
Université Lille 1
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L. Dormieux Professeur, ENPC, Champs-sur-Marne Examinateur

J. Pastor Professeur, Université de Savoie Examinateur
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Principales Notations

• Tensor notations

T scalar . simple contraction

T tensor of ordre two : double contraction

trT trace du tenseur T ⊗ tensor product

gradT gradient of a vector field

1 identity tensor of order two

• Notations for all chapters

σ microscopic stress field

v velocity field

ε microscopic strain field

d microscopic strain rate field

π local dissipation

Σ macroscopic stress field

E macroscopic strain field

D mAcroscopic strain rate field

Π macrscopic dissipation

f porosité

ḟ porosité evolution

E module d’Young

ν coefficient de Poisson
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General introduction

Micromechanical investigation of ductile porous materials starts more than forty years ago
with studies by McClintock (1968) and Rice and Tracey (1969) which have been based on
variational procedures. These studies have successfully led to establish spherical and cylin-
drical voids growth law when the solid matrix is von Mises type. They were developed for
dilute concentration of voids and do not account for any coupling between the plastic behav-
ior of the matrix and the void growth. Coupled models were initiated by Gurson (1977) who
developed for a hollow sphere and a hollow cylinder a kinematical limit analysis approach.
The considered cells are made up of a rigid ideal plastic matrix and were subjected to an
arbitrary homogeneous strain rate boundary conditions. From this procedure, which re-
quired in particular the choice of an appropriate class of trial velocity fields, Gurson derived
a macroscopic yield function, exact for the hollow sphere subjected to a hydrostatic external
loading and accounting for pressure sensitivity due to the porosity. Owing to the kinematical
LA derivation, it was shown later (see for instance (Leblond, 2003)) that the Gurson yield
surface constitutes an upper bound for isotropic ductile porous materials, at least for those
whose microstructure can be represented by Hashin composite-sphere assemblage.

Several micromechanically-based extensions of Gurson’s model have been further pro-
posed in the literature. Improved predictions of the original Gurson model have been ob-
tained by reconsidering the Gurson approach with refined trial velocity fields. For instance,
this was done by Gãrãjeu (1995); Gãrãjeu et al. (2000) considered the exact solution of
the elastic hollow sphere subjected to an arbitrary loading. Later, Monchiet et al. (2007),
Monchiet et al. (2011) used a class of Eshelby-based velocity fields. Notably, important
developments in the early 90’s aim at accounting for void shape effects (Gologanu et al.,
1993, 1994, 1997; Garajeu et al., 1997; Monchiet et al., 2007). They open the way to new
applications and issues including for instance the computationnal investigation of the effects
of penny shaped cracks on ductile behavior. Still in the context of ductile porous metals
another, matrix plastic anisotropy has been taken into account by Benzerga et al. (2001) for
spherical voids, and later by Monchiet et al. (2006) for spheroidal cavities (see also (Monchiet
et al., 2008)). Mention has to be made also of studies devoted to porous materials with in-
compressible matrix exhibiting asymmetry between tension and compression (Cazacu and
Stewart, 2009).
Another important class of development in the context of classical limit analysis, crucial
for applications to polymer and cohesive geomaterials, concerns the consideration of plastic
compressibility of the matrix through a Drucker-Prager model (Jeong et al., 1995; Jeong,
2002; Guo et al., 2008), with obviously an associated yielding rule. Application of this class
of models has been done in (Lin et al., 2011a,b; Shen et al., 2012). As in Gurson study,
a trial velocity field combining the exact solution to the Drucker-Prager hollow sphere an
hydrostatic loading and linear terms has been considered. Owing to difficulties to rigor-
ously satisfy the admissibility condition, the authors success to formulate a macroscopic
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criterion by relaxing this condition. Numerical limit analysis bounds, provided later by
Thoré et al. (2009), have later allowed to rigorously assess the Guo et al criteria. Alter-
natively to limit analysis approach, by making use of variational techniques in non linear
homogenization framework, Ponte-Castañeda (Ponte-Castañeda, 1991)1 obtained nonlinear
Hashin-Shtrikman type upper bounds for von Mises plastic materials containing spherical
voids. To improve results predicted by the above mentioned variationnal method, Danas
and Ponte-Castaneda (Danas et al., 2008) recently derived accurate yield surfaces for porous
materials by using a second order homogenization method. A notable advantage of this sec-
ond order approach is to predict effects of the stress deviator third invariant for isotropic
microtructures. Note also that this effect has also be investigated in recent numerical stud-
ies by Thore et al. (2011) and fully predicted by Cazacu et al. (Cazacu et al., 2013) by
revisiting the Gurson kinematical approach..

A convex and lower semi-continuous function φ, called a superpotential (or pseudo-
potential), such that the graph is the one of its subdifferential ∂φ. The function φ and
its Fenchel conjugate φ∗ verifies for any couple of dual variables Fenchel’s inequality. The
dissipative materials admitting a superpotential of dissipation are often qualified as standard
(Halphen et al., 1975) and the law is said to be a normality law, a subnormality law or an
associated law.

A common point of all the above studies, excepted that of Maghous et al. (2009), is that
they consider plastic matrix obeying to normality law (Generalized Standard Materials,
GSM, introduced by Halphen et al. (1975))2 as required by classical limit analysis theory.
However, several experimental laws of various engineering materials, particularly in Plastic-
ity, are non-associated. For such laws, de Saxcé proposed in de Saxcé et al. (1991); de Saxcé
(1992) a suitable modeling framework based on the concept of Bipotential, a function b of
both dual variables (stress and strain), convex and lower semicontinuous in each argument
and satisfying a cornerstone inequality saying that for any couple of dual variables the value
of the bipotential is greater than or equal to their duality pairing. When equality holds, the
couple is said extremal. In a mechanical view point, the extremal couples are the ones sat-
isfying the constitutive law. Materials admitting a bipotential are called Implicit Standard
Materials (ISM) because the constitutive law is a subnormality law but the relation between
the dual variables is implicit. The classical standard materials corresponds to the particular
event of the bipotential being separated as the sum of a superpotential and its conjugate
one. In this sense, the cornerstone inequality of the bipotential generalizes Fenchel’s one.
The existence and construction of a bipotential for a given constitutive law has been recently
discussed in Buliga et al. (2008, 2009a, 2010a).

Linked to the structural mechanics and in particular with the Calculus of Variation, the
bipotential theory offers an elegant framework for a broad spectrum of non-associated laws.
Examples of such non-associated constitutive laws are:

• Non-associated Drucker-Prager (de Saxcé, 1993; Berga et al., 1994; de Saxcé, 2002;

1A similar derivation has been done by Suquet (Suquet, 1992) for cylindrical voids.
2This class of dissipative materials is known to admit a superpotential of dissipation (or pseudo-potential).
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Bousshine et al., 2001; Hjiaj et al., 2003) and Cam-Clay models (de Saxcé, 1995;
Zouain et al., 2007),

• the non linear kinematical hardening rule for cyclic Plasticity (de Saxcé, 1992; Bodovillé
et al., 2001) and Viscoplasticity (Hjiaj et al., 2000; Magnier et al., 2006; Bouby et al.,
2006, 2009),

• Lemaitre’s damage law (Bodovillé , 1999),

• the coaxial laws (de Saxcé, 2002; Vallée et al., 2005),

• Coulomb’s friction law (de Saxcé, 1998, 1992, 1993, 1998, 2002; Bousshine et al., 2002;
Hjiaj et al., 2002, 2004; Feng et al., 2006b,a; Fortin et al., 1999, 2002; Laborde et al.,
2008),

• the blurred constitutive laws (Buliga et al., 2009b, 2010b).

A complete survey of the bipotential approach can be found in (de Saxcé, 2002). In the
previous works, robust numerical algorithms were proposed to solve structural mechanics
problems.

Let us come now to the Limit Analysis theory which provides a general framework to
determine the plastic collapse of structures under proportional loading (Save et al. (1997),
de Buhan (1986), Suquet (1982); Salençon (1983), Chen (1975); Chen et al. (1990)), but is
restricted to associated plasticity. The classical presentation of the non-associated plasticity
is based on a yield function and a plastic potential. The bipotential offers an alternative
framework which opens naturally to a variational formulation. This has permitted an ex-
tension of limit analysis techniques to non-associated laws (de Saxcé, 2002; Bousshine et al.,
2001, 2002; Chaaba et al., 2010; Zouain et al., 2007). Note also extension to the repeated
variable loadings, the so-called shakedown theory, to the ISM by the bipotential approach
(de Saxcé (2002); Bousshine et al. (2001, 2003); Bouby et al. (2006, 2009)).

The main objective of this thesis is to develop and implement extended limit analysis
in the context of ductile porous (geo)materials whose matrix obeys to non associated laws.
The final procedure will be based on the bipotential-based variational approach for which a
trial stress field and a trial velocity field should be considered. The manuscript is organized
into 4 chapters as follows:

The first chapter presents the basic principles of potentials-based modelings in continuum
mechanics and limit analysis theory. The later is applied successively to porous materials
with a von Mises matrix and then a Drucker-Prager one, delivering respectively the well
known Gurson model (Gurson, 1977) and Guo et al. model (Guo et al., 2008). In the first
part of the chapter we present the bipotential theory which offers a rigorous mathematical
framework for modeling materials with non associated constitutive laws (for instance the
Drucker-Prager one). Extension of the classical limit analysis theorems to non associated
plasticity is then described on the basis of suitable variational formulations. This will be
helpful for several developments in the thesis.
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The second chapter is devoted to formulate a new statically based model of ductile porous
materials having a von Mises matrix. In contrast to the Gurson’s well known kinematical
approach applied to a hollow sphere, the proposed study proceeds by means of a statical
limit analysis procedure. The established results clearly provide a closed-form expression of
the statically-based macroscopic criterion. Due to the relaxed boundary condition resulting
from the chosen trial stress field, the criterion will be seen only on as a quasi-lower bound.
Interestingly, it will be shown that it depends not only on the macroscopic mean stress and
equivalent stress, but also on the sign of the third invariant of the stress deviator.
This stress variational model is extended to non-axisymmetric trial stress formulation case
by considering more general stress field. This new macroscopic criterion depends on the
macroscopic mean stress, equivalent stress and the Lode angle (or the third invariant of the
stress deviator) in three dimensional context.

The third chapter aims at calculating the plastic limit state of a hollow sphere with a
non associated Drucker-Prager matrix and subjected to hydrostatic loading. This study can
be considered as the first step to propose a macroscopic plastic model for this class of porous
materials. It is concluded that for the hydrostatically loaded hollow sphere, the limit load
and stress field of the non-associated cases are the same as for the associated one.

The last chapter is devoted to a general macroscopic model for porous materials with
non-associated Drucker-Prager matrix, by using the bipotential-based limit analysis method
and non-linear homogenization techniques. A trial stress field and a trial velocity field are
adopted for the formulation, which allow to obtain a closed-form macroscopic criterion for
the new class of materials and a non-associated macroscopic flow rule which has never been
introduced in literature. The theoretical results are validated by comparison with numerical
ones performed during this thesis.
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Berga, A., de Saxcé, G., 1994. Elastoplastic Finite Element Analysis of Soil Problems with Implicit Standard
Material Constitutive Laws, Revue Européenne des éléments finis, 3, 411-456.
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Bousshine, L., Chaaba, A., de Saxcé, G., 2001. Softening in stress-strain curve for Drucker-Prager non-
associated plasticity. Int. J. of Plasticity, 17(1), 21-46.

Bousshine, L., Chaaba, A., de Saxcé, G., 2002. Plastic limit load of plane frames with frictional contact
supports. Int. J. Mech. Sci., 44, 2189-2216, 2002.
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1. Introduction:

This first chapter has several objectives:

• To recall the basic principles of some variational approaches useful for the engineering
materials behaviors (linear and non linear).

• To present the framework of classical limit analysis which notably assumes an associ-
ated plasticity. An emphasis will be put on the two bounding theorems, namely the
kinematical theorem (upper bound) and the statical one (lower bound). for the solid
matrix.

• To illustrate the kinematical theorem in section 5.2 for the well known Gurson model
corresponding to ductile porous materials with an incompressible (von Mises) matrix.
This is completed in section 5.3 by the case of plastically compressible (Drucker-Prager)
matrix. A prototype model for this class of porous materials is the one proposed by Guo
et al. (Guo et al., 2008) (see also (Jeong et al. , 1995; Jeong , 2002)). It’s presentation
will allow to show some of the theoretical and computational difficulties related to
the consideration of a Drucker-Prager matrix, even in the context of an associated
plasticity. These difficulties probably explain why studies of porous materials with
a non associated matrix are very seldom, the unique available study being the one
recently carried out by Maghous et al. (2009) by means of the so-called modified
secant moduli approach of the non-linear homogenization problem.

• To introduce the reader to the bipotential theory, proposed several years ago by G.
de Saxcé and co-workers (see (de Saxcé et al., 1991; de Saxcé , 1992)). A noticeable
advantage of this theory is that it provides suitable variational theorems for non asso-
ciated materials, and then allows extension of limit analysis theorems to this class of
materials. Derivation in the bipotential framework of the model proposed by (Guo et
al., 2008) will be indicated in Chapter 4.
This will path the way for the final goal of the present thesis which consists in for-
mulating a complete homogenization theory for ductile porous materials with a non
associated matrix.

Several scientific questions interestingly raised in the present chapter on the modeling of
non-linear porous materials will be addressed in the following chapters.

2. Modeling the constitutive laws

In many theories of Mechanics, one of underlying mathematical structure consists in a
constitutive law, that is a graph M ⊂ X × Y from a linear space X into its dual one Y .
The dual pairing between these spaces will be denoted

X × Y : (x,y) 7→ 〈x,y〉
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For instance, the dual variables can be the strain and stress tensors and the dual pairing is
the double contracted product:

S3(R)× S3(R) : (ε,σ) 7→ ε : σ

Although general, the mathematical structure of graph is poverty-stricken for applications
to the science of materials and the continuum mechanics. A fruitful idea is representing a
constitutive law by a numerical function. The advantage is double:

• the constitutive laws can be classified in a convenient manner for theoretical and
numerical purposes,

• but –maybe above all– powerful variational methods can be developed for the solv-
ing of boundary value problems by building functional from these functions.

For sake of clearness, these variational aspects are discussed latter on and we focuss our
attention on the classification of constitutive laws.

2.1. Elasticity and potential

Hooke’s elastic law –the queen of the constitutive laws– is a linear relation

σ = C (ε) (1)

A valuable property is the reversibility. More precisely, for any loop C in X = S3(R), the
stored work is zero ∫

C
σ : dε = 0

where σ = C (ε), hence the integrability condition

∀d, δ, dε : δσ = δε : dσ

which is satisfied if the elastic law is generated by a smooth numerical function π on X

σ = Dπ (ε)

It is called a potential and the law is said to be a normality law. Its graph is a differential
submanifold of dimension n = 6 in the space X×Y of dimension 2n. Introducing the skew-
symmetric bilinear form ω

ω((dε, dσ), (δε, δσ)) = dε : δσ − δε : dσ

called a symplectic form, the integrability condition means that the graph M of the elastic
law is a lagrangian submanifold of the symplectic manifold X × Y , that is an isotropic
submanifold of maximal dimension n = 1

2
dim(X × Y ). In the language of the analytical

dynamics, π is a generating function for M . For more details on symplectic mechanics,
the reader is refered for instance to Abraham et al. (1980).
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The elastic energy stored during a loading along a path C from ε0 to ε is

π(ε) = π(ε0) +

∫
C
σ : dε

where σ is given by (1) and the integral does not depends on the choice of the path (because
of the reversibility). Clearly:

π(ε) =
1

2
ε : C (ε)

Another relevant property of the elastic law is the convexity of the potential. For
thermodynamical reasons and assuming π(0) = 0, the stored energy must be non negative

∀ε 6= 0, π(ε) > 0

A straighforward consequence is that π is convex and:

∀ε′ ∈ X, π(ε′)− π(ε) ≥ Dπ (ε) : (ε′ − ε)

2.2. Associated plasticity and superpotential

In plasticity or, more generally, in non smooth mechanics, the law is multivoque. It is
represented by a set-valued map

X → 2Y : x 7→M(x) = {y s.t. (x,y) ∈M}

where the section M(x) may be empty. There is always a converse law

Y → 2X : x 7→M∗(y) = {x s.t. (x,y) ∈M}

hence the equivalence

y ∈M(x) ⇔ x ∈M∗(y) ⇔ (x,y) ∈M

The classical theory of plasticity is concerned by a class of materials (typically metals
and alloys) for which :

• the elastic domain is a smooth, convex and closed subset K of Y ,

• the plastic strain rate d is an exterior normal to K of undetermined intensity.

In convex analysis, the subdifferential of a function φ in a point x which is the (possibly
empty) set:

∂φ(x) = {y | ∀x′ ∈ X, φ(x′)− φ(x) ≥ 〈x′ − x),y〉} (2)

Of course, if φ is a smooth and convex function, the law is univalued and

∂φ(x) = {Dφ(x)}
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For more details on convex analysis, the reader is refered for instance to (Ekeland et al.,
1975; Moreau , 2003; Rockafellar , 1970). On this ground, the concept of potential can be
extended in a weak form. We do not require more than the function π to be convex and lower
semicontinuous (with possible infinite values) and we consider multivalued laws generated
by π according to

y ∈ ∂ π (x) (3)

The function π is called a superpotential. And the converse law? It takes a similar form

x ∈ ∂ π∗ (y) (4)

where π∗ is Fenchel’s transform (or conjugate) of π

π∗ (y) = sup
x∈X

(〈x,y〉 − π(x))

As π is convex and lower semicontinuous, π∗ so is and π∗∗ = π. Consequently, the superpo-
tential π and its Fenchel’s conjugate π∗ satisfy Fenchel’s inequality

∀x′ ∈ X,y′ ∈ Y, π(x′) + π∗ (y′) ≥ 〈x′,y′〉 (5)

Moreover, (3) and (4) are equivalent to

π(x) + π∗ (y) = 〈x,y〉 (6)

The materials generated by superpotentials are called generalized standards materials.
For instance, the associated plasticity is obtained by taking π∗ as the indicatory function
χK of the elastic domain K (equal to zero in K and +∞ otherwise) and by considering the
normal flow rule

d ∈ ∂ π∗ (σ) (7)

Its Fenchel’s conjugate
π(d) = sup

σ∈K
(d : σ) (8)

is called the support function of K. It is positively homogeneous of order 1. The converse
law reads

σ ∈ ∂ π (d)

and the elastic domain K is nothing else ∂ π (0). Taking into account (6), the normal yielding
rule (7) is satisfied if and only if

σ ∈ K and π(d) = d : σ (9)

Also, the relation (7) is nothing else Hill’s inequality

∀σ′ ∈ K, (σ′ − σ) : d ≤ 0 (10)

The superpotential are useful tools to model a large calls of material behaviour, not
only in plasticity but also for instance in viscoplasticity and damage theory but there are

19



exceptions, the monotone maximal laws and the non associated laws for instance. On
the ground of the previous considerations and in order to span a more general family of
constitutive laws, we extend the concept of generating object in the following sense. We
call (generalized) generating function for a graph M ⊂ X × Y a numerical function g
defined on X × Y such that

y ∈ ∂g (·,y), (x) ⇔ x ∈ ∂g (x, ·), (y) ⇔ (x,y) ∈M
For instance, Fenchel’s function

g(x,y) = π(x) + π∗ (y) (11)

is a generating function for the subdifferential ∂π of the superpotential π.

2.3. Maximal monotone laws and Fitzpatrick’s function
For a long time, the mathematicians have been interested in the monotone graphs

M ⊂ X × Y such that

∀(x1,y1), (x2,y2) ∈M, 〈x2 − x1,y2 − y1〉 ≥ 0

A maximal monotone graph is a monotone graph which does not admit a strict monotone
prolongation. For maximal montone graphsM , Fitzpatrick introduced the following function
(Fitzpatrick (1988))

FM(x,y) = sup
(u,v)∈M

{〈u,y〉+ 〈x,v〉 − 〈u,v〉}

that today is named after him and allows to give simpler proofs of hard theorems on mono-
tone graphs. As superior enveloppe of affine functions, it is globally convex with respect to
the couple (x,y) and, if M is maximal monotone, it is a generating function for it. Similarly,
Ghoussoub introduced the selfdual lagrangians which are globally convex generating func-
tions. The subdifferential ∂π of a superpotential π is maximal monotone. Its Fitzpatrick’s
function is Fenchel’s one (then separated).

Another interesting generalization of the monotony inequality is the following. For n > 1,
a graph M ⊂ X × Y is n-monotone graphs if for any finite family of couples (xj,yj) ∈
M, j = 1, 2, . . . , n,

〈x1 − xn,yn〉+
n−1∑
k=1

〈xk+1 − xk,yk〉 ≤ 0 (12)

the monotone graphs corresponding to n = 2. The Fitzpatrick function of order n
defined by

FM,n(x,y) = sup
(xk,yk)∈M

(
n−2∑
k=1

〈xk+1 − xk,yk〉+ 〈x,yn−1〉+ 〈x1,y〉 − 〈xn−1,yn−1〉

)
(13)

If M is maximal n-monotone, it is a generating function for it.
If a graph is n-monotone, it is m-monotone for all m < n. A graph which is n-monotone

for all integer values of n is called a cyclically monotone graph. The subdifferential
∂π of a superpotential π is maximal cyclically monotone and the sequence of Fitzpatrick’s
functions FM,n converges pointwise to its Fenchel’s function.
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3. Brief recall and principles of Variational formulations in Mechanics

3.1. Elasticity

Let V be a solid body of boundary S subjected to imposed stress vector t̄ on the part
St of S and imposed displacement ū on the remaining part Su. The set of kinematically
admissible (KA) displacement fields is

Ka = {u s.t. u = ū on Su and ε(u) = gradsu in V } . (14)

The set of the statically admissible (SA) stress fields is

Sa ={σ s.t. div σ = 0 in V, t(σ) = σn = t̄ on St} (15)

A field couple (u,σ) is a solution of the boundary value problem (BVP) of the elastostatics
if it satisfies together the kinematical condition, the equilibrium equations and Hooke’s law

(i) u is KA

(ii) σ is SA

(iii) σ = C (ε(u)) in V

The corresponding displacement variational method is based on the functional

Π(u) =

∫
V

π(ε(u))dV −
∫
St

u · t̄dS

obtained by integrating the potential of the elasticity on V and by substracting the work of
imposed external stress vectors t̄ on St. As π, this function Π is convex, that gives a sense
to the variational principle of the displacements

min
u′∈Ka

(Π(u′))

It can be showed that the displacement field u which realizes the minimum is solution of
the previous BVP of the elasticity.

On the other hand, the stress variational method is based on the dual functional

Φ(σ) =

∫
V

π∗(σ)dV −
∫
Su

ū · t(σ)dS

obtained by integrating the Fenchel’s conjugate of the potential of the elasticity on V and
by substracting the work of imposed external displacements ū on Su. The stress solution
of the BVP of the elasticity can be alternatively obtained as realizing the minimum of the
variational principle of the stresses

min
σ′∈Sa

(Φ(σ′))

The two variational principles are dual in the sence that

min
u′∈Ka

(Π(u′)) = Π(u) = −Φ(σ) = max
σ′∈Sa

(−Φ(σ′))
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3.2. Associated plasticity

Using the tools of non smooth mechanics and convex analysis, the generalization of the
previous method is rather straightforward. The main difference with the elasticity is that the
BVP is formulated in velocity instead of displacement. Let V be a solid body of boundary
S subjected to imposed stress vector t̄ on the part St of S and imposed velocity v̄ on the
remaining part Sv. The set of kinematically admissible displacement fields is

Ka = {v s.t. v = v̄ on Sv and d(v) = gradsv in V } . (16)

while the set of statically admissible stress fields is defined by (15). A field couple (v,σ)
is a solution of the boundary value problem (BVP) of the associated plasticity if it satisfies
together the kinematical condition, the equilibrium equations and the normal yielding rule

(i) v is KA

(ii) σ is SA

(iii) d(v) ∈ ∂ π∗ (σ) in V

where π∗ is the indicatory function χK of the plastic domain. Its Fenchel’s conjugate π is
the corresponding support function (8). The corresponding velocity variational method is
based on Markov’s principle (Markov (1947))

Π(v) = min
v′∈Ka

(
Π(v′) =

∫
V

π(d(v′))dV −
∫
St

v′ · t̄dS
)

obtained by integrating the superpotential of the plasticity on V and by substracting the
power of imposed external stress vectors t̄ on St.

On the other hand, the stress variational method is based on Hill’s principle (Hill
(1950))

Φ(σ) = min
σ′∈Sa

(
Φ(σ′) =

∫
V

π∗(σ′)dV −
∫
Sv

v̄ · t(σ′)dS
)

(17)

obtained by integrating the Fenchel’s conjugate of the superpotential of the plasticity on V
and by substracting the power of imposed external velocities v̄ on Sv. Defining the set of
licit stress fields:

Sl = {σ ∈ Sa s.t. σ ∈ K e.a. in V } ,

let us notice that if σ is licit, the value of the functional in (17) is finite, infinite otherwise.
The minimum being finite, it is realized only for licit fields. Because the superpotential π∗

is the indicatory function χK of the elastic domain K, it vanishes almost everywhere for the
licit fields, hence the variational principle is equivalent to the following on

Φ(σ) = min
σ′∈Sl

(
−
∫
Sv

v̄ · t(σ′)dS
)

The two variational principles are dual in the sence that

min
v′∈Ka

(Π(v′)) = Π(v) = −Φ(σ) = max
σ′∈Sa

(−Φ(σ′))
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4. Classical limit analysis in associated plasticity: bounding theorems

We suppose now that

• The imposed velocities on Sv vanish

• The imposed stress vector on St is controlled by a non negative scalar factor α called
load factor

t̄ = α t̄0 on St

where t̄0 is a fixed reference load distribution.

• 0 ∈ K then π is non negative (because of (5)).

When the imposed velocities on Sv vanish, Markov’s principle is rather puzzling because
below a critical value of α called limit load factor and denoted αL, the solution is trivial
(v = 0) and do not exist beyond it. Only the solution corresponding to αL are not trivial
and represent the collapse mechanism. The goal of the limit analysis is to determine
at the collapse this mechanism, the corresponding stress field σ and the collapse load αL

thanks to two bound theorems of which we shall present here a demonstration based on
the variational principles of the plasticity. For more information about the classical limit
analysis, the reader is referred for instance to (Salençon (1983), Buhan (1986), Suquet
(1982), Save et al. (1997)).

We start with some preliminary remarks.

• If v is solution of the BVP of Subsection 3.2 and λ > 0, the velocity field λv satisfies
(i) because of the linearity of conditions in (16) and (iii) because the normal yielding
rule (7) is nothing else Hill’s inequality(10). Hence λv is also solution of the BVP.
The kinematical solution is defined up to a positive factor.

• For any solution (v,σ) of the BVP, Eq.(77) holds and, owing to (9), one has∫
V

π(d(v))dV =

∫
V

d(v) : σdV = αL
∫
St

v · t̄0dS (18)

Hence, if the collapse occurs, v 6= 0 and the external power

P 0
ext(v) =

∫
St

v · t̄0dS > 0

is non negative.

On this ground, we introduce the set of licit velocity fields:

Kl = {v ∈ Ka s.t. P 0
ext(v) > 0}

Introducing the internal power

Pint(v) =

∫
V

π(d(v))dV (19)
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the kinematical factor

αk =
Pint(v

′)

P 0
ext(v

′)
(20)

associated to any licit velocity field v′ bounds the limit factor

αL ≤ αk

This is the kinematical bound theorem. To prove it, let us remark that because of
Markov’s principle with the reference loads multiplied by αL and (18), one has

Π(v′) = Pint(v
′)− αLP 0

ext(v
′) ≥ Π(v) = 0

On the other hand, (20) leads to

Π(v′) = (αk − αL)P 0
ext(v

′)

As v′ is licit, the external power is non negative, that proves the theorem. As the kinematical
solution is defined up to a positive factor, it us usual to fixe it by imposing an additional
normalization condition

P 0
ext(v

′) = 1 (21)

hence the kinematical factor is simply the internal power

αk = Pint(v
′) (22)

Similarly, for any licit stress field σ′ with the reference loads multiplied by αs, the corre-
sponding static factor minorizes the limit factor

αs ≤ αL (23)

This is the statical bound theorem. To prove it, let us remark that Hill’s functional in
(17) is reduced to

Φ(σ) =

∫
V

ϕ∗(σ)dV

Hence, because of (iii) in Subsection 3.2

Φ(σ′)− Φ(σ) =

∫
V

(ϕ∗(σ′)− ϕ∗(σ)dV ≥
∫
V

d(v) : (σ′ − σ)dV

As v is KA, σ′ and σ are SA with reference loads respectively multiplied by αs and αL, (77)
leads to

(αs − αL)P 0
ext(v) ≤ Φ(σ′)− Φ(σ)

As σ′ and σ are licit, the right hand member vanishes, that proves the theorem.
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5. Kinematical limit analysis methods applied to ductile porous materials

5.1. Methodology

Let us consider now a r.e.v. Ω of a porous material made up of a solid domain ΩM ⊂ Ω
and voids. The porosity is denoted f . The derivation of the Gurson model which will
be presented below is based on the kinematical Limit Analysis approach which has been
previously exposed. The reader can found elements of the derivation of the macroscopic
strength of ductile porous media in the textbooks Leblond (2001) and Dormieux et al.
(2006)1.
The set of kinematically admissible (KA) velocity fields with a uniform strain rate boundary
conditions, D, is defined as:

Ka = {v s.t. v = v̄ = D · x on Sv and ε(v) = gradsv in V } . (24)

Let us then consider a microscopic stress field σ(x) in equilibrium. Hill’s lemma states that:

Σ : D =
1

|Ω|

∫
Ω

σ : d dV (25)

the macroscopic stress Σ corresponding to the average of the microscopic one. The strength
of the solid phase is characterized by the convex set F s of admissible stress states, which in
turn is defined by a convex strength criterion F (σ):

F s = {σ, F (σ) ≤ 0} (26)

The dual definition of the strength criterion consists in introducing the support function
π(d) of F s, which is defined on the set of symmetric second order tensors d and is convex
with respect to d :

π(d) = sup(σ : d,σ ∈ F s) (27)

π(d) represents the local maximum “plastic” dissipation capacity which the material can
afford and its macroscopic counterpart is defined as:

Πhom(D) = (1− f) inf
v∈V(D)

1

| Ω |

∫
ΩM

π(d)dV with d =
1

2
(grad v +t grad v) (28)

Using Eq. (25) together with the definition Eq. (28), it can be shown that the macro-
scopic dissipation, denoted here Πhom, is the support function of the domain of macroscopic
admissible stresses, F hom:

Πhom(D) = sup(Σ : D,Σ ∈ F hom) (29)

The limit stress states at the macroscopic scale are shown to be of the form Σ = ∂Πhom/∂D
which corresponds to the previous kinematically-based minimization (see subsection 3.2).

1The present synthesis is inspired from Dormieux and Kondo (2010).
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5.2. The Gurson criterion for ductile porous metals

The classical Gurson approach of porous media has been developed in this standard limit
analysis framework and deals with the case of a von Mises solid phase:

F (σ) =
3

2
s : s− σ2

o (30)

where s is the deviatoric part of σ. The support function π(d) accordingly reads:

tr d = 0 : π(d) = σodeq with deq =

√
2

3
d : d

tr d 6= 0 : π(d) = +∞
(31)

In the Gurson study two simplifications have been introduced, in order to make the analytical
calculation feasible. The first consists in representing the morphology of the porous material
by a hollow sphere instead of a r.e.v.. Let b (resp. a) denote the external (resp. cavity)
radius. The porosity (the volume fraction of the cavity in the sphere) then reads f = (a/b)3.
Therefore, instead of seeking the infimum in Eq. (28), Πhom(D) is estimated by adopting a
particular microscopic velocity field v(x) which must comply with the boundary conditions.
In the solid, this trial velocity field, inspired from Rice and Tracey (1969) is defined as the
sum of the solution to an isotropic expansion in the von Mises (plastically incompressible)
matrix and a linear part involving the deviatoric part of the macroscopic strain rate tensor
D. Note again that the chosen trial velocity field must comply with the boundary conditions.
Moreover it must satisfy the local condition (incompressibility) tr d = 0 for the von Mises
material. In spherical coordinates, it takes the form:

vG(x) =
Dm

f

a3

r2
er + D′ · x (32)

It is worth noticing that this velocity field is entirely determined by the macroscopic strain
rate D. As a consequence, no minimization step will be required for the determination of
the macroscopic criterion. Recalling Eq. (28), the use of vG (giving strain rate dG) provides
an upper bound of Πhom:

Πhom(D) ≤ (1− f)
1

| Ω |

∫
ΩM

π(dG)dV (33)

Using Eq. (31), the derivation of the right hand side in Eq.(33) requires to determine the
average of deq over ΩM . In order to obtain a closed form expression, it is convenient to apply
the following inequality to G = d : d = 3d2

eq/2 Gurson (1977):∫
ΩM

√
G(r, θ, ϕ)dV ≤ 4π

∫ b

a

r2
(
< G >S(r)

)1/2
dr (34)

where S(r) is the sphere of radius r and < G >S(r) is the average of G(r, θ, ϕ) over all the
orientations:

< G >S(r)=
1

4πr2

∫
S(r)

G(r, θ, ϕ) dS (35)

26



This eventually yields the following upper bound of Πhom(D):

Πhom
G (D) = σofDeq

(
ξ (arcsinh(ξ)− arcsinh(fξ)) +

√
1 + f 2ξ2

f
−
√

1 + ξ2

)
(36)

with Deq =
√

2
3
D′ : D′ and ξ = 2Dm/Deq.

The last step consists in the derivation of the limit states Σ = ∂Πhom
G /∂D. It is first observed

that Πhom
G (D) is in fact a function of D through Dm and Deq, i.e. through ξ = 2

f
Dm/Deq.

the admissible states are given by:

Σ =
∂Πhom

G

∂Dm

∂Dm

∂D
+
∂Πhom

G

∂Deq

∂Deq

∂D
(37)

where
∂Dm

∂D
=

1

3
1 ;

∂Deq

∂D
=

2D′

3Deq

(38)

The combination of Eqs.(37) and (38) also yields:

tr Σ =
∂Πhom

G

∂Dm

; Σeq =
√

3Σ′ : Σ′/2 =
∂Πhom

G

∂Deq

(39)

In turn, Eq. (36) leads to:

tr Σ = 2σo (arcsinh(ξ)− arcsinh(fξ))

Σeq = σo

(√
1 + f 2ξ2 − f

√
1 + ξ2

) (40)

Eliminating ξ between the spherical and deviatoric parts of Σ eventually leads to the well
known Gurson strength criterion:

Σ2
eq

σ2
o

+ 2f cosh(3
Σm

2σo
)− 1− f 2 = 0 (41)

This equation characterizes the boundary of the macroscopic domain F hom
G which support

function is Πhom
G . Since the successive approximations preserve the upper bound character

of Πhom, the obtained domain is an upper bound of the exact domain F hom of macroscopic
admissible stresses, that is, F hom ⊂ F hom

G .

Remark 1: In general, only the kinematical theorem has been applied to porous met-
als. Mention has to be made of very few attempts that have been made by Sun and Wang
(1989); Sun and Wang (1995). Unfortunately, these attempts have not been very successful.
we will come back in the next chapter on this point.

Remark 2: It can be also noted that the Gurson criterion, (41) depends only on two
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Figure 1: Associated Drucker-Prager model: yield criterion and associated flow rule

stress invariants, Σm and Σeq and not on the third invariant of the stress deviator. As re-
cently recognized and studied by Cazacu et al. Cazacu et al. (2013) (see also Garajeu et al.
(2011)), this is a direct consequence of the approximation brought by the inequality (34).
We will come back to this point on chapter 3.

5.3. Case of porous materials with an associated Drucker-Prager matrix

Porous materials with an associated Drucker-Prager matrix has been investigated by
Guo et al. Guo et al. (2008) by using also classical limit analysis. The approach followed
by these authors is methodologically similar to the above one, but shows several difficulties
linked to the compressibility of the Drucker-Prager matrix. For instance, let us consider
Drucker-Prager model with the yield criterion (Fig. 1):

F (σ) = σe + 3ασm − σ0 ≤ 0 , (42)

where σe is the equivalent stress, σm the mean stress, σ0 > 0 the cohesion stress of the
material and α the pressure sensitivity factor. If normality rule is adopted, excepted for the
apex of Drucker-Prager cone (σe = 0, σm = σ0 / 3α ) where σe is not differentiable, the
plastic strain rate is given by the following associated yielding rule:

d = deq
∂F

∂σ
= deq

(
3s

2σe
+ α1

)
, (43)

where σ is Cauchy stress tensor, s the deviatoric stress, 1 the unit tensor. It is recalled
that the positive scalar deq =| 2

3
d′ : d′ |1/2 with d′ the deviatoric part of d. The volumetric

plastic strain is such that:

tr d = 3αdeq (44)
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This suggests introducing:
H(d) = αdeq − dm

The plastic yielding rule (43) is completed at the apex by the condition:

H(d) = αdeq − dm ≤ 0 (45)

while, because of (44), H(d) = 0 at the other points of the yielding surface (called regular
points). For the above associated Drucker-Prager model, the support function reads (see for
instance Salençon (1983):

πs(d) =
σ0

α
dm (46)

when F (σ) ≤ 0 and H(d) ≤ 0, equal to +∞ otherwise.
As previously, the determination of the macroscopic dissipation by means of the kinematical
method requires the choice of an appropriate velocity field. In the spirit of Gurson model,
Guo et al. (Guo et al., 2008) considered a velocity made up of the solution of the hollow
sphere with a Drucker-Prager (plastically compressible) matrix and a linear part (generating
a homogeneous strain rate field).
In cylindrical coordinates (eρ, eφ, ez), the trial velocity field proposed by Guo et al. (2008)
which depends on the friction angle φ (such that tanφ = 3α),

v = C0

(
b

r

)3/s

(ρeρ + zez) + C1ρeρ + C2zez , (47)

with r =
√
ρ2 + z2, s = 1+2εα, where ε is the sign of C0. The first term is the exact solution

for the hydrostatic case Guo et al. (2008) (see also (Thoré et al. , 2009) or (Cheng et al.,
2012)). As in Gurson’s model Gurson (1977), while the two linear terms aim at capturing
the effects of macroscopic shear.
The above trial velocity field complies with the boundary conditions (v = D ·x) only in an
average sense:

D =
1

| Ω |

∫
∂Ω

1

2
(v ⊗ n+ n⊗ v)dS

Once the microscopic trial velocity field is proposed, the corresponding local strain rate and
its macroscopic counterpart can be calculated. It is readily seen that the macroscopic strain
rate tensor reads:

D = C01 + C1(eρ ⊗ eρ + eφ ⊗ eφ) + C2ez ⊗ ez , (48)

from which it follows that the macroscopic mean strain rate Dm and the equivalent strain
rate De take the form:

Dm = C0 +
1

3
(2C1 + C2)

De =
2

3
| C1 − C2 |

(49)
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Moreover, in contrast to the local condition (incompressibility) in the von Mises case, the
admissibility condition (45) appears to be very difficult, if not impossible, to satisfy. Indeed,
from the considered velocity field, one readily obtains:

dm(r) =

(
1− 1

s

)
C0

(
b

r

)3/s

+
1

3
(2C1 + C2) (50)

and

deq(r) =
2

3

√
(C1 − C2)2 +

3C0

s
(C1 − C2)(3 cos2 θ − 1)

(
b

r

)3/s

+

(
3C0

s

)2(
b

r

)6/s

(51)

which obviously do not comply with (45) everywhere in the hollow sphere.
Due to the above difficulty, the idea is to relax the admissibility condition in an average
sense by imposing ∫

ΩM

H(d) dV = 0 (52)

It follows that the normalized macro dissipation, obtained by omitting σ0 (or taking it equal
to 1)2, is defined by:

Πhom(D) =

∫
ΩM

dm
α
dV (53)

under the constraint (52).
After recalling that from the Hill Lemma the minimization problem classically reads

Πhom(D)− T : D ≤ 0 (54)

T being the normalized macro stress.
This suggests to introduce the following Lagrangian L̄, with Λ̄ a Lagrange multiplier, as-
sumed constant:

L̄ =
1

Ω

∫
Ωm

dm
α
dV −T : D + Λ̄[

∫
ΩM

(αdeq − dm)dV ] (55)

This Lagrangian reads:

L̄ =
1

α
[(1−f)Dm−(fγ−f)C0]+αΛ̄Π− Λ̄[(1−f)Dm−(fγ−f)C0]−(3TmDm+TeDe) (56)

where γ = 1− s−1 and in which

Π(v) =
1

| Ω |

∫
ΩM

deq dV ,

2This normalization has been considered in the study by Guo et al. (2008).

30



Its expression can be found in Guo et al. (2008) (see also appendix of chapter 4).
Finally, L̄ takes the form:

L̄ = αΛ̄Π + (
1

α
− Λ̄)[(1− f)Dm − (fγ − f)C0]−−(3TmDm + TeDe) (57)

The following minimization relations then follow:

∂L̄

∂C0

= αΛ̄
∂Π

∂C0

− (
1

α
− Λ̄)(fγ − f) = 0

∂L̄

∂Dm

= (
1

α
− Λ̄)(1− f)− 3Tm = 0

∂L̄

∂De

= αΛ̄
∂Π

∂De

− Te = 0

(58)

The first one delivers the optimal expression of Λ̄

Λ̄ =
1
α

(fγ − f)

fγ − f + α ∂Π
∂C0

(59)

which, when reported in the two last ones, leads to the expression of the macroscopic ad-
missible stress components:

3Tm = (1− f)

[
1

α
−

1
α

(fγ − f)

fγ − f + α ∂Π
∂C0

]
=

(1− f) ∂Π
∂C0

fγ − f + α ∂Π
∂C0

(60)

Te =
(fγ − f) ∂Π

∂De

fγ − f + α ∂Π
∂C0

(61)

These are precisely the expressions established by Guo et al. (2008) for the macroscopic cri-
terion of ductile porous materials having an associated Drucker-Prager matrix. The reader
interested by the detail of implementation of this criterion may can refer to the above men-
tioned paper.

6. Modeling constitutive laws in the context of bipotential theory

6.1. Non monotone laws, non associated laws and bipotential

However, many experimental laws proposed these last decades, particularly in Plastic-
ity, are non associated. For such laws, de Saxcé proposed in (de Saxcé et al., 1991; de
Saxcé , 1992) a suitable modelization based on more general generating functions called
bipotentials and defined by the following properties:
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(a) b is convex and lower semicontinuous in each argument.
(b) For any x′ and y′ we have

b(x′,y′) ≥ 〈x′,y′〉 . (62)

(c) For x and y we have the equivalences:

y ∈ ∂b(·,y)(x) ⇐⇒ x ∈ ∂b(x, ·)(y) ⇐⇒ b(x,y) = 〈x,y〉 . (63)

In a mechanical point of view, the bipotential represents the plastic dissipation power (by
volum unit) and (63) is the constitutive law. The couples (x,y) for which ones equivalence
(63) holds are called extremal couples.

First of all, let us show a simple example with X = Y = Rn, the dual pairing being the
usual euclidian product. Then we define

b(x,y) = ‖x‖ ‖y‖ (64)

The point (a) is obviously satisfied. The point (b) is true by the Cauchy-Schwarz-Bunyakovsky
inequality. We have equality in the Cauchy-Schwarz-Bunyakovsky inequality b(x,y) =
〈x,y〉 if and only if there is λ > 0 such that y = λx or one of x and y vanishes. This
is exactly the statement from the point (c), for the function b under study, hence b is a
bipotential called Cauchy’s bipotential. It is worth to notice the graph M generated by b
is the set of pairs of collinear and with same orientation vectors. It is not the subdifferential
of a superpotential because it is not monotone (then it is not a fortiori cyclically monotone).

A non-empty graph M ⊂ X × Y is a BB-graph (bi-convex, bi-closed) if for all x and
for all y the sets M(x) and M∗(y) are convex and closed. Given a a non-empty graph
M ⊂ X × Y , there is a bipotential b which is a generating function of M if and only if M
is a BB-graph. This bipotential, denoted bM , is equal to

b∞(x,y) = 〈x,y〉

if (x,y) ∈ M and +∞ otherwise (Buliga et al. (2008)). For a given graph, there is
not in general uniqueness of the bipotential because, for instance, considering the graph
of Cauchy’s bipotential, we obtain a bipotential b∞ which is clearly different from (64).
Another interesting question is: given a graph M , is there a way to construct a bipotential
b generating it? The existence result does not give a satisfying bipotential because b∞ is
somehow degenerate because infinite outside M . For example, it would be nice to be able
to reconstruct Cauchy’s bipotential starting from its graph. An answer to this question
is given by the method of the convex lagrangian covers (Buliga et al. (2008)) and
its generalization of the bipotential convex covers (Buliga et al. (2010a)). For a more
complete survey on generating functions and bipotentials, the reader is refered to (Buliga et
al. (2009a)).

6.2. Non associated plasticity and bipotential

Typical applications of the bipotentials in the mechanics of solids are the non associated
plasticity for which the the plastic strain rate is not normal to the elastic domain K. The
classical way to formulate such laws is to give a smooth loading function F to represent it:

K = {σ ∈ X F (σ) ≤ 0}
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Figure 2: Drucker-Prager model: yield criterion and non associated flow rule

and a plastic potential G to model the plastic flow rule:

d = deq
∂G

∂σ

Plastic laws of soils are often non associated. For instance, let us consider Drucker-Prager
model with the yield criterion (Fig. 2):

F (σ) = σe + 3ασm − σ0 ≤ 0 , (65)

where σe is the effective stress, σm the mean stress, σ0 > 0 the cohesion stress of the material
and α the pressure sensitivity factor related to the friction angle φ by:

tan φ = 3α .

Let us introduce the plastic potential:

G(σ) = σe + 3βσm − σ0,

where β depends on the dilatancy angle ψ through:

tan ψ = 3β .

Of course, for the particular event ψ = φ hence F = G, the normality rule is recovered and
the plasticity model is associated. Moreover, without loss of generality, we can assume that
0 ≤ β ≤ α. Excepted for the apex of Drucker-Prager cone (σe = 0, σm = σ0 / 3α ) where
σe is not differentiable, the plastic strain rate is given by the non associated yielding rule:

d = deq
∂G

∂σ
= deq

(
3s

2σe
+ β1

)
, (66)
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where σ is Cauchy stress tensor, s the deviatoric stress, 1 the unit tensor and deq =| 2
3
e :

e |1/2 with e being the deviatoric part of d. The plastic dilatancy is:

tr d = 3βdeq (67)

This suggests introducing:
H(d) = βdeq − dm

The plastic yielding rule (66) is completed at the apex by the condition:

H(d) ≤ 0 (68)

while, because of (67), H(d) = 0 at the other points of the yielding surface (called regular
points). Of course, for the particular event β = α hence F = G, the normality rule is
recovered and the plasticity model is associated.

The classical presentation using the plastic potential is recalled only because of its in-
tensive use in the literature but, in actual fact, it is not very relevant for the variational
methods. One of the goals of the bipotential method is to give good ideas to find efficient
functionals in order to use all the power of the variational tools. For the non associated
Drucker-Prager model, let us introduce the function:

b(d,σ) =
σ0

α
dm + (β − α)

(
3σm −

σ0

α

)
deq (69)

when F (σ) ≤ 0 and H(d) ≤ 0, equal to +∞ otherwise. Indeed, the condition

d ∈ ∂b(d, ·)(σ) (70)

reads
d ∈ (β − α)deq1 + ∂χK(σ) (71)

If σ is a regular point of the boundary of K, introducing a Lagrange multiplier λ, one has

d = (β − α)deq1 + λ
∂F

∂σ
= (β − α)deq1 + λ

(
3s

2σe
+ α1

)
Equaling the deviators of both members leads to λ = deq, hence the previous relation is
reduced to the yielding rule (66). For the apex, we let the reader to prove that (71) leads to
(68). Hence, the non associated yielding rule is described in a compact form by the relation
(70) and b generates the corresponding graph.

Let us prove now in three steps that the function (69) is a bipotential.

(i) It is clearly convex and lower semicontinuous.

(ii) To check the condition (62), it is sufficient to verify that, under the conditions (65)
and (68), one has

b(d, σ) =
σ0

α
dm + (β − α)

(
3σm −

σ0

α

)
deq ≥ 3σmdm + s : e (72)
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First of all, for any σ ∈ K, taking into account Cauchy-Schwarz-Bunyakovsky inequal-
ity, the following relation holds

−α
(

3σm −
σ0

α

)
deq ≥ σedeq ≥ s : e (73)

On the other hand, under the conditions (65) and (68), one has

3σm ≤
σ0

α
, dm ≥ βσm

Hence
β
(

3σm −
σ0

α

)
deq ≥

(
3σm −

σ0

α

)
deqdm (74)

Thus condition (72) results from inequalities (73) and (74).

(iii) Finally, we have to check the equivalence (63). If (d,σ) is an extremal couple,

b(d,σ) = d : σ (75)

and, because of (62), for any σ′ ∈ Y

b(d,σ′) ≥ d : σ′

Hence
b(d,σ′)− b(d,σ) ≥ d : (σ′ − σ)

that proves (70). Conversely, if the previous relation is true, let us prove that the
couple (d,σ) is extremal. Indeed, b has a finite value for it, given by the expression
(69) or, after some algebraic manipulations

b(d,σ) =
σ0

α
(dm − βdeq) + 3βσmdeq + (σ0 − 3ασm) deq

When the plastic strain vanishes, (75) is trivially fulfilled. Otherwise, the stress point
is on the boundary of K and F (σ) = 0 leads to

b(d,σ) =
σ0

α
(dm − βdeq) + 3βσmdeq + σedeq (76)

If it is a regular point, H(d) = 0 leads to

b(d,σ) = 3σmdm + σedeq = 3σmdm + s : e

because e and s are collinear. For the apex, s vanishes, σm = σ0 / 3α and (76) reads

b(d,σ) = 3σmdm

Finally, the equivalence

σ ∈ ∂b(·,σ)(d)⇐⇒ b(d,σ) = 〈d,σ〉

is proved in a similar way.
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The materials generated by bipotentials are called implicit standard materials because
the normality law is satisfied in a weak sense of an implicit relation between the dual vari-
ables. The bipotentials are generating functions generalizing in a natural way Fitzpatrick’s
functions and a fortiori Fenchel’s functions. Athough they were proposed to model the non
associated laws, they are also a tool to face the non maximality of a law. For instance, a
non maximal cyclically monotone law can be generated by a bipotential which is the
superior envelop of two Fenchel’s functions defined in a suitable way. For more details, the
reader is refered to (Buliga et al. (2010a)).

7. Variational formulations for Non associated plasticity and limit analysis

7.1. Formulations

A field couple (v,σ) is a solution of the boundary value problem (BVP) of the non asso-
ciated plasticity if it satisfies together the kinematical condition, the equilibrium equations
and the implicit normal yielding rule

(i) v is KA

(ii) σ is SA

(iii) σ ∈ ∂b(·,σ)(d(v))⇐⇒ d(v) ∈ ∂b(d(v), ·)(σ)
⇐⇒ b(d(v),σ) = d(v) : σ in V

The corresponding variational formulation is based on the bifunctional

B(v,σ) =

∫
V

b(d(v),σ)dV −
∫
Sv

v̄ · t(σ)dS −
∫
St

v · t̄dS

Indeed, one has:

(i) if v′ is KA and σ′ is SA, B(v′,σ′) ≥ 0

(ii) if v and σ are solution of the BVP, B(v,σ) = 0

Indeed, if v′ is KA and σ′ is SA, it holds∫
V

d(v′) : σ′dV =

∫
Sv

v̄ · t(σ′)dS +

∫
St

v′ · t̄dS (77)

Hence (i) results from the cornerstone inequality (62) of the bipotential. Besides, if v and
σ are solution of the BVP, v is KA and σ is SA. Consequently, the previous relation is true
for v and σ. Hence (ii) results from (75).

Using (i) with any KA velocity field v′ and σ, and owing to (ii), one has

∀v′ ∈ Ka, B(v′,σ) ≥ B(v,σ) = 0
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Similarly, using (i) with v and any SA stress field σ′, and owing to (ii), one has

∀σ′ ∈ Sa, B(v,σ′) ≥ B(v,σ) = 0

In other words, the field couple (v,σ) solution of the BVP can be obtained as simultaneous
solution of the two coupled variational principles

min
v′∈Ka

B(v′,σ) = min
σ′∈Sa

B(v,σ′) = B(v,σ) = 0 (78)

For the particular event of associated plasticity, the bipotential is Fenchel’s function (11)
(then separated) and the bifunctional splits into the sum of velocity functional and stress
one:

B(v,σ) = Π(v) + Φ(σ)

and Markov’s and Hill’s variational principles are decoupled.

7.2. Limit analysis in non associated plasticity

Using the bipotential approach, the classical tools of the limit analysis can be extended
to the non associated plasticity (de Saxcé (2002)), according to the following remarks:

• As ϕ was positively homogeneous of order 1 for plasticity, the partial function b(.,σ)
so is. This can be verified for instance on the expression (69).

• Similarly, we can suppose that if v satisfies the BVP of Subsection 7 and λ > 0, the
velocity field λv so is.

• For any solution (v,σ) of the BVP of Subsection 7, (77) holds and, owing to (iii) of
the BVP, one has ∫

V

b(d(v),σ)dV =

∫
V

d(v) : σdV = αLP 0
ext(v) (79)

Introducing the internal power

Pint(v,σ) =

∫
V

b(d(v),σ)dV

The kinematical factor associated to a licit velocity field v′

αk =
Pint(v

′,σ)

P 0
ext(v

′)
(80)

depends now on the stress field σ, exact solution of the BVP and it bounds the limit factor

αL ≤ αk
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This is the extended kinematical bound theorem. To prove it, let us remark that
because of the first minimum principle with the reference loads multiplied by αL, one has

B(v′,σ) = Pint(v
′,σ)− αLP 0

ext(v
′) ≥ B(v,σ) = 0

On the other hand, (80) leads to

B(v′,σ) = (αk − αL)P 0
ext(v

′)

As v′ is licit, the external power is non negative, that proves the theorem.
Similarly, if the exact solution v of the BVP satisfies the normalization condition (21),

then for any licit stress field σ′ with the reference loads multiplied by αs, the corresponding
static factor satisfy the following inequality

αs − Pint(v,σ′) ≤ αL − Pint(v,σ) (81)

This is the extended statical bound theorem. To prove it, let us remark that because
of (iii) in Subsection 7∫

V

(b(v,σ′)− b(v,σ)dV ≥
∫
V

d(v) : (σ′ − σ)dV

As v is KA, σ′ and σ are SA with reference loads respectively multiplied by αs and αL, (77)
leads to

(αs − αL)P 0
ext(v) ≤

∫
V

(b(v,σ′)− b(v,σ)dV

Using (19) the normalization condition (21) proves the theorem.
For the particular event of associated plasticity, the internal power does not depend ex-

plicitly on the stress. Then the classical definition (20) of the kinematical factor is recovered
from (80). On the other hand, the inequality (81) degenerates into (23).

For more about the limit analysis in non associated plasticity and its extension in presence
of unilateral contact with Coulomb’s dry friction, the reader is referred to (de Saxcé (2002)).
In the next chapters, we shall specialize the previous variational methods and limit analysis
approaches to the homogenization problems.
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Thoré, P., Pastor, F., Pastor, J., Kondo, D., 2009. Closed-form solutions for the hollow sphere model

39



with Coulomb and Drucker-Prager materials under isotropic loadings. Comptes Rendus Mécanique, 337,
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a b s t r a c t

The main objective of this paper is to formulate a very new statically-based model of duc-
tile porous materials having a von Mises matrix. In contrast to the Gurson’s well known
kinematical approach applied to a hollow sphere, the proposed study proceeds by means
of a statical limit analysis procedure. Its development and implementation require the
choice of an appropriate trial stress field. The starting point is Hill’s variational principle
for rigid plastic matrix. The use of a lagrangian multiplier allows to satisfy the plastic cri-
terion in an average sense. The proposed trial stress field, complying with internal equilib-
rium, is composed of an heterogeneous part (exact solution for the stress field in the hollow
sphere under pure hydrostatic loading) to which is added a uniform deviatoric stress field.
Owing to this choice, the stress vector conditions on the void boundary are relaxed. By
solving the resulting Saddle point problem, we derive closed form formula which depends
not only on the first and second invariant of the macroscopic stress tensor but also on the
sign of the third invariant of the stress deviator. The obtained results are fully discussed
and compared to existing models, available numerical data and to Finite Elements results
obtained from cell calculation carried out during the present study. Finally, we provide for
the new model the macroscopic flow rule as well as the porosity evolution equations which
also show very original features. Some of these features are illustrated.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

To obtain macroscopic criterion of ductile porous materials, Gurson (1977) has proposed a kinematical limit analysis ap-
proach of a hollow sphere and a hollow cylinder having a von Mises solid matrix. This approach delivered an upper bound of
the searched macroscopic criterion. Several extensions of the Gurson model have been further proposed in the literature.
Owing to the observation that Gurson model appears too stiff when compared with finite element unit-cell computations,
Tvergaard (1981) and then Tvergaard and Needleman (1984) (see also Tvergaard (1981) and Tvergaard (1990)) proposed a
heuristic extension of the Gurson model, known as the GTN model. This extension, widely used in structural computations
introduces three parameters, q1; q2 and q3, which have to be determined. A proposition on the dependence of such param-
eters on porosity has been recently done by Fritzen et al. (2012) based on computations carried out on a representative ele-
mentary volume of the ductile porous medium.1 Applications of ductile fracture models generally concern metallic materials
(see for instance Gänser et al. (1998), Han et al. (2013), Khan and Liu (2012) and Khan and Liu (2012)). Further extensions of the
Gurson model, probably the most important ones, include those accounting for void shape effects (Gologanu et al., 1997; Gar-
ajeu et al., 2000; Monchiet et al., 2007; Monchiet et al., 2013). Matrix plastic anisotropy was also treated for the first time by
Benzerga and Besson (2001) in the case of spherical voids, the extension to spheroidal voids being made later by Monchiet et al.

0749-6419/$ - see front matter � 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijplas.2013.10.003

⇑ Corresponding author. Tel.: +33 144275485; fax: +33 144275259.
E-mail address: djimedo.kondo@upmc.fr (D. Kondo).

1 This study has been extended in Fritzen et al. (2012) to porous materials with Green type matrix.
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(2006) and Monchiet et al. (2008) (see also Keralavarma and Benzerga (2008) and Keralavarma and Benzerga (2010)). Other
recent works concern ductile porous metals with incompressible matrix exhibiting an asymmetry between tension and com-
pression (see for instance Cazacu and Stewart (2009) and Revil-Baudard and Cazacu (2013)). For completeness, mention has
to be made of other theoretical extensions taking into account the plastic compressibility of the matrix by considering a
Mises–Schleicher or a Drucker–Prager matrix for applications to polymer and cohesive geomaterials (Jeong and Pan, 1995;
Jeong, 2002; Lee and Oung, 2000; Zaïri et al., 2008; Canal et al., 2009; Guo et al., 2008). Finally, some very recent works deal
with nanoporous materials (Huang and Li, 2005; Li and Huang, 2005; Zhang et al., 2010; Dormieux and Kondo, 2010; Dormieux
and Kondo, 2013; Monchiet and Kondo, 2013). Others are devoted to porous materials reinforced by rigid inclusions (Garajeu
and Suquet, 1997; Shen et al., 2012; He et al., 2013).

In Gurson’s footsteps, all the above limit analysis-based models of ductile porous media are obtained by using kinematical
approach which requires the choice of a suitable trial velocity field2. On the other hand, few works have been made to develop
a theoretical dual stress based model. One may mention the pioneering study of Green (1972), even it has been phenomeno-
logically inspired. A statical limit analysis attempt has been first done for ductile porous media by Sun and Wang (1989)
(see also Sun and Wang (1995)) who developed a semi-analytical approach which aimed to deliver a lower bound criterion.3

Despite the interest of the above approaches by Sun and Wang (1989) and by Landry and Chen (2011), the resulting criteria
are in fact obtained by some fitting procedure based on numerical computations. Moreover, although the authors claim a more
accurate formability prediction than by the Gurson criterion when compared to experiments, the accuracy of the above criteria
(built upon analysis of a hollow sphere subjected to uniform stress boundary conditions) seems not satisfactory in view of rig-
orous numerical bounds recently obtained by Trillat and Pastor (2005) and Thoré et al. (2011) from statically-based numerical
computations and optimization made on the hollow sphere. It clearly appears that a proper theoretical framework based on a
statical limit analysis of porous media, and its implementation for the derivation of a macroscopic criterion, are still due. This is
the main purpose of the present study.

From a more general point of view, it must be noted that, although the direct and accurate knowledge of the stress field is
of great interest in plasticity due to the fact that the yield criterion is often expressed in terms of stress components, the main
reason which probably explains the preference in past studies of the kinematical approach (leading to upper bounds) is tech-
nical: the dissipation function is non smooth but only for null plastic strains. As it is generally the case for limit analysis of
microporous ductile materials, the reference cell (the hollow sphere in the present study) is completely plastified at limit
state and the dissipation functional is smooth, differentiable with respect to the trial velocity field parameters. And as it
is well known in duality theory, the more a functional is smooth, the more its dual one is non smooth. It is exactly what
occurs in plasticity where the stress functional is much more difficult to manage due to its non smoothness concentrated
in the satisfaction of the yield criterion.

The principal aim of this paper is to face this difficulty and to open a new way –alternative and complementary to Gurson like
models– to build macroscopic yield criteria for ductile porous materials thanks to a stress model leading to a closed form
expression of the macroscopic criterion. The developed approach also enters in the framework of limit analysis, well-known
as a general method to determine the plastic limit state of structures under proportional loading. The variational formulation
of the lower bound theorem is based on Hill’s functional (Hill, 1950) (see also Nguyen Dang (1976) or chapter 6 in Save et al.
(1997)) which is summarized and adapted to the homogenization problem by applying it to the hollow sphere model. The lower
bound character of the results is guaranteed only if the trial stress field is statically and plastically admissible. This is the pitfall
because, while the equilibrium equations are linear, the yield criterion is generally non linear, and then difficult to fulfill exactly.
Of course, it could seem attractive to use linearised criteria such as Tresca or Mohr–Coulomb ones but they become non linear
when expressed with respect to stress components in non principal axes. Still, in the framework of limit analysis, other linear-
isation were proposed but are not relevant because, to be accurate enough, they require in three dimensions consideration of
too numerous linear facets. In the present paper, we follow an alternative approach inspired from numerical works by Nguyen
Dang (1976) where the yield criterion is satisfied ‘in the mean’ over each finite element. This concept has the following meaning:
the yield condition is relaxed and we must expect to obtain only an approximation of the lower bound, sometimes qualified of
quasi-lower bound. The idea seems to be relevant also for theoretical models because of the very high difficulty to obtain a
closed analytical expression. The key idea is to satisfy only the equilibrium equations, relaxing the plastic criterion with La-
grange’s multipliers. Moreover, the stress condition at the void boundary is also difficult to satisfy by simple trial stress fields
capturing the shear effects that break the central symmetry; it will be also relaxed. A priori, the final picture could seem too
rough but, although the trial stress field is rather simple with a strict number of field parameters able to fit the hydrostatic
and deviatoric macro-stress components, the present approach provides a rather accurate model, as it will be shown. Indeed,
the lower bound will be lost but, but by comparison to accurate numerical data, the interest and the validity of the new results
will be demonstrated. Besides, a salient feature which will be shown for the derived model is that it predicts explicit depen-
dence on all the three stress invariants. This particular point will be fully commented and analysed in relation with very recent
results established by Cazacu et al. (2013) based on a kinematical limit analysis approach.

2 Note that another class of ductile porous models, dealing with representative elementary volume, has been proposed in literature by using nonlinear
homogenization techniques (see for instance Ponte-Castañeda (1991), Suquet (1995), Ponte-Castañeda and Suquet (1998), Barthélémy and Dormieux (2003),
Danas et al. (2008) and Maghous et al. (2009)). These techniques are not discussed in the present paper.

3 Note also the more recent study by Landry and Chen (2011) in which has been formulated a plane stress lower bound criterion for porous ductile sheet
metals.
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The paper is organized as follows. In Section 2, we briefly recall the concepts of statically and plastically admissible stress
fields, which allows to define the licit ones. Then, for the formulation of the stress variational model, the limit analysis based
homogenization procedure is developed, by simultaneously considering the Hill’s variational principle, and introducing a La-
grange’s multiplier to solve the resulting saddle-point minimization problem. Section 3 is devoted to the determination of
the macroscopic yield function of the porous media. A closed-form expression is established by adopting the hollow sphere
model and an appropriate trial stress field which is detailed in Appendix A. In order to underline the interest of the
established criterion, a first comparison to Gurson’s model is provided in subSection 4.1. For completeness, the predictions
of the statically-based criterion obtained by Sun and Wang (1995) will be also included in Appendix C. Other comparisons to
numerical solutions (bounds, Finite Elements results) are also reported in the subSection 4.2. Finally, the plastic strain rate
equations are given in Section 5 by applying the normality rule, while voids evolution equation is obtained from the mass
balance. Some original features of these equations are indicated and illustrated on several figures.

2. A Stress-based variational formulation in the framework of limit analysis

In the perspective of limit analysis application to ductile porous materials, let us consider a reference unit volume or
macro-element X composed of a void x and matrix XM ¼ X�x. The macro-element X is bounded by surface @X and the
void x by @x. The matrix is made of a rigid plastic material with a yield criterion:

FðrÞ 6 0; ð1Þ

where F is a lower semicontinuous and convex function of the cauchy stress tensor r. As classically, the normality law is
assumed:

d ¼ _ep @F
@r

; ð2Þ

where d is the strain rate tensor, while _ep is the equivalent plastic strain rate. It is worth to notice that, equivalently, the
strain rate and stress tensor satisfy Hill’s inequality:

8r0 2 K; ðr0 � rÞ : d 6 0; ð3Þ

where the plastic domain K is the closed and convex set of stress fields satisfying the yield criterion (1).
From the classical Hill lemma, the macroscopic stress R and macroscopic strain rate D are obtained as volume averages of

their microscopic counterparts r and d:

R ¼ 1
jXj

Z
X
r dV ; D ¼ 1

jXj

Z
X

d dV : ð4Þ

The set of kinematical admissible velocity fields classically reads:

Ka ¼ fv s:t: vðxÞ ¼ D � x on @Xg

And, the strain rate field, symmetric part of the velocity gradient, is dðvÞ ¼ gradsv .
The set of statically admissible stress fields is such as:

Sa ¼ fr s:t: div r ¼ 0 in X; r � n ¼ 0 on @x; r ¼ 0 in xg:

where n is the unit outward normal vector.
The homogenization problem consists in determining the macroscopic stress for which there exist at least an admissible

couple ðv;rÞ 2 Ka � Sa satisfying anywhere in the matrix the yield criterion (1) and the normality rule (2). In general, due to
its strongly non linear character, this problem has no closed form solution. This has motivated implementation of an equiv-
alent variational formulation, more appropriate for simple approximations, thanks to relevant choice of trial stress fields and
minimization procedure.

Considering an admissible couple ðv;rÞ, one has by Hill’s lemma,

D : R ¼ 1
jXj

Z
X

dðvÞ : r dV ¼ 1
jXj

Z
XM

dðvÞ : r dV :

Let us also recall a basic concept of convex analysis, the subdifferential of a function w in a point r which is the (possibly
empty) set:

@wðrÞ ¼ dj8r0; wðr0Þ � wðrÞP ðr0 � rÞ : df g: ð5Þ

For more details on convex analysis, the reader is referred for instance to Ekeland and Temam (1975), Moreau (2003) and
Rockafellar (1970). Hence, introducing the semicontinuous and convex function:

wðrÞ ¼
0 if r 2 K

þ1 otherwise

� �
;
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Hill’s inequality (3) can be recast as:

d 2 @wðrÞ;

Since r 2 K entails wðrÞ ¼ 0, the inequality in (5) degenerates into (3) when r0 2 K and is true otherwise, the left hand mem-
ber being infinite while the left hand one is finite.

This suggests to state Hill’s variational principle (Hill, 1950) (see also Nguyen Dang (1976) or chapter 6 in Save et al.
(1997)) for a body XM .

Among the statically admissible stress fields, the true one makes the functionalZ
XM

wðrÞ dV �
Z

Sv

ðr � nÞ � vdS; ð6Þ

an absolute minimum.
In (6), v is the imposed velocity on the part Sv of the boundary of XM . Adapted to the context of the present homogeni-

zation problem, e.g. the problem of a hollow sphere subjected to uniform strain rate boundary conditions vðxÞ ¼ D � x on its
boundary @X, this principle requires to introduce the the following average functional for the hollow sphere:

U ¼min
r2Sa

1
jXj

Z
XM

wðrÞ dV � D : R

� �
; ð7Þ

where R depends on the stress field r through:

R ¼ 1
jXj

Z
@X
ðrnÞ � x dS;

or equivalently (4), provided that the stress field r is statically admissible.
Indeed, let v and r be the velocity and stress fields at limit state. Taking into account Hill’s lemma and dðvÞ 2 @wðrÞ, it

holds for any statically admissible fields r0:

1
jXj

Z
XM

ðwðr0Þ � wðrÞ � ðr0 � rÞ : dððvÞÞ dV P 0;

which proves that the limit stress field r realizes the minimum of the functional among all the statically admissible stress
fields r0. Defining the set of licit stress fields:

Sl ¼ fr 2 Sa s:t: FðrÞ 6 0 a:e: in XMg; ð8Þ

let us notice that if r is licit, the value of the functional in (7) is finite, infinite otherwise. The minimum being finite, it is
realized only for licit fields. Because w vanishes almost everywhere for the licit fields, the above variational principle (7)
is equivalent to the following one:

min
r2Sl

�D : Rð Þ; ð9Þ

The limit analysis approach consists in finding non trivial solutions qualified as failure mechanisms. It is expected that they
exist only under an equality condition on R that can be interpreted as the equation of the macroscopic yield surface.

In the same spirit, as in the work of Guo et al. (2008), a first approximation consists in relaxing the yield criterion (1).
Introducing Lagrange’s multiplier field x # _KðxÞ, this constrained minimization problem is transformed into an equivalent
saddle-point problem:

max
_KP0

min
r2Sa

Lðr; _KÞ ¼ 1
jXj

Z
XM

_KFðrÞ dV � D : R

� �
;

We perform a new approximation by imposing Lagrange’s multiplier field to be uniform in XM:

max
_KP0

min
r2Sa

Lðr; _KÞ ¼ _K
1
jXj

Z
XM

FðrÞ dV � D : R

� �
: ð10Þ

that is equivalent to minimize the functional U under the following condition:

1
jXj

Z
XM

FðrÞ dV ¼ 0: ð11Þ

Satisfying the condition (1) only in an average sense (Eq. (11)) but not locally anywhere in XM is a strong approximation but
required here in order to make the calculation possible. The minimum principle allows then to obtain the ‘‘best ’’ solution
within the framework imposed by the adopted approximations. Hence, a stress variational macroscopic model (which will
be called SVM in the following) can be obtained from Eq. (11). Additionally, it should be emphasized that this model could
be seen as a quasi-lower bound due to the adoption of the relaxed licit stress fields which appears as an uncontrollable
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approximation in the Hill’s variational principle (7). Note that Gurson’s kinematically-based model is a true upper bound, all
the approximation that it had required being controllable.

The final and crucial step, detailed in the next section, is the choice of a trial stress field depending on some parameters.
After expressing it with respect to the invariants of the macro-stress, the macroscopic loading function is:

FðRÞ ¼ 1
jXj

Z
XM

FðrðRÞÞ dV ¼ 0: ð12Þ

Thus, the saddle-point problem (10) reads:

max
_KP0

min
R
LðR; _KÞ ¼ _KFðRÞ � D : R
� �

;

Performing the variation with respect to _K provides the macroscopic yield condition:

FðRÞ 6 0

and with respect to R gives the macroscopic plastic flow rule:

D ¼ _K
@F
@R
ðRÞ: ð13Þ

where _K turns out then to be the plastic multiplier and must satisfy Kuhn–Tucker conditions:

� _K ¼ 0 if F < 0; or if F ¼ 0 and _F < 0
� _K > 0 if F ¼ 0 and _F > 0

3. Proposed stress field and formulation of the macroscopic yield criterion

Let us consider a hollow sphere, made up of a spherical void embedded in a homothetic matrix of a rigid-plastic isotropic
and homogeneous material with von Mises model:

FðrÞ ¼ reðrÞ � r0 6 0;

where re ¼
ffiffiffiffiffiffiffiffiffiffiffi
3
2 s : s

q
is the von Mises equivalent stress defined from the deviatoric part s of the stress tensor r. As usually, the

quantity r0 > 0 represents the yield stress of the matrix material. The inner and outer radii of the hollow sphere are respec-
tively denoted by a and b, giving the void volume fraction f ¼ ða=bÞ3 < 1.

3.1. Proposed trial stress field

Accounting for the symmetry of the hollow sphere model, the trial stress field is considered as the sum of the two follow-
ing fields:

� A heterogeneous part corresponding to the exact field under pure hydrostatic loadings; it reads, in spherical coordinates
with orthonormal frame er ; e/; eh

	 

:

rð1Þ ¼ �A0 ln
a
r

� �
1� 1

2
ðeh � eh þ e/ � e/Þ

� �
; ð14Þ

A0 being a constant to be determined.
� A homogeneous deviatoric part which is taken in the following form, in the cylindrical coordinates with orthonormal

frame eq; e/; ez
	 


:

rð2Þ ¼ A1ðeq � eq þ e/ � e/ � 2ez � ezÞ; ð15Þ

where 1 is the second order unit tensor, while A1 is also constant parameter. The derivation of the above two stress field
contributions is outlined in Appendix A.

Consequently, in the matrix XM , the resultant two parameters-based trial stress field in the matrix can be written as:

r ¼ rð1Þ þ rð2Þ; ð16Þ

Note that a vanishing stress field is considered in the void x.

Remark 1. It is worth to notice that the choice of the above stress field, defined by (16), together with (14) and (15), implies
that4:

4 rm ¼ trðrÞ=3 being the mean stress.
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Rvoid
m ¼ 1

jXj

Z
x
rm dV ¼ 1

3jXj

Z
@x

x � ðrnÞ dS ¼ 0: ð17Þ

which then appears as a relaxed form of the void boundary condition, difficult to be satisfied by simple stress fields.
As a consequence, the variational principle (9) must then be considered with the following relaxed set of licit stress fields:

Sr ¼ fr s:t: div r ¼ 0; FðrÞ 6 0 in XM ; r ¼ 0 in x and Rvoid
m ¼ 0g: ð18Þ

at the place of Sl defined by (8).
In cylindrical coordinates, the complete stress field (16) reads:

r ¼ � ln
a
r

� �
þ 1

2
cos2 h

� �
A0 þ A1

� �
eq � eq

 �

þ � ln
a
r

� �
þ 1

2

� �
A0 þ A1

� �
e/ � e/


 �
þ � ln

a
r

� �
þ 1

2
sin2 h

� �
A0 � 2A1

� �
ez � ezð Þ � A0

2
sin h cos h eq � ez þ ez � eq


 �
ð19Þ

3.2. Derivation of the macroscopic criterion SVM

From (19), it is readily seen that the equivalent stress re in the matrix reads:

re ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0

2

� �2

þ 3
2

A0A1 3 cos2 h� 1ð Þ þ 3A1ð Þ2
s

ð20Þ

A remarkable observation on the above expression of re is that with cylindrical coordinates variables it does not depend on r,
but is only function of the variable h. This remarkable property, which originates from the constance of the deviatoric part of
rð1Þ (exact axisymmetric stress field under hydrostatic loading) in spherical coordinates, will be very useful in the following
for the derivation of the macroscopic yield criterion.

The axisymmetric macroscopic stress tensor, resulting from (19), takes the form:

R ¼ �A0 ln f
3

1þ ð1� f ÞA1ðeq � eq þ e/ � e/ � 2ez � ezÞ; ð21Þ

which readily provides the macroscopic mean stress Rm, the macroscopic equivalent stress Re and the third invariant of the
macroscopic stress deviator J3:

Rm ¼ �
A0 ln f

3
; Re ¼ 3ð1� f ÞjA1j; J3 ¼ �2 ð1� f Þ3A3

1: ð22Þ

in which J3 is the determinant of the deviatoric part of R.
For commodity, let us now introduce the following stress based quantities:

~Re ¼
Re

1� f
; ~Rm ¼ �

3Rm

2 ln f
; eJ3 ¼

J3

ð1� f Þ3
; ð23Þ

This allows to rewrite (20) in the form:

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2

e þ ~R2
m þ signðJ3Þ~Re

~Rmð3 cos2 h� 1Þ
q

for which sign ðJ3Þ is defined by5:

sign ðJ3Þ ¼
27
2

eJ3

~R3
e

¼ �signðA1Þ:

The macroscopic yield condition (12) then reads:

1
jXj

Z
XM

FðrÞ dV ¼ 2p
jXj

Z b

a
r2dr

Z p

0
re sin hdh� ð1� f Þr0 ¼ 0

and reduces to:

1
2

Z p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2

e þ ~R2
m þ signðJ3Þ~Re

~Rmð3 cos2 h� 1Þ
q

sin hdh ¼ r0 ð24Þ

By considering the notations introduced in (23), the macroscopic criterion takes then the following final form:

5 This is related to the well known Lode angle in axisymmetric conditions.
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F R; fð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2

e þ ~R2
m

q
J signðJ3Þ

2~Re
~Rm

~R2
e þ ~R2

m

 !
� r0 6 0; ð25Þ

Again, the quantities ~Re; ~Rm and eJ3 are defined in (23).
Let us denote:

f ¼ sign ðJ3Þ
2~Re

~Rm

~R2
e þ ~R2

m

¼ signðJ3Þ
2eT

1þ eT 2
ð26Þ

with

eT ¼ ~Rm

~Re

¼ �3ð1� f Þ
2lnf

T; ð27Þ

T being the stress triaxiality classically defined as T ¼ Rm
Re

. Note that the definition (26), axisymmetric loading conditions
have been used. The quantity f obviously depends not only on the sign of the third invariant of the stress deviator but also on
that of the stress triaxiality, and on the porosity.

The function J in Eq. (25) is then defined as:

J ðfÞ ¼ 1
2

Z p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

2
ð3 cos2 h� 1Þf

r
sin h dh: ð28Þ

and has the following closed-form expression:

� for �1 6 f 6 0:

J ðfÞ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffi
1þ f

p
þ 2� fffiffiffiffiffiffiffiffi

6jfj
p arcsin

ffiffiffiffiffiffiffiffiffiffiffi
3jfj

2� f

s !
; ð29Þ

� for 0 6 f 6 1:

J ðfÞ ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffi
1þ f

p
þ 2� fffiffiffiffiffi

6f
p ln

ffiffiffiffiffi
3f
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ fÞ

p
2� f

þ
ffiffiffi
6
p

12
ð2� fÞ lnð2� fÞffiffiffi

f
p

 !
: ð30Þ

In addition to the original stress variational methodology introduced in the present study of ductile porous media, Eq.
(25) which will be referred as (SVM)6, together with (29) and (30) constitute probably one of the most important results of
the present paper.

Remark 2. It is convenient to indicate that the obtained criterion presents some analogies with that has been derived in the
interesting study by Shtern and Cocks (2001) see also a series of papers including Shtern and Cocks (2001), Shtern et al.
(2002), Shtern et al. (2002) and Kuz’mov and Shtern (2002)).7 But in the above studies, the third invariant J3 affects only the
macroscopic criterion through the contribution of the Von Mises equivalent stress.

Remark 3. The Gurson’s kinematical derivation incorporates an approximation that has been introduced for technical rea-
son and led to the well-known criterion which depends only on the two invariants Rm and Re. In contrast to this kinematical
derivation, the computing of the analogous integral (24) in our stress variational approach appears to be more simple and
has been achieved without any approximation. At this stage, it must be mentioned that in a very recent study, Cazacu
et al. (2013) success to obtain a kinematically based criterion without the Gurson approximation. This allowed them to point
out and to address the role of the third invariant of the stress deviator. The present criterion (25), derived from a stress-based
Limit Analysis, can be viewed as a statical counterpart of these recent results: Eq. (25), together with (29) and (30) also pro-
vide a class of yield criteria depending not only on Rm and Re (the first and second macroscopic stresses invariants), but also
on the sign of the third invariant of the stress deviator, J3. Indeed, due to the presence of the quantity f defined by (26), the
criterion is asymmetric respectively with the sign change of Rm but also with that of J3. This kind of dependence has been
clearly noted in Cazacu et al. (2013) in the context of the Gurson-like kinematical approach; the following symmetry prop-
erty of the criterion has been pointed out: Fð�Rm;Re;�J3Þ ¼ FðRm;Re; J3Þ. Interestingly, this is fulfilled by the criterion (25)
established in the present study.

6 SVM as Stress Variational Model.
7 Danas and Castañeda (2012) noted that the effect of the third invariant of the macroscopic stress tensor is introduced by these authors in a somewhat ad

hoc manner.
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For the effects of third invariant on the macroscopic behaviour of porous materials, let us also mention the recent study
by Brünig et al. (2013) and numerical results by Thoré et al. (2011), Pastor et al. (2012) and Danas and Castañeda (2012).

Remark 4. Noting that the function J ðfÞ is smooth over �1;1½ � with extreme values J max ¼ J ð0Þ ¼ 1;J min ¼ J ð1Þ ¼ 0:976
over 0;1½ � and J min ¼ J ð�1Þ ¼ 0:962 over �1;0½ �, one can be interested to approximate it by unity. This readily leads to a
simplified expression of the macroscopic yield function which is then independent of J3. This simplified criterion, expressed
in (B.1), is discussed in Appendix B.

4. Assessment of the predictive capabilities of the statically-based criterion

We aim now at assessing the established macroscopic yield function (SVM) by comparing its predictions first with that of
the Gurson criterion (see Figs. 1 and 2). Moreover, the yield surfaces of SVM are shown in these two figures in order to dis-
play the asymmetric character of the derived criterion with respect to the sign of the third invariant J3. Standard Finite Ele-
ment Method (FEM) based limit analysis computations are also performed and their results allow to assess the theoretical
results. For completeness, we also report on Figs. 5–7 the numerical lower and upper bounds of Trillat and Pastor (2005) and
Thoré et al. (2011). Finally, the numerical data for all the models and computations of the limit loads are displayed in
Appendix D.

4.1. Comparison to analytical criteria and discussion

Due to assumptions on the stress fields which have been introduced for the analytical derivation, the new criterion SVM
(25) could be seen just as a quasi-lower bound. However, it still preserves the exact solution of the hollow sphere subjected
to a hydrostatic loading, Rm=r0 ¼ �2=3lnðf Þ, and leads to the same expression of the limit pure shear load as that given by
the Gurson criterion, Re=r0 ¼ 1� f . In addition to the comparison to the Gurson model, we also compare in C the SVM pre-
diction to that of Sun and Wang (1989), in which a statical approach8 was firstly considered for ductile porous materials.
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Fig. 1. Comparison between the yield surfaces obtained from the SVM (this study) and the Gurson criterion (Gurson, 1977) with the values of porosity
f ¼ 0:001 and f ¼ 0:01, respectively.
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Fig. 2. Comparison between the yield surfaces obtained from the SVM (this study) and the Gurson criterion (Gurson, 1977) with the values of porosity
f ¼ 0:064 and f ¼ 0:1, respectively.

8 Even it was for uniform stress boundary conditions.
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According to these authors, their approach has led to the so called lower bound criterion, whose closed form expression is valid
only for f 6 0:3.

Moreover, as mentioned before, due to the presence of the third invariant J3 in the SVM criterion, the yield surface exhib-
its an asymmetry about the axis Rm ¼ 0. Hence, the yield surfaces are deliberately plotted on Figs. 1 and 2 for negative and
positive Rm; the considered porosity values are f ¼ 0:001; f ¼ 0:01; f ¼ 0:064 and f ¼ 0:1, respectively. These values of the
porosity are chosen only for further comparison with the available numerical bounds of Trillat and Pastor (2005) and Thoré
et al. (2011) in subSection 4.2 (except for f ¼ 0:001 for which the numerical data are not available). It is noted that the SVM
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Fig. 5. Comparison between the yield surfaces obtained from the SVM (this study), the numerical bounds (Trillat and Pastor, 2005) and the FEM solution
with boundary condition of MPC. Porosity: 0.01.

Fig. 3. Hollow sphere model: Geometry of the elementary cell and boundary conditions.
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Fig. 4. Comparison between the yield surfaces obtained from the SVM (this study), the Gurson criterion (Gurson, 1977) and the FEM solution with boundary
condition of MPC. Porosity: 0.001 and 0.01.
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criterion presents some slight differences with the Gurson one, the surfaces predicted by SVM being strictly ‘‘below ’’ the
Gurson’s ones, simultaneously coincident with them for hydrostatic loading (exact result) and pure deviatoric one (as
mentioned before).

Noticeable difference with Gurson criterion is observed for very small porosities. This can be first explained by that the
statical and the kinematical approaches of Limit Analysis are fundamentally different in nature: in absence of uncontrolled
approximations these two approaches deliver lower and upper bounds, respectively. In the particular context of the SVM, the
observed difference may found its origin in the inaccuracy resulting from the relaxation of the yield condition in the matrix,
this condition being enforced only in the mean. For small porosities, large plastic strain heterogeneities may occur in the
vicinity of the cavities and the above procedure consisting to relax the yield condition should be inaccurate. It is clear that
the proposed model can be improved by considering a more refined admissible stress field able to avoid such procedure.

The differences between the surfaces will be more commented in Section 4.2 by means of comparison with numerical
bounds which will be presented.

Finally, the slight asymmetry of the SVM yield surfaces can also be observed on Figs. 1 and 2, with the notations of
SVMðþÞ and SVMð�Þ for the yield surfaces corresponding to J3 > 0 and J3 < 0, respectively. For clarity, and as in Cazacu
et al. (2013), a zoom is proposed on a portion of the figure corresponding to moderate stress triaxialities.

4.2. Numerical assessment: comparisons to FEM results and to numerical bounds

In this section, the yield surfaces obtained by means of the stress variational approach will be compared with Finite Ele-
ment Method (FEM) solutions obtained during the present study. As shown on Fig. 3, the numerical analysis is carried out on
an axisymmetric model with a spherical void in its central part. Owing to the geometrical symmetry, only a quarter of this
model is considered with 1500 axisymmetric elements. Moreover, an incremental analysis of elastoplastic materials in small
deformations is adopted. The computations are carried out by means of ABAQUS/Standard software and a user subroutine
MPC (Multi-Points Constraints). The main reason for which we need to enforce MPC conditions in the code is that we have
to impose the velocity field v from v ¼ D � x (on the external boundary of the hollow sphere) such that the constraint of con-
stant macroscopic stress triaxiality (T ¼ Rm=Re) be fulfilled. In practice, as in Guo et al. (2008), this is done by applying a
constant macroscopic stress ratio Rq=Rz corresponding to the desired Rm=Re. Note that the implementation of this procedure
is the one that is already described in Cheng and Guo (2007) for the study of voids interaction and coalescence.
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Fig. 6. Comparison between the yield surfaces obtained from the SVM (this study), the numerical bounds (Trillat and Pastor, 2005) and the FEM solution
with boundary condition of MPC. Porosity: 0.064.
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As already indicated in subSection 4.1 (See Figs. 1 and 2), the difference between the predictions of the new criterion SVM
and the Gurson’s one is particularly noticeable for small porosities. For this reason, we first consider in this subsection two
values of porosity f ¼ 0:001 and f ¼ 0:01. The comparisons between the surfaces obtained from the SVM, the Gurson’s model
and the FEM solutions are illustrated on Fig. 4 only for the first quadrant (the slight asymmetry of the SVM surface is dis-
regarded). We can observe that in these two cases, the FEM solutions are almost between the upper bound (Gurson’s model)
and the proposed yield criterion (SVM). This fact shows that the SVM could be seemed as a quasi lower bound for the porous
materials which have relatively small values of porosity, especially for porous metal materials. Fig. 5 displays the compar-
isons between the predictions of the SVM criterion and the numerical bounds for f ¼ 0:01. It should be noted that, even the
FEM solution is between the numerical bounds, the yield surface of SVM is generally below the numerical LB, except for the
loadings with high values of stress triaxiality T ¼ Rm=Re for which it interestingly lies between the two bounds and coincides
with the exact value of the hydrostatic loading. For the porosity f ¼ 0:064 of which results are shown on Fig. 6, a better
agreement is obtained between the analytical predictions, the FEM solution and the numerical bounds. Let us recall that
the SVM results have been obtained by relaxing stress fields conditions (see Eq. (18)), it is therefore noticeable that it pro-
vides the above satisfactory yield surfaces.

For a more detailed discussion of the yield surfaces asymmetry reflecting the effects of the sign of J3, we will now only
consider f ¼ 0:1 for which numerical bounds are available in Thoré et al. (2011). It is worthy to point out that the numerical
yield surfaces provided by these authors are performed in the first and fourth quadrants. Hence, the SVM yield surface and
FEM solutions will be displayed in the same way for this group of comparisons. As shown on Fig. 7, the corresponding results
for the loading cases Rz � Rq P 0 and Rz � Rq 6 0 directly related to the ones of J3 > 0 and J3 < 0, respectively. It is first
noted that the locus of the SVM criterion has a good agreement with the UB when Rz � Rq P 0 (or J3 > 0), while for the cor-
responding values of Rz � Rq 6 0 (or J3 < 0) with the same value of Rm is bigger (in absolute value) than the FEM solution.
These observations are more clearly illustrated by comparing them to the FEM solutions in the same quadrant (see Fig. 8).
Note that SVM (+) and FEM (+) correspond to the loading cases Rz � Rq P 0 while SVM (�) and FEM (�) are associated to
Rz � Rq 6 0.

For completeness, recalling the notation T ¼ Rm=Re for the stress triaxiality, the values of the FEM solutions, related to the
asterisk points in Fig. 7 are reported in Table 1.

5. Plastic flow rule and void growth

Due to the role played by the sign of third invariant in the SVM criterion (25), it is interesting to derive the macroscopic
flow rule giving the plastic deformation (through its volumetric and deviatoric parts) by means of normality rule:

De ¼ _K
@F
@Re
¼ _K

J ðfÞRe

ð1� f Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2

e þ ~R2
m

q þ jsign ðJ3Þ
dJ ðfÞ

df

Rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R2

e þ ~R2
m

q
4 ln fð Þ2R2

e þ 9 1� fð Þ2R2
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1
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@F
@Rm
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3J ðfÞRm

4ðln f Þ2
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e þ ~R2
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q � j
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ð31Þ

where _K is the plastic multiplier and

j ¼
12 1� fð Þ ln f 4 ln fð Þ2 � 9 1� fð Þ2T2

h i
4 ln fð Þ2 þ 9 1� fð Þ2T2

ð32Þ

while the expression of dJ ðfÞ=df can be developed for �1 6 f 6 0 as:
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Fig. 8. Comparison between the closed-form yield surface (SVM) and the FEM solution with respect to the influence of the J3 sign. Porosity: 0.1.
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Table 1
Numerical values of Rm=r0 and ðRz � RqÞ=r0 with respect to different values of T ¼ Rm=Re , where TðþÞ is related to T P 0 and TðþÞ to T � 0.

TðþÞ Rm=r0 ðRz � RqÞ=r0 Tð�Þ Rm=r0 ðRz � RqÞ=r0

þ1 1.5358 0.0 �1 1.5357 0.0
9.3333 1.5022 0.1610 �9.3333 1.5097 �0.1618
4.3333 1.4033 0.3238 �4.3333 1.4330 �0.3307
2.6667 1.2741 0.4778 �2.6667 1.3088 �0.4908
1.8333 1.1169 0.6092 �1.8333 1.1467 �0.6255
1.3333 0.9424 0.7068 �1.3333 0.9646 �0.7235
1 0.7701 0.7701 �1 0.7865 �0.7865
0.7619 0.6171 0.8099 �0.7619 0.6281 �0.8244
0.5833 0.4868 0.8345 �0.5833 0.4941 �0.8469
0.4444 0.3780 0.8504 �0.4444 0.3824 �0.8603
0.3333 0.2867 0.8602 �0.3333 0.2894 �0.8681
0.2424 0.2101 0.8666 �0.2424 0.2116 �0.8727
0.1667 0.1452 0.8711 �0.1667 0.1458 �0.8751
0.1026 0.0896 0.8733 �0.1026 0.0899 �0.8762
0.0476 0.0417 0.8752 �0.0476 0.0417 �0.8764
0.0 0.0 0.8756 0.0 0.0 �0.8761
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Fig. 9. Evolution of porosity as function of the stress triaxiality for initial porosity f ¼ 0:001. Comparison between SVM predictions and that of Gurson
model.
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Remark 5. The plastic flow rule (31) can be rewritten in term of stress triaxiality eT (defined by (27)) and the sign of the third
invariant, signðJ3Þ. One has:

De ¼ _K
1�f

J ðfÞffiffiffiffiffiffiffiffiffi
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df

eT ðeT 2�1Þ

ðeT 2þ1Þ
3
2

" #

Dm ¼ �
_K

2 ln f
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1þeT 2
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ðeT 2þ1Þ
3
2

" # ð35Þ

Let us recall that f has been introduced in (26).
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Fig. 11. Evolution of porosity as function of the stress triaxiality for initial porosity f ¼ 0:01. Comparison between SVM predictions and that of Gurson
model.
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Fig. 12. Evolution of porosity as function of the stress triaxiality for initial porosity f ¼ 0:1. Comparison between SVM predictions and that of Gurson model.
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Finally, the void growth equation can be also derived as classically from the mass balance equation, _f ¼ 3 1� fð ÞDm, which
can be suitably rewritten in the form:

_f
De
¼ 3 1� fð ÞDm

De
ð36Þ

which is readily given by (31) (or equivalently by (35)) together with (32)–(34). Interestingly, this proved that the void
growth is sensitive not only to stress triaxiality but also to the sign of J3.

Figs. 9–12 illustrate the evolution of porosity given as function of stress triaxiality for three values of initial porosity. It is
noted that despite the few influence of the sign of third invariant on the macroscopic criterion, a noticeable effect is noted for
the porosity variation. The results are also compared with that predicted by the Gurson model. Clear differences are
observed, particularly for high stress triaxialities for which the Gurson model is known to overestimate the variation of the
porosity.

6. Conclusion

In this study, we have proposed a stress-based variational methodology of ductile porous materials in the framework of
Limit Analysis approach. This has been done by applying homogenization theory combined with the statical limit analysis
approach. The stress variational model (SVM), fully described in the paper, takes advantage of Hill’s variational principle
for which relaxed licit stress fields have been adopted. The established results clearly provide a closed form expression of
the statically-based macroscopic criterion. Due to the relaxed internal boundary condition resulting from the chosen trial
stress fields, the criterion could be seen only as a quasi-lower bound. An interesting feature of the established criterion is
its dependence not only on the two stress invariants Rm and Re, but also on the sign of the third invariant of the stress devi-
ator; this leads to specific asymmetries of the macroscopic criterion. From this point of view, and less on the methodological
one, the derived criterion appears as a statical counterpart of results recently obtained by Cazacu et al. (2013) in the context
of a kinematical limit analysis approach.

The results derived from the obtained criterion are fully assessed by means of comparison with existing analytical cri-
teria, with available numerical bounds and finally with our Finite Elements results. This has allowed to demonstrate the
interest of the new theoretical results. For completeness, we also provide voids growth equations which clearly show the
effects of the sign of the third invariant in addition to that of the stress triaxiality.9 The resulting porosity evolution is fully
illustrated. Finally, it is convenient to indicate that, besides the original statically-based methodology provided in the present
study, an important perspective lies in the possibility now to investigate the case of porous media with a non associated ma-
trix (see studies by Gao et al. (2011)). Clearly enough this can be addressed by means of the Bipotential approach introduced
by de Saxcé and Feng (1991), de Saxcé (1992) and Hjiaj et al. (2003) and which has already led to a generalization of classical
limit analysis theorems to the context of non associated materials. In this perspective, the interest of the present study lies in
that one will need for the implementation of the bipotential theory (for porous media) both the trial velocity and the trial
stress fields.

Appendix A. Formulation of the proposed stress field contributions: ð1Þ and ð2Þ

Accounting for the central symmetry of the hollow sphere model, the spherical coordinates ðr; h;/Þ and the cylindrical
ones ðq;/; zÞ are used for the two adopted stress fields: the hydrostatic component rð1Þ and the deviatoric one rð2Þ, respec-
tively. q and / are the polar radius and angle, z the height with respect to the Oxy plane and r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ z2

p
.

A.1. Formulation of the hydrostatic component rð1Þ

In order to limit the errors due to approximations, we hope the macroscopic model to be exact at least for the pure hydro-
static loading. Let us consider r̂ to be the solution for such a particular case in spherical coordinates. Evidently, it has three
non-vanishing components r̂rr , r̂hh ¼ r̂// and, in absence of body force, satisfies the radial equilibrium equation:

dr̂rr

dr
þ 2

r̂rr � r̂hh

r
¼ 0; ðA:1Þ

with static boundary condition:

r̂rrðaÞ ¼ 0; ðA:2Þ

Furthermore, due to the spherical symmetry, the yield function reads:

Fðr̂Þ ¼ � r̂hh � r̂rrð Þ � r0; ðA:3Þ

9 This topic of the effect of stress states on ductile fracture is a growing and is deserving attention in several recent studies: see for instance Nahshon and
Hutchinson (2008), Gao et al. (2009) and Li et al. (2011).
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with the following convention:

� � ¼ þ1 if r̂rr 6 r̂hh,
� � ¼ �1 if r̂hh 6 r̂rr .

Combining (A.3) with the equilibrium Eq. (A.1) gives:

dr̂rr ¼
2�r0

r
;

Hence, considering the boundary condition (A.2) and taking into account (A.3), we obtain the limit state of the pure hydro-
static case:

r̂rr ¼ �2�r0 ln
a
r

� �
;

r̂hh ¼ r̂// ¼ �2�r0 ln
a
r

� �
� 1

2

� �
:

Consequently, the hydrostatic part of the stress field can be written as:

rð1Þ ¼ �A0 ln
a
r

� �
� 1� 1

2
ðeh � eh þ e/ � e/Þ

� �
; ðA:4Þ

where 1 is the unit tensor and A0 a proportional parameter, while A0 > 0 is corresponding to the general traction loading, and
A0 < 0 the general compression one. For this reason, the parameter � is represented implicitly by the sign of A0.

Next, the corresponding macroscopic stress tensor for rð1Þ can be obtained:

Rð1Þ ¼ �1
3

ln fð ÞA0 � 1

A.2. Formulation of the component rð2Þ corresponding to the stress deviator

Let us first note that the formulation of rð2Þ in the spherical coordinates is very tedious to due to the non-spherically
character of the loading. In order to overcome this limitation and keep the formulation simple, it is useful to consider an
axisymmetric problem in cylindrical coordinates. We wish then to obtain an axisymmetric trial stress field rð2Þ, which has
three non-vanishing components, rð2Þqq ¼ rð2Þ//;r

ð2Þ
zz and, should also satisfy the equilibrium equation in absence of the body

forces:

@rð2Þqq

@q
þ

rð2Þqq � rð2Þ//

q
¼ 0;

@rð2Þ//

@/
¼ 0;

@rð2Þzz

@z
¼ 0;

Owing to the difficulty to obtain an exact field corresponding to the above equations (to be integrated), we propose to adopt
a homogeneous deviatoric stress field under axisymmetric conditions:

rð2Þ ¼ A1ðeq � eq þ e/ � e/ � 2ez � ezÞ; ðA:5Þ

A1, being a constant parameter. Consequently, the corresponding macroscopic stress field reads:

Rð2Þ ¼ 1� fð ÞA1ðeq � eq þ e/ � e/ � 2ez � ezÞ;

Appendix B. Approximate criterion (AC)

Following Gurson (1977), the function J ðfÞ may be taken equal to unity. Consequently, the approximated criterion (AC)
can be reduced into the form:

Re

1� f

� �2

þ 3Rm

2 ln f

� �2

¼ r2
0 ðB:1Þ

Both expressions (25) and (B.1) give the same value for the two particular cases:

� Pure hydrostatic case: Re ¼ 0; Rm ¼ � 2r0 ln f
3

� Pure shear case: Re ¼ ð1� f Þr0; Rm ¼ 0.
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As mentioned above, the exact solution of the pure hydrostatic loading, and the same solution as the closed form criterion
(SVM) (or Gurson’s one) can be obtained from AC. Fig. 13 displays the comparison of the yield loci obtained from the criteria
between the Gurson’s one, the proposed closed form (SVM) and approximate ones (AC). It should be noted that, due to the
fact that the function J ðfÞ is taken to be unity, the influence of the third invariant J3 is neglected in the approximate criterion
AC. For completeness, the comparisons between the yield loci of Gurson, SVM and AC for four values of porosity (f ¼ 0:001,
0.01, 0.064 and 0.1) are displayed on Fig. 13 only in the first quadrant by neglecting the slight asymmetry of the SVM one.

Appendix C. The so called lower bound of Sun and Wang (1989)

The statically-based criterion proposed by Sun and Wang (1989) reads:

R2
e

r2
0

þ
f b1 sinh q Rm

r0

� �
þ b2 cosh q Rm

r0

� �h i
1þ b4f 2sinh2 q Rm

r0

� �h i1
2

� b3 ¼ 0 ðC:1Þ

in which q ¼ 3
2 ; b1 ¼ 0; b2 ¼ 2� 1

2 ln f ; b3 ¼ 1þ f ð1þ lnðf ÞÞ,

b4 ¼
b2

b3

� �2

cth2 q
R0

m

r0

 !
� 1

f 2sinh2 q R2
m

r0

� � withR0
m ¼ �0:65r0 ln f

Note that the Gurson model corresponds to

b1 ¼ 0; b2 ¼ 2; b3 ¼ 1þ f 2; b4 ¼ 0

Finally, the comparison of the yield loci obtained from the above yield criterion, the closed form of SVM in Section 3, the
Gurson criterion (Gurson, 1977) are performed in Fig. 14 by neglecting the slight asymmetry of the SVM one.
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Fig. 13. Comparison between the yield surfaces obtained from the SVM (Section 3), the Gurson criterion (Gurson, 1977) and the approximate one with full-
field solutions, with the values of porosity f ¼ 0:001; f ¼ 0:001; f ¼ 0:064 and f ¼ 0:1, respectively.
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Appendix D. Table of comparison of numerical values

This comparison concerns values of Re=r0obtained from Trillat and Pastor (2005), the corresponding analytical ones com-
puted from the established yield criteria (SVM) detailed in Section 3 and the approximate one (AC) detailed in Appendix B,
the criterion of Sun and Wang (1989) and the Gurson’s model for f ¼ 0:01;0:064;0:1.

It is worthy to point out that:

� Due to different expressions of von Mises yield criterion, the values of limit stress reported in Trillat and Pastor (2005) are
divided by

ffiffiffi
3
p

.
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Fig. 14. Comparison between the yield surfaces obtained from the SVM (Section 3), the Gurson criterion (Gurson, 1977) and Sun and Wang one (Sun and
Wang, 1989) with the values of porosity f ¼ 0:001; f ¼ 0:001; f ¼ 0:064 and f ¼ 0:1, respectively.

Table D.2
Comparison for f ¼ 0:01 and f ¼ 0:064.

f Rm=r0 SVM AC Sun Gurson Trillat and Pastor (2005)

LB UB

0.01 0 0.9900 0.9900 0.9596 0.9900 0.9815 0.9865
0.9238 0.9522 0.9441 0.9342 0.9786 0.9690 0.9754
1.8475 0.8181 0.7907 0.7963 0.9163 0.8911 0.9125
2.3094 0.6886 0.6523 0.6150 0.8248 0.7767 0.8239
2.5403 0.5941 0.5560 0.4805 0.7404 0.6679 0.7441
2.7713 0.4620 0.4620 0.3128 0.6010 0.4879 0.6160
2.8868 0.3686 0.3370 0.2068 0.4903 0.3156 0.5204
2.9445 0.3080 0.2803 0.1365 0.4144 0.2226 0.4599
3.0022 0.2288 0.2071 – 0.3111 – 0.3867
3.0600 0.0896 0.0803 – 0.1230 – 0.2935
RmðmaxÞ 3.0701 3.0701 2.9934 3.0701 2.9876 3.1401

0.064 0 0.9360 0.9360 0.8198 0.9360 0.9150 0.9186
0.4619 0.9113 0.9058 0.7882 0.9188 0.9000 0.9036
0.9238 0.8279 0.8084 0.6778 0.8557 0.8324 0.8390
1.1547 0.7545 0.7268 0.5814 0.7944 0.7645 0.7748
1.3856 0.6470 0.6126 0.4510 0.6961 0.6541 0.6709
1.6166 0.4760 0.4408 0.2769 0.5246 0.4585 0.4924
1.7321 0.3348 0.3057 0.1507 0.3732 0.2920 0.3451
1.7898 0.2222 0.2011 – 0.2488 0.1512 0.2354
RmðmaxÞ 1.8326 1.8326 1.7868 1.8326 1.7948 1.8426
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� The numerical results without parenthesis are corresponding to the values of limit stress when J3 > 0, while the ones with
parenthesis in the same cells are corresponding to those of J3 < 0.
� There is no value in the cells which are marked by dash ‘‘-’’ because of the non-available information in literature, or due

to the fact that there is no real-number solution from the analytical yield functions.

(see Table D.2, D.3)
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Abstract

Recently, a new methodology of macroscopic modeling for ductile porous media has been
proposed by the authors, using a statical limit analysis approach (Cheng et al., 2013). Since
this model has been derived by considering a hollow sphere under axisymmetric loadings,
only the effect of the sign of the stress deviator third invariant (or two values of Lode angle)
has been investigated. The aim of the present paper is to extend the above mentioned
stress-based model to the general case of non-axisymmetric loadings by introducing a more
general trial stress field. The established new yield locus explicitly depends on the effect of
the third invariant (equivalently the Lode angle). Finally, non negligible effects of the third
stress deviator invariant on the voids growth rate is fully demonstrated. The results are
fully illustrated.

Keywords: Ductile Porous material, von Mises matrix, Statical Limit Analysis, Third
invariant of stress deviator

1. Introduction

More than thirty years ago, Gurson (1977) proposed a kinematically-based limit analysis
approach of a hollow sphere and hollow cylinder having a von Mises rigid plastic matrix.
This approach delivered an upper bound of the macroscopic criterion which depends on the
pressure and on the von Mises equivalent stress. Very recently, and in contrast to Gurson
model, we have introduced in Cheng et al. (2013) a stress-based variational approach of the
ductile porous material. The starting point is Hill’s variational principle applied to the hollow
sphere with rigid perfectly plastic matrix. Implementation of this variational approach
requires the choice of a statically and plastically admissible trial stress field. For simplicity,
we have resorted in Cheng et al. (2013) an axisymmetric trial stress field. Consequently, the
mechanical loadings that can be considered are axisymmetric, and only the sign of the third
invariant (or two values of Lode angle) of the stress deviator can then be accounted for the
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macroscopic criterion. Note also that the effects of the third invariant sign on the plastic
flow rule and on the voids growth rate have been investigated. It is worth noticing that the
importance of the above mentioned effects have been fully studied in (Cazacu et al., 2013;
Garajeu et al., 2011) based on a kinematical limit analysis method.

The paper is devoted to an extension of the above mentioned stress-based model to
the general case of non-axisymmetric loadings by introducing a more general trial stress
field. Such extension is based on the consideration and implementation in the context of the
SVM approach of an appropriate trial stress field. A macroscopic criterion which explicitly
depends on the Load angle (or the third invariant of the stress deviator) is derived. It will
be shown that the established new yield locus predicts a slight effect of the third invariant
(equivalently the Lode angle). Moreover, the plastic flow rule and void growth functions are
given as functions of the mean stress, equivalent stress and the third invariant of the stress
deviator.

The outline of the paper is as follows. First, we briefly recall in Section 2 the statically
limit analysis approach which aims at formulating a lower bound model, in contrast to the
well-known kinematical one. Then, in Section 3, we propose for the hollow sphere model a
non-axisymmetric trial stress field. The successful implementation of this new stress field
in the stress-based method delivers a macroscopic criterion of the ductile porous medium
which is first explicitly formulated in terms of the mean stress, the von Mises equivalent
stress and the Lode angle. Finally, in Section 4 are formulated the plastic flow rule and the
porosity evolution equation. Section 5 allows to conclude the study.

2. Brief recall of the stress variational limit analysis approach

In the framework of Limit Analysis for the ductile porous media, let us consider a cell Ω
composed a void ω and a rigid perfectly plastic matrix ΩM = Ω−ω. The external boundary
of the VER and the internal boundary of the void are respectively defined by ∂Ω and ∂ω.
The yield criterion for the matrix takes the form:

F (σ) ≤ 0 (1)

where σ is the cauchy stress tensor.
The set of plastic admissible stress tensor is defined by

Sp = {σ s.t. F (σ) ≤ 0} (2)

Considering the normality law, the plastically admissible velocity field reads

Kp = {d s.t. d = deq ·
∂F

∂σ
} (3)

where d is the strain rate tensor and deq the equivalent strain rate obtained from the strain

deviator s through deq =
√

2
3
s : s.
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Moreover, the sets of statically admissible stress field and the kinematically admissible
velocity ones are respectively defined through

Sa = {σ s.t. div σ = 0 in Ω, σ · n = 0 on ∂ω, σ = 0 in ω} . (4)

Ka = {v s.t. v(x) = D · x on ∂Ω} . (5)

n is the unit outward normal vector, and x the position one.
When the cell is subjected to a kinematically admissible velocity field (5), the homog-

enization problem consists in calculating the minimizing, as implemented in Cheng et al.
(2013) of the following functional which is involved to the Hill’s variational principal (Hill,
1950)

Ψ = min
σ∈Sa

(
1

| Ω |

∫
ΩM

ψ(σ) dV −D : Σ

)
, (6)

where ψ(σ) is an indicator function, which is convex and lower semicontinuous. It vanishes
when the stress field is plastically admissible (2), ψ(σ) 7→ ∞, otherwise. While the second
term on r.h.s. of (6) can be calculated from the microscopic counterpart through the Hill’s
lemma

D : Σ =
1

| Ω |

∫
Ω

d(v) : σ dV =
1

| Ω |

∫
ΩM

d(v) : σ dV . (7)

For minimization of Ψ (6), in the context of the limit analysis requires to find a licit
stress field satisfying

Sl = {σ ∈ Sa and σ ∈ Sp in ΩM} . (8)

That is equivalent to the following saddle-point problem by introducing the multiplier of
Lagrange x 7→ Λ̇(x) and relaxing the yield criterion (1)

max
Λ̇≥0

min
σ∈Sa

(
L(σ, Λ̇) =

1

| Ω |

∫
ΩM

Λ̇F (σ) dV −D : Σ

)
,

Assuming Λ is uniform in the matrix, it follows

max
Λ̇≥0

min
σ∈Sa

(
L(σ, Λ̇) =

Λ̇

| Ω |

∫
ΩM

F (σ) dV −D : Σ

)
. (9)

For more information concerning about the statical limit analysis approach, the reader can
referred to Salençon (1983); Save et al. (1997), etc..

The macroscopic limit load and the plastic flow can be respectively obtained from the
stationarities of (9) with respect to Λ̇ and Σ,

F(Σ) =
1

| Ω |

∫
ΩM

F (σ) dV = 0 . (10)

D = Λ̇
∂F
∂Σ

(Σ) . (11)

Obviously, Λ̇ is simultaneously proved to be the plastic multiplier.
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3. Proposed non-axisymmetric trial stress field and 3D macroscopic criterion

In this section, we aim at deriving a new stress variational model for ductile porous media
with a non-axisymmetric trial stress field. A macroscopic criterion depending not only on
the macroscopic mean and equivalent stresses (Σm and Σe), but also on the Lode angle θL
(or third invariant of the stress deviator J3) is expressed 1. This stress-based macroscopic
modelling is achieved by taking the hollow sphere model having a porosity f . The matrix
ΩM is made up with a rigid perfectly plastic material obeying the von Mises yield criterion

F (σ) = σe(σ)− σ0 ≤ 0 (12)

where σe =
√

3
2
s : s is the von Mises equivalent stress defined from the stress deviator part

s, while σ0 > 0 the matrix shear cohesion.

3.1. Proposed non-axisymmetric trial stress field

Owing to the central symmetry of the hollow sphere model, we propose a trial non-
axisymmetric trial stress field, which contains two part as follows,

• A heterogeneous part corresponding to the exact solution under pure hydrostatic load-
ings, it reads, in spherical coordinates with orthonormal frame {er, eφ, eθ}:

σ(1) = −A
[
ln
(a
r

)
1− 1

2
(eθ ⊗ eθ + eφ ⊗ eφ)

]
, (13)

where 1 is the second order unit tensor, A being a constant to be determined.

• A homogeneous part which is non axisymmetric and taken for capturing the shear
effect:

σ(2) = B, trB = 0 (14)

Hence, the final trial stress field in the matrix can be written as

σ = σ(1) + σ(2) (15)

which turns to be null in the void ω, and in cylindrical coordinates reads
It follows that the non-axisymmetric macroscopic stress field read:

Σ = −1

3
A ln f · 1 + (1− f)B (16)

Next, let us compute that in mechanics, there are three invariants for defining the plastic
limit state. From (16) and (14), they can be respectively calculated:

1In (Cheng et al., 2013), only the sign of the third invariant is obtained
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• Macroscopic mean stress,

Σm = −1

3
A ln f (17)

• Macroscopic equivalent stress,

Σe = (1− f)Beq (18)

where Beq is the equivalent quantity associated to the deviator B (or microscopic
stress deviator of σ(2)):

Beq =

√
3

2
B : B (19)

• Third invariant of the macroscopic stress deviator,

J3 = (1− f)3 det(B) (20)

For convenience, Let us introduce the stress based quantities:

Σ̃m = − 3Σm

2 ln f
=
A

2

Σ̃eq = Beq =
Σe

1− f

J̃3 =
J3

(1− f)3

(21)

from which, the macroscopic Lode angle θL can be defined as:

cos(3θL) =
27J̃3

2Σ̃3
eq

=
27J3

2Σ3
e

, 0 ≤ θL ≤ 60◦ (22)

3.2. Macroscopic criterion

From Eqs.(13), (14) and (15) the deviator s of the local stress field can be written as:

s = s(1) + s(2) = s(1) +B (23)

where s(1) is the deviator calculated from (13). Hence, the equivalent stress can be obtained
from:

σe =

√
3

2
[s(1) : s(1) + 2s(1) : s(2) + s(2) : s(2)] (24)

It can be calculated from (23) and (24) that

s(1) : s(1) =
A2

6

s(1) : s(2) = −A
2
B̃

s(2) : s(2) =
2

3
B2
eq

(25)
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for which expression of B̃ is determined in the following.
Indeed, in order to compute the stress quantity B̃ in spherical coordinates, let us first

express the principal stress tensor of B in cartesian coordinates with orthonormal frame
{ex, ey, ez}:

B = B1(ex ⊗ ex − ez ⊗ ez) +B2(ey ⊗ ey − ez ⊗ ez), (26)

for which the components can be expressed (without loss of generality) in the form:

B1 = −Σe

3
cos(θL) +

Σe√
3

sin(θL)

B2 = −Σe

3
cos(θL)− Σe√

3
sin(θL)

(27)

Consequently, one can then reexpressB in spherical coordinates; it follows immediately that

B̃ =
1

1− f

[
Σe

3
cos(θL)(3 cos2(θ)− 1) +

Σe√
3

sin(θL) sin2(θ) cos(2φ)

]
(28)

where θ and φ are the polar angle and azimuthal one in spherical coordinates system.
As a result, the microscopic equivalent stress (24) can be written as

σe =

√
A2

4
− 3A

2
B̃ +B2

eq (29)

Taking into account (17), (18) and (25), (29) can be recast in the form:

σe =

√
Σ̃2
m − 3Σ̃mB̃ + Σ̃2

e =

√
9Σ2

m

4 ln2 f
+

9ΣmΣL

2(1− f) ln f
+

Σ2
e

(1− f)2
(30)

where ΣL is the macroscopic counterpart of B̃; it reads:

ΣL = (1− f)B̃ =
Σe

3
cos(θL)(3 cos2(θ)− 1) +

Σe√
3

sin(θL) sin2(θ) cos(2φ) (31)

Hence, the local von Mises yield criterion can be expressed as

F (σ(Σ)) = σe − σ0 =

√
Σ̃2
m + Σ̃2

e −
3Σ̃mΣL

1− f
− σ0 ≤ 0 (32)

Let us recall that for obtaining the macroscopic criterion from (10), one need to integrate
(32) over the matrix. However, due to the presence of the azimuth angle φ in the expression
of ΣL (31), there is no closed form solution. In order to overcome this difficulty, a simple
idea consists in performing a Taylor series expansion (around 0) till the third order, this

67



leads to the following approximation:

σe =

√
Σ̃2
m + Σ̃2

e ·

√
1− 3Σ̃mΣL

(1− f)(Σ̃2
m + Σ̃2

e)

'
√

Σ̃2
m + Σ̃2

e ·

[
1− 3Σ̃mΣL

2(1− f)(Σ̃2
m + Σ̃2

e)
− 9Σ̃2

mΣ2
L

8(1− f)2(Σ̃2
m + Σ̃2

e)
2
− 27Σ̃3

mΣ3
L

16(1− f)3(Σ̃2
m + Σ̃2

e)
3

]
(33)

Next, the final integration includes the computation of the following integrals:

1

4π

∫
S(r)

ΣLdS = 0

1

4π

∫
S(r)

Σ2
LdS =

4Σ2
e

45

1

4π

∫
S(r)

Σ3
LdS =

16Σ3
e

945
cos(θL)(4 cos2(θL)− 3)

(34)

Finally, from (10), the macroscopic criterion is obtained as:

F ' 1

4π

∫
S(r)

σ2
edS − σ0 = D

(
1− C2Σ2

e

90D4
+

C3Σ3
e

945D6
cos(θL)(4 cos2(θL)− 3)

)
− σ0 ≤ 0 (35)

where we have denoted C and D the following functions of Σ

D(Σ) =

√
Σ̃2
m + Σ̃2

e =

√
9Σ2

m

4 ln2 f
+

Σ2
e

(1− f)2

C(Σ) = − 3Σ̃m

1− f
=

9Σm

2(1− f) ln f

(36)

It should be underlined that the established criterion (35) depends not only on the the
macroscopic mean stress and equivalent stress, but also explicitly on the Lode angle (or the
third invariant of the stress deviator).

3.3. Illustration of the established macroscopic criterion

Next, we provide in this subsection the illustration of the established criterion (35)
and its comparison with Gurson model and the Stress Variational Model (SVM) (Cheng
et al., 2013). It is worthy to note that the later one has been derived from a closed-form
formulation. Two values of porosity f = 0.001 and f = 0.01 are adopted for the later
illustration and comparisons.

First, five yield loci obtained from (35) are illustrated on Fig.1 with different values of
Lode angle: θL = 0, 15◦, 30◦, 45◦ and 60◦, while the first and the last ones are corresponding
to the macroscopic model obtained from the axisymmetric trial stress field. Consequently,
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Figure 1: Illustrations of the yield surfaces obtained from the new established criterion SVM3D (35) with
five values of Lode angle: θL = 0, 15◦, 30◦, 45◦ and 60◦. Porosity: f = 0.001 and f = 0.01.
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the yield surface displays an asymmetry due to the sign of the third invariant (Cheng et al.,
2013). It can be observed that the yield surfaces obtained from other values of the Lode
angle are absolutely between the above two ones.

For completeness, due to the approximation taken for the derivation of the macroscopic
criterion, the new established criterion (35) derived from the axisymmetric trial stress field
should perform a difference with respect to the closed-form criterion SVM. To this end, Fig.2
is contributed to the comparison between the SVM, the axismmetric case of SVM3D and
the Gurson model. Finally, slight differences between the SVM and the SVM3D is obtained.

4. Plastic flow rule and void growth rate

We aim now at deriving the plastic strain rate from the normality rule. Unlike the
conventional modeling, the three invariants of the macroscopic criterion (35) are taken into
account. Not only the mean strain rate Dm and the equivalent one De have to be computed,
but also the contribution DIII related to the third invariant of deviator J3 will be provided.
It is worthy to interpret that DIII can indicated the influence of the Lode angle upon the
π-plane of principal stress space to the macroscopic plastic flow rule. Let us first define the
macroscopic stress,

ΣIII = 3
√
J3 (37)

Hence, the dissipation power Π can be written as

Π = D : Σ = 3ΣmDm + ΣeDe + ΣIIIDIII (38)

Moreover, considering the macroscopic criterion (35), the macroscopic strain rate can be
obtained from the associated flow rule

Dm =
1

3
Λ̇
∂F3D

∂Σm

=
1

3
Λ̇

[
∂D

∂Σm

− Σ2
e

90
·

2CD ∂C
∂Σm
− 3C2 ∂D

∂Σm

D4
+
J3

70

(
729J2

3

Σ6
e

− 3

)(
3C2D2 ∂C

∂Σm
− 5D4 ∂D

∂Σm

D7

)]

De = Λ̇
∂F3D

∂Σe

= Λ̇

[
∂D

∂Σe

− C2

90

2DΣe − 3 ∂D
∂Σe

Σ2
e

D4
− C3J3

70

(
5

D6

∂D

∂Σe

(
729J2

3

Σ6
e

− 3)− 6

D5

729J2
3

Σ7
e

)]

DIII = Λ̇
∂F3D

∂ΣIII

= Λ̇

[
C3

70D5

(
729J2

3

Σ6
e

− 1

)
J
− 2

3
3

]
(39)

where
∂C

∂Σm

=
9

2(1− f) ln f
,

∂D

∂Σm

=
9Σm

2D ln2 f
,

∂D

∂Σe

=
2Σe

D(1− f)2

Finally, the plastic void growth rate can be obtained from the mass balance equation.
Taking into account the plastic flow rule (39) and eliminating the plastic multiplier Λ̇, it
follows that

ḟ

De

= 3 (1− f)
Dm

De

(40)
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Figure 2: Comparison between the yield surfaces obtained from the established criterion SVM3D (35) with
axisymmetric trial stress field, the closed form criterion of Stress Variational Model (SVM(+) and SVM(-))
(Cheng et al., 2013) and the Gurson criterion (Gurson, 1977). Porosity: f = 0.001 and f = 0.01.
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It is readily seen from Eqs.(40) and (39) that the void growth rate depends on the third
invariant of the stress deviator J3 (or the Lode angle θL).

Fig.3 illustrates the evolution of porosity given as function of stress triaxiality T = Σm

Σe

for two values of initial porosity. It can be observed that, the ones with axisymmtric loadings
(θL = 0◦ and 60◦) give two extremal values of the void evolution for a fixed value of triaxiality,
while for another case with non axisymmetric state (θL = 30◦) is exactly between the two
extremal ones. Slight differences due to the Lode angle (or the third invariant of stress
deviator) can be observed.

5. Conclusion

In this study, we applied the statically limit analysis method to derive a Lode angle
dependent macroscopic model. To this end, we have proposed a non axisymmetric trial
stress field for the porous media whose matrix obeys the von Mises yield criterion. Unlike
the conventional macroscopic modelling in literature, the new criterion shows an effect of
the three macroscopic invariants: mean stress, equivalent stress and Lode coefficient (or the
third invariant of stress deviator). The influence of the last one was specially discussed not
only for the macroscopic criterion, but also for the plastic flow rule and the void growth
rate.

References

Cazacu, O., Revil-Baudard, B., Lebensohn, R., Garajeu, M., 2013. On the Combined Effect of Pressure and
Third Invariant on Yielding of Porous Solids With von Mises Matrix. Journal of Applied Mechanics, DOI:
10.1115/1.4024074.
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Figure 3: Evolution of porosity as function of the stress triaxiality for initial porosity f = 0.001 and f = 0.01
with three values of Lode angle: θL = 0, 30◦ and 60◦.
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a b s t r a c t

The paper is devoted to the determination of plastic limit state of a hollow sphere with a Drucker–Prager
matrix and subjected to hydrostatic loading. There are two possible plastic regimes corresponding
respectively to the tensile and compressive stresses. For the associated case (dilation angle equal to
the friction angle), the collapse is complete (the whole sphere is plastified) with a unique regime. For
the non-associated cases, we consider weaker solutions (partial collapse and regime change). Neverthe-
less, we show the collapse is complete and exhibits a single regime. Consequently, the collapse stress field
and the limit load do not depend on the value of the dilation angle. This theoretical result is confirmed by
numerical simulations.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

The present work can be considered as a first step to propose a
macroscopic plastic model for ‘‘Porous non-associated Drucker–
Prager’’-type materials, using homogenization techniques. In a fa-
mous paper, Gurson [13] proposed an upper bound limit analysis
approach of a hollow sphere and a hollow cylinder having a von
Mises solid matrix. Several extensions of Gurson’s model have been
further proposed in the literature, the probably most important
developments being those accounting for void shape effects
[11,10,19]. Other extensions are concerned by the plastic anisot-
ropy [2,20]. More extensions take into account the plastic com-
pressibility of the matrix through associated Drucker–Prager
model for applications to polymer and cohesive geomaterials
[15,16,1,18]. The present paper is a direct extension of a recent pa-
per [23] dedicated to the same problem but with the non-associ-
ated yielding rule. It should be emphasized that the ductile
porous media with non-associated plastic matrix has not been
studied in the literature, except in [18].

Classical bound limit analysis theorems have been generalized
to the class of implicit standard materials, i.e. with a non-associ-
ated yielding rule represented with a bipotential [7,4]. In Gurson’s
paper spirit, a trial velocity field is built for homogenization tech-
niques by adding linear terms to the exact one for hydrostatic load-
ing. The goal of the present paper is to determine such an exact
field. In limit analysis, the most simple solutions are smooth with

a single plastic regime covering the whole body but, generally
speaking, it is a priori expected that limit state solutions may in-
volve some field discontinuities compatible with the continuum
mechanics principles [5,21]. In particular, the collapse may be
uncomplete and/or exhibits distinct regimes in subdomains. For
non-associated Drucker–Prager model, the collapse stress field is
statically and plastically admissible. Then the limit load for the
non-associated model is a priori less than the limit load for the cor-
responding associated model (i.e. with the normality rule and the
same friction angle). As a matter of fact, although exact solutions
do not exist up to now for such class of problems, numerical sim-
ulations show that for classical soil mechanics applications (bear-
ing capacity of a strip footing, stability of foundations and
tunnels), the limit load of the non-associated case is really strictly
less the one of the corresponding associated case [6,3,14]. In the
hollow sphere problem, we consider the event of such weaker
solutions but we conclude to the impossibility of uncomplete col-
lapse and more than one plastic regime. The paradoxal conse-
quence is the insensitivity of the limit load to the dilation angle.

2. Problem formulation

We consider a hollow sphere, of which the macro-element V is
enclosed by surface S, made up of a spherical cavity embedded in a
homothetic cell of a rigid-plastic isotropic and homogeneous mate-
rial with non-associated Drucker–Prager model. The inner and out-
er radii are respectively denoted a and b, giving the void volume
fraction f ¼ ða=bÞ3 < 1. The hollow sphere is subjected to a uniform
hydrostatic stress q upon its external boundary. Accounting for the
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central symmetry of the problem, the spherical coordinate ðr; h;uÞ
are used, r being the radius, h the inclination angle, u the azimuth
one, and all the fields are depending only on r.

In theory of homogenization, the macroscopic stress R and
strain rate D are defined as volume averages of their microscopic
counterparts, r and d:

R ¼ V�1
Z

V
r dV ; D ¼ V�1

Z
V

d dV ;

following the outer boundary conditions on S:

r � n ¼ R � n or v ¼ D � x 8x 2 S:

where v is the surface velocity and n the unit outward normal vec-
tor to S. The global equilibrium and compatibility implies that:

R : D ¼ V�1
Z

V
r : d dV : ð1Þ

Since the velocity components vh and vu are null, the strain rate
tensor d has three non-vanishing components given with respect
to the radial velocity v r by:

drr ¼
dv r

dr
; dhh ¼ duu ¼

v r

r
: ð2Þ

There is no kinematic boundary conditions but the velocity field
v rðrÞ must be continuous anywhere.

The stress tensor r also has three non-vanishing components,
rrr; rhh ¼ ruu and, in absence of body forces, satisfies the radial
equilibrium equation:

drrr

dr
þ 2

rrr � rhh

r
¼ 0; ð3Þ

with static boundary conditions:

rrrðaÞ ¼ 0; rrrðbÞ ¼ q: ð4Þ

According to the mechanics of continua, some discontinuities of rhh

and ruu may occur when r varies but the radial stress rrrðrÞmust be
continuous anywhere.

Drucker–Prager model is considered with the yield criterion:

FðrÞ ¼ re þ 3arm � r0 ¼ 0; ð5Þ

where re is the equivalent stress of Von Mises, rm the mean stress:

re ¼
1ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrrr � rhhÞ2 þ ðrhh � ruuÞ2 þ ðruu � rrrÞ2

q
;

rm ¼
1
3
ðrrr þ rhh þ ruuÞ:

Due to the spherical symmetry, they could be reduced to:

re ¼ jrrr � rhhj ¼ �ðrhh � rrrÞ; rm ¼
1
3
ðrrr þ 2rhhÞ: ð6Þ

With the following convention:

� � ¼ þ1 if rrr 6 rhh.

� � ¼ �1 if rhh 6 rrr .

And r0 > 0 the cohesion stress of the material and a the pres-
sure sensitivity factor related to the friction angle / by:

tan / ¼ 3a:

The non-associated yielding rule:

d ¼ k
@G
@r

; ð7Þ

is given by the plastic potential:

GðrÞ ¼ re þ 3brm � r0;

where b depends on the dilation angle w through:

tanw ¼ 3b:

Hence, the strain rate components take the form:

drr ¼ k bþ 1
2re
ð2rrr � rhh � ruuÞ

� �
;

dhh ¼ k bþ 1
2re
ð2rhh � ruu � rrrÞ

� �
;

duu ¼ k bþ 1
2re
ð2ruu � rrr � rhhÞ

� �
:

Considering (6)1 and once again rhh ¼ ruu, they can be reduced
to:

drr ¼ kðb� �Þ; dhh ¼ duu ¼ k bþ �
2

� �
: ð8Þ

Moreover, the plastic multiplier must be non negative:

k P 0: ð9Þ

Of course, for the particular event w ¼ / hence F ¼ G, the nor-
mality rule is recovered and the plasticity model is associated.
Without loss of generality, we can assume that:

0 6 b 6 a <
1
2
; ð10Þ

or equivalently 0 6 w 6 / < 56�180. In practice, these conditions are
fulfilled by the geomaterials and other pressure sensitive dilatant
materials. Experimental data can be found for polymers, high
strength steels and aluminium in [12].

3. Theoretical plastic limit state

In this section, we aim to derive the solution of plastic limit
state to the hollow sphere subjected to a hydrostatic loading upon
the external boundary, which will be obtained both by statical and
kinematical approaches. Let us consider there exist adjoining
spherical shells which have distinct plastic regimes corresponding
respectively to � and ��. In the present paper we concern the sim-
plest case in which two such adjoining spherical shells exist. The
radii at the interface of them is noted as r0.

3.1. Statical approach

Considering rhh ¼ ruu and taking into account (6), the
Drucker–Prager yield function (5) reads:

FðrÞ ¼ �ðrhh � rrrÞ þ aðrrr þ 2rhhÞ � r0 ¼ 0:

Hence, it holds:

2ðrhh � rrrÞ ¼ 3c�ðH � rrrÞ; ð11Þ

where c� ¼ 2a=ð2aþ �Þ and H ¼ r0=3a ¼ r0=tan / > 0. Due to the
condition (10) the sign of c� coincides with that of �. Combining
(11) with the equilibrium Eq. (3) gives:

drrr

dr
þ 3c�ðrrr � HÞ

r
¼ 0:

So the radial stress field can be obtained:

rrrðrÞ ¼ H þ C� � r�3c� ; ð12Þ

where C� is an integration constant.
The radial stress field of internal shell satisfying the boundary

condition (4)1 is:

rrrðrÞ ¼ H 1� a
r

� �3c��
� �

: ð13Þ
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Since the radial stress should be continuous at the interface
ðr ¼ r0Þ, from (12) and (13), it follows that in the external shell:

rrrðrÞ ¼ H 1� r0

r

� �3c� a
r0

� �3c��
 !

: ð14Þ

Hence, the limit stress is given by the boundary condition (4)2:

qs ¼ rrrðbÞ ¼ H 1� r0

b

� �3c� a
r0

� �3c��
 !

: ð15Þ

3.2. Kinematical approach

The kinematical approach consists of minimizing the plastic
dissipation power, represented by using the bipotential concept
which was proposed in [8,9] to model a large class of non-associ-
ated materials called Implicit Standard Materials. In the sense of
implicit function theorem, a scalar function b is taken as the bipo-
tential if the following inequality is satisfied:

8r;d; bðd;rÞP r � d ð16Þ

and a pair ðd;rÞ is extremal if the equality is achieved in (16):

bðd;rÞ ¼ r � d: ð17Þ

From a mechanical point of view, such couples are the ones satisfy-
ing the constitutive law. Put (8) into (17), and considering (6), one
obtains the expression of bipotential for the constitutive law con-
sidered in Section 2:

bðd;rÞ ¼ kð3brm þ reÞ: ð18Þ

Eliminating the velocity v rðrÞ between the two Eq. (2), one obtains:

drr ¼
d
dr
ðrdhhÞ: ð19Þ

Combining (8) and (19) yields:

dk
dr
þ 3k

s�r
¼ 0;

where we put for convenience s� ¼ 1þ 2�b. The general solution
takes the form:

kðrÞ ¼ k�r
� 3

s� : ð20Þ

Combining Eqs. (2), (8), and (20) leads to:

v rðrÞ ¼ K�r
1� 3

s�ð Þ; ð21Þ

with

K� ¼ bþ �
2

� �
k�: ð22Þ

Due to the velocity field at the interface of radius r0 should be
continuous, one obtains:

K�� ¼ K�r
�3 1

s�
� 1

s��ð Þ
0 :

Hence, from (17) and considering (1), the limit load by kinemat-
ical approach can be obtained:

qk ¼
1

b2 � v rðbÞ

Z r0

a
bðd;rÞr2dr þ

Z b

r0

bðd;rÞr2 dr

" #
: ð23Þ

Put (18) and (21) into (23), and taking into account (22), qk can
be reduced to:

qk ¼ H 1� r0

b

� �3c� a
r0

� �3c��
 !

: ð24Þ

3.3. Discussion of analytical result

We can observe that qs ¼ qk, and the limit load by kinematical
approach qk does not depend on the dilation angle w. Next the exis-
tence of the solution with discontinuities of the shear stress at the
interface of radius r0 will be discussed:

� Assuming K� and K�� do not vanish, they should have the same
sign, and the plastic multiplier should be positive. However,
under the condition (10), k� ¼ K�= bþ �

2

� �
and k�� ¼ K��= b� �

2

� �
have the opposite signs, which is absurd because, accounting
for (20), condition (9) would be violated in one of these regimes.
Thus no change of regime is allowed at the limit state.
� Let us suppose the collapse is not complete. The plastic multi-

plier field is identically null in a non plastified spherical shell,
hence so is the velocity field because of (20)–(22). It is absurd
to assume the existence of a plastic yielding adjoining shell
because the continuity of the velocity field at the interface
would force the velocity field to vanish in the yielding shell.
Hence the collapsed must be complete.

Finally, we can conclude that only one yield shell should be con-
sidered in this problem, consequently, r0 ¼ a. The analytical solu-
tion of the radial stress field and limit load are respectively:

rrrðrÞ ¼ H 1� a
r

� �3c�
� �

¼ r0

3a
1� a

r

� �6a= 2aþ�ð Þ� �
ð25Þ

Fig. 1. Hollow sphere model: geometry of the elementary cell and boundary conditions.
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q ¼ H 1� f c�ð Þ ¼ r0

3a
1� f 2a=ð2aþ�Þ� �

: ð26Þ

It can be verified that c�;rrr and q have the same sign �. In short,
the solution is defined by the limit load (26) and, in the interval
a 6 r 6 b, by the collapse fields of plastic multiplier (20), velocity
(21), radial stress (12) and yield criterion (11). The stress field
and limit loads do not depend on the dilation angle and they are
identical to the ones of the associated case with same friction

angle, previously obtained in [23]. Only the collapse mechanism
is dilation angle dependent. This insensitivity of the limit load to
the dilation angle agrees with the model recently proposed in [18].

4. Numerical simulations and comparison

In this section, the analytical solution performed in Section 3
will be compared with the numerical data obtained from the Finite

Table 1
Comparison between simulation results and the analytical ones.

Case w ð�Þ f E (MPa) Theor.a (MPa) Numer.b (MPa) Error (%)

C T C T C T

Reference case (Associated case)
1 30 0.2002 500 �3.007 0.6244 �3.041 0.6183 1.13 0.98

Non-associated case
2 15 0.2002 500 �3.007 0.6244 �2.995 0.6184 0.40 0.96
3 0 0.2002 500 �3.007 0.6244 �2.980 0.6185 0.90 0.94

Influence of porosity
4 30 0.1489 500 �3.972 0.7119 �4.054 0.7058 2.06 0.86
5 15 0.1489 500 �3.972 0.7119 �4.023 0.7059 1.28 0.84
6 30 0.2500 500 �2.391 0.5538 �2.376 0.5480 0.63 1.05
7 15 0.2500 500 �2.391 0.5538 �2.370 0.5482 0.88 1.01

Influence of Young’s modulus
8 30 0.2002 1000 �3.007 0.6244 �3.019 0.6186 0.40 0.93
9 15 0.2002 1000 �3.007 0.6244 �3.008 0.6188 0.03 0.90

a Analytical results of Section 3.
b Results of FEM.

Fig. 2. Comparison of numerical limit loads between the associated Drucker–Prager porous materials ðw ¼ / ¼ 30�Þ with different porosities (f � 0:2002; f � 0:1489 and
f � 0:2500).

Fig. 3. Comparison of numerical limit loads between associated ðw ¼ 30�Þ and non-associated cases (w ¼ 15� and 0�) with fixed friction angle ð/ ¼ 30�Þ and porosity
ðf � 0:2002Þ.
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Element Method (FEM) results. An axisymmetric model of the
spherical shell, as shown in Fig. 1, is considered and 1500 quadratic
axisymmetric elements are used. Hence, the numerical analysis
will be carried out by means of the 2D-FEM code [17,22] developed
in LML (Mechanics Laboratory of Lille, France) for incremental anal-
ysis of elastoplatic materials with non-associated flow rule and in
small deformations. The radial displacement is fixed on the plans
ABCD of symmetry, the vertical and horizontal displacements of
the lateral boundaries AB and CD are also fixed, and a uniform ra-
dial displacement is imposed upon the external boundary BC, while
the internal boundary DA is free of stress.

A reference case, denoted Case 1, is firstly defined in which the
associated flow rule is applied with the following parameters:
a ¼ 0:585 m; b ¼ 1 m ðf � 0:2002Þ,
/ ¼ w ¼ 30�; E ¼ 500 MPa; m ¼ 0:2 and r0 ¼ 1 MPa. Then, in order
to verify the precision of the proposed model in non-associated
cases, two other simulations (denoted Cases 2 and 3) are per-
formed with two different values of wð15� and 0�), both under com-
pression (C) and traction (T) conditions. Finally, two other groups
of simulations are carried out to estimate the sensitivity of the pro-
posed model with respect to the porosity and Young’s modulus. All
of the FEM results and their comparison with the analytical ones
are presented in Table 1.

In Case 1, an excellent agreement is obtained between the the-
oretical value of the limit load established in Section 3 or [23] and
the FEM one, both under compression and traction conditions. Fur-
thermore, two other associated cases with different porosities
(Cases 4 and 6) are studied. It can be observed that the limit load
decreases with an increase of the porosity. This is illustrated in

Fig. 2 in which nðrÞ denotes the radial displacement and the limit
stress is the asymptotic value. In this group of comparison, an
agreement between the theoretical prediction and numerical data
is still observed. In conclusion, our FEM code allows to accurately
model this hollow sphere problem in the case of associated matrix.
We now aim at validating this code in the context of non-associ-
ated matrix.

Fig. 3 displays the FEM results of Cases 1 to 3, where the mate-
rials possess the same porosity ðf � 0:2002Þ but different dilation
angles. The limit loads of associated case ðw ¼ / ¼ 30�Þ and
non-associated ones (/ ¼ 30�; w ¼ 15� and 0�), as expected, have
almost the same value (Table 1) with small differences of the order
1%. The differences between the reference analytical solution and
the finite element ones are rather small and can be attributed to
numerical errors due to the discretization. However, the FEM
points of these three lines in this figure do not coincide entirely,
in other words, as the displacements imposed upon the external
boundary being the same, the ones at the internal boundary are
not. Therefore, the limit load of non-associated Drucker–Prager
porous material does not depend on the dilation angle, whereas
the collapse mechanism does.

Next, the Cases 4–7 are contributed to study the influence of the
porosity by changing the inner radii a from the previous cases. In
Cases 4 and 5: a ¼ 0:530 m ðf � 0:1489Þ, while in Cases 6 and 7:
a ¼ 0:630 m ðf � 0:2500Þ. The comparison (see Fig. 4) shows that
the limit load of the non-associated case is also the same with
the corresponding associated one, do not depend on the porosity.

Finally, the influence of Young’s modulus is studied through
Cases 8 and 9. Fig. 5 clearly shows that the limit loads are identical

Fig. 4. Comparison of numerical limit loads between associated ðw ¼ / ¼ 30�Þ and non-associated cases (/ ¼ 30� and w ¼ 15�) with respect to different porosities (f � 0:1489
and f � 0:2500).

Fig. 5. Comparison of numerical limit loads between associated ðw ¼ / ¼ 30�Þ and non-associated cases (/ ¼ 30� and w ¼ 15�) with respect to different Young’s modulus
(E ¼ 500 MPa and E ¼ 1000 MPa) and the same porosity ðf � 0:2002Þ.
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with different values of Young’s modulus, only the displacement
nðaÞ is changed. Consequently, the limit load is independent of this
final parameter.

5. Conclusion

Unlike currently observed in other problems, in the one of the
hydrostatically loaded hollow sphere, the limit load and collapse
stress field for the non-associated cases are the same as for the cor-
responding associated one. This event may appear at first glance
paradoxal. The key point is the strong condition of central symme-
try which is very restrictive and prevents field discontinuities gen-
erally allowed by the continuum mechanics. Thus only complete
solution with a unique plastic regime is considered and it is neces-
sarily identical to the one of the associated case.
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Abstract

In Gurson’s footsteps, different authors have proposed macroscopic plastic models for porous
solid with pressure-sensitive dilatant matrix obeying to the normality law (associated ma-
terials). The main objective of the present paper is to extend this class of models to porous
materials in the context of non-associated plasticity. This is the case of Drucker-Prager
matrix for which the dilatancy angle is different from the friction one, and classical limit
analysis theory cannot be applied. For such materials, the second last author has proposed
a relevant modeling approach based on the concept of bipotential, a function of both dual
variables, the plastic strain rate and stress tensors. On this ground, after recalling the basic
elements of the bipotential theory, we present the corresponding variational principles and
the extended limit analysis theorems. Then, we formulate a new variational approach for the
homogenization of porous porous materials with non-associated matrix. This is implemented
by considering the hollow sphere model with a non-associated Drucker-Prager matrix. The
proposed procedure delivers a closed form expression of the macroscopic bifunctionnal from
which is readily obtained the criterion and a non-associated flow rule of the porous material.
It is shown that these general results recover several available models as particular cases.
Finally, the established results are assessed and validated by comparing their predictions to
that of Finite Element computations carried out on a cell representing the considered class
of materials.

Keywords: Bipotential theory, Nonlinear Homogenization, Extended Limit analysis,
Ductile porous materials, Non associated plasticity, Drucker-Prager matrix
2000 MSC: 74C05, 74L10

1. Introduction

In his famous paper, Gurson (1977) proposed an upper bound limit analysis approach of
a hollow sphere and a hollow cylinder having a von Mises solid matrix. Several extensions of
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Gurson’s model have been further proposed in the literature, the most probably important
developments being those accounting for void shape effects (Gologanu et al., 1997; Garajeu et
al., 1997; Monchiet et al., 2007; Madou and Leblond , 2012a,b; Monchiet and Kondo , 2013).
Plastic anisotropy was treated by (Benzerga et al., 2001; Monchiet et al., 2008; Keralavarma
and Benzerga , 2010), while studies by Cazacu et al. (Cazacu and Stewart, 2009) have been
devoted to porous materials exhibiting a tension-compression asymmetry. Other extensions
take into account the plastic compressibility of the matrix through associated Drucker-Prager
model for applications to polymer and cohesive geomaterials (Jeong et al., 1995; Jeong , 2002;
Guo et al., 2008; Barthélémy et al., 2003). Application of this class of models has been done
in (Lin et al., 2011a,b; Shen et al., 2012). It is worth noticing that, in the spirit of Gurson’s
paper, the kinematical limit analysis of porous materials with an associated matrix requires
the choice of a trial velocity field. The latter is generally built by adding linear terms to the
exact one for hydrostatic loading. A notable study concerning the non-associated Drucker-
Prager matrix has been done by Maghous et al. (2009) in the context of modified secant
moduli approach (see also Ponte-Castaneda (1991); Suquet (1995)).

Coming to a more general point of view, a constitutive law in Mechanics is a relationship
between dual variables. The constitutive laws of the materials can be represented, as in
Elasticity, by a univalued mapping or, as in Plasticity, can be generalized in the form of
a multivalued mapping but this representation is not necessarily convenient. When the
graph is maximal cyclically monotone, one can model it thanks to a convex and lower semi-
continuous function π, called a superpotential (or pseudo-potential), such that the graph is
the one of its subdifferential ∂π). The function π and its Fenchel conjugate one π∗ verifies
for any couple of dual variables Fenchel’s inequality. The dissipative materials admitting a
superpotential of dissipation are often qualified as standard (Halphen et al., 1975) and the
law is said to be a normality law, a subnormality law or an associated law.

However, many experimental observations in the last decades have motivated the propo-
sition of non-associated laws, particularly in Plasticity theory. For such laws, the second last
author proposed in (de Saxcé et al., 1991; de Saxcé , 1992) a suitable modeling framework
based on the bipotential, a function b of both dual variables, convex and lower semicontin-
uous in each argument and satisfying a cornerstone inequality saying that for any couple of
dual variables the value of the bipotential is greater than or equal to their duality pairing.
When equality holds, the couple is said extremal. In a mechanical point of view, the ex-
tremal couples are the ones satisfying the constitutive law. Materials admitting a bipotential
are called implicit standard materials (ISM) because the constitutive law is a subnormality
law but the relation between the dual variables is implicit. The classical standard materials
correspond to the particular event for which the bipotential is separated as the sum of a
superpotential and its conjugate one. In this sense, the cornerstone inequality of the bipo-
tential generalizes Fenchel’s one. The existence and construction of a bipotential for a given
constitutive law has been recently discussed in (Buliga et al., 2008, 2009a, 2010a).

Linked to the structural mechanics and in particular with the Calculus of Variation,
the bipotential theory offers an elegant framework to investigate a broad spectrum of non-
associated laws. Examples of such non-associated constitutive laws are:
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• in soil mechanics, non-associated Drucker-Prager (de Saxcé , 1993; Berga et al., 1994;
de Saxcé , 1998a; Bousshine et al., 2001; Hjiaj et al., 2003) and Cam-Clay models (de
Saxcé , 1995; Zouain et al., 2007, 2010),

• the non linear kinematical hardening rule for cyclic Plasticity (de Saxcé , 1992; Bodovillé
et al., 2001) and Viscoplasticity (Hjiaj et al., 2000; Magnier et al., 2006; Bouby et al.,
2006, 2009),

• Lemaitre’s coupled plasticity-damage law (Bodovillé , 1999),

• the coaxial laws (de Saxcé , 2002; Vallée et al., 2005),

• Coulomb’s friction law (de Saxcé , 1998b, 1992, 1993, 1998b,a; Bousshine et al., 2002;
Hjiaj et al., 2002, 2004; Feng et al., 2006b,a; Fortin et al., 1999, 2002; Laborde et al.,
2008),

• the blurred constitutive laws (Buliga et al., 2009b, 2010b).

A complete survey of the bipotential approach can be found in de Saxcé (2002). In the
previous works, robust numerical algorithms were proposed to solve structural mechanics
problems.

Coming back to the Limit Analysis let us say that a general method to determine the
plastic collapse of structures under proportional loading (Suquet, 1982; Salençon , 1983; Save
et al., 1997), even particular in soil mechanics (Chen , 1975; Chen et al., 1990), but it is
restricted to associated plasticity, then with normality law. The classical presentation of the
non-associated plasticity is based on a yield function and a plastic potential. The bipotential
offers an alternative formulation which naturally opening to a variational formulation, and
then paving the way for an extension of limit analysis techniques to non-associated laws
(de Saxcé , 1998a; Bousshine et al., 2001, 2002; Chaaba et al., 2010; Zouain et al., 2007).
Extension of limit analysis theory to the repeated variable loading, known as shakedown
theory, has been successfully generalized to the ISM1 by the bipotential approach in (de
Saxcé , 2002; Bousshine et al., 2001, 2003; Bouby et al., 2006, 2009).

The aim of the present study is to formulate a macroscopic model for “ductile porous ma-
terials with a non-associated Drucker-Prager”-type matrix, using homogenization techniques
combined with the bipotential theory. The paper is organized as follows: the non-associated
Drucker-Prager plastic model, for which the yield criterion and plastic potential are respec-
tively defined by two functions, is first summarized in Section 2. Next, we introduce in
Section 3, the bipotential theory and its two dual fields (stress and velocity fields) based
formulation, which allows us to derive the plastic criterion and the non-associated flow rule.
An application of the bipotential theory to the non-associated Drucker-Prager plastic model
is particularly discussed in subsection 3.3. Section 4 is devoted to the bipotential-based ex-
tended limit analysis approach of non-associated porous media. The proposed formulation

1See also the use of Shakedown theory by (Boulbibane and Weichert , 1997) for non-associated soils.
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provides a fundamental variational theory for the macroscopic modeling of a large class of
porous media. In Section 5, the proposed bipotential-based theory is implemented in the
case of a hollow sphere having a rigid perfectly plastic matrix obeying to a non-associated
Drucker-Prager flow rule. This implementation will be performed by adopting simple trial
stress and velocity fields. This allows to derive in subsection 5.3 a closed-form expression of
the macroscopic criterion and the non-associated plastic flow rule. Furthermore, some spe-
cial cases, corresponding to existing models previously proposed in literature, are discussed
in subsection 6. Finally, in Section 7, the established macroscopic criterion, flow rule and
void evolution are respectively assessed and validated by comparison with Finite Element
solutions.

2. Brief recall the non-associated Drucker-Prager model

Figure 1: Drucker-Prager model: yield criterion and non-associated flow rule

Drucker-Prager model (Fig.1) requires the consideration of a yield criterion in the form:

F (σ) = σe + 3ασm − σ0 ≤ 0 , (1)

where σe is the equivalent stress, σm the mean stress, σ0 > 0 the shear cohesion stress of the
material and α the pressure sensitivity factor related to the friction angle φ by:

tan φ = 3α .

Let us introduce the plastic potential:

G(σ) = σe + 3βσm (2)

where β (β ≤ α) depends on the dilatancy angle ψ through:

tan ψ = 3β .

87



Except for the apex of Drucker-Prager cone (σe = 0, σm = σ0 / 3α ) where σe is not
differentiable, the plastic strain rate is given by the non-associated yielding rule:

d = deq
∂G

∂σ
= deq

(
3s

2σe
+ β1

)
, (3)

where σ is Cauchy stress tensor, s the deviatoric stress, 1 the unit tensor. deq =| 2
3
d′ : d′ |1/2

with d′ being the deviatoric part of d. The plastic dilatancy reads:

dm =
1

3
tr d = βdeq (4)

This suggests to introduce:
H(d) = βdeq − dm

The plastic yielding rule (3) is completed at the apex by the admissibility condition:

H(d) ≤ 0

while, because of (4), H(d) = 0 at the other points of the yielding surface (called regular
points). Of course, for the particular event ψ = φ, the normality rule is recovered and the
plasticity model is associated. Without loss of generality, we can assume that:

0 ≤ β ≤ α <
1

2
, (5)

or equivalently 0 ≤ ψ ≤ φ < 56◦18′. In practice, these conditions are fulfilled by the
geomaterials and other pressure sensitive dilatant materials. Some examples of experimental
data concerning the friction angle can be found for polymers, high strength steels and
aluminium in (Guo et al., 2008).

3. Bipotential-based formulation of constitutive models

Rigid perfectly plastic model is usually considered to obtain the analytical solution (plas-
tic criterion and potential) for a large class of materials, simultaneously by adopting the
Limit Analysis approach, which is extensively discussed in literature . However, this con-
ventional approach can only be rigorously used for Generalized Standard Materials (GSM),
that is materials which obey a normality law. the standard limit analysis framework is then
not suitable for materials which obey to a non-associated flow rule (for instance, geomate-
rials). This question has been discussed in several works (Salençon , 1983; Drucker , 1953;
Palmer , 1973; Radenkovic , 1961; Telega , 2002; Telega et al. , 2004).

In order to overcome this problem, de Saxcé et al. has proposed in previous papers a
new modeling of the non-associated constitutive laws based on the concept of bipotential
(de Saxcé et al., 1991; de Saxcé , 1992).
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3.1. The bipotential in short

First of all, let us recall a basic concept of convex analysis, the subdifferential of a
function π in a point x which is the (possibly empty) set:

∂π(x) = {y | ∀x′, π(x′)− π(x) ≥ (x′ − x) : y} . (6)

For more details on convex analysis, the reader is refered for instance to (Ekeland et al.,
1975; Moreau , 2003; Rockafellar , 1970). Moreover, in mechanics, GSM can represented as
a generalized model based on two superpotentials π(x′) and π∗(y′), which are depending on
a represented strain rate variable x and a stress-like one y. Such a couple of superpotentials
satisfies the Fenchel’s inequality (Fenchel , 1949),

∀(x′,y′) π(x′) + π∗(y′) ≥ x′ : y′ (7)

where π(x′) and π∗(y′) are convex, lower semicontinuous and conjugate each of the other.
The r.h.s. of (7) indicates the inner product of x′ and y′. When the equality is achieved,
(x,y) is called an extremal couple:

π(x) + π∗(y) = x : y

It can be proved that this relation is equivalent to the two following differential inclusions:

y ∈ ∂π(x),

x ∈ ∂π∗(y).

It is worth to remark that the convexity properties of π and π∗ are essential in order to
state and prove minimum variational principles and use the limit analysis approach2. When
the normality law fails and is replaced by a non-associated flow rule, the classical presenta-
tion is based on a yield function (to model the yield criterion) and a plastic potential (to
represent the flow rule). Although it is intensively used in the literature, this is, in fact,
not very relevant for the variational methods. On the ground of this observation, de Saxcé
and collaborators proposed in (de Saxcé et al., 1991; de Saxcé , 1992) a suitable modeling
based on more general generating functions called bipotentials and defined by the following
properties:

(a) b is convex and lower semicontinuous in each argument.
(b) For any x′ and y′ we have

b(x′,y′) ≥ x′ : y′ (8)

(c) For x and y we have the equivalences:

y ∈ ∂b(·,y)(x) ⇐⇒ x ∈ ∂b(x, ·)(y) ⇐⇒ b(x,y) = x : y (9)

In a mechanical point of view, the bipotential represents the plastic dissipation power (by
volume unit) and (9) is the constitutive law. The couples (x,y) for which ones equivalence
(9) holds are called extremal couples. The cornerstone inequality (8) clearly generalizes
Fenchel’s one (7).

2Lower and upper bound solutions obtained from the Hill’s principle and Markov’s one.
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3.2. Variational framework of bipotential-based formulations for constitutive laws
Let us now replace the above notations x and y respectively by the strain rate tensor d

and the stress tensor σ. In a mechanical point of view, the corresponding bipotential rep-
resents the plastic dissipation power (by volume unit) and from Eq.(9) the constitutive law
can be obtained. Accounting for the definition (6) of the subdifferential and the cornerstone
inequality (8), the constitutive law reads (Buliga et al., 2009a, 2010a; Laborde et al., 2008;
Buliga et al., 2010b):

min
d′

(b(d′,σ)− d′ : σ) = min
σ′

(b(d,σ′)− d : σ′) = 0 . (10)

It is worth remarking that, with respect to the previous minimization problems, the bipo-
tential has the required convexity properties.
Next, let us show how to recover simply the plastic yielding condition F (σ) = 0 by the
bipotential formalism. To this end, the first minimization problem in (10) becomes:

min
H(d)≤0

(b0(d,σ)− d : σ) = 0 , (11)

where b0 is the finite part of the bipotential when the extremal value is taken. Relaxing
the kinematical condition H(d) ≤ 0 by use of Lagrange’s multiplier λ, this constrained
minimization problem is transformed into an equivalent saddle-point problem

max
λ≥0

min
d

(L(d,σ, λ) = b0(d,σ)− d : σ + λH(d)) = 0 , (12)

where L(d,σ, λ) is the lagrangian function. Its stationarity with respect to d:

∂L

∂d
=
∂b0

∂d
(σ)− σ + λ

∂H(d)

∂d
= 0

Eliminating the lagrangian multiplier λ in above system of equations, the resultant functional
depends only on stress tensor σ. Let us denote it F ; it follows the yield criterion

F (σ) = 0

In a similar way, it is possible to recover the plastic flow rule (3) at a regular point. The
second minimization problem in (10) becomes:

min
F (σ)≤0

(b0(d,σ)− d : σ) = 0 .

Relaxing the plastic yielding condition F (σ) ≤ 0 by use of Lagrange’s multiplier λ∗, this
problem is transformed into an equivalent saddle-point problem

max
λ∗≥0

min
σ

(L∗(d,σ, λ∗) = b0(d,σ)− d : σ + λ∗F (σ)) = 0 , (13)

By calculating the stationarity of the lagrangian L∗(d,σ, λ∗) with respect to σ

∂L

∂σ
=
∂b0

∂σ
(d)− d+ λ∗

∂F (σ)

∂σ
= 0

and eliminating λ∗, the resultant functional (denoted H) depends only on the strain rate
tensor d. Hence, the flow rule can be obtained

H(d) = 0
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3.3. Case of the non-associated Drucker-Prager materials

The finite value bipotential of non-associated Drucker-Prager model (see Section 2) takes
the form (Hjiaj et al., 2003):

b(d,σ) =

{
σ0

α
dm + (β − α)

(
3σm − σ0

α

)
deq if F (σ) ≤ 0 and H(d) ≤ 0

+∞ otherwise

}
, (14)

In view of what will be done in subsections 5.2 and 5.3, for the homogenization problem,
it is convenient to indicate how the derivation of the non-associated yield criterion can be
done from (12) and (14). The lagrangian function reads:

L(d,σ, λ) =
σ0

α
dm + (β − α)

(
3σm −

σ0

α

)
deq − (σedeq + 3dmσm) + λ(βdeq − dm) .

Its stationnarity with respect to deq and dm gives:

σe = (β − α)
(

3σm −
σ0

α

)
+ βλ ,

3σm =
σ0

α
− λ .

Eliminating λ between these relations leads to the plastic criterion :

F (σ) = σe + 3ασm − σ0 = 0 .

Simultaneously, from the second minimization problem of (10), we have the corresponding
lagrangian by introducing the multiplier λ∗

L∗(d,σ, λ∗) =
σ0

α
dm + (β − α)

(
3σm −

σ0

α

)
deq − (d′ : s+ 3dmσm) + λ∗(σe + 3ασm − σ0) .

In the same way, the stationnarity with respect to s and σm reads,

d′ = λ∗
3s

2σe
, (15)

(β − α)deq − dm + αλ∗ = 0 . (16)

From (15) one obtains λ∗ = deq. Eliminating λ∗ in (16) leads to the kinematical condition
at the regular points upon the yield surface:

H(d) = βdeq − dm = 0 , (17)

That allows to recover the non-associated yielding rule (3):

d = d′ + dm1 = deq

(
3s

2σe
+ β1

)
.

For the treatment of the apex, the reader is refered to (Hjiaj et al., 2003), which is specifically
devoted to this question.
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4. Extended limit analysis of porous materials with a non-associated matrix

Unlike the classical presentation of the non-associated constitutive laws by means of the
yield function and the plastic potential, the bipotential formulation naturally opens into
a variational formulation; this is crucial for an extension of limit analysis techniques to
the context of non-associated laws. We present here the main elements of this variational
framework in the context of porous media.

4.1. Determination of the macroscopic bifunctional and its variational properties

This presentation is directly done in the framework of homogenization of porous material,
considering a reference cell Ω composed of a void ω and a matrix ΩM = Ω− ω made of an
Implicit Standard Material. The macro-cell Ω is enclosed by surface ∂Ω and the void ω by
∂ω. The external boundary of the cell is subjected to a uniform strain rate: v = D · x, x
being the position vector at the boundary. The macroscopic stress Σ and strain rate D are
then classically defined as volume averages of their microscopic counterpart σ and d:

Σ =
1

| Ω |

∫
Ω

σ dV , D =
1

| Ω |

∫
Ω

d dV . (18)

Note that the set of kinematical admissible velocity fields is defined in the following sense:

Ka = {v s.t. v(x) = D.x on ∂Ω} . (19)

and the associated strain rate field is given by d(v) = gradsv = 1
2

(
gradv + gradTv

)
.

The set of statically admissible stress fields is:

Sa = {σ s.t. div σ = 0 in ΩM , σ · n = 0 on ∂ω, σ = 0 in ω} . (20)

The set of admissible couples is the product A = Ka × Sa and the set of extremal ones is
defined by:

E = {(v,σ) s.t. (d(v),σ) is extremal in ΩM} .

The homogenization problem consists in determining the setA×E of admissible and extremal
fields. Owing to the non linearity of the problem, no exact solution can be found in general.
Due to this difficulty, we present an equivalent variational formulation, more appropriate for
simple approximations, thanks to relevant choice of trial fields and minimization procedure.
By Hill’s lemma, any admissible couple (v,σ) complies with:

D : Σ =
1

| Ω |

∫
Ω

d(v) : σ dV =
1

| Ω |

∫
ΩM

d(v) : σ dV , (21)

This suggests introducing the following two field macroscopic bifunctional:

B(v′,σ′) =
1

| Ω |

∫
ΩM

b(d(v′),σ′) dV −D : Σ ,
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As previously indicated, we are interested for homogenization purpose in finding the admis-
sible and extremal couples (v,σ). In fact, they are solutions of the following simultaneous
minimization problems:

B(v,σ) = min
v′∈Ka

B(v′,σ) = min
σ′∈Sa

B(v,σ′) = 0 . (22)

Indeed, if (v′,σ′) is admissible, relation (21) and (8) entail:

B(v′,σ′) =
1

| Ω |

∫
ΩM

(b(d(v′),σ′)− d(v′) : σ′) dV ≥ 0 .

In particular, this occurs for admissible couples (v′,σ), (v,σ′), (v,σ). Moreover, for the
latter, owing to (9):

B(v,σ) = 0 .

In short, one has for all admissible fields v′ ∈ Ka and σ′ ∈ Sa:

B(v′,σ) ≥ B(v,σ) = 0 and B(v,σ′) ≥ B(v,σ) = 0 ,

which prove (22).
Now, let us discuss some relevant aspects of the variational principles for a rigid perfectly

plastic matrix such as the one described in the previous sections. The set of plastically
admissible velocity and stress fields are respectively defined as:

Kp = {v s.t. H(d(v)) ≤ 0 in ΩM}
Sp = {σ s.t. F (σ) ≤ 0 in ΩM} .

(23)

while the sets of licit velocity and stress fields are respectively Kl = Ka∩Kp and Sl = Sa∩Sp.
We considered the finite valued bifunctional:

B0(v′,σ′) =
1

| Ω |

∫
ΩM

b0(d(v′),σ′) dV −D : Σ . (24)

the finite valued bipotential b0 being introduced in (11).
Hence, the bipotential-based variational homogenization problem becomes:

B0(v,σ) = min
v′∈Kl

B0(v′,σ) = min
σ′∈Sl

B0(v,σ′) = 0 . (25)

Note that the determination of the above macroscopic bifunctional can be done by means of
any of the two minimization principles, providing that the exact stress field or exact velocity
field is given.
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4.2. Application of the variational principle to the plastic porous material

For a rigid perfectly plastic matrix, since b0 is positively homogeneous of order one in
d, there is a trivial kinematical solution to the previous problem (equation (25) together
with (24)) where v and D vanish. The limit analysis approach consists in finding non
trivial solutions qualified as ruin mechanisms. It is expected that these non trivial solutions
exist only under an equality condition on Σ that can be interpreted as the equation of the
macroscopic yielding surface in the model.

It is worth noting that if both D and Σ are chosen arbitrarily, there is in general no
solution to the problem (25). In a practical point of view, it is more convenient for instance to
fix only Σ and to findD and v satisfying the first minimization problem in (25). Introducing
Lagrange’s multiplier field x 7→ Λ(x), this constrained minimization problem is transformed
into an equivalent saddle-point problem

max
Λ≥0

min
v∈Ka

(
L(v,σ,Λ) = B0(v,σ) +

1

| Ω |

∫
ΩM

ΛH(d) dV

)
.

We perform a first approximation by imposing Lagrange’s multiplier field to be uniform in
ΩM :

max
Λ≥0

min
v∈Ka

(
L(v,σ,Λ) = B0(v,σ) + Λ

1

| Ω |

∫
ΩM

H(d) dV

)
, (26)

that is equivalent to minimize the bifunctional B0 under the relaxed kinematical condition:

1

| Ω |

∫
ΩM

H(d) dV = 0 . (27)

Satisfying the kinematical condition only in an average sense but not locally anywhere
in ΩM is a strong approximation but leading to easier calculations. As consequence of this
approximation, it is crucial to remark that the minimum of B0 may not be expected to
be zero. Nevertheless, in the spirit of Ladevèze’s method of the error on the constitutive
law (Ladevèze , 1975; Ladevèze et al. , 1986, 1991, 1997, 2001, 2006a,b), its value for the
minimizer can be used as a variational error estimator (Fortin et al., 1999). The mini-
mum principle allows obtaining the “better”solution within the framework imposed by the
approximations.

Introducing

Y (v,σ,Λ) =
1

| Ω |

∫
ΩM

b0(v,σ)dV + Λ
1

| Ω |

∫
ΩM

H(d) dV

and considering (24), the Lagrangian function can be recast into

L(v,σ,Λ) = Y (v,σ(Σ),Λ)−D : Σ (28)

from which, as it will be shown by introducing the trial stress and velocity fields, one obtains
the macroscopic criterion and flow rule.
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For now, let us just indicate that the ultimate step is to solve the Saddle-point problem by
computing its subdifferentials with respect to parameters D:

∂L
∂D

(Λ,Σ) = 0 (29)

Eliminating the Lagrangian multiplier Λ in the system of functionals (29), one obtains

F(Σ(φ, ψ, f)) = 0 (30)

A priori, the above macroscopic criterion depends not only on the porosity f and the friction
angle φ, but also on the dilatancy angle ψ of the matrix.

For completeness, the macroscopic non-associated flow rule, with the boundary condi-
tions v = D · x, can be directly obtained from the stationnarity of the lagrangian function
(28) with respect to the multiplier Λ:

G =
1

| Ω |

∫
ΩM

H(d) dV = 0 . (31)

5. The hollow sphere model with a non-associated Drucker-Prager matrix

The major objective of this section is to apply the above bipotential-based variational
approach and limit analysis technique to the hollow sphere model, which is made up of a
spherical void embedded in a homothetic cell of a rigid-plastic isotropic and homogeneous
matrix, the latter being described by a non-associated Drucker-Prager model. The inner and
outer radii of the hollow sphere are respectively denoted a and b, giving the void volume
fraction f = (a/b)3 < 1. The hollow sphere is subjected at its exterior boundary to a
uniform strain rate tensor D (see Fig. 2).
Primarily, we aim at deriving a macroscopic criterion for the non-associated porous material
and the corresponding flow rule.

a

b

r

ΩM ω

v = D · x

Figure 2: Hollow sphere model
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5.1. Proposed trial stress and velocity fields

As mentioned in Section 4, in order to derive the macroscopic model, it is indispensable
to propose a couple of trial stress and velocity fields. In order to limit the errors due to
approximations, we will consider trial fields for which the macroscopic model is exact at least
for pure hydrostatic loadings. In Cheng et al. (2012), we obtain closed analytical formula
for the limit hydrostatic stresses. For this case, the stress field and limit load do not depend
on the dilatancy angle ψ and they are identical to the ones of the associated case with same
friction angle φ, previously obtained in Thoré et al. (2009). Only the collapse mechanism is
dilatancy angle dependent. This insensitivity of the hydrostatic limit load to the dilatancy
angle agrees with the model of Maghous et al. (2009) already mentioned. For this reason,
and taking into account the symmetry of the hollow sphere model, the trial stress field is
considered as the sum of the two following fields:

• A heterogeneous part corresponding to the exact field under pure hydrostatic load-
ings (Thoré et al., 2009); it reads, in spherical coordinates with orthonormal frame
{er, eφ, eθ}:

σ(1) = A0

(
b

r

)3γ [
er ⊗ er +

(
1− 3γ

2

)
(eθ ⊗ eθ + eφ ⊗ eφ)

]
(32)

where A0 is a constant to be determined, s = 1 + 2εα and γ = 1− 2εα
1+2εα

,
with a loading parameter ε = ±1, which will be interpreted later.

• A homogeneous part in the cylindrical coordinates with orthonormal frame {eρ, eφ, ez}:

σ(2) = A1 (eρ ⊗ eρ + eφ ⊗ eφ) + A2ez ⊗ ez (33)

where A1 and A2 are also constant parameters.
It should be noted that σ(2) allows to capture the macroscopic shear effect.

The resultant three parameters based trial stress field is defined in the matrix ΩM as:

σ = σ(1) + σ(2) (34)

Note that a vanishing stress field is considered in the void ω.
It is worth to remark that with a stress field is in internal equilibrium, one has:

Σvoid =
1

| Ω |

∫
ω

σdV =
1

| Ω |

∫
∂ω

(σn)⊗ xdS

Hence:

Σvoid
m =

1

| Ω |

∫
ω

σmdV = (3V )−1

∫
∂ω

x · (σn)dS

As the continuity condition:

(σn)− + (σn)+ = 0 on ∂ω (35)
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is difficult to satisfy by the very simple chosen trial field, we relax it as follows:

(3V )−1

∫
∂ω

x · ((σn)− + (σn)+)dS = 0 (36)

which can be equivalently written as:

f−γA0 +
2A1 + A2

3
= 0 , (37)

On the other hand, the macroscopic stress field is:

Σ = A0

(
1− f 1−γ)1 + (1− f) [A1 (ex ⊗ ex + ey ⊗ ey) + A2ez ⊗ ez] , (38)

Taking into account (37), the macroscopic mean stress is:

Σm = A0(1− f−γ) , (39)

while the macroscopic deviatoric stress reads:

Σe = (1− f) | A1 − A2 | . (40)

These two last relations allow to express the stress parameters in terms of the macroscopic
stress:

A0 =
Σm

1− f−γ
, | A1 − A2 |=

Σe

1− f
. (41)

Next, following Guo et al. (2008) (see also (Thoré et al., 2009)), we adopt, in cylindrical
coordinates, the following trial velocity field which depend on the dilatancy angle ψ, not on
the friction angle φ,

v = C0

(
b

r

)3/s̃

(ρeρ + zez) + C1ρeρ + C2zez , (42)

with r =
√
ρ2 + z2, s̃ = 1 + 2εβ, where ε is the sign of C0. The first term is the exact

solution for the hydrostatic case (Cheng et al., 2012). As in Gurson’s model (Gurson, 1977)
and in its extension to pressure sensitive dilatant materials (Guo et al., 2008), this term is
completed by two linear terms in order to capture the shear effects.
D being the applied macroscopic strain rate, the trial velocity field (42) must comply

with the boundary conditions:
v = D · x

In the case of axisymmetric macroscopic strain rate (D = Dxx(ex ⊗ ex + ey ⊗ ey) +
Dzzez ⊗ ez), considered in the present study, C0, C1 and C2 are such that:

Dm =
1

3
trD = C0 +

1

3
(2C1 + C2)

Dzz −Dxx =
2

3
(C1 − C2)

(43)

from which it follows:

De =

√
2

3
D′ : D′ =

2

3
| C1 − C2 | (44)

D′ being the deviatoric part of D.

97



5.2. Closed-form expression of the macroscopic bifunctional

In order to derive the non-associated macroscopic model by solving the saddle point
problem (26), we aim now at parametrically expressing the macroscopic bifunctional (24)
thanks to the proposed trial stress (34) and trial velocity fields (42). It should be pay
attention that the bipotential (14) depends on the microscopic mean stress σm, mean strain
rate dm and equivalent strain rate deq. From (34) and (42), and considering (41), these
quantities can be respectively calculated as

σm(r) =
Σm

1− fγ

[
1− fγ

s

(
b

r

)3γ
]
, (45)

dm(r) =
1

3
trd =

(
1− 1

s̃

)
C0

(
b

r

)3/s̃

+
1

3
(2C1 + C2) (46)

deq(r) =
2

3

√
(C1 − C2)2 + (C1 − C2)

3C0

s̃

(
b

r

)3/s̃

(3 cos2 θ − 1) +

(
3C0

s̃

)2(
b

r

)6/s̃

(47)

for which one must have in mind the relations:

dm(r) = Dm + C0

[
(1− 1

s̃
)(
b

r
)3/s̃ − 1

]
(48)

deq(r) =
2

3

√
D2
e + sign(C1 − C2)De

3C0

s̃

(
b

r

)3/s̃

(3 cos2 θ − 1) +

(
3C0

s̃

)2(
b

r

)6/s̃

(49)

For simplicity, let us introduce the normalized stress tensor

T =
Σ

σ0

, (50)

and the contribution of the void to average strain rate

D(a) = C0f
γ̃1 + f [C1(ex ⊗ ex + ey ⊗ ey) + C2ez ⊗ ez] , (51)

with γ̃ = 1− s̃−1.
Combining (14), (22) and (50), the normalized macroscopic bifunctional can be obtained as
follows:

B̄0(v,σ) =
B0(v,σ)

σ0

=
1

3α
tr (D −D(a)) +

(
1− β

α

)
Π̂(v,σ)−D : T (52)

with

Π̂(v,σ) =
1

| Ω |

∫
ΩM

deq dV −
1

| Ω |

∫
ΩM

3α
σm
σ0

deqdV (53)

Hence, it is convenient to introduce

Π(v) =
1

| Ω |

∫
ΩM

deq dV ,
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which by considering (47) and (43), can be reduced into

Π(C0, De) = De

∫ 1

f

K(ξ)
√

1 + τ 2x−2/s̃ dx , (54)

with

τ =
2C0

s̃De

, x = (
r

b
)3, ξ =

2τx−1/s̃

1 + τ 2x−2/s̃
sign(C1 − C2), | ξ |≤ 1 . (55)

K(ξ) =
1

2

∫ π

0

√
1 +

1

2
(3 cos2 θ − 1)ξ sin θ dθ , (56)

Putting (45) into (53), Π̂ can be recast into the following parametric form

Π̂(C0, De, Tm) =

(
1− 3αTm

1− fγ

)
Π(C0, De) +

3αTm
1− fγ

fγ

s
I(De) (57)

with

I(De) = De

∫ 1

f

x−γK(ξ)
√

1 + τ 2x−2/s̃ dx . (58)

Finally, the closed form expression of the macroscopic bifunctional reads:

B̄0(C0, Dm, De, Tm, Te) =
1

α

[
(1− f)Dm −

(
f γ̃ − f

)
C0

]
+

(
1− β

α

)
Π̂(C0, De, Tm)− (DeTe + 3DmTm)

(59)

This constitute one of the key practical respect of the study.

5.3. Determination of the macroscopic criterion and of the macroscopic flow rule

Having in hand the bifunctional B0, we are already now to determine the kinematical
admissibility condition (27), written as

βΠ(C0, De)−
[
(1− f)Dm −

(
f γ̃ − f

)
C0

]
= 0 (60)

which plays the role of the macroscopic flow rule.
Concerning the determination of the macroscopic criterion, let us first introduce a normalized
multiplier Λ̄ = Λ/σ0, the normalized lagrangian can be written as

L̄(C0, Dm, De, Tm, Te, Λ̄) =
L(C0, Dm, De, Tm,Λ)

σ0

=

(
1

α
− Λ̄

)[
(1− f)Dm −

(
f γ̃ − f

)]
+ Λ̄βΠ(C0, De)

+

(
1− β

α

)
Π̂(C0, De, Tm)− (DeTe + 3DmTm)

(61)
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For the minimization of the macroscopic bifunctional (59), one needs to calculate the partial
derivatives of the normalized lagrangian (61). Considering

τ = τ(C0, De), Π(C0, De) = Π(τ,De), Π̂(C0, De, Tm) = Π(τ,De, Tm)

its stationarity with respect to De, Dm and C0 gives for the normalized stress tensor T = Σ
σ0

:

Te(τ) = Λ̄βΠ,De(τ) +

(
1− β

α

)
Π̂,De(τ) , (62)

3Tm(τ) =

(
1

α
− Λ̄(τ)

)
(1− f) , (63)

Λ̄βΠ,C0(τ) +

(
1− β

α

)
Π̂,C0(τ)−

(
1

α
− Λ̄(τ)

)
(f γ̃ − f) = 0 . (64)

from which, we deduce the expression of the normalized multiplier:

Λ̄(τ) =
1
α

(f γ̃ − f) +
(
β
α
− 1
)

Π̂,C0(τ)

f γ̃ − f + βΠ,C0(τ)
.

Eliminating Λ̄ in (62) and (63), delivers the closed-form macroscopic criterion in the form:

Te =
(f γ̃ − f)

[
β
α

Π,De +
(
1− β

α

)
Π̂,De

]
+
(
1− β

α

)
β
(

Π,C0Π̂,De − Π,DeΠ̂,C0

)
f γ̃ − f + βΠ,C0

,

3Tm = (1− f)
β
α

Π,C0 +
(
1− β

α

)
Π̂,C0

f γ̃ − f + βΠ,C0

.

(65)

in which Π̂ is given by (57), and it is recalled that γ̃ = 2εβ
1+2εβ

.

The explicit expressions for Π,C0 , Π,De , Π̂,C0 , Π̂,De and their antiderivatives Π, Π̂ are cal-
culated and detailed in Appendix A. It is worthy to noted that the above macroscopic
criterion (65) is established in a parametric form which depends on the strain rate ratio τ
(55) corresponding to the velocity imposed condtion v = D ·x. More precisely, the points of
plastic limit stress curve can be obtained from the parametric macroscopic criterion (65) for
different fixed values of τ . This also allows to deduce the normalized triaxiality T = Tm/Te.

Finally, the stationarity of the normalized lagrangian (61) with respect to Λ̄ gives directly
the macroscopic flow rule (see (60)).

Note also that, macroscopic associated flow rule is obtained by β = α, non-associated
one otherwise. Let us recall from (55) that

C0 =
s̃

2
τDe (66)

and introduce

P =
Π

De

(67)
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which only depends on τ . Inserting (66) and (67) into (60) provides a new form of the
admissibility condition (60) (flow rule):

Dm

De

=
1

1− f

[
βP(τ) + (f γ̃ − f)

s̃

2
τ

]
(68)

Hence, the plastic flow direction Υ can be obtained once the value of τ is pre-proposed,

Υ = acot

[
1

1− f

(
βP(τ) + (f γ̃ − f)

s̃

2
τ

)]
(69)

Finally, owing to the matrix compressibility, the void growth rate readily reads,

ḟ = 3(1− f)Dm −
1

| Ω |

∫
ΩM

trd dV (70)

which, by considering (42), (46) and (66), takes the final expression,

ḟ = 3(f γ̃ − f)C0 =
3

2
(f γ̃ − f)s̃τDe (71)

Note that (65), (68) and (71) are probably some of the most important and practical results
of the study. They are the basic blocks of the non-associated constitutive law of the porous
material having a non associated Drucker-Prager matrix.

6. Examination of some special cases

We analyze in this subsection the predictions obtained for some special cases for which
results are available in literature. Let us first note that the general problem involves three
constants defining the velocity field (42). These constants are linked by the three relations
(43), (44) and (60). These equations can be easily explicit in the particular cases examined
below.

• Hydrostatic case: De = 0 and C0 6= 0
From (43) and (47), the microscopic equivalent strain rate in this case reads

deq(r) =
2 | C0 |
s̃

(
b

r

)3/s̃

It follows from (54) and (58) that

Π =
C0

β

(
1− f γ̃

)
, I =

2 | C0 |
s̃

1− f γ̃−γ

γ̃ − γ

in which τ = C0

De
has been also considered. Hence, taking also into account (57), the

macroscopic stress is given from (65) in the form:

Te =
Σe

σ0

= 0 , Tm =
Σm

σ0

=
1

3α
(1− fγ) , (72)
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which is the plastic limit state for the pure hydrostatic loading Σe = 0 (traction and
compression). This result corresponds to the exact solution in non-associated case
derived by Cheng et al. (2012), which have also verified that for the hydrostatically
loaded hollow sphere, the limit loads for the non-associated case are the same as for
the corresponding associated one given by Guo et al. (2008) (see also (Thoré et al.,
2009)). Finally, due to De = 0, (60) readily implies C0 = Dm and then, by (71),
ḟ = 3(f γ̃ − f)Dm.

• C0 = 0 and De 6= 0
In this case, from (47), (54) and (58) we have

deq =
2

3
| C1 − C2 |=

2

3
De

Π = De (1− f) , I = De
1− f 1−γ

1− γ
The macroscopic limit stresses can be obtained from (65)

Tm =
Σm

σ0

= 0, Te =
Σe

σ0

= 1− f (73)

Similarly, the plastic flow direction can be derived from (68) or (69):

Dm

De

= β, or Υ = acot β (74)

In this case, the macroscopic admissibility condition appears as the exact couterpart
of the microscopic one. For completeness to this case, the void growth rate can be
immediately obtained from (71), that is ḟ = 0. All of the above results obtained from
C0 = 0 reflects and proves that the hollow sphere model is under a pure shear loading
(73). They provide the same result as the solution obtained by Gurson (1977) and
Guo et al. (2008). Obviously, it leads to the conclusion that no matter the matrix of
the porous media take a normality rule or not, solution for pure shear loading depends
only on the value of porosity, neither on the friction angle nor the dilatancy one. This
is a limitation which comes from the simplicity of the trial fields. Equally important,
the plastic flow follows a constant and regularly direction (74), which is independent
on the friction angle φ. It can be calculated when and only when the dilatancy angle
ψ is fixed.

• Case of associated matrix
When the matrix complies with an associated flow rule, ψ = φ and β = α in Eqs. (1)
and (2). It is worthy to indicate that for the pressure-sensitive matrix there is such as
β = α 6= 0. Consequently, one gets from (65) the following macroscopic criterion

Te =
fγ − f

fγ − f + α ∂Π
∂C0

∂Π

∂De

3Tm =
1− f

fγ − f + α ∂Π
∂C0

∂Π

∂C0

(75)
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and from (69) and (71) that the plastic flow direction and the void growth rate, re-
spectively

Υ = acot

[
1

1− f

(
αP(τ) + (fγ − f)

s

2
τ
)]

ḟ = 3(fγ − f)C0 =
3

2
(fγ − f)sτDe

which is precisely the so called Upper Bound Model (UBM)3 proposed in Guo et al.
(2008). For completeness, we present in Appendix B the derivation of our methodology
in the case of associated matrix.

• von Mises matrix
For the porous material with an incompressible matrix, for instance the von Mises yield
criterion at microscopic level, the pressure-sensitive parameter φ and ψ both vanish,
or in another word α = β = 0. In this case, we have

s̃ = s = 1, γ̃ = γ = 0

and owing to (60), one obtains Dm = C0. As a result, (47) then takes the form

deq =
2

3

√
D2
e + 3DmDe(3 cos2 θ)(

b

r
)3 + (3Dm)2(

b

r
)6

and (65) reduced to

Te =
Σe

σ0

=
∂Π

∂De

3Tm = 3
Σm

σ0

=
∂Π

∂Dm

(76)

Considering (54) and (71), we get the following macroscopic criterion

T 2
e + 2f cosh(

3

2
Tm)− (1 + f 2) = 0 , (77)

and the void growth equation

ḟ = 3(1− f)Dm . (78)

which are the well-known results of Gurson (1977) obtained by a kinematical limit
analysis approach.

3It should be emphasized that the macroscopic model proposed by Guo et al. (2008) cannot be seen as
an upper bound. For the corresponding demonstration, readers can be referred to Cheng (2013).
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7. Illustration and numerical validation of the established criterion

In this section, the predictions of established macroscopic criterion (65) in non-associated
cases will be firstly compared with the associated one (75) (see also the so called UBM of
Guo et al. (2008)) in subsection 7.1. The expected influence of the non-associated feature is
clearly illustrated. Next, Finite Element Method (FEM) based limit analysis computations
are performed in subsection 7.2 and their results allow to assess the obtained theoretical
criterion. For completeness, due to the fact that the plastic flow rule has been formulated
in an implicit form except for the pure shear loading, we will perform in subsection 7.3 the
illustration of the analytical plastic flow direction (68) for such a particular case, which will
be validated from the corresponding FEM solutions.

7.1. Preliminary illustration of the established criterion

We aim now at illustrating the macroscopic criterion (65) established in subsection 5.3
both in associated and non-associated cases. As mentioned before, the matrix pressure sensi-
tivity is characterized by the friction angle φ and the dilatancy one ψ for the Drucker-Prager
model (see Eqs.(1) and (2)). These two angles must satisfy the condition 0 ≤ ψ ≤ φ < 56◦18′

(see also Eq.(5)). It is convenient to note that porosity values in geomaterials are relatively
bigger comparatively to porous metals or polymers, etc.. Accordingly, in this subsection,
we provide illustration of the established criterion for a porosity f = 0.2 and friction angle
φ = 30◦. The corresponding associated case ψ = φ = 30◦ is denoted AC, while two non-
associated cases are considered; they are respectively defined by dilatancy angles ψ = 15◦

(denoted NAC1) and ψ = 5◦ (NAC2).
As already mentioned, for hydrostatic loadings (traction and compression), the non-associated
cases provide the same predictions as that of the associated one (see Guo et al. (2008); Thoré
et al. (2009). Note again that this observation is in full agreement with the theoretical and
numerical results already established in Cheng et al. (2012). Furthermore, unlike the previ-
ous work of Maghous et al. (2009), as mentioned in sections 4 and 5.3, the non-associated
cases show in general different yield loci with respect to the associated one: as expected,
the yield surface for a non associated case is lower than for the associated one. Note that a
decrease of the dilatancy angle leads to a weaker strength, the difference between the cases
ψ = 15◦ and ψ = 5◦ being slight. These results will be investigated in subsection 7.2 by
means of numerical results.

To simplify the presentation here, additional results are provided in Appendix C.1 (see
Figs. C.10 and C.11); they allow to illustrate the effects of porosity (f = 0.15, f = 0.25) on
the macroscopic yield surfaces in the context of the non-associated plastic matrix. In the
same appendix, effects of the friction angle φ are also provided for a porosity f = 0.2.
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Figure 3: Comparison of yield surfaces between the associated case (denoted AC) with dilatancy angle
ψ = 30◦ and two non-associated cases (65) (denoted NAC1 and NAC2) with ψ = 15◦ and 5◦, respectively.
Porosity: f = 0.2; friction angle φ = 30◦

7.2. Numerical investigations of the macroscopic yield surface and plastic flow rule in the
context of the Druker-Prager non associated matrix

In this subsection, the predictions of the established macroscopic criterion will be com-
pared with the Finite Element Method (FEM) solutions. For the FEM analysis, we consider
an axisymmetric model of the spherical shell. Hence, owing to the geometrical symme-
try, only a quarter of this model is considered by adopting 1500 quadratic axisymmetric
elements (see Fig.4). Moreover, the numerical analysis is carried out in the context of
non-associated elastoplasticity and small deformations. The computations are performed
by means of ABAQUS/Standard software and a user subroutine MPC (Multi-Points Con-
straints). The main reason for which we need to enforce MPC conditions in the code is that
we have to impose the velocity field v from v = D ·x (on the external boundary of the hollow
sphere) such that the constraint of constant macroscopic stress triaxiality (T = Σm/Σe) be
fulfilled. In practice, as in Guo et al. (2008), this is done by applying a constant macroscopic
stress ratio Σρ/Σz corresponding to the desired Σm/Σe. Note that the implementation of
this procedure has been already described by Cheng and Guo (2007) for their study of voids
interaction and coalescence in an associated Drucker-Prager matrix.
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Figure 4: Hollow sphere model: Geometry of the elementary cell and boundary conditions.

Fig.5 displays the FEM results not only for the macroscopic limit stress, but also for the
direction of plastic flow. As in subsection 7.1, the values of porosity f = 0.2 and friction
angle φ = 30◦ are considered here. Also, the direction of plastic flow for the associated
case and two non-associated cases are denoted DA(ψ = 30◦), DNA1 (ψ = 15◦) and DNA2
(ψ = 5◦), respectively. Moreover, the numerical yield surfaces, obtained by connecting each
FEM point of plastic limit state, are indicated by SFA(ψ = 30◦), SFNA1(ψ = 15◦) and
SFNA2(ψ = 5◦), respectively. Note that each FEM point has been obtained by performing
computation at fixed stress triaxialities Σm/Σe (equivalently at fixed Tm/Te).

Coming now to the results, an excellent agreement between the DA and SFA is noted
(see Fig.5), the plastic flow direction (DA) at each FEM point being normal to the yield
surface (SFA). Concerning the plastic flow direction (DNA1 and DNA2) for the cases of
non-associated matrix, a lack of normality to the corresponding yield surfaces (SFNA1 and
SFNA2) is noted. These FEM results proves the non-associated character of the macroscopic
flow rule in the case of a non-associated matrix. It must be noted that the lack of normality
is more pronounced when the dilatancy angle ψ is small, that is a material with a pronounced
non associated matrix.

For completeness, additional results and validations are provided on Figs. 12(a), 13(a),
14(a) and 15(a) in Appendix C.2. This allows to illustrate the effects of the porosity and
friction angle.
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Figure 5: Illustration of FEM results: plastic flow directions (denoted DA for associated case, DNA1 and
DNA2 for non-associated ones) and yield surface (denoted SFA for associated case, SFNA1 and SFNA2 for
non-associated ones).

7.3. Validations of the established criterion and of the corresponding flow rule

For validation purpose, the analytical yield surfaces for the associated case (AC) as well as
the non-associated ones (NAC1 and NAC2) are compared with the corresponding numerical
limit stresses on Fig. 6. The FEM results confirm that the limit stresses of non-associated
cases (denoted FNAC1 and FNAC2) and the associated one (denote FAC) are very close in
the vicinity of traction dominant region Tm > 0 (or Σm > 0). In contrary, a slight difference
is observed in a part of the compression dominate region Tm < 0 (or Σm < 0). The above
numerical results validate the predictive capabilities of the analytical criterion.

Let us recall that other validating results showing also the influences of the porosity and
friction angle are provided on Fig. 12(b), 13(b), 14(b) and 15(b) in Appendix C.2.
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Figure 6: Comparison between the yield surfaces obtained from the established criteria (65) and FEM results
(denoted FAC for associated case, FAC1 and FAC2 for non-associated ones).

Concerning the assessment of the obtained macroscopic flow rule (see Eq. (68)). We
display on Fig.7 the plastic direction obtained from the analytical function (69) and that
numerically computed from the FEM computation. Both of these results are illustrated
with respect to the different values of macroscopic stress triaxiality Tm/Te. The illustrations
have been realized for f = 0.2 and φ = 30◦, ψ = 30◦, ψ = 15◦ and ψ = 5◦. Noticeable
difference between the associated case and the non associated ones is obtained, both for the
analytical results and for the numerical data. Moreover, for any fixed value of triaxiality, the
obtained value of acot(Dm/De) representing the plastic flow direction is smaller when the
dilatancy angle ψ diminishes. Finally, very good qualitative agreement is observed between
the theoretical predictions and the corresponding numerical data.
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Figure 7: Analytical result and FEM solutions for plastic flow direction with the fixed values of porosity
f = 0.2 and friction angle φ = 30◦.

At the difference of porous media with an incompressible plastic matrix (Gurson, 1977),
void growth (see Eq. (71)) occurs under macroscopic pure shear loading in the case of
a pressure-sensitive matrix (as considered in the present work). For this particular shear
loading, Eq.(74) indicates that the plastic flow is only influenced by the dilatancy parameter
β, but not by the friction one α. Still for the pure shear, we perform on Fig.8 a comparison
of the plastic flow direction given by the analytical solution (74) and the FEM computations.
The following values of fixed material parameters, f = 0.2 and φ = 30◦, are considered. An
excellent agreement between the analytic and FEM results is obtained.
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Figure 8: Comparison of plastic flow direction for pure shear loading case obtained from Eq.(68) and FEM
solutions with the fixed values of porosity f = 0.2 and friction angle φ = 30◦.

Finally, Fig. 9 illustrates the variation of porosity with the macroscopic stress triaxiality
for a initial porosity f = 0.2, a fixed value of friction angle φ = 30◦ and for three dilatancy
angles ψ = 30◦, ψ = 15◦ and ψ = 5◦. Noticeable difference between the associated case and
non-associated ones is observed, particularly for high stress triaxialities.
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Figure 9: Analytical result of the plastic void growth with a initial value of porosity f = 0.2. Friction angle
φ = 30◦.

8. Conclusion

In this study, a bipotential-based variational framework of ductile porous media has been
proposed. It allowed to extend classical limit analysis of porous media to the context of a
matrix obeying to a non-associated flow rule. This is generally the case of various porous
geomaterials or porous polymers displaying also pressure-sensitivity of the matrix. The
proposed variational formulation combines the bipotential theory earlier introduced by de
Saxcé et al. (1991) with homogenization techniques. It delivers closed-form expression of
the macroscopic criterion for the porous materials, as well as the non-associated flow rule.
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As detailed in Section 4, application of the proposed approach to porous materials with
non associated plastic matrix (characterized by a friction angle and a dilatancy angle) has
led to the formulation of a macroscopic bifunctional. Minimization procedures of the bi-
functional have been proposed with respect to a trial kinematically admissible velocity fields
(respectively the statically admissible stress fields). This can deliver for the considered class
of porous materials an upper bound (respectively lower bound) provided that the exact
stress field (respectively the exact velocity field) has been adopted.

Practical implementation of the approach has been done by considering a hollow sphere
subjected to uniform strain rate boundary conditions. To this end, a choice of a simple stress
field together with a class of trial velocity fields has been made. The whole procedure has
allowed to establish a closed form expression of the macroscopic yield function (see equations
(65)), as well as the macroscopic flow rule (see equations (68)), in a parametric form. The
non-associated character of the matrix (dilatancy angle) affects not only the macroscopic
yield surface, but also the macroscopic flow rule which is shown to be non associated.
Moreover, due to the suitable choice of the trial fields, the model also preserves the exact
solution established in Cheng et al. (2012) for the hollow sphere with the non associated
matrix, under pure hydrostatic loadings. It is also worth noticing that the obtained results
allow to retrieve (as a particular case) the kinematically-based model proposed by (Guo et al.,
2008) for the porous material with an associated Drucker-Prager matrix. This automatically
includes the Gurson model for a von Mises matrix (Gurson, 1977). The predictions of the
general model are fully assessed, both for the macroscopic yield surfaces and for the flow rule.
To this end, numerous Finite Elements computations in non associated plasticity have been
carried out on the hollow sphere. A good agreement has been observed between theoretical
results and numerical data for various configurations of porosity, friction angle and dilatancy
angle.

Finally, it should be noted that some improvements of the basic model are possible, in
particular by searching more refined trial velocity and stress fields. The consideration of voids
saturation by an internal pressure will also constitute a challenging extension which will pave
the way for various applications in geomechanics including non associated poroplasticity.

References
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Save, M.A., Massonnet, C.E., de Saxcé, G., 1997. Plastic limit analysis of plates, shells and disks. Elsevier,

New York.
Shen, W.Q., Shao,J-F, Kondo, D., Gatmiri, B., 2012. A micromacro model for clayey rocks with a plastic

compressible porous matrix. International Journal of Plasticity, 36, 64-85.
Suquet, P. Plasticité et homogénéisation. Ph.D. Thesis, Univ. Pierre et Marie Curie, Paris VI, 1982.
Suquet, P., 1995. Overall properties of nonlinear composites: a modified secant moduli approach and its

114



link with Ponte Castaneda’s nonlinear variational procedure. C. R. Acad. Sc. Paris, IIb, 320, 563-571.
Telega, J.J., 2002. Extremum principles for nonpotential and initial-value problems. Arch. Mech., 54, 565-

592.
Telega, J.J., Mohammed, H., Sloan, S.W., 2004. An of Limit Analysis Theorems to Incompressible Material

with a Non-Associated Flow Rule. Complementarity, Duality and Symmetry in Nonlinear Mechanics,
Advances in Mechanics and Mathematics Volume 6, pp 255-275
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Appendix A. Explicit expressions of Π, Π̂ and the derivatives Π,C0, Π,De, Π̂,C0,

Π̂,De

In order to explicitly express the closed-form macroscopic criterion (65), we provide as
follows the expressions of Π and Π̂ and their partial derivatives with respect to C0 and De.

Eqs. (54) for Π(v) and (58) for I(γ) simultaneously contain the term K(ξ), which is
smooth over the compactly supported domain with extreme values Kmax = K(0) = 1 and
Kmin = K(−1) = 0.962. Following (Gurson, 1977), this function is taken to be unity for
simplicity of calculation; that reduces (54) and (58) to:

Π(v) = De

∫ 1

f

√
1 + τ 2x−2/s̃ dx , (A.1)

I(γ) = De

∫ 1

f

x−γ
√

1 + τ 2x−2/s̃ dx . (A.2)

Additionally, Eqs.(A.1), (A.2) and the derivatives Π,C0 , Π,De , Π̂,C0 and Π̂,De can not be
calculated into simple forms. Fortunately, they can be expressed by means of the Gauss
hypergeometric function (see for example Fine (1988)) defined by:

2F1 (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1

(1− tz)a
dt

This function is a solution of the hypergeometric differential equation

z(1− z)y′′ + [c− (a+ b+ 1)z] y′ − aby = 0
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The regular solution is classically written in the form of the following power series

2F1 (a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (A.3)

where (a)n is the Pochhammer symbol defined by

(a)n =
Γ(a+ n)

Γ(a)
= a(a+ 1)...(a+ n− 1)

.

Let us introduce that
ι =

τ

f 1/s̃

Π and I (Eqs. (A.1) and (A.2)) can be indirectly expressed as follows:
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(A.4)

Q =
I

De
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)] (A.5)

Finally, considering (A.1), (A.2) and (57), the derivatives Π,C0 , Π,De , Π̂,C0 and Π̂,De can be
also computed as follows:

Π,C0 =
τ

s̃
2
− 1

[
2F1

(
1

2
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(A.6)

Π,De =2 F1

(
1

2
,− s̃

2
; 1− s̃

2
;−τ 2

)
− f ·2 F1

(
1

2
,− s̃

2
; 1− s̃

2
;−ι2

)
, (A.7)

Π̂,C0 = Π,C0 +
3αTm
1− fγ

·
(
fγ

s
· I,C0 − Π,C0

)
(A.8)

Π̂,De = Π,De +
3αTm
1− fγ

·
(
fγ

s
· I,De − Π,De

)
(A.9)

where I,C0 and I,De have the following expressions
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[

2F1
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2s
;−ι2

)]
(A.11)
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Appendix B. Macroscopic criterion of ductile porous media with an associated
Drucker-Prager matrix

We apply here the general procedure proposed in sections 4 and 5 to the particular case of
the associated Drucker-Prager matrix (ψ = φ 6= 0 and β = α 6= 0). This is the case already
studied by Guo et al. (2008) by using the classical kinematical limit analysis approach which
is retrieve here from the proposed variational formulation.
In this case, the associated flow rule reads:

d = deq
∂F

∂σ
= deq

(
3s

2σe
+ α1

)
, (B.1)

The volumetric plastic strain is such that:

dm =
1

3
trd = αdeq (B.2)

The plastic flow rule (B.1) is completed at the apex by the condition:

H(d) = αdeq − dm ≤ 0 (B.3)

The finite valued bipotential is reduced into:

b(d,σ) =

{
σ0

α
dm if F (σ) ≤ 0 and H(d) ≤ 0

+∞ otherwise

}
, (B.4)

It should be emphasized that the bipotential in this case takes the same expression as the
support function for the associated Drucker-Prager model (see for instance by Salençon
(1983)). Moreover, considering the velocity field (42) in the case of associated matrix (see
Guo et al. (2008))

v = C0

(
b

r

)3/s

(ρeρ + zez) + C1ρeρ + C2zez , (B.5)

the microscopic mean strain rate (46) and the equivalent one (47) can be recast into:

dm(r) =

(
1− 1

s

)
C0

(
b

r

)3/s

+
1

3
(2C1 + C2) (B.6)

and

deq(r) =
2

3

√
(C1 − C2)2 + (C1 − C2)

3C0

s

(
b

r

)3/s

(3 cos2 θ − 1) +

(
3C0

s

)2(
b

r

)6/s

(B.7)

which obviously do not comply with (B.3) everywhere in the hollow sphere.
Due to this difficulty, the idea is to relax the admissibility condition in an average sense by
imposing ∫

ΩM

H(d) dV =

∫
ΩM

(αdeq − dm)dV = 0 (B.8)
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Next, by introducing (B.6) and (B.4) into (24), the macroscopic bifunctional in the case of
an associated matrix can be written as:

B0(v,σ) =
1

| Ω |

∫
ΩM

σ0

α
dmdV −D : Σ . (B.9)

with the relaxed admissibility constraint (B.8):
∫

ΩM
dmdV =

∫
ΩM

αdeqdV .

For the first minimization problem of (25), as for the non associated case, it is suggested to
introduce the normalized Lagrangian L̄ by omitting σ0 (or taking it equal to 1), with Λ̄ the
Lagrange multiplier which is assumed constant:

L̄ =
1

| Ω |

∫
Ωm

dm
α
dV −T : D + Λ̄[

∫
ΩM

(αdeq − dm)dV ] (B.10)

Putting (B.6) and (B.7) into (B.10) leads to:

L̄ = αΛ̄Π + (
1

α
− Λ̄)[(1− f)Dm − (fγ − f)C0]− (3TmDm + TeDe) (B.11)

The following minimization relations are obtained:

∂L̄
∂C0

= αΛ̄ ∂Π
∂C0
− ( 1

α
− Λ̄)(fγ − f) = 0

∂L̄
∂Dm

= ( 1
α
− Λ̄)(1− f)− 3Tm = 0

∂L̄
∂De

= αΛ̄ ∂Π
∂De
− Te = 0

(B.12)

The first equation of (B.12) delivers the optimal expression of Λ̄

Λ̄ =
1
α

(fγ−f)

fγ−f+α ∂Π
∂C0

(B.13)

which, when reported in the two last ones, leads to the expression of the macroscopic admis-
sible stress components, the parametric expression of the macroscopic criterion then reads:

3Tm = (1− f)

[
1

α
−

1
α

(fγ − f)

fγ − f + α ∂Π
∂C0

]
=

(1− f) ∂Π
∂C0

fγ − f + α ∂Π
∂C0

(B.14)

Te =
(fγ − f) ∂Π

∂De

fγ − f + α ∂Π
∂C0

(B.15)

which corresponds to the result obtained by Guo et al. (2008). It is worth noticing that,
due to the relaxation of the admissibility condition, (B.14) and (B.15) do not guarantee the
upper bound character of the result.
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Appendix C. Complementary results concerning the effects of the porosity, fric-
tion angle and dilatancy angle on the macroscopic criterion

In this section, we will illustrate the influences of the porosity f and the friction angle φ,
together with that of the dilatancy angle ψ. The analytical results described in Appendix
C.1 will be validated from the FEM computations shown in Appendix C.2.

Appendix C.1. Analytical results

Fig.C.10 displays the yield surfaces with a relatively smaller porosity f = 0.15 and a
bigger one f = 0.25, both for the associated case (AC) and two non-associated cases (NAC1
and NAC2). Moreover, the same values of material parameters as described in subsection 7.1
(for the case f = 0.2) are respectively adopted for the three cases. As observed through this
figure, the yield loci of non-associated cases are lower than the corresponding associated one.
It is interesting to point out that the difference between the yield surfaces of the associated
case and non-associated one becomes smaller when the porosity is bigger.
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−2.5 −2 −1.5 −1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

T
m

T
e

 

 

AC (ψ=30°)
NAC1 (ψ=15°)
NAC2 (ψ=5°)

−1.8 −1.6
0.9

0.95

1

 

 

f=0.25, φ=30°

(b) Porosity: f = 0.25, friction angle φ = 30◦

Figure C.10: Comparison of yield surfaces illustrated from (65) between the associated case (denoted AC)
with dilatancy angle ψ = 30◦ and two non-associated cases (denoted NAC1 and NAC2) with ψ = 15◦ and
5◦, respectively.

Next, in order to estimate the influence of the friction angle φ on the proposed macro-
scopic criterion (65), two groups of comparisons with a fixed value of porosity f = 0.2 but
different friction angles φ = 20◦ and 40◦, are reported on Fig.C.11. More specifically, for
φ = 20◦, the non-associated case NAC1 and NAC2 are defined by ψ = 15◦ and ψ = 10◦.
For the case of φ = 40◦, the values ψ = 30◦ and ψ = 20◦ are considered. As shown on figure
(65), it is observed that the yield locus of non-associated case decreases with the decrease of
ψ. Additionally, from this group of comparisons, it is observed that the difference between
the associated yield surface and the non-associated one diminishes when the value of friction
angle φ is smaller4.

4For the same reductions of dilatancy angle ψ with respect to the associated one.
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Figure C.11: Comparison of plastic flow direction for pure shear loading case obtained from Eq.(69) and
FEM solutions.

Appendix C.2. Assessment of analytical results with FEM computations

The influence of the porosity f on the plastic limit states (directions of plastic flow
and limit stresses) are reported on Figs.C.12 and C.13. It is observed that the difference
between the non-associated case and the associated one is more significant for f = 0.15 in
the compression zone (Tm = Σm/σ0 < 0) than for the case f = 0.25. This fact numerically
confirms that, as in Appendix C.1, the difference of the yield locus between the associated
case and the non associated one is smaller with the decrease of the friction angle φ.

Finally, the influence of friction angle φ is assessed through Figs.C.14 and C.15 by adopt-
ing a fixed value of porosity f = 0.2 and two values of friction angle φ = 20◦ and 40◦, respec-
tively. From the illustrations on Figs. 14(b) and 15(b) 5, it is validated that the difference
between non-associated case with a fixed dilatancy angle ψ and corresponding associated
one is negligible when the friction angle φ is adequately smaller.
It is important to point out that for the case φ = 40◦, the FEM yield surfaces are relatively
higher than the analytical one; this probable results from the proposed stress fields, for
which the internal boundary condition is relaxed because of its homogeneous part.

5For the non-associated cases with material parameters φ = 40◦, ψ = 30◦ and 20◦, there are not enough
FEM results to represent the plastic flow and to construct the yield surface due to the so strong non-
linearity of the non-associated model that the corresponding FEM plastic limit states cannot be obtained
in this paper.
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(a) Illustration of FEM results: plastic flow directions (denoted DA for associated case, DNA1 and DNA2
for non-associated ones) and yield surface (denoted SFA for associated case, SFNA1 and SFNA2 for non-
associated ones).
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(b) Comparison between the yield surfaces obtained from the established criteria (65) and FEM results
(denoted FAC for associated case, FAC1 and FAC2 for non-associated ones).

Figure C.12: Numerical validation for the established model with fixed porosity f = 0.15 and friction angle
φ = 30◦.
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(b) Comparison between the yield surfaces obtained from the established criteria (65) and FEM results
(denoted FAC for associated case, FAC1 and FAC2 for non-associated ones).

Figure C.13: Numerical validation for the established model with fixed porosity f = 0.25 and friction angle
φ = 30◦.
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(b) Comparison between the yield surfaces obtained from the established criteria (65) and FEM results
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Figure C.14: Numerical validation for the established model with fixed porosity f = 0.2 and friction angle
φ = 20◦.
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Figure C.15: Numerical validation for the established model with fixed porosity f = 0.2 and friction angle
φ = 40◦.
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Appendix D. Complementary results concerning the effects of the porosity,
friction angle and dilatancy angle on the macroscopic flow rule
and on the porosity evolution

In Figs.D.16 to D.19 we aim to illustrate the influences of porosity f and friction angle φ
on the plastic flow rule with respect to the variation of macroscopic stress triaxiality Tm/Te,
both from the established law (69) and the FEM computations. It can be observed again
that the difference between the associated case and the non-associated ones increases with
the decrease of the porosity, and with the increase of friction angle. The same conclusion
can be deduced from the Figs.D.20-D.23, which illustrate the void growth rate also with
repsect to the macroscopic stress triaxiality.
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Figure D.16: Analytical result and FEM solutions for plastic flow direction with the fixed values of porosity
f = 0.15 and friction angle φ = 30◦.
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Figure D.17: Analytical result and FEM solutions for plastic flow direction with the fixed values of porosity
f = 0.25 and friction angle φ = 30◦.
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Figure D.18: Analytical result and FEM solutions for plastic flow direction with the fixed values of porosity
f = 0.2 and friction angle φ = 20◦.
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Figure D.19: Analytical result and FEM solutions for plastic flow direction with the fixed values of porosity
f = 0.2 and friction angle φ = 40◦.
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Figure D.20: Analytical result of the plastic void growth with a initial value of porosity f = 0.15. Friction
angle φ = 30◦.
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Figure D.21: Analytical result of the plastic void growth with a initial value of porosity f = 0.25. Friction
angle φ = 30◦.
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Figure D.22: Analytical result of the plastic void growth with a initial value of porosity f = 0.2. Friction
angle φ = 20◦.
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Figure D.23: Analytical result of the plastic void growth with a initial value of porosity f = 0.2. Friction
angle φ = 40◦..
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General conclusions and perspectives

The main objective of this thesis was to formulate a micro-macro approach for a large class of
porous plastic materials whose matrix obeys to non-associated flow rules. It was conducted
by applying the bipotential theory which allows to extend Limit Analysis theory considering
dual fields (stress field and strain rate field), simultaneously in the homogenization prob-
lem. A crucial point for the extended variational limit analysis approach is the simultaneous
choice of the trial stress field and velocity field.

Specifically speaking:

• In the first chapter, we have firstly recalled the basic variational principals and pre-
sented the framework of classical limit analysis and the resulting upper bound and
lower bound theorem for associated plasticity. Moreover, it has also been recalled that
the conventional kinematical Limit Analysis theory (upper bound theorem) and its
applications in literature proposed by Gurson (1977) to the von Mises type porous
materials, and by Guo et al. (2008) to the associated Drucker-Prager one. Finally, the
bipotential theory and the corresponding variational formulations for non associated
plasticity was detailed.

• Before solving the main problem of this thesis (non-associated macroscopic modelling),
we proposed in Chapter 2 a stress-based variational methodology of ductile porous
materials in the framework of statical Limit analysis approach (Lower bound theorem).
Due to the relaxed void boundary condition resulting from the axisymmetric trial stress
field, the criterion could be seen as a quasi-lower bound. Nevertheless, an interesting
feature has been analytically obtained for the established criterion that it depends not
only on the two stress invariant - macro mean stress and macro equivalent stress -
but also on the sign of third invariant of stress deviator. The general contribution of
the third invariant has been also provided from the completeness of this Chapter by
adopting the same variational approach, but with a non-axisymmetric trial stress field.
For the porous material with a von Mises matrix, our study provides for the first time
a general 3D criterion including the effects of all stress invariants.

• Next, before proposing a macroscopic model for porous material with non-associated
Drucker-Prager matrix we investigated in Chapter 4. The plastic limit state of a
hollow sphere with non-associated plastic matrix subjected to hydrostatic loadings.
To this end and in order to establish the exact solution, upper bound and lower bound
theorems are both applied. It has been demonstrated that for the non associated case,
the limit load and stress field of the hollow sphere under hydrostatic loadings have the
same expression as the associated one. This fact has been validated from the numerical
solutions.
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• Finally, we have proposed a new general methodology to derive the macroscopic model
for non-associated porous materials thanks to the bipotential-based limit analysis
method, combined with homogenization techniques. The choice of trial stress field
and trial velocity one has been detailed. The variational formulation proves that the
macroscopic criterion of the non-associated case expresses a different form, and the
illustrated yield locus is lower with respect to the associated one (except for the pure
hydrostatic loading and the pure shear one). The formula of the macroscopic flow for
non associated porous materials has also been established.

Additionally, some improvements to the study may be brought through additional works
in the future. First, the SVM models (see Chapter 2 and its complement) can be suitably
improved by searching and implementing more refined trial stress fields. Other important
perspectives lie in the possibility now to propose a lower bound model for the considered class
of non-associated porous materials by formulating more refined couple of trial stress field
and a trial velocity one. Extensions to saturated porous materials will be also of primary
importance for several application in geomechanics.
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