A.9) and it admits
unique solution, then PZ;(t) = PZy(t). Therefore Z(t) = Z1(t) — Zo(t) satisfies Z(t) =
(A+BKyP)Z(t) with Z(0) = (0,0)" and then Z(t) = (0,0)T which implies that Z;(t) =
Z5(t). One concludes that the solution is unique. Therefore, the closed-loop system
(3.42)-(3.44) admits the unique solution. O
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A.0.3 Proof of Lemma 3.2

Proof. Using the integration by parts formula and using the Wirtinger inequality [153]
one has

20+ ) Palwn(t) S U0 + lw(t, ), < 1+ )00 + Y Palwi(t)

n>1 n>1

This implies

|WU(t)’2 + Zn>N ’/\n‘w%(t) < U2(t) + Hw(t, ')H?P(O,l) <

) ) ) (A.18)
(1 + ) AN+ [ (IWu ()] 4 2,5 v [An|wy (1))
Let
L i s<
5 , if s<1,
Y11(s) = X 2,,2:5‘ ) ) _
S GT7=— + ST if s>1,
The function 911 € Ko and satisfies wn(sQ) = Q4(s). One can rewrite V"(t) as follows :
V) = o (IWu@lF) + Y alwi
n>N+1
From Proposition 2.1, there exists 119,913 € Ko such that
ra(Wu(B)]?) < [Wu)l13, < Pi3(Wu(t)]).
Then there exists 11,99 € Ko such that
O+ alwi (1) < V() < o((Wu) + D [Anlwi(t (A.19)
n>N n>N
and using (A.18) and (A.19), the proof is complete. O

A.0.4 Proof of Lemma 3.3

The proof for the case ¢ € L?(0,1) is presented and can be adapted for the case of the
point measurement.

Proof. The closed-loop system (3.80)-(3.83) can be rewritten in the following compact

form:
oe(t,x) = Opge(t,z) + qe(t,x) + l(z)é(t), (A.20)
Z(t) = (A+BEKoP)Z(t)+BN(PZ() + i(x)é(t), (A.21)
200) = (0,0)7,e(0,2) = —z(x), (A.22)
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where Z(t) = (U(t),@(t,))T € H, I(z) = [0,1(z)]T and &(t) = [ c(x)e(t, z)dz.
Let Ho = {f € H'(0,1)|f(1) = 0} . Since for all e, ey € Ha,

. - 2
£1(0) — &x(0)] < G20 (e1(t,) = ealt )20, (A.23)
then using similar arguments as in [23], the system (3.77) admits unique solution in

C([0, +00),H) N C1([0, +00), L?(0,1)) for any initial condition zy € H.

Let a,(t) be a solution of the following system:
Golt) = Afac(t) + BN (ae(t) + Lie(t), (A.24)
@e(0) = Ontiyx1- (A.25)
Since t — BN (ae(t))+i(z)é(t) € HL ([0, +00), L*(0,1)) then according to [135, Theorem

loc
4.1.6], the following system

[o(t) = (A+ BEoP)To(t) + BN (ae(t)) + I(x)é(t),
with T(0) = (0,0)7 admits a solution Te(t) € C([0, +00), D(A)) N CL([0, +00), H).
Using modal decomposition on T'.(t), PT.(t) satisfies
SPTe(t) = AGPT.(t) + BN (ae(t)) + Lié(t),
with PT¢(0) = O(n11)x1, L1 = (0,L;)", L; in (3.73).
Then one obtains a.(t) = PI'.(t) and therefore I'c(t) satifies
Te(t) = (A+ BEoP)Te(t) + BN (PLe(t)) + I(z)é(t),

with T.(0) = (0,0)". Finally the closed-loop system (A.20) admits a solution
(e(t,-),Te(t)) and thus (3.80)-(3.83) admits a solution. O

A.0.5 Proof of Lemma 3.4

Proof. The proof is similar to the previous one. Using the integration by parts formula
and the Wirtinger inequality [153], we obtain

> Palent) < llelt. i1 < L+ 72) D [Aalen(®).

n>1 n>1
Then,
min{ L5 LH(IEO + 5 Yoo v Pl () <
lle(t, Mz o) <
(1+ Z) max{, LY (| B3 + 75 Tz Ml ®).
With Lemma 3.2 and using the fact that 2y € K, the proof is complete. O







APPENDIX B

Some technical proofs in Chapter 6

B.0.1 Proof of Corollary 2.1

Proof. Since (X,Y, ) is a solution of the opimization problem (2.95) then

Amax(W) = Amax((A + BKjin) T P + P(A + BKji) + 2pP) < 0.

Hence, by construction, —1 < ppmin < 0 and 0 < pipax < l, where 7 € N is defined in the

>3
formulation of Theorem 2.4.

1) Let us show that PGgq + G1P = 0. TIndeed, if Amax (P—%QP—%) < 0 then

fminP2QP ™2 = 0 and
1 1
2In +MminP—§QP—§ >~ O’ (B'l)

If Anax (PféQP*%> > 0 then using the definition of pmi, we derive

ol

minAmax (PTEQP7H) 2 =20 = 200, + prin PT3QP 73 = 0,
so the inequality (B.1) is fulfilled again.
Similarly, if Amin (P—%QP—%) > 0 then imaxAmin (p—%QP—%) > 0 and
21, + ftmax P 2QP 2 = 0. (B.2)

If Moin <P_%QP_%> < 0 then using the definition of pmax we derive

[NIES

~ ftamax Amin (P*%QP*%)S% = 200, + pmax P 2QP 73 = 0,

so the inequality (B.2) is fulfilled again.

Using the convex embedding p = Apimin + (1 — A)tmax for some A € [0, 1], from the
LMIs (B.1), (B.2) we derive the LMI

2, + pP~2(PGy+ G{ P)P~2 = 0. (B.3)

137
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Due to Gq = I, + pGo, this LMI is equivalent to PGgq + GgP > 0.
2) If Amin(PGo+Gg P) >0 then PGo+G{ P =0, pimin(PGo+GJ P) <0 and
(A4 BEKyn)' P+ P(A+ BKjin) + 2pP 4 pminp(PGo + G§ P) < 0. (B.4)
If Apin(PGo + GOTP) < 0 then using the definition of pyi, we derive
— tminPAmin(PGo 4+ Gg P) > Amax((A + BKyin) " P + P(A + BKyy) + 2pP).

Hence, taking into account —pminp(PGo + G(—)rP) = —UminPAmin (PGo + GJP)IH we
conclude that the inequality (B.4) is fulfilled again.

If Anax(PGo+GJ P) <0 then PGo+GJ P =0, pimax(PGo+Gj P)=<0 and
(A+ BKpy) " P+ P(A+ BKpy) + 2pP 4 pimaxp(PGo + Gg P) < 0. (B.5)
If Apax(PGo + GS—P) > 0 then using the definition of pmax we derive
fimaxPAmax(PGo + GL P) < —Amax((A + BKyn) TP + P(A + BKy,) + 20P).

Hence, taking into account pimaxpAmax(PGo —|—G0TP)In - umaxp(PGo—i—GgP) we conclude
that the inequality (B.5) is fulfilled again. Using the convex embedding u = Apmin +
(1 — A)ptmax for some A € [0, 1], from the LMIs (B.4), (B.5) we derive that the LMI

(A+ BKpy,) " P+ P(A+ BKp,) + 2pP 4 up(PGo + Gy P) < 0, (B.6)
holds for any € [Mminu Mmax]-

Taking into account Gq = I, + uGo and A + BK)y, = Ag + BK for K = Ky, — Ky
we derive that the following LMI

(Ag + BK)" P + P(Ay + BK) + p(PGq + G§P) < 0

is fulfilled. Hence, repeating the proof of Theorem 2.4, we conclude

dlzlla _ HxH(l;ru a'd"(=1In ||z[la)((Ao+BK) "P+P(Ao+BK))d (= In ||z[la)z

1+p
dt de(—lnHac||d)(GJP+PGd)d(—ln||de)J: d -

<—pllz|]

3) The above inequality, in particular, implies that the set {x € R™ : |z|lq < 1} is
invariant for the system. Taking into account that {z € R" : ||z||[p < 1} = {z € R":
lz|la < 1} we conclude that E(P, 1) is the invariant set of the closed-loop system with
the homogeneous control.

4) The result follows from the following identity

sup  |(Kyn — Ko)x]2 = sup |Kjnz— Kg:):\2 =
z€€(P1) 2€dE(P)1)
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1
sup lzllg™ (K — Ko) d(=Ilnfzlla) 2[= sup |uu(e)— Kox|* =
z€dE(P1) ~—— — z€dE(P,1)
=1 for Ya€dE(P,1) =1, for VxcoE(P,1)
1
sup lzllg™  |(Kin — &Ko) d(=Infzfla)z  [*= sup |uu(z)— Kozl
z€€(P,1) ~—— S—— xe&(P,1)
<1 for Vze&(P,1) €9E(P,1) for Vze&(P,1)

and the identity

sup  |(Kin — Ko)z|* = sup 2" (Kjn — Ko) ' (Kiin — Ko)z =
2eE(P1) veE(P1)

N|=

sup x P2P 2 (Kyy — Ko) T (K — Ko)P 2P
ze&(P1)

xr =

sup T P (Kiin — Ko) T (Kiin = Ko) P2y = Amax (P73 (K — K0) " (Kiin — Ko)P7%) .
yER™:y Ty<1

5) Notice that

2
swp Juu(@)? = sup | (Kod(n lea) + o] (K — o) ) d(=In [lzlla)z | =
z€E(P,1) z€E(P,1) —_—

€0E(P,1)
sup ’ (Kod(ln(i) + 51+“(Klin - KO)) 9’2 =
d€[0,1],yedE(P,1)
sup | (Kod(Ind) + ST (K — Ko)) P_%ZJP =

6€[0,1],yeR:|y|=1

SUD Amax (P—% (Kod(In 6) + 8" (Kyn — Ko)) | (Kod(In8) + 8" (K, — Ko)) P—%) —
4€[0,1]

sup (Kod(Ind) + 6" (Ky, — Ko)) P~ (Kod(In 8) + 6" Ky — Ko)) |
0€[0,1]

Let us consider the function ¢ : [0,1] — R4 defined as follows
q(8) = (Kod(Ind) + 6" (K — Ko)) P~ (Kod(In8) + 6T (K — Ko))T

Let us show that ¢/(§) > 0 for § € (0,1), at least, if u is close enough to zero. Indeed,
since

.
q'(0) = 2 (Kod(In ) + 6" (K, — Ko)) P! (;KoGdd(ln 8) + (1 + p)d" (K — K0)>

(Kod(Ind) + 6" (K — Ko)) P~' (KoGad(Ind) + (1 + )6 (K — Ko))T

SR\

Kod(In 6) + 6" (K — Ko)) P~ (Kod(In6) + 6" (K — Ko) + p(KoGod(In 6)

SN
—~

01 (K — o)) T =
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% (Kod(Ind) + 6" (K — Ko)) P~ (Kod(In 8) + 6 (K — KO))

2; (Kod(In ) + 6" (Kyn — Ko)) P! (KoGod(In 6) + 6" (K — KO))T

(2+p)

2 (Kod(In8) + 8 (K — Ko)) P~ (Kod(In8) + 8" (K, Ko))'

>

+% (KoGod(Ind) + 651 (K — Ko)) P~ (KoGod(Ind) + 65 (K — Ko)) |
then taking into account d(Ind) = §e”Go!m9 we conclude that, at least, for p being
sufficiently close to zero we have ¢/(d) > 0 for any 6 € (0,1). Hence, ¢(d) < ¢(1) for all
5 € [0,1]. O

B.0.2 Proof of Lemma 6.2

Proof. Let r > 0 and assume that the following estimates

Vi(t) < (B.7)
18aw(t, ) F2(0,1y + UZ(t) <, (B.8)
max{1 + pu, ,u}<77<(<2—|—,u, 9

hold where 7, are defined in (6.38). Using the formula (2.22) and the Theorem 2.4 |
along the solutions of the closed-loop system (6.40)-(6.43) one has:

: 1+ W) TdT (= InVi(t)) X~ 1d(—In V4 () Fn(t)
Vi(t) < —pVi (1) + VAa(t) Wu(t)TdT(—1nV1(;))X*1Gdd(—lnl\/l(t))NWu(t)’ (B.10)

which implies
Vi) < =V ) + v |d-mvienEn )| (B.11)

provided that

[d(=n Vi@)Wu(®)llx—1 =1, Wult) d" (= InVi()) X Gad(= In Vi (£)) Wu(t) > 1,
(B.12)
from the Proposition 2.1. Using the estimate (B.11) one obtains

Vi(t) < =pVi () + Va@)lld(= In Vi)l x| Fn ()] x-1. (B.13)
which together the following estimate

ld(=nVi(6))llx— < V7°(8), (B.14)
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( obtained using the Proposition 2.2 and (B.7)) give

Vi(t) < —pVy (1) + MV (1) Fn (1), (B.15)

D=

with My = w By using the expression of ; defined in (6.57) one has

W) — v (v, (B.16)
and then from the previous inequality one gets

ARG < V() 4 MoV () (1) (B.17)

On the another hand, along the solution of the closed-loop system (6.40)-(6.43) one has

Va(t) = 23207 iy (=02 + )X (8) + 2350 vy Anwn (D) )+ (B.18)
230 vt bndnwn (6) (E(Wu(t)) — qU (1)) (B.19)

Next by using the Young inequality on the cross-terms

0 Awn®falt), Y badnwn(t) (E(Wu(t) — qU (1)) (B.20)

n=N+1 n=N+1
as follows
D dwn®fa) < F D ROP £ D A
n=N+1 n= N+1 n=N+1
> b (EWat) —aU®) < %( 3 b2 ) EWa(t) — U (B.21)
n=N+1 n=N+1
> Nwi(b), (B.22)
n=N+1

one derives

Va(t) <2500 i (- + 24 + 55000 + ) M) 11 S0y (1) (B.23)
(5 B)IEW(0) — qU (1), (B.24)

v,7v2 > 0 will be defined later. Notice that since 1 + p < n from (B.9), by using
Proposition 2.1 one obtains the following estimate :

-1
€W (1) = qU ()] < 2Xmin(X 1) 2 max{|Kq | + g, [K [}V (), (B.25)
provided that

[~ VAO)Wal®)x 1 =1 and  [U(0)] < W] < Amin(X )2 V(). (B.26)



142 Appendix B. Some technical proofs in Chapter 6

By using the expression of V(¢) is defined in (6.54) one has

V(t) = S0 4y, (B.27)

and next by choosing v1,v2 > V}\NN“ and combining the estimates (B.17),(B.24)-(B.25)
one gets

V(t) < —(p— M)V (1) =208 1Va(t) + 1 Y ()] + MoV S (1) | Fw(2)],

n=N-+1
(B.28)
with
. i (max{ KT 140 KTH)" o= o
ON1= (V=g — ;) AN+1 - >0, Mz= Xnin(X 1) > bu (B29)
n=N-+1
Next, by using Parseval’s identity, one has
S P = / [(w(t,2) + sU )@yt 2) + U(R))| de. (B.30)
n=1
< 2(10zw(t, )IZ201) + UA()) e w(t,z) +2UBP,  (B.31)
z€|0,
- 2
SR < 401000t B, + UA0) (B.32)
n=1

where we have used

sup |w(t,z) +2U(t)]*> <2 sup / O w(t x)dm‘ +2U%(t) < 2||0,w(t, )||L2 (0,1) +2U%(t),
z€[0,1] z€[0,1]

and then using (B.8) one obtains

o

[En(t)] < 2AN[Wu(H)]> +2Va(t), Y [fa(t)]? < 4rAn[Wu(t)[* + 4rVa(t).  (B.33)
n=N+1

From Proposition 2.1 and (B.7),(B.9), one has
[N ()] < 208 Amin (X1 WV (1) 4 25(2), (B.34)
and using the inequality (B.28) combined with the fact that
V12+u—c+2(1+u) (t) < V12(1+u) (t)
(from (B.7) and (B.9) ) one derives

V(1) < —(p— M)V (1) — 2(0n1 — 29ir)Valt) + 2Ma VT (1)Va(t),  (B.35)
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with My = M3 4+ 2 AN Amin (X 1) 7H(Ms + 27y17). Next by using the Young’s inequality
on the cross term V12+“ “S(£)Va(t) as follows

VRSV < VI + e v o) (B.36)

K273

where kg, k3 > 1 are given by:

Ky = 2(1+p) K3 = 2(1+p) (B37)

¢’ 2+p—=C’
one obtains

1

V(t) < —(p— My~ 2200 (1) _9(0, - 2mr - MR 15(r),  (B.3Y)

K3 K273
and 3 > 0 will be defined later. Now for r,y3 and p satisfying
1
(C) , Mort2—1 Ko 2 M- ,Y:KIS
r< B n> (Gdimm) " > Mot T (B.39)
which is possible for r sufficiently small and p large enough, one gets the following
estimate
V() < —pn(U(E) + ot )i o) (B.40)
with p given by
K3 oo —
p=min{p — My — 22 2(On; — 2y — %)} >0, (B.41)
and with ¥3 some K function such that
2(1+
Ys(U(t) + [[w(t, Mg y) = Vi + Va(t), (B.42)

The proof of the existence of 13 follows the same lines as the proof of Lemma 3.2. From
the Proposition 2.1, one has the following estimates :

224 )X = GaX + XGJ = 2max{1l + p, —p}X = max{—p,l+pu}<n<C<2+upu
X =riyeg, WP <r = W) <1, (B.43)

and then if the following LMIs

AgX+ XA +BY +Y BT 4p(GaX +XG)=0,  (B.44)
22+ )X = GaX + XG} = 2max{1 + p, —p}X, X =X"»=rIyy, (B.45)

hold for some p and r satisfying (B.39), the assumptions (B.7)-(B.9) can be reduced to
the following one:

vVt >0, |0,wl(t, -)H%Q(OJ) +U?(t) < (B.46)
In conclusion, there exist p > 0 and 13 € Ko such that if U?(t) + |Jw(t, ')H12f11(0 n ST
then one gets

V(t) < =ps(U2(t) + w(t, Iz o,)- (B.47)

The proof is complete. O
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B.0.3 Proof of the Lemma 6.4

Proof. Let r1 > 0 and assume that the following estimates

Vi(t) < 1, (B.48)

max{l + p, —p} <n < (<24 p, (B.49)

U2() + 118a(t, ) 72(0.1y + N0e(t, 201y < 71, (B.50)

hold where 7, ¢ are defined in (6.38). We recall the expressions of k1 > 0 and kg, k3 > 1
given by

K1 = éi—z, Ko = 2(41:5), K3 = % (B.51)

Along the solution of the closed-loop system (6.82)-(6.85) and following the same
lines as in the proof of Lemma 6.2 one has

Q 2 Mo~ i3 2(1 ra 1
= 1(V1())+V2( t) < —(P—Mﬁ—jiz")vl( +”)() 2(0ON2 — 2411 — —)Va(t)

+ VAR W () TdT (= In Vi (£) X ~1d(= In Vi () L (CE(EHA(L))

! W) TdT (—In Vi ()X ~1Gad(— In Vi () Wa(t)

with
s > S Ona = (v =gk — o) =0 >0
4~5 ( max KOT 7KT 2 50
Mg = Mz + 2)\N>\min(X_l)_1(M2 + 2’}/47‘1), M7 = L ( /\T{yjm()‘(_‘:ql)l ‘}) Zn:N+1 b?m

and s > 0 will be defined later. Using the fact that

[CE@) + AW < (ICT Awin(P) 2 +M8)v§<t>, Ms = ( i 4)z, (B2

n=N+1
using the Propositions 2.1 and 2.2 one derives
a0 2Mory3 1 ,2(1 Mari2 ™"
B 1 1h(0) < —(p— My — RV 1) — 2O — 2yt — H e ) Va(1)

-1 - _ 1
+ 3(1CT Mmin(P) 2+ Mg ) | Lall VOV (1),

. [lell .
Notice that Mg < 200 iy the case of nonlocal measurements and Mg <
N+1
1

2\2 . .
(Zn> N /\7> in the case of point measurements.

1
Next using the Young inequality one the cross term V27 (¢ t)V4? (t) as done in (B.36)
one derives

1 K
VERS (V2 (1) < VR0 () 4 LV, (B.53)

2%17
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where v7 > 0 will be defined later. Finally, one obtains
IR0AW) 1V, (1) < —(p — Mig) Vi T (1) — 2(On 0 — My )Va(t) + 2My190s (Vs (1)),  (B.54)

with

rko—1

2Mzw Mgy ® Mary? M,
M10 = Mﬁ + 6 | 7 , Mll = 2’)/47"1 + ’{2;;@2 y M12 = 47221, (B55)
6 7

K3

-1 -
My = L(ICT Ain(P) 2 + Mg ) | Ll x 1 (B.56)

Let’s compute the time derivative Vg(t) Along the solutions of the closed-loop system
(6.82)-(6.85) one has

Va(t) +26V3(t) = E@®)T (P(A +LC) + (A+LC)TP + 2513) E(t) + 2(ON(t)T +
A(t)LlT)PE(t) + (B.57)

2 Z —vAn +q+5)\6 t)+ 2 Z Anén(t)on(t), (B.58)
n=N+1 n=N+1

§ defined in (6.28). By using the Young inequality on the cross term A(t)L] PE(t)
1
combined with the fact that [A(f)] < Mg( > 0 1 Anes(t))2 one obtains

A()L] PE(t) Z An€2(t) + 25 LT pE(t))? (B.59)
n=N-+1

with v¢ > 0. Using the Parseval identity and the Sobolev inequality, one obtains the
following estimate:

o 1

Zoi(t) = ; L[(W(t, ) + zU(t))e(t,z) — Se 2(t, :L')]Fdl’, (B.60)
n=1

< {(H@ w(t, >HL2(0 1) T |U(t )])HB e(t, - HL2 0,1) T (H8 w(t, )HL2(0 1)t |U(t )\)

<l13selt, Mz o) + 19se(t. Mz (B.61)

WE

S
=
AN

12("89:@(75» ')”%2(0,1) + [|Oze(t, ‘)H%2(0,1) + |U(t)‘2) [|0ze(t, ‘)”%2(0,1)-

Using (B.50) combined with the previous estimate, one obtains

vg(ZmAnei(t) - oi(t)) >0, 7ro=12r, (B.62)

n=1 n=1
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for any v9 > 0. Then using (B.58),(B.59) and (B.62) one derives

Va(t) +26V3(t) < E@)T (P(A + L,0) + (A+ LiC) P + 2ry793y + 4s MEPLL] P

- 25P>E(t) +20N(t) " PE(t) — 279|ON (1)|* + 2 i Anén(t)on (1)

n=N+1
o0 o0
— 29 Y, o) +2 D (—vAa+q+3+ 5+ yor2)dnen(t).
n=N+1 n=N+1

which can be rewritten as follows

T T
. E(t i) p E(t = n(t 20, A\, n(t
V2o < | 2O |0 RS le() He“],
(t) P =2yIn| |OV(t)] L ZNy1 lon(t) A =279 |on(t)
where
d, = )\n( — vVl t+qg+d+ ﬁ + 797“2), YN = diag{)\n}fyzl, (B.63)
dp = P(A+LO)+ (A+ LiC) P+ 2ryyXy +wMEZPLL] P+ 26P. (B.64)

By applying the Schur complement Lemma, if g, v9 and 7y satisfy

AN+1
9 2 AN t1—q=9)"

s > L rs < 2 (v = )1 —a = 0) (B.65)

1 9
(V=g AN+1—¢—0

20, Ay : : :
then < 0. Notice that if the following LMI
)\n _2’79
- 17
P(A+ L,C)+ (A+ L;C)T P +26P P vwwMZPL, 2rev9%}
* —20lN 0 0 <0, (B.66)
* * —vs M2 0
* * * —2rov9l Ny

holds, then applying the Schur complement Lemma once again, one derives

dp P
P —2vIN

=< 0.

Due to (6.70) and following the same lines as in [81], [150], one can find P = PT > 0
such that the condition (B.66) is fulfilled. Finally one gets

Va(t) < —20V3(t), V>0,
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and using the expression of 2y defined in (6.99) one derives

ERURO) < 25k Qa (Vi (1)) (B.67)

From the expression of V,(t) defined in (6.94) one has
Vo(t) = A 4 vy(p) 220600 (B.68)
and using the estimates (B.54) and (B.67) one derives
Vo(t) < —(p = Muo)Vi"" (1) — 2(On2 — Min)Valt) — 2(3k1 — Mi2)2a(Va(1)), (B.69)
where
Mori2 ™"

K2
271 _ My
o, Mip= M (B70)

2Mavg? 4 Moyz?
K3 k3

Mg = Mg + My = 241 +

the parameters g, v7 not yet defined and the other parameters defined above. Let ry
sufficiently small, 6,77 > 0 and p > 0 such that the following estimates

1 PR
r < %, v > (4%95> L > (}Q(@A{x—%> "2 p > My, (B.71)
hold. In conclusion, one derives that
Vo(t) < —pie (Uz(t) + [l (e, ')H%{l(og) + [le(t, ‘)Hifl(og))v (B.72)
with
p = min{p — Mg, 2(k10 — Mi2),2(On2 — M11)} > 0, (B.73)

and g some Ko function satisfying
2(1 ~
VIS (1) 4+ Va(t) + Qa(Va (1)) > we(UP(E) + [|i(t, ) 1301y + et )3 01))- (B.T4)

The proof of the existence of g follows the same lines as the proof of Lemma 6.3. By
following the same lines as in (B.43), if the following LMIs

AgX +XAJ +BY +Y BT +p(Ga X +XG{)=0,  (B.75)
224 u)X = GaX + XGJ = 2max{1 + p, —p}X, X =X">=rIny, (B.76)

hold for some p and r; satisfying (B.73), the assumptions (B.48)-(B.49) can be reduced
to the following one:

UQ(t) + ||(91u7(t, ‘)H%Q(og) + Haxe(t, ')H%?(o,l) <7 <B~77)
Finally, there exist p > 0 and ¥ € Ko such that if
U?(t) + [Jw(t, ')||%{1(0,1) + lle(t, ')H12ql(o,1) ST
then one gets
V() < —ptbs(U2(8) + ot )2 0., + et s o) (B.78)
The proof is complete. O






APPENDIX C

On Well-posedness of an infinite
dimensional system with a locally
Lipschitz nonlinearity

Let us consider the following control system

oo (t) = (2q100 — Aoo) Woo (t) 4+ Foo(Woo(t)) + Boo(E(t) — quo(t)), t >0, we(0) € £2
(C.1)

where
Woo (t) = (wo(t), w1 (t),...)", Bso = (bo,b1,ba,...) ", Boo €% (C.2)

are column vectors with an infinite number of elements, ¢ > 0, Ay, = diag{j\n}?zo is the
infinite-dimensional diagonal matrix with the elements

Yn >0, A\ >q, (C.3)

on the main diagonal, I, is the infinite-dimensional identity matrix, Fiy(ws) is an
infinite-dimensional vector, £(-) € R is the control input. The domain D(Ay) of the
operator Ay is the space of real sequences {wy,}5°, quadratically summable with the
weight 5\% defined as follows:

D(Aoo) = {(wo,wr,-++) € L2/ > Now?: < oo} (C.4)
n=0

Let ¢3 C ¢? be the space of real sequences {w,}°° quadratically summable with the
weight A,. The space K?\ is a Hilbert space with the inner product defined as follows

o

<woo7voo>[§ = Zj\nwnvn, Weo = (wo,wl,...)T €, ve = (vg,v1, )T IS 6%\. (C.5)

n=0
The norm in 3 is || - H@ =./(, '>4§' Assume that Fi(-) satisfies
vl wl € B, ||Foo (wh) = Foo (wl) s < O (Jlwkellg + lluellg) ke — v ]| 4G-6)

149



Appendix C. On Well-posedness of an infinite dimensional system with a
150 locally Lipschitz nonlinearity

for some C' > 0. The existence of classical solutions of the evolution equation (C.1)
in the space £2 can be studied using the conventional approach [134] based on strongly
continuous semigroup of linear bounded operators. The operator —A is an infinitesimal
generator of the analytic semigroup of linear bounded operators given by

d(t) = diag{e_;\"t o0 t>0,

n=0»

on 2 and ®(t) satisfies the following estimate

1
V>0, [[AY2O@)|,. < Cit72, C) = N (C.7)

(see [134], [148] for more details).

C.0.1 Well-posedness analysis for (C.1) with a feedforward control ¢ €
C(R;R)

Lemma C.1

For any ws(0) € €3 there exists T > 0 such that the system (C.1) has a unique mild
solution weo(-) = (wo(-),w1(-),...)T € C([0,T);€3) such that w,(-) € C*((0,T);R) for
any n > 0. Moreover, one has Hwoo(t)Héi <r forallt € [0,T) provided that T > 0 and
r > me(o)Hﬁi satisfy the inequality

BQQTH’UJOO(O)HE?\ + 20162QT\/T <CT‘2 + \/ngBoo”EQT + ’BOOHZQHSHC’([O,T];R)) S T.

Proof. The proof is, partially, inspired by [134, Chapter 6, Theorem 3.1]. Let us consider
the operator S : C([0,T];¢?) — C([0,T]; £?) defined as follows

1
Sy (t) = 27D (1) A2 weo (0)+

te a(t-7) 72 -7 3 T T) — T T
[ etnad a0 - ) (FuldZum () + B (860 - Sl )
where t € [0,7], Yoo (-) = (%0 (), y1(-),...)T € C([0,T]; £2) and Aéo = diag{j\%/2 o - The

operator S is well defined on C([0,T7];¢?) since FOO(A;ol/QyOO(-)) € C([0,T); ¢%) (due to

(C6). Bxol€() = () € C0.T12) and [ALS(E — ) < iz vr € [0.9)

Vit
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Indeed, one has

2
( iy ~3
1SYoo (t)] 2 <€ [|B(1)]| 2 HAoowoo e +ClC D dr sup || Ao’ Yoo (T)
N——— ———— 2
=1 =lwoo(0)1],2 TE[OJ]\—f—Eﬁ
g =[|yoo (7)1 72

t
(=)
+01||Boo\|z2/0 i (\€||C([o,t];R)+\qﬁ sup Hyoo(T)\@)

0 7€[0,t]
<e*®|woo (0)| 2 +

201\/%€2qt(c||yoo(')H2c([o,t};e2) + ﬁHBooH@||yoo(‘)HC([0,t];62)+
| Bos |l €l o,0:m))-

for any t > 0. Given r > Hwoo(0)||£§ let us select a small enough T > 0 such that

T O)l g + 202 VT (0 + el Bsllor + |Balleléloqors ) <7

and 201e%T\/T(2Cr + ﬁ | Bso|lp2) < 1. In this case the operator S maps the complete

metric space K = {yoo(-) € C([0,T];£%) : [[yoo(llc(o;2) < 7} into K. Let us show
that for small enough 7" > 0 this operator has a fixed point: SYoso(-) = Yso(+) on K. Since

t . _1 1
1Yk (t) = SyZ (B2 <C / = | Foo(AE Y (1) — Fro(AP (7)) || dr
0 02
t e2q(t—7)
+01 [ 2 Bl k() — () ndr
then using (C.6) we derive
(t—7)
1) - s 0lle <c¢r [ 242 | adih| + stz |
0 5 4
=l ()] 2 =llyZ ()l 2
_1
ok - 2| ar
EA

=[lyde (1) =vZ (1)l 2

t
+C1 [ 20 Bl k) = 7)o

So, for yL (), v, (:) € K we have

15950 () = Sy Clleorye) < 2012 VT (20T + \/qu 1Boc ) 1900 () = ¥2e (Ml oo, re2)-
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Since a small enough 7' > 0 is selected such that 201e?¢7/T (20T + % [Bollg2) < 1
0

then the operator S is a contraction, so, by Banach Fixed-Point Theorem, it has a unique

fixed point yo(-) on K, i.e., for all ¢t € [0,7] one holds

Yoo (£) = 21D (1) AZwa (0) +

/ 2N LD (¢ — 7) (Foom;%yw» + Boo(&(7) = jgyoﬁ))) ar.

0

_1
Hence, denoting wee(t) = Aoc® Yoo (t) we derive

t
Woo (1) = €27 ®(t)woo (0) + / 1B (t — 7) (Fao (oo (7)) 4+ Boo (E(T) — quo(7))) d,
0
ie., we(:) € C([0,T7;£3) is the unique mild solution of (C.1). Moreover, for the unit
vector e, = (0,...,0,1,0,...)T € £2 we have
wn(t) = e} weo (t)

t -
= ¢Bite Nty (0) + / 20T =T T (B (oo (7)) + Bao(€(7) — quo(7))) dr.
0

Hence, we have

i (£) = (20 — M) e, (0) + € Fuo(wn (1)) + e Boo(£() — qui(t))+
+20=3) [ DI P (7)) + ] Bole(r) = aun(r) ey

Since 7 — wo(7), T+ &(7) and T = e, Foo(weo(T)) are a continuous functions then
wp(-) € CL([0,T];R). The proof is complete. O

C.0.2 Well-posedness analysis for (C.1) with a continuous finite-
dimensional feedback control

Let the linear operator II : £2 — RN*! be a finite-dimensional projector ¢2 on RN *!
defined as follows
NMweo = (wy, w1, ...,wN)T e RN+,

Let
ﬁ(t) = é(Hwoo(t))’ t >0, (CQ)

where ¢ € C(RN*1; R) satisfies the estimate

Va e RV |¢(a)] < Calal?, (C.10)
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for some positive constants Cy and p > 0. The closed-loop system (C.1)-(C.9) is then
given by

oo (1) = (2¢100 — Aoo) Weo (1) 4+ Foo (Woo(t)) + Boo (B(t) — quio(t)), >0, we(0) € £2.
(C.11)

Theorem C.1
For any we(0) € €3 there exists T > 0 such that the closed-loop system (C.11) has a
mild solution woo(-) = (wo(-),w1(+),...)T € C([0,T];63) such that wy(-) € CL([0,T]; R).

Proof. Inspired by [129], we consider the family of equations defined iteratively

() = (20100 — Aao) ) (£) + Fog () (£)) + Boo (B¥(£) — quiP (1)), k>0, (C.12)

with wgz](O) = W (0) and

BUO(t) = €(Mwse (0), BM(t) = ¢l (1), k>1. (C.13)

By Lemma C.1, the system considered has a unique solution w[k}(-) e C([0,T7; 63).
Moreover, the small enough 7' > 0 can be selected independently of k. In fact, let T" > 0
be such that the inequality

M woo (0|2 + 2C1€* VT (C’r2 + \/‘%HBOOHZQT + ngp/%pHBoo”p) <
0
and
201>/ T (2CT + ﬁ | Boollg2) < 1,
0

is fulfilled for some r > ”woo(o)||e§~ In this case,
18 (1)] = [€(Mwee (0))] < Collwec(0)|[f> < Cog™/r?, Vit € [0,T]

and, by Lemma C.1, we have ||w<[2,] (t)”fi < for all t € [0,7)]. Similarly, by induction, if
[k—1]

||wse (t)”fi < for all t € [0,T] then
B0 = ey (1)) < CollwlsOIF, < Cog ™7, Wt € [0,T]

and, by Lemma C.1, we have HwL@(t)H@ < r for all t € [0,7] and for any k > 1.

Therefore, the sequence of functions Hw[o@(-) e C([0,T); RV*1) is uniformly bounded.

Similarly (using the estimate (C.8)) it can be shown that the time derivative of the
function ¢ — TTwl) (t) is uniformly bounded, so the sequence of functions ng@(-) €
C([0, T); RN*1) is equicontinuous. By Arzela-Ascoli theorem, there exists a uniformly

convergent subsequence

Mwll() = 7() e €0, T; RN as  ky — oo
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Since |¢(Mwlm~(4))] < CoqP/2rP and € € C(RN+L;R) then |£(x(t))] < CagP/2rP.
Let us consider the system
Woo(t) = (@10 = Aoo)Woo (t) + Foo (woeo(t)) + Boo (E(7(t)) — quo(t)) (C.14)

which, by Lemma C.1, has the unique solution on ¢ € [0, T] satisfying ”woo(t)Hei <r for
all t € [0,T]. Let us show that

sup [[wlml(#) —weo ()2 =0 as  ky — .
te[0,T] A

Indeed, for k,, > 1 we have

T

- / 1D (¢ — 1) B (£l (7)) = £(m(r) + aluwo(r) — wlf™) (7)) dr

Since ||woo(t)“z§ < r and ||w<[>lzm](t)]|e§ < r for all t € [0,7] and for all k,,, > 0 then we
have

[wlerl(£) = weo ()| 2 <2VTE*TC1(2Cr + %HBooHe?) sup |weo() = wle! (7)]|2
Ao T7€[0,¢]

)

FVTTCr sup [e(Tuli)(r) - &(r(r)

T€[0,t]
which implies that
2T
sup_ (1) — wao (Ol < 2/, sup_[e(Twlin) () - £(m(r))|
t€[0,T) 1-2/Te24T C, (2cr+\/‘17\|300||g2) 7€[0,T]
0

Since ¢ € C(RV*+1;R) then SUP,¢fo,7] ‘S(ngzm}(r)) — f(Tr(T))‘ — 0 as ky, = 400 and

SUPtefo, 7] HwL’Z’”] (t) — woo(t)||gz; — 0 as ky, — +oo. This means that

sup |[Twkml () — Mwee (B)||g = 0 as Ky — o0 (C.15)
te[0,T] A

and woo(+) € C([0,T); £2) is a solution of
woo(t) = (2quo - Aoo)woo(t) + Foo(woo(t)) + B (é(Hwoo(t)) - qu(t)) : (016)

The proof is complete. O
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C.0.3 Extension to a coupled infinite-dimensional system with a locally
Lipschitz nonlinearity

Let us consider on #? x £2 the following system

Weo(t 201 — A 0 Woo (T B
e e ) () (e
€oo(t) 0 2q1 — Ao €ool(t) 0
Woo (T
—quo(t)) + G w0 1) , (C.17)
eco(t)
with
woo(t) = (wo(t),wi(t), )T, esc(t) = (eo(t),en(t),---) " (C.18)
and the infinite-dimensional matrices Aoo, I, and the vector By, defined as previously,
G a nonlinear term that satisfies: V(wl,el)) ", (wk,eX )" € 62 x 2,
o)) (o)1)
G| |-G = <Cs|1+ > + > X
€oo €% ) e €oo 2 xe €% Zxe
1,2
H (w;” u;‘”) , (C.19)
€oo T €0 / Iz w3
for some positive C3 > 0. The norm || - || 2« 1s defined as follows
1
V(Woo, €00) T € £2 x 62, H = (lwsollZz + llescllZ )2 (C.20)
2 xe2

The following result is a direct consequence of the Theorem C.1.

Theorem C.2

For any initial condition (woo(0), €xo(0))T € €3 x €3 there ewists T, > 0 such that the
system (C.17) has a mild solution we () = (wo(- ),w1( )T eoo() = (eo(-),e1(-), )" €
C([0,T,); 63) such that for any n >0, (wa(-),en(-))" € CL([0,T,); R?).

Proof. The proof follows the same lines as the previous one. Since —A, is a generator

—A 0
of the analytical semigroup (®(t)):;>0 on ¢? then the operator —Aj o = >
- 0 —Ax
. . : o(t) 2. 2
is a generator of the analytical semigroup ®;(t) = 0 on ¢~ x ¢* and one has
0 P(t

the estimate 1
V>0, [AYZ01(1)] e < C1ET2, Cp =

jfe. (C.21)
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Let r; > 0 such that ||(woo(0),eoo(0))—r\|€§x£§ < 71 and let T, > 0 small enough such
that the estimates

e*41% | (oo (0), €50(0)) "2 gz + 2C1*70/ Tp(Ca(1 + 1)y + \/quBooHMﬁ

Coq P/*r} | Bos|l2) < 11

and
2C1e*1T0\/T,(C5(1 + 2r1) + % [ Boollg2) < 1,
0

hold. Under these conditions and repeating the same procedure as in the proof of
the Theorem C.1, the closed-loop system (C.17) has a mild solution (wu (), exo(-))" €
C([0,T,); 62 x £2) such that (wy(-),en(-))" € C([0,T,]); R?). O
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Titre : Controle homogéne de dimension finie pour certaines classes de systémes en
dimension infinie

Résumé : Cette thése se concentre sur la conception de controleurs non linéaires homogénes en
dimension finie pour les phénomeénes physiques en dimension infinie modélisés par example des équations
différentielles partielles (EDP) paraboliques, telles que les processus thermiques et les écoulements. Pour
stabiliser les systémes de controle en dimension infinie étudiés, nous avons choisi la décomposition modale
comme méthode de stabilisation, et nous avons considéré ’utilisation de controles homogénes comme
outil de controéle, lesquels constituent un intermédiaire entre le controle linéaire et le controle en modes
glissants. La décomposition modale consiste a séparer ’équation aux dérivées partielles paraboliques en
deux composants distincts : le premier est une partie controlée de dimension finie qui capture les modes
instables, tandis que le second est une partie résiduelle de dimension infinie englobant les modes stables.
En isolant les modes instables, toute technique de conception de contréle pour les systémes en dimension
finie peut étre utilisée pour élaborer des stratégies de controle pour ce sous-systéme. Dans notre étude,
pour la stabilisation du sous-systéme en dimension finie, nous avons utilisé des controles homogeénes, qui
offrent des propriétés de convergence en temps fini ou en temps fixe pour ce sous-systéme, contrairement
au controle linéaire qui ne garantit qu’une convergence exponentielle. De plus, nous avons opté pour
le contrdle homogéne, car il permet d’obtenir une meilleure convergence avec un faible débordement du
signal de controéle et moins de pics dans le systéme durant la phase initiale de stabilisation, par rapport
au controle linéaire qui, tout en cherchant a garantir une meilleure convergence, entraine un important
débordement du signal de contréle et large pic dans le systéme au cours de cette méme phase. Cette
these, fondée sur la conception de controle homogéne combinée a la décomposition modale, propose une
étude approfondie sur la conception de controleurs homogénes en dimension finie pour la stabilisation des
EDP paraboliques modélisant des phénomeénes d’écoulement ou des processus thermiques, en mettant
particuliérement ’accent sur I’équation de réaction-diffusion et I’équation de Burgers 1D avec viscosité.

Mots clés : EDPs paraboliques, contrdole homogéne, décomposition modale

Title: Finite-dimensional homogeneous control for some classes of infinite-dimensional
systems

Abstract: This thesis focuses on the design of finite-dimensional homogeneous controllers for phys-
ical phenomena modeled by infinite dimensional system, for example, by parabolic partial differential
equations (PDEs), such as thermal processes and flows. To stabilize the studied infinite-dimensional
control systems, we have chosen modal decomposition as the stabilization method, and we have con-
sidered the use of homogeneous controls as a control tool, which serves as an intermediary between
linear control and sliding mode control. Modal decomposition involves separating the parabolic par-
tial differential equation into two distinct components: the first is a controlled finite-dimensional part
that captures the unstable modes, while the second is a residual infinite-dimensional part encompassing
the stable modes. By isolating the unstable modes, any control design technique for finite-dimensional
systems can be applied to develop control strategies for this sub-system. In our study, for the stabiliza-
tion of the finite-dimensional subsystem, we utilized homogeneous controls, which provide properties of
finite-time or fixed-time convergence for this subsystem, in contrast to linear control, which only guar-
antees exponential convergence. Furthermore, we opted for homogeneous control because it allows for
better convergence with lower control signal overshoot and fewer peaks in the system during the initial
stabilization phase, compared to linear control, which, while aiming to ensure better convergence, leads
to significant control signal overshoot and large peaks in the system during the same phase. Thus, this
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thesis, based on the design of homogeneous control combined with modal decomposition, offers an in-
depth study on the design of finite-dimensional homogeneous controllers for the stabilization of parabolic
PDEs modeling flow phenomena or thermal processes, with particular emphasis on the reaction-diffusion
equation and the one-dimensional viscous Burgers equation.

Keywords: Parabolic PDEs, homogeneous control, modal decomposition
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