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Résumé 

Dans cette thèse, nous présentons une modélisation numérique du comportement 

élastoplastique d’une pâte de ciment soumise à la dégradation chimique.  

Une courte synthèse bibliographique est d’abord présentée sur la composition 

minéralogique, la chimie, le comportement mécanique de base, les mécanismes de 

dégradation chimique et le couplage chimie-mécanique des matériaux cimentaires en 

général et de la pâte de ciment en particulier.  

En se basant sur cette synthèse et des données expérimentales, un modèle de 

comportement élastoplastique est ensuite formulé dans le chapitre 2, pour des pâtes de 

ciment soumises essentiellement à des contraintes de compression. Deux mécanismes 

de déformations plastiques sont identifiés, liés respectivement au cisaillement 

déviatorique et à la compaction des pores. En définissant la dégradation chimique par 

une variable d’endommagement chimique, les propriétés élastiques et plastiques sont 

affectées par cet endommagement. Les essais mécaniques effectués sur des 

échantillons sains et chimiquement dégradés sont simulés par le modèle proposé.  

La détermination de la cinétique de l’endommagement chimique est abordée dans 

le chapitre 3. En se basant sur un modèle phénoménologique de la lixiviation 

chimique, la cinétique de l’endommagement chimique est contrôlée par le processus 

de diffusion des ions calcium dans la solution interstitielle. La concentration en 

calcium de la solution interstitielle est alors considérée comme la variable d’état 

chimique. La variation de la teneur en calcium dans la matrice solide et celle de la 

porosité sont reliées à la concentration en calcium en fluide par la courbe d’équilibre 

thermodynamique. La méthode des éléments finis est utilisée par la résolution 

numérique de l’équation de diffusion généralisée.  

Le modèle proposé est enfin étendu pour inclure l’endommagement mécanique 

par microfissuration afin de décrire le comportement fragile des matériaux 

cimentaires. Un exemple d’application du modèle à une structure soumise à la 

dégradation chimique est présenté. 

 

Mot clés : 

Dégradation chimique, endommagement mécanique, matériaux cimentaire, plasticité, 

lixiviation de calcaire, couplage chemo-mécanique
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Abstract 

This thesis presents elastoplastic modelling of cement-based materials coupled 

with chemical degradation and mechanical damage. The emphasis is put on cement 

paste subjected to compressive stresses. 

A short literature review is first presented on the mineralogical composition, 

chemical degradation mechanisms, basic mechanical behaviour and chemical- 

mechanical coupling. 

Based on this analyses and a series of experimental data obtained from uncoupled 

and coupled tests, an elastoplastic constitutive model coupled with chemical damage 

is first formulated. Two plastic mechanisms are taken into account; respectively 

related to deviatoric shearing and pore collapse. The chemical damage is identified as 

relative variation of porosity. Elastic and plastic properties are affected by chemical 

damage. Numerical simulations are compared with experimental data and good 

agreements have been obtained. 

The evolution of the chemical damage has been described by the generalized 

diffusion equation which is based on the mass balance equation and a 

phenomenological chemistry model. We have used finite element method to solve the 

generalized diffusion equation. Coupled chemical-mechanical tests have been 

simulated by the proposed model and we have also obtained satisfactory concordance. 

An extension of the model is finally proposed by including mechanical damage 

due to microcracks in order to describe brittle responses of material under tensile 

stresses and low confining pressures. An example of application to structural analysis 

with chemical degradation is presented. It has been shown that the proposed model 

describes correctly the main features of the mechanical behaviours of cement-based 

materials at different stress conditions with chemical degradation. 

 

Key words: 

Chemical degradation, mechanical damage, cement paste, plasticity, calcium leaching, 

chemo-mechanical coupling
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General introduction 
 

Cement-based materials are largely used in different engineering constructions. 

Stability analysis of these structures requires the understanding and modelling of 

mechanical behaviours under complex multi-axial loading conditions. Extensive 

experimental investigations and various constitutive models have been developed on 

cement-based materials. Their basic mechanical behaviour can be characterized by 

coupled plastic deformation and damage, depending on applied stresses. Both 

micromechanical and phenomenological approaches are available to describe 

mechanical responses of cement-based materials and structures. 

 

 However, in many situations, cement-based materials are subjected not only to 

mechanical loading but also to chemical degradation when they are in contact with 

aggressive environment such as rain, water, acid fluids. More recently, in the 

framework of sustainable development, it is of great concerns of storage and 

sequestration of toxic residual fluids and gas such as 2CO  and 2H S . It is clear that 

the durability analysis of structures requires the identification and modelling of long 

term behaviour of cement-based materials undergoing chemical attacks. For this 

purpose, a lot of research efforts have been contributed to experimental investigations 

and numerical modelling of chemical degradation. The main topics cover the 

identification of chemical degradation mechanism and its kinetics, and the 

determination of chemical degradation effects on short and long term mechanical 

behaviour of cement-based materials. 

 

 It is now known that the chemical degradation of cement-based materials is 

essentially controlled by two processes, the dissolution of different hydrate phases and 

diffusion of dissolved species inside interstitial fluid. The chemical dissolution mainly 

concerns Portland and C S H− −  phases, which provide macroscopic mechanical 
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cohesion and strength of materials. The kinetics of chemical degradation is influenced 

by microstructure (compositions) of materials, chemical nature and temperature of 

aggressive solution, as well as fluid pressure gradient. On the effects on mechanical 

behaviour, chemical degradation induces an increase of material porosity, and affects 

elastic and plastic properties, and transport properties (diffusivity, permeability). 

Different chemistry models have been proposed to describe the process of chemical 

degradation. Based on these models, coupled chemo-mechanical models have been 

developed to describe mechanical responses of chemically degraded cement-based 

materials. However, so far, most of models focused on brittle behaviour of concrete 

structures exhibiting mechanical damage and chemical degradation. In one class of 

applications, such as the sequestration of residual gas in geological reservoirs, cement 

paste is used as isolation barrier for confinement capacity of reservoir. Therefore, it is 

useful for study chemical degradation effects on mechanical behaviour of the cement 

paste. Due to its high porosity, the mechanical behaviour of cement paste is mainly 

dominated by plastic deformation under compressive stresses with significant 

volumetric compaction. There is a strong dependency on confining pressure. Brittle 

responses with material softening are observed only under very low confining 

pressures and tensile stresses. 

 The main objective of this work is to develop a coupled chemo-mechanical model 

for porous cement-paste under compression-dominated conditions. 

 

 In the first chapter, a short summary will be presented on the composition and 

microstructure of cement-based materials, together with basic mechanisms of 

chemical degradation and consequences of mechanical behaviours of these materials. 

The emphasis will be put on the experimental background for the modelling of 

chemical degradation. 

 

 The second chapter will be devoted to constitutive modelling of mechanical 

behaviour of cement paste. Based on experimental data on a typical cement paste, a 

new elastoplastic model will be proposed. Two complementary plastic mechanisms 
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will be taken into account: plastic shearing under deviatoric stress and volumetric 

compaction due to pore collapse. Comparing experimental data obtained respectively 

on sound and chemical degraded materials, we will identify the effects of chemical 

degradation on the elastic and plastic properties of material. An internal variable is 

introduced to represent chemical degradation state. In this stage, mechanical damage 

due to microcracks is first neglected by putting the emphasis to ductile responses of 

cement paste. 

 

 In the third chapter, the evolution of chemical damage will be addressed. Based 

on a simplified phenomenological chemistry model, the calcium concentration in 

interstitial solution is used as a state variable to characterize chemical leaching 

process. The kinetics of chemical leaching is controlled by the diffusion of dissolved 

calcium ions in interstitial solution governed by generalized Fick’s law. Based on the 

thermodynamic equilibrium curve, we will determine variation of porosity, diffusivity 

and chemical damage. 

 

 In the last chapter, the proposed model will be extended to modelling of brittle 

responses of cement paste under tensile loading or compressive loading with low 

confining pressure. We will introduce two damage variables, mechanical damage by 

microcracks and chemical damage due to dissolution to characterize the degradation 

of cement paste. A simplified criterion will be proposed to describe mechanical 

damage. The developed model will be used to predict materials responses in 

laboratory tests. An example of application to chemo-mechanical analysis of 

structures will also be presented.
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Chapter 1: Summary of chemical-mechanical coupling in 

cement-based materials 

1.1 Introduction 

During the last decades, many experimental investigations and analytical and 

numerical studies have been devoted to durability analysis of cement-based materials. 

The cement-based material, under attack of environmental aggressive conditions (rain, 

sea water, drying and wetting, frost and thaw, acid fluids), undergo modification of 

microstructure and degradation of mechanical and hydraulic properties. Modeling of 

long term durability of these materials is primordial in many engineering applications. 

In this chapter, we propose to give a short bibliographic summary of previous works 

on the chemical-mechanical coupling in cement-based materials, with an emphasis on 

cement paste. 

 

1.2 Composition and microstructure of cement paste 

The cement paste which forms the binding matrix for all cementitious materials, 

is the resulting product of the chemical reaction between cement and water, a reaction 

commonly referred to as hydration. In an Ordinary Portland Cement (OPC), four 

components are regarded as the major constituents, these are: tricalcium silicates, 

SC3 , dicalcium silicates, SC2 , tricalcium aluminates, AC3 , and tetracalcium 

aluminum ferrites, AFC4 . The hydration of Portland cement is composed of the 

hydration of silicates and aluminates. They form the most important part of the 

microstructure of a cement paste. 

The hydration of silicates, SC3  and SC2  produces the same products, named 

Calcium-Silicate-Hydrates (C-S-H) and Calcium Hydroxide (CH). On the other hand, 

the hydration of the tricalcium aluminates, AC3  leads to formation of AFm  phases. 



Chapter 1: Summary of chemical-mechanical coupling in cement-based materials 

7 

Finally, the hydration of tetracalcium aluminum ferrites AFC4  is very similar to the 

hydration of AC3  except for the slower kinetics.  

From the chemical reactions that occur during hydration, it is readily understood 

that the resulting solid, the hardened cement paste, is a multiphase composite material. 

It consists of the hydration products of the different cement phases and residues of 

unhydrated cement particles, in addition to water filling the pores. Table 1-1 shows a 

typical mineralogical composition together with their relative volumetric proportions 

found in Portland cements. 

 
Table 1-1: Typical mineralogical composition in Portland cements (Neville, 1995) 

Mineralogical 

Phase 

Volume 

% 
Crystallinity Morphology Dimensions 

CSH  50-70 Very Poor Unresolved 10 – 100 nm

CH  15-20 Very Good Solid 
Hexagonal 10 - 100 um 

Ettringite 1-5 Fair-Good Solid Slender 
needles 10 x 0.5 um 

AFm  1-5 Good 
Solid Thin 
hexagonal 

plates 

1 x 1 x 0.1 
um 

 

 From this table, we can see the complex heterogeneous nature of cement paste. 

The reaction products manifest themselves in a range of length scales from the 

nanometer scale to the millimeter scale. In mortar and concrete, sands and aggregates 

are further included in the mix system. The scale of heterogeneity increases up to the 

macroscopic decimeter scale. In order to the comprehensively address the multiscale 

properties of cementitious materials, tentative investigations have been recently 

performed in order to determine mechanical properties of cement-based material at 

different length scale (Heukamp 2003). For instance, a three level microstructure for 

cement based composite materials was introduced by Constantinides and Ulm and is 

presented in Table 1-2 (Constantinides, 2006). Based on the characterization of 

constituents at each level, there is a tentative to find macroscopic behavior using 
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homogenization techniques. However, this is still a very open issue, which is beyond 

the scope of the work. 
Table 1-2: Intrinsic properties of cement paste and mortar constituents 

(Constantinides, 2006) 

Level Composite 
Density 
kg/m3 

Elastic modulus 
GPa 

C-S-Ha 1910 21.7 
I 

C-S-Hb 2100 29.4 

CH 2240 35-40 

Ettringite 1750 130-150 II 

Calcium Aluninate 2000 140-160 

III 
Aggregate 

Sandstone 
2650 60-80 

 

1.3 Chemistry of cement paste 

The cement paste is a porous medium saturated by an interstitial solution 

essentially composed of alkaline ions aC++ , OH − and characterized by a basic pH  

generally higher than 12.5, and air.  

In natural state, there is equilibrium between the hydrates of cement paste and 

interstitial ions. This equilibrium can be characterized by an experimental curve 

giving the relationship between the a 2C O/SiO  ratio in solid matrix and calcium 

concentration in interstitial solution aC++ , as shown in Fig. 1-1. The ratio evolves 

with the composition of interstitial solution in contact with the solid. 

We can see that when the concentration aC++  decreases, there is a rapid 

diminution of the ratio a 2C O/SiO  (from 2.5 to 1.5) associated with the dissolution of 

Portland a 2C (OH) . Then the ratio a 2C O/SiO  decreases more slowly until reaching 

a value close to 1. This second phase corresponds to the dissolution of C-S-H  
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phases. Finally, for a concentration of aC++  from 2 to 1 mmol/l , the ratio a 2C O/SiO  

varies from 1 to 0.3 leading to complete dissolution calcium in solid phase. The 

evolution of calcium concentration aC++  in interstitial solution allows the 

characterization of chemical state of cement paste. 

 

0
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2

2,5
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Figure 1-1: Equilibrium curve giving relationship between /C S ratio and aC++  

in interstitial solution (Berner, 1992). Data collected from pure 3C S  paste 

and cement paste (Gérard, 1996) 
 

1.4 Diffusion 

As shown above, the diffusion process in pore solution is an essential 

phenomenon in the determination of kinetics of chemical degradation, and then in the 

durability analysis of cement-based materials. 

The porosity of cement-based materials is generally very complex. The size of 

pores may vary from 1 nm  to1 mm . Usually, there exist two classes of pores:  

 Inter-plates pores in C S H− − , of small size (in order of nm ), which may 

occupy 25%  of C S H− − volume; 
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 Capillary pores, from 300 nm to 800 nm ; which constitute the connected 

porosity generating macroscopic permeability of material. 

 

The origins of porosity may be the porosity of cement paste depending on the 

ratio ( /w c ), the porosity of interfaces between aggregates and matrix, and porosity 

due to microcracks. 

 In the context of modeling the coupling between mechanical degradation and 

mechanical deformation, we are mainly interested in the diffusion of calcium ions in 

pores. In most cases of chemical degradation of cement-based materials, the transport 

by diffusion of aggressive agents occurs either in liquid and gas phases. In the first 

case, the aggressive agents penetrate through interstitial liquid; this is the case of 

degradation by sea water, rain and other liquid species. In the second case, the 

aggressive gas penetrates through the air or interstitial liquid, such as the gas of 

degradation by 2CO .  

 The penetration of species C  inside porous medium, without interaction with 

other phenomena, is governed by the classic Fick’s law: 

.D CΦ = ∇                        (1-1) 

Φ  is the flux vector, D  the tensor of diffusion coefficients. Making use of masse 

balance, the kinetics of penetration is described by the following diffusion equations: 

div( . )C D C
t

∂
= ∇

∂
                (1-2) 

The solution of the above equation leads to a kinetics law of the specie in terms of t . 

In the case of dissolution of solid calcium, the phase change has to be taken into 

account in the mass balance equation. This feature is discussed in chapter 3. 
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1.5 Chemical degradation of cement paste 

The chemical degradation of cement paste discussed in this work is limited to the 

dissolution of solid calcium by aggressive solution. In natural environment, the 

chemical dissolution par aggressive water is a basic fundamental degradation 

phenomenon. The aggressive water, in contact with cement paste, induces gradients of 

calcium concentration between exterior solution and interstitial solution of 

cement-based material. These gradients generate diffusion of alkaline ions ( +
aN , +K , 

++
aC , -OH ) from interstitial solution to the outside of material volume. As 

aforementioned, the hydrates of cement-based material are in thermodynamic 

equilibrium with the interstitial solution. The diffusion of alkaline ions to the outside 

breaks this equilibrium and causes the dissolution of hydrates. According to the 

equilibrium curve, the crystals of Portland are first dissolved. When all the Portland 

phase is completely leached, the equilibrium of system is controlled by C-S-H phases, 

which are also partially subjected to decalcification. When the calcium concentration 

++
aC  becomes less than a certain limit value (about 2 mmol/l ), all the C-S-H phases 

are dissolved. The material, composed essentially of remaining gel of silicate, has no 

more any material cohesion. 

 The kinetics of degradation by pure water is generally very slow. It is not 

convenient for the characterization of chemical degradation effects on mechanical and 

transport properties of cement-based materials. Indeed, laboratory tests with very long 

duration are required. In order to obtain rapid degradation of material, various 

acceleration techniques have been proposed, including: 

 

 Reinforced transportation of ions by application of fluid pressure or electric 

field; 

 Increase of temperature of solution; 

 Use of more aggressive solution; the increase of concentration gradient 

between interstitial solution and environmental allows significant acceleration 
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of degradation kinetics. For example, we can use solution with low pH . 

Further, the presence of acid ions in the aggressive solution can also 

significantly increase the solubility of hydrates of cement paste; for instance, 

the used of nitrate ammonium solution and 2H S  solution. 

 

The solution has been largely used in the degradation of cement-based materials. 

Indeed, the strongly aggressive and leaching property of nitrate ammonium 

( 4 3NH NO ) recommend its wide use, as an accelerating factor, in the chemical 

degradation of cement-based materials (Scheneider, 1992; Carde, 1996; Tognazzi, 

1998). The typical chemical reaction between the nitrate ammonium ( 4 3NH NO ) and 

cement paste are expressed as follows: 

2( ) 2a aC OH C OH++ −→ +            (1-3a) 

4 3 4 3NH NO NH NO+ −→ +             (1-3b) 

4 3 3 2 32 2 2 ( ) 2 2a aC OH NH NO C NO H O NH++ − + −+ + + ↔ + +    (1-3c) 

Table 1-3: examples of leaching kinetics in typical cement-based materials data 
collected by Le Bellego (2001) 

Reference Aggressive solution material W/C 

Kinetics 

/  

(mm/ day)
da X t=

Adenot (1992) Pure water Cement paste 0.4 0.120 

Delagrave 
(1996) 

Pure water Cement paste 

0.25 
0.25+6% SF 

0.45 
0.45+6% SF 

0.083 
0.052 
0.287 
0.188 

Carde (1996) 
Pure water 

4 3NH NO (437g/l) mortar 0.5 
0.125 
1.31 
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Tongnazzi 
(1998) 

Pure water 

4 3NH NO (480g/l) mortar 0.4 
0.14 

2 

 

According to Carde (1996), there is close similarities between pure water and 

nitrate ammonium ( 4 3NH NO ) in terms of dissolution of Portland, decalcification of 

C S H− −  and general form the kinetics of degradation with time. Indeed, various 

experimental data have shown that it is possible to define an empirical law in terms of 

t to obtain an approximate estimation of depth of degraded zone, that is dX a t= . 

In this way, the parameter  (mm/ day)a  characterizes the kinetics of chemical 

degradation for each situation. In Table 1-3, we show some examples of chemical 

leaching kinetics for typical cement-based materials.  

During the leaching process, the dissolution front can be well characterized by the 

pH indicator. The pH value in the pore solution of cementitious materials is higher 

than 12.5 while acid solution like ammonium nitrate has a small pH value which is 

inferior to 7. Therefore, indicator like phenolphthalein can be used to distinguish 

between the sound zone and the degraded zone. Note that phenolphthalein turns from 

colorless in acidic solutions to pink in basic solutions with the transition occurring 

around pH 9. 
 

1.6 Mechanical behavior of cement-based material 

 Mechanical behaviors of cement-base materials depend on several factors: /W C  

ratio, porosity, aggregates forms and properties, saturation condition, temperature and 

loading condition. 

 Under tensile stress, cement-based materials generally exhibit elastic-brittle 

responses as shown in Fig. 1-2. Damage by growth of microcracks is the main 

mechanism of inelastic deformation and failure. Elastic properties are significantly 

affected by microcracks. Macroscopic failure of material is issued from coalescence 

of localization of microcracks. 
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Figure 1-2: Typical mechanical response of cement paste under uniaxial tension 

(Terrien, 1980) 
 

 However, under compressive stresses, the mechanical behavior of cement-paste 

materials strongly depends on confining pressure. Under low confining pressures, one 

obtains elastic brittle behavior like under tensile stress. Thus, the mechanical strength 

of material is significantly different between compression and tension. There is a 

transition from brittle to ductile behavior with the increase of confining pressure. 

Under high confining pressures, the mechanical behavior of cement-based materials is 

characterized by coupled plastic damage. Damage by microcracks affects both elastic 

and plastic properties. Another important feature is the transition from plastic 

volumetric compressibility to dilation. Further the plastic volumetric dilation and 

opening of microcracks may also affect transport properties (diffusion, permeability). 

 We are concerned by chemical effects on mechanical properties. One of most 

important consequences of chemical leaching is the increase of porosity. Therefore, it 

is useful to consider influences of porosity on mechanical properties of cement-based 

materials. Generally, the mechanical strength and elastic modulus decrease with the 

increase of porosity. Two representative results are shown on Fig. 1-3 and 1-4 

(Feldman and Beaudoin, 1974). 
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Figure 1-3: Variation of uniaxial compression strength with porosity 
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Figure 1-4: Variation of elastic modulus with porosity 

 

1.7 Modeling of chemical degradation 

In the recent twenty years, a series of research works have been carried out on 

experimental characterization and numerical modeling of chemical degradation of 

cement-based materials. The main attention was given to the understanding of 

mechanisms of degradation and the determination of constitutive law. Mention here 

some representative works (Adenot, 1992 ; Carde et al, 1997; Gérard et al, 1996; 

Tognazzi, 1998; Le Bellégo et al, 2003; Ulm et al, 2003; Torrenti et al, 1998. etc.). 

Most experimental data suggest that the chemical degradation is controlled by two 
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processes: dissolution of solid hydrates and diffusion of calcium ions. However, the 

characteristic time of dissolution is generally much shorter than that of diffusion. 

Theoretical analyses and phenomenological models (Adenot 1992; Buil et al.1990; 

Gerard 1996, Mainguy et al. 2000) have been proposed. 

 Two different approaches have been proposed: 

 The discrete mineral model, in which the diffusion of all types of hydration 

products with distinct chemical equilibria is considered. This approach was put 

into practice by Adenot (1992), who considered 12 mineral phases and their 

corresponding fronts in a 1-D diffusion setting. Being anchored in the physical 

chemistry of cement-based materials, tracing the mechanical consequences of the 

leaching of all individual minerals would be a difficult task. 

 The simplified dissolution model in which only the diffusion of calcium ions 

aC++  is taken into account (Buil et al., 1990; Gérard, 1996). The equilibrium 

formulation is continuous and based on the Berner’s curve. This approach was 

largely used and leads to very good leaching predictions. This approach will be 

adopted in this work. The detailed presentation of the simplified chemical model 

will be given in chapter 3. 

 

1.8 Modeling of chemical-mechanical coupling 

Modeling of chemical-mechanical coupling is based on the characterization of 

chemical degradation effects on mechanical properties of cement-based materials, 

such as elastic stiffness and failure strength. Based on relevant experimental results, 

different coupled chemo-mechanical models have been developed for cement paste, 

mortar and concrete, for instance, Adenot et al. (1992), Gérard et al. (1996), Torrenti 

et al.(1998), Ulm et al.(1999), Mainguy et al.(2000), Le Bellego et al.(2003),Kuhl et 

al.(2004), among others.  

 

All these models are based on a phenomenological chemistry model. In most 
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cases, the simplified chemical degradation model is used based on the thermodynamic 

equilibrium between the calcium concentration in the solid phase and in the liquid 

phase. Only the calcium concentration in interstitial solution, aC++ , is used as the 

state variable of chemical degradation. As mentioned above, the present simplified 

approach avoids considering all the elementary chemical mechanisms and focuses on 

the evolution of one variable only. From this calcium concentration, the evolutions of 

porosity, the diffusivity and the mechanical properties due to calcium leaching are 

determined by different empirical relations. Some representative chemo-mechanical 

models can be summarized as follows: 

 Elastic-damage models coupled with chemical damage for concrete (Gérard et al., 

1996, Le Bellego, 2001, Kuhl et al., 2004 and others). This class of models 

essentially focuses the description of brittle behavior of concrete subjected to 

mechanical loading and chemical degradation. Two internal variables, respectively 

to represent mechanical damage by microcracks and chemical damage by 

dissolution, are used. The evolution of mechanical damage is controlled by a 

suitable damage criterion. And the chemical damage is governed by the 

generalized diffusion equations. 

 Elastoplastic model coupled with chemical degradation; this class of models 

addresses the description of ductile behavior of cement-based materials 

(Pietruszczak et al., 2005; Ulm et al., 2001; Lydzba et al., 2006; etc). The 

chemical damage is described in the same way. It consists then in the 

determination of coupling between chemical damage and elastic and plastic 

properties, for instance variations of material cohesion, frictional coefficient and 

plastic hardening laws with chemical damage. 

 Micromechanical analyses (Heukamp, 2003; Ulm et al, 2003; Lydzba et al., 2006); 

these models are based on homogenization techniques of representative volume 

element (RVE). The cement-based materials are considered as heterogeneous 

materials. Base on relevant analyses of mechanism at relevant microscopic scales, 

macroscopic behavior of homogenized medium are deduced. 
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Chapter 2: Mechanical modeling of cement paste and effects of 

chemical degradation 

In this chapter, basic mechanical behaviour of cement paste and influence of 

chemical degradation will be studied. After a summary of experimental data, an 

elastoplastic model coupled with both mechanical and chemical damage will be 

formulated. However, the emphasis will be put on plastic behaviour of cement paste 

under compression-dominated stresses. Therefore, the mechanical damage is first 

neglected. We will present then procedure of parameters identification. Finally, the 

proposed model will be used to simulate typical laboratory tests performed both on 

sound and chemically degraded materials. 

2.1 Summary of basic mechanical behavior of cement paste 

A series of laboratory investigations have been performed in the LML 

(Laboratory of Mechanics of Lille) with technical and financial support of TOTAL 

Company. The material tested is an ordinary Portland cement paste. The samples were 

taken out off moulds after 24 hours and then the cement paste were cured for 27 days 

immerged in water at 90°C (Yurtdas et al., 2006). In order to study influences of 

chemical degradation on mechanical behaviour, two groups of samples were prepared. 

The first group was conserved in hot water until the test was performed. In the second 

group, the samples were immerged in nitrate ammonium ( 4 3NH NO ) solution with a 

concentration of 6mol/l and a volume ratio of 1:10 until a quasi complete 

degradation state was obtained. The evolution of front of degraded zone was 

determined and it was observed that the evolution kinetics of degradation front 

verified in an approximate way the square root relation dx a day= . When the 

degradation front reached the centre of sample, this one was considered as completely 

degraded and mechanical test was performed. 
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Triaxial compression tests have been performed to characterize basic mechanical 

behavior of cement paste, respectively on sound and degraded samples. In order to 

have full saturation state in the sample, a constant pore pressure is prescribed during 

each test. Some representative results are shown in Fig. 2-1 to Fig. 2-6. 
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Figure 2-1: Stress strain curves of sound material in uniaxial compression test 

0MPacP =  
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Figure 2-2: Stress strain curves of sound material in triaxial compression test with 

confining pressure 10MPacP =  and constant pore pressure 2.5MPaiP =  
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Figure 2-3: Stress strain curves of sound material in triaxial compression test with 

confining pressure 20MPacP =  and constant pore pressure 2.5MPaiP =  

 
 
 

0

2

4

6

8

10

12

14

-2 -1 0 1 2

deviator stress (MPa)

axial strain (%)lateral strain (%)

  Pc=0 MPa
Damaged sample

 

 
Figure 2-4: Stress strain curves of degraded material in uniaxial compression test 
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Figure 2-5: Stress strain curves of degraded material in triaxial compression test 

with confining pressure 10MPacP =  and constant pore pressure 

2.5MPaiP =  
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Figure 2-6: Stress strain curves of degraded material in triaxial compression test 

with confining pressure 20MPacP =  and constant pore pressure 

2.5MPaiP =  

 

Based on the experimental data obtained from these laboratory tests, the main 

features of basic mechanical behaviour of cement paste under compression can be 
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summarized as follows: 
 

 The mechanical response of cement paste is clearly sensitive to confining 

pressure; under low confining pressure, one observes an elastic brittle behaviour 

accompanied by material softening phase in post peak region. When the 

confining pressure is higher, the cement paste exhibits an elastic plastic ductile 

response and material softening phase is not observed until the axial strain 

reaches a relatively high value. 

 The mechanical behaviour of cement paste is similar to that of typical porous 

materials due to its high porosity (around35% ). Under deviatoric stress, the 

volumetric strain is essentially compressive. The volumetric compressibility is as 

important as the confining pressure is higher. The transition from compressibility 

to dilatancy is observed only at very low confining pressure. 

 Comparing the results obtained from sound and degraded samples, one can see 

that the chemical degradation significantly affects mechanical responses of 

cement paste; the mechanical strength is drastically decreased and elastic 

properties are also affected. 

 The mechanical response of cement paste under hydrostatic stress is composed of 

two phases (see Fig. 2-7); a quasi linear elastic phase and a pore collapse phase 

with increasing plastic volumetric compaction. The stress threshold for pore 

collapse is significant lower in degraded material than in sound material. 

 The porosity of cement paste was measured in sound and degraded state (Yurtdas 

et al., 2006); the average increase of porosity is about 19%  due to dissolution of 

solid calcium by aggressive fluid. This increase of porosity will be considered as 

chemical damage in the formulation of constitutive model with chemical 

degradation presented in the next section. 

 

 



Chapter 2: Mechanical modeling of cement paste and effects of chemical degradation 

23 

0

5

10

15

20

25

0 2 4 6 8 10

hy
dr

os
ta

tic
 st

re
ss

 (M
Pa

) Sound sample

Damaged sample
l

volumetric strain (%)

 
Figure 2-7: Hydrostatic stress and volumetric strain during hydrostatic 

compression test 
 

2.2 Formulation of constitutive model coupled with chemical damage 

In this section, we present the formulation of constitutive model for the 

description of mechanical behavior of cement paste by taking into account chemical 

degradation. This last one is directly related to chemical leaching of cement. However, 

the evolution of chemical damage is not discussed here. It will be determined together 

with chemical diffusion process in the next chapter. 

2.2.1 General framework of constitutive model 

Based on the experimental investigations summarized above, the mechanical 

behavior of cement paste can be described by an elastoplastic damage model. Two 

kinds of damage with different physical natures should be defined; mechanical 

damage due to microcracks in solid matrix and chemical damage due to dissolution of 

solid matrix leading to increase of cement paste porosity. 

We assume isothermal conditions throughout this chapter. The principal 

phenomena to be taken into account are: elastic deformation defined by the elastic 

strain tensor e
ijε ; plastic deformation defined by the plastic strain tensor p

ijε ; 
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mechanical damage defined by the internal variable md  and chemical damage 

defined by the internal variable cd . Using the assumption of small strains, the total 

strain increment ijdε  is composed by an elastic part e
ijdε  and a plastic part p

ijdε . 

The assumption of small strain and displacement is adopted. The strain increment 

partition rule is applied: 

pe
ij ij ijd d dε = ε + ε                                     (2-1) 

As mentioned above, we assume an isotropic behavior of cement-based material. The 

thermodynamic potential can be expressed as follows: 

( ) ( )1, , , ( ) : ( , ) : ( ) , , )
2

e p p p
m c m c p p m cd d d d d dΨ ε γ = ε − ε ε − ε +Ψ γC   (2-2) 

The fourth order tensor C  is the elastic stiffness tensor of damaged material; the 

function pΨ  represents the locked plastic energy in plastic hardening of damaged 

material. pγ  denotes the internal variable of plastic hardening. The standard 

derivation of the thermodynamic potential yields the state equation: 

( , ) : ( )p
m ce d d∂Ψ

= = −
∂

Cσ ε ε
ε

                             (2-3) 

In the case of isotropic materials, following Hill's notation (see for instance 

Nemat-Nasser and Hori, 1993), the effective elastic stiffness tensor of damaged 

material reads in the general form: 

( ), 2 ( , ) 3 ( , )m c m c m cd d d d k d d= μ +C K J            (2-4) 

( , )m ck d d  is the bulk modulus of the damaged material while ( , )m cd dμ  represents 

the shear modulus. The two isotropic symmetric fourth order tensors J  and K  are 
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defined by: 

1
3

= ⊗J δ δ   and    = −K I J              (2-5) 

in which δ  denotes the second order unit tensor and δδ⊗=I  is the symmetric fourth 

order unit tensor : ik jl il jk
1 δ δ δ δ )
2

Iijkl = +( . Note that for any second order tensor E ,  

1: ( ) 
3

tr=E EJ δ  and δ)(
3
1: EEE tr−=K  which are respectively the isotropic and 

deviatoric part of E . 

The thermodynamic force associated with the mechanical damage variable is given by: 

( , , )1 ( ) : '( , ) : ( )
2

p p m cp p
dm m c

m m

d d
Y d d

d d
∂Ψ γ∂Ψ

= − = − − − −
∂ ∂

Cε ε ε ε    (2-6) 

The fourth order tensor '( , )m cd dC  is the derivative of the elastic tensor with respect 

to the mechanical damage variable: 

( , )'( , ) m c
m c

m

d dd d
d

∂
=

∂
CC                    (2-7) 

The intrinsic mechanical dissipation must verify the following fundamental inequality: 

: 0p
dm mY d+ ≥σ ε                 (2-8) 

By defining a chemical potential for calcium ion transport within the pore space as a 

function of the gradient of the calcium ion concentration field, the chemical dissipation 

law can be defined (Ulm et al., 1999; Kuhl et al., 2004). The rate of dissipated energy 

associated with the chemical dissolution process is additively decomposed into a 

portion related to the transport of aC++  ions and a portion related to chemical 

dissolution, whereby each part must be non-negative. 

The rate form of the constitutive Eq. (2-3) can be easily written as: 
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c( , ) : ( ) '( , ) : ( ) ( , ) : ( )p p p
m c m c m m c cd d d d d d d d′= − + − + −C C Cσ ε ε ε ε ε ε    (2-9) 

The fourth order tensor c′C  is the derivative of the elastic stiffness tensor with respect 

to the chemical damage variable. The dot denotes time derivative of variables (or 

incremental variation of variables in numerical computing procedure). The evolution of 

chemical damage is determined by the phenomenological chemistry model in the 

previous section. The constitutive modelling requires now to determine the evolution 

laws of mechanical damage and of the plastic strains. 

The evolution of mechanical damage is determined by giving a pseudo-potential 

of dissipation. In the case of non-viscous dissipation, the damage evolution law is 

deduced from a damage criterion, which is a scalar valued function of the conjugated 

damage force (damage energy release), being written in the general form: 

( , , ) ( , ) 0dm dm m c dm m cf Y d d Y r d d= − ≤               (2-10) 

where ( , )m cr d d  represents the damage energy release threshold at a given state of 

material damage. Note that due to chemo-mechanical coupling, the mechanical damage 

threshold may be dependent on the state of chemical damage due to change of 

connected porosity. Further, as the mechanical damage force dmY  depends on chemical 

damage and plastic strains (see Eq. (2-6)), the evolution of damage criterion is clearly 

influenced by both chemical reaction and plastic deformation. By using the classic 

normal dissipation scheme, the mechanical damage evolution rate is determined.  

In the case of non-viscous flow, the plastic strain rate is characterised through the 

determination of plastic yield function, plastic hardening law and plastic flow rule. 

For most cement-based materials, a non-associated plastic flow rule is generally 

needed in order to correctly describe plastic volumetric dilatancy and compressibility. 

In the modelling of plastic deformation coupled with chemical and mechanical 

damage, the plastic yield criterion and plastic potential should be respectively 

expressed by a scalar valued function of Cauchy stress tensor, the damage variables 
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and the thermodynamic conjugate force associated with the internal hardening 

variable pγ :  

( , , , ) 0p m cf d dα ≤σ                    (2-11) 

( , , , ) 0p m cg d dα ≤σ              (2-12) 

The plastic hardening function ( , , )p p m cd dα γ  is deduced by standard derivative of 

the thermodynamic potential: 

( , , , )
( , , ) p m c

p p m c
p

d d
d d

∂Ψ γ
α γ =

∂γ

ε
       (2-13) 

The plastic flow rule and the unloading – unloading condition can be then determined 

using standard plastic consistency conditions. In the case of coupled evolution of 

plastic deformation and mechanical damage, both the damage and plasticity 

consistency conditions must be verified (Ju, 1988; Shao et al., 2006). 

2.2.2 Definition of chemical damage 

The cement paste is considered as a porous material composed of the connected 

pore space and cementitious skeleton (Kuhl et al. 2004) (Fig. 2-8). As previously 

mentioned, in the chemically sound cement paste, the solid constituents contained in 

the cementitious skeleton and the substances constituting the pore fluid are in a state 

of chemical equilibrium. Let us note, by rφ  the reference value of connected 

porosity of sound material. When the chemical equilibrium between the pore fluid and 

solid skeleton is broken due to the diminution of ion concentration in the pore fluid, 

more substances of skeleton are dissolved instantaneously. The dissociation of 

calcium ions from the solid skeleton during the chemical leaching process leads to the 

increase of pore space and thus the increase of total connected porosity. This porosity 
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change is governed by the mass balance equation of calcium ions. The increase of 

porosity due to chemical leaching affects not only mechanical properties of 

cement-based material but also diffusion properties of calcium ions inside pore fluid. 

From the mechanical point of view, the increase of porosity due to chemical leaching 

can be considered as a damage process, which is described by a scalar valued 

chemical damage variable: 

c rd = φ−φ              (2-14) 

Taking into account calcium mass balance equation and chemical equilibrium relation 

as mentioned in Chapter 1, the chemical damage can be expressed in the following 

form: 

( )( )c tot
Md S f Ca++= −
ρ

      (2-15) 

Where M  and ρ  are the average molar mass and density of calcium in the skeleton. 

totS  denotes the total amount of calcium in solid skeleton. 

 
  

cφ 2Ca +

rφ

cφ 2Ca +

rφ

4 3NH NO

 
Figure 2-8: Increase of connected porosity due to calcium leaching process 

 
The evolution of chemical damage is governed by diffusion process of calcium 

ions in pore fluid. The feature will be discussed in the next chapter together with 

initial and boundary conditions. 
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2.2.3 Specific model for cement paste under compression-dominated loading 

Under compression-dominated stresses, the mechanical behavior of cement paste 

is essentially characterized by plastic deformation. Therefore, the mechanical damage 

due to microcracks will be neglected here. Thus, the thermodynamic potential for 

isotropic materials is reduced to the following form: 

( ) ( )( ) ( ) ( )21, , 2 ,
2

e p e e e p p
c c v c ij ij cd k d d e e d⎡ ⎤ψ ε γ = ε + μ +ψ γ⎢ ⎥⎣ ⎦

       (2-16) 

where e
vε  is elastic volumetric strain and e

ije  are components of the elastic deviatoric 

strain tensor. The specific forms of the two functions ( )ck d  and ( )cdμ  should be 

determined from relevant experimental data showing elastic degradation with chemical 

leaching. However, some theoretical estimates can be obtained from suitable 

micromechanics analysis, see for instance (Mura, 1987; Nemat-Nasser and Horri, 

1993). In this work, we have adopted the general expressions of effective elastic 

properties of isotropic damaged materials issued from Mori-Tanaka scheme. The 

effective elastic properties of damaged material are expressed as follows: 

( ) 0

11c
c

kk d
d

=
+α

 and ( ) 0

21c
c

µd
d

μ =
+α

                   (2-17) 

where 0k  and 0µ  are the initial bulk modulus and shear modulus of undamaged 

material. Two parameters 1α  and 2α , which define the degradation of elastic 

properties by damage, can be identified from suitable experimental data. In the present 

study, the maximal chemical damage is estimated as 0.19. Using the experimental data 

on the bulk modulus and shear modulus of initial sound state and completely degraded 

state, the values of 1α  and 2α  can be easily calculated. Fig. 2-9 shows the evolution 

of bulk modulus and shear modulus versus chemical damage degree.  
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Figure 2-9: Evolutions of bulk modulus and shear modulus versus chemical 

damage in cement paste 
 

2.2.4 Characterization of deviatoric plastic deformation 

As aforementioned, the plastic deformation of cement paste, like that in most 

porous materials, can be characterized by two complementary plastic mechanisms: 

deviatoric mechanism and pore collapse mechanism. The deviatoric mechanism is 

common for frictional materials and motivated by shearing phenomenon under 

deviatoric stress. Classical yield functions are generally based on linear 

Mohr-Coulomb and Drucker-Prager type criteria. Material failure is represented as an 

ultimate state of plastic yielding. However, in cement paste material, we have 

mentioned that the plastic yielding condition is strongly sensitive to confining 

pressure. Linear yielding criteria are not suitable. In this work, inspired by the 

previous works by Pietruszczak et al. (1988) and Mohamad-Hussein and Shao (2007), 

we propose to use the following non linear form as the yield function of deviatoric 

plastic mechanism:  

0
( )

n

s
r r

q p Cf A
g P P

⎛ ⎞ ⎛ ⎞−
= +α =⎜ ⎟ ⎜ ⎟θ⎝ ⎠ ⎝ ⎠

                (2-18) 
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1
3

p tr= σ , 3
2 ij ijq S S= , 1

3ij ij kk ijS = σ − σ δ                       

where q  denotes the deviatoric stress, ijS  are the components of the deviatoric stress 

tensor and p  corresponds to the mean stress. The parameter C  represents the 

cohesion (hydrostatic tension strength) of material and rP  is taken as a reference stress 

which is generally fixed to 1MPa . The function ( )g θ is introduced to take into 

account influence of Lode angle on plastic flow. However, for the lack of relevant 

experimental data, this point is neglected in the present work by taking ( ) 1g θ = . In 

this paper, the influence of Lode angle is not taken into account in the present version of 

model.  
 

The function α  in the yield function defines the plastic hardening law for the 

deviatoric plastic process. The generalized plastic distortion is generally used as the 

hardening variable frictional materials. For the studied material, as aforementioned, 

the softening behavior is observed only in very low confining pressures. For the sake 

of simplicity and putting the emphasis to chemical degradation, the material softening 

is not considered here. The material hardening is described by an increasing function 

of plastic distortion as follows: 

0 0(1 ) s

sB
γα α α
γ

= + −
+

           (2-19) 

where 0α  is the initial yield threshold, and B  is a model’s parameter controlling 

plastic hardening rate. The variable sγ  denotes the generalized plastic distortion, 

which is defined by: 

2
3

s s
s ij ij pd d dγ = χ , 1

3
s s s
ij ij kk ijd = ε − ε δ         (2-20) 
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According to the experimental data of cement paste, we can observe that the plastic 

hardening depends strongly on the confining pressure. Therefore, we have introduced a 

regularizing coefficient pχ  in Eq. (2-20), which is a function of minor principal 

stress: 

3

r
exp

Pp
⎛ ⎞−σ

χ = β⎜ ⎟
⎝ ⎠

             (2-21) 

where β  is a model’s parameter allowing taking into account influence of confining 

pressure on plastic hardening law. Note that the plastic hardening function α  increases 

progressively during plastic flow and closes to the ultimate value defined by 1α→  

when macroscopic failure is reached. The corresponding yield surface gradually closes 

up to the failure surface ( s sf F→ ) as illustrated in Fig. 2-10.  
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Figure 2-10: Evolution of yield surface with the plastic hardening variableα  
 

Plastic potential: 

In most frictional materials, plastic deformation under deviatoric stress exhibits a 

transition from volumetric compressibility to dilatancy. Non-associated plastic flow 

rules are generally necessary. This is also the case for the cement paste studied here. 

Inspired by the plastic model proposed by Pietruszczak et al. (1988) for concrete, the 
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following plastic potential is used: 

( )
0

ln 0s
p Cg q p C

I
⎛ ⎞−

= + η − =⎜ ⎟
⎝ ⎠

          (2-22) 

The variable 0I  defines the intersection point between the potential surface and the 

axis p . The parameter η  defines the transition boundary between compressibility 

and dilatancy in q p−  plane. While the stress points verify the condition sg p∂ ∂ , 

the transition from plastic compressibility to dilatancy occurs. Based on experimental 

data, it is assumed that the transition boundary can be described by a linear function: 

( ) 0c df q p C− = −η − =                (2-23) 

Fig. 2-11 shows the illustration of the plastic potential surface in p q−  plan. We can 

clearly see volumetric compressibility and dilatancy zones depending on the current 

loading stress.  
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Figure 2-11: Illustration of the plastic potential surface 

 

Plastic flow rule of deviatoric mechanism: 

For the loading path where only the deviatoric plastic mechanism is activated, the 

plastic flow rule is written by: 
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s s s
ij

ij

gd d ∂
ε = λ

∂σ
             (2-24) 

0

1 31 ln
3 2

ijs s s
ij

ij ij ij

Sg g gp q q C
p q I p

⎡ ⎤⎛ ⎞∂ ∂ ∂∂ ∂ −
= ⋅ + ⋅ = η + δ + ⋅⎢ ⎥⎜ ⎟∂σ ∂ ∂σ ∂ ∂σ ⎝ ⎠⎣ ⎦

  (2-25) 

Considering the evolution of chemical damage, the plastic consistency condition can be 

expressed as: 

: 0ps s s
s cp

c

f f fdf d
d

∂ ∂ ∂
= σ+ γ + =
∂σ ∂∂γ

     (2-26) 

The generalized plastic shear strain rate pγ can be rewritten as: 

22 : : :
33

s ss s
ij ij

p s s

p p p

g g
de de h

∂ ∂⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠γ = = λ = λ

χ χ χ
σ σ

J J
   (2-27) 

( )1 1
2 3ijkl ik jl il jk ij klJ = δ δ + δ δ − δ δ  ,  2 : : :

3
s sg gh ∂ ∂⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

J J
σ σ

  (2-28) 

Therefore, the rate form of constitutive relations is determined as: 

( ) : :e e
cd d′σ = ε + εC C                (2-29) 

Using the plastic flow rule, one obtains the plastic multiplier as follows: 

( )

( )

': : : :

: :

es s s
c

cs

s s s
p

p

f f fd d
d

f g f hd

⎡ ⎤∂ ∂ ∂
ε + ε +⎢ ⎥∂ ∂ ∂⎣ ⎦λ =

∂ ∂ ∂
−

∂ ∂ χ∂γ

C C

C

σ σ

σ σ

         (2-30) 
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2.2.5 Plastic pore collapse characterize 

As we have mentioned, the plastic deformation caused by pore collapse 

mechanism represents an important phenomenon in porous materials such as cement 

and chalk. This mechanism takes an important role in many practice problems, such 

as oil reservoir engineering and concrete structure durability. Hydrostatic compression 

tests are generally used to characterize the pore collapse mechanism. Homand and 

Shao (2000) performed additional specific tests to characterize the evolution of yield 

surface during plastic hardening. Such tests for chalk can give guide to the choice of 

an appropriate plastic hardening law in cementitious materials. All tests have been 

performed on oil-saturated samples. The loading path in the conventional mean 

stress–deviatoric stress plane is composed of two phases. The samples are first 

subjected to a hydrostatic compression up to 25 MPa, which is higher than the initial 

pore collapse stress. A plastic hardening phase is thus induced in the samples. After 

this preliminary plastic hardening phase, the hydrostatic stress is unloaded to a chosen 

value (say 10, 14, 17 and 20 MPa). From this point, the previously plastically 

deformed sample is subjected to a triaxial compression test by increasing the axial 

stress. Yield stresses and eventually failure stresses are determined during the triaxial 

phase. The yield surface obtained after the hydrostatic preloading is compared to the 

initial yield surface (Fig. 2-12). We can see that the evolution of yield surface during 

plastic hardening can be characterized by an isotropic expansion of the elastic domain. 

Therefore, an isotropic plastic hardening law can be used. Another interesting feature 

of these results is that the failure stresses due to plastic shearing are not affected by 

the preliminary plastic hardening in pore collapse process. Indeed, the failure stresses 

obtained from two triaxial tests performed on preliminary plastically deformed 

samples with 10 and 14 MPa confining pressure are lined up with the failure stresses 

obtained from virgin samples. This result would suggest that the two plastic 

mechanisms could be considered as independent ones; the plastic hardening 

(expansion) of the cap yield surface for the pore collapse mechanism does not affect 

the yield surface for the plastic shear mechanism. 



Chapter 2: Mechanical modeling of cement paste and effects of chemical degradation 

36 

0

5

10

15

20

25

0 10 20 30

initial yield
stress for
soltrol

initial failure
stress for
soltrol

yield stress
for soltrol
after hardening
(25MPa)

failure stress
for soltrol
after hardening
(25MPa)

q

 p

 

Figure 2-12: Evolution of yield surface of chalk during plastic hardening for oil 
saturated samples (Homand and Shao, 2000) 

 

Yield function: 

According to simplified schematization, the cement paste is idealized as a 

homogeneous porous material composed of a solid matrix and a connected porosity. It 

is firstly advisable to determine the criterion of plasticity of this material under 

compressive stresses. With this intention, one takes the criterion of plasticity proposed 

by Gurson (1977) as a starting point, and this criterion was used for metal porous 

materials subjected to tensile stresses. The deformation and the rupture of material are 

then determined by the evolution of the pores. This criterion was largely used and 

various versions were proposed for better describing the ductile rupture of porous 

materials. Recently, Leblond and Perrin (1990, 1996, 2000) showed micromechanical 

background for the criterion of Gurson. Indeed, the criterion of Gurson represents the 

exact solution of the macroscopic criterion of a porous media composed of a solid 

matrix obeying the Von-Mises perfect plasticity and of the spherical pores. According 

to this result, the macroscopic plasticity criterion depends on the plastic threshold of 

the solid matrix and macroscopic porosity. Various modifications of the yield surface 

were proposed for better corresponding to the experimental data, and describing 

plastic hardening law. Inspired by these works, we adopted the general form of the 

Gurson’s criterion for the determination of yield function of pore collapse mechanism 
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in cement paste. The following function is used: 

2
2

22
32 cosh 1 0
2c

q pf q⎛ ⎞= + φ − −φ =⎜ ⎟σ⎝ ⎠σ
             (2-31) 

The parameter 2q  is introduced to determine the geometrical form of the yield surface. 

In the initial Gurson’s criterion, 2 1q = . The introduction of this parameter is required 

so that the yield surface correctly reproduces the experimental data. σ  denotes the 

plastic yield stress of solid matrix. The value of σ  may vary with plastic deformation 

history. The variation of σ  can be determined by plastic hardening law. φ  is the total 

connected porosity used as an parameter of the model. In the present study, the cement 

paste is subjected to coupled mechanical loading and chemical degradation. There are 

two sources of variation of total porosity, one due to chemical leaching and another due 

to mechanical loading (compression or dilatancy). In general case, the variation of total 

porosity can be written as: 

(1 ) (1 )p p
c ckk kkdφ = φ + −φ ε = + −φ ε               (2-32) 

Therefore, the evolution of total porosity is logically connected with chemical 

degradation in the pore collapse mechanism. Further, in general case, the porosity 

change due to mechanical loading, represented by the second term of Eq. (2-32) is 

much smaller than that induced by chemical damage. 

 

Plastic hardening law: 

In order to determine the pore collapse process, the result of hydrostatic 

compression tests is analyzed. In Fig. 2-13, we show typical stress - strain curve for 

porous cement paste. One observes first a quasi-linear and reversible phase, 

corresponding to the elastic compaction of porous skeleton. The slope of this linear 

phase gives the elastic compressibility modulus of material. When the hydrostatic 
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stress exceeds to a certain limit, defined as the threshold of pore collapse, we have 

progressive irreversible compaction of pores produced by the progressive destruction 

of the initial porous structure. Unfortunately, the value of hydrostatic stress used in 

this test is not high enough, the results do not show a third phase generally observed 

in porous materials corresponding to progressive decrease of compaction rate due to 

increase of contact areas between grains. 
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Figure 2-13: Hydrostatic compression test on chemically degraded cement paste 
 

Based on the preceding considerations and the experimental data from hydrostatic 

compression test, the following hardening function is proposed: 

( )
0 1 ( )

c
vbc m

va e −ε⎡ ⎤σ = σ + −ε⎢ ⎥⎣ ⎦           (2-33) 

where c
vε  is the plastic volumetric strain due to pore collapse process, taken as the 

internal hardening variable. 0σ  denotes the initial yield stress of the solid matrix. a , 

m  and b  are three parameters of the hardening law, which can be easily identified 

from a hydrostatic compression test. 

Based on experimental data from cement paste and porous chalks, unlike in 

deviatoric plastic mechanism, an associated plastic flow rule is here used and we have 
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the following plastic potential: 

2
* *
2 2 22

32 cosh ,
2c

q pg q q q⎛ ⎞= + φ =⎜ ⎟σ⎝ ⎠σ
          (2-34) 

Plastic flow rule for pore collapse mechanism: 

For the loading path where only the pore collapse mechanism is activated, the 

plastic flow rule is written by: 

c c c
ij

ij

gd d ∂
ε = λ

∂σ
                 (2-35) 

* *
2 2 2

3 3sinh
2

c c c
ij ij

ij ij ij

g g gp q pq q S
p q

∂ ∂ ∂∂ ∂ φ ⎛ ⎞= ⋅ + ⋅ = δ +⎜ ⎟∂σ ∂ ∂σ ∂ ∂σ σ σ⎝ ⎠ σ
       (2-36) 

Considering the evolution of chemical damage, the plastic consistency condition can be 

expressed as: 

( ): 1 d 0c pc c c c
c v c cc

cv

f f f fdf d d
d

∂ ∂ ∂ ∂
= σ+ ε + −φ ε + =
∂σ ∂φ ∂∂ε

       (2-37) 

The rate form of constitutive equations gives: 

( ) : ( ) :e e
c c cd d d′σ = ε + εC C                   (2-38) 

Taking consideration of flow rule and consistency condition, the plastic multiplier of 

pore collapse mechanism reads: 

( )

( )

': : : :

: : 1

ec c c
c

cc

c c c c c c
c
v

f f fd d
d

f g f g f gC tr tr

⋅⎡ ⎤∂ ∂ ∂
ε + ε +⎢ ⎥∂σ ∂σ ∂⎣ ⎦λ =

∂ ∂ ∂ ∂ ∂ ∂∂σ ⎛ ⎞ ⎛ ⎞− − −φ⎜ ⎟ ⎜ ⎟∂σ ∂σ ∂σ ∂σ ∂φ ∂σ∂ε ⎝ ⎠ ⎝ ⎠

C C
   (2-39) 
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2.2.6 Coupling between two plastic mechanisms 

During general loading history, the two plastic deformation mechanisms can be 

activated either separately or simultaneously. Four distinct constitutive domains can 

be identified. 

 If <0cf  and <0sf , the applied stress state is fully inside the elastic domain or 

leads to an elastic unloading. No plastic flow occurs and we have: 0cdλ =  and 

0sdλ = . 

 If =0 0c cf f∪ =  but <0sf , the pore collapse mechanism is activated while the 

plastic shear yield surface is not reached. The plastic multiplier 0cdλ >  is 

determined by Eq. (2-39) and 0sdλ = . 

 If =0 0s sf f∪ =  but <0cf , the plastic shearing mechanism is activated while 

the pore collapse yield surface is not reached. The plastic multiplier 0sdλ >  is 

determined by Eq. (2.30) and 0cdλ = . 

 If =0 0s sf f∪ =  and =0 0c cf f∪ = , the two plastic deformation mechanisms 

are activated. The plastic multipliers 0sdλ >  and 0cdλ >  can be determined 

by the double consistency conditions: 

( )

( )

: : : ' : 0

: : : ' : 0

s c e s cs s c
c s sc

c

s c e c cc c s
c c cs

c

f f fC d d d C d H d H d
d

f f fC d d d C d H d H d
d

⎧ ⎡ ⎤∂ ∂ ∂
ε − ε − ε + ε + + λ + λ =⎪ ⎢ ⎥∂σ ∂σ ∂⎪ ⎣ ⎦

⎨
⎡ ⎤∂ ∂ ∂⎪ ε − ε − ε + ε + + λ + λ =⎢ ⎥⎪ ∂σ ∂σ ∂⎣ ⎦⎩

  (2-40) 
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: : : :

: : : ' :

: : : :

: : : ' :

s cs s s c
s sc

es s s
c

c

s cc s c c
cs c

ec c c
c

c

f g f gC H d C H d

f f fC d C d
d

f g f gC H d C H d

f f fC d C d
d

⎧ ∂ ∂ ∂ ∂⎡ ⎤ ⎡ ⎤− λ + − λ⎪⎢ ⎥ ⎢ ⎥∂σ ∂σ ∂σ ∂σ⎣ ⎦ ⎣ ⎦⎪
⎪ ⎡ ⎤∂ ∂ ∂

= ε + ε +⎪ ⎢ ⎥∂σ ∂σ ∂⎪ ⎣ ⎦
⎨
∂ ∂ ∂ ∂⎡ ⎤ ⎡ ⎤⎪ − λ + − λ⎢ ⎥ ⎢ ⎥⎪ ∂σ ∂σ ∂σ ∂σ⎣ ⎦ ⎣ ⎦

⎪
⎡ ⎤∂ ∂ ∂⎪ = ε + ε +⎢ ⎥⎪ ∂σ ∂σ ∂⎣ ⎦⎩

               (2-41) 

p
s

s sp p

fH hα
α γ
∂ ∂

=
∂ ∂

                                                       

p
s

sc cp p

fH hα
α γ
∂ ∂

=
∂ ∂

                                                       

( )1c c c c
c c

v

f g f gH tr trσ φ
σ ε σ φ σ
∂ ∂ ∂ ∂∂ ⎛ ⎞ ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

                               

( )1c s
cs

f gH trφ
φ σ
∂ ∂⎛ ⎞= − ⎜ ⎟∂ ∂⎝ ⎠

                                                 

In these relations, the two coefficients scH  and csH  represent the coupling effects 

between the hardening functions of the two plastic mechanisms. In general case, 

plastic shearing induced plastic compaction or dilation may affect plastic hardening of 

pore collapse mechanism. Inversely, pore collapse mechanism generates also plastic 

shear strains, which will affect plastic hardening of shearing mechanism. However, in 

some particular cases, a simplified version can be used. In the present work, based on 

the experimental results for similar porous materials (porous chalk), it seems that the 

hardening functions of the two plastic mechanisms for cementitious materials can be 

assumed to be independent each other. Thus, we take 0sc csH H= = . 
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2.3 Determination of Parameters 

The parameters of the model have been determined from conventional laboratory 

tests (Yurtdas, 2006). The first series of tests were performed on sound cement paste, 

and the other one was on totally damaged cement by nitrate ammonium solution. Each 

series are composed of triaxial compression tests at different confining pressures and 

hydrostatic compression test.  

Note that only a small number of tests are available for the studied cement paste. 

Ideally, more series are expected to more precisely determine the evolution of the 

leaching damage degree in different loading conditions and to evaluate possible 

uncertainties of experimental data. For instance, we do not have experimental data on 

mechanical properties of partially degraded material. Therefore, some extrapolation is 

assumed between the sound and fully degraded states.  
 

2.3.1 Elastic Parameters 

At the beginning of deviatoric loading, we can observe an elastic behaviour phase 

on the stress-strain curve. The initial elastic modulus of material can be calculated 

with the measurement of the axial deformation according to the current stress: 

11

11
E Δσ
=
Δε

                                                

In some cases, it is generally difficult to capture this initial linear elastic phase. The 

elastic modulus can then be identified from cycles of unloading-recharging performed 

during the first stage of loading. Furthermore, for the most geomaterials, the elastic 

modulus generally depends on confining pressure, for example, the elastic modulus 

increases with the confining pressure. This increase is generally related to the closing of 

initial microcracks contained in the material. However, this variation is not significant 

for the cement paste studied. The average values of elastic parameters obtained in 

various triaxial compression tests are then used. The Poisson's ratio is calculated by 
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comparing the variations of the lateral and radial strains in the elastic phase, that is to 

say: 

2

1

Δε
υ = −

Δε
                                             

2.3.2 Parameters for deviatoric mechanism 

The proposed model contains 6 parameters for the deviatoric plastic mechanism: 

two define the failure surface ( ,n C ), three for the deviatoric plastic hardening law 

( 0α , B ,β ) and one determines the boundary between compressibility and dilatancy 

(η ). 

Parameters  n, C 

These two parameters can be obtained from peak stresses in triaxial compression 

tests with different confining pressures. Fig. 2-1 to Fig. 2-6 show the values of 

deviatoric stress at failure state (peak point of stress –strain curves). Putting the values 

of failure stress of each test in the plan ( ,p q ), thus the nonlinear failure surface 

(curve) can be identified by 3 points (at least). An additional assumption is introduced 

here: the uniaxial tensile strength is equal to 1/10 of uniaxial compression strength. 

Fig. 2-14 shows the failure surfaces (lines) obtained for sound and fully damaged 

materials. 
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Figure 2-14: Failure surfaces for sound and fully degraded materials  

 

Fig. 2-15(a) represents the sensitivity of failure surface to covertures coefficient 

n . Indeed, this parameter affects the internal friction angle of material; higher its 

value is, larger the failure opening surface is, corresponding to higher initial frictional 

angle. More significantly, when the value of n  is higher, the dependency of failure 

surface on hydrostatic stress is more important. When 1n = , one recovers the 

classical linear Drucker-Prager failure surface. The parameter C  is related to the 

cohesion of material. In the Fig. 2-15(b), the influence of this parameter is presented. 
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Figure 2-15(a): Influence of parameter n on failure surface 
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Figure 2-15(b): Influence of parameterC on failure surface 

 
Parameters  B, β, α0 

The parameter B  controls the kinetics of plastic hardening, β  makes it 

possible to take account of the influence of confining pressure on plastic hardening 

process and 0α  denotes the initial value of the plastic hardening. In order to 

determine the plastic hardening law, an iterative procedure is used. Normally, the 

experimental data of triaxial compression at low confining pressure is used to obtain 

the values of these parameters because the pore collapse mechanism is not activated 

in such cases. At first, neglect the influence of confining pressure and putting 0β = . 

According to Eq. (2-19) and experimental data, we draw the curve sα − γ  as shown 

in Fig. 2-16. We can see that the hyperbolic law can well describe this curve and then 

the values of B  and 0α  can be deduced. Once B  and 0α  are determined, for 

each test with different confining pressure, the hardening plastic law is finally 

obtained by the determination of β . Fig. 2-17 shows the relation between the 

normalizing coefficient pχ  and confining pressure using the value of parameterβ . 
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Figure 2-16: Evolution of hardening function α  with plastic distortion 

variable sγ  
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Figure 2-17: Variation of normalizing coefficient in deviatoric plastic hardening 

law and determination of parameterβ   

 

In order to determine the parameter η , which represents the slope of the 

boundary line between the zone of compressibility and that of dilatancy, it is first 

necessary to find the point of transition from volumetric strain curve in each triaxial 

test, as illustrated in Fig. 2-18. Then, we collect all the transition points in 

the ( )p q C− −  plan (see Fig. 2-19), and easily deduce the value for η . 
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Figure 2-18: Determination of transition point between volumetric 

compressibility and dilatancy 
 

0

20

40

60

80

0 10 20 30 40 50

q

-(p -C)

η= -1.8

 
Figure 2-19: Transition line between dilatancy and compressibility η 

 

2.3.3 Parameters for pore collapse mechanism 

There are 4 parameters involved in the pore collapse mechanism. The parameter 

2q  describes the geometrical form of the cap yield surface and the other three 

parameters a , m ,b  determine the pore collapse plastic hardening law.  

Fig. 2-20 shows the choice of the parameter 2q  for chemically degraded sample. 
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This value is determined from the hydrostatic test and triaxial tests at high confining 

pressure (for instance 10Pc MPa= ). Based on the experimental data, two 

experimental points can be obtained and the plastic yield surface can be identified 

from these points. In this figure, the influence of 2q  is illustrated: when this value 

increases, the corresponding plastic threshold in hydrostatic compression decreases.   
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Figure 2-20: Determination of parameter 2q  

The set of three parameters a , m ,b determines the rate of pore collapse plastic strain. 

Fig. 2-21 shows the influence of each parameter on mechanical response under 

hydrostatic compression test. 
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Figure 2-21(a): Influence of parameterb on hydrostatic stress – volumetric strain 

curve 
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Figure 2-21(b): Influence of parameter m  on hydrostatic stress – volumetric 

strain curve 
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Figure 2-21(c): Influence of parameter a  on hydrostatic stress – volumetric 

strain curve 
 

2.3.4 Influences of chemical damage 

Using the procedure presented in the previous section, all the parameters of 

elastoplastic model have been determined respectively for sound and fully degraded 

cements paste. Table 2-1 presents the typical values obtained. 
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Table 2-1: Typical values of model’s parameters respectively for sound and fully 
degraded cements pastes 

Parameters Sound state Degraded state 

Initial Young’s modulus E ( )MPa  

Initial Poisson’s ratio υ  

Plastic shear failure parameter n  

Plastic shear failure parameter A  

Plastic shear failure parameter C ( )MPa  

Plastic shear failure parameter B  

Plastic shear failure parameter pα  

Plastic shear failure parameter β  

Compressibility-dilatancy transition η  

Initial pore collapse yield stress 
0

σ ( )MPa

Pore collapse yield function parameter 2q  

Pore collapse yield function parameter 0b  

Pore collapse yield function parameter a  

Pore collapse yield function parameter m  

5000 

0.35 

1.51 

14 

2.0 

8E-5 

0.0 

0.23 

-1.8 

70 

0.9 

180 

0.9 

0.4 

2700 

0.19 

1.73 

14 

1.0 

2E-4 

0.0 

0.23 

-1.8 

32 

0.9 

40 

0.9 

0.4 
 

One can clearly observe that the chemical damage affects not only elastic 

properties but also plastic behaviour. Using a fully phenomenological approach here, 

we try to capture the variations of main parameters as functions of chemical damage 

variable. Note that the damage value corresponding to fully degraded material is 

0.19cd = . 

As before mentioned, the chemical damage affects the elastic bulk modulus and 

shear modulus through the following relations: 

( ) 0

11c
c

kk d
d

=
+α

 and ( ) 0

21c
c

µd
d

μ =
+α

                         

Using the values of elastic parameters obtained from sound and degraded samples, the 
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values of 1α  and 2α  can be deduced. 

Furthermore, comparing the values of parameters for plastic description between 

the sound and degraded materials, we can find that the following plastic parameters 

are affected by chemical damage and the following empirical relations are 

determined: 

0 3 cn n d= +α , 0

41 c

BB
d

=
−α

, 0

51 c

CC
d

=
+α

, 
0

0 0

61 cd
σ

σ =
+α

, 0

71 c

bb
d

=
+α

  (2-42) 

The values of all the parameters involved in these relations are given in Table 2-2: 
 

Table 2-2: Values of parameters used for influence of chemical damage on elastic 
and plastic properties 

Parameters 1α  2α  3α  4α  5α  6α  7α  

 14.9 3.35 1.21 3.16 5.26 6.25 18.42 
 

2.4 Implementation of constitutive model and numerical Simulation 

2.4.1 Implementation of constitutive model 

The proposed elastoplastic model taking into account chemical degradation is 

implemented into the finite element code THMPASA developed at the LML. This 

code has been developed for numerical modeling of coupled thermo-hydro- 

-mechanical evolution problems in saturated and unsaturated porous media.  

 

In the context of FEM method, the nodal displacements, pore pressure, 

temperature and calcium concentration in fluid are taken as main unknowns. The 

loading path is divided into a number of steps (increments). At the loading step k , 

the governing equations are verified in the global system in weak form. The evolution 

of chemical damage is determined through a specific block in this code, devoted to 

numerical modeling of chemical diffusion process. This feature will be discussed in 
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the next chapter. 

 

The local integration of constitutive equations consists to update stress, plastic 

strain and internal variables according to loading history and current increments of 

displacements (strains), pore pressures, temperature and chemical damage. 

 

At each material point (called Gauss integration point), local increments of strains, 

pore pressures, temperature and chemical damage are extracted from global system. 

Let i  the current iteration number. At the beginning of the iteration, the set of state 

and internal variables are known: ( , 1)k i−σ , ( , 1)k i−ε , ( , 1)e k i−ε , ( , 1)k i
cd − , ( , 1)s k i−γ  and 

( , 1)c k i
v

−ε .  

1. Given increments of total strain and chemical degradation so that 

( , ) ( , 1) ( , )k i k i k i−ε = ε + Δε  and ( , ) ( , 1) ( , )k i k i k i
c c cd d d−= + Δ . 

2. Update the elastic and plastic properties with the current value of chemical 

damage. 

3. Assume an fully elastic behavior, perform the elastic prediction: 

( , ) ( , ) ( , )ˆ ( ) :k i k i k iC dΔσ = Δε , ( , )ˆ k iσ  ( , 1) ( , )ˆk i k i−= σ + Δσ . Check the yield 

functions ( , ) ( , 1) ( , )ˆ( , , )k i k i k i
s cf d−σ γ  and ( , ) ( , 1) ( , )ˆ( , , )k i k i k i

c cf d−σ γ . If <0cf  and 

<0sf , the elastic prediction is then taken as the reel solution. Then go to (6). 

4. Else, calculate increments of plastic strains according to loading path using Eq. 

(2-30) or Eq. (2-39) or Eq. (2-41).  

5. Update stress, strain and internal variables. 

6. ( , ) ( , )( , ) ( , ) ( , )ˆ ( )( )c k i c k ik i k i k i
cC dσ = σ − Δε + Δε . 

7. Exit and send back the updated values to global system. 
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2.4.2 Numerical Simulations 

In this section, we present numerical simulations of laboratory tests performed on 

both sound and chemically degraded samples. As each sample is seen as the 

representative volume element of material testes, it is assumed a uniform distribution 

of stress, strain and chemical damage inside the sample. Therefore, only average 

responses of samples are discussed here. The model’s parameters used in the 

simulations are given in Table 2-1. Note that the simulations presented here represent 

a first phase of validation of the proposed model. 

 

Triaxial compression tests on sound sample are first studied. Fig. 2-22 to Fig. 

2-24 show the comparisons between model’s predictions and experimental data for 

various confining pressure. In an overall way, there is a good agreement between the 

simulations and test data. The proposed model correctly predicts the main features of 

mechanical behaviour of cement paste. 
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Figure 2-22: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 0MPacP = on sound 

sample 
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Figure 2-23: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 10MPacP =  and 

2.5MPaiP = on sound sample 
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Figure 2-24: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 20MPacP =  and 
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2.5MPaiP = on sound sample 
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Figure 2-25: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 0MPacP =  on chemically 

degraded sample 
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Figure 2-26: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 10MPacP =  and 
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2.5MPaiP =  on chemically degraded sample 
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Figure 2-27: Comparisons between numerical simulations (continuous lines) and 

experimental data in triaxial compression test at 20MPacP =  and 

2.5MPaiP =  on chemically degraded sample 

 

In Fig. 2-25 to Fig. 2-27, the simulations of triaxial compression tests on 

chemically degraded samples are presented. Again, one can also find a good 

agreement between the simulations and tests data. It seems that the proposed model 

corrects the mechanical responses of chemically degraded samples and the effect of 

chemical degradation of cement paste is well captured. Finally, we show the 

simulation of hydrostatic compression test on chemically degraded sample in Fig. 

2-28. The response of cement paste in this loading path is also well described. 

 



Chapter 2: Mechanical modeling of cement paste and effects of chemical degradation 

57 

0

5

10

15

20

25

0 2 4 6 8 10

hy
dr

os
ta

tic
 st

re
ss

 (M
Pa

)
Damaged sample

volumetric strain (%)

 
Figure 2-28: Comparisons between numerical simulations (continuous lines) and 

experimental data in hydrostatic compression test on chemically degraded 
sample 

  

2.5. Conclusions 

In this chapter, we have presented the formulation of an elastoplastic model for 

cement paste under compression-dominated stresses. Based on relevant experimental 

data performed both on sound and chemically degraded sample, two plastic 

mechanisms are identified: deviatoric mechanism and pore collapse mechanism. 

Compared the mechanical responses of cement paste between sound and degraded 

samples, the effects of chemical damage on mechanical behaviour of cement have 

been taken into account. Both elastic and plastic properties are affected by chemical 

damage. We have then proposed an identification procedure for the determination of 

model’s parameters. The proposed model is implemented in a computer code using 

finite element method for coupled THM-C problems. We have applied the proposed 

model to simulate typical laboratory tests. It seems that the proposed model is able to 

describe the main features of mechanical behaviour of cement paste in sound and 

degraded states. 

In the next chapter, we will deal with numerical modelling of chemical diffusion 

problem to determine the evolution of chemical damage.
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Chapter 3: Coupling of chemical degradation process and 

mechanical response 

3.1 Introduction 

 In the previous chapter, we have presented an elastoplastic model for cement 

paste taking into account effects of chemical degradation on elastic and plastic 

properties. However, the chemical damage was considered as given data for each 

loading step. Indeed, it is assumed that the damage evolution is fully governed by 

chemical dissolution and diffusion process. In this chapter, we will deal with the 

determination of chemical damage evolution. 

3.2 Phenomenological chemistry model for calcium leaching 

As mentioned in chapter 1, the calcium leaching of calcium from solid skeleton is 

the main mechanism of chemical degradation in cement paste affecting mechanical 

properties. The kinetics of chemical leaching is controlled by the diffusion of calcium 

ions in pore fluid. The chemical damage is directly related to the increase of porosity 

which may be determined by mass balance equation of calcium ion exchange. 

 

3.2.1 Generalized diffusion equation 

As before mentioned, at a natural (reference) state, the calcium concentration in 

pore fluid aC++ is in equilibrium with that in solid skeleton solid
aC . When the cement 

paste is in contact with aggressive fluid on its exterior boundary, the chemical 

equilibrium is broken. The calcium is dissolved from solid skeleton and is diffused 

inside pore fluid. The chemical dissolution and diffusion of calcium ions must verify 

the general mass balance equation. However some assumptions are necessary to 

simply modeling: 
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 all solid phases can be modeled using the concepts of thermodynamic equilibrium; 

 the time required to dissolve solid calcium is very short compared to the diffusion 

time; 

 The material is and remains saturated over time and isothermal conditions are 

preserved; 

 The cement paste is considered as an isotropic porous medium. 

 

Based on these assumptions, the mass balance equation reads: 

( ) 0div solid
a a a

a
C C C

C
M

t
++ ++

++

→

∂ φ
= − Φ +

∂
                    (3-1) 

aC++  is the calcium concentration of the pore solution, φ  is the porosity, 
aC++Φ  is 

the flux of calcium ions.  And 0
solid
a aC CM ++→  describes the quantity of calcium 

dissolved in the liquid phase per unit of time which can be rewritten as: 

0
solid
a a

solid solid
a a a

C C
a

C C CM
t tC

++

++

→ ++
∂ ∂ ∂

= − = − ⋅
∂ ∂∂

               (3-2) 

The flux of calcium ions is given by Fick’s law: 

. ( )
a a

aC CD C++ ++
++Φ = − ∇                               (3-3) 

where 
aC

D ++  is the effective diffusion coefficient which can depend on calcium 

concentration in fluid, temperature and mechanical deformation of material (Gérard, 

2000; Mainguy, 2000).  

 

Introducing Eq. (3-2) and Eq. (3-3) into Eq. (3-1), one gets the generalized 

diffusion equation of calcium concentration in pore fluid: 
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( ) . div ( ) ( )
solid
a a

a a a a
a a

C CC C D C C
tC C

++
++ ++ ++ ++

++ ++

⎡ ⎤∂ ∂∂φ ⎡ ⎤+ φ + = ⋅∇⎢ ⎥ ⎣ ⎦∂∂ ∂⎢ ⎥⎣ ⎦
   (3-4) 

In the bracket, the first two terms correspond to effect of porosity change on calcium 

diffusion process and the third one is related to phase change of calcium ions. 

Generally, the effect related to the phase change, 
solid
a

a

C
C++

∂

∂
 is dominant compared to 

the other ones (Delagrave, 1997). Therefore, it is possible to simply the generalized 

diffusion equation by neglecting the first two terms in the bracket. 

( )2( )
solid
a a

a a
a

C C D C C
tC

++
++ ++

++
∂ ∂

⋅ = ⋅∇
∂∂

                   (3-5) 

where 2∇  is the Laplace operator. This equation is a partial differential equation that 

describes the calcium ions diffusion process in pore fluid. Note that this diffusion 

equation is strongly non-linear in nature due to the dependency of diffusion 

coefficient on various factors and also to non linear phase change equation. 

 

3.2.2 Phase change relation 

In the generalized diffusion Eq. (3-5), the term 
solid
a

a

C
C++

∂

∂
 still needs to be 

determined. This term represents the derivative of calcium ions in solid skeleton with 

respect to calcium concentration in pore fluid. Therefore, it should be determined 

from the chemical equilibrium curve between solid
aC  and aC++ . As mentioned in the 

chapter 1, this equilibrium curve should be determined from laboratory data. In this 

work, we have adopted the data obtained by Berner (1992) on cement paste, as shown 

in Fig. 3-1.  

 

As already analyzed, this curve contains three phases of dissolution. In the first 

phase, the calcium content in solid skeleton decreases quickly corresponding to the 
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dissolution of Portlandite. During the second phase, the dissolution rate is smaller 

than that in the first phase and we have essentially the dissolution of partial C-S-H 

and other hydrates. Finally, there is a sharp diminution of solid calcium until the 

complete dissolution of calcium in solid skeleton. To distinguish these three phases, 

two characteristic values of aC++  are generally defined, respectively equal to 19 and 

2 3mol/m . These two characteristic values define the transition point between the 

three dissolution phases.    

0
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15000
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model

Data

3( / )Ca mole m+ +  

Figure 3-1: Chemical equilibrium curve between solid calcium solid
aC  and 

calcium concentration in pore fluid aC++  : experimental data by Berner 

(1992 ) and phenomenological chemistry model by Gerard (1996) 
 

Based on the experimental data given by Berner (1992), Gerard (1996) 

established a phenomenological chemistry model which describes the chemical 

equilibrium curve as follows: 

2

2 1

( )

1 1

solid
a a a n m

a a

e fC a b C cC
C C
x x

++ ++

++ ++

⎡ ⎤
⎢ ⎥
⎢ ⎥

= − + − +⎢ ⎥
⎢ ⎥⎛ ⎞ ⎛ ⎞
+ +⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

       (3-6) 
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In this expression, , , , ,a b c e f are the parameters of the empirical model. The values 

of these parameters only depend on the proportion of calcium in the cement paste. 

Gerard (1996) proposed to determine these parameters from the molar fraction of 

Portlandite ( porS ) and the total calcium content of the hydrated cement past ( totS ); 

the following empirical relations have been proposed: 

,         0.565( ),     ( ) / 400 ,
( ) / 20 20  ,    

e Spor f Stot Spor b Stot Spor f
c Stot Spor f b a Spor f
= = − = − −
= − − + = +

       

,m n  are two controlling parameters which can vary between 1 to 100. The 

parameters 1 2,x x  define the transition between three dissolution phases. As 

mentioned above, they are about 2 and 19 3mol/m . Fig. 3-1 shows the comparison 

between experimental data and mathematical description of equilibrium curve. 

 

 Using the empirical law (3-6), the derivative 
solid
a

a

C
C++

∂

∂
 can be easily deduced: 

( 1) ( 1)

2 2
2 1

2 1

1 1

1 1

solid n m
a a a

a n mn ma
a a

C e n C f m CbC c
C x x

C C
x x

++ − ++ −
++

++
++ ++

⎡ ⎤
⎢ ⎥
⎢ ⎥

∂ ⋅ ⋅ ⋅ ⋅⎢ ⎥
= − + − ⋅ + ⋅⎢ ⎥∂ ⎛ ⎞ ⎛ ⎞⎢ ⎥⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎢ ⎥+ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

  (3-7) 

 

3.2.3 Diffusion coefficient 

According to the generalized diffusion equation, the diffusion coefficient is the 

main factor controlling the kinetics of diffusion of calcium concentration in pore fluid. 

A series of studies (Bentz and Garvoczi, 1992; Gérard, 1996) have shown that the 
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diffusion coefficient depends on the volume fractions of various hydrate species, 

temperature, and possibly mechanical deformation. Under isothermal conditions and 

neglecting effect of mechanical deformation on diffusion process, we have adopted 

the following relations proposed in the phenomenological chemistry model by Gérard 

(1996): 

( )0 , 1 1, 0

d d
por a
i i
por a

V V
i i i

V V por a por
s i i

s a por

V V VDD D
D V V

β +α

+ +⎛ ⎞
= α = −β + < β <⎜ ⎟

⎝ ⎠
      (3-8) 

Where 0D  and sD  are respectively the initial (sound material) and asymptotic (fully 

degraded material) isotropic diffusion coefficients. porV  and aV  denote the volume 

fraction of Portlandite and that of all other hydrates respectively. The indices d  and 

i  indicate respectively the degraded and initial state. The departure of the Portlandite 

can be responsible for the opening of a macroporosity. Thus, this increases 

significantly the diffusivity of the porous medium. Because of this reason, the 

coefficient β  is introduced to translate the scale effect that describes the contribution 

of the dissolution of Portlandite on the increase of the coefficient of diffusion. We 

have shown the effect of the parameter β  on the variation of diffusion coefficient 

with calcium concentration (Fig. 3-2). 
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Figure 3-2: Effect of parameter β  on the evolution of diffusion coefficient with 

calcium concentration in pore fluid 
 

Further, as the chemical dissolution kinetics is controlled by diffusion process, it 

is obvious that the diffusion coefficient should depend on the chemical nature of fluid. 

Consider the pure water as a reference fluid and the corresponding diffusion 

coefficient as the reference value. The actual diffusion coefficient associated with 

another aggressive fluid can be obtained by multiplying the reference value by an 

appropriate amplification factor. Let tλ  be such a multiplier, the actual diffusion 

coefficient corresponding to a specific aggressive fluid is given by t Dλ . The 

determination of the multiplier is based on relevant experimental data in different 

dissolution conditions; for instance, comparing the diffusion kinetics between pure 

water and nitrate ammonium. 

 

3.3 Numerical implementation 

For the numerical solution of the generalized diffusion equation, a specific block 

is developed inside the finite element code THMPASA. At this first stage of modeling, 

influences of mechanical deformation and temperature are not taken into account. The 

chemical diffusion problem is then solved in an independent way. 



Chapter 3: Coupling of chemical degradation process and mechanical response 

65 

Various methods could be used such as finite elements and finite differences 

method. For the reason of compatibility with the code THMPASA, we have used the 

finite element method (FEM) for the numerical solution of generalized diffusion 

equation. 

Recalling the partially differential equation for diffusion of calcium ions in pore 

fluid: 

( ) ( ) ( )2a
a a a

Cf C D C C
t

++
++ ++ ++∂

= ⋅∇
∂

                   (3-9) 

In order to simply the notation, we will denote the calcium concentration byC . In the 

three dimensional Cartesian coordinate system, the diffusion equation is rewritten as: 

( ) ( )C C C Cf C D C
t x x y y z z

⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂ ∂
= + +⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦

              (3-10) 

In order to get physically admissible solution, we need to precise the boundary 

conditions associated with the specific problem. In general, there are three boundary 

kinds of conditions: 

 prescribed values of the unknown at one part of boundary (Type 1): 

1 1( , , , )C C x y z t at= Γ    

Where 1C  is the given concentration value at the boundary  

 no concentration diffusion (Type 2) 

20C at
n

∂
= Γ

∂
 

where n  is the outward unit normal to the boundary 

 prescribed values of the normal derivative of concentration (Type 3) 

3( ) 0a
cD C C at
n
∂

+β − = Γ
∂

 

where β  is the calcium exchange coefficient at the boundary. 
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3.3.1 Galerkin's residual method 

As mentioned above, this partially differential equation is nonlinear. The 

numerical solution is based on step by step iterative procedure. The first stage consists 

in transforming the exact equation to integral weak form. Galerkin’s Weighted 

Residual Method is largely used for this purpose. This method selects the weight 

functions in a special way:  they are chosen from the base (sharp) functions. 

  After determined its weak form, the second step is the spatial discretization of 

geometrical domain which is divided into a finite number of elements. Inside each 

element, the concentration field is approximated as function of their nodal values by 

introducing sharp functions noted iN , for instance:  

[ ]{ }
1

( , , , )
m

ee e
i i

i
C x y z t N C N C

=
= =∑                      (3-11) 

where m  is the number of nodal points. [ ]N  and { }C  are the column vectors 

which contain sharp functions and nodal values of calcium concentration: 

[ ] [ ]

{ }
1 2

1 2

m

m
T

e e e e

N N N N

C C C C

=

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

                             

Applying the Galerkin's method to one individual element, we have: 

( ) ( ) 0E

e e e e

i
C C C CN D f C d

x x y y z z tΩ

⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + − Ω =⎢ ⎥

∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
∫  i=1,2…m   (3-12) 

The integration by parts leads to: 
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( ) ( ) ( ) ( )

0 1,2,

e

e

e e e e
i i i

i

e

i

N N NC C C CD D D f C N d
x x y y z z t

CDN d i m
n

Ω

Γ

⎡ ⎤∂ ∂ ∂∂ ∂ ∂ ∂
+ + + Ω⎢ ⎥

∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦

∂
− Γ = =

∂

∫

∫

        (3-13) 

where eΩ 、 eΓ  are defined as the geometrical domain and boundary surface of the 

current element. Considering three boundary conditions, we can deduce: 

1 2
3 3

0   ,    ( )e e
e e

e e

i a
C CDN D C C
n n+Γ

Γ Γ

∂ ∂
= = β −

∂ ∂∫ ∫ ∫                  (3-14) 

Combining Eq. (3-11) and Eq. (3-14), the integration form for each element is given 

by: 

[ ] [ ] [ ] { }

[ ] [ ]{ }
3

( ) 0

e

e

ei i i

e
e

i i a

N N NN N ND C d
x x y y z z

Cf C N N d N C N C d
t

Ω

Ω Γ

⎡ ⎤∂ ∂ ∂∂ ∂ ∂
⋅ + ⋅ + ⋅ Ω⎢ ⎥

∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦

∂⎧ ⎫ ⎡ ⎤+ Ω− β − Γ =⎨ ⎬ ⎣ ⎦∂⎩ ⎭

∫

∫ ∫
 (i=1,2,…m)   (3-15) 

Assembly all the elements and using the matrix form, we have: 

[ ] [ ] [ ] [ ] [ ] [ ] { }

[ ] [ ]{ } [ ] [ ]{ }
3

( ) 0

T T T
e

eT T e
a

N N N N N N
D C d

x x y y z z

f C N N C d N C N C d

Ω

Ω Γ

⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂
⎢ ⎥⋅ + ⋅ + ⋅ Ω +

∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
⎡ ⎤ ⎡ ⎤Ω − β − Γ =⎢ ⎥ ⎣ ⎦⎣ ⎦

∫

∫ ∫
       (3-16) 

where { }
ee CC

t
∂⎧ ⎫= ⎨ ⎬∂⎩ ⎭

 

This equation can be expressed in matrix form: 

[ ]{ } [ ]{ } { }R C H C F+ =                               (3-17) 
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where  e
ij ijR r=∑ , ( )e e

ij ij ijH h g= +∑ , e
ij ijF f=∑  

and 

( )e
e

ij i jr f C N N dxdydz
Ω

= ∫  

e
j j je i i i

ij
N N NN N Nh D dxdydz

x x y y z zΩ

⎡ ⎤∂ ∂ ∂∂ ∂ ∂
⎢ ⎥= ⋅ + ⋅ + ⋅
∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦

∫  

3
e

e
ij i jg N N d

Γ
= β Γ∫  

3
e

e
i a if C N d

Γ
= β Γ∫  

 

3.3.2 Temporal discretization 

The global system (3-17) to be solved contains time derivative of calcium 

concentration with time. For numerical solution, the total time interval is then divided 

into a number of incremental time interval noted by tΔ . The time derivative C  

should be approximated by a discrete form. In this work, a finite difference method is 

used time discretization. If the time interval is small enough, we can draw an 

assumption that the derivative of concentration { }C  varies linearly, we have: 

( ) t t t
t t

C CC t t C
t
−Δ

−Δ
−

−Δ + τ = + τ
Δ

                         (3-18) 

The integration for above equation leads to 

2
( )

2
t t t

t t
C CC t t C G

t
−Δ

−Δ
− τ

− Δ + τ = τ+ ⋅ +
Δ

                  (3-19) 

If 0τ = , ( ) t tC t t C −Δ− Δ + τ = , one gets t tG C −Δ= . When we choose tτ = Δ , Eq. 

(3-19) becomes 

http://en.wikipedia.org/wiki/Integral
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2
( )

2
t t t

t t t t t
C C tC C t C t C

t
−Δ

−Δ −Δ
− Δ

= = Δ + ⋅ +
Δ

                 (3-20) 

Some arrangements lead to: 

{ } { } { } { }2 ( )t t tt t t
C C C C

t −Δ−Δ
= − + −

Δ
                      (3-21) 

Introducing the time discretization into the global diffusion system (3-17), one 

obtains: 

{ } { }

{ } [ ]

1 1
1 1 1

1 1
1 1

2 2[ ] [ ] [ ] [ ]

                            [ ] [ ]

n n n n n n

n nn n

R H I C R H I C
t t

R F R F

− −
− − −

− −
− −

⎡ ⎤ ⎡ ⎤+ + −⎢ ⎥ ⎢ ⎥Δ Δ⎣ ⎦ ⎣ ⎦

= ⋅ +

   (3-22) 

If the time increment is very small, we can suppose that [ ]nR  is nearly the same as 

[ ]1nR − , therefore, the simplification for Eq. (3-22) is: 

[ ] [ ] { } [ ] [ ] { } { } [ ]1 1
2 2

( ) ( )n n n n
R R

H C H C F F
t t − −+ + − = +

Δ Δ
        (3-23) 

This system of linear equations can be solved by classical methods. The initial 

condition is that we know the values of concentration at the ( 1)thn −  time step. At 

first we assume that the concentration at thn  step { }nC  is the same as 1n −  time 

step; then, using the average value of the n  and 1n −  time step, the matrix [ ]H , 

[ ]R  can be determined. Also{ }n
F  and [ ] 1n

F
−

 are given. After the inversion of the 

system, the new { }n
C  can be obtained; at last, comparing the new and old values of 

{ }n
C , if the absolute error is smaller than 10-3,  we think the convergence is obtained; 

otherwise, updates the old value of n  step in place of new value, and return to 

second step.  
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3.3.3 Verification 

In this section, two important things are focused in our goal. The first is that the 

convergence of the numerical solution, the second is whether the diffusion model is 

agreed with the experimental data.  

 

Convergence: 

In the criteria of convergence, the time increment must allow the condition 

( )
( )

22
3
l f C

t
D C

Δ ⋅
Δ ≤ . For example, consider the uniaxial sample (bar) of 20cm length 

subjected to deionized water at its left boundary, as shown in Fig. 3-3. Taking the 

diffusion multiplier coefficient 1tλ = . 

 
Figure 3-3 Mesh of a 1D simulation to calculate the calcium leaching 

 

Fixed time interval 1dayt = : 

In this case, we study influences of mesh size. 1-D simulations have been 

performed using different finite element meshes as shown in Table 3-1.  
Table 3-1: Different cases used in 1D simulation 

Size of the 

element 

1N° (mm) 

0.001 0.001 0.001 0.01 0.01 0.01 0.05 0.1 

Geometrical 

increase ratio
1.01 1.02 1.03 1.00 1.01 1.02 1.00 1.00 

Total Number 

of elements 
300 200 150 200 310 188 200 100 
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Case Number 1 2 3 4 5 6 7 8 

 

In Fig. 3-4, we show the variation of calcium concentration along with the axis of 

bar for the different cases studied. One can see that for the size between 0.001mm and 

0.01mm, the mesh size has negligible influences on numerical results. However, if the 

is increased up to 0.05mm, the numerical result is significantly different with those 

using small sizes. Therefore, preliminary studies should be necessary in order to take 

an optimal choice of mesh size in view of numerical accuracy and computing time. 
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Figure 3-4 aC++  distribution along one dimensional bar for a given period of 

chemical leaching with different mesh sizes 
 

Fixed mesh size (0.01mm): 

Based on the above result, we choose the size of the first element to be 0.01mm 

and a geometrical ratio as 1.02. The objective now is to study influences of time 

increment. Table 4-2 shows the series of numerical simulations using different time 

increments. 
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Table 4-2: different time increments used in numerical simulations 

Time increment 

(day) 

0.05 0.1 0.2 0.5 1 2 4 

Case Number 1 2 3 4 5 6 7 

 

The comparisons of numerical results between different cases are shown in Fig. 

3-5. One can see that the differences between different cases are very small. However, 

it appears that with larger time increment, the obtained concentration profile may 

contain some local irregular variations, as shown in Fig. 3-6 for the case 7N° . As a 

conclusion, the numerical results seem to be stable when the time increment is smaller 

than 1 day.  
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Figure 3-5 aC++  distribution along the axis of bar at a given instance with 

different time increments 
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Figure 3-6: aC++ distribution along the axis of bar at a given instance in the case 

7N°  

 

In order to determiner the diffusion process, the essential material characters and 

model’s parameters are wanted. In the work of Le Bellégo (2000), she has obtained a 

series of data for mortar. Also, Kuhl (2004) has also achieved some parameters for 

cementitious materials. In their researches, we find that for the calcium content and 

Portlandite content and there volume ratio, these two studies have some difference but 

vary in a limit range. In our study, we use the parameters obtained by Le Bellégo due 

to the lack of the experimental data. Therefore, the material and model parameters 

used in the leaching process are given in Table 3-3.  

 
Table 3-3: Parameters of phenomenological chemistry model 

315278 /totS mole m=  70n =  2.3β =  

34427 /porS mole m=  5m =  0.18porV =  

1 2x =  12 2
0 3*10 /D m s−=  0.40C S HV − − =  

2 19x =  12 2400*10 /sD m s−=  0.14Aft AfmV + =  

 

In the work of Gérard, several calculations have carried on such as the numerical 
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simulations of immersion in deionised water. Using the same parameters, we precede 

this calculation with the simplified Eq. (3-23). The numerical result shows that the 

leaching depth for deionised water condition after 3 months is about 1.71mm. This 

result is very similar to the result obtained by Gérard and the difference is within 2 

percent. This means that the numerical implementation can well describe the Gérard’s 

model. On the other hand, the experimental depth of calcium leaching after 3 months 

of immersion in deionised water is about 0.5-2.7 mm due to the different corposant of 

materials (Gérard, 2002). Thus, it is conformed that the numerical result has a good 

accuracy to the average value for the experimental. 

 

The second comparison is applied in the ammonium nitrate condition. The mortar 

samples are immerged in nitrate ammonium solution with a concentration of 6mol/l  

and measure the degraded depth at 28, 56, and 98 days of leaching. The numerical 

results obtained at correspond days are given together with the corresponding 

experimental values in Table 3-4. In this case, we determined the multiple coefficient 

as 60tλ =  with the relation 0t t tλ = . 0t  represents the time in deionised water and 

t  as the actual condition to arrive the same degradation depth.  

 
Table 3-4: Chemical leaching depth at 28, 56, and 98 days 

Period Simulation (mm) Experiments (mm) 

(Gérard, 2002) 

Differences 

28 days 

56 days 

98 days 

8.73 

12.94 

17.38 

8.93 

12.61 

13.5 

-2.2 

+2.6 

-4.3 

 

In this part, we discuss the two possibly problems during the simulation, and finally, 

we draw the conclusion that the diffusion model can well describe the leaching 

process not only in deionised water condition but also in acid condition, and the 

numerical methods are well formulated which can be well used in the following 
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simulation of chemo-mechanical coupling process.   

3.4 Simulations of coupled chemical-mechanical tests 

The coupled chemical mechanical tests have been performed in LML in 

collaboration with TOTAL Company (Yurtdaz et at. 2006). Each coupled test is 

realized in the following steps: 

 A sound sample is placed in the triaxial cell. 

 The given confining pressure is applied; for instance 5Pc MPa= . 

 The deviatoric stress (that is equal to 50 % of the failure stress) is applied. 

 The nitrate of ammonium (or H2S) is injected with 2.5Pi MPa=  at the inlet 

point and the pore pressure at the outlet point is equal to 0 MPa. 

 
Figure 3-7: Illustration of testing device (Yurtdaz et at. 2006) 

 

Fig. 3-7 shows an illustration of the experimental device. In this figure, three 

pumps are equipped in the experimental system: one for the deviatoric stress (No.1) 

and one for the confining pressure (No.2); in addition, the third pumps is used to 

inject the liquid from the bottom surface. 
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The emphasis of this study is on the mechanical responses during the triaxial 

loading with chemical degradation. In each test, we measure the evolution of average 

axial strain in function of time. Based on the experimental results, two tendencies of 

evolution have been observed. The first is that along with the chemical leaching, the 

deformation increases steadily and the sample will keep stable while the other shows 

that with the increasing of time, the deformation increases more and more till the 

failure of the sample. 

Fig. 3-8 shows the numerical simulation and the experimental data for the test 

with the confining pressure 10Pc MPa=  and nitrate solution ( 4 3NH NO ). Fig. 3-9 

shows the numerical simulation and the experimental data for the test under the 

confining pressure 5Pc MPa=  and with the aggressive solution ( 2H S ). The 

mechanical responses obviously depend on the level of applied deviatoric stress 

during chemical degradation. In the analyses in the Chapter 2, we have found that at 

10Pc MPa= , the maximum resistance at total chemical damaged state is superior to 

50% of the failure stress of the sound material. Therefore, the evolution of axial strain 

in this test tends toward a stationary state without accelerated failure by chemical 

degradation. However, in the simulation for 5Pc MPa= , the maximum resistance of 

the chemical damaged material is inferior to 50% of the failure stress of the sound 

material. Hence, we observe that a clear acceleration of the axial deformation occurs 

leading the rupture of the sample. In Fig.3-10, the distributions of calcium 

concentration along the axis of sample are given for different instances. We can 

observe progressive propagation of chemical degradation front inside the sample. 
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Figure 3-8: Evolution of the total axial strain with time for the test under 
Pc=10MPa and with NH4NO3: comparison between the numerical 

simulation and the experiment 
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Figure 3-9: Evolution of the total axial strain with time for the test under Pc=5MP 

and with H2S: comparison between the numerical simulation and the 
experiment 

 

Comparing the numerical simulations and experimental data for two tests, we can 

consider that the proposed elastoplastic model with chemical degradation can well 

describe the coupled chemical-mechanical tests.  



Chapter 3: Coupling of chemical degradation process and mechanical response 

78 

0

5

10

15

20

25

0 10 20 30 40

30hours

40hours

50hours

60hours

cP
cP

axialσ

4 3NH NO

Pc=10MPa

mm

Ca2+ mmol/l

 

Figure 3-10: Distribution of aC++  calculated for different periods at Pc=10MPa 

with NH4NO3  

3.5 Conclusion 

In this chapter, we have addressed the numerical solution of chemical diffusion 

process. The kinetics of chemical damage is directly related to this diffusion process. 

A phenomenological chemistry model is adopted to determine phase change in the 

dissolution of calcium ions and variation of diffusion coefficient with modifications of 

different phases. A specific computer block is developed for the numerical solution 

using finite element method. The numerical stability of solution is tested. Finally, the 

proposed model is applied to the modelling of coupled chemical-mechanical tests 

seen as small structure. There is a good agreement between numerical simulations and 

experimental data. 

 

 



Chapter 4: Mechanical behavior of cement paste subjected to mechanical damage and chemical degradation 

79 

Chapter 4: Mechanical behavior of cement paste subjected to 

mechanical damage and chemical degradation 

4.1 Introduction 

This thesis focuses on the effects of the chemical degradation on mechanical 

behavior of cement paste. In Chapter 2, we have addressed the coupling between 

elastoplastic behavior and chemical degradation of cement paste under high 

compressive stresses by neglecting mechanical damage due to microcracks. In chapter 

3, the evolution of chemical damage has been determined through the chemical 

leaching process, which is governed by the generalized diffusion equation. We have 

applied finite element method to obtain numerical solutions of chemical leaching 

process. 

 

In this chapter, we will extend the previous work by considering mechanical 

damage by microcracks in cement-based material under low compressive stress and 

tensile stress. Indeed, in civil engineering structures, the cementitious materials 

should be loaded not only in compression-dominant conditions, but also in other 

loading conditions such as very low confining pressure, tensile stresses. In these cases, 

experimental data show that mechanical damage due to growth of microcracks will be 

an essential mechanism of deformation and failure in cement-based materials 

(Schlangen, 1992). Therefore, in order to make the constitutive model to be able to 

predict mechanical responses in such loading conditions, in this chapter, we propose 

an extension of the model to include mechanical damage mechanism. However, the 

emphasis of this work remains on the modeling of chemical degradation effects on 

mechanical behavior of cement paste under compressive stresses; the description of 

mechanical damage is reduced as simple as possible. Some qualitative comparisons 

with experimental data will be presented at the end of this chapter. 
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4.2 Description of mechanical damage 

In according to extensive experimental data (Mahboubi, 2005), the cement-based 

materials exhibit brittle mechanical behavior in triaxial compression tests with low 

confining pressures. This brittle response is generally represented by a peak value of 

deviatoric stress followed by a material softening phase. On the microscopic level, we 

can observe nucleation and propagation of inter granular and intra- matrix 

microcracks. The propagation of microcracks is essentially dominated by tensile and 

shearing modes. The chemical damage affects not only elastic properties but also 

plastic properties and flow properties such as permeability (Perlot, 2006). The rate of 

damage evolution decreases when the confining pressure increases. When this one 

becomes high enough, the mechanical damage by microcracks become secondary and 

we obtain a ductile elastoplastic behavior as that studied in chapter 2 (see Fig. 2-3). In 

this chapter, we discuss the description of mechanical damage evolution and its 

coupling with elastoplastic behavior. Therefore, taking into mechanical damage, the 

free energy function reads: 

( ) ( )( ) ( ) ( )21, , , , 2 , , , )
2

e p e e e
m c c m v c m ij ij p p m cd d k d d d d e e d d⎡ ⎤Ψ ε γ = ε + μ +Ψ γ⎢ ⎥⎣ ⎦

  (4-1) 

As observed in many experimental data, the induced mechanical damage affects 

elastic properties of materials. Considering the case with small density of microcracks 

and without interaction between microcracks, we adopt here the results issued from 

the dilute scheme in micromechanical analysis of elastic cracked materials (Mura, 

1987). Further, the elastic properties of damaged material are generally different when 

microcracks are open or closure. For instance, the compressibility modulus of 

damaged material can be restored when the microcracks are closed. These so-called 

unilateral effects should be taken into account. The effective elastic parameters of 

chemically and mechanically damage materials may be expressed as follows: 
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−α
μ = μ

+α
         (4-2) 

(.)H  is the Heaviside function. The values of parameters 3α  and 4α  which can be 

determined from experimental data show progressive degradation of elastic properties 

with mechanical damage evolution. The conjugate force associated with the 

mechanical damage variable is defined by 

0 0

1 2

1 2
2 1 1

e
pe e e

dm v ij ij
m c c m

kY e e
d d d d

∂Ψ⎡ ⎤μ∂Ψ
= − = ε + −⎢ ⎥∂ + α +α ∂⎣ ⎦

         (4-3) 

The bracket x  denotes 0x =  if 0x ≤  and x x=  if 0x ≥ . In the 

framework of thermodynamics, the damage evolution law is determined through a 

dissipation potential, which is a function of the conjugate damage force. We can see 

that the conjugate damage force independently depends on elastic and plastic strains. 
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Figure 4-1(a): Result of triaxial tests on cement paste: axial strain - deviator stress 

curves (Yurtdas et al., 2006) 
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Figure 4-1(b): Result of triaxial tests on cement paste: deviator stress - volumetric 
strain curves (Yurtdas et al., 2006) 

 

Mechanical damage criteria 

Fig. 4-1 shows the experimental results of the cement paste in compression at 

different confining pressures. These curves show the transition from quasi brittle to 

ductile behavior of material when the confining pressure increases. In Fig. 4-1(a), we 

can observe that at low confining pressures, the material softening appears due to 

increase of mechanical damage evolution; in parallel, the volumetric strain under low 

confining pressure is dominated by dilation. From this phenomenon, in a first 

approximation, we can assume that the mechanical damage is related to volumetric 

dilation of material. For the sake of simplicity, we neglect the influence of shear 

strains on mechanical damage evolution and assume that this one only depends on 

total volumetric strain. The following measure of damage force is defined: 

20

1

1
2 1d v d

c

k
d

⎡ ⎤
ξ = ε χ⎢ ⎥+ α⎣ ⎦

                             (4-4) 

 

According to experimental data for typical cement-based materials as shown in 
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chapter 2 and in Fig. 4-1, the mechanical behavior of concrete strongly depends on 

confining pressure. In order to take into account this pressure dependency, we 

introduce the normalizing coefficient dχ , which is expressed as a function of the 

effective mean stress: 

13 B
c

d
c

I f
f

⎛ + ⎞
χ = ⎜ ⎟

⎝ ⎠
                              (4-5) 

The coefficient cf  denotes the uniaxial compression strength of material of sound 

state, and 1B  is the parameter of model which controls the rate of the ductile 

response. Based on the damage criterion proposed by Mazars (1984) for concrete, the 

following function is proposed: 

( )0
2 2 2exp 0d d d mf A A B d⎡ ⎤= − ξ − ξ − =⎣ ⎦                  (4-6) 

The parameter 2A  defines a critical value of damage corresponding to residual 

strength of damaged material; 2B  is controlling the kinetics of damage evolution; 

and 0
dξ  defines the initial threshold of damage force. Note that the mechanical 

response of frictional materials line cement paste is generally dissymmetric under 

compression and tension. For instance, the evolution of damage is higher in tension 

than in compression. In order to capture this dissymmetry, two different damage laws 

are used respectively in compressive and tensile conditions: 

( )
( )

0
2 2 2

0
2 2 2

exp

exp

mc c c c d dc

mt t t t d dt

d A A B

d A A B

ξ ξ

ξ ξ

⎡ ⎤= − −⎣ ⎦
⎡ ⎤= − −⎣ ⎦

                     (4-7) 

The effective damage variable is determined as: 

( )1m t mt t mcd d dα α= + −                                (4-8) 
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where mtd  and mcd  are the components of mechanical damage in tensile and 

compressive conditions. The parameter tα  specifies the loading condition and 

depends on loading path. It varies between 0 (full compression) and 1 (full tension). 

In the model of Mazars (1984), a continuous evolution law of tα  was proposed as a 

function of applied stresses. However, for the sake of simplicity, a simpler version is 

used here. Only two extreme values are considered; full compression ( 0tα = ) and full 

tension ( 1tα = ). In transition criterion use is the following: when one of three 

principal stresses becomes tensile; the tensile condition is considered. Else we are in 

compression condition. 

 

4.3 Influence of mechanical damage on plastic flow 

As we presented in chapter 2, the present model contains two types of plastic 

mechanisms, the first is the plastic shearing mechanism that is dominant at low 

confining pressure and the second is the pore collapse that determines the evolution of 

plastic strain at high confining pressure. Further, the brittle behavior related to 

mechanical damage occurs only at low confining pressures. Therefore, we assume that 

the mechanical damage affects the deviatoric plastic mechanism only. 

 

Due to the growth of microcracks generating mechanical damage, material 

bounds in solid skeleton are progressive destroyed. There is redistribution of local 

stresses in sound material areas. Generally, plastic flow rate is intensified in damaged 

material. This is equivalent to introduce degradation effect by mechanical damage in 

plastic hardening law determined in chapter 2. Thus based on typical experimental 

data, the plastic hardening function of damaged material is expressed by: 

( ) ( )0 01 1 s
m

s
d

B
⎡ ⎤γ

α = − α + −α⎢ ⎥+ γ⎣ ⎦
                       (4-9) 
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Further, according to the same physical raison, the parameter C , which represents 

the material cohesion (hydrostatic tension strength) of material, generally decreases 

with induced damage. The following simple relation is proposed: 

( )0 1 mC C d= −                                   (4-10) 

 

4.4 Parameter identification and numerical simulations  

 The model’s parameters can be determined from uniaxial tension and 

compression tests. Typical values of parameters obtained are shown in Table 4-1.  

 
Table 4-1:  Typical values of parameters of mechanical damage evolution 

Parameters 3α  4α  1B  0
dcξ  2cB  2cA  

Chemically sound 

material- compression 
1.0 1.0 2.0 3000 5E-6 0.4 

Chemical degraded 

material-compression 
1.0 1.0 2.0 3000 5E-6 0.2 

Chemically sound 

material- tension 
1.0 1.0 2.0 300 5E-5 0.9 

Chemically degraded 

material- tension 
1.0 1.0 2.0 300 5E-5 0.7 

 

Fig. 4-2 shows the simulation of uniaxial compression tests, respectively for 

chemically sound and degraded materials. We can see that the proposed model is able 

to correctly predict brittle behavior of cement paste including material softening under 

low confining pressure conditions. And at higher confining pressures, the damage rate 

progressively vanishes and only plastic deformation is active. We recover the same 

predictions as those presented in chapter 2. 
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Figure 4-2(a): Comparisons between numerical simulations and experimental 

data in uniaxial compression test on chemically sound sample 
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Figure 4-2(b): Comparisons between numerical simulations and experimental 

data in uniaxial compression test on chemically degraded sample 
 

Note that the damage evolution rate is also affected by chemical degradation. For 

instance, the parameter 2cA  is variable with chemical damage state. In our study, this 

value is 0.4  for chemically sound state, while decreases to 0.2  in fully chemically 

degraded material. This means that the chemical degraded material has a more ductile 

behavior (with smaller chemical damage evolution rate) than the sound material. 

However, from the experimental data, it seems that the ratio between the residual 

stress and peak stress is almost constant in chemically sound and degraded materials. 
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This suggests that the material softening behavior is fully controlled by mechanical 

damage.  
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Figure 4-3: Simulation of uniaxial traction test on sound sample and chemically 

degraded sample 
 

4.5 Simulation of 3 points bending tests subjected to chemical 

degradation 

In this section, a simple example of application of the proposed model is 

presented. It consists of three point bending tests of beam largely performed in civil 

engineering to investigate basic responses of concrete structures. A series of tests have 

been realized on mortar samples by Le Bellégo (2000). The principle of the tests is to 

perform a preliminary phase to generate chemical degradation state in the specimens, 

followed by mechanical loading. With these tests, it is possible to investigate 

mechanical responses of beam at different chemical degradation state.  

 

Inspired by the tests performed by Le Bellégo (2000) on the mortar, we propose 

to realize numerical modeling of cement paste beam subjected to three point bending 

and chemical degradation. The considered beam has a size of 40mm*80mm* 320mm 

as shown in Fig. 4-4. The beam is subjected to chemical degradation by ammonium 
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nitrate solution at its bottom surface. However, the lateral and top surfaces of the 

beam are protected from chemical degradation. The chemical degradation process is 

activated for different durations, for instance 7 days, 14 day, 28 day etc. At each 

chosen time, the beam is extracted from the chemical solution, and is loaded 

mechanically. Fig. 4-4 shows the illustration of three point bending configuration of 

the beam with chemical attack condition. The LVDT placed at the centre of the beam 

is used to measure the displacement along y  axis.  
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Figure 4-4: Illustration of 3 point bending test with chemical degradation 
 

4.5.1 Mesh, boundary and initial conditions 

The mesh used for chemical and mechanical modeling is shown in Fig. 4-5. 

Making use of the symmetry of the problem, only half of the beam is meshed and 

four-node element is used in this mesh. The initial conditions are that: 

 The x-displacement is fixed at surface AB ; 
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 The y-displacement is fixed at point E ; 

 The concentration of ammonium nitrate is 6 /mmol l  at surface BC ; 

 There is no normal flux of calcium concentration at the surfaces AB , CD  and 

AD .  

x

y Uy

Ux=0

Uy=0

A

B C

D

E

flux=0

flux=0

flux=0

4 3(6 / )NH NO mmol l

xx

y Uyyy Uy

Ux=0

Uy=0

A

B C

D

E

flux=0

flux=0

flux=0

4 3(6 / )NH NO mmol l
 

Figure 4-5: FEM mesh and boundary conditions used for chemical and 
mechanical modeling of cement paste beam 

 
 

4.5.2 Chemical leaching calculation 

The result of chemical degradation is the calcium concentration distribution in the 

beam (see Fig. 4-6). The simulation predicts that the location of the chemical leaching 

front is at 9mm from the bottom of the beam after 7 days of chemical attack. 
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Figure 4-6: Distribution of aC++  as a function of depth in the beam after 7 days 

of leaching by ammonium nitrate solution 
 

4.5.3 Mechanical simulation and comparison 

Based on the simulation of chemical leaching, the beam becomes a heterogeneous 

porous medium composed of material zones with different levels of chemical 

degradation. Appropriate elastic, plastic and damage parameters can be determined at 

each material point. In the mechanical loading, the vertical force is applied to the 

middle of the top surface (Point A). Fig. 4-7 shows the simulation of force- 

displacement curve in partially chemically degraded beam (see Fig. 4-6). 
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Figure 4-7: Deflection – force curve of the beam after 7 days of chemical 
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leaching 
 

Fig. 4-8 shows the evolution of the mechanical damage at different steps of 

mechanical loading. We can observe that the evolution of mechanical damage 

contains two phases: at first, the damage evolves in the bottom zone affected by 

chemical degradation; then along with the increasing of the mechanical loading, the 

damage extends quickly to the centre of the beam and finally the beam will fail in 

form of the crossing fissure. This failure pattern given by the simulation is compatible 

with many experimental observations (Pihlajavaara, 1974; Le Bellégo, 2003; Zhang, 

2003). 

 
Figure 4-8: Evolution of mechanical damage at different loading steps 

 

A series of simulations have been performed with different chemical leaching 
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time. Fig. 4-9 shows the load-deflection curves for various cases. From this figure, 

several remarks can be drawn: 

 The maximal force is highly dependent on the chemical degradation state, and 

also the higher the leaching depth is, the lower the stiffness is. 

 Accompanying the increasing of chemical damage, the deflection at peak grows 

but the increasing amplitude is quite small; the plastic deformation plays an 

important role in mechanical behavior.  

 

Certainly, because of the limit of present model and the lack of relevant data for 

the determination of model’s parameters, these simulations can only partly describe 

the response of actual responses, mainly at the pre-peak phase. 

 

 
Figure 4-9: Deflection-force curves of beam at different chemical degradation 

periods 
 

In the experimental studies performed by Le Bellégo (2000) on mortar beams, the 

loss of apparent stiffness and the decrease of maximal load have been observed during 

the chemical degradation process. However, the deflection at peak state is almost 

independent of chemical degradation state. Mortar and cement are widely used in 

many engineering applications. Their basic mechanical behaviors are quite similar. 
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The chemical degradation due to dissolution of calcium ions is nearly the same in the 

two materials. However, some differences still exist; the behavior of mortar is 

generally more brittle than that of cement paste. 

In order to make qualitative comparison between the present numerical 

simulations and experimental data obtained by Le Bellégo (2000), we have calculated 

the ratio of peak force diminution by chemical degradation as a function of 

degradation time, as shown in Fig. 4-10. We can observe that the general trends are 

very similar in two materials. The peak force in 3 point bending tests decreases with 

chemical degradation. 

 

Figure 4-10: Variation of peak force ratio as a function chemical degradation time 
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We have proposed an extension of chemo-mechanical model to include 

mechanical damage by microcracks. This makes the model to be able to describe 
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able to capture main features of behavior observed in most cement-based material. An 

0 

0.2 

0.4 

0.6 

0.8 

1 

1.2 

0 20 40 60 80 100 120 

Experimental data (Le 
Bellego) for mortar

Simulation for cement 

f/f0 
  

days
  



Chapter 4: Mechanical behavior of cement paste subjected to mechanical damage and chemical degradation 

94 

example of application of the proposed model to typical engineering structures is 

presented. We have studied the case of 3 point bending of a beam subjected to 

chemical degradation. The effects of chemical degradation on mechanical responses 

of the beam have been investigated. In a qualitative way, the results obtained by 

numerical simulations are in agreement with experimental data obtained on similar 

materials. 
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Conclusion & Perspective 
 

We have presented in this thesis a systematic modeling procedure for mechanical 

properties of cement-based materials under mechanical loading and chemical leaching. 

This procedure consists of four part, they are: summary of the present research in the 

related domains; the analyses of the experimental results carried out at LML; the 

presentation of the constitutive law and the coupling with chemical damage; the 

numerical simulation of mechanical responses both at material level and at structural 

level. According to the practice, these aspects are written by four chapters. 

 In the first chapter, the phenomenological observation and characteristic 

introduction of cementitious materials have been presented and they are used as the 

basic framework for the present study. In this framework, the leaching phenomena, 

the mechanical properties due to calcium leaching are qualitatively stated. Several 

focuses in this coupling process has been mentioned. In the following chapter, based 

on the experimental data, the plastic mechanisms can be summarized and constitutive 

law for sound material and chemically damaged material has been introduced by the 

same formula. This referred to the chemical degradation at the different states. 

Therefore, a damage variable called ‘the chemical damage’ is introduced in the 

present model and the coupling process within mechanical loading and chemical 

loading has been realized in the following chapter. In chapter 3, we dealt with the 

evolution of the chemical damage by generalized diffusion equation, and their 

numerical solutions have been obtained by the finite element method. At the end of 

this chapter, the proposed constitutive law with chemical damage has been applied to 

the time-dependent simulation of chemical-mechanical coupling tests. Finally, we 

extended the model to tensile condition and the mechanical damage has been 

discussed in chapter 4. Consequently, a simple application of three points blending 

test has been performed.  

 

Based on our study, we can draw some conclusions as following: 
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 The microstructural analysis showed that the dissolution front existed during 

calcium leaching process. We used the pH indicator like phenolphthalein to 

obtain this front which distinguished the transition between the sound zone and 

the chemically degraded zone. 

 As a consequence, the front modeling for calcium leaching was used to describe 

the evolution of the porosity. In our study, the Gérard’s model was applied 

directly and the numerical solutions described its agreement with the 

experimental data.  

 The porosity is an important factor which is mainly affected by calcium leaching. 

In our study, the increase of porosity due to chemical leaching was defined as the 

chemical damage. In the time-dependant simulation of chemical-mechanical 

coupling test, the present constitutive model can well manifest its influence at 

different damage states.  

 Chemical leached cement sample and sound cement sample were tested in triaxial 

compression tests and hydrostatic tests. The samples at two state showed the 

same mechanical properties: a brittle behaviour occurred by material softening 

phase in post peak at low confining pressure; two plastic mechanism were 

obviously observed, they are the plastic shearing mechanism that is dominant at 

low confining pressure and the pore collapse that determines the evolution of 

plastic strain at high confining pressure. Due to the different chemically damaged 

degree, the evolution of each plastic is different. The general trend is that the 

more chemical damage is, the more plastic produced. The main focus of this work 

is to obtain an elastoplastic model with chemical damage. In this model, the main 

plastic mechanisms have been well explicated.  

 The simplified mechanical damage criterion by microcracks under low 

compressive stress and tensile stress has been introduced in the present model at 

the end of this thesis. The applications showed that this extension can predict 

mechanical responses in tensile loading conditions and qualitative comparison 

between the present numerical simulations and experimental data of three points 

bending tests revealed the similar trends.   
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The experimental and constitutive model presented in this thesis exposed an area 

of future scientific interest and industrial importance. The following are possible 

extensions for future research: 

 For constitutive law: at the end of this thesis, the mechanical damage has been 

discussed. Actually, this is also a complex process and more attractions can be 

emphasized in this part. At the same time, with the development of measure, the 

more and more quantitative experimental investigations can be performed in the 

future, and the evolution of calcium leaching and mechanical response can be 

clarified more precisely, these will lead to improvement of current modeling and 

new theoretical development.  

 For applications, this study may be motivated in part of geological sequestration 

residual acid gas and fluids. The degradation predictions are particularly useful 

during the lifetime to estimate security risks. The more factors such as creep, 

temperature, freezing should be considered simultaneously in the future.
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