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d(f1, f3) = d(f1, f4) = 15 d(f2, f3) = d(f2, f4) = 2& R+ *+$!/("+"5 #=.$*#->.#.%! "+% " f2 "% f3 "$%)#($ 9* %" /(" #=.$*#->.#.%! "+% " f1 "% f35 )- "7",)#"& R+ "C"%5 $. #" $E$%D," "$% $*(,.$ O #- $"(#"9-(%" f35 .# $(T% 8=(+" "  "( 8=!0-#(-%.*+ 8"$  !$.8($ )*( 8.-2+*$%./(" 5 O %* %5 (+" 9-(%" f15%-+8.$ /(=.# "+ 9-(% 8"(7 )*( 8.-2+*$%./(" 5 %*(U*( $ O %* %5 (+" 9-(%" f2& !" #$% &'()$*$(+% )$ ,-.(/,0%$ 1+23+32$,,$1=V+-#E$" '% (%( "##"  ")*$" $( (+ ,*8D#" $% (%( "#5 $*($ #- 9* ," 8=(+ 2 -):" >.)- %.5*>%"+( O )- %. 8=(+ ,*8D#" 8" *,)* %","+% 8( $E$%D,"5 8*+% #"$ )- -,D% "$ +" $*+% )-$+!"$$-. ","+% .8"+%.G!$& 1=-+-#E$" $% (%( "##" )" ,"% 8" ;WX



` V14 V2 &*#-$'& '#&'31$'& .'& &*33'-& ./ :(")@' '- E ⊂ V1 × V2 '&- $6'#&'31$' .'& "(M-'&! AV14V2E =*(3'/#' )"(-+-+*# '# .'/Z '#&'31$'& A*/ 1+)"(-+-+*#E .' $6'#&'31$' .'& &*33'-&!J*+- /# &%&-23' .,(+- )"( /# '#&'31$' C .' *#-("+#-'& A*/ ('$"-+*#&E $+"#- .'& 0"(+"1$'&'#-(' '$$'&4 '- V $6'#&'31$' .' '& 0"(+"1$'&! J*+- V = X ∪ Z $" )"(-+-+*# .' $6'#&'31$' .'&0"(+"1$'& V '# .'/Z '#&'31$'& L '$/+ .'& 0"(+"1$'& *##/'& A*33"#.'& '- 3'&/('&E Z '- '$/+.'& 0"(+"1$'& +#*##/'& X! !"#$%$&# '()() AO(")@' 1+)"(-+ ./ 3*.2$'E( H" &-(/-/(' ./ &%&-23' '&- 3*.,$+&,' )"( /#:(")@' 1+)"(-+ (C, V,Γ) *` Γ '&- .,9#+ *33' &/+- L +$ 'Z+&-' /# "( '#-(' /#' *#-("+#-' ci '-/#' 0"(+"1$' vj &+ '- &'/$'3'#- &+ vj "))"("]- ."#& ci!H" 9:/('  !a )(,&'#-' /# 'Z'3)$' .' :(")@' 1+)"(-+ L $'& ,$,3'#-& .' C A&*33'-&7*#-("+#-'&E&*#- (')(,&'#-,& )"( .'& -("+-&4 -"#.+& ;/' $'& ,$,3'#-& .' V A&*33'-&70"(+"1$'&E &*#- (')(,&'#-,&)"( .'& )*+#-&! H" *#-("+#-' c14 )"( 'Z'3)$'4 $+' $" 0"(+"1$' *##/' z1 '- $" 0"(+"1$' +#*##/'
x14 ' ;/+ '&- (')(,&'#-, :(b' "/Z "(& Ac14z1E '- Ac14x1E! !"#$%$&# '()(* A?"-(+' .6c#+.'#'E( H" 3"-(+' .6+#+.'#' ./ :(")@' 1+)"(-+ '&- $" 3"-(+'
S .,9#+' .' $" ="d*# &/+0"#-' L

{

S(i, j) = 1 &+ vj ∈ V "))"("]- ."#& ci4
S(i, j) = 0 &+ vj ∈ V #6"))"("]- )"& ."#& ci! a 



 !"#$%  !" # $%&'()& *& +,-(.& /0(-,10 !"#$%!&'(')*& +!% +$#),$!%- 2-34 )&4 '5*6)&4 *73-'089&4: *&4 ;-,0-/)&4 *<,0;<&4 031&,=;0&33&31! >) 7 - *&9% ?-@534 *& ,&(,<4&31&, )&4 *<,0;<&4 (-, ,-((5,1 -9 1&'(4 *-34 93 '5*6)&41,919,&) B ! 53 5340*6,& 89& x &1 ẋ 4531 41,919,&))&'&31 )- 'C'& ;-,0-/)&: &1 )D53 1,-01& (-, 534<89&31)&4 <89-10534 *73-'089&4 5''& *&4 <89-10534 41-1089&4 EF! 53 5340*6,& 89& x &1 ẋ 4531 *&9% ;-,0-/)&4 41,919,&))&4 *0G<,&31&4: &1 )D53 03*089& )&)0&3 &31,& &4 ;-,0-/)&4 &3 *<H3044-31 93 &34&'/)& *& 531,-031&4 49(()<'&31-0,&4: -((&=)<&4 531,-031&4 *0G<,&310&))&4! >) 4D-+01 *& )- ,&(,<4&31-1053 89& 3594 -*5(1&,534 *-34 &'<'50,&: -, &))& &41 ()94 (,<04& &1 ()94 ?-0)& I 031&,(,<1&,: )- 351053 *& -94-)01< 7 -((-=,-044-31 '0&9%!.$/&)')*& 0-1-2 JK531,-031& *0G<,&310&))&L- M3& 531,-031& *0G<,&310&))& &41 93& 531,-031& *&)- ?5,'& y = dx
dt : y &1 x <1-31 5340*<,<&4 5''& *&9% ;-,0-/)&4 *041031&4!.$/&)')*& 0-1-3 JN-,0-/)& 031<+,-)&: ;-,0-/)& *<,0;<&L- O59, 93& 531,-031& *0G<,&310&))& y = dx

dt :
x &41 -((&)<& ;-,0-/)& 031<+,-)& y: ;-,0-/)& *<,0;<&!45!6"7! 0-1-0- P- '-1,0& *D030*&3& *9 0,901 QK *& )- H+9,&  !R: *<,01 (-, )&4 <89-10534*9 47416'&  ! 0=-(,64 B



































c1 : uR = Ri
c2 : q = CuC
c3 : E = uR + uC
c4 : i = dq

dt
c5 : im = i
c6 : uR,m = uR

J ! L&41 *533<& (-, )- '-1,0& *& )- 1-/)&  !" 0=-(,64: *531 )&4 ;-,0-/)&4 531 <1< 403*<&4 &3 *&9%&34&'/)&4 B )D&34&'/)& *&4 ;-,0-/)&4 035339&4 Jq: i: uR: uCL &1 &)90 *&4 ;-,0-/)&4 5339&4 JE:
uR,m &1 imL! S594 -;534 -T591< )- 531,-031& *0G<,&310&))& c4 '5*<)04-31 )& )0&3 &31,& )- .-,+& q&1 )D031&3401< i!P& +,-(.& /0(-,10 *9 '5*6)& 41,919,&) *9 0,901 QK &41 ,&(,<4&31< I )- H+9,&  !U! P&4531,-031&4 7 4531 ,&(,<4&31<&4 (-, *&4 /-,,&4: &1 )&4 ;-,0-/)&4 (-, *&4 (50314: 4501 350,4: 4D0) 4D-+01*& ;-,0-/)&4 035339&4: 4501 +,04: 4D0) 4D-+01 *& ;-,0-/)&4 5339&4!V59;&31: *-34 )- 4901& *& & ,-((5,1: 53 ,&41,&03*,- )- ,&(,<4&31-1053 -9% ;-,0-/)&4 035339&4 B3594 1,-;-0))&,534 49, )& +,-(.& (C,X,Γ′) 5W Γ′ &41 *<H30 5''& 4901 B 0) &%041& 93 -, &31,& 93&531,-031& ci &1 93& ;-,0-/)& 035339& xj 40 &1 4&9)&'&31 40 xj -((-,-X1 *-34 ci!"F



 !"! #$% &'()$*$(+% )$ ,-.(/,0%$ 1+23+32$,,$

 !"#$%  !" # $%&'()& * ,-.,/ 01&'()%  !2 # 34/-,& 56,7,5&7& 5. '859)&  ! 
q i uR uC E uR,m im

c1   
c2   
c3    
c4   
c5   
c6   

 !"#$%  !: # $%&'()& * ;-4(<& =,(4-/, 5. '859)& >/-./.-&) 5. ,-.,/ 01 !"!" #$%&'()*+($, )+-.+.-0''0 %0) %&1*.+)?47> @?A>/&;B-  ! "#$C DEE"5FC /-8,> 7,G&4.% 5& 8774,>>47& 5&> 5HI4,))47&> >87/ 87>,5H-H>!# )& 7,G&4. 5& 8774,>>47& )& ().> H)H'&7/4,-& 87>,>/& J ,75,K.&- )&> HK.4/,87> 5. '859)&@87/-4,7/&>F K., 7& >87/ ().> G4),5&> &7 4> 5& 5HI4,))47&>! L7& 5HI4,))47& 8--&>(875 4.G,8) 56.7& 87/-4,7/& @)8, (<M>,K.&F N# )& 5&.%,9'& 7,G&4. 5& 8774,>>47& 87>,>/& J 5H-,-&C ;-O& J 5&> G4-,4=)&> >.(()H'&7/4,-&>@5,/&> 5& 5HI4,))47&F )4 I4P87 587/ >87/ '85,QH&> )&> HK.4/,87> 5& I87/,877&'&7/ 78-'4))8->K.6.7& 5HI4,))47& >.-G,&7/! R&> 5HI4,))47&> (&.G&7/ S/-& 455,/,G&> 8. '.)/,(),4/,G&>>.,G47/ )4 '47,9-& 587/ )&> G4-,4=)&> 5& 5HI4,))47& ,7T.&7/ >.- )&> HK.4/,87> 5. '859)& N# )& /-8,>,9'& 7,G&4. 5& 8774,>>47& 87>,>/& J '85H),>&- )6HG8)./,87 5M74',K.& 5& )4 5HUI4,))47&! ?&> HK.4/,87> >.(()H'&7/4,-&> ),47/ )&> G4-,4=)&> 5& 5HI4,))47& >87/ 4V8./H&> 4.'859)& 5& =87 I87/,877&'&7/C K., >87/ 8=/&7.&> >8,/ (4- )4 8774,>>47& 5&> (<H78'97&>(<M>,K.&> ',> &7 V&.C >8,/ J (4-/,- 5& 5877H&> &%(H-,'&7/4)&> 5. (-8&>>.> 5HI&/.&.%!W.- )6&%&'()& 5. ,-.,/ 01 K., (-H95&C .7& 5HI4,))47& 5& )64((4-&,) 5& '&>.-& 5. 8.-47/(&./ S/-& 5H-,/& 8''& )& G,8) 5& )4 87/-4,7/& c5 : im = i # 6&>/ )& (-&',&- 7,G&4. 5& 8774,>U22



 !"$ %$ &! %'(!)&&!"$ * +, -)$" ./0$ 1 ,"$ 2!/)!-&$ %$ (!,3$ f 2$"!"3 4+%)5$/ &! /$&!3)+" c5 6
c5 : im = i + f 7 $ 8,) +" 3)3,$ &$ %$,9):4$ ")2$!, %$ +""!)  !"$; <$ 3/+) ):4$ ")2$!, %$+""!)  !"$ +" ) 3$ =!/ $9$4=&$ 1 $9=/)4$/ &! %>"!4)8,$ %$ &! %'(!)&&!"$ =!/ &?!@+,3 %?,"$/$&!3)+"; A!/ $9$4=&$7  ) &?$9='/)$"$ "+, 4+"3/$ 8,$ &$ %'(!,3 %, !=3$,/  $ 3/!%,)3 =!/ ,"-)!) %$ 4$ ,/$7 &?!@+,3 %$ &! /$&!3)+" ḟ = 0 =$/4$3 %$ &$ 4+%'&) $/; !"!# $%'()'*+,+'- .-'-+/01<! %'+4=+ )3)+" %$ B,&4!.$CD$"%$& +E" FB,&4!.$ !"% D$"%$& +E"7 GHIJK =$/4$3 %$ %'C+4=+ $/ &$  +, C./!=E$ &)!"3 &$ 2!/)!-&$ )"+"",$ $" 3/+) =!/3)$ 6 &! =!/3)$  ,/C+"3/!)"3$
S+7 &! =!/3)$ @, 3$C+"3/!)"3$ S07 $3 &! =!/3)$  +, C+"3/!)"3$ S− F2+)/ L).,/$ G;MK7 %+"3 &?)"3$/C=/'3!3)+" ! '3' %+""'$ %!" FB$&$/N !"% O3!/+ P)$N)7 GHHGK 6* S+ = (C+,X+, E+) $ 3 &! =!/3)$ Q  ,/2$)&&!-&$ R %,  > 3:4$ S* S0 = (C0,X0, E0) $ 3 &! =!/3)$ Q +- $/2!-&$ R %,  > 3:4$ S* S− = (C−,X−, E−) $ 3 &! =!/3)$ "+"  ,/2$)&&!-&$7 "+" +- $/2!-&$;T$33$ %'+4=+ )3)+" $ 3 +-3$",$7 =!/ /!==+/3 1 &! 4!3/)$ )")3)!&$7 $" (!) !"3 ,"$ =$/4,3!3)+"%$ &)."$ $3 ,"$ !,3/$ %$ +&+""$ S $&&$ $ 3 ,")8,$ $3 )"%,)3 %$ =!/3)3)+" %$ +"3/!)"3$ $3%$ 2!/)!-&$ )"+"",$ 6G; (C+, C0, C−) $ 3 ,"$ =!/3)3)+" %$ C7 +U 6* C+ $ 3 &?$" $4-&$ %$ +"3/!)"3$ %,  +, C./!=E$ S+ S* C0 $ 3 &?$" $4-&$ %$ +"3/!)"3$ %,  +, C./!=E$ S0 S* C− $ 3 &?$" $4-&$ %$ +"3/!)"3$ %,  +, C./!=E$ S−;V; (X+,X0,X−) $ 3 ,"$ =!/3)3)+" %$ X7 !2$ 6* X+ $ 3 &?$" $4-&$ %$ 2!/)!-&$ )"+"",$ %,  +, C./!=E$ S+ S* X0 $ 3 &?$" $4-&$ %$ 2!/)!-&$ )"+"",$ %,  +, C./!=E$ S0 S* X− $ 3 &?$" $4-&$ %$ 2!/)!-&$ )"+"",$ %,  +, C./!=E$ S−|M | − |varX(M)| = 1; T$3 $" $4-&$%$ /$&!3)+" $ 3 '.!&$4$"3 !==$&' Q D)")4!& O3/,3,/!&&> Y2$/%$3$/4)"$% R;B!" $33$ %'5")3)+"7 +" "+3$ 6* varX(M) &?$" $4-&$ %$ 2!/)!-&$ )"+"",$ !==!/!)  !"3 %!" &$ /$&!3)+" %$ M S\]



 !"! #$% &'()$*$(+% )$ ,-.(/,0%$ 1+23+32$,,$

 !"#$%  !" # $%'()'*+,+'- ./-'-+012 32 $14(/52672-324*'8-# |.| 92)9%*2-,2 42 /93+-/4 3:1- 2-*2(;42! !"#$%" &'('(' <2)92-'-* 4:2=2()42  !>! ?2 *@*,A(2 2*, 2-,+A92(2-, *19'-,9/+-,! B/9 '-*%6012-,C S+ D SC 2, S0 = S− = φ! E4 2=+*,2 01/,92 *'1*6*@*,A(2* *19F2+44/;42* *19 42 +91+, <. G ! M1 = {c1, c5, c6} H>! M2 = {c1, c2, c3, c4, c5} HI! M3 = {c1, c2, c3, c4, c6} HJ! M4 = {c2, c3, c4, c5, c6}!.2* 2-*2(;42* *'-, *196'-,9/+-,*C 3'- *19F2+44/;42*C 2 01+ *+5-+K2 01:1- ,2*, 32 3+/5-'*,+)21, L,92 '-*,91+, *19 8/012 2-*2(;42 )'19 F%9+K29 012 42* '-,9/+-,2* 32 4:2-*2(;42 *'-, '1-'- 3%M/+44/-,2*! ?2* /45'9+,8(2* 01+ )29(2,,2-, 32 92829829 4:2=8/1*,+F+,% 32 2* *'1*6*@*,A(2**'-, 9%/)+,14%* 2, )9%*2-,%*C 3/-* 4219 )9+-+)2C 3/-* NO9(2-5'4  ! "#$C >PPQR! .+,'-* 0124012*1- 32 2* /45'9+,8(2* G# 4:/45'9+,8(2 S 7TU V NW9@*/-329  ! "#$C >PPXRC 3'-, 4/ '()42=+,%C )'19 1- -'(;92 32'-,9/+-,2* n = |C+|C 1- -'(;92 32 F/9+/;42* +-'--12* m = |V +|C 2, 1- 3259% 32 923'-63/-2 *,91,1924 d (= n−m)C 2*, 2- O(nd+1,5) H# 4:/45'9+,8(2 S .'(;+-/,+'- 'M Y/*+ 7TU V N.Y7TUC NZ24*'  ! "#$C >PPXRR H# 4:/45'9+,8(2 S T,91,19/4 O-/4@,+/4 <231-3/-@ <24/,+'-* VNTO<<C N[9/F%67/**1@A*  !"#$C >PP"RR H# 4:/45'9+,8(2 S B'**+;42 .'-\+,* .'()1,/,+'- VNB..C NB14+3' /-3 Z'-]/42]C >PPJRR H# 4:/45'9+,8(2 32 9282982 2=8/1*,+F2 32* *'1*6*@*,A(2* *19F2+44/;42* N$^*,25_9C >PP`R!?2* 3+a%92-2* 2-,92 2* /45'9+,8(2* ,+2--2-, )9+-+)/42(2-, 3/-* 4219 '()42=+,%C 9%/)+,164%2 3/-* NO9(2-5'4  ! "#$C >PPQR! .+,'-* %5/42(2-, 42 S </-b+-5 O45'9+,8( V 32 NY4/-b2  ! "#$C>PP"RC (/+* 241+6+ -2 M'19-+, )/* 4:2=8/1*,+F+,% 32* *'1*6*@*,A(2* *19F2+44/;42*! ?:+-'-F%-+2-,32 2, /45'9+,8(2 2*, )/9 '-*%012-, 012 42* 924/,+'-* ,9'1F%2* -2 )29(2,,2-, )/* 32 '1F9+929,/+-2* )/9,+2* 31 *@*,A(2 012 4:'- *'18/+,29/+, )'19,/-, *19F2+4429! I`



 !" #$ %&'()!$* ($ +,-$"-)$( #).*)0)"'"- #$. .,&.1.2.-30$. .&*4$)(('5($.6 ",&. )"-*,#&).,".(' #7!")-)," .&)4'"-$ 8 !"#$%$&# '()(* 9:,&.1.2.-30$ .&*4$)(('5($ "," #).*)0)"'"-;( :,)- &" $".$05($ #$ <'&-$. f16= = =6 fnc16 c26 c36 c46 c56 c6 +$&- I-*$ 4),(7$ $- ,".-)-&$ &"$ <'&-$ +,-$"-)$(($= >' .$".)5)()-7.-*&-&*$(($ #$. %&'-*$ .,&.1.2.-30$. '&? <'&-$. $.- #," #,""7$ +'* (' -'5($ .&)4'"-$ 9E=K; 8 !"#$ E=K @ L'5($ #$ .)M"'-&*$. #& )*&)- DG
c1 c2 c3 c4 c5 c6

M1 E E E
M2 E E E E E
M3 E E E E E
M4 E E E E E:) (C," ()- $--$ -'5($ #$ .)M"'-&*$. #'". ($ .$". 4$*-)'(6 ",&. '4,". ($. .)M"'-&*$. #$.N <'&-$. O c16 c26 c36 c46 c56 c66 $- (C).,('5)()-7 .C$" #7#&)- #C'+*3. ($. #7!")-),". E=E=P $- E=E=Q9-'5($ E=R; 8  !"#$ E=R @ L'5($ #C).,('5)()-7 #& )*&)- DG

c1 c2 c3 c4 c5 c6
c1 E
c2 E E E
c3 E E E
c4 E E E
c5 E
c6 E>$. <'&-$. c26 c36 c4 ,"- (' 0I0$ .)M"'-&*$ -H7,*)%&$6 #," .,"- .-*&-&*$(($0$"- "," ).,('5($.= !" #$%&'() () *$+$,-%.'+ ()/ ,$/.(0/S'". $--$ .$-),"6 ",&. *$4$",". $" +*$0)$* ()$& .&* ($ ,"-$?-$6 ($. ,5T$-)<. $- ($. +*,5(70'1-)%&$. '5,*#7$. #'". $--$ -H3.$ B $. #$*")3*$. ",&. ,"#&).$"- A <')*$ ($ H,)? #C&"$ 07-H,#$ #$UV
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E′ -! E )! 4,! G %+,# )+,) ei,j = (ci, vj) !) ek,l = (ck, vl) ∈ E′*

{

ci 6= ck,
vj 6= vlc2* c3*

c4* c5* c6V7 I. #!2$#4,!#$ 4,;( < $ '(!. ,.! 04,$)(+. -! % ,3 4,! -! 6$#($' !3 (.+..,!37 W$(#!,. +,% $"! #!6(!.) > &+(3(# ,. X 1 Y %$# + +..! !) %$#  (".!7 :. !H!2% ! -! +,% $"! !3)(.-(4,0 3,#  $ )$' ! L7Z (9-!33+,3 %$#  !3 X L© Y7 8!3 X L© Y#!%#03!.)!.)  !3 $#3 -, +,% $"!7 !"#$ L7Z Q C+,% $"! 3,# ,. 3+,393<3)=2! 3,#6!(  $' !
q i uR uC E uR,m im

c2 L© L
c3 L L© L
c4 L L©
c5 L L
c6 L© L8! "#$%&! '(%$#)( +#(!.)0 $33+(0 > ! +,% $"!* -+..0 /",#! L7N* (.-(4,!  ;+#-#! -!3 +%0#$)(+.3-! $ , G $ , -! uR "#[! > 3$ 2!3,#!* %,(3 -! uC "#[! >  $ #! $)(+. -! K(#&&+\ c3* %,(3-!  $ &$#"! q "#[! >  $ #! $)(+. -!  $ $%$()0 c2* %,(3 -0#(6$)(+. -!  $ &$#"! %+,# +')!.(#  !+,#$.) i7 :. +,% $"! +2% !) $ !\!)(6!2!.) %!#2(3 -! $ , !# 3,!33(6!2!.)  !3 6$#($' !3(.+..,!3* -$.3  ;+#-#! (.-(4,0 %$#  ! +,% $"! GO]



 !"! #$%&'() () *$+$,-%.'+ ()/ ,$/.(0/
 !"#$%  !" # $%&'()*)&+( ,'- ./0*)&+(- ,0 -+0-1-2-)34' -0%5'&66*76' ! uR = uR,m89! uC = E − uR,m8:! q = C(E − uR,m)8;! i = C(dEdt −

duR,m

dt )!<=./0*)&+( (+( +0?6.' @+%%'-?+(,*() A 6=*4?3%'43)%'B -'%) A *606'% 0( %.-&,0! C*(- ')'D'4?6'8 6=+%&'()*)&+( E+0%(&) 0( F'4&( ,' *606 ,0 %.-&,08 /0' 6=+( ?'0) &4?6*()'% '( -&406*1)&+(!G'4*%/0+(- /0' '))' 4.)F+,' '-) *0--& 0)&6&-.' ,*(- @H6*(I'  ! "#$8 9JJKB8 (+( ?+0% +7)'(&%0( -F.4* ,' -&406*)&+(8 4*&- *L( ,' +(-)%0&%'8 ?*% .6&4&(*)&+(- -0'--&5'-8 6* %'6*)&+( ,'%',+(,*(' *(*62)&/0' M
im − C(

dE

dt
−

duR,m

dt
⊂ X ×X '-) 6='(-'476' ,'- *%- +%&'().- ,0 N%*?F'! !"#$%$&# '()(+ @WF'4&(B( U( F'4&( ,=0( N%*?F' +%&'(). G '-) 0(' -0&)' @x08 x18 ! ! !8 xn−18

xnB ,' -+44')- ,' G )'6 /0' ,'0D -+44')- +(-.0)&E- /0'6+(/0'- xi ') xi+1 -+() %'6&.- ?*% 0(*% ,' G8 &!'! @xi8xi+1B ∈ A! !"#$%$&# '()(, @W+4?+-*()' E+%)'4'() +(('D' @%!&'()#* +'(( ! - +'./'( (! 0 %++    !"#$ G %& '()*+, "(#,&$-. !"#$ /) (,/)$#"& ≡G 0%( /,0 0"11,$0 2, G 3
x ≡G y ⇔ ∃ %& +,1#& 2, x 5 y ,$ 2, y 5 x.6,0 /)00,0 2, ,$$, (,/)$#"& 27-8%#9)/,&, 0"&$ /,0 "1*"0)&$,0 :"($,1,&$ "&&,;,0 2, G. <=



 !"#$%&'() %&! *#() +# *,-(./.'( .1*!))&)2 ('&) '().*,$'() %&! +! 3$#45! # ,/, '$.!(/,4#$ &( '&4+#3!6 7#$ '(),%&!(/2 +! 5!".( *! x 8 y !)/ *.9,$!(/ *& 5!".( *! y 8 xc +L!()!"B+! *!) '(/$#.(/!) '&4+,!) PJ6 Ec +L!()!"B+! *!) #$) +.#(/ &(! '(/$#.(/! *! Cc 8 X6=L#+3'$./5"! *! E&+"#3!1R!(*!+)'5( *& 3$#45! (Cc,X,Ec) *,'"4')! +! 3$#45! !( B+') Bk =
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C 2H6 uR = E − q
C 2Q6 i = E

R − q
R.C 2 .6!6 N q̇ = − q

R.C + E
R 6=! )>)/V"! *L,%&#/.'() #))'., 8 ! '&4+#3! !)/ *'( +# ;'$"! *L,/#/ O6Q2 *'(/ +L,/#/ !)/ +#@#$.#B+! q N

{

q̇ = −q/(R.C) + E/R
im = −q/(R.C) + E/R
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c(x1, . . . , xj , . . . , xm, z1, . . . , zp) = 0 3%&##%+#! -! 0.1$.=-! Nx1, . . . , xj−1, xj+1, . . . , xm, z1, . . . , zpO  .+7 +&! NxjO %&# :#: ,1:.-.=-!62!&# 3:#!12$&:! %+ :-$2$&:! (A. .-+-.=$-$#: 34+& =-% 3! K.-- B = (c, x, e) 3! #.$--! 1 3:,!&3 3! -4$&0!1 $=$-$#: 3! -.%&#1.$&#! c ,.1 1.,,%1# 9 -. 0.1$.=-! x(2)3,'('-, 45657 NP&0!1 $=$-$#:O5 Q%$# +&! %&#1.$&#! ci(..., xj , ...) = 0*  $ xj ,!+# C#1! .-+-:! 9,.1#$1 3! .+#1! 0.1$.=-! 3! ci  +,,% :! %&&+! M .-%1 ci ! # $&0!1 $=-! ,.1 1.,,%1# 9 xj ( Q$&%&*
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dt - c '*$ B#%*%' DE "#"1%"/'0*%;+' 6!0 0!66#0$ 2 +! /!0%!;+' &,0%/,' xd FE %"/'0*%;+' 6!0 0!66#0$ 2 +! /!0%!;+' %"$,?0!+' xi8
 !"#$% 787G E >!)*!+%$, %"$,?0!+'1-2'%$%&' 304033 =>!)*!+%$, &,0%/,'@0 A" ?0!6B' ;%6!0$% G '*$ '" !)*!+%$, &,0%/,' *% 6#)0$#)$' #"$0!%"$' &%C,0'"$%'++' c &' G- c : xd = dxi
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′

d 8,7 8#"/"#,%"%$- 9:/' ,"& 9! ;#"" 9! $#%""! n > 1< (!=(-+!'$#'$ /'! ->/#$%&' 9%?-)(!'$%!""! #"@-,(%>/!>#"*%&,0#"* )" ;+# &' H!++ &' $!%++' n > 1 0'60,*'"$!"$ )"' ,.)!$%#" &%C,0'"$%'++' !+?,1;0%.)' D
F (ẋ1, x1, x2, z) = 0 =78I@I9
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{

ẋ1 = f(x1, x2, z)
0 = h(x1, x2, z)

=,-C> !"# 2 )5!8!*$/ "+(# "+(# #+112# $*1*)&# !(B ;+512# #21*<2B6$**)2#/ '(* 62(82") E)52 5&#+<$(2# 2" #*1($!)*+"- !"#$%&'#( (%)!*'+%, -," ./01 F+(5 $2# ;+512# #21*<2B6$**)2#/ *$ 2B*#)2/ 0%!65G# =HI!1<6*"2  ! "#$/ ,JJJ>/ 02(B ;!1*$$2# 02 1&)I+02# 02 5&#+$()*+" "(1&5*'(2 D $2# 1&)I+02# 0*)2# K 0*<52)2# L 2) $2# 1&)I+02# 0*)2# KM A L - :! 1&)I+02 KM A L 2#) ()*$*#&2 2" #*1($!)*+" 2) +"#*#)24 6!##25 6!5 $2 7*!*# 0%("2 &'(!)*+" 0*?&52")*2$$2 +50*"!*52 2" )5!"#;+51!") $%&'(!)*+" ,-. 2" D
{

ẋ1 = f(x1, x2, z)
x2 = h1(x1, z)
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{

ẋ1 = f(x1, x2, z)
x2 = h1(x1, z)
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 !"#$%  ! " #$%&'()* $,&'*- &$%. '( .*/*./* 0*1 1$%12131-4,*1 1%.5*6''(7'*1 !"#$%&'( ) MS  !"$"%$"&"'$()*+,-".S+/*+,-%$+. #('%' &.8('(7'* 0* S+ = (C+,X+, E+)9 0* -(6''* n ∗m ! MS = φ"! /#$ /(:%* 7'$ B = (CB ⊂ C+,X+, EB) (..8 0* -(6''* m 0* S 0##! %/ B *1- ;%1-*2$<-.(6<- &'+1$! =8-*.,6<*. '*1 7'$1 0* >('' 0* B%! ?0*<-6@*. '( 18:%*<* 0* ('%' 0* /(:%* 5(.6(7'* 6<$<<%*&! =8.65*. (n − m) 1$%12131-4,*1 1%.5*6''(7'*19 <$-81 MSB 9 *< 1%71-6-%(<- (%A 5(.6(7'*10*1 (n−m) $<-.(6<-*1 <$< $%&'8*1 '*%. 18:%*<* 0* ('%''! MS = MS
⋃

MSB(! +10 %/)! +10 /#$ *! B*-$%.<*. MS23+(4!+ 56)6)6 C&&'6:%$<1 'D(')$.6-/,* E '( ,(-.6* 0D6<60*<* 0% 6.%6- B# 0* 'D*A*,&'*F! !F9 .(&&*'8* 66 G &'()%  !F " H(-.6* 0D6<60*<* 0% ,$04'* F!F
q i uR uC

c1 F F
c2 F F
c3 F F
c4 F F
c5 F
c6 F?' 3 ( C4

6 7'$1 (..81 I$% $%&'()*1 $,&'*-1J E $<1608.*.! K(. *A*,&'*9 0*%A 1$%12131-4,*11%.5*6''(7'*1 1$<- (6<16 08-*.,6<81 E &(.-6. 0% $%&'()* $,&'*- 0* '( -(7'*  ! G M1 = {c1, c5, c6}9LL



 ! M2 = {c1, c2, c3, c4, c5}" #$%&'()* * (+,-!* & ./$& ,**)& 1 *2 ! ( !*$-3 * / & ( -4 ,-!* &&$-&5&6&!72 & &-*3 '//,./ &8 M3  ! M4" !"#$ 9"9 : #$-1/,; $21/ ! 1 *2 !!,%! ( ()! *2'% * ( -4 &$-&5&6&!72 & &-*3 '//,./ &
i uR uC q

c5 <©
c1 < <©
c3 < <©
c2 < <©
c4 < <
c6 < ! "#$%&'()*+ MSO ,%-& #. &+)+&)+ 0+1 1%-12131(4*+1 1-&5+'##. #+16=+,/;$*'!>2 1*)& %!) (,%& ?@*6&,%( *  ! "#$8 9AABC 1 -! D!* 3- $22 -% ,/;$*'!>2 ('5>$!$2'E- F $% >$'&'! -% )E-,!'$% e18 1-'& /+ &1, ( & MSO ?&$-&5&6&!72 & &-*3 '//,./ &C  &!&'%()  % ( -4 F /+ %& 2./ ( & MSO $%! %,%! e1  ! /+ %& 2./ ( & MSO % $%! %,%! 1,& e1"# ! ,/;$*'!>2  &! *)-*&'G8 + &!5H5('* E- / 1*'%'1 ( ('>$!$2'  &! * $%(-'! (,%&>,-% ( & ( -4 &$-&5 %& 2./ & G$*2)&" I$-* -% & $%( )E-,!'$% e2 F: 1,*2' / &MSO % $%! %,%! 1,& e18 '/ 6 ,  -4 E-' $%!' %% %! e2  !  -4 E-' % $%!' %% %!1,& e2 J: 1,*2' / & MSO $%! %,%! e18 '/ 6 ,  -4 E-' $%!' %% %! e2  !  -4 E-' % $%!' %% %! 1,&

e2"K%  &! ,'%&' ,2 %) H  41/$* * / &  %& 2./ & (S+\{e1})
+8 (S+\{e2})

+ " " " (S+\{e1})
+  &! -%&$-&5&6&!72 &-*()! *2'%) E-' $%!' %! /+ %& 2./ ( & MSO % $%! %,%! 1,& e1 J (S+ \ {e2})

+ &! -% &$-&5&6&!72 &-*()! *2'%) E-' $%!' %! /+ %& 2./ ( & MSO % $%! %,%! 1,& e2# ! ,/;$*'!>2 8 $22 !$-! ,/;$*'!>2 ('>$!$2'E- 8 1 -! D!* 3'&-,/'&) $22 -% ,*.* ($%! /, *,'%  &! / &6&!72 S+  ! ($%! / & G -'// & &$%! / & MSO" = & ('L)* %!& &$-&5&6&!72 &!*,3 *&)&8 E-' &$%! / & %M-(& '%! *% & ( /+,*.* 8 &$%! ,11 /)& / &  %& 2./ & PSO" K% 1,&& (+-%%M-( : $- (+-% PSO : P H & & N/&  % ,/-/,%! / &  %& 2./ & (P \{e})+8 e ∈ P " # /, $** &1$%(H * > *> * / & MSO ( P E-' % G$%! 1,& '%! *3 %'* e"789:'('%: ;6<6= ?IOK ?I*$1 * O!*-!-*,//6 K3 *( ! *2'% (CC6 P%  %& 2./ P  &! -% PSO &'
P+ = P "=, N;-* 9"Q &>)2,!'& / G$%!'$%% 2 %! (  ! ,/;$*'!>2 F  % 1,*!,%! ( S+8 $% ,/-/ / & PSO (S+ \ {e1})

+8 (S+ \ {e2})
+ " " " # & PSO &$%! / & %M-(& '%! *% & ( /+,*.* "= & PSO N/& ( S+ $%! -% ( ;*) ( * ($%(,% );,/ ,- ( ;*) ( * ($%(,% ( S+8 2$'%&

1" R+-% 2,%'7* ;)%)*,/ 8 /, ('L)* %  %!* / ( ;*) ( * ($%(,%  %!* -% PSO  ! /+-% ( & & PSO N/&  &! );,/ H 1" S'%&'8 / & PSO &'!-)& H /, 2D2 1*$G$%( -* ?%$2.* (+,*D! & ( /,*,'% ,- %M-(C $%! / 2D2 ( ;*) ( * ($%(,% " = &  %& 2./ & MSO8 E-' $%! -% ( ;*) ( * ($%(,% );,/ H 18 $%&!'!- %! 1,* $%&)E- %! / & G -'// & ( /+,*.* " S- !$!,/8 /, >,-! -* ( TU
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∀e1,∀e2, e2 ∈ P \ (P \ {e1})

+ ⇒ (P \ {e1})
+ = (P \ {e2})
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mod "' #"*$'"* %&' ,'( 0!)$!1,'( !**'$4"!1,'( ? 6!)*$) 7'(0!)$!1,'( #""&'(> '* %&$ "' (#"* 6!( 7!"( S+

mod CE2 ,! 6!)*$' "#"-#1(')0!1,' +#7$=8' #"*$'"* *#&*'( ,'( #"*)!$"*'( )'(*!"*'(2F" #"(8%&'"'> "#&( !0#"( S+
mod ⊆ S+> '* S−

mod ⊇ S−2 ! "#$%&'$ ()*+,-.*(09:'G'+6,' 6)8('"*8 ? ,! =4&)' D2H '(* &" 'G'+6,' !!78+$%&' 7:&" (.(*/+' !0' *)#$( !6*'&)(
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! "#$%&'()&'*% #$ +) ,)-&'$ ./-0$'++)1+$ S+
mod2 !""!"# $" %&$'($& )($* *" +),!&(-.'$ /+#(0*$ %!*& +)*)$& S+

mod2 %&!34+"- $" 4$*5 3-+%$# 678 43!'%!#(-(!" +"!"(0*$ $- &$.$&.$ $5.+*#-(9$ 4$# #!*#:#;#-<'$# #*&9$())+/)$# !&($"-+/)$#
Mi =>8 $5)*#(!" 4$ S+ 4$# !"-&+("-$# 0*( "?+%%+&+(##$"- 4+"# +**" Mi83+4*-'&56 7 S+

mod  !"#$%&%'#()*%+,,-.,%'&/0+1%'23S4 ! @+)*)$& S+"! A&!*9$& -!*# )$# #!*#:#;#-<'$# #*&9$())+/)$# Mi 4+"# S+#! MS = φ$! 8*- )++ Mi #*%! '8 Mi $#- !&($"-+/)$ &5$%&! MS = MS
⋃

Mi'! $%# '8(! $%# 8*-)! B!&'$& C+
mod =

⋃

Mj∈MS C(Mj)2 !C C(Mj) &$%&$#$"-$ )?$"#$'/)$ 4$# !"#-&+("-$# 4+"# Mj *! @!"#-&*(&$ V +
mod2 )?$"#$'/)$ 4$# 9+&(+/)$# +%%+&+(##+"- 4+"# C+

mod  ! D$-!*&"$& S+
mod = (C+

mod, V
+
mod)@$- +),!&(-.'$ *-()(#$ )$# ("9$&#(/()(-3# + %!#-$&(!&(2 ?$#-:E:4(&$ 0*?*"$ F!(# 0*$ -!*# )$# #!*#:#;#-<'$# #*&9$())+/)$# Mi !"- 3-3 -&!*93#2 "!*# -$#-!"# #?()# #!"- !&($"-+/)$#8 G!*# %&!%!#!"# *"$'3-.!4$ %!*& -&!*9$& )$ 'H'$ S+

mod 0*$ 4+"# )?+),!&(-.'$ I2 '+(# $" *-()(#+"- )$# ("9$&#(/()(-3#+ %&(!&(8 3J"(##!"# S+,∗ !''$ )$ #!*#:#;#-<'$ #*&9$())+/)$ S+2 4+"# )$0*$) )$# +&# "!":("9$&#(/)$#!"- 3-3 #*%%&('3#8 K!(- (S+,∗
+ , S+,∗

0 , S+,∗
− ) )+  L:43!'%!#(-(!" 4$ S+,∗8 S+,∗

− 4!""$ 4$# ("F!&:'+-(!"# #*& )?+--$(,"+/()(-3 4$# 9+&(+/)$# 4$ S+89$66$ :2 !+ S+,∗
− = φ567 $/($%# ,%# *-)+-.,%# +8/88(%# 0% S+ #/8$ -$$%+:8-.,%# ;<7 S+

mod = S+7=)%(*% M7 K( S+,∗
− = φ2 () $5(#-$ *" #;#-<'$ N*#-$:43-$&'("3 !&($"-+/)$ 0*( !"-($"- .+0*$ 9+:&(+/)$ 6 $)+ #(,"(J$ 0*$ .+0*$ 9+&(+/)$ $#- +--$(,"+/)$8 @$ #;#-<'$ !&&$#%!"4 E *" !*%)+,$4$ S+ $- F!*&"(- (n − m) #!*#:#;#-<'$# #*&9$())+/)$# !&($"-+/)$# Mj 2 On2 m 3-+"- &$#%$-(9$:'$"- )$ "!'/&$ 4$ !"-&+("-$# $- )$ "!'/&$ 4$ 9+&(+/)$# 4$ S+P8 @.+0*$ !"#-&+("-$ 4$ S++%%+&+Q- +* '!("# 4+"# *" #!*#:#;#-<'$ !&($"-+/)$2 (8$82 +9$ )$# "!-+-(!"# 4$ )?+),!&(-.'$ I2

⋃

j C(Mj) = C(S+)89$66$ ;2 !+ S+,∗
− 6= φ5 #+ x ∈ S+,∗

− 5 -,/)# x 8>%#$ ?-# -$$%+:8-.,% @ ?-)$+) 0%# *-)+-.,%# /88(%#7=)%(*% R7 K( x ∈ S+,∗
− 3-+(- +--$(,"+/)$ E %+&-(& 4?*" #!*#:$"#$'/)$ 4$ 9+&(+/)$# !""*$#2 *"SS



 !"! #$&'(&)*+*&, -,&,*./0 '&1*2$0 0, *,+$34-,+ 10) *,504)*6*7*+$) ! "#$% &' "%()%"%*$+,- )% ./ 01*$%  '+2/,"% %3+ "%*/+" 4


















x1 = f1(x2, . . . , x, z1, . . . , zk)
. . .
xp−1 = fp−1(x1, . . . , xp−2, x, z1, . . . , zk)
x = fp(x1, . . . , xp−1, z1, . . . , zk)

567689%"+*%* .% /* ,1,(+,2%* +;.% %" *-/.+ %* ',% )-1$<1 +"+1, /,1,+='% +$<.+='%*/+" ='% x /<(</*"+%,,% > S+,∗
0 1' S+,∗

+ 7?1"1, ='@',% 1,"*/+,"% )/, ./='%..% ',% 2/*+/;.% ,1, /""%+A,/;.% /<</*/B" % " +,'"+.+( /;.%7 C% )%'3 .%$$% <1 - D .@/.A1*+"E$% 1$<.%" <1'* $1)+F%* ./ </*"+%  '*2%+../;.% S+ =
(C+, V +, E+)  @%, '+" 5/.A1*+"E$% G87 !"#$%&'( ) S+

mod  !"#$%&%'#()*%+,,-.,%'&/0+12'34S5 ! C/.'.%* S+ 5FA'*% 67H8"! C1, "*'+*% S+,∗ %, *%"+*/," .% /* +,2%* +;.% #! C/.'.%* ./ IJ()-1$<1 +"+1, )% S+,∗$! %* S+,∗
− = φ &'+,%! S+
mod = S+&! +!-+'! K)%,"+F%* .@%, %$;.% )% 2/*+/;.% ,1, /""%+A,/;.% VNA(! K)%,"+F%* .@%, %$;.% )% 1,"*/+,"% +,'"+.+ /;.% CNAD /  1+- > VNA)! L1*$%* ./ )-1$<1 +"+1, )% S+ %, S+

A = (C+\CNA, V
+\VNA)D %" S+

NA = (CNA, VNA)5FA'*% 67MN8O?1"1, ='% %""% )-1$<1 +"+1, % " ',% )-1$<1 +"+1, "*+/,A'./+*% +,0-*+%'*%</* ;.1 P *! S+
mod = SystemeQsurveillableQmodifieQ1(S+

A ) 5FA'*% 67MM8  ! +,. %* "! 9%"1'*,%* S+
modR1* )% .@/<<%. *-'* +0 )% ./ 01,"+1, !"#$%&%'#()*%+,,-.,%'&/0+12'3 /2% S+

A 5./  1' (</*"+% S /""%+A,/;.% T )% S+ U 21+* -"/<% H8D +. % " +$<1*"/," )% *-/.+ %* .@-"/<% M )% ,1'2%/' /*
S+
A ,@% " </ ,-%  /+*%$%,"  '*1,"*/+,"7V ./ F, )% %" /.A1*+"E$%D ,1' /21, ,1,  %'.%$%," )-F,+ S+

modD $/+ ,1' /21, -A/.%$%,")-1$<1 - S+ %, S+
mod

⋃

i S
+
i D ='+ % " ',% )-1$<1 +"+1, "*+/,A'./+*% +,0-*+%'*% </* ;.1 5F(A'*% 67MM87 R%  1' ( ! "#$% S+

i  1,"  1+" ', ;.1 +,'"+.+ /;.%D 1**% <1,)/," > ',%  1' (</*"+%,1, /""%+A,/;.%D S+
NA 5-"/<% W )% .@/.A1*+"E$%D FA'*% 67MN8D  1+" ', ;.1 &' "%()-"%*$+,- 1' $X$% 1' ()-"%*$+,- *- '."/," )% ./ IJ(I-1$<1 +"+1, )% S+

A 5-"/<% MD FA'*% 67MM87./ 0#(1!+2%&3 .4 6!4! .+ !6 16$&%+ -4$7+%!!68!+ (#.%93+:;+((+ <: 6% -,(, 0% ,- 8-)$+% #()*%+,,-.,% &/0+12%9 02)+$ 0-:# ,;-,</)+$=&% >9 - (:% /&8,%?+$20-:# ,% 8+)% 0%# -# %: O(d.n2,5)9 /@ n %#$ ,% :/&.)% 0% /:$)-+:$%#9 %$ d ,% 0%<)2 0% )%0/:0-:%#$)($()%,AB)%(*% YA R% /.'. )% ./ </*"+%  '*2%+../;.% $1)+F-%  @/<<'+%  '* .% /.'. <*-/./;.% )% ./ )-(1$<1 +"+1, )% I'.$/A%(J%,)%. 1E,D )1," ./ 1$<.%3+"- % " %, O(n2,5) 5J'*1"/D 6NNN87 I/, YZ



 !"#$%  !" #  !"#$%$&"'()$*++,-+$&%./*01 $ %&'() *

 !"#$%  !*+ #  !"#$%$&"'()$*++,-+$&%./*01 $ %&'() ,-.'-/012&34) 56 78) 9)08;) ;%04(092&208 ;) <7-4'/)=>)8;)-9038 )9& 1%'-29%)6 971 -) /1'(3);08& 08 ' 1)&21% -)9 '19 808=28?)192@-)96 ;'89 -) '9 0A -' ;%04(092&208 ;02& B&1) 40;2C%)! D729-.'-/012&34) )9& '(()-% 1%7192?)4)8& E79F7.G ) F7) S+
mod 902& '-7-%!H0&089 S+

i -) S+ '-7-% G -.%&'() *6 '7 2 '(()- ;) -.'-/012&34)! H0&089 di -) ;)/1% ;) 1);08;'8);) S+
i ! I8 ' $*! d1 = d $ 2- 9.'/2& ;7 '-7- ;) -' ;%04(092&208 012/28'-) J ! ∀i6 di ≥ 16 92 S+

i 6= φ JK! -' 972&) (di) )9& 9&12&)4)8& ;%10299'8&)6 2!)! di+1 < di!L,



 !"! #$&'(&)*+*&, -,&,*./0 '&1*2$0 0, *,+$34-,+ 10) *,504)*6*7*+$)

 !"#$%  !"" #  !"#$%$&"'()$*++,-+$&%./*01 $ %&'() *+', ./0%12)/&3 45 6 ' '2 (520 d '(()50 ,%2,04703 89.: 5' .;(5)<4&% 8'/0 5) (4,) 8)0 '0 )/
O(d.n2,5)!=5 /.20 ,)0&) > )<(5412), (.2,12.4 5' 024&) (di) )0& 0&,4&);)/& 8%,.400'/&) $ 59'5?.,4&@;) )0&'(()5% ,%2,04A);)/& 12'/8 45 6 ' 8)0 A',4'B5)0 /./ '&&)4?/'B5)0 VNA 6= φ3 )& 8)0 ./&,'4/&)0
CNA 6= φ! C)0 ./&,'4/&)0 0./& ,)&4,%)0 8) S+ 'D/ 8) 7.,;), 5) 060&E;) S+

R ! =5 ' %&% ;./&,%8'/0 FG,60'/8),3  HHIJ 12) 5.,012) 59./ ,)&4,) 2/) ./&,'4/&) 892/ 060&E;) 02,./&,'4/&3 5) 8)?,%8) ,)8./8'/) 8%,.4& 892/) 2/4&%! K 7.,&4.,43 12'/8 ./ ,)&4,) (5204)2,0 ./&,'4/&)03 5) 8)?,% 8),)8./8'/) 8%,.4& 0&,4&);)/&! ! "# $%&')%&*$ #+ ,-,%./ *0, 12)03 /*#&'4 S0
mod5L/) 7.40 5) 060&E;) 8%.;(.0% 0.20 5' 7.,;) &,4'/?25'4,) 4/7%,4)2,) (', B5.0 8.//%) (',59'5?.,4&@;) M3 5' (',&4) .B0),A'B5) ;.84D%) )0& .B&)/2) (', $"! 8%.;(.04&4./ 8) 5' (',&4) .B0),A'B5) .,4?4/'5) )/ .;(.0'/&)0 8) GN/4?OP'55 F)&&) 8%.;O(.04&4./ )0& 2/412)J S0

i ! Q' 8%.;(.04&4./ 8) R25;'?)OS)/8)50.@/ 7.2,/4& 5)0 .;(.0'/&)08) GN/4?OP'55 T ! &)0& 8) 59'&&)4?/'B454&% 8) @'12) B5.3 )/ ./0&,240'/& 5) 84'?,';;) 8) P'00) 8) 5' 8%.;O(.04&4./ TM! &)0& 8) 59'&&)4?/'B454&% 8)0 A',4'B5)0 8'/0 @'12) B5.!C5',4D./0 )0 &,.40 (.4/&0 $61&%.1 758595 L/ B5. S+
i .2 S0

i )0& .B0),A'B5) F(.2, 5' 8%.;(.04&4./ ;.84D%)J 04 5)0 8)2<./84&4./0 024A'/&)0 0./& A%,4D%)0 $# 5)0 A',4'B5)0 82 B5. 0./& '&&)4?/'B5)03 )/ 02((.0'/& 5)0 A',4'B5)0 )<&),/)0 '2 B5. .//2)0 T# 5)0 A',4'B5)0 4/.//2)0 )/&,'/& 8'/0 5) B5. 0./& )55)0O;U;)0 '&&)4?/'B5)0 F'&&)4?/'B454&%82 B5.J! I*



 !"#$%%&#% '( )*'(+$&# ,-&),)* ≻ %.) '-*#%*/0'* ,*% 0'&% Bk = (∪iS
+
i )
⋃

(∪jS
0
j ) ∪ S− 2 #&.%#&+&#% Bk1 ≻ Bk2 %-$' 3 ( .# () '$(#+ .#* 4()$(0'* ,* Bk1 5 .#* &#+)($#+* Bk2 6 7* ,$(8)(//*,* 9(%%* *%+ .# ,$(8)(//* 2: ,&#+ '*% %&//*+% %&#+ '*% Bk ;: (4* .# () ,* Bk1 5 Bk2 %$ Bk1 ≻ Bk2 6<# ,-(.+)*% +*)/*%= '* ,$(8)(//* ,* 9(%%* *%+ .# &),&##(#*/*#+ ,*% 0'&% >.$ $#,$>.* '*.)&),)* ,* )!%&'.+$&#6 !""! #$  ! "# $%& Bk1 #()*+ ,-* &$*)./-$%) -%&.* +&"+ $%& Bk2 +)% 0") Bk1 ≻ Bk2 #()*+ ,-*&$*)./-$%)12.)"/) ?1 @*'( &))*%A&#, (. %*&#, A&$#+ ,. )$+B)* C6D6E67-('8&)$+F/* %*)4(#+ 5 )*,!"#$) '( A()+$* &0%*)4(0'* ,. %3%+B/* %-*#%.$+ 2 $' %-(8$+ ,* '-('8&G)$+F/* H6%&'()*+," - 3S0

mod4S−
mod5 6  7*+89):&$*)./-$%):9&;!<=3S4S+

mod4Bk5.!/0*)!1 @('.' A)!('(0'* ,* S+
mod *+ $,*#+$"(+$&# ,*% Bk ! S0

mod = φ= S−
mod = φ"! R =

⋃

k Bk#! 2,*&! R 6= φ 3($! I)*#,)* '* A)*/$*) Bk%! J*%+*) '-&0%*)4(0$'$+! ,* Bk&! *4 Bk *%+ &0%*)4(0'* +,!5'! S0
mod = S0

mod

⋃

Bk(! !&6!)! K,*#+$"*) +&.% '*% Bl +*'% >.* Bk ≻ Bl *! S−
mod = S−

mod

⋃

(∪lBl)  ! R = R\(∪lBl) "! !53 *4 #! !53 2,*&! $! L*+&.)#*) S0
mod= S−

mod47 8&&06+)9+*(5 3!6 9&'()*+,"!6 : !+ -@&#%$,!)&#% '* /&,B'* %+).+.)*' )*A)!%*#+! 5 '( "8.)* C6EC= &M '*% NBF*% )*A)!%*#+*#+ ,*%#&#G$#4*)%$0$'$+!%6 -(A)B% '( ,!&/A&%$+$&# (#&#$>.* '(%%$>.*= c7 *+ x7 (AA()($%%*#+ ,(#% '( A()+$* O.%+*G&#+)($#+* P&0%*)4(0'*Q6 J&.+*% '*% (.+)*% &#+)($#+*% *+ 4()$(0'*% $#&##.*% (AA()($%%*#+ ,(#%'( A()+$* %.)G&#+)($#+*6 <# *R(/$#(#+ '( A()+$* %.)G&#+)($#+*= +)&$% %&.%G%3%+B/*% %.)4*$''(0'*%A*.4*#+ S+)* +)&.4!%= >.$ &))*%A&#,*#+ 5 +)&$% )!%$,.% A&+*#+$*'% 2 '* A)*/$*) '$* u *+ y1= '* %*&#,'$* u *+ y2= *+ '* ,*)#$*) '$* y1 *+ y26 7*% ,*.R A)*/$*)% #* A*.4*#+ A(% S+)* 8!#!)!%= *# )($%&# ,*%#&#G$#4*)%$0$'$+!%= A() A)&A(8(+$&# ,*% 4()$(0'*% &##.*%6 I() &#%!>.*#+= '*% %*.'*% &#+)($#+*%>.$ %&#+ *T*+$4*/*#+ %.)4*$''(0'*% %&#+ *''*% .+$'$%!*% A&.) &#%+).$)* '* ,*)#$*) )!%$,. Pcm1 *+
cm2Q6 K#+.$+$4*/*#+= #&.% A&.4&#% !8('*/*#+ #&+*) >.* 2: '*% 4()$(0'*% $#&##.*% x1 *+ x5 %&#+ &0%*)4(0'*% () *''*% A*.4*#+ S+)* (++*$#+*% 5 A()+$),*= )*%A*+$4*/*#+= u *+ y2 ;?U



 !"! #$&'(&)*+*&, -,&,*./0 '&1*2$0 0, *,+$34-,+ 10) *,504)*6*7*+$) !"# $%&'%(!"# ')+)),"# x2- x3- x4- x7 )" #+). /%# +(#"&$%(!"#- %& !"# %.."')0&" #,//+#"01,.'!'#"& c2 +, c5 /+,& %!,!"& x2 +, x4- " 2,' "#. '3/+##'(!"45%& !% #,'."- )+,# %//!'2,"&+)# )+.&" 36.7+0" %8) 0" 3+).&"& +33"). .&+,$"& ".." 06+3/+9#'.'+)- 2," )+,# %$+)# '' :%'." ').,'.'$"3").4

 !"#$% ;4<;  =>"3/!" '!!,#.&%.': 0" !% 06+3/+#'.'+) %)+)'2," 3+0'86"=) /&"3'"& !'",- )+,# &"3%&2,+)# #,& !% 8?,&" ;4<; 2,"- /+,& S+- '! )1@ % %,,) +,/!%?"+3/!". )1,.'!'#%). 2," 0"# %&# ')$"&#'(!"#- /%& +)#62,"). !% /%&.'" #,&$"'!!%(!" 0+'. A.&" &"0698)'"4 B".'&"& !"# %&# ')$"&#'(!"# ". "C".,"& ,)" 06+3/+#'.'+) %)+)'2," D8?,&" ;4<EF /"&3".01'0").'8"& 0"# $%&'%(!"# )+) %.."'?)%(!"# G x2- x3- x44

 !"#$% ;4<E  H6+3/+#'.'+) %)+)'2," 0" S+,∗ ! "!#$%& '(#)+,$#!%,$& "&($ !%,'% -$#& ./+0"+'/& &, S+
A &$ S+

NA 123(#& 456789 S+
NA /$!,$+0"+'/ :; .&' <!#%!=>&' ,+, !$$&%3,!=>&' : x29 x39 x4 ?; .&' +,$#!%,$&' .!,' >&'@(&>>&' (,& <!#%!=>& ,+, !$$&%3,!=>& !""!#!A$ : c29 c39 c49 c55 ! 0/$B+.& &'$ &,'(%$& !"">%@(/& #/(#'%<&0&,$ '(# S+

A : &>(%)% &'$ +0"+'/ .C(,& "!#$%&'(#)+,$#!%,$& 1cm19 cm289 &$ .& .&(D "!#$%&' +='&#<!=>&' ,+, +,,&$/&' c19 "(%' c65  ! "!#)$%& '(#)+,$#!%,$& ,& .+%$ "!' -$#& 0+.%2/&5  ! ./+0"+'%$%+, 2,!>& &'$ .+,,/& E >! 23(#& 456F5G!,' &>>&)%9 ,+(' !<+,' ,+00/ S+
mod9 B09 B19 B29 S0 >&' %,@ =>+' ./2,%' "!# >! ./+0"+'%$%+,5H( "!#!3#!"B& '(%<!,$9 ,+(' #&./2,%''+,' >! "!#$%& +='&#<!=>&5

B0 &'$ /<%.&00&,$ +='&#<!=>&5 B1 &'$ +='&#<!=>& !# : I6



 ! "#$ %&'(&)"#$ *# B1 $+,- &--#(.,&)"#$/ #, $011+$&,- "#$ %&'(&)"#$ #2-#',#$ 3 B1 +,,0#$ 56! S+
mod ≻ B1/ #- S+

mod #$- +)$#'%&)"#!
B2 ,7#$- 1&$ +)$#'%&)"# &' $#$ %&'(&)"#$ ,# $+,- 1&$ &--#(.,&)"#$! 8&' $0(-#/ S0 #$- ,+, +)$#'%&)"#&' B2 ≻ S0! B2 #- S0 +,$-(-0#,- "& 1&'-(# $+0$9+,-'&(,-# *0 :+*;"#!

 !"#$% 6! < = >?+:1+$(-(+, *# S+ #, S+
A #- S+

NA

 !"#$% 6! @ = >?+:1+$(-(+, A,&"# *# S ! "##$% &'(%)%#* +,-&$ .'/%'()$8&' +,$-'0-(+, *# "& *?+:1+$(-(+, &,+,(B0# :+*(A?#/ "#$ %&'(&)"#$ &--#(.,&)"#$ $+,- *&,$
S+
mod #- S0

mod! C, 1#0- ?.&"#:#,- -#$-#' "7&--#(.,&)("(-? *70,# %&'(&)"# (,+,,0# .'D# &0 "#::#$0(%&,-!0$11$ 23  !"#$% &' S ($ )!*+,# -%.(%(.#, !)0!.%1$% n !$%.1"$%#- c12 3 3 32 cn 4' xk ($# 51."16,# "$!$$(# 4' S′ !$-%.("% 7 01.%". *# S #$ .18!(%1$% ($# !$%.1"$%# cn+1 %#,,# 9(# S′(n + 1, k) = −13
cn+1 #-% *!$ ($# !$%.1"$%# *# %:0# *;%#%#(. -(. xk3<#- %.!"- 0.!0!-"%"!$- -("51$%#- -!$% ;9("51,#$%#- &=3 xk #-% 1%%#">$16,# 0!(. ,# )!*+,# S3?3 xk #-% ($# 51."16,# *# S+

mod !( S0
mod3@3 xk #-% ($# 51."16,# *# S′+

mod3E6



 !"! #$%&'( ) *+,-+, &' ./,(-.)0,.,$1 &'( 2)%$'( !"#$"  % !"# $"%& '(")*+("# '(,',#*-*,.# #,.- /0%*123".-"#4 '2( ,.#-(%-*,. $" 32 $/,)',#*6-*,. 2.,.*0%" ),$*7/"892( 2*33"%(#4 #* xk "#- %." 12(*2:3" $" S0
mod4 23,(# *3 "&*-" %. #,%#6;(2'<" =%#-"6$/-"()*./ ,(*".-2:3"

G ,.-".2.- xk8 >. 2=,%-2.- %." ,.-(2*.-" cn+1 .,.6*.1"(#*:3" #%( xk4 ,. ?,()" %. #,%#6#@#-+)"#%(1"*332:3" ,(*".-2:3" A " #,%#6#@#-+)" "#- ,.#-*-%/ $"# ,.-(2*.-"# $" G "- $" cn+18 92( ,.#/60%".-4 xk "#- %." 12(*2:3" $" S′+
mod8B.1"(#")".-4 #* xk "#- %." 12(*2:3" $" S′+

mod4 23,(# *3 "&*#-" %. #,%#6#@#-+)" ,(*".-2:3" G ,.-".2.-
xk8 C* " #,%#6#@#-+)" ." ,.-*".- '2# cn+1 23,(# xk "#- $2.# S+

mod8 C* " #,%#6#@#-+)" ,.-*".-
cn+1 23,(#4 ". ("-*(2.- cn+14 ,. ?,()" %. #,%#6;(2'<" =%#-"6$/-"()*./ ,(*".-2:3"8 92( ,.#/0%".-4
xk "#- %." 12(*2:3" $" S0

mod8!"# ,.#/0%"."# $" " 3"))" #,.- AD 0%E*3 "#- #%F#2.- $" 23%3"( 32 '2(-*" #%(1"*332:3" $E%. #@#-+)" ),$*7/ G S′ H ',%( -"#-"(3E2--"*;.2:*3*-/ $E%." 12(*2:3" ID 0%" 32 ,)'3"&*-/ $% -"#- $E2--"*;.2:*3*-/ $E%." 12(*2:3" "#- #*)*32*(" J "33" $% 23%3 $"32 '2(-*" #%(6,.-(2*.-"4 #,*- ". O(d.n2,5)8 !" #$%&'( ) *+,-+, &' ./,(-.)0,.,$1 &'( 2)%$'( !"!# $%&'()*&,(%K,# (*-+("# ',%( 3E/-%$" 2 '(*,(* $" 3E*#,32:*3*-/ $"# $/?2%-# #E2''%*".- #%( %." *$/" $/1"3,'6'/" $2.# LM,0%")',- "& '(%4 NOONP4 0%* ,.#*#-" J *$".-*7"( 3" #,%#6#@#-+)" (,:%#-" J "(-2*.#'2(2)+-("#8 Q2.# 3" )R)" "#'(*-4 %. (*-+(" $E*#,32:*3*-/ "#- $,../ $2.# LS(*#T 2.$ U(@#2.$"(4VWWXP4 0%" .,%# (2''"3,.# *6$"##,%# L3"))" OP8 !"#$%$&# '()(* LB#,32:*3*-/P( Q"%& ?2%-"# f1 "- f2 #,.- *#,32:3"# #E*3 "&*#-" 2% ),*.# %. #,%#6#@#-+)" #%(1"*332:3" '"()"--2.- $" 3"# $*#(*)*."(8+,--, . LB#,32:*3*-/P( )"#* +'#&", f1- f2 ,./& 0,.('1(", ,0 "& ,"#("2"/& ,0 3
f1 ∈ (S+ \ {f2})

+4" 6#0 ",& 2./&!7 76#0$'("/& 8 f2 ∈ (S+ \ {f1})
+9!" (*-+(" ,(*;*.23 $" LS(*#T 2.$ U(@#2.$"(4 VWWXP 12%- ',%( %. ;(2'<" .,. ,(*".-/ '2( 3"#.,.6*.1"(#*:*3*-/# "- *.$*0%" #*4 ',%( $"%& ?2%-"# f1 "- f24 ,. '"%- -(,%1"( $"# #,%#6#@#-+)"#$*#(*)*.2.-#8K,%# 2$2'-,.# " (*-+(" ',%( '(".$(" ". ,)'-" 32 .,-*,. $" #,%#6#@#-+)" ,(*".-2:3"8 !"! -%./012 )2 /3,1(/.4,/,&5 2% &2%.%& (67&2 )21 (%&'.,%&21 )3,%82'1,4,/,&5 !"#$%$&# '()(' LB#,32:*3*-/ *.-/;(2.- %. (*-+(" $E,(*".-2-*,.P( Q"%& ?2%-"# f1 "- f2 #,.- *#,632:3"# #E*3 "&*#-" 2% ),*.# %. #,%#6#@#-+)" ,(*".-2:3" $*#(*)*.2.- ',%( f14 f28+,--, */ LB#,32:*3*-/ *.-/;(2.- %. (*-+(" $E,(*".-2-*,.P( )"#* +'#&", f1- f2 $7!0:"/& (' ;7:</0&0./ =%>%= ,0 "& ,"#("2"/& ,0 3

f1 ∈ (S+
mod \ {f2})

+
mod .# f2 ∈ (S+

mod \ {f1})
+
mod XY



 !"#$"  % !" f1 ∈ (S+
mod \ {f2})

+
mod# $%&'( f1 )(* +$,( -, (.(*/0) (-'+1*)'0",1 &'"),*$2%) 3-" ,)&,*"),* 5$( f2 6 "% )7"(*) 5$' &,(13-),* -, (&-(8(.(*/0) &'"),*$2%) &,*),$,* f1 )* 5$( f29 f1 )*

f2 :&-$,* +)( '�%)( (.01*'"3-)( +$,( %) %)00)# &, ), +1+-"'$ %<",=)'() (" f2 ∈ (S+
mod \ {f1})

+
mod9>1"5'&3-)0),*# (" f1# f2 =1'"?),* %$ +1?,"*"&, @9A9@# $%&'( (&"* "% )7"(*) -, (&-(8(.(*/0) &'"),8*$2%) &,*),$,* f1 )* 5$( f2# (&"* "% )7"(*) -, (&-(8(.(*/0) &'"),*$2%) &,*),$,* f2 )* 5$( f19 B$,(%) 5')0")' $(# "% )(* ,1)(($"') 3-) f1 ∈ (S+

mod \ {f2})
+
mod9 B$,( %) ()&,+ $(# "% )(* ,1)(($"')3-) f1 ∈ (S+

mod \ {f2})
+
modv )(* &,,-)9 C)* )7)05%) )(* '$55)%1 G %$ ?E-') @9N[9!"7 (&-(8(.(*/0)( (-'=)"%%$2%)( ()'$"),* *'&-=1( 5$' -,) ')H)'H) )7H$-(*"=)9 Z%( %"),* 6P u )* y1#P u# v# )* y2#P u# v# )* y3#P v# y1# )* y2#P v# y1# )* y3#\A



 !"! #$%&'()%*+$ ,-. $+$/*$0-(.*1*2*%&. ,)$. 2) (-4-(4- -54)6.%*0- ,-. .+6./.7.%89-. .6(0-*22)12-.

 !"#$%  !"# $ %&(&)(& *&+ +,-+.+/+012&+ ,)3&40567&+$ y2 &0 y3!853)& -4& )&(&)(& &9(5-+03:& *&+ +,-+.+/+012&+ ,)3&40567&+ ;&)2&0 *& 4& 0),-:&) <-& 7&+34< ;)&23&)+ +,-+.+/+012&+! =& *&)43&) 4>&+0 ;5+ -4 +/+012& ,)3&40567&? *,4 4& ;&)2&0 ;5+ *&@A4A)&) -4 )A+3*-? 5) cm2 &0 cm3 4& +,40 ;5+ 34:&)+367&+! ! "#$%&'$ ()*+,-.*(0 &,.+ '1 +$2$+2$ -$3 3,.34353*6%$3 3.+7$(''1 '$3 71'(-83925&,*263$ -$ 1.31'(*8 ()*8:+1'$!BC4 377-+0)&) 7& 0),3+312& 57@,)30(2&? <-3 ;&)2&0 *& 0),-:&) 7&+ +,-+.+/+012&+ +-):&377567&+:573*A+ ;5) 7&+ 34:&)+363730A+? 4,-+ -0373+,4+ 7>&9&2;7& *& 75 C@-)&  !"D! E7 +>5@30 A@57&2&40 *>-4&9&2;7& 55*A23<-& *>-4 +/+012& 5:& *&-9 5;0&-)+ cm1? cm2? 7& ;)&23&) A0540 +-;;,+A 4,4.34:&)+367&! =5 ,40)5340& 4,22A& F cd G &+0 -4& ,40)5340& *3HA)&403&77&? ;,-) 75<-&77& ,4 5 32;,+A75 5-+5730A 340A@)57&!

 !"#$%  !"D $ E40A@)503,4 *& 75 4,03,4 *& +,-+.+/+012& :573*A ;5) 7&+ 34:&)+363730A+I4& 5457/+& +0)-0-)&77& F 75++3<-& G J,-)43)530 0),3+ +,-+.+/+012&+ +-):&377567&+? )&73540 u K
y1? u K y2 &0 y1 K y2!=& +,-+.+/+012& +-):&377567& 73540 y1 &0 y2 4>&+0 ;5+ :573*A ;5) 7&+ 34:&)+363730A+! L4 &H&0? +,307&+ ,-;75@&+ 32;,+&40 -4& ,)3&40503,4 34,(A)&40& 5:& 7&+ 4,4.34:&)+363730A+ *AC43&+ +-) cm1 &0DM



 !" cd#  $%& %' ($)& *++*"*,&"- !)- .$!'- *'01."%2!- 3$) &%&!1- +*" '- $)&"*%)&- c3# c4# c545 6-(*%&# %' )7-8% &- *!!) $!+'*0- 9*'%:1 +*" '- %)9-" %.%'%&1 5 ;7*'0$"%&<=- :- "-<-"<- -8<*! &%9-:-  $! > ? &@=- 9*'%:1 +*" '- %)9-" %.%'%&1 # 2!%  -"* :1"%& A '*  -&%$) B5C5D# )- ($!")%"* +*"$) 12!-)& 2!- '- :-!8 *!&"-  $! > ? &@=- 5E-=*"2!$) +*" *%''-!" 2!- -& -8-=+'- %''! &"- '* :%F1"-)- -)&"- '* )$&%$) :-  $! > ? &@=-$"%-)&*.'- -& -''- :-  $! > ? &@=- 9*'%:1 +*" '- %)9-" %.%'%&1 G -) -F-&# '-  $! > ? &@=- '%*)&
y1 -& yci !)- $)&"*%)&- :- S+5 ;- =*"$>0"*+<- - & $.&-)! -) $) &"!% *)& '- =*"$> ? &@=- 
MSi $==-  !%& G"#$%&'&(% 34546 3Y*"$> ? &@=-44 ;- =*"$> ? &@=- MSi *  $%1 A !)- $)&"*%)&- ci - & '- ? &@=- *?*)& Ci +$!" -) -=.'- :- $)&"*%)&- -& Xint,i +$!" -) -=.'- :- 9*"%*.'- # Ci -& Xint,i1&*)& :1L)% :- '* (*Z$)  !%9*)&- GV Ci = C+\C+

i [V Xint,i = X+\X+
i 5$\ C+

i -& X+
i  $)& "- +-&%9-=-)& '7-) -=.'- :- $)&"*%)&- -& :- 9*"%*.'- :!  ? &@=- S+

i =
(S+\{ci})

+5
MSi +$  @:- !)- $)&"*%)&- :- +'! 2!- :- 9*"%*.'- G]^



 !"! #$%&'()%*+$ ,-. $+$/*$0-(.*1*2*%&. ,)$. 2) (-4-(4- -54)6.%*0- ,-. .+6./.7.%89-. .6(0-*22)12-.
Card(Ci) = Card(Xint,i) + 1.  !"#$ !"#$%$&# '()('  %&'(&)*+ (,-+',+ . /, 0&'23454-60+$( 7,+ 8&'(&)*+ 9+ Xint,i +4- 9(-+ (,-+',+. MSi" !"#$%$&# '()(*  %&'(&)*+ +:-+',+ . /, 0&'23454-60+$( 7,+ 8&'(&)*+ +4- 9(-+ +:-+',+ &/ 0&'23454-60+ MSi 4( +**+ &;;&'&<- 9&,4 /,+ 9+4 2,-'&(,-+4 9+ Ci 9/ 0&'23454-60+ +- ,=+4- ;&4(,-+',+" !"#$%$&# '()(+  >&'232,-'&(,-+$( ?& 0&'232,-'&(,-+ MCi &442(@+ . /, 0&'23454-60+

MSi +4- *& 2,-'&(,-+ *(&,- *+4 8&'(&)*+4 +:-+',+4 . MSi"7,+ 0&'232,-'&(,-+ MCi '@4/*-+ 9+ *& 4(0;*(A&-(2, 9+4 2,-'&(,-+4 9+ Ci 20;24&,- MSi"B+--+ 4(0;*(A&-(2, 2''+4;2,9 . *=@*(0(,&-(2, 9+4 8&'(&)*+4 Xint,i . ;&'-(' 9+4 2,-'&(,-+4 9+ Ci"C, 2,4@D/+,+E *+4 8&'(&)*+4 (,-+',+4 . MSi ,=&;;&'&(44+,- ;&4 9&,4 MCi" !"#$%$&# '()()  >&'23F'&;G+$( ?+ 0&'23F'&;G+ 9=/, 454-60+ +4- /, F'&;G+ )(;&'-( MG =
(V = Xext ∪ Z,MC,Γ′)E 2H IJ Xext +4- *=+,4+0)*+ 9+4 ,2+/94 2''+4;2,9&,- &/: 8&'(&)*+4 (,2,,/+4 +:-+',+4E Xext =

{xext,i}i=1...m′ KJ Z +4- *=+,4+0)*+ 9+4 ,2+/94 2''+4;2,9&,- &/: 8&'(&)*+4 2,,/+4 KJ MC = {MCi}i=1...n′ +4- *=+,4+0)*+ 9+4 ,2+/94 2''+4;2,9&,- &/: 0&'232,-'&(,-+4 KJ Γ′ = {(MCi, vj)| vj +4- /,+ 8&'(&)*+ +:-+',+ . MSiE 2,,/+ 2/ (,2,,/+} +4- *=+,4+0)*+9+4 &'4"B+4 2,+;-4 2,- @-@ +:;24@4 9&,4  L'54&,9+'  ! "#$E !MMN$" B&*/*+' *+4 0&'23454-60+4 MSii = {cji}j=1...p+1 /, +,4+0)*+ 9+ 2,-'&(,-+4 &442(@ . /, 0&'23454-60+ MSi" S+ ;*/4E42(+,- {xjint,i}j=1...p *+4 8&'(&)*+4 (,-+',+4 . MSi" ?& 0&'232,-'&(,-+ MCi &442(@+ . MSi +4-/,+ 2,-'&(,-+ +,-'+ 8&'(&)*+4 +:-+',+4 I
MCi(. . . , xext,k, . . . , u, y) = 0S+A,(' *=(,8+'4()(*(-@ 9+ MCi ;&' '&;;2'- . xext,k '+8(+,- . '@;2,9'+ . *& D/+4-(2, 4/(8&,-+ I2,,&(44&,- -2/-+4 *+4 8&'(&)*+4 +:-+',+4 9+ MCi 4&/O xext,kE +4-3(* ;244()*+ 9+ 9@-+'0(,+' xext,k TUU



 !"#$%  !"# $ %&()*+(&,-. /. 0& ,&(12. 34(5.200&60.7)4( (8,)9/(. : .11. ;4.312)9< (88(25)93 MCi(..., xext,k, ..., u, y) = 0 )==. 3421 >










c1i (x
1
int,i, ..., x

p
int,i, xext,k, u, y, (xext,l)l 6=k) = 0

. . .

cp+1
i (x1int,i, ..., x

p
int,i, xext,k, u, y, (xext,l)l 6=k) = 0

? !@ABC295.(32620218 /. MCi ,&( (&,,)(1 xext,k ,.41 D1(. /8E92. )==. 0C&11.2+9&620218 /. xext,k/&93 ? !@A< u, y, (xext,l)l 6=k 81&91 )932/8(8.3 )994.3! F. .11. G&H)9< 0.3 295.(326202183 ,.45.91D1(. 81.9/4.3 &4 =&()*+(&,-. > 0C&( (MC,xext,k) /4 =&()*+(&,-. .31 >$ 295.(3260. 32 0. =)/I0. 31(414(.0 /. ? !@A .31 )(2.91&60. J$ 9)9 295.(3260. 329)9!F&93 . ;42 3421< 9)43 (8412023)93 0. ,(292,. /. 0C&0+)(21-=. /. ?FK31.+L(  ! "#$<  MM@&A< ;42(.-.(-. 1)43 0.3 )4,0&+.3 )=,0.13 34( 49 +(&,-. 62,&(12 34(*)91(&291 > 20 N .9 & Cm
n < n 81&910. 9)=6(. /. )91(&291.3< m 81&91 0. 9)=6(. /. 5&(2&60.3! O9 ,(.9&91 0& 9)12)9 /C295.(32620218 .9)=,1.< .(1&293 )4,0&+.3 3)91 )602+&1)2(.3 > .9 .P.1< 9)1(. (21I(. /. 3)43*3N31I=. )(2.91&60.291.(/21 /. )4,0.( /.3 &(3 9)9*295.(3260.3! Q4( 0& ,&(12. 34(*)91(&291. S+

mod< 0.3 )4,0&+.3)602+&1)2(.3 3)91 2/.912E83 /. 0& G&H)9 3425&91. > !""! ## ?R)4,0&+.3 )602+&1)2(.3A$ %&'! S+,∗
mod ()*+' &-- S+

mod. &/ # 0 "10 +&+ '+2 10'3# 0&+! )!) 04551'-)0$ 6#  0! &3#'7"!&'1 . 5&41 8494+ &45#"7 + &+!' ++ 5"0 (9"1 +&+ '+2 10'3# .( &45# 1 # 0 &+!1"'+! 0 ( Cobl "4: 2"1'"3# 0 ( Vobl. &/ Cobl. Vobl. 0&+! ()*+'0 &-- 04'! ;< Cobl  0! #9 +0 -3# ( 0 &+!1"'+! 0 ( #" 5"1!' =40! >&+!1"'+! ( S+,∗
mod ?< Vobl  0! #9 +0 -3# ( 0 2"1'"3# 0 ( #" 5"1!' =40! >&+!1"'+! ( S+,∗

mod$@1 42 "M$ S)1)93 ;4. S+,∗
mod 9. ,)33I/. ,&3 /. ,&(12. 3)43*)91(&291. &(< ,&( )931(412)9<

S+
mod ,)33I/. 49 )4,0&+. )=,0.1 )=,)38 /C&(3 295.(3260.3! S+,∗

mod & /)9 49. ,&(12. )63.(5&60.?85.914.00.=.91 52/.A .1 49. ,&(12. 34(5.200&60.!F&93 0. &3 )T Cobl< Vobl 9. 3)91 ,&3 52/.3< 32 49. 5&(2&60. /. Vobl 9C.31 ,&3 )4,08. &4U )91(&291.3V#



 !"! #$%&'()%*+$ ,-. $+$/*$0-(.*1*2*%&. ,)$. 2) (-4-(4- -54)6.%*0- ,-. .+6./.7.%89-. .6(0-*22)12-. ! Cobl" #$%&' !$$!  %() *)&! %,-$.! #,/ %0)&#(0)!'  ! C+
mod \ Cobl1 2%33! S+,∗

mod 0! -%''4 ! -#' ! -#&)(! '%,'5%0)&#(0)!" C+
mod \ Cobl &!-&.'!0)! $!' %0)&#(0)!'  ! $# -#&)(! ',&5%0)&#(0)!  !

S+,∗
mod1 67#,)&! -#&)" %33! $#  .%3-%'()(%0  ! S+,∗

mod !') )&(#08,$#(&! (09.&(!,&! -#& :$%'" ($ 07;# -#'  7#& (0<!&'(:$! $(#0) ,0! <#&(#:$!  ! Vobl #<! ,0! %0)&#(0)!  ! C+
mod \ Cobl12!' %,-$#8!' %:$(8#)%(&!' .)#0) ( !0)(=.'" ($' -!,<!0) '!&<(&  ! :#'! > $# %0')&,)(%0  !)%,' $!' %,-$#8!' ? ($ ; !0 # Cm−m′

n−m′ > %0'( .&!& @m′ = |Vobl| = |Cobl|A1 2!( !') &.#$('. -#&$7#$8%&()B3! C1 !"#$%&'( ) M  !"$"%$"&"'$()*+,-"&./S+
mod0*+,-%$+. 2#$,$ -&.#$#:$!  ! S+

mod"  ! )#($$! n ∗m ! M = φ"! D%&3!& $! ';')43! S+,∗
mod !0 &!)(&#0) $!' #&' (0<!&'(:$!'#! E !0)(=!& $# -#&)(! %:'!&<#:$! Sobl = (Cobl, Vobl)  ! )#($$! m′ ∗m′" !) $# -#&)(! ',&<!($$#:$! SL ! )#($$! n−m′ ∗m−m′  ! S+,∗

mod$! /#$ B#F,! :$% B #&&.  ! )#($$! m−m′  ! SL 0#%! %/ B !') G,')!5%0)&#(0) &'+1&! D%&3!& $! :$% G,')!5%0)&#(0) B′ 9%&3. !0 %0#).0#0) B !) Sobl'! E !0)(=!& $!' :$%'  ! H#$$  ! B′(! 6.)!&3(0!& (n−m) '%,'5';')43!' ',&<!($$#:$!'" 0%).!' MB′)! M = M
⋃

MB′ *! +10 %/  ! +10 /#$ "! I!)%,&0!& M3 4!!-5&$6&%#1 0+5 6!"#$%&'(+5 0+ +&&+ 5+&%#1J -#&)(&  ! $7!/!3-$!  ! $# =8,&! K1LM" ($ !') -%''(:$!  !  .=0(& $! 3#&%58&#-B!  ! $# =58,&! K1KN1 O,& !))!  !&0(4&! =8,&!" $!' P4B!' (0 (F,!0) $!' %0)&#(0)!'  7(0<!&'(:($().  , 3#&%58&#-B!  .=0(!'1

 !"#$% K1LM Q I!B!&B!  !' '%,'5';')43!' %&(!0)#:$!'R!'  !,/ <#&(#:$!' (0%00,!'  , 3#&%58&#-B!" F,( %3-%&)! (0F %0)&#(0)!'" '%0) x3 !)
x61 E$ !') %:$(8#)%(&!  ! %,-$!& x3 > MC3 > #,'!  !' 0%05(0<!&'(:($().' ',& MC1 !) MC21 S#&%0'.F,!0)" #, $(!,  ! 9%&3!& C2

5 = 10 :$%' #&&.'" ($ 07; !0 # F,! 4 > 9%&3!&1 6!,/  7!0)&! !,/TM



 ! "#$% &''! ( )*' $ #$),*-! #.),!(/ 0!' 1!$2 #$),*-!' #.),!(' #%%!')# 1! ( *$2 1!$23#&2 '$&4* (' )#$% ,* 4*%&*5,! x6 6 '#&( x6 !'( #$),7! 8 MC29 '#&( !,,! !'( #$),7! 8 cm2/ : ,;*&1!1!' (%#&' # (%*& (!' %!1# 1* (!' )*% #$),*-!9 ,!' 4 '#$'<'='(>.!' '$%4!&,,*5,!' #%&! (*5,!' '# ((%#$47'/ ?!$2 & ,&! ( 6@/ y3 8 u AB/ y3 8 y1 AC/ y3 8 y2 AD/ y2 8 y1/

 !"#$% B/BE F G*%#<-%*)3! ! "#$%&'()*+  ', -&.#/)*0$',  ' '**' ,'*)#20* #.),!2&(7 1! ,;*,-#%&(3.! H !'( ! O(n2,5.Cm−m′

n−m′ )/ I !J!(9 &, = * Cm−m′

n−m′ #$),*-!' 8!2*.& !%9 !(9 )#$% 3*K$! #$),*-!9 $ ! 17#.)#'&(&# ! 5,#' 1! L*,,9 1# ( ,* #.),!2&(7 !'(! O(n2,5)9 !'( %7*,&'7!/0* #.),!2&(7 1! ,* # '(%$(&# 1$ .*%#<-%*)3! !'( ! O(n3,5) 6 $ ! 17#.)#'&(&# 1!M$,.*-!<G! 1!,'#3 9 1# ( ,* #.),!2&(7 !'( ! O(n2,5)9 !'(  7!''*&%! )#$% &1! (&N!% ,!' .*%#<'='(>.!'9 !( !'( %7*,&'7! *$ ),$' n "#&'/I N 9 ,* %!17N &(&# 1!' & 4!%'&5&,&(7' 1$ .*%#<-%*)3! # '&'(! 8 %!3!%3!% $ #$),*-!#.),!( '$% ,!' .*%#<'='(>.!'/ O#$% $ .*%#<'='(>.! *4! qMS *%' !(mMS 4*%&*5,!' & (!% !'9,;*,-#%&(3.! 1! %!3!%3! 1;$ #$),*-! #.),!( 1;L#)%#"(<P*%) Q4#&% )*-! 30R * $ ! #.),!2&(7! O(qMS.m
1,5
MS)/?!((! #)7%*(&# !'( %7)7(7! )#$% 3*K$! *% 1! ,* .*%#<# (%*& (! *''#&7! *$ .*%#<'='(>.!/:$ N *,9 '#&! ( ,!'  #(*(&# ' '$&4* (!' )#$% ,! -%*)3! G = (V = X ∪ Z,C,Γ) 6F q = |Γ|9 ,!  #.5%! 1;*%' AF m = |X|9 ,!  #.5%! 1! 4*%&*5,!'/0* #.),!2&(7 1! ,* %!17N &(&# 1!' & 4!%'&5&,&(7' '$% ,! .*%#<-%*)3! !'( ! O(q2.m1,5)/ !"! #$%&'()*+,  - ./'&1'2 3, $4/'5', 3,2 PSO ,6 1)($(2/6) $/ 37&+8&2(9)(&6 /6&6(:1, +&3(;7,?!( *,-#%&(3.! %7*,&'! ,* 1!'! (! 1! ,;*%5%! 1!' PSO Q'!(&# B/@/BR9 ! $(&,&'* ( ,* 17#.)#<'&(&# * # &K$! .#1&N7! )%7'! (7! 8 ,* '!(&# B/C9 *$ ,&!$ 1;$(&,&'!% ,* 17#.)#'&(&# ,*''&K$!/SE



 !"! #$%&'()%*+$ ,-. $+$/*$0-(.*1*2*%&. ,)$. 2) (-4-(4- -54)6.%*0- ,-. .+6./.7.%89-. .6(0-*22)12-. !" #$%&'(")*! '!"&+',! $!- -&+-.-/-"0*!- -+'1!($$#2$!- &'(!,"#2$!-3 ! "#$%$'( )( *+ *,-#$./0( &**! $4#$%&'(")*! MSO 5-!"(&, 738379: ,&"'! #$%&'(")*! !-" +, #$%&'(")*! ;()&"&*(<+! =$4!->#! ;!- MSO &'(!,"#2$!- !-" -(,;? !, ;!+@: +,! A&(- +,! &,"'#(,"! e )&(-(! = $4!,-!*2$!;!-MSO &'(!,"#2$!- &,"!,#," e !" $4!,-!*2$! ;!-MSO &'(!,"#2$!- ,! &,"!,#," >#- e3 B&+' !A#('!: #+ $(!+ ;! ;!-!,;'! $4#'2'! ;!- PSO !, +"($(-#," $# ;?&*>&-("(&, ;! C+$*#%!.D!,;!$-&),:&, ;!-!,; $4#'2'! ;!- PSO !, +"($(-#," $# ;?&*>&-("(&, *&;(E?!3 F, !G!": $4!,-!*2$! ;!-MSO&'(!,"#2$!- ,! &,"!,#," >#- e !-" &,"!,+ ;#,- $4!,-!*2$! (S+
mod \ {e})

+
mod3H!- #*?$(&'#"(&,- ;(-+"?!- 1(-#," I ,! "'&+1!' +, MSO <+4+,! -!+$! A&(- -&," #;#>"#2$!- =J $! '!"'#(" ;!- &,"'#(,"!- ;! P \ (P \ {e})+ 5;?&*>&-("(&, &'(%(,#$!9 #2&+"(" "&+K&+'- #+*L*! PSO E$- =

∀e1,∀e2, e2 ∈ P \ (P \ {e1})
+ ⇒ (P \ {e1})

+ = (P \ {e2})
+ MJ -( $! -&+-.#'2'! (--+ ;+ PSO P !, '!"('#," $# &,"'#(,"! e: <+( # >&+' '#(,! $! PSO

(P \{e})+mod # ;?KI ?"? !@>$&'?: #$&'- "&+- $!- MSO ,! &,"!,#," >#- e !" &,"!,+- ;#,- P&," ?"? "'&+1?-: ;&, "&+" #+"'! PSO ;!-!,;#," ;! P ,! &,"!,#," >#- e !-" (,(,"?'!--#,"3H4#'2'! -!'#: ;! *L*! <+! ;#,- $4#$%&'(")*! &'(%(,#$: "'&,<+?3N+ E,#$: $! A&,"(&,,!*!," ;! $4#$%&'(")*! *&;(E? !-" ;?'(" >#' $!- #$%&'(")*!- O !" P31*,-#$./0 2 M  !"$"%$"&"'$()*+,-"&./S+
mod03(45$#(6  #$+$ >'?#$#2$! ;! S+

mod ! P Q &,"'#(,"!- c ∈ S+
mod"! M Q R+2ST!)!')!S!@)#+-"(1!S75P :P 9#! T!"&+',!' M7! 8**59.# .$-% )5 :-%.$-%%(0(%. (. )5 , $% )( *+ *,-#$./0( 2B&+' ($$+-"'!' $! A&,"(&,,!*!," ;! $4#$%&'(")*! O: ,&+- ,&+- #>>+/&,- -+' $4!@!*>$! -("+?!, )#+" ;! $# E%+'! 7378: ;?KI "'#("? #+>#'#1#,"3 U&+- ,&+- >$#V&,- ;#,- $! #- &W ,&+- '!)!'.)&,- $!- -&+-.-/-"0*!- -+'1!($$#2$!- ,! &,"!,#," >#- cm3 = ,&+- #$+$&,- ;&, $! -&+-.-/-"0*!

(S+ \ {cm3})
+
mod: #+ $(!+ ;+ -&+-.-/-"0*! (S+ \ {cm3})





 !"#$%&'( ) M  !"#$%&(&)(&$&*(+",-./&$01P 2R3*+,-%$+. P  !" #$ PSO ! %/ P % #$ & '() & ( &*$&%$ )'%, - 1 &'+0"! M = M
⋃

P#! +!1+$! 2'%!+ R 6= φ 3#%! ./*0!0( #$ )1#%"0*$ e & R 2 e = R(1)&! .%,#, ( P1 = (P \ {e})+'! .%,#, ( P2 = (P \ {e})+mod(! .%,#, ( E1 = P \ P1)! .%,#, ( E2 = P \ P2 *! .%,#, ( R1 = R \ E1  ! .%,#, ( R2 = R \ E2 "! Ms 3 4#567 / (/ 6 8/%#!"09 6:;P2 <R2= #! M = M
⋃

Ms $! R = R1 %! +03 2'%!+ &! +03 %/ '! 7 "*#($ ( M

 !"#$% :>:? @ A%0$ %BB*(") B%( ,% &)*CB*!0"0*$ %$*$01# C*&0D) 2  8 CB, & ! !*#!E!F!"GC !*(0 $"%5, ! $ *$" $%$" B%! cm3H:



 !"! #$%&'()%*+$ ,-. $+$/*$0-(.*1*2*%&. ,)$. 2) (-4-(4- -54)6.%*0- ,-. .+6./.7.%89-. .6(0-*22)12-. !"#$%!"#"&'( )$ &*+) )*##") ,-&) ." -) *0 .- ,1*#2*)$'$*& -&*&$3+" "' .- ,1*#2*)$'$*&-&*&$3+" #*,$41" *5&$,"&'( $. &67 - 2-) ," #*,$4-'$*& ," .- *#2."8$'1 ," .6-.9*!$':#"; <&9-$& ," *#2."8$'1 &" 2"+' )+!="&$! 3+" .*!)3+"( > 2-!'$! ,+ PSO P ( *& ,")"&, +&" ?!-&:""& :*$)$))-&' +&" 13+-'$*& e '".." 3+" @
(P \ {e})+ 6= (P \ {e})+modA".- !"=$"&' > )-+'"! +& &$="-+ ," .6-!?!" ,") PSO; B& )" 2.-"!- ,*& ,-&) " -)( "' *&&*'"!- P1 = (P \ {e})+( P2 = (P \ {e})+mod; C*'*&) 3+"( 2-! *&)'!+'$*& ," .- ,1*#2*)$'$*&-&*&$3+" #*,$41"( P2 ")' +& )*+)D)7)'%#" ," P1( 6")'D>D,$!" 3+" P2 ⊂ P1;E+22*)*&) 3+" ." PSO Pi Fi = 1, 2G -$' .") 2!*2!$1'1) )+$=-&'") @H +& &*#?!" ,613+-'$*&) 19-. > ni IH +& &*#?!" ," =-!$-?.") 19-. > mi IH +& ,"9!1 ," !",*&,-&" 19-. > di = ni −mi I

P2 1'-&' +& )*+)D)7)'%#" ," P1( *& - d2 ≤ d1 − 1; A*##" d2 ≥ 1( *& - d1 ≥ 2;J6-.9*!$':#" K !1-.$)" )+"))$="#"&' .") ,"+8 *21!-'$*&) )+$=-&'") @L; 2-))-9" ," P1 > P2 ⊂ P1 F,1*#2*)$'$*& -&*&$3+" #*,$41"G; J- *#2."8$'1 ," "''" 1'-2"")' "& O((d1 − d2).n
2,5) IM; 2-!*+!) ," .6-!?!" ,") PSO( > 2-!'$! ," P2; J- *#2."8$'1 ," "''" 1'-2" ")' "& O(nd2+1,5)FFN!7)-&,"!  ! "#$( MOOPGG;<&" 1'+," ," Q*&'$*& #*&'!" 3+" .- Q*&'$*& d2 7→ (d1−d2).n2,5

nd2+1,5 ")' !*$))-&'"( ,*& ?*!&1"2-! n2,5

nd1−1+1,5 = n2−d1 ≤ 1; R$&)$( .- *#2."8$'1 ," &*'!" -.9*!$':#" ")' ,6*!,!" (nd2+1,5);  +$)3+"
d2 ≤ d1 − 1( .- *#2."8$'1 ,+ 2-!*+!) ,+ )*+)D-!?!" ,") PSO > 2-!'$! ," P1 ")' "& O(nd1+0,5);J- *#2."8$'1 ,+ 2-!*+!) ," .6-!?!" ,") PSO > 2-!'$! ," P1 ")' "& O(nd1+1,5) FN!7)-&,"! ! "#$( MOOPG; -! *&)13+"&'( *& - !"#2.-1 +& 2-!*+!) ," )*+)D-!?!" ," *#2."8$'1 "& O(nd1+1,5)( 2-!+& 2-!*+!) ," *#2."8$'1 "& O(nd1+0,5); J" 9-$& !1-.$)1 2-! &*'!" -.9*!$':#" ")' ,-&) ." 2$!",") -) ,6*!,!" n



 !"#$%&'( ) BA  !"#$%&')%&*$+,*-.#/+).01,2&3-#/4S5 !  !"#$%&"' ()"#*"+,(" !"* .#$'/%#$"* !%01'"#$%"(("* cd !" S 2 cd 2 xd = ẋi"! 3.'+"' S′ 4 5/'$%' !" S "# '"+5(/6/#$ 7/89" .#$'/%#$" !%01'"#$%"((" cd 5/' 9#" .#$'/%#$"
c′d !" $:5" /5$"9' *9' xi 2 c′d(xi)#! BA ; <.#$'/%#$"* !" S′=$! I ; <.#$'/%#$"* !" S′ #" >/%*/#$ %#$"'?"#%' 89)9#" *"9(" ?/'%/,("=%! J ; <?/'%/,("* !" S′ %#$"'?"#/#$ !/#* I=&! *'%!+ I 6= φ ,#'! BA = BA \ I(! @.!%&"' S′ "# +"$$/#$ 4 0 ("* (%A#"* I "$ ("* .(.##"* J)! I ; <.#$'/%#$"* !" S′ #" >/%*/#$ %#$"'?"#%' 89)9#" *"9(" ?/'%/,("= *! J ; <?/'%/,("* !" S′ %#$"'?"#/#$ !/#* I=  ! +-, *'%!+ "! I ; <.#$'/%#$"* !" S′ystemeKsurveillableKmodifieK1(P )$! R = R

⋂

P%! %4 P / 9# !"A'1 !" '"!.#!/#" 1A/( 4 1 &'+-&! M = M
⋃

P'! +!5+(! *'%!+ R 6= φ ,#)! N7.%*%' 9#" 189/$%.# e !" R 2 e = R(1) *! N/(9("' P1 = (P \ {e})+)  ! N/(9("' P2 = (P \ {e})+mod) "! N/(9("' E1 = P \ P1 #! N/(9("' E2 = P \ P2 $! N/(9("' R1 = R \ E1 %! N/(9("' R2 = R \ E2 &! Ms ; O9,KB"7"'7"K"P7/9*$%?"KQLP2 DR2M '! M = M
⋃

Ms (! R = R1 )! +-, *'%!+"*! +-, %4" ! B"$.9'#"' MER



 !"! #$%&' '( *+,-' ./ 01%'$ .'& 10$2'& ! "#$% &' )*+,'-$./ &' ,0#,1)2$.3*' 45 !"# % &!'!('!&)%* "+,# !--+"# %#./0%' -% (!/" 1% +0&-%2/.3 &%'0/# &!' -4!-(+'/.)0% 56*&!' '!&&+'. 7 -4!-(+'/.)0% MSO +'/(/"!-* 13'/. 1!"# 89':#!"1%'  ! "#$* ;66<=>?+,' %. !-(+'/.)0%* #/ 1%# +".'!/".%# !&&!'!/##%". .+,@+,'# 1!"# ,"% A+,-% !-(3A'/B,% 8/>%
BA 6= φ=* %--%# #+". !,.+0!./B,%0%". '%./'3%#* % B,/ '%C/%". 7 1%#%"1'% -4!'A'% 1%# PSO &!',"% A'!")% /0&+#3%* %. 7 "% &!# %2&-+'%' -%# !,.'%# A'!")%# 1% -4!'A'%> D%..% +&3'!./+" '%C/%".7 #!,.%' ," +, &-,#/%,'# "/C%!,2 1% -4!'A'% 1%# PSO> E" &!##% 1, PSO B,% -4+" "+.%'! P1 !,
PSO B,% -4+" "+.%'! P2* %" '%./'!". -%# +".'!/".%# 1% BA &,/# %" F!/#!". ,"% 13+0&+#/./+"!"+"/B,% 0+1/G3%>H,&&+#+"# B,% -% PSO Pi 8i = 1, 2= !/. -%# &'+&'/3.3# #,/C!".%# IJ ," "+0A'% 143B,!./+"# 3(!- 7 ni KJ ," "+0A'% 1% C!'/!A-%# 3(!- 7 mi KJ ," 1%('3 1% '%1+"1!"% 3(!- 7 di = ni −mi K

P2 3.!". ," #+,#L#:#.M0% 1% P1* +" ! d2 ≤ d1 − 1>N! +0&-%2/.3 1, &!'+,'# 1% -4!'A'% 1%# PSO 7 &!'./' 1% P1 %#. %" O(nd1+1,5)>N% O P!"Q/"( R-(+'/.)0 S !&&-/B,3 7 P1 ! ,"% +0&-%2/.3 %" O(n1.m1)>N! +0&-%2/.3 1, &!'+,'# 1% -4!'A'% 1%# PSO 7 &!'./' 1% P2 %#. %" O(nd2+1,5)> % 0T0% B,% &+,' -4!-(+'/.)0% < 3.,1/3 &'331%00%".* -% #!,. 14," "/C%!, #% .'!1,/. &!' -%F!/. B,4+" ! '%0&-!3 ," &!'+,'# 1% #+,#L!'A'% 1% +0&-%2/.3 %" O(nd1+1,5)* &!' ," &!'+,'# 1%+0&-%2/.3 %" O(nd1+0,5)> N% (!/" '3!-/#3 &!' "+.'% !-(+'/.)0% %#. 1!"# -% &/'% 1%# !# 14+'1'% n> !" #$%&' '( *+,-' ./ 01%'$ .'& 10$2'&#! 62$%$+'N%# '/.M'%# 1% -! #%./+" ;>U #+". ,./-%# &+,' !'!.3'/#%' -%# #+,#L#:#.M0%# 1/#'/0/"!".#* &!''!&&+'. 7 ," !)/%' 1%# )!'(%# 14/#+-!A/-/.3 1+""3> D%# '/.M'%# %2&'/0%". B,% -% #+,#L%"#%0A-%1!"# -%B,%- /- %#. &+##/A-% 1% +"#.',/'% 1%# '3#/1,# #.',.,'%--%0%". /"#%"#/A-%# 7 fi %#. #+/.
(S+ \ {fi})

+* #+/. (S+
mod \ {fi})

+
mod* #%-+" B,% -4+" C%,/--% &'%"1'% %" +"#/13'!./+" +, "+" -%#"+"L/"C%'#/A/-/.3#>H,&&+#+"# B,% "+,# !:/+"# ," !)/%' 1%# )!'(%# 1% 1/!("+#./* %2&'/03 #+,# -! F+'0% 14,"%"#%0A-% 1% F!,.%# Vf1* > > >* fpW 7 1/#'/0/"%'> X" "% .%"!". &!# +0&.% 1%# "+"L/"C%'#/A/-/.3#*-%# #+,#L#:#.M0%# 1/#'/0/"!".# #+". .'+,C3# IJ %" 0%"!". ,"% '%)%')% %2)!,#./C% #,' (S+ \{f1})

+* %. %" #4!##,'!". B,4!, 0+/"# ,"% 1%#F!,.%# Vf2* > > >fpW !&&!'!/##% 1!"# )!B,% #+,#L#:#.M0% #,'C%/--!A-% .'+,C3> R/"#/* +" .'+,C%1%# #+,#L#:#.M0%# #,'C%/--!A-%# /"#%"#/A-%# 7 f1 0!/# #%"#/A-%# 7 %'.!/"%# !,.'%# F!,.%# f2*> > >* fp K <Y



 !" #!"$"% &"! '!)!')! !*)$&+%,-! +&' (S+ \ {f2})
+. !% !" +/$++&'$"% 0&/$& #1,"+ &"!2!+ 3$&%!+ 4f1. f3. 5 5 5fp6 $77$'$,++! 2$"+ )$0&! +1&+8+9+%:#! +&'-!,;;$<;! %'1&-= > !" #!"$"% &"! '!)!')! !*)$&+%,-! +&' (S+ \{fi})

+. !% !" +/$++&'$"% 0&/$& #1,"+ &"! 2!+3$&%!+ 4f1. 5 5 5. fi−1. fi+1. 5 5 5fp6 $77$'$,++! 2$"+ )$0&! +1&+8+9+%:#! +&'-!,;;$<;! %'1&-=5?1&' ;$ '!)!')! +&' )$0&! +1&+8+9+%:#! (S+ \fi)
{fi})

+ '!-,!"% D ,#71+!' ;$<'$")! 2/!*7;1'$%,1" 2! ;/$'<'! 2!+ PSO5R$;&;!' (S+ \ {fi})
+ $ &"! 1#7;!*,%= !" O(d.n2,5)5S$ 1#7;!*,%= 2& 7$'1&'+ 2! ;/$'<'! 2!+ PSO D 7$'%,' 2! (S+ \ {fi})

+ !+% !" O(nd+0,5). $'
(S+ \ {fi})

+ $ &" 2!@'= 2! '!21"2$"! ≤ d− 15R!+ 2!&* 17='$%,1"+ =%$"% '=7=%=!+ $& 7;&+ p 31,+. ;$ 1#7;!*,%= 2! ;$ '!)!')! ,"%=@'$"% &"$),!' 2!+ )$'@!+ !+% !" O(p.nd+0,5)5 S$ 1#7;!*,%= 2! ;/$;@1',%)#! 1',@,"$; =%$,% !" O(nd
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 !"#$%&' ( !"#$%&'&()% *$ +' ,+'&$-.)!/$ +)0(($++$*"2$+),,"$ $& ',,+('&()% #3! 3%$4$/,+$

 !



 !"#$%&' () *&+,'-%"%$.- /' 0" #0"%'12.&3' 0.4$$'00' /+6'0.##+' '% "##0$"%$.- ,7& 7- '8'3#0'

 !











 !"#$% G@H > A4$)/6.) *) &!"#$%& &"'%%)& *+,)&"--+ !"!" #%&'(%) *( +,*-.) /'%('(%). ! "#$%&'&#$$()($' %* )#%+,( -&)*,&$.A& "4,%)4$ *) 6.%/)9 .,.4$ *!);$/.%/) #4) 3.$/%) *!%4%*)4) : -./$%/ *# 3"*2&) &'()*'+,9 #4).4.&50) /%$%L#) *) ) 3"*2&)9 )$9 +,)4$#)&&)3)4$9 *!)4 1.4')/ &!+/%$#/) .J4 *!+,%$)/ )/$.%40NG







 !"! #$%&'()*)+,( -'& .,()+,((*0+)%& -' 01,2)+0 0,3++'0
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19 A")#%' &% #()' #+2%' '(3# (3'$&4.4%' 2(). % 0%3@-".I =&4A")#' &% -%').%5 A)$#%'5 2%.*A(."#$(3 &) &$"2@."<-% 2(). %3 $#%. 7)%!7)%' )3%'?C V(). 2!)' &8$3A(.-"#$(3'5 !% !%#%). %'#WX
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 !"! #$$%&()&*+ (, -.+/0(12  !"! #$% !"# $%&'( &' ()*) *++,-) #."/ ."#/1&'/# 23# .4#315!/3&1# 6 '"/315!773# 8.&1 7! 29/3/'." 23#:!&/3# f1) f10) f11) f13; <7 #=!('/ 23 29/3/'." &"'>&3?3"/) 3/ 7! 19&##'/3 23 3773@' 2983"2 23 7!/!'773 23 7! :!&/3;A=!1/'73 $B'/C!D &' ()*) *++,- 291'/ &"3 !881.E3 :."293 #&1 &" 19#3!& 23 "3&1."3# 2'/F GH I J; K" 3 >&' ."31"3 7! 29/3/!4'7'/9) f5) f9) f14 #."/ "." 29/3/!473#; A! 29/3/!4'7'/9.??3 7='#.7!4'7'/9 2983"23"/ 23 7='?8.1/!"3 2& 29:!&/) 3/ 23 #! 5'/3##3 2=!88!1'/'."; f4 3/ f15#."/ /.&L.&1# "." '#.7!473#; <7 3" 3#/ 23 ?M?3 8.&1 f2) f3) f6) f18) f19; N3# 23&O 3"#3?473#) 3"135!"E3 #."/ '#.7!473# 3"/13 3&O; !"# $P&8!5!/!"!D&7 &' ()*) *++,- #."/ 3?87.Q93# 23# ?9/E.23# 2'#1R/3# 23 2'!(".#/') &/'@7'#!"/ 23# !&/.?!/3# /3?8.1'#9# S A3# 29:!&/# f16) f18) f19 #."/ 29/3/9#; !"# $%135'2' !"2 %!1'#'"') *++,-) 7! 29/3/'." &"'>&3?3"/ 3#/ ."#'29193) 8!1 23# ?9/E.23#2=3#/'?!/'." #83/1!73 S f1) f2) f7) f8) f10) f11) f12) f14) f15) f18) f19 #."/ 29/3/9#) 3/ f17 9(!73@?3"/) ?!'# #3&73?3"/ #' 73# 813##'."# 23 8!1/ 3/ 2=!&/13# 23 7! 5!""3 #."/ ?3#&193#;A3# !&/&1# 23 $T.!"'!7! !"2 2! N.#/!) *++,- "3 ."#'2R13"/ >&3 73# :!&/3# f1) f2) f7) f10) f11)
f13) f15) f16) f17) f18) f19; A3# 19#&7/!/# 2& 7!##'U3&1 2983"23"/ 23 7='?8.1/!"3 2& 29:!&/;  3#(1.&83# 23 :!&/3# #."/ "9!"?.'"# '23"/'U9# S '7 #=!('/ 23# (1.&83# {f1, f7}) {f2, f19}) {f7, f10})
{f11, f15, f16}) {f13, f18} 3/ {f17};$N!7!2. &' ()*) *++,- 3?87.'3 &" 1!'#.""3?3"/ >&!7'/!/': .&879 6 23# 19#3!&O 23 "3&1."3#V.&#; A! ?9/E.23 819#3"/3 23# 2'W&7/9# 8.&1 '#.731 73# 29:!&/# "!'##!"/#; K" ?3//!"/ 23 �/9 3!#) 73# :!&/3# f2) f7) f10) f11) f13) f17) f18) f19 #."/ '#.7!473#; %.&1 73 13#/3) 73 ?.2&73 2='#.7!/'.""3 2.""3 8!# 23 19#&7/!/;Y& U"!7) #&1 73# #38/ !1/'73# 819#3"/9#) /.&/3 :!&/3 3#/ 29/3/!473 8!1 !& ?.'"# &"3 !881.E3)?!'# '7 "=Q ! 8!# 23 8.'"/ .??&" 95'23"/ 3"/13 73# !881.E3#; !"!# $%&'() *+,-+-,)( &- /)0123,4  !"! #$%A3 ?.2R73 %+,-)+./ 23 7=!/'.""3&1 3#/ 2'#8."'473 #&1 7! 8!(3 '"/31"3/ 2& 43"E?!1D $BZ[)*++*-; P&1 73 #Q#/R?3 1937) 73# (1!"23&1# Pz) CV I 3/ Ps "3 #."/ 8!# ?3#&193# ?!'# #."/ '"2'>&93##&#38/'473# 23 7=M/13; \.&# :!'#."#) .??3 2!"# $ ]#/3(^1 &' ()*) *++_2-) 7=EQ8./ER#3 >&=3773# 73#."/;A=!"!7Q#3 2& ?.2R73 %+,-)+./ 23 7=!/'.""3&1 ".&# :.&1"'/ &" (1!8E3 #/1&/&137 !53 311."/1!'"/3# 3/ 307 5!1'!473# '".""&3#; A! 8!1/'3 #&153'77!473 2& ?.2R73 ."/'3"/ 283 ."/1!'"/3#3/ 279 5!1'!473# '".""&3#; A3 23(19 23 132."2!"3 2& #Q#/R?3 3#/ 2." 9(!7 6 4;A3 ?.2R73 ."/'3"/ 4 47.# F 01+'3 J) 8 /!473#) 3/ 102 #!/&1!/'."#; <7 ."/'3"/ 8!1 !'773&1# 4'"/9(1!/3&1#) 2 :."/'."# 23 /1!"#:31/ 2& 813?'31 .1213 $3 >&' 2.""3 2 !&/13# ."/1!'"/3# 2'`9@13"/'3773#-; P3&7 &" 23 3# '"/9(1!/3&1# 83&/ M/13 81'# 3" !&#!7'/9 2'`913"/'3773; aa
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 !"! #$%&'()&)*+ ,-$ .'/*-$ ,/ (-023'45  !"! #$% ! "#%&'%()*)%+ ", -./&!0,12,+",/(%3+ +%.( ',4&,* "5!+!/6(,4 /! "#*,*!7)/)*# ",( 8!.*,(". (6(*9&, : *%.*,( /,( 8!.*,( (%+* (*4.*.4,//,&,+* "#*,*!7/,(; < /5,=,'*)%+ ", *4%)( "5,+*4,,//,( : )/ (5!0)* ",( 8!.*,( f7; f16; f17> ?,( "#8!.*( 4,'4#(,+*,+* 4,(',*)@,&,+* :A /5#@!'%4!*)%+ ". B.)", *4!@,4(!+* /! @!++,; &%"#/)(#, '!4 .+, !.0&,+*!*)%+ ", T1 CA /! 3.*, ", /! '4,(()%+ "5!/)&,+*!*)%+ Pz 8%.4+),; &%"#/)(#, '!4 .+, 3.*, ", Pz CA .+ 3!+0,&,+* ", '4,(()%+ )+!**,+". ", '!4* ,* "5!.*4, ", /! @!++,; &%"#/)(# '!4 .+ 3!+10,&,+* ", /! ")D#4,+, ",( '4,(()%+( ", '!4* ,* "5!.*4, ", /! @!++, P1 −
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