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Abstract xv

Nonlinear Evolution of Soliton Gases in Optical, Electrical, and Hydrodynamic
Systems

Abstract

Solitons are stable, localized nonlinear wave packets that emerge in integrable systems
from a balance between nonlinearity and dispersion. When large ensembles of solitons
interact in random configurations, they form what is known as a soliton gas, a many-
body nonlinear wave system whose dynamics call for a statistical treatment. While
the theoretical framework for soliton gases has been extensively developed under the
assumption of integrability, many physical systems exhibit weak perturbations that
break this condition. The impact of such deviations on the spectral and statistical
properties of soliton gases remains poorly understood. In this thesis, we experimentally
investigate the dynamics of dense soliton gases in three distinct physical platforms: a
large deep-water wave tank governed by the focusing nonlinear Schrödinger equation,
a nonlinear electrical transmission line modeled by a dissipative KdV equation, and a
recirculating optical fiber loop described by a perturbed focusing NLSE. Each system
provides a setting to explore the effect of weak integrability breaking, such as damping,
diffusion, or optical gain. Our results highlight the limitations of existing kinetic or
hydrodynamic theories in weakly non-integrable regimes and point to the need for new
frameworks capable of capturing soliton-radiation coupling, spectral reshaping, and
non-isospectral evolution.

Keywords: soliton gas, integrable turbulence, integrability breaking, inverse scattering
transform

Physique des Lasers, Atomes et Molécules (PhLAM) UMR 8523
2 Av. Jean Perrin – 59650 Villeneuve-d’Ascq Cedex – France



xvi Abstract

ÉvolutionNon-linéaire deGaz de Solitons dans des SystèmesOptiques, Electriques
et Hydrodynamique

Résumé

Les solitons sont des paquets d’ondes non linéaires stables et localisés qui émergent dans
des systèmes intégrables à partir d’un équilibre entre non-linéarité et dispersion. Lorsque
de grands ensembles de solitons interagissent dans des configurations aléatoires, ils
forment ce que l’on appelle un gaz de solitons, un système non linéaire dont la dynamique
nécessite un traitement statistique. Bien que le cadre théorique des gaz de solitons
ait été largement développé sous l’hypothèse d’intégrabilité, de nombreux systèmes
physiques présentent de faibles perturbations qui brisent cette condition. L’impact de
telles déviations sur les propriétés spectrales et statistiques des gaz de solitons reste
mal compris. Dans cette thèse, nous étudions expérimentalement la dynamique de gaz
de solitons denses au sein de trois plateformes physiques distinctes : un grand canal
à houle en eau profonde régi par l’équation de Schrödinger non linéaire focalisante,
une ligne de transmission électrique non linéaire modélisée par une équation de KdV
dissipative, et une boucle de recirculation fibrée décrite par une NLSE focalisante
perturbée. Chaque système constitue un cadre permettant d’explorer les effets de faibles
brisures d’intégrabilité, telles que les pertes, la diffusion ou du gain optique. Nos
résultats mettent en évidence les limites des théories cinétiques ou hydrodynamiques
existantes dans les régimes faiblement non intégrables, et soulignent la nécessité de
nouveaux cadres capables de décrire le couplage soliton-radiations, les réorganisations
spectrales et les évolutions non isospectrales.

Mots clés : gaz de solitons, turbulence integrable, brisure d’integrabilité,transformée
de diffusion inverse
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General Introduction

Waves are a universal feature of the physical world. We hear thanks to sound

waves, we see because of electromagnetic waves (light), and we produce music

by bowing the string of a violin, which generates transverse elastic waves. These

diverse phenomena share a common underlying mechanism: a localized distur-

bance propagates through a medium by coupling between neighboring elements,

giving rise to a traveling oscillation [1]. At leading order, many such wave phe-

nomena are accurately described by linear wave equations, which capture this

fundamental behavior across a wide range of physical systems.

Before the formal development of wave equations, Christiaan Huygens pro-

posed in the 17th century a geometric construction to describe how wavefronts

propagate through space [2]. He paved the way for the wave theory. A century

later, d’Alembert derived the one-dimensional wave equation for a vibrating

string, laying the foundations of the mathematical description of wave propa-

gation [3]. Over time, wave theory became central to both physics and applied

mathematics. In the early 19th century, Joseph Fourier discovered that any wave

pattern could be represented as a superposition of periodic waves [4]. All wave

phenomena could thus be related to the frequencies, amplitudes, wavelengths,

and velocities of these elementary wave trains. Fourier analysis thereby pro-

vided a powerful framework to decompose complex signals into independent
modes of vibration, enabling a systematic study of linear wave phenomena across

many physical systems. If each of these modes propagates at a different velocity,

the wave gradually spreads during propagation, and the system is said to be

dispersive.

However, the idealized linear picture begins to break down in many real-

world systems where nonlinearities cannot be neglected. As the amplitude of

1
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the wave grows, interactions between spectral modes exist. Thus, the behavior

of wave systems departs from the superposition principle. Interactions between

wave modes lead to energy transfers across system scales, giving rise to the

phenomenon of wave turbulence [5–8]. Wave turbulence refers to the dynamics of

a large number of weakly nonlinear, interacting waves under external forcing. It

has been observed in a wide range of physical systems, including surface waves

on fluids [9, 10], ocean waves [11, 12], vibrating elastic plates [13, 14], waves

in Bose-Einstein condensates [15, 16], Alfvén waves in the solar wind [17] and

optical systems [18, 19].

This has motivated the development of a kinetic theory of wave turbulence,

derived under assumptions of weak nonlinearity and random phase statistics

and resonant interactions [20, 21]. It predicts the emergence of energy cascades

and scale-invariant power-law spectra, which have been experimentally observed

in several systems. However, the perturbative nature of this theory limits its

applicability when nonlinear interactions become strong.

When the amplitude of the waves increases, nonlinear effects can no longer

be treated as small perturbations. In this strongly nonlinear regime, wave-

fields often develop localized structures that maintain their shape over long

distances [22]. Among the most striking of these are solitons: nonlinear wave

packets that result from a balance between nonlinearity and dispersion. Solitons

arise as exact, stable solutions of certain nonlinear partial differential equations

and have been observed across a wide variety of physical systems, ranging from

water waves [23] and plasmas [24] to optical fibers [25] and condensed mat-

ter [26]. Their universal nature make them fundamental building blocks in the

dynamics of strongly nonlinear wave systems.

A whole new approach to nonlinear dispersive wave equations emerged in

the 1960s with the development of the inverse scattering transform (IST) [27, 28].

This method allows for the exact solution of certain nonlinear partial differential

equations, such as the Korteweg-de Vries (KdV) or the one-dimensional nonlinear

Schrödinger equation (1D-NLSE), by transforming them into linear spectral

problems. Just as Fourier analysis decomposes a wavefield into linear modes,

IST decomposes it into nonlinear modes, including solitons and radiation [28,

29]. This powerful mathematical tool launched an entire field of research at the
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interface of mathematical physics, nonlinear analysis, and integrable systems.

The objective of the present thesis is to explore soliton gases, a concept intro-

duced by V.E. Zakharov in 1971 [30]. A soliton gas is defined as a large ensemble

of solitons with random amplitudes, velocities, and positions in interaction. The

interactions of the solitons within the gas lead to emergent collective behavior,

whose complexity calls for a statistical treatment. The theoretical description of

such systems has led to the development of a kinetic theory of soliton gases [30–

33]. Initially, soliton gases remained a largely theoretical construct within the

field of nonlinear physics and statistical mechanics. The topic experienced a

significant revival in 2005, when G.A. El and A.M. Kamchatnov generalized

Zakharov’s kinetic theory to describe dense soliton gases [32]. This development

provided a more complete framework to describe interacting solitons beyond

the dilute regime. More recently, experimental realizations of soliton gases have

begun to emerge in various physical platforms, including water waves [34, 35],

optical fibers [36], transforming the concept from a purely theoretical model

into a subject of active experimental investigation [37].

This theories are built upon integrable condition. However, real physical

systems are never exactly integrable: small dissipation, external forcing, or

higher-order nonlinear effects can break integrability of the system and raise

fundamental questions about the evolution, of the dynamics and statistical

properties of the SG in such regimes. In particular, we ask whether concepts

from kinetic theory remain valid, and how spectral quantities evolve under weak

perturbations.

To investigate these questions, we adopt a combined experimental and nu-

merical approach. We consider three distinct physical platforms admitting 1D

soliton propagation: a water tank experiment operating in the deep-water regime

(modeled by the focusing 1D-NLSE), a nonlinear electrical transmission line

(governed by the KdV equation), and a recirculating fiber-loop setup (modeled

by the focusing 1D-NLSE). These complementary systems allow us to probe

soliton gases under various integrable and weakly non-integrable conditions.

This manuscript is structured as follows.

Chapter 1 introduces the key mathematical and physical concepts relevant to

soliton dynamics. It begins with a historical and conceptual overview of solitons
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and the notion of integrability. The two main integrable models discussed

throughout the manuscript, the focusing one-dimensional nonlinear Schrödinger

equation (fNLSE) and the Korteweg–de Vries (KdV) equation, are presented

and compared. The principle of the inverse scattering transform (IST), which

underlies nonlinear spectral analysis, is then introduced. The chapter concludes

with an introduction to the kinetic theory of soliton gases, along with a brief

overview of recent developments in generalized hydrodynamics (GHD).

Chapter 2 presents an experimental investigation of soliton gas interactions.

Specifically, it examines the collision between two dense soliton gases composed

of solitons with nearly identical amplitudes and equal but opposite velocities.

The experimental results, obtained using a 140-meter-long wave tank at École

Centrale de Nantes (France), are compared with analytical predictions from the

kinetic theory of soliton gases. This study provides one of the first direct tests

of the kinetic theory. The results presented in this chapter are based on the

publication [38]: L. Fache, F. Bonnefoy, G. Ducrozet, F. Copie, F. Novkoski, G. Ricard,
G. Roberti, E. Falcon, P. Suret, G. El, and S. Randoux, “Interaction of soliton gases in
deep-water surface gravity waves”, Phys. Rev. E 109, 034207 (2024).

Chapter 3 focuses on the dynamics of soliton gases in a weakly non-integrable

electrical system, namely a nonlinear electrical transmission line subject to small

finite linear dissipation. Unlike the integrable Korteweg-de Vries equation,

which preserves an infinite number of conserved quantities, this system only

conserves the total mass of the wavefield and breaks integrability through linear

diffusion. The experiment starts from a dense and fully randomized soliton gas

and tracks its evolution in time. Remarkably, nonlinear spectral analysis reveals

that the gas undergoes a spontaneous transition into a coherent macroscopic

state, identified as a soliton condensate. This condensate is characterized by the

spatial delocalization of associated eigenmodes. The formation of this state is

driven by nonadiabatic effects: new solitonic components emerge dynamically,

and the nonlinear spectrum reorganizes spatially in a way not captured by

standard kinetic theories of soliton gases. These results highlight how weak

dissipation can trigger profound structural changes in nonlinear wave systems,

and provide a clear example of integrability-breaking dynamics leading to new

emergent behavior. The results presented in this chapter are based on the
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publication [39]: L. Fache, H. Damart, F. Copie, T. Bonnemain, T. Congy, G. Roberti,
P. Suret, G. El, and S. Randoux, “Dissipation-driven emergence of a soliton condensate
in a nonlinear electrical transmission line”, Phys. Rev. Lett. 134.14, 147201 (2025).

Chapter 4 investigates the dynamics of optical soliton gases propagating in a

recirculating fiber loop, in the presence of weak linear gain or loss. While the sys-

tem deviates from strict integrability, its evolution remains well approximated

by a perturbed version of the one-dimensional focusing nonlinear Schrödinger

equation. In this experiment, the full complex optical field, i.e. both amplitude

and phase, is measured using a heterodyne detection technique. This enables a

direct nonlinear spectral analysis at various propagation distances, allowing us

to monitor how the spectral distribution of the soliton gas evolves in the com-

plex spectral plane. The initial state is prepared as a dense soliton condensate,

characterized by a Weyl distribution of eigenvalues. As the system propagates

under weak amplification or damping, significant and distinct deformations of

the nonlinear spectrum are observed. In the presence of gain, a bichromatic

soliton gas emerges, whereas weak loss leads to a spectral distribution resem-

bling a semicircle at long propagation distances. These dissipation-induced

transformations are not captured by existing kinetic or hydrodynamic theories

of soliton gases, and highlight new regimes of integrable turbulence driven

by weak perturbations. The results presented in this chapter are based on the

manuscript [40]: L. Fache, F. Copie, P. Suret, and S. Randoux, “Perturbed Nonlinear
Evolution of Optical Soliton Gases: Growth and Decay in Integrable Turbulence”,
Phys. Rev. Lett. 135.15, 157201 (2025).
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In this chapter, we introduce several key concepts, theoretical frameworks,

and methodological tools that will be used throughout this thesis. These el-

ements are essential for understanding the physical systems and phenomena

discussed in the following chapters.

1.1 A Brief History of Solitons

In 1834, John Scott Russell (1808-1882), a Scottish engineer and shipbuilder who

was also among the first to experimentally demonstrate the Doppler effect [41,

42], observed a remarkable phenomenon on the Union Canal near Heriot-Watt

University in Edinburgh. While following a boat that had come to a sudden stop,

he noticed a solitary elevation of water that continued to travel undisturbed

along the canal, maintaining both its shape and speed over a significant distance.

This observation stood in stark contrast to the prevailing wave theories of the

time, such as those developed by Airy and Stokes [43, 44], who both considered

Russell’s interpretation to be inconsistent with their theories.

Intrigued by this unexpected behavior, Russell constructed a dedicated wave

tank to further investigate what he poetically described as: "Such, in the month
of August 1834, was my first chance interview with that singular and beautiful
phenomenon which I have called the Wave of Translation". He presented his findings

to the British Association for the Advancement of Science in 1844 [45].

Independent confirmations of similar wave phenomena followed. Notably,

in 1862, hydraulic engineer Henry Bazin reported related observations on the

Burgundy Canal near Dijon and presented his results to the French Académie des
Sciences [46]. Theoretical understanding progressed significantly in the latter

half of the 19th century. In 1872, Joseph Boussinesq developed a theoretical

description of long waves in shallow water, laying important preliminary work

for the study of nonlinear wave propagation [47]. A few years later, in 1876,

Lord Rayleigh provided a formal demonstration of the existence of a "wave of
permanent form", highlighting the possibility of a balance between nonlinear and

dispersive effects [48].

The mathematical formulation of these ideas culminated in 1895 when Ko-

rteweg and de Vries derived the now-famous one-dimensional equation describ-
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ing the propagation of long, unidirectional, weakly nonlinear, and weakly disper-

sive shallow water waves [49]. This equation, known today as the Korteweg-de

Vries (KdV) equation, became central in the modern soliton theory.

Russell’s early observations remained largely unrecognized for over a century,

until the advent of digital computing in the mid-1960s enabled applied scientists

to revisit problems in nonlinear wave propagation [50]. The term soliton was

introduced in 1965 by Zabusky and Kruskal [51], who discovered that solitary

wave solutions of the KdV equation interact in a particle-like manner, preserving

their shape and speed after collisions. This finding emerged from numerical

simulations designed to investigate earlier results obtained by Fermi, Pasta,

Ulam, and Tsingou (FPUT) in 1955 [52].

The original FPUT study aimed to explore the process of thermalization in

nonlinear systems, with a particular focus on heat conduction in crystalline

solids. To this end, they modeled a one-dimensional lattice of point masses

connected by nonlinear springs, as schematized in Fig. 1.1.

j − 1 j j + 1

K K

h

· · · · · ·

Figure 1.1: Schematic of a chain of mechanical oscillators represented as masses
and springs, with spring constant K , and lattice period h, as the one considered
by FPUT in their work of 1955.

Their idea was to model the atomic interactions within a crystal by replacing

the realistic interatomic potential (such as the Lennard-Jones potential) with a

simplified nonlinear force, involving quadratic corrections to Hooke’s law.

We present the FPUT approach as outlined in detail in Refs. [50, 53, 54]. In

this model, the force acting on the j-th mass shown in Fig. 1.1 is given by:

Fj = K(uj+1 −uj)−K(uj −uj−1) +Kα
[
(uj+1 −uj)2 − (uj −uj−1)2

]
, (1.1)

where K is the linear spring constant, α quantifies the strength of the nonlin-

earity, and uj(t) denotes the displacement of the j-th mass from its equilibrium
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position. In Eq. (1.1), each mass is coupled to its nearest neighbors j −1 and j + 1.

FPUT numerically solved the resulting coupled nonlinear differential equa-

tions, arguably the first computational physics simulation, on the MANIAC I

computer:

m
d2uj
dt2

= K(uj+1 − 2uj +uj−1) +Kα
[
(uj+1 −uj)2 − (uj −uj−1)2

]
, (1.2)

with j = 1, . . . ,N , and N = 64. This equation simply expresses Newton’s second

law for the one-dimensional chain of masses connected by nonlinear springs

shown in Fig. 1.1. For simplicity, we set K =m = 1 in the following discussion.

The displacements uj(t) can be expressed in terms of the system’s normal

modes:

Qk(t) =

√
2
N

N−1∑
j=0

uj(t)sin
(
kjπ

N

)
,

where Qk(t) is the amplitude of the k-th mode. The corresponding energy is:

Ek =
1
2

(dQkdt
)2

+ω2
kQ

2
k

+α
N−1∑
l,m=0

DklmQkQlQm,

where ωk = 2sin
(
πk
2N

)
are the normal frequencies of the linear spectrum (i.e. the

dispersion relation of the mechanical chain), and the coefficients Dklm capture

the nonlinear coupling between modes [53].

In the absence of nonlinearity (α = 0), the normal modes are independent, and

their energies remain constant in time. As a result, no energy transfer between

modes occurs, and the system cannot thermalize; energy remains localized in

the initially excited mode. The natural hypothesis was that nonlinearity might

enable energy transfer across modes, potentially leading to thermalization and

energy equipartition.

This was precisely the motivation of the FPUT study: they initiated the

system with energy concentrated in a single low-wavenumber mode, expecting

it to spread progressively to all others as the system evolved toward equilibrium.

Surprisingly, their numerical results contradicted this intuition. Rather than

distributing uniformly among the modes, the energy displayed near-periodic
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returns to the initial mode as shown in Fig. 1.2. This unexpected behavior is now

known as the FPUT recurrence problem.

Figure 1.2: FPUT recurrence in the FPUT-α model with N = 32 masses and fixed
boundary conditions. The plot shows the time evolution of the energy contained
in the five lowest normal modes. Initially, only mode k = 1 is excited. Although
energy is redistributed among the modes over time, it eventually returns almost
entirely to the initial mode. Figure extracted from Ref. [52].

Looking at analytical insight into wave propagation in the FPUT chain de-

scribed by Eq. (1.2), one can consider its continuum limit. Let h denote the

uniform spacing between adjacent masses (see Fig. 1.1). In the long-wavelength

regime, corresponding to low-wavenumber (small k) modes, uj(t) can be approx-

imated by a smooth function u(x, t), with x = jh. Performing a Taylor expansion

of uj±1 about x, we obtain:

uj±1 = u(x)± h∂u
∂x

+
h2

2!
∂2u

∂x2 ±
h3

3!
∂3u

∂x3 +
h4

4!
∂4u

∂x4 + . . .

Substituting these expansions into Eq. (1.2) and taking the limit h → 0, one

obtains:
∂2u

∂t2
=
K
m

(
h2∂

2u

∂x2 +
h4

12
∂4u

∂x4

)(
1 +α

[
2h
∂u
∂x

+
h3

3
∂3u

∂x3

])
. (1.3)
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In the absence of nonlinearity (α = 0), this equation reduces to a dispersive

version of the classical wave equation originally studied by d’Alembert [3],

describing bidirectional wave propagation in a linear medium. The presence

of higher-order derivatives reflects the dispersive nature of the lattice, which

arises from the discreteness of the original system. Keeping only the dominant

contributions, i.e., the lowest-order terms in h, and using subscript notation for

derivatives for simplicity, we obtain:

utt − c2uxx = c2
(
2αhuxuxx +

h2

12
uxxxx

)
, (1.4)

where c2 = Kh2/m is the characteristic wave speed in the linear regime.

This equation is known as the ill-posed Boussinesq equation. It possesses

many of the same integrability properties as the KdV equation, a topic that

will be discussed in detail in the next section. Remarkably, it is precisely this

integrability that inhibits classical thermalization in the FPUT model.

One might then ask: if the Boussinesq equation is integrable, why not con-

sider it as the definitive continuum model? There are two key reasons why this is

not the usual approach [55]. First, the Boussinesq equation lacks the universality

of the KdV equation in the description of weakly nonlinear dispersive waves.

Second, and more crucially, it suffers from short-wavelength instabilities: for

generic initial conditions, the Cauchy problem is ill-posed in forward time [56].

In contrast, the KdV equation emerges as a unidirectional reduction of the

Boussinesq equation in the long-wave limit. This reduction eliminates the short-

wave instability while preserving both the essential nonlinear and dispersive

effects, yielding a well-posed and integrable evolution equation.

Let us now consider small-amplitude waves by introducing a small parameter

ϵ≪ 1, and rescaling the displacement as v = ϵu. We also define the following

change of variables,

ξ = ϵ1/2(x − ct), τ = ϵ3/2ct,

Expanding the equation of motion and retaining only the leading-order terms
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up to O(ϵ3), one obtains:

vτξ = −1
2

(
αh(v2)ξξ +

h2

12
vξξξξ

)
.

Integrating once with respect to ξ (which amounts to selecting unidirectional

wave propagation), yields to the KdV equation:

vτ +αhvvξ +
h2

24
vξξξ = 0. (1.5)

It is worth noting that the form of the nonlinear term in the original discrete

model determines the continuum limit. If the nonlinearity is quadratic in energy,

such as in the so-called β-FPUT chain, the resulting equation is the modified

Korteweg-de Vries (mKdV) equation [54], which remains integrable:

vτ +κv2uξ +γvξξξ = 0, (1.6)

where κ and γ are constants that depend on the system parameters (such as h

and the nonlinear coefficient β).

While the KdV equation governs soliton dynamics in systems with quadratic

nonlinearities (as in the continuum limit of the α-FPUT chain), the mKdV

equation arises in the presence of cubic nonlinearities and leads to qualitatively

different types of solitary wave solutions.

In their numerical simulations of the KdV equation with periodic boundary

conditions, Zabusky and Kruskal observed a recurrence phenomenon very simi-

lar to that found in the original FPUT study. As discussed earlier, their work was

the first to uncover the existence of solitons: starting from the initial condition

u(0) = cos(πξ), the waveform evolved into a train of localized structures that

interacted strongly, see Fig. 1.3. Remarkably, after each interaction, these entities

retained their shape and speed, except for a position shift, highlighting the

elastic nature of soliton collisions and which prevents perfect recurrence.

Recognizing the connection between the KdV equation and the FPUT chain,

Zabusky and Kruskal wrote: "[The KdV] equation can be used to describe the
one-dimensional, long-time asymptotic behavior of small but finite-amplitude [...]
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Figure 1.3: Numerical reproduction of the classical Zabusky–Kruskal experiment
on the KdV equation [51]. (a) Space-time diagram of the field u(x, t) showing the
emergence and interaction of solitons from an initial sinusoidal wave. (b) Field
profiles at three different times: initial condition (t = 0, orange), intermediate
stage (t = 0.51, green), and late-time evolution (t = 9.39, red).

long waves in anharmonic crystals". They proposed that the recurrences observed

in the FPUT system could be interpreted as resulting from soliton interactions:

since solitons preserve their identity during collisions, no energy is exchanged

between them, preventing thermalization and energy equipartition.

Today, the concept of solitary waves, or solitons, plays a central role in

the modeling of complex nonlinear dynamics across a wide range of physical

systems [53]. Solitons have been observed in fluid dynamics and nonlinear optics,

but also in plasma physics [57], magma flow [58], high-energy physics [59], and

condensed matter systems [53].

One of the most promising applications of soliton theory has emerged in the

field of optical communications [60]. In 1973, Akira Hasegawa at AT&T Bell

Laboratories proposed that solitons could propagate in optical fibers, opening

the door to soliton-based data transmission systems [61]. Since then, optical

solitons have been studied for dispersion-less signal propagation in fiber-optic

transmission [62–70].

However, in practice, modern optical telecommunication systems do not

rely on optical solitons. Instead, they predominantly use intensity-modulated

signals with optical amplification systems. For a concise overview of fifty years

of research on optical solitons and their potential applications, the reader is
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referred to Refs. [60, 71].

1.2 Integrability and Inverse Scattering Transform

The existence of soliton solutions in a physical system is a signature of integra-

bility. While the concept of integrability appears in various branches of physics

and mathematics, we adopt here the standard definition: a system is said to be

integrable if it possesses as many conserved quantities as degrees of freedom [72,

73]. As a consequence, the dynamics of such systems are confined to a restricted

region of phase space, which prevents them from exhibiting ergodic behavior by

exploring the whole phase space [74].

In this work, we consider the case of complete integrability, which applies to

systems described by PDEs, with an infinite number of degrees of freedom and a

corresponding infinite hierarchy of conserved quantities [75, 76]. Such systems

are exactly solvable through powerful analytical techniques, most notably the

Inverse Scattering Transform (IST), which will be introduced in the following

section.

This thesis focuses on one-dimensional systems, which include several pro-

totypical examples of integrable equations of physical relevance, such as the

sine-Gordon equation, the NLSE, and the KdV equation.

Why, then, are integrable systems of such interest? As previously discussed,

unlike ergodic systems, integrable systems do not relax to thermal equilibrium

as described by the standard Gibbs ensemble, (or, in classical wave systems, the

Rayleigh-Jeans distribution [77]).

Instead, integrable systems provide an ideal framework for investigating

out-of-equilibrium statistical mechanics. In particular, thermalization is often

replaced by relaxation to a stationary state described by a generalized Gibbs
ensemble (GGE) [78], which incorporates all conserved quantities of the integrable

system. The GGE thus provides a theoretical framework for studying statistical

behavior in integrable models far from equilibrium [37].
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1.2.1 Integrable partial differential equations for the descrip-

tion of soliton propagation

This section introduces the main integrable equations that will be central to the

analysis developed throughout this thesis, namely the KdV equation and the

NLS equation.

1.2.1.1 The Korteweg-de Vries Equation

The KdV equation was first derived in 1895 by Diederik Korteweg and Gustav

de Vries as a model for the propagation of long, unidirectional surface waves in

shallow water [49]. It takes the form:

ut + 6uux +uxxx = 0, (1.7)

where u(x, t) represents the deviation of the free surface from its equilibrium

level, x is the spatial coordinate along the direction of wave propagation, and t

denotes time.

This equation combines a nonlinear term 6uux, responsible for wave steepen-

ing, with a dispersive term uxxx, which tends to spread the wave. The competi-

tion between nonlinearity and dispersion leads to the formation of solitons, that

maintain their shape during propagation and after interactions.

Although originally derived in the context of hydrodynamics, the KdV equa-

tion also appears in various other physical settings involving weakly nonlinear,

weakly dispersive, and effectively unidirectional wave propagation. Beyond

hydrodynamics [79–81], these include plasma physics [82–84], and nonlinear

acoustics [85] for example. As an integrable partial differential equation, the

KdV equation possesses an infinite hierarchy of conserved quantities. The first

three are [29]:

M =
∫ ∞
−∞
udx, P =

∫ ∞
−∞
u2 dx, E =

∫ ∞
−∞

(
u3 − 1

2
u2
x

)
dx, (1.8)

where M, P , and E correspond respectively to the mass, momentum, and energy

of the wave field.
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To better understand the origin of solitons, it is instructive to examine the role

of each term in isolation. Figure 1.4 illustrates the evolution of an initial localized

pulse governed by the inviscid Burgers (or Hopf) equation, ut +uux = 0, which

retains only the nonlinear term of the KdV equation. The solution, computed

via the method of characteristics [86], shows wave steepening. This process,

sometimes referred to as "wave breaking", is a signature of purely nonlinear

dynamics.

(a) (b)

Figure 1.4: (a) Space-time evolution of a KdV soliton governed by the Hopf
equation ut + uux = 0, obtained via the method of characteristics. (b) Wave
profiles at t = 0 (orange) and t = 10 (red), showing steepening and eventual
breaking.

In contrast, Figure 1.5 shows the evolution of the same initial condition

under the linear dispersive equation ut +uxxx = 0, which retains only the third-

order dispersion. In this case, the wave disperses and develops an asymmetric

oscillatory tail. The absence of nonlinear effects results in the complete spreading

of the initial pulse.

On the other hand, the single soliton solution of the KdV equation (1.7) reads:

u(x, t) =
v
2

sech2
[√
v

2
(x − vt)

]
, (1.9)

where v > 0 is the soliton velocity. The wave attains its maximum amplitude

u = v/2 at position x = vt.

Figure 1.6 illustrates the evolution of a single soliton, Eq. (1.9), governed by
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(a) (b)

Figure 1.5: (a) Space-time evolution of a KdV soliton under the linear dispersive
equation ut + uxxx = 0. (b) Corresponding profiles at t = 0 (orange) and t = 7.5
(red), showing dispersive spreading and the emergence of an asymmetric Airy
tail.
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Figure 1.6: Single KdV soliton dynamics. (a) Space-time diagram of the soliton
solution (1.9) with v = 2, obtained from numerical simulation of Eq. (1.7). (b)
Wave profiles at t = 0 (orange) and t = 15 (red).

the KdV equation (1.7). The soliton maintains its shape and amplitude during

propagation (see Fig. 1.6(b)). For an amplitude v/2 = 1, the soliton travels a

distance ∆x = 30 over a time interval ∆t = 15, consistent with the speed v = 2.

A defining property of solitons in integrable systems is their elastic collision
behavior: after interacting, solitons re-emerge unchanged in shape and veloc-

ity, though with a position shift. For two solitons with velocities v2 > v1, the
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interaction-induced shifts in their positions are given by [29]:

∆x1,2 = − 2
√
v1

ln

∣∣∣∣∣∣
√
v1 +
√
v2√

v1 −
√
v2

∣∣∣∣∣∣ , ∆x2,1 =
2
√
v2

ln

∣∣∣∣∣∣
√
v1 +
√
v2√

v1 −
√
v2

∣∣∣∣∣∣ . (1.10)

Figure 1.7: Overtaking collision between two KdV solitons. (a) Space-time
diagram of two solitons with v1 = 1 and v2 = 2, simulated from Eq. (1.7). (b)
Corresponding wave profiles at t = 0 (orange) and t = 15 (red).

Figure 1.7 displays the overtaking interaction between two KdV solitons with

velocities v1 = 1 and v2 = 2. Since the faster soliton (v2) travels behind the slower

one (v1), it eventually overtakes it. Around t ∼ 7.5, their interaction causes a

temporary deformation: the taller soliton decreases in amplitude, while the

smaller one increases, such that both appear nearly equal in height during the

collision. After the interaction, both solitons recover their original shapes and

velocities. The associated position shift is clearly visible for the slower soliton

and is highlighted in Fig. 1.7(a) using dashed-dotted white lines. These shifts

are quantitatively described by Eqs. (1.10).

In addition to soliton solutions, the KdV equation also admits periodic trav-

eling wave solutions known as cnoidal waves, first derived by Korteweg and de

Vries in their original 1895 paper [49]. A normalized cnoidal wave solution takes

the form:

u(x, t) = z2 + (z3 − z2)cn2
(√

z3 − z1

2
(x − vt);m

)
, m =

z3 − z2

z3 − z1
, (1.11)
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where cn(w;m) is the Jacobi elliptic cosine function, and z1 < z2 < z3 are real

parameters that determine the shape, amplitude, and offset of the wave.
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Figure 1.8: Cnoidal wave solutions of the KdV equation. (a) Case with elliptic
modulus m ≈ 0.889, corresponding to parameters z1 = 0.1, z2 = 0.2, and z3 = 1.
The wave oscillates between z2 (blue dashed line) and z3 (red dashed line), with
period λ = 2K(m)

√
2/(z3 − z1). (b) In the limit m→ 1, with z1 = 0, z2 = 10−5, and

z3 = 1, the waveform approaches a train of isolated solitons.

Figure 1.8 illustrates cnoidal wave solutions of the KdV equation. In Fig. 1.8(a),

the parameters z1 = 0.1, z2 = 0.2, and z3 = 1 yield a periodic waveform oscillating

between z2 and z3. The parameter z2 sets the baseline offset of the wave, while z3

determines its maximum amplitude. The spatial period λ of the wave depends

on all three parameters and is given by

λ = 2K(m)

√
2

z3 − z1
,

where K(m) is the complete elliptic integral of the first kind.

Fig. 1.8(b) shows a case with m ≈ 1, corresponding to z1 = 0, z2 = 10−5, and

z3 = 1. In this regime, the periodic waveform stretches out, and the cnoidal wave

becomes a train of isolated solitons, with λ→∞ as m→ 1. In the opposite limit

m→ 0, the cnoidal wave reduces to a purely sinusoidal wave [87].
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1.2.1.2 The Focusing Nonlinear Schrödinger equation

The nonlinear Schrödinger equation (NLSE) is a prototypical integrable equation

that arises in a broad range of physical systems, including nonlinear optics,

hydrodynamics, and Bose-Einstein condensates. In hydrodynamics, the NLSE

models the evolution of unidirectional, small-amplitude gravity waves in deep

water, especially in one-dimensional geometries such as 1D water flumes [88–

94].

In optics, the focusing NLSE describes the propagation of a quasi-monochromatic

wave packet in a single-mode fiber with anomalous dispersion, where higher-

frequency components travel faster than lower-frequency ones (a contrario, in

normal dispersion settings, the group velocity decreases with increasing optical

frequency). In this context, the equation governs the evolution of the slowly

varying envelope of the electric field [95–101].

The dimensionless focusing NLSE reads:

iut +uxx + 2|u|2u = 0, (1.12)

where u(x, t) is the complex envelope of the wave, x is the spatial coordinate, and

t denotes time.

As an integrable equation, the NLSE possesses an infinite hierarchy of con-

served quantities. The first three are [102]:

M =
∫ ∞
−∞
|u|2 dx, P =

∫ ∞
−∞
u∗uxdx, E =

∫ ∞
−∞

(
u∗uxx + |u|4

)
dx, (1.13)

corresponding respectively to the conservation of mass (or optical power), mo-

mentum, and energy.

When considering the normalized focusing NLSE, Eq. (1.12), several particu-

lar solutions are of interest. Among them, the fundamental soliton stands out

as a stable, localized solution that results from the exact balance between the

nonlinear and dispersive terms.

To better understand the nature of this balance, it is instructive to analyze

separately the effects of nonlinearity and dispersion as we already did for the

KdV equation.
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Figure 1.9: (a) Space-time evolution of an initial NLSE soliton under the purely
nonlinear equation ut + 2|u|2u = 0. (b) Corresponding spectral evolution.

Figure 1.9(a) illustrates the propagation of an initial NLSE soliton when

only the nonlinear term is retained, commonly referred to as the Kerr effect in

nonlinear optics. In this regime, the wave undergoes a purely local nonlinear

phase shift, known as the self-phase modulation (SPM), with a phase given by

φNL(x, t) ∝ |u(x,0)|2t. As a result, the temporal envelope remains unchanged,

but the spectrum broadens over time due to the generation of new frequency

components, as shown in Fig. 1.9(b).

Figure 1.10: (a) Space-time evolution of an initial NLSE soliton under the linear
dispersive equation ∂tu +∂2

xu = 0. (b) Corresponding spectral evolution.

Conversely, Figure 1.10(a) shows the evolution under the linear dispersive

term alone. This equation implies that only the phases of the spectral compo-

nents are modified by the dispersion. These changes don’t affect the spectrum as

shown in Fig. 1.10(b). However they generate a frequency-dependent delay for

each spectral component which change the temporal profile of the soliton. In
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particular Fig. 1.10(a) shows the soliton broadens with time. The NLSE balances

nonlinear and dispersive effects, enabling the formation of stable, localized wave

packets known as solitons. The fundamental bright soliton solution is given

by [102]:

u(x, t) = 2γ sech[2γ(x+ 4αt − x0)]exp
[
−2iαx − 4i(α2 −γ2)t + iφ0

]
, (1.14)

where γ > 0 controls the soliton amplitude and width, α sets the soliton velocity,

x0 is the initial position, and φ0 is the initial phase.

This solution describes a pulse of amplitude 2γ centered at position x(t) =

x0 − 4αt, propagating without distortion at velocity −4α. Solitons of this type

belong to the class of localized solutions with vanishing boundary conditions at

infinity.

However, the NLSE also admits a richer class of exact solutions with non-

vanishing boundary conditions. These include so-called breathers or solitons
on finite background, which exhibit localized spatiotemporal structures super-

imposed on a non-zero continuous wave. Well-known examples include the

Peregrine soliton, the Kuznetsov-Ma breather, and the Akhmediev breather, each

being a specific case of the general Tajiri-Watanabe breather [102, 103].

Figure 1.11: (a) Space-time evolution of a NLSE soliton governed by Eq. (1.12),
with α = 0 and γ = 1. (b) Corresponding spectral evolution.

Figure 1.11 illustrates the propagation of a bright soliton in a numerical

simulation of Eq. (1.12), using parameters α = 0 and γ = 1. As shown in

Fig. 1.11(a), the soliton maintains its spatial profile throughout its evolution.

Fig. 1.11(b) confirms that its spectral content also remains unchanged.
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As in the case of the KdV equation, collisions between solitons in the focusing

NLSE are elastic: after interaction, each soliton recovers its original shape and

velocity, but undergoes a position shift [25]. For two solitons characterized by

complex spectral parameters λ1 = α1 + iγ1 and λ2 = α2 + iγ2, the spatial shift

experienced by soliton j due to the interaction with soliton k is given by:

∆(λj ,λk) =
sgn(Re(λk −λj))

γj
ln

∣∣∣∣∣∣∣λk −λjλk −λj

∣∣∣∣∣∣∣ , for j,k ∈ {1,2}, j , k. (1.15)
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Figure 1.12: Overtaking collision between two NLSE solitons. (a) Space-time
diagram of two solitons with λ1 = 0.5+i, λ2 = 0.1+0.5i, simulated from Eq. (1.12).
(b) Corresponding wave profiles at t = 0 (orange) and t ≈ 10 (red).

Figure 1.12(a) displays the space-time dynamics of two interacting NLSE

solitons with spectral parameters λ1 = 0.5 + i and λ2 = 0.1 + 0.5i. The initial

positions were set as x01 = −5 and x02 = 5, so that the solitons are well separated

at t = 0. As shown in Fig. 1.12(b), the taller soliton (with amplitude 2γ1 = 2 and

velocity −4α1 = −2) overtakes the smaller one (velocity −4α2 = −0.4) during the

evolution. The white dashed and dash-dotted lines in Fig. 1.12(a) indicate the

theoretical position shifts of the solitons due to their interaction, computed from

Eq. (1.15).

Another exact solution of the NLSE, and being the simplest, is the plane wave
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(or condensate) solution:

u(x, t) = u0 exp
(
2iu2

0t
)
, (1.16)

where u0 is a constant complex amplitude. This solution is unstable with re-

spect to long-wavelength perturbations, a phenomenon known as modulational
instability (MI), or Benjamin-Feir instability in hydrodynamics [104].

Modulational instability refers to the exponential growth of small perturba-

tions on top of a plane wave, leading to the formation of localized structures.

This mechanism has been experimentally observed in numerous physical sys-

tems, including optics [105], electrical transmission lines [106], Bose-Einstein

condensates [107], and water waves [12, 104, 108–111].

The early stage of MI, known as the linear stage, can be described by the

linear stability analysis of the plane wave background [95, 112]. Considering a

weak perturbation of wavenumber k, one finds that it grows exponentially at a

rate [113]:

g(k) = |k|
√
k2
c − k2, (1.17)

with kc = 2u0 the cutoff wavenumber. The maximum growth occurs at kmax =

±kc/
√

2, and only modes with |k| < kc are amplified. As the amplitude of the

perturbations grows, the dynamics enters a nonlinear regime where coherent

structures, such as solitons or breathers, begin to form. This stage is often

referred to as the nonlinear or asymptotic stage of MI [114, 115].

Figure 1.13 illustrates a typical scenario of noise-induced modulation in-

stability in the NLSE. Fig. 1.13(a) shows the destabilization of an initially flat

condensate due to small random perturbations. As time progresses, the plane

wave breaks up into coherent localized structures. Fig. 1.13(b) shows a snapshot

of the spatial intensity profile, highlighting the emergence of random modula-

tion. Finally, Fig. 1.13(c) displays the corresponding Fourier spectrum, where

two symmetric sidebands grow in accordance with the theoretical gain predicted

by Eq. (1.17) shown via the solid green line.
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Figure 1.13: Noise-induced modulation instability scenario in the NLSE. (a)
Space-time evolution of the wave intensity |u(x, t)|2, starting from a plane wave
perturbed by small-amplitude noise. The red dashed line marks t ≈ 1.56, the
time at which the profiles in (b) and (c) are extracted. (b) Spatial intensity profile
at t ≈ 1.56 (red), compared to the initial profile (orange). (c) Corresponding
Fourier spectrum |ũ(k, t)|, overlaid with the initial spectrum (orange) and the
predicted gain curve from Eq. (1.17) (green).

1.2.2 Inverse Scattering Transform (IST)

The Inverse Scattering Transform (IST) is a powerful analytical technique for

solving a broad class of nonlinear partial differential equations that are com-

pletely integrable. It was first introduced in 1967 by Gardner, Greene, Kruskal,

and Miura [27] to solve the KdV equation. The method was later extended to

other integrable systems, notably by Zakharov and Shabat in 1972 [116] for the

NLSE. A major conceptual advance came with the introduction of Lax pairs by

Peter Lax in 1968 [117], which provided a general framework for identifying

and solving integrable equations via the IST [12, 28, 29, 102, 118, 119].

In its standard formulation, the IST recasts the evolution of a nonlinear wave-

field1 as a linear scattering problem. The first step, known as the direct scattering
problem, consists in associating to the field u(x, t) a linear differential operator,

typically a Schrödinger-type operator, whose potential is the field itself. This

1We restrict here to fields u(x, t) that vanish at infinity.
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yields a spectral problem analogous to wave scattering in quantum mechanics.

From the initial condition u(x,0), one computes the scattering data S(0), which

generally include a discrete set of eigenvalues λj , reflection coefficients, and

norming constants.

The key advantage of this approach lies in the fact that the time evolution of

the scattering data S(t) is trivial. Thus, the nonlinear dynamics of the original

PDE is effectively mapped to a linear evolution in the spectral domain.

The final step, the inverse scattering problem, reconstructs the field u(x, t)

at any later time from the evolved scattering data S(t). While this step is

mathematically nontrivial, it can be carried out exactly for integrable systems

using methods such as the Gelfand-Levitan-Marchenko equations, Riemann-

Hilbert problems, or Darboux transformations [28, 29, 120].

The IST may thus be regarded as a nonlinear analogue of the Fourier trans-

form, where the spectral (Fourier) content of the wavefield is replaced by its

scattering data.

u(x,0)

S(0)

Scattering data

S(t)

Scattering data

u(x, t)

Direct scattering
(linear)

Time evolution

Inverse scattering
(linear)

Nonlinear evolution

Figure 1.14: Conceptual illustration of the Inverse Scattering Transform (IST).
The nonlinear evolution of the field (brown arrow) is replaced by three concep-
tually simpler, linear steps: direct scattering, time evolution of scattering data,
and inverse scattering (gray arrows).

1.2.2.1 Lax Pairs

The IST relies on reformulating the nonlinear evolution of an integrable system

as a linear problem in an auxiliary space, where time evolution becomes simple.

This reformulation is achieved through the introduction of a Lax pair, a concept

formalized by Peter Lax in 1968 [117]. The key idea is to associate a nonlinear
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partial differential equation with a pair of linear operators, L̂ and Â, acting on

an auxiliary Hilbert space and depending on the physical field u(x, t).

To motivate this construction, one can draw an analogy with the Heisenberg

picture in quantum mechanics, where observables evolve in time while the state

vectors remain fixed. In that context, the time evolution of an operator M is

governed by the Heisenberg equation ∂tM = i
ℏ [H,M], involving a commutator

with the Hamiltonian H . Similarly, in the Lax representation, the nonlinear

evolution equation (for instance KdV or NLS equation),

∂tu =N (u), (1.18)

where N (u) is a nonlinear operator; is encoded in the compatibility condition:

∂tL̂ = [Â, L̂], (1.19)

in which L̂ and Â are linear operators depending on u and its spatial derivatives.

Importantly it can be shown that the operateur L̂ defines an eigenvalue problem

in the form [29, 102, 119]

L̂ψ = λψ, (1.20)

where λ is the spectral parameter and ψ the associated eigenfunction. One of

the fundamental consequences of the Lax formalism is the preservation of the

spectrum of L̂ over time, known as isospectrality property, if the time evolution

of ψ satisfies:

∂tψ = Âψ. (1.21)

This condition guarantees that the eigenvalues λ remain constant in time, which

lies at the core of the IST framework.

A classical example is given by the focusing nonlinear Schrödinger equation

(NLSE):

i∂tu +∂2
xu + 2|u|2u = 0. (1.22)

Zakharov and Shabat [116] showed that this equation admits a Lax representa-
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tion with the following operators:

L̂ = i

∂x −u
u∗ −∂x

 , Â = i

 2∂2
x + |u|2 ux + 2u∂x

−u∗x + 2u∗∂x −2∂2
x − |u|2

 . (1.23)

This Lax pair satisfies Eq. (1.19) if and only if u(x, t) evolves according to the

focusing NLSE, Eq. (1.22).

Another fundamental example is the Korteweg–de Vries (KdV) equation (1.7),

which also admits a Lax pair representation with:

L̂ = −
(
∂2
x +u

)
, Â = −4∂3

x − 6u∂x − 3ux. (1.24)

The spatial operator L̂ is a Schrödinger operator, where the field u(x, t) plays

the role of a potential. In the framework of the IST, finding the soliton content

of a given initial condition amounts to solving the spectral problem for the

Schrödinger operator with the initial profile u(x,0) as the potential.

1.2.2.2 The direct scattering problem - Scattering datas of the operator L̂

In this section, we focus on the first step of the IST method for solving nonlinear

partial differential equations: the direct scattering transform. For pedagogical

clarity, we only consider here the example of the KdV equation. For a detailed

treatment of the NLSE case, we refer the reader to Refs. [28, 50, 102].

Recall that a function u(x, t) is a solution of the KdV equation if and only if

there is a pair of linear operators (L̂, Â), known as a Lax pair, satisfying the Lax

equation:

∂tL̂ = [Â, L̂].

For the KdV equation, the spatial Lax operator is given by L̂ = −(∂2
x +u), and the

scattering data are defined from the spectral properties of the operator L̂, that is,

its eigenvalues and eigenfunctions. The direct scattering step therefore consists

of solving the eigenvalue problem:(
∂2
x +u(x, t = 0)

)
ψ(x) = −λψ(x). (1.25)
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This is formally identical to the one-dimensional linear Schrödinger equation

in quantum mechanics, where the function u0(x) = u(x, t = 0) acts as a localized

potential. In the asymptotic regions where |x| →∞, the potential u(x) vanishes.

In these regions the eigenfunctions ψ(x) behave like:

ψ(x) ∝ ekx, with k =
√
−λ.

Thus, depending on the sign of the spectral parameter λ, the asymptotic behavior

of the eigenfunctions ψ(x) takes two qualitatively different forms:

ψ(x) ∝ e±
√
|λ|x, if λ < 0 (bound states),

ψ(x) ∝ e±i
√
λx, if λ > 0 (radiative or scattering states).

(1.26)

These two families define the discrete and continuous spectrum of the operator

L̂, respectively.

Discrete spectrum. The discrete spectrum consists of a finite number of neg-

ative eigenvalues λj = −η2
j < 0, each associated with a square-integrable eigen-

function ψj(x) that decays exponentially as |x| → ∞. These localized states

correspond to solitons in the nonlinear evolution. The corresponding eigenfunc-

tions typically exhibit the form at |x| →∞:

ψj(x, t) ∼ cj(t)e−ηj |x|,

where the complex constant cj(t) is known as the norming constant. Together,

the pair (ηj , cj) encodes the amplitude, velocity and position of the associated

soliton [29].

Continuous spectrum. For λ > 0, the eigenfunctions oscillate at infinity and

describe the radiative (dispersive), component of the wavefield. These are anal-

ogous to plane waves in quantum mechanics and constitute the continuous

spectrum of L̂. In this regime, one can define reflection and transmission coeffi-

cients that characterize how an incoming wave is scattered by the potential u(x).
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A right-going incident wave of the form ei
√
λx is scattered according to:

ψ(x,λ) ∼


ei
√
λx + r(λ)e−i

√
λx, as x→−∞,

t(λ)ei
√
λx, as x→ +∞,

where r(λ) and t(λ) are the reflection and transmission coefficients, respectively.

In practice, the discrete IST spectrum corresponds to the eigenvalues obtained

from the direct scattering transform. Computing this spectrum numerically

for a given initial field amounts to solving the eigenvalue problem associated

with the corresponding Lax operator. For generic localized potentials, numerical

techniques are required.

In the case of the KdV equation, the spectral problem is given by the Schrödinger

equation, Eq. (1.25). This is numerically solved using a pseudospectral method,

where the second-order spatial derivative is approximated via Fourier-based

spectral differentiation [102].
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Figure 1.15: Initial field uKdV(x) composed of two KdV solitons (Eq. (1.9)) of
different amplitudes and the associated eigenfunctions ψ1,2 obtained by solving
Eq. (1.25). Inset: corresponding discrete IST spectrum obtained by solving
Eq. (1.25), shown as points on the vertical axis η =

√
−λ.

Figure 1.15 shows a field composed of two KdV solitons (see also Fig. 1.7)

with velocities v2 = 1 and v1 = 2, corresponding to spectral parameters η2 =
√
v2/2 = 0.5 and η1 =

√
v1/2 ≈ 0.7. The inset displays the associated discrete
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eigenvalues on the η-axis. The eigenfunctions ψ1(x) and ψ2(x), solutions of the

associated Schrödinger problem, are also plotted in red and blue respectively,

illustrating their spatial localization around each soliton.

For the NLSE, the direct scattering problem is defined by the Zakharov-

Shabat system: −∂x u

u∗ ∂x

ψ = iλψ, (1.27)

which involves a first-order matrix differential operator. To solve this system nu-

merically, we adopt the Fourier collocation method described in Ref. [102]. This

method projects the Zakharov-Shabat problem onto a Fourier basis, converting

the spectral problem into a finite-dimensional matrix eigenvalue problem that

can be solved numerically.
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Figure 1.16: Initial field uNLSE(x) composed of two NLSE solitons (Eq. (1.14))
of different amplitudes and velocities and the associated eigenfunctions ψ1,2.
The amplitude |u(x)| is shown in black, while the phase φ(x) is indicated by the
green dashed line (right axis). In red lines are indicated the numerical results
of calculated eigenfunctions ϕ1

1 (solid line) and ϕ1
2 (dashed line) when λ = λ1.

In blue lines are indicated the numerical results of calculated eigenfunctions
ϕ2

1 (solid line) and ϕ2
2 (dashed line) when λ = λ2. Inset: IST spectrum in the

complex λ-plane, where discrete eigenvalues (solitons) appear as isolated points
in the half-planes, while the continuous spectrum lies along the real axis.

Figure 1.16 presents the field u(x) composed of two NLSE solitons (as in

Fig. 1.12). The black curve shows the amplitude |u(x)|, while the green dashed
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line represents the phase φ(x). The numerically computed eigenfunctions associ-

ated with the Zakharov–Shabat spectral problem are also plotted: ψ1 = (ϕ1
1 ,ϕ

1
2)

is shown in red, and ψ2 = (ϕ2
1 ,ϕ

2
2) in blue. The solitons have spectral parameters

λ1 = 0.5 + i, λ2 = 0.1 + 0.5i, and their locations in the complex plane are shown

in the inset. Due to the symmetries of the Zakharov-Shabat operator, the IST

spectrum is symmetric with respect to the real axis [121]. In the following, we

will focus on the upper half of the complex plane (ℑλ > 0), which suffices to

characterize the solitons.

1.3 The Concept of Soliton Gas

Solitons are nonlinear coherent structures that preserve their shape after col-

lisions, a behavior reminiscent of elastic particle-like interactions. Motivated

by this property, Zakharov introduced in 1971 a statistical description of large

ensembles of interacting solitons, now known as the soliton gas [30]. In his origi-

nal formulation, developed in the framework of the integrable KdV equation,

solitons with randomly distributed amplitudes and positions interact weakly

and remain well separated, a regime referred to as a rarefied soliton gas.

Over the past two decades, this theory has been extended to describe dense
soliton gases, where solitons strongly overlap and undergo continuous nonlinear

interactions. In such regimes, individual solitons can no longer be distinctly

identified as isolated sech-shaped pulses, but the ensemble as a whole can still

be described statistically through kinetic approaches [32, 121, 122].

Despite its early theoretical formulation, the soliton gas concept remained

largely a model of interest to mathematical physicists until very recently. The

first experimental indications of soliton gas behavior were reported in 2014 by

Costa et al. [123], who interpreted irregular shallow-water wave packets as KdV

soliton gases using nonlinear spectral analysis. This was followed by a more

controlled realization by Redor et al. [34], who generated a bidirectional soliton

gas in a 34-meter wave flume via the fission of a sinusoidal wave.

More recently, a unidirectional soliton gas was both synthesized and fully

characterized in the deep-water regime governed by the focusing 1D-NLSE,

using a direct implementation of the inverse scattering transform [35]. This
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work represents a rare experimental realization that is fully aligned with the

original theoretical definition of soliton gases, as it relies entirely on the IST

formalism to generate randomized nonlinear spectra and to synthesized the

resulting wavefields.

In parallel, soliton gases have emerged as effective models for describing fun-

damental nonlinear wave phenomena, including spontaneous (noise-induced)

modulation instability [122].

In this section, we present the procedure used to synthesize soliton gases

both experimentally and numerically.

1.3.1 Nonlinear Spectral Synthesis of Soliton Gases Using the

Darboux Method

The IST provides a framework for analyzing and synthesizing exact solutions of

integrable equations such as the KdV and 1D-NLSE. In particular, it establishes

a correspondence between nonlinear wavefields and the spectral data of a linear

operator (Schrödinger for KdV, Zakharov–Shabat for NLSE). In this framework,

soliton solutions correspond to discrete eigenvalues of the associated operator,

while continuous spectrum components describe dispersive radiation.

Until now, we have illustrated examples involving one or two solitons (N = 1

or N = 2), associated with a small number of discrete eigenvalues. We now turn

to the construction of multi-soliton solutions with a large number N ≫ 1 of

solitons. These solutions are characterized by a purely discrete IST spectrum.

Several analytical and numerical approaches exist to construct such solutions.

These include the Gel’fand–Levitan–Marchenko integral equation approach [28],

the Crum transformation [124], and the Darboux transformation [125], which is

particularly well-suited for numerical synthesis of multi-soliton solutions with

prescribed spectral data.

In this section, we outline the mathematical formulation of the Darboux

transformation applied to the KdV equation, and describe its practical imple-

mentation for the numerical generation of multi-soliton fields with a large

number of solitons. Similar approaches can be formulated for the NLSE; we

refer the reader to Refs. [35, 122, 126] for detailed applications of the Darboux
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method in the focusing NLSE context.

The Darboux transformation provides a recursive scheme to generate higher-

order soliton solutions, starting from the trivial (zero) background. In the

case of the KdV equation, the fundamental one-soliton solution serves as the

seed solution. The method iteratively adds new discrete eigenvalues ηk, each

corresponding to a soliton with amplitude 2η2
k , to build up an n-soliton solution

with N large. The algorithm we use follows the method introduced by Liao and

Huang [127] and further developed in Refs. [128, 129]. We only provide here

the algorithmic recipe to generate the N-soliton solution in a practical way.

We begin by generating a set ofN discrete eigenvalues ηk (k = 1, . . . ,N ), sorted

in ascending order. Each eigenvalue determines the amplitude of an individual

soliton in the final field. Alongside these, we define a corresponding set of initial

position parameters x0k, which are sampled randomly according to a prescribed

spatial distribution. The choice of distributions for both ηk and x0k depends on

the desired properties of the resulting soliton gas.

We then define the auxiliary function

Θk(x, t) = ηk
(
x − x0k − 4η2

k t
)
, (1.28)

computed for all the values of k (k = 1, ...,N ) on a spatial domain x ∈ [−L/2,L/2]

within a numerical box of size L, for a fixed time t.

The recursive Darboux construction proceeds as follows [127]:

- For each k = 1, . . . ,N , we define the intermediate function q1(x, t,ηk) by:

q1(x, t,ηk) = ηk tanh(Θk(x, t)) if k is odd,

q1(x, t,ηk) = ηk [tanh(Θk(x, t))]
−1 if k is even.

(1.29)

- For k = 2, . . . ,N , we compute recursively:

qk(x, t,ηk) =
η2
k − η

2
k−1

qk−1(x, t,ηk)− qk−1(x, t,ηk−1)
− qk−1(x, t,ηk−1). (1.30)
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- The field uk(x, t) is then constructed iteratively as:

uk(x, t) = −uk−1(x, t)− 2η2
k + 2qk(x, t,ηk)

2, (1.31)

with the initial condition given by the one-soliton solution:

u1(x, t) = −2η2
1 sech2 (Θ1(x, t)) . (1.32)

After the final iteration, the N -soliton solution of the KdV equation correspond-

ing to the chosen set of spectral parameters {ηk} is obtained as

u(x, t) = −uN (x, t).

We present in the following two representative realizations of KdV soliton gases

synthesized via the Darboux transformation method described above.
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Figure 1.17: Realizations of KdV soliton gases generated using the Darboux trans-
form algorithm. (a) Example of a KdV soliton gas wavefield constructed from
200 discrete eigenvalues distributed according to a triangular distribution shown
with red dashed lines in (c). (b) The set of spectral parameters ηk, k = 1, . . . ,200,
used in (a). (c) Histogram of the discrete eigenvalues corresponding to a single
realization; the red dashed line shows the target triangular distribution. Aver-
aging over many realizations would lead to convergence toward the theoretical
shape. (d–f) Same as (a–c), but for a Weyl spectral distribution η/π

√
1− η2.

Figure 1.17 illustrates two examples of KdV soliton gases with peculiar

spectral distributions. In Fig. 1.17(a), a wavefield is synthesized using a tri-
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angular distribution of eigenvalues η ∈ [0.2,0.9] centered at η = 0.7, as shown

in Figs. 1.17(b)(c). The corresponding soliton positions x0k are randomly dis-

tributed according to a uniform law over the interval [−500, 500]. Due to the

high density, individual solitons are no longer isolated sech2-shaped pulses.

Instead, the wavefield appears as complex and fluctuating, which is a typical

signature of a dense soliton gas where strong spectral overlap and nonlinear

interactions dominate. In contrast, Fig. 1.17(d) shows a realization correspond-

ing to a soliton condensate, a concept introduced in Refs. [121, 128] to describe

the densest possible soliton gas for a given spectral support, where all soliton

centers are fixed at x0k = 0. This state is achieved by sampling the eigenvalues ηi
from the Weyl distribution [128]:

ηi =

√
1−

(
1− i

N

)2
, i = 1, . . . ,N , (1.33)

with N = 200, as shown in Figs. 1.17(e)(f). This expression corresponds to the

placement of eigenvalues such that the integral of the Weyl probability density

Φ(η) matches uniform increments of i/N [128],∫ ηi

0
Φ(µ)dµ =

i
N
, i = 1, . . . ,N . (1.34)

with Φ(η) = f (η)/
∫ 1

0
f (η)dη and f (η) = η/π

√
1− η2. In this case, all solitons are

positioned at the same location x = 0, leading to their nonlinear superposition

into a nearly uniform wavefield of amplitude one. Small oscillations are visible

near the boundaries due to the finite number of solitons in the numerical synthe-

sis; their amplitude vanishes as N →∞ [128]. A detailed discussion on soliton

condensates will be provided in Chapter 3.



38 CHAPTER 1. General concepts

1.4 Kinetic and Hydrodynamic Theories of Soliton

Gases

This section reviews two complementary theoretical frameworks used to de-

scribe the large-scale dynamics of soliton gases. In Sec. 1.4.1, we present the

spectral kinetic theory of soliton gases, which models the macroscopic evolution

of the density of states of the soliton gas based on elementary soliton collisions.

In Sec. 1.4.2, we briefly present the Generalized Hydrodynamics (GHD) frame-

work, which builds upon the kinetic description by incorporating elements of

thermodynamic characterization.

1.4.1 Spectral Kinetic Theory of Soliton Gases

The goal of the spectral kinetic theory is to provide a macroscopic description of

soliton gas (SG) dynamics. This approach was first introduced by Zakharov in

his 1971 paper [30], where he proposed a kinetic equation for a rarefied KdV

soliton gas, i.e., one in which solitons are sufficiently separated so that their

overlap is small. The theory was later extended by Gennady El to account for

soliton gases of arbitrary densities [31], including dense SGs where solitons

strongly overlap and continuously interact.

Here, we adopt a phenomenological approach to establish the kinetic equa-

tion, relying on the cumulative effect of pairwise soliton collisions. This method

accounts for the phase (position) shifts generated by elastic two-soliton interac-

tions, and allows for the construction of a kinetic equation valid for unidirec-

tional soliton gases of arbitrary densities. A more rigorous formulation based

on the thermodynamic limit of modulated finite-gap solutions is presented in

Ref. [130]. While we focus here on the KdV equation, the reader is referred

to Refs. [32, 121, 130] for the extension to the nonlinear Schrödinger equation

(NLSE).

The KdV soliton gas is described statistically by the density of states (DOS)

f (η;x, t), defined such that f (η0;x0, t0)dηdx gives the number of solitons with

spectral parameter in [η0,η0 + dη] and spatial position in [x0,x0 + dx] at time

t = t0. Here η ∈ [0,1] denotes the spectral parameter of KdV solitons (related to
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amplitude [2η2] and velocity [4η2]).

The rarefied regime initially considered by Zakharov can be formally charac-

terised in terms of the spatial density of the soliton gas given by,

β(x, t) =
∫ 1

0
f (η;x, t)dη. (1.35)

in the limit β≪ 1.

The macroscopic dynamics of the soliton gas arises from the elementary

pairwise soliton interactions, which are elastic: the spectral parameters η remain

unchanged (due to isospectrality), the solitons retain their individual amplitudes

and velocities asymptotically. However, each interaction generates a position

shift, which can be written in terms of the spectral parameters of each solitons

as:

∆ij = ∆(ηi ,ηj) =
σij
ηi

ln

∣∣∣∣∣∣ηi + ηj
ηi − ηj

∣∣∣∣∣∣ , σij = sgn(ηi − ηj). (1.36)

The total phase shift experienced by a soliton with spectral parameter ηi after

colliding with M other solitons is the sum of the individual shifts resulting from

each binary interaction (∆i =
∑M
j,i∆ij) [25]. This additivity forms the basis for

the derivation of the kinetic equation governing the evolution of the DOS.

In his seminal 1971 work [30], Zakharov considered the cumulative effect of

pairwise interactions on a tracer soliton with spectral parameter η propagating

within a soliton gas. Over a time interval dt, the total spatial shift experienced by

this tracer soliton, due to collisions with solitons of the SG of spectral parameter

µ ∈ [0,1], is given by 
∫ 1

0
∆(η,µ)

Collision rate︷                 ︸︸                 ︷
[4η2 − 4µ2]f (µ)dµ

dt, (1.37)

where ∆(η,µ) denotes the phase shift resulting from a single two-soliton interac-

tion, and f (µ) is the spectral density of the gas. The term 4η2 −4µ2 represents

the relative velocity between the tracer and solitons of the gas, thus determining

the rate of collision.
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Figure 1.18: Numerical simulation of the interaction between a KdV tracer
soliton and a dilute SG. (a) Space-time diagram of the field u(x, t), where a fast
soliton with spectral parameter η = 0.7 travels through a random ensemble of
slower solitons drawn from a Gaussian distribution centered at η0 = 0.2. The
white dashed line shows the expected trajectory of the tracer soliton in the
absence of interactions. The inset magnifies the region of collisions, which result
in a spatial shift of the soliton path. (b) Initial condition u(x, t0), consisting of the
tracer soliton (red) superimposed on a dilute gas of solitons (black). (c) Snapshot
of the field u(x, t⋆) at late time t⋆ ≃ 1000. The inset zooms in on the tracer soliton,
which has emerged from the gas with a visible forward displacement δ⋆ ∼ 42.7,
due to cumulative phase shifts from soliton collisions.

As a consequence, the effective velocity s(η) of the tracer soliton inside the

gas, accounting for cumulative phase shifts, is modified from its free velocity

4η2 to (see Fig. 1.18):

s(η) ≈ 4η2 +
1
η

∫ 1

0
ln

∣∣∣∣∣η +µ
η −µ

∣∣∣∣∣f (µ)[4η2 − 4µ2]dµ, (1.38)

where we have used the expression of the KdV two-soliton shift

∆(η,µ) =
1
η

ln
∣∣∣∣∣η +µ
η −µ

∣∣∣∣∣ .
This integral in Eq. (1.38) term thus represents a mean-field correction to the

soliton velocity due to interactions with the rest of the gas. A detailed discussion,
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with numerical examples can be found in Ref. [131]. The generalization of

Zakharov’s kinetic theory to dense soliton gases was developed by Gennady El

in Ref. [31], based on the finite-gap spectral theory and the thermodynamic limit

of multiphase Whitham modulation equations [132]. In contrast to the dilute

case, where soliton interactions are weak, dense soliton gases involve strong and

continuous nonlinear interactions that require a more refined description. It

was shown that, for a dense KdV soliton gas in a homogeneous (equilibrium)

state, the transport velocity s(η) of solitons satisfies the following linear integral

equation:

s(η) = 4η2 +
1
η

∫ 1

0
ln

∣∣∣∣∣η +µ
η −µ

∣∣∣∣∣f (µ) [s(η)− s(µ)]dµ, (1.39)

which can be interpreted as an equation of state for the soliton gas, linking the

transport velocity s(η) to the spectral density f (η). It is notable (and non-trivial)

that this equation of state involves only two-body interactions between solitons.

Moreover, in the dilute gas limit, where the total spatial density β≪ 1, the influ-

ence of soliton interactions becomes weak. In this regime, the transport velocity

s(η) is only slightly perturbed from its non-interacting value 4η2. Therefore,

a consistent approximation is obtained by replacing s(η) ≈ 4η2 and s(µ) ≈ 4µ2

inside the integral of Eq. (1.39), leading to the simplified expression Eq. (1.38).

In the case of a weakly non-uniform SG, the density of states becomes a

function of space and time, f (η)→ f (η;x, t), and the corresponding transport

velocity becomes s(η)→ s(η;x, t). These quantities evolve on large hydrodynamic

scales, much larger than the characteristic width or separation of individual

solitons.

The isospectrality property of the integrable KdV dynamics ensures that the

spectral parameters η are conserved along the flow. This leads to the continuity

equation for the DOS:

∂tf (η;x, t) +∂x [s(η;x, t)f (η;x, t)] = 0, (1.40)

Together, Eqs. (1.39) and (1.40) form the basis of the kinetic theory of soliton

gases.

A more rigorous derivation for the kinetic theory of soliton gases can be
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obtained by considering the thermodynamic limit of the so-called finite-gap

solutions of the KdV equation. These solutions, derived from the IST under

periodic boundary conditions, are characterized by quasi-periodic nonlinear

wavefields whose Lax spectrum consists of a finite number of spectral bands

separated by gaps [31, 121, 133].

The thermodynamic soliton gas limit can be understood as a special limiting

case of the finite-gap solutions of integrable equations. A finite-gap solution

of genus N is associated with a Lax spectrum composed of N finite spectral

bands plus a semi-infinite band (which has zero amplitude, ensuring that the

corresponding nonlinear wave has no continuous background). The correspond-

ing nonlinear wave is quasiperiodic and described in terms of hyperelliptic

functions.

A key observation is that each finite spectral band corresponds to a nonlinear

mode: when the width of such a band tends to zero, the corresponding mode

becomes a soliton. For instance, the well-known cnoidal wave solution (genus

1) is associated with a two-band spectrum; as the size of the inner finite band

shrinks to zero, the wavelength of the cnoidal wave diverges and the solution

converges to an isolated soliton, see Sec. 1.2.1.1.

The soliton gas limit corresponds to a situation where the number of spectral

bands N →∞, while their individual widths tend to zero in such a way that each

mode becomes soliton-like. To avoid diverging total energy or mass in this limit,

the shrinking of the bands must follow an exponential scaling. This ensures

that the spectral density of solitons, defined as the number of solitons per unit

space and per unit spectral parameter η, remains finite. The resulting object is a

gas (due to the limit N →∞) of solitons (because of the band collapse), and its

Lax spectrum becomes dense along a subset of the complex plane. This dense

spectrum can then be described statistically by a smooth density of states f (η),

which characterizes the spectral distribution of the solitons [130].

The technical construction of this limit involves intricate tools from algebro-

geometric methods and is beyond the scope of this thesis. The key point, however,

is that it provides a mathematically rigorous framework for defining soliton

gases as thermodynamic limits of solutions of integrable PDEs.

The kinetic equations of the soliton gas theory involve nonlinear relations
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referred to as nonlinear dispersion relations (NDRs), which link the spectral

density f (η), the spectral flux v(η) = s(η)f (η), and a smooth, positive spectral

scaling function σ (η) which measures how much in interaction is the gas.

Physically, σ (η) encodes the degree of collectivity in the soliton gas: small

values of σ (η) correspond to strongly interacting, condensate-like states (σ (η)→
0; see Sec. 3.4.3.6), while large values (e.g., σ (η)→∞) represent a non-interacting

gas. The coupled integral equations defining the NDRs are [121, 130]:∫ 1

0
ln

∣∣∣∣∣η +µ
η −µ

∣∣∣∣∣f (µ)dµ+ σ (η)f (η) = η, (1.41)∫ 1

0
ln

∣∣∣∣∣η +µ
η −µ

∣∣∣∣∣v(µ)dµ+ σ (η)v(η) = 4η3, (1.42)

These relations, first derived in [31], provide an alternative derivation of the ki-

netic equation of state (1.39). By eliminating σ (η) between Eqs. (1.41) and (1.42),

one recovers the integral equation linking the soliton effective velocity s(η) and

the spectral density f (η).

From an experimental point of view, these theoretical predictions have re-

cently become testable. In Chapter 1, we present a hydrodynamic experiment

involving the collision of two soliton gases. This configuration enables a direct

comparison with predictions derived from the kinetic theory of SG [38]. Fur-

thermore, the refraction of soliton by a SG experiment provides one of the first

quantitative verifications of the kinetic equations [36].

1.4.2 Generalized HydroDynamics (GHD)

Statistical physics has proven remarkably effective in describing the relaxation

of many-body systems toward thermodynamic equilibrium. In this framework,

equilibrium states are described by the Gibbs or (grand) canonical ensemble,

which depends on a small number of conserved quantities such as energy and

particle number. Hydrodynamics complements this picture by providing a

macroscopic description of large, spatially inhomogeneous systems, under the

assumption of local thermodynamic equilibrium.

However, integrable systems, those possessing an infinite hierarchy of con-



44 CHAPTER 1. General concepts

served quantities, exhibit fundamentally different relaxation dynamics. Due to

the presence of these additional conservation laws, integrable systems generally

do not thermalize in the conventional sense. A paradigmatic illustration of

this phenomenon is provided by the famous FPUT experiment. Instead, they

relax toward a more elaborate stationary state known as the Generalized Gibbs

Ensemble (GGE) [134, 135]. This ensemble extends standard thermodynamics

by introducing one Lagrange multiplier βi for each conserved charge Qi . In

classical statistical mechanics, the concept of temperature arises from a con-

straint on energy; in the integrable case, the GGE enforces an infinite set of such

constraints.

The Generalized Hydrodynamics (GHD) formalism was introduced to de-

scribe the large-scale dynamics of locally equilibrated integrable systems gov-

erned by a GGE. Initially developed for quantum one-dimensional Bose gases [136–

140], GHD accounts for the ballistic transport of conserved quantities and cap-

tures the interplay between the full set of conservation laws and macroscopic

evolution [134]. While it was first formulated in the context of quantum systems

such as the Lieb-Liniger model, GHD has since been successfully applied to

classical integrable systems, including soliton gases [56, 141, 142]. One of its

key strengths lies in its adaptability to weak integrability-breaking effects, such

as external forces or dissipation [143–146].

A paradigmatic example of the classical GHD framework is provided by

the work of Bonnemain, Doyon, and El [142], who formulated a hydrodynamic

theory for KdV soliton gases. Building on earlier developments in kinetic the-

ory, they derived macroscopic equations governing the evolution of the DOS

f (η), where η is the spectral parameter associated with the IST. Notably, the

hydrodynamic equations obtained within the GHD framework coincide with the

kinetic description derived via the thermodynamic limit of finite-gap solutions,

establishing a precise correspondence between the Euler-scale GHD equation

and the kinetic continuity equation for f (η;x, t), as well as between the NDRs

and the classical analog of the thermodynamic Bethe ansatz (TBA) [147, 148].

Crucially, GHD goes beyond a purely kinematic description by endowing

soliton gases with a full thermodynamic structure. The authors construct an

entropy functional (analogous to the Yang-Yang entropy in quantum integrable
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systems [148]), a free energy density, and explicit expressions for correlation

functions of the nonlinear KdV field u(x, t). These quantities are derived by con-

sidering solitons as classical particles undergoing elastic pairwise interactions,

neglecting their extended wave nature. They depend on both the spectral distri-

bution f (η) and the spectral kernel σ (η). Interestingly, the soliton condensate

corresponds to the configuration that minimizes this entropy functional.

The GHD framework thus offers a comprehensive and flexible description

of the non-equilibrium thermodynamics of soliton gases. To date, a compara-

ble classical GHD theory for the NLSE has not yet been developed, although

quantum approaches based on the semiclassical limit of the Lieb-Liniger model

provide some results [135, 149, 150]. Developing a classical GHD formalism for

the NLSE remains an open and important challenge in the field.

While GHD is not used directly in the present thesis, it provides a powerful

theoretical avenue to capture physical effects that lie beyond the scope of kinetic

theory, such as the impact of weak integrability-breaking mechanisms. In this

sense, GHD constitutes a promising direction for future theoretical develop-

ments aiming to describe experimentally observed phenomena that cannot be

accounted for within strictly integrable models.
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hydrodynamic experiments

The truth belongs to those who seek
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2.1 Introduction

As discussed in Chapter 1, bright solitons are highly singular wave structures:

they are coherent and localized waveforms that maintain their shape during

propagation. This stability results from a balance between dispersion, which

tends to spread the wave packet, and nonlinearity, which acts to focus it. A

particularly remarkable property of solitons is their ability to interact through

purely elastic collisions: after interacting, each soliton re-emerges unchanged

in shape and velocity, up to a phase and position shift. This elastic collision

process, which involves no energy exchange between solitons, has been exten-

sively studied experimentally in a variety of physical systems, see Refs. [25, 26,

151–157].

Because of their particle-like stability and their interaction properties, soli-

tons can be considered as quasi-particles. This quasi-particle behavior naturally

motivates a statistical description when dealing with large ensembles of solitons

with random properties. This yields the concept of soliton gas (SG), introduced in

Chapter 1. At the heart of this concept lies the notion of density of states (DOS),

the probability distribution of spectral parameters of solitons. Although theoret-

ically formulated as early as the 1970s, the experimental realization of a soliton

gas and the direct measurement of its DOS were only achieved recently [34, 35].

As with classical gases, a kinetic theory for soliton gases has been developed,

allowing one to describe their macroscopic behavior using two coupled equations:

a continuity equation derived from the isospectrality condition, and an equation

of state predicting the velocity of a trial soliton within the gas [32, 121]. An

important step toward the experimental validation of this kinetic theory was

recently achieved in optical fiber systems, where the refraction of a soliton by a

dense soliton gas was demonstrated [36]. In that experiment, the velocity change

experienced by a tracer soliton passing through an optical SG was found to be

in good quantitative agreement with the kinetic theory’s predictions. These

predictions have also been verified in numerous numerical simulations, see

Refs. [128, 131, 158–160].

In this chapter, we report new experiments aimed at further testing the

spectral kinetic theory of soliton gases. Rather than considering the interaction
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between a single tracer soliton and a soliton gas, as in Ref. [36], we investigate

the interaction between two soliton gas jets (or beams) in hydrodynamics, using

deep-water surface gravity waves. By a soliton gas jet, we mean a soliton gas

with a narrow distribution of discrete IST eigenvalues, concentrated around a

particular point in the complex spectral plane. Such jets are sometimes referred

to as monochromatic soliton gases, with the DOS modeled by a Dirac delta

function [32, 33, 130]. From a mathematical perspective, introducing a DOS

as a linear superposition of several Dirac deltas, the so-called polychromatic
ansatz, leads to a significant simplification of the kinetic equations, allowing for

analytical solutions describing SG interactions [130, 160].

The chapter is organized as follows. First we present the theoretical back-

ground from kinetic theory of SGs, which is necessary to describe the interaction

between SG jets in the framework of the focusing 1D NLSE. We illustrate the

theoretical results with numerical simulations of the reduced kinetic equation

describing the evolution in space and time of the densities of the two SG compo-

nents. We also show how the IST method can be used to realize the implementa-

tion of two interacting SG jets in direct numerical simulations of the 1D NLSE.

The second section presents our experiments. Finally, in the third section we

report our experimental results and compare them with the predictions of the

kinetic theory as well as with direct numerical simulations of both the integrable

NLSE and a non-integrable model incorporating higher-order effects.

2.1.1 Kinetic theory for two monochromatic soliton gases

We investigate nonlinear wave systems governed by the integrable one-dimensional

focusing NLSE:

iψt +ψxx + 2|ψ|2ψ = 0. (2.1)

Its fundamental soliton solution, parameterized by λ = α + iγ with α ∈ R and

γ ∈ R+, is given by:

ψ(x, t) = 2γ sech(2γ(x+ 4αt − x0))exp
[
−2iαx − 4i(α2 −γ2)t − iφ0

]
, (2.2)
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where x0 and φ0 denote the initial position and phase, respectively. The real part

of the eigenvalue λ determines the soliton velocity −4α in the (x, t) plane, while

the imaginary part encodes its amplitude 2γ . We consider a wave field composed

of a large number of solitons, each characterized by a spectral parameter ∼ λj ,
forming a soliton gas. In the spectral kinetic theory of SGs associated with the

1D NLSE, the density of states f (λ;x, t) describes the distribution of spectral

eigenvalues. The quantity f (λ;x, t)dαdγdx gives the number of solitons at time

t with spatial coordinates in [x,x + dx] and spectral parameters λ within the

spectral region [α,α+dα]×[γ,γ+dγ]. The evolution of the SG is thus determined

by the evolution of the DOS f (λ;x, t). As discussed in Chapter 1, Zakharov [30]

developed a kinetic description for the DOS evolution in the case of a dilute SG

in the KdV framework. This approach was later extended by Gennady El [31] in

2003 to describe dense SGs.

Due to the isospectral property inherent to the integrable nature of Eq. (2.1),

the space-time evolution of the DOS is governed by a continuity equation [32,

121]:
∂f

∂t
+
∂(sf )
∂x

= 0, (2.3)

where s = s(λ;x, t) denotes the transport velocity of a tracer soliton in the gas.The

corresponding equation of state for the effective velocity s reads [32, 121]:

s(λ;x, t) = −4ℜ(λ) +
1

ℑ(λ)

"
Λ+

ln
∣∣∣∣∣µ−λ∗µ−λ

∣∣∣∣∣ [s(λ;x, t)− s(µ;x, t)]f (µ;x, t)dξ dζ,

(2.4)

where µ = ξ+iζ, and Λ+ denotes a compact 2D domain or a 1D curve in the upper

complex half-plane corresponding to the support of the SG’s spectral eigenvalues.

This equation expresses the effective velocity of a soliton characterized by the

spectral parameter λ, which differs from its bare velocity −4ℜ(λ) due to the

cumulative position shifts acquired through collisions with all other solitons of

parameters µ within the gas. Each elementary shift is given by Eq. (1.15), which

describes the spatial displacement resulting from a two-soliton interaction in the

NLSE framework. Equations (2.3) and (2.4) constitute the kinetic system for a 1D

focusing NLSE soliton gas (see Refs. [32, 121]). These equations are the natural

counterparts, for the focusing NLSE, of the kinetic equations (1.40) and (1.39)
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introduced in Chapter 1 for the KdV soliton gas. This system admits a significant

simplification when the SG is modeled as a finite number of monochromatic

components, each represented by a Dirac delta distribution in the spectral

density.

Polychromatic soliton gases represent SGs for which the DOS is expressed as

a linear combination of Dirac delta functions centered at distinct spectral points

λj . In the specific case of two monochromatic SGs, the DOS is given by:

f (µ,x, t) = ρ1(x, t)δ(µ−λ1) + ρ2(x, t)δ(µ−λ2), (2.5)

where λ1 = −α + iγ and λ2 = α + iγ . With this delta distribution for the DOS,

all solitons within a given SG species exhibit nearly identical amplitudes and

velocities. As shown in Refs. [32, 121], substituting this ansatz into the kinetic

equations leads to a simplified set of coupled equations for the densities ρ1 and

ρ2, which we present and discuss below.

The interaction between the monochromatic SGs is quantified by the param-

eter κ, defined as:

κ =
1
γ

ln
∣∣∣∣∣λ1 −λ∗2
λ1 −λ2

∣∣∣∣∣ =
1

2γ
ln

∣∣∣∣∣λ1 −λ∗2
λ1 −λ2

∣∣∣∣∣2 =
1

2γ
ln

(
1 +

γ2

α2

)
. (2.6)

The parameter κ also represents the spatial shift experienced during the collision

of two individual solitons with spectral parameters λ1 and λ2 (see Ref. [116]).

Substituting the ansatz given by Eq. (2.5) into the state equation (2.4) yields

the simplified expressions:

s1 = s(λ1) = 4α +
1
γ

"
ln

∣∣∣∣∣µ−λ∗1µ−λ1

∣∣∣∣∣ [ρ1δ(µ−λ1) + ρ2δ(µ−λ2)] (s(λ1)− s(µ))dµ,

s2 = s(λ2) = −4α +
1
γ

"
ln

∣∣∣∣∣µ−λ∗2µ−λ2

∣∣∣∣∣ [ρ1δ(µ−λ1) + ρ2δ(µ−λ2)] (s(λ2)− s(µ))dµ.

(2.7)

The integrals in Eq. (2.7) can be significantly simplified due to the presence of

the Dirac delta function, which yields,

s1 = 4α +κρ2(s1 − s2), s2 = −4α +κρ1(s2 − s1), (2.8)
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and the evolution of the densities, governed by the continuity equation (2.3),

becomes:
∂ρ1

∂t
+
∂(s1ρ1)
∂x

= 0,
∂ρ2

∂t
+
∂(s2ρ2)
∂x

= 0. (2.9)

The soliton velocities can be explicitly expressed in terms of the densities. Rear-

ranging Eqs. (2.8) gives:

s1(1−κρ2) = 4α −κρ2s2, s2(1−κρ1) = −4α −κρ1s1. (2.10)

Thus,

s1 = 4α
(

1−κ(ρ1 − ρ2)
1−κ(ρ1 + ρ2)

)
, s2 = −4α

(
1 +κ(ρ1 − ρ2)
1−κ(ρ1 + ρ2)

)
. (2.11)

Solving the coupled system of Eqs. (2.9) and (2.11) provides the evolution of the

densities ρ1 and ρ2 in terms of the velocities s1 and s2.

2.1.1.1 Behavior of homogeneous gases

To illustrate the theoretical framework introduced in the previous section, we

now consider a simple configuration involving the collision between two ho-

mogeneous monochromatic soliton gases with uniform densities ρ10 and ρ20,

initially separated in space, as illustrated in Fig. 2.1(a). The initial condition

used to solve the system of equations (Eqs. (2.9), (2.11)) for this scenario is:

ρ1(x) = ρ10, ρ2(x) = 0 for x < 0,

ρ1(x) = 0, ρ2(x) = ρ20 for x > 0.
(2.12)

This configuration corresponds to a step-like discontinuity in the spatial dis-

tribution of the two SG species, as illustrated in Fig. 2.1(a), where the central

densities ρ1c and ρ2c are lower than their respective initial values ρ10 and ρ20.

The solution of the system, schematically shown in Fig. 2.1(b), consists of

three regions separated by two discontinuities [32, 161]. Recalling from Eq. (2.5)

that f = ρ1 + ρ2, with ρj(x, t) the local density associated with the component of
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x

(a)

(b)

Figure 2.1: Coordinate dependence of the soliton gas densities at the initial time
(a), and at a time t > 0, during the interaction (b), assuming constant initial
velocities and densities.

spectral parameter λj , one has:

ρ1(x, t), ρ2(x, t) =


ρ10, 0, x < c−t,

ρ1c, ρ2c, c−t ≤ x < c+t,

0, ρ20, x ≥ c+t,

(2.13)

The velocities and densities in the interaction region (c−t < x < c+t), are given

analytically by [32]:

c+ = s1c =
4α (1−κ(ρ1c − ρ2c))

1−κ(ρ1c + ρ2c)
, c− = s2c =

−4α (1 +κ(ρ1c − ρ2c))
1−κ(ρ1c + ρ2c)

, (2.14)

and

ρ1c =
ρ10(1−κρ20)
1−κ2ρ10ρ20

, ρ2c =
ρ20(1−κρ10)
1−κ2ρ10ρ20

. (2.15)

These expressions highlight the mutual dilution of the SG components in the

interaction region, as shown in Fig. 2.1(b).

Figure 2.2 shows the evolution of the densities and velocities of the SGs in
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Figure 2.2: (a) Analytical prediction of the velocities s1c and s2c as a function of
the spectral parameterℜ(λ) = α, as given by Eq. (2.14). The red dashed line
shows the free velocities ±4α of the two SG species. (b) Analytical prediction for
the densities ρ1c and ρ2c from Eq. (2.15). The initial densities are set to 0.156
(blue dashed line), andℑ(λ) = γ = 1.

the interaction region as a function of the parameter α, which sets the real part

of the spectral parameters λ1 = −α + iγ and λ2 = α + iγ . The imaginary part

γ is fixed to unity, so that solitons in both SGs have identical amplitudes. In

this configuration, the only remaining parameter that influences the interaction

strength is the relative velocity between the two gases, determined by α. This

can be understood from the expression of the interaction shift κ, Eq. (2.6), which

depends on α with γ fixed.

To build physical intuition, consider the simple case of a collision between

two solitons with the same amplitude and opposite velocities. When their

relative velocity is small, the solitons interact over a longer time, leading to a

larger phase shift, i.e., a stronger effective interaction. This is consistent with the

fact that for small α, the interaction shift κ becomes larger.

The initial densities are set to ρ10 = ρ20 = 0.156, indicated by the blue dashed

line in Fig. 2.2(b). For small α (typically α < 0.7), the interaction between the

gases is strong, leading to significant changes in density in the interaction region.

Conversely, for α approaching 1, the relative velocity is larger, the interaction

becomes weaker, and the densities in the interaction region remain close to their

initial values. In Fig. 2.2(a), the red dashed line shows the free velocities of the

soliton species in the absence of interaction, given by the slopes ±4α.



2.1. Introduction 55

One of the objectives of our experimental study is to compare the theoretical

predictions shown in Fig. 2.2 with the measurements discussed in Sec. 2.3.

2.1.1.2 Numerical Simulation of the Kinetic Equations

To better illustrate analytical results in Sec. 2.1.1.1, we now integrate the simpli-

fied kinetic equations given in Eqs. (2.9),(2.8). The spectral parameters of the

SGs are λj = ±0.5 + i, with j = 1,2. The initial density distributions are defined

as two large boxes of extent ∆x = 80, each with uniform density ρj0 = 0.4, as

illustrated in Fig. 2.3(a). Figure 2.3 presents numerical simulations of the kinetic

equations, illustrating the theoretical results presented in Fig. 2.1. Figures 2.3(d)

and (e) show the space-time evolutions of the densities ρ1,2(x, t) of the two SGs.

The SGs are initially separated and begin to interact around t > 5, crossing each

other. As a result of the interaction, the densities of both components decrease

from their initial values ρ10 = ρ20 = 0.4 to approximately ρ1c = ρ2c ∼ 0.302. This

can be seen from the colorscale that shifts from yellow to green in Figs. 2.3(d)

and (e), and from the blue and orange profiles in Fig. 2.3(c).

The numerical values of the densities computed in the interaction region are

in excellent agreement with the theoretical predictions, as shown in Fig. 2.3(c),

where the green dotted line represents the densities ρ1c = ρ2c computed using the

analytical expressions given by Eq. (2.15). In addition to the density variations

induced by the interaction, Figs. 2.3(d) and (e) reveal that the collision also leads

to velocity changes in the interaction region for both SG species. These velocity

changes observed in the numerical simulations are in excellent agreement with

the theoretical predictions. The white dashed lines, which are parallel to the

boundaries of the interacting region and correspond to velocities s1c ∼ 3.898 and

s2c ∼ −3.898, are precisely those predicted by Eq. (2.14).

Finally, Fig. 2.3(f) highlights a key feature of the interaction: although

the density of each soliton gas species decreases individually, their combined

density ρ1c + ρ2c within the interaction region remains higher than the indi-

vidual densities observed outside this region. At the same time, the overall

effect of the interaction is a net dilution when compared to the initial, non-

interacting two-component gas, (ρ1c+ρ2c < ρ10 +ρ20) as schematically illustrated
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Figure 2.3: Numerical simulation of the kinetic equations, Eqs. (2.9),(2.8), show-
ing the interaction between two SGs. (a) Spectral (IST) parameters of the two
interacting SGs, with the DOS being defined by Eq. (2.5) with λj = ±0.5 + i, for
j=1,2. (b) Initial spatial distribution of the densities ρj(x, t = 0). (c) Numeri-
cally computed distribution of the densities at t = 12. The green dashed line
represents the densities in the interaction region computed using Eq. (2.15) with
ρj0 = 0.4. (d) Space-time evolution of the density ρ1(x, t). The interaction region
where the density has decreased from ρ10 = 0.4 to ρ1c ∼ 0.302 is represented in
green. (e) Same as (d) but for the second species ρ2(x, t). (f) Space-time evolution
of the sum of the densities showing that the total density has increased in the
interaction region despite the individual densities having decreased.

in Fig. 2.1(b) [32].

We now investigate how these theoretical and numerical results from the

kinetic theory of SGs are translated in a numerical simulation of the NLSE.

2.1.1.3 NLSE numerical simulation of the collision of two monochromatic
soliton gases

We now examine the interaction of two monochromatic SGs in a numerical

simulation of the NLSE. As mentioned in Chapter 1, NLSE has a special class of

solutions characterized by a purely discrete spectrum consisting of N complex-
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valued eigenvalues λn (n = 1, . . . ,N ) and N associated complex parameters

Cn = |Cn|eiφn , called norming constants, defined for each λn. These discrete

eigenvalues determine the amplitudes and velocities of the individual solitons,

while the norming constants encode their phases and positions in the physical

domain, see Ref. [119].

To generate a multi-soliton wave field, we construct an N -soliton solution

(NSS) of Eq. (2.1) using a recursive Darboux transformation scheme implemented

in high-precision arithmetic. This approach is required due to the large number

of solitons involved, and follows the methodology introduced in Refs. [103, 126].

The constructed NSS consists of two SG species. Each SG is characterized by

50 discrete eigenvalues that are randomly and uniformly distributed within a

small square region in the complex plane. These regions are centered around

λ1 = −0.5 + i and λ2 = 0.5 + i, respectively, as shown in Fig. 2.4(b).

The Darboux transformation construct NSSs by recursively adding discrete

eigenvalues to a seed solution of the focusing 1D NLSE. One key property of

this method is that the closer the eigenvalues are in the complex plane, the

further apart the corresponding solitons appear in physical space. For our

SG, the mean distance in physical space between neighboring solitons of each

species is therefore determined by the size of the square regions in which the

corresponding eigenvalues are distributed, see Fig. 2.4(b).

In addition to the eigenvalue distribution, the mean distance between solitons

is also influenced by the norming constants Cn = |Cn|eiφn . In the following, we

maximize the density of each SG by setting the moduli |Cn| of the norming

constants to unity and by distributing their phases φn uniformly in the interval

[0,2π]. The SG in Fig. 2.4 cannot be denser than it is, in the sense that any further

increase in density would require a different choice of the spectral parameters

and of the norming constants. Conversely the SG could be diluted by randomly

distributing the moduli of the norming constants over an interval with a nonzero

extent.

The synthesized wave field at t = 0 consists of two spatially separated SGs

with no overlap between the species as shown in Fig. 2.4(a). Each SG contains

50 solitons with nearly identical amplitudes, while remaining individually dis-

cernible. The inherent randomness of each gas is evident in physical space due
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Figure 2.4: (a) Initial condition constructed via the Darboux recursive scheme
(see Ref. [122]), consisting of two monochromatic SGs. (b) In the IST complex
plane, the spectrum of the two SGs consists of two narrow clusters of points
centered around λ = ±0.5 + i. The discrete eigenvalues are specified and the N -
soliton solution is computed from these discrete eigenvalues and their associated
norming constants.

to the randomly varying distance between adjacent solitons, see the inset in

Fig. 2.4(a).

The field depicted in Fig. 2.4(a) serves as the initial condition for the numeri-

cal simulation of the NLSE. A standard NLSE solver, based on a pseudospectral

method, has been used to compute the time evolution of the wave field, as shown

in Fig. 2.5(a). At the initial time, each SG species forms a uniform SG, with
density ρ0 representing the number n of solitons within the interval of length

ℓ, ρ0 = n/ℓ, as depicted in Fig. 2.4(a). In Figs. 2.5(a) and (c), the initial densities

ρ10 and ρ20 of each of the two non-interacting species are n/ℓ ∼ 50/320 ∼ 0.156,

which is the maximum possible for the chosen spectral parameters, see Fig. 2.4(b).

The field at t = 50 presented in Fig. 2.5(b), reveals the interaction dynamics
between the two SGs. In the center of the interaction region, at time t ∼ 75,

each of the two species, still containing n = 50 solitons, now occupies a broader

spatial domain with an extent increased from ℓ ∼ 320 to ℓ′ ∼ 362, see the dashed

arrows in Fig. 2.5(a). This results in a decrease of the densities, which fall from

ρ10 = ρ20 ∼ 0.156 to ρ1c = ρ2c = n/ℓ′ = 50/362 ∼ 0.138, in good quantitative

agreement with the expressions in Eq. (2.15) obtained within the framework of

the kinetic theory of SGs.
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Figure 2.5: NLSE numerical simulation with an initial condition consisting of
two monochromatic SGs, each represented as a train of nearly identical solitons.
(a) Space-time diagram of the wave field. The white dashed lines indicate the
initial velocity s10 = 2, while the solid white line shows the effective velocity
s1c = 2.57 in the interaction region. (b) Wave field at t = 50, showing non-
interacting flanking regions and a central interaction zone. (c) Initial condition
of the wave field. The IST spectrum corresponding to these two SGs is shown in
Fig. 2.4(b)

In addition to these density changes, Fig. 2.5(a) also reveals that the inter-

action between the two SG species affects their relative velocities. Fig. 2.5(a)

illustrates that the mean velocity of the first species increases from 4α ∼ 2

(indicated by the white dashed lines) to effective value s1c ∼ 2.57 within the

interaction region, as shown by the solid white line. Once again these results are

in good quantitative agreement with the results from the kinetic theory given by

Eq. (2.14).
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To sum up

This section investigates the interaction between two monochromatic

soliton gases (SGs) governed by the one-dimensional focusing nonlin-

ear Schrödinger equation (NLSE). Building on the spectral kinetic theory

developed in Refs. [32], we consider a theoretical scenario where two ini-

tially separated SGs with uniform densities collide. The kinetic equations,

which describe the evolution of soliton densities and velocities, admit

analytical solutions for this configuration, predicting a mutual dilution

of the two SG species and a modification of their effective velocities in

the interaction region. To test and illustrate these predictions, we per-

form direct numerical simulations of the NLSE, using two SGs generated

using the Darboux transform as initial condition. These simulations con-

firm the main theoretical outcomes and provide additional insight into

the dynamics of interacting SGs, offering a more intuitive and accessible

interpretation of the kinetic theory results.
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2.2 Hydrodynamic Experiments

In this section, we address the experimental study of the interaction between

two monochromatic soliton gases, relying on hydrodynamic experiments.

2.2.1 Experimental Apparatus Presentation

The experiments were conducted in a large-scale wave basin (140 m long ×
5 m wide × 3 m deep) at the Hydrodynamics, Energetics and Atmospheric

Environment Laboratory (LHEEA) at École Centrale de Nantes (France). The

facility consists of a long towing tank typically used for ship resistance tests and

hydrodynamic experiments involving a motorized carriage. In the present study,

the carriage was not used in order to focus exclusively on unidirectional wave

propagation.

Waves were generated by a computer-controlled flap-type wavemaker located

at one end of the tank, see Fig. 2.6(b). This system allows the generation of

regular and irregular wave trains with carrier wave periods in the range of 0.5 to

5 s. In our experiments, we work with a carrier frequency close to 1 Hz.

At the opposite end of the tank, wave reflections are minimized using a

passive absorbing system consisting of a parabolic shaped absorbing beach that

is approximately 8 m long, combined with W-shaped floating foam absorbers,

see also Ref. [162]. This setup ensures low reflection coefficients, less than 1% in

amplitude, for the frequency range used in the experiments1.

Wave elevation is measured using 20 resistive gauges equally spaced along

the tank, every 6 m, as shown in Fig. 2.6(a). Each gauge consists of two vertical

metal rods about 1 m long, centered at the mean water level. The voltage

difference between the rods, measured via a dedicated acquisition system with

amplifiers, is proportional to the local free surface elevation, see Ref. [163]. The

calibration coefficient depends on the rod geometry and amplifier channel, and

was individually determined for each sensor using a dedicated calibration setup

by our collaborators at LHEEA.

1More information about the towing tank is available at https://lheea.ec-nantes.fr/
test-facilities/ocean-tanks/towing-tank

https://lheea.ec-nantes.fr/test-facilities/ocean-tanks/towing-tank
https://lheea.ec-nantes.fr/test-facilities/ocean-tanks/towing-tank
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Figure 2.6: (a) Schematic (not to scale) top-view representation of the 1D water
tank used in the experiments. (b) (a) Side-view of the water tank. Twenty wave
elevation gauges, represented by green rectangles, are placed every 6 meters
along the tank, covering a total measurement range of 114 meters. The typical
spatial extent of an envelope soliton (represented in blue) is approximately 5 m.
The carrier wave has a wavelength of about 1.5 m, corresponding to a frequency
of approximately 1 Hz. The typical envelope-soliton amplitude lies between
2 cm and 3 cm. (c) Photograph of the flap-type wavemaker (side view). (d)
Photograph of a wave propagating in the water tank, with a close-up of a wave
gauge measuring surface elevation shown in (e).

2.2.2 NLSE as a model for the nonlinear propagation of deep

water surface gravity waves

In the deep-water and small-amplitude regime, the evolution of a weakly non-

linear, narrow-banded wave packet can be described, under appropriate as-

sumptions, by a nonlinear envelope equation of the focusing type. The one-
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dimensional NLSE emerges as an asymptotic model derived from the Euler

equations for free-surface flows in the limit of weak nonlinearity, narrow spec-

tral bandwidth, and unidirectional propagation. The fluid is assumed to have

constant depth h ∼ 3 m. We refer the reader to standard derivation of the fo-

cusing NLSE in the context of surface gravity waves and detailed treatments in

Refs. [12, 50, 88, 164–167].

The free surface elevation η(Z,T ), measured experimentally, can be approxi-

mated by

η(Z,T ) = A(Z,T )ei(k0Z−ω0T ) + c.c.,

where A(Z,T ) is a slowly varying envelope function modulating the fast oscil-

lations of the carrier wave. The NLSE governs the evolution of A(Z,T ) in time

and space under the assumptions of unidirectional propagation, weak nonlin-

earity, and slowly varying amplitude and phase. These conditions are met in

the present experiments, where the carrier wave has frequency f0 ≈ 1.01 Hz

and wavenumber k0 ≈ 4.2 rad/m, corresponding to a deep-water regime with

k0h ≈ 12.3.

Under these physical conditions, the envelope A(Z,T ) of the deep water

surface gravity waves obeys the following dimensional NLSE:

∂A
∂Z

+
1
Cg

∂A
∂T

= i
k0

ω2
0

∂2A

∂T 2 + iβk3
0 |A|

2A, (2.16)

where Cg = g/(2ω0) is the group velocity, where g = 9.81 m.s−2 is the gravity

acceleration, and β = 0.91 is a finite-depth correction to the cubic nonlinearity,

accounting for deviations from the ideal deep-water limit (see e.g. [168]). For

k0h≳ 10, β remains close to unity.

In what follows, we examine experimental conditions for which the wave

field remains close to the regime of validity of Eq. (2.16), ensuring a suitable

framework for testing the kinetic theory of soliton gases.

The connection between the physical envelope A(Z,T ) and the dimensionless
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variables used in Eq. (2.1) is given by:

ψ =
A
a/2

t = Z
βk3

0a
2

8

x =

√
βk2

0ω
2
0a

2

8

(
T − Z

Cg

) (2.17)

The factor a/2 in the definition of ψ arises from the requirement that, in the

dimensionless NLSE used here, a soliton with spectral parameter γ = 1 have an

envelope amplitude equal to 2. Since the physical soliton amplitude is a, and

the dimensional field is denoted A, we define the normalized field as ψ = A/(a/2)

so that the soliton amplitude in normalized units becomes 2.

2.2.3 Propagation of a NLSE Soliton in the Water Tank

We first present a reference experiment illustrating the propagation of an enve-

lope soliton solution of the NLSE, Eq. (2.16), in the water tank.

The analytical expression of an envelope soliton in physical variables is given

by [50, 164, 167]:

η(Z,T ) = Asol sech
[
Asolk0ω0√

2

(
T − Z

Cg

)]
cos

ω0T + k0

1 +
k2

0A
2
sol

4

Z , (2.18)

where Asol is the amplitude of the envelope, T denotes time, Z the longitudi-

nal spatial coordinate, and Cg = ω0/(2k0) is the group velocity. This solution

describes a localized wave packet with a hyperbolic secant envelope modulating

a carrier wave at frequency ω0.

In the experiment presented in Fig. 2.7, a soliton waveform defined by

Eq. (2.18) is generated by the flap-type wavemaker at one end of the water

tank. Its propagation is recorded along the 114-meter-long measurement section

using 20 resistive gauges equally spaced by 6 meters.

Figure 2.7 shows the propagation of a solitary wave packet initially generated

according to Eq. (2.18). The carrier wavenumber is k0 = 4.10 m−1, corresponding



2.2. Hydrodynamic Experiments 65

0 25 50 75 100 125 150 175
Time (s)

0

20

40

60

80

100

120

P
ro

p
a
g
a
ti

o
n
 d

is
ta

n
ce

 (
m

)

0 50 100 150
T (s)

0

1

2

3

|A
(T

,Z
)|

 (
cm

)

Z=6 m

Z= 120 m

Figure 2.7: Propagation of a solitary wave measured at 20 locations along the tank
(colorscale encodes distance from the wavemaker). The waveform is generated
with a carrier period T0 = 0.99 s and an initial envelope amplitude a = Asol =
2.8 cm. The dashed black lines indicate the reconstructed envelope obtained
using the Hilbert transform, as described in the Appendix. The inset shows the
envelope obtained at Z = 6 m (black) and at Z = 120 m (red).

to a wavelength λ0 = 2π/k0 ≈ 1.53 m. The associated angular frequency ω0 ≈
2π/T0 satisfies the deep-water dispersion relation ω2

0 = gk0, with g = 9.81 m.s−2

the gravitational acceleration. The duration of the envelope soliton (full width

at half maximum) is

∆T0 =
2
√

2arcsech(1/2)
Asol k0ω0

≈ 5.2 s.

While the initial wave packet closely matches the soliton solution of the NLSE,

its evolution displays slight deviations from ideal soliton behavior. In particular,

the envelope broadens and the amplitude decays gradually during propagation,

see inset in Fig. 2.7. This indicates that the system does not exhibit integrable

dynamics, and higher-order perturbative effects come into play. A more detailed
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discussion of these effects is provided in Sec. 2.3.3.

To sum up

We experimentally investigate the propagation of a NLSE envelope soliton

in a large-scale wave tank (140 m × 5 m × 3 m) at the LHEEA (Ecole

Centrale de Nantes). A single NLSE soliton, is generated using a flap-

type wavemaker and its space-time evolution is recorded via an array

of 20 wave gauges equally spaced along 114 meters. While the initial

waveform matches the expected soliton shape, small deviations from ideal

behaviour such as amplitude decay and temporal broadening are observed

during propagation. These deviations suggest the presence of perturbative

higher-order effects, indicating that the system does not exhibit a purely

integrable dynamics.

2.2.4 Interaction of soliton gases in the water tank

We now present the results of the interaction of two monochromatic soliton gases

in the water tank, shown in Fig. 2.6. The soliton gas is generated in the same

manner as described in the NLSE simulation above, see Sec. 2.1.1.3. Numerical

simulations of the NLSE, shown in Fig. 2.5(a), indicate that 140 normalized time

units are required for the two monochromatic soliton gases to fully overlap,

interact, and separate again. However, this duration does not correspond to

physically realistic propagation distances in our experimental setup.

To see this, we recall that the dimensional propagation distance is related

to the normalized time via t = Zβk3
0a

2/8. For typical experimental parameters

(a ≈ 2.8 cm, k0 ≈ 4.2 m−1, β = 0.91), a normalized time of t = 140 corresponds to

a physical distance of approximately 14 km. This is two orders of magnitude

longer than the 140-meter wave tank used in our experiments.

In contrast, a propagation over 120 meters corresponds to a normalized time

of about t ≈ 1. Therefore, in the experimental context, the soliton gas dynamics

are observed over much shorter timescales than those considered in the idealized

numerical simulation.

To account for the limited propagation distance in our experiments (120
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meters), we have designed the field such that it is composed of 100 solitons, with

one central interaction region (green region in Fig. 2.8(a) denoted II) and two

lateral regions where each species of soliton does not interact with the other

(orange (resp. red) region in Fig. 2.8(a) denoted I (resp. III)). In other words,

we consider the initial condition to be a field already partially in the process of

interaction in some given region, as shown in Fig. 2.5(b) and Fig. 2.8(a).

I II III

Figure 2.8: (a) SGs measured at the first gauge. The initial condition was pre-
pared as two SGs already in interaction (region II), with non-interacting solitons
in the flanking regions (regions I and III). The grey line represents the carrier
wave, and the blue line the wave envelope extracted using the Hilbert Transform.
(b) Measured IST spectrum calculated from the normalized wavefield.

Figure 2.8 presents the experimental wave field measured at the first gauge.

As shown by the grey line in Fig. 2.8(a), the recorded signal consists of a nearly

monochromatic carrier wave with frequency f0 ≈ 1.01 Hz, slowly modulated in

amplitude and phase. The first step in processing the experimental data consists

of removing the carrier wave and computing the complex envelope A(Z,T ) of

the measured wave field, which is achieved using standard Hilbert transform

techniques (see Ref. [12] and Appendix 5.1). The resulting envelope, is shown in

black line in Fig. 2.8(a).

The discrete IST spectrum computed from the normalized complex envelope

at Z = 6 m, shown in Fig. 2.8(b), reveals two well-defined clusters of eigenvalues
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centered around λ1,2 ≈ ±0.5 + i. This structure is consistent with the presence

of two distinct monochromatic soliton gas species and matches the spectral

parameters used in the numerical simulation. Each cluster contains 50 discrete

eigenvalues, corresponding to individual solitons within each gas. The clusters

appear slightly more spread out in the experimental data, likely due to imper-

fections in the waveform generation and the fact that the field is measured after

6 meters of propagation. During this initial propagation, small deviations from

the ideal NLSE dynamics may already start to appear, slightly perturbing the

discrete spectrum.

Figure 2.9: Space–time evolution of the two monochromatic SG jets, with the cen-
tral region corresponding to their interaction. The diagram displays the discrete
measurements recorded at each gauge position, without spatial interpolation.
In the two outer regions, the two SG species propagate with opposite velocities
without interacting.

The space-time diagram in Fig. 2.9 is plotted in a reference frame moving at

the mean group velocity Cg of the two monochromatic SG jets. In this reference

frame, the two SG jets propagate with opposite velocities of equal magnitude.

The wave field consists of a central interacting region (II) and two lateral regions

where each species of SGs propagates without interacting with the other (I and

III). Despite the relatively short propagation distance achieved in the experiment
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(approximately t ∼ 1), individual interactions occur between pairs of solitons

at random propagation distances within the water tank, see the left zoom in

Fig. 2.9. These microscopic paired interactions lead to macroscopic changes in

density and velocity, which are measurable as we shall see in Sec. 2.3.

To sum up

The propagation of a soliton gas in a water tank is investigated. Due to

the limited propagation distance, the initial condition was engineered

to contain two monochromatic SGs already partially overlapping, with

non-interacting solitons at the edges and an interaction region in the

center. The IST spectrum confirms the presence of two distinct soliton

species, each corresponding to a cluster of 50 eigenvalues. The space-time

diagram reveals two SG jets propagating with opposite velocities in the

reference frame moving at the average group velocity of the two soliton

species. While the normalized duration time of the interaction between

the 2 species is short, random pairwise collisions occur throughout the

140-m long tank. These microscopic interactions collectively give rise to

macroscopic changes in the local density and velocity of the SGs as we

shall see now in Sec. 2.3.

2.3 Soliton gas interactions: comparison with ki-

netic theory predictions

In this section, we investigate how the interaction between two soliton gases

depends on their relative velocity by varying the real part of their spectral param-

eters, and assess to what extent the macroscopic predictions of the kinetic theory

(e.g., density and velocity changes due to the interaction) can be approached in

our experimental setting. Our objective is to explore the feasibility of observing

features such as those predicted in Fig. 2.2, by tuning the spectral parameters of

the input field.

To this end, we designed a series of nine experiments, each involving the

interaction of two SGs with fixed soliton amplitude (ℑ(λ) = γ = 1) and varying
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real partℜ(λ) = α, which sets the relative velocity between the two species. The

space-time evolution is recorded for each case, and soliton densities and veloci-

ties are extracted from the experimental data using methodologies presented in

Secs. 2.3.1 and 2.3.2. The case α = 0.5 is shown in Fig. 2.9 as a representative

example.

In the remainder of this section, we analyze the experimental results in light

of the kinetic theory predictions. We focus on two macroscopic observables:

the effective velocities and the densities of the two interacting soliton gases.

Section 2.3.1 describes the methodology used to extract the velocities of each gas

from space-time diagrams, based on the Radon transform. Section 2.3.2 then

explains how we estimate the local soliton densities. Finally, in Section 2.3.3,

we discuss the influence of higher-order effects and limitations of the NLSE

framework in capturing the experimental dynamics.

2.3.1 Measurement of the velocities of the hydrodynamic SGs

Looking at the evolution pattern measured in the experiment, see Fig. 2.9, it

may initially seem difficult, if not impossible, to determine the velocities of

the SGs both inside and outside the interaction region. However, by following

the approach proposed in Ref. [169] for separating right- and left-propagating

solitons in a shallow-water bidirectional SG, we found that the Radon transform

can be employed to measure the velocities of the solitons in the space-time

diagrams recorded in our experiments.

2.3.1.1 Methodology - The Radon Transform

The Radon transform is a mathematical technique that describes an image in

terms of integral projections. More precisely, it maps a function to its integrals

over radial lines, which are parameterized by an angle θ and a distance r from

the origin. These lines correspond to projections of the image along various

directions [170]. An illustration of this method is shown in Fig. 2.10(a)(b). The

Radon transform is widely used in tomographic applications across various

fields, including astronomy [171], medicine [172], and geophysics, particularly

in seismology [173].
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Figure 2.10: (a)-(b) Principle schematic of the radon transform for two different
angles. (c) Processing the radon transform of two lines with different slopes. (d)
Sinogram got from the Radon Transform, the slopes of the lines are given by the
two maximas.

The Radon transform R(r,θ) of the normalized space-time intensity plots

|ψ(x, t)| recorded in the experiment is defined as:

R(r,θ) =
∫ ∑

n

|ψ(x, tn)|δ (xcosθ + tn sinθ − r) dx, (2.19)

where δ is the Dirac delta function, r =
√
x2 + t2 is the distance to an origin point

located at the center of the (x, t) domain, and θ is an angle. The discrete variable

tn corresponds to the normalized time associated with the positions of the wave

gauges Zn used in the experiment.

A simple example to illustrate this method is to consider an image composed

of two straight lines, as shown in Fig. 2.10(c). Since the Radon transform
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computes integrals along lines in an image, applying it to a line effectively

yields a single value: the sum of the pixel intensities along that line. Because a

line is one-dimensional, this integral reduces to a single point in Radon space.

Consequently, when the image contains two lines, the Radon transform results

in two distinct points, as shown in Fig. 2.10(d). The coordinates of these points

correspond to the relative positions of the lines with respect to the center of

the image (r), and their orientation or slope (θ), providing information on both

position and angle, see Figs. 2.10(c)(d).

2.3.1.2 Application to the experimental space-time diagrams

Measurement of the velocity of an isolated soliton: We first apply the Radon

transform to the simple case of an isolated soliton propagating in the wave tank.

This soliton belongs to one (region I in Fig. 2.8(a)) of the two non-interacting

species in the experiment shown in Fig. 2.9.
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Figure 2.11: Detection of the free velocity of an isolated soliton composing a soli-
ton gas in our experiment. (a) Spatio-temporal diagram |A(Z,T )| reconstructed
from wave gauge measurements. (b) Normalized field |ψ(x, t)|, obtained using
Eq. (2.17). The white dashed line corresponds to the velocity s = 1.68. (c) Radon
transform of |ψ(x, t)|, revealing a dominant velocity s associated with the angle
θmax, highlighted by a white dot and dashed line corresponding to a detected
peak in the sinogram. The upper axis shows the velocity coordinate.

Figure 2.11 illustrates the full procedure of detection of velocity using the

Radon Transform. Fig. 2.11(a) shows the reconstructed spatio-temporal dia-

gram |A(Z,T )| in physical units, obtained from the wave gauge measurements.
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Fig. 2.11(b) shows the corresponding dimensionless field |ψ(x, t)|, computed

via the change of variables defined in Eq. (2.17). The Radon transform is then

applied2 to this dimensionless field. The resulting Radon sinogram is shown in

Fig. 2.11(c), where a distinct peak is detected and highlighted by a white dot

and a dashed line.

This peak corresponds to a dominant orientation θmax, associated with the

slope of the soliton trajectory in the (x, t) plane. To convert this angle into a

velocity s of the soliton in the (x, t) plane, we use the geometric relation:

s =
H∆x
L∆t

tan(θ), (2.20)

where ∆x and ∆t are the physical extents of the space-time window in space and

time, and H and L denote the height and width in pixels of the image used in

the Radon transform.

Using this method, we find that the free velocity of the isolated soliton is

approximately s ≈ 1.68, consistent with the direct measure done on the space-

time diagram, see the white dashed line in Fig. 2.11(b).

Measurement of the velocity of the solitons in the interaction region: Having

validated the method on an isolated soliton, we now apply the Radon trans-

form to the full space-time dynamics of two interacting soliton gases, shown

previously in Fig. 2.9 after it has been normalized using the change of variables

defined in Eq. (2.17). The resulting sinogram is presented in Fig. 2.12(a).

The Radon transform R(r,θ) reveals a collection of prominent features : local

maxima in the (r,θ) plane, each corresponding to a trajectory in the original

space-time diagram. As in the single-soliton case, the angle θ encodes the soliton

velocity in the (x, t) plane.

By identifying the local maxima of R(r,θ), shown as white dots in Fig. 2.12(a),

we classify the solitons into distinct velocity groups. This is summarized in

Fig. 2.12(b): two outer groups correspond to free (non-interacting) solitons

(black points), each comprising eight trajectories with average velocities of ap-

2The package we are using to get the Radon Transform is the radon module from the skim-
age.transform library of python
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Figure 2.12: (a) Radon transform R(r,θ) of the experimental space-time diagram
of Fig. 2.9 for α = ±0.5. The white points indicate the positions at which a
maximum of the function R(r,θ) is found. (b) Simplified diagrammatic view
of the results obtained in (a) using the Radon transform. Two sets each con-
taining eight free (non-interacting) solitons are found with mean velocities of
approximately 1.69 and approximately -1.69 (black points). Two other sets each
containing 25 solitons are found in the interaction region with mean velocities
of approximately 2.34 (blue points) and approximately -2.34 (orange points)

proximately ±1.69. In the central region, where interaction occurs, two larger

groups of about 25 solitons each are detected with mean velocities of approxi-

mately ±2.34, see colored points in Fig. 2.12(b).

It should be noted that not all solitons can be reliably detected in this analysis.

Due to the limited temporal extent of the interaction region (LNL = 1/(βk3
0a

2) ∼
20 m , t ∼ 0.8), some trajectories do not produce well-resolved peaks in the

Radon transform. It is important to emphasize that this limitation is primarily

a measurement issue, caused by the finite size of the interaction region in the

experiment, rather than a consequence of any unexpected physical phenomenon.

Since the Radon transform enables us to extract both the average free velocity

of the non-interacting solitons and the effective velocity of solitons within the

interaction region, we are able to compare these experimental measurements
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with the analytical predictions of the spectral kinetic theory. This comparison is

carried out across our nine experiments, in which the real spectral parameter α =

ℜ(λ) was varied from approximately 0.2 to 1.0 in nine steps. The corresponding

theoretical velocity relation is given by Eq. (2.14).
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Figure 2.13: Comparison between experimental (green points) and NLSE numer-
ical measurements of soliton velocities (red squares) and analytical predictions
from kinetic theory. The red dashed line shows the free velocity ±4α. The solid
black curve corresponds to the theoretical prediction for the effective velocity in
the interaction region, given by Eq. (2.14).

Figure 2.13 summarizes the mean soliton velocities extracted from the inter-

action region (colored points in Fig. 2.12(b)) for each of our nine experiments. In

each case, the parameter α, which encodes the free velocity of the SGs, is directly

estimated from the measured free velocities using the Radon transform (black

points in Fig. 2.12(b)). The experimental results show excellent agreement with

the analytical prediction from the spectral kinetic theory, represented by the

solid black line corresponding to Eq. (2.14). Error bars indicate the standard de-

viation of local maxima detected by the Radon transform for each soliton species.

The red squares represent velocity measurements extracted from numerical sim-

ulations of the NLSE performed with the same initial conditions and normalized

propagation time as in the experiments. These results highlight the remark-

able agreement between the kinetic theory, the numerical simulations, and the

experimental measurements in the specific case of colliding monochromatic

soliton gases governed by the NLSE. In this regime, perturbative effects present

in the experimental setup remain sufficiently weak to preserve the validity of
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the spectral kinetic theory.

However, as will be discussed later (see Chapters 3 and 4), the physical effects

that break integrability in certain platforms lead to much more pronounced

deviations from the predictions of kinetic theory. These observations highlight

the need to better understand the limits of applicability of the integrable soliton

gas framework.

To sum up

In this section, we use the Radon transform to extract the velocities of soli-

tons propagating in experimental space-time diagrams. After validating

the method on an isolated soliton, we apply it to the full dynamics of two

interacting soliton gases. The Radon sinograms reveal distinct velocity

classes: free (non-interacting) solitons at the periphery and interacting

solitons in the central collision region. For each of the nine experiments,

we determine both the free and effective velocities directly from the space-

time data. The resulting velocity measurements show excellent agreement

with the predictions of spectral kinetic theory and with NLSE simulations.

These results demonstrate that, in the regime of weakly non-integrable

perturbations explored here, the kinetic theory remains quantitatively

valid.

2.3.2 Measurement of the densities of the hydrodynamic SGs

The most accessible macroscopic observables in the experiment are the densities

ρ1c and ρ2c of each soliton species within the interaction region. To measure

these densities, we first convert the signals recorded in physical units into

their dimensionless counterparts using the variable transformations defined

in Eq. (2.17). Through this transformation, the retarded time measured in the

physical frame becomes a dimensionless spatial variable x, and the measured

wave field into a dimensionless field, see Fig. 2.14.

Once in dimensionless form, we analyze the wave field recorded and count

the number of solitons n belonging to each species within the interaction region.

We also determine the total dimensionless length ℓ over which these solitons

are distributed (see Fig. 2.14 where ℓ is delimited via the red dashed lines). The
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Figure 2.14: Determination of the densities of the SG species. (a) Wave envelope
modulus |ψ(x, t ≃ 0.8)| taken at the last gauge located at Z = 120 m. The red
dashed vertical lines delimit the region of length ℓ over which the density is
estimated. (b) Spatio-temporal diagram of the wave field |ψ(x, t)|; the soliton gas
interaction region corresponds to the same interval ℓ.

corresponding SG densities are then obtained using the relation ρ1,2c = n/ℓ.

Figure 2.15 shows the experimentally measured densities of each soliton

species within the interaction region, represented by the green points. The

density decreases from approximately 0.15 to 0.125 as the real part α of the

eigenvalue λ1 (equivalently the relative velocities of the 2 SGs) varies from 1 to

0.2. In the experiments, it was not meaningful to further increase the interaction

between the two SGs by reducing α below approximately 0.2. For such small

values, the relative velocity between the two soliton species becomes so low that

no significant interaction or collision occurs over the finite propagation distance

available in the water tank.

The brown dashed line in Fig. 2.15 corresponds to the initial density ρ10 =

ρ20 = 0.156, obtained from a single-species SG experiment (not presented here)

carried out using the same synthesis method as the two-species SG configuration.

The black solid line shows the analytical prediction from the spectral kinetic

theory given by Eq. (2.15) (and already illustrated in Fig. 2.2(b)). As α increases,

the interaction between the SGs decreases and the measured densities in the
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Figure 2.15: Comparison between the soliton densities measured in NLSE nu-
merical simulations and in the experiment, with the analytical predictions from
the kinetic theory of soliton gases. The solid black line represents the theoretical
prediction from Eq. (2.15) with γ = 1. The brown dashed line indicates the indi-
vidual densities of the two gases in the absence of interaction, ρ10 = ρ20 = 0.156.
Both experimental and numerical data show that the soliton densities in the
interaction region decrease as the parameter α (encoding the free velocity) de-
creases, that is, as the interaction between the two gases becomes stronger.

interaction region tend toward the initial density ρ1,20.

Red squares in Fig. 2.15 represent the results obtained from numerical simu-

lations of the NLSE performed using the same initial conditions and normalized

propagation time (t ∼ 1) as in the experiment.

Error bars are the uncertainties in estimating the spatial extent ℓ of the

interaction region, quantified using ∆ρ = n∆ℓ/ℓ2, with ∆ℓ taken as the typical

spacing between two solitons in the non-interacting region (∆ℓ ∼ 8).

Figure 2.15 shows a good quantitative agreement between the experimental

density measurements, the NLSE simulations, and the predictions of the kinetic

theory of soliton gases. This consistency is notable given the presence of higher-

order perturbative effects, previously identified in the single-soliton propagation

experiment (see Sec. 2.2.3), which are expected to break the exact integrability

of the system. In the present case, however, these perturbations remain suffi-

ciently weak so as not to significantly affect the collective soliton dynamics. This

suggests that the kinetic theory framework remains quantitatively valid under

the near-integrable conditions realized in the water tank.
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To sum up

In this section, we measured the densities ρ1c and ρ2c of the two soliton

gases in the interaction region by counting the number of solitons per

species over a known spatial interval ℓ. The main observation is that the

densities decrease as the parameter α is reduced, that is, as the interaction

between the two gases becomes stronger. This density drop reflects the

mutual dilution of the gases due to nonlinear soliton collisions. In the

limit of large α, where the interaction is negligible, the measured densities

converge toward the non-interacting value ρ0. This trend is observed in

the experiment, in NLSE simulations, and follows the analytical prediction

of the spectral kinetic theory.

2.3.3 Influence of the Higher Order Effects

Building upon the observation of non-ideal soliton propagation in the water tank,

we now investigate the impact of higher-order effects (HOE) on the interaction

dynamics of soliton gases. In this section, we use numerical simulations of both

the integrable focusing 1D NLSE and a modified, non-integrable version of the

NLSE to investigate how these effects impact the space-time evolution and the

discrete IST spectra of the two interacting SG jets.

As previously mentioned in the discussion of Fig. 2.7, the dynamics of a single

soliton showed deviations from ideal NLSE behavior: the soliton did not preserve

its shape during propagation through the water tank. This observation reveals

the presence of HOEs, and we now examine whether these effects significantly

influence the effective velocities and densities measured in the experiment. To
characterize the influence of HOEs we first look at the evolution of the spectral

distributions of solitons in the SGs. Figure 2.16(a) presents the IST spectra

computed at two different propagation distances. It shows that the dynamics

is not isospectral, the discrete IST spectrum evolves as the SGs propagate. In

particular, we observe a decay in the imaginary parts of the centers of mass

of the two clusters of eigenvalues between Z = 6 m and Z = 120 m. This

decay primarily results from weak wave damping due to viscous effects, such as

side-wall friction, during propagation. In our setup, the damping coefficient is
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Figure 2.16: Evolution of the IST spectrum measured experimentally. The black
points correspond to the IST spectrum at the beginning of the propagation (Z = 6
m), and the red points to the spectrum at the end of the tank (Z = 120 m).

estimated to be ∼ 6×10−4 m−1, corresponding to a characteristic damping length

of approximately 1.7 km.

However, this simple damping effect alone may not account for the broaden-

ing of the cloud of eigenvalues forming the IST spectrum. Notably, we observe an

asymmetry in the imaginary parts of the eigenvalues. This asymmetric distortion

arises from the nonlinear evolution of the two SG jets and is a clear indication of

HOEs influencing the evolution beyond the standard NLSE description [174–

176].

Following previous studies on nonlinear dynamics of 1D water waves [175–

179], higher-order effects observed in 1D water wave experiments can be ef-

fectively captured by a modified version of the NLSE, known as the Dysthe

equation [180, 181]. This model is formulated as a spatial evolution equation:

∂A
∂Z

= i
k0

ω2
0

∂2A

∂T 2 + iβk3
0 |A|

2A−
k3

0

ω0

(
6|A|2∂A

∂T
+ 2A

∂|A|2

∂T
− 2iAH

[
∂|A|2

∂T

])
− iαeffA,

(2.21)

where A(Z,T ) denotes the complex envelope of the wave field, Z is the spatial

coordinate, and T is the temporal coordinate, while αeff represents the effective

amplitude decay rate of the envelope. The additional terms in parentheses

are higher-order corrections that arise at the next order of the perturbative

expansion of the Euler equations in wave steepness. They account for nonlinear
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self-steepening of the envelope and for mean-flow effects associated with the

induced current beneath the free surface, all of which become significant when

the carrier wave steepness ϵ = k0a is not negligibly small.

By applying the dimensionless transformation defined in Eq. (2.17), Eq. (2.21)

can be recast into a normalized form:

∂ψ

∂t
= i
∂2ψ

∂x2 +2i|ψ|2ψ−2
√

2ϵ
(
3|ψ|2

∂ψ

∂x
+ψ

∂|ψ|2

∂x
− iψH

[
∂|ψ|2

∂x

])
− iαnormψ (2.22)

where ψ(x, t) represents the normalized wave envelope, and the small parameter

ϵ = k0a denotes the wave steepness. The Hilbert transform H is defined in the

Fourier domain as [182]:

F (H(f (t))) = −isgn(ω)F (f (t)), (2.23)

where F denotes the Fourier transform and sgn(ω) is the sign function of the

frequency variable ω.

Figure 2.17 presents a comparison between experimental results and numeri-

cal simulations of the focusing 1D NLSE and its higher-order extension Eq. (2.22),

for the interaction of two jets of soliton gases, each composed of 50 solitons. The

first row (Figs. 2.17(a)(d)(g)) displays the results from the numerical integration

of the standard NLSE. As expected for an integrable system, the evolution is

isospectral: the discrete IST spectrum remains unchanged during propagation,

consisting of two narrow spectral clouds centered at λ1,2 = ±0.5 + i from Z = 0 m

to Z = 120 m.

The third row presents the numerical results obtained by simulating Eq. (2.22),

which includes higher-order nonlinear effects and damping. This simulation

use the same initial conditions as the NLSE and experimental cases. The cor-

responding space-time evolution shown in Figs. 2.17(c)(f) closely matches the

experimental observations depicted in Figs. 2.17(b)(e)). Notably, in both the

experiment and the Dysthe simulations, the solitary waves undergo a visible

broadening during propagation, in contrast to the standard NLSE simulation

where the soliton profiles remain sharply localized (compare Fig. 2.17(d) with

Figs. 2.17(e) and (f)). This broadening is accompanied by the emission of dis-
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persive radiation, which is not captured by the integrable NLSE model. The

discrete IST spectra computed at Z = 6 m and Z = 120 m (Figs. 2.17(g–i)) further

confirm that the evolution is no longer isospectral in the presence of higher-order

effects. These effects induce a spreading (or diffusion) of the eigenvalues within

the complex spectral plane. Nonetheless, the eigenvalues remain grouped into

two distinct spectral clouds associated with each soliton species, preserving the

global structure of the initial spectrum. The figure 2.18 presents a quantitative
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Figure 2.18: Comparison between experiment, NLSE and Dysthe simulations,
and spectral kinetic theory. (a) Effective soliton velocities as a function of the
parameter α, extracted from the Radon transform of space-time diagrams. The
red dashed line shows the free velocity ±4α. (b) Measured soliton densities in
the interaction region as a function of α; the brown dashed line indicates the
initial density of each gas without interaction. Experimental results are shown as
green circles, NLSE simulations as red squares, and Dysthe simulations as blue
diamonds. Analytical predictions from spectral kinetic theory (Eqs. (2.14), (2.15))
are plotted as solid black lines.

comparison of two key observables characterizing soliton gas dynamics: the

effective velocity in the interaction region and the soliton gas density. These

quantities are measured experimentally (green points), measured from NLSE

numerical simulations (red squares) and Dysthe equation numerical simulations

(blue diamonds, Eq. (2.22)), and compared with the predictions of the spectral

kinetic theory (black lines).

Fig. 2.18(a) shows the effective velocities measured in the interaction region.

While the experimental results remain in good agreement with the theoretical

predictions from kinetic theory (solid black curve), slight deviations can be
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observed particularly in terms of the measured parameter α, see inset. These

deviations are accurately reproduced by numerical simulations of the Dysthe

equation (blue diamonds), suggesting that they originate from higher-order

effects not captured by the integrable NLSE.

Fig. 2.18(b) shows the measured soliton gas densities within the interaction

region. As with the velocities, the experimental data are in good overall agree-

ment with the kinetic theory predictions, though small systematic deviations are

observed, particularly in terms of the measured parameter α. These deviations

are accurately reproduced by the Dysthe simulations, which provide a more

accurate description than the NLSE by accounting for higher-order perturbative

effects present in the experimental system.

Taken together, these comparisons show that the experimental results, are

well captured by the predictions of the spectral kinetic theory. This agreement

suggests that, in the present regime, the higher-order perturbative effects, well

modeled by the Dysthe equation, remain sufficiently weak to preserve the key

features of soliton gas dynamics predicted by the integrable framework. At the

same time, the simulations highlight the relevance of including such corrections

when aiming for a more accurate description in realistic systems.
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To sum up

In this section, we explore how higher-order perturbative effects influence

the dynamics of interacting soliton gases in the water tank experiment.

Evidence from both the evolution of the IST spectrum and deviations from

ideal soliton behavior indicate a breaking of integrability. To investigate

this, we compare experimental results with numerical simulations of both

the integrable NLSE and a modified non-integrable model, the Dysthe

equation, that accounts for weak damping and higher-order nonlinearities.

While the NLSE fails to reproduce some of the experimental observations

(e.g., spectral broadening, radiative losses), the Dysthe equation accurately

captures these key features. Quantitative comparisons of macroscopic

observables, such as the effective velocities and densities of soliton gas in

the interaction region, reveal that the experimental measurements remain

in good agreement with the predictions of the spectral kinetic theory.

Small deviations observed are well reproduced by the Dysthe simulations,

confirming that they originate from higher-order effects not captured by

the NLSE. Overall, these results show that the kinetic theory remains valid

under the weakly non-integrable conditions realized in the water tank,

and that the Dysthe equation provides a relevant extension for capturing

the influence of realistic perturbations.

2.4 Summary of the Chapter

In this chapter, we have investigated the dynamics of interacting soliton gases

(SGs) in deep-water surface gravity waves, with a particular focus on the experi-

mental measurement of their macroscopic properties. We have shown how the

Radon transform applied to space-time diagrams allows for a determination of

the velocities of soliton species, both in the free and interacting regions. The

number of solitons was directly counted in the interaction region, which allowed

us to determine their respective densities.

These measurements were systematically compared to the predictions of the
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spectral kinetic theory of soliton gases, as developed in Ref. [32] and outlined

in the first part of this chapter. This theory, provides analytical expressions for

the effective velocities and densities of colliding SGs in terms of their spectral

parameters.

As the relative velocity between the two soliton gases increases (i.e., for

larger values of the spectral parameter α), the interaction between them becomes

weaker. In all cases, interactions between the two soliton gases lead to a dilution,

with each gas becoming less dense than in the non-interacting regime. However,

the extent of this dilution strongly depends on the spectral parameter α: for

small α (i.e., strong interactions), the density of each gas is significantly reduced

compared to its initial value. In contrast, for larger α, the interaction weakens,

and the density remains closer to that of the initial, non-interacting gas. Interac-

tions also affect the effective velocities of the solitons. Due to cumulative phase

shifts induced by collisions, solitons tend to acquire larger effective velocities

compared to their free velocities. These trends are in excellent quantitative

agreement with the theoretical predictions.

Clear signatures of integrability breaking were identified in the experiment:

the evolution of the IST spectrum was not isospectral, and solitons exhibited

radiative losses and deformation during propagation. These effects are absent

from the NLSE description but are accurately captured by simulations of the

Dysthe equation, which incorporates higher-order nonlinear corrections and

weak damping. Although higher-order effects are present in the experiment

and break the integrability of the system, they remain sufficiently weak in the

deep-water regime of our setup for the measured soliton velocities and densities

to remain in quantitative agreement with the predictions of spectral kinetic

theory.

This result highlights a key conclusion of this chapter: in the specific case

of colliding monochromatic SGs in the deep-water regime, the spectral kinetic

theory remains verified under weak higher-order perturbations. In the following

chapters, we will examine situations where weak integrability breaking results

on strong effects on soliton gases, in particular on their nonlinear spectral

properties such as the density of states. In these cases, even small perturbations

lead to substantial deviations from the predictions of integrable kinetic theory.



Chapter3
Soliton Gas propagation in a nonlinear

electrical line

It is through practice that man must

prove the truth.

– Karl Marx
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3.1 Introduction

As discussed in Chapter 1, the concept of a soliton gas (SG) was introduced

by V.E. Zakharov in 1971 [30] within the Korteweg-de Vries (KdV) framework.

While the controlled generation and propagation of SGs have been experimen-

tally demonstrated in systems governed by the nonlinear Schrödinger equation

(NLSE), such as in hydrodynamics [35, 38] (see Chap. 2), no equivalent real-

ization with full control over the spectral content has yet been achieved for

KdV systems. Nevertheless, recent experiments in shallow water have reported

the spontaneous formation of soliton gases via soliton fission from large-scale

waveforms [34], providing strong evidence of KdV-type SG dynamics, though

without direct spectral control over the generated gas.

In this chapter, we investigate the propagation of a SG in a nonlinear electrical

transmission line (NLTL). This experimental platform consists of a chain of

nonlinear electrical oscillators that can be effectively described at leading order

by the KdV equation in the long wave limit. While such systems have been

studied since the 1970s, the work presented in this thesis represents the first

experimental investigation of the evolution of a KdV SG in an electrical line.

In our experiments, the presence of weak dissipation, inherent to the resistive

nature of the circuit components, introduces non-integrable and non-adiabatic

effects into the system. Notably, dissipation leads to the generation of new

low-amplitude solitons, and significantly affects the long-time dynamics of the

soliton gas. To analyze these effects, we conduct a nonlinear spectral analysis

using the Inverse Scattering Transform framework. For the first time in a KdV

system, we measure the density of states, revealing the emergence of a soliton

condensate due to the dissipative nature of the system. Notably, such a transition

is strictly forbidden in integrable KdV dynamics, where a soliton condensate

cannot spontaneously form from a regular soliton gas [121]. Our experiments

thus uncover a nontrivial phenomenon that lies beyond current theoretical

predictions and highlights the profound impact of weak perturbations on the

nonlinear spectral structure of soliton gases.

The chapter is organized as follows. First we introduce the derivation of the

KdV equation as the continuum limit of a NLTL. The second section presents
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our baseline experiments in our constructed NLTL, including the propagation

of a single KdV soliton and of the study of the wave propagation in the NLTL

in linear regime. We also examine soliton collisions and soliton fission in the

presence of weak dissipation. The third section focuses on the non-adiabatic

evolution of a single soliton, where we discuss both experimental observations

and theoretical modeling of the underlying mechanisms. Finally, in the last

section, we investigate the propagation of a dense soliton gas, analyzing its

spectral properties through IST and presenting the first measurement of the

DOS in a KdV system.

3.1.1 The KdV equation for the description of a nonlinear elec-

trical line

The KdV equation provides a first-order description of shallow water wave

propagation in 1d hydrodynamic systems (see Chap. 1). Moreover, in the long-

wave approximation, it also models the propagation of small-amplitude waves

in an anharmonic lattice of masses and springs [50–53]. In the following, we

consider an electrical analogue of the mechanical chain presented in Chap. 1,

where electrical oscillators replace their mechanical counterparts. This system,

known as a nonlinear transmission line (NLTL) is schematically shown in Fig. 3.1.

The electrical NLTL consists of a serial association of N identical cells, each

forming an LC circuit (see Fig. 3.1). The inductance L is a linear component with

L being constant, while the capacitance C is voltage-dependent, introducing

the system’s nonlinearity. In analogy with the mechanical chain discussed in

Chap. 1, the inductors play the role of masses and the nonlinear capacitors act

as nonlinear springs.

The theoretical derivation of the dynamical equations governing voltage

evolution along the NLTL, as illustrated in Fig. 3.1, has been extensively detailed

in Refs. [50, 183].

For the sake of clarity and completeness, we summarize here the main steps

leading to the demonstration that nonlinear wave propagation in the NLTL,

under the long-wavelength approximation, is governed by the KdV equation.

While Newton’s law (as used in Chapter 1) is replaced by Kirchhoff’s laws, the
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V1 Vn VN-1 VNL L L L

C C C C

I1 In IN-1 IN

Figure 3.1: Schematic representation of a NLTL of N identical cells, each being
composed of an inductor L and a varicap diode with a voltage-dependent capaci-
tance C(Vn). The voltage measured at each capacitance n = 1, . . . ,N is denoted
Vn.

derivation of the KdV equation remains analogous. The nodal equations for the

voltages and currents in the circuit depicted in Fig. 3.1 are given by:

Vn−1 −Vn = L
∂In
∂t

(3.1)

Vn −Vn+1 = L
∂In+1

∂t
(3.2)

In − In+1 =
∂Qn
∂t

(3.3)

where Qn is the charge stored in the nth capacitor, which satisfies the relation

Cn(Vn) = ∂Qn/∂Vn.

By combining Eqs. (3.1), (3.2), and (3.3), we obtain the dynamical equation

showing that the charge of the nth capacitance depends on the voltage at the nth

cell but also on the voltage at the neighbors LC cells:

L
∂2Qn
∂t2

= Vn−1 +Vn+1 − 2Vn (3.4)

For low voltages, the capacitance can be approximated by a linear expansion

in voltage:

C(Vn) = C0(1− 2bVn), (3.5)

which modifies Eq. (3.4) into:

LC0
∂
∂t

(
(1− 2bVn)

∂Vn
∂t

)
= Vn−1 +Vn+1 − 2Vn (3.6)
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When the voltage varies only slightly from one LC cell to the next, i.e., when

the wavelength of the signal is large compared to the spacing between adjacent

cells, the discrete network can be approximated as a continuous medium. This

corresponds to the regime where the typical timescale of signal evolution is

much longer than the natural resonance period of each individual oscillator,

given by
√
LC0. In this limit, we follow the same procedure as for the mechanical

chain (see Chap. 1), which we briefly recall here for consistency.

In the continuum limit, we replace the discrete voltage variable Vn(t) by a

continuous function V (n,t) and perform a Taylor expansion around n:

Vn±1 = V ± ∂V
∂n

+
1
2!
∂2V

∂n2 ±
1
3!
∂3V

∂n3 +
1
4!
∂4V

∂n4 ± . . . (3.7)

Equation 3.6 transforms into:

∂2V (n,t)
∂t2

− 1
LC0

∂2V (n,t)
∂n2︸                           ︷︷                           ︸

Linear propagation operator

=

Nonlinear term︷          ︸︸          ︷
b
∂2[V (n,t)]2

∂t2
+

1
12LC0

∂4V (n,t)
∂n4︸              ︷︷              ︸

Linear dispersive term

(3.8)

The left-hand side of Eq. (3.8) represents a linear propagation operator, indicat-

ing that the wave can propagate freely in both directions (towards increasing

or decreasing values of n). The linear dispersive term in the right hand side of

Eq. (3.8) represents the leading-order dispersive term in the NLTL.

In soliton systems, there is a balance between dispersion and nonlinearity. To

investigate this regime, we follow Ref. [183] and apply the reductive perturbation,

introducing a small dimensionless parameter ϵ≪ 1. The following change of

variables is considered: 
Ṽ = ϵV ,

ñ = ϵ1/2(n+ (ϵ − 1)v0t),

T = ϵ3/2t

(3.9)

For simplicity, we continue to denote the rescaled variables Ṽ , ñ, and T by
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V , n, and T in the following. This transformation shifts the system of space-

time coordinates from the laboratory reference frame (n,t) to a moving frame

traveling at the fixed velocity v0 = 1/
√
LC0.

Substituting Eq. (3.9) into Eq. (3.8) and keeping only terms of order O(ϵ3)

yields:

2v2
0
∂2V

∂n2 + 2v0
∂2V
∂n∂T

+ bv2
0
∂2V 2

∂n2 +
v2

0

12
∂4V

∂n4 = 0 (3.10)

By integrating once with respect to n Eq. (3.10), we obtain:

∂V
∂T

+ v0
∂V
∂n

+ bv0V
∂V
∂n

+
v0

24
∂3V

∂n3 = 0 (3.11)

Eq. (3.11) represents one possible form of the KdV equation but it is more

convenient for our analysis to further modify it following the approach described

in Ref. [184]. Dividing Eq. (3.11) by v0 gives:

1
v0
VT +Vn + bVVn +

1
24
Vnnn = 0 (3.12)

where the subscripts in Eq. (3.12) now denotes derivation with respect to either

n or T .

At leading order, we assume the scaling relation (see Ref. [184]):

Vn ∼ −
1
v0
VT ⇒ Vnn =

1

v2
0

VT T , Vnnn = − 1

v3
0

VT T T (3.13)

Applying this transformation, the equation governing the space-time evolution

of the voltage along the LC oscillator chain reads:

Vn +
1
v0
VT −

b
v0
VVT −

1

24v3
0

VT T T = 0 (3.14)

where V (n,T ) represents a temporal distribution of voltage measured at a cell

n. Finally, a last change of variables connects the KdV equation in the physical

variables describing the NLTL to the KdV equation written in its canonical form.

Introducing the following normalized space and time variables along with the
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field u(x, t) normalized against some arbitrary voltage V0 :
t = 1

3

√
b3V 3

0 n,

x = −2v0
√
bV0

(
T − n

v0

)
,

u = V
V0

(3.15)

we obtain the canonical KdV equation:

ut + 6uux +uxxx = 0 (3.16)

3.1.2 State of the art - Solitons in NLTL: A Historical Overview

Research into the properties of nonlinear transmission lines (NLTLs) began

in the 1960s, with Rolf Landauer introducing the concept of NLTLs, building

upon earlier studies by Cutler [185], Tien [186], and Cullen [187]. Initially, the

goal was to achieve parametric amplification of electrical signals [188]. It was

later shown that NLTLs are direct analogs of FPUT’s nonlinear lattice [52]. The

pioneering experiments on solitons in NLTLs were conducted by Hirota and

Suzuki in 1973 [152]. Drawing on the analogy with the Toda lattice [189, 190],

they demonstrated key features of soliton behavior in electrical NLTLs, such as

head-on collisions, overtaking collisions, and soliton fission (the breaking of a

broad pulse into a series of solitons, see Fig. 3.2).

Five years later, Nagashima and Amagishi [191] quantitatively verified the

theoretical predictions on soliton velocity, width, and interaction in such devices.

Hirota and Suzuki, having incorrectly defined the capacitance dependence with

voltage, were unable to quantitatively compare experimental results with theory

at that time. In the same year, Jäger [192, 193] observed the FPUT recurrence

phenomena of a sine wave in an NLTL, drawing an analogy with the KdV

equation, a phenomenon already observed in 1970 by Hirota and Suzuki [194].

However, Jäger performed a quantitative validation of theoretical predictions,

by measuring the recurrence length, for example.

In 1982, Jäger investigated the influence of dissipation and proposed the

KdV-Burgers equation to model wave propagation in an NLTL, stating, "a KdV
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Figure 3.2: Oscillogram traces showing the decomposition of an a.c input of
amplitude 4.2 V and frequency 1 MHz into solitons, figure extracted from [152]

system with small frequency-dependent losses is expected" [195]. Concurrently,

Watanabe [196] studied soliton formation and propagation in an NLTL, focusing

on an LC ladder with constant inductance and treating voltage as a Taylor series

expansion around the DC bias voltage. He found that the use of a parallel

capacitor deviated from the Toda lattice nonlinearity but confirmed the stable

propagation of solitons.

In 1989, Tsuboi [197] examined soliton formation by studying the evolution

of a rectangular pulse, observing initial steepening due to nonlinear effects,

followed by a decrease and broadening during propagation, with the potential

transformation into solitons if a balance between dispersion and nonlinearity

was maintained. He also observed a position shift due to soliton collisions, as

predicted by Hirota and Suzuki.

In 1995, Ramos [198] explored soliton propagation in NLTLs using pertur-

bation methods, showing that solitons governed by the KdV equation could

propagate along a nonlinear, lossless transmission line.
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These studies have been extensively compiled in the book Electrical Solitons
by David Ricketts and Donhee Ham [183], which presents the theory in detail.

Additionally, Michel Remoissenet’s book [50] provides further insights into the

subject of soliton propagation in NLTLs.

3.2 Baseline Experiments in the NLTL: Single Soli-

ton Propagation, Linear Propagation Regime, and

Soliton Interactions

Since the 1970s, extensive studies on NLTLs have been conducted, featuring

the propagation of a few solitons. Our current objective is to investigate the

dynamics of large random ensembles of solitons. As a step towards this goal, we

first examine fundamental nonlinear phenomena within our constructed NLTL,

including the propagation of a single KdV soliton, the collision of two solitons,

and the soliton fission process.

3.2.1 Experimental setup

The experiments presented here were conducted using a NLTL, as shown in

Fig. 3.3(b)(c), fabricated by Hervé Damart, an electrical engineer at the PhLAM

Lab. The NLTL is composed of a ladder network consisting of 160 lumped

inductor-varactor sections, soldered onto a copper plate with dimensions L ×
H = 22 × 10 cm. Each inductance (KEMET SBCP-47HY150B) has a value of

L ∼ 15 µH, and each varactor (Varicap: NXP-BB201) exhibits a capacitance C(Vn)

that decreases as the voltage Vn applied across it increases (see Fig. 3.5).

The experimental setup for electrical wave generation consists of an Arbitrary

Function Generator (AFG, Tektronix AFG31000) with a 100 MHz bandwidth

and a 1 GSa/s sampling rate, connected to the NLTL (Fig. 3.3(a)). Voltage mea-

surements across each varactor are performed using a low-capacitance probe

(LCP, ∼10 pF) and a 200 MHz oscilloscope (OSC, Tektronix TBS2204B) operating

at 2 GSa/s. The probe is positioned across the varactor of each LC cell, allowing

individual recordings of the local voltage dynamics. These recordings are then
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Figure 3.3: (a) Schematic representation of the experimental setup, including
the NLTL, an arbitrary function generator (AFG), and a variable resistor (VR)
for impedance matching at the output end of the NLTL. Voltage measurements
are taken at each LC cell using a low-capacitance probe (LCP) connected to an
oscilloscope (OSC). (b-c) Photographs of the two faces of the NLTL. One face (b)
contains the varactors, while the other face (c) houses the inductors.

numerically stacked to reconstruct the full space-time diagram of wave prop-

agation along the NLTL. Impedance matching at the NLTL output is achieved

by connecting a variable resistor (VR) to the last LC cell to minimize wave

reflections.
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Figure 3.4: Propagation of an electric wave in the NLTL for various values of
the load resistor R0 placed at the last LC cell. (a) R0 ∼ 0 Ω. (b) R0 ∼ 1.3 kΩ. (c)
Impedance matching is realized for R0 ∼ 320 Ω.

Fig. 3.4 shows that if the resistance valueR0 of the VR is not properly adjusted,
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reflection phenomena are observed in the NLTL. Notably, when R0 ∼ 0 Ω, the

reflection at the cell n=160 has a negative polarity (V < 0, see Fig. 3.4(a)), whereas

for large values of R0 (R0 ∼ 1.3 kΩ), the reflection at the last cell (n = 160) has a

positive polarity (V > 0, see Fig. 3.4(b)). The successive reflections resulting from

the impedance mismatch cause the polarity to alternate after the first reflection.

Optimal reflection minimization is achieved for a resistance value R0 =
√
L/C0 ∼

320 Ω, as shown in Fig. 3.4(c) and discussed in Ref. [183, 199].

The varicap we are using is a low voltage variable capacitance double diode,

which takes advantage of the properties of what is called a ’depletion layer’,

which is an insulating region that forms at the junction of a pn diode when a

voltage is applied in the reverse direction [200]. The thickness of the depletion

layer changes depending on the amount of reverse voltage applied. As the reverse

voltage increases, the thickness of the depletion layer increases, which causes

the capacitance to decrease. This is similar to what happens in a usual capacitor

when you increase the distance between its two plates, the capacitance drops1.

However, when the reverse voltage is reduced, the depletion layer becomes

thinner and the capacitance increases [201]. Without further entering into the

details of semiconductor physics, we present now the electrical characteristics

of the varicap, especially how the capacitance evolves according to the applied

voltage.

The measurement methods for capacitance C(Vn) as a function of voltage

Vn, as well as the determination of resistances RC and RL for the varactors and

inductors, are detailed in the appendices (see Sec. 5.2). This paragraph focuses

on presenting the obtained results. Fig. 3.5 shows the measured capacitance

C(Vn) as a function of the voltage Vn. We observe that the capacitance does not

decrease strictly linearly over the entire voltage range. However, for positive

voltages below approximately 3 V, the capacitance decreases approximately

linearly. In this range, the experimental curve (solid black line) can be well

approximated by the relation C(Vn) = C0(1− 2bVn), where C0 = 140 pF and b =

0.154 V−1, represented with the red dashed line. Finally and importantly, the

1For a parallel-plate capacitor, if we denote e as the distance between the two plates, S as the
surface area of each plate, and ε = ε0 × εr as the dielectric permittivity of the medium between
the plates, then we can establish: C ≈ εS

e
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Figure 3.5: Voltage characteristic of the varicap used in the NLTL showing
the evolution of the capacitance C as a function of the applied voltage. The
characteristic is nearly linear for positive voltages below ∼ 3 V. For this range of
voltage, it can be approximated by C(Vn) = C0(1− 2bVn) with C0 = 140 pF and b
= 0.154 V−1. The measurement method used to determine this characteristic is
described in detail in Appendix 5.2.

varactors (resp. inductors) have a small but non-negligible resistances RC ∼ 5

Ω (resp. RL ∼ 67 mΩ). Once again, the interested reader will have more details

about the electrical components and the measurement of their properties in

Sec. 5.2.

3.2.2 A first experiment : propagation of a KdV soliton

Having established the theoretical foundations and reviewed previous experi-

mental studies on solitons in nonlinear transmission lines, we now turn to our

experimental investigation. The previous section (Sec. 3.1.1) demonstrated that,

in the long-wavelength limit, wave propagation in the NLTL can be described at

leading order by the KdV equation.

In this section, we present a baseline experiment focusing on the propagation

of a KdV soliton in the NLTL. At leading order, the soliton’s propagation is well-

described by the KdV equation in physical variables, Eq. (3.14), as established

in prior works [50, 183]. The analytical expression below corresponds to a

one-soliton solution of Eq. (3.14), written in terms of physical variables [183]:

V (n,T ) = Asech2
(√

2bA
(
n− v0

(
1 +

bA
3

)
T

))
, (3.17)
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where A is the soliton amplitude, T denotes the physical time, and v0 is given

by v0 = 1/
√
LC0. The index n corresponds to the LC cell at which the voltage is

measured.

A soliton waveform, defined by Eq. (3.17), is generated using the AFG and

injected into the NLTL via coaxial. The propagation of the soliton along the NLTL

is shown in Fig. 3.6(a) and (b). The measured initial amplitude is approximately

A ∼ 95 mV.
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Figure 3.6: Spatio-temporal evolution of one single soliton in our electrical line.
(a) Space-time diagram where n denotes the index of the LC cells along the
transmission line (with n = 0, . . . ,160). (b) Voltage signals measured at different
positions along the line: n = 0 (blue), n = 80 (orange), and n = 160 (green) (c)
Evolution of the amplitude of the soliton along the line. (d) Evolution of the
width of the soliton along the line. (e) Evolution of the product of the amplitude
and the width squared of the soliton along the line. In green solid line the mass
is also shown.

Figures 3.6(a) and (b) show that we do not observe exactly a soliton as defined

by Eq. (3.17). Especially as shown in Figs. 3.6(a)(b), and (c), the peak amplitude

of the propagating soliton, denoted Vmax, decreases slightly as it propagates.

However, as illustrated in Fig. 3.6(d), the soliton width σT , directly measured
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as the full width at half maximum, simultaneously increases, ensuring that the

product Vmax · σ2
T remains constant, as confirmed in Fig. 3.6(e)2.

Figure 3.6 shows that the propagation of a soliton in our NLTL is not ex-

actly described by KdV, as the initial soliton is not fully conserved during its

evolution. Higher-order effects perturb the KdV dynamics, causing deviations

from the ideal soliton behavior described by Eq. (3.17). Those effects will be

even more visible considering other experiments at longer propagation time, as

here the associated normalized time (defined by Eq. (3.15)) being short, t ∼ 0.1.

Nevertheless, the product Vmax ·σ2
T is conserved, indicating that while the soliton

undergoes changes, it remains a soliton, albeit not the same as the initial one,

thus not evolving according to Eq. (3.17). This phenomenon is referred to as an

adiabatic evolution of the soliton. Further characterization of the non-integrable

features, or dissipation effects, will be discussed later.

Although we are dealing with nonlinear objects, the 2D Fourier spectrum

proves to be a useful tool for observing how the energy is distributed throughout

the experimental scales [22, 34]. The 2D Fourier spectrum provides a spectro-

gram of the energy, which can be computed over the entire field by taking the

squared modulus of the space-and-time Fourier transform E(k,ω) of V (n,T ),

given by:

E(k,ω) =
"

V (n,T )ei(ωT−kn) dndT (3.19)

The linear dispersion relation associated with Eq. (3.11) is given by:

ω = ±kv0

(
1− k

2

24

)
, (3.20)

as obtained by inserting plane-wave solutions V (n,T ) ∼ ei(kn−ωT ) into the lin-

2We can easily verify that the single-soliton solution of the KdV equation, given by

u(x) =
c
2

sech2
(√
c

2
x

)
, (3.18)

where c is a constant related to the soliton amplitude, indeed satisfies this conservation law. The

product of the soliton amplitude c
2 and the squared soliton width

(
2√
c

)2
is equal to 2, confirming

the expected relationship.
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Figure 3.7: 2D Fourier transform (Eq. (3.19)) associated to the space-time di-
agram Fig. 3.6(a). The black dashed lines correspond to dispersion relation
Eq. (3.20), and red dashed line represents the linear long wave phase velocity
−kv0.

earized version of the equation (3.11).

Figure 3.7 shows the two-dimensional Fourier spectrum, Eq. (3.19), of the

spatio-temporal evolution of the single soliton observed in Fig. 3.6(a). For

ω > 0, negative wave numbers k < 0 correspond to small-amplitude waves

propagating forward along the chain (increasing cell index n), while positive

wave numbers k > 0 correspond to backward-propagating (reflected) waves.

The energy associated with each Fourier mode is encoded in the color scale (in

logarithmic scale).

The energy in Fig. 3.7 is predominantly located along a straight line, confirm-

ing that all frequency components of the soliton propagate at the same speed

v = |ω/k| > v0, where v0 is the linear long-wave phase velocity (highlighted in the

red dashed line). A small part of the energy is located in the spectral domain

around lines given by Eq. (3.20).

The curves corresponding to the linear dispersion relation are shown as black

dashed lines in Fig. 3.7. The energy distributed around the dispersion relation

arises from the presence of dispersive waves. These waves can originate from

various sources, such as imperfections in the initial condition, inhomogeneities

between the cells, or dissipative effects. In particular, the linear waves observed
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for k > 0 likely result from partial reflections at the end of the line or from

multiple small reflections caused by structural inhomogeneities (non-identical

cells).

To sum up

We experimentally investigate the propagation of a KdV soliton in our con-

structed NLTL. A single KdV soliton, generated by an AFG, is injected into

the NLTL, and its spatio-temporal evolution is recorded. While the soli-

ton’s propagation is primarily governed by the KdV equation, deviations

from the ideal integrable behavior are observed. Although the soliton’s am-

plitude decreases slightly with propagation distance, its width increases

concomitantly, maintaining a near-constant product of amplitude and

squared width. This adiabatic evolution indicates that the propagating

structure remains a soliton, albeit with evolving parameters. A 2D Fourier

analysis reveals that a significant part of the energy is concentrated along

a line with a slope corresponding to the soliton velocity. A small part of

the energy is located around the linear dispersion relation, corresponding

to dispersive radiations.

3.2.3 Study of the linear propagation regime

The simplest experiment consisting in propagating a single soliton in our NLTL

reveals to the presence of dissipative effects. In order to characterize the dissi-

pation in the system in a more quantitative way, we propose now to investigate

the linear propagtion regime in the NLTL. This regime is obtained for waves of

small initial amplitudes, typically V ≪ 50 mV, for which the varactors behave

as linear components (C(Vn) ∼ C0). In this section, we illustrate this regime by

examining the propagation in the NLTL of a small-amplitude Gaussian pulse.

3.2.3.1 Experiment : Propagation of a Small Amplitude Gaussian Pulse

Figure 3.8 presents the experimental evolution of a single short Gaussian pulse

propagating through the NLTL in the linear regime. The initial pulse has a peak

amplitude of approximately 17 mV and a duration of approximately 130 ns
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Figure 3.8: (a) Propagation of a Gaussian pulse with a duration of ∼130 ns and
an amplitude of ∼17 mV in the NLTL, resulting in an oscillatory linear wave. (b)
Waveforms recorded at n = 0 (bleu line), n = 80 (orange line), and n = 160 (green
line). (c) Two-dimensional Fourier transform (Eq. (3.19)) of the space-time plot
shown in (a). The energy is concentrated around the NLTL’s linear dispersion
relation (Eq. (3.20)), which is indicated by the black dashed lines.

(see the blue line in Fig. 3.8(b)). Contrary to Fig. 3.6, the space-time evolution

recorded in this experiment does not provide evidence of the formation of a

soliton in the NLTL. Instead, an asymmetric oscillatory structure with small am-

plitude develops near one edge of the pulse during propagation, as highlighted

by the orange and green lines in Fig. 3.8(b). The 2D Fourier power spectrum

of the space-time plot (Fig. 3.8(c)) shows that most of the wave power is con-

centrated near the linear dispersion relation of the NLTL (Eq. (3.20)), which

is overlaid as black dashed lines. These features show that linear propagation

of the short gaussian pulse is predominantly driven by third-order dispersive

effects, see Refs. [29, 53, 202].

Figure 3.9(a) displays the temporal Fourier spectra of the voltage measured

along the NLTL, from cell n = 0 to n = 160. For each cell, we compute the 1d

Fourier transform of the temporal signal V (T ,n), defined as

Ṽ (ω,n) =
∫ ∞
−∞
V (T ,n)e−iωTdT ,

It reveals spectral narrowing that occurs in the linear regime. Figure 3.9(c) illus-

trates the evolution of the frequency spectrum width, represented by the sigma

parameter obtained from Gaussian fits exp(−ω2/2σ2) of the spectra. The ob-
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Figure 3.9: (a) Temporal Fourier spectra of the voltage measured along the
NLTL, from cell n = 0 to n = 160. (b) Fourier spectra at three representative
positions: n = 0 (blue), n = 80 (orange), and n = 160 (green). (c) Evolution of the
spectral width σ (ω) (black circles) along the NLTL. The black solid line shows
the expected evolution of σ (ω) in the case of linearized KdV dynamics (pure
dispersion). The red dashed line is a fit using Eq. (3.31), with RC ∼ 6.2 Ω as
the fitting parameter. The blue dashed line represents the exponential decay
exp(−RLn/2Lv0), associated with the DC component of the Fourier spectrum
(blue points), using the measured value RL ∼ 67 mΩ. This contribution remains
negligible in the observed dynamics.

served decrease in sigma with propagation distance is associated with a spectral

narrowing that is inconsistent with the linearized KdV equation (or third-order

dispersion alone), which predicts a constant sigma, as shown by the black solid

line. This spectral narrowing cannot be explained by third-order dispersion; it is

solely a consequence of dissipation in the NLTL.

3.2.3.2 Modelization of the Dissipative Effects

The observations in Figs. 3.6 and 3.9 indicate the presence of higher-order

dissipative effects during soliton propagation. These effects originate from the

intrinsic resistive components of the circuit: RC , the series resistance associated

with the varicap diode, and RL, the resistance of the inductor. To incorporate

these dissipative effects into our description, we adopt an extended model of

the NLTL presented in Sec. 3.1.1 that includes these resistive elements explicitly

(see Fig. 3.10), following the approach of Ref. [183].

For clarity and completeness, we outline the derivation of the equations gov-

erning the wave evolution in the NLTL in the presence of dissipation arising from
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Figure 3.10: Schematic representation of the NLTL, composed of a ladder net-
work with 160 lumped inductor-varactor sections. The varactors (resp. inductors)
have a small but non-negligible series resistance of RC ∼ 5 Ω (resp. RL ∼ 67
mΩ).

the series resistance RC and RL. For the NLTL depicted in Fig. 3.10, incorporating

the resistors RC and RL, Kirchhoff’s laws are modified as follows [183]:

In − In+1 =
∂Q(Vn)
∂t

, (3.21)

L
∂In
∂t

+RLIn =
[
Vn−1 +RC

∂Q(Vn−1)
∂t

]
−
[
Vn +RC

∂Q(Vn)
∂t

]
, (3.22)

L
∂In+1

∂t
+RLIn+1 =

[
Vn +RC

∂Q(Vn)
∂t

]
−
[
Vn+1 +RC

∂Q(Vn+1)
∂t

]
. (3.23)

Combining Eqs. (3.21), (3.22), and (3.23), we obtain:

L
∂2Q(Vn)
∂t2

+RL
∂Q(Vn)
∂t

= Vn−1 +Vn+1 −2Vn +RC
∂
∂t

[Q(Vn+1) +Q(Vn−1)− 2Q(Vn)] .

(3.24)

Following the same procedure as in the case where RC = RL = 0 (see Sec. 3.1.1),

we derive the following equation describing nonlinear wave propagation in the

NLTL in physical variables:

Vn +
1
v0
VT −

b
v0
VVT −

1

24v3
0

VT T T −
RC

2Lv3
0

VT T −
RL

2Lv0
V = 0. (3.25)

Compared to the lossless case described by Eq. (3.14), Eq. (3.25) includes two

additional terms: a dissipative term proportional to VT T , arising from the resis-

tance RC of the varicap, and a linear damping term proportional to V , associated

with the resistance RL of the inductor.
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Finally, introducing the normalized space and time variables, along with the

normalized field u(x, t) defined in Eq. (3.15), we obtain the following dissipation-

driven KdV equation:

ut + 6uux +uxxx = βuxx + δu, (3.26)

where β = 6RC/(Lv0
√
bV0) and δ = 3RL/(2Lv0

√
b3V 3

0 ), with V0 being the normal-

ization voltage. The varactor resistance RC is associated to the diffusion term

βuxx, whereas the inductor resistance RL leads to the damping term δu. Neglect-

ing the damping term (δ = 0) transforms this equation into the KdV-Burgers

(KdVB) equation [203], while neglecting the diffusion term (βuxx = 0) yields the

Damped-KdV (DKdV) equation. Numerical simulations of both equations will

be conducted to compare with our experimental results.

We observe that the diffusion coefficient β depends on both RC , which is

fixed and measured (see Appendix), and V0. Consequently, this coefficient is not

constant across all experiments. In experiments with a peak voltage of ∼ 1.5 V,

the diffusion coefficient is β ∼ 0.2, whereas experiments with a peak voltage of

∼ 4 V have a diffusion coefficient of β ∼ 0.1.

In the linear regime (b ∼ 0), Eq. (3.25) becomes fully linear and simplifies to:

Vn −
1

24v3
0

VT T T −
RC

2Lv3
0

VT T −
RL

2Lv0
V = 0. (3.27)

Being linear, Eq. (3.27) can be readily analyzed using a Fourier transform ap-

proach. Fourier transforming Eq. (3.27) with respect to T yields:

Ṽn(ω) =
(
−i ω

3

24v3
0

− RCω
2

2Lv3
0

− RL
2Lv0

)
Ṽ . (3.28)

The modulus of the solution, |Ṽ (n,ω)|, is then given by:

|Ṽ (n,ω)| = |Ṽ0(ω)|exp
(
−RCω

2n

2Lv3
0

)
exp

(
− RLn

2Lv0

)
. (3.29)

The first exponential term with a ω2 is associated with diffusion. It acts as
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low-pass filter that attenuates Fourier components of high frequencies. On the

other hand the second exponential term is associated with damping. It does not

have any frequency dependence and is only responsible for the same exponential

decay of the weight of all Fourier components (see Fig. 3.9(c) blue dashed line).

As a first approximation, neglecting the damping effect and considering

|Ṽ0(ω)| as the Fourier transform of the initial Gaussian pulse, we have:

|Ṽ (n,ω)| = |Ṽ0|exp
(
− ω

2

2σ2
0

)
exp

(
−RCω

2n

2Lv3
0

)
. (3.30)

This implies that during propagation, the Gaussian spectrum in the linear regime

remains Gaussian, but with a width decreasing as:

σ (n) =

√√
1

1
σ2

0
+ RCn
Lv3

0

. (3.31)

The red dashed line in Fig. 3.9(c) shows a fit of the experimental data (black

points) using the diffusive broadening law given by Eq. (3.31). This fit yields

a value RC ≃ 6.2 Ω, in very good agreement with the independent value ob-

tained through direct electrical characterization of the varicap, as detailed in

Appendix 5.2. This agreement demonstrates that the observed temporal broad-

ening of the Gaussian pulse in the linear regime is well captured by a simple

dissipative model, and validates the expression of the diffusion coefficient de-

rived from Eq. (3.27).

The blue dashed line in Fig. 3.9(c) shows the exponential decay of the DC

component (ω = 0) of the Fourier spectrum (blue points), following the law

exp(−RLn/2Lv0), where RL ≃ 67 mΩ is the value obtained from a direct 4-wire

measurement of the inductive resistance. This decay is extremely slow. The

consistency of both RC and RL with independently measured values further

supports the validity of the dissipation-driven KdV model in describing wave

propagation in the NLTL.
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To sum up

The dissipative nature of the NLTL is investigated by analyzing the linear

propagation regime. A small-amplitude Gaussian pulse is injected into the

line, and its evolution is observed. Unlike in the nonlinear regime, linear

propagation does not lead to soliton formation; instead, an oscillatory

wave structure is observed. The 2D Fourier spectrum confirms that the dy-

namics are dominated by linear dispersion. A progressive narrowing of the

frequency spectrum is also observed during propagation, a behavior that

cannot be explained by dispersion alone. This spectral narrowing results

from dissipative effects, which are modeled by incorporating resistances

RC and RL into the equivalent circuit of the NLTL. The resulting model

leads to a dissipation-driven KdV equation, where dissipation manifests

both as damping (from RL) and diffusion (from RC). In the linear regime,

the model predicts that the spectral envelope remains Gaussian, with a

width that decreases with propagation distance. This narrowing allows us

to extract, and quantify the strength, of the effective diffusion coefficient

in the NLTL.

3.2.4 Collision of solitons and soliton fission in weakly dissi-

pative regime

Having characterized the higher-order linear effects by examining the linear

propagation regime, we now turn our attention to the nonlinear regime. This

investigation will clarify the nonlinear nature of wave propagation in our NLTL,

with the goal of propagating a SG, a highly nonlinear object. In this section,

we present experiments investigating the overtaking collision of solitons and

the fission of solitons from a square-shaped pulse. Our experimental results

are compared with numerical simulations of the dissipation-driven KdV equa-

tion (3.26). In order to compare those results with numerical simulations, the

results will be normalized using Eqs. (3.15) as illustrated in Fig. 3.11.

Figure 3.11 shows a space-time diagram recorded in the experiment (left

column), together with the same diagram converted to dimensionless units (right
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Figure 3.11: Experimental observation of an overtaking collision between two
solitons in the NLTL. (a) Space-time plot of the collision (physical units). (b)
Waveforms recorded at different cells: n = 0 (black), n = 45 (red), n = 78 (blue),
and n = 123 (green). (c), (d) Same as (a), (b) but using normalized units. The
dashed colored lines correspond to signals obtained from numerical simulations
of the dissipation-driven KdV equation (Eq. (3.26)) with β = 0.2 and δ ∼ 3×10−3.

column) using the transformations defined in Eq. (3.15). In this mapping, the

physical time T becomes the dimensionless spatial variable x, and the evolution

variable t is related to the cell index n. The experiment shown corresponds

to an initial condition consisting of two separated KdV solitons, with spectral

parameters η1 ∼ 0.87 and η2 ∼ 0.61. Since the soliton velocity scales with η2, the

taller soliton (associated with η1) propagates faster and eventually overtakes the

smaller one (associated with η2).

During this overtaking collision, we observe the influence of higher-order

effects. Most notably, the largest soliton undergoes a significant amplitude de-

crease after the interaction, which cannot be captured by the integrable KdV

equation. To account for these effects, we numerically simulate the dissipation-

driven KdV equation, Eq. (3.26), using the same initial condition, with parame-

ters β = 0.2 and δ ∼ 3× 10−3. The results of this simulation are superimposed
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on Fig. 3.11(d) as dashed colored lines, and show very good agreement with the

experimental data.

Figure 3.11 reveals that the soliton collision is accompanied by a spatial

shift: the larger soliton advances compared to its position without interaction,

while the smaller soliton recedes. According to the theoretical prediction from

Eq. (1.10), the expected shifts are ∆(η2,η1) ∼ 2.85 for the small soliton and

∆(η1,η2) ∼ 2 for the large one. From the experimental data, direct measurement

of the shifts, obtained by fitting the soliton trajectories before and after the

interaction, yields ∆′(η2,η1) ∼ 3.06 and ∆′(η1,η2) ∼ 2.5, respectively. These

values are in reasonable agreement with the theoretical ones, despite slight

discrepancies. The observed deviations are attributed to dissipation, which alters

the amplitudes and velocities of the solitons during propagation. Consequently,

the collision is inelastic, indicating energy exchange between the solitons (see

Fig. 3.11(d)).

Another important experiment to consider is the soliton fission process,

first observed by Zabusky and Kruskal [51] in numerical simulations. This

phenomenon has been extensively studied, both experimentally and numerically

(see for example, Refs. [151, 152, 194, 204]). In KdV systems, initial profiles of

large spatial extent, such as sine waves, Gaussian pulses, or square waves will,

after a certain propagation distance, decompose into a rank-ordered train of

solitons with increasing amplitudes. Here, we investigate soliton fission using a

square-shaped pulse as the initial condition.

Figure 3.12 presents the experimental observation of a square-shaped pulse

undergoing fission into a train of four distinct solitons in the NLTL. This figure

demonstrates the necessity of including diffusion, rather than just linear damp-

ing, in the model to achieve good quantitative agreement between experiment

and numerical simulation. As shown in Figs. 3.12(b)-(e), the KdVB equation

provides a much better match to the experimental data than the DKdV equation

(Figs. 3.12(f)-(i)).
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Figure 3.12: Space-time evolution of a small square-shaped pulse propagating
in the NLTL. (a) Experimental space-time diagram. (b–e) Normalized voltage
waveforms at successive times (t ∼ 0 in black, t ∼ 0.77 in red, t ∼ 1.45 in blue, and
t ∼ 2.10 in green): experimental data (solid lines) are compared with numerical
simulations of the KdVB equation with parameters β ∼ 0.2, δ ∼ 0 (dashed lines).
(f–i) Same experimental data (solid lines), now compared with simulations of
the DKdV equation with parameters β ∼ 0, δ ∼ 0.15 (dashed lines).

To sum up

The nonlinear propagation regime in the NLTL is explored, focusing on

soliton collisions and soliton fission. Experimental results are presented

in normalized units, facilitating comparison with numerical simulations

of the dissipation-driven KdV equation. An overtaking collision of two

KdV solitons demonstrates the inelastic nature of the interaction due

to the presence of dissipation, with energy exchange and position shifts

observed. Furthermore, the fission of a square pulse into a train of solitons

is experimentally observed. It is shown that the KdV-Burgers equation,

incorporating a diffusion term, provides significantly better agreement

with the experimental data. This highlights the importance of the diffusion

term, associated with the varactor resistance, in accurately modeling the

nonlinear dynamics of the NLTL.
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3.3 Nonadiabatic evolution of a single soliton in the

NLTL

3.3.1 Experiment

The previous results enabled us to identify and quantify the weak dissipative

effects arising from the intrinsic resistances of the circuit components. In this

section, we present an experiment involving the propagation of a high-amplitude

soliton (V0 ∼ 3 V). The higher voltage allows for a significantly longer normalized

evolution time. For comparison, the earlier experiment shown in Fig. 3.6, based

on a soliton of 100 mV peak amplitude, corresponded to a short evolution time

of t ∼ 0.1 (as given by Eq. (3.15)). In contrast, the increased amplitude used here

results in an effective propagation time of t ∼ 17 over the same NLTL length (160

cells), thereby revealing non-adiabatic features in the single soliton dynamics.
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Figure 3.13: Normalized evolution of a single soliton in the NLTL. (a) Space-time
evolution of the soliton, showing the formation of a shelf. The red dashed line
corresponds to the model prediction (Eq. (3.37)). (b) Normalized waveforms at
t = 0 (black line) and t ∼ 16.61 (blue line). (c) Evolution of the discrete eigenval-
ues. Black points represent computed discrete eigenvalues of the experiment,
the blue solid line shows discrete eigenvalues from KdVB numerical simulations
using experimental parameters η0 ∼ 0.7 and β ∼ 0.1, and the red dashed line
corresponds to the model prediction, Eq. (3.33).

Figure 3.13 illustrates the normalized evolution of a single soliton propagat-

ing along the NLTL. As shown in Fig. 3.13(a) and (b), the soliton’s amplitude

and velocity, determined from the initial condition, gradually decrease during
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propagation. This slow evolution of the solitary wave is accompanied by the

formation of a trailing shelf (see Fig. 3.13(b)).

As discussed in Chapter 1, the integrable dynamics of the KdV equation is as-

sociated with an isospectral property: the eigenvalues obtained from the spectral

problem of the KdV equation (i.e., the linear Schrödinger equation, Eq. (1.25))

for a soliton remain invariant with respect to the evolution variable t. However,

the nonlinear spectral analysis of the field u(x, t) measured in Fig. 3.13(a) reveals

a gradual decay of the discrete eigenvalue associated with the initial condition,

while two new discrete eigenvalues emerge during shelf formation, as shown by

the black points in Fig. 3.13(c). This behavior indicates a non-isospectral evolu-

tion, characteristic of the non-integrable nature of the experimental dynamics.

Furthermore, the creation of these two new discrete eigenvalues exemplifies a

non-adiabatic process that cannot be described by perturbative IST theory [205–

207]. Numerical simulations of the KdVB equation with the same initial condi-

tion show excellent agreement between the experimental results (black points)

and the simulations (blue lines) in Fig. 3.13(c).

3.3.2 Modeling the Non-Adiabatic Features

The experiment reveals that the soliton dynamics deviate from the adiabatic

regime. Instead of only undergoing a slow decay in amplitude and a corre-

sponding increase in width, as expected for an adiabatic evolution, the soliton

generates a shelf behind it, and new eigenvalues (associated with secondary

solitons) emerge during propagation.

To gain insight into this non-adiabatic behavior, we turn to a simple toy

model previously studied in the literature (e.g., Refs. [208, 209]), based on an

analogy with shallow-water waves propagating over a slowly varying bottom

topography. Despite its simplicity, this model successfully captures key aspects

of the observed dynamics, including the continuous decrease of the soliton

amplitude (i.e., of the associated spectral eigenvalue) and the resulting curvature

of the soliton trajectory in the space-time diagram.
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3.3.2.1 Approximating the space-time trajectory of the soliton

A first approximation is to assume that the soliton evolves adiabatically, meaning

that it maintains its soliton-shape throughout the propagation. In this regime,

the soliton retains the sech2 profile given by 2η2
1sech2(η1x), while its amplitude

(and thus the associated eigenvalue η1) may vary slowly with time. Under this

assumption, one can estimate the evolution of η1(t) by considering the temporal

decay of conserved quantities such as the momentum P =
∫
u2 dx in the KdVB

framework (see Ref. [183]),

∂P
∂t

=
∂
∂t

∫ ∞
−∞
u2dx =

∫ ∞
−∞

2βuuxxdx (3.32)

We can show by replacing u by the soliton formula in the two sides of Eq. (3.32)

(see Ref. [183]) that:

η1(t) = η1(0)

√
1

1 + 16
15η

2
1(0)βt

. (3.33)

This prediction is shown as the red dashed line in Fig. 3.13(c), using β ∼ 0.1 and

matches very well the experimental decay. From Eq. (3.33), we can express η1(0)

as:

η1(0) =

√
15η1(t)√

15− 16η2
1(t)βt

. (3.34)

Assuming that the soliton’s position at any time t is given by x(t) =
∫

4η2
1(t)dt,

we can write:

x(t) =
∫

4η2
1(0)

dt

1 + 16
15η

2
1(0)βt

. (3.35)

The integral in Eq. (3.35) can be easily calculated, yielding :

x(t) =
60

16β
ln

(
1 +

16
15
η2

1(0)βt
)
. (3.36)
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Substituting the expression for η1(0) (Eq. (3.34)), we obtain:

x(t) =
60

16β
ln

(
1 +

16η2
1(t)βt

15− 16η2
1(t)βt

)
. (3.37)

This trajectory is shown as the red dashed line in Fig. 3.13(a) and it matches very

well the experimental trajectory of the soliton.

3.3.2.2 Finding the discrete eigenvalues associated to the formation of the
shelf

Further extending the previous approach, we now present a simple model

to describe the creation of discrete eigenvalues observed in Fig. 3.13(c). As

discussed in Ref. [210], this phenomenon is linked to the emergence of a trailing

shelf behind the soliton. We begin by modeling this shelf using a simple square

pulse. As illustrated in Fig. 3.14(a), the numerical solution of the KdV-Burgers

equation (black line) for a fundamental soliton initial condition displays a long,

nearly flat trailing shelf at t = 100. This shelf can be approximated by a square

pulse of constant amplitude q0 and width L0(t), as shown by the red dashed

line. The choice of a square pulse is particularly convenient, as the associated

eigenvalue problem is exactly solvable [211]:

cosh(pnL0) =
i(η2

n − p2
n)

2ηnpn
sinh(pnL0), (3.38)

where q0 represents the height of the box, determined a posteriori as the mean

amplitude of the developed shelf, L0 is its width, and pn =
√
−η2

n − q2
0. Assuming

that the width of the shelf evolves in time as L0(t) =
∫

4η2
1(t)dt, where 4η2

1(t)

represents the time-varying velocity of the soliton, we can use the computed

value of L0(t) at each time to estimate the created eigenvalues ηn. This is a

simplified model, as the actual shelf is not a perfect box but rather a structure

with a slowly modulated amplitude (see Fig. 3.14(a)).

As shown in Fig. 3.14(b), the results from the box model (colored points),

obtained by numerically solving the transcendental equation (3.38) associated
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Figure 3.14: Illustration of the shelf model. (a) Comparison of the model solution
(red dashed line) at t = 100 with the numerical solution of the KdV-Burgers
equation (Eq. (3.26), with δ = 0 and β = 0.05) (black line) for a fundamental
soliton initial condition with η1 = 0.707. (b) Comparison of the evolution of
eigenvalues obtained from the field (black dots) with those predicted by the box
model for the shelf, using q0 = 0.015 (colored points).

with the square-shaped pulse, agree well with the discrete eigenvalues extracted

from the numerical simulation of the KdVB equation (black points) for a sin-

gle soliton. Similar models for extended KdV equation have previously been

considered by Grimshaw et al., see Ref. [212].

3.3.2.3 Analytical predictions of soliton formation: IST perturbation theory

In their review article from 1989, Kivshar and Malomed (see Ref. [207]), noted

that, ’in general the problem of the creation of solitons under the action of a pertur-
bation is not amenable to solution by existing analytical methods. In terms of IST
perturbation theory, the reason can be explained as follows. The birth of a new soliton
purports the appearance of a new zero of the forward scattering amplitude a(λ) at
some (generally speaking, complex) value λ0 of the spectral parameter λ [...] It proves
that, in the vicinity of the point λ0, the effective parameter of a perturbative expansion
is not simply ϵ, but rather ϵ/λ, in the case of a perturbed KdV equation [...] Thus at
λ→ λ0 an effective perturbative parameter becomes large, and perturbation theory
becomes irrelevant. Due to these difficulties, the generation of new solitons is often
studied by means of numerical methods’.

However, J. Wright (see Ref. [206]), using theoretical IST calculations (for
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β→ 0 in Eq. (3.26)), developed predictions for the short-time evolution of both

the initial eigenvalue and the first eigenvalue created in the perturbed KdV

evolution (secondary soliton). To the best of our knowledge, this work is unique

in providing analytical predictions for the eigenvalue evolutions based on IST

theory for KdVB. The basic idea is to track how the discrete spectrum of the

Lax operator deforms under a weak diffusive perturbation, and in particular

how this perturbation analytically modifies the scattering data a(λ) and b(λ). He

noticed that for small perturbation, new zeros of a(λ) could appear, signifying the

appearance of a new soliton. Importantly secondary solitons production seems

to be crucial to understand conservation laws in perturbed systems. However

we noticed that his analytical predictions are not completely correct as they

do not match with our numerical simulations. We indeed noticed that he was

considering the wrong formula for the evolution of a KdV soliton momentum in

presence of diffusion [183] (Eq. (3.32)).

3.3.3 Physical interpretation of the mechanisms behind the

non-adiabatic features

While the models based on shelf modeling or perturbed IST provide some insight

into the features presented in Fig. 3.13, they do not fully explain the physical

mechanisms behind eigenvalue creation, even though they correctly link the

creation of the discrete eigenvalues to the emergence of the shelf. We now

seek a more physical interpretation of this non-adiabatic phenomenon. The

excitation of continuous spectrum radiation has been previously suggested [205,

213] to explain the creation of new eigenvalues in the context of solitary wave

propagation in shallow water with slowly varying depth. Here, we present

numerical simulations of the KdV-Burgers equation (Eq. (3.39)), detailing the

long-time evolution of a solitary wave, to synthesize and illustrate the observed

non-adiabatic features. We recall the KdVB equation as,

ut + 6uux +uxxx = βuxx (3.39)
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The mass M of the field u(x, t) is defined as,

M =
∫ +∞

−∞
u(x, t)dx (3.40)

The mass M is a conserved quantity both in KdV and in KdVB equations, i.e

dM/dt = 0. The momentum is defined as,

P =
∫ +∞

−∞
u2(x, t)dx (3.41)

The momentum P is a conserved quantity in KdV equation, i.e dP /dt = 0, but is

not a conserved quantity in KdVB equation. For the KdVB equation, it is easy to

show that,
dP
dt

= 2β
∫ +∞

−∞
uuxxdx = −2β

∫ +∞

−∞
[ux(x, t)]

2dx (3.42)

which means that the rate at which this quantity decays is determined by the

gradient ux of the field in space. The energy is defined as,

E =
∫ +∞

−∞

(
u3(x, t)− [ux(x, t)]2

2

)
dx (3.43)

The energy is a conserved quantity in KdV but not in KdVB. In the IST formalism,

the mass M and the momentum P have the following expressions,

M = 4
∑
k

ηk︸  ︷︷  ︸
Md

+
1
π

∫ +∞

−∞
log

(
1− |b(ξ)|2

|a(ξ)|2

)
dξ︸                            ︷︷                            ︸

MCS

(3.44)

P =
16
3

∑
k

η3
k −

4
π

∫ +∞

−∞
ξ2 log

(
1− |b(ξ)|2

|a(ξ)|2

)
dξ (3.45)

where ηk are the discrete eigenvalues that can be computed by solving Eq. (1.25)

for the potential u(x, t). ρ(ξ) = b(ξ)/a(ξ) is the reflection coefficient defined in

the IST theory (see e.g. Refs. [29, 205, 206, 213]). In Eq. (3.44) (resp. Eq. (3.45)),

the discrete summation over the ηk (resp. η3
k ) is related to the discrete part of

the spectrum. On the other hand the integral term in Eq. (3.44) (resp. 3.45) rep-
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resents the contribution to the mass (resp. to the momentum) of the continuous

part of the spectrum that is associated with the radiative modes.

Figure 3.15: (a) Space-time dynamics from a numerical simulation of the KdVB
equation (Eq. (3.39), with β = 0.05) for a fundamental soliton initial condition
with η1 = 0.707. (b) Waveforms at t = 0 and t = 100, with an inset showing a
zoom of the formed shelf. (c) Time evolution of the discrete masses, defined as
mj = 4ηj (black points), and the total discrete mass Md = 4

∑
j ηj (red solid line).

The mass of the continuous spectrum MCS is shown in blue. The dashed green
line represents the total mass, defined as M =

∫
u(x, t)dx.

The figure 3.15 shows a numerical simulation of the KdVB equation (Eq. (3.39)

with β = 0.05) for an initial condition being under the form of a soliton given

by u(x, t = 0) = 2η2
1 sech2(η1x) with η1 = 0.707, like in the experiment shown

in Fig. 3.13, but for a much longer evolution time (t = 100) compared to the

experimental case (t ∼ 17). As already observed previously, the presence of

diffusion described by the term on the right-hand side of Eq. (3.39) induces a

slow decay in the soliton’s amplitude and a gradual decrease in its velocity, as

illustrated in Fig. 3.15(a)(b). This evolution is accompanied by the formation

of a shelf behind the solitary wave as highlighted by the inset in Fig. 3.15(b).

Fig. 3.15(d) shows the conservation of the mass M during the evolution while
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the momentum P and the energy E decrease over time.

Fig. 3.15(c) shows that the amplitude η1 of the discrete eigenvalue linked to

the initial condition gradually decays over time, while 4 new discrete eigenvalues

are created during the shelf formation. It shows the evolution of the masses

mi = 4ηi of each of the 4 discrete eigenmodes, see Eq. (3.44). Of course the

discrete masses mi(t) = 4ηi(t) (i = 1− 5) follow the same time evolution as the

discrete eigenvalues ηi(t). The interesting point is that the sum of the discrete

massesMd(t) =
5∑
i=1

4ηi(t) is not constant but slightly fluctuates above the constant

value of the total mass M =
∫
u(x, t)dx, see red solid line in Fig. 3.15(c).

The decay in time of η1 is associated to a decrease in mass, which must be com-

pensated by an increase to preserve the fact that the total mass M =
∫
u(x, t)dx

must be conserved [207]. The missing mass is provided by the generation of

the new discrete eigenvalue η2. However the decay of η1(t) and the growing

of η2(t) can never be balanced in such an exact way that the mass associated

with these two discrete eigenvalues is constant in time : m1,2(t) =m1(t) +m2(t) =

4(η1(t) + η2(t)) , cte. For the total mass conservation condition dM/dt = 0 to

be fulfilled, there is no choice but for the mass MCS associated with the ra-

diative modes to fluctuate in the same way as Md but with an opposite sign

(MCS = 1
π

∫ +∞
−∞ log

(
1− |b(ξ)|2

|a(ξ)|2

)
dξ). This is illustrated in Figure 3.15(c) in blue solid

line, which shows that the negative mass fluctuations of the continuous spectrum

exactly compensate for the positive fluctuations of the discrete mass Md , so that

the total mass M =Md +MCS is constant over time (see Fig. 3.15(c) green dashed

line).

Connecting this to our box model, we can interpret this as follows: the soliton

loses mass, which is transferred to the continuous spectrum, forming the shelf.

When the shelf accumulates sufficient mass (or, equivalently, the soliton loses

enough mass), a new eigenvalue is created. As the soliton propagates further, it

continues to lose mass, leading to the creation of more eigenvalues. Note that

the time between eigenvalue creation events increases with evolution time.
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To sum up

The long-term, non-adiabatic evolution of a single soliton in the NLTL is

investigated. Experiments reveal that the soliton’s amplitude and velocity

decrease with propagation distance, accompanied by the formation of a

trailing shelf. Nonlinear spectral analysis demonstrates a non-isospectral

evolution, with the initial soliton eigenvalue decaying and new eigenvalues

emerging, indicative of non-adiabatic dynamics. A simple model, based

on the adiabatic evolution of the soliton eigenvalue, provides a good de-

scription of the eigenvalue decay and soliton trajectory. Furthermore, a

box-shaped pulse model for the shelf allows for estimation of the newly

created discrete eigenvalues, showing reasonable agreement with numer-

ical simulations. Numerical simulations of KdVB reveal that the soliton

transfer mass to the continuous spectrum, forming the shelf. When the

shelf accumulates sufficient mass, new eigenvalues are generated. This pro-

cess repeats, with subsequent discrete eigenvalue creation events occurring

at longer intervals.

3.4 Soliton gas propagation in the NLTL

Here, we present the results of propagating a dense KdV soliton gas, synthesized

from 200 uniformely distributed eigenvalues between η = 0.2 and 0.6, through

our NLTL. The soliton gas was generated using the method described in Chapter

1, based on the Darboux recursive scheme operating on the eigenfunctions (see

Refs. [122, 127–129, 214]). As previously demonstrated, our electrical line

exhibits non-integrable dynamics with linear diffusion being a non-negligible

effect. This raises the question of how the dynamics and statistical properties of

the SG are affected by these higher-order effects in our NLTL. Specifically, how

do the non-adiabatic effects, observed for the single soliton, manifest in a dense

SG?
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3.4.1 Experimental dynamics of a KdV soliton gas

The position parameters x0k (connected to the so-called norming constants) of the

solitons in the Darboux transform are randomly and uniformly distributed over

the interval [-25, 25]. The resulting wavefield resembles a random oscillatory

field, where individual solitons cannot be distinguished as sech-shaped pulses

due to the dense nature of the SG (see Fig. 3.16(a)).

Figure 3.16: (a) Dense SG synthesized using the Darboux transform from an
ensemble of 200 eigenvalues randomly and uniformly distributed between 0.2
and 0.6. (b) Associated discrete eigenvalues represented by black circles.

The wavefield shown in Fig. 3.16(a) serves as the initial condition for our

NLTL experiments.

Figure 3.17 shows the long-time propagation (t ∼ 420) of our synthesized

soliton gas in the NLTL. This long propagation was obtained by performing

six successive "passes" through the 160-cell NLTL, each time reinjecting the

output signal as the input for the next pass. Over such long evolution times,

the effects of dissipation, primarily due to the finite resistance of the inductors,

become significant. As shown in Fig. 3.17(a), we observe a total mass loss

of approximately 16% between t = 0 and t ∼ 420. As discussed in previous

sections, the small series resistance of the varactors is responsible for diffusion

in the NLTL and for the fact that the dynamics is governed by the dissipation-

driven KdV equation (Eq. (3.26)). In our experiment with the SG, V0 ∼ 7.79 V

, which implies that the diffusion coefficient is β ∼ 0.1. We observe that this

weak dissipation prevents the dense SG from evolving into a diluted state with
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Figure 3.17: (a) Evolution of the SG mass M(t) during propagation along 960
LC cells with small damping δ ∼ 6.3 × 10−4. (b) Space-time plot of the dense
SG propagation in the NLTL (normalized and physical units). The secondary
(right) vertical axis shows the cell index. The secondary (upper) horizontal axis
shows the physical time. (c) Initial condition at t = 0, n = 0. (d) Normalized field
measured at n = 960, or equivalently, t ∼ 420.

separated individual solitons. Instead, a broad, smooth wavefield with a coherent

oscillatory structure emerges at long evolution times (t ∼ 420, Fig. 3.17(d)).

To assess the role of damping in the long-time evolution of the soliton gas,

we conducted a new experiment in which the total mass M(t) was kept approxi-

mately constant by slightly amplifying the signal before reinjection at each pass

through the NLTL. Practically, this compensation is implemented by adjusting

the amplitude of the signal measured at the last cell, so that the reinjected wave-

form has the same mass as the initial one. This procedure effectively cancels the

mean effect of linear damping, although it introduces small periodic oscillations

in the mass, as seen in Fig. 3.18(a). The resulting compensated propagation is

shown in Fig. 3.18(b), and can be directly compared with the uncompensated

case in Fig. 3.17.

The resulting wavefield at t ∼ 420 (Fig. 3.18(d)) is remarkably similar to the

uncompensated case (Fig. 3.17(d)), exhibiting the formation of a broad, smooth

wavefield. This similarity suggests that damping does not significantly influence

the formation of the observed structure. The formation of the broad smooth

wavepacket is primarily driven by diffusion
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Figure 3.18: (a) Evolution of the SG mass M(t) during propagation along 960 LC
cells with periodic loss compensation (δ ∼ 0). (b) Space-time plot of the dense
SG propagation in the NLTL (normalized units). (c) Initial condition at t = 0,
n = 0. (d) Normalized field measured at n = 960, or equivalently, t ∼ 420.

We observed that the wavefield obtained experimentally exhibits characteris-

tics of a diffusive dispersive shock wave (DDSW), as identified in Refs. [215, 216].

DDSWs can be understood as modifications of dispersive shock waves (DSWs),

which arise as solutions to Riemann problems in dispersive hydrodynamics,

replacing classical shock waves with expanding oscillatory structures.

The features observed in our experiment with the SG drastically differ from

those would be observed if the dynamics were integrable, i.e., without dissipation

(δ = β = 0). In the integrable case, the dense SG would evolve into a rank-ordered,

expanding soliton train, with the solitons being ordered from slowest to fastest

(see Refs. [142, 217]), as illustrated in Fig. 3.19(c).

Figure 3.19 presents a numerical simulation of the KdV equation, using the

synthesized dense SG as the initial condition (see Fig. 3.19(b)). The space-time

diagram in Fig. 3.19(a) demonstrates that the solitons separate at long evolution

times (see Fig. 3.19(c)). The inset in Fig. 3.19(a) reveals that the small (i.e., slow)

solitons, initially localized on the right of the wavefield, are overtaken by the

larger solitons during evolution. Consequently, these small solitons appear to

move backwards, exhibiting negative effective velocities. This phenomenon is

known as the "backflow" effect (see Ref. [128]). The SG dilutes as the solitons

separate due to their differing velocities. At long times, each soliton follows a

ballistic trajectory of the form xk(t) ∼ 4η2
k t + x̃0k, where x̃0k denotes the effective
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Figure 3.19: KdV dynamics. (a) Space-time plot of the dense SG propagation
in a numerical simulation of the KdV equation. (b) Wavefield of the dense SG
considered as the initial condition for the numerical simulation. (c) Wavefield at
t = 4000, showing the separation of solitons within the SG.

initial position, which differs from the initial position used in the soliton gas

synthesis.

3.4.2 Nonlinear spectral analysis

Now we use tools of nonlinear spectral analysis to get new insights into the

formation of the broad smooth wavefield observed in our experiment. As previ-

ously discussed, the (IST) eigenvalue problem associated with the KdV equation

is the linear, time-independent Schrödinger equation for an auxiliary function

ψ(x, t):

ψxx + (u(x, t)−λ)ψ = 0, (3.46)

where the KdV field u(x, t) acts as a potential, with t being treated as a pa-

rameter. For the fundamental soliton solution of the KdV equation, uk(x, t) =

2η2
k sech2

[
ηk(x − 4η2

k t − x0k)
]
, Eq. (3.46) admits a single eigenmode, characterized

by a real eigenvalue λk = −η2
k and the associated real eigenfunction ψk(x, t) =

ηk
2 sech2(ηk(x − 4η2

k t − x0k)).

Now, we proceed to the nonlinear spectral analysis of the experimentally

measured field u(x, t) (shown in Fig. 3.18(b)) by solving numerically Eq. (3.46).

First restricting the analysis to the eigenvalues parametrizing the SG, Fig. 3.20

shows the time evolution of the eigenvalues ηk that are computed numerically.
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Figure 3.20: (a) Time evolution of the discrete eigenvalues measured during the
evolution of the SG. The black flow corresponds to the initial 200 discrete eigen-
values and the red flow corresponds to the newly generated discrete eigenvalues
arising from the excitation of the continuous spectrum. (b) Zoom-in between
t = 0 and t = 20.

Figure 3.20 shows that, the measured eigenvalues distribute themselves along

two distinct "flows". The first flow (black lines) corresponds to the eigenvalues

associated with the initial SG, which slowly decay over time. The second flow

(red lines) corresponds to newly formed discrete eigenvalues that progressively

emerge during the evolution. The spectrum changes with new small eigenvalues

emerging between η = 0 and 0.2, where there were initially no eigenvalues, as

shown in Fig. 3.20(b). The mechanism for eigenvalue creation is the same as

that described for the single soliton in the previous section, i.e, the excitation of

the continuous spectrum not from only one soliton but this time from a large

ensemble of random solitons.

The newly created discrete eigenvalues are associated with the generation of

small-amplitude solitons, as a result, the total number of solitons within the SG,

N , grows with time, as shown in Fig. 3.21. In our experiment, N increases from

N (t = 0) = 200 (the number of eigenvalues specified when generating the SG) to

N (t = 420) = 225. Numerical simulations of the KdVB equation (Eq. (3.39)) with

the same initial condition and β = 0.1 reproduce the same evolution of N , as

shown by the orange dashed curve in Fig. 3.21. Note the rapid initial growth of
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Figure 3.21: Total number N (t) of discrete eigenvalues during evolution. Blue
squares represent direct measurements from the experimental fields. The orange
dashed line shows the result from a numerical simulation of the KdVB equation
(Eq. (3.39) with β = 0.1).

N between t = 0 and t = 10, followed by a slower growth rate. This behavior can

be understood by analogy with the single-soliton case. As the system evolves,

mass is transferred from existing solitons to the continuous spectrum, and from

the continuous spectrum to new eigenvalues, leading to the generation of new

solitons, see Fig. 3.22(b)(d).

Figure 3.22: (a) Normalized wavefield of the initial condition measured in the
NLTL (n = 0) under the form of the synthesized SG. (b) Associated eigenvalues
represented by black points. (c) Normalized broad smooth wavefield measured
at n = 960 in the NLTL. (d) Same as (b) but for the wavefield shown in (c).
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To sum up

The propagation of a dense KdV SG is investigated in experiments made in

the NLTL. The SG, initially composed of 200 solitonic modes parametrized

by 200 discrete eigenvalues randomly distributed, is propagated in the

NLTL, and its long-time evolution is observed. Due to the presence of

diffusion, the SG does not reach a dilute state with solitons becoming

discernible and individualized as it would in a KdV dynamics. Instead, a

broad, smooth wavefield emerges. This structure is observed both with

and without compensation for linear damping, suggesting that diffusion is

the primary driver of the observed dynamics. Nonlinear spectral analysis

reveals that, simarly to the single-soliton case, new discrete eigenvalues

are generated during the evolution and the number of these newly created

eigenvalues increases with time, consistent with numerical simulations of

the KdV-Burgers equation.

3.4.3 Measurement of the density of states of the dense soliton

gas

The nonlinear spectral analysis presented in the previous section revealed a

reorganization of the spectrum, notably the creation of new eigenvalues, accom-

panied by the formation of a broad smooth wavepacket in real space. A natural

question that arises is how to connect these two perspectives. In other words,

how do the individual solitons within the SG evolve during propagation, and,

specifically, how are they distributed spatially within the gas? This question is

equivalent to asking: what is the density of states (DOS) of our SG, and how

does it evolve? To answer this question we’ll need to go further in the nonlinear

spectral analysis.

3.4.3.1 Method

The DOS f (η;x, t), characterizes the distribution of soliton spectral parameters

in space and time. Formally, f (η;x, t)dηdx gives the number of solitons within
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a spatial interval [x,x + dx] whose discrete eigenvalues lie in [η,η + dη] at a

given time t. In general, f depends on both x and t, making its determination a

nontrivial task.

In the special case of a homogeneous soliton gas, the DOS becomes inde-

pendent of x, and its spatial average reduces to a probability density function

over the complex spectral plane. In this context, the DOS has been measured

experimentally in the NLSE framework [35], normalized such that it reflects the

average number of eigenvalues per unit length (spatial extent of the gas).

In more general, non-homogeneous settings, determining the DOS f (η;x, t)

requires spatial resolution, which cannot be achieved by computing only the

discrete eigenvalues of the full wavefield. A natural idea is to apply a windowing

procedure, extracting a finite segment of the wavefield and computing its dis-

crete eigenvalues [158]. However, such truncation introduces boundary artifacts

that distort the spectral content. This raises a critical question: does the distri-

bution measured within the truncated region truly represent the unperturbed

distribution?

I will present here the method developed by S. Randoux for measuring

the DOS of KdV soliton gases, based on the calculation of the eigenfunctions.

This approach applies to both homogeneous and inhomogeneous SGs, without

truncating the wavefield, thereby avoiding the associated artifacts.

The eigenfunctions of the eigenvalue problem associated with the KdV equa-

tion, Eq. (3.46), are spatially dependent, providing additional information about

the spatial distribution of the solitons. Specifically, their spatial extent reveals

the degree of localization of the solitons in space, which changes with the density

of the SG. Extending the nonlinear spectral analysis, we first examine simple

cases, such as box-like potential, allowing analytical insight into the structure

of the eigenfunctions ψk(x) associated with the discrete eigenvalues ηk. These

eigenfunctions are obtained by solving the associated linear Schrödinger equa-

tion (3.46).

Figure 3.23 shows the computed eigenfunctions and eigenvalues of the

Schrödinger problem for a square-shaped (box) potential. Figure 3.23(a) shows

the numerical simulation of the KdV equation with the initial condition being

under the form of a square-shaped pulse of amplitude 5 and width 5. Fig-
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Figure 3.23: (a) Numerical simulation of the KdV equation with a square-shaped
pulse as the initial condition. (b) Square-shaped pulse (orange line) and its
computed normalized eigenfunctions ψj offset by their corresponding eigen-
values |λj | (blue lines), j = 1, . . . ,4. Red dashed lines correspond to analytical
eigenfunctions, Eq. (3.48). (c) Same as (b) but at t = 1, obtained from a KdV
numerical simulation with the wavefield shown in (b) as the initial condition.
The wavefield at t = 1 is shown in green.

ure 3.23(b) displays the square-shaped pulse as a orange line and the computed

eigenfunctions ψj(x), offset by their corresponding eigenvalues |λj |, as blue lines,

obtained by solving Eq. (3.46). Figure 3.23(c) shows the same square-shaped

pulse after its evolution in a KdV numerical simulation at t = 1 in green. For

both Figs. 3.23(b) and (c), the analytical expressions for the eigenfunctions, also

offset by |λj | = η2
j , are shown as red dashed lines (given by Eqs. (3.47) and (3.48)).

For a single-soliton solution of the KdV equation, given by

uk(x, t) = 2η2
k sech2

[
ηk(x − 4η2

k t − x0k)
]
,

Eq. (3.46) admits a single eigenmode, associated with the real eigenvalue λk =

−η2
k , and the real eigenfunction [29],

ψk(x, t) =
ηk
2

sech2
[
ηk(x − 4η2

k t − x0k)
]
. (3.47)

For the square-shaped pulse, the problem is analogous to the well-known finite
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well potential in quantum mechanics [218], and the eigenfunctions are given by

ψj(x) ∼


cos(kjx+φj), if |x| ≤ L

2

cos(kjL/2 +φj)eκ(x+L/2), if x < −L2
cos(kjL/2 +φj)e−κ(x−L/2), if x > L

2

(3.48)

where L is the width of the square-shaped pulse, φj is equal to 0 if j is even and

π/2 if j is odd, kj =
√
umax − |λj |, and κ =

√
umax and umax being the amplitude of

the pulse. The figures 3.23(b)(c) show the normalized eigenfunctions shifted by

the associated eigenvalues, such that,∫
|ψj(x)|2dx = 1. (3.49)

Importantly, Fig. 3.23(b)(c) reveals that when the field represents a bound state

(see Fig. 3.23(b)), the eigenfunctions are delocalized within the field. Con-

versely, when the solitons separate under integrable dynamics (see Fig. 3.23(c)),

the eigenfunctions become localized around the soliton position. Delocalized

eigenfunctions indicate that the solitons are interacting and are not discernible

within the field; they effectively "occupy" the entire field. When the solitons are

well-separated and non-interacting, the eigenfunctions become localized.

As previously introduced, the DOS f (η;x, t) characterizes the spatial distribu-

tion of soliton states with spectral parameter η. It thus provides a phase-space

representation of the nonlinear spectral content. Eigenfunctions are therefore

essential for computing the DOS. However, the explicit formula for f (η;x, t) and

its dependence on ψ remain to be determined. To establish this relationship, we

must connect results from IST theory and the kinetic theory of SGs.

Kinetic theory of SG tells us that knowledge of the DOS provides the sta-

tistical moments of the KdV SG field u(x, t), including its mean value [130,

142]:

⟨u(x, t)⟩ = 4
∫ 1

0
ηf (η;x, t)dη. (3.50)

The IST theory, on the other hand, relates the N -soliton solution of the KdV (of
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pure discrete spectrum) directly to the squared eigenfunctions [219]:

u(x, t) = 4
N∑
j=1

ηjψ
2
j (x). (3.51)

Combining Eqs. (3.50),(3.51) yields the following formula for the DOS:

f (ηk;x, t)dη =
k+∆k∑
j=k

⟨ψ2
j (x, t)⟩, (3.52)

where k and k +∆k are integer indices bounding the discrete summation over

the squared eigenfunctions associated with eigenvalues between ηk and ηk + dη.

This equation provides a local expression for the DOS of a soliton gas, based on

the knowledge of the eigenfunctions that are associated with the discrete IST

spectrum. Equation (3.52) provides a local expression for the DOS of a SG, akin

to formulas used in other branches of physics. For instance, in surface physics

and electron microscopy, the local DOS, ρ(r,ω) characterizes electronic densities,

representing the probality of finding an electron with energy ℏω within an

infinitesimal volume dr centered at the point r above a surface. This quantity is

similarly directly related to the squared moduli of the electron wave functions

at that energy [220, 221].

3.4.3.2 DOS analysis of the initial dense SG wavefield

Now that we have introduced a method for computing the DOS based on the

spatial properties of the eigenfunctions, we apply it to analyze the soliton gas

dynamics in our NLTL. First, we examine the DOS measurements corresponding

to the SG used as the initial condition in our numerical simulations and NLTL

experiments.

The analysis presented here focuses on the dense SG synthesized using

the Darboux transformation method detailed in Sec. 1.3.1. This SG, shown in

Fig. 3.24(a), serves both as the initial condition in our numerical simulations and

as the input signal in the NLTL experiments.

Figure 3.24(b) displays the set of discrete eigenvalues and corresponding
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Figure 3.24: Nonlinear spectral analysis. (a) Soliton gas field considered as the
initial condition. (b) Spatial distribution of the discrete eigenmodes, represented
as ηj + sψj(x), where ηj (resp. ψj) (j = 1,...,200) represent the eigenvalues (resp.
eigenfunctions) computed by solving Eq. (3.46). (c) DOS of the SG shown in (a).

eigenfunctions computed from the initial wavefield using Eq. (3.46). To enhance

visual clarity, we apply a small vertical scaling factor 0 < s ≪ 1 and plot the

eigenfunctions as ηj + sψj(x), following the convention introduced in Fig. 3.23.

This figure illustrates that the eigenfunctions exhibit irregular spatial modu-

lations and that their degree of localization in space depends strongly on the

associated eigenvalue ηj : larger eigenvalues correspond to more localized modes,

while smaller eigenvalues yield more delocalized profiles.

To characterize the distribution of these modes in both spectral and spatial

dimensions, we compute the local density of states (DOS) f (x,η). Since the DOS

varies between realizations of the SG, we perform an ensemble average over 950

distinct realizations, all generated using the same method but with independent

sets of norming constants and eigenvalues. For each realization, we extract the

discrete eigenvalues ηj =
√
−λj and their associated normalized eigenfunctions

ψj(x), and we compute the average local DOS f (η;x), Eq. (3.52).

Figure 3.24(c) shows the resulting average DOS. It reveals that the smallest

eigenvalues are distributed throughout the entire gas, while the largest eigenval-

ues are highly localized in the center. The DOS exhibits a triangular, symmetric

profile that reflects the shape of the initial wavefield envelope: solitons with

η ∈ [0.2,0.55] tend to occupy the edges of the gas, whereas higher-η solitons

(e.g., η > 0.55) concentrate near the center. In other words, nonlinear modes
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associated with larger spectral parameters are significantly more localized in

space than those with smaller ones.

3.4.3.3 Numerical simulation of the KdV equation: DOS of the SG at long
evolution time

We present now the DOS of the wavefield obtained at long evolution time (t =

4000) from a numerical simulation of the KdV equation with the initial condition

being under the form of the SG shown in Fig. 3.24(a).
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Figure 3.25: Nonlinear spectral analysis. (a) Wavefield obtained from a KdV
numerical simulation at t = 4000. (b) Spatial distribution of the discrete eigen-
modes, represented as ηj + sψj(x), where ηj (resp. ψj) (j = 1,...,200) represent the
eigenvalues (resp. eigenfunctions) computed by solving Eq. (3.46). (c) DOS of
the SG shown in (a).

Figure 3.25 presents the DOS analysis of the wavefield obtained from a long-

time numerical simulation of the KdV equation, initialized with the synthesized

dense SG presented in Fig. 3.24(a). At long time evolution (t = 4000), the

wavefield evolves into a rank-ordered train of well-separated solitons, as shown

in Fig. 3.25(a).

Figure 3.25(b) shows the set of discrete eigenvalues and the correspond-

ing eigenfunctions computed from the wavefield shown in Fig. 3.25(a) using

Eq. (3.46). Due to the isospectral evolution, the discrete eigenvalue spectrum re-

mains unchanged compared to the situation presented in Fig. 3.24, i.e. the range

of the eigenvalues remains bounded between 0.2 and 0.6 like in Fig. 3.24(b).
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However, the associated eigenfunctions progressively localize around individual

soliton peaks as the system evolves.

Using these eigenfunctions and eigenvalues, we compute the DOS following

the same procedure as in the previous section. The resulting DOS is shown in

Fig. 3.25(c). The spatial localization of solitons is reflected in the DOS, which

becomes concentrated along a characteristic square-root curve. This structure

reveals a direct mapping between the spectral parameter ηj and the soliton

position xj , which manifests as a characteristic signature in the DOS associated

with the dilution of the soliton gas.

3.4.3.4 DOS analysis of the Experimental dynamics

We now present the DOS extracted from the wavefield measured in the NLTL

at time t = 420, corresponding to the experiment with the losses compensated.

This evolution time is achieved after six successive passes through the 160-cell

NLTL, with signal amplification applied after each pass to maintain constant

total mass and effectively cancel the mean damping.
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Figure 3.26: Nonlinear spectral analysis. (a) Experimental field measured at
t = 420. (b) Spatial distribution of the discrete eigenmodes, represented as
ηj + sψj(x), where ηj (resp. ψj) (j = 1,...,225) represent the eigenvalues (resp.
eigenfunctions) computed by solving Eq. (3.46). (c) DOS of the SG shown in
(a). The inset in (c) shows the DOS measured at x ∼ −720,−260,200,650 as
highlighted by the dashed colored lines in (c).

Figure 3.26(c) shows the DOS of the SG measured experimentally at t = 420.

As in previous analyses, the DOS is computed from the discrete eigenvalues and
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associated eigenfunctions obtained by solving Eq. (3.46) for the wavefield shown

in Fig. 3.26(a). Figure 3.26(b) reveals that the nonlinear evolution under the

influence of weak diffusion significantly alters both the eigenvalue distribution

and the structure of the associated eigenfunctions.

Most notably, the eigenfunctions no longer exhibit the localized solitonic

structure characteristic of a KdV evolution. Instead, they become spatially delo-

calized and exhibit nearly uniform oscillatory profiles throughout the system, as

shown in the inset of Fig. 3.26(b). This delocalization is observed for all modes

except those corresponding to the two largest eigenvalues, which retain a degree

of spatial localization. Additionally, a dense cluster of new eigenvalues appears

in the low-η region, with η ∈ [0,0.2].

Figure 3.26(c) displays the average DOS computed from 20 experimental

realizations of the SG. Its structure differs strinkigly from the square-root profile

observed in the integrable KdV case (see Fig. 3.25(c)). The inset highlights that

the DOS follows locally (at a given position x) the Weyl distribution [128, 160],

f (x,η) =
η

π
√
λ2

1(x)− η2
, η ∈ [0,λ1(x)], (3.53)

where λ1(x) is a slowly varying upper bound modulating the local spectral

support. This peculiar distribution is characteristic of a soliton condensate of

genus zero, a special class of SGs introduced in the spectral kinetic theory [121,

128, 142]. These condensates represent minimal-entropy (or zero-variance)

configurations of SGs. A detailed discussion of soliton condensates is provided

in Sec. 3.4.3.6.

A key observation is that the behavior observed here drastically differs from

the evolution of a dense SG in the integrable KdV system (see Fig. 3.25). In

the absence of diffusion, the eigenfunctions become localized in space, each

associated with an individual soliton. This localization reflects the deterministic,

rank-ordered soliton decomposition characteristic of integrable evolution, and

results in a DOS concentrated along the characteristic curve η =
√

(x − x0)/4t.

In contrast, the perturbative diffusion in the NLTL breaks integrability and

leads to a radically different behavior: the eigenfunctions become delocalized,
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new eigenvalues emerge in the low-η region, and the DOS adopts the continuous

Weyl distribution structure. These phenomena mark the spontaneous formation

of a soliton condensate from an initially dense SG, a process forbidden in the

purely integrable KdV setting [128]. Our results therefore demonstrate that

KdVB-type dynamics can naturally drive the emergence of a condensate.

3.4.3.5 DOS analysis of the KdVB dynamics, with a smaller diffusion pa-
rameter

We now examine the DOS of a wavefield obtained from a numerical simulation

of the KdVB equation with a reduced diffusion coefficient (β = 2 × 10−3), sig-

nificantly smaller than in the experiment. This intermediate case allows us to

explore a regime that lies between the ideal integrable KdV dynamics and the

experimental scenario characterized by relatively strong diffusion.

By probing this transitional regime, our goal is to determine whether a

qualitatively different evolution scenario emerges.
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Figure 3.27: Nonlinear spectral analysis. (a) Wavefield obtained from a numerical
simulation of KdV-Burgers equation with β = 2× 10−3 at t = 4000. (b) Spatial
distribution of the discrete eigenmodes, represented as ηj + sψj(x), where ηj
(resp. ψj) represent the eigenvalues (resp. eigenfunctions) computed by solving
Eq. (3.46). (c) DOS of the SG shown in (a). The inset in (c) shows the DOS
measured at x ∼ −512,2906 as highlighted by the dashed colored lines in (c).

Figure 3.27(a) shows the wavefield obtained from a numerical simulation of

the KdVB equation at long time evolution (t = 4000), starting from the same

initial SG as in Fig. 3.24(a), and with a reduced diffusion coefficient β = 2× 10−3,
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compared to the experimental one. In this scenario, the SG exhibits a slowed-

down expansion, with a random soliton train propagating over a non-zero

background (see Fig. 3.27(a)).

Figure 3.27(b) shows the eigenfunctions and associated eigenvalues computed

from the field at t = 4000. One striking feature is that the discrete eigenvalues

are now confined to the spectral range η ∈ [0,0.4], in contrast to the experimental

case where eigenvalues were observed up to η ∼ 0.55. This reflects the combined

effect of moderate diffusion and long evolution time: although the diffusion

strength is lower than in the experiment, the tenfold increase in propagation time

significantly alters the nonlinear spectrum, leading to the decrease of higher-η

discrete eigenvalues originally present in the initial SG.

The computed eigenfunctions reveal two distinct spectral components: (i)

localized modes associated with the eigenvalues of the initial SG, and (ii) de-

localized modes, corresponding to a background, appearing below η ∼ 0.2. As

a result, the DOS at each spatial position x > 0 is supported on two disjoint

spectral intervals (see Fig. 3.27(c)). The associated structure can be interpreted

as a genus-one soliton condensate, characterized by an oscillatory nonlinear

wave supported by a double-band DOS, the genus one condensate coincide with

periodic wave solutions (cnoidal waves) of KdV equation [128].

Specifically, the inset of Fig. 3.27(c) shows that the DOS is locally described

by the genus-one distribution [128, 160]:

f (x,η) =
iη(η2 −w2(x))

π
√

(η2 −λ2
1(x))(η2 −λ2

2(x))(η2 −λ2
3(x))

; η ∈ [0,λ1]∪ [λ2,λ3], (3.54)

where w2(x) = λ2
3(x)− (λ2

3(x)−λ2
1(x))χ(m(x)), with χ(m) = E(m)/K(m), and m(x) =

(λ2
2(x) − λ2

1(x))/(λ2
3(x) − λ2

1(x)). Here, K(m) and E(m) denote the complete el-

liptic integrals of the first and second kinds, respectively. The band edges

λ1(x),λ2(x),λ3(x) are slowly modulated in space, capturing the local structure of

the condensate.

Finally, for positions x < 0, the DOS retains a single-band structure well

described by the Weyl distribution introduced in Eq. (3.53), indicating the

coexistence of two qualitatively different soliton condensates within the same
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field.

3.4.3.6 On the notion of soliton condensate

The notion of a soliton condensate as the ‘densest possible soliton gas’ for a

given spectral support was introduced in [121] within the context of the focusing

NLSE. A detailed theory of soliton condensates for the KdV equation has been

developed in [128]. In the spectral kinetic theory, the Nonlinear Dispersion

Relations (NDRs) represent the constraints for the DOS f (η) and the spectral

flux density v(η) = s(η)f (η) given a scaling function σ (η). In KdV, they take the

form [121, 128, 142, 222]:∫
Γ

ln
∣∣∣∣∣µ+ η
µ− η

∣∣∣∣∣f (µ)dµ+ f (η)σ (η) = η (3.55)

∫
Γ

ln
∣∣∣∣∣µ+ η
µ− η

∣∣∣∣∣v(µ)dµ+ v(η)σ (η) = 4η3 (3.56)

where σ (η) ≥ 0 is a spectral scaling function characterizing the Lax spectrum

of the soliton gas, and Γ is the support of f (η) and v(η). Spectrally, a soliton

condensate is realized by vanishing the spectral scaling function, σ (η)→ 0, in

the soliton gas NDRs.

For the simplest case Γ = [0,λ1], what we call a genus zero soliton condensate,

the NDRs (Eqs. (3.55), (3.56)) are solved for σ = 0 by:

f (η) =
η

π
√
λ2

1 − η2
, v(η) =

6η(2η2 −λ2
1)

π
√
λ2

1 − η2
(3.57)

As shown in Ref. [128], for the general case of a genus N SG3, where the SG is

spectrally supported on Γ given by:

Γ = [0,λ1]∪ [λ2,λ3]∪ ...∪ [λ2N ,λ2N+1] (3.58)

3The genus being the number of gaps between the bands on which the SG is supported.
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the solutions of the NDRs (Eqs. (3.55), (3.56)) are given by:

f (η) =
iP (η)

2πR(η)
, v(η) =

2iQ(η)
πR(η)

(3.59)

with R(η) =
√

(η2 −λ2
1)(η2 −λ2

2)...(η2 −λ2
2N+1), and P and Q are odd monic poly-

nomials of degree 2N + 1 and 2N + 3, respectively [128]. For a genus one soliton

condensate, this yields:

f (η) =
iη(η2 −w2)
πR(η)

, v(η) =
12iη(η4 − h2η2 − r2)

πR(η)
(3.60)

where R(η) =
√

(η2 −λ2
1)(η2 −λ2

2)(η2 −λ2
3), h2 = (λ2

1 +λ2
2 +λ2

3)/2, w2 = λ2
3 − (λ2

3 −
λ2

1)χ(m), χ(m) = E(m)/K(m), and m = (λ2
2 − λ

2
1)/(λ2

3 − λ
2
1). E(m) (resp. K(m))

is the complete elliptic integral of the second (resp. first) kind, and r2 =[
λ2

3(λ2
3 −λ

2
2 −λ

2
1)− 2λ2

2λ
2
1 − (λ2

3 +λ2
1 +λ2

2)(λ2
3 −λ

2
1)χ(m)

]
/6. We show that these

mathematical expressions fit very well the DOS found in the experiment and nu-

merical simulations of KdVB (Eq. (3.39), with β = 2.10−3) reported in Figs. 3.26(c)

and 3.27(c).

Figure 3.28(a) shows that the DOS of the SG measured at (x = 755, t =

420) in the experiment is remarkably well fitted by Eq. (3.53) with λ1 = 0.509.

Fig. 3.28(b) shows that the DOS of the SG measured at (x = 2900, t = 4000) in

the numerical simulations of the KdV-Burgers equation (Eq. (3.39)) with small

diffusion (β = 2× 10−3) is remarkably well fitted by Eq. (3.54) with λ1 = 0.131,

λ2 = 0.295, and λ3 = 0.359. It was conjectured and numerically verified in [128]

that realizations of the genus one condensate with DOS Eq. (3.60) almost surely

coincide with periodic wave solutions (cnoidal waves) of KdV parameterized by

λ1, λ2, and λ3. These solutions locally describe diffusive-dispersive shock waves

of the KdV-Burgers equation [215].
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(a) (b)

Figure 3.28: (a) The red circles represent the experimental spectral distribution
f (η,x = 775) shown in the inset of Fig. 3.26(c). The black dotted line fits the
red circles with the model Eq. (3.53) with λ1 = 0.509. (b) The orange triangles
represent the spectral distribution f (η,x = 2900) obtained from a numerical
simulation of KdV-Burgers with β = 2× 10−3 and t = 4000, shown in the inset
of Fig. 3.27(c). The black dashed line fits the orange triangles with the model
Eq. (3.54) with λ1 = 0.138, λ2 = 0.295, and λ3 = 0.359.

To sum up

This section investigates the local density of states (DOS) f (x,η) as a tool

to characterize the nonlinear spectral content and spatial distribution of a

dense soliton gas. A novel method based on the spatial localization prop-

erties of the eigenfunctions of the associated linear Schrödinger problem

is used to compute f (x,η) without truncating the wavefield. Numerical

and experimental results reveal distinct DOS signatures under different

dynamical regimes: in the integrable KdV case, solitons separate and

eigenfunctions localize around solitonic peaks, reflecting the progressive

dilution of the gas; in the NLTL experiment with weak diffusion, new

eigenvalues emerge and eigenfunctions become fully delocalized, lead-

ing to a DOS that converges locally in space toward a Weyl distribution,

characteristic of a genus-zero soliton condensate. An intermediate regime,

simulated via the KdV-Burgers equation with reduced diffusion, exhibits

a genus-one DOS associated with oscillatory nonlinear wave. These re-

sults demonstrate that weak dissipation breaks integrability and drives

the emergence of condensate-like states, inaccessible in purely integrable

dynamics.
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3.5 Summary of the Chapter & Perspectives

In this chapter, we have presented a detailed experimental investigation of soli-

ton gas dynamics in a nonlinear electrical transmission line (NLTL), a physical

system described at leading order by the KdV equation in the long-wavelength

limit.

Baseline experiments in our NLTL, including single soliton propagation,

revealed deviations from integrability. While the soliton maintains its shape,

its amplitude decreases and width increases, a phenomenon interpreted as an

adiabatic evolution driven by weak dissipation.

To characterize the dissipative mechanisms, we studied the linear propa-

gation regime using small-amplitude Gaussian pulses. Our analysis revealed

a frequency-dependent spectral narrowing during propagation, which we at-

tributed to diffusion induced by the intrinsic resistance of the varactors. By

incorporating both inductive and capacitive resistive losses into the circuit

model, we derived a dissipation-driven KdV equation and demonstrated ex-

cellent agreement between theory and experiment. This model distinguishes

between two types of dissipation: a diffusive term originating from the varactor

resistance RC , and a damping term arising from the inductor resistance RL.

We then explored nonlinear interactions, including soliton collisions and

the soliton fission of broad pulses. Experiments showed that soliton collisions

in the NLTL are inelastic due to dissipation, and the soliton fission process is

better described by the KdV-Burgers equation than by the damped KdV equation,

highlighting the crucial role of the diffusive term.

In the nonlinear regime, we investigated the long-time propagation of a

high-amplitude soliton. We observed a non-adiabatic evolution characterized

by the generation of a trailing shelf and the emergence of new discrete eigenval-

ues in the nonlinear spectrum, demonstrating a breakdown of the isospectral

property intrinsic to integrable systems. While perturbative approaches such as

momentum decay and shelf models provided useful predictions for the soliton

trajectory and eigenvalue dynamics, they proved insufficient to fully capture the

physics of soliton creation. Numerical simulations of the KdV-Burgers equation

reproduced the experimental observations, and IST spectral diagnostics allowed
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us to connect the redistribution of conserved quantities between the discrete

and continuous spectral components. The last part of this chapter was devoted

to the study of the nonlinear evolution of a dense soliton gas in our NLTL and

its nonlinear spectral characterization. Using the IST framework, we performed

a direct measurement of the DOS f (x,η), which encodes the spatial and spectral

distribution of solitons. This measurement revealed a striking behavior: as the

soliton gas evolves under the influence of dissipation, new discrete eigenvalues

are continuously created and the associated eigenfunctions become delocalized.

This evolution is the signature of the emergence of a soliton condensate : the

densest possible gas where the nonlinear spectrum fills a compact spectral band,

converging toward a Weyl distribution of eigenvalues. Such a condensate cannot

emerge in integrable KdV evolution, where the spectrum is preserved and eigen-

functions are localized around solitonic peaks. The formation of this condensate

thus constitutes clear evidence of integrability breaking and of the dissipation-

driven rearrangement of solitonic eigenmodes within the system, accompanied

by the excitation of the continuous spectrum, resulting in the formation of new

soliton states.

Future perspectives The NLTL opens several promising avenues for future

research. Most notably, our observation of spontaneous soliton condensate

formation under weak dissipation raises fundamental questions about nonequi-

librium phase transitions in integrable systems. In strictly integrable dynamics,

transitions between non-condensed and condensed states are forbidden due

to spectral conservation [128]. However, our results demonstrate that weak

integrability-breaking perturbations can enable such transitions. This suggests

that future experiments could be designed to emulate a Joule expansion: the

soliton gas would first evolve under controlled dissipation to form a condensate,

followed by a sudden suppression of dissipative effects to investigate its subse-

quent evolution under (approximately) conservative and integrable dynamics.

On the theoretical side, our findings highlight the need to go beyond existing

kinetic theories. While classical soliton gas kinetic theory fails to capture the

emergence of a condensate, recent developments in Generalized Hydrodynamics

(GHD) offer a promising framework to include weak integrability-breaking
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perturbations. However, current hydrodynamic approaches remain limited: in

particular, they do not account for the excitation of the continuous spectrum by a

statistical ensemble of solitons, a process that appears crucial in our observations.

We anticipate that our results will motivate further theoretical developments,

especially toward incorporating spectral radiation and soliton creation into the

hydrodynamic description of nearly integrable systems.
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4.1 Introduction

As discussed in the previous chapter, the concept of a soliton gas (SG) provides a

powerful statistical framework to describe the collective dynamics of nonlinear

wave systems governed by integrable equations such as the Korteweg–de Vries

(KdV) or the nonlinear Schrödinger equation (NLSE). While SGs are defined

in the context of integrable dynamics, realistic physical systems are inevitably

subject to perturbations, such as losses, gain, or higher-order effects, that break

integrability and modify the evolution of the gas.

In Chapter 3, we examined the influence of weak diffusion on the evolution

of a KdV soliton gas in a nonlinear electrical transmission line. We showed that

the breaking of integrability could lead to striking and unexpected phenomena

such as the emergence of a soliton condensate, characterized by the creation and

the redistribution in space of the system’s eigenmodes. These results demon-

strated how perturbative higher-order effects could give rise to new forms of

organization within the gas.

In this chapter, we investigate the evolution of an optical soliton gas in

regimes where the integrable dynamics governed by the focusing one-dimensional

NLSE is perturbed by small dissipation, i.e. weak linear gain and loss effects.

The experiments are conducted in a recirculating fiber loop platform, where

the level of damping and amplification (both of which break integrability) can

be precisely tuned using Raman amplification. This level of control enables us

to probe three distinct regimes: weakly damped, weakly amplified, and nearly

conservative evolution.

A key innovation of this work lies in the implementation of a heterodyne

interferometry method that allows, the experimental measurement of the dis-

crete (IST) spectral content of the field, and more importantly, its density of

states (DOS), a statistical quantity central to the kinetic theory of SGs. This

capability enables us to monitor how the DOS of the optical SG is modified with

the propagation distance due to effects breaking the integrability of the system’s

dynamics.

The chapter is organized as follows. We begin by describing the experimental

platform, including the generation of the initial condition and the heterodyne
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measurement technique. We then investigate the dynamics of the optical SG

under weak damping, analyzing both its spatiotemporal evolution and spectral

deformation of the DOS. The third section focuses on the gain regime and the

formation of a near-bichromatic soliton gas.

4.2 The Recirculating Fiber Loop – Description of

the Experimental Setup

This section describes the experimental setup initially developed during Adrien

Kraych’s PhD and later refined by other PhD’s students, including myself, see

Refs. [223–225]. We begin with a brief historical overview of the setup’s de-

velopment, followed by a detailed presentation of its components : from the

generation of the optical signals to the detection system used to record the

spatiotemporal dynamics. The section concludes with the introduction of the

mean-field model used to describe light propagation in the system, the 1d NLSE.

4.2.1 Space-time resolved observation of nonlinear wave prop-

agation in optical fibers

In optical fiber experiments, it is generally possible to measure the optical field,

or at least its intensity, either at the input or at the output of the fiber. For

instance, in the experiment on the Peregrine soliton performed in Ref. [226],

measurements are taken before and after propagation through several hundreds

of meters of fiber. However, accessing the full spatio-temporal evolution of

the field within the propagation medium remains extremely challenging. This

contrasts with hydrodynamic or electrical line experiments, where the spatio-

temporal evolution is more readily accessible due to the possibility of placing

gauges or probes directly within the propagation medium.

A first method developed to partially circumvent this limitation in optical

fibers is the so-called cutback technique, in which the fiber is progressively

shortened to access the signal at different propagation distances [227]. While

conceptually simple, this method is destructive, irreversible, and requires metic-
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ulous efforts to reproduce identical injection conditions at each cut. Another

approach consists in using multiple fibers of different lengths [228–230].

An alternative strategy consists in measuring the field at the output of the

fiber (or the propagation medium) and varying the power of the input field. In

the nonlinear regime, this effectively modifies the accumulated nonlinear phase

shift and can thus be interpreted as probing different effective propagation

lengths [95]. Although this method is non-destructive, it only provides an

indirect view of the spatial evolution of the wave [63, 231, 232].

A more recent approach involves analyzing weak backscattered Rayleigh

Brillouin light, which allows for partial reconstruction of the optical field during

propagation, see Refs. [233–238]. This method is also at the operating basis of

some distributed fiber sensors (strain of temperature sensors).

In this context, the development of recirculating fiber loops [64, 66, 239–244]

in the 1980s provided an effective method for studying long-distance optical

propagation. Initially developed to emulate ultra-long distance optical fiber

transmission in telecommunications, these systems consist of an optical fiber

closed on itself via an optical coupler, typically combined with amplification

stages to compensate for losses at each roundtrip. Without such compensation,

the signal would rapidly vanish. With each roundtrip, the optical signal experi-

ences an additional effective propagation equal to the full fiber length, enabling

a stroboscopic observation of its evolution (see Fig. 4.1).

(a) (b)

20 μs/div

Figure 4.1: Figures extracted from [239]. (a) Experimental setup. (b) Output
signal recorded on an oscilloscope showing 50 recirculations.
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This technique offers two major advantages. First, in setups where the optical

field is extracted at each roundtrip, it enables a stroboscopic view of the prop-

agation, allowing non-destructive, time-resolved access to the spatiotemporal

dynamics of the optical field. However, this feature, which is central to our im-

plementation in Lille, is not present in all recirculating loop configurations, for

instance, some systems only extract the signal after a fixed number of roundtrips,

see Ref. [245]. Second, recirculating loops provide a powerful experimental plat-

form for investigating nonlinear wave dynamics over long effective propagation

distances.

Over the past few years, recirculating loops, initially developed for telecom-

munications, have re-emerged as powerful tools for experimental studies of

integrable nonlinear dynamics, see e.g. Refs. [25, 245–249]. This renewed in-

terest has been particularly driven by recent developments within our group,

where such platforms have been adapted and optimized to explore soliton gas

dynamics and integrable turbulence in optical fibers. In this chapter, we make

use of this approach to experimentally investigate the dynamics of soliton gases

in near-integrable regimes.

4.2.2 Recirculating Fiber Loop: Architecture, Initial Condition

Generation, and Raman Amplification

Figure 4.2 shows a detailed schematic of our experimental setup, highlighting

the architecture used to generate and propagate optical soliton gases. This

platform was initially developed during the PhD thesis of A. Kraych [223, 246,

247], building on the concept of recirculating fiber loops originally introduced

for optical telecommunications.

In the remainder of this section, we present the experimental setup in greater

detail, breaking it down into its main functional subsystems. Each subsys-

tem will be described separately and illustrated with dedicated figures. This

approach clarifies the role of each element.
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Figure 4.2: Schematic of the experimental setup. AFG: Arbitrary function gener-
ator. AWG: Arbitrary waveform generator. EDFA: Erbium-doped fiber amplifier.
PBS: Polarizing beam splitter. HWP: Half-wave plate. AOM: Acousto-optic
modulator. EOM: Electro-optic modulator. VOA: Variable optical attenuator. PC:
Polarization controller.

4.2.2.1 Generation of the Initial Condition

Signal laser EDFA

AOM

AFG

CH1

EOM

RF Ampl

L1 L2
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AWG

PC

RF Ampl

100 ns

Ref

100 ns

Ref

Figure 4.3: Setup used for generating the initial condition. AFG: Arbitrary
function generator. AWG: Arbitrary waveform generator. EDFA: Erbium-doped
fiber amplifier. PBS: Polarizing beam splitter. HWP: Half-wave plate. AOM:
Acousto-optic modulator. EOM: Electro-optic modulator.

Figure 4.3 presents the subsystem dedicated to generating the initial op-

tical field used to form soliton gases. The light source is a single-frequency

continuous-wave (CW) laser diode (APEX-AP3350A), operating at a wavelength

of λ = 1550 nm, and delivering an output power of a few milliwatts. The CW

laser is modulated using a 20-GHz electro-optic modulator (EOM, iXblue MX-LN-

20), driven by an arbitrary waveform generator (AWG, Tektronix AWG70001A)

with a 15-GHz bandwidth, to produce flat-top optical pulses with durations
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of 100 ns. In practice, a sequence of three such pulses is launched into the

loop. Each pulse evolves independently and generates a distinct realization of a

soliton gas. This approach increases the number of solitons observed in a single

experiment, thereby improving the statistics of quantities such as the density of

states.

The pulses are then amplified to the Watt-level using an erbium-doped fiber

amplifier (EDFA, Keopsys CEFA-C-BO-HP). Amplified spontaneous emission

(ASE) noise originating from the EDFA adds a small but significant level of

optical noise to the pulses. This optical noise seeds the nonlinear evolution of

the waveform, ultimately driving its transformation into a randomized SG as it

propagates within the fiber loop [36, 122, 177, 250–252].

The output power of the EDFA is regulated using a polarization beam splitter

(PBS) and a half-wave plate (HWP), which enable precise adjustment of the signal

intensity. The optical pulses are then gated using an acousto-optic modulator

(AOM, VSF MT110-IR25-Fio). The AOM remains open for approximately 500 ns

to allow the injection of the pulse into the fiber loop, then closes for ∼ 20 ms,

during which the optical signal circulates inside the loop. The gating signals

for the AOM are generated by a 250-MHz arbitrary function generator (AFG,

Tektronix 31252).

4.2.2.2 Recirculating Fiber Loop and Raman Amplification

Once the initial condition is prepared, it is injected into the recirculating fiber

loop. In this section, we describe the architecture of the loop as well as the

Raman amplification scheme used to compensate optical losses.

Figure 4.4 shows a simplified representation of the experimental setup, fo-

cusing on the propagation stage inside the fiber loop and the associated Raman

amplification scheme. The recirculating loop consists of approximately 8 km

of single-mode fiber (SMF), arranged in a closed configuration using a 90/10

fiber coupler. The fiber, manufactured by Draka-Prysmian, is characterized by a

second-order dispersion coefficient of β2 = −22 ps2.km−1 and a Kerr nonlinearity

parameter γ ∼ 1.3 W−1.km−1 at the working wavelength of 1550 nm.

The 90/10 coupler is configured so that 90% of the intra-loop optical power is
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Figure 4.4: Simplified schematic of the fiber loop and Raman amplification
system. AFG: Arbitrary function generator. AWG: Arbitrary waveform generator.
EDFA: Erbium-doped fiber amplifier. PBS: Polarizing beam splitter. HWP: Half-
wave plate. AOM: Acousto-optic modulator. EOM: Electro-optic modulator.

recirculated, while 10% is extracted at each round trip. The extracted signal is de-

tected using a high-speed photodiode (Finisar XPDV2120R) connected to a real-

time sampling oscilloscope (Teledyne LeCroy LabMaster 10-65Zi, 160 GSa/s),

offering an overall detection bandwidth of 32 GHz [247], see Appendix 5.3. For

each round trip, the system records a 500 ns temporal window, triggered by a

second output from the AFG. These sequences are later assembled numerically

to construct space-time diagrams that provide a single-shot view of the wavefield

evolution, as will be discussed in the following section.

The evolution of the mean power within the loop is carefully controlled

through Raman amplification via a counter-propagating pump laser at 1450 nm.

The pump source is a commercial Raman fiber laser (IPG FiberTech), capable

of delivering several watts of optical power at 1450 nm. This pump laser is

injected and extracted from the loop using wavelength-division multiplexers

(WDMs). In practice, the pump power at 1450 nm is attenuated to about 200 mW

using a 90/10 fiber coupler (not shown in Fig. 4.4). Precise tuning of the Raman

gain is performed using an additional acousto-optic modulator (AOM) and a

variable optical attenuator (VOA), allowing the system to operate in a controlled

manner across different regimes : lossy, amplifying, or nearly conservative, while

ensuring operation of the fiber loop remains below the lasing thereshold.

Finally, a slow photodetector (Thorlabs DET10C/M), coupled to a 100 MHz
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oscilloscope (Agilent 54624A), is used to monitor the slow (millisecond-scale)

evolution of the mean power within the fiber loop.

4.2.2.3 Single-shot detection and space-time reconstruction

In this section we provide further details on the detection scheme and the

numerical reconstruction of the space-time diagram.

PD

Oscilloscope
    65 GHz
   160 Gs/s

Recirculating Fiber Loop

8 km SMF

VOA

WDM WDM

Pump laser

40 μs

Figure 4.5: Simplified schematic of the detection system. AFG: Arbitrary func-
tion generator. AWG: Arbitrary waveform generator. EDFA: Erbium-doped
fiber amplifier. PBS: Polarizing beam splitter. HWP: Half-wave plate. AOM:
Acousto-optic modulator. EOM: Electro-optic modulator.

At the output of the loop, the optical signal is detected by a high-speed pho-

todiode (Finisar XPDV2120R, 50 GHz bandwidth) and recorded by a real-time

sampling oscilloscope (Teledyne LeCroy LabMaster 10-65Zi, 65 GHz bandwidth,

160 GSa/s sampling rate). The temporal separation between two successive

arrivals of a signal pulse is approximately 40 µs, as schematically illustrated in

Fig. 4.5, corresponding to the round-trip time of light in the 8 km-long fiber

loop, where the group velocity is approximately 2 × 108 m/s (see Fig. 4.6(b),

orange curve).

However, as described in Section 4.2.2.1, the relevant information is confined

to a 500 ns time window : the duration defined by the AOM gating. In standard

oscilloscope acquisition mode, this would result in extremely sparse data, with

most of the recorded time trace filled with zeros. To avoid this inefficiency, we

use the sequence mode of the oscilloscope.
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Sequence mode enables the recording of short time segments (here 500 ns)

with precise triggering. It significantly reduces dead time between acquisitions

and allows time stamping of each segment, which is essential for reconstructing

the space-time evolution of the field. The oscilloscope is triggered by a 40 Hz

TTL signal provided by the AFG (see Fig. 4.4), synchronized with the AOM

signal used to generate the initial condition, thus defining the start of each

experimental run.

Individual round trips of the optical pulse inside the loop are captured by

triggering the oscilloscope with a 25 kHz square wave signal (black solid line in

Fig. 4.6(a)(b)), corresponding to the 40 µs round-trip time. Each segment cap-

tures 500 ns of data, centered on the propagating wave packet (see Fig. 4.6(c)).

Figure 4.6(b) shows a zoom on the square signal (black) and the actual pho-

todetector output (orange) recorded for each round trip. The green signal in

Fig. 4.6(a) corresponds to the AOM gating of the Raman pump laser.

This detection strategy enables efficient and high-resolution tracking of the

wavefield over thousands of round trips, providing access to its spatiotemporal

evolution in a single experimental shot.

Figure 4.7(a) shows a typical acquisition consisting of 400 sequences of 500 ns

each, recorded in sequence mode. This approach reduces the total acquisition

time from 16 ms (in continuous mode) to only 200 µs. Figure 4.7(b) presents a

zoom on a single 500 ns segment. Within this window, we clearly observe the

three 100 ns flat-top pulses.

It is worth noting that the first recorded sequence often exhibits saturation

due to the direct detection of the initial pulse, in which 90% of the signal power

is directed to the detector during the first pass through the fiber coupler. In

contrast, following sequences correspond to pulses that have propagated inside

the fiber loop, where only 10% of the power is extracted at each round trip. As

such, we define the initial condition of the experiment as the field after one full

loop, i.e., after 8 km of propagation.

The time axis in Fig. 4.7(a) represents the concatenation of individually

triggered segments and does not correspond to a continuous physical time.

However, within each 500 ns sequence, the time scale is real and captures the

actual duration of the wavefield during that round trip.
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n

500 ns

100 ns

(c)

Figure 4.6: Acquisition scheme using the oscilloscope in sequence mode. (a)
Overview of the temporal gating signals used in the experiment. The blue curve
shows the 40 Hz TTL signal that initiates each experiment cycle. The black trace
corresponds to the 25 kHz sequence trigger used to acquire each round trip
individually. The green signal drives the acousto-optic modulator (AOM2) used
to control the Raman pump laser at 1450 nm. (b) Zoom on the sequence trigger
signal (black) and the corresponding optical signals detected by the photodiode
after each round trip (orange). Each detection peak corresponds to the output
of the loop at one round trip. (c) Further zoom on a single 500 ns acquisition
window, showing three 100 ns flat-top optical pulses detected by the photodiode
(orange), corresponding to the three initial pulses launched in the loop.

We now describe the numerical processing used to reconstruct the single-shot

space-time diagram from raw data shown in Fig. 4.7.

The two main processing steps are illustrated in Fig. 4.8. First, the raw
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Figure 4.7: Typical oscilloscope trace obtained using sequence mode. The trace
contains 400 sequences of 500 ns each, totaling 200 µs of acquisition time. This
corresponds to a physical propagation time of 16 ms. (a) Full acquisition. (b)
Zoom into a single 500 ns sequence, where the three 100 ns flat-top pulses are
clearly visible.

sequences are stacked vertically to form a preliminary space-time diagram, as

shown in Fig. 4.8(a). This step includes the correction of slow drifts due to slight

mismatches between the actual loop round-trip time and the external trigger

signal.

The second step consists in correcting the residual timing jitter between

successive sequences. This jitter arises from fluctuations in the oscilloscope’s

triggering when operating in sequence mode. To compensate for it, we compute

the cross-correlation between the signal at round trip i, denoted si(t), and the

signal from the previous round trip si−1(t). The cross-correlation function is

defined as:

Ci(τ) =
∫
si(t + τ)si−1(t)dt.

The value of τ that maximizes Ci(τ) corresponds to the time shift that best aligns

the two waveforms. Applying this time shift to si(t), and repeating the procedure

iteratively for each round trip, allows us to construct a jitter-free space-time
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Figure 4.8: Processing steps for constructing the spatiotemporal diagram. (a)
Raw oscilloscope sequences stacked to form a propagation diagram. Each hor-
izontal line corresponds to one sequence (500 ns window), and only a 4 ns
portion of the recorded 100 ns pulse is shown here. Residual timing jitter be-
tween sequences appears as horizontal fluctuations. (b) Same data after temporal
realignment using cross-correlation. This procedure corrects the jitter and re-
veals the true spatiotemporal structure of the optical field during single-shot
propagation over 3200 km.

diagram. An example of the result is shown in Fig. 4.8(b).

In some cases, we improve the resolution of the alignment process by in-

creasing the temporal discretization of the signal. Although the oscilloscope

samples at 160 GSa/s (i.e., 6.25 ps resolution), finer alignment is achieved using

interpolation techniques such as zero-padding.
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To sum up

This section detailed the experimental platform used to study optical

soliton gases in a recirculating fiber loop. Three 100 ns flat-top optical

pulses are generated using a CW laser modulated by a high-speed EOM,

then amplified and perturbed by ASE noise from an EDFA. The pulses are

injected into an 8 km fiber loop, where propagation is recorded at each

round trip via single-shot detection. Optical losses are precisely controlled

and compensated using a counter-propagating Raman pump at 1450 nm.

A high-speed oscilloscope operated in sequence mode records 500 ns

windows synchronized with each round trip. The resulting space-time

diagram is reconstructed numerically using cross-correlation to correct for

timing jitter. This setup provides access to the spatiotemporal evolution

of nonlinear optical wavefields over thousands of kilometers, with high

temporal resolution.

4.2.2.4 Intra-Loop Power Calibration and Mean Power Evolution

The final step of the measurement procedure consists in converting the voltage

signal recorded from the photodiode into optical power.

Following the method introduced in Ref. [36], we exploit the well-characterized

phenomenon of noise-induced modulation instability (MI) in the focusing non-

linear regime [95] for calibration purposes. After sufficient propagation inside

the loop, the initially flat-top square pulses perturbed by amplified spontaneous

emission (ASE) noise from the EDFA, become unstable, giving rise to a random

train of localized structures, see Fig. 4.9(b).

This instability leads to the appearance of two symmetric sidebands in the op-

tical spectrum, shifted by ±Ωmax relative to the carrier frequency, see Fig. 4.9(c).

The frequency shift Ωmax depends on the optical power P0 of the initial continu-

ous wave (or flat-top pulse) through the relation [95]:

Ωmax =

√
2γP0

|β2|
. (4.1)
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Figure 4.9: Power calibration of the recorded signal. (a) Space-time dynamics of
noise-induced modulation istability (MI) of the plane wave optical background
(b) Temporal cross-section at z = 600 km. The average period of MI is TMI ∼
170 ps, corresponding to an average power of 11.5 mW.

Rather than performing the calibration in the frequency domain, we extract Ωmax

from time-domain measurements, which offers higher precision. This is done

by counting the number of emerging MI peaks over a long temporal window

(several tens of nanoseconds), see Fig. 4.9(b). From the measured average MI

period TMI ∼ 170 ps, we estimate the optical power using:

P0 =
(2π/TMI)2|β2|

2γ
∼ 11.5 mW. (4.2)

Note that the measurement of the MI period is not performed at z=8 km, but

rather after some propagation, typically at z ≈ 600 km assuming an exponential

evolution of the average power along the loop. A correction factor is then applied

to account for this effect. This distance still corresponds to the early exponential

stage of the modulational instability, where the spectral sidebands are well

defined and the overall spectrum remains narrow. At later stages, once the

instability saturates and localized structures form, the spectral pattern evolves

and the MI period cannot be clearly identified.



160 CHAPTER 4. Optical soliton gas evolution under weak dissipation

0 500 1000 1500 2000 2500 3000
Propagation Distance (km)

0.00

0.25

0.50

0.75

1.00

1.25

1.50

M
ea

n 
po

we
r (

no
rm

.)

Figure 4.10: Typical evolution of the mean power within the loop. Black
points: normalized power measured as a function of propagation distance
z. Red dashed line: exponential fit exp(−αeffz), with effective loss coefficient
αeff = 5.68× 10−4 km−1. Blue line: simulated evolution in the absence of amplifi-
cation.

Optical power in the loop decreases with propagation due to several sources

of loss. The main contribution comes from the intrinsic attenuation of standard

single-mode fiber, typically 0.2 dB/km, which corresponds to approximately

1.6 dB per round trip. In addition, 10% of the circulating signal is extracted at

each round trip for detection, introducing a further 2.06 dB loss per round trip.

Altogether, in the absence of amplification, only about 60% of the optical power

remains after each round trip.

This situation is illustrated by the blue curve in Fig. 4.10, which shows

the expected exponential decay of the mean optical power in a purely passive

configuration. In practice, Raman amplification is applied to mitigate these

losses, and the effective damping rate can be finely controlled by adjusting

the Raman pump power. The configuration shown in Fig. 4.10 corresponds to

a typical operating point where the gain partially compensates for the losses,

resulting in a residual decay of the mean power. However, by increasing the

Raman pump power, it is possible to reduce the effective loss rate αeff, or even to

reach regimes of net gain, where the mean optical power grows exponentially

along the loop.

This partial loss-compensation regime contrasts with the nearly conservative

case discussed earlier (see Fig. 4.9). The black points in Fig. 4.10 show the
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measured mean power, which is well fitted by an exponential decay exp(−αeffz),

with an effective loss coefficient αeff = 5.68× 10−4 km−1.

To sum up

In this section, we described the procedure used to calibrate the intra-loop

optical power in the recirculating fiber loop. The average power is inferred

from time-domain measurements of modulation instability experienced

by the flat-top square pulses, whose characteristic period depends on the

initial optical power via a known analytical relation. This calibration step

is essential to compare experiment and theory.

In the experiment, the effective gain and loss can be accurately controlled

by adjusting the Raman pump power. This enables precise control over

the intra-loop optical power. In particular it compensates for both fiber

attenuation (0.2 dB/km) and the 10% signal extraction occurring at each

round trip.

4.2.3 Derivation of the NLS Mean-Field Equation from the Iter-

ative Map

Before turning to the next experimental section devoted to heterodyne detection,

we present here a theoretical model describing the average propagation dynamics

in the recirculating fiber loop. This model, based on a mean-field approximation

of the iterative map, leads to the NLSE that captures the dynamics observed in

the experiment.

The propagation of light in a single-mode optical fiber is governed by

Maxwell’s equations. In a transparent medium with third-order (Kerr) non-

linearity, and under the assumption of single-mode guidance, the transverse

profile of the field can be decoupled from its longitudinal evolution. By applying

the slowly varying envelope approximation and retaining only second-order

dispersion, the dynamics of the optical field envelope along the propagation

coordinate z are described by the one-dimensional NLSE [95]:

i
∂A
∂z

=
β2

2
∂2A

∂T 2 −γ |A|
2A− i αeff

2
A (4.3)
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Here, A(z,T ) denotes the slowly varying complex envelope of the electric field

in a reference frame moving at the group velocity of the light wave packet. The

parameter β2 is the group velocity dispersion, γ is the nonlinear Kerr coefficient,

and αeff accounts for effective distributed losses or gains in the system. In our

experiments using standard SMF-28e fiber at 1550 nm, typical parameters are

β2 ∼ −22 ps2/km and γ ∼ 1.3 W−1km−1.

4.2.3.1 Physical Model and Iterative Propagation

Experiments in the recirculating fiber loop can be modeled by an iterative scheme

combining distributed propagation and discrete boundary conditions [253],

where the complex envelope An(Z,T ) evolves over successive round-trips n, each

corresponding to a propagation over a fiber segment of length L. During each

round-trip, the field propagates according to the nonlinear Schrödinger equation

(NLSE) with distributed Raman gain:

∂An
∂z

= −i
β2

2
∂2An
∂T 2 + iγ |An|2An +

gr
2
An, z ∈ [nL, (n+ 1)L[. (4.4)

At the end of each loop, the field undergoes lumped linear losses due to the

output coupler and passive components, these losses are modeled by a simple

multiplicative factor:

An+1(0,T ) = ρAn(L,T ), ρ ≤ 1. (4.5)

n denotes the round-trip index, gr represents the distributed Raman gain, and ρ

accounts for local losses, see Fig. 4.11:

ρ = e−
(gr+αeff)

2 L (4.6)

where αeff account for the imperfect losses compensation.

The key physical length scales in the recirculating loop are estimated as

follows, for typical input powers P0 ∈ [2, 12] mW and pulse durations T0 ∈
[40, 80] ps used in the experiment:

- Nonlinear length: Lnl = 1/(γP0) ∼ 60–400 km
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Figure 4.11: Schematic representation of the power evolution inside the loop over
successive roundtrips. During each roundtrip, the field experiences distributed
Raman gain exp(grz) followed by abrupt loss at z = nL, due to the extraction via
the coupler. The resulting envelope (dashed gray line) decays exponentially as
exp(−αeffz). This average trend justifies the use of a mean-field NLSE with an
effective loss term. Figure adapted from [253]

- Dispersion length: Ld = T 2
0 / |β2| ∼ 70–300 km

- Loss length: Lloss = 1/ |αeff| ∼ 1700–10000 km

- Loop length: L ∼ 8 km

Since all physical effects occur on scales much longer than the loop perimeter L,

a mean-field description is justified, with αeff describing the cumulative loss or

gain per round trip.

Note: The effective loss coefficient αeff is adjusted empirically in the exper-

iment and can be either positive or negative, depending on the Raman pump

power. This tunability enables controlled exploration of integrability-breaking

regimes in soliton gas evolution, as we’ll see further.

4.2.3.2 From the Iterative Model to the Mean-Field Equation

Equations (4.4) and (4.5) can be rewritten as a single partial differential equa-

tion by replacing the round-trip boundary condition with a Dirac delta-comb

term [89, 253]:
∂An
∂z

∣∣∣∣∣
z=nL

=
∑
n

ln(ρ)δ(z −nL)An (4.7)
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Substituting Eq. (4.7) into Eq. (4.4) yields:

∂An
∂z

= −i
(
β2

2
∂2An
∂T 2 −γ |An|

2An

)
+
gr

2
An −

∑
n

(gr +αeff
2

L
)
δ(z −nL)An (4.8)

We now derive the mean-field model by integrating Eq. (4.7) over a short interval

around z = nL [89, 253]. Let zn± = zn ± ϵ , with ϵ≪ 1 and integrate across the

discontinuity:∫ zn+

zn−

∂An
∂z

dz =
∫ zn+

zn−

∑
n

(
−
gr +αeff

2
L
)
δ(z −nL)

An dz (4.9)

which yields,

An(zn+) = An(zn−)
[
1−

gr +αeff
2

L
]

(4.10)

Next, we perform a Taylor expansion of An over one round trip, assuming small

variation of the field A [89, 253]:

An+1(0,T ) =
(
An(0,T ) +

∂An
∂z

∣∣∣∣∣
z=0
L

)[
1−

gr +αeff
2

L
]

(4.11)

Assuming that A varies slowly over a round-trip, and identifying ∂A
∂z = (An+1 −

An)/L in Eq. (4.4), we finally obtain the continuous mean-field model [253]:

∂A
∂z

= −i
β2

2
∂2A

∂T 2 +
[
iγ |A|2 − αeff

2

]
A (4.12)

This NLSE describes the evolution of the envelope over arbitrarily long distances,

effectively averaging the discrete loop dynamics into a continuous propagation

model. The control of αeff in the experiment allows access to various damping or

amplifying regimes.

4.2.3.3 Normalization of the mean-field equation

For theoretical analysis and numerical simulations, particularly for computing

the discrete nonlinear spectrum from IST we introduce a normalized, dimen-
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sionless form of the focusing 1D-NLS equation (4.12) using the transformations:
t =

γP0z

2
,

x = T

√
γP0

|β2|


ψ =

A
√
P0
,

ϵ =
αeff
γP0

(4.13)

where P0 is a reference power found using the calibration method in Sec. 4.2.2.4.

This yields the normalized focusing 1D-NLSE:

iψt +ψxx + 2|ψ|2ψ + iϵψ = 0 (4.14)

4.3 Heterodyne measurement of the amplitude and

phase of the optical field

Capturing the evolution of the IST spectrum of soliton gases (SGs) during propa-

gation represents a major challenge in optics, as it requires simultaneous access

to both the amplitude and phase of the optical field. During this thesis, we

addressed this challenge by implementing a heterodyne detection scheme, in

which the signal is mixed with a frequency-detuned reference laser and the

resulting beating signal is detected by a fast photodiode.

4.3.1 Amplitude and phase reconstruction via heterodyne de-

tection applied to a controlled phase-modulated optical

pulse

Before applying this method to soliton gas experiments, we first validate it in

a controlled setting. A proof-of-principle experiment is conducted, in which a

continuous-wave (CW) laser is modulated both in intensity and in phase using

electro-optic modulators. The goal is to reconstruct the complex envelope of

the field (amplitude and phase) from the heterodyne measurement and verify

whether the imposed phase modulation can be accurately retrieved by a demod-

ulation procedure we present herein. Figure 4.12 shows the experimental setup

used for this validation.
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4.3.1.1 Experimental setup for heterodyne detection of a phase-modulated
optical pulse

50/50 PD

Oscilloscope

Signal laser

Ref. laser

EOMI

EDFA

EOMɸ

PC

Figure 4.12: Proof-of-principle experiment demonstrating the heterodyne inter-
ferometry method for retrieving the amplitude and phase of an optical wavefield.
EOMI: Intensity electro-optic modulator. EOMΦ : Phase electro-optic modulator.
EDFA: Erbium-doped fiber amplifier. PC: Polarization controller.

Figure 4.12 shows the schematic of the experimental setup implemented for

the heterodyne measurement of the amplitude and phase of the optical signal. A

CW laser at 1550 nm is modulated both in intensity and phase. The phase mod-

ulation is performed using a high-speed phase electro-optic modulator (EOMΦ ,

iXblue MPZ-LN-10, 16 GHz bandwidth), driven by an arbitrary waveform gener-

ator (AWG, Tektronix AWG 70000, 15 GHz bandwidth). Intensity modulation

is applied using a second electro-optic modulator (EOMI), and both modula-

tors are driven by RF amplifiers (iXblue DR-AN-20-MO for EOMΦ and iXblue

DR-DG-20-MO for EOMI), each with 20 GHz bandwidth. Synchronization of

the intensity and phase modulations is ensured using the AWG synchronization

module (Tektronix – AWGSYNC01).

As an initial condition, we generate a 50 ns flat-top optical pulse. A phase

modulation in the form of a sinusoidal waveform of 1 GHz frequency and 30 ns

duration is applied at the center of the pulse, see Fig. 4.13(d). Due to differences

in the electrical signal paths, the phase modulation is temporally delayed by

16.1 ns relative to the intensity modulation.

While this test experiment is carried out on a well-controlled phase-modulated

waveform, the same signal processing approach is later applied to the output

of the recirculating fiber loop during soliton gas experiments. In that case, the

detected field corresponds to the complex wavefield emerging after nonlinear
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propagation, and the heterodyne reconstruction provides access to both am-

plitude and phase at each round trip. The present validation therefore serves

as a benchmark to verify the accuracy and consistency of the method before

deploying it in more complex dynamical regimes.

4.3.1.2 Method of reconstruction of the amplitude and phase of a signal
using heterodyne interferometry

At the output of the setup, the optical signal is combined with a narrow-linewidth

reference CW laser via a 50/50 fiber coupler, see Fig. 4.12. The reference source

(APEX-AP3350A) is a single-frequency diode laser with an output power of a

few milliwatts and a linewidth of 300 kHz, as specified in the manufacturer’s

datasheet. The reference wavelength is offset by 0.361 nm from the signal,

corresponding to a frequency detuning of ∆f0 ∼ 45 GHz. The optical signal

resulting from the beating between the signal laser and the reference laser is

detected by a high-speed photodiode (Finisar XPDV2120R), and its temporal

interference pattern encodes both the amplitude and the phase of the signal

field.

The voltage V (T ) detected by the photodiode can be written as:

V (T ) = k
∣∣∣Asig(T )eiφ(T ) +ARefe

i(2π∆f0T+φRef)
∣∣∣2 , (4.15)

where Asig(T ) and φ(T ) denote the amplitude and phase of the signal field,

and ARef, φRef are the (constant) amplitude and phase of the reference laser.

The constant k depends on the photodiode’s characteristics and is determined

through the calibration procedure detailed in Sec. 4.2.2.4.

Expanding Eq. (4.15), we obtain:

V (T ) = k
(
A2

sig(T ) +A2
Ref + 2Asig(T )ARef cos[2π∆f0T +φRef −φ(T )]

)
. (4.16)

This expression shows that the signal contains a DC component and two side-

bands centered at ±∆f0. Given that ∆f0 is sufficiently large to avoid spectral

overlap between the sidebands composing the fourier spectrum of the hetero-

dyne signal, we numerically isolate the positive-frequency sideband via post-
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processing of the recorded signal.

To extract the information of interest, we apply a 15th-order causal But-

terworth bandpass filter centered at ∆f0, with a full-width at half-maximum

(FWHM) of 6 GHz, see red line in Fig. 4.13(b). This value is chosen to match

the spectral width of the signal in this controlled phase-modulation experiment.

In soliton gas experiments presented later, a broader filter (FWHM of 40 GHz)

is used to account for the larger spectral content of the signal. In all cases, the

filter removes the DC component and the negative-frequency sideband, leaving

a complex-valued signal at the output of the filter that reads:

VF(T ) = kAsig(T )ARef e
i(2π∆f0T+φRef−φ(T )). (4.17)

We then multiply VF(T ) by e−2πi∆f0T to shift the signal to baseband:

Vdem(T ) = kAsig(T )ARef e
i(φRef−φ(T )). (4.18)

Assuming the reference phase φRef is constant over the 50 ns pulse duration,

it can be absorbed into a global phase offset. The amplitude and phase of the

signal can then be retrieved as:

Asig(T ) ∝ |Vdem(T )|, (4.19)

φ(T ) = −Arg(Vdem(T )) . (4.20)

This procedure yields the full complex envelope of the optical field as a function

of time.

4.3.1.3 Results of the reconstruction process

Figure 4.13 presents the main steps of the heterodyne field reconstruction ap-

plied to the phase-modulated waveform described earlier.

Fig. 4.13(a) shows the time window of the raw heterodyne signal V (T ) as

recorded by the high-speed oscilloscope. It exhibits fast oscillations, as high-

lighted by the zoomed-in view in the inset. These rapid oscillations arise from

the heterodyne beating between the signal and the local oscillator, occurring at a
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Figure 4.13: Demodulation scheme of the detected optical signal under the
form of a pulse modulated in phase. (a) Experimental signal measured by
the photodiode and the oscilloscope (b) Fourier power spectrum of the signal
plotted in (a). The red line represents the modulus of the transfer function of the
passband Butterworth filter used to filter the frequency components centered
around 45 GHz, with 6 GHz FWHM. (c) Amplitude of the demodulated signal
Asig(T ). (d) phase φ(T ) of the optical signal.

frequency ∆f0 ∼ 45 GHz. The corresponding Fourier power spectrum is shown

in Fig. 4.13(b), revealing a well-defined peak centered at 45 GHz, as expected

from the mixing of the signal with the detuned reference laser. The red curve

represents the transfer function of the 15th-order Butterworth bandpass filter

with a 6 GHz FWHM, used to isolate the positive-frequency sideband.

After filtering and numerical demodulation, we reconstruct the complex

signal envelope. Fig. 4.13(c) displays the amplitude Asig(T ) ∝ |Vdem(T )|, which

matches the expected 50 ns flat-top pulse shape. Fig. 4.13(d) shows the retrieved

phase φ(T ) = −Arg(Vdem(T )), from which the imposed phase modulation can be

clearly identified.
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To sum up

In this section, we present the heterodyne interferometric method used

to reconstruct the full complex envelope of an optical signal, including

both amplitude and phase. The technique is demonstrated on a well-

controlled waveform consisting of a continuous-wave laser modulated

in both intensity and phase using electro-optic modulators. A sinusoidal

phase modulation is embedded in a flat-top optical pulse, and the resulting

field is mixed with a frequency-detuned reference laser. The interference

signal is recorded by a high-speed photodiode and processed using a band-

pass filter centered on the beat frequency. After numerical demodulation,

the amplitude and phase of the original optical signal are successfully

retrieved. This controlled experiment confirms the method’s ability to

recover phase information accurately, before applying it to more complex

signals in soliton gas experiments.

4.3.2 Experimental Measurement System Limitations

In the following, we will compare experimental results, reconstructed using the

validated heterodyne technique described in Sec. 4.3, with numerical simula-

tions of the NLSE (Eq. (4.3)). The purpose of this comparison is not to test the

heterodyne method itself, whose accuracy and reliability have been established,

but rather to investigate how the finite detection bandwidth and additive de-

tection noise affect the reconstruction of the complex optical field in practical

conditions. To this end, we first apply the same demodulation and filtering pro-

cedure to numerically simulated signals, thereby mimicking the measurement

system. This allows us to isolate and quantify the impact of these two limiting

factors, and to assess the extent to which they may distort the experimentally

reconstructed field.

To evaluate the influence of detection system limitations on the reconstructed

signal, we use as a test case a numerically simulated wavefieldA(T ) = Asig(T )eiφ(T )

obtained by solving the NLSE (Eq. (4.3)) with parameters closely matching ex-

perimental ones. Specifically, the simulated field results from the propagation
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of a noisy square-shaped pulse over a distance of 1920 km, with an effective

attenuation coefficient αeff = 5.8 × 10−4 km−1 and an initial optical power of

11.5 mW.

To mimic the heterodyne detection procedure, we numerically generate

the interference between this simulated complex field and a monochromatic

reference wave of constant amplitude and zero phase and detuned of ∆f0 =

45 GHz with the signal, consistent with the experimental configuration.

I(T ) =
∣∣∣Asig(T )eiφ(T ) +ARefe

2iπ∆f0T
∣∣∣2 (4.21)

This synthetic heterodyne signal is then post-processed using the same recon-

struction pipeline as in the experiment: bandpass filtering around ∆f0, followed

by demodulation and extraction of the complex envelope. This approach allows

us to selectively introduce experimental imperfections, such as limited detection

bandwidth and additive noise, and to quantify their impact on the reconstructed

amplitude and phase profiles, independently from the intrinsic performance of

the heterodyne technique itself.

4.3.2.1 The finite detection bandwidth

Firstly, we account for the finite detection bandwidth of the experimental mea-

surement setup. As described in Sec. 4.2.2.2, the optical intensity is recorded

using a fast photodiode (Finisar XPDV2120R, nominal bandwidth of 50 GHz)

connected to a high-speed oscilloscope (LeCroy Labmaster 10-65ZI, 65 GHz

bandwidth and 160 GSa/s sampling rate). Together, these devices act as an effec-

tive first-order low-pass electrical filter, characterized by the transfer function:

H(f ) =
1

1 + i ffc

, (4.22)

with a cutoff frequency fc = 32 GHz [247]. An experimental measurement of the

modulus of this transfer function is presented in Appendix 5.3.

As shown in Fig. 4.14(c) (red dashed line), the frequency response is not flat

over the detection bandwidth: the gain decreases significantly beyond 20 GHz,
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indicating that spectral components around the carrier frequency ∆f0 = 45 GHz

are already partially attenuated. To model the effect of this limitation, we apply

the measured transfer function H(f ) to the Fourier spectrum of the heterodyne

signal I(T ) given by Eq. (4.21).
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Figure 4.14: (a) Numerical simulation of the NLSE: power (black) and phase
(green) of the optical wavefield. The red (resp. orange) dashed line shows the
power (resp. phase) reconstructed using the heterodyne scheme described in
Sec. 4.3, including finite bandwidth effects. (b) Fourier power spectrum of
the simulated wavefield. (c) Fourier power spectrum of the heterodyne signal
centered at 45 GHz. The red dashed line represents the magnitude of the 32 GHz
low-pass filter used to model the finite detection bandwidth.

Figure 4.14 shows the influence of finite detection bandwidth on the het-

erodyne reconstruction applied to a simulated NLSE wavefield. The original

wavefield (black for power, green for phase) is compared to the reconstructed

version (red and orange dashed lines) in Fig. 4.14(a), revealing an excellent agree-

ment. While the heterodyned spectrum shown in Fig. 4.14(c) does experience a

frequency-dependent attenuation beyond 32 GHz, consistent with the measured

transfer function, the impact on the reconstructed signal remains negligible at

this stage. This shows that the detection bandwidth does not significantly alter

the reconstructed amplitude or phase of the signal.

However, the finite detection bandwidth introduces a slight spectral tilt

around the heterodyne frequency, which in turn causes a distortion of the

spectral phase. This effect manifests as an artificial shift in the apparent velocity

of the optical pulses, a subtle artifact that will become more apparent in the
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IST-based spectral analysis (see Sec. 4.4.3).

4.3.2.2 The detection noise

We now consider the effect of detection noise, which primarily originates from

the electrical noise of the photodetector. To model this, we add noise to the

Fourier spectrum of the heterodyne signal I(T ) defined in Eq. (4.21), with a noise

level similar to the experimental detection noise.
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Figure 4.15: (a) The black (resp. green) line represents the power (resp. phase)
fluctuations of a wavefield obtained from numerical simulation of NLSE. The
red (resp. orange) dashed line represents power (resp. phase) fluctuations that
are reconstructed using the heterodyne scheme described in Sec. 4.3 including
finite bandwidth effects and detection noise. (b) Fourier power spectrum of the
wavefield. (c) Fourier power spectrum of the heterodyne signal perturbated by
the added detection noise. The red dashed line represents the modulus of the
transfer function of the 32 GHz filter describing finite bandwidth effects. In
green is superimposed the associated experimental spectrum.

In Fig. 4.15(c), the power spectrum of the simulated noisy signal is shown

in grey (being the spectrum shown in Fig. 4.14(c) with a noise level being the

experimental one), while the experimentally measured heterodyne spectrum,

corresponding to a similar flat-top pulse measurement, is overlaid in transparent

green. This comparison confirms that the noise level introduced in the simulation

is consistent with the experimental conditions.

Figure 4.15(c) shows the Fourier spectrum of the heterodyne signal after

adding detection noise. For comparison, the ideal bandwidth-limited spectrum
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without noise is shown in Fig. 4.14(c). The added noise visibly fills the spectral

background and leads to deviations in both the power and phase reconstruc-

tions, as illustrated in Fig. 4.15(a). While the heterodyne method still permits

the retrieval of meaningful information, the accuracy is noticeably degraded

compared to the case without noise.

Compared to the effect of finite detection bandwidth, this degradation is

more pronounced and shows the role played by detection noise in limiting the

reconstruction accuracy. Just as finite bandwidth induces a subtle artificial

velocity in the retrieved waveform, detection noise introduces spectral artifacts

that will have consequences when analyzing the IST spectra, as will be discussed

in Sec. 4.4.3.

4.4 Evolution of optical soliton gas in the recirculat-

ing fiber loop in the presence of small damping

In this section, we investigate the impact of weak effective average power loss

on the dynamics of an optical soliton gas initially prepared as a 100 ns flat-top

optical pulse with an average power of 11.5 mW. We first analyze the evolution

of its dynamical features and then explore the changes in its statistical properties,

in particular its density of states (DOS).

4.4.1 Experimental Space-Time Dynamics

Figure 4.16(a) displays the experimentally measured average power P (z) of

the circulating wavefield, which decays from its initial value P0 ∼ 11.5 mW to

approximately 2 mW after a propagation distance of around 3200 km. The red

dashed line corresponds to an exponential fit of the decay, yielding an effective

loss coefficient αeff ∼ 5.8× 10−4 km−1, or equivalently about 0.0025 dB/km.

Figure 4.16(b) shows the reconstructed space-time diagram over a narrow

5 ns window. At a qualitative level, the observed dynamics resemble those of

noise-driven modulation instability (MI) in systems governed by the focusing

1D-NLSE, as reported in Refs. [98, 112, 247]. Initially, the optical field appears

as a noisy plane wave (see Fig. 4.16(d)), and rapidly develops random, highly
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Figure 4.16: Experiment showing the evolution of an optical soliton gas (SG)
in a recirculating fiber loop under weak damping. (a) Measured mean optical
power as a function of propagation distance z; black points: experimental data;
red dashed line: exponential fit with αeff ∼ 5.8× 10−4 km−1. (b) Experimental
space-time diagram showing the evolution of the SG over a 5 ns time window.
The top and right axes respectively display the normalized space x = T

√
γP0/ |β2|

and normalized time t = γP0z/2. (c) and (d) show snapshots of the optical power
at z = 1920 km and z = 8 km, respectively. Right axes indicate the normalized
power |ψ|2.

nonlinear breather-like structures characteristic of MI (see Fig. 4.16(c)).

The space-time diagram further suggests that the presence of weak dissipa-

tion does not inhibit the onset of MI.

4.4.2 Nonlinear Spectral Analysis and Density of States

We now investigate how the discrete IST spectra of the optical SG is affected by

the weak dissipation on the system’s dynamics. To perform this analysis, we

normalize the experimental complex wavefield obtained from the space-time

diagram in Fig. 4.16(b) using the transformation defined in Eq. (4.13).

Within the IST formalism, the discrete spectrum associated with the focusing

1D-NLSE (in the integrable case where ϵ = 0 in Eq. (4.14)) is obtained by solving
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the Zakharov–Shabat (ZS) eigenvalue problem [116]:

L̂Φ = λΦ , L̂ =

−i∂x −iψ−iψ∗ i∂x

 , (4.23)

where λ ∈ C are the discrete eigenvalues associated with the solitonic content

of the field ψ(x, t), measured at a given propagation time t (or equivalently at

a given propagation distance z in the recirculating fiber loop). The spectrum

is computed numerically by solving Eq. (4.23) using the Fourier collocation

method described in Ref. [102]. This yields an ensemble of several hundred

complex-valued eigenvalues λj located in a bounded region of the upper half

complex plane. Each eigenvalue is written as λj = ξj + iηj , where ξj ∈ R is the

real part and ηj > 0 the imaginary part. The real part governs the soliton velocity,

while the imaginary part determines its amplitude. These spectral parameters

will be used to construct the discrete IST spectrum shown in the following

figures.

Figure 4.17: Evolution of the IST spectrum of the experimental optical SG. (a)
Discrete spectrum computed at z = 8 km. (b–e) Same as (a), but at z = 800, 1600,
2400, and 3168 km. (f) Evolution of the number of discrete eigenvalues as a
function of propagation distance z: green triangles correspond to experimental
data, and the green solid line to numerical simulations of Eq. (4.3) using experi-
mental parameters.

Although the dissipation is small (ϵ ∼ 0.038 in Eq. (4.14)), the IST analysis re-



4.4. Evolution of optical soliton gas with damping 177

mains a valuable tool for characterizing the evolution of the gas. Figures 4.17(a–e)

show how the distribution of eigenvalues changes along the propagation. Un-

like the integrable case, the dynamics here is non-isospectral: the discrete IST

spectrum evolves during propagation.

Two key effects are observed. First, the imaginary parts of the eigenvalues

which encode the amplitude of the solitons, gradually decrease. Starting from a

maximum imaginary part ηmax ≃ 1 at z = 8 km, the imaginary parts shrinks to

ηmax ∼ 0.3 at z = 3168 km. This trend is consistent with the dissipative nature of

the system: as the mean power decreases, the individual solitons lose amplitude.

Second, and more surprisingly, the eigenvalues develop non-zero real parts

(encoding solitons’ velocities) as the system evolves. While the initial spectrum

lies almost entirely along the imaginary axis (ξj ∼ 0∀j), subsequent spectra show

a symmetric broadening along the real axis. This spectral deformation suggests

the creation of velocity distribution of solitons and reflect emergent collective

effects induced by the weak dissipation. During the propagation distance (in

particular at z ∼ 1920 m), the spectrum forms a shape close to a semi-circle,

a hallmark of the dissipative rearrangement of soliton states. This spectral

transformation will be further observed in the next section through the analysis

of the DOS.

While the mechanism responsible for the emergence of soliton velocities

remains to be fully understood1, the fact that the real parts of the eigenvalues

broaden symmetrically around zero can be explained by the conservation of

momentum [254]. The initial condition is a symmetric pulse, which implies that

the field ψ(x) is even and that its initial momentum is zero. The momentum is

defined as [102]

M =
∫ +∞

−∞

(
∂ψ

∂x

)
ψ∗dx,

and it evolves in the presence of weak dissipation according to M(t) =M(0)e−2ϵt

1Attempts using IST perturbation theory exist for a small number of eigenvalues [254, 255].
Analyses show that, under weak damping, eigenvalues with larger imaginary parts can decay
faster than those with smaller ones. This non-uniform evolution could in principle lead to
eigenvalue crossings. However, due to the non-degeneracy of the Zakharov–Shabat operator,
such crossings are forbidden. As a result, eigenvalues develop non-zero real parts to avoid
"collisions", which effectively induces a repulsion mechanism in the complex plane [225].
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(see Appendix 5.5). Since M(0) = 0, the total momentum remains strictly zero at

all times.

Now, in the framework of the IST, the momentum of an N -soliton solution

can also be expressed as a weighted sum over the real parts of the discrete

eigenvalues λj = ξj + iηj [119]:

M = −1
2

N∑
j=1

ηjξj ,

As a result, the emergence of nonzero real parts ξj , 0 during evolution must

occur in a way that preserves the total momentum. This constraint requires that

for every eigenvalue acquiring a positive real part, another eigenvalue develops

a negative real part of equal magnitude. This explains the observed symmetric

spreading of the spectrum along the real axis.

In practice, especially when the initial condition is perturbed by some random

noise, this symmetry holds only statistically. Small asymmetries in the real parts

ξj may appear in a given realization, but the ensemble-averaged momentum

remains close to zero.

Figure 4.17(f) shows the evolution of the number of discrete eigenvalues

found in the upper complex plane above the threshold η = 0.05, as indicated

by the shaded region in Figs. 4.17(a–e). This threshold is introduced to exclude

weak spectral components potentially associated with low amplitude noise

in the wavefield. The number of eigenvalues, denoted Neig, decreases from

approximately 758 at z = 8 km to 546 at z = 3168 km, representing a loss of

about 27%. In contrast, the average optical power is reduced by nearly a factor

of 6 over the same distance (from 11.6 mW to 1.8 mW), see Fig. 4.16(a).

Given the large number of discrete eigenvalues obtained from the nonlinear

spectral analysis, we follow the approach introduced in the kinetic theory of

soliton gases and compute the so-called density of states (DOS) f (λ;x, t) 2 [35].

Since the optical SG is approximately spatially homogeneous, the DOS f (λ) can

2In this chapter, the spatial variable x corresponds to the fast time T in the frame moving
with the group velocity, while the slow evolution variable t is associated with the propagation
distance z along the fiber.
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be interpreted as the normalized probability density function of the complex-

valued eigenvalues λ. It is normalized such that:∫ +∞

−∞
dξ

∫ +∞

0
dη f (λ) =

N
∆x
,

where N is the number of eigenvalues in the upper half of the complex plane,

and ∆x ∼ 2600 denotes the spatial extent of the soliton gas, corresponding to a

temporal duration of ∆T ∼ 100 ns.
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Figure 4.18: Experimental evolution of the density of states (DOS) in the presence
of weak damping. (a) DOS corresponding to the initial condition measured
at z = 8 km. The inset shows the DOS integrated along the ξ-axis, the red
dashed line corresponds to the analytical Weyl distribution, Eq. (4.24). (b) DOS
measured at z = 1920 km.

Figure 4.18 presents the experimentally measured DOS. Rather than rely-

ing on a single realization, we average over three identical flat-top pulses that

propagate independently within the loop during the same experimental run.

In addition, the DOS is computed by averaging over 10 consecutive roundtrips

(i.e., ±5 roundtrips around the central propagation distance), corresponding to

an 80 km propagation span. This approach increases the size of the statistical

ensemble, which includes approximately 23,200 (resp. 18,300) discrete eigenval-

ues at z = 0 km (resp. z = 1920 km). This approach assumes minimal evolution

of the IST spectra over this short propagation interval.

Fig. 4.18(a) shows the DOS of the initial condition at z = 8 km: a flat-top

pulse perturbed by weak optical noise. As expected from previous studies [122],
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the measured DOS closely follows the Weyl distribution (see the inset), given by,

f (η) =
η

π
√

1− η2
(4.24)

Due to dissipation, the isospectrality condition is broken in our experiment. As a

result, the DOS evolves with propagation. Fig. 4.18(b) shows the DOS measured

at z ∼ 1920 km. We observe a striking transformation of the spectral support:

while the initial DOS is vertically aligned along the imaginary axis, the damped

system exhibits a broadened, nearly semicircular spectral support in the upper

complex plane.

It is noteworthy that the concept of circular spectral support for soliton gas

DOS was introduced in recent mathematical works [121, 256], although it was

not expected to arise either experimentally or in non-integrable settings. Our

results provide, to the best of our knowledge, the first experimental evidence of

such a structure emerging from dissipative NLS dynamics.
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Figure 4.19: Experimental space-time diagrams showing the evolution of three
distinct temporal regions of the same optical soliton gas under weak damping.
(a) Left edge of the pulse (T ∈ [4,7] ns), (b) center region (T ∈ [54,57] ns), and
(c) right edge (T ∈ [104,107] ns). All panels share the same color scale for the
optical power. The white dashed lines highlight the spreading of the pulse edges.

To further characterize the spatial evolution of the soliton gas, we exam-

ine how different temporal regions of the initial flat-top pulse evolve under
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weak damping. Figure 4.19 displays three space-time diagrams extracted from

different segments of the 100 ns pulse, each spanning a 3 ns window.

Figure 4.19 shows that the wavefield broadens at both edges of the square

pulse (Figs. 4.19(a) and (c)) around T ∼ 5.5 ns and T ∼ 105 ns, as highlighted by

the dashed white lines. This expansion shows that some solitons acquire non-

zero velocities and gradually escape the central region. This dynamical behavior

is consistent with the spectral broadening observed in the DOS (Fig. 4.18(b)),

where semi-circular spectral contours indicate the emergence of solitons with

finite velocities.

4.4.3 NLSE Simulations with a Small Damping Term

To complement the experimental observations, we perform numerical simu-

lations of the NLSE including a small damping term, using the same initial

condition as in the experiment: a broad square-shaped pulse with an average

power of 11.6 mW. Numerically, the initial condition is under the form of a

super-Gaussian pulse, with full width at half maximum T0 ≈ 100ns, mean power

P0 = 11.5mW, and exponent p = 200:

A(T ,z = 0) =
√
P0 exp

[
−
(
T 2

2σ2

)p]
, with σ =

T0

2
√

2ln2
.

This envelope is perturbed by the addition of a small noise generated in the spec-

tral domain from a Gaussian-shaped spectrum with Fourier components having

random phases and amplitudes. This results in random intensity fluctuations in

the time domain.

Figure 4.20 compares the space-time evolution of the optical SG obtained

experimentally (see Fig. 4.20(a)) with the numerical simulation of the damped

NLSE, Eq. (4.3) (see Fig. 4.20(b)), using the same initial conditions and parame-

ters. The NLSE simulation qualitatively reproduces the main features observed

in the experiment, including the emergence of localized structures from modula-

tion instability and the global decay of the wavefield due to dissipation.

To further analyze the dynamics, we perform a nonlinear spectral analysis on

the numerical data like previously in the experiment. From an ensemble of 30
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Figure 4.20: (a) Experimental space-time diagram of the optical SG under weak
damping. (b) Corresponding numerical simulation of Eq. (4.3) using the experi-
mental parameters: γ = 1.3 W−1.km−1, β2 = −22 ps2/km, αeff = 5.8× 10−4 km−1,
and P0 = 11.5 mW.

independent simulations, we extract the complex fields at z = 8 and z = 1920 km

and compute the corresponding IST spectra. This allows us to calculate the

numerical DOS and directly compare it to the experimentally measured one.

Figure 4.21 presents a detailed comparison between the experimental and

numerical DOS. Figs. 4.21(a) and (d) show the experimental DOS at z = 1920 km

and z = 8 km, respectively. As shown in Figs. 4.21(b) and 4.21(e), the dissipation-

induced deformation of the DOS support is also reproduced in numerical sim-

ulations of Eq. (4.3) using parameters identical to those of the experiment. In

particular, the emergence of a semicircular spectral contour, absent in the ini-

tial distribution, is clearly observed. This confirms that the NLSE model with

weak damping captures the essential features of the nonlinear spectral evolution

measured experimentally.

It is worth noting, however, that the DOS obtained from numerical simu-

lations (see Fig. 4.21(b)) displays a perfectly symmetric structure around the

imaginary axis, which is not observed in the experiment (see Fig. 4.21(a)). The

experimental DOS also appears more diffuse. These discrepancies are attributed
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Figure 4.21: (a,d) Experimental DOS of the optical SG at z = 1920 km and z =
8 km, respectively. (b,e) Same as (a,d), but computed from the NLSE simulations
shown in Fig. 4.20(b). (c,f) Same as (b,e), but including detection effects (finite
bandwidth and noise) as described in Sec. 4.3.2.

to detection limitations in the heterodyne measurement technique, including

finite bandwidth and measurement noise, as demonstrated in Figs. 4.21(c) and

(f), and discussed in detail in Sec. 4.3.2.
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To sum up

This section investigates the evolution of an optical soliton gas propagating

in a recirculating fiber loop in the presence of weak damping. Experimen-

tally a flat-top noisy pulse is generated and develops under the form of

a bound state SG, and its dynamics are recorded over thousands of kilo-

meters. Nonlinear spectral analysis reveals two key effects induced by

damping: a progressive decay of soliton amplitudes, corresponding to

a decay of the imaginary parts of eigenvalues; and the emergence of a

symmetric distribution of soliton velocities, associated to the broadening

of the real parts of eigenvalues. The associated density of states evolves

from a vertical line along the imaginary axis to a broadened, semicircular

support. These findings are reproduced in simulations of the NLSE with a

small damping term.

4.5 Evolution of optical soliton gas in the recirculat-

ing fiber loop in the presence of small gain

Having previously explored the effect of weak damping on the dynamical and

statistical properties of an optical soliton gas, we now turn to the complementary

case of weak effective average power gain. In this experiment, the SG is prepared

as a 100 ns flat-top optical pulse with an initial average power of approximately

2 mW. We first examine its dynamical evolution, followed by an analysis of the

corresponding nonlinear spectral properties, particularly the evolution of the

density of states.

4.5.1 Experimental space-time dynamics

Figure 4.22(a) shows the measured average power P (z) of the wavefield as it

propagates in the fiber loop under the influence of weak gain. The mean power

increases from an initial value of approximately 2 mW to around 4 mW after a

propagation distance of 6300 km. The effective gain coefficient, extracted from
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Figure 4.22: Experimental evolution of an optical SG in a recirculating fiber
loop under weak gain. (a) Measured mean power as a function of propagation
distance z; black points: experimental data; red dashed line: exponential fit
with αeff ∼ −1.1×10−4 km−1. (b) Space-time diagram showing the evolution of
the optical SG over a 5 ns time window. The top and right axes respectively
display the normalized space x = T

√
γP0/ |β2| and normalized time t = γP0z/2.

(c) and (d) show snapshots of the wavefield power at z = 6320 km and z = 8 km,
respectively. Right axes indicate the normalized power |ψ|2.

an exponential fit to the measured intra-loop power, is αeff ∼ −1.1×10−4 km−1, or

equivalently about −0.00047 dB/km. This weak amplification regime is obtained

by slightly increasing the power of the 1450 nm Raman pump laser via the

variable optical attenuator (VOA).

Figure 4.22(b) presents the reconstructed space-time diagram of the SG over

a narrow 5 ns observation window. The dynamics observed in the presence of

gain differ strikingly from the dissipative case discussed in Fig. 4.16(b). While

the damping regime typically leads to patterns qualitatively similar to those

associated to the noise-induced destabilization of a plane wave through the

process of MI, the gain regime induces a qualitatively different behavior: after the

initial destabilization of the flat-top pulse, localized coherent structures form and

persist over long distances. These structures get separated and individualized,

with small relative velocities.

At a qualitative level, this dynamical behavior shares similarities with the
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phenomenon of growing integrable turbulence, as reported in numerical studies

starting from weak Gaussian noise [257]. To the best of our knowledge, such a

regime has never been directly observed in experiments. The observed spatial

ordering of localized structures also evokes visual analogies with dissipative

soliton crystallization in Kerr resonators [258, 259], although the underlying

physics is fundamentally different.

4.5.2 Nonlinear Spectral Analysis and Density of States

We now apply the same nonlinear spectral analysis as in the damping case, by

computing the discrete IST spectra of the optical soliton gas from the experimen-

tally reconstructed complex field. This is done by solving the Zakharov–Shabat

eigenvalue problem (see Eq. (4.23)) using the Fourier collocation method [102].

Figure 4.23: Evolution of the experimental IST spectra in the presence of gain.
(a) Discrete spectrum computed at z = 8 km. (b–e) Same as (a) but at z = 1600,
3200, 4800, and 6336 km. (f) Evolution of the number of discrete eigenvalues
above η = 0.1 (gray shaded region in panels a–e); green triangles: experiment;
green line: numerical simulations of Eq. (4.3) using experimental parameters.

Figures 4.23(a–e) show the evolution of the IST spectra at increasing propa-

gation distances. As in the damping case, the dynamics is not isospectral: the

spectral portrait changes with distance, which highlights the breaking of integra-

bility due to the presence of gain. However, the nature of the spectral evolution is

different from the damping regime. In particular, we observe a gradual increase
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in the imaginary parts of the eigenvalues. The imaginary part of the largest

eigenvalues increases from ∼ 1 to ∼ 2. This indicates that the solitons in the gas

gain amplitude during the evolution, consistent with the amplification.

The real parts of the eigenvalues, which encode the velocities of the solitons,

remain concentrated around zero. This spectral signature (ξ ∼ 0) confirms that

most solitons exhibit small relative velocities. This is in stark contrast with

the damping case (see Figs. 4.17(a–e)), where dissipation broadened the soliton

velocity distribution.

Figure 4.23(f) shows the evolution of the number of discrete eigenvalues

with imaginary parts above the threshold η = 0.1, as indicated by the shaded

regions in panels (a–e). The number of eigenvalues increases from approximately

Neig ∼ 376 toNeig ∼ 425, corresponding to a net growth of about 11%. In contrast,

the average optical power doubles over the same distance, increasing from 2 mW

to 4 mW (see Fig. 4.22(a)).

These observations suggest that, in the presence of weak gain, the total

increase in optical power translates only to a limited extent into an increased

soliton count; most of the energy is transferred to existing solitons, increasing

their amplitudes rather than producing a large number of new ones.

Given the large number of discrete eigenvalues obtained from the nonlinear

spectral analysis, we compute the density of states to statistically characterize

the soliton gas.

Figure 4.24 presents the experimentally measured DOS at the small (z ∼ 8

km) and large (z ∼ 6320 km) propagation distance. The DOS is computed by

averaging the IST spectra of three identical flat-top pulses, each propagating

independently in the fiber loop during the same experimental run. As in the

experiment with damping described in Sec. 4.4.2 , we assume negligible variation

in the IST spectra over a short propagation span (80 km), which allows us to

increase the statistics for the DOS measurement.

Figure 4.24(a) shows the DOS corresponding to the initial condition at z =

8 km : a flat-top pulse perturbed by weak optical noise (see Fig. 4.22(d)). The

DOS is well approximated by the Weyl distribution, Eq.é(4.24), see inset.

Figure 4.24(b) displays the DOS after 6320 km of propagation under weak

gain. into two distinct clustered distributions. One of these clusters is centered
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Figure 4.24: Evolution of the experimental DOS in the presence of small gain.
(a) DOS of the initial condition at z = 8 km. The inset shows the DOS integrated
along the ξ-axis, the red dashed line corresponds to the analytical Weyl distribu-
tion, Eq. (4.24). (b) DOS of the optical SG measured at z = 6320 km in the upper
complex plane.

around λ0 ∼ 1.8i, while the other is centered around λ1 ∼ 0.3i., characteristic

of a bichromatic SG [32, 38]. The real parts of the eigenvalues remain close to

zero, which, as discussed earlier, implies that most solitons propagate with small

relative velocities.

4.5.3 NLSE simulation with a small gain term

As in the case of damping, we compare the experimental results obtained under

weak gain with numerical simulations of the NLSE that incorporate a small

linear amplification term. These simulations are performed by numerically

integrating Eq. (4.3) using the experimentally measured parameters.

Figure 4.25 compares the space-time dynamics observed experimentally (see

Fig. 4.25(a)) with those obtained from numerical simulations of Eq. (4.3) (see

Fig. 4.25(b)). The simulation parameters are the experimental ones, in terms of

initial average power, gain coefficient, and pulse shape. The numerical results

qualitatively reproduce the key features observed in the experiment, such as the

emergence and persistence of localized structures.

To further validate the physical interpretation of the experimental results, we

perform a statistical analysis over an ensemble of 30 numerical simulations, each
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Figure 4.25: (a) Experimental space-time diagram showing the evolution of the
optical SG under weak gain. (b) Same as (a), but computed from numerical
simulations of Eq. (4.3) with parameters: γ = 1.3W−1.km−1, β2 = −22ps2.km−1,
αeff = −1.1× 10−4 km−1, and P0 = 2mW.

initialized with a different realization of noise. From the complex wavefields at

z = 8 and z = 6320 km, we extract the IST spectra and compute the corresponding

DOS.

Figure 4.26 presents a comparison between the experimentally measured

DOS (Figs. 4.26(a)(d)) and that obtained from numerical simulations of the

NLSE with gain (Figs. 4.26(b)(e)). While the simulations qualitatively reproduce

the upward shift and partial clustering of the spectral support, showing the

emergence of a nearleay bichromatic SG, noticeable discrepancies remain. A

more accurate agreement is obtained when experimental effects such as finite

detection bandwidth and noise are taken into account (see Figs. 4.26(c)(f)).

Figs. 4.26(c)(f) show the simulated DOS including the effects of the exper-

imental measurement system : finite detection bandwidth and noise in the

heterodyne acquisition scheme. These measurement effects are modeled using

the procedure described in Sec. 4.3.2. The resulting DOS is in excellent agree-

ment with the experimental one, demonstrating that the small discrepancies

between raw numerical results and measurements can be fully attributed to
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Figure 4.26: Comparison of experimental and numerical DOS. (a,d) DOS mea-
sured experimentally at z = 6320 km and z = 8 km. (b,e) Same as (a,d), but
computed from simulations shown in Fig. 4.25(b). (c,f) Same as (b,e), but includ-
ing finite bandwidth and noise effects in the heterodyne detection process (see
Sec. 4.3.2).

detection limitations rather than to physical model inaccuracies.

These results confirm that the amplified NLSE dynamics, combined with

the heterodyne detection model, accurately reproduce the main experimental

features, including the emergence of two clustered spectral supports around λ0 ∼
1.8i and λ1 ∼ 0.3i, as well as the absence of significant real parts. This provides

direct evidence that weak linear gain can drive a qualitative transformation of

the soliton gas: from an initial Weyl distribution to a bichromatic SG.
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To sum up

This section investigates the evolution of an optical soliton gas propagating

in a recirculating fiber loop in the presence of weak linear gain. The SG is

initially prepared as a flat-top noisy pulse of low average power. As the

system evolves, localized coherent structures emerge and persist over long

distances. These structures gradually separate and individualize, with

small relative velocities, qualitatively reminiscent of growing integrable

turbulence [257]. Nonlinear spectral analysis reveals that gain leads to a

progressive amplification of soliton amplitudes, shown in the increase of

the imaginary parts of eigenvalues, while their real parts remain concen-

trated around zero, indicating weak relative velocities. The corresponding

density of states evolves from an initial Weyl distribution to a bichromatic

spectral support, characterized by two distinct clusters of eigenvalues.

This spectral transformation is fully captured by simulations of the NLSE

with small linear gain.

4.6 Spectral mass redistribution under gain and damp-

ing

In the kinetic theory of soliton gases, the mass (or equivalently the optical power)

can be determined from the nonlinear spectrum by integrating the density of

states f (ξ,η) over the complex plane [130]:

M =
∫ +∞

−∞
dξ

∫ +∞

0
dη 4η f (ξ,η). (4.25)

This formulation emphasizes that each soliton contributes to the total mass

proportionally to its amplitude, which is encoded in the imaginary part η of its

associated eigenvalue. This quantity can be rewritten as,

M = 4
∫ +∞

0
η f̃ (η)dη =

∫ +∞

0
ρ(η)dη, (4.26)
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where f̃ (η) =
∫ +∞
−∞ f (ξ,η)dξ is the DOS integrated along the real axis ξ, and

we define ρ(η) = 4ηf̃ (η) as the spectral density of mass with respect to η, the

coordinate along the imaginary axis. This quantity provides a direct way to

visualize how the total solitonic mass is distributed along the imaginary axis.

To quantitatively assess how gain and loss affect the solitonic content of the

optical gas, we analyze the evolution of the spectral density of mass
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Figure 4.27: Experimental histograms showing the spectral density of mass, ρ(η),
along the vertical imaginary axis η. (a) The green (resp. grey) histogram repre-
sents the initial distribution in the experiment with linear damping (resp. ampli-
fication) of the SG. The red dashed line represents the spectral density of mass
ρW (η) = 4ηfW (η) associated with the Weyl distribution fW (η) = η/(π

√
1− η2).

(b) Same as (a) but at z ∼ 1920 km (green histogram) and z ∼ 6320 km (grey
histogram).

Figure 4.27(a) shows that the spectral density of mass ρ(η) for the initial

soliton gas closely follows the analytical Weyl prediction ρW (η) = 4ηfW (η) both

for the gain (grey histogram) or damping (green histogram) experiment. In

contrast, damping transforms ρ(η) into a bell-shaped distribution centered

around η ≃ 0.4, indicating a systematic decay of soliton amplitudes (green

histogram in Fig. 4.27(b)). Conversely, in the gain regime, the mass distribution

becomes asymmetric and shifts toward larger η, with a dominant peak near η ≃
1.8 (grey histogram). The contribution from the secondary cluster of eigenvalues

centered near λ1 ≃ 0.3i, characteristic of the emerging bichromatic soliton gas,

accounts for only a few percent of the total mass. This is because the imaginary

part of the second cluster is significantly smaller than that of the main peak, and
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since the spectral mass density is proportional to 4η, its contribution to the total

mass is correspondingly reduced.

4.7 Summary of the Chapter and Perspectives

In this chapter, we investigated the dynamics of optical soliton gases (SGs) in

a recirculating fiber loop, focusing on how weak deviations from integrability,

namely, linear damping or gain, affect both its spatiotemporal evolution and

spectral properties. Using a heterodyne interferometry technique developed

during this thesis, we performed in optics, a direct measurement of the discrete

IST spectrum of SGs and its associated density of states (DOS) .

Our results show that small non-integrable perturbations reorganize the IST

spectrum in a nontrivial way. Damping leads to a broadening of soliton velocities

and a redistribution of spectral mass toward lower amplitudes, resulting in a

semi-circular spectral distribution. In contrast, gain induces the formation of a

two-component, clustered (bichromatic) soliton gas.

These findings demonstrate that the DOS provides a spectral observable to

characterize the statistical evolution of SGs under weak integrability-breaking

effects. They also highlight the rich dynamical behavior that emerges even under

small deviations from integrability, behavior which is currently not captured by

any existing theoretical framework.

Future perspectives. The optical fiber loop platform used in this work offers a

versatile and high-resolution testbed for exploring the nonlinear dynamics of SGs

in both integrable and weakly non-integrable regimes. One promising direction

is the controlled engineering of the initial nonlinear spectrum. Starting from a

well-characterized Weyl-distributed SG, it becomes possible to imprint specific

spectral deformations, for instance by optical shaping of the input field or by

introducing programmable gain/loss landscapes, to investigate how different

initial DOS configurations evolve under the nonlinear dynamics.

From a theoretical standpoint, the results reported here highlight important

limitations of existing kinetic or hydrodynamic approaches. The standard kinetic

theory of SGs, developed for purely integrable systems, cannot describe the
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observed non-isospectral evolution driven by weak dissipation or amplification.

Yet, recent advances in Generalized Hydrodynamics (GHD), particularly those

incorporating atom loss in quantum Bose gases [260], provide encouraging signs

that a hydrodynamic description of weakly non-integrable SGs (classical system)

could be within reach.

Finally, the experimental flexibility of the fiber-loop platform enables the

exploration of more advanced protocols. In particular, one could envision time-

dependent perturbations, such as switching gain or loss on and off at specific

times, or gradually modulating their strength during propagation.
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No problems only solitons.

– François Copie

In this thesis, we have conducted an experimental study of soliton gas dynam-

ics across three distinct physical platforms: surface gravity waves in a large water

tank facility, nonlinear electrical transmission line, and recirculating optical fiber

loop. Each system provides access to regimes of integrability breaking, enabling

a multifaceted exploration of soliton gases beyond the integrable framework.

In the hydrodynamic platform, presented in Chapter 2, we focused on col-

liding monochromatic soliton gases and performed direct measurements of

their densities and effective velocities using the Radon transform of space-time

diagrams. Despite weak integrability-breaking effects due to damping and

higher-order nonlinear effects, we show that the results remained in excellent

agreement with the predictions of spectral kinetic theory.

In the electrical platform presented in Chapter 3, we realized a dense soliton

gas governed by KdV-type dynamics. The intrinsic dissipation present in the

system, modeled via a dissipation-driven KdV equation, breaks the integrability

and modifies the soliton gas dynamics. Using nonlinear spectral analysis based

on the inverse scattering transform, we observed the spontaneous formation

of a soliton condensate, a state characterized by spatially delocalized eigen-

functions and a compact Weyl distribution for the discrete eigenvalues. Such

a transition from a dense soliton gas to a condensate is strictly forbidden in

integrable KdV dynamics. Our experiments thus reveal that even weak dissi-

pation can induce a profound nonlinear spectral reorganization, enabling the

emergence of soliton condensate. This spectral restructuring, involving both

195
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a rearrangement of solitonic eigenmodes and the excitation of the continuous

spectrum, cannot be captured by current kinetic or generalized hydrodynamic

theories of soliton gases. Recent theoretical works have started emphasizing

the importance of soliton-radiation coupling in weakly non-integrable systems,

particularly in deep-water wave models that go beyond the integrable 1D-NLSE

framework [261]. However, existing hydrodynamic approaches, including gen-

eralized hydrodynamics, do not capture how a statistical ensemble of solitons

can collectively excite the continuous spectrum. Our findings highlight this

theoretical gap and open new perspectives for the development of models that

can describe the interplay between soliton gases and radiative content in weakly

non-integrable systems [262].

In the optical platform presented in Chapter 4, we used heterodyne inter-

ferometry to directly measure the complex optical wavefield, allowing for the

computation of the nonlinear discrete spectrum of soliton gases evolving in a

recirculating fiber loop under either linear gain or loss. We showed that even

weak integrability-breaking effects can significantly reshape the density of states.

In the presence of damping, the spectral support undergoes a deformation to-

ward a semi-circular shape, reflecting a redistribution of spectral mass and a

broadening of soliton velocities. Conversely, optical gain leads to the forma-

tion of a bichromatic soliton gas, characterized by the clustering of eigenvalues

into two distinct spectral components. These observations lie beyond the scope

of existing theoretical frameworks, such as the kinetic theory of soliton gases,

which do not account for the complex spectral deformations induced by higher-

order perturbations. Our experiments demonstrate that such perturbative effects

can be deliberately exploited to manipulate the nonlinear spectral (IST) charac-

teristics of soliton gases, offering new experimental pathways to control their

macroscopic behavior.

A comparative analysis of the three platforms (see Table 4.1) reveals their

complementary strengths. The hydrodynamic setup allows for fast data acqui-

sition with good control of initial conditions, though it suffers from limited

propagation distances. The electrical line offers a very low-cost and flexible

environment to study long-term evolution though it exhibits strong integrability

breaking. Finally, the optical fiber loop combines nonlinear spectral access with
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the ability to finely tune dissipation or gain over long propagation distances,

making it ideally suited for controlled explorations of non-isospectral dynamics.

Together, these platforms show many physical conditions and degrees of

integrability breaking. By leveraging their complementarities, we have been

able to investigate a wide range of phenomena, from quasi-integrable soliton

collisions to condensate formation and gain-induced spectral clustering that no

single system could fully capture on its own. This cross-platform strategy has

allowed us to assess the limits of spectral kinetic theory and identify signatures

of integrability breaking in both real and spectral space.

Our results motivate the development of an extended kinetic or hydrody-

namic framework capable of capturing non-isospectral effects, and even non-

adiabatic effects as soliton creation, which appear to be essential ingredients for

describing soliton gases in our realistic, weakly non-integrable systems.

Criterion Hydrodynamics Electrical Optics
Initial condition
generation Controllable Controllable Limited

Nonlinear
propagation time

Short
(t ∼ 1)

Very long
(t ∼ 420)

Long
(t ∼ 20)

Integrability
breaking effects

Damping,
Higher-order
nonlinear
effects

Diffusion,
Damping

Dissipation
(tunable)

Evolution distance
Limited by
tank length

Can loop Can loop

Acquisition time <5 min. ∼20 min. <10 sec.

Table 4.1: Comparison of the three experimental platforms used in this thesis,
evaluated according to practical and physical criteria. Each setup offers com-
plementary advantages in terms of controllability, integrability breaking, and
access to observables.



198 General Conclusion



Chapter5
Appendices

The devil is in the details.

Idiom

5.1 Hilbert Transform

To extract the complex envelope of the free-surface elevation measured in the

hydrodynamic experiment, we apply a demodulation technique based on the

Hilbert transform, following the formalism used by Osborne [263]. The objective

is to isolate the slowly varying complex field A(Z,T ) such that the signal can be

written as:

η(Z,T ) =
[
A(Z,T )ei2πf0T

]
+ cc., (5.1)

where f0 is the known carrier frequency. This complex field contains the instan-

taneous amplitude and phase of the wavefield.

The procedure, implemented in Python, consists of the following steps:

1. The signal η(T ) at each gauge position is Fourier-transformed in time.

2. A spectral window, centered on the carrier frequency f0, is applied to

remove low-frequency background, high-frequency noise, and all negative-

frequency components.

199
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3. The resulting band-filtered signal is demodulated by multiplying it by

exp(−i2πf0T ) to remove the carrier.

4. An inverse FFT is performed to recover the complex field A(Z,T ).

Figure 5.1: (a) Raw temporal signal η(Z = 6m,T ) measured at a fixed location
in the hydrodynamic experiment (blue), and corresponding complex envelope
|A(Z = 6m,T )| obtained by Hilbert-transform demodulation (orange). (b) Power
spectrum of the original signal (blue) and the band-pass filtered version used
in the demodulation procedure (orange). The demodulation is centered on the
carrier frequency f0 = 1.1Hz.

Figure 5.1(a) shows the signal η(Z = 6m,T ), directly measured at a fixed

location in the experiment, and its extracted envelope |A(Z = 6m,T )|. The

demodulation is performed using a Hilbert-transform-based method centered

on the known carrier frequency. The envelope captures the slow modulation of

the wave packet and removes the fast oscillations of the carrier.

Figure 5.1(b) shows the corresponding power spectral densities. The original

signal (blue) exhibits a broadband structure with a clear peak around the carrier

frequency f0. The filtered signal (orange) illustrates the spectral windowing

used to isolate the positive-frequency content prior to demodulation.
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5.2 Varicap characterisation

5.2.1 Capacitance measure - Bode plot method

The first step in characterizing the varicap diode consists in determining how its

capacitance C(V ) evolves as a function of the applied voltage. To this end, we

implement a simple RC circuit as shown in Fig. 5.2.

GE(t)

i

R

i1

C

i2

R0U (t)

Figure 5.2: Schematic of the RC circuit used to characterize the varicap. G:
arbitrary function generator. R = 461 kΩ, R0 = 1 MΩ represents the internal
resistance of the oscilloscope.

The measurement protocol is as follows. A sinusoidal voltage of small ampli-

tude (a few tens of millivolts) is superimposed on a tunable DC offset. For each

offset value, we measure the frequency-dependent voltage gain and reconstruct

the Bode diagram of the circuit. By fitting the gain curves with the theoretical

transfer function of the RC filter, we extract the corresponding capacitance value

C(V ) of the varicap.

It is crucial to maintain a small sinusoidal amplitude. Since the varicap’s

capacitance depends on the instantaneous voltage, using a large-amplitude

sinusoid would cause the effective capacitance to vary during the frequency

sweep, invalidating the assumption of constant C. The DC offset ensures that the

operating point remains well-defined, and that the capacitance is approximately

constant during each Bode plot measurement.

The analytical transfer function for the RC circuit reads:

Vout

Vin
=

1

jωCR+ R+R0
R0

.
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Figure 5.3: Left: Bode plots of the RC circuit with the varicap for several DC
offset voltages U . The inset shows an example of the input sinusoid. Right:
Extracted capacitance values (red dots) as a function of voltage, obtained by
fitting the gain curves. The dashed black line represents the manufacturer’s
datasheet values.

Figure 5.3 shows that the extracted capacitance values (red dots, right panel)

agree well with those provided in the datasheet (black dashed line). A small

systematic offset was observed and corrected. This discrepancy was traced to

the presence of a coaxial cable (approximately 1 m long) placed after the RC

circuit, which introduced a parasitic capacitance of about 60 pF in parallel to

the varicap.

5.2.2 Capacitance measure - Charge of the capacitor method

An alternative approach to characterizing the capacitance of the varicap consists

in analyzing its charging dynamics in response to a square wave excitation. Dur-

ing the charging phase, the voltage across the varicap spans the full range from

0 V to its maximum value. By recording the temporal evolution of the voltage

and deducing the associated current, the capacitance C(U ) can be inferred as a

function of the voltage.

The circuit used is the same as in Fig. 5.2, and the relevant Kirchhoff’s laws
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give:

i = i1 + i2, i2 = U
R0
, i1 = C dU

dt

E = Ri +U = R
(
U
R0

+C
dU
dt

)
+U,

This yields,

C(U ) =
1
R

E −U
(
R
R0

+ 1
)

dU
dt

 .

Using a square wave input E(t) of known amplitude (here, 8 V) and period

(1.2 ms), and known resistances R = 461 kΩ, R0 = 1 MΩ, we measure the voltage

U (t) across the varicap. By numerically computing dU/dt, we reconstruct the

time-dependent capacitance, which we then associate with the corresponding

voltage values.
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Figure 5.4: Left: Voltage U (t) across the varicap (orange) in response to a square
wave excitation E(t) (blue) of period 1.2 ms and amplitude 8 V. Right: Extracted
capacitance values (red points) as a function of voltage. The dashed black line
shows the manufacturer-provided values.

Figure 5.4 (right panel) shows that the experimentally obtained capacitance-

voltage relation (red points) closely matches the datasheet values (black dashed

line). A small systematic offset was corrected, attributed to a parasitic capaci-

tance of approximately 60 pF introduced by the coaxial cable connected to the

RC circuit.

In the left panel, the difference between the square pulse amplitude (8 V)
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and the maximum voltage reached across the capacitor can be explained by the

voltage divider formed by R and R0. Solving the steady-state circuit yields:

U (t∞) = R0E/(R0 +R) = 5.47V

which is consistent with the observed asymptotic voltage.

5.2.3 Measure of the varactor’s resistance

The varactor’s intrinsic resistance introduces dissipative (diffusive) effects in

the system, which can be effectively modeled by a small series resistance RC .

Preliminary numerical simulations suggest that RC ≈ 5 Ω. The RC circuit used

previously to characterize the varactor’s capacitance incorporated a high series

resistance (R = 461 kΩ), rendered the effect of RC negligible. Therefore, a

dedicated setup is required to accurately determine this series resistance.

E(t)

L rL

C

RC

V (t)

Figure 5.5: Schematic of the LC cell. RC represents the series resistance of the
varicap, and rL the series resistance of the inductor.

Figure 5.5 shows the modified LC circuit used for this measurement. The

setup is operated in the linear regime by applying a low-amplitude sinusoidal

voltage (6 mV) and sweeping the frequency from 10 kHz to 100 MHz. In this

regime, the LC circuit behaves as a standard RLC resonator, allowing us to

extract RC by fitting the gain curve analytically.

The resistance of the inductor, rL, is first measured independently using a

four-wire method, yielding rL = 67 mΩ. The only remaining unknown is RC ,
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which is inferred by fitting the gain profile to the theoretical transfer function:

G = |H(ω)| =

∣∣∣∣∣∣∣ RC −
j

C0ω

RC −
j

C0ω
+ rL + jLω

∣∣∣∣∣∣∣ .
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Figure 5.6: (a) Gain curves for various excitation amplitudes. The red dashed
line corresponds to the analytical response in the linear regime. (b) Zoomed-in
view of the resonance region, with analytical predictions for RC = 4.386 Ω±1 Ω.

Figure 5.6(b) shows the resonance region, with the best fit obtained for

RC = 4.386 Ω. This value is consistent with the estimates from numerical

simulations but significantly deviates from the manufacturer’s specification,

which indicates RC = 0.25 Ω. Notably, similar discrepancies have been reported

in the literature; for example, Ref. [264] reports requiring RC = 6.8 Ω to match

experimental data, while the datasheet for the BB809 varactor used in their

study specifies a maximum of 0.6 Ω.

In addition to the linear regime, nonlinear effects of the varactor can also

be probed using the same circuit at higher input amplitudes. Figure 5.6(a)

shows gain curves for excitation amplitudes of 125 mV and 250 mV. The onset

of nonlinear resonance is clearly visible, with a distortion and bending of the

resonance peak characteristic of the so-called foldover effect. This phenomenon

is well-documented in nonlinear dynamics and is a signature of bistability and

hysteresis in driven resonant systems.

These observations are in agreement with prior studies [265–267], which

show that the LC circuit behaves as a Duffing oscillator in the nonlinear regime,
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where the capacitor’s charge serves as the dynamic variable. Such systems

naturally exhibit nonlinear resonance curves and bistable behavior depending

on the amplitude and frequency of the excitation.

5.2.4 Measurement of the nonlinear parameter b from spectral

harmonic analysis

When a sinusoidal voltage at frequency f0 is applied to a nonlinear system

such as one with a varicap, the output signal typically contains not only the

fundamental frequency f0, but also higher harmonics, such as 2f0, 3f0, etc.

The presence and amplitude of these harmonics directly reflect the degree of

nonlinearity in the system. In this study, we use the second harmonic 2f0 as a

probe: by measuring how its amplitude scales with that of the fundamental, we

can extract the nonlinear coefficient b in the relation C(V ) = C0(1− 2bV ), which

plays a key role in the derivation of the KdV equation for the system.

Applying Kirchhoff’s laws to a basic LC circuit driven by a source voltage

E(t) yields:

E(t)−V (t) = LdI(t)
dt , I(t) = dQ

dt ,

where Q is the charge stored in the capacitor, and C(V ) = dQ
dV is its voltage-

dependent capacitance. Combining these expressions, we obtain:

d2Q

dt2
=

1
L

(E(t)−V (t)) , and
d2Q

dt2
=

d
dt

(
C(V )

dV
dt

)
.

In the linear case C(V ) = C0, this simplifies to the standard equation of a driven

harmonic oscillator:

d2V

dt2
=

1
LC0

(E(t)−V (t)) .

However, in our setup, the varicap exhibits a nonlinear response modeled as

C(V ) = C0(1 − 2bV ), where b characterizes the strength of the nonlinearity.
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Substituting this into the previous expression and applying the chain rule,

d
dt

(
C(V )

dV
dt

)
=

dC(V )
dt

dV
dt

+C(V )
d2V

dt2
,

we obtain the following nonlinear equation:

d2V

dt2
=

2b
1− 2bV

(
dV
dt

)2

+
1

LC0(1− 2bV )
(E(t)−V (t)) .

Assuming an harmonic excitation V (t) = E(t) = V0e
iωt, we find that the second-

order term introduces a nonlinear contribution at 2ω. Specifically, we get:

−
(
1− 2bV0e

iωt
)
ω2V0e

iωt = −2bω2V 2
0 e

2iωt,

which leads to:

4bV 2
0 e

2iωt = V0e
iωt.

revealing that the amplitude of the second harmonic scales as V 2
0 , with a propor-

tionality constant related to b.

This observation provides a practical method to estimate the nonlinear co-

efficient b: by measuring the amplitude of the spectral component at 2f0 as a

function of the amplitude at the fundamental f0, one can infer the strength of

the nonlinearity.

Experimentally, we perform this analysis using an RF spectrum analyzer

(Agilent E4407B, 26.5 GHz). A sinusoidal voltage at frequency f0 is applied to

the nonlinear LC cell, and the amplitudes of the components at f0 and 2f0 are

recorded while varying the input amplitude.

In Fig. 5.7(a), we observe that the amplitude of the second harmonic increases

with the fundamental, as expected. For Ṽ (2f0) ≳ 0.05, a linear fit (green trian-

gles) yields an estimate b ∼ 0.12. This value is consistent with the measurement

obtained by fitting the capacitance–voltage curve, which gives b ∼ 0.15 (shown

via red dashed line). Figure 5.7(b) confirms this trend at a higher frequency

f0 = 3 MHz.
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Figure 5.7: Nonlinear coefficient determination. (a) Evolution of the spectral
component at f0 = 1 MHz as a function of the amplitude at 2f0, measured using
an RF spectrum analyzer. (b) Same as (a) for f0 = 3 MHz.

5.3 Measurement of the optical detection system’s

impulse response and transfer function

To characterize the optical detection system, we begin by measuring the impulse

response function (IRF) and, by Fourier transform, its spectral transfer function

of the combined photodiode and oscilloscope. This is done by recording the

response to a train of 670-fs pulses generated by a PriTel laser spectrally filtered

to 8 nm.

Figure 5.8(a) displays a single realization of the detected impulse response,

normalized to its maximum and shown as black dots. The red curve corresponds

to the averaged impulse response, obtained by interpolating and averaging

10,000 individual realizations. The interpolation improves the signal-to-noise

ratio (SNR), reducing the influence of measurement noise at this stage.

Figure 5.8(b) shows the squared magnitude of the spectral transfer function

computed from the averaged impulse response (black solid line). For comparison,

the green dashed line represents the response of a first-order RC filter with a

cutoff frequency of 32 GHz, which follows the transfer function:

|H(ν)|2 =

∣∣∣∣∣∣ 1
1 + j ννc

∣∣∣∣∣∣2 . (5.2)
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Figure 5.8: (a) Impulse response h(t) of the detection system composed of a
50 GHz photodiode and a 65 GHz oscilloscope. Black dots represent a single
measured realization and the dashed line its interpolation. The solid red curve
shows the average impulse response computed from 10,000 interpolated realiza-
tions. (b) Squared transfer function |H(ν)|2 obtained from the Fourier transform
of h(t). Colored dashed lines correspond to analytical transfer functions of first-
order RC filters with different cutoff frequencies νc.

The red dashed line corresponds to the theoretical response of two cascaded

first-order RC filters with cutoff frequencies of 36 GHz and 65 GHz, respectively.

The cutoff at 65 GHz reflects the bandwidth limitation of the oscilloscope, as no

signal is detected beyond this frequency.

5.4 Spectral features of a sinusoidally phase-modulated

signal

This appendix presents a numerical illustration of the spectral features expected

from a sinusoidally phase-modulated optical signal. This simple case provides a

useful reference for interpreting the spectral content of modulated signals and

highlights how the harmonic structure encodes the modulation amplitude.

We consider the theoretical expression of the intensity detected by the photo-

diode in a heterodyne configuration as in the experiment presented in Sec. 4.3.1:

V (T ) = V0 cos(2π∆f0T +msin(2πfmT )) , (5.3)
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where V0 is the amplitude, ∆f0 = 45 GHz is the heterodyne frequency, fm = 1 GHz

is the modulation frequency, and m is the phase modulation amplitude. The

signal is sampled over a 30 ns time window to match experimental conditions

presented in Sec 4.3.1.

This waveform can be expanded into a sum over Bessel functions of the first

kind [268, 269]:

V (T ) = V0

+∞∑
n=−∞

Jn(m)cos[2π(∆f0 +nfm)T ] , (5.4)

where Jn(m) denotes the Bessel function of order n. This expansion shows that

the power spectrum consists of discrete peaks located at frequencies ∆f0 ±nfm,

with amplitudes proportional to |Jn(m)|.
In Fig. 5.9(a), corresponding to a modulation amplitude m = 2.4048, the

Bessel function J0(m) vanishes, resulting in the suppression of the carrier compo-

nent at ∆f0. The power is instead distributed among higher-order sidebands. In

contrast, form = 1, shown in Fig. 5.9(b), most of the signal energy is concentrated

in the central peak and the first sidebands.
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Figure 5.9: Numerical illustration of the power spectrum of a sinusoidally phase-
modulated signal V (T ) = V0 cos(2π∆f0T +msin(2πfmT )), for two modulation
amplitudes: m = 2.4048 (a) andm = 1 (b). Spectral lines appear at ∆f0±nfm, with
amplitudes given by |V0Jn(m)|. Red dots indicate the theoretical Bessel weights.
Insets show zoomed-out spectra to highlight the full harmonic structure.

This example highlights how the spectral content of a sinusoidally phase-
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modulated signal is entirely determined by the modulation amplitude m. In

particular, the relative heights of the spectral peaks provide a direct and quanti-

tative signature of m.

To illustrate this principle in practice, we apply it to an experimentally recon-

structed temporal phase profile, obtained via heterodyne detection presented in

Sec. 4.3.1. Figure 5.10(a) shows the recovered phase (green line), along with a

sinusoidal fit of the form φ(T ) =mcos(2πfmT ), which yields m ∼ 0.637 rad and

fm ∼ 1 GHz.

In parallel, the power spectrum of the demodulated signal is shown in

Fig. 5.10(b). The spectrum exhibits discrete peaks located at integer multi-

ples of the modulation frequency fm, with relative amplitudes denoted p0, p1,

and p2. These peaks correspond to the spectral components associated with the

Bessel terms J0(m), J1(m), and J2(m), respectively, under the assumption that the

phase modulation is purely sinusoidal.

Finally, in Fig. 5.10(c), we compare the experimentally measured ratios pn/pk,

with the theoretical values of |Jn(m)/Jk(m)| as functions of m. The intersection

of the experimental ratios with the theoretical curves provides an independent

estimate of the modulation amplitude, yieldingm = 0.638±0.007 rad, in excellent

agreement with the value obtained from the temporal fit.

This comparison confirms that the reconstructed signal exhibits a spectral

structure consistent with a sinusoidal phase modulation. Although this does

not constitute an independent validation of the reconstruction algorithm itself,

it demonstrates that the modulation is preserved through the detection and

demodulation process. This simple example thus serves as a useful benchmark

for interpreting more complex phase profiles in the experiments.

5.5 Exponential evolution of the momentum under

weak dissipation

We consider the damped focusing NLSE:

ψt = i
(
ψxx + 2|ψ|2ψ

)
− ϵψ, (5.5)
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Figure 5.10: Phase modulation analysis of a reconstructed signal. (a) Retrieved
phase (green line) and sinusoidal fit of the formmcos(2πfmT ) (black dashed line),
with m ∼ 0.637 rad and fm ∼ 1 GHz. (b) Power spectrum of the demodulated
signal: harmonic weights p0 ∼ 15.78, p1 ∼ 5.23, p2 ∼ 0.86. (c) Comparison of
experimental ratios pn/pk (colored dashed lines) with theoretical Bessel ratios
|Jn(m)/Jk(m)| (colored curves). The black dashed line indicates the value of m
from the sinusoidal fit obtained in (a).

with a real, dissipation coefficient ϵ. We study the evolution of the momentum

observable

M =
∫
ψxψ

∗dx. (5.6)

Differentiating with respect to time and using the product rule gives:

dM
dt

=
∫
∂tψx ·ψ∗dx+

∫
ψx ·∂tψ∗dx. (5.7)

Substituting Eq. (5.5) and its complex conjugate, we obtain:

dM
dt

=
∫
∂x

(
iψxx + 2i|ψ|2ψ − ϵψ

)
·ψ∗dx −

∫
ψx ·

(
iψ∗xx + 2i|ψ|2ψ∗ + ϵψ∗

)
dx.

(5.8)

Using integration by parts, the term iψxxxψ
∗ satisfies::∫

iψxxx ·ψ∗dx = −
∫
iψxx ·ψ∗x dx =

∫
iψx ·ψ∗xx dx, (5.9)
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which cancels the corresponding part from the second integral. We are left with:

dM
dt

=
∫ [

2i ∂x(|ψ|2ψ) ·ψ∗ − 2i |ψ|2ψ∗ ·ψx − 2ϵψx ·ψ∗
]
dx. (5.10)

Using integration by parts and the identityℜ(ψψ∗x) = 1
2∂x|ψ|

2, we find:∫ [
2i ∂x(|ψ|2ψ) ·ψ∗ − 2i |ψ|2ψ∗ ·ψx

]
dx = −4i

∫
|ψ|2ℜ(ψψx)dx = −2i

∫
|ψ|2∂x|ψ|2dx.

(5.11)

This final integral is a total derivative:∫
|ψ|2∂x|ψ|2dx =

1
2

∫
∂x

(
|ψ|2

)2
dx = 0, (5.12)

assuming that ψ(x, t)→ 0 as |x| → ∞. Therefore, the nonlinear and dispersive

contributions cancel out, and we are left with the dissipative contribution only:

dM
dt

= −2ϵ
∫
ψx ·ψ∗dx = −2ϵM. (5.13)

The momentum thus decays exponentially:

M(t) =M(0)e−2ϵt . (5.14)
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Nonlinear Evolution of Soliton Gases in Optical, Electrical, and Hydrodynamic
Systems

Abstract

Solitons are stable, localized nonlinear wave packets that emerge in integrable systems
from a balance between nonlinearity and dispersion. When large ensembles of solitons
interact in random configurations, they form what is known as a soliton gas, a many-
body nonlinear wave system whose dynamics call for a statistical treatment. While
the theoretical framework for soliton gases has been extensively developed under the
assumption of integrability, many physical systems exhibit weak perturbations that
break this condition. The impact of such deviations on the spectral and statistical
properties of soliton gases remains poorly understood. In this thesis, we experimentally
investigate the dynamics of dense soliton gases in three distinct physical platforms: a
large deep-water wave tank governed by the focusing nonlinear Schrödinger equation,
a nonlinear electrical transmission line modeled by a dissipative KdV equation, and a
recirculating optical fiber loop described by a perturbed focusing NLSE. Each system
provides a setting to explore the effect of weak integrability breaking, such as damping,
diffusion, or optical gain. Our results highlight the limitations of existing kinetic or
hydrodynamic theories in weakly non-integrable regimes and point to the need for new
frameworks capable of capturing soliton-radiation coupling, spectral reshaping, and
non-isospectral evolution.

Keywords: soliton gas, integrable turbulence, integrability breaking, inverse scattering
transform
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ÉvolutionNon-linéaire deGaz de Solitons dans des SystèmesOptiques, Electriques
et Hydrodynamique

Résumé

Les solitons sont des paquets d’ondes non linéaires stables et localisés qui émergent dans
des systèmes intégrables à partir d’un équilibre entre non-linéarité et dispersion. Lorsque
de grands ensembles de solitons interagissent dans des configurations aléatoires, ils
forment ce que l’on appelle un gaz de solitons, un système non linéaire dont la dynamique
nécessite un traitement statistique. Bien que le cadre théorique des gaz de solitons
ait été largement développé sous l’hypothèse d’intégrabilité, de nombreux systèmes
physiques présentent de faibles perturbations qui brisent cette condition. L’impact de
telles déviations sur les propriétés spectrales et statistiques des gaz de solitons reste
mal compris. Dans cette thèse, nous étudions expérimentalement la dynamique de gaz
de solitons denses au sein de trois plateformes physiques distinctes : un grand canal
à houle en eau profonde régi par l’équation de Schrödinger non linéaire focalisante,
une ligne de transmission électrique non linéaire modélisée par une équation de KdV
dissipative, et une boucle de recirculation fibrée décrite par une NLSE focalisante
perturbée. Chaque système constitue un cadre permettant d’explorer les effets de faibles
brisures d’intégrabilité, telles que les pertes, la diffusion ou du gain optique. Nos
résultats mettent en évidence les limites des théories cinétiques ou hydrodynamiques
existantes dans les régimes faiblement non intégrables, et soulignent la nécessité de
nouveaux cadres capables de décrire le couplage soliton-radiations, les réorganisations
spectrales et les évolutions non isospectrales.

Mots clés : gaz de solitons, turbulence integrable, brisure d’integrabilité,transformée
de diffusion inverse
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