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Abstract xi

Generation of triple frequency combs in multi-core fibres for multidimensional spectroscopy

Abstract

This thesis work explores the development, characterization, and practical application of a novel, fully
fibered, and freely-tunable tri-frequency-comb laser source for advanced multidimensional spectroscopy.
Tricomb spectroscopy unveils a new dimension to standard linear and non-linear spectroscopic analysis,
offering the possibility to reveal the almost real-time evolution of complex systems with unprecedented
accuracy. Current tri-comb configurations are based on the use of mode-locked lasers, which impose
constraints on the comb parameters, and require complex electronic synchronization, thus limiting potential
applications. In this thesis, we present the experimental demonstration of the spatial multiplexing in a
multi-core non-linear fiber of three electro-optic combs from a common laser source. This architecture aims
to ensure intrinsic mutual coherence between the three combs. The manuscript provides a comprehensive
study of the development and characterization of the three combs. We validated their pairwise coherence
through dual-comb experiments. We exploited the tri-comb coherence to experimentally investigate
intra-envelope four-wave mixing phenomenon in optical fibers. Using the third comb as a multi-line local
oscillator enabled us to extract and analyze the intermingled components resulting from the non-linear
interaction between the two first combs. We then revealed the high mutual coherence between the three
broadened combs by applying this approach through the demonstration of a 2-D FWM spectroscopy
experiment.

Keywords: non-linear fiber optics, multi-core fiber, spatial multiplexing, frequency comb, multi-
dimensional coherent spectroscopy, four wave mixing, electro-optic modulation, self phase modula-
tion

Génération de triple peignes de fréquences dans les fibres multi-coeurs pour la spectroscopie
multidimensionnelle

Résumé

Ces travaux de thèse explorent le développement, la caractérisation et l’application pratique d’une nouvelle
source de tri-peigne de fréquences entièrement fibrée, et accordable, pour la spectroscopie multidimen-
sionnelle. La spectroscopie à trois peignes apporte une nouvelle dimension à l’analyse spectroscopique
linéaire et non linéaire classique, offrant la possibilité de mesurer l’évolution presque en temps réel de
systèmes complexes avec une précision inégalée. Les configurations actuelles de tri-peignes sont fondées
sur l’utilisation de lasers à verrouillage de modes, ce qui impose des contraintes sur les paramètres du
système et nécessite une synchronisation électronique complexe, limitant ainsi les applications potentielles.
Dans cette thèse, nous présentons la démonstration expérimentale du multiplexage spatial de trois peignes
électro-optiques provenant d’une source laser commune, dans une fibre non linéaire à plusieurs cœurs. Ce
choix d’architecture vise à assurer une cohérence mutuelle intrinsèque entre les trois peignes. Ce manuscrit
fournit une étude du développement et de la caractérisation des trois peignes. Nous avons validé leur
cohérence par paire grâce à des expériences à double peigne. Nous avons exploité la cohérence à trois
peignes pour étudier expérimentalement le phénomène de mélange à quatre ondes intra-enveloppe dans
les fibres optiques. L’utilisation du troisième peigne comme oscillateur local multi-lignes nous a permis
d’extraire et d’analyser les composantes entremêlées résultant de l’interaction non linéaire entre les deux
premiers peignes. Nous avons ensuite révélé la haute cohérence mutuelle entre les trois peignes élargis en
appliquant cette approche à la démonstration d’une expérience de spectroscopie tri-peigne en 2D.

Mots clés : optique non linéaire fibrée, fibre multi-coeur, multiplexage spatial, peigne de fréquences,
spectroscopie cohérente multidimensionnelle, mélange à quatre ondes, modulation électro-optique,
auto-modulation de phase
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Introduction

In 1960, Theodore Maiman invented the technique to produce a directional beam of monochro-

matic light [1], called Light Amplification by Stimulated Emission of Radiation (LASER). Inspired

by the theoretical work of Arthur Schawlow and Charles Townes, he used a ruby crystal as

amplifier medium, out of the concept of maser [2] in the optical wave range. As early as 1961,

the potentialities of such a discovery were glimpsed, especially with the first experiment in

nonlinear optics conducted by Franken [3]. His team managed to observe the light mark of

second-harmonic generation in a quartz, using a ruby laser. To obtain such a non-linear answer

from a medium, it is essential to have access to a source of high peak power [4]. This is why the

first experimental results in this domain have coincided with the demonstration of Q-switching

[5], and then mode-locking [6]. These methods generate pulsed laser sources, reaching the

picosecond and femtosecond respectively in pulse duration. Like a conductor synchronizing

the different instruments in the orchestra, mode-locking put in phase all the frequencies that

participate in the pulse, in order to make them interfere constructively. The spectrum of such

a source consists of discrete and evenly spaced frequency peaks [7]. It is one of the results

Hargrove’s experiment has demonstrated, and it was the first time that a light source with such

a spectral structure, called frequency comb, was observed [8].

Historically, the first application of combs was frequency metrology [9]. Electronic instrumen-

tation is too slow for high frequency optical oscillations (in the THz range). The determination

of these frequencies with conventional devices requires measurement techniques based on long-

term conversion chains, complex both theoretically and experimentally [10]. Using a frequency

comb overcomes this difficulty. Their great spectral stability allows them to be used for reference.

As a ruler works, any optical frequency can be measured from its difference with the teeth of

a comb [11]. This is a relatively easy experiment to implement, which achieves good levels of

precision [12]. Frequency comb have become an indispensable tool of measurement in physics, as

proved by their use in fields as varied as astrophysics [13, 14] or microscopy [15]. Spectroscopy is

a striking example of frequency combs applications, with half of the 2005 Nobel Prize won by J.

L. Hall [16] and T. W. Hänsch [17]. They demonstrated the technique of dual comb spectroscopy

(DCS). Designed in 2002 by Schiller [18], it achieves a spectral resolution that is no longer

instrument-limited, but only set by the difference of repetition frequency of the two combs [19,

20] (traditionally in the Hz or kHz range). In recent years, DCS still keps its promise of high

1



2 Introduction

precision combined with an increase in analysis speed of several orders of magnitude [7, 20].

The sensitivity and precision of DCS depends on the mutual coherence between the comb

sources i.e. their weak relaive timing jitter [20, 21], to get high SNR and narrow linewidth

spectral lines from the beating. Thus, several technological systems have been developed to

generate frequency combs that are coherent with one another, such as phase-locking of two mode-

separated lasers [20], bidirectional lasers [22, 23], dual microresonators on a chip [24], or arrays

of electro-optic modulators (EOM) driven by a common laser [25]. In nonlinear fiber systems,

both propagation directions have been exploited to make the frequency comb experience almost

the same phase noise degradation without interacting together [26, 27]. By exploiting these

different options, DCS has enabled a great leap forward in the science of linear and nonlinear

spectroscopy, microscopy, ranging, and LIDAR [7, 20].

Despite these remarkable features, dual-comb spectrometers have limitations. DCS is a linear

technique, with only one scanning parameter (being the difference of repetition rates of the

two combs). Therefore, it fails to capture both the evolution both in time and frequency of a

sample. On the other hand, multidimensional coherent spectroscopy [28–31] gives access to

the monitoring of these evolutions, and enables to study of the coupling between the potential

state transitions during chemical reactions in a complex mixture for instance. To achieve this,

a third comb is added to the system [28, 31, 32] to access an extra dimension. The first two

combs act as the pump and probe to stimulate the nonlinear response of the sample, and

the third acts as a multi-line local oscillator, similarly to in DCS. Therefore, it is necessary

to develop three-comb light sources with high mutual coherence for highly sensitive and fast

multidimensional spectroscopy. Note that three-comb technology is not limited to nonlinear

spectroscopy but also enables removing the ambiguity surrounding dual-comb measurements

[33]. To obtain three highly coherent combs, one can phase-lock three mode-locked lasers [28, 29]

or generate different propagation modes in microresonators [34]. These cavity-based techniques

have their own advantages, but the frequency characteristics of the combs are tunable only over

a small range, as they are severally dictated by the opto-geometric parameters of the cavity.

The consequence is that repetition rates cannot be adapted to the decay rates of the samples to

analyze, nor their relative repetition rates to conveniently sample the response of the medium,

thus lowering the overall performances.

The work of this thesis consists in the development, the characterization and the proof-

of-concept of the use of a fully fibered, freely-tunable, coherent tri-frequency-comb source.

Inspired by the architecture proposed by Millot and al [26], a tri-core nonlinear fiber is used

to spectrally broaden three electro-optic combs from a single continuous-wave laser. The goal

is to keep the benefits of the high non-linearity of fiber optics to obtain wider spectra, while

subjecting the three combs to the most similar phase degradation as possible through almost

identical pathways. This is proven by a study of the combs stability. Coherence between each

pair of the three-comb system is validated by DCS experiments. A demonstration of 2-D Four

Wave Mixing (FWM) spectroscopy [28] allows to conclude on the high mutual coherence between
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the three combs, proving the system to be efficient for nonlinear experiments.

My thesis is a collaboration between the Sources Lasers and Metrology team (SLM) of Onera’s

Departement of Physics, Instrumentation and Environnement (DPHY) and the Photonics team of

the PHysique des Lasers, Atomes et Molécules laboratory (PhLAM - UMR8523). It was therefore

organized between the two sites. At ONERA, a set-up using two commercial combs (C-comb at

1550nm, Menlosystems) enabled me to get to grips with the concept of dual-frequency comb

spectroscopy. I stayed in Palaiseau from October 2020 to September 2021, when I moved to

Lille. There, I took over and developed the three-comb set-up. This set-up and its utilization

are the main subjects in this manuscript. Measurements taken with Menlosystems lasers are

used to support the discussion, and the commercial system serves as a point of comparison.

The manuscript is organized in four chapters, as follows. Chapter 1 introduces the concept

of multi-comb interferometry. Chapter 2 presents the multi-comb system and the individual

characteristics of each comb. Chapter 3 demonstrates the use of the system for DCS. Chapter 4

is a study of FWM based on the interaction between the three combs.
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In this chapter, the notion of frequency comb is detailed. The benefits of using a frequency

comb, and its applications, are explained. The different architectures available for generating a

frequency comb are reviewed, with a particular attention to electro-optical modulation, since

it is the technique used for the set-up developed in this thesis. In order to provide the means

to apprehend the phenomena at stake, non-linear effects in optical fibers are mathematically

described. The third section is about dual-comb interferometry, to finally extend the discussion to

tri-comb interferometry.

1.1 Generalities on frequency combs

1.1.1 Mathematical definition

Temporally, a frequency comb is a train of pulses, of the same envelope A, and regularly emitted

at the repetition period Trep = 1
frep

= 2π
ωrep

and at the optical carrier frequency νp =
ωp

2π , where

ωrep and ωp are respectively the angular frequencies associated with frequencies frep and νp.

The stability of this train comes from the exact repeatability of the pulses: the generation of a

frequency comb requires that the periodicity applies not only to the pulses envelope, but also to

their optical phase. That defines the concept of temporal coherence between the pulses. However,

it is possible for the envelope and carrier to temporally shift, inducing at each repetition a

constant phase shift ∆φ between the two. This shift can be explained by the residual dispersion

in the medium generating the pulses, which induces a difference between the phase velocity and

the group velocity. In this context, the pulse train C(t) (see Figure 1.1) can be written in the time

domain as:

C(t) =
∞∑

n=−∞
(A(t)cos(ωpt −n∆φ)) ∗ δ(t +nTrep) (1.1)

A(t)C(t)

Δϕ 2Δϕ 3Δϕ

Time1/frep

Figure 1.1: Time-domain representation of the train of pulses. Inspired by [7].
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Using the Fourier transform (FT), the pulse train in the frequency domain C̃ can be written as :

C̃(ω) = Fω(C(t)) =
∫ ∞
−∞

C(t)e−iωtdt

=
∫ ∞
−∞

 ∞∑
n=−∞

(A(t)cos(ωpt −n∆φ)) ∗ δ(t +nTrep)

e−iωtdt

=
∞∑

n=−∞

(
Fω(A(t)cos(ωpt −n∆φ)) ·Fω(δ(t +nTrep))

)
= π

∞∑
n=−∞

(
Ã(ω) ∗

(
e−in∆φδ(ω −ωp) + ein∆φδ(ω+ωp)

))
eiωnTrep

(1.2)

where Ã(ω) = Fω(A(t)) is the TF of the temporal envelope.

Expanding the expression to separate positive and negative frequencies, one can find:

C̃(ω) = π
∞∑

n=−∞
Ã(ω −ωp)ein(ωTrep−∆φ) +π

∞∑
n=−∞

Ã(ω+ωp)ein(ωTrep+∆φ)

= πÃ(ω −ωp)
∞∑

n=−∞
e
in

(
2π

ωrep

)
(ω−ω0)

+πÃ(ω+ωp)
∞∑

n=−∞
e
in

(
2π

ωrep

)
(ω+ω0)

(1.3)

by writing ω0 =
ωrep

2π∆φ . This quantity is called "the offset frequency", whose meaning is explained

later in this paragraph.

The latter expression is a discrete sum, centered at +ωp for negative frequencies and at

−ωp for positive frequencies, of exponentials spaced by the quantity ωrep. Mathematically, this

corresponds to the Fourier serie expansion of a Dirac comb distribution at the period ωrep,

represented by the "sha" function Шωrep
:

Шωrep
(Ω) =

∞∑
n=−∞

δ(Ω−nωrep) (1.4)

whose Fourier serie expansion can be computed as:

Шωrep
(Ω) =

∞∑
n=−∞

cn(Шωrep
)e2iπnΩ

ω (1.5)

The Fourier coeffients cn(Шωrep
) of this serie expansion are:
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cn(Шωrep
) =

1
ωrep

∫ −ωrep/2

ωrep/2
Шωrep

(Ω)e
−2iπn Ω

ωrep dΩ

=
1

ωrep

∫ −ωrep/2

ωrep/2
δ(Ω)e

−2iπn Ω
ωrep dΩ

=
1

ωrep
e−2iπn

=
1

ωrep

(1.6)

This means that the Dirac comb at the period ωrep can be written as:

Шωrep
(Ω) =

∞∑
n=−∞

δ(Ω−nωrep) =
1

ωrep

∞∑
n=−∞

e
2iπn Ω

ωrep (1.7)

We recognize this expression in Eq. 1.3:

∞∑
n=−∞

e
in2π (ω+ω0)

ωrep = ωrepШωrep
(ω+ω0) and

∞∑
n=−∞

e
in2π (ω−ω0)

ωrep = ωrepШωrep
(ω −ω0) (1.8)

Thus, Eq. 1.1 can be written [25]:

C̃(ω) = πωrepÃ(ω −ωp)Шωrep
(ω −ω0) +πωrepÃ(ω+ωp)Шωrep

(ω+ω0) (1.9)

The spectrum of a regularly spaced train of temporal impulses is therefore composed of two

Dirac combs with the same envelop Ã, one in the negative frequencies and one in the positive

frequencies, respectively centered at -ωp and +ωp. The positive part, grasping the real physical

meaning, is shown in Figure 1.2. The peculiarity of this spectrum is that it is not null only at

some regularly spaced frequencies fn such as, for n ∈N:

fn = f0 +nfrep, fn > 0 (1.10)

This explains the naming of frequency combs, as for the mathematical structure and the

particular spectrum composed of equidistant spectral lines that are called the teeth of the comb.

The position of these lines is entirely defined by two quantities: the repetition frequency

frep =
ωrep
2π = 1

Trep
, which represents the spacing between the teeth, and the offset frequency

f0 = ω0
2π =

frep
2π∆φ , which represents the abscissa of the first tooth. Depending on the research team,

it is customary to refer to the comb by its offset frequency f0 or by its carrier frequency fp. This

is simply a matter of usage, and a neophyte should not lose sight of the fact that a frequency

comb has only two degrees of freedom. Knowing and controlling these two quantities means

knowing and controlling all the spectral lines of the comb. Those parameters are traditionally in
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Ã(f - fp)

Frequency

f0 fn = nfrep + f0
frep

fp

Figure 1.2: Frequency-domain representation of the train of pulses. Inspired by [7].

the radio-frequency (RF) domain. That explains the adage that frequency combs are the link

between the optical and radio-frequency domains, since the control of the RF parameters gives

access to an optical precision at a THz carrier frequency (and vice versa). That leads to many

applications.

1.1.2 Applications

The carrier of an optical wave (300 GHz - 400 THz for the infra-red, 400 THz - 700 THz for

visible light) is too fast to be detected by precision frequency counters, whose bandwidth limit

is 10 GHz. However, any optical frequency difference can be easily measured as long as they

fall under this limit. Let’s take the example of two optical carrier frequencies ν1 and ν2. Their

interference created a signal at a ν1 + ν2 carrier, with an amplitude modulated at the frequency

∆f = ν1 − ν2. This modulation can be detected by a photo-diode, which produces a proportional

voltage. This technique is known as heterodyne detection. It is a very common tool to detect

the carrier of an optical wave, from a known reference called local oscillator (LO). In such way,

frequency combs can be described as rulers for light. By providing a segmentation of the optical

domain into spectral lines separated by a radio-frequency quantity, frequency combs (if stable

enough) can be used as LOs to measure any optical frequency. The technique of measuring the

difference frequency is crucial in most measurement methods involving combs.

Indeed, it is possible to measure any optical frequency from its inference with the comb.

This interference produces a multitudes of spectral lines. The lowest frequency fbeat of theses

lines results from the beat between the unknown frequency νi and the comb line that is the

closest in frequency νn. One can find νn by a simple wavelength measurement, or by slightly

shifting the central wavelength of the comb or the frequency to be determined. Indeed, fbeat is

necessarily smaller than frep/2, and frep is in the RF range. One can conclude that fbeat is also in

the RF domain, and therefore be detected on a photo-diode. The unknown frequency νi is then

indirectly measured: νi = nfrep + f0 + fbeat .

Because they provide very precise measurements, frequency combs have become an indis-

pensable tool in fundamental and applied research. The following is a non-exhaustive list of
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fields in which the use of frequency combs has led to major advances. Readers may refer to the

bibliographic references [35, 36] for more information.

Optical clocks [37] interrogate a very narrow atomic transition using a laser of extremely

high stability and spectral purity. The stability of these optical standards (of the order of a

few 10−15 at 1 second) far exceeds that of microwave standards based on caesium or rubidium.

However, measuring or comparing optical frequencies with other standards is a challenge, since

no electronic system is fast enough to process them. Before the development of frequency combs,

optical frequency measurements were carried out using complex frequency multiplication chains

[10] requiring many lasers and were difficult to implement. Referenced frequency combs have

revolutionised this field by providing a simple, compact and reliable way of measuring optical

frequencies in absolute terms and comparing them with each other [12, 38].

Frequency combs are also used in astronomy. It has, for instance, been involved to search for

dark matter [39] and for exoplanets around distant stars [13, 40]. By meticulously monitoring

the precise colors of light emitted by these stars, subtle fluctuations in motion can be detected,

indicating the potential existence of an exoplanet orbiting the star, with characteristics similar

to Earth.

Frequency combs also found a use in LIDAR. Traditionally, they have been equipped with a

limited number of wavelengths, usually consisting of two "ON/OFF" wavelengths (known as

DIAL). Using a frequency comb to scan a broader range of the spectrum enables more robust

retrieval techniques and ultimately leads to more precise measurements with reduced biases

[41–43].

Last but not least, frequency combs have revolutionized high-resolution spectroscopy [44].

By comparing the comb’s evenly spaced frequencies to the absorption or emission spectrum

of a sample, its features can be determined [45]. This technique enables the measurement of

ultra-narrow spectral lines with exceptional precision, accuracy and speed. As this is a target

application for the tri-comb light source, an in-depth study will follow in this manuscript.

1.1.3 Stability of a frequency comb

All the benefits listed above assume that the comb structure is stable. This section details what

is underneath the notion of stability applied to a frequency comb.

Stability of an oscillator

Phase noise and frequency stability both characterize the variations in periodic signals, albeit

from slightly different perspectives. This subsection is dedicated to the presentation of these

two concepts, in order to contextualize the stability measurements made in this thesis. The

discussion will be developed based on a monochromatic oscillator. The conclusions drawn from

this analysis can then be readily applied to a frequency comb, which can be envisioned as the

coherent sum of N monochromatic oscillators (refer to Equation (1.1)). This presentation is
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not intended to be exhaustive; readers seeking more detailed information can refer to the cited

bibliography for further insights [46].

Phase noise
A oscillator signal affected by amplitude-modulation (AM) and phase-modulation (PM) noise

can be written as [47]:

v(t) = V0 [1 +α(t)]cos[2πν0t +φ(t)] (1.11)

where V0 is the amplitude, ν0 the frequency, α(t) is the random fractional amplitude, and φ(t)

is the random phase. Generally, the power spectral density Sv(f ) of a random process v(t) is

defined as:

Sv(f ) = E

{
Ff {Rv(t1, t2)}

}
(1.12)

In this equation, Sv(f ) represents the power spectral density, E denotes the expectation operator,

F stands for the Fourier transform, and Rv(t1, t2) is the autocorrelation function of the process

v(t) at time instants t1 and t2. In practice, Sv(f ) is measured by applying the Wiener-Khinchin

theorem, under the hypothesis that the process v(t) is ergodic, as:

Sv(f ) =
∣∣∣Ff {v(t)}

∣∣∣2 (1.13)

Ergodicity entails the interchangeability of ensemble and time-domain statistics, and represents

experiment reproducibility. Stationarity implies statistical independence from the time origin,

and represents experiment repeatability. In numerous real-world instances, processes exhibit

both ergodicity and stationarity [46].

It is common practice in the literature not to refer for phase noise to the power density Sφ(f )

(in rad2/Hz), but rather to the quantity L(f ):

L(f ) =
SSB power in 1Hz bandwidth

carrier power
(1.14)

with SSB refering to single-sideband. This has been defined since the IEEE Standard 1139-1988

[46] as follows:

L(f ) =
1
2
Sφ(f ) (1.15)

where Sφ(f ) is the PSD of the random process φ(t). This measurement cannot be made using a

traditional spectrum analyser, notably because it is not able to discriminate PM from AM noise,

in addition with an inadequate dynamic range. The SSB power is mesured by RF heterodyne

detection, by scanning the LO frequency along one side of the line under study. Phase detector

saturation allows amplitude noise to be rejected, in order to only select the phase noise. This is

the method used in the following of this thesis to characterise the stability of the three developed

frequency combs.
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Allan deviation

In addition, the quality of a frequency comb is assessed over the long term by measuring the

Allan variance of its repetition frequency. The next paragraph presents this physical quantity.

From Equation 1.11, the instantaneous frequency can be computed:

ν(t) =
1

2π
d
dt

[2πν0t +φ(t)] = ν0 +
1

2π
dφ(t)
dt

(1.16)

From this instantaneous frequency, its instantaneous deviation ∆ν can be defined with respect

to the reference frequency ν0 and its normalized instantaneous deviation y(t), respectively:

∆ν(t) = ν(t)− ν0 =
1

2π
dφ(t)
dt

(1.17)

y(t) =
ν(t)− ν0

ν0
=

1
2πν0

dφ(t)
dt

(1.18)

The samples yi are defined by the mean of y(t) over a time τ :

yi =
1
τ

∫ ti+τ

ti

y(u)du (1.19)

This can be further expressed in terms of the difference in phases at instants ti and ti + τ :

yi =
φ(ti + τ)−φ(ti)

2πν0
(1.20)

Their mean over N samples gives ȳ:

ȳ =
1
N

N∑
i=1

yi (1.21)

and their "classical" variance σ2
y is given by:

σ2
y (τ) =

1
N − 1

N∑
i=1

(yi − ȳ)2 (1.22)

where N is the total number of samples. Classical variance is a limited tool for describing

random phenomena, since it depends on the number N of samples, and diverges if the spectrum

decreases in 1/f or steeper [46]. This is why David W. Allan introduces the variance between two

samples [48] that converges for all types of noise, and which is called the Allan variance:

σ2
y (τ) =

1
2(M − 1)

M−1∑
i=1

(yi+1 − yi)2 (1.23)

where yi is the ith sample obtained by averaging over time τ = M τ0, M the number of considered
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periods and τ0 the sampling step. The analysis period cannot exceed half the total measurement

duration as a minimum of two samples is required. The Allan variance estimates the stability of

an oscillator at different time intervals.

Link between phase noise and Allan deviation
The power spectral density of frequency noise of an oscillator Sy(f ) is well modeled by the

superposition of five independent types of noise, each corresponding to a different power law

(Table 1.1):

Sy(f ) =
∞∑

n=−2

hnf
n (1.24)

where hn represents the amplitude of the noise component with power law n.

Noise type Main contribution Sy(f ) σ2
y (τ)

Random Walk Frequency Noise
Oscillator environment (temperature, vibration,

shocks, etc.)
f −2 τ1

Flicker Frequency Noise
Leeson effect supplied by flicker phase/resonator

thermal noise
f −1 τ0

White Frequency Noise Resonator in band / quantum / thermal noise f 0 τ−1

Flicker Phase Noise
Up-conversion of the amplifier flicker noise by

amplifier non-linearity
f 1 τ−2

White Phase Noise
Thermal / quantum / electronics noise in ampli-

fier
f 2 τ−2

Table 1.1: Frequently encountered types of noise.

An analysis of the phase noise and Allan variation of a frequency comb can therefore help

identify the types of noise at stake. These are the tools used to study the effects of the different

methods used to stabilize a comb. In the literature, it is usual for the two to complete each other,

with an analysis of short-term stability through phase noise measurement, and an analysis of

long-term stability with Allan variation measurement.

Referencing of a comb

The repetition rate and the offset frequency are the two degrees of freedom of the spectral struc-

ture of a frequency comb. Measuring these two parameters is therefore equivalent to measuring

the position of all the spectral teeth. That is what is called referencing the comb.

Detection of the repetition rate
The pulse train of a comb can be understood as the constructive interference between all its

spectral modes. The greater the number of modes, the greater the modulation and the shorter
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the pulses. Direct photo-detection of these pulses is equivalent to heterodyne detection of all

the modes beating with one another. Each line of the comb is both signal and LO. Therefore,

direct photo-detection enables the measurement of a strong modulation of the amplitude at all

the frequency differences within the comb, meaning at every multiple of frep. In conclusion, the

repetition rate can be easily detected using a fast photo-diode [49].

Detection of the offset frequency
It is not the case for the frequency offset, which is in the optical domain. A method has

been proposed [49–51] to avoid having to resolve the ultra-rapid oscillations of the carrier

wave. It consists of producing a beat at f0 between one extreme of the comb and the other

extreme of its non-linear duplication. The most commonly used effect is frequency doubling,

and this technique is called f-2f self-referencing [50]. Figure 1.3 describes its principle. It

consists in making the 2n mode at frequency ν2n interfere with the mode at frequency 2νn,

generated by frequency doubling the mode n of the comb. The resulting beat is at frequency

2νn − ν2n = 2(frep + f0)− 2frep − f0 = f0.

Frequency

νn = nfrep + f0

2νn - ν2n = f0

ν2n = 2nfrep + f0

-x2

Figure 1.3: Offset frequency detection via f-2f self-referencing.

While this method is mathematically simple, it assumes having access to both mode n and

mode 2n. In other words, the spectral spectrum must have a span over an octave. It is one of the

motivations behind the development of super-continuum sources [52]. These sources have been

developed since the 1970s [53, 54], but their advent coincides with the use of photonic crystal

fibers (PCF) [55, 56] or tapered fibers [57]. Their experimental demonstrations have led to the

first realisation of self-referenced frequency combs [51].

During my thesis, I used the super-continuum source (spectral bandwidth: 1µm - 2µm) of a

commercial C-Comb comb from MenloSystems GmbH, in order to measure its offset frequency.

I built an f-2f interferometer, a photograph of which is shown in Figure 1.4. A dichroic mirror

separates the high frequencies from the low frequencies on two separate channels. The low

frequencies are doubled by Second Harmonic Generation (SHG) in a Periodically poled lithium

niobate (PPLN) crystal, then recombined with the high frequencies. Half-wave plates are used

to control polarisation on both channels. Different spectral filters are used to select the beat
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half-wave plate

dichroic mirror filters

PPLN crystal

filter

half-wave plate
+ filters

achromatic 
doublet of lenses

Figure 1.4: Photograph of the f-2f interferometer set-up I developed for the stabilization of the
offset frequency of Menlosystems C-combs. The super-continuum beam (purple) is divided into
two paths. In the low-frequency channel (red beam), the signal is frequency doubled by passing
through a PPLN crystal. On the high-frequency channel (orange beam), a delay line is used to
adjust the phase of the initial signal. The two channels are then recombined into a beat detected
on a photo-diode.

between the doubled n mode and the 2n mode. A delay line is used to superimpose them in

time.

However, this set-up did not result in the measurement of the offset frequency. This is most

likely due to the fact that the pulses are too widely dispersed in the crystal that we used (L =

2 cm), which is too long for sub-picosecond durations. This unsuccessful approach highlights

the importance of dispersion management with broadband frequency combs. For pulses of 100

to 200 fs, as in the case of the C-Comb of Menlosystems, a less-than-1-mm-long crystal would

be more appropriate [58, 59]. This is what will be used by the team to obtain the measurement.

Detecting the offset frequency of the comb would enable its locking to a reference source, turning

the C-comb source at ONERA into a fully referenced frequency comb (see Appendix A). This

improvement could lead to the customization of dual-comb detection protocols, particularly for

enhancing the SNR and precision of gas spectroscopy measurements achieved thus far [60]. The

specifics of the stabilization process of a frequency comb are elaborated upon in the following.
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Locking of a comb

The assessment about the comb’s spectral structure relies on its stability. A frequency comb is

truly considered as such only if its repetition frequency and offset frequency are stable over

time, or at least stable enough to neglect their variations during the measurement time. Indeed,

the main property of a comb is its Dirac-like structure. If either of these parameters varies, the

fine characteristics of its spectral lines gradually diminish. When the structure that generates

the comb is stable enough (the criterion being, of course, the intended application) without any

retro-action, the operation is called to be free-running. When the initial structure is not stable

enough, the comb must be stabilized. To do so, il it possible to lock the self-beatnote from frep

direct detection and the self-beatnote from f0 indirect detection to microwave references, or

only one of them, still depending on the degree of stability required. It is also possible to use

known optical references to beat with the comb, and then to lock the beatnotes to microwave

references. Since the different modes are all coherent, locking only one or two of them stabilises

the other modes of the spectrum. There are alternatives to these stabilization techniques [61],

but they remain the most commonly used [62]. Tara Fortier and Esther Baumann provided a

illustrated review of the comb performances depending on the stabilization scheme [35]. The

comb performances also greatly vary depending on the architecture chosen to generate it, which

is the subject of next section.

1.1.4 Common set-ups for comb generation

As presented in Section 1.1, the principle of frequency combs is based on the generation of short

pulses. According to Fourier analysis, the shortest pulses are obtained from a large spectrum

with a constant phase across all frequencies. Under certain dispersion conditions, this can be

achieved using a cavity pumped by a continuous-wave. Those cavity-based configurations are

the most common architecture for generating these ultra-short pulses, with two main families:

active and passive cavities. Another widespread technology is electro-optic modulation of a

continuous-wave laser, which is the technique at the heart of this thesis.

Mode-locked lasers

Frequency comb generation historically relies on the use of mode-locked lasers. These lasers

operate by constructive interference between all the longitudinal modes of a cavity. That arises

from a large-bandwidth gain medium, pumped by a continuous-wave laser. Kerr-lens effect

establishes a fixed phase relationship between all the modes [63]. As a result, the laser emits

a train of pulses with a duration as short as a few tens of femtoseconds [64], creating a broad

frequency comb spanning over a hundred nanometers. The repetition frequency of these lasers

is set by the time of flight in the cavity, and their offset frequency by the residual dispersion.

Their value is typically of the order of a hundred MHz [12], and can go from several kHz [65, 66]

up to a few GHz [67].
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Ti:Sapphire lasers
Until recently, Ti:sapphire lasers have been the most widely used mode-locked lasers. They offer

several advantages, including a broad emission spectrum spanning over 300 nm centered at 800

nm, which enables the generation of extremely short pulses with duration of less than 10 fs [68].

That is possible thanks to a precise control of the dispersion, as shown in Figure 1.5. However,

despite their capabilities, these lasers come with certain drawbacks. They can be expensive,

particularly due to the need for a high-power pump laser in the green region. Thermal lensing

effects in the crystal can also limit their output power and their mechanical stability is often a

concern for various applications.

Figure 1.5: Schematic of a Ti:sapphire laser from [68]. M1, M2, quarter-wave dichroic mirrors;
M3 – M8, chirped dispersive mirrors; VS, vertical slit; OC, broadband output coupler; CP,
wedged glass plate.

Fiber lasers
Fiber lasers are an advantageous alternative to bulk lasers, offering enhanced stability [69]. The

most popular types of fiber lasers are erbium-doped and ytterbium-doped fiber lasers, emitting

respectively around 1550 nm and 1030 nm. These fiber laser models are gaining popularity

and finding more applications, especially since they are commercially available as user-friendly

turn-key systems. This is the case with Menlosystem’s C-comb model, used as a reference system

in this thesis. It is a pulsed laser based on the well-established non-linear Amplifying Loop

Mirror (NALM) mode locking mechanism [70]. In a fiber loop mirror (Figure 1.6 (a)), a light

pulse gets to a fiber coupler, splitting it at one of its input ports into two equal portions ( a⃝).

The two portions propagate in opposite directions and interfere again at the splitter ( b⃝). When

the two counter-propagating waves have no phase difference i.e. ∆ϕ = 0, the original pulse is

reflected back to where it came from: the fiber loop acts like a mirror ( c⃝).The reflectivity of the

loop mirror changes if for some reason there is a phase shift i.e. ∆ϕ , 0 between the two counter-

propagating pulses ( d⃝). In conclusion, a fiber loop is a device whose transmission/reflection

ratio depends on the asymmetry of the phase added by the propagation in the loop. The idea

behind NALM is to disymmetrize the propagation in the loop so that the phase shift induced

between the two counter-propagating pulses is intensity-dependent. As a result, the transmission
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(a) (b) (c)

Figure 1.6: Principle of mode-locking in Menlosystem’s C-comb laser. (a) Fiber loop mirror. (b)
Figure-of-eight laser. (c) Menlosystem’s figure 9 design. Courtesy of Menlosystem.

at the coupler is intensity-dependent, and the fiber loop act as a fast artificial saturable absorber

(SA). In a figure-of-eight laser (Figure 1.6), the active medium of the laser is a doped optical

fiber, whose non-linearity effect is intensity-dependent. Because it is placed asymmetrically

with respect to the resonator loops, it induces an intensity-dependent phase difference between

the counter-propagating waves. Mode locked laser operation can thus be achieved in this type

of cavity. A major drawback of this configuration, however, is the difficulty to achieve self-

starting of mode locked operation in polarization-maintaining fibers. That is the reason why

Menlosystem’s figure 9 (Figure 1.6 (c)) relies on operating the NALM in reflective mode, rather

than in transmission, and enables to implement polarization-maintaining fiber components [71].

Micro-resonators

Micro-resonators are miniature optical cavities which confine light in a small volume. Ongoing

advancements in microfabrication techniques and material engineering have led to strong light-

matter interactions. Figure 1.7 shows an example of the great diversity of existing devices. By

carefully designing the geometry and material properties of the micro-resonator, it is possible

to achieve ultrafast pulse generation through the phenomenon of cavity soliton [72, 73]. It

emerges from a particular solution of the propagation equation in a resonator, based on the

interplay of Kerr nonlinearity and optical dispersion [74]. The length of the cavity, which is

typically less than 1 mm, determines the repetition rate ranging from tens of gigahertz up

to terahertz. Reaching such high values has unlocked many applications [75, 76], from next

generation time-domain multiplexed optical networks [9, 38] to multiple wavelength sources

for optical interconnects [17, 77]. Micro-resonators offer many other advantages, including

compact size, low power consumption, and high stability. Their integration with other photonic
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components leads to the development of integrated frequency combs [74, 78, 79].

Figure 1.7: Micro-combs have been generated by a large class of resonator devices, such as
whispering-gallery mode-based bulk toroids, spheres, monolithic toroids and integrated ring-
resonators. From [75].

However, these components do have some disadvantages, such as the low energy conversion

and the limited freedom they offer with regard to the parameters of the combs they generate

[75].

Tunability of cavity-based set-ups

The setups described above have the particularity of generating periodic pulses from a laser

injected into a cavity. In the case of mode-locked lasers, the cavity length can be adjusted by

manipulating movable components like mirrors or piezos, leading to a tunability of few mm.

The corresponding range of adjustement for the repetition rate is a few kHz. In the case of

micro-resonator frequency combs, an external actuation mechanism, such as a heater [80] or

a piezoelectric element, is required to mechanically deform the cavity. Adjusting the phase-

locking conditions is another option to tune the repetition rate [81], by the use of auxiliary

lasers [82], modulation of the pump laser [83] or phase-locked loops [84]. These solutions are

technically complicated to implement, and affect the coupling efficiency of the micro-resonator.

In conclusion, cavity-based set-ups for comb generation have the major drawback of offering very

few tunability of the repetition rate, since it is fixed by the cavity opto-geometrical parameters.

This is not the case for frequency combs generated by electro-optic modulation, a technique that

offers a wide range of freedom for the parameters of the comb.

Electro-optic modulation

The electro-optic effect is a non-linear phenomenon appearing in anisotropic media, where the

refractive index can be affected by the application of a static electric field. This phenomenon,

known as the Pockels effect, enables to modify the phase of an electromagnetic wave by applying

a voltage across a crystal through which the wave propagates. Its application within a specific
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configuration can result in the modulation of various other parameters of light. There are

elementary electro-optic modulators, whose operation is detailed in Appendix B, which modify

the phase, polarization and intensity of a light wave. The performance of such architectures

is limited, and they are rarely used in practice [25]. However, they provide insight into how

electro-optic modulation works.

In this thesis, a stage of intensity modulation of a continuous laser is employed to generate

pulses. This is achieved using Mach-Zehnder modulators (MZM) [85], which are an interfero-

metric structure made from LiNbO3. Applying electric fields to the arms changes optical path

lengths resulting in phase modulation. Combining two arms with different phase modulation

converts phase modulation into intensity modulation. In our case, the MZM are powered by RF

pulses and set at the zero-transmission point using a bias voltage. This configuration facilitates

the conversion of RF pulses into optical pulses (see Appendix B for more detail). From a con-

tinuous EM wave, electro-optic modulation enables the generation of a train of optical pulses

by RF driving. This technique offers a great freedom in the tunability of the repetition rate and

the waveform. Like other photonic devices, it has its strengths and weaknesses, as summarized

in Table 1.2. For more information, Chang and all provided an exhaustive comparison of the

existing integrated optical frequency comb technologies [86].

Repetition rate Pulse duration Tunability Power efficiency
MLLs 250MHz to 2.5GHz tens of fs few kHz few losses

Micro-combs GHz to THz
tens of fs if com-
pressed

few GHz to
few THz

injection losses

EO-combs 100MHz to 10GHz tens of ps
completely
tunable

modulator losses

Table 1.2: Comparison of the possible devices to generate a frequency comb

We chose the generation of frequency combs through electro-optic modulation because we

aimed for frequency agility and ease of use. The main drawback of eo-combs is the pulse

duration, whose limited by the bandwidth of the modulators (around 25 GHz). That is why

many electro-optic set-ups resort to non-linear effects in optical fibers to broaden the spectrum

of the frequency combs. The set-up developed in this thesis leans on the complementary of

electro-optic modulation and spectral broadening in non-linear fibers. This latter technique will

be the subject of the next section.

1.2 Cartography of the effects in optical fibers

The previous section described what is a frequency comb, how it is used, and presented the

photonic devices currently employed to generate such spectral structure. In the associated

set-ups, it may be necessary to further broaden the spectrum of the combs, which is generally

achieved using an optical fiber. This is especially true for electro-optic combs due to their
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narrow spectral width. In this section are presented the theoretical tools to understand the

non-linear processes that are used to generate and broaden a frequency comb in a optical fiber.

The technical methods to do so are varied and various, as the subject has gained an intense

interest over the last decade [87]. This description is not intended to be exhaustive, but simply

to introduce the main concepts for interpreting the results of the following chapters. Readers

can refer to the bibliographic reference in the field for more details [88].

1.2.1 Light-matter interaction in a optical fiber

As it propagates through an optical fiber, an electromagnetic wave undergoes some physical

phenomena.

Linear losses

Due to scattering and material absorption, a light wave that propagates through an optical

fiber suffers from losses. The linear attenuation coefficient of an optical fiber is conventionally

denoted as α. It quantifies the extent to which the intensity of a signal changes as it propagates

through the fiber. The relationship between the output power Pout from a fiber with length L

and the input power Pin is described by the Beer-Lambert law:

Pout = Pin · e−αL (1.25)

where α is measured in units of m−1. Attenuation is commonly quantified in decibels per

kilometer (dB/km), defined as αdB = −10 ·L log
(
Pout
Pin

)
. Modern fibers offer as low as 0.2 dB/km

loss at 1.55 µm [88].

Chromatic dispersion

Silica, used in optical fibers, is a dielectric material whose refractive index n depends on the

angular frequency ω. This leads to spectral components of an optical pulse propagating at

different velocities, due to a phenomenon called dispersion. Considering a spectral width of the

signal ∆ω negligible compared to the carrier frequency ω0, chromatic dispersion is generally

described using a Taylor expansion of the propagation constant β(ω) = n(ω)×ω/c around ω0:

β(ω) =
∞∑
k=0

βk
k!

(ω −ω0)k (1.26)

= β0 + β1(ω −ω0) +
β2

2
(ω −ω0)2 +

β3

6
(ω −ω0)3 + (ω −ω0)3 (1.27)

where βn = ∂nβ/∂ωn. The group velocity dispersion (GVD), represented by the term β2, is
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defined as:

β2 =
∂2β

∂ω2 = − 1

v2
g

∂vg
∂ω

=
1
c

(
2
∂n
∂ω

+ω
∂2n

∂ω2

)
(1.28)

where vg = dω
dk is the group velocity. It’s common in the literature to express GVD as:

D =
∂β1

∂λ
= −2πc

λ2 β2 (1.29)

Unlike the units of β2 (ps²/m), the units of D (ps/nm/km) more clearly reflect the physical effect

of group velocity dispersion, quantifying the time separation (in ps) between two pulses with

central wavelengths differing by 1 nm after propagating 1 km.

The GVD captures the difference in velocity among the component waves of a non-monochromatic

signal. It exhibits two distinct regimes determined by the sign of β2. When β2 > 0, the regime is

call normal dispersion, causing shorter wavelengths to propagate slower than longer wavelengths.

Conversely, in the case of β2 < 0, the regime is called anomalous dispersion, resulting in shorter

wavelengths traveling more slowly compared to longer wavelengths. The wavelength for which

β2 = D = 0 is known as the zero dispersion wavelength (ZDW).

Non-linearity

A single-mode optical fiber has the property of confining light in a small volume, the surface

area of which is of the same order of magnitude as its core (around 10 µm in diameter). This

confinement explains that the electric field intensity associated with a guided mode within a SMF

can reach magnitudes on the order of MW/cm². In such cases, the material’s electromagnetic

response in no longer linearly proportional to the applied field. Because it is a centrosymmetric

medium, nonlinear effects in a fiber stem from the third-order susceptibility χ(3). As a result,

most nonlinear effects in optical fibers arise from nonlinear refraction, a phenomenon from

which the index is dependent of the intensity. This is called Kerr effect, and gives rise to a

multitude of intriguing nonlinear phenomena such as Self-Phase Modulation (SPM), Cross-Phase

Modulation (XPM), or Four-Wave Mixing (FWM). The most relevant one within the context of

this thesis is SPM, which will be the focus of the discussion in section 1.2.3.

Nonlinear effects stemming from the instantaneous third-order susceptibility χ(3) exhibit

an elastic nature, implying no energy exchange between the field and the material. However,

an additional category of nonlinear phenomena emerges due to inelastic scattering, involving

transfer of energy, such as Brillouin or Raman scatterings. Within this thesis, we demonstrated

that these effects do not play a significant role, and they will be negligible in the following of the

discussion.
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1.2.2 Propagation in an optical fiber

Let us consider a pulse propagating along the z-axis in a single-mode optical fiber. This pulse is

characterized by its electric field A(r,t), with the envelope assumed to vary slowly compared to

the rapid variations of the carrier wave (Slowly Varying Envelope Approximation, SVEA). It is

assumed that the pulses are sufficiently intense to induce a non-linear response of the material

composing the fiber. In our configuration, we neglect dispersion of order greater than 2 and

inelastic non-linear terms. For all results presented in this manuscript, we checked that these

assumptions were relevant. Under these conditions, Maxwell’s equations can be applied to the

envelop, in the frame moving at the group velocity of the wave (z, t). A(z, t) therefore satisfies:

i
∂A
∂z

+ i
α
2
A−

β2

2
∂2A

∂t2 +γ |A|2A = 0 (1.30)

This equation is called non-linear Schrödinger Equation (NLSE). It introduces several characteristic

parameters of pulse propagation in an optical fiber:

• α is the absorption coefficient (in cm−1), which quantifies the linear attenuation of the

pulse’s intensity due to absorption in the fiber material.

• β2 is the second-order dispersion coefficient (in s2 ·m−1), which describes how the pulse

broadens or narrows due to the different group velocities of its spectral components.

• γ is the non-linear coefficient or Kerr coefficient (in W−1 ·m−1), which characterizes the

strength of the non-linear response of the fiber material. It determines how the pulse

interacts with itself through Kerr effect.

The NLSE is an approximate equation that is suitable in the case of our studies. The effects of

dispersion are only taken into account up to the second order, and inelastic effets such as the

Raman effect are neglected. It is this simpler form of the NLSE that was developed for the first

time in the 1970s, and it was only later that the generalized nonlinear Schrödinger equation

(GNLSE) [88] was derived [89]. The NLSE depicts the propagation of the wave in a fiber as a

interaction between the losses, the dispersion and the χ(3) non-linearity. It is possible to define a

length beyond which the Kerr effect becomes significant, the non-linear length LNL defined as:

LNL =
1

γP0
(1.31)

where P0 is the peak power of the injected pulse. Similarly, it is possible to define a characteristic

length at which dispersive effects become significant. This is the dispersion length LD defined

as:

LD =
δ2

0
|β2|

(1.32)

where δ0 is the temporal full-width at half-maximum (FWHM) of the pulse intensity. These

two quantities help to evaluate, based on the initial conditions and fiber parameters, which



24 CHAPTER 1. General information on frequency combs and non-linear effects in fibers

effects dominate during propagation. For some specific applications which require high spectral

broadening, optical fibers can be engineered in order for non-linearity to predominate [56, 90,

91].

1.2.3 Self-Phase modulation

As presented in Eq. 1.30, intense pulses propagating in a fiber induce an optical response of the

medium through the non-linear term γ |A|2A. This response leads to a dependence of the fiber’s

refractive index on the electric field intensity, known as the Kerr effect, and the refractive index

can be written as:

n(ω) = n0(ω) +n2
|A|2

Aeff
with Aeff =

(
!
R

2 |A(x,y)|2 dxdy)2!
R

2 |A(x,y)|4 dxdy
(1.33)

where n0 is the linear refractive index, n2 is the non-linear refractive index (in m2.W−1) and

Aeff is the effective area of the fiber associated with the spatial mode function A(x,y). The Kerr

coefficient is related to the non-linear index by the equation:

γ =
2πn2

λAeff
(1.34)

Non-linear fibers can be engineered to obtain the highest possible value for the parameter γ while

minimizing losses and dispersion [88]. In this case, LNL is smaller than LD and the dispersion

term of Eq. 1.30 can be neglected. While also neglecting the linear losses, the propagation

equation in a purely non-linear fiber becomes:

i
∂A
∂z

+γ |A|2A = 0 (1.35)

and its solution is given by:

A(L,t) = A(0, t)eiγ |A|
2L (1.36)

The phase of the impulsion is modified during the propagation of a quantity γ |A|2z that

depends of the wave itself. Therefore, there is a modulation of the phase by the impulsion itself:

it is Self-Phase Modulation.

Because any temporal variation of the phase affects the instantaneous frequency of the pulse,

SPM leads to changes in the optical spectrum. When the pulse is initially without chirp or with

positive chirp, SPM results in spectral broadening, expanding the optical bandwidth. Conversely,

if the initial pulse has negative chirp (assuming a positive nonlinear index), there can be spectral

compression. In our case, an initially unchirped pulse interacts with a χ(3) medium with n2 >

0 and negligible dispersion (LD > LNL). SPM introduces some positive chirp, and we obtain a

broadening of the spectrum (see Figure 1.8 (b)). It displays oscillations. That stems from the

fact that, depending on the temporal profile A(z = 0, t), there are two times where the induced



1.2. Cartography of the effects in optical fibers 25

-80 -40 0 40 80

Time (ps)

0

2

4

6

8

10

12

Po
w

e
r 

(m
W

)

input pulse
output pulse

-0.6 0.6

-120

-100

-80

-60

-40

-20

Po
w

e
r 

(d
B

m
)

input spectrum
output spectrum

-0.4 -0.2 0 0.2 0.4

Frequency shift to the carrier (THz)

(b)(a)

Figure 1.8: SPM simulation for a gaussian pulse of 50 ps at P0 = 14 W (Pavg = 350 mW at 500
MHz of repetition rate) in a fiber of L = 1 km and γ = 5 W−1.km−1 at 1550 nm. Linear effects
have been neglected to isolate the contribution solely related to SPM. (a) Temporal profile of
the pulses before and after propagation. The amplitude of the output pulse has been slightly
shifted to be able to distinguish the two curves. (b) Spectral envelop of the pulses before and
after propagation.

instantaneous frequency is similar [92]. As a consequence, the Fourier integral for a specific

frequency component receives contributions from different time instances. Depending on the

precise frequency, these contributions may either enhance or cancel each other out, resulting

in oscillations in the spectrum. As for it, the temporal profile remains unchanged, as pictured

in Figure 1.8 (a). Because the added phase term γ |A|2z has the same periodicity as A(z=0,t),

the comb structure of the spectrum, as previously derived, is not affected. This is why it is

such a powerful tool to broaden the spectrum of a frequency comb [93, 94], keeping the phase

relationship between all its modes. SPM-induced broadening was first observed in a liquid-filled

cell [95], and then demonstrated in optical fibers 10 years later by R.H. Stolen and C. Lin

[96]. Given the inherent stability of fiber systems, it has become feasible to distinctly observe

the increase of the broadening as the input peak power became bigger. Stolen and Lin also

dissected the impact of the pulse’s temporal shape on the SPM-induced spectral envelope, which

is something that will be relevant from the setting of our tri-comb system (see section 2.1.3).

SPM is a particular case of the Kerr effect, where a single optical wave propagates in a non-

linear fiber and interacts with itself. This phenomenon is naturally phase-matched. However,

there is a more general scenario in which, under certain conditions, multiple waves interact and

generate new waves.
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1.2.4 Four Wave Mixing

In the case where A(z,t) no longer represents a single optical wave but the sum of multiple waves,

the NSLE is no longer a single equation (see Eq. 1.1) but a system of coupled equations [88, 97].

Let’s take the example of four waves at the respective frequency ω1, ω2, ω3, and ω4, with

respective envelop A1, A2, A3 and A4. Always within SVEA, their superposition at the entry of a

non-linear fiber gives rise to A = A1 +A2 +A3 +A4. NLSE applied to A leads to [88]:

∂A1

∂z
= −

β2

2
A1 + iγ

(
|A1|2 + 2|A2|2 + 2|A3|2 + 2|A4|2

)
A1 + 2A3A4A

∗
2e

i∆βz (1.37)

∂A2

∂z
= −

β2

2
A2 + iγ

(
|A2|2 + 2|A1|2 + 2|A3|2 + 2|A4|2

)
A2 + 2A3A4A

∗
1e

i∆βz (1.38)

∂A3

∂z
= −

β2

2
A3 + iγ

(
|A3|2 + 2|A1|2 + 2|A2|2 + 2|A4|2

)
A3 + 2A1A2A

∗
4e
−i∆βz (1.39)

∂A4

∂z
= −

β2

2
A4 + iγ

(
|A4|2 + 2|A1|2 + 2|A2|2 + 2|A3|2

)
A4 + 2A1A2A

∗
3e
−i∆βz (1.40)

where ∆β = β(ω1) + β(ω2)− β(ω3)− β(ω4) is called the phase mismatch. This system reveals all

manifestations of the Kerr effect and the dispersion from the interactions between the different

waves. Let’s take the example of wave A1 to detail these interactions. The term |A1|2 represents

SPM. The term 2|A2|2 + 2|A3|2 + 2|A4|2 corresponds to XPM, indicating the influence of the

intensity of waves A2, A3, and A4 on wave A1. Lastly, the term 2A3A4A
∗
2 exp(i∆βz) represents

FWM, which involves energy exchange among the four waves. This term is sensitive to the

phase of the waves, and the coupling efficiency depends on the phase mismatch ∆β. Indeed,

contrary to SPM, the efficiency of the FWM phenomenon depends on phase matching between

the interacting waves. In our case, it is approximately given because the frequencies involved are

very close to each other, meaning the chromatic dispersion profile is flat over this small range.

In other cases, it is possible to balance the dispersion by utilizing various waveguide modes, as it

was the case for the first observation of three-wave mixing in optical fibers [97].

The same system of equations dictates the generation of new waves at frequencies ω3 and

ω4 from two pump waves at frequencies ω1 and ω2. This case is studied in Chapter 4 of

this manuscript. FWM from two pump waves is a powerful non-linear technique to obtain

broadband optical frequency combs, with improved performance and flexibility compared to

traditional single pump methods [98, 99]. One of the key advantages of dual-pump frequency

comb generation is the enhanced control over the generated comb spectrum [98]. By carefully

adjusting the parameters of the two pump sources, such as their relative frequencies, powers,

and phase difference, one can tailor the resulting frequency comb properties, including the

spacing between the comb lines. This flexibility demonstrates the dual-pump scheme to be

an optimal approach to generate high repetition rates (GHz-THz) frequency combs in both

cavity-less [100–103] and micro-cavity schemes [82, 104–107].
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1.3 Dual-comb interferometry

The previous section described the non-linear phenomena in optical fibers involved in the

generation and spectral broadening of frequency combs. Indeed, depending on the desired

application, a large number of modes may be required. This is the case in spectroscopy, where

the use of combs has deeply impacted the field, by providing broadband measurements with

high spectral resolution. The first experimental demonstrations of this method date back to the

early 1990s [108], and would be rewarded with the Nobel Prize in Physics in 2005 for the teams

of T.H. Hansch and J. Hall [16, 17].

1.3.1 Principle

The utilization of two frequency combs in an interferometric configuration has introduced

a groundbreaking approach to Fourier Transform Infra-red spectroscopy (FTIR) [109]. This

innovative method, initially proposed by Schiller in 2002 [18], eliminates the need for scanning

components by optically sampling one frequency comb with another comb at a slightly different

repetition rate. That allows for the instrument’s limitations on speed and resolution to be

removed [20, 110] The overlapping of the two frequency combs using a beam combiner generates

a RF comb, which can be detected using a low-bandwidth photo-detector (PD). The signal of

the detector output is a function of time and is called the interferogram. Mathematically, this

interferogram g is the superposition of C1 and C2, two frequency combs as defined in Eq. 1.1,

at the respective repetition rate frep1 and frep2, with the respective offset f01 and f02, and at the

respective carrier frequency fp1 and fp2. The interferogram can be written as:

g(t) = C1(t) +C2(t) (1.41)

Unlike the calculation of the optical spectra discussed in Section 1.1.1, here we are interested

in calculating the spectrum of the RF signal generated by the PD also known as the electrical
spectrum. We emphasize this distinction by denoting the variable of the Fourier Transform as

ωRF. The rigorous way to calculate the power spectrum of an ergodic process [111] is to consider

the autocorrelation function and then to apply the Wiener-Khintchine Theoreme [112]. An

alternative (and more concise) method [18] is to express the detected RF signal as |g(t)|2, and
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then to look at its FT:

g̃RF(ωRF) = F ωRF(|g(t)|2)

= FωRF

(
|C1(t) +C2(t)|2

)
= FωRF

(
|C1(t)|2 + |C2(t)|2 + 2C1(t)C2(t)

)
= C̃RF1(ωRF) + C̃RF2(ωRF) + 2FωRF

(C1(t)C2(t))

= C̃RF1(ωRF) + C̃RF2(ωRF) + 2C̃1(ωRF) ∗ C̃2(ωRF)︸                   ︷︷                   ︸
interference term

(1.42)

One can note that Eq. 1.1 defines C1(t) and C2(t) inℜ, which allows to develop |C1(t) +C2(t)|2

as above.

Down-conversion in the RF domain

The first two terms of this expression C̃RF1ωRF) and C̃RF2(ωRF) correspond to the power spectra

of combs 1 and 2, i.e. a multitude of lines spaced by the respective quantities frep1 and frep2. The

last term 2C̃1(ωRF) ∗ C̃2(ωRF) corresponds to the interference between the two combs, and it’s

precisely this expression that contains all the dual-comb strucure. Taking the expression of the

spectra in the form of dirac combs (see Eq. 1.9), one can find [25]:

C̃1(ωRF) ∗ C̃2(ωRF) =
(
πωrep1Ã(ωRF −ωp1)Шωrep1

(ωRF −ω01) +πωrep1Ã(ωRF +ωp1)Шωrep1
(ωRF +ω01)

)
∗
(
πωrep2Ã(ωRF −ωp2)Шωrep2

(ωRF −ω02) +πωrep2Ã(ωRF +ωp2)Шωrep2
(ωRF +ω02)

)
(1.43)

The development of this expression therefore introduces four different Pi∈⟦1 ; 4⟧(ωRF) terms of

similar structure, but centered at different frequencies:

C̃1(ωRF) ∗ C̃2(ωRF) ∝
(
Ã(ωRF −ωp1)Шωrep1

(ωRF −ω01)
)
∗
(
Ã(ωRF +ωp2)Шωrep2

(ωRF +ω02)
)}
P1(ωRF)

+
(
Ã(ωRF +ωp1)Шωrep1

(ωRF +ω01)
)
∗
(
Ã(ωRF −ωp2)Шωrep2

(ωRF −ω02)
)}
P2(ωRF)

+
(
Ã(ωRF −ωp1)Шωrep1

(ωRF −ω01)
)
∗
(
Ã(ωRF −ωp2)Шωrep2

(ωRF −ω02)
)}
P3(ωRF)

+
(
Ã(ωRF + ωp1)Шωrep1

(ωRF +ω01)
)
∗
(
Ã(ωRF +ωp2)Шωrep2

(ωRF +ω02)
)}
P4(ωRF)

(1.44)

The P3 and P4 terms are centered at - (ωp1 +ωp2) and + (ωp1 +ωp2) respectively, which means

that their carrier frequencies are well outside the PD bandwidth, and are not detected. The

terms P1 and P2 are centered in 0 and represent all possible frequency combinations between

the different pairs of comb 1 and comb 2 lines. This can be understood mathematically by using
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Eq. 1.4 to develop P1 for instance:

Ã(ωRF −ωp1)Шωrep1
(ωRF −ω01) =

∞∑
n1=−∞

Ã(n1ωrep1 +ω01 −ωp1)δ(ωRF −ω01 −n1ωrep1) (1.45)

and

Ã(ωRF +ωp2)Шωrep2
(ωRF +ω02) =

∞∑
n2=−∞

Ã(n2ωrep2 −ω02 +ωp2)δ(ωRF +ω02 −n2ωrep2) (1.46)

leading to:

P1(ωRF) =

 ∞∑
n1=−∞

Ã(n1ωrep1 +ω01 −ωp1)δ(ωRF −ω01 −n1ωrep1)


∗

 ∞∑
n2=−∞

Ã(n2ωrep2 −ω02 +ωp2)δ(ωRF +ω02 −n2ωrep2)


(1.47)

Let’s consider the simple case where the comb carriers are spaced by less than the smallest of the

repetition frequencies, say frep1 < frep2. The pairs that give the lowest frequency combinations

are the neighboring pairs, i.e. the lines of combs 1 and 2 associated with the same number

n = −n1 = n2. The minus sign comes from the fact that the positive frequencies of one comb

are convoluted with the negative frequencies of the other. The previous expression can then be

truncated into a simple sum:

P1(ωRF) =
∞∑

n=−∞
Ã(−nωrep1+ω01−ωp1)Ã(nωrep2−ω02+ωp2)δ(ωRF−ω01+nωrep1)∗δ(ωRF+ω02−nωrep2)

(1.48)

For simplicity of writing, and therefore ease of understanding, Ã is assumed to be symmetrical.

Therefore it is possible to write Ã(−nωrep1 +ω01−ωp1) = Ã(nωrep1−ω01 +ωp1). It is also assumed

that the frequency differences ∆ωrep = ωrep2 −ωrep1, ∆ω0 = ω02 −ω01 and ∆ωp = ωp2 −ωp1

are small compared with the variations in the spectral envelope Ã. From that, it is deduced

that Ã(−nωrep1 +ω01 −ωp1) ≈ Ã(nωrep2 −ω02 +ωp2) ≈ Ã(nωrep −ω0 +ωp) with ωrep =
ωrep1+ωrep2

2 ,

ω0 = ω01+ω02
2 and ωp =

ωp1+ωp2
2 . The interference between the two frequency combs then gives:

P1(ωRF) =
∞∑

n=−∞
Ã2(nωrep −ω0 +ωp)δ(ωRF −ω01 +nωrep1) ∗ δ(ωRF +ω02 −nωrep2) (1.49)

And according to the convolution property between diracs:

P1(ωRF) =
∞∑

n=−∞
Ã2(nωrep −ω0 +ωp)δ(ωRF +∆ω0 −n∆ωrep) (1.50)
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And by taking this time n = n1 = −n2, P2(ωRF) is found to be the symmetrical expression,

containing the same spectral information:

P2(ωRF) =
∞∑

n=−∞
Ã2(−nωrep −ω0 +ωp)δ(ωRF +∆ω0 +n∆ωrep) (1.51)

The low-frequency terms P1(ωRF) and P2(ωRF) thus map the envelope value in the optical domain

ωp −ω0 ±nωrep to the RF frequencies ωRF = ∆ω0 ±n∆ωrep. This conversion is clearly understood

by introducing the scaling factor:

a =
frep

∆frep
(1.52)

That enables to use the expression of the mean offset frequency ω0 =
ωrep

2π∆φ to write at the first

order ∆ω0 =
∆ωrep
2π∆φ = ω0

a . From that, one can write:

P1(ωRF) =
∞∑

n=−∞
Ã2

(
a · (n∆ωrep −∆ω0) +ωp

)
δ
(
ωRF − (n∆ωrep −∆ω0)

)
= Ã2

(
a · (ωRF −∆ω0) +ωp

)
Ш∆ωrep

(ωRF −∆ω0)

(1.53)

This expression is that of a comb in the RF domain, at the frequency ∆ωrep and with an offet

frequency of ∆ω0. This RF comb is a replica of the optical combs. Indeed, one can retrieve the

optical spectrum by converting the frequencies ωRF using the operation a · (ωRF −∆ω0) + ωp.

This technique based on the multi-heterodyne detection of the two combs is called dual-comb
interferometry, and is commonly referred as dual-comb spectroscopy for being particularly used

to measure the optical spectrum of a sample. This is illustrated in Figure 1.9. Following the

reasoning of heterodyne detection in 1.1.2, each tooth of the first comb interfere with the closest

teeth of the second comb, which creates a sum of peaks all spaced by a frequency of ∆ωr,

meaning the creation of the RF comb. The amplitude of each RF peak is therefore the product of

the amplitudes of the two interfering optical peaks.

The interferogram

The whole concept of double-comb interferometry is to make the measurement of optical spectra

accessible. The RF comb contains all the necessary information and is easy to detect. In fact, a

simple PD with a bandwidth of
frep

2 is enough to calculate it from the TF of the interferogram.

Figure 1.10 shows a schematic of the interferogram, plotted as a function of time. At each

iteration, i.e. every 1/frep, the difference in repetition frequency creates a temporal step between

the comb1 pulse and the comb2 pulse of ∆t = 1/frep − 1/(frep +∆frep) ≈ ∆frep/f
2

rep. Each pulse

of comb2 therefore samples a different point in the comb1 signal. This creates the optical

analogue of the Vernier effect. The interferogram therefore consists of regularly spaced bursts,

corresponding to the temporal overlap of the two combs. The burst repetition period is equal to



1.3. Dual-comb interferometry 31

Δf0 Δfpfrep frep + Δfrep

Optical frequency f

RF frequency fRF

} } } } } } } } } }

Δfrep

Δf0 Δfp

Ã(f - fp)

Ã2(a.(fRF - Δfp) + fp)

Figure 1.9: Principle of dual-comb interferometry. Two frequency combs with a repetition
frequency of frep (orange comb) and frep +∆frep (green comb) interfere. The detection of the
interference signal by a PD down-converts the combs in the RF domain with a repetition
frequency of ∆frep.

1/∆frep, the time taken for the two combs to synchronise again.

1/frep 1/(frep + Δfrep)

1/Δfrep

Effective time t

Laboratory time tRF

g(t)

Δt = frep
2

Δfrep

(a)

(b)
C2(t)C1(t) ZOOM

Figure 1.10: (a) The interferogram. The signal generated by the photo-diode consists of regularly
spaced bursts, which correspond to the temporal overlap of the two frequency combs. The
repetition period of these bursts is equal to 1/∆frep, representing the delay required for the two
combs to synchronize once again. (b) Optical sampling: zoom on one burst of the interferogram.
Due to the different repetition rates, the pulses from each electromagnetic wave slowly drift past
one another with a time difference of ∆T at each pulse iteration. This phenomenon leads to an
optical sampling, marked as the black points in the upper part of the figure.

1.3.2 Operating conditions

The previous section provides a detailed description of the phenomenon of down-conversion

by dual-comb interferometry. The lowest frequencies result from the interference between

neighboring lines of comb 1 and comb 2 (νn1
and νn2

, where n1 = −n2). By generalizing the
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expression of P1 given by Eq. 1.53 to |n1|,|n2| , the electrical spectrum is not only restricted to

the lowest frequencies, but is composed of all the lines of one comb beating with all the lines of

the other one. Its structure therefore consists of multiple RF combs with the same ∆frep spacing,

and centered at (|n1| − |n2|)frep ±∆fp. Thus, there are a pattern repetition each frep, setting a

bandwidth for each pattern of frep/2, as schematized in Figure 1.11.

Optical frequency f

RF frequency fRF

frep frep + Δfrep

0

frep/2 2frep/2 3frep/2

Δfp frep - Δfp frep + Δfp 2frep - Δfp

Figure 1.11: Scheme of the principle of the down-conversion by dual-comb interferometry. In
the optical domain, a tooth of comb1 (orange) beats with the nearest comb2 (green) tooth, but
also with all the other ones. In the RF domain, these multiple beats create several quasi-identical
RF combs, centered at mfrep ±∆fp,m ∈N.

The requirements of a spectroscopic measurement set the needed spectral width ∆ν and

spectral resolution frep. Given those parameter, the RF width ∆fRF is calculated thanks to the

down-conversion factor a as ∆fRF = a×∆ν. In order to avoid any ambiguity while assigning the

comb modes, and considering only the beat between neighboring lines, the bandwidth of each

repeated comb pattern should not exceed half of the repetition frequency: ∆fRF <
frep

2 . This is

the first constraint on the choice of the parameters ∆ν, frep and ∆frep. However, one should

not forget that the low-frequencies RF comb is centered at ∆fp (see Figure 1.9). The optimized

configuration is therefore ∆fp = frep/4, where the whole [0 - frep/2] bandwidth is available, as

chosen is Figure 1.11. However, if experimental constraints prevent from being in this ideal

configuration, then the other parameters have to be adapted to avoid overlapping of the different

RF combs.

This is the case for this work. Indeed, the difference of carrier frequencies are set by accousto-

optic modulators (AOMs) of respectively 100 MHz and 200 MHz. These values are fixed,

while the repetition frequencies of the set-up can be entirely tunable. This is why the RF

bandwidth frep/2 and spectral resolution ∆frep are adapted to the RF offsets, and not the other

way around. Figure 1.12 shows two examples of recorded RF spectrum from the same comb

sources interfering, with same optical width ∆ν = 0.8 THz, carrier offset ∆fp = 200 MHz and

repetition rate frep = 500 MHz, but with two distinct repetition rate differences ∆frep. In the first

case (Figure 1.12 (b) and zoomed-in (c)), the condition (∆fp +∆fRF/2) < frep/2 is fulfilled, and the

RF spectrum is indeed the down-converted alias of the optical spectra of the two comb (Figure

1.12 (a)). In the other case (Figure 1.12 (d) and zoomed-in (e)), there is an overlapping of the RF
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Figure 1.12: Experimental examples of operating conditions. (a) OSA spectra comb1 at frep and
comb2 at frep + ∆frep. The optical width is ∆ν = 0.8 THz. (b) Electrical spectrum between 0 and
frep/2, for frep = 500 MHz and ∆frep = 5 kHz. (c) Zoom on the area of interest, centered at ∆fp =

200 MHz and of RF bandwidth ∆fRF = a× δfrep
frep

= 8 MHz. (d) Electrical spectrum between 0 and

frep, for frep = 500 MHz and ∆frep = 1 MHz. The RF bandwidth exceeds
frep

2 . (e) Zoom on the
area of interest, where the contributions at ∆fp = 200 MHz and frep −∆fp = 300 MHz overlap,
leading to a poor-quality down-converted spectrum.

comb at 0× frep +∆fp = 200 MHz and of the RF comb at 1× frep −∆fp = 300 MHz. This leads to a

poor-quality RF spectrum from which it is impossible to retrieve the optical spectra. These two

experimental results illustrate the impact of the operating conditions of the dual-comb set-up.
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In addition to the constraints imposed by signal processing, there are also conditions on the

acquisition of the interferogram. In order to satisfy the Nyquist-Shannon criterion, the sampling

frequency Fs must be at least 2× frep. For a given acquisition time, this affects the amount of

recorded data. The acquisition time and the repetition rate difference set the number of recorded

interferogram periods, which defines the spectral resolution of the measurement. Therefore,

the higher ∆frep, the better the spectral resolution. From the various sampling and acquisition

constraints, one can conclude that the choice of parameters in dual-comb interferometry is a

trade-off between spectral resolution and acquisition speed, in addition with optical width and

number of recorded data.

1.3.3 Dual-comb set-ups

When all the previously listed conditions are met, a dual-comb set-up can be used for absorption

spectroscopy.

Configurations

The dual-comb measurement can be carried out using two different configurations. In the

symmetric configuration, depicted in Figure 1.12 (a), the two frequency combs are coupled

before interacting with the sample. In the asymmetric configuration, shown in Figure 1.12 (b),

only one comb is sent through the cell, and then is coupled with the second comb. In both cases,

the beat between the two combs is detected by a photo-detector to obtain the interferogram, as

explained before.

spectroscopic 
sample

coupler

Comb1 at frep

Comb2 at frep + ẟfrep

fRF

Power

acquisition device

Power

fRF

Phase

fRF

(a) (b)

Figure 1.13: Dual-comb set-up in (a) symmetric configuration and (b) asymmetric configuration.
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The retrieved spectral information depends on the configuration. In the symmetric configu-

ration, the two combs interfere with each other before interacting with the sample. The optical

path is therefore the same for both combs, and the information about the phase induced by the

sample is lost. Only the effect on the amplitude, called the absorption spectrum, can be retrieved.

In the asymmetric configuration, the second comb samples the first comb after it has interacted

with the sample. It is thus possible to compute the complex spectrum, and therefore the spectral

phase induced by the propagation through the sample, which is called the dispersion spectrum.

However, the detected absorption spectrum is half as intense as in the symmetric configuration,

since there is half as much optical power interacting with the sample [25]. In the following of

this manuscript, the measurement set-up is in asymmetric configuration, precisely because I

want to retrieve both the absorption and the dispersion spectra. My dual-comb (then tri-comb)

measurements are each carried out in a waveguide that models the absorbing sample. This

is a case in which it may be interesting to measure the phase, which a good indicator of the

sensitivity and stability of the set-up [113–115].

Mutual coherence

Whatever the configuration, the prerequisite is the good coherence between the two combs.

Such a condition means that the temporal jitter between the two pulse trains must not be

higher than the optical sampling step ∆t = ∆frep/f
2

rep. This is necessary to obtain an electrical

spectrum with resolved peaks, meaning narrower than the spacing ∆frep. Broadly speaking, DCS

demonstrations can be categorized into three groups: free-running combs, mutually coherent

combs, and fully referenced combs, as outlined in Figure 1.14 from [20].

Demonstrations of dual-comb spectroscopy using two independent and free-running fre-

quency combs showed that it was impossible to resolve the comb lines, limiting the resolution to

tens of GHz [19, 109]. It is therefore essential to lock them with one another [45]. Additionally,

the repetition frequencies and offset frequencies should remain relatively constant throughout

the experiment, which is obtained by using the techniques described in Section 1.1.2. These

methods have achieved excellent levels of stabilization [7, 80, 116]. However, the locking opera-

tions involve controlling the laser cavities through length, temperature, current, ect., which is

often demanding in terms of space, cost and complexity [117, 118]. To get around this need for

servo-control, it is possible to generate both combs from the same source. The two combs then

share common noise sources, enabling good mutual coherence to be achieved in free-running

conditions. The set-up is then designed so that the propagation on each arm is as similar as

possible, in order to maintain the mutual coherence. This type of architecture has been applied

to electro-optic combs [25, 26], microresonators [24, 119], fiber lasers [120–123], and solid-state

lasers [124, 125]. It is also possible to compensate for the low coherence post-facto, using phase

correction algorithms [117, 125–127]. This wide diversity of techniques to generate two coherent

combs demonstrates the impact of dual-comb interferometry and the abundance of research

work in this field.
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Figure 1.14: Three different categories of DCS demonstrations. (a) Free-running combs can yield
dual-comb spectra, but with low resolution, low frequency accuracy, and low SNR, since only
limited signal averaging is possible; (b) mutually coherent combs can yield comb-tooth-resolved
spectra that can be averaged for high SNR; and (c) fully referenced combs yield spectra with
simultaneous high resolution, absolute frequency accuracy, and high SNR. Text boxes indicate
some general rules of thumb for frequency combs based on mode-locked lasers. From [20]

1.4 Tri-comb interferometry

Femtosecond coherence spectroscopy gathers a collection of ultrafast methods using laser pulses

for creating and tracking coherent states within samples [128–130]. Within this realm of

non-linear spectroscopy techniques, there has been a notable surge in the interest for Two-

Dimensional Spectroscopy (2DS). The appeal of 2DS lies in its ability to observe rapid processes

in real-time [22, 131–133]. This technique is extensively employed to uncover intricate aspects

of ultrafast relaxation dynamics. The following discussion presents the method, and how a

tri-comb system can enables the measurement of 2D spectra with high temporal and spectral

resolutions. Readers can refer to bibliographic references in the field for more details [31, 134].

1.4.1 Coherent Multi-dimensional Spectroscopy

Ultrafast spectroscopy techniques have emerged to probe events at the fs time regime [135].

All these methods can be broadly classified under the umbrella of FWM spectroscopy [136],

since it involves the non-linear interaction of three propagating light waves within a medium,

leading to the generation of a fourth wave, often referred to as the ’signal’. The third-order
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nonlinear response function governs the process, naturally presenting resonances specific to the

medium. These resonances can be probed through the enhancement of the FWM output, leading

to insightful characterization of the medium’s properties. Within this overarching category, a

range of techniques can be categorized based on factors such as the excitation geometry, time

and frequency characteristics of the exciting waves, and detection set-ups.

General presentation

Multidimensional Coherent Spectroscopy (MDCS) constitutes an extension of the FWM tech-

niques, drawing parallels with conventional 1D spectroscopies like photon echo [137] and

pump-probe [138]. However, MDCS takes a leap by enabling the decomposition of complex

spectra across multiple time or frequency coordinates in 2D. Originating in the 1960s, this

approach found its genesis in nuclear magnetic resonance (NMR) spectroscopy [139]. The beauty

of 2D spectroscopy lies in its capacity to define couplings between distinct states or transitions

as cross-peaks. These cross-peaks emerge far from the diagonal zone, and are an unequivocal

evidence of state interactions and couplings. These interactions are exclusively discernible

within multidimensional techniques. Moreover, the temporal evolution of the cross-peaks can

be tracked, providing insights into coupling strength and associated dynamics.

How to built the 2D map

In 2DS, a sequence of three short pulses interacts with the sample under study. It causes the

stimulation of a χ(3) response. In order to apprehend what happens, let’s compare it with the

pump-probe technique. In a standard pump-probe experiment, a brief pump pulse triggers an

impulsive excitation of the sample. After a delay T, a weak probe pulse detects the modification

of the absorption of the sample, due to the excitation (see Figure 1.15 (a) and (b)). A typical

pump-probe spectrum plots the probe transmission as a function of its frequency ωprobe (see

Figure 1.15 (c)). In this case, the first two interactions (collectively indicated as ’pump’) are

simultaneous, and the two exciting beams (E1 and E2) propagate along the same direction. The

third interaction is with the ’probe’ beam (E3). The signal (green) is emitted in the same direction

as that of the probe; it is self-heterodyned by the probe and measured as a function of the delay

time T between the pump and probe beams. In 2DS experiments (see Figure 1.15 (e)), the three

fields interacting with the sample (E1, E2, and E3) and a fourth beam used only for detection

purposes are arranged in a square. The LO is aligned in the same direction as the emitted signal

(defined by phase-matching conditions) so that the measured quantity indeed results from the

interference between the signal and the LO (heterodyne detection). In a 2D spectrum (see Figure

1.15 (f)), the third-order signal is displayed along two frequency axes, ω1 and ω3, obtained by

Fourier transforming the delay times t1 and t3. The axis ω3, often denoted as the ’emission’

frequency, mirrors the ωprobe axis in the pump-probe response. The new frequency axis ω1,

known as the ’excitation’ frequency, can be conceived as a distribution of frequencies excited by

the pump pulse. The evolution of the 2D (ω1,ω3) maps is followed along t2.



38 CHAPTER 1. General information on frequency combs and non-linear effects in fibers

(a) (d)

(b) (e)

(c) (f)

Figure 1.15: Excitation geometry for (a) pump-probe and (d) 2DS experiments. The associated
pulse sequence and time delay definition is reported in (b) and (e) respectively. (c) Example
of a typical plot ωprobe vs. T obtained as a result of a pump-probe experiment. (f) Pictorial
representation of the matrix dataset obtained with a 2DS experiment. From [134]. 2DS = two
dimension spectroscopy; LO = local oscillator.

It would be possible to enhance the excitation axis resolution by iteratively conducting a

pump-probe experiment, scanning a singular narrowband pump pulse in frequency. However,

this approach sacrifices time resolution. A trade-off thus arises between excitation axis resolution

and the requisite time resolution for studying ultrafast relaxation dynamics. This challenge is

circumvented by acquiring the excitation axis in the time domain while altering the delay t1
between the first two interactions (see Figure 1.15 (d) and (e)). The ensuing signal oscillates as a

function of delay time t1, enabling the recovery of the excitation frequency axis via FT, akin to

conventional FTIR spectroscopy [109]. This outcome exhibits both high temporal and spectral

resolution.

Third-order signal

Figure 1.15 (f) depicts the collected signal within a 2D spectroscopy map. The following discus-

sion presents the outlines of the 2D representation. As any FWM signal, the third order signal

is proportional to the third-order polarization P (3) [88]. Using the perturbative approach [135,

140], P (3) can be formulated as the convolution of the nonlinear response function R(3)(t1, t2, t3)

with the three fields Ej (kj , tj ). This enables to write [134]:
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P (3)(t1, t2, t3) =
∫ ∞

0

∫ ∞
0

∫ ∞
0

R(3)(t − t1, t − t2, t − t3)×E1(t1)E2(t2)E3(t3)× dt1dt2dt3 (1.54)

The times t1, t2, and t3 denote the interaction times with the fields, as illustrated in Figure

1.15 (b). It is then possible to decompose the nonlinear response function as a sum of elemen-

tary states, each of which corresponding to a specific evolution of the system. Indeed, R(3) is

the fundamental quantity that contains all the relevant microscopic information of the FWM

[141]. Each specific sequence of three successive interaction with the total electric fields can be

associated with a specific time evolution. The 2D map is therefore the superposition of all these

elementary contributions, which generate a signal at a specific (ω1, ω3) coordinate. Figure 1.16

sums up the process to understand the 2D map as the representation of the different pathways

of the FWM interaction.

output signal 
in 2DS ∝ P(3)

each contribution 
being mapped into 
a signal at specific

coordinates 
in the 2D map

R(3) as sum  of 
different dynamic 

contributions

P(3) as convolution 
of R(3) with the 
exciting pulses

Figure 1.16: How to map the third-order signal. From the presentation of Elisabetta Collini at
Femto-UP 2020.

While this multitude of contributions can make the interpretation of the 2D signal somewhat

complex, it is possible to draw from this perturbative approach a few broad rules for reading the

diagram. The general ones are listed below:

• signals appearing on the diagonal provide information on the excited states of the system

• the shape of these diagonal peaks depends on the interactions with the environment and

broadening mechanisms

• cross-diagonal peaks appear anytime two levels are coupled and share a common ground

state

• the position of these cross-peaks provide information on which states are interacting

Based on these reading rules, Figure 1.17 illustrates four examples of interaction between states

that can be deduced from a 2D diagram. That offers a glimpse on the enormous potential and
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versatility of 2D spectroscopy techniques.

(a) (b) (c) (d)

Figure 1.17: The position of the cross-peaks can be used to identify which states are interacting.
(a) A system that produces multiple diagonal peaks but no cross-peaks can be modeled as a set
of isolated non-interacting two-level systems. (b) The cross-peaks at coordinates (ωc,ωb) and
(ωc,ωa) appearing at t2 > 0 indicate that state c is coupled via energy transfer with states a and b.
No coupling exists between states a and b because no cross peak appears at (ωb,ωa). (c) In the
presence of resonance interactions between two states, cross-peaks appear already at t2 = 0: the
system can be modeled as a molecular dimer. (d) A dark state (ωa) can be characterized by the
coupling with a bright state (ωc) in excited state absorption (ESA) processes. From [134].

1.4.2 2D spectroscopy with frequency combs

The preceding paragraph highlighted MDCS as a robust nonlinear method capable of untangling

homogeneous and inhomogeneous linewidths, probing subtle many-body interactions, and

offering valuable insights into resonance interactions [31]. However, the implementation of

this technique requires the use of three coherent pulsed lasers, arranged in a configuration

that ensures their phase matching. A fourth pulse is used as LO in order to retrieve the phase

information from the interference pattern with the signal. [142]. Time delay regulation is also

mandatory to be able to scan t1, t2 and t3. That leads to complex and bulky experimental setups.

The mechanical moving components to scan the delay between the pulses limit the spectral

resolution and the acquisition speed [143–145].

Recent advancements have seen the integration of frequency combs into pump–probe spec-

troscopy and MDCS [146, 147], offering notable enhancements in resolution and acquisition

speed. However, these experiments rely on a dual-comb method to detect the signal. Dual-comb

interferometry is a linear technique where only one variable can be scanned at the time. That

means that the time delay between excitation pulses still relies on moving mechanical stages.
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To fully exploit the advantages of spectroscopy with combs, a third comb can be added

to the system, offering a new dimension to the measurement. This has been applied to time-

resolved impulsive stimulated Raman spectroscopy [29] to investigate the structural changes

of photo-excited molecules. Another major demonstration of non-linear interferometry using

three combs has been made by Lombsadze, Smith and Cundiff [28], for MDCS. They achieved

measurement times under 1 second, with a comb-level resolution and no need for mechanical

moving components. The principle of this experiment is to use two combs as pumps to generate

the non-linear response in a medium to be characterized. A third comb then acts as LO to sample

the resulting signal, employing a Vernier effect similar to dual-comb interferometry. This setup

is schematically illustrated in Figure 1.18.

oscilloscope

n(t)Comb1

Comb3

Non-linear signal

Comb2

sample

Figure 1.18: Scheme of non-linear spectroscopy using three combs. Two combs (orange and
green) are used as pumps to generate a non-linear response from a spectroscopic sample. This
interaction modulates the refractive index of the material, that gets inprinted in the output train
of pulse. This non-linear signal is sampled by the third comb (blue) and the multi-heterodyne
beat signal is detected by a photo-diode, and then recorded.

In this configuration, what is studied is the degenerate FWM between the two pumps, and

the response of the medium is instantaneous. One can therefore acknowledge the differences in

assembly with Figure 1.15, in particular the number of sources used and the variables measured.

Let us elaborate on the example of FWM to illustrate the principle of tri-comb spectroscopy

through numerical simulations in a simple case. Two Gaussian-envelope frequency combs with

the same repetition frequency frep = 1.25 GHz but with a carrier offset of ∆fp = fp,2 − fp,1 = 100

MHz are used as pumps. The input spectrum thus consists of several packets separated of frep,

which each packets composed of two lines separated of ∆fp. The FWM process (Figure 1.19 (a))

is simulated by numerically integrating the non-linear Schrödinger equation in a non-linear fiber

(parameter given in the figure’s legend), that mimics the sample. Each combination of pump

lines at fi,1 and fi,2 generates side-bands at 2fi,1 − fi,2 and 2fi,2 − fi,1, as shown in zoom-in Figure

1.19 (b). Since the carrier offset is smaller than the repetition frequency, the new non-linear

components are intermingled in the pump spectra. This phenomenon, that we call intra-envelope
FWM, will be studied in greater depths in Chapter 4. The frequency shifts between each line are
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Figure 1.19: Numerical simulations of tri-comb interferometry for FWM spectroscopy. (a)
Optical spectra of comb1 (orange) and comb2 (green) at frep that generate FWM sidebands
(purple). The fiber has a length of L = 50 m, a dispersion parameter β2 = 1 ps2/km, and a
non-linear coefficient γ = 1 /W/km. (b) Zoom on the central spectral packets that shows the
frequency shift of ∆fp between each line. (c) Optical spectrum of the FWM of comb1 and comb2,
coupled with comb3 (blue), at frep + ∆frep, used as local oscillator. (d) Associated electrical
spectrum. The multi-heterodyne beating down converts the optical spectrum in the RF domain.
Each contribution is isolated in a spectral packet centered at its difference of carrier frequency
with the LO. (e) RF linear contribution of comb1 beating with comb3, centered at 100 MHz. (f)
RF non-linear contribution of blue-shifted FWM sideband beating with comb3, centered at 300
MHz.

too small to be individually resolved by standard characterization tools. This is why a third comb

is used as local oscillator, as depicted in Figure 1.19 (c). It has a different repetition frequency
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frep3 = 1.251 GHz and an offset frequency with comb2 of ∆f ′p +∆fp = fp,2 − fp,3 = 200 MHz. Each

line of the FWM spectrum beats with the closest line of the oscillator, and this interference

down-converts the spectrum to the RF domain, similarly to dual-comb interferometry. In Figure

1.19 (c), the blue lines of the LO and the low-frequency lines from the FWM are slightly shifted,

so that they can be distinguished. In practice, they overlap.

Figure 1.19 (e) shows the associated electrical spectrum. The main difference from the dual-

comb RF spectrum is that there are no longer one, but four spectral packets. Since comb1, comb2,

and the FWM sidebands each have specific carrier offsets with respect to the local oscillator,

each group of beating lines is centered at a specific frequency: at 100 MHz, the linear beat

between the LO and comb1; at 200 MHz, the linear beat between the LO and comb2; at 0 MHz,

the beat between the LO and the low frequencies of the FWM; at 300 MHz, the beat between

the LO and the high frequencies of the FWM. The multi-heterodyne beating thus separates the

linear contributions from the contributions originating from FWM. The peak at 0 MHz also

emerges from all the continuous contributions of the beating, and the peak at 100 MHz results

from the linear interaction between comb1 and comb2. The comb-like structure of the optical

sources is maintained in both the linear contributions (as shown in the zoom-in of Figure 1.19

(e)) and the nonlinear contributions (as shown in the zoom-in of Figure 1.19 (f)). That shows

that tri-comb interferometry achieves a high spectral resolution. It also enables to individually

study the new components generated by non-linear effects. One can conclude that not only

the multi-heterodyne beating replaces high-resolution spectrometers by a simple PD, but also

produces a highly selective spectral filtering.

1.4.3 Other applications

A tri-comb set-up can also be used to double-heterodyne a signal to characterize, in order to

avoid the ambiguity in determining the relative position between the beat signal and comb

teeth. By accessing different repetition rates, there are no missing frequency points or dead

zones in the measurement range [33]. Within the same idea, it also can ensures a comprehensive

and continuous characterization of micro-wave signals [148]. In both those examples, tri-comb

interferometry also enhances the measurement’s resolution for the same acquisition speed. In a

patent registred by ONERA and CNES [149], a two-comb set-up is combined with a third comb

used as LO for LIDAR measurements using dual heterodyne detection to improve the quality of

the signal received at long range, for atmospheric spectroscopy applications.

To conclude, adding a third comb to the system can overcome some limitations of DCS, such

as ambiguities arising from the mode-beating process or the trade-off between resolution and

acquisition speed. Tri-comb interferometry enables more flexible configurations for complex

measurements and provides the means for the simultaneous acquisition of different physical

quantities.
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1.4.4 Experimental set-up for tri-comb generation

Er-doped fiber

Pumping diode
Isolator

PC

SWNT-SA

ILP + PMF

WDM

(a) (c)

(b)

Figure 1.20: Examples of coherent tri-comb architectures. (a) Locking of three mode-locked
lasers from [28]. (b) Wavelength and polarisation multiplexing in a fiber cavity from [150]. ILP =
In line polariser, PMF = polarisation maintaining fiber, SWNT-SA = single-wall carbon nanotube
saturable absorbant, WDM = wavelength demultiplexer, PC = polarisation controller. (c) Spatial
multiplexing in a micro-resonator from [34].

Once again, the essential condition for the interference between multiple combs is their

good mutual coherence. Tri-comb interferometry is even more demanding in this regard than

two-comb systems, and the state-of-the-art in non-linear spectroscopy is the locking of three

mode-locked lasers [28, 29, 151]. As explained in Section 1.3.3, these operations result in

complex, expensive, and bulky set-ups. Clever architectures have been proposed to generate

three highly mutually coherent combs under free-running conditions, resorting to wavelength

and polarization multiplexing [33, 152, 153] in laser cavities or spatial multiplexing in micro-

resonators [34]. The idea behind these set-ups is to generate the three combs from a common

source and to make them propagate as identically as possible, so that they experience similar

phase noise that are cancelled through interfering. In conclusion, the existing architectures for

tri-comb systems rely either on the need for a complex servo-control, or on the use of cavities,

some examples of which are presented in Figure 1.20. In these cavity-based solutions, the

pulse repetition frequency is set by the cavity modes, and the frequency offset arises from the

influence of certain phenomena on the effective index, such as polarization or dispersion. As

a result, the degree of freedom in parameter choices is limited. There is therefore a need for a

technological solution giving acces to three coherent frequency combs, that offers tunability and

ease of implementation.
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1.5 Conclusion

In this chapter, we have looked at the fundamentals of frequency comb, their applications, as

well as the experimental set-ups for generating them. We shed light on the popular technique

that is electro-optic modulation, that offers a great tunability of the parameters of the comb.

We then introduced the basics of pulse propagation in optical fibers. We have seen that various

physical phenomena exist, in particular the phenomenon of SPM that can be used to coherently

broaden the spectrum of a frequency comb. We then presented the basics of dual-comb and

tri-comb interferometry, which are the applications aimed for the set-up developed in this

thesis’s work.
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In order to provide for a tunable coherent multi-comb platform, we aimed to develop a solution

based on electro-optic modulation. The main inconvenient is that electro-optic combs have a

narrow spectral bandwidth, which is a major drawback for some spectroscopic applications.

Therefore, it is necessary to broaden the pulse spectra through coherent nonlinear effects, such

as SPM. To preserve the mutual coherence, the broadening of the three sources can be achieved

by multiplexing them within a single structure. This idea was applied to a dual-comb system

counter-propagating in an optical fiber, developed by Guy Milllot and al. in 2016 [26]. The two

sources have similar optical paths, and the degradation caused by fiber propagation cancels

out when the two frequency combs interfere. However, because an optical fiber has only two

propagation directions, the architecture remains limited to dual-comb generation. The solution

we offer is the spatial multiplexing of three combs from EOM in a tri-core non-linear fiber.

47
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In this chapter, we present an experimental setup based on these concepts, as well as the

characterization of each comb. The work carried out on Menlosystem’s commercial C-combs,

available at ONERA (DPHY, SLM) serves as a point of comparison to support the discussion.

In this chapter, as in the rest of this manuscript, all the results presented are the fruit of my

personal work, unless explicitly stated otherwise.

2.1 Experimental set-up

nonlinear tricore fiber
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Ampli
MOD3

CW 
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Figure 2.1: Simplified sketch of the experimental setup. CW = continuous-wave; AOM =
acousto-optic modulator; MOD = intensity modulation; Ampl = optical amplification; RF =
radio-frequency.

As mentioned earlier, the set-up we assembled is composed of two stages: first the electro-

optic modulation and then the spectral broadening in the multi-core fiber, presented in the

general scheme in Figure 2.1. I arrived in Lille at the start of my second year of thesis, and took

over from Etienne Genier, then a post-doc. I added a third functional channel, and adapted the

two pre-existing channels to optimise the SPM-induced spectrum of the three combs.

2.1.1 Prefiber set-up: EOM combs

General description

Figure 2.2 details the optical set-up. An ultra-narrow CW laser (Koheras Basik) centered at

1550 nm delivering 40 mW is amplified up to 500 mW before being split into three channels

with a set of couplers. AOMs are inserted in the first two channels to have different carrier

frequencies on each channel. The shift are respectively fAOM1 = 100 MHz and fAOM2 = 200 MHz.

These AOMs induce optical losses and therefore a certain power asymmetry on the three paths.

To pre-compensate for this effect, the continuous laser is divided asymmetrically, as shown in

Figure 2.2.

On the three channels, the continuous waves are transformed into pulse trains using intensity
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Figure 2.2: Scheme of the optical set-up. AOM = acousto-optic modulator; IM = intensity
modulators; EDFA = Erbium-doped fiber amplifier.

modulators (iXBlue MXER-LN). The signal is then amplified and the amplified stimulated

emission (ASE) in excess is removed by using a spectral filter. A second intensity modulator

is used to increase the extinction ratio between the pulses to reach about 50 dB. This helps

removing the central component in the spectrum, corresponding to the CW background between

the pulses.

These intensity modulators are driven by RF signals (Fig.2.3 (a) and (b)) generated with

three different Arbitrary Waveform Generators (AWG). Thank to those, each repetition rate can

be tuned from 100 MHz to 10 GHz, which is the maximum of the BW of the IM. Repetition

frequencies lower than 100 MHz can be achieved by adapting the set-up to the peak power

required to obtain a good SPM spectrum. The experiments in this manuscript have been

performed at 500 MHz and at 1.25 GHz, depending on the required RF bandwidth (limited

at frep/2). The pulses have a FWHM of 55 ps. The AWGs generate a RF signal from a bits

vector, which enables to tune the temporal width. At the input of each IM, there are amplifiers

to enhance the RF power and minimize the optical losses introduced by the modulation. A

example of these pulse trains at the output of the second IM, measured with an Optical Sampling

Oscilloscope (OSO) of 700 GHz bandwidth is depicted in Figure 2.3 (c) and (d).To conform to

the minimum limit of the bandwidth of the OSO, the repetition frequency is set at frep = 1.25

GHz. We assume this pulse pattern to be similar at all repetition frequencies. A typical optical

spectrum is shown in Figure 2.3 (e) and (f). It is a narrow frequency comb with about 100 teeth,

separated by the repetition rate (set at 500 MHz), with a high SNR of 50 dB at maximum.

Difference of repetition rates

On each channel, one AWG drives all the RF inputs (IMs and optional AOM), as presented

in Figure 2.4 (b). Using AWGs to generate RF pulses gives the advantages of tunability and

ease of use. However, the sampling rate is limited (25GHz / 50GHz depending on the model)

and its resolution (+/- 100 MHz) does not allow much margin of choice on the difference of

repetition frequencies δfrep. To overcome this limitation, we use a Power Signal Generator (PSG)

- Keysight E8257D (Fig.2.4 (c)) as follows: two of the AWGs share its 10 MHz reference; the signal

output of this PSG is used as a clock for the third AWG in order to finely tune its repetition
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Figure 2.3: Characteristics of one eo-comb. (a) RF pulses from the AWG driving the two IMs at
frep = 500 MHz. (b) Zoom on one pulse. (c) Optical pulses at the output of the EOM stage at frep
= 1.25 GHz. (d) Zoom on one pulse. (e) High-resolution spectrum of the pulse train at frep = 500
MHz. (f) Zoom on three peaks. RF = radio-frequency; AWG = Arbitrary Waveform Generator;
IM = intensity modulator; EOM = electro-optic modulation.

rate. The PSG signal frequency fclock, PSG is slightly shifted compared to the actual AWG clock

frequency fclock, AWG, which leads to the actual repetition rate frep’ = frep + δfrep to be slightly

shifted compared to the theoretical repetition rate: δfrep = frep x (1 - fclock, PSG/fclock, AWG). This

is a way to ensure that the three AWGs share a common reference while being able to tune the

repetition rate as freely as possible. The inputs are commutable and the repetition rate can be

independently changed on each channel. However, this configuration is not optimal in terms of

relative stability between the three EOM channels, and therefore it is an avenue for improvement

that will be discussed in the perspective section of this manuscript.
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Figure 2.4: RF set-up. (a) RF driver scheme for one channel. For CH1 and CH2, an AWG drives
the AOM and the two IMs. For CH3, the AWG drives only one IM. (b) Global RF driver scheme.
The three AWGs are connected to a common PSG, used as a reference for two channels, and as a
clock for the third channel. AWG = arbitrary waveform generator; PSG = power signal generator.

2.1.2 Spectral broadening in the multi-core fiber

General description

The three eo-combs are injected in the tri-core fiber with the help of a fan-in 3x1 that connects

the three input SMF to each corresponding core of the non-linear fiber. The eo-comb spectra

are broaden through Self-Phase Modulation (SPM) during their propagation in the fiber. The

fiber was designed to be in the normal dispersion regime at 1550 nm, in order to avoid the

amplification of ASE or input noise due to modulation instability. It also prevents the formation

of solitonic effects known to affect the stability of the frequency combs. Normal dispersion

regime makes generated broadened spectra more coherent, similarly to all normal dispersion

(ANDI) supercontinuum [87, 154]. The three cores are spaced 30 µm apart, as shown in Figure

2.5. This distance has to be relatively small to ensure that propagation is as similar as possible in

all three channels. However, the cores must be sufficiently apart to limit the cross-talk between

them (as well as not being too constraining for the junction with the fans in/out). This will

be studied in section 2.2.1 of this chapter. The fiber is 1 km long, the linear loss is 1 dB/km,

the nonlinear coefficient is 5 /W/km and the dispersion is 5 ps2/km at 1550nm. The cores are

from the same glass preform, and have almost identical linear loss, dispersion, and non-linearity

values.

The largest spectra recorded at the fiber output for each core are shown in Figure 2.6. Their

widths are about 1 THz (8 nm) and they reveal a clear comb structure with more than 1500

teeth, a SNR of about 30 dB (see second row of Fig. 2.6). Note that in Figure 2.6 (c), there is

a central spectral component corresponding to a continuous pump residue between pulses in

the temporal domain. It arises from the lower extinction ratio of the EOM stage in Channel 3

compared to Channels 1 and 2, where a second IM has been added (see Figure 2.2 (b)).

In all channels, there is about 600 mW of input average power, which is equivalent to 21 W

of peak power at frep = 500 MHz with 55 ps pulse duration. The light beam is injected within

the tri-core fiber by using a commercial fan-in 3x1 (Chiralphotonics) with about 1 dB splice loss.

At the fiber output, the frequency combs are demultiplexed by the mean of a fan-out 1x3 with
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30 µm

Figure 2.5: Scanning electron microscope image of the tri-core fiber.
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Figure 2.6: Example of broaden spectrum at the output of the tri-core fiber for (a) Channel 1, (b)
Channel 2 (c) and Channel 3. The high resolution (20 MHz) enables to show the teeth structure
for each comb ((d) -(f)).

about 2.5 dB splice loss for each core. The three combs are available at the output of three SMF

28 fibers. The system is PM (polarization maintaining) till the fan-in at the input of the tri-core

fiber.

In Figure 2.7 (a) I recorded the evolution of the spectrum at the output of core 1 as a function

of the input average power with an optical spectrum analyzer. At 19 mW of average power, the
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spectrum is almost similar to the input spectrum (see Fig. 2.3) (e)). As the power increases,

the spectrum broadens due to SPM [88]. With Pin = 650 mW, a spectral broadening of 7 nm is

achieved, equivalent to almost 1 THz at 1550 nm. There is a slight peak at the center that is a

residue of the CW pump. The spectrum is symmetrical and flat-top, with a SNR higher than

20 dB. Figure 2.7 (b) represents the corresponding numerical simulations by integrating the

Nonlinear Schrodinger equation (NLSE) [88]. I used experimental parameters which are listed

in the caption of Figure 2.7. Note that we considered the limited extinction ratio of the IM in

these numerics with 50 dB. Thus, it is confirmed through these numeric simulations that the

origin of the central component is indeed due to the CW background between the pulses due to

the limited extinction ratio of the modulators.
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Figure 2.7: Evolution of the spectral broadening as a function of the input power. (a) Experimen-
tal recording. Example of Comb 3. (b) Numerical simulations from the NLSE. Parameters: γ = 5
W−1.km−1, β2 =5 ps2/km, and α = 1 dB/km at 1550 nm, extinction ratioof the IM is 50 dB and
Gaussian pulses of 55 ps duration FWHM. The average input power varies from 19 mW to 650
mW.

SPM spectrum depending on the parameter settings

What we aimed to achieve is a compromise between a wide, flat, symmetric spectrum with

minimal central components, and good SNR. However, this heavily depends on the temporal

envelope of the input pulses, strongly influenced by three main parameters, being:

• The bias voltage V applied to the intensity modulators sets the operating point. In our

case, we aim to set it to -Vπ to extinguish the continuous pump background and convert

all the energy into the pulses.

• The amplitude Vamp of the applied electrical signal affects the pulse shape (see Appendix

B.4), as well as the peak power of the pulses.
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• The delay between the electrical signals driving the two intensity modulators on channels

1 and 2 also affects the pulse shape and power.

As a preliminary step, the eocomb pulses are monitored with a photo-diode and an oscillo-

scope for coarse adjustments. Once we have pulses with sufficient peak power to use the EDFA

at the fiber’s input, we adjust the parameters based on the shape of the output SPM spectrum.

We noticed that the various parameters to be adjusted each have a distinct impact. Figure

2.8 illustrates three examples of parameter variations on the SPM spectrum, starting from good

settings, shown in Figure 2.8 (a). Each experimental measurement (blue curve) is compared to a

specific numerical simulation configuration (yellow curve) to understand the deviation from

Figure 2.8 (a). The simulations are conducted using the split-step method [88] with the same

parameters for the non-linear fiber as previously detailed (see Figure 2.7).
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Figure 2.8: SPM spectrum depending on the parameters of the input pulses. (a) Optimal
configuration. (b) Effect of RF amplification. (c) Effect of the delay between the RF pulses driving
the IMs. (d) Effect of the voltage bias.

In configuration (a), we deal with SPM of a 50 ps Gaussian pulse with an average power of
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350 mW at a repetition rate of 500 MHz and an extinction ratio of 90 dB. The number of periods

of the spectrum matches in both the simulation and experimental measurements, indicating

the same maximum phase shift (and thus the same peak power). There is a discrepancy in

peak heights because the experimental input pulses are not precisely Gaussian [155], but this is

considered a reasonable first approximation.

In configuration (b), I experimentally changed the power, denoted as Vamp, by increasing it

by 1 V. The width and the number of periods of the spectrum remain unchanged; hence, the

peak power remains nearly the same. Only the spectral envelope is modified, corresponding to a

change in the temporal envelope of the input pulses [88]. This confirms that configuration (a) is

a good optimum and that beyond this point, RF amplification becomes nonlinear. Numerically,

this modification is simulated using a sharper function e−|x|
3

(where x = t/τ with τ as the pulse

width) rather than a gaussian [155]. The corresponding decrease in the height of the SPM

spectrum lobes is observed.

In configuration (c), I experimentally changed the delay between the RF pulses from the

intensity modulators by increasing it by 25 ps (for a 50 ps pulse width). This introduces

asymmetry in the temporal envelope and, consequently, an asymmetry in the spectral envelope

[155]. The downshifted part of the spectrum exhibits less sharp peaks, which corresponds

to a faster decay of the temporal envelope at the leading edge compared to the trailing edge.

Numerically, this modification is simulated by concatenating two temporal pulses: e−|x|
3

for x <

0 and e−|x|
4

for x > 0. This asymmetry is accompanied by an increase in peak power from 350

mW to 450 mW, with a broader spectral width for the leading edge (downshifted frequencies).

In configuration (d), I experimentally changed the bias voltage from 0.50 V (initially 2.66

V). This results in a greater proportion of the pump, but also a modification of the spectral

envelope. There is also a narrower spectral width and fewer lobes, which corresponds to a lower

peak power, as the electro-optic modulation does not convert all the energy from the continuous

pump into the pulses. Numerically, these modifications are simulated by reducing the extinction

ratio by 10 dB, decreasing the average power to 300 mW, and implementing e−|x|
4

as the temporal

envelope of the input pulses.

Thus, achieving optimal spectral broadening necessitates a careful and precise adjustment of

the key parameters of the eo-comb chain. Once the experimental set-up had been developed, I

characterized the generated combs individually, which is the subject of next section.

2.2 Properties of one comb

The main goal of the set-up is to generate coherent combs for multi-comb interferometry.

Interferences between two and then three combs are the subjects of chapters 3 and 4. First, let’s

focus on describing each comb individually.



56 CHAPTER 2. Presentation of the multi-comb system

2.2.1 Independance of each comb

The technological choice of a multi-core fiber was made with the objective to broaden the three

frequency combs while maintaining their coherence. A potential limitation of this architecture

is the cross-talk between the cores, which would result in a degradation of the frequency comb

structure at the three fiber outputs [156]. To quantify this, I recorded the OSA spectrum at the

output of one core when its source channel is turned on (solid lines in Fig. 2.10). It represents

the level of spectral density from the channel through its corresponding core. As a comparison, I

recorded the OSA spectrum at the output of one core when its source channel is off while the two

other channels are on (dash lines in Fig. 2.10). It represents the level of spectral density through

the core from the two other channels, meaning the cross-talk power. Those measurements were

made on the {fan-in; fiber; fan-out} system and the cross-talk contributions of the three different

elements are indistinguishable.

Figure 2.10 concatenates those measurements for the three comb sources, with one colour

attributed to one comb (orange for comb1, green for comb2, blue for comb3). The relative power

between the three combs is due to a varying attenuation at the input to the OSA and is not what is

relevant here. What is measured is the power difference between the signal (solid lines) and the

cross-talk (dashed lines) at the output of each core. For the three combs, this power difference is

more than 30 dB, indicating that there is minimal interaction between the three channels within

the tri-core fiber. Consequently, their dynamics is assumed to behave similarly to single-core

fibers, and the all-optical frequency comb formation dynamics reported in single-core fibers

[157] are applicable to this tri-core fiber system.
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2.2.2 Temporal recompression

Post-compression is a common technique to achieve sub-ps pulses [158, 159]. The first step

of this method is the SPM in the tri-core fiber, broadening the three spectra while keeping the

temporal pulses almost unchanged. We assume that the dispersion during the SPM-induced

broadening process is negligible since the tri-core fiber is shorter than its dispersion length (L

= 1 km≪ LD = 103 km). Secondly, a linear compression step is optimized to remove the chirp

induced by SPM, reducing the temporal shape while keeping the spectral intensity constant.

This step is commonly done using negatively chirped mirrors [160, 161], grating compressors

[162] or fiber bragg gratings [163]. We chose to use a commercial all-fiber spatial light modulator

(Waveshaper) to compress one comb via line-by-line pulse shaping [164]. If it is compressible to

the bandwidth limited duration, we infer a high-degree of spectral phase stability.
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at half maximum, TL = transform-limited.
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Arnaud Mussot made the experiments. To do so, we first measured the chirp as follows. We

used an ultra-narrow tunable pass-band filter (EXFO XTM50 - 50 GHz FWHM) to record the

delay of each spectral component as a function of the central one. Figure 2.10 depicts some

examples of filtered spectra (a) and the corresponding measurement of the delay (b). We used an

ultra-fast oscilloscope combined with a high band-pass photo-detector (70 GHz band-pass each).

We then integrated this curve to calculate the phase depicted in Figure 2.10 (c). We then used

a commercial WaveShaper (Coherent 1000A) to apply the reversed-phase law to compress the

pulses. Figure 2.10 (d) presents the auto-correlation (AC) trace experimentally recorded (red)

after compression. It has a duration of 2 ps at FWHM. The measured AC trace is compared to

the transform-limited case (blue curve in Fig.2.10 (d)), which was calculated from the measured

optical spectrum while assuming a flat spectral phase. The recompression is close to the FT

limit, and the slight discrepancy is mainly attributed to the limited spectral resolution of the

Waveshaper (10 GHz) which avoids reproducing the small phase modulation on the bottom

of the curve (blue curve in Fig. 2.10 (c)). The agreement between the measured AC trace and

its TL limit demonstrates the high spectral-phase stability of the source. With this proof of

concept, we reach pulses of 1 ps (assuming a Lorentzian pulse profile). Shorter durations would

be easily accessible by cascading phase and intensity modulators upstream of the non-linear

fiber, as discussed in the perspective section of this manuscript. Ultrashort pulses of 350 fs have

be generated in a single core fiber from EOM [165], and this could be transposed in multi-core

architectures.

2.3 Stability measurements of one comb

The goal of the set-up is to provide a coherent tri-comb system in a free-running configuration.

Each step is designed to preserve the intrinsic mutual coherence. The intended application is

interferometry, where stability relies on a low uncorrelated noise between the combs. How-

ever, it is essential to estimate the noise characteristics for each comb to quantify individual

performances and gain a thorough understanding of the setup. In this section, the C-comb from

Menlosystem that is available at ONERA (DPHY,SLM) is used as a state-of-the-art reference to

contextualize the performance of the "home-made" frequency combs. Stability measurements

will thus be carried out on both types of sources to compare them.

2.3.1 Allan variation

Tri-comb system

One first characterization is the long-term stability of the periodicity of the optical pulses. For

this purpose, I measured the Allan deviation of the optical repetition rate, set at 500 MHz to fall

in the bandwidth of the frequency counter (Keysight 53210A). It is the direct photo-detection of

the comb, which is the equivalent to the heterodyne detection of all the modes beating with one
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another. The red traces of Figure 2.11 depicts the results for the three combs. As a comparison,

the Allan deviation of the repetition of the RF pulses driving the IM on each channel is also

computed (blue traces).
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Figure 2.11: Allan deviation of frep = 500 MHz and τ = 1 s for (a) comb1 (b) comb2 and (c)
comb3. The blue line is the measurement for the RF system and the red line is the measurement
of the optical system.

For each comb, both RF and optical measurements highlight flicker noise up to a few seconds,

then random walk frequency modulation and frequency drift up to about 100 seconds. A

maximum stability plateau of σy = 6×10−11 is reached in the region 1 s - 10 s. All measurements

are truncated at 102 s, a threshold value beyond which the estimated error for a 1-sigma

confidence interval is too large. The measurements for the three combs exhibit the same features.

There is a small gap between the measurement for Comb 1 and the two other combs. This affects

the value of σy at τ = 100 s, but not the minimum stability floor at σy = 6.10−11.

Menlosystem C-comb

To compare our system with the state-of-the-art, I conducted similar measurements on a commer-

cial frequency comb, C-comb model from Menlosystem that is available at ONERA (DPHY,SLM).

Details of how the system works are given in Appendix 1A. This frequency comb comes with

an electronic module that allows the repetition frequency to be locked to an external clock, as

described in section 1.1.2. The offset frequency, induced by residual dispersion in the fiber

cavity generating the comb, remains in free-running mode. I measured the Allan variation of

the repetition frequency for both commercial frequency combs available at ONERA, in the case

when it is locked (configuration "locked") and when it is not (configuration "unlocked"). These

measurements are presented for both commercial combs in Figure 2.12.

The two combs exhibit very similar curves. The "unlocked" configuration, where frep is in

free-running mode, shows an Allan variation typical of white noise [46]. The locking effect

indeed increases the stability level. The solid curve highlights flicker noise up to a few tens of

seconds, then random walk frequency modulation and frequency drift up to about 103 seconds.

A maximum stability plateau of σy = 5×10−11 is reached in the region 1 second - 10 seconds. The
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Figure 2.12: Allan deviation of the two Menlosystem combs at frep = 100 MHz and τ = 1 s. The
curves of 2.11 (a) have been superposed for comparison with the Allan deviation of the tricomb
system at frep = 500 MHz.

value is close to the stability of the tricore system. However, this level of stability is sustained

for a longer time in the case of the locked Menlosystem comb. Our "home-made" frequency

combs have a long-term stability level that lies between a frequency-locked mode-locked laser

and the same pulsed laser operating in free-running mode. This suggests a good stability level

for our architecture, which eliminates the need for a complex feedback system on the repetition

frequency.

2.3.2 Phase noise

As a complement to the long-term measurement of Allan deviation, the measurement of phase

noise indicates the rapid fluctuations of an oscillating system. As a first step, I measured the

phase noise of a frequency comb directly detected by a photodiode (Thorlabs PDB480C).

The setup is schematically shown in Figure 2.13 (a). This represents the electronic spectrum

of the optical comb, composed of spectral lines spaced at the repetition frequency, set at 500

MHz. The lines correspond to the interferences between all the lines in the optical spectrum. An

example of the electronic spectrum is shown in Figure 2.13 (b). A zoom on the 500 MHz line

(with a higher resolution) is depicted in Figure 2.13 (c). This first line represents the 1st optical

mode and corresponds to the interaction between all neighboring lines. Figure 2.13 (d) shows the

phase noise of the 1st RF mode derived from the AWG output signal (dark blue). In contrast, the

lighter blue curve represents the phase noise of this electrical mode after amplification, which

drives the intensity modulators. We observe a signal degradation with very sharp resonance

peaks in the 1.102 - 5.103 Hz range and two broader peaks around 8.103 Hz and 1.105 Hz. This

measurement allows us to identify amplification as having a significant impact on the purity of

the RF signal. Figure 2.13 (e) displays the phase noise of the 1st optical mode. In comparison, the

black curve represents the phase noise of the 1st electronic mode of the RF oscillator that drives
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Figure 2.13: Phase noise of the repetition rate. (a) Scheme of the measurement. (b) Example of
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the intensity modulators. Resonances in the 1.102 - 5.103 Hz range, caused by the non-linearity

of RF amplification, are reflected in the optical signal’s phase noise. However, the optical curve

and the RF curve do not exhibit the same noise trends, indicating that there is noise on the

repetition frequency added by the optical chain.

Once this conclusion is drawn, it is necessary to identify which stage of the setup affects

the short-term stability and in what manner. I therefore measured the phase noise at the input

(effect of the electro-optic modulator stage) and at the output of the non-linear fiber (effect
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of spectral broadening). To isolate the total contribution of a single optical line, the signal of

interest is recombined with a portion of the continuous laser and detected by a photodiode

(Thorlabs PDB480C). This represents the uncorrelated phase noise between the initial source and

the generated frequency comb. Figure 2.14 presents the measurement set-up (a), an example of

electronic spectrum from the beating (b) and the obtained phase noise spectra (c)-(e). The phase

noise at the output of the AOM (blue curve) represents the measurement limit. The repetition

rate is set at 1.25 GHz to minimize the number of modes within the photo-detector bandwidth

(1.6 GHz), in order to enhance the SNR per mode. The measurements at both the input (EO

comb) and the output of the non-linear fiber (broaden comb) exhibit flicker noise in the 103 Hz

- 104 Hz region, eventually reaching the photo-detection noise floor. The spectral broadening

is accompanied by a phase noise increase of 30 dBc/Hz, which is attributed to the effect of the

EDFA, and the thermal and mechanical disturbances during the propagation in the 1 km fiber.

The remaining question is whether the accumulated phase noise depends on the repetition

frequency. Figure 2.15 compares two measurements at frep = 500 MHz and frep = 1.25 GHz at

the input (a) and at the output of the fiber (b). One noticeable difference is the increase in the

photo-detection floor from 1.25 GHz to 500 MHz for the EO-comb measurement. Decreasing

the repetition frequency results in an increase in the number of modes within the photo-diode

bandwidth. As the measurement is done at a constant power on the photo-diode (2 x 50 µW),

the power per mode is lower in the case of frep = 500 MHz, leading to a lower SNR per mode

and thus an elevation of the photo-detection noise floor. In the case of the broadened combs, the

phase noise is above the photo-detection threshold in all cases, and the two curves are similar.
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Figure 2.15: Uncorrelated phase noise for different repetition rates (a) at the input and (b) at the
output of the tri-core fiber.

Consequently, it can be deduced that the phase noise at the output of the non-linear fiber is

overall independent of the repetition frequency.

Recombining the frequency comb with the initial laser allows the evaluation of the uncor-

related noise between the two. To measure the total phase noise of the comb accurately, a

heterodyne measurement can be performed using an independent local oscillator. I tried to

implement that method using a second laser of the same model (NKT Koheras). However, both

lasers were not frequency-locked to each other, and their carrier frequencies fluctuated over
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the measurement time, causing significant spectrum fluctuations. These variations made it

impossible to obtain a meaningful phase noise measurement that could reveal the system’s be-

havior. To overcome the need for laser stabilization, the delayed self-heterodyne interferometric

technique [166] was developed. It involves introducing a sufficient length of fiber in one of the

interferometric arms to decorrelate the source with its duplicate. However, the CW laser used

in the set-up has a very narrow linewidth (< 0.1 kHz). Its coherence length is therefore several

thousands of kilometers. It would be very much impratical to use such a long length of fiber, in

particular because of the induced losses. A method to circumvent this issue is the short delay

self-heterodyne interferometry [167]. This technique could complete the study of the short-term

stability of each comb.

2.4 Conclusion

In this chapter, I presented the experimental setup I developed to generate three coherent

frequency combs from a single laser source using an all-fiber method that offers frequency agility.

To achieve this, the transverse dimension of optical fibers was used for spatial multiplexing.

A nonlinear tri-core fiber was designed by FiberTech, at PhLAM, wherein three narrow EOM

combs are broadened by SPM. The resulting output of each core exhibits a flat-top spectrum

with a spectral width of 1 THz, equivalent to over 1500 laser lines at a repetition rate of 0.5 GHz.

The output pulse energy is measured to be 0.3 nJ, and we demonstrated that these pulses could

be efficiently compressed to approximately 1 ps in pulse duration.

I evaluated the individual stability of each comb. A comparison with a commercially available

frequency comb, using an Allan variation measurement, positioned the tri-comb system as more

stable than a free-running fiber laser. I also conducted phase noise measurements to assess the

short-term stability impact of each stage in the setup. The propagation in the non-linear fiber

impacts the uncorrelated phase noise, thus degrading the SNR. However, these conclusions were

established for each individual comb, whereas the interest of this set-up lies in its application to

multi-comb interferometry. Indeed, it is possible for the coherence of a comb to be degraded,

but for the mutual coherence between combs to be preserved. This will be the focus of the next

chapter.
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To assess the potential of the source developed for multi-comb interferometry applications, we

evaluated the coherence between each pair of the three combs. First, we measured the stability of

the interference signal, and then we carried out a dual-comb set-up to demonstrate the system’s

potential in practice.
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3.1 Stability measurements

3.1.1 Stability of the difference of repetition rates

Tri-comb system

The last part of Chapter 2 presented the Allan deviations of the repetition frequencies of each

individual comb. I performed the same measurement for the repetition difference, that is, for the

repetition frequency of the optical beating between two combs. Indeed, this is the parameter that

impacts the stability of recorded dual-comb interferograms. The optical signal is detected by a

photodiode (Thorlabs PDB480C) and then filtered in the RF domain using a low-pass filter at 1

MHz. This filtering process selects only the repetition frequency difference. Its Allan deviation is

shown in Figure 3.1 (a). Two measurements, made under similar conditions, compare the beating

between the RF signals driving the EOMs (blue line) and the one between the optical first modes

(red line). They both follow the same curve trend of 1/
√
τ white frequency modulation noise

[46]. This confirms that the frequency instabilities originate mainly from the control electronics

in these EOM comb devices [25]. A longer measurement on the optical system (red dashed line)

shows a stability level between σy = 10−6 at low integration times and σy = 10−9 over 3h. This

order of magnitude corresponds to similar free-running fiber-optic systems [25, 26], with which

high-precision spectroscopic measurements have been performed [168].

Menlosystem C-combs

Continuing with the intention of comparing the performance of our "home-made" system with

those of a commercial system, I conducted identical measurements using the two mode-locked

lasers from Menlosystem. This dual-comb system is equipped with electronic modules designed

to lock the repetition frequencies of the two combs to a common reference. The stabilisation

system is made such that comb1 must be locked first before locking comb2. Technical details

regarding the operation of this feedback control are provided in Appendix A. In order to conduct

a comprehensive comparison between the "home-made" system and the commercial system, I

measured the Allan standard deviation of the repetition frequency difference in the following

three configurations: when both lasers are locked, when only comb1 is locked, and when both

lasers are in free running. The corresponding plots are shown in Figure 3.1 (b). The results

are similar whether none or only one of the combs is locked, since the repetition frequency

difference is influenced by the fluctuation of at least one of the repetition frequencies. In this

respect, both dotted lines exhibit flicker noise up to a few seconds, and then random walk

frequency modulation and frequency drift up to about 100 seconds. A maximum stability

plateau of σy = 2 × 10−4 is reached in the region 0.1 s - 1 s. The quality of the stabilisation

module is demonstrated by the position of the solid line below the other two lines. This solid line

corresponds to a white noise fit. After 103 seconds, the Allan standard deviation is σy = 1× 10−5,

indicating that the commercial system is 1000 times more stable with feedback control.
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Figure 3.1: Allan deviation of δfrep. (a) Measurement of the tri-comb system at 50 kHz between
Comb1 and Comb 3 for τ0 = 100 ms and τend = 1 h for the RF output (blue curve) and the
optical output (red curve). A longer measurement (τend = 12 h) is depicted in red dotted line,
with the corresponding τ−1/2 characteristic white noise fit in grey. (b) Measurement of the the
two commercial Menlosystems combs at 100 Hz for τ0 = 100 ms and τend = 1 h in different
configurations, with the corresponding τ−1/2 characteristic white noise fit (grey line) of the
measurement when δfrep is locked (solid yellow line). (c) Comparison between the two systems.

The comparison between the two systems is shown in Figure 3.1 (c). The Allan standard

deviations of the clocks used in each set-up are also depicted for reference. They exhibit a similar

trend, and their Allan standard deviation values are close. Hence, the difference of clocks cannot

explain the difference in stability between the two systems. Indeed, the Allan standard deviation

of the locked commercial dual-comb system is 102 higher than the one of "home-made" system

over the entire range 1s - 100s. This observation does not allow to conclude that the tri-comb

system is more stable, given the difference in spectral elements between the two dual-comb

systems. Indeed, the Allan deviation of a relative frequency is σ2
y (τ) = 1

2 ⟨(yn+1 − yn)2⟩. As a first

basic approach to assessing the influence of the number of modes, let’s make the assumption that

the variation in the difference of frequency between the modes vary independently of frequency.

That implies that the overall fluctuation of frequency difference is proportional to the number
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of modes. This hypothesis is not true for EO combs for instance, for which the linewidth of

the modes increases in N2, N being the number of modes [152]. However, the two dual-comb

systems behave in a very different way, in addition with the fact that the dynamics of dual-combs

from mode-locked lasers depend on many parameters [169], not least the stabilisation system.

Therefore the assumption of white noise in the frequency difference does not reflect the real

physics behind dual-comb systems, but it does allow us to understand the importance of the

number of modes on their Allan variation. From this hypothesis, we can express that the relative

frequency of the difference between N modes at the time tn, denoted as yn’, is proportional to

the relative frequency of the difference between two modes ∆δfrep at the time tn, denoted as yn:

y′n =
(N − 1)×∆δfrep

δfrep
= (N − 1)× yn (3.1)

And from this assumption, we can deduce that Allan’s standard deviation is proportional to the

number of modes:

σy′ (τ) = (N − 1)× σy(τ) (3.2)

The frequency comb spectrum of the Menlosystem extends from 1490 nm to 1650 nm, resulting

in a spectral width of 19.5 THz at frep = 100 MHz. Therefore, the commercial system is composed

of 105 modes, whereas the tri-comb system consists of 103 modes. However, the difference in

the Allan standard deviation between the two systems is greater than 102. This suggests that

the difference of repetition rates of the "home-made" free-running system achieves a level of

stability comparable to the one of the commercially available dual-comb system, whose repetition

frequency is stabilized.

3.1.2 Coherence between two combs

To highlight the added value of using a tri-core fiber rather than three separate fibers, I evaluated

the relative coherence between the combs by measuring the linewidth of the RF beat note between

two combs. This method is inspired by [23]. A scheme of the measurement setup is provided

in Figure 3.2 (a). The measurements were performed on combs 1 and 2, whose optical spectra

are presented in Figure 3.2 (b). The spectrum obtained by SPM in a non-zero-dispersion-shifted

fiber (NZDSF - LEAF; D = 4.4-5.8 ps/(nm.km) at 1550 nm), with the same input EO-comb as

comb1, is also shown in the figure. This NZDSF output will be used later for comparison to

highlight the importance of spatial multiplexing to maintain the mutual coherence between the

combs.

An ultra-narrow continuous-wave laser (NKT Koheras), identical to the CW source used in

the tri-comb setup, is divided into two parts to interfere with each output comb, acting as the

local oscillator (LO). This produces a multitude of beating lines at frequencies of n× frep ±∆fp
and n × f ′rep ±∆f ′p , with ∆fp being the LO’s carrier frequency difference with comb1, ∆f ′p the

LO’s carrier frequency difference with comb2, and frep = f ′rep the repetition frequency of both
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combs. As the carriers of comb 1 and comb 2 are separated by 100 MHz (imposed by the AOMs

on Channels 1 and 2), we obtain |∆f ′p −∆fp | = 100MHz. These two optical beatings are detected

separately on two photodetectors (Thorlabs PDB480C and Menlosystems FPD610). Figure 3.2

(c) and (d) show the two electronic spectra recorded on the ESA. Both spectra contain peaks from

the comb centered at n× frep, as well as the beating with the LO at ±∆fp (respectively ∆f ′p ) of

each of these peaks. The goal is to combine the first modes at frequencies frep −∆fp for comb 1

and frep −∆f ′p for comb 2. To achieve this, RF filters (high-pass filter at 200 MHz and low-pass

filter at 400 MHz) are used to select only the line of interest in the beating with comb 2. The

two RF signals are then combined using a frequency mixer. This RF recombination eliminates

the noise component of the LO. The width of this final RF beat note provides the inverse of the

coherence time between the two combs.

Figure 3.2 (e) shows this RF beating recorded on an ESA with a resolution of 1 Hz, and

averaged 10 times. The one between combs 1 and 2 broaden in the multi-core fiber is about 20

Hz at 0.2 of its maximum (dark blue curve). It indicates high relative coherence of the pair of

combs. For comparison, the light blue curve is the measurement made upstream of the setup, on

the source laser divided in two, with one arm shifted in frequency by an AOM. It corresponds to

the limit of our measurement, physically due to the spectral resolution of the ESA.

To obtain a comparative measurement, I repeated the same experiment with two combs at

the output of two fibers on separate spools of the same fiber length. For that, I used comb2 (at

the output of the tri-core fiber) and the output of a NZDSF with eo-comb1 as input, to operate

under the same conditions. The purple curve in Figure 3.2 (b) shows the SPM induced spectrum

at the output of the NZDSF. The broadening is less than that of the tri-core fiber output, as the

fiber parameters are not the same (length L = 1 km, low dispersion D = 4.4-5.8 ps/(nm·km) at

1550 nm, and slightly smaller non-linearity with Mode Field Diameter = 9.6 µm at 1550 nm).

However, this does not affect the measurement on the first beatnote. As can be seen in Figure 3.2

(f), the linewidth of the RF beating between comb2 and the separate comb from the NZDSF is

400 Hz at 0.2 of its maximum power (ESA signal averaged 10 times). Coherence degradation is

20 times higher than when using two cores of the tri-core fiber. This degradation in coherence

by more than one order of magnitude illustrates the great advantage of implementing spatial

multiplexing in a non-linear fiber to broaden the combs while preserving the mutual coherence.

One can argue that this difference in mutual coherence might be due to the fact that inde-

pendent fibers are not localized at the same spot. Therefore, they are not subjected to the exact

same mechanical and thermal variations. The contribution of the multi-core fiber to mutual

coherence would primarily come from the physical proximity of the cores. To evaluate the

validity of this statement, I repeated the coherence linewidth measurement, this time comparing

two comb spectra broadened in the cores of the TC fiber and two comb spectra broadened in

two independent NZDSFs, but wound on the same spool. Figure 3.3 (a) shows the OSA spectra

from the respective broadenings, with the same input eo-comb parameters for both TC fiber and

NZDSFs. Their differences arise from the fact that the NZDSFs are not strictly identical to the
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Figure 3.2: Coherent linewidth of the beating between the first modes of the output combs.
(a) Experimental set-up. (b) OSA spectra of the two broaden combs in the TC fiber and in the
NZDSF. (c) ESA spectrum of the beating between comb1 and LO. (d) ESA spectra of the beating
between comb2 and LO. (e) RF beating obtained between the optical beatings of comb1 and
comb2 with the LO, after broadening in the tricore fiber. (f) Beating obtained between two
broadened combs in two independent nonlinear fibers (1 NZDSF and 1 core of the TC fiber).
PC = polarisation controller; OSA = Optical spectrum analyzer; LO = local oscillator; ESA =
electronic spectrum analyzer; TC = tri-core; NZDSF = non zero dispersion shifted fiber.

TC, but they have similar parameters (length L = 1 km, low dispersion D = 4.4-5.8 ps/(nm·km)

at 1550 nm, and slightly smaller non-linearity with Mode Field Diameter = 9.6 µm at 1550

nm). Figure 3.3 (b) presents the RF beating resulting from the recombination of the two combs
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with the LO, this time averaged 100 times. The light blue curve is the reference measurement

with the input eo combs, to compare with the broadening in the TC (dark blue curve) and the

broadening in the independent NZDSFs (pink curve). It can be observed that the beating with

the independent fibers is more than twice as wide as that obtained with the TC fiber. This means

that spatial multiplexing ensures mutual coherence at least two times higher. This is in addition

to the fact that it naturally provides equalization of mechanical and thermal disturbances, as

well as a smaller spatial footprint compared to multiple independent fibers.

The conclusion regarding the contribution of the multi-core fiber to mutual coherence by

a factor of 2 is a minimum assertion. Indeed, the comparison with the measurement on the

eo-combs allows us to deduce that mutual coherence is limited by the degradation upstream

of the TC fiber, since the dark blue and light blue curves are very similar in shape and width.

The limitation of our system would therefore be due to the electro-optical chain before the

broadening, and the multi-core fiber would offer even greater stability compared to multiple

independent fibers.

N
o
rm

a
liz

e
d
 l
in

e
a
r 

a
m

p
lit

u
d
e
 (

a
.u

.)

1

0.8

0.6

0.4

0.2

0

-20 -10

(b)

0 10 20
Frequency shift (Hz)

7 Hz

1545 1546 1547 1548 1549 1550 1551 1552 1553

TC output: comb1
TC output: comb2
NZDSF output 1
NZDSF output 2

Po
w

e
r 

(1
0

 d
B

m
/d

iv
.)

(a)

18 Hz

eo-combs
TC outputs
NZDSF outputs

Wavelength (nm)

Figure 3.3: Coherent linewidth of the beating between the first modes of the output combs.
(a) OSA spectra of the two broaden combs in the TC fiber and of the comb broaden in the
two NZDSFs. (b) RF beating obtained between the optical beatings of comb1 and comb2 with
the LO, after broadening in two cores of the TC fiber (dark blue) and after broadening in two
independant NZDSFs on the same spool. LO = local oscillator; ESA = electronic spectrum
analyzer; TC = tri-core; NZDSF = non zero dispersion shifted fiber.

We believe that this could be even better by optimizing the core separation. In this work, it

was set at 30 µm to ensure there is a negligible cross-talk between the cores, and to facilitate

the fabrication of the fans, but as it gets closer, the phase noise degradation due to the external

perturbations of the light beams propagating in each core would get increasingly similar, leading

to an enhancement of the mutual coherence. The practical limitation is imposed by the cross-talk

if the cores are too close and/or by the the fan fabrication. Another option is to twist the fiber

during the fabrication process to achieve a nearly identical average perturbation for the beams.

This will be investigated in the next section.
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3.2 Twisted tri-core fiber

3.2.1 Description of the twisted tri-core fiber

(a) (b)

Figure 3.4: Twisted tri-core fiber. (a) Scheme of the cross section for one core. (b) Microscope
image at x50 of the input plane showing the three cores, separated of 30 µm.

The experiment described in 3.1.2 was dedicated to demonstrating the advantages of spatial

multiplexing in a multi-core fiber compared to using three independent fibers. The goal is

to minimize the accumulated phase noise during propagation in the nonlinear fiber across

all channels. One approach to enhance mutual coherence is to introduce a twist in the fiber

during the fabrication process, aiming to achieve nearly identical average perturbations for

the individual beams. This method’s effectiveness has been previously demonstrated by our

research group in the context of coherent beam combining, as shown in Ref. [170], leading to

significant improvements in beam stability. Therefore, this was a strategy we aimed to implement

by developing a twisted tri-core fiber (presented in Figure 3.4) possessing properties similar

to those of the straight fiber used in the experiment. The cores all come from the same glass

preform. The fiber was pulled at a speed of 800 rpm with a pitch of 33 mm. Its total length

is 1.3km, with 20 m of untwisted fiber at the end to optimized the coupling with the fan-out.

Similar parameters of the input EO combs lead to the generation of comparable output spectra,

as depicted in Figure 3.5. This confirms that the two fibers possess similar properties. To

integrate the new tri-core fiber after the existing EO-comb setup, fans were made at FiberTech.

These fans exhibit higher losses (-5.54 dB, -7.55 dB, and -10 dB) compared to the commercial

fans used for the straight fiber, resulting in limited broadening at the output of the three cores.

Nonetheless, it is entirely feasible to measure the coherence linewidth between the first two

modes of the frequency combs, as described in 3.1.2, and compare the obtained results for the

two nonlinear fibers. This comparison will allow to draw conclusions regarding the effect of the

twist on the mutual coherence.
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Figure 3.5: Comparison of the OSA spectra at the output of the two non-linear fibers for (a)
comb1 and (b) comb2.

3.2.2 Coherence linewidth measurement

The set-up is identical to the one described in section 3.1.2. In this previous case, the RF

beatnote was recorded at the ESA. The device’s resolution (1 Hz) was sufficient to compare

the performance of the straight multi-core fiber with that of independent fibers. Figure 3.6 (a)

presents the results of this measurement at the ESA under exactly the same conditions as the

output of the AOM, the output of the EO-comb stage, and the output of the straight nonlinear

fiber. The widths of these three peaks are indistinguishable; the measurement resolution does

not allow highlighting the likely degradation of coherence as the combs propagate along the

set-up. To enhance this resolution, it is possible to record the RF beatnote’s temporal trace on an

oscilloscope and calculate its Fourier transform. The resolution of this measurement is defined

by the total time span T that can be recorded. This value T depends on the number of points Npts

and the sampling frequency Fsampling: T = Npts/Fsampling. In our case, Npts is limited to 50 Mpts.

The RF beatnote results from the recombination between the first modes of the two frequency

combs, frequency-shifted by δfAOM = 100 MHz. The RF beatnote is thus centered at 100 MHz,

and the Shannon criteria dictates Fsampling ≥ 200 MHz. The oscilloscope-recorded measurement

resolution is therefore limited to 4 Hz, which is still higher than the measurement recorded at

the ESA. To overcome this issue, I combined the relevant RF beatnote with an external oscillator

at 101 MHz. This translated the beatnote to 1 MHz, enabling the temporal trace to be sampled

at a much lower frequency and thereby improving the resolution.

Figure 3.6 (b) illustrates this improved set-up. To ensure that this measurement works

properly, I tested the improved set-up to measure a 100 MHz RF signal. This is shown in Figure

3.6 (c). There is a clear improvement in the measurement resolution, with the RF oscillator noise

not degrading the signal of interest. I therefore applied this measurement protocol to the combs

at the output of the straight tri-core fiber and at the output of the twisted tri-core fiber. The

RF beat is recorded on the oscilloscope and the TF is directly calculated by the device with a
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Figure 3.6: Coherence between the dual-comb pairs: straight vs twisted fiber. (a) ESA mesure-
ment of the RF beating at 100 MHz at different stages of the set-up. One can notice that the
resolution isn’t good enough to highlight the degradation of the coherence. (b) Scheme of the
improved set-up with a RF LO at 100.1 MHz beating with the RF beatnote. (c) Test of this set-up
on a RF oscillator at 100 MHz. The measurement shows a greater resolution (75 mHz) compared
the one without RF oscillator (4 Hz). (d) Coherent linewidth of the beating between the first
modes of the combs at the output of the straight fiber (purple) and at the output of the twisted
fiber (pink).

resolution of 75 mHz. The corresponding beatnotes are displayed in Figure 3.6 (d). They both

exhibit a linewidth of 0.5 Hz at -10 dB. The very good resolution of this measure still does not

allow us to distinguish the difference in width between the two peaks. This means that what

limits mutual coherence is not a priori the widening in the tri-core fiber, but rather the upstream

chain of eo-combs. It is this part of the set-up that needs to be improved as first step, which

will be addressed in the perspectives section of this manuscript. Therefore, we cannot draw

conclusions regarding the improvement of coherence using a twisted fiber rather than a straight

one. In the remainder of this manuscript, all the results presented are taken from measurements

using the multi-comb system broadened in the straight non-linear fiber.
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3.3 Dual-comb configuration

Once the coherence of each pair of the tri-comb system was measured, I set up a dual-comb

interferometer to demonstrate the mutual coherence in practice.

3.3.1 Dual-comb interferogram

To begin with, the interferograms are recorded "unloaded", meaning that no absorbing or

dispersive element is introduced in the arms of the interferometer. The parameters of the two

combs are chosen to meet the conditions stated in 1.3.2. Firstly, the repetition rate is fixed

according to the desired spectral resolution, and the optical sources are adjusted to have a

spectrum as symmetrical as possible, with a good SNR and an overall flat envelope. Once

the spectral width ∆ν and the repetition rate frep are set, the difference of repetition δfrep is

chosen such that the RF spectrum, with a width of
δfrep
frep
× ∆ν and centered at ∆fp = ∆fAOM,

fits in the 0 -
frep

2 range. The two combs are then combined using an optical coupler and a

polarization controller. The beating is detected using a photodetector (Thorlabs PDB480C - 1.6

GHz passband). The RF output is low-pass filtered around
frep

2 and then recorded on a 10-bit

oscilloscope (Keysight DSOS4805A). The sampling frequency is chosen to be a multiple of frep

and δ frep. It determines the number of points per interferogram period and, therefore, the

number of interferograms in the total vector of 50 Mpts recorded.

Figure 3.7 presents an example of dual-comb interferometry between combs 1 and 2. The

repetition frequency is set at 500 MHz. Figure 3.7 (a) shows their optical spectra with a width

of ∆ν = 0.6 THz. Figure 3.7 (b) represents three periods of the total vector of Ntot = 50,000

interferograms recorded at a sampling frequency Fsampling = 5 GHz. Figure 3.7 (c) is a zoom on a

single interferogram burst, which corresponds to the temporal superposition of the two trains

of pulses. The total vector of Ntot interferograms is divided into N packets of n interferograms.

The N packets are averaged to obtain an average vector of n interferograms with a better

SNR. The RF spectrum is then calculated from the FT of this average vector. The number of

interferograms n thus quantifies the resolution of the RF spectrum and corresponds to the

number of points between the peaks spaced by δfrep. Figure 3.7 (d) shows the RF spectrum

from n = 5 interferograms averaged N = 2.104 times. It contains about 1500 RF modes with

an SNR of typically 15 dB. Figure 3.7 (e) shows the RF spectrum from n = 50 interferograms

averaged N = 2.103 times. It reveals a clear comb structure with a 50 kHz spacing between the

teeth corresponding to the value of δfrep. That proves the good mutual coherence of the pair of

frequency combs.

As mentioned in the precedent paragraph, the SNR of the dual-comb measurement can be

improved by performing coherent averaging (N times) [7, 20, 23]. The evolution as a function

of the number of averages is shown in Figure 3.8 (circles) at the input (blue circles) and output

(orange circles) of the fiber. We find the characteristic
√
N evolution of the SNR (solid lines)
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Figure 3.7: Dual-comb interferometry. (a) OSA spectra of two combs at frep = 500 MHz. (b)
Multi-period interferogram with δfrep = 50 kHz. (c) Zoom in on a single interferogram trace. (d)
Dual-comb spectrum calculated over n = 5 interferograms averaged N = 20000 times. (e) Zoom
in on the comb structure with n = 50 and N = 2000.
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[113]. The degradation of the SNR between the input EOM combs and the output combs comes

mainly from the difference in the number of spectral lines: it goes from Meocomb = 100 at the

input to Mcomb = 1500, which leads to a decrease of 12 dB [45], close to the 15 dB experimentally

recorded. We attribute the additional degradation to the noise from the optical amplification

and from the propagation in the tri-core fiber.
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Figure 3.8: Evolution of the SNR of the RF spectrum as a function of the number of averaged
sets N at the tri-core fiber input (orange trace) and at the output (blue trace). The circles are
the measured data, and the solid lines are the computed fits corresponding to an evolution as
10log(

√
N ).

This characteristic evolution confirms the smooth operation of the set-up in a dual-comb

configuration.

3.3.2 Dual-comb measurements

As presented in section 1.3, dual-comb interferometry is a common method for measuring the

absorption of a sample to be characterised. In order to evaluate the performance of the setup in

this domain, I tested this method with each pair of the tri-comb system on two types of fiber

components.

FBG - absorbing sample

A Bragg grating is a reflector device inscribed on a fiber, which to some extent imitates the

behaviour of absorption lines in spectroscopy. I carried out a dual-comb measurement to

obtain the transmission of this component. Figure 3.9 (a) illustrates the set-up. The two

combs are divided in two so that there is a measurement channel and a reference channel. The

Bragg grating is inserted in the measurement channel, along with a circulator to eliminate the

reflection generated. As the frequency combs are widened by SPM, their spectral envelopes are

sensitive to power variations due to the optical amplifier at the non-linear fiber input. Real-time

measurement using a reference channel prevents these effects of fluctuations in the dual-comb
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source. Since the PDs on the two channels are different (Thorlabs PDB480C and Menlosystems

FPD610), an initial ’no-load’ measurement is carried out to calibrate the two channels.
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Figure 3.9: Dual-comb measurement. (a) Schema of the meaurement set-up (b) Zoomed-in
transmission spectrum of the FGB. (c) Transmission and (d) Phase of the FBG on all the dual-
comb spectral range. FBG = fiber bragg grating; PC = polarization controller; DC = dual-comb;
OSA = optical spectrum analyzer.

The repetition rate is set at 500 MHz, enabling to get 40 points over the absorption gap

(20 GHz) of the FBG. The difference of carrier frequency is set by the respective AOMs at 100

MHz and the repetition rate difference is set at 50 kHz to ensure a good sampling in the RF

domain. For each measurement, I recorded 1000 interferograms on the oscilloscope at a sampling

frequency FS = 2 GHz and performed an averaging to increase the signal to noise ratio [20] at N

= 100. From the recorded RF spectra, I reconstructed the optical spectra. This means subtracting

the center frequency of the dual-comb signal δfAOM = 100 MHz and stretching the spectrum

by the magnification factor M = 1
a =

frep
δfrep

= 104 [7, 20]. Transmission is obtained by taking the

ratio of the spectra as the following: Measurement
Reference ×

"No-load" reference
"No-load" measurement . Figure 3.9 (b) presents a

zoom in the range of interest. In addition with the overall losses of 20 %, there is a gap of the

transmission of 65% around the frequency shift of 0.14 THz from the carrier at 193.35 THz. That

corresponds to a reflection peak of -19 dB at 1549.4 nm when the datasheet indicates a reflection

of -20 dB at 1549.8 nm. Ageing of the component may explain these slight shifts [171]. An OSA

measurement of the transmission is carried out using a fs-source (Pritel) for comparison (orange
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dotted line). Due to the significant fluctuations of its spectral envelop (see appendix B), this

measurement only provides an indication of the FBG reflection’s position. The transmission gaps

of the two measurements (DC and OSA) coincide. Figure 3.9 (b) depicts the transmission across

the entire spectral range of the measurement. Figure 3.9 (c) is the corresponding added phase,

entitled "phase of order 2" since the linear contribution has been subtracted. The reflection peak

at a frequency shift of 0.14 THz is associated with a phase jump. Beyond this spectral peak

of 0.02 THz width, the Bragg grating does not influence the transmission (besides the overall

losses of 20%). Thus, this first measurement confirms the potential of the set-up as dual-comb

interferometer.
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Figure 3.10: Phase profile at the dual-comb at the output of a standard SMF-28 fiber of 20 cm
(blue dots) and its quadratic fit (purple line).

The stability of the dual-comb sources is further illustrated by measuring the group velocity

dispersion of a 20 m long piece of SMF28 fiber. I inserted the fiber under test in place of

the measured system {Bragg grating + circulator} in the same set-up shown in Figure 3.9. I

calculated the spectral phase added by this element. After removing the linear part, the second-

order phase is displayed in Figure 3.10. A quadratic fit is performed to obtain the value of

φ2 (purple trace). From the Taylor expansion of the phase with respect to angular frequency

[88], we can deduce the dispersion formula: β2 = φ2
2π2L

. In our case, the length of the fiber is

L = 18.8,m. The coefficient of determination, denoted as R2, is 0.828, which is not satisfactory.

That corresponds to the variations around the bell-shaped mean. These variations coincide

with the characteristic form of the remaining non-linear phase induced by SPM [88]. To assess

the reliability of the measurement, I repeated it 50 times. The mean value of this sample of

50 measurements is β2 = −19.2ps2/km, with a standard deviation of 3.3 ps2/km. The fiber

used is a G652D CableCOM fiber, with a chromatic dispersion at 1550 nm indicated to be less
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than 18,0ps/nm · km. The dual-comb measurement of the dispersion (β2 = −19.2,ps2/km) is,

therefore, in good agreement with the manufacturer’s threshold value of βG652D
2 ≤ 22ps2/km.

This tricky measurement of the spectral phase added by a dispersive element illustrates the very

good mutual coherence of the dual-comb pairs of the tri-comb system.

3.4 Conclusion

In this chapter, I have presented the evaluation of the mutual coherence of the pairs of the

tri-comb system. Firstly, I carried out a study of the long-term stability of the difference in

repetition frequency, compared with the commercial dual-comb system. This showed that the

home-made system performed well, even though it was in a free-running configuration. I then

assessed the mutual coherence of the pairs of combs by direct measurement of the line thickness

of the beat between the first optical modes of the two combs. Comparison with a broadening in

two independent fibers led to the conclusion that spatial multiplexing within a single non-linear

fiber was important in maintaining coherence. I then sought to demonstrate the potential

improvement in this stability in a twisted multi-core fiber. The current measurement does not

allow any conclusions to be drawn, and a further study will have to be carried out. I then carried

out dual-comb measurements in a vacuum, then by inserting fiber components to simulate

absorption and dispersion. The good quality of the RF spectra (flat envelope, good SNR, good

stability over time) and the experimental results, which correspond to the datasheets, provide

information about the effectiveness of the system used in a dual-frequency comb arrangement.

However, the novelty of this work lies in the fact that it is a tri-comb coherent system, which is

the subject of the next chapter.
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Tri-comb interferometry falls under the umbrella of FWM spectroscopy [134], since it involves the

non-linear interaction of two propagating light waves within a medium, leading to the generation

of a signal wave. This signal is probed by a third comb. The scheme is very similar to the photo

echo excitation scheme [137, 172], inspired by nuclear magnetic resonance spectroscopy [139].

In our case, we study the dynamics in the spectral domain, rather than looking at the time

signature of the photon echo. The interaction between the three combs relies on their good

coherence, and so it is through an experimental demonstration of FWM spectroscopy that we

assess the source’s potential for non-linear spectroscopy applications. Firstly, a preliminary

study is conducted both numerically and experimentally using the three electro-optic combs.

The narrow spectral width of these intermediate sources provides a high degree of freedom for

studying the phenomenon of intra-envelope pulsed FWM. To our knowledge, this is the first

experimental demonstration of this specific FWM configuration, made possible here by the high

81
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spectral resolution of the tri-comb measurement. The last part of this chapter is dedicated to the

experimental results of FWM obtained with the three broadened combs, thus demonstrating the

potential of the multi-comb source for 2D spectroscopy.

4.1 Tri-comb interferometry with the eo-combs: intra-envelop

FWM

The non-linear interaction between two pulse trains operating at the same repetition rate, but

with slightly different carrier frequencies, leads by FWM to the generation of new components

within their spectral envelops. We call this phenomenon intra-envelop FWM. The frequency

differences between the FWM components and the pump lines are in the RF domain. That

makes the process almost impossible to observe using a standard optical spectrum analyzer,

due to its limited spectral resolution. Using a third light source as a multi-line local oscillator

makes the analysis of these new spectral components accessible. It enables to extract these FWM

components from the spectra of the initial light sources by exploiting the down-conversion

process of multi-comb interferometry [146].

4.1.1 Presentation of the phenomenon

Two combs as pumps

As theoretically presented in Section 1.2.3, FWM is a fundamental nonlinear effect when at least

two waves interact to generate new spectral components [173]. In its simplest (degenerate) form,

two CW lasers generate new side-bands that are symmetrical on either side of the pump spectral

lines. That case is presented in Figure 4.1 (a), under the name CW-FWM. The phenomenon can

quickly become more complex in long fiber spans, or with higher powers, giving rise to multiple

FWM interactions (mFWM) [174]and it can lead to frequency comb generation [102, 103]. CW

pumps can be replaced by pulsed pumps, degenerated or not, to get higher peak powers and

thus more efficient non-linear interactions. A striking illustration is provided by EO combs that

are broaden in nonlinear fibers [25, 175]. Other configurations based on FWM involving pulsed

pump(s) and signals are related to fiber optical parametric amplifiers to amplify or convert

signals [176–181]. The reference [182] provides a complete overview about this phenomenon.

The output spectrum consists of well separated wave-packets, each composed of equally spaced

laser lines, for the pump(s), signal and idler waves. This is illustrated in the sketch in Figure 4.1

(b), showing the general configuration of pulsed-FWM in the degenerate case. We will refer this

situation as the pulsed extra-envelope configuration, because the new sidebands are generated

outside the pump envelopes. In both CW-FWM and extra-envelop pulsed-FWM configurations,

illustrated in Figures 4.1 (a) and (b), the new spectral components generated by FWM never

overlap with the input pump envelops.
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With the set-up developed in this thesis, we studied the case of intra-envelope FWM process,

when the FWM components are generated within the spectral envelope of the input pumps. It

occurs when the shift between the pump carrier frequencies is very small compared to their

bandwidth and repetition rates, as illustrated in Figure 4.1 (c).

CW-FWM

2xf1-f2 2xf2-f1f2

Frequency

(a) Pulsed-FWM
extra-envelope
δf1,2 << Δf

δf1 δf2

(b) Pulsed-FWM
intra-envelope
Δf << δf1,2 

2xf2- f12xf1- f2 f2f1

Δf

δf1

(c)

FWM

comb2
comb1

2xf1-f2 2xf2-f1f2f1

Frequency Frequency
f1

Δf

Figure 4.1: Scheme illustrating the different FWM configurations. (a) CW-FWM: two CW pumps
generate 2 sidebands. (b) Extra-envelop pulsed-FWM: two pulsed pumps generate 2 sideband
packets, well-separated of their spectral envelops. (c) Intra-envelop pulsed-FWM: two pulsed
pumps generate 2 sideband packets within their spectral envelops.

Similarly to the case of extra-envelope FWM process [174, 183, 184], the dynamics of intra-

envelope FWM can turn out to be complex to apprehend. In order to introduce the process,

let’s first describe the most simple configuration; which is two pulsed pumps, made of only

two spectral lines each. They are separated by the repetition rate, which is the same for both

pumps: frep1 = frep2 = frep. Let’s assume that they also have the same amplitude A. In this

simple case, the electric fields are respectively written E1 = A
(
ei2πf1t + ei2π(f1+frep)t

)
and E2 =

A
(
ei2πf2t + ei2π(f2+frep)t

)
with f1,2 the carrier frequencies of pump 1 and pump 2 respectively and

f2 − f1 = δfp their difference. In our case, it is set by the AOMs used in the set-up: δfp = δfAOM1/2.

We can calculate the nonlinear interactions between these waves during their propagation in a

χ3 media, as EFWM ∝ |E1 +E2|2 · (E1 +E2):

2

1

3

4

5

∝ 

(4.1)
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Figure 4.2 (a) shows the modulus square of the spectrum of EFWM calculated numerically by

integrating the nonlinear Schrodinger equation (NLSE) [88] in a purely nonlinear fiber (see the

caption for parameters). Red and green lines correspond to pumps 1 and 2 (100 MHz and 900

MHz and 200 MHz and 1000 MHz of respective optical frequency shifts to the pump carrier).

Purple ones correspond to FWM lines. The two first teeth of pumps 1 and 2 (located at 100

and 200 MHz) are separated by δfAOM1/2 (100 MHz) as well as the second ones (located at 900

and 1000 MHz). The two first teeth of pumps 1 and 2 behave as two CW pumps and generate

two side bands on both sides located at 0 and 300 MHz (purple lines), as in the basic CW-FWM

configuration [88]. A similar mixing occurs between the two second teeth to generate sidebands

at 800 and 1.1 GHz. Then two additional wave packets made of 4 new lines generated via mFWM

interactions centered at -650 MHz and 1750 MHz are generated. All these lines correspond

to frequency components that are predicted by Eq. (4.1), and shown by ci∈⟦1 ; 5⟧ in Fig. 1 (a).

Note that different combinations of the pump waves frequencies may give rise to the same

frequency tooth. This is illustrated in Fig. 1 (a). For instance, the tooth located at 1.8 GHz has

two contributions. It emerges from the two lines of pump 1 at respectively 0.2 GHz and 1 GHz

interacting together, but also from the line 1 GHz of pump 2 interacting with the line at 0.1 GHz

of pump 1. This simple example is a way to apprehend the overall dynamic.
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Parameters : frep= 800 MHz, δfAOM1/2= 100 MHz, γ = 1/W/km, L= 100 m, and the peak power
is 20 W.

A more realistic configuration involves two pumps composed of several lines, with a similar

repetition rate but a slight offset frequency, as represented in Figure 4.2 (b) and (c). The pumps

can be referred as frequency combs, depending on the number of spectral lines, their stability etc.

It correspond to the simplified sketch of intra-envelop pulsed-FWM in Figure 4.1 (c). These are

two pulse trains of Gaussian pulses of 50 ps at FWHM, whose spectra consist of about 50 lines

separated of frep = 800 MHz. We computed the FWM between these two combs by integrating

the NLSE [88] in the same fiber used for Figure 4.2 (a). As it can be seen in Figure 4.2 (c), each

pair of closest comb lines of pumps 1 and 2 behaves as in the basic configuration illustrated in

Figure 4.2 (a). They generate through FWM two new lines on each sides separated by the carrier
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frequency difference between the combs (δfAOM1/2= 100 MHz), as in the simple picture of CW-

FWM. Harmonics are also generated from these four waves [184] to give birth to wavepackets

made of 8 lines for each pair of closest lines of pumps 1 and 2. In addition, mFWM leads to

the generation of new lines outside the initial spectra delimited by the envelops of pumps 1

and 2 as in the basic example illustrated in Figure 4.2 (a) (see purple packets at -650 and 1750

MHz). To summarize, FWM between two pulsed sources having the same repetition rate frep

but slight different carrier frequencies δfp leads to the generation of new spectral components

mostly generated within the optical spectrum and located at m×frep ± n×δfp around the carrier

frequencies of the pumps with n,m integers.

However, the experimental evidence of this phenomenon is challenging because of the small

frequency shift between all the generated lines lying in the MHz range, that is by several orders of

magnitude smaller than the resolution of standard optical spectrum analysers. In the following,

we demonstrate that the use of a third comb playing the role of a multi-lines local oscillator

enables to isolate these new spectral components to highlight the intra-envelope FWM process.

Third comb as analysis tool

non-linear fiber 
for FWM

fp + fAOM1

fp + fAOM2

fp 

fAOM2

fAOM1

2fAOM2 - fAOM1

acquisition

FWM + LO FWM + LO
Comb2 + LO

Comb1 + LO

frep3 frep1

frep /2

(a)

2fAOM1 - fAOM2

(b)

Optical frequencies

RF frequencies
detection

Figure 4.3: (a) and (b) Scheme of principle. Comb1 (orange) and Comb2 (green) at frep1 generate
FWM (purple) in a nonlinear fiber. Comb3 (blue) at frep3 = frep1 + δfrep down-converts the
resulting spectrum in the RF domain.

Based on the idea of dual-comb spectroscopy, the mixing between the signal from the non-

linear interaction between the two pump combs and another comb at repetition rate and carrier

frequency leads to the down conversion of the optical spectrum into the RF domain [20].

In this work, there are two combs, operating at the same repetition rate, and with different

carrier frequencies. These pumps will interact in a nonlinear fiber to generate new FWM

components, within their input spectral envelops. We mix these combs with a third comb

playing the role of the multi-lines local oscillator, as in dual-comb setups. This third comb

source has a different repetition rate and carrier frequency compared to combs (pumps) 1 and

2. A simplified sketch illustrated the interactions between the three combs is represented in

Figure 4.3 (a). We kept the same colors as in Figure 4.2 for comb 1 and 2 (orange and green

respectively), and the FWM components (purple) and the third comb is represented in blue. As

comb 1(2) and comb 3 have different carrier frequencies, the corresponding RF down converted
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spectrum is centred at f1 − f3 = δfp = δfAOM1/3 (f2 − f3 = δf’p = δfAOM2/3), and reduced by the

down-conversion factor a =
δfrep
frep

, with δfrep = frep − frep3. This is illustrated in Figure 4.3 (a),

where the RF spectra corresponding to combs 1 and 2 (orange and green respectively) are well

separated in the RF domain. About the FWM components, at first order they fulfill the basic

FWM relation based on energy conservation which reads as 2f1 − f2 and 2f2 − f1 leading to down

converted RF spectra centered at 2δfAOM2/3−δfAOM1/3 and 2δfAOM1/3−δfAOM2/3, and magnified

by a
frep

frep−frep3
factor. RF FWM components (purple) are thus isolated from pumps 1 and 2 RF

spectra thanks to the down-conversion process. The use of a third comb therefore enables

spectral resolution of the intra-envelop pulsed FWM phenomenon, which is experimentally

implemented in the next section.

4.1.2 Experimental results

Experimental set-up

IM1AOM1 IM1bis

IM3

EDFA
Filter

50 GHz 
IM1bis EDFA

AOM2 EDFA
Filtre
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IM2bis EDFAIM2

Filter
50 GHz 

EDFAAOM2

EDFA
Filtre

50 GHz EDFA
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50 GHz IM3

EDFAEDFA
NLF

oscilloscope

PC

PC PD

LPF
Att.

Figure 4.4: Scheme of the optical setup for the tri-comb generation. EDFA = erbium-doped
fiber amplifier; AOM = acousto-optic modulator; IM = intensity modulator; PC = polarization
controller; NLF = non-linear fiber, Att. = attenuator; PD = photo-diode; LPF = low-pass filter.

The set-up is detailed in Figure 4.4. It is the set-up described in Chapter 2, truncated before

the expansion of the combs in the multi-core fiber. This initial stage serves as a preliminary

step for the measurement with the expanded combs, described in Section 4.2. A second EDFA

is used in channels 1 and 2 to increase the peak power up to 16 W (650 mW average power)

to enhance the FWM efficiency in the non-linear χ(3) medium. We used a fiber of L = 100 m

length, with γ = 1/W/km, and β2 = 1ps2/km. The carrier of comb 1 and 2 are frequency shifted

by using AOMs, of respectively 100 MHz and 200 MHz. The small bandwidth of the eo-comb

sources provides a lot of freedom in the choice of parameters, since the constraints (similar to

those stated in 1.3.2) are loose. The repetition rate is adjustable, and will be set at two different

values to analyze the influence of the ratio between the repetition rate and the carrier frequency.

The repetition rate difference between comb 3 and 1and 2 is δfrep = 1 MHz, which is enough to

avoid spectral aliasing in the RF domain. A first optical coupler combines comb1 and comb2 at

the input of the non-linear fiber. A polarization controller is used to optimize the FWM signal

from their superposition. A second optical coupler mixes the output signal with the LO (comb3).

Another polarization controller enables to align their polarisations. We used a low pass-band
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photo-detector (Thorlabs PDB480C, 5 GHz bandpass) to detect the resulting interference signal.

The RF signal is low-pass filtered at frep/2 = 400 MHz using a low-band pass filter.
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Figure 4.5: (a) Recorded interferogram over 4 periods at frep = 800 MHz and δfrep = 1 MHz. (b)
Zoom on the central burst.

Results at frep = 800 MHz

As demonstrated before, intra-envelop FWM from dual-pump leads the generation of spectral

components located at m×frep ± n×δfp around the carrier frequencies of the pumps with n,m

integers. As first step, we choose frep so that it is a multiple of δfp = 100 MHz, and such that

the contributions around each packet at n × frep overlap. We set frep = 800 MHz in such a

way as to have sufficient RF bandwidth [0 - frep/2] for the different RF packets. We recorded

800 interferograms on the oscilloscope at a sampling frequency FS = 5 GHz and performed

an averaging to increase the signal to noise ratio [20]. Figure 4.5 (a) shows few periods of the

averaged interferogram. It shows a periodicity equals to the inverse of the frequency difference

δfrep = 1 MHz between comb 3 and combs 1 and 2. Figure 4.5 (b) is a zoom on the central burst,

where one can notice the temporal scanning of the signal by the LO.

By calculating the Fourier transform of the interferogram, we obtained the down-converted

spectrum depicted in Figure 4.6 (b). As expected, each packet is centered at its RF frequency

offset with the LO: at 100MHz, the linear beat between the LO and comb1; at 200MHz, the linear

beat between the LO and comb2; at 0MHz, the beat between the LO and the low frequencies of

the FWM; at 300MHz, the beat between the LO and the high frequencies of the FWM. Thus, the

use of a multi-lines local oscillator indeed enables to extract and isolate in the RF spectrum the

FWM components hidden within the optical spectrum. Note that the wave packet located at

400MHz emerges from the mFWM. These experimental results are in excellent agreement with

numerical simulations depicted in Fig. 4.6 (a). From these RF spectra, it is possible to numerically

reconstruct the optical spectra. The method is similar to the one of DCS, but applied to the

several RF packets. It involves subtracting the center frequency of each packet and stretching

the spectrum by the inverse of the magnification factor [7, 20]. This leads to the optical spectra

centered at 193.4 THz in Figure 4.6 (c) and (d). They have a sinc-like shape. One can clearly

see combs 1 and 2 (orange and green respectively), with the same repetition rate, and with a

slightly different carrier frequency. The FWM bands are located on both sides of each closest
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Figure 4.6: (a) Numerical and (b) experimental RF spectra of the interferogram. (c) Numerical
and (d) experimental corresponding optical spectra. (e) Numerical and (f) experimental zoom
on the mFWM packet structure of the optical spectrum.

lines pairs (purple), as expected in the simplified sketch of Figure 4.1 (c). The reconstructed

optical spectra, showing the FWM component interleaved within the optical spectrum, are in

excellent agreement with numerical simulations shown in Figure 4.6 (c) and (e). This agreement

confirms the validity of our procedure to reconstruct the optical spectra and highlights the

accuracy of the measurements.

Results at frep = 875 MHz

If frep is not a multiple of δfAOM, the different FWM contributions located at m×frep ± n×δfp

(n,m integers, whose limit values depend on the degree of the nonlinear regime) do not overlap.

In order to get into this configuration, we set frep = 875MHz with δfp = 100 MHz. We obtain

an interferogram with a RF spectrum shown in Figure 4.7 (b). In addition to the contributions

that were already there, there is a new RF spectral packet (dark blue) at 375 MHz which is seen

experimentally and numerically. In the previous case, the spectral packets at 375 MHz and 400

MHz were superimposed. This separation is accompanied by a decrease in their respective SNR.

Moreover, the experimental noise level of the RF spectrum increases, which could be due to the
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fact that the sampling frequency of the oscilloscope Fs = 5GHz is not a multiple of the repetition

frequency frep = 875MHz. The relative amplitudes are less in agreement with the simulations,

and one of the origins of that is potentially the inadequate sampling.
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Figure 4.7: Experiment (left) and simulation (right) for intrapulse mFWM in the case of idlers not
overlapping (frep not multiple of δfAOM). (a) and (b) RF spectrum from multi-comb spectroscopy.
(c) and (d) Optical spectrum. (e) and (f) Zoom on the mFWM packet structure.

By carefully adjusting the parameters of the two comb sources, and paying particular at-

tention to the ratio between the comb spacing and the carrier offset, one can tailor the spectral

structures from mFWM. The overall good agreement between experimental and numerical

results demonstrate multi-comb interferometry to be a powerful tool for the characterization of

non-linear effects.

Phase measurement

Multi-comb interferometry is a technique that also allows to measure the phase of the signals

under study. Figure 4.8 displays experimental (left side) and numerical results for the 2 linear

signals at 100 MHz and 200 MHz of optical frequency shift (upper part) and for the 2 first order

FWM signals (lower part). In each case is plotted the second-order phase, i.e. the phase from

which the linear component has been removed.
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The phase of the signals at 100 MHz and 200 MHz is overall flat, in addition to the phase

jumps around the optical frequency shifts of 5 and -5 GHz. These components mainly derive

from the pump signals, which have a flat phase profile with phase jumps at the local minima

of the spectral envelope (shown on the grey background). It corresponds to the modulation of

pump intensity by 50 ps square wave signals.
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Figure 4.8: Experiment (left) and simulation (right) of the spectral phase for (a) and (b) pump
waves, (c) and (d) idler waves.

The phase profile of the newly generated signals is a combination of the phases of the signals

involved in their generation. In the case of the experimental results, the zones around -5 GHz and

+5 GHz deviate from the simulations, explained by a decrease in SNR in these zones. However

the left and right FWM contributions’ phase profiles coincide. The big discrepancy of 10−2

radians between numerics and experiments could be attributed to too much instability in the

experimental setup. The current state of results does not allow a conclusive answer to non-linear

phase measurement by the tri-comb system, and requires further research after an improvement

of the stability of the set-up (see Perspectives).

4.2 Tri-comb interferometry with the broaden combs: 2D FWM

spectroscopy

As presented in Section 1.4, MDCS is an advanced spectroscopy technique that would tremen-

dously benefit from multi-comb interferometry. Because it is a technology free from mechanical

components, it enables rapid acquisition of complex multidimensional spectra in less than half

a second. To appreciate the significant leap in spectral resolution achieved through frequency

combs in MDCS, the reader is invited to consider the section 6.5 of reference [31], that com-
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pares the acquisition time and spectral resolution of several techniques for MDCS. Traditional

techniques, reliant on mechanical scanning delay stages, typically necessitate longer acquisition

times as spectral resolution increases. This relationship results in a constant figure-of-merit,

where lower values indicate proportionally shorter acquisition times. Most conventional meth-

ods [144, 145, 185–190] exhibit a figure-of-merit falling between 1013 and 1014. In contrast, both

comb-based MDCS [151] and tri-comb spectroscopy [28] offer a remarkable improvement in

spectral resolution of over an order of magnitude without necessitating longer acquisition times.

Specifically, comb-based MDCS enhances the figure-of-merit by nearly 100, while tri-comb

spectroscopy raises it by roughly 20,000.

With the development of coherent tri-comb sources, TCS can become a device for field-

deployable measurements beyond the laboratory. In the following section, we use the tri-comb

setup in a 2D FWM spectroscopy experiment to demonstrate its potential as a real-time high-

resolution imaging system.

4.2.1 Tri-comb interferogram

The intra-envelop FWM measurements with the electro-optical combs serve as a preliminary

step to study the interaction between the three broadened combs. High mutual coherence is

what preserves the teeth linewidth of the FWM signal, that can be directly related to the accuracy

of the tri-comb measurement [151]. In order to demonstrate that the three-comb light source

developed in this work could be implemented for non linear spectroscopy, we performed a proof

of concept of FWM spectroscopy. The experimental set-up is similar to the one presented in

Figure 4.4, with the exception of the comb sources being at the output of the tri-core fiber. First,

we adjusted the set-up presented in Chapter 2 to obtain a flat spectrum, with a good optical

SNR, on all three channels. The optical bandwidth is around 250 GHz. We took advantage of the

flexibility of the system to set the repetition frequency at frep = 1.25 GHz in order to have enough

RF bandwidth for both linear and non-linear contributions. The dynamics of the mFWM is not

what is studied here, and only first-order sidebands are considered. The relationship between

frep and δfp is therefore of little importance. The difference of repetition rate δfrep is set at 100

kHz to avoid any overlap between the spectral packets. Once again, in this proof of principle, we

used a non-linear fiber as χ3 nonlinear medium. We used the AWG interfaces to tune the timing

of the RF pulses, in order for comb 1 and comb 2 to be synchronous at the entry of the non-linear

(mono-core) fiber. The output signal is then attenuated and recombined with the third-comb.

Two controllers are used to align the three waves’ polarization. The signal is detected with a PD

(Thorlabs PDB480C, 5 GHz bandpass) and then low-pass-filtered at 500 MHz.

Figure 4.9 shows the obtained RF spectra when (b) the pumps do and (a) do not overlap

(with a separation of 100 ps, superior to the 50 ps pulse duration). As expected the pumps

spectra are centered at 100 MHz and 200 MHz, the frequency shifts between Combs 1 and

2 and the LO, respectively. The generated FWM bands are centered at 0 MHz and 300 MHz,

and appear depending on whether the pumps temporally overlap or not. In both cases, there
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Figure 4.9: (a) RF spectrum of a set of n = 5 interferograms averaged over N = 800 times, when
the pumps do not overlap. (b) when the pumps overlap (c) Zoom on the left FWM sideband at 0
MHz, with n = 10 and N = 80. (d) Zoom on the right FWM sideband at 300 MHz. (e) Zoom on
the comb lines of the left FWM sideband. (f) Zoom on the comb lines of the right FWM sideband.
Parameters: fAOM1 = 100 MHz and fAOM2 = 200 MHz, δfrep = 100 kHz, frep = 1.25 GHz and
Fsampling = 5 GHz. FWM = Four-Wave Mixing.
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is a strong DC component, due to the interference between two or more waves. The spectral

width of the linear contributions is about 20 MHz which indeed corresponds to the 250 GHz

width in the optical domain. The conversion is made by using the magnification factor 1/a =

frep/δfrep = 12500. The width of FWM sidebands is similar as they result from the nonlinear

mixing between Comb 1 and Comb 2, as presented on the zoom in Figure 4.9 (c) and (d). The

down-shifted FWM signal presents a spectrum that is not representative of the multiplication of

the 3 combs’ envelops, and with a smaller SNR than its up-shifted equivalent. That is explained

by the fact that the negative-frequencies components and the positive-frequency components

overlap around 0 MHz. This problem can easily be overcome by adaptating the AOMs to higher

frequency-shift values (at 200 MHz and 300 MHz, for example). A closer zoom in Figure 4.9 (e)

and (f) shows a clear comb-like structure with a tooth-to-tooth separation equal to the repetition

rate difference between the pumps and the LO (δfrep = 100 kHz). This demonstrated the high

coherence between the three combs.
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Figure 4.10: Spectrogram of the envelop of the FWM components. (a) Linear spectrum centered
at 100 MHz. (b) Linear spectrum centered at 200 MHz. (c) FWM spectrum centered at 0 MHz.
(d) FWM spectrum centered at 300 MHz.

Once converted into the optical domain, the tri-comb measurement allows the spectra of



94 CHAPTER 4. Application of the multi-comb system to tri-comb interferometry

each contribution (linear and non-linear) to be reconstructed with a high resolution set by δfp.

4.2.2 Tri-comb spectrogram

As presented in the first chapter, the evolution of the FWM signal as a function of the pumps

delay is of great interest in multidimensional spectroscopy [31, 151]. We have plotted the

spectro-temporal evolution of the envelops of all four spectral packets in Figure 4.10. This was

achieved by scanning the delay between the RF pulses, using the AWG interfaces. For each

1ps-step an interferogram was recorded. The use of eo-optical combs controlled by RF signals

therefore ensures once again a great ease of use. The first row of Figure 4.10 depicts the two

linear spectra, whose amplitude does not depend on the temporal overlap of the two pumps.

We can observe the temporal evolution of the SPM spectrum of combs 1 and 2, whose envelope

remains relatively stable. The second row of Figure 4.10 depicts the two FWM spectra, whose

amplitude depends on the temporal superposition of the two pumps. For a large delay relative

to the pulse duration (55 ps), no sideband component is generated. However, we observe a clear

FWM signal when the two pumps temporally overlap. The four spectrograms show intensity

modulations due to those of the pumps and LO originating from the SPM effect.
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Figure 4.11: Envelop of the spectrogram of the FWM component centred at 300 MHz. (a)
Experimental results. (b) Numerical simulations.

In the case of the up-shifted FWM component, centered at 300 MHz, there is a chirp of 0.5

ps/MHz in the RF domain, originating from the chirp of the combs (still due to the SPM effect).

This observation is confirmed by zooming in on the signal at 300 MHz and comparing it to

numerical simulations, as presented in Figure 4.11. The numerical simulations were made by

Arnaud Mussot. To reduce computational time, we neglected the linear loss in the tri-core fiber
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and fairly assumed that SPM is the dominant effect. In this way, we calculated the spectra at

the tri-core fiber output by simply considering the nonlinear operator. The continuous residues

of the pump were not taken into account in the numerical simulation of the combs, leading

to spectra without the central peak that we experimentally observe. We then computed the

FWM between the two pump combs by integrating the NLSE in a highly nonlinear fiber (peak

power 5 W, L = 300 m, β2 = 1 × 10−28 ps²/km, and γ = 10 /W/km), and then calculated the

interferogram with the third comb. This comparison with numerical simulations confirms the

origin of the chirp. We do not observe it for the down-shifted FWM spectrum because at 0 MHz,

the components of positive and negative frequencies overlap. A simulation of the entire RF

domain, with the same parameters as cited below, in Figure 4.12 validates this asymmetry and

the experimental results presented in Figure 4.10.
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Figure 4.12: Numerical simulation of the envelop of the spectrogram over the whole RF band-
width.

4.3 Conclusion

In this chapter, the developed set-up is used for tri-comb applications.

As first step, we used the eo-combs. We reported the first numerical and experimental

observation of intra-envelope FWM in optical fibers. We showed that two wave packets with

almost the same carrier frequency and similar repetition rates can interact non-linearly to

generate new FWM components located within their spectra, and only shifted from RF frequency

shifts from the spectral lines of the pumps. We demonstrated the use of a third comb acting as

a multi-lines local oscillator to extract and isolate these FWM components in the RF domain.

From these measurements, we showed that it is possible to reconstruct the optical spectra, and
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analyzing the phenomenon with a very good spectral resolution. These observations would not

be possible with standard optical spectrum analyzers due to their limited spectral resolution. The

very good agreement between experimental and numerical results demonstrates that multi-comb

interferometry can be a powerful tool for finely characterizing advanced nonlinear effects. In our

case, the cores are not coupled and their non-linear interaction is ensured independently of the

spectral broadening in the tri-core fiber. However, it is possible to exploit spatial multiplexing

to study the FWM as a function of its distribution in different cores of the same fiber [191].

As a final step, the mutual coherence between the three broadened combs was illustrated

within the same FWM spectroscopy configuration [151]. The FWM sibands are made of clearly

defined spectral lines, separated by the repetition rate difference between the pumps and the

multi-line local oscillator. The conversion efficiency in addition to the conservation of the

frequency comb structure reveals the high mutual coherence between the combs. This all-fiber

and frequency agile configuration offers an interesting alternative to cavity-based solutions

where the parameters are fixed by the resonator and could open the way to new applications in

ultrafast multidimensional frequency comb spectroscopy [192].



Conclusion

The field of multi-comb interferometry has seen significant advancements since the initial

theoretical and experimental work carried out in 2002 [18] and 2008 [45]. Technological

progress has led to increasingly efficient setups, paving the way to numerous applications.

However, the feasibility of these experimental setups largely depends on their compactness and

portability, as well as their flexibility. In this regard, the generation of frequency combs through

electro-optic modulation of a continuous laser has proved to be highly advantageous. This

approach relies on all-fiber optical components and electronics from the telecommunications

industry, which are known for their robustness and reliability [25]. However, the counter-part

is their small bandwidth. Depending on the intended application, a multi-comb measurement

may require a wide spectral span. To achieve this, it is possible to harness non-linear effects

to broaden the spectrum of electro-optical comb sources. To date, multi-comb architectures

have been developed with the aim of equalizing the optical path of each comb to optimize their

mutual coherence. While these systems have proven their effectiveness, they are still limited

to dual-comb spectroscopy, which is a linear sampling technique. The advancement of FWM

spectroscopy would greatly benefit from a coherent tri-comb fiber system, offering flexibility in

spectral bandwidth, acquisition speed, and resolution. The ability to adjust the repetition rate is

particularly advantageous, as it can be used to adapt sampling to the desired measurement. This

is the idea behind compressive sensing signal processing, a technic that enables to take benefit

of the sparcity of a signal, combined to a reconstruction algorithm, to reduce the data point still

checking the Shannon limit [193–195]. The gains in speed, sensitivity reported for dual comb

spectroscopy or ranging could be applied to tri-comb interferometry, thanks to a frequency-agile

tri-comb system. It is the technology presented in this manuscript.

To achieve this, we exploited the transverse dimension of optical fibers, through spatial

multiplexing of frequency combs. We fabricated a nonlinear tri-core fiber, in which three narrow

EOM combs originating from a single ultra-stable CW laser are broadened by SPM [88]. We

obtained a spectral width of 1 THz at the output of each core, which corresponds to over 1500

laser lines at a repetition rate of 0.5 GHz. The output pulse energy is 0.3 nJ and we demonstrated

they can be efficiently compressed to about 1 ps pulse duration. We measured a high degree of

mutual coherence between any comb pair up to 50 ms, which allowed us to record interferogram

spectra with an SNR greater than 20 dB. That enabled us to measure the absorption of a FBG

97
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and the dispersion of a 20-meter-long SMF, as a demonstration of the efficiency of the dual-comb

interferometer.

The mutual coherence between the three combs was illustrated by an FWM spectroscopy

experiment [151]. Two frequency combs, acting as pumps, have been mixed into a χ[3) medium,

to generate new sidebands by FWM. All the spectral components, intermingled in the optical

domain, can be retrieved in the RF domain by using a third comb that plays the role of a multi-

line local oscillator. Using that scheme of fine optical detection with the three eo-combs, we

reported the first numerical and experimental observation of intra-envelope FWM in optical

fibers. This would not be possible with standard optical spectrum analyzers due to their limited

spectral resolution. The very good agreement between experimental and numerical results

demonstrated that multi-comb interferometry can be a powerful tool for finely characterizing

advanced nonlinear effects in the spectral domain. We then applied this tri-comb scheme with

the three broadened combs. The FWM bands are made of clearly defined spectral lines, separated

by the repetition rate difference between the pumps and the LO. The conversion efficiency, in

addition to the conservation of the frequency comb structure, reveals the high mutual coherence

between the three combs.

This all-fiber and frequency-agile configuration offers an interesting alternative to cavity-

based solutions where the parameters are fixed by the resonator and could open the way to new

applications in ultrafast multidimensional frequency comb spectroscopy [151]. The versatility

of the frequency comb-based EOM technology allows to control the repetition rate of the sources

easily. We have reported three combs, but there is no technical limitation to increasing their

number, e.g., four combs or more. This could be helpful to 2DS experiments [134] where 3

variables are scanned at the same time thanks to 4 pulse trains (see Figure 1.15). In addition, the

concept of spatial-division multiplexing to generate multiple coherent frequency combs can be

extended to other wavelength ranges, where standard rare-earth fiber amplifiers are available

(1 or 2 µm). It is also possible to use Bi-doped fiber lasers and optical amplifiers in the 1150 to

1550 nm spectral region [196]. Alternatively, mutual coherence preserving frequency conversion

systems can be implemented to reach the mid-infrared or infrared or even visible regions based

on nonlinear fiber [197] or PPLN systems [198].
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The overall system analysis highlighted a number of areas for improvement for spectroscopic

applications, which are relatively accessible in the short to medium term.

Shorter pulses

Performances in terms of spectral width can be improved by replacing the intensity modulators

in our scheme by a cascade of intensity and phase modulators [25]. Using this architecture,

broadband spectra spanning ten’s of terahertz corresponding to ultrashort pulses of a few tens

of femtoseconds can be generated in single core fibers [165, 199] and could be transposed in

tri-core architectures.

To further illustrate this statement, Alice Houard, Master student of ULB, carried out a

similar experiment using the equipment available in the laboratory during her Master internship.

We drove 2 PMs and an IM at 10 GHz to generate 8 ps pulses, amplified them and injected

them into a normal low-dispersion fiber. The output spectrum is shown in Figure 4.13, with an

average output power of 36 dBm (4 W). It spans 20 nm (2.5 THz) with excellent SNR. These

results could be improved to reach the state of the art [165], which demonstrates a frequency

comb extending over 100 nm (12.5 THz) with a repetition rate of 25 GHz. It could be done

notably by using phase modulators with a lower Vπ (here 9V and the best equipment is 3 V at

10 GHz), more powerful RF amplifiers, and higher non-linear fibers (here we used a standard

DSF, a gain of a factor of 5 could be achieved by using an HNLF). With one or more of these

improvements, it would be possible to obtain spectra larger than 10 THz.
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Figure P.1: Spectrum of a frequency comb at 10 GHz repetition rate, from cascaded EOMs and
broadened in a DSF. EOM = eletro-optic modulators; DSF = dispersion shifted fiber.

Flatter spectra

SPM is a non-linear phenomenon leading to spectral broadening, which has the particularity of

operating in the normal dispersion regime. This enables to avoid disturbances such as soliton

fission and thus ensures a greater stability of frequency combs. However, SPM induces strong

oscillations at the high end of the spectrum, which can be detrimental because the signal then

exhibits high contrast. This high contrast may not be suitable for certain applications, if a high

constant SNR is required across the entire spectrum for instance. In the normal dispersion

regime, it is possible to overcome this contrast limitation by leveraging the phenomenon of

shock waves. In this regime, the material’s dispersion and non-linearity combine to create an

extreme steepening of the pulse envelope slopes [88], which then regularizes itself by oscillating

at its edges. The spectrum becomes flatter, resulting in much lower contrast compared to when

broadening is achieved through pure SPM [200, 201].

Figure 4.14 illustrates the temporal profiles (a) and spectral profiles (b) obtained under

conditions similar to spectral broadening by Self-Phase Modulation (SPM) in a three-core fiber,

but for different values of β2 (the actual value β2 = 2.10−27 ps2/km, the value of a dispersion-

compensating fiber β2 = 1.10−25 ps2/km, and an intermediate value β2 = 5.10−26 ps2/km). In

the case of low dispersion (blue curve), the temporal profile remains almost unchanged. As

dispersion increases (orange curve), the slope of the pulse’s edges tends to diverge. To avoid a

discontinuity, the pulse self-regulates by creating oscillations on its edges (purple curve). In the

spectral domain, this results in a flattening of the spectrum. This flattening effect could be used

to improve the tri-comb set-up by designing a tri-core fiber with higher dispersion.
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Figure P.2: Numerical results of NLSE integration at the output of a fiber with parameters similar
to the ones of the tri-core fiber, while varying the dispersion value (under normal dispersion
regime and neglecting losses). (a) Temporal profiles at the output. (b) Optical spectra of the
output. Parameters: Input pulses with a Gaussian profile of 50 ps duration, having an average
power of 350 mW at frep = 500 MHz, propagating in a 1 km fiber with γ = 5 W/km.

Higher stability

The study of the coherence of pairs in the tri-comb system has revealed a limitation in stability

across the three electro-optical paths preceding spectral broadening. Before seeking to enhance

the performance of the tri-core fiber, it is necessary to enhance the coherence of the three

electro-optical chains. One potential avenue in this direction is the synchronization scheme of

the three AWGs driving the EOMs. As a reminder, in the work presented in this manuscript, the

same method is always employed to generate the difference in repetition frequency between two

combs. Both output ports (adjustable clock and reference at 10 MHz) of the same RF frequency

generator are used. The AWG in the first channel generates its internal clock at 12.5 GHz based

on the reference, while the AWG in the second channel directly uses the clock signal at 12.5 GHz

+ δfclock from the generator. The way it works is detailed in section 2.1.1. This technique allows

for generating a difference in repetition frequency as small as desired without modifying the

bit vectors of the AWGs. However, it imparts a lower relative stability level among the AWGs

compared to a configuration where all three devices directly share the same clock.

This is demonstrated by a measurement of the phase noise of the RF beat between the outputs

of the 2 AWGs, made by Debanuj Chatterjeee, the post-doc who takes over the set-up. The

results are shown in Figure 4.15. Configurations using the generation of the internal clock of

one (dark blue curve) or both (light blue curve) from the 10 MHz reference exhibit very similar

phase noise. The curve where both AWGs directly share the same clock shows an improvement

in stability in the 1 Hz - 1 kHz domain. Therefore, this would be a readily implementable
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Figure P.3: Comparison of the AWG configurations: phase noise of the beating between the RF
outputs.

enhancement for the mutual coherence of comb pairs. Another possibility would be to use three

adjustable, phase-locked clocks [199], which is commercially available with a sub-picosecond

channel-channel stability (see Holzworth synthetizers’ catalog for example). To confirm this

improvement path, we repeated the coherent linewidth measurements presented in section 3.1.2,

comparing the configurations "combs on ref/clock" and "both on clock." Figure 4.16 presents

the results obtained at the output of the EO chain (a), after the broadening in two cores of the

tri-core fiber (b), and after the broadening in two independent NZDSF on the same spool (c). In

all three cases, the configuration with a common clock results in a narrower beat peak and thus

better mutual coherence of the comb pair. It is therefore sufficient to adjust the generation of the

RF signals to improve the relative stability of the three electro-optical paths and, consequently,

the overall system.
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Figure P.4: Comparaison of the AWG configurations: coherent linewidth of the pairs of combs
at (a) the output of the eo chain, (b) the output of the tricore fiber and (c) the output of two
independent NZDSF on the same spool. NZDSF = non-zero-dispersion-shifted fiber.

Once the limitation of the mutual coherence by the EO stage is overcome, it is conceivable to

improve it by optimizing the design of the multi-core fiber. The primary adjustable parameter is

the core separation. In this work, it was set at 30 µm to ensure there is no cross-talk between the
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cores and to facilitate the fabrication of the FANs. However, as the core separation decreases, the

phase noise degradation caused by external perturbations of the light beams propagating in each

core would become increasingly symmetrical, resulting in an enhancement of mutual coherence.

The practical limitation would be determined by the cross-talk that might occur if the cores are

positioned too closely together and/or by the technical constraints of fan fabrication. Another

option is to twist the fiber during the fabrication process to achieve nearly identical average

perturbations for the beams, which is something that was explored in Section 3.2.
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Figure P.5: Temporal evolution of the beating between three combs at three different repetition
rates (a) globally, (b) sorted by packets of frep1/δfrep3 = 100 and (c) zoomed to show the sampling
by the LO at each value of the delay between the pumps.

The objective of this thesis work is the generation of a coherent tri-comb system, entirely

fiber-based and frequency-agile. By using the setup for a proof-of-concept demonstration of

tri-comb interferometry (see Section 4.2), we demonstrated the potential of such an architecture

for 2D spectroscopy and the detailed study of nonlinear phenomena. However, the full power of

the setup is not exploited, as the temporal scanning is performed "by hand" using a module in the

AWGs interface. This scanning involves recording an interferogram and calculating its Fourier
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transform for each value of the delay between the two pumps. It is possible to replace this

with a purely optical method by also shifting the repetition frequencies of the two pumps [146].

Similarly to the Vernier effect of DCS, the slight asynchrony of the combs causes a temporal

shift at each pulse iteration. The significant difference from DCS is that this pump-to-pump

shift occurs simultaneously with the sampling by the LO, as all three combs have different

repetition frequencies in this configuration. Therefore, detecting the signal resulting from

tri-comb interferometry using a photodiode enables the recording of an interferogram where two

variables vary simultaneously. Thus, additional post-processing (compared to DCS) is required.

To illustrate this phenomenon of simultaneous shifts, we simulated the temporal evolution

of the overlap of three combs, where frep1 = 2 GHz, frep2 = frep1 + δfrep1-2 = 1.999950 GHz, and

frep3 = 0.01 x frep1 = 20 MHz. Every 1/frep1, the two pumps shift by ∆T = δfrep1-2/f
2

rep1. Every

1/frep3, the LO samples the overlap of the two pumps at a fixed delay value between them. This

can be observed by segmenting the temporal vector into packets of frep1/frep3, as shown in Figure

4.17. Therefore, the task is to reorganize the interferogram resulting from the tri-comb overlap

into a matrix where the x-axis corresponds to a delay scan between the two pumps, and the

y-axis corresponds to sampling of the overlap by the LO. Implementing this post-processing step

would provide a significant time-saving advantage, leading to improved stability and precision

compared to the current "by hand" delay-shifting approach.

The upper sections list the short-term and medium-term modifications we think would upgrade

the tri-comb set-up for non-linear spectroscopic applications. To conclude, the performances

presented in this manuscript are a demonstration of its functionality, for which there are still so

many areas for improvement.
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Menlosystem C-combs
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The two commercial frequency combs I used at ONERA are Menlosystems C-combs. Their
central emission wavelength is 1.5 µm. The set-up is divided into two parts: the optical part,
with the two fiber mode-locked lasers as described in section 1.1.4 of Chapter 1, mounted on an
optical table; and the electronic part, with the modules to monitor the lasers. That gives access
to the tunability and stabilization of the two repetition rates. It is also possible to adjust the
lasers offset frequencies by the current of the diodes that pump the two MLLs.

A.1 General description

A.1.1 Optical system

General description

The Figure A.1 presents a photograph of the optical part of the setup. Each comb source has
two free-space optical outputs: a frequency comb output G, and an output H resulting from
the spectral broadening of signal G, called "supercontinuum". The different electronic modules
allow controlling the optical parameters, with typical values presented in Table A.1.

Focus on the super-continuum

The signal resulting from the mode locking is spectrally broadened, for example, in a microstruc-
tured fiber [202]. The process involves nonlinear effects such as phase self-modulation that

121
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Figure A.1: Optical part of the setup.(a) Photograph of the optical table consisting of two
commercial comb sources from MenloSystems, each with two free-space optical outputs: a
frequency comb output G and an output H resulting from the spectral broadening of signal G,
called "supercontinuum". (b) Optical spectra of the supercontinuum, H1, and of (c) the frequency
comb, G1. Outputs for laser 1, from Menlosystems Technical Report, 2014.

compensates for chromatic dispersion; this corresponds to a "anomalous" dispersion regime
[203]. The amplification leads to pulse compression, with the pulse shape approaching that of
a soliton. Once a certain threshold power is reached, the situation becomes unstable, and the
soliton undergoes a fission into higher-order solitons (waves whose shape evolves over time but
in a periodic manner). This fission results in the appearance of numerous peaks that enrich the
spectrum of the initial electromagnetic wave, known as a supercontinuum.
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Parameter Value
Carrier wavelength 1550 nm

Spectral width ∼ 100 nm
Pulse duration 100 fs

Repetition frequency 100 MHz
Number of modes ∼ 105

Average power qq 100 mW

Table A.1: Parameters and typical values of the two C-comb model sources from Menlosystems.

A.1.2 Electronic Part

Figure A.2 presents a photograph of the electronic part of the setup. The operation of the
different modules will be detailed in Section IV.1 dedicated to the stabilization of δfrep.

Oscilloscope

Signal generator

SYNCRO2

SYNCRO1

Ref distribution

AC-1550

LAC-1550#1

LAC-1550#2

+ synthetizer
+ diviser

Figure A.2: Photograph of the electronic part of the setup. The role of the different parts is
explained in the body of the text.

Control

The two LAC-1550 (MenloSystems) are the control units of the lasers, which allow adjusting the
cavity lengths by acting on piezoelectric elements. The AC-1550 (MenloSystems) is a controller
for the amplification of G1 and G2, which are the comb outputs of the two lasers. The two
SYNCRO (MenloSystems), which work with a frequency generator serving as a reference, a
divider, and a frequency synthesizer, allow locking the phase of the modes in each laser.
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Monitoring

The oscilloscope allows monitoring this mode locking by displaying an error signal indicating
the difference between the reference and the frep. It also displays the RF comb created by
superimposing the two optical combs.

A.2 Locking of the repetition rates

Both repetition rates are locked on one common external reference. This is ensured by the
commercial module SYNCRO, whose operation is described in the following.

A.2.1 Comb FC1 (variable repetition frequency)

Starting from the 10 MHz reference, SYNCRO1 generates a 980 MHz signal. The repetition fre-
quency of Comb1 is multiplied by 10 to make the signal 10 times more sensitive to noise, thereby
improving stabilization. This multiplied signal, known as the 10th harmonic, is mixed with the
980 MHz signal to generate an intermediate signal at 20 MHz (referred to as "down-mixed repe-
tition rate"). In parallel, a frequency generator provides a reference signal at approximately 20
MHz. The phase difference between this signal and the down-mixed repetition rate generates an
error signal, which is then minimized by the PID (proportional, derivative, integral) electronics.
A piezoelectric element varies the length of the cavity, directly changing the repetition frequency
of the laser. Changing the output of the frequency generator enables to change the repetition
frequency of comb 1.

A.2.2 Comb FC2 (fixed repetition frequency)

From the 10 MHz reference, SYNCRO2 generates a signal at 1000 MHz. This reference signal
is directly mixed with the 10th harmonic of the repetition frequency. The locking electronics
adjust the length of the laser cavity to minimize the error signal. In this case, there is no separate
frequency generator, and the repetition frequency of Comb 2 can only be stabilized at the value
of 100 MHz.
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The electro-optic effect is a non-linear phenomenon resulting from the interaction between a
static electric field and an electromagnetic (EM) wave. The electric field modifies the refractive
index of a material, and this is used to modulate the propagating EM wave.

B.1 Generalities on the electro-optic effet

In anisotropic media, the relationship between the electric field E⃗ and the electric displacement
field D⃗ is no longer collinear but depends on the orientation of E⃗. That property means that the
refractive index depends on the polarisation of the wave. In these birefringent media, there is
at least one preferred direction for which the index is independent of the polarization. Such a
direction is called optical axis of the medium. When the birefringent crystal is subjected to an
electric field, the refractive index along its optical axes is modified. If the change in index is
proportional to the amplitude of the electric field, it is a second-order non-linear effect known
as the Pockels effect. This effect can only occur in non-centrosymmetric materials (and therefore
not in optical fibers). It is the most commonly used effect for manufacturing electro-optic
modulators.

B.2 Phase modulation

In a non-centrosymmetric anisotropic medium of length L, which is subjected to an electric field
of amplitude V, the Pockels effect is responsible for a change ∆n in the refractive indices of the

125
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optical axes of the medium proportionally to V. Therefore, for a polarization along one of the
optical axes, the induced phase ∆ϕ on a wave of carrier wavelength λ propagating orthogonally
to that axis is [204]:

∆ϕ =
2πL
λ

∆n = Kphase ×V (B.1)

The proportionality of the effect is represented by the modulation depth K, which is the modulator
constant and depends on its parameters. This equation can be re-written as:

∆ϕ =
πV

V
phase
π

(B.2)

where V
phase
π = π

Kphase is the required tension for the modulator to induce a phase of π. This
direct use of the Pockels effect in an anisotropic crystal for the phase modulation of an EM wave
is the main building block for other modulators’ architectures.

B.3 Polarisation modulation

In the case of a phase modulator, the wave is polarized along one of the principal axes of the
crystal, so its polarization state is maintained during propagation, and the quantity ∆ϕ is the
accumulated phase difference between the output and the input of the crystal. In the case of a
polarization modulator, the wave is polarized at 45° from the principal axes, and the quantity
∆ϕ represents the phase shift between the two polarization components. Its expression remains
similar to Eq. (1.11):

∆ϕ = Kpola ×V =
πV

V
pola
π

(B.3)

but this time it leads to a rotation of the polarization. V pola
π is the voltage at which the polar-

isation has turned of π
2 , meaning that the modulator is equivalent to a half-wave plate. An

important point to note is that V pola
π = V

phase
π /2, which means that the applied voltage does not

need to be as high [204].

B.4 Intensity modulation

Polarization modulation can be combined with a pair of crossed polarizers to modulate an
electromagnetic wave in intensity. Indeed, a first polarizer makes the linear polarization to be at
45° to the crystal axes, as described earlier. The two polarization components acquire a phase
shift between them of ∆ϕ = πV

V
pola
π

. A quarter-wave plate is then placed to achieve a total phase

shift of ∆ϕint:

∆ϕint = ∆ϕ +
π
2

=
πV

2V int
π

+
π
2

(B.4)
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with V int
π = V

pola
π /2. Therefore, the purpose of the half-wave plate is to lower the required

voltage. After the final analyzer, the global transmission T of the set up is:

T =

∣∣∣Eoutput

∣∣∣2∣∣∣Einput

∣∣∣2 = sin2
(1

2
∆ϕint

)
= sin2

(
πV

4V int
π

+
π
4

)
(B.5)
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Figure B.1: Comb generation by intensity modulation. (a) Squared RF pulses driving the intensity
modulator as a function of time. (b) Transmission of the intensity modulator as a function of the
applied voltage. (c) Transmission of the intensity modulator as a function of time.

This transfer function is plotted in Figure B.1 (b). The transmission of this type of set-ups is
completely monitorable through RF control of the voltage V.

B.5 Electro-optic combs from intensity modulation

The previous paragraphs explored the various phenomena that modify an EM wave through an
electric field. Thus, proper control of the voltage feeding a modulator can generate a frequency
comb. Unlike phase modulators (PMs), intensity modulators (IMs) can directly generate pulses
at the Fourier limit, which is a considerable advantage [25]. Additionally, it is possible to use a
single IM to generate a frequency comb, simplifying the experimental setup. This is the choice
that has been made for this thesis, which is why comb generation from intensity modulation
will be detailed. Let’s take the example of square pulses feeding the intensity modulator at the
operating point 0 (Figure B.1 (a)). The resulting transmission from this RF control is a train of
square pulses, with the same duration and repetition frequency. Because the amplitude of the RF
pulses is Vπ, the maximum transmission is achieved. From a continuous EM wave, electro-optic
modulation enables the generation of a train of optical pulses by RF driving.
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Generation of triple frequency combs in multi-core fibres for multidimensional spectroscopy

Abstract

This thesis work explores the development, characterization, and practical application of a novel, fully
fibered, and freely-tunable tri-frequency-comb laser source for advanced multidimensional spectroscopy.
Tricomb spectroscopy unveils a new dimension to standard linear and non-linear spectroscopic analysis,
offering the possibility to reveal the almost real-time evolution of complex systems with unprecedented
accuracy. Current tri-comb configurations are based on the use of mode-locked lasers, which impose
constraints on the comb parameters, and require complex electronic synchronization, thus limiting potential
applications. In this thesis, we present the experimental demonstration of the spatial multiplexing in a
multi-core non-linear fiber of three electro-optic combs from a common laser source. This architecture aims
to ensure intrinsic mutual coherence between the three combs. The manuscript provides a comprehensive
study of the development and characterization of the three combs. We validated their pairwise coherence
through dual-comb experiments. We exploited the tri-comb coherence to experimentally investigate
intra-envelope four-wave mixing phenomenon in optical fibers. Using the third comb as a multi-line local
oscillator enabled us to extract and analyze the intermingled components resulting from the non-linear
interaction between the two first combs. We then revealed the high mutual coherence between the three
broadened combs by applying this approach through the demonstration of a 2-D FWM spectroscopy
experiment.

Keywords: non-linear fiber optics, multi-core fiber, spatial multiplexing, frequency comb, multi-
dimensional coherent spectroscopy, four wave mixing, electro-optic modulation, self phase modula-
tion

Génération de triple peignes de fréquences dans les fibres multi-coeurs pour la spectroscopie
multidimensionnelle

Résumé

Ces travaux de thèse explorent le développement, la caractérisation et l’application pratique d’une nouvelle
source de tri-peigne de fréquences entièrement fibrée, et accordable, pour la spectroscopie multidimen-
sionnelle. La spectroscopie à trois peignes apporte une nouvelle dimension à l’analyse spectroscopique
linéaire et non linéaire classique, offrant la possibilité de mesurer l’évolution presque en temps réel de
systèmes complexes avec une précision inégalée. Les configurations actuelles de tri-peignes sont fondées
sur l’utilisation de lasers à verrouillage de modes, ce qui impose des contraintes sur les paramètres du
système et nécessite une synchronisation électronique complexe, limitant ainsi les applications potentielles.
Dans cette thèse, nous présentons la démonstration expérimentale du multiplexage spatial de trois peignes
électro-optiques provenant d’une source laser commune, dans une fibre non linéaire à plusieurs cœurs. Ce
choix d’architecture vise à assurer une cohérence mutuelle intrinsèque entre les trois peignes. Ce manuscrit
fournit une étude du développement et de la caractérisation des trois peignes. Nous avons validé leur
cohérence par paire grâce à des expériences à double peigne. Nous avons exploité la cohérence à trois
peignes pour étudier expérimentalement le phénomène de mélange à quatre ondes intra-enveloppe dans
les fibres optiques. L’utilisation du troisième peigne comme oscillateur local multi-lignes nous a permis
d’extraire et d’analyser les composantes entremêlées résultant de l’interaction non linéaire entre les deux
premiers peignes. Nous avons ensuite révélé la haute cohérence mutuelle entre les trois peignes élargis en
appliquant cette approche à la démonstration d’une expérience de spectroscopie tri-peigne en 2D.

Mots clés : optique non linéaire fibrée, fibre multi-coeur, multiplexage spatial, peigne de fréquences,
spectroscopie cohérente multidimensionnelle, mélange à quatre ondes, modulation électro-optique,
auto-modulation de phase
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