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2(%3 45/&- 0-(,*%&- 4%',*&0- 2*( (*22$(, H +* ()*+%,) 267'%8/-"
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∑

i

wi

(

R(x0i − t0) + t− xi
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 !> (4 %3,),-*43 %4 $5=&*3(%& ),4=*,&( A ? )* 5)*'( @

∑

i

wi

(

A(x0i − t0) + t− xi

)2
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∑
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[
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∑
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Ã =

(

∑
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H*42 =C7,03C77*/*70 *+0 I-+1 +42 8J40383+-03C7 )* K-203,48*+ 37)1K*7)-70*+ E43 K*4B*70 L02*
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[

(
σ

r
)12 − (

σ

r
)6
]

U!"_W

)1Q73++-70 8J17*263* KC0*703*88* *702* )*45 K-203,48*+ )3+0-70*+ )* r E43 +*20 [ )1Q732 8- =C2,* fij
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∑
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-.2* 5>462( -4*/,520(3 0(3 0.,3 1( 04 7=54),62( 12 -.,)/!
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1(3 7.1Y0(3 ->?3,62(3 =/21,=3 -*=5=1(77()/F 0(3 .HE(/3 7.1=0,3=3 3.)/ 5.)3/,/2=3 1'2) )24+(
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Mẍ = f(x,v)

M

kij

lij xi xj vi vj

kd
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%' /2&* ;&*,'7?0. 7.)< +&'*(, '*=*'9.*( @&','*, P .( P ′ '*'('5/.9.*( 7',(5*(, 7. dx6 5/&0,
5+0?, 7-8&095('&*6 ;., 7.)< +&'*( ,&*( 7',(5*(, 7. dx+ du# A'*,'6 /5 7',(5*;. ,-+505*( P .( P ′

-(5'( '*'('5/.9.*( dl =
√

dx21 + dx22 + dx236 .( 5+0?, 7-8&095('&* dl′ =
√

dx′21 + dx′22 + dx′23#

B* /'*-50',5*( /. 7-+/5;.9.*( 5) @&','*5>. 7. P 6 &* +.)( -;0'0. du = ▽udx6 72&C D

dl′
2
= dl2 + 2dxT ▽ udx+ (▽udx)T ▽ udx E"# FG

dl′
2
= dl2 + dxT ▽ udx+ dxT▽uTdx+ dxT▽uT ▽ udx E"# HG

dl′
2
= dl2 + dxT (▽u+▽uT +▽uT ▽ u)dx E"# !G

dl′
2
= dl2 + 2dxT ǫGdx E"# IG

5@.; ǫG = 1
2

[

▽u+▽uT +▽uT ▽ u
]

/. (.*,.)0 7., 7-8&095('&* 7.  !""## :5 7-8&095('&*

.* )* +&'*( 7) 95(-0'5) .,( 7&*; 7-;0'(. +50 J ;&.K;'.*(,6  !" +&)0 ;L51). 7'0.;('&* 7. /2.,+5;.

/. 95(-0'5) ,. 7-8&09. ,)'@5*( /5 7'0.;('&* 7&**- +50 )* @.;(.)0 7. 7'9.*,'&* $# M* +.)( 0-7)'0.

;. *&930. 7. ;NK;'.*(, O ! .* *&(5*( /5 ,P9-(0'. 7. ;&*,(0);('&* 7. ;. (.*,.)0#

 ! "!#$!%& '!$ ()#"&*+#"!$ Q5'*(.*5*( 1). *&), 5@&*, )*. >05*7.)06 ǫG 1)' *&), +.09.( 7.

7-;0'0. /2-(5( 7. 7-8&095('&* '*(.0*. 7) 95(-0'5)6 *&), 5'9.0'&*, +&)@&'0 0./'.0 ;.((. >05*7.)0

5)< 8&0;., '*(.0*., 1). ,)3'( /2&34.(# R&)0 ;./56 ;&99. *&), ,&99., 75*, /. ;570. 7. /5 (L-&0'. 7.

/2-/5,(';'(-6 *&), ;&*,'7-0&*, 1). /5 /&' 7. S&&T. ,25++/'1).# U2.,( O 7'0. 1)2O ;L51). 7-8&095('&*

;&00.,+&*7 )*. ;&*(05'*(. 1)' /)' .,( +0&+&0('&**.//.# V*. ;&*(05'*(. .,( 7-=*' ;&99. -(5*( )*.

8&0;. +50 )*'(- 7. ,)085;. +.0+.*7';)/5'0. O )* 5<. +50(';)/'.0,# V*. ;&*(05'*(. ,)'@5*( )* 5<.

.,( 7&*; )* @.;(.)0 7. 7'9.*,'&* $# :2.*,.93/. 7., ;&*(05'*(., .* )* +&'*( .,( 7&*; 7-;0'( +50

J ;&.K;'.*(,# W/ 85)( 7&*; X ;&.K;'.*(, +&)0 0./'.0 /., ;&*(05'*(., 5) 7-8&095('&*,# U2.,( /.

(.*,.)0 72-/5,(';'(- C6 1)' .,( 72&070. F6 1)' ,(&;T. ;., 7&**-., D

σ = C : ǫG E"# XG

MC σ .,( /. (.*,.)0 7., ;&*(05'*(.,# U&9+(. (.*) 7. /.)0 ,P9-(0'. /., (.*,.)0, σ .( ǫG +.)@.*(

Y(0. .* 85'( 7-;0'( 5@.; ;L5;)* ! ;&.K;'.*(,# :. (.*,.)0 C .,( 7&*; 7-=*' 5@.; )*'1).9.*( $!

;&.K;'.*(,# Z5*, /5 +05('1).6 +&)0 7., 95(-0'5)< ',&(0&+.,6 7.)< ;&.K;'.*(, ,&*( )('/',-, +&)0

;&*,(0)'0. C D λ .( µ6 /., ;&.K;'.*(, 7. $%&' D

Cxxyy = λ E"# JG

Cxyxy = 2µ E"#"[G

Cxxxx = 2µ+ λ E"#" G

U. 1)' 7&**.6 725+0?, ()*+%!, -".#&%# 75*, \]:%[H^ D

σ = 2µǫG + λ▽ ·u E"#""G

V*. 8&', σ ;&*,(0)'( '/ .,( +&,,'3/. 7. ;5/;)/.0 /., 8&0;., ,25++/'1)5*( ,)0 +&'*( 7. 95('?0.

.* ;5/;)/5*( +&)0 )* @&/)9. '*=*'9.*( +.('( /2'*(->05/. 7., ;&*(05'*(., ,)0 ,5 ,)085;.# U.((.
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%&'()*+& (,*-. '+.&* /+* ▽·σ0 1' )23*&%*(4* )* σ0 -52. 1* 6+7 )* σ 8 .&'3*&- 1' -+&9'4* )+ 351+:*

2(;(2.<-2:'1!

▽ · σ = (λ+ µ)▽ (▽ · u) + µ▽2 u = ! >?

 !" #$%&'()*" +% ,)%-!,!*' @5+- '35(- )<-5&:'2- 1*- 2(95&:'.25(- (<4*--'2&*- A5+& 4'1B

4+1*& 1*- 95&4*- 2(.*&(*- ),+( 5CD*. <1'-.2/+* /+2 -* )<95&:*! @5+- '115(- A5+352& 'AA12/+*& 1*

A&2(42A* 95()':*(.'1 )* 1' )E(':2/+* F

fint + fext = ρü = ! "?

'3*4 fext 1*- 95&4*- *7.<&2*+&*- *. fint = ▽ · σ 1*- 95&4*- 2(.*&(*-! G (5.*& /+* 4*..* </+'.25(

(,2(.H%&* A'- )* .*&:* )2--2A'.29! I<(<&'1*:*(. 1' )2--2A'.25( ),<(*&%2* )+* 8 1' )<95&:'.25( *-.

A&2-* *( 45:A.* *( +.212-'(. +(* 152 32-45B<1'-.2/+* /+2 2(.&5)+2. +( .*&:* ),':5&.2--*:*(. bu̇!
J,5K 1,</+'.25( -5+3*(. +.212-<* F

▽ · σ + bu̇+ fext = ρü = ! L?

 !" #$% &'()*$% +,%-% %./ *, 01-'/2$ ($ *3-*,%02420-

M* 4')&* )* 1' .N<5&2* )* 1,<1'-.242.< A*&:*. )* 4'14+1*& 1' )<95&:<* ),+( 5CD*. /+*145(/+*

-5+:2- 8 )*- 95&4*- 5+ 45(.&'2(.*-! M*- 152- /+* (5+- '35(- )5((<- D+-/+,8 A&<-*(. -,*7A&2:*(. 8

+( (23*'+ 2(;(2.<-2:'1! O1 9'+. )5(4 1*- 2(.<%&*& )'(- 1,*-A'4* A5+& 5C.*(2& 1' )<95&:<* %15C'1*!

O1 *72-.* A5+& 4*1' A1+-2*+&- :<.N5)*-0 )5(. 1*- A1+- +-2.<*- -5(. A&<-*(.<*- 42B)*--5+-!

 !"!# $%& '()*+%& ,(-./012&%) (3 4%&5+%&& 6-.-/% 7+%'%./

 !""#$ A&<-*(.* )'(- PQR@

+
S"T +( :5)H1* -,2(-A2&'(. )*- %&''() *+$(,-"#. /01$'2

103+&,-.0 UVW0 )'(- 1,*-A&2. )*- -E-.H:*- )* A'&.24+1*-0 *. ')'A.< 8 1' )<95&:'.25( ),5CD*.-!

M,'3'(.'%* )* -' :<.N5)* &<-2)* )'(- 1' &*A&<-*(.'.25( +(2/+*:*(. A5(4.+*11* '+--2 C2*( )+

351+:* /+* )* 1' -+&9'4* )* 1,5CD*.! O1 (,E ' '+4+(* 2(95&:'.25( .5A515%2/+* *(.&* 1*- )2X<&*(.-

A52(.-!

.*('(&/("&'()* Y.'(. C'-< -+& 1' .N<5&2* )* 1,<1'-.242.<0 4* :5)H1* &*/+2H&* 1* 4'14+1 )* A&5A&2<.<-

)<;(2*- -+& )*- 351+:*-! J'(- 1,*-A&2. )*- UVW0 1*- 351+:*- 8 )<95&:*& -5(. )5(4 'AA&572:<- A'&

)*- A52(.-0 (5::<-  !"#$%&0 '+7/+*1- 5( '--542* +(* :'--* mi0 +( 351+:* vi *. +(* )*(-2.< ρi!

M' :'--* *-. ;7<* )* :'(2H&* )<;(2.23* 8 1,2(2.2'12-'.25(0 .'()2- /+* 1' )*(-2.< *. )5(4 1* 351+:*

3'&2*(.! M' :'--* *-. )2-.&2C+<* '+.5+& )+ A52(. -+23'(. 1' )*(-2.< 154'1* )* A52(.! Z5::* A5+&

1*- :<.N5)*- A'& A'&.24+1*-0 5( +.212-* +( '$()$% F

Whi
(ri) =

{

315
64πh9 (h

2
i − r2i )3 -2 ri [ hi

0 -2(5(

= ! \?

5K r *-. 1' )2-.'(4* '+  !"#$% *. h )<;(2. 1* -+AA5&.!

V5+& 4N'4+(* )*- A'&.24+1*-0 1' )2-.'(4* :5E*((* 8 4N'4+(* )*- k A'&.24+1*- 1*- A1+- 352-2(*-

*-. +.212-<* 45::* -+AA5&.!
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 !"#$%&!'( %&'()*+, -+ ./01)+&* 1( 123-04+5+&* ▽u, )&*+/6+&0&* 10&' -+ 40-4(- 1+' 78/4+'

)&*+/&+', +'* +'*)52# 98(/ 4+-0, -+' 123-04+5+&*' uj 68)')&' 1:(& 38)&* '8&* (*)-)'2' 48&;8)&*+5+&*

< (&+ /2./+'')8& 1+ *=3+  !"#$% &'()* +,-(.'#

>+ 4+ ./01)+&*, 8& 121()* -:2&+/.)+ 38*+&*)+--+ 2-0'*)?(+ 18&* 8& 12/)6+ -+' 78/4+' ':033-)?(0&*

'(/ -+' 38)&*'# @:)&*2./0*)8& 10&' -+ *+53' 3+(* 0-8/' 068)/ -)+(, +* +'* 70)*+ 10&' ABCD

+
E$F 06+4

1+' '4G250' +H3-)4)*+ +* )53-)4)*+#

I- +'* 38'')J-+ 1:0;8(*+/ (& 48538/*+5+&* 3-0'*)?(+ < 4+ 581K-+ +& 48&'+/60&* ')53-+5+&*

38(/ 4G0?(+ 38)&* (& 1278/50*)8& 3-0'*)?(+ ǫp ?(+ -:8& '8('*/0)+ < -0 48&*/0)&*+ 48(/0&*+ ǫ#
L)&') ') 4+**+ 48&*/0)&*+ 3-0'*)?(+ +'* &8& &(--+, -:8J;+* +'* '8(5)' < 1+' 78/4+' ?() -() 0''(/+ (&+

1278/50*)8& 48&'*0&*+#

%& *+/5+ 1+ 3+/78/50&4+', 4+ *=3+ 1+ 581K-+ &:+'* 30' 30/*)4(-)K/+5+&* +M404+# L)&'), 38(/

(& 8J;+* 48538/*0&* '+(-+5+&* "EE /012'3), -0 7/2?(+&4+ 1+ ')5(-0*)8& +'* 1+ "N 73' 06+4 (&

)&*2./0*+(/ +H3-)4)*+, +* "" 73' 38(/ (& )&*2./0*+(/ )53-)4)*+# L &8*+/ ?(:8/).)&+--+5+&* 3-(' 1+

OEP 1( *+53' 2*0)* 30''2 +& /+&1+/)&., ?() +'* 48Q*+(H 1( 70)* 1+ -:0J'+&4+ 1+ 12R&)*)8& +H3-)4)*+

1+ '(/704+# L6+4 -0 3()''0&4+ 1+ 40-4(- +* -0 '8(3-+''+ 1+ 3/8./0550*)8& 1+' 40/*+' ./03G)?(+'

04*(+--+', 4+ 38(/4+&*0.+ +'* /21()*#

)%*!%&!'(+ >0&' ALST

+
E!F  !"#$ '* (34 12/)6+&* 4+ 581K-+ +& 30/*0&* 1( 3/)&4)3+ )&6+/'+,

4:+'* < 1)/+ ?(+ 30/*0&* 1+ 48&*/0)&*+' +& 123-04+5+&* )-' 40-4(-+&* -+' 48&*/0)&*+' +* 1278/50U

*)8&'# 98(/ 4+-0 )-' (*)-)'+&* -:+H3/+'')8& -)**2/0-+ 1( ./01)+&* 1( 123-04+5+&*# L &8*+/ ?(+ 4+**+

52*G81+ &+ 3+/5+* 30' -0 ')5(-0*)8& 1+ -0 1=&05)?(+ 1+ -0 1278/50*)8&# %--+ 0(*8/)'+ '+(-+5+&*

< 1278/5+/ (& 8J;+* +& -() )538'0&* 1+' 48&*/0)&*+' +& 38')*)8& +* 6)*+''+#

%"&'( 2*+&1 0('') 4+ 581K-+ < -0 ')5(-0*)8& 1+ 7/04*(/+ 10&' A9CL

+
EOF +& *)/0&* 30/*) 1+

-:0J'+&4+ 1:)&78/50*)8& *838-8.)?(+#

 !"! #$% &'()*$% +'*,&$% -./.%

V+**+ 52*G81+ +'* J0'2+ '(/ (& 581K-+ 3/84G+ 1+' 2-25+&*' R&)', 10&' -0 5+'(/+ 8W -:8J;+*

< ')5(-+/ +'* 5812-)'2 30/ (& +&'+5J-+ {Tk} 1+ 3+*)*' 68-(5+', -+' 2-25+&*', 38*+&*)+--+5+&*

&8& '*/(4*(/2# V+3+&10&*, 48&*/0)/+5+&* < -0 52*G81+ 1+' )')#*+, -.+.$, 3/2'+&*2' +& "#$#O,

&) -+ 40-4(- 60/)0*)8&&+-, &) -+ 3/)&4)3+ 1+' */060(H 6)/*(+-' &+ '8&* (*)-)'2'# >+ 3-(', -+' 40-4(-'

&+ '8&* 30' 70)*' 0(H &8+(1' 1+' 2-25+&*', 50)' < -+(/ 4+&*/+# @+ 50)--0.+ (*)-)'2 &:+'* 18&4 30'

< 3/83/+5+&* 30/-+/ -+ 50)--0.+ *2*/0K1/)?(+, 50)' 3-(' +H04*+5+&* '8& 1(0-, -+ 1)0./055+ 1+

/010+2# V:+'* < 1)/+ ?(:8& ':)&*2/+''+ 0( 68-(5+ +&*8(/0&* -+ 4+&*/+, 4855+ -:)--('*/+ -0 R.(/+

"#X#

L)&') -:2?(0*)8& '8(' -0 78/5+ 78/*+ "#"O +'* ')53-+5+&* )&*2./2+ '(/ -+ 1850)&+ Ω Y

∫

Ω
(▽ · σ + bu̇+ fext − ρü) dΩ = 0 Z"#"N[

@:(*)-)'0*)8& 1( *G28/K5+ 1+ -0 1)6+/.+&4+ &8(' 3+/5+* 1+ */0&'78/5+/ -:)&*2./0-+ '(/ (&

68-(5+ 1( *+/5+ ▽ · σ +& (&+ )&*2./0-+ '(/ (&+ '(/704+ Y

∫

Ω
(bu̇+ fext − ρü) dΩ+

∫

∂Ω
σnd∂Ω = 0 Z"#"![



uk Tk

uk =
1

Vk

∫

Tk

udTk

Vk Tk Tk

∑

Tn∈N (k)

(∫

Tk∪Tn

σnds

)

+ bVku̇k + fext − ρVkük = 0

N (k) Tk

Vk

σ
▽ · σ

∑

Tn∈N (k)

(

∫

Tk∪Tn
σnds

)

Tk

Tk
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 !"!# $%& '()*+%& ,-./0%12%& 3-1-%&

$ %&'()*+, -.) /0-1%.) 2%2/.(*) 3(')4 %.) /2*50-.) -. ,2)0%6*'0( 7+, -'82,.(9.) 3('.) 95.,95.(*

: -')9,2*')., 6(. 2;6+*'0( -'82,.(*'.%%. 706, ,.(-,. )0( 9+%96% ,2+%')+<%. 7+, -.) /2*50-.) (6/2=

,';6.)" >06, 9.%+4 +6 %'.6 -. ). ,.70)., )6, %&'(*2?,+*'0( )6, 6( /+'%%+?. -&2%2/.(*)4 %+ /2*50-.

-.) -'82,.(9.) 3('.) )&+776'. )6, %&6*'%')+*'0( -&072,+*.6,) -. -'82,.(*'+*'0( +))09'2) : 6(. ?,'%%."

$'()'4 %&0<@.* -0(* 0( )'/6%. %+ -2A0,/+*'0( .)* +77,0B'/2 7+, 6(. ?,'%%. +6B (C6-) -. %+;6.%%.

%+ A0(9*'0( : 9+%96%., ).,+ 2D+%62." E.**. /2*50-. + 2*2 ./7%0F2. 706, %+ 7,./'1,. A0') -+()

GH>IJKLM 706, )'/6%., -.) 90,7) 2%+)*';6.)4 76') + 2*2 2*.(-6. : %+ 7%+)*'9'*2 .* %+ A,+9*6,. -+()

GHJKK4 HNKKM"

 !"#$%&! I'.( ;6&.O9+9.)4 %.) )952/+) -. *F7. -'82,.(9.) 3('.) )068,.(* -6 /+(;6. -.

)067%.)). '(52,.(* : %&6*'%')+*'0( -&6(. ?,'%%. P '% .)* -'O9'%. -&+77,0B'/., -.) 0<@.*) : %+ ?20/2*,'.

90/7%.B." E.%+ ,.(- +6))' %+ ?.)*'0( -.) 90(-'*'0() +6B %'/'*.) 7,0<%2/+*';6." Q(3(4 9. *F7.

-. /2*50-. (. 7.,/.* 7+) -. ,.(-,. 90/7*. 3(./.(* -.) %0') 90()*'*6*'D.) -.) /+*2,'+6B4

90(*,+',./.(* +6B 2%2/.(*) 3(')" E&.)* 706,;60' 9.**. /2*50-. .)* ?2(2,+%./.(* 90(3(2. +6

*,+'*./.(* -. 7,0<%1/.) *./70,.%)4 90//. %+ 90()*,69*'0( -. )952/+ -. *'/.=)*.77'(?"

 !"!" $%& '()*+%& 4+/'%15& 30(15-*0%&

H06*.) %.) /2*50-.) D6.) @6);6&: 7,2).(* )0(* <+)2.) )6, %+ -')9,2*')+*'0( D0%6/';6. -6

-0/+'(. 2*6-'2" E.%+ '/7%';6. %+ ,2)0%6*'0( -. )F)*1/.) (6/2,';6.) ,.%+*'D./.(* ?,+(-)4 +D.9

%&+D+(*+?. ;6. %+ -2A0,/+*'0( -. %&0<@.* .)* 90((6. 706, %&.()./<%. -6 -0/+'(. Ω"

E.7.(-+(*4 %0,);6. %&0( )'/6%. -.) 90,7) -2A0,/+<%.)4 ;6. 9. )0'* 706, %+ )'/6%+*'0( /2=

-'9+%. 06 %. 7,0*0*F7+?. D',*6.%4 )06D.(* ).6%. %+ 90((+'))+(9. -.) -27%+9./.(*) .( )6,A+9. .)*

(29.))+',." R&6*'%')+*'0( -. /2*50-.) D0%6/';6.) .(*,+S(. -0(9 6( )6,90T* '(6*'%."

E&.)* 706,;60' %+ /2*50-. U%2/.(*) J,0(*'1,.)4 7.,/.**+(* -. 9+%96%., 6(';6./.(* %.) -2=

7%+9./.(*) .( )6,A+9.4 + 2*2 -2D.%0772." E.**. /2*50-. .)* <+)2. )6, %&6*'%')+*'0( -. )0%6*'0()

A0(-+/.(*+%.)
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DF (x) = 0 V "WXY
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DG(x) = δ(x− η), δ 2*+(* %+ -')*,'<6*'0( -. Z',+9" V "W Y
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!
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$%&' φ(x) (%)*'&%+ ,- ).-/*0'&%+ ,&1-2-+'&-))- Dφ(x) = j(x)3 0)%2( 4

φ(x) = (G ∗ j)(x) =
∫

G(x− y)j(y)dy 5 !667

8.-(' 9 ,&2- /*-3 :%++0&((0+' )0 ;*+:'&%+ ,-  !""# <%*2 ).%<=20'-*2 ,&1=2-+'&-) D -' <%*2

*+- :%+,&'&%+ 0*> )&?&'-( ,%++=-(3 &) -(' <%((&@)- ,- :0):*)-2 )0 ;%+:'&%+ φ(x) <02 :%+A%)*'&%+

-+'2- G -' j!

B&' 0*'2-?-+'3 (& ).%+ :0):*)- )-( ;%+:'&%+( ,- C2--+ 0((%:&=-( 9 D <%*2 ,&1=2-+'-( :%+,&'&%+(

0*> )&?&'-(3 %+ <-*' 0)%2( :0):*)-2 <02 (*<-2<%(&'&%+ )&+=20&2- '%*'-( )-( (%)*'&%+( -+D-+,2=-(

<02 (*<-2<%(&'&%+( ,- :-( :%+'20&+'-(! E&+(&3 ,0+( )- :0( ,- )0 (&?*)0'&%+ ,- :%2<( ,=;%2?0@)-(3

%+ %@'&-+' *+- @0(- 2-<2=(-+'0+' '%*'-( )-( ,=;%2?0'&%+( <%((&@)-( ,.*+ %@F-:' (%*?&( 9 ,-(

:%+'20&+'-( G>=-(!

 !"#$%!"& '( )*((" ($ +,-&$!&$-$%./(

H.*'&)&(0'&%+ ,-( ;%+:'&%+( ,- C2--+ -(' ,&2-:'-?-+' -+A&(0D-0@)- ,0+( )- :0( ,- )0 (&?*)0'&%+

,- :%2<( ,=;%2?0@)-(3 ,0+( )- ?-(*2- %I3 <%*2 ,- <-'&'( ,=<)0:-?-+'(3 )- :%?<%2'-?-+' ,.*+

%@F-' ,=;%2?0@)- -(' 2=D& <02 *+- =/*0'&%+ ,&1=2-+'&-))- )&+=0&2-! 8.-(' )- :0( <02 ->-?<)- ,-(

?%,J)-( =)0('%('0'&/*-( )&+=0&2-(!

K+ +- :%+(-2A0+' /*- )0 <02'&- ('0'&/*- ,- ).=/*0'&%+  ! L3 -' -+ M &+F-:'0+' ).-><2-((&%+  ! 63

).=/*0'&%+ ,- $%&'"!3 /*& ,=:2&' )- :%?<%2'-?-+' ('0'&/*- ,.*+ %@F-' ,=;%2?0@)-3 -(' %@'-+*-!

H.&+'=2N' ,- :-''- =/*0'&%+ 2=(&,- ,0+( )0 :%++0&((0+:-3 (%*( )-*2 ;%2?- 0+0)M'&/*-3 ,-( (%)*O

'&%+( ;%+,0?-+'0)-(3 %* ;%+:'&%+ ,-  !""#3 :%++*-( 0*((& <%*2 :-''- =/*0'&%+ (%*( )- +%? ,-

(%)*'&%+( ;%+,0?-+'0)-( ,- (")&'#! E ).0&,- ,- :-( ;%+:'&%+(3 )0 ,=;%2?=- -+D-+,2=- <02 ).0<<)&O

:0'&%+ ,.*+- :%+'20&+'- -+ <%(&'&%+ -+ +.&?<%2'- /*-) <%&+' ,- ).%@F-' -(' :%++*-! P%*2 *+ %@F-'

,&(:2='&(=3 )- (M('J?- ?0'2&:&-) (*&A0+' -(' 0)%2( %@'-+* 4

Au = Bt+ b 5 !6"7

%I b (%+' )-( ;%2:-( A%)*?&/*-(3 -' t )-( :%+'20&+'-( (*2 )-( +Q*,( -+ (*2;0:-!

0!/"'-*1 2-,/( 3*!4,(5

H- (M('J?- <2=:=,-+' <%((J,- 2n &+:%++*-( <%*2 (-*)-?-+' n =/*0'&%+(! R) ;0*' ,%+: G>-2 n
&+:%++*-( <%*2 %@'-+&2 *+ (M('J?- &+A-2(&@)-! S+ '-) (M('J?- -(' ,=:2&' <02 *+ :%*<)- (Λu,Λp)
,.-+(-?@)-( ,.&+,&:-(! H-( &+,&:-( ,- Λu <2=:&(-+' /*-)( +Q*,( A%&-+' )-*2 ,=<)0:-?-+'( &?<%(=(3

'0+,&( /*- Λp <2=:&(- /*-)( +Q*,( %+' *+- <2-((&%+ &?<%(=-(! 8- :%*<)- -(' +%??= *+,#-%!.

/%)," 0!+1)"23 */0!

H-( ,=<)0:-?-+'( )&@2-( uj 3 j ∈ Λp -' )-( <2-((&%+( )&@2-( pj 3 j ∈ Λu (%+' 2-D2%*<=( ,0+( v3

'0+,&( /*- )-( ,=<)0:-?-+'( :%+'20&+'( uj 3 j ∈ Λu -' <2-((&%+( :%+'20&+'-( pj 3 j ∈ Λp (%+' ('%:T=(

,0+( v̄!

v =

{

uj , j ∈ Λp

pj , j ∈ Λu
v̄ =

{

uj , j ∈ Λu

pj , j ∈ Λp
Λu ∩ Λp = ∅ 5 !6L7

8- /*& <-2?-' ,- :%+('2*&2- )- (M('J?- &+A-2(&@)- 4



   !"#$%&' () *$+,-"%$./ $/%'&" %$0' 1'  .&#* 123.&+"4-'* !"

Gv + Ḡv̄ = b # !$%&

Gv = z # !$'&

()*+ G +,-.*-/-. 0*1 +,0,--*1 2* A +,33*14,-2/-. /56 -7521 j ∈ Λp *. 0*1 +,0,--*1 2* −B

+,33*14,-2/-. /56 -7521 j ∈ Λu8 *.

z = Ḡv̄ + b # !$9&

:; Ḡ +,-.<*-. 0*1 +,0,--*1 2* A +,33*14,-2/-. /56 -7521 j ∈ Λu *. 0*1 +,0,--*1 2* −B

+,33*14,-2/-. /56 -7521 j ∈ Λp!

 !"#$%&!' (<-1<8 ,- 4*5. +/0+50*3 0/ 2=>,3?/.<,- 2* 0/ 153>/+* 2@5- ,AB*. 1,5?<1 C 2*1

>,3+*1 *6.*3-*1 *. C 2*1 +,-.3/<-.*1 *- 153>/+*1! D*4*-2/-.8 ?E?* 1@<0 *1. 4,11<A0* 2* ?,250*3

0@/?40<.52* 2*1 +,-.3/<-.*18 <0 *1. <?4,11<A0* 2* 0*1 2=40/+*38 +* F5< 3*1.3*<-. 23/1.<F5*?*-. 0*1

4,11<A<0<.=1 2/-1 0* +/23* 2* 1<?50/.<,-1 <-.*3/+.<)*1! G,5. +H/-I*?*-. 2/-1 0/ 4,1<.<,- ,5 0/

-/.53* 2*1 +,-.3/<-.*1 -=+*11<.* 2* 3*+,-1.35<3* 0* 1J1.K?*  !$%! L* 40518 =./-. 2,--= 0/ 1.35+.53*

2*1 ?/.3<+*1 ,A.*-5*18 ?E?* 1< 0*53 2<?*-1<,- *1. <->=3<*53* C +*00* F5@,- /53/<. /)*+ 0*1 MNO8

+*1 2*3-<*31 1@/)K3*-. 1,5)*-. 4051 *P+/+*1 +/3 ?,<-1 I,53?/-2 *- ?=?,<3*8 *. 4051 >/+<0*?*-.

,4.<?<1/A0*1 *- 3/<1,- 25 ?,.<> 2*1 ?/.3<+*1 +3*51*1 I=-=3=*1!

Q0 *1. <?4,3./-. 2* -,.*3 F5* 0*1 ?,2K0*1  !" -* 4*5)*-. 4/1 1<?50*3 2*1 ?/.=3</56 H=.=3,R

IK-*1! S*501 2*1 ?/.=3</56 H,?,IK-*1 <1,.3,4*1 4*5)*-. E.3* ?,2=0<1=1! L* 40518 +*1 ?,2K0*1 -*

1,-. )/0/A0*1 F5* 4,53 2* 4*.<.1 2=40/+*?*-.1 45<1F5@,- -* 4*5. ?,2=0<1*3 F5* 2*1 2=>,3?/.<,-1

0<-=/<3*1! N-T-8 <0 -@*1. 4/1 4,11<A0* 2* 1<?50*3 0/ 2J-/?<F5* 2*1 2=>,3?/.<,-1 +/3 0*1 >,-+.<,-1

2* #$%%& 2* +* 43,A0K?* -* 1,-. 4/1 +,--5*1!

 !"!# $%& '()*+%& ,+%'%-.& /0-0&

U*1 ?,2K0*1 =0=?*-.1 T-<1 1,-. 0/ 3=4,-1* +0/11<F5* /5 43,A0K?* 2* 0/ 3=1,05.<,- 2@=F5/.<,-

2<V=3*-.<*00*1 *00<4.<F5*1 4,53 2*1 ,AB*.1 F5*0+,-F5*1! Q01 4*3?*..*-. 2* 2<1+3=.<1*3 0@=F5/.<,-

 ! W 2* ?/-<K3* C ,A.*-<3 5- 1J1.K?* F5< 45<11* E.3* 3=1,05 -5?=3<F5*?*-.!

X,53 +*0/8 0/ >,3?* >/<A0* 2* 0@=F5/.<,-  ! W *1. 2=3<)=*! D@*1. C 2<3* F5@*- 5.<0<1/-. 0*1

?,J*--*1 4,-2=3=*18 0* .H=,3K?* 2*1 .3/)/56 )<3.5*018 ,5 5-* /-/0J1* )/3</.<,--*00*8 ,- 4/11*

2@5-* =F5/.<,- 2<V=3*-.<*00*8 /44*0=* >,3?* >,3.*8 /)*+ 2*1 +,-2<.<,-1 /56 0<?<.*1 C 5-* <-.=I3/0*8

/44*0=* >,3?* >/<A0*8 153 5- 2,?/<-* ),05?<F5* Ω! X,53 +*0/8 ,- 5.<0<1* 5-* >,-+.<,- 2* .*1.8 ,5

>,-+.<,- 2* 4,-2=3/.<,- v! v 2,<. E.3*  !"#$%&'()8 ,5  &*+"$%&,-)")*% $."&//&'()8 +* F5< 1<I-<T*

F5@*00* 2,<. 3*14*+.*3 0*1 +,-2<.<,-1 /56 0<?<.*1 *11*-.<*00*18 ,5 +,-2<.<,-1 2* '($()*+%,!

∫

Ω
v ·

(

ρ · ∂
2u

∂t2
+ ▽ · σ + b · ∂u

∂t
+ f

)

· dΩ = 08 ∀v # !$Y&

N-15<.*8 0/ 2=3<)/.<,- 4,3./-. 153 σ *1. .3/-1>=3=* 153 v *- 5.<0<1/-. 0* .H=,3K?* 2* 0/ 2<)*3R

I*-+*!

U@=F5/.<,- ,A.*-5* *1. /0,31 2<1+3=.<1=* 2* ?/-<K3* C 4,5),<3 E.3* <-.=I3=* -5?=3<F5*?*-.!

X,53 +*0/8 ,- 5.<0<1* 2*1 /443,6<?/.<,-1 uh *. vh 2* u *. v F5< 1,<*-. 2*1 +,?A<-/<1,-1 0<-=/<3*1

2* >,-+.<,-1 2* A/1*1 +,--5*1 *. >/+<0*?*-. <-.=I3/A0*1!



 !"  !"! #$% &'()#$% *+%,% %-. #+ /0,'.1$ ($ #2,#+%/131/,  #

 !"#"$%&' (&)*

$%&' (%)*+'&,'- (-* .%)(+,%)* /0122'%3,41+,%) ,5 -*+ 2%**,65- /- *0122&7-' *&' &)- /,*('8+,9

*1+,%) Ωh /& /%41,)- Ω! :-++- /,*('8+,*1+,%) -*+ ;8)8'15-4-)+ %6+-)&- < 501,/- /0&)- 21'+,+,%)

{Tk}1<k<nbel
/& /%41,)- -) +8+'1=/'-* Tk

 

! :0-*+ < /,'- >&0%) /8(%&2- 5- /%41,)- Ω -) &)

-)*-465- /- (-55&5-* /,*?%,)+-*@ ;8)8'15-4-)+ /-* +8+'1=/'-*! :-* +8+'1=/'-* *%)+ -)*&,+- 4&),*

/- .%)(+,%)* /0,)+-'2%51+,%) θ1,2,3,4 >&, 2-'4-++'%)+ /- (%)*+'&,'- uh -+ vh!

A08584-)+ B),* 1**%(,8 1& +8+'1=/'- T 2-&+ 15%'* C+'- /8B),+ (%44- 5- (%&25- {T,Σ}@ %D Σ
-*+ &) -)*-465- /- 4 .%)(+,%)* /0,)+-'2%51+,%) θ1,2,3,4 1**%(,8-* 1E-( (F1(&) /-* *%44-+* x1,2,3,4
/& +8+'1=/'-!

+&'%,-.#/'%0,* #.1/# %' 2#.3/#

G 501,/- /0&) 8584-)+ B), {T,Σ} ,5 -*+ 2%**,65- /- /8B),' &) ,)+-'2%51+-&' 5%(15 IL >&, E1

2-'4-++'- /- (15(&5-' &)- ;'1)/-&' 2F7*,>&- < 50,)+8',-&' /& +8+'1=/'- T ! H5 -*+ /8B), (%44-

*&,+ I

Il : v →
4

∑

i=1

v(xi)θi J !"KL

M- 41),='- *,4,51,'- %) 2-&+ /8B),' 50,)+-'2%51+-&' ;5%615 Ih *&' 50-)*-465- /& /%41,)- Ω
(%44- I

Ih : v →
∑

T∈{Tk}

4
∑

i=1

v(xi)θi J !"NL

+&'%,-.#/').& 40 4"-#/1%$%&'

A0,)+-'2%51+-&' 2-&+ 41,)+-)1)+ C+'- &+,5,*8 2%&' (%)*+'&,'- &)- 122'%3,41+,%) uh /& /82519

(-4-)+ u I

uh = Ihu =
∑

T∈{Tk}

4
∑

i=1

u(xi)θ
T
i J !" L

:-++- 122'%3,41+,%)@ /%)+ 5-* .%)(+,%)* /- 61*- θT
1,2,3,4 *%)+ /8B),-* 2%&' 5- *&22%'+ (%421(+

(%)*+,+&8 21' 5- +8+'1=/'- T @ 2-'4-+ /0&+,5,*-' 51 5,)81',+8 /- 50,)+8;'15- 2%&' .1(,5,+-' 50,)+8;'1+,%)

/- 508>&1+,%) 2.39 !"#$%&'()%#*$ +,% )-*(, .)#%+ %&%()/0(+ 1)( %&%()/0(+ 

 !"#$%&'(")&! *# '( +,&-,"$)#

2*3, ,*44+, 0*$5 1)(6+$3 7 0&5*31+( -"#$%&'()-+ 8 9: ,3( -+ 0*4)#$+ Ω +$ 3$+ ,*44+

0"#$%&'()-+, ,3( Ωh ;<)=3+ %+(4+ 0+ 5+%%+ ,*44+ 0*#% 0*$5 >%(+ #$%&'(& ,3( -+ 6*-34+ 0&?$# 1)(

-+ %&%()/0(+ T  @*3( ,#41-#?+( 1-3, +$5*(+ -+, 5)-53-,A #- +,% #$%&(+,,)$% 0"+B+5%3+( 3$ 5<)$'+4+$%

0+ 6)(#)C-+ 1*3( #$%&'(+( 5<)=3+ %+(4+ 0+ -"#$%&'()-+ $*$ 1-3, ,3( T A 4)#, ,3( 3$ %&%()/0(+ 0+

(&.&(+$5+ T̂  T̂ +,% 0&5(#% 0)$, -) D#'3(+ 8 EF 

 

 !""! #$%"&"&'( #')%%$&" $)**& +"%! ',"!()! $-!. )( $)"%! "/#! 0! -'1)2!3 .'22! )( .),! #$% !4!2#1!



T̂

Tk T̂

xh = Ix =
∑

T∈{Tk}

4
∑

i=1

x(xi)θ
T
i

Mẍ+Bẋ+Kx = f int(x)
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#$%& '$()$%&(*& '*+ ,-.-)/)-$(+  !"# $%&'( 0&$0$+* 1/(+ +/ )23+* 1*%4 +$,%)-$(+5 1/(+ ,*

'/+ 1* ,67,/+)$+)/)-8%*5 0$%& 79-)*& '*+ 0&$:,3.*+ ;

<! =, 0&$0$+* 16%)-,-+*& ,/ >$&.%,* 1* )*'+&%,-.!++/(!,-0!!12"+3 0$%& .*))&* ? @$%&

,*+ >$(')-$(+ 1* 4+'', &/0-1*.*()5 *) 0*&.*))&* /-(+- 1* '2/(A*& ,*+ '$()&/-()*+!

 ! =, .$()&* 8%* ,6%)-,-+/)-$( 16%( ./-,,/A* 2-7&/&'2-8%* '$%0,7 ? %(* )&/(+>$&.7* *( $(1*,*))*

1* +*'$(1* A7(7&/)-$( 0*&.*) 1* &71%-&* 1&/+)-8%*.*() ,/ .7.$-&* '$(+$..7*!

#$%& '*,/5 -, 0&$0$+* 1* '/,'%,*& 2$&+B,-A(* ,*+ >$(')-$(+ 1* 4+'', Ξ 1-+'&3)*+ /++$'-7*+ ? %(

567 1* ,/ >/C$( +%-9/()* ;

Ξ = −G−1Ḡ D !E"F

G* )*,,* +$&)* 8%6$( 0%-++* '/,'%,*& ,* v 1* ,678%/)-$(  !H" 1-&*')*.*() 1*0%-+ v̄ ;

v = Ξv̄5 $% D !EIF

v = Ξv̄ +G−1b D !EJF

K6/9/()/A* 1* '*))* >$&.%,/)-$( &7+-1* 1/(+ ,/ 0$++-:-,-)7 1* .*))&* ? @$%& ,/ ./)&-'* Ξ *(

%)-,-+/() 1*+ /,A$&-)2.*+ 1* )L0* 8%9%:/;%,:' .%;+/< =>#!+/;&'(5 8.=!

=, *+) 1$(' 0$++-:,* 1* 0&7'/,'%,*& ,*+ >$(')-$(+ 1* 4+'', /++$'-7*+ ? '*))* 78%/)-$( 1-M7B

&*()-*,,* 0$%& 0,%+-*%&+ '$()&/-()*+5 *) .-*%4 *('$&*5 -, *+) 0$++-:,* 1* ,*+ .*))&* &/0-1*.*() ?

@$%&! N-(+-5 +- S = Si '$()-*() ,6*(+*.:,* 1*+ -(1-'*+ 1*+ (O%1+ 1$() $( -(9*&+* ,/ (/)%&* 1* ,/

'$()&/-()*5 P!*! ,*+ 170,/'*.*()+ 1*9-*((*() 1*+ )&/')-$(+ *) -(9*&+*.*()5 *) +- E *+) ,/ ./)&-'*

0*&.*))/() 1* >/-&* ,*+ 0*&.%)/)-$(+ /++$'-7*+5 /,$&+ ;

Gnew = G+ (Ḡ−G)EET
D !EQF

Ḡnew = Ḡ+ (G− Ḡ)EET
D !ERF

$%&'(  ! "#$ $() .$()&7 1/(+ ST#RRU 8%6-, *+) 0$++-:,* 1* &/0-1*.*() .*))&* ? @$%& ,/ ./)&-'*

1*+ >$(')-$(+ 1* 4+'', Ξ +*,$( ;

Ξnew = Ξ+ (Ξ+ I)EC−1ET (Ξ− I) D !"VF

N9*' C = −ETΞE!

=, *+) 1$(' 0$++-:,* 1* '2/(A*& 1L(/.-8%*.*() *) &/0-1*.*() ,/ (/)%&* 1*+ '$()&/-()*+ /0B

0,-8%7*+ ? %( '$&0+5 '* 8%- /%)$&-+* ? A7&*& 1*+ '$()/')+ *()&* '* '$&0+ *) +$( *(9-&$((*.*()!

W*0*(1/()5 ,/ ./)&-'* Ξ &*+)* 0,*-(* *) +$( +)$'X/A* 1*9-*() 0&$2-:-)-> 13+ ,$&+ 8%* ,* +L+)3.*

+-.%,7 1*9-*() )&$0 '$.0,*4*!

W6*+) 0$%&8%$- $%&'( 0&$0$+* 1/(+ ST#VHU 1* +)$'X*& ,*+ Ξ 1* ./(-3&*+ 2-7&/&'2-8%*+ *(

%)-,-+/() 1*+ )&/(+>$&.7*+ *( $(1*,*))*+! N )*&.*5 '* )L0* 1* .$13,* 0*%) /%++- Y)&* %)-,-+7 0$%&

+-.%,*& 1*+ '2/Z(*+ 1* '$&0+ 17>$&./:,*+ ST#V U!

 !"#$%&! [( 170-) '* '*+ /.7,-$&/)-$(+5 ,6%)-,-+/)-$( 1* >$(')-$(+ 1* 4+'', *) 1* 8.= *+)

/++*\ ,-.-)7*! K/ 0&-('-0/,* ,-.-)/)-$( 17'$%,* 1* ,/ ,-.-)/)-$( ? 1*+ 0*)-)+ 170,/'*.*()+ 1% >/-)

1* ,/ ,-(7/&-)7 1% .$13,*! [(+%-)*5 -, (6*+) 0/+ 0$++-:,* 1* +-.%,*& ,/ 1L(/.-8%* 1* ,/ 17>$&.7*!

]*%,* ,/ +)/)-8%* *+) +-.%,/:,*! [(^(5 ,*+ ./)7&-/%4 1$-9*() Y)&* 2$.$A3(*+5 '* 8%- (6*+) 0/+

)$%@$%&+ ,* '/+!



u

q

u = Uq dim(q) < dim(u)

U νi

Ψi

K
(

03n
)

Ψi = λMΨi
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$%&%'()'*+ ,%**% -.*/0(% '1%2* &342 )&&3564)73% ()'2 3% ,)2 89)'(2 (.&3),%-%'*2 0: 3%

(.&3),%-%'* '1%2* &342 35'.)59%!

 !"#!$ %&"'() &90&02% ()'2 ;<=>"? (1.*%'(9% ,%**% *%,/'564% @ 3) (.*%9-5')*50' (% -0(%2

(% (.A09-)*50' '0'B35'.)59%! C3 -0'*9% 64% 310' &%4* ,0'2*9459% ,%2 -0(%2 &049 4'% ,0'D849)*50'

(.A09-.% A),53%-%'*! E049 ,%3)+ 53 .F)34% 3) (.95F.% (59%,*50''%33% (% Ψ(x0)+ 5!%! 3%2 -0(%2 &90&9%2

)4*049 (% 3) &025*50' x0+ @ 3109585'%+ %* ()'2 3%2 (59%,*50'2 u0(p) =
∑

i piΨi+ 0: p 3% F%,*%49 (%2

 !"#$%&' ($ )!&#*"*)!#*+, -+(!.$ G

Φij =
∂

∂pj

(

Ψi

(

∑

l

Ψlpl

))

H !"IJ

K* .*%'( )5'25 3%2 -0(%2 (% (.A09-)*50'2 @ (%2 ,0'D849)*50'2 64%3,0'64%2 u @ 31)5(% (% 3)

A09-43% 245F)'*% G

u(p) =
∑

i

Ψipi +
1

2
Φijpipj +O(p3) H !"LJ

M109*/0'09-)352)*50' (% 31%2&),% 07*%'4 .*)'* ,0N*%42%+ 4'% (%9'5O9% P')3Q2% %' $0-&02)'*%

E95',5&)3% &0'(.9.% &)9 3) -)22%+ 04 -)22BE$P+ %2* )&&3564.% 249 ,%2 -0(%2!

E)9)33O3%-%'*+ 53 .*)735* )4225 64% 30926410' 4*5352% 3% *%'2%49 (% *"!!# ,0--% *%'2%49 (%

(.A09-)*50'2+ 3%2 A09,%2 5'*%9'%2 20'* 25-&3%-%'* (%2 &03Q'R-%2 ,47564%2 (0'* 3%2 ,0%S,5%'*

&%4F%'* T*9% ,)3,43.2 /092 358'%! M) -)*95,% (% 9)5(%49 *)'8%'*% .*)'* 3) U),075%''% (%2 A09,%2

5'*%9'%2+ 20' ,)3,43 %2* (59%,*! $%3) &%9-%* (% 25-43%9 9)&5(%-%'* 3) (.A09-)*50' (Q')-564%

8.0-.*9564%-%'* '0'B35'.)59% (% -)*.95)4V 35'.)59%2!

W'% )4*9% )&&90,/% %'F52)8%)73% &049 9.(459% (% -)'5O9% )')3Q*564% 3) (5-%'250' (14' 2Q2B

*O-% 9%&02% 249 3% *9)'2A%9* %* 3) 9.2034*50' (% ,% 2Q2*O-% ()'2 3% (0-)5'% A9.64%'*5%3+ %' '%

,0'2%9F)'* 64% 3%2 7)22%2 A9.64%',%2! $1%2* ,% 64% &90&02%'* +,#- ()'2 ;X$Y>Z? &049 (%2 249B

A),%2 (.A09-)73%2 %* .&"/(# ()'2 ;[\<

+
>Z? &049 (%2 F034-%2! E049 ,%3)+ 53 ,)3,43% 3%2 7)2%2

/)9-0'564%2 (Hk, λk) 2034*50'2 (% G

−∆Hk = λhHk
H !""J

&049 k ∈ [|0, n − 1|]+ 0: n %2* 3% '0-79% (% ']4(2 (14' -)533)8% 249A),564%! K'245*%+ %' '%

,0'2%9F)'* 64% 3%2 m 7)2%2 /)9-0'564%2 )220,5.%2 )F%, 3%2 &342 7)22%2 A9.64%',%2+ 53 ,0'2*945*

3) -)*95,% H = [H0, · · · ,Hm−1]! $%**% -)*95,% %* 2) *9)'2&02.% &%4F%'* %'245*% T*9% 4*5352.%2
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)45#+# .$%& '$,-3&%0&( 1(- $./&*3(%&- 1( .&$)$,8*30$, (3 &(-3&0'30$, >%0 -$0(,3 1(- 3&*,-@$&Q

2/(- (, $,1()(33(-! R$%- /3*G)0--$,- *0,-0 >%( )(- $./&*3(%&- 1( .&$)$,8*30$, (3 1( &(-3&0'30$,

G*&5'(,3&0>%(- .(%B(,3 D3&( B%- '$22( %,( 3&*,-@$&2/( (, $,1()(33(- '$,-3&%'30G)( ; )7*01( 1%
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∆ẋ

)

= h

(
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∂ẋ
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'Q L %)2 7$% ./24(+% 24(/$37*/(4% ($&-4(%74%5 %2 'Q U %)2 7$% ./24(+% 24(/$37*/(4% )76-4(%74%!

:%) ./24(+%) P %2 Q )'$2 )(.6*%.%$2 0%) ./24(+%) 0% 6%4.72/2('$) <7( -9(2%$2 0%) 0(9()('$) 6/4

R-4' '7 0%) +,(S4%) 24'6 6%2(2)! #$% &'() */ &/+2'4()/2('$ &/(2%5 (* )7T2 0% 4-)'704% M

U! Lx0 = Pb

V! Ux1 = x0

 ! x = Qx1

L %2 U -2/$2 24(/$37*/(4%)5 *%) -2/6%) U %2 V )% &'$2 4/6(0%.%$2! :1-2/6%  %)2 %$+'4% 6*7) 4/6(0%

+/4 (* )1/3(2 017$ )(.6*% 6%4.72/2('$!
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rT Ar
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k−1rk−1
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74 rk = b−Axk
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%7 + /&/ 1,$1$2/ .) 2) ./17+-), ($( 17'2 2'%3+(& 7) ?,+.%)(& .) Φ: *+%2 2'%3+(& 7)2 .%,)-&%$(2
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k−1Apk−1

F "NPH

pk = rk−1 + βkpk−1 F "N H
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! E$' )./+'*0 %* 63').F+ 2*

%93+-%-6$+-./ 2* %$ ,$+'-)* P−1
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$% &'()*+% ,)&)-')+%. ,) xi−1 %,/ 0(% )(12((0% 345()% 6 0(% +4,2-0/)2( i − 1. '-2+, %--% ,7)(8

/%+92-% 6 -' +4,2-0/)2( i 12&&% ,0)/ :

x̃i = Pxi−1 ; !#<=

>(,0)/%. 920+ /)+%+ 9'+/)% 3% -' 9+29%(,)2( 3%, ,1?4&', 3% +%-'@'/)2( 6 &)%0@ +430)+% -7%++%0+

,0+ -%, ?'0/%, A+4B0%(1%,. -' +%-'@'/)2( %,/ '99-)B04% ,0+ -%, +4,)30, %( ,0)C'(/ :

#! D'-10- 30 +4,)30 : ri = Aix
0
i − bi

E! F+'(,A%+/ 30 +4,)30 6 -' +4,2-0/)2( G+2,,)*+% : ri−1 = Rri!

 ! H%1?%+1?% 3% vi−1 /%- B0% Ai−1vi−1 = ri−1

"! F+'(,A%+/ 3% -' 12++%1/)2( 6 -' +4,2-0/)2( 5(% : vi = Pvi−1!

I! J99-)1'/)2( 3% -' 12++%1/)2( : xi = x0i + vi! ;xi %,/ (2(8-),,% 90),B0% -% +4,)30 ri (% -74/')/

9',=

K! H%-'@'/)2( 3% Aixi = bi 'C%1 α L'0,,8M%)3%- )/4+'/)2(,!

N% 1O1-% %( P Q)%( 12((0 9%0/ %(,0)/% %( R/+% '99-)B04 12&&% &2(/+4 3'(, -7'-G2+)/?&% I!
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 !"#$%!& Ai, bi, x
0
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'()#%!& xi
&! '(! Aix
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,- $* )*  + ,-./ (&*/$ !.&  + 0 (. 1,/..*2,! +,!(

.- 3-./(4,! Aixi = bi5 667$ !.& 8  + ,-./ (&*/$  + 0 (. 1,/..*2,!5 9+ ./ (&*/$ !.& "+ "( -! +:!" ($
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 - !-)!
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0- *.% j *$ [0,maxIter] /.
1- 3! +=!, α1 >/*. Aix

0
i
= bi +:!" ($ ?+(.. )!*4! 5 66@-A(& 4( "#" ! !$ %

2- ;+ "( !,  ! ,-.*4( B ri = Aix
0
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− bi

3- C,+$.>-,!,  ! ,-.*4( 8  + ,-./ (&*/$ 1,/..*2,! B ri−1 = Rri5
4- 3-./(4,! 3-"(,.*:!<!$& Ai−1vi−1 = ri−1 +:!"  ! "#" ! !$ %5 66D/*$& 4( "#" ! !$ %

,5- E!&&,! 8 F/(, xi B xi = xi + Pvi−15

,,- 3! +=!, α2 >/*. Aixi = bi +:!" α ?+(.. )!*4! 5 66G$ 4( "#" ! !$ %
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, - !(/ $*
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5' 5+&-'K-' '*- &9-%(', '- 9.*)3'&- 9//()>'&#9:,'" B'/'&#9&-4 5+33' &+%* ,$92+&* #)-9.,,)
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!" 0*18-9 M 5' -9:,'9% 5+&-.'&- /+%( 5>97%' ,.?&' ,$.&#.5' 9%7%', 5'--' ,.?&' 5+33'&5' ;

I-(' *-+5R)' #9&* 6/!7" '- )*!7#$&" B' -9:,'9% 9 /+%( #.3'&*.+& ,' &+3:(' #' ,.?&'*

+1 59( ., '*- &)5'**9.(' #' *92+.( 5+3:.'& #' 29,'%( *+&- *-+5R)'*4 +( 5'--' 29,'%( '*- *-+5R)'

; ,9 0& #' 5' -9:,'9%"
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#' 0*18-9[i] ; 0*18-9[i + 1]4 ,9 5+,+&&' '- ,9 29,'%( #' ,9 ,.?&' i #' ,9 39-(.5' ; 3%,-./,.'(
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AI

·

c22 c33 c44

R Ai P

C = AB =









0 1 0 7 0
0 0 4 0 0
0 2 0 3 0
6 0 0 0 4





















0 0 12 3
0 5 0 0
1 7 0 0
0 0 1 0
0 4 0 7













1 = {1 7 4 2 3 6 4}
1 = {1 3 2 1 3 0 4}

1 = {0 2 3 5 6}
2 = {12 3 5 1 7 1 4 7}

2 = {2 3 1 0 1 2 1 3}
2 = {0 2 3 5 6 7}

{c12 = {1, 2)}, c13 = {(1, 5)},
c21 = {(2, 3)}, c22 = {(2, 4)},
c32 = {(3, 2)}, c33 = {(4, 5)},
c42 = {(6, 6)}, c43 = {(6, 0)}, c44 = {(5, 1), (6, 7)}}

cij
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1%*+-&/) )*'&42/) )',) 5'+1/ 36/-(/0 67/)* 1'-() 3',+ ./) 5'+1%*) ./ )*'&4%8/  !"# 9( /:/* -6

5%,* 3%+&',+-+ 6% 1%*+-&/ ./ 8%,&;/ A 6-8(/ 3%+ 6-8(/ *%(.-) <,/ 6% 1%*+-&/ ./ .+'-*/ B .'-*

=*+/ 3%+&',+,/ &'6'((/ 3%+ &'6'((/# >+0 %?/& 6/ )*'&4%8/  !"0 )- 6/ 3%+&',+) ./ 6% 1%*+-&/ ./

.+'-*/ )/ 5%-* .%() 6/ @'( '+.+/0 &/ (7/)* 3%) 6/ &%) ./ 6% 1%*+-&/ ./ 8%,&;/0 .'(* 6/) ?%6/,+) )'(*

@%6%A2/) 6-8(/ 3%+ 6-8(/# B',+ /:/&*,/+ 6/ 3%+&',+) .%() 6/ @'( '+.+/0 -6 5%,* *+%()3')/+ &/**/
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.%() 6% 5'+1/ *+%()3')2/ 67-(.-&/ ./ 6-8(/ 'I /)* )*'&42/ 6% ?%6/,+ *+%&,B[i]# 9(J(0 *',K',+)
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N M ./ 67%68'+-*;1/ !#

-+.!%($/0 1 O+%()3')-*-'( ./ 6% 1%*+-&/ B

 !"#$%!&  !"#$%&'B , ()*+&,B , -!*+.$,B

'()#%!&  !"#$"%  !"#$%&'BT , -!*+.$,BT , perm
34 row = 1
54 *+% 1 ≥ i ≥ &'()*% +!"%$*, &'& &$""%, ,+

(4 toSort[i] = (/!*+.$,B [i]− 1) ∗ nbRows+ row --.& ,/'#0% "! 1',2/2'& 3% #4!5$% +!"%$* 3% BT

64 /!*+.$BT [i] = row--.& ,/'#0% "62&32#% 3% "! #'"'&&% #'**%,1'&3!&/%7
74  !"#$%&'BT [/!*+.$,[i]] + +
84 $* i ≥  !"#$%&'B [row + 1] -.!(
94 %!/!0-

:4 row = row + 1 --.& 1!,,% ! "! "28&% ,$2+!&/%7
;4 #(-$1 row < nbRowsB !&3  !"#$%&'B [row] =  !"#$%&'B [row+1]--.& 9!2/ :! ;$,5$6< !+'2*

1!*#'$*$ /'$/% "! (!/*2#% B7
3<4 !(, $*

334 !(, *+%

354 *+% 2 ≥ i ≥ nbColsB ,+

3(4  !"#$%&'BT [i]+ =  !"#$%&'BT [i − 1] --.& #$($"% "% &'()*% 3% +!"%$* 1!* "28&% 3% BT
1'$*

#'&,/*$2*%  !"#$%&'BT

364 !(, *+%

374 =*2%* 1!* 0)%1'2! 3 toSort %/ #'&,/*$2*% perm7

P(/ 5'-) 6/ *%@6/%, toSort +/136-0 (',) 6/ *+-'() N 67%-./ .7,( %68'+-*;1/ ./ *A3/ radixSort
<,- 3+'J*/ ./ 6% (%*,+/ /(*-D+/ ./) ?%6/,+) N *+-/+# 9( 1=1/ */13)0 (',) &'()*+,-)'() ,(/ *%@6/



 !"

 !"! #$%&&'() *%+)$),*%-(' '. ,/01.)(,.%/0 )$2%3' 3'1 #$.)%,'1

AI "#

$% &%'()*+*,-. perm /), .-)0 &%'(%* $% 0+1-,' -2 %0* 0*-345% 6+ $-..5% BT
ij $+.0 6% *+76%+)8

 !"#$B $% 6+ (+*',3% .-. *'+.0&-05% B! 9%6+ '%1,%.* %. :+,* ; 3-.0*'),'% 6% *+76%+)  !"#$

T
B<

0+): /)% &-)' $%0 '+,0-.0 $=-&*,(,0+*,-. ,6 %0* &'5:5'+76% $% 3-.0*'),'% perm %* $=+66%' 3>%'3>%'

6%0 1+6%)'0 $+.0  !"#$B!

?-)0 +1-.0 +6-'0 6%0 *+76%+)8 %&'()*$+BT < ,&"#-).BT +,.0, /)% 6+ &%'()*+*,-. perm /),

$-..%  !"#$BT [i] =  !"#$B[perm[i]]! ?-)0 &-)1-.0 +6-'0 &+'3-)',' 0,()6*+.5(%.* A %* B

&-)' $5*%'(,.%' 6%)' ,.*%'0%3*,-.! @-,' 6=+6A-',*>(% #! B-)' 3%6+< .-)0 &+'3-)'-.0 %. &+'*,3)6,%'

,&"#-).A %* ,&"#-).BT &-)' 3>+/)% 6,A.%! C=,60 -.* $%0 1+6%)'0 ,$%.*,/)%0 &-)' ).% (D(%

6,A.%< +6-'0 ,6 E + ,.*%'0%3*,-.! 9=%0* 3% /)% :-.* 6%0 6,A.%0 10 ; 20 $% 6=+6A-',*>(% #! F.0),*%<

$%0 6,A.%0 23 ; 29< .-)0 3-.0*'),0-.0 ). *+76%+) $=-G0%* /), .-)0 $-..% 6+ &-0,*,-. $% 6+ 1+6%)'

cij $+.0 6+ (+*',3% &6%,.% C< 3% /), &%'(%* $% 3-.0*'),'% +)00,< 0, 7%0-,.< 3%**% (+*',3% &6%,.%

'+&,$%(%.*!

 !"#$%&'( ) 9-.0*')3*,-. $% 6=,.*%'0%3*,-. $% A %* B ; 6=+,$% $% Acsr
%* BT,csr

 !"#$%!&  !"#$%A, &'()*+$,A, -'"#.*%A  !"#$%B , &'()*+$,B , -'"#.*%B
'()#%!& !"#$%#& #' !"#$%#&" '! (& A &) B*

45 +,"-./0.& B

65 *+% 1 ≥ r ≥ nbRowsA ,+

 5 nbNonZeroRow = &'()*+$,A[r + 1]− &'()*+$,A[r]
"5 offsetA = &'()*+$,A[r]
75 *+% 1 ≥ c ≥ nbColsB ,+

85 offsetBT = &'()*+$,BT [c]
95 nbNonZeroCol = &'()*+$,BT [c+ 1]− &'()*+$,BT [c]
:5 itR = 0
;5 itC = 0
4<5 -.$/! itC < nonZeroCol and itR < nonZeroRow ,+
445 colA = -'"#.*%[offsetA + itR]
465 colBT = -'"#.*%BT [offsetBT + itC]
4 5 doIntersect =!(colA − colBT ) // ($) .1 1# 2 " 1-)&,.&$)10-

4"5 isInfA = colA < colBT

475 $* doIntersect 0.!(
485 340%)&, ([offsetA + itR, perm[offsetBT + itC]) 5 #" #1.)& (&. 1-)&,.&$)10-.*

495 !(, $*

4:5 itC+ = 1 ∗ (doIntersect or !isInf) // itC 1-$,67&-)6 .1 1-)&,.&$)10- 0% .1 colA > colBT

4;5 itR+ = 1 ∗ (doIntersect or isInf) // itR 1-$,67&-)6 .1 1-)&,.&$)10- 0% .1 colA < colBT

6<5 !(, -.$/!

645 !(, *+%

665 !(, *+%

6 5 *+% 1 ≥ r ≥ nbRowsA ,+

6"5 *+% 1 ≥ c ≥ nbColsB ,+

675 $* 1# 2 " %-& 1-)&,.&$)10- /0%, #" $&##%#& (r, c) 0.!(
685 340%)&, offset = r + c ∗ nbRowsA 5 #" #1.)& (&. 08.&).* offset $0-)1&-) #" /0.1)10- (& Crc

("-. #" 7"),1$& C /#&1-&*

695 !(, $*

6:5 !(, *+%

6;5 !(, *+%

 <5

*$#+,%& $-.%+/ H% &'-$),* 0% :+,* +6-'0 0,(&6%(%.* %. &+'3-)'+.* 6+ 6,0*% $%0 ,.*%'0%3*,-.0< %.

+$$,*,-..+.* &-)' 3>+/)% 3-%I3,%.* cij 6% &'-$),* $%0 3-%I3,%.*0 0*-3450 +)8 ,.$,3%0 0&53,J50



 !  !"#$%&' () *+,-'.&* /.,%$0&$,,'* '% +12','%%'* "# 

$%& '() *+,$'()# -( *(..( /%012&( '% /%.&1*( C $(,.34.&( *+0).&,1.( &%$15(/(0.6 *+//( '( /+0.&(

'7%'8+&1.9/( !#

 !"#$%&'( )  !"#$%&'$(!" )* +, -,$%('* .+*("* C/

 !"#$%!&  !"#$%A0  !"#$%B

'()#%!& 1*-.+($  !"#$%C

34 *+% 0 < i < nbNonZeroC ,+

54 *+% .!&% '2,3&* ("$*%#*'$(!" (a, b) )* +, 4,+*&% i ,+
(4 C[offsetC [i]]+ =  !"#$%A[a] ∗ !"#$%B [b] //5%6'* ,& $,7+*,& !8#*$0 +*# 4,+*&%# #!"$ )(%*'$*9

-*"$ .!#($(!"":*# ),"# C/

64 !(, *+%

74 !(, *+%

:' (). (0;1)%8(%<'( 57%/='1+&(& (0*+&( *(..( /=.9+5(# >0 (?(.6 )1 '() /%.&1*() )+0. 1)),() 57,0

%))(/<'%8( 57='=/(0.) @01)6 '% /%.&1*( &=),'.%0. 5( *( $&+5,1. (). 8=0=&%'(/(0. %))(A *&(,)(#

-%0) '( *%5&( 5( 0+.&( (B(/$'(6 C ;%,. C

C =









0 5 7 0
4 28 0 0
0 10 3 0
0 16 72 46









D"#E F

(. (). 5+0* $&()G,( H /+1.1= ;15(#

-( $',)6 G,('G,() )+1(0. '() ;%'(,&) 5%0) '() 5(,B /%.&1*() 5, $&+5,1.6 '% /%.&1*( C %,&%

.+,I+,&) '( /4/( $&+@'6 /4/( )71' (). $+))1<'( G,7+**%)1+00(''(/(0. ,0 A=&+ )+1. ).+*J=# :' ().

5+0* 10.=&())%0. 5( &(/$'1& 51&(*.(/(0. *(..( ).&,*.,&( *&(,)( 5%0) '% /4/( =.%$(# K('% )( L%1.

L%*1'(/(0. *+//( '( /+0.&( '7%'8+&1.9/( M6 $,1)G,( '( $&+5,1. )( L%1. 5%0) '( /4/( +&5&( G,( '(

).+*J%8( 5() ;%'(,&) 5%0)  !"#$%C # N% /%.&1*( C (). 5+0* +<.(0,( 51&(*.(/(0. 5%0) )% L+&/(

&'( (. (0 $',)6 '7%?(*.%.1+0 5() ;%'(,&) )( L%1. 5( L%O+0 *+0.18,P (0 /=/+1&( *( G,1 (). +$.1/%'#

 !"#$%&'( *  !"#$%&'$(!" )* +, -,$%('* '%*&#* Ccsr
/ ;!" .%!<+ )!($ ):=> ?$%* '!""&/

 !"#$%!&  !"#$%A0  !"#$%B

'()#%!& 1*-.+($  !"#$%C

34 *+% 0 < i < nbNonZeroC ,+

54 *+% .!&% '2,3&* ("$*%#*'$(!" (a, b))* +, 4,+*&% i ,+
(4  !"#$%C [i]+ =  !"#$%A[a]∗ !"#$%B [b] // @,"# +* A!%-,$ &'( +*# 4,+*&%# #!"$ #$!'B:*# ),"#

+C!%)%* )& .%!)&($/

64 !(, *+%

74 !(, *+%

Q10)16 (0 ,.1'1)%0. *(..( /=.9+5(6 1' (). $+))1<'( 5( *%'*,'(& &%$15(/(0. '( $&+5,1. 5( 5(,B

/%.&1*() *&(,)()6 .+,. (0 +<.(0%0. %,))1 ,0( /%.&1*( *&(,)(6 H *+051.1+0 <1(0 )R& G,( '() $&+@')

5( *() /%.&1*() )+1(0. *+00,) H '7%;%0*(6 *( G,1 (). '( *%) 5%0) '() )+';(,&) 91=&%&*91G,()#

 ++!%,-&%#. -/ ,-!,/! 01 Ai−1 = RAiP K(..( /=.9+5( $(,. =;15(//(0. 4.&( %$$'1G,=(

51&(*.(/(0. %, *%'*,' 5( Ai−1# S+,& *('%6 '( *%'*,' (). 5=*+/$+)= (0 5(,B $9%)() C

T# S9%)( 5( $&=3*%'*,'

D%F N% ).&,*.,&( 57 !"#$%#&" '! $+,& '( $&+5,1. AiP (). *%'*,'=(# N% /%.&1*( &=),'.%0. 5(

*( $&+5,1. (). (''( %,))1 *&(,)(# N( $&+@' 5( *(..( /%.&1*( (). *%'*,'=( ,0( L+1) $+,&

.+,.(#



 !"

 !"! #$%&&'() *%+)$),*%-(' '. ,/01.)(,.%/0 )$2%3' 3'1 #$.)%,'1

AI "#

$%& '())( *)+,-),+( (*) ,)./.*0( 12,+ -3/-,/(+ /3 43)+.-( .5)(+406.3.+( Atmp = AiP

$-& 73 *)+,-),+( 68 !"#$%#&" '! 12,+ /( 1+26,.) RAtmp (*) -3/-,/0(!

9! :;3*( (5 /.<5(

$3& 73 43)+.-( -+(,*( Atmp (*) -3/-,/0( (5 13+-2,+35) /3 1+(4.=+( *)+,-),+( 68 !"#$%#&" '!

() /(* 43)+.-(* -+(,*(* P () Ai

$%& 73 43)+.-( -+(,*( Ai−1 (*) -3/-,/0( (5 13+-2,+35) /3 *(-256( *)+,-),+( 68 !"#$%#&" '!

() /(* 43)+.-(* -+(,*(* R () Atmp

 !"#$"%&'(!) 7(* 1(+>2+435-(* 2%)(5,(* 13+ -())( 40);26( *25) 62550(* 635* /( )3%/(3,  !?!

@//(* *25) -2413+0(* A -(//(* B,( /825 2%).(5) (5 ,)./.*35) /3 /.%+3.+.( 6( -3/-,/ 43)+.-.(/ 6(  !"#$C

/3 %&' () -(//(* B,82%).(5) (#)*+,, 635* DEFGHI! J.(5 B,( /3 %&' *2.) 21).4.*0( 12,+ /(*

210+3).25* 3K(- 6(* 43)+.-(* -+(,*(* () 1/(.5(*C 52)+( 40);26( (*) )+=* 5())(4(5) *,10+.(,+(!

'(/3 ).(5) 3, >3.) B,( /3 %&' (*) .5-313%/( 6( 4,/).1/.(+ 6(* 43)+.-(* -+(,*(* 6.+(-)(4(5)! L(,/

/(* 1+26,.)* 43)+.-( -+(,*( M 43)+.-( 1/(.5( () 43)+.-( 1/(.5( M 43)+.-( 1/(.5( *25) 12**.%/(*!

NO()+3 N/(K(/* PQ7 E(2+<..DEFGHI 21).4.R(6

,163)(

$ !&

,163)( $ !& ,163)( $ !&

" 9 9 # "

??"S 9 ?T? ∼ 25 ?"

 "TH 9 "H"  U

U?HS  9 UU ∼ 170 UH

-./0  !? V J(5-;43+W M 9 X,3/ '2+( 9!G E;R

 !"!# $%&''()* +&,*%*-+&.)(

'244( 1+0-.*0 635* /3 *2,*M*(-).25  ! ! C /(* *2/K(,+* ;.0+3+-;.B,(* *2,Y+(5) 68,5 3,)+(

1+2%/=4( /2+*B,8./* *25) ,)./.*0* 3K(- 6(* ;.0+3+-;.(* 6( 43.//3<(* .4%+.B,0*! '(* ;.0+3+-;.(* *25)

-+00(* (5 13+)35) 68,5 43.//3<( <+2**.(+ B,. (*) +3Z50 *,--(**.K(4(5) (5 ,)./.*35) 6(* *-;043*

6( *,%6.K.*.25! 7( 1+2%/=4( .5;0+(5) A -())( 40);26( (*) B,8./ 58[ 3 3,-,5( +3.*25 B,( /3 *,+>3-(

6, 43.//3<( /( 1/,* \5C 2%)(5, 13+ /(* *,%6.K.*.25* *,--(**.K(*C -25K(+<( K(+* /3 *,+>3-( 6( /82%]()

+0(/!

X, -2,1C /(* +0*,/)3)* 2%)(5,* *25) K3/.6(* 12,+ ,5 2%]() 3[35) 12,+ >+25).=+( /3 *,+>3-( 6,

43.//3<( /( 1/,* \5 () 525 -(//( 6( /82%]() *.4,/0! :2,+ 13//.(+ A -() .5-25K05.(5)C 52,* 3K25*

1+212*0 635* DLXEGUI /8.60( 6( 43.//(,+ K2/,4.B,( ;.0+3+-;.B,(! 7( 1+.5-.1( 68,5 )(/ 43.//(,+

-25*.*)( (5 /3 <050+3).25 68,5( ;.0+3+-;.( 6( 43.//3<(* (5)+( /(*B,(/* ./ (^.*)( ,5 /.(5 )212/2<.B,(C

() 625) /(* *,+>3-(* -25K(+<(5) 3, \/ 6(* *,%6.K.*.25* K(+* ,5( *,+>3-( 6( +0>0+(5-(!

*$'(+,$''!%!'+

'( 43.//(,+ K2/,4.B,( ,)./.*( ,5 *-;043 6( *,%6.K.*.25 6, )0)+3=6+( 12,+ +3Z5(+ 1+2<+(**.M

K(4(5) /(* 43.//3<(*! 7( %,) (*) 6( <050+(+ .)0+3).K(4(5) ,5 43.//3<( K2/,4.B,( 625) /3 *,+>3-(

(*) )2,]2,+* 1/,* 1+2-;( 6( /3 *,+>3-( -.%/(!



·



 !"

 !"! #$%&&'() *%+)$),*%-(' '. ,/01.)(,.%/0 )$2%3' 3'1 #$.)%,'1

AI "#

$% &'()* +% +,&-.* %/* +')0 1) 2-(33-4% *,*.-5+.(61% 4.'//(%. '7*%)1 %) 2-(33-)* %) *,*.-5+.%/

1)% 8%./(') +,0(2,% +% 3- /1.9-0% 0(73%! $- +,0(2-*(') - ,*, 9-(*% +-)/ )'*.% 0-/ -8%0 3% 3'4(0(%3

 !"#$"%

 

! :;-61% *,*.-5+.% %/* %)/1(*% .-<), /1(8-)* 3% /0;,2- +% 3- =41.%  !>? 0@%/* A +(.%

61% 0;-61% *,*.-5+.% %/* +,0'1&, %) ;1(* /'1/B*,*.-5+.%/! C( 3%/ /'22%*/ +1 *,*.-5+.% &5.%? -()/(

61% 3%/ &'()*/ -D'1*,/ -1 0%)*.% +% /%/ -.E*%/ /')* )12,.'*,/ 0'22% /1. 3- =41.%  !F? -3'./ 3%/

/'1/B*,*.-5+.%/ /')* +,=)(/ &-. 3%/ /'22%*/ /1(8-)*/ G

H T0 = {0 4 5 6}
H T1 = {1 8 7 4}
H T2 = {2 7 9 5}
H T3 = {3 6 9 8}
H T4 = {4 5 6 7}
H T5 = {4 6 7 8}
H T6 = {5 6 7 9}
H T7 = {6 7 8 9}
I )'*%. 61% /%3') &'()"*"%  ! "#$ +-)/ JCKLMNO? 0% /0;,2- +% /17+(8(/(') &%1* ()*.'+1(.%

1) 7(-(/ +-)/ 3%/ .,/13*-*/ '7*%)1/ 0-. (3 - *%)+-)0% A &.(8(3,4(%. 1)% +(.%0*(')! P3/ &.'&'/%)*

+')0 1) /0;,2- +% /17+(8(/(') &31/ 0'2&3(61, &'1. ,8(*%. 0%* ,01%(3!

Q)=)? -&.5/ 3@,*-&% +@-<)-4% &-. /17+(8(/(')? )'1/ 0;%.0;')/ A -&&.'0;%. -1 2(%1R 3- /1.9-0%

0(73%! S'1. 0%3-? 0;-01) +%/ &'()*/ +1 )'18%-1 2-(33-4% %/* +,&3-0, /1(8-)* 1)% ;%1.(/*(61% &'1.

0'33%. -1 2(%1R A 0%**% /1.9-0% 0(73%!

 !"#$%&$'"!

$@;%1.(/*(61% %2&3'T,% %/* *.5/ /(2&3%! S'1. 0;-61% &'()* +% 3- /1.9-0% +1 2-(33-4% 8'312(61%

.-<),? 3%/ *.'(/ *.(-)43%/ +% 3- /1.9-0% 0(73% 3%/ &31/ &.'0;%/ /')* +,*%.2(),/! C1. 0;-01) +% 0%/

*.(-)43%/? 3% &'()* 3% &31/ &.'0;% +1 &'()* A +,&3-0%. %/* +,*%.2(),! $% 7-.T0%)*.% +% 0%/ *.'(/

&'()*/ +%8(%)* -3'./ 3- )'18%33% &'/(*(') +1 &'()* A +,&3-0%.!

$@-34'.(*;2% 0'2&3%* %/* +,*-(33, +-)/ 3@-34'.(*;2% #M? %* 3%/ .,/13*-*/ '7*%)1/ /')* &.,/%)*,/

+-)/ 3- =41.%  !#M!

 !"! #$%&'()*$%

U'1/ -8')/ &.,/%)*, +-)/ 0%**% /%0*(') +%1R -2,3('.-*(')/ &'1. 3%/ /'38%1./ 213*(4.(33%/! U'*.%

-34'.(*;2% &%.2%* +% 0')/*.1(.% .-&(+%2%)* 3%/ 2-*.(0%/ +1 /T/*52% -1R +(8%./%/ .,/'31*(')/ %)

*(.-)* &-.*( +% 3%1. /*.10*1.% 0.%1/%! P3 /%.-(* ()*,.%//-)* +% 8'(. +-)/ 61%3 2%/1.% 0%* -34'.(*;2%

&%1* E*.% -+-&*, &'1. 1)% -.0;(*%0*1.% 2-//(8%2%)* &-.-3353% 0'22% 3% 9.-2%V'.W +,-. +%

/01$1)!

U'1/ -8')/ -1//( ()*.'+1(* 3@(+,% +% 2-(33%1. ;(,.-.0;(61%? 61( &%.2%* -1 91. %* A 2%/1.% +%

3@-<)-4% +1 2-(33-4% *,*.-5+.(61% +% *%)+.% 8%./ 1)% /1.9-0% 0(73% 0'2&3%R%! :%**% 2,*;'+% %/*

&'1. 3@()/*-)* *.5/ /(2&3%! U'1/ +,*-(33')/ 1)% &(/*% +@-2,3('.-*(') +-)/ 3%/ &%./&%*(8%/  !X!

 

444!567897:!;:<



·



 !"  !"! #$%&'()$*+, ,& )&-,.,##,' /).0*120, " 

 !"#$%&'( )*  !"##$%& '"$&!&()"*%$

 !"#$%!& ∂Ω+ Ω0+ nlevel

'()#%!& ∂Ωnlevel−1 ,-". %/$ 0-//$ !11&-2"3!."-/ 4$ ∂Ω5
34 *+% i "/ [0, nlevels − 1] ,+
54 *+% ()!*%$ .6.&!74&$ T "/ Ωi ,+

 4 8%04"9",$& T $/ T0, . . . , T75

64 *+% ()!*%$ /-%9$!%2 /:%4, nnew !;-%.6, ,+

"4 $* 4$%2 /:%4, 1!&$/., ,-/. ,%& ∂Ωi -.!(

74 nnew $,. ,%& ∂Ωi+15

84 !(, $*

94 !(, *+%

:4 !(, *+%

3;4 (&6$& Ωi+1 (-33$

⋃N
i+1

tet

m=1 Tm+ -< N
i+1
tet = 8N i

tet

334 *+% ()!*%$ /:%4, nk 4!/, ∂Ωi+1 ,+

354 =&-%9$& #$, > 1#%, 1&-()$, .&"!/?#$, t ,%& ∂Ω
3 4 =&-%9$& #$, 1-"/., #$, 1#%, 1&-()$ 4$ nk ,%& ()!*%$ .&"!/?#$5

364 @61#!($& nk !% 0!&"($/.&$ 4$ 4$, .&-", 1-"/.,5

3"4 !(, *+%

374 !(, *+%

 !" #$%&'()$*+, ,& )&-,.,//,' 0).1*231,

#$%& '($)& *+,&-)., /')& 0' &-1.2$)  ! 0-& &$0(-%+& 3%0.24+200-& -. '/'*.'.25&! 6-& &$0(-%+&

%.202&-). /27,+-).& )2(-'%8 /- +,&$0%.2$) *$%+ '11,0,+-+ 0' +,&$0%.2$) /- &9&.:3-& /;,<%'.2$)&= 1-

<%2 '**-00- )'.%+-00-3-). 0;%.202&'.2$) /;$)/-0-..-&!

6-*-)/').= 3>3- &2 0-& $)/-0-..-& &$). 0'+4-3-). %.202&,-& /')& 0' 1$33%)'%., '%/2$?

(2&%-00-= @ .+'(-+& /-& '04$+2.A3-& /- B0.+'4- $% /- 1$3*+-&&2$)= $% -)1$+- /')& /-& 3$/:0-&
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ẋ = Jẋ = 0 CD7EF

J .'()' 0+ 1&(,"+)' ,+ C= -+- 0"1)+- ,%))+)' 0( )%&#(0+ A 0!+-$(*+ ,+- *%)'&(")'+-7 G0 :(/'

,%)* -+ ,.$0(*+& ,()- 0+ $0() %&'<%1%)(0 A J $%/& (--/&+& 8/+ C(x) )+ -!(**&%H' $(- +' ,%)* 8/+
C(x) = 07 I!+-' 9/-'+#+)' *+ 8/!+J$&"#+ 0!.8/('"%) D7E= $/"-8/+ ẋ +-' (0%&- %&'<%1%)(0 A J 7
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8/+ *+- :%&*+- -%"+)' ,+- *%#O")("-%)- 0").("&+- ,+- 0"1)+- ,+ J = -%"' f̂ = JT λ= %M λ -%)' 0+-

#/0'"$0"*('+/&- ,+  (1&()1+7

P/ *%/$= 0+ -?-'@#+ A &.-%/,&+ $+&#+''()' ,+ &+-$+*'+& 0( *%)'&(")'+ C(x) = 0 +' (--/&()'
0( $(--";"'. ,+- :%&*+- f̂ %O'+)/+- +-' B

JM−1JT λ = −J̇ ẋ− JM−1f CD7QF
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