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UNIVERSITY OF LILLE

Abstract
PhLAM Laboratory

Doctor of Physics

Characterization of modal content and amplification in few-mode optical
fibers

by Jean YAMMINE

Over the last few decades, the demand for data rate has increased rapidly in
order to meet the social and economic needs of our society based on the mas-
sive exchange of information. In the near future, current telecommunications
systems based on single-mode optical fibers will face difficulties in meeting this
ever-increasing demand. In fact, despite the use of all the physical dimensions
characterizing a guided wave in an optical fiber, the latter is approaching its fun-
damental limits, leading to what is known as "capacity crunch". In this context,
new transmission systems are the subject of much research, based on the develop-
ment of multi-core fibers or multi-mode fibers. These new types of fibers give ac-
cess to an additional physical dimension, through the different open spatial chan-
nels (cores or modes). By using this spatial division multiplexing approach, these
new systems can be used to exceed the announced saturation. However, differ-
ent components of the transmission network must be developed and adapted for
experimental use with this type of system. Among the aspects that require par-
ticular attention are the analysis of the modal content of multi-mode fibers and
the optimization of the amplification process of the different co-existing beams
in a multi-mode guide. The aim of this thesis was to contribute to the devel-
opment of these two knowledges. In this work, we have demonstrated that the
modal content of a few-mode fiber can be measured experimentally using the
reconstruction of the fiber transmission matrix. This detection method has been
used to characterize not only few-mode fibers with step index profiles, but also
specialty fibers with ring cores supporting OAM modes. We also studied the
temporal evolution of the different channels of the transmission matrix and de-
veloped an empirical model to predict this variation. We were also interested in
the amplification process of a multi-modal transmission, so, during this thesis,
new geometries of few-mode erbium-doped fibers were proposed for different
applications: an annular core model capable of providing an equalized and flat
gain for 26 spatial modes with a very low gain excursion was studied, as well
as a ring-shaped doped step index fiber, capable of also amplifying ring modes.
We have also introduced a ring-shaped doped step index fiber that can directly
compensate for mode propagation losses in the line fiber.
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UNIVERSITY OF LILLE

Abstract
PhLAM Laboratory

Doctor of Physics

Characterization of modal content and amplification in few-mode optical
fibers

by Jean YAMMINE

Au cours des dernières décennies, la demande de débit de données a augmenté
rapidement afin d’accompagner les besoins sociétaux et économiques de notre so-
ciété basée sur l’échange massif d’information. Les systèmes de télécommunica-
tion actuels basés sur la fibre optique monomode vont dans un avenir proche ren-
contrer des difficultés pour répondre à cette demande sans arrêt grandissante. En
effet, malgré l’exploitation de la totalité des dimensions physiques caractérisant
une onde guidée dans une fibre optique, cette dernière se rapproche de ses lim-
ites fondamentales, conduisant à ce qui est connu sous le nom de « capacity
crunch ». Dans ce contexte, les nouveaux systèmes de transmission font l’objet
de nombreuses recherches, basées sur le développement de fibres multi-cœur
ou de fibre multimodes. Ces nouveaux types de fibres donnent accès à une di-
mension physique supplémentaire, à travers les différents canaux spatiaux ou-
verts (cœurs ou modes). En utilisant cette approche de multiplexage spatial, ces
nouveaux dispositifs peuvent être utilisés pour surpasser la saturation annon-
cée. Cependant, différentes composantes du réseau de transmission doivent être
développées et adaptées afin d’être utilisées expérimentalement avec ce type de
systèmes. Parmi les aspects qui demandent une attention particulière, on trouve
l’analyse du contenu modal des fibres multimodes ou encore l’optimisation du
processus d’amplification de différents faisceaux coexistant dans un guide multi-
mode. Le but de cette thèse était de contribuer au développement de ces deux
connaissances. Au cours de ce travail, nous avons démontré que le contenu
modal d’une fibre légèrement multimode peut être mesuré expérimentalement
en utilisant la reconstruction de la matrice de transmission de la fibre. Cette
méthode de détection a été utilisée pour caractériser non seulement des fibres
légèrement multimodes à saut d’indice, mais aussi des fibres de spécialité ayant
des cœurs annulaires et supportant des modes OAM. Nous avons également
étudié l’évolution temporelle des différents canaux de la matrice de transmission
et développé un modèle empirique qui permet de prédire cette variation. Nous
nous sommes également intéressés au processus d’amplification d’une transmis-
sion multimodale, ainsi, au cours de cette thèse, de nouvelles géométries de fibres
dopées à l’erbium légèrement multimodes ont été proposées pour différentes ap-
plications : un modèle à cœur annulaire capable d’offrir un gain égalisé et plat
pour 26 modes spatiaux avec une excursion de gain très faible a été étudié, de
même qu’une fibre à saut d’indice dopée en forme d’anneau, capable d’amplifier
également des modes annulaires. Nous avons également introduit une fibre à
saut d’indice dopée en anneau qui peut compenser directement les pertes de
propagation des modes dans la fibre de ligne.
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Introduction

For the last decades, data rate demand has been growing in order to support
our information driven society and economy. Accordingly, optical telecommu-
nication has been advancing rapidly for the purpose of supplying this demand.
Present long-haul commercial transmission systems, based on the use of the single-
mode fiber, are finding difficulty to match this ever-growing demand. Despite
the exploitation of the totality of its physical dimensions (time, wavelength, po-
larization and phase), this fiber type cannot surpass an upcoming capacity satu-
ration, or what is called the capacity crunch [Richardson, Fini, and Nelson, 2013;
Winzer, 2017]. Modern problems require modern solutions, so researchers all
around the world are trying to develop new transmission systems, with another
type of fiber at its core, offering an additional physical dimension in order to in-
crease the transmission capacity. For that, the use of two fiber geometries is being
investigated: the multi-core fiber and the multi-mode fiber. These types of fibers
are considered to be the solution for the limited capabilities of the single-mode
fiber, as they offer a fifth encoding dimension: the spatial dimension. These new
systems offer to multiply the capacity by the number of their supported chan-
nels. As a simple approximation, a few-mode fiber guiding 10 modes offers the
same transmission rate as 10 single-mode fibers. This technology is better known
as the modal division multiplexing as the different modes of the few-mode fiber
will act as independent transmission channels. However, modal division multi-
plexing systems are more challenging than this straightforward approximation.
2 major factors increase the difficulties facing this technology: the mode coupling
and the amplification.

In order to use each mode as a separate channel, the information must be in-
jected on its respective mode exclusively. Thus, selective excitation method of
each mode is needed. In addition, during their propagation through the fiber,
the different modes can couple for a variety of reasons. Each mode carrying its
proper information, the mode mixing can be viewed as noise at the receiving end
of the transmission, with different levels from a slight negligible noise to the loss
of the entire information, depending on the coupling levels. Therefore, it is also
mandatory to have a modal detection method in order to differentiate the mode
signals.
The fact that this technology requires the use of the few-mode fiber instead of the
single-mode one means that the fiber amplifiers used in the old systems must be
replaced by new fiber designs adapted to the new systems. Thus, the new fiber
amplifiers need to have the same properties as the old ones in addition to the
ability of delivering an equal gain for all the spatial modes so the information can
reach the end of a long distance transmission without losing any part during the
propagation.

This thesis is founded on the study of these two major factors of the modal
division multiplexing. This work has been partially supported by the Agence Na-
tionale de la Recherche through the LABEX CEMPI (ANR-11-LABX-0007) and the
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Equipex Flux (ANR-11-EQPX-0017), as well as by the Ministry of Higher Educa-
tion and Research, Hauts de France council and European Regional Development
Fund (ERDF) through the Contrat de Projets Etat-Region (CPER Photonics for
Society P4S). Finally, we acknowledge financing from the project Fonds Unique
Interministriel through FUI MODAL (FUI-AAP19), which includes multiple lead-
ers on this research topic: Draka-Prysmian group, Nokia Bell labs France, CAIL-
abs and our team from the PHLAM laboratory of the university of Lille, our team
being based at the IRCICA institute. This thesis started at the second part of this
project, so it is considered as the continuity of the previous works of our team
on these topics, more specifically on the amplification axis. Further, this thesis
proposed a new approach to the mode characterization axis in addition to other
works already developed by our team members.

In this manuscript, we will discuss our works on both axes. We will start with
an overview of the basic notions and theories required to comprehend our works
in the first chapter. We will also situate our works more specifically in the large
context of the modal division multiplexing. In the second chapter, we will be
reviewing some of the already developed methods in order to characterize the
modal content of a few-mode fiber. Further, we will describe our method in sub-
stantial details. The third chapter is dedicated to the different results obtained by
our method on several fiber geometries. In the fourth chapter, we will showcase
the continuity of the works of our previous team members on few-mode ampli-
fication. In addition to that, we will propose several new fiber amplifier designs
that can be used for multiple applications. This chapter is supported by an ap-
pendix for better understanding of the used codes.
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Chapter 1

Generalities

1.1 Introduction

During this chapter, the notions necessary for a good understanding of this manuscript
will be presented. We will present these concepts successively, starting from the
most general considerations of the light guiding mechanism in an optical fiber,
to the different mode basis that can describe this guidance. We further show the
great relationship between the optical fibers and the telecommunication world,
describing some key components as the fiber amplifiers and ending this chapter
with the limitations of today’s fiber-based telecommunication systems and the
upcoming capacity crunch which fueled a whole research domain in which this
thesis takes part.

1.2 Light propagation

The basic function of any optical fiber is to guide light: light injected into one end
should stay in the fiber until it emerges from the other side. In other words, it
must be prevented from getting lost by reaching the outer surface and escaping
there. This section is dedicated to describe basics of the guiding mechanisms in
optical fibers.

1.2.1 Guiding mechanisms

Total internal reflection.

Light is an electromagnetic radiation wave formed by the association of an electric
field, ~E, and a magnetic field, ~H . In an infinite homogeneous medium, these
waves, in monochromatic cases, are considered as sinusoids, having frequencies
defined by:

ω =
2πc

λ
(1.1)

where c is the speed of light in the vacuum and λ is the light’s wavelength. Using
Maxwell’s equations, we arrive to the following Helmholtz equation [Jacquier,
2012]:

~∇∧
(

~1

ε(~r)
∇∧ ~H

)
=

(
ω

c

)2

· ~H (1.2)

ε(~r) represents the dielectric permittivity of the environment. If the considered
medium is a non-magnetic one, the solution of this equation is:
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~H(~r, t) = ~h0 · e−i(ω·t−
~k·~r) (1.3)

h0 is the complex amplitude of the wave and ~k is the wave vector in a medium
having a refractive index n defined as k = n · ω/c. If Oz is the axis of the propa-
gation direction, the projection of the wave vector on this axis will be:

β = kz = k · cos(θ) (1.4)

β is known as the propagation constant and θ is the angle between the wave
propagation axis and the Oz axis. We can define the effective index neff : it is the
refractive index encountered by the light while propagating in the direction of Oz
as described in Figure 1.1:

𝑖1

𝜃𝑐

𝑀𝑒𝑑𝑖𝑢𝑚 𝑛1

𝑀𝑒𝑑𝑖𝑢𝑚 𝑛2

𝑀𝑒𝑑𝑖𝑢𝑚 𝑛3

𝑟 𝑟
𝑟 𝑟

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑂𝑧

FIGURE 1.1: Description of the Total Internal Reflection (TIR) in a
waveguide.

According to Equation 1.4, we define the condition for a wave to propagate in a
homogeneous medium: the effective index of the wave must always be smaller
than the refractive index of the guiding medium:

0 ≤ neff ≤ n for 0 ≤ θ ≤ π/2 (1.5)

When the light propagating in a medium with a refractive index n2 reaches an
interface with a medium having a refractive index n1 or n3 , with n1 < n2 and
n3 < n2, the light beam undergoes a total reflection if its incidence angle i exceeds
a limit value ico for which we have:

sin(ico) = n1/n2 (1.6)

If we can arrange for a light beam in the middle of the index n2 to be incident on
the interface between the two media with an angle of incidence i > ico, the light
beam undergoes a total reflection and remains confined in the medium of index
n2: the principle of this light guidance is known as the phenomenon of total in-
ternal reflection (TIR).

A conventional optical fiber is a structure of the form mentioned above: a central
medium with a refractive index nco represents the confining region called "core".
This medium is surrounded by a medium called "cladding", with a refractive
index ncl, with ncl < nco. For light guidance to be possible, the conditions that
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FIGURE 1.2: (a) Conventional optical fiber structure with a rco

core radius and a rcl cladding radius.(b) Effective index diagram
of a light beam inside a conventional optical fiber.

ensure full internal reflection must be met. Figure 1.2 shows the propagation
conditions for a light beam in mediums with refractive index ncl and nco. The
light beam can be guided within a conventional optical fiber if its propagation is
possible in the core but not in the cladding, thus its effective index satisfies the
following condition:

ncl ≤ neff ≤ nco (1.7)

In addition, a light beam can be injected into an optical fiber if its coupling angle
at the air-core interface is less than a defined value θco:

sin(θco) = nco cos(ico) = nco

√
1− sin2(ico) (1.8)

These conditions provide TIR guidance. If neff ≤ ncl, the light spreads into the
cladding and the confinement is lost.

The light guiding capacity of an optical fiber is characterized by the numerical
aperture (NA) of the fiber. A higher NA means the fiber can couple more light:

NA = sin(θco) =
√
n2

co − n2
cl (1.9)

Modified total internal reflection.

In the previous section, we considered a conventional fiber with an uniform core
refractive index nco and an uniform cladding refractive index ncl. In this sec-
tion, we are interested in the propagation of a light wave in a structured medium
with a refractive index n1 in which inclusions with refractive index n2 are in-
tegrated periodically. To clarify things, Figure 1.3 shows an optical fiber with
a micro-structured cladding: such fibers are known as micro-structured optical
fibers (MOF). The effective index of the fundamental mode of the cladding is
called nfsm. It is wavelength-dependent. At long wavelengths, it can also be seen
as the surface average of the inclusions of refractive index n2 and of the back-
ground medium of refractive index n1. The core index is equivalent to the index
of the host structure, n1, and Equation 1.7 then becomes:
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nfsm ≤ neff ≤ n1 (1.10)

The mode is guided in a similar way to the TIR, hence the origin of the name
modified total internal reflection (MTIR). We must mention that MOF having in-
clusions with refractive index higher that the index of the host structure do exist.
Such fibers prohibite the light guiding for some specific wavelengths via a so-
called photonic band gaps (PBG) effect. We will limit this mention just here and
will not dig deep into the details of this guidance regime for the sake of simplicity
of the manuscript and because we will not be using this regime in all the steps
conducted during this work.

(𝑎) (𝑏)

𝑛𝑐𝑜

𝑛𝑐𝑙

𝑀𝑇𝐼𝑅𝑛𝑒𝑓𝑓 < 𝑛𝑐𝑜 𝑛𝑒𝑓𝑓 < 𝑛𝑐𝑙

𝑛𝑓𝑠𝑚

𝑁𝑜 𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛

𝐿𝑖𝑔ℎ𝑡 𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛
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FIGURE 1.3: (a) Conventional optical fiber structure with a rco

core radius and a rcl cladding radius.(b) Effective index diagram
of a light beam inside a conventional optical fiber.

1.2.2 Propagation modes: Vector modes.

In the previous section, we saw that the guidance of light in an optical fiber must
satisfy the conditions of TIR obtained using geometrical optics approach. It can
be also considered that, when light is reflected on the core-cladding interface, the
wave interferes with itself. Only the beams verifying the constructive inferference
condition are then guided: these are the transversal modes [Bures, 2009; Yariv,
1997].

Eigenvalues equation

As mentioned in the previous section, light is an electromagnetic wave. An opti-
cal beam can be described as a sum of a group of monochromatic waves, however
for simplicity, we will consider it as a monochromatic wave in the following sec-
tion, with a frequency ω defined by the Equation 1.1. The electric field ~E and the
magnetic field ~H of such a wave are given by the following equations:

~E(~r, t) = ~E(r, θ, z)e−iωt (1.11)

~H(~r, t) = ~H(r, θ, z)e−iωt (1.12)
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From Maxwell’s equations, we can develop the following system of equations
based on ~E and ~H , in the case of a dielectric where the surface density of free
charges and the current density vector are null:

~∇× ~E = −µ0
∂ ~H

∂t
(1.13)

~∇ · ε0n2 ~E = 0 (1.14)

~∇× ~H = ε0n
2∂
~E

∂t
(1.15)

~∇ · µ0
~H = 0 (1.16)

µ is the magnetic permeability, ε is the electric permittivity and the index 0 is used
to reference the physical variables of the vacuum. Using this equation system,
and the fact the frequency can be defined as ω = k/

√
µε, we can write :

~∇× ~E = i

√
µ0

ε0
k ~H (1.17)

~∇× ~H = −i
√
ε0
µ0
kn~E (1.18)

In a fiber similar to the one described in Figure 1.2, we can introduce the param-
eters U ,W and the normalized frequency V as :

U2 = r2
co(k2

0n
2
co − β2) = r2

ck
2
0(n2

co − n2
eff) (1.19)

W 2 = r2
c (β

2 − k2
0n

2
cl) = r2

ck
2
0(n2

eff − n2
cl) (1.20)

V =
√
U2 +W 2 = rcok0

√
n2

co − n2
cl (1.21)

where the wave vector of free space is given by k0 = 2π/λ. The normalized
frequency V determines the number of guided modes and depends only on the
opto-geometrical parameters of the fiber: the core refractive index, the cladding
refractive index, the diameter of the core and the wavelength. The eigenvalues
equation of the guided modes in a step index fiber is defined by:

(νneff)2
( V

UW

)4
=

(
n2

coJ
′
ν(U)

UJν(U)
+
n2

clK
′
ν(W )

WKν(W )

)
.

(
J ′ν(U)

UJν(U)
+

K ′ν(W )

WKν(W )

)
(1.22)

where J ′ν is the derivative of the Bessel function J with respect to the argument
U , and K ′ν is the derivative of the Bessel function K with respect to the argument
W. The discrete solutions of this equation give values of U and W specific to each
guided mode according to the fiber’s parameters: nco, ncl and V .

TM and TE modes

The transverse and longitudinal components of the vector modes have specific
values which are not zero. However, there are two groups of modes for which one
of the two longitudinal components is zero: the transverse electric (TE) modes,
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with no electric field component in the direction of propagation, and the trans-
verse magnetic (TM) modes, with no magnetic field component in the direction
of propagation. These modes are obtained for ν = 0. In such case, using the
properties of Bessel’s functions we can obtain :

J ′0(U) = −J1(U) and K ′0(W ) = −K1(W ) (1.23)

and the eigenvalues Equation 1.24 for TE and TM modes:(
n2

coJ1(U)

UJ0(U)
+
n2

clK1(W )

WK0(W )

)
.

(
J1(U)

UJ0(U)
+

K1(W )

WK0(W )

)
= 0 (1.24)

The first part of the Equation 1.24 is the eigenvalues equation of the TM0m modes
and the second part is the eigenvalues equation of the TE0m modes. The dis-
crete solutions of these two equations give the modes increasing eigenvalues
U01, U02, ...U0m corresponding to TM0m and TE0m modes. These modes have a
circular symmetry in a step index fiber.

Hybrid modes HE and EH

The TE and TM modes are obtained if ν = 0. If ν 6= 0 , the solutions of Equation
1.15 are obtained by applying the following variable changes:

x =
J ′ν(U)

UJν(U)
c = ν2n2

eff

V 4

(UW )4
b =

K ′ν(W )

WKν(W )

thereafter, the Equation 1.22 becomes:

n2
cox

2 + xb(n2
co + n2

cl) + (n2
clb

2 − c) = 0 (1.25)

and its solution, while n2
clb

2 � c, can be obtained by:

∆ = [b(n2
co − n2

cl)]
2 + 4n2

coc = 0 (1.26)

x± =
−b
2

(
n2

cl

n2
co

+ 1

)
± 1

2

√√√√[b(− n2
cl

n2
co

+ 1

)]2

+
4c

n2
co

(1.27)

The two solutions of this equation correspond to two different groups of hybrid
modes HElm and EHlm. All the components of the electric field ex, ey and ez and
the magnetic field hx, hy and hz have non-zero values. The − sign corresponds to
HE modes and the + sign to EH modes.

Mode cut-off

If we examine the asymptotic limits of the solutions calculated in the previous
parts (the limit for U → V and the limit for V →∞), we find the cut-off frequen-
cies Vc of the modes, the order of appearance of the modes and the neff values for
a fixed V value. The HE11 mode exists always and it is called the fundamental
mode. In order to obtain other guided modes, the value of the normalized fre-
quency V must exceed the cut-off value Vc of each mode for it to exist: these are
the higher order modes (HOM). The cut-off frequencies of a step index fiber with
a NA = 0.85 for up to V = 10 are presented in Figure 1.4.
Fibers supporting only the fundamental mode are known as single-mode fibers
(SMF) , while others supporting more than one mode are referred to as multi
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c
o
co

cl

FIGURE 1.4: The evolution of neff values for up to V = 10 for a
NA = 0.85 conventional step index fiber. The black dots show the

cut-off frequency of each mode.

FIGURE 1.5: Electric field direction and transverse intensity of the
first 6 vector modes.

mode fibers (MMF). We must mention that MMFs with a small number of modes
are known as few-mode fibers (FMF).

1.2.3 Propagation modes : Linearly polarized modes.

Weakly guiding fibers

The index profiles of almost all the optical fibers exhibit only a small index con-
trast, so that the fiber can be assumed to be only "weakly guiding". In this situa-
tion, the calculation of the fiber modes is greatly simplified. The wave equations
of a fiber are given by [Bures, 2009]:



8 Chapter 1. Generalities

(~∇2
t + k2n2 − β2)~e = −(~∇t + iβz)(~et · ~∇t ln(n2)) (1.28)

(~∇2
t + k2n2 − β2)~h = [(~∇t + iβz) ∧ ~h] ∧ ~∇t ln(n2) (1.29)

In the weakly guiding approximation, the small value of the index contrast ∆n =

nco − ncl allows to neglect the term ~∇t ln(n2) as it presents negligible value in the
wave equations 1.28 and 1.29. Thus, these equations become scalar and we can
talk about linearly polarized (LP) modes. ∆n affects greatly the polarization: if
nco 6= ncl, the TE and TM polarization states are reflected differently on the core-
cladding interface while in the case of weakly guidance, both polarization states
behave in a similar way. In fact, when ∆n ≈ 0, the fiber tends towards a uniform
medium of index n ≈ nco ≈ ncl and the wave’s longitudinal components become
negligible. The fields are practically transverse and given by [Bures, 2009]:

Ht ≈
√
ε0
µ0
n · ~z × Et thus Et ×H∗t · ~z ≈ n

√
ε0
µ0
|Et|2 (1.30)

where H∗ is the complex conjugate of the magnetic field H . Since the fiber is
guiding, the wave is always inhomogeneous: its amplitude depends on the coor-
dinates (x; y) or (r;φ).

Eigenvalue equation

For transitionally invariant waveguides, the weakly guided fields can be written:

~E(r, φ, z) = ~et(r, φ)eiβz (1.31)

~H(r, φ, z) = ~ht(r, φ)eiβz (1.32)

with ez and hz = 0. We define the vectors ~x and ~y as the two polarization direc-
tions. Since the longitudinal components are negligible, we can write the follow-
ing system of equations:

~ex = ~x ·Ψl(r, φ)→ hx = −
√
ε0
µ0
neff · ey polarisation ~y (1.33)

~hy = ~y ·Ψl(r, φ)→ hy =

√
ε0
µ0
neff · ex polarisation ~x (1.34)

where Fl(r; ρ) is the field amplitude at any point (r;φ) of the transverse section
and l is an integer called the azimuthal modal number. For these modes to be
invariant for a rotation of 2π, their equations have to respect:

ex,y = Ψl(r, φ) = Ψ(r)

{
cos(lφ)
sin(lφ)

}
(1.35)

The cosine solutions correspond to LP "even" modes and the sine solutions cor-
respond to the LP "odd" modes. The difference between even and odd modes is
a π/2 rotation of the fields around the propagation axis. While in weakly guid-
ance conditions, using the wave equations 1.28 and 1.29, we can write for both
polarization directions:
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(∇2
t + k2n2 − β2)

({
ey

hx

}
or
{

ex

hy

})
= 0 (1.36)

This equation must be satisfied on the core-cladding interface and everywhere
inside the fiber core. By applying the value of∇2

t in Equation 1.36 we obtain :

∂2Ψl(r)

∂r2
+

1

r

∂Ψl(r)

∂r
+

(
k2n2 − β2 − l2

r2

)
Ψl(r) = 0 (1.37)

It is the scalar wave equation that determines the propagation constants β of the
LP scalar modes. It must be satisfied at the boundaries: Ψl(r) and dΨl(r)

dr are con-
tinuous on both interfaces. This wave equation is the differential equation of the
Bessel functions Jl and Yl or the modified Bessel functions Il andKl, according to
k2(n2 − n2

eff). To find the solutions of this equation, for a step index fiber with nco

as the core’s index, ncl as the cladding index, and rco as the core radius, we must
reject the solutions for r = 0 and r → ∞ while having ncl < neff < nc. Thus, the
possible solutions of the Equation 1.37 are:

• Inside the fiber’s core, r < rco and ncl ≤ neff ≤ nc =⇒ k2(n2
co − n2

eff) > 0. In
such conditions, the Bessel function Yl diverges for r = 0, hence the solution
is the Bessel function Jl.

• In terms of the cladding, r > rco et ncl < neff =⇒ k2(n2
cl − n2

eff) < 0. In these
conditions, the Bessel function Il diverges for r → ∞, hence the solution is
the Bessel function Kl.

Using the same values for U , W and V as the ones mentioned in the Equations
1.19, 1.20 and 1.21 respectively, we can write the solutions of the Equation 1.37 as:

Ψl(r) =

{
Jl(Ur/rco)
Jl(U) if r ≤ rco

Kl(Wr/∇2
co)

Kl(W ) if r > rco

}
(1.38)

For r = rco, the denominators ensure the continuity of Ψl(r). In order to establish
the eigenvalue equation, we take the conditions of the continuity of the derivative
of Ψl(r) at the core-cladding interface:

U
Jl+1(U)

Jl(U)
= W

Kl+1(W )

Kl(W )
or U

Jl−1(U)

Jl(U)
= −WKl−1(W )

Kl(W )
(1.39)

The 2 forms of Equation 1.39 are identical. This is the eigenvalue equation. The
solutions of this equation are series of discrete Ulm values where m is an inte-
ger that represents the order of the solution, which is a function of the effective
indices neff , which allows us to find the propagation constants β of the guided
modes. Each mode has a unique Ulm value. Note that for all optical fibers there
is at least one solution, the one that corresponds to the value of l = 0 and m = 1:
this is the fundamental mode.

These modes have two different degeneracy types: spatial degeneracy between
even and odd modes (as mentioned by the Equation 1.35) and polarization de-
generacy, x and y, depending on the polarization state of the mode’s electric field.
Vector modes are considered the natural modes of the optical fiber and consist of
spatially inhomogeneous states of polarization. As shown in Figure 1.4, some
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FIGURE 1.6: neff values for the first 10 LP modes for a ∆n = 0.3
conventional fiber. The black dots show the cut-off frequency of

each mode.
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FIGURE 1.7: Field transverse intensity distribution of the first 5
LP modes.

of these modes share very close propagation constants. These modes are likely
to couple during their propagation due to this slight difference. Under the weak
guidance approach, these modes form the LP modes: the LP modes are in fact lin-
ear combinations of the vector modes under the weak guidance approximation.
The resulting cut-off frequencies of the first 10 LP modes are shown in Figure 1.6
and the field transverse intensity distributions of the first 5 LP modes are showed
in Figure 1.7. Table 1.1 shows the possible combinations to form the LP modes
using the vector modes depending on the l value. Table 1.2 shows the spatial and
polarization degenerate states of the first 4 LP mode groups.
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TABLE 1.1: The vector modes combinations leading to the conver-
sion to the LP mode basis using the weakly guidance approach.

l LP Vector modes

= 0 LP0,m HE
(e,o)
1,m

= 1 LP1,m HE
(e,o)
2,m ,TE0,m or TM0,m

> 1 LPl,m HE
(e,o)
l+1,m,EH

(e,o)
l−1,m

TABLE 1.2: The degeneracy states of the first 4 LP mode groups.

Mode Spatial degeneration Polarization degeneration

LP0,1 LP0,1 LPx0,1, LPy0,1

LP1,1 LP
(e)
1,1, LP

(o)
1,1 LP

(e),x
1,1 , LP

(o),x
1,1 , LP

(e),y
1,1 , LP

(o),y
1,1

LP2,1 LP
(e)
2,1, LP

(o)
2,1 LP

(e),x
2,1 , LP

(o),x
2,1 , LP

(e),y
2,1 , LP

(o),y
2,1

LP0,2 LP0,2 LPx0,2, LPy0,2

1.2.4 Propagation modes: Orbital angular momentum modes

Energy, momentum and angular momentum are some of the most fundamental
physical quantities in classical and quantum electrodynamics. The electromag-
netic angular momentum in a vacuum is defined as :

~M = ε0~r × ( ~E × ~H) (1.40)

where ε0 is the electric permittivity in the vacuum. Angular momentum can be
divided into spin angular momentum (SAM) and orbital angular momentum
(OAM): SAM is associated with photon spin and is manifested as circular po-
larization. OAM is linked to the spatial distribution of the electric field [Beth,
1936; Jackson, 1998]. Considering a light wave with an electric field proportional
to eilφ, this wave has an OAM of lh̄ per photon [Allen et al., 1992], where l is the
topological charge, φ is azimuthal angle, and h̄ is Plank’s constant h divided by
2π.

In the case of a weakly guiding fiber, the electric and magnetic fields given by
the Equations 1.31 and 1.32, can be separated into azimuthal and radial parts:

~E(r, φ, z, t) = ~e(r)


eiσφeilφ

ieiσφeilφ

eiνφ

 eiβz−iωt = 0 (1.41)

~H(r, φ, z, t) = ~e(r)


eiσφeilφ

ieiσφeilφ

eiνφ

 eiβz−iωt = 0 (1.42)

where σ = 0 for linear polarization, σ = 1 for right circular polarization and
σ = −1 for left circular polarization. ν = l + φ is the total angular momentum
(SAM + OAM). The term eilφ indicates that these fiber modes do have a OAM.
The term eiσφ assure that the mode has a circular polarization. OAM modes are
formed, just like the LP modes, from the fiber’s vector mode basis using the com-
binations shown in Table 1.3 [Brunet and Rusch, 2016]. The OAM modes can
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FIGURE 1.8: Representation of SAM and OAM.

TABLE 1.3: The vector modes combinations leading to the con-
version to the OAM mode basis.

OAM Vector modes

OAM±0,m HE
(e)
1,m,HE

(o)
1,m

OAM∓±1,m TE0,m,TM0,m

OAM±±l,m HE
(e)
l+1,m, iHE

(o)
l+1,m

OAM∓±l,m EH
(e)
l−1,m, iEH

(o)
l−1,m

also be defined as the modes with a perfectly circular polarization and a perfectly
helecoidal phase. Using this definition, the OAM modes can then be obtained
from a combination of LP modes in the weak guidance approximation. However,
in a real fiber propagation, the polarization of the OAM mode is rarely perfectly
circular and the polarization state tends to have an elliptical form with axis that
rotate according to the azimutal position in the fiber. This state change is due to
the spin-orbit coupling which will not be detailed in this manuscript. Tandje, a
fellow PhD student of our team, studied in great detail this phenomenon and its
impact on the modal distribution of the fiber [Tandjè, 2019]. Given the fact that
the majority of my works were experimental, we will stick to the first definition
of the OAM modes, given by Table 1.3 throughout this manuscript. Since OAM
modes are made of a combination of vector modes having the same propagation
constant β (except the OAM∓11), these modes are propagation invariant. This can
be better understood using the spatial dependent part of the OAM mode combi-
nation:

ψ = ψae
iβaz + ψbe

iβbz (1.43)

where ψ is the OAM mode field, ψa and ψb are the 2 vector modes that can com-
bine into a OAM mode according to Table 1.3, βa and βb being their propagation
constants. For the OAM modes, βa = βb and thus the phase of both parts of
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the combination is the same, therefore the OAM modes is propagation invariant
(except the OAM∓11). The transverse distribution of the electric field of the first 5
OAM mode groups and their respective phases are represented in Figure 1.9. The
circular polarization and the orbital angular momentum directions can be aligned
or anti-aligned, as shown in the Figure 1.10.

OAM
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OAM
1

OAM
2

OAM
3

OAM
4

FIGURE 1.9: Field transverse distribution of the first 5 OAM
modes on the top row and their corresponding phases on the bot-

tom row.
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FIGURE 1.10: The four degenerate states of the OAM mode basis
for l > 1 [Brunet and Rusch, 2016].

In the previous paragraphs, we have discussed the light propagation mechanism
through a optical fiber. We have also described the vector modes that can be
guided in the fibers, and the combination that can be used in order to obtain the
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LP mode basis and the OAM mode basis. These basis will be used in the later
sections of this manuscript.

1.3 Optical fibers and telecommunications

1.3.1 General overview

From the telephonic services to optical endoscopy, optical fibers are used in many
fields, but nowhere more than high data rate telecommunications. The optical
fiber presents the perfect solution for the explosion of information traffic due to
the enormous growth of the Internet, computer networks, electronic commerce.
Its low attenuation and possible preservation of high signal integrity make long
distance signal transmission possible. The optical fiber presents a large band-
width, elementary for high rate transmissions. The information security is not a
real concern for the optical fiber systems due to their dielectric nature: accessing
to the signal is impossible without access to the fiber itself, which can be easily
detected. The fiber’s physical properties present many advantages: it’s very light
comparing to the traditional metallic lines used before, it has small dimensions
and it is a non-conductive component, so the electromagnetic and radio waves
have no effects on the signal within.

1 0 1 0 1 1

𝐼𝑛𝑝𝑢𝑡 𝐷𝑎𝑡𝑎 𝑂𝑢𝑡𝑝𝑢𝑡 𝐷𝑎𝑡𝑎

1 0 1 0 1 1𝑇𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑟
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𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟
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FIGURE 1.11: Basic fiber optic communication system.

Fiber optics are just a carrying support of light beams containing encoded in-
formation from one point to another, therefore its use must be combined with a
suitable system. A basic fiber optic system consists of a transmitting device that
encodes an electrical signal onto a light carrier, an optical fiber cable that carries
the light, and a receiver that detects the light signal and converts it back into an
electrical signal. Such a system is shown in Figure 1.11.

1.3.2 Amplifiers

In optical communication networks, signals travel through fibers for very large
distances without significant attenuation (≈ 0.2 dB · km−1 for the presently used
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FIGURE 1.12: Evolution of commercial optical transmission sys-
tems over the past 30 years and extrapolations for the coming 20

years [Winzer, 2017].

line SMFs type G652). However, when distances become hundreds of kilome-
ters, the signal attenuation becomes a non negligible effect and the restitution
of the signal power becomes necessary so it can be detected at the other side of
the transmission system. The first in-line amplifiers were opto-electronic regen-
erators, transforming the light signal into electronic signal to be amplified, then
re-transformed into light signal and coupled into the fiber. These systems were
limited at a data rate of 2.5 Gb/s [Winzer, 2017]. The invention of optical am-
plifiers, and in particular of the erbium doped fiber amplifier (EDFA) was the
game-changer [Mears et al., 1987; Desurvire, Simpson, and Becker, 1987]. This
technology started a new era of optical transmission: it provides in-line broad-
band amplification of signal without requiring electronics i.e., the signal does
not need to be converted to electrical signal before amplification. The evolution
of commercial optical transmission systems over the past 30 years and extrapola-
tions for the coming 20 years is shown in Figure 1.12. The amplification is entirely
optical, does not need to change the propagation medium of the light (the light
passes from one fiber to another doped one), independent of data rate, indepen-
dent of the light’s polarization state and possible for a large bandwidth. A basic
EDFA system is illustrated in Figure 1.13. This technology was first used in the
TAT-12/13 cable system back in 1996, connecting the US to the UK and France,
supporting up to 10 Gbit/s [Trischitta et al., 1996]. An EDFA quality is measured
by its gain, the ratio between the signal output power P outs and the signal input
power P ins is given by:

GdB = 10 log
(P outs

P ins

)
(1.44)
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FIGURE 1.13: A basic EDFA system.

Erbium spectroscopy

Erbium is one of the 28 rare earth elements. Trivalent erbium ions, Er3+, have
optical fluorescent properties particularly useful for fiber amplifiers especially
those used in the telecommunication networks. Its electronic configuration is
given by :

Er3+ : 1s22s22p63s23p63d104s24p64d105s25p64f11

4𝑓

2𝐻

4𝐹

4𝑆

4𝐼

2𝐻9/2

4𝐹5/2
4𝐹3/2

4𝐹7/2

2𝐻11/2

4𝑆3/2

4𝐹9/2

4𝐼9/2
4𝐼11/2
4𝐼13/2

4𝐼15/2

}

FIGURE 1.14: degenerate levels of Er3+ 4f level [Bigot, 2002].

The amplification mechanism implies the 4f level electrons. Once the ions are in-
troduced into the glass matrix of the fiber’s core, the 4f level degeneracy obtained
from spin-orbit coupling is lifted due to contributions from ion-lattice interaction
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(Stark splitting) as shown in Figure 1.14.
EDFAs use only three of the levels shown in Figure 1.14 and 4I15/2 level serves
as the ground level. The transition between the fundamental level and the 4I13/2

level corresponds to the operation wavelength used in optical communications
(between 1530 nm and 1625 nm). Third used level is the 4I11/2 with a transition
centered near 980 nm, the wavelength mainly used to pump the EDFAs.

EDFAs operating mechanism.

EDFAs spectral properties: TheEr3+ ions have a wide spectrum band when
introduced into the fiber’s glass core. This property gives the possibility to the
EDFAs to operate over a wide spectral range, covering the C band between 1530 nm
and 1565 nm) and also the L band (between 1565 nm and 1625 nm) in some con-
ditions (C for conventional and L for long wavelength). Figure 1.15 shows the
absorption and emission cross sections for the Er3+ ions when introduced in an
aluminosilicate Er-doped fiber.
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FIGURE 1.15: Absorption and emission cross section of the Er3+.

Amplified spontaneous emission: In the absence of any radiation, the ions
are in their ground state 4I15/2. If a light beam with a wavelength corresponding
to the energy gap between the electronic states is incident on the system, the ions
will be excited to the higher levels. Such a radiation will be referred to as the
pump beam. If its wavelength is chosen at 980 nm, the pump beam will excite the
Er3+ ions to the 4I11/2 level. Because of the short lifetime (few µs) of this energy
level, the electrons are transferred to the metastable level 4I13/2 (about 10 ms life-
time). The pump can also operate at 1480 nm, exciting the ions directly into the
metastable level, but this configuration whereas it reduces the difference between
the signal and pump wavelengths and leads to larger optical noise level. The pos-
sible transitions, illustrated in Figure 1.16 from the 4I13/2 state to the ground state
are provided by :
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FIGURE 1.16: (a) All ions in the ground state. (b) Pump absorp-
tion and relaxtion of the ions to the 4I13/2 state. (c) Spontaneous

emission. (d) Stimulated emission.

• Spontaneous Emission : spontaneously emitted photons have no phase re-
lationship with one another. It can take place in the entire bandwidth of
transition and can even travel backwards. This, therefore, contributes to
noise. A fraction of the spontaneously emitted photons will be emitted in a
direction which is within the numerical aperture of the fiber and will, there-
fore, be captured and guided. Such photons, in turn, may interact with rare
earth ions and be amplified as well. The amplified spontaneous emission
(ASE) is one of the major limitations of amplifying fibers because, on the one
hand, it disrubts the signal by adding noise, thus decreasing the signal-to-
noise ratio and, on the other hand, duplicate spontaneous photons consume
gain that does not benefit to useful photons and thus decrease the gain of
the signal.

• Stimulated Emission : the stimulated emission takes place in the wave-
length window 1520 to 1620 nm (C and L-bands) if a data signal with the
corresponding wavelength is fed into the fiber. The newly generated pho-
tons by stimulated emission are responsible for amplification of signal as
they travel along the fiber.

Population equations. In the previous sections, we mentioned that EDFAs
operate using three of the degenerate energy levels shown in Figure 1.13. In fact,
if the electronic states are spaced closely enough, which is the case for 4I13/2 and
4I11/2 levels, the ion relaxes non-radiatively from the higher to the lower state
through emission of multiple phonons in order to conserve the total energy. This
non-radiative transition is fast and enables us to suppose that the EDFAs operate
mainly as a two-levels system : between the 4I13/2 and the 4I15/2 states. Let NT

denote the Er3+ ions total concentration inside the fiber’s core and Ni(t) the ions
population of the ith energy state at a given time t. NT has the same value at
every position of the fiber, therefore we can write [Giles and Desurvire, 1991]:
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NT(x, y) = N1(x, y, z, t) +N2(x, y, z, t) (1.45)

N1 being the population of the ground state 4I15/2 andN2 being the population of
the 4I13/2 state. As already explained, due to the fast non-radiative transition be-
tween the third and second energy levels, we neglect the population of the 4I11/2

state and consider it directly represented in N2. The efficiency of the pump can
be described by its capacity to excite ions and can be evaluated by the coefficient
of the population inversion η2 :

η2(z) =

∫∫
N2(x, y, z, t)

NT(x, y)
dxdy (1.46)

1.3.3 Influencing factors of EDFAs.

The Er3+ ions energetic gap between the metastable and ground levels allows
high levels of stimulated emissions to occur in the C-band range mainly and in
the L-band range as detailed in the previous sections. So EDFA can be used to
amplify signals but the gain of different signal wavelengths is different, due to
multiple factors of the EDFA itself which can heavily influence its performances:

The influence of the fiber length on the EDFA’s gain: The length change of
EDFA directly affects its amplifying ability. 2 cases are distinguished for this pa-
rameter: the single wavelength and multiple wavelengths. In the case of a single
wavelength, the optimized length is given by the maximal delivered gain value.
When the length of the EDFA is less than the optimal value, the gain is limited be-
cause of the limitation of the stimulated emission, consequently, while when the
length of EDFA is more than the optimal value, the gain starts to decrease after a
certain length because the pump does not have enough energy to create a suffi-
cient population inversion all along the amplifier, especially in the last portion of
the fiber. In this case, the unpumped region of the fiber absorbs the signal, thus
resulting in signal loss rather than gain in that section. For both fiber lengths, the
gain is less than the optimized value. For a multiple wavelengths transmission,
the optimization is controlled by the flatness of the delivered gain spectrum: al-
though the optimized fiber length might not deliver the maximal gain value for
the shortest wavelengths, delivering a equalized gain for all the wavelengths is
the main criteria, which leads to a compromise leading to secure a length were the
overall spectrum of the gain for all the wavelengths is as flat as possible. A shorter
fiber length will result in a spectrum were the short wavelengths present higher
gain than the later ones, whereas a fiber length longer than its optimized value il-
lustrate the re-absorption of the gain of the short wavelength. Figure 1.17(a) illus-
trates the influence of the fiber length on a single-mode EDFA: the blue spectrum
shows the flat gain of the EDFA in its optimized conditions and the optimized
length Lopt = 3.7 m. The red gain spectrum is delivered for L = 1.7 m and the
green gain spectrum is L = 5.7 m.

The influence of the Er3+ concentration on the EDFA’s gain: Er3+ dop-
ing concentration has a significant effect on the gain too. For a specific fiber,
if Er3+ doping concentration is too heavy, the pump efficiency is greatly re-
duced and consequently the signal gain due to ion-ion interactions. However,
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in a low doped concentration scheme, the excited state will be depleted and so
the optical signal amplification is limited to the smaller ion number available
and thus more fiber length is necessary. Figure 1.17(b) illustrates the influence
of the Er3+ concentration on a single-mode EDFA: the blue spectrum shows the
flat gain of the EDFA in its optimized conditions and the optimized doping con-
centration Copt = 10 × 1024 ions/m3. The red gain spectrum is delivered for
C = 5× 1024 ions/m3 and the green gain spectrum is C = 15× 1024 ions/m3. All
3 spectra are obtained for the optimized fiber length of Copt. We should mention
that we can obtain 3 very similar flat gain spectrum for the 3 different doping
concentrations of ions if the fiber length is changed: L = 2.5 m for the highest
concentration, L = 3.7 m and L = 7.2 m for the lowest concentration.

The influence of the signal wavelength on the EDFA’s gain: The Er3+ ions
cross sections spectra are presented in Figure 1.15 and are clearly wavelength
dependent. Therefore, the amplification of a signal with multiple wavelength
channels will depend on these cross sections and will not be flat over the whole
spectrum. Although the gain difference between different wavelengths for a sin-
gle amplification can be viewed as a slight difference, for a long distance trans-
mission deploying multiple EDFAs, these differences are amplified by each EDFA
and can destroy the integrity of the signal at the detection end of the transmission.
Gain flattering filters are then used after each EDFAs. These filters introduce
wavelength-dependent losses and the signal will then have a flat amplification
leaving the EDFA.

The influence of the signal power on the EDFA’s gain: The signal power
has a significant effect on the EDFA’s behavior: when the signal has a low power,
gain increases linearly with the signal power. When the signal power becomes
more important, the amplifier operates in what is called saturation regime and the
gain decreases if the signal power is increased. This phenomena is wavelength-
dependent. Figure 1.17(c) illustrates the influence of the signal power on a single-
mode EDFA: the blue, red and green spectrum show flat gains of the EDFA in
its optimized conditions. The lowest the initial signal power is, the higher gain
spectrum is obtained.

The influence of the pump power on the EDFA’s gain: Pump power is an
important factor that affects the gain of the EDFA. When the pump power is less
than the optimal value, the gain of each channel starts to decrease, which makes
the flatness of the gain spectrum worse. In fact, the pump power is not sufficient
to create an efficient population inversion to provide the necessary number of
excited ions. When the pump power is more than the optimal value, the EDFA
enters another saturation regime, which deteriorates the amplification efficiency
and the flatness of the gain is risked. Figure 1.17(d) illustrates the influence of the
pump power on a single-mode EDFA: the blue, red and green spectrum show flat
gains of the EDFA in its optimized conditions. The highest the pump power is,
the higher gain spectrum is obtained.
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FIGURE 1.17: Influence of the (a) fiber length, (b) Erbium dop-
ing concentration, (c) signal power and (d) pump power on the

performance of a single-mode EDFA.

1.3.4 Multiplexing

In telecommunications, multiplexing is a method by which multiple analog or
digital signals are simultaneously combined and transmitted using a single fiber.
Multiplexing divides the capacity of the communication channel into several logi-
cal channels, one for each message signal or data stream to be transferred. Several
types of multiplexing exist and are deployed in the telecommunication networks
all around the world. We will scout some of the types which can be useful to a
better understanding of the following of this manuscript.

Wavelength division multiplexing

Wavelength division multiplexing (WDM) is a technology that consists in the
combination of numerous optical signals at different wavelengths onto a single
optical fiber. A basic WDM setup is presented in Figure 1.18 (a). WDM enables bi-
directional communication (in case EDFA is not employed) as well as multiplica-
tion of signal capacity. WDM systems can combine signals with multiplexer (typ-
ically an arrayed waveguide grating) and split them apart with a demultiplexer,
and with the proper fiber cable, the two can be done simultaneously. WDM sys-
tems are popular with telecommunications companies because they allow them
to expand the capacity of the network without laying more fibers [Yamada et al.,
2001]. The wavelengths must be chosen separated enough so the signals do not
interact with each other, which would degrade the transmitted information. Note
that this technology was only possible due to the wide amplification bandwidth
of the EDFA, and was considered as a revolutionary progress in the mid 90s.

Polarization division multiplexing

Polarization division multiplexing (PDM) is a physical layer method of multi-
plexing signals, allowing two channels of information to be transmitted on the
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FIGURE 1.18: (a) WDM basic setup. (b) PDM basic setup com-
bined with a WDM setup.

same carrier wavelength of a given spatial mode by using light beams of two
orthogonal polarization states [Glance, 1987], or left and right circularly polar-
ized light beams through the same optical fiber [Bozinovic et al., 2013]. PDM can
be combined with the WDM technique, multiplying by a factor of 2 the latter’s
capacity. Multiple polarization signals can be combined to form new states of po-
larization, which is known as parallel polarization state generation. A basic PDM
setup is presented in Figure 1.18 (b).

Spatial division multiplexing

The multiplicity of modes propagating within FMFs or MMFs explains that, from
the point of view of information theory, the latter has potentially a greater ca-
pacity than regular SMFs used presently in the transmission networks. The ex-
ploitation of the spatial domain, which is regarded as the last unexplored physi-
cal dimension in optical communication, creates an additional degree of freedom
in the transmission of information. This technology is known as spatial divi-
sion multiplexing (SDM). It is widely used in the electronic and wireless domains
[Foschini, 2002], increasing the capacities considerably. In the optical domain,
multiple modes co-propagating over FMFs and parallel-signal transmission over
coupled or uncoupled multi-core fiber (MCF) are currently regarded as new-
emerging SDM technologies to be exploited in optical communication [Venghaus
and Grote, 2017]. A MCF is an optical fiber containing more than one fiber core,
the different cores acting as separate waveguides, if they are well separated from
each other, so that light can independently propagate through, providing a new
set of separated channels that can go along with other multiplexing methods. In
both MCFs or FMFs, the possibility exists to operate either in a uncoupled or
strongly coupled regime. For a FMF with one core, the modes are considered as
the new set of channels. Figure 1.19 shows the basic physical difference between
the fibers cited in this section and the ordinary SMF used in the telecommunica-
tion network.
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FIGURE 1.19: (a) SMF, guiding only the LP01 mode. (b) MCF,
guiding one LP01 mode per core. (c) FMF, guiding up to six LP

modes.

Multiple Input Multiple Output

While propagating in a single-mode transmission fiber, time shift exists between
different signal polarization states. Therefore, at the reception end of the trans-
mission line, it is necessary to correct the effect of polarization state change and
the impact of time delay undergone by the beam. Some digital treatments should
be added to compensate the effects of the polarization dispersion, but also the ef-
fect of group velocity dispersion: this is known as multiple input multiple output
digital signal processing (MIMO-DSP). A MIMO n × n is formed of n × n finite
impulse response (FIR) filters, with n depending on the number of channels to
differentiate.

There are 2 categories of optical MIMO implementation in MMF: dispersive
multiplexing and modal multiplexing [Stuart, 2000, Amphawan, 2011]. Both cate-
gories have great potential for increasing the channel capacity of a MMF link: the
first one relies on the excitation of a large number of modes in order to increase the
number of signal channels while modal multiplexing strives to confine a channel
to as few-modes as possible so as to minimize cross-talk (X-talk) between chan-
nels. We should mention that the modal multiplexing seems to have a greater
potential. Its limited number of modes presents higher precision in the design
of the mode multiplexer and lower crosstalk between the channels, which results
in a higher efficiency of its individual channels, compared to the to dispersive
multiplexing where the random fluctuations in power modal coupling with time
makes the prediction of each channels more challenging and difficult. We should
also mention that the modal multiplexing can be divided into 2 sub-categories
according to the coupling levels of the used FMFs: the weakly coupled and the
strongly coupled regime. For the strongly coupled fibers, the challenge is to min-
imize the differential mode group delay (DMGD) to keep a small group delay
spread (GDS) by adapting the fiber designs and apply compensating techniques,
so that all modes can be simultaneously MIMO processed at the reception with
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as low a complexity as possible [Molin et al., 2018]. It is also possible to impose
strong mode coupling to the fiber so that the GDS increases with the square root
of the propagation distance and not linearly as in the weakly-coupled regime.
In the weakly-coupled regime, the challenge is to design fibers with minimum
coupling between modes.

In the case of a PDM transmission using two different states of polarization,
for a given spatial mode, MIMO 2 × 2 is used. In a more general case, such as
a transmission with PMD, each element of the channel matrix is an impulse re-
sponse itself. The channel matrix estimated by the MIMO is similar to the trans-
mission matrix (TM), which is a subject of the Chapter 2 of this manuscript.

1.3.5 Limitations

Various physical parameters limit the maximum capacity achievable in optical
telecommunications, related to the propagation properties of the light wave in
the optical fiber, such as the nonlinear effects and the various dispersion types.

Polarization dispersion.

As mentioned in the Equations 1.33 and 1.34, and by the Table 1.2, transverse
modes have a degeneracy in polarization. Due to manufacturing imperfections
and strains, the fiber’s core might not be perfectly circular all the way from the
input to the output face. This miniature defects of the fiber core are randomly dis-
tributed. Add to that all the thermal and mechanical stresses imposed on the fiber
(bends, twists) the polarization degeneracy of the transverse mode is lifted, creat-
ing two different modes having orthogonal polarization states but the same trans-
verse spatial distribution. These new modes present distinct propagation con-
stants, which result in a different traveling speed for each of them. At the output
of a long distance transmission, these modes will experience what is known as po-
larization mode dispersion (PMD). The two polarization components of a signal
will slowly spread and split a unique input pulse. Therefore, the pulse spread-
ing effects have a mean polarization-dependent time-differential, also called the
differential group delay (DGD) proportional to the propagation distance L:

DGD = L · (∆β) (1.47)

where ∆β is related to the difference in group velocities along the two principal
states of polarization [Agrawal, 2002]. Because of the imperfections are random,
the type of the birefringence is random by nature along the fiber, both for its am-
plitude and its orientation. Thus, the DGD between the polarization states and
the polarization mixing both have random variations along the fiber. Therefore,
the PMD-induced pulse spread is a result of the interplay of these 2 contribu-
tions. It is characterized by the root mean square value of the DGD, obtained
after averaging over random birefringence changes:

σT ≈ Dp

√
L (1.48)

where σT is the variance σ2
T = 〈(DGD)2〉 and Dp is a PMD coefficient, with a

value of nearly 0.04ps/
√

km, for today’s best SMF fibers, which is a measure of the
strength and frequency of the imperfections. Figure 1.20 (b) shows the effects of
the PMD in a birefringent fiber: after traveling through the fiber length, the pulse
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is divided into two spatially identical pulses, having two orthogonal polarization
states with different propagation speeds [Frignac, 2003].

Modal dispersion.

Each transverse mode in a MMF has its own effective index with a specific wave-
length dependence. Thus, the information contained in a mode propagates with
a distinct speed with respect to the other modes: this is a kind of generalization
of what has been explained just before for the polarization dispersion. The group
index nG designates the index of the pulse envelope, function of the wavelength
and of the effective index neff defined by the Equation 1.49:

nG = neff − λ
∂neff

∂λ
(1.49)

If no precaution is used when injecting a light beam in a MMF, its power will
be distributed over the different supported modes. Each mode having its own
propagation speed, when the output is reached, a DMGD will occur, resulting in
temporal broadening of the signal, which is typically the situation used for short
distance transmission with MMF. The effect of modal dispersion depends on the
distance traveled by the signal: if it is short, these effects will have limited impact.
However, over long distances, modal dispersion strongly affects the maximum
rate, knowing that the duration of a symbol must be greater than the difference
in propagation time between the fastest mode and the slowest mode. The GDS is
defined as:

GDS =
L

c
∆nG,max = DMGD · L (1.50)

The spread being proportional to the length of the fiber L, the maximum data
transmission rate in the fiber is then inversely proportional to L in a case where a
single channel utilize all the modes.

In the case of a MDM transmission, the modal dispersion is viewed a bit dif-
ferently:

• In the case where we have X-talk between the different channels, the effect
of the modal dispersion is similar to the PMD.

• In the case where the channels are completely independent without any X-
talk between the modes, the modal dispersion has no impact on the trans-
mission.

Chromatic dispersion.

The wavelength dependence of the effective index causes a chromatic dispersion
to the propagated signals, characterized by the dispersion parameter D:

D =
−2πc

λ2
β2 (1.51)

with β2 given by:

β2 =
1

c

∂ncl

∂ω
(1.52)
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The dispersion parameter, in [ps · nm−1 · km−1] represents the difference in prop-
agation time observed after one kilometer of fiber between two spectral compo-
nents spaced by 1 nm. The dispersion regime is defined by normal or anomalous
according to that if D < 0 (β2 > 0) or D > 0 (β2 < 0) respectively. The finite spec-
tral width of the laser source generating the light signal causes the propagation
of the different spectral components at different speeds. Consequently, the signal
will be expanded temporally, which makes it impossible to recover the original
transmitted data if a pulse starts to overlap with its neighbors in the case of inco-
herent communications. We should mention that, in coherent communications,
we can actually compensate the chromatic dispersion numerically. This tempo-
ral expansion caused by the chromatic dispersion of a symbol determines the
maximum allowed bit rate. Inter-symbol interference occurs when the pulse ex-
pansion becomes temporally greater than the time of a symbol. The accumulated
chromatic dispersion increases proportionally to the fiber length. Figure 1.20 (a)
shows the chromatic dispersion of a signal pulses propagation through a fiber:
after a certain distance, the different wavelengths traveling at different speeds
stretch the pulse envelope, risking the integrity of the transmitted information.
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FIGURE 1.20: (a) Polarization mode dispersion of two signal
pulses with different polarization states. (b) Chromatic dispersion
for a multi-wavelength signal, shows the different traveling delay

at the output of the fiber.

Nonlinear effects.

The maximum capacity of the fibers can be limited by other factors than disper-
sion such as the nonlinear effects, especially the Kerr effect. Its physical origin is a
nonlinear polarization generated in the medium, which itself modifies the propa-
gation properties of the light. The Kerr effect is the effect of a nearly instantaneous
nonlinear response, which can be described as a modification the refractive index:
if the power is high enough, the refractive index can be modified from its initial
value n0 following the equation:



1.3. Optical fibers and telecommunications 27

n = n0 + n2|E|2 (1.53)

n0 is also known as the linear refractive index, n2 is thus the nonlinear refrac-
tive index which presents the modification to the refractive index n according to
the beam’s electric field E. n2 is expressed by:

n2 =
3χ(3)

8n0
(1.54)

with χ(3) representing the third orfer nonlinear electric susceptibility.
Due to the index variation caused by the Kerr effect, a phase shift in the pulse can
be created, leading to a frequency broadening that increases its sensitivity to the
chromatic dispersion: this is known as the self phase modulation (SPM). A simi-
lar effect can be observed between two different pulses, when the optical power
of the first pulse modifies the refractive index, the impact on the other channel is
known as the cross phase modulation (XPM). XPM effect is two times more ef-
ficient than the SPM effect, limiting heavily the maximum capacity of the WDM
transmissions [Agrawal, 2012].

Other nonlinear effects have smaller contributions on limiting the capacity of the
fibers using WDM:

• Four-wave mixing (FWM) is a nonlinear inter-modulation phenomenon,
whereby interactions between two or three wavelengths produce two or
one new wavelengths.

• The nonlinear response of a transparent optical medium to the optical in-
tensity of light propagating through the medium is very fast (Kerr effect),
but not always instantaneous. In particular, a non-instantaneous response is
caused by vibrations of the glass network that composes the core/cladding
materials. When these vibrations are associated with optical phonons, the
effect is called Raman scattering, whereas acoustical phonons are associated
with Brillouin scattering.

All these effects are a result of the material response due to the high signal
power. Using a limited signal power, these effects can have little to no impact.

Capacity crunch.

Today’s long-distance optical telecommunications systems are based on SMFs.
These systems have already taken advantage of all degrees of freedom offered
to light wave in a single-mode fiber, namely, frequency, polarization, amplitude,
and phase. Further multiplicative growth must explore new degrees of freedom
that do not exist in SMFs. Due to the fast growth of capacity requirement of
optical networks, it has been foreseen that future bandwidth demands will exceed
the maximum achievable capacity of SMF-based networks due to fiber nonlinear
effects [Mitra and Stark, 2001; Mecozzi and Essiambre, 2012]. The term "capacity
crunch" was first applied to communication networks at the start of the decade
[Agrawal, 2012], and signaled the recognition that the transmission capacity of
an optical fiber is not limitless. The capacity limit C in bits/s can be determined
by:
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C = B log2

(
1 +

e−(I/I0)2I

In + (1− e−(I/I0)2)I

)
(1.55)

B is the spectral bandwidth in Hz, I is the initial signal intensity, In is the noise
intensity and I0 the nonlinear intensity scale indicating the departure from the
linear behavior. Once the maximum capacity of individual fibers is reached, the
"install more cables" approach can be adopted but is probably not the best solu-
tion in terms of cost. Therefore, a new approach giving a more robust solution is
already under research. As mentioned in the previous section, the SDM provides
an additional degree of freedom thanks to the multiplicity of modes presented in
the FMFs/MMFs, or the number of cores of the MCFs.

(𝑎)

(𝑏)

(𝑐)

(𝑑)

FIGURE 1.21: Demonstration of capacity increase of the data
transmission from 1980 to the present. The capacities obtained us-
ing the SDM and MDM techniques are highlighted by the colors,
with a example of the used fiber: (a) air-core fiber, (b) graded-
index FMF, (c) 22-core single-mode MCF and (d) 6-modes 19-core

MCF.

Although we did not plan any telecommunication transmission during this the-
sis, it fits well to mention some of the highest achieved rates till this day as
our work is based on the FMFs for MDM transmissions. Figure 1.21 shows the
evolution of the maximum capacities of the optical transmission networks with
these different used technologies: MDM transmission based on the use of FMFs
is already under tests. (a) In 2018, a 12 OAM mode MIMO-free transmission
over a 1.2 km air-core fiber was demonstrated, with a total aggregate capacity of
10.56 Tbit/s [Ingerslev et al., 2018]. (b) In the same year, a graded-index few-
mode fiber was used to demonstrate a net transmission rate of 138 Tbit/s at
a spectral efficiency of 34.91 bit/s/Hz over 590 km [Weerdenburg et al., 2018].
The SDM technique using MCFs is also a subject of many study. (c) In 2015,
a 2.15 Pbit/s transmission over 31 km of a homogeneous 22-core single-mode
multi-core fiber was demonstrated [Puttnam et al., 2015]. In some cases, both
SDM and MDM techniques are combined in order to achieve higher capacity
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rates. In 2018, ultradense SDM transmission was used for a 11.3 km 6-mode 19-
core fiber using the C+L band, achieving a record fiber capacity of 10.16 Pbit/s
with an aggregate spectral efficiency of 1099.9 bit/s/Hz [Soma et al., 2018].

1.4 Conclusion: Thesis frame

This chapter was dedicated to recall the basic notions needed in order to better
evaluate the work presented in the next chapters of this manuscript. Starting from
the simple guiding mechanism inside a conventional or micro-structured optical
fiber (TIR, MTIR), to the different types of solutions of the propagation equations
descendant from the Maxwell equations. These solutions helped us to demon-
strate that light beams propagate inside any fiber verifying specific conditions,
creating the basis of vector modes. We then used this basis in order to form oth-
ers, yet more practical and usable modal basis. If the fiber fits the weak guiding
approximation, the LP basis can be used. We can also choose to operate using the
OAM basis, which presents its own characteristics according to the used fibers.
Once the mode basis was detailed, we described the relation between the opti-
cal fibers and the telecommunications field, detailing the fiber amplifiers and the
amplification systems, going through the different types of multiplexing (WMD,
PDM, SDM) and the different factors limiting the actual transmission networks,
from the different types of dispersion (chromatic, modal, polarization) to the mul-
tiple nonlinear effects (Kerr, SPM, XPM) inside the core of the fiber.
Due to this capacity limit, solutions must be searched for and theories are being
investigated in order to push further all the limits, such as SDM using MCFs or
FMFs. This technology faces two major challenges before it can be commercially
used in new transmission networks: the first resides in the detection of the modal
content and quantifying the inter-mode coupling (in the case of FMFs) or the
inter-core coupling (in the case of MCFs), while the second challenge represents
the ability to equally amplify the different spatial channels (FMF’s modes, MCF’s
different cores).
In the following chapters of this work, we will introduce a new modal content
detection method able to sort an output optical signal of a tested FMF and sep-
arate its different modes, while giving full information about the weight of each
mode and the coupling between them. In addition, we will explore a new type of
FM-EDFAs capable of equally amplifying a number of modes.
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Chapter 2

Modal detection methods

2.1 Introduction

SDM transmissions based on MCFs or mode division multiplexing (MDM) based
on FMFs have the potential for increased capacity and avoid the upcoming satu-
ration described in section 1.3.5. In the simplest approximation, a MCF with N
cores is thought of as N independent parallel channels, each being the equivalent
of a SMF link. The same approximation can be done for a FMF guiding N modes,
as the different modes can be utilized as independent channels. This approxi-
mation is insufficient, apart from very short links: the cores of a MCF generally
couple among each other leading to energy transfer between cores also known as
inter-core X-talk. Similarly, the different modes of a FMF couple among each oth-
ers. The level of X-talk will hence dictate the length of the fiber than can be used
for a given modulation format and the level of complexity of the DSP that has to
be applied at the fiber end. The X-talk is a function of the effective index differ-
ences between modes (here, the modes of 2 different cores) and also the overlap
integral between them. This is explained by the coupled-mode theory [Snyder,
1972]. This parameter is quite sensitive to strain, temperature, etc. which must
be expected to vary both as a function of distance and time. In order to achieve
efficient MDM transmission networks, a major concern should be taken into ac-
count: what is the interaction between these new channels ?
In this thesis, we focused on the MDM technology based on the use of FMFs
where the HOMs would be explored to act as separated transmission channels.
To be able to answer this question, we must have the knowledge of the modal
content of the fiber: how the X-talk between degenerated modes within a mode
family evolve in time, a mode family being a grouping of modes whose effective
indices are very close (the two polarization states of the modes LP

(e)
1,1 and LP

(o)
1,1,

for example). In addition to that, we must know how the X-talk between any two
mode families evolves in time. For that, we will describe in this chapter the dif-
ferent used methods to analysis and study the modal content of a FMF. We will
then introduce our approach to characterize the content of a FMF inspired by the
previous works, and describe it in great detail, from the experimental setup all
the way to the data analysis.

2.2 The transfer matrices

The propagation of waves in heterogeneous media, such as the optical fibers,
is a very fundamental problem of optical physics. A deeper approach for the
study of complex media lies in the TM retrieval. The TM gives access to the
single and the multiple-coupling components and the input field - output field
correlations. This feature can be used in order to access the mode content of the
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fiber and the X-talk between the different modes. In this section, we will describe
the mathematical origins of the TM. We will show that, regardless of the nature of
any transitive media, being a scattering medium or an optical fiber, as long as we
stay in a linear regime, it is possible to model the propagation of the light within
it in a very simple way. In other words, the medium is considered as a black box,
having a specific number of inputs and outputs linked by a defined channel fully
described by this matrix.

2.2.1 Singular value decomposition

Before jumping into the mathematical demonstration of the transfer matrices, we
will revisit a tool of linear algebra that will be used extensively during the dif-
ferent detailed works in order to offer a better understanding of this calculation
method. The Singular Value Decomposition (SVD) is a generalization of the ma-
trix diagonalization process. The diagonalization of a matrix L is only possible if
it can be expressed as L = JEJ−1. By definition, the matrix E is a diagonal matrix
and J is an invertible square matrix, therefore this process only makes sense for
square matrices. In contrast, the SVD can be applied to all matrices of any dimen-
sions, breaking up a matrix M of m× n dimensions into 3 matrices as following:

M = UHV† (2.1)

The symbol † represents the conjugate transpose operation in case of a complex
matrix. The matrix U is an orthogonal unit matrix representing the basis of the
output modes while V is an orthogonal unit matrix representing the basis of the
input modes. We should mention that in contrast with the ordinary diagonaliza-
tion, U and V are different matrices, which can have different dimensions m and
n. H is a diagonal matrix with positive real terms λi called singular values [MIT
OpenCourseWare, 2016]. A simple illustration of this process is shown in Figure
2.1.

0 0

0 0

0 0

0 0 0

M
𝑚 × 𝑛

U
𝑚 ×𝑚

H
𝑚 × 𝑛

𝑽†

𝑛 × 𝑛
=

Left singular
vectors

Right singular
vectors

Singular
values

Matrix

FIGURE 2.1: SVD process of a m× n matrix.
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The values of the terms λi represent the amplitude transmission of each of the
independent modes of the system. The normalized singular values are given by:

λ̄i =
λi√

1
N

∑
i λ

2
i

(2.2)

Where N is the number of the singular values. For that, SVD became a widely
used technique to decompose a matrix M and expose many of its useful and inter-
esting properties. It is commonly used in the analysis of physical systems, such
as waveguides and optical fibers. SVD allows the break down of the propagation
waves into independent transmission channels [Popoff, 2012]. Each channel is
characterized by its proper input and output modes and its proper transmission
energy fraction: the first channel has a transmitted amplitude of λ1

2. Its input
mode is the first singular vector of the matrix V , located on its first row, while
its output mode is the first singular vector of the matrix U, located on its first
column.
It is very important to note that the channels given by the SVD do not necessar-
ily correspond to physical modes, being the proper modes of the fiber. A first
reason is the orthogonality made by the SVD: as described above, the singular
vector matrices U and V are orthogonal , which is not necessarily the case for
an optical fiber: theoretically, the guided modes of a fiber are orthogonal (in the
weakly guided approximation), however, due to the different manufacture im-
perfections, bends, twists... this orthogonality is generally broken and we can
have some coupling between the different modes. During our studies, we used
this method on FMFs guiding no more than 30 modes. This approach has been
successfully used on MMFs guiding more than 400 modes [Carpenter, Eggleton,
and Schröder, 2016].

2.2.2 The scattering matrix

In order to better understand the TM of a system, we will start with a brief ex-
planation of the general scattering matrix (SM). The SM provides the complete
description of the link between the input flux coming at a given system and the
output flux scattering away from it. This connection is provided by determined
input-output channels. A better description can be provided using a model with
a phase-coherent disordered region connected to 2 lossless waveguides as illus-
trated in Figure 2.2 [Beenakker, 1997; Rotter and Gigan, 2017].
The SM is defined as the complex matrix that connects the input expansion coef-
ficients with the output coefficients [Rotter and Gigan, 2017]. As shown in Figure
2.2, a+ and b− are the amplitudes of the incoming waves to the disordered media,
whereas a− and b+ are the amplitude of the outgoing waves. Thus, the coefficient
vector describing the input amplitudes can be written as [Beenakker, 1997]:

cin = (a+
1 , a

+
2 , ... a

+
N , b

−
1 , b
−
2 , ... b

−
N ) (2.3)

and the output amplitudes can be written as:

cout = (a−1 , a
−
2 , ... a

−
N , b

+
1 , b

+
2 , ... b

+
N ) (2.4)

where the first N coefficients refer to the waves on the left side of the system and
the secondN coefficients represent the waves on the right side of the system. The
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𝑎+

𝑎−

𝑏+

𝑏−

FIGURE 2.2: Illustration of the modeled disordered region be-
tween the 2 lossless waveguides [Beenakker, 1997].

SM, S, can then be defined as the link factor between these 2 matrices [Beenakker,
1997; Rotter and Gigan, 2017]:

cout = Scin (2.5)

Thus S is a 2N × 2N complex matrix that can be expressed as:

S =

(
r t′

t r′

)
(2.6)

The 4 elements of S are N × N matrices: r are the reflection amplitudes of the
input modes from the left and r′ are the reflection amplitudes of the input modes
from the right, while t are the transmission amplitudes of the scattering from
left to right and t′ are the transmission amplitudes of the scattering from right
to left. Due to the flux conservation proprieties of the scattering theory [Rotter
and Gigan, 2017], the matrix S is a unitary matrix. As a consequence, S†S = 1
and the 4 Hermitian matrices tt†, t′t′†, 1− rr† and 1− r′r′† all have the same set of
eigenvalues T1, T2, ... TN , with values between 0 and 1 (in a flux normalized basis)
[Beenakker, 1997]. Using the polar decomposition [Mello, Pereyra, and Kumar,
1988; Martin and Landauer, 1992], based on the singular value decomposition of
S, the later can be written as:

S =

(
U 0
0 V

)(
−
√

1− T
√
T√

T
√

1− T

)(
U ′ 0
0 V ′

)
(2.7)

where U , V , U ′ and V ′ are 4 unitary matrices ofN×N and T = diag(T1, T2, ... TN )
is a diagonal matrix ofN×N dimensions containing the transmission eigenvalues
on its diagonal.
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2.2.3 The transmission matrix

In contrast with the SM connecting the input waves into any medium to the out-
put waves scattered away from this medium, the TM is the matrix linking all the
waves on one side (left or right) to their corresponding waves on the other side
(right or left), through defined channels. Thus, instead of the cin and cout given
by Equations 2.3 and Equation 2.4, we can define cleft and cright as

cleft = (a+
1 , a

+
1 , ... a

+
N , a

−
1 , a

−
1 , ... a

−
N ) (2.8)

cright = (b+1 , b
+
1 , ... b

+
N , b

−
1 , b
−
1 , ... b

−
N ) (2.9)

where the first N coefficients refer to the incoming waves and the second N coef-
ficients represent the outgoing waves. Similarly to the SM, the TM, M, can then
be defined as the link factor between these 2 matrices [Beenakker, 1997]:

cright = Mcleft (2.10)

Thus M is a 2N ×2N complex matrix. Using the same polar decomposition as for
the Equation 2.7, M can be expressed as:

M =

(
V 0
0 V ′†

)( √
1/T

√
1/T − 1√

1/T − 1
√

1/T

)(
U ′ 0
0 U †

)
(2.11)

We should note that the TM present a serious convenient when compared to the
SM: the TM of a number of medium separated by lossless spaces (or even not
separated) is the product of their individual TMs : M = M1M2...MN =

∏N
n=1 Mn.

This concept can be extended to the study of optical fibers. The TM thus links
the electric field at the entry side of fiber to the electric field at the exit side of
it. Such a matrix model is not new. Many approaches use matrices to describe
the propagation of waves or their transport properties as will be described in the
following sections.

2.3 Signal modal content detection methods.

The questions raised in the introduction of this chapter fueled the research for an
efficient method to access the modal content of FMFs, quantify the X-talk between
the different modes and give a time-evolving description to it. In the following
sections we will point out some of the methods already reported in the literature.

2.3.1 The C2 method

As mentioned before, several methods exist to characterize at least partially the
information on the modal content of a FMF. A simple example is to observe the
trace obtained by using a reflectometer, capable of showing the number of sup-
ported modes due to their DGD. The cross-correlation imaging, or more simply
the C2 imaging, is an optical low-coherence interferometry method, based on
the cross-correlations between the fiber output and an external reference beam
[Schimpf, Barankov, and Ramachandran, 2011]. C2 is a measure of similarity of
two signal beams as a function of the displacement of one relatively to the other.
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C2 analyzes the slowly varying envelope of the signal which contains the neces-
sary information in order to obtain the correct modal weights, profiles, relative
group-delays, and dispersion of all the modes without making any assumptions
about the optical properties nor the modal content of the FMF under test. Figure
2.3 shows a schematic of the experimental setup, which is inspired by a Mach-
Zehnder interferometer.
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FIGURE 2.3: Schematic of the C2 experimental setup.

The tested fiber is placed in the first arm of the interferometer, while a reference
fiber is placed in the other arm. In the reference arm, a well controlled translation
stage is used to apply optical path variations to the reference beam, controlling
both the fiber input and the coupling lens in order to ensure the stability of the
reference beam through the process. The optical path variations correspond to
different temporal delays between the beams of the 2 arms: these variations are
used to scan a span of temporal delays, registering an interference image formed
by the collimated beams of both arms at the camera for each scanning step. The
pixels of the camera form the spatial resolution of this method: the stack of images
enable the trace of the cross-correlation between the 2 arms for each pixel. The
match between the controlled temporal delay and the DGD of a HOM of the
tested fiber is visualized with a peak on the cross-correlation trace. The main
advantage of this method is to be able to compare the tested fiber with a fiber
with known dispersion. Also, interference between HOMs does not appear in
these measurements if a SMF is used at the reference arm, which can simplify the
analysis. The electric field registered by the camera is given by a superposition of
the reference field and the tested fiber output field. In the frequency domain, this
field can be written as:

Em(x, y, ω) =
N∑

m=1

αmem(x, y)Am(ω)eiφm + er(x, y)Ar(ω)eiφr (2.12)

where m is the HOM order for N existing HOMs, αm is the real modal weight, em

and er are the near-field images of the transverse modes for the tested fiber and
the reference fiber respectively, with Am and Ar as their amplitudes and φm and
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φr as their phases. Thus, at any given delay stage, the intensity image captured
by the camera will be :

I(x, y) =

∫ +∞

−∞
|Em(x, y, ω)|2dω

2π
(2.13)

Knowing that the cross-correlation phase varies slowly as a function of the de-
lay compared to the phase mismatch between the reference arm and the tested
fiber arm, the intensity I(x, y) can thus be expressed as [Schimpf, Barankov, and
Ramachandran, 2011]:

I(x, y) = I0(x, y) +

N∑
m=1

2αm

√
ir(x, y)im(x, y)cmr|τ − τmr| cos(Φ) (2.14)

where I0 is a background term, ir and im are the normalized intensity distribu-
tions of the reference and the HOM of order m. cmr is the cross-correlation func-
tion between the variable delay τ and the group delay difference τmr. Φ is a phase
term. The envelope trace of cmr contains the required information about the dis-
persive properties of the modes. For fiber modes with distinct dispersive behav-
ior, the peaks present in the envelope will be different for each mode. Figure
2.4 illustrates an expected envelope trace for a 2 modes fiber. This method offer
limited information about the modal content of a FMF. However, as we will be
discussing in the following sections, more advanced methods exist offering better
and more complete information about the guided modes and their characteristics.

FIGURE 2.4: C2 experimental trace for a 2 modes fiber: (a) Cross-
correlation trace for the entire image, (b) the envelope of the ex-
perimental data for the first peak corresponding to the LP01 with
a model fit of the mode and (c) the envelope of the experimental
data for the second peak corresponding to the LP02 with a model

fit of the mode [Schimpf, Barankov, and Ramachandran, 2011].
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2.3.2 The S2 method

The spatially and spectrally resolved imaging technique, known as S2 measure-
ment technique, is capable of quantifying the number and type of modes prop-
agating in a fiber. In fact, it is an interferometric method that studies the spatial
and spectral interference between the different propagating modes [Nicholson
et al., 2008]. Using this technique, one can access specific information about the
modal content of the studied fiber: the profiles of the mode fields, the optical
powers proportion of each mode and the beat spectrum from which we can de-
duce group delay differences between modes.
During S2 measurements, we inject light into a FMF (or any MMF) in a specific
way in order to excite several HOMs, either using a mode converter, or using a
light beam slightly shifted from the center of the fiber’s core. At the other end
of the fiber, we collect the light on a transverse surface, mainly a charge-coupled
device (CCD) camera, perpendicular to the face of the fiber: this is the spatial
resolution. We also have to use a tunable laser source to scan over a range of sev-
eral wavelengths: this is the spectral resolution. An example of the experimental
setup is presented in figure 2.5.

𝑇𝑢𝑛𝑎𝑏𝑙𝑒
𝐿𝑎𝑠𝑒𝑟

𝑂𝑓𝑓𝑠𝑒𝑡
𝑆𝑝𝑙𝑖𝑐𝑒

𝑇𝑒𝑠𝑡𝑒𝑑 𝐹𝑖𝑏𝑒𝑟

𝐿𝑒𝑛𝑠

𝑃𝐶

𝐶𝐴𝑀

FIGURE 2.5: Schematic of the S2 experimental setup.

The images taken contain all the spectral and spatial information, but we have to
take a picture for each wavelength (generally more than one picture per wave-
length in order to average them), and as a result we will have a large number of
images to analyze in order to access the desired information.

Conventional S2: If we consider that the majority of the beam power is
guided by the fundamental mode (with field E0), the HOMs field Em are related
to the fundamental mode field E0 by the constant αm [Nicholson et al., 2008]:

Em(x, y, z, ω) = αm · E0(x, y, z, ω) expiωτm (2.15)

where τm is the propagation time delay between the HOM number m and the
fundamental mode, given by τm = L∆ng/c with L the fiber length and ∆ng is
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the difference between the group indices. This expression is only valid for short
spectral range, where the modes normalized field profiles are independent of z
and ω and the group indices are also independent of ω for all modes. Due to
the fact that the HOMs power is relatively low compared to the fundamental
mode, the interference between the HOMs can be neglected and we only take into
account the interference between the dominant mode and each of these modes.
The total intensity can be described by

I(x, y, ω) = I0(x, y)

(
1 +

N∑
m=1

α2
m + 2

N∑
m=1

αm cos(ωτm)

)
(2.16)

I0 is the optical intensity of the dominant mode andN is the number of the guided
modes. We can notice that in this equation, only one constant term is present and
several oscillating terms. These oscillating terms express the beats between the
fundamental mode and the HOMs. Figure 2.6 shows the resulting spectrum of a
S2 measurement.

(𝑎) (𝑏)

FIGURE 2.6: (a) Optical spectrum measured at an arbitrary (x,y)
point and (b) the Fourier transform of the optical spectrum in (a)

showing multiple beat frequencies [Nicholson et al., 2008].

However, the classical S2 approach presents several limitations:

• We have seen that the S2 technique can deliver good results in the case
where the powers of the HOMs are relatively low compared to the power of
the fundamental mode, which allows us to neglect the interference between
the HOMs, and obtain a beat spectrum of N peaks if the number of these
modes is N . However, this approximation is not entirely valid since even
with low powers, the interference between the HOMs cannot be neglected
and additional peaks can be seen in the beat spectrum.

• Another limitation of this technique is the fact that if several beats have
very close frequencies, the peaks related to these beats concur and are al-
most confused in the beat spectrum. These 2 beats seem to have one peak
and it will be very difficult to separate them, especially if they are spatially
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correlated.

Advanced S2 analyses were developed in order to solve these problems. We will
describe briefly their theory without deep details because we will not use any of
these methods during the different stages of this work.

Advanced S2, Principal Component Analysis: Theoretically, each mode fam-
ily should have a consistent beating with itself, different from the other mode
families interactions. Therefore, the correlation between the data points can be
explored for additional information that could not be accessed to using the classi-
cal approach. The principal component analysis (PCA) decompose the measured
data in principal components of beat figures and their associated spectrum, based
on their correlation [Sévigny et al., 2014; Li and Wang, 2014]. This method can
separate mixed beats at the same group index differences, mixed using the clas-
sical S2 analysis, due to their lack of spatial correlation.

Advanced S2, Independent Component Analysis: Although the PCA can
isolate the uncorrelated beats, the measured data presents generally some corre-
lation between different beats, making them "immune" to the PCA step and thus
the beats will remain mixed after this step. These mixed signals can be sepa-
rated assuming their information exchange is minimal, thus making them kind
of independent. This is defined as the independent component analysis (ICA).
This method can be applied on the mixed beats post the PCA in order to separate
them into uncorrelated independent signals. [Sévigny et al., 2014].

2.3.3 Selective Mode Excitation

Precise modal excitation in optical fibers is of interest for improving the trans-
mission capacity of FMFs and MMFs. Using a phase mask containing regions of
either 0 or π phase delays that takes the shape of the far-field phase of the de-
sired modal pattern, selective mode excitation has been demonstrated [Carpen-
ter and Wilkinson, 2011; Ip et al., 2011]. In 2012, Carpenter proposed a method
based on highly selective binary phase masks calculated using techniques from
computational holography. The generated mode masks have near perfect the-
oretical quality under the constraints of the actual operating system [Carpenter
and Wilkinson, 2012]. That technique employed the use of a simulated annealing
based algorithm to create masks having the highest possible overlap with the far-
field of the mode for a fixed beam waist incident on the screen of the spatial light
modulator (SLM) for all the modes. Hence, there is no need of physical modifica-
tion of the setup in order to excite different modes, but a simple reprogramming
of the SLM can adapt the mask to the mode waist. Figure 2.7 illustrates the ex-
perimental setup used for this method.
A Mach–Zehnder modulator (MZM) is used to modulate the beam of the C-band
tunable laser controlled by a vector network analyzer (VNA). A variable optical
attenuator (VOA) is used to control the beam power at all time. The polariza-
tion controller aligns the polarization state of the beam with the polarizing beam
splitter (PBS) axis. The SLM modifies the beam before its injection in the tested
fiber in the Fourier plane. The emerging beam is received at a photodiode con-
nected to the VNA. The modal characteristics of the fiber were investigated over
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FIGURE 2.7: Illustration of the experimental setup used to charac-
terize a MMF by selective mode excitation [Carpenter and Wilkin-

son, 2012].

the C-band for 2 km of OM2 grade MMF having a core of 50 µm. In this pa-
per, the rotational dependence of modal performance, a study of the chromatic
dispersion and a study on the improvement of the modal dispersion were also
investigated but we will limit ourselves with the modal characterization study
for this manuscript.
In an ideal fiber, the guided modes can be organized into mode groups having
degenerate propagation constants as shown throughout Chapter 1. In reality, this
degeneracy is broken due to the fabrication imperfection of the fiber, specially
on the core-cladding interface, bends, twists and all the other sorts of stresses
on the fiber. However modes within a mode group still share almost identical
propagation constants, leading to strong mode coupling within the same family.
For the HOMs which have a larger proportion of their field propagating in the
cladding, this difference become higher and higher which leads to a larger spread
of group delays within a mode group. By individually launching each mode, it
is possible to measure the modal characteristics of the fiber. Figure 2.8 shows the
results of a measurement using this method.
We can see that for the low order modes, this method can detect them easily (one
peak per mode group) due to the difference between their propagation constants
resulting in a different time delay. The mode groups having closer propagation
constants are mixed in the same peak. This is the same problem faced for the clas-
sical S2 method 2.3.2. In addition to that, higher order mode groups have more
diffuse peaks with less consistent mode group propagation delay (wide spread
peaks).

2.3.4 The transmission matrix based methods

The characterization of the transmission proprieties of various mediums using
the TM has been the subject of many studies. In 2010, Popoff reported a method
to measure experimentally the monochromatic TM of a thick random scattering
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(𝑎)

(𝑏)

FIGURE 2.8: a) Normalized frequency response for all 25 modes
at 1548.5 nm. (b) The Fourier transform of those same frequency
responses representing the impulse response in the time-domain

[Carpenter and Wilkinson, 2012].

sample using a SLM to control the injected beam through the tested medium
[Popoff et al., 2010a]. Later that year, the same team performed an imaging exper-
iment through an opaque material using the same method [Popoff et al., 2010b].
These works won’t be detailed in this manuscript as they are not applied directly
on optical fibers, but they are considered as cornerstones for the use of the TM
in order to access the information on how light propagates through a disordered
media. Many researches were inspired by these works and interested in adapt-
ing such an experimental method to characterize optical fibers. In 2011, a simi-
lar method was proposed to better understand the light propagation through a
MMF [Cizmar and Dholakia, 2011]. In this work, a SLM was used to manipulate
the light shape before it enters the fiber so the output beam can have a specific
shape. We won’t be detailing this work in this manuscript since their was no clear
measurement of the TM, but only a beam shape manipulation combined with an
optimization algorithm to obtain certain shapes at the output end of the fiber.

In 2014, Carpenter was able to measure the TM of a fiber guiding 110 spatial
and polarization modes using 2 SLMs at both ends of the fiber [Carpenter, Eggle-
ton, and Schröder, 2014]. The experimental setup is illustrated in Figure 2.9.
An ASE source is filtered and polarized to approximate a high-bandwidth chan-
nel. A polarization controller is then used to ensure the polarization state of the
incoming beam is split evenly between two regions of the SLM, corresponding
to the horizontal and vertical polarization axes of the system. Each mode of the
fiber in each polarization is launched one at a time into the fiber under test. At
the receiving end, a symmetrical design permits to a second SLM to play the
role of a mode demultiplexer, except some of the power entering the system is
tapped off with a beam splitter (BS) so it can be directed towards a polarization
diverse imaging system. For each mode in each polarization, the receiver SLM
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FIGURE 2.9: The mode decomposition and mode generation
setup. The asterisk marks the place at which the beam is sampled
by the polarization diverse imaging system [Carpenter, Eggleton,

and Schröder, 2014].

displays phase masks for each mode basis and polarization one at a time to mea-
sure the amplitude of each mode. The phase of the modes within a polarization
is then found by adding together the phase masks for the different basis modes
with varying phase shifts and measuring the variation on a power meter. When
the phase mask is conjugated with the incoming beam, the power will be maxi-
mized. However in order to know how different launched modes will interfere,
it is necessary to define all the phases of the TM relative to the same phase refer-
ence. To achieve this, each mode at the transmitter is superposed with a reference
mode, being the fundamental mode due its polarization only degeneracy. The
corresponding phase masks for the mode of interest and the reference mode are
interfered on the SLM at the receiver to measure their relative phase.
The tested fiber was a 2 m length of OM4 grade 50 µm core MMF guiding up to
110 spatial and polarization modes. The results are presented in Figure 2.10(a)
that shows the amplitude of the TM, where the white lines delimit the differ-
ent degenerated groups, according to their propagation constants: the modes of
each mode group have close propagation constants, thus are very likely to couple
during the propagation. Meanwhile, the difference of the propagation constants
between these mode groups is large enough, so there is no important coupling
between them. This can be seen on the diagonal blocks of the amplitude of the
TM. Figure 2.10(b) shows the singular values given by the performed SVD on the
TM. The singular values refer, by definition to the relative loss of the different
channels [Carpenter, Eggleton, and Schröder, 2014]. We can see that the loss of
the first 90 modes have approximately the same values, but the losses of the last
20 modes drastically increase. This increase is largely due to the last degenerated
mode group being close to its cut-off at the used wavelength for this fiber.

In 2015, Ploschner reported a TM measurement for a commercial MMF guid-
ing up to 500 modes at the measurement wavelength of 1064 nm [Plöschner, Tyc,
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FIGURE 2.10: (a) Amplitude of the mode transfer matrix for all
110 modes. (b) Singular values of that mode transfer matrix repre-
senting mode dependent loss [Carpenter, Eggleton, and Schröder,

2014].

and Čižmár, 2015]. The experimental setup used for is measurement is presented
in Figure 2.12. A SLM is used to split the initial laser beam into 3 separate paths.
The first path is reflected by a mirror, then coupled into a SMF in order to be used
as a reference beam for the image detection. The 2 other beams have their polar-
ization states converted into orthogonal states and overlap using a series of HWP,
polarization beam displacers, before traveling through a 4F telescope in order to
have the spot at the fiber face matching the Fourier transform of the SLM plane.
In order to obtain circular polarization states, a QWP is used before the fiber. The
emerging beam travels through a second QWP to convert the polarization states
back to linear, then it is combined with the reference beam emerging from the
SMF using a BS. The 2 polarization states are then split using a PBS: one CCD
camera is used to record the interference image of each polarization separated
beam, thus having a simultaneous measurement for both polarization states.

In order to measure the TM, the SLM is used to scan the face of the tested fiber.
Figure 2.12(a) shows the scanning method used by Ploschner, following an or-
thogonal grid of focalized spots called focal points. This method was used to
characterize a 10 mm and a 100 mm long fiber, but due to the similarity of the
results we will be limiting ourselves to the results of the 10 mm MMF. Figure
2.12(b) shows one third of the measured TM calledM . Each row contains the am-
plitudes and the phases of all output focal points for each input focal points, pre-
sented on the column of this matrix. In order to better illustrate the measured TM,
Ploschner used the theoretical calculated scalar modes of this fiber, presented in
Figure 2.12(c), to create a conversion matrix T that will enable M to be expressed
in the basis of the theoretical calculated modes using M0 = TMT †, where M0 is
the TM expressed in the basis of its own modes and the T † presents the transpose
conjugate of T . T is illustrated in 2.12(d) and M0 is presented in 2.12(e). The
non diagonal behavior of M0 is largely due to the unavoidable misalignments
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FIGURE 2.11: Experimental setup of the TM measurement
method proposed by Ploschner [Plöschner, Tyc, and Čižmár,

2015].

FIGURE 2.12: (a) Illustration of the input and output focal points,
(b) experimentally measured TMM , (c) theoretical calculated fiber
scalar modes, (d) conversion matrix T , (e) converted matrix M0

before the optimization and (f) converted matrix Mf after the op-
timization. [Plöschner, Tyc, and Čižmár, 2015].

encountered in any experimental setup. Therefore an optimization algorithm is
used to surpass the contributions of such misalignments. Mf is the TM delivered
after the optimization process is completed, with a great diagonal behavior car-
rying over 93% of the total transmitted power [Plöschner, Tyc, and Čižmár, 2015].
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In 2016, the Carpenter team reported a TM measurement of a 420 modes fiber,
using basically the same experimental setup as in their 2014 work[Carpenter,
Eggleton, and Schröder, 2016]. The ASE source was replaced by a tunable CW
laser source, in order to extend the optical TM measurement into the time do-
main: a TM measurement was performed over a large bandwidth, spanning from
1525 nm to 1566.7 nm, separated closely enough to be Fourier transformed in or-
der to obtain TM as a function of time. The spatial characterization is insured by
the SLM, while a swept-wavelength interferometry (SWI) gives access to the spec-
tral/temporal dimension of the measure. The tested fiber was a 2 m of 62.5 µm
core graded-index MMF (Thorlabs GIF625). Such a fiber supports 306 spatial and
polarization modes organized into 17 degenerate mode groups at 1550 nm. The
results are presented in Figure 2.13.

(𝑎)

𝑏 𝑐 𝑑 𝑒

FIGURE 2.13: (a) Optical transfer function of a linear scattering
medium. It consists of the optical TM measured as a function of
wavelength, which can also be Fourier transformed into the time
domain, (b) amplitude of the 420× 420 optical transfer matrix, (c)
transfer matrix of (b) summarized in terms of a 20 × 20 matrix
of power coupling between the near-degenerate mode groups ,
(d) measured |UU∗|, (e) Wavelength-dependent singular values of
the singular value decomposition of U [Carpenter, Eggleton, and

Schröder, 2016].

One can see on Figure 2.13(b) that, similarly to their previous work, the mode
groups are effectively independent with little to no coupling between them, while
heavy coupling occurs inside a mode group delimited by the red lines. This can
be verified by the diagonal blocks of the amplitude of the TM. Figure 2.13(c)
shows a transfer matrix summarizing the 420× 420 TM by representing each de-
generate mode group as one element of the matrix: clearly, the coupling between
these elements is weak, but increases gradually with the HOMs. Due to the fact
that this basis also generates approximately unitary transfer matrices, they are
also straightforward and stable to invert. This is verified on Figure 2.13(d) by the
nearly perfect diagonal matrix resulting from the |UU∗|. The effect of the modal
cut-off can be seen in all the graphs as the power seems fading along the diagonal.
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The SVD resulting singular values are shown on Figure 2.13(e) with the spectral
dependence illustrated by the different colors. Similarly to the previous study,
the first 306 modes present close losses values, while the HOMs closer to their
cut-offs see significant losses increase.

In 2018, Florentin reported a fast measurement of the "focusing matrix" of a
1.6 m long MMF guiding up to 104 modes per polarization using a common path
reference. The measurement was performed at 1064 nm in less than 1 minute [Flo-
rentin et al., 2018]. Figure 2.14 shows the experimental setup used by Florentin
to measure the TM. A continuous laser source at 1064 nm is used to generate the
testing beam. The polarization of the beam is controlled using a PBS and a half
wave plate (HWP), whereas its size is magnified using a first telescope. In order
to shape the wavefront of the beam, a segmented deformable mirror is used.

FIGURE 2.14: Experimental setup of the TM characterization
based on the use of the common path reference [Florentin et al.,

2018].

This method applies a common path reference, which means that the reference
beam propagates through the fiber along side the signal beam. The reference
beam was generated using 5% of the segmented deformable mirrors (50 mirrors),
randomly distributed across the mirrors surface. The 50 reference mirrors dis-
played 4 different phase values so the phase can be retrieved using phase step-
ping interferometry. Thus, the reference output is formed by a combination of
fiber modes that were excited by the beam reflected off these 50 mirrors: any other
50 mirrors result in another reference output. The rest of the mirrors (900 mirrors)
are divided into a 34× 34 binary basis, displaying each a random phase distribu-
tion. The beam propagates through a 8F lens scheme so the image of the mirrors
in focused on the fiber input face. The emerging output beam is magnified and
has its polarization controlled by a second set of PBS and HWP and is registered
on the camera. The recorded images are used to express the TM of the system in a
900× 16384 dimension, where 900 is the number of input phases and 16384 is the
number of pixels of the used camera. The inset of Figure 2.14 shows an example
of distribution of the pixels on the segmented deformable mirrors for respectively
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the reference (green) and shaped input wavefront (red). As a consequence of the
common path reference, the reference field is random and unknown. Therefore
the measured TM contains a contribution of the speckle field of the reference, as
well as the real system TM as TM = TMreal × R. However, keeping the same
50 mirrors for the whole measurement as well as the same fiber configuration
result in a fixed reference speckle, which means the obtained TM has a physical
meaning. To better illustrate the quality of the measured system TM, Florentin
chose to show the focusing operator of the TM given by Ofoc = TM · TM †norm,
where TM †norm is the normalized conjugate transpose of the measured TM. This
operator is shown in Figure 2.15.

FIGURE 2.15: Focusing operator Ofoc of the measured system TM
with a zoom on the diagonal in lower inset [Florentin et al., 2018].

The normalized focusing efficiency on the MMF cross-section is shown in the
upper inset of Figure 2.15. Ofoc indicates the capability of the system to focus on
any pixel of the fiber output cross section. Given the fact that the focus spot is
larger than one pixel of the used camera, the spot cover more than one pixel at a
time. This is translated by the presence of the low intensity lines parallel to the
diagonal in Figure 2.15.

2.4 Implemented method

In this section, we will be describing our implemented method for modal content
detection. This method was the center of works for the first part of the thesis, and
aims to characterize the modal content of any fiber by defining its TM. Using a
SLM , we can control the input position of the beam on the input face of the fiber,
so we can cover a large panel of injection conditions. Combining the use of the
SLM with an off-axis holography setup, we are able to isolate the TM of the fiber
itself which gives us access to the needed information. By compensating all the
contributions of the experimental setup using an optimization algorithm, we will
be able to access the TM of the fiber itself and thus its modal content in a given
configuration. In this section, we will be describing in great details the different
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parts used to put together our experimental method. This method was heavily
inspired by the works mentioned in the previous section.

2.4.1 Off-axis holography

A hologram is a physical structure that diffracts light into an image that appears
to be three dimensional and which can be seen with the naked eye. Scientifically,
a hologram is a photographic recording of a light field, rather than an image
formed by a lens. Classical holography employs photographic plates as a record-
ing media, needing chemical processing in order to reconstruct the hologram.
However, digital holography uses a CCD camera for hologram recording and a
numerical method for hologram reconstruction, thus adding more flexibility and
speed to the holographic process while negating the need of the chemical pro-
cess. The progress of the electronic image acquisition devices and the calculation
machines have made digital holography an attractive tool to several domains,
from endoscopy [Coquoz et al., 1995] to biomedical micro-imaging [Boyer et al.,
1996]. In order to measure the TM, one must have access to the amplitude of the
emerging field at the output end of the fiber, which is provided naturally by the
use of the CCD cameras. In addition to that, the TM measurement requires the
phase information as well, which is not given directly by the camera. For that, we
chose to apply the off-axis holography method in order to acquire the complex
field of the emerging beam: the fact of having a slight angle between the signal
and the reference beam can enable a measurement of the phase and amplitude of
the interference images with a single recorded hologram.

𝑹𝒆𝒂𝒍
𝑰𝒎𝒂𝒈𝒆

𝒁𝒆𝒓𝒐
𝑶𝒓𝒅𝒆𝒓

𝑽𝒊𝒓𝒕𝒖𝒂𝒍
𝑰𝒎𝒂𝒈𝒆

FIGURE 2.16: Fourier transformation of a reconstructed holo-
graphic image highlighting the zero order of diffraction, the real

image and the virtual image.

This technique applies some reconstruction operation in the frequency domain. A
2D Fourier transformation is applied to the interference image. The reconstructed
holographic images contains a zero order of diffraction and two conjugated im-
ages: the virtual image and the real image, as shown in figure 2.16. The off-axis
holography provides a well needed separation between these three elements so
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they appear at different locations in the reconstructed images [Leith, Upatnieks,
and Haines, 1965]. The elimination of the undesired terms of the images results
in an enhancement of image quality: the zero order of diffraction and the vir-
tual image can be eliminated in the frequency domain of an off-axis hologram,
which will enhance the contrast of the reconstructed image and reduces the noise
produced by parasitic reflections. The resulting image contains all the needed
information in order to build the TM of the fiber.

2.4.2 Scanning method

Thanks to the off-axis holography method, we now have access, with one refer-
ence and with one step, to the complex field on each pixel of the camera. Each
one of these pixels will be considered as a localized output mode. The associated
localized input modes is a set of different injection conditions on the input face of
the tested fiber: at the input face of the fiber, any beam will couple into a fraction
of all the guided modes of the fiber according to the overlap between the elec-
tric fields of both of them. Changing the injection conditions at the entry of the
fiber will result in unique overlap fractions for each condition. In order to have
a complete behavior of the modal content of the fiber, we aim to cover as much
injection conditions as possible. It is then possible to proceed with the reconstruc-
tion of the TM column by column by measuring the complex field resulting from
each localized input mode sent, in our case, by the SLM. The most obvious so-
lution would be to use a canonical basis, which will be known as the pixel basis
[Plöschner, Tyc, and Čižmár, 2015]. This consists of turning on a single pixel or
a small matrix of neighbored pixels of the SLM, measuring the resulting field on
the camera. Using a 4F telescope, each pixel matrix would result in a focalized
gaussian beam at a specific position on the face of the fiber. This procedure is
then repeated for each small matrix until the gaussian beam positions cover the
whole area of the core of the fiber. We should mention that the selected pixels are
not just turned on, but applied together with a saw-tooth phase mask with a hor-
izontal periodicity, in our setup, so the first order of diffraction is the only order
that is injected in the fiber, eliminating the beam part that is not modified by the
SLM but reflected by its protective window. However, using the pixel basis poses
a major problem : the amplitude of the field modulated by the small number of
pixels for each localized input mode is relatively small. The measurement would
then be very sensitive to noise contributions.
For that, it is advisable to choose a basis which maximizes the number of turned
on pixels for each localized input mode, thus benefiting from the maximum power
on the input beam. For this approach, we used another scanning basis, called the
angle basis: the totality of the pixels will be used to diffract the input beam, which
is a plane wave. We use the SLM screen as a diffraction grating by displaying a
saw-tooth phase mask with desired horizontal and vertical periodicity, so we can
change the reflection angle of the beam. Combined with an optical telescope in
the 6F configuration, the angle change will enable us to localize the beam on a
defined spot: we scan the fiber face with this beam spot so we cover all the pos-
sible injection positions in the fiber. A comparison between these 2 methods is
illustrated in Figure 2.17. We should mention that we used both these techniques
during our experimental tests. The better results of the second technique led to
the decision of adapting this technique for the rest of the works, since it enables to
have larger power for each localized input mode, thus increasing the immunity
of the measurement from the noise contributions. We should note that for both
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Pixel 
basis

Angle 
basis

FIGURE 2.17: A simple comparison between the 2 scanning basis:
the pixel basis displays a one directional (horizontal) diffraction
grating on a number of neighbored pixels, while the angle basis
displays a combined horizontal and vertical diffraction grating on

all the pixels.

techniques, we kept the same experimental setup except for the telescope, which
changed from a 4F configuration for the pixel basis, in order to obtain the image
of the SLM on the face of the fiber, to a 6F configuration for the angle basis in
order to have the Fourier transformation of the SLM at the face of the fiber.

2.4.3 Experimental setup

The TM measurement requires the control of the incident beam at the input face
of the fiber and the measurement of the complex field at its output end. The ex-
perimental setup is similar to the one presented in figure 2.18.

We use a coherent laser source (Yenista Tunics T100S) at a wavelength of 1550nm.
A polarization-maintaining fiber optic coupler (not shown in the figure) divides
the laser into two different beams: the signal beam and the reference beam. (I)
The signal beam is collimated, passes through a PBS and (II) reaches the screen of
a two-dimensional SLM (Meadowlark P1920-1625-HDMI). The polarization axis
of the signal fiber, the PBS, and the SLM are all aligned. We use the SLM screen
as a diffraction grating so we scan the fiber face with our beam spot to cover all
the possible injection positions in our fiber using the method described in the
previous section 2.4.2. Each angle is considered as a localized input mode. (III)
Between the SLM and the fiber, we use a HWP to generate the desired polar-
ization state, either horizontal or vertical (quarter-wave plate QWP for circular
polarization states), then the beam is focalized using a micro-lens on the face of
the fiber. (IV) After its propagation, (V) the beam emerges from the tested fiber,
is collimated, passes through another HWP and a PBS. The HWP will convert
one polarization component of the emerging beam into a linear polarization, par-
allel to the axis of the PBS. Then, the signal beam reaches a non-polarizing BS.
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FIGURE 2.18: Experimental setup of the TM measurement
method.

On the other output of the fiber optic coupler, (VI) the reference beam travels
approximately an equal optical path as the signal beam through a polarization
maintaining fiber, while passing through a HWP and a PBS which are aligned in
the same direction as the HWP and PBS of the emerging signal beam. (VII) A
mirror is used to guide the reference beam into the BS, (VIII) where it joins the
signal beam. (IX) The two beams reach the end of their paths at the screen of
an infrared camera (Hamamatsu C-10633), with an angle slightly higher than 0
degree, enabling off-axis holographic recording. On the camera, an interference
image appears as a result of the interference between signal and reference beams.
An interference image is registered for each localized input mode, and for each
combination of input and output polarization. The images form four stacks, one
stack for each polarization combination. Four acquisitions are needed with dif-
ferent angles between the axis of the HWP and polarization axis of the SLM: the
first acquisition for the input and output HWP at 0 degree, a second acquisition
with 0 degree for the input HWP and 45 degrees for the output HWP, the third
acquisition with 45 degrees at the input and 0 at the output, and the last one with
both HWPs at 45 degrees. In this example, we chose to operate with a resolution
of 25× 25 localized input modes, and therefore each stack contains 625 images.

Phase monitoring We chose to implement a phase monitor for the phase
variation that can occur during a measurement: we selected one localized input
mode, having a relevant output amplitude, preferably the localized mode respon-
sible for the maximum intensity at the camera. This localized input mode is dis-
played on the SLM screen between each 2 localized input modes, and its resulted
interference images are also registered, playing the role of the phase reference.
Thus, an additional set of 625 images for the phase reference is obtained. These
stacks will be the data from which we will extract the TM of the fiber itself as de-
scribed in the next section. In addition, the use of the angle basis induce a phase
variation for each pixel on the SLM. This variation is also calculated by tracing the



2.4. Implemented method 53

phase variation of the central pixel of the SLM, which is aligned with the center
of the input gaussian beam on the SLM screen. These 2 contributions are com-
pensated from the the TM to surpass the phase fluctuations of the surrounding of
the setup itself, since the later is not isolated.

Localized input basis choice For any given fiber, the size and the set of po-
sitions of the localized input modes must be adapted to the core of the fiber: it is
critical to have a localized input basis that covers the entire core of the fiber. This
fact is ensured by the choice of the 3 lenses of the 6F telescope and the range of
angles used for the angle basis. For a better understanding of this choice, Figure
2.19 illustrates 4 of the possible cases of the localized input basis choices.

(𝑎) (𝑐)

(𝑑)(𝑏)

FIGURE 2.19: 4 different cases of the possible localized input basis
choices.

Figure 2.19(a) shows the best choice for such a measurement: the localized spots
are as small as possible, covering the maximal area of the core without having
an overlap between them, ensuring a orthogonal basis. This basis can cover the
maximal number of injection conditions offering a high resolution measurement.
The quality of this choice can be better understood when compared to the other
basis. Figure 2.19(b) shows a small spot basis which does not cover the entirety of
the area of the core: the omitted areas due to the bad positioning of the localized
input modes refers to possible injection condition that can have unique excitation
properties for the guided fiber modes as described in Section 2.4.2, thus a part of
the coupling information can be lost using such basis. Figure 2.19(c) shows a bet-
ter positioned basis but with relatively larger spots. Although the positioning and
the orthogonality of the basis can be seen, the use of smaller spots leaves some
areas uncovered. In addition, the number of localized input modes inside the
core area is small which can have a low resolution measurement. Figure 2.19(d)
shows an input basis with good positioned modes covering the whole core area.
However, it can be seen that the orthogonality of the basis is lost and the different
modes overlap: this can be seen experimentally as added losses to the guided
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modes of the fiber, since the overlap between the guided modes and each local-
ized input mode have a small value.

We should mention that the choice of the localized input basis is also a crucial
point to be considered when changing the tested fiber, in case that the new fiber
to be tested have a different core structure or a different core diameter. In our
case, the chosen localized input basis was a 25 × 25 basis, close to the example
illustrated in Figure 2.19(c). This choice offered a well balanced compromise be-
tween the number of localized modes and their size and position on the face of
the fiber.

2.4.4 Data treatment

Following the experimental procedure described in section 2.4.3, we will obtain
4 stacks of images, 1 for each polarization combination. The data analysis step
can thus begin: each stack is analyzed on its own in the first step as described in
Figure 2.20.

(𝑎) (𝑏) (𝑐)

(𝑑) (𝑒)

FIGURE 2.20: (a) Stack of interference images for 1 polarization
combination. (b) Fourier transformation of the stack. (c) Inverse
Fourier transformation of the filtered stack. (d) Down sampling
of the images. (e) The transmission matrix of the stack. Only the

amplitude of the complex-valued matrices is shown.

First, a two-dimensional Fourier transformation is applied on each image of the
stack as shown in Figure 2.20(a). The result is a stack of images with 3 peaks
in the Fourier domain. We then apply a filter on the images to isolate the real
image of the first-order and translate it to zero spatial frequency (the center of
the image), described by Figure 2.20(b). This step will enhance the contrast of
the reconstructed image and reduces the noise produced by parasitic reflections.
Figure 2.20(c) shows the stack of images after an inverse Fourier transformation
is applied, thus obtaining a stack of images of the electric field. We then down
sample and resize the images to reduce the calculation time, while retaining of
the information on the output electric field, from 320× 256 (the resolution of our
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camera), to 25× 25, matching the number of elements in an image to the number
of images in the stack as shown in Figure 2.20(d). This stack of images is reshaped
into a two-dimensional complex matrix P that will contain all the localized input
modes in its rows, and all the localized output modes in its columns as shown in
Figure 2.20(e). Given the fact that the experimental setup is not isolated, phase
fluctuations can occur. For that we have chosen to trace the phase variations of
the setup during the measurement as mention in Paragraph 2.4.3. These contri-
butions are compensated from the matrix P using the following equation:

Q = P · e(−i(φmonitor+φpixel)) (2.17)

Where φmonitor is the calculated phase contribution using the monitor localized
input mode and φpixel is the phase contribution traced for the central pixel of the
SLM. The matrix Q is one quadrant of the system TM (one polarization combina-
tion out of four possible) containing contribution from the fiber itself as well as
all the other optical components between the SLM and the camera, with all their
misalignments. This matrix is expressed in the basis of the localized modes and
has a 625× 625 elements.

The 4 quadrants (matrix Q) of the system TM are combined to form the total
system TM, Tkl, that links all the input and output localized modes and their
polarization states. The indices k and l refers to the input and output elements
of the matrix respectively. Figure 2.21 shows an example of the total system TM,
Tkl, having 1250× 1250 elements.

FIGURE 2.21: The total system TM Tkl. Only the norm of the
complex-valued matrix is displayed.

As a first step in the data treatment which will factor the system TM Tkl into fiber
TM Hkl and misalignment operators, we perform a SVD on the system TM Tkl, as
described in Section 2.2.1:

Tkl = USV† (2.18)
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The first matrix U contains the left-singular vectors of the input basis, S is a di-
agonal matrix formed by the singular values and V contains the right-singular
vectors. The matrix S will give us indications about the number of guided modes:
a significant singular value marks the presence of a guided mode. In our current
example, we have 10 significant singular values (cf Figure 2.22), hence 10 guided
modes. The first 10 singular vectors contained in U and V are used to define the
modal content of the fiber. An example of the singular vectors of U and V are
displayed in Figure 2.23

FIGURE 2.22: The singular values found in the singular value
decomposition of the system TM Tkl in a logarithmic scale.

(𝑎)

(𝑏)

FIGURE 2.23: Comparison of (a) a left-singular vector and (b) a
right-singular vector extracted from the singular-value decompo-

sition of the system TM Tkl.
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At this point, the singular vectors given by the U and V do not represent the
proper modes of the fiber, but will be used to retrieve the modes: the SVD gives
access to a orthogonal singular vector basis of independent guided channels in
the fiber having the lowest possible losses. It is possible to find linear combina-
tions of these singular vectors having high overlap with the calculated fields of
the guided modes of the fiber. This is done by compensating the misalignments
and the contribution of all the optical components between the SLM and the cam-
era during the optimization process: an iterative optimization algorithm makes
a guess for the misalignment parameters at the input and the output of the fiber,
represented by the indices in and out respectively, as presented in Table 2.1.

TABLE 2.1: Misalignment parameters to be evaluated in the opti-
mization process.

Symbol Misalignment

dx Horizontal transversal shift

dy Vertical transversal shift

dθx Horizontal angle shift

dθy Vertical angle shift

φ(2) Second order phase shift

dM Scale factor

From the basis of calculated mode fields Ψk(x, y) given by Table 1.1 the algo-
rithm generates a basis of modified calculated input and output mode fields
Ψ

(in)
k (x, y) and Ψ

(out)
l (x, y) by applying the "misalignment operators" M (in)(x, y)

and M (out)(x, y):

Ψ
(in)
k (x, y) = M (in)(x, y)Ψk(x, y) (2.19)

Ψ
(out)
l (x, y) = M (out)(x, y)Ψl(x, y) (2.20)

where

M (in)(x, y) = exp
(
jφ

(2)
in (x2 + y2)

)
×F−1exp (j2πfxdxin + j2πfydyin)F

×exp

(
j2π

λ
xsin(dθx,in) +

j2π

λ
ysin(dθy,in)

)
(2.21)

and

M (out)(x, y) = exp
(
jφ

(2)
out(x

2 + y2)
)

×F−1exp (j2πfxdxout + j2πfydyout)F

×exp

(
j2π

λ
xsin(dθx,out) +

j2π

λ
ysin(dθy,out)

)
(2.22)

where F and F−1 denote forward and inverse Fourier transform and fx and fy
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the spatial frequencies. The parameters dMin and dMout are left out of the mis-
alignment operators, but in the algorithm they are basically used as scaling pa-
rameters, amounting to (x, y)→ (dMinx, dMiny) and (x, y)→ (dMoutx, dMouty).

In order to express the transmission matrix using the guided mode basis, the
algorithm calculates the projection coefficients between the modified calculated
basis and the singular vectors:

C
(in)
km = 〈Ψ(in)

k (x, y)|Um(x, y)〉 (2.23)

C
(out)
lm = 〈Ψ(out)

l (x, y)|Vm(x, y)〉 (2.24)

and calculates the penalty functions

Pin = 1− 1

N

∑
km

|C(in)
km |

2 (2.25)

Pout = 1− 1

N

∑
lm

|C(out)
lm |2 (2.26)

with N = 10 the number of modes guided by the fiber. Pin (Pout) takes val-
ues in the interval [0; 1], is equal to zero for perfect likeness between the calcu-
lated input (output) mode space and the mode space of the retained left-singular
(right-singular) vectors, and equal to one for no likeness. The optimizations of
input and output parameters are done separately. A summarized flowchart of
the optimization process is shown in Figure 2.24: the index i refers to the order
of the input parameter under test. When i = 1, the first parameter Param

(in)
i=1 is

optimized using the initial parameter values given at the start of the algorithm.
However, Param

(in)
i=2 is optimized using the initial values for all the parameters

except Param
(in)
i=1, which will have its previously optimized value. This index i

is regularly changed until optimizing the totality of the input parameters, eval-
uating the penalty function Pin along the way. Once i = imax, the first iteration
is completed. The algorithm then forces a second iteration, so Param

(in)
i=1 will be

optimized using the optimized values of the previous iteration as initial values.
After the second iteration, the algorithm compares the penalty functions of both
iterations: if the penalty function value of the first iteration is larger than the sec-
ond one (which is generally the case since the first iteration started from a perfect
alignment condition with 0 as a value for all the parameters), the algorithm starts
a new iteration based on the values of the second iteration as an initial starting
point. This process is repeated until the penalty function of 2 consecutive itera-
tions are relatively the same, having their minimized value and giving access to
a modified mode basis Ψin

k having the best possible matching with the calculated
fiber modes Ψk. The same exact procedure is used for the output modes sepa-
rately.

Once the algorithm converges to the smallest value of Pin and Pout, the optimizing
parameters are at their optimized values as a group. At this point, the algorithm
re-calculates C

(in)
km and C

(out)
lm for a last time: these matrices are the operators re-

sponsible for the basis change from the localized input and output basis in which
the system TM Tkl is expressed, to the fiber mode basis in which the isolated fiber
TM Hkl is expressed. This TM is constructed as
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𝑶𝒑𝒕𝒊𝒎𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝑰𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏

FIGURE 2.24: Summarized flowchart of the optimization process.

Hkl = C
(in)
km · (C

(out)
lm )†, (2.27)

The resulting matrix is similar to the matrix presented in Figure 2.25. A visual
gauge of the quality of the solution found by the algorithm can be obtained by
comparing a left-singular (right-singular) vector to the closest semblance of it that
can be constructed by a linear combination of the Ψ(in)(x, y) (Ψ(out)(x, y)) onto
which the algorithm has converged. Such a comparison is given in Figure 2.26.

FIGURE 2.25: An example of the fiber TM Hkl in the LP mode
basis.
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(𝑎) (𝑏)

FIGURE 2.26: Comparison of (a) a left-singular vector and (b) a
right-singular vector shown in figure 2.22 with a linear combina-
tion of the modified calculated basis modes found by the iterative

optimization algorithm. Only the norm of the fields is shown.

The fiber TM Hkl is expressed in the basis of its own modes. We should mention
the doubly graduated color map of Figure 2.25, where the color codes represent
the phase and the saturation codes represent the norm-squared amplitude of the
complex-valued fiber TM Hkl. With the current setup, the measurement of the
entire TM takes around 25 minutes when a basis of 25 × 25 localized modes is
used. The optimization code can deliver trustworthy results after 3 to 4 itera-
tions, which takes around 10 minutes of calculation time, depending on the initial
values of the optimization parameters.
To highlight the important role of the optimization process, Figure 2.27 illustrates
the same transmission matrix as Figure 2.25 without the compensation of the mis-
alignment contributions. We should mention that for this example, the highest
transversal shift was less than 1.5 µm for both in and out beams, the highest an-
gle shift was less than 0.18 rad. The scale factor was about 0.9 for the output beam
and 0.8 for the input beam, while the second order phase correction applied for
the output beam was about 20 rad/µm2 and close to 0 for the input beam. These
compensation are quite small but impact the result of the detection method heav-
ily, thus the fundamental job of the optimization process can be validated.

We should mention that this result can be achieved using a multitude of ways
other than ours. For example, the SVD operation is not mandatory: one can
achieve the same expression of the fiber TM Hkl without the use of the SVD. For
example, one can use the localized input and output modes in order to find the
best matching combination of them with the calculated modes of the fiber. In fact,
we chose to apply the SVD on the system TM Tkl in order to access some interest-
ing information, as the number of guided modes and the shapes of the principle
singular vectors of this matrix. It is also an excellent way to avoid the insignif-
icant vectors, which present insignificant singular values. These noise vectors
are filtered and discarded from our optimization process thanks to the SVD. An
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FIGURE 2.27: An example of the fiber TM Hkl in the LP mode
basis without the optimization process.

additional feature that should be mentioned is the choice of the optimized vari-
able: in the example given in this chapter, the aim of the optimization process is
to find the combination of the modified calculated modes Ψin

k and Ψout
l that best

matches each singular vector of the matrices U and V , as shown in Figure 2.26. It
is possible to reverse this calculation, so the optimization algorithm aims to find
the combination of the significant singular vector from the matrices U and V that
best matches the modified calculated modes Ψin

k and Ψout
l , as will be shown in

Section 3.2 of the next chapter.

2.5 Conclusion

In this chapter, we reviewed the different methods to characterize the modal con-
tent of MMFs, from the C2 to the standard and advanced versions of S2, all the
way to the TM based methods. We further continued to describe in details our
implemented method, based on the measurement of the TM of the fiber. We de-
tailed the various building stones of this method, from the acquisition method
of a complex optical field, to the off-axis holography. We showed the adapted
scanning basis that we used to enhance the performance of the SLM in this type
of application. The experimental setup was detailed, followed by the data treat-
ment including the optimization process that we used to extract the fiber’s TM
out of the acquired stack of images. The next chapter will be dedicated to show-
case the different results delivered by this method on transmission line FMFs and
even specialty fibers.
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Chapter 3

Modal detection results

3.1 Introduction

In Chapter 2, we described in detail our implemented method to characterize
the modal content of FMFs based on the measurement of the TM. This method
has been applied to test several fiber types. This thesis was a part of the project
FUI MODAL, in collaboration with Draka/Prysmian group, CAILabs and Nokia.
Draka/Prysmian group developed a passive step index fiber design that was con-
sidered as the transmission fiber of a possible MDM transmission. Our imple-
mented method was used to detect the guided modes of this fiber design and the
results will be discussed in the following sections. In addition to that, we used
this method to test another type of fiber, mainly a specialty ring core fiber made
by our team at the FiberTech Lille platform. This method was also used to test
the fundamental properties of the TM itself and applied in order to characterize
the time evolution of the TM over a 2 days span.

3.2 Step index fibers

As part of the project FUI MODAL, Draka/Prysmian group developed a passive
step index fiber design that was considered as the transmission fiber of a possible
MDM link. Several fabrications of this fiber was issued, each one having a specific
design targeting a specific propriety of the fiber. From these iterations, we have
mainly used 2 for our experimental studies: the FMF L111 having a RIP close to
an ideal step, presenting a ∆nmin

eff of 0.9× 10−3 and guiding up to 7 mode groups
at 1550 nm (24 modes in total degenerated in space and polarization) and the
FMF L113 with an inner depressed trapezoidal-index structure with a ∆nmin

eff of
1.6×10−3 and guiding up to 6 mode groups at the same wavelength (20 modes in
total degenerated in space and polarization) [Bigot-Astruc et al., 2019]. Figure 3.1
shows comparison between the theoretical and experimental RIP of these fibers.
The main difference between these 2 fibers resides in their mode dependent losses,
which will be later discussed in following Section 4.6.3. The depressed index
zones at the center of the core of the L113 is designed to reduce the neff of the
LP02, thus increasing its different with the neff of the LP21. The intensity distri-
bution as well as the relative phase of each mode are shown in Figure 3.2 for both
LP and OAM modes. These modes were calculated using a vector mode solver
developed by our team based on the experimental RIP on the fibers and will be
used for the optimization process of our method in order to rebuild the modes of
the fiber using its isolated TM.
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FIGURE 3.1: Experimental and theoretical index profiles of the
fiber designs: (a) FMF L111 with a step-index structure and (b)
FMF L113 with a trapezoidal-index structure [Bigot-Astruc et al.,

2019].

LP basis

OAM basis

(𝑎)

(𝑏)

FIGURE 3.2: The intensity distribution as well as the relative
phases of the guided modes of the FMF L111 and L113 in the (a)

LP and (b) OAM basis.

3.2.1 FMF L111

The first studied fiber using our experimental method to detect its modal content
was the FMF L111. A 1 m-long fiber was characterized at 1550 nm using the same
angle basis scanning method and the 6F telescope for the experimental setup
described in Section 2.4.3. The choice of the short fiber length for this study was
due to the available materials used: in order to characterize a longer fiber, we
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need to have a SLM with faster response time, a perfectly stable coherent laser
source and the experimental setup should be isolated in order to limit all the
noise contributions that can alter our interferometric method performance. The
TM of this fiber was measured in the LP basis using HWP at both ends of the fiber
for a first measurement, then we replace the HWP with QWP in order to obtain
circular polarization at both ends of the fiber in order to measure the TM in the
OAM basis. Figure 3.3 shows the FMF L111 isolated TM H

(L111)
kl using both basis.

(𝑎) (𝑏)

FIGURE 3.3: The isolated TM H
(L111)
kl for the FMF L111 in the (a)

LP basis and the (b) OAM basis measured using our implemented
method.

We should mention the doubly graduated color map of Figure 3.3, where the
color codes represent the phase and the saturation codes represent the norm-
squared amplitude of the complex-valued fiber TM. In the case of our study, a
mode group contains the degeneracy states of a given spatial mode, therefore, the
fundamental mode degenerate into 2 polarization modes formed the first mode
group, while the second mode group was formed by 4 polarization and spatial
degenerate states of the LP11 mode. These mode groups are delimited on our TM
by the white doted lines. For the OAM basis, the second order modes were not a
part of our study so, even though they are well presented on the TM, we won’t
be mentioning them. For the TM in the LP basis, we can clearly see the low to
non-existing coupling between the different mode groups: 79% of the total am-
plitude of the TM elements is presented on the diagonal blocks while 21% of this
amplitude is spread on the remaining elements. Meanwhile, inside each mode
group, we can see high coupling levels: 28% of the TM amplitude is presented on
the diagonal itself, which means that the majority of this amplitude belong to the
elements of the diagonal blocks indicating the coupling between the members of
the same mode group. The LP modes are the results of vector mode combina-
tions, given by Table 1.1, having close but different effective index or propagation
constants. This fact enhances the coupling within a same mode group as we can
see in our TM. On the other hand, the TM of the FMF L111 in the OAM mode ba-
sis presents similar or even lower coupling levels for the non-diagonal elements.
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Our OAM mode groups, have the similar composition as the LP basis, present
low X-Talk between them for our measured TM, with 83% of the total ampli-
tude of the TM elements presented on the diagonal blocks. However, within each
mode group, we can see the that the majority of the input power of each member
is focused mainly on one member of the same mode group. The coupling within a
mode group is significantly decreased using this mode basis, which can be better
understood by observing the increasing amplitude localized on the diagonal of
the TM itself to 48%. This is largely due to the nature of the OAM modes, being a
complex combination of the same vector mode as given by Table 1.3, thus having
the same propagation constant for both its elements. The different degenerate
spatial and polarization OAM modes are less likely to couple within the same
mode group, as has been suggested by other teams [Ramachandran, Kristensen,
and Yan, 2009, Ramachandran and Kristensen, 2013]. Nevertheless, some cou-
pling still occur due to the different bends, twists and mechanical stresses which
could have been applied on the fiber while measuring the TM.

(𝑎) (𝑏)

FIGURE 3.4: The singular values of the H
(L111)
kl of (a) the LP and

(b) the OAM mode basis.

Another way to visualize the number of guided modes of a fiber is by evaluat-
ing the singular values delivered by applying the SVD on the isolated fiber TM:
H

(L111)
kl is fragmented into 3 matrices as following:

H
(L111)
kl = USV† (3.1)

where S is the singular value diagonal matrix, U is the matrix containing the
output singular vectors and V is the input singular vector matrix. As mentioned
in the Section 2.2.1, U and V are 2 orthogonal matrices. The fact that our fiber TM
H

(L111)
kl , expressed in both basis as shown in Figure 3.3, is not perfectly diagonal

but has diagonal blocks indicates that the the modes experience some couplings.
Therefore, the singular vectors of U and V do not represent the proper modes
of the fiber itself, but a basis of orthogonal independent guided channels, which
offers the highest possible overlap with the proper modes of the fiber. These
singular vectors are sorted following the increasing order of their losses, given
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by the singular value matrix S as shown in Figure 3.4. For both the LP and the
OAM mode basis, we can clearly see the steady low increase in these channels
losses until the 24th mode, at which the loss increases drastically: the 25th mode
is beyond its cut-off frequency, thus the losses increase sharply and the mode is
not guided.

LP01         LP11_odd   LP11_even  LP21_odd    LP21_even      LP02

LP31_odd   LP31_even  LP12_odd   LP12_even   LP41_odd   LP41_even

Calculated 
modes 

Detected
modes

Calculated 
modes 

Detected
modes

FIGURE 3.5: Comparison between the theoretical modes Ψl and
the experimentally detected modal content at the output end of

the FMF L111 Ψ
(out)
l in the Fourier domain.

The input fiber face is in the Fourier plane regarding the SLM screen thanks to
the 6F telescope in between them. In order to validate the performance of the
reconstruction of the fiber TM, we compared the detected modal content using
our method to a calculated one using a vector mode solver developed by our
team members to calculate the intensity distributions of the spatial degenerate LP
modes guided by the FMF L111 using its measured RIP. These modes are referred
to in Equation 2.19 as Ψk and Ψl. The optimization process of our method gives
us access to the singular vectors superposition that best matches the calculated
mode basis Ψk. The results of these superposition are considered as the guided
modes experimentally detected, which are referred to in Equation 2.19 as Ψ

(in)
k =

M (in) · Ψk and Ψ
(out)
l = M (out) · Ψl. Figure 3.5 shows a comparison between the

theoretical and the experimentally detected modal content of the fiber. The high
similarity between the calculated basis and the detected modal content stands
out, as the penalty functions given by Equations 2.25 and 2.26 both have values
less than 10%.

3.2.2 FMF L113

Following the positive results obtained from the modal content analysis of the
FMF L111, the next step of our study was to repeat the same characterization on
the FMF L113. This characterization was also interesting to test the consistency
of our method. The same exact procedure was used for the FMF L113: a 1 m-long
fiber was characterized at 1550 nm using the angle basis scanning method and the
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6F telescope for the experimental setup of Section 2.4.3. The TM was measured
for both LP and OAM basis. Figure 3.6 shows the FMF L113 isolated TM H

(L113)
kl

using both basis. We can see for the TM of both basis that the number of guided
modes is 24 instead of 20. Although the fiber design targets the guiding of 20
modes, the presence of the 4 extra modes is mainly due to the short length fiber
tested, and the fact that this mode group is close to its cut-off frequency for this
design.

(𝑎) (𝑏)

FIGURE 3.6: The isolated TM H
(L113)
kl for the FMF L113 in the (a)

LP basis and the (b) OAM basis measured using our implemented
method.

For this study, the group modes are the same groups defined for the previous
FMF L111. For H

(L113)
kl expressed in the LP basis, we can clearly see the low to

non-existing coupling between the different mode groups: all the significant el-
ements belong to the mode groups blocks on the diagonal of our TM, carrying
over 80% of the total amplitude of the TM elements. We should mention that
our measurement indicates that the coupling within each mode group obtained
for H

(L113)
kl is relatively lower than the coupling obtained for H

(L111)
kl described in

the previous section, with 44% of the total amplitude of H
(L113)
kl presented on its

diagonal. For the TM measured in the OAM basis, the same effect is observed
with even less coupling levels: 82% of the total amplitude is presented on the di-
agonal blocks, with more than 54% on the diagonal itself. In a more macroscopic
view, both fibers have the same guiding properties with diagonal TM, guiding
the same mode groups. The losses properties given by the singular values of the
SVD of the fiber TM H

(L113)
kl , shown in Figure 3.7, present high similarity when

compared to the singular values distributions obtained by the SVD of the fiber
TM H

(L111)
kl , shown in Figure 3.4, for both mode basis. We should recall that the

singular values do not represent directly the modal dependent losses of the fiber,
but the losses of the singular vectors of the SVD of the fiber TM H

(L113)
kl .
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(𝑎) (𝑏)

FIGURE 3.7: The singular values of the H
(L113)
kl of (a) the LP and

(b) the OAM mode basis.

3.2.3 Selective exitation

We were also interested in the possibility of the excitation of a specific mode us-
ing our method: we created phase masks that can be displayed on the SLM so we
can effectively excite the exact mode of the fiber at the specific conditions (bends,
twists ...) that were present during the measurement of the TM. We should men-
tion that at the time when we conducted this study, we used the pixel basis in
order to characterize the fiber TM, thus the telescope located between the SLM
and the tested fiber was a 4F telescope in order to obtain the image of the SLM
of the fiber face. These masks are formed using 4 elements as shown in Figure
3.8: the normalized intensity distribution of the detected mode I , its phase φ, a
saw-tooth phase mask and the product of multiplying I by a random matrix R.
To better understand how the selective masks are created, we will describe an ex-
ample of this process using the detected fiber mode LP

(e)
41 . As described in Section

2.4.2, a saw-tooth mask is used at the localized input modes in order to isolate the
first diffraction order, which will be later injected into the fiber. Therefore, the
saw-tooth phase mask is necessary to deviate the generated mode in the same di-
rection and angle of the central localized input modes. Thus, the generated mode
will have its center aligned with the center of the core at the input face of the fiber.
The saw-tooth mask is generated with the same period Tst as the central localized
input mode, as shown in Figure 3.8(a). The phase of the detected mode, shown in
Figure 3.8(b), and the saw-tooth phase mask are then multiplied as mentioned in
Equation 3.2: if a gaussian beam is incident on the mask displaying this product
on the screen of the SLM, the reflected beam will carry the phase φn and first or-
der of diffraction will be incident on the core of the fiber, with both their centers
aligned.

Maskn,phase = mod

(
2πP (x,y)

Tst
× φ(x,y)

n , 2π

)
(3.2)
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(𝑏)

(𝑐) (𝑑)

(𝑎)(𝑎)

FIGURE 3.8: Generation process of the mask for a selective mode
excitation of the proper fiber mode LP

(e)
41 : (a) the saw-tooth phase

mask used for the central localized mode, (b) the detected phase
of the mode, (c) the normalized intensity distribution of the mode
and (d) the resulting matrix after multiplying the random matrix
R by the normalized intensity amplitude distribution of the mode.

where P (x,y) is the SLM pixel with (x,y) as its coordinates. The SLM presents a
phase resolution of 255 levels for an interval of [0; 2π]. Thus for the smaller inter-
vals, the resolution level decreases and this can reduce the diffraction efficiency
of the SLM. In order to surpass this limitation, a random matrix R is generated,
having the dimensions of the SLM screen (1152 × 1920) and values between 0
and 1. This matrix will be used in order to re-sample these phase variations into
larger intervals, thus optimizing the diffraction properties of the SLM. It can be
also considered as a method to shape the amplitude using a phase only SLM. The
normalized intensity distribution In, illustrated in Figure 3.8(c), and the matrix R
are used in order to create the amplitude mask of the mode n as following:

Maskn,amplitude =

{
I

(x,y)
n if R(x,y) > I

(x,y)
n

0 if R(x,y) < I
(x,y)
n

(3.3)

The resulting Maskn,amplitude is shown in Figure 3.8(d). For each pixel of the mask,
we evaluate the value of the normalized intensity distribution of the mode. The
smaller values of the normalized intensity distribution, which can be a result of
the background noise of the camera and the calculation error, are then multiplied
by 0 in order to omit them from contributing to the final mask, while preserving
the higher values in order to give the created mask the shape of the corresponding
mode amplitude. The final mask is obtained by multiplying the phase mask and
the amplitude mask.

Maskn = Maskn,amplitude ×Maskn,phase (3.4)

Figure 3.9(a) illustrates the final mask of the LP
(e)
41 fiber mode. Once this mask

is displayed on the SLM screen, a gaussian beam is injected onto the mask, with
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(𝑎) (𝑏)

(𝑐) (𝑑)

FIGURE 3.9: (a) The final selective excitation mask of the LP
(e)
41

fiber mode and the data process used to recover the excited mode:
(b) the interference image, (c) the Fourier transformation and (d)

the inverse Fourier transformation of the filtered image.

LP01                   LP21                  LP31                  LP12

Calculated 
mode 
masks 

Detected
modes

Injected 
modes

FIGURE 3.10: Comparison between the distribution of intensity
of the detected LP modes of the FMF L111 Ψ

(out)
l , the calculated

masks able to excite each mode and the resulting intensity distri-
bution registered at the camera for each one of them.

its center aligned with the center of the mask. Thus, the reflected beam off the
SLM screen represents the generated mode and is then injected using the same
6F telescope used for the TM measurement into the fiber. At the output end, the
emerging beam is combined with a reference beam and the interference image on
the camera, shown in Figure 3.9(b), is registered. These images is then processed
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using a similar process to the one of Section 2.4.4: a two-dimensional Fourier
transformation is applied to the registered interference images (cf Figure 3.9(c)).
The real image of the first order is then filtered and translated to the zero spatial
frequency, before applying another two-dimensional Fourier transformation to
obtain the selectively excited mode as shown in Figure 3.9(d). Figure 3.10 shows
a comparison between the detected intensity distribution of the LP basis of the
FMF L111 (Ψout

l ), the calculated masks able to selectively excite the mode and the
resulting intensity distribution registered at the camera, which is nothing but the
selectively injected mode emerging from the fiber.

3.3 Ring core fibers

3.3.1 Modal content characterization

Ring core fibers guiding OAM modes are a part of the different research topics
that our team is heavily invested in. After the characterization of both step index
FMFs as part of the project FUI MODAL, we were interested in studying a ring
core fiber using our method. We used a ring core fiber fabricated by our team at
the FiberTech Lille technology platform. The fiber refractive index difference as
well as a scanning electron micrograph are presented in Figure 3.11 (a) and (b)
respectively.

(𝑎) (𝑏)

FIGURE 3.11: (a) The tested ring core fiber refractive index differ-
ence and a (b) scanning electron micrograph of its face.

We modeled the fiber using its fitted refractive index curve and predicted the
presence of 10 guided vector modes which are listed in Table 3.1 along with their
calculated effective indices.
From the calculated vector mode fields, we construct a basis of linearly polarized,
helical-phase modes which will be used in order to characterize this fiber, based
on the combinations given by Table 3.2. The modes are denoted as (l,pol), where
l is the topological charge (or the number of 2π phase turns per period) and pol
is the polarization vertical v or horizontal h. The intensity distributions of these
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TABLE 3.1: The vector modes of the ring core fiber and their cal-
culated effective indices.

Mode neff

HE
(e)
1,1,HE

(o)
1,1 1.448482

TE0,1 1.447199

HE
(e)
2,1,HE

(o)
2,1 1.447143

TM0,1 1.447077

HE
(e)
3,1,HE

(o)
3,1 1.444285

EH
(e)
1,1,EH

(o)
1,1 1.444289

modes and their relative phases are also presented in Figure 3.12. Our choice of
mode basis was motivated by the fact that our method can use any type of mode
basis in order to detect the modal content of the fiber. Indeed, the measured fiber
TMs using other more conventional basis will be also shown and the results will
be compared in the following paragraph.

TABLE 3.2: The linearly polarized, helical-phase mode basis.

# (l,pol) Constituent vector modes

1 (0, h) HE
(e)
11

2 (0, v) HE
(o)
11

3 (−1, h) (TE01 − jTM01) + (HE
(e)
21 − jHE

(o)
21 )

4 (1, h) (HE
(e)
21 + jHE

(o)
21 ) + (TE01 + jTM01)

5 (1, v) (HE
(e)
21 + jHE

(o)
21 )− (TE01 + jTM01)

6 (−1, v) (TE01 − jTM01)− (HE
(e)
21 − jHE

(o)
21 )

7 (−2, h) (EH
(e)
11 − jEH

(o)
11 ) + (HE

(e)
31 − jHE

(o)
31 )

8 (2, h) (HE
(e)
31 + jHE

(o)
31 ) + (EH

(e)
11 + jEH

(o)
11 )

9 (2, v) (HE
(e)
31 + jHE

(o)
31 )− (EH

(e)
11 + jEH

(o)
11 )

10 (−2, v) (EH
(e)
11 − jEH

(o)
11 )− (HE

(e)
31 − jHE

(o)
31 )

A 1.5 m-long fiber was characterized at 1550 nm. The choice of a short fiber length
is for the same reasons as described for the FMF L111. The TM of this fiber was
measured using HWP at both ends of the fiber in order to have linear polariza-
tion states for the input and output beams, so we can use the mode basis defined
in Table 3.2 to isolate the fiber TM from the the interfacing components contri-
butions. The HWP was also used while measuring the TM in the LP mode basis
given by Table 1.1, while QWP was used for the measurement in the OAM mode
basis given by Table 1.3. The ring core fiber TMs expressed in the mode basis
defined in Table 3.2 is presented in Figure 3.13(a). As a point of comparison, the
TM expressed in the standard LP mode basis is presented in Figure 3.13(b) and
the TM expressed in the OAM mode basis is presented in Figure 3.13(c).
As expected, the matrix elements of significant amplitude are found in three
blocks on the diagonal constituted by the three mode families with |l| = 0, 1, and 2.
Just like in the case of both step index FMFs, the small effective index differences
within a mode group allow its members to couple freely in the presence of small
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Mode basis

FIGURE 3.12: The intensity distributions and the relative phases
of the tested ring core fiber.

𝑎 𝑏 (𝑐)

FIGURE 3.13: The ring core fiber TM expressed using (a) the mode
basis defined in Table 3.2, (b) the standard LP mode basis and (c)

standard OAM mode basis [Yammine et al., 2019].

perturbations of the fiber, while the large effective index differences between dif-
ferent mode groups impede coupling. For all three mode basis, the similarity of
the distribution of the elements of the TM is remarkable which validates the fact
that the chosen mode basis has no impact on the resulting detected modes, as
long as this mode basis present a physical meaning. The singular values obtained
by applying the SVD to the isolated fiber transmission matrix are presented in
Figure 3.14.
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FIGURE 3.14: The singular values of the fiber TM of the linearly
polarized, helical-phase mode basis defined in Table 3.2.

3.3.2 Time dependence of the TM

In any SDM transmission, it is essential to quantify and control the X-Talk be-
tween the different used channels, being the different cores for a MCF or the dif-
ferent modes for a FMF. As described in Section 2.1, experimental measurements
show that the inter-core X-Talk can vary over time by as much as 10 dB. How-
ever, to the best of our knowledge, the time evolution of the X-Talk between the
different modes of a FMF has not been studied yet, which raises two fundamental
questions: how does the X-Talk between degenerate modes within a mode family
evolve in time ? How does the X-Talk between any two mode families evolve
in time ? These questions are not straightforward to address because we do not
have easy access to the individual spatial channels of a FMF. However, this ac-
cess can be provided by our method which can be used to conduct this study: we
used our method to perform a time-resolved measurement and isolate the TM of
the ring core fiber of the previous section, thus evaluate the temporal behavior of
the multi-mode channel represented by the FMF. In order to do that, the exper-
imental procedure detailed in Section 2.4.3 was repeated each 2 hours over a 2
days span: as mentioned in Section 2.4.4, the entire measurement can take up to
25 minutes using a localized input mode basis of 25×25, but we chose to split the
start of 2 consecutive measurements for 2 hours in order to allow more relaxation
time. Our setup was built in a non-isolated environment, but we tried to keep
the surrounding conditions as stable as possible, specially the fiber itself, because
any modification of its conditions can change the channels of the TM, thus the
time-resolved matrix must be repeated from the start. The temperature was also
maintained at a relatively stable level.

We start the investigation of the temporal evolution of the fiber TM by exam-
ining the amplitudes and the phases of each element of the fiber TMs.
Figure 3.15 presents the temporal variation of the TM:
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FIGURE 3.15: Temporal evolution of the fiber TM: (a) Normal-
ized amplitude variation of fiber TM elements, (b) Phase variation
of TM elements. Curves for fiber TM elements with a negligible
amplitude ( less than 0.18) are not shown, (c) Similarity index be-
tween the first measured fiber TM and the ones measured at ti
and (d) Log of the temperature in the vicinity of the fiber during

the measurement window. [Yammine et al., 2019].

• (a) presents the temporal variation of the normalized amplitude defined as

∆|Hkl|(ti) =
|Hkl(ti)| − 〈|Hkl(ti)|〉i

〈|Hkl(ti)|〉i
, (3.5)

which describes the fractional amplitude variation from its mean normal-
ized to the average over the time index i.

• (b) presents the temporal variation of the phase defined as

∆Arg[Hkl(ti)] = Arg[Hkl(ti)]−Arg[Hkl(t0)] (3.6)

which can take on values in the interval [−π;π]. Only the curves for those
fiber TM elements whose mean amplitude > 0.18 are shown (27 out of 36
elements contained in the diagonal blocks) because of the higher relative
noise on the remaining elements. It can be appreciated that the variations
are quite small, the amplitude varying only within 25% of the mean and the
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phase only within π/2. From the fact that there are no large phase jumps
we conclude that the time resolution of our fiber TM measurement (40 min)
is sufficient to resolve the slow drift under our experimental conditions.

• (c) We further examine the time evolution of the fiber TM by computing the
similarity index between the first measured fiber TM at time t0 with those
measured at later times ti. We define the similarity index as

SI0i =

∑
k,l H∗kl(t0)Hkl(ti)√∑

k,l |Hkl(t0)|2
√∑

k,l |Hkl(ti)|2
(3.7)

where ∗ denotes element-wise complex conjugation. The similarity index
remains above 70% throughout which, again attests to the slow drift of the
fiber TM.

• (d) For reference, the temperature in close vicinity of the fiber was moni-
tored during the measurements

An equivalent, but perhaps slightly more illustrative, representation of the
same dataset is presented in Figure 3.16. For each element, all 11 complex-valued
fiber TM elements acquired at times ti are plotted in the complex plane. Hor-
izontal and vertical lines represent the real and imaginary axes, and the circles
are guides to the eye with radius equal to the absolute value of the matrix ele-
ment. This illustration allows us to observe that the drift in the fiber TM can be
attributed mainly to a drift in the phase since all the 11 plotted points per sub-
figure overwhelmingly tend to lie on the circles. This representation does not
however provide any insight on the correlation between the phase variations of
the different elements, which is the topic of the next paragraph.

3.3.3 Parametrization of the TM

Furthermore, we tried to find a parametrization of the fiber TM that can describe
its temporal evolution. We started out from the stack of fiber TMs Hkl(ti) and the
observation made in the previous paragraph that mainly the phase variation of
the fiber TM needs to be taken into account. We hence create the two-dimensional
matrix ∆Φ{kl}i in the composite index {kl} and the temporal index i:

∆Φ{kl}i = Arg[Hkl(ti)]−Arg[Hkl(t0)], (k, l) ∈ D (3.8)

where D is the group of indices (k, l) of the diagonal blocks of the fiber TM. The
∆Φ{kl}i matrix has a dimension of 36 × 11 (number of elements in the diagonal
blocks × number of time points). We take the singular value decomposition of
the resulting matrix:

∆Φkl = USV†. (3.9)

The ∆Φ{kl}i matrix is shown in Figure 3.17(a). We applied the SVD on this matrix
and obtained the singular values of S which are shown in Figure 3.17(b). As can
be seen, there is one significant singular value (which can be extended to include
the first 5 singular values), which is way less than the number of elements of the
matrix or the number of the elements of the diagonal blocks of the fiber TM. This
fact allows us to find a parametrized model that can predict the phase variations
based on the singular vectors of the SVD of ∆Φ{kl}i. The first singular value
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FIGURE 3.16: Representation in the complex plane of the fiber
TM elements measured at different times. Horizontal and vertical
lines represent the real and imaginary axes. Depicted circles are
guides to the eye and have radius equal to the time-averaged norm

of the fiber TM element. [Yammine et al., 2019].

(𝑎) (𝑏)

FIGURE 3.17: (a) The ∆Φ{kl}i 36 × 11 matrix and (b) the singular
values obtained of its SVD.
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accounts for 35% of the singular weight; the first three for 69%, and the first five
for 88%. For now, we retain only the first singular vector which which equals to
taking the first column of U, U{kl}1, with which we can construct an empirical,
parametrized version of the fiber TM in the parameter α:

H
(param)
kl (α) =

{
Hkl(t0) · e(jαU{kl}1) , (k, l) ∈ D
Hkl(t0) , (k, l) /∈ D (3.10)

The drift is thus mathematically expressed as a complex-valued "drift" operator,
identifiable as the matrix being multiplied onto Hkl(t0) in the Equation 3.10. In
Figure 3.18 this drift operator is presented.

FIGURE 3.18: First singular vector of ∆Φ drift operator (in com-
plex form), in the case of parametrization in one parameter [Yam-

mine et al., 2019].

We now check whether the parametrized TM is a good model of the multi-modal
channel represented by the fiber. To do so, for each fiber TM of the fiber TM stack
we identify the α value that results in the best similarity index using:

C
(param)
i =

∑
k,l[H

(param)
kl (α)]∗Hkl(ti)√∑

k,l |H
(param)
kl (α)|2

√∑
k,l |Hkl(ti)|2

. (3.11)

The results are summarized in Table 3.3. It can be appreciated that this simple
parametrization in only a single parameter gives a very decent description of the
measured TMs with its 36 significant elements, with similarity index systemati-
cally above 91%. The same values are also shown in Figure 3.19 as squares.

To put things in perspective, we tried to include more parameters in the model, so
we expanded the model of Equation 3.11 to take into account 3 singular vectors,
U{kl}1, U{kl}2 and U{kl}3. Thus, the model included 3 parameters α, β and γ as
follows:
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FIGURE 3.19: Similarity index between the TM parametrized in
one parameter and the fiber TM measured at time ti represented
by squares and compared to the similarity index between the first
measured fiber TM and the ones measured at ti represented by the

dots [Yammine et al., 2019].

TABLE 3.3: Similarity index with the TM parametrized in one
parameter.

Time[h] α Similarity Index

9 0.00 1.00

11 1.54 0.96

13 1.49 0.97

15 0.17 0.99

19 1.48 0.97

33 1.48 0.97

35 −0.15 0.91

37 1.61 0.95

39 3.04 0.92

41 1.43 0.92

43 1.41 0.93

H
(param)
kl (α) =

{
Hkl(t0) · e(jαU{kl}1) · e(jβU{kl}2) · e(jγU{kl}3) , (k, l) ∈ D
Hkl(t0) , (k, l) /∈ D (3.12)

The results are summarized in Table 3.4. It can be seen that this expanded parametriza-
tion using 3 parameters gives a better description of the measured TMs than the
single parameter model with its 36 significant elements, with similarity index
systematically above 95%. However, the increase in the similarity is minimal,
whereas the increase of the degree of difficulty of the problem is much greater.
It is clear that parametrizing the TM in more parameters will result in ever better
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TABLE 3.4: Similarity index with the TM parametrized in three
parameters.

Time[h] α β γ Similarity Index

9 0.00 0.00 0.00 1.00

11 1.50 0.80 −0.60 0.99

13 1.45 0.85 −0.35 0.99

15 0.20 −0.05 0.20 0.99

19 1.55 0.35 0.60 0.97

33 1.55 0.95 0.40 0.98

35 −0.05 −1.20 0.90 0.97

37 1.75 0.95 1.05 0.97

39 2.80 −1.75 −1.80 0.96

41 1.45 −1.40 0.25 0.96

43 1.50 −0.20 0.95 0.95

concordance with the measured fiber TMs. Using all 10 vector modes of the U
matrix with the right parameters would eventually lead to the exact initial TM.
Nevertheless, we can conclude from our results that, in our measurement condi-
tions, drift results in changes to the fiber TM that are highly correlated between
matrix elements. Thus, even a low-dimensional parametrization with number of
parameters much smaller than the number of matrix elements involved, even if
the number of parameters is just one, can describe the measurement very well.

3.4 Discussion

In this chapter, we presented the results of the modal content analysis for sev-
eral fiber geometries using our implemented method based on the measurement
of the full TM of the fiber. The full fiber TM is a direct measurement of the lin-
ear behavior of the fiber. Thus, it contains more information than indirect mea-
surements like time-averaged X-Talk and bit-error ratio. As such, fiber TM mea-
surements could be a good basis for developing empirical multi-modal channel
models but could also be a good basis for comparison with various multi-modal
channel models that have been developed [Antonelli et al., 2013; Ho and Kahn,
2011]. In order to explain the group-delay effects, a wavelength resolved TM
measurement is required [Carpenter, Eggleton, and Schröder, 2016]. The tested
fibers lengths were very short, between 1 m and 1.5 m but it is of the same length
scale as some of the multi-mode components which would be required for poten-
tial future multi-modal fiber optic communication networks, like mode filters or
multi-mode amplifiers. So our method could have an appeal for characterizing
this type of multi-mode components.

In the case of a SDM transmission, the time evolution of transmission quality
in MCF has been the subject of several papers. In effect, experimental measure-
ments show that inter-core X-Talk can vary over time by as much as 10 dB [Ma-
cho, Morant, and Llorente, 2015; Luís et al., 2016; Puttnam et al., 2017]. The vari-
ability of the inter-core X-Talk must be known in order to design a MCF network
that can guarantee a certain minimum performance in all conditions. Channel
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models for MCF have been proposed in order to provide tools to assist in de-
signing MCF networks [Alves et al., 2017; Alves and Cartaxo, 2017; Alves and
Cartaxo, 2018; Gan et al., 2018]. The very same issues are expected to be present
in FMFs. Nevertheless, to the best of our knowledge, FMFs have not yet been sub-
jected to the same level of scrutiny as their MCF counterparts in what concerns
their temporal behavior. At the end of this chapter, the time evolution of the TM
matrix of a FMF and its channels was investigated over a two-days span. Due to
our experimental approach, we were able to notice that phase drifts are the major
contributors for the time variation of the channels of a FMF in our experimental
conditions.

This method is subject to further upgrades, mainly to reduce the required
time to deliver the final result: as the time scale of drift likely decreases as a func-
tion of the length of the fiber, the measurement time reduction can enable us to
characterize long distance fibers, such as transmission fibers and reduce the noise
contribution from the fiber’s entourage. The current time to measure a fiber TM,
defining the temporal resolution, is about 25 minutes. In principle this could be
sped up in a number of ways that we have not yet implemented. We currently
measure the four combinations of input and output polarizations separately, as
described in Section 2.4.3. Measuring them simultaneously in a two-polarization
setup enables an immediate 4 times gain on the measurement time, in addition
to eliminating the source of error which is phase drift between measurement of
different polarization combinations. Another way to reduce the required time for
a measurement is to reduce the number of localized input modes: using the 625
localized input modes of the 25 × 25 basis is a massive over-sampling to mea-
sure 24 guided modes for the step index fiber of Section 3.2 and the 10 guided
modes for the ring core fiber of Section 3.3. We could also envision employing
another wavefront shaping device, such as a SLM with shorter response time, a
segmented deformable mirror or a acousto-optic deflector (AOD). During the last
few months of this thesis, our team proposed a Master 2 internship, in order to
adapt our experimental method to the use of two AODs as the wavefront shap-
ing devices instead of the SLM. The SLM that we used in our experimental setup
presented in Section 2.4.3 (Meadowlark P1920-1625-HDMI) has a standard liquid
crystal response time of 33 ms, which can be converted to a frequency of 30 Hz.
We should mention than SLMs with higher frequencies do exist. The AOD that
we implemented can operate at a frequency of 52.5 MHz. However, this potential
speed increasing is limited by the response time of the used camera. During his
4 months internship, Adrien CARRON worked on this task. In the part of his
internship, Adrien got the chance to work on the experimental setup based on
the two AODs and managed, in this little time window, to assemble an operating
experimental setup, with several modification from the one presented in Section
2.4.3 in order to implement the two AODs. Figure 3.20 illustrates a schematic of
his adapted experimental setup, which was used in his final report.
The first results obtained using this experimental setup were not perfect. The re-
sulting fiber TM of the FMF L113 using this method is displayed in Figure 3.21(a)
for the LP mode basis and in Figure 3.21(b) for the OAM mode basis. The differ-
ence is clear between the results of the two AODs setup and the results of the SLM
setup for the same L113 presented in Figure 3.6. We should recall that the matri-
ces of Figure 3.21 are preliminary results. Unfortunately, the short one and a half
months of experimental works ended before Adrien managed to find and opti-
mize the experimental setup. However, his remarkable efforts and great progress
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C = Collimator
LD = Phase plate
MP= Polarization maintaining fiber

FIGURE 3.20: Schematic of the experimental setup using the two
AODs in order to generate the localized input modes.

(𝑎) (𝑏)

FIGURE 3.21: The isolated TM for the FMF L113 in the (a) LP basis
and the (b) OAM basis measured using the two AODs experimen-

tal setup.

gave us a first lead on updating our experimental setup, which can be pursued
and continued during future works. Finally, the data treatment and optimiza-
tion process time can also be shortened, which can give us the ability of quicker
characterization, maybe even live characterization of the different channels of the
fiber.
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3.5 Conclusion

In this chapter, we showed the different works and results that we obtained dur-
ing this thesis using our implemented method described in Chapter 2. Several
fiber geometries were investigated, from step index fibers to ring core fibers, in
order to highlight that our method does not have a geometric preference for the
tested fiber. Our method was used to characterize short fiber lengths compara-
ble to some multi-mode components. In addition to that, the time dependence
of the TM was also characterized over a two-days span, from which we con-
cluded that the temporal drift that can occur is mainly due to the phase drifts in
our experimental conditions. We further showed how a simple, low-dimensional
parametrization of the fiber TM, gives a good description of the temporal evolu-
tion of the multi-modal channel it represents over the same time span. We believe
that our approach could aid in developing accurate channel models for FMF optic
transmission systems as well as a deeper understanding of FMFs.
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Chapter 4

Few-mode amplification

4.1 Introduction

The amplification process is one of the corner stones of any long distance telecom-
munication transmission system. It provides the necessary power boost so the
signal can reach its destination with significant amount of power for any detec-
tion and decryption to be possible. The study of this process for MDM transmis-
sion made a focal part of this thesis. There are different types of amplifiers that
can be used in the context of MDM: parametric amplifiers [Zhao et al., 2013], Ra-
man amplifiers [Ryf et al., 2011] and the few-mode Erbium doped fiber amplifiers
(FM-EDFA). In this chapter, we will focus on the FM-EDFA as it has demonstrated
the greatest potential in the context of MDM, compared to the later two, from its
reliability to its cost. We will start by reviewing the previous works conducted in
this field, from more than 25 years until now. Then, we will describe the different
works on this topic that we have done during this thesis, based on the previous
works of our team. First, we will show the latest tests and results on a fiber de-
sign developed by Trinel during his thesis in our team: it is a micro-structured
core FM-EDFA capable of generating equal gain for 10 LP modes, using a pair of
custom-made MUX-DEMUX manufactured by CAILabs for this particular fiber.
In a second part of this chapter, we will describe the design and the fabrication
of an all-solid ring core FM-EDFA, capable of amplifiying OAM modes in a more
familiar annular fiber guiding up to 26 modes (6 OAM mode groups, consisting
of 4 modes and the pair of OAM0 modes). After that, we will show numerical
works and studies of a step-index FM-EDFA, doped in an annular fashion. This
study illustrates the amplification process of OAM modes in a step-index fiber. At
the end of this chapter, we will discuss the power conversion efficiency of each of
these designs and compare them to the presently used single-mode EDFA.

4.2 Key parameters of FM-EDFA

FM-EDFAs have an architecture similar to single-mode EDFAs presented in the
first chapter, with a core that can guide multiple modes at the signal wavelengths.
In consequence, the number of modes significantly increases at the pump wave-
lengths. The challenges facing the FM-EDFAs consist in having a flat gain over
all the signal wavelength band with low noise figure (NF, described later in ap-
pendix 4.8), just like in the single-mode EDFAs case. However, in addition to
these "old" challenges, the gain needs to be equalized over all the signal modes.
Thus, the designs of the FM-EDFAs must take into account the gain difference
for a particular mode over spectrum called differential spectral gain (DSG), the
gain difference for a particular wavelength between the different signal modes
called differential modal gain (DMG) and the difference of gain between all the
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signal channels called total gain excursion (∆G). These different parameters are
presented in Figure 4.1.

FIGURE 4.1: Evolution of gain as a function of signal wavelength
for different modes in a non-equalized gain configuration [Trinel,

2017].

From the amplification medium point of view, the amplification process is a
product of the overlap γ between the transverse distribution of light intensity
at the pump wavelength, the transverse distribution of the light intensity of the
different signal modes and the transverse Erbium doping profile (EDP). In order
to reduce the value of ∆G, two different parameters can be explored: the shape of
the pump beam and the shape of the EDP. Multiple studies have been conducted
on this subject and will be reviewed in details in the next section.

4.3 State of the art

Well before MDM, the gain differential issue in multi-mode configuration was the
subject of multiple studies. Back in 1990, Desurvire studied for the first time the
impact of using a multi-mode pump beam on the gain. The combination of LP01

and LP11 modes at the pump wavelength reduces the overlap γ with the LP01 at
the signal wavelength, thus reducing the efficiency of the amplifier [Desurvire,
1990]. In 1991, Nykolak presented the first experimental study of a multi-mode
amplifier [Nykolak et al., 1991]. In 2000, Spellmeyer presented a two-stage multi-
mode EDFA to reduce noise level [Spellmeyer, 2000]. Even if the problematic
was different, these works can be useful for the MDM as they study the same
parameters: the shape of the pump beam and the shape of the EDP.

As we go through the different works since 2011, we will be using the fiber
type to categorize these works, as shown in Figure 4.2:

• the conventional FM-EDFAs, the most common and studied type [Jung et
al., 2011; Ip et al., 2011; Bai et al., 2012; Sleiffer et al., 2012; Le Cocq et
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al., 2012; Ip et al., 2013; Jung et al., 2013b; Jung et al., 2013a; Jung et al.,
2014b; Jung et al., 2014a; Simonneau et al., 2015; Lopez-Galmiche et al.,
2016; Wakayama et al., 2016; Fontaine et al., 2016; Ryf et al., 2016; Eznaveh,
2017; Wakayama et al., 2017; Zhang et al., 2018; Gaur, Kumar, and Rastogi,
2018],

• the micro-structured FM-EDFAs, which provides a high EDP customization
capability [Le Cocq et al., 2013; Trinel et al., 2018],

• the cascaded FM-EDFAs, combining different type of fibers simultaneously
in order to obtain a more flattened gain [Salsi et al., 2012; Wada et al., 2016].

• the ring core FM-EDFAs, guiding modes with very similar spatial intensity
distributions [Ono et al., 2015; Kang et al., 2015; Deng et al., 2017; Jung et al.,
2017b; Wang et al., 2017; Jung et al., 2017a].
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FIGURE 4.2: Evolution of the number of amplified modes in the
context of the MDM since 2011.

As mentioned previously, in order to achieve spectral and modal gain equaliza-
tion, the shape of the pump beam can be explored. This can be done by modify-
ing the contribution of each mode at the pump wavelength to the whole pumping
beam. The pump can be guided in the core of the fiber, or using an inner cladding,
with nic as refractive index, surrounding the fiber’s core where the signal propa-
gates, as shown in Figure 4.3.

Due to the high number of modes at the pump wavelength, the core-pumped
FM-EDFAs have the advantage of providing a large number of possible combi-
nations regarding their respective fractions of the total pump power. The main
limitation of this approach is the generation of specific mode profiles that can
generate significant power losses and thus increase the need of the pump power
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FIGURE 4.3: Conventional fiber structure and a double clad fiber
structure.

level. The first theoretical results on pump beam shaping for FM-EDFAs, in the
context of modal multiplexing, were reported by Bai in 2011. The use of LP11,
LP21 or a combination of LP01 and LP21 modes with a uniformly doped FM-EDF
was proposed. These modes are generated using specific wave plates. For a 3
mode FM-EDFA, this strategy can greatly reduce the modal gain excursion for
a specific wavelength [Bai et al., 2011]. These theoretical results were confirmed
experimentally in 2012 [Bai et al., 2012]. The same fiber was used in line for data
transmission (30 Tbit/s over 50 km) requiring the use of a MIMO 6×6. The shap-
ing of the pump beam is performed both in the co-propagative direction with a
LP21 mode and in the counter-propagative direction with LP11 mode [Ip et al.,
2011]. In 2012, Sleiffer presented a transmission record using 3 mode FM-EDFA
a MIMO 6 × 6 (73.7 Tbit/s over 119km) [Sleiffer et al., 2012]. In 2013, Ip and
his group reported a transmission over a longer distance (3 Tbit/s over 700km)
involving the same 3 mode FM-EDFA used in his previous work [Ip et al., 2013].
This technique was also used by Jung in 2011, who adopted the same amplifier
scheme proposed by Bai, but replaced the phase plates with an off-center injec-
tion of the pump beam in order to excite the LP21 mode (co-propagative) [Jung
et al., 2011]. Jung reused this technique by adding a counter-propagative LP21

mode pump for a 5 mode FM-EDFA in 2013 and a 6 mode FM-EDFA in 2014
[Jung et al., 2013b; Jung et al., 2014b]. The results of the 6 mode FM-EDFA show
a gain larger than 20 dB with a modal gain excursion of less than 2 dB over a
spectral range from 1535 nm to 1560 nm, using a 0.34 W pump power. In 2016,
Lopez-Galmiche reported a 6 mode FM-EDFA using a photonic lantern to gener-
ate the spatial modes both at the signal and pump wavelengths [Lopez-Galmiche
et al., 2016]. The LP21 mode group was chosen to shape the pump beam. This
FM-EDFA provided a gain larger than 10 dB for a gain excursion equal to 9 dB
over a spectral range from 1530 nm to 1565 nm and a pump power of 0.57 W.

Beyond this first approach, the inner cladding pumping configuration has the
advantage of providing a homogeneous transverse intensity distribution of the
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pump beam. In addition, uncooled multi-mode laser diodes can be used as pump
sources, giving higher power limits and making these systems more suitable for
future application. The main disadvantage of this approach is the low conver-
sion efficiency of the pump power due to the difficulty in reaching the saturation
power in the core. With this approach, Jung demonstrated in 2014 a 6 mode FM-
EDFA providing an average gain larger than 20 dB for a 4 dB modal excursion and
requiring more than 3 W of pump power [Jung et al., 2014a]. In 2016, Wakayama
proposed a 6 mode FM-EDFA, with an Erbium doped area wider than the core in
order to optimize the pump absorption. In this configuration, the pump power
was 7.9 W for a gain larger than 20 dB with a gain excursion about 3.3 dB over a
spectral range from 1535 nm to 1562 nm [Wakayama et al., 2016]. The same year,
Fontaine reported a 10 mode MM-EDFA providing a gain larger than 15 dB for a
modal excursion of less than 2 dB over a spectral range from 1525 nm to 1560 nm
and requiring 9 W of pump power [Fontaine et al., 2016]. This FM-EDFA was also
used by Ryf in a 10 modes MDM transmission, reaching a rate of 111.4 Tbit/s over
121 km with the need of a MIMO 20× 20 treatment [Ryf et al., 2016]. In 2017, the
same team reported a 15 mode FM-EDFA using a fiber guiding 36 spatial modes
at 1550 nm. Only 15 of these 36 spatial modes were selected for amplification to
reduce the modal gain excursion. It provides a gain of 15 dB at 1550 nm, with
a modal gain excursion not exceeding 0.5 dB using 10W for pump power. Note
that this FM-EDFA is characterized mode by mode and that no cross-talk infor-
mation is provided. The same year, Wakayama reported a 6 modes C and L-band
(1535 nm to 1602 nm) FM-EDFA, offering a gain over 16 dB with a modal gain ex-
cursion of 2.3 dB for the C-band and 5 dB for the L-band. The pump powers were
7.9 W and 8.1 W for the C and L-band demonstrations, respectively [Wakayama
et al., 2017]. In 2018, Gaur proposed a theoretical design of 20 mode dual core
FM-EDFA, with an amplification of more than 21 dB and a 1.75 dB gain excur-
sion over a spectral range from 1530 nm to 1560 nm. The pump power variation
was from 0.255 W to 0.335 W [Gaur, Kumar, and Rastogi, 2018]. The same year,
Zhang presented a cladding-pumped 21 mode FM-EDFA, with an average gain
of 15 dB for all modes, with a modal gain excursion of 3 dB over the C-band and
a pump power of 2.9 W [Zhang et al., 2018].

The second approach consists in adapting the EDP in order to favor the equal-
ization of the gain. This approach enables to decrease the pump power budget
compared to the first approach. However, the constraint is transferred to the
manufacturing of the preform itself. Kang proposed, in 2012, a theoretical design
of FM-EDF: a ring-shaped transverse distribution of Erbium should favor gain
equalization for the 3 modes, LP01 and the LP11 mode group [Kang et al., 2012].
At the same time, our group demonstrated the realization and characterization of
a 6 mode FM-EDFA with a similar ring-shaped Erbium distribution to help the
gain equalization of non-centered modes (the LP11 and LP21 mode groups). This
FM-EDFA uses centered pump modes in order to couple a maximum of pump
power into the core of the fiber. This ring distribution effectively reduces the
modal gain excursion between non-centered modes to 0.4 dB at 1550 nm [Le Cocq
et al., 2012]. In 2015, Simmoneau used this FM-EDFA for a 5 mode transmission,
each mode carrying a rate of 100 Gbit/s over 80 km of FMF with low complexity
signal processing (MIMO 4 × 4) for the LP11 and LP21 mode groups and a con-
ventional MIMO 2 × 2 for the LP01 mode [Simonneau et al., 2015]. This work
demonstrates an average gain of 16.3 dB for a gain excursion of 8 dB using a
0.27 W pump power. The ring-shaped distribution FM-EDFA were widely used
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by Jung combined with the pump beam shaping approach [Jung et al., 2011; Jung
et al., 2013a; Jung et al., 2014a].

In 2012, Ip proposed to use a complex transverse distribution to achieve a
10 mode FM-EDFA. In this configuration, the pump beam shaping involves ten
groups with specific fractions of the total pump power in order to achieve a very
low gain modal excursion [Ip, 2012]. In the following year, more transverse
Erbium distributions were presented, inspired by the ring-shaped distribution:
ring shaped distribution with a centered peak and the double ring distribution.
These distributions resulted in a 3 mode FM-EDFA using a LP01 pump mode
[Jin et al., 2013] and a 6 mode FM-EDFA using a combination of LP01 and LP41

pump modes [Kang et al., 2013]. However, conventional preform manufacturing
techniques (especially Modified Chemical Vapor Deposition (MCVD)) can hardly
achieve complex distribution and are limited to circular or quasi-circular symme-
try.

In order to surpass these limits, an alternative approach based on a micro-
structured core has been proposed by our team [Le Cocq et al., 2013] in the MDM
context. This approach allows to "pixelate" the core of the fiber and then achieve
complex EDP, not necessarily in a cylindrical symmetry. Following this approach,
a 6 mode micro-structured core FM-EDFA has been designed and realized in
2013 to provide equalized gain for the off centered modes, LP11 and LP21 mode
groups, with an average gain of 21.7 dB and a total gain excursion of 2.7 dB. In
2018, our team reported a new design of a 10 mode FM-EDFA with multicore
pedestal core [Trinel et al., 2018]. This work will be described in great details later
in this chapter.

Another possibility for achieving an equalized gain between the different modes
is to concatenate fibers with different Erbium distributions, rather than limiting it
to a single type of fiber with a complex distribution. In 2012, this technique was
used by Salsi: a FM-EDFA with a ring-shaped distribution made in our laboratory
[Le Cocq et al., 2012] and combined to a FM-EDFA with a homogeneous Erbium
distribution [Salsi et al., 2012]. This configuration provides an amplification of 6
modes simultaneously, with a gain larger than 18 dB for a total gain excursion
of 6 dB. In 2016, Wada proposed the same type of configuration for a 10 mode
FM-EDFA using the LP11 mode group as the pump mode [Wada et al., 2016].
This amplifier provides a gain larger than 15 dB with a total gain excursion of
6 dB, but the mismatch of the index profiles between the two FM-EDFs induces a
strong coupling between the modes, which tends to favor the equalization of the
measured gains.

Another approach to obtain gain equalization suggested a new configuration
of FM-EDFA, where the ring profile is not only used for the transverse distribu-
tion of Erbium but also for the refractive index profile. In 2015, Ono proposed a 3
mode FM-EDFA design, capable of reducing the differential modal gain to about
1.8 dB while pumping with the LP01 mode and 1.6 dB while pumping with the
LP11. These values have to be compared to 9.2 dB and 6.1 dB representing the
DMG values that were obtained for a step index FM-EDFA [Ono et al., 2015].
Later that year, Kang proposed a theoretical air-hole ring-core FM-EDFA capable
of providing a uniform gain for 12 OAM modes from the groups |L| = 5, 6 and 7
over the C-band. The gain provided was about 20 dB for a differential modal gain
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of 0.25 dB when pumping with the OAM(8,1) [Kang et al., 2015]. In 2017, Jung pre-
sented for the first time, an OAM FM-EDFA for lower order modes, based on an
air-hole fiber design. This fiber provides significant mode splitting between the
|L| = 1 modes and the adjacent vector modes, and a gain of 15.7 dB is obtained us-
ing a cladding pumped amplifier configuration over an operational wavelength
range from 1545 nm to 1600 nm [Jung et al., 2017b]. Later then, Deng proposed
a theoretical OAM FM-EDFA based on circular photonic crystal fiber, support-
ing 18 OAM modes, providing a gain larger than 20 dB with a small differential
modal gain of less than 0.2 dB over the C-band [Deng et al., 2017]. Still in 2017,
Wang reported an OAM FM-EDFA based on an annular-core photonic lantern,
with a gain of 22.1 dB for the |L| = 1 mode group and 16.7 dB for the |L| = 2
mode group over the C-band. The differential modal gain is about 5.4 dB. This
FM-EDFA contains 5 SMFs input of dissimilar size inside a low refractive index
capillary and a pure fluorine-doped central fiber core. During adiabatic tapering,
each input fundamental mode can evolve into a specific LP mode at the output
and OAM modes can be then expressed as a superposition of two degenerate LP
modes [Wang et al., 2017]. Finally, Jung reported another ring-core FM-EDFA
with a cladding pump configuration, capable of amplifying 5 LP modes of nearly
10 dB with a differential modal gain less than 1 dB [Jung et al., 2017a].

4.4 Micro-structured FM-EDFA with inclusions

Upon my arrival at the laboratory, in 2016, our team members were working on
new designs of FM-EDFAs. Conventional preform manufacturing techniques,
mainly MCVD, can hardly achieve complex doping profiles and are limited to
circular or quasi-circular symmetry designs. As described in the section 4.3, our
team have suggested the use of micro-structure approach in order to obtain com-
plex doping profiles [Le Cocq et al., 2013]. However, manufacturing difficulties
and poor gain performances for its 6 amplified modes led the team to find a better
design.

4.4.1 Design

During his thesis, Trinel was interested in studying an alternative approach that
combines the advantages of micro-structuring the core for the realization of com-
plex EDP, while being achievable by conventional processes [Trinel et al., 2018].
The design he proposed is a micro-structured core consisting of 19 secondary
cores with refractive index n2 = 1.452, embedded in a pedestal geometry with
refractive index n1 = 1.448. This design has a micro-structured core equivalent
to a coupled-cores multi-core fiber due to the refractive index difference n2 − n1

as shown in Figure 4.4.
In the following, the cores with refractive index n2 will be mentioned as inclu-
sions. As explained by Trinel in his PhD thesis [Trinel et al., 2018], this design has
several advantages:

• the MCVD process combined with the solution doping gives access to the
fabrication of Erbium doped preforms with large panels of glass composi-
tion, especially aluminosilicate cores compatible with WDM,
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FIGURE 4.4: The 2D RIP and EDP of the micro-structured core
FM-EDFA theoretical design [Trinel et al., 2018].

• the quantity of raw material available from one single preform is sufficient
for the fabrication of a 19-elements FM-EDFA, in contrast with the previous
micro-structured fiber design Le Cocq et al., 2013,

• RIP and EDP imperfections of the MCVD preform do not have a significant
impact on the properties of the final fiber,

• this FM-EDFA is all-solid, in order to avoid complications related to the use
of air holes.

4.4.2 Fabrication

This design was manufactured by the FiberTech Lille platform at our laboratory
using mastered MCVD processed preforms, combined with the stack and draw
technique. The fabrication process is well detailed in the PhD thesis of Trinel
[Trinel et al., 2018]. Figure 4.5 shows the obtained index profile of the preform,
which is very close to the targeted design. We should mention that the "hole" in
the center of the inclusion has no significant impact on the final fiber structure,
nor its modal content.
The dimensions of the final fiber must be such that the distance between two
inclusion centers (known as pitch) is 6 µm, to ensure the guidance of 10 modes
in the C-band. The core of the preform is also doped with Er3+ and Al3+ to
allow amplification in the C-band. The pitch measured by optical and scanning
electron microscopy is about 6 µm. The "pixels" composing the core are regularly
arranged and correspond perfectly to the geometry targeted. The pixels of the
outer ring are slightly deformed, which could be corrected by using pure silica
rods of different sizes to better fill the gaps at the interface between the elements
constituting the core and those constituting the optical cladding of the fiber. This
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FIGURE 4.5: Realization of the geometry of the 10-mode amplify-
ing fiber: (a) index profile of the MCVD preform produced with
a core, a pedestal zone with a higher index than that of the sur-
rounding pure silica cladding, distribution of the Er3+ concentra-
tion. (b) Image by optical microscopy of the cleaved face of the

manufactured fiber [Trinel et al., 2018].

demonstrates the feasibility of this fiber geometry with controlled manufacturing
methods in our laboratory.

4.4.3 Manufactured fiber

Based on measurements of the RIP and EDP of the preform and the manufac-
tured fiber dimensions, the index profile as well as the 2D distribution of Erbium
dopant are reconstructed in order to simulate the performance of the fiber and
compare it to the theoretical design. The performance of this design is tested
using the amplification modeling code described in Appendix 4.8.
The performance is optimized using a pump beam shaping determined by a mod-
ified gradient method developed by Le Cocq during his thesis in our team [Le
Cocq, 2014]. The optimized pump shape for the micro-structured fiber is a com-
bination of 4 modes distributed as shown in Table 4.1. The obtained results using
the optimized configuration are summarized in Table 4.2 and are also very close
to those of the theoretical design, which seems logical since the two fiber geome-
tries are very close. The modal and spectral gain, shown in Figure 4.6, show very
close results when compared to that of the theoretical configuration.

TABLE 4.1: Pump beam shape composition [Trinel et al., 2018].

Modes Fraction

LP odd
31 0.23

LP even
12 0.26

LP odd
12 0.36

LP03 0.15
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TABLE 4.2: Simulated performances of the theoretical and man-
ufactured 10 mode FM-EDFA under the same conditions [Trinel

et al., 2018].

Parameters Theoretical Manufactured

Lopt 1.68 m 24.5 m

Gainmean 19.2 dB 19.4 dB

∆G 2.4 dB 2.5 dB

∆G/Gainmean 0.125 dB 0.129 dB

DMG 0.5, 0.6, 0.9, 1.1 dB 0.7, 0.7, 0.9, 1 dB
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FIGURE 4.6: Spectral and modal gain and DMG simulated from
the characteristics of the manufactured 10 FM-EDFA [Trinel et al.,

2018].

4.4.4 Characterization

In order to characterize experimentally the amplifying performance of the pro-
duced fiber, the proper transverse profiles of the signal and pump modes have
to be generated. In order to do this, the team chose to use the multi plane light
conversion (MPLC) technology based MUX developed by CAILabs, a partner of
the project FUI MODAL. With this technology, it is possible to convert the fun-
damental modes from different SMFs to a transverse profile corresponding to the
modes guided by the fiber: the fundamental mode of the SMFs is reshaped af-
ter passing through several custom-made phase plates resulting in the desired
transverse profiles for the signal and pump beams [Labroille et al., 2016].
Using an identical spatial multiplexer at the fiber output, the DEMUX demulti-
plex the signal beams for independent analysis, while providing a symmetrical
system. Thus, it is possible to analyze separately the different signal modes in
order to determine the level of induced X-talk between the modes and measure
the output power of each signal mode so we can calculate the gain of the dif-
ferent modes, the DMG,... The experimental set-up, as well as the signal and
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FIGURE 4.7: Experimental set-up of the 10 mode FM-EDFA and
its signal and pump modes transverse distributions [Trinel et al.,

2018].

pump modes transverse distributions are shown in Figure 4.7. During the first
few weeks of my thesis, the various elements of the experimental set-up of the
MUX/Fiber/DEMUX system were being assembled. I was able to use this sys-
tem in order to characterize its performances. Gain, X-talk and system losses
measurements were conducted:

Gain study The gain was characterized using a 14 m long fiber, with a 0.25 W
pump in co and counter-propagating configuration. The set-up is similar to the
one presented in Figure 4.7. In order to fully characterize the gain of the system,
2 studies were conducted:

• The modes are dispatched over a bandwidth of wavelengths spanning from
1548 nm to 1552.5 nm, with a difference of ∆λ = 0.5 nm, one wavelength
corresponding to a given mode. The modes are injected with the same
power of−11 dBm/mode. At the output, each channel spectrum is observed
separately using an optical spectrum analyzer (OSA). The input and output
spectra of the LP01 are shown in Figure 4.8. For each channel, the majority
of the power is presented at the relative wavelength that was used to inject
this mode at the input. For example, the LP01 was injected at 1548 nm. If
we connect the LP01 output channel to the OSA, the majority of the power
is presented at the same wavelength, while small noise contributions are
viewed at the other wavelengths as shown in Figure 4.8(b). This test thus
provides a first estimation of the gain and also provides a first visualization
of the X-talk of the system. If another output channel is connected to the
OSA, the resulting spectrum will have nothing but noise contributions. As
we can see on Figure 4.8(b), the output spectrum does not present a net gain
due to the multiple losses presented in the setup.

• In order to study the flatness of the modal gain of this system in the case
of WDM transmission, we chose to successively inject the same wavelength
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FIGURE 4.8: (a) Input and (b) output spectrum of the gain charac-
terization study of the MUX/Fiber/DEMUX system.

comb on the different channels and evaluate the gain values obtained at the
receiver end. Figure 4.9 shows the results for all the modes spanning over a
bandwidth from 1530 nm to 1565 nm with a difference of ∆λ = 5 nm.

FIGURE 4.9: Experimental result of the gain measurement for the
10 mode FM-EDFA.

Once the losses are compensated, the amplifier delivers a mean value of
gain of Gainmean = 14.9 dB with a differential gain ∆G = 6.9 dB. We
can see that all the mode present the same behavior over this bandwidth, a
relatively flat modal gain with some absorption at the smaller wavelengths.



4.4. Micro-structured FM-EDFA with inclusions 97

X-talk study In order to study the coupling level between the different chan-
nels of this system, we used the set-up shown in Figure 4.10. This time, the tun-
able laser was replaced by an ASE source that will be filtered on a bandwidth of
few nanometers centered around a chosen wavelength. This setup will allow us
to avoid the beam beats related to the configuration of the multi-passage inter-
ferometer represented by the FMF. In order to study the X-talk, each mode was
injected separately at the same wavelength (1610 nm) with the same input power.
The choice of the wavelength was adapted in order to minimize the signal ab-
sorption by the erbium ions while being in a wavelength range acceptable for
the MUX and DEMUX. The power of each output channel was evaluated using a
power meter.

FIGURE 4.10: Experimental set-up used to characterize the X-talk
of the 10 mode FM-EDFA.

FIGURE 4.11: X-talk matrix of the signal modes at 1610 nm for the
MUX/Fiber/DEMUX system.

Figure 4.11 shows the X-talk matrix of the system. The mean value of X-talk in
this matrix is −16.3 dB, with values ranging from a best of −27.8 dB to a worst of



98 Chapter 4. Few-mode amplification

−5.6 dB. We should mention that the maximum value for a long distance trans-
mission, with several FM-EDFAs, should probably not exceed 18 dB per amplifier
if we consider the penalties that can be supported by QPSK modulation format
[Bigot, Cocq, and Quiquempois, 2015]. After a global look at the resulting X-talk
matrix, the X-talk values are nearly acceptable, especially for the first five mode
groups. However, the higher order modes, notably the input LP12b present very
high X-talk levels. This could be due to a bad mode matching between the calcu-
lated and the proper mode of the fiber.

Loss study In order to evaluate the system losses, the fiber linking the MUX/DEMUX
was voluntarily cut 1 m after the MUX and the DEMUX and its output face was
cleaved. The cleaved face was connected to a powermeter as shown in Figure
4.12.

Mode number

FIGURE 4.12: (a) Experimental set-up used to study the losses
of the MUX and the DEMUX, (b) the measured losses for each
the MUX and the DEMUX at the pump wavelength 977 nm for
different power levels and (c) the measured losses for the MUX
and the DEMUX at the signal wavelengths 1550 nm and 1610 nm

for the different modes.

The losses of the MUX and the DEMUX at the pump wavelength 977 nm were
measured and are shown in Figure 4.12. As can be seen, both devices do not
present the same level of losses. At the different pump power levels, the MUX
presents higher losses levels than the DEMUX, with a difference larger than 1 dB.
However, for both devices, the losses level can be considered high, with a min-
imal value of 6.2 dB for the DEMUX for a pump power of 0.35 W. We can also
see that the losses are power-dependent, with decreasing values for higher power
levels: the losses of the DEMUX decrease from 8.3 dB for a pump power of 0.05 W
all the way to 7.8 dB for a pump power of 0.35 W.
The losses of both MUX at the signal wavelengths 1550 nm and 1610 nm were
also measured and are shown in Figure 4.12. As can be seen, the losses have high
values, with a minimal value of nearly 12 dB for the fundamental mode LP01 at
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1550 nm and 14 dB for the same mode at 1610 nm. The losses are wavelength-
dependent, with larger losses occurring in the L-band. We can also see that the
losses are mode-dependent, with values increasing from nearly 12 dB for the LP01

all the way up to 22 dB for the LP12a mode. These losses can have multiple
sources:

• the temperature: after using the system for a several hours duration, we
could sense experimentally the temperature of the MUX and DEMUX ris-
ing, which can alter their performances.

• mode shaping: the technology used for our MUX and DEMUX was based
on a single phase plate to simultaneously shape the modes at the signal and
pump wavelengths using the MPLC methods as described in Section 4.4.4
and detailed by Labroille [Labroille et al., 2016]. It is plausible that the cal-
culated mode profiles does not match perfectly the guided modes of the
fiber, due to the difference between the simulated fiber profile and the real
fiber profile: even if the X-talk values indicates that each shaped mode by
the devices couple preferably with the targeted proper mode of the fiber,
this can be due to symmetry considerations and a low overlap between the
shaped mode and the other modes of the fiber and not necessarily the pre-
fect match with its target.

• saturation regime: the high power of the pump beam can saturate the ab-
sorption capacity of the erbium ions, thus bleaching the fiber and giving
the impression that the losses decrease at high pump powers. The satura-
tion effect can be seen on Figure 4.12(a), where the losses levels tend to have
a more stable variation for the high pump powers. However, the losses val-
ues remains relatively high even with the high pump powers (more than
5 dB). In order to validate this theory, we simulated a step index FM-EDFA
with the same properties as the FM-EDFA used in this system: the core di-
ameter, the modal content at the signal wavelength, the absorption level
and the doping concentration. The LP01 mode was used as a pump beam
at 980 nm while no signal was injected in this fiber. Figure 4.13 shows the
different absorption losses for the different pump powers of our simulated
step-index FM-EDFA. We can see the same behavior of the absorption as
in Figure 4.12(b), with some differences in the values of the losses, because
Figure 4.13 illustrates only the pump absorption losses without considering
extra losses.

The obtained results show a bit of difference regarding the calculated values
for the real fiber profile. As a result of the different tests above described on this
system, one can easily see the high levels of losses presented in this system. How-
ever, we should mention that this system can be considered as the first to apply
the MPLC technology using a single phase plate to reshape both beams at the sig-
nal and the pump wavelengths, which had severe consequences on the losses of
this system, especially at the signal wavelength. This system is still under study
in order to maximize its potential and deliver the awaited level of gain. Although
this design shows a huge advantage in feasibility and manufacturing compared
to the other micro-structured fiber designs, the micro-structuring itself remains
challenging if one was to compare it with the conventional ways. In this logic, we
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FIGURE 4.13: The absorption losses of a step-index FM-EDFA
having the same characteristics as the micro-structured FM-EDFA

used in the experimental setup presented in Figure 4.12(a).

chose to study other designs capable of delivering an equalized gain for a FMF
based MDM transmission.

4.5 Ring core FM-EDFA

4.5.1 Design

Given the fact that the amplification process is largely governed by the overlap
γ between the transverse distribution of light intensity at the pump wavelength,
the transverse distribution of the light intensity of the different signal modes and
the EDP, having a design where this overlap is well mastered for all the modes
will improve gain equalization and very low DMG and ∆G values. As described
in the state of the art section 4.3, ring core FM-EDFA designs present a very good
candidate for this kind of job. That’s why, during this thesis, we were interested
in developing a new ring core FM-EDFA design capable of generating high levels
of gain while providing a low level of DMG for a significant number of modes.
In order to highlight the motivation that drove us to consider this type of fibers,
Figure 4.14 shows a basic simple comparison between theoretical step index FM-
EDFA design and ring core one. The RIP, EDP and guided signal mode groups
are all normalized to their maxima respectively in order to better illustrate their
positioning inside a one dimensional cut of the fiber. In the case of the ring core
fiber, it is hard to differentiate the trace of the mode groups due to their high
confinement in a same region. The overlap values between the guided mode
groups at the signal wavelength and the EDP are presented as well and calculated
using the following equation:

Γk,i =

∫∫
Ek,i(x, y)

Nt(x, y)

Nmax(x, y)
dxdy (4.1)
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whereNt(x, y) is the 2D EDP, andEk,i is the 2D complex electric field of the mode
i at the wavelength k.

RIP
EDP
LP01
LP02
LP11
LP21
LP31
LP41

𝑎 (𝑏)

RIP
EDP
OAM0

OAM1

OAM2

OAM3

OAM4

FIGURE 4.14: RIP, EDP and the signal mode groups one dimen-
sional traces for a 10 modes: (a) step index FM-EDFA, (b) ring core
FM-EDFA. The tables report the overlap between the EDP and the

signal mode groups for both fiber geometries.

As can be seen, the ring core design enhances this overlap, with similar high val-
ues for all the mode groups, between 87.9% and 89.3%, comparing to the low
values presented by the step index fiber ranging between 10.1% and 18.9%. Prac-
tically, all the mode groups "see" the same number of excited Erbium ions while
propagating through the doped ring core fiber, resulting in a low DMG and ∆G
equalized gain. In addition, as shown is the previous chapter, OAM modes pro-
vides lower X-talk levels, thus the use of these fiber designs, which are naturally
ideal to guide the OAM modes, can enable a more efficient MDM transmission.

4.5.2 Theoretical performance

We start investigating a general ring core FM-EDFA. The design must aim to re-
duce the coupling between the guided modes by maximizing the effective index
difference, ∆neff , between them. This can be done by attributing specific values to
the inner radius of the ring ri, the outer one ro and the refractive index difference
between the ring core and the cladding, ∆n. This study was conducted by Tandje,
a fellow PhD student of our team working on special ring core fiber designs for
telecommunication transmissions [Tandjè, 2019]. The aim of this design was to
optimize the passive properties of the fiber and its modal content characteristics.
We will later adopt this design as the basis of the optimization of an active fiber.
We proposed a fiber guiding up to the |L| = 6 group of OAM modes (26 modes),
having a ∆n = 22.5×10−3, which is well mastered in our manufacturing abilities.
Thus, we conducted a study in order to get the optimized values of ri and ro. Fig-
ure 4.15 shows a map that can be used to choose the best pair (ri, ro). The green
area covers the radius combinations where the fiber guides up to |L| = 5, thus
these pairs will not be evaluated. The blue area covers the radius combinations
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𝒍 ≤ 𝟓

𝒎 > 𝟏

FIGURE 4.15: Determination of the best inner and outer radius
combination in order to have maximum effective index difference

between the guided modes and the suited modal content.

where the second order OAM modes are guided, which must be avoided too.
The purple area covers the radius combinations that respect all the targeted con-
ditions. We should mention that within the purple area, the (ri, ro) pairs present
different characteristics: although the design guides up to the |L| = 6 group, the
last group of modes can be close to its cut-off frequency and the mode may be lost
as is the case for the dark purple areas. Another criteria that can drive us to the
quest of the best (ri, ro) pair is the value of the effective index difference between
the modes, ∆neff : a high value of ∆neff indicates lower coupling levels between
the modes. The orange marker points out the chosen values for our design, hav-
ing a ri = 6.1 µm and a ro = 9 µm. All the modes of this design are far from
their cut-off frequency and present the highest difference between their effective
indices neff available, presented in Table 4.3. The RIP, EDP and the intensity dis-
tribution of the guided modes of this structure are calculated and are represented
in Figure 4.16. These intensity distribution are calculated using a vector mode
solver developed by our team.
At the pump wavelength, this fiber guides up to |L| = 11 OAM mode groups. The
|L| = 0 OAM groups has two OAM modes, while each OAM group for |L| ≥ 1
have four OAM modes, as described in Table 1.3. In order to completely describe
how each pump mode impacts the DMG among the guided modes at the sig-
nal wavelength, we tested all the pump modes individually. In each simulation
run, only one pump mode was launched into the fiber. The pump power was
set to 0.3 W and the input signal power was set to 12 µW/mode/wavelength for
four wavelengths spreading over the C-band. The fiber length is chosen as the
optimized value for each pump configuration, given the most flat gain possible
over the studied bandwidth, evaluated by the ∆G/Gainmean ratio: a low ratio
values represent a flatter gain spectrum. The erbium concentration is fixed to
2.5× 1025 ions/m3.
Due to the circular symmetry of the ring core fiber, the simulated ∆G, using the
different pump modes of each OAM mode group are nearly identical as shown
in Figure 4.17. The observed variation of the ∆G for different pump modes is
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TABLE 4.3: The vector modes of the ring core fiber and their cal-
culated effective indices.

Mode neff

HE
(e)
1,1,HE

(o)
1,1 1.458249

TE0,1 1.457924

HE
(e)
2,1,HE

(o)
2,1 1.457855

TM0,1 1.457773

HE
(e)
3,1,HE

(o)
3,1 1.456688

EH
(e)
1,1,EH

(o)
1,1 1.456677

HE
(e)
4,1,HE

(o)
3,1 1.454779

EH
(e)
2,1,EH

(o)
1,1 1.454773

HE
(e)
5,1,HE

(o)
3,1 1.452171

EH
(e)
3,1,EH

(o)
1,1 1.452167

HE
(e)
6,1,HE

(o)
3,1 1.448919

EH
(e)
4,1,EH

(o)
1,1 1.448897

HE
(e)
7,1,HE

(o)
3,1 1.445074

EH
(e)
5,1,EH

(o)
1,1 1.445026

(𝑑)

L = 0             L = 1             L = -1             L = 2              L = -2             L = 3             L = -3           L = 4              L = -4             L = 5              L = -5             L = 6             L = -6

𝑎 (𝑏) (𝑐)

FIGURE 4.16: Two-dimensional representations of the (a) RIP and
the (b) EDP, (c)one dimensional cut of the RIP and the EDP, and
(d) the intensity and phase distributions of the guided modes at

1550nm of the ring core FM-EDFA theoretical design.

expected, even though very minimal, as the pump mode intensity varies accord-
ing to the mode order. The physical origin of the ∆G results from differences
in the overlap of the pump modes, signal modes and the EDP. Another parame-
ter that can be used to optimized the pump mode is the ratio of the ∆G and the
mean value of the gain. Figure 4.17 summarizes the different values of the ∆G,
the mean gain values, their ratio and the power conversion efficiency (PCE) of
this design. The resulting ∆G values are close, spanning between 3.45 dB and
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TABLE 4.4: Parameters of the 6 mode ring core FM-EDFA design
numerical study.

Parameters Values

PowerPump 0.3 W

PowerSignal 12 µW/mode/wavelength

Er3+ 2.5× 1025 ions/m3
∆

∆

FIGURE 4.17: Evaluation of the performance of the 6 mode ring
core FM-EDFA while modifying the pump beam mode between

the 11 guided OAM modes at the pump wavelength.

2.71 dB, given by the |L| = 11 mode group. Meanwhile, the mean gain values are
also very close, ranging between a maximal value of 22.65 dB given by the |L| = 2
mode group and a minimal value of 22.58 dB. However, the best compromise is
provided by minimal value of the ∆G/Gainmean ratio, obtained for the |L| = 10
mode group, which we chose to go forward in our study as the pump mode. The
best PCE level is 38.97% obtained using the |L| = 2 mode group.

TABLE 4.5: Simulated results of the 6 mode ring core FM-EDFA
design.

Parameters Values

Lopt 1.92 m

Gainmean 22.61 dB

∆G 2.71 dB

∆G/Gainmean 0.12 dB

DMG 0.64, 0.56, 0.70, 0.73 dB

PCE 38.42%

The performance of this design is tested using the amplification modeling code
described in Appendix 4.8. The parameters of this study are summarized in Table
4.4. Figure 4.18 presents the spectral and modal gain spectrum, in addition to the
DMG provided by the ring core FM-EDFA theoretical design for four wavelength
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𝐿 = 0
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FIGURE 4.18: Spectral and modal gain and DMG provided by the
6 mode ring core FM-EDFA theoretical design in the optimized

configuration.

spanned over the C-band, presented on the x-axis of the spectrum. Using the
parameters of Table 4.4 as initial parameters, the optimal fiber length was Lopt =
1.92 m, delivering a gain of 22.61 dB with a total ∆G of 2.71 dB and a PCE of
38.42%. The ∆G/Gainmean ratio has a value of 0.12. These values are very close
to the best value for each parameter presented in Figure 4.17.

4.5.3 Manufactured fiber

During my PhD thesis, I had the chance to work with Arsene Tandje, a fellow
PhD student whose thesis is based on the conception of specialty optical fibers
optimized to better guide OAM modes [Tandjè, 2019]. Tandje deduced, thanks to
multiple simulations on several fiber types, that, in order to lift the degeneracy
of the OAM mode groups of an optical fiber, while trying to avoid the spin-orbit
coupling, it is preferable to have a fiber with a refractive index difference between
the core and the cladding around 20 × 10−3. This lifting of degeneracy is neces-
sary in order to fully exploit the maximal capacity of the spatial dimension of the
fiber, dividing each OAM mode group into four separate channels (two spatial
and two polarization degeneracy levels). Manufacturing an EDFA with such a
∆nwas quite challenging for us using the conventional methods, so our team de-
veloped a manufacturing method of MCVD preforms using a non-conventional
approach: in addition to the usual aluminum ions doping, this method is based
on the introduction of zirconium ions to the glass-lattice, in order to obtain a
higher ∆n. This method was first tested to manufacture a step index EDF with
a high ∆n. Figure 4.19(a) illustrates the RIP of the step index zirconium doped
EDF, showing a step index like profile with a ∆n = 20× 10−3. Based on the good
results of this fiber, our team proposed to use the same MCVD-based method
in order to produce a ring core EDF. Figure 4.19(b) illustrates the RIP of the all
solid ring core zirconium doped EDF. The obtained fiber shows a ring core with
a ro = 5.7 µm and a ri = 4.3 µm, with a ∆n = 20 × 10−3. Although the ring
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dimensions of the manufactured fiber do not match exactly the optimized ring
dimensions presented in the previous section, the high ∆n of this fiber shows a
promising result. We should mention that the fiber presented in Figure 4.19(b) is
a first test of using this non-conventional manufacturing method for a ring core
design. At the time this manuscript is being written, another ring core preform
is being manufactured, aiming to better match the theoretical dimensions of this
design.

(𝑎) (𝑏)

FIGURE 4.19: RIP of the realization of the geometry of the zirco-
nium doped: (a) step index EDFA, (b) ring core EDFA.

4.6 Ring doped step index FM-EDFA

4.6.1 Design

As we have seen in Section 3.2, OAM modes can be efficiently guided using a
step index FMF, presenting low coupling levels between these modes. Following
this result, we were interested in investigating a step index FM-EDFA for OAM
modes. As described in the previous section 4.2 of this chapter, the gain equaliza-
tion of a FM-EDFA can be done either by shaping the pump beam, or by using a
customized EDP. In an ideal long distance transmission, we can imagine having
a succession of passive fibers spliced to the active fibers. Thus, the use of passive
and active fibers having maximum matching quality between their mode groups
enables us to establish a long distance line without the use of a MUX/DEMUX at
each amplification stage, which can reduce drastically the losses caused by these
devices. As seen in Section 4.4.4, a pair of MUX can add more than 14 dB of losses
for each amplification stage, even if this result corresponds to a non-optimized
case, more than 1 dB of loss is theoretically predicted in a best case scenario. In
addition, the losses induced by these devices were also mode-dependent, with
losses increasing with the order of the modes, adding another challenge to an
equal amplification. From this prospect, we started with a RIP close to the FMF
L113 studied in the experimental works in Section 3.2 in order to find the con-
ditions that offer the highest overlap. Thus, the theoretical RIP of this fiber is a
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simple step index, having a ∆n = 17 × 10−3 with a core radius of rc = 8 µm.
This fiber has the same experimentally detected modal content that the FMF L113
presented in Section 3.2, guiding up to |L| = 4 OAM mode groups for a short
fiber length. The modes have a ring distribution inside the core of the fiber, with
various radius depending on the topological charge |L| of the mode. This passive
fiber design was used as a basis to optimize an active version of this fiber. Due to
the circular symmetry of the modes, we aimed to find a ring shaped EDP for this
fiber, capable of equalizing the gain of a certain number of modes in one applica-
tion, and capable, for another application, of compensating the different levels of
accumulated losses for the different modes before the amplification phase.

4.6.2 Gain equalization

Theoretical performance

(𝑑)

LP01           L = 1            L = -1            L = 2            L = -2           LP02             L = 3           L = -3     LP12a           LP12b          L = 4            L = -4              
L = -5             L = 6             L = -6

𝑎 (𝑏) (𝑐)

FIGURE 4.20: Two-dimensional representations of the (a) RIP and
the (b) EDP, (c) one dimensional cut of the RIP and EDP,and (d) the
intensity and phase distributions of the guided modes at 1550nm

of the step index ring doped FM-EDFA theoretical design.

Figure 4.20 shows the theoretical step index RIP, the ring shaped EDP of the fiber
and intensity distributions of the guided modes at the signal wavelength 1550 nm.
These intensity distribution are calculated using a vector mode solver developed
by our team. The overlap between the guided modes of the FMF L113 and the
theoretical RIP is presented in Figure 4.21. These values were obtained using:

Γk,i =

∫∫
EL113
i (x, y)EStep

j (x, y)dxdy (4.2)

whereEL113
i is the 2D complex electric field of the guided mode i of the FMF L113

and EStep
j is the 2D complex electric field of the guided mode j of the theoretical

RIP presented in Figure 4.20. As we can see, the overlap values of the same modes
of the 2 designs match pretty well with overlap values ranging from 69% for the
|L| = 4 OAM mode group to 83% for the |L| = 1 mode group. However, in a
long distance transmission, FMF L113 is supposed to guide up to |L| = 3 OAM
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mode groups at 1550 nm [Bigot-Astruc et al., 2019]. For that, we chose to limit the
amplification study to the |L| = 3 OAM mode group.

FIGURE 4.21: Overlap table between the calculated OAM modes
of the FMF L113 (IN) and the theoretical step index fiber (OUT).

The choice of the inner and outer radius of the doped ring, ri and ro respectively,
are the subject of a study in order to find their optimized values enabling an
equalized modal gain. The erbium concentration is fixed to 2.5 × 1025 ions/m3.
The pump configuration is chosen as a ring shaped beam having the dimension of
the doped ring of the fiber as a start, with a power of 0.3 W and a flat phase, which
can be easily done experimentally using a gaussian beam and an axicon. The
choice of the pump beam shape will be investigated in the following section. The
overlap fractions between the pump beam and the guided modes at the pump
wavelength 980 nm are given in the tables shown in Figure 4.22, while the total
overlap value is more than 85.5%. As can be seen, the flat phase leads to a high
overlap with the centered mode groups LP01, LP02 and LP03.
Figure 4.23 presents an illustration of the impact of the inner and outer radius
values on the mean gain value of each OAM mode group and the standard de-
viation for these 3 mode groups. We conducted an extensive study, changing ri

from 2.5 µm to 7.5 µm and ro from 3 µm to 8 µm, with a step of 0.5 µm. It is clear
that when ri and ro match the inner and the outer radius of the intensity distri-
bution of the amplified mode, the gain value of this mode is at its maximum, due
to high overlap between the amplified mode and the spatial distribution of the
excited Er3+ ions: for each mode map, the green area corresponds to a gain larger
than 25 dB centered around the inner and outer radius of the mode itself.
The gain standard deviation of the OAM modes is then evaluated in order to find
the values of ri and ro for which the differential gain between the modes is at
its lowest, in addition to a flat gain spectrum with the highest mean gain value
possible. As shown in Figure 4.23, a doped ring with ri = 3.5 µm and r0 = 8 µm,
marked by the orange marker, presents the lowest standard deviation value for
the 3 OAM mode groups. For the purpose of having a well resolved study, we
chose to re-evaluate the gain study around this position : ri vary between 3 µm
and 4 µm and ro vary between 7 µm and 8 µm taking into account a smaller step of
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FIGURE 4.22: Overlap fractions tables between the pump beam
and the guided modes at the pump wavelength 980 nm.

FIGURE 4.23: Impact of the inner and outer radius values on the
mean gain values of each OAM mode group and the standard de-
viation of these gain values in the case of the step index ring doped

FM-EDFA.

0.2 µm. This parameter can be reduced at wish when simulating the results, but
we chose a reasonable resolution regarding the manufacturing constraints. Figure
4.24 shows the high re-evaluated mean gain values and the standard deviation
for the 3 OAM mode groups. As a result, we obtained the optimized values of
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ri = 3.6 µm and r0 = 8 µm

FIGURE 4.24: Re-evaluated mean gain values of each OAM mode
group and their standard deviation delivered by the step index

ring doped FM-EDFA.

Figure 4.25 shows the spectral and modal gain, as well as the differential
modal gain for this fiber design. As we can see that the 3 mode groups have
a quite flat gain spectrum all above 21 dB and a total differential gain of about
3.53 dB. The chosen design delivers a good compromise between the maximum
delivered gain and the differential gain value: the maximal value of gain for
each mode can be around 25 dB as described in Figure 4.23 and the mean gain
of 23.11 dB delivered by this design is close to the optimized values. Thus the
chosen configuration seems logical since it presents the lowest gain differential
and a high mean gain at the same time.
In addition to the optimized values of ri and ro delivering similar amplification
performances to the 3 OAM mode groups, we investigated deeper in the choice
of the EDP radius in order to better understand its impact on the amplification
process. More precisely, for each ri and ro pair, we have determined the number
of modes having an equalized gain. Thus, two parameters were fixed in order to
conduct this study:

• The modes must have a flat gain higher than 20 dB in order to be considered
as amplified modes,

• The differential modal gain must be lower than 3 dB between the modes so
their amplification can be considered equalized.

Figure 4.26 illustrates a map describing which set of mode group combinations
respect our fixed conditions at a given ri and ro pair. Each color of the color scale
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FIGURE 4.25: Spectral and modal gain and differential modal gain
(DMG) provided by the ring doped step index 6 mode FM-EDFA
manufactured design for gain equalization in the optimized con-

figuration.

None

1 & 2

2 & 3

1 & 3
2 & 3

1 & 2
2 & 3

All

|L|

FIGURE 4.26: Equalized mode group combinations for the differ-
ent radius pairs of the step index ring doped FM-EDFA.

on the right refers to a proper combination of modes: the blue square indicates
a gain equalization for the OAM |L| = 1 and |L| = 2 groups, the orange one in-
dicates a gain equalization for the |L| = 1 and |L| = 2 groups on one hand and
the OAM |L| = 2 and |L| = 3 groups on the other hand. However, for the orange
squares, the DMG between the |L| = 1 and |L| = 3 mode groups is higher than
3 dB. The yellow color indicates an equalization for the 3 mode groups. Thanks
to this study, we can determine specific ri and ro values in order to equalize the
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gain of a given combination of mode groups, (i.e. not necessarily using all the
guided modes) depending on the application’s aims. Wen should mention that
certain applications are more straightforward than others: as can be seen in Fig-
ure 4.26, the yellow color covers several neighboring ri and ro combinations for
an EDFA able to equalize all 3 mode groups, which gives a range of options and
a small margin for possible errors due to manufacturing reasons. However, the
dark yellow color in Figure 4.26, presenting an EDFA able to equalize the OAM
|L| = 1 and |L| = 3 on one hand and the OAM |L| = 2 and |L| = 3 on the other
hand, covers just two precise combinations, which means that a small mismatch
between the theoretical and the manufactured design can change the amplifica-
tion behavior of the EDFA.

Pump beam study

We were also interested in better experimental approach for this fiber design, so
we investigated more realistic pump beam shapes than the ideal ring shape used
previously and matching perfectly the EDP. For that, we investigated the different
guided modes at the pump wavelength 980 nm, similarly to Section 4.5.3. The
guided modes at the pump wavelength can be obtain using a SLM or series of
propagation through phase plates, but this approach will have some additional
losses, as we have shown in Section 4.4.4. We should mention that the second
order OAM modes will not feature this study.

∆
∆

FIGURE 4.27: Evaluation of the performances of the step index
ring doped FM-EDFA as a function of the pump beam mode order
between the five guided OAM mode groups as well as the three

centered LP modes at the pump wavelength.
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As can be seen in Figure 4.27, the OAM |L| = 2 mode group represent the best
choice for the pump beam from the guided modes at the pump wavelength: it
offers the highest mean gain value of 24.71 dB and the second lowest ∆G value
of 3.9 dB, thus having the best ∆G/mean gain ratio. In addition this mode offers
a high PCE value of 34.7%. We also tested other pump schemes presenting lower
experimental difficulty levels and less losses than generating the proper guided
modes at the pump wavelength, notably a more realistic ring shaped beam and
a gaussian beam. The ring shaped beam is obtain by a propagation of a gaussian
beam with a diameter of 880 µm through an axicon with an angle of 5 degrees,
resulting in a free space ring shaped beam with ri = 360 µm and ro = 800 µm
which can be later re-scaled to the desired size using a telescope. The gaussian
beam that will be considered is the fundamental mode of the HI1060 single-mode
fiber ,with a mode-field diameter of 5.9 µm. We simulated a number of re-scaled
ring shaped and gaussian beams, all aligned with the center of the core of the
fiber, but we will be showing one of the results for each pump scheme for the
sake of simplicity. The ring shaped and the gaussian pump beams are illustrated
in Figure 4.28, as well as the overlap between them and the centered modes of the
fiber at the pump wavelength.

𝑎 (𝑏)

𝑅𝐼𝑃
𝐸𝐷𝑃
𝑂𝐴𝑀2
𝐺𝑎𝑢𝑠𝑠𝑖𝑒𝑛

𝑅𝑒𝑎𝑙𝑖𝑠𝑡𝑖𝑐 𝑅𝑖𝑛𝑔

FIGURE 4.28: (a) RIP, EDP, guided OAM |L| = 2 at the pump
wavelength, gaussian and realistic ring pump beam traces and (b)
Overlap between the pump beam and the guided modes at the

pump wavelength 980 nm.

Table 4.6 show a comparison between the results of the 4 pump schemes.

TABLE 4.6: Simulated results of the gain equalization step index
ring doped FM-EDFA design with different pump schemes.

Parameters Idealring OAM|L| = 2 Realisticring Gaussian

Gainmean 23.11 dB 24.71 dB 23.71 dB 23.52 dB

∆G 3.53 dB 3.9 dB 3.91 dB 3.56 dB

PCE 24% 34.7% 28.4% 26.7%
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As can be seen, the use of a realistic ring delivers nearly the same mean gain
value, just 1 dB smaller than the OAM |L| = 2 pump beam, together with a similar
∆G of 3.9 dB. However, the PCE decrease of 6%. Using a centered gaussian beam
as a pump mode, this design delivers a mean gain value of 23.52 dB with a of
∆G of 3.56 dB and a 8% lower PCE. The use of the guided OAM |L| = 2 mode
group at the pump wavelength offers the best performance, delivering the best
mean gain, ∆G values and the highest PCE. Therefore, if the OAM |L| = 2 can be
properly generated and efficiently coupled into the fiber, this design will deliver
its best gain equalizing performance. The use of easier and more accessible pump
schemes experimentally offers nearly the same gain performances and mainly
impact the power efficiency of the amplifier.

Manufactured fiber

Throughout the years, few-mode amplification was a focal part of our team’s
studies. During his thesis with our team, Le Cocq worked on several FM-EDFA
designs. In 2012, he introduced a fiber design able to amplify four mode groups
and to equally amplify the LP11 and LP21 mode groups with gains larger than
20 dB and with a DMG of less than 1 dB. This design, which we will call FMF
GLC from now on, was later fabricated in our laboratory and the experimental
results confirmed the simulations with a good concordance [Le Cocq et al., 2012].
The theoretical fiber design was a close-to step index doped in with a ring fashion
at the periphery of the core. The similarities between this design and the design
shown in the previous section are very interesting. Although the core radius of
the two designs are different, preforms of FMF GLC still exists in our lab and can
be used for our cause: the preform can be redrawn with different parameters to
obtain the core radius of 8 µm of our design rather than the 5 µm of the original
design. This core expansion is needed to guide up to |L| = 3 OAM mode groups
in this fiber geometry. The fiber’s RIP, EDP and the intensity distributions of
the modal content are presented in Figure 4.29. These intensity distribution are
calculated using a vector mode solver developed by our team. Even though the
RIP presents a depletion zone in the center, it does not affect in any shape or form
the modal content of the fiber.
Based on measurements of the actual RIP and EDP of the manufactured fiber, the
index profile as well as the 2D erbium distribution were reconstructed in order
to verify the performances of the fiber and compare it to the theoretical design.
The amplification code described in appendix 4.8 is used for this study. The mean
gain value delivered by the manufactured fiber is 19.78 dB with a ∆G of 7.24 dB,
when using the guided OAM |L| = 2 at the pump wavelength as a pump beam
for a fiber length of 3 m. These value are hardly comparable to the 24.71 dB mean
gain and the 3.9 dB ∆G of the theoretical design. As a result, the PCE drastically
decrease from 34.7% to 17.78%. Figure 4.30 illustrates the spectral and modal
gain of this design and a one dimensional trace of the normalized RIP, EDP and
pump beam. As we can see, the modal gain behavior is different than the one of
the theoretical design shown in Figure 4.25: it seems that the fiber length is op-
timized regarding the gain flatness of the OAM |L| = 2 and OAM |L| = 1 mode
groups. However, the behavior of the gain spectrum of the OAM |L| = 3 mode
group gives an indication that this fiber length is longer than its optimized value.
This can be seen by the absorption of the gain for the short wavelengths of the
spectrum. The gain spectrum difference between the theoretical design and the
manufactured fiber can be better understood by comparing the one dimensional



4.6. Ring doped step index FM-EDFA 115

(𝑑)

LP01             L = 1             L = -1             L = 2              L = -2            LP02              L = 3              L = -3             L = 4             L = -4             

𝑎 (𝑏) (𝑐)

FIGURE 4.29: Two-dimensional representations of the (a) RIP and
the (b) EDP, (c) one dimensional cut of the RIP and EDP and (d) the
intensity and phase distributions of the guided modes at 1550 nm

of the step index ring doped FM-EDFA manufactured design.

𝐿 = 1
𝐿 = −1
𝐿 = 2
𝐿 = −2
𝐿 = 3
𝐿 = −3

𝑅𝐼𝑃
𝐸𝐷𝑃
𝑂𝐴𝑀2

FIGURE 4.30: (a) Spectral and modal gain provided by the step
index ring doped FM-EDFA manufactured design for attenuation
compensation in the optimized configuration, (b) RIP, EDP and

guided OAM |L| = 2 at the pump wavelength trace.

traces of the EDP and the pump beam presented in Figure 4.30 and Figure 4.28:
the pump beam is better confined in the doped area for the theoretical design,
enabling more excitation for the Er3+ ions. We attempted to use a larger pump
beam for the manufactured fiber, but this choice favored the modes with larger
mode field diameter, boosting the gain of the OAM |L| = 3 mode groups, while
the gain of the more centered OAM |L| = 1 mode group decreases significantly,
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resulting in a ∆G value higher than 10 dB. Thus, it is highly doubtful that this
manufactured design matches the delivered performances of the theoretical de-
sign. We should remind that this fiber was not custom-made for this study, but for
previous ones, and it matched greatly the performances of its theoretical design
and application [Le Cocq et al., 2013].

4.6.3 Attenuation compensation

Another application of this kind of fiber design can be to compensate the differ-
ent levels of losses seen by the different modes during their propagation along
a long distance transmission line, which can ultimately limits the capacity in-
crease. The FMF L111 previously studied present a modal content guiding up
to |L| = 4 as seen in Section 3.2, while the FMF L113 guides up to |L| = 3 for
long distances transmissions [Bigot-Astruc et al., 2019]. Given the fact that the
FMF L111 presents a nearly ideal step index RIP, it presents different losses lev-
els, with the attenuation significantly increasing with the order of the mode, due
mainly to the different modal behavior for small angle light scattering (SALS)
and the Rayleigh scattering. On the other hand, the FMF L113 has an inner de-
pressed trapezoidal-index structure at the core-cladding interface which decrease
the SALS of the modes, specially the HOMs [Bigot-Astruc et al., 2019]. Figure 4.31
illustrates a comparison of the mode attenuation levels of a FMF having nearly
the same loss proprieties as the L111, named Fiber A and the FMF L113, referred
to as Fiber B, while supposing that the losses of the OAM basis are at the same
level of the losses of the LP basis (the losses of the L113 were measured for the LP
basis modes.)

Fiber A

Fiber B

FIGURE 4.31: The modal losses per mode group of Fiber A (hav-
ing similar loss proprieties as the L111) and Fiber B (L113) [Bigot-

Astruc et al., 2019].

As we saw in the previous section 4.6.2, the use of the FMF L113, having the
same levels of attenuation for all of its guided modes, requires a FM-EDFA with
equalized gain. Nevertheless, the fact that this fiber presents a trapezoidal index
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structure limits its mode matching with a step index fiber, adding some addi-
tional losses to the modes while propagating from one fiber to the other. This can
be seen in Figure 4.21, where the overlap between the FMF L113 and a perfect step
index fiber can decrease to 69% for certain modes. The FMF L111 design, present-
ing a structure closer to the perfect step index, can match better with a theoretical
step index fiber as shown by the overlap values of Figure 4.32. The values were
calculated using Equation 4.2, replacing the complex fields of the L113 by those
of the L111.

FIGURE 4.32: Overlap between the calculated OAM modes of the
FMF L111 (IN) and the theoretical step index fiber (OUT).

As can be seen in Figure 4.32, the lowest overlap value, presented between the
|L| = 4 mode family of the FMF L111 and the step index fiber, is above 97%. In the
following, we will be limiting ourselves to the |L| = 3 mode family since it is the
last mode family guided for long distances. We performed the same study as the
one presented in Section 4.6.2, simulating different ring shaped EDP inside our
step fiber, while changing the transmission fiber from the L113 to the L111. There-
fore, the output conditions must be modified, from having an equalized gain to
having a gain dependent on the loss level of each mode group in the FMF L111:
the |L| = 1 mode group, having the lowest attenuation level of about 0.26 dB/km
will have the lowest gain in our FM-EDFA. Meanwhile, the |L| = 3 mode group,
which presents the highest attenuation level of about 0.36 dB/km will necessitate
the highest gain value. The gain delivered by our fiber should not only verify
these two conditions, but also respect the differential modal loss (DML), which
is the difference between the attenuation of two consecutive mode groups, while
compensating the total accumulated losses for the propagation through the pas-
sive fiber. The group |L| = 2 presents an attenuation level of 0.34 dB/km. Hence,
our design must deliver a gain respecting the following conditions: the DML be-
tween the |L| = 2 and |L| = 1 mode groups 0.08 dB/km and the DML between
the |L| = 3 and |L| = 2 mode groups 0.02 dB/km.
We were able to isolate a fiber geometry able to verify these conditions if this
FM-EDFA is deployed after 67 km of propagation through the FMF L111: a step
index fiber with a radius of r = 8 µm and a ∆n = 0.014, matching the passive
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17.22 𝑑𝐵 22.19 𝑑𝐵 24.27 𝑑𝐵

FIGURE 4.33: Impact of the inner and outer radius values on the
mean gain values of each OAM mode group of the step index ring

doped FM-EDFA.

fiber parameters, doped in a ring fashion with a ri = 5.1 µm and a ro = 7.8 µm
as shown in Figure 4.33. The pump configuration is set to be a ring shaped beam
that matches perfectly the EDP ring with a plane phase as described in the pre-
vious paragraph. Table 4.7 illustrates the characteristics of the proposed design:
the pump and signal power as well as the erbium concentration. Under these
conditions, the step index rind doped FM-EDFA delivers a mean gain value of
21.27 dB for an optimized fiber length of 2.61 m. Table 4.8 shows a comparison
between the accumulated losses after a 67 km of propagation through the FMF
L111, and the mean value of each mode gain delivered by this fiber design. Table
4.9 shows a comparison between the DML and the DMG of the 3 mode groups.

TABLE 4.7: Simulated results of the attenuation compensation
step index ring doped FM-EDFA design.

Parameters Values

Powerpump 0.3 W

PowerSignal 12 µW/mode/wavelength

Er3+ 2.5× 1025ions/m3

TABLE 4.8: Comparison between the 67 km propagation losses
and modal gains of our FM-EDFA geometry.

OAM Propagation losses through L111 Gain FM− EDFA

|L| = 1 17.42 dB 17.22 dB

|L| = 2 22.78 dB 22.19 dB

|L| = 3 24.12 dB 24.27 dB
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TABLE 4.9: Comparison between the accumulated DML of the
67 km propagation losses and the DMG of our FM-EDFA geome-

try.

OAM DML DMG

|L| = 2− |L| = 1 5.36 dB 4.97 dB

|L| = 3− |L| = 2 1.34 dB 2.08 dB

𝐿 = 1
𝐿 = −1
𝐿 = 2
𝐿 = −2
𝐿 = 3
𝐿 = −3

(𝑏)(𝑎)

𝐹𝑀 𝐸𝐷𝐹𝐴 𝐺𝑎𝑖𝑛
𝐿111 𝐿𝑜𝑠𝑠𝑒𝑠

FIGURE 4.34: (a) Spectral and modal gain provided by the step in-
dex ring doped FM-EDFA theoretical design for attenuation com-
pensation in the optimized configuration, (b) Average modal gain
of the design (green), total modal losses (red) and the Loss - Gain

parameter after a 67 km propagation through the FMF L111.

The gain spectrum of the proposed geometry is illustrated in Figure 4.34, as well
as a comparison between the total losses per mode and the total gain per mode.
The mode losses in the doped fiber are supposed to be at the same level for a
mode over the whole spectral band of interest. The amplification code described
in appendix 4.8 is used for this study.
This design delivers a mean gain of 17.22 dB for the OAM1 mode group, which
presents a propagation loss of 17.42 dB. The mean gain value for the OAM2 is
22.19 dB, while its propagation loss is 22.78 dB. For the OAM3 a mean gain value
of 24.27 dB is delivered compared to 24.12 dB of propagation loss.
This result sounds promising as we could hope to compensate the different losses
of the mode groups directly by the fiber amplifier design, rather than using an
equalized FM-EDFA followed by equalization filters that induce the needed losses
in order to have the same power distributed over the different mode groups af-
ter the amplification. In an ideal transmission line, we could hope to splice this
FM-EDFA to a 67 km of the FMF L111 fiber and know that after the beam propa-
gates through this span, its losses suffered in the passive fiber and its added gains
from the FM-EDFA can counterbalance each other, thus the signal power would
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be preserved throughout a number of passages through the same kind of splice.
To put this idea in a more practical perspective, we chose to simulate a transmis-
sion line formed by two spans of the previous 67 km FMF L111 and its associated
FM-EDFA. For that, the results presented in Figure 4.34 will be considered as the
result of the first span, and the output signal power of this span will be considered
as the input signal power for the second one. Figure 4.35 shows the spectral and
modal gain provided by the second FM-EDFA, as well as a comparison between
the losses and the gain of this span.

𝐿 = 1
𝐿 = −1
𝐿 = 2
𝐿 = −2
𝐿 = 3
𝐿 = −3

𝐹𝑀 𝐸𝐷𝐹𝐴 𝐺𝑎𝑖𝑛
𝐿111 𝐿𝑜𝑠𝑠𝑒𝑠

(𝑏)(𝑎)

FIGURE 4.35: (a) Spectral and modal gain provided by the step in-
dex ring doped FM-EDFA theoretical design for attenuation com-
pensation in the optimized configuration, (b) Average modal gain
of the design (green), total modal losses (red) and the Loss - Gain
parameter after a second span of a 67 km propagation through the

FMF L111.

As can be seen, the spectral and modal gain present the same behavior for both
spans. The mean gain value for each mode slightly changes after the second span
from 17.22 dB to 17.66 dB for the OAM |L| = 1 mode group and from 22.19 dB
to 22.76 dB for the OAM |L| = 2 and from 24.27 dB to 24.89 dB for the OAM
|L| = 3. This result shows that this approach can maintain the same gain levels
for a multi-span transmission, delivering the same amplification as a single span
scheme.

In addition, the 0.59 dB of difference between the losses and the gain for the
OAM |L| = 2 at the output of the first span will be compensated at the output of
the second span. The same process can be observed for the OAM |L| = 1. How-
ever, the difference between the mean gain value and the propagation losses of
OAM |L| = 3 have grown larger, from 0.15 dB to 0.77 dB. These difference vari-
ations must be evaluated for each consecutive span in order to characterize the
final output gain. We will limit this study to a two spans transmission, given the
fact that we are not proposing a finalized experimental set-up. This design can be
the subject of more optimization through future works, in order to obtain an EDP
ring closer to the experimental profiles, an optimized pump beam and pumping
scheme for a multi-span transmission and even including the passive/active fiber
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splice losses of each mode. The subject of a custom-made fabrication for the at-
tenuation compensation application remains a perspective which could be a part
of a future work for our team.

4.7 Power conversion efficiency

The power conversion efficiency of a single-mode EDFA is generally calculated to
compare the performance of two such amplifiers [Anthony, Lahiri, and Biswas,
2012]. Based on the method used to calculate the PCE for single-mode EDFAs,
this efficiency can be calculated for FM-EDFAs as shown in Equation 4.1.

PCE =

∑
n

∑
k PowerSignal,out −

∑
n

∑
k PowerSignal,in

PowerPump
(4.3)

where n is the mode index and k is the wavelength index. In our case, using a
pump wavelength at 980 nm and signal wavelengths centered around 1550 nm,
the best efficiency we can hope for is around 63.23%, corresponding to the
λPump/λSignal ratio, which is experimentally never reached. In order to offer a bet-
ter understanding of the PCE of the FM-EDFAs studied in the previous sections
4.5 and 4.6, the PCE of each design was calculated for the same pump power
0.3 W, same signal power 12 µW/mode/wavelength and the corresponding opti-
mal configuration of each design. These values were later compared to the ones
of a single-mode EDF, a doped version of the SMF28 and the micro-structured
FM-EDFA discussed in the section 4.4 under the same conditions. The different
fiber designs and their parameters are presented in Figure 4.36. The amplification
code described in appendix 4.8 is used for this study.
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FIGURE 4.36: EDF designs and their parameters used to compare
the PCE.

We should mention that in order to better compare the different FMFs, we chose
to fix the number of guided modes up to the LP31 (OAM |L| = 3 in the case of the
fibers studied in the OAM base). As a consequence, the outer radius of the ring
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core FM-EDFA is considered to be 8 µm instead of 9 µm given in the section 4.5.
The results are presented in Table 4.10.

TABLE 4.10: Amplification results for the different fiber designs
shown in figure 4.23, showing the optimal length of the fiber, the

mean gain value, the total gain excursion and the PCE.

Fiber type SM SMF28 MSI− FM RC SIRC

Lopt 6.06 m 3.23 m 1.68 m 1.92 m 2.06 m

Gainmean 35.7 dB 35.1 dB 19.2 dB 22.61 dB 24.71 dB

∆G 3.4 dB 3.4 dB 2.4 dB 2.71 dB 3.9 dB

PCE 52.6% 45.3% 22% 38.42% 34.7%

As we can see, the single-mode EDF has the highest PCE value of about 52, 6%,
with only 10% difference from the maximal value. The SMF28 presents the second
highest PCE of 45.3%. The FMF designs all present smaller PCE values: both ring
core and step index FM-EDFA offer PCE higher than 34%. Another way to better
describe this is the evaluation of the pump budget needed to provide the same
gain for both the single-mode EDF and the ring core one. If we should consider
the mean gain value of 22.61 dB delivered by the ring core FM-EDFA with 0.3 W
as the targeted value, a single-mode EDF will necessitate a pump power of 0.03 W
to delivered such mean gain value. Now regarding the modal content of those
two fiber amplifiers, the single-mode EDF can amplify the fundamental mode
having a polarization degeneracy, thus a total of two modes, while the ring core
FM-EDFA guides up to |L| = 6 OAM mode groups, thus 26 spatial and polarized
degenerated modes. Hence, the ring core FM-EDFA can amplify 13 times the
capacity of a single-mode EDF using only 10 times more pump power. Such a
result put in evidence the advantage of using a FM-EDFA in terms of operating
costs. This can be seen as a starting point in the quest of a doped FMF design
having nearly the same PCE as a single-mode EDF.

4.8 Conclusion

All along this chapter, different possible fiber designs of FM-EDFAs were re-
viewed. The fiber geometry associated with conventional manufacturing meth-
ods does not allow gains to be equalized when the number of modes becomes
large in a classical step FMF, which is why micro-structured core fibers are con-
sidered as an interesting alternative. This type of fibers makes it possible to over-
come the limitations of the conventional manufacturing methods, in particular
from the point of view of controlling the EDP, as it offers the ability to control the
doping geometry outside of a circular fashion. Another alternative geometry that
can be explored is the ring core one that is technologically easier to achieve. This
type of design enhances the overlap between the EDP and the beams at the pump
and signal wavelengths, delivering equalized gain between mode with low total
excursion levels. Step index fibers with a ring shaped EDP were also investigated
in order to amplify OAM modes guided in this type of fiber. Gain equalization
for up to |L| = 3 OAM mode groups has been theoretically investigated. This
geometry was also investigated in an alternative approach, having a modal gain
scheme proportional to the modal propagation losses through a passive fiber, en-
abling their compensation. At the end of this chapter, the PCE of all the fiber
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designs studied in this chapter is compared to single-mode EDF, opening the per-
spective of finding new fiber designs having PCE comparable to the single-mode
EDF as well as the fabrication of the proposed designs in order to characterize
them experimentally.
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Conclusion and perspectives

During this thesis, we have worked on several fronts in order to get closer to a
long-haul transmission system based on the use of few-mode fibers employing
the modal division multiplexing technology with the aim to surpass the limits set
by the single-mode fiber used in the actual used long distance networks. From
a technological standpoint, a remarkable gap exists between these two transmis-
sion systems. As described throughout this manuscript, two major factors in-
crease the difficulties facing the use of the few-mode fiber based networks: the
mode coupling that can occur during the propagation of the beam through the
optical fiber and the amplification of the signal vital for a long distance transmis-
sion. Both these factors fall into the research axes of the project FUI-MODAL,
under which this thesis was conducted. Hence, these factors were the subject
of my works, combining theoretical and experimental approaches, inspired from
the precedent works of past team members, as well as my personal contributions
leading up to this PhD manuscript.

We started this manuscript by recalling some of the necessary theories and
notions throughout the first chapter necessary to understand the rest of the chap-
ters. Chapters 2 and 3 covered the modal content characterization axis of the
thesis. We started the second chapter by the notion of the transmission matrix
that we used to develop our modal content characterization method. Then we
presented the state of the art regarding the existing methods able to study the
modal behavior of few-mode and multi-mode fibers. After that, we introduced
the method that we developed during the first part of this thesis, inspired by the
previous works presented in the state of the art section. This method does not
necessarily present any novelty compared to the already existing methods, but
such a method did not exist in our laboratory before the start of this thesis. In
addition, as can be seen in the third chapter where we described and detailed
the results of this method, we can proudly say that we matched the other meth-
ods of the state of the art. Our set-up was used in order to characterize multiple
types of fibers : we studied two generations of a few-mode fiber designed and
manufactured by Draka/Prysmian group, a partner of the Project FUI-MODAL.
The two generations had the same modal content but with different modal losses
behavior due to different refractive index profiles. Our method successfully de-
tected the proper modes of these fibers with high matching to their numerically
calculated modes, for a linearly polarized mode basis as well as a orbital angular
momentum one. We also used our set-up in order to selectively inject a specific
mode at the input face of the fiber, obtaining an electric field at the output face of
the fiber that highly matched the selected mode. We also used this technique to
characterize a specialty ring-core fiber that was manufactured by our team mem-
bers at the Fibertech Lille platform in our laboratory. In addition to characterizing
the modal content via the transmission matrix of this fiber, we conducted a time
evolution study of its transmission matrix over a two days span in order to bet-
ter understand the variations of the coupling properties of this fiber. The results
showed low variations mainly attributed to the phase contribution rather than
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anything else. Following this result, we developed a parametrize transmission
matrix model able to highly predict these variations even when using a single
parameter, reducing thus the dimensions of the problem to a single dimension.
We showed that adding more parameters can not but help increasing the quality
of the prediction, although a single parameter gave very good results.

This method can be subject for many upgrades and updates in the future. The
modal content characterization in the third chapter was conducted on short fiber
length (less than 2 m). Although this length is comparable to some transmis-
sion systems components such as FM-EDFAs, the ability to use this method to
study long distance fibers is still considered as a primary objective. This can be
achieved by reducing the measurement time of the transmission matrix, which
can be done using a variety of approaches. The use of a spatial light modulator
with shorter response time, or any other device than can deviate the propagation
of a light beam, such as acousto-optic deflectors. A version of this method us-
ing an acousto-optic device was the objective of a Master 2 internship and it is
described at the end of the third chapter. The use of a camera with higher refresh-
ing frequency can also reduce the measurement time of the transmission matrix.
Another approach for a faster measurement can be to measure the different com-
binations of polarization states simultaneously which can make the measurement
four times faster. This can be done by injecting both horizontal and vertical states
at the same time and collecting the emerging beam on two separate cameras, one
for each output polarization state. Another perspective than could be applied
to our method is to develop accurate channel models for few-mode fiber optical
transmission systems based on our parametrized model for the time evolution of
the transmission matrix.

The second part on the thesis was focused on the other factor mentioned
above: the few-mode amplification. The fourth chapter of this manuscript was
dedicated to describe our works on this problematic. We started by describing
the properties and characteristics of a few-mode amplifier and then detailing the
state of the art for the few-mode erbium doped fiber amplifier, limiting ourselves
to the works where an actual fiber was produced and characterized. In the first
months of my arrival at the laboratory, a new micro-structured few-mode am-
plifier was already designed by Trinel during his thesis and manufactured at
Fibertech Lille platform. This fiber was combined with a pair of spatial multi-
plexers, produced by CAILabs, another partner of the project FUI-MODAL, in
order to build a prototype of few mode amplifier. The tests and characterizations
of this system, in which I participated, are described in the fourth chapter. The
results show high acceptable X-talk values and a flat gain for the different modes.
High levels of losses were also presented for this system, with multiple proba-
ble origins such as temperature effects, questionable mode shaping and injection.
However, we proved the feasibility of such systems, while mentioning that it is
a first prototype based on all new devices using a single phase plate to modify
both the signal and pump beams. Future work and upgrades on these devices
can lead to lower losses levels and better mode shaping which will improve the
system performances. My works were not limited in pursuing the works of the
preceding team member on this topic: I also worked on new designs of few-mode
erbium doped fibers in the context of a long distance transmission. Having the
chance to work with other fellow PhD students of our team, especially Tandje
who worked on ring-core fiber designs and conceptions, we developed a ring-
core erbium doped design able to amplify up to 6 orbital angular momentum
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mode groups (equivalent to 26 if we consider polarization and spatial degener-
acy modes), with equalized flat gain and low differential modal gain. This design
presents a remarkable advantage compared to the manufactured fiber guiding
just one orbital angular momentum mode presented in the state of art. The per-
formances of this design were simulated numerically using a code developed by
Le Cocq during his thesis with our team and presented in the Appendix A, which
was adapted and upgraded to suite our needs. Theoretical studies of this design
showed promising results, with a mean gain value of 22.61 dB, a differential gain
of only 2.7 dB and a power conversion efficiency value of 38.42%, which can be
considered high for these kinds of fibers. In order to transform this design from
a numerical idea to an actual fiber, our team at Fibertech Lille platform devel-
oped a non-conventional preform fabrication method, with complementary zir-
conium doping, in order to achieve the refractive index profile of our theoretical
model. As presented in the fourth chapter, we managed to manufacture a ring-
core alumino-silicate fiber with erbium and zirconium co-doping that had the re-
quired refractive index difference between the core and the cladding. However,
both radius of the ring did not match our design for this first test. At the time this
manuscript was written, another fiber was at the production stage and we hope
to characterize it and present it in our future works. Following the promising the-
oretical results of our ring-core erbium doped design, as well as the proof that a
step-index fiber can guide orbital angular momentum modes, with even less cou-
pling levels than the linearly polarized modes, we were interested in a step-index
fiber doped with erbium ions in a ring fashion, in order to better amplify such
modes. The same code presented in Appendix A was used to numerically simu-
late the performances of such a design. A resulting mean gain value of 24.71 dB,
a differential gain of 3.9 dB and a power conversion efficiency value of 34.7%
was obtained for such a design, amplifying the first 3 orbital angular momen-
tum mode groups. Le Cocq had developed and manufactured during his thesis a
nearly step-index fiber with a ring-shape erbium doping. Although this fiber and
our design did not present a matching radius for the erbium doping profile, the
experimental measurement of the refractive index profile and the erbium doping
profile of Le Cocq’s fiber were used in order to find a rescaling factor that can lead
to a fiber matching our theoretical design. However, our erbium doping profile
radius and the one of the manufactured fiber did not perfectly match, resulting in
lower mean gain values and higher differential gain values. We could hope and
start a new process for this fiber in order to better match our theoretical design
and thus characterize experimentally the liability of our design. At the end of this
chapter, we compared the different power conversion efficiencies of all the pre-
sented few-mode fiber amplifier with the ones of single-mode fiber amplifier. We
can conclude that our ring-core fiber can be a starting point of a new generation
of few-mode fiber amplifiers having high power conversion efficiencies, thus re-
ducing the pump power budget and limiting the energy losses observed in other
few-mode amplifiers.

Although the works of this thesis can be considered as two separate parts,
one could not help but notice the common points between this two parts. A main
objective of our future works is to use our modal content characterization method
in order to study the modal behavior and coupling of the modes of an erbium
doped few-mode fiber. To the best of our knowledge, an experimental modal
characterization of an active fiber has not been done yet, and we believe that our
method is able to accomplish such an objective.
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Appendix A: Numerical modeling
of FM-EDFAs

.1 Introduction

The increasing need for outperforming telecommunications networks relies on
developing new tools and components such as optical amplifiers. During EDFAs
designing stages, the implementation of fiber profiles and amplifications modules
makes it a time-consuming and costing process. However, these encountered is-
sues can be coped by numerical modeling. This latter predictive tool, having to
be representative of the reality as much as possible, requires advanced develop-
ments.

This chapter will be dedicated to describe in details the multiple-steps work-
flow allowing to translate the physical questions to a numerical model. The de-
scription will start by a step of physical discretization of the amplifiers dimen-
sions followed by the treatment of the population equations as well as the equa-
tions of propagation, to continue by explaining the used approximations in our
code and finish with this code converging conditions for an intensity model con-
ventionally used to study FM-EDFAs.

In order you give a better understanding of this model, developed by former
member of our team Guillaume Le Cocq, presenting their code explanation is of
a great interest, since it allowed us to obtain highly similar results to the exper-
imental ones. It should be mentioned that during this thesis, several upgrades
and adaptations were applied to this code thanks to which the study of our new
doped designs, presented previously in Chapter 4, was possible.

.2 Physical discretization

The discretization of the amplification including its spatial, spectral and modal
dimensions is needed to have a complete digital resolution. Concerning the spa-
tial dimensions of the fiber, we used a division into 3 small elements Nx, Ny
and Nz, where z is the lengthwise dimension and x, y are the transversal ones
as indicated in Figure (37). Due to the fact that the amplification occurs only in
the presence of erbium Er3+ ions, the transverse resolution could be restricted to
the core dimensions or even to its doped areas in case of partial doping. In ad-
dition, the discretization of the spectral dimension is performed by subdividing
the entire spectrum into small width elements, knowing that the spectral dimen-
sion corresponds to the spectrum of the high effective cross-sections of the ions
as shown in Figure (1.15). This latter consideration should be addressed since the
amplification mechanism affects all the wavelengths. Indeed, when the signal is
in the C-band, these spectral bands can be narrowed to include the range from
1500 nm to 1600 nm for the wavelengths of the signal beams. The pump beam
is considered separately since it propagates at a different wavelength, commonly
around 980 nm or even 1480 nm.
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FIGURE 37: Spatial discretization of the fiber [Trinel, 2017].

.3 Amplification equations

Population equations

At a given moment t, the Equation 1.45 becomes:

NT (x, y) = N1(x, y, z, t) +N2(x, y, z, t) (4)

The population inversion, driven by the absorption as well as the stimulated
and the spontaneous emission phenomenons (described in Chapter 1.3.2), is not
homogeneous taking into account its dependence on the considered point posi-
tion (x, y, z) and the amount of photons crossing this point. The quantification of
these latter dependencies is expressed as function of photons flux φk,i,± , where k
is the wavelength index, i is the mode index,± reflects the two directions of beam
propagation with + represent the direction of the signal propagation, called co-
propagation and − is the opposite one known as the countra-propagarion:

• the quantity of photons absorbed at the (x, y, z) point per second and per
volume unit: φk,i,±(z, t)Ik,i(x, y)σa,kN1(x, y, z, t),

• the number of photons created by stimulated emission per second and per
volume unit: φk,i,±(z, t)Ik,i(x, y)σe,kN2(x, y, z, t),

• the number of photons created by spontaneous emission: A21N2(x, y, z, t),

Ik,i(x, y) is the normalized intensity distribution of the mode i at the wavelengthλk
at the (x, y) point in the transversal plane, σa,k and σe,k are the effective cross-
section of absorption and emission respectively at λk and A21 = 1

τ21
with τ21 rep-

resenting relaxation time or the life time of the level 4I13/2. Thus, the population
equation can be written as:
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N2(x, y, z, t)

dt
=

∑
k

∑
i

∑
±
φk,i,±(z, t)Ik,i(x, y)σa,kN1(x, y, z, t)

−
∑
k

∑
i

∑
±
φk,i,±(z, t)Ik,i(x, y)σe,kN2(x, y, z, t)

−A21N2(x, y, z, t)

Propagation equations

The Equation 4 allowed us to observe that any population change at the N2 level
is oppositely equal to the population change at the N1 level. The reason why it is
possible to establish the propagation equations. During its propagation in an ele-
mentary section dx× dy× dz through the fiber, the beam will undergo the effects
of the absorption, the stimulated emission and the spontaneous emission. thus,
for this section, we will have

• the number of added photons to the incident photon flux due to the dupli-
cation by stimulated emission:

∫∫
φk,i,±(z, t)Ik,i(x, y)σe,kN2(x, y, z, t)dxdy

• the number of subtracted photons from the incident flux due to the absorp-
tion:

∫∫
φk,i,±(z, t)Ik,i(x, y)σa,kN1(x, y, z, t)dxdy

• the number of parasitic photons added to the incident flux due to the spon-
taneous emission:

∫∫
mi∆νkIk,i(x, y)σe,kN2(x, y, z, t)dxdy

where m is the mode degeneracy of the mode i and ∆νk is the elementary
spectral band of the spontaneous emission [Giles and Desurvire, 1991].

FIGURE 38: Photons flux propagation through an elementary vol-
ume of the fiber [Le Cocq, 2014].

The propagation equation is obtained as follows through combining these ele-
ments and adding the linear losses lk,i (due to poor containment, curvature losses,
material absorption, etc.) depending on the length and the propagation mode:
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φk,i,±(z, t)

dz
= u

∫∫
φk,i,±(z, t)Ik,i(x, y)σe,kN2(x, y, z, t)dxdy

−u
∫∫

φk,i,±(z, t)Ik,i(x, y)σa,kN1(x, y, z, t)dxdy

+u

∫∫
mi∆νkIk,i(x, y)σe,kN2(x, y, z, t)dxdy

−ulk,iφk,i,±(z, t)

where u is the beam propagation direction, with values that can be +1 for the
beams propagating in the same direction as the z axis and −1 for the opposite
direction.

.4 Light-matter interaction

The amplification process depends on the overlap integrals between different
modes (pump and signal) and erbium ions distribution. The overlap integrals,
based on normalized intensity transverse distribution and within the interval
[01], are written as [Becker, Olsson, and Simpson, 1999; Giles and Desurvire,
1991;Digonnet and Gaeta, 1985]:

Γk,i =

∫∫
Ik,i(x, y)

NT (x, y)

NT,max(x, y)
dxdy (5)

Γ1
k,i =

∫∫
Ik,i(x, y)

N1(x, y, z, t)

NT,max(x, y)
dxdy (6)

Γ2
k,i =

∫∫
Ik,i(x, y)

N2(x, y, z, t)

NT,max(x, y)
dxdy (7)

Where NT,max(x, y) is the maximal value of NT . The overlap integrals are
always within the interval [0, 1].

.5 Gain and noise figure

We have previously described the optical gain of EDFAs, given by the equation
1.44. Noise generation is another important aspect of EDFAs. An simple factor
to quantify this noise is the signal to noise ratio (SNR) which is the ratio between
the signal power and the noise power. The difference between the SNR before
and after the amplification is called noise figure (NF):

NFlin =
SNRin
SNRout

NFdB = SNRin,dB − SNRout,dB

.6 Approximation of the steady state

In the context of the steady state approximation, the amplifier is at a stationary
regime, thus the derivatives by time are zero. The population and propagation
equations become respectively:



Integration of the equations 133

N2(x, y, z) = NT (x, y)

∑
k

∑
i

∑
± φk,i,±(z, t)Ik,i(x, y)σa,k

A21 +
∑

k

∑
i

∑
± φk,i,±(z, t)Ik,i(x, y)(σa,k + σe,k)

φk,i,±(z, t)

dz
= uφk,i,±(z)σe,kNT,maxΓ2

k,i

−uφk,i,±(z)σa,kNT,max(Γk,i − Γ2
k,i)

+u(mi∆νk)σe,kNT,maxΓ2
k,i

−ulk,iφk,i,±(z)

.7 Integration of the equations

These coupled differential equations do not have analytical solutions since optical
beams propagate in both directions of propagation. Using an analytical approach
can significantly reduce the number of equations in the system in the case of a
single-mode EDFAs. However, these models are not sufficient to describe the
FM-EDFAs for which it is necessary to use numerical integration methods.

The Runge-Kutta of order 4 (RK4) method can be used in order to solve the
equations by recurrence along the propagation axis (Oz). To initiate recurrence,
it is necessary to know the initial conditions of the system:

• the power coupled in each pump mode at z=0 (co-propagative pump),

• the power coupled in each pump mode at in z=L (counter-propagative pump)
with L the length of the fiber,

• the power coupled in each signal modes at z=0 (co-propagative signal),

• the power coupled in each signal modes at z=L (counter-propagative sig-
nal),

• the level of optical noise carried by each mode at each wavelength when
injected into the EDF, or the noise of the laser source used. Most of the time
we neglect this noise since it is very low compared to that generated by the
amplifier itself through ASE. The noise level is then set to zero at z=0 for
co-propagative beams and at z=L for contra-propagative beams.

The iterative process of solving the equations consists in calculating the popu-
lation inversion at any transverse point (x, y, z = zi) by knowing the value of the
photons flux φk,i,±(zi), then the RK4 method is used to determine φk,i,±(zi + dz),
which will give us the population inversion for the point (x, y, z = zi+dz) and so
on. However, using the RK4 method can only be resolved the in the direction of
the propagation, neglecting thus the counter propagative beams. Later in this ap-
pendix, we will see how we can surpass this problem by employing convergence
loops.

.8 Implementation of the code

In this section we will describe the code developed by Le Cocq during his thesis
in our laboratory [Le Cocq et al., 2012]. This code is based on the propagation
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invariable intensity profiles at different wavelengths. We should mention that
another code was developed in our laboratory by Trinel during his thesis, taking
into account the electric field of the modes and not only the intensity profile,
adding the mode beating and the coupling between the different modes, but we
would not describe this code in details since we have used the intensity code for
our studies shown in chapter 4.

First approximation

First, based on the initial parameters defined by the user, the code leads to a first
approximation that is carried out in several steps:

• from the initial conditions in z = 0, we calculate the population inversion
and the co-propagative photon flux φk,i,+(z = 0), neglecting the contra-
propagative beams φk,i,−(z = 0),

• then, by considering the population inversion fixed, using the initial con-
ditions in z = L, we can calculate the countra-propagative photon flux
φk,i,−(z = 0) by integrating the equations in the opposite direction.

The results obtained during this first approximation are obviously not correct
and must be refined using a convergence loop.

Convergence loop

Following the first calculation of the co-propagative beam, it is necessary to eval-
uate the beam propagating in the opposite direction. For that, a convergence loop
is used. For each loop, the following calculation are successively done:

• first, using the co and countra-propagative photon flux φk,i,±(z) calculated
at the previous iteration, the population inversion can be re-evaluated thus
determining a more "realistic" values since it takes into account all beams at
this stage,

• then, using the re-evaluated population inversion, co-propagative photon
flux φk,i,+(z) are re-calculated without taking into account the countra-propagative,

• once the beam completes its propagation in the first direction, the popula-
tion inversion is re-evaluated using the more optimized photon flux φk,i,+(z),

• at last, the countra-propagative photon flux φk,i,−(z) is re-calculated using
the new population inversion values.

Since the RK4 can only be calculated for a single propagation direction, this
convergence loop offers the ability to evaluate both propagation direction: after a
number of loops, the values of the population inversion and the photon flux in the
co-propagative direction take into account their values in the opposite direction.
The code converges to the optimized solution when the calculated values of the
population inversion and the photon flux during two consecutive loops show
little to no difference. The different calculation steps are summarized in the figure
39
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Results

Once the code has converged, we will have access to the longitudinal and trans-
verse evolution of:

• the density of erbium ions in the different states, especially in the excited
state: N2(x, y, z),

• the photon flux of the signal, pump and ASE, both co- and counter-propagative:
φk,i,±(z).

These results are then used to calculate the gain for each mode at each wave-
length signal λk. Other parameters can be analyzed such as the average gainGave,
the differential modal gain DMG(k), the differential spectral gain DSG(i). These
numerical results also make it possible to calculate the SNR and NF.
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FIGURE 39: Diagram representing the calculation steps for the
simulation of an EDFA [Le Cocq, 2014].
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