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Introduction

The main objective of the thesis is the study of the relationsbetween various moduli spaces arising
from connections on vector bundles. LetX be a complete scheme of finite type overk or a compact
complex space (thenk = C), D an effective Cartier divisor onX. A connection onX with divisor
of polesD is a pair(E,∇) consisting of a vector bundleE of rank r on X and a meromorphic
connection∇ onE, such that for any trivializatione = (e1, . . . , er) of E over some open setU ⊂ X,
the connection matrixAe of∇ with respect toe has its entries inΓ(U,Ω1

X(D)).
In my PhD thesis, the moduli spaces for the following classesof connections with fixed divisor

of polesD are studied: all such connections, as well as for its subclasses of integrable, integrable
logarithmic and integrable logarithmic connections with aparabolic structure overD. I am mainly in-
terested in a description of their local structure and theirrelation to the moduli space of the underlying
vector bundlesE.

Another kind of moduli space related to connections are moduli spaces of representations of the
fundamental groupπ1(X \ D, x0). There is a natural map from the moduli space of integrable con-
nections to the moduli space of representations, induced bytaking the monodromy of a connection.
This map is a form of the Riemann-Hilbert correspondence and will be denoted byRH.

The classical Riemann-Hilbert problem is a question on the recovery of a Fuchsian system of
ordinary differential equations on a Riemann sphere from itsmonodromy. Andrey Bolibruch proved
that any irreducible representation

ρ : π1(CP1 \ {a1, . . . , an})−→GL(r,C)

can be realized as the monodromy representation of a Fuchsian system with logarithmic poles in
{a1, . . . , an}.

There are two natural ways to generalize the classical problem: towards Riemann surfaces of
higher genera, and towards varieties of higher dimensions.It is also natural to replace "Fuchsian
system" by "logarithmic connection". One can interprete the Fuchsian system as a logarithmic con-
nection on the trivial bundle, and a logarithmic connnection on a nontrivial vector bundle can be seen
as a Fuchsian system with apparent singularities.
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The generalized Riemann-Hilbert correspondence relates the integrable logarithmic (or Fuchsian)
connections over an algebraic varietyX to the representations of the fundamental groupπ1(X \D),
whereD denotes the divisor of poles of a connection. Deligne [De] proved its bijectivity, providedD
is a fixed normal crossing divisor and the eigenvaluesλ of the residues of the logarithmic connections
are only allowed to vary in the band0 ≤ ℜλ < 1. Nevertheless, Deligne’s solution is not effective
in the sense that it does not imply any formulas to compute theRiemann-Hilbert correspondence.
Therefore, it is important to have on hand a stock of examplesthat can be solved explicitly. Chapter
1 of the thesis provides such examples: these are rank-2 logarithmic connections on an elliptic curve
obtained as direct images of regular connections on a genus-2 double cover of the elliptic curve. These
examples are used in the end of Chapter 3 as a testing ground forthe method of determining the local
structure of the moduli space of connections developed in Chapter 2 and the first part of Chapter 3.
This method consists in computing the versal deformation ofthe connection∇ via the Kuranishi map
and then using the Luna slice theorem, which implies that thegerm of the moduli space of connections
at∇ is the quotient of the base of the versal deformation byAut(∇).

The idea of constructing connections on curves by pushing them down from finite covers has been
already used in literature. The authors of [Kor-2], [EG] constructed logarithmic connections of rank
n overP1 with quasi-permutation monodromy in terms of theta functions on a ramified cover ofP1 of
degreen. Korotkin in [Kor-1] considers a class of generalized connections, called connections with
constant twists, and constructs such twisted connections of rank 2 with logarithmic singularities on
an elliptic curveE via theta functions on a double coverC of E.

In Chapter 1, we obtain genuine (non-twisted) rank-2 connections onE from its double coverC by
a different method, similar to the method applied in [LvdPU]to the double covers ofP1. We consider
a genus-2 coverf : C→E of degree2 with two branch pointsp+, p− and a regular connection∇L on
a line bundleL overC. Then the sheaf-theoretic direct imageE = f∗(L) is a rank-2 vector bundle
carrying the connection∇E := f∗(∇L) with logarithmic poles atp+ andp−. We explicitly parame-
terize all such connections and their monodromy representationsρ : π1(E \ {p−, p+})→GL(2,C).
We also investigate the abstract group-theoretic structure of the obtained monodromy groups as well
as their Zariski closures inGL(2,C), which are the differential Galois groups of the connections∇E.

Establishing a bridge between the analytic and algebro-geometric counterparts of the problem is
one of the main objectives of Chapter 1. We show that the underlying vector bundleE of∇E is stable
of degree−1 for generic values of parameters and identify the special cases where it is unstable and
is the direct sum of two line bundles.

We also illustrate the following Bolibruch–Esnault–Viehweg Theorem [EV-2]: any irreducible
logarithmic connection over a curve can be converted by a sequence of Gabber’s transforms into a
logarithmic connection with the same singular points and same monodromy on a semistable vector
bundle of degree0. Bolibruch has established this result in the genus-0 case, in which “semistable
of degree 0” means just “trivial” [AB], so that this result of Bolibruch gives a positive answer to the
classical Riemann-Hilbert problem forirreducible representations onCP1. It is worth mentioning
here that Bolibruch provided an example showing that the Riemann-Hilbert problem has no solution
for certainreduciblerepresentations.

We explicitly indicate a Gabber’s transform of the above direct image connection(E,∇E) which

6



satisfies the conclusion of the Bolibruch–Esnault–Viehweg Theorem. The importance of results of
this type is that they allow us to consider maps from the moduli space of connections to the moduli
spaces of vector bundles, for only semistable bundles have aconsistent moduli theory. Another useful
feature of the elementary transforms is that they permit to change arbitrarily the degree, and this
enriches our knowledge of the moduli space of connections providing maps to moduli spaces of
vector bundles of different degrees, which may be quite different and even have different dimensions.

A part of Chapter 1 is devoted to algebro-geometric tools usedin the sequel. One of them is
the relation between ruled surfaces and rank-2 vector bundles on curves. This relation is particularly
useful in finding line subbundles of rank-2 vector bundles and hence in the study of the question of
their stability. This is classical, see [LN]. Another tool is the reconstruction of a vector bundle from
the singularities of a given connection on it. Though it is known as a theoretical method ([EV-1],
[EV-2]), it has not been used for a practical calculation of vector bundles underlying a given mero-
morphic connection over a Riemann surface different from thesphere. For the Riemann sphere, any
vector bundle is the direct sum of the line bundlesO(ki), and Bolibruch developed the method of
valuations (see [AB]) serving to calculate the integerski for the underlying vector bundles of connec-
tions. He exploited extensively this method, in particularin his construction of counter-examples to
the Riemann–Hilbert problem for reducible representations.

Genus-2 double covers of elliptic curves is a classical subject, originating in the work of Legendre
and Jacobi [J]. We provide several descriptions of them, based on a more recent work,[F-K], [Di].
We determine the locus of their periods, a result which we could not find elsewhere in the literature
and which we need for finding the image of the Riemann-Hilbert correspondence on our direct image
connections.

In Chapter 2, we construct the Kuranishi space, or in other words, the versal deformation, of
connections belonging to each one of the following classes:
meromorphic connections with fixed divisor of polesD;
integrable meromorphic connections with fixed divisor of polesD;
integrable logarithmic connections with fixed divisor of polesD;
integrable logarithmic connections on curves with parabolic structure at singular points.

The interest in versal deformations is twofold. First, a versal deformation is a kind of a local
moduli space which exists in a much wider range of situationsthan the moduli spaces in the proper
sense do. Second, versal deformations are usually easier towrite down than the moduli spaces, and
one can use the versal deformation to determine the germ of the moduli space up to analytic, formal
or étale equivalence.

Historically, versal deformations were introduced for thefirst time in late50’s in the work of
Kodaira and Spencer ([KS-1],[KS-2]), and ([Ku-1],[Ku-2]). In the beginning, this theory was only
concerned with deformations of compact complex manifolds and was viewed as a replacement for
Riemman’s insight of moduli of compact complex curves in higher dimensions. But since then the
theory has been significantly formalized and extended to a much wider range of domains: singularities
[Ar], [Schl], [AGZV], vector bundles and sheaves [Rim-1], [Rim-2], [Artam-1], [Artam-2], singular
complex spaces [Gro-2], [Illu-1],[Illu-2], [Pa-1],[Pa-2], and morphisms of varieties or complex spaces
[Fl], [Bi], [Ran-1], [Ran-2].
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All the constructions are enclosed in the paradigm of the Kuranishi space associated to a "good"
deformation theory. A "good" deformation theory for some type of objectX consists in determining
a triple(T 1

X , T
2
X , f), whereT 1

X is the tangent space to deformations ofX, T 2
X is the obstruction space,

f : T̂ 1
X→T̂ 2

X a formal map without linear terms, called the Kuranishi map (ˆdenotes the formal
completion at zero). Then the formal schemef−1(0) is the Kuranishi space, or a formal germ of the
versal deformation ofX.

We provide the triples(T 1
X , T

2
X , f) for the above four classes of connections. In all the4 cases,

T i
X = Hi(C•), the hypercohomology of an appropriate complex of sheaves,and the initial component
f2 of f is the Yoneda square map. For instance, in the caseX = (E,∇) is a meromorphic connection
with fixed divisor of polesD, the complexC• is a two-term one and is

C• = [End(E) ∇ //End(E)⊗ Ω1(D)].

A similar situation occurs in the deformation theory of Higgs bundles or Hitchin pairs [B-R],
whereT 1

X = H1(C•) with complex

C• = [End(E)
ad ϕ //End(E)⊗ Ω1(D)]

defined by the Higgs fieldϕ : E→E⊗ Ω1(D); contrary to our case,adϕ is OX-linear.
In Chapter 3, we recall the GIT construction of moduli spaces of sheaves and construct moduli

spaces of connections belonging to the first three of the fourclasses, mentioned above. For parabolic
connections on curves, we limit ourselves by quoting the results of Inaba-Saito-Iwasaki [I-Iw-S], [I].

In order to state the results on moduli spaces, we first introduce the relevant terminology: sta-
ble, semistable objects, representable and corepresentable functors, coarse and fine moduli spaces,
Mumford’sm-regularity and Grothendieck’s Quot-scheme. We base essentially upon the monograph
[H-L], but also use [Sim], [Ma-1] and [Ma-2].

To construct the moduli spaces of connections, we follow theapproach of [Sim]. He introduces
the notion of a sheaf of rings of differential operatorsΛ over a projective schemeX and constructs
quasi-projective moduli schemes of (semi)-stable coherent Λ-modules. Plugging in differentΛ’s, one
obtains moduli spaces of sheaves (Λ = OX), integrable regular connections (Λ = DX , the standard
sheaf of differential operators), integrable logarithmicconnections (Λ ⊂ DX is the sheaf of subrings
generated by logarithmic vector fieldTX〈D〉, whereX is assumed to be smooth andD is a normal
crossing divisor), Higgs bundles (Λ = gr •DX = ⊕∞

m=0S
mTX) and others. Note that the case of

integrable logarithmic connections was treated earlier in[Ni].
We extended the approach of Simpson to the case of non-integrable connections, regular or mero-

morphic with fixed divisor of polesD. To this end, we had to slightly generalize Simpson’s notionof
a sheaf of rings of differential operators. As in Simpson’s definition, ourΛ is a filteredOX-bialgebra,
satisfying a bunch of axioms (see Sect. 3.2 of Ch. 3), but contrary to Simpson, we do not assume
that the graded ringgr •Λ is commutative. Thus to obtain moduli of regular connections onX, we
setΛ to be the sheafDX of noncommutative differential operators (the basic vector fields ∂

∂xi
associ-

ated to some coordinates(x1, . . . , xn) do not satisfy the commutativity relation∂
∂xi

∂
∂xj

= ∂
∂xj

∂
∂xi

). To
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deal with the meromorphic connections with fixed divisor of polesD, we choose forΛ the sheaf of
subalgebras ofDX generated by the subsheafTX(−D) of TX , consisting of vector field vanishing on
D.

This change does not require new techniques. We make a routine verification that all the ingredi-
ents of Simpson’s proofs are easily adapted to such ringsΛ. The crucial points are the bound of the
slope of anOX-destabilizing subsheaf of a coherent semistableΛ-module (Lemma 3.2.2, Sect. 3.2 of
Chap 3) and the resulting boundness of coherent semistableΛ-modules with fixed Hilbert polynomial.

Next we state the Luna slice theorem and show that, in our definition of the moduli space ofΛ-
modules, it provides a versal deformation of aΛ-module. This fact was known and used for moduli
spaces of sheaves [O’G], [Dr], [M-T], [L-S]. In the end of Ch. 3, we apply the Luna slice theorem
to compute, in some examples, the germ of a moduli space of connections. It is determined as the
GIT quotientf−1(0)//H, wheref : T̂ 1

X→T̂ 2
X is the Kuranishi map discussed above, andH is the

automorphism group of the connection∇ represented by the originO ∈ T̂ 1
X . We put in evidence the

situations when the map from the moduli space of connectionsto that of underlying vector bundles is
either undefined, or is not a locally trivial fibration. We illustrate by an example the point of view that
the moduli space of semistable connections is a partial compactification of the locally trivial affine
bundle of connections over the stable locusM s

X(r, d) of the moduli space of vector bundles "in the
limit ∇→∞.”
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CHAPTER 1

A FAMILY OF CONNECTIONS ON AN
ELLIPTIC CURVE

I NTRODUCTION

In this chapter, we give an explicit parameterization of allthe logarithmic rank-2 connections on an
elliptic curve that are obtained as the direct image of regular rank-1 connections on genus-2 double
covers of the elliptic curve. We determine the periods of such double covers, the monodromy and
the differential Galois groups of the connections, study the question on the (semi)stability of the
underlying rank-2 vector bundles of the connections and some of their elementary transforms.

In Section 1.1, we describe the genus-2 covers of elliptic curves of degree2 and determine their
periods. In Section 1.2, we investigate rank-1 connections onC and discuss the dependence of the
Riemann-Hilbert correspondence for these connections on the parameters of the problem: the period
of C and the underlying line bundleL. In Section 1.3, we compute, separately for the casesL = OC

andL 6= OC , the matrix of the direct image connection∇E onE = f∗L. ForL = OC , we also provide
two different forms for a scalar ODE of order 2 equivalent to the2 × 2 matrix equation∇Eϕ = 0.
In Section 1.4, we determine the fundamental matrices and the monodromy of connections∇E and
discuss their isomonodromy deformations. Section 1.5 introduces the elementary transforms of rank-
2 vector bundles, relates them to birational maps between ruled surfaces and states a criterion for
(semi)-stability of a rank-2 vector bundle. In Section 1.6, we apply the material of Section 1.5 to de-
scribeE as a result of a series of elementary transforms starting fromE0 = f∗OC and prove its stability
or instability depending on the value of parameters. We alsodescribe Gabber’s elementary transform
which illustrates the Bolibruch–Esnault–Viehweg Theorem and comment briefly on the twisted con-
nections of [Kor-1]. In Section 1.7, we give a description ofthe structure of the monodromy and
differential Galois groups for∇E. The results of Chapter 1 have been published in [Machu].

TERMINOLOGY. If not specified otherwise, a curve will mean a nonsingular complex projective
algebraic curve, which we will not distinguish from the associated analytic object, a compact Riemann
surface.
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1.1 GENUS-2 COVERS OF AN ELLIPTIC CURVE

In this section, we will describe the degree-2 covers of elliptic curves which are curves of genus2.

Definition 1.1.1. Let π : C→E be a degree-2 map of curves. IfE is elliptic, then we say thatC is
bielliptic and thatE is a degree-2 elliptic subcover ofC.

Legendre and Jacobi [J] observed that any genus-2 bielliptic curve has an equation of the form

y2 = c0x
6 + c1x

4 + c2x
2 + c3 (ci ∈ C) (1.1)

in appropriate affine coordinates(x, y). It immediately follows that any bielliptic curveC has two
elliptic subcoversπi : C→Ei,

E1 : y2
1 = c0x

3
1 + c1x

2
1 + c2x1 + c3, π1 : (x, y) 7→ (x1 = x2, y1 = y), and

E2 : y2
2 = c3x

3
2 + c2x

2
2 + c1x2 + c0, π2 : (x, y) 7→ (x2 = 1/x2, y2 = y/x3).

(1.2)

This description of bielliptic curves, though very simple,depends on an excessive number of
parameters. To eliminate unnecessary parameters, we will representEi in the form

Ei : y2
i = xi(xi − 1)(xi − ti), (ti ∈ C \ {0, 1}, t1 6= t2). (1.3)

Note that any pair of elliptic curves(E1, E2) admits such a representation even ifE1 ≃ E2.
We will describe the reconstruction ofC starting from(E1, E2) following [Di]. This procedure

will allow us to determine the periods of bielliptic curvesC in terms of the periods of their elliptic
subcoversE1, E2.

In somewhat more abstract terms, letf : C−→E be a double cover, whereE is an elliptic curve
andC is a curve of genus2. Then we have the inclusion morphismf ∗ : JE = C/Z ⊕ Z →֒ JC =
C2/Z2⊕Z2. We will identifyE with JE andJE with f ∗(JE). Further,C can be embedded intoJC
by the Abel-Jacobi mapα : C−→JC, and we can construct another elliptic curveE ′ together with a
double coverf ′ : C−→E ′, defined by

C α // JC
β // JC/E = E ′.

We obtain the following commutative diagram

C
� � α //

� _

f×f ′

��

JC

E × E ′
f∗+f ′∗

::uuuuuuuuu

in which f ∗ + f ′∗ is an isogeny of degree2 andf × f ′(C) is the graph of a(2, 2) correspondence
betweenE,E ′. Conversely, given two elliptic curvesE,E ′, we can construct a genus 2 curveC as
the graph of a(2, 2) correspondence betweenE,E ′.
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We come to the analytic construction. Letϕi : Ei→P1 be the double cover map(xi, yi) 7→ xi

(i = 1, 2). Recall that the fibered productE1 ×P1 E2 is the set of pairs(P1, P2) ∈ E1 × E2 such that
ϕ1(P1) = ϕ2(P2). It can be given by two equations with respect to three affine coordinates(x, y1, y2):

C̄ := E1 ×P1 E2 :

{
y2

1 = x(x− 1)(x− t1)
y2

2 = x(x− 1)(x− t2) (1.4)

It is easily verified that̄C has nodes over the common branch points0, 1,∞ of ϕi and is nonsingular
elsewhere. For example, locally atx = 0, we can chooseyi as a local parameter onEi, so thatx has a
zero of order two onEi; equivalently, we can writex = fi(yi)y

2
i wherefi is holomorphic andfi(0) 6=

0. Then eliminatingx, we obtain thatC̄ is given locally by a single equationf1(y1)y
2
1 = f2(y2)y

2
2.

This is the union of two smooth transversal branches
√

f1(y1)y1 = ±
√

f2(y2)y2.
Associated toC̄ is its normalization (or desingularization)C obtained by divorcing the two

branches at each singular point. ThusC has two points overx = 0, whilst the only point ofC̄
overx = 0 is the node, which we will denote by the same symbol0. We will also denote by0+, 0−
the two points ofC over0. Each functiony1, y2 defines a local parameter at0±. In a similar way, we
introduce the points1,∞ ∈ C̄ and1±,∞± ∈ C.

Proposition 1.1.2.Given a genus-2 bielliptic curveC with its two elliptic subcoversπi : C→Ei, one
can choose affine coordinates forEi in such a way thatEi are given by the equations (1.3), C is the
normalization of the nodal curvēC := E1 ×P1 E2, andπi = pri ◦ν, whereν : C→C̄ denotes the
normalization map andpri the projection onto thei-th factor.

Proof. See [Di].

It is curious to know, how the descriptions given by (1.1) andProposition 1.1.2 are related to each
other. The answer is given by the following proposition.

Proposition 1.1.3.Under the assumptions and in the notation of Proposition1.1.2, apply the follow-
ing changes of coordinates in the equations of the curvesEi:

(xi, yi)→(x̃i, ỹi), x̃i =
xi − tj
xi − ti

, ỹi =
yi

(xi − ti)2

√

(tj − ti)3

ti(1− ti)
,

wherej = 3− i, i = 1, 2, so that{i, j} = {1, 2}. Then the equations ofEi acquire the form

E1 : ỹ2
1 =

(

x̃1 −
t2
t1

) (

x̃1 −
1− t2
1− t1

)

(x̃1 − 1),

E2 : ỹ2
2 =

(

1− t2
t1
x̃2

)(

1− 1− t2
1− t1

x̃2

)

(1− x̃2).
(1.5)

Further,C can be given by the equation

η2 =

(

ξ2 − t2
t1

)(

ξ2 − 1− t2
1− t1

)

(ξ2 − 1), (1.6)
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and the mapsπi : C→Ei by (ξ, η) 7→ (x̃i, ỹi), where

(x̃1, ỹ1) = (ξ2, η), (x̃2, ỹ2) = (1/ξ2, η/ξ3).

Proof. We have the following commutative diagram of double cover maps

C
π1

~~||
||

||
||

f
��

π2

  B
BB

BB
BB

B

E1

ϕ1   A
AA

AA
AA

A P1

ϕ̃

��

E2

ϕ2~~}}
}}

}}
}}

P1

(1.7)

in which the branch loci of̃ϕ,ϕi, f , πi are respectively{t1, t2}, {0, 1, ti,∞}, ϕ̃−1({0, 1,∞}),ϕ−1
i (tj)

(j = 3 − i). Thus theP1 in the middle of the diagram can be viewed as the Riemann surface of the

function
√

x−t2
x−t1

, wherex is the coordinate on the bottomP1. We introduce a coordinateξ on the

middle P1 in such a way that̃ϕ is given byξ 7→ x, ξ2 = x−t2
x−t1

. ThenC is the double cover ofP1

branched in the 6 points̃ϕ−1({0, 1,∞}) = {±1,±
√

1−t2
1−t1

,±
√

t2
t1
}, which implies the equation (1.6)

for C. Then we deduce the equations ofEi in the form (1.5) following the recipe of (1.2), and it is an
easy exercise to transform them into (1.3).

The locus of bielliptic curves in the moduli space of all the genus-2 curves is 2-dimensional,
hence is a hypersurface. In [SV], an explicit equation of this hypersurface is given in terms of the
Igusa invariants of the genus-2 curves. We will give a description of the same locus in terms of
periods. We start by recalling necessary definitions.

Let a1, a2, b1, b2 be a symplectic basis ofH1(C,Z) for a genus-2 curveC, andω1, ω2 a basis of
the spaceΓ(C,Ω1

C) of holomorphic 1-forms onC.

Definition 1.1.4. Let us introduce the2× 2-matricesA = (
∫

ai
ωj) andB = (

∫

bi
ωj). Their concate-

nationΠ = (A|B) is a2 × 4 matrix, called the period matrix of the1-formsω1, ω2 with respect to
the basisa1, a2, b1, b2 of H1(C,Z). The period ofC is the2 × 2-matrixZ = A−1B. If A = I is the
identity matrix, the basisω1, ω2 of Γ(C,Ω1

C) and the corresponding period matrixΠ0 = (I|Z) are
called normalized.

The period latticeΛ = Λ(C) is theZ-submodule of rank4 in Γ(C,Ω1
C)∗ generated by the4 linear

formsω 7→
∫

ai
ω, ω 7→

∫

bi
ω. A choice of the basisωi identifiesΓ(C,Ω1

C)∗ with C2, andΛ is then
generated by the4 columns ofΠ.

The periodZC of C is determined modulo the discrete group Sp(4,Z) acting by symplectic base
changes inH1(C,Z).

Riemann’s bilinear relations. The period matrix of any genus-2 curveC satisfies the conditions

Zt = Z and ℑZ > 0 .
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Figure 1.1: The 4 sheets ofC. The segments of two edges of the cuts are glued together if they are:
(1) situated one under the other, and (2) hatched by dashes ofthe same orientation. Thus, the upper
edge of the cut onΣ++ betweent1, t2 is glued to the lower edge of the cut onΣ−+ betweent1, t2.
Four black points overt2 glue together to give one pointt2+ ∈ C, and similarly four white ones give
t2− ∈ C. The 4 preimages of each one of the points0, 1, t1,∞ are glued in pairs, as shown by the
colors black/white and by dotted lines, and give 8 points ofC denoted by0±, 1±, t1±,∞±.

To determine the periods of bielliptic curvesC, it is easier to use the representation from Propo-
sition 1.1.2 rather than the standard equation of a genus-2 curve (1.6). This is due to the fact that we
can chooseω1 = dx/y1, ω2 = dx/y2 as a basis of the spaceΓ(C,Ω1

C) of holomorphic 1-forms onC,
and the periods of these 1-forms are easily related to the periods onEi.

To fix the ideas, we assume for a while thatt1 , t2 are real and1 < t1 < t2 (the general case is
obtained by a deformation moving the pointsti). Ei can be represented as the result of gluing two
sheetsΣi+,Σi−, which are Riemann spheres with cuts along the segments[0, 1] and[ti,∞]. ThenC,
parameterizing the pairs of points(P1, P2) with Pi ∈ Ei and with the samex-coordinate, is the result
of gluing 4 sheets, which are copies of the Riemann sphere withcuts along the segments[0, 1] and
[t1,∞] labelled by++,−−,+−,−+. For example, the sheetΣ+− is formed by the pairs(P1, P2)
whereP1 lies onΣ1+ andP2 on Σ2−. Figure 1.1 shows the gluings of the edges of the cuts with the
help of hatching and fixes the choice of the cyclesai, bi. Black points on one vertical are identified,
the same for the white ones.

Proposition 1.1.5.LetC,E1, E2 be as in Proposition1.1.2, andai, bi as on Fig.1.1. Then the period
matrix ofC is

ZC =

(
1
2
(τ1 + τ2)

1
2
(τ1 − τ2)

1
2
(τ1 − τ2) 1

2
(τ1 + τ2)

)

,

whereτi is the period ofEi with respect to the basisγi = πi∗(a1), δi = πi∗(b1) ofH1(Ei,Z).
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Proof. Let ki, li be the periods of the differentialdx/yi onEi along the cyclesγi, δi respectively. Take
ωi = π∗

i (dx/yi) as a basis ofΓ(C,ΩC). We have
∫

a1

π∗
j (dx/yj) =

∫

πj∗(a1)

dx/yj = kj.

But when calculating the integral overa2, we have to take into account the fact that a positively
oriented loop around a cut onΣ+− projects to a positively oriented loop onΣ2−, and the latter defines
the cycle−γ2 onE2. Thusπ2∗(a2) = −γ2, and the correspoding period acquires an extra sign:

∫

a2

π∗
j (dx/yj) =

∫

πj∗(a2)

dx/yj = (−1)j+1kj.

The integrals overbj are transformed in a similar way. We obtain the period matrixof C in the form

Π =

(
k1 k1 l1 l1
k2 −k2 l2 −l2

)

.

Multiplying by the inverse of the left2 × 2-block and using the relationsτi = li/ki, we obtain the
result.

Corollary 1.1.6. The locusH of periods of genus-2 curvesC with a degree-2 elliptic subcover is the
set of matrices

ZC =

(
1
2
(τ + τ ′) 1

2
(τ − τ ′)

1
2
(τ − τ ′) 1

2
(τ + τ ′)

)

(ℑτ > 0,ℑτ ′ > 0).

Equivalently,H is the set of all the matrices of the formZ =

(
a b
b a

)

(a, b ∈ C) such thatℑZ > 0.

1.2 RANK -1 CONNECTIONS ON C AND THEIR MONODROMY

We start by recalling the definition of a connection. LetV be a curve or a complement of a finite set
in a curveC. Let E be a vector bundle of rankr ≥ 1 on V . We denote byOV , Ω1

V the sheaves of
holomorphic functions and 1-forms onV respectively. By abuse of notation, we will denote in the
same way vector bundles and the sheaves of their sections. Aconnectionon E is aC-linear map of
sheaves∇ : E→E ⊗ Ω1

V which satisfies the Leibnitz rule: for any openU ⊂ V , f ∈ Γ(U,O) and
s ∈ Γ(U,E),∇(fs) = f∇(s)+ s df . If E is trivialized by a basis of sectionse = (e1, . . . , er) overU ,
then we can write∇(ej) =

∑

i aijei, and the matrixA(e) = (aij) of holomorphic 1-forms is called
the connection matrix of∇with respect to the trivializatione. If there is no ambiguity with the choice
of a trivialization, one can write, by abuse of notation,∇ = d+ A.

Given r meromorphic sectionss = (s1, . . . , sr) which spanE over an open subset, the matrix
A(s) defined as above is a matrix of meromorphic 1-forms onV . Its poles inV are calledapparent
singularities of the connection with respect to the meromorphic trivializations. The apparent singu-
larities arise at the pointsP ∈ V in which either some of thesi are non-regular, or all thesi are regular
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butsi(P ) fail to be linearly independent. They are not singularitiesof the connection, but those of the
chosen connection matrix.

In the case when the underlying vector bundle is defined not only over V , but over the whole
compact Riemann surfaceC, we can speak about singularities at the points ofC \V of the connection
itself. To this end, choose local trivializationseP of E at the pointsP ∈ C \ V , and define the local
connection matricesA(eP ) as above,∇(eP ) = ePA(eP ). The connection∇, regular onV , is said to
be meromorphic onC if A(eP ) has at worst a pole atP for all P ∈ C \V . If, moreover,A(eP ) can be
represented in the formA(eP ) = B(τP )dτP

τP
, whereτP is a local parameter atP andB(τP ) is a matrix

of holomorphic functions inτP , thenP is said to be a logarithmic singularity of∇. A connection is
called logarithmic, or Fuchsian, if it has only logarithmicsingularities.

To define themonodromyof a connection∇, we have to fix a reference pointP0 ∈ V and a
basiss = (s1, . . . , sr) of solutions of∇s = 0, s ∈ Γ(U,E) over a small discU centered atP0. The
analytic continuation of thesi along any loopγ based atP0 provides a new basissγ = (sγ

1 , . . . , s
γ
r ),

and the monodromy matrixMγ is defined bysγ = sMγ. The monodromy matrix depends only on
the homotopy class of a loop, and the monodromyρ∇ of ∇ is the representation of the fundamental
group ofV defined by

ρ = ρ∇ : π1(V, P0)−→GLr(C), γ 7→Mγ.

Let nowC = V be a genus-2 bielliptic curve with an elliptic subcoverϕ : C→E. Our objective
is the study of rank-2 connections overE which are direct images of rank-1 connections overC. We
first study the rank-1 connections overC and their monodromy representations.

Let L be a line bundle onC ande a meromorphic section ofL which is not identically zero. Then
a connection∇L on L can be written asd + ω , whereω is a meromorphic 1-form onC defined by
∇L(e) = ωe. The apparent singularities are simple poles with integer residues at the points wheree
fails to be a basis ofL. We will start by considering the case whenL is the trivial line bundleO = OC .
Then the natural trivialization ofL is e = 1, andω is a regular 1-form. The vector spaceΓ(C,Ω1

C) of
regular 1-forms onC is 2-dimensional; letω1, ω2 be its basis. We can writeω = λ1ω1 + λ2ω2 with
λ1, λ2 in C.

The horizontal sections ofO are the solutions of the equation∇Oϕ = 0. To write down these
solutions, we can representC as in Proposition 1.1.2 and introduce the multi-valued functionsz1 =
∫
ω1 andz2 =

∫
ω2, normalized byz1(∞+) = z2(∞+) = 0. We denote by the same symbolsz1, z2

the flat coordinates on the JacobianJC = C2/Λ associated to the basis(ω1, ω2) of Γ(C,Ω1
C), and

C can be considered as embedded in its Jacobian via the Abel-Jacobi mapAJ : C→JC, P 7−→
((z1(P ), z2(P )) moduloΛ.

To determine the monodromy, we will chooseP0 = ∞+ and fix some generatorsαi, βi of
π1(C,∞+) in such a way that the natural epimorphismπ1(C,∞+)−→H1(C,Z) (whereH1(C,Z) =
π1(C,∞+)/[π1(C,∞+), π1(C,∞+)]) is given byαi 7→ ai, βi 7→ bi.

The following lemma is obvious:

Lemma 1.2.1.The general solution of∇Oϕ = 0 is given byϕ = ce−λ1z1−λ2z2, wherec is a complex
constant. The monodromy matrices of∇O areMαi

= exp(−
∮

ai
ω),Mβi

= exp(−
∮

bi
ω) (i = 1, 2).
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Now we turn to the problem of Riemann-Hilbert type: determinethe locus of the representations
of G which are monodromies of connections∇L. Since any rank-1 representationρ of G is deter-
mined by 4 complex numbersρ(αi), ρ(βi), we can take(C∗)4 for the moduli space of representations
of G in which lives the image of the Riemann-Hilbert correspondence.

Before solving this problem onC, we will do a similar thing on an elliptic curveE. The answer
will be used as an auxiliary result for the problem onC.

Any rank-1 representationρ : π1(E)→C∗ is determined by the imagesρ(a), ρ(b) of the generators
a, b of the fundamental group ofE, so that the space of representations ofπ1(E) can be identified
with C∗×C∗. We will consider several spaces of rank-1 connections. LetC(E,L) be the space of all
the connections∇ : L→L ⊗ Ω1

E on a line bundleL onE. It is non empty if and only ifdeg L = 0,
and thenC(E,L) ≃ Γ(E,Ω1

E) ≃ C. Further,C(E) will denote the moduli space of pairs(L,∇),
that is,C(E) = ∪[L]∈J(E)C(E,L). We will also define the moduli spaceC of triples (Eτ ,L,∇),
C = ∪ℑτ>0C(Eτ ), andCtriv = ∪ℑτ>0C(Eτ ,OEτ ), whereEτ = C/(Z + Zτ). For any of these moduli
spaces, we can consider the Riemann-Hilbert correspondencemap

RH : (Eτ ,L,∇) 7−→ (ρ∇(a), ρ∇(b)),

whereρ∇ is the monodromy representation of∇, and(a, b) is a basis ofπ1(E) corresponding to the
basis(1, τ) of the period latticeZ+Zτ . Remark thatRH |C(E,L) cannot be surjective by dimensional
reasons. The next proposition shows thatRH |Ctriv

is dominant, though non-surjective, and that
RH |C is surjective.

Proposition 1.2.2. In the above notation,

RH(Ctriv) = (C∗ × C∗ \ {S1 × S1}) ∪ {(1, 1)}, RH(C(E)) = C∗ × C∗.

Proof. Let ∇ = d + ω be a connection on an elliptic curveE, whereω ∈ Γ(Eτ ,Ω
1
Eτ

), A =
∮

a
ω,

B =
∮

b
ω = τA. By analytic continuation of solutions of the equation∇ϕ = 0 along the cycles

in E, we obtainρ(a) = e−A andρ(b) = e−τA. The pair(−A,−B) = (−A,−τA) is an element
of (0, 0) ∪ C∗ × C∗. By settingz = −A, we deduceRH(Ctriv) = {(ez, ezτ ) | (z, τ) ∈ C × H}.
The mapexp : C∗−→C∗ is surjective, so for allw1 ∈ C∗, we can solve the equationez = w1, and
once we have fixedz, it is possible to solveeτz = w2 with respect toτ if and only if (w1, w2) /∈
S1×S1 \ {(1, 1)}. This ends the proof forRH(Ctriv). The proof forRH(C) is similar to the genus-2
case, see Proposition 1.2.3 below.

From now on, we turn to the genus-2 case. We define the moduli spacesC2(C,L),C2(C),C2,C2,triv

similarly to the above, so thatC2(C) = ∪[L]∈J(C)C2(C,L), C2 = ∪Z∈HC2(CZ), andC2,triv = ∪Z∈H

C2(CZ ,OCZ
). HereH is the locus of periods introduced in Corollary 1.1.6,CZ is the genus-2 curve

with periodZ, J2(C) = C2/Λ, whereΛ ≃ Z4 is the lattice generated by the column vectors of the
full period matrix(1 | Z) of C. The Riemann-Hilbert correspondence is the map

RH : (CZ ,L,∇) 7−→ (ρ∇(α1), ρ∇(α2), ρ∇(β1), ρ∇(β2)) ∈ (C∗)4,

where the generatorsαi, βi of π1(C) correspond to the basis of the latticeΛ.
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Proposition 1.2.3. In the above notation,

RH(C2,triv) = {w ∈ (C∗)4 | (w1w2, w3w4) ∈W, (
w1

w2

,
w3

w4

) ∈W}, (1.8)

RH(C2(CZ)) = (C∗)4, (1.9)

whereW denotes the locusRH(Ctriv) determined in Proposition1.2.2.

Proof. Let∇ = d− ω, ω ∈ Γ(CZ ,Ω
1
CZ

). We can considerCZ in its Abel-Jacobi embedding inJC ,
thenω = λ1dz1 + λ2dz2, where(z1, z2) are the standard flat coordinates onC2/Λ. Therefore,

RH(CZ ,OZ ,∇) = (eλ1z1 , eλ2z2 , e
1
2
(τ+τ ′)λ1z1+

1
2
(τ−τ ′)λ2z2 , e

1
2
(τ−τ ′)λ1z1+

1
2
(τ+τ ′)λ2z2).

Denoting the latter4-vector byw, we see that(w1w2, w3w4) = (ez, eτz) with z = λ1z1 + λ2z2, and
(w1

w2
, w3

w4
) = (ez′ , eτ ′z′) with z′ = λ1z1 − λ2z2.

Then Proposition 1.2.2 implies the answer forRH(C2,triv). Now, we will prove the surjectivity
of RH |C2 . On a genus-2 curve, any line bundle of degree 0 can be represented in the formL =
OC(P1 + P2 − Q1 − Q2) for some 4 pointsPi, Qi ∈ C. It is defined by its stalks: for anyP ∈ C,
LP = OP if P 6∈ {P1, P2, Q1, Q2}, LPi

= 1
τPi

OPi
, LQi

= τQi
OQi

, whereτP denotes a local parameter

atP for anyP ∈ C. This implies that the constant functione = 1 considered as a section ofL has
simple zeros atPi and simple poles atQi, that is, for its divisor we can write:(e) = P1+P2−Q1−Q2.
According to [At-2], any line bundle of degree 0 admits a connection, and two connections differ
by a holomorphic 1-form. Hence any connection onL can be written in the form∇ = d + ω,
ω = ν + λ1dz1 + λ2dz2, whereν is a meromorphic 1-form with simple poles atPi, Qi such that
ResPi

ν = 1,ResQi
ν = −1 (these are apparent singularities of∇ with respect to the meromorphic

trivialization e = 1).
We can choose the coefficientsλ1, λ2 in such a way thatω will have zeroa-periods. Let us denote

the periods ofω byNi:

N1 =

∫

a1

ω, N2 =

∫

a2

ω, N3 =

∫

b1

ω, N4 =

∫

b2

ω. (1.10)

ThenN1 = N2 = 0 by the choice ofω, and

N2+j = 2πi
∑

k

Ressk
(ω)

∫ sk

s0

dzj, j = 1, 2,

by the Reciprocity Law for differentials of 1st and 3rd kinds ([GH], Sect. 2.2), where
∑

k sk is the
divisor of poles(ω)∞ of ω, ands0 is any point ofC. Taking into account that(ω)∞ = (ν)∞ =

P1 + P2 +Q1 +Q2, ResPi
ν = 1,ResQi

ν = −1, andzj(P ) =
∫ P

P0
dzj, we can rewrite:

N2+j = 2πi[zj(P1)− zj(Q1) + zj(P2)− zj(Q2)].
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Hence the components of the vector
1

2πi

(
N3

N4

)

are the2 coordinates onJC of the class[L] of the

line bundleL, which is the same as the divisor class[P1 + P2 − Q1 − Q2]. Now, we can finish the
proof.

Let (wi) ∈ (C∗)4. Then, we can find a 1-formη1 of a connection on a degree-0 line bundle
L1 with monodromy(1, 1, w3, w4) in choosingL1 with coordinates− 1

2πi
(logw3, logw4) on JC. In

interchanging the roles ofa- andb-periods, we will find another 1-form of connectionη2 on another
degree-0 line bundleL2, with monodomy(w1, w2, 1, 1). Thenω = η1 +η2 is the form of a connection
onL1 ⊗ L2 with monodromy(wi) ∈ (C∗)4.

1.3 DIRECT IMAGES OF RANK -1 CONNECTIONS

We will determine the direct image connectionsf∗(∇L) = ∇E on the rank-2 vector bundleE =
f∗L, wheref : C→E is an elliptic subcover of degree 2 ofC. From now on, we will stick to a
representation ofC in the classical formy2 = F6(ξ), whereF6 is a degree-6 polynomial. We want
thatE is given the Legendre equationy2 = x(x − 1)(x − t), butF6 is not so bulky as in (1.6). Of
course, this can be done in many different ways. We will fix forC andf the following choices:

f : C = {y2 = (t′ − ξ2)(t′ − 1− ξ2)(t′ − t− ξ2)} → E = {y2 = x(x− 1)(x− t))}
(ξ, y) 7→ (x, y) = (t′ − ξ2, y) (1.11)

Lemma 1.3.1.For any bielliptic curveC with an elliptic subcoverf : C→E of degree2, there exist
affine coordinatesξ, x, y onC,E such thatf, C,E are given by(1.11) for somet, t′ ∈ C \ {0, 1},
t 6= t′.

Proof. By Proposition 1.1.2, it suffices to verify that the two elliptic subcoversE,E ′ of the curvesC
given by (1.11), as we varyt, t′, run over the whole moduli space of elliptic curves independently from
each other.E ′ can be determined from (1.2). It is a double cover ofP1 ramified at 1

t′
, 1

t′−1
, 1

t′−t
,∞.

This quadruple can be sent by a homographic transformation to 0, 1, t, t′, henceE ′ is given byy2 =
x(x − 1)(x − t)(x − t′). If we fix t and let varyt′, we will obviously obtain all the elliptic curves,
which ends the proof.

The only branch points off in E arep± = (t′,±y0), wherey0 =
√

t′(t′ − 1)(t′ − t), and thus the
ramification points off in C are p̃± = (0,±y0). In particular,f is non-ramified at infinity and the
preimage of∞ ∈ E is a pair of points∞± ∈ C. E is the quotient ofC by the involutionι : C→C,
called the Galois involution of the double coveringf . It is given in coordinates byι : (ξ, y) 7→ (−ξ, y).

We first deal with the case whenL is the trivial bundleOC , in which we write∇O instead of
∇L. The direct imageE0 = f∗OC is a vector bundle of rank 2 which splits into the direct sum of
the ι-invariant and anti-invariant subbundles:E0 = (f∗OC)+ ⊕ (f∗OC)−. The latter subbundles are
defined as sheaves by specifying their sections over any opensubsetU of E:

Γ(U, (f∗OC)±) = {s ∈ Γ(f−1(U),OC) | ι∗(s) = ±s}.
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Obviously, theι-invariant sections are just functions onE, so the first direct summand(f∗OC)+ is the
trivial bundleOE. The second one is generated over the affine setE \ {∞} by a single generatorξ,
one of the two coordinates onC. Thus, we can use(1, ξ) as a basis trivializingE0 overE \ {∞} and
compute∇ = f∗(∇O) in this basis. We use, of course, the constant function 1 to trivialize OC and
write∇O in the form

∇O = d+ ω, ω = ∇O(1) = λ1
dξ

y
+ λ2

ξdξ

y
. (1.12)

Re-writing∇O(1) = ω in terms of the coordinatex = t′ − ξ2, we get:

∇O(1) = − λ1

2(t′ − x)
dx

y
ξ − λ2

2

dx

y
1.

Likewise,

∇O(ξ) = −λ1

2

dx

y
1− λ2

2y

dx

y
ξ − dx

2(t′ − x)ξ.

We obtain the matrix of∇ = f∗(∇O) in the basis(1, ξ):

A =

(

−λ2

2y
dx −λ1

2y
dx

− λ1

2(t′−x)y
dx −(λ2

2y
+ 1

2(t′−x)
)dx

)

. (1.13)

This matrix has poles at the branch pointsp± with residues

Resp+ A =

(
0 0
λ1

2y0

1
2

)

, Resp− A =

(
0 0
− λ1

2y0

1
2

)

. (1.14)

As the sum of residues of a meromorphic 1-form on a compact Riemann surface is zero, we can
evaluate the residue at infinity:

Resp− A+ Resp+ A = −Res∞(A) =

(
0 0
0 1

)

.

It is nonzero, henceA is not regular at∞ and has exactly 3 poles onE. In fact, the pole at∞ is an
apparent singularity due to the fact that(1, ξ) fails to be a basis off∗OC at∞, which follows from
the following proposition:

Proposition 1.3.2.Letf : C→E be the bielliptic cover(1.11), and∇O = d+ω a regular connection
on the trivial bundleOC with connection formω = λ1

dξ
y

+λ2
ξdξ
y

. Then the direct image∇ = f∗(∇O)
is a logarithmic connection on a rank-2 vector bundleE0 overE, whose only poles are the two branch
pointsp± of f . In an appropriate trivialization ofE0 overE \ {∞}, ∇ is given by the connection
matrix (1.13), and the residues atp± are given by(1.14).

Proof. If P ∈ E is not a branch point, than we can choose a small diskU centered atP such that
f−1(U) is the disjoint union of two disksU±. Let e± be a nonzero∇O-flat section ofOC overU±.

21



Then(e+, e−) is a basis ofE0 overU consisting of∇-flat sections. This implies the regularity of∇
overU (the connection matrix of∇ in this basis is zero).

We have shown that the only points where the direct image of a regular connection might have
singularities are the branch points of the covering. In particular,∞ is not a singularity of∇. The fact
that the branch points are logarithmic poles follows from the calculation preceding the statement of
the proposition.

At this point, it is appropriate to comment on the horizontalsections of∇, which are solutions

of the matrix ODE dΦ + AΦ = 0 for the vectorΦ =

(
Φ1

Φ2

)

. We remark that the matrix ODE is

equivalent to one scalar equation of second order which we have not encountered in the literature. It
is obtained as follows: the first line of the matrix equation gives

Φ2 =
2λ2

λ1

Φ′
1 −

λ2

λ1

Φ1,

whereΦ1,Φ2 denote the components of a single2-vectorΦ, and the prime denotes the derivative with
respect tox. The second equation gives:

Φ′
2 =

λ1

2y(t′ − x)Φ1 +
(λ2

2y
+

1

2(t′ − x)
)

Φ2.

By substituing hereΦ2 in terms ofΦ1, we get one second order equation forΦ1. By settingy2 =

P3(x) = x(x− 1)(x− t), we havey′ =
P ′

3

2y
and the differential equation forΦ1 takes the form

Φ′′
1 +

[ P ′
3(x)

2P3(x)
− λ2

y
+

1

2(x− t′)
]

Φ′
1 +

[ λ2
1

4P3(x)(x− t′)
+

λ2
2

4P3(x)
− λ2

4(x− t′)y
]

Φ1 = 0.

We can also write out the second order differential equationfor Φ1 with respect to the flat coordinate
z =

∫
dx
y

onE. Now, set up the convention that the prime denotesd
dz

. Then, after an appropriate

scaling,x = ℘(z) + t+1
3
, y = ℘′(z)

2
. Let z0,−z0 be the solutions of℘(z) = t′ − t+1

3
modulo the lattice

of periods. Then we have the following equation forΦ1:

Φ′′
1 +

[

− λ2 +
℘′(z)

2(℘(z)− ℘(z0))

]

Φ′
1 +

[λ2
2

4
+

2λ2
1 − λ2℘

′(z)

8(℘(z)− ℘(z0))

]

Φ1 = 0.

We now go over to the general case, in whichL is any line bundle of degree0 on C endowed
with a regular connection∇L. Thenf∗L = E is a vector bundle of rank2 on E endowed with a
logarithmic connection∇E = f∗∇L. We can representL in the formL = O(q̃1 + q̃2 −∞+ −∞−)
with q̃1 = (ξ1, y1) and q̃2 = (ξ2, y2) some points ofC. Their images onE will be denoted byqi,
or (xi, yi) in coordinates. We will use1 ∈ Γ(OC) as a meromorphic trivialization ofL as in the
proof of Proposition 1.2.3. In this trivialization, the connection form of∇L has simple poles at the 4
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pointsq̃i,∞± with residues+1 at q̃i and−1 at∞±. It is easy to invent one example of such a form:

ν = 1
2

(
y+y1

ξ−ξ1
+ y+y2

ξ−ξ2

)

. Hence the general form of∇L is as follows:

∇L = d + ω = d +
1

2

(

y + y1

ξ − ξ1
+
y + y2

ξ − ξ2

)

dξ

y
+ λ1

dξ

y
+ λ2

ξdξ

y
. (1.15)

We compute∇L(1) and∇L(ξ) and express the result in the coordinates(x, y) of E. This brings
us to formulas for the connection∇E onE. We obtain:

∇L(1) = ω.1 =

[

1

2

(

y + y1

ξ(ξ − ξ1)
+

y + y2

ξ(ξ − ξ2)

)

+
λ1

ξ
+ λ2

]

ξdξ

y
.

Splitting 1
ξ−ξi

into the invariant and anti-invariant parts, we get:

∇L(ξ) = ξ∇L(1) + dξ · 1 =

[

1

2

(

(y + y1)ξ1
ξ2 − ξ2

1

+
(y + y2)ξ2
ξ2 − ξ2

2

)

+ λ1

+
1

2

(

y + y1

ξ2 − ξ2
1

+
y + y2

ξ2 − ξ2
2

)

ξ + λ2ξ +
y

ξ2
ξ

]

ξdξ

y
.

By using the relationsx = t′ − ξ2, dx = −2ξdξ, we determine the connection∇E = d+A, whereA
is the matrix of∇E in the basis(1, ξ):

(

−1
2
(1

2
( y+y1

x1−x
+ y+y2

x2−x
) + λ2)

dx
y

−1
2
(1

2
( (y+y1)ξ1

x1−x
+ (y+y2)ξ2

x2−x
) + λ1)

dx
y

−1
2
(1

2
( (y+y1)ξ1

(x1−x)(t′−x)
+ (y+y2)ξ2

(x2−x)(t′−x)
) + λ1

t′−x
)dx

y
−1

2
(1

2
( y+y1

x1−x
+ y+y2

x2−x
) + λ2 + y

t′−x
)dx

y

)

. (1.16)

We computeResp± A, wherep± are the only singularities of∇E:

Resp± A =

(
0 0

1
4
( (y1±y0)ξ1

x1−t′
+ (y2±y0)ξ2

x2−t′
)± λ1

2y0

1
2

)

. (1.17)

Proposition 1.3.3.Let f : C→E be the bielliptic cover(1.11), L = O(q̃1 + q̃2 −∞+ −∞−) with
q̃i = (ξi, yi) ∈ C (i = 1, 2), and∇L = d + ω a regular connection onL with connection formω
defined by(1.15). Assume thatξi 6= 0, that is q̃i 6= p̃±. Then the direct image∇E = f∗(∇L) is
a logarithmic connection on a rank-2 vector bundleE overE whose only poles are the two branch
pointsp± of f . In the meromorphic trivialization ofE defined by(1, ξ),∇E is given by the connection
matrix (1.16), and the residues atp± are given by(1.17).

Remark that the pointsqi = f(q̃i) = (xi, yi) are apparent singularities of∇E. We write down the
residues ofA at these points for future use:

Resq1 A =

(
1
2

ξ1
2

1
2ξ1

1
2

)

, Resq2 A =

(
1
2

ξ2
2

1
2ξ2

1
2

)

. (1.18)

23



We can also computeRes∞A. First homogenize the equation ofE via the changex = x1

x0
, and

y = x2

x0
. The homogeneous equation isx0x

2
2 = x3

1−(1+t)x2
1x0+tx1x

2
0. Then, settingv = x0

x2
, u = x1

x2
,

we obtain the equationv = u3 − (1 + t)u2v + tuv2 in the neighborhood of∞. Near∞ = (0, 0), we
havev ∼ u3, dx

y
∼ −2du. Therefore,Res∞A is:

Res∞A = Resu=0A =

(
−1 − ξ1+ξ2

2

0 −2

)

. (1.19)

1.4 MONODROMY OF DIRECT IMAGE CONNECTIONS

We are using the notation of the previous section. We will calculate the monodromy of the direct
image connections∇E. We will start by choosing generators of the fundamental groupπ1(E), π1(E \
{p+, p−}). To express the monodromy of∇ in terms of periods ofC, we will first introduce generators
ai, bi, ci for π1(C \ {p̃+, p̃−}), and then descend some of them toE by applyingf∗. We start by
representing a generating systemai, bi, ci (i=1, 2) of π1(C \ {p̃±},∞+) by simple loops meeting at
the reference point∞+, one of the two points over∞ on E. We choose them in such a way that
the following relation is satisfied:[a1, b1]c1[a2, b2]c2 = 1; see Fig. 1.2. To fix the ideas, we assume

Figure 1.2: Generators ofπ1(C \ {p̃±},∞+).

for a while thatt , t′ are real and1 < t < t′ (for generalt, t′, the loopsai, bi, ci are defined up to
an isotopy bringingt, t′ onto the real axis so that1 < t < t′). We deform the basic loops so that
they follow intervals of the real or imaginary axes or arcs ofsmall circles around the marked point.
C can be represented as the result of glueing of two copies of the Riemann sphere along three cuts.
We call these copies of the Riemann sphere upper and lower sheets, and the cuts are realized along
the rectilinear segments [−

√
t′, −
√
t′ − 1], [ −

√
t′ − t,

√
t′ − t] and [

√
t′ − 1,

√
t′]. The sheets are

glued together in such a way that the upper edge of each cut on the upper sheet is identified with the
lower edge of the respective cut on the lower sheet, and vice versa. The result is the pretzel indicated
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on Fig. 1.3, where the neighborhoods of the cuts are strechedout into the necks of the pretzel for the
sake of the illustration.

Figure 1.3:C as the result of glueing two copies of the Riemann sphere and deformed loopsai, bi, ci
on it.

Let∞+ be on the upper sheet, singled out by the conditionℑy > 0 whenξ ∈ R, ξ → +∞. Fig.
1.3 also shows an intermediate stage of the deformation of the basic loops bringing them from the
positions shown on Fig. 1.2 to the desired one. This implies that the values ofℜy,ℑy onR are as on
Fig. 1.4, where the loopsai, bi, ci generatingπ1(C \ {p̃+, p̃−}) are shown. Remark that the loopsci
are chosen in the formci = dic̃id

−1
i , wheredi is a path joining∞+ with some point close tõp± and

c̃i is a small circle around̃p± (the valuesi = 1, 2 correspond tõp+, p̃− respectively). The pathsdi

follow the imaginary axis of the upper sheet.
Now, we go over toE. We can constructE from the genus-2 Riemann surfaceC as the quotient

by the involutionι : C−→C defined by(ξ, y) 7−→ (−ξ, y). In the representation ofC given by Fig.
1.3, we can realizeι as the symmetry with respect to the axisp̃+p̃−. Then, to constructE = C/ι, we
can cutC into halves by the longitudinal plane passing through four points p̃±,∞±, discard the left
hand half, and the right hand one will giveE after we glue the upper part of the cut with its lower
part, in identifying pairs of points, symmetric with respect to the axisp̃+p̃−. This quotient procedure
is shown on Fig. 1.5 and 1.6.

Seta = f∗(a1), b = f∗(b1), and define the closed paths running round the branch pointsp± as
follows: γi = f(di)γ̃if(di)

−1, whereγ̃i are small circles aroundp± running in the same direction as
f(c̃i) (butf(c̃i) makes two revolutions aroundp±, whilst γ̃i only one).
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Figure 1.4: The final position of the generating loops ofπ1(C \ {p̃±},∞+). The parts of the arcs
represented in solid (resp. dash) lines are on the upper (resp. lower) sheet.

One can verify that the thus defined generators of both fundamental groups satisfy the re-
lations [a1, b1]c1[a2, b2]c2 = 1 and [a, b]γ1γ2 = 1 and that the group morphism
f∗ : π1(C \ {p̃±},∞+)−→π1(E \ {p±},∞) is given by the formulas

f∗(a1) = a, f∗(b1) = b, f∗(a2) = γ−1
1 aγ1, f∗(b2) = γ−1

1 bγ1, f∗(ci) = γ2
i (i = 1, 2).

As∇L is regular at̃p±, it has no monodromy alongci, and this together with the above formulas for
f∗ immediately implies that the monodromy matricesMγi

of∇E are of order 2.

We first assume thatL = OC is trivial, in which case∇L is denoted∇O, and∇E just∇. As
in the previous section, we trivializeE0 = f∗(OC) by the basis(1, ξ) overE \ {∞}. Splitting the
solutionϕ = e−λ1z1−λ2z2 of ∇Oϕ = 0 into theι-invariant and anti-invariant parts, we representϕ by
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Figure 1.5: The right hand half ofC.

Figure 1.6: The quotientC/ι.

a2-component vector in the basis(1, ξ):

Φ =

(
e−λ2z2 cosh(λ1z1)

− e−λ2z2

ξ
sinh(λ1z1)

)

.

We have to completeΦ to a fundamental matrixΦ, and then we can define the monodromyMγ

along a loopγ by Tγ(Φ) = ΦMγ, whereTγ denotes the analytic continuation alongγ. We already

know the first column ofΦ: this is justΦ. Denote it also byΦ1, the column vector

(
Φ1,1

Φ2,1

)

. It

remains to findΦ2 =

(
Φ1,2

Φ2,2

)

so that

Φ =

(
Φ1,1 Φ1,2

Φ2,1 Φ2,2

)

is a fundamental matrix. By Liouville’s theorem, the matrix equationΦ′ + AΦ = 0 implies the
following scalar equation forΨ = det Φ: Ψ′ + Tr(A)Ψ = 0. In our case,Tr(A) = −λ2

y
− 1

2(t′−x)
,
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and we get a solution in the form:Ψ = e−2λ2z2√
t′−x

= e−2λ2z2

ξ
. Thus we can determineΦ2 from the system:

cosh(λ1z1)Φ2,2 +
1

ξ
sinh(λ1z1)Φ1,2 =

e−2λ2z2

ξ

Φ′
1,2 =

1

2y
(λ2Φ1,2 + λ1Φ2,2).

Eliminating Φ2,2, we obtain an inhomogeneous first order linear differentialequation forΦ1,2.
Finally, we find:

Φ2 =

( −e−λ2z2 sinh(λ1z1)
e−λ2z2

ξ
cosh(λ1z1)

)

.

Now we can compute the monodromies of∇E along the loopsa, b, γi. It is convenient to represent
the result in a form, in which the real and imaginary parts of all the entries are visible as soon as
t, t′ ∈ R and1 < t < t′. Under this assumption, the entries of the period matrixΠ = ((aij)|(bij))
of C are real or imaginary and can be expressed in terms of hyperelliptic integrals along the real
segments joining branch points.

Thus reading the cycles of integration from Fig. 1.4, we obtain:

a1,1 = −a1,2 = 2iK,K =

∫ √
t′−1

√
t′−t

dξ
√

(t′ − ξ2)(t′ − 1− ξ2)(t− t′ + ξ2)
> 0,

a2,1 = a2,2 = 2iK ′, K ′ =

∫ √
t′−1

√
t′−t

ξdξ
√

(t′ − ξ2)(t′ − 1− ξ2)(t− t′ + ξ2)
> 0,

b1,1 = −b1,2 = −2L,L =

∫ √
t′−1

√
t′

dξ

|y| > 0,

b2,1 = b2,2 = −2L′, L′ =

∫ √
t′

√
t′−1

ξdξ

|y| > 0.

Proposition 1.4.1.The monodromy matrices of the connection∇ = f∗(∇O), where∇O is the rank-1
connection(1.12), are given by

Ma =

(
e−2iλ2K′

cos(2λ1K) −e−2iλ2K′

i sin(2λ1K)
−e−2iλ2K′

i sin(2λ1K) e−2iλ2K′

cos(2λ1K)

)

, (1.20)

Mb =

(
e2λ2L′

cosh(2λ1L) e2λ2L′

sinh(2λ1L)
e2λ2L′

sinh(2λ1L) e2λ2L′

cosh(2λ1L)

)

, (1.21)

Mγi
=

(
1 0
0 −1

)

(i = 1, 2). (1.22)
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Now we turn to the general case of nontrivialL. Our computations done in the special case allows
us to guess the form of the fundamental matrix of solutions to∇EΦ = 0, where∇E = f∗∇L and∇L

is given by (1.15) (remark, it would be not so easy to find it directly from (1.16)):

Φ =
1

2

(
e−

R
ω + e−

R
ω∗

e−
R

ω − e−
R

ω∗

1
ξ
(e−

R
ω − e−

R
ω∗

) 1
ξ
(e−

R
ω + e−

R
ω∗

)

)

, (1.23)

whereω∗ := ι∗(ω) is obtained fromω by the changeξ 7→ −ξ. We deduce the monodromy:

Proposition 1.4.2.The monodromy matrices of the connection∇E given by(1.16)are the following:

Ma =
1

2

(
e−N1 + e−N2 e−N1 − e−N2

e−N1 − e−N2 e−N1 + e−N2

)

,

Mb =
1

2

(
e−N3 + e−N4 e−N3 − e−N4

e−N3 − e−N4 e−N3 + e−N4

)

,

Mγi
=

(
1 0
0 −1

)

(i = 1, 2).

Here(N1, N2, N3, N4) are the periods ofω as defined in (1.10).

Proof. By a direct calculation using the observation that the periods ofω∗ are(N2, N1, N4, N3).

Here the connection (1.16) depends on6 independent parameters̃q1, q̃2, λ1, λ2, t, t
′, and the mon-

odromy is determined by the4 periodsNi. Hence, it is justified to speak about the isomonodromic de-
formations for this connection. The problem of isomonodromic deformations is easily solved upon an
appropriate change of parameters. Firstly, change the representation ofω: writeω = ω0+λ1ω1+λ2ω2,
whereω0 = ν + λ10ω1 + λ02ω2 is chosen with zeroa-periods, as in the proof of Proposition 1.2.3,
and assume that(ω1, ω2) is a normalized basis of differentials of first kind onC. Secondly, replace
the2 parameters̃q1, q̃2 by the coordinatesz1[L], z2[L] of the class ofL = O(q̃1 + q̃2 −∞+ −∞−)
in JC. Thirdly, replace(t, t′) by the periodZ of C. Then an isomonodromic varietyNi = const
(i = 1, . . . , 4) is defined, in the above parameters, by the equations

(
λ1

λ2

)

= const,

(
z1[L]

z2[L]

)

+ Z

(
λ1

λ2

)

= const. (1.24)

Thus the isomonodromy varieties can be considered as surfaces in the 4-dimensional relative
JacobianJ(C/H) of the universal family of bielliptic curvesC→H over the bielliptic period locus
H introduced in Corollary 1.1.6. The fiberCZ of C over a pointZ ∈ H is a genus-2 curve with
periodZ, andJ(C/H)→H is the family of the Jacobians of all the curvesCZ asZ runs overH. The
isomonodromy surfacesSλ1,λ2,µ1,µ2 in J(C/H) depend on 4 parametersλi, µi. Every isomonodromy
surface is a cross-section of the projectionJ(C/H)→H defined by

Sλ1,λ2,µ1,µ2 =

{

(Z, [L]) | Z ∈ H, [L] ∈ JCZ ,

(
z1[L]

z2[L]

)

= −Z
(
λ1

λ2

)

+

(
µ1

µ2

)}

.
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1.5 ELEMENTARY TRANFORMS OF RANK -2 VECTOR BUNDLES

In this section, we will recall basic facts on elementary transforms of vector bundles in the particular
case of rank 2, the only one needed for application to the underlying vector bundles of the direct
image connection in the next section. The ubiquity of the elementary transforms is twofold. First,
they provide a tool of identification of vector bundles. If weare given a vector bundleE and if we
manage to find a sequence of elementary transforms which connectE to some “easy" vector bundle
E0 (like O ⊕ O(−p) for a pointp), we provide an explicit construction ofE and at the same time we
determine, or identifyE via this construction. Second, the elementary transforms permit to change
the vector bundle endowed with a connection without changing the monodromy of the connection.
The importance of such applications is illustrated in the article [EV-2], in which the authors prove
that any irreducible representation of the fundamental group of a Riemann surface with punctures
can be realized by a logarithmic connection on asemistablevector bundle of degree 0 (see Theorem
1.6.12). On one hand, this is a far-reaching generalizationof Bolibruch’s result [AB] which affirms
the solvability of the Riemann-Hilbert problem over the Riemann sphere with punctures, and on the
other hand, this theorem gives rise to a map from the moduli space of connections to the moduli space
of vector bundles, for only the class ofsemistablevector bundles has a consistent moduli theory. We
will illustrate this feature of elementary transforms allowing us to roll between stable, semistable and
unstable bundles in the next section.

LetE be a curve. As before, we identify locally free sheaves onE with associated vector bundles.
Let E be a rank-2 vector bundle onE, p a point ofE, E|p = E⊗Cp the fiber ofE atp. HereCp is the
sky-scraper sheaf whose only nonzero stalk is the stalk atp, equal to the 1-dimensional vector space
C. We emphasize thatE|p is aC-vector space of dimension 2, not to be confused with the stalk Ep of
E at p, the latter being a freeOp-module of rank 2. Lete1, e2 be a basis ofE|p. We extende1, e2 to
sections ofE in a neighborhood ofp, keeping for them the same notation. We define the elementary
transformsE+ andE− of E as subsheaves ofE⊗C(E) ≃ C(E)2, in giving their stalks at all the points
of E:

E− = elm−
p,e2

(E), E−
p = OpτP e1 + Ope2,

E+ = elm+
p,e1

(E), E+
p = Op

1

τP
e1 + Ope2, (1.25)

E±
z = Ez, ∀ z ∈ E \ {p},

whereτP denotes a local parameter atp. The thus obtained sheaves are locally free of rank2. They
fit into the exact triples:

0→E−→E
γ //Cp→0 , 0→E→E+→Cp→0. (1.26)

Remark, that the surjectionγ restricted toE|p is a projection parallel to thee2 axis; this is the reason
for which we included in the notation ofelm− its dependence one2. Thus, if we varye1, in keeping
e2 (or in keeping the proportionality class ofe2), the isomorphism class ofelm−

e2
will not change, but

it can change if we vary the proportionality class[e2] in the projective lineP(E|p).
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For degrees, we havedeg E± = deg E± 1. We can give a more precise version of this equality in
terms of the determinant line bundles:det E± = det E(±p). Here and further on, given a line bundle
L and a divisorD =

∑
nipi onE, we denote byL(D) (“L twisted byD") the following line bundle,

defined as a sheaf by its stalks at all the points ofE: L(D)z = Lz if z is not among thepi, and
L(D)pi

= τ−ni
pi

Lz. For example, the regular sections ofL(p) can be viewed as meromorphic sections
of L with at most simple pole atp, whilst the regular sections ofL(−p) are regular sections ofL
vanishing atp. For the degree of a twist, we havedeg L(D) = deg L + degD = deg L +

∑
ni, so

thatdeg L(±p) = deg L± 1.
A similar notion of twists applies to higher-rank bundlesE: the twistE(D) can be defined either

asE ⊗ O(D), or via the stalks in replacingL by E in the above definition. For degrees, we have
deg E(D) = deg E + rk E · degD. Coming back tork E = 2 and twistingE by±p, we obtain some
more exact triples:

0→E+→E(p)→Cp→0, 0→E(−p)→E−→Cp→0.

They are easily defined via stalks, asE(p) = E⊗OE(p) is spanned by1
τP
e1,

1
τP
e2 atp, andE(−p) by

τP e1, τP e2.
A basis-free description of elms can be given as follows: LetW ⊂ E|p be a1-dimensional

vector subspace. Thenelm−
(p,W )(E) is defined as the kernel of the composition of natural maps

E→E|p→E|p/W (hereE|p, E|p/W are considered as sky-scraper sheaves, i. e. vector spaces placed at
p). The positive elm is defined via the duality:

elm+
p,W (E) := (elm−

p,W⊥(E∨))∨.

To set a correspondence with the previous notation, we write:

elm+
p,e1

(E) = elm+
p,Ce1

(E), elm−
p,e2

(E) = elm−
p,Ce2

(E).

One can also defineelm+ as an appropriateelm−, applied not toE, but toE(p):

elm+
p,e1

= elm−
p,e1

(E(p)). (1.27)

We will now interprete the elementary transforms in terms ofruled surfaces. For a vector bundle
E overE, we denote byP(E) the projectivization ofE, whose fiber overz ∈ E is the projective line
P(E|z) parameterizing vector lines inE|z. It has a natural projectionP(E)→E with fibers isomorphic
to P1 and is therefore called a ruled surface. We will see that the elementary transforms of vector
bundles correspond to birational maps between associated ruled surfaces which split into the compo-
sition of one blowup and one blowdown. The transfer to ruled surfaces allows us to better understand
the structure ofE, for it replaces all the line subbundlesL ⊂ E by cross-sections of the fiber bundle
P(E)→E; the latter cross-sections being curves in a surface, we canuse the intersection theory on the
surface to study them. As an example, we will give a criterionof (semi)stability ofE in terms of the
intersection theory onP(E).

Let us return to the setting of the description of elms via bases. We can assume thate1, e2 are
rational sections ofE, regular and linearly independent atp. Let S = P(E) and letπ : S−→E be
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the natural projection. Thene1, e2 define two global cross-sections ofπ, which will be denotede1, e2.
If E− = elm−

p,e2
(E), then the natural mapE−−→E gives rise to the birational isomorphism of ruled

surfacesS−→S− = P(E−) which splits into the composition of one blowup and one blowdown, as
shown on Fig. 1.7.

Figure 1.7: Decomposition ofelm− in a blowup followed by a blowdown.

Let fp denote the fiberπ−1(p) ≃ P1 of π; we keep the same notation for curves and their proper
transforms in birational surfaces. We label some of the curves by their self-intersection; for example,
(e1

2)S = α1, (f
2
p )S = 0, (f 2

p )Ŝ = −1. For any vectorv ∈ E|p \ {0}, we denote by[p, v] the point of
fp = P(E|p) which is the vector line spanned byv. Remark that the cross-sectionse1, e2 are disjoint
in the neighborhood ofpwheree1, e2 is a basis ofE, bute1 can intersecte2 at a finite number of points
wheree1, e2 fail to generateE.

The positiveelm has a similar description. Basically, asP(E) ≃ P(E ⊗ L) for any invertible
sheafL onE, we haveP(E) ≃ P(E(p)). Hence, in view of (1.27),elm+ andelm− have the same
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representation on the level of ruled surfaces. There existsalso an elegant way to defineelm− in using
π : S−→E:

elm−
p,v(E) = π∗(IS,[p,v](1)).

Here,IS,[p,v] is the ideal sheaf of the point[p, v], andF (1) denotes the twist of a sheafF byOP(E)/E(1).
We have the natural exact triple of an ideal sheaf onS = P(E):

0→IS,[p,v](1)→OS/E(1)→C[p,v]→0.

By a basic property of the tautological sheafOS/E(1), we haveπ∗OS/E(1) ≃ E. By applyingπ∗, we
get the exact triple

0→π∗IS,[p,v](1)→E→Cp→0.

One can prove that in this way we recover the first exact triple(1.26).
Now, we will say a few words about the (semi)-stability in terms of ruled surfaces.

Definition 1.5.1. A rank-2 vector bundle on a curveE is stable (resp. semistable) if for any line
subbundleL ⊂ E, deg L < 1

2
deg E (resp.,deg L ≤ 1

2
deg E), or equivalently, if for any surjection

E→M onto a line bundleM, deg M > 1
2
deg E (resp.,deg M ≥ 1

2
deg E). A vector bundle is called

unstable if it is not semistable. It is called strictly semistable if it is semistable, but not stable.

Definition 1.5.2. Let E be a rank-2 vector bundle on a curveE. The index of the ruled surface
π : S = P(E)−→E is the minimal self-intersection number of a cross-sectionof π:

i(S) = min{(e)2
S | e ⊂ S is a cross-section ofπ}.

The assertion of the following proposition is well-known, see e. g. [LN], p. 55. For the reader’s
convenience, we provide a short proof of it.

Proposition 1.5.3.E is stable (resp. semi-stable) iffi(S) > 0 (respi(S) ≥ 0).

Proof. The cross-sections ofP(E)−→E are in1-to-1 correspondence with the exact triples

0→L1
α //E

β //L2→0, (1.28)

whereL1, L2 are line bundles overE. The cross-sectione associated to such a triple isP(L1) ⊂ P(E).
It is the zero locus ofπ∗β ◦ π∗α ∈ Hom(π∗L1, π

∗L2) ≃ H0(S, π∗(L2 ⊗ L−1
1 )). Hence, the normal

bundleNe/S is isomorphic toL2 ⊗ L−1
1 . The stability (resp. semi-stability) ofE is equivalent to the

fact thatdeg L1 < deg L2 (respdeg L1 ≤ deg L2) for any triple (1.28). As(e2)S = degNe/S =
deg L2 − deg L1, this ends the proof.

We will end this section by two lemmas which help to identify vector bundles via the geometry of
the associated ruled surfaces.
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Lemma 1.5.4.LetE be a rank-2 vector bundles over a curveX such that the associated ruled surface
S = P(E) has two disjoint cross-sectionss1, s2. ThenE = L1 ⊕ L2, whereLi are line subbundles of
E corresponding tosi: si = P(Li), i = 1, 2. Further, for the self-intersection numbers ofsi, we have
(s1)

2 = −(s2)
2 = deg L2 − deg L1.

Proof. The first assertion is obvious, and the second one follows from the formula for(e2)S in the
proof of Proposition 1.5.3, in taking into account thatE = L1⊕L2 fits into an exact triple of the form
(1.28).

Lemma 1.5.5.LetE be a rank-2 vector bundle over a curveX, L a line subbundle ofE ands = P(L)
the associated cross-section of the ruled surfaceS = P(E). Letp ∈ X, [p, v] ∈ fp, wherefp denotes
the fiber ofS overp. LetS± = P(E±), whereE± = elm±

p,v, π± : S 99K S± the natural birational
map,s± the proper transform ofs in S± underπ± (that is, the closure ofπ±(s \ {[p, v]}) ), andL±

the line subbundle ofE± such thats± = P(L±). Then we have:
(i) If [p, v] ∈ s, then(s±)2

S± = (s2)S − 1, deg L+ = deg L + 1, anddeg L− = deg L. Moreover,
L+ ≃ L(p) andL− ≃ L.

(ii) If [p, v] 6∈ s, then(s±)2
S± = (s2)S + 1, deg L+ = deg L, anddeg L− = deg L− 1. Moreover,

L+ ≃ L andL− ≃ L(−p).

Proof. The formulas for(s±)2
S± follow from the behavior of the intersection indices as shown on Fig.

1.7, and those fordeg L± are easily deduced directly from the definition of elementary transforms
(1.25) by choosing fore1 or e2 a rational trivialization ofL.

1.6 UNDERLYING VECTOR BUNDLES OF DIRECT IMAGE

CONNECTION

Let us go over again to the setting of Sect. 1.3. Consider first the case whenL is the trivial bundle,
L = OC . The following fact is well known:

Lemma 1.6.1.Let f : X→Y be a finite morphism of smooth varieties of degree2 and∆ the class
of its branch divisor inPic(Y ). Then∆ is divisible by two inPic(Y ), and there existsδ ⊂ Pic(Y )
such that2δ is linearly equivalent to∆ andf∗OX = OY ⊕ OY (−δ).

Proof. See [Mu], Sect. 1.

Applying this lemma tof : C→E, we find thatf∗OC = OE ⊕ OE(−δ), where2δ ≃ p+ + p−.
This property determinesδ only moduloE[2], but as we saw in Sect. 1.3,OE(−δ) is trivialized by a
sectionξ overE \ {∞}, thusδ =∞ andf∗OC = OE ⊕ OE(−∞). We deduce:

Proposition 1.6.2. If L = OC , then the direct image connection∇E = f∗(∇L), determined by
formula (1.16), is a logarithmic connection on the vector bundleE0 = OE⊕OE(−∞) with two poles
at p+, p−.
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Let nowL be an arbitrary line bundle overC of degree0. By continuity,deg f∗L = deg f∗OC =
−1. To determinef∗L, we use the following lemma:

Lemma 1.6.3. LetX be a nonsingular curve, p a point inX, andz a local parameter atp. Let E
be a rank-2 vector bundle onX with a meromorphic connection∇, regular atp. Lets1, s2 be a pair
of meromorphic sections ofE, linearly independent overC(X) andF =< s1, s2 > the subsheaf of
E ⊗ C(X) generated bys1, s2 as aOX-module. LetA be the matrix of∇ with respect to theC(X)-
basiss1, s2 andA = resz=0A. Assume thatE|p has a basisv1, v2 consisting of eigenvectors ofA.
Thenv1, v2 extend to a basis of the stalkEp, the corresponding eigenvaluesn1, n2 of A are integers
and we have the following relations between the stalks of subsheaves ofE⊗ C(X) at p:

Ep =< v1, v2 >, Fp =< zn1v1, z
n2v2 >,

if n1 = 1, n2 = 0, Ep = elm+
p,v1

(Fp),

if n1 = −1, n2 = 0, Ep = elm−
p,v2

(Fp),

if n1 = n2, Ep = ((F (n1))p.

Proof. Straightforward.

Let us apply this lemma to the connection∇E, given by formula (1.16) in the basis(1, ξ). We
have:Ep 6= Fp ⇐⇒ p ∈ {q1, q2,∞},

Ai = Resqi
A =

(
1
2

ξ1
2

1
2ξ1

1
2

)

(i = 1, 2), A∞ = Res∞ A =

(
−1 − ξ1+ξ2

2

0 −2

)

.

We list the eigenvectorsv(i)
j , v

(∞)
j together with the respective eigenvalues for the matricesAi, A∞:

v
(i)
1 =

(
−ξi
1

)

, ηi
1 = 0, v

(i)
2 =

(
ξi
−1

)

, ηi
2 = −1, v

(∞)
1 =

(
1
0

)

, η∞1 = 1,

v
(∞)
2 =

(
− ξ1+ξ2

2

1

)

, η∞2 = −2.

Applying Lemma 1.6.3 (twice at∞), we obtain the following corollary:

Corollary 1.6.4. Let L = OC(q̃1 + q̃2 − ∞+ − ∞−), q̃i = (ξi, yi), qi = f(q̃i), i = 1, 2, as in
Proposition1.3.3, and letv(i)

j be the eigenvectors ofAi as above. Then

E = elm+

q1,v
(1)
2

elm+

q2,v
(2)
2

(E0(−∞)).

Remark1.6.5. Note that though the sheaf-theoretic direct imagef∗L does not depend on the choice
of a connection∇L onL, our method of computation off∗L, given by Corollary 1.6.4, uses the direct
image connection∇E = f∗∇L for some∇L.
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Proposition 1.6.6.For genericL ∈ Pic(C), the rank-2 vector bundleE is stable.

Proof. Starting from the ruled surfaceS0 = P(E0) = P(OE ⊕ OE(−∞)), we apply two elementary
transformsS0→S1→S2 = P(E), and we have to prove that any cross-section ofS2 has strictly positive
self-intersection, provided that̃qi = (ξi, yi) are sufficiently generic. For a rational sections of E0,
let us denote bys the associated cross-section ofS0. S0 is characterized by the existence of two
distinguished sectionss1, s2 associated tos1 = 1, s2 = ξ with self-intersectionss2

1 = −1, s2
2 = 1,

and we have the relationss1s2 = 0, s2 ∼ s1 + f∞, wherefp = π−1(p) is the fiber of the structure
projectionπ : S0−→E. When there is no risk of confusion, we will keep the same notation for
curves and their proper transforms in birational surfaces.Any cross-sections is linearly equivalent to
s1+fp1 +. . .+fpr for some pointsp1, . . . , pr inE, ands2 = 2r−1. In particular,i(S0) = −1, attained
on s1. Remark thats1 is rigid, whilst s2 moves in a pencil|s1 + f∞|. Let us applyelm+

q1,v
(1)
2

. First,

we blow upP1 = [q1, v
(1)
2 ]. Let e1 be the corresponding(−1)-curve andŜ0 the blown up surface. For

the self-intersection numbers of the cross-sections, we have the following relations:(s2)Ŝ0
= (s2)S0

if P1 /∈ s and(s2)Ŝ0
= (s2)S0 − 1 if P1 ∈ s. Hence,Ŝ0 has only one cross-section for each one

of the self-intersection numbers−1, 0, and(s2)S0 ≥ 1 for all the other cross-sections. The cross-
section with self-intersection−1 is s1 and the one with self-intersection0 is the proper transform of
the unique membersP1 of the pencil| s1 +f∞ | onS0 going throughP1, see Fig. 1.8. The next step is
the blowdown offq1 ⊂ Ŝ0. The self-intersection number of all the cross-sections ofŜ0→E that meet
fq1 goes up by1. We conclude thatS1 = P(elm+

q1,v1
2
(E0)) has two cross-sectionssP1 , s1 with square

0, and(s2)S1 ≥ 2 for any other cross-section ofS1. In the language of vector bundles, this means that
E1 is the direct sum of two line bundles of degree0. More precisely,E1 = OE ⊕ OE(q1 − ∞) by
Lemma 1.5.4, the first summand corresponding tos1 and the second one tosP1.

The second elementary transform is performed atP2 ∈ S1. As P2 /∈ sP1 ∪ s1, the minimal
self-intersection number of a cross-section inS1 passing throughP2 is 2. The elementary transform
decreases by1 the self-intersection of such cross-sections and increases by1 the self-intersection of
all other cross-sections (Lemma 1.5.5). Hence,i(S2) = 1, the value attained on many cross-sections,
for example,sP2 , sP1 , s1. This ends the proof.

Theorem 1.6.7(Atiyah, [At-2]). For any line bundleN of odd degree over an elliptic curveE, there
exists one and only one stable rank-2 vector bundle onE with determinantN.

Using Atiyah’s theorem in our case, we havedeg N = −1 , so thatN can be represented in the
form N = OE(−q) for someq ∈ E. E is obtained as the unique non-trivial extension of vector
bundles:

0→OE(−q)→E→OE→0.

Moreover, the correspondenceE ↔ q identifies the moduli spaceMs
E(2,−1) of rank-2 stable vector

bundles of degree−1 overE with E itself. We deduce:

Corollary 1.6.8. Under the above identificationMs
E(2,−1) ≃ E, the rational map:

f : JC 99K Ms
E(2,−1)
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Figure 1.8: The ruled surfaceS0. The pencil| s̄1 + f∞ | has a unique member passing throughPi for
eachi = 1, 2.

L = OC(q̃1 + q̃2 −∞+ −∞−) 7→ f∗(L)

can be given by
[q̃1 + q̃2 −∞+ −∞−] 7→ [q1 + q2 − 2∞].

Now we go over to the nongeneric line bundlesL. The direct imagef∗L can be unstable for
specialL. This may happen when either the argument of Prop. 1.6.6 doesnot work anymore, or
when formulas (1.16)-(1.19) are not valid. We list the caseswhich need a separate analysis in the next
proposition.

Proposition 1.6.9.LetL = OC(q̃1 + q̃2 −∞+ −∞−), E = f∗(L), E0 = f∗OC , as above. Whenever
q̃i is finite, it will be represented by its coordinates:q̃i = (ξi, yi). The following assertions hold:

(a) If q̃1 + q̃2 is a divisor in the hyperelliptic linear seriesg1
2(C) (that is ξ1 = ξ2, y1 = −y2, or

{q̃1, q̃2} = {∞+,∞−}), thenE ≃ E0, and henceE is unstable.
(b) If q̃1 = q̃2 6=∞±, thenE ≃ OE(−∞)⊕ OE(2q1 − 2∞) is unstable.
(c) If q̃i =∞± for at least one valuei ∈ {1, 2}, thenE ≃ OE(−2∞+ q3−i)⊕ OE is unstable.
(d) If q̃i = p̃± for exactly one valuei ∈ {1, 2}, thenE is a stable bundle of degree−1 with

det E ≃ OE(q3−i + p± − 3∞).

Proof. (a) In this case,sp1 = sp2, q̃1 + q̃2 ∼ ∞+ +∞−, thenL ≃ OC , andE ≃ E0.
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(b) Let, for example,i = 1. ThenL = OC(q̃1 + q̃2 −∞+ −∞−) degenerates toL = OC(2q̃1 −
∞+ − ∞−). In this case, the matrix of a regular connection onL in the rational basis1 of L =
OC(2q̃1 −∞+ −∞−) →֒ OC(2q̃1) ←֓ OC ∋ 1 is a rational1-form with residues2 at q̃1 and−1 at
points∞±. Such a1-form can be written by the same formulaω = 1

2
(y+y1

ξ−ξ1
+ y+y2

ξ−ξ2
)dξ

y
+λ1

dξ
y

+λ2
ξdξ
y

,
as in the general case, but now we substituteξ2 = ξ1, y2 = y1 in it:

ω =
y + y1

ξ − ξ1
dξ

y
+ λ1

dξ

y
+ λ2

ξdξ

y
.

Assume thatξ1 = ξ2 6= 0; the case wheñq1 = q̃2 = p̃± should be treated separately as in (d). Then
we get the matrixA of ∇E in substituingξ2 = ξ1, y2 = y1, x2 = x1 into formulas (1.16)-(1.19). We
obtain the following residues:

Resp±A =

(

0 0
1
2

(y1±y0)ξ1
(x1−t′)

± λ1

2y0

1
2

)

, Resq1 A =

(
1 ξ1
ξ1 1

)

,

Res∞A = Resu=0A =

(
−1 −ξ1
0 −2

)

.

As in the proof of Prop. 1.6.6, we can describeE as the result of two successive positive elm’s
applied toE0(−∞). In contrast to the general case, considered in Lemma 1.6.3,the second elm has for
its center the point̃P1 = sP1 ∩ f̃q1 ⊂ S1, wheref̃q1 is the fiber ofS1→E overq1. As (sP1)

2
S1

= 0, the
resulting surfaceS2 has a cross-section with self-intersection−1, thusi(S2) = −1, and consequently
E is unstable. Applying Lemmas 1.5.4 and 1.5.5, we can identify it with OE(−∞)⊕OE(2q1 − 2∞).

(c) Let, for example,̃q2 =∞−. ThenL degenerates toOC(q̃1 −∞+), and we can again write the
connection in the same way as in the previous case.E is obtained fromE0(−∞) by 2 positive elms.
From Lemmas 1.5.4 and 1.5.5, we deduce thatE ≃ OE(−2∞+ q1)⊕ OE.

(d) One of the points̃p± collides withq̃i. This corresponds toξi = 0. So, we assume thatξ2 = 0,
ξ1 6= 0 (q̃2 = p̃+). Hence, the1-form of the connection can be written as follows:

ω =
1

2

(

y + y0

ξ
+
y + y1

ξ − ξ1

)

dξ

y
+ λ1

dξ

y
+ λ2

ξdξ

y
.

The matrixA is given by

A =

(

−1
2
(1

2
( y+y1

x1−x
+ y+y0

t′−x
) + λ2)

dx
y

−1
2
(1

2
( (y+y1)ξ1

x1−x
) + λ1)

dx
y

−1
2
(1

2
( (y+y1)ξ1

(x1−x)(t′−x)
) + λ1

t′−x
)dx

y
−1

2
(1

2
( y+y1

x1−x
+ y+y0

t′−x
) + λ2 + y

t′−x
)dx

y

)

.

Its residues at finite points are:

Resp+ A =

(
1
2

0
1
4

(y0+y1)ξ1
(x1−t′)

+ λ1

2y0
1

)
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Resp− A =

(

0 0
1
4

(y1−y0)ξ1
(x1−t′)

− λ1

2y0

1
2

)

Resq1 A =

(
1
2

ξ1
2

1
2ξ1

1
2

)

HereE0 = OE ⊕ OE(−∞), the first elm applied toE0 givesE1 = OE ⊕ OE(p+ −∞), and the
second one transformsE1 into a stable vector bundleE2 which fits into the exact triple

0→OE→E2→OE(q1 + p+ −∞)→0.

Thus, the resulting vector bundleE = f∗(L) = E2(−∞) behaves exactly as in the general case
(p̃+ 6= q̃2).

Next we will discuss Gabber’s elementary transforms as defined by Esnault and Viehweg [EV-2].
Gabber’s transform of a pair(E,∇), consisting of a vector bundleE over a curve and a logarithmic
connection onE is another pair(E′,∇′), whereE′ is an elementary transform ofE at some polep
of ∇, and one of the eigenvalues ofResp∇′ differs by1 from the respective eigenvalue ofResp∇,
whilst the other eigenvalues as well as the other residues remain unchanged. We adapt the definition
of Esnault–Viehweg to the rank-2 case and to our notation:

Definition 1.6.10. Let E be a rank-2 vector bundle on a curveX, ∇ a logarithmic connection onE,
p ∈ X a pole of∇, andv ∈ E|p an eigenvector of the residueResp(∇) ∈ End(E|p). The Gabber
transformelmp,v(E,∇) is a pair(E′,∇′) constructed as follows:

(i) E′ = elm+
p,v(E).

(ii) ∇′ is identified with∇ under the isomorphismE|X−p ≃ E′|X−p as a meromorphic connection
overX − p, and this determines∇′ as a meromorphic connection overX.

By a local computation of∇′ atp one proves:

Lemma 1.6.11.In the setting of Definition1.6.10, let us completev to a basis(e1 = v, e2) of E near

p, so thatE′
p = Op · 1

τp
v + Op · e2 and the matrixR of Resp(∇) has the formR =

(
λ1 ∗
0 λ2

)

. Then

∇′ is a logarithmic connection onE′ and the matrixR′ of its residue atp computed with respect to

the basis(e′1, e
′
2) = ( v

τp
, e2) of E′ has the formR′ =

(
λ1 − 1 0
∗ λ2

)

.

Theorem 1.6.12(Bolibruch–Esnault–Viehweg [AB], [EV-2]). Let E be a rank-r vector bundle on
a curveX, ∇ a logarithmic connection onE, and assume that the pair(E,∇) is irreducible in the
following sense:E has no∇-invariant subundlesF ⊂ E. Then there exists a sequence of Gabber’s
transforms that replaces(E,∇) by another pair(E′,∇′), in whichE′ is a semistable vector bundle
of degree0 and∇′ is a logarithmic connection onE′ with the same singular points and the same
monodromy as∇.
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We are illustrating this theorem by presenting explicitly one elementary Gabber’s transform which
transforms our bundleE = f∗L of degree−1 into a semistable bundleE′ of degree 0:

Proposition 1.6.13.Let E, ∇ be as in Proposition1.6.6. Let v be an eigenvector ofResp+(∇) with
eigenvalue1

2
(see formula (1.17)). Then the Gabber transform(E′,∇′) = elm+

p+,v(E,∇) satisfies
the conclusion of the Bolibruch–Esnault–Viehweg Theorem:E′ is semistable of degree0 and∇′ is
a logarithmic connection with the same singularities and thesame monodromy as∇. Furthermore,
E′ ≃ OE(p+ −∞)⊕ OE(q1 + q2 − 2∞).

Proof. By Corollary 1.6.4,E′ is the result of application of three positive elms toE0(−∞) =
OE(−∞)⊕ OE(−2∞):

E′ = elm+
p+,velm

+

q1,v
(1)
2

elm+

q2,v
(2)
2

(E0(−∞)).

The surfaceS0 = P(E0(−∞)) can be decomposed as the open subsetS0 \ s̄1 (see Fig. 1.8), which
is a line bundle overE with zero section̄s2, plus the “infinity section”̄s1. The line bundle is easily
identified as the normal bundle tōs2 in S0: S0 \ s̄1 ≃ Ns̄2/S0 ≃ OE(∞). Then the pencil|s̄2| =
|s̄1 + f∞| is the projective line which naturally decomposes into the affine lineH0(E,O(∞)) and the
infinity point representing the reducible member of the pencil s̄1 + f∞ (the curves̄sP1 , s̄P2 shown on
Fig. 1.8 are members of this pencil). The fact that all the global sectionss ∈ H0(OE(∞)) come from
H0(OE)={constants} under the embeddingOE →֒ OE(∞) implies that they all vanish at∞. Thus
all the s̄ ∈ |s̄2| pass through the pointf∞ · s̄2 which is the zero of the fiber of the line bundleOE(∞)
over∞.

Using this representation ofS0, we can prove the existence of a cross-sectionr̄ ⊂ S0, r̄ ∈ |s̄2+fp+|
passing through the three pointsP0 = [p+, v] andPi = [qi, v

(i)
2 ] (i = 1, 2). Namely, the curves from

the linear system|s̄2 + fp+ | are the sections ofOE(∞+ p+) considered as sections ofOE(∞) having
a simple pole atp+. The fact that they have a simple pole atp+ means that they meets̄1 at fp+ · s̄1.

The vector spaceH0(OE(∞+ p+)) is 2-dimensional, so we can findr in it taking the valuesv(1)
2 , v

(2)
2

at q1, respq2.
We havēs2

1 = −1, s̄2
2 = 1, r̄2 = 3, s̄1.r̄ = 1, ands̄1 ∩ r̄ = P0. After we perform the3 elementary

transforms atPi (i = 0, 1, 2), the self-intersection̄r2 goes down by3. At the same timēs2
1 goes up

by 2 when making elmsP1, P2 and descends by1 after the elm atP0. Hence inS ′ = P(E′), we have
two disjoint sections̄r, s̄1 with self-intersection0. Thus, by Lemma 1.5.4,E′ = L1 ⊕ L2, where
L1,L2 are line bundles of the same degree. By Lemma 1.5.5,deg E′ = deg E0(−∞) + 3 = 0, hence
deg L1 = deg L2 = 0. The direct sum of line bundles of the same degree is strictlysemistable.

Next, s̄1 (in S0) corresponds to the line subbundleOE(−∞). It remainsOE(−∞) after elms
in P1, P2, and becomesOE(p+ − ∞) after the elm inP0. HenceL1 = OE(p+ − ∞) andL2 =
det E′ ⊗ L−1

1 . But det E′ = det E0(−∞)(q1 + q2 + p+) = OE(q1 + q2 + p+ − 3∞). ThusL2 =
OE(q1 + q2 − 2∞).

Remark1.6.14. If we fix E and let varyp+, q1, q2, then we see that the generic direct sumL1 ⊕ L2

of two line bundles of degree0 occurs as the underlying vector bundle of∇′. According to [Tu], the
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moduli space of semistable rank-2 vector bundles onE is isomorphic to the symmetric squareE(2)

of E, and its open set parameterizes, up to an isomorphism, the direct sumsL1⊕L2. Thus we obtain
a natural map from the parameter space of our direct image connections to the the symmetric square
E(2), whilst using thestablebundlesE of degree−1 provides a natural map ontoE (Corollary 1.6.8).

Remark1.6.15. Korotkin [Kor-1] considers twisted rank-2 connections onE with connection matrices
A satisfying the transformation rule

Ta(A) = QAQ−1, Tb(A) = RAR−1 (1.29)

for some2 × 2 matricesQ,R. In the case whenQ,R commute, such a twisted connection can be
undertood as an ordinary connection on a nontrivial vector bundleE overE that can be described
as follows: letE = C/Λ whereΛ is the period lattice ofE with basis(1, τ), and letz be the flat
coordinate onE (or on the universal coverC of E) such thatTa(z) = z + 1, Tb(z) = z + τ . Let us
makeΛ act onC2 × C by the rule

(v, z)
a7→ (Qv, z + 1), (v, z)

b7→ (Rv, z + τ).

ThenE→E is obtained as the quotientC2 × C/Λ→C/Λ of the trivial vector bundleC2 × C
pr2 //C.

However, the twisted connections obtained in [Kor-1] satisfy (1.29) with non-commutingQ, R,
given by Pauli matrices:

Q = σ1 =

(
0 1
1 0

)

, R = σ3 =

(
1 0
0 −1

)

This follows from the relationA = dΨΨ−1, whereΨ is a fundamental matrix of the connection,
and from the transformation law forΨ: Ta(Ψ) = iσ1Ψ, Tb(Ψ) = iσ3Ψe

−2iπλσ3, whereλ ∈ C is
a parameter (see (3.74) in loc. cit). Hence Korotkin’s connections are really twisted and have no
underlying vector bundles. This is a major difference between the result of [Kor-1] and that of the
present paper. Another difference, concerning the method,is that the starting point in [Kor-1] is an ad
hoc expression forΨ in terms of Prym theta functions of the double coverC→E, and the connection
matrix is implicit.

1.7 MONODROMY AND DIFFERENTIAL GALOIS GROUPS

Let G be the monodromy group of the connection∇E on f∗L = E defined by formula (1.16). It
is the subgroup ofGL(2,C) generated byMa,Mb,Mγ1 . We will first consider the case of generic
values of the parameters(λ1K,λ1L, λ2K

′, λ2L
′). Here,genericmeans that the point belongs to the

complement of a countable union of affineQ-subspaces ofC4. More exactly, we require that the
triples(iλ2K

′, λ2L
′, iπ) and(λ1K, iλ1L, π) are free overQ. Let

Rθ =

(
cos θ i sin θ
i sin θ cos θ

)

, Hθ =

(
cosh θ sinh θ
sinh θ cosh θ

)

(H iθ = Rθ).
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LetN be the normal subgroup ofG defined by

N = {X ∈ G | detX = ±1}. (1.30)

We have:

N = {
r∏

i=1

M ji
a M

ki
b M

ǫi
γ1
| r ≥ 0, ji ∈ Z, ki ∈ Z, ǫi ∈ {0, 1},

∑

i

ki =
∑

i

ji = 0}. (1.31)

We can writeG as the semi-direct product ofN with the subgroup ofG generated byMa,Mb.
The latter is identified withZ × Z , soG = N ⋊ (Z × Z). Let N1 be the subgroup ofN gener-
ated byR4λ1K , H4λ1L. As Ma = e−2iλ2K′

R−2λ1K , andMb = e2λ2L′

H2λ1L, we have[Ma,Mγ1 ] =
R−4λ1K , [Mb,Mγ1 ] = H4λ1L, [Ma,Mb] = 1. HenceN is the semi-direct productN = N1 ⋊ µ2,
whereµn ≃ Z/nZ denotes a cyclic group of ordern, and the factorµ2 of the semi-direct product is
generated byMγ1. Finally, we obtain a normal sequence1 ⊳N1 ⊳N ⊳G with successive quotients
Z× Z,Z/2Z,Z× Z, all of whose levels are semi-direct products. We can write:

G ≃ ((Z× Z) ⋊ Z/2Z) ⋊ (Z× Z).

We have alsoN1 = D(G), the commutator subgroup ofG. AsD(G) ≃ Z × Z is abelian,G is
solvable of height2.

From now on, we go over to the general case. The formulas (1.30), (1.31) are no more equivalent.
Let us defineN by (1.31), andN1 by the same formula with the additional condition

∑

i ǫi ≡ 0(2).We
have again the normal sequence1⊳N1 ⊳N ⊳G. Its first level is a semidirect product,N = N1 ⋊µ2,
but the upper one may be a nonsplit extension. Define two groupepimorphisms

Z× Z
ϕ1 // N1 , Z× Z

ϕ2 // G/N ,

(n1, n2) 7−→ σ(n1,n2)2

det σ(n1,n2)
(n1, n2) 7−→ σ(n1, n2)N

(1.32)

whereσ(n1, n2) = Mn1
a Mn2

b .
Thus bothN1 andG/N are quotients ofZ × Z. We want to find out, which pairsQ1, Q2 of

quotients ofZ × Z can be realized as the pairN1, G/N for some monodromy groupG. We will
denote byπN the canonical epimorphismG→G/N , and the maps̄ϕ1, ϕ̄2 are defined by the following
commutative diagram:

Z× Z
ϕ2

xxxxrrrrrrrrrr

σ
����

ϕ1

%% %%K
KKKKKKKKK

G/N <Ma,Mb>
ϕ̄2oooo

� _

��

ϕ̄1 // // N1

G

πN
ffffMMMMMMMMMMM

One can also givēϕ1 by the formulas

ϕ̄1(X) =
1

detX
X2 = [X,Mγ1 ] for all X ∈<Ma,Mb> .
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Proposition 1.7.1. For any connection (1.16), its monodromy groupG fits into a normal sequence
N1 ⊳N ⊳G in such a way, that the following properties are verified:

1. BothN1 andG/N are quotients ofZ× Z, andN/N1 ≃ µ2.

2. The extensionN1 ⊳ N is always split:N ≃ N1 ⋊ µ2, the generatorh ∈ µ2 acting onN1 via
the mapg 7→ g−1.

3. The subgroup<Ma,Mb> ofG provides a splitting of the extensionN ⊳ G if and only if ϕ̄2 is
an isomorphism. In this case, the action ofG/N onN defining the split extension is given by
x : g 7→ g andx : h 7→ ϕ̄1ϕ̄

−1
2 (x)h for anyx ∈ G/N , g ∈ N1.

Conversely, let(Q1, Q2) be a pair of group quotients ofZ× Z. Then(Q1, Q2) can be realized as
the pair(N1, G/N) for the monodromy groupG of a connection (1.16) if and only if(Q1, Q2) occurs
in the following table:

N◦ rkQ1 rkQ2 Q1 Q2 Restrictions
1∗ 2 2 Z× Z Z× Z —
2 2 1 Z× Z µd × Z 2|d
3 2 0 Z× Z µ2 × µd 2|d
4∗ 1 2 µd × Z Z× Z d ≥ 1
5 1 1 µd × Z µd′ × Z if 2|d, then2|d′
6 1 0 µd × Z µd′ 2 ∤ d, 2|d′
7 1 0 µd × Z µ2 × µd′ d ≥ 1, 2|d′
8∗ 0 2 µd Z× Z d ≥ 1
9 0 1 µd µd′ × Z d ≡ d′ mod 2
10 0 0 µd µd′ d ≥ 1, d′ ≥ 1
11 0 0 µd µ2 × µd′ 2|d, 2|d′

The items whose numbers are marked with an asterisk correspondto the pairs that always give a split
extensionN ⊳G.

Proof. The first part, resuming the properties of the tower of group extensionsN1 ⊳N ⊳G, is an
easy exercise, and we go over to the second one. Given a pair(Q1, Q2), we find out whether it

is possible to choose epimorphismsZ × Z
ϕ1 //Q1 and Z × Z

ϕ2 //Q2 and identify them as the
morphisms defined in (1.32) for a suitable choice of matricesMa,Mb. The proof follows a case by
case enumeration of different types of kernels ofϕ1 andϕ2. To shorten the notation, let us writeMa =
eα1Hβ1, Mb = eα2Hβ2. The caserk kerϕ1 = rk kerϕ2 = 0, corresponding torkQ(α1, β1, πi) =
rkQ(α2, β2, πi) = 3, has been treated before the statement of the proposition. It gives item 1 of the
table.

The proofs of all the other cases resemble each other, and we will give only one example of
this type of argument, say, when both kernels are of rank 1. Under this assumption, there exist
(d, k1, k2) ∈ Z3 and(d′, k′1, k

′
2) ∈ Z3 such that

d ≥ 1, d′ ≥ 1, gcd(k1, k2) = 1, gcd(k′1, k
′
2) = 1, (1.33)
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and
kerϕ1 = <d(k1, k2)>, kerϕ2 = <d′(k′1, k

′
2)>.

For (n1, n2) ∈ Z2, we have:

(n1, n2) ∈ kerϕ1 ⇐⇒ ∃m ∈ Z | n1β1 + n2β2 = πim ; (1.34)

(n1, n2) ∈ kerϕ2⇐⇒ ∃ (m1,m2) ∈ Z2 | Mn1
a Mn2

b =
(
H2β1

)m1
(
H2β2

)m2
. (1.35)

The latter equality can be written in the formeαHβ = 1, where

α = n1α1 + n2α2, β = (n1 − 2m1)β1 + (n2 − 2m2)β2.

As eαHβ = 1 if and only if eα = Hβ = ±1, we see that the condition of (1.35) is equivalent to the
existence of an integer vector(m0,m1,m2,m3) ∈ Z4 such that

m0 ≡ m3 mod 2 (1.36)

n1α1 + n2α2 = πim0, (1.37)

(n1 − 2m1)β1 + (n2 − 2m2)β2 = πim3. (1.38)

Substituting the generators ofkerϕi for (n1, n2), we obtain the following system of equations:

dk1β1 + dk2β2 = πim (1.39)

d′k′1α1 + d′k′2α2 = πim0, (1.40)

(d′k′1 − 2m1)β1 + (d′k′2 − 2m2)β2 = πim3. (1.41)

The condition thatd(k1, k2), d′(k′1, k
′
2) are not just elements of the corresponding kernels, but their

generators, is transcribed as follows:

gcd(m, d) = gcd(d′,m0, 2m1, 2m2,m3) = 1 (1.42)

for any(m1,m2,m3) satisfying (1.36), (1.41).
As rk kerϕ1 = 1, the equations (1.39) and (1.41) have to be proportional. Ifd′ is odd, butd is

even, then at least one of the coefficients ofβi in (1.41) is odd. But both coefficients in (1.39) are
even, and this contradicts (1.42). We get the restriction from item 5 of the table: ifd is even, thend′

is even, too. This leaves possible three combinations of parities of d, d′, and it is easy to see that a
solution to (1.33), (1.39)-(1.42) exists for any of them. For example, ifd ≡ d′ mod 2, then we can
chooseki, k

′
i in such a way thatki ≡ k′i mod 2 (i = 1, 2), k1k

′
1 6= 0. We get a solution to the problem

as follows:

mi =
1

2
d(k′i − ki) (i = 1, 2), m = m0 = m3 = 1, α2 = β2 = 1,

α1 =
πi− d′k′2
d′k′1

, β1 =
πi− dk2

dk1

.

Our choice forα2, β2 is explained by the observation that we should haverkQ(α1, β1, πi) =
rkQ(α2, β2, πi) = 2, and 1 is the simplest complex number which is not a rational multiple of πi.
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Remark1.7.2. In the above proof, ifkerϕ2 6⊂ kerϕ1, then any solution of (1.39)-(1.41) satisfies
the condition(m1,m2) 6= 0, which means thatd′(k′1, k

′
2) 6∈ kerσ. Henceσ(d′(k′1, k

′
2)) is a nonzero

element ofker ϕ̄2, andϕ̄2 is not an isomorphism. This implies that the extensionN ⊳ G is nonsplit.
Hence it is never split, unlessd|d′. In this case, it can be occasionally split, ifkerϕ2 ⊂ kerϕ1.

We can deduce from Proposition 1.7.1 a description of all thefinite monodromy groups; they cor-
respond to lines 10 and 11 of the table. This description is only partial, because we do not determine
completely the extension data.

Corollary 1.7.3. All the finite monodromy groupsG of connections (1.16) are obtained as extensions

Dd →֒ G ։ µd′ (d ≥ 1, d′ ≥ 1)

or
Dd →֒ G ։ µ2 × µd′ (2 | d, 2 | d′),

whereDd = µd ⋊ µ2 is the dihedral group.

Corollary 1.7.4. The only finite abelian groups occuring as the monodromy groups of connections
(1.16) areµ2 andµ2 × µd (d ≥ 2).

We add a few examples of infinite monodromy groups with nongeneric parameters
(λ1K,λ1L, λ2K

′, λ2L
′).

Example 1.7.5.It is easy to select the parameters to get forG one of the groupsDn×Zi orDn ⋊ Zi,
wheren ∈ N ∪ {∞}, i = 0, 1, 2. For example, to getDn ⋊ Z, we can setMa = R

2π
n , Mb = R1, and

to getDn × Z, we can setMa = R
2π
n ,Mb = 1.

Now that we have described the structure of the monodromy group of∇E, we can ask the question
on its Zariski closure. According to ([Ka], Proposition 5.2), the Zariski closure ofG is the differential
Galois groupDGal(∇E). For the reader’s convenience, we recall its definition.

Let (K, ′) be a differential field with field of constantsC. This means thatK is endowed with a
C-linear derivation′ : K→K.

Definition 1.7.6. Let (K, ′) ⊂ (L, ′) be an extension of differential fields with field of constantsC.
The differential Galois groupDGal(L/K) is the group consisting of all theK-automorphismsσ of L
such thatσ(f ′) = (σ(f))′ for all f ∈ L.

If L is finitely generated as aK-algebra, say, byp elements, thenDGal(L/K) can be embedded
ontoGL(p,C), and it is an algebraic group if considered as a subgroup ofGL(p,C) in this embedding.

We apply this definition toK = C(E), the derivation′ being the differentiation with respect to
some nonconstant functionz ∈ K. Given a connection∇E on E, we can consider a fundamental
matrix Φ of its solutions, and setL to be the field generated by all the matrix elements ofΦ. The
groupDGal(∇E) is defined to beDGal(L/K). See [vdP, vdPS] for more details.
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Remark that the monodromy groupG lies in the subgroupG of GL(2,C) defined by

G =

{(
Cα Cǫβ
Cβ Cαǫ

)

| C ∈ C∗, (α, β) ∈ C2, ǫ ∈ {−1, 1}, α2 − β2 = 1

}

.

Denote byG0 the connected component of unity inG, singled out by the conditionǫ = 1. The Zariski
closureḠ of G is contained inG and is not contained inG0. The following statement is obvious:

Lemma 1.7.7.Letψ : C∗ × C∗ ⋊ {−1, 1}−→G be defined by

(λ, µ, ǫ) 7−→
(
λα λβǫ
λβ λαǫ

)

with α = 1
2
(µ + 1

µ
), β = 1

2
(µ − 1

µ
). Then ψ is a surjective morphism with kernel

{(1, 1, 1), (−1,−1,−1)}.

We see thatG0 = ψ(C∗ × C∗) is identified with the quotientC∗ × C∗/{−1, 1}, and the latter
is isomorphic toC∗ × C∗ via the map(z1, z2) mod{−1, 1} 7−→ (z1z2,

z1

z2
). Thus we get an explicit

isomorphismG0 ≃ C∗ × C∗. Using this identification, one can easily determine the Zariski closure
G0 of the subgroupG0 = G ∩G0 =<Ma,Mb> of C∗ × C∗, andDGal(∇E) = G0⋊ <Mγ1>.

We can use the following observations:
a) If a pair(s, t) ∈ C∗ × C∗ is such thatrkQ(ln(s), ln(t), iπ) = 1 (that is,s andt are roots of

unity), then the group generated by the pair(s, t) is finite and coincides with its closure.
b) If a pair(s, t) ∈ C∗×C∗ is such thatrkQ(ln(s), ln(t), iπ) = 2, andk1 ln(s)+k2 ln(t)+2k3iπ =

0 is aZ-linear relation with relatively primeki, then<(s, t)> is the subgroupV of C∗ × C∗ defined
by zk1

1 z
k2
2 = 1, isomorphic toC∗ × µd, whered = gcd(k1, k2), andµd is the cyclic group of orderd.

c) If the triple(ln(s), ln(t), πi) is free overQ, then the closure of< (s, t) > is C∗ × C∗.
Apply this to pairs(s, t) belonging to the subgroup generated by two pairs(s1, t1), (s2, t2)

which are the images ofMa, resp. Mb. Then if (ln(sj), ln(tj), πi) is free overQ for at least one
value of j = 1 or 2, thenG0 = C∗ × C∗ and DGal(∇E) = G. In the case when both triples
(ln(s1), ln(t1), πi), (ln(s2), ln(t2), πi) are not free overQ, the necessary and sufficient condition for
<(s1, t1), (s1, s2)> to beC∗×C∗ is the following:rkQ(ln(sj), ln(tj), iπ) = 2 for both valuesj = 1, 2,
and if aj1 ln(sj) + aj2 ln(tj) + aj3πi = 0 (j = 1, 2) are nontrivialQ-linear relations in these triples,

then

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
6= 0. This condition can be easily formulated in terms of the epimorphismsϕi de-

fined in (1.32):kerϕ1, kerϕ2 are both of rank 1 andkerϕ1 ∩ kerϕ2 = 0. In this case we have the
same conclusion:DGal(∇E) = G.

We obtain the following description of possible differential Galois groups of connections (1.16):

Proposition 1.7.8.Let ri = rkQ kerϕi (i = 1, 2).
(i) DGal(∇E) = G if and only if one of the following condition is verified: either min{r1, r2} = 0,

or r1 = r2 = 1 andkerϕ1 ∩ kerϕ2 = 0.
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(ii) DGal(∇E) is a1-dimensional subgroup ofG if and only ifmin{r1, r2} = 1 and the condition
of (i) is not satisfied. Then there exists a one-parameter subgroupV0 and a finite cyclic subgroupµd

in G such thatDGal(∇E) = (V0µd)⋊ <Mγ1>.
(iii) DGal(∇E) is finite if and only ifr1 = r2 = 2, and thenDGal(∇E) = G.
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CHAPTER 2

KURANISHI SPACES

I NTRODUCTION

LetX be a complete scheme of finite type overk or a compact complex space (thenk = C). The ex-
istence of a versal deformation and the theoretical approach to its construction are known for coherent
sheaves onX. The construction of the Kuranishi space (= versal deformation) for coherent sheaves is
done in using the injective resolutions. We are studying vector bundlesE with an additional structure
(a connection∇), and in this case the deformation theory of bothE and(E,∇) can be stated in terms
of theČech cohomology of a sufficiently fine open covering ofX. This approach is easier than the
one via injective resolutions. We start by the constructionof the Kuranishi space of vector bundles
serving as a model for that of the pairs(E,∇). This is done in Sect. 2.1, where it is also explained
how the versal deformations can be used to construct analytic moduli spaces of simple vector bundles.
In Sect. 2.2, we introduce connections with fixed divisor of poles and show that their isomorphism
classes of first order deformations are classified by the hypercohomologyH1(C•) of some two-term
complex of sheaves. In Sect. 2.3, we show that the first obstruction to lifting the first order deforma-
tion is given by the Yoneda square and construct the Kuranishi space. We also define several versions
of the Atiyah class. In Sect. 2.4, we describe the construction of the Kuranishi space for integrable
and integrable logarithmic connections. The last Sect. 2.5treats the Kuranishi space of parabolic
connections.

2.1 CONSTRUCTION OF THE K URANISHI SPACE IN THE CASE

OF VECTOR BUNDLES OVER ANY BASE .

LetX be a complete scheme of finite type overk or a complex space (thenk = C), U = (Uα) be an
open covering ofX, eα a trivialization ofE|Uα. The transition functionsgαβ relate the trivializations
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by the formulaeβ = eαgαβ overUαβ = Uα ∩ Uβ and satisfy the following relations

gαβ = g−1
βα , gαβgβγgγα = 1. (2.1)

In other words,(gαβ) ∈ Č1(U,GL(r,OX)) is a skew-symmetric multiplicative1-cocycle.

2.1.1 First order deformations

Deform the transition functions:̃gαβ = gαβ + ǫgαβ,1, wheregαβ,1 ∈ Γ(Uαβ,Mr(OX)) andǫ2 = 0. We
havegαβ,1 =

dg̃αβ

dǫ
. Differentiating (2.1), we obtain:

gβα,1 =
dg̃−1

αβ

dǫ
= −g−1

αβgαβ,1g
−1
αβ , (2.2)

gαβ,1gβγgγα + gαβgβγ,1gγα + gαβgβγgγα,1 = 0,

and by (2.2),gγα,1 = −g−1
αγ gαγ,1g

−1
αγ . Plugging this into the previous formula, we get

gαβ,1gβγgγα + gαβgβγ,1gγα = gαβgβγg
−1
αγ gαγ,1g

−1
αγ .

Multiply by gαγ on the right:

gαβ,1gβγ + gαβgβγ,1 = gαγ,1. (2.3)

We want to represent this in the formaαβ + aβγ = aαγ for an appropriate additive1-cocyclea =
(aαβ) ∈ Č1(U,End(E)), associated with(gαβ,1) and skew-symmetric:aαβ = −aβα. Defineaαβ ∈
Γ(Uαβ,End(E)) by its matrix:g−1

αβgαβ,1 in the basiseβ andgαβ,1g
−1
αβ in the basiseα. Then (2.2) gives

gαβgβα,1+gαβ,1g
−1
αβ = 0, written in terms of matrices with respect to the basiseα, and (2.3) amounts to

aαβ + aβγ = aαγ. Thus the first order deformations ofE are classified by the1-cocyclesa = (aαβ) ∈
Č1(U,End(E)). Such a deformation is trivial if the vector bundleẼ defined overX × Spec C[ǫ]/(ǫ2)
by the1-cocycleg̃αβ = gαβ + ǫgαβ,1 is isomorphic topr∗1(E), wherepr1 : X × Spec C[ǫ]/(ǫ2)→X is
the natural projection. This means that there exists a change of basiseα 7→ ẽα = eα(1 + ǫhα) which
transforms̃gαβ into gαβ. We computẽeβ = eβ(1+ǫhβ) = eαgαβ(1+ǫhβ) = ẽα(1−ǫhα)gαβ(1+ǫhβ)
and we want that this coincides with̃eβ = ẽαg̃αβ. That is:gαβ + ǫgαβ,1 = (1− ǫhα)gαβ(1 + ǫhβ), or
gαβ,1 = −hαgαβ + gαβhβ. Interpretinghα as the matrix ofbα ∈ Γ(Uα,End(E)) with respect to the
basiseα, we obtainaα,β = −bα + bβ which is written in the basiseα in the formg−1

αβgαβ,1 = −hα +

gαβhβg
−1
αβ . Thus the equivalence classes of first order deformations ofE overV = Spec C[ǫ]/(ǫ2) are

classified by

Ȟ1(U,End(E)) =
{1-cocycles(aαβ) ∈ Č1(U,End(E))}

{coboundariesaαβ = bβ − bα, where(bα) ∈ Č0(U,End(E))}
.
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2.1.2 First obstruction

We denoteVk = Spec C[ǫ]/(ǫ)k+1. We will investigate the following question: which of the defor-
mations ofE overV1 lift to V2? LetGαβ = gαβ,0 + ǫgαβ,1 + ǫ2gαβ,2 be a deformation of the cocycle
gαβ = gαβ,0 overV2. Assume thatGαβ mod ǫ2 is a1-cocycle, then (2.2) and (2.3) are verified, and
compute the coefficientKαβγ,2 of ǫ2 in GαβGβγGγα, which will be denotedKαβγ,2:

Kαβγ,2 = gαβ,0gβγ,1gγα,1 + gαβ,1gβγ,0gγα,1 + gαβ,1gβγ,1gγα,0 (2.4)

+gαβ,2gβγ,0gγα,0 + gαβ,0gβγ,2gγα,0 + gαβ,0gβγ,0gγα,2

Similar to the above, introduce the sectionsaαβ,i, (i = 1, 2) of the endomorphism sheafEnd(E|(Uαβ))

havinggαβ,ig
−1
αβ for their matrices in the baseseα. Then, as above,gαβ,2gβγ,0gγα,0 + gαβ,0gβγ,2gγα,0 +

gαβ,0gβγ,0gγα,2 is the matrix of aαβ,2 + aβγ,2 + aγα,2 in the basiseα, and gαβ,0gβγ,1gγα,1 +
gαβ,1gβγ,0gγα,1 + gαβ,1gβγ,1gγα,0 is the matrix of

aβγ,1aγα,1 + aαβ,1aγα,1 + aαβ,1aβγ,1 (2.5)

in the basiseα. Let a1 denote the cocycle(aαβ,1) and [a1] its class inȞ1(U,End(E)). Then
aβγ,1aγα,1 = cβγα represents the Yoneda product[a1] ◦ [a1] = [c] ∈ Ȟ2(U,End(E)); see for instance
10.1.1. of [H-L] for the definition of the Yoneda product

Ȟ i(U,End(E))× Ȟj(U,End(E))→Ȟ i+j(U,End(E)).

The whole expression (2.5) is the skew-symmetrizationĉαβγ of cβγα, hence it represents the same
cohomology class[c]. Let alsoa2 denote thěCech cochain(aαβ,2). We can rewriteK2 = (Kαβγ,2) in
the form

K2 = ĉ+ ďa2. (2.6)

We now see that we can finda2 in such a way that(Gαβ) is a cocycle overV2 if and only if ĉ is ď-exact.
We have proved:

Proposition 2.1.1. LetX be a complete scheme of finite type overk or a complex space (and then
k = C), E a vector bundle onX, [a] ∈ H1(X,End(E)). Then the first order deformation ofE over
V1 defined by[a] lifts to a deformation overV2 if and only if the Yoneda square[a] ◦ [a] is zero in
H2(X,End(E)).

Definition 2.1.2. The map

H1(X,End(E)) → H2(X,End(E)) (2.7)

([a]) 7→ [a] ◦ [a]

will be called first obstruction, and denotedob(2).
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Thusob(2) is the map of taking the Yoneda square. We will now construct auniversal first or-
der deformation ofE on X. Let W = H1(X,End(E)), t1, . . . , tN a coordinate system onW ,
Wk = Spec k[t1, . . . , tN ]/(t1, . . . , tN)k+1 the k-th infinitesimal neighborhood of the origin inW .
The universal first order deformationE1 of E overW1 can be described as follows.

Choose an open covering ofX as above, so thatE is defined by a1-cocyle(gαβ). We deformE

by specifying a familyGαβ(t1, . . . , tN) of 1-cocyles overX ×W1. Pick upN cocyclesai = (a
(i)
αβ) ∈

Č1(U,End(E)) whose cohomology classes[a1], . . . , [aN ] form a basis ofW dual to the coordinates
t1, . . . , tN . Then we setg(i)

αβ = a
(i)
αβgαβ, wherea(i)

αβ is represented by its matrix in the basiseα and

writeGαβ(t1, . . . , tN) = gαβ +
∑N

i=1 g
(i)
αβti. ThenGαβ is a1-cocycle and defines a vector bundleE1

overX ×W1 called a universal first order deformation ofE. The whole universal deformation over
W1 cannot be lifted to a deformation onW2. Proposition 2.1.1 implies:

Proposition 2.1.3.There is a maximal subschemeK2 ⊂ W2 with the property thatE1 extends as a
vector bundle fromX × W1 to X × K2. This maximal subschemeK2 is the (second infinitesimal
neighborhood of the origin in the cone) defined by the equation ob(2)(z) = 0 in W2.

We will now prove the following theorem, providing a construction of the formal Kuranishi space:

Theorem 2.1.4. Let X,E be as above,W = H1(X,End(E)), (δ1, . . . , δN) a basis ofW and
(t1 . . . , tN) the dual coordinates onW . LetWk = Spec k[t1, . . . , tN ]/(t1, . . . , tN)k+1 be thek-th in-
finitesimal neighborhood of the origin inW , E1 a universal first order deformation ofE overX×W1

as above. Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,End(E))[[t1, . . . , tN ]],

wherefk is homogeneous of degreek, with the following property. LetI be the ideal ofk[[t1, . . . , tN ]]
generated by the image of the mapf ∗ : H2(X,End(E))∗→k[[t1, . . . , tN ]], adjoint tof . Then for any
k ≥ 2, the universal first deformationE1 of E overX×W1 extends to a vector bundleEk onX×Kk,
whereKk is a closed subscheme ofWk defined by the idealI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

Definition 2.1.5. The inverse limitK = lim←−Kk is called the formal Kuranishi space ofE, andE =
lim←−Ek the formal universal bundle overK.

Proof. Let U = (Uk) be an open covering, sufficiently fine so thatE|Uα
is trivialized by a basis

eα, and the groupsH i(X,End(E)) are computed by thěCech complex(Č•(U,End(E)), ď). Let
Ži(U,End(E)), B̌i(U,End(E)) denote the subspaces of cocycles and coboundaries inČi(U,End(E))
respectively. Let us fix some cross-sectionsσi : H i(X,End(E))→Ži(U,End(E)) and τ :

B̌2(U,End(E))→Č1(U,End(E)) of the natural maps in the opposite direction. Letai = (a
(i)
αβ) =

σ1(δi), and denote, as above, by(gαβ) the1-cocycle definingE, so thateβ = eαgαβ. We will construct
by induction onk ≥ 0 the homogeneous forms of degreek in t1, . . . , tN

Gαβ,k(t1, . . . , tN) ∈ Γ(Uαβ,Mr(OX))⊗ k[t1, . . . , tN ], (2.8)
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Fαβγ,k(t1, . . . , tN) ∈ Γ(Uαβγ,End(E))⊗ k[t1, . . . , tN ],

fk(t1, . . . , tN) ∈ H2(X,End(E))⊗ k[t1, . . . , tN ]

with the following properties:
(i) Gαβ,0 = gαβ, Gαβ,1 =

∑N
i=1 a

(i)
αβgαβti, wherea(i)

αβ are represented by their matrices in the basiseα.
(ii) fk = 0, Fαβγ,k = 0 for k = 0, 1.
(iii) For each k≥ 1, let f (k) =

∑

i≤k fi, and letI(k+1) be the ideal generated by(t1, . . . , tN)k+2 and
the image of the adjoint mapf (k)∗ : H2(X,End(E))∗→k[t1, . . . , tN ]. Then(Fαβγ,k+1) is a cocycle
moduloI(k+1) andfk+1 is a lift toH2(X,End(E))⊗k[t1, . . . , tN ] of the cohomology class[(Fαβγ,k+1

mod I(k+1))] ∈ H2(X,End(E))⊗ k[t1, . . . , tN ]/I(k+1).
(iv) For anyk ≥ 1, setG(k)

αβ =
∑

i≤k Gαβ,i. ThenG(k)
αβG

(k)
βγG

(k)
γα ≡ (1 + Fαβγ,k+1) mod I(k+1).

Properties(i), (ii) determineGαβ,k, Fαβγ,k for k ≤ 1. The proof of Proposition 2.1.1 allows us to
see that(iii), (iv) are verified fork = 1 with

Fαβγ,2 =
N∑

i,j=1

(a
(i)
βγa

(j)
γα + a

(i)
αβa

(j)
γα + a

(i)
αβa

(j)
βγ )titj,

and to determineGαβ,2 we proceed as follows. Letf2 = [(Fαβγ,2)], and I(2) be the ideal
of K2, that is the ideal generated by(t1, . . . , tN)3 and the image of the adjoint mapf (2)∗ :
H2(X,End(E))∗→k2[t1, . . . , tN ] = Sym2(W ∗) (the degree-2 homogeneous part ofk[t1, . . . , tN ]).
Then the reduction mod I2 of F2 = (Fαβγ,2) is an elementF̄2 = (Fαβγ,2) mod I(2) ∈
B̌2(U,End(E)) ⊗ (Sym2(W ∗)/I(2) ∩ Sym2(W ∗)). We define a skew-symmetric1-cochaina2 =
aαβ,2 ∈ Č1(U,End(E)) ⊗ Sym2(W ∗) as an arbitrary lift of(τ ⊗ id)(F̄2) ∈ Č1(U,End(E)) ⊗
(Sym2(W ∗)/I(2) ∩ Sym2(W ∗)) under the quotient map. Next we defineGαβ,2 byGαβ,2 = aαβ,2gαβ,
where the matrix ofaαβ,2 is taken in the basiseα.

Likewise, assuming thatG(k−1)
αβ , F (k)

αβ are already fixed, we can chooseFαβγ,k+1 andGαβ,k as

follows. By the induction hypothesis, we haveG(k−1)
αβ G

(k−1)
βγ G

(k−1)
γα ≡ (1 + Fαβγ,k) mod I(k). Then

(Fαβγ,k) is a cocycle moduloI(k), and is a coboundary moduloI(k+1): F̄k = (Fαβγ,k mod I(k+1)) ∈
B̌2(U,End(E)) ⊗ (Symk(W ∗)/I(k+1) ∩ Symk(W ∗)). We defineGαβ,k = aαβ,kgαβ with (aαβ,k) ∈
Č1(U,End(E)) ⊗ Symk(W ∗) an arbitrary skew-symmetric lift toSymk(W ∗) of (τ ⊗ id)(F̄k). Then
G

(k)
αβG

(k)
βγG

(k)
γα ≡ 1 mod (I(k+1)+(t1, . . . , tN)(k+1)), and we can defineFαβγ,k+1 as the degree-(k+1)

homogeneous component ofG(k)
αβG

(k)
βγG

(k)
γα . To end this inductive construction of the sequencesGαβ,k,

Fαβγ,k+1, we need only to prove thatFk+1 = (Fαβγ,k+1) is a2-cocycle moduloI(k+1) with values in
End(E).

The latter is proved in Lemma 2.1.6 below.

Lemma 2.1.6. The2-cochain(Fαβγ,k+1), constructed in the proof of Theorem2.1.4as the degree-
(k+1) homogeneous component ofG

(k)
αβG

(k)
βγG

(k)
γα , is a2-cocycle moduloI(k+1) with values inEnd(E).
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Proof. The hypotheses, under which we have to prove the assertion oflemma 2.1.6, are the following:
G

(k)
αβ =

∑k
i=0Gαβ,i ∈ Γ(Uαβ,Mr(OX)) ⊗ k[t1, . . . , tN ] are the matrix polynomials of degree≤ k in

t1, . . . , tN and there is an idealJ ⊂ (t1, . . . , tN)2 such thatG(k)
αβG

(k)
βα ≡ 1 mod J andG(k)

αβG
(k)
βγG

(k)
γα ≡

1 mod (J + (t1, . . . , tN)k+1). The idealJ in Theorem 2.1.4 isI(k+1). The collection(Fαβγ,k) is
considered not as a2-cochain inMr(OX), but as a2-cochain inEnd(E), E being defined by the
multiplicative cocycle(gαβ) = Gαβ,0 ∈ Ž1(U,GLr(OX)). ThusFαβγ = Fαβγ,k+1 is a certain section
of End(E) overUαβγ given by its matrix in the basiseα of E|Uαβγ

. We want to show that

Fαβγ − Fαβδ + Fαγδ − Fβγδ ≡ 0 mod J (2.9)

We will replace it by a slightly different identity

Fαβγ + Fαγδ + Fαδβ + Fβδγ ≡ 0 mod J, (2.10)

which is the same as (2.9) as soon as we know that(Fαβγ) is skew symmetric. We have:

Fαβγ = [GαβGβγGγα]k+1, Fαγδ = [GαγGγδGδα]k+1, Fαδβ = [GαδGδβGβα]k+1,

Fβδγ = Gαβ,0([GβδGδγGγβ]k+1)G
−1
αβ,0 = [GαβGβδGδγGγβGβα]k+1,

where we omitted the superscriptk inG(k)
αβ , [. . . ]k+1 stands for the homogeneous component of degree

k + 1 in t1, . . . , tN , and all the four terms are given by their matrices in the basis eα. Now

Fαβγ + Fαγδ + Fαδβ + Fβδγ = [GαβGβγGγα +GαγGγδGδα +GαδGδβGβα+

GαβGβδGδγGγβGβα]k+1 ≡ [GαβGβγGγα ×GαγGγδGδα ×GαδGδβGβα

×GαβGβδGδγGγβGβα]k+1 ≡ 0 mod J.

The skew symmetry of(Fαβγ) is a particular case of (2.10) whenδ = γ.

The vector bundleEk defined by the cocycleG(k)
αβ overX×Kk satisfies the conditions of theorem.

Definition 2.1.7. A vector bundleE onX is simple if and only ifH0(X,End(E)) = k id.

In the case of a simple vector bundle, the versal deformationis in fact universal and this is a local
version of the moduli space:

Proposition 2.1.8.Let E be a simple vector bundle on a schemeX of finite type onk or a complex
space (in which casek = C). Then there exists an analytic spaceM(E) with a reference point∗ and
a vector bundleE onX ×M(E) which satisfy the following properties:
(1) E|X×∗ ≃ E.
(2) If T is an analytic space with a reference point∗ andE ′ a vector bundle onX × T such that
E ′|X×∗≃ E, then there is a holomorphic mappingΦ : T→M(E) such thatΦ(∗) = ∗ andE ′ ≃
(1× Φ)∗(E).
(3) The above mappingΦ is unique as a germ of a holomorphic mapping from(T, ∗) to (M(E), ∗).
(M(E), ∗) andE are called the Kuranishi space and the Kuranishi family ofE, respectively.
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Proof. See [Mu-1].

We defineSVX as the set of isomorphism classes of simple vector bundles onX. Using
Proposition 2.1.8, we can endow it with an analytic structure so thatSVX has a universal family only
locally in the étale or classical topology. Then there exists a sufficiently small open setU of SVX in
the classical or étale topology and a vector bundleE onX × U satisfiying the following property:
For any analytic spaceS, there exists a functorial bijection between the sets{morphismsS→U } →
{vector bundlesE onX × S such that∀s ∈ S, Es = E |X×s is simple and its class belongs toU }/ ∼
given byϕ 7→ (1× ϕ)∗(E).

Proposition 2.1.9.LetX,E be as in Proposition2.1.8. Every obstruction to the smoothness ofSVX

at [E] lies in ker(H2(Tr) : H2(X,End(E))→H2(X,OX)). In particular, SVX is smooth at[E] if
H2(Tr) is injective.

Proof. See [Mu-1].

Note, however, thatSVX , even if it is smooth, is not a nice concept of moduli space: itis non-
separated in many examples.

2.2 CONNECTIONS

LetX,E be as above. A rational (or meromorphic in the case whenX is a complex space) connection
onE is ak-linear morphism of sheaves∇ : E→E⊗ Ω1

X(D) satisfying the Leibniz rule:

∀p ∈ X,∀f ∈ Op,∀s ∈ Ep,∇(fs) = f∇s+ s⊗ df.

We assume thatD is an effective Cartier divisor and callD the divisor of poles of∇. We can extend
∇ in a natural way to

E⊗ Ω•(∗D) = lim−→
n

⊕i≥0 E⊗ Ωi(nD)

as ak-linear map∇ : E ⊗ Ωi(∗D)→E ⊗ Ωi+1(∗D) satisfying the Leibniz rule∇(s ⊗ ω) = ∇s ∧
ω + s⊗ dω. The connection is integrable if∇2 = 0. In this case,∇ defines the generalized de Rham
complex

0→E(∗D) ∇ //E⊗ Ω1(∗D) ∇ //E⊗ Ω2(∗D) ∇ // . . . , (2.11)

If X is smooth at all the points ofX \ D, then this complex is exact overX \ D in all degrees
different from0 by the Poincaré lemma. Under the same assumption, the subsheaf Eh of sectionss of
E|X\D satisfying∇(s) = 0 is a local system of rankr, that is a vector bundle with constant transition
functions, andE|X\D = Eh ⊗ OX\D; the sections ofEh are called horizontal sections of(E,∇). The
complex defined above, when restricted toX \D, is a resolution ofEh.

A connection∇ on E induces natural connections onE∗,End(E), (E∗)⊗m ⊗ E⊗n, and more gen-
erally, on any Schur functor ofE or E∗. We will use in the sequel the induced connection∇End(E) on
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End(E). Taking a local sectionϕ of End(E), we can think ofϕ as a sheaf homomorphismE→E over
an open setU ⊂ X , and∇End(E) is defined by

∇End(E)(ϕ) = ∇ ◦ ϕ− ϕ ◦ ∇
∇End(E) : End(E)→End(E)⊗ Ω1(D)

If ∇ is integrable, then∇End(E) is also integrable, andEnd(E)h = End(Eh).
Let now U = (Uα) be a sufficiently fine open covering ofX, eα a trivialization ofE overUα,

(gαβ) the transition functions ofE with respect to the trivilizations(eα). The connection matrices
Aα ∈ Γ(Uα,Mr(OX) ⊗ Ω1(D)) of ∇ are defined by∇(eα) = eαAα. The transition rule for the
matricesAα is

Aβ = g−1
αβdgαβ + g−1

αβAαgαβ (2.12)

over Uαβ. This equation can be given a cohomological interpretation. To this end, introduce the
cochainsA = (Aα) ∈ Č0(U,End(E) ⊗ Ω1(D)), G = (Gαβ) ∈ Č1(U,End(E) ⊗ Ω1) by saying that
the matrix ofAα (resp.Gαβ) in the basiseα isAα (resp.dgαβg

−1
αβ ). ThenG is a cocycle.

Definition 2.2.1. The cohomology class[G] of G in H1(X,End(E) ⊗ Ω1) does not depend on the
choice of trivializations(eα) and is called the Atiyah class ofE. We will denote this class byAt(E)
and its image inH1(X,End(E)⊗Ω1(D)), inH1(X,End(E)⊗Ω1(∗D)) by AtD(E),(resp.At∗D(E)).

Now we can write (2.12) in the form
G = ďA,

and we get the following assertion:

Proposition 2.2.2. Let X,E be as above,D an effective Cartier divisor inX. ThenE admits a
connection with divisor of polesD if and only ifAtD(E) vanishes inH1(X,End(E)⊗ Ω1(D)).

Informally speaking, this property is expressed by saying that the Atiyah class is the obstruction
to the existence of a connection on a vector bundle. For future use, we also provide the integrability
condition of∇ in terms of the local dataAα:

dAα + Aα ∧ Aα = 0 (2.13)

2.2.1 First order deformations of connections with fixed divisor of polesD

Let (E,∇) be defined as above andV1 = Spec k[ǫ]/(ǫ2). We represent the deformed pair(Ẽ, ∇̃) over
V1 by the local data

g̃αβ = gαβ + ǫgαβ,1, Ãα = Aα + ǫAα,1

We have already studied the compatibility conditions whichguarantee that̃gαβ ia a cocycle; they can
be stated by saying that the cochaina = (aαβ) ∈ Č1(U,End(E)), defined overUαβ by the matrix
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gαβ,1g
−1
αβ in the basiseα, is a cocycle. Now, we fix this cocycle and search for a cochain(Aα,1)

compatible witha. Expanding (2.12) to order1, we obtain:

Aβ,1 = gβα,1dgαβ + gβαdgαβ,1 + gβα,1Aαgαβ + gβαAα,1gαβ + gβαAαgαβ,1 (2.14)

Lemma 2.2.3.Define the0-cochainA1 = (Aα,1) in End(E)⊗ Ω1
X(D) whose matrix overUα isAα,1

in the basiseα. Then (2.14) implies:

(ďA1)αβ = Aβ,1 −Aα,1 = daαβ + [Aα, aαβ] (2.15)

Proof. Conjugate (2.14) bygαβ:

gαβAβ,1g
−1
αβ = g−1

βαgβα,1dgαβg
−1
αβ + dgαβ,1g

−1
αβ + gαβgβα,1Aα + Aα,1 + Aαgαβ,1g

−1
αβ (2.16)

ThengαβAβ,1g
−1
αβ , Aα,1 are the matrices ofAβ,1,Aα,1 respectively in the basiseα; we will also

interprete all the remaining terms of (2.16) as matrices of some sections ofEnd(E) ⊗ Ω1(D). We
have

g−1
βαgβα,1 = aβα = −aαβ; gαβ,1g

−1
βα = aαβ, (2.17)

so that

gαβgβα,1Aα + Aαgαβ,1g
−1
αβ = [Aα, aαβ]. (2.18)

Next,gαβ,1 = aαβgαβ , so that
dgαβ,1 = daαβgαβ + aαβdgαβ. (2.19)

Further, by (2.17),
g−1

βαgβα,1dgαβg
−1
αβ = −aαβdgαβg

−1
αβ (2.20)

Combining (2.19), (2.20), we obtain

g−1
βαgβα,1dgαβg

−1
αβ + dgαβ,1g

−1
αβ = −aαβdgαβg

−1
αβ + daαβ + aαβdgαβg

−1
αβ = daαβ (2.21)

Substituing (2.18), (2.21) into (2.16), we obtain (2.15).

Corollary 2.2.4. The pair(g̃αβ), (Ãα) defines a first order deformation of(E,∇) if and only if the
cochainsa = (aαβ) = (gαβ,1g

−1
αβ ),Aα,1 = Aα,1 (both given in the basiseα) satisfy the relations

ď(aαβ) = 0, ď(Aα,1) = (daαβ + [Aα, aαβ]).

We will interprete the latter result in terms of the induced connection onEnd(E). As we saw, given
a connection∇ : E→E ⊗ Ω1(D) on E, we can define a connection∇End(E) : End(E)→End(E) ⊗
Ω1(D) by ∇End(E)(ϕ) = ∇ ◦ ϕ − ϕ ◦ ∇. If we representϕ by its matrixMα in the basiseα, then
∇End(E)(ϕ) = dMα + [Aα,Mα]. Now, we can reformulate Corollary 2.2.4 as follows.
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Proposition 2.2.5.The first order deformations of(E,∇) with fixed divisor of polesD are classified
by the pairs(a,A1) ∈ Č1(U,End(E))× Č0(U,End(E)⊗ Ω1(D)) such that

ď(a) = 0, ď(A1) = ∇End(E)(a). (2.22)

Now, let us assume in addition that the initial connection isintegrable. Then the condition that the
deformed connection(Ẽ, ∇̃), given by the data(a,A1) as in Proposition 2.2.5 , remains integrable,
can be written in the form:

dAα,1 = −Aα,1 ∧ Aα − Aα ∧ Aα,1, (2.23)

or in an invariant form,∇End(E)(A1) = 0. We remark that here we consider∇End(E) extended to
End(E)⊗ Ω•(∗D) in the same way as was explained for∇ = ∇E.

Proposition 2.2.6.The first order deformations of integrable connections(E,∇) with fixed divisor of
polesD are classified by the pairs(a,A1) as above satisfying three relations

ď(a) = 0, ď(A1) = ∇End(E)(a),∇End(E)(A1) = 0. (2.24)

2.2.2 Hypercohomology

LetK• = (Kp, dK) be a complex of sheaves overX, andU = (Uα) a sufficiently fine open covering
of X. TheČech complex ofK• is the double complex

(Čp(U, Kq), ď, (−1)pdK). (2.25)

The hypercohomology groupHi(X,K•) is by definition thei-th cohomology of the simple complex
(L•, D) associated to (2.25):

Ln = ⊕p+q=nČ
p(U, Kq), D|Čp(U,Kq)

= ď+ (−1)pdK ,

Hi(X,K•) := H i(L•, D).

A hypercohomology classc ∈ Hi(X,K•) is represented by a cocyclec ∈ Li, c =
(. . . , cp−1,q+1, cp,q, cp+1,q−1, . . . ), wherep + q = i, and the cocycle condition is(. . . , ďcp−1,q+1 +
(−1)pdKc

p,q = 0, ďcp,q + (−1)p+1dKc
p+1,q−1 = 0, . . . ). A cocycle (cp,q)p+q=n is a coboundary if

there exists a cochain(bp,q)p+q=n−1 such that

cp,q = ďbp−1,q + (−1)pdKb
p,q−1.

We denote thei-cocyclesŽi(U, K•) and thei-coboundariešBi(U, K•), so that

Hi(X,K•) = Ži(U, K•)/B̌i(U, K•).

Let now come back to the setting of Proposition 2.2.5. Define the two-term complex of sheaves

C• = [C0→C1], (2.26)
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whereC0 = End(E), C1 = End(E)⊗Ω1(D), and differentialdC = ∇End(E). Then the equations (2.22)
express the fact that(a,A1) ∈ Ž1(U,C•). Changing the baseseα overV1 = Spec k[ǫ]/(ǫ2) by the rule
ẽα = eα(1 + ǫhα), whereh = (hα) ∈ Č0(U,End(E)) = Č0(U,C0), we obtain the transformation rule
of the cocycle(a,A1) in the following form: (a,A1)→(a + ďh,A1 + dCh), so that isomorphic first
order deformations differ by a1-coboundary. We deduce:

Theorem 2.2.7.LetX be a complete scheme of finite type overk or a complex space (thenk = C).
Let E be a vector bundle onX and∇ a rational (or meromorphic) connection onE with divisor of
polesD. Then the isomorphism classes of first order deformations of(E,∇) with fixed divisor of
poles are classified byH1(X,C•).

In order to characterize the first order deformations of integrable connections, we introduce two
other complexes:

R• = [End(E)→End(E)⊗ Ω1(D)→End(E)⊗ Ω2(∗D)→ . . . ]

with differentialdR = ∇End(E), and

F• = [F0 dF //F1] , (2.27)

whereF0 = End(E), dF = ∇End(E), andF1 = ker(End(E)⊗Ω1(D))→End(E)⊗Ω2(∗D)). It is easy
to see that these complexes have the same1-cocycles and1-coboundaries, so that

H1(X,F•) = H1(X,R•).

The formulas (2.20) express the fact that the pair(a,A1) is a1-cocycle in either one of the complexes
F•,R•.

Theorem 2.2.8.Let X be a scheme of finite type overk or a complex space (thenk = C). Let
E a vector bundle onX and∇ a rational (or meromorphic) integrable connection onE with fixed
divisor of polesD. Then the isomorphism classes of first order deformations of(E,∇) in the class of
integrable connections with fixed divisor of polesD are classified by

H1(X,F•) = H1(X,R•).

2.3 OBSTRUCTIONS

2.3.1 First obstruction

LetX,E,∇, (a,A1) be as in Theorem 2.2.7, and let(E1,∇1) be the first order deformation of(E,∇)
overV1 associated to(a,A1). We want to determine the obstruction to extend(E1,∇1) to (E2,∇2)
overV2 = Spec k[ǫ]/(ǫ3). As before, we only consider deformations with fixed divisorof polesD.
We search for the extended data

Gαβ = (1 + ǫaαβ + ǫ2aαβ,2)gαβ = gαβ + ǫgαβ,1 + ǫ2gαβ,2
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Ãα = Aα + ǫAα,1 + ǫ2Aα,2, Aα,1 = Aα,1,

with respect to the basiseα. We assume that they satisfy the cocycle condition moduloǫ2. Then the
cocycle condition moduloǫ3 has two counterparts: the one expressing the extendabilityof E1, which
we have already treated in Section 2, and the other expressing the extendability of the connection.
The latter has the following form:

Aβ,2 = gβα,2dgαβ + gβα,1dgαβ,1 + gβαdgαβ,2 (2.28)

+gβα,2Aαgαβ + gβαAα,2gαβ + gβαAαgαβ,2

+gβα,1Aα,1gαβ + gβα,1Aαgαβ,1 + gβαAα,1gαβ,1

Introduce the cochainA2 ∈ Č0(U,End(E) ⊗ Ω1(D)) given overUα by the matrixAα,2 in the basis
eα. By transformations similar to those used in the proof of(10), and in using formulas(22) and
aβα,2 − (aαβ,1)

2 + aαβ,2 = 0, we reduce (2.28) to the following equation:

∇End(E)(aαβ,2)−∇End(E)(aαβ,1)aαβ,1 − [aαβ,1,Aβ,1] (2.29)

= ∇End(E)(aαβ,2) + Aα,1aαβ,1 − aαβ,1Aβ,1 = Aβ,2 −Aα,2

Let us denote
kαβ = ∇End(E)(aαβ,2) + Aα,1aαβ,1 − aαβ,1Aβ,1. (2.30)

We considerk = (kαβ) as a cochain iňC1(U,End(E)⊗ Ω1(D)).

Lemma 2.3.1.k is a skew-symmetric cocycle.

Proof. A straightforward calculation using the relations

aαβ,2 + aβγ,2 + aγα,2 = −aαβ,1aβγ,1 − aβγ,1aγα,1 − aαβ,1aγα,1 (2.31)

and∇End(E)(XY ) = ∇End(E)(X)Y + Y∇End(E)(X), for any local sectionsX,Y of End(E)

Proposition 2.3.2. Let (a,A1) ∈ Ž1(U,C•), and let (E1,∇1) be the deformation of(E,∇) over
V1 defined by(a,A1). Then(E1,∇1) extends to a deformation(E2,∇2) over V2 if and only if the
following two conditions are verified:
(i) The Yoneda square[a1] ◦ [a1] ∈ H2(X,End(E)) vanishes.
(ii) Provided(i) holds, leta2 = (aαβ,2) ∈ Č1(U,End(E)) be a solution of (2.31), and letk = (kαβ)
be the cocycle (2.30) determined by this choice ofa2. Then[k] ∈ H1(X,End(E)⊗Ω1(D)) vanishes.

The expressionAα,1aαβ,1 − aαβ,1Aβ,1 entering (2.30) is a componentc1,1 of the Čech cocycle
(c1,1, c2,0) ∈ Ž2(U,C•) representing the Yoneda square[a1,A1] ◦ [a1,A1]. The other component is
c2,0
αβγ = aαβ,1aβγ,1 + aβγ,1aγα,1 + aαβ,1aγα,1. Hence we have:

Proposition 2.3.3.Under the assumptions of Prop. (2.3.2), (E1,∇1) extends to(E2,∇2) overV2 with
fixed divisor of polesD if and only if the Yoneda square[a1,A1] ◦ [a1,A1] vanishes inH2(X,C•).
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2.3.2 Infinitesimal deformations of the Atiyah class

We fix a vector bundleE onX given by a cocyclegαβ. Recall that we defined the Atiyah class of
E as the cohomology class of the cocycleGαβ = dgαβg

−1
αβ (hereGαβ is considered as a section of

End(E)⊗ Ω1(D) given by the matrixdgαβg
−1
αβ in the basiseα).

If Ei is an extension ofE (as a vector bundle) toX × Vi, whereVi = Spec k[ǫ]/(ǫi+1), then we
can define the Atiyah classAt(Ei) ∈ H1(X,End(Ei)⊗Ω1) by the cocycleGi,αβ = dgi,αβg

−1
i,αβ, where

(gi,αβ) is a cocycle definingEi, gi,αβ ∈ Γ(Uαβ,Mr(OX) ⊗ k[ǫ]/(ǫi+1)). The following assertion is
obvious.

Lemma 2.3.4.Assume thatE admits a connection∇ with fixed divisor of polesD. Then∇ extends
to a connection∇i on Ei with fixed divisor of polesD if and only if the imageAtD(Ei) of At(Ei) in
H1(X,End(Ei)⊗ Ω1(D)) is zero.

Corollary 2.3.5. Let j > 0, and assumeE extends to a vector bundleEj overX × Vj. For any
i ≥ 0, i ≤ j, denote byEi the restriction ofEj toX × Vi. The following assertions hold:
(i) if ∇j is a connection with fixed divisorD of poles onEj, then∇i = ∇j|Ei

is such a connection on
Ei. ThusAtD(Ej) = 0⇒ AtD(Ei) = 0(i ≤ j).
(ii) LetAtD(Ej) = 0. Introduce the natural restriction map

resji : H0(End(Ej)⊗ Ω1(D))→H0(End(Ei)⊗ Ω1(D))

ϕ 7→ ϕ⊗ k[ǫ]/(ǫi+1)

Then any connection with fixed divisor of polesD on Ei extends to such a connection onEj if and
only if resji is surjective.

Proof. (i) is obvious. To prove(ii), we use the following observation: for two connections∇j,∇′
j

onEj with fixed divisorD of poles, the difference∇j −∇′
j is an element ofH0(End(Ej)⊗ Ω1(D))

and(∇j −∇′
j)|Ei

= resji(∇j −∇′
j) ∈ H0(End(Ei)⊗ Ω1(D)).

In this Corollary, it is possible that bothEi,Ej admit connections with fixed divisor of polesD,
but not every connection with the sameD on Ei extends to such a connection onEj. To produce an
example, setD = 0, i = 0, j = 1, X an elliptic curve,E = O⊕2

X . DefineE1 as a nontrivial extension
of vector bundles

0→OX×V1

µ //E1
ν //OX×V1→0 (2.32)

Such extensions are classified byExt1(OX×V1 ,OX×V1) = H1(OX×V1) ≃ k[ǫ]/(ǫ2), and we choose
an extension class in the formǫ[f ], so that the extension is trivial moduloǫ. We can describe[f ]
and the associated extension explicitly as follows. LetU = {U+−} be an open covering of X, and
f ∈ Γ(U±,OX) a function whose cohomology class[f ] generatesH1(X,OX). Let e± = (e±1, e±2)
be a basis ofE|U+−

, and define the transition matrix overU+− by
(

1 ǫf
0 1

)

. (2.33)
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Define the mapsµ, ν in (2.32) byµ : 1 7→ e±1, ν : (e±1, e±2) 7→ (0, 1). To be more explicit, we will
giveX by the Legendre equation

y2 = x(x− 1)(x− t) (t ∈ k \ {0, 1}),

and define an open coveringU of X by U+ = X \ {∞}, U− = X \ {0}. Then we can choosef = y
x

as a function having two simple poles at0 and∞ and no other singularities. The Residue Theorem
implies that it is impossible to representf as the difference of two functions, one regular onU+ and
the other onU−, so the cohomology class off considered as ǎCech cocycle of the coveringU with
coefficients inOX is nonzero. We now verify thatAt(E1) = 0. It is represented by the cocycle

dg+−g
−1
+− =

(
0 ǫdf
0 0

)

, (2.34)

and

df = d(
y

x
) =

dy

x
− ydx

x2
= ω+ − ω−,

where

ω+ = 2
dy

x
− ydx

x2
, ω− =

dy

x
,

ω+ (resp.w−) being regular onU+ (resp.U−). Hence,

dg+−g
−1
+− =

(
0 ǫω+

0 0

)

−
(

0 ǫω−
0 0

)

(2.35)

is aČech coboundary, andAt(E1) = 0. ThusE1 has a regular connection.
Now, we will show that the mapres10 defined in the last corollary is not surjective, so not every
regular connection onE extends to a regular connection onE1. Remark that in our caseΩ1

X is trivial,
D = 0, sores10 is just the restriction mapres10 : H0(End(E1))→H0(End(E0)). ConsiderE1 as an
extension of another kind:

0→ǫE→E1→E→0,

whereǫE ≃ O⊕2
X andE ≃ E1/ǫE ≃ O⊕2

X . Apply to it Hom(E1, .)(the Hom-sheaf asOX×V1-modules):

0→Hom(E1,E)→End(E1)→Hom(E1,E)→0.

As E ≃ O⊕2
X , the first and the third terms of the last triple are describedas follows:

Hom(E1,E) ≃ End(E) = M2(OX).

Take an element inH0(Hom(E1,E)) ≃M2(k) given by the matrix

(
0 0
0 1

)

, (2.36)

62



(as above,E1,E are trivialized by the basese± = (e±1, e±2)). We will see that it is not in the image
of the restriction mapres1,0.
Indeed, assume there is a lift of

(
0 0
0 1

)

(2.37)

toH0(End(E1)). Then it is given in the basise+ by a matrix of the form

A+ =

(
0 0
0 1

)

+ ǫB, (2.38)

B ∈M2(k[U+]). Transforming it to the basise−, we obtain the matrix

A− =

(
0 −ǫf
0 1

)

+ ǫB, (2.39)

which has to be regular inU−. Thusǫf = ǫb12 − a−12, whereb12 is regular inU+ anda−12 is regular
in U−. This contradicts the fact thatf is not aČech coboundary iňC(U,OX), and this ends the proof.

2.3.3 Kuranishi space for deformations of connections

Theorem 2.3.6.LetX be a complete scheme of finite type overk or a complex space (in which case
k = C), C• the2-term complex of sheaves onX defined by (2.26),W = H1(X,C•),(δ1 . . . , δN) a basis
ofW and(t1, . . . , tN) the dual coordinates onW . LetWk denote thek-th infinitesimal neighborhood
of 0 in W , and(E1,∇1) the universal first order deformation overX ×W1 of a connection(E,∇) on
X with fixed divisor of polesD. Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,C•)[[t1, . . . , tN ]],

wherefk is homogeneous of degreek (k ≥ 2), with the following property. LetI be the ideal of
k[[t1, . . . , tN ]] generated by the image of the mapf ∗ : H2(X,C•)∗→k[[t1, . . . , tN ]], adjoint tof . Then
for anyk ≥ 2, the pair(E1,∇1) extends to a connection(Ek,∇k) onX × Vk, whereVk is the closed
subscheme ofWk defined by the idealI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

Proof. We will start by fixing a particular choice of coordinates(t1, . . . , tN), coming from the spectral
sequenceEp,q

1 = Hq(Cp)⇒ Hp+q(C•). The latter is supported on two vertical stringsp = 0 andp = 1
(see Fig. 2.1).

Thus the spectral sequence degenerates in the second termE2, and we have the long exact se-
quence

0−→H0(X,C•)−→H0(X,End(E))
d1 //H0(X,End(E)⊗ Ω1

X(D))
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−→H1(X,C•)−→H1(X,End(E))
d1 //H1(X,End(E)⊗ Ω1

X(D))

−→H2(X,C•)−→H2(X,End(E))
d1 //H2(X,End(E)⊗ Ω1

X(D))→ . . . ,

We deduce the exact triple
0→W ′→W→W ′′→0,

with

W ′ =
H0(X,End(E)⊗ Ω1

X(D))

im d1

,W = H1(X,C•),

W ′′ = ker(H1(X,End(E))→H1(X,End(E)⊗ Ω1
X(D)).

Let N ′ = dimW ′, N ′′ = dimW ′′; chooset1, . . . , tN in such a way thats1 = tN ′+1, . . . , sN ′′ =
tN ′+N ′′(N = N ′ + N ′′), are coordinates onW ′′ andt1, . . . , tN ′ restrict toW ′ as coordinates onW ′.
We will construct by induction onk ≥ 0 the homogeneous forms

Gαβ,k(s1, . . . , sN ′′) ∈ Γ(Uαβ,End(E))⊗ k[s1, . . . , sN ′′ ], (2.40)

Fαβγ,k(s1, . . . , sN ′′) ∈ Γ(Uαβγ,End(E))⊗ k[s1, . . . , sN ′′ ],

f̄k(s1, . . . , sN ′′) ∈ H2(X,End(E))⊗ k[s1, . . . , sN ′′ ],

Aα,k(t1 . . . , tN) ∈ Γ(Uα,End(E)⊗ Ω1
X(D))⊗ k[t1, . . . , tN ],

κk(t1 . . . , tN) ∈ H1(X,End(E)⊗ Ω1
X(D))⊗ k[t1, . . . , tN ],

Kαβ,k(t1 . . . , tN) ∈ Γ(Uαβ,End(E)⊗ Ω1
X(D))⊗ k[t1, . . . , tN ]

with the following properties:
(i) Gαβ,0 = gαβ, andAα,0 defineE and resp.∇ with respect to the local trivializationseα of E onUα.
(ii) f̄k = 0, Fαβγ,k = 0 for k = 0, 1, andKαβ,0 = 0.
(iii) For eachk ≥ 1, let f̄ (k) =

∑

i≤k f̄i, and letĪ(k+1) be the ideal generated by(s1, . . . , sN ′′)k+2 and
the image of the adjoint map̄f (k)∗ : H2(X,End(E))∗→k[s1, . . . , sN ′′ ]. Then(Fαβγ,k+1) is a cocycle
moduloĪ(k+1) andf̄k+1 is a lift toW ′′ ⊗ k[s1, . . . , sN ′′ ] of the cohomology class

[(Fαβγ,k+1 mod Ī(k+1))] ∈W ′′ ⊗ k[s1, . . . , s
′′
N ]/Ī(k+1).

(iv) For anyk ≥ 1, setG(k)
αβ =

∑

i≤k Gαβ,i. Then

G
(k)
αβG

(k)
βγG

(k)
γα ≡ (1 + Fαβγ,k+1) mod Ī(k+1). (2.41)

(v) For eachk ≥ 1, setκ(k) =
∑

i≤k κi, and letJ (k+1) be the ideal generated by(t1, . . . , tN)k+2 and
by the image of the adjoint mapκ(k)∗ : H1(X,End(E)⊗ Ω1(D))∗→k[t1, . . . , tN ]. Then(Kαβ,k+1) is
a cocycle moduloJ (k+1) + Ī(k+2) andκk+1 is a lift of the cohomology class

[(Kαβ,k+1 mod (Jk+1 + Ī(k+2))] ∈ H1(X,End(E)⊗ Ω1(D))⊗ k[[t1, . . . , tN ]]/(Jk+1 + Ī(k+1))
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in H1(X,End(E)⊗ Ω1(D))⊗ k[t1, . . . , tN ].
(vi) For anyk ≥ 0, setA(k)

α =
∑

i≤k Aα,i. Then

Kαβ,k+1 ≡ dG
(k+1)
αβ −G(k+1)

αβ A
(k)
β + A(k)

α G
(k+1)
αβ mod (Jk+1 + Ī(k+2)). (2.42)

In these properties,G(k)
αβ is considered as an endomorphism ofEk overUαβ × Vk given by its matrix

with respect to two bases:eα for the source,eβ for the target, whereEk is the vector bundle over
X × Vk defined by the1-cocycle(G

(k)
αβ ). Similarly (A

(k)
α ) is understood as a1-cochain with values in

End(Ek)⊗ Ω1(D), and in formula (2.42),A(k)
α (respA(k)

β ) is represented by its matrix in the basiseα

(respeβ). The base changesGαβ,k+1 acting on both sides of (2.42), reduce toGαβ,0, since the only
nonzero terms in (2.42) are of degreek + 1, and everything is reduced modulo(t1, . . . , tN)k+2. Thus
(2.42) defines(Kαβ,k+1) as a1-cochain with values inEnd(E) ⊗ Ω1(D). Going over to the proof,
we first remark thatGαβ,0, Aα,0 are already known, and we have to indicate the choice ofGαβ,k, Aα,k

inductively onk ≥ 0, the other dataFαβγ,k, f̄k, Kαβ,k, κk being recovered via formulas (2.41),(2.42).
To initialize the induction, first look at (2.41) withk = 0. ThenFαβγ,1 = 0 by (ii), which implies

Gαβ,1Gβγ,0Gγα,0 +Gαβ,0Gβγ,1Gγα,0 +Gαβ,0Gβγ,0Gγα,1 = 0 (2.43)

The latter equation expresses the fact that(Gαβ,1) is a 1-cocycle with values inEnd(E) ⊗ (W ′′)∗.
As in Section 2, we can writeGαβ,1 =

∑
a

(i)
αβgαβsi, where[(a

(i)
αβ)] for i = 1, . . . , N ′′ form the basis

of W ′′ dual tos1, . . . , sN ′′ . Here and further on, we adopt the following convention: alltheGαβ,k

(resp.G(k)
αβ ) are regarded as1-cochains with values inEnd(E) (resp.End(Ek)) given by matrices with

respect to two bases:eα for the source,eβ for the target. We denote byEk the vector bundle over
X × Vk defined by the cocycleG(k)

αβ .
Hence, looking at the first termGαβ,1Gβγ,0Gγα,0 of the sum in (2.43), we see that it represents the

matrix ofGαβ,1 with respect to one and the same basiseα for the source and the target. The same
applies to the other two summands in (2.43), thus (2.43) is the cocycle condition

aαβ + aβγ + aγα = 0

put down via matrices of the three summands in the basiseα.
We will adopt the same convention for cochains with values inEnd(E)⊗Ω1(D) or in End(Ek)⊗

Ω1(D). TheAα,k (respA(k)
α ) will be considered as matrices representing cochains inEnd(E)⊗Ω1(D)

(resp.End(Ek)⊗ Ω1(D)) in the basiseα overUα. Now write (2.42) fork = 0 :

Kαβ,1 = dGαβ,1 −Gαβ,1Aβ,0 + Aα,0Gαβ,1; (2.44)

we take into account thatI(1) = J (1) = 0 and thatdGαβ,0 − Gαβ,0Aβ,0 + Aα,0Gαβ,0 = 0, the latter
equation being a form of (2.12) in whichGαβ,0 are considered as matrices of endomorphisms ofE

written with respect to two bases:eα for the source,eβ for the target, and(dGαβ,0) is a cocycle
representingAtD(E).
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The r.h.s of (2.44), with the same convention thatGαβ,1 are matrices of endormorphisms ofE with
respect to the two bases, is just the cochain(daαβ + [Aα, aαβ]) ∈ Č1(U,End(E) ⊗ Ω1(D)). As in
(2.22), we can rewrite it as∇End(E)(a), wherea = (Gαβ,1), and this representation makes obvious
that(Kαβ,1) is a1-cocycle. The differentiald1 of the spectral sequence being induced by∇End(E), we
see that the cocycle(Kαβ,1) is a coboundary if and only if

[a] = [Gαβ,1] ∈ ker(H1(X,End(E))⊗ (W ′′)∗→H1(X,End(E)⊗ Ω1(D))⊗ (W ′′)∗).

Assuming that(Kαβ,1) is a coboundary, we choose(Aα,1) as a solution to

K̃αβ,1 = Gαβ,0Aβ,1 − Aα,1Gαβ,0 (2.45)

Such a solution can be chosen as a linear form ins1, . . . , sN ′′. Single out one such solution and denote
it (A

′′

α,1) = (A
′′

α,1(s1, . . . , sN ′′)). Let (A′(i)
α,1), i = 1, . . . , N ′ be a basis ofH0(U,End(E)⊗Ω1(D)) dual

to the coordinatest1, . . . , tN ′ onW ′. Then set

Aα,1 = A
′′

α,1(s1, . . . , sN ′′) +
N ′

∑

i=1

A
′(i)
α,1ti.

Now assume that the forms (2.40) have been constructed up to degreek ≥ 0 and define them for
degreek + 1. Start byFαβγ,k+1, which we define, as in the proof of Theorem 2.1.4, to be a lift to
Ž2(U,End(E)) ⊗ k[s1, . . . , sN ′′ ], of the homogeneous component of degreek + 1 in G

(k)
αβG

(k)
βγG

(k)
γα ,

which is a cocycle modulōI(k+1) + (s1, . . . , sN ′′)k+1 by the proof of Lemma 2.1.6.
Then we setf̄k+1 equal to any lift of the cohomology class(Fαβγ,k+1) ∈ H2(X,End(E)) ⊗

k[[s1, . . . , sN ′′ ]]/Ī(k+1) toH2(X,End(E))⊗k[s1, . . . , sN ′′ ]. By construction,(Fαβγ,k+1) is a cobound-
ary moduloĪ(k+2) + (s1, . . . , sN ′′)k+2, so there exists a cochain in

Č1(U,End(E))⊗ k[s1, . . . , sN ′′ ]/(Ī(k+2) + (s1, . . . , sN ′′)k+2)

whose coboundary is(Fαβγ,k+1) mod (Ī(k+2) + (s1, . . . , sN ′′)k+2), and(Gαβ,k+1) is defined as any
lift of this cochain toČ1(U,End(E)) ⊗ k[s1, . . . , sN ′′ ] which is homogeneous of degreek + 1 in
s1, . . . , sN ′′ . Consider now the expression

K̃αβ,k+1 = dG
(k+1)
αβ −G(k+1)

αβ A
(k)
β + A(k)

α G
(k+1)
αβ = dG

(k)
αβ −G

(k)
αβA

(k−1)
β + A(k−1)

α G
(k)
αβ (2.46)

+dGαβ,k+1 −Gαβ,k+1A
(k−1)
β + A(k−1)

α Gαβ,k+1 −G(k+1)
αβ Aβ,k + Aα,kG

(k+1)
αβ ,

By the induction hypothesis,̃Kαβ,k = dG
(k)
αβ −G

(k)
αβA

(k−1)
β + A

(k−1)
α G

(k+1)
αβ is a cocycle moduloJk +

Ī(k+1) and is a coboundary moduloJk+1+ Ī(k+1)+(t1, . . . , tN)k+1. From (2.42), in order that̃Kαβ,k+1

has no homogeneous components of order< k+ 1 moduloJk+1 + Ī(k+1) + (t1, . . . , tN)k+1, we have
to set(Aα,k) to be a solution of

G
(k+1)
αβ Aβ,k − Aα,kG

(k+1)
αβ ≡ K̃αβ,k mod (Jk+1 + Īk+1 + (t1, . . . , tN)k+1), (2.47)
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whereG(k+1)
αβ can be replaced byGαβ,0, so that (2.47) is an equation for the cochain(Gαβ,0Aβ,k) with

values inEnd(E)⊗ Ω1(D).
Thus we come to the following inductive procedure: defineKαβ,k+1 as the homogeneous form

of degreek + 1 in K̃αβ,k+1. Assuming it is a cocycle modulo(Jk+1 + Ī(k+2)), we defineκk+1 as
a lift to H1(X,End(E) ⊗ Ω1(D)) ⊗ k[t1, . . . , tN ] of the cohomology class[(Kαβ,k+1) mod Jk+1 +
Ī(k+2)]. ThenJ (k+2) is well-defined and(Kαβ,k+1) becomes a coboundary moduloJ (k+2) + Ī(k+2) +
(t1, . . . , tN)k+2. Hence we can construct(Aα,k+1) as a lift toČ0(U,End(E)⊗Ω1(D))⊗ k[t1, . . . , tN ]
of a solution(Aα,k+1) of the equation

Gαβ,0Aβ,k+1 − Aα,k+1Gαβ,0 ≡ K̃αβ,k+1 mod (Jk+2 + Ī(k+2) + (t1, . . . , tN)k+2).

Thus we have to verify that(Kαβ,k+1) is a cocycle.

Lemma 2.3.7. (Kαβ,k+1) defined as the homogeneous component of degreek + 1 of K̃αβ,k+1, is a
1-cocycle moduloJk+1 + Ī(k+2).

Proof. By the induction hypothesis, we have

dG
(k)
αβ ≡ G

(k)
αβA

(k−1)
β − A(k−1)

α G
(k)
αβ mod (Jk + Ī(k+1)),

G
(k)
αβG

(k)
βγG

(k)
γα ≡ 1 + Fαβγ,k+1 mod Ī(k+1),

and by construction,

Gαβ,k+1G
(k)
βγG

(k)
γα +G

(k)
αβGβγ,k+1G

(k)
γα +G

(k)
αβG

(k)
βγGγα,k+1

≡ −Fαβγ,k+1 mod (Ī(k+2) + (s1, . . . , sN ′′)k+2),

Kαβ,k+1 ≡ dG
(k+1)
αβ −G(k+1)

αβ A
(k)
β + A(k)

α G
(k+1)
αβ mod (Jk+1 + Ī(k+1)).

DenoteG(k+1)
αβ , G

(k)
αβ , Gαβ,k+1, A

(k)
α , Kαβ,k+1 byGαβ, G

′
αβ, G

′′
αβ, Aα, Kαβ respectively. We have

KαβGβγGγα +GαβKβγGγα +GαβGβγKγα ≡ dGαβGβγGγα +GαβdGβγGγα(2.48)

+GαβGβγdGγα −GαβAβGβγGγα + AαGαβGβγGγα −GαβGβγAγGγα +GαβAβGβγGγα

−GαβdGβγGγαAα +GαβdGβγAγGγα − dG′
αβG

′
βγG

′
γα ≡ G′

αβdG′
βγG

′
γα +G′

αβG
′
βγdG

′
γα

+dG′′
αβG

′
βγG

′
γα +G′

αβdG′′
βγG

′
γα +G′

αβG
′
βγdG

′′
γα + dG′

αβG
′′
βγG

′
γα + dG′

αβG
′
βγG

′′
γα +G′′

αβ

dG′
βγG

′
γα +G′

αβdG′
βγG

′′
γα +G′′

αβG
′
βγdG

′
γα ≡ d(G′

αβG
′
βγG

′
γα)−G′

αβG
′′
βγdG

′
γα

+d(G′′
αβG

′
βγG

′
γα +G′

αβG
′′
βγG

′
γα +G′

αβG
′
βγG

′′
γα) ≡ d(Fαβγ,k+1)− d(Fαβγ,k+1)

≡ 0 mod (Jk+1 + Ī(k+2))

This ends the proof.
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Coming back to the proof of the Theorem, we definefk as any lift toH2(C•) ⊗ k[t1, . . . , tN ],
homogeneous of degreek in t1, . . . , tN , of the cohomology class of the cochain

((Kαβ,k), (Fαβγ,k)) mod (Jk + Īk+1) ∈ Č2(U,C•)⊗ k[[t1, . . . , tN ]]/(Jk + Ī(k+1)), (2.49)

which we are assuming to be a cocycle. Then quotienting byI makes (2.49) a coboundary of
((Aα,k), (Gαβ,k)), and the pair(G(k)

αβ , (A
(k)
α )) defines(Ek,∇k) overX × Vk.

It remains to prove that (2.49) is a cocycle with values inC• ⊗ k[t1, . . . , tN ]/(Jk + Īk+1). One
part of this, namely, the equation

ď(Kαβ,k) = ∇End(E)(Fαβγ,k)

is verified by the computation (2.48). The second partď(Fαβγ,k) = 0 is guaranteed by Lemma 2.1.6.

2.4 INTEGRABLE CONNECTIONS

2.4.1 Higher order deformations of integrable connections

From now on, we take into account the fact that(E,∇) is an integrable connection with fixed divisor
of polesD and consider deformations of(E,∇) preserving the integrability and the divisor of poles.
In Theorem 2.2.8, we characterized the first order deformations of(E,∇) in terms of the hyperco-
homology groupH1(X,F•) = H1(X,R•). Now we will consider the second order deformation and
respectively the first obstruction. So, we search for the extension

g̃αβ = (1 + ǫaαβ,1 + ǫ2aαβ,2)gαβ (2.50)

Ãα = Aα + ǫAα,1 + ǫ2Aα,2

of (gαβ, Aα) to V = Spec k[ǫ]/(ǫ3). To order1, we have the conditions (2.24):

ď(aαβ,1) = 0, ď(Aα,1) = ∇(aαβ,1),∇(Aα,1) = 0. (2.51)

Expanding (2.13) to order2, we obtain in addition to (2.6) and(2.23), the equation

∇Aα,2 = −Aα,1 ∧ Aα,1, (2.52)

Note that∇(Aα,1) = 0 implies that∇(Aα,1 ∧ Aα,1) = 0. One easily verifies the following relations

∇(Aα,1 ∧ Aα,1) = 0

ď(Aα,1 ∧ Aα,1) = −∇(Aα,1aαβ,1 − aαβ,1Aβ,1)

ď(Aα,1aαβ,1 − aαβ,1Aβ,1) = ∇(aαβ,1aβγ,1 	),
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where	 denotes the skew-symmetrization on the subscriptsα, β, γ. These three equations express
the fact that the triple

((aαβ,1aβγ,1 	), (Aα,1aαβ,1 − aαβ,1Aβ,1), (Aα,1 ∧ Aα,1)) ∈ Č2(U,R•)

is a cocycle with respect to the differentialD = ∇ ± ď. Then the conditions saying that (2.50) is
an integrable connection with fixed divisor of polesD moduloǫ3, that is, formulas (2.29), (2.31) and
(2.52), mean that the cocycle defined above is the coboundaryof the cochain((aαβ,2), (Aα,2)):

D(a2,A2) = ((aαβ,1aβγ,1 	), (Aα,1aαβ,1 − aαβ,1Aβ,1), (Aα,1 ∧ Aα,1)).

As the cocycle (2.53) represents the Yoneda square of[a1,A1], we deduce:

Proposition 2.4.1. The first order deformation(E1,∇1) of (E,∇) defined by the cocycle
((aαβ,1), (Aα,1)) extend to an integrable connection(E2,∇2) overX × V2 with fixed divisor of poles
D if and only if the Yoneda square[a1,A1] ◦ [a1,A1] is zero inH2(R•).

Thus the integrable case looks similar to the non-integrable one (compare to Prop 2.1.3), pro-
vided we replace the2-term complexC• by R•. As far as only the hypercohomologyH1 andH2

are concerned, we can also truncateR• at the level2: Hi(R•) = Hi(R̃•), for i = 0, 1, 2, where
R̃• = [R0→R1→ ker(R2→R3)].

2.4.2 Kuranishi space of integrable connections

Now, we turn to the construction of the Kuranishi space of integrable connections with fixed divisor
of polesD. Its construction is completely similar to the one in the non-integrable case, so instead of
giving a proof of the next theorem, we will only supply some remarks indicating modifications that
should be brought to the proof of Theorem 2.3.6 in order to getthe proof in the integrable case.

The spectral sequenceEp,q
1 = Hq(X,Rp) converging toH•(R•) is not concentrated on two vertical

strings, so hereH2(R•) has a filtration consisting of three nonzero summands which are subquotients
of H0(X,End(E)⊗ Ω2

X(∗D)), H1(X,End(E)⊗ Ω1
X(D), H2(X,End(E)). Hence, we have to add to

the forms (2.40) two more homogeneous forms of degreek, say

Lα,k(t1, . . . , tN) ∈ Γ(Uα,End(E)⊗ Ω2
X(∗D))⊗ k[t1, . . . , tN ], (2.53)

lk(t1, . . . , tN) ∈ H0(X,End(E)⊗ Ω2
X(∗D))⊗ k[t1, . . . , tN ],

and modify according the conditions(i), . . . , (vi) to which the forms (2.40),(2.53) should satisfy.
Remark also that the long exact cohomology sequence forC• introduced in the proof of Theorem
2.3.6 remains exact only in its4 terms whenC• is replaced byR•.

Theorem 2.4.2.LetX be a complete scheme of finite type overk or a complex space (in which case
k = C),∇ an integrable connection onE with fixed divisor of polesD, R• the complex of sheaves on
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X defined above,W = H1(X,R•), (δ1 . . . , δN) a basis ofW and (t1, . . . , tN) the dual coordinates
onW . LetWk denote thek-th infinitesimal neighborhood of0 in W , and(E1,∇1) the universal first
deformation of(E,∇) overX ×W1 in the class of integrable connections with fixed divisor of poles
D. Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,R•)[[t1, . . . , tN ]],

wherefk is homogeneous of degreek (k ≥ 2), with the following property. LetI be the ideal of
k[[t1, . . . , tN ]] generated by the image of the mapf ∗ : H2(X,R•)∗→k[[t1, . . . , tN ]], adjoint to f .
Then for anyk ≥ 2, the pair(E1,∇1) extends to an integrable connection(Ek,∇k) onX×Vk, where
Vk is the closed subscheme ofWk defined by the idealI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

Remark 2.4.3. The complexR• may be replaced by its subcomplex0→End(E)→End(E) ⊗
Ω1

X(D)→End(E) ⊗ Ω2
X(2D)→ . . . . Theorem 2.3.6 will remain valid if we replaceR• in its state-

ment by this smaller complex.

In the case where∇ is an integrable logarithmic connection, we can reduceR• further toL• =
[0→End(E)→End(E) ⊗ Ω1

X(logD)→End(E) ⊗ Ω2
X(logD)→ . . . ]. We now go over to integrable

logarithmic connections.

2.4.3 Integrable logarithmic connections

Definition 2.4.4. Let X be a nonsingular complex projective variety,S a normal crossing divisor
with smooth components. An integrable logarithmic connectionE onX is a pair(E,∇) whereE is a
torsion free coherent sheaf ofOX-modules onX and∇ : E→E⊗ Ω1

X(logS) is C-linear and satisfies
the Leibniz rule and the integrability condition∇2 = 0 (see in the beginning of Sect. 2.2).

Let DX be the sheaf of algebraic differential operators onX and letDX [logS] be theOX-
subalgebra generated by the germs of tangent vector fields which preserve the ideal sheaf of the
reduced schemeS. According to [Ni], a logarithmic connection onX with singularities overS can
be interpreted as aDX [logS]-module which is coherent and torsion free as anOX-module.

Remark2.4.5. A nonsingular integrable connection onX is simply aDX-module which is coherent
as anOX-module.

Definition 2.4.6. An infinitesimal deformation of an integrable logarithmic connectionE is a pair
(EV , α), whereEV is a family of logarithmic connections parametrized byV = Spec(C[ǫ])/ǫ2, with
an isomorphismα : EV /ǫEV→E.

We defineTE as the set of all equivalence classes of infinitesimal deformations ofE. Let the sheaf
KE be the kernel of∇ : End(E) ⊗ Ω1(logS)→End(E) ⊗ Ω2(logS). As the curvature of∇ is 0, the
image of∇ : E→E ⊗ Ω1(logS), is contained inKE. If A ∈ H0(X,KE), then∇ + ǫA is a family
of logarithmic connections on the underlying sheafE parametrized byV . This gives a linear map
p : H0(X,KE)→TE.
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Theorem 2.4.7. If an integrable logarithmic connectionE is locally free, the vector spaceTE of
infinitesimal deformations ofE (which equals the tangent space at[E] to the moduli schemeM of
stable integrable logarithmic connections whenE is stable) is canonically isomorphic to the first
hypercohomologyH1(CE) of the complexCE = (∇ : End(E)→KE), which is in turn equal to the first
hypercohomology of the logarithmic de Rham complexL• = (End(E)⊗Ω•

X(logS),∇) associated to
End(E).

Proof. See [Ni].

We deduce the construction of the Kuranishi space of integrable logarithmic connections overX.

2.4.4 Kuranishi space of integrable logarithmic connections

Theorem 2.4.8.LetX be a smooth projective variety over an algebraically closedfieldk (or on C),
E a vector bundle onX, ∇ an integrable logarithmic connection onE, L• the complex of sheaves
on X defined in Theorem2.4.7, W = H1(X,L•), (δ1 . . . , δN) a basis ofW and (t1, . . . , tN) the
dual coordinates onW . LetWk denote thek-th infinitesimal neighborhood of0 in W , and(E1,∇1)
the universal first order deformation of(E,∇) overX ×W1 in the class of integrable logarithmic
connections with fixed divisor of polesD. Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,L•)[[t1, . . . , tN ]],

wherefk is homogeneous of degreek (k ≥ 2), with the following property. LetI be the ideal of
k[[t1, . . . , tN ]] generated by the image of the mapf ∗ : H2(X,L•)∗→k[[t1, . . . , tN ]], adjoint tof . Then
for anyk ≥ 2, the pair(E1,∇1) extends to an integrable logarithmic connection(Ek,∇k) onX×Vk,
whereVk is the closed subscheme ofWk defined by the idealI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

2.5 PARABOLIC CONNECTIONS

LetX be a smooth projective curve of genusg. We set

Tn :=

{

(t1, . . . , tn) ∈
n

︷ ︸︸ ︷

X × · · · ×X
∣
∣
∣
∣
∣
ti 6= tj for i 6= j

}

for a positive integern. For integersd, r with r > 0, we set

Λ(n)
r (d) :=

{

(λ
(i)
j )1≤i≤n

0≤j≤r−1 ∈ Cnr

∣
∣
∣
∣
∣
d+

∑

i,j

λ
(i)
j = 0

}

.

Take an elementt = (t1, . . . , tn) ∈ Tn andλ = (λ
(i)
j )1≤i≤n,0≤j≤r−1 ∈ Λ

(n)
r (d).
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Definition 2.5.1. (E,∇, {l(i)∗ }1≤i≤n) is said to be a(t, λ)-parabolic connection of rankr if
(1) E is a rankr algebraic vector bundle onX, and
(2)∇ : E→E ⊗ Ω1

C(log(t1 + · · ·+ tn) is a connection, and
(3) for eachti, l

(i)
∗ is a filtration ofE|ti = l

(i)
0 ⊃ l

(i)
1 ⊃ · · · ⊃ l

(i)
r−1 ⊃ l

(i)
r = 0 such thatdim(l

(i)
j /l

(i)
j+1) =

1 and(Resti(∇)− λ(i)
j idE|ti )(l

(i)
j ) ⊂ l

(i)
j+1 for j = 0, . . . , r − 1.

Remark2.5.2. By condition (3) above and [EV-1], we have

degE = deg(det(E)) = −
n∑

i=1

Tr Resti(∇) = −
n∑

i=1

r−1∑

j=0

λ
(i)
j = d.

Let T be a smooth algebraic scheme which is a covering of the modulistack ofn-pointed smooth
projective curves of genusg overC and take a universal family(C, t̃1, . . . , t̃n) overT .

Definition 2.5.3. We denote the pull-back ofC andt̃ with respect to the morphismT ×Λ
(n)
r (d)→ T

by the same charactersC and t̃ = (t̃1, . . . , t̃n). ThenD(t̃) := t̃1 + · · · + t̃n becomes a family of
Cartier divisors onC flat overT ×Λ

(n)
r (d). We also denote bỹλ the pull-back of the universal family

on Λ
(n)
r (d) by the morphismT × Λ

(n)
r (d) → Λ

(n)
r (d). We define a functorMα

C/T (t̃, r, d) from the

category of locally noetherian schemes overT × Λ
(n)
r (d) to the category of sets by

Mα
C/T (t̃, r, d)(S) :=

{

(E,∇, {l(i)j })
}

/ ∼,

where

1. E is a vector bundle onCS = C×
T×Λ

(n)
r (d)

S of rankr,

2. ∇ : E → E ⊗ Ω1
CS/S(D(t̃)S) is a relative connection,

3. E|(t̃i)S
= l

(i)
0 ⊃ l

(i)
1 ⊃ · · · ⊃ l

(i)
r−1 ⊃ l

(i)
r = 0 is a filtration by subbundles such that

(Res(t̃i)S
(∇)− (λ̃

(i)
j )S)(l

(i)
j ) ⊂ l

(i)
j+1 for 0 ≤ j ≤ r − 1, i = 1, . . . , n,

4. for any geometric points ∈ S, dim(l
(i)
j /l

(i)
j+1)⊗ k(s) = 1 for anyi, j and(E,∇, {l(i)j })⊗ k(s)

is α-stable.

Here (E,∇, {l(i)j }) ∼ (E ′,∇′, {l′(i)j }) if there exist a line bundleL on S and an isomorphismσ :

E
∼→ E ′ ⊗ L such thatσ|ti(l

(i)
j ) = l

′(i)
j for anyi, j and the diagram

E
∇−−−→ E ⊗ Ω1

C/T (D(t̃))

σ



y σ⊗id



y

E ′ ⊗ L
∇′

−−−→ E ′ ⊗ Ω1
C/T (D(t̃))⊗ L

commutes.
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Let (Ẽ, ∇̃, {l̃(i)j }) be a universal family onC×T M
α
C/T (t̃, r, d). We define a complexG• by

G0 :=
{

s ∈ End(Ẽ)
∣
∣
∣s|t̃i×Mα

C/T
(t̃,r,d)(l̃

(i)
j ) ⊂ l̃

(i)
j for anyi, j

}

G1 :=
{

s ∈ End(Ẽ)⊗ Ω1
C/T (D(t̃))

∣
∣
∣Rest̃i×Mα

C/T
(t̃,r,d)(s)(l̃

(i)
j ) ⊂ l̃

(i)
j+1 for anyi, j

}

∇G• : G0−→G1; ∇G•(s) = ∇̃ ◦ s− s ◦ ∇̃.

As in the previous section, we can construct the Kuranishi space of(t, λ)-parabolic connections
on a smooth projective curve in using the hypercohomology ofG•.

Theorem 2.5.4.LetX be a smooth projective curve overk, (E,∇, {l(i)∗ }) a (t, λ)-parabolic connec-
tion onX, G• the complex of sheaves onX defined above,W = H1(X,G•), (δ1 . . . , δN) a basis ofW
and(t1, . . . , tN) the dual coordinates onW . LetWk denote thek-th infinitesimal neighborhood of0
in W , and(E1,∇1, {l(i)∗ }1) the universal first order deformation of(E,∇, {l(i)∗ }) overX ×W1 in the
class of(t, λ)-parabolic connections. Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,G•)[[t1, . . . , tN ]],

where fk is homogeneous of degreek (k ≥ 2), with the following property. LetI be the
ideal of k[[t1, . . . , tN ]] generated by the image of the mapf ∗ : H2(X,G•)→k[[t1, . . . , tN ]], ad-
joint to f . Then for anyk ≥ 2, the triple (E1,∇1, {l(i)∗ }1) extends to a(t, λ)-parabolic connec-
tion (Ek,∇k, {l(i)∗ }k) on X × Vk, whereVk is the closed subscheme ofWk defined by the ideal
I ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

We now want to construct the Kuranishi space ofT -parabolic bundles. LetT be a finite set of
smooth points{P1, . . . , Pn} of X andW a vector bundle onX.

Definition 2.5.5. By a quasi-parabolic structure on a vector bundleW at a smooth pointP of X, we
mean a choice of a flag

WP = F1(W )P ⊃ F2(W )P ⊃ ... ⊃ Fl(W )P = 0,

in the fibreWP of W at P . A parabolic structure atP is a pair consisting of a flag as above and a
sequence0 ≤ α1 < α2 < ... < αl < 1 of weights ofW atP .

The integersk1 = dimF1(W )P − dimF2(W )P ,. . . ,kl = dim(Fl(W )P ) are called the multiplici-
ties ofα1, . . . , αl. A T -parabolic structure onW is the triple consisting of a flag atP , some weights
αi, and their multiplicitieski. A vector bundleW endowed with aT -parabolic structure is called a
T -parabolic bundle.

Definition 2.5.6. A T -parabolic bundleW1 onX is aT -parabolic subbundle of aT -parabolic bundle
W2 onX, if W1 is a subbundle ofW2 and at each smooth pointP of T , the weights ofW1 are a subset
of those ofW2. Further, if we take the weightαj0 such that1 ≤ j0 ≤ m, and the weightβk0 for the
greatest integerk0 such thatFj0(W1)P ⊂ Fk0(W2)P , thenαj0 = βk0 .
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Definition 2.5.7. The parabolic degree of aT -parabolic vector bundleW onX is

par deg(W ) := deg(W ) +
∑

P∈I

r∑

i=1

ki(P )αi(P ).

Definition 2.5.8. A T -parabolic bundleW is stable (resp. semistable) if for any proper nonzero
T -parabolic subbundleW ′ ⊂ W the inequality

par degW ′ < (resp.≤)
par deg W rk(W ′)

rkW

holds.

We have a forgetful mapg from (t, λ) parabolic connections toT -parabolic bundles. We thus can
construct the Kuranishi space ofT -parabolic bundles by following an analogous argument to the one
given above. We first introduce the Higgs fieldΦ : E→E⊗ Ω1

X(D) defined as follows:

∀p ∈ X,∀f ∈ OX,p,∀s ∈ EP ,Φ(fs) = fΦ(s).

We afterwards consider a parabolic bundleE with fixed weights and parabolic pointsP1, . . . , PN . We
setL = K ⊗ O(P1, . . . , PN), the line bundle associated to the canonical divisor together with the
divisor of polesD = P1 + · · · + PN . The sheaf of rational1-forms onX is identified with the sheaf
of rational sections of the canonical bundle having single poles at pointsP1, . . . , PN . We replaceti
by Pi, for i = 1, . . . , N andMα

C/T (t̃, r, d) byM s
T . We define a complexB• by

B0 :=
{

s ∈ End(Ẽ)
∣
∣
∣s|P̃i×Ms

Z,C/T
(P̃ ,r,d)(l̃

(i)
j ) ⊂ l̃

(i)
j for anyi, j

}

B1 :=
{

s ∈ End(Ẽ)⊗ Ω1
C/T (D(P̃ i))

∣
∣
∣ResP̃i×Ms

Z,C/T
(P̃ ,r,d)(s)(l̃

(i)
j ) ⊂ l̃

(i)
j+1 for anyi, j

}

ad ΦB• : B0−→B1; ad ΦB•(s) = Φ̃ ◦ s− s ◦ Φ̃.

From this, we deduce the construction of the Kuranishi spaceof T -parabolic bundles on a smooth
projective curve.

Theorem 2.5.9.LetX be a smooth projective curve overk or a complex space (in which casek = C),
E a T -parabolic bundle onX, B• the complex of sheaves onX defined as above,W = H1(X,B•),
(δ1 . . . , δN) a basis ofW and(t1, . . . , tN) the dual coordinates onW . LetWk denote thek-th infin-
itesimal neighborhood of0 in W , andE1 the universal first order deformation ofE overX ×W1.
Then there exists a formal power series

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,B•)[[t1, . . . , tN ]],

wherefk is homogeneous of degreek (k ≥ 2), with the following property. LetI be the ideal of
k[[t1, . . . , tN ]] generated by the image of the mapf ∗ : H2(X,B•)∗→k[[t1, . . . , tN ]], adjoint to f .
Then for anyk ≥ 2, E1 extends to aT -parabolic bundleEk on X × Vk, whereVk is the closed
subscheme ofWk defined by the idealI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.
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Figure 2.1: The spectral sequence is supported on2 vertical stringsp = 0, p = 1.
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CHAPTER 3

LOCAL STRUCTURE OF MODULI
SPACES

I NTRODUCTION

We consider, as before, the four classes of connections: allthe connections with fixed divisor of
polesD, integrable ones, integrable logarithmic connections andintegrable logarithmic ones with a
parabolic structure overD. In addition to the above assumptions, we assume thatX is projective,
and in the logarithmic case,X is smooth andD is a simple normal crossing divisor. In each of
these classes, there exists an appropriate notion of stability of (E,∇), and the moduli space of stable
objects can be constructed as a GIT quotient under an action of GL(k) for some (big)k. This can be
seen for the integrable case by an easy modification of the proof of Simpson [Sim], originally written
for regular integrable connections (that is,D = 0). For the logarithmic case, the moduli space was
constructed by Nitsure [Ni]. The moduli space for logarithmic connections with parabolic structure
at poles was constructed in [I-Iw-S] for the casedimX = 1. The nonintegrable case is completely
similar to the integrable one. We explain, which modifications one should introduce in the proof of
Simpson in order to get the moduli space of meromorphic connections with fixed divisor of poles,
either integrable or not.

In all these cases a standard argument using the Luna slice theorem provides a versal deformation
of (E,∇) whose baseW is an affine scheme endowed with an action of the groupH = Aut(E,∇) =
StabGL(k)(E,∇), and the germ of the moduli space at[(E,∇)] is isomorphic to the germ of the GIT
quotientW//H. On the other hand, the Kuranishi spaceK of (E,∇) is the formal completion ofW;
it carries a natural action ofH, and the quotientK//H is the formal neighborhood of[(E,∇)] in the
moduli space.

We use this method to determine the singularities of the moduli space of connections in some
examples.
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3.1 MODULI OF SHEAVES

In this section, we introduce basic notions on the moduli space of sheaves. We will follow [H-L],
[Ma-1], [Ma-2], [Sim]. Throughout the section,X will be a polarized projective scheme over a
field k, OX(1) some fixed ample invertible sheaf onX. We will identify vector bundles with their
associated locally free sheaves.

3.1.1 Stability

For any coherent sheafE onX, one defines:

Definition 3.1.1. The support ofE is the closed setSupp(E) = {x ∈ X | Ex 6= 0}. Its dimension is
called the dimension of the sheafE and is denoted bydim(E).

Definition 3.1.2. E is pure of dimensiond if dim(F ) = d for all non-trivial coherent subsheaves
F ⊂ E.

We only consider the equidimensional coherent sheaves on a polarized projective scheme (or
variety) overk.

Recall that the Euler characteristic of a pure coherent sheafE of OX-modules onX is

χ(E) :=

dim(E)
∑

i=0

(−1)ihi(X,E),

wherehi(X,E) = dimH i(X,E). If we fix an ample line bundleOX(1) on X, then the Hilbert
polynomialPE is given by

m 7→ χ(E ⊗ OX(m));

In particular,P (E) can be uniquely written in the form

P (E,m) =

dim(E)
∑

i=0

αi(E)
mi

i!
,

with integer coefficientsαi(E). Futhermore, ifE 6= 0, the leading coefficientαdim(E), called the
multiplicity, is always positive.

Definition 3.1.3. If E is a pure coherent sheaf ofOX-modules onX of dimensiond = dim(X), then

rk(E) :=
αd(E)

d!

is called the rank ofE and
deg(E) := αd−1(E)− rk(E)(d− 1)!
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is called the degree ofE. The slope ofE is

µ(E) :=
deg(E)

rk(E)
.

Remark3.1.4. On a smooth projective variety, the Hirzebruch-Riemann-Rochformula shows that
deg(E) = c1(E).Hd−1, whereH is an ample divisor defined by a section ofOX(1).

Definition 3.1.5. The reduced Hilbert polynomialp(E) (E 6= 0) is defined by

p(E,m) :=
P (E,m)

αd(E)
.

Definition 3.1.6. A pure coherent sheafE of OX-modules on a schemeX of dimensiond = dim(X)
is semistable (resp. stable) if and only if for any proper subsheafF of E, one hasp(F ) ≤ p(E) (resp.
p(F ) < p(E)).

Remark3.1.7. We here have used the relation of lexicographic order of their coefficients on the
polynomial ringQ[m]. Explicitly, f ≤ g if and only if f(m) ≤ g(m) for m >> 0. Analogously,
f < g if and only if f(m) < g(m) for m >> 0.

Definition 3.1.8. A pure coherent sheafE of OX-modules onX of dimensiond = dim(X) is µ-
stable (resp.µ-semistable) ifµ(F ) < µ(E) (resp. µ(F ) ≤ µ(E)) for all subsheavesF ⊂ E with
0 < rk(F ) < rk(E).

One easily proves

Corollary 3.1.9. If E is a pure coherent sheafE of OX-modules onX of dimensiond = dim(X),
then one has the following chain of implications

E is µ-stable⇒ E is stable⇒ E is semistable⇒ E is µ-semistable.

3.1.2 Representable and corepresentable functors

Let C be a category,C0 the opposite category, i.e. the category with the same objects and reversed
arrows, and letC′ be the functor category whose objects are the functorsC0→Sets and whose mor-
phisms are the natural transformations between functors. The Yoneda Lemma states that the functor
C→C′ which associates tox ∈ Ob(C) the functorx : y 7→ MorC(y, x) embedsC as a full subcategory
into C′. A functor inC′ of the formx is said to be represented by the objectx.

LetX be a projective scheme,C = Sch /k. For a fixed polynomialP ∈ Q[z] define a functor

M′
X(P ) : C0→Sets

as follows. IfS ∈ Ob(Sch /k) (that isS is a scheme with a morphismS→ Spec(k)) , letM′(S) be the
set ofS-flat familiesF→X×S of vector bundles onX all of whose fibres have Hilbert polynomialP .
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And if f : S ′→S is a morphism in(Sch /k), let M′(f) be the map obtained by pulling back sheaves
via fX = idX × f :

M′
X(P )(f) : M′

X(P )(S)→M′
X(P )(S ′), [F ]→[f ∗

XF ].

If F ∈M′
X(P )(S) is anS-flat family of vector bundles onX with Hilbert polynomialP , and ifL

is an arbitrary line bundle onS, thenF ⊗ p∗(L) is also anS-flat family of vector bundles onX with
a Hilbert polynomial, wherep is the natural projection fromX × S to S. It is therefore reasonable to
consider the quotientMX(P ) = M′

X(P )/ ∼, where∼ is the equivalence relation:

F ∼ F′ ⇐⇒ F ≃ F′ ⊗ p∗L for someL in Pic(S).

Definition 3.1.10. A functor F ∈ Ob(C′) is corepresented byF ∈ Ob(C) if there is aC′-morphism
α : F→F such that any morphismα′ : F→F′ factors through a unique morphismβ : F→F′.

Assume now thatC admits fiber products, then so doesC′. A functorF is universally corepresented
by α : F→F if for any T ∈ Ob(C) and any morphismϕ : T→F, the fibre productΓ = T ×F F is
corepresented byT .

Definition 3.1.11. A coarse moduli scheme of vector bundles on a polarized projective schemeX
overk with Hilbert polynomialP is a schemeMX(P ) such that the functorMX(P ) = M′

X(P )/ ∼
is universally corepresented byMX(P ).

Definition 3.1.12. F is represented byF if α : F→F is a C′-isomorphism. We can rephrase that
definition by saying thatF representsF if MorC(Y, F ) = MorC′(Y,F) for all Y ∈ Ob(C).

Definition 3.1.13. A fine moduli space of vector bundles on a polarized projective schemeX overk
with Hilbert polynomialP is a schemeMX(P ) which represents the functorMX(P ). In this case,
MX(P )(MX(P )) contains a universal vector bundleU overX×MX(P ) with the following property:
for anyS ∈ Sch /k and anyE ∈ MX(P )(S), there exists a unique morphismϕ : S→MX(P ) such
that(idX × ϕ)∗(U) ≃ E.

Remark3.1.14. If a fine moduli spaceMX(P ) exists, it is unique up to an isomorphism. Nevertheless,
in general, the functorMX(P ) is not representable. In fact, there are very few classification problems
for which a fine moduli scheme exists. To get, at least, a coarse moduli scheme, we must somehow
restrict the class of vector bundles that we consider. In [Ma-1] and [Ma-2], M. Murayama found an
answer: (semi)stable vector bundles.

If we take families of (semi)stable locally free sheaves with respect toH = OX(1) only, we get
open subfunctors(M′)ss

X(P ) ⊂ M′
X(P ), respM′

X(P )s ⊂ M′
X(P ) andMss

X (P ) ⊂ MX(P ), resp
Ms

X(P ) ⊂MX(P ), andMs
X(P ) is open inMss

X(P ).

3.1.3 Construction of moduli space

A necessary condition for the existence of a coarse moduli space for the functorMss
X (P ) as a scheme

of finite type onk is the boundedness of the family of all semistable vector bundles onX with Hilbert
polynomialP .
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Definition 3.1.15. A family of isomorphism classes of coherent sheaves ofOX-modules onX is
bounded if there exists ak-schemeS of finite type and a coherent sheafF of OX×S-modules on
X × S such that the given family is contained in the set{Fs|s a closed point inS.}

To presentS and anOX×S-modulesF providing the boundedness forMss
X(P ), we need the fol-

lowing definition.

Definition 3.1.16. Letm be an integer. A coherent sheafF is said to bem-regular, if

H i(X,F (m− i)) = 0 for all i > 0.

Lemma 3.1.17.For any semistable sheafF with Hilbert polynomialP , there is an integerm such
that F ism-regular.

Proof. Follows Serre’s vanishing Theorem.

Definition 3.1.18. Let (X,OX(1)) be a polarized projective scheme overk, S a k-scheme of finite
type,C = (Sch /S), H a S-flat coherent sheaf ofOX-modules with Hilbert polynomialP , then we
define the functor

QuotX/S(H, P ) : C0→ Sets

as follows: If T is a S-scheme, thenQuotX/S(H, P )(T ) is the set ofT -flat coherent quotient
sheavesF of the sheafHT = H⊗OS

OT such that the fibers ofF over all the geometric points of the
Grassmann projectiveS-schemeGr have Hilbert polynomialP .

Theorem 3.1.19.The functorQuotX/S(H, P ) defined above is represented by a projectiveS-
schemeQuotX/S(H, P ) with the universal quotient sheafU.

Proof. See Theorem 2.2.4 of [H-L].

Lemma 3.1.20.As a family representing all the semistable sheaves fromMss
X (P )(k), one can take

the universal quotient sheafU overQuotX/S(H, P ), whereH = k⊕P (m) ⊗ OX(−m) andm is such
thatF ism-regular for all the semistable sheavesF onX with Hilbert polynomialP .

Corollary 3.1.21. The family of semistable sheaves with fixed Hilbert polynomial P on a smooth
projective varietyX is bounded or, in other words, the functorM is bounded.

Proof. Follows from Lemma 3.1.20.

Definition 3.1.22. TheS-equivalence classes are the same as Jordan classes. They are defined for
sheaves (or vector bundles) onX/k as the classes of semistable sheaves with graded objects which
are stable and having the same reduced Hilbert polynomial with respect to the Harder-Narasimham
filtration. LetF andF ′ be semistable sheaves with filtration(Fi) and(F ′

i ), thenF is S-equivalent to
F ′ if and only if
(1) rk(F ) = rk(F ′)
(2) The quotientsFi/Fi−1 ≃ F ′

i/F
′
i−1 up to an appropriate permutation.
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Theorem 3.1.23.The functorMss
X(P ) has a coarse moduli schemeM ss

X (P ) which is quasi-projective
over k, and the points ofM s.s

X (P ) represent the S-equivalence classes of semistable sheaveswith
Hilbert polynomialP . There exists an open subschemeM s

X(P ) ofM ss
X (P ) which is quasi-projective

and whose points represent the isomorphism classes of stablesheaves with Hilbert polynomialP .

Proof. This is Theorem1.21 of [Sim]

Remark3.1.24. Stable vector bundles are a class of vector bundles with the property that families
of stable bundles overSpec(K) ⊂ Spec(R), whereR is a discrete valuation ring with quotient field
K, have at most one extension to families of stable bundles over Spec(R). Hence, by the valuative
criterion, the moduli space is separated if it exists. In higher dimension, if we want to represent the
functor by a projective moduli space, we have to consider notjust (semi)stable vector bundles, but
(semi)stable torsion-free sheaves.

Remark3.1.25. (1) If a coarse moduli space exists for a given classification problem, then it is unique
(up to an isomorphism).(2) A fine moduli space for a given classification problem is always a coarse
moduli space for this problem, but, in general not vice versa. In fact, there is no a priori reason why
the map

Φ(S) : Ms(S)→Hom(S,M s)

should be bijective for varietiesS other than a point.

We refer to [H-L] for general facts on the infinitesimal structure of the moduli spaceM s. Just
let me recall that ifE is a stable vector bundle onX with Hilbert polynomialP , represented by a
point [E] ∈ M s, then the Zariski tangent space ofM s at [E] is given byT[E]M

s ≃ Ext1(E,E). If
Ext2(E,E) = 0, thenM s is smooth at[E]. In general, we have the following bounds:

dimk Ext1(E,E) ≥ dim[E]M
s ≥ dimk Ext1(E,E)− dimk Ext2(E,E).

We rely on Lemma 3.1.20 to describe the family of stable resp.semistable sheaves onX. Thus,
F (m) is generated by global sections. If we setV = k⊕P (m), H := V ⊗OX(−m), then there exists a
surjectionρ : H→F obtained by composing the canonical evaluation mapH0(F (m))⊗OX(−m)→F
with an isomorphismV→H0(F (m)) . This defines a closed point[H→F ] ∈ Quot(H, P ), more
precisely this point is contained in the open subschemeR of all those coherent quotient sheaves
[H→E], whereE is semistable and the induced mapH0(H(m)) ≃ H0(E(m)) is an isomorphism.
The family of stable sheaves is parametrized by an open subschemeRs of R. The family of S-
equivalence classes of semistable sheaves is parametrizedby the quotient ofR by GL(V ).
The next lemma relates the moduli problem to that of finding a quotient for the group action.

Theorem 3.1.26. If R→M ss
X (P ) is a categorical quotient for theGL(V )-action, thenM ss

X (P )
corepresents the functorMss

X (P ). Conversely, ifM ss
X (P ) corepresentsMss

X(P ) then the morphism
R→M ss

X (P ), induced by the universal quotient module onR × X, is a categorical quotient . Simi-
larly, Rs→M s

X(P ) is a categorical quotient if and only ifM s
X(P ) corepresentsMs

X(P ). Therefore,
we haveM ss

X (P ) = R//GL(V ) andM s
X(P ) = Rs//GL(V ).

Proof. See [H-L].
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3.2 MODULI OF CONNECTIONS

Basics for constructing moduli spaces of connections were developed by Simpson [Sim] and Nitsure
[Ni]. Nitsure constructed the coarse moduli space of integrable logarithmic connections with poles
on a normal crossing divisorD in a smooth projective manifold. Simpson provided a more general
approach covering not only regular integrable connectionsand Nitsure’s case of integrable logarithmic
connections, but also Higgs bundles, Hitchin pairs, integrable connections along a foliation, Deligne’s
τ - connnections and so on. Simpson handled all these objects on equal basis asΛ-modules for an
appropriate sheaf of rings of differential operatorsΛ, which is just the standard sheaf of differential
operatorsDX for regular integrable connections, and its associated gradedgr •DX = ⊕∞

m=0SmTX

in the case of Higgs bundles, whereSmTX denotes them-th symmetric power of the tangent bundle
onX.

3.2.1 SheafΛ of rings of differential operators

We will recall Simpson’s definition ofΛ. Let X be a scheme of finite type overk, an alge-
braically closed field of characteristic0. Then a sheaf of rings of differential operators onX is a
sheafΛ of associative rings with unity together with a filtration bysubsheaves of abelian groups
Λ0 ⊂ Λ1 ⊂ Λ2 ⊂ . . . satisfying the following properties:
(1) Λ0 = OX , Λi · Λj ⊂ Λi+j, andΛ = ∪∞

i=0Λi. In particular,Λ and eachΛi areOX-bimodules.
(2) The image of the constant sheafCX in OX = Λ0 is contained in the center ofΛ.
(3) The left and the right structures ofOX-modules on thei-th graded piecegri(Λ) = Λi/Λi−1 are
equal.
(4) The sheavesgri(Λ) areOX-coherent.
(5) TheOX-algebragr •(Λ) is generated by its componentgr1(Λ) of degree1.
(6) There is a left OX-linear map ι : gr1(Λ)→Λ1 providing a splitting of the triple
0→Λ0→Λ1→ gr1(Λ)→0.
(7) gr •(Λ) is the symmetric algebraS•(gr1(Λ)) overgr1(Λ).

As we have mentioned above,Λ = DX is an example. IfX is smooth,E a vector bundle and∇ an
integrable connection overX, then we can considerE as a leftΛ-module, settingv ·s = ∇v(s) for any
local vector fieldv and any local section s ofE. To include the case of non-integrable connections,
we will replace the axiom(7) by the following one
(7′) gr .(Λ) is the tensor algebraT •(gr1(Λ)) = ⊕∞

i=0Ti(gr1(Λ)) overgr1(Λ), whereTi(V ) = V ⊗i for
any moduleV .

Simpson’s construction of moduli spaces of semistableΛ-modules works in all details whether
Λ satisfies the axioms(1) − (7) or (1) − (6), (7′). We will specialize it to the case of meromorphic
connections as in Chapter2, and will briefly describe the steps of the construction of the moduli space.
In the sequel,Λ satisfies the axioms(7) or (7′) depending on whether we are working with integrable
or arbitrary connections.

Let X be a smooth variety overk andDX the sheaf of non commutative rings of differential
operators onX. It can be defined as follows. As a leftOX-module, it is just the tensor algebra
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T •(TX) over the tangent bundle. To determine the multiplicative structure on it, it suffices to define
the productsv · f , wherev ∈ TX,p, f ∈ OX,p, p ∈ X. We set

v · f = fv + v(f),

wherev(f) denotes the derivative off in the direction ofv. This rule allows us to transform the
product of two elements ofT •(TX)

fv1 ⊗ · · · ⊗ vr · gw1 ⊗ · · · ⊗ ws

into an element ofT.(TX) in a finite number of steps.
Now, let us fix an effective divisorD onX. We defineΛ as the subsheaf of rings inDX generated

by OX andTX(−D), the latter sheaf being considered as the subsheaf ofTX ⊂ DX1 consisting of
vector fields vanishing onD. Then for a rankr connection(E,∇) with divisor of polesD, we endow
E with a structure of a leftΛ-module by setting

v · s = ∇vs = vy∇s

for any v ∈ TX,p, s ∈ Ep, p ∈ X. Conversely, we can completely recover∇ from a structure of a
Λ-module in applying the above formula to the vector fieldv ranging over some basis ofTX,p as an
OX,p-module. In the sequel of this section, we will think of connections(E,∇) with divisor of poles
D as leftΛ-modules that are locally free of rankr when considered asOX-modules. For intermediate
steps of this construction, we also need to consider coherent OX-modules with a structure of a left
Λ-module.

From now on,Λ is any sheaf of rings of differential operators satisfying either axioms(1)− (7) or
(1)−(6), (7′). The moduli space of semistableΛ-modules that we are going to construct is interpreted
as the moduli space of a class of connections in the followingcases.
(a) Λ ⊂ DX , generated byOX andTX(−D) and satisfying axiom(7′), correspond to meromorphic
connections with fixed divisor of polesD.
(b) Λ ⊂ DX , generated byOX and TX(−D) and satisfying axiom(7), correspond to integrable
meromorphic connections with fixed divisor of polesD.
(c) Λ ⊂DX , generated byOX andTX < D >= TX(logD) and satisfying axiom(7′), correspond to
logarithmic connections with a simple normal crossing divisor of polesD.
(d) Λ ⊂ DX , generated byOX andTX < D >= TX(logD) and satisfying axiom(7), correspond to
integrable logarithmic connections with a simple normal crossing divisor of polesD.

The sheafTX < D > is dual toΩ1
X(logD) and can be defined as the subsheaf ofTX preserving

the ideal subsheafID of D in X.

3.2.2 Moduli space of semistableΛ-modules

To speak about quasi-projective moduli spaces, we have to start with defining the notions of stability
and semistability.
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Definition 3.2.1. Let X be a smooth projective variety with a very ample sheafOX(1). A coherent
OX-moduleE of rank r > 0 endowed with a structure of a leftΛ-module is called a semistable
Λ-module of rankr, if it is torsion free and for anyΛ-submoduleF 6= 0 of E,

P (F, n)

rk(F)
≤ P (E, n)

rk(E)
∀n >> 0,

whereP (F, n) = χ(F, n) denotes the Hilbert polynomial ofF. If the inequality is strict for allF,
thenE is called a stableΛ-module.

The following lemma is crucial for the boundedness of the family of all semistableΛ-modules of
rankr with fixed Hilbert polynomialP onX.

Lemma 3.2.2.Letm be an integer such thatgr1(Λ)⊗ OX(m) is generated by global sections. Then
for any semistableΛ-moduleE of rankr, and anyOX submoduleF 6= 0, we haveµ(F) ≤ µ(E)+mr,

whereµ(F) denotes the slope ofF, µ(F) =
degOX (1) c1(F)

rk(F)
.

Proof. See the proof of Lemma3.3 of [Sim], which works perfectly for our definition ofΛ.

Corollary 3.2.3. The set of semistableΛ-modules onX with given Hilbert polynomialP is bounded.

Proof. We remark that semistable⇒ µ-semistable and refer to the proof of Corollary3.4 of [Sim].

The following assertion realizes the boundedness propertyfor semistableΛ-modules with given
Hilbert polynomialP : it provides a scheme parametrizing all of them.

Theorem 3.2.4.For fixedP , there existsN0 ∈ N depending onΛ andP such that for anyN ≥ N0

and anyS-flat semistableΛ-moduleE with Hilbert polynomialP onX such that∀s ∈ S, we have
H i(X,Es(N)) = 0 if i > 0, dimH0(X,Es(N)) = P (N) andEs(N) is generated by global sections.

Pick up anyN ≥ N0. Then the functor which associates to eachk-schemeS the set of iso-
morphism classes of pairs(E, α), whereE is a semistableΛ-module with Hilbert polynomialP on
XS = X×S andα is an isomorphismOP (N)

S →H0(XS/S,E(N)), is represented by a quasi-projective
schemeQ overk.

Proof. See Corollary3.6 and Theorem3.8 of [Sim].

The schemeQ is constucted in Theorem 3.2.4 in several steps. First, takethe Grothendieck
Quot schemẽQ = QuotP (O

P (N)
X (−N)) parametrizing the quotientsOP (N)

X (−N)→E→0 with Hilbert

polynomialP . Over Q̃, one considers the familỹ̃Q of morphismsΛ1 ⊗OX
E→E defining on the

quotientsE structures ofΛ-modules. This is a family with affine fibers (e.g. affines spaces in the

case(a) of non-integrable connections). And finally,Q is the open subscheme of˜̃Q parametrizing the
Λ-modules which are semistable.

Let nowM(Λ, P ) denote the functor on schemes overk which associates to ak-schemeS the set
of isomorphism classes of semistableΛ-modules with Hilbert polynomialP . We are now ready to
construct the moduli space for this functor as a GIT quotient.
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Theorem 3.2.5.Under the hypotheses and in the notation of Theorem3.2.4, Q is invariant under
G = SL(P (N)) and carries a G-linearized very ample line bundleL such that all the points ofQ
areL-semistable.

LetM(Λ, P ) = Q//G be the GIT quotient. ThenM(Λ, P ) universally corepresentsM(Λ, P ).
The following properties hold:
(1) M(Λ, P ) is a quasi-projective variety.
(2) The geometric points ofM(Λ, P ) representS-equivalence classes of semistablesΛ-modules with
Hilbert polynomialP .
(3) The closed orbits are in1-to-1 correspondence with the semisimple objects.
(4) The geometric points of the open setM s(Λ, P ) = Qs//G, whereQs parametrizes stableΛ-
modules, are in1-to-1 correspondence with the isomorphism classes of stableΛ-modules with Hilbert
polynomialP .

Proof. This is Theorem4.7 of [Sim].

Remark that the notion ofS-equivalence and semisimple objects are defined exactly as in the case
of moduli of sheaves. Namely, any semistableΛ-moduleE has a Harder-Narisimham filtration

E0 = 0 ⊂ E1 ⊂ · · · ⊂ Et = E

with the property that all the factorsgriE = Ei/Ei−1 are stableΛ-modules with the same reduced
Hilbert polynomial, equal to the reduced Hilbert polynomial P (E,n)

rk E
of E.

Two semistableΛ-modules are calledS-equivalent if the associated graded objects of their Harder-
Narasimhan filtrations are isomorphic. Further,E is semisimple ifE ≃ gr(E).

Finally, if we assert the additional restriction that ourΛ-modules are locally free asOX-modules,
we will obtain the open subvarietiesM0

X(Λ, P ) ⊂ M(Λ, P ) andM0,s(Λ, P ) ⊂ M s(Λ, P ), moduli
spaces of vector bundles with a structure of aΛ-module

3.3 MODULI OF STABLE PARABOLIC CONNECTIONS ,
ACCORDING TO I NABA -I WASAKI -SAITO

For the sake of completeness, we set out here the main resultsof [I] and [I-Iw-S]. We consider
vector bundles and connections over the baseX = C which is a smooth projective curve overk (or a
compact Riemann surface ifk = C).

LetX be a smooth projective curve of genusg. We set

Tn :=

{

(t1, . . . , tn) ∈
n

︷ ︸︸ ︷

X × · · · ×X
∣
∣
∣
∣
∣
ti 6= tj for i 6= j

}

for a positive integern. For integersd, r with r > 0, we set

Λ(n)
r (d) :=

{

(λ
(i)
j )1≤i≤n

0≤j≤r−1 ∈ Cnr

∣
∣
∣
∣
∣
d+

∑

i,j

λ
(i)
j = 0

}

.
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Take an elementt = (t1, . . . , tn) ∈ Tn andλ = (λ
(i)
j )1≤i≤n,0≤j≤r−1 ∈ Λ

(n)
r (d). Let T be a smooth

algebraic scheme which is a covering of the moduli stack ofn-pointed smooth projective curves of
genusg overC and take a universal family(C, t̃1, . . . , t̃n) overT . Take rational numbers

0 < α
(i)
1 < α

(i)
2 < · · · < α(i)

r < 1

for i = 1, . . . , n satisfyingα(i)
j 6= α

(i′)
j′ for (i, j) 6= (i′, j′). We chooseα = (α

(i)
j ) sufficiently generic.

Definition 3.3.1. A parabolic connection(E,∇, {l(i)∗ }1≤i≤n) is α-stable (resp.α-semistable) if for
any proper nonzero subbundleF ⊂ E satisfying∇(F ) ⊂ F ⊗ Ω1

C(t1 + · · ·+ tn), the inequality

degF +
∑n

i=1

∑r
j=1 α

(i)
j dim((F |ti ∩ l

(i)
j−1)/(F |ti ∩ l

(i)
j ))

rkF

<

(resp.≤)

degE +
∑n

i=1

∑r
j=1 α

(i)
j dim(l

(i)
j−1/l

(i)
j )

rkE

holds.

We describe briefly the construction of the moduli space of stable parabolic connections. On a
curveC, we recall the definition of a parabolicΛ1

D-triple following [I-Iw-S]. Let D be an effective
divisor on a curveC. We defineΛ1

D asOC ⊕ Ω1
C(D)∨ with the bimodule structure given by

f(a, v) = (fa, fv) (f, a ∈ OC , v ∈ Ω1
C(D)∨)

(a, v)f = (fa+ v(f), fv) (f, a ∈ OC , v ∈ Ω1
C(D)∨).

Definition 3.3.2. (E1, E2,Φ, F∗(E1)) is said to be a parabolicΛ1
D-triple onC of rankr and degreed

if

1. E1 andE2 are vector bundles onC of rankr and degreed,

2. Φ : Λ1
D ⊗ E1→E2 is a nonzero leftOC-homomorphism,

3. E1 = F1(E1) ⊃ F2(E1) ⊃ · · · ⊃ Fl(E1) ⊃ Fl+1(E1) = E1(−D) is a filtration by coherent
subsheaves.

We take positive integersβ1, β2, γ and rational numbers0 < α′
1 < · · · < α′

l < 1. We assume
γ ≫ 0. We denoteD(t) = t1 + · · ·+ tn.

Definition 3.3.3. A parabolic Λ1
D-triple (E1, E2,Φ, F∗(E1)) is (α, β, γ)-stable (resp.(α, β, γ)-

semistable) if for any subbundles(F1, F2) ⊂ (E1, E2) satisfying(0, 0) 6= (F1, F2) 6= (E1, E2) and
Φ(Λ1

D(t) ⊗ F1) ⊂ F2, the inequality

β1 degF1(−D) + β2(degF2 − γ rkF2) + β1

∑l
j=1 α

′
j length((Fj(E1) ∩ F1)/(Fj+1(E1) ∩ F1))

β1 rkF1 + β2 rkF2
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<

(resp.≤)

β1 degE1(−D) + β2(degE2 − γ rkE2) + β1

∑l
j=1 α

′
j length(Fj(E1)/Fj+1(E1))

β1 rkE1 + β2 rkE2

holds.

Theorem 3.3.4. ([I-Iw-S], Theorem 7.1)Let S be a noetherian scheme,C a flat family of smooth
projective curves of genusg andD an effective Cartier divisor onC flat overS. Then there exists a

coarse moduli schemeMD,α′ ,β,γ
C/S (r, d, {1}1≤i≤nr) of (α′, β, γ)-stable parabolicΛ1

D-triples onC over
S. If α′ is generic, it is projective overS.

Definition 3.3.5. We denote the pull-back ofC andt̃ with respect to the morphismT ×Λ
(n)
r (d)→ T

by the same charactersC and t̃ = (t̃1, . . . , t̃n). ThenD(t̃) := t̃1 + · · · + t̃n becomes a family of
Cartier divisors onC flat overT ×Λ

(n)
r (d). We also denote bỹλ the pull-back of the universal family

on Λ
(n)
r (d) by the morphismT × Λ

(n)
r (d) → Λ

(n)
r (d). We define a functorMα

C/T (t̃, r, d) from the

category of locally noetherian schemes overT × Λ
(n)
r (d) to the category of sets by

Mα
C/T (t̃, r, d)(S) :=

{

(E,∇, {l(i)j })
}

/ ∼,

where

1. E is a vector bundle onCS = C×
T×Λ

(n)
r (d)

S of rankr,

2. ∇ : E → E ⊗ Ω1
CS/S(D(t̃)S) is a relative connection,

3. E|(t̃i)S
= l

(i)
0 ⊃ l

(i)
1 ⊃ · · · ⊃ l

(i)
r−1 ⊃ l

(i)
r = 0 is a filtration by subbundles such that

(Res(t̃i)S
(∇)− (λ̃

(i)
j )S)(l

(i)
j ) ⊂ l

(i)
j+1 for 0 ≤ j ≤ r − 1, i = 1, . . . , n,

4. for any geometric points ∈ S, dim(l
(i)
j /l

(i)
j+1)⊗ k(s) = 1 for anyi, j and(E,∇, {l(i)j })⊗ k(s)

is α-stable.

Here (E,∇, {l(i)j }) ∼ (E ′,∇′, {l′(i)j }) if there exist a line bundleL on S and an isomorphismσ :

E
∼→ E ′ ⊗ L such thatσ|ti(l

(i)
j ) = l

′(i)
j for anyi, j and the diagram

E
∇−−−→ E ⊗ Ω1

C/T (D(t̃))

σ



y σ⊗id



y

E ′ ⊗ L
∇′

−−−→ E ′ ⊗ Ω1
C/T (D(t̃))⊗ L

commutes.

We now can construct the moduli space of this functor.
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Theorem 3.3.6.There exists a relative fine moduli scheme

Mα
C/T (t̃, r, d)→ T × Λ(n)

r (d)

of α-stable parabolic connections of rankr and degreed, which is smooth, irreducible and quasi-
projective and has an algebraic symplectic structure. The fiberMα

Cx
(t̃x, λ) over(x, λ) ∈ T ×Λ

(n)
r (d)

is the irreducible moduli space ofα-stable(t̃x, λ) parabolic connections whose dimension is2r2(g−
1) + nr(r − 1) + 2 if it is non-empty.

Proof. See [I].

3.4 LUNA SLICE THEOREM

In Chapter 2, we have constructed the formal versal deformations, called also formal Kuranishi spaces,
for 4 types of connections: all the connections with fixed divisorof polesD, integrable ones, inte-
grable logarithmic connections and integrable logarithmic ones with a parabolic structure overD. It
is quite easy to see that our formal Kuranishi spaces lift to germs of complex analytic spaces, that
is, our formal series have nonzero radius of convergence. The Luna slice theorem allows us to go
further and produce an affine scheme with a marked point whosegerm at the marked point is the base
of a versal deformation. The Luna slice theorem is stated in the general framework of a reductive
algebraic group acting on ak-schemeX of finite type.

Definition 3.4.1. Let G be an affine algebraic group overk acting on ak-schemeX. A morphism
ϕ : X→Y is a good quotient, if
(1) ϕ is affine, surjective and open.
(2) The natural homorphismOY→(ϕ∗OX)G is an isomorphism.
(3) If W is an invariant closed subset ofX, then its imageϕ(W ) is also a closed subset ofY . If W1

andW2 are disjoint invariant closed subsets ofX, thenϕ(W1) ∩ ϕ(W2) = ∅.

Definition 3.4.2. In the situation of Definition 3.4.1,ϕ is a geometric quotient, if it is a good quotient,
and the geometric fibers ofϕ are the orbits of geometric points ofX. We will denote a good quotient
of X, if it exists, byX//G.

In the constructions of moduli spaces, described in the previous sections, the quotient of the
semistable locus of theQuot scheme bySL(P (N)) is a good quotient, and the quotient of the stable
one is a geometric quotient.

Definition 3.4.3. LetG be an algebraic group ,H ⊂ G an algebraic subgroup,V ak-scheme of finite
type with an action ofH. MakeH act on the productG× V according to the rule

h : (g, v) 7→ (gh−1, hv).

Then there exists a geometric quotientG× V//H such that the natural mapg : G× V→G× V//H
is aH-principal bundle. We denoteG×V//H byG×H V . It has a natural (left) action ofG, and we
say thatG×H V is obtained fromV by extending the action fromH toG.
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Definition 3.4.4. LetG be an affine algebraic group acting on ak-schemeX of finite type,x0 ∈ X,
O(x0) = G · x0 the orbit ofx0. A normal slice toO(x0) at x0 is an affine schemeS ⊂ X with the
following properties:
(1) x0 ∈ S andS is invariant under the action ofGx0 = StabG(x0), the stabilizer ofx0 in G.
(2) The natural morphismϕ : G×Gx0 S→X has an open image and is étale over its image.

Luna Slice Theorem 3.4.5([Ln]) . LetX be ak-scheme of finite type,G a reductive algebraic group
acting onX, and letπ : X→X//G be a good quotient. Letx ∈ X be a point such thatO(x) is
closed. Then there exists a normal sliceS to O(x) at x and the stabilizerGx is a reductive algebraic
group so that there exists a good quotientS//Gx. Moreover, the induced morphism of good quotients
S//Gx→X//G has an affine open image and is étale over the image. Furthermore the following
diagram is commutative.

S ×Gx G //

��

X

��

S//Gx
// X//G

If X is normal (resp. smooth) atx, thenS can be also taken normal (resp. smooth).

Proof. See [Ln].

The fact that the Luna normal slices are versal deformationsis known for moduli of sheaves and
was used by several authors for computing the local structure of the moduli space of sheaves at a
strictly semistable point [O’G], [Dr], [L-S], [M-T].

Now, we will prove that a similar property holds for moduli ofconnections.

Theorem 3.4.6.Let Λ be as in one of the cases(a) − (d) of Sect.3.2, and set the hypotheses and
the notation as in Theorems3.2.4,3.2.5of Sect.3.2. Let E be a polystableΛ-module with Hilbert
polynomialP , z = [E] the corresponding point ofQ. Assume thatE is locally free as anOX-module,
then the orbitO(z) = G · z is closed, so that there is a normal sliceV at z. LetE be the restriction to
X × V of the tautological quotientΛ-module overQ. Then the couple(V,E) is a versal deformation
of E.

Proof. The versality of(V,E) means that the following two properties are verified:
(1) Any (flat) deformationF of E over anyk-schemeS is induced from(V,E) via some morphism
S→V .
(2) The Kodaira-Spencer map

κ : TzV→Ext1
Λ(E,E)

is an isomorphism.
The property(1) follows easily from the universal property of the Quot scheme. We will prove

(2) for the case(a); the other cases are treated similarly. First remark that a structure of aΛ-module
is the same as a connection∇ with divisor of polesD, soExt1

Λ(E,E) = H1(C•), where

F• = [EndOX
(E) ∇ //EndOX

(E)⊗OX
Ω1

X(D)],
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is the complex introduced in Theorem2.9. Thus, we have the following exact triple:

0→H0(EndOX
(E)⊗OX

Ω1
X(D))/∇(H0(EndOX

(E))→Ext1
Λ(E,E)→Ext1

OX
(E,E)→0. (3.1)

Now, a tangent vector fromTzQ is an infinitesimal deformation of the quotient map
OX(−N)P (N)→E→0, or equivalently, of the exact triple

0→K→OX(−N)P (N)→E→0, (3.2)

followed by an infinitesimal deformation of the connection∇ onE. The Quot-scheme parametrizing
the triple (3.2) was denoted̃Q (Sect.2, before Theorem 3.2.5), and

TzQ̃ = HomOX
(K,E).

Next, the deformations of∇ over the algebra of dual numbersk[ǫ]/ǫ2 that fix E are obviously para-
metrized byH0(EndOX

(E) ⊗ Ω1
X(D)); two such deformations are isomorphic if they differ by an

element of∇(H0(EndOX
(E))), so we obtain the exact triple

0→H0(EndOX
(E)⊗OX

Ω1
X(D))/∇(H0(EndOX

(E))→TzQ→HomOX
(K,E)→0. (3.3)

The Kodaira-Spencer mapκ induces a morphism of triples (3.2), (3.3), which is the identity on the
left hand side of the triples. The right hand side counterpart κ̄ of κ can be identified, as in the proof
of Prop.1.2.3 of [O’G], with the homomorphism in the long exact sequence

0→Hom(E,E)→Hom(OX(−N)P (N),E)
α // Hom(K,E)

κ̄ // Ext1(E,E)→ . . . ,

obtained by applyingHom(·,E) to (3.2). In loc. cit., it is proved that̄κ is surjective. Hence,κ is also
surjective.

Corollary 3.4.7. Let (E,∇) be a connection arising in one of the4 cases(a)− (d) of Section2 with
locally free sheafE, and letM = MX(Λ, P ) be the corresponding moduli space. We denote by(K, 0)
the formal Kuranishi space of(E,∇) constructed in Chapter2. Letz ∈ M be the point representing
(E,∇) in M , andH = Aut(E,∇). Then

(K, 0)//H = (M, z).

We will use this corollary in the next section to describe thelocal structure of moduli spaces of
connections in some examples.

3.5 EXAMPLES

LetX be a curve,D an effective divisor onX, r ∈ N andd ∈ Z. We will use the following notation:
CX(r, d;D), the moduli space of semistable pairs(E,∇), whereE is a vector bundle onX of rankr
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and degreed, and∇ is a meromorphic connection onE with fixed divisor of polesD.
MX(r, d), the moduli space of semistable vector bundles of rankr and degreed onX.
M s

X(r, d), the locus of stable vector bundles inMX(r, d).
Cs

X(r, d;D), the locus of stable pairs(E,∇) in CX(r, d;D).
C0

X(r, d;D), the locus of pairs(E,∇) ∈ CX(r, d;D) with stableE.
C̃X(r, d;D), the locus of pairs(E,∇) ∈ CX(r, d;D) with semistableE.
C̃s

X(r, d;D), the locus of pairs(E,∇) ∈ Cs
X(r, d;D) with semistableE.

In the sequel, we will determine some of the relations between these moduli loci and produce
examples of computing their local structure, based on the Luna slice theorem and Corollary 3.4.7.

3.5.1 The case when the underlying vector bundle is stable

Let (E,∇) ∈ C0(r, d;D). Then E is automatically stable. The map of forgetting the second
component of a pair is a well-defined morphismπ : C0(r, d;D)→M s(r, d). Moreover, given two
connections∇,∇′ with divisor of polesD on the same vector bundleE, we have∇ − ∇′ ∈
H0(X,End(E) ⊗ Ω1

X(D)). Thus the fiber ofπ over a point[E] ∈ M s(r, d), if nonempty, is the
affine spaceH0(X,End(E) ⊗ Ω1

X(D)). To determine the imageimπ ⊂ M s(r, d), recall thatE ad-
mits a connection with fixed divisor of polesD if and only if the Atiyah classAtD(E) vanishes in
H1(X,End(E)⊗ Ω1

X(D)). By Serre duality,

H1(X,End(E)⊗ Ω1
X(D))∗ = H0(X,End(E)⊗ OX(−D)),

and by stability,h0(X,End(E)) = 1, the only global endomorphisms ofE being the homotheties.
ThusH1(X,End(E)⊗ Ω1

X(D)) = 0 wheneverD > 0, andh1(X,End(E)⊗ Ω1
X) = 1. E may fail to

be in the image ofπ only whenD = 0. In this case, we refer to a theorem of Atiyah:

Theorem 3.5.1([At-1]) . A holomorphic vector bundleE on a curveX admits a holomorphic con-
nection if and only ifE is semistable of degree0.

Remark also that the dimension of fibres ofπ is constant, as follows from the Riemann-Roch the-
orem. This implies thatπ is a locally trivial fiber bundle with fiber an affine space and with structure
group the affine group. The local triviality follows only in the classical and the étale topologies, for
C0

X(r, d;D) is not a fine moduli space in general and possesses universal connections(E,∇) only in
the classical or étale topologies. Summarizing the above, we state the following theorem.

Theorem 3.5.2.LetX be curve of genusg ≥ 1,D an effective divisor onX, r ∈ N andd ∈ Z. Then
the following assertions hold:

(i) AssumeD = 0. ThenCX(r, d; 0) = ∅ if d 6= 0, andCX(r, 0; 0) = M s
X(r, 0) = ∅ if r > 1 and

g = 1. In the case when eitherg ≥ 2, or r = g = 1, the mapπ : C0
X(r, 0; 0)→M s

X(r, 0) is an affine
bundle, locally trivial in the étale topology, with fiberCr2(g−1)+1.

(ii) AssumeD > 0 andM s
X(r, d) 6= ∅, that is eitherg ≥ 2, or g = 1 andg.c.d.(r, d) = 1. Then

the mapπ : C0
X(r, d;D)→M s

X(r, d) is an affine bundle, locally trivial in the étale topology, with fiber
Cr2(g−1+deg(D)).
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3.5.2 The caseg = 1, r = 2, d = 0: local structure of C̃X(2, 0; 0) at the most
degenerate point

LetX be an elliptic curve,∇ = d the trivial connection, equal to the de Rham differential. Werefer
to (E,∇) as the most degenerate point ofC̃X(2, 0; 0), the moduli space of regular connections on
semistable rank-2 vector bundles of degree0 over an elliptic curve. LetC• be the complex of sheaves

End(E) ∇ //End(E)⊗ Ω1
X .

Consider the long exact sequence

0 −→ H0(X,C•)−→H0(X,End(E))
d1 //H0(X,End(E)⊗ Ω1

X) (3.4)

−→ H1(X,C•)−→H1(X,End(E))
d1 //H1(X,End(E)⊗ Ω1

X)

−→ H2(X,C•)−→H2(X,End(E)) = 0

coming from the spectral sequenceEp,q
1 = Hq(Cp) ⇒ Hp+q(C•), supported on two vertical strings

p = 0 andp = 1. The mapsd1 are commutatorsB 7→ [A,B] = A ◦ B − B ◦ A, where◦ denotes the
Yoneda composition. The first mapd1 is zero, for it is induced by∇End(E) = d (de Rham differential),
andH0(X,End(E)) = C4 idE, and the second mapd1 is the adjoint of the first one with respect
to the Serre duality, so it is zero, too. We conclude thatH2(X,C•) ≃ H1(X,End(E) ⊗ Ω1

X) ≃
H1(X,O⊕4

X ⊗ Ω1
X) ≃ C4, and

0→H0(X,End(E)⊗ Ω1
X)→H1(X,C•)→H1(X,End(E)→0 (3.5)

is an exact triple, so thatH1(X,C•) ≃ C8. We can represent the elements ofH1(X,C•) as the pairs
(A, a), wherea ∈ H1(X,End(E)) andA ∈ H0(X,End(E) ⊗ Ω1

X). As Ω1
X ≃ OX , botha,A can be

represented by2× 2-matrices, which we will write down in the following form:

A =

(
x x12

x21 −x

)

, a =

(
y y12

y21 −y

)

δ,

whereδ is a generator ofH1(X,Ω1
X).

The identification ofH1(X,C•) with H0(X,End(E)⊗Ω1
X)⊕H1(X,End(E)) assumes that some

cross-section of the epimorphismH1(X,C•)→H1(X,End(E)) is fixed. In the case under considera-
tion, (3.5) is just the standard Dolbeault cohomology triple

0→H0(X,Ω1
X)→H1(X,C) = H1(X,Ω•

X)→H1(X,OX)→0 (3.6)

tensored byEnd(C2) = H0(X,End(E)). ThusH1(X,OX) can be identified withH0,1(X,C) =
H1,0(X,C) in H1(X,C). This fixes the choice of a splitting of (3.6) and hence of (3.5). The first
obstruction map is then given by the commutator:

ob2 : (A, a) 7→ [A, a].
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As the identity matrix commutes with any other matrix, we will split the summandsx0 id andy0 id
out ofA, a. In fact, it is easy to prove that all the components of the Kuranishi map are independent
of x0, y0, so that the Kuranishi space is in this case of the formK ≃ C2 × K̃. HereC2 hasx0, y0 as
coordinates and̃K is the zero locus of the reduced Kuranishi mapõb = õb2 + õb3 + · · · : C6→C3,
whereC6 has(x, x12, x21, y, y12, y21) as coordinates, andC3 in the target ofõb is the traceless part of
H1(X,End(E)⊗ Ω1

X). Computing in coordinates, we obtain the initial term:

õb2 :
(

A =

(
x x12

x21 −x

)

, a =

(
y y12

y21 −y

)

δ
)

7→ [A, a] =

(
q1 q2
q3 −q1

)

δ,

whereq1 = x12y21 − x21y12, q2 = 2xy12 − 2x12y, q3 = 2x21y − 2y21x. Thusõb
−1

2 (0) is a complete
intersection of three quadrics of rank4 in C6, q1 = q2 = q3 = 0. One might show by an argument
of "equivariant deformation to the normal cone", similar to the one used in [L-S], that̃ob

−1

2 (0) is iso-

morphic toõb
−1

(0), by an isomorphism, equivariant under the action ofP Aut(E,∇) ≃ PGL(2,C),

so that one can usẽob
−1

2 (0) instead ofõb
−1

(0) in order to determine the local structure of the moduli
space. But, we will use another approach, proving directly that all the higher obstructions vanish in
our case:õb3 = õb4 = · · · = 0 (see Sect. 3.5.3).

Now we will determine the GIT quotientQ := õb
−1

2 (0)//PGL(2,C). We will proceed to a
change of notation for the coordinates inC6: (x, x12, x21) = (s0, s1, s2) and(y, y12, y21) = (t0, t1, t2).
Then the three quadricsq1 = q2 = q3 = 0 becomesitj = sjti. These equations express the
proportionalitys = (s0, s1, s2) ∼ t = (t0, t1, t2). The space of solutions is of dimension4; it can be
expressed as the affine cone over the image of SegreP2 × P1 →֒ P5 :

Cone
(

P2 × P1
)

→ õb
−1

2 {0}
((ξ0, ξ1, ξ2), (λ0, λ1) 7→ (s, t) = (λ0ξ, λ1ξ).

To determine the quotient of this cone byPGL(2,C), remark that the latter acts by simultaneous
conjugation on the two components:

PGL(2,C) ∋ g : (A, a) 7→ (gAg−1, gag−1).

Consider the map

ϕ : õb
−1

2 (0) → C2

(A, a) 7→ (z1, z2) = (Tr(A2),Tr(a2)).

It is given by PGL(2,C)-invariant functions, hence descends to a morphismψ : Q =

õb
−1

2 (0)//PGL(2)→C2. For a fixed pair(z1, z2) with z1z2 6= 0, there are two orbits of pairs of
commuting traceless matrices(A, a) such that(Tr(A2),Tr(a2)) = (z1, z2): these are orbits of two
pairs

(A, a) =
{
( √

z1√
2

0

0 −
√

z1√
2

)

,±
( √

z2√
2

0

0 −
√

z2√
2

)
}

.
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They are distinguished by thePGL(2)-invariant functionz = Tr(Aa), taking opposite signs on them.
There is only one orbit in the fiber ofψ if z1z2 = 0. Thus the map

ψ̃ : Q = õb
−1

2 (0)//PGL(2,C) → Q0 = {(z, z1, z2)|z2 = z1z2}
(A, a) 7→ (Tr(Aa),Tr(A2),Tr(a2)),

is a regular morphism which is bijective. AsQ0 is a normal variety,̃ψ is an isomorphism. We have
proved the following result:

Theorem 3.5.3.LetX be an elliptic curve,E = OX ⊕ OX , ∇ = d the de Rham connection onE.
Then the germ of̃CX(2, 0; 0) at (E,∇) is analytically isomorphic to the germ(C2×Q0, 0), whereQ0

is the quadratic cone inC3 with equationz2 = z1z2.

We will end this subsection by determining the fiber of the natural mapπ : C̃X(2, 0; 0)→MX(2, 0)
over [E], the point representing the isomorphism class ofE = OX ⊕ OX . We represent the germ
of MX(2, 0) at [E] in the same manner as we did forC̃X(2, 0; 0): this is the quotient ofsl2(C) =
End(C2)0 (thea-component of the pairs(A, a)) by the action ofPGL(2,C).

PGL(2,C) ∋ g : a 7→ gag−1.

The quotient is just the affine spaceC2 with coordinates

1

2
Tr(a) = y0,Tr(a2) = z2.

Hence the germ ofπ at (E,∇) is given by

π : C2 ×Q0 → C2

(

(x0, y0), (z, z1, z2)
)

7→ (y0, z2),

and the fiber over[E] = (0, 0) ∈ C2 is

C2 = {z = z2 = y0 = 0} (3.7)

taken with multiplicity 2, for the equationz2 = z1z2 reduces toz2 modulo z2. The fact that it
occurs with multiplicity2 implies thatπ is not a locally trivial fibration near[E], though it is still
equidimensional.

Remark also that the formulas (3.7) describe the fiber inπ−1([E]) only locally near(E,∇),
but it is obvious that this fiber is globally identified withH0(X,End(E) ⊗ Ω1

X)0/P(Aut(E)) ≃
End(C2)0/PGL(2,C) ≃ C2. We conclude:

Proposition 3.5.4. In the situation of Theorem3.5.2, let π : C̃X(2, 0; 0)→MX(2, 0) be the natural
map of forgetting the connection component of each pair(E,∇). Then the fiber ofπ over the most
degenerate pointE = OX ⊕ OX of MX(2, 0) is isomorphic to the affine planeC2 taken with multi-
plicity 2.
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3.5.3 Vanishing of higher obstructions

In Sect. 3.5.2, we stated that when determining the local structure of the moduli spacẽCX(2, 0; 0)
at (E,∇) = (OX ⊕ OX , d), one can replace the obstruction mapob : H1(X,C•)→H2(X,C•) by its
initial termob2, which is quadratic onH1(X,C•). We noted that this might be proved by an argument
of [L-S], but here we provide a simpler proof of a stronger assertion: the higher obstructionsobk

vanish for allk ≥ 3.
As in Sect. 3.5.2, we will denote byx0, x, x12, x21 coordinates onH0(X,End(E) ⊗ Ω1

X) and by
y0, y, y12, y21 coordinates onH1(X,End(E)). Let us fix a flat complex coordinatez onX and denote
by P the pointz = 0. To compute the cohomology of (complexes of) coherent sheaves onX, we
will use the two-element Stein open coveringX = U0 ∪ U1, whereU0 = {|z| < ǫ} is a small disc
centered atP , andU1 = X \ {P}. We denote a basis ofH1(X,OX) by δ, as in Sect. 3.5.2, and will
represent it by thěCech cocycleδαβ = 1

z
∈ Γ(Uα ∩ Uβ,OX). Here and in the sequel,α = 0, β = 1.

We will also specify a sectionσ : H1(X,OX)→H1(X,Ω•

X) on the level ofČech cocycles. A cocycle
definingσ(δ) is given byϕγ ∈ Γ(Uγ,Ω

1
X) (γ = 0, 1) such that

ϕβ − ϕα = d(δαβ) = −dz

z2
.

Lemma 3.5.5.For anyk ∈ Z \ {−1}, there exists a0-cochainϕk = (ϕγ,k) ∈ Č0(U,Ω1
X) such that

ϕβ,k − ϕα,k =
dz

zk

onUα ∩ Uβ, whereU = (U0, U1) denotes the two-element covering.

Proof. The Weierstrass℘-function has the following Laurent expansion at0:

℘(z) =
1

z2
+ c2z

2 + c4z
4 + . . . .

It is regular onU1. We can set

ϕβ,k =
(−1)k

(k − 1)!
℘(k−2)(z)dz, ϕα,k = −dz

zk
+ ϕβ,k (k ≥ 2).

The choice of(ϕγ,k) is not unique. Let us fix such choices for allk ≥ 2 once and for all; set
ϕγ = −ϕγ,2. Now we are ready to fix a choice of coordinates onH1(X,C•): these are8 linear forms
x0, x, x12, x21, y0, y, y12, y21 assembled into two matrices

T =

(
x0 + x x12

x21 x0 − x

)

, Y =

(
y0 + y y12

y21 y0 − y

)

,
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The pair(A, a) = (Tdz, Y δ) corresponds to the cohomology class, represented by the cocycle

(
(T−ϕα,2Y ), (T−ϕβ,2Y ),

1

z
Y
)
∈ Γ(Uα,End(E)⊗Ω1

X)⊕Γ(Uβ,End(E)⊗Ω1
X)⊕Γ(Uα∩Uβ,End(E)).

An order-k deformation of the trivial bundleE = O ⊕ O will be represented by a cocycleG(k)
αβ =

Gαβ,0 +Gαβ,1 + · · ·+Gαβ,k, whereGαβ,0 = id2 andGαβ,k ∈ Γ(Uα∩Uβ,End(E))⊗k[y0, y, y12, y21] is
homogeneous of degreek in y0, y, y12, y21. The formsGαβ,k are not subject to any constraints (cocycle
condition), because our covering has no triple intersections. Similarly, an order-k deformation of∇
will be given by connection matricesA(k)

γ ,

A(k)
γ = Aγ,0 + Aγ,1 + · · ·+ Aγ,k (γ = 0, 1),

whereAγ,0 = 0, andAγ,k ∈ Γ(Uγ ,End(E)⊗ Ω1
X)⊗ k[x0, x, x12, x21, y0, y, y12, y21] is homogeneous

of degreek.

Theorem 3.5.6. There exist sequences(Gαβ,k)k≥0, (A0,k)k≥0, (A1,k)k≥0, whereGαβ,k ∈ Γ(Uα ∩
Uβ,End(E)) ⊗ k[x0, x, x12, x21], Aγ,k ∈ Γ(Uγ,End(E) ⊗ Ω1

X) ⊗ k[x0, x, x12, x21, y0, y, y12, y21], are
homogeneous of degreek (α = 0, β = 1, γ ∈ {0, 1}), with the following properties
(i) Gαβ,0 = id2, Gαβ,1 = 1

z
Y.

(ii) Aγ,0 = 0, Aγ,1 = T − ϕγ,2Y (γ = 0, 1).
(iii) For anyk ≥ 1, the polynomialsG(k)

αβ =
∑k

i=0Gαβ,i andA(k)
γ =

∑k
i=0Aγ,i satisfy the following

congruence:
dG

(k)
αβ ≡ G

(k)
αβA

(k)
β − A(k)

α G
(k)
αβ mod Ik,

whereIk = (q1, q2, q3) + m
k+1, q1 = x12y21 − x21y12, q2 = 2xy12 − 2x12y, q3 = 2x21y − 2y21x,

m = (x0, x, x12, x21, y0, y, y12, y21).

In other words, there are only quadratic obstructions to extending(E,∇) to any orderk ≥ 2.

Proof. As

[T, Y ] =

(
q1 q2
q3 −q1

)

, (3.8)

we can handleT, Y as commuting matrices. A solution to(i) − (iii) can be represented by the
following power series:

Gαβ =
∞∑

k=0

Gαβ,k = e
1
z
Y , Aγ =

∞∑

k=0

Aγ,k = T − ϕγ,2Y

(so thatAγ,k = 0 for all k 6= 1.) Then we have

dGαβ = − 1

z2
Y e

1
z
Y dz = (ϕα,2 − ϕβ,2)Y e

1
z
Y
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= e
1
z
Y (T − ϕβ,2Y )− (T − ϕα,2Y )e

1
z
Y

= GαβAβ − AαGαβ,

(the computation is done modulo(q1, q2, q3), soT andY commute.)

Remark3.5.7. One might also setGαβ,1 = 1
z
Y, Gαβ,k = 0 ∀k ≥ 2, and constructAα,k by induction

onk, using theϕγ,k from Lemma 3.5.5.

3.5.4 The local structure ofC̃X(2, 0; 0) for g = 1: mildly degenerate case

In the setting of Sect. 3.5.2. and 3.5.3, let nowE = OX ⊕ OX and ∇ = d + A, with
A ∈ H0(X,End(E)⊗ Ω1

X) generic. Changing a basis forE, we can assumeA diagonal:

A =

(
λ1 0
0 λ2

)

dz,

λ1λ2 6= 0, λ1 6= λ2. Then the mapd1 on bothH i(X,End(E)) in the exact sequence (3.4) is given by
B 7→ [A,B] = A◦B−B ◦A, where◦ denotes the Yoneda composition, and it has a two-dimensional
kernel and2-dimensional image. Thus we have the exact triple

0→M2(C)dz/

(
0 Cdz

Cdz 0

)

→H1(X,C•)→
(

Cδ 0
0 Cδ

)

→0

and

H0(X,C•) =

(
Cdz 0
0 Cdz

)

H2(X,C•) = M2(C)δdz/

(
0 Cδdz

Cδdz 0

)

.

The obstruction map always takes values in the traceless part H2(X,C•

0), where

C•
0 = [End0(E) ∇ //End0(E)⊗OX

Ω1
X ],

which is1-dimensional in the case under consideration. Thus we mightexpect that the base of the
versal deformation is a hypersurface in the4-dimensional spaceH1(X,C•). But this is impossi-
ble, for we can construct by hand a4-dimensional family of connections, which is a deformation
of (E,∇) and all of whose members are pairwise non-isomorphic. Indeed, OX ⊕ OX deforms to
L1 ⊕ L2 with Li ∈ Pic0(X); each of theLi has a connectiondi, and we get two more parameters in
adding arbitrary multiples ofdz to di. The family obtained(L1 ⊕ L2, (d1 + α1dz) ⊕ (d2 + α2)dz)
is the wanted4-parameterized deformation of(OX ⊕ OX ,∇). We conclude that the obstruction map
is zero, and moreover, as the members of our family are polystable connections, the base of the
family injects into the moduli spacẽCX(2, 0; 0). This implies that though the automorphism group
P(Aut(E,∇)) ⊂ PGL(2,C) is non-trivial here, it acts trivially onH1(X,C•), so that the neighbor-
hood of0 in H1(X,C•) is a local chart for̃CX(2, 0; 0) at (E,∇) (in the classical or étale topology).
We summarize this in the following statement.
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Theorem 3.5.8.LetX be an elliptic curve,E = OX⊕OX ,∇ = d+AwithA ∈ H0(X,End(E)⊗Ω1
X)

generic. Thendim H1(X,C•) = 4, and the neighborhood of0 in H1(X,C•) is a local chart for
C̃X(2, 0; 0) at (E,∇), so thatC̃X(2, 0; 0) is smooth of dimension4 at (E,∇). In particular, this means
that the obstruction mapob : H1(X,C•)→H2(X,C•) vanishes and thatP Aut(E,∇) acts trivially on
H1(X,C•).

We remark that the mapπ : C̃X(2, 0; 0)→MX(2, 0) is not locally trivial near(E,∇), for (E,∇)
belongs to the same fiberπ−1([OX⊕OX ]) which we showed to be a multiple one. The failure of local
triviality is due to the fact thatAut(E) is bigger thanAut(E,∇).

3.5.5 Direct images from bielliptic curves

Let E be an elliptic curve,f : C→E a bielliptic cover as in Sect. 1.1,L a line bundle onC and
(E,∇) = (f∗(L), f∗(∇L)) a direct image connection onE. We will use the notation from Sect. 1.3
of Chapter 1. LetCX denote the moduli spaceCX(2,−1; p+ + p−), wherep± are branch points off .
We will investigateCX in the neighborhood of(E,∇). We will first assume thatE is stable.

Lemma 3.5.9. If E is stable, thendimH i(E,End(E)) = 1 (i = 0, 1), anddimH0(E,End(E) ⊗
Ω1

X(D)) = 8, dimH1(E,End(E)⊗ Ω1
X(D)) = 0, whereD = p+ + p−.

Proof. E can be obtained as an extension

0→OE(−p)→E→OE→0, (3.9)

where p ∈ E is such that det(E) ≃ OE(−p). The Bockstein homomorphism∂ :
H0(E,OE)→H1(E,OE(−p)) is the product with the extension class of (3.9), hence an isomorphism,
otherwise the extension would be trivial andE would be unstable. Twisting (3.9) byOE(D) and
OE(D + p), we finddimH0(E,E(D)) = 3, dimH0(E,E(D + p)) = 5, anddimH1(E,E(D)) =
dimH0(E,E(D + p)) = 0. Finally, tensoring (3.9) byE∗(D) ≃ E(D + p), we obtain the exact triple

0→E(D)→End(E)⊗ OE(D)→E(D + p)→0,

which implies the result sinceΩ1
E ≃ OE.

Thus the exact sequence (3.4) implies thatH2(E,C•) = 0, so that the infinitesimal deformations
are unobstructed. Further,

H0(E,C•) ≃ H0(E,End(E)) ≃ C,

(by stability), and the triple

0→ H0(E,End(E)⊗ Ω1
X(D))→H1(E,C•)→H1(E,End(E))→0 (3.10)

is exact. Hencedim H1(E,C•) = 9, the base of the versal deformation is smooth, andAut(E,∇) is
trivial. Similarly, deformations ofE are unobstructed andAut E is trivial. We deduce:
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Proposition 3.5.10. In the above notation, the neighborhood of zero inH1(E,C•) (resp.
H1(X,End(E))) is a local chart forC0

E = C0
E(2,−1;D) (resp. ME(2,−1)), and the natural pro-

jectionπ : C0
E→ME(2,−1), (E,∇) 7→ [E], is represented in these charts by the natural epimorphism

H1(E,C•)→H1(E,End(E)) coming from the exact triple (3.10). We haveME(2,−1) ≃ E, andπ is
an affine bundle overE with fiberC8, locally trivial in the Zariski topology.

Proof. The existence of universal families of pairs(E,∇) over Luna slices locally in the étale
topology implies thatπ is an affine bundle, locally trivial in the étale topology. Butaccording to
Grothendieck [Gro-1], over a curve, any affine bundle, locally trivial in the étale topology is also
locally trivial in the Zariski topology; this follows from the vanishing of the Brauer group of any
smooth projective curve.

Now, we turn to the case whereE is unstable. Thenπ : CE 99K ME(2,−1) exists as a rational
map in a neighborhood of(E,∇), and it is undefined at(E,∇). Then there existsL ∈ Pic0(E) (see
Prop. 1.6.9) such thatE = OE(−∞) ⊕ L. We haveEnd(E) ≃ O⊕2 ⊕ L∗(−∞) ⊕ L(∞), hence
dimH i(End(E)) = 3 (i = 0, 1), dimH0(E,End(E) ⊗ Ω1

X(D)) = 8 and dimH1(E,End(E) ⊗
Ω1

X(D)) = 0. HenceH2(E,C•

E) = 0 and the deformations of(E,∇) are unobstructed. The descrip-
tion of H1(E,C•

E) depends on the rank of the mapd1 : H0(End(E))→H0(E,End(E) ⊗ Ω1
X(D)) in

the long exact sequence (3.4). For instance, if∇ is the direct image of the regular connectiond + ω
on the trivial bundleOC , we see from formulas (1.12)–(1.14) that

d1 : B =

(
b11 b12
0 b22

)

7→ [A,B]

is of rank1 if λ1 = 0 and of rank2 otherwise. But ifλ1 = 0, then(E,∇) is the direct sum of rank-1
connections and hence is unstable. Thus it does not represent a point ofCE. Similarly, using formulas
from Prop. 1.6.9, we can show thatrk d1 = 2 in all the remaining cases in which(E,∇) is stable, but
E is not. We conclude that there is the exact triple

0 → H0(E,End(E)⊗ Ω1
X(D))/d1(H

0(E,End(E)) ≃ C6→H1(E,C•

E) ≃ C9

→ H0(E,End(E)) ≃ C3→0.

ThusCE is smooth of dimension9, as in the case whenE is stable. Note that in the base of the
versal deformation of(E,∇), there is a hypersurface parameterizing the deformations of (E,∇)
with E unstable. It is defined by the vanishing of the component corresponding to the factor
H1(E,L∗(−∞)) ⊂ H1(E,End(E)). The complement to this8-dimensional hypersurface corre-
sponds to stableE’s, so thatCE can be viewed as a partial compactification ofC0

E at infinity (at the
limit ”∇→∞”). Moreover asdet : ME(2,−1)→E is an isomorphism, anddet is well-defined on
CE, so thatCE \ C0

E is a removable singularity ofπ, locally near(E,∇). We conclude:

Theorem 3.5.11.Let (E,∇) be a stable direct image connection, as in Sect.1.3, with E unstable.
Then the rational mapπ : CE 99K ME(2,−1) is regular at(E,∇) and is a smooth partial compacti-
fication of the affine bundleC0

E→ME(2,−1) with fiberC8.
The infinitesimal deformations of(E,∇) are unobstructed, andH1(E,C•) ≃ C9 is a local chart

of CE near(E,∇).
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We remark that the local triviality ofπ is not global. For example,CE contains a pair(E,∇) with
E = (OE(−∞),L) as above, and

A =

(
0 dz
0 0

)

.

This pair is stable, since the unique destabilizing subbundle L in E is not∇-invariant, butrk d1 = 1
anddim H1(C•) = 10 > dim CE.
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RÉSUMÉ

La correspondance de Riemann-Hilbert, comprise comme la correspondance de monodromie entre
les connections logarithmiques intégrables sur une variété algébriqueX avec diviseur de pôlesD et
les représentations deπ1(X \D), est bijective selon Deligne [De], à condition queD est un diviseur
à croisements normaux et des restrictions sont imposées surles résidus de la connection le long des
composantes deD. Néanmoins, la solution de Deligne n’est pas effective dansle sens que cela
n’implique pas de formules pour calculer la correspondancede Riemann-Hilbert. Par conséquent,
il est important d’avoir sous sa main un nombre d’exemples qui peuvent être résolus explicitement
pour avoir une meilleure compréhension des propriétés générales de cette correspondance. Le travail
de trouver explicitement des exemples calculables avait été commencé par d’autres personnes parmi
lesquelles je cite Korotkin, Enolskiy, Grava, Loray, van der Put, Ulmer. Comme un exemple nouveau,
je donne dans le premier Chapitre une description complète detoutes les connections logarithmiques
de rang2 sur les courbes elliptiquesE avec2 pôles qui sont les images directes des connections
régulières de rang1 sur des revêtements doublesC de genre2 deE (de telles courbesC sont appelées
bielliptiques).

Theorem 3.5.12.Pour un choix approprié de coordonnées affinesξ, x, y, tout revêtement double de
genre2 f : C→E peut être écrit sous la forme suivante:

f : C = {y2 = (t′ − ξ2)(t′ − 1− ξ2)(t′ − t− ξ2)}→E = {y2 = x(x− 1)(x− t)},
(ξ, y) 7→ (x, y) = (t′ − ξ2, y). (3.11)

Les connections(f∗L, f∗∇L), où(L,∇L) parcourt toutes les connections régulières de rang1 sur
les courbes de genre2 bielliptiques, dépendent de6 paramètres(t, t′, λ1, λ2, q̃1, q̃2), parmi lesquels les
quatre premiers sont des nombres complexes (t, t′ ∈ C\{0, 1}, t 6= t′) et q̃i = (ξi, yi) sont deux points
deC tels queL = OC(q̃1 + q̃2−∞+−∞−), où∞± sont les deux points à l’infini deC correspondant
à ξ = ∞. Ces connections ont des pôles logarithmiques aux deux points de branchementp± def et
peuvent être representées sous la formed + A dans une trivialisation méromorphe appropriée deE,
où

A =

(

−1
2
(1

2
( y+y1

x1−x
+ y+y2

x2−x
) + λ2)

dx
y

−1
2
(1

2
( (y+y1)ξ1

x1−x
+ (y+y2)ξ2

x2−x
) + λ1)

dx
y

−1
2
(1

2
( (y+y1)ξ1

(x1−x)(t′−x)
+ (y+y2)ξ2

(x2−x)(t′−x)
) + λ1

t′−x
)dx

y
−1

2
(1

2
( y+y1

x1−x
+ y+y2

x2−x
) + λ2 + y

t′−x
)dx

y

)

. (3.12)

Les fibrés vectoriels sous-jacentsE = f∗L de toutes ces connections sont determinés en termes
de transformées élémentaires, appliquées au fibré vectoriel initial E0 = f∗OC ≃ OE ⊕ OE(−∞),
où∞ désigne le point à l’infinix = ∞ deE. Pour terminer ceci, l’ancienne technique de Lange–
Narasimhan reliant certaines propriétés des fibrés vectoriels de rang2 sur une courbe à la théorie de
l’intersection sur les surfaces réglées associéesP(E) est utilisée. Ces calculs impliquent:

Theorem 3.5.13.Dans la situation du théorème précédent,E = f∗L est un fibré vectoriel de rang
2, de degrée−1 surE avec déterminantOE(q1 + q2 − 3∞), où qi = f(q̃i). Il est instable et une



somme directe de deux fibrés en droites si et seulement si l’undes trois cas suivants se présente: (i)
q̃1 + q̃2 est un diviseur dans la série linéaire hyperelliptiqueg1

2(C) (c’est à direξ1 = ξ2, y1 = −y2, ou
{q̃1, q̃2} = {∞+,∞−}), (ii) q̃1 = q̃2, (iii) q̃i =∞± pour au moins une valeuri ∈ {1, 2}.

Dans tous les autres cas ,E est l’unique fibré vectoriel de rang2 avec déterminant donné; il peut
être obtenu comme l’unique extension non-triviale

0−→ det E−→E−→OE−→0.

Dans le cadre de travail du problème de Riemann–Hilbert , il est intéressant de savoir: Quels sont
les fibrés vectoriels de degré0 qui réalisent les mêmes représentations de monodromies? Selon un
théorème de Bolibruch–Esnault–Viehweg [AB, EV-2], toute connection logarithmique irréductible
(E,∇) sur une courbe peut être transformée par une suite de tranformées élémentaires de Gabber
à une autre paire(E′,∇′), dans laquelleE′ est un fibré vectoriel semistable de degré0 et ∇′ est
une connection logarithmique surE′ avec les mêmes points singuliers et la même monodromie que
∇. J’illustre ce résultat pour la famille de connections(E,∇) = (f∗L, f∗∇L) définies au-dessus en
fournissant une transformée explicite de Gabber:

Proposition 3.5.14.Soient (E, ∇) définis comme au Théorème 1. Soitp+ l’un des deux points de
branchementp± def et v un vector propre deResp+(∇) avec valeur propre1

2
. Alors la transformée

de Gabber(E′,∇′) = elm+
p+,v(E,∇) satisfait à la conclusion du théorème de Bolibruch–Esnault–

Viehweg:E′ est un fibré vectoriel semistable de degré0 et∇′ est une connection logarithmique avec
les mêmes points singuliers et la même monodromie que∇. De plus,E′ ≃ OE(p+ −∞)⊕ OE(q1 +
q2 − 2∞).

L’importance de ce type de résultats est qu’il nous autoriseà considérer des applications de
l’espace de modules des connections à l’espace de modules des fibrés vectoriels, puisque uniquement
les fibrés semistables ont une théorie de l’espace des modules conséquente. Une autre caractéristique
utile des transformées élémentaires est de changer arbitrairement le degré, et ceci enrichit notre con-
naissance de l’espace des modules des connections produisant des applications vers des espaces de
modules des fibrés vectoriels de différents degrés, lesquels peuvent être assez différents et avoir des
dimensions différentes.

Les autres résultats concernant cette famille de connections contenus dans ma thèse sont les de-
scriptions des déformations isomonodromiques et des possibles groupes de monodromie et de Galois
différentiels.

Dans le deuxième chapitre , nous construisons les espaces deKuranishi. SoitX un schéma com-
plet de type fini surk ou un espace complexe (alorsk = C). L’existence d’une déformation verselle
et l’approche théorique à sa construction sont connues pourles faisceaux cohérents surX. La con-
struction de l’espace de Kuranishi (= déformation verselle) est faite pour les faisceaux en utilisant les
résolutions injectives. Nous faisons l’étude des fibrés vectorielsE avec une structure supplémentaire
(une connection∇), et dans ce cas, la théorie de la déformation à la fois deE et (E,∇) peut être
énoncée en termes de cohomologie deČech d’un recouvrement par des ouverts assez fin deX. Cette
approche est plus facile que celle qui utilise les résolutions injectives. Nous commençons avec la
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construction de l’espace de Kuranishi de fibrés vectoriels servant comme un modèle pour celui des
paires(E,∇). Nous introduirons des notations supplémentaires et énoncerons le théorème qui résulte
de cette approche.

SoitU = (Uα) un recouvrement deX, afin que la cohomologie děCechȞ i( End (E)) (i = 0, 1, 2)
puisse être calculée surU et queE|Uα admet une trivialisationeα pour toutα. Les fonctions de
transitiongαβ relient les trivialisations par la formuleeβ = eαgαβ surUαβ = Uα ∩ Uβ.

Les classes d’équivalence des déformations du premier ordre deE surV = Spec C[ǫ]/(ǫ2) sont
classifiées parW = Ȟ1(U,End(E)). Nous construisons une déformation universelle du premierordre
deE surX. Soitt1, . . . , tN les coordonnées linéaires surW ,Wk = Spec k[t1, . . . , tN ]/(t1, . . . , tN)k+1

le k-ième voisinage infinitésimal de l’origine dansW . Nous déformonsE sur la baseW1 en spécifiant
une familleGαβ(t1, . . . , tN) de fonctions de transitions surX × W1. CollectonsN cocyclesai =

(a
(i)
αβ) ∈ Č1(U,End(E)) dont les classes de cohomologie[a1], . . . , [aN ] forment une base deW duale

aux coordonnéest1, . . . , tN . Alors nous posonsg(i)
αβ = a

(i)
αβgαβ, oùa(i)

αβ est representée par sa matrice

dans la baseeα et écrivonsGαβ(t1, . . . , tN) = gαβ +
∑N

i=1 g
(i)
αβti. AlorsGαβ est un1-cocycle et definit

un fibré vectorielE1 surX ×W1 appelé une déformation universelle du premier ordre deE.

Theorem 3.5.15.SoientX,E définies comme ci-dessus,W = H1(X,End(E)), (δ1, . . . , δN) une base
deW et (t1 . . . , tN) les coordonnées duales surW . SoitWk = Spec k[t1, . . . , tN ]/(t1, . . . , tN)k+1 le
k-ième voisinage infinitésimal de l’origine dansW , E1 la déformation universelle du premier ordre
définie comme ci-dessus deE surX ×W1 avec[ai] = δi. Alors il existe une série formelle

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,End(E))[[t1, . . . , tN ]],

où fk est homogène de degrék, avec la propriété suivante. SoitI l’idéal de k[[t1, . . . , tN ]] en-
gendré par l’image de l’applicationf ∗ : H2(X,End(E))∗→k[[t1, . . . , tN ]], adjointe def . Alors
pour tout k ≥ 2, la déformation universelle du premier ordre deE1 of E on X × W1 s’étend
à un fibré vectorielEk sur X × Kk, où Kk est le sous-schéma fermé deWk défini par l’idéal
I ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

La limite inverseK = lim←−Kk est appelée l’espace de Kuranishi formel deE, etE = lim←−Ek le fibré
universel formel surK.

Il résulte que l’espace de Kuranishi pour les connections peut être construit exactement de la même
manière, mais au lieu de la cohomologie du faisceauEnd(E), on doit considérer l’hypercohomologie
d’un complexe appropriéC• de faisceaux. Pour la théorie de la déformation de la classe entière des
connections(E,∇) avec diviseur de pôles fixéD, ceci est le complexe à deux termesC• = [C0→C1],
où C0 = End(E), C1 = End(E) ⊗ Ω1(D), et la différentielledC = ∇End(E) est la connection sur
End (E) induites par∇. Les déformations du premier ordre de(E,∇) avec diviseur de pôles fixé
sont classifiées parW = H1(X,C•), et il y a une déformation universelle du premier ordre(E1,∇1)
de(E,∇) surX ×W1.

Theorem 3.5.16.SoientW = H1(X,C•), (δ1 . . . , δN) une base deW et(t1, . . . , tN) les coordonnées
duales surW . SoitWk = Spec k[t1, . . . , tN ]/(t1, . . . , tN)k+1 le k-ième voisinage infinitésimal de
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l’origine dansW , (E1,∇1) la déformation universelle du premier ordre de(E,∇) surX ×W1 avec
[ai] = δi. Alors il existe une série formelle

f(t1, . . . , tN) =
∞∑

k=2

fk(t1 . . . , tN) ∈ H2(X,C•)[[t1, . . . , tN ]],

où fk est homogène de degrék (k ≥ 2), avec la propriété suivante. SoitI l’idéal de k[[t1, . . . , tN ]]
engendré par l’image de l’applicationf ∗ : H2(X,C•)∗→k[[t1, . . . , tN ]], adjointe def . Alors pour
toutk ≥ 2, la paire(E1,∇1) s’étend à une connection(Ek,∇k) surX×Vk, oùVk est le sous-schéma
fermé deWk défini par l’idéalI ⊗ k[[t1, . . . , tN ]]/(t1, . . . , tN)k+1.

Changer à d’autres classes de connections est équivalent à juste changer le complexeC•. Disons
dans la classe de toutes les connections intégrables avec diviseur de pôles fixéD, nous pouvons choisir

C• = [End(E)→End(E)⊗ Ω1
X(D)→End(E)⊗ Ω2

X(D′)],

oùD′ est n’importe quel diviseur telle que∇End(E)(End(E)⊗Ω1
X(D)) ⊂ End(E)⊗Ω2

X(D′) (on peut
choisirD′ = 2D).

Remark3.5.17. Dans tous les cas, l’application première obstruction (la quadratique) est le carré de
YonedaH1(X,End(E))→H2(X,End(E)) (resp. H1(X,C•)→H2(X,C•)) induit par la composition
a 7→ a ◦ a surEnd(E). Ceci était connu pour les déformations de fibrés vectoriels (voir [Mu-1]) et a
été observé dans ma thèse pour toutes les autres théories de déformations prises sous considération.

Dans le chapitre3, nous abordons l’étude de la structure locale de l’espace des modules. Nous
considérons comme auparavant les quatre classes de connections: toutes les connections avec diviseur
de pôlesD fixé, connections intégrables, connections intégrables logarithmiques et celles qui sont in-
tégrables logarithmiques avec une structure parabolique sur D. En plus des hypothèses ci-dessus,
nous supposons queX soit projective, et dans le cas logarithmique,X soit lisse etD soit un diviseur
à croisements normaux simples. Dans chacune de ces classes,il existe une notion appropriée de la
stabilité de(E,∇), et l’espace des modules des objects stables peut être construit comme un GIT
quotient sous une action deGL(k) pour unk assez grand. Ceci peut être vu pour le cas intégrable
par une modification facile de la preuve de Simpson [Sim], originalement écrite pour les connections
intégrables régulières (ceci est,D = 0). Pour le cas logarithmique, l’espace des modules avait été
construit par Nitsure [Ni]. L’espace des modules pour les connections logarithmiques avec une struc-
ture parabolique aux pôles avait été construit dans [I-Iw-S] pour le casdimX = 1. Nous étendons
l’approche de Simpson aux cas des connections non-intégrables, régulières ou méromorphes avec
diviseur des pôlesD fixé.

Dans tous les cas un argument standard utilisant le Théorèmedes slices de Luna fournit une
déformation verselle de(E,∇) dont la baseW est un schéma affine muni d’une action du groupe
H = Aut(E,∇) = StabGL(k)(E,∇), et le germe de l’espace des modules au point[(E,∇)] est
isomorphe au germe du GIT quotientW//H. D’autre part, l’espace de KuranishiK de(E,∇) est le
complété formel ofW; il est muni d’une action naturelle deH, et le quotientK//H est le voisinage
formel de[(E,∇)] dans l’espace des modules.
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Nous utilisons cette méthode pour déterminer les singularités de l’espace des modules des con-
nections dans des exemples. Nous décrivons l’un d’entre eux. SoitX une courbe de genreg > 0. Re-
marquons que si nous supposons queE est stable, alorsH2(X,C•) = H1(X,End(E)⊗Ω1

X(D)) est de
dimension1 ou0. En réalité, l’image de l’application d’obstruction est dans le noyau de l’application
traceH1(X,End(E) ⊗ Ω1

X(D))→H1(X,Ω1
X(D)). Ceci implique que l’application d’obstruction

s’annule et l’espace des modules des connections est lisse au point [(E,∇)]. Ainsi, nous pouvons
nous attendre à obtenir des singularités uniquement sur lesE non-stables.

Example 3.5.18.SoientD = 0, E = O⊕O, et supposons que la connection régulière∇ = d+A sur
E soit suffisamment générique, pour que la paire(E,∇) soit stable, maisE soit strictement semistable.
Considérons la suite exacte longue

0−→H0(X,C•)−→H0(X,End(E))
d1 //H0(X,End(E)⊗ Ω1

X)

−→H1(X,C•)−→H1(X,End(E))
d1 //H1(X,End(E)⊗ Ω1

X)

−→H2(X,C•)−→H2(X,End(E)) = 0

provenant de la suite spectraleEp,q
1 = Hq(Cp) ⇒ Hp+q(C•), supporté sur deux droites verticales

p = 0 et p = 1. Les applicationsd1 sont les commmutateursB 7→ [A,B] = A ◦ B − B ◦ A, où
◦ dénote la composition de Yoneda. Sous l’hypothèse queA est générique,d1 est de rang2, ainsi la
partie sans traceH2(X,C•)0 deH2(X,C•) est de dimension1 or l’application d’obstruction est zéro.
Par conséquent, la déformation verselle de(E,∇) est lisse.

Considérons maintenant le cas le plus dégénéré:A = 0, pour que∇ soit juste la différentielle de
de Rham. Alors les deux applicationsd1 sont zéro, etH2(X,C•)0 ≃ C3. Le germe de l’espace des
modules au point(O ⊕ O, d) est ainsi le quotientf−1(0)//PGL(2), où f−1(0) est donné par trois
équations dansH1(X,C•) ≃ C8g. Les termes initiaux de ces équations sont des quadriques indépen-
dantes de rang4g, et la méthode de [L-S] de déformation equivariante du cône normal implique qu’en
réalité, nous avonsf−1(0)//PGL(2) ≃ f−1

2 (0)//PGL(2), ceci étant, on peut se limiter à la première
obstructionf2 pour déterminer la structure locale de l’espace des modules.

Un certain nombre d’exemples supplémentaires de calculs des déformations verselles sont traités
pour les connections sur une courbe elliptique avec deux points singuliers décrites au Chapitre 1.
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SUMMARY

The logarithmic connections studied in Chapter 1 are direct images of regular connections on line
bundles over genus-2 double covers of the elliptic curve. We give an explicit parameterization of all
such connections, determine their monodromy, differential Galois group and the underlying rank-2
vector bundle. The latter is described in terms of elementary transforms. The question of its (semi)-
stability is addressed. In Chapter 2, we construct the Kuranishi spaces (or versal deformations) for
the four connection classes: the class of meromorphic connections with fixed divisor of polesD
and its subclasses of integrable, integrable logarithmic and integrable logarithmic connections with a
parabolic structure overD. In Chapter 3, we use the Kuranishi spaces to describe the local structure of
the moduli spaces of connections and their relation to the moduli spaces of underlying vector bundles.

FRENCH SUMMARY

Les connections logarithmiques étudiées dans le Chapitre 1 sont les images directes des connections
régulières sur des fibrés en droites au-dessus de revêtements doubles de genre2 de la courbe elliptique.
Nous donnons une paramétrisation explicite de telles connections, déterminons leurs monodromies,
leurs groupes de Galois différentiels et les fibrés vectoriels sous-jacents de rang2. Ce dernier est
décrit en termes de transformées élémentaires. La questionde sa stabilité est examinée. Dans le
Chapitre 2, nous construisons les espaces de Kuranishi (ou les déformations verselles) pour les quatre
classes de connections: la classe des connections méromorphes avec un diviseur fixé de pôlesD et
ses sous-classes de connections intégrables, connectionslogarithmiques intégrables et connections
logarithmiques intégrables avec une structure parabolique surD. Dans le Chapitre 3, nous utilisons
les espaces de Kuranishi pour décrire la structure locale des espaces de modules des connections et
leur relation aux espaces de modules des sous-fibrés vectoriels sous-jacents.

Key words: elliptic curve, ramified covering, logarithmic connection, bielliptic curve, genus-2
curve, monodromy, Riemann-Hilbert problem, differential Galois group, elementary transformation,
stable bundle, vector bundle, versal deformations, Kuranishi spaces, moduli of sheaves, moduli of
connections, Luna slice.

Classification AMS: 14D21, 14H52, 14H60, 32S40.
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