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Résumé

Milnor a observé que pour les germes des application réelles, la fibration de Milnor
sur la sphére n’existe pas en général méme avec la condition de singularité isolée,
contrairement au cas des fonctions holomorphes. Récemment, Oka a introduit la
terminologie de “fonction mixte” qui est une fonction polynomiale C* — C en z et z,
donc une application polynomiale réelle R?® — R?. Dans cette thése, on s’intéresse
aux propriétés des polyndémes mixtes en comparaison avec les résultats connus pour
le cas holomorphe. Le travail consiste en quatre parties.

Dans la premiére partie, on met 'accent sur I’étude des conditions de régularité
a l'infini. On définit une conditon de régularité a l'infini plus générale que cette
introduite par Rabier et par Kurdyka, Orro et Simon. On montre un théoréme de fi-
bration globale qui implique que ’ensemble de bifurcation pour un polyndéme mixte
est inclus dans un ensemble semi-algébrique fermé de dimension réelle inférieure ou
égale a un.

Dans la deuxiéme partie, on définit le polyédre de Newton a linfini pour un
polynéme mixte. On distingue deux notions de non-dégénérescence a l'infini qui
sont équivalentes dans le cas holomorphe, une est apelée Newton non-dégénéré et
lautre est apelée Newton fortement non-dégénéré). 1l s’avére que la condition de
non-dégénéré est une condition semi-algébrique ouverte, mais que la condition de
fortement non-dégénéré n’est pas dense ni connexe.

Dans la troisiéme partie, on généralise un théoréme de Néméthi et Zaharia pour don-
ner une approximation de ’ensemble de bifurcation dans le cas mixte. On prouve
un théoréme de stabilité pour la monodromie dans une famille de polyndémes mixtes
fortement non-dégénérés en supposant l'invariance des polyédres de Newton. On
obtient aussi ’analogue global des théorémes de Néméthi et Zaharia et d’Oka sur
I’existence de la fibration de Milnor & l'infini. Dans le cas local, on étudie plus en
détail les polynémes mixtes polaires quasi-homogénes avec singularités non-isolées,
par rapport a la condition de Thom.

Dans la derniére partie, on introduit une nouvelle définition de non-dégénéré cette
fois-ci pour une application polynomiale mixte qui est plus générale que la défini-
tion de non dégénéré introduite par Bivia-Ausina dans le cas réel. En exploitant
un résultat de Kurdyka, Orro et Simon, on trouve une extension du théoréme de
Bivia-Ausina en rapport avec la conjecture Jacobienne.

Mots Clés: Valeurs de bifurcation, polynéme mixte, polyédre de Newton, non-
dégénéré, fibration de Milnor, conditions de régularité
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CHAPTER 1

Introduction

The objective of this thesis is to study the global and local fibrations produced
by a mixed polynomial map. The concept of Milnor fibration was proposed by
John Milnor in his well-known Princeton lecture notes [Mil68], where he studied
the local fibrations of complex holomorphic function germs f : (C",0) — (C,0).
At the end of this book, Milnor also explained the study to a real analytic map
germ ¢ : (R™,0) — (RP,0) with isolated singularity and pointed out the difference
with the holomorphic case. This topic has been extended by many authors and
provided some new viewpoints to other domains.

For a complex polynomial function f : C* — C, it is well known that there
is a locally trivial fibration f; : C"\ f~'(A) — C\ A over the complement of
some finite subset A C C, see e.g. [Var72], [Ver76]. The minimal such A is
called the set of bifurcation wvalues, or the set of atypical values, and shall be
denoted by B(f). The first approach to investigate this global fibration is due to
Broughton [Bro, Bro88|, who proved that under some regularity condition (called
tame condition), the fiber is homotopic equivalent to a bouquet of spheres. This
foundational work opened the way to further studies of regularity condition at
infinity and the topology of Milnor fibration at infinity, see for example [ST95],
[Par95|, [HT97], [Tib99], [Tib07], etc. In two variables, Durfee [Dur98| and Tibar
[Tib99| give several characterizations of atypical values at infinity and show that
all of them are equivalent, since only isolated singularities at infinity can occur in
this setting. As determining the atypical values at infinity of a complex polynomial
in higher dimensions is still an open problem, one looks for some significant
finite set A O B(f) which bounds B(f) reasonably well. For instance, in case of
non-convenient but still Newton non-degenerate polynomials, Némethi and Zaharia
[NZ90| found an interesting approximation A D B(f) in terms of certain faces of
the support of f. This provides a large class of polynomials for which we control
rather well the bifurcation locus. This point of view will be adopted in our work.
In contrast to a complex polynomial function germ, the existence of Milnor fibration
on the sphere for a real analytic map germ needs to be discussed with reference to
some explicit classes of maps. Recently, Oka introduced the terminology "mixed
function" f(z,z) : C* — C of variables z and z which is actually a real analytic
map f : R?” — R2. Under certain non-degeneracy condition with respect to the
local Newton boundary, he proved the existence and equivalence between Milnor
tube fibration and Milnor fibration on the sphere for some classes of mixed function
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germs (see [OkalOa| for more details). It is an interesting question whether we can
get some global results. In the holomorphic case, this idea goes back at least as
far as [NZ92|] where Némethi and Zaharia studied the global Milnor fibration for
semitame polynomials.

In this thesis, we investigate some regularity conditions at infinity for mixed
polynomials. The study of regularity condition at infinity for real polynomial
functions started with the work by Tibar (|Tib99|) and for complex polynomial
maps with the work of Gaffney [Gaf99] who generalized Malgrange Condition
for holomorphic polynomial maps, and is receiving a great deal of attention. In
2000, Kurdyka, Orro and Simon [KOS00] introduced generalized critical values
for semi-algebraic maps and improved Gaffney’s result to a more general setting.
In particular, it was shown in [Tib07| that in the setting of real or complex
analytic functions, various regularity conditions could be compared. For instance,
p-reqularity condition implies the Malgrange condition. It is natural to try to
interpret the regularity conditions in the setting of mixed polynomials. So we will
characterize p-regularity condition and compare it with the regularity condition of
[Rab97] and [KOS00]. This also leads us to a global fibration theorem for mixed
polynomials. We will also focus on establishing certain notions related to Newton
polyhedron at infinity and non-degeneracy conditions in this setting.

This thesis is organized as follows. In Chapter 2 and Chapter 6, we recall
some of the standard facts on local Milnor fibrations and study the Milnor fibra-
tions with non-isolated mixed singular locus. In Chapter 3, we will be concerned
with the regularity at infinity of mixed polynomials. In Chapter 4 and 5, we
proceed with the study of global behavior of non-degenerate mixed polynomials.
In Chapter 7, we treat the case of non-degenerate analytic maps and apply this to
the real Jacobian problem.
In what follows we shall briefly outline our main results.

Local fibrations of germs (Chapter 2, Chapter 6). In Chapter 2, we review
some results for holomorphic polynomial germs and mixed function germs in the
local case. This is the starting point of this thesis and also the preparation for
Chapter 6. We also recall some basic definitions for mixed polynomials, for e.g.
polar weighted homogeneous mixed polynomials and radial weighted homogeneous
mixed polynomials. In Chapter 6, we study the existence of Milnor fibration for
mixed function germs with non-isolated singular locus. After proving a mixed ver-
sion of Lojasiewicz’s inequality, we give an example to show that Thom regularity
does not hold in general like in holomorphic case (see [HL73]). We generalize a
result by Oka [Oka08| and Cisneros-Molina [CMO08|, which asserts that one has a
local trivial fibration for polar weighted homogeneous mixed polynomials without
the assumption of radial weighted homogeneity (see Theorem 6.3.4).
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The proof of this result uses two facts which we prove. One is that 0 € C is an
isolated critical value. The other is that in a neighborhood of 0 € C", we have a
Milnor’s type transverse condition (see Definition 6.3.1). In [Mas10], Massey proved
a fibration theorem for .-analytic map germs. Our Example 6.3.5 is not FL-analytic
but polar weighted homogeneous. Moreover, our theorem provides a new explicit
class of mixed polynomial germs which have equivalent Milnor fibrations. We also
emphasize that in general, a polar weighted homogeneous mixed polynomial germ
may have non-isolated mixed singular locus.

Regularity at infinity of mixed polynomials (Chapter 3). In various con-
texts, regularity conditions at infinity are taken into account for trivializing the
fibrations at infinity. The importance of studying these regularity conditions lies on
the two following points: on one hand one, can use them to detect more easily the
bifurcation locus; on the other hand, different regularity conditions yield different
intrinsic geometric ingredients.

In Chapter 3, we introduce the non p-reqular set of a mixed polynomial f : C* — C
which is the critical locus of the map (f, p), where p : R* — R is the Euclidean
distance function. In order to prove a global fibration theorem like [KOS00, The-
orem 3.1], we introduce the set of asymptotic non p-reqular values and denote it
by S(f) (see Definition 3.2.4). By an extension of the Curve Selection Lemma at
infinity, it is shown that S(f) and f(Sing f) U S(f) are closed semi-algebraic sets.
Our main result is the following:

Theorem 1.0.1 (T"heorem 3.1.8).
Let f : C" — C be a mized polynomial. Then the restriction:

fi: €\ [T (f(Sing f)US(f)) = C\ f(Sing f) US(f)

is a locally trivial C™ fibration over each connected component of C\ (f(Sing f) U
S(f)). In particular B(f) C f(Sing f) US(f).

In order to prove this theorem, we first take ¢ ¢ f(Singf) U S(f). Since C\
(f(Sing f) U S(f)) is an open set, there is a closed disk D C C\ f(Sing f) U S(f)
centered at c¢. The second step is to show that out of a sufficiently large sphere B?{é,
there is a trivial fibration over D. Since we do not know whether the restriction of
fon f71(D)\ By is proper, we consider instead the restriction of the map (f, p).
Applying Ehresmann’s theorem to this restriction and composing the map (f, p)
with the projection 7 : D x [Ry, 00— D, we obtain the trivial fibration desired.
In [KOS00], it was shown that B(f) C f(Sing f) U K (f) where K (f) is the set
of asymptotic critical values (see [KOS00, p. 76] for the definition of K. (f)). To
say that our theorem provides a better approximation than that of [KOS00]|, we
show that S(f) C K. (f). Combining with [KOS00, Theorem 3.1], we get that
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the dimension of S(f) is strictly less than 2. On the other hand, the examples of
Paunescu and Zaharia in [PZ97] assert that this inclusion is strict. Furthermore,
by a modification of these examples in the case of mixed polynomials, we construct
mixed polynomials with S(f) = 0 and dim K..(f) = 1.

Non-degeneracy at infinity and Milnor fibrations (Chapter 4, Chapter
5). In Chapter 4, inspired by Oka’s construction for mixed functions, we consider
the radial Newton polyhedron for a mixed polynomial f with respect to the radial
degree for every monomial. This allows us to set up the notion of Newton boundary
at infinity as that for holomorphic polynomials. We denote the Newton polyhedron
of f by I'y(f) and the Newton boundary at infinity by I'*(f). Note that in the holo-
morphic case, every vertex of a Newton polyhedron represents a monomial. While
for mixed polynomials, every vertex of a Newton polyhedron represents the family
of monomials which have the same radial degree.

We also define non-degeneracy conditions at infinity called Newton non-degeneracy
and Newton strong non-degeneracy (see Definition 4.2.2). For holomorphic poly-
nomials, strong non-degeneracy is equivalent to non-degeneracy, while it turns out
that these two non-degeneracy conditions are not equivalent for mixed polynomi-
als. Consequently, this gives rise to the notions of bad face and strictly bad face
(see Definition 4.2.3). Moreover, we prove that strong non-degeneracy condition is
neither dense nor connected but still an open condition, while in the holomorphic
setting, it follows from [Kus76, Oka79| that strong non-degeneracy condition is a
"Zariski open" condition.

Along our construction, we obtain a real counterpart of Némethi and Zaharia’s main
result [NZ90, Theorem 2] as follows:

Theorem 1.0.2 (Theorem4.1.3).
Let f : R?™ — R? be a mized polynomial which depends effectively on all the variables
and let f(0) = 0. If f is Newton non-degenerate at infinity then:

(a) S(f) c{0}u ALEJ%fA(Sinng ne).

(b) If f is moreover Newton strongly non-degenerate at infinity then f(Sing f)
and S(f) are bounded.

where B is the set of bad faces of the support supp(f).

The proof involves some valuations at infinity coming from Curve Selection Lemma.
It is worth pointing out that the second statement yields a global monodromy fibra-
tion at infinity for strongly non-degenerate mixed polynomials. As a consequence
of the above theorem, for a non-degenerate and convenient mixed polynomial f, it
follows that S(f) = (. Note that a special case for holomorphic polynomials was
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proved in [Kus76, Bro88|. The section 5 of Chapter 4 is devoted to the study of the
monodromy of mixed polynomials. In [NZ92|, the authors proved that two holomor-
phic non-degenerate and convenient polynomials with the same Newton boundary
at infinity have the same monodromy at infinity. Recently, Pham [Pha08| improved
this result by dropping the convenient condition. In order to extend their results
for mixed polynomials, we consider a family of strongly non-degenerate mixed poly-
nomials with the same Newton boundary at infinity and prove that:

Theorem 1.0.3 (T"heorem4.5.2).

Let Fy(z,Z) := F(z,%,s) : R*™ — R? be a family of Newton strongly non-degenerate
polynomials depending analytically on a parameter s, where s € [0,1]. If the Newton
boundary T"(Fy) is constant in this family, then the monodromy at infinity is stable.

The proof of this theorem is based on the analogues of [Pha08, Lemmas 3.2-3.5]
and Ehresmann’s theorem. The main application of this theorem is to detect
the topology of generic fiber for a strongly non-degenerate mixed polynomial. A
corollary of this theorem is that if two Newton strongly non-degenerate mixed
polynomials with the same Newton boundary at infinity and their restrictions to
the boundaries at infinity are both holomorphic (or both anti-holomorphic), then
their monodromies at infinity are isotopic. This gives a slight generalization of
[NZ92, Pha0g].

For the sake of deriving different global behaviors to holomorphic polynomials,
some relevant counterexamples are indicated at the end of Chapter 4. For instance,
we construct the example 4.6.7 to deduce that [NZ90, Proposition 6] is not adapted
to mixed polynomials.

Chapter 5 is devoted to investigate the existence of Milnor fibration |—fc‘ at
infinity for some classes of mixed polynomials. If one makes the definition of
semitame mixed polynomial in the same manner as [NZ92|, then the example
5.3.3 presents that even if under the condition S(f) = 0, the Milnor fibration on
the sphere at infinity does not exist in general. Due to Oka’s construction for
non-degenerate mixed functions, it is our hope to treat this problem under certain
non-degeneracy condition. We prove an analogue of Theorem 4.1.3, which gives an
approximation of asymptotic non p-regular values of ‘—;a Our main theorem states
that:

Theorem 1.0.4 (Theorem5.1.4).
If f is a Newton strongly non-degenerate mized polynomial, then 369 > 0 and Ry > 0
sufficient large such that for any 6 > 0y and R > Ry

sty () — st

/]
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15 a locally trivial fibration for R > Ry and is equivalent to the global fibration
fio f7HS5) = S

The proof is done by developing the technics of Oka for mixed function germs. In
our situation, it is also required to apply Theorem 4.1.3 for constructing a vector
field to which the associated flow gives the above equivalence. In [NZ92|, Némethi
and Zaharia also observed a similar type of equivalent fibrations for semitame holo-
morphic polynomials. Since under the assumption of semitameness, the set S(f) is
contained in 0, one can take a small disk centered at the origin and consider the
restriction of |—fc‘ to a big enough sphere away from the fibers over this small disk.
As a special case of the above theorem, we prove the following corollary which can
be regarded as a global version of [OkalOa, Theorem 29, 33, 36]:

Corollary 1.0.5 (Corollary5.1.5).
If f is a Newton strongly non-degenerate convenient mized polynomaial, then there
exists Ry > 0 sufficient large such that for all R > Ry the Milnor fibration at infinity

i
/]

exists and is equivalent to the global fibration

:SETI\K — S

fir £71(S5) = S5
where 0 > 0 is sufficient large.

Note that in these two assertions, strong non-degeneracy condition can not be
replaced by non-degeneracy condition.

Generalization of non-degeneracy (Chapter 7). Chapter 7 is based on the
work of Chapter 4 and provides an extension of our results for non-degenerate mixed
polynomials to non-degenerate mixed polynomial maps. We have worked out this
problem together with Renato Dias. He develops in his thesis the notion of non-
degeneracy for real polynomial maps. The Newton non-degeneracy condition for
a polynomial map was first introduced by Khovanskii in [Kho77|. Since we wish
to estimate the bifurcation locus by some significant faces, instead of Khovanskii’s
definition, we make another characterizations of non-degeneracy at infinity for real
and mixed polynomial maps (see Definition 7.2.1 for more details). Our construction
is based on the study of mixed non-degenerate polynomials.

Let ' = (f1,...,fx) : C* — C* be a mixed polynomial map. Recall the notation
K (F) for the set of asymptotic critical values of F'. Our main result states that:
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Theorem 1.0.6 (Theorem7.1.1).
If F is non-degenerate at infinity with F'(0) = 0 and depends effectively on all the
variables, then:

k *k : *10
K(F)cC"\C UAEL%(F)FA(SmgFAﬂ(C ).

where B(F) is the set of bad faces of .

The proof is similar in spirit to that of non-degenerate mixed polynomials. To
avoid dealing with p-regularity, we use KOS-regularity which is more convenient.
In particular, we have:

Corollary 1.0.7 (Corollary7.3.3).
Suppose that F is non-degenerate at infinity and that f; is convenient, for all i =
1,...,k. Then Koo(F) = 0.

One particular application of this corollary is in the study of the real Jacobian
problem. Using corollary above, we obtain an application to the real Jacobian
problem from the non-degeneracy viewpoint.

Theorem 1.0.8 (T"heorem7.4.8).

Let F : C* — C" be a mized polynomial map such that J(F)(x) # 0, for allx € C"
If F is non-degenerate at infinity (under Definition 7.2.1) and if f; is convenient,
forallt=1,...,n, then F is a homeomorphism.

In [Aus07], Bivia-Ausina made another definition of non-degeneracy at infinity for
real polynomials. Under his definition of non-degeneracy, he found that for a non-
degenerate and convenient real polynomial map F': R” — R" if the Jacobian matrix
J(F) # 0, then F' is a global diffeomorphism. In the real setting, our definition
of non-degeneracy turns out to be equivalent to Bivid-Ausina’s definition when
F :R"™ — R" and f; is convenient for all © = 1,...,n. The interest of the above
theorem lies in the fact that for a convenient mixed polynomial, if one consider it as
a real polynomial map, it might not be convenient. We also observe that in general
our definition of non-degeneracy is weaker than Bivia-Ausina’s definition, namely
our class of non-degenerate polynomials is larger than his (see for instance Example
7.4.11).
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CHAPTER 2
Local fibrations for germs of
functions
Contents
2.1 Introduction .. ... ... ... ... ... . 0., 9
2.2 Mixed singularity and homogeneous polynomials . . . .. 11

2.3 Newton boundary and mixed non-degenerate function germs 14

2.1 Introduction

In this chapter, our purpose is to give a brief summary of the singularity theory
for mixed functions. The study of fibrations for germs of functions stems from
Milnor’s classical fibration theorem. Even he considered only isolated singularities,
however his viewpoints sheds some new lights on the study of topological properties
for algebraic singularities. For the convenience, we restate his result without proof.
Consider a holomorphic function germ

f:(C"0)— (C,0)

with an isolated singular point at 0. Let V = f~1(0) and K. = V' N S. the link of
singularity at 0, where S; is the real (2n — 1) sphere centered at 0 with the radial
e small enough. In the book [Mil68|, Milnor’s classical fibration theorem says that
we have two types of locally trivial fibrations and we call these fibrations Milnor
fibrations. The first Milnor fibration is the following:

Q= % DS\ K, — St (2.1.1)

and the second Milnor fibration is:

f:f1(Ss) N B* — Ss (2.1.2)

which is obtained from the restriction of Milnor tube fibration:
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fof D) N B — Dj

where B2" is an open ball centered at 0 with the radial & small enough and Dj is a
punctured disk with the radial § < . In the first fibration (2.1.1), the closure of
the fiber ¢~1(e?) is a compact (2n — 2) real manifold with boundary equal to K.
and the link K. is (n — 2)-connected. In the second fibration (2.1.2), the closure
of the fiber f~!(y) N B?" is also a compact (2n — 2) real manifold with boundary
equal to f~!(y) N S?~1. Moreover, it was shown that these two Milnor fibrations
are equivalent and the boundaries of the fibers are isotopic.

In higher dimensions, Milnor’s fibration theorems were later generalized in
[Ham71] for complete intersections, and also for holomorphic functions defined on
complex varieties with an isolated singularity. More generally, since holomorphic
functions have Thom a-property [HL73, Hir77|, Lé showed that:

Theorem 2.1.1 [Lé77] Let (X,0) be the germ of a complex analytic variety in C"
and f:(X,0) — (C,0) holomorphic. Then for any open ball B, centered at 0 with
sufficiently small radius €, there exists 0 < 6 < € such that:

f:fYSs)NB. — S5

1s a locally trivial fibration which does not depend on the choice of € and §.

We call this the Milnor-Lé fibration of f.
In the book [Mil68|, Milnor also considered the isolated singularities for real
analytic germs. His main result is:

Theorem 2.1.2 [Mil68] Let [ : (R™,0) — (R™,0) a real analytic germ. Suppose f
verifies Milnor condition, namely f is a submersion on a punctured neighborhood
of 0. Then the complement of an open tubular neighborhood of K. =V N S™ ! is
the total space of a smooth fiber bundle over the sphere S{""'. Each fiber F is a
smooth compact (n — m)-dimensional manifold bounded by a copy of K.

The proof was done by the same method as in the complex setting. However he
gave an example f(z1,79) = (z1, 2 + zo(2? + 22)) which shows that under this
hypothesis, the first Milnor fibration (2.1.1) does not exist. It is worth pointing
out that the entire complement S™~!\ K. also fibers over S™! and each fiber is
the interior of a compact manifold with boundary equal to K.. We say that a
real mapping germ f satisfies the strong Milnor fibration if and only if the two
fibrations (2.1.1) and (2.1.2) exist. In [Jac89|, considering a real analytic map
f = (g,h), Jacquemard proposed the notion of Jacquemard condition and proved
the strong Milnor fibration for germs which verify this condition. Later, Ruas
and Dos Santos improved the result in [Jac89]. They proved the strong Milnor
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fibration with Bekka’s (c)-regularity and Jacquemard condition is equivalent to
(w)-regularity. For higher dimensions, in [AT10], Tibar and Dos Santos considered
the open book structure with non isolated singularities and gave a criterion of the
strong Milnor condition under the assumption Singf N f~'(0) € {0}. Another
approach is using the strong FLojasiewicz inequality introduced by Massey [Mas10].
He proved a fibration theorem for t-analytic mappings. Therefore, it is of interest
to know more explicit classes of real mappings germs which have Milnor fibrations
and good topological properties.

The structure of the chapter is as follows. In Section 2, we review some of the

standard facts of mixed functions in the locally setting. Due to Oka’s observation
of mixed singularity, we can compute these singularities explicitly for any mixed
polynomial. In addition, we recall two types of mixed homogeneous polynomials
and the properties of these polynomials. In Section 3, we state the outline of Oka’s
construction for non-degenerate mixed functions, which provides another view to
study the real analytic mapping germs. This is also the starting point of our work.

2.2 Mixed singularity and homogeneous polynomi-
als

In a recent series of papers [Oka08, Okal0Oa, Oka09, OkalOb, Okall], Oka has stud-
ied some subclasses of mixed polynomial germs (C™,0) — (C,0). The terminology
“mixed polynomial” was introduced by M.Oka, but the concept also appears in the
work by A’Campo [A’C73]. In [PS08|, the authors studied the fibered multilink
and singularities fg which can be also considered as a subclass of mixed polyno-
mial germs. The basic idea of these constructions is using the singularity theory of
holomorphic function germs to study some subclasses of mixed polynomial germs.

Let f := (g,h) : R* — R? be a polynomial application, where g(z1,...,¥,) and
h(xi,...,y,) are real polynomials. By writing z = x+iy € C", where zj, = z, + 1yy
for k = 1,2...n, we get a polynomial function f : C* — C in variables z and
z, namely f(z,2z) := g(2£2,%2) + ih(22, %2), and reciprocally for a polynomial
function f : C* — C in variables z and Z, we can consider it as a polynomial
application (Ref,Imf). Then f is called a mized polynomial. We write f as follows:

f(2.2) =) c, 27" (2.2.1)

V7l'l/

where ¢, , # 0, z¥ := 2" -+ 20» and 2 := Z{" - - - 2~ for n-tuples v = (vy,...,v,),
= (1, ..., ) € N In the sequel, given a mixed polynomial f, we consider f
as in the form of equation (2.2.1).
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For a mixed polynomial f, we use the notation:

_(9f . OF\ q,_(9f . Of

Definition 2.2.1 We call w a mized singularity of f : C* — C, if w is a critical
point of the mapping f := (g, h) : R*" — R%

From the above definition, if a fiber of f is mixed and non singular, then it has real
codimension 2. Note that a mixed singular point of f is not always a singular point
of its fiber. For example, every point of S2"~1 = {|z[> + - 4 |2,|* = 1} is a mixed
singularity of f : C* — C where f(z,Z) = ||z||>. By abuse of notation, we continue
to denote the set of mixed singularities for a mixed polynomial f by Sing f.

The next proposition give us a straight way to calculate the locus of mixed
singularity.

Proposition 2.2.2 [Oka08, Proposition 1] Let f : C* — C be a mized polynomial.
Then w € C" is a mixed singularity of f if and only if there exists a complex number
A with |\ = 1 such that df = \df.

In particular, it is easily seen from above proposition that the notion of mixed
singularity coincides with the definition of singularity for a holomorphic function.

EXAMPLE 2.2.3 Let f: C? — C, f(21,2) = 21+ 2 + 22 +Z2. We have df = (1,1)
and df = (2z1,2%,). Suppose A € C with |A| = 1. The solutions of the equation
df = Mdf are {2, = 2z, = %} By Proposition 2.2.2, hence f(Singf) = {\ + ﬁ}
which is a simple closed curve with three cusps —% + i%, —% — i3T\/§ and % (See
the following picture).

In the mixed setting, there are two definitions of homogeneous polynomials.

Definition 2.2.4 A mixed polynomial f : C" — C is called radial weighted homo-
geneous if there exist n integers ¢y, ..., q, with ged(q,...,¢,) = 1 and a positive
integer m, such that Z;L:1 ¢;(v; + p;) = m, for every n-tuples v and p. We call
(q1,--.,qn) the radial weight of f and m, the radial degree of f. More precisely, f
is radial weighted homogeneous of type (qi,...,q,; m,) if and only if it verifies the
following equation for all t € R* =R\ {0}:

ftoz) = (tT"z, ..., 172, t1Zy, ..., t"Z,) = 1" f(2,%)

From Definition 2.2.4, we see that if f := (g, h) : R* — R? is a radially weighted
homogeneous mixed polynomial, then g and h are real weighted homogeneous poly-
nomials with the same weights and degrees as f.
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Figure 2.1: Figure of Critical values

Definition 2.2.5 A mixed polynomial f : C* — C is called polar weighted homo-
geneous if there exist n integers py, ..., p, with ged(py,...,p,) = 1 and a positive
integer my, such that > 7, p;j(v; — p1;) = my, for every n-tuples v and p. We call
(p1- .., pn) the polar weight of f and m, the polar degree of f. More precisely, f
is polar weighted homogeneous of type (pi,...,pn;m,) if and only if it verifies the
following equation for all A € S*:

Fhoz) = fNW 21, .. X2, NP2y, .. NTPE,) = A (2, Z)

EXAMPLE 2.2.6 Let f, g : C* — C, f(x,y) = |z|°+|y|" and g(z,y) = 2>+ 27> +y>
We see that f is a radial weighted homogeneous polynomial of radial weight (1, 1)
and degree 2, but f is not polar weighted homogeneous. ¢ is a polar weighted
homogeneous polynomial of polar weight (1,1) and degree 2, but ¢ is not radial
weighted homogeneous.

REMARK 2.2.7 If f is a holomorphic weighted polynomial, then f is radial and
polar weighted homogeneous. Moreover, the radial weight is equal to the polar
weight and the radial degree is equal to the polar degree. Conversely, if f is a radial
and polar weighted homogeneous mixed polynomial with the same weights, then f
is a holomorphic weighted polynomial.

The following theorem implies that f(Sing f) C {0}. Let V(f) = f~*(0) and

© 2012 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Ying Chen, Lille 1, 2012

14 Chapter 2. Local fibrations for germs of functions

K. = S8*"1NV(f), where S?"~! is a real (2n — 1) dimensional sphere with radius
€.

Theorem 2.2.8 [RSV02] If f is a radial and polar weighted homogeneous
mized polynomial of radial weight type (qu,...,qn;m,) and polar weight type of
(p1,...,pr;my), not necessarily m, = m,, then

fCAV(f) = C\{0}

18 a locally trivial fibration. In particular, the geometric monodromy map h : F — F
is given by h(z) = (2 exp(ZI), ..., 2, exp(%%”)), where F = f~1(1).

Mp
From the definitions of radial and polar weighted homogeneous mixed polynomials,

the above theorem can be shown by using R* x S'-action. A similar result have
been obtained independently by Oka, see [Oka08, Proposition 2|.

Proposition 2.2.9 [CM08, Oka08] Let f be a radial and polar weighted homoge-
neous mixed polynomial. Then the map

= Ea (SN KL) — St
|/
15 a locally trivial fibration for any € > 0, which is equivalent to the locally trivial

fibration
RO

In fact, the local triviality of ¢ can be obtained directly by using polar action as
follow (see [Okal0a, subsection 5.4]):

Y (0)x]0 — 7,0 + 7[— 0 (0 — 7,0 + 7)), (2.2.2)
Y(z.0+n):=(a eXp(meZ)’ ey Zn eXp(QZ;:;m)).

2.3 Newton boundary and mixed non-degenerate
function germs

In this section, we recall some definitions and results by Oka [OkalOal in the local
setting. We adopt the conventions that C* = C\ {0}, C* = (C\ {0})" and

Consider a mixed analytic function f : C* — C, f(z,z) = Ev,u Co,p2"Z" with
f(0) = 0. The radial Newton polyhedron T°(f) at the origin is defined by the

convex hull of | J (v+pu)+R*™. Let us mention that each point of the polyhedron
Co,u7#0
correspond finitely many monomials with the same radial degree. The Newton
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boundary at the origin denoted by ', (f), is the union of the compact faces of T9(f).
Given a vector P = (py,...,p,) with p; > 0 for all 7, there exists a face denoted
by Ap such that the linear function lp := Y | p;(v; + p;) takes its minimal value

dp on 'y (f). The face function fa, is defined by fa,(z,2) = > ¢,,2"Z". In
v+peAp
fact, fap is a radial weighted mixed homogeneous polynomial with radial degree dp

and weights (p1,...,p,). Wesay f is convenient if I (f) intersects each coordinate
axis.

Definition 2.3.1 Let P = (p1,...,p,) with p; > 0 for all i, we say f is non-
degenerate for P if Sing fao, N fgllj (0)NC*™ = §. In particular, if Sing fo, N C*" =
(), we say f is strongly non-degenerate for P. A mixed function is called non-
degenerate (resp. strongly non-degenerate) if f is non-degenerate (resp. strongly
non-degenerate) for any strictly positive weight vector P.

REMARK 2.3.2 Since I', (f) is consist of finitely many faces which coincide with
the set of strictly positive weight vectors, the non-degenerate condition could be
explicitly justified on every face of ', (f).
EXAMPLE 2.3.3 'Let f(z,Z) = Y.r 2030 a; and b; are positive inte-
gers for ¢ = 1,...,n. The Newton polyhedron T'°(f) is the convex hull of

. . +n ..
1§L5J§n(0’ ooy @i+ 2b;,...,0) + R™ and the Newton boundary at the origin I'\(f)

ith
is simply the convex hull of U (0,...,a; + 2b;,...,0). Since a; > 0, by Definition
1<i<n —_——
ith

2.3.1, we see that f is strongly non-degenerate. If we suppose that for some ¢, we
have a; = 0, then f is non-degenerate but not strongly po non-degenerate.

Oka proved that for a strongly non-degenerate convenient mixed function f, the
origin is an isolated mixed singularity. Moreover, he proved following fibration
theorem:

Theorem 2.3.4 [OkalOa, Theorem 29, 33, 36] Assume that f : (C",0) — (C,0) is
a strongly non-degenerate convenient mixed function. There exist positive numbers
0,00 and 0 < &g, such that for any r < ro, we have: f: f~1(D}) N B* — Dj is
locally trivial fibrations and the topological isomorphism class does not depend on
the choice of r and &y. Moreover, ¢ = L : S 1\ K, — S' is also a locally

/]
trivial fibration which is equivalent to the fibration f : f~*(S5) N B>* — S;.

Let us give a brief sketch of Oka’s proof. At first, it was shown that for any n # 0
0] < do, the fiber f~!(n) has no mixed singularities inside the ball B2". Therefore,
Milnor tube fibration of f exits. On the other hand, by proving that ¢ has no critical

Lterminology used by Oka [Oka08|
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points on S?*~ !\ K., he constructed a vector field on S?*~*\ K, and showed the local
triviality by the integration. Finally, motivated by Milnor’s technique of inflating
the empty tube f~1(S5) N B*" to S2"~!\ K, he proved the equivalence of the two
fibrations. However the proof is much more complicated compare with the case of
holomorphic functions. Since in his situation, the two normal vectors of the fibers
are not always perpendicular. He needed a more delicate argument to control the
vector field. We will also use this construction at infinity in chapter 5.

In Section 7 of [OkalOa|, Oka introduced another definition of non-degeneracy
to deal with the case for non convenient mixed functions.

In general, if we consider a positive vector P = (p1,...,p,), where I[(P) =
{i | pp = 0} and J(P) = {j | p; > 0}. The face function fa,(z,z) is in fact
a mixed polynomial in variables z; for j € J(P) with the other z; constant for
i € I(P). Thus this vector defines a family of mixed polynomial functions in z;p}
with coeflicient in C{z;p),Zp)}. For abbreviation, we write C*J(p)(WI(P)) instead
of {Z € Ccxn | Z[(P) = W[(P)} = C*J(P).

Definition 2.3.5 We say f is super strongly non-degenerate if the following con-
dition satisfied:
For any positive vector P,

(a). If dp =0, then fa,(z,2) € C{z1@p), Z1(p)};

(b). If dp > 0, for any wyp) € C*®) f1_: CY®)(wip)) — C* has no critical
points.

An immediate consequence is that every convenient strongly non-degenerate mixed
function is super strongly non-degenerate. The interest of the above definition
is that it allows one to establish the following fibration theorem for non isolated
singularities.

Theorem 2.3.6 [Okal0a, Theorem 52| Assume that [ is a super strongly non-
degenerate mixed function. Then there exists ro > 0, such that for any r with 0 <
r <o, and a sufficiently small number & (compared with r )we have two equivalent

fibrations:
f:f'(Ss,) N B — S, (2.3.1)
= % DS\ K, — St (2.3.2)

where K, = f~1(0) N S*1.

EXAMPLE 2.3.7 Let f : C? = C, f(z,y) = (222 + ||z|*)y. The Newton boundary
at the origin I', (f) is a single point (2,1) and f is strongly non-degenerate but
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not convenient. Taking any vector P = (p;,0) with p; > 0, we have fa,(z,w) =

(222 + ||z||*)w for w € C* fixed. Then af&giim’w) = (42 + 7T)w and af&giém’w) = zw
By triangular inequality, we have:

|2z — ot 2 3 e >

Of ap (2, w) H
0z

where (z,w) € C*2. From Proposition 2.2.2, fa,(x,w) is strongly non-degenerate.
On the other hand, taking any vector Q = (0,¢;) with ¢ > 0, we have
frqw,y) = (2w® + |w|[*)y for w € C* fixed. We check once that fog(w,y) is
strongly non-degenerate. By Definition 2.3.5, we conclude that f is super strongly
non-degenerate. Note also that the mixed singular locus is the whole y-axis which
is non isolated. According to the previous theorem for non convenient mixed func-
tions, there exist two equivalent Milnor fibrations.
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(zlobal behavior of mixed
polynomials
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3.1 Introduction

In this chapter, we study the reqularity conditions at infinity for mixed polynomials.
We begin with some results known for holomorphic polynomials. For a complex
polynomial function f : C" — C, it is well known that there is a C* locally trivial
fibration f| : C*\ f~'(A) — C\ A over the complement of some finite subset A C C,
see e.g. |Var72|, [Ver76]. The minimal such A is called the set of bifurcation values,
or the set of atypical values, and shall be denoted by B(f). It is not difficult to
see the inclusion f(Sing f) C B(f) can be strict, like the following famous example
given by Broughton cf. [Bro88|:

EXAMPLE 3.1.1 f:C? —» C, f(z,y) = 2%y + 2. We have Singf = 0. For ¢ # 0,
the fiber f~'(c) = {y = SE}tand f71(0) = {z(xy + 1) = 0}. Therefore f~'(c) is
homeomorphic to C* := C \ {0}, whereas f~'(0) is homeomorphic to the disjoint
union C L/ C*. This implies that 0 € B(f) and f(Sing f) C B(f) is strict.

Let us recall certain cases for which f has no atypical values at infinity. We define
gradf(z) = (g—i(z), ce a‘%(z)) In [Bro88|, Broughton considered the following
class of holomorphic polynomials.

Definition 3.1.2 [Bro88, Definition 3.1] A holomorphic polynomial f : C" — C
is called a “tame polynomial” if there is a compact neighborhood U of the critical
points of F' such that ||gradf(z)|| is bounded away from 0 on C™ \ U.
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It was shown that holomorphic convenient polynomials with non-degenerate Newton
principal part at infinity are tame and that “tame condition” is an open and dense
condition. Since tame polynomials have only isolated singularities, for any ¢ € C,
let p1,...,pr be the critical points of F lying on F~!(c) and set

i = i () =3 (), = () = S(F)
=1 ceC
where p,,(F) is the Milnor number of F' at p;. We call u¢ the fibre Milnor number
and p the total Milnor number. The most important property of tame polynomials
is the following;:

Theorem 3.1.3 [Bro88, Theorem 1.2] Let f : C" — C be a tame polynomial and
i, u¢, ¢ € C be the total and fibre Milnor numbers of F' respectively. Then for any
c € C, f~Y(c) has the homotopy type of a bouquet of . — u¢ sphere of dimension n.

The above theorem provides that the topology of the fiber depends only on the
singularities of F'. Later, more general classes without atypical values at infinity
like “M-tame”, “cohomologically tame” were studied in [N86], [N88] , [NS99], [Sab99].

Another problem in the study of global behavior of holomorphic polynomials is
how to determine the atypical values at infinity.

For n = 2, one has several equivalent characterizations of the atypical values at
infinity, see e.g. [Dur98|, [HL84|, [Par95], [Tib99]. In higher dimension the problem
is still open, and one can look for some significant set A D B(f) which bounds B(f)
reasonably well.

For instance in [N86] and [N88], Némethi proved that B(f) C A(f), where

A(f) := {c € C; thereexists asequence {z"}; C C"such that
lim gradf(2*) = Oand lim (f(2*) — (2*, gradf(z")) = c}.
k—o00 k—o00

When A(f) is empty, we call f is quasitame.
In [NZ90], the authors defined the Milnor set of f, namely

M(f) :={z € C"; thereexists A € C" such that gradf(z) = A\z}.
They gave an explicit set S(f) by:
S(f) : = {c € C; there exists asequence {z"};, € M(f)such that
lim || 2* [|= coand lim f(z*) = ¢}.
k—o0 k—o0

They proved that B(f) C f(Sing f) U S(f) and showed that f(Sing f)US(f) C
A(f) is a better approximation for B(f). When S(f) is empty, f is called M-tame,
see e.g. [NZ90, NZ92, NS99.
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The above definition is later generalized by Tibar cf. [Tib99| called p-regularity
which is concerned with the transversality of the fibers and the distance function p.
He proved that p-regularity condition implies the topological triviality at infinity.

Let us turn to the cases of real polynomial maps. We may also define the
bifurcation locus as follows:

Definition 3.1.4 For a polynomial map F': R” — RP, n > p, the bifurcation locus
B(F) is the minimal set such that F' is a C* locally trivial fibration over each
connected component of R \ B(F).

One has therefore imagined various ways to approximate B(F'), essentially through
the use of reqularity conditions at infinity. For holomorphic polynomials one has
the Malgrange regularity condition, mentioned by Pham and used in many papers,
see e.g. [Par95, ST95|. This is known to be more general than “tame” [Bro88| or
“quasi-tame” [N88]. It was extended to real maps by Kurdyka, Orro and Simon.
These authors defined in [KOS00| the set of generalized critical values K(F) =
F(Sing F') U K. (F) of a differentiable semi-algebraic map F : R® — R* where

Kyo(F) = {ceR*| Ha}y C R, ||z — o0
F(xy) — c and ||xg||v(dF (z4)) — 0}

is the set of asymptotic critical values of F. In this definition they use the following
distance function:
v(A) = inf ||[A%p|| (3.1.1)
lpll=1
for A € L(R",R¥) and A* stands for the transpose of A. In particular for a holo-
morphic polynomial, one has v(df(z)) = || grad f(x)||. In the sequel, we call their
condition KOS-regularity. The main result of [KOS00| is the following:

Theorem 3.1.5 [KOS00, Theorem 3.1]
Let F : R" — R* be a C' semi-algebraic map. Then K (F) is a closed semi-algebraic
set of dimension strictly less than k.

Moreover, if F is of class C?, then F : R"\ F7Y(K(F)) — R*\ K(F) is a locally
trivial fibration over each connected component of R\ K(F). In particular, the set
B(F) of bifurcation values of F' is included in K(F). O

REMARK 3.1.6 In the above theorem, the existence of the fibration is based on a
result proved by Rabier [Rab97|. More generally, he introduced the notion of strong
submersion and using the norm of v, he proved the fibration theorem for Finsler
manifolds.

REMARK 3.1.7 In particular, for £ = 1, KOS-regularity can be interpreted as a
Malgrange’s condition. When F : C* — C* a complex polynomial mapping,
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T.Gaffney [Gaf99] generalized Malgrange’s condition. Even if his definition of v
is not exactly the same as definition of [KOS00], the two definitions are equivalent.

In the mixed case, we generalize p-regularity condition and define the set of asymp-
totic p-non-regular values of a mixed polynomial f which is denoted by S(f).(For
Definition of S(f), we refer to 3.2.4.) Since a mixed polynomial F': C* — C can be
considered as a real polynomial map from R?*" to R? obviously we can deal with the
approximation of B(F') by KOS-regularity condition. It is to be expected that one
can compare these two regularity conditions. More precisely, the question is what
is the difference between S(f) and K. (f). This work is intended as an attempt
to motivate not only the study of global behavior of mixed polynomials but also
for real polynomial maps. Using a generalized version of Curve selection lemma,
we make a preliminary observation to the structure of S(f) which is turned out to
be a closed semi-algebraic set. Moreover, f(Singf) U S(f) is also a closed semi-
algebraic set. With an interpretation of the norm used to define KOS-regularity
for mixed polynomials, this enable us to compare the two regularity conditions via
some inequalities. Consequently, it is shown that S(f) C K. (f) and there exist the
examples such that this inclusion is strict. (See Remark 3.3.2 and example 3.3.4)
Namely, p-regularity condition is strictly stronger than KOS-regularity condition.
Now, we state our main result of this chapter:

Theorem 3.1.8 Fibration Theorem
Let f: C" — C be a mized polynomial. Then the restriction:

fi: €\ f7H(f(Sing f) U S(f)) — C\ f(Sing f) U S(f)

is a locally trivial C* fibration over each connected component of C\ (f(Sing f) U
S(f)). In particular B(f) C f(Sing f) US(f).

REMARK 3.1.9 In the setting of mixed functions, our Theorem 3.1.8 extends
[KOS00, Theorem 3.1|. Since we have S(f) € K. (f), we get a sharper approxima-
tion of the bifurcation set B(f). While our proof 3.3 does not explicitly bound the
dimension of S(f), it follows from the preceding inclusion and from Theorem 3.1.5
that S(f) has real dimension less than 2.

The structure of the chapter is as follows. In Section 2, we reformulate the definition
of Milnor set according to the terminology in [NZ90| which we call p-non-regular set
and introduce asymptotic p-non-regular values for mixed polynomials. In Section
3, we compare our regularity condition with KOS-regularity and prove a version of
fibration theorem which gives a better approximation of B(f). In the end of this
chapter, we will construct a mixed join polynomial type of Paunescu and Zaharia’s
example which implies that K (f) and S(f) can have different dimensions.
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3.2 Preliminaries

In order to describe p-regularity in the mixed setting, the following lemma gives an
explicit formula for the Milnor set.

Lemma 3.2.1 Let f : C* — C be a mized polynomial. The intersection of the
fibre f7Y(f(z,Z)) with the sphere S?"~' of radius v = ||z|| is not transversal at
z € C"\ {0} if and only if there exist u € C*, X € R such that:

\z. = pdf(z,2z) + fdf(z,7).
Proof. Let us write f as the map:
fiC=R" R f(z1,...,2,) = (Ref, Tmf)

where zp, = zp + iyx = (zr,yx), for k = 1,...,n, and let us denote v :=
(T1, Y1, Tn Un)-

If f7'(f(z,Z)) does not intersect transversely the sphere 5"~ ! at z, then there
exist «, 3,7 € R, |a| + |B] + |7| # 0, such that

v = adRef(v) + fdlmf(v). (3.2.1)
SinceRef:%f,Imf: fandaxk:af—i-gi,gyi gi—zng,k—l n,

we get:

a of of ~of 9of  pB,of ~of of of
VT = 2(82k+8—%+8—%+8—§k) 21(8zk+8—zk_8—zk_8—§k) (3.2.2)
_ o Of Oof of Of, B.Oof Oof of of
T = 2 (8zk 8§k + 8zk 8§k) + 2 (8Zk 8§k 8zk 8§k) (323)
Therefore: oF
Yok = (a+ﬁz)a—i+( — fi )&i (3.2.4)

for every k € {1,...,n}. We get our claim by taking A = v and u = o + fi. O

REMARK 3.2.2 The singular locus Sing f of a mixed polynomial f is by definition
the set of critical points of f as a real-valued map. From Lemma 3.2.1, by taking
A = 0 and dividing by u, we obtain [Oka08, Proposition 1].

Definition 3.2.3 The p-non-reqular set of a mixed polynomial f is

M(f)={z€C"|3XxeR and p € C*, such that Az = pdf(z,z) + udf(z,%)} .
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Lemma 3.2.1 gives the geometric interpretation of M (f) as the critical locus of the
map (f,p), where p : R*" — R is the Euclidean distance function. From this
interpretation, M (f) is a real algebraic subset of C" and this fact will be used in
the following. Like in the holomorphic setting [NZ90], one may define:

Definition 3.2.4 The set of asymptotic p-non-regular values of a mixed polynomial

fis
S(f) ={c e C[3{zr}ren C M(f), ]}LIE'OHZ]CH = Ooand,}g{.lof(zk,z_k) = c}.

A value ¢ ¢ S(f) will be called an asymptotic p-reqular value.

In order to investigate the properties of S(f) we need a version of the curve
selection lemma at infinity. Milnor [Mil68, Lemma 3.1| has proved this lemma at
points of the closure of a semi-algebraic set. Némethi and Zaharia [NZ90]|, [NZ92],
proved how to extend the result at infinity at some fibre of a holomorphic polynomial
function. We give here a more general statement including the case where the value
of | f| tends to infinity. Let us denote 400 simply by oo.

Lemma 3.2.5 Curve Selection Lemma at infinity
Let U C R™ be a semi-analytic set. Let g : R* — R be a polynomial function. If

there is {Xp}peny € U such that klim |xx|| = o0 and klim g(xx) = ¢, where ¢ € R,
—00 —00
c = 00 or ¢c = —o0, then there exist a real analytic path x(t) € U and x(t) =

Xot® +x1t*T +h.o.t. defined on some small enough interval |0, €[, such that xo # 0,
a <0, a€Z, andlim; o g(x(t)) = c.

Proof. Our proof starts with the following observations.
Let A C R™ and B C R" be semi-algebraic sets, then we have:

a) If f: A— B is a polynomial map, then it is a semi-algebraic map.

(a)

(b) If f: A — B is a regular rational map, then it is semi-algebraic map.

(c¢) If f: A — Ris a semi-algebraic function, then || | is semi-algebraic function.
)

(d) If f: A — R is a semi-algebraic function and f > 0 on A, then \/f is a
semi-algebraic function.

For the proofs of the above observation we refer to [BCR98| for more details. Next,
we proceed to the proof of the lemma. When c is finite, the lemma was proved by
Némethi and Zaharia in [NZ92|. Thus it is sufficient to prove the case for ¢ = oc.
Considering the embedding of R™ into R™ x R? given by the following map:

1

" 1
goeoy x y ,h1<X
VIHIE 1 Il 1 )

prx=(z,...,2")—(

); ha(x))
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Where hy(x) = W and hy(x) = féc( - By the above observations, it follows
that ¢ is semi-algebraic. In addition, by Tarski-Seidenberg theorem, V = ¢(U) is

semi-algebraic. Since ( e s, hm kaH = oo and hm f(xx) =
k—o0

1+|\ R \/1+|| )

00, we can suppose that the sequence {(p(Xk)} pen 18 sub convergent to some point
(co,0,1) € S™ x [0,1] x [0,1]. Thus we can apply the Curve Selection Lemma
(see [Mil68]) for the point (co,0,1) € V, then we obtain a real analytic path x(t)
in V which tends to (co,0,1) € V when t — 0, and %(¢t) € V for t €]0,¢[. On
the other hand we have the following analytic isomorphism v between R™ and
S"N{x e R |z, >0}

URNCON

\/1 T %1 + [P w T

Considering the pre-image of #;(t) for all i, where 1 <i <n+ 1 and ¢ €]0,¢],
we therefore get a real analytic path x(t) as desired. U

Now we turn to the following structure result of S(f).

Proposition 3.2.6 If f : C" — C is a mized polynomial, then S(f) and f(Sing f)U
S(f) are closed semi-algebraic sets.

Proof. S(f) may be presented as the projection of a semi-algebraic set. Indeed,
consider the embedding of C" into C"*! x C given by the semi-algebraic map:

1
©: (21,520
\/1+H zl|?” \/1+H 2" V1+=]%

Then Uy := o(M(f))N{(z1,...,Tns1,¢) € C"T X C | 2,41 = 0} is a semi-algebraic
set and S(f) = w(U;), where 7 : C"™! x C — C is the projection. Therefore S(f)
is semi-algebraic, by the Tarski-Seidenberg theorem.

Let now ¢ € S(f). There exists a sequence {¢;}; C S(f) such that Zlggocz = ¢. For

/(2,2)).

any 4, we have by definition a sequence {z;,}, C M(f) such that lim,, ||z;,| = oo
and lim,,_, f(2;n,2;,) = ¢;. Take a sequence {r;}; C Ry such that lim; ,., r; = oo.
For each i there exists n(i) € N such that z;,, > r; implies |f(2i,,Zin) — ¢| < Ti,
Vn = n(i). Setting zy := Zp ) We get a sequence {z;}, such that ]}Lrilo||zk|| = 0

and klim f(zg,Z1) = ¢, which proves that ¢ € S(f).
—00

Let now a € f(Singf) U S(f). Since we have proved that S(f) is closed, we
may assume that a € f(Singf). Then there exists a sequence {z,};ey C Singf,
such that lim; .« f(z;,Z;) = a. If {z;},en is not bounded, then we may choose
a subsequence {z;, }ren such that limy_, ||z;, || = oo and limy_, f(2;,.2;,) = a.
Since Sing f C M(f), it follows that a € S(f), see also Remark 4.4.2. In the other
case, if {z;};en is bounded, then we may choose a subsequence {z;, }ren such that
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im0 25, = 2o and limy_,o f(2;,,%,,) = a. Since Sing f is a closed algebraic set,
this implies zg € Sing f, so a = f(zo,Zo) € f(Sing f). O

3.3 The fibration theorem

By the next two results we prove that S(f) contains the atypical values due to the
asymptotical behavior and that S(f) is contained in K. (f).

Proposition 3.3.1 Let f: C* — C be a mized polynomial. Then S(f) C Kxo(f)-

Proof. Let (g,h) be the corresponding real map of the mixed polynomial f and
denote v(x) := v(d(g, h)(x)) where x = (x1,y1, ..., Zn, Yn). Let us first claim that:

v(o0) = int |sdf(2.7) + 7l f (2.7 (3.3.1)

By the definition (3.1.1) of v(x), we have v(x) = ( iI)lf ladg(x) + bdh(x)||. But
a,b)es]

the proof of Lemma 3.2.1 shows the equality: |adg(x) + bdh(x)|| = ||udf(z,Z) +
adf(z,z)| for p = a+ib € S}. Our claim is proved.

Let then ¢ € S(f). By Definition 3.2.4 and Lemma 3.2.5, there exist real analytic
paths, z(t) in M(f), A(t) in R and u(t) in C*, defined on a small enough interval
10, [, such that lim,_o||z(¢)|| = oo and lim; ¢ f(z(t),Z(t)) = ¢ and that:

AMt)z(t) = p(t)df(z(t),2(t)) + A(t)df (2(t), Z(1)). (3.3.2)
Let us assume that A\(¢) #Z 0. Dividing (3.3.2) by ||u(t)|| yields:
Mo(t)z(t) = po(t)df(z(t),2(t)) + T (t)d f (=(t), Z(1)) (3.3.3)
where \o(t) := % and po(t) == %; therefore 5 := ord;(uo(t)) = 0.
Since 1i£%f(z(t),2(t)) = ¢, we have a := ord, 3 f(z(t),Z(t)) > 0. Then the

following computation:

Tio(t) 5 f (2(1), 2(t)) + po(t) . F (2(t), Z(1))

implies that ord(Ao(t)£[z(t)]|?) > a+ B > 0. But since ord;(z(¢)) < 0, this implies
that lim;_o [Ao(t)] ||z(#)||> = 0. Note that this limit holds true for A(t) = 0 too.
From the last limit, by using (3.3.3), we get:

lim | 2(8) ||| 1o (t)df (2(£), Z(2)) + o (£) A f (=(2), Z(t)) | = O (3.3.4)

which, by (3.3.1), implies £1I%||X(t)||||1/(x(t))|| = 0, showing that ¢ € K, (f). O
—
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REMARK 3.3.2 The above inclusion is strict in general. This holds already in
the holomorphic setting; to prove it, we may use the examples constructed by
Paunescu and Zaharia in [PZ97], as follows. Let f,, : C* — C, f.,(z,y,2) :=
x — 3x? T2 4 203734 4 2 where n,q € N\ {0}. These polynomials are p-
regular at infinity and therefore we have S(f,,) = 0. It was also shown in [PZ97|
that f, , satisfies Malgrange’s condition for any ¢ € Cif and only if n < ¢. Therefore,
in case n > ¢, we have 0 = S(fq) € Koo(fnq) =# 0.

=

Next paragraph is devoted to the proof of our main result.

Proof of Fibration theorem 3.1.8 Let ¢ & f(Singf) U S(f). Then there is a
closed disk D centered at ¢ such that D C C\ f(Singf) U S(f), since the latter
is an open set by Proposition 3.2.6. Let us first observe that there exists Ry > 0
such that M(f) N f~1(D)\ BE = 0. Indeed, if this were not true, then there
would exist a sequence {zg }rey C f~H(D) N M(f) such that l}lﬁﬂ;”%” = 00. Since

D is compact, there is a sub-sequence {zy, }ien € M(f) and ¢y € D such that
lim ||z, || = coand lim f(zg,) = ¢o, which contradicts D C C\ S(f).
1—00

1—>00

We claim that the map:
fi: fUD)\BE, = D (3.3.5)

is a trivial fibration on the manifold with boundary (f~'(D)\ B%, f~(D)NSy 1),
for any R > Ry. Indeed, this is a submersion by hypothesis but it is not proper,
so one cannot apply Ehresmann’s theorem directly. Instead, we consider the map
(f.p): fH(D)\ Byt — D x [Ry, 00[. As a direct consequence of its definition, this
is a proper map. It is moreover a submersion since Sing(f,p) N f~'(D) \ By =0
by the above remark concerning the set M (f), which is nothing else but Sing(f, p).
We then apply to (f, p) Ehresmann’s theorem to conclude that it is a locally trivial,
hence a trivial fibration over D X [Ry, co[. Take now the projection 7 : D X [Ry, co[—
D which is a trivial fibration by definition and observe that our map (3.3.5) is the
composition 7 o (f, p) of two trivial fibrations, hence a trivial fibration too.

Next observe that, since D N f(Sing f) = ), the restriction:
fi: T (D)nBy =D (3.3.6)
is a proper submersion on the manifold with boundary (f~*(D) N B#, f~1(D) N

512{3_1) and therefore a locally trivial fibration by Ehresmann’s theorem, hence a
trivial fibration over D.

Finally we glue the two trivial fibrations (3.3.6) and (3.3.5) by using an isotopy
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and the trivial fibration from the following commuting diagram, for some R > Rjy:

(Br\ Bg,) N F1(D) L2 D x [Ry, B

l: / lpr (3.3.7)

F'x D x [Ry, R] —>——D

where F' denotes the fibre of the trivial fibration fi: Sk f7HD) — D and does
not depend on the radius R > Ry. O

EXAMPLE 3.3.3 Let f: C?2 — C, f(x,y) = 2(1 +Ty). We have df = (1 + 27, |z|*)
and df = (2y,0). By the definition of Sing f, there does not exist A € S} such
that the equation df = Adf has a solution. Hence f(Singf) = (). We proceed to
calculate M (f) \ Sing f which is the solution of the following system:

x = pu(l+2y) + pry
y =zl

where 1 € C*. We conclude M (f) = {(z,y) € C? | z(|z|* —2|y|*) —y = Oand zy #
0}.

If we take any sequence {(xy, yx) tren in M (f) with 2, — oo, then we must have
yr — oo and therefore, f(xy,yr) — oo.

Let us assume that yp — oco. Then we must have z;, — 0 and 2z,y, — —1.
This implies that f(xy,yr) — 0. We therefore get S(f) = {0}.

Now, let ¢ € K. (f) and by KOS-regularity we suppose that there exists a
sequence {(zx, yx) tren such that |(zx, yx)| — oo and:

f(rye) = ¢
(e, )] (mnin |udf +adf|]) — 0. (3.3.8)

It follows from Equation 3.3.8 that z;, — 0, y — oo and |z3yx| — 0. On the
other hand, since S(f) C Ko(f), we therefore conclude K..(f) = S(f) = {0}.

In fact, we also have B(f) = {0}. Since f~1(0) = {(x,y) € C* | x = Oory =
—2}, the fiber f71(0) = CUC*. For any € # 0, we get f~'(e) = {(z,y) € C* |
Yy = ﬁ} which is homeomorphic to C*. In consequence, there does not exist the
locally trivial fibration over any neghibourhood of value 0 € C. Finally, we get

Ko(f) = 5(f) = B(f) = {0}

Next we consider a mixed polynomial type of Paunescu and Zaharia’s example,
which shows that S(f) =0 and dim K.(f) = 1.
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EXAMPLE 3.3.4 Let f:C* — C, f(x,y,2,u) = x — 32°y* + 227y> + yz + vu. We
have:
g = 1 — 152"y + 142%°
Ox
of
dy
of _
8 7
of
ou
of
ou

= —62°y + 627y? + 2

The singular locus of f consists of the points which satisfy the equation df = Adf
for some X\ € S}. Explicitly, the system is written as follows:

1 — 152"y + 1425° = 0
—62°y + 62"y  +2=0
y=0

U = \u.

Since the condition y = 0 does not verify the first equation of the above system,
this gives Sing f = ().

We proceed to show that S(f) =0 and K (f) = {(a,0) € R* | a > 0}.

First, according to the defintion of KOS-regularity, for any point a =
(7,9, 2,u) € C*, we have:

v(a) = min | pdf + @df |
HES]

oy OF Of of _
= S, 3.3.9
min |1 (5 gy 9. W HAW | (3.3.9)
From (3.3.9), in order to attain the minimum, it follows that y© = =4i and
therefore v(a) = H(g—i, g—g, %,O)H.

By the computations of [PZ97|, it yields that for g(x,y, z) = z —32°y? +227y> +
yz, the sets K (g) = {0} and S(g) = 0.

On one hand, we fix a sequence {4, yi, 2k } oy Which satisfies KOS-regularity
for g and g(xy, Y, 2zr) — 0. On the other hand, for any u € C, we choose a sequence
{ur} ey such that uy, — u. Therefore taking the sequence {ay = (24, Yr, 2k, Ur) }rens
we conclude {(a,0) € R? | a > 0} C Ko(f).
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Conversely, if ¢ € Ky (f), then there exists a real analytic path a(t) =
(x(t),y(t), z(t),u(t)) such that:

15% | a(t) ||= oo (3.3.10)
11_r)%f(a(t),5(t)) =c (3.3.11)
tim | a(t) | #(a(t)) = 0. (33.12)

From (3.3.12), we have |a(¢)|| ||y(¢)|] — 0 and ||z*(¢)y(t)|| — b, where b is a root of
the following equation:
146° — 150* + 1 = 0. (3.3.13)

Hence by (3.3.10), we conclude ord(z(t)) = A < 0, ord(y(t)) = —2A > 0.

If b # 1, then from (3.3.12), it follows that |[|—623(¢)(b+ b*) + 2(¢)| — 0. Con-
sequently, we must have ord(z(t)) = 3A and ord(z(t)) + ord(y(t)) = A < 0 which
contradicts ||a(t)|| |ly(t)|| — 0.

We may now assume that b = 1. Since the roots of (3.3.13) are 1, 7, = 1_2—}{?

1+2_\g577 we may write (3.3.12) as follows:

lim || a(t) [[I| (1 = 2*(@)y () (1 — 2*()y(6))(r2 — 2* )y (1)) [|= 0.

This gives ||z(t)(1 — 2?(t)y(t))|| — 0. To deal with the limit of f(a(t),a(t)), we
divide this limit in three parts. The first part is: z(t) — 32°(t)y*(t) + 227 (¢)y3(t) =
z(t)(1 — 22(t)y(t))*(«*(t)y(t) + 5). When ¢ — 0, we have:

lim || z(t) — 32°(£)y*(t) + 227 (t)y’ (t) [|= 0

The second part is y(t)z(t) and lim; ,oy(t)z(t) = 0 which is a consequence of
la(t)|| ly(t)|] = 0. The last part is ||u(t)||* and by (3.3.11), its limit is ¢. On
accounts of the above arguments, we get K..(f) = {(a,0) € R? | a > 0}.

We now proceed to show S(f) = 0. Suppose ¢ € S(f). Then there exists a real
analytic path a(t) = (z(t),y(t), 2(t),u(t)) C M(f) such that:

lim | a() || = oo
lim  (a(t), &(1)) = c

By (3.3.4) of the proof of our fibration theorem, we conclude that the path a(t)
satisfies (3.3.12). This implies:

and 5 =

i || (2 (8) y(2),2(0)) || = o
i o0, (0. (1) =
Since a(t) C M(f), by Definition of M(f), we get (xz(t),y(t),z(t)) C M(g). From

the above two limits, we obtain S(g) = {0} which is in contradiction with S(g) = 0.
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Newton non-degenerate polynomials
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4.1 Introduction

The purpose of this chapter is devoted to give an approximation of the bifurcation
set B(f) for a class of mixed polynomials via the Newton boundary at infinity. In
the holomorphic case, Kushnirenko [Kus76] had first introduced the Newton bound-
ary of holomorphic germs and polynomials. Lately, Némethi and Zaharia studied
the Newton non-degenerate polynomials with respect to the Newton boundary at

infinity. In order to estimate the set of bifurcation values B(f), they introduced
the notion of “bad faces”. In [NZ90], it was proved the following

Theorem 4.1.1 [NZ90, Theorem 2] Suppose that f : C" — C is a non convenient,
Newton non-degenerate polynomial and f(0) = 0. Then

B(f) € f(Simgf)Ui0}uU U fa(Singfa NC™) (4.1.1)

© 2012 Tous droits réservés.

http://doc.univ-lille1.fr



Thése de Ying Chen, Lille 1, 2012

32 Chapter 4. Newton non-degenerate polynomials

where B is the set of “bad faces” of the support supp(f).

In the convenient case, it was shown that B(f) = f(Singf), see |Bro88, Kus76|.
When n = 2, the above inclusion turns out to be an equality [NZ90, Proposition 6.
By using some technics of toric resolution, Zaharia showed that

Theorem 4.1.2 [Zah96, Proposition 5.3] Let f : C* — C be a not convenient,
Newton non-degenerate polynomial. Suppose moreover for all the bad faces /\ € B,
we have dim A =n — 1. Then

[(Sing f)U U (fa(Singfa N C™)\ {0}) € B()).

Therefore it is of interest to know whether we can develop this technic to estimate
the bifurcation set B(f) for some special classes of mixed polynomials. Inspired by
Oka’s work of non-degenerate mixed functions, we consider the Newton boundary
of a mixed polynomial at infinity and define a Newton non-degeneracy condition at
infinity. We get the following effective estimation of S¢f) in the mixed case, which
is also a generalization of [NZ90, Theorem 2.

Theorem 4.1.3 Let f : R*™ — R? be a mized polynomial which depends effectively
on all the variables and let f(0) = 0. If f is Newton non-degenerate at infinity
then:

(a) S(f) c{0}U Ag%fA(sinng ne).

(b) If f is moreover Newton strongly non-degenerate at infinity then f(Sing f)
and S(f) are bounded.

where B is the set of bad faces of the support supp(f).

REMARK 4.1.4 If f satisfies the conditions of Theorem 4.1.3 except for f(0) = 0,
then we replace f by h = f — f(0) and apply to it Theorem 4.1.3. Since df(z,z) =
dh(z,z) and df(z,z) = dh(z,z), we get M(f) = M(h) and c € S(f) & ¢ — f(0) €
S(h).

Unlike in the holomorphic case for two complex variables, we will construct an
example which shows that the value zero is not contained in B(f). We also
consider a mixed polynomial type of King’s example which demonstrates that
for two complex variables, even if S(f) # 0, we may also have B(f) = (. Our
another purpose of this chapter is to discuss the stability of the monodromy at
infinity for some families of mixed polynomials. In [NZ92|, it was shown that
for two non-degenerate and convenient polynomials which has the same Newton
boundary at infinity, the monodromy at infinity is equivalent. This result was later
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extended by Pham [Pha08] to non-convenient and non-degenerate polynomial. In
our mixed setting, the technique developed for the proof of Theorem 4.1.3 enables
us to pursue the extension of these results for families of mixed polynomials,
along the pattern of [NZ92] and [Pha08, Lemmas 3.2-3.5]. Let us point out
the difference is that in the holomorphic case the Newton non-degeneracy is a
Zariski open dense and connected condition, hence there exists a family of Newton
non-degenerate polynomials with the same Newton boundary at infinity joining
any two such polynomials. However, in the mixed case, we will show in Remark
4.3.2 that the Newton strong non-degeneracy condition at infinity is neither dense,
nor connected, but it is still an open condition (see §4.3). Therefore, in order to
obtain a stability theorem in the mixed case, one has to work with a given family
of mixed polynomials.

The organization of this chapter is as follows. In Section 2, we first define
some notions concerned with the Newton polyhedron at infinity. Then we intro-
duce Newton non-degeneracy condition at infinity and the stronger one. In Section
3, we prove that non-degeneracy condition is an open condition. The first two
subsections of Section 4 is devoted to the proof of our main Theorem 4.1.3. In the
end of Section 4 we indicate some corollaries which extend the results known in the
holomorphic case. The Section 5 is motivate to our investigation of the stability of
the monodromy for some families of mixed polynomials. As a consequence, we give
a slight generalization of the main result in [Pha08|. In the final section of this
chapter, we illustrate our conclusions with some explicit examples which provide
the detailed expositions of the differences to holomorphic polynomials.

4.2 Newton non-degeneracy at infinity

To introduce our main theorem 4.1.3, we begin with some necessary notions. Let f
be a mixed polynomial:

Definition 4.2.1 We call supp (f) = {v +p € N" | ¢,,, # 0} the support of f. We
say that f is convenient if the intersection of supp (f) with each coordinate axis is
non-empty. We denote by supp(f) the convex hull of the set supp(f) \ {0}. The
Newton polyhedron of a mixed polynomial f, denoted by I'g(f), is the convex hull
of the set {0} Usupp(f). The Newton boundary at infinity, denoted by T'"(f), is
the union of the faces of the polyhedron I'g(f) which do not contain the origin. By
"face” we mean face of any dimension.

Definition 4.2.2 For any face A of supp(f), we denote the restriction of f to
A Nsupp(f) by fa := Zy+u€AﬂSupp(f) ¢y,2°Z". The mixed polynomial f is called
Newton non-degenerate at infinity if Sing fa N fx'(0) NC*™ = @, for any face A
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of T*(f). Following Oka’s terminology [OkalOa|, we say that f is Newton strongly
non-degenerate at infinity if Sing fa N C*" = () for any face A of T (f).

The later condition is stronger and in general not equivalent to the former, but
they coincide in the holomorphic setting since fa is quasi-homogeneous of non-zero
degree.

Before giving the proof in §4.4, we need to define the ingredients and prove
several preliminary facts. We consider a mixed polynomial f : C* — C, f # 0.

Definition 4.2.3 A face A C supp(f) is called bad whenever:

(i) there exists a hyperplane H C R™ with equation a;x; + -+ a,z, =0
(where z1, ..., x, are the coordinates of R™) such that:

(a) there exist i and j with a; < 0 and a; > 0,

(b) H Nsupp(f) = A.

Let B denote the set of bad faces of supp(f). A face A € B is called strictly bad if
it satisfies in addition the following condition:

(ii) the affine subspace of the same dimension spanned by A contains the
origin.

REMARK 4.2.4 In our Theorem 4.1.3 we use the above definition for “bad faces”.
For holomorphic mappings, the set B of bad faces used in the main formula (4.1.1)
of [NZ90]| corresponds to our definition of “strictly bad faces”.

Let us observe that not all bad faces are strictly bad. Nevertheless, our Theorem
4.1.3(a) reduces in case of complex polynomials to precisely the statement (4.1.1)
of [NZ90]. If A is a bad face which is not strictly bad, then it follows from the
definitions that A is a face of T"(f). If we assume that f is non-degenerate at
infinity, then fa is non-degenerate at infinity. If fa is moreover holomorphic, then
it follows that fa is strongly non-degenerate at infinity. Indeed, there exists a
hyperplane V' not passing through 0 and such that V Nsupp(f) = A, thus fa is
also weighted homogeneous of degree # 0 and therefore Sing fa C {fa = 0}. This
shows in particular that in case of holomorphic f, the bad faces which are not
strictly bad do not contribute with nonzero values in the formula of our Theorem
4.1.3(a), hence indeed only the strictly bad faces may play a role.

The following lemma will be used in the proof of our theorem.

Lemma 4.2.5 Letl,(x) =Y\, pix; be a linear function such that p = 1I£11<Il {pi} <

0. We consider the restriction of l,(x) to supp(f) and denote by A, the unique
mazimal face of supp(f) (with respect to the inclusion of faces) where l,(x) takes
its minimal value dy. Let dp < 0.
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(a) If d, <0, then A, is a face of TF(f).
(b) If dy = 0, then either Ay is a face of T(f) or A, satisfies condition

(ii) of Definition 4.2.3.

Proof. Let us first remark that from Definition 4.2.1 we have T'o(f) =
coneg(I'T(f)), where coneg(A) denotes the compact cone over the set A with vertex
the origin. For each face A of T'o(f) we have that either A is a face of T (f) or
A 3 0 and in this case we have A = coneg(A Nsupp(f)) = coneg(ANTH(f)).

Next, considering the restriction of {,(x) to I'g(f), we denote by A; the maximal
face of I'y(f) where [,(z) takes its minimal value d. Note that [,(z) can not attain
its minimal value d at interior points of I'g(f). Since T'*(f) C supp(f) C To(f), we
have d < dp,.

(a). If dp, < 0 then it follows by our initial remark that A; is a face of T'(f),
since otherwise we have 0 € A; and d = 0. We therefore get A, = Ay C I't(f) and
d=dp.

(b). If dp, = 0 and Ay is not a face of I't(f), then by the same initial remark we
have Ay 5 0 and therefore d = 0. Since A, is the maximal face of I'o(f) where [, (z)
takes its minimal value d, we get A, C A; C H, where H denotes the hyperplane
{r € R" | [5(xz) = 0}. We then have A, = supp(f) N H, Ay = I'o(f) N H, and
therefore A, = Ay Nsupp(f). Let us assume that A, does not verify condition
(ii) of Definition 4.2.3, namely that we have dim coney(Ap) > dim Ap,. This implies
that Ap does not contain any interior point of coneg(Ap). By the initial remark,
Ay = coneyg(A;NTT(f)) = coney(Ap). Then A is a face of ' ( f), which contradicts
our assumption. U

Let I C {1,...,n}. We shall use the following notations:
C' = {(z1,...,20) €C" | 2; = 0,5 ¢ I}, and similarly Ry, C* := C' nC*",
fI = f\(CI'

From Definition 4.2.1, the faces of f! are among the faces of f, so we have the
following:

REMARK 4.2.6 Let f be a mized Newton (strongly) non-degenerate polynomial. If
I c{1,2,...,n} is such that f' is not identically zero then:

(a) f!is a mized Newton (strongly) non-degenerate polynomial.
(b) TH(f1) =T(f) NRL,.
We shall use the following fact for the restriction of f to its bad faces.
REMARK 4.2.7 If a mixed polynomial f is Newton (strongly) non-degenerate at

infinity then, for any bad face A C supp(f), fa is Newton (strongly) non-degenerate
at infinity. Indeed, any face A" of I't(fa) is also a subface of A, hence a subface of
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['T(f). The Newton (strong) non-degeneracy of f implies that the restriction fa is
also Newton (strongly) non-degenerate at infinity.

4.3 Newton non-degeneracy is an open condition

For a fixed polyhedron I' which is the Newton boundary at infinity of some mixed
polynomial, we may define the subset Ug := {[c1,ca,...,cn] € PET' | fu(2,Z) =
f(z,z,¢c) = 27:1 c;z"Z7" is a Newton strongly non-degenerate mixed polynomial
and T'"(f.) = T'}. Similarly we define the set Ur D Ug by just dropping the word
“strongly” in the above definition. Then:

Proposition 4.3.1 The subsets Ur C P™ ! and U: C Ur of Newton non-
degenerate and, respectively, strongly non-degenerate mized polynomials, with fized
Newton boundary I at infinity, are semi-algebraic open sets.

Proof. Let us show that U is open and semi-algebraic. The idea of this proof
took its inspiration from Oka’s alternate proof in the holomorphic setting [Oka79,
Appendix|. For every face A C I' we define:

V(A) = {(z,c) € C" x P" ' | I\ € 5], dfa(z,2Z,¢c) = M fa(z,Z,¢c)},
V(A =V (A)N{(z,c) €C" x P"™ ' | 2129...2, # 0}

Note that V(A) is closed and that V(A)* = V(A). Let us consider the union
V* = UacrV(A)* and the projection 7 : C* x P! — P™~! Showing that Ug is
an open set means to prove that its complement W = 7(V*) is a closed set. One
observes that W is a semi-algebraic set, since it is the projection of a semi-algebraic
set.

Let ¢o € W. By Curve Selection Lemma, there exists a face Ay of I' and a real
analytic path (z(t),c(t)) C V(Ag)* defined on a small enough interval ]0, e[ such
that lim; o c(t) = ¢o and either lim; o ||z(t)]] = oo or lim; o z(t) = 2o € V(o).

Let then z;(t) = a;t? + h.o.t. for 1 < ¢ < n where a; # 0,p; € Z and A(t) =
Ao+ A1t +h.o.t., where \g € St. Let a:= (ay,...,a,) € C*™, P := (p1,...,p,) € Z"
and consider the linear function lp = Z?Zl pix; defined on Ay. Let A; be the
maximal face of Ay where [p takes its minimal value, say this value is dp. We have:

8fAl 8fAl
822‘ azz

By taking the limit ¢(t) — ¢y and focusing on the first terms of the expansions:
del (a, 5, Co) = )\OafAl (a, 5, Co)

we get (a,¢p) € V(A)* C V¥, since a € C*, thus ¢y € W, which concludes the
proof that W = W.

(a,a,c(t))t P +hot. = g (a,a, c(t))t™ P + h.o.t.
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If in the definition of V(A) we add the supplementary equation fa = 0, then
the same proof works for Ur instead of Up. l

REMARK 4.3.2 In the holomorphic setting one has “Zariski-open” instead of “open”
and such a result was proved by Kushnirenko [Kus76| as a consequence of the
Bertini-Sard theorem and of the fact that “strong non-degeneracy” is equivalent to
“non-degeneracy”. Nevertheless in the real setting this proof does not apply and, in
general, one does not have neither the connectedness, nor the density. For instance,
in following Example 4.3.3 the inequality for strong non-degeneracy condition at in-
finity describes a homogeneous open set in C? which is not dense and not connected.
Note also that supp(f) is a single point.

ExXAMPLE 4.3.3 Consider the mixed polynomial:
f(2,2) = az® + b2z + 2
where a, b, ¢ € C are three parameters.
Then we have the following conclusions:
(a) If (Ja|* = |c[*)? < ’Eb - cl_)}Z, then f is strongly degenerate. Otherwise, f is
strongly non-degenerate at infinity.
(b) M(f)=C, and S(f) = 0 if and only if the equation az?® + bx + ¢ = 0 has no
solution on S7.

In fact, f is strongly degenerate if and only if the following equation has at least
one solution on C*:

207 + bz = \(2¢Z + bz), where X € S}. (4.3.1)

Here note that 0 is always a solution of the above equation, therefore 0 € Sing f.
Since Equation 4.3.1 is radial homogeneous, to show the strong degeneracy it is
sufficient to find a solution of (4.3.1) on the unit disc. Therefore assume that
z € S}. Then equation (4.3.1) is equivalent to the following by taking the norm:

(ab — )22 + 2(|al” — |¢|*) |2 + (@b — cb)Z* = 0. (4.3.2)
Let us denote 2% by x. Multiplying by 2% in (4.3.2), we get:
(ab —eb)x* + 2(|a|* — |¢[*)z + (@b — cb) = 0. (4.3.3)
Then f is strongly degenerate if and only if (4.3.3) has at least a solution on S.
We first observe that if ab — b = 0 and |a| = |c|, then any x € S} is a solution of
(4.3.3), which implies that Sing f = C. If b = 0 and |a| # |¢|, then (4.3.3) has no
solution on S}, which implies that Sing f = {0}.
If ab —¢b # 0, then (4.3.3) is a quadratic equation and the discriminant A =
A(lal®> = |c[)2 — 4 }Eb — cl_)’2. We have the following three cases:
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c|2—|a2£ir/ [ab—cb| —(Jal2—|c|?)2
(I) IfA<0,thentherootsx:|| Hi\/|ab575bb‘ (al"=lel")

Si. We conclude that Sing f consists of four lines and therefore f is strongly
degenerate.

are contained in

(IT) If A =0, then the roots = = @ are contained in S{. We conclude that

ab—c¢
Sing f consists of two lines and therefore f is strongly degenerate.

(IIT) If A > 0, then the roots z = el i\/(“i'g;';' >~ [ab—cb]

Si. We conclude that Sing f consists of the origin and therefore f is strongly
non-degenerate at infinity.

are not contained in

For z € M(f), by definition, we have:
Nz = p(2az + bz) + [(2cz + bz) (4.3.4)

where A € R, € C*. We observe that z = 0 is a solution of (4.3.4). Let us suppose
z # 0 and divide (4.3.4) by z. Then we obtain:

1(2az + bz) + (2cz + bz)  p(2az + bz) 4 [(2cz + bz) (4.3.5)
. = = : 3.
By a simplification, (4.3.4) gives:
w(@z? —e2?) = fi(az® — cz%). (4.3.6)

We deduce that for any z € C", there always exists some p € C* such that (4.3.6)
holds. Thus M(f) = C. Consider any real analytic path z(¢) defined on a small
enough interval |0, [ such that:

2(t) = a1t** + h.o.t., wherea; € C*, p; < 0.

We have f(z(t),z(t)) = (aa? + baya, + ca?)t** + h.o.t.

If az? + bx + ¢ = 0 has no solution on S}, then (aa? + baya; + ca}) can not be
equal to zero, otherwise QL‘Q is the root of az? + bx + ¢ = 0, which contradicts our
assumption. Therefore ord; f(z(t),Z(t)) = 2p; < 0 and in consequence, S(f) = 0.

If S(f) =0 and az?® + bz + ¢ = 0 has a solution x5 on S}, then we take a real

zo

analytic path z(t) = “* which gives 0 € S(f). Therefore we get a contradiction

with S(f) = (. Combining the above arguments, our second claim is proved.

4.4 Proof of Main theorem and some consequences

4.4.1 Proof of Theorem 4.1.3(a).

Let ¢ € S(f). By the definition of S(f) and Curve selection Lemma 3.2.5, there
exist real analytic paths, z(¢) in M(f), A(t) in R and u(t) in C*, defined on a small
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enough interval |0, e[, such that lim; ¢ ||z(¢)|| = co and lim;_,¢ f(z(t),Z(t)) = ¢ and
that:
A)z(t) = p(t)df(=(t), 2(t) + p(t)df (z(t),2(1)). (4.4.1)
Consider the expansion of f(z(t),z(t)). We have two situations, either:
f(z(t),z(t)) =c (4.4.2)
or
f(z(t),Z(t)) = ¢ + bt° + h.o.t., where ¢,b € C, b#0, 6 € N*. (4.4.3)
Let I ={i | zi(t) # 0}, observe that I # () since 21511%||z(t)|| = 00, and write:
—
zi(t) = a;t? + h.o.t., where a; #0, p, € Z, i € 1. (4.4.4)
By eventually transposing the coordinates, we may assume that I = {1,...,m} and

that p = p; < ps < -+ < pp,. Since g%ﬂz(t)H = 00, this implies p = rjnel}l{p]} < 0.
We denote a = (ay,...,a,) € C*. p = (p1,...,pm) € Z™ and consider the linear
function I, = > | p;z; defined on supp(f1).

Let us observe that since f(0) = 0, if ¢ # 0, then supp(f!) is not empty in both
situations (4.4.2) and (4.4.3). Let then A be the mazimal face of supp(f!) where
l, takes its minimal value, say d,. We have:

f(z(t),z(t) = fl(z(t),z(t)) = fA(a,a)t® +h.o.t. (4.4.5)

where d, < ord(f(z(t),z(t)) = 0.

In the following we keep the assumption' ¢ # 0. For ¢ € I we have the equalities:
_ I _ T I _

5-(2(1).2(t) = 3-(2(t),2(1)) and FF(2(1).2(1)) = & (2(t),2(t)). Then we may

1

write:
gj (z(t),z(t)) = (9f£ (a, ﬁ)tdp_pi + h.o.t. (4.4.6)
of afA

82,( z(t),z(t)) = o, (a,a)t™ P + h.o.t.
Consider the expansion of A(t), in case A(t) # 0, and that of pu(t):
A(t) = Aot” + h.o.t., where \g € R*, v € Z,

w(t) = pot' + ho.t., where g # 0, | € Z.

'For the case ¢ = 0, we refer to Remark 4.4.1.
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Using all the expansions we get from (4.4.1), for any ¢ € I:

(1022 (a,3) + 23 (2, @) 4 ot = Mt + o

Since A\ga; # 0, comparing the orders of the two sides in the above formula, we
obtain:

I Ao, ifdy, —pi+1=p;+7
fA(a a)+—afA( a) = (4.4.7)
o5, MO@EZ- a,a) = 4.
0, ifdp —pi+1<pi+v

140

Let J={jeI|d,—pj+1=p;+~} If wesuppose that J # (), then J = {j €
Ilpj=p= miP{pj} < 0}.In the situation (4.4.3) we have Y020 _ p5o=1 4y o ¢
Je

a
and on the other hand:

df(z(t),z(t)) = O0f 0z  Of 0% B = ofT 0z off 0%

a _;(821- o o o) Z(ﬁzz =

= [<pa,ﬁ(a, 5)> <pa dfi(a, a)>] t=1 4+ ho.t.

.

(4.4.8)
where pa = (p1a1, - .., Pm@m). Comparing the orders of the two expansions of
w and using the inequality dp, < d implied by ¢ # 0 (see after (4.4.5)), we
find:

(pa.dfL(a,a))+ (pa dfi(aa)) = 0. (4.4.9)

Let us observe here that the proof of formula (4.4.9) holds under the more
general condition d, < 9.

Let now consider the situation (4.4.2). In this case the formula (4.4.9) is true
more directly, since w = 0 and after comparing this to (4.4.8).

Next, multiplying (4.4.9) by 7i, and taking the real part, we get:

Re <pa, uoﬁ(a, 5)> + Re <p5, pod fA (a, 5)>

_ (4.4.10)
— Re (pa. o[k (a,8) + 7ipd fA (a,3) ) = 0.

On the other hand, from (4.4.7), we have:

Re (pa. iod 4 (a.) + Tipd fA(a,3) ) = > Aopllay |

ieJ

which is different from zero since Ay # 0, p < 0 and a; # 0. This contradicts
formula (4.4.10). We have therefore proved that J = (.
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From (4.4.7) we obtain:
ol 75 (a,3) + T £ (a,3) = 0. (44.11)

Let us observe that in case A(t) = 0 we have J = () and therefore we get directly
(4.4.11).

What (4.4.11) tells us is that a is a singularity of f4. Set now A =(a,1,1,...,1)
with the i coordinate z; = 1 for i ¢ I. Since A C supp(f/), the restriction fa

does not depend on the variables z,,.1,..., 2, or their conjugates. Thus for any
I

i € {1,2,...,n}, we have %(z(t),i(t)) = %J;?(z(t),i(t)) and %(z(t),i(t)) =

%];é (z(t),Z(t)). By replacing fA with fa in (4.4.11), we get that A € C*™ is a

singularity of fa.
We may now apply Lemma 4.2.5 to d, and A. We have the following two cases:

(I). If d, < 0, then, by Lemma 4.2.5(a), A is a face of I'"(f7). Since A € C*
is a singularity of fa and since we have fa(A,A) = 0 by (4.4.5) for d, < 0,
this contradicts the Newton non-degeneracy of f (Definition 4.2.2) assumed in the
statement of Theorem 4.1.3.

(IT). Let dp, = 0. Then ¢ = fi(a,a) = fa(A,A) € fa(Singfa N C*™). By Lemma
4.2.5(b), A is either a face of I'"(f7) or satisfies the condition (ii) of Definition 4.2.3.
Note that these two conditions are exclusive, which fact follows immediately from
the definitions. Let us show that A is a bad face of supp(f).

Let d denote the minimal value of the restriction of [, to supp(f). Since
supp(f7) = supp(f) N RL,, we have d < d, = 0. Let H be the hyperplane de-
fined by the equation Zilpixi +q> 0 i = 0, whereq > —d 41 > 0. Then,
for any (z1,...,2,) € supp(f) \ supp(f?), the value of Y1 pia; +q > i is
positive. We therefore get A = supp(f?) N H = supp(f) N H.

If A does not satisfy condition (i)(a) of Definition 4.2.3, then we have m = n
and p; < 0 for all 1 < ¢ < n. Since by hypothesis f depends effectively on all

variables, in particular on the variable z;, the value d, must be negative, which is
a contradiction to the above original assumption.
This ends our proof. O

REMARK 4.4.1 The equality (4.4.11) is the key of the above proof of Theorem
4.1.3(a). If ¢ = 0, then we have two cases in situation (4.4.3):

(1) If d, = ord.(f(z(t),z(t)), then formula (4.4.11) might be not true.

(2) If dy, < ord,(f(z(t),z(t)), then we get the same proof of formula (4.4.11) as
in Proof of (a) (see the remark after formula (4.4.9)).

REMARK 4.4.2 Let 3® := {¢ € C | f~!(c) N M(f) is not bounded}. Under the
hypotheses of Theorem 4.1.3, the above proof also shows that if ¢ € X*° and ¢ # 0
then c is a critical value of fa, for some bad face A. Indeed, if the path z(t) C
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M(f) N f~'(c) is not bounded, then it must be included in the singular locus
Sing f~1(c) since the fibre f~!(c) is an algebraic set. (An alternate argument may
be extracted from the last part of the proof of Proposition 3.3.1). This shows the

inclusion X C S(f) N f(Sing f). By Theorem 4.1.3(a) we then have ¥\ {0} C
U fa(Sing fa).

Ae®B

4.4.2 Proof of Theorem 4.1.3(b).

By absurd, let us suppose f(Sing f) is not bounded. Since Sing f is a semi-algebraic
set, by Curve Selection Lemma 3.2.5, there exists a real analytic path z(¢) C Sing f
defined on a small enough interval ]0, e[ such that:

lim|[z(t) | = oo, andlim | £(z(t), Z(1))] = oo
t—0 t—0
We follow the proof of (a). Since z(t) C Sing f, we have A(t) = 0 in (4.4.1) and
therefore we obtain (4.4.11) directly, as remarked after it. From lir% |f(z(t),z(t))| =
—

oo it follows that d, < ordy(f(z(t),z(t)) < 0. We are in the situation of (I) from the
proof of Theorem 4.1.3(a) but without being able to insure the equality fa(A, A) =
0. That is why we need here the Newton strong non-degeneracy in order to get a
contradiction.

To prove that fa(Sing fa) is bounded, for any bad face A C supp(f), we use
Remark 4.2.7 and the above proof for fa in place of f.

Since supp(f) has finitely many faces and since, by Theorem 4.1.3(a), we have
the inclusion S(f) C {0} U Ag%fA(Sinng), it follows that S(f) is bounded. O

4.4.3 Some consequences

We get some sharper statements for significant particular classes of non-degenerate
mixed polynomials. The following result extends the one for holomorphic polyno-
mials proved in [Kus76, Bro8§].

Corollary 4.4.3 If f is a mized Newton non-degenerate and convenient polyno-
mial, then S(f) = 0.

Proof. Under the same notations and definitions as in the proof of Theorem
4.1.3(a), since lp(x) = " p;z; has at least a coefficient p; < 0 for some j and the
intersection of supp (f) with each positive coordinate axis is non-empty, the value
of Ip(x) at a point of the intersection of supp (f) with the j-axis is negative. This
implies that the minimal value dp, is negative. By Lemma 4.2.5(a), A is a face of

().
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Since we have here d, < ord,(f(z(t),z(t)), by using Remark 4.4.1, we get formula
(4.4.11) and a singularity A € C*™ of fo with fa(A) = 0 as in (I) above. This
contradicts the Newton non-degeneracy of f. 0

Corollary 4.4.4 Let f be a mixed polynomial, radial weighted-homogeneous and
Newton strongly non-degenerate at infinity. Then:

(a) Sing f NC* = (),

(b) S(f)U f(Sing[f) € {0}.

Proof. Since f is radial weighted-homogeneous, let’s say of degree m, we have
f(0) = 0 and supp(f) is contained in a single hyperplane which does not pass
through the origin. Therefore the Newton boundary T't(f) has a single maximal
face and its strong non-degeneracy implies Sing f N C*™ = (). Since supp(f) has no
bad face and since by Theorem 4.1.3(a) we have S(f) C {0} U Ag%fA(Sinng), it

follows that S(f) C {0}.

By absurd, let us suppose that ¢ € f(Singf) N C*. For any z € Sing f such
that f(z,Z) = c, there exists A € S} such that df(z,z) = Adf(z,%). Multiplying
by t™~% the equalities g—i(z,i) = )\g—gi(z,i) for i = 1,2...,n, and using that f is

radial weighted-homogeneous, we get df(toz,toZz) = Adf(toz,toz). This implies
that t oz € Sing f and t"c € f(Singf), therefore f(Singf) is not bounded, which
contradicts Theorem 4.1.3(b). This proves that f(Singf) C {0}. O

4.5 Families of mixed polynomials and stability of
the monodromy at infinity

As a consequence of Theorems 3.1.8 and 4.1.3(b), the class of Newton strongly
non-degenerate polynomials f has the property that B(f) is bounded. One has the
following general definition.

Definition 4.5.1 (Monodromy at infinity)

Let f : R? — R? be a real polynomial map and assume that the bifurcation set
B(f) is bounded. Let &y > 0 such that B(f) is included in the open disk Ds, of
radius dg centered at 0 € C. We call monodromy (fibration) at infinity the fibration:

fi: F7H(S5) = S5

over some circle S} of radius § which, by the Fibration Theorem 3.1.8, exists and
is independent of § > Jy.
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We then prove the following result:

Theorem 4.5.2 Stability of monodromy at infinity

Let Fy(2,7Z) := F(z,%,s) : R*™ — R? be a family of Newton strongly non-degenerate
polynomials depending analytically on a parameter s, where s € [0,1]. If the Newton
boundary T (Fy) is constant in this family, then the monodromy at infinity is stable?®.

For the proof of the theorem, we need some preliminaries. Let F, stand for

F(z,z,s), let F(SingF) := SEL[S 1}FS(SingFS), S(F) = Se% 1]S(FS). We also consider

the restriction Fya of Fy to some face A of suppF and write Fa(z,%,s) := Fs a.

Proposition 4.5.3 Under the assumption of Theorem 4.5.2, the set F(Sing F') U
S(F) is bounded.

Proof. If F(SingF') were not bounded then, by Curve Selection Lemma 3.2.5,
there exist analytic paths z(t) € C", A(t) € S{ and s(t) € [0, 1] defined on a small
enough interval 0, e[ such that

it 12(2)| = oo, lim F(a(). Z(t), 5(2)) = o0, (45.1)
lim s(t) =so, dFy) (z(t),Z(t)) = A(t)dFy (2(2),2(2)). (4.5.2)

t—0

We may then apply the proof of Theorem 4.1.3(b) and find a face A of
supp(F Sf(t)), which by assumption is independent of s, such that F Sl(t% A has a sin-
gularity in C*”. By using Remark 4.2.6, this contradicts the Newton strong non-
degeneracy.

To show that S(F') is bounded, we proceed as follows. By Theorem 4.1.3(a),

one has the inclusion S(F) C Usepo,11{F5(0) } Usepo AU% F; A(Sing Fs ANC*™) where
[SPaPs

B, is the set of bad faces of supp(Fy) for s € [0,1]. We have that Us{F,(0)} is
bounded by the continuity with respect to s, and that {B,}c[o,1) is a finite set since
't (Fy) is independent of s. If S(F') were not bounded, then we may assume that
Fao(s)(Sing Fays) N C*") is not bounded as s — s, for some bad face Ag(s) which
is actually independent of s in some small enough interval sy — ¢, 9+ ¢[. Since
't (Fy) is independent of s and since I'M(F; a,) C I'T(Fy), we get that I'"(F ) is
independent of s within a neighborhood of sy. We may then apply the above proof
to Fa, in place of F. g

Proposition 4.5.4 Under the assumption of Theorem 4.5.2, there exists ro > 0
such that, for anyr > 1o, there exists Ro(r) > 1 such that one has the transversality

fe) M SEt Ve e S VR > Ry(r) and Vs € [0,1].

2Here, “stable” means that the monodromy fibrations at infinity are equivalent in this family.
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Proof. The above Proposition 4.5.3 implies that there exists rqy > 0 independent
on s € [0, 1] such that the following inclusion holds:

o

F(Sll’lgF) UsE[O,l] {FS(O)} UsE[O,l] AE‘B F37A<Sinng,A N (C*n) C Dro- (453)

If the above assertion were not true, then by Curve Selection Lemma 3.2.5 there
exist analytic paths z(t) C C", A(t) C R, u(t) € C* and s(t) C [0, 1] such that:

ltg%Hz(t)H = 00, ltiir(l)F(z(t),E(t), s(t)) =c € S (4.5.4)

lim s(t) =s0, A(D)2(t) = p(t)AF (2(1), Z(1), 5(1)) + (E)AF (2(2), Z(1), 5(1)).  (4.5.5)

By a similar analysis as in the proof of Theorem 4.1.3(a) one finds a singular
point A € C* of Fa where A is either a face of 't (F) or a bad face of supp(Fy).
This contradicts (4.5.3). O

4.5.1 Proof of Theorem 4.5.2

By the above two propositions, for r > 7y, the global monodromy fibration Fj :
F1(S}) — S} is diffeomorphic to the fibration

Fy: FY(S})N By — 5! (4.5.6)

for all R > Ry(r) and all s € [0, 1].

Consider the map F: C" x I — C x I, (z,5) — (Fy(2,%), s), where I := [0, 1].

The above proposition show that the restriction F}: F=(S} x I) N (Bg x I) —
S! x I is a proper submersion on the couple of manifolds (F~'(S! x I) N (Bg x
1), F7Y(S! x I) N (0Bg x I)). Then Ehresmann’s theorem tells that the fibrations
(4.5.6) are isotopic for varying s.

O

Theorem 4.5.2 appears to be useful in finding the topology of the non atypi-
cal fibres for Newton strongly non-degenerate mixed polynomial. As another con-
sequence, one may extend the range of applicability of the stability theorems in
[NZ92, Theorem 17| and [Pha08, Theorem 1.1|, as follows:

Corollary 4.5.5 If f and g are two Newton strongly non-degenerate mized poly-
nomials, such that TT(f) = T (g) and that their restrictions to the boundaries
at infinity fr+ and gr+ are both holomorphic (or both anti-holomorphic), then the
monodromies at infinity of f and of g are isotopic.

Proof. In the holomorphic setting, the Newton strong non-degeneracy condition
at infinity is the same as Newton non-degenerate and is a Zariski open and con-
nected condition. This holds for anti-holomorphic instead of holomorphic. This
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fact allows us to connect f to g by a family of Newton strongly non-degenerate
mixed polynomials. For instance, one may do as follows. First, one applies [Pha08,
Theorem 1.1] to the restrictions fr+ and gpr+. Next, we write f = fr+ + h and
observe that the family of mixed polynomials Fy := fr+ + (1 — s)h satisfies the
hypotheses of our Theorem 4.5.2 and connects f to fr+, hence the monodromy is
stable in this family. A similar construction for g completes the picture and ends
our proof. (l

4.6 Some useful examples

EXAMPLE 4.6.1 Let f : R* — R? f = z125 + z32z5. This is a Newton strongly
non-degenerate mixed polynomial, where I'"(f) = (2,2) and supp(f) consists of
just one face A which is a bad face. The solutions of df(z,z) = A\df(z,z) for
A€ St are {212 = %} U {z1 = 29 = 0}. Thus we obtain f(Sing fa) = f(Sing f) =
{0} U {% + 5z | A € S} Taking z2 = % with 21 — 0 and 25 — oo, by
straightforward computations we get f(Singf) \ {0} € S(f) and {0} € S(f). On
the other hand, for {z*};cy C M(f) \ Singf such that l};ﬂ;o|yzk|’ = o0, we get

| f(2*)| = oo. This shows that S(f)\ f(Sing(f)) = 0. Moreover, it yields that the
inclusion of Theorem 4.1.3(a) may be strict.

In order to investigate how does the topology of fibers change, let us denote D the
domain bounded by the bifurcation set B(f) = f(Sing f) = {O}U{%Jrﬁ | A e St}
On one hand, since f = 212, + 7573 is strongly non-degenerate at infinity and the
polyhedron at infinity I'"(f) is a single point (2,2), by Theorem 4.5.2, the fibers
at infinity of f is isotopic to the one of g = z3z3. Hence the fiber out of D can
be calculated via the fiber of g which is homeomorphic to C* LU C*. On the other
hand, for any A € S}, the topology of the fiber f = % + & depends on A. Let
2129 = a + 1b and % + & = ¢+ id, where a, b, ¢, d are real numbers. If d = 0,
then ¢ = —1 or 3. For f = —1, the solutions are {2120 = £ £} U{z120 = —3}. For
f =3, the solutions are {z125 = 3} U{z120 = —3}. If d # 0, then we get:

4a* — (3+4c)a® +a(l+4c) —c—d* =0

where b = ﬁ. The question is reduced to determine how many different real
roots of the above equation, where a is regarded as the variable. From the following
Figure of Solutions, we see that in this case, there are two different real roots. (In
the Figure, we take the argument of A as the vertical coordinate.) Now, we proceed
to calculate the generic fiber inside of D. For example, taking f = %, we have

the solutions {z129 = ’{%3} U{z120 = % + iy / ;—(1)} and therefore the generic fiber

inside of D is homeomorphic to C* LU C* U C* U C*. Finally, the fiber f = 0 is
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{2323 = —1} U {2129 = 0} which is homeomorphic to

C*UC UC U{C2\ C2}.

" cos(t)/2+Cos(Z4E)/4,-sin(t)/2-sin(Z*t)/4——

061 i =

Figure 4.1: Figure of S(f)

“cont.dat™——

Figure 4.2: Figure of Solution

Our next example will show that in Theorem 4.1.3(a), the set of bad faces can
not be replaced to the set of strictly bad faces.

EXAMPLE 4.6.2 Let f : R* — R% [ = |z|* (22 + 22,%, + 1), which is Newton
non-degenerate at infinity but not strongly non-degenerate at infinity. There is
only one bad face of f which is not a strictly bad face and the restriction to this
face is fa, = |z1|” (22 + 229%,). We shall prove that f(Singf) = {0} UR,, S(f) =
fan(Sing fa, NC2) U {0} and B(f) = f(Sing ) U S(f).

We begin by proving the non-degeneracy of f. In fact, there are three faces of
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supp(f) which are contained in T'"(f). Let us write the restrictions of f to these
three faces: fa, = |21]* (22 4+ 220%2), fa, = |2|” and fa, = f. It is easy to see
that {fa, =0} N C*? = () and therefore f is non-degenerate at infinity. On the
other hand, since fa, = |z1\2 is not strongly non-degenerate at infinity, the strong

non-degeneracy fails for f.
Next, let us show that f(Sing f) = {0} UR,. We have:

of _ _ _
oo Z1(22 + 220%5 + 1)
0
Lotz
0
O—Efl = 21(25 + 2% + 1)
af 2
—— =2 .
07 |21]” 22
By the definition of mixed singularity, Sing f is the solutions of the following system:
2|Zl|2 (2’2 +22) = )\2|21|22’2 (462)

where A € S]. We first conclude {z; = 0,2, € C} U{29 = 0,2, € C} C Sing f. This
gives {0} UR, C f(Singf). Let us suppose z122 # 0. From (4.6.2), we have
A= % + @z and zo + Zo = Azo. Applying these equalities in (4.6.1), we deduce
A = 1 which is impossible. Thus f(Sing f) = {0} UR, and by taking the analytic
curve contained in {z; =0,z € C} C Sing f C M(f), it follows that {0} € S(f).
Finally, we shall prove fa,(Sing fao, N C*?) C B(f). The singular locus of fa, is
defined by (4.6.2) and the following equation:

Z1 (Z% + 22252) = )\21 (Zg + 22’252).

Suppose 2129 # 0, we have:

DO | —

3
Sing fa, N C* = {(21722) € C* | 25+ Zo = Azo, where A = — & %1} .
Thus fa,(Sing fa, NC*?) = (3 + ?i)t, where ¢t > 0. Now fix t = 5 > 0, we consider

a neighborhood U of (2 + ?i)to. Assume that a +ib € U\ fa,(Sing fa, N C*?),
|21)* = ¢ # 0 and 2, =  + iy where (a,b) € R*? and (x,y) € R%. From f = a + ib,
it follows that:

cB®+y*+1)=a
—2cxy =10
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We therefore conclude from above equations that
3bz” + 2axy + b(y*> + 1) = 0. (4.6.3)

The discriminant of (4.6.3) is A = 4a?y® — 12b*(y* + 1). Since there is no solution
of (4.6.3) if and only if a® < 3b%, this implies that there exist no neighborhoods of
(% + ?i)to such that the restriction of f is a locally trivial fibration. When ¢, varies,
with the same procedure as above, we observe that there exist no neighborhoods
of (2 — ?z)t such that the restriction of f is a locally trivial fibration. This gives
fa,(Sing fa, N C*) C B(f). On the other hand by Theorem 4.1.3(a), we have
S(f) C fa(Singfa, NC?) U {0}. Consequently, B(f) = f(Singf) U S(f) =
fa,(Sing fa, NC#) U{0} UR,.

4.6.1 Family of twisted Brieskorn mixed polynomials

Let us first recall a join theorem proved by Cisneros-Molina:

Theorem 4.6.3 [CMO08, Theorem 4.1] Let g : C* — C and h : C™ — C be radial
and polar weighted homogeneous mixed polynomials. Consider the polynomial on
C" x C™ defined by

f(z,w)=g(z,Z) + h(w, W)

which 1s also radial and polar weighted homogeneous polynomaials. Let

X =f(1)cCrxCm

Then there is a homotopy equivalence from X to the join Y % Z which is com-
patible with the monodromy maps and their join.

EXAMPLE 4.6.4 Consider the mixed Brieskorn polynomial f : C* — C, f =

aithizbi s radial and polar weighted ho-

[ 7

n2mithizbi  Qince every monomial z
i=1"1 7 Yy

mogeneous and » ., zfﬁb?i’l is also radial and polar weighted homogeneous, then
by the above join theorem, the generic fiber of f is homotopic equivalent to a bou-
quet VS™ 1 of spheres of real dimension (n — 1) and the number of spheres in the

wedge is (a1 — 1)(ag — 1) - (a, — 1).

Our next example shows that with a small deformation, the monodromy of a
twisted Brieskorn mixed polynomial does not change.

EXAMPLE 4.6.5 Let us consider a family of twisted Brieskorn mixed polynomials:
Fy(z,z) = S0, 200zl 4 37" 2% where a;,b; € N for 1 < i < n and

=1~ i=1 %1
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0 <s < min Note that the restriction of Fs to every face of the Newton

1<z<n“z+2b
boundary I't(F,) is a sum of monomials 2"z + 522 and:
OF; b 1b, b,
5 = (a; 4+ b;) 200120 4 s(ay + 2b;) 202t (4.6.4)
Zi
OF; A by—by
oz bz tbizhi=l (4.6.5)
When z; #0, by 0 < s < mln ilzb and triangle inequality, we get:
b b OF.
> ; bl o ; 2b2 ; az+2b1—1 > bl ; a1+2b,—1 — S
92| 2 o 0= s+ 20 2 2

It turns out that F(z,z) is a family of Newton strongly non-degenerate polynomials.
Thus, by Theorem 4.5.2, the monodromy at infinity of F is isotopic to that of
Fo(z,z2) =%, Zritbizgh Usmg join theorem 4.6.3, the monodromy of Fj at infinity

is equivalent to f = Z

zlz’

4.6.2 King’s example in the mixed case

In this subsection, we consider the following mixed version of King’s example
(|TZ99]) which shows that for a mixed polynomial with two variables, the inclusion
B(f) € f(Singf) U S(f) is strict. In the holomorphic case with two variables,
B(f) = f(Sing f)US(f) = f(Sing f) U Koo (f), see e.g. [Par95, Dur9g|

EXAMPLE 4.6.6 Consider the mixed polynomial f : C* — C,

flx,y) =yl yl* =92l [y[* + 18).
Let us show that Sing f = 0, S(f) = {0} and B(f) = 0.

We first prove that f is strongly non-degenerate at infinity. There are three faces
contained in I'"(f) and the restrictions of f to these faces are: fa, = 18y, fa, =

20z |y[*y and fa, = f. Since af% = 18 and % = 0, we have Sing fn, = 0.

For fa,, we have 8222 = 6z|*|y* and 8fA2 = 4|z|*y*y. When (z,y) € C*2,

ng fAQ

>

the inequality gives Sing fAQ N C*? = (. To deduce the strong

non-degeneracy, 1t remains to prove Sing f N C*? = (). We have:

S = sl It~ Lol " + 18
L el y - okl
Oyl T - 9l )
o — y(alyl e~ 91y o)
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By the definition of mixed singularity, Sing f consists of the solutions of the following
system:

6 lz[*|y|* = 9z [y]* + 18 = A4 |z[* v — 9 |z ?) (4.6.6)
g lyl* = = 9|y z) = My |y|* |2 = = 9y|* x) (4.6.7)

where A € S{. From (4.6.6), we see (z,y) € C*2. Assume that |z| |y| # 2, then from
(4.6.7), we get y = Ay. Hence (4.6.7) is equivalent to the following:

6lal* [yl" =9 |2” |y* + 18 = d || |y|" — 9] |y

We check at once that there is no solution of the above equation.
Now we suppose that |z||y| = 3. Taking the norm on the two sides of (4.6.6), we
get:

6z [y|* = 9 |z)* |y]* + 18 = 0.

Since our assumption |z| |y| = 2 does not satisfy this equation, we have Sing f = 0.
Consequently, f is strongly non-degenerate at infinity.
Using Theorem 4.1.3(a), since f does not have any strictly bad face, we get S(f) C
{0}. In order to show S(f) = {0}, we assume that (x,y) € M(f) NR*?. By the
definition of M(f), we deduce the following equation:

10zy* — 2722y + 18 = 82%y® — 18y™.

Consider the sequences {xy},oy and {y},cy Which satisfy the above equation with
2y — 5 and y, — 0. It follows that f(zy, yx) — 0, and therefore S(f) = {0}.
Let us denote g(x,y) = 2|z|* |y[* =9 |z|* |y|*+18. The map F : C? — C2, F(z,y) =
(f(z,y), ﬁ) is a diffecomorphism and F~! = F. Thus f is a trivial C* fibration
and B(f) = 0.

4.6.3 A counterexample with two variables

The following Example 4.6.7 shows that Némethi and Zaharia’s proposition [NZ90,
Proposition 6] B(f) = f(Sing f) U {0} Y fa(Sing fo N C*?) for C* — C does not
€

hold in the mixed case, and the inclusion of Theorem 4.1.3(a) can be strict.

EXAMPLE 4.6.7 Let f(z1,25) = 21(1 + |20)* + 2123).
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Let us first prove that Sing f = () and the strong non-degeneracy of f. We have:

0

oL Lkl 4 2202
of _  _

02 = 2%y + 42223

0

o g

821

of

— =217

0z,

By the definition of mixed singularity, Sing f consists of the solutions of the following
system:
14 |z* + 2220 =0 (4.6.8)
2129 + 42%23 = \Z1 29
where A € S1. Multiplying by 25 in (4.6.9) and 2z; in (4.6.8), we have:
21(=2 — |2)) = A7y | 20|

If z; = 0, then there is no solution for (4.6.8). If z; # 0, then from the above
formula, we get 24 |2,|* = |2|° which implies Sing f = (). In fact, I'"(f) consists of
three faces and the restrictions of f are respectively 21, 21(1 + 2,23) and 2225. We
check at once that f is strongly non-degenerate at infinity.

Next, let us show that K (f) = S(f) = AU%fA(Sinng NC?) ={ceC||c =1}
€

There is only one strictly bad face A of supp(f), and the restriction to this face is

fa = z1(|22]* + z123). By the definition of mixed singularity, Sing fx is the set

{(21, z) € C? | |22|2 + 22125 = 0, 21Zy + 42225 = Nz %3, where \ € 511} )

Therefore Sing fa N C*? = {(21,22) €C?|z = 2%, 21+ Az; =0, where ) € 511}
In consequence, we have fa(Sing fa NC*?) = {ce C||c|=1}.

In the following, we will show 0 ¢ K, (f). By absurd, let us assume that 0 € K (f).
Using Curve selection lemma and KOS-regularity, suppose that there exist analytic
curves z1(t) and zo(t) defined on a small enough interval |0, e[ such that:

lim (|24 () + [z (1)[*) 2 = 00 (4.6.10)
lim 24 () (1 + 120 (1)]> + 21(£) 23 (1)) = 0 (4.6.11)
lim (|z1.(6)] + |22 (D)) (1 + |22(0)* + 221(1)25()) = 0 (4.6.12)

If z1(t) = 0 or z5(t) = 0, then from (4.6.12) we have 111%(|zl(t)\2 + 2]}z = 0,
—

which contradicts (4.6.10). Hence, we suppose that z;(t) = a1t*+h.o.t. and z(t) =

bit? + h.o.t. where a;b; # 0 and min(a, 3) < 0. We obtain:
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(1). f a < 0 or B <0, then we have 2 (t)(1 + |z(t)]> 4+ 21(t)24(t)) — oo, which
gives a contradiction with (4.6.11).

(2). If « < 0and B > 0, then by (4.6.11), we have a = 2a + 43 and a; + a?b} = 0.
It follows from (4.6.12) that 1 + 2a;b} = 0. On the other hand, there is no
solution of the equations a; + afb} = 1+ 2a,b] = 0.

(3). If @« > 0 and 8 < 0, then by (4.6.11), we have 428 > 0. When av+25 = 0, it
follows from (4.6.11) and (4.6.12) that a (|b]* 4+ a1b?) = 0 and |b;|* 4 2a,b% = 0.
This gives by = 0, which contradicts our assumption. When a+25 > 0, we have
2 < a+4p and therefore Ilfilrol (J21()] + |22(0) ) (1 =+ |22(8) | 4 221 (1) 22 (1)) — o0,

_)
contrary to (4.6.12).

With the above method, we have actually proved Ko(f) C {c€C||c|=1}. It
remains to show the inverse inclusion. Choosing ¢ € S 1, we set two analytic paths,
21(t) and 25(t) such that 21 (t) = a;t* + 3 +h.o.t and 2(t) = byt ' + 1t + 3+ h.o.t,
where a2b! = —c, bje; = —1 and 2a;b? +b; = 0. From this, we conclude ¢ € K., (f)
and therefore Ko(f) = S(f) ={ceC||c|=1}.

Finally, let us show B(f) = K (f). By Theorem 4.5.2, for any ¢ € C with [|¢|| > 1,
the fiber f~!(c) ~ g7 !(c) ~ \{Sl where g(21, z2) = 21(1+ 2123), here the equivalence

14 2

~" means homotopic equivalence. There is another straight way to see f~!(c) ~
XSl. The equation z (1 + |z|° + z24) = ¢ has the solutions {(c,0)} and

—(L+ [2af?) £ 4L+ 2al?)? 4 dezd

4
22,

—(14[z2*)+1/ (1+]22]%)2 +4c24

1
2z5

21 =

. Since

where (¢, 0) is in the closure of the set z; =

(1t Ot |l ez %
T 225 -

(L [zaf) + /(1 + [z2l?)2 + dezd

when 2z, — 0, we have z; — ¢. Now, we proceed to discuss the topological properties

of the fibers.

(1). If || > 1, then (1 + |22/*)? + 4cz4 = 0 has four distinct solutions. The two

solution sets are glued at these points, which is homotopic to XS L

(2). If |¢| < §, then (1+ |25]%)? + 4¢z% = 0 has no solutions. The two solution sets
are disjoint, which is homeomorphic to C LI C*. In particular, for ¢ = 0, we

have f~1(0) = {z; =0} U {zl = —12‘#}

2
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Hence for every c € S 1, there exist no neighborhoodss of ¢ such that the restriction of

f is alocally trivial fibration and, in consequence, B(f) = ={ceC]|l]=1}.

REMARK 4.6.8 In general, by applying the above method to the family of mixed
polynomials fi(z1, 20) = 21 (1 + t|2|* + z122) for t € [~1,1], we have the following
observations:

(a) 1f t = 0, then B(fo) = S(fo) = {0} and fo(Sing fo) = 0.
(b) 160 < ¢ <1, then B(f) = S(fy) = {x € C| |\ = } and fi(Sing f)) = 0.

(¢) If =1 < t < 0, then f,(Singfy) = {0}, S(f:) {AGC| M| = tz} and
B(f:) = fi(Sing f;) U S(f2).

Given t € [~1,0[ and every ¢ # 0, the solutions of f,"!(c) are (c,0) and:

—(1+t|z) j:\/1+t\z2|) —1—4022

223

— (14t /(T ]2 2 +dezd

1
225

21 =

. Since

where (¢, 0) is in the closure of the set z; =

—(L+ tzl?) (Lt o+ desd 2
Zl = 1 =
22,

(1+t \zg|2) + \/(1 +t \z2|2)2 + 4czs

, when zo — 0, we have z; — c.

_ 2 2\2 4
Let us denote the graph of 2z = (Wttlzo )ty (=) dezy (resp.

225

U (Htw i +4CZ2) by C (resp. C3). We see that C; ~ C and Oy ~ C*.
Next, we Wlll2 describe the topological properties of the graph.

L If |e] > %, then from (1 + t]2]*)2 + 4z = 0, we have |z|* = - ‘1| - and
-
therefore 25 = —ﬁ. This gives four distinct solutions of this equation.
C C|—

Thus the two graphs C; and C are glued at these points, which is homotopic
to XS L

1
2¢/Jel—t
4 |c] 4 |l

1|C|_t. Therefore z; = Ty T2 = W e This gives

eight solutions of the discriminant. Consequently, the two graphs C; and Cy
are glued at these points, which is homotopic to \8/5 L

IL If [e| < &, then from (1 +1¢|2|*)% + 4cz4 = 0, we have either |2|* = or

| 22|
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Combining with the above arguments, for every ¢ € S,2, we conclude that there is no
4
neighborhood D of ¢ such that f; is a fibration over D. This shows S,z C B(f;). On
4

the other hand, with the similar analysis as that of f(zy, z5) = 21 (14 |22*+2123), we
2

get S(fy) = {)\ eC||A = tz} Consequently, we have B(f;) = f,(Sing f;) US(f:).
Now we deduce that for a family of strongly non-degenerate mixed polynomial with
the same Newton boundary at infinity, dim B(f), dim f(Sing f) and dim S(f) could

be non-constant.
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CHAPTER 5

Milnor fibration % at infinity

Contents
5.1 Introduction . ... ... ... ... ... 0o 57
5.2 Approximation of atypical values of |_ff\ ............ 59
5.3 Fibration at infinity . .. ... ... ... ... 0L, 64

5.1 Introduction

The aim of this chapter is to investigate some classes of mixed polynomials which
have the Milnor fibration ﬁ at infinity. We first review some of the standard facts on
holomorphic polynomials. In general, for a holomorphic polynomial f, the Milnor
fibration |—;§‘ at infinity does not always exist. If f is a convenient polynomials with
non degenerate Newton principal part at infinity, then by using Milnor’s proof in

the local case [Mil68], one can prove that there exists a Milnor fibration at infinity

ot
S

in a sufficiently large sphere, which is equivalent to the Milnor fibration f :
f7YSYH — S for r sufficiently large. In [NZ92], the authors considered a spe-
cial class of holomorphic polynomials called “semitame”:

:Sp\ f7H(0) — S*

Definition 5.1.1 Let f : C* — C be a holomorphic polynomial, we say f is
semitame if the set of asymptotic p-non regular values S(f) C {0}

They proved that:

Theorem 5.1.2 [NZ92, Theorem 6] If f : C* — C is a semitame polynomial, then
3Ry > 0 for R > Ry sufficiently large, the map:

LS\ 0 = 8

/]

s a locally trivial fibration which does not depend on the choice of R. It is called
Milnor fibration at infinity.
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Even if the above fibration could be not equivalent to the usual one f : f~!(S!) — S!
for r sufficiently large (see for instance Example 3.1.1), one still have:

Theorem 5.1.3 [NZ92, Theorem 11] Let f be a semitame polynomial. For a small
disk Dy centered at 0 € C, the restriction map

I :Sp\ fY(Ds) — S!

|/
where R sufficiently large with respect to 0 is a locally trivial fibration which is
equivalent to the Milnor fibration f: f~1(S}) — S} for r sufficiently large.

For mixed polynomials, one can also ask under which condition does the Milnor
fibration ﬁ at infinity exist? At least, the example 5.3.3 shows that the condi-
tion S(f) C {0} is not sufficient to insure the existence of the Milnor fibration
I—}I‘ at infinity. Therefore we get another approach of this question by using non-
degeneracy condition at infinity. Consider a mixed polynomial f : C" — C. We

first define the p-regularity for |—}£‘ Then we prove an analogue of Theorem 4.1.3,
which gives an approximation of asymptotic p-non-regular values of I—}I‘ Inspired

by Oka’s construction in the local case, we prove that:

Theorem 5.1.4 If f is a Newton strongly non-degenerate mized polynomial, then
399 > 0 and Ry > 0 sufficient large such that for any § > 0y and R > Ry

sy pi(py) — st

|/

15 a locally trivial fibration for R > Ry and is equivalent to the global fibration
fie f7H(S5) = S

Note that in this theorem the strong non-degeneracy can not be replaced to non-
degeneracy. (See Remark 5.3.4)

Combining with the approximation established for the atypical values of |—;§‘, we get
the following global version of Oka’s Theorem 2.3.4:

Corollary 5.1.5 If f is a Newton strongly non-degenerate convenient mixed poly-
nomial, then there exists Ry > 0 sufficient large such that for all R > Ry the Milnor
fibration at infinity

S

m:S}Z{L‘l\K—>Sl

exists and is equivalent to the global fibration
fi: f71(S5) = S5

where 0 > 0 is sufficient large.

© 2012 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Ying Chen, Lille 1, 2012

5.2. Approximation of atypical values of % 59

It is worth pointing out that the advantage of using strong non-degeneracy lies
in the fact that f(Singf) and S(f) are bounded. Hence it is possible to consider
some more general classes of mixed polynomials which have the Milnor fibrations

L at infinity, but we will not develop this point in this chapter.

|f]

The structure of the chapter is as follows. Section 2 is devoted to the study
of asymptotic p-non-regular values of ﬁ We first set up notation and terminology.
Then we proceed to the study of non-degeneracy condition at infinity. Finally
we derive an estimation of bifurcation locus B(y) for strongly non-degenerate
mixed polynomials. In Section 3, we will look more closely at the Milnor fibrations
|—fc‘ at infinity. We indicate an equivalence of the fibrations at infinity (Theorem
5.1.4) which is similar as that of [NZ92, Theorem 6]. As a consequence, we prove
Corollary 5.1.5 which extends the result of holomorphic case to mixed case. At the
end of this chapter, we give two examples with computations on the critical values

and asymptotic p-non-regular values.

5.2 Approximation of atypical values of ﬁ

For a mixed polynomial f : C* — C, we denote by ¢ the function ﬁ C"\V(f) —

St where V(f) = f71(0). To simplify notation, we continue to write dyp and de
specifically for the partial derivatives of the variables z and z.

Lemma 5.2.1 Forz € C"\ V(f), the fibre o~ (¢(z,%)) does not intersect trans-
versely the sphere S ' at z € C, if and only if there exists X € R, such that

Il
Nz =ifdf(z,z) —ifdf(z2). (5.2.1)
In particular, Singp = {z € C"\ V(f) | fdf(z,Z) = fdf(z,Z)}.

Proof. Observe first ¢ = —Re(ilog f). By Lemma 3.2.1, the non-transversality

of the fiber ¢~ '(¢(z,%)) and the sphere Sﬁ:n_l implies:

vz = pdp(z,Z) + fdo(z,Z), (5.2.2)
for some v € R and i € R*. By definition of d¢ and dyp, we have:

dip(z,Z) = —dRe(ilog f) = idf(Ej)

df(z,z)
o

dp(z,z) = —dRe(ilogf) = —i
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Multipling the two sides of (5.2.2) by | f|?, we conclude (5.2.1), where A = m 1> € R.
In particular, taking A = 0 in (5.2.1), we obtain Sing. O

Combining with the above lemma, we are led to define p-regularity for .

Definition 5.2.2 We call p-non-reqular locus of ¢ the semi-algebraic set:
M(p) ={z e C"\V(f) |3 €R, suchthat \z = ifdf(z,Z) —ifdf(z,2Z)}.

and we call asymptotic p-non-regular values of ﬁ the set:

S(p) ={c € S"A{zi}ren C M(p), lim |z = coand lim (2, Z;) = c}

The above definition enables us to obtain the following structure result of S(¢p).

Lemma 5.2.3 S(¢) is semi-algebraic and M (@) C M(f)\V(f).

Proof. The inclusion of M(p) C M(f)\ V(f) follows from the definitions 3.2.3
and 5.2.2. Since M (y) is a semi-algebraic set, we now proceed analogously to the
proof of Proposition 3.2.6 and we see that S(p) is semi-algebraic. U

Our next proposition shows that under some homogeneous condition, Singy could
be equal to M ().

Proposition 5.2.4 If f is a mixed radial weighted homogeneous polynomial and
not constant, then Singy = Sing f \ V(f) = M(p).

Proof. Let us denote the radial weights of f by ¢1,-- -, ¢, and the radial degree
of f by m,, where q1,---,q, € Z and m, # 0. By definition, we have Singp C
Sing f \ V(f) and Singey C M(p). To prove the equality, let a € Singf and
f(a,a) # 0. Therefore I\ € S! such that for 1 < i < n:

af 3}
8;: (a,a) = )\a;:(a, a). (5.2.3)

Since f is radial weighted homogeneous, by Euler’s lemma, we have:
; Qiaia—i(a, a) + Zzl Qiaia—é:(a, a) =m,f(a,a). (5.2.4)

Let A=3%"", qiai%(a, a)and B=)"", qﬁi%(a, a). Multiplying (5.2.3) by ¢;a;,
we obtain:

A=)\B (5.2.5)
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which implies AA = BB since A € S*. From (5.2.4), (5.2.5) and f(a,a) # 0, we
therefore get AB # 0. Consequently,

flaja) A+B BA+BB BA+ AA

faa) A+B BA<B) BA<D (5.2.6)

which proves that a € Singy from 5.2.3. Thus, we have Singy = Sing f \ V(f).
Using Euler vector field as in the proof of [ACT12, Proposition 3.1], we have M () C
Sing f \ V(f). This finishes the proof. O

For simplicity of notation, we write @ = | | for the restriction of L, where A is
A

[Tik
a face of supp(f).

Theorem 5.2.5 If f is Newton strongly non-degenerate at infinity for any face of
supp(f), then M(p) is bounded and S(p) = 0.

Proof.  Assume that M(y) is not bounded, then by Lemma 3.2.5, there exists
z(t) of M(p) a real analytic path defined on a small enough interval |0, e[ such that

lim [|z(?)]| =

Since z(t) C M(yp), there exists a real analytic curve \(¢), such that for ¢ € ]0,¢[
we have:

Mt)z(t) = if df(z(1),2(t) — if df (z(t), Z(1)). (5.2.7)
Suppose here A(t) £ 0 and let T = {i | 2;(t) £ 0}. Then I # () since E%Hz(t)ﬂ =0
Assuming that I = {1,...,m}, we write the expansions of f(z(t),z(t)), z(t) and
A(t) explicitly as follows:

zi(t) = a;t?" + h.o.t., where a; #0,p; € Z, 1 < i < m. (5.2.8)
bt’ + h.o.t., whereb € C*, 6 # 0, if lim f(z(t),z(t)) = 0 or co.
f(a(t),2(t)) = Y
c+ bt’ + h.o.t. wherec,b € C*, 0 #0, if ltin%f(z(t)j(t)) =c.
—
(5.2.9)
A(t) = Aot” + h.o.t., where \g € R*, v € Z, A(t) € R. (5.2.10)
Set a = (a,...,ap) € C*', P = (p1,...,pm) € R™ and consider the linear function

lp = Zzlpixl deﬁned on supp(f1). Let A be the maximal face of supp(fT) where
lp takes its minimal value, say this value is dp. We have:

f(z(t),Z(t)) = fi(a,a)t™ + h.o.t. (5.2.11)

Let us discuss the following two cases:
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(I). If lir% f(z(t),z(t)) = 0 or oo, we get dp < §. Since llr%Hz(t)H = 00, this
— —
implies p := mi}l{pj} < 0. Now using (5.2.8)-(5.2.11) in (5.2.7), we get:
je

.Eafi - -bﬁ o Ao, ifdp —pi+0=pi+7. -
i azi(a,a)—z 2, (a,a) = (5.2.12)
0, ifdp —pi +0 < pi +7.

Let J ={j|dp —pj+0=p;+~}. We suppose J # () which gives J = {j | p; =

p= 1I<r11<n {p;} < 0}. Consider the derivative of f(z(t),z(t)) with respect to t. On

one hand, we have:

df(z(t), z(1))

= b5t°~! + h.o.t. 2.1
% bot°"" + h.o.t (5.2.13)
On the other hand, we have:
df( z i azz L0 om
2.14
Z 0z; 8,22 815) (5 )

i=1

- [(PaTZ(@.@) + (Pa. 7)) ! + o

where Pa = (p1ay, ..., pmay). From (5.2.12), we obtain:

Re <Pa, ibdfL (a,7) — ibdfL(a @ > 3 dopllasl|? # 0. (5.2.15)
1€eJ

If dp < 9, then comparing the orders of the expansions (5.2.13) and (5.2.14)
with respect to ¢, we have <Pa, ﬁ(a, §)> + <P§, dfi(a, §)> =0 and f.(a,a) = 0.
Multiplying (5.2.14) by ib and comparing the real parts of the equality, we obtain
a contradiction with (5.2.15).

If dp = 0, then by (5.2.13), we have Re <Pa,il_)afi(a,5) —ibﬁ(a,ﬁ» =
Re(i|b]* §) = 0, which contradicts (5.2.15). It follows that J = (. Hence a € C*/
is a singularity of fA and f1(a,a) = b. By Remark 4.2.6, this is contrary to the
strong non-degeneracy of fI.

(IT). If Pn% f(z(t),z(t)) = c € C*, comparing the orders of the expansions (5.2.10)

ﬁ

and (5.2.12) with respect to t, we have dp < 6. Now using (5.2.9)-(5.2.12) in (5.2.8),
we get:

Ao, ifdp —p; = pi +7-
(a,a) = (5.2.16)
0, ifdp —p; <pi+7-

_OfA afk

ic o7, (a,a) —ic 2,
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Let J = {j|dp —pj =p; +7}. We suppose J # () which implies J = {j | p; =

p= 1I<r11<n {p;} < 0}. We derive f(z(t),z(t)) with respect to t. On one hand, we get
<j<

(5.2.13). On the other hand, we have (5.2.14). From (5.2.16), we obtain:

Re <Pa, izdf! (a,a) — icdfL(a,a > 3" Aopllasl? # 0. (5.2.17)

e

Since dp < §, comparing the orders of the expansions (5.2.13) and (5.2.14), we have
<Pa, dfi(a, 5)> + <P5, dfi(a, 5)> = 0. Multiplying (5.2.14) by i¢ and comparing
the real parts, we obtain a contradiction with (5.2.17). It follows that J = (). Hence

a € C* is a singularity of f1 and f4(a,a) = 0. By Remark 4.2.6 this is contrary
to the non-degeneracy of f7.

In general, if we do not assume the strong non-degeneracy of f and let
A =(a,1,1,...,1) with the i* coordinate z; = 1 for i ¢ I, then we have the
following conclusion:
(a). if dp <, then A is a singularity of V(fa).
(b). if dp = 0, then A € Singyp = Sing fo \ V(fa) by Proposition 5.2.4.
When A(t) = 0, by comparing the orders with respect to ¢ in (5.2.7), we have:
_o¢fl ofL
D72 (a,3) — ibPe (a,8) = 0, if lim f (2(t),Z(t)) = Oor oc. -
. - 5.2.18
ort L o ) ) e
ity (a,a) —icy>(a,a) =0, 1f%1£>r01f(z(t),z(t)) =ceC~

It follows that a € C*! is a singularity of f1. By Remark 4.2.6 this is contrary to
the non-degeneracy of f7.
Hence M(y) is bounded and S(¢) = 0. O

We now proceed to formulate the analogue of Theorem 4.1.3. Recall the notation
G the union of strictly bad faces of supp(f).

Theorem 5.2.6 Let f: C" — C be a mized polynomial. Suppose that f is Newton
strongly non-degenerate polynomial which depends effectively on all the variables.

Let f(0) =0 and 0 ¢ S(f). Then:

S(e) C | ealSingpaf)C™).

AeBB

Proof. = We use the same notations as in the proof of Theorem 5.2.5. For any
¢ € S(p), by Lemma 3.2.5, there exists z(t) of M(p) a real analytic path defined
on a small enough interval 0, e[ such that

lim||z(t)|| = oo, and limp(z(t),Zz(t)) = co
t—0 t—0
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where either f(z(t),Zz(t)) = bt’+h.o.t.and dp < § < 0,¢p = %, or f(z(t),z(t)) = c+
bt’ +h.o.t. and dp < 0,c € C*, ¢y = - Consider A(t) # 0, if orde(f(z(t),Z(t))) < 0,
we are in case (I) as in the proof of Theorem 5.2.5, then we get that a € C* is a
singularity of f1. If ordi(f(z(t),z(t))) = 0, we are in case (II) as in the proof of
Theorem 5.2.5, then a € C* is a singularity of f1.

Set A = (a,1,1,...,1) with the i"* coordinate z; = 1 for i ¢ I. By recalling
the definition of Newton boundary at infinity for mixed polynomial, we have the
following two cases:

(I). If dp < 0, then, by Lemma 4.2.5, we conclude that A is a face of T (f7).
On the other hand since a is a singularity of f1, by Remark 4.2.6 this contradicts
the Newton strong non degeneracy of fI.

(IT). If dp = § = 0, then, from Lemma 4.2.5, it follows that either A is a
face of T (f!) or A satisfies condition (ii) of Definition 4.2.3. Assume first A is a
face of I'H(f1), then we get the same contradiction as that in (I). Thus A verifies
condition (ii) of Definition 4.2.3. We proceed to show that A is strictly bad face of
supp(f). Let us denote by d the minimal value of the restriction of Ip to supp(f).
Since supp(f!) = supp(f) "R, we have d < dp = 0. Let H be the hyperplane
of the equation > 7", pix; +¢> 7, . 2 = 0, where ¢ > —d + 1 > 0. Hence for
any X = (x1,...,x,) € supp(f) \ supp(f?), the value of Y- pix; +q> 7 . o is
positive. We therefore get A = supp(f!) N H = supp(f) N H. On the other hand,
note that py =p = 1I<r%i<nm{pi} < 0 and ¢ > 0. If A does not satisfy condition (i)(a)

of Definition 4.2.3, then we have m = n and p; <0 forall 1l <i<mn. It follows
that f can not depend on z; otherwise dp will be negative. This contradicts the
effectiveness of f. Hence we conclude that A is a strictly bad face of supp(f). Since
dp = 0, we obtain ¢ = fL(a,a) = fa(A, A) #0. By A € Singp, and Proposition
5.2.4, we get ¢y € pa(Singpa).

When A(t) = 0, it follows that a € C* is a singularity of f4 from (5.2.18). In
the same manner as above reasoning, we get the desired conclusion. U

REMARK 5.2.7 In particular, if a mixed polynomial f is Newton strongly non-
degenerate at infinity and convenient, then by Corollary 4.4.3, we have S(f) = 0.
Combining this conclusion with the above theorem, we get S(p) = @) since B = ().

5.3 Fibration at infinity

Recall that for a strongly non-degenerate polynomial f, we have the monodromy
fibration:

fi:£7(S5) = S5
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over some circle S} of radius § which is sufficiently large. We define two vectors on

C"\V(f):

v1(z,z) = dlog f(z,2) + dlog f(z,2)
v2(2,2) = i(dlog f(z,z) —dlog f(z,%)).

which have the following geometrical meanings: v;(z,z) is the normal vector of
log|f| and v9(z,Z) is the normal vector of —ilog ﬁ In order to prove the main
theorem, we shall first prove the following proposition.

Proposition 5.3.1 Under the same assumption as in Theorem 5.1.4, there exists
9y > 0 sufficient large, such that for any z of {z € C" | |f(z,z)| > &2} the there
vectors

Z, U1<Z7Z)7 U2<Z72>

are either linearly independent over R or they are linearly dependent over R with
the following relation

z = av(2z,z) + bvy(z,7)
where a > 0.

Proof. Since f is strongly non-degenerate at infinity, by Theorem 4.1.3, f(Sing f)U
S(f)is bounded. Let us suppose that f(Sing f)US(f) C Ds,. For |f(z,2)| sufficient
large we shall prove either z,v(z,%),v2(z,%) are linearly independent over R or
z = avy(2z,Z) + buy(z,2z) where ab # 0. Assume that z and vy(z,Z) are linearly
dependent over R. By Lemma 3.2.5, there exist two analytic paths z(t) C C" and
A(t) C R defined on a small enough interval ]0, [ such that

lin [[2(1)]| = oo, lim f(z(), 7(1)) = oo, (5.3.1)
i(dlog f — dlog f)(2(t), Z(t)) = Mt)z(t). (5.3.2)

By Lemma 5.2.3, we have z(t) C M(f). Thus 2ltiI% f(z(t),z(t)) = oo contradicts our
—

condition f(Singf)U S(f) C Ds,. For |f(z,z)| sufficiently large, we have actually
proved that z and vy(z, Z) are linearly independent over R. Since dlog f +dlog f =

#( fdf + fdf), a slightly change in the proof of the above linearly independence

shows that for |f(z,z)| sufficient large, z and v,(z,2) are also linearly independent
over R. If v1(z,Z), v2(z,Z) are linearly dependent over R, we have z € Sing f\ V (f).
Hence f(z(t),Zz(t)) C f(Singf). This contradicts the boundness of f(Singf). It
follows that v1(z,%),ve(z,%) are linearly independent over R for |f(z,2)| sufficient
large. We are reduce to proving the proposition for ¢ > 0. In the remainder of the
proof, we assume a < 0. By Lemma 3.2.5, there exist the analytic curves z(t) € C",
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a(t) < 0 and b(t) € R defined on a small enough interval ]0, [ such that
i [2(0) | = oo, lim (2(t),3(t)) = oc. (5.3
z(t) = a(t)vi(z,z)(t) + b(t)ve(z,Z) (). (5.3.4)

Let I = {i | z(t) # 0}. Without loss of generality we can assume [ = {1,...,m},
then we have:

zi(t) = a;t?" + h.o.t., where a; #0,p; € Z, i € 1.
f(z(t),z(t)) = bt? + h.o.t., whereb € C*, g € Z, ¢ <0

a(t) = A\t™ + h.o.t., where \g € R, vy € Z

b(t) = Bot™ + h.o.t., where 5y € R, vy € Z

where |Ao| +|5o| # 0. If Ay € R*, then, by our assumption a(t) < 0, we have Ay < 0.
To shorten notation, we write a = (ay,...,a,) € C, P = (p1,...,pn) € R™
and consider the linear function lp = > ", p;z; defined on supp(f!). Let A be the
mazximal face of supp(f!) where [p takes its minimal value, say this value is dp. We

have dp < ordy(f(z(t),z(t)) = g < 0. By the above expansions, we get from (5.3.4):

afk . orh ., _ afk . ofk, _ ,
Do 7 (_a, a) n 7 (a, a)) Bl 7 (_a, a) B 7= (&, a)) _ ) ifdp —p; —q+vo = pi.
b b b b 0, ifdp —p; —q+ vy < pi.
(5.3.5)

Let J ={jel|dp—pj—q+vo=pj}. Weobserve J = {j € [ |p; =p =
miP{pj} < 0}. If J = 0, then from (5.3.5), we have a € Sing f4. Since dp < 0, by
G

Lemma 4.2.5, we conclude that A is a face of I'"(f7). This contradicts the Newton

strongly non degeneracy of f!. Hence J # (). To deduce the contradiction, consider
the following expansion:

Ao+ ifo df (z(t),%(t)) n Ao — 8o df(z(t),Z(t))
b dt b dt
= 2qt"  +hoot.

We also have:
df(z(t),z(t))
dt
By (5.3.5), we obtain:

Ao +ify df (z(1), 7(t)) n Ao — 150 df (z(t), Z(¢))
b dt b dt

= (2> pllagl*)™* " + hot.

jeT

- [(PaT @@ + (Pa. 7| ! + o
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Since dp < ¢, comparing the two expansions of 2ot d?(z(z’i(t)) + )‘O_bw o df (Z(Qf’i(t))

It follows that dp = g and )y = Zyesloyl” > (0 from p < 0 and ¢ < 0. This
contradicts \g < 0. O

)

REMARK 5.3.2 In the holomorphic setting, the parallel results of this proposition
are [Mil68, Lemma 4.4] and [NZ90, Lemma 4 and Lemma 5.

Proof of Theorem 5.1.4 The proof is done as in the case of a holomorphic
polynomial. The strong non-degeneracy of f yields a global fibration:

A CHE:

where § > 0 is sufficiently large. Since Si is compact and f(Singf) U S(f) is
bounded, there exists Ry > 0 sufficiently large such that all the fibers intersect Sg
transversely for any R > Ry. We therefore get the restriction

fio f7Y(S;)N B — S

which is equivalent to the global fibration. By Proposition 5.3.1, there exists a
non-zero vector field w on N ={z € Br | |f(z,z)| > 0} such that

Along the integral curve 7(t,zg) of w with v(0,z9) = zo € N, the argument of

f(y(t,zo),v(t,20)) is constant and ’f(v(t,zo),v(t,zo))’, |7(t,20)|| are monotone
increasing. Thus for every zg € N, there exists a unique h(zy) € S5~ '\ f~1(Ds)
and to € R such that [|v(to, h(zo))|| = R. Consequently, there is an isomorphism
¢: fHSHNBr — S21\ f71(Ds). We therefore get |—fc‘ D SEIN fTY(Ds) — Sta
locally trivial fibration which is equivalent to the fibration f, : f~1(S5) N Br — S;.
So I—}I‘  SEE\ f7H(Ds) — S' s also equivalent to the global one. This completes

our proof. O
We next turn to prove the analogue of Oka’s Theorem 2.3.4 in the global setting

Proof of Corollary 5.1.5 From Remark 5.2.7, it follows that S(¢) = 0 and
M () is bounded. Thus we have I—}I‘ : SFI\ K — St is a locally trivial fibration.
Note that the proof of Theorem 5.1.4 yields that this fibration is equivalent to the
global fibration:

fi:£7HS5) = S5
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where 0 > 0 is sufficient large. O

We now proceed to show some examples to illustrate our theorem.

EXAMPLE 5.3.3 [OkalOa, Example 5 IV] Consider a mixed polynomial

_ 1 1_ _ ) _ _
f(z,z) = sz — Zz% + 2121 — (L +19) (21 + 22)(Z1 + Z2).

Then we have:

(a) f is not Newton strongly non-degenerate at infinity and S(f) = 0.

(b) Singf={z€C? |21 =0,20€C}U{z € C?| 21 +20=0,2,—iz; =0} U{z €
CQ ‘ 21+ 22 :O,z1+i§1 :0}
(¢) M(yp) is not bounded and S(¢) = —%, 2—\75’}
To see that f is not Newton strongly non-degenerate at infinity, it is sufficient to
observe that the restriction fo = —(1 + 7)22Z2 does not satisfy the strong non-
degeneracy. Since in this example, the faces of the Newton boundary at infinity
are the same as the compact faces of the Newton boundary at the origin, by Oka’s
argument, we conclude that f is Newton non-degenerate at infinity.
For any real analytic path z(¢) defined on a small enough interval |0,e[ such
that:
limlz(0)]| = oc.
Our next claim is that lilréf(z(t),i(t)) = oo, which implies S(f) = 0.
—
Let z;(t) = a;t? + h.o.t., where a; € C*, p; € Z for i = 1,2 and min{p;, p2} < 0.

We divide the question into three cases:
(I). If po < p1, then by the expansion of z;(t), we get:

f(z(t),Z(t)) = —(1 +14) |as|* t*** + h.o.t.

where py < 0 and —(1+1) |as|* # 0. When ¢t — 0, it follows that f(z(t),Z(t)) —
00.
(IT). If po = p1, then by the expansion of z;(t), we get:

1 1
F(a().7(t)) = (703 — 78 +|ar* = (1 + ) a1 + @) +hot.

where p; < 0 and 1af — fai + lay|” — (1 +4) |ay + as|* # 0. When ¢ — 0, it

follows that f(z(t),z(t)) — oc.
(III). If p; < po, then by the expansion of z;(t), we get:

1 1
f(@(t).2(0) = (30 = 33 + i) +how.
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where p; < 0 and ta? — ia? + ila1|> # 0. When ¢t — 0, it follows that
F(2(0), (1)) = oc.
On account of the above discussion, our claim is proved. The task is now to show
the observations (b) and (c¢). By Proposition 2.2.2, the singular locus of f is the
solutions of the following system:

1 1
521 + 21 — (1 — i)(Zl —+ 22) = )\(—521 + z1 — (1 -+ i)(zl -+ Zg)

(i = 1)(21 + 22) = =A(1 +4) (21 + 22)

where A € S1. By an easy computation, we conclude the singular locus of f is:

{zeC¥|2,=0,2%€C}, {ze€C?|2+2 =02 —iz =0} and {z € C? |
21+ 22 = 0,21 + 427 = 0}. Since f is radial weighted homogeneous, by Proposition
5.2.4 we have Singp = Sing f \ V(f) = M(p). It is easily seen that Sing f \ V(f)
is not bounded. Choosing a real analytic path z(t) C Singe defined on a small

enough interval |0, [, we have S(p) = {—%, 2—\}—%@} This finishes the proof.

REMARK 5.3.4 The above example is due to Oka. In the holomorphic case, Néme-
thi and Zaharia proved the existence of the Milnor fibration at infinity for semitame
polynomials in [NZ90]. The definition of semitame is S(f) C {0}. But this example
shows that in the mixed case, the condition S(f) C {0} fails to insure the existence
of the Milnor fibration ﬁ at infinity. We also observe that the Newton strong non-
degeneracy condition at infinity of Theorem 5.1.4 can not be replaced by Newton
non-degeneracy condition at infinity:.

EXAMPLE 5.3.5 consider the following mixed Brieskorn polynomial:
flz.2) =) 2z,
i=1

where a; and b; are positive integers for any i. We have:

(a) If b; = a; for every i, then f is not strongly non-degenerate at infinity. Sing f =
C", f(Sing f) = RTU{0}, S(f) = 0, Singp = M(p) = C"\ 0 and S(p) = {1}.

(b) If b; # a; for every i, then f is strongly non-degenerate at infinity and con-
venient. Sing f = {0}, f(Singf) = {0}, S(f) = 0, Singy = M(p) = 0 and
S(p) =10.

(c) If there exists some i such that a; = b;, then f is not strongly non-degenerate

at infinity. We denote I = {i | ¢; = b;}. Then Sing f = C’ x {0}, f(Sing f) =
R* U {0}, S(f) =0, Singp = M(¢) =C! x {0} \ 0 and S(p) = {1}.
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For the first case, f(z,Z) = [1]|*™ + -+ + [[2.]*™. Consider the restrictions of
f to the faces which represent the monomial. We check at once the strong non-
degeneracy fails for these faces while f is non-degenerate at infinity. Since df = df
for any z € C", by Proposition 2.2.2, we conclude that Sing f = C™ and f(Sing f) =
RTU{0}. If ||z|| = oo, then by Cauchy inequality, it is easily seen that f(z,z) — co.
Thus S(f) = 0. Since f = ||f|| which is radial weighted homogeneous and df = d f
for any z € C", by Definition of Singy and M (¢), we deduce M () = Singyp = C™\0
and therefore S(p) = {1}.

For the second case, on one hand since b; # a; for every ¢, for every monomial
z;”??i, the strong non-degeneracy is verified; on the other hand, every face of the
Newton boundary at infinity is a mixed join type polynomial consisted of these
monomials. We conclude that f(z,2) is strongly non degenerate. By Proposition
2.2.2, we have Sing f = {0} and f(Sing f) = {0}. According to Corollary 4.4.3 and
Remark 5.2.7, it follows that S(f) = 0 and S(¢) = (. In order to compute Singp
and M (¢), we first observe that in this case, f is radial weighted homogeneous and
the radial degree of f is not equal to zero. By Proposition 5.2.4, we therefore get
Singp = M(p) = Sing f\ V(f) = 0.

For the third case, since there exists some i such that a; = b;, the restriction
fa = ||z]|** does not verify the strong non-degeneracy condition at infinity, where
A is a face of ' (f). Therefore f is not strongly non-degenerate at infinity. Suppose
S(f) # 0. Let ¢ € S(f), by Curve Selection Lemma and the equality (3.3.3) in the
proof of Proposition 3.3.1, there exist two real analytic paths z(t) € M(f) and
u(t) € St defined on a small enough interval |0, €[, such that:

lim|[z(1)[| = oo, and lim f(z(?), z(t)) = ¢,

t—0

lim | z(t)[| | n(t)df (2(2), Z(t)) + () df (=(t). 2(t))[| = 0. (5.3.6)
We write explicitly the expansions:
2i(t) = ayt? + h.o.t., where a; #£0,p; € Z

w(t) = po + ho.t., where 1y €S'.

If ||2;(t)|| = oo for some j, then we have p; < 0. It follows from (5.3.6) that:
lim [ 2; (&)|] || (£)dF (2(1), Z(1)) + Ti(t)d S (2(t), Z(2)) || = 0.

By the expansions of z;(t) and pu(t), we get:

1 b] — aj_bjfl
o’ +mebja’a;

(moasay’™ )t%PithPi 4 hoo.t. — 0,
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where t — 0. Since (a; + b;)p; < 0, we have:

aj_bjfl
i A

—a;—1 b, _
poa;a;’ ot = —lghja
Taking the modules in the above equality, we get a; = b;. Let I = {i | a; = b;}.
On account of the above arguments, we see that if ||z;(¢)|| — oo, then j € I. We
write f(2,Z) = 3.4, PAar A |2;]|** and conclude that f(z(t),Z(t)) — oo since
I # . This is contrary to f(z(t),z(t)) — c¢. Thus S(f) = 0.
By Proposition 2.2.2, we get Sing f = C! x {0} and f(Sing f) = R* U {0}.
Since f is radial weighted homogeneous, using Proposition 5.2.4, we have
M(yp) = Singyp = Singf \ V(f) = C! x {0} \ 0. Therefore the restriction of f
to M(p) is ||f]]. Consequently, S(¢) = {1}.
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CHAPTER 6
Remarks on local fibration for non
1solated singular locus

Contents
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6.1 Introduction

In this chapter, we focus on the local fibration for mixed polynomials. In [HL73],
Hamm and Lé, by using the complex analytic Lojasiewicz inequality, showed the
existence of Thom stratification for holomorphic function germs. However, Lé no-
ticed that the analogous result for complete intersections with non isolated sin-
gularities could not hold. Consider the map germ F : (C30) — (C?0) with
F(x,y,2) = (y, 2> — xy?) which has the fiber over 0, a double line [, = {y = z = 0}.
For the pair (C* —I,,1,), Thom property fails at all points along I,. It turns out
that for a real map germ, one needs more hypothesis to guarantee the existence of
Thom property. In the following, we recall some definitions and results in [Mas10].

Let U denote an open set in R™ and p denote a point in U. For a real analytic
application f := (g,h) : U — R? Massey introduced the following Lojasiewicz
inequality:.

Definition 6.1.1 We say that f satisfies the strong L.ojasiewicz inequality at p or f

is L-analytic at p if there exists an open neighborhood U, of p in U, and 3C, 6, € R
with 0 < 0, < 1, for all z € U,, we have:

If(z) = F@)I" < ¢ min [laVg(z) + bVh(z)] (6.1.1)

|(a,b)|=1

where Vg(x) and Vh(zx) are the gradients of g and h.
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REMARK 6.1.2 Note that in the holomorphic case, the above inequality turns out
to be the classical Lojasiewicz inequality. More generally, if we consider this equality
in the mixed setting, by using equation 3.3.1, the rightside of the inequality 6.1.1
can be written in the form: i&fIHMH(z,Z) +1udf(z,Z)| -

“w

For L-analytic maps, Massey showed that:

Lemma 6.1.3 Suppose that f is L-analytic at 0 and f(0) = 0. Then there exists
an open neighborhood U C R™ of 0 and a Whitney stratification W of U NV (f)
such that, for all W, € W, the pair (U \ V(f), W,) satisfies Thom ag-property.

Let us recall here the definition of Thom as-property.

Definition 6.1.4 The pair (U \ V(f), W,) satisfies Thom ag-property, if we have
that for any sequence {p;} € U\ V(f) such that p; = p € W, and the sequence
of tangent spaces T, (f~'(f(p;)) N (U\V(f))) has a limit T, then T contains the
tangent space of W, at p.

As a consequence of the above lemma, one has:

Theorem 6.1.5 [Mas10, Main result| Suppose f(0) = 0 and [ is not locally con-
stant near the origin. If f is L-analytic at 0, then there exists ¢ > 0, for all
0 < <Ke<egg, we have:

f:f(Ss)NBE = S

is a proper, stratified submersion. So f : f~Y(Ss)NB™ — S5 and f : f~1(S5)NB"* —
Ss are locally trivial fibration. Moreover, the the topological isomorphism class does
not depend on the choice of € and § small enough.

In general, for a mixed polynomial germ f : (C",0) — (C,0) with isolated critical
value at the origin, we see from Example 6.3.6 that f does not have Thom property
at the origin. The main diffculty of investigating the existence of the Milnor-Lé
fibration inside an open ball, is that on one hand, the germ can have non-isolated
singularities; on the other hand, in a small enough neighborhood of 0, we don’t
know if the map is locally surjective. As we have seen the proposition 2.2.9 in the
Chapter 2, the local trivialization can be directly constructed from polar and radial
actions. Note that from Equation (2.2.2) of Chapter 2, by simply using the polar
action, there always exsits a local trivial fibration on the sphere for mixed polar

weighted homogencous polynomials (the fibration 4 : (S?"~'\ K.) — S}, where

K. is the link on the sphere with the radius e su%gciently small). One may ask
for a polar weighted homogeneous polynomial whether there exists the Milnor-Lé
fibration inside an open ball without assuming the radial homogeneity property.
Our Theorem 6.3.4 gives a positive answer to this question which is an extension

of Proposition 2.2.9 in the local case. It is also shown in the example 6.3.5 that
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the L-analyticity fails at 0, but our Theorem 6.3.4 provides the local fibrations.
It would be desirable to know in this case whether we have Thom property for
polar weighted homogeneous polynomial germ, but we have not been able to do this.

This chapter is organized as follows. In Section 2, we generalize a type of
Parusiriski’s inequality [Par99] which holds for all the mixed polynomials. In
Section 3, we will look more closely at polar weighted homogeneous polynomials
and give the proof of Theorem 6.3.4. Moreover, we consider two examples. One
is used to illustrate Theorem 6.3.4. The other shows that in the case of mixed
function germs with non-isolated singular locus, the Thom property does not hold
in general.

6.2 Lojasiewicz inequalities for mixed functions

Theorem 6.2.1 Let f : (C",0) — (C,0), g : (C",0) — (C,0) be two germs of
mized analytic functions. Then there exists a real constant M such that for p €
g 1(0), and sufficiently close to the origin,

£ ()l < Mpl inf (|udg + df] + ludg +df|) (6.2.1)

Proof. By absurd, we suppose that this is not the case. Then, by the curve
selection lemma, there exists real analytic curves z(t) and u(t) defined on a small
enough interval [0, e[, such that z(0) = 0, g(z(t),z(t)) = 0 and

ord, | f(z(1), 2(t))| < ord(|udg + df| + |pdg + df|)

where we consider the order of the expansions at ¢ = 0. Since z(0) = 0 and
f((z(0),z(0)) = 0, we have:

ord; |z(t)| = ordy dz(tt) ' +1
ord, f(z(t),z(t)) = ordtw + 1.

On the other hand,

df(=(t),2(t))

< = (df,dz) + (df,dz)

= (udg + df,dz) + (udg + df,dz) .
By the cauchy inequality, we get:

Af(at), 2(1)) _
dt -

dz(t)
dt

‘ (ludg + df| + |pdg +df|).
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Then from the above equalities of orders, it follows that:

ord, | f(z(t), Z(t))| = ord,(|udg + df| + |udg + df|).

This gives a contradiction O

REMARK 6.2.2 In particular, let ¢ = 0. From the above theorem 6.2.1, there exists
a constant 0 < 8 < 1 and a constant M > 0 such that:

1f1° < M(|df]+ [df]) (6.2.2)

which can be understood as a version of Lojasiewicz inequality for the mixed case.

6.3 Fibration for non-isolated singular germs
By Definition 3.2.3, we consider a submersion condition defined as follows.

Definition 6.3.1 Let f: (R",0) — (R?,0), n > p, be an analytic mapping germ.
We say that f satisfies condition (x) at 0, if and only if:

M(HANV) N V) = {0} (6.3.1)

REMARK 6.3.2 The important point to note here is that if a real analytic mapping
germ f satisfies Thom ay stratification for V(f), then f has the condition (x) (see
for instance |Lé77|, [Masl0, Theorem 5.7]). In [Masl0], Massey calls it “Milnor
condition (b)”.

To show our Theorem 6.3.4, we begin by proving the following proposition.

Proposition 6.3.3 If f : (C",0) — (C,0) is a mized polar weighted homogeneous
polynomial germ not locally constant and the polar degree is not equal to zero, then:

(a) f has isolated critical value 0.
(b) [ satisfies condition (x).

Proof. Throughout the proof, we use the notation as in Definition 2.2.5. Let us
first show conclusion (a) of the proposition. To obtain a contradiction, we suppose
that 0 is not an isolated critical value. Then there exists a curve f(t) C f(Singf)
such that f(0) = 0 and ¢ € [0,1]. Therefore the image |f(¢)| is an interval [a, b]
for t € [0,1], since f is not locally constant. Let ¢ € f(t) and f(zg,20) = ¢ for
zo € Sing f. Then we have:

g(z Z)— af
822‘ 0,20 _77821

(2o, Zo) (6.3.2)
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where n € S' and i = 1,2...,n. By assumption that the polar degree is not
zero, for any d with |d| = |c|, there is a A € S! such that d = \™c. We set

(W0, Wo) = (Aozg) = (A2, . APz AP Zy 0 APz, for w o= (wy, ..., w,).
Since f is polar weighted homogeneous, we get f(wg, Wo) = d and

of o Of

8ujji (Wo, Wo) = AP ai (2o, Zo) (6.3.3)

0 _ sty O _

8@2 (Wo,Wo) =\ PP aé: (Zo,Zo) (634)
fori=1,2...n. From (6.3.2), (6.3.3) and (6.3.4), we thus get:

of of

(Wo, Wo) = nA~2"mr (Wo, W)

which implies that wq € Sing f by Proposition 2.2.2. It follows that S C f(Sing f)
for every ¢ € [a,b]. We thus get a contradiction with Sard theorem.

To show that f satisfies condition (%), we shall first prove that the image of f
contains a small disk at 0 € C. Since f is not locally constant and f(0) = 0,
by the Curve selection lemma, the image contains a curve [ which intersects the
circles S, for any sufficiently small radius 7. Let a € [N S, and z € f~!(a). Since
f(Aoz) = A" f(z,z), we have \™rq is also contained in the image of f for any
A € S7. Therefore the image of f contains a small disk Dy for some small enough

§ > 0. Take now the restriction of f to some small enough sphere S"~'. Tts
image must contain a non-constant curve germ at 0. On one hand the polar action
preserves the sphere; on the other hand, taking z € {M(f) \ V(f)}NS?~!, we have:

af . _0
Vzi = ua—j(z,Z) +“a§-

where v € R and p € C. For any ¢ with |c| = |f(z,Z)|, let A € S! be the number

uniquely determined by the equality ¢ = N f(z, 7).

We set (W, W) = (Aoz) = (MNlz,...\Prz,, AP1Z, ..., A7PrZ,) and conclude that:
A O

i 7

(z,2) (6.3.5)

where g = A= . Therefore the fiber f~1(c) does not intersect transversally with
Sl Reciprocally, if « is a regular value of the restriction, then N« is also
regular, for any A\ € S;. by the same argument as in proof of conclusion (a), the
image of the restriction must contain a small disk Dg,. Since the regular values of
fign-1 are a dense semi-analytic set, we conclude that all the values of Ds, \ {0} are
regular. Hence f satisfies condition (x). O

Due to above proposition, we get the following fibration theorem without the as-
sumption of radial homogeneity.
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Theorem 6.3.4 [ACT12, Theorem 1.4 Let f : (C™,0) — (C,0) be a polar weighted
homogeneous mized polynomial germ not locally constant. Assume that the polar

degree is not equal to zero, then there exists g > 0, for all 0 < § < € < €¢, such
that:

f: f71(55) N B — Ss
s a locally trivial fibration which is equivalent to

bt
v

the fibration on the sphere.

(SN Keo) — 8y,

Proof. From the above proposition 6.3.3 and [Mas10, Theorem 4.4|, there exists
go >0, for all 0 < § < € < ¢¢, such that:

fof7(Ss)N B2 — S;

is a locally trivial fibration. On the other hand, recall Definition 5.2.2 for M(p). In
order to prove that M (p) ﬂngl = (), we apply to the mapping ¢ the same reasoning
used in the proof of condition (x) for Proposition 6.3.3, since the polar action yields
w(Aoz) = N"¢(z,z) and preserves the spheres centred at the origin. Now, by
[ACT12, Theorem 1.3], we conclude that the fibration

f n—
po=m i (SPTI\KL) = Sy
|/
is equivalent to the previous Milnor-Lé fibration inside the open ball. 0

Next, we consider an example which is not F-analytic at the origin, but satisfies
our theorem 6.3.4.

EXAMPLE 6.3.5 Let f : C* — C, f = Ty? + 2z* which is a radial homogeneous
and polar weighted homogeneous mixed polynomial. We first claim that f is not
F-analytic at zero. We set u = 1 and the curve (x(t), y(t), z(t)) = (it®,t*,it?) where
a,B €N, t € R. On one hand, since v(f) = ||r:1||in1 Hud_erﬁafH, we have

o(f) < [|dF +df|| = 2v2 |t*”

On the other hand, if f is L-analytic at 0, then there exist C' > 0 and 0 < 0 < 1
such that:
20t = |1” < Co(f) < 2v20 |1

When ¢t — 0, it follows that (o + 28) > a + f, for all a, 8 € N. Suppose that
a =n and [ = 1. We therefore get 6 > Z—i; This inequality is true for all n € N.
Thus we conclude # = 1 which is impossible. This completes the proof of our claim.
Since f is a polar weighted homogeneous mixed polynomial, the conclusion of our

theorem holds.
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For a mixed polynomial germ with isolated critical value at the origin, our next ex-
ample demonstrates that in Remark 6.2.2, the Lojasiewicz inequality (6.2.2) cannot
insure the Thom property.

EXAMPLE 6.3.6 Consider the mixed polynomial germ f : (C?, 0) — (C,0),
f(z1,22) = |Z1|2 + |22|2 + 221 29.

Let us show that f(Singf) = {0} but f does not have Thom as-property at 0.
At first, if (21, 22) € Sing f, then there exists A € S! such that:

z1 + 2?2 = )\Zl
Z9 + 221 = )\22

Suppose that (z1,22) # (0,0). From (6.3.7) and (6.3.8), we get |\ — 1| = 2 and
therefore A = —1.

Thus the solutions of (6.3.7) and (6.3.8) are {(z1,2;) € C? | 2y = —Z5}. There-
fore f has non isolated singularities and dim(Sing f) = 2. Since V(f) = f1(0) =
{(21,22) € C* | 2 = —Z,}, we have Sing f = V() which implies that 0 is an isolated
critical value of f.

By Definition of M(f), if (21, 22) € M(f)\ Sing f, then there exists u € C* such

that:
21 = ,u(zl —+ 222) +Hz1 (639)
From (6.3.9) and (6.3.10), we get 21| = |z2|. Thus V(f) is contained in

M(f)\V(f) N V(f), namely that there is ¢g > 0 sufficiently small and for any
0 < & < g there exists z. € S. such that the fiber f~'(f(z.)) and S. do not in-
tersect transversally. This yields that f does not have Thom ag-property at 0, by
Remark 6.3.2.

Let us give a direct computation to show that Thom as-property fails at 0.
Consider 2y = x + iy , 2o = u +iv and f = (Ref,Imf), f: (R* 0) — (R%0). We
take a sequence (xy, Y, g, vi) C M(f)N (S, x S,)\V(f) with 0 < p < 1 fixed. Let
us write the sequence in form of polar coordinate (p cos 8y, psin by, p cos By, psin By)
and 0 + Or # m,3m. Without loss of generality, we suppose that (z, yx, ug, vg)
converges to pg € S, x S, NV (f) with 6, — 6, € [0,7] and B — 7© — 6. In
addition, we assume that pg is belong to a two dimensional stratum W of V(f).

Consider the two normal vectors N,% = (@ + Ug, Yp — Vg, Tk + Ug, Vx — Yx) and
N = (U, up, Yi, wy) of the fiber f~1(f(z.)). Let by = —

—2 __ and a; € R such that
) Ok —Pr
|ar N} + 0. N2||” = 1. We therefore have:

4a3p* (1 + cos(Oy + Br)) + 4agbyp® sin(6y + Br) + 2bip* —1 =0 (6.3.11)
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The discriminant of (6.3.11) is:

0
A = 16p*(1 + cos(0y + Bi)) (1 — 2b7 p* cos? L@k)

On one hand, when (7 — 0 — (%) is sufficiently small, we have ‘sin i‘ < i On

the other hand, we have 257 p? cos? %1% < 2p2 and 1+ cos(f), + 8;) > 0. It follows
that A > 0 from 0 < p < 1 which shows the existence of a.

If f has Thom as-property at 0, then the limit of the sequence {a,N} + by N7}
should be orthogonal to tangent space T, W. Recall that V(f) is the hyperplan
(r,y,2,u) € R* |z +u =0,y — u=0. Therefore taking two basis T} = (1,0, —1,0)
and 75 = (0,1,0, 1) of T,,,V, we have:

lim (a,N; + bpNZ, Ty) = lim by(sin By — sin ) = 2 cos b, (6.3.12)
k—o0 k—o0
lim (a,N; + bpNZ, To) = lim by(cos By + cos ;) = 2sin b, (6.3.13)
k—o0 k—o0

From the above equalities, we conclude that at least one of the above limits is not
equal to 0. Since W is a 2-dimensional stratum of V(f) and also a submanifold of
V(f), this forces T,,WW =T, V. Note that we have actually proved the limit of the
sequence {ax N} + by N2} cannot be orthogonal to the tangent space T, W. This
completes the proof.

REMARK 6.3.7 In the above example, f is not locally surjective since Ref > 0.
From the conclusion of [Mas10, Corollary 4.7] and Remark 6.3.2, we observe that
if f is not locally constant with Sing f C V(f) and f has Thom as-property at 0,
then f must be locally surjective.
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Newton non-degeneracy for maps
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7.1 Introduction

The purpose of this chapter is to investigate Newton non-degeneracy condition
in the global setting for a polynomial map. Due to Khovanskii’s non-degeneracy
definition in [Kho77]|, the study of Newton polyhedron involves many branches in
the algebraic geometry, especially in the singularity theory. However plenty of
the results are related to the local case, when we look at polynomial maps. The
work of reference on Newton polyhedron in the singularity theory can be found
in [Oka97|. In this chapter, we will define a Newton non-degeneracy condition at
infinity for a mixed polynomial map. The particular interest we have in mind lies
in the estimation of the set of global bifurcation values.

Let F = (fi,..., fx) : C* — C* be a mixed polynomial map for n > k. Recall
the notation K (F") for the set of asymptotic critical values of F'. From now on we
adopt the non-degeneracy notion of ours until further notice (see Definition 7.2.1).
Our main result states that:

Theorem 7.1.1 If F' is non-degenerate at infinity with F(0) = 0 and depends
effectively on all the variables, then:

k *k : *70
K(F)cC"\C UAEL%J(F)FA(SmgFAﬂC ).

where B(F') is the set of bad faces of F.
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REMARK 7.1.2 For the notion of bad faces of a polynomial map, we refer to Def-
inition 7.2.5. In Section 2 of this chapter, we will see that when &k = 1, our non-
degeneracy definition agrees with Definition 4.2.2. By Proposition 3.3.1, we have
S(f) € Ks(f) for a mixed polynomial f. Consequently, our Theorem 4.1.3(a) is a
special case of Theorem 7.1.1.

The proof of the above theorem is similar in spirit to that we used in Section 4.4.
One can see that it is more convenient to work with K, (F) than S(F'), since we
don’t need to deal with p-regularity in this general setting.

In a recent work [Aus07]|, Bivia-Ausina made a different definition of non-degeneracy
condition at infinity of a real polynomial map. He was only concerned with setting
up an estimation of Lojasiewicz exponent at infinity via the Newton polyhedron.
According to his construction, he proved:

Theorem 7.1.3 [Aus07, Corollary 3.10] Let F : R® — R™ be a polynomial map
such that the determinant of the Jacobian matriz J(F') # 0, for all x € R™. Suppose
that F' is non-degenerate at infinity and that F; is convenient, for alli =1,2,...,n.
Then F' is bijective.

The key argument he used to prove the above corollary is that the positiveness of
Lojasiewicz exponent at infinity implies that F' is proper. By an explicit calculation,
he concluded that Pinchuk’s example [Pin94| is "degenerate at infinity" by his
definition. In this chapter, we will give another approach to this problem in the
mixed setting. One can see the advantage of using our definition lies in the fact

that our result is based on a necessary and sufficient condition for the properness
of a polynomial map. The chapter is organized as follows. In Section 2, we define
non-degeneracy condition for mixed polynomial maps. Then we deduce several
properties on the non-degeneracy for the restrictions to the faces. In Section 3,
we begin with the proof of Theorem 7.1.1, and then we conclude some sharpened
results under other assumptions. In Section 4, we briefly introduce Bivia-Ausina’s
non-degeneracy condition and compare his definition with ours. We will indicate
under some hypothesis our definition is weaker than his.

The following notation will be used throughout this chapter:
Ct={z=(z1,...,2,) €EC" | 2, =0, forall i ¢ L}.

Crt={z=(2,...,2,) €EC" |2, =0 <= i ¢ L}.

Ft .= Fice the restriction of F' on CE. In particular, f{ is the restriction of f; on

CE.
dF": the Jacobian matrix of F' and % = %,...,% ,fori=1,2,....,n. For
a mixed polynomial map F = (fi,..., fm) : C* — C™, we denote the Jacobian

matrix of the variable (Zy,...,%,) by dF := (%)
Sing F: the set of singularities of F.
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7.2 Newton polyhedron and non-degeneracy condi-
tion at infinity

In this section, we follow the notations and definitions used in Section 4.2. Consider
a mixed polynomial map F = (f1,..., fx) : C* — CF for n > k. For a vector
P=(p1,....,pn) € Z" let p = 1I£1j<npi, J ={j | p; = p} and suppose that p < 0.

Define the restriction of the linear function l(z) = > p;x; on supp(fi), let
us denote by AL the unique maximal face of supp(f;) (Here "maximal face" is
considered with respect to the inclusion of faces) where [,(x) takes its minimal value
dy,, for 1 <4 < k. Taking any index set I C {1,2...,k}, we set Fpr = (fAiP)ie],
where every component is the restriction of f; to the face A, for all i € I. If

I={1,2... k}, we will write Fa, for (fAll), ce folg) when no confusion can arise.
Recall the notation I'" for the Newton boundary at infinity. We define:
Np:={j€{l,...,k} | Abisafaceof I'*(f;) and &l < 0}. (7.2.1)

We can now formulate our non-degeneracy notion as follows:

Definition 7.2.1 (Newton non-degeneracy for maps) We say that a mixed
polynomial map F : C* — C* is Newton non-degenerate at infinity resp. Newton
strongly non-degenerate at infinity if for any vector P € Z"\ {0} such that Np # (),
the following condition is satisfied:

(%) Sing Fa, N{x € C" | fA{_)(X) =0,Vj € Np} N (C*)" = 0.
respectively
(xx) Sing Fap, N (C*)"™ = 0.

From now on, we call Newton non-degeneracy or Newton strong non-degeneracy
simply non-degeneracy or strong non-degeneracy. Let us mention three remarks
after the above definition.

REMARK 7.2.2 If k = 1, then Condition (*) agrees with Definition 4.2.2. Therefore
Definition 7.2.1 extends Definition 4.2.2 to & > 1 in the mixed setting.

REMARK 7.2.3 Let F' = (fi,..., fx) : C* — CF be a mixed polynomial map. We
observe that in Definitions 7.2.1, fixed a vector P € Z", the non-degeneracy and the
strong non-degeneracy conditions depend only of the map Fa, = ( fags- - fﬁg ).

On the other hand, since each f; is a polynomial function, the faces of supp(f;)
are finite and the cardinality of the set {Fa, | P € Z" \ 0} is finite. Therefore
the non-degeneracy of F' or the strong non-degeneracy of F' is provided by a finite
family of conditions.
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REMARK 7.2.4 Since for every i, the faces of fI are among the faces of f;, if
F' is non-degenerate at infinity (resp. strongly non-degenerate at infinity) and
FL #£0 , then F* is also non-degenerate at infinity (resp. strongly non-degenerate
at infinity).

Recall the definition of bad faces in Section 4.2. Our new definition of bad faces
for a polynomial map is:

Definition 7.2.5 (Bad face) Let F = (fi,..., fx) : C* — CF be a mixed polyno-
mial map and let P € Z" \ 0. If AL is a bad (resp. strictly bad) face of f; for all i
by Definition 4.2.3, we say that Ap = AL x AL x -+ x A is a bad (resp. strictly
bad) face of F. We denote by B(F') the set of the bad faces of F' and by SB(F)
the set of the strictly bad faces of F'.

In the above definition, we still use the word “bad face” for a polynomial map.
Actually the vector P plays a role in the definition, since there is no polyhedron at
infinity attached to the map F.

As every face of I'(f,:,) is also a subface of I'"(f;), we have:

REMARK 7.2.6 If F' is non-degenerate at infinity (resp. strongly non-degenerate
at infinity) and Ap is a bad face of F', then Fa, is also non-degenerate at infinity
(resp. strongly non-degenerate at infinity).

In the statement of Theorem 4.1.3, we suppose that the mixed polynomial f depends
effectively on all the variables. For a polynomial map F', we make the following
definition:

Definition 7.2.7 (Effectiveness for maps) We say that F' depends effectively
on all the variables, if for every variable z; there exists some j(i) such that f;g
depends effectively on z;.

7.3 Proof of Theorem 7.1.1 and some consequences

In this section, we will prove Theorem 7.1.1 and show some consequences of this
theorem. By recalling the formula (3.1.1) used to define the distance function for
KOS-regularity, we first remark here:

REMARK 7.3.1 Let F' = (f1,...,fx) : C* — C* be a mixed polynomial map.
Assume that z; = z; +1y;, fi = g+ iy and p; = a; +ib; for all 1 < 7 < n and
1 <1< k. Weregard F as a polynomial map F : R? — R?*. By Proof of Lemma
3.2.1, we have:

of; of Jgi ohy

(aj + Zb])a—zj + (aj — Zb])a—zj = aja—xj + bja—l‘] -+ Z(

g1 Ohy
CLJ a—yj + b] a—y])
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By the definition of distance function for KOS-regularity, we therefore get:

v(dF(2) = inf || Y (udf,(2,2) + mdfi(2,2)) |

i=1

where p; € C and Y21, |1;])* = 1. In particular, the singular locus of F' consists of
the points such that v(dF'(z)) = 0. (see also Proof of proposition 3.3.1)

7.3.1 Proof of Theorem 7.1.1

Let ¢ = (c1,...,c1) € Koo(F) N C*. By Curve selection lemma, there exists an
analytic path z(t) = (21(t), ..., 2,(t)) defined on a small enough interval |0, [, such
that lim; 0 ||z(t)|| = oo , im0 F(z(%),2(t)) = c¢. By definition of KOS-regularity,
we have:

i [|z(2) ||| (dF(z(8)))]| = 0 (7.3.1)

From above remark for all 1 <17 < n, we get:

8f1 afl afk

Hiun {12 (8) 10 (1) 5~ (2(2), 2(0)) + i (8) 5= (2(8), 2(2)) - -+ () == (2(1), Z2(8)]| = 0

(7.3.2)

where () € C and Zle l1;(t)]> = 1. Note that the left side of (7.3.2) is less

than ||z(¢)||||lv(dF(z(t)))|. Let L={l € {1,...,n} | z(t) Z 0}. Observe that L # ()
since hmH ()] = oo, and write:

2(t) = zt" + h.o.t., where 2 € C*, p€Z, Vl € L. (7.3.3)

Consider the expansion of F(z(t),z(t)) for all i = 1,..., k, we have either:
fi(z(t),z(t)) = ¢

or

fi(z(t),z(t)) = ¢; + h.o.t., where ¢; € C". (7.3.4)

By eventually transposing the coordinates, we may assume that L = {1,...,m}

and that p = py < py < --- < p,,. Since 111%||z(t)|| = 00, this implies p =
ﬁ

man{pZ} < 0. We denote J = {j € L|pj=p}, 20 = (21,...,2m) € C*, p =
1€

(P1s- s Pms Gy ---,9) € Z™ with g > 0 big enough and consider the linear function
lo = >0+ Do e 92 defined on supp(f;). Since g > 0 big enough, the
minimal values of [, are attained on the faces of supp(fj). Let Al be the mazimal

face of supp(fF) where [, takes its minimal value, say dfo. Therefore féip = fAip
and we have:

fi(2(0),2(1)) = f2(a(t), 2(0)) = fE, (20,20)% + hoodt. (7.3.5)
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where di) <0 for all i =1,...,k, since lim;_, F(2(t),Z(t)) = ¢ € C*. We write:
wi(t) = pit% 4+ h.o.t., where p; € C*andg; > 0. (7.3.6)

If wo = 0, we put ¢ = oo in (7.3.6). Let I =
{ZG {1k} qz<+dp=1r£i1gk(qi+dp)}- As 350, |l () [P= 1, we have

1131319% = 0. Hence I # () and y;(t) # 0 for i € I. We conclude therefore ¢; +di, <0,

Vi € I. Then for any [ € L, from (7.3.2), we have:

ofk, ofk, ,
21— (20, Zo) + ;2 2 (2o, Zo)t% % 4+ h.o.t. — 0.
iezf('ulazl(o 0) ’”azl )(20,Z0)

Comparing the orders of the two sides in the above formula, since VI € L, z # 0,

we obtain:
f K, ofx;
> (12 (70, 70) + Fii—= (20, %)) = 0 (7.37)
- 621 82’1
el
Let z; = (zo, 1,...,1), here we use the construction like in the proof of Theorem

4.1.3(a). It follows from (7.3.7) and Remark 7.3.1 that z; € Sing(Fa,(z,2z)) N C*".
Recall the index sets defined in (7.2.1). For every j € {1,...,k} such that @, <0,
it is shown by Lemma 4.2.5 that the face A is a face of I'"(f;) and hence j € Np.
On the other hand, from (7.3.4) and (7.3.5), we must have fA{)(zl,El) = 0 since
dl < 0. Therefore z; € SingFp, N{z € C" | fny(2,2) = 0,¥j € Np} N (C*)" which
contradicts the non degeneracy of F' by Condition (x) of Definition 7.2.1.

Otherwise, we may assume that dfo =0 forallt=1,2,...,k. We will denote the

minimal value of the restriction of I, to supp(f;) simply by d; when no confusion can

arise. Since supp(ft) = supp(fi)ﬂRéO, we have d; < di, = 0. Choose the hyperplane
defined by the equation >\ pv;+¢g v; = 0, where g > 1121_822(—@ +1) > 0.

n
i=m+1

Thus for any (v, ..., v,) € supp(f;) \supp(f*), the value of 37" v;p; +¢ Z?:mﬂ v;
is positive. In consequence, we deduce that Afo = supp(f¥) N H = supp(f;) N H
forall 7 = 1,2..., k. On the contrary, suppose that A}D does not satisfy condition
(i)(a) of Definition 4.2.3. Consequently, m = n and p; < 0 for all [ = 1,2...,n.
By our hypothesis of effectiveness for F, there exists some j, such that f; depends
effectively on the variable z;, which implies that d{, < 0 since p; = p < 0 and
there exist some (vy,...,v,) € supp(f;) such that v; > 0. This contradicts our
assumption d{) = 0. From Definition 7.2.5, we conclude that Ap is a bad face of
F. On the other hand since di, =0foralli=1,...,k we have ¢ = Fa,(2zo,20) €

Fa.(Sing(Fap(z,2z)) N C*). This completes the proof. O
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7.3.2 Some consequences

Let us prove two important consequences of Theorem 7.1.1.

Proposition 7.3.2 If F is strongly non-degenerate at infinity, then F(Sing F)NC**
and Koo(F) N C* are bounded.

Proof. By Theorem 7.1.1, we have K, (F) C C*\ C*U N L%J(F)FA(SingFA NC*™),
€

where B(F') is the set of bad faces of F. By Remark 7.2.6, it follows that Fx is
strongly non-degenerate at infinity for every face A € B(F). If we have proved that
F(Sing F') N C** is bounded, then so is Fa(Sing Fa) N C**. Since the cardinality
of the bad faces is finite for a mixed polynomial map, it is sufficient to show that
F(Sing ) N C** is bounded. Suppose that F(SingF') is not bounded. By Curve
selection lemma, there exists a real analytic path z(t) C Sing F' defined on a small
enough interval |0, €[ such that:
lim|a(1)| = oo, and lim|| F(a(t), Z(1))| = o

We apply the same notations and arguments as in Proof of Theorem 7.1.1. Accord-
ing to our assumption Ilfi_I)IéHF(z(t), Z(t))|| = oo, there exists some 7 such that dj, < 0.

It is shown by Lemma 4.2.5 that Al is a face of I'"(f;). Therefore Np # §. On the
other hand Since z(t) C Sing F', by comparing the orders of the expansion of the
equation for Sing F', we get directly (7.3.7) and z; € Sing(Fa,(z,2z)) N C*. This
contradicts the strong non-degeneracy of F' by Condition (%) of Definition 7.2.1.
Therefore F(Sing F') N C* and K, (F) N C** are bounded. O

Recall the definition of convenient polynomials. Our next result is an extension of
Corollary 4.4.3.

Corollary 7.3.3 Suppose that F is non-degenerate at infinity and that f; is con-
venient, for alli=1,... k. Then K (F) = .

Proof. We apply the same notations and arguments as in the proof of Theorem
7.1.1. The only difference is that we may assume that ¢; is not necessarily equal to
0, for every i. Since f; is convenient, we have db < 0 < ord,(fi(x(t)) for every i.
By Lemma 4.2.5, every face A; is a face of T (f;). Therefore Np = {1,2... k}.
On the other hand, by same reasoning applied in the proof of Theorem 7.1.1, we
get z; € Sing(Fa,) NC*™. In order to obtain a contradiction with Condition (x),
it remains to show that fa;(2z1,21) = 0 for all 7. This is due to the fact that dp <
ord,(fi(z(t),z(t)). Thus z; € Sing Fa, N{z € C" | fA{)(z,Z) =0,¥j € Np} N (CH)"
which contradicts the non degeneracy of F' by Condition (x) of Definition 7.2.1.
This ends our proof. 0

Next, let us consider an example of strongly non-degenerate mixed polynomial map.
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EXAMPLE 7.3.4 Let F : C* — C? F(z1,29,23) = (21 + 23,Z123). We begin with
the computation of Sing F' and F'(Sing F'). The Jacobian matrix of F are:

dF(ZhZQaZ?)) - < 1 2Z2 O )

0 0 =
= 0 0 0
dF(Zl,ZQ,Zg) = < 23 00 ) .

By Remark?7.3.1, the singular locus Sing F' consists of the points such that:

M1 + ﬁ22’3 =0 (738)
MHo21 = 0 (7310)

where 1, p1o € C and || + |p2| # 0. From (7.3.8) and (7.3.10), we get z; = 0.
If 1y = 0 and py # 0, then the solutions of the equations are:

{(21,2’2,2’3) < C3 | 21 = 23 = 0} .
If p1p9 # 0, then the solutions of the above equations are:
{(21,2’2,2’3) € C?’ | 21 = 29 = 0} .

Therefore Sing F’ = {(21,20,23) €C3 | 21 = 2 =0} U
{(21, 29,23) € C*| 2y = 23 = 0} and F(SingF') = {(a,b) € C* | b= 0}.
On the other hand, let us show that F'is strongly non-degenerate at infinity. The
possible restrictions of F' to the faces are Fa, = (21,Z123), Fa, = (25,Z123) and
Fa, = F. From the above computation, we see that Sing Fx, N C* = ().

For the restriction Fa, = (z1,Z123), the Jacobian matrix are:

1 0 0
dFn, (21, 29, 23) = < )

0 0 7z
- 0O 0 0
dFn, (21, 29, 23) = < s 00 ) .

By an easy computation, we have Sing Fa, = {(21, 22, 23) € C3| z; = 0}. Conse-
quently, Sing Fa, N C* = 0.
For the restriction Fa, = (22,%Z123), the Jacobian matrix are:

0 2z O
dFA2(Z’1,2’2,Zs):( - )

0 0 21
— 0 0 0
dFp, (21, 29, 23) = ( 5 00 ) .
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By an easy computation, we have Sing Fn, = {(z1,29,23) € C?| 2y = 23 =0} U
{(21, 22, 23) € C* | z = 0}. Consequently, Sing Fx, N C** = ().

On account of the above arguments, we conclude that F' is strongly non-
degenerate at infinity. In order to calculate K. (F'), by Remark 7.3.1, we have:

v(dF) = min || (g1 + Hy2s, 21122, 12Z1]| (7.3.11)

where (yi1, pi2) € C? and |p1|* + |pa]” = 1.
Let (a,b) € Ko(F). Then by Curve selection lemma, there exist the curves
2(t) = (21(t), 22(1), 23(t)) and (u1(t), pa(t)) € S such that:
t

lin [(21(6), 22(0), 2(8)) ]| = o0 (7.3.12)
lim F (2 (t), 2(1), 25(8)) = (a.D) (7.3.13)
lim [|2(1)]| »(dF)(t) = 0. (7.3.14)

If ordy(p(t)) = ordg(pe(t)) =0, then from (7.3.11) and (7.3.14), we must have
limy g 21(t) = limy_,029(f) = 0. This implies that lim, ,o z3(¢) = oo by (7.3.14)
which contradicts lim; ¢ |1 + Tig23] = 0.

If ordy(pq(t)) > 0 and ps(t) — 1, then from (7.3.11) and (7.3.14), we must have
lim; 0 21(¢) = 0. Using (7.3.12) and (7.3.13), we conclude that lim; .o 23(t) = oo
which contradicts lim; ¢ |1 + Tig23] = 0.

If ord(pe(t)) > 0 and py () — 1, then from (7.3.11) and (7.3.14), we must have
limy 0 22(¢) = 0. Using (7.3.12) and (7.3.13), we conclude that lim; .o 23(t) = oo
and lim;_, 21 () = 0.

Therefore K (F) C {0} x C. Now, let us show that K (F) = {0} x C.
In fact for any point (0,c) € {0} x C, we choose the curves z(t) = (¢t,0, 1)
and (u1(t), pe(t)) = (—ﬁ, ﬁ) where ¢ € R is sufficiently small. Then we

get py(t) + fia(t)23(t) = 0 and po(t)z1(t) = \/ffﬁ Since ordy ||2(t)]] = —1 and
ordy || (p1 + Tiazs, 20122, poz1)|| = 2, we have therefore lim; o ||2(t)|| v(dF)(t) = 0.
On the other hand, lim; o F'(z1(t), 22(%), 25(t)) = limyo(ct,c) = (0,¢). Hence

(0,¢) € Koo(F') which gives {0} x C C Ko(F'). Therefore K (F) = {0} x C.

7.4 Non-degeneracy and global diffeomorphism

In this section, we first expose some basic definitions and facts concerning t.o-
jasiewicz exponents at infinity which is used to prove Theorem 7.1.3.

Definition 7.4.1 [Aus07, Definition 2.1] Let F = (f1,..., fr) : R* — R¥ be a
polynomial map. Define the set E,(F) formed by those a € R satisfying the
following inequalities with positive constants C' and r

[x[[* < C'sup | fi(x)],
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where x € R” such that ||x|| > B. If E(F) # emptyset, we denote by L..(F') the
supremum of E(F) # () and call it the Lojasiewicz exponent at infinity of F.

REMARK 7.4.2 When E(F) = ), we set Lo(F) = —oo. It was shown that the
set Foo(F') is upper bounded when it is non-empty by [Aus07, Proposition 2.4].

REMARK 7.4.3 Note that F' is proper if and only if

lim |[|[F(x)|| = 4o0. (7.4.1)
[[x[|=+4-00

It follows immediately by Definition 7.4.1 that the positiveness of L (F') implies
the properness of F'.

Now, let us turn to the definition of non-degeneracy at infinity for real polynomial
maps. With the similar construction like mixed polynomial maps (see Definition
7.2.1), one can still use Condition (%) to define the non-degeneracy condition at
infinty for real polynomial maps and obtain the parallel results for the real case
(see [Dia]). In the sequel, it will cause no confusion if we say a real polynomial
map is non-degenerate under Definition 7.2.1. In the following, we first state Bivia-
Ausina’s non-degeneracy condition:

Definition 7.4.4 [Aus07, Definition 3.5] Let P = (p1,...,pn) € Z" such that

p = 1r£11<n p; < 0. We say that F' is non-degenerate at infinity if the following

condition is satisfied for any P
{x € (R)" | fpp (%) =0, forallj=1,..., k:} — 0. (7.4.2)

REMARK 7.4.5 In our construction, we used the minimal value of the linear func-
tion lp(x) = > pix; defined on supp(f;), since by curve selection lemma, we
consider the analytic curves for ¢ — 0; While in [Aus07], the author used the max-
imal value of the linear function l,(z) = >\, p;z; defined on supp(f;) where the
vector P = (p1,...,p,) € Z™ such that p = maxp; > () since he considered the

analytic curves for ¢ — co. Therefore the above definition 7.4.4 is indeed equivalent
to Bivia-Ausina’s non-degeneracy condition.

Consider a real polynomial map F': R® — R". We denote by Jg the set of points
at which F' is not proper (see [Jel99] for more details). Obviously, by the definition
of K (F), we have the inclusion K. (F) C Jp. The next two theorem will lead us
to formulate our main result in this section. The first theorem is due to Hadamard,
which implies the sufficient and necessary condition on the global homeomorphism
for a C* map.
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Theorem 7.4.6 [Ess00, Theorem 8, p.240] Let F : R™ — R™ be a C* map. Then
F is a homeomorphism if and only if F is a local homeomorphism and F' is proper.

The interest of the next theorem is that it allows us to study the properness of a
polynomial map under KOS-regularity condition.

Theorem 7.4.7 [KOS00, Proposition 3.1 and Theorem 3.4] Let F : R* — RF,
kE < n be a C' semialgebraic map. Assume that the set of reqular points of F is
dense and that F~1(y) is compact for anyy € R*\ F(Sing F'), then Ko(F) = Jp. In
particular, if k = n, the assumption for density of the reqular points is automatically

verified, and K (F) = Jp.

Let us denote by J(F')(z) the determinant of the Jacobian matrix of F' at point z,
where F' : C" — C" is a mixed polynomial map. Note that here the Jacobian matrix
of F' is the one that we regard I as a polynomial map R?" — R?". According to
above two theorems, we have the following formulation of Jacobian problem:

Theorem 7.4.8 Let F': C* — C" be a mized polynomial map such that J(F)(z) #
0, for all z € C". If F 1s non-degenerate at infinity under Definition 7.2.1 and if
fi is convenient for all i =1,...,n, then F' is a homeomorphism.

Proof.  Since F is non-degenerate at infinity and f; is convenient for all i =
1,...,k, by Corollary 7.3.3, we have K, (F) = (). Therefore we get the conclusion
from Theorem 7.4.6 and 7.4.7. U

Let us compare the definitions 7.2.1 and 7.4.4 of non-degeneracy condition in the
real setting.

Proposition 7.4.9 Suppose that F' : R* — R* k < n is a polynomial map and
that f; is convenient, for all 1 = 1,... k. If I’ is non-degenerate at infinity under
Definition 7.4.4, then it is also non-degenerate infinity under Definition 7.2.1.

Proof. We apply the notations as in Section 7.2. Let us fix a vector P =

(p1,-..,pn) € Z" and assume that p = 1r£11<n p; < 0. Since f; is convenient for all
1 =1,...,k, the minimal value di) of l,(z) must be strictly negative on supp(f;).

(This argument was also used in the proof of Corollary 7.3.3) Therefore by Lemma
4.2.5, the face A} is contained in TF(f;) for all i = 1,... k. As di, < 0 we have
Np ={1,2...,k}. If F is non-degenerate at infinity under Definition 7.4.4, then F’
is non-degenerate at infinity under Definition 7.2.1, by Condition (x). O

REMARK 7.4.10 When k = n and f; is a real convenient polynomial function for all
1 =1,...,n, the two definitions are equivalent. In fact, assume that F' is degenerate
at infinity under Definition 7.4.4 but non-degenerate under Definition 7.2.1. Then
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there exists x € (R*)"” and a vector P = (py,...,p,) € Z" with 1r£11<n pi < 0 such

that pr (x) = 0, for every i. Using the same argument as that of the above proof,
we conclude that AL is a face of TT(f;) for all i = 1,... k. On the other hand,
by Euler’s identity, we have the inner product (d fAiP ,Px) = di, fAiP = 0, where
Px = (p1z1,...,pawyn) # 0. It follows from (dF,Px) = 0, that x € Sing(Fa,),
which implies x € Sing(Fa,) N {x ER" | fp; (%) =0,%j € Np} N (R*)". This
contradicts our non-degeneracy assumption of F' by Definition 7.2.1. Then from
proposition 7.4.9, we observe that our definition 7.2.1 is equivalent to Definition
7.4.4. We also note that Bivid-Ausina was only concerned with the real case of
Theorem 7.4.8 in [Aus07], so our Theorem 7.4.8 is still more general. We also
refer to the next example 7.4.11 which shows that our non-degeneracy condition is
strictly weaker than Bivia-Ausina’s definition.

Our next example is a real non-degenerate polynomial map which is degenerate at
infinity under Definition 7.4.4

EXAMPLE 7.4.11 Consider F : R* — R? F(x,y, 2) = (z+y,y*>—2%). The Jacobian
matrix of F' at the point (z,y, 2) is:

1 1 0
= (g 5 Y. )

Therefore we get SingF = {(z,y,2) €R®|y=2=0} and F(SingF) =
{(¢,0) | c € R}. Let us show that F' is non-degenerate at infinity in the sense of
Definition 7.2.1. Let P = (py, pe, p3) € Z? such that p = 1r£1j£13pi < 0. Then we get

following situations:

(a) If p = p3 < pa, the possible restrictions of F' to the faces are Fp, = (z, —2?%),
Fn, = (y,—2%) and Fa, = (z + y, —2%). Since for every restriction Fj,, the
rank of the Jacobian matrix dFx, is not full if and only if 2 = 0, where ¢ =
1,2,3. Therefore the strong non-degeneracy condition at infinity is satisfied
in this case.

(b) If p = py < p3, the possible restrictions of F' to the faces are Fa, = (y,4?),
and Fn, = (x + y,y?). For the restriction Fa,, the singular locus is
{(x,y,2) | y = 0} which implies that Sing Fa, N R** = (). For the restriction
Fp,, we have Sing Fa, = R? but Sing Fa, N (Fa, = 0) NR* = (). Therefore
in this case, F' is non-degenerate at infinity but not strongly non-degenerate
at infinity.

(c) If p = py = ps, the possible restrictions of F to the faces are Fa, = (z+vy, y* —
2?), and Fa, = (y,y* — 2?). Since Fo, = F, from the above computation, we
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see that Sing Fa, NR*® = (). For the restriction Fa., the Jacobian matrix at
the point (z,y, z) is:

0 1 0
dFA7<xayvz):<0 2y _22)

which implies that Sing Fa, = {(z,y,2) | z = 0}. Hence Sing Fa, NR** = .
In this case, F' is strongly non-degenerate at infinity.

On the other hand, when Fa, =0, we get © = —y = z or x = —y = —z. Therefore
F' does not satisfy the non-degeneracy condition in the sense of Definition 7.4.4.
Now, we proceed to calculate K, (F'). By the definition of the norm used to define
KOS-regularity, we have:

v(dF) = min ||(a, a + 2by, —2bz)||

where (a,b) € R? and a® + b*> = 1. Let (¢1,¢2) € Koo(F). Then by Curve selection
lemma, there exist the curves ¢(t) = (z(t),y(t), 2(t)) and (a(t),b(t)) such that:

lin (2(2), (1), 2())]] = o0 (7.4.3)
lim F(x(t), y(), 2(8)) = (e1,c2) (7.4.4)
lin [l ()] [ (dF) | = 0 (7.4.5)

where a*(t) + b*(t) = 1. Since v(dF) — 0, we must have lim; ,ga(t) = 0,
limy o y(t) = 0 and lim;_, 2(¢) = 0. It follows that limy; ¢ ||z (¢)|| = oo from (7.4.3).
This is in contradiction with (7.4.4), since ¢; is finite. Hence K (F) = 0.

For any critical value (c,0), we have:

F(c,0) ={(z,y,2) eR* |z =c—y,z=y}U{(z,y,2) ER* |z =c—y, 2= —y}

which is the union of two lines and these two lines intersect at the point (¢, 0,0).
If we fix ¢ < 0 sufficiently small, then regular fiber is

F(c,e)) = {(:L’,y,z) ER|z=c—y,2z== y2—5}.

Therefore the regular fiber is a hyperbolic curve and moreover, the asymptotes of
this hyperbolic curve are F~((c,0)).
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