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There’s no joy in the finite; There’s joy only in the infinite
-Chandogya Upanishad (8.12.6)
Truth, like gold, is to be obtained not by its growth, but by washing away from it all that is not gold
-Leo Tolstoy
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Abstract

Reinforcement learning (RL) has shown great potential in applications ranging from board games
to biology and beyond. However, it still remains to see proper light of the day in other challenging
domains such as agro-ecology, the inefficiency of RL algorithms in such domains essentially
owed to complicated real world data distributions that do not conform to standard statistical
models such as single-parametric exponential family. Motivated by such real world problems,
this thesis introduces a new framework for RL based on Bayesian nonparametric statistics,
specifically Dirichlet Processes (DPs). The first contribution of the thesis is Dirichlet Process
Posterior Sampling (DPPS), a provably optimal Bayesian non-parametric algorithm for multi-arm
bandits based on DP priors. Essentially, DPPS is a probability-matching algorithm, and combines
the strength of (Bayesian) bootstrap with a principled mechanism of incorporating and exploiting
prior information. The thesis then proposes two new algorithms for reinforcement learning in
Markov decision processes. The first one is Thompson sampling based deep Q learning, wherein,
exploration is based on posterior sampling of action-value functions (represented through a deep
neural network). In particular, the posterior sampling step in this algorithm utilizes a new DP
based scheme, also introduced in this thesis, and which can be of independent interest in other
applications of Bayesian neural networks. The second algorithm is a distributional RL algorithm

that hinges on a distributional equality associated with the DPs.



Résumé

L'apprentissage par renforcement (RL) a montré un grand potentiel dans des applications allant
des jeux de société a la biologie et au-dela. Cependant, il reste encore a voir le jour dans
d'autres domaines difficiles tels que l'agro-écologie, l'inefficacité des algorithmes RL dans de
tels domaines essentiellement dus a des distributions de données concrétes compliquées qui
ne sont pas conformes aux modeles statistiques standard tels que la famille exponentielle
monoparameétrique. Motivée par de tels problemes du monde réel, cette these introduit un
nouveau cadre pour RL basé sur les statistiques non paramétriques bayésiennes, en particulier
les processus de Dirichlet (DP). La premiere contribution de la thése est le Dirichlet Process
Posterior Sampling (DPPS), un algorithme non paramétrique bayésien probablement optimal
pour les bandits multi-bras basé sur les DP. Essentiellement, DPPS est un algorithme de
correspondance de probabilité, et combine la force du bootstrap (bayésien) avec un mécanisme
de principe d'incorporation et d'exploitation d'informations antérieures. Lathése propose alors
deux nouveaux algorithmes pour l'apprentissage par renforcement dans les processus de
décision de Markov. La premiére est l'apprentissage profond basé sur 'échantillonnage par
Thompson, dans lequel, l'exploration est basée sur l'échantillonnage postérieur de fonctions de
valeur d'action (représentées par un réseau de neurones profonds). En particulier, 'étape
d'échantillonnage postérieure de cet algorithme utilise un nouveau schéma basé sur DP,
également introduit dans cette these, et qui peut étre d'intérét indépendant pour d'autres
applications des réseaux de neurones bayésiens. Le deuxieme algorithme est un algorithme RL
de distribution qui repose sur une égalité de distribution associée aux DP.
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Chapter 1

Introduction

Reinforcement Learning (RL) has become a buzzword in machine learning, with its successful
applications spanning from board games to biology and beyond. RL is a specific class of learning
algorithms owing its roots to the concept of Pavlovian conditioning in psychology [Domjan| 2005],
wherein the agent learns to acheive a certain end by interacting with the environment. A typical
RL setting is exhibited in Figure[T.1] Whenever the agent (e.g. a neural network) takes actions
which helps to attain a desired end, the agent is rewarded, whereas it is punished/not-rewarded
whenever it’s actions are drifted away from the attainment of the desired goal. In repeatedly doing
so, the agent learns to take the suitable actions in the environment(mathematically, a dynamical
system). The above colloquial description can be mathematically encapsulated in what is known
as a Markov-Decision Process (MDP) [Puterman,(1990], M = (X, A, R, P,v) where X is the
state space and A is the action space. At each time step ¢, the agent observes state z; € X,
takes action a; € A, receives reward r; ~ R(x¢,a;) and transitions to x4 ~ P(xy,a;), with P
being unknown, and the desired end in general being maximizing the sum of rewards received
until some finite/infinite time horizon T'. The goal then is to find best possible way to attain this
desired end (mathematically find an optimal policy, ©* (z¢, at).)

RL has seen great success in the last decade with its applications. Whether its alpha Go [Silver
et al., 2017] defeating the world champion of the game of Go, or alphaFold predicting protein

sequences [Jumper et al., [2021], RL has captivated the imagination of people in variegated
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Figure 1.1: A standard RL set-up

domains of knowledge [Vashishtha and Vermal, 2020, \Verma et al., [2018|, |Degrave et al., 2022,
Mankowitz et al., 2023]. However, this doesn’t negate the scope for improvement in RL algorithms.
A major challenge in RL has been to strike the tradeoff between learning and exploring. That
is, one would like the agent to not converge to a suboptimal set of actions that may look
optimal in the short run. This problem is termed as exploration~ exploitation dilemma in the
reinforcement learning, and can be specifically studied in a framework knwon as Multi-Arm
Bandits (MABs). In mathematical formalism, the framework of MAB is essentially an MDP with
a fixed state. Numerous algorithms [Lattimore and Szepesvari, 2020] have been proposed in
order to resolve this exploration~ exploitation dilemma, specifically Upper confidence bounds
(UCB) based algorithm [Auer et al., 2002], Thompson sampling [Thompson, [1933], and their
variants [Russo et al., [2018]. However, these algorithms tend to suffer sub-optimal performance
for complicated real world problems [Phan et al., 2019, Baudry et al., 2021, [Kveton et al.|
2019] because of the approximations that become necessary in light of the lack of closed-form
confidence-sequences (UCB) or non-conjugate posterior distributions (Thompson-sampling) in
those real-world problems.

One example of complicated real-world problems arise in the field of agriculture, specifically
agroecology. Consider the distributions in Fig. for example. Each of these distributions
correspond to a specific planting-date, and shows the variability (owing to exogenous randomness
corresponding to weather, etc ) in crop yields. Such distributions are in general unknown apriori,

and in order to choose the right planting dates over time, one would typically like to run a



bandit algorithm, with each of the arms corresponding to a planting date (or the crop-yield
distribution). Note that these distributions are highly complex— multi-modal for example, and in
general wouldn’t even correspond to broad classes of parametric distributions such as single-
parameter exponential family [Wasserman, 2013]. For MAB problems corresponding to such
complicated distributions, algorithms such as UCB and Thompson sampling tend to perform
poorly. We will discuss this in Chapter[3] and present a new provably-optimal Bayesian algorithm
based on Dirichlet Processes, which are class of Bayesian nonparametric priors on the space
of probability distribution functions. We will begin with a detailed discussion of these priors in
Chapter [2) wherein we will showcase their strong theoretical and simulation properties that make

them amenable for complicated real-world statistical-inference problems.
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Figure 1.2: Example of distributions sampled from DSSAT simulator

In chapter [4] we will move our attention to the general framework of MDPs, and propose two
new model-free reinforcement learning algorithms. The first one is Thompson sampling based
deep Q learning, wherein, exploration is based on posterior sampling from action-value functions
(represented through a deep neural network). In particular, the posterior sampling step in this
algorithm utilizes a new DP based scheme, also introduced in this thesis, and which can be of
independent interest in other applications of Bayesian neural networks. The second algorithm is
a distributional RL algorithm that hinges on a distributional equality associated with the DPs.

A key feature of the algorithmic approach in this thesis is its distributional nature. Specifically,
the focus shifts from learning merely mean values or some finite number of moments to iterative

learning of a statistically plausible (in a Bayesian sense) discrete approximation of the true un-



derlying distribution by random-measures sampled from DPs. (We also don’t resort to smoothing
of these random measures and hence save on the additional computational burden of MCMC
samplers [Neal, |2000].)This change in focus from mean or some moment focused learning to
focusing on entire distribution is of paramount importance and underlies a promising future for
statistics and fields that rely on it, e.g. machine learning, (statistical) physics, finance [Lowet
et al.} 2020, |Bellemare et al., 2017a, |Sornette, [2017} [Engel et al., [2005]. We hope that this thesis

makes a meaningful contribution towards this vision.



Chapter 2

Dirichlet Processes

The goal of this chapter is to review and discuss different properties of Dirichlet Processes
as Bayesian nonparametric priors. In order to do that coherently, we begin by introducing a
generalized Bayesian inference paradigm motivated by De-Finetti’s theorem for exchangeable
sequences which immediately leads us to the notion of probability distributions on the space of
probability measures, and the notion of Bayesian nonparametric priors. After that, we discuss
Dirichlet distribution and their infinite dimensional limit, Dirichlet Processes. We also discuss an
alternate derivation of random measures distributed as a Dirichlet Processes, based on Gamma
Processes, in particular this construction generalizes elegantly and enables construction of
other nonparametric priors. We conclude with a very useful construction of random probability
measures sampled from Dirichlet Processes, this construction makes Dirichlet Process priors
highly useful in nonparametric statistical inference, and we will revisit it in the next chapters as
well. We limit the exposition in this chapter to crucial properties of Dirichlet Processes, especially
those utilized in the next chapters, and a more detailed account of the results for Dirichlet
Processes and other Bayesian nonparametric priors can be found in [Ghosh and Ramamaoorthil,

2003, |Ghosal and van der Vaart, |2017, [Castillol, |2024]



2.1 A general framework for Bayesian statistics

We start by considering an (ideally) infinite sequence of observations X (>) = (X4),>1, defined
on some probability space ( 2,.%,P ) with each X; taking values in a complete and separable
metric space X endowed with the Borel o-algebra 2". Throughout the thesis, as well as in the
most commonly employed Bayesian models, X () is assumed to be exchangeable. In other
terms, for any n > 1 and any permutation 7 of the indices 1, ..., n, the probability distribution
(p.d.) of the random vector ( Xi,..., X, ) coincides with the p.d. of (X, (1),..., Xz(n)). A
celebrated result of De Finetti, known as De Finetti’s representation theorem, states that the
sequence X (™) is exchangeable if and only if it is a mixture of sequences of independent and

identically distributed (i.i.d.) random variables.

Theorem 1 (De Finetti [1937]). The sequence X () is exchangeable if and only if there exists a
probability measure Q on the space Px of all probability measures on X such that, for anyn > 1

and A= A; x---x A, x X, one has,

P[X(‘X’) eA} z/ f[p(Ai)Q( dp)

Px j=1

where A, € Z foranyi=1,...,nand X* =X x X x ---.
In the statement of the theorem, and in most of the results discussed in this thesis the space Px

is equipped with the topology of weak convergence defined below,

Kkl .
pn — p weakly or p, ——25 p. if

/fdpn — /fdp

for all bounded continuous functions f on X, which makes it a complete and separable metric
space (this is not the case with Hellinger or Total Variation distance [Ghosh and Ramamoorthi,
2003].)The probability Q is also termed the de Finetti measure of the sequence X (). Such
symmetry/invariance principles can be generalized to other random objects (e.g. graphs, arrays),
and an excellent exposition of such matters can be found in|Orbanz and Roy|[2014], Kallenberg

[2005].



The exchangeability assumption is usually formulated in terms of conditional independence and

identity in distribution, i.e.

Xi|lp~p i>1 (2.1)
p~Q.
Hence, p™ = ]!, p represents the conditional p.d. of ( X1,..., X,, ), given p. Here p is some

random probability measure defined on ( 2,.#,P ) and taking values in Px : its distribution @
takes on the interpretation of prior distribution for Bayesian inference. Whenever ) degenerates
on a finite dimensional subspace of Pk, the inferential problem is usually called parametric. On
the other hand, when the support of @ is infinite-dimensional then one typically speaks of a
nonparametric inferential problem.

A Bayesian approach for treating nonparametric problems took some time to take off compared
to its parametric counterpart. This was primarily due to two major challenges one faces in the
construction of nonparametric priors (1) The support of the prior distribution should be large (i.e.
should not degenerate on a finite dimensional subspace of Px ). (2) Posterior distributions given
a sample of observations from the true probability distribution should be manageable analytically
and conevenient to sample from. These properties are antagonistic in the sense that one may be
obtained at the expense of the other, and this was addressed in the excellent papers of [Ferguson,
1973,/1974] who showed that the infinite extension of Dirichlet distribution priors, appropriately
called Dirichlet Processes (DPs) satisfy the aforementioned conditions. Naturally then to lead us

to DPs, we begin by discussing their parametric counterpart, i.e. Dirichlet distribution priors.

2.2 Dirichlet distribution and its important properties

Dirichlet distribution is known to Bayesians as the conjugate prior for the parameters of a multino-
mial distribution. In the formulation of the previous section, Dirichlet distribution corresponds to
the priors on the space of probability measures when X is a simplex. Dirichlet distribution can
be defined using a Gamma distribution, Gamma(a, 8), with shape parameter a = 0, and scale

parameter 5 > 0. For a = 0, Gamma is degenerate at zero; for « > 0, Gamma has density with



respect to Lebesgue measure on the real line given as follows,

f(Z | Oé,/B) = F(Tl)ﬂae_z/ﬂza_lj(oﬁoo) (Z) (22)

where Is(z) represents the indicator function of the set S.
Next we discuss construction of Dirichlet random (probability) vectors based on Gamma random

variables,

Definition 1. Let Z,, Z,, - - - , Z;, be independent random variables with Z; € Gamma (a5, 1), where

a; 20 forall j, and o; > 0 for some j,j = 1,2,..., k. The Dirichlet distribution with parameter

(a1, -+ ,ay), denoted by Dir(ay,--- , ), is defined as the distribution of (Y1, ...,Y) ), where
k
Y;=2;/Y Z forj=12,... k. (2.3)
i=1
Use of the notation Dir (o, - - - , ag) is taken to imply that o; = 0 for all j, and «; > 0 for some j.

This distribution is always singular with respect to Lebesgue measure in k-dimensional space
since Y1 + --- + Y, = 1. In addition, if any a;; = 0, the corresponding Y; is degenerate at zero.
However, using this Gamma random variable construction and utilizing Eq. it's easy to show
that if a; > 0 for all j, the ( & — 1 )-dimensional distribution of ( Y3,...,Y,_, ) is absolutely

continuous with density,

f(yla"' s Yk—1 ‘041,--' ,Oék)

ap—1
k—1 k—1 .
I (g + -+ ag) aj—1
= Y’ 1- Yj Is (y1,- s Yr—1) - (2.4)
F(al)r(ak) i J = 7
where S is the simplex

k—1

S=q (k1) Y 20, y; <1
j=1

For k = 2, Eq. [2.4]reduces to the Beta distribution, denoted by Beta (ay, as).

We now discuss some important properties of the Dirichlet distribution useful for rest of the



chapter,

1. Ifp = (p1,p2, ..., pi) is distributed as Dir (o, az, . . ., ax ), then for any partition Ay, A, ..., A,

of X, the vector (P (A1), P (42),...,P(4n)) = (ZieAl PisDica, Pis- s 2ica,, pi) isaDir (af, b, . ..

where a; =3, «a;. (This follows directly from the definition of the Dirichlet distribution and the
additive property of the gamma distribution: If Z; € Gamma (a1, 1), if Z2 € Gamma (a2, 1), and if Z; and

Z, are independent, then Z1 + Z, € Gamma (a1 + a2, 1).)

Remark 1. This property suggests that it would be convenient to view the parameter (a1, az, . .., a)
as a measure o(A) = Y, , ;. Thus every non-zero measure o on X defines a Dirichlet distribution

and the last property takes the form

(P(A1),P(A2),...,P(An)) isDir(a(A1),a(A2),...,a(An))

Accordingly, we will often use the convenient notation Dir(«) to represent Dirichlet distribution with

measure parameter, o

Now, we record the first two moments of the Dirichlet distribution.

. f(Ya,---,Yy) € Dir (a1, - - ,ax), then

EY; =ai/a
EY? = ai(i+1)/(a(a+1)) and
EY:Y; =aoj/(ala+1)) fori#j

where a = 3% a;.

The following is a well known Bayes property of the Dirichlet distribution,

. If the prior distribution of (Y1,---,Y%) is Dir (e, - -, ax) and if

P{X=j|Y, - ,Ys}=Y; as. forj=1,--- k,

then the posterior distribution of (Y1, - - -, Y%) given X = j is Dir (al(j), e ,ak(”), where



P = it i
:Oéj+1 if L= 7.

Contained in this property is a formula that will prove useful. Let us use Dir (y1, - ,yx | @1, -+, k)

to denote the distribution function of the Dirichlet distribution, Dir (a1, - -+ , ax). Then, the equality

P{X:j7Y1§ZI7~~~ 7Yk§2k}

=P{X=j}P{Visz, -, Vs S | X =5}

may be expressed in terms of Dir (y1, - ,yx | @1, , k), USiNg properties 2 and 3, as

z1 e
/ / ydiir(yh"',yk ‘Oél,"',Ollg)
0 0

= ﬁDiI‘ (Z17"' ) Zk | agj)7... 7al(cj)) ) (2.5)
«

It should be noted that this formula is true even if a; = 0.

5. Let a1, az be two measures on X and P;, P> be two independent k-dimensional Dirichlet random
vectors with parameters a1, ae. If Y independent of Py, P is distributed as beta (a1 (X), a2(X)), then

YP + (1 — Y)P2 is Dir (Ocl + 062).

To see this, let Z1, Z», . . ., Z;, be independent random variables with Z; ~ Gamma(c:{:}). Similarly

fori =1,2,...klet Zxy; ~ Gamma (a2{7}) be independent gamma random variables. Then

k
Z’f Z; A Zy, n Yk Zi [ Zia Zak
vZ\Cvz S % vz \XhZ %

has the same distribution as Y P; + (1 — Y') P». But then the last expression is equal to

= Sy k
Z1Zi ZlZi

which is distributed as Dir (a1 + a2). Note that the assertion remains valid even if some of the

<Z1 + Zk+1 Zy + Z2k>

a1{i}, a2{j} are zero. An interesting consequence is: If P is Dir(«) and Y is independent of P and

distributed as Beta(c, (X)), then

10



Yda,0,.,00+ (1 =Y)P ~Dir(a{l} +c,a{2},...,a{k})
This follows if we think of d1,0,...,0 as Dirichlet with parameter ( ¢,0,...,0). A corresponding statement
holds if (1,0, . ..,0) is replaced by any vector with a 1 at one coordinate and 0 at the other coordinates.

6. Let P be distributed as Dir(a)) and X independent of P be distributed as a. Let Y be independent of
X and P, and be a Beta(1, a(X) ) random variable. Then Yéx + (1 — Y) P is again a Dir(a)) random

probability.

2.3 Dirichlet Processes

We discuss Dirichlet Process from two viewpoints — the first one is more of a measure-theoretic
construction/definition that arises through Kolmogorov consistency conditions for random proba-
bilities, and the second one is more Stochastic-Process oriented derivation based on normalized

random measures derived through Gamma Processes.

2.3.1 Definition and properties motivated by Kolmogorov consistency

conditions

Let X be a set and let 2 be a o-field of subsets of X. Define a random probability, P, on (X, Z")
by defining the joint distribution of the random variables ( P (4;), -, P (A,,) ) for every m and
every sequence Ay, --- , A, of measurable sets ( A; € 2 for all i ). Historically speaking, the
idea of Dirichlet processes naturally emerged in the attempt to prove the existence of stochastic
process P by verifying the Kolmogorov consistency conditions [Kolmogorov, 2018]. We refer
the reader to appendix [Alfor more details on this, and proceed to give the definition of Dirichlet
Processes that emerges out of the necessity to satisfy Condition[{]in appendix[Aland utilizing

Property 1 of Dirichlet distributions discussed in the last section.

Definition 2. Let a be a non-null finite measure (nonnegative and finitely additive) on (X, Z").
We say P is a Dirichlet process on (X, 2") with parameter « if for every k = 1,2,---, and
measurable partition (Bi,--- ,By) of X, the distribution of (P (Bi),...,P(By)) is Dirichlet,
Dir(a(By),...,a(Bg)).
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Remark 2. Note that definition[g only uses a measure « to define a Dirichlet Process, however

the same definition can be given based on two parameters, a probability measure, Fy(-) = 3&))

(also known as the base measure of the Dirichlet Process) and scalar parameter, o(X) (also
known as the concentration parameter of the Dirichlet Process), with corresponding Dirichlet
process denoted as DP(a(X), Fy). We will heavily use this second notation in the next chapter,

but mostly limit ourself to the measure based notation in this chapter.

Next we discuss some important properties of the random probability measure P when it is a

Dirichlet Process.

Property 1 (mean random-measure of the Dirichlet Process). Let P be a Dirichlet process on
(X, Z") with parameter o, and let A € X. If a(A) = 0, then P(A) = 0 with probability one. If
a(A) > 0, then P(A) > 0 with probability one. Furthermore, EP(A) = a(A)/a(X).

Proof. By considering the partition ( 4, A°) of X, one can see from definition [2that P(A) has a

Beta distribution, Beta (a(A), o (A°)). The proof follows immediately. O

Now, this property may seem to suggest that « and P are mutually absolutely continuous. This
interpretation is intuitive, but false; in fact, we will discuss in next section that P is essentially
a discrete distribution. Thus, « and P may be mutually singular. However, « and P satisfy a

weaker notion than absolute continuity, and we discuss that next

Property 2 (o-additivity of P w.r.t ). Let P be a Dirichlet process on (X, Z") with parameter «.
If « is o-additive, then so is P in the sense that for a fixed decreasing sequence of measurable

sets A, \, @, we have P (A,) — 0 with probability one.

Proof. Since A,, \, @ and « is additive, a (A,,) — 0. Hence there exists a subsequence {n;}
such that 7" o (A,,) < oo. For fixed ¢ > 0,
ZIP {P(A4,,) >¢} < Ze_l]EP (A,,)=¢"" Za (An,) /(X)) < o0
1 1 1
Hence, from the Borel-Cantelli lemma, P { P (4,,) > ¢ i.0. } = 0. This proves that P (4,,) — 0

with probability one. The proof is completed by noting that P (A,,) > P (A4,+1) with probability

12



one for all n, and hence, P (A;) > P (A3) > ... with probability one. The converse is also true: if
« is not o-additive, then with probability one P is not o-additive.

O

Since DPs are distributions over distributions, the support of DPs is set of distributions, and a
natural and crucial question arises — what kind of distributions are DPs supported on? This is
the question we address next, directly stating the result mathematically, and commenting on it

subsequently.

Property 3. [Support of the Dirichlet Process priors] Let P be a Dirichlet process on (X, Z") with
parameter «, and let Q) be a fixed probability measure on (X, Z) with Q < «. Then, for any

positive integer m and measurable sets Ay, --- , A, ande > 0,

P{|P(4;) —Q(A;)| <efori=1,--- ,m} >0

Proof. Form B,, ... ,,,, as in[A.1land note that

P{|IP(A;)—Q(A)| <efori=1,--- m} (2.6)

v

P { > |P(By,...,,) —Q(By,... 1)
(v1,:

" 1Vw1)ai=1

<5f0l’i:1,...,m} (2.7)
Therefore, it is sufficient to show

P{|P(Bu,.. v,) = Q(Buy,.. v,,)| <2 e forall (va, -+ ,vm)} >0

If «(By, .. .,,) =0, then Q (B, v,) = 0 with probability one, so

.....

,,,,,

that |P (By, ... v,,) — Q@ (By,.... »,,)] = 0 with probability one. For those (v4,--- ,v,,) for which

a (By,.... v,,,) > 0, the distribution of the corresponding P (B,, ... .,,) gives positive weight to all

7”/777,

open sets in the set

> P(By,...)=1

1, i) 3(Buy e ) >0
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completing the proof. O

Property [3 essentially states that in the weak topology (discussed in Section [2.1), the support of
the Dirichlet process on (X, Z") with parameter a contains the set of all probability measures
absolutely continuous with respect to a. Conversely, any measure @ not absolutely continuous
with respect to « is not in the support of P. This property is the first desirable property for
nonparametric priors (huge support) mentioned in Section 2.1

We can state this more intuitively with an example of a Dirichlet Process with o-additive «

Property 4 (Support of DP with o-additive «). If (X, Z") is the real line with the Borel sets, and if
« s o-additive, the support of P is the set of all o-additive probability measures whose support is

contained in the support of a.

Having discussed some preliminary (but important) properties of DP priors, we now move onto
discussing the nature of DP posteriors, i.e. answering the question — when utilized for statistical
inference, how do sample from true probability distribution, update DP priors. To answer that, we

need some definitions and some simple propositions

Definition 3. Let P be a random probability measure on (X, 2°). We say that X;,..., X, is a

sample of size n from P if forany m = 1,2,... and measurable sets Ay,--- , Ap,,Cy,- -+ ,Chp,
P{X,e€Cy, -, X,€Cn|P(A1), - ,P(An),P(C1), - ,P(Cn)} (2.8)
=[P as
j=1
(2.9)

Roughly, X1,...,X,, is a sample of size n from P, if, given P(C1),...,P(C,), the events
{X, €Ci}, - ,{X, € C,} are independent of the rest of the process, and are independent
among themselves, with P{X; € C; | P(C1),...,P(Cy,)} = P(C;) as. forj =1,...,n.

This definition determines the joint distribution of X;,..., X,,,P(4;),---,P(A.,), once the
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distribution of the process is given, since

P{Xl S Cl;"' 7Xn S CnaP(Al) §y1,"' aP(Am,) gym} (210)

may be found by integrating[2.8|with respect to the joint distribution of P (A1) ,..., P (A,), P (C1),---

over the set [0, y1] X -+ X [0, y,m] x [0,1] x -+ x [0, 1].

Proposition 1. Let P be a Dirichlet process on (X, Z") with parameter o and let X be a sample

of size 1 from P. Then for A ¢ &,

P(X € A) = a(A)/a(X)

Proof. Since P(X € A| P(A)) = P(A) a.s.,

P(X € A) =EP(X € A | P(A4)) (2.11)
=EP(A) (2.12)
= a(A)/a(X) (2.13)
completing the proof.
O

Proposition 2. Let P be a Dirichlet process on (X, Z") with parameter «, and let X be a sample

of size 1 from P. Let (By,--- , By) be a measurable partition of X, and let A € 2 . Then,

k
a(B;iNA . )
P{X €A P(B1) Sy1, -, P(Br) Sy} = Z(Oz](XM)D”(ylv'“ Yk | ozgj),...,a,(j))
j=1
(2.14)
where Dir(y1,--- ,yk | @1, , ) is the distribution function of the Dirichlet distribution, (a1, - -+ , ),

and where
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o = o (By) if i+j (2.15)

=a(B;)+1 if i=j (2.16)

Proof. Define B;; = B;N A, and B;o = B;nA°for j = 1,...,k. LetY;, = P(B,,) for
j=1,---,kand v =0,1. Then, from

k
P{X€A|Y,j=1-,kandv=01}=) Y;; as. (2.17)

=1

Hence for arbitrary y;, € [0,1],forj=1,...,kand v =0, 1,

P{X e€AY;, Sy, forj=1,...k andv=0,1}

can be found by integrating with respect to the distribution of the Y;, over the set
Yo 2yjv,j=1,---,k and v=0,1}. Using property 4 of Dirichlet distribution in the last

section, this integration turns out to be,

k

a(Bj1) . )
2ol pix (y | al”)
j=1
h — d o) = (€) BN ¢ ) RN ¢ ) N ) d
wnere 'y = (y1,07 s Yk,0,Y1,1, 7yk,1) ana o CYLO? 70[]@,07&1’17 ’ak,l , an
where
o) = a(Biy) it i

O

The conclusion of the proposition follows from this using property 1 of the Dirichlet distribution
discussed in last section, since P (B;) =Y, o+Y;1 a.s., and since the process of finding marginal

distributions of random variables is linear.

16



We are now prepared to find the conditional distribution of a Dirichlet process P, given a sample

Xi,---, X, from P. It turns out that this conditional distribution is also a Dirichlet process.

Property 5. [Conjugacy of Dirichlet Process posteriors] Let P be a Dirichlet process on (
X, Z") with parameter o, and let X1, --- , X,, be a sample of size n from P. Then the conditional

distribution of P given X1, --- , X, is a.s. a Dirichlet process with parameter o + >} 0,

Proof. It is sufficient to prove the theorem for n = 1, since the theorem would then follow by
induction upon repeated application of the case n = 1. Let (B, -+, Bx) be a measurable
partition of X and let A € Z". It is easy to check that the marginal distributions of a conditional
distribution of a process are identical to the conditional distributions of the marginals. Hence, we
must show that the conditional distribution of P (By),--- , P (By) given X, a sample of size one

from P, has distribution function

Dir (y1, -+ ,yx | @ (B1) +0x (B1), - ,a(By) + 0x (Br)) (2.18)

This may be done by showing that the integral of with respect to the marginal distribution
of X over A is equal to the probability Using the marginal distribution of X as found in

Proposition [T, we compute

/ Dir (y1,-+,yk | a(B1) + 05 (B1), -+ ,a(Bx) + 0z (By)) da(z) /a( Z) (2.19)
A
k
:Z/ Dir <y1,~« s Yk |oz(1]),~~ ,ag)) do(z)/a(Z) (2.20)
j=1 BjﬁA
k
_NaBind) ) ()
—j_lcler(yl,---7yk|al A ) (2.21)
completing the proof. O

Property 5 is a crucial result, specifically it also forms the second desirable property for non-
parametric priors stated in Sec[2.1]— the posterior distribution given a sample of observations
should be manageable analytically and easy to sample from. The second aspect of this property

(easy to sample from) is the subject of the last section, but for now we see from Property [5 that
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posteriors of Dirichlet Porcess priors are themselves Dirichlet processes. This property is also

known as conjugacy.

2.3.2 Derivation through Gamma processes based completely random

measures

We consider an alternate construction of Dirichlet Processes in this section and the generalized
notion of completely random measures that this construction leads to eventually. The basic idea
is that since the Dirichlet distribution is definable, as in[2.3] of Section as the joint distribution
of a set of independent gamma variables divided by the sum, so also should the Dirichlet process
be definable as a Gamma process with independent "increments" divided by the sum.

Essentially, using a representation of a process with independent increments as a sum of a
countable number of jumps of random height at a countable number of random points, as found
in [Ferguson and Klass|, [1972], we may divide by the total heights of the jumps and obtain a
discrete probability measure, which should be distributed as a Dirichlet process. As one can
guess, an immediate consequence of this construction is that it shows implicitly that random
measures sampled from a DP are essentially a.s. discrete. Next, we discuss this construction

begining with the characteristic function of gamma distribution, Gamma(a, 1), « > 0,

pla) = (1 —it)~“ (2.22)
oo [ (e — 2.23
exp [ (e = 1) aN@) (2.23)
where
N(z) = -« /00 e Yy tdy for0<a<oo (2.24)

We define the distribution of random variables J;, J, - - - as follows.

P(J; <ay) =N forz; >0 (2.25)
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and forj =2,3,---

P(J; x| Jj-1=xj-1,-,J1 =21) =exp[N (z;) = N (z;-1)] (2.26)

for0 <z <.
In other words, the distribution function of J; is exp N (z1) and for j = 2,3, ..., the distribution
of J; given J;_y,--- ,Ji, is the same as the distribution of .J; truncated above at J;_;. Next,
we present a useful theorem for rest of the exposition concerning Gamma Processes based

derivation of DP random measures.

Theorem 2 ([Ferguson and Klass, [1972])). Let G(t) be a distribution function on [0, 1]. Let

Zy =Y Jilp.cw) U;) (2.27)
=1

where (i) the distribution of J1, Jo,- - - is given in (3) and (4), and
(i) Uy, Uy - - - are independent identically distributed variables, uniformly distributed on [0, 1], and
independent of .Jy, Jo, - --. Then, with probability one, Z, converges for all t € [0,1] and is a

gamma process with independent increments, with Z, € Gamma(aG(t),1).

In particular, Z; = >-{° J; converges with probability one and Z; € Gamma(, 1). If we define

P =J;/7, (2.28)

then P; =2 0 and }_{° P; = 1 with probability one.
We now define a discrete random measure with weights P; as in Eq. As before, let ( X, 2
) be a measurable space, and let a(-) be a finite non-null measure on X. Let V4,V5,... be a

sequence of i.i.d. random variables with values in X, and with probability measure @, where

Q(A) = a(4)/a(X).

P(A) = Pjdy,(A) (2.29)
j=1
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Theorem 3. The random probability measure defined by[2.29 is a Dirichlet process on (X, 2°)

with parameter c.
Proof. Let (By,--- , Bx) be a measurable partition of X. Then
1 (o]
(P(B1),-+,P(By)) = A Jj (v (B1),- -+ ,dv; (By))
j=1

From the assumption on the distribution of V1, V45, - - -,

M, = (dv, (B1), -+ ,dv, (By))

are independent identically distributed random vectors having a multinomial distribution with
probability vector (Q (B1),---,Q (By)). Hence, the distribution of "[° J;M; must be the same

as the distribution of

(Z1jks Zogi = Zijis -+ 20 — Z—1) k)

where Z; is the gamma process defined by (5) with G(¢) chosen so that

o(1) (3= =ik

Hence, 372, J;dv, (B;) are, fori = 1,-- -, k, independent random variables, with 3°7% | J;dv, (B;) €
Gamma (« (B;), 1). Since Z; is the sum of these independent gamma variables, (P (B1),..., P (Bx)) €
Dir (a (B4),...,a(By)) from the definition of the Dirichlet distribution. Thus, P satisfies the
definition of the Dirichlet process.

O

The random measures derived through independent increment processes (Levy-Flights), for
example using Gamma distributions above in [2.27], are referred to as Completely random mea-
sures (CRMs) because the partitions they induce are independent. CRMs were first introduced

in an excellent paper [Kingman,|1967], and can be defined as follows,
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Definition 4. Let i be a measurable mapping from (Q, %, P ) into ( Mx, .#x ) and such that for
any Ai,..., A, in &', with A; N A; = @ for any i # j, the random variables [i (A1), ..., i (Ay)

are mutually independent. Then [ is termed completely random measure (CRM).

As is evident from DP case in an important property of CRMs is their almost sure
discreteness [Kingman, [1967], which means that their realizations are discrete measures with
probability 1 . A CRM on X can always be represented as the sum of two components: a
completely random measure . = > .-, Jidx,, where both the positive jumps J; ’s and the

X-valued locations X; ’'s are random, and a measure with random masses at fixed locations.

Accordingly
M
= fie+ ) Vid, (2.30)
1=1
where the fixed jump points z1, ..., za, wWith M € {1,2,...} U {co}, are in X, the (non-negative)
random jumps V1, ..., Vy, are mutually independent and they are independent from ji.. Finally,

[ic is characterized by the Lévy-Khintchine representation which states that

E | Jx /(@i dr)} = exp {—/ {1 — e_sf(m)} v(ds, dm)} (2.31)
R+ xX

where f : X — R is a measurable function such that [ |f|df. < oo (almost surely) and v is a

measure on Rt x X such that

/ min{s, 1}r(ds, dz) < oo
JB JR+

for any B in Z". The measure v characterizing [i. is referred to as the Lévy intensity of fi.. : it
contains all the information about the distributions of the jumps and locations of fi.. v can be

expressed by separating the location and jump parts as follows,

v(ds, dz) = p,( ds)a(dz) (2.32)

where « is a measure on (X, .2") and p a transition kernel on X x Z (R™), i.e. x — p,(4) is 2" —

measurable for any A in 8 (R")and p, is a measure on (R, 2 (R"))for any = in X. If p, = p for
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any z, then the distribution of the jumps of i. is independent of their location and both v and ji.
are termed homogeneous. Otherwise, v and fi. are termed non-homogeneous.

CRMs provide a generalized recipe to construct Bayesian nonparametric priors beyond Dirichlet
Processes [Lijoi et al.,[2010]. By normalizing CRMs (e.g. In[2.29|for DPs) one obtains what are
known as Normalized random measures of independent increments (NRMIs) processes. These
are characterized by different alpha-stable distributions and their mixtures. In particular, one can
define a v and obtain a corresponding NRMI. Clearly, for the Dirichlet Process above, this v was,

—S

v(ds, dz) = ¢

d d,.
. sa( dx)

Many other priors such as Beta-Stacey, dependent-Dirichlet processes [Lijoi et al.[[2010] have
been constructed utilizing CRMs/NRMIs. They have also served useful for constructing other

random-objects such as sparse-graphs [Caron and Fox, [2017]

2.4 Moments and tails of distributions sampled from a DP

The Gamma-process based discrete representation of random measures sampled from a Dirichlet
processes can be quite useful to study some of their properties. A natural property of probability

measures is their moments and tails, and we next discuss this aspect of DP random measures.

Property 6. (Moments of DP random measures) Let P be the Dirichlet process defined by
Eq. and let Z be a measurable real valued function defined on (X, 2" ). If [ |Z|da < oo,
then [ |Z|dP < oo with probability one, and

E/ZdP: /ZdEP: a(X)—l/Zda

Proof. From Eq.[2.29]

[1z1aP =Y 121

so that the monotone convergence theorem gives,

22



E/|Z|dP:§:]E|Z(Vj)|Pj (2.33)

j=1

:a(X)_l/ZdaiEPj (2.34)
Jj=1

:a(X)*l/\Z\da (2.35)

where we have used the independence of the V; and the P;. Therefore, [ |Z|dP is finite with

probability one, and hence
/ZdP: > Z(V;) P
j=1

is absolutely convergent with probability one. Since this series is bounded by (8), which is

integrable, the bounded convergence theorem implies

E / ZdP = i]EZ(Vj)IEPj (2.36)
j=1

= a(X)7! / Zda (2.37)

O

Property [6] emphasizes the close relationship between « and the random probability measure P.
Essentially, It implies that if « has a finite k£ th moment, then, on-average, with probability one P

has a finite k£ th moment. However, a stronger result can be derived,

Property 7. [Doss and Sellke, |1982][Tails of random measures ampled from a DP] Tails of
random measures sampled from a DP prior with measure-parameter «, and corresponding

DP posterior are much smaller then the tail of the base measure, G, of the DP prior where

The proof is again based on the Gamma process construction of the DP and on some properties
of alpha-stable random variables, and we state the main mathematical result. As in Property [7]

Let G represent the base-measure of the DP prior with parameter «,and M = «(X), and let F
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be an arbitrary random measure sampled from the DP prior (or posterior) then it holds, for any

r > 1, that

_rlogllog M(1—G())| ~ Fla) < exp [ — 1
(e ) <1 F@ < oo (- ara—ewT)

(2.38)

The best way to illustrate Property [7]is for a Cauchy distribution (which has no mean). The upper
tail of the standard Cauchy distribution G satisfies 1 — G(z) ~ n~tx~1, for z — oo. Since ris
arbitrary, we can absorb any constant in powers of log . Inequalities imply, for fixed M as

T — 00,

exp [-raM 'zloglogz] < 1— F(z) < exp[—z/|log z|"]

Thus the tails of F' are almost exponential, even though G has no mean. This tail-property of
random measures sampled from DP priors/posteriors will be very useful in proving regret bounds
for the algorithm presented in the next chapter.

Now we turn to one of the important properties desirable of nonparametric priors discussed in

Sec[2.1] i.e. Is it easy to sample from Dirichlet Processes?

2.5 Sethuraman construction of the Dirichlet Process

We saw in Section [2.3.2]the almost surely discrete nature of the random measures distributed
according to a Dirichlet Process. [Sethuraman| [1994] introduced an elegant construction for
these random measures, and this will be quite useful in the next chapters as well, specifically the
distributional equation[2.40] We discuss this construction next, and prove that random measure
following Sethuraman construction is distributed as a DP.

Let « be a finite measure and a(-) = % and let 0y, 0., ... be Beta(1l, «(X)) random variables
and Y1,Ys,... are i.i.d. @ and independent of the 6;s Set p; = 6, and for n > 2, let p, =

O H;‘_l (1—6;). Easy computation shows that > [ p, = 1 almost surely. Now define a Px
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valued random measure by,

= pudy,(() (2.39)

Since Zf" pn = 1, P(-) takes values in Px, and is a random discrete measure that puts weight p;

ony;.

Property 8. [Sethuraman representation of DP random measures] The random measure, P(-),

in Eq.[2.39, is distributed as a DP with parameter measure c.

Proof. A natural approach to show this is to resort to definition of DPs as in definition [2]and then
showing that for every partition By, Bs, ..., By, of X by Borel sets, (P (B1),P (Bz),...,P(By))is
distributed as Dir (a (By) ..., (By)). Denote by 6% the element of Sy, given by (I, (Y;),Ip, (Yi),...,Ip, (Y3)).
Then ,(P(By),P(Bs),...,P(By)) can be written as > |° pz(;é‘} Let P be an S valued random
variable, independent of the Y's and s, and distributed as Dir (« (B1), ..., « (By)). Now, consider

the S, valued random variable

Pl =p6f +(1—p) P (2.40)

where Y; € Bi,ééii is the vector with a 1 in the ith coordinate and 0 elsewhere. Hence by
property 5 from Section given Y; € B;, P! is distributed as a Dirichlet with parameter
(@(B1),...,a(B;) +1,...,a(By)). Since P(Y; € B;) = a(B;), by property 6 in Section[2.2 P!
is distributed as Dir (« (B1),...,a (Bg)).

It follows by easy induction that for all n, 1 — >~} p; = T[]} (1 — 6;). Using this fact, a bit of algebra

gives

Zpifsg + <1 - Zpi> P (2.41)
n—1
= Zmy + (1 - Zm) (6005, + (1 —6,) P) (2.42)
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Since our earlier argument showed that 9n5§3n + (1 —6,) P has the same distribution as P, a

simple induction argument shows that, for all n,

> ok + (1 -3 pi> P (2.43)
1 1

is distributed as Dir (a (By),...,a(By)). Letting n — co and observing that (1 — Y"1 p;) goes to

0, we get the result.
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Chapter 3

Dirichlet process posterior

sampling for multi-arm bandits

In this chapter, we introduce Dirichlet Process Posterior Sampling (DPPS), a Bayesian non-
parametric algorithm for multi-arm bandits based on Dirichlet Process (DP) priors. Like Thompson-
sampling, DPPS is a probability-matching algorithm, i.e., it plays an arm based on its posterior-
probability of being optimal. Instead of assuming a parametric class for the reward generating
distribution of each arm, and then putting a prior on the parameters, in DPPS the reward gen-
erating distribution is directly modeled using DP priors. DPPS provides a principled approach
to incorporate prior belief about the bandit environment, and we employ stick-breaking repre-
sentation of the DP priors, and show excellent empirical performance of DPPS in challenging
synthetic and real world bandit environments. Finally, using an information-theoretic analysis, we
show non-asymptotic optimality of DPPS in the Bayesian regret setup. Our contributions can be

summarized more concretely as follows,

» We introduce Dirichlet Process Posterior Sampling (DPPS) for multi arm bandits - a
Bayesian nonparametric extension of Thompson sampling based on Dirichlet Processes
that combines the strength of (Bayesian) bootstrap with a principled mechanism of incorpo-
rating and exploiting prior information. Efficient performance of parametric Thompson sam-

pling is limited to bandit environments wherein it's possible to have conjugate prior/posterior
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distributions. Besides, existing Bootstrap based algorithms cannot account for uncertainity

that doesn’t come from observed data [Osband et al., 2018

+ We employ stick-breaking representation of the Dirichlet Process priors to perform numerical
experiments with DPPS in both synthetic and real-world multi-arm bandit settings. Improved
performance of DPPS compared to parametric Thompson-sampling and UCB is made
apparent in these simulations. Using a simple example, we also illustrate a proof-of-concept
of the flexibility of DPPS in incorporating prior-knowledge about the bandit environment.
Besides, Stick-Breaking implementation of DPPS provides a unified implementation for
different bandit environments unlike parametric Thompson sampling whose implementation

differ according to bandit environments and require careful tuning/approximations.

» We extend the information theoretic analysis of Thompson sampling in|Russo and Van Roy
[2016] to a wider class of probability-matching algorithms that derive their posterior proba-
bility of optimal action using a valid Bayesian approach, and use this extension to establish
o+/2TKlog K non-asymptotic upper bound on the Bayesian regret of DPPS in bandit
environments with o sub-Gaussian reward noise, where T is the time horizon, and K
is the number of arms. We are unaware of any Bootstrap based bandit algorithm that
enjoys the order-optimal, o1/2TK log K, non-asymptotic regret bound in the wide class of

o-sub-Gaussian bandit environments.

This chapter is based on the published article, [Vashishtha and Maillard, |2025], and the corre-
sponding Python code for all the figures in this paper can be found at this web-link. We begin by

laying down the motivation for DPPS and a colloquial discussion about it.

3.1 Introduction

Multi Arm Bandits (MAB) is a paradigmatic framework to study the exploration ~ exploitation
dilemma in sequential decision making under uncertainty. Standard algorithms developed within
this framework such as Upper-Confidence Bounds (UCB) based algorithms [Auer et al., 2002]
and Thompson sampling (TS) [Thompson, 1933} |Russo et al.,|2018] have proven to be useful

in applications such as clinical trials, ad-placement strategies, etc. However, it remains difficult
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to apply them to more complicated real world settings such as those arising in agriculture or
experimental sciences wherein the underlying uncertainty mechanism is far more sophisticated:
the unknown reward distribution corresponding to each arm/action may not even conform to a
parametric class of distributions such as the single-parameter exponential family, and usually
exhibit characteristics such as multi-modality. With some abuse of terminology, we shall refer
to this challenging setting of the MABs as non-parametric MABs, and we report an optimal
algorithm for this setting in the current paper.

To begin with, it's worthwhile to consider the limitations of UCB and Thompson sampling
algorithms in some more detail. Firstly, the efficient performance of UCB type algorithms rely on
the construction of tight high-probability confidence sequences [Abbasi-Yadkori and Szepesvari,
2011} |Auer et al., 2002]. However, for complex problems, it becomes difficult to design such
sequences, and only approximate confidence sequences can be designed, which generally
tend to be statistically suboptimal [Filippi et al. [2010]. Next, although Thompson-Sampling
(TS) [Thompson, (1933| [Kaufmann et al.,[2012] is a neat and elegant Bayesian algorithm, that
enjoys the flexibility of incorporating prior knowledge about the bandit environment, it’s efficiency
is limited to the regime of conjugate prior/posterior distributions of the relevant scalar/vector
parameter, which is generally not possible beyond a few special cases of bandit environments,
e.g. Bernoulli, Gaussian. In other regimes, the posterior distributions no longer exhibit a closed
form, and require the application of approximate inference schemes such as Markov Chain
Monte Carlo (MCMC), variational inference, etc, to draw samples from the posterior distributions.
This is usually computationally expensive, and can easily lead to the suboptimal performance of
Thompson sampling [Phan et al.| [2019].

In light of the above limitations, one is tempted to look for a statistical-inference technique
suitable for handling complicated real-world distribution functions, and soon finds the answer in
Statistical Bootstrap [Efron| 1992, Efron and Tibshirani,|1994] which is a procedure for estimating
the distribution of an estimator by resampling (often with replacement) data or a model estimated
from the data. Bootstrapping has been widely used as an alternative to statistical-inference based
on the assumption of a parametric-model when that assumption is in doubt, or where parametric
inference is impossible or requires complicated formulas for the calculation of standard errors.

This naturally motivates the use of statistical-Bootstrap for the nonparametric setting of MAB
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discussed above. In fact, most of the existing algorithms for nonparametric MABs are based on
different versions of the Bootstrap in one way or the other [Kveton et al., 2019, Baransi et al.,|2014,
Osband and Van Roy, 2015]. However, these methods crucially rely on artifical history/pseudo-
rewards to perform well, and can perform sub-optimally without a suitable mechanism to generate
such artificial-history/pseudo-rewards [Osband and Van Roy, |2015]. Additionally, these bootstrap
sampling based algorithms cannot account for uncertainty that does not come from the observed
data [Osband et al.,2016]. In other words, they do not have a mechanism to incorporate prior
knowledge about the environment which can be utilized to enhance the performance of the
algorithm. This efficient harnessing of prior knowledge for improved performance is hallmark of
Bayesian algorithms, and we are unaware of any bandit algorithm that enjoys the flexibility of being
completely Bayesian and still efficient in the nonparametric MAB setting. Essentially, this calls for
an extension of the parametric Thompson sampling, which is already Bayesian, but suffers its
nemesis in the non-parametric MAB setting for reasons discussed before. Consequentially, this
leads us to the following question,

Can we design a truly Bayesian algorithm that performs efficiently in the setting of nonpara-
metric multi-arm bandits?

We answer this question in the affirmative by designing an algorithm that draws from the
strengths of Bayesian Nonparametric (BN) priors. In the past, a nice line of work utilized BN
priors on the function spaces, i.e. Gaussian Process (GP) priors, to contribute the well known
GP-UCB algorithm [Srinivas et al., [2009], but it’s not clear how this can be naturally adapted to
the nonparametric MAB setting that we are interested in the current paper, and we believe that a
more natural choice of BN priors in the context of multi-arm bandits would be the priors on the
space of probability distributions instead of those on a much larger function space (restricted
only by the choice of their smoothness) [Rasmussen, 2003]. Dirichlet Processes (DPs), denoted
as DP(a, Fy), (where « and F are the related hyperparameters, known as the concentration
parameter, and the base measure respectively), fall in the category of BN priors on the space of
probability distributions, and have been widely used in real world statistical applications [Castillo,
2024, |Muller et al.L 2015, |Ghosal, [2010], . We extend the strength of DPs to the multi-arm bandit
setting by contributing Dirichlet Process Posterior sampling (DPPS).

DPPS directly treats reward distribution functions as random objects, modeling them using
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DP priors, and easily updating these priors utilizing the property of conjugacy of DP priors to
obtain DP posteriors, and making decisions based on the the posterior probability of optimal
actions induced by these DP posteriors. Since no parametric class of distribution for the arm
reward distributions is assumed apriori, DPPS allows for modeling arbitrary reward distributions,
and hence is amenable to the non-parametric MAB setting. This is in contrast to parametric
Thompson sampling which assumes a parametric class for reward distribution apriori, and puts a
prior on a scalar/vector parameter, often the sufficient-statistic of that parametric-class, thereby
restricting its application to a small set of problems. Furthermore, these parametric priors do
not enjoy the property of conjugacy very often, and it becomes challenging to sample from their
posterior distributions even for the restricted class of problems they can model appropriately.
We will illustrate this strength of DPPS in a series of numerical experiments in Section [3.6|for
different bandit environments.

Since DPPS is a Bayesian algorithm, it provides a principled mechanism to incorporate prior
knowledge about the bandit environment, specifically through the base measure of the DP priors.
In fact, based on the hyperparameter, a, of the DP prior it's easy to delineate uncertainty captured
in DP priors/posteriors into two parts — contributions from the observed data and contributions
from the prior. In the limit of « — 0, one recovers the noninformative DP prior, also referred to
as Bayesian Bootstrap which is the basis for the so-called non parametric Thompson sampling
introduced in |Riou and Hondal [2020]. We discuss this in Section and also give a proof
of concept of the flexibility of DPPS to incorporate prior knowledge about bandit environment
through a simple example in Section Additionally, in Section 3.7} we extend an elegant
information-theoretic analysis framework for parametric Thompson sampling to a wider set of
probability matching algorithms that derive the posterior probability of optimal actions using a
valid/proper Bayesian strategy. This extension, along with an important lemma on the tail of
random distributions sampled from DP prior/posterior shall lead us to the result of Theorem

which provides an upper bound on the Bayesian regret of DPPS.
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3.2 Problem formulation

In this section, we formalize the problem of multi-arm bandits and introduce the necessary
notation. We also discuss Thompson-sampling, a Bayesian probability matching algorithm, in

order to lay some ground for introducing its nonparametric counterpart, DPPS, later in this paper.

Multi-armed bandits Inthe K-arm bandit problem, the agent is presented with K arms/distributions/actions
{pr}E_,. Attime-steps t = 0,1,..., the agent executes an action A, € A, A being the set of
actions such that | A| = K; then it observes the corresponding reward R, 4, € X. In this paper,

2,2

we choose X to the set of o-sub-Gaussian random variables, i.e. E [e(X—E[XW] <e”z ,VX €X,

and for all s. Let R, = (R;)aca be the vector of rewards at time ¢. The “true reward-vector
distribution” p* is seen as a distribution over x| that is itself randomly drawn from the family
of distributions P. We assume that, conditioned on p*, (R:):cn is an iid sequence with each
element R; distributed according to p*. The agent’s experience through time-step ¢ is encoded
by a history H; = (A1, R1,4,,---, A+, R, 4,). The action A, is chosen based on #; utilizing a
sequence of deterministic functions, m = (m;)ien, S0 that m(a) = P(A; = a|H,). 7 is usually
referred to as randomized policy. The T period regret of the sequence of actions, Ay, .., Ar,

induced by m, is the random variable,

T
Regret(T, ) = ZE[Rt,A* — Ry a,]

t=1

where A* € A is the optimal action, i.e. A* € argmaxE[R; ,|p*] . In this paper, we study the
acA

expected regret or Bayesian regret given as follows,

E [Regret(T,m)] = E

)

T
Z [Rt,ax — Ry a,]
t=1

where the expectation integrates over random reward realizations, the prior distribution of p*,

and algorithmic randomness.

Further notation We set a;(a) = P(A* = a|H:) to be the posterior distribution of A*. Also,

we use the shorthand notation E;[-] = E;[-|H.] for conditional expectations under the posterior
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distribution, and similarly write P,(-) = P(:|,). For two probability measures P and @ over a
common measurable space, if P is absolutely continuous with respect to @, the Kullback-Leibler

divergence between P and Q) is

dP

KL(P||Q) = /Plog (dQ> P (3.1)

where j—z is the Radon—Nikodym derivative of p with respect to ¢q. For a probability distribution p
over a finite set X', the Shannon entropy of p is defined as H(p) = — > ., p(z)log (p(x)). The
mutual information under the posterior distribution between two random variables X; : Q — X,

and X, : Q — X, denoted by
1;(X1; Xp) := KL (P (X1, X2) € [He) || P(X1 € [He) P (X2 € [Hy)), (3.2)

is the Kullback-Leibler divergence between the joint posterior distribution of X; and X, and the
product of the marginal distributions. Note that I;(X;; X2) is a random variable because of its

dependence on the conditional probability measure P (-|H).

Thompson Sampling Thompson Sampling is a specific class of probability matching algo-
rithms which matches in each round, the action-selection probability to the posterior probability-
distribution of optimal action, i.e. P(A; = a|H;) = P(A* = a|H,). First, a parametric class for
the reward distribution functions {;,} X is assumed, such that for each arm there is a ¢, which
maps the arm to a distribution in that class. Thompson sampling is a Bayesian algorithm in
the sense that it considers each of these unknown 6,, as a random variable initially distributed
according to a prior distribution, i.e., 8, ~ 7, ¢, and this prior evolves to a posterior distribution,
ma,t, IN round ¢, through Bayes rule, as rewards are obtained in each round. At each time,
a sample ¢, . is drawn from each posterior 7, ;, and then the algorithm chooses to sample
a; = argmaxgeq1,... k) {114(0a,c)}, where u(6,,) represents the mean of the parametric reward

distributions with parameter 6,, ;.
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3.3 Dirichlet process posterior sampling

Having established the necessary background, we are now ready to introduce our algorithm,
DPPS.

Algorithm [f] gives the pseudo-code for DPPS. Instead of assuming a parametric class for the
reward generating distribution of each arm, and then putting a prior on the parameter, we model
the reward generating distribution of each of the arms {p; }*_, using a corresponding DP. In each
round, DPPS operates as follows: a random distribution, Dy, is sampled from the current DP
posterior for each of the K arms utilizing the stick-breaking representation of the DP posterior of
Eq.[3.12} To select an arm, the probability matching principle is followed, that is, the arm with
the highest probability of being optimal (i.e. one corresponding to the highest of the means,
wu(Dy), of the random measures, D) in that round is pulled. It is denoted as I(t). After observing
the reward R, ;(,), the history of observed rewards, R;;), for this arm is updated, and the DP
posterior of the pulled arm is updated using the N;(,) observations. Clearly, DPPS can be seen
as Thompson sampling wherein the prior/posterior are nonparametric, instead of parametricﬂ As
a result, most of the theoretical guarantees and proof techniques for Thompson-sampling apply to
DPPS as well. An important practical advantage of DPPS is that one does not need to know the
parametric-class of distribution functions. More crucially, the posteriors in parametric Thompson-
sampling are often not available in exact form, and must be approximated using expensive
inference techniques. This issue does not arise in DPPS, as the resulting posteriors in DPPS are
always DP, and one can sample from DP posteriors utilizing their stick-breaking representation
discussed in Section Also, DPPS enjoys the same flexibility as that of DP posteriors in
utilizing information obtained from the observed data and that from some prior knowledge. In
other words it combines the (data-driven) strength of vanilla (Bayesian) Bootstrapping with the

flexibility of incorporating prior beliefs.

"Note that DPPS is a (non-parametric) Bayesian algorithm that utilizes probability-matching principle for arm selection,
and hence is in exact sense, Thompson sampling.
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Algorithm 1 Dirichlet Process Posterior Sampling

Require: Horizon T', number of arms K, arm parameters — Distribution Fj 5, constant «y j, for

ke{l,., K}
1: fork =1...K, do
2: SetRk:[],Fk.:FO_,k.,ak.:aO?k,and N, =0
3: end for

4: fort=1...T, do
: # Sample model (a random measure):
fork=1...K,do
Sample Dy ~ DP(O&k, Fk)

end for

9: # select and apply action:
100 I(t) = argmaxgeqy, . {(Dr)}
11: Pull arm I(t) and observe reward R, ;)
12:  Update history R ;) = (Rj(t), Ry 1r)) " and count Ny < Ny + 1.
13: # Posterior update

© N o

14: Q) < (1) +1
15: Fl(t) = ocll(t) ZCEERI(t) 65'3 + QOIZE;) FO,I(t)
16: end for

3.4 Sampling random measures from Dirichlet Process priors

and posteriors

Note that DPPS involves sampling random measures from DP Priors and DP Posteriors. Natural
questions arise here : How to actually sample (finite-representations of) these random-measures
from DP priors/posteriors? What do they look like? How to use them for statistical-inference
problems? We answer these questions in this section, by introducing finite stick-breaking
construction of random measures sampled from a DP prior. This is based on the Sethuraman
construction discussed in the Section[2.5] Following this, we derive a new distributional equality
for the random measures sampled from Dirichlet Process posteriors, and then exhibit their use for

statistical inference on a real-world data-set. We begin by revisiting Dirichlet Process posteriors.

3.4.1 Dirichlet Process posteriors

Let Xy, ... , X, be a sample from an unknown real-valued distribution Gy, where X; € R. To
estimate G from a Bayesian perspective, we put a prior on the set of all distributions G and then

we compute the posterior distribution of G, given X,, = (X3, ..., X,,). Let’s put a DP prior on the
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set G. Correspondingly, Let DP(«, F}), denote the DP prior. The distribution F, can be thought of
as a prior guess at the true distribution Gy. The number « controls how tightly concentrated the
prior is around Fj. As also discussed in Section [2.3} with a DP prior on Gy, the posterior of Gy,

given X,, = (X1, ..., X;,), enjoys conjugacy, i.e, it is itself a DP given as, DP(«,, F',,), where, the

posterior indices, o,,, and F,, are obtained as follows [Ferguson, {1973, Ghosal, 2010],

on =a+mn, Fn = “ Fn+ < FO (33)
a+n a+n

Here F, is the empirical distribution function given X1, ..., X,,, i.e., F,(z) = = >0 | I(X; < z).
Note how the posterior index, F,,, exhibited in Eq.combines the information from observa-
tions (via the empirical cdf, F,(x) ) with that available from the prior (using Fp). This is a crucial
property of DPs that our algorithm , DPPS, shall harness in order to account for information
obtained via observed data, and the prior information. One can easily see that as « — 0, DPs

can only account for uncertainty obtained via observations, with no role of prior anymore, and we

discuss this next.

3.4.2 Bayesian Bootstrap

A very useful idea in statistical inference has been that of Statistical Bootstrap [Efron and Tibshi4
rani,|1994], and a Bayesian version of Bootstrap was introduced in [Rubin, |1981]. Interestingly,
this Bayesian version of Bootstrap can also be derived as a special case of the DP posteri-
ors [Ghosal and van der Vaart, 2017]. Specifically, the weak limit, DP(n, >"""_, dx,), (also referred

to as the noninformed limit sometimes) of the DP posterior, DP(«,,, F',), as |a| — 0 is known as

Bayesian Bootstrap (BB), and is given as,
BB, :=DP(n,» dx,) =Y Wilx, (3.4)
1=1 i=1

where W,, = (W, ...,W,,) ~Dir(1,...,1), and X; are the observed data points. The mean of a

random distribution drawn from Bayesian-Bootstrap can be easily seen to be the dot-product
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between the weights and the observed data-points, i.e.,

n

u(BB,) =Y W;X; = (W, X,) (3.5)

i=1
As we shall see in Sec[3.3] the idea of Bayesian Bootstrap forms the basis for a bandit algorithm
introduced in [Riou and Hondal [2020]. Next we discuss an important representation of DP

priors/posteriors that make them amenable to practical applications.

3.4.3 Finite stick-breaking construction of DP prior random measures

With the necessary details about DP prior and posterior distributions set, one naturally asks
how to draw sample from these distributions because this is necessary if one wants to do any
sort of statistical inference using DPs. Particularly, the form of DP posterior (indices) in Eq[3.3]
provide little information to answer this question. The Sethuraman construction discussed in
Section [2.5] also known as Stick Breaking representation of DPs, provides an answer to this
question. In general, these measures can be generalized and are known as Stick-breaking
measures [Ishwaran and James|, 2001], and are almost surely discrete random probability

measures that can be represented as,

N
Q) = _Zqiazi,(-) (3.6)

where 6z, is a discrete measure concentrated at Z;, and ¢; are random weights, generated
independent of Z;, such that ¢; € [0,1], and Zf;l ¢; = 1. As one can guess, this is analogous to
breaking an actual stick into pieces, and hence the name. As discussed in Section if these

weights, ¢;, are constructed such that,

i—1 N

@ =W, (¢:)5" :Vz‘H(I*Vj)a QN:H(lfvi) (3.7)
j=1 i=1

V; ud Beta(l, ), Z; w F,i=12,.N (3.8)
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and N is oo, then the generated random discrete measure, P, in Eq (with N as o0) is
such that, P ~ DP(«, F'). Ofcourse, for computation one can’t have N as oo, and the infinite
series is truncated at some finite N, such that a probability mass, gy = 1 — SV ¢ =
Hf‘;l(l — Vi), is put at the last point, Zy, and this construction ensures that all weights, ¢; sum
up to one. This finite Stick-breaking representation has been widely used [Ishwaran and James|
2001}, [Muliere and Tardella, [1998] thanks to its provable optimality in closely approximating
the infinite series [Ishwaran and James| 2001]. Particularly, to quantify the accuracy loss
owing to truncation [Ishwaran and James, 2001], consider the quantities, Ty = (3" ¢:;)" and

Un =>_% 47, where N is the level at which the representation is truncated,

BT (ra) = (4 )N_17 (3.9)

a+r

o )Nlr@ﬂxa+1) 3.10)

Eam@ﬂw»< a1

a+r

Notice that both expressions decay exponentially fast in IV, and hence good accuracy is
achieved for moderate K. Fig. shows an application of this scheme to sample random

measures from a DP prior, DP(«, Fy) for two different values of concentration parameter, a.

101 — Fp
Pi~ DP(a, Fo)

101 — Fp
Pi~ DP(a, Fo)

0.8 q 0.8 q

0.6 q

0.6 q

0.4

0.4 1

0.2 1 0.2 1

0.01 0.0

Figure 3.1: 200 random measures sampled from DP(«, Fy) where o = 5 (left) and 50 (right),
Fo = N(0,1)

38



3.4.4 Sampling from DP posteriors with a new distributional equation

With the finite stick-breaking representation of DP priors at hand, one comes to wonder how
to sample from DP posteriors (i.e. DP(a,, F,,)) in a practically feasible way and, for this, we
utilize the distributional equation, Eq.[2.40} associated to the DPs, which we restate here with an

iterative flavor,

Qi() £ Vidx,_, + (1 - Vi)Qi1(") (3.11)

Thus, if Q;—1 is a random measure sampled from DP(«;_1, F;_1), then @, is a random

measure sampled from DP posterior with one observation X;_1, i.e. Q; ~ DP(«, F}), where

from Eq. =1+ 1, F = ﬁ%@,_l + =7 Fi-1, and correspondingly to utilize
Eq.[3.11} V; ~ Beta(1, ;1 + 1). Beginning with a random measure sampled from the DP prior,
Qo ~ DP(av, Fy), generated using the finite stick-breaking method Egs. we apply the
recursion in Eq[3.11]n times (corresponding to n observations { X1, ..., X,,}) to obtain a random

measure, @Q,,, sampled from the DP posterior with n observations (i.e. DP(«,,, F',,)),

n

v, [T a-wv)

j=it+1

n

[[a-wv)

i=1

n—1
Qn £ Vadx, + Ox, + Qo- (3.12)
=1

With this new distributional equation we can readily sample random measures from from
DP(av,, F,). In order to give more intuition to appreciate the utility of DP random measures
for Bayesian nonparametric inference, we give an example of inference on a real world data-set.
We also used this (and some other) benchmarks to validate the performance of our StickBreaking

Python module available at this| web-link

3.4.5 Statistical inference with DPs on a real-world data-set

We illustrate the application of Dirichlet processes for density estimation on a data set from
the astronomy literature [Roeder, [1990]. The measurements are velocities at which galaxies

in the Corona-Borealis region are moving away from our galaxy. If the galaxies are clustered,
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Figure 3.2: DP prior and DP posterior compared against original galaxy dataset distribution.

the velocity density will be multimodal, with clusters corresponding to modes. This happens to
be the case, and the multi-modal nature is evident in the CDF of the data in Figure [3.2) where
the left and right regions of the CDF are almost flat, and most mass resides in the center. We
estimate the CDF of this density using DP priors. Starting with a DP(a = 2,Fy = N(10,1)) DP
prior, we obtain a DP posterior, and the spread of distributions sampled from the DP posterior

can be seen as confidence-region of the true CDF underlying the galaxy-data.

3.5 Noninformative limit of the DPPS

InRiou and Honda| [2020], authors introduced a non-parametric algorithm for multi-arm bandits,
calling it Non-Parametric Thompson Sampling (NPTS), although noting that NPTS is not a
Bayesian algorithm, and that it is not Thompson sampling in strict sense. They proved its
asymptotic optimality, and showed empirically that NPTS also does well non-asymptotically.
Algorithm [2 gives the pseudo-code for NPTS. In what follows, we show that NPTS is a special
case of DPPS. In NPTS, the arms are selected in each-round (see lines 9-10 in Algorithm
based on the argmax of the weighted average of the observed rewards (weights drawn from a
Dirichlet distribution). Interestingly, this is exactly the mean of a random distribution drawn from a

Bayesian-Bootstrap (Eq.[3.5), and Bayesian-Bootstrap is a special case of Dirichlet-processes
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(see Eq. [3.4). Therefore, NPTS is a special case of DPPS, when the DP for each arm is taken to
be the Bayesian-Bootstrap, and cannot account for prior knowledge (following our discussion in

Sections and on Bayesian Bootstrap and DP posteriors).

Algorithm 2 Algorithm in|Riou and Honda|[2020]

Require: Horizon 7' > 1, number of arms K > 1
1: fork=1...K, do
2: Set Ry, := [1}, and N, =1
3: end for
4: fort =1...T,do
5: fork=1...K, do
6
7
8

Sample Wy, ~ Dir(1y,) where 1y, = (1,...,1).

——
end for Ny, times
o I(t) i=argmaxye ey {(Ri, Wi}
9: Pull arm I(t) and observe reward R, ;(;).
10: Update history R[(t) = (R}r(t), Rt,I(t))T and count N[(t) = N[(t) +1
11: end for

3.6 Numerical experiments

With the procedure of sampling from DP priors and Posteriors established in section (3.4, we
are now ready to run DPPS and exhibit its empirical performance on challenging Bernoulli
bandit, Beta bandit, and a real-world agriculture dataset. In the experiments that follow, all
regret plots exhibit average regret over 200 independent runs and 10% — 90% quantile levels.
For Bernoulli bandits we compare DPPS with Beta-Bernoulli Thompson sampling and UCB.
Whereas for the other two environemnts we compare with UCB and a generalized version of
Beta/Bernoulli [Agrawal and Goyal, 2013 TS because it’s difficult to implement usual parametric
Thompson sampling in those settings (especially for the DSSAT bandit setting). Impressive
performance of DPPS in a Gaussian bandit environment (with both mean and variance unknown
to the algorithmic agent) is also shown in Sec. Corresponding code can be found at this
web-link. All simulations were generated using the Python 3 language, and made use of the

NumPy [Harris et al., [2020], SciPy [Virtanen et al.,|2020], and Matplotlib [Hunter, [2007] libraries.
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3.6.1 Bernoulli and Beta bandits

Here we evaluate DPPS in a 6 arm Bernoulli bandit setting with means [0.3, 0.4, 0.45, 0.5,
0.52, 0.55]. Note that all means being close to 0.5 makes it a challenging setting. We compare
performance of DPPS with UCB and another algorithm which is tailor-made for Bernoulli bandit
environment — Beta/Bernoulli Thompson Sampling (TS). The prior for Beta/Bernoulli TS is set
as Beta(1,1) (uniform). The base measure of the DP prior is also set as Uniform distribution
(Beta(1,1)) for all the arms. Fig. [3.3|shows the perfomance of all the algorithms. Clearly, DPPS
does as well as Beta/Bernoulli TS. This is impressive because unlike Beta/Bernoulli TS , DPPS is
unaware of the parametric class of the reward distribution (Bernoulli), and still performed as well
as Beta/Bernoulli TS. With the same DP priors we also run DPPS in a Beta bandit environment
(with same mean as the Bernoulli bandit setting and scale factor of 5). Fig. [3.3](right) also shows

performance of DPPS in this setting, and clearly DPPS outperforms other baselines.

ucs
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Bernoulli_TS
R=110.59
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R=325.15

300 Bernoulli_TS_general
R=119.78
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Mean regret
Mean regret
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Figure 3.3: Comparison of average regret in the Bernoulli bandit setting (left), and Beta Bandit
setting (right) discussed in the text.

3.6.2 DSSAT bandits

Next, we illustrate the performance of DPPS on a challenging practical decision-making problem
using the DSSAT-2 (Decision Support System for Agrotechnology Transfer) simulator [Hoogen:
boom et al.,|2019} |Gautron et al.,|2022]. Harnessing more than 30 years of expert knowledge, this
simulator is calibrated on historical field data (soil measurements, genetics, planting dates, etc)
and generates realistic crop yields. Such simulations can be used to explore crop management

policies in silico before implementing them in the real world, where their actual effect may take
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months or years to manifest themselves. More specifically, we model the problem of selecting
a planting date for maize grains among 7 possible options, all other factors being equal, as a
7-armed bandit. The resulting distributions incorporate historical variability as well as exogenous
randomness coming from a stochastic meteorologic model. In Figure[3.4] we show distributions of
crop yields generated from the DSSAT2 simulator. Note that these distributions are right-skewed,
multimodal and exhibit a peak at zero corresponding to years of poor harvest. Given this, they
hardly fit to a convenient parametric model (e.g single-parameter-exponential-family, etc). Note
that the distributions have bounded support and hence can be normalized to within [0, 1]. Like for

the Bernoulli bandit case, we use DP priors with uniform base measures (Beta(1, 1)) for DPPS.

DPPS
—* R=44.60

Mean regret

0 2000 4000 6000 8000 10000
value

3 2000 000 6000 3000 10000
Number of samples

Figure 3.4: Reward distributions from DSSAT simulator (left) and regret performances of bandit
strategies (right) in the DSSAT environment.

Since a vanilla version of Thompson sampling is no longer feasible for DSSAT environment,
we instead compare DPPS against a version of Beta/Bernoulli Thompson sampling, introduced
in|Agrawal and Goyal|[2013], that is adapted for general stochastic rewards based on a Bernoulli
trial in each round with the obtained rewards as the mean parameter of the Bernoulli random
variable. The same Beta(1,1) prior is used for generalized TS as well. Fig clearly shows
DPPS outperforming generalized TS and UCB by a huge margin, and this example highlights the
strength of DPPS as Bayesian nonparametric algorithm over it's closest parametric-counterpart
of generalized TS. Note that so far we used agnostic base measures for the DP priors (Beta(1, 1)),
i.e. these base measures (and hence the corresponding DP priors) do not convey any special
knowledge about the bandit environment. However, DPPS allows for encoding this prior knowl-
edge about the bandit environment through base-measures of the DP priors, and we illustrate

this next using a simple example.
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Figure 3.5: Average regret in the DSSAT bandit environment with beneficial priors for both NPTS
and DPPS.

3.6.3 Incorporating prior knowledge through DPPS

Recall from Sec. [3.5that NPTS is a special case of DPPS in the Bayesian Bootstrap limit of
the DP prior. Therefore, the base measure for NPTS for a particular arm is empirical CDF
of the reward distributions based on current observations for that arm, beginning with some
pseudo-rewards/artificial-history for each of the k-arms. Given that the base measure is an
empirical CDF, in NPTS, it's not possible to utilize even some first order prior information about
the bandit environment that may be available. This is, however, possible in general cases of
DPPS through the continuous base measures of DP priors. This can be clearly exhibited through
a simple example. We start DPPS with a more informed choice of priors, i.e. instead of Beta(1,1)
base measure for the DP priors for all the arms, we express more confidence in the third (optimal)
arm by using Beta(1,0.1) as base measure for this arm. We compare this with a version of NPTS
that starts with pseudo-rewards of X, = 0.01 for all but the third arm (for which it uses a value of
1). Fig.[3.5/confirms better performance of DPPS with this choice of DP priors, and no change in

performance of NPTS even with initial condition that heavily favors the third arm.

3.6.4 Gaussian bandit with unknown means and variances

A challenging bandit setting is that of Gaussian bandit environment with both mean and vari-
ance of the underlying Gaussian distribution as unknown [Cowan et al., |2018] to the bandit
algorithm. Here we exhibit performance of DPPS in such a 7 arm Gaussian bandit environment

{N(ux,0r) }557. The mean and variance of Gaussian bandit arms are sampled independently
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Figure 3.6: DPPS for a challenging Gaussian bandit setting

from a Gaussian such that u; ~ N(0,0.5) and o, = |¢k|, ¥ ~ N(0,0.5). Cumulative Regret
averaged over 100 runs on one of the sampled instance of bandit environment is shown in
Fig. Excellent performance of DPPS is evident. In this experiment, we chose « = 2, base
measure of DP, Fy, as N(0,0.5).

3.6.5 Choice of DP parameters in numerical experiments

Two parameters in DPPS are « (concentration parameter) and k; (i.e. truncation level) in the
stick breaking representation of DP prior (not the posterior), DP(«, Fy). We used a = 2 and
k: = 100 in all the experiments. Note that the choice of « directly influences the choice of ;.
This is because the number of weights ¢; in the stick breaking representation, > ¢;0.,, carrying
significant probability mass increase with increase in « (V; ~ Beta(1, o)), and for higher « one

needs to increase k;.
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Figure 3.7: Plot of first 1000 stick-breaking probability measure weights, 7, for DP(«a = 2, Fp)
with k (left) and with Z, ~ Fo(= N(0,1) (right)
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Figure 3.8: Plot of first 1000 stick-breaking probability measure weights, m, for DP(a = 20, Fy)
with k (left) and with Z, ~ F(= N (0, 1) (right)

For example, with « = 20, we took &, = 300, and we got similar results, with a slight increase
in computation cost though. An easy way to determine k; is to plot the stick breaking weights
and remove stick breaking weights that are below a certain threshold (we chose 10~1° randomly).
This relationship between « and stick breaking probability weights, ¢;, can be seen in a simple
example of DP(«, Fy) as shown in figs. and Whereas for lower value of « only few
weights have significant mass, for higher o the weights are more evenly spread compared to

lower « case.
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Choice of base measure, F;, of DP prior For choosing, Fy, the tail of the underlying reward
distribution and a fact on the support of DPs discussed in Section[2.3]is important, and we restate

it here with notation consistent for this chapter,

Lemma 1. In the weak topology, the support of DP(«, Fy) is characterized as all probability

measures P* whose supports are contained in that of Fy

Thus, choosing Beta(1,1) for a bandit problem with ¢ = 10, subGaussian noise is not a
good idea. Similarly, theorem [7| on Bayesian regret of DPPS, shows that choosing Fy with
o-subGaussian tails corresponding to tails of the reward noise guarantees order optimal regret

bounds.

3.6.6 Computational costs of DPPS

Improved performance and flexibility of DPPS (and other Bootstrap based algorithms such as
NPTS) does come with higher computational cost. For example, in the 6-arm Bernoulli bandit
environments of horizon T' = 10000, average run-time (over 200 independent runs) of DPPS was
around 18 seconds, whereas that of parametric TS (conjugate prior/posterior) was 2-3 seconds.
For the 7 arm DSSAT bandit problem, DPPS takes around 20 seconds, NPTS takes around 16
seconds. Sec.[3.6.6]gives a detailed overview of the computational complexity of DPPS. All this
said, this run time of DPPS can be significantly brought down by utilizing self-similarity [Ghosal,
2010] of DP posteriors and parallel computation of DP posteriors that a construction exploiting
this self-similarity would enjoy, which we plan to do in future.

Next, we detail the computational costs associated to a single-arm in each round. Let n
denote the number of observations for the arm. The important consideration in quantifying the

running cost of DPPS is to scrutinize the posterior update step,

n

v, [T a-w)

j=it1

n

[[a-w

i=1

n—1
Qn = Vubx, + > Sx, + Qo (3.13)
i=1

Here, one needs to sample n beta random variables and have O(n) multiplications of these
random variables, one for each of the past observations. Thus the running cost of DPPS is O(n)

for each arm. DPPS also incurs a fixed memory and computational cost of O(K), sampling a DP
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prior, Qo, where K is the truncation level of the DP prior. Clearly, this additional but constant (in
number of rounds and memory) cost is the difference between computational complexities of
DPPS and NPTS (which needs similar O(n) multiplications between X,, and W,, ~ Dir(n;1,...,1)
random variables), and arises because of additional flexibility of DPPS in incorporating prior

knowledge.

3.7 Information theoretic analysis of DPPS

In Section we saw that, like Thompson sampling, DPPS is a probability matching algorithm.
In this section, we utilize this property of DPPS to derive upper bounds on its Bayesian-regret.
Particularly, we generalize the information theoretic analysis of Thompson sampling introduced
in Russo and Van Roy| [2016] to a wider class of probability matching algorithms, and show
that DPPS is encapsulated in that generalization. We begin by summarizing the key-steps in
the analysis of |Russo and Van Roy|[2016] and also include complete proofs for the sake of

completion in Sec.

3.7.1 Information theoretic analysis of Thompson sampling

Russo and Van Roy| [2016] introduced an elegant framework for deriving upper bounds on
Bayesian regret of Thompson sampling. Firstly, the Bayesian regret is re-expressed in terms of
the entropy of the posterior distribution of optimal action, and an upper bound on information

ratio,

Theorem 4. [Russo and Van Roy, 2016] For any T € N, provided thatT'; < T almost surely for
eacht € 1,..,T, E [Regret(T,n75)| < /TH(o)T.

The information ratio, I'; := %—_;if])z, is defined as the ratio of the square of the

instantaneous expected regret by choosing action « to the instantaneous information gain about
optimal action A* if action a is chosen. Clearly, bounding Bayesian regret of an algorithm
then boils down to bounding the information-ratio of that algorithm. Particularly, for Thompson-

sampling, in o-sub-Gaussian reward noise bandit setting, one obtains the following bound,
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Lemma 2. [Russo and Van Roy,|2016]
T, < 2|Alo?.

This bound when combined with Theorem [4] and upper bound of log K for entropy of any
posterior distribution of optimal action leads to the following bound on the Bayesian regret of

Thompson sampling,

Theorem 5. [Russo and Van Roy, |2016] For a K arms bandit problem with ¢ sub-Gaussian

reward-distributions of the arms, the Bayesian regret after T’ rounds is bounded as,

E [Regret (T, WTS)} <o+v2K(log K)T,

The proof of Lemma [2| hinges on two crucial steps, and we highlight those, referring the
reader to Sec. B for other details. First, re-writing of the instantaneous per-step Bayesian regret
by utilizing the probability matching property of Thompson sampling, P;(A* = a) = P4(A4; = a),

as follows,

Et [Rt,A* — Rt,At] = Z Pt(A* = G)Et [Rt7a|A* = a] — Z Pt(At = a)Et [Rt,a|At = a] (314)

acA acA
=Y Py(A* = a) (B [RealA* = a] — Ey[Ry4]).
acA

Second, bounding this instantaneous per-step regret by bounding (E, [R; .| A* = a] — E[R;4]),
This is done by an application of the variational formula [Cover, [1999] for the KL divergence,

KL(P||Q), between two absolutely continuous measures, P and @,

Fact 1. [Cover, [1999]

KL(P||Q) = supx {Ep[X] — log Eq[exp{X}]}.

If we substitute, the random variable, X = X (t) = Ry, — E/[R.], i-e. the instantaneous
reward noise, with P = P, (R; ,|A* = a) and @ = P,(R; ) in the above variational formula, and

when X (t) is o-sub-Gaussian, it's easy to obtain the following bound,
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Lemma 3. [Russo and Van Roy,|2016]

Et [Rt’a|A* = CL] — E[Rt,a] S O'\/2KL(IP)t(Rt7a‘A* = (l)”]Pt(Rt’a)).

Substituting the result of Lemma [3]in Eq. [3.14} and utilizing the definition of information gain,
I;(A*; Ry ), and information ratio, I';, yields the bound in Lemma 2]

3.7.2 A generalization of the information theoretic analysis

Choice of P;(A* = a) It's easy to notice in the preceding analysis (specifically Eq. that
in the analysis of Russo and Van Roy|[2016] there’s explicitly no restriction on P,(A* = a) for
it to be derived using a Bayes-rule based posterior-distributions of arm-rewards, P;(R; ), as
is done in parametric Thompson sampling. However, this choice is rather implicit, given the
decision theoretic and information theoretic coherency of Bayesian framework [Wald, (1961,
Zellner, [1988]. Moreover, Bayesian-framework is not limited to Bayes-rule based derivation of
posterior distributions. Another valid Bayesian approach [Orbanz, 2009, |Ghosal and van der
Vaart, |2017] for obtaining posteriors is leveraging the property of conjugacy as discussed in
Sec[3.4 In particular, most nonparametric priors do not satisfy the necessary conditions for
Bayes rule [Orbanz,2009], and one relies on their conjugacy property to derive the corresponding
posteriors. An elegant way to characterize the class of valid Bayesian approaches is based on
martingales of probability measures, and we refer the interested reader to papers concerning
predictive-Bayes [Holmes and Walker, 2023} |Fong et al., 2023, [Fortini and Petronel [2025] for

details.

Admissible probability matching algorithms From the preceding discussion, we can con-
clude that all probability matching algorithms which derive P, (R, ,) (and hence P,(A* = a))
using a valid Bayesian approach are admissible in the information theoretic analysis of Russo
and Van Roy|[2016]. Additionally, these admissible algorithms would enjoy same bounds on
their information-ratio and (consequently) Bayesian regret as those for parametric Thompson
sampling (i.e. Lemma[2/and Theorem 5), if they satisfy certain auxiliary conditions required from

the analysis. For the case of o-sub Gaussian reward noise discussed before, we list these next.
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Auxiliary conditions It is easy to see that we require the following auxiliary conditions for an
admissible probability matching algorithm to enjoy same bounds on Bayesian regret as those for

parametric Thompson sampling in [Russo and Van Royl, [2016]: In each round ¢,
1. The instantaneous reward noise, X (¢), in Lemmal3] is a o-sub-Gaussian random variable,
2. KL(P;(Ry,q|A* = a)|[P¢(Ry,q4)) in Lemmal[3]is well defined.
The second condition holds if P,(A* = a) > 0 owing to a classical fact in conditional probability,

Fact 2. [Williams, 1991 For any random variable Z and event E C (), where Q is the probability
space, ifP,(E) = 0, then P,(E|Z) = 0 almost surely. Conversely, forany x € X withP,(X = z) >

0, P,(Y|X = x) is absolutely continuous with respect to P,(Y).

Next, we show that DPPS is an admissible probability matching algorithm that satisfies the

auxiliary conditions listed above.

3.7.3 Bayesian regret of DPPS

That DPPS is an admissible probability matching algorithm is easy to see: DPPS utilizes a valid
Bayesian approach, i.e. conjugacy of DP priors/posteriors, to derive P;(A* = a); Also DPPS
satisfies both the auxiliary conditions discussed in previous sub-section; For condition (2), clearly,
P,(A* = a) > 0 for DPPS, whenever the base measure, F;, of the DP prior (and hence of the
corresponding DP posterior), DP(«, F}), is non-null. For condition (1), the following property of
the tail of random measures sampled from DP priors/posteriors (also see Section [2.4]for a more
detailed discussion on this) ensures o-sub-Gaussian nature of the instantaneous reward noise,

X (t), whenever the base measure, Fj, of the DP prior, DP(«, Fy), is o-sub-Gaussian,

Theorem 6. [Doss and Sellke [1982]] Let F' ~ DP(«, Fy), then almost surely the tails of F and
distributions sampled from the DP posterior of F, DP(a. + n, F,,), given samples X1, ..., X,,, are

dominated by (and are much smaller than) the tails of F.

Therefore, DPPS is an admissible probability matching algorithm that satisfies the necessary
auxiliary conditions under specific constraints on the DP priors, and hence whenever those
constraints on the DP priors are satisfied, DPPS enjoys the same upper-bounds on Bayesian

regret as those for parametric Thompson sampling. More concretely,
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Theorem 7. For the setting of o-sub-Gaussian arm reward distributions, starting with a DP-prior,

DP(a, Fy), with Fyy as a o sub-Gaussian distribution, the Bayesian regret of DPPS satisfies,

E [Regret (T, WDPPS)] <o+v2K(log K)T,

where the expectation is taken over the randomness in the policy and the prior of the

environment.

3.8 More related works

To the best of our knowledge, Dirichlet Processes in the context of bandits were first used in
[Clayton and Berry, [1985] to study a version of the single-arm Gittin’s index problem, when the
probability distribution of the arm is assumed to be DP distributed. Use of Bootstrapping for
Thompson sampling seems to have appeared first in [Eckles and Kaptein|[2014], which was
further improved and made more systematic in [Osband and Van Roy, [2015] where the authors
also showed equivalence of Bootstrap-Thompson sampling (for Bernoulli-bandits) and Thompson
sampling with Beta/Bernoulli priors in an exact sense, and speculated this equivalence for a
wide class of bandit-environments if a proper mechanism for generating artifical history (or prior
information) could be identified. As shown in the current paper, DPPS provides a neat and
principled mechanism for incorporating prior information (or generating artificial history), and
generalizes this equivalence. Non-Parametric Thompson sampling (NPTS) and Multinomial
Thompson Sampling (TS) were introduced in [Riou and Hondal, [2020] without highlighting any
concrete Bayesian connection of the former algorithm. NPTS was adapted for robustness in
[Baudry et al., [2021]. Some discussions concerning Bayesian interpretation of NPTS using
DPs appeared in Belomestny et al.| [2023] who provided a refined analysis of Multinomial
TS. In many inference problems, mixture and diffusion priors can be useful to approximate
the performance of Bayesian nonparametric priors Muller and Mitral [2013], and a nice line of
works performs Thompson sampling utilizing such (parametric) priors [Hong et al., 2022, 2020,
Kveton et al.l [2024]. Aligning towards non-Bayesian side, a sample mean based algorithm

guaranteeing O(log N) instance-dependent regret appeared in [Agrawal, [1995], a sub-sampling
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based algorithm was reported in [Baransi et al.,|2014] and analyzed for a two-arm bandit setting;
a nonparametric Bootstrap based algorithm was reported in [Kveton et al., 2019], and regret
bounds derived for a Bernoulli bandit environment. Finally, we would like to comment here that
Information theoretic analysis presented in this paper can also be seen as a special case of well
established PAC-Bayes approach, and we refer the reader to an excellent article (and references

therein) for details [Alquier, 2024].

3.9 Conclusions and Perspectives

In this chapter, we introduced a Bayesian non parametric algorithm based on Dirichlet processes,
DPPS, for multi-arm bandits that combines the strength of (Bayesian) Bootstrap with a principled
mechanism of incorporating and exploiting prior information about the bandit environment. DPPS
enjoys similar optimality guarantees on Bayesian regret as parametric Thompson sampling, and
among other advantages of DPPS over its parametric counterpart is its flexibility. This is because
the stick-breaking implementation of DPPS introduced in this paper can be used for different
types of bandit environments, contrary to parametric Thompson sampling whose implementations
differ according to the bandit environment, and can easily lead to intractable posteriors (except
for a few special cases) which need to be approximated using approximate inference schemes
such as MCMC, variational inference, etc, and, if not done carefully, such approximate-inference
based Thompson sampling has been shown to incur sub-optimal performance, even in simple
settings [Phan et al., 2019]. Next, we discuss a few research directions.

Firstly, we point that DPs are not the only Bayesian nonparametric priors on the space of
distribution functions, and further generalization of DPPS is possible. For example, other
probability matching algorithms using Pitman-Yor [Pitman and Yor, 2006] processes and Pdlya-
Tree priors [Castillo, [2017},[2024] can be useful generalizations of DPPS.

Finally, we consider DPPS as a generic design principle, based on Bayesian non-parametric
statistics, that can be extended to the setting of Markov Decision Processes as well, especially
in the model-free scenario, and in Chapter [4| we introduce two new reinforcement learning

algorithms based on Dirichlet processes for Markov decision processes.
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Chapter 4

Dirichlet process based RL
algorithms for Markov decision

processes

This chapter introduces new nonparametric reinforcement learning algorithms for Markov decision
processes (MDPs). We begin by highlighting the importance of Bayesian neural networks, and
the challenges of sampling from the posteriors over neural-networks. Following that, we introduce
a new scheme based on Dirichlet Processes for sampling from (Bayesian) posteriors over neural-
networks. We utilize this scheme to design a deep reinforcement learning algorithm for Markov
decision processes. This algorithm is essentially Thompson sampling algorithm with action-value
function represented by a neural network model, and the DP based posterior-sampling scheme
utilized for sampling from the posterior over the neural network models. Finally, we introduce a
principled Bayesian nonparametric solution to distributional reinforcement learning, and propose
a new algorithm that hinges on a crucial distributional equality for the Dirichlet Processes. The

final section concludes the thesis highlighting ongoing and future works.
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4.1 Bayesian neural networks and uncertainty in model pre-

dictions

Deep learning has garnered great attention from researchers in fields such as physics, biology,
and manufacturing, to name a few [Baldi et al., 2014} |Bergmann et al., 2014} |Anjos et al.,
2015]. Tools such as feedforward neural networks(NNs), convolutional neural networks, LSTMs,
transformers, among others are used extensively. However, plain versions of neural networks
are prone to overfitting [Ghahramani, 2015} |Gal and Ghahramani, 2016, |Krzywinski and Altman,
2013]. When applied to supervised or reinforcement learning problems these networks are
also often incapable of correctly assessing the uncertainty in the training data and hence make
overly confident decisions about the correct class, prediction or action [Ghahramani, [2015].
This is not good for applications that rely on robustness of the confidence of predictions, e.g.
nuclear reactors [Linda et al., [2009], weather-forecasting [Price et al., [2023], etc, and hence
representing model uncertainty is of crucial importance. Bayesian neural networks (BNNs)
[Neal, 2012, MacKay}, [2003] provide a principled approach to achieve this goal. BNNs elicit a
prior distribution over neural network parameters 6. Given n observations z;.,,, one estimates
a posterior distribution over 6, which in turn captures uncertainty in predictions. However,
exact posterior inference for # in BNNs is typically intractable, requiring approximations, popular
examples being those using variational-inference, MCMC among others [Blundell et al.,|2015),
Arbel et al., [2023]. The fact that the neural networks are over-parameterized models, and can
have millions of parameters in real-world applications makes matters worse. Additionally, it can
be challenging to design meaningful priors over the neural network parameter space [Arbel
et al., 2023], major reason being that in general it is easier to know some prior information about
the generating distribution of the training data, and to transform that into corresponding (often
product) parametric priors on millions of parameters 6 is not straightforward. To overcome these
limitations, we propose a feasible approach for sampling from posteriors over neural network
models (or any other statistical model in general) by utilizing the uncertainty about the underlying
generative distribution of the data, and treating that distribution as random variable distributed

according to a Dirichlet Process (DP) prior.



4.2 a new Dirichlet process based scheme for sampling from

posterior distribution over neural-network models

We present a new nonparametric methodology for sampling neural-network models from their
posteriors and correspondingly capturing (Bayesian) uncertainty in their predictions. The core
underlying idea is that uncertainty in the predictions stems from limited knowledge about the true
underlying distribution of the data. This can be understood from a simple example of a neural
network with parameters 6 and loss Ly(-). If one knows the distribution. G*(-), that generates the
training data (say {z; = (z;,v:)}.—;, with z; the input and y; the class label belonging to one of

the K classes.), one can obtain the parameters 6* corresponding to G* as follows,

0" = arg meinEzNG*[Lg(z)] = arg m@in/Lg(z)dG*(z) (4.1)

However, in reality we only have finite number of data points, and G* is of course unknown,
and therefore the uncertainty in 6 and consequently in the predictions of the (neural-network)
model emerge.

Recall from previous chapters that a DP prior, DP(«, Fy) serves as a distribution over the
set of distributions whose support lies within the support of F, (Theorem[6] Lemmal([i] also see
Sections [2.3|and[2.4). Correspondingly, we begin by assuming that G* ~ DP(«, Fy), choosing
Fy such that it encapsulates the support (which we assume to be known) of the true-underlying
distribution, and incorporates any other available information about G*. Next, based on the finite

number of data-set, {z;}!_,, available (training set), we obtain the corresponding DP posterior,

%

DP(a,, Fy,), Where,

ap =a+n, F, = i F, + @ F (4.2)
a+n a+n

where F,, is the empirical distribution. After this, we sample a number of i.i.d. random

measures, P; ~ DP(ay,, Fy,), j = 1,..., J posterior utilizing the finite stick breaking formulation

formula for DP-posterior developed in Chapter 3, Eq.
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POV, v T a-v|oe)+ [TT0 - | B0) (4.3)
=1 Jj=i1+1 =1

where, V; ~ Beta(l,«a + i), and P, ~ DP(«, Fy), and P, is again sampled using the finite stick

breaking formulation for DP prior (Chapter 3, Eq.[3.7),

n+T

Po(-) = Z pids, (°) (4.4)

where T is the level at which the infinite series is truncated, and the weights p; can be

calculated as follows,

1—1 n+T
Pn = Va, (]%);2;5:11 =V H(l - ‘/j)7 Prn+1 = H (1 - ‘/z) (45)
Jj=1 i=n
V; i Beta(l, ), z; i Fo,i=n,...on+T (4.6)
Substituting Eq. [4.4]into [4.3|one can write P; as,
n+T
Pi() =) pld= () (4.7)
=1

where the first n probability weights, {p.}_, correspond to the training data points, calculated as
in EqQ. and the other weights, {p;}?jfﬂ, correspond to those generated through DP prior (or
base measure), derived as in Egs. (and multiplied by the multiplicant corresponding to
Py(-) in Eq.

For each P; we can obtain a neural-network model, ¢/, i.e. a sample from the posterior over

neural-network models using Eq It's easy to see that the discrete representation for P; in

Eq.[4.7 simplifies Eq. [4.1]to,
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n+T
67 = arg mein Z piLo(z;) (4.8)

j=1
The complete algorithm is summarized in Algorithm In order to compute variations in the
predictions and confidence intervals, one can compute predictions for each of the sampled
model.
Finally, recall from previous chapters, and observe again from Eq[4.7that a random measure
from DP posterior is supported not merely at original data-set points, but also those generated
from the DP-prior (or correspondingly from the base measure F;). When o« — 0 one gets
Bayesian Bootstrap version and gets random measures supported only at the data points. In
other words, this DP based posterior-sampling scheme for neural-networks provides the flexibility
to incorporate available prior information about true underlying distribution generating the training

data, through the base measure of the DP prior, Fj.

Algorithm 3 DP based scheme for sampling from posterior over neural-network models

1: Input: Observations z;.,,, DP-prior base measure F;, and concentration parameter «, DP
prior truncation parameter 7', Number of posterior samples .J, neural-network architecture,
neural-network loss Ly(+)

. Output: samples, {6 ‘;’:1, from posterior over neural-network models

: Compute: DP posterior, DP(a,,, F},), with observations, z.,,

forj=1,...,Jdo

sample a random measure, P; ~ DP(«,, I,), Eq.
compute 1) = argming [ Ly(2)dP;(z) using Eq.

: end for

Based on this scheme, we can naturally perform Thompson sampling with neural networks

for reinforcement learning .

4.3 Thompson sampling with deep neural networks

Thompson Sampling [Thompson, |1933, |[Russo et al., 2018, |Riquelme et al.,|2018] provide an
elegant approach that tackles the exploration-exploitation dilemma by maintaining a posterior

over models and choosing actions in proportion to the probability that they are optimal. In general
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these models are taken to a be a parametric class of distributions, and priors and posteriors
defined over the parameter of that class (e.g. sufficient statistic of an exponential family).

However, nothing stops one to use other models in principle, and perform Thompson sampling
with those models if it is feasible to sample from their posterior-distributions [Riquelme et al.,
2018]. In this section, we take Neural networks, instead of the parametric distributions such as
exponential families to be the statistical models, given their rich universal function approximation
property, and utilize the DP based posterior sampling scheme developed in the previous section
for sampling from their posteriors to propose Thompson sampling based deep reinforcement
learning algorithm for Markov decision processes. We refer to Thompson sampling with deep

neural networks as deep Thompson-sampling

4.4 Dirichlet process based deep Thompson sampling for

Markov decision processes

We begin by formalizing the setting of Markov decision processes, and application of neural
networks for generalization across continuous state-action spaces in reinforcement learning, and

then introducing a DP-based deep Thompson sampling algorithm for MDPs.

4.4.1 Markov decision processes

MDPs model stochastic, discrete-time and finite action space control problems [Puterman, |1990].
An MDP is a tuple M = (X, A, R, P,~v) where X is the state space, A the action space, R the
reward function, v €]0, 1] the discount factor and P a stochastic kernel modeling the one-step
Markovian dynamics ( P(y | s, a) is the probability of transitioning to state y by choosing action a
in state s ). A stochastic policy = maps each state to a distribution over actions = (- | s) and gives
the probability w(a | s) of choosing action « in state s. The quality of a policy = is assessed by

the action-value function Q™ defined as:
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Q7 (s,a) :==EZ"(s,a) = E

ZWtR (s, at)‘| (4.9)

t=0

where E is the expectation over the distribution of the admissible trajectories ( s, ag, s1,a1, - - -
) obtained by executing the policy 7 starting from s = s and ay = a, and therefore the quantity
Q™ (s, a) represents the expectation of random return Z™ (s, a): ~-discounted cumulative reward
collected by executing the policy 7 starting from s and a. Fundamental to reinforcement learning

is the use of Bellman’s equation, easily derived from Eq. to describe the value function:

Q™ (s,a) =ER(s,a) + vEQ™ (s',d’) . (4.10)

In reinforcement learning we are typically interested in acting so as to maximize the return,

and one utilizes the optimality equation corresponding to Eq.[4.10]
Q*(s,a) = ER(s,a) +vE max Q*(s',d). (4.11)

This equation has a unique fixed point Q*, the optimal value function, corresponding to the
set of optimal policies IT* (7* is optimal if E,.~Q*(s,a) = max, Q*(s,a) ). Q-learning is the
standard algorithm to compute optimal value functions in an iterative manner, with their updates

given as follows,

Qiv1 (8¢,a1) = Qp (8¢, at) + vt (8¢, ar) (Tt +ymax @ (5t41,0) — Q1 (St,at)) (4.12)

In this equation, Q:(s, a) gives the value of the action « in state s at time ¢. The learning rate
a(s,a) € [0,1] ensures that the update averages over possible randomness in the rewards and
transitions in order to converge in the limit to the optimal action value function. The discount factor
~ € [0,1) has two interpretations. First, it can be seen as a property of the problem that is to be

solved, weighing immediate rewards more heavily than later rewards. Second, in non-episodic
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tasks, the discount factor makes sure that every action value is finite and therefore well defined.
It has been proven that Q-learning reaches the optimal value function @* with probability one
in the limit under some mild conditions on the learning rates and exploration policy [Puterman,

1990].

4.4.2 deep reinforcement Learning

Deep Reinforcement Learning uses deep neural networks as function approximators for RL
methods. Deep Q-Networks (DQN)[Mnih et al., [2015], Dueling architecture [Wang et al., [2016],
Trust Region Policy optimization [Schulman et al. [2015] are examples of such algorithms.
They frame the RL problem as the minimization of a loss function L(6), where 6 represents the
parameters of the neural network. We will focus specifically on DQN. DQN [Mnih et al.,[2015]
uses a neural network as an approximator for the action-value function of the optimal policy
Q*(z,a). DQN'’s estimate of the optimal action-value function, Q(z, a), is found by minimising the
following loss (motivated by Q-learning update rule (Eq[4.12)) with respect to the neural network

parameters 6,

L(e) = ]E(w,a,r,y)ND

2
<7‘—|—’yrgleaj<Q (y,b;@f) —Q(z,q; 0)) ] (4.13)

where D is a distribution over transitions e = (z,a,r = R(z,a),y ~ P(- | ,a)) drawn from a
replay buffer of previously observed transitions. Here 6~ represents the parameters of a fixed
and separate target network which is updated ( 6~ < 6 ) regularly to stabilize the learning. An
e-greedy policy is used to pick actions greedily according to the action-value function @ or, with

probability €, a random action is taken.

4.4.3 a new deep reinforcement learning algorithm based on Dirichlet

Processes

Note that although deep RL algorithms such as DQN have attained superhuman performance [Mnih
et al.| [2015], they can still fail at simple tasks that require efficient exploration [Osband et al.,

2016]. This is because they use statistically inefficient exploration schemes such as the one
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stated above for DQN, e-greedy, which approximate the value of an action by a single number,
without accounting for the uncertainty in their estimates. Finally, note that theoretical RL literature
does offer a variety of provably-efficient approaches to efficient exploration, e.g. UCRL [Auer
et al., |2008], but most of these are designed for MDPs with small finite state spaces, while others
require solving computationally intractable planning tasks [Brafman and Tennenholtz, [2002], and
these algorithms are not practical in complex environments, where an agent must utilize highly
nonlinear parametrized models such as neural networks for generalization in the continuous

state-action spaces that such environments come with.

Algorithm 4 DP based deep Thompson sampling for DQN

1: Input: neural network for Q value function, DP prior (DP(«,Fo))
2: Let B be the replay buffer storing training experiences of the agent
3: for every episode do

4: Obtain initial state so from environment
5: Sample a Q neural-network model, §*, from its posterior using Algorithm
6: fortmet¢t=1,..,7do
7: Select action a; = arg max, Q:(s:, a; 6")
8: Observe reward r;, transition to s:+1
9: Add (s¢, as, re+1, se+1) to replay buffer B
10: end for
11: end for

DP based deep Thompson sampling can be utilized to remedy this, because here one
can utilize (Bayesian) uncertainty estimates (instead of a point estimate) over the action-value
functions (each sample from posterior over neural network models for action-value function would
correspond to one estimate) for efficient exploration. We illustrate the algorithmic principle with
an example for DQN, with corresponding pseudocode in Algorithm[4] Instead of plain deep neural
network, we begin with a Bayesian neural network for representing the action-value function
in DP based deep DQN. Like in vanilla DQN, in each episode we sample the training data for
the action-value neural network from the replay-buffer B, and sample a posterior for this neural
network with this training data using algorithm [3| with the loss for neural network as DQN loss
in Eq.[4.13]. The sampled neural network model is then used to make decisions in the entire

episode [Osband et al., [2013] as highlighted in algorithm
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How to choose the DP priors for the DP based DQN of algorithm [4]?

Note that, in the beginning episodes, there are no/very-less observations in the replay buffer,
and the contribution of the (synthetic) data generated through DP prior would be significant in
making decisions, and since the choices made initially can have significantly varying delayed
consequences in RL, a proper choice of the DP prior (correspondingly the base measure of
the DP prior) is crucial. A natural way to choose the base measure for the DP prior is to use
product base measures with Fy = Fy, Fy, Fo,-- Fo, and Fy, would heavily hinge on the support of
the MDP transition kernel P(-|z, a), and reward distribution R respectively — One should choose
Fy. such that its support encapsulates the support of P(y|x,a) and same holds for F, wrt R
(See Theorem [6land Lemmal[i). For example, if R is known to be o-subgaussian then one
should choose Fj, to be a oy-subGaussian (e.g. N(u,00), o9 > o, but not, for example, a Beta
distribution because Beta has bounded support). The action space may be continuous for the
MDP setting, and we should choose Fj, based on the nature of the action-space, i.e. categorical
distribution with |.A| entries if |.A| is discrete and finite, else choose F;, such that it encapsulates

the bounds of the action-space (say bounded between 0 and 1 if on the real line, etc).

4.5 Bayesian distributional RL with Dirichlet processes

Most advances in reinforcement learning have largely revolved around the Bellman equation,
Eq. .10l However, Bellman equation does have certain caveats. Firstly, the exponential
discounting of the form ~* in Eq. that the Bellman equation is build upon, doesn’t cohere
well with observations in neuroscience, psychology, and economics [Schultheis et al., [2022,
Fedus et al.,[2019]. Next, approaches such as Q-learning, Eq. learn point estimates of
value-functions, whereas a growing literature points in the favor of learning a distribution that
is trained to minimize a loss against the distribution of data it observes, under the umbrella
framework of distributional reinforcement learning [Bellemare et al., |2017a, |[Dabney et al., (2020,
Bellemare et al., 2017b], and the focus shifts to the distributional counterpart of the Bellman

equation,
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Z(s,a) 2 R(s,a) +vZ (s',d) . (4.14)

Besides improving stability and performance in deep RL benchmarks, the distribution of
returns learned in distributional-RL can also be utilized for risk-sensitive RL [Morimura et al., 2010].
Various algorithms for distributional RL have been proposed [Bellemare et al., |2023], however
they tend to rely on dithering strategies such as ¢ greedy for exploration part without being
able to utilize the learned distributions for efficient-exploration. This is not surprising because
efficient-exploration relies on Bayesian uncertainty in beliefs (epistemic uncertainty) [Kearns
and Singh, [2002]], whereas distributional RL algorithms focus on distributional-noise/aleatoric
uncertainty by construction. Besides note that Eq. still relies on exponential version of
discounting. Therefore, we seek a generic RL approach that resolves these issues. Essentially,
we ask the following question,

Can we design a fundamentally Bayesian framework for RL that,

» performs natural discounting, i.e. discounting that emerges as a natural consequence of the
framework being Bayesian, rather than being explicitly designed (exponential, hyperbolic,
etc), also corroborating growing evidence towards the Bayesian brain hypothesis [Friston,

2012]

* induces a notion of action-value distributions which are learned in an iterative Bayesian
(nonparametric) manner, and hence these action-value distributions can be utilized for

efficient exploration as well.

To begin with, instead of the distributional Bellman equation Eq. [4.14] consider the distribu-
tional equation,

Z(5,0) £ Vipiaa + (1= V)Z(s',d) (4.15)

where Z(s, a) represents action-value distribution, and V' is a random variable (unlike ~ in
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Bellman equation which is a fixed constant.) Naturally, multiple possibilities arise as to how
to choose V, and we choose it such that the distributional equation above is Bayes plausible.
In particular, we choose V' ~ Beta(1,a(s,a)) which reduces it to the distributional equation
corresponding to Dirichlet Process posterior, Eq. and hence enables one to learn Z(s, a) in

an iterative Bayesian manner, and we discuss an algorithm for this next.

Algorithm 5 Bayesian distributional RL with DPs for tabular MDPs

1: Input: DP prior (Z(s, a) ~ DP(s,a, Fos,a)) ¥V s,a pairs

2: History of rewards H (s, a) = () for all s, a pairs

3: for every episode do

Obtain initial state s from environment

fortimet¢t=1,..,7 do
Select action a; = arg max, ¢1(Z(s¢,a) ~ DP(a(st, a), F'(st, a))
Observe reward r;, transition to s¢41
a' = argmaxg ¢2(Z(st41,a) ~ DP(a(st41,a), F(si41,a))
Set ILI(St7 at) = H(St+1, a') = H(Sz, af,) U H(St+1, a')

10: end for

11: end for

@ N aR

©

Algorithm [5| exhibits the pseudo-code to learn Z(s,a) in a Bayesian non-parametric man-
ner. Following the choice of V discussed in previous paragraph, the agent essentially begins
by assuming the action value distributions, Z(s,a), to be distributed as a Dirichlet Process,
DP(ag(s,a), Fy(s,a)). In a state, s;, the agent takes action, a; based on a statistical functional
¢, of the random action-value distribution, i.e. a; = arg max, ¢1(Z(s¢, a) ~ DP(a(s¢,a), F(s¢, a)),
where a(s;,a) and F(s;, a) are concentration parameter and base measure of the DP posterior,

and are calculated based on the history of rewards, H (s, a), and are given as follows,

L P(H(st,a)) + —

a(ss, a) = agp(sg, a) + length(H (s¢,a)), F(s¢,a) = - o

Fo(sg,a)  (4.16)

Here F(H (s:, a)) represents empirical distribution function corresponding to the elements of the
rewards history list, H(s;,a). Following this the agent recieves a reward, r(s;, a;), transitions
to the next state s;11, and updates the distributional equation, Eq. with s’ = s;41, and
a' = argmax, ¢2(Z(s441,a) ~ DP(a(ssy1,a), F(s¢11,a)). Then a crucial step involves synthesiz-
ing the histories, H(s, a:), and H(s:41,a’), this step is necessary to ensure that the distributional

equation, Eq. [4.15] is satisfied. After, a number of episodes the DP posterior for each Z(s,a)
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contracts sufficiently, and the agent essentially converges to a unique action-value distribution.
One can utilize existing results on contraction rates of DP posteriors [Castillo} 2024, |Ghosal and
van der Vaart, |2017], and/or max-type recursive distributional equations [Aldous and Bandyopad-
hyayl, |2005] to estimate asymptotic/non-asymptotic convergence rates towards these unique

action-value distributions.

4.6 Ongoing and future work

Computational analysis of the algorithms proposed in this chapter is ongoing work, and forms
the basis for manuscripts to be submitted for peer-review.
Some interesting ideas follow for future work. Firstly, for DPPS in chapter [3] we focused on
Bayesian-regret as the performance metric, and given the fact that we have access to ran-
dom cumulative distribution functions in DPPS, instead of simply mean or variance, we believe
that DPPS can be extended to other performance metrics, such as Conditional Value at Risk
(CVaR) [Tamar et al., [2015]. Another promising area of research is designing non-parametric
best arm identification algorithms based on Dirichlet Processes and their utility in nonparamet-
ric hypothesis testing [Gopalan and Berry, 1998, [Ferguson, {1973, [1974|. Furthermore, we
believe that one can derive refined properties for DP random measures (e.g. their tails, CDF
confidence-sequences around the true underlying distribution as exhibited in Fig by utilizing
the (sub/super)-martingales framework, essentially synthesizing their Gamma process construc-
tion with likelihood (super/sub) ratio martingales [Neiswanger and Ramdas, [2021]. Among other
things, this can be quite useful for conformal prediction [Barber et al., 2023

Next, neural network based weather forecasting has shown great success in the recent
years [Price et al|[2023], and requires efficient scheme for capturing uncertainty in predictions. A
promising research direction is to utilize our DP based scheme (Algorithm [3) for capturing this
uncertainty in predictions in neural-network based weather forecasting instead of ensemble based
techniques that current state of the art models rely on [Price et al., 2023, [Lakshminarayanan
et al., [2017]. In particular, the DP based scheme can also harness prior information, which can
naturally be quite useful for enhancing the accuracy of weather forecasting. One can also fuse

together numerical weather prediction based on physics informed neural networks [Raissi et al.,
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2019] along with the DP based scheme for uncertainty quantification.

Finally, we would like to highlight some of our new ideas extending the power of DPs to statistical
physics/dynamical systems, particularly for the last unsolved mystery of classical physics—
"Turbulence" [Frisch| {1995, |Falkovich and Sreenivasan, 2006]. A better understanding/modeling
of such flows would benefit a wide range of fields, e.g. Astrophysics, Climate Sciences, Nuclear
fusion. A remarkable and challenging characteristic of well-developed turbulent flows is their
multiscale nature which is sustained through an elegant cascading phenomenon wherein large-
scale flow structures (large eddies) break down and transfer their kinetic-energy to smaller ones
and so forth until sufficiently small eddies are obtained where this kinetic energy is dissipated
into thermal energy by the action of viscosity of the fluid. Furthermore, in an intermediate
range of flow scales (known as inertial subrange), a universal statistical scaling of kinetic-energy
with flow-scales (E(k) ~ k%3, where E(k) is the kinetic energy corresponding to flow-scale &
(Fourier mode)) emerges [Obukhov, (1941}, [Kolmogorov, [1968]. This phenomenon of cascade has
been studied widely with various models proposed [Mandelbrot, 1974/, |Frischj, [1995| [Meneveau
and Sreenivasan, [1987]( it even found its place in the "Starry-nights" of Van Gogh [Ma et al.,
2024]) but not within a principled statistical framework. We have realized that the phenomenon
of cascading can be revisited through a Bayesian nonparametric lens, specifically it is akin to
Stick breaking construction of random measures sampled from a DP. Utilizing self-similarity
property of DPs, it was straightforward to further realize that turbulence can be studied as
an emergent phenomenon, emerging out of local interactions in a lattice of particles, where
each particle is a Dirichlet Process (i.e. 'particle’ now is represented by a set of infinitely many
possible random manifestations) and interactions between particles boil down to local sampling
operations between each of the neighboring particles. This lattice based framework can be
seen as a nonparametric version of interacting particle systems [Liggett and Liggett, [1985]
where nonparametric aspect is introduced through the Dirichlet Processes. We believe that
development of such a DP based interacting-particle system framework would go on a long way in
enhancing our hitherto limited understanding about numerous complex phenomenon in statistical-
physics, turbulence being one of them, but others included, e.g. Spin-glasses [Parisi, 2023], with
interesting ramifications for neuroscience [Kelso,|1995] and complex systems [Mitchell, [2009] in

general.
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Appendix A

Kolmogorov consistency

conditions for random probabilities

Let X be a set and let 2" be a o-field of subsets of X. We define below a random probability, P,
on (X, .2") by defining the joint distribution of the random variables ( P (A;),---, P (4,,) ) for
every m and every sequence Aq,--- , A, of measurable sets ( A; € 2 for all i ). We then verify
the Kolmogorov consistency conditions to show there exists a probability, P, on ([0,1]# , B.#*)
yielding these distributions. Here, [0,1]# represents the space of all functions from .2 into [0, 1],
and B.Z“ represents the o-field generated by the field of cylinder sets [Kolmogorov, 2018]

Note that, it is more convenient to define the random probability, P, by defining the joint distribution
of (P(By),...,P(By) ) for all k and all measurable partitions (By,--- ,By) of €. (We say
(Bi1,-- -, By) is a measurable partition of X if B; € Xfor all i, B,NB; = @ fori # j, and Ule B; =
X.) From these distributions, the joint distribution of (P (A4,1),..., P (4,,)) for arbitrary measurable
sets Ay, -+, A, may be defined using the seives schemes we discuss below [Kolmogorov, [2018]
Given arbitrary measurable sets A, - - - , A,,, form the k£ = 2™ sets obtained by taking intersec-

tions of the A; and their complements; that is, define B,, ... ,,, foreachv; =0o0r 1 as
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By = [ 4% (A1)
j=1

where A;! is interpreted as A;, and A, is interpreted as A;¢, the complement of A;. Thus the

{By, .. v, } form a measurable partition of .2". If we are given the joint distribution of

{P(Bl/l," );Vj:()orlajzla"'am} (A2)

HVm

then we may define the joint distribution of (P (4,),..., P (A,,)) to be that obtainable from|A.1

upon defining fori =1,--- ,m
P(4;) = > P(By,...0,) (A.3)
(v, ,Vm)l/,,i:l
We note that if (44,---, A,,) was a measurable partition to start with, then this does not lead to

contradictory definitions of the distribution of (P (A:),..., P (A,,)) provided

P (o) is degenerate at 0. (A.4)

Under assumption the distribution of (P (A;),...,P(A,,) ) for arbitrary measurable
Ay, -+, A, is defined uniquely, once the distributions of ( P (By),---, P (By) ) are given for
arbitrary measurable partitions ( By, ..., By ).

If we are given a system of distributions of (P (B;),..., P (By)) for all ¥ and all measurable
partitions ( Bi,---, By ), there is one consistency criterion we would certainly like to have

satisfied; namely,

Condition 1. If (B,,--- , By, ) and (B1,-- - , By, ) are measurable partitions, and if ( By',- - - , By
) is a refinement of ( By,---, By, ) with By = ;' B/,Ba = U,>,, B/,--- , By = U’:;AH B/,
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then the distribution of

1 o k'
(ZP(Bi/)azP(Bi/)7“" Z P(Bi/))

ri1+1 rE—1+1

as determined from the joint distribution of (P (B1'), ..., P (B},)), is identical to the distribution

of (P (By),...,P(By).

The following lemma shows that this condition is sufficient for the validity of the Kolmogorov
consistency conditions for the distributions of (P (4,),..., P (4,)). We will say that P is a
random probability measure on (X, 27), if above condition[1|is satisfied, if P(A) takes values

only in [0, 1], and if P (X) is degenerate at 1.

Lemma 4. If a system of joint distributions of ( P (B;),--- , P (By) ) for all k and measurable
partitions ( By, - - , By, ) is defined satisfying Condition (1|, and if for arbitrary measurable sets
Ay, .-+, Ay, the distribution of (P (A1) ,---, P (Ay,)) is defined as in[A.1} then there

exists a probability P on ([0,1]* , BF *) yielding these distributions.

Proof. Since 2'U@ = %, it follows from Condition [f|that P(2) is degenerate at zero, and hence
the distribution of (P (A1), ..., P (A,,)) is welldefined by [A.2]and[A.3] To check the Kolmogorov
consistency conditions, we must show that, for arbitrary m and measurable sets A, -, A,,,
the marginal distribution of (P (Ay),---, P (A»—1)) derived from the distribution of (P (A1), -,
P (A,,) ) is identical to the defined distribution of (P (4;),...,P (Amn-1) ).

The marginal distribution of (P (A;),--- , P (A;,—1)) derived from the distribution of (P (A1) ,--- , P (4n))

is identical to the distribution of

( Z P (Bul,m 7Vm,) ) Z P (BV1,~~- ,l/m,)) %)

(v1,+ Wm),v1=1 (Y1, V), Wm—1=1

derived from the distribution of (2). The distribution of ( P (A4;),..., P (4,,—1) ) is defined as

the distribution of
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Z P(BVla"‘yl/nz—l) Ty Z P(Buly"'yl/nz—l) (6)

(V1,7 s vm—1),v1=1 (1, Wm—1) Wm—1=1

derived from the distribution of {P (B, ... 1,,_,);vs =0 0r 1,i =1,...,m — 1} where

m—1
— Vj
BV1~,"‘7V777,71 - U AJ ’
i=1

Since By, ... v,, , = By, v, 1.1 U By, 1, 10, Condition [{]implies that the distribution of
{P(By, - v,_.);vj=00r1j=1,---,m— 1} is identical to the distribution of

{P(Bu,wms1)+ P (Buyvr0);v;=00r 1,j=1,...,m— 1} as determined from the
distribution of [A.2] Thus, the distribution of [6] can also be found from the distribution of [A.2]
upon replacing P (By, ... v,._1) BY P (Buy o wpn_11) + P (B, e 1 ,0). With this replacement,

[6|becomes formally identical to [5] proving that their distributions are identical.
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Appendix B

Additional proofs

This section gives proofs skipped in Chapter 3|

Proof of Theorem[d

Proof. Recall that E,[-] = E[-|H,] and we use I; to denote mutual information evaluated under

the base measure P;. Then,

[Regret T 7TTS ]EZEt Rt A* — Rt,At] = EZ \/FtIt At;Rt At))

(EZ JE A R m)
< \IFTEZIt i (Ag, Rea,)),

IN

where (a) follows from the tower property of conditional expectation, and (b) follows from the
Cauchy-Schwartz inequality. We complete the proof by showing that expected information
gain cannot exceed the entropy of the prior distribution. For the remainder of this proof, let

Zy = (A4, Re,4,). Then, using tower rule of conditional expectations we have,

Et [It (A*a Zt)} =1 (A*7 Zt|ZI7 (a3} Zt—l) )
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and therefore,

T T
§ * E * (O] *

E It (A ,Zt) = I(A ;Zt|217...7Zt,1) = I(A N Zl, ZT)
t=1 t=1

= H(A*) - H(A*|Z4,...27)

H(A™),

where (c) follows from the chain rule for mutual information, and (d) follows from the non-negativity

of entropy. O

Proof of Lemma/3l

Proof. Define the random variable X (t) = R, , — E;[R:]. Then, for arbitrary X € R, applying
Fact[T]to A X yields

KL (P (Rpol A" = a*) ||Pe(Rea)) > ME[X|A* = a*] — logE; [exp{\X}]
= A(E(RiqlA" = a*] — E; [Ryq]) — log E; [exp{AX}]
Z A (Et [Rt)a|A* = a*] — ]Et [Rt,a]) — ()\20'2/2).
Maximizing over X yields the result. O
Proof of Lemmal[2]
Proof.
2
E: [Roa- — Roa)? <Z Pu(A* = a) (B [Reald* = o] — E, [Rt,aD)
acA
®) * 2 * 2
< A P(A* = a)® (B [RealA* = a] — By[ Ry a])
acA
* * * * * 2
< Al DD P(A* = a)Py(A* = a*) (B [Rea|A* = a*] — E[Ry.0))
a,a*€A
(C) |A‘ * * * * *
< 5 > PyA* = a)Py(A* = a*)KL (Py(Ry a|A* = a*) || Pi(Ry.0))
a,a*cA
@ |A[I(A* Ry a,)
2
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where (b) follows from the Cauchy—Schwarz inequality, (c) follows from Fact[3] and (a) follows

from Eq[3.14fnd (d) from the standard definition of mutual-information. O
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