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Abstract

In this dissertation, we study a class of multi-objective pure exploration problems in stochastic
bandits. Our goal is to design algorithms that identify the set of Pareto-optimal arms—those
that cannot be improved in one objective without deteriorating another—while minimizing
the number of samples required to achieve a prescribed level of confidence.

We begin by reviewing the literature on classical and multi-objective bandits, outlining
the key theoretical tools that motivate the study of Pareto Set Identification (PSI). Throughout
the thesis, we progressively move from simple algorithms based on confidence sequences
with finite-time guarantees to more advanced approaches that achieve asymptotic optimal-
ity, while maintaining computational tractability. All proposed methods are systematically
evaluated on synthetic and real-world-inspired datasets to provide a comprehensive under-
standing of their empirical performance.

In the fixed-budget regime, we develop EGE (Empirical Gap Elimination), the first algo-
rithm for PSI in this setting. In the fixed-confidence regime, we introduce APE, a §-correct
procedure based on adaptive confidence intervals. Applications to multi-endpoint vac-
cine trials illustrate how PSI can guide early-stage clinical decision-making by identifying
treatment strategies that jointly optimize multiple immunological indicators.

Chapter 4 extends PSI to the structured case, where arm means are linearly related
through an unknown parameter matrix # and known feature representations. We derive
problem-dependent lower bounds on the sample complexity of adaptive algorithms and we
propose efficient algorithms that exploit this structure to significantly reduce the number of
required samples.

Chapter 5 focuses on algorithms that achieve the information-theoretic lower bound. We
introduce PSIPS (Pareto Set Identification with Posterior Sampling), the first computationally
efficient and asymptotically optimal algorithm for PSI with correlated objectives. PSIPS uses
posterior sampling for both the sampling and stopping rules, eliminating the need to prede-
fine the confidence parameter ¢ as a parameter of the sampling rule. It achieves theoretical
optimality and demonstrates excellent empirical performance in extensive experiments,
including on the COV-BOOST vaccine dataset, while being several orders of magnitude
faster than gradient-based approaches.

Finally, Chapter 6 explores PSI under linear constraints, where the goal is to identify
the set of Pareto-optimal arms among those that satisfy feasibility conditions. We propose
e-cAPE, an extension of APE, and characterize the information-theoretic complexity of
constrained PSL

Overall, this work advances the theoretical and algorithmic foundations of multi-objective
pure exploration. By bridging sequential decision-making, information theory, optimal ex-
perimental design, and Bayesian principles, it demonstrates that one can achieve both
theoretical optimality and computational efficiency. Beyond bandits, the insights and meth-
ods developed here open promising avenues toward a general theory of multi-objective
sequential learning, with applications to adaptive clinical trials, reinforcement learning, and
multi-criteria decision-making under uncertainty.
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Résumé

Cette thése porte sur 'exploration pure a objectifs multiples dans le cadre des bandits
stochastiques. L’objectif est de concevoir des algorithmes capables d’identifier I'’ensemble
des bras Pareto-optimaux; ceux qu’il est impossible d’améliorer sur un objectif sans en
détériorer un autre, tout en minimisant le nombre d’échantillons nécessaires pour atteindre
un niveau de confiance donné.

Apres une revue de la littérature sur les bandits classiques et multiobjectifs, nous intro-
duisons le probléme d’Identification de I'Ensemble de Pareto (IEP) et les outils théoriques
qui le sous-tendent. Nous progressons des méthodes basées sur des intervalles de confiance
offrant des garanties en temps fini vers des approches asymptotiquement optimales, tout en
préservant 'efficacité computationnelle. Les algorithmes proposés sont évalués de maniere
systématique sur des jeux de données synthétiques et réels, afin d’analyser finement leurs
performances empiriques.

La premiere partie présente ’algorithme EGE, qui identifie efficacement I’ensemble de
Pareto lorsque le budget d’échantillons est fixé. Revisitant les travaux sur I'IEP a confiance
fixée, nous introduisons APE, une procédure adaptative d-correcte reposant sur des inter-
valles de confiance. APE fournit de fortes garanties en nombre fini d’échantillons et de
trés bonnes performances pratiques. Des applications a des jeux de données issus d’essais
vaccinaux multicriteres illustrent comment EGE et APE peuvent guider la sélection de
stratégies thérapeutiques optimisant simultanément plusieurs marqueurs immunologiques.

Nous étendons ensuite I'I[EP au cas structuré, ou les moyennes des bras dépendent
linéairement de descripteurs connus via une matrice de régression inconnue. L’algorithme
GEGE exploite cette structure pour réduire la complexité d’échantillonnage et atteint des
bornes inférieures spécifiques a 'instance de bandit.

Le chapitre suivant identifie les limites de ces approches et introduit PSIPS, premier
algorithme a la fois asymptotiquement optimal et a faible cotit de calcul pour I'IEP avec
objectifs corrélés. Basé sur un échantillonnage a posteriori pour le choix des bras et la regle
d’arrét, PSIPS élimine la nécessité de fixer a I’avance le parameétre de confiance 9. Il atteint la
borne inférieure théorique sur la complexité d’échantillonnage et se montre trés compétitif,
y compris sur des données réelles comme COV-BOOST, tout en étant bien plus rapide que
les méthodes a base de gradient.

Enfin, le dernier chapitre traite du cas contraint, ou seuls les bras respectant certains
criteres doivent étre considérés pour le calcul de 'ensemble de Pareto. Un algorithme
doit donc apprendre simultanément les bras viables et déterminer leur optimalité. Nous
proposons e-cAPE, un algorithme qui généralise celui du Chapitre 3 et établit des bornes
théoriques pour I'IEP sous contraintes.

Dans 'ensemble, cette these fait progresser les fondements théoriques et algorithmiques
de exploration pure a objectifs multiples. En combinant les outils issus de statistiques,
apprentissage séquentiel, conception expérimentale optimale et principes bayésiens, elle
montre qu’il est possible de concilier optimalité théorique et efficacité pratique. Les idées
développées ouvrent la voie a une théorie générale de 'apprentissage séquentiel a objec-



tifs multiples, avec des applications aux essais cliniques adaptatifs, a 'apprentissage par
renforcement et plus globalement a ’apprentissage multicritére sous incertitude.

Mots-clés : Bandits manchots, Exploration pure, Multi-objectif, Pareto, Apprentissage
séquentiel, Essais cliniques
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Chapter 1

Introduction

This doctoral research was conducted between November 2022 and October 2025 within
the Scool team at Inria Lille, hosted by Inria and the CRIStAL Computer Science Labo-
ratory of the University of Lille. It was carried out under the supervision of Dr. Emilie
Kaufmann (CNRS/Inria Lille) and Prof. Laura Richert (Inserm Bordeaux / University of
Bordeaux), thanks to joint Inria-Inserm funding. As part of this collaboration, I made
regular visits to Prof. Richert’s group in Bordeaux, which provided valuable opportunities
for interdisciplinary exchanges between machine learning and clinical-trial design.

The manuscript is organized as follows. Each chapter studies a particular aspect of
Pareto set identification, beginning with confidence-based algorithms offering finite-time
guarantees, and gradually extending to structured and constrained formulations. The work
culminates in the design of asymptotically optimal algorithms based on posterior sampling,
combining theoretical guarantees with computational efficiency. Finally, the empirical
sections validate these approaches on both synthetic and real-world-inspired datasets, and
the thesis concludes with perspectives on future research in multi-objective pure exploration.

1.1  Bandit Algorithms for Early-Stage Clinical Trials. . . . . . . . ..
1.2 Active Testing (Pure Exploration) . . ... .............

1.2.1  Stopping and RecommendationRules . . . . . .. ... .. 8
1.22  SamplingRules . . ... ... ... 10
123 LowerBounds. ... ..................... 11
1.3 Background . .. ... ... ... 11
1.3.1 Best Arm Identification and Beyond . .. ... ... ... 12
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CHAPTER 1

1.1 Bandit Algorithms for Early-Stage Clinical Trials

Vaccination remains one of the most effective strategies to prevent and control infectious
diseases. However, the clinical development of vaccines—like that of most experimental
drugs—remains a long, costly, and uncertain process. The accelerated development of first-
generation SARS-CoV-2 vaccines during the COVID-19 pandemic was an exceptional case
of global mobilization and investment; in most contexts, vaccine development proceeds
under much tighter resource and time constraints. At the beginning of a vaccine’s clinical
development plan, early to intermediate trials (phases I and II) are conducted to evaluate
safety and explore immunogenicity in a limited number of participants. These early-stage
trials play a crucial role: they must identify, among a potentially large set of vaccine
candidates, those most promising for further efficacy testing in large phase IIb/III studies,
which are extremely costly and logistically demanding.

From clinical motivation to bandit models. Adaptive clinical trial designs are one of
the most promising approaches to accelerate and optimize vaccine development, as they
offer a higher degree of adaptivity and statistical efficiency than traditional methods. The
stochastic multi-armed bandit (MAB) problem was introduced as a stylized abstraction of
an adaptive clinical trial (Thompson 1933; H. E. Robbins 1952), where a physician must
sequentially allocate patients to competing treatments while learning from observed out-
comes. Each treatment, or arm, may correspond, for instance, to a particular combination of
dose, adjuvant, injection interval, or delivery platform. Patient responses are modeled as
independent and identically distributed (i.i.d.) samples from the arm received by the patient.

Upon observing the responses of treated participants, the algorithm adaptively updates
its allocation strategy, typically to balance exploration of uncertain options with exploitation
of the most promising ones. This abstraction directly mirrors adaptive trial design: the aim
is to identify promising arms as efficiently as possible, while respecting sample size and
ethical constraints.

Initially, this abstraction was developed for phase III clinical trials, where treatments
are tested for efficacy on cohorts of patients, often including patients affected by the target
disease. In such settings, ethical considerations are paramount: since enrolled patients may
derive therapeutic benefit from the experimental intervention, one seeks to minimize the
number of individuals exposed to suboptimal treatments. This perspective aligns naturally
with the regret-minimization formulation in bandit theory (H. E. Robbins 1952; T. Lai &
H. Robbins 1985; Auer 2003; Garivier & Cappé 2011; Agrawal & Goyal 2012; Kaufmann,
Korda, et al. 2012; Lattimore & Szepesvari 2020; Russo et al. 2020), where the goal is to
balance learning (reducing uncertainty about treatment effects) and earning (maximizing
the number of patients cured).

Early-stage vaccine development. In contrast, early-phase trials (typically phases I and
I) pursue a different goal: rather than maximizing immediate patient outcomes, they aim to
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Figure 1.1: Illustration of the multi-arm trial model

collect enough evidence to assess the safety, tolerability, or immunogenicity of candidate
vaccines or treatments, often on healthy volunteers. Maximizing cumulative outcomes
during the trial is secondary, and the focus shifts to accurate final recommendations. These
trials involve small cohorts and limited budgets.

Adaptive allocation is particularly useful in this setting as it allows learning from early
immunological responses to guide subsequent patient assignments, improving both statistical
efficiency and ethical acceptability. This dissertation focuses on this side of the problem,
which corresponds to the pure exploration setting in the literature on multi-armed bandits
(Bubeck, Munos, et al. 2009; Degenne 2019). Here, treatments are allocated to maximize
information gain rather than patient outcomes, and success is measured by the probability
of correctly identifying effective treatments at the end of the trial.

Moreover, vaccine strategies for novel pathogens often yield a large number of experi-
mental arms: multiple formulations, dose levels, injection intervals, booster strategies, and
adjuvant combinations may all be evaluated concurrently. The COVID-19 booster-dose
study (Munro et al. 2021), for example, simultaneously compared several booster vaccines
across hundreds of participants—a design that naturally resembles a large-scale multi-armed
bandit problem.

The multi-objective challenge. Most adaptive algorithms and trial designs treat treat-
ment quality as one-dimensional. However, at the early stages of development, no validated
correlate of protection, that is a single predictive immune marker of efficacy, is typically
available (Plotkin & Gilbert 2012). Instead, several immunological readouts are monitored si-
multaneously (e.g., antibody titers, neutralizing activity, T-cell response, and reactogenicity),
and these may not align. In such settings, the notion of a single "best” treatment is ill-defined:
one candidate may induce stronger antibodies but higher reactogenicity (Mark C et al. 2013),
while another elicits broader T-cell responses but weaker neutralizing titers (Munro et al.
2021). Such trade-offs imply that no single vaccine candidate dominates all others. Instead,
the goal we pursue in this dissertation is to identify the subset of non-dominated treatments
forming the Pareto front or Pareto set: those that are not strictly worse across all measured
criteria.

Formally, if y1; == (u, ..., u¢) denotes the mean response vector for arm i, we say that
arm i is dominated by j (denoted i < j or pu; = pu;) if puf < p§ forallc € {1,2,...,d}, with
strict inequality in at least one dimension. The goal is then to identify the set of treatments
that are not dominated by any other: the Pareto-optimal set.
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The COVID-19 example. For instance, in the early stages of COVID-19 vaccine develop-
ment, several immune correlates—such as binding antibody titers, neutralizing activity, and
T-cell responses—were simultaneously monitored to characterize immunogenicity before a
definitive correlate of protection was established (Munro et al. 2021). The study of Munro
et al. 2021 simultaneously evaluated multiple COVID-19 booster strategies, while measuring
several immunological endpoints. In such cases, each vaccine candidate is associated with
multiple response dimensions, and no single metric fully captures efficacy. Such designs nat-
urally give rise to many arms (representing distinct vaccine strategies), a limited number of
participants, and multiple partially conflicting measures of efficacy. This example illustrates
precisely the kind of design challenges that motivate this work.

ChAd/ChAd/m1273
50 BNT/BNT/m1273 - 8.0
7.5 = x
x x
? x % x 3 X%
c x 0
S 45 x = 7.0 - x
@ x % 5 x
£ 2 6.5 1 XL
] 8 xx x
5S40 % 4 x x £ 6.0 x
[0} X % 3 X
© Z 5.5 = x
x » X x
3.5 = x 5.0 = x
T T T T T T T 45 "— T T T T T T
7.5 8.0 8.5 9.0 9.5 10.0 10.5 6 7 8 9 10 11 12
Binding antibody 1gG Binding antibody IgG

Figure 1.2: Empirical (arithmetic) average of the log-transformed immune response for three
immunogenicity indicators reported by Munro et al. 2021. Each acronym corresponds to a vaccine.
There are two groups of arms corresponding to the first 2 doses: one with prime BNT/BNT (BNT
as first and second dose) and the second with prime ChAd/ChAd (ChAd as first and second dose).
Combining the first two doses received and the third dose investigated in the trial, there were K = 20
arms.

Formal problem statement. We model this setting as a stochastic multi-armed bandit
with vector-valued outcomes. At each time ¢t = 1,2,...,7T, a treatment A, is adaptively
assigned to the arriving participant, and a random vector Z; = (Z}, ..., Z%) is observed.
Each arm k corresponds to an unknown distribution v, over R? with mean vector y1;, € R%;
the outcome Z; is modeled as a sample from the distribution v4,. These distributions belong
to some family P. The goal is to identify the Pareto-optimal subset S*(1) = {i € [K] :
B j, ui = p;} as efficiently as possible: for example by minimizing the probability of
misidentification of optimal vaccine strategies using only a few patients (formalized in
Section 1.2). In the example of Figure 1.2, two vaccine strategies are Pareto-optimal.

Dissertation scope and objectives. This dissertation develops adaptive algorithms tai-
lored to the design of early-stage, multi-objective clinical trials. The focus is on the pure
exploration setting, where the goal is to identify the best (or non-dominated) treatments at
the end of the trial rather than to maximize patient benefit during the trial. Such designs
are especially relevant to vaccine development, where the number of participants is small,
the arms are many, and multiple endpoints must be considered simultaneously.
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Throughout the manuscript, in particular in the experiments, we will frequently refer to the
COVID-19 booster-dose trial (Munro et al. 2021) as a motivating application. It epitomizes the
challenges addressed in this work: large numbers of candidate arms, multiple immunological
endpoints, limited resources. We build upon and extend recent advances in the theory of
bandit algorithms to handle:

» multi-dimensional outcomes and Pareto set identification,
« linear or feasibility constraints between arms, and

+ Bayesian formulations and randomized algorithms based on posterior sampling.

The resulting algorithms provide statistical guarantees (e.g., controlled error probability,
sample efficiency) and their relevance is shown through simulations, datasets inspired by
real-world vaccine studies and other benchmarks from the literature on multi-objective
bandits.

Positioning with respect to the literature. For phase IIb/III trials where the patients
should be cured during the trial, the field of regret minimization in bandits is now well
developed, with extensions to non-stationary environments, contextual and adversarial
settings, and structured action spaces (Lattimore & Szepesvari 2020). Upper Confidence
Bound (UCB) algorithms, introduced by Auer 2003, and their variants, KL-UCB (Garivier
& Cappé 2011), as well as randomized Bayesian algorithms such as Thompson Sampling
(Thompson 1933), were shown to combine strong empirical performance with rigorous
guarantees (Agrawal & Goyal 2012; Kaufmann, Korda, et al. 2012; Russo et al. 2020).

For early vaccine trials that focus on identifying the most immunogenic or balanced
strategies, existing work on bandit algorithms provides a rich theoretical foundation, rang-
ing from fixed-confidence best-arm identification (Jamieson & Nowak 2014; Garivier &
Kaufmann 2016; Shang et al. 2020; Jourdan, Degenne, Baudry, et al. 2022) to fixed-budget
pure exploration (Audibert & Bubeck 2010; Karnin et al. 2013; Locatelli et al. 2016). Yet,
few studies have addressed the case of vector-valued outcomes or Pareto set identification,
besides the work of (Auer et al. 2016). This dissertation builds precisely on that gap by
proposing algorithms tailored to multi-objective exploration problems.

The next section introduces the general pure exploration framework underlying this
work, detailing sampling, stopping, and recommendation principles.

1.2 Active Testing (Pure Exploration)

Pure exploration, also called active testing, models learning scenarios in which an algorithm
is judged only by its final recommendation (Bubeck, Munos, et al. 2009; Degenne & W.
Koolen 2019). Unlike regret minimization, interim outcomes are irrelevant; the goal is to
collect just enough information to answer a prespecified query with high confidence.
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Bandit model and query task. A bandit instance is described by v := (v, ..., vg) with
unknown mean vectors p1 = (juy,. .., ) € I (scalar outcomes: d = 1; multi-objective:
pr € RY). A query task is a (possibly set-valued) mapping

S*: 7K — olkl,

whose value S*(u) collects all acceptable answers (e.g., {arg maxy, ux } in BAL the Pareto
set in PSI). Any element of $* (1) is correct.

Example 1.1 (Best Arm Identification). For best arm identification, the means are scalar-
valued, pt = (i1, ..., ux) € RE, and the query task associates each i € R¥ to the index of
the best arm: S*(p) = {{k} : k € [K] and py, > max;z 1; }.

Example 1.2 (Pareto Set Identification). For Pareto set identification, the mean of each
arm is vector-valued, 1 = (pi1,...,ux) € (RY)X, and the goal is to identify the set of
arms that are not uniformly dominated on all d objectives by another arm. Formally,
S*(u) ={k € [K]:Pi e [K|\{k}, px = p}, where p; < j1; means that for all objectives
ce{l,....d}, ui < ,uj, with strict inequality for at least one objective. This is further
illustrated in Figure 1.3.

In this section, we focus on problems with a unique correct answer, i.e., for a given y,
the task operator $* (1) is a singleton-valued (its unique element may itself be a set, as in
PSI). We then write S* (1) # S to denote without ambiguity S ¢ S*(u), and similarly, we
write S = §*(u) to denote the unique element of S*(u).
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Figure 1.3: Pareto set in a bi-objective setting. Green points are Pareto-optimal, while blue points
are sub-optimal.

At round ¢ > 1, the learner chooses an arm A; € [K], observes Z; ~ v,,, and updates
based on the history H; = o(Ay, Z1, ..., Ay, Zy).

Policies and performance criteria. A pure exploration policy (or learner, or agent, or
algorithm) has three main components: (i) a sampling rule (A;);>1 that dictates the arm to
sample at each round, (ii) a recommendation rule §t (a random element or subset of [K])
representing a guess for the correct answer, and (iii) a stopping rule 7 (a stopping time w.r.t.
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H;), which dictates when to stop collecting new samples from the environment. The final

output is S;.

For risk 6 € (0, 1), a policy is 0-PAC (or d-correct) if, for every instance with mean g,

P, (1 < 00, S, #8*(n)) < 6. (1.1)

Two classical formulations exist:

 Fixed-confidence (FC): the goal is to minimize the sample complexity, i.e., the

(instance-specific) number of samples used before stopping, while satisfying (1.1)
(Even-Dar et al. 2002; Kalyanakrishnan et al. 2012; Jamieson & Nowak 2014; Degenne,
Ménard, et al. 2020). When the algorithm draws exactly one sample per round (or a
fixed number per round), this is equivalent to minimizing the stopping time 7 (or its
expected value E[7]).

Fixed-budget (FB): Audibert & Bubeck 2010; Locatelli et al. 2016; Katz-Samuels &
Scott 2018; Roy Chaudhuri & Kalyanakrishnan 2019 for a given horizon 7', stop at

7 := T and minimize e7(v) == P,(Sr # S*(11)); interest centers on the decay rate
of er(v).

In short, the fixed-budget setting emphasizes optimal allocation (stopping is fixed), whereas
the fixed-confidence setting couples adaptive sampling with adaptive stopping.

Algorithm 1.1: Generic Pure Exploration Bandit Algorithm

Require: Arms [K]| = {1,..., K}; risk ¢ (FC) or budget T" (FB)

[

Initialize counts Ny <— 0, for all k € [K]; t < 0.
repeat

3 t+—t+1.

// Sampling rule (policy)

4 | Select arm A; + SamplingRule(H; ;).

5 Observe outcome Z; ~ v/4,.

[\M)

6 Update N4, <— Ny, + 1 and estimates /i, 4, (and confidence intervals/posterior
as needed).

// Recommendation rule (current guess)

7 S, RecommendationRule({/i, . }2 ,, H;) (e.g.empirical best, empirical

Pareto set, etc.).

until StoppingRule(H;,0) is true (FC) or t =T (FB)

9 return final recommendation S..

[~
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1.2.1 Stopping and Recommendation Rules

The recommendation rule maps the observed data to an element of {S*(\) : A € Z%}. The
most frequent recommendation rules are:

+ Plug-in estimate: use empirical data to estimate the answer, e.g., §t = arg maxy, fli i
inBAL or S; = {i: 4, fiu; < fis;} in PSL

« Confidence-based: return the most “optimistic” answer e.g., the arm with the largest
upper confidence bound (Gabillon et al. 2012).

« Bayesian: greedy response w.r.t. posterior sample, most probable answer as measured
by the posterior (Russo 2016; Shang et al. 2020)

In practice, the recommendation is coupled with stopping: the algorithm halts only when
the chosen recommendation is certified correct by the stopping rule.

Stopping rules are (Markov) stopping times w.r.t. the filtration {#,;}7°, and determine
when the accumulated evidence suffices to recommend a correct answer with the desired
confidence. Designing efficient and computationally tractable stopping rules is a central
challenge in the construction of bandit algorithms. Below, we unify frequentist and Bayesian
constructions. Before introducing them, let Alt : 251 — (R%)X defined as

Alt(S* (1)) = {N € I : S*(\) # S*(u)}
be the set of parameters that have a different correct response than .

An anytime confidence region (R:(0)):>1 atlevel d satisfies P(Vt > 1, pp € R4(0)) = 1—0.
With an estimator ji; of i, consider the generic stopping rule

7= if{t >1 Ry(8) NAL(S,) = 0}. (1.2)
This yields 6-PAC correctness, since

P(r < 00, S, # S8*(1)) < P(3t: p € Alt(S;), Ry(6) N Alt(S;) = 0)

<
<P(3t: p ¢ Re(9)) < 0.

In words, on the event {Vt > 1, u € R;(d)}, the true parameter is never excluded before
stopping, and at 7 all parameters consistent with data agree on the same answer.

Depending on the geometry of the confidence regions, various forms of stopping rules
can be derived from Eq. (1.2).

Individual confidence sequences. For scalar-valued problems, if each arm distribution
vy, is o-subgaussian, ie., logEx.,, [AX=m)] < 0202/2 for all A € R, then the empirical
mean /i; ;, of arm k after NV, ;, samples admits an anytime Hoeffding-type confidence interval:

A o2 2 R 2 loa(CE2
[Li(t,0), Urlt,0)] = [ — /28R g 2 osCRID



Introduction

valid with probability at least 1 —§ /K for a universal constant C' > 0. The Cartesian product
R(6) = [T, [Li(t,6), Ux(t, 8)] defines an anytime confidence region for pu.

For the best-arm identification (BAI) query, substituting R, into the generic stopping
rule (1.2) yields the classical LUCB-style stopping time:

= inf{t >1: Lg (t,0) > Uklt, 0), Vk # §t},

where S, = arg maxy, fi 5, is the empirical best arm. At stopping, every A € R;(J) satisfies
A g, = maxy Ak, ensuring that the empirical best arm is also the true best arm for all mean
vectors consistent with the collected data.

When the arms belong to a one-parameter exponential family, tighter bounds are obtained
by replacing Hoeffding radii with Kullback-Leibler (KL) constraints. Let d(z, y) denote the
KL divergence between v* and v¥ for distributions in a parametric family indexed by z, y.
The KL-based confidence interval for an arm k is defined implicitly by

Uk<t7 (S) = SUP{Q 2 :&t,k . Nt,k d(ﬂt,k; Q) g f(tv 5)}7
Li(t,0) = inf{q < fiur : Nepd(fuer, q) < f(t,0)},

where f(t, ) is a time-dependent exploration function of order log(Ct/¢). The correspond-
ing product region R;(6) = [[,[Lx(t,0), Ux(t, 0)] plugged into (1.2) yields KL-LUCB-type
stopping rules (Kaufmann & Kalyanakrishnan 2013), offering sharper, distribution-dependent
confidence bounds and improved finite-time performance.

More refined confidence regions can be constructed from sums of KL or likelihood
bounds, yielding Chernoft or GLR-type stopping rules such as those used in Garivier &
Kaufmann 2016.

Joint KL confidence region/Chernoff stopping. A global (joint) confidence region
aggregates evidence across arms:

K
R:(6) = {)\ SUAE ZNt,k d(fi ke, Ar) < 5(15,5)},

k=1

with 5 chosen such that P(V¢, u € R;(d)) > 1 — d. This region captures the collective
statistical evidence about the parameter p.. Then Eq. (1.2) becomes

K

T =inf {t >1:VA € AIS), Y Nogwd(fiew Ar) > 5@,5)}
k=1

K

ZNt,k d(fuer, /\k)] > 5(15,5)} :

= inf {t >1: inf
k=1

AEAI(S;)

The latter form corresponds to the GLR stopping rule or Chernoff stopping, which can also
be derived from a hypothesis-testing perspective (Garivier & Kaufmann 2021), and has been
at the core of the most recent algorithms for pure exploration (Garivier & Kaufmann 2016;
Degenne, Ménard, et al. 2020).
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Remark. Confidence-sequence and generalized likelihood-ratio (GLR) constructions are two
sides of the same coin: modern results (Ramdas et al. 2022) show equivalences between
anytime valid confidence sets and likelihood-based tests (such as Chernoff stopping), which
explains the parallel forms of the rules above. Deriving tight confidence sequences has
played a central role in the design of bandit algorithms (T. L. Lai 1976; Howard et al. 2018;
Kaufmann & W.-M. Koolen 2021; Emmenegger et al. 2023; Kirschner et al. 2025).

Bayesian stopping. Let F} be a prior over p and F; the posterior at round ¢. A basic
principle is to stop when the posterior probability of error is small:

ei(q) = Paup, (S*()\) #q | Ht,l), S, € argmqinet(q), s =1inf{t > 1: et(gt) < f(t,6)}.

This stopping time triggers when the posterior mass on incorrect answers falls below 4.
Proposed by Russo 2016 and analyzed by Shang et al. 2020, these rules yield near-optimal
sample complexity but are often computationally demanding in complex, structured, or
multi-dimensional settings.

Summary. Across all approaches, the core idea remains identical: stop as soon as the col-
lected evidence is sufficient to rule out all alternative hypotheses with high confidence. Stop-
ping rules derived from Hoeffding-type confidence regions are simple and offer finite-time
guarantees but can be conservative, while GLR-based rules achieve asymptotic optimality
but are much more involved to compute. A bandit policy must then pull arms in order to
reduce uncertainty as fast as possible.

1.2.2 Sampling Rules

Sampling determines where information is gathered. The most frequent sampling rules
belong to the following generic families:

» Non-adaptive allocations (uniform, stratified) are simple and analytically convenient,
but can be wasteful when the number of arms is large (this will be illustrated through-
out the manuscript). They are often coupled with adaptive eliminations, for example,
when some arms can be confidently ruled out as sub-optimal.

« Uncertainty-based (racing, LUCB-style) prioritizes arms whose status (optimal vs.
suboptimal; feasible vs. infeasible) is most uncertain under current confidence sets. A
typical example is the OFU (Optimism in the Face of Uncertainty) principle, which, as
employed in Jamieson, Malloy, et al. 2014, pulls the arm with the largest optimistic
estimate of its mean.

« Tracking aims at targeting instance-optimal proportions (solutions to max-min formu-
lations of instance-dependent lower bounds) via tracking or posterior sampling (e.g.,
Top-Two variants (Russo 2016), Track-and-Stop (Garivier & Kaufmann 2016)). These
naturally pair with GLR or Bayesian stopping to approach information-theoretic lower
bounds.

10
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1.2.3 Lower Bounds

At a deeper level, the limits of adaptivity are governed by information-theoretic lower bounds,
which formalize the minimal number of samples required for reliable identification. These
results show that, regardless of the sampling strategy, no algorithm can beat a threshold
determined by the intrinsic difficulty of the problem instance. A key ingredient in such
analyses is the information contraction lemma, popularized by Kaufmann, Cappé, et al. 2016
and later refined in Garivier, Ménard, et al. 2019; Garivier & Kaufmann 2021. Informally,
it states that if two bandit models v and v/ generate similar distributions over observation
histories (in the sense of KL divergence), then no algorithm can reliably distinguish them
without collecting a sufficient number of samples. This principle underlies all instance-
dependent lower bounds developed in this dissertation.

Lemma 1.2.1 (Information contraction, Kaufmann, Cappé, et al. 2016; Garivier, Ménard,
et al. 2019). Let v and V' be two bandit models, and let P, and P, denote the distributions over
histories induced by an arbitrary (possibly adaptive) strategy up to stopping time 7. Then for
any event & measurable with respect to H.,

K

S B [Noa] KL(llvh) > KI(P(E), Pu(£)),

a=1

where KI(-, -) denotes the binary relative entropy and N, is the number of samples drawn
from arm a before stopping.

This result shows that the ability of an algorithm to discriminate between events under
two instances is fully determined by its sampling frequencies and the KL divergence between
arm distributions. It forms the cornerstone of all lower bound arguments used later in this
work.

In the next sections, we instantiate these generic components for the multi-objective setting
and, in particular, Pareto set identification.

1.3 Background

Originally inspired by adaptive clinical trial design, where treatments are sequentially
allocated to balance learning and patient welfare, the bandit framework has since evolved
into a general paradigm for sequential decision-making under uncertainty.

This chapter reviews prior work, with a focus on the transition from single-to multi-
objective formulations. We first revisit core results in Best Arm Identification (BAI) and
related single-objective problems, which form the methodological foundation for our study.
We then turn to the multi-objective setting, reviewing existing approaches to Pareto Set
Identification (PSI) and its related problems.

11
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1.3.1 Best Arm Identification and Beyond

The rich literature on BAI has laid the theoretical foundation for pure exploration in bandits,
with sophisticated tools such as change-of-measure arguments (Kaufmann, Cappé, et al.
2016), law of iterated logarithm (LIL) confidence bounds (Jamieson, Malloy, et al. 2014), and
generalized likelihood ratio stopping rules (Garivier & Kaufmann 2021). These methods will
play a central role as we extend pure exploration to multi-objective settings, the focus of
this dissertation.

Understanding the complexity of pure exploration, particularly the BAI problem, has
long been a central question in the stochastic bandit literature. Given K arms with means
p = (f41,- .., K ), the learner sequentially samples arms until a stopping time 7, and must
recommend S, € [K] such that P(S, # 8*) < 6, where 8* = argmax, ji,. The design of
efficient algorithms depends on both the setting (fixed-confidence or fixed-budget) and the
statistical assumptions on arm distributions.

From gap-based heuristics to information-theoretic analysis. Early fixed-confidence
algorithms, such as Successive Elimination, LUCB, and LIL-UCB (Even-Dar et al. 2002; Gabillon
et al. 2012; Kalyanakrishnan et al. 2012; Karnin et al. 2013; Jamieson, Malloy, et al. 2014), relied
on subgaussian concentration inequalities to derive confidence intervals around empirical
means. Their performance was characterized by the sub-optimality gaps, A; = s+ — pu; for
i # 8* and Ag+ = min, s« A, leading to sample complexity guarantees of the form

K
1
B[] < O(H(w) loa(HW)/D),  HW) =Y 1
i=1 i
While these results captured key scaling laws, the guarantees were not instance-optimal, an
important mismatch was observed between best known lower and upper bounds (Jamieson,
Malloy, et al. 2014; Kaufmann, Cappé, et al. 2016).

A major refinement came from replacing subgaussian confidence bounds with information-
theoretic quantities such as Kullback-Leibler divergences. Kaufmann & Kalyanakrishnan
2013 introduced KL-LUCB, which achieves sharper confidence intervals and tighter sample
complexity bounds governed by the Chernoff information rather than mean gaps. The
theoretical shift from difference-based to KL-based analysis eventually culminated in the
game-value characterization of bandit complexity, introduced by Garivier & Kaufmann 2016

and defined as: .
T*(v)~! = max inf w; KL(v|[Aa), 1.3
w) oy 20 KL 13

WEA K AEAI(S*
where A == {w e RE : Zfil w; = 1} is the probability simplex, v is a bandit with means
p, and Alt(S*(u)) denotes the set of alternative bandit instances with a different best arm.
The quantity 7*(v) is called the characteristic time of instance v and, essentially 7*(v) log 5
represents the optimal sample complexity for which an algorithm can distinguish v from its
alternatives, in particular when 4 is small.

We say that an algorithm is asymptotically optimal if its sample complexity matches that
lower bound, namely if lim sups_,, E, [75]/ log 3 < T*(v).

12
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Asymptotically optimal algorithms. Garivier & Kaufmann 2016 established the first
asymptotically optimal BAI algorithm, Track-and-Stop, achieving E, [75] ~s_0 T*(v)log 3
for any bandit with distributions in one-parameter exponential families. They were the first
to exactly match the lower bound, in the asymptotic regime (0 — 0).

The idea of Track-and-Stop algorithms is first, to have a forced exploration procedure
to ensure that at least a sublinear fraction of samples is allocated to every arm, e.g., ensure
that at round ¢ each arm is sampled at least v/t times. This ensures, by the law of large
numbers, that empirical estimates converge to the true means almost surely. Then, at each
round, Track-and-Stop algorithms compute the w*(/i;) € Ak, a maximizer of Eq. (1.3) for
the empirical means, and following a tracking procedure, they will select the next arm to
sample. This sampling rule is coupled with a generalized likelihood ratio (GLR) stopping
rule ensuring J-PAC correctness. Similar algorithmic designs further appeared in more
general identification problems, linear bandits (Ménard 2019; Degenne, Ménard, et al. 2020;
Jedra & Proutiere 2020a).

In parallel, Bayesian approaches such as Top-Two Thompson Sampling (Russo 2016) and
related variants showed that posterior sampling can asymptotically realize the same optimal
allocation without explicitly solving the optimization problem in Eq. (1.3), while admitting
elegant analyses in terms of posterior contraction rates (Shang et al. 2020; Jourdan, Degenne,
Baudry, et al. 2022; You et al. 2023).

Fixed-budget formulations. The fixed-budget regime, formalized by Audibert & Bubeck
2010, considers a fixed sampling horizon 7" and seeks to minimize the error probability
er(v) = IP’(§T # S§*). Two influential algorithms, Successive Rejects (SR) and Sequential
Halving (SH), were proposed by Audibert & Bubeck 2010 and Karnin et al. 2013, respectively.

These algorithms allocate the budget in phases, discarding empirically suboptimal arms.
Their analysis shows that the error probability decreases at an exponential rate

eT(V) < eXp(— c H(V)Y;ogK) ’

and lower bounds (Carpentier & Locatelli 2016; Degenne 2023) show that these rates are
essentially unimprovable up to logarithmic factors.

Beyond BAI. Beyond standard Best Arm Identification, several extensions have broadened
the scope of pure exploration in single-objective settings. These include thresholding bandits
(Locatelli et al. 2016), where the goal is to classify arms as above or below a fixed level.

Other extensions include structured formulations such as (transductive) linear and com-
binatorial bandits (Chen et al. 2014; Soare et al. 2014; Fiez et al. 2019; Degenne, Ménard,
et al. 2020). Other formulations consider multi-fidelity (Poiani et al. 2024) or cost-sensitive
sampling (Kanarios et al. 2024), where arms differ in evaluation cost or reliability, as well
as safe or constrained bandits (Camilleri, A. Wagenmaker, et al. 2022), where exploration
must respect safety or feasibility conditions throughout the learning process; good arm
identification (Roy Chaudhuri & Kalyanakrishnan 2019), a relaxation of thresholding bandits
where the goal is to identify an arm whose mean is above a given threshold.

13
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Summary. The evolution from gap-based to information-theoretic designs has led to a
unified theoretical understanding of pure exploration in single-objective bandits. Fixed-
budget algorithms optimize allocation under a deterministic horizon, while fixed-confidence
algorithms balance adaptive sampling and stopping. The resulting principles: optimal allo-
cation, information-theoretic stopping, and posterior contraction, form the methodological
backbone for the multi-objective extensions developed in this dissertation.

1.3.2 Multi-objective Pure Exploration

The extension of pure exploration to multi-objective settings, where arms are evaluated
along multiple potentially conflicting criteria, introduces fundamental challenges absent
from single-objective problems. Rather than identifying a single best arm, the learner must
characterize a set of arms representing different trade-offs—such as the Pareto set of non-
dominated alternatives, or arms satisfying feasibility and ranking constraints. This section
surveys the landscape of multi-objective pure exploration, reviewing theoretical results and
algorithmic approaches for Pareto set identification and related multi-objective formulations.

Pareto Set Identification (PSI). Given a multi-armed bandit with K arms, where each
arm i € [K|] has a mean vector y; € R?, we say that arm i is Pareto dominated by arm j
(denoted p; = p;) if pf < pf for all objectives ¢ € [d] with strict inequality for at least one
objective. The strict domination (strict inequality for all objectives) is denoted 11; < p;. The
Pareto set is the set of non-dominated arms:

S*(p) = {i € [K]: 3j € [K]\ {d}, s = 5}

The goal of Pareto set identification is to identify S*(x) with high confidence. When d = 1,
this reduces to the classical best-arm identification problem.

Early studies of PSI focused on uniform sampling and elimination schemes (Zuluaga,
Sergent, et al. 2013; Auer et al. 2016; Zuluaga, Krause, et al. 2016), formulated under the
fixed-confidence setting. The seminal contribution of Auer et al. 2016 provided the first
formal instance-dependent analysis of PSI algorithms, introducing key instance-dependent
quantities to characterize problem difficulty and establishing worst-case matching upper
and lower bounds on their sample complexity.

To quantify the hardness of PSI, Auer et al. 2016 defined arm-specific suboptimality gaps
that measures how difficult it is to determine whether an arm is Pareto-optimal. For arms
i,j € [K], define'

m(i, j) = gg};}[ui — 5],
. e . (1.4)
M(i, j) = max|pf — ).

'The initial definition was m(i, j) = max {m(4, j),0} and M(i, ) = max {M(i,5),0}. Some algebra
shows that these expressions can be simplified to Eq. (1.4) while keeping the gaps’ value.

14
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If p; A pj, then M(4, j) is the smallest uniform increase of j required to dominate ¢, while,
if y1; < pj, then m(4, j) is the smallest coordinate-wise increase of ¢ needed to make it non-
strictly-dominated by j. From these primitives, one defines for each arm ¢ the suboptimality

gap

A; = (1.5)

maxjess m(i,7), ifi ¢ S*,
min{s;",d; },  ifie S,

where

" = min min{M(i,7j), M(j,7)},
e {M(4, ), M(4,4) }

5 = min[(MQ. 1)1 +A,).

These quantities capture how close each arm lies to the Pareto frontier. The overall instance
complexity is then measured by

H(v) = H(p) = Z% (1.6)

This term was shown by Auer et al. 2016 to govern the finite-time instance-dependent
sample complexity of fixed-confidence PSI algorithms through an upper bound on the sample
complexity of their algorithm of order

O(H (p)log(dH (1) /9)),

combined with a lower bound, also scaling with H(x) (recalled in Theorem 1.3.1). This
result establishes a nearly-matching information-theoretic lower bound, confirming (up to
logarithmic factors) the dependence of the sample complexity on H () for some instances.

M(k, j)
X
m(i, k) j JMGK)
k
X -
7; In(Z’]) 1’11(67 k)

08

Figure 1.4: PSI gaps and distances
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Theorem 1.3.1 (Theorem 17 of Auer et al. 2016). For any collection of mean vectors ji; €
[1/4,3/4)¢, there exist distributions (D;)1<i<r such that, with probability at least 1 — §, any
d-correct algorithm for PSI requires at least

o1
Q(ZEIOgE)

i=1 %

samples to identify the Pareto set, where for suboptimal arms A = A and for optimal arms

From an application perspective, PSI provides a rigorous abstraction of multi-criteria decision-
making in which several performance indicators must be considered simultaneously. In
clinical research, this is particularly relevant to early-phase vaccine or treatment studies, as
motivated in Section 1.1.

In what follows, we review several extensions of PSI proposed to handle more general
forms of partial orders, feasibility constraints, and structured models.

Cone-Ordered Pareto Set Identification. A generalization of the Pareto set identification
problem was proposed by Ararat & Tekin 2023, who extended the notion of dominance to
arbitrary partial orders induced by convex cones. In this framework, a cone C C R? defines
a preference relation between mean vectors, where y; <¢ p; if and only if p1; — p; € C.
The standard Pareto order corresponds to the positive orthant R%, but other cones can
encode domain-specific trade-offs between objectives. Another example of a cone is Cy =
{z : 07x > 0}, for a direction 6 € R?, which results in a scalarization of the multi-objective
problem (Miettinen 1998).

This cone-based formulation unifies PSI and several related problems, such as constrained
optimization and scalarization-based selection, within a single mathematical framework.
Ararat & Tekin 2023 analyzed this problem in the fixed-confidence setting and proposed a
general elimination algorithm whose sample complexity depends on cone-specific quantities
generalizing the suboptimality gaps of Auer et al. 2016. Their work showed that, although
the underlying geometry of the cone affects the difficulty of the problem, similar logarithmic
sample complexity dependencies can be achieved, extending PSI theory beyond the axis-
aligned Pareto order. This line of work was later studied by Shukla & Basu 2024; Das
et al. 2025 where, instead of identifying optimal arms, the goal is rather to identify a policy
supported on optimal arms. The authors derived an information-theoretic lower bound and
a Track-and-Stop style algorithm.

Feasible Arm Identification. The Feasible Arm Identification problem was introduced by
Katz-Samuels & Scott 2018 in the fixed-budget setting. In this formulation, the learner is
given a convex polyhedron P C R?,d > 1 and by interacting with a multi-objective bandit
model, must identify the set of arms whose mean vectors lie within P, given a prescribed
exploration budget. This setting can be viewed as a generalization of the classical bandit
thresholding problem (Locatelli et al. 2016), extended to multi-dimensional objectives. The
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authors proposed MD-APT (Multi-Dimensional Anytime Parameter-Free Thresholding), an
algorithm that achieves a near-optimal fixed-budget guarantee:

e T
er < O(e 'H(u)> )

where c is an absolute constant, H(x) = Y. A;? is a complexity measure based on the
arm-dependent gaps

A dist(u;, P€), if u; € P,
T dist(u;, OP), otherwise.

The authors further showed that this rate is essentially optimal by establishing instance-
dependent lower bounds for specific problem configurations. Beyond its theoretical appeal,
the feasible-arm formulation has natural connections to adaptive clinical trial design: the
polyhedron P can represent eligibility or safety constraints-such as acceptable toxicity-
efficacy trade-offs, and identifying feasible arms corresponds to discovering treatments that
satisfy predefined clinical criteria under limited experimental budget.

Top Feasible Arm Identification. The Top Feasible Arm Identification problem (Katz-
Samuels & Scott 2019) extends the feasible-arm framework by incorporating preference
rankings over multiple objectives.

In this setting, the learner is given a convex polyhedron P C R¢, a weighting vector
w € RY, and an integer parameter m < K. Letting F'(u) := {k : ux € P} denote the set
of feasible arms, the learner’s goal is to identify

O* = {k sk € Pand w' py, > m%Xz’eF(,u)wT:ui} )

that is, the m best feasible arms according to the scalarized objective k + w ' ji,. The
authors formulated a fixed-confidence version of the problem, called §-PAC-explanatory,
where the learner outputs a triplet (O, S, I) forming a partition of [K| such that

~

0 =0, I C F(pS, Sc {k:w'pu, < ?el?o)fwTMi}'

This formulation captures both the feasibility constraint and the ranking objective within
a unified PAC framework, and provides statistical guarantees on the correctness of the
identified sets.

From a clinical trial perspective, this problem naturally models the selection of the
most promising treatments among those satisfying pre-defined safety or eligibility criteria.
The weight vector w encodes the relative importance of various clinical endpoints-such as
immunogenicity, safety, or tolerability-while the polyhedron P specifies admissible safety-
efficacy trade-offs. Hence, identifying O* corresponds to finding the m best treatment
candidates that are both clinically acceptable and statistically supported within a fixed-
budget or fixed-confidence experiment.
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Constrained Bi-Objective Identification. A closely related special case of multi-objective
pure exploration with constraints was introduced by Faizal & Nair 2022. The authors con-
sidered a bi-objective (d = 2) bandit model where each arm k € [K] is associated with

an unknown mean vector p, = (,u,(el), ,u,(f)) € [0, 1] The learner aims to identify the arm

maximizing the first objective pg) under a feasibility constraint on the second, namely

7
i pf.?)gb

S;eas = {k € [K] : :UJl(cz) < b and ILL]({;I) = max ,u(l)},

where b is a known threshold. This setting can be interpreted as a variant of Top Feasible
Arm Identification, where the feasibility region is {1 : u® < b}.

In the fixed-budget regime, the authors proposed a Successive-Rejects-type algorithm,
C-SR, which alternates between (i) feasibility testing to discard arms likely to violate the
constraint and (ii) dominance elimination among the remaining feasible arms. They showed
that the algorithm achieves an exponential rate

er(v) < o(exp(_ W»

for some constant ¢ > 0, where the instance complexity is governed by the composite
measure

W
Hfoas(,ul) = ZN_v
=1 Azz

where for i # S*, and assuming the feasible set is non-empty, A; = min(b — ,ug*) , SZ) with

ns! — ) if fo” < b
0; = Mz@) —b if ,ul(-z) > band ,ugl) > ufgl*)

2) _ (1))

max(p; b, /Lg) — 1 else.

This expression highlights the two competing sources of difficulty: arms close to the feasibil-
ity boundary (small | ,u,(f) — b|) and arms close to optimality within the feasible region (small
ugj - ug)). Although limited to d = 2, this work formally connected feasibility constraints
and multi-objective identification, and provided one of the first fixed-budget guarantees for
a constrained pure exploration problem. Such a setting is directly relevant to early-phase
clinical trials, where treatments must simultaneously achieve sufficient efficacy and remain

below pre-specified toxicity or reactogenicity thresholds.

Summary and open challenges. The studies reviewed above reveal that, before the
onset of this work, the theory of multi-objective pure exploration in bandits remained
largely fragmented. Existing algorithms were either restricted to low-dimensional cases
(e.g., two-objective feasibility problems), limited to fixed-confidence formulations, or relied
on uniform sampling strategies with conservative performance guarantees. Most of the
existing algorithms were designed under the assumption of uncorrelated objectives, or were
not able to exploit potential correlation that may arise for example when both toxicity and
efficacy are recorded.
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In contrast to the well-understood single-objective setting, several fundamental questions
were still open: How to extend instance-dependent analyses to the fixed-budget regime?
How to adaptively allocate samples across arms to solve large-scale, high-dimensional Pareto
problems? How to design an asymptotically optimal and computationally-efficient algorithm
for PSI? How to handle additional structural or feasibility constraints that naturally arise in
clinical and engineering applications?

The next section introduces the methodological and theoretical contributions of this
dissertation, which aim to fill these gaps by developing adaptive, efficient, and interpretable
algorithms for multi-objective exploration.

1.4 Contributions of This Dissertation

Building on the gaps identified in the previous section, this chapter presents the main
contributions of the dissertation. It develops new theoretical and algorithmic tools for Pareto
Set Identification (PSI) and related pure exploration problems in stochastic bandits, with a
focus on multi-objective and constrained formulations motivated by early-stage clinical
trials. The section is organized around three broad themes: (i) the fixed-budget setting,
where the sampling budget is prescribed in advance, (ii) the fixed-confidence setting, where
sampling continues until sufficient evidence is collected, and (iii) structured and constrained
extensions of PSL. Each of these directions addresses an open question and is detailed in the
following paragraphs.

1.4.1 Fixed-Budget PSI

This section summarizes our work on the fixed-budget formulation of Pareto Set Identifica-
tion (PSI) presented in Kone, Kaufmann, et al. 2024. This constitutes the first theoretical and
algorithmic analysis of PSI when the total number of samples is fixed in advance.

In many experimental settings, particularly in early-stage vaccine trials, the total number
of enrolled subjects is predetermined. The learner must therefore allocate a fixed budget
T across K arms and recommend an estimated Pareto set Sy after exactly 7" samples. The
goal is to minimize the probability of misidentification

er(v) =B, (Sr # 8™ (1)),
and to characterize how quickly er(v) decays with 7.

While the fixed-confidence regime had been studied, e.g., in Zuluaga, Sergent, et al.
2013; Auer et al. 2016; Zuluaga, Krause, et al. 2016, no results were available in the fixed-
budget setting. To bridge this gap, we propose Empirical Gap Elimination (EGE), a family of
elimination-based algorithms that generalizes classical strategies such as Successive Rejects
and Successive Halving to the multi-objective setting.

The design of EGE relies on an empirical reformulation of the suboptimality gaps introduced
by Auer et al. 2016. Recall that these gaps depend on the true Pareto set S*(11) and therefore

19



CHAPTER 1

were difficult to estimate directly. We show that these gaps (as recalled in Eq. (1.5)) can be
equivalently rewritten as

A; = max{A¥, 6},

177

where we have

AY = L

i = maxm(i, j)

5 = min [M(i,7) A (M(,0)5 + (A7)2)]
= anin (M) A MG D4+ (A5)4)]

which makes them amenable to empirical estimation without prior knowledge of S* ().
EGE maintains at each phase r an active set of arms A, and empirical means (fi; ,);c.,, and

computes the empirical gaps ﬁim obtained by replacing p with i and [K| with A,.. Arms
with large empirical gaps are progressively eliminated with a particular tie-breaking rule.

The budget 7" is split across successive elimination rounds. In EGE-SR, the sampling
budget is divided into K — 1 phases of increasing length, and one arm is removed per phase.
In EGE-SH, the budget is divided geometrically and approximately half of the remaining
arms are eliminated at each round. Both strategies share the same elimination criterion but
differ in their allocation schedule.

Our analysis establishes the first information-theoretic lower bound for PSI in the fixed-
budget setting. For any adaptive algorithm, there exists a universal constant ¢ > 0 and a
class of instances D such that

Ko 1
Vo€ DR lipint -gleger() < o
where
o o ~2
Hy(v) = Hy(p) = irel[z%k:A(k), (1.7)

and k — (k) is the permutation such that Ay < Agg) < ... < Ak). We further show that
both EGE-SR and EGE-SH achieve

o < oo cmt))-

which nearly matches the lower bound up to logarithmic factors, thereby characterizing the
fundamental error exponent for PSI under a fixed sampling budget.

Empirical evaluations confirm the theoretical predictions: both EGE-SR and EGE-SH substan-
tially outperform uniform allocation, particularly on unbalanced instances where dominated
arms are easily identifiable.

In practice, they offer principled and adaptive allocation strategies for early-phase
clinical studies, where limited sample budgets must be distributed across multiple candidate
treatments and efficacy indicators.
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1.4.2 Adaptive Fixed-Confidence Algorithms for PSI

In this contribution, we introduce the first fully adaptive, LUCB-style algorithm for fixed-
confidence Pareto Set Identification (PSI) with finite-time guarantees. While prior works
such as Auer et al. 2016 established PAC guarantees under uniform sampling, our goal is to
design fully adaptive algorithms that pull one or two informative arms per round.

Formally, given K arms with d-dimensional mean vectors i1, .. ., i, the learner must
identify the Pareto set S* = {i € [K] : #j, u; < p;} with probability at least 1 — 4,
while minimizing the expected stopping time E[7]. The central difficulty lies in the fact
that dominance relations depend on all objectives simultaneously, making the problem
inherently multi-dimensional and asymmetric. To capture this structure, we introduce an
adaptive gap-based framework that extends the LUCB (Lower-Upper Confidence Bound)
principle from Best Arm Identification to multi-objective bandits.

At each round ¢, the algorithm maintains (1 — §)-level confidence boxes for each arm,

d

Rea(0) = [ [ [, — Bi(t.0), fi5 + Bi(t.0)].

c=1

where /if; denotes the empirical mean on objective ¢, and 3;(t,0) is a confidence radius
calibrated via a law-of-iterated-logarithm bound. Arms whose confidence boxes are entirely
dominated by those of others are eliminated, while sampling concentrates on ambiguous
pairs (i, j) where the dominance relation remains uncertain. This adaptive allocation rule
implicitly tracks the "most confusing” arms, in analogy to classical LUCB algorithms for
single-objective identification.

We derive finite-time, instance-dependent guarantees showing that the proposed algo-
rithms achieve near-optimal sample complexity:

E,[rs] < O(H(u) log(dH (1)/9)),

where H(v) = Zfil A;? is the complexity term defined from the Pareto gaps in (1.6).
This matches the information-theoretic lower bound up to logarithmic factors, establishing
the first finite-time optimality guarantees for PSI. Our analysis further characterizes the
adaptive evolution of the active set and provides confidence-based stopping rules that ensure
0-PAC correctness without knowledge of instance parameters.

In addition, we introduce a relaxed formulation called the k-Pareto set identification

problem, in which the learner returns a set S of k elements satisfying SCs* (or the full
Pareto set if k > |S*]).

This relaxation handles practical situations where only a subset of the Pareto set needs
to be identified. It is particularly meaningful in clinical studies, where one may only
need to shortlist a few optimal strategies for further testing. We show that its complexity
H*(v) < H(v) yields provably faster identification.

Empirically, our algorithms substantially outperform uniform and non-adaptive baselines,
particularly when the number of arms is large. These results establish the first fully adaptive
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algorithm for fixed-confidence PSI, bridging the methodological gap between classical
LUCB-style exploration and PSL

1.4.3 PSI with Linear Structure

In this contribution, we introduce and analyze Pareto Set Identification (PSI) with linear
structure. This setting generalizes classical (unstructured) PSI by assuming that all arms
share a low-dimensional parameterization: each arm a € [K] is associated with a known
feature vector ¥, € R", and its expected outcome vector is linear in an unknown parameter
0 € R4 that is

g = 072y, 0 € R"*?and z, € R",

where each arm a has o-subgaussian marginals. This structural assumption induces correla-
tions between arms, allowing information gathered from one arm to benefit all others.

The goal remains to identify the Pareto-optimal set S*(11) with probability at least 1 — 4,
while minimizing the number of samples. In contrast to previous unstructured algorithms
that sample arms uniformly or according to empirical dominance relations, we design a
fully structure-aware sampling strategy guided by principles of optimal experimental design
(Soare et al. 2014).

At the heart of our approach lies a connection between PSI estimation and G-optimal
design. Let V' (w) denote the matrix associated with an allocation w € Ak, defined as

K
V(w) = Zwi Tz .
i=1

The key observation is that if arms are pulled according to a static allocation w, and an
empirical least-squares estimate of 6 is built, the uncertainty (covariance) on each arm’s
estimated mean Ji, = 0 z, is governed by ||z, H%/(w),l -3, where ¥ is the (assumed common)
covariance matrix of each arm’s marginals. An allocation is thus informative if it minimizes
the worst-case prediction variance across the set of relevant arms, that is,

* = aremin max ||z, |%, 1.
p’ = argmi ae[g]H all v (w1

This optimization corresponds exactly to the classical G-optimal design criterion (Fiez et al.
2019).

Adaptive algorithm and analysis. We design an elimination-style algorithm that es-
timates ¢ using a G-optimal design, and then estimate the empirical PSI gaps similarly to
the technique used in Section 1.4.1. We show that the resulting algorithm enjoys instance-
dependent guarantees: given § € (0, 1), its sample complexity is upper bounded by

lzally iy, Kd 1
(w) log
wel kelK] A2 0Amin Amin

O( inf max log
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with probability at least 1 — J. Further refinement allows one to upper bound the sample
complexity by

h 2
o Kd 2
log,(2/Aq)) + O (Z A—Qlog (T log, (A_())>) :
i=2 (i) ¢

where (-) is a re-indexing such that Ay, = Ay < Ay < ... < Ak). Thus, the sample
complexity only depends on the h-smallest gaps, which is a major improvement when
h< K.

In terms of fixed-budget guarantees, we prove that the probability of misidentification
of the Pareto set for the proposed algorithm is upper-bounded by

T
P (_ co?Hy jin(v) [logy b
where C'(h,d, K) = 2d (K + h + [log, h]), ¢ is an absolute constant and

logC(hyd, K)) |

H. in = k:A_2
21in (V) gé?}f]{ (k) >

which is a major improvement over Eq. (1.7), again when h < K.

From an application perspective, this structured approach provides a natural way to
share information across correlated treatments or dosages, e.g., where key components of
those treatments are correlated (the vaccine platform, dosages, schedule, or formulation,
etc.).

1.4.4 Asymptotically Optimal Algorithms for Fixed-Confidence PSI

The first algorithms introduced for fixed-confidence PSI provided only near-optimal sample
complexity guarantees, with non-negligible gaps between upper and lower bounds. In
contrast, the Best Arm Identification (BAI) literature has established sharp asymptotic
characterizations: information-theoretic lower bounds (Garivier & Kaufmann 2016) and
matching algorithms such as TRACK-AND-STOP (Garivier & Kaufmann 2016) or Bayesian
approaches (Russo 2016; Jourdan, Degenne & Kaufmann 2023) achieve the optimal expected
sample complexity

E,[1s] = T*(v) log(1/0) (1 + o(1)).

Reaching a similar level of optimality in PSI is significantly more challenging, since the
learner must classify all arms simultaneously and the space of alternative hypotheses is
combinatorial. Hence, unlike the single-objective case, no algorithm was known to achieve
asymptotic instance-optimality for PSL

Information-theoretic lower bound. Let Z C R? denote the set of possible mean
vectors, and S*(\) the Pareto set associated with the collection {1, ..., Ax }. To guarantee
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d-correctness, an algorithm must statistically distinguish the true parameter y from every
alternative A € Z¥ whose Pareto set differs from S*(11). Define the set of such alternatives
as

Alt(S*(p) = {AeIF:8*(\) #8*(n)}-
Using information-divergence arguments analogous to those of Garivier & Kaufmann 2016,

we obtain the following lower bound on the expected stopping time of any J-PAC PSI
algorithm.

Theorem 1.4.1 (Fixed-confidence lower bound). LetD = {N(u,X) : u € Z} denote the set
of d-dimensional multivariate Gaussian arms with known covariance 3. and mean vectors in Z.

Any algorithm that is 6-correct on all bandit instances in DX satisfies, for all v parameterized
by e K,

B[] > T"(v) log( %),

where the characteristic time 7*(v) is defined by

K
* -1 ._ : % )\ 2
e = weln AEAzlt?sf*w)) [Z 2 s AZ”E*] '

An algorithm is said to be asymptotically optimal if

E, [s]

Sty

This bound characterizes the minimal information required to distinguish the true Pareto
set from all incorrect ones. In BAI algorithms achieving such tight guarantees typically rely
on generalized likelihood-ratio (GLR) stopping rules, which admit closed-form expressions
for exponential-family models. For PSI, this stopping rule generalizes to

T = inf{t} 1: inf ZNtk”utk—)\kHE > B(t, 5)}

)\EAlt(St

but the inner minimization over A € Alt(§t) has no known closed-form solution, making
direct implementation intractable for PSI, due to its combinatorial and non-convex structure.

Posterior-resampling stopping rule. To circumvent this limitation, we propose a
posterior-based alternative inspired by Bayesian sequential testing. At time ¢, let ; denote
the posterior distribution over 6 given the observed history H;_1, and let 6}, 6%, ... be i.i.d.
samples from P;. Fix a recommendation S; = S*(ji;) and a threshold M (¢, §). We define
the posterior geometric stopping rule as

r= mf{t >1:Vm < M(L,3), SHO") = §t}, (1.8)

that is, we stop once M (t, J) consecutive posterior samples yield the same optimal set as
the current recommendation.
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By proving novel anti-concentration results for Gaussian vectors, we calibrate the
threshold M (¢, d) to ensure d-correctness.

This rule is conceptually close to Chernoft’s GLR stopping: both trigger when the poste-
rior (or likelihood) ratio between the true and alternative hypotheses becomes sufficiently
large. However, unlike GLR-based tests, it does not require explicit evaluation of the pos-
terior probabilities—only the ability to draw posterior samples, which is computationally
straightforward for standard conjugate models. This makes it particularly attractive for
high-dimensional PSI problems where Alt(S*(x)) has a complex combinatorial structure.

Mainresult. We combine this stopping rule with a randomized adaptive allocation strategy
based on posterior samples. We prove that the resulting algorithm is asymptotically instance-
optimal:

E,[r5] = T*(v) log(1/6) (1 +o(1)),

and achieves optimal posterior contraction rates. This constitutes the first successful ap-
plication of posterior sampling to multi-objective pure exploration. Beyond theory, the
algorithm is computationally practical and statistically efficient, providing a randomized
and interpretable design principle for early-phase clinical trials where decisions must be
both adaptive and provably optimal.

1.4.5 PSI with Linear Feasibility Constraints

In many real-world applications, not all arms are admissible: a vaccine dose may need to
satisfy toxicity thresholds, a hardware configuration must respect power or latency limits, or
a treatment must achieve a minimum efficacy level before being considered. Such constraints
are often linear in nature, motivating the definition of the feasible set

P={xcR%: Az < b},

with A € R™*% and b € R™. Given this set, the learner must identify the subset of arms
that are both feasible and Pareto-optimal among feasible ones:

St(p) = {z € [K]:p € Pand fj € [K], pi € P,y < Mj}.

Compared to unconstrained PSI, this setting introduces a dual challenge: each arm must
be simultaneously classified by both feasibility and dominance. The sample complexity
is thus driven by two quantities: the Pareto gap A, characterizing the uncertainty about
optimality, and the feasibility margin

dist(ug, P°), if g € P,
N = )
dist(ug, OP), otherwise.
which measures how close an arm’s mean lies to the constraint boundary.

We propose the explainable constrained Adaptive Pareto Exploration (e-cAPE) algorithm,
which generalizes the APE algorithm to constrained environments.
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The algorithm recommends a partition R, = (O,, S;, I;) such that
1) Or = Sgeas(t), 1) S; € SubOpt(u) and I, C {k : uy ¢ P} (1.9)

holds at stopping time 7, where (i) Seas(1t) is the Pareto set of {py, : ux € Pk € [K]},
SubOpt(p) = {i € [K] | 3j such that 1; < p; and p; € P} be the set of arms that are
dominated by a feasible arm.

Since some arms can be both infeasible and dominated by a feasible arm, such arms could
be correctly classified either in S, or I.. Therefore, multiple correct ways to partition [K]
may exist, so multiple correct partitions (O, S;, I;). Given the polyhedron P, we define
the set of valid answers for (S, ;) as M(P, p).

The learner maintains empirical estimates of both feasibility and Pareto gaps, and dy-
namically allocates samples according to their estimated classification difficulty. At each
iteration, arms near the Pareto-feasibility boundary are targeted. This mechanism achieves
a near-optimal balance between exploration of uncertain arms and exploitation of structural
information encoded by P.

We proved that e-cAPE correctly identifies a partition in the fixed-confidence setting,
with sample complexity characterized by a constrained instance complexity term

E,[rs] & O(Ch(v)log(KdCh,(v)/d)), (for small ),
where

1
Clw, 8,1) = ,Z min(A2(Spw U S), 77) +ZA Sfeasus +Z 2 (110

1€ Sfeas

and, for X C [K], A?(X) denotes the PSI gaps computed in the |X|-armed bandit with
means {yy, : k € X'}. C'\, is the complexity of the easiest to verify partition:

Cx = i C(v,S. 1) .
M) s (v, S,1)

We further establish an information-theoretic lower bound of the same order, proving that
the dependence on C'}, is unavoidable.

Finally, experiments on synthetic and realistic multi-objective datasets (Mark C et al.
2013) confirm that e-cAPE significantly outperforms uniform and unconstrained sampling,
especially when feasible arms lie near the boundary of P. In practice, such constrained
exploration directly models the setting of early-stage vaccine development, where identifying
acceptable trade-offs between immunogenicity and safety is more realistic than seeking a
single optimal dose.

1.5 OQutline of the Dissertation

The dissertation is organized into five technical chapters plus a conclusion chapter. Each
technical chapter addresses a distinct aspect of Pareto set identification in multi-objective
bandits. The progression follows a natural path, from gap-based and finite-sample analyses
to asymptotically optimal, constrained, and structured extensions.
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« Chapter 2 introduces the fixed-budget formulation of PSI, relevant when the sampling
horizon is predetermined. It presents the Empirical Gap Elimination (EGE) framework,
extending Successive Rejects and Sequential Halving to multi-objective settings, and
establishes the first information-theoretic lower bound for PSI under fixed budget.

« Chapter 3 addresses PSI in the fixed-confidence regime. It develops adaptive elim-
ination algorithms with near-optimal instance-dependent sample complexity and
discusses relaxations such as k-Pareto set identification, where the learner outputs a
manageable representative subset of the Pareto-optimal arms.

+ Chapter 4 extends PSI to multi-output linear models, where arm means depend linearly
on known features. Exploiting linear structure, we design sample-efficient algorithms
for structured action spaces, connecting PSI estimation with optimal experimental
design.

« Chapter 5 studies Bayesian algorithms for PSI, based on posterior sampling and
geometric stopping rules. These algorithms achieve asymptotic instance-optimality
while remaining computationally efficient, offering a Bayesian randomized algorithm
for PSL.

« Chapter 6 introduces constrained PSI, where feasible arms must satisfy linear in-
equalities (e.g., safety or resource constraints). We develop adaptive algorithms that
jointly assess feasibility and dominance and derive complexity measures that couple
feasibility margins with Pareto gaps.

« Chapter 7 concludes the dissertation, outlining future research directions, including
large-scale PSI, preference-driven objectives, and extensions to reinforcement learning
and other sequential decision frameworks.

Each chapter is largely self-contained, but contributes to a unified view of multi-objective
pure exploration, bridging theoretical foundations, algorithmic design, and experiments
toward applications to adaptive clinical settings such as vaccine trials.

1.6 Publications

The chapters of this dissertation are primarily based on peer-reviewed papers I co-authored
during this doctoral work. Each contribution has been published in international machine
learning conferences, reflecting different facets of the Pareto set identification problem.

Conference Papers

« C.Kone, E. Kaufmann, L. Richert.
Adaptive Algorithms for Relaxed Pareto Set Identification.
Proceedings of the Thirty-Seventh Conference on Neural Information Processing Systems
(NeurIPS 2023).
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« C.Kone, E. Kaufmann, L. Richert.
Bandit Pareto Set Identification: The Fixed-Budget Setting.

Proceedings of the 27th International Conference on Artificial Intelligence and Statistics
(AISTATS 2024).

« C.Kone, E. Kaufmann, L. Richert.
Bandit Pareto Set Identification in a Multi-Output Linear Model.

Proceedings of the 28th International Conference on Artificial Intelligence and Statistics
(AISTATS 2025).

« C.Kone, M. Jourdan, E. Kaufmann.
Pareto Set Identification with Posterior Sampling.
Proceedings of the 28th International Conference on Artificial Intelligence and Statistics
(AISTATS 2025).

« C. Kone, E. Kaufmann, L. Richert.
Constrained Pareto Set Identification with Bandit Feedback.

Proceedings of the Forty-Second International Conference on Machine Learning
(ICML 2025).

Together, these publications form the core of the dissertation:

+ Chapter 2-Fixed-Budget PSI-is based on our AISTATS 2024 paper introducing the
Empirical Gap Elimination framework, the first theoretical treatment of PSI in this
regime.

+ Chapter 3-Adaptive Algorithms for Fixed-Confidence PSI-draws on our NeurIPS 2023
work proposing LUCB-type adaptive elimination strategies and relaxed objectives
such as PSI-.

« Chapter 4-Multi-Output Linear Models for PSI-follows our AISTATS 2025 paper ex-
tending PSI to structured linear models via optimal experimental design.

+ Chapter 5-Bayesian PSI-is based on our AISTATS 2025 paper on posterior-sampling-
based algorithms achieving asymptotic optimality.

« Chapter 6—Constrained PSI-builds on our ICML 2025 paper introducing feasibility-
aware Pareto identification with linear constraints.

Additional Publications

« C.Kone, K. Jamieson.
Optimal Posterior Sampling for Policy Identification in Tabular Markov Decision Processes.
Proceedings of the 29th International Conference on Artificial Intelligence and Statistics
(AISTATS 2026).

Although not directly focused on PSI, this work builds on the posterior sampling
principles developed in Chapter 5 to design computationally efficient algorithms for
policy identification in reinforcement learning.
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Chapter 2

Pareto Set Identification: The Fixed-Budget
Setting

This chapter addresses the problem of Pareto Set Identification in the fixed-budget setting. Our
motivation stems from applications such as clinical trials, where the number of participants
is pre-specified and the exploration budget is thus limited. The goal is then to identify the
Pareto set with minimal error.

We propose Empirical Gap Elimination (EGE), a family of algorithms that combine (i)
a principled estimation of the difficulty of classifying each arm as Pareto-optimal or not,
with (ii) elimination-style strategies tailored to the fixed-budget regime. We provide a
theoretical analysis showing that two concrete instances, EGE-SR and EGE-SH, achieve an
error probability that decreases exponentially with the budget, with an exponent supported
by an information-theoretic lower bound.

This chapter is based on joint work with Emilie Kaufmann and Laura Richert, published
in the proceedings of AISTATS 2024.
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2.1 Introduction

As discussed in Chapter 1, the multi-armed bandit problem has been predominantly studied
as a single-objective stochastic optimization problem, mainly for reward maximization,
(Lattimore & Szepesvari 2020) or for identifying the arm with the largest expected value
(best arm identification, (Even-Dar et al. 2002; Audibert & Bubeck 2010)). However, many
practical problems involve multiple, possibly conflicting objectives. This motivates the study
of multi-objective pure exploration, where the goal is to identify the set of arms whose mean
performance vectors are Pareto optimal.

Previous work has mainly focused on the fixed-confidence formulation of Pareto Set
Identification (PSI) (Zuluaga, Sergent, et al. 2013; Auer et al. 2016; Zuluaga, Krause, et al.
2016; Ararat & Tekin 2023): given a risk 6 € (0, 1), the agent stops at a random time 7 and
recommends a set S, such that IP’(§T # §*) < 6, while minimizing its stopping time 7.

In contrast, in the dual fixed-budget formulation, the total number of samples 7" is fixed
in advance and the goal is to minimize the misidentification probability. This unexplored
setting is particularly relevant in applications such as adaptive clinical trials, where the
number of participants is known in advance due to ethical and/or financial constraints. In
such contexts, the challenge is to allocate samples efficiently across competing treatment
arms to maximize the probability of correctly identifying the most promising vaccine or
drug combinations. Beyond clinical trials, similar trade-offs arise in multi-objective design
problems such as optimizing hardware configurations for both latency and energy efficiency
(Zuluaga, Sergent, et al. 2013), or in A/B/n testing for recommender systems involving
multiple engagement metrics (Mehrotra et al. 2020).

In this chapter, we introduce the first algorithms for Pareto Set Identification in the
fixed-budget setting. Our approach extends the principles of Successive Rejects (Audibert &
Bubeck 2010) and Sequential Halving (Karnin et al. 2013); two canonical methods for best-
arm identification, to the multi-objective case. We propose the Empirical Gap Elimination
(EGE) framework, which relies on a novel arm-classification rule based on empirical gaps.

To handle practical situations where only a subset of the Pareto set needs to be identi-
fied, we further introduce the k-relaxation of PSI, denoted PSI-k. This relaxation requires
the learner to return any subset of k Pareto-optimal arms, thereby interpolating between
identifying a single good arm (kK = 1) and recovering the full Pareto set (¢ = K). Such
a formulation is particularly meaningful in clinical studies, where one may only need to
shortlist a few good-performing strategies for further testing.

We show that the proposed algorithms, EGE-SR and EGE-SH, achieve instance-dependent
exponential convergence rates matching known lower bounds up to logarithmic factors
(Section 2.2).

Related work. Building on the context introduced in Chapter 1, where we reviewed the
theoretical and practical motivations for pure exploration in multi-objective bandits, this
chapter focuses on the fixed-budget formulation of Pareto Set Identification (PSI). While
several works have addressed PSI in the fixed-confidence setting (Zuluaga, Sergent, et al.
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2013; Auer et al. 2016; Zuluaga, Krause, et al. 2016; Ararat & Tekin 2023), no prior work
provides theoretical guarantees for PSI when the sampling budget is fixed, despite its practical
relevance in resource-limited domains such as clinical trials or recommender systems. In
the single-objective case, classical algorithms like Successive Rejects and Sequential Halving
achieve exponential decay of the misidentification probability with the budget (Audibert &
Bubeck 2010; Karnin et al. 2013), yet no single strategy attains a universally optimal rate
across all instances (Degenne 2023).

A common approach to extend fixed-confidence methods to the fixed-budget setting
is to tune their risk parameter § according to the available budget 7" and the instance
hardness H(v), as in the UGapEb algorithm (Gabillon et al. 2012).

Indeed, a fixed-confidence algorithm for PSI with stopping time 7 typically takes a risk
parameter § € (0, 1) as input and satisfies guarantees of the form

P(?T = S*and T < C H(v) 10g<dH§V)>) >1-34,

where §T denotes the estimated Pareto set and C' > 0 is a universal constant. Given a
fixed sampling budget 7', one may attempt to tune ¢ as a function of 7" and the instance
hardness H () by choosing & such that C' H () log(H (v)/67) < T. Under this calibration,
the corresponding error probability behaves approximately as

or ~ H(v) exp(—CHL(V)) :

However, such oracle tuning presupposes knowledge of H(v), which is rarely available
in practice. In this chapter, we overcome this limitation by introducing the EGE framework
for fixed-budget PSI. Our method adaptively estimates the classification difficulty of each
arm and integrates these estimates into elimination-based allocation rules, leading to two
practical algorithms: EGE-SR and EGE-SH.

Learning model. We consider a stochastic multi-armed bandit model with K arms, where
each arm a € [K] is associated with an unknown probability distribution v, supported
on R%, d > 1. The mean vector of arm a is denoted i, = Ex.,, [X] € R? and we write
= (1, ..., pr). Throughout, we assume subgaussian marginals: for every arm a and
each coordinate ¢ € [d], the random variable X¢ (with X, ~ v,) is o-subgaussian, that is,

A2o?

2 )

VA eR,  logE[exp(A(X;— E[XF]))] <

for some common variance proxy o > 0.

The learner interacts with this environment over R rounds, sequentially selecting
arms from an active set A, C [K] and observing independent samples (Z, ,)4c4,, Where
each Z,, ~ v, satisfies E[Z,,|a] = p,. Let P, and E, denote respectively the prob-
ability law and expectation under the joint process {Z, .}, and define the filtration
H, = o(A1,Z1,..., A, Z,), representing the information available up to round r. A
sampling strategy is said to be adaptive if each selection A, is H;_;-measurable. Given a
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total sampling budget 7', the learner outputs an estimator S of the true Pareto-optimal set
S*(v), based on the full observation history Hy. The performance of a strategy is measured
by its probability of misidentification

er(v) = ]P)u(é\T 758*(”)) g

which quantifies the probability of returning an incorrect Pareto set under a fixed sampling

budget.

Definition 2.1.1. Given two arms i, j € [K], i is weakly (Pareto) dominated by j (denoted
by p; < py)ifforany c € {1,...,d}, u§ < p. The arm i is (Pareto) dominated by j (1; = pu;
ori = j) if i is weakly dominated by j and there exists ¢ € {1, ..., d} such that u§ < -
The arm i is strictly (Pareto) dominated by j (u; < p; or i < j) if forany ¢ € {1,...,d},

pi < G-

The Pareto set S*(v) is defined as
S*(v) = {ie[Klst.Bje[K]:pm=p},

and will be denoted by S* when v is clear from the context. Any arm a € &* will be called
(Pareto) optimal and an arm a ¢ S* is called sub-optimal.

To characterize the difficulty of the problem, we introduce below some quantities that
allow us to measure how much an arm is dominated. For any arms i, j, we let

m(i,j) = min [pf - ],
M(i,j) = max [pf — pg].

If ju; A pj, then M(4, j) is the smallest uniform increase of j that makes it dominate
i. If p1; < pj then m(é, j) is the smallest increase of any component of ¢ which makes it
non-dominated by j.

We recall the gaps introduced in Chapter 1 and proven (Auer et al. 2016) to characterize
fixed-confidence PSL. For a sub-optimal arm ¢ ¢ S*,

A, = A7 = gyé%)*cm(z,]), (2.1)

which is the smallest quantity that should be added component-wise to ; to make ¢ appear
Pareto optimal w.r.t. {yy : k € [K]\{i}}. For an optimal arm i € S,

A; == min {0;",6; } (2.2)
where
6+ :: . . M .7 . ’M .’ . ’
F o min min MG, ). MG,
9; = i M(j, i A,
i e [(M(7, 1)+ + 4]
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with the convention miny = +00. J;" accounts for how much i is close to dominate (or to
be dominated by) another optimal arm, while §; translates, in a sense, the smallest “margin"
from an optimal arm ¢ to the sub-optimal arms. The difficulty (i.e., near-optimal sample
complexity) of fixed-confidence PSI is characterized by the complexity term

In this chapter, we show that it is also a relevant complexity measure for the fixed-budget
setting. Our goal is to propose elimination algorithms that estimate the gaps of each arm
online and sequentially discard and classify arms with larger gaps.

Toward this goal, we begin by rewriting and simplifying the gaps identified by Auer
et al. 2016, which, in their current form, directly depend on the Pareto set, making them
apparently difficult to estimate online. Recalling that (), = max{z, 0}, the following
holds.

Lemma 2.1.2. For any arm k € [K],

A, — Ay = maxjegym(k,j) ifk ¢ S
g 5 ifk € S*

where 05 = min;, | M(k, j) A (M(j, k)1 4 (A%)1)]. In particular, for any arm k, A, =
max{A7}, ;}.

The proof of this result is given in Section 2.5. This rewriting removes the explicit
dependency on the Pareto Set. Below, we propose a generic elimination algorithm that relies
on a simple empirical estimation of these gaps.

2.2 Algorithmic contributions

We introduce the family of Empirical Gap Elimination (EGE) algorithms. They are generic
algorithms that take as input a number of rounds, an elimination scheme (dictating the
fraction of arms discarded at the end of each round), and a sampling scheme, dictating the
fraction of the budget allocated to each round.

2.2.1 Empirical Gap Elimination

An Empirical Gap Elimination algorithm uses a round-based structure. The algorithm is pa-
rameterized by a number of rounds R > 0, an arm schedule vector A = (A, ..., Ag, Agt1) €
[K]7*! satisfying A\, > A, 1 where )\, indicates how many arms are active in round r, and
an allocation vector t = (ty,...,tg) € [T]|%, where t, is the number of samples gathered
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from each active arm in round r. Given the maximal budget 7', these vectors should further
satisfy the following:

)\1 = K, )\R+1 € {O, 1} and (23)
R

Z Mt < T, (2.4)
r=1

ideally with an equality.

In each round r, the algorithm maintains a set of active arms, denoted by .A,, that is
of size \,, and collects ¢, new samples from each arm in A,. The total number of samples
gathered from each arm in A4, in the first  rounds' is therefore

T
n, = E ts.
s=1

For each a € A,, the empirical estimate of 1, at the end of round r is denoted by /i, , =
n% ZZLl Z,.s Where Z, ; denote the s-th observation drawn i.i.d. from distribution v,. These
estimates are used to carefully decide which arm to explore in the next round, based on an
appropriate notion of empirical gap. We introduce the empirical quantities

Hl(Z, ]7 T) = I?glg [ﬂfﬂ,j - ﬂ?c“7z:| )
MG, jsr) = max [, — ]

and the empirical Pareto set at the end of round r

S, = {z €A, :3j € A, such that flr; < ,&W-},
={ice A :Vj e A\{i}, M(i,5;7) > 0} .

Finally, we define for any arm ¢ € A, the empirical gaps

ﬁ* = max m(z,7;7),

“r AN} (8, 57)

;5;*7, = min |M(z, 7;7) A (M(g,4;7) + A:T )
’ jeAr\{i}[ igir) A (MG i)+ (8]

and for any i € A,

R Rt if
A { o ifie AN\S,, (25)

wro— 3
) *
o,  else

These gaps are empirical variants of the gaps stated in Lemma 2.1.2 evaluated on the active
arms. In particular, it is simple to observe that
ﬁm = max{J; ﬁfr} ,

1,1
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Algorithm 2.1: EGE: Empirical Gap Elimination
Require: number of rounds R; budget allocation ¢; and elimination scheme A

1 Initialize: Set of active arms A; < {1, ..., K'}; set of arms (so far) identified as
Pareto-optimal B; < (); set of discarded arms D; < (J;

2 foreachr =1,2,..., Rdo

3 Collect ¢, samples from each arm a € A,;
4 Compute S, the empirical Pareto set ;
5 Let A, ;1 be the set of A\, ; arms in A, with the smallest empirical gaps &” ;

// ties broken in favor of arms in 9,

6 Br+1 — B’I‘ U {Sr N (AT\AT-H)} >
7 Dr+1 < Dr U {(AT\AT'+1)\S7'} ;

8 return §T = BR+1 U AR—H

which follows from the fact that when ¢ € S, an empirically Pareto-optimal arm ﬁjr <0
and S;T > 0. On the other side, when i € A,\ S,, an empirical sub-optimal arm, we have

gZT < 0 while ﬁ:r > 0, as it follows from their definitions.

At the end of round r, the algorithm sorts the arms by increasing order of their empirical
gaps: 3(1),r <--- K 3(,\”,7« and we define A,,1 = {(1),..., (A\r41)}- In case of ties, i.e., if
ﬁ( Aes)r = 3( Ari14m),r for some m, we first add arms in S, to A, ;. We emphasize that
this tie-breaking rule is crucial in our analysis. Arms in A4, \.A, are further classified as
optimal (and added to the set B, 1) or sub-optimal (and added to the set D,.,) based on
whether or not they belong to S,.. The output of the algorithm is the set Bri1 U Agy1.

2.2.2 Particular instances

Arm elimination algorithms have been proposed for different unidimensional fixed-budget
identification tasks (Audibert & Bubeck 2010; Bubeck, T. Wang, et al. 2013; Karnin et al.
2013) with different elimination rules, that could also be rewritten featuring some (simpler)
gaps. In these works, two different types of arm schedules and sampling allocations have
been mainly investigated:

« In Successive Rejects (SR), one arm is deactivated in each round, i.e, R = K — 1 and
MR = K —r + 1 forall r < K. The sampling allocation proposed by Audibert &

Bubeck 2010 satisfies 28 = n>® — pR | with n, = [# b W where log(K) =

log(K) K+1-r
271 4 Zf; i~! and ng = 0.

"We emphasize that EGE algorithms do not discard samples between rounds
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+ In Sequential Halving (SH), one half of the active arms is de-activated at the end of each
round, that is R = [log,(K)] and for all € {1,..., [log,(K)]}, N, = [XH/2]
(we easily verify that A}}}; = 1). The sampling allocation proposed by Karnin et al.

P ‘o gSH . T
2013 is uniformly spread across rounds, that is £ = L A TTog; (K] J .

We refer to EGE-SR (resp. EGE-SH) as the instances of EGE using the same allocation as
SR (resp. SH). Another instantiation of EGE may use the geometric allocation proposed by
Karpov & Zhang 2022, generalizing the SH-type of allocation.

For d = 1, the PSI problem coincides with BAI, and EGE-SR (resp. EGE-SH) coincides
with SR (resp. SH?). Indeed, in that case S, = {a,} reduces to the empirical best arm,
ﬁm = [la, » — [l fori # a,, ﬁ&r,r = MiNje4,\ {a,} 3” Then, our tie-breaking rule ensures
that no arm is accepted before the last round, and at each round , A, is defined as the A\, | ;
arms in A, with the largest empirical means, and the final survival arm is recommended as
optimal.

2.2.3 Beyond exact PSI

We propose an extension of EGE-SR to the PSI-k problem. In PSI-k, the learner aims to
return a subset S C S* of size k, or the full Pareto set if |S*| < k. In the fixed-budget
setting, the performance of an algorithm is measured through the k-relaxed expected loss:

erp(v) = E,[L(Sr k)],

where N R
~ (S C 8%, if|S|=k,
L(S, k) = ~
]l(S = S*), otherwise.

This loss penalizes the inclusion of any sub-optimal arm while tolerating partial identification
of the Pareto set up to size k.

The EGE-SR algorithm can be naturally extended to PSI-k by adjusting its stopping
condition to

7= inf{r: |[B.y| =k} A (K - 1),

where B, denotes the set of arms declared optimal after round r. Let NV, be the total number
of samples drawn at termination. In Section 2.5.2, we show that when the budget is large,

E,[r] < ¢ and E,[N:] SN,

where ¢ = K — |S*| + k. Intuitively, this means that in the worst case, the (K — |S*|)
sub-optimal arms are eliminated before & optimal ones are confirmed, as some optimal
arms may be needed to correctly classify borderline sub-optimal arms. Notably, ¢ can be
significantly smaller than (K —1); for instance, when all arms are Pareto-optimal ([K] = S*),
we have ¢ = k, yielding a substantial reduction in sample complexity.

“Besides the fact that the original SH algorithm for BAI discards samples collected in previous rounds to
compute the empirical means.
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Algorithm 2.2: EGE-SR-k: Any k-sized subset of the Pareto Set
Require:Parameter k£ € [K;number of rounds R; budget allocation ¢; and
elimination scheme A

1 Initialize: Set of active arms A; < {1, ..., K}; set of arms (so far) identified as
Pareto-optimal B; < (); set of discarded arms D; < (J;

2 foreachr=1,2,... K —1do

3 Collect ¢, samples from each arm a € A, ;
4 Compute S, the empirical Pareto set
5 Choose 7, € argmax;c 4 3,-7,,;

// ties broken in favor of arms in S,

6 -Ar—H — AT\{ir};
7 Br+1 «— B, U {Sr N {ZT}} ;
8 Dry1 < Dy U{{ir} N (ANSH) )5

9 if |B,,1| = k then
10 t break and return S « B, ;

// the identified Pareto set contains k or fewer arms
11 return S; = Bx U Ak

2.3 Main theoretical results

We present the main guarantees of EGE algorithms.

2.3.1 Upper bound on error probability

Exact PSI. We first propose an analysis of EGE for a generic number of rounds R, arm
schedule A, and sampling allocation ¢ satisfying (2.3) and (2.4). It features the quantity

TRt s 2
P00 = | S S

in which the dependency in v is captured in the gaps.

Theorem 2.3.1. Let a budget’T' > K be given and v be a bandit with marginally o-subgaussian
arms. Then Empirical Gap Elimination with number of rounds R, budget allocation t, and
elimination scheme \ satisfies

fR,t,/\(V)

er(v) < 2(K — 1)|S*|Rd - e” a7
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This result shows that the probability of failure of EGE decreases exponentially fast with
TRt (V).

Introducing

where k — (k) is a permutation such that Ay < --- < A(k), we obtain the following.

Corollary 2.3.2. Let T' > K and v be a bandit with o-subgaussian marginals. Then EGE-SR

satisfies
T-—-K

SR(1) < 2(K — 1)%|S*|d - ¢ o7 wlon () |

and for EGE-SH, $(v) is upper-bounded by

_ T
2K — 1)[logy (K)] | §*| d - ¢ B5emion(l,

Proof. For EGE-SR, we have R = K — 1, AR = K + 1 — r and £® = n® — nS®, where

niR = {@ KT Jr_llf T—‘, which yields

~ 1 1SR 3SR .
TREAN () = min niRA?)\SR 1)
re[K—1] r+1

> . A%K—&—l—r) T—-K

= min ———— ,
re[K—1] log(K) K+1—r
T—-K 1
@(K) max,ec{2,.K} TA&?
T—-K 1
log(K) Ha(v)

The analysis of EGE-SH is proven similarly in Section 2.5. [

The complexity measure Hy(v) featured in our error exponent satisfies Hy(v) < H(v) <
Hj(v) - log(2K), following similar steps as in Audibert & Bubeck 2010. For BAI (d = 1), we
essentially recover the existing guarantees for SR and SH, whose error bounds also feature
Hs(v), up to constant factors inside the exponential and an extra multiplicative K factor for
Sequential Halving. Still, to our knowledge, this is the first analysis of the variant of SH that
does not discard samples between rounds, which often performs (much) better in practice.

In the general case (d > 1), we note that the bounds obtained for EGE-SR and EGE-SH are
hard to compare: the latter has an improved polynomial dependence (K log,(K) instead
of K?) but a worse constant inside the exponential. As we shall see in the experiments,
both algorithms have actually pretty close performance (like in BAI, see Karnin et al. 2013).
Moreover, they both outperform a simple baseline using Uniform Allocation (UA) and
recommending the Pareto set of the empirical means. We note that Theorem 2.3.1 yields
an upper bound on the error probability of this strategy (by choosing R = 1, ¢, = T/K
and A, = 0, for which T4 (1) = n, Al = T/(KA(_S)), which we add to our summary
in Table 2.1. This bound can be much worse than that for EGE-SR/SH when the gaps are
distinct.
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Table 2.1: Upper bounds on e (v) for different algorithms (up to constants). APE-FB is an "oracle”
algorithm introduced in Kone, Kaufmann, et al. 2024 by converting a fixed-confidence PSI algorithm.
APE-FB requires the parameter H (v) to run.

’ Algorithm ‘ Error Probability ‘
| EGE-SR | K%|8*|d - e T/ oK) |
| EGE-SH [ Klog(K)|S*|d - e T/@H() 108 K) |
| APE-FB* [ Klog(T)d - e T/H0) |
UA K|S*|d-e” T/(KA)

PSI-% relaxation. To introduce the upper-bound on the expected loss ey, (v), we define
w(k) to be the k-th largest gap among the optimal arms: w) = max}g. A; with w) = 0
if |S*| < k. Our bound features the complexity measure Hék)(l/) = maX;e[x] i(AEf)))_Q
with the k-relaxed gaps

7

{maX{Ai,w(k)} if 18" (2.6)

A else.

Theorem 2.3.3. Let k € [K|. EGE-SR-k satisfies
T-K

erp(v) <2(K —1)*|8*|d - e 102l w)low(r)

This result is particularly insightful when there are many optimal arms and some of
them are easy to identify as such (large gaps). Indeed when |S*| ~ K and k < |S*|, Hék)(l/)
can be an order of magnitude smaller than Hs(v). We also note that when k£ > |S*| (and
PSI-k reduces to PSI), HQ(k) (v) = Hy(v) and we recover the result of Theorem 2.3.2.

The theorem below bounds the expected stopping time and the number of samples used
at stopping.

Theorem 2.3.4. Fixk < |S*| and letq .= K — |S*| + k. Then
T-K

Elr] < q+2(K —1)[S*|(K —q—1)gde o2 wmi  gng

_ T-K
E[N,] < N,+2(K —1)|S*|(K — g — 1)gdTe "> et

This result suggests that for this relaxed problem, the algorithm might not need to use

the whole budget, in particular when 7' is large. For example, in the case where [K] = S*,

so ¢ = k and we roughly use N, samples which can be way smaller than N _;, still, the
probability of error improves upon the exact PSI setting.

2.3.2 Lower bound on the error probability

We present a lower bound for a class of instances. We define Z% to be the set of means
p = (g1, ..., px) such that each sub-optimal arm i is only dominated by a single arm,
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denoted by ¢* (that has to belong to §*) and that for each optimal arm j there exists a unique
sub-optimal arm which is dominated by j, denoted by ;7. We further assume that optimal
arms are not too close to arms that they do not dominate: for any sub-optimal arm i and
optimal arm j such that p; A p;,

M(7, j) = 3max(4Ay, A)).

Let v == (vi,...,Vvk) be an instance whose means p € Z% and such that v; ~ N (u;, o21).
For every i € [K] we define the alternative instance v = (vy,... v vk ) in which

(2
only the mean of arm ¢ is modified to:

i wi —20e., ifi € S*(v),
) = - (2.7)
Wi +20e., else,
where ey, ..., eq denotes the canonical basis of R? and ¢; = argmin,[u$ — p¢], with
v = v. The following result is proven in Kone, Kaufmann, et al. 2024,

Theorem 2.3.5 (Theorem 2 of Kone, Kaufmann, et al. 2024). Let pi == (p1, ..., pux) € I¥
andv = (vi,...,vi) where v; ~ N(u;,0I). For any algorithm alg, there exists i €
{0,..., K} such that
es 0 ) R
6Tg<V(Z)> 2 —e G2H(U(Z)) .
4

In particular, there exists some instances 7 € M¥ such that e?[}g(ﬁ) > 1 exp(—UQQTT(;)).

In such instances, the decay rate of EGE-SR and EGE-SH is optimal up to constants and

log(K) factors, and that of APE-FB is optimal up to constant factors, when the complexity
is known.

2.3.3 Sketch of proof of Theorem 2.3.1

We define for any arms 7, j and round r the events

Ggr = {Nin, — fjn) — (i — 1)l o S YDA+ )

g = ﬂ ﬂ ﬂ &ijr, forany v > 0.

rE[R] 1€S* jE[K]

We shall prove that there exists some v > 0 such that EGE does not make any error on the
event &1. That is, no sub-optimal arm is added to (B, )1<,<g and no optimal arm is added to
(D,)1<r<r, in any round r, and the possibly remaining arm in A is a Pareto-optimal arm.

To do so, an important step is to justify that any sub-optimal arm should be deactivated
before the optimal arm that dominates it the most. More formally, for any sub-optimal arm
1, we let

i* € argmaxm(i, j) ,
jES*
which by definition is such that A; = m(7,¢*). For a sub-optimal arm i, we know that
1* € §* always exists. More importantly, ¢* could be the only arm dominating 7. Therefore,
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it is crucial to ensure that ¢ is no longer active before discarding ¢*, otherwise ¢ could appear
as optimal w.r.t. the remaining active arms.

Defining
Pro={Vi¢g Sic A =i €A}, (2.8)

we state the following concentration result. The first one controls the deviation of the
empirical M(i, 7; ) and m(i, j; r) from their actual values.

Lemma 2.3.6. On the event £, for allr € [R] andi,j € A,, ifi € S* or j € S* then,

|M(27]7 1") - M(Z7]>’ < ’.)/A()\r+l+1) and
|1’I1(Z,], ’I") - m(27])| < ’YA(AT+1+1) :

The second one builds on it to prove that the empirical gaps cannot be too far from their
true gaps, if P, holds. It is complementary to Lemma 2.5.2 stated in the main paper.

Lemma 2.3.7. Lety > 0 and assume Sﬂi holds. At round r € [R], for any sub-optimal arm
i € A,, ift* € A, and1* does not empirically dominate i then A7 < YAy, 11)-

Lemma 2.3.6, Lemma 2.3.7, and Lemma 2.3.8 are proven at the end of the chapter.

Lemma 2.3.8. Assume that £ holds and letr € [R] such that P, holds. Then for anyi € A,

A A > —29A0, 41 if1 €S
’ YA 1 41) else.

This result then permits us to prove by induction that P, holds in any round r, when ~
is small enough.

Lemma 2.3.9. Let v < 1/6. On the event E2, for anyr € [R + 1], P, holds. In particular, for
any sub-optimal arm 1, v* cannot be deactivated before i.

Proof. We assume that the event 571 holds and we prove the result by induction on r. P,

trivially holds for » = 1 as all arms are active. Let > 1 such that hat P, holds. We shall
prove that for any i € A, 1 N (S*)€, i* cannot be deactivated at the end of round r. A first
observation is that the empirical gap A, , of each arm ¢ satisfies

Az}r = max {ﬁzr, S\fr} (2.9)

which follows from the fact that when ¢ € S,, Ar <0 < /5:-*7r and when i € A, \S,,

1,7

Si*,r <0< ﬁz*r Using Lemma 2.3.8 and the inductive hypothesis enables us to prove that
Vie A, N> Aj— 2900, 41). (2.10)
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To prove that P, holds, we proceed by contradiction and assume that there exists a
sub-optimal arm ¢ € A, (and therefore i* € A, by P,) suchthati € A, andi* € A\ A, 1.

A first observation is that as there are )\, ; arms in A, and ¢* is deactivated at the end
of round , there exists an arm a, € A, U {¢*} such that A, > Ay . ;1) and ﬁi* > ﬁar.
We now consider two cases depending on whether ¢* is empirically optimal or empirically
sub-optimal.

Case 1: arm i* ¢ S, i.e., i* is empirically sub-optimal. We have

. ~ ~
) Ai*,r 2 AaT7r

max m(i",j;r) = ﬁzﬁr
JEAN{i*} (537) :

Next, using Lemma 2.3.6 (on the LHS) and Equation (2.10) (on the RHS) yields

7)) = AL — 37A ,
(B WD) 2 Ao =318

> (1-37)An 041

where the last inequality follows since A, > Ay ,,+1). As 7" is optimal, the LHS of the
previous inequality is negative. So it follows that 0 > (1 — 3v)A(,,,,+1) which yields a
contradiction if 3y < 1.

Case 2: arm ¢* € S, i.e, ¢* is empirically optimal.
We first prove that ¢* does not empirically dominate 7. Indeed, if 7 were dominated by ¢*,
we would have i ¢ Sy, so A;, = Af_ > 0 and since i* € S,
App=05, < (M@G7)s + (AL, (2.11)
= 0+ A;,. (2.12)

Recalling that i € A, we also have ﬁiw > ﬁivr, which combined with Equation (2.12)
yields

~

Ai*,?‘ == 31"7«. (213)

However, the tie-breaking rule of EGE ensures that Equation (2.13) is not possible since
i* € S, and it is deactivated while i € A, ; N (S,)¢ (in case of an equality in the gaps,
empirically sub-optimal arms are removed). Therefore ¢ is not empirically dominated by 7*.
Hence, by Lemma 2.3.7

AT <YAR L+ (2.14)

Moreover, since a, € A, U {i*}, using the definition of ﬁpﬂ, yields

M(i,*57) 1 + (A%,) 1 = A,y

Using Lemma 2.3.6, Lemma 2.3.8 applied to ¢ and Equation (2.10) applied to a,, we obtain

M(Z, i*)+ + A: = Aar - 5’7A(/\r+1+1)
> (1 =57)A0, 0+
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SO
A: > (1 - 57)A()\T+1+1)‘ (2.15)

Combining this inequality with Equation (2.14) yields a contradiction if 6y < 1. O]

As an immediate consequence of Lemma 2.3.9, if Ap,; contains one arm (i.e, Ag1; = 1)
and 571 holds, then it is an optimal arm.

Note that in BAI (d = 1), for any sub-optimal arm 4, ¢* is the unique best arm, and
Lemma 2.3.9 is sufficient to ensure the correctness of EGE on the good event. However, in
the general case, we must ensure that no optimal arm is rejected and no suboptimal arm is
accepted. This is proven in the lemma below.

Lemma 2.3.10. Lety < 1/6. Then, on the event &l §T = S*.

Proof. We show that on £ ! every arm is well classified, so the recommended set is the true
Pareto optimal set. First by Lemma 2.3.9 we know that on 571, the property

(i€ A N(S) =i cA,)

holds for every r € [R]. As in the proof of Lemma 2.3.9 (see Equation (2.10)), this enables us
to prove in Lemma 2.3.8

Vr e [R,Vie Ay, ANip=Ai—29A0, 011 (2.16)

We now establish that at the end of every round r € [R], no mis-classification can occur.
That is for every arm i € A, \ A, 1:
a) ifi ¢ S, (thatis, 7 is added to D,) then i ¢ Sx,
b) if 7 € S, (that is, 7 is added to B,) theni € S* .
Leti € A, \A,1. Since \,;; = | A,;1| should remain active at the end of round 7, if 7 is

removed at the end of the round, there exists a, € A, U {i} such that A, > A, 1)
and a, has a smaller empirical gap than :.

Case 1: i ¢ S, i.e., i is empirically sub-optimal. As a, € A,,; U {i} has a smaller
empirical gap than 7, we have

~

A’Z’l" 2 Aflrﬂ"’
Assume by contradiction 7 € §*. Using Lemma 2.3.6 and Equation (2.16) yields

_max m(lv.]) P Aar - 37A(z\r+1+1) Z (1 - 37)A()\r+1+1)7 (217)
jeA\{i}
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When 37 < 1, the RHS of Equation 2.17 is positive, so this inequality yields

max m(z,5) > 0,
]6./41\{1} ( j)

that is there exists j € A, such that
m(z,5) >0

so there exists j such that y; < p;, which contradicts the assumption ¢ € S*. Therefore,
i ¢ S8*: i is a sub-optimal arm.

Case 2: 7 € S, i.e., 1 is empirically optimal. Since a, has a larger empirical gap than 7
and i € S,, we have

~ ~

min M(7, j;r 0F = Ay 2.18
o (¢, 7;7) = 6; , (2.18)

Assume by contradiction that i is sub-optimal. By Lemma 2.3.9 (for v < 1/6), i* € A,.
Combining with (2.18) yields
M(i,i%7) = Aq, »

Further using Lemma 2.3.6 and Equation (2.16) yields
M(i,i%) > (1= 39) A0, 00
Then by taking 6y < 1, the RHS of the inequality is positive so
M(3,4*) > 0, (2.19)
which is not possible as j; < ji;+. Therefore, © € S*: it is an optimal arm.
This proves that on the event £!, with v < 1/6 we have Bg C S§* and Dy C (S8*)-.

Moreover, if there is a remaining active arm in A g, (Which happens ifand only if A\ ; = 1),
this arm has to be optimal by Lemma 2.3.9. Therefore, on 571, the set recommended by EGE

is §T :BRUAR+1 = S*. O

Thanks to Hoeffding’s inequality, we have

R d
SOS SIS TP, — i) — (1= HE)] > YA 1)

r=1ieS* j#i c=1

n, A%
< 2IS*|(K -1 dZeXp ( M) (Hoedding’s inequality),
2Rt
. VT (v)

Applying the above to v, = 1/6 — z for z > 0, and letting © — 0 yields
so TR,
ep(v) < 2|S8*|(K — 1)dRexp 11102 | -

The analysis of EGE-SR-k is given at the end of the chapter.
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2.4 Numerical study and discussion

Experimental setup. We evaluate our algorithms on both synthetic and real-world-inspired
instances, comparing them to Uniform Allocation (UA) and the fixed-budget APE-FB algo-
rithm (Kone, Kaufmann, et al. 2023). APE-FB depends on a parameter a,, = a% 7;1_(5 with
a € 1/10, 1, 10, for which guarantees hold when o < 1 and are optimal at o« = 1. We also
include a heuristic variant, APE-FB-ADAPT, which estimates H () online. Each experi-
ment is averaged over 4,000 random runs, reporting the log,, of the mean misidentification
rate. Following Audibert & Bubeck 2010; Karnin et al. 2013, we set the sampling budget
to T = H(v). The R-round implementation of EGE has time complexity O(RK?d) and
memory complexity O(K?).

|

logi (€7)
]

-125- —e— EGE-SR
EGE-SH
1w
—¥— APE-FB[c=1/10]
—4— APE-FB[c=1]
~1.754 — APEFB[c=10]
APE-FB-ADAPT

T T T T T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 1000 2000 3000 4000 5000 0.0 02 04 06 08 1.0
budget T budget T budget / H

Figure 2.1: Application 1: Figure 2.2: Application 2: Sort- Figure 2.3: Arms on a convex
COV-BOOST trial ing Networks dataset. Pareto set.

Figure 2.4: Each sub-optimal ¢ Figure 2.5: K = 200 arms on Figure 2.6: High dimension
is only dominated by #*. the unit circle. (d = 10) with 2 group of arms.

Datasets. Experiments are conducted on two real-world—inspired datasets. The first,
COV-BOOST (Munro et al. 2021), is a phase II clinical trial on 2,883 participants evaluating
the immunogenicity of K = 20 COVID-19 vaccination strategies, each defined by a triplet
of vaccines used as first, second, and third doses. Using the three reported immunogenicity
indicators—two antibody-based and one cellular—we construct a d = 3 Gaussian bandit
under the log-normal assumption of Munro et al. 2021. The resulting model, reused in
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subsequent chapters, simulates a realistic multi-objective pure-exploration task; full prepro-
cessing details and statistics are given in Appendix 7. The second dataset, SNW (Zuluaga,
Milder, et al. 2012), contains 206 sorting network architectures evaluated by two conflicting
objectives: FPGA area (resource usage) and throughput (processing rate). Measurements
are stochastic due to circuit randomness, and the data are modeled asa d = 2, K = 206

Gaussian bandit representing the trade-off between hardware cost and performance, with a
fixed sampling budget of 7" = 5,000.

Synthetic instances. We test all algorithms on four synthetic instances covering various
Pareto-set geometries, dimensions, and noise structures. The first instance (Convex front)
has K = 60 arms in d = 2, with the first 20 arms placed on a smooth convex frontier
pi = (22,1/(422))7 for z; € [0.55,0.95], and the remaining 40 sampled from {(z,y) €
[0.1,0.8)? : zy < 1/5}, forming a dense dominated region. The second instance (Paired
dominance) includes K = 10 arms with |S*| = 2, where each sub-optimal arm is dominated
by a unique optimal one. We set y; = (0.4,0.75) ", o = (0.75,0.4) T, and define ji9;,1 =
(0.45 4+ 0.2¢,0.35 — 0.29) 7, pigir0 = (0.10 + 0.20%,0.70 — 0.20%) T for i=1, ..., 4. The third
instance (Circular set) has K = 200 arms in d = 2, uniformly distributed on a unit circle
with Gaussian noise o = 1/4, where y; = (cos 3;,sin 3;) " for 3; uniformly sampled in two
disjoint arcs. Finally, the fourth instance (High-dimensional clusters) explores d = 10 with
K = 50 arms, the first 30 drawn uniformly from [0.2,0.45]'° and the remaining 20 from
[0.55,0.75]'Y, forming two well-separated clusters.

Results. In all experiments, the uniform allocation (UA) baseline is largely outperformed
by both EGE-SR and EGE-SH (with no clear ordering between the two algorithms). This is
particularly the case when there are many arms and for complex Pareto sets. By estimating
the hardness to classify each arm, EGE eventually allocates more samples to arms that are
difficult to classify, leading to a smaller error probability. APE-FB is a good competitor to
our EGE algorithms; however, it is not robust to the hyper-parameter a, which requires
the knowledge of H(v) to be properly tuned. Our proposed heuristic that estimates the
complexity online fails dramatically.

0.8+ ! ‘
094 ?

i+ F ‘ 0.8

074 + 4
s 4 4 08 [ ]
06+ . g; rE06<
TE 074
“ 054 # * " 3 3
-

o4 + + 06 04
1 +
+ o+ +
R S + +
03 + Tt + 05
+ + + + + 0.2
+ +
+
02 + ++ 04

f budget / H

Figure 2.7: Synthetic Experi- Figure 2.8: Hyper-volume frac- Figure 2.9: Estimated PSI-k loss
ment 1: Group of arms on a con- tion of the returned set on Exp.1 for different values of k& on Exp.1
vex Pareto set. (convex Pareto set). (convex Pareto set).
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Experiments on PSI-k. We further evaluate EGE-SR-k the convex Pareto set instance
for different values of k, reporting the average log,, loss over 4,000 independent trials. The
PSI-£ loss is defined as

LGk = 1(Sp € 8%), if|Sp| =k,
nr IL(§T:S*), otherwise.

The empirical results (Fig. 2.9) confirm the theoretical prediction that the misidentification
probability decreases exponentially fast with the sampling budget 7. Smaller values of &
yield smaller losses, consistent with the monotonic increase of Hy(v)*) with k. Moreover,
for k = |S*|, the loss can be smaller than for k£ > |S*|. This reflects the structural difference
between PSI-£, which stops once k optimal arms are identified, and PSI, which continues
until all arms are classified, potentially introducing additional errors in later stages.

Hyper-volume analysis. To assess the representativeness of the returned sets, we use
the hyper-volume (HV) metric (Daulton et al. 2020), which measures the region dominated
by a set of points. Given a reference point 7 and a set X C R? the hyper-volume of S is

HV(X) = >\<U [r,m]) :

zeS

where X denotes the Lebesgue measure on R? and [r, x] is the line segment connecting 7
and . To simplify notation we let for a discrete set S C [K], HV(S) = HV({; : i € S}).
Since for any set S, HV(S) equals the hyper-volume of its Pareto front, we evaluate the
normalized coverage

_ HV(Sy)

- HV(SY)'

Higher values of ayy indicate broader coverage of the Pareto-optimal region. In Fig. 2.8,
even for k = 1, the identified arm already covers nearly half of the area dominated by the
true Pareto set. This suggests that the most influential arms, those contributing most to
the hyper-volume, are typically detected first by EGE-SR-k , confirming the efficiency of its
allocation and discarding strategy:.

(6330%

Discussion. This chapter introduced the first algorithms for Pareto Set Identification in
the fixed-budget setting. The proposed EGE framework, combined with sequential rejection
or halving strategies, achieves an exponential decay of the misidentification probability
with the budget, and its convergence exponent is provably tight for specific bandit instances.
Empirical evaluations confirm that EGE-SR and EGE-SH not only outperform uniform
allocation but also remain competitive with oracle algorithms requiring prior knowledge of
the instance complexity H (v).

2.5 Additional proofs

We present some proof elements for this chapter; we may refer to Kone, Kaufmann, et al.
2024 for complementary proofs.
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2.5.1 Analysis of EGE

We recall for any arms ¢, j and round r the events

Cijr = { ‘ (i, = fjm,) — (s — 1) Lo <YAG 141 }

g = ﬂ m ﬂ & jr, forany v > 0.

r€[R] i€S* j€[K]

For each sub-optimal arm ¢, we define i* to be an arbitrary element in argmax;, . 5. m(%, k),
which by definition yields AF = m(i,¢*). Introducing the property

P.={VigS,icA = i*e A},
the first step of the proof consists in proving that P, holds for all 7.

Corollary 2.3.2. LetT' > K and v be a bandit with o-subgaussian marginals. Then EGE-SR
satisfies

. T-K_
eR(1) < 2K —1)2|S*|d - e 1ty o(K) |

and for EGE-SH, $(v) is upper-bounded by

_ T
2K — 1)[loga(K)] | S*|d - ¢ B meios i

Proof. The case of EGE-SR has been proven in the main. For EGE-SH we have R =
[logy(K)], nSH = > _ 1 > m and 7 < 2(AY, 4 1). Then

R, SH ASH L . SH A 2
PR = T oy ™ B0y
2
. A(Aﬁlﬂ) T
2 111111 SH )
re{l,...,[logy(K)1} )\TJrl +1 2[10g2(K)]
_ T/(2[logy(K)])
o 2
maXre| log, ()11 (A1 + DAGSH 4y

N T
" 2Hy(v)[logy(K)|

Lemma 4.5.1. On the event £, for allr € [R] andi,j € A,, ifi € S* or j € S* then,

|M(Z,],’I") - M(Z7.])| < /YA(AT+1+1) and
, J < YA 41) -
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Proof. Assume i € S* or j € §*. We have

Y

M) = Mg)| = |mae [, — S, ] — max [uf = ]
)

INE

mgxx ‘(:af,nr - ﬂ;,nr) - (ILLZC - H§)| )
(B, = fjn.) = (i = 1)l

b
< 7A()\r+1+1)'

—
=

where (a) follows by reverse triangle inequality and (b) holds on the event £]. The second
part of the lemma follows from

‘m<’i,j;7“) - Hl(Z,j)’ = ‘ o M(27]>T) + M<Z7])’7
aSM(Zaj):_m(Zaj) andM(i,j;r):—m(i,j;r). [
Lemma 2.3.7. Let~y > 0 and assume &} holds. At roundr € [R], for any sub-optimal arm

i € A,, ift* € A, and1* does not empirically dominate i then A7 < YAy, 11)-

Proof. We have by definition
lai,nr 74 ﬂi*,nr = dc: ﬂzﬁnr > :az?*,nr
= 3 (i, = 1) = (e, = 1) > g — pi = m(3,77),

SO
*

[(ftin, = frirn,) = (s = par) | oo = A7,

which, on the event £ is only possible if

A; < ’YA()\r+1+1) .

We recall the definition of the property
P.={Vi¢g S ic A =i e A}.
and start by proving a first intermediate result towards proving Lemma 2.3.8.

Lemma 2.5.1. Assume that E holds and let r € [R] such that P, holds. Then for anyi € A,,

(Af)y — (AN < 29A0n 1) and  (AL): — (AD1 = —7Ap.,1)-

Proof. We define the max of an empty set to be —oo. We first analyze the case ¢ € S*. When
1 € §*, we have

@) =0 = (o m<¢7j>)+,

jeA\ i}
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which yields

(Ar)+ — (AN)L] =

9

max m(7,j;r — | max m(i,j
(jeAr\{i} (i-] ))+ (jeAr\{i} (]))+

< max m(z, j;7) | —( max m(z,J since |r — <z —vy),
(g, o din)) = (s ) )| Gince o =] <o)
< max |mf(z,7;r) —m(e, 7)|,

< max (i, jir) —m(. )

< ’YA(M-HJrl)a

where the last inequality follows from Lemma 2.3.6. We now assume that ¢ is a sub-optimal
arm. Since P, holds at round r, 7* € A, and

AY = max m(i, ).
e mi, )

Leti € argmax;e 4.\ ;3 m(7, j; ) then

(Ar)e = (AN = (m(i,ir)5 = (m(,i))y, (2.20)
*r))e — (m(i,7%)),  (since i* € A,). (2.21)

Y
E

We further note that

which follows from Lemma 2.3.6. Combining the latter inequality with (2.21) yields

(A5)+ = (AD)+ = =70 4. (2.22)
We also have
(Af)e — (A < (m(i,67))4 — (m(i,9))+,
< ‘m(z,%;r) —m(i, 1),

N

(i = 113) = (hime = 5.
[ (i = i) = (i = frir ) + (i = 1) = (v oy = B30,)) || s
< QVA()\H-l-H)u

)

where the last inequality follows from the triangle inequality and Lemma 2.3.6. This proves
the lemma. 0

We then prove Lemma 2.5.2, which can be viewed as a “symmetric” version of Lemma 2.3.8.
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Lemma 2.5.2. Assume thaté’v1 holds. Letr € [R] such that P, holds. Then, for any sub-optimal
armi € A,,

’A’ZT - A: < Q’YA()\TJA-H)

and for any optimal arm i € A,,

0r 2 Az - 27A(AT+1+1).

@,

Proof. Leti € A, N (S*). By assumption, i* € A,, so

A; = A = max m(i,j),
JjeA{i} (0.9)

then we have

N *
|Ai,r - Al| -

Y

max m(¢,5;7) ) — | max m(i,j
<j€Ar\{i} (i, )) (jEAr\{i} (J))

—
S
N

< max |m(z,7;r) —m(e, 7)|,

< max |m(i,jir) = m(i,g)

< max | M(z,5) — M(4, 557
max M. )~ M(i.jir)

< a v My) T Ain - A'n
e i = 15) = (e = it )lloo

= max |[(( — pir) = (Rign, — fien, ) + ((ie = 1) = (is e = fijin, )|l
jeA\{i}

(b)
< 2980 041

where (a) follows by reverse triangle inequality and (b) follows by triangle inequality and
Lemma 2.3.6. So we have proved the first statement of the lemma. Before proving the second
statement, recall that

0. = min [M(¢,7;r) A (M(j,%;7)4 + 3*‘7« .
o= i INGgir) A MG+ (33,0

Leti € A, NS*. For any j € A, we have
| M7, i57)+ — M(j,0)+| < [M(j,45r) — M(5,4)],
< YAp,+1)  (Lemma 2.3.6),

and similarly
| MG, ;) = M(i, )] < YA, 441)

which, combined, yields

M(j,i57)+ = M(j,4)+ — ¥Ap,441) and (2.23)
=z M, 7) = YAp1+1)- (2.24)

Letting j € A,, we have by Lemma 2.5.1
(A;aT)+ - (A;)-F Z _f}/A(/\r+1+1) (225)

51



CHAPTER 2

Combined, (2.25) and (2.23) yields
MG i)+ (B3¢ 2> M)y + (A5)4 = 2980,
for any j € A,. Which combined with (2.24) yields
MG, 5 ) A (MGG, 674 + (A7) 0] 2 M3 §) A MGy + (A3 0] = 2980111
for any j € A,. Therefore,

SE> in [M(4, j) A (M(5, i A* — 29A :
o2 (uin, GG A MG+ (A]) = 208010

> min [M(4, j) A (M(j,7)+ + (A — 27A (1),
(jE[K]\{i}[ (4,5) A (M(7,4)+ + ( ])+)]) YA 141)

= 61* - 2’YA()\7~+1+1)-

Finally, we prove Lemma 2.3.8.

Lemma 2.3.8. Assume that £} holds and let r € [R] such that P, holds. Then for anyi € A,

—29A0 41 ifi €S

Kz‘,r AV
VA, 41)  else.
Proof of Lemma 2.3.8. Let i € A, N (S*). Since i € (S*), A; = AL,

. Ifi ¢ S, then
A, = A7, Ifi € S, then A;, = 07, and

AF <0<

7,7 ,T

which follows since ¢ € S,. Therefore in both cases

ﬁi,r - Az > 3;:7" - A;
= grel%;m(i,j; r) — m(i, i)
> m(i,iy;7) —m(7, i)
> _’VA(/\T+1+1)7

where the last inequality uses Lemma 2.3.6.
Similarly, let i € A, N S*. We have A; = ¢ (Lemma 2.1.2) and Ai,r = gzr ifi € S,.. If
i € A, \S, (empirically sub-optimal) then
A, =A% 20
and there exists j € A, such that [i;,, < [i;,, so for this arm j, M(4, j;7) < 0. Therefore
07, < 0and
o, <0< A=Az,
In all cases, we have
Aip — D 207, — A 2 =290 141),

where the last inequality follows from Lemma 2.5.2. [
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2.5.2 Analysis of EGE-SR-£

In this section, we analyze EGE-SR-£ and bound its stopping time. We define for any v > 0
andt € [K — 1]:

=N ﬂ {H Pin, = Bgn,) = (i = mg)|

reft] i€eS* je[K

and in particular

2 ._ 2
& = EJ(K —1).
We define also k = min {k, |S*|}.

For any round r, let a(r) = |B,| denote the number of arms so far identified as optimal at
the beginning of round r. We denote these arms by ay, ..., a(). We say that the algorithm
has made an error before round r if B, N (§*)° # 0 or D, N S* # (). We will show
that on 5,3(15), the algorithm does not make any error until the end of round 7} such that

a(tt +1) = k.

Lemma 2.5.3. Lety < 1/6,¢t € [R] and k < |S*|. Let 7}, = min{r € [t] : a(r +1) =
l;:} A't. On the event 572(25), the algorithm makes no error until the end round 7}, and for any
r < 74+ 1, ifj € A, is a sub-optimal arm then j* € A,. In particular, on the event £2(t),
{al, ce 7aa(le+1)} C S

Said otherwise, this lemma states that the first arms that will be declared as optimal by
EGE-SR-k will be actually optimal if £2(¢) holds for  small enough.

Proof. In the sequel, we assume that 53(15) holds. We prove the correctness by induction
on the round r. Let r € [t] and let B, = {al, e aa(r)} denote the arms so far identified
as optimal. Let P, be the property “for any sub-optimal arm i € A,, i* € A, and no error
occurred so far".

P, trivially holds for » = 1 and a(1) = 0. We now assume that it holds until the
beginning of round r and that a(r) < k. We will show that the arm i, de-activated at the
end of round r is well classified and that for any sub-optimal arm j € 4,1, j* € A,41.

Lemma 2.5.4. If P, holds at round r and a(r) < k, there exists a € A, such that AP = A,
and AP > A"

(K4+1-r)"

Proof. At the beginning of round 7, it remains K — r + 1 active arms so there exists a € A,
such that AY) > A%

~(K—l—l—r)
arm, since a(r) < k and no error has occurred so for (by assumption) then there exists one
of the optimal arms a’ € A, (one of those with the k largest gaps) such that Agf) = A, and

AR, <Al <Al

. If a is sub-optimal then AP = A,. Otherwise, if a is an optimal

]

53



CHAPTER 2

Lemma 2.3.6 still holds for the event £7(t) with the modified gaps introduced earlier. We
state the following lemma, which is similar to Lemma 2.5.2.

Lemma 2.5.5. Assume that the event E2(t) holds. Letr € [t] and assume that for any
sub-optimal arm j € A,, j* € A,. Then, for any sub-optimal armi € A,,

N * * (k)
|Ai,r — A7l < 27A(K+1—7~)

and for any optimal armi € A,,

S (k)
5i,r = A — 2P)/A(K+17T) :

As already noted in the proof of Lemma 2.3.9 and Lemma 2.3.8, it is simple to see that
the empirical gap A, , of each arm ¢ satisfies

1,7 V4,

A, = max {& o } . (2.26)

It follows from the fact that when i € S,., ﬁl*r <0< gi*ﬂ, and when i € A,\ S, 6. <0<

Az,
Using Lemma 2.5.5 and the inductive hypothesis P, enables us to prove that
, 2 k
Vi€ A, N> A—29A0) (2.27)

We split the proof in three steps to prove that P, holds.

Step 1: i, is well classified. Let ¢, be empirically sub-optimal (i, ¢ S,) and assume i, € S*.

Since ¢, is removed at the end of round r, by the inductive assumption and using
Equation 2.27 and Lemma 2.3.6 (adapted) we have

o o (k) .
je%z\%r} m(i., j) = A 37A(K+1_T), Vi€ A,. (2.28)

By Lemma 2.5.4, there exists a € A, such that A, = Al(lk) > A%

(K+1-r)- APPlying (2.28) to

this arm a yields

o A
jmax i, j) > (1= 37830,

Recalling that v < 1/6 we see that the LHS of (2.29) is positive, so there exists j such that

(2.29)

Pip = Hj
which contradicts the assumption 7, € §*.

Now, if 4, is empirically optimal, i.e, i, € S, assume ¢, is a sub-optimal arm that is
i, ¢ S*. By the hypothesis P,, i} € A, and by definition of A, , and since i, is removed,
we have (Lemma 2.3.6 and Equation 2.27)

MGy, if) > A; — 3yAL Vi € A,. (2.30)

K+1-r)
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Using Lemma 2.5.4 as before, there exists a € A, such that AR < A((lk) = /A\,. So the

(K+1—r)
LHS of (2.30) is positive for 7 < 1/6. That is
M(i,, i*) > 0,

T

which is impossible as 11;, < p;:. This concludes the proof of this part: i, is well classified.

Step 2: Ifi, € §* is an optimal arm, then no active arm is “optimally” dominated by i,
Vie A, N (S, i # 4,

To prove this, note that we can deduce from “Step 1" that i, € S,.. By contradiction, let
i € A, N (S8*)° such that i* = i,. We claim that 7 is not dominated by i,.. Indeed, if i were
dominated by ,, we would have i ¢ S, (i.e., empirically sub-optimal) so

A =A7,>0

and since 7, € S, by definition of 3\;”, and noting that ﬁimr > Az}r’ we would have

)

A < (M@0 7)) 4 + (A7)

0 + Ai,r7
that is A, r < <A . However, our tie-breaking ensures that this 1nequahty is impossible:
since i, € S,,i ¢ S, and i, is deactivated, we have Al > A” Therefore, 7 is not

empirically dominated by 4,. Moreover, since i, = ¢* (by assumption), Lemma 2.3.7 (it
trivially holds with the modified gaps) yields

Ar <yA® (2.31)

Recalling that ¢, is deactivated, we have for any arm j € A,,

~

(M(i, i 7))4 + (AL)4 = Ay, (2.32)

On the other side, there exists a € A, such that AE? e < Aflk) = A, (Lemma 2.5.4).
Applying Equation (2.27) and Lemma 2.3.6 and taking j = a in Equation 2.32 yields

(M(3,70))5 + (A4 = (1-59)AGL

that is
Af = (1-59)AGL . (2.33)
Both (2.31) and (2.33) cannot hold when v < 1/6. So for any i € A,
.

Which completes the proof of "Step 2”. Combining, "Step 1&2” proves that P, holds.
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Step 3: Conclusion

We have proved that if P, holds and a(r) < k then P,.1 holds. Note that if i, € S,
then a(r + 1) = a(r) + 1 otherwise a(r + 1) = «a(r). Therefore, no error occurs until the
end of round min {1, ¢} where 7 is such that a(r’ + 1) = k. As a consequence By =
{ai,. .., aa@t41)} C S*. And by the proof of "Step 27, if j € A1 is a sub-optimal arm, then
Jr e Arg+1~

]

Theorem 2.3.3. Let k € [K|. EGE-SR-k satisfies

T-K

erp(v) S 2(K — 1)2]8%d - e et wmsm |

Proof. The proof is a direct consequence of Lemma 2.5.3 and Hoeffding’s inequality. Indeed,
Lemma 2.5.3 yields that EGE-SR-£ is correct on the event 53 for v < 1/6. Therefore, for any
0<vy<1/6

er(v) <P((€)°).

Letting 0 < v < 1/6 fixed, by union bound and Hoeffding’s inequality, it follows that

P((£5)°) < 2(K — 1)°|S*|d exp (‘”24021{(7;);—;((@@))

therefore,

T—-K
erp(v) < 2(K —1)48*|dexp | —+2 .
Tr(v) < 2( )17 ( 402 H (v)log(K)

and taking the limit to 1/6 (as it holds for any 0 < v < 1/6) yields the expected bound. [

The theorem below bounds the expected stopping time and the number of samples used
at stopping.

Theorem 2.5.6. Fix k < |S*| andletq = K — |S*| + k. Then

Elr] < ¢+2(K—-1)[S*(K —q—1)gdexp | — T(k)_ K_ and
14402H," (v)log(K)
. T-K
E[N;] < N,+2(K—-1)|S*|(K —q—1)qdT exp | — = :
14402 H," (v)log(K)

This result suggests that for this relaxed problem, the algorithm might not need to use
the whole budget, in particular when T’ is large. For example, consider a setting [K]| = S*
then ¢ = k and we roughly use N, samples which can be way smaller than Ny _;.
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Proof. The idea is to show that if the algorithm has not stopped after round ¢ then some
high probability event must not hold. Let v < 1/6 be fixed. We have

E[r] < ¢+E[r1(r > q)],

K-1
< g+ Z P(r > s).

s=q+1

We claim that for any s > ¢,

{r>s} C ()
Indeed,

TZS8 = T>¢q
= a(q+1) <k,

However, by Lemma 2.5.3, if £2(¢) holds and a(q + 1) < k then no error has occurred until
the end of round ¢, therefore D, = (§*)° and |B,| = k, which is not possible as a(g+1) < k.
SoT > s = (£2(q) does not hold). Then

K—-1
Er] < g+ Y P((E(9)), (2.34)
s=q+1
K-1
T-K
< g+ 2(K —1)|S*[qd exp (—72 — ) : (2.35)
Z 40 Hy" (v)log(K)
T-K
< ¢+ 2(K—1)|S*|(K —q—1)gdexp | —* — . (2.36)
U 4o Hy" (v)log(K)
Similarly, we have
E[N;] < Ny + E[(N-1(7 > q))].
Next,
K-1
E[N,] < Ny+ ) NP(r>s)
s=q+1
K-1
< N+ > NP(EX))
s=q+1
K-1
T—-K
< N,+2(K —1)|S*gdexp | —* — N.
AR ( 40 Hy" (v)log(K) Z
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Simple algebra yields for any r € [K — 1],

N, = (K—-r)n,+ Zns,
s=1

T-K T-K 1
+ (K —r)+r+— Z

N

g () log(K) 25 K +1— 5
K
T—-K
= — 1+ Z s+ K
lOg<K) s=K+1-r
< T

Therefore,

~

- K
E[N.] < N,+2(K — DIS*|(K —q— 1)gdT —~? — .
[N:] < Ng+2( NS (K —q—1)q exp( 7402H2(k)(y)10g<m>(237)

As (2.36) and (2.37) hold for any v < 1/6, taking the limit for a sequence v — 1/6 yields
the expected constants in the exponent, which completes the proof. ]

2.5.3 Simplifying the sub-optimality gaps

In this section, we prove the lemma that allows us to remove the explicit dependency on &*
in the expression of the sub-optimality gaps. Towards proving Lemma 2.1.2, we prove the
result below.

Lemma 2.5.7. For any sub-optimal arm a, there exists a Pareto optimal arm a* such that
fa < far and A, = m(a,a*) > 0. Moreover, for anyi € [K]\ S8*,j € §*

i) maxpess m(i, k) = maxpexm(i, k),

i) Ifi € argmingc g ;3 M(J, k) then j is the unique arm such that ji; < p;.

Proof. Assume there are p < n dominated arms. Without loss of generality, we may assume
they are yi1, ..., p1p. Let 31 < p. Suppose that no Pareto-optimal arm dominates ;,. Since
(i, is not optimal, by the latter assumption, there exists iy < p such that p;, < p;,. If
[4;, is dominated by a Pareto optimal arm, this arm also dominates j;, (strict dominance
is transitive) which contradicts the initial assumption. If not, there exits i3 < p such that
[i, =< i, < ;. Again we can use the same reasoning as before for i5. In any case we
should stop in at most p steps, otherwise we would have p;, < s, < -+ < p;, and p;,
should be dominated by a Pareto-optimal arm, otherwise it would be itself Pareto-optimal,
which is not the case. Therefore, for any a € [K] \ S*, there exists a* € S* such that
a* < aand A, = m(a,a*) > 0.
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Letting ¢ be a sub-optimal arm, since for any a € [K] \ S*, there exists a* € S* such
that a < a*, it follows that

Ve € [d], pg — 15 < Mo — 5,
which leads to m(i,a) < m(z, a*), so

max m(s, j) = maxm(z, j) > 0,
max (4,7) max (4,7)

which completes the proof of the first point i). For the second point, let ¢ € [K] \ $* and ¢
such that ¢ < ¢’ and

q € argmin M(j, a).
a€[K\{j}

By direct algebra, since ¢ < ¢/, we have

M(j,¢') < M(4,9),
which is impossible if ¢ # j (because ¢ belongs to the argmin). Therefore, if

q € argmin M(j,a)
ac[K]\{j}

is a sub-optimal arm, then j is the only arm such that ¢ < j (i.e, 1y < p15). [

We now prove the following result, which follows from the lemma above.

Lemma 2.5.8. For any Pareto optimal arm i, A; < min;; M(i, j).

Proof of Lemma 2.5.8. If argmin,_,; M(4, j) C S*, then the lemma follows from the definition
of the gap of an optimal arm recalled in Section 4. If min,; M(7, j) = M(7, a), a ¢ S, then,
from Lemma 2.5.7, 7 is the unique arm which dominates a so A, = m(a, ) and using the
definition of the gap of an optimal arm,

Ai < M(CL, Z)+ + Aav
= 0+ m(a,i) < M(i,a),

where we have used the fact that m(p, ¢) < M(q, p) for any pair of arms p, ¢ (which follows
from the definition). Therefore, for an optimal arm 7, we always have

A; < min M(4, 7).
JF

We can now finish by proving Lemma 2.1.2.
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Proof of Lemma 2.1.2. For sub-optimal arms, the result follows from Lemma 2.5.7. It remains
to prove the equality for sub-optimal arms. By definition, for an optimal arm ¢, we have

A :min{(S;r,(Si_},
where

OF == min min{M(i,5),M(j,7)} and 87 = min [(M(j,7)); + A*].
Q= Jin M, j), M(j, 1) } {= i [(M(j, )4 + AY]

For any optimal arm ¢, A7 < 0 (by direct calculation), so introducing

(5;/ = min{éi, min M(j,z’)},

jes\{i}
we have
" = min[MG ) + (47),]
Then, if
min M(2, 7) = min M(4, 5), 2.38
e (4, ) nir (4, ) (2.38)

holds, the result simply follows as for any optimal arm ¢,
A;=min {6,6;} = min{ min Mi,',é-_l},
{ ? 7 } jes\{i} ( ]) 1
= min(min M(i, ), ; ),
JFi
= min MG, ) A (MG )4+ (87).)],
;.

(2

In the sequel, assume (2.38) does not hold, that is assume
min M(z, ) > min M(z, 7).
juin (i) > min M(, )
From Lemma 2.5.7 we know that in this case, there exists a sub-optimal arm £ such that 7 is
the unique arm dominating & and

Ay =m(k,i) and minM(i,j) = M(i, k) .

J#i

Thus, we have

minM(z, 7) = M(i, k), (2.39)
JF
> mk,i) = AL, (2.40)
> 67 (since i dominates k, M(k,7), = 0). (2.41)

On the other side, as p; < j;, using the definition of A; in particular §; directly yields

A < A =m(k,i) (2.42)

< M@, k) = min M(, j) (2.43)
JF

< min M(s, 7). 2.44

e (4, 7) (2.44)
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We recall that
A; = min 5;/, min M(,7) ¢,
{ Jjes*\{i} ( ])}
which combined with (2.44) yields
A; =0,

7

and further combining with (2.41) yields

Ai 57,_/ min {Hlill I‘I(Z7 .])) 62_/}
jF#i
= (5:,

which concludes the proof. [
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Chapter 3

Adaptive Algorithms for Fixed-Confidence
Pareto Set Identification

In this chapter, we study the problem of fixed-confidence identification of the Pareto set in
multi-objective multi-armed bandits. Since the sample complexity required to exactly identify
the Pareto set can be prohibitive, previous work has proposed relaxations that tolerate the
inclusion of a few near-optimal arms. Here, we explore alternative and complementary
relaxations that instead allow the learner to identify a relevant subset of the Pareto set.

We introduce a unified adaptive sampling strategy, called Adaptive Pareto Exploration
(APE), which can be combined with different stopping rules to address multiple relaxations
of the Pareto set identification problem within a single framework. We provide a theoretical
analysis of the resulting algorithms, establishing instance-dependent sample complexity
guarantees and quantifying the gains achieved when identifying at most £ Pareto-optimal
arms.

This chapter is based on joint work with Emilie Kaufmann and Laura Richert, published
in the Proceedings of NeurIPS 2023.
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3.4 Numerical study and discussion . . . . .. ... ... ....... 76
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3.5.2  Sample complexity . ... ... ... ... ... .. 81
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3.1 Introduction

As discussed in Section 1.2 of the introductory chapter, fixed-confidence pure exploration
problems aim to make statistically reliable decisions while explicitly controlling the proba-
bility of error through a prescribed risk d. In this chapter, we revisit this setting for Pareto
Set Identification (PSI) in multi-objective bandits, focusing on the design and analysis of fully
adaptive algorithms that allocate samples where they are most informative.

Unlike in fixed-budget exploration—studied in Chapter 2—the total number of samples in
this setting is not fixed in advance: sampling continues until the confidence in the identified
set reaches the desired level 1 — ¢. This formulation directly aligns with regulatory and
ethical requirements in clinical research, where one must control the probability of an
incorrect recommendation while minimizing the expected number of enrolled participants.

Beyond clinical trials, active Pareto set identification is also relevant in domains such as
hardware and software design (Zuluaga, Sergent, et al. 2013), or multi-objective recommender
systems and A/B/n testing, where one jointly optimizes engagement, diversity, and platform
objectives (Mehrotra et al. 2020).

Relaxed identification tasks. Before introducing our relaxations, we recall the notion
of Pareto dominance. Given two mean vectors p;, it; € R% we say that arm i is (strictly)
dominated by arm j, denoted p; < py, if pi < pf for all coordinates ¢ € {1,...,d}.
Intuitively, j outperforms 7 on every objective. For any ¢ > 0, we define the -Pareto set as

S ={ie[K]:#j€[K]suchthatyy; +el < p;},

that is, the set of arms that remain non-dominated when all objectives are relaxed by an
additive margin €. In particular, §§ coincides with the exact Pareto set 5.

Exact identification of S* can be prohibitively costly when the Pareto frontier is large or
when many arms are nearly optimal. We therefore consider several relaxed formulations
that capture realistic decision-making constraints:

o £1-PSI (Auer et al. 2016): the returned set S must contain all Pareto-optimal arms
and may include arms that become Pareto-optimal after an additive ¢, relaxation, i.e.,

S*CcScs;

« (£1,€2)-PSI: generalizing the e-cover of Zuluaga, Krause, et al. 2016, this criterion
allows the learner to ignore arms that are nearly equivalent (within ¢5) to others
already selected, which is particularly meaningful when several treatments exhibit
indistinguishable efficacy;

« £1-PSI-k: introduced in Chapter 2 for the fixed-budget case, this version targets
the identification of at most £ promising candidates—such as a limited number of
vaccine strategies that can proceed to later phases—balancing statistical confidence
with practical feasibility.

These relaxations define distinct correctness criteria but share the same fixed-confidence
goal: ensuring d-correct identification while minimizing the expected number of samples.
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Related work. The most closely related study is that of Auer et al. 2016, who introduced
the £,-PSI relaxation and provided instance-dependent sample complexity bounds under
subgaussian noise. In parallel, Zuluaga, Sergent, et al. 2013; Zuluaga, Krause, et al. 2016
proposed structured variants of PSI in which the mean vectors are smooth functions of arm
descriptors modeled via Gaussian processes, leading to worst-case guarantees. Their notion
of an e-cover of the Pareto set is conceptually related to our (1, £5)-PSI formulation. Both
Auer’s and Zuluaga’s algorithms rely on uniform exploration over an active set combined
with accept/reject mechanisms: an approach that can be sample-inefficient when the number
of arms is large, as already observed in single-objective Best Arm Identification (Kaufmann
& Kalyanakrishnan 2013; Kaufmann, Cappé, et al. 2016).

Our objective is to develop a fully adaptive exploration strategy that dynamically reallo-
cates samples to the most ambiguous arms and objectives: those whose dominance relations
remain uncertain.

Contributions. We introduce Adaptive Pareto Exploration (APE), a unified, adaptive frame-
work for fixed-confidence PSI encompassing the three relaxations above. APE extends LUCB-
and UGap-style principles from single-objective bandits (Gabillon et al. 2012; Kalyanakr-
ishnan et al. 2012) to the multi-objective setting by maintaining confidence intervals on
pairwise dominance gaps between arms. Depending on the chosen stopping and recommen-
dation rules, APE can address £1-PS, (€1, £2)-PSI, or £1-PSI-k tasks, with instance-dependent
guarantees (Section 3.2). Our analysis further quantifies how relaxing the identification
goal—through ¢4, €9, or k—provably reduces the required sample complexity. Empirical
studies (Section 3.4) on synthetic and vaccine-inspired data corroborate these theoretical
findings, showing that adaptive exploration yields substantial efficiency gains over uniform
baselines.

Learning model. We formalize the Pareto Set Identification (PSI) problem and its relaxed
variants. Let K,d € N*. Eacharm a € [K] = {1,..., K} is associated with an unknown
distribution v, over R¢ with mean vector ji, = (1, ..., ué)". We denote the bandit instance
byv = (v1,...,vk)andits mean matrixby p := (p1, ..., tix). Ateachroundt = 1,2, ...,
the learner selects an arm A; € [K] based on past observations and observes an independent
draw Z; ~ v, with E[Z;|A;] = pa,. Each coordinate of Z, is assumed to be I-subgaussian
conditionally on A;. We recall that a random variable X is o-subgaussian if and only if

A2o?

VA € R, log E[e*EXD] < 5

This standard assumption ensures concentration of empirical means around their expecta-
tions and covers both Gaussian and bounded observation models.

We denote by P, the law of the stochastic process (Z;);>1 and by E, the associated
expectation. Let H, = o(Ay,Z1,..., Ay, Z;) be the o-algebra encoding the history up
to round ¢. The algorithm stops sampling at some random time 7, and finally outputs a
recommendation S,. The goal is to make a correct guess with high probability while using
as few samples as possible.
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Depending on the application, different notions of correctness can be considered, controlled
by parameters 1,9 > 0 and k € [K]:

Definition 3.1.1. A set 5 C [K] is correct for £1-PSI if

SccScs*

€1 ?
where S, denotes the set of €;-Pareto-optimal arms.

Definition 3.1.2. A set 5 C [K] is an (g1, £9)-cover of the Pareto set if 5cC SZ and, for
any i ¢ S, either i ¢ S* or there exists j € S such that y; < {t; + leo. This generalizes the
e-accurate set of Zuluaga, Krause, et al. 2016 (recovered for £; = €5 = ¢) and relaxes the
requirement of returning all near-optimal arms.

Definition 3.1.3. A set S C [K] is correct for £,-PSI-k if (i) |S| = k and S C 87, or (i)
|S| <kand S* C S C S7..

Given an objective (one of the above tasks) and a risk parameter § € (0, 1), an algorithm
is said to be d-correct if, with probability at least 1 — ¢, its recommendation §T satisfies
the corresponding correctness criterion. The number of samples 7 required to reach this
guarantee defines the algorithm’s sample complexity.

We now introduce two quantities that play a central role in characterizing the (Pareto)
optimality and sub-optimality relations between arms. For any arm pair i, j € [K], define

m(i,j) == min [,uj — ,uﬂ, and M(4,j) = max [/Lf — ,uﬂ .

1<e<d 1<e<d

As explained in Chapter 1, these quantities capture the smallest and largest coordinate-wise
performance gaps between the two arms.

3.2 Adaptive Pareto Exploration

We describe in this section our sampling rule, Adaptive Pareto Exploration and present three
stopping and recommendation rules with which it can be combined to solve each of the
proposed relaxations.

Let N;;, := S.'_| 1(A, = k) be the number of times arm k has been pulled up to round

tand i, = N, tjkl Zi\if Zy,s be the empirical mean of this arm at time ¢, where Z;, ; denotes
the s-th observation drawn ii.d. from v;. For any arm pair ¢, j € [K], we let

m(i, j;t) = Iglglg[ﬂfj - ﬂfz] and M(i, j;t) = Tf;([ﬂgz _:[L;j} .

X

The empirical Pareto set is defined as

S(t) = {i€[K]:Bj € K] fui < fug},
= {ie[K]:Vje [K\{i},M(i,j;t) > 0} .
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3.2.1 Generic algorithm(s)

Adaptive Pareto Exploration relies on a lower/upper confidence bound approach, similar to
single-objective BAI algorithms like UGap (Gabillon et al. 2012), LUCB (Kalyanakrishnan
et al. 2012), and LUCB++ (Simchowitz et al. 2017). These three algorithms identify, in each
round, two contentious arms. A leader arm b;, a current guess for the optimal arm (defined
as the empirical best arm or the arm with the smallest upper bound on its sub-optimality
gap), and ¢;: a contender of ;; the arm that is the most likely to outperform b, (in all three
algorithms, it is the arm with the largest upper confidence bound in [K]\{b;}). Then either
both arms are pulled (LUCB, LUCB++) or the least explored among b; and ¢, is pulled (UGap).

The originality of our sampling rule lies in how to appropriately define 0; and ¢, for the
multi-objective setting. To define those, we suppose that there exists confidence intervals
(L5 ;(t,6),Uf;(t,0)] on the difference of expected values for each pair of arms (i, j) and
each objective ¢ € {1,2,...,d}, such that introducing

K d >0
E = (V) {L6(,0) < g — ps S Uy(t.6)} and € =&, (3.1)

i=1 joic=1 t=1

we have P(£) > 1 — ¢. Concrete choices of these confidence intervals will be discussed in
Section 3.2.2.

We further define
— . __ c R — c
M (27 Js t) T I?g(;( Lz’,j (tv 5) and M <Z7 Js t) '_ I?g;( Ui,j (tv 5) (32)
m~(i,7;t) = —MT"(i,5;t) and m*(s,j;t) = —M (4,5;1). (3.3)

In the sequel, we simplify notation by omitting the dependence on ¢ and write L ;(t) (resp.
Ui ;(t)) in place of L ;(t, 0) (resp. Uf;(t, 0)).

Lemma 3.2.1. For any round t > 1, if & holds, then for any i,j € [K], M (i,7;t) <
M(i, j) < M7 (i, j; t) andm™ (4, ;1) < m(i, j) < m* (3, j;¢).

Noting that 7, = {i € [K] :Vj #i,M(i,j) + &1 > 0}, we define the following set of
arms that are likely to be £;-Pareto optimal:

OPT*'(t) == {i € [K]:Vj € [K\{i},M (i,j;t) +&1 >0} .

Sampling rule. In round ¢, Adaptive Pareto Exploration samples A, the least pulled arm
among two candidate arms b; and ¢; given by

by =  argmax minM"(4,j;t),
i€[K]\ OPT=1 () J77
¢, = argmin M~ (b, j;t)
by

The intuition for their definition is the following. Letting ¢ be a fixed arm, note that
M(i, 7) > 0 for some j, if and only if there exists an objective ¢ such that p§ > W5, Le., i is
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not dominated by j. Moreover, the larger M(i, j), the more ¢ is non-dominated by j in the
sense that there exists ¢ such that pf > pf. Therefore, i is strictly optimal if and only if for
all j # i, M(4,7) > 0 ie, a; = minj, M(7, ) > 0.

The larger «;, the more optimal ¢ looks, in the sense that for each arm j # i, there exists
a component d; for which 7 is way better than j. As the a; are unknown, we define b, as
the maximizer of an optimistic estimate of the a;’s. We further restrict the maximization to
arms for which we are not already convinced that they are optimal (by Lemma 3.2.1, the
arms in OPT®!(¢) are (nearly) Pareto optimal on the event £). Then, we note that for a fixed
arm ¢, M(7,j) < 0 if and only if 7 is strictly dominated by j. And the smaller M(3, j), the
closer j is to dominating i (or largely dominates it): for any component ¢, i — 5 is small (or
negative). Thus, for a fixed arm i, argmin;_,, M(4, j) can be seen as the arm that is the closest
to dominating ¢ (or the one that dominates it by the largest margin). By minimizing a lower
confidence bound on the unknown quantity M(b;, j), our contender ¢; can be interpreted as
the arm that is the most likely to be (close to) dominating b;. Gathering information on both
b; and ¢; can be useful to check whether b; can indeed be optimal.

Stopping and recommendation rule(s). Depending on the objective, Adaptive Pareto
Exploration can be plugged in with different stopping rules, which are summarized in
Table 3.1 with their associated recommendations. To define those, we introduce for all
i €[K],e1,e9 20,

g*(t) = max[m™ (i, j;t) + &1 (j € OPT(#))] and A3 (1) = min M (i, j;t) +er.
J7F JF

and let g;(t) = ¢?(t). Introducing

Z{H(t) == min hi'(t), and Z5'(t) = mi (), hit ()},
1'(t) = min kit (1), and Z5(1) = min max{gi(t), hi'(t)}

for £,1-PSI, our stopping rule is 7., = inf{t > K : Z7'(t) > 0 A Z5*(t) > 0} and the asso-
ciated recommendation is O(7., ) where

O(t) = S(t)u{ie S(t)°:Fj #i:m (i,j;t) > 0}

consists of the current empirical Pareto set plus some additional arms that have not yet been
formally identified as sub-optimal. Those arms should be (¢;)-Pareto optimal.

For (e1,¢€2)-PSI we define a similar stopping rule 7., ., where the stopping statistics are
respectively replaced by

Z70%(t) = min max{g;*(t), h;*(t)} and Z5"**(t) == min max{g:*(t), h;' ()}
1eS(t) ieS(t)e

with the convention miny = 400, and the recommendation is OPT"! (7, ., ).

To tackle the £,-PSI-k relaxation, we propose to couple 7., with an additional stopping
condition checking whether OPT*! (¢) already contains k arms. That is, we stop at 7% =
min {7.,, 7%} where 7¥ := inf {t > K : |OPT"'(¢)| > k} with associated recommendation
OPT*! (7%). Depending on the reason for stopping (7., or 7*), we follow the corresponding
recommendation.
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Table 3.1: Stopping conditions and associated recommendation

Stopping Condition Recommendation Objective
Te, Z7H(t) >0 AZ3H(t) >0 O(t.,) or OPT*!(7,) £1-PSI
Teren | Z1772() >0 NZ30%(t) >0 OPT**(7:, c,) (€1,€2)-PSI
Tk |OPT*' (¢)| > k OPT*! (7%) e1-PSI-k

Lemma 3.2.2. Assume & holds. For ,-PSI (resp. (£1,¢2)-PSI, £1-PSI-k), Adaptive Pareto
Exploration combined with the stopping rule 7., (resp. T, .,, resp. T2 ) outputs a correct subset.

Remark 3.1. We decoupled the presentation of the sampling rule from that of the “sequential
testing” aspect (stopping and recommendation). We could even go further and observe
that multiple tests could actually be run in parallel, for free. If we collect samples with
APE (which only depends on ), whenever one of the three stopping conditions given in
Table 3.1 triggers, for any value of €5 or k, we can decide to stop and make the corresponding
recommendation or continue and wait for another “more interesting” stopping condition
to be satisfied. If £ holds, a recommendation made at any such time will be correct for the
objective associated to the stopping criterion (third column in Table 3.1).

Proof of Lemma 3.2.2.

Step 1: correctness for £;-PSI-k. We show the correctness of €1-PSI-£ (for any k), which
includes ¢1-PSI as a special case: £1-PSI-K. Assuming & holds, lett = 7% and i € OPT"'(¢).
Since i € OPT*'(t), for any j # i,

&
M(’L'7j)+€1 = Mi(l,j,t) +e1 > 07

thatis 7 € S7 . Therefore, on the event £, OPT® () C S7,. Thus, if the stopping has occurred
because | OPT®! (¢)| > £, since in this case OPT*! (t) C S , all the recommended arms will
be £;-Pareto optimal. On the contrary, if | OPT®! (¢)| < k, then from the definition of 77 it
holds that

Z7(t) >0 and Z3'(t) > 0.

We will show that O(t) recalled below:
O(t) = S(t)u{ie St):Aj #i:m (i,j;t) > 0},

is an £1-Pareto set (at t = 7.,) and it is a subset of OPT*' (¢). We note that, for any i € O(¢)¢,
by the definition, and since Z5(t) > 0,

£
3j € [K] such that m(é,j) > m™ (i, 5;t) > 0,
so ¢ is a sub-optimal arm. Therefore,
S*CO(t).

69



CHAPTER 3

Moreover, for any i € O(t) N S(t), since Z7'(t) > 0 we have hi'(t) > 0, so i € OPT*'(¢),
and, as above

£
min M(7,7) 4+ =2 min M (¢, 7;t) +1 > 0. 3.4
JelKI\(i) (i) + JelKN\(i} (i3t & G4

If i € O(t) N S(t)S, by definition of O(t), we have g;(t) < 0. However, since Z5'(t) > 0,
max {g;(t), h;* (t)} > 0 so we also have A5 (t) > 0 and (3.4) applies. Thus, for any i € O(¢),
again,

min  M(Z, j) + & > 0,

JelK\{i}
thatis i € Sf,s0 S* C O(t) € S and O(t) € OPT*!(t) C &7, which implies that

OPT"!(t) is itself an (&1 )-Pareto set.

Finally the correctness for £;-PSI-k and £;-PSI follows on £.

Step 2: correctness for (¢1,£3)-PSIL. Let t = 7., ., and i € OPT"!(¢). Since i € OPT" (),

for any j # i, M(i, ) + &1 ; M™(4,7;t) + &1 > O thatis i € S . Therefore, on the event £,
OPT?!(t) C SZ . When the stopping time 7, ., is reached, Z;"**(t) > 0 and Z;"*(t) > 0.
Under this condition,

OPT* (1) # 0.

Indeed, since Z7"%*(t) > 0 and Z5"*(t) > 0, if OPT*'(¢) = () then, by the stopping rule
and since OPT®! (t) = (), for any arm i, we would have A:'(t) < 0 and g;*(¢) > 0. That is,
for any arm i € [K]|,
£
3j # i such that m(¢, j) > m™ (4, 74,t) > 0,

so every arm would be strictly dominated, which is impossible since the Pareto set cannot be
empty. Then, OPT*! (¢) # () and for any i € O(t)° = OPT®!(¢)<, by the stopping rule it holds
that max{g:*(t), h;'(t)} > 0. Further, noting that for such arm i € OPT*'(¢)<, h:'(t) < 0,
we thus have ¢;?(¢) > 0, which, recalling that

g2 (t) = mgx[m’(i,j;t) + &21 (j € OPT'(1))],
JFi

implies

3 # i m(i,jit) + el (j € OPT™ (1)) > 0,
thus, on the event £ we have

m(i, j) + 21 (j € OPT(¢)) > 0.

Therefore, for such arm i, either
a) 37 € [K] such that m(é, j) > O thatis p; < p; or
b) 3j € OPT"!(¢) such that m(7,j) + o > O thatis p; < p; + €21.
Combining these, OPT*!(t) C S?, and, for any i ¢ OPT®'(¢), either i ¢ S7, (i is £;-sub-
optimal) or there exists j € OPT*'(¢) such that y; < p; + €21. Thus, OPT*!(¢) is an

(€1, &2)-cover of the Pareto set and APEis correct for (¢1, €5)-PSL O
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3.2.2 Our instantiation

We propose to instantiate the algorithms with confidence intervals on the difference between
pair of arms. For any pair i,j € [K], we define a function f; ; such that for any ¢ € [d],
Ug;(t) = fig; — i ; + Bij(t,0) and Lg (t) = g, — jif ; — Bi;(t, ). We use the following
confidence bonus from Kaufmann & W.-M. Koolen 2021 for time-uniform concentration:

Ky
Bij(t,0) = 2 (& (%) + Z log(4 + log(Nia)) Z Nl . (3.5)

ac{ij} acfij} = O

where K| = K(K —1)d/2 and CY =~ z + log(z) is a calibration function. As a result, we
have the simple expressions M*(4, j; t) = M(i, j; ) £ 3i (¢, ) and m* (i, j; t) = m(i, j; ) +
Bij(t,6). As an example, we state in Algorithm 3.1 the pseudo-code of APE combined with
the stopping rule suited for the k-relaxation of ,-PSI, which we refer to as the ,-APE-%
algorithm.

Algorithm 3.1: APE: Adaptive Pareto Exploration
Require: (optional) £;-PSI relaxation parameter ; > 0; (optional) parameter

€9 > 0; (optional) k-relaxation parameter k € [K]|
1 Initialize: sample each arm once, sett = K, Ng,; = 1 forany i € [K]

2 foreacht =K +1,...,do

// Empirical non-dominated set at time ¢

s | S(t) « {i€e[K]:Vje [K\{i}, M(i,j;t) > 0}

// Relaxed e¢;-Pareto candidates

s | OPT™ (1) « {i € [K]:Vje [K\{i}, M(4,5;t) — B;;(t,8) + &1 >0}
s | if |OPT'(t)| > k then

6 L break and output OPT*' (¢)

8 | if Z{'(t) >0 A Z5'(t) > 0 then
9 L break and output
Ot)=St)U{i e S(t)°:Pj#i:m(,j;t) — Bi;(t6) > 0}

// Leader / Most promising arm outside OPT(¢)
0 | b < argmax min[M(i,j;t) + B ;(¢,0)]

i€[K]\OPT=1(t) J#1
// Challenger / Most critical opponent against b,
11 Cp — argrilin [M(bt,j;t) — B,,j(t, 5)}
// Samjglte the less explored of {b;c:}

12 Sample A; <— argmin N;;; t <t +1; update statistics
ie{bt,ct}
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Other instantiations are possible, such as the ones based on individual confidence bounds
of the form U, ;(t) = U;(t) — L;(t) where [L;(t),U;(t)] is a confidence interval on g,
(Kalyanakrishnan et al. 2012; Auer et al. 2016) or refined KL confidence sequences (Kaufmann
& Kalyanakrishnan 2013).

Special case: Best Arm Identification. When d = 1, APEreduces to sampling at each
round ¢, the least sampled among

b, = argmax[minU; ;(t)], and ¢ = argmin Ly, ;(¢). (3.6)
i L i#be

To compare against LUCB (Kalyanakrishnan et al. 2012) and UGap (Gabillon et al. 2012)
which use confidence intervals on single arms, we would have f; ;(¢,0) = f;(t,0)+5;(t,0),
and L;(t) = fu; — B:(t,0) and U;(t) = fu;+ Pi(t,0): lower and upper confidence bounds
on ;. Then (3.6) rewrites as

b, = argmax|U;(t) — max Li(t)], and ¢ = argmaxUj(t).
i J7 J#bt

This resembles the sampling rule of UGap, which defines
by = argmax | L;(t) — max Uj(t)], and ¢ = arg;g)lax U;(t),
i ¢ J#be

and also pulls the least sampled so far. We further note that when ¢; = 0, for any ¢ €
S(t), gi(t) > h?(t). Indeed, by definition,

h? (t) = min [M(Z’ Ji t) B Bi,j (tv 5)} = mif.l [_ m<i7 J; t) o ﬁi,j (t> 6)}

JFi JF

and since ¢ € S(t)¢, there exists i* such that m(é,7*;¢) > 0 (i.e., fiz; < fi;+) and so

— m(z, Z*, t) — 51‘77;* (t, 5) < m(z, i*; t) — 52'71'* (t, (5)

Therefore,
min[—m(i, j;t) = Bi;(t,9)] = hi(t) < max[m(i, j;t) = B, (8,6)] = gi(8).

Thus for &1 = 0, Z9(t) = min;eg()e g:(t). In particular, when d = 1,e; = 0, the stopping
time 7y can be simplified to 7y = inf{t > K : Z)(¢) > 0} . Letting a, denote the empirical
best arm after ¢ rounds, the stopping rule of APE (with the instantiation based on confidence
intervals on pairs of arms) reduces to

To=inf ¢t > K : Vi # ay,

A~ R _ A . 2

(/’[’at,t :ut,l) 2 2019 (10g([2(1/5)
1 1

2 (Nt,dt T Nt,i)

which is very close to a Generalized Likelihood Ratio (GLR) stopping rule assuming Gaussian

rewards with variance 1 (which is also known to be correct for subgaussian rewards) Garivier
& Kaufmann 2016; Kaufmann & W.-M. Koolen 2021.

) + 22 log(4 +log(NVe.q))

ac{as i}
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3.3 Main theoretical results

We state our main theorem on the sample complexity of our algorithms and give a sketch of
its proof. First, let us introduce some quantities that are needed to state the theorem.

As presented in Chapter 1, the sample complexity of ¢;-Pareto set identification scales
as a sum over the arms i of 1/(A; V &1)? where A, is called the sub-optimality gap of arm i
and is defined as follows. For a sub-optimal arm i ¢ S*(1),

A; = max m(s,j),
JES* (1) ( J>

which is the smallest quantity that should be added component-wise to ; to make ¢ appear
Pareto optimal w.r.t. {y; : i € [K]}. For a Pareto optimal arm i € S*(u), the definition is
more involved:

A .o Jmiepngy Ay S (w) = {1}
' min{d;", ; } else,

where

67 == min min{M(i,j),M(j,%)} and §; = min M(4,9)) . + A,
o= i {M(i, ), M(j, )} je[m\s*m)[( (4,1)+ + 4]

with (z); = max{z,0}, Vax € R. For d = 1, these gaps match the classical gaps in Best
Arm Identification (Audibert & Bubeck 2010; Kaufmann, Cappé, et al. 2016).

We also introduce some additional notation required to express the contribution of the
k-relaxation. Let 1 < k& < K. For any arm 4, let w; = min;; M(¢, j) and define

k 1.k
Wk = max wj, S** = argiax w;,
i€[K] i€[K]

with the k-th max and the first k argmax operators. Observe that w* > 0 if and only if
|S* ()| = k.

Theorem 3.3.1. Let 6 € (0, 1) be a risk parameter, £1,e5 > 0, K > 2, and k < K. Consider a
bandit instance v whose arm marginals are 1-subgaussian. Then, with probability at least 1 — 0,
the APE algorithm returns a correct recommendation for either the £,-PSI-k or the (1, £2)-PSI
task (with the corresponding stopping rule), and it stops after at most

88 2K(K —1)d 12e
Z ~—210g flog —_—
a€[K] Aa Aa

samples, where for each a € [K],

X max{A,,¢e1,w"}, forthee,-PSIk task,
| max{A,, e}, for the (g1, €2)-PSI task.
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Our theoretical results extend and refine existing bounds for approximate and relaxed
Pareto set identification.

When k = K, the proposed algorithm provides a d-correct solution for £;-PSI, which
corresponds to the £,-PSI-K task. It improves upon Auer et al. 2016 by constant factors and
replaces their log A~? dependence with a milder log log A~! term, while nearly matching
their lower bound (Theorem 1.3.1).

Our strongest result concerns the £,-PSI-£ relaxation, which introduces a new notion
of sub-optimality gap, quantifying how the relaxation parameter k reduces the effective
sample complexity. In particular, for any arm i € S* \ S**, we have max{A;, w*} = w*,
indicating that one should not pay more than the cost of identifying the k-th optimal arm.
This observation parallels the findings of Roy Chaudhuri & Kalyanakrishnan 2019 for the
“top-k among the best-m” problem. However, the authors have shown the relaxation only for
the best m arms, while our result shows that even the sub-optimal arms should be sampled

less.

For the general (¢1, 5)-PSI formulation, our upper bound does not make the dependence
on ¢4 explicit, yet nearly matching lower bounds suggest that this dependence may vanish
in some cases. In particular, when d = 1, ¢; = 0, and €2 > 0 with a unique optimal arm a,,
(0, £4)-PSI reduces to exact Best Arm Identification. Indeed, in this case, any S CS* ={a}
trivially satisfies the covering condition. The corresponding lower bounds (Garivier &
Kaufmann 2016; Kaufmann, Cappé, et al. 2016; Simchowitz et al. 2017) are thus independent
of 5. This argument extends to the multi-objective setting when the Pareto set is a singleton,
confirming that 5 has no impact on the intrinsic difficulty of such instances.

3.3.1 Sketch of proof of Theorem 3.3.1

Proof. Using Proposition 24 of Kaufmann & W.-M. Koolen 2021 it is simple to prove that the
choice of f3; ; in (3.5) yields P(£) > 1 — ¢ for the good event £ defined in (3.1). Combining
this result with Lemma 3.2.2 yields that APE is correct for each task with probability at least
1—09.

The idea of the remaining proof is to show that under the event £, if APEhas not stopped
at the end of round ¢, then the selected arm A; has not been explored enough. The first
lemma showing this is specific to the stopping rule 7'6’“l used for ;-PSI-k.

Lemma 3.3.2. Lete, > 0 and k € [K|. If€, holds andt < 7 then w* < 2034, ,(t,0).

The following two lemmas are more general as they apply to different stopping rules.

Lemma 3.3.3. Lete; > 0. Let 7 = 7F for some k € [K] or 7 = 7., ., for somee, > 0. If €,
holds andt < 7 then A4, < 204,.4,(,0).

Lemma 3.3.4. Let ey > 0 and 7 be as in Lemma 3.3.3. If & holds andt < T then e; <
QﬁAz,At (t7 5)
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The proofs of these three lemmas are given at the end of the chapter. They heavily rely
on the specific definition of b; and ¢;. In particular, to prove Lemma 3.3.3 and 3.3.4, we first
establish that when ¢ < 7, any arm j € [K] satisfies m(bt, j; t) < By, ;(t, ).

The upper bound on the sample complexity follows, since using the lemmas above, we
have that, if £,-APE-k has not stopped during round ¢, i.e, t < Tskl and the event &, holds,
then

e wh < 204, .4,(t,0) (Lemma 3.3.2),
o Ay, < 204,.4,(t,0) (Lemma 3.3.3),

e €1 < 204,.4,(t,9) (Lemma 3.3.4)

hold simultaneously. Introducing ﬁa = max{wk, £1, A},

WE

H1(E) -1 <

1(E)L(E > ),

t=1

1 (max{wk, £1, A4, } < 204,.4,(t, ‘5>)

A
NE

t=1

i ]l({At = a} ANMA, < 2844(t, 5)}>

1 t=1

A
]~

a

inf{n >2:A, > 23"},

A
[M] >

Il
—_

a

where " is the expression of 3; ;(t,0) when N, ; = N, ; = n, that is

log (£t 2
g =2 (C’g (@) +2log(4 + log(n))) —.
n
Then, an inversion result (see Lemma 19 in Kone, Kaufmann, et al. 2023) yields

inf{s >2:25° < Ea} < %log (M log <ﬁ)) )

a 5 a
Therefore,
88 2K(K —1)d 12e
k
7. 1(€) < Z — log <—log (~—)> :
a€[K] AZ 0 A“
The same reasoning applies to 7;, ., as 7z, o, < Tgf holds with probability 1. [
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LUCB-like instantiation. Theorem 3.3.1 bounds the sample complexity of APE on £
but as, for many algorithms in pure-exploration, we do not control what happens on £°.
However, when APEis run with confidence bonuses similar to LUCB1 (Kalyanakrishnan
et al. 2012), in the form

4
Bi(t,5) == \/NQt_log (5[;;” ) and Y (i.j) € [K], Biy(t,8) = Bilt,8) + B;(t. ),
(3.7)

we are able to tightly upper bound the expected stopping time. The following result is
proven in Kone, Kaufmann, et al. 2023 following the lines of the proof of Theorem 3.3.1.

Theorem 3.3.5 (Expected sample complexity of APE (Kone, Kaufmann, et al. 2023, The-
orem 5)). Letey,e0 > 0, k < K, and v be a bandit instance with 1-subgaussian marginals.
When APE is run with the parameters ([3;); defined in (3.7), it is -correct for either €1-PSI-k or
(€1, €2)-PSL Moreover, its expected sample complexity satisfies

E,[r] < o(mu) log%% |

where

L - max{A,, e, w"}, for thee,-PSI-k task,
H(v) =Y A% with A, = {802t forthes:
=1 max{A,, e}, for the (€1, 5)-PSI task.

Kone, Kaufmann, et al. 2023 prove the following lower bound showing that in some
scenarios, APE is optimal for ¢;-PSI-k, up to dlog(K') and constant multiplicative terms.
We note that for £1-PSI a lower bound featuring the gaps A, and ¢, was already derived by
Auer et al. 2016.

Theorem 3.3.6 (Theorem 2 of Kone, Kaufmann, et al. 2023). There exists a bandit instance
v with |S*| = p > 3 such that fork € {p,p — 1,p — 2}, any §-correct algorithm for 0-PSI-k
verifies

1 1en 1
E,[rs] > - log = :
el > G108 5 2 tae

where AF .= A, + w* and 75 is the stopping time of the algorithm.

3.4 Numerical study and discussion

Experimental setup. We compare Adaptive Pareto Exploration (APE) to the algorithm of
Auer et al. 2016 (denoted PSI-Unif-Elim). For a fair comparison, both use our pairwise confi-
dence bonuses f3; j(¢,0)." Since anytime confidence bounds are known to be conservative,
we set K1 = 1in (3.5) instead of its theoretical union-bound value. Unless stated otherwise,
0 = 0.1. Across all runs, the empirical error is well below 9.

!Auer et al. 2016 already suggested this heuristic; we instantiate it for both methods.
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Real-world-inspired evaluation (COV-BOOST). We reuse the COV-BOOST instance
introduced in Chapter 2 and fully documented in Appendix 7. Briefly, the bandit has K = 20
arms (vaccine strategies) and d = 3 immunogenicity indicators derived from the processed
trial data; we simulate a multivariate Gaussian model using the means and variances reported
there. All preprocessing details, including the log-normal assumption and pooled variance
estimates, are deferred to Appendix 7. We set ¢; = 0 and compare PSI-Unif-Elim to APE-%
for several values of £.
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APE[k=1] Binding antibody 1gG

APE[k=2"] APE[k=3] APE[k=20]  PSI-Unif-Elim

(a) Log empirical sample complexity (all arms). (b) Two immunogenicity indicators (illustration).

Figure 3.1: COV-BOOST: APE-£ vs. PSI-Unif-Elim at 6 = 0.1 (2000 runs).

Since |S*| = 2, APE (with & > 3) outperforms PSI-Unif-Elim on exact PSI. The k-
relaxation substantially reduces sample complexity: APE-2 stops as soon as two optimal
arms are certified, whereas for £ = 3 remaining arms must be ruled out as suboptimal,
explaining the clear gap between £ = 2 and k = 3.

Random Bernoulli instances. We generate 2000 multivariate Bernoulli bandits with
K =5andd € {2,4, 8} (independent marginals), set § = 0.1 and £; = 0.005 (for runtime),
and average the sample complexity over runs.

Table 3.2: Average sample complexity over 2000 random instances (K = 5). Average |S*| is
(2.30, 4.06, 4.93) for d = 2,4, 8.

£1-APE-1 | £1-APE-2 | £,-APE-3 | £;-APE-4 | £,-APE-5 | £;-PSI-Unif-Elim
d=2 811 39,530 109,020 145,777 150,844 190,625
d=4 214 6,410 19,908 68,061 124,001 157,584
d=38 119 204 405 1,448 20,336 27,270

APE (with £ = K) uses 20-25% fewer samples than PSI-Unif-Elim, with larger gains
as d increases—and consequently |S*| as well. The k-relaxation drastically lowers budgets
relative to exact PSI.
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APE on (g1, £,)-PSI.  We now examine the empirical behavior of (¢, 5)-APE for iden-
tifying an (g1, e2)-cover. We set £ = 0, § = 0.01, and vary 5 € {0,0.05,0.1,0.2,0.25}.
Results are averaged over 2000 independent runs with different random seeds on the same
instance (described in Figure 3.2a). The environment is a multivariate Bernoulli bandit with
K = 5 and d = 2 (independent marginals). In this toy example, (¢;,5)-PSI is particu-
larly meaningful since several arms are nearly equivalent: three Pareto-optimal vectors are
manually chosen, while the remaining two are drawn uniformly at random.
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(a) Instance. (b) Average sample complexity.

Figure 3.2: Toy instance with S* = {0, 1, 2}. The difference on the X- and y-axes is 0.1 between
arms 0 and 1, and 0.05 between arms 1 and 2. Right: average sample complexity over 2000 runs.

As shown in Figure 3.2b, the sample complexity decreases as €5 increases. This trend
is confirmed in Figure 3.3, which reports both the average sample complexity and the
mean size of the returned cover for 50 evenly spaced values of ¢5 € [0,0.5]. Each major
drop in Figure 3.3b corresponds to a value of ¢5 at which APE removes an (otherwise
optimal) arm from the cover to save samples (see Figure 3.3a). Thus, a decrease in sample
complexity roughly coincides with a reduction in the number of arms included in the final
recommendation.

For large values of ¢, (e.g., > 0.3), the sample complexity plateaus (Figure 3.3b). This
behavior stems from the fact that, even when &5 is large, the algorithm must still certify
at least one truly optimal arm (as reflected by the single-element covers in Figure 3.3a).
Empirically, this limiting complexity is close to that of 0-APE-1 on the same instance (~ 4073
samples).

Finally, Figure 3.4 shows the frequency with which each arm appears in the recommended
set for three representative values of €5. For ¢5 = (.15, arm 0 is always recommended,
while the others appear in about half of the runs. For 5 = 0.4, the algorithm almost always
returns only arm 0—the one with the largest w; term, i.e., the easiest to identify as optimal.

Sampling allocations of APE vs. PSI-Unif-Elim. We now examine how the sampling
allocations of APE and PSI-Unif-Elim differ on specific instances. In some configurations,
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Figure 3.3: Average size of the returned cover (left) and corresponding sample complexity (right),
both averaged over 2000 runs. The empirical error probability was negligible in all cases.

. - .

(a) e2 = 0.05. (b) e2 = 0.15. (c)e2 = 0.4.

Figure 3.4: Frequency of each arm in the recommended set across 2000 runs for three representative
values of e5.

APE requires up to three times fewer samples than PSI-Unif-Elim. This improvement stems
from PSI-Unif-Elim’s conservative strategy: it continues sampling arms already identified
as (nearly) optimal until these arms are proven not to dominate any remaining active ones.
For instance, in Figure 3.5a, arm 2 is easily recognized as optimal, yet it slightly dominates
the suboptimal arm 1. Consequently, PSI-Unif-Elim keeps sampling arm 2 until arm 1 is
eventually removed from the active set—likely when it is shown to be dominated by arm 3.
Our adaptive sampling rule avoids this inefficiency by dynamically reallocating samples to
the most uncertain comparisons instead of repeatedly pulling confirmed optimal arms.

As shown in Figure 3.5b, APE achieves roughly half the sample complexity of PSI-Unif-
Elim on this instance. Table 3.3 details the average number of pulls taken by PSI-Unif-Elim
divided by that of 0-APE-K for each arm. The primary source of inefficiency is evident:
arm 2 is sampled nearly six times more often by PSI-Unif-Elim, highlighting its tendency to
oversample dominant arms that are already known to be optimal.

Discussion. Across real-world-inspired and synthetic settings, APE consistently improves
over PSI-Unif-Elim on exact PSI and delivers large additional savings under the k- and
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Figure 3.5: Illustrative instance with S* = {0,2,3}. Right: average sample complexity across
repeated trials. APE avoids oversampling already-certified optimal arms.

Table 3.3: Average number of pulls under PSI-Unif-Elim divided by that under 0-APE-K for each
arm. The largest gap arises from arm 2, which PSI-Unif-Elim oversamples to maintain dominance
guarantees.

Arm 0 1 2 3 4
Average pull ratio (PSI-Unif-Elim /APE) | 3.08 | 1.36 | 5.68 | 1.28 | 1.40

(€1, £9)-relaxations. On average (Table 3.2), APE achieves about a 20% reduction in sample
complexity for exact PSI, with substantially larger gains on specific instances where multiple
Pareto-optimal arms dominate a suboptimal arm. As emphasized in Chapter 1 and Chapter 2,
these relaxations align with practical decision constraints (e.g., limited advancement slots or
near-duplicate treatments), making APE both statistically and operationally attractive.

3.5 Additional proofs

In this section, we gather results used in the correctness and sample-complexity analyses of
APE, and provide their proofs. We recall the definition of the events

K d -
& =NN L0 < p—ps <UD} and £ =&
t=1

i=1 j#i c=1

3.5.1 Probability of the good event

Proof of Lemma 3.2.1. This result follows from the definition of &;. Since

K d
& = (VN {Li;®) < pf — 5 UG}

i=1 j#ic=1
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if & holds, then for any i, j
M (i, 5i) = max L () < M(i,j) = max[pif — 5] < max U5 () = M*(i.ji ),
and the second point follows by noting that m(i, j) = — M(¢, j) and
m* (i, jit) = —M7(i,jit)ym"(i,j;t) = —M"(i,j;?)
for any pair of arms. [

We note that when the algorithm uses a confidence bonus of the form (5, — fii j £

Bi;(t,9)),
M*(4,5;t) = max Ui;(t) = max i — [Lf]] + 5, j(t,0) = M(i,7:t) + Bi (¢, 6),

and the previous lemma implies that on &,
| M(i,5) = M(i. g, t)| < Bij(t,0) and  |m(i,5) —m(i,j;t)| < Bi;(t0),

which is extensively used in our sample-complexity analysis.

3.5.2 Sample complexity

Lemma 3.3.2. Letey > 0 and k € [K|. If&, holds andt < 7F then w* < 284, 4,(t,06).

Proof. First, note that if k > |S*|, then the lemma holds trivially since w® < 0. In the
sequel, we assume & holds and k < |S*|. If t < 7F then it holds that | OPT* (¢)| < k. So
S*F N OPT' (¢)° # (). Let i € S** N OPT*'(¢), we have

k . . .
W' < wi = min  M(i, j),
JelKN\{i} (i,J)
(a)
< min M(4, j;t) + Bis(t, 0),
ek (]) 63( )
C min M(bjit) + o (t,0)
S min yJs £\t V)
jetEhed Y el
< M(bt7 Ct; t) + /Bbtact<t’ 5)7
(c)
< 2Bbt,ct (t7 5)7
g 2BAt,At (t7 5)7

where (a) uses that & holds and Lemma 3.2.1, (b) uses the definition of b; and (¢) follows from
the definition of ¢; and the fact that b, ¢ OPT*!(¢), which yields M (b, ¢;;t) < B, (£, 9).
The last inequality follows since A, is the least sampled among b;, ¢;, and 3 is decreasing. [
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Lemma 3.3.3. Lete; > 0. Let 7 = 7F for some k € [K] or 7 = 7., ., for somees > 0. If €,
holds andt < 7 then A4, < 204, 4,(t,0).

Before proving Lemma 3.3.3, we recall the following lemma, proven in Chapter 2, which
is used to derive an upper bound on the gap of an optimal arm.

Lemma 2.5.8. For any Pareto optimal arm i, A; < min;.; M(i, j).

Proof of Lemma 3.3.3. Assume that &, holds. We consider four different cases depending on
whether b; and c¢; are optimal or sub-optimal.

Case 1.1: b, is a Pareto optimal arm. From the definition of the gap of an optimal arm and
using Lemma 2.5.8 it follows A, < M(b;, ¢;) which on &; and using Lemma 3.2.1 yields

Ay, 41 < M(by, ci5t) + Bpye, (,0) + €1 (3.8)

then, noting that there exists j € [K] \ {b;} such that M(b;, j,t) + &1 < B,,(t,9), by
definition of ¢;, we have

M(bta Ct; t) + &1 < Bbt,ct (t7 5)7 (39)
therefore,
Abt +e < Qﬁbt,ct(t, (5)
Case 1.2 0, is a sub-optimal arm. By definition of ¢; and using M = — m, we have
¢ € argmax m(by, j;t) + B, ;(t,9), (3.10)
JEIK\{be}

then, from the definition of the gap of a sub-optimal arm and since &; holds, we know that
there exists an arm b} such that

Abt = m(bt7 b:) < m(bt7 b:;a t) + Bbt,bg (t7 5)7
(a)
< m(by, e t) + By (t; 0),
(b)
< 26bt70t (t’ 6)

where (a) uses the definition of ¢; and (b) uses Lemma 3.5.1.

Case 2.1 ¢; is a Pareto optimal arm. If b, is also an optimal arm, it follows that A, < M(b;, ¢;)
which on &; yields A., < M(bs, ¢t;t) + Bp,.c, (2, 6), then, similarly to case 1.1, we have
M(bta ]7 t) + &1 < /Bbt,j(t7 6) SO

ACz + 61 < 26bt,ct <t7 6) *
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Now, assume b; is a sub-optimal arm. Then, by definition, A., < M(b;, ¢;)+ + Ay,. Using a
similar reasoning to case 1.2, it holds that A,, < m(bs, ¢ t) + B, ¢, (t, ), so

A, < M(by,c)s + Ay,
< (M, ct5t) 4 Boyee(£,6)) 1 +m(be, ciit) + Bry e (L, 9),
= (=m(b; ci5t) + Bopei (£,6))+ +m(be, 1) + Py, e, (£, 6),
(2 max (20, ¢ (t,0), m(bs, ct;t) + By, e, (1,0))
2 2By (t,8).

where (a) follows from (z—vy) . +(z+y) < max(x+y, 2x) and (b) follows from m(b;, ¢;; t) <
By, (t,6) (Lemma 3.5.1).

Case 2.2 ¢, is a sub-optimal arm. We know that there exists an arm ¢} such that A, =
m(cy, ¢;). If ¢; = b, then, since m(j,7) < M(4, j) (follows from the definition), we have

A, =m(e,c;) = m(e,by),
< M(bt7 Ct)7
(a)
< M(bhct;t) + 6bt,ct(t75)a
(b)
< 25bt,ct (ta 5)a

where (a) follows from &; and (b) has been already justified in the case 1.1. If b; # ¢}, then
by definition of ¢;, we have

m(bt7 Ct; t) + ﬁbz,ct (t7 6) 2 m(bt7 6:7 t) + ﬁbt,c; (t7 5)7

which implies that there exists ¢ € [d] such that

~AcC ~C AC AC gt C C
[l e, = By,  Bored(8,0) = [ cr — By, + Bouer (8,0) = pex — B,

then recalling that 3; ; = 3;,,

& ~C ~C c ¢
:uit - “zt + QBbuCt (t> 6) > (:ut,ct — Hip, — Bbmct <t7 5)) + Qﬁbmct <t7 (5) > Her — Hp, -
Together, these imply that there exists ¢ € [d] such that
Ng; - :U'gt < 2/8bt,ct (t7 6)7

SO

Act = chin [ME; - MEJ < 255)57015 <t7 5)
Combining all cases, we have proved that if ¢ < min(7¥, 7., .,) then both

€17

Ay, < 208y, 0,(t,0) and A, < 20p,.,(t,0) (3.11)
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holds. Further noting that A, is the least sampled among b;, ¢; and /3 is non-increasing,
By (t,0) < Ba,.a,(t,0), (3.11) yields

AAt < 2/8At7At(t7 5)7

which completes the proof of Lemma 3.3.3. O

The following lemma holds for each of the stopping times 7.,, 7., ., and 77 .
Lemma 3.3.4. Let 1 > 0 and 7 be as in Lemma 3.3.3. If & holds andt < T then e, <
2B4,,4,(t,0).

Proof. By Lemma 3.5.1, we have m(b;, ¢;;t) < Sy, ,(t,0) or equivalently
M<btact;t> > _Bbt,ct(t75) : (312)

Then, knowing that b, ¢ OPT!(¢), there exists an arm j such thate;+M(b;, j; t) < By, ;(t, 6).
Using further the definition of ¢, it follows that £y + M(b:, ¢;;t) < B¢, (£, 9). Combining
this with inequality (3.12) and noting that A, is the least sampled among b;, ¢; yields

BAmAt (t, 6) Z Bbhct (ta 6) P 51/2'
O
Lemma 3.5.1. Lete; > 0,62 > 0 and k € [K|. If 7 = 7F or7 = 7., ., the following holds.

Ift < 7 then forany j € [K], m(bs, j;t) < B, ;(t,0).

Proof. The proof is split into two steps.

Step 1: If ¢ < 7F then for any j € [K7|, m(b;, j; t) < By, ;(t,0).

First, note that ¢ < min(7%, 7.,) implies that Z7' (£) < 0 or Z5'(t) < 0. By definition of
b; and noting that M(7, j;t) = —m(4, j;t), we have

by € argmin maxm(i,j;t) — 5 ;(t,0). (3.13)
i€OPT=1 (¢)e J74

so that if there exists j such that m(b;, j;¢) > By, ;(t,0), then

maxm(by, j;t) — B, ;(t,0) >0,
J#be
therefore,

Vi € OPT* (1), maxm(i, jit) = Bi(t,0) > 0 e, gi(t) > 0. (3.14)
VE)

Furthermore, for any i € OPT®!(¢), h$'(t) > 0. Combining these, if there exists j such that
m(by, j;t) > By, ;(t,0) then, Z7'(t) > 0 and Z5'(¢) > 0.
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Step 2: If t < 7., ., then for any j € [K], m(b;, j;t) < B, (¢, 0).

Recall that by definition ¢t < 7, ., implies that Z7"**(¢) < 0 or Z;"**(t) < 0. Using
(3.13), if there exists j such that m(b;, j; t) > S, ;(¢,0), then

max m(by, j;t) — By, ;(t,6) > 0.
J#be

Combining this with
2(t) = max [(m(i,j;t) — B;;i(t,0) + 21 (j € OPT (t))] ,
GR(0) = mx [n(i, i) - Giy(t.5) + 221 (j € OPT (1)
yields

Vi € OPT*' (1) ,0 < miux[m(i,j;t) — Bi;(t,0)] < g2(1). (3.15)
J7F

Furthermore, since we have
Vi € OPT'(t) , hi'(t) > 0, (3.16)

the initial assumption would yield that for any arm ¢, max{h;*(t), g:*(¢t)} > 0,s0 Z;"%(t) >
0 and Z3"%*(t) > 0. We conclude that if 7 = 7% or 7, .,, t < 7 implies that for any
j S [K]vm(bt7j7t) < Bbt,j(taé)- D
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Chapter 4

Linear Model for Pareto Set Identifica-
tion

This chapter extends the study of Pareto Set Identification (PSI) to a structured multi-output
linear bandit model, where each arm is represented by a feature vector in R”" and its
mean outcome in R? depends linearly on this feature via a shared, unknown parameter
matrix § € R4,

Building upon the foundations established in Chapters 2 and 3, we introduce, to the best
of our knowledge, the first optimal-design-based algorithms for structured PSI and provide a
unified analysis in both the fixed-budget and fixed-confidence settings. Our results show
that the statistical complexity of linear PSI depends only on the h arms with the smallest
suboptimality gaps, leading to substantial reductions in sample complexity when the number
of arms is large.

Thi chapter is based on joint work with Emilie Kaufmann and Laura Richert, published
in the proceedings of AISTATS 2025.

41 Introduction . .. ... ... ... ... .o o 88
4.1.1  Complexity measures for Pareto Set Identification . . . . . 90
4.1.2  Least-squares estimation and optimal designs . . . . . . . 91
4.2  Algorithmic contribution . . . . .. ... ... ... ... ... 92
4.2.1 Optimal designs and gap estimation . .. ... .. .. .. 92
4.2.2  Fixed-budget algorithm . . ... ... ... . ... ... 96
43 Main theoretical results . . . . .. ... ... ... 0L, 96
43.1 Fixed-budget ... ... ... ... ... ... 96
432 Fixed-confidence . .. ... ... ... ... . ....... 97
433 Sketchofproofs. . ... ... ... . ... ... ... .. 99
44 Numerical study and discussion . . . . ... ... .. ....... 100
4.5 Additional proofs . . .. ... ... oo o L oL 102
45.1 Empirical gaps: Proof of Proposition 4.3.6 . ... ... .. 103
4.5.2  Probability of error: Proof of Theorem4.3.1 . . . ... .. 108
4.5.3  Sample complexity: Proof of Theorem 4.3.3 . .. ... .. 111
454 Lowerbounds .. ... ............ . ... .. 116
4.5.5 Concentrationlemmas . . . ... ... ... ........ 118

87



CHAPTER 4

4.1 Introduction

In previous chapters, we studied Pareto Set Identification (PSI) in the unstructured setting
(fixed-budget and fixed-confidence), where each arm is a distribution over R¢ and no struc-
ture is assumed between the arms. In this chapter, we incorporate additional structure
through a multi-output linear model, assuming that each arm £ is associated with a known
feature vector x;, € R" and that its mean reward vector satisfies

U = HTIk, 0 c Rth.

This setting, which we refer to as (multi-output) linear PSI, generalizes both classical
linear bandits (d = 1) and multi-objective bandits (with one-hot features, h = K). The goal
remains to identify the set of arms whose mean vectors are not uniformly dominated by any
other, while minimizing the number of samples required to achieve a given confidence level.
We bridge the settings of the two previous chapters by extending gap-based PSI algorithms
to the linear, multi-objective case.

In many applications, arms exhibit observable structure: for instance, candidate vaccines
may be characterized by design features such as antigen dose, adjuvant type, or administra-
tion schedule, and their immunogenicity responses can be measured along several endpoints
(antibody titers, neutralization, T-cell activity, Munro et al. 2021). Such features often induce
correlations across arms that can be exploited to accelerate learning. Incorporating this
structure allows the learner to infer the expected responses of untested candidates and
substantially reduces the sample complexity required for identifying promising treatments.
The same principle applies to engineering problems—such as algorithm configuration or
hardware design-where arms correspond to structured configurations with measurable
descriptors (Almer et al. 2011a).

Related work. The multi-output linear model was first explored by S. Lu et al. 2019 in the
context of Pareto regret minimization. It can also be seen as a special case of the multi-output
kernel regression model of Zuluaga, Krause, et al. 2016 under a linear kernel, for which the
authors proposed the e-PAL algorithm. Parameterized correctly for linear fixed-confidence
PSL, e-PAL has a sample complexity of order (h?/AZ2; )log(1/4).

min

Kim et al. 2023 extended the algorithm of Auer et al. 2016 using a robust estimator
to jointly minimize Pareto regret and identify the Pareto set, achieving a bound of order

(h/ Afn) log(1/0).

When d = 1, linear PSI reduces to the classical linear bandit pure exploration problem,
whose sample complexity and optimal design connections have been extensively stud-
ied (Soare et al. 2014; Tao et al. 2018; Degenne, Ménard, et al. 2020). Soare et al. 2014 first
explored the link with optimal experimental design (Pukelsheim 2006), showing that the min-
imal sample complexity can be expressed as an optimal (XY) design. They proposed the first
algorithms with sample complexity scaling in (h/AZ2. )log(1/d) where A, is the smallest
gap in the model. Tao et al. 2018 proposed a novel estimator of the regression parameter
and a G-optimal-design-based algorithm, with a sample complexity in ZLI A(Z)Q log(1/0)
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where Ay <--- < Ay, are the i smallest gaps, which improves upon the complexity of
the unstructured setting when K > h. Some algorithms even match the minimal sample
complexity either in the asymptotic regime 6 — 0 (Degenne, Ménard, et al. 2020; Jedra &
Proutiere 2020b) or within multiplicative factors (Fiez et al. 2019). Some adaptive algorithms,
such as LinGapE (Xu et al. 2018), are also very effective in practice, but without provably
improving over unstructured algorithms in all instances.

The fixed-budget setting has been studied by Azizi et al. 2022; Yang & Tan 2022, who
propose algorithms based on Sequential Halving (Karnin et al. 2013) where in each round,
the active arms are sampled according to a G-optimal design. The best guarantees are those
obtained by Yang & Tan 2022 who show that a budget T of order log, (h) Z?:l A(Zf log(1/0)
is sufficient to ensure an error probability at most 9.

Katz-Samuels, Jain, et al. 2020 propose an elimination algorithm for both fixed-confidence
and fixed-budget settings, using optimal design to minimize the Gaussian width—-a complexity
measure that may better capture non-asymptotic error rates. Extending such notions to
linear PSI is challenging due to the complex structure of the set of alternative models with a
different Pareto set.

Contributions. We formalize the linear Pareto Set Identification (linear PSI) problem
as an extension of PSI to structured arms with features in R”, allowing the learner to
exploit shared information across arms through their linear structure. We propose GEGE (G-
optimal Empirical Gap Estimation), the first PSI algorithm based on G-optimal experimental
design, applicable to both fixed-confidence and fixed-budget regimes. At each round, arms
are sampled according to a G-optimal design computed over the feature space, ensuring
maximal information gain for estimating the relevant gaps between arms.

Our unified analysis establishes instance-dependent sample complexity bounds showing
that the hardness of linear PSI scales with the / smallest suboptimality gaps: replacing the
unstructured dependence on all K arms with Z?:l A(_Z)z instead of K/AZ%. . This yields
a substantial reduction in sample complexity compared to the unstructured algorithms
of Chapters 2 and 3. In the fixed-confidence setting, GEGE achieves identification within
O(log(1/A(1)) adaptive rounds, while in the fixed-budget setting, it is, to our knowledge,

the first algorithm for multi-output linear bandits with near-optimal performance guarantees.

Learning model. We formalize the linear PSI problem. Let d, h € N* with h < K. Each
arm k € [K] is associated with a known feature vector x;, € R" and an unknown mean
reward vector ji;, € R satisfying

p, = 0"y, 0 € R"™,
where 0 is an unknown parameter matrix. Let X' := (x1,...,2x)" and [K] = {1,..., K}.

Definition 4.1.1 (Pareto dominance). For any two arms ¢, j € [K |, arm ¢ is weakly dominated
by j if juf < p§ for all ¢ € [d]. Tt is dominated (i < j) if it is weakly dominated and strictly
smaller in at least one coordinate, and strictly dominated (i < j) if all inequalities are strict.
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The (strict) Pareto set is then defined as

= {1 e [K]:#j e [KI\{i}, i < 15}

At each round t, the learner selects an arm A, € [K| and observes

Yo =0 w4, + 05,

where 7, is centered and, conditionally on A;, has o-subgaussian marginals'. The goal is to
identify S* as efficiently as possible.

In the fixed-confidence setting, given 0 € (O 1), the learner collects samples up to a
stopping time 7 and outputs S, such that IP’(S # §*) < ¢ while minimizing 7. In the
fixed-budget setting, sampling stops after 7" rounds, and the objective is to minimize the
error probability ey = P(§T # S*).

Throughout the chapter, we use the following notation. A,, denotes the probability simplex
in R™. For a positive semidefinite matrix A € R"*" and a vector z € R", we write ||z|} =
2" Az, and x(i) denotes the i-th coordinate of z. For scalars a,b € R, a A b := min{a, b}
and (a), = max{a,0}.

4.1.1 Complexity measures for Pareto Set Identification

As discussed in Chapters 2 and 3, the difficulty of Pareto Set Identification (PSI) in the
unstructured setting can be quantified through suitable notions of suboptimality gaps, which
measure how confidently one can classify each arm as dominated or non-dominated. These
gaps, first introduced by Auer et al. 2016 and further refined in Chapter 2, rely on the
quantities

m(Zvj) = gelhll}[ﬂj_:uzc]’ M(Z,j) — _m(iuj)’

which respectively capture how much arm j dominates arm ¢, or how much 7 must be

shifted component-wise to dominate i. In particular, m(4, j) > 0 if and only if ¢ < j, while
M(i,7) > 0 if and only if i £ j.

For each arm ¢, the suboptimality gap A; (see Lemma 1 in Kone, Kaufmann, et al. 2024)
is defined as

AY, ifi ¢ S*,
m;n [M(4, ) A (M(j,)4 + (A})4+)] . otherwise, (*.1)
JF
with
AY == maxm(i,j) .
maxm(i, j)

Intuitively, for a dominated arm i, A; represents the minimal shift required to make it
non-dominated, while for an optimal arm ¢, it measures its closest separation from both
other optimal and suboptimal arms.

'A centered random variable X is o-subgaussian if log E[exp(AX)] < A?02/2 for all A € R.
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In the sequel, we assume without loss of generality that A; < A; < ... < Agk.
Following Chapters 2 and 3, we recall the global complexity measures

K
— -2 — v
H(v) = ;Ai and Hy(v) = ggg}(A—?,
which govern the sample complexity in the fixed-confidence and fixed-budget settings,
respectively.

Structured complexity under linearity. In the linear setting, the learner estimates the
low-dimensional parameter § € R"*? rather than the K individual means, leading to a
substantial reduction in complexity. We therefore define the analogous quantities

l

h
1
Hl,lin(l/) = ZP’ HQ,lin(V) = T}é%f](p7 (4.2)
i=1 ¢ ?

which characterize the hardness of the linear PSI problem in the fixed-confidence and fixed-
budget settings, respectively. Since these depend only on the h smallest gaps, Hy jin () <
H,(v) and Hsyin(v) < Ha(v), illustrating the gain achieved by leveraging linear structure.

4.1.2 Least-squares estimation and optimal designs

Given n arm selections a1, . . . , a,, define X,, := (24,...74,)T € R and Y, :=(y; ... yn)"E
R™*?, We define the information matrix as V,, = X1X,, = 31 N, (i)z;2] € R where
N,,,; denotes the number of observations from arm ¢ among the n samples. More generally,
given w € RY, we define V(w) = S5 w(i)z;z].

The multi-output regression model can be written in matrix form as Y,, = X,,0 + H,
where H,, = (11 ...7,)7 is the noise matrix. The least-squares estimate én of the matrix
0 is defined as the matrix minimizing the least-squares error Err,(4) = || X,A — Y, |.
Computing the gradient of the loss yields V,0, = X Y,,. If the matrix V,, is nonsingular,
the least-squares estimator can be written

0, =V XY,

In the course of our elimination algorithm, we will compute least-squares estimates based
on observations from a restricted number of arms, and we will face the case in which V},
is singular. In this case, different choices have been made in prior work on linear bandits:
Alieva et al. 2021 define a custom “pseudo-inverse” while Yang & Tan 2022 define new
contexts z; that are projections of the x; onto a subspace of dimension rank(Xs) where
Xs = (z; : i € S)T and S is the set of arms that are active. We adopt an approach close
to the latter, which is described below. Let the singular value decomposition of (Xs)T be
USVT where U, V are orthogonal matrices and B = (uy, ..., u,,) is formed with the first
m columns of U where m = rank(X). We then define

Vi = B(B'V,B)'BT and 6, =V/XTY,. (4.3)

The following result addresses the statistical uncertainty of this estimator.
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Lemma 4.1.2. If ¥ € R%? is the covariance matrix of the noise 1, and a1, ..., a, are
deterministically chosen, then for any x; € {x,,, ..., %4, }, Cov(0Tz;) = HSL‘ZH%/TE
Hence, achieving uniform estimation accuracy across arms amounts to selecting {a, ..., a, }
so as to minimize max;eg ||z; ||%/,T Relaxing this combinatorial problem leads to the G-optimal
design:
: ~ 12
wg € argmin max Hxin/(w)fl, (4.4)
'LUEA|S‘

where 7; = BT x; are the projected features and V (w) = >iegw(i) T;T; , with the con-

vention that w(i) indexes arms in S. Intuitively, w¥ specifies a sampling distribution over
the active arms that yields the most uniform estimation accuracy of their mean responses
under the projected model (4.3). A procedure for computing w¥ is provided in Appendix H
of Kone, Kaufmann, et al. 2025a.

4.2 Algorithmic contribution

Our elimination algorithms operate in rounds. They progressively eliminate a portion of
arms and classify them as optimal or suboptimal based on empirical estimation of their
gaps. In each round, a sampling budget is allocated among the surviving arms based on a
G-optimal design.

4.2.1 Optimal designs and gap estimation

At round r, we denote by A, the set of arms that are still active. To estimate the means
and, henceforth, the gaps, we first compute an estimate of the regression matrix denoted 0,.
This estimate is obtained by carefully sampling the arms using an integral rounding of a
G-optimal design.

Algorithm 4.1 takes as input a set of arms S, a budget NV and chooses some /N arms to
pull (with repetitions) based on an integer rounding of w¥, a continuous G-optimal design
over the set {7;,i € S} of (transformed) features associated with the arms (see Section 4.1.2).
Several rounding procedures have been proposed in the literature, and we use that of Allen-
Zhu et al. 2017, henceforth referred to as ROUND, which satisfies the following guarantees,
as proven in Lemma 12 of Kone, Kaufmann, et al. 2025a.

Lemma 4.2.1 (Lemma 12 of Kone, Kaufmann, et al. 2025a). ROUND(N, Xs, w§, k) outputs

a sequence of arms (ay, . ..,ay) € SV such that
FS W
a2, < (1+ 6r) L5,

where Fs(w%) is the optimal value of (4.4).
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Algorithm 4.1: OpTESTIMATOR: Least-squares estimation from G-optimal design

Require:Subset S C [K|, sample size N, precision x

// Feature transformation (Section 4.1.2)

1 Compute the transformed features Xg = (BTz;,i € S) with B as defined in
Section 4.1.2 // G-optimal design over transformed features and
sampling

2 Compute a G-optimal design wy over the set Xy

Pull (ay,...,ayx) < ROUND(N, Xs, w}, k) and collect responses vy, . .., Yy

w

4 Compute VJI, as in Eq. (4.3) and compute the OLS estimator on the samples collected

N
0« Vi Z Ta, U
t=1

A~

return: 0

By the Kiefer-Wolfowitz theorem (Kiefer & Wolfowitz 1960), Fg(w%) = hg, the di-
mension of span{z; : ¢ € S}. This observation is key to the following concentration
result.

Lemma 4.2.2. Let S C [K], k € (0,1/3] and N > 5hg/r? where hg = dim(span{z; : i €
S}). The output 6 of OPTESTIMATOR(S, N, k) satisfies for alle > 0 andi € S

) Ne?
P —0)Tx, > <2 — .
(0= ) <30 ()

Proof of Lemma 4.2.2. By assumption, the noise vector has o-subgaussian marginals. It is
easy (see e.g., proof of Lemma 11 in Kone, Kaufmann, et al. 2025a) to see that for any i € 5,
the marginals of (6 — §)x; are o|| XLV, z;|.-subgaussian. Then, direct algebra yields

IXEViill3 = alViveVia
= a] (Bs(BLVnBs) 'Bl) Vi (Bs(BLVnBs) 'BL) x;
= 1]Bs(BLVyBs) 'Blz;

dIVis = il

Next, by concentration of subgaussian variables (see e.g., Lattimore & Szepesvari 2020)

~ 2
B0 = 0) il > ©) < zdexp( _>

22l

2
< 2dexp | — 5 c 5 ,
20 manGSkaHVT
N

and the result follows from Lemma 4.2.1. ]
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Empirical gaps. Once the parameter 0, has been obtained as an output of Algorithm 4.1
with S’ = A, and an appropriate value of the budget N, we compute estimates of the mean
vectors as fi;, = 07x; and the empirical Pareto set of active arms,

S’I‘ = {ZGAT . ﬂ] eAr:ﬂ’i7T _<I[L.777”}

In both the fixed-confidence and fixed-budget settings, at round r, after collecting new
samples from the surviving arms, GEGE discards a fraction of the arms based on the empirical
estimation of their gaps. We first introduce the empirical quantities used to compute the

gaps:

M(i, j;r) = max[i;, —a5,], and
celd] ) ’
m(i, j;r) = gelg]l[uj,r—m,r]-

We define for any arm i € A,

N* . o
Aj, = Erel%{m(l’j’r) :

and the empirical estimates of the PSI gaps as:

(4.5)

R Az, ifi€ A\S,
T \e, ifies,
with ;5\1-*7r = minjea,\ (i} [M(2, 75 7) A(M(F,557) 4 + (A;T)Q] the empirical estimates of the
gaps introduced earlier in Section 4.1.1 and already used in Chapter 2.

Unlike BAI, which only requires rejecting suboptimal arms, PSI must explicitly classify
each arm as either Pareto-optimal or dominated, since the cardinality of the Pareto set is
unknown. These classification mechanisms are detailed in the following sections for the
fixed-budget and fixed-confidence settings.

Final output. In both cases, letting A, be the set of active arms and B, be the set of arms
already classified as optimal at the beginning of round r, GEGE outputs B,,; U A, as the
candidate Pareto-optimal set, where 7 denotes the final round. Moreover, A, contains at
most one arm.

GEGE for ¢-PSI. Algorithm 4.2 can be easily modified to identify an e-Pareto set. As
introduced in Auer et al. 2016 and studied in Chapter 3, an e-Pareto set S. is such that
S* C S; and for any arm ¢ € S, A} < e: it contains the Pareto set and possibly some
suboptimal arms that are (¢)-close to be optimal. To identify an e-Pareto set, we relax the
stopping condition: instead of stopping when it remains only one active arm (i.e, |A4,| < 1),
we stop when (| 4,| <1 or &, < ¢/4) holds. After stopping, the same set is recommended,
namely A, 1 U B,.;. The guarantees of GEGE under this modification are discussed in
Section E.5 of Kone, Kaufmann, et al. 2025a.
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Algorithm 4.2: GEGE: G-optimal Empirical Gap Elimination (fixed-confidence)

Require:risk parameter § € (0,1); noise proxy o?

1 Initialize: set of active arms A; < [K|; set of arms (so far) optimal B; < (; set
of discarded arms D; < (); 7 + 1

while |Ar| > 1do

// Schedule, confidence split, and local dimension

R S L
2.2 T g2

// Round budget via G-optimal design complexity
32(1+3¢e,) 0% h A.ld
4 |t ( QT) 7"log(—{ - )
Sy 257’
// Compute estimate from near G-optimal allocation over A,
5 0, OPTESTIMATOR(AT, t,, 87«)

N

3 Ep h, dim(span{.:ci 11 E Ar})

6 Compute S, and empirical gaps ﬁi,r via (4.5)

// Accept strong Pareto-optimal arms; discard strong
suboptimal arms

7 By B, U{ieS A, >¢}

8 D1 D, U{ie A \S A, >¢/2}

// Shrink active set and advance round

9 A — A\ (Dr+1 U Br+1)
10 r—r—+1

11 return B, U A,
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4.2.2 Fixed-budget algorithm

Algorithm 4.3, operates over [log,(h)] rounds, with an equal budget of 7'/ [log, (h) | allocated
per round. By construction |A“Og2(hﬂ+1‘ = 1. At the end of round r, the [h/2"| arms with
the smallest empirical gaps are kept active while the remaining arms are discarded and
classified as Pareto optimal (added to B,) if they are empirically optimal (belonging to set
Sy) and deemed suboptimal otherwise. If a tie occurs, we break it in favor of empirically
Pareto-optimal arms (i.e., keep arms in .S, when possible). This is crucial to prove the
guarantees on the algorithm, as sketched in Section 4.3.

Algorithm 4.3: GEGE: G-optimal Empirical Gap Elimination (fixed-budget)
Require:Total budget 7'; feature dimension h

T
1 Initialize: R < [logy(h)]; ¢, + [ﬁ—‘ : per-round allocation size (equal split

across rounds) ; set of active arms Ay « [K]; By < 0; D; + 0;
for r = 1 to [log,(h)| do
// G-optimal design over current active set
5 | B, OPTESTIMATOR (A, , t,, 1/3);
// Execute allocation, update estimates, form Pareto set and
gaps
4 Compute S, (empirical Pareto set) and gaps Ai’r via (4.5);

V)

// Keep the [h/2"] smallest-gap arms for next round
h

2
// Tie-breaks favor arms in S,

5 m, < [ —‘ ; A, + the m, arms in A, with smallest ﬁw;

6 break ties by keeping i € S, when possible;
7 | B B U (S N (AN Arr))s

8 | DrJrl + D, U ((Ar \ Ar+1) \ ST);
BR+1 UARJrl

-}

4.3 Main theoretical results

We now turn to the theoretical analysis of the proposed algorithms. In this section, we
establish finite-sample guarantees for both the fixed-budget and fixed-confidence versions
of GEGE, beginning with the fixed-budget setting.

4.3.1 Fixed-budget
In the fixed-budget setting, Algorithm 4.3 satisfies the following guarantees.
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Theorem 4.3.1. The probability of error of Algorithm 4.3 run with budgetT" > 45hlog, h is
at most

T
_ log C(h.d. K
eXp( 120002 Hy m[logy 1] 02 (h.d, >> ’

where C'(h,d, K) = 2d (K + h + [logy h]).

To the best of our knowledge, GEGE is the first algorithm with theoretical guarantees for
fixed-budget linear PSI. Our result shows that in this setting, the probability of error scales
only with the first 4 gaps. In Chapter 2, we introduced EGE-SH, an algorithm for fixed-budget
PSI in the unstructured setting whose probability of error is essentially upper-bounded by

— log(2d(K — 1)|8*|log, K) | .
o (- gpsrp e 184K DI 108, )

Therefore, GEGE largely improves upon EGE-SH when K > h.

When K = h and z1, ...,z are the canonical R"-basis, both algorithms coincide?,
thus, GEGE can be seen as a generalization of EGE-SH.

The following lower bound for linear PSI in the fixed-budget setting shows that GEGE is
optimal in the worst case, up to constants and a log, (h) factor.

Theorem 4.3.2. Let Wy be the set of instances with complexity Hs j;, smaller than H. For
any budget T', letting S:a;lg be the output of an algorithm alg, it holds that

inf sup Py(g;lg #8*(v)) = 1exp ( 2T ) :

alg veWgy 4 HO—Z

4.3.2 Fixed-confidence

We now turn to the fixed-confidence regime, where the learner adaptively collects samples
until it can identify the Pareto set with confidence 1 — 4.

Theorem 4.3.3. With probability at least 1 — o, Algorithm 4.2 identifies the Pareto set using

at most
h o o
o Kd 2
log,(2/A1) + O (Z —— log (— log, (—)))
— A? ) A

samples and [log,(1/A1)] rounds.

This result shows that the complexity of Algorithm 4.2 scales only with the first
gaps. In particular, when K > h using our algorithm substantially reduces the sample
complexity of PSI. In Table 4.1, we compare the sample complexity of GEGE to that of
existing fixed-confidence PSI algorithms, showing that GEGE enjoys stronger guarantees
than its competitors. We emphasize that both Kim et al. 2023 and Zuluaga, Krause, et al.
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Table 4.1: Sample complexity up to constant multiplicative terms of different algorithms for PSI in
the fixed-confidence setting.

Algorithm Upper-Bound on 75 Linear PSI
Zuluaga, Krause, et al. 2016 (A’f‘ > log3 (%) (4
Kone, Kaufmann, et al. 2023 | 3.5 | 2 log(Elog(+-)) X
Kim et al. 2023 < log(dgz\f)) 4
GEGE (Ours) Sy ar log(Elog()) v

2016 use uniform sampling and do not exploit an optimal design, which prevents them from
reaching the guarantees given in Theorem 4.3.3.

The result below upper bounds the sample complexity by leveraging properties of the
optimal design.

Theorem 4.3.4. With probability at least 1 — 0, the sample complexity of Algorithm 4.2 is
upper bounded by

1 20% |z lP iy, Kd
log — inf 1 .
O < %8 A wehy beihy A2 SN

This provides an alternative characterization of the sample complexity, though it is not
directly comparable to Theorem 4.3.3 in general.

We state a lower bound, showing that our algorithm is essentially minimax optimal for
linear PSL

Theorem 4.3.5. For any K,d, h € N, there exists a set M(K,d, h) of linear PSI instances
such that forv € M(K,d, h) and for any §-correct algorithm for linear PSI, with probability
at least 1 — 4,

1
75“4 >0 (Hum(l/) log 5) .

Remark 4.1. When K = h and x,..., 2k form the canonical R”" basis, we recover the
classical PSI problem. We note that, unlike its fixed-budget version, GEGE does not coincide
with an existing PSI identification algorithm. Instead, it matches the optimal guarantees of
Kone, Kaufmann, et al. 2023 while needing only [log(1/A)] rounds of adaptivity, which is
the first fixed-confidence PSI algorithm having this property. Such a batched algorithm may
be desirable in some applications, e.g., in clinical trials where measuring different biological
indicators of efficacy can take time.

2Up to the fact that EGE-SH does not discard samples between rounds
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4.3.3 Sketch of proofs

Before sketching our proof strategy, we highlight a key property of PSI that makes the
analysis different from classical BAI settings. Let a be a (Pareto) suboptimal arm. From
(4.1), there exists a* € §* such that A, = m(a, a*) and importantly, a* could be the unique
arm dominating a. Therefore, discarding a* before a may result in the latter appearing as
optimal in the remaining rounds, thus leading to the misidentification of the Pareto set.

To avoid this, an elimination algorithm for PSI should guarantee that if a suboptimal
arm a is active, then a* is also active. We introduce the following event

P.={Vs<r:Vic (S ic A, =i* € A}

An important aspect of our proofs is to control the occurrence of P, (by convention, if
P, holds and A, = () for any s > ¢, then P, holds). The first step of the proof is to
show that when P, holds, we can control the deviations of the empirical gaps, which is
essential to guarantee the correctness of GEGE and to control its sample complexity in the
fixed-confidence setting. We now define for > 0, the good event

&) = {vijeA: H(ér—e)T(;ci—xj)

<nj. (+6)
Letting n, = |.A,| and X a constant to be specified, we introduce

g = nleMlerA, ), and & = NZ,E(e,/2).
We then prove by concentration and induction the following key result.

Proposition 4.3.6. Let A € (0,1/5) and assume & (resp. £, in fixed-budget) holds. Then at
any round r, P, holds and for all armi € A,,

Kz‘m —A; > {_Ur ifie §* where 1, = {2/\Anr+1+1 (fixed-budget)

—n./2  else, Er (fixed-confidence).

Building on this result, we show that the recommendation of Algorithm 4.3 is correct
on &£}, so its probability of error is upper-bounded by inf ¢ (o 1/5) P(£3,). We conclude the
proof of Theorem 4.3.1 by upper-bounding this probability (see Section 4.5).

Similarly, using Proposition 4.3.6 we prove the correctness of Algorithm 4.2 on &.: at
any round r, B, C §* and D, C (8*)¢. To further upper bound its sample complexity, we
need an additional result to control the size of A,.

Lemma 4.3.7. The following statement holds for Algorithm 4.2 on the event &.: forallp € [K]|,
after [log(1/A,)] rounds it remains less than p active arms. In particular, GEGE stops after at
most [log(1/A1)] rounds.

The proof of this lemma is given in section 4.5.3. To get the sample complexity bound
of Theorem 4.3.3, some extra arguments are needed. We sketch some elements below (the
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full proof is given in section 4.5). Assume & holds and let 75 be the sample complexity of
Algorithm 4.2. Lemma 4.3.7 yields 75 < 21[1:0%(1/A1)] O(h,/e2) with h, < |A,|.

Using Lemma 4.3.7, we introduce "checkpoints rounds” between which we control |A,|
and thus h,. Let the sequence (c,)s>o defined as g = 0 and a; = [logy(1/A /25))], for
s > 1. Simple calculation yields o/|iog,(n)] = [logo(1/A1)] and {1,. .., [logy(1/A1)]} =
Ug:?(h” [1+ as_1, ). Therefore

UOgQ (h)]

< Y Z O(|A,|/2)

s=1 r=ag_1+1

Now by Lemma 4.3.7, forr > a, |A,| < | h/2°], so essentially 75 < ZUOgQ oo | h/2s)).
Carefully re-indexing this sum and addressing a few more technicalities, we obtain the result
in Theorem 4.3.3. Showing that ]P’(Efc) > 1 — ¢, from Lemma 4.2.2 completes the proof of
Theorem 4.3.3 (see Section 4.5)

On the other side, combining the Kiefer—-Wolfowitz theorem

Mog(1/A1)] )
o?h, Kd2r
Ts < Z (’)( = log )

r 6
r=1
[log(1/A1)] 2 .
S e~ © (wlenaf Eéiﬁx”“”"k”v 2 log 5 ) (Kiefer-Wolfowitz).

Next, note that if £ € A, then A, < 2¢,_; (otherwise it would have been discarded at
the end of round r — 1). Therefore, 1/ < 4/A? for any arm k € A,. Putting these displays
together yields

[log(1/A1)] ”1%“2 r
vy Kd2
< E

1 20% |zl Py, Kd
< O|log— inf 1 .
( OB A weh I T A N

4.4 Numerical study and discussion

We now empirically evaluate the proposed algorithms on both synthetic and real-world
instances. Our experiments aim to validate the theoretical guarantees derived in Section 4.3,
and to illustrate the statistical and computational advantages of exploiting the linear structure
in Pareto set identification.

Experimental setup. In the fixed-budget setting, we compare GEGE-FB with two unstruc-
tured PSI algorithms from Chapter 2-EGE-SH and EGE-SR-as well as a uniform sampling
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baseline. In the fixed-confidence setting, we benchmark GEGE-FC against APE, the fully
adaptive algorithm introduced in Chapter 3, and PAL (Zuluaga, Sergent, et al. 2013), a
Gaussian-process—based method instantiated here with a linear kernel. For the synthetic
instances, we fix feature vectors x1, ..., x;, and add additional arms x4, ..., Zx. A com-
mon regression matrix 6 is shared across all instances. Given K > h, we construct a linear
PSIl instance vi by augmenting the base feature set with the additional arms 1, ..., 2k,
chosen such that the first 4 arms have identical minimal gaps. Consequently, the complexity
terms H i, and Hsy, remain constant as K grows. Unless stated otherwise, we set h = 8
and d = 2.

For the real-world dataset, we evaluate the algorithms on the NoC dataset (Almer et al.
2011b), a bi-objective hardware design benchmark involving d = 2 performance metrics—
energy consumption and runtime—-across X = 259 implementations, each described by
h = 4 features for hardware implementation (chip area, bandwidth, etc.)

For each algorithm, we report (i) the empirical probability of misidentification in the
fixed-budget case, and (ii) the empirical distribution of the sample complexity in the fixed-
confidence case, both averaged over 500 independent runs. We fix § = 0.01 for fixed-
confidence experiments and 7' = [ Hy j;, | for fixed-budget ones.

099 —w— EGE-SH 30,000
GEGE[FB]
089 —— Uniform -
X 25,000

© 0.71 =
© £
— Q
© 061 ® 20,000 1 - APE
& S —— PAL
[} £
05 g —F— GEGEJFC]
E $ 15,000 1

0.4 8

<
0.3 10,000
p o G,
—r T
0.21— T T T T T T T T T T
20 10 60 80 100 120 10 15 20 25 30
Number of arms K] Number of arms K]

Figure 4.1: Average misidentification rate Figure 4.2: Average sample complexity vs. K
vs. K (synthetic data). (synthetic data).

Summary. Theoretical results (Theorems 4.3.1 and 4.3.3) predict that the sample com-
plexity of GEGE depends on the number of arms K only through logarithmic factors. This
trend is confirmed empirically: in Figure 4.1, the misidentification rate of GEGE-FB remains
almost constant as K increases, whereas that of EGE-SH/SR rises sharply. Similarly, in
Figure 4.2, the sample complexity of GEGE-FC shows only mild dependence on K, unlike
the unstructured baseline.

On the real-world NoC experiment, GEGE consistently outperforms all competitors. In
the fixed-confidence regime (Figure 4.4), it requires substantially fewer samples to achieve
0-correct identification than both APE and PAL. In the fixed-budget regime (Figure 4.3),
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Figure 4.3: Average misidentification rate Figure 4.4: Empirical sample complexity (NoC
vs. T' (NoC experiment). experiment).

the probability of misidentification is reduced by up to 50% compared to EGE-SH. Notably,
EGE-SH requires 7" > K log, K ~2000 to operate on this instance, while GEGE-FB succeeds
with T' > [log, h]. Each experiment runs in under 10 seconds for instances with up to

K =500and d = &.

Discussion. Overall, GEGE provides the first near-optimal algorithms for Pareto set
identification in multi-output linear bandits. By leveraging optimal design principles, it
efficiently estimates both mean responses and dominance gaps, yielding strong theoretical
guarantees and consistent empirical performance across settings. In the fixed-budget regime,
GEGE-FB achieves near-minimax guarantees; in the fixed-confidence regime, GEGE-FC
remains the only algorithm with provably limited adaptivity.

While the complexity terms of GEGE depend only on the £ smallest gaps, logarithmic
dependencies in K remain due to standard union bounds. Following the empirical-process
techniques of Katz-Samuels, Jain, et al. 2020, future work could explore whether these
logarithmic factors can be eliminated. Finally, extending the optimal design approach to
high-dimensional or kernelized feature spaces—along the lines of Camilleri, Jamieson, et al.
2021—would be a promising direction for PSI in rich function classes.

4.5 Additional proofs

In the subsequent sections, r will always denote a round of GEGE, which should be clear from
the context. We then denote by A, active arms at round r and by 0, the empirical estimate
of 0 at round r, computed by a call to Algorithm 4.1. By convention we let maxy = —oo.
For any suboptimal arm i, there exists a Pareto-optimal arm ¢* (not necessarily unique)
such that A; = m(i,7*). More generally given a suboptimal i we denote by i* any arm of
argmax,cgs. m(i,j).  Ataround r, we let

P,o={Vse{l,....;r}, Vie A, i € (§)° =i € A}, (4.7)
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with P = P.
In particular, for a suboptimal arm 4, i* € A, should be understood as

As N (argmaxm(i, j)) # 0
jes*

. If for some 7, P; is true and A, ; = () then we say that P holds.

4.5.1 Empirical gaps: Proof of Proposition 4.3.6
In both the fixed-budget and fixed-confidence setting, the proof proceeds by induction on
the round r.

To establish this first result, we need the following intermediate lemmas, proved at the
end of the section.

Lemma 4.5.1. At any round r and for any arms i, j € A, it holds that
| M(i, jir) = M@, )| < (I8 = 0) (i — )| and
| m(i, i) =m(, )| < (0 = 0)7(w: — 2))|oo-

Lemma 4.5.2. At any round r, for any suboptimal arm i € A,, ifi* € A, and i* does not
empirically dominate i then AT < ||(0, — 0)7(x; — x;+)

Deviations of the gaps when P, holds. In this part, we control the deviations of the
empirical gaps when proposition P, holds.

Lemma 4.5.3. Assume that the proposition P, holds at some round r. Then for any arm
i € A, it holds that
Br)s - @] < B, -

< Yir

where 7y, = MaXje A, H(é,, —0)T(x; — 2;)]0o-

Proof. This inequality is a direct consequence of Lemma 4.5.1 and the relation |z, — y,| <
|z — y|) which holds for any z,y € R. Note that for a Pareto-optimal arm ¢ we trivially
have (Af)T = 0 = (max;je.4, m(, j))+. And for a suboptimal arm i € A,, as i* € A, (from
proposition P,) we have A} = m(4,7*) = max;je, m(, j). Thus for any arm i € A, we
have

Y

Br)r - (An] =

(maxm(i, j; 7))+ — (maxm(i, )+

JEA, JjEA,
< (?é%{m(i’j;r)) — (%%Cm(%])) )
< max |m(i, js7) = m(i, j)|
< max (ér — Q)T(Zlﬁ'l — Ij) ‘ = Yi,rs
]E-Ar o0
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where the last inequality follows from Lemma 4.5.1. O]

Lemma 4.5.4. If the proposition P, holds at some round r then for any armi € A,,

~ —2v, ifi € §*,
Ro-az 0 ¥
—%ir  else

where 7y; , ‘= MaX;e, H(ér — ) (z; — xj)||oo and v, = max;ea, Vi,

Proof. We first prove the result a suboptimal arm . From the proposition P,, as i € A, we
have i* € A, so A; = max;e 4, m(i, j) and we recall that

ﬁi,r = max (ﬁ:r,gjr) (4.8)

Note that by reverse triangle we have for any arm ¢ € A, (suboptimal or not)

0 - < i) — (i, ). 49
‘(gggfm(m'r’)) (gl;i{ém(z,J))' max | m(s, 5, ) — m(i, j)| (4.9)
< max (6, — 0)T(z; — ;) ‘ = Yir (4.10)

JEA, %)

where the last inequality follows from Lemma 4.5.1. If i a suboptimal arm (i ¢ S*) then as
A; = A}, it follows
A AV WAV AW

therefore

>)
£
|
e
\V;

—|AY, - A
= —l(maxm(i, j;r)) — (maxm(i, j))|
> —vi, (see(4.10)).

Now we assume ¢ is a Pareto-optimal arm (i € S*) so that

A, = 5.

Combining with Eq. (4.8) yields

ﬁlr_Azr>g* — 0

) ) BT 79

where we recall that

5 = min M@, ;) A (M(,é;7), + (A%,
P = MG T A (G )+ (A5))

and
0F == min [M(z,7) A (M(4,7)4 + (A% .
i jE[K%\{i}[ (4,7) A (M(F,9)+ + ( ])+)]
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As for any x,y € R we have |z — yT| < |x — y|, the following holds for any i, j € A,

| M(j, d;7)" = M(j,4) | | M(j, 457) = M(j,2))] (4.11)

<
< Vi (4'12)
From Lemma 4.5.3 we have for any j € A,

(B, — (A7) = =0 (413)

Combining (4.12) and (4.13) yields for any j € A,

~

M(7,57)+ + (A%,)+ = M9+ + (A))+ — 279, (4.14)

which in addition to M(j, ¢;7) > M(j,4) — v, yields

o~

Mz, g5 ) A (MG, 6 7) 4 + (A7) 0)] = MG, 5) A (MG, )4 + (A7) 0)] = 2%,

for any arm j € A,. Thus taking the min over i € A, yields

5 = min M(i, j;7) A (M(g,4;7) 4 + ﬁ*-r
i,r jEAr\{i}[ ( J ) ( (] )+ ( 7, )+>]
min [M(i, 7) A (M(4, 7)1 + (A%) )] — 27,
j%\{i}[ (4, 9) A (M(J, )4 + (AF) )] — 2
> min [M(7,7) A (M(7,7)4 + (A% - 29,

jem\{i}[ (4, 7) A (M(J, )4 + (AF) )] — 2
= 51* — 27

WV

which concludes the proof of this lemma. [

Building on this result, we show that P, holds in the fixed-confidence and fixed-budget
settings.

Fixed-budget setting. We recall the definition of the good event for any A > 0.
& = V1.5 € At (B, — 0 (i = 23)lloo < M1}

and £ = ﬂ,[l;)?(hﬂgf%’\. We prove that proposition P, holds on the event £ for some
any A € (0,1/5).

Lemma 4.5.5. The proposition holds P, on the event £y for any A € (0,1/5): at any round
re{l,...,[log, h| + 1} and for any armi € A, N (S*)%, i* € A,.

Proof. We prove P, by induction on the round r. In the sequel we assume £ holds. We also
assume P, is true until some round r. As £} holds, we have by application of Lemma 4.5.4:
for any arm i € A,,

—20\A, 41 ifieS*

(4.15)
—AA, 41 else.

Ei,r A {
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We shall prove that if a Pareto-optimal arm ¢ is discarded at the end of round r then there
exists no arm suboptimal j € A, such that j* = i. Since 7 is removed and | A, 1| = 1,41
there exists k, € A, 1 U {i} such that

A, 2 Ap 41 (4.16)

If 7 is empirically suboptimal then as it is discarded we have

~

—~ ~,
Ai,r = Aiﬂ» = Ak r

)

forany arm k € A, ;. So ﬁjr > ﬁkhr thus using (4.15) and (4.16) it comes that

max m(1, > A, —3)\A,
quT\{i} ( q) = 'r+1+1 T+1+1

= (1 - 3)\)An7‘+1+1

and the latter inequality is not possible for A < 1/3 as the LHS of the inequality is negative
as ¢ is a Pareto-optimal arm.

Next we assume that 7 is empirically optimal. We claim that j is not dominated by ¢. To
see this, first note that as j € A, ; we have

A=A, (4.17)
so that as ¢ is empirically optimal, if j was empirically dominated by ¢ we would have
Aiﬂ" < M(.]? Za T)—i— + (A;,r)—l- - Aj,r‘ (418)

Combining (4.17) and (4.18) yields ﬁw = ﬁjﬂ«, 1 is empirically optimal and j is empirically
suboptimal. However, our breaking rule ensures that this case cannot occur. Therefore, j is
not dominated by ¢. But, by assumption, j is such that j* = ¢ and we have proved that ¢
does not empirically dominate j so by Lemma 4.5.2

A; < [[(6r = 0)(; — 2)llos

which on the event &, yields
A; < AAL L (4.19)

On the other side, as 7 is discarded as an empirically optimal arm we have

-~

~ ~
Ai,r = 61’,7‘ > Ak,r

for any arm k € A, ;. Since k, € A, U {i} it comes ;5\;7 > ﬁkhr thus using (4.15) and
(4.16) yields

M(j, i)+ + A5 = Ap, i1 — 4AA, 1
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which further combined with (4.19) yields
M(], i)+ > (1 - 5)‘)Anr+1+l-

However, as j* = ¢ we have M(j, 1), = 0 so the latter inequality is not possible as long as
A < 1/5. Combining these, we have proved that if P, holds, then for any Pareto-optimal
arm 7 which is removed at the end of round r, there does not exist an arm 5 € A, such
that j* = 7. So P,41 holds. Finally noting that P, trivially holds for » = 1 we conclude that
P holds on the event £ for any A < 1/5. O

Combining this result with Lemma 4.5.4 and assuming £ holds then yields at any round
r€{l,...,[logy, h]} and for any arm i € A,:

A AV

—2)A if ¢ *
{ A npeg1+1 ifieS (420)

—)\Anr+1+1 else,

which proves Proposition 4.3.6 in the fixed-budget setting.

Fixed-confidence setting. We recall below the good events we study in the fixed-
confidence setting:

& ={Vij € A0 = 0)(wi - 2))l < /2]
and & = N2, &L
Lemma 4.5.6. The proposition P, holds on the event £g: at any round r for any arm

i€ A, N(S*)S,i* € A,.

Proof. We prove the proposition by induction on the round r. Note that the proposition
P, trivially holds for » = 1. Assume the property holds until the beginning of some round
r. Let i € §* be an optimal arm and assume i is discarded at the end of round r. We will
prove that there exists no suboptimal arm j € A, such that j* = i. Recall that when i is
discarded, we have either ¢ € S, (empirically optimal) or ¢ ¢ S, (empirically suboptimal).
We analyze both cases below. If i ¢ S, then it holds that

ﬁi,r 2 gr/27
then, as ¢ ¢ S, it follows that Ei,r = Ar = max;e4,\ (i} (%, j; 1), s0

max m(z, ;7)) = €./2
jnax m(i,5ir) > &/

which using Lemma 4.5.1 and assuming event &, holds would yield

max m(z,5) > 0.
JEAN\{i} ( j)
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The latter inequality is not possible as i € S* is a Pareto-optimal arm. Therefore, on &,
when ¢ € S8* is discarded we have 7 € S,.

Next, we analyze the case ¢ € .S,: that is 7 is discarded and classified as optimal. In this
case it follows from the definition of A, , that

min [M(j,4;7)+ + ﬁ*»r > €. 4.21
jeAr\{i}[ (j )+ (j, )+] ( )

~

Let j € A,1 N (S*)° be such that j* = i. If j is empirically optimal then (A},), = 0 thus
M(j,4;7)+ = &,. On the contrary, if j is empirically suboptimal, then because it has not
been removed at the end of round 7 it holds that

ArL <e/2,

which combined with (4.21) yields M(j,i;7);+ > ¢,/2. Thus, in both cases we have
M(j,4;7)4+ > &,/2 which using Lemma 4.5.1 and assuming event &}, would imply that

M(.]7 Z>+ > 07

which is impossible as, by assumption j* = 4, so j is dominated by 1.

Together, these imply that on &, if P, holds then P, holds. Since the property trivially
holds for » = 1 we have proved that the property P, holds at any round when & holds. [

Combining this result with Lemma 4.5.4 proves that, on the event &, for any round r
and for any arm i € A,

R - .
R, Az o Hies (4.22)
’ —&,./2  else,

which proves Proposition 4.3.6 in the fixed-confidence setting.

4.5.2 Probability of error: Proof of Theorem 4.3.1

Proof of Theorem 4.3.1. We first prove the correctness of GEGE on the event £3 for some \
small enough. Let us assume & holds which by Proposition 4.3.6 implies that P, holds
and at round r, we have for any arm i € A,

~ —2AA,,. ifi € S*
Nip — A > { eott T (4.23)

—AA, 41 else.

We recall the definition of the good event for any A > 0,
& ={vij e A~ 0) (@i — )0 < My}
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and £ = ﬂP:O%?(WS{l;’\. Applying Lemma 4.5.1 on this event then yields for all arms
i,j € A,
MGG, ji7) = M(i, )] < AA,,, 1 and (4.24)
| m(i, j;r) —m(i, j)| < A, 41 (4.25)

Let ¢ be an arm discarded at the end of round r. Since i is discarded and | A, 1| = 1,41
there exists k. € A, 1 U {i} such that

AVD> WAVENEEE (4.26)

T.

Ifi ¢ S, that is 7 is empirically suboptimal then

R L
A=A 24,

then, recalling that

AY = max m(,j;r
jeA{i} (6,3i7)

and further applying (4.23) to k, and using (4.25) yields

,7) = (1 —3N)A,.
jEIETa\)Ez} m(z,]) ( ) re1+1

which for A < 1/3 implies that max;c 4, m(¢, j) > 0, that is there exists j € A, such that
ft; =< ft; so % is a suboptimal arm. Next, assume ¢ € .S, (i.e., 7 is empirically Pareto-optimal).
In this case we have A, , = 5;, = Ap,

We recall that

5= min [M(i,jir) A (MGG i) 5 + (A5) )
JeAN{}

Applying (4.23) to k, and using (4.24), it follows that

in M(i,7) > (1 —3\)A, :
jg}:&i} (i) 2 ( JAnii41
Thus, for A < 1/3, we have min;ec,\ i3 M(¢, j) > 0. Therefore, no active arm at round r
dominates 7 (based on their true means), which, together with proposition P, yields that ¢
is a Pareto-optimal arm (otherwise, we would have i* € A, that dominates 7).

Combining these, we have proved that for any A\ < 1/5 (we need A < 1/5 for P, to
hold), Algorithm 4.3 does not make any error on the event £}. It then follows that the
probability of error of GEGE is at most

: A\c
Ae(l(l)l,f/f)) P ((&3)°) (4.27)

109



CHAPTER 4

Now we upper-bound Eq. (4.27), which will conclude the proof. Let A € (0, 1/5) be fixed.
We have by union bound

[logy A
P(&)) < Y E[P(E)4)]
r=1
[logy k] . 1
< Y E EZHKHwT—ewxmm:>EAAWH+AA»]
r=1 €A

Note that for ¢ fixed, we can use Lemma 4.2.2 with k = 1/3 and the conditions of this
theorem are satisfied as the budget per phase is 7'/ log,(h) > 45h (recall from the theorem
that GEGE is run with T > 45k log,(h)). Thus, applying this theorem yields

[logy h]

N2A?Z T
< 2 E _ T lT

flogz A2T A2
< 2d ., o nry1+1
Z i XD < 2402 min(h, n,.)[log, h|

) , as h, <min(n,,h).

Then, note that

A7217«+1+1 _ A%h/z"]-ﬁ-l
min(h, n,) [h/2r—1]

Afpria [h/27] +1
(/271 +1 [h/2771]
Afnjzrin b2 +1
~ [n/2r]+1h/2r-1 +1
A%h/? +1 1
[h/2r]+ 12’

which follows as (z +1)/(2z + 1) = (1/2) + (1/2)/(2x + 1) > 3 for 2 > 0. Therefore,

AL S 1A[h/2T]+1

min(h,n,) ~  2[h/27] +1
1
> .
21T_I2,1in

Thus,

)\QT [logg R
P((&)) < 2 - tog(d
(< ) ) exp( 4802 Hy jin [logy 1] + 1o )> ; '

\2T
< 2(K+h+[logyh - log(d
(1 4t oy e (= g e+ lox(a))
Finally, it follows that
T
inf P K+h+]1 — log(d
() <205 4+ Tog W) ex (oo o +los(a)),
which concludes the proof. [
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4.5.3 Sample complexity: Proof of Theorem 4.3.3

We prove the theoretical guarantees in the fixed-confidence setting. We prove the correctness
of Algorithm 4.2 and we prove the sample complexity bound of Theorem 4.3.3 and some
key lemmas. We first prove the correctness of the fixed-confidence variant of GEGE.

Proof of the correctness. We need to prove that the final recommendation of Algo-
rithm 4.2 is correct: that is we should show that: at any round r, B, C §* and D,. C (§*)°.

Lemma 4.5.7. On the event &, Algorithm 4.2 identifies the correct Pareto set.

Proof of Lemma 4.5.7. In this part let 7 denotes the stopping time of Algorithm 4.2. We
assume &g, holds.

Using Proposition 4.3.6: for any round r < 7 for any (Pareto) suboptimal i € A, we have
1 € A,. We then prove the correctness of the algorithm as follows. Let ¢ be an arm that is
removed at the end of some round r. Assume ¢ € S, then, as 7 is discarded and empirically
optimal we have 3” = gj > ¢,. In particular, it holds that

min M(¢, j;7) = €,
JeANi) (i,5ir) 2

which using Lemma 4.5.1 on the event &, yields

min  M(i,75) >e,./2 >0,
jin M(i, ) > &/
that is no active arm dominates i. Combined with proposition P, (cf Lemma 4.5.6) the latter
inequality yields i € S*. Now assume we have i ¢ S,: i is discarded and it is empirically
suboptimal. Then

Ay = maxm(i, j;r) > &,./2,
jEAT

so using Lemma 4.5.1 again on event &, it follows that there exists j € A, such that
m(7, j) > 0: that is ¢ ¢ S*. In all cases, we have proved that if &, holds then for any arm i
discarded at some round r,

1 E€EB <= 1i€eS5.

Note that if A, is non-empty, then it contains a single arm and because P, holds, this arm
is also Pareto optimal. ]

Thus, Algorithm 4.2 is correct on &,. Before proving Theorem 4.3.3 we need Lemma 4.3.7
to control the size of the active set A, in the fixed-confidence setting.

Size of the active set. We prove the following result that controls the size of the active
set.
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Proof of Lemma 4.3.7. By Lemma 4.5.6 we have on the event &: for any round r and for any

armi € A,,
~ —€ ifi € §*
A — Ay 2 "
—&,./2  else.
Then let p € [K] and let us assume an arm ¢ € {p,..., K} is still active at round r =

[log,(1/A,)]. We have ﬁi’r > A; — g, withe, = 1/2"* and A; > A, which combined
with A;, > A; — ¢, yields

~

Ny >N, —e,. (4.28)

As r = [log,(1/A,)], it holds that 2, < A, so Eq. (4.28) yields ﬁi,r > ¢, thus ¢ will be
discarded at the end of round r that is any arm i € {p, ..., K} will be discarded at the end
of round [log,(1/A,)]. O

We now prove the main lemma on the sample complexity of GEGE in the fixed-confidence
setting.

Bound on the sample complexity of Theorem 4.3.3. We provide an upper bound on
the sample complexity of the algorithm.

Proof. We assume &, holds. The correctness of Algorithm 4.2 is then proven in Lemma 4.5.7
and Lemma 4.3.7 upper-bounds the number of rounds before termination. It remains to
bound the sample complexity of the algorithm on & and compute P(&.) to conclude.

By Lemma 4.3.7 an upper-bound on |A,| for some specific rounds. Interestingly we
can bound the sample complexity between consecutive "checkpoints rounds”. In what
follows, we rewrite the complexity as a sum of number of pulls between these intermediate
"checkpoints rounds”. Let us introduce the sequence {a; : s > 0} defined as oyy = 0 and for
any s > 1, oy = [logy(1/A|n/25))]. We assume w.l.o.g that the sequence is non-decreasing
and that the gaps are bounded in (0, 1) (otherwise, we could start the sequence (), from
arms with gap smaller than 1). Simple calculation shows that a|iog,(n)] = [logy(1/A1)] and

[logz(h)]

{1,..., logy(1/ANT = | [+ s, ad. (4.29)
s=1
Introducing
32(1 + 3¢,)0%h, dn,
T = (—1—25)0 log(n),
g2 Oy
where n, = | A,|, we have t, = [T,.], so t, < T, + 1. Using (4.29) then leads to
[logy(1/A1)] [logy(h)]—1  ast1
2 =2 2T
r=as+1
Uogz(h)J 1

= Z N,
s=0
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where N, = fo:zl +1 T is "the number of arms pulls” between round (o, + 1) and avy ;.

Next we bound the term N for s € {0,..., |logy(h)|] — 1}. We recall that h, <
min(h, n,) as, n, = |A,| is the number of active arms at round 7 and £, is the dimension of
the space spanned by the features of the active arms. Using Lemma 4.3.7 on &, it holds that

forr > a,+1
K ifs=0
n, < (4.30)
|h/2°] —1 ifs>1

Therefore for s € {0,...,[logy(h)| — 1} and for any r > «, + 1, we simply have
min(h,n,) < |[h/2°], so h, < |h/2°| and even h, < |h/2°| — 1if s > 0. In particu-
lar, it holds that

h. < 2|h/2°%] forr > ag+ 1.

It then follows that

Q541
N, =N,/(32(1+3e1)0%) = Y T./(32(1+3¢1)0?) (4.31)
r=as+1
Kd\ & 1
< 2|h/2° | log < 5 ) > = (4.32)
Cs+1/ p—qe41 T
K Qg41
= 8|h/2°™ | log < 5 d) 4" (4.33)
QXs+1/ p—qo+1
Kd \ <R
< 8|h/25M | log ( 5 ) 4" (4.34)
st r=1
2| h/25H Kd
_ 3 L é J log (5 ) (4%+1 — 1) (4.35)
Qs+1

then further using that

o > logy(1/Ahy2s)) ifs>1
0 its=0
yields
1

Ay jari

4Oés+1 <

which combined with (4.35) yields

(4.36)

_ 2 s+1 d
8 < 22 (;{ ) |

34T /e1)

As41

113



CHAPTER 4

We can now bound N = ) N, in terms of the suboptimality gaps:

_ [logy h|—1 _
N = > N, (4.37)
5=0
[logs h)
202 25+l 2Kd[logy(1/A /25 2
< 3 LA}Z/ L log (W ( Ogg(a(/s ] ) ) (4.38)
s=0 Lh/257+]
320° "R (/20 | (w2 Kdlogy(1/ A1
= N og s (4.39)
3 I Bl
Then, recalling that by assumption A; <, ..., < Ak, one can observe that the mapping
from [K] to (0, c0),
1 71-2[{d|_10g2(1/Au>-|2
is non-increasing and it is easy to check that
1
[h/2°] = [/ 2] /2] +1 2 S [h/2]
therefore
Lh/2°
[h/2°] (7K d[logy(1/A py2))]? 1 m?Kd[logy(1/A4)]?
Afh/ze log s <2 Z —% log 65
[Lh/2¢]/2]

(4.40)
Combining (4.39) and (4.40) yields

logy h]  [h/2°]
640 1 2Kd[1 1/A,)]%

66
s=1 u=[h/2°] /2

Now let us introduce for any s, the set of integers Z, = [[|h/2°| /2], | h/2°|]. We have
[logy k)

U Z.c{2....h}
s=1

We show that for any p,q € {1,..., [logy(h)]}if [p — ¢| > 2 then Z, N Z, = (). Assuming
p < g we claim that

[h/2742] < [|h/27] /2] (4.42)
Assume otherwise, then |h/2P12| > [|h/27]/2] > |h/2P]/2 so

h/27h > |h/2)

which is impossible since for any p € {0, ..., |logy(h)| — 1}, h/2P > 1. Therefore we have
proved (4.42) and for any ¢ > p + 2 it holds that

[h/27) < [h/2772] < T[h/2°] /2]
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h}, i belongs to no more than 2 of the subsets

thus Z, N Z, = () and for any i € {2

Il,...?ZUOthJ,thus we have
N < QUOgZQ thfJ i210g (WQKdﬂoig(l/AwP) (4.43)
s=1 u=[[h/2¢]/2] ~ "
_ %02 Z: Nl (WQKd[lo,é;g(l/Ai)P) (4.44)
. %Uii Aif | <7r2Kdlo§§(2/Ai)2) (4.45)
256 o? zh: P log (id log, (21)) (4.46)

Then, from Lemma 4.5.6 it holds that with probability at least 1 — § the sample complexity

N? of GEGE is upper-bounded as
" o?  (Kd 1
]

where O(-) hides universal multiplicative constant. Therefore, we have shown the
i >1—¢wil

sample complexity bound and the correctness on . Thus, proving that P(&;.)
conclude the proof.

Probability of the good event &,

Proof. At roundr,
(€ 14) < P16 - 0wl > 2/414,)
€A,
Then, note that at round r, Algorithm 4.2 calls OpTESTIMATOR with precision ¢, /2 and
budget ¢, and by design we have ¢, > 20h,./c7, so using Lemma 4.2.2, it follows
B t.e2
32(1 + 3¢,)0%h,

(ED°1A) < 2dexp (

< 0/ A
which follows by plugging in the value of ¢,.. Therefore, by union bound over A, and r it
— D10 =214 ]

holds that P (&) > 1

This concludes the proof of Theorem 4.3.3
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4.5.4 Lower bounds

We now prove minimax lower bounds in both fixed-confidence and fixed-budget settings.
We recall the lower bound below for unstructured PSI in the fixed confidence setting.

Theorem 4.5.8 (Theorem 17 of Auer et al. 2016). For any set of operating points ji; €
[1/4,3/4)%, i = 1,..., K, there exist distributions (D;)1<;<x such that with probability at
least 1 — ¢, any d-correct algorithm for linear PSI requires at least

Q <Z é log(5_1)>

i=1 %

samples to identify the Pareto set. Where for any suboptimal arm A=A, and for an optimal
arm A; = ;.

In particular, there exist instances where A; = 4, for any Pareto-optimal arm i. Thus,
this result shows that /1, is a good proxy to measure the complexity of PSI in the fixed-
confidence setting.

The proof of such results often relies on the celebrated change of distribution technique
(see e.g.Kaufmann, Cappé, et al. 2016) which, given the instance v = (v4, ..., V), shifts
the mean of v; for an arm ¢ while keeping the others fixed constant. However, in linear PSI,
the arms’ means are correlated through ©. So, in general, Theorem 4.5.8 does not directly
apply to linear PSI. We recall below our lower bound for linear PSI in the fixed-confidence
setting.

Theorem 4.3.5. For any K,d, h € N, there exists a set M(K,d, h) of linear PSI instances
such that forv € M(K,d, h) and for any §-correct algorithm for linear PSI, with probability
at least 1 — 6,

1
>0 (Hl,lm(’/) log 5) ~

Proof of Theorem 4.3.5. The idea of the proof is to transform an unstructured bandit instance
into a linear PSI instance. Let v be a bandit instance with X > 2 arms and dimension d > 1
and with means jy, ..., ux € [0,1]% Let ey, ... e, denote the canonical basis of R". We
define a linear PSI instance 14, with features

xTr; =
0 else.

We assume that the learner knows that y; € [0, 1]¢ for any arm i. We claim that with this
information, an "efficient” algorithm for PSI should not pull arms from {h + 1, ..., K'}. To
see this, first note that these arms will be suboptimal, so S* C [h]. Moreover, even if an
armi € {h+1,..., K} dominates another arm j € {1,..., h}, as j is not Pareto-optimal
there exists another arm j* € S* C {1,..., h} which dominates j with a larger margin,
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so is "cheaper” to pull. Therefore, the complexity of vy, reduces to the complexity of a
linear bandit 743, with only ~ arms. As the features in 1, ..., z; form the canonical R*
basis, 1, reduces to an unstructured bandit instance with (uncorrelated) means p; = 67z;,
i =1,...,h. Therefore, by choosing sy, ..., u, € [1/4,3/4]¢, we can apply Theorem 4.5.8
to V. O

The result proven above holds for a class of instances M (K, d, h) with the covariates
defined as above and with matrix coefficients in [1/4, 3/4]%. For the fixed-budget setting,

Kone, Kaufmann, et al. 2024 proved a lower bound for a class of instances. We recall their
result below after introducing some notation.

Their lower bound applies to the class of instances M defined as follows. M contains
the instances such that each suboptimal arm i is only dominated by a Pareto-optimal arm
denoted by ¢* and that for each optimal arm j there exists a unique suboptimal arm which
is dominated by j, denoted by j. Moreover, for any instance in M the authors require its
Pareto-optimal arms not to be close to the suboptimal arms they don’t dominate: for any
suboptimal arm ¢ and Pareto-optimal arm j such that ; A p;,

Let v = (v1,...,vk) be an unstructured instance whose means belongs to M and
with isotropic multi-variate normal arms v; ~ N (u;, 01). For every i € [K|, define the

alternative instance v = (vy,... VZ-(Z), ..., Vg ) in which only the mean of arm ¢ is shifted:
i 1—2A1~ fES* 5
u® = K Ca, M2 @) (4.47)
Wi +20eq,  else,
where €1, . . ., €; denotes the canonical basis of R? and for any arm 4, d; = Argmin ¢ (115 —

(5], Defining v(©) := v, the theorem below holds.

Theorem 4.5.9 (Theorem 5 of Kone, Kaufmann, et al. 2024). Letv = (v1,...,vk) be an
instance in M with means ji = (uy ... ux)T" and v; ~ N (u;, o*I). For any algorithm A,
there existsi € {0, ..., K} such that H(v")) < H(v) and the probability of error A on v\%) is

at least
1 2T
—exp| ———m— .
1P\ T2 H0)

As explained above for the fixed-confidence setting. The proof of this lower bound also
uses the change of distribution lemma. In the instances v*) introduced above, only the
mean of arm 4 must change w.r.t. v(%). Therefore, Theorem 4.5.9 does not apply to general
instances in linear PSI. We recall our lower bound for linear PSI in the fixed-budget setting,.

Theorem 4.3.2. Let Wy be the set of instances with complexity Hs j;, smaller than H. For
any budget T, letting S% be the output of an algorithm alg, it holds that

N 1 2T
inf sup P,(S%¢ £ S*(v)) > = exp (— ) :

alg veWgy 4 HU2
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Proof of Theorem 4.3.2. Let H be fixed and recall that Wy : {1y, : Hajin(v) < H} is the set
of linear PSI instances with complexity less than /. The proof of Theorem 4.3.2 follows
similar lines to Theorem 4.3.5. Let v be an un-structured bandit instance with K > 2 arms,
dimension d > 1, with means ., ..., ux € [0, 1]d and such that Hy(v) < H. We construct
a linear PSI instance v, from an unstructured multi-dimensional instance v by setting
x; = e; forany i < hand fori > h, z; = 0 where ey, . .., e, is the canonical R"-basis. We
also assume that the agent knows that y; € [0, 1]¢ for any arm i.

For vy, the arms {h + 1,..., K} are necessarily suboptimal, so S* C [h]. Thus, to
identify the Pareto set, an efficient algorithm should reduce to pulling arms in {1,...,h}.
Indeed, as explained in the proof of Theorem 4.3.5 even if an arm ¢ € {h + 1,..., K}
dominates another arm j € {1,...,h}, as j is not Pareto-optimal there exists another arm
j* € S8* C{1,...,h} which is "cheaper” to pull as it dominates j with a larger margin. v;,
reduces to a linear bandit 7, with only h arms and since the features x4, . . ., z;, forms the
canonical basis of R", 7;, is an un-structured bandit instance with (un-correlated) means
f; = 0Tx;, i =1,..., h. Therefore, by choosing v = (v1,...,v},) that belongs to M, we
can apply Theorem 4.5.9 which yields

max }P;(i)<5;lg + S*(;(z’))) > lexp <_ 2T )

i€{0,...K 4 Ho?

where by construction 7¥) (see construction above) is also a linear PSI instance. Then, further
noting that H > Hy(v) > H, () and by Theorem 4.5.9 for any i < h Hy (V) = Hy(0®).
Then recalling that vy, is equivalent to v it comes

, e ) o 1 2T
15?;,2%@ P, (Sp* # 8" W) = Joxp | =5 |

which is the claimed result. O

4.5.5 Concentration lemmas

Proof of Lemma 4.5.1. We have

)

< mcaX }(ﬂzcm - ﬂ;,r) - (/ch - :u;)} )
= e = fe) = (i = 1)l 5
= [[(0, = 0)(z; — 7;)]|oo-
where (i) follows from the reverse triangle inequality. The second part of the lemma is a

direct consequence of the relation M(i, j) = —m(4, j) as well as M (7, j;7) = —m(4, j;7)
that holds for any pair of arms ¢, j. [
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Proof of Lemma 4.5.2. Since i* does not empirically dominate i it holds that M(z,*;7) > 0
so M(4,4*;7) — M(,7*) > — M(4,i*). Then noting that

— M(i, ) = m(i,i*) = A;
yields M(7,i*;r) — M(i,7*) > A,;. Therefore

A, = A7 < M(i, % r) — M(4,7)
< (0 — 0)T (25 — 244)]| oo

where the last inequality is a consequence of Lemma 4.5.1. O]
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Chapter 5

Posterior Sampling for Pareto Set Iden-
tification

In previous chapters, we studied Pareto Set Identification (PSI) through deterministic,
confidence-sequence-based algorithms that offer strong finite-sample guarantees but suf-
fer from three main limitations: the confidence level § must be fixed a priori, asymptotic
optimality is not achieved as 6 — 0, and correlations between objectives are typically
ignored.

This chapter introduces a posterior-sampling approach that overcomes these issues.
Focusing on the unstructured multivariate Gaussian setting with possibly correlated objec-
tives, we propose PSIPS (Pareto Set Identification with Posterior Sampling), an algorithm that
uses posterior draws in both the sampling rule and the stopping rule. PSIPS removes the
need to pre-specify J, achieves asymptotic optimality from both Bayesian and frequentist
perspectives, and naturally exploits correlations between objectives.

Beyond its theoretical guarantees, PSIPS remains computationally tractable by avoiding
costly optimization oracles. This chapter is based on joint work with Marc Jourdan and
Emilie Kaufmann, published in the proceedings of AISTATS 2025, where PSIPS is further
analyzed in the more general linear PSI setting.

5.1 Introduction . . . ... ... ... .. .. ... 122
5.2 PSIwith Posterior Sampling . . ... ... ............. 125
5.2.1  The Posterior Sampling (PS) Stopping Rule . . . . . . . .. 125
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53.1 Sketchofproofs. . ... ... ... .. ........... 130
5.4 Numerical study and discussion . . . . ... ... ......... 134
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55.1 Stoppingrule . . ... ... ... oo L. 137
5.5.2  Sample complexity . . . ... ... ... ... ... ... 146
5.5.3 Posterior convergence . . . ... ... ... ... 149
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5.1 Introduction

In previous chapters, we investigated Pareto Set Identification (PSI) using deterministic
confidence-sequence-based methods that provide rigorous finite-time guarantees. While
effective in practice, these approaches exhibit three key limitations. First, they require
fixing the confidence parameter ¢ before data collection, forcing practitioners to predefine
an acceptable risk level. Second, although these methods achieve sample complexity of
O(H(v)log(H(v)d/0)) where H(v) = 3 A ? depends on instance-specific gaps,
they fail to achieve asymptotic optimality—their sample complexity does not match the
information-theoretic lower bound as 6 — 0. Evidence from best-arm identification suggests
LUCB-style algorithms incur suboptimal constants in this regime (Kejriwal et al. 2025).
Third, while not assuming independence between objectives, they do not explicitly exploit
correlations common in applications such as efficacy-toxicity trade-offs in clinical trials.

This chapter addresses these limitations through a posterior sampling approach. We
propose PSIPS (Posterior Sampling for Pareto Set Identification), an algorithm that uses
random draws from a posterior distribution for both exploration and stopping decisions. This
algorithmic design eliminates the need to pre-specify 9, naturally accounts for correlations
across objectives through the covariance str[ucture 3], and achieves asymptotic optimality.

El7s

Specifically, we establish that lim sup;_,, m matches the information-theoretic lower

bound, answering a fundamental question left open by previous chapters.

We focus on the unstructured Gaussian setting where each arm i € [K| yields indepen-
dent d-dimensional observations from N (1;, 3) with known covariance Y. This formulation
explicitly captures correlations between objectives, enabling the learner to transfer infor-
mation between outcomes and reduce sample complexity. These properties make PSIPS
particularly relevant for adaptive clinical trials, where multiple correlated outcomes must be
analyzed simultaneously, for instance, in dose-finding trials where higher efficacy correlates
with higher toxicity.

Related work. The algorithms of Chapters 3 and 4, along with Auer et al. 2016, rely on
confidence intervals requiring ¢ to be specified in advance. While practical, these methods
target finite-time guarantees rather than asymptotic optimality and do not exploit the
covariance structure. Crepon et al. 2024 achieved asymptotic optimality through gradient-
based optimization inspired by the information-theoretic lower bound, but their approach
requires solving O(K?) convex programs per iteration and assumes independent objectives
(X = 0?1,). More broadly, asymptotically optimal algorithms based on optimization or
game theory (Garivier & Kaufmann 2016; Degenne, W. M. Koolen, et al. 2019; Degenne,
Ménard, et al. 2020) provide strong guarantees but remain computationally expensive in
multi-objective settings.

Posterior sampling approaches for pure exploration extend Thompson Sampling’s success
from regret minimization (Thompson 1933; Kaufmann, Korda, et al. 2012) to identification
problems. Russo 2016 introduced Top-Two Thompson Sampling for best-arm identification
with optimal posterior contraction but no stopping rule. S. Wang & Zhu 2022 proposed
TS-ExXPLORE using posterior samples for exploration and stopping, though its gap-based

122



Posterior Sampling for Pareto Set Identification

sampling remains asymptotically suboptimal. The PEPS algorithm (Z. Li et al. 2024) achieves
optimal Bayesian convergence in linear bandits but lacks fixed-confidence guarantees. Most
multi-objective algorithms assume independent objectives (Auer et al. 2016; Zuluaga, Krause,
et al. 2016; Katz-Samuels & Scott 2018), limiting efficiency when outcomes are correlated.

In summary, existing PSI algorithms either rely on confidence-sequence-based meth-
ods that require a pre-specified ¢, or they achieve asymptotic optimality at the cost of
computational intractability and restrictive independence assumptions.

PSIPS integrates posterior sampling into both sampling and stopping, achieving asymp-
totic optimality while remaining computationally efficient and naturally exploiting objective
correlations.

Learning model. We consider the standard multi-armed bandit framework in the multi-
objective setting with dimension d > 2. The collection of means is denoted by u =
(14:)ie(k) € R¥ > Throughout this chapter, we focus on the Gaussian case:

vi =N(u, %), 1€[K],

where the covariance matrix ¥ is known and identical across arms. The off-diagonal entries
of ¥ encode dependence—for instance, between toxicity and efficacy in dose-finding trials—
allowing the learner to transfer information across outcomes. Such correlations are common
in clinical and engineering applications and play a key role in improving sample efficiency.

At each time ¢, the learner selects an arm A; € [K| based on past observations and
obtains a sample Z; € R with conditional distribution v4, given A;. An algorithm specifies
both a sampling rule that determines A; and a recommendation rule that outputs a candidate
Pareto set §t C [K] before each arm pull. Formally, both A, and §t are H;-measurable,
where the o-algebra H, = o(Uy, A1, Z1, ..., Ai_1, Zy—1, U,) represents the history before
time ¢, and U; ~ U([0, 1]) captures any exogenous randomness used by the algorithm.

For completeness, we recall that an arm ¢ is said to be (Pareto) dominated by an arm
j» written p; < py, if pf < p§ for all ¢ € [d] and the inequality is strict for at least one
coordinate. The Pareto set is then

S*(p) = {i € [K]: 35 € [K]\{i}, s < 5 },
that is, the collection of arms not strictly dominated by any other.

The empirical allocation over arms is N; = (N q)qc(r], Where Ny, = Zse[t_l] 1(As =
so that M+ € Ag = {w e RE : 2 _ac[K) Wa = 1} belongs to the probability simplex. For
vector € R%, z(c) and x¢ denote c-th coordinate. In the sequel, we let Z = R,

Lower Bound. To formalize the notion of asymptotic optimality, we now characterize
the minimal number of samples required by any d-correct algorithm to reliably identify the
Pareto set. A d-correct algorithm must be able to statistically distinguish the true mean
matrix p from all alternative instances that would induce a different Pareto set. We define
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this set of alternatives as
Al (S (1)) = {A e RF*T: S*(X) # 8" ()}

Intuitively, these are the configurations of mean vectors that would lead the learner to
recommend an incorrect Pareto set. The requirement to separate . from Alt(S*) leads to a
fundamental information-theoretic lower bound on the expected stopping time (Garivier &
Kaufmann 2016; Garivier, Ménard, et al. 2019; Crepon et al. 2024).

Lemma 5.1.1. Let D be the class of d-dimensional Gaussian distributions with known covari-
ance .. For any d-correct algorithm on DX, and any bandit instance v € DX we have

E,[ms] = T*(v )log<246>

where T*(v), called the characteristic time, is defined by

K
* — A . W 2
T*(v) 1= wseuApK )\eAllt{‘lsf*(#)) [g o5 H,uk — >\kH21] )

The set of maximizers of the outer optimization, denoted by w*(v), corresponds to the asymp-
totically optimal allocation of samples across arms.

This result establishes that no d-correct algorithm can, in expectation, identify the
Pareto set faster than 7*(v) log(1/(2.46)) samples. An algorithm is said to be asymptotically
optimal if it matches exactly this lower bound asymptotically, i.e., if

E.[r)

Vv e DX, lim
olog—

= T*v). (5.1)

Chernoff stopping rules. In fixed-confidence pure exploration, stopping rules determine
when to terminate sampling. The classical Chernoff or generalized likelihood ratio (GLR)
stopping rule (Garivier & Kaufmann 2016) stops when

o™ = inf{t > 1|GLR(¢) > B(t,6)}, with

GLR(t) = inf N =\ . (5.2)
(t) AGAM)Z | e, [

While the GLR rule ensures d-correctness and can achieve asymptotic optimality with a
proper sampling rule, its evaluation is computationally demanding,.

To the best of our knowledge, computing (5.2) is only tractable for the setting with inde-
pendent objectives, i.e., diagonal X. Crepon et al. 2024 proposed the best-known procedure
in that restrictive setting, which requires solving O(Kd?|5;|?) convex problems at each
round. Their computationally costly procedure is difficult to extend to correlated objectives.
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Sampling rules. Given a stopping rule, the sampling rule should make it stop as soon
as possible. While gap-based sampling rules are suboptimal in their asymptotic allocation,
the asymptotic optimality of Track-and-Stop (Garivier & Kaufmann 2016) comes at the
cost of computational intractability since it computes w; € w*(ji;) at time t. The game-
based approach arises from viewing the lower bound as the value of a two-player zero-sum
game (Degenne, W. M. Koolen, et al. 2019). Using two no-regret learning algorithms against
each other yields a saddle-point algorithm that sequentially approximates 7*(v)~!. The
popularized instance uses the best response as a min learner, i.e.,

K
. W || A
APR s argmin E %”Mt,k — M3t (5.3)
AEAI(S:) 1

whose computational cost is the same as the GLR statistic (5.2). For the PS stopping rule, we
rely on an inflated posterior sampling (PS) learner for the min learner. Therefore, our algo-
rithm can tackle structured settings with correlated objectives and has a low computational
cost.

Contributions. As the main contribution, we propose the PSIPS algorithm, which is
the first computationally efficient, asymptotically optimal PSI algorithm with correlated
objectives. PSIPS builds on posterior sampling in both the PS stopping rule and the min
learner of the game-based sampling rule. By removing the oracle calls to (5.2) or (5.3), PSIPS
deals with the PSI structure in a computationally efficient way.

From a frequentist perspective, it is shown to be asymptotically optimal for PSI with
correlated objectives (Theorem 5.3.1). From a Bayesian perspective, the posterior probability
that PSIPS misidentifies the Pareto set decays exponentially fast (as a function of ¢) with the
optimal rate 1/7*(v) (Theorem 5.3.2). Our experiments on both synthetic and real-world
instances showcase the superior performance of our algorithm in terms of sample complexity
and computational cost.

5.2 PSI with Posterior Sampling

We propose the PSIPS (PSI with Posterior Sampling) algorithm for PSI with correlated
objectives. PSIPS combines the PS stopping rule and the game-based sampling rule using a
PS min learner.

5.2.1 The Posterior Sampling (PS) Stopping Rule

We introduce the posterior sampling (PS) stopping rule. To specify the PS stopping rule, a
budget function M : N x (0,1) — R, and an inflation function ¢ : N x (0,1) — R, are
given. The PS stopping rule stops when M (t—1, §) independent realizations from a posterior
distribution inflated by ¢(¢ — 1, ) all yield the same Pareto set as the current empirical
estimate S, suggesting that $* (1) = 5,. Conditioned on H,, let (V) mem () be i.id. draws
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Algorithm 5.1: PSIPS: Pareto Set Identification with Posterior Sampling

Require :budget function M; inflation function ¢; exploration allocation
Wexp > 0; fored exploration rate o > 0; posterior inflation rate
function n; AdaHedge learner LK

1 Initialize: pull each arm once and compute /iy

2 fort=1,2,...do
// Current empirical Pareto set

3 §t — 8*<,[J/t);

4 Initialize: m < 0, my; < +00, and m; 5 <= +00;
// Posterior sampling and stopping rule
5 while max{m;, m;s} = +oo do
6 m < m+1; sample v}" ~ ®kK:1N(Od, Y /Nik);
7 if m; s = +oo then
8 O < e +~/c(t = 1,6) v, Vk;
9 if 07 ¢ Alt(S,) then
10 ‘ M5 < M;
1 elseif m > M(t — 1,9) then
12 t return §t;
13 if m; = +oo then
14 )\Tk — g+ 771‘/_1/27]211@ Vk;
15 if A7 € Alt(S,) NZK then
16 t me <— m;

// Learner update and mixture exploration
17 Get w, from learner LX) and set \; AT

18

Wy < (1 = Y)Wy + YWesp, Yo =17

// Sampling and observation

19 Sample A; ~ w; and collect Z; ~ v4,;
// Feed back to learner
20 Feed gain
K w
_ k A 12 (K]
gi(w) = ; 7”%,/% - /’Lt,kHE—l to L
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from the centered posterior distribution 11, := ®f:1 N (04, X/Ny ). Each v}™ is a collection
of R? vectors (v}, ..., v}%). Forallm € [M(t —1,6)],let 0} = fir + /c(t — 1,0)v]}.
Then, R

7% = inf{t > 1|¥m € [M(t — 1,6)], S*(0") = S,} .

When 75° < 400, we recommend §T§s = S*(ftzs). When ¢ < 755, let mys = inf{m|0" €
Alt(S)}.

Computational cost. To reduce the computational cost of PSIPS, we draw (v}"),, sequen-
tially as the PS stopping condition is often infringed before M (t, §) realizations are drawn
(see Figure 5.6).

Compared to the oracle call to (5.2), testing that 0] ¢ Alt(S;) has a lower computa-
tional cost. It scales as the sum of the costs of membership to Alt(S;), which is at most
O(d|S;| max{| S|, K — |S;|}) since, thanks to Lemma 1 in Crepon et al. 2024

A= () Udixz=xr I OlNU ARz . 69

(i) €82 i#j c€ld] ¢S, je8; c€ld]

To update the candidate answer, we check whether /i; € Alt(St 1)¢, in which case

§t = St 1. Otherwise, we compute St = S*(f1;). While a naive implementation has
cost at most O(dK?), Kung et al. 1975 proposed an algorithm having a cost scaling as

O(K(log K)max{l,d72}).

Correctness. Lemma 5.2.2 exhibits choices of budget M (¢, ) and inflation ¢(t, §) ensuring
d-correctness in the setting with independent or correlated objectives. Letting X ~ N(0, 1),
we denote by R(z) := “=5, the Mills ratio (Mills 1926) of X, with fy, the density of X.

x)’

We introduce the concentration event & = (. s With

iy = {ZNtkHMk Akl <281, 5)} (5.5)

k=1

The lemma below gives choices of (¢, d) such that P, (E5) < d. These thresholds satisfy
lim 5(-,6), 1o (1/8) = 1,
6—0

and B(t,-) =10 O(loglogt). This result is proven in Lemma 3 of Kone, Jourdan, et al. 2025.

Lemma 5.2.1 (Kone, Jourdan, et al. 2025). Let s > 1, ( be the Riemann ( function and
W_i(z) = —W_1(—e®) forallx > 1, where W_, is the negative branch of the Lambert
W function. Let E; be defined as in (5.5). Then, we have P, (E5) < 0 by taking

dK — 2 efs¢(s)K d t
TW (d—Klog 5 —i-glog(l—i-%log?)%—l) :
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We can now state the calibration of M and c to ensure J-correctness of the PS stopping
rule.

Lemma 5.2.2. Let ¢ € (0,1), s > 1, and let  denote the Riemann zeta function. Define

r(d,n) = (%R( %103;(1/5))) ,

where R is the Mills ratio of N'(0, 1). Regardless of the sampling rule, the PS stopping rule with
parameters

_ Bt,9/2) _ [ log(2t°C(s)/9)
9= gt M0 [ |

ensures d-correctness for any 6 € (0, 1), where q(t, ) is defined as follows:

« IfY is diagonal:
at,6) = min {r(6,d), r(8,d + |S,1]) }

« IfY is non-diagonal:

dy+Sp 1l N
q(t,8) = det(X5) "2 min {7’ <(5d72,d> T (5 Sl d |St+1|> } :

where & = ||| 7| and dy: = | L4ll7,5;)-1-

Moreover, these choices satisfy

lim sup c(t,0)log M(t,6)

<1
50 log(1/6)

5.2.2 Game-based sampling rule

We introduce a game-based sampling rule (Degenne & W. Koolen 2019) using a PS min
learner. By combining a max learner playing w; and a min learner playing ), it yields a
saddle-point algorithm which approximates 7™ (v) ™.

Max learner. We opt for AdaHedge (De Rooij et al. 2014) as the max learner. We add forced
exploration by mixing the played allocation w; with an exploration allocation weq, € Ax
with positive weights. Formally, we pull A; ~ w; with w, = (1 — y)w; + 7 Wex, Where
v = 1/t with a € (0, 1). Forced exploration ensures that S, converges to S* (1) despite
the initial fluctuation of the min learning space Alt(§t). The cost of forced-exploration is
only logarithmic for « close to 1.
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Min learner. Asin Z. Li et al. 2024, we propose a min learner based on posterior samples.
The PS min learner draws independent realizations from a posterior distribution inflated by
some parameter 7, > 0 until one disagrees with S;. The parameter 7, will act as the learning
rate as the posterior distribution is interpreted as the sampling distribution of continuous
exponential weights for the quadratic loss.

Formally, let (vi"),, be i.i.d. draws from II;. For all m > 1, let A}, = fi; + 17, 1 27}% V k.
Then,
A = A" with m, = inf{m| \™ € Z) N Alt(S,)} , (5.6)

where ZJ* C Z¥ is a bounded set and we recall that IT, := ®sz1 N (04,3 /Ny ). Intuitively,
A" is a randomized approximation of the best-response oracle ABX(1V;) as in (5.3) (projected
onto Z[).

We re-use the realizations (v]"),, in the PS min learner of our sampling rule with
a different inflation parameter. Equivalently, we could draw ), from the distribution
®,€(:1 N (fis 1, m; '3 /Ny 1) truncated to ZX ﬂAlt(gt). The inflation 7, is chosen as a function
of an upper bound on the magnitude of the stochastic loss, and Z is defined to control the
magnitude of this loss. We refer the reader to Kone, Jourdan, et al. 2025 for more details on
how 7, and Z are precisely defined sequentially.

Computational cost. Attimet < 7;°, we sequentially re-use the realizations (v;")mefm, 4]
drawn by the PS stopping rule with a different inflation parameter. When m, s < m;, we
draw fresh realizations sequentially. Despite the different inflations, m; is expected to be
close to my s, i.e., O(M(t,0)) (see Figure 5.6). The computational cost of (5.6) is lower than
a best-response oracle to (5.2).

5.3 Main theoretical results

We show that under a generic condition on (¢, M), which is satisfied in Lemma 5.2.2, the
expected sample complexity of PSIPS is asymptotically optimal (Theorem 5.3.1). From a
Bayesian perspective, the posterior probability of misidentifying the Pareto set decays at an
asymptotically tight exponential rate (Theorem 5.3.2).

Sample complexity. Theorem 5.3.1 shows that PSIPS is asymptotically optimal when
using suitable choices of budget and inflation. In comparison, known upper bounds on
E, [75] were either only worst-case optimal (see Chapter 3), or restricted to the setting with
independent objectives (Crepon et al. 2024).

Theorem 5.3.1. For any budget M and inflation c such that lim sup;_, clt.d)log M(t9)

Tog(1/9)
PSIPS satisfies that
E, [rLS ps
lim sup ﬁl] <T*(v) and P (limsup ' - < T*(V)) =1, WweDX.
5—0 log 5 6—0 og 5
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Lemma 5.2.2 gives choices of (¢, M) satisfying the above condition and ensuring J-
correctness. Theorem 5.3.1 also holds on the set D of multivariate >-subgaussian, where
k € D with mean g implies that Ey, . [e*" X~"] < e2%' for all u € R? (Degenne &
Perchet 2016). This includes distributions with Bernoulli marginals and distributions with
bounded support. Optimality is only achieved for multivariate Gaussian distributions.

Posterior probability of misidentification. Theorem 5.3.2 shows that the posterior
probability that PSIPS misidentifies the Pareto set decays exponentially fast (as a function
of t) with a rate 1/7™*(v), which is shown to be asymptotically optimal by a lower bound.

In comparison, similar Bayesian guarantees in the literature were restricted to BAI (e.g.,
TTTS in Russo 2016 and PEPS in Z. Li et al. 2024).

Theorem 5.3.2. LetII, = QR N(fir, X/ Ny ) be the posterior distribution under a flat
Gaussian prior (without inflation). For any bandit instance v € DX, it holds with probability 1
that

1
lim sup — log P, 5y, (AI(S™)) < T (v) ™,

t——+o0

for any algorithm, and PSIPS almost surely satisfies that

1
lim inf — log P, 4, (Al(S*) = T*(v)~".

t—+00

5.3.1 Sketch of proofs

Proof sketch of Lemma 5.2.2

To prove Lemma 5.2.2 we first establish the following result.

Lemma 5.3.3. Forall c, M, the PS stopping rule satisfies

PV(T(fS < +OO,§T§S 75 S*) < 5/2 +E

S 1 (Espe) (§t £ 3*) :

t>1

exp (—M(t —1,0)P, (9t c Alt(§t)]7-lt>> ] |

(5.7)
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Proof. Using the definition of the PS stopping rule, we obtain

P, (T§S < 00, §T§s + S*)

N

/2 +P, (55/2 N {7 < 00, 8,15 # 3*}>

5/2+3 P, (&M {7 = 1,8, # 5*})

t>1

N

— §/2+E

S 1 (€)1 (§t ” 3*) P, (2% = t\’Ht)]

t>1

N

5/2 +E

S 1 (Espe) 1 (§t " s*) -

t>1

P, (vm <Mt —1,6),0m ¢ Alt(gt)]’;'-[t> ]

= §/2+E

S 1 (€)1 (§t ” 3*) -

t>1

—~ M(t—1,8)
P, <9t ¢ Alt(St)]Ht> ]

— §/2+E

S (&sp) 1 (S £S5

t=1

<1 -P, <0t € Alt(§t)|%t>>M(t1,5)]

which follows since the samples 6;, 0}, ..., 0" are i.id. given H,. Further recalling that
1 — x < exp(—x), it follows

P, (T;’S < 00,8, # S*) <6/2+E

S 1 (Espe) 1 <§t ” S*) :

t=1

(5.8)
exp (—M(t - 1,0)P, <9t € Alt(gt)|7-[t>> ] .

Lemma 5.3.3 shows that choosing ¢, M such that

E

S 1 (€)1 (3; ” 5*) exp (—M(t —1,6)P, (et c Alt(@)mt))] <6/2

t>1

will ensure the correctness of the PS stopping rule. However, it is not possible to pick M (¢ —
1,0) o< P,(6; € Alt(S;)|H;)~* as the latter quantity is intractable due to multidimensional
integration over a non-trivial domain. Instead, we will derive tractable lower bounds

on 1 (&/,5/2) 1 (§t + S*) P,(0, € Alt(gt)|7-[t). This will ensure d-correctness of the PS
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stopping rule, regardless of the sampling rule. Let II, = ®£{:1 N (fig g, c(t — 1,8)5 /Ny ).
From the above display, it is sufficient to lower bound

1(E52 N {5, # S*}) exp <—M(t —1,6)Pq, (Alt(§t))>

by Wﬁ)ts since their sum is smaller than § /2. Therefore, we should lower bound P, ;,, (AlE(S)))
under the event & 5/ N {§t # S8*} to conclude the proof.

Calibration of M (t,9). Having S, # S§* implies that p € Alt(gt), see (5.4). Either (1)
there exists (i,7) € S, with i # j such that y;(c) < pi(c) for all ¢ € [d], and we define
J, = {j}. Or (2) there exists i ¢ S, and ¢ € [d]'gt‘ such that 41;(c;) < pi(c;) forall j € 5.,
and J; = §t.

We can show that

3 N 5 Ny .
1 <St 7S > P, 3, (ALL(S})) 2 ke{l;[w Pxn(045) (X > C(t_—l,(g)(/ik - Mt,k)) :

where X > x denotes X (¢) > z(c) for all ¢ € [d].

When ¥ is diagonal, we have Px.y(0,,5)(X > #) = [[c/g Px~n(035..0) (X > 2(c)). When
% is not diagonal, we derive a lower bound on Px /g, 5)(X > z) for any vector z € R?
(Lemma 5.5.3).

To further lower bound those quantities, we introduce the ratio of the tail distribution to
the Gaussian density function, known as the Mills ratio (Mills 1926). Under the event & 5/,
we have Y"1 Nypllpn — fuxl|2 1 < 26(t — 1,6/2). Using the fact that the Mills ratio is
non-increasing and log-convex (Baricz 2008), we obtain

1 (03720 {80 # 87}) Pry o, (ALK(S))) > dg(t — 1,6)

by taking c¢(t,d) = B(t,6/2)/log(1/9). This concludes the proof by considering M (¢,6) =
Foggtzcgs))/a)w
q(t, ’

In contrast, the d-correctness of the GLR stopping rule is obtained quite simply by
concentration. Indeed, we have GLR(t) < Y1 N;”“ it e — pl|3-1 < B(t — 1,0) under
E.5N{S, # 8}, hence P, (& N {7 < +o0, §7_§;LR # 8*}) = 0. Under a similar event,
proving the d-correctness of the PS stopping rule requires controlling the randomness of

I1,|H, by deriving anti-concentration results on P, 1, (Alt(S))).

These results are derived in Section 5.5.1 where Lemma 5.2.2 is proven.

Proof sketch of Theorem 5.3.1

Studying the expected sample complexity of an algorithm using the PS stopping rule requires
controlling the randomness of II;|H; by deriving concentration results on Py, (Alt(S}))
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since a direct union bound yields that

P,(ry% > t) < M(t — 1,0)E,[Pg, 5, (Alt(S5,))]

Now, we invoke the following lemma to write Alt(§t) as a finite union of convex sets.

Lemma 5.3.4 (Convex decomposition of alternative set; Crepon et al. 2024; Kone, Jourdan,
et al. 2025). For any parameter ;1 € T withp = |S*(u)|, the alternative set Alt(y1) can be
decomposed as the union of n == p(p — 1) + (K — p)dP convex subsets.

We then combine this lemma with the result below on Gaussian concentration on convex

sets.

Lemma 5.3.5 (Gaussian tail bound for convex sets; D. Lu & W. V. Li 2009). Let X ~ N (u, A)
with u € R™ and covariance matrix A. For any convex set C cR?,

1 1
<_ __. — 2_1 .
PO C) < Joxp (g fuf 1A - )

As ﬁt|’Ht is a Kd-sized Gaussian vector with block diagonal covariance, this result
relates Py, (Alt(St)) to the GLR statistic defined in (5.2).

Lemma 5.3.4 proves that there exists n; and convex sets C', . . ., C,, such that Alt(§t) =
Uicpn,Ci» and IL|H, = ®sz1 N (fit g, c(t — 1,0)5/Ny ), so, thanks to Lemma 5.3.5, and
convexity of C}, it follows that

K ~
| | 7 — Oul12-
‘ <= . - s .
P(0 € Ci[Hy) < 5 exp ( e [E NerDoet = 1,0)

Therefore, by union bound we have

]P)ﬁtmt(Alt(gt)) = P (6 € Uicpn,)(Ci)|Hs)
A .
< —Zexp(— inf [ZNtk t—lkH(SZ) ])
1€ nt]

VAN

@exp (— inf [iNtkHﬂtk _/\kHQEl])
2 xean(s) (4= 2c(t —1,9)

s GLR(1)
- P <_c(t - 1,5))

and from Lemma 5.3.4, n, = py(p; — 1) + (K — py)dPt, with p, = \§t| From the above
displays, we have

Pg, 1, (Alt(St)) apexp(—GLR(t) /c(t — 1,0)) ,
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where g < K (K +d®)/2. Now the event {75 > t} is linked to the GLR statistic; it suffices
to lower bound GLR(?) to conclude the proof.

Studying the saddle-point convergence of our algorithm shows that there exist (Z;)>1
and Ty € N such that for all ¢ > T, when =; holds, GLR(¢) > (¢t — 1)/T*(v) — f(t) where
f(t) =40 o(t) and >, P(&F) = Cy < 400. Then, we have

y[;(s ] x 40 ’CO t>§ OOZOGXP < T (l/)C(t 175) + C(t ’5) +10gM(t - 175)) .

c(t,0) log M (t,6)

Toa(1/9) < 1, a direct inversion of the above sum concludes the

Using that lim sup;_,,
proof.

The complete proof is given at the end of the chapter.

5.4 Numerical study and discussion

Experimental setup. We evaluate the performance of PSIPS on real-world-inspired and
synthetic instances. As benchmarks, we consider the following PSI algorithms: APE (Chap-
ter 3), the gradient-based algorithm of Crepon et al. 2024 denoted as GAPSI, the oracle
algorithm which samples arms according to the optimal weights, i.e., A; ~ w*(v), and
round-robin uniform sampling (RR).

APE relies on confidence bounds to pull an arm at each round and to define its stopping
rule. While APE can be extended to the structured setting, it does not exploit the correlation
between objectives as its confidence intervals only consider the marginals’ variance. GAPSI
computes a supergradient of the GLR (5.2) and uses the GLR stopping rule. Likewise, GAPSI
has no efficient implementation or guarantees for correlated objectives.

Since GAPSI is computationally expensive, we exclude it from the experiment in the
linear setting (due to the large number of arms), and we run it as heuristic in experiments
with correlated objectives.

In our experiments, we use the heuristics ¢(¢,d) = 1+ llsgg(llo/% and M (t,6) = 3 log £. For
a fair comparison, APE uses (¢, d) = log(1/0) + loglogt in its bounds, hence improving
its performance. We report the averaged results over 500 independent runs with boxplots or
shaded areas for standard deviation. The observed empirical error is an order of magnitude

lower than 6.

CovBoost trial. Asin prior PSI work, we use the dataset from Munro et al. 2021 to simulate
a bandit instance for PSI. The dataset contains average responses for patient cohorts in a
COVID-19 trial, including 20 vaccine strategies. Among the indicators recorded to measure
the efficacy of each strategy, following Kone, Kaufmann, et al. 2023; Crepon et al. 2024,
we keep three of them: titers of neutralizing antibodies and immunoglobulin G and the
wild-type cellular response (see Table 7.1). The ideal vaccine strategy would maximize all
three indicators, but the average response for the considered metrics reveals a Pareto set of
two vaccine strategies in the trial.
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Figure 5.1: Empirical stopping times on the covid19 experiment with 6 = 0.01 (left) and = 0.001
(right).

Figure 5.1 shows that PSIPS has a high variability of stopping time, which was expected
due to the use of posterior sampling. While PSIPS outperforms uniform sampling, it performs
on average slightly worse than APE and oracle on the CovBoost instance. For § = 0.1, we
reported an average sample complexity of 20456 for PSIPS compared to 17909 reported
for GAPSI by Crepon et al. 2024. However, due to the high computational cost of their
algorithm, we averaged its performance over 100 runs.

Correlated Objectives. We evaluate the impact of correlated objectives on the per-
formance of PSIPS. Consider a 5-arm Gaussian instance with means ;; = (0.73,1.20) T,
po = (0.45,—0.63) ", pu3 = (0.63,1.28) T, puy = (0.94,2.31)7, and p5 = (2.08,1.48) . The
noise covariance matrix >, has unit diagonal and constant off-diagonal entries equal to
p € (—1,1), controlling the correlation between objectives (p > 0 for positive and p < 0 for
negative correlation). Using an approximate convex solver and the exponentiated gradient
algorithm, we estimate the theoretical complexity 7, (v) defined in Lemma 5.1.1. As shown
in Figure 5.3, negative correlations reduce the theoretical complexity (characteristic time)
compared to the uncorrelated case (p = 0), reflecting the additional information gained
from anti-correlated objectives.

Figure 5.2 shows the sample complexity of PSIPS versus p, including GAPSI as heuristic.
It reveals that PSIPS has a decreasing sample complexity for stronger (negative) correlation
between objectives, reducing by up to a factor of 3 relative to the uncorrelated case (p = 0).
Due to its asymptotic optimality, PSIPS inherits the properties of 7*(v), which appears to
decrease with negative p on this specific instance. Both GAPSI and APE’s performance are
independent of p.

Robustness on random instances. To evaluate the robustness of PSIPS, we measure its
performance on 250 randomly picked Bernoulli (marginals) and Gaussian instances with
K =5,d = 2and ¥ = I,/2. Figure 5.4 demonstrates the robustness of PSIPS, which
remains competitive on subgaussian instances.
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Figure 5.4: Empirical stopping time on random Gaussian (left) and Bernoulli (right) instances.

Computational cost. We evaluate the number of rejection samples used by PSIPS on
a Gaussian instance with ¥ = I,/2 defined as yi; = (1,1)7T and p; = Rr /51,1 for i €
{2,3,4,5} where R, /5 is the /5 rotation matrix. Without actually stopping, we record
both m, and m, s at each round, averaged over 1000 runs. We also report the cumulative
runtime of PSIPS and APE on the CovBoost experiment.

Figure 5.5 shows that the computational cost of PSIPS is comparable to APE, which is
orders of magnitudes smaller than GAPSI (see Figure 4 in Crepon et al. 2024). Figure 5.6
reveals that, while finding an alternative is initially faster, more rejections are needed before
finding an alternative when the posterior concentrates. It is precisely at this time that the
PS stopping rule triggers.

Discussion. We proposed the PSIPS algorithm for Pareto set identification with correlated
objectives. By leveraging posterior sampling in both the stopping and the sampling rules,
PSIPS is a computationally efficient algorithm that deals with structure and correlation,
without the costly oracle calls required by existing algorithms. We show that PSIPS is
asymptotically optimal both from a frequentist and Bayesian perspective. Moreover, PSIPS
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has competitive empirical performance.

Despite being a theoretically convenient distributional assumption, using Gaussian dis-
tributions with known covariance matrix is too restrictive for many applications. Therefore,
generalizing our results to other classes of distributions is another interesting direction for
future work. For example, when the covariance matrices are unknown and different for
each arm, the estimation of the Pareto set is intertwined with estimating the correlation
structure.

5.5 Additional proofs

We prove detail additional results in this section. Complementary proofs can be found in
Kone, Jourdan, et al. 2025.

5.5.1 Stopping rule

In this section, we prove the correctness of the PS (Posterior Sampling) stopping rule. We
recall the definition of 7;°:

5 = inf {t|Vm e [M(t—1,6)], A" ¢ A1t(§t)} ,
where, conditioned on Hy, 0,0}, . .., 0" are i.i.d. samples from N (fi; , c(t — 1,0)% /N, ).

To prove the correctness of this stopping rule, we will have to control the randomness in
the posterior, which we do by introducing the concentration event & = (),cy &5 With

K
Evo = 3> Now e — funllz—r < 28(t—1,8) ¢
k=1

for which, correct values of the thresholds are given in the lemma below.
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The following result shows that to prove the d-correctness, it is sufficient to show some
anti-concentration of the posterior under the event £. P, (€52 N {7;°> < +00, Sos # 8*}) <
5/2.

Next, we calibrate c, M to ensure the correctness of the PS stopping rule. The quantity

to control is

K

1 (E00) 1 (St £ 3*) P, (0, € Alt(S,)|Hoo) with (6,—0,)[H ~ QN (0u, c(t—1,6)S/Nyy),
k=1

and

Alt(S,) = U N = (M, k) € IR < N ) U

i#jES?

| {)\ = (M, M) € IV € S, N A Aa‘}
i¢S,

Indeed, recalling that Alt(S) is the set of parameters for which the Pareto set differs from
S. To change the Pareto set, we either add an arm or remove one from it. For a parameter
instance pt == (1 ... k)7, if i € S and there exists j € S such that y; < p;, thenasiisa
dominated arm in the instance i, we will have S* (1) # S. Similarly, if for some i ¢ S it
holds that for all j € S, y; 4 p;, then we cannot have S*() = S, otherwise, as i ¢ S*(p),
an arm from S*(41) = S would have dominated . This is formally shown in Lemma 5.3.4,

where it is further proven that
) = U U DV e SA@060) > 5@ 66) | U
1€SC dic[d]S

U {pezn=<n)

(i.) €S2, i

where o is any permutation that maps S onto {1, ..., |S|}. In the sequel, we let

Al (S) = | {Mh=<X} and
(i,1) €S2 i

Al (S) = | U (AW €S M(d(0(h) = N(d'(0(i)}

1€SC dic[d)S

so that Alt(S) = Alt™(S) U Alt™(S). We prove the following lemma.

138



Posterior Sampling for Pareto Set Identification

Lemma 5.5.1. Letting Y ~~ N(04,), it holds that

(St # S8")Pg, He (Alf(S,)) > max{ s (Vj < S\tvﬂz‘(‘jg) > M(J?))

i¢ Sy, ded]!St]

Ntz ~ th “
PylY L — AR | | Py X 7Y B T S T
Y( > (t _ 1 6)( Mt,z)) X N(O,l)( > C(t _ 175> H/J’] :ut,]”z ) )

j€§t

1 1\ 1
1 (s < ;) Py |V > i — fieg) — (1 — 1
ax, (ki < ) Py \/ ( Nt Nt,j) —10) ((Aei = feg) = (i = p15))

Proof.

1 <§t = s*) P, (Al (S) > 1 (§t = s*) max  Pg o, ({n € I ¢ i < py})

(4,)ESt,i#]
> max 1 (Nz‘ =< Mj>Pﬁt|yt({M €I™ ¢ py < py})
(4,7) €St i#]

= max 1 (/JJZ < u]) IP’(GM- < 9t,j|Ht>7
(4,7) €St i#]

where we have 0, ;|H; ~ N (fir;, c(t — 1,0)X/N; ;). Therefore, we have

1 <§t # 5*) Pg, 1, (ALt () > . -Q%X-# L (ps = ) P((Or — O25) — (fieg — feg)
12y} t5V7])

—(fes — fiez)|He)

> max 1 <) P((0r; = Orj) — (fei — firg) <
(1.4) €St

(i — Nj) - (ﬂtz - ﬂt,j)|Ht)

then, observe that (0;;—0, ;)| Hy ~ N (fie; — firy, (N;' + N, )e(t —1,6)%), so that letting
Y ~ N (04, %), we have

1 <§t £ S*) P57, (Alt™(S)))

-1
1
> T (i < ) Py, Y < i — i) — (i — s
Jmax, (1 = 115) Py n(0a,5) \/ Nt] —10) (i = p15) = (frei — fir )
R
> 1 (i < ) Py o, i — fuj) — (i — 1y
1;?2;(2 (i = 15) Py nvoas) Ntz th (t_l’a)((ut, fir,g) — (i — 1))
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We now prove a similar result on Alt*(S,). We have

1(S: # 8) P, (A1EH(3))

> max (V€ Sopuld) > py(d]) ) P(Y) € Sy, 00,4(d5) > 05(d)IH)
i¢S;,de[d)!St!

> max (V) € Sy yuld) > () BV) € Bi (s — ) (d) > (B — ) (d)IH,)
i¢Sy,de[d)!5t!

> max 1 (Vj S gt,,ui(g?) > Mj(@")) P((0ri — i) > 0a[Hy) H P, ((6:; — /sz)(CZ?) > 0[Hy)
ig_fSt,dE[d]\SH jes\t

then, noting again that (6;; — fit;)|H: ~ N (0, c(t — 1,6)5/Ny;), it follows that

1(S0 £ 8 )P (A (8)) > max 1 (V) € Sl ) = (@)
i¢8,,de[d)!5¢!

Py (Y >\ - m,o) [T 2. — (@) > 0.

j€§t

(5.9)

Further noting that by Cauchy-Schwarz inequality,
(fieg = 1)(d7) < g sl — feglls—r,
it follows for any j € S, that

P((0r; — pi)(d5) > O[Hy) = P((Br; — fue)(d5) > (1t — fiey)(d) [ M)

P((0r; — e3)(d7) > llegg Il — finslls—1[He)

Ny .
= Pxnvion (X > c(t——{é)”/” —Mt,sz—l) :

WV

which follows from (0 ; — fir,;) (d5)| s ~ N(0, c(t—1,6) Hggg ||/ Nt s). Therefore, combining
the last display with (5.9) yields

1(S, # 8Py, (AL (3)) > max (V) € Sy, pud]) > ps(d))
i¢Sy,de[d]5t]

Nti ~ Nt' R
PylY > (i — ) |- [ Pxe X > [— |y — fuglls— | |
JESL

which completes the proof. [
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Special Case: PSI with Independent Marginals In this section, we specialize Lemma 5.5.1
to the case where ¥ is diagonal. In this case, ¥ = diag({o?}.cq)) and

1 1\ 1
—Py.. Y > iy — fiug) — (i — 1)) | =
(*) Y N(Od,E) \/(Nt,i + Nt,j) C(t . 1, 5) ((/“Lt Mﬂj) (M lu]))

1 1\ 1
Px~ X > e — fie) — (g — :
I Pxvon ¢(M¢+Nﬂ) s (= ) = = 1) 0
P
which we may rewrite with Mills ratio as R(z) = P}f;}? SO

and

()= exp | —5 3 2500 [T 72,0

c€ld]

—exp |— ( 1 + 1 )1 1 ((,&t,i - ﬂt,j) — (,uz - /JJ])) (6)2 H E(Z17J(C))

. . _ 2
Nt,’L Nt,j C(t 1, (5) celd] 20—6 ceid)

and by Cauchy-Schwarz inequality,

L 1 1 N -
(s = fes) = (= 1) (] < 4| 7+ g Nl = ) (0 + Ny = ) (0

Therefore
1 Nk 9 ~
(*) > exp = 1.9) Z 5 g = el 11 BZi(e),  (5.10)
ke{ij} celd]
and using the following lemma,
Lemma 5.5.2. The Mills ratio R is decreasing, log-convex and satisfies for all (1, ..., x,) €

RP,

R (% Zx> < J[ B@).

=1
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we obtain

WV

celd] c€ld]

d
1 1 N —
d g{;} \/ o2c(t —1,6) \/Nt’i(“tvi = pa)(e)? + Nej(py — Nt,j)(C)Q)

d

V2 Nig .
R\ e | D 5 ek — el |

c(t—1,0)d k(i)

[z > (53 Zm(c))

VE
ae}

Ve
!

where (a) follows since R is decreasing (Lemma 5.5.2) and (b) follows from this monotonicity
and Cauchy-Schwarz. Combining the last display with (5.10), we prove that on the event

1572, we have
d
Bt —1,0/2)\ 5[ [2B(t—1,6/2)
(¥) > exp (‘ =10 ) R (\/ (= 1,0)d )

Choosing
_ B(t,0/2)
c(t, ) = Tog(1/8)
yields,
(+) > OR ( w)d _(6.d) with r(dn) =R ( 2log(1/9) logqil/(”)n

and proceeding identically, we prove that under the event &, 5,5,

Nii . | Ny N
Py Y > | ———= (s — [l ||IP’~ X > —L— i — freil|s-
Y~N(04,5) ( c(t —1,9) (pi — fu, )) 1 X~N(0,1) ( c(t—1,9) 15 — fulls 1)
JESt

21og(1/6 s
i ([P
d+ |S|

All these combined, we proved that

1 (E12)1 (S0 # 8*) Py (AL(S)) > dmax {1 (1 € AL (S))) (6. d),
1 (u e Alt+(§t)> r(6,d + |§t|)}
> dmin{r(d,d), r(0,d + |§t|)}

which follows since S, # &* = p € Alt(S,) = Alt™(S5,) U Alt~(S)).
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The conclusion is immediate by taking M (t,d) = [W-‘ where

¢(t,) = min {r((s, d), r(8,d + |§t|)} .

Moreover, it is known (Birnbaum 1942) that for = > 0,

2

R(z) > —F——
r+vVr2+4

and R(z) ~ 1 ,# — +oo. The Mills ratio of the standard normal is implemented in
common scientific libraries. To compute M (t, §), we just need to compute at most the values
(r(0,d + k))reirjuoy at the initialisation of the algorithm. Using the lower bound on the
Mills ratio, one can easily check that

log(M (t, d))c(t, d)
log(1/0)  s30

Proof of Lemma 5.5.2. The monotonicity is well-known and simple to prove by noting that
R(z) = exp(2*/2) /OO exp (—t*/2) dt
= exp (2°/2) /OO exp (—(t +2)?/2) dt
0
— /OO exp (—tx — t2/2) dt,
0

from which we have R(z 4+ o?) = [~ exp(—ta?)exp (—tz — t*/2) dt < R(x). The log-
convexity is proven in Theorem 2.5 of Baricz 2008. From the log-convexity and using Jensen
inequality, we have

1 1
log R _in < —ZlogR(azi)
Pio Pio
1 p
= —log <HR(:L~@->>
p i=1

which by monotonicity of the log proves the claimed statement. [

PSI with a full covariance matrix. We specialize Lemma 5.5.1 to the case where the
covariance X is non-diagonal. To derive this result, we will use the following lemma.

Lemma 5.5.3. Let Y. a covariance matrix, V diagonal matrix such that (V — ¥71) is psd, and
define dy, = Hld”?\/fl/?z*lvfl/?)' Then, for all v € R?, it holds that

1
Pxonogs) (X = @) = (2m) "2 det(VE) ™2 exp <—§xT21w> [1 Retv—""5""a),

celd]
and in particular, T[4 R(eIV125712) = R (||lz]|s— \/dg/d)d.
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Applying this result with V' = 51; where & = |||~ 7!|||, we have

- 1 1
Py, Y > = — i) | = — =l — frill % ) -
Y AN (04.5) ( = 1.0) (ki — fu, )) ToTaeeY) eXP( 5k = fuills 1>

I Berv—""257"uy),
c€ld]

with u; = %(M — [it;), therefore, letting

Ntz A Nt A
= ]P ~ Y 7 ]P) ~, X J j -1
() Y N(%E)( V=1 5)( — fu, )>| [ Px N(m)( V=1 )Hua fir gl )

j€§t

we have

- 1 R Nigllpg — i3
() > det(@D) exp | = Y Sllie — sl 1_; (\/ . 5—15321

ke{i}uS;
H R(eIV 125 1y,),
€ld]

then note that by Lemma 5.5.2, we have

1V =125y, +1\Ts hy
|1 RE iy = fuejlls—) [T Rlerv =28 u/d) > R !
jes (t—1,6) c€ld) d+ S|

with h; = <1 /%H i — ,&t,j||271> 5 and by Cauchy-Swcharz inequality, replacing
’ JE|St
V =0l

d+|5y|

V28 1% by < \/||1d||%52)71 + H1|§t\||2\/”ut||zif1 + (A2

14|
= \/ds + 5] __ Z Niillpe = fueell3
c(t—1,0) ’ e

ke{i}uS;

< Vs 1y

where the last inequality follows on the event &£, 5 /. Combining these displays with ¢(t, ) =

B(t.3/2)
log(1/3)"

we have on the event &, 5o,

[ \Jds +
() > det(s%) V20R dz—”'t‘ 2Tog(1/9)
+ |5

+15¢|

= det(a%)” 1/257"(5 5 d+ S).
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Following the same reasoning, it is simple to show that under the event &, 5/, we have

11 \" 1
Py.. Y > i — fis) — (i —
Y N(Odaz) \/(Nt,i _'_Nt,j) C(t . 1, 5) ((I[’Lty :ut,J) (,u MJ))

> det(5%) Y20 R(v/210g(1/0)ds /d) = det(a%)~V25r(5°F , d).

Combining these, we have

(25>

L (E5/2) L(S: # 8*)By, p,, (Alt(S)) > 6 det(0X) /2 max {1 (M c A1r(§t)> r(6F,d),

~ d +\§t\ ~
1 (M e Alt+(St)) r(5 B d + |st|)}
dsy M P
> §det(a%)"/? min {T(éd,d),r(é s d + |St|)}

which follows similarly to the X diagonal case, since S; # S* = 1 € Alt(gt) = AltT(S)U
Alt™ (S;). Note that when 3 = o1;, we recover the results of section 5.5.1.

Proof of Lemma 5.5.3. ¥ is a d X d covariance matrix and fy is the density function of
N (04,%). We let Ry, denote the Mills ratio of the distribution N (0,4, 32), which is defined

for a vector x € R? as
P (N(Od, Z) 2 JI)

fe(z)

where for two vectors z,y, the notation < y should be understood component-wise.

Rs(x) = (5.11)

Expanding (5.11) gives

Rs(o) = expllal-1/2) [ exp (~[ulld-1/2) du

(z,00)

with (z,00) = (2(1),00) X ... X (z(d), 00). By a simple translation, it follows that
Rs(z) = / exp (—27S 'u — [Ju|3-1/2) du.
(Od,OO)
Since (V — X71) is psd, we have

Rs(x) > / exp (—2z"S 7w — u"Vu/2) du

(Od7OO)

= det(V)_l/Q/ exp (—xTE_lV_l/Qu —uTu/2) du

(Od7oo)

which follows by change of variable. Thus, letting z = V12X 12, we have

Rs(z) > det(V)l/z/ exp (—uTz — uTu/2) du

(0d7OO)

= det(V)"? T] R(2(c))

c€ld]
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then using Lemma 5.5.2, it follows that

RE (ZL’)

VoWV

det(V)™2R (15125 z/d)"
det(V) ™R (|[Lally-1/25-1y-1s2|2l|s- /d)*

5.5.2 Sample complexity

We recall the following result on the sampling rule, proven in Kone, Jourdan, et al. 2025.

Theorem 5.5.4 (Theorem 3 of Kone, Jourdan, et al. 2025). There exists events (Z;);>1 and

Ty € N such that for allt >

with f(t) =«

The next lemma is proven in section 5.3.1

2 TO: St

TO’
2GLR(t) > (t = 1)T*(v) ™" = f(1),
o(t) andP,(Z;) = 1 — O(1/t?). In particular fort

(5.12)

=85"

Lemma 5.5.5 (Posterior probability bound via GLR). At each roundt, it holds that

).

where oy = %n

Theorem 5.3.1. For any budget M and inflation c such that lim sup;_,,

P, i, (Alt(St)) Qv eXp (

PSIPS satisfies that

lim sup
6—0

E, |75

IOg 5

1/[ PS

1

(pe) withp, = |§t| and n(p;)

GLR(t)

PS

5—0 log 5

c(t —1,0)

=pe(pe — 1) + (K — py)dP.

c(t,0) log M (¢,0) <1

log(1/6)

] <T*(v) and P (limsup 75 T < T*(V)) =1, YweDX.

Proof. In this section, (Z;);>1 denotes the sequence of events Theorem 5.5.4 and T, € N.

We have 7;° = 14+ 3, 1(

E,|

s

]

1+E Z]P

t>1

1+E,

t>1

5 | Y1 E) v

t>To

755 > t) then

5> t\’H,t)]

(et e Alt(3) |Ht>
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where 0;,0} ..., ... 0" are iid. given H;. Moreover, by Lemma 5.5.5, we have
~ GLR(t)
P, (9 Alt(S ) < __GLR{#)
, € Alt(S;)|H, atexp( c(t—1,5))
therefore,
GLR(t)
PS — _ —c
E,[75%] < E, | 1(E)aoM(t,8)exp ( 15 5)) + ) P(E)| +Th,
_ Lew | Lex |

L1(6) A
then, since P, (=5) < O(1/t*) we immediately have

Ly < 572 /6. (5.13)

It remains to bound L;(9). Using the saddle-point convergence property on the event =,
ensures that (Theorem 5.5.4) for t > Ty,

GLR(t) > tT*(v)™' — f(t), (5.14)

which further results in

t

= Zexp (—m + f(t)/c(t,0) + log (aOM(t,é))) .

+mwm@

To bound the above quantity, let us introduce

ﬂ&:wﬂuF@%ﬁ—mwmm—mwmwwMW<mmﬁm}
(5.15)
then it follows that

Ly(6) < T(6) + > (tlog(t))™". (5.16)

t>ts

Further observe that 7'(9) can be rewritten as

T(0) = sup {t|t < T*(v)c(t,d) (log(M(t,d)) + f(t)/c(t,d) + log(ag) + log(tlog(t)))}

Bounding 7'(0). Since f is sub-linear in ¢, there exists ¢ € (0, 1) such that f(t) = 0400 (t%)
then f(log(1/6)'/¢) = o(log(1/4)). Further observe that for t5 = log(1/4)/<,

clts,0)log(M(ts,6)) + f(log(1/8)Y2) + c(ts, 6) (log(tslog(ts)) + ap) oo log(1/6).

-~

b(ts)

Let Opin € (0, 1) be defined as
Omin = inf {5 € (0,1)|b(ts) > log(l/é)l/eT*(l/)_l}
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which is well defined as b(t5) 2 log(1/6) and e € (0, 1). Letting Tjayx = log(1/0min) "/,
further note that for all ¢ > T}, there is (0,1) 3 ¢ < dmin t5 = ¢ and b(ty) < ty.
Therefore, for all § < O

T(8) < log(1/6)Y¢ (5.17)

and further noting that by definition T'(0) < T*(v)b(T'(9)) and b is increasing, it follows
that

T(8) < T*(v)b(log(1/8)"/5). (5.18)

Combining (5.13), (5.16) and (5.18), it follows that for 6 < dyin,

E,[m°] < T*(v)b(log(1/0)"%) +572/6 + (T + 1) + Y _(tlog(t))™.  (5.19)

t=To

Finally, noting that b(log(1/8)'/¢) ad log(1/9), we have proved that
—

F PS
lim sup [751] < T*(v). (5.20)
50 log s

Almost-sure upper bound. The almost-sure bound on the sample complexity is derived
from an application of Borel-Cantelli’s lemma. Indeed, introducing for any 7" the event

E(T) = {i L(r3°>1t)— ip(n > t[H) < \/2TlogT2} ,

t=1 t=1

we have when £(T") holds

min {7'5 ,T} Z

Z S > t[He 1) + /2T log T?

< T(5) V2T logT? + Ty ,

where the last inequality follows from the derivations above on the event =, and holds with
probability larger than 1 — O(1/T?). Next, assume &(T') holds. Then, if

T>T(05) = sup{t> 1:t<Ty+T(6)+ 2tlogt2} ,

and £(T') N =(T") holds then the stopping rule would trigger before episode 7". Thanks
to Azuma-Hoeffding £(T') holds with probability at least 1 — O(1/T?). Thus Z(T')¢ holds
with probability at most O(1/T?), similarly for £(T)¢ and, as > 7 < oo, we invoke
Borel-Cantelli’s lemma to justify that with probability 1, there exists T (possibly random)
such that for T > T, 2(T) N &(T’) holds.
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From the calculations above, we observe that the leading term in 7”(¢) is at most of order
log(1/9). Let §/ ;, be such that V. § < §/ .,

[log(1/8)**] > T'(6),

which is well-defined. Let § < &/ such that additionally [log(1/6)32] > T. We then have

min

< Ty T(6) + /2Mlog(1/6)%/2] log log(1/5)3/2]?

< T+ T(6) +log(1/6)*/*/8log(1 + log(1/6)3/2).

Finally recalling that
T
lim sup ( 1> < T*(v).
5—0 logg
We conclude by noting that
5 To + log(1/8)3/*1/8log(1 + log(1/0)3/2
lim sup ’s T < limsup f—i—lim o +log(1/9) \/ Olg( +10g(1/9)°7)
6—0 log S 6—0 og 5 6—0 log 5
< TH(v).

5.5.3 Posterior convergence

We prove that the posterior contraction rate of PSIPS is unimprovable.

In BAIL Russo 2016 and Z. Li et al. 2024 proved a similar result for truncated Gaussian
(restricted to a bounded domain). We prove it more generally in the unbounded setting for
Gaussian distributions, thanks to the novel Lemma 5.5.7.

Theorem 5.3.2. LetII, = ®sz1 N (fir 1, X/ Ny i) be the posterior distribution under a flat
Gaussian prior (without inflation). For any bandit instance v € DX, it holds with probability 1
that ]

lim sup —7 log P, 34, (Alt(S*)) < T*(v) ™',

t——+o0

for any algorithm, and PSIPS almost surely satisfies that

1
lim inf 7 log P, 5, (Al(S™)) = T*(v)™'.

t——4o00

Proof. We first prove the upper bound. Similarly to Lemma 5.5.5, we can derive (using
Lemma 5.3.4 and Lemma 5.3.5),

K
. N
PﬁtW‘lt (Alt(s*)) < Q) €Xp <_ inf § TtkH:UJt,k - /\k‘|22—1> .
1

AEAIL(S*) —
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From Theorem 5.5.4, there exists events (Z;);> and Ty € N such that for t > Tj, §t = S*,
and

GLR(t) > (t—1T*(v) ' — f(t), (5.21)

with f(t) = o(t) and P, (Z;) > 1 — O(1/t?). Since ) ,., P(Zf) < oo, by Borel-Cantelli’s
lemma, with probability 1, there exists a finite time IN}) possibly random such that for ¢ > fo,
= holds. So for ¢ > max(7Ty, Tp), we have S; = S* and

N o o
LR _ = > B _ |
Aezlx%fs*) 5 1A% = fiegll-r = GLR() t—=1)T"(v)" = f(t)
> tT*(v)™" = o(t)
then
Pg, 5, (AlL(S¥)) < agexp (—tT*(v) ™" +o(t))

so that

—108(Br, g (AI(S))) > T*(0) ™ — (1/1)og(g) — o(0)/1

Put together, the above displays show that with probability 1,

o 1 x (1)~
hg}gf—;log(]}”ﬁtmt(Alt(S ) =T*(v) ™"

The proof of the lower bound uses Lemma 5.5.6.

Let B. be the ball centered on ;1 and with radius € as in Lemma 5.5.7. We have
—P(Alt(S*)) < —P(Alt(S*)NB.), then O = Alt(S*) NB. is countably convex (Lemma 5.3.4
and B, is convex) and bounded. Applying Lemma 5.5.6, we obtain

1 1
lim sup 7 log Py, 5, (Alt(S™)) < limsup — log Py, 4, (Alt(S™) N B.)

t—o00 t—o00

K
1 W
S 2 it T i — Al
h 2wS€uApK )\GAltl(l?S*)mBE [kz; 2 ||,uk k‘HE 1]

K
1 Wi
= = inf — e — A3 L 5.5.7
2 528 rchhis [Z p = Al ] (Lemma 357)

— T* (V) —1 ,
which concludes the proof. [

Lemma 5.5.6. Let O C Z% be a countably convex bounded set with a non-empty interior.
With probability 1, it holds that

t—00 WEN K

K
: 1 1 :
hmsup—;log[P’ﬁtlHt(O) S 5 sup i&fp [Z e — )\k||22_1] ,
k=1
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Proof. Since O is countably there exists convex sets C; . .. (), such that O = Uj¢},) C;.

We have
K

_ Neg .
Ppy 1, (0) = (2m) /2D 1/2/Oexp (— > Tt’k\lut,k — /\kH§1> dX,

k=1
where D, = [, det(X/N,1).
Let v > 0 (to be defined) and

N
~ : K .
¢ € argmin [ E TtH)\k - MM)H%l] .
AeO —
k=1

Since O is a union of convex sets, there exists a convex set C C O such that Xt € C. Then

letting V., == {(1 — )X + A, A € C} = (1 — )X +~C we have N, C C C O and

KON
L2 / exp (‘Z %kllﬂt,k — Ak||%1> d\
Ny k=1
KON N
= / exp <— Z Tt’kH/lt,k — (1 — fy))wC — )\kH%l) d\
C k=1
KON
7k ~ ~ .
_ /VKd exp (— > TtH(l — N fier — M) + (s — Ak)!|§_1> A\
¢ k=1
KON
7k ~ -~ R
> /c 2 exp <—Z7t (U= ) = NelZ-s + s /\k||22_1]> ax
k=1

which follows thanks to the convexity of the squared norm. Therefore

K
Negy . ~
log I; > Kdlog(v) — (1 —7) kZ: 5 g = Aupll-i—
K N N
Evanite) | Zha 2540 = el
5 + log(vol(C,))
(5.22)
where C, is the set of minimum positive volume among Cy, ..., C,. We introduce the event

K

_ N, )

=y = {Vs <Y = gl < (L 1/1%) = f1<t>},
k=1

where 3(t,0) is defined as in Lemma 5.2.1, and P, (=, ;) > 1 — 1/t

Moreover, fi(t) is logarithmic in ¢. Since ), P(Zf) < oo, by Borel-Cantelli’s lemma,

with probability 1, there exists a finite time 7" possibly random such that for ¢ > T, i
holds.
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Taking v = 1/t in Equation (5.22), and for ¢t > T, we get (after simplification)

N;
logl; > —dhlog(t) — Z tkH/vbtk —AxlE — OG/EL(O) + ))?/t + log(vol(C,)),

k=1

where L(O) = max,co Zszl | Ak — 1k]|%-1. Now, by convexity, we have for any A € O,
K K

K
D Nl = MllE-r <D0 Nl = Mellis +2D - Newllfiege = Mells2lliies — paell s

k=1 k=1 k=1

K
< D Nigllik = Melldr +4A0) + 4/ A (HVEL(O
k=1

thus we have

K
> Ngllior — Ml < mfZNtkHuk AellEr 4+ 4f1(t) + 4/ f1(6)V/L(O

k=1

In all cases, we have proved that

—log Py, 5, (0) < 3infaco Yy Nekllpes — MlE-r + o(t) + D

Next, due to the initialization, we have
K
Dy = [ [ det(S/Noy) < det(5)"
k=1

Combining the displays above yields,

K
: N
—logPgy ., (O) < inf > — =l — MellE-1 + o),
which yields the claimed result by dividing by ¢ and taking the limit. [

The result below shows that the best response always exists as an inf over a compact
subset of the alternative. Although its closed form is unknown in PSI, we show that it
belongs to a ball centered at § and whose radius also depends on 6.

Lemma 5.5.7. Letw € RE. Forany6 = (01,...,0x) € I*, the following statement holds

K K
; Wk 2 . W 9
f 5 10k = Aells1| = f S K10k — a3
ACAIS*(0) [Z 2 195 = Aell 1] ACAI(S* ()] mass 65— Aall—1 <2} L:1 2 16k = Aells } ’

B (5.23)
wheree(f) = max {2 max;¢g maxjcg ||0; — 0;||s-1, max; jes2 ||0; — 0;||s-1}, and S = S*(6).
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Proof. The idea of the proof is to show that when there is a ball B such that if an alternative
parameter of § does not belong to B, then there is a parameter in Alt(S*(#)) N B for which
the transportation cost will be smaller. Let 0 := (61, ..., 0x)T, where 0; denotes the vector
mean of arm i and we let A\ = ()\y,...,\x)T where \; € R To ease notation, we let

S = 8§*(0). Introducing

Al () = |J Wiy and AlY(S) = Vi (5.24)

i,jES2:i£] iese

where 7K = Rf*4 we define

Wi :{)\ ()\1 )\)TGIK])\Z-g)\j} and
Vi={\ AR)TEZX |Tie (9)° Ve S NAN}.

Let us introduce
(w, \; ) szH)\ 0i)|%-1.

Let (’l,j) S S? be ﬁf)\(}ed and \ € I/V@j. Let Q5 = ||6,L — ¢9j||2—1. If H)\l — 92'”2—1 > QG g then
define the instance A as

~ {& if k ¢ {i,j},

Ak; =

0; else,

which satisfies X, < Xj, PN= W, j, and

D(w,X;0) = willf; — 0,3+ > will Ak — Oell3 o,
k¢{i,j}
willf; = 051151 < will A — 6|5

< D(w,\0),

and further observe that maxjck; Xe = Oplls1 < «; j. We proceed similarly if ||\; —
Hng_l > O g, by deﬁning

5 {& if k ¢ {i, 7},

/\k =

0; else,

and the same conclusion follows. So we have proved that there exists X e W, ; with
maxge(k] || A — Okl|s-1 < o ; and for which the transportation cost is not larger than that
of \. We prove a similar property for Alt"(.9).

Now, fix i ¢ S and take \ € V. Let b; = maxyeg ||0; — Ok||s-1. If || N; — 0;]|s-1 > b; then
it suffices to define \ as
~ 0, ifp#i,
Ap =
& else,
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foric S , to ensure that ) e V; and

D(w,X;0) = willf; = 6ill3s + > willhe — el
ki

< will A = 015

< D(w, A;0),

where the second line also uses the fact that 7 € S. Assume ||A; — 0;||s—1 < b; and that
H; = {k €S :||Ax — Ok||gs—1 > 2b;} is non-empty. Let us define the instance \ :

Xeo= Ay ifk e (SU{D\H;,
0, else.

Since \ € V;, ) as defined above satisfies Xz A Xk, k € S, that is = V; and

D(w,X0) = > wgllh — O3
ke(Su{i})
= S well e = B+ will A — Okl[3
ke(SU{i})\H; keH;
< Z U)]CH/\]€ — 0k||22_1 + Z wk4bf,
ke(SU{i})\H; keH;

which follows since ||\; — x||s-1 < ||Ni — 6;]|s-1 + ||0; — Ok||s-1 < 2b;. Recalling that for
ke H;,
Ab; < || M = Oxll51

it follows that N
D(w, \;0) < D(w, \; ).

Combining these results, we have proved that for all A € V;, there exists \e V; whose trans-
portation cost is not larger than that of A and which additionally satisfies: maxyc(x) || A\x —
Ok |ls-1 < 20b;.

To conclude, let us define ¢ := max {2 max;¢g b;, max; jes2 a; ; }. Using what precedes,
we have proved that

inf D(w,\;0) < inf D(w, \;6),

AEAl(S)N{A:maxy [| A\ —0Ok|l5—1 <e} AEAL(S)

which proves the claimed result as we have Alt(S) N {\ : maxy || Ay — Okl|ls-1 < €} C
Alt(S5). O
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Chapter 6

Pareto Set Identification with Linear Con-
straints

This chapter studies the problem of Pareto Set Identification (PSI) under feasibility constraints
in a multi-objective bandit framework. Given a K -armed bandit with unknown mean vectors
Piyeooy i € R<, we aim to identify, with high confidence, the arms that are both feasible,
i.e., satisfying a known set of linear constraints, and non-dominated with respect to all
objectives. This constrained variant of PSI is particularly relevant in applications such as
clinical trials, where treatment candidates must satisfy safety or efficacy thresholds before
being compared for optimality.

To the best of our knowledge, we propose the first theoretically grounded algorithms
for constrained PSI in the fixed-confidence setting. Our main algorithm, e-cAPE, jointly
handles feasibility assessment and Pareto set identification by adaptively allocating samples
based on upper and lower confidence bounds. We establish information-theoretic lower
bounds showing that e-cAPE is near-optimal in sample complexity.

Thi chapter is based on joint work with Emilie Kaufmann and Laura Richert, published
in the proceedings of ICML 2025.
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6.1 Introduction

In previous chapters, we studied the Pareto Set Identification (PSI) problem in the fixed-
confidence and fixed-budget settings. So far, no constraints have been imposed on admissible
arms, allowing for arms that perform extremely poorly on one objective to still belong to
the Pareto set if they excel on another. In many real-world applications, however, such
unconstrained trade-offs are unacceptable.

A prime example arises in clinical trials, particularly in dose-finding or early-phase
vaccine studies, where multiple biological markers, such as antibody titers, safety indicators,
or biomarkers of immune response, must simultaneously meet acceptable thresholds. Here,
the experimenter seeks to identify treatments that not only achieve a desirable balance
between efficacy and safety but also satisfy explicit feasibility constraints, such as a minimum
efficacy level or a maximum toxicity bound (Jennison & Turnbull 1993; Munro et al. 2021).

Similarly, in multi-objective recommender systems or material design optimization, one
might be interested in finding the Pareto set of items that satisfy some minimal performance
metrics or dimensional constraints (Afshari et al. 2019; Kumar et al. 2021).

This motivated us to introduce the constrained Pareto Set Identification (cPSI). Formally,
given K arms with multivariate means p; € R?, we are provided with a set of known linear
constraints defining a polyhedron

P = {zeR?: Az <b}, AcR™? pecR™,

encoding m feasibility requirements. Any arm k such that y;, € P is deemed feasible. The
learner’s objective is to identify the Pareto set of these feasible arms, denoted Sge,s.

We study this problem in the fixed-confidence setting, where the learner must output the
correct constrained Pareto set with probability at least 1 — ¢ while minimizing the expected
number of samples. This formulation naturally extends the classical fixed-confidence PSI
framework introduced in Chapter 3 to handle feasibility constraints.

From PSI to Constrained PSI. A straightforward approach might proceed in two stages:
first, identify the feasible arms, and then apply a PSI algorithm on the remaining subset.
However, as we demonstrate in Section 6.3, such a decoupled strategy can be arbitrarily
inefficient, since feasibility and dominance information are statistically intertwined. This
observation motivates algorithms that integrate both tasks adaptively.

Explainable Constrained PSI. Beyond identifying the constrained Pareto set, certain
applications—again notably in clinical contexts—require explicit justifications for excluding
arms. We therefore introduce an extended variant, the explainable constrained PSI (e-cPSI),
in which the learner must classify every non-optimal arm as either (i) infeasible or (ii)
dominated by a feasible arm. This provides interpretable reasoning for every decision, a
property desirable in safety-critical domains.
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Related work. As illustrated throughout Chapters 2 to 4, a growing body of work has
addressed Pareto set identification in the fixed-budget, fixed-confidence, and linear settings
(Zuluaga, Sergent, et al. 2013; Auer et al. 2016; Zuluaga, Krause, et al. 2016; Kone, Kaufmann,
et al. 2023; Karagozli et al. 2024; Kone, Kaufmann, et al. 2025a). Despite these advances,
none of these studies consider the additional challenge of handling constraints on the Pareto
set.

Feasibility detection in multi-objective bandit problems was independently studied by
Katz-Samuels & Scott 2018, who considered identifying arms whose mean vectors lie within
a known polyhedral constraint set P C R% However, their goal was to determine feasibility
rather than to compare arms with respect to one another.

A related constrained BAI setting was analyzed by Katz-Samuels & Scott 2019, in which
the learner must identify the arm maximizing a weighted combination w " j1;, among feasible
arms. While this formulation assumes a known preference vector w to rank the arms,
it fundamentally differs from the constrained PSI setting studied here, where no such
scalarization is available and dominance is defined in the original multi-objective space.

The recent work of Faizal & Nair 2022 further investigated constrained BAI in dimension
d = 2, which can be viewed as a particular instance of Katz-Samuels & Scott 2019. The
authors proposed specialized algorithms and a lower bound for this setting, but extending
these results to general multi-objective problems and Pareto identification remains an open
challenge.

Finally, beyond pure exploration, several works have examined constrained regret min-
imization, either in single-objective problems (Lattimore & Szepesvari 2020) or in multi-
objective settings (Drugan & Nowe 2013; Amani et al. 2019; D. Li et al. 2024), where the
learner must select arms satisfying feasibility constraints while maximizing cumulative
reward.

In contrast, our focus here is on the fixed-confidence identification of the constrained
Pareto set, for which no existing framework or algorithm currently provides theoretical
guarantees.

Contributions. This chapter makes the following contributions. We first formalize the
constrained Pareto Set Identification (cPSI) problem and its explainable variant (e-cPSI),
extending the standard PSI framework introduced in Chapters 3-4 to settings with feasibility
constraints and interpretability requirements.

We then derive information-theoretic lower bounds characterizing the optimal sample
complexity of both problems, thereby establishing the fundamental limits of constrained
multi-objective exploration. For cPSI, we propose a gradient-ascent procedure that matches
the lower bound asymptotically with a computational complexity polynomial in the number
of arms.

Yet such an approach is computationally expensive for the more challenging e-cPSI, and
we devote the rest of our effort to proposing and analyzing an efficient algorithm for this
setting.
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We introduce e-cAPE, an adaptive algorithm that jointly handles feasibility detection and
Pareto set identification through coupled upper and lower confidence bounds.

We provide upper bounds on its sample complexity and show that it can be significantly
smaller than that of two-stage or racing-based baselines, while remaining near-optimal for
a broad class of instances.

Learning model. We denote by K the number of arms, by d > 1 the number of objectives,
and by [K] := {1,..., K} the index set of arms. Let D be a family of distributions over R?.
Given a multivariate bandit instance v = (v, ...,vx) € DX, we denote its mean vectors
by = (u1,...,pux) € I, where Z C R% and 1y, = Ex~,,[X]. In the sequel, ;z and v
will be used interchangeably.

We assume that D is either a family of marginally subgaussian distributions,' used for
algorithmic analysis, or a parametric family of multivariate Gaussian distributions, used
when deriving lower bounds. Ateachround? = 1,2, .. ., the learner selects an arm A, € [K]
(based on past observations) and observes an outcome Z; ~ v 4,, independent of previous
samples. We denote by H,; = o(Ay, Z1, ..., Ay, Z;) the o-algebra generated by the history
up to time ¢, and by P, and [E,, the probability and expectation under instance v.

In this chapter, we consider the case where the learner is additionally given a convex
polyhedron

P = {z € R%: Az < b},

where A € R™*4, b € R™, and m is the number of linear constraints. Given P, we study
two closely related pure exploration problems:

Constrained PSI (cPSI). Identify Sk, the Pareto set of arms whose mean vectors lie within
P.

Constrained PSI with explainability (e-cPSI). Identify St.,s and, in addition, provide a
justification for rejecting every arm outside Sge,s. Each non-optimal arm must be classified
as either infeasible (violating the constraints) or dominated by a feasible arm. When both
conditions hold, both explanations are admissible.

While cPSI may suffice in some applications, e-cPSI is particularly relevant in domains
such as clinical trials, where investigators must provide explicit reasons for excluding
candidate treatments—distinguishing, for example, between infeasibility (e.g., excessive
toxicity) and domination by a safer or more effective alternative. This need for interpretability
makes e-cPSI our primary focus in this chapter.

We note that Katz-Samuels & Scott 2019 considered a related “6-PAC-Explanatory”
framework for identifying a feasible arm maximizing a linear combination of objectives,
though their approach assumes a fixed preference vector and thus does not extend to the
Pareto setting considered here.

"Let (X¢)c<a denote a realization of arm i. It is marginally o-subgaussian if for all ¢ < d and A € R,
E[erXi-1i)] < eXo?/2.
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Additional notation. For any x € R, let 2¢ denote its c-th component, and define the
distance to a set X C R? as dist(z, X) = inf{||x — y||2 : y € X}. We denote by cl(P) the
closure of P, by int(P) its interior, and by 0P = cl(P) \ int(P) its boundary. For a,b € R,
we write (a), = max{a,0},a A b := min{a, b}, and a V b := max{a, b}.

6.2 On the complexity of constrained PSI

We now study the intrinsic difficulty of the constrained Pareto set identification problems
introduced above. In particular, we establish information-theoretic lower bounds on the
expected sample complexity of any d-correct algorithm for both cPSI and e-cPSI. We begin
by introducing basic definitions that formalize these two settings.

Given a polyhedron P and a bandit instance ;1 € Z%, we define the feasible set
F(p) = {ke[K]: € P},
i.e,, the set of arms satisfying all linear constraints.

For two arms i, j, we recall that arm ¢ is (strictly) dominated by j (written ¢ < j or
pi < py) if pf < p for all ¢ € [d]. For any subset S C [K] and parameter A € T, let
Par(S, A) denote the (strict) Pareto set of {); : i € S}-the arms in S not dominated by any
other in S under the instance \. With this notation, the target Pareto set of feasible arms is

Sfeas(,u) = Par(F(:u)’ ;U/)a
and we further define the set of arms dominated by a feasible one as
SubOpt(p) = {7 € [K]:3j € F(u) such that p; < 1, }.

When clear from context, we simply write F, Sg,s, and SubOpt for F(u), Speas(1t), and
SubOpt(u), respectively.

6.2.1 Constrained PSI without explainability (cPSI)

In the cPSI problem, an algorithm with stopping time 7 outputs a recommendation R, = O,
which is its estimate of Speas(14)-

Definition 6.2.1 (Correctness for cPSI). An algorithm is said to be §-correct for cPSI on DX
if, for any instance v € DX with mean parameter (i, it satisfies

]:PV(T < 00, O’T 3& Sfeas(ﬂf)) < 0.

We are interested in J-correct algorithms with small expected sample complexity E,,[7].
To correctly identify Sreas(14), an algorithm must be able to distinguish y from any alternative
instance A for which the optimal set differs. We denote the set of such alternatives by

Alt(S) == {\ € T" : Spas(\) £ S }.
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Proposition 6.2.2 (Lower bound for cPSI). Let D be the class of multivariate Gaussian
distributions with identity covariance, and letv € DX have mean vectors ji := (uy,. .., jx) €
(RHK. For any 6-correct algorithm for cPSI on D with stopping time 7, it holds that

K

1 E :
> * * -1 = 1 l - 2
E“ [T] - T (M> 1Og (245) ’ Where T <Iu) 111)1612}; /\Ez4lll;%kfgfeas) k=1 2wk||l’1/k )\k” ’

with Alt(S) = {\ € T : Spus(N) # S }.
6.1)

The proof follows the general information-theoretic approach of Garivier & Kaufmann
2016, originally developed for best-arm identification. Algorithms that approach such bounds
typically rely on iterative saddle-point or game-theoretic methods (Ménard 2019; Degenne,
Ménard, et al. 2020; P.-A. Wang et al. 2021). However, they require efficient solvers for the
inner optimization problem in (6.1), which is generally non-convex.

We show in Section 6.6.5 that subgradients of this inner inf function in Eq. 6.1 can be
computed in polynomial time.

Then, applying the techniques in Ménard 2019 yields a computationally efficient algo-
rithm for cPSI called Game-cPSI, whose analysis is given in Kone, Kaufmann, et al. 2025b.

6.2.2 Constrained PSI with Explainability (e-cPSI)

We now turn to the more challenging e-cPSI setting, in which the learner must not only
identify the feasible Pareto set but also provide a justification for rejecting each non-optimal
arm. At stopping time 7, an algorithm outputs a partition

R.=(0;,5:,1,)
of the arms such that
i) Or = Steass i1) S, C SubOpt, iii) I, C F-.

Since some arms may be both infeasible and dominated by a feasible one, multiple correct
classifications may exist. Accordingly, we define the set of valid explanatory partitions as

M(P,p) = {(S,I)| S C SubOpt(n), I CF(p), SNI=40,
SUT = (Speas(11))}-

When P and p are clear from the context, we simply write M. This setting thus corresponds
to a pure exploration problem with multiple correct answers, a framework also studied by
Degenne & W. Koolen 2019 for single-objective bandits.

Definition 6.2.3 (§-correctness for e-cPSI). An algorithm is §-correct for e-cPSI on DX if,
for any instance v € DX with mean parameter 1, it outputs a partition (O, S, I,,) of [K]
such that

P, (1 < o0 and —(O; = Sgeas, (57, I;) € M)) < 6.
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We again focus on d-correct algorithms with small expected sample complexity E,,[7]. To
derive a lower bound, we first define the set of alternative instances where a given partition
(S, I) would not be a valid answer:

Alt(S,T) == {Ae TN :(S,I) ¢ M(P,)\)}.

Proposition 6.2.4 (Lower bound for e-cPSI). Let D be the class of multivariate normal
distributions with identity covariance, and let v € DX have mean parameters i € T*. For
any d-correct algorithm for e-cPSI on D with stopping time T,

o EH[T] .
— 1 >TY =
h%n_gonf Tog(1/0) = Th(1) (SI,%IEHM T(u,S,I), where
K
_ . Wk
T nt = f — — 2, .
(. 8,1) ulfreli);{( )\ezgtl(s,l)z 2 it = Al (6:2)

This asymptotic lower bound extends the game-theoretic technique introduced by De-
genne & W. Koolen 2019 for pure exploration with multiple correct answers. For any valid
partition (S, ) € M, the quantity T'(u, S, I) captures the information-theoretic cost re-
quired to identify (S, I) as the correct explanation. The bound implies that the minimal
achievable sample complexity of any d-correct algorithm is governed by the easiest valid
partition to identify.

Even if ;1 were known, evaluating 7'y,(¢) remains computationally challenging, as it
involves solving the inner inf problem in (6.2) for every (5, I) € M. The set M may have
size up to 2" with n = |SubOpt N F¢|, which can grow exponentially with K. Consequently,
directly implementing the optimal strategy is infeasible for large-scale problems.

Degenne & W. Koolen 2019 proposed an optimal algorithm for similar single-objective
problems, but it requires enumerating all possible answers and solving the inner optimization
at each step. In our setting, such enumeration over the power set of SubOpt N F€ would be
computationally prohibitive. Instead, in the next section, we introduce a practical alternative:
an adaptive confidence-bound algorithm, e-cAPE, which efficiently balances exploration
between feasibility testing and Pareto set identification, while achieving near-optimal sample
complexity in many instances.

6.3 Constrained Adaptive Pareto Exploration

We now introduce the main algorithm of this chapter, the Explainable Constrained Adaptive
Pareto Exploration (e-cAPE), which efficiently balances the detection of feasible arms and
the identification of the constrained Pareto set. Similar to the APE algorithm presented in
Chapter 3, e-cAPE relies on confidence regions around pairwise dominance and feasibility
quantities. Throughout this section, all arms are assumed to have marginally o-subgaussian
rewards.
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Preliminaries. As in previous chapters, we characterize pairwise dominance using the
operators

M, j) = max[pf —p5], (i, ) = min[uf — 4], (6.3)

c<d

introduced in Chapter 3. These quantities measure how far arm ¢ is from being dominated
by j: note that M(z, j) > 0 if and only if y; A p;. They play a central role in constructing
empirical dominance tests.

In the constrained setting, we must also assess whether each arm satisfies the feasibility
constraints. Following Katz-Samuels & Scott 2018, we define the signed feasibility margin:

dist(u;, P), if pu; ¢ P,
M= . (6.4)
dist(u;, P°), if pu; € P,

which measures the distance of ji; to the constraint boundary.

Empirical Estimates and Confidence Bounds. At each round ¢, we denote by [V, ; the
number of times arm ¢ has been pulled and by /i, ; its empirical mean. We write M(, j; ),
m(i, j; t), and 7;(t) for the empirical counterparts of (6.3) and (6.4). The empirical feasible
set is

Fy = {i:ju; € P},
and its empirical Pareto set is given by
Ot = Par(Ft,ﬂt) .
To control uncertainty, we define a sequence of high-probability events:
gt = {VZE [K]7 Hﬂtz MZH Bz t 6 and”utz plz||2 t 5 } & = ﬂgta
t>1
with confidence bonuses of the form

202 f(t, §)

202¢(t,0)
Nii ’

Bi(t,6) = Ui(t,6) = N,

where f and g are chosen so that P, (£) > 1 — ¢.

Lemma 6.3.1 (Concentration of empirical quantities). Under &, for all arms i, j:

(i) ’M(Z,j)-M(@,j,t)‘ < 61(t76)+ﬁj<t7 6) and| m<27j)_m<27j7t)| < 6i(t75)+ﬁj(t75);
] (ﬂt’“ X) - dlSt(/LZ,X” < Uz<t,(5)

This leads to the confidence intervals

M= (i, j; 1) = M(4, 7; )£ (Bi(t, 6)+5;(t, 5)), m* (i, j;t) = m(i, j; )£ (Bi(t, 0)+5;(t, ).

In particular, under &, M~ (i, j;¢) > 0 guarantees that y; A u;, while M* (4, 5;t) < 0
implies that 1; < p;.
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Feasibility Detection. For any arm ¢, introducing the quantity v;(t) = 5Ny 02 (t) —
g(t,0), one can show using Lemma 6.3.1 that when ;(t) > 0, the vectors fi;; and y; can
either both belong to P or to P¢, with high confidence. We let G; = {i € Fy | v(t) < 0}
be the subset of F of empirically infeasible arms that cannot be confidently ruled out as
infeasible at time ¢.

Stopping and Recommendation Rules. An algorithm for e-cPSI should stop as soon as
any confidently valid answer has been identified. To introduce the stopping rule, we first
define Z{'(t) := min;eo, 1:(t) and Z5(t) = mineo, minjeop (3 [M ™ (i, j; t)]. We further
define

Zy(t) == min{Z[ (t), Z15(t)}. (6.5)

When ZF(t) is positive, arms in O; can be proved to be feasible, and having ZF>(t) pos-
itive is sufficient to guarantee that arms in O, are not dominated by each other. Thus,
when Z;(t) > 0, arms in O, are all confidently feasible and non-dominated by each
other. However, this alone is not sufficient to ensure that O; = Sg,s. We also define
&(t) = maxjemuc)\( M (4,7;t) and note that §(¢) > 0 implies that there exists
j # i € (Fy UG,) such that p; < p;. Therefore, 1(i ¢ Fy)((i(t) V &(t))) > 0 im-
plies that either arm ¢ is infeasible or it is dominated by an arm of (F;, U G;). We then
introduce

Zy(t) = Jin [&O1(i € F) + (w(t) VE®)L(i ¢ F)] (6.6)

for which a positive value guarantees that each arm outside of O, can be confidently classified
as either infeasible or dominated by another arm of (F; U GG;). We will prove that having

both Z;(t) > 0 and Z5(t) > 0 for some ¢ is sufficient to prove that O; = Sk.,s and to identify
a correct answer (S;, I;) € M. Thus, we define the stopping time 7 of our algorithm as

To=inf{t > 1[Z,(t) >0 and Zy(t) > 0}. (6.7)
At stopping, the algorithm recommends the partition (O, S;, I) of [K] with O, = Par(F., ji,),
S; = (F. UG;)\O;, a set of arms that will be shown to be dominated by some arms in
O;,and I, = G2 N FY, a set of arms deemed infeasible.

Lemma 6.3.2 (Correctness). On the eventE, ife-cAPE outputs (O-, S;, 1), we have O; = Speos
and (S;,I;) € M(P, p).

The above result holds regardless of the sampling rule that is used, but the sampling rule
is crucial to stop early.

Sampling Rule. The challenge in designing an efficient sampling rule for constrained PSI
lies in efficiently balancing the information about feasibility and Pareto dominance.

Following the "top-two” philosophy of LUCB (Kalyanakrishnan et al. 2012) and its Pareto
extensions from Chapter 3, we select at each round a leader arm b, and a challenger c;. The
leader is chosen as the arm that currently limits the stopping condition:
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minimizer of (6.6), if Z5(t) <0,
bt o { ( ) 2() (6.8)

minimizer of (6.5), otherwise.

Intuitively, if Z5(t) < 0, there remains uncertainty about an arm outside O, being
infeasible or dominated; if Z;(¢) < 0, some arm in O, is not yet confidently verified as
feasible or mutually non-dominated.

The challenger ¢; is the arm most likely to invalidate the current status of b;:

¢, = argmin M7 (b, 7;t).
JE(FtUG:)\{bt}

Pulling both b; and ¢; refines the dominance and feasibility estimates most relevant to the
current uncertainty, thereby increasing min{7; (t), Z5(t)} and accelerating convergence to
the stopping condition.

Algorithm 6.1: e-cAPE: Explainable Constrained Adaptive Pareto Exploration

Require :risk parameter § € (0,1)
1 Initialize: Pull each arm once; sett + K +1

2 while true do
// Feasibility and empirical Pareto set estimation

3 Compute the empirical feasible set F; = {i: i, € P };
4 Compute
O, = {@ S }\V’j € Fy, [l %ﬂt,j}

(empirical non-dominated arms).;
// Select most ambiguous candidate
5 | if Z5(t) < 0 then
6 ‘ b; <— minimizer of (6.6);
7 else

8 b; +— minimizer of Zy (M), it 275 > Zf@)?.
Zfs(t), otherwise. ’

// Find the most conflicting arm
9 ¢ < argmin M7 (b, j; t);
JE(FUGH)\{b}

1 | if min{Z(t), Z5(t)} > 0 then

11 L return (O, (F;UGy) \ Oy, FfNGY);
// Sample selected arms

12 Pull arms b, and ¢;; t <+ ¢+ 1;
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6.4 Main theoretical results

We begin by introducing the complexity quantity that drives the analysis of e-cAPE. Beyond
the feasibility margins n); (Definition (6.4)), it depends on Pareto sub-optimality gaps already
used for PSI in Chapters 2-3. For any nonempty S C [K], let Par(S, i) be the Pareto set
in the unconstrained setting and recall the dominance operators M(i, j) = maxccq [uf —
pS] and m(i, j) = mineeq [pS — pf] (so M(i,j) = —m(j,i)). Fori ¢ Par(S,pu), the
(unconstrained) PSI gap is

A(S) = AF(S) = max m(s,7), (6.9)

jGPaT(S#)

i.e., the minimal (coordinate-wise) increase that makes ¢ appear Pareto-optimal against
S\ {i}. For i € Par(S, uu), we use the standard “two-sided margin”:

A;(S) = min{5(S), 6; (S)}, (6.10)
where

+ . . . . . . . — . . . . .
67 (S) = jepag?slg)\{i}mm{M@,J), M(j,4)}, 07 (S) = jes\rg;gsm[(M(J,Z))++AJ(S)],

with the convention miny = +o0. Intuitively, ;" measures the proximity of i to other Pareto
arms, whereas §; captures the margin separating ¢ from sub-optimal arms.

A candidate-answer complexity. To certify a valid explainable answer (S, ) € M (cf.
Section 6.2), an algorithm must: (i) identify the Pareto set of Sg.,s U S (ii) certify feasibility
of Steas; and (iii) certify infeasibility of /. We quantify this joint effort by

1 1 1
C(p, S, I) = E E S E —
S 2 i ASw U9, ) 2 NG 8] | 2
1€ Steas €S el
and the "easiest” valid partition by
Cx = i C(p, S, I).
mln) = min €S, T)

Theorem 6.4.1. Let f(t,6) = log(*54%) and g(t,6) = 4log(w) withk; > 14+
and o > 2. Over the class D of marginally o-subgaussian arms, e-cAPE is 0-correct for any
5 € (0,1) and, for any instance p,

E,[s5] < 25607 C,(p) 10g(128020/*\4(,u) (%f“)”“) + Ay + 4H(p, F),

where

) T.6-d/5% + f(T,6
Ay < 24k1 Z(logT—H) 1l /Tazl—i_f( ), H(p, F) = Z

T>1 aEPCUSfeas

3202 log(5/d)
Ur
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This result shows that the dominant term of the sample complexity scales as C'x () log(

the theorem below shows that there exist families of instances for which the optimal sample
complexity must scale with C% (1), implying near-optimality of e-cAPE in a worst-case
sense.

Theorem 6.4.2. There exists a class D of multivariate Gaussian instances such that any
d-correct algorithm for e-cPSI satisfies, for all p,

lim inf B[] > CM('M).
5-0  log(1/9) 4

Comparison to two-stage approaches. Since (F \ Sg.s, F¢) is always a valid explanation,
we have

Cj/l(l“b) < C(M7F\Sfeach Z A2 /\77 Z + Z 2

’LESfEaS t 'LGF\Sfeas ’L ZéF
1 1
< _— — .
Slmmt L
——
Hpsi () Hp ()

Here Hrp is the feasibility-detection complexity (Katz-Samuels & Scott 2018), and Hpg the
Pareto-identification complexity on F, as studied in Chapter 3. Thus the leading term of
e-cAPE is always no larger than that of a naive two-stage method that first learns F and
then identifies Par(F, 11): e-cAPE pays a PSI cost only for SubOpt NF, and for SubOpt N F°
it pays the cheaper of infeasibility or dominance. Figure 6.1 illustrates an instance where
this yields an arbitrarily large advantage.

D 2

X 1

v v

Figure 6.1: A constrained PSI instance. A two-stage approach scales as 1/n? + 2/¢% +
Z?Zl 1/A;({1,2})?, whereas e-cAPE scales as 1/1? + Zg’zl 1/A:({1,2,3})% fore < 1.
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While a general, instance-wise comparison to the lower bound in Proposition 6.2.4 is delicate,
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When all arms are well inside/outside P (i.e., 17; > 1), our bound reduces to the PSI
complexities on F. Symmetrically, when PSI is easy (large A;), we match feasibility-only
detection rates.

Algorithms based on uniform sampling and rejection for cPSI. Racing-style methods
eliminate an arm only when (i) it is confidently infeasible; (ii) it is confidently dominated by
an already confidently feasible arm; or (iii) it is confidently optimal and does not dominate
any other active arm. Condition (ii) is the bottleneck: to discard a dominated arm, one must
first certify the feasibility of the dominator. Consider an instance with F = [K, Sgeas = {1},
and Par([K] \ {1}, ) = [K] \ {1}. A racing algorithm must pull every arm until arm 1 is
certified feasible before discarding any k£ # 1, yielding a complexity on the order of

K 1

7 L ARy
In contrast, e-cAPE scales as ) .

J— + —_—,

- ENISE
removing the multiplicative factor K on the feasibility term. Our experiments in the next
section corroborate this gap.

6.4.1 Sample complexity

We prove the correctness and refer to the end of the chapter for the sample complexity
bound.

Proof. We show that on £, when cAPE stops and returns a partition (O, S;, I,), it is a valid
partition. We recall that P is the polyhedron of feasible arms, F is the set of indices of the
feasible arms and

Steas = {i | ;s € P and Vys.t. u; € P, p; A pj}

is the Pareto-optimal feasible set; SubOpt = {i € [K]|3j € Seas\{¢} : pt; < 115} which
can be rewritten as

SubOpt = {i € [K]|3j € F\{i} : s < p;}. (6.11)

To see this, note that if ;;; < p1; and j € F, then, as j € F, either j € Sk, or there exists
7 € Steas such that p; < pj and so p; < pj. Thus

35 € F\{i} : i < pt; = 37 € Steas\ {7} : 1 < 15 (6.12)

and the reverse inclusion is trivial, which justifies (6.11). Finally, it is simple to check that
for the polyhedron P,
dist(p, P¢) = dist(u, 0P) Vu € P. (6.13)
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To prove the correctness, we have to show that the returned partition (O, S, I;) at
t = 7 satisfies O; = Sgeas, St C SubOpt and I; C F¢. In this proof, we assume £ holds and
we let t = 7.

Step 1: Proving that S; C SubOpt. Following (6.12), we have to show that
Vi € S;,3j € Fsuch that p; < p;. (6.14)

By design, S; = (F; U G;)\O; and at stopping

Zy(t) = min |1(i € F}) max
i€[K]\Ot JE(FUG)\{i}

m_(i,j;t)> +
1(i ¢ F) (%(t) v max\{i}m_(i’j;t)ﬂ

JE(FUGy)

satisfies Z5(t) > 0 so that

Viec S, 1(i € F, ~(,5:t) )11 ¢ ) () v ~(i,5:1) ) > 0.
iesut(ic R)( | max (i) 410 ¢ F) (u)v_ e we(i.gin) >0
(6.15)

Note that if i € S; NGy, then i ¢ F; and v;(¢t) < 0 so by (6.15),

max m" (i,7j;t) >0,
JE(FUGy)\{i}

which also holds if ¢ € F}. Thus, it holds that

ViesS;, max m (:,7;t) >0 6.16
! JE(FUGH)\{i} ( J ) ( )

which on the event &, using Lemma 6.3.1 and by the definition of m(i, j) yields
Vi e Sy, 3j € (F1 U Gy)\{i} such that p; < p;. (6.17)

However, this does not directly imply (6.14) as the stopping rule only guarantees that O; C F
and at this point, some arms in (F; U G;) could be infeasible (for the actual means). Thus,
we shall prove that (6.17) holds for some j € O,. Note that by their definition, we have
F, UG, = S, UO,. Let

H; = Par(S;, p) = {i € S |Vj € Se\{i}, i A w5},
the Pareto set of S; based on the true means.
As H; C Sy, (6.17) applies and
Vie Hy, 35 #1i,j € (F; UG;) = (S; UOy) such that p1; < 15,

then, as H, is the Pareto set of S, arms in H; cannot be dominated by another arm of S;.
Then, the equation above implies

Vi€ Hy,3j # 1,7 € Oy such that p; < p;,
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which as O; C F yields
Vi € Hy, 35 € F\{i} such that p; < ;. (6.18)

Now, for i € S;\ H,, there exists (by definition of H;), j € H; such that y; < 41, and by
(6.18) there exists jo € F such that p1; < p;, so p; < j1;,. Combining these results, we have
proved that

Vi € Sy, 3j € F\{i} such that p1; < p;,

hence S; C SubOpt.

Step 2: Proving that [, C F¢. The proof of this claim simply follows from the definition of

I; and Lemma 6.3.1. Indeed, as I; = G§ N FY C Of and by definition of (¢, it holds that for

allarm i € I;,7;(t) > 0. Then by definition of ;, the previous yields 7;(t) > %jf’é) =

U(t,0) and since i € Ff we invoke Lemma 6.3.1, and
dist(,ui, P) > dist(/]m-,P) — Ul(t,(S)
= ni(t) = Ui(t,6) 2 0,
so p; ¢ P thatis ¢ € F® which completes the proof that [, C F°.
Step 3: Proving that O; = Sge,. First, note that (Oy, S, I;) is a partition of [K]. Since we

have proved that S; C SubOpt and I; C F¢, and by definition Sg.,s N (SubOpt U F¢) = (),
thus it holds that Sg.,s C O;.

Then, noting that as Z;(¢) > 0, proceeding similarly to Step 2, we have O; C F, so at
this step it holds that
Sfeas C Ot and Ot CF. (619)

Moreover, from Z;(t) > 0, we derive
Vi € Oy, Vi € ON{i}, M(,§) S M~(i,j:¢) > 0
which from the definition of M(i, j) translates to
Vi e O, V5 € O\{i}, i A pj. (6.20)
Therefore, as Sg..s C O (6.19), we have

Vi € Oy, Vj € Speas\ {1}, tti A 145

which implies (using the transitivity of the Pareto dominance and the fact that any sub-
optimal element in F is dominated by an element in Sk.,,) that

Moreover O, C F, so O; C Sgas hence the conclusion follows as O; = Sgeas.

Combining these results, we have shown that the recommendation is a valid partition of
[K], which concludes the proof of the correctness of Algorithm 6.1 for e-cPSI (which also
implies correctness of cPSI). [
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Remark 6.1. The proof of the correctness can be adapted to generic time-uniform confidence
bounds on M*, m*, * using an event £ = £ N &, where

& = {w >1,V(i,4) € [K]?, M(i,5) € (M (i, j; t), M* (4, j; 1)),
and m(i,j) € (m_(i,j;t), m+(i,j;t)) } )

and

& = (vt > 1¥i € (K€ (7 (1) (1))

such that £ holds with probability at least 1 — 9.

6.5 Numerical study and discussion

Experimental setup. We now evaluate the performance of e-cAPE on instances inspired
by real-world data, with a particular focus on clinical trial applications where feasibility and
interpretability are essential. Throughout, we compare e-cAPE against three baselines: (A-A)
the two-stage algorithm that combines the feasible-arm identification procedure of Katz-
Samuels & Scott 2018 with the Pareto set identification algorithm of Kone, Kaufmann, et al.
2023; (U) a uniform sampling policy executed with the same stopping rule as e-cAPE; and
(R-CP) an adaptation of the racing algorithm of Auer et al. 2016 to the constrained setting
(see Appendix F of Kone, Kaufmann, et al. 2025b). All algorithms use identical confidence

bonuses 3;(t,0) = /202 log(log(t)/d)/N,; and pairwise bounds 3;; = /% + 37 with
0 = 0.1, yielding negligible empirical errors.

Clinical trial datasets. We begin with two experiments derived from published biomedi-
cal studies, each representing a typical multi-objective dose-finding or vaccine evaluation
problem. The first dataset originates from the phase 2 clinical trial of Mark C et al. 2013,
which assessed the safety and efficacy of various doses (25-300mg) of Secukinumab for
rheumatoid arthritis. Each arm corresponds to a dosage with measured efficacy and toxicity
probabilities, and the feasible region is defined by a minimum efficacy of 40% and acceptable
toxicity. This formulation mirrors early-stage dose-escalation studies in which the goal is to
identify all doses that are both effective and safe, rather than a single optimum. Figure 6.2
shows the feasible region and mean responses of each dosage level.

The second dataset is based on the CovBoost study of Munro et al. 2021, which compared
20 COVID-19 booster strategies across multiple immunological indicators. Following Crepon
et al. 2024, we retain three outcomes—neutralizing antibody titre (NT5), immunoglobulin G
(IgG), and cellular response—forming a three-dimensional response space. The feasible
region corresponds to vaccine strategies achieving IgG levels above 8.25 titre. Figure 6.3
illustrates the feasible region and the mean response of each vaccine candidate.
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Figure 6.2: Average response in the Secuk- Figure 6.3: Average response in the Cov-
inumab dose-finding trial. The feasible re- Boost vaccine trial. The feasible region is
gion corresponds to efficacy > 40% and ac- defined by an IgG response above 8.25 titer.

ceptable toxicity.

Results. Figure 6.4 reports the empirical sample complexity over 500 runs for both datasets
(the uniform sampling algorithm was omitted for CovBoost due to excessive runtime). In
these experiments, e-cAPE consistently achieves lower sample complexity than its com-
petitors. In the Secukinumab case, the 7hmg dose lies near the feasibility boundary yet
is dominated by the 150mg arm. While the two-stage algorithm (A-A) incurs additional
cost verifying feasibility for such borderline arms, e-cAPE integrates feasibility and domi-
nance testing, discarding them earlier and more efficiently. This behavior is fully consistent
with the theoretical analysis of Section 6.2 which shows that decoupling feasibility from
dominance can lead to sub-optimal sample allocation.

25,000 —
40,000 1 20,000 -
30,000 A 15,000 4

A
20,000 1 10,000 B l
10,000 % ; 5,000 1 —_

1 1 1
e-cAPE A-A R-CP U e-cAPE A-A R-CP

Figure 6.4: Empirical sample complexity averaged over 500 runs for the Secukinumab (left) and

CovBoost (right) experiments.

Synthetic benchmarks. To further assess robustness, we test e-cAPE on synthetic three-
dimensional instances defined over different feasible regions: an ordered polyhedron P, =
{x € R® : o; < x41,i € [2]}, asimplex P, = {x € R® : 2; > 0, ,2; < 1}, and a
cube Py = {x € R?: 0.15 < z; < 1,7 € [3]}. Figure 6.5 shows the geometry of these
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instances, and Table 6.1 reports the sample complexity averaged over 500 runs. In all cases,
e-cAPE achieves the best performance, often reducing the number of required samples by
up to a factor 3 compared to the two-stage baseline. Interestingly, the uniform sampling
strategy combined with our stopping rule sometimes approaches the two-stage baseline’s
performance, confirming that some of the gain of e-cAPE stems from its improved stopping
condition rather than aggressive sampling alone.

= 10
- 08
- 06
> 04
~ 02

4= 00

w

= 10
~ o8
=06
Feasible Region
Feasible Optimal
10 00

£ 0.8

Figure 6.5: Synthetic constrained PSI instances with (left to right): ordered polyhedron, cube, and
simplex. The green region denotes feasibility.

Table 6.1: Empirical sample complexity averaged over 500 runs.

e-cAPE MD-APT+APE (A-A) Uniform (U)

Experiment

P Mean Std Mean Std Mean  Std
Simplex 2679 517 4886 873 12156 2428
Hypercube 19034 3158 59841 10186 56184 14392
Ordered polyhedron 4313 693 7183 792 11895 1932

Challenging instances for racing algorithms. To further highlight the limitations
of elimination-based methods, we constructed a “hard” constrained PSI instance designed
to challenge racing algorithms. In this two-dimensional Bernoulli setting, all arms are
feasible but only one is Pareto-optimal, while the feasible region is defined by a half-space
aligned with the y-axis. We considered K € {5,10} arms, set § = 0.01, and averaged
results over 250 runs with negligible empirical error. As anticipated from our theoretical
discussion, racing algorithms must first certify that the dominating arm is feasible before
discarding any dominated arm, which leads to a sample complexity that scales roughly
linearly with K. In contrast, e-cAPE avoids this redundancy by jointly evaluating feasibility
and dominance, resulting in substantially smaller sample requirements. This gap becomes
even more pronounced as the number of arms increases, as illustrated in Figure 6.6 and
Figure 6.7.
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Figure 6.6: Empirical distribution of the sample Figure 6.7: Empirical distribution of the sample
complexity on the difficult constrained 5-armed complexity on the difficult constrained 10-armed
instance. instance.

Discussion. The advantage of e-cAPE is most pronounced in clinical scenarios where
some candidate treatments lie close to safety or efficacy thresholds. By balancing feasibility
testing and dominance exploration within a unified confidence-based framework, e-cAPE
efficiently identifies all clinically acceptable strategies while explicitly explaining why others
are rejected.

This feature of explainability is crucial in medical and regulatory settings, where in-
vestigators must justify exclusion decisions. In contrast to traditional racing or two-stage
procedures, e-cAPE produces interpretable partitions of candidate arms into feasible, domi-
nated, and infeasible subsets. Such interpretability supports transparent and data-driven
decision-making during early-stage trials.

Conclusion. This chapter introduced the problem of constrained Pareto Set Identification
(cPSI) and its explainable variant (e-cPSI), established information-theoretic lower bounds,
and proposed e-cAPE, an algorithm achieving near-optimal performance in both theory
and practice. Empirical results on both real and synthetic datasets confirm its efficiency
and interpretability, especially in clinically motivated scenarios. Looking ahead, an exciting
avenue for future research lies in designing adaptive exploration strategies that tolerate
limited constraint violations during learning. Such extensions would be particularly relevant
for ethical clinical trial design, where safety must be ensured throughout the study while
still enabling rapid, data-efficient identification of promising treatment candidates.
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6.6 Additional proofs

6.6.1 Stopping time

We upper bound the expected stopping time of Algorithm 6.1. We recall that P is fixed and
known to the algorithm,

M(P,p) == {(S,I):S CSubOpt, I CFand SNT=0,SUI = (Sas)}

is the set of correct answers. The idea of the proof is to show that if the algorithm has not
stopped after round ¢ and &; holds, then at least one of b, ¢; has not been sufficiently pulled
w.r.t. the cost of identifying any correct response of M. More precisely, we introduce the
sets

th(S) = {Z € Sfeas : Ai(Sfeas U S) < 4ﬁl(t, 5) or 7); < 2Ul(t, 5)}, (621)
W2I) ={iel:n <2Utd)}, (6.22)
W3(S) = {ieS: Ai(SwasUS) <48i(t,0)}, (6.23)

and finally,
Wt(Sa [) = th(S) U WtQ(I) U th(S).

We may omit the dependency in ¢ when it is clear from the context. At round ¢, any
arm that belongs to W, (.S, I) is called under-explored w.r.t. (S, I). In the sequel, as S, is
fixed and uniquely determined, we simplify notation: given S C SubOpt, we write A;(S)
to denote A; (S U Steas)-

Proposition 6.6.1. If Algorithm 6.1 has not stopped at time t and &, holds then for all
(S, 1) € M, {b,c;} "N W,(S, I) is non-empty.

Proof of Proposition 6.6.1

In the remaining of this proof, we fix a correct answer (S, I) € M and we show that if
the algorithm has not stopped at time ¢ and &, holds then one of b;, ¢, is under-explored
ie, {b,c;} NW(S,I) # (. First, we address the case (F; U G;)\{b;} = (. Note that
(F, U Gy)\{b;} = 0, implies that arms in [K]\{b;} can all be classified as confidently
infeasible at round ¢. Then,

{b}  ifby € Speas
Sfeas =
0 else.

In both cases, the gap of b, involves the quantity 7;,,. Assume b, € F, then b; € Sgeas.
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Case l.a If b, € F, then, as G; = () and F;, U G; = {b;}, we have

Zo(t) = i 1(: € F, “(1,7:t
2(t) iel[%ilot [ (Z t) (je(thu%)f)\{i}m (@ J; )) +

1(i ¢ F) < ON s X m‘(i,j;t))}

= min |1(: € F, max m (¢,7;t) | +
i#b, [( ! e ™ (0 ))

1(i ¢ F) (yi(t) V  max ,}m_(i,j;t))]

JE(FUGH)\{i

= %lélb? [ (i ¢ Fy) ( ~i(t) V (F%%)f)\{z‘} m_(i,j;t))] (since F; = {b;})
= 0

which follows by definition of Gy, as G; = () and F; = {b;}. So if the algorithm has not
stopped, Z;(t) < 0. In this case, as O; is a singleton, we simply have

Zy\(t) = 7, () <0

(the reader can check the formula of 7, (t) as F; = {b;}, we recall miny = co). 7, (t) < 0
then implies 7;(t) < U;(t, 9).

Next, assume b, € F, then b; € Sg.,s and
& R .
Mo, = diSt(lLth7 PC) < diSt(Mt,bw P ) + Ubt (t7 5)

= 0i(t) + Us,(t,0)
< 2U,,(t,9)

where the first inequality follows from Lemma 6.3.1. Thus, if b; € F we have b, € W/!(9).
Now we assume b, ¢ F. We observe that

&
n, = dist(p,, P) < dist(figp,, P) + Uy, (t,0)
= 0+ U(t,0)

which follows as by assumption b; € F}. So we have b, € W2(I).

Case 1.b Ifb; € Gy, then by definition v, (t) = dist(fi:;, P)—U;(t,6) < 0. By Lemma 6.3.1,
either b; ¢ F and

&t
Moy = diSt(ubm P) < diSt(:&t,bt: P) + Ubt (t7 6)
< 204,(t,0)

or by € F (s0 Speas = {b;}) and

&
My, = diSt(ubtv PC) < diSt(ﬂt,bw PC) + Uy, (ta 5)
= 04Uy (t,0).
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Therefore, either b; ¢ Fand b, € W2(I) or by € F = {b;} = Steas and by € W/(S). This
concludes the analysis for the case (F; U Gy) = {b; }.

In the sequel, we assume at round ¢, (F; UG;)\{b:} # (. For this proof, we treat different
cases for b;, ¢, in a series of lemmas summarized in the Table 6.2 which covers all the possible
cases that could happen regarding b, c;.

Case Reference

by € S, and ¢; € Speas Lemma 6.6.5
by € Steas and ¢; € Sgeas | Lemma 6.6.4
bpelorc el Lemma 6.6.2
¢ €8 Lemma 6.6.3

Table 6.2: References to the exhaustive list of cases analyzed

The following lemmas are proved under the condition that cAPE has not stopped and &,
holds.

Lemma 6.6.2. If the cAPE has not stopped and b, € I or ¢, € I then one of them satisfies
i < ZUl(t, (5), i.e., WE([) N {bt, Ct} 7& @

Proof. By design of b, it holds that
dist(fip,, P) < Ui(t,9). (6.24)

To see this, observe that if Z5(t) < 0, then, as in this case

b; = argmin {%(t) A min M~ (i,j;t)}
i€y J€EO;

and O; C F; we have fi;;, € P, so (6.24) trivially holds. If otherwise Z5(¢) > 0 and
Z1(t) < 0 then, recalling that in this case

by = argmin [1(z € F; max m (z,7;t) | +1(z & F; (it\/ max m_i,';t)}
' ie[%(}\ot|: ( t) (je(FtuGt)\{i} (6.7 )> ( ¢ t) %(0) JE(FUGH\{i} (6,3:1)

it holds that either i) b; € F; so fi;p, € P and (6.24) holds or ii) b; ¢ F; and 7, () < 0
(otherwise Z5(t) would be non-negative). which by definition of 7, yields Equation (6.24).

Next, if b; € I, then, as the event & holds, Lemma 6.3.1 yields
Moy = diSt(:ubﬂ P) < diSt<ﬂt,bt> P) + Ubt (t> 6)
and combining with (6.24) yields 7, < 2U,,(1).
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Assume instead ¢; € [. In this case, as ¢; € F; U G, we either have dist(f;,, P) = 0
(when ¢; € F}) or v, (t) < 0 (when ¢; € Gy C FY) ie., dist(firp,, P) < Uy, (,0) so that (6.24)
holds. Thus, the proof follows as in the previous case, leading to the conclusion that

Tey < 2U6t (tJ 5)7
and so W2(I) N {bs, et} # 0. O

Lemma 6.6.3. If cAPE has not stopped and ¢, € S then one of b, ¢, is under-explored.

Proof. If ¢, € S C SubOpt, then there exists ¢; € O* such that
A, (S) = m(ey, cf).

As c; € F, it is easy to see that, on the event &, ¢ can not be declared as confidently
infeasible at time ¢, so ¢; € F; U G;. If b, # ¢} then by definition of

c; = argmax m" (b, 7j;t)
JE(FUG)\{be}

it holds that m™ (b, ¢;;t) = m™(by, ¢; t), which by definition of m™ (4, j; t) yields

Jde € [d] : :ag,ct - /lg,bt + ﬁbz(t7 5) + ﬁct <t7 6) > I[lg,c;; - ﬂt,bt + ﬁbt (t7 5) + ﬂc? (ta 5)
thus when &; holds this implies that
de € [d] : pgy — pe, < 26¢,(L,0)

which in turn, implies

A, (S.1) < 28.,(t,0). (6.25)

If otherwise b; = ¢ € Sie,s then as the algorithm has not stopped, either Z5(t) < 0 or
Z1(t) < 0 holds. We analyze both cases below.

Case 1: Z5(t) < 0. In this case, as by design b; € Oy, either

a) b, € F; and there exists j € O, such that fi;;, < i, that is b; is empirically feasible
sub-optimal or

b) b, ¢ I} holds.

In the case a), for thearm j € Oy, as fi; 5, < [t j, it holds that M (b, j;t) < 0so M™ (b, j; 1) <
0. So, as j € (F; U G,) and by definition of ¢; it holds that M~ (b;, ¢;;t) < 0 i.e,

M(br, ci5t) < Bu, (£,0) + Be, (¢, 0), (6.26)
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then, note that as b; = ¢}, Ay, (S) < A, (5) (this follows from (6.10)) so

max(Ay,(S), Ac,(S)) < Aq(S) = mle,¢f) = mler, b)
< M<bt7 Ct)
2 M(bt, Ct, t) + Bbz (t7 5) + ﬁct <t7 6)
2B (1,6) + B (t,5))

where (7) follows from Lemma 6.3.1. Thus, for a,, the least explored among b;, ¢;, it holds
that
Aq, (S) < 484, (t,9),

which implies that a; € W,(S, I) in the case a). In the sub-case b), we have b; ¢ F}, as
by = ¢;* € Steas, we have

m, = dist(up,, P°)
< dist(figp,, P¢) + Up,(t,0) (by Lemma 6.3.1 on &)
< Ubt (tv 6)7

b, € W,(S, I) and this concludes the analysis of Case 1.

Case 2: Z,(t) < 0 and Z(t) > 0. In this case, by design, b; € O;. As

Z:(t) = min %(t)Aje%lf\%}[M (i,5;1)]

is negative, and b; is its minimizer, either a): there exists j € O, such that M~ (b, j;t) < 0,
which further yields
Mi(bt, Cy, t) < 0

or b): v, (t) < 0. In the case a), proceeding similarly to Case 1.a) will lead to the conclusion
that a;, the least explored arm among b;, ¢; belongs to W (S, I'). The latter sub-case b) leads
to dist(fisp,, P°) < Uy, (t, ) so, as by = ¢; € O, again we have

M, = diSt(/th, PC)
< dist(figp,, P€) + Uy, (t,0) (by Lemma 6.3.1 on &)
< 2Ubt (t7 5)7

that is b, € Wy(S, I). Therefore, we conclude that one of b; or ¢; is under-explored. O
Lemma 6.6.4. Ifb; € Spys and ¢; € Spas, then one of them is under-explored.
Proof. Note that in this case, by definition of the gaps as b;, ¢; € Steas,

Abt (S) < M(bt7 Ct> and Act(S) < M(bt, Ct). (627)
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We analyze first the case Z;(t) < 0, Z5(t) > 0. By design,

by == argmin |v;(t) A min M (4, 5;t)| ,
i€O; jEOt\{i}

so, as Z1(t) < 0, either b, is not confidently feasible (i.e., 7y, () < 0 in which case the proof
is similar to Lemma 6.6.2) or there exists j € O;\{b;} such that M~ (b, j;t) < 0. Which as
j € F; (since O; C F}) and by design

¢ = argmin [M~ (b, J;t)],
JE(FUGH)\{be}

it follows that
M~ (bt, Ct, t) < 0. (628)

Then, using concentration properties of M (i, j; t) (cf Lemma 6.3.1) and from (6.27), it follows

maX(Abt, Act) M+(bt7 Ct, t)
M<bt7 Ct; t) + ﬁbz (t7 5) + BCt <t7 6)

2(/Bbt (t> (S) + @q (ta 5))

NN N

where the last inequality follows from M~ (b, ¢;;t) < 0. For a, the least-explored among
b, ct, the latter inequality implies

D, (S) < 45,,(t,9),

that is a; € Wy(S, I'), which concludes our proof in the case Z;(t) < 0, Zy(t) > 0.

In the case Z5(t) < 0, we recall that

by = argmin |1 (7 € F; max m (2,7;t) | +1(2 & F (it\/ max m_i,';t)]
' ie[%ﬂ\Ot|: ( t) (e(Ff,uGt)\{z‘} (0] )) ( ¢ t) (0) JE(FUGH\{i} (6,5:%)

Assume b; ¢ F; (i.e, fip, ¢ P). Then by design, since Z5(t) < 0 we have v, () < 0 and
using concentration properties of Lemma 6.3.1, and as b; € Sgeqs,

Moy = diSt(:ubﬁPC)
< dist(figp,, P€) + Up,(t,0), Lemma 6.3.1 on &,
< Ubt (ta 5) )

which follows as fi;, € P°. Thus by € W;(S, I).

If b, € Fi (ie., fup, € P ), as by design b, € Of, then b, € Of N F} so b, is empirically
feasible sub-optimal and
35 € O, such that i, < fis;
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that is there exists 3j € F;\{b;} such that M(b;, j;t) < 0, whichas M~ (b, j; t) < M(by, j; 1)

for all 5 yields
35 € Fi\{b:} such that M~ (b, j; t).

Therefore, by design of c;,
M_(bt, Cy, t) < 0

so that we have with (6.27),
max(Ay, (5), A (S)) < MT(by )
< M(biy i t) + o (t6) + B (1)
< 26(00) + B(1,0)
so, for a,, the least explored arm among b, ¢,
Ay, (S) < 4B, (t,9),
that is a; € Wi(S, I).

Lemma 6.6.5. Ifb, € S and ¢, € Sy, then either b, or ¢, is under explored.

Proof. If Z,(t) < 0 then by design, as

by = argmin |1(: € F; max m (z,7;t) | +
' ie[%{]\Ot{ ( t) <j€(FtUGt)\{i} (i )>

1(i ¢ F) (%(t)\/ m%ic\{i}m_(iaj;t)ﬂ :

JE(FUGY)

and

Zo(t) == min |1(2 € F max m (¢,7;t) | +
2(t) ie[K]\ot{ ( t) (je(FtuGt)\{i} (4,7 ))

1(7 ¢ F, )V max  m (4,7t
( ¢ t) ('7() JE(FUGH\{i} (i, ))}

(6.29)

(6.30)

plus ¢; € (F; U Gy)\{b:}, we have m™~ (b, ¢;;t) < 0. We invoke concentration properties on

&, to have
Ay, (S) = m(by, bF) < m™(by, b);t)

where b} := argmax; . m(b;, j) and note that on the event &, it holds that b} € (F; U Gy)
so by definition of ¢;, Ay, < m™(by, ¢;; t) and replacing by its expression, we further get

Abt (S) < 2(61)15 (tu 6) + /BCt (tv 5)) .
On the other side, observe that by definition of the gaps and as b, € S,

A (5) < M(be, &) 4 + Ay, (5)
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which then yields

Ae(S) < (=mlby, e t) + By (8:0) + Be(t,0)) 4 +m(be, i t) + By, (¢, 0) + Bei(2,0)
< max (m(by, i t) + Bo, (,6) + Be, (t,0),2(By, (£, 6) + B, (t,9)))

thus
ACt(‘S) < 2(ﬁbt (t7 5) + ﬁct <t7 6)) and Abt(S> < 2(65775 (ta 5) + /BCt (ta 5))7

so we conclude in the case Z5(t) < 0.

Now, we assume Z5(t) > 0; then Z;(t) < 0 (otherwise, the algorithm would have
stopped). We still have

Abt(S) = m(bhb:) g er(bt’b:vt) g m+<btact;t) )

then, the idea is to show that m~ (b, ¢;,t) < 0. We will prove that for any i € (F; U
Gi),m™ (b, 4,t) < 0. To see this, first, note that, as b; € O, for any i € Fy, fi;p, A fit, thus
forany i € Fy,m(by,i,t) < 0.

Now let ¢ € G¢. By Lemma 6.6.6, there exists j € O, such that ji,; < fi; ;. Having fi;p, < fiz;
would yield either fi;5, < fiz; < fip, (if 7 = b) or by transitivity

Htby = Hij

with j # b;, which is not possible for b;, j € O,. Therefore, for any ¢ € F;,, m(b;,i;t) < 0,
so combined with the previous display,

Vi€ (F,UG), m(by,i;t) <O0.
In particular, m(by, ¢;; t) < 0. Moreover, recalling that on &,
Ap, (S) <™ (b, c5t)
we have Ay, (S) < By, (t,0) + B, (t,9). On the other side, as in (6.31),
A, (S) < M(by, ¢r) 4 + Ay, (S),
therefore,

Act(s) (_ m(btv Ct; t) + /Bbt (t’ 5) + 5015 (tv 5))+ + m(btv Ct; t) + ﬁbt <t7 5) + /Bct (t’ 6)

<
< 286 (¢, 0) + B, (1,9))
Combined, we have proved that
A (S) < By, (t,6) + Be,(t,0) and Ay, (S) < 2(By, (£,6) + B, (¢, 0))
which again makes it possible to conclude, as letting a; the least explored among b; and c;,
Aq,(5) < 484, (1, 6)
that is a; € W4(S, I) O
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Lemma 6.6.6. If Z5(t) > 0, then, for anyi € G, there exists j € O, such that fi;; < [i; ;.

Proof. Recall that arms in (i} cannot yet be confidently classified as feasible or infeasible.

As Zy(t) > 0,and i € Gy N Of, from the definition of Z5(¢), it holds that

max m (z,7;t) >0,
JE(F UG\ {7} ( J )

so there exists j € j € (F; U Gy)\{¢} such that m™~ (4, j;¢) > 0, in particular, fi;; < fi ;.
Introducing

Ji = {7 € FEA\{i} : fuq < fiey}

we will show that J; # 0. Let Q; = {j € (F; UG)\{i} : fuu; < fu;} and define H; =
Par €);, fi;, the Pareto set of {2; based on the empirical means. By the result above, (); is
non-empty, so H; is also non-empty.

We claim that H; C F;. Indeed, for k € H,N Ff we have k € G;NOY, then, as Z5(t) > 0,
as justified above for i, there exists | € (F}; U Gy)\{k} such that i, < fit;, however, as
k € H, = Par (), i;, the above is only possible if | ¢ €2;. Recalling that [ € (F; U Gy)\{k}
and [ # b, we have [ € (F,UG;)\{b:} so putting the above displays together, if H, N Ff # (),
there exists [ and k such that

flei = ks flegk =< fley

but fi;; A fi;;, which is not possible as Pareto dominance is transitive. Therefore, H, C F;
and since H; # (), J; # (. Thus, there exists j € F;\{b;} such that fi;; < fi; ;. Then, either
J € O or there exists jo € O, such that, /i, ; < [i; ;,. In any case, there exists j3 € O, (either
j or jo) such that fi;; < fit j, O

6.6.2 Sample complexity: Proof of Theorem 6.4.1

Proof. Let (S,1) € M be fixed. Let T > 0 be fixed and observe that

T

, T
min (75,7) < [5—‘ + Z 1(t > 75) .
t=[T/2]
Then, assuming
ET = E (6.32)
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holds, and using Proposition 6.6.1 we have

T
min(7s,7) < 5 + Z (t > 715)
T/2]
]
< 5 + Z thWtS])\/CtGWt(SI))
T/Q]
_T_ K
< ca Z Z (by =a Ve =a)l(a € W(S, 1))
t=[T/2] a=1
] KT
= |3 XZ:_T I(by =aV e =a)l(a e WS, 1)),

then, we decompose the latter sum into three terms by defining the function R for U C [K]
as

Z Z (by =a Ve =a)l(a e W(S, 1))

acU t=[T/2]

we have for the set S C SubOpt, using the definition of W}?(S) for a € S:

R(S) = ) Z (be = a Ve = a)1(Aa(S) < 4Balt, )

a€s t= [T/Q]
< Y Z (by = aV ¢, = a)L(Nyy < 3202A;2(S) f(t,6))
a€s t= |'T/2'|
< Z Z (by=aV e =a)l(N;, < 320°A%(S)f(T,9)) (as f is increasing)
a€S t=[T/2]
Therefore,
R(S) <Y 320° F(T,9) (6.33)
S AN '
a€sS
Proceeding similarly for /, we obtain
802
R(I) <Y —9(T.0), (6.34)
acl '@
and for O*, we obtain
802g(T,8) 3202 f(T,0)
* < ) ) ) .
R(O") < ag@:* max ( AN (6.35)
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Therefore, recalling the expressions of f and g

“ dpo
J(T,0) =log (%) and g(T, ) = 4log <‘“€1KT5T) |

log (w} log (#aKdre)

Ur - AL

11 4k KdT> 3202 54/d
E 2 1
é 320' max {?, A2—(5’)} log (T) + E 5 lOg (T) .

a a a
a ESfeas

Combining (6.35), (6.34) and (6.33) yields

1 1 1
NAPIFTGRPD n_> S0
= 320%C(S, 1) f(T,0) + H(u,I),

R(K]) < 320—2(2 —

acO Na,,

where H (i, 1) =) 10 320210[%(5#. Therefore, assuming (6.32), we have proved that

T
min (75,7T) < [5-‘ +320%C(S, ) f(T,8) + H(u, I)
Then, taking 7" such that the RHS is smaller than 7" would yield that the algorithm stops
before T'. Applying Lemma 6.6.7 with a = 12802C(S, I)av and b = (4k; Kd/§)"/* yields
T > 2alog (ab) = alog(bT) < T,

that is, letting C'(S, I) = 128052C(S, I ),

T > 2C(S,1)log (6(5, I)(4k1Kd/5)1/°‘) — 1280%C(S, I) log((4k1 Kd/5)T) < T

= 320°C(S,1)f(T,6) < T/4.
(6.36)

Moreover, we trivially have for " > 4H (p, I'), H(u, I) < T'/4. Combining with (6.36), for
T > T(S,1) = 20(S, 1) log (5(5, I)(4k1Kd/<5)1/0‘> + 4H(y, T), we have min(7s, T) <
T so the algorithm must have stopped before round 7. Therefore,

VT >T*(S, 1), 75 >T = (E1)°

that is E,,[r5] < T*(S, 1) + > o pe(s.) Pu((E7)%). Letting Ay == > 7 P,((€7)¢) and as
S, 1 is arbitrary, we have

E,[rs] < min T*(S,T) + A,
ul7s] Juin (S, 1) +
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and from Lemma D.3 of Kone, Kaufmann, et al. 2025b,

afl(s T 68-d d Ts
Aa<2471;<10gm+1><f< LULoRY (CF )).

Finally, as  — x log(z) is increasing on (1, 00), we have

E,[75] < 25602Cy (1) log(1280°Cy (1) (41 K d/8)Y ™) + 4H (1, F) + A, .

6.6.3 Technical results
We state some concentration inequalities that are used in our proofs.

Proof. Letting X C R? non-empty we have for all arm i

| dist(fi, X) — dist(ps, X)| = |sup [—|lui — 2|2 — sup [—|fr; — z||2]
TEX TEX

INS

sup [[|fie; — @2 — || — ||
reX

—
<0
S5

=

H/lt,i - Mz’”

NN

where the last inequality follows from &, (i) follows from the inequality

|sup f — sup g| < sup|f — g
and (i7) follows from the |||z|| — ||y||| < ||z — y]|- O
Lemma 6.6.7. Let a,b > e. The following statement holds:

t > 2alog(ab) = alog(bt) < t.

Proof. First, note that ¢ — log(bt)/t is decreasing on [e/b, +00) and observe for ¢, =
2alog(ab), it holds that
alog(bty) = alog(2ablog(ab))
= alog(ab) + alog(2log(ab)
< 2alog(ab) (aslog(z) < x/2)
to

log(to)

therefore, a= . < 1 and as the function is decreasing

1
" og(bt) &log(bto)
t to

<

~
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6.6.4 Lower bound of e-cPSI

In this section, we prove a lower bound on the sample complexity of any d-correct algorithm
for the constrained PSI problem. As this is a pure exploration problem with multiple correct
answers, it might be tempting to apply Theorem 1 of Degenne & W. Koolen 2019. However,
their result does not directly apply to our setting as the authors studied the regime § — 0
and considered answers that are singletons of [K] while we consider partitions of [K].

We state below the result we will prove in this section. We denote by Da family of
bandit instances that will become explicit by the end of the section.

Theorem 6.6.8. Let P = {z € R? | Az < b} and let v € DX with parameter ji. The
following holds for any d-correct algorithm

E,[r] min C(5, ]')@, where g(§) > (1 — 0) log(1/0) — log(4).

(S",1"eM

In particular,

E.fr] _ Cu(p)
> .
it 0y = 4

In what follows, we consider As, a §-correct algorithm (cf Definition 6.2.3) and p, a
bandit instance, fixed and unknown to the algorithm. We assume that 7 < oo almost
surely (otherwise the lower bound trivially holds). Let 9] , S , I be the recommendation of
the algorithm after 7 (random) steps and H, the natural filtration of the stochastic process
(A, X;) stopped at round 7. Since A is -correct, the following statement holds

P, (6 — S*and (5,1) € M) >1-6. (6.37)

We define
S = {ic|K]|mecPandIjec S| m < p;}

the set of arms that are feasible but sub-optimal. Note that alternatively, S = SubOpt NF.
Similarly, we introduce

I={ic|[K]|p¢Pand?jcS |u <}

the set of arms that are unsafe but not uniformly worse than any other optimal arm, which
rewrites as | = F° N SubOpt In particular, S N1 =0and it can be observed that for any
valid answer (S, 1) C M, S C Sand I C I. Thus, for any d-correct algorithm it holds that

Viel, Picl)>1—06 and VieS, P,(ieS)>1-4. (6.38)

Then by definition, every arm of B = (5§*)°N N (S UT) can be (correctly) classified either
in S or I, resulting in 2/8/ correct answers, which can be up to 25X~ correct answers.

186



Pareto Set Identification with Linear Constraints

A high probability correct answer for A;. We describe a particular correct answer
under bandit p that is very likely to be recommended by As.

We build on (S, I) to construct a partition with (.S, ) for which a property similar
to Eq. (6.38) holds for every arm of (S, I). To construct such instance, note that as A; is
d-correct, for any ¢ € B = (§*)°N (SUI)¢ it holds that P, (: € SUI) > 1 — §, which
yields

. ~ 1—
max (Pu(i € 8),P,(i € 1)) > T(S (6.39)

Then, we define S, I as

S = gU{iEC:PM(i€§)>PM(iET)}
and we similarly define the set

I =Tu{ieC|P,(ieS) <P,(iel)}

By construction, (.5, ) satisfies SN I =@ and S U I = (§*), i.e, (S, I) is a valid answer.
Moreover, one can verify that

a) P, (O=8)>1-

~

b) foralli € S,P,(i € §) > 152 and
¢) foralli € I,P,(i € I) > L2

=]

5 a
g.
2

that is this particular (S*, S, I) is a likely response for the algorithm 4. Using a change of
distribution lemma will allow us to derive a lower bound on the number of pulls of each
arm for Aj; to identify (S, I) as a correct answer. In the sequel, we restrict ourselves to
bandits with multivariate normal arms and identity covariance. Therefore, each arm will be
identified with its mean vector.

Lemma 6.6.9 (Kaufmann, Cappé, et al. 2016). For all bandit models i, A and for any H..-
measurable event &,

K
D Eu[Na KL (i, As) > KU(PL(E), PA(E)),
i=1
where KL(p;, ;) is the Kullback-Leibler divergence between distributions identified by param-
eters j1;, \; and Kkl is the relative binary entropy.

Change of distribution. The idea now is to apply the classical change of distribution
lemma. We define instances with means \!, ..., \¥ such that A\ differs from p only in the
mean of arm i i.e., the bandit y and \° are identical except \! # p,. For such instances,
applying Lemma 6.6.9 yields

EeH,
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where we recall that KL(y;, \!) is the Kullback-Leibler divergence between multivariate
normals of means yi;, \! and identity covariance. kl(x,y) = xlog(z/y) + (1 — x)log((1 —
z)/(1 — y)), and noting that = — kl(z,y) is increasing on {x > y} and decreasing on
{z < y}, making an event likely under x unlikely under \" will increase the RHS of
Eq. (6.40). Going back to the instance (.5, I) constructed earlier, we introduce the event

{ieS} ifieS
& ={iel} ifiel,
{O=8") ifiesS*

We recall that (O*, S, I) forms a partition of [K]. From the definition of (S, I) we have
shown that for any J-correct algorithm,

1-6 ifieO
PM(£®)> {1_5

= else,

that is, such an event is very likely under bandit ;.. We will choose each instance A such
that &; is unlikely under bandit M\, i.e., we assume that \’ is chosen such as for all i

Py (&) < 6. (6.41)

We now discuss the choice of A" depending on 7 to ensure such a property. Thus, assuming
this property holds, we have for all arms ¢

Bu[Nsa] KL (1, X)) > Kl (17‘5 5)

which, using the KL formula for multivariate normal, yields

2 1-4 )

E,[N,,] > Kl 6.
N 12 — N2 ( 2

~—_——

9(d)

Case 1: i € [ an unsafe arm. In this case, yi; ¢ P. Since P is a closed convex set,
by Hilbert projection onto closed convex sets, there exists (unique) z; € P such that
| i — zil|2 = dist(u;, P). We now define \! = z;. In this bandit );, i is now a safe arm so, as
As is a d-correct algorithm it holds that

o~

IED)\Z(Z € I) < ) i.e., PM‘ (51) < (5,
which by further noting that ||;; — \!||o = dist(y;, P) = n; results in
2
Eu[N-i] 2 Fg@).

Case 2: 7 € S a sub-optimal arm. Note that in this case, there exists a subset {; C &*

such that p; < p; for all j € €);: it is the set of optimal arms that dominate ;. For any
J € €); we define

¢j = argmin [1i(c) = pi(c)]
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the coordinate for which the margin between ¢ and j is the lowest. In particular, m(, j) =
p(c;) — pi(cj). Moreover, for any € > 0, the vector defined by

o [m@ @ m) o=,
fri(c) {Mi(c> else

is not dominated by p;. Now let us define the vector s; such that for any ¢ € [d],

si(c) = max m(i,y) (6.42)
jEQiZC]':C

with the convention that maxy = 0. We argue that defining
A= i+ (14 €)ss,
we have R

To see this, note that as only the mean of arm 7 has changed between bandits 1 and M the
set of safe and unsafe arms of [K|\{7} under ;z and \’ are the same. Moreover, the change of
distribution ensures that under the bandit A\, i is not dominated by any safe arm. Therefore,
Pyi(i € S) < 6. So applying what precedes and letting ¢ — 0 yield

9(6). (6.43)

Case 3: i € §* the optimal set. We recall that arms in S* are both feasible and Pareto
optimal among feasible arms. We then build alternative instances where arm i € S* is either
made infeasible or sub-optimal among feasible arms under bandit \’.

Letting n; = dist(u;, P°) = dist(u;, OP) (as pu; € P, cf (6.13)) and since OP is a closed,
using Lemma F2 of Katz-Samuels & Scott 2019, there exists z; € O P such that dist(u;, 0P) =
||iti — zi||]2 = mi. Then, note that, as z; ¢ P° (the interior of P), for all ¢ > 0,327 € P such
that ||2§ — 2| < e. Then, letting \! = z{ (for some ¢ fixed). It comes that i is infeasible
under \’, so that Py:(&;) < §. Therefore, we have

2
Eu[N-i] =2 ———559(00)
WVl 2 e
2
= ——9(9).
[ e
Letting ¢ — 0 yields
2 2
E,[Noi] > ————g(6) = —g(6).
el 2 =) =

Alternative change of distribution will prove the dependency on the other quantities
involved in the gaps. Assume the gap of i is attained for an arm j € §* with A; = M(4, 7).
In this case, j is close to dominating ¢ so that decreasing 7 will make it dominated by j, as
result, 7 becomes either feasible but dominated or non-feasible, i.e, i ¢ S* in both cases. We
define in this case

A= = (L) (i — )+
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where () is defined component-wise for z € R%. Then it can be easily checked that under
bandit \’, arm 7 is now dominated by j and j is still feasible. Therefore, Py:(&;) < Pyi(i €
O) < 4. So that proceeding as before we prove that

B[N, > —— ) (6.44)

(i = 15)
Similarly, if we had A; = M(7, i) for some j € S*. Then, increasing ¢ will make it dominate
j. Thus, defining ‘

Aio= i+ (L4 e) (g — )+,
on can observe that arm j is now dominated by 7 under bandit \’. Note that j is still feasible
in bandit A\’ (since its mean has not changed). So two things may occur. Either i is still
feasible under \* in which case j is feasible and sub-optimal in bandit A’ or i is now infeasible
under bandit A\’ so that i is no longer an optimal arm. In both cases, the optimal set has
changed, so that Py:(&;) < J. Reasoning as in the previous cases,

2
E.[N-i] > m9(5) (6.45)

Therefore, by defining the quantity we have proved that

2
E,[N,;] > ———¢(5),
2
where B
o) = min min(]|(s; — pa) |2, (s — 115)+1l2)- (6.46)
J€S*\{i}

Note that this is a strictly positive quantity as ¢ € S* and from the definition of non-
dominance for all j € S*.

Relation to the gaps in PSI. We recall the expressions of the PSI gaps (w.r.t. §*) as
introduced in Auer et al. 2016. For a sub-optimal arm ¢ € .S,

A; = Apx = maxm(i, j), (6.47)
jES*

For an optimal arm ¢ € S§*,

A;(SUS*) = min(5;, 6, (S))

1Y

where

57 = min_min(M(i, ), M(j,i)) and 7 () = minl(M(G, )" + A,
JES*\ {4} jes

and M(4, j) = maxcepq[ui(c) — pj(c)]. Since S* is fixed, we ease notation and write A;(S U
§*) = Ay(9) foralli € S*.

As justified in Remark 18 of Auer et al. 2016, §; (S), can be compensated by both ;" (.S)
and A ;% for some arms j € SubOpt (in our case). So we focus on matching the gaps in d;°
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for i € §*. Moreover, from the definition of M(, j) for i, j € S* (and from the definition of
Pareto dominance), it can be easily checked that for any ¢ € S,

5F = min min(l(s — o) lloos (6 — 115)-lo): (6.49)
jeS*\{i}

Intuitively, (in the case of independent objectives), (6.46) suggests to measure the distance
between Pareto optimal arms in Euclidean whereas (6.48) measures in sup norm. As these
quantities are computed over Pareto optimal arms, it can be checked that for d = 2, both
terms are equal. In the worst case, the discrepancy between ;" and gj is at most v/d.
However, as we discuss later, there are classes of PSI/constrained PSI instances where these
quantities are equal.

Similarly, one can check that for a sub-optimal arm, the discrepancy between A7 and
||si]|? (6.42) is at most min(+/|;], V/d), where we recall that
Q= {j €S i <y}

Thus, in instances where (2; is singleton, that is each of SubOpt is dominated by a unique
feasible optimal arm, [|s;||; and A} are equal. To summarize, we have been justifying that
under the following,

Vie S8*, 0 =07 and Vie SubOpt, ||si|2 = Ax (6.49)

combined with the results of sub-section 6.6.4 we would have

= ifiel
E.[N-i]/(29(6)) 2§ map ifies (6.50)

min(m,lAi(S))z' ifi € S*.
Then, as E,,[7] = Zfil E.[N-i],
E,.[r] = 2C(S,1)g(9).

where we recall that

1 1 1
os.0 =3, min(A(S*US),n)? 2 aEuse " 2 n

ieS* i€s i€l
Finally observing that (.S, I) is an arbitrary correct response yields

E,[T] = i ' 1)2 51
naPe (S,{gl,l)relMC(S, )29(3) (6.51)

and the conclusion follows by observing that 2¢(0) = 2kl((1—0)/2,0) > (1—3)log(1/d) —
2log(2) (as kl(z, y) > xlog(1/y) — log(2)).
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Conclusion. We now give examples of families of instances constructed to satisfy (6.49).
This includes, e.g., instances where the means vectors are close in many objectives except a
few (2 or 3). To give more intuition, we build some examples below. We let D be the family
of multivariate normals with identity covariance and whose mean vector y1, ..., ux is as
below.

Let & > O and let yip € P, and d > 1 (arbitrary). Define p11 = pg and for any 1 < i < K,
pr = ph_y+aand pi = pi_; —aand g = ug forall ¢ ¢ {1, 2}. Such sequences of vectors
are non-dominated by each other and direct computation yields for any i € [K]

5f =20 and 0 =a.

Thus, for : € §* the discrepancy between gj and §; is 2, irrespective of the dimension. As
for such instances, for any P, we either have i € S* or ; ¢ P, so, (6.51) is satisfied with an
extra multiplicative constant 1/4.

Together, these imply that on this set of instances, we have
9)
S 1199
E.[7] 2 (S’r,?’l)rel/vl c(s', I 5 (6.52)
and 2¢(9) = 2kl((1 —6)/2,9) = (1 — ) log(1/6) — 2log(2) which gives the claimed result,
Eulr] _ Culn)

lim inf — 2 5
gy log(1/0) 4

6.6.5 Complexity of Best response for cPSI

We focus on describing the procedure for computing the "best response”

A = argmin Y Nyl — Nl

AEAL(O¢) Z 2
, which is the most critical part in the implementation of Game-cPSI. The algorithm itself is
described and analyzed in Kone, Kaufmann, et al. 2025b.

In a recent work, Crepon et al. 2024 proposed an algorithm to compute the best response
)¢ in the case of unconstrained PSI (i.e., for A = 0,b € Ri) . The computational cost of
their algorithm is O ((K(p +d) + d°p) <p —giz L
We will show that their algorithm can be adapted to the case of constrained PSI. We prove
the following result, which allows us to decompose Alt into two simpler sets Alt*(O) and
Alt (0O).

Lemma 6.6.10. It holds that
Alt(O) = Alt (0O) U AItH (O) , where

)) where p is the size of the Pareto set.

AlE(0) = |J (freZ® AN £y u{n| X <))
1,7€0

Al (0) = [ J{NeZ" AN <bandVj € O\ £ A}
i¢0
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Proof. We have
A€ Alt(O) <= S*(\) #O0
<= (a):3i € O\S*(\)or (b) : Ji ¢ O such thati € S*(\)
< (a):3(i,j) € O* i # jst. \; ¢ Por \; < \j or
(b) : Ji ¢ Os.t. \; € Pand  Vj € O\ £ )
To see the direct inclusion, let A € Alt(O). If O ¢ F()) then (a) follows. Next, we assume
O C F(\).

As )\ € Alt(O), either O\S*(A\) # 0 or S*(A)\O # (). Assume there exists i € O such
thati ¢ S*(\).

If \; ¢ P, then, as in the case above, the inclusion follows. Assume \; € P, i.e., i is still
a feasible arm in \. In this case, there exists j € S*(\) such that \; < Aj, otherwise, we

would have i € S*(\).

If j € O, then the inclusion (a) follows. If j ¢ O, then, as j € S*(\), we have: \; € P
and Vk € F(\), \; A . In particular, as O C F(\) it holds that for k € O: \; £ A and
j € 8*(A\) C F(A), so (b) follows.

Now we assume there exists i € S*(\) such thati ¢ O, as we have i € $*()), it holds
that \; € P andVj € F(\), \; £ A, in particular, as O C F()), we have Vj € O, \; £ \;,
then (b) follows.

For the reverse inclusion, assume (@) holds. Then, it follows directly that we cannot have
O = S8*()\). Similarly, suppose (b) holds and O = S*(A). Then Ji ¢ O = S*(\) such that
i € F(A)andVj € O = S*(X), \i £ A, i.e, i is feasible in the instance ), it does not belong
to the optimal set S*(\) and it is not dominated by any arm of $*(\), which is impossible if
O = §*(A). Therefore, when (a) or (b) holds, we have A € Alt(O). H

Lemma 6.6.11. It holds that

: 1 L.
inf Z §w,-||,ui — \||2 = = min(¢y, ¢y) where

el (0) % 2
— : ;i . pc 2
o3} min w; dist(f1;, P°)*,
. W;W; c c
¢ =  min LN (g — )3,

i,jE02i£] W; + W —

and a minimizer can be computed in time O(p*d + pdm) where m is the number of
constraints and p = |O|.

Proof. We have

Alt_(O) - <U Fl) U U Ai,j y
i€O i,j€02

i#]
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with

I, = {AeI¥|\¢P}
Ai,j = {/\ S IK | >\z < /\]}

Therefore, letting Dy, (\) == >, Jw;||p; — \i||3 we have

AEAlt™ (0) €0 el 1,jEO2 i AEA; ;

inf  Dy(\) = (min inf Dy(\)) A min inf Dw()\)).

Next, we observe that

: 1 . c\2
)}glf Dy (N\) = Wi dist(p;, P°)

and a minimizer of this quantity can be computed in O(md). Indeed, since y; € P (as
1€ 0),
dist(p;, P¢) = dist(u;, OP)

and the latter can be computed in O(md) for a polyhedron with matrix of constraints
A € R™? (cf Lemma H.1 of Katz-Samuels & Scott 2018). Finally Lemma 2 of Crepon et al.

2024 shows that the value of infycy, ; D\y(A) and its minimizer can be computed in time
O(p*d). O

Lemma 6.6.12. There exists a polynomial-time algorithm (in |O|) that computes the value
and a minimizer of

1
min —w;|| s — N |2
i, 3 gl = Al

Proof. In the instances of A € Alt"(O) a novel arm is added to the Pareto set of feasible
arms. From its definition in Lemma 6.6.10, we have

AltT(0) = | ] AltF(0)

1€0°

where

Altf (0) == {A € I" |\, € PandVj € O, \; £ \j}.

Then, note that to guarantee that arm ¢ is not dominated by j while minimizing the trans-
portation cost, it is sufficient to move the arm (or both arms) along one objective. Therefore,
to minimize the transportation cost D(w, \), it is sufficient to move arm ¢ to a novel point
) € R? (satisfying the constraints) and move each arm j € O only along the coordinate
with minimal cost to make A not dominated by the (););co. This amounts to solving the
following optimization problem:

1 1
inf D U),)\ = inf —w;llu; — A 2 + Zavs min(u — \6)2 6.53
AEALEF (0) (w, A) ez 2 i = Allz ; 5 Wy Tt (45 ): (6.53)

The rightmost problem is related to the optimization problem studied by Crepon et al. 2024,
except that now we have additional linear constraints A\ < b due to the constrained PSI
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setting. However, we will show that their algorithm can still be adapted to efficiently solve
(6.53). To see this, we let ¢ be a mapping from O to [d] and introduce h? : R? — R, defined
as . .
BN = gwill = A3+ D ui(uf? = XY
j€o

Then note that the optimization problem in Equation 6.53 rewrites as

min inf A¢(N), (6.54)

oE(d]P if“id

where the notation [d]? denotes the set of mapping from O to [d] and p = |O|. However, as

shown by Crepon et al. 2024, not all such maps are valid, and there is no need to optimize hf

for an invalid map. The authors proposed an efficient graph-based algorithm to enumerate
p+d—1

!

Now, it remains to minimize hf under ﬂ(’lf)B linear constraints for each valid map. Note that
J

)

all the valid maps. They showed that the number of valid maps is bounded by (

up to a reordering of the quantities, (;Lf jeos hf is piecewise quadratic, and the problem
can be decomposed into at most p? convex quadratic problems with constraints AN
where A € R™+24d and b € R™2 It is known that solving a convex QP can be done in
polynomial time (Ye & Tse 1989). Thus, when the number of arms is large and d is small,
the overall complexity of problem 6.54 is O(p*¥s(m + d, d)), where s(m + 2d, d) is the time

complexity of a convex QP with m + 2d constraints in dimension d. [
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Chapter 7

Conclusion and Perspectives

Summary of Contributions

This dissertation investigated the design and analysis of algorithms for pure exploration in
stochastic multi-objective decision problems, with a particular focus on identifying the Pareto
set of optimal arms. Our goal was to develop theoretically grounded and computationally
tractable strategies that achieve near-optimal performance in both the fixed-confidence
and fixed-budget settings, while accommodating correlations and structural assumptions
relevant to real-world applications such as early-stage clinical trials and multi-criteria
recommender systems.

Unstructured Pareto Set Identification. The first part of the dissertation introduced the
Pareto Set Identification (PSI) problem in its general, unstructured form. We analyzed PSI
in the fixed-budget regime and proposed the Empirical Gap Elimination (EGE) algorithm,
which estimates sub-optimality gaps associated with the difficulty of certifying each arm and
progressively eliminates arms with larger gaps. We established an exponentially decreasing
upper bound on its error probability. We proved that two specific variants, EGE-SH and
EGE-SR, achieve near-optimal decay rates, matching the theoretical lower bounds up to
logarithmic factors. Empirical evaluations confirmed these theoretical results, demonstrating
that adaptive elimination markedly improves the efficiency of Pareto set identification.

In the fixed-confidence setting, we proposed Adaptive Pareto Exploration (APE), the
first fully adaptive LUCB-type algorithm for PSI. We formalized several practical relaxations
of the PSI objective, such as (£1,£2)-PSI and ;-PSI-k, and proved that they offer substantial
reductions in sample complexity while fitting practical purposes.

Applications to clinical-trial-inspired datasets illustrated how adaptive exploration can
efficiently identify promising treatment strategies across multiple efficacy criteria.

Linear PSI. Building on these foundations, we extended PSI to the linear setting, where
arm means are linearly related through a shared but unknown parameter matrix ¢ and
known feature vectors. We developed the G-optimal Empirical Gap Elimination (GEGE)
algorithm, which integrates G-optimal design exploration with gap-based elimination. An-
alyzed under both the fixed-budget and fixed-confidence regimes, GEGE achieves tight
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instance-dependent sample complexity depending only on the / smallest sub-optimality
gaps, where h is the feature dimension, leading to substantial gains when the number of
arms is large compared to h. Extensive simulations corroborated these theoretical insights,
showing that exploiting linear structure dramatically improves sample efficiency compared
to unstructured approaches.

Asymptotic Optimality and Correlated Objectives. The fifth chapter of the disser-
tation addressed asymptotic optimality in PSI, particularly under correlated objectives. We
introduced PSIPS (Posterior Sampling for PSI), a posterior sampling-based algorithm that
leverages posterior draws for both sampling and stopping. PSIPS removes the need to prede-
fine the confidence level 0, avoids heavy computations required by Chernoff stopping rules,
and can exploit correlated objectives to reduce the sample complexity. We proved that PSIPS
attains information-theoretic optimality, with sample complexity matching the asymptotic
lower bound. Empirically, PSIPS not only achieved comparable or superior accuracy to
confidence-based methods but also exhibited large computational speedups compared to
existing asymptotically optimal gradient-based approaches. In correlated settings, PSIPS
may efficiently exploit the dependency structure to reduce sampling costs.

Constrained Pareto Set Identification. Finally, we extended PSI to account for feasibility
constraints, where only non-dominated arms satisfying some linear constraints should be
identified. We studied two variants of this problem: the non-explainable setting, where
the goal is solely to identify the feasible Pareto set, and the explainable setting, where the
learner must additionally provide reasons for excluding each non-selected arm (infeasible
or Pareto-dominated). We proposed e-cAPE, a constrained extension of APE adapted to the
explainable case, and proved its near-optimality for identifying the feasible Pareto-optimal
set.

Perspectives and Open Problems

The results presented in this dissertation open several promising directions for future
research in multi-objective pure exploration and beyond. While the algorithms developed
here provide nearly optimal solutions in terms of sample complexity, several extensions
remain to be explored to make these methods more adaptive, scalable, and applicable to
richer decision-making environments.

Structured Correlation Models and Beyond Gaussianity. The current framework as-
sumes a known covariance matrix. Extending PSI to the case of unknown or arm-dependent
correlations, possibly learned online, would be of high practical value. Such extensions
would enable the algorithms to adapt not only to arm means but also to the structure of de-
pendencies among objectives, which could further reduce sample complexity in applications
where correlation patterns differ across arms and are difficult to estimate upfront. Also,
while convenient in theory, the Gaussian assumption is too restrictive, as many real-world
outcomes (especially clinical or biological data) exhibit heavy tails, discrete distributions, or
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log-normal distributions. Deriving tight guarantees for PSI under heavy-tailed distributions
could be an interesting direction.

Scalability and Computational Efficiency. While PSIPS is more efficient than previous
methods, sampling-based stopping still involves repeated posterior draws, which can be-
come burdensome for large K or high-dimensional objectives. Developing low-variance
approximations or variance reduction techniques will improve scalability and make these
methods more practical for large-scale and high-dimensional applications.

Cost-Efficient Multi-Objective Pure Exploration. A natural continuation of this work
is to explicitly account for the cost of observations. In many applications, observing all
marginals of a multi-dimensional outcome is neither feasible nor desirable, as each marginal
may incur a distinct computational, financial, or ethical cost. Developing cost-efficient
PSI algorithms where the learner adaptively selects both arms and marginals to observe,
aiming to minimize the total sampling cost while preserving d-correctness, leads to a
novel class of algorithms. This setting raises several open questions: How can one design
adaptive marginal selection strategies that optimally balance exploration and cost under
correlated objectives? Can one derive instance-dependent cost lower bounds analogous to the
information-theoretic complexity introduced in this work? How does correlation reduce the
overall cost of identifying the Pareto set?

A deeper understanding of such cost-aware algorithms could substantially impact appli-
cations such as adaptive clinical trials and personalized recommendation systems, where
each measurement carries a distinct burden, whether financial or logistical.

Extension to Reinforcement Learning. Extending multi-objective pure exploration
principles to reinforcement learning (RL) remains an exciting research frontier. Many
practical tasks require reasoning over trajectories and state transitions, for example, long-
term treatment administration to a patient. An important next step is to formulate multi-
objective best policy identification in finite-horizon Markov decision processes, where one
seeks to identify policies that are Pareto-optimal with respect to multiple criteria (e.g., reward,
risk, energy consumption). Recent advances in pure exploration for MDPs provide strong
methodological foundations (A. J. Wagenmaker et al. 2022), yet no work has fully solved this
problem. The challenge will lie in designing algorithms that combine efficient exploration
with appropriate extensions of the sub-optimality gaps studied in this dissertation to some
notion of “policy gaps” The algorithms developed here could provide a starting point for
such extensions to RL settings.

Towards Projection-Free Pure Exploration. While PSIPS was introduced with a focus
on simplicity and computational tractability, it demonstrates that the posterior-resampling
stopping rule is a viable alternative to the Chernoff stopping rule for PSI. Nevertheless, several
challenges remain. Recent advances (Kaufmann & W.-M. Koolen 2021) have considerably
simplified and improved the analysis of correctness for Chernoff stopping rules, making
them increasingly popular, yet they remain hardly tractable except for problems with simple
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or no structure. The posterior-resampling stopping rule offers a computationally tractable
alternative to the GLR stopping rule. However, its correct calibration is problem-specific
and relies on non-trivial anti-concentration results. Extending the GLR stopping rule to
more general pure exploration problems and combining it with posterior-based sampling
rules, in particular, top-two sampling strategies, will provide a general framework for
computationally efficient and projection-free pure exploration applicable to a broader class
of problems.
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List of Datasets

CovBoost Dataset

Source and scope. We use immunogenicity outcomes from the Cov-Boost clinical trial of
Munro et al. 2021. For each vaccine strategy (“arm”) and for each of three immunogenic-
ity indicators—anti-spike IgG, neutralizing antibody titre (NT5;), and wild-type cellular
response—the paper reports: (i) the geometric mean response, (ii) cohort size, and (iii) a
95% confidence interval (CI) around the geometric mean, under a log-normal measurement
model.

Modeling assumptions. Consistent with Munro et al. 2021, we assume that each im-
munogenicity indicator is log-normally distributed. Consequently, the log-responses are
approximately Gaussian. Empirically, the three indicators are weakly correlated; we there-
fore model them as independent and take a diagonal covariance matrix.

Recovering means on the log scale. Let xzy, ..., x, denote the raw (positive) biological
measurements for a given arm and indicator, assumed log-normal. The reported geometric

mean is
n 1/n
fgeo = <H $Z> .
i=1

On the log scale, the empirical mean is
= Y loss = lox(r)
T = — ogx; = 1og(Zgeo),
n 4 g g\ Lg

which we use as the (Gaussian) mean parameter for that arm/indicator.

Recovering variances on the log scale. The paper provides a 95% CI for the geometric
mean. On the log scale, this induces a CI for Z of the form

logU — log L

T£1.96-SEpg,  withSE; = ——1-=—,

where [L, U] is the reported CI in the original (positive) scale. From SE,., and the cohort
size n, we estimate the sample variance on the log scale via s? ~ n - SEIQOg. To reduce

heteroscedasticity across arms, we pool per-indicator variances across all arms using the
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usual unbiased pooled estimator

K
2 o Zazl(na —1) 5?1
ooled K .
’ Za:l (na - 1)

The resulting pooled log-variances (one per indicator) are reported in Table 7.2.

Bandit abstraction. We thus obtain a X' = 20-armed, d = 3-dimensional Gaussian bandit
on the log scale: for arm 4, X; ~ N (u;,2) with

p; € R? given by the three log-means in Table 7.1, ¥ = diag( S%gG, 52NT50a s2 )
Sampling an arm simulates measuring the (log) response of a new patient on the three

indicators.

Arm nomenclature and grouping. Arms correspond to three-dose strategies and are
grouped by the first two doses (“Prime BNT/BNT” or “Prime ChAd/ChAd”). Within each
group, the row label denotes the third (booster) dose. For example, in the “Prime BNT/BNT”
group, the arm labeled “ChAd” means BNT as dose 1 and 2, and ChAd as the booster.
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Table 7.1: Table of the empirical arithmetic mean of the log-transformed immune response for three
immunogenicity indicators. Each acronym corresponds to a vaccine. There are two groups of arms
corresponding to the first 2 doses: one with prime BNT/BNT (BNT as first and second dose) and
the second with prime ChAd/ChAd (ChAd as first and second dose). Each row in the table gives the
values of the 3 immune responses for an arm (i.e., a combination of three doses).

Immune response
Dose 1/Dose 2 Dose 3 (booster) Anti-spike IgG | NT5g | cellular response
ChAd 9.50 6.86 4.56
NVX 9.29 6.64 4.04
NVX Half 9.05 6.41 3.56
BNT 10.21 7.49 4.43
Prime BNT/BNT BNT Half 10.05 7.20 4.36
VLA 8.34 5.67 3.51
VLA Half 8.22 5.46 3.64
Ad26 9.75 7.27 4.71
m1273 10.43 7.61 4.72
CVn 8.94 6.19 3.84
ChAd 7.81 5.26 3.97
NVX 8.85 6.59 4.73
NVX Half 8.44 6.15 4.59
BNT 9.93 7.39 4.75
Prime ChAd/ChAd BNT Half 8.71 7.20 491
VLA 7.51 5.31 3.96
VLA Half 7.27 4.99 4.02
Ad26 8.62 6.33 4.66
m1273 10.35 7.77 5.00
CVn 8.29 5.92 3.87

Table 7.2: Pooled variance of each group.

Immune response
Anti-spike IgG | NT; | cellular response

Pooled sample variance 0.70 0.83 1.54
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Global Notation

Acronyms and abbreviations

iid.
ie.

s.L
w.r.t.
BAI
PSI
FB
FC
UCB
LCB
KL
GLR
PAC
APE
EGE
GEGE
PSIPS

e-cAPE

Multi-Armed Bandits
KeN

deN
(K] = {1,...,K}

[d = {1,...,d}
¥ € Rixd

v; €D

independent and identically distributed

id est (that is)

such that

with respect to

Best Arm Identification

Pareto Set Identification

fixed-budget

fixed-confidence

upper confidence bound

lower confidence bound

Kullback-Leibler

generalized likelihood ratio

Probably Approximately Correct

Adaptive Pareto Exploration

Empirical Gap Elimination

G-optimal Empirical Gap Elimination
Pareto Set Identification with Posterior Sam-
pling

explainable constrained Adaptive Pareto Ex-
ploration

number of arms (candidate strategies/ treat-
ments)

number of objectives (coordinates)

set of arms; indices i, j, k, a € [K]

set of objectives; index ¢ € [d]

covariance matrix of the d-dimensional out-
comes (when applicable)

outcome distribution of arm 7 (supported on
R? in the multi-objective case; scalar if d =
1)

bandit instance (collection of arm distribu-
tions)
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pi = Exo,, [X]
K= (:ula'-'a,UK) EIK

A; € [K]
Ny
Z, € R¢
ﬂt,i

A

Kt
Ht = U(Al, Zl, e 7At7 Zt)

0_2

Probability theory
X ~v

kl(p, q)
AN

Pure exploration
S* . IK — 2K

mean outcome of arm 7 (vector in R? or
scalar, pj, its c-th coordinate)

mean parameter (with Z C R? the set of
feasible mean vectors)

arm pulled at round ¢
number of pulls of arm ¢ up to time ¢ — 1
observed outcome at round t; Z; | A; ~ v4,

empirical mean of arm ¢ based on V;; sam-
ples

stacked vector (fi¢;)ic[k

history / filtration up to round ¢

variance proxy for subgaussian arm distributions

random variable/vector X has distribution v
probability of event £

expectation of X

probability under bandit instance v
expectation under P,

indicator of event £/

Kullback-Leibler divergence between distri-
butions P and ()

binary relative entropy (Bernoulli KL)
(K — 1)-dimensional probability simplex
{weRE: SE wy =1}

query task; S*(u) is the set of acceptable
answers

sampling rule (predictable w.r.t. (H;)>1)
recommendation rule (answer at time ¢, may
be an index, a subset of [K], or another ob-
ject)

stopping time (with respect to (#;))

final output

fixed-confidence risk parameter

P, (S, # 8*(11)) < 0 (single correct answer
convention)
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T

Algebra and asymptotics
()+

alNb, aVb
O0(), (), 0(-)
1Og7 1Og2
(z,y), x'y
2, [|]
(1P

Iy

1/14,0/04

A, A, 0A

Pareto dominance and Pareto set
i S
i =

Pi = 14

12J, 1<
S*(w)
Al (S* (1)) := {A : S*(A) # 5*(n)}

m(é, j) := min[pf — 4]
M(i, j) := maxc[pf — ]

AY = maxes m(i, j)

;7 = minjgs min{M(i, j), M(j,7)}
(5; = mlnjeg*\{z} [M(], Z)+ + A;}
Ai = Af, Z ¢ 5*7

min{d;",d; }, i€ S*,
H(v) = Zfil A

Hy(v) := maxye[x kA(f)

fixed-budget horizon (typically 7 = T')

max{z,0}

min{a, b}, max{a,b}

Landau notation

natural and base-2 logarithms
inner product

Euclidean norm

(s norm: maxeejq ||

d x d identity matrix

all-ones and all-zeros vectors in R?

a set, its complement, and its boundary

componentwise order: i < p forall ¢ € [d]

Pareto dominance: j; < p; and strict in at
least one coordinate

strict Pareto dominance: pf < pf forall ¢ €
ld]

shorthand for y; = p; and p; <

Pareto set: {i € [K]: #j € [K] s.t. pu; < p;}
alternative instances with a different Pareto
set

margin of non-domination of ¢ by j
margin by which ¢ leads j

gap for sub-optimal 7 (distance to Pareto
front)

margin-to-being-dominated for optimal arm
1

margin-to-sub-optimality for optimal arm ¢

combined suboptimality gap

instance complexity (governs fixed-
confidence sample complexity)
fixed-budget complexity (Ay < -+ < Ak

ordered gaps)
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Fixed-Budget PSI

Fixed-budget objective

er(v) =P, (St # 5*(v))

era(v) = E[L(Sr, K]

E(:S'\, k) = 1(§ Z S*)v 5] = kﬁ
]1(5 =+ S*), otherwise,

EGE algorithm structure

S, := EmpPareto(A4,)

Empirical primitives and unified gap

,ur,i

m(i, j; ) := mineeg [f1; — fic;)
MG, ;) := maxee(q) [ = 4]
Ay, = maxjcq, m(i, j;7)

87 pi=min ey 5y MGG
(M) ++ (AT )]

A;, = max{Af,, o, }

5,7 VLT

fR,t,A(V)

PSI-£ relaxation

k € [K]

w(k) := maxggs* A

max{A;,w(k)}, i€ S*,
Ay, otherwise,

HQ(k)(l/) i= MaX;c[k] | (AE?)‘Z

Metrics

HV(S)

misidentification probability (exact PSI)
k-relaxed expected loss (PSI-£ objective)

loss function for PSI-k

total number of elimination rounds

active set size threshold at the start of round r
number of samples per arm in round r

active arm set at round r

arms classified optimal / sub-optimal through
round r

empirical Pareto set of active arms at round r

empirical mean of arm ¢ at the end of round r
empirical version of m(i, 7) at round r
empirical version of M (i, j) at round r

gap for sub-optimal ¢

gap for optimal arm &

unified gap (estimable without prior knowledge
of S*)

generic EGE error exponent

target number of Pareto-optimal arms to return

k-th largest gap among optimal arms
k-relaxed gap

k-relaxed fixed-budget complexity

hypervolume indicator of arms in S (empirical
evaluation metric)
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Fixed-Confidence PSI

Relaxed Pareto identification

€1,69 =0 1: Pareto-margin relaxation; ¢5: domination
relaxation

S ={i € [K]:Bj, i +e1l < p;} e1-Pareto set (additive relaxation of the Pareto
set)

k € [K] size parameter for k-PSI: return at most &k Pareto-

optimal arms
Empirical primitives

m(z, j;t), M(i, j; t) empirical m, M computed from /i,

M* (i, j5t), M~ (4, ;1) upper / lower confidence bounds on M(%, j)

m* (i, 5;t), m~(i,7;t) upper / lower confidence bounds on m(%, j)
Bi(t,6) confidence radius for pair (i, j) (LIL-type bound)

Li(t) :== fu; — Bi(t,0), Ui(t) = fi; + Bi(t,0)  lower / upper confidence bounds for arm i

APE stopping statistics

S(t) :={i: Bj, fus < fie;} empirical Pareto set at time ¢
OPT,, (t) :={i:Vj #1i, M™(4,];t) + 1 > 0} £1-empirically optimal set at time ¢
95%(t) :== max; [m~ (i, j; t) + e21(j € OPT.,(t))] stopping score for sub-optimal arm i

it (t) == min; [M~ (i, j; ¢) + 1] stopping score for optimal arm i
Z7H(t) :== min; h;*(¢) aggregate optimality statistic
Z3'(t) := min;e gy max{g;(t), k' (t)} aggregate sub-optimality statistic
Stopping times

T, =inf{t > K: Z7*(t) >0 A Z3'(t) > 0} £1-PSI stopping time

Tey o (€1, €2)-PSI stopping time

™ = inf{t > K : |OPT,,(t)| > k} k-PSI stopping time

78 = min(7.,, ) £1-PSI-k stopping time

PSI-k gaps and complexity

w; gap of optimal arm i to the k-th best

Wk 1= minge gk w; k-th worst gap among optimal arms

AF = max{w® g1, A} modified gap for PSI-k

H(v) = Za(ﬁlg)*2 sample complexity for APE with relaxation
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Linear PSI

Multi-output linear bandit model

h

z, € R"

6 € Rixd

te = 0"z, € RY

X = (21,...,0x)" € RExh
Yr = QTSBAt + e

Uz

Least-squares estimation
X, e RV Y, € R

v

0, == argminy || X, A — Y, ||%
Aivr = QIJ]Z

|z||% = 2" Ax

Optimal experimental design

we N V(w) =38 w,zx]

||x||%/(w),1

G-optimal design
Xgi=(z;:1€8)"

hg := dim(span{x; : i € S})

Linear PSI complexity
H 1,lin ( v )
Hsjin(v)

GEGE algorithm

S’I‘ = {Z 6 AT . ﬂ] 6 Ary ﬂi,?” -< /:Ljy'r}

feature dimension (h < K)

feature vector of arm a

unknown parameter matrix (shared regression model)
linear mean model

feature matrix (all arms)

observation model (signal + noise) at round ¢

noise vector at round ¢ (centered, subgaussian
marginals)

arm-selection / observation matrices after n pulls
information / Gram matrix after n samples
Moore-Penrose pseudoinverse of V,,

least-squares estimate of

estimated mean of arm ¢ at round r (via linear model)

(Mahalanobis) squared norm with respect to matrix

A

design matrix for allocation w

statistical prediction variance of an arm under alloca-
tion w

arg ming,ea , Max;c(x] ||2; H%/(w)_l (minimizes worst-
case prediction variance)

feature sub-matrix restricted to arm set S

effective dimension of active arms S

fixed-confidence complexity: » _;_, A(_l)z
fixed-budget complexity: max;<y, ZA(_;

empirical Pareto set of active arms at round r
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Bayesian PSI

Gaussian learning model

Vi = N(Mi’ Z)

= Rdxd
|z]|g-1 = VaTE e
U; ~ Uniform(|0, 1])

Ht = O'(Ul,Al, Zl7 ceey Ut)

Bayesian notation
]-:\[t = ®k‘ N(ﬂt,k? E/Nt,k;)
II; := ®k/\/(ﬂt,k7 c(t —1,9) E/Nt7k)

iid. 35§

9%,9?7 A Ht’Ht—l
PS stopping rule
c(t,0)

M(t,0)

PS .= inf{t : Vm € [M(t — 1,6)], S*(6) = 5,}

mes = inf{m : 0" € Alt(S))}

Game-based sampling rule
Wt = Nt/t

Wexp
wt = (1 - /Vt)wt + Yt Wexp

Additional notation

dy = ds = ||1allt5)-1. 0 = [[IZ7]]

W(z) = -W_i(—e®)
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Gaussian arm distribution (shared, known
covariance)

known covariance matrix

Mahalanobis norm

exogenous randomness (for randomized sam-
pling rules)

augmented filtration (includes exogenous
noise)

product posterior (Gaussian, flat prior)
inflated posterior for posterior-sampling
stopping

posterior samples at round ¢

inflation / coverage factor

maximum number of posterior draws re-
quired at round ¢

posterior-sampling stopping time
first posterior draw contradicting the current
answer

empirical allocation at round ¢
forced-exploration allocation

mixed allocation (optimal + forced explo-
ration)

covariance-dependent constant in tail
bounds

multivariate Mills ratio under 2

Lambert IV (negative branch), used in stop-
ping analysis



Constrained PSI

Constrained PSI / feasibility
P:={reR?: Az < b}

m

dist(z, X') :=inf ex ||z — yl|2

cl(P), int(P), OP := cl(P) \ int(P)
F(u) :=={k : p € P}

Steas (1) 1= Par(F(u), p)

SubOpt(p) = {i: 3j € F(u), pi < 15}
) dist(pi, P°), i € P,

T dist(, OP), i d P,

e-cPSI problem formulation

Alt(S) :={X: SE..(\) # S}

Al(S,I) :={\: (S,I) ¢ M(P,\)}

M(P,u):={(S,I):SCSubOpt,
ICFe, SNI=0,SUI=S¢ }

T(p,S,I)
C*(v) := min(g, 5 C(u, S, 1)

C(p, S, 1)

Constrained gaps and complexity
A¥(S) == max;epar(s) m(i, J)

07 (5) = min{0(S), 6; (9)}

6, (S) := minjgpar(sy min (M(7, j), M(j, 7))

0; (S) = minjepar(s)\ {3} (M(j7 i)y + (A;<S))+)

Ai(S) = max(07(5), Af(5))
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feasibility polyhedron (A € R™*? b € R™)
number of linear constraints

distance from point x to set X

closure, interior, and boundary of P

set of (truly) feasible arms

feasible Pareto set: {1 : €
P and no feasible j dominates i}

arms dominated by a feasible arm

feasibility margin of arm ¢

alternatives for constrained PSI (cPSI)
alternatives for explainable cPSI (e-cPSI)

set of correct partition answers for e-cPSI

e-cPSI characteristic time for answer (S, )

finite-time e-cPSI sample complexity coefli-
cient

sample complexity measure for partition

(5,1)

gap of suboptimal arms in S

gap of arm 1 relative to feasible set S
margin-to-being-dominated (constrained to
S)

margin-to-sub-optimality (constrained)
(Pareto) sub-optimality gap of arm i, re-
stricted to S
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