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Abstract

Let f: K* — KP? be a C? semi-algebraic mapping for K = R and a polynomial
mapping for K = C. It is well-known that f is a locally trivial topological fibration
over the complement of the bifurcation set B(f), also called atypical set.

In this work, we consider the notion of t-reqularity and pg-regularity to study
the bifurcation set of semi-algebraic mappings f: R” — R? and polynomial mappings
f:C" = Cr.

We show that t-regularity is equivalent to regularity conditions at infinity which
have been used by Rabier (1997), Gaffney (1999), Kurdyka, Orro and Simon (2000)
and Jelonek (2003) in order to control the asymptotic behaviour of mappings. In
addition, we prove that t-regularity implies pp-regularity.

The pg-regularity enables one to define the set of asymptotic non pg-regular val-
ues S(f) C KP, and the set A,, := f(Singf) U S(f). For C? semi-algebraic mappings
f: R™ — R? and polynomial mappings f: C" — CP, based on a partial Thom strati-
fication at infinity, we prove that S(f) and A,, are closed real semi-algebraic sets of
dimension at most p — 1 (real dimension at most 2p — 2, for f: C" — CP). Moreover,
based on a new fibration theorem “at infinity”, i.e. holding in the complement of a
sufficiently large ball, we obtain B(f) C A,,.

We study two special classes of polynomial mappings f: R® — RP, the class of fair
polynomial mappings and the class of Newton non-degenerate polynomial mappings.
For fair polynomial mappings, we give an interpretation of ¢t-regularity in terms of
integral closure of modules, which is a real counterpart of Gaffney’s result (1999). For
non-degenerate polynomial mappings, we obtain an approximation for B(f) through a
set which depends on the Newton polyhedron of f (results like this have been obtained
by Némethi and Zaharia (1990) for polynomial functions f: C"* — C and recently for
mixed polynomial functions by Chen and Tibar (2012)).

To finish, we discuss some simple consequences of our work: the equivalence t-
regularity < Rabier (equivalently Gaffney, Kuo-KOS, Jelonek) condition for mappings
f: X — KP, where X C K" is a smooth affine variety; the problem of bijectivity of
semi-algebraic mappings; and a formula to compute the Kuler characteristic of regular
fibres of polynomial mappings f: R® — R*~1.

The above results are also extensions of some results obtained, for polynomial
functions f: K" — K, by Némethi and Zaharia (1990), Siersma and Tibar (1995),
Piunescu and Zaharia (1997), Parusiniski (1995) and Tibar (1998).

Title: Regularity at infinity and global fibrations of real algebraic maps.

Key words: bifurcation values, atypical values, regularity conditions at infinity, ¢-
regularity, pg-regularity, asymptotic critical values, Morse-Sard type theorem, integral
closure, Newton non-degeneracy.
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Resumo

Considere f: K" — KP? uma aplicacdo semi-algébrica de classe C? para K = R e
uma aplicag@o polinomial para K = C. Por resultados classicos, sabe-se que f é uma
fibracdo topologicamente trivial sobre o complementar dos valores de bifurcagao B(f),
também chamado de wvalores atipicos.

Neste trabalho, consideramos a t-regularidade e a pg-reqularidade no estudo dos
valores de bifurcacdo de aplicacdes semi-algébricas f: R® — RP de classe C? e apli-
cacoes polinomiais f: C" — CP.

Mostramos que t-regularidade é equivalente as condi¢oes de regularidade no infinito
usadas por Rabier (1997), Gaffney (1999), Kurdyka, Orro e Simon (2000) e Jelonek
(2003) no controle do comportamento assintotico de aplicagoes. Também mostramos
que t-regularidade implica pp-regularidade.

Através da ppg-regularidade, definimos o conjunto dos valores assintéticos nao pg-
regulares S(f) C KP?, e o conjunto A,, = f(Singf) U S(f). Para aplicagdes semi-
algébricas f: R” — RP de classe C? e aplicacdes polinomiais f: C* — CP, baseados
na existéncia de uma estratificacio parcial de Thom no infinito, provamos que S(f) e
A, sdo conjuntos semi-algébricos reais de dimensao no méaximo p — 1 (dimensao real
no méaximo 2p — 2, para f: C" — CP). Além disso, baseados em um novo teorema
de fibracao “no infinito”, ou seja na existéncia de fibragdo no complementar de uma
bola de raio suficientemente grande, obtemos que o conjunto de bifurcacao B(f) esta
contido no conjunto A, .

Estudamos também duas classes de aplicagoes polinomiais f: R™ — RP, a classe
de aplicagdes polinomiais “fair” e a classe de aplica¢des Newton nao degeneradas. Para
aplicacoes polinomiais fair, obtemos uma interpretacdo da t-regularidade em termos
da teoria de fecho integral de mddulos, estendendo para o caso real os resultados de
Gaffney (1999). Para aplicagoes nao degeneradas, obtemos uma aproximacgao de B(f)
através de um conjunto que depende do poliedro de Newton de f (resultados deste
tipo foram obtidos por Némethi e Zaharia (1990) para fungoes polinomiais f: C" — C
e recentemente para fungoes polinomiais mistas por Chen e Tibar (2012)).

No final, discutimos algumas consequéncias simples do nosso trabalho: a equi-
valéncia t-regularidade < condicao de Rabier (equivalentemente Gaffney, Kuo-KOS,
Jelonek) para aplicagoes f: X — KP, onde X C K" é uma variedade suave afim; o
problema de bijetividade de aplicagoes semi-algébricas; e uma férmula para o calculo
da caracteristica de Euler de fibras regulares de aplicacdes polinomiais f: R™ — R* 1.

Os resultados acima também sdo extensoes de alguns resultados obtidos para
funcgoes polinomiais f: K® — K, por Némethi e Zaharia (1990), Siersma e Tibar
(1995), Paunescu e Zaharia (1997), Parusinski (1995) e Tibar (1998).

Titulo: Regularidade no infinito e fibracées globais de aplicacdes algébricas reais.

Palavras chaves: valores de bifurcacao, valores atipicos, condigdes de regularidade
no infinito, t-regularidade, pg-regularidade, valores criticos assintoticos, teoremas tipo
Morse-Sard, fecho integral, Newton nao degeneracidade.
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Résumé

Soit f: K™ — KP une application semi-algebrique de classe C? pour K = R, ou
une application polynomiale pour K = C. 1l est bien connu que f est une fibration
localement triviale sur le complémentaire des valeurs de bifurcation B(f) (aussi appelés
valeurs atypiques).

Dans ce travail nous considérons la t-régularité et la pg-régularité dans I’étude des
valeurs de bifurcation des applications semi-algébriques f: R® — RP de classe C? et
des applications polynomiales f: C* — CP,

Nous démontrons que t-régularité est équivalent aux conditions de régularité a
linfini de Rabier (1997), Gaffney (1999), Kurdyka, Orro et Simon (2000) et Jelonek
(2003). On démontre que t-régularité implique pp-régularité.

Avec la pp-régularité, on définit ’ensemble des valeurs asymptotique non ppg-
régulieres S(f) C KP, et 'ensemble A,, := f(Singf) U S(f). Pour les applications
semi-algébriques f: R® — RP de classe C? et applications polynomiales f: C"* — CP,
en s’appuyant sur 'existence des stratifications partielles de Thom a ["infini, on prouve
que S(f) et A, sont des ensembles semi-algébriques réels de dimension < p — 1 et
de dimension réelle < 2p — 2, pour f: C* — CP. En s’appuyant sur un théoréme de
fibration “a I'infini”, on démontre I'inclusion B(f) C A,,.

Nous étudions aussi deux classes d’applications polynomiales f: R™ — RP, les
applications polynomiales “fair” et les applications Newton non dégénérées. Pour les
applications fair, on obtient une interprétation de la t-régularité en termes de la théorie
de la cléture intégrale des modules. Ce type de résultat apparait dans un article de
Gaffney (1999) pour les applications polynomiales f: C™ — CP. Pour les applications
Newton non dégénérées, nous obtenons une approximation de B(f), ce qui étende le
résultat de Némethi et Zaharia (1990) pour les fonctions polynomiales f: C" — C et
celui de Chen et Tibar (2012) pour les fonctions polynomiales mixtes.

Dans la derniére partie, on discute quelques conséquences: 1).I’équivalence t-
régularité < les conditions de Rabier, Gaffney, Kuo-KOS, Jelonek pour les applications
f: X = KP ou X C K" est une variété lisse; 2).le probléeme de bijectivité des appli-
cations semi-algébriques; et 3).une formule pour calculer la caractéristique d’Euler des
fibres réguliéres des applications polynomiales f: R? — R*~L.

Les résultats présentés briévement ci-dessus généralisent aussi certains résultats
de Némethi et Zaharia (1990), Siersma et Tibar (1995), Paunescu et Zaharia (1997),
Parusinski (1995) et Tibar (1998).

Titre: Régularité a l'infini et fibrations globales des applications algébriques réelles.

Mots clés: valeurs de bifurcation, valeurs atypiques, condition de régularité a 'infini,
t-régularité, pp-régularité, valeurs critiques asymptotiques, théorémes de type Morse-
Sard, cléture intégrale, polyédre de Newton a l'infini.
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Introduction

The main object of this thesis is the following:

Definition 1 (Bifurcation values (or Atypical values)). Let f: K® — KP, n > p, be a C!
semi-algebraic mapping for K = R and a complex polynomial mapping for K = C. We
say that f is topologically trivial at tg € KP if there exists a neighbourhood U of 3 in KP
such that the restriction f;: f~1(U) — U is a topologically trivial fibration (i.e. there exists a
homeomorphism h: f~1(tg) x U — f~1(U) such that foh = pro, where pro: f~1(tg) xU — U
denotes the second projection). If one point ¢ € KP does not satisfy this property, then we
say that t is a bifurcation value' of f. We shall denote by B(f) the set of bifurcation values

of f.

REMARK 1. Let f: K® — KP be a C! semi-algebraic mapping for K = R and a complex
polynomial mapping for K = C. Directly from the above definition, if ¢y ¢ B(f) then there
exists a neighbourhood U of ty in KP such that, for any ¢ € U, f~!(¢) is homeomorphic to
f~(to). Other direct consequences on B(f) are that the topological type of the fibres of f
depend on the connected components of KP\ B(f) and that B(f) D Imf \ ImJ.

There are interesting connections between bifurcation values and many other topics such
as problems of optimization of polynomial functions f: R™ — R (see e.g. Ha and Pham [23]),
generalizations of Ehresmann’s Theorem (see e.g. Rabier [49], Gaffney [18], Jelonek [25]),
Jacobian Conjecture (see e.g. Lé and Weber [31], Siersma and Tibar [50]), generalization of
Morse theory (see e.g. Palais and Smale [42]), global Lojasiewicz exponents (see e.g. Paunescu
and Zaharia [46], D’Acunto and Grandjean [9]), equisingularity and Milnor numbers (see e.g.
Gaffney [18|, Parusinski [43, 45|, Siersma and Tibéar [50], Tibar [56, 57]), Thom conjecture (see
Kurdyka, Mostowski and Parusinski [29]), stratification theory (see e.g. Tibar [55], Kurdyka,
Orro and Simon [30]), etc...

The difficulty to describe the bifurcation values of f: K” — KP? resides in the fact that,
since f: K" — KP can be not proper, we cannot use the classical Ehresmann’s Theorem [14]
to verify if f is topologically trivial at a regular point to. Indeed, the bifurcation values may
come from the critical values but also from the asymptotic behaviour of the fibres, i.e. the
set B(f) \ (B(f) N f(Singf)) may be not empty (see for instance Example 2.1.1 (page 18)).

A complete characterization of B(f)\ (B(f)N f(Singf)) is yet an open problem. In fact, a
characterization for this set is available only in the case of polynomial functions f: K? — K,

see Suzuki [51], Ha and Lé [22] for K = C and Tibar and Zaharia [58] for K = R (see also
§2.2 (page 20)).

Lalso called of atypical value in the literature.
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One has therefore imagined various ways to characterize the sets B(f) and B(f)\ (B(f)N
f(Singf)), essentially through the use of regularity conditions at infinity.

For polynomial functions f: K" — K, starting with the work of Broughton [4] (see also
Pham [47]), we can find many works in this direction. For f: C" — C, Broughton |4, 5] worked
with a Palais-Smale type condition called tame, later extended by Némethi [39, 40] to quasi-
tame and by Némethi and Zaharia [41] to M-tame (also called pg-regularity), a Milnor type
condition of transversality of f to the Euclidean distance function pg. Parusinski [43] used
the Malgrange condition (which appeared in Pham [48, page 14] and it is a Lojasiewicz type
condition at infinity) and versions of it. Siersma and Tibar worked with the t-regularity (also
called t-equisingularity) [50, 54|, which is a type of non-characteristic condition at infinity,
see also Parusinski [43]. For f: R"™ — R, the t-regularity and the pg-regularity were also
considered by Tibar [56]. One finds a detailed discussion of the relations between these
conditions in Némethi and Zaharia [41], Durfee [13] for the complex setting and in Tibar

[56, 57| for the real and complex settings. See §2.2.

Let us turn to the case of semi-algebraic mappings f: R™ — RP and polynomial mappings
f:C*— CP.

Rabier [49] considered a metric-type regularity condition, which we call here Rabier condi-
tion. From this condition, he defined the set of asymptotic critical values Ko (f) and proved
that B(f) C (f(Singf) U Koo(f)). In fact, Rabier’s results apply to C? maps f: M — N,
where M, N are Finsler Manifolds.

In his study of polynomial mappings f : C" — CP, Gaffney [18] defined the generalized
Malgrange condition, which we shall call here Gaffney condition. Under additional hypothesis
on f, Gaffney proved that his condition yields a set Ag_ (f) of non-regular values at infinity
so that B(f) C (f(Singf)UAg. (f))- Then, he used the theory of integral closure of modules
to relate this condition to a non-characteristic condition like in Parusinski [43].

Kurdyka, Orro and Simon [30] also considered Rabier condition. They obtained an equiv-
alence ([30, §2.2]) between Rabier condition and another condition which depends on the
Kuo function (we call this last condition Kuo-KOS condition). Then, for C? semi-algebraic
mappings f: R™ — RP (respectively, for polynomial mappings f: C" — CP), they showed
that K (f) is a closed semi-algebraic set (respectively, a closed algebraic set) of dimension
at most p — 1. In particular, this shows that B(f) has volume zero.

Jelonek [25] used another condition, which turns out to be equivalent to Rabier condition
and to Gaffney condition. We call that condition Jelonek condition. From this last condition,
Jelonek [25, Theorem 3.1] gave a more direct proof of the inclusion: B(f) C (f(Singf) U
Ko(f), where f: K* — KP, K =R, C, is a smooth mapping.

We remark that, for functions (i.e. p = 1), Rabier, Gaffney, Kuo-KOS and Jelonek
conditions coincide with the Malgrange condition and it was established by Jelonek [25],
Kurdyka, Orro and Simon [30] that these generalizations of Malgrange condition for mappings
are equivalent (see Definition 2.3.1 and Remark 2.3.4 for details on Rabier, Gaffney, Kuo-KOS
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and Jelonek conditions). In other words, these four conditions yield the same set, which we
denote in this thesis by Ny (f), of non-regular values at infinity (i.e. Koo(f) = Ag(f) =
N (f), where Koo(f), A (f) were above mentioned) (see §2.3 for details).

In summary, for f: K® — KP (C? semi-algebraic for K = R and polynomial mapping for
K = C), we have for these four conditions a fibration theorem (i.e. B(f) C (f(Singf)UNx(f)))
and a structure theorem (i.e. N (f) is semi-algebraic (or algebraic in the complex setting) of
dimension at most p— 1). These two results mean an asymptotic Morse-Sard type theorem for

these four conditions together with a fibration theorem for non-proper mappings f: K" — KP.

The central objects in this thesis are the t-regularity, a geometric grounded condition,
and the pg-regularity, a Milnor-type condition, in the setting of semi-algebraic mappings
f: R"™ = RP and complex polynomial mappings f: C* — CP.

This thesis is essentially structured in two parts: firstly, we consider semi-algebraic map-
pings f: R™ — RP and complex polynomial mappings f: C" — CP (Chapters 1, 2 and 3).
After, we consider polynomial mappings f: R” — RP (Chapters 4 and 5).

For C' semi-algebraic mappings f: R” — RP and complex polynomial mappings f: C* —
CP, Theorem 2.4.8 and Corollary 2.4.9 state that t-regularity is equivalent to the asymptotic
conditions used in Rabier [49], Gaffney [18], Kurdyka, Orro and Simon [30] and Jelonek [25].
This equivalence represents a geometric interpretation of the asymptotic conditions and it is
an extension of the equivalence proved for p = 1 in Parusinski [43] and Siersma and Tibar [50],
and an extension of the equivalence obtained for a class of polynomial mappings f: C* — CP
in Gaffney [18].

The pg-regularity enables one to define the set of asymptotic non pg-regular values S(f) C
KP, and the set A,, := f(Singf) US(f).

We pursue by showing (Proposition 2.5.4 and Proposition 2.5.5) that t-regularity implies
pE-regularity, extending a result proved for p = 1 in Tibar [56] (see also Pdunescu and Zaharia
[46]). In particular, these propositions imply S(f) C Noo(f). We note that this inclusion may
be strict, cf Example 2.5.6.

Then, for C? semi-algebraic mappings f: R” — RP (respectively, polynomial mappings
f: C* — CP), we prove (Theorem 3.1.1(b) and Theorem 3.1.8) that S(f) and A,, are real
closed semi-algebraic sets of dimension at most p — 1 (respectively real dimension at most
2p — 2). These refines the results of Kurdyka, Orro and Simon [30]. In particular, the key
result dim Voo (f) < p—1 of Kurdyka, Orro and Simon [30] is superseded by dim S(f) < p—1.
Our proof is of a completely different flavour and is based on the existence of partial Thom
stratifications at infinity (which has been introduced by Tibar [55, Definition 2.1] for p = 1),
see Definition 3.1.3 for the notion of partial Thom stratification at infinity.

Moreover, Theorem 3.1.1(a) and Theorem 3.1.8 show that there is a locally trivial fibration
induced by f outside A,,. These fibration results are based on a fibration theorem at infinity
(cf. Proposition 3.1.5), i.e. holding in the complement of a sufficiently large ball. These

refine the fibration results of Rabier [49] (in the case of semi-algebraic mappings and complex
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polynomial mappings), Jelonek |25] and Gaffney |18], where the set N (f) (equivalently
Ko (f),Ac.. (f), above mentioned) are superseded by S(f).

Therefore, Theorem 3.1.1 and Theorem 3.1.8 represent asymptotic Morse-Sard type the-
orems with the set of non pg-regular values S(f), which refine the results obtained with the
set Noo(f) (equivalently with the sets above mentioned K (f) and A (f)).

In Chapter 4, we restrict our investigation to two classes of polynomial mappings f: R” —
RP: the class of fair polynomial mappings (Definition 4.2.4) and the class of Newton non-
degenerate polynomial mappings (Definition 4.3.3). Note that, since polynomial mappings are
semi-algebraic mappings, the results in Chapters 1, 2 and 3 also hold for these two classes of
polynomial mappings f: R" — RP.

Following Gaffney [18], we define the class of fair polynomial mappings (Definition 4.2.4)
and we give an algebraic interpretation of the t-regularity in terms of the theory of real integral
closure of modules (Proposition 4.2.5). This interpretation allows one to prove in a different
way the equivalence (above mentioned): “t-regularity < Gaffney (or Jelonek, or Kuo-KOS,
or Rabier) condition” (Theorem 4.2.6 and Remark 4.2.8). These are the real counterparts of
Gaffney’s results [18].

After, we introduce a Newton non-degeneracy condition at infinity for polynomial map-
pings f: R™ — RP. We have worked out this problem together with the Phd student Chen
[6]. He develops in his thesis the notion of non-degeneracy for mized polynomial mappings
(see Chen [6] and Chen, Dias and Tibar [7]).

This non-degeneracy (Definition 4.3.3) is designed to study the bifurcation values of f and
specially the case of non-convenient polynomial mappings (Definition 4.3.1).

Under this non-degeneracy condition, we obtain in Theorem 4.3.8 an approximation of
the bifurcation values of f in terms of the critical values of restrictions fa to certain faces of
the Newton polyhedron of the components of f. Results like this have been obtained recently
for mized functions by Chen and Tibar [8, Theorem 1.1 (a)], and previously by Némethi and
Zaharia [41, Theorem 2| for complex polynomial functions f: C" — C (see also Chen, Dias
and Tibar [7] and Phd thesis of Chen [6]).

We present some consequences of Theorem 4.3.8. In special, we show in Corollary 4.3.11
that if f = (f1,..., fp) is Newton non-degenerate and each f;, i =1,...,p, is convenient then
B(f) C f(Singf). Similar results had been obtained by Broughton [4, Proposition 3.4] for
polynomial functions f: C" — C and more recently by Chen and Tibéar [8, Corollary 4.1] for
mixed functions.

We compare this non-degeneracy condition with the non-degeneracy condition considered
by Bivia-Ausina [2] and with the classical Khovanskii non-degeneracy condition [27] (see our
§4.3.3). In special, we show that in the case n > p and f; convenient, i = 1,...,p, our
definition of non-degeneracy is more general than the one considered by Bivia-Ausina [2], and

that, for n = k, the two definitions are equivalent, cf Proposition 4.3.16.

Connected to the study of B(f), we study the topological structure of the fibres of f
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and the surjectivity and injectivity of mappings f: R®™ — R™. These questions are briefly
discussed in Chapter 5 as follows: in Proposition 5.3.5, we present a formula for the Euler
characteristic of regular fibres of f. In Proposition 5.2.1, we discuss a criterion for a local
diffeomorphism to be a global diffeomorphism. As a consequence of Corollary 4.3.11, we
obtain that if f = (fi,..., fp) is Newton non-degenerate, each f;, i = 1,...,p, is convenient

and f is a local diffeomorphism then f is a global diffeomorphism (Proposition 5.2.1).

This thesis is organised as follows:
Chapter 1: In §1.2, we briefly recall the definitions of equivalent norms on the space of linear
mappings from K" to KP (this last space will be denoted here by L£(K" KP)). In §1.3, we
present four functions defined on L(K",KP): Rabier function, Kuo function, Gaffney function
and Jelonek function. We discuss their relations and properties. In §1.4, following Jelonek

[25, 26], we present these four functions on L£(V,KP), where V is a linear subspace of K.

Chapter 2: In §2.2, we present some well-known facts about the bifurcation set of polynomial
functions f: K" — K and discuss some regularity conditions at infinity which have been used
to approximate B(f). In §2.3, we discuss some important results from the works of Rabier [49],
Gaffney [18], Jelonek [25, 26] and Kurdyka, Orro and Simon [30] for semi-algebraic mappings
f: R®™ = RP and polynomial mappings f: C* — CP.

In §2.4, we consider the t-regularity in the setting of C' semi-algebraic mappings f: R™ —
RP and polynomial mappings f: C* — CP. We reformulate Rabier, Kuo-KOS, Gaffney and
Jelonek conditions in a localized version on a point of the boundary at infinity of the graph
of fin P" x KP. We compare these conditions to the ¢-regularity. In §2.5, we consider the
pe-regularity and show that t-regularity implies pg-regularity.
Chapter 3: We obtain a fibration theorem and a structure theorem for C? semi-algebraic
mappings f: X — RP, where X is semi-algebraic, and for polynomial mappings f: C" — CP.
We discuss an example of a family of polynomial functions in §3.3.
Chapter 4: We consider two classes of polynomial mappings f: R” — RP: the class of
Jair polynomial mappings (§4.2) and the class of Newton non-degenerate polynomial mappings
(§4.3). For fair polynomial mappings, we give an algebraic interpretation of ¢-regularity in
terms of the theory of real integral closure of modules. For Newton non-degenerate polynomial
mappings, we give an approximation to the set B(f) in terms of a set that depends only of

the Newton polyhedron of f. We also present some consequences of this last result.

Chapter 5: We briefly discuss some simple consequences from the previous chapters. In §5.1,
we discuss the equivalence t-regularity < Rabier (equivalently Gaffney, Kuo-KOS, Jelonek)
condition for mappings f: X — K? where X C K" is a smooth affine variety. In §5.2, we
discuss the problem of bijectivity of semi-algebraic mappings. We present in §5.3 a formula

to compute the Euler characteristic of regular fibres of polynomial mappings f: R® — R" 1.

© 2013 Tous droits réserveés. http://doc.univ-lille1 fr



Thése de Luis Renato Gongalves Dias, Lille 1, 2013

6 Introduction

© 2013 Tous droits réserveés. http://doc.univ-lille1 fr



Thése de Luis Renato Gongalves Dias, Lille 1, 2013

CHAPTER 1

Preliminaries
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1.1 Introduction

We denote by L(V,W) the set of linear mappings from V to W, where V, W are normed
finite dimensional vector spaces over R or C. For simplicity, sometimes we will denote £(V,K)
simply by V*.

Let f: K® — KP be a mapping of class C?, n > p, K = R or C. An approach to study the
bifurcation values of f is to assume on the affine space K" an asymptotic behaviour of the
fibres of f. Through this assumption, we can use the Jacobian matrix of f to construct vector
fields which trivialize f. More precisely, one considers some specific function “ 5 ” defined on

L(K™ KP) and requires a regularity condition on a point ¢ty € KP\ f(Singf) like the folowing:

30 > 0 such that 6 < ||z]| B(Df(x)), as ||z|| = oo and f(x) — o, (1.1)

where D f(z) denotes the Jacobian matrix of f at x.

Then, one constructs a vector field from the Jacobian matrix of f and, by the condition
(1.1), one can show that the flow of this vector field trivializes f on a neighbourhood U of .
In this way, the condition (1.1) yields a set N Roo(f) of “non-S-regular values”, so that one
obtains the inclusion: B(f) C N Ruoo(f) U f(Singf).

This method has been used by many authors with different functions 5 to study the bifur-
cation values of polynomial functions f: K” — K. See for instance Broughton [4, Proposition
2|, Némethi and Zaharia [41, Lemma 3], Parusiriski [43, Lemma 1.2], Siersma and Tibar |50,
page 780], and see Tibar [57, Chapter 1] for results comparing these functions.

For mappings, Rabier [49], Gaffney [18] and Jelonek |25, 26] have considered the above

approach to obtain fibration theorems for mappings in different contexts:

e Rabier [49] considers a function v defined on £(X,Y), where X,Y are Banach spaces

over R or C. Using the function v, he defines the notion of “strong submersion” for
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mappings f: M — N, where M and N are Finsler manifolds. On additional hypothesis
on M, N and some technical assumption, Rabier proves fibration theorems for strong

submersion mappings ([49, §4, §5, §6]).

e Gaffney [18] studies complex polynomial mappings f: C* — CP. He defines another
function on L£(C"™,CP), which we denote here by . Assuming a regular condition like
(1.1) with the function -, Gaffney obtains a fibration theorem for complex polynomial

mappings, see [18, Theorem 18].

e In [25, 26|, Jelonek defines another function, that we denote by (. He compares the
functions v,vy,( and other functions. Via these relations, he gives a direct proof of
Rabier’s fibration theorem for smooth mapping f: K" — KP (|25, Theorem 3.1]). In |26,
Proposition 3.1], Jelonek obtains a fibration theorem for smooth mapping f: X — KP,

where X is a smooth affine variety over K.

e Kurdyka, Orro and Simon also consider the Rabier function in [30] and obtain some re-
lations between this function and other functions. In special, they obtain an equivalence
between the Rabier function and the Kuo function x (see |30, §2.2| for this equivalence

and Kuo [28, page 116] for the Kuo function s, see also our subsection 1.3).

In Chapter 2, we obtain for semi-algebraic mappings a geometric interpretation (called
t-regularity) for condition (1.1) applied to the functions v, ~, k, (, or to any equivalent function
to them. Details about this interpretation, the importance of these functions in our work and
in the study of bifurcation values will be explained in Chapter 2. More details about the
works [18, Gaffney], [25, 26, Jelonek]|, [30, Kurdyka, Orro and Simon] and [49, Rabier| will be
discussed specially in §2.1.

In this chapter we concentrate on these functions, some of their relations and properties,
which will be useful to define regularity conditions and to compute examples. Firstly, in the
preliminary section §1.2, we give the definition of norm on the space L(V, W), where V,W
are finite dimensional vector spaces over R or C. We present three equivalent definitions of
norm for a functional A € L(K",K). These definitions will be used throughout the text to
compute and to define the above mentioned functions.

In §1.3, we present four functions defined on L(K" KP): the Rabier function, the Kuo
function, the Gaffney function and the Jelonek function. We discuss their relations and
properties. In this subsection, these functions will be defined on £(K"™, KP). Following Jelonek

[25, 26], in §1.4, we present these functions on £(V,KP), where V is a linear subspace of K".

1.2 Basic Definitions

Let V, W be normed finite dimensional vector spaces over K, where K = R or C. As
before, we denote by L£(V,W) the set of linear mappings from V' to W and, sometimes, we
denote L£(V,K) simply by V*. We define the operator norm on A € L(V, W) as follows:
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Definition 1.2.1. Let V and W be normed finite dimensional vector spaces over K, where
K =R, C. The operator norm of A € L(V, W), denoted by |.||, is defined as:

JA] == max {|A(2)]; € V and |l2]| = 1}. (1.2)

The above definition can be seen in Folland [15, page 145]. Another norm on £(K", K) is
defined in the following way:

Definition 1.2.2. Let A € £L(K",K). Define the vector A(e) := (A(e1),...,A(en)), where ¢;
denotes the vector of K" with 1 in the i-th coordinate and 0’s elsewhere. We define the norm
II-ll1 of A as follows:

[All = [[A(e)]l. (1.3)

We remember that the norms ||.||; and [|.||2 are equivalent if there exist positive constants
c1,cg such that ¢ ||.]|1 < ||-ll2 < e2].]]i. The next well-known result can be seen in Young
[61, Theorem 6.8|.

Lemma 1.2.3. On the vector space L(K™,K), the norms from Definition 1.2.1 and Definition

1.2.2 are equivalent.

O

Sometimes we consider mappings f: X — KP, where X is a smooth variety of K". So,

the next definition and the next lemma will be useful for us:

Definition 1.2.4. Let A € £L(K",K) and let V' C K" be a linear subspace of K. We denote
by Ajy the restriction of A to V. Consider VEti={we K" | (w,v) =0,Vv € V}. We define
the norm |.[|3 of Ay in £(V,K) as follows:

1Ay |13 := min {[|A(e) + w|;w € V*}, (1.4)
where A(e) is defined as in the Definition 1.2.2.

Lemma 1.2.5. Let A € L(K",K) and let V C K" be a linear subspace of K". The norms of
Ay defined in Definition 1.2.1 and Definition 1.2.4 are equivalent.

Proof. Let A be an arbitrary element of £(K",K). We need to find positive constants ¢; and
c2, independent of A, such that ci[| Ay | < [|[Aylls < cof|Ajy|. In fact, we will show that
c1 = c2 = 1, which implies [|Ajy[[s = [|Ajy.

Since A is a linear mapping, one can write A(v) = > 1 v;A(e;) = (v, A(e)), for any vector
v = (v1,...,v,) € V. Thus, for any vector v € V, with ||v|| = 1, and for any vector w € V+

one has:

[A@)[ = [[{v, A(e))]] = [[{v, Ae)) + (v, w)|| = [[{v, A(e) + w)|| < [Jv[|[|A(e) +w], ~ (1.5)
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where the second equality follows from the fact that w € V*, ie. (v,w) = 0, and the last
inequality comes from the Cauchy-Schwarz inequality.
Since we have supposed ||v|| = 1, the inequality (1.5) gives us |[A(v)| < ||A(e)+w]. Then,

since the vectors v, w are arbitrary elements, the inequality ||A(v)| < ||A(e) + w|| implies:
AVl < 1A lls- (1.6)

To show the other inequality, i.e. ||A}y |3 < [[A}y ||, we observe that since V & VvVt =K",
there exist vi € V and wy € V* such that A(e) = vi + wy. This implies that for any v € V,
one has A(v) = (v, A(e)) = (v,vi + w1) = (v,v1), where the last equality follows from the
fact that w; € V*.

So, if vi = 0 one has A,y =0 and A(e) = wi, which implies [|A}y| = 0 and [|A}y |1 = 0.
Consequently the inequality ||Ajy[l1 < [|Ajy[ is true if v = 0.

On the other hand, if vi # 0 we define the vector z := Ay Then z € V, |zl = 1 and
A(z) = (z,A(e)) = (z,v1 + w1) = (z,v1), where the last equality follows from the fact that
w1 € V+. So, by definition of vector z, one obtains A(z) = (z,v1) = ||v1]|. Since ||z| = 1, one
has [|[A(2)[| = [[v1]| < [[Ajy ||, where the last inequality follows from the definition of || Ay ||.

To finish, we observe that A(e) — w; = vi, with w; € V*, which by definition of [|A)y[|1
implies [|Ajy (|3 < [[vi]. So, we conclude [|A[l3 < [[vi]| < [[Ajy ||, which implies [|A}y (|5 <

Al
Therefore, by the last inequality and by inequality (1.6), one obtains |[Ay[| = |43,
and this finish the proof. O

1.3 Rabier, Gaffney, Kuo, Jelonek functions

In this section, we define the Rabier function, the Kuo function, the Gaffney function and
the Jelonek function. We also present results from Jelonek [25, 26], Kuo [28] and Kurdyka,
Orro, Simon [30], which describe some relations and properties among these functions. We
begin with:

Rabier function

Consider V', W normed finite dimensional vector spaces over R or C. Given A € L(V, W),
we denote by A* € L(W*,V*) the adjoint operator induced by A and one has:

Definition 1.3.1 ([49, page 651]). The Rabier function, denoted by v, is defined as follows:
v(A) == inf {[|A"(¢)[; o € W™ and [J¢|| = 1}. (1.7)

Kurdyka, Orro and Simon [30, Section 2| and Rabier [49, Section 2] discuss interesting
properties of the Rabier function. In particular, Kurdyka, Orro, Simon [30, Proposition 2.2]

show that the above function measures the distance of A to the set 3, where ¥ := {B €
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L(V,W) | B is not onto}. Consequently, this gives another characterization for the function
v in terms of the equality: v(A) = dist(A; ¥). In particular, from this characterization one
has v(A) = 0 if and only if A is not onto.

Kuo function

To define the Kuo function we need the following:

Definition 1.3.2 (|28, page 116]). Let vq,..., v, be vectors in K". The Kuo distance between

these vectors is defined by the following function:

KU1, ..., 0p) 1= 1rélii£p{diSt(vi s ((v5)52i)) 1 (1.8)

where ((v;) ;i) denotes the space generated by the vectors {v; | j # i}.

Consider vectors vi,...,v, € K". In some sense, the Kuo distance measures the linear
dependency of the vectors v,...,v,. In fact, from equality (1.8) we have x(v1,...,vp) = 0if
and only if the vectors vy, ..., v, are linearly dependent.

From the Kuo distance one has:

Definition 1.3.3 ([28, page 116]). Let A = (Ay,...,A4,) € L(K",KP), with n > p. Denote
by n; the gradient of A;, 1 =1,...,p. We set the Kuo function, denoted also by &, as follows:

K‘(A) = H‘(nlv"'?np)? (19)
where k(n1,...,np) is defined as in the Definition 1.3.2.

It is interesting to remark that the Kuo function has been used by many authors in order
to study a local problem, the v-sufficiency of jets of C" map germs f: (R™,0) — (RP,0). In
special, Kuo [28] gives a characterization for the v-sufficiency of jets in terms of a Lojasiewicz
type inequality, which depends of the Kuo function.

On the other hand, the Rabier function has been used by Rabier [49] to give conditions
to obtain fibration theorems for maps and to study global problems. The link between the
functions of Rabier and Kuo is due to the work of Kurdyka, Orro, Simon [30], that we present

in the next:

Lemma 1.3.4 ([30, Proposition 2.6]). Let A = (Ai,...,4,) € LIK",KP), n > p. Denote by
n; the gradient of A;, fori=1,...,p. The following inequalities hold:

v(A) < k(m, ... mp) < /PY(A). (1.10)
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Gaffney function

Let [a] be a p x n matrix and let k be a positive integer with & < min{p,n}. A minor of
[a] of size k is the determinant of a k X k matrix obtained from [a] by deleting p — k rows and
n — k columns. When k = min {p,n}, the minors of size k are called mazimal minors of [a].

Under these notations and definitions one has:

Definition 1.3.5 ([18, page 158]). Consider A € L(K",KP), n > p. Denote by [a] the matrix
of A. Let I = (iy,...,ip) and J = (ji1,...,Jp—1) be multi-indices with 4; < ... < 4, and
J1 < ... < jp—1. We denote by Mj(A) the maximal minor of [a] formed from the columns
indexed by I and we denote by M ;(A) the minor of [a] of size (p — 1) using the columns
indexed by J, and all the rows of the matrix [a] except for the jth row. By convention, if
p=1then M;;(A) =1. The Gaffney function ~ is defined as:

(X7 1M (A))2) 2

7 (1.11)
(0, 1Mu5(A) 1)

v(A) =

If the function v(A) is not defined (i.e., if >_ My ;(A)]|? =0) we set v(A) = 0.

We remark that Gaffney 18| defined the above function in the complex case, i.e. in
L(C™,CP). With the same expression of (1.11), Jelonek [25, Definition 2.2] considered the
above function for £(K", KP).

The next lemma, due to Jelonek [25], gives a relation between x and ~:

Lemma 1.3.6 (|25, Proposition 2.3]). There exist positive constants c1,co such that, for any
A € LK™ KP), the following inequalities hold:

c1 k(A) <v(A) < cak(A), (1.12)

where k is as in (1.9) and v is as in (1.11). O

Jelonek function

Jelonek [25] defines another function on A € £L(K",KP), where n > p, as follows:

Definition 1.3.7 (|25, Definition 2.3]). Consider A € £L(K",KP), where n > p. Denote by [a]
the matrix of A. Let I = (i1,...,4p) and J = (j1,. .., jp—1) be multi-indices with i1 < ... <14,
and j; < ... < jp—1. As in Definition 1.3.5, one denotes by Mj(A) the maximal minor of
[a] formed from the columns indexed by I and by M ;(A) the minor of [a] of size (p — 1)

using the columns indexed by J, and all the rows of the matrix [a] except for the jth row.
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By convention, if p = 1 then M;;(A) = 1. The Jelonek function ¢ is defined as:

C(A) = maX[{ min HM(A)H} . (1.13)

Jeni<j<p [|M;(A)|
From the above definition, we have that ¢ also depends on the minors of the matrix [a]

and we have the following relation:

Lemma 1.3.8 (|25, Proposition 2.4|). Consider A € L(K",KP). Then there exist positive

constants c1, cy such that

¢1 C(A) < 4(4) < e ¢(A). (1.14)

O

The functions v, k,~y and ¢ are not pseudo-norms on the space L(K", KP), forn >p > 1

(they do not satisfy the triangle inequality property). We can see this in the following:

ExampPLE 1.3.9. Consider the linear mappings Aj(x,y, z) := (z,0) and As(x,y, 2) := (0, 2),
with Ay, Ay € L(K?,K?). Then v(4;) = k(4;) = v(4A;) = ¢(A;) = 0, for i = 1,2. On the
other hand, we have v(A; + As) = k(A + Ag) = (A1 + A3) = 1 and v(4; + A2) = V2/2,
which implies that the triangle inequality is not satisfied for the functions v, k,~,( on the

space L(K3,K?). Therefore these four functions are not pseudo-norms on £(K3,K?).

Furthermore, we can construct similar examples to show that these functions are not
pseudo-norms on the space L(K™, KP), n > p > 1. Consequently, since any norm is a pseudo-
norm, we have that these functions are not norms on £(K",K?), with n > p > 1. However,

in the case p = 1 one has:

REMARK 1.3.10. v(A) = k(A) = v(A) = ||4], for any A € L(K",K). These equalities follow
directly from definitions of v, k, and show that these functions coincide on £(K" K) and,

from Lemma 1.3.11 one has that { is equivalent to these three functions. Moreover, they are
norms on L£(K", K).

We have seen that Lemma 1.3.4, Lemma 1.3.6 and Lemma 1.3.8 give relations among
Rabier, Kuo, Gaffney and Jelonek functions. These relations can be described in the following

way:

Lemma 1.3.11 (|25, Propositions 2.3 and 2.4[; [30, Proposition 2.6]). Let 31, B2 be functions
such that 5; > 0, for i =1,2. The notation 51 ~ B2 means that there exist positive constants

c1,co such that c1 B1 < By < co B1. The relation “~” is an equivalence relation and we have
Ke~vey~C. (1.15)

O

! we consider only indices j and J such that | M ;(A)|| # 0; if all || M ;(A)| are zero then we set ((A) = 0.
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Note that, from the above lemma, we have: v(A) =0 k(A) =0 v(4) =0<((A) =

1.4 Relative Functions

In some parts of our work, we consider mappings f: X — KP, where X C K" is a smooth
variety. In this case, we shall need to consider linear mappings defined on a linear subspace
of K.

Thus, we present in this section the functions v, k,y and ¢ defined on the space £L(H,KP),
where H is a proper linear subspace of K". To distinguish these functions from the functions
presented in §1.3, we call the functions v, k and 7 defined on L(H,KP) respectively by relative
Rabier function, relative Kuo function, relative Gaffney function and relative Jelonek function.
We begin with:

Relative Rabier Function

Firstly, we remark that the Rabier Function was defined on L(V, W), where V, W are any
normed finite dimensional vector spaces over R or C.

Therefore, for any proper linear subspace H of V and any linear mapping A € L(V, W),
the Rabier function is well-defined on the restriction Ay in the following way: we regard the
restriction Ay as an element of L£(H,W) and, since the function v is defined on L(H, W)

(see Definition 1.3.1), we can consider v(A|x). However, to establish the notations, we have:

Definition 1.4.1. Let A € L(V, W) and let H be a linear subspace of V. Denote by A the

restriction of A to H. We set the relative Rabier function of Ay as:
v(A, H) = v(Ag), (1.16)
where v(A|g) is defined as in Definition 1.3.1 (ie., v(Ay) = inf{[[(Ax)"(V)l;¢ €

W and o] =1}).

Given a vector w = (wi,...,wy,) € K™, we denote by [w] the line matrix associated
to the vector w, i.e., [w] = [ wy ... wy |- If His a linear subspace of K™ then we set

H* .= {w c K" | (w,v) = 0,Yv € H}. Under these notations, one has:

Lemma 1.4.2. Let A € L(K",KP), and let H be a linear subspace of K". We denote by [a]

the matriz of A and we set
vi(A, H) := inf{ || [u][a] + [w] || ;w € H+,u € KP and ||Ju|| = 1}. (1.17)

Then there exist positive constants c1 and co such that civ1 (A, H) < v(A, H) < covi (A, H).

In other words, v1 and v are equivalent.

Proof. The proof follows directly from Lemma 1.2.5 and Definition 1.4.1. 0
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Relative Kuo Function

Definition 1.4.3 (Jelonek [26, Proposition 2.3|). Let A = (4;,...,4,) € L(K",KP)
and let H C K" be a linear subspace defined by a system of independent linear equa-
tions Z;L:1 bpje; = 0, for k = 1,...,r (i.e., H is defined by r equations). One denotes
By := (b1, ... bgn), for k=1,...,r.

The relative Kuo function of Ay is defined as follows:

k(A, H) = min {dist(A;; ((A)i£i, (Br)k=1,..r))}; (1.18)

1<i<p

where ((A;)1£i, (Bi)k=1,...,) denotes the subspace generated by the vectors {A4; | I # i} and
by the vectors {By,...,B,}.

Relative Gaffney Function

Definition 1.4.4 (|26, Definition 2.3|). Let A € L(K",KP) and let H C K" be a linear

subspace given by a system of independent linear equations Z?:l bijjx; =0, fori=1,...,r,
where dim H = n —r > p. Let [a] = (a;;) be the matrix of A and [c] = (¢;;) the (p+7) xn
(i.e., p+ 7 rows and n columns) matrix, where c;; = a5, if 1 <4 < p and ¢;; = bj_py;, if
p<i<p+r.

Let I = (i1,...,lp+r) and J = (j1,..., Jptr—1) be multi-indices with iy < ... < ipqr

and j1 < ... < jptr—1. One denotes by Mj(A g) the maximal minor of [c] formed from the
columns indexed by I. One denotes by M ;(Ax) the minor of [c] of size (p +r — 1) using
the columns indexed by J, and all the rows of the matrix [c] except for the jth row.

With these notations, we define the relative Gaffney function of A as follows:

(5, 1M (A |12) 2
1/2°
(Zﬂggp HMJ,j(A|H)H2> /

(A, H) = (1.19)

I 37 s1<jp 1M (AP = 0, we set y(A, H) = 0.

Relative Jelonek Function

Definition 1.4.5 (|26, Definition 2.5|). Let A € L(K",KP) and let H C K" be a linear
subspace given by a system of independent linear equations Z?Zl bijjx; =0, fori=1,...,r,
where dim H = n—r > p. With the notations of Definition 1.4.4, the relative Jelonek function

is defined as follows:

1/2
C(AH) := maxf{ min UdMr(Au)l) } 7 (1.20)

JCI,1<j<p (H]\[]J(x‘l\H)”2)1/2
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where we consider only indices j and multi-indices J such that [[M;j;(Ag)| # 0; if all
[ M.;(Ajg)| are zero then we set ((A, H) = 0.

From |26, Proposition 2.5] and Lemma 1.4.2, one has:

Lemma 1.4.6. Let A € L(K",KP) and let H C K" be a linear subspace. We have the

following relations:
V(A H) ~ k(A H) ~ (A, H) ~ (A H) ~vi(A H). (1.21)

O
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Regularity conditions at infinity
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Brief Resume

In this chapter, we consider a geometric regularity condition, called t-regularity (Definition
2.4.6), in order to study the bifurcation values of semi-algebraic mappings f: R™ — RP and
complex polynomial mappings f: C* — CP.

In Theorem 2.4.8, we show that t-regularity condition is equivalent to regularity conditions
which have been used to approximate B(f) in the works of Rabier [49], Gaffney [18], Jelonek
[25, 26|, Kurdyka, Orro and Simon [30].

In §2.5, we consider another regularity condition, called pg-regularity, and we show that
the pp-regularity refines the above conditions (Propostion 2.5.4 and Proposition 2.5.5).

The main results of §2.4 and §2.5 have been published in [11].
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2.1 Introduction

Let f: K® — KP be a differentiable mapping of class C2, where n > p and K = R or C.
We have defined the bifurcation set of f, denoted by B(f), as the smallest subset of K such
that f is a locally trivial fibration over KP \ B(f) (Definition 1).

The elements of B(f) may come not only from the critical values but also from the

asymptotic behaviour of the fibres. One can see this phenomenon in the next:

EXAMPLE 2.1.1 (Broughton [4, page 168|). Consider the polynomial function f: K?> — K
defined by f(x,y) = z(zy + 1). One has Vf(z,y) = (2xy + 1,22), hence f is a submersion,
i.e. Singf = (). From the definition of f, we have the following equalities:

FH0) = {(wy) | =0 or ay = —1} 2 KU (K \ {0}), (2.1)

o) ={(z,y) |z #0and y = (e — ) /2*} =2 K\ {0}, for any € # 0, (2.2)

where the notation S7 & S, means that S; is homeomorphic to Sy . From Remark 1, and since
f71(0) is not homeomorphic to f~1(e), for any € # 0, we get that 0 € B(f)\(B(f)Nf(Singf)).

In other words, this example shows that regular fibres of f may contribute to the set B(f),
i.e., the set B(f)\(B(f)Nf(Singf)) may be non-empty. It has therefore been imagined various
ways to describe the sets B(f) and B(f) \ (B(f) N f(Singf)).

An approach to control the points in B(f)\(B(f)Nf(Singf)) (or to control the asymptotic
behaviour of the fibres) is through appropriate regularity conditions at infinity. Under a
regularity condition at infinity, we can define a subset NRoo(f) in KP of non-regular values
at infinity in order to obtain a fibration for f outside the union (NRoo(f) U f(Singf)).
Therefore, reqularity conditions at infinity yield sets N'Roo(f) which contains the set B(f) \
(B(f) N f(Singf)) (see also Example 4.2.10).

In this case, showing that a set N Roo(f) of non-reqular values at infinity contains B(f)\
(B(f) N f(Singf)), means to prove that f is a fibration on KP \ (f(Singf) UNR(f)), i€,
one proves a “fibration theorem ” for the reqularity condition at infinity that yields N Roo(f).

Moreover, it is natural to ask about the structure of the set of non-reqular values at infinity
NR(f). In other words, we ask if N'Roo(f) has properties which imply a good approxi-
mation for B(f) \ (B(f) N f(Singf)). Equivalently, we expect that the regularity condition
defining N'Ro(f) is not too strong (compare with the Example 2.2.8). In this way, we are in-
terested to obtain sets N'Roo(f) with properties that imply that the set (N Roo(f)U f(Singf))
is a closed set with measure zero, and consequently, it follows that KP\ (N R (f)U f(Singf))
is open dense on KP. Thus, showing that some set N'Ro(f) has these properties, means to
prove a “structure theorem” for the regularity condition at infinity that yields N Roo(f).

In each of the above cases, showing that a regularity condition at infinity yields a set
NTRoo(f) of non-regular values that gives a fibration theorem and a structure theorem, means

to prove an asymptotic Morse-Sard type theorem together with a fibration theorem to non-
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proper mappings f: K* — KP.
In this chapter, we focus on regularity conditions at infinity for C semi-algebraic mappings
f:R™ — RP and complex polynomial mappings f: C* — CP. These regularity conditions at

wnfinity will be presented in two main contexts:

1. Global Context:

Given a C! mapping f: K® — KP, K = R,C, we consider special functions “3” on
L(K™ KP) and special regularity conditions, which depend of f and 5. The key fact is
that these regularity conditions are required on the affine space K™ \ Bg(0), where R is
an integer big enough and Br(0) denotes the euclidean ball of radius R centered at 0.
Therefore, in this way we work only on the affine space K”. This context is global in

the sense that we need to verify a condition on the space K". See §2.3 and §2.5.

ii. Local Context:

Given a semi-algebraic mapping f: R — RP or a complex polynomial mapping f: C* —
CP, we consider the closure of the graph of f in the space P" x KP (via the canonical
embedding of K" in the projective space P") and we fix a point zp on the boundary
of the graph of f in P" x KP. Under these assumptions, the regularity conditions are
formulated on a small enough neighbourhood of 2y in P"* x KP. Thus, we work locally

on the point zg to obtain some results for f. See §2.4 and §2.5.

The aims of the first two sections, section 2.2 and section 2.3, are to present results from
the literature that are strongly related with our work. In section 2.2, we focus on polynomial
functions and in section 2.3, we focus on mappings.

In sections 2.4 and 2.5, we consider two regularity conditions at infinity for semi-algebraic
mappings f: R®™ — R? and for complex polynomial mappings f: C* — CP. We discuss some

properties of these conditions and present some of our results.

The chapter is structured as follows:

In section 2.2, we present some well-known facts about the bifurcation set of polynomial
functions f: K" — K and discuss some regularity conditions at infinity which have been used
to approximate the elements of B(f)\ (B(f)N f(Singf)). These regularity conditions include
the t-reqularity, the pg-reqularity and the Malgrange condition.

We explain the relation of these last three regularity conditions with our work and with
the conditions considered in 2.3. Thus, we will see that the conditions of §2.3, §2.4 and §2.5,
in some sense, are extensions of those three regularity conditions to the context of mappings,
see also Remark 2.3.4, Remark 2.4.10 and §2.5.

In section 2.3, we discuss some important results from the works of Rabier [49], Gaffney
[18], Jelonek [25, 26] and Kurdyka, Orro, Simon [30]. We present four regularity conditions
at infinity: Rabier condition, Kuo-KOS condition, Gaffney condition and Jelonek condition;

we discuss some of its properties and relations obtained in [18, 25, 26, 30, 49].
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We present that these conditions give a fibration theorem (§2.3.1) and a structure theorem
(§2.3.2) for non-proper mappings.

Also, we explain some relations of [18, 25, 26, 30, 49] and that the theorems above men-
tioned give an asymptotic Morse-Sard type theorem for semi-algebraic mappings f: R" — RP
and to complex polynomial mappings f: C* — CP.

In section 2.4, we extend to C' semi-algebraic mapping f: R" — RP and to complex
polynomial mappings f: C" — CP the notion of t-regularity. We show some properties of this
condition. We reformulate Rabier, Kuo-KOS, Gaffney and Jelonek conditions in localized
versions. This new interpretation allows one to show the equivalence between t-regularity
with these four regularity conditions for semi-algebraic mappings and for complex polynomial

mappings (Theorem 2.4.8). We explain how these results generalize some results of [44, 50].

In section 2.5, we define the pg-reqularity condition for semi-algebraic mappings and for
complex polynomial mappings. We discuss some properties of this condition and we show
that t-regularity implies pg-regularity, and consequently from §2.4, we obtain that Rabier,
Kuo-KOS, Gaffney and Jelonek conditions imply pg-regularity.

2.2 Polynomial functions

Let f: K® — K be a polynomial function, K = R or C. We start with some well-known

facts about the bifurcation set of polynomial functions.

Classical results

We start with:

Theorem 2.2.1. Let f: K" — K be a polynomial function. Then B(f) is a finite set.
[l

It is very surprising that for the class of polynomial functions (consequently for more
general classes of functions), “there is not yet a complete characterization of the set B(f) \
(B(f) N f(Singf)) and, consequently, of the set B(f)”.

A complete characterization of B(f) is avaliable only in the case n = 2, i.e., only for

polynomial functions f: K? — K. For K = C, we have the following characterization:

Theorem 2.2.2 (Suzuki [51]; Ha and Lé [22, page 25]). Let f: C> — C be a polynomial
function. We have ty ¢ B(f) if and only if to is a reqular value of f and the Euler characteristic
of f~1(to) equals to that of the general fibre of f.

O

From Theorem 2.2.1 it follows that B(f) is a finite set and consequently C\ B(f) is a

dense open connected set. For any ¢ in this last set, f~1(¢) is called a generic fibre of f. Thus,
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the fibres of f on a dense open connected set are homeomorphic and, consequently, the Euler
characteristic of the fibres of f on this set are the same. Moreover, the above theorem says
that, to decide whether a regular value g of f is a bifurcation value or not, we just need to
compute the Euler characteristic of f~1(¢y) and the Euler characteristic of the generic fibre

of f. The following example illustrates the above theorem:

EXAMPLE 2.2.3. Consider f: C2 — C, f(z,y) = x(xy + 1). We have seen in Example 2.1.1
that f is a submersion, f~1(0) is homeomorphic to C L (C\ {0}) and, for € # 0, f~1(e) is
homeomorphic to (C\{0}). This implies x(f~1(0)) = 1 and x(f~!(¢)) = 0, where the notation

x(S) means the Euler characteristic of S. Therefore, from Theorem 2.2.2, we conclude the
equality B(f) = {0}.
For K =R and n = 2, one has the following characterization of B(f):

Theorem 2.2.4 (Tibdr and Zaharia [58, Theorem 2.5]). Let f: R> — R be a polynomial

mapping and let tyg be a reqular value of f. Then the following two conditions are equivalent:

i) to & B(f).

ii) The Euler characteristic x(f~1(t)) is constant for t close enough to ty and there is no

connected component of f~1(t) which vanishes at infinity when t tends to to.

O

REMARK 2.2.5. The above theorem can be formulated in more general settings. In fact, Tibar
and Zaharia [58, Theorem 2.5] present three different equivalent conditions, which describe
the set B(f) \ (B(f) N f(Singf)) for a polynomial function f: R? — R.

Under additional hypothesis, we can obtain a complete characterization of the bifurcation
values for some special classes of polynomial functions. For instance, S. A. Broughton [4, 5]

considered the following class:

Definition 2.2.6 (Broughton [4, Definition 1|,[5, Definition 3.1]). We say that a polynomial
function f: C™ — C is a tame polynomial if there is a compact neighbourhood U of the critical
points of f such that Vf(x) is bounded away from 0 on C™\ U.

For the above class, one has the following characterization of B(f) :

Proposition 2.2.7 (Broughton |4, Proposition 2|). If f: C* — C is a tame polynomial then
B(f) = f(Singf).

O

Let f: K®* — K be a polynomial function. From Definition 2.2.6, we can define the

following set:

Toe(f) = {0 € K | 3{ay}jen © K, lim [l = o0, lim (£(a,), V()] = (t0, 0)}, (23)
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and, directly from Definition 2.2.6, we have that f is tame' if and only if Tso (f) = (). Moreover,
from the proof of Broughton [4, Proposition 2| we get B(f) C Too(f) U f(Singf). However,
a problem is that the fame condition is not a generic condition. Sometimes, it is a strong

condition as the next example shows:

EXAMPLE 2.2.8 (Parusinski [44, Example 1.11]). Consider f: K® — K defined by f(z,y,2) =
x + 2%y + xtyz. Then T (f) = K.

Other regularity conditions for polynomial functions have been considered in the literature,
which improve considerably the tame condition. These conditions generate interesting classes
of polynomials, see for instance Parusiniski [43, Definition 1.1 and Theorem 1.4], Siersma and
Tibér [50, Definition 2.4| and Tibar |57, Section 2.2|. In particular, Némethi [39, 40] defined
the class of quasi-tame polynomial functions and Némethi and Zaharia [41, page 686] the class
of M-tame polynomial functions (for M-tame, see paragraph before Definition 2.2.11). For
these classes of polynomial functions, we have results like Proposition 2.2.7 in the following

context:

Proposition 2.2.9. If f: C" — C is a quasi-tame or M-tame polynomial function then

B(f) = f(Singf).
(]

The proof of the above result can be found in the works of Némethi [40, Theorem 1.13]
for the class of quasi-tame and Némethi and Zaharia [41, Theorem 1 and page 686] for the

class of M-tame.

Malgrange Condition, t-regularity and pg-regularity

We begin with the definition of the Malgrange condition and of the pg-regularity. Following
Pham [48, page 14], we set:

Definition 2.2.10 (Malgrange Condition). Let f: K" — K be a polynomial function, K = R
or C. We say that a point tg € K satisfies the Malgrange condition if for any sequence
{z;}jen C K" with the properties limj o ||| = oo and lim; o f(z;) = to, the expression

|z |||V f(z;)|| does not converge to zero, as j tends to infinity.

The next condition is a condition of transversality of f to the Euclidean distance function
pe. The transversality of the fibres of f to the levels of the Euclidean distance is a “Milnor-
type” condition. This type of condition has been used by Milnor [35] in the local study
of singular functions. For complex polynomial functions, transversality to big spheres was
used by Broughton [5, page 229] and later by Némethi and Zaharia [41], where a polynomial
function f: K" — K was called M-tame if the transversality to big spheres is satisfied for any
fibre of f ([41, page 686]). The use of pg-regularity for polynomial functions f: K" — K can

lwe define a tame polynomial f: K® — K changing C by K in Definition 2.2.6.
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be seen also in Paunescu and Zaharia [46, page 270]), Parusiniski [43, page 381], Siersma and
Tibar [50, page 781] and Tibar [55, page 93], |56, §2], [57, §1.2].

Definition 2.2.11 (pg-regularity). Let f: K® — K be a polynomial function, K = R or C.
Consider M(f) := {z € K" | 3\ € K such that Vf(x) = Az}. We say that a point g € K
is pp-regular if there exists no sequence {z;};en C M(f) such that lim;_, ||z;|| = co and

limj_mo f(a:j) = t().

REMARK 2.2.12. Note that the set M(f) is just the union of the critical points of f and the

points in K™ where the transversality of spheres with the fibres of f is not satisfied.

The above conditions generate the set of points in K that does not satisfy the Malgrange
condition and the set of points that does not satisfy the pg-regularity, which we denote
respectively by MCx (f) and S(f). We have respectively the following characterizations for

these sets:

MCx(f) = {to e K|3I{x;}jen C K",jliglo ||| = oo, (2.4)
lim f(z;) = to and jlggo 2 |[IV f(25)|| = 0}, and

Jj—00

S() = {to € K| 3{a;hjen © M(P), lim o] = o0 and lim flz;) = to},  (2)

where M(f) is as in Definition 2.2.11.

An important fact for polynomial functions (i.e. f: K" — K) is that B(f) C (f(Singf) U
S(f)) and B(f) C (f(Singf) UMCu(f)). Moreover, in contrast to the tame condition (see
Example 2.2.8), the sets (f(Singf) U S(f)) and (f(Singf) U MCs(f)) represent a good ap-
proximation of B(f) by the fact that they are finite sets (see Remark 2.2.13).

Another regularity condition, which will be defined for semi-algebraic mappings f: R" —
RP and for complex polynomial mappings f: C™ — CP in section 2.4, is the t-regularity (also
called t-equisingularity)?. This regularity condition is a type of non-characteristic condition
at infinity (a geometric condition) and it was considered by Siersma and Tibar [50, §5] in
the case of polynomial functions f: K" — K (see also Parusinski [43, 44], Tibar [54, 55])>.
Remarkably, Siersma and Tibar [50, page 780] proved that t-regularity implies Malgrange
condition and, Parusinski |44, §1| showed that Malgrange condition implies t-reqularity (the
proof of this equivalence can also be seen in Parusiniski [45, Theorem 3.1] and Tibar [57,
Proposition 1.3.2]).

Therefore, for polynomial functions f: K" — K, we have the equivalence t-regularity iff
Malgrange condition. Moreover, t-regularity implies pp-regularity (Tibar |56, Proposition
2.11]) and, consequently, the inclusion of the sets S(f) C MCq(f) holds. We shall see that

2 the t-regularity will be presented in details in section 2.4 for mappings (see also 2.5.2 and 4.2.2).
% see also Remark 2.2.14.
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some results of sections 2.4 and 2.5, in some sense, are generalizations of these results in the
setting of semi-algebraic mappings and complex polynomial mappings.

The next figure presents the above results in a condensed manner:

Figure 2.1: Malgrange condition, ¢t-regularity and pg-regularity.

Siersma and Tibar [50], Tibar [56]. @
Parusinski [44]. PE-TEZ y

‘ Malgrange condition ‘

REMARK 2.2.13. The fact that Malgrange condition and pg-regularity condition imply fibra-
tion theorems (i.e., B(f) C (f(Singf) U S(f)) and B(f) C (f(Singf) U MCx(f))) follows
from standard arguments, see for instance Milnor [35] (arguments in the local case), and, in
the global case, see for instance Broughton [5, page 229], Némethi and Zaharia [41, Theorem
1], Parusinski [43, Lemma 1.2 and Remark 1.3|, Siersma and Tibar [50, proof of Proposition
5.5], etc.... See also Chapter 3 and §1.1.

The finiteness of MCx(f) follows from Siersma and Tibdr [50, page 779] and from the
link between t-regularity and Malgrange condition. The finiteness of S(f) follows by the fact
that MCy(f) is finite and by the inclusion S(f) C MCqo(f).

REMARK 2.2.14. Connected to the definition of t-regularity, we have the notions of relative

conormal and characteristic covectors at infinity. These notions have been used by Siersma
and Tibar [50] (see also Tibar [54, 56, 57]) in the case of polynomial functions f: K” — K.

2.3 Affine regularity conditions at infinity for mappings

Let f: K» — K? be a C! mapping, where K = R,C and n > p. From the functions
defined in §1.3, we set the following:

Definition 2.3.1. Let f: K — KP be a C' mapping, with n > p. We define:

Noolf) = {t €K7 | 3{ay}jen € K7, lim [lay]) = o, (26)
lim f(a;) = ¢ and lim o, |8(DS ;) = 0},

where D f(z) denotes the Jacobian of f at x; and [ stands for the Rabier function v (Definition
1.3.1), the Kuo function s (Definition 1.3.3), the Gaffney function v (Definition 1.3.5), the
Jelonek function ¢ (Definition 1.3.7).
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From Lemma 1.3.11 (due to Jelonek |25] and Kurdyka, Orro, Simon [30]), it follows that
Noo(f) does not depend on the chosen function. In other words, the functions v, k., ¢ yield
the same set Noo(f).

Automatically, the set No(f) give a regularity condition on f, in the sense that ¢y ¢
Noo(f) means that ¢y satisfies a regularity condition for the functions v, x,~, (. More precisely,

one has:

Definition 2.3.2. Let f: K® — KP be a C! mapping. We say that ¢y satisfies Rabier
condition (respectively Kuo-KOS condition®, Gaffney condition, Jelonek condition) when we

use the function v (respectively &, 7, () to generate the set N (f) and to & Noo(f)-

From Lemma 1.3.11, it follows that ty satisfies Rabier condition < ¢ty satisfies Kuo-KOS

condition < tg satisfies Gaffney condition < tg satisfies Jelonek condition.

REMARK 2.3.3. Originally, the set generated by v has been called asymptotic critical values
of f and denoted by K (f)([49, page 668 and Remark 6.1]).

The next remark explains how these conditions generalize the Malgrange condition (Defi-
nition 2.2.10).

REMARK 2.3.4. From Remark 1.3.10, we have v(A) = k(A) = v(4) = ((4) = ||A]|, for any
A € L(K™ K). These equalities and Definition 2.2.10 imply that the four above conditions
are just the Malgrange condition in the setting of polynomial functions f: K® — K. We also
remark that the condition generated by 7 was originally called by Gaffney [18] of generalized

Malgrange condition.

From the literature, we present two important results on N (f): a fibration theorem and

a structure theorem.

2.3.1 Fibration Theorem

We have seen in the previous subsection that Rabier condition, Kuo-KOS condition,
Gaffney condition and Jelonek condition yield the same set N (f) (Definition 2.3.1) for
a C' mapping f: K® — KP. For this, we present:

Theorem 2.3.5. Let f: K® — KP be a C? differentiable mapping. Then the restriction:
fi i K\ FTHN() = KPAN(S) (2.7)

is a locally trivial fibration, where N'(f) := f(Singf) U Noo(f) and N (f) is defined as in
Definition 2.5.1. In particular, B(f) C N(f) and (B(f) \ (B(f) N f(Singf))) € Noo(f).

“The use of the Kuo function to study the bifurcation values is due to Kurdyka, Orro and Simon [30], and
it is for this reason that we say Kuo-KOS condition, see Lemma 1.3.4.
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0

Rabier, by using the function v (introduced by himself), obtained in [49, §4] a proof of
Theorem 2.3.5 in the more general setting of maps f: M — N, where M, N are Finsler
Manifolds.

Jelonek [25, Theorem 3.1] gives a different and more direct proof of Theorem 2.3.5 with
the Jelonek function for smooth mappings f: K* — KP, where K = R, C, n > p. We remark
that the same proof holds for C? mappings.

In summary, for C? mappings f: K® — KP, K = R,C, n > p, since from Lemma 1.3.11
one has the relation of Rabier function with Kuo function (respectively Gaffney function, or
Jelonek function), we have that Theorem 2.3.5 with the Kuo function k (respectively the
Gaffney function v, or the Jelonek function ¢) can be deduced from these links and from the
work of Rabier [49, §4].

It is interesting to remark that, using the function v, Gaffney [18, Theorems 1.7 and 1.§]
gives a different proof of Theorem 2.3.5 (without using of Rabier’s work) for fair® complex

polynomial mappings f: C" — CP .

2.3.2 Structure Theorem

In this subsection, we consider a C'! semi-algebraic mapping f: R™ — R? and/or a poly-

nomial mapping f: C® — CP. We have the following structure theorem:

Theorem 2.3.6 ([30, Theorem 3.1 and Theorem 4.1]). Let f: R® — RP be a C' semi-
algebraic mapping (respectively let f: C" — CP be a polynomial mapping). Then Noo(f) and
N(f) := Noo(f) U f(Singf) are semi-algebraic sets of dimension at most p — 1 (respectively
Noo(f) and N(f) := Noo(f)U f(Singf) are complex algebraic sets of dimension at most p—1),
where Noo(f) is defined as in Definition 2.5.1. Moreover, we have that N'(f) is closed.

O

Since N (f) and N(f) are semi-algebraic sets (complex algebraic sets in the complex
case) of dimension at most p — 1, we have that Noo(f) and N(f) have volume zero. In fact,
Kurdyka, Orro and Simon show that Noo(f) is semi-algebraic (not difficult) and that the
volume (remarkably) of N (f) is zero, which implies that N (f) has dimension at most

p—1.

2.3.3 Asymptotic Morse-Sard type theorem

At the beginning of section 2.3, we present four regularity conditions at infinity: the Rabier
condition, the Kuo-KOS condition, the Gaffney condition and the Jelonek condition. These
regularity conditions yields the same set Noo(f) (Definition 2.3.1 and Definition 2.3.2).

For definition of fair complex polynomial mapping see 4.2.2.
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For a C? mapping f: K® — KP, we set N'(f) := Noo(f) U f(Singf) and we have seen that
f is a fibration on KP \ N (f) (Theorem 2.3.5). In other words, one has a fibration theorem
for the regularity conditions defining the set N'(f). Consequently, the inclusion B(f) C N(f)
holds.

If we consider a C? semi-algebraic mapping f: R™ — RP or a complex polynomial mapping
f: C" — CP, the above four conditions give a structure theorem (Theorem 2.3.6). In partic-
ular, this theorem says that N(f) is closed and has volume zero, which imply that KP \ NV(f)
is a dense open set in KP?,

Therefore, for a C? semi-algebraic mapping f: R® — RP or a complex polynomial mapping

f: C" — CP, the four above conditions give an asymptotic Morse-Sard type theorem to non-

proper mappings f.

2.4 t-regularity condition

The central object of this section is the t-regularity in the setting of C! semi-algebraic
mappings f: R” — RP and in the setting of complex polynomial mappings f: C* — CP,
where n > p. This regularity condition is a geometric grounded condition that depends of
the relative conormal space of an appropriate function g and it is formulated in a localized
version on a point of the boundary at infinity of the graph of f in P" x KP?,

We structure this section as follows:

In §2.4.1, to compare the t-regularity condition to the regularity conditions presented in
§2.3, we reformulate the Rabier condition, the Kuo-KOS condition, the Gaffney condition and
the Jelonek condition in a localized version on a point of the boundary at infinity of the graph
of fin P” x KP. In §2.4.2, we introduce the main definitions leading to t-regularity: the
conormal space, the relative conormal space and the space of the characteristic covectors at
mnfinity. We define the t-regularity and we give an interpretation for this condition. In §2.4.3,
we show that the t-regularity condition is equivalent to the regularity conditions presented in

§2.3 (Theorem 2.4.8) and we discuss some consequences.

Notation

Throughout this section, we use coordinates (z1,...,z,) for the affine space K", coor-
dinates [xg : @1 @ ... : x,] for the projective space P" and we shall consider the canonical
embedding of K" in P™ ((x1,...,@p) — [1 @1 ... xy]). Weset H® := {[zg: ... 2] €

P™ | 29 = 0} the hyperplane at infinity.

Let f: X — K” be a C'-mapping, where X C K" is a submanifold. We set X := graphf
the closure of the graph of f in P x KP (via the embedding of K" in P") and we set X* :=
X N (H™ x KP).

We denote by 7: P x KP — KP the second projection, that is 7(x,t) = t, for any (x,t) €
P™ x KP.
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2.4.1 Localized version of some regularity conditions

We reformulate on a localized version the regularity conditions at infinity presented in

Definition 2.3.2. With the above definitions and notations, one has:

Definition 2.4.1. Let f: K® — K? be a C! semi-algebraic mapping for K = R or a complex
polynomial mapping for K = C. We say that zy € X*° satisfies the Rabier condition (respec-
tively the Kuo-KOS condition, or the Gaffney condition, or the Jelonek condition) when one
uses the Rabier function v (respectively the Kuo function k, or the Gaffney function ~, or
the Jelonek function ¢) to generate N (f) and one has that 2o ¢ (771 (Voo (f)) NX>), where
Noo(f) is as in Definition 2.3.1.

From Lemma 1.3.11, Definition 2.3.1 and Definition 2.3.2, the above conditions do not
depend on the chosen function. In other words, we have that zy € X satisfies the Rabier
condition & zp € X satisfies the Kuo-KOS condition < zy € X satifies the Gaffney
condition & zy € X* satisfies the Jelonek condition.

From the definitions of X*° and 7 (subsection Notation, page 27), we may reformulate
the Definition 2.4.1 as follows: we say that zy € X° does not satisfy the Rabier condition®
if there exist {(z;, f(x;))}jen C graphf C (P" x KP) such that lim;_(z;, f(z;)) = 20 and
7(20) € Noo(f), where Noo(f) is generated by the Rabier function v”.

2.4.2 t-regularity

We start with the definitions of conormal space and relative conormal space. Then, we
define the space of the characteristic covectors at infinity and t-regularity (Definition 2.4.6).
Let X C K™ be a real semi-algebraic subset for K = R or a complex algebraic set for
K = C. We denote by X,e; the set of regular points of X and by X, the set of singular

points of X. We assume that X contains at least a regular point.

Definition 2.4.2 (Conormal space). Let
C(X) := closure{(z, H) € Xyeg x P | T, Xyeg C H} € X x P71

be the conormal modification of X, where P! denotes the set of hyperplanes of dimension

m — 1. Let 7 : C(X) — X denotes the canonical projection on the first factor.

Definition 2.4.3 (Relative conormal space). Let g be an analytic function defined on a
neighbourhood of X in K™. Let X denote the subset of X,., where g is a submersion. The

relative conormal space of g is defined as follows:

Cy(X) := closure{(z, H) € Xo x P" 1 | Tu(¢ ' (g9(2))) c H} ¢ X x P 1,

brespectively Kuo-KOS condition, Gaffney condition, Jelonek condition.
"respectively Kuo function x, Gaffney function ~, Jelonek function (.
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together with the projection 7 : Cy(X) — X, w(z, H) = .

For y € X such that g(y) = 0, we set Cy,,(X) := 7 !(y). The following result shows that
Cy,y(X) depends on the germ of ¢ at y only up to multiplication by some invertible analytic
function germ . It was stated for analytic X but it holds for semi-algebraic or complex

algebraic sets.

Lemma 2.4.4 (Tibar [57, Lemma 1.2.7 and Remark 1.2.8]). Let v : (K™,y) — K be an
analytic function such that v(y) # 0. Then Cyg,(X) = Cy 4 (X).

Characteristic covectors and t-regularity

Let X C K" be a semi-algebraic set for K = R, or a complex algebraic set for K = C.
Let f : X — K? be a C! semi-algebraic mapping for K = R or a restriction of a complex
polynomial mapping for K = C, where dim X > p.

As before (page 27), we set X := graphf as the closure of the graph of f in P" x KP (via
the canonical embedding of K" x KP in P" x KP) and set X*° := X N (H*> x KP). Note that
the points of X°° are just the points of the boundary of the graphf in P x KP.

Let U; x K? be the affine charts of P* x K?, where U; = {z; # 0}, j = 0,1,...,n.
Identifying the chart Uy with the affine space K", we have the identification (XN (Up x KP)) =
X\ X* = graphf and X* is covered by the charts {(U; x KP),..., (U, x KP)}.

If g denotes the projection to the variable xq in some affine chart U; x KP, then the relative
conormal C,(X\X*®NU; x KP) C X x P+~ is well defined, with the projection 7 (y, H) = y.

Let us then consider the set m~1(X>) which is well defined for every chart U; x KP as a
subset of Cy(X\X* NU; x KP). The elements of X*° differ from one chart to the other by
multiplication with a rational function of type x;/x;. Since these functions are non zero on
X one has by Lemma 2.4.4 that the definitions coincide at the intersections of the charts.
We therefore have:

Definition 2.4.5. The space of characteristic covectors at infinity is the well-defined set

C>® :=n1(X*). For some zp € X™, let C2° := 7 !(z).

Let 7 : P* x KP — KP? denote the second projection. We define the relative conormal space

C-(P™ x KP) like in Definition 2.4.3 where the function g is replaced by the mapping 7.

Definition 2.4.6 (t-regularity). We say that f is t-reqular at zg € X if C-(P" xKP)NC° = ().

20

REMARK 2.4.7. The t-regularity was defined by Siersma and Tibar [50] for polynomial func-
tions f: K™ — K (see also Parusinski [43]) and later used for instance in Tibar [54, 55, 56, 57].
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t-regularity interpretation

Let f = (f1,..-,fp) : K®* = KP be a C' semi-algebraic mapping for K = R or a complex
polynomial mapping for K = C. Consider zy € X*°. Up to some linear change of coordinate
we may assume that zp € X*° N (U, x KP).

In the intersection of charts (UpNU,) xKP, let 1 = y1 /Y0, -+ - s Tn—1 = Yn—1/Y0, Tn. = 1/y0,
where (x1,...,x,) are the coordinates in Uy and (yo,...,yn—1) are those in U,. We use
coordinates (t1,...,t,) for KP. With these notations, for each i € {1,...,p} the following

equations hold:

1 -1 1
Fz(y7t) = Fi(y07y17'"7yn—17t17"'7tp) = fl (ya"'vyn 7) _ti7
Yo Yo Yo

and we set F(y,t) = (Fi(y,t),..., Fp(y,t)).
p
From the above equations, one obtains the equality XN((UpNU,, ) xKP) = (N {Fi(y,t) = 0}.
i=1
Denote by ng = (1,0,...,0) € K" x KP the normal vector to the hypersurface {yy =

constant} and for each ¢ = 1,...,p, let us consider a normal vector to {F; = 0} at (y,t) €
XN ((UpNU,) x KP), as follows:

where
oF; OF;
VaFi(y,t) = [ =—(y,t),..., —(y,t d
0.0 = (G0 () an

OF; OF;
VB )= (Gt G ).
p

By Definition 2.4.6, f is not t-regular at zp € X* if and only if there exists a sequence
{(yk, t) }keny € XN ((Up NUy,) x KP) such that (yg,trx) — 20 and the tangent hyperplanes to
the fibres of gix at (yx,tx) tend to a hyperplane H such that its normal line has a direction
of the form [0 : --- : 0 : by : --- : by in P"™~1 More explicitly, there exists a sequence
{(ok, V1ks - - - ¥py ) tren C KPTL such that the limit limy oo > b ¥ik?i(Yk, t) of the linear

combination of normal vectors 17; has the direction g =[0:0:...:0: by :...: by € PPTP7L

2.4.3 Regularity conditions and the t-regularity

Let f: K" — KP be a C' semi-algebraic mapping for K = R, or a complex polynomial
mapping for K = C, where n > p. We have defined four regularity conditions for f: Rabier
condition, Kuo-KOS condition, Gaffney condition and Jelonek condition. Due to results of
Jelonek [25] and Kurdyka, Orro and Simon [30], we know that these regularity conditions are
equivalent, see Definition 2.3.1 and Definition 2.3.2.

These regularity conditions are asymptotic conditions that depend on the behaviour of
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the fibres of f and on the Jacobian of f. Originally, they have been defined on the affine
space K™. Then, in §2.4.1, we reformulate these conditions in a localized version on a point of
the boundary of the graph of f in P™ x KP. On the other hand, we have defined in §2.4.2 the
t-regularity (Definition 2.4.6), a geometric condition that depends on the limits of hyperplanes
and that has been defined on a local context, locally in a point of the boundary of the graph
of f. Under this reformulation of §2.4.1 and definitions of §2.4.2, we have:

Theorem 2.4.8. Let f : K® — KP be a C' semi-algebraic mapping for K =R, or a complex
polynomial mapping for K = C, where n > p. Consider zg € X*°. Then f is t-reqular at zg
if and only if zy satisfies the Rabier condition (or equivalently the Kuo-KOS condition, or the

Gaffney condition, or the Jelonek condition,).

Proof. One may assume (eventually after some linear change of coordinates) that zp € X* N
(Up x KP) and that |z,| > |z;], for ¢ = (z1,...,2,) € K" in some neighbourhood of zy and
1=1,...,n—1.

“="_ From Definition 2.4.1, if zg does not satisfy the Rabier condition and therefore tg :=
7(20) € Noo(f)®, then there exist sequences {x := (T1,...,%nk) keny C K" and {1}, =
(V1K - -, Ypk) teen C KP with [|¢g]] = 1 and ), — 1, such that (xg, f(xx)) = 20 and

P
Ofi
[kl (; 1/%873:1 szk Xk ) H — 0. (2.9)
Since for large enough k we have |x,;| > |zik|, ¢ = 1,...,n—1, we can replace in equation

(2.9) the number ||xg|| by the number |z,|, then multiply each coordinate of the vector by

Tnk-
Under the notations of the subsection “t-regularity interpretation (page 30)” and by chang-

ing coordinates within Uy N U, one has yo = 1/xy, 41 = ©1/Tpny- -+, Yn—1 = Tn—1/Zn, and the
relations:

gjf(%t):xngii(fﬂh 1<i<n—-1,1<j5<p,

OF} af; of;

Tyo(y,t) = —xn(mlawl () +... —|—xnﬂ(ﬂf))a 1<5<p.

From the above interpretations, the condition (2.9) implies:

l

where yi = (Yoks Y1k, - - - » Yn—1k) = (1/Tnkes T1k/Tnkes - - - s Tp—1k/Tnk) and tg = f(xg).

<Z ik g OF: (Yk,tk;) ZW@ OF, (katk: )H — 0, (2.11)

=1 =1

87 is as before, i.e., 7: P" x KP is just the second projection and Nw(f) is as in Definition 2.4.1.

http://doc.univ-lille1.fr



Thése de Luis Renato Gongalves Dias, Lille 1, 2013

32 Chapter 2. Regularity conditions at infinity

The following vector

(0 Zl/% Yk, tk), Z%k Yk, t)s =1k - - —I/ka>

is a linear combination of the normal vectors 77; defined in the subsection “t-regularity inter-
pretation (page 30)” with coefficients ;. Consequently, the hyperplane Hy normal to fig, is
tangent to the levels of the function gx.

Therefore, from equation (2.11) and the condition on {t}} (beginning of the proof), we

obtain the following limit
A, >0 =1[0:0:...:0:9%1:...:9,),

which shows that the limit tangent hyperplane H = limg_,~, Hg, to which 77 is normal, belongs
to CZ;. This implies that f is not t-regular at 2.

“<”. Reciprocally, let zp € X* be not t-regular. Then there exist some sequence of points
{(vistr) teeny € XN ((Up NU,) x KP) tending to zp, and a sequence of hyperplanes Hy
tangent to the levels of g at (yg,tx), such that Hy — H € C3°. This means that there exist
sequences {z/?k = (zﬂw, . ,Qﬁpk)}keN C KP and {A;}ren C K such that iy, = Aeiio(ye, tr) +
> @Eikﬁi(yk,tk) and one has the equality limy_,oc g, = {0 :0:...:0: 1/;1 Tl 1/;]3}, where

(1/;1, e ,1;1,) # (0,...,0). By assumption, the 7y, is the vector:

p I P B B
</\k+zwzk (V> k), Z Yk,tk Z¢ }’k,tk) wlk,---,—wpk)-

We may actually take A\p = —>7 1¢1k‘ay0 (yk,tr) and after dividing out by ux :=

H<1zlk’.“’1;pk)”’ we get that hmk_mo NHy, = (0707---,0>¢1a---7¢p) where ¢’Lk’ = zfjlf and
|(¥1k, - - - ¥pr) || = 1. This implies that:

lim szk Yk:)tk) 0, (212)

k—o0

forany 1 <j<n-—1.
From (2.10), this is equivalent to:

—L(xg) =0 (2.13)

and one has |z,;| > ﬁ”ka for large enough k. Therefore, in order to get the limit (2.9) it
remains to prove that (2.13) is true for j = n. The rest of our argument is devoted to this

proof.
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It follows from relations (2.10) that x, gg;( )= Z] -0 y; 2 e Fi(y,t) and therefore:

n—1 p

p .
> 1/fzk$nkgxfl =->> yjk”t/hk LYk th) Z wzkyOk ka k)-
i=1 n j=1

i=1

We will show that both terms of the right hand side tend to zero, which implies that (2.13)

is true for j = n. First we have:

> yngk (ks th)| <

7j=11i=1

Z ?,Z)zk: }% ), Z wzk

n—1 p ‘

Yk, ))H-

Since by hypothesis one has |y;i| = |£J—IZ| < 1 for large enough k, we get from (2.13) that the
right hand side tends to 0 as k — oo.

Let us assume that the following inequality holds for large enough k& > 1, the proof of

which will be given below:

P p

Z wzk Z 77[)116 6F Z wzk 8t Z 77[)116

< (2.14)

Then, by using (2.12), (2.14) and the equality > 7, wzk% = —tj forany 1 < j <»p
(implied by (2.10)), we get:

< ]l = 1,

which shows that limg oo > b, H%k?/%%(}%%)” = 0. This completes our proof of the
relation (2.9) showing that zg does not satisfy the Rabier condition.

Let us now give the proof of (2.14). If this were not true, there exists § > 0 such that for
k > 1 one has:

HZf:1 Wik Gyt (Vs th) H

p oF; p oF; p OF;
H( ik G ) Vi, i:ﬂ/fzkaTlvmaziﬂ%kﬁ)(matk)”

>80 (2.15)

Then the set W = {((y,t),%) € ((UnﬂUo)prpr)ﬁ(XxSf_l) | (2.15) holds for ((y,t),%)}
is a semi-algebraic set. We have ((yg,tx),%r) € W for k > 1, thus (z0,%) € W.
Then, by Curve Selection Lemma (Milnor [35, §3]) there exists an analytic curve A =

(¢,9) : [0,e[— W such that A(]J0,e[) € W and A(0) = (z0,%). We denote ¢(s) =
(y()(S)vyl(S)a"‘ 7y7’b—1(s)7t1(8)7' : "tp(8)> and 1/1(3) = (wl(s)v"' 71/117(3))' Since F(¢(S)) =0,
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we have:

d / /
0= S F(O05) = 1h(5)5, (6 Zyz Zt 5

Multiplying by v (s) we obtain:

n—1 4 P ]
e sz S0 = Y uyle sz (6(3)) + S0 14(5) D (s) 2 (os)).
jzl 3 3 7

8yj

Since ¢ is analytic, thus bounded at s = 0, by applying the Cauchy-Schwarz inequality one
finds a constant C' > 0 such that:

=1
8Fi P 8Fz P aFl p OE
C (izli/%ayl(ﬁb),-.q;%ayn1(¢)a;¢iatl(QZ)),...,;%%(@)(S) (2.16)
We have [ := ordyy(s) > 0 and ordsyo(s) = I+ 1 > 1 since yo(0) = 0, thus

yo(s) 20 ils) G ()]

o) S22 whi(s) B <<>>\ (2.16), gives:

OF;
ols) 51 (9(s)) | <
p OF; p LY
Zwl sz’ﬁ(wijw LD Wi (@))(s)
i=1 i=1 ne i=1 i=1
This contradicts our assumption that (¢(s),(s)) € W, for s €]0,¢]. O

As a direct consequence of the Theorem 2.4.8, one has:

Corollary 2.4.9. Let f: K* — KP as in Theorem 2.4.8. If we set NToo(f) := {to =
7(20) € KP | 29 is not t-reqular and zg € X}, then Noo(f) = NToo(f), where Noo(f) is as
i Definition 2.5.1 and Definition 2.5.2.

O

REMARK 2.4.10. In 2.3.4, has been observed that for functions f: K" — K, Rabier, Kuo-KOS,
Gaffney and Jelonek conditions coincide with Malgrange condition (Definition 2.2.10). On
the other hand, we have seen in §2.2 (page 23) that for polynomial functions f: K" — K [50,
Siersma and Tibar| and [44, Parusinski| proved that Malgrange condition is equivalent to t-
regularity. Therefore, Theorem 2.4.8 is a far-reaching extension of the equivalence “Malgrange

condition < t-regularity” established for polynomial functions.
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2.5 p-regularity

We introduce p-regularity, which is a regularity condition at infinity based on a control
function p. The p-regularity enables to define the set of non p-regular values, denoted here
by S(f), and the set A,(f) = f(Singf) U S(f).

The interest in this regularity condition is that, as well as for the regularity conditions con-
sidered in 2.3, we can obtain an asymptotic Morse-Sard type theorem for the p-regularity. This
Morse-Sard type theorem and other asymptotic results for the p-regularity will be presented
in Chapter 3.

In this section, we define p-regularity (§2.5.1) and show that the equivalent conditions

considered in sections 2.3 and 2.4 imply pg-regularity (§2.5.2).

2.5.1 p-regularity at infinity

Let K C K" be some compact (eventually empty) set and let p: K" \ K — R>¢ be a
proper submersion.

Let f: X — KP? be a C'-mapping, where X C K" is a submanifold. As before, we use
the following definitions and notations: we set X := graphf the closure of the graph of f
in P* x KP (via the embedding of K" in P") and we set X*° := X N (H* x KP), where
H* ={[zg:...:zp] € P* | o = 0} (see the subsection Notation (page 27)). We denote by
7: P" x KP — KP the second projection, that is 7(x,t) = t, for any (x,t) € P" x KP.

Under these notations, we have:

Definition 2.5.1 (p-regularity at infinity). We say that f is p-reqular at zy € X if there
is an open neighbourhood U C P" x KP of zp and an open neighbourhood D C KP? of 7(z)
such that, for all ¢ € D, the fibre f~1(¢) N U intersects all the levels of the restriction PlUAK?
and this intersection is transversal.

We call Milnor set the critical locus of the map (f,p) and denote it by M(f), that is
M(f) ={z € X [z € Sing(f,p)}.

We say that the fibre f~1(to) is p-reqular at infinity if f is p-regular at all points zg €
X N7 1(tg). We call:

S(f) = {to € K7 | 3{a;hjen © M(P), lim |12y = o0 and. lim f(a;) = to},

the set of asymptotic p-nonregular values. We denote A, := f(Singf) U S(f) and call it the

p-bifurcation set.

REMARK 2.5.2. The definition of p-regularity at infinity of a fibre f~1(tg) does not depend on
any proper extension of f, since it is equivalent to the following: for any sequence {zy }ren C
K", ||zk|| — oo, f(xk) — to, there exists some kg such that, if & > kg then f is transversal to
p at xy.
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The transversality of the fibres of f to the levels of p is a “Milnor type” condition. In the
case that p is the Fuclidean norm, denoted in this thesis by pg, the condition of transversality
of the fibres of f to the levels of pg (in this case spheres) has been used by Milnor in the local
study of singular functions [35, §2, §4, §5].

In the global context of complex polynomial functions, transversality to big spheres (i.e.
pe-regularity, in our definition) was used in Broughton |5, page 229] and later in Némethi and
Zaharia [41], where it is called M-tame condition, (see Definition 2.2.11). The name “Milnor
set” occurs in [41] too.

Distance functions like p are also central ingredients in defining regular stratifications, e.g.
Bekka [1], Kuo [28], Mather [33].

EXAMPLE 2.5.3. Let p : K* — Rsq, p(z) = (OO0, |2i?P)V/?, where (w1,...,w,) € N,

p = lem{wi,...,w,} and w;p; = p, Vi. Here lem{wy,...,w,} means the least common
multiple {wy, ..., w,}. This function is “adapted” to polynomials which are quasihomogeneous
of type (wi,...,w,). By using it, one can show that a value ¢ € K is bifurcation value for

such a polynomial if and only if ¢ is a critical value of f (hence only the value 0 can be
a bifurcation). Namely, let E, := {z € K" | p(z) < r} for some r > 0. Then the local
Milnor fibre of f at 0 € K" (i.e. f~!(c) N Ee, for some small enough ¢ and 0 < |c| < ¢) is
diffeomorphic to the global fibre f~!(c), since f~!(c) is transversal to E,, Vr > ¢.

2.5.2 t-regularity and pg-regularity

We shall show that t-regularity implies pp-regularity in two contexts. Firstly, for C' semi-
algebraic mappings f : X — RP, where X is a smooth semi-algebraic set (Proposition 2.5.4).
Next, for C! semi-algebraic mappings f : R® — RP (Proposition 2.5.5).

We remark that these results, more precisely t-regularity = pg-regularity, extend a result
proved for polynomial functions in Tibdr [56] (see also Paunescu and Zaharia [46] and our
§2.2).

We begin with:

Proposition 2.5.4. Let X C R" be semi-algebraic and let f : X — RP be a C' semi-algebraic
mapping, where dim X > p. If f is t-reqular at zo € X*° then f is pg-reqular at 2g.

Proof. We may assume without loss of generality that zo = ([0 : 0 : ... : 1],0,...0). Let
d® : XN U, x RP — Rsg, (y,1) — zﬁfiiﬁ_lﬂ and note that d™(y,t) = 1. As usual,
we denote by ¢ the projection to the variable yg. At 2, the functions ¢? and d*> differ by a
unit, they have the same zero locus X* and the same levels. Therefore C3¥ = C ., (X\X* N
(Un xRP)) = Cp2, (X\X® N (Up X RP)) = Cgoo ,(X\X> N (U; x RP)), where the last equality
follows by Lemma 2.4.4.

The t-regularity at zp (Definition 2.4.6) is therefore equivalent to:

Cr(P" x RP) N Cgoo oy (X\X® N T; x RP) = 0) (2.17)
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which implies that, in some neighbourhood of 2 intersected with R™, the fibres {7 = const.}

are transverse to the levels of the function d*°, which coincide with the levels of the function

PE. O
For maps defined on R™, we have:

Proposition 2.5.5. Let f = (f1,...,fy) : R" = R? be a C semi-algebraic mapping, where
n>p. Then S(f) C Noo(f)-
In particular, from Theorem 2.4.8 and Corollary 2.4.9, we conclude that t-reqularity im-

plies pg-regularity.

Proof. Let t = (t1,...,tp) € S(f). Since M(f) is semi-algebraic, one can use the Curve
Selection Lemma (Milnor [35, §3]) to find an analytic path ¢ = (¢1, ..., ) :]0,e[— M(f) C
R™ such that lims_q ||¢(s)]| = oo and lim,_,o f(&(s)) = t.

We know that

W (p(s)) ... YL(g(s))

#(s) € M(f) <= rank <p+1 (2.18)

Lo(o(s) ... G (4(s))
o1(8) On(s)

So, there exist curves A(s),bi(s),...,by(s) such that (A(s),bi(s),...,by(s)) # (0,...,0), Vs,

and one has the equality:

NS G1(5)s - 6n()) = Br(5) P (B(3)) + - 4 p(s) G (D)), (219)

where 2k ((s)) = (gg;; ($(5)), ..., 2L (¢(s))) fori=1,....p.
(s)). From the equality (2.19) and by the statements that
), Vs, and limgs_ ||¢(s)|| = oo, we have b(s) # 0,Vs. Conse-

Als) bi(s) 9f by(s) Of
(s (@1(5)s 2 6a() = eSS (BE) o S 0(5)) (2.20)
We set Ao(s) := ||2((§))\| and a(s) = IIZ@H' So, |la(s)|| = 1 and one obtains the following

equalities:

> ails) < fi0(s)) = <Zai<s>§f <¢<s>>,¢'<s>> = Do LleIn 22
1 .

where the later follows from (2.20), i.e., from the equality Y % _; ai(s)%(gb(s)) = Xo(s)o(s).
On the other hand, since lim, o f;(¢(s)) = t;, it follows that ords (L f;(#(s))) > 0, for
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i =1,...,p. This and the equality (2.21) imply:

0 < ord. (Ao(e) 3199 ) < ord. (a(e)9(5)P). (222
Now, from (2.20) one obtains:

onds (69l ()52 (0061 + ..+ ay(s) S0 ) = ord (eI . 229

which is positive by (2.22). Therefore, this last equation implies:

tim 10(s)llas(5) A (6() + -+ ay(5) B2 (6(s))] = 0,

which, in turn, implies lims_,q ||¢(s)||v(Df(¢(s))) = 0. This shows that t € Noo(f). O

The converse of Proposition 2.5.4 and Proposition are not true in general, as the next
example shows:
EXAMPLE 2.5.6 (Paunescu and Zaharia [46, Proposition 1.8]). The polynomials f,, , : K3 — K,
frg(x1, 2, 23) =21 — 33:%"“36%(1 + 2$§’”+1ng + xox3, where n,q € N\ {0}, are pg-regular at
infinity, more precisely S(fn.q) = 0. It is shown in [46] that f, , satisfies Malgrange condition
(hence it is t-regular at infinity) for any ¢ € K if and only if n < g. For n > ¢ we therefore
get 0 = S(fng) G Noo(frng) # 0. In particular, for n > ¢ the polynomial is pg-regular but

not t-regular.
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Brief Resume

In this chapter, from the pg-regularity (§2.5), we obtain a fibration theorem for C? map-
pings f: X — RP, where X C R” is a submanifold (Theorem 3.1.1 (a)). In the case that f
is a C'! semi-algebraic mapping and X a semi-algebraic set, we obtain a structure theorem
for the sets S(f) and A,,(f) (Theorem 3.1.1 (b)). These results are based on the existence
of partial Thom stratifications at infinity, cf Definition 3.1.3, and on a fibration theorem “at
infinity”, Proposition 3.1.5. The case of polynomial mappings f: C* — CP will be discussed
in 3.1.3.

The above theorems represent an asymptotic Morse-Sard type theorem for the pp-
regularity and they refine Theorem 2.3.5 (fibration theorem due to Rabier [49]) and Theorem
2.3.6 (structure theorem due to Kurdyka, Orro, Simon [30]). In fact, the regularity conditions
used in Theorem 2.3.5 and Theorem 2.3.6 are superseded by the pg-regularity, which is a
more general condition, cf. Proposition 2.5.4, Proposition 2.5.5 and Example 2.5.6.

We present in §3.2 a diagram that summarises the main results of this chapter and Chapter
2 in a condensed manner and to finish, we discuss an example of a family of polynomial
functions in §3.3.

The main results of this chapter have been published in [11].
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3.1 Morse-Sard type theorem for pg-regular values

The main purpose of this chapter is the following (the notations are as in §2.5):

Theorem 3.1.1 (Asymptotic Morse-Sard type theorem for pp-regularity).
Let f : X — RP be a C? mapping on a submanifold X C R, where dim X > p > 0. Then:

(a) (Fibration theorem).
S(f) is a closed set. Moreover, if X is closed, then A,, = f(Singf) U S(f) is a closed

set and the restriction:
fie X\ FH(App) = RPN\ A,
is a locally trivial fibration over each connected component of RP\ A, .

In particular B(f) C A,,.

(b) (Structure theorem).
Assume that X is a semi-algebraic set and that f is a semi-algebraic mapping.

Then S(f) and A,, are semi-algebraic sets of dimension <p — 1.

The proof of above theorem will be presented in §3.1.2. Here, we just discuss some
consequences of this result and present the structure of this chapter.

Let f: R® — RP be a C? semi-algebraic mapping. Theorem 3.1.1 means a Morse-Sard
type theorem for pp-regularity in the context of semi-algebraic mappings. In fact, from (a)
and (b), we have that A,, is a closed semi-algebraic set of dimension at most p — 1, which
implies that A,, has volume zero and therefore RP\ A, is a dense open set in RP. This means
that (from item (a)) a non-proper semi-algebraic mapping f is a fibration on each connected
component of the dense open set RP\ A4, .

In fact, we can say more about the structure of the set RP \ A,, in the setting of semi-
algebraic mappings f. We have that R? \ A, is semi-algebraic since A, is semi-algebraic
and consequently RP\ A, has a finite number of connected component (every semi-algebraic
set has a finite number of connected components, see [3, Theorem 2.4.5]). Therefore, directly
from Theorem 3.1.1 we have that outside a semi-algebraic set of dimension < p—1, the fibres
of f have a finite number of topological types.

For f as above and from Theorem 2.4.8, Corollary 2.4.9, Proposition 2.5.4 and Proposition
2.5.5, we have the following inclusion and equality: S(f) C Noo(f) = NT oo(f), which inclu-
sion can be strict, cf. Example 2.5.6. Therefore, Theorem 3.1.1 refines Theorem 2.3.5 and
Theorem 2.3.6 for semi-algebraic mappings in the way that the key set Noo(f) of Theorem
2.3.5 and Theorem 2.3.6 is substituted by S(f).

Let us point out that the proof of Theorem 3.1.1 has a completely different flavour than the
proofs of Theorem 2.3.5 and Theorem 2.3.6. The proof of item (b) is based on the existence
of a partial Thom stratification at infinity, cf Definition 3.1.3 and Propostion 3.1.2; the item

(a) is based on Proposition 3.1.5, which is a fibration theorem “at infinity”.
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This chapter is organised as follows: in §3.1.1, we define the partial Thom stratification
at infinity and show that there exists a partial Thom stratification at infinity in the setting
of semi-algebraic mappings. In §3.1.2, we give the proof of Theorem 3.1.1.

In §3.2 we present a diagram that summarises the main results of this chapter and Chapter
2 in a condensed manner. In §3.3, we give an example of a family of polynomial functions

and discuss its properties.

The notations of this chapter are the same as in subsection “Notation (page 27)”. We

use coordinates (x1,...,xzy) for the affine space K", coordinates [xo : 1 : ... : xy] for the
projective space P and we consider the canonical embedding of K™ in P™ ((x1,...,2,) — [1:
x1 ..o xy]). Weset H® :={[zg:...:2,] € P" | 29 = 0} the hyperplane at infinity.

Given a C' mapping f: X — KP, where X C K" is submanifold, we set X := graphf
the closure of the graph of f in P" x KP (via the embedding of K™ in P"), we set X*° :=
XN (H* x KP) and we denote by 7: P" x KP — KP the second projection.

With these notations we have:

3.1.1 Partial Thom stratification at infinity

We show that X*° may be endowed with a stratification having good enough properties
such that one may use it to define the stratified singular locus of 7jxe. By “stratifications” we
mean, as usual, locally finite stratifications satisfying the frontier condition. For some strata
S1, 8z, we write Sp < Sy to say that So € Sp \ Sy

Proposition 3.1.2. Let f : X — KP be a semi-algebraic C'-mapping on a smooth semi-
algebraic subset X C K™ for K=R or f: X — KP be a restriction of a polynomial mapping
on a smooth algebraic set X C C™. There exists a semi-algebraic Whitney (a)-regular strat-
ification S (for K = C, the closure of each stratum of S is an algebraic set) of X such that
X% is a union of strata, and that any pair of strata B < A, with A C X'\ X*° and B C X,
satisfy the Thom (ag)-reqularity condition with respect to some function g defining locally X*°
mn X.

Proof. We follow [55, §2] and start with some Whitney (a)-regular stratification of X with
semi-algebraic strata (for K = C, the closure of each stratum is an algebraic set, Whitney
|60, page 540|); this exists after Whitney [60], see also [12, Chapter I| and |20, Chapter I|.
One then refines it to a semi-algebraic stratification such that X* is a union of strata (for
K = C, to a stratification such that the closure of each stratum is an algebraic set and X*°
is a union of strata), see [12, page 6], [20, Chapter I] or [60, Theorem 19.2]. Next, since the
(ag)-regularity condition is stratifiable (see e.g. [1, §3], [10], [20, Chapter I]), applying the
Thom condition to the pairs of strata as in the above statement yields a further refinement

which is the desired stratification S, at least locally.
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However we need to show that this refinement is a globally defined stratification of X*°,
The argument goes as follows: in the (a4)-regularity test we take the limits at some point of
X of the tangent hyperplanes along strata coming from X \ X°°. These limits are precisely
described by the space of characteristic covectors at infinity C*. But by Lemma 2.4.4, C* is

independent of the function g defining X*° locally. O

Definition 3.1.3. We call partial Thom stratification at infinity a stratification S as in
Proposition 3.1.2.

Such stratification has been introduced in [55, Definition 2.1] (see also [57, Appendix 1]),
for polynomial functions f: K" — K and depends of course on the embedding X C K".

3.1.2 Proof of Theorem 3.1.1
Proof of (b)

The image f(Singf) by f of the semi-algebraic set Singf is semi-algebraic, by Tarski-
Seidenberg theorem (see also [3, Proposition 2.2.7]), and of dimension < p — 1 by the semi-
algebraic Sard theorem.

To show that S(f) is semi-algebraic, we use the semi-algebraic embedding ¢ : R* — R"1x

p — 1 X1 Tn o
R, o = (o) = (ko S e (). Let T s MO 1
{(20,21, -+, 2n,t) € R X RP | 29 = 0} and let 7 : R™™! x R? — RP be the canonical

projection. Then Vj is semi-algebraic and S(f) = m(V1), so we may conclude by the Tarski-
Seidenberg theorem that S(f) is semi-algebraic.

To prove the dimension assertion for S(f) we follow the notations and definitions of §3.1.1.
Let S = {S;}ier be a semi-algebraic partial Thom stratification at infinity, the existence of
which has been proved above. Consider the projection 7 : P x RP — R? and tg € RP. The

critical locus at infinity of the restriction Tx with respect to S is defined as follows:

Singg'mx = U SingTs, -
S; CX®
Since the stratification of X is in particular Whitney (a)-regular, it follows that Singg7x is
a closed semi-algebraic subset of X*°. Then, by the semi-algebraic Sard theorem, the image
7(Singg'mx) C R? is semi-algebraic and of dimension <p — 1.

On the other hand, it also follows from the definition of ¢t-regularity that:
20 ¢ Singg'7x = f is t-regular at zo,

which implies that R? \ 7(Singg’7jx) is included in the set of t-regular values of f. Therefore,
by Proposition 2.5.4 (or Proposition 2.5.5), we get the inclusion R\ 7(Singg’7x) C RP\ S(f),
which shows that dim S(f) <p— 1.
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Proof of (a)

Let tg € S(f) and let {t;};eny € S(f) be a sequence such that lim; o t; = to. By
definition, for every ¢;, we have a sequence {x; i }ren C M(f) such that limy_, ||z &
and limy_,oo f(z;%) = t;. Thus, for each i, there exists k(i) € N such that if £ > k(i) then
ikl >iand |f(zixr) —ti] < 1/i. Setting x; := x; (;), one gets a sequence {x;}ien C M(f)
such that lim; . ||2;]] = 0o and lim;_,~ f(z;) = to. This shows that ¢y € S(f), hence S(f)
is closed.

Let us assume now that X is closed and let ¢y € f(Singf) U S(f). Note that, by basic
arguments of topology, we have f(Singf)U S(f) = f(Singf) U S(f). Thus, we may assume

| =00

that to € f(Singf) since we have just proved that S(f) is closed. Then there exists a sequence
{z;}jen C Singf, such that lim;_, f(z;) = to. If {z;}jen is non-bounded, we may choose a
subsequence {z;, }ren such that limg_,o ||z, || = oo and limy_,oe f(25,) = to. Since Singf C
M(f), it follows that t9 € S(f) which is closed. If {z;}en is bounded, then we may choose
a subsequence {z;, }ren such that limy oz, = 29 € X since X is assumed to be closed,
and that limy_,o f(xj,) = to. Since Singf is a closed set, this implies xy € Singf, and we get
to = f(zo) € f(Singf), which shows that to € f(Singf) U S(f).

Let us finally show the fibration statement. We first prove a fibration result in the neigh-

bourhood of infinity.

Definition 3.1.4 (Topological triviality at infinity). We say that f is topologically trivial at
mfinity at the value to € RP if there exists a compact set K C R™ and a ball Bs C R? centred

at to such that the restriction:
fi+ (X\K)Nf~'(Bs) = Bs (3.1)
is a trivial topological fibration.

Note that one may have two situations in which the mapping (3.1) may be a topologically
trivial fibration at infinity, namely whenever By C Imf or when Bs C RP\Imf. Otherwise (i.e.
BsNImf # () and Bs N (RP \ Imf) # @) f cannot be a fibration since one has simultaneously
empty fibre and non-empty fibre.

Proposition 3.1.5 (p-regularity implies topological triviality at infinity). Let f : X — RP be
a C? mapping, for n > p. If the fibre f~1(to) is p-reqular at infinity, then f is topologically
trivial at infinity at tg.

In particular, f is topologically trivial at infinity at any value of RP \ S(f).

Proof. Let tg & S(f). Since S(f) is a closed set, there exists a closed ball D centred at ¢y and
included in R? \ S(f). Then there exists some large enough radius Ry > 0 such that:

M(f)nf=H(D)\ Bg, = 0. (3.2)
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Indeed, if this were not true, then there exists a sequence {xj}reny C f~1(D) N M(f) with
limy_, o0 ||2k|| = 00 and since D is compact, one may extract a sub-sequence {xg, }ien C M(f)
with limg_,eo f(zx,) =t € D, which gives a contradiction to D N S(f) = 0.

To prove the topological triviality at infinity at tg it is enough to show that the mapping:

fi: f7{(D)\ By — D (3.3)

is a trivial fibration on the manifold with boundary (f~1(D)\ B%, f~1(D) N S}k1), for any
R > Ry. This is a submersion by (3.2) but it is not proper, so one cannot apply Ehresmann’s
theorem directly. Instead, we consider the map (f,p): f~1(D)\ B} — D x [R,00[. Now, as
a direct consequence of its definition, this is a proper map. It is still a submersion by (3.2)
and since Sing(f, p) = M(f). We then apply Ehresmann’s theorem to the mapping (f, p) in
order to conclude that it is a locally trivial fibration, hence trivial over D X [R, co[. Take now
the projection 7 : D X [R,00[— D which is a trivial fibration by definition and remark that
our map (3.3) is the composition 7 o (f, p) of two trivial fibrations, hence a trivial fibration
too. O

REMARK 3.1.6. The implication in the above proposition is not an equivalence in general,
see for instance Example 3.3.1. It is easier to give such examples in the topological category,
for instance f(z,y) = 3 which is topologically equivalent to the projection on z, whereas
S(f) = {o}.

We now complete the proof of Theorem 3.1.1, item (a). Since RP \ (f(Singf) U S(f))
is an open set, for any fixed tg & f(Singf) U S(f) there exists a closed ball D centred
at top such that D C RP\ f(Singf) U S(f). By the above proof of Proposition 3.1.5 and
using the same notations, one has the trivial fibration (3.3) on the manifold with boundary
(YD) \ BR, f~H(D) N S, for any R > Ry.

Next, since D N f(Singf) = (), the restriction:

i fYD)NBE, — D (3.4)

is a proper submersion on the manifold with boundary (f~(D) N B}:%LO, fYD)n 5’1”%0_1) and
therefore a locally trivial fibration by Ehresmann’s theorem, hence a trivial fibration over D.
We finally glue together the two trivial fibrations (3.4) and (3.3) by using an isotopy and

the trivial fibration from the following commutative diagram, for some R > Ry:

(Br\ Bry) 0 f~1(D) L2 D x [Ro, R

|- - lpr (3.5)

F x D x [Ry, R —= D

where F' denotes the fibre of the trivial fibration JiSrN f~Y(D) — D and does not depend
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on the radius R > Ry. O

REMARK 3.1.7. If in item (a) of Theorem 3.1.1, we do not assume that X is closed then the
fibration assertion holds if one replaces in the statement f(Singf) by its closure f(Singf).

3.1.3 Complex Case

Let f: C" — CP be a polynomial mapping. Directly from Theorem 3.1.1, we obtain that

the restriction:
f\ 1 C™\ f_l(APE) — CP\ App

is a locally trivial fibration over CP \ A,, and that S(f) and A,, are real semi-algebraic sets
of real dimension < 2p — 1.

In this subsection, we refine this dimension statement by showing that S(f) and A,, are
real semi-algebraic sets of real dimension < 2p — 2 (Theorem 3.1.8).

This can be obtained as a consequence of Propositions 2.5.4, 2.5.5 and Theorem 2.3.6 (due
to Kurdyka, Orro and Simon [30]). In fact, from these two propositions, one has A,,, S(f) C
N(f) := (f(Singf)UN(f)) and, since N(f) is a complex algebraic set of dimension < p—1,
A, and S(f) are real semi-algebraic sets (these follow, respectively, from Theorem 2.3.6 and
Theorem 3.1.1), we obtain that A,, and S(f) are real semi-algebraic sets of real dimension
< 2p—2.

However, in Theorem 3.1.8, we present a proof which does not depend of Kurdyka, Orro

and Simon’s result.

Theorem 3.1.8 (Asymptotic Morse-Sard type theorem for the pp-regularity in the com-
plex case). Let f: C* — CP be a polynomial mapping, where n > p. Then S(f) and
A, = f(Singf)US(f) are closed real semi-algebraic sets of real dimension < 2p —2 and the
restriction:

f\ 1 C™\ f_l(APE) — CP\ Apg
is a locally trivial fibration over CP \ A,,. In particular B(f) C A,,.

Proof. As we have said before, the proof that S(f) and A,,, are closed sets and the fibration
result follow as in proof of Theorem 3.1.1. The proof that S(f) and A,, are real semi-algebraic
sets follow as in proof of Theorem 3.1.1 (b) (page 42) with the same function ¢ used in that
proof.

We concentrate on the dimension statement. We use notations and definitions of §3.1.1.
Let . = {Si}ier be a partial Thom stratification at infinity of X (the existence of this
stratification has been obtained in Proposition 3.1.2) and the projection 7 : P™ x CP — CP.

The critical locus at infinity of the restriction 7x with respect to . is defined as follows:

SingZmx = U SingTs, -
S; CX>
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Since the stratification of X*° is in particular Whitney (a)-regular, the closure of each stratum
Si C X% is an algebraic set (Whitney [60, page 540]), which implies that SingZ7)x is an
algebraic subset of X°°. Then, by Chevalley’s theorem, the image 7(Sing%7x) C CP is a
constructible set (see e.g. Mumford [38, page 51]) and, moreover, 7'(ST§27'|X) C CP is an
algebraic set (closed constructible sets are algebraic sets, see e.g. Mumford [38, page 57 and
Corollary 1 (page 60)] or Milne |34, page 215 and Proposition 15.2]). Then, it follows from
Sard’s theorem and second statement of Mumford [37, Proposition 2.31] that T(STW is
a complex algebraic set of complex dimension < p — 1.

On the other hand, it also follows from the definition of ¢t-regularity that:
20 & SingZ7ix = f is t-regular at zo,

which implies that C? \T(STW is included in the set of t-regular values of f. Therefore,
by Proposition 2.5.4 (or Proposition 2.5.5), we get the inclusion CP \T(STW C CP\S(f),
which shows that the real dimension of S(f) is at most 2p — 2.

Now, since Sing f is an algebraic set and f is a polynomial mapping, we have that f(Singf)
is a constructible set (Chevalley’s theorem, see e.g. Mumford [38, page 51]) and f(Singf) C CP
is an algebraic set (closed constructible sets are algebraic sets, see e.g. Mumford |38, page 57
and Corollary 1 (page 60)] or Milne [34, page 215 and Proposition 15.2]). Then, it follows
from Sard’s theorem and second statement of Mumford [37, Proposition 2.31| that f(Singf)
is a complex algebraic set of complex dimension < p — 1. This and the dimension statement
of S(f) imply that A,, = f(Singf) U S(f) has real dimension at most 2p — 2, which ends the
proof. O

In the following example we show that f(Singf) is not closed in general.

EXAMPLE 3.1.9. Consider f: K> — K2, f(x1,22) = ((w172 — 1)%,22). Then Singf =

{(z1,22) | za(z122 — 1) = 0} and f(Singf) = ({(1,0)} U {(0,z2) | 2 # 0}), which it is
not closed.

3.2 Diagram

Let f: K® — KP be a C? semi-algebraic mapping for K = R and a polynomial mapping
for K = C. We have the following diagram:
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Figure 3.1: Synopsis.

Th. 3.1.1 (b)
t-regularit Th. 3.1.8
& Y {>‘ Structure theorem ‘
Prop. 2.54
. Th. 3.1.8 - -
Th. 2.4.8 pp-regularity ————————> Fibration theorem |

Prop. 3.1.5 Topological
Gaffney Condition AZS'S ™ o at

- triviality at infinity
Jelonek Condition

Kuo-KOS Condition
Rabier Condition

3.3 Example

Tibar and Zaharia present in [58, Example 3.4] an explicit polynomial f: R? — R, con-
structed with the help of Henry King, such that 0 € S(f) (consequently 0 € No(f)! by
Proposition 2.5.4 and Proposition 2.5.5), but f is a C* trivial fibration, which shows, in par-
ticular, that B(f) = (). We call this example by King-Tibdr-Zaharia’s ezample. This example
is interesting because this phenomenon (f a C°° trivial fibration and S(f) # () does not oc-
cur in the case of complex polynomial functions f: C2 — C. In fact, for complex polynomial
functions f: C?> — C, we know that f is a C™ trivial fibration on a neighbourhood of tg if
and only if tg & N (f) (for references about this last equivalence, see for instance Parusiriski
[43, Theorem 1.4], Siersma and Tibar [50, pages 781 and 782]).

This type of examples also shows that the implication in the Proposition 3.1.5 is not an
equivalence in general.

Inspired by King-Tibar-Zaharia’s example, we present in this section a family of polyno-
mial functions fqp.: R? — R, where a,b,c € R are the parameters of this family, and discuss
the behaviour of the elements of this family. In particular, we remark that this family contains

the King-Tibar-Zaharia’s example (see Remark 3.3.2).

EXAMPLE 3.3.1. Let fqp.: R? — R be a family of polynomial functions with parameters
a,b,c € R, where fup.(7,y) = y(az?*y® + bzy + ¢). Then:

(i) If b — 4ac < 0, then fapc is a submersion, a C* fibration and B(fqp.c) = 0.

(ii) If b —4ac < 0 and 0 < b? —3ac, then f, ;.. is a submersion, a C™ fibration, B(fap.c) = 0
and 0 € S(fypc). Therefore, the polynomials f, . with b? — 4ac < 0 and 0 < b? — 3ac,

are examples like the King-Tibar-Zaharia’s example. We also remark here that the

!see Definition 2.3.1 and Remark 2.3.4 for the definition of A (f) in the case of polynomial function.
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conditions b? — 4ac < 0 and 0 < b? — 3ac are clearly open conditions on the set of

polynomial functions f: R? — R.

(iii) If b2 —4ac < 0 and 0 > b? — 3ac, then fab.c 18 submersion, a C fibration, B(fqp.) =0
and S(fap.c) = 0.

(iv) If b = 4ac then we have the following four cases: fup. =0, fopc = az?y® (with a # 0),
fape = cy (with ¢ # 0) and fop. = ay (a:y + %)2 (with @ # 0, b # 0 and ¢ # 0). The
first three cases are easy to study and in the case f,p. = ay (xy + %)2 (with a # 0,
b# 0 and ¢ # 0), we have that 0 € fop.(Singfop.c) N B(fape)-

(v) If b — 4ac > 0 then we have the following two cases: fup. = zy?(azy +b) and fop. =
y(az?y? + bxy + ¢) (with ¢ # 0). In the case fop. = 2y?(azy + b), we have that
0 € fupe(Singfape). In the case fop. = y(az?y? + bzy + ¢) (with ¢ # 0), we have that
fap.c is a submersion and 0 € S(fap.c)-

REMARK 3.3.2. Let fqp.: R? — R be a polynomial function as in Example 3.3.1. If we
take a = 2,b = —9 and ¢ = 12, then b?> — 4ac < 0 and b?> — 3ac > 0. Therefore, this
polynomial is in the case (ii) of the Example 3.3.1 and, consequently, f2 g 12 is a submersion,
B(f2,—9,12) = 0, but 0 € S(f2,—9,12). On these conditions on a,b, ¢, we obtain just the same
polynomial considered in Tibar and Zaharia [58, Example 3.4], i.e. the King-Tibar-Zaharia’s

example.
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Brief Resume

We counsider two classes of polynomial mappings f: R®™ — RP: the class of fair polynomial
mappings (Definition 4.2.4) and the class of Newton non-degenerate polynomial mappings
(Definition 4.3.3).

For the class of fair polynomial mappings, we give an algebraic interpretation of the t-
regularity condition (also Gaffney, Jelonek, Kuo-KOS and Rabier conditions) in terms of
the theory of real integral closure of modules (Proposition 4.2.5, Theorem 4.2.6 and Remark
4.2.8).

We study the Newton non-degenerate polynomial mappings on a new non-degenerate con-
dition. We give an approximation to the sets Noo(f) and N'T o (f) in terms of a set that
depends only on the Newton polyhedron of f (Theorem 4.3.8 and Corollary 4.3.9). We also
present some consequences of these last results and discuss some relations of this chapter with
other works, in special with the works of Bivia-Ausina [2], Chen and Tibar [8], Gaffney [18]
and Némethi and Zaharia [41].

To finish, we give examples to illustrate the results of this chapter.
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4.1 Introduction

The main goal of this chapter is to study two classes of real polynomial mappings: the
class of fair polynomial mappings (Definition 4.2.4) and the class of Newton non-degenerate

polynomial mappings (Definition 4.3.3).

We remark that, since polynomial mappings are semi-algebraic mappings, the results of
Chapters 2 and 3 hold for them.

The purpose here is to obtain for fair and Newton no-degenerate polynomial mappings
new interpretations/informations about the bifurcation values and regularity conditions at

infinity, which do not follow from the results of Chapters 2 and 3.

Since the treatment for each class is completely different than that of the other class, we
structure this chapter as follows: in §4.2, we counsider the class of fair polynomial mappings

and, in §4.3, we consider the class of Newton non-degenerate polynomial mappings.

4.2 Integral closure of modules and t-regularity

We are interested in algebraic interpretations of t-regularity for the class of fair polynomial
mappings. Our motivations for this study have been the works of Tibar [54] and Gaffney [18].
Tibar |54, Remark 2.9 observed that for complex polynomial functions f : C* — C, the t-
regularity condition has an algebraic interpretation in terms of the theory of integral closure.
For fair complex polynomial mappings, Gaffney [18, Proposition 5] described in terms of the
theory of integral closure of modules a non-characteristic condition (|18, Definition 1]) which

turns out to be equivalent to the ¢-regularity.

Following Gaffney, we define the “fair condition” for real polynomial mappings f: R" —
RP and we obtain another interpretation of ¢-regularity (consequently of Gaffney, Jelonek,
Kuo-KOS and Rabier conditions) in terms of the theory of real integral closure of modules
(Proposition 4.2.5 and Remark 4.2.8). Using this interpretation, we give in Theorem 4.2.6 a

different proof of the equivalence between t-regularity and Gaffney condition .

This section is organised as follows: in §4.2.1, we define integral closure of modules (Defi-
nition 4.2.1) and discuss some equivalent definitions for Definition 4.2.1. Moreover, we present
a result that describes the relative conormal in terms of the theory of integral closure of mod-
ules (Lemma 4.2.3). In §4.2.2, we define fair polynomial mappings and prove the two main
results of §4.2, Proposition 4.2.5 and Theorem 4.2.6. To finish, we present some examples and
remarks in order to illustrate the results of this section. The results of this section have been
published in [11].

!consequently, by the Theorem 2.4.8 and Corollary 2.4.9, Jelonek, Kuo-KOS and Rabier conditions.
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4.2.1 Real integral closure of modules

Let us denote by A,, the local ring of real analytic function germs at the origin in R™ and
by m,, its maximal ideal. We denote by A% the free A,-module of rank p. We denote by Ax o
the local ring of real analytic function germs on the real analytic space germ (X, z) and by

Ag(,x the free Ax ;-module of rank p, i.e. Al))(,x =Ax, X...x Ax 4.

-~
p times

Given an analytic path ¢: (R,0) — (X, x), we set:

o : A&O — AV
h — ¢*(h)=hoo.

In other words, from ¢ we have the following diagram:

(R,0) "~ (X,0) " ~Rr .

¢ (h)

With the above notations, we have:

Definition 4.2.1 ([16, Definition 4.1]). Let (X,z) C (R",z) be a real analytic germ and
let M be an Ax ,-submodule of A% . The real integral closure of M, denoted by M, is
the set of elements h € Ag(@ such that for any analytic path ¢ : (R,0) — (X, z), one has
¢*(h) € Ai(¢*(M)), where A1(¢*(M)) denotes the Aj-submodule of A} generated by the
elements wo ¢, Vw € M.

In the complex setting one has some equivalent definitions to the integral closure of mod-
ules, see Gaffney [16, Proposition 1.7, Proposition 1.11], which hold in the real setting with
the exception of [16, Proposition 1.7], for which it is necessary to assume that the regular
points of X are dense in X, see Gaffney |16, page 318|.

In the case that the regular points of X are dense in X, an useful equivalent definition to the
real integral closure of modules is that we may use in the Definition 4.2.1 only analytic paths
on a dense Zariski-open subset of XregQ, see Gaffney, Trotman and Wilson [19, Proposition
1.4]. From this last equivalent definition, we have that the proof of the next criterion for the

real integral closure of modules follows by the same arguments as in |17, Proposition 1.6]:

Lemma 4.2.2. Let (X, z) be an equidimensional real analytic set. Suppose that the set of
regular points of X 1is dense in X. Let N C M be Ax ,-submodules of Agﬂw and h € M
such that (h,N) = M. Let U be a dense Zariski open subset of Xieg. Then h € N if and
only if for any analytic paths ¢ : (R,0) = (U,z) and ¢ : (R,0) — RP = L(RP,R) we have
P(@*(h)) € Ty(¢*(N)), where Ly(¢*(N)) is the ideal in Ay generated by applying 1 (s) to the
generators of (¢*(N)).

2Remember that we have denoted by X,cg the regular points of X.
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0

There are interesting connections of integral closure theory with geometry, for instance
Gaffney [16, 17|, Teissier [53], Lejeune-Jalabert and Teissier [32], etc...

In special, the next result gives an interpretation of the relative conormal in terms of the
integral closure of modules. It was formulated by Gaffney in [18, Proposition 4] in the complex

setting but we can show that it holds in the real case. Under the notations of §2.4.2, we have:

Lemma 4.2.3. Let (X,z) C (R™,z) be the germ of an equidimensional real analytic set
defined by F - (R™, z) — (RP,0). Suppose that the reqular points of X are dense in X. Let
g: (R™, ) = R be a non-constant function and denote G := (F,g). Let V.C R™ be a linear

subspace. Then the following are equivalent:

(a) There exist H € Cy,(X)? such that H D'V.

(b) JMx(G)v G JMx(G), where JMx (G)y denotes the Ax -submodule 0fA§(+; generated
by {DG(;E)U = vlg—g(a@) o U 2 ()Y = (v, ..., 0m) € V}, JMx (G) denotes

Ozm
the Ax g-submodule of Ag;j generated by {37?, ey é;dzi }, and DG denotes the Jacobian
of G.

Proof. We denote by Xo the set of regular points of X where g;x is a submersion.
“(a)=-(b)". Suppose that there exists H € Cy,(X) such that V' C H. By Definition 2.4.3, this
means that there exists a sequence {(xx, Hy,) }ren C Xo x P! with T, (gFX1 (91x (zr))) C Hy,
such that limy oo (2, Hy) = (2, H). We may therefore take vy, := (Y1x, ..., Ypt1)i) € Rp+1
such that ¢x(DG(z)) = (a1k,-..,amk) and Hy = {& € R™ | >, ajpx; = 0}. Thus,
by the Curve Selection Lemma [35, §3], there exist analytic curves ¢ : (R,0) — (Xo,z),
¥ : (R,0) — RPT! and an integer [ > 0 such that the vector

P(s)(DG((5))) = (a1(s), - - am(s)) (4.1)

defines a hyperplane Hy,) tangent to the fibre of g x at ¢(s), the number [ is the mini-
mum of the orders of the first non-vanishing terms in a1(s),...,amn(s) and (ai,...,am) =
lim, 0 27 (¢(s)DG(¢(s))), where H = {x € R™ | >, ajz; = 0}

Now, from the definition of Z,,¢*(JMx (G)n), we have the equality Z,¢*(JMx(G)u) =
Ai{y(s)(DG(¢(s))w) | w € H}, and, since Zy¢*(JMx(G)n) is contained in A, it follows
that Z,¢*(JMx (G) ) is equal to A; {s?}, for some g € N. From this last two equalities and by
the facts that (ai1,...,am) = lim,_, é(l/}(s)DG(qﬁ(s))) and that H is defined by (a1, ..., an),
we conclude that Z,¢*(JMx (G)n) = Ai{s?}, for ¢ > L.

On the other hand, again from (ai,...,a;,) = lims é(w(s)DG(gb(s))) and that H
is defined by (ai,...,an), we have lim, g ﬁ(@b(s)(DG(qb(s))u)) # 0, for any vector u €
R™ \ H. This last limit and the equality Z,¢*(JMx(G)g) = Ai{s?}, for ¢ > [, im-
ply ¥ (s)(DG(é(s))u) ¢ Zypdp*(JMx(G)g). Therefore, from Lemma 4.2.2 we conclude that

3Cy.x(X) as in §2.4.2.
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DG(z)u ¢ JMx(G)g, which implies JMx(G)y & JMx(G). In particular, since one has
JMx(G)v C JMx(G)g, we conclude that JMx (G)y & JMx(G).

“(b)=(a)”. Suppose that JMx(G)y & JMx(G). Then there is € R™ \ V such that
DG(x)a ¢ JMx(G)y. Thus, from Lemma 4.2.2, we may take ¥ : (R,0) — RPT! and
6+ (R,0) = (Xo,) such that ¢(s)(DG(6(s))3) ¢ Tu(6" (I Mx (G)v)).

Since the ideals Z,(¢*(JMx (G))) and Zy(¢*(JMx(G)v)) are contained in A;, we may
write Z,(¢*(JMx(G))) = Ai{s'} and Zy(¢*(JMx(G)y)) = A1{s?}, for integers I,q > 0.
Moreover, we have 0 < [ < ¢ since ¢(s)(DG(¢(s))u) ¢ Zy(¢*(JMx(G)v)).

From the equality Z,, (¢* (JMx (G))) = A1{s'}, the vector a := lim,_¢ é(w(s)(DG(gb(s))))
is different from zero. If we take H as the hyperplane defined by a, i.e. H := {(x1,...,2m) |
> jeiajzj = 0} then H € Cgo(X) by construction and H D V since ¢ > I. These end our
proof. O

4.2.2 t-regularity and polynomial mappings

We begin with the definition of fair polynomial mapping. Then, we present some results

for this class, which are a real counterpart of some results from [18].

The “fair” condition

As before (subsection Notation, page 27), we use coordinates (xy,...,zy) for the affine
space R™, coordinates [zg : x1 : ... : zy] for the projective space P and we shall consider the
canonical embedding of R” in P" ((z1,...,zn) = [1 121 :... 0 xy)). Weset H® := {[zg:...:
xp) € P" | zy = 0} the hyperplane at infinity.

Let f = (f1,...,fp) : R® — R? be a polynomial mapping and X := graphf the closure of
the graph of f in P x RP (via the embedding of R™ in P™). We set X*° := X N (H*> x RP).

We denote by fi(:zzo,:z:l, ..., Ty) the homogenization of f; of degree d; := degf; in the

variable xg, for 1 < ¢ < p, and we set:

P
Z = ﬂ {([mo cxy i xy), (B tp)) X P XCRP | Fi(zo, 21, .0 X, L Tp) = 0},
i=1
(4.2)
where E(mo,azl, ce Xyt ) = ﬁ-(:co,asl, R tixgi = 0. From the equation (4.2),

we set F:= (F1,...,Fp).

Definition 4.2.4 (See Gaffney [18, page 158] in the complex case). We say that f: R" — RP
is a fair polynomial if Z =X,

From the definitions of X and Z, we have the inclusion X C Z and the equality X\ (H*> x
RP) = Z\ (H*> x RP). However, we do not have the equality X = Z in general, see for instance
Example 4.2.9.
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In the complex setting, Gaffney [18| works with the space Z assuming the equality Z = X
which he translates by “f is fair” Gaffney [18, page 158]. This is imposed by the theory of
integral closure of modules since “fair” implies that the regular points of Z are dense in Z and
that Z is an equidimensional analytic set. See Example 4.2.9 in which X # Z and therefore
this technique does not apply, whereas Theorem 2.4.8 holds true.

t-regularity and fair polynomial mappings

Let f = (f1,...,fp) : R" — RP be a fair polynomial mapping. As in §2.4.2 (page 29), we
consider the charts U; x RP of P x RP, where U; = {z; # 0}, j = 0,1,...,n, and we identify
the chart Uy with the affine space R".

Let zg € X*°. Up to some linear change of coordinates one may assume that zp € X*° N
(U, x RP). In the chart U, x RP, we take yog = xo/Tp, - ., Yn—1 = Tn—1/Ty. In this coordinate

system and since f is fair, we have the following equality:

p

XN (Un X RP) = ﬂ {E(y7t) = ,fi(y()?yh -y Yn—1, 1) - tzygz = 0} R
=1

where Fj are as in the equation (4.2), and we have the following two results:

Proposition 4.2.5. Let f : R™ — RP be a fair polynomial mapping. Then f is t-reqular at

zo € X if and only if one of the following equivalent conditions is satisfied:

OF ot; € {OF /Oy, ..., 0F [Oyn_1}, Yi=1,...,p. (4.3)

OF |0t; € {yoOF [y, OF |Oy1,...,0F |0yn_1}, Vi=1,...,p. (4.4)

Proof. We show that f is t-regular at zg iff the condition (4.3) is satisfied. Let V :=R" x0 C
R™ x RP and let g be the projection to the variable yg. From Definitions 2.4.5 and 2.4.6, zg is
a t-regular point if and only if there are no hyperplanes H O V such that H € C3°. Applying
Lemma 4.2.3 to the mapping G = (F’, g) and to the set V, this is equivalent to the following

condition:

oG {8G oG oG

(97151-6 }, fori=1,...,p. (4.5)

dyo’ 1" By

From the definition of integral closure of module (Definition 4.2.1), the equation (4.5)
means that for any ¢ : (R,0) — (X zp), there exist A\g, A\, ..., Apn—1 € A; such that:

Ay A 3 3 8~
( 5 (0(5)) ) ) ( (60 >+A1<s> ( S0t >+-~+An_1<s> ( 1 (9(5)) )

which is in turn equivalent to (4.3).
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That (4.3) implies (4.4) is obvious. The converse is the same as Gaffney’s proof of [18,
Proposition 12] and Parusinski’s proof of [43, Lemma 3.2]. O

By using the Proposition 4.2.5, we present for the class of fair polynomial mappings
f: R™ — RP the equivalence “t-regularity iff Gaffney (equivalently Jelonek, Kuo-KOS, Rabier)

condition” with a proof in a different way than that of Theorem 2.4.8.

Theorem 4.2.6. A fair polynomial mapping f : R™ — RP is t-reqular at zo € X*° if and only
if satisfies Gaffney condition at zg.

Proof. Proposition 4.2.5 says that t-regularity at zp is equivalent to (4.4). In turn, by [16,
Proposition 1.7] which holds over R too since f is fair (see also Gaffney’s remarks on the real

setting [16, page 318]), the condition (4.4) is equivalent to:
d; -+~ ~ T = .
Yo' My;(F) € (Mi(F)),j=1,...,p, (4.6)

where (M;(F)) denotes the ideal generated by the maximal minors of the matrix whose
columns are (yoOF/0yo, OF/0yy,...,0F [Oyn_1), and My ;(F) is a minor of size (p — 1) of
the same matrix with the jth row deleted.

Using |16, Proposition 4.2|, one has that (4.6) is equivalent to the existence of C' > 0 and
a neighbourhood U of 2y such that:

d: ~ ~ ~ ~
Sup flyo” (1105 () (y, )| < € sup [ M (F)(y, 8|, for all (y,t) € U. (4.7)
7]

P
Dividing both sides of (4.7) by ||y¥||, where k = > (d; — 1), and from properties of the
=1

determinant function and the following relations between the partials of f and the partials of
F:

OF; , d;j—1 _ af; ) .

8y:-/yoj :8£Jl.7 1§Z§n—1,1§j§p7

IF; d; .

a0 = Y0 0L 1<jl<p,

AF; ; d;—1 of; af; .

Tyé/yoj :—(37137;14‘---4‘3%37:)7 1<j<p,
we obtain

Sup 1L/l M5 () ()] < C'sup M7 (f) ()], (4.8)
7]

where M .(f) and M(f)(z) are defined as follows: if I = (i1 < ... <i,) with 4 # 1, i.e,
if the minor M;(F') indexed by I does not contain the column yodF'/dyy then Mj(f) is just
the maximal minor indexed by I’ = (i1 —1 < ... < i, — 1) of the Jacobian matrix Df (i.e.
M(f) = Mp(Df))*, and otherwise, M}(f)(z) is defined as the minor maximal of the matrix

see page 12 to the definition of maximal minor.
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(Of [0x1,...,0f)0Tn—1, %8f/8xl) indexed by I' = (is —1 <izg—1< ... <ip1—1<
n). A similar substitution should be made to define the M7 (f) terms.

Using the fact that ||z,| > ||z;||, for j = 1,...,n, the inequality (4.8) is equivalent to the
Gaffney condition (Definition 2.3.2). O

REMARK 4.2.7. We observe that Proposition 4.2.5 and Theorem 4.2.6 have been obtained by
Gaffney [18] in the setting of fair complex polynomial mappings f: C" — CP.
REMARK 4.2.8. From Theorem 2.4.8 and Corollary 2.4.9, we may change the t-regularity

condition in Proposition 4.2.5 with the Gaffney, or Jelonek, or Kuo-KOS, or Rabier conditions
(Definition 2.4.1).

Examples

We start with an example of a mapping that is not fair:

EXAMPLE 4.2.9. Let f : R? — R2, f(x1,22,73) = (22, 2122). We have X® = X7 U X3, where
X1={([0:0:29:23],(0,t2)) € P>xR%} and Xo = {([0:0:0: 1], (t1,t2)) € P?xR? | t; > 0}.
On the other hand, we have 2% := Z N (H* x R?) = {([0: 0 : x5 : 3], (t1,t2)) € P? x R2}.
Thus X*° ;Cé Z>° and consequently X ; Z. By straightforward computations, one gets that f
is not “fair” at any point zp € X*°. Therefore we cannot use the approach of this chapter for
f- Nevertheless, we still have the equivalence of t-regularity with Gaffney condition (Theorem
2.4.8), the structure and fibration theorems (Theorem 3.1.1, items (a) and (b)). Moreover,
by straightforward computations, we obtain f(Singf) = {(0,0)} and B(f) =N (f) = S(f) =
7(X1) = {(0,t2); t2 € R}.

We use the above example to explain the following geometric fact about the sets Im f and
Imf:

ExaMPLE 4.2.10. Let f: R® — R? as in the last example, i.e, f(x1,72,23) = (23, 7122). We
have f(Singf) = {(0,0)} and image of f, denoted here by Imf, is the set Imf = {(t1,t5) € R? |
t1 > 0}U{(0,0)}. Therefore, for any point (¢1,0) € R? with t; # 0, we have (¢1,0) € Imf\Imf,
which implies (¢1,0) € B(f) (this last affirmation follows directly from the definition of B(f)).
Consequently, since (¢1,0) ¢ f(Singf) (for any t; # 0), we have the these points are only
approximated by S(f) or Noo(f).

Notice that the inclusions Imf \ Imf C S(f) and Imf \ Imf C N (f) occur for any C?
mapping f: K® — KP (in fact, these inclusions follow respectively by Theorem 3.1.1 item (a)
and Theorem 2.3.5). However, only by the definitions of S(f) and Ny (f), it is not easy to
see that Imf \ Imf C S(f) and Imf \ Imf C N(f) for C? mappings f: K" — KP.

4.3 Newton polyhedron and bifurcation values

We introduce a Newton non-degeneracy condition at infinity for polynomial mappings
F : R" — R¥ (Definition 4.3.3). Chen [6] introduced in his thesis the notion of non-degeneracy
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for mized polynomial mappings. We have worked out together a part of the settings and results
(Chen, Dias and Tibar [7]).

The non-degeneracy for polynomial mappings (Definition 4.3.3) is designed to study the
bifurcation values of F' and specially the case of non-convenient polynomial mappings (Defini-
tion 4.3.1). Thus, under this non-degeneracy condition, we obtain a result on the bifurcation
values of F' in terms of the critical values of the restrictions Fa to certain faces of the Newton
polyhedron of the components of F' (Theorem 4.3.8). This extends to mappings results ob-
tained before for mized functions by Chen and Tibar in 8, Theorem 1.1 (a)], and previously
by Némethi and Zaharia in [41, Theorem 2] for complex polynomial functions f: C" — C.

We structured this section as follows: in §4.3.1, we define the Newton polyhedron and
the Newton non-degeneracy for polynomial mappings F: R* — RF. The main results for
Newton non-degenerate mappings will be presented in §4.3.2. In §4.3.3, we compare the
Newton non-degeneracy presented here (Definition 4.3.3) with the Newton non-degeneracy
used by Bivia-Ausina [2] and we also compare the Definition 4.3.3 with the classical definition

of Khovanskif [27]. Some examples are presented in order to illustrate the results.

4.3.1 Newton polyhedron

The use of the Newton polyhedron to study the bifurcation values appears in Broughton
[4, 5], Némethi and Zaharia [41], Pham [48] in the case of complex polynomial functions and
in Chen and Tibar [8] for mixed polynomial functions (see also Chen [6]). Here, we present
the Newton non-degeneracy in the setting of polynomial mappings f: R" — RP.

Let f : R®™ — R be a non-constant polynomial function. We write f(z) =) c,2”, where

Un
n

v=(vi, ) EN"and 2" = 2" -2
Definition 4.3.1. Let f : R™ — R be a non-constant polynomial function. The support of
f is defined as supp (f) := {v € N" | ¢, # 0}. We say that f is convenient if the intersection
of supp (f) with each coordinate axis is non-empty. We denote by W the convex hull of
the set supp(f) \ {0}. The Newton polyhedron of f, denoted by I'g(f), is the convex hull of
the set {0} Usupp(f). The Newton boundary at infinity of f, denoted by Tt (f), is the union
of the faces of the polyhedron I'g(f) which do not contain the origin. By “face” we mean face
of any dimension.

Let A be a face of supp(f). The restriction of f to ANsupp(f), denoted by fa, is defined
as follows fA(2) =3, e Ansupp(f) CvT"-

Let us recall from Némethi and Zaharia [41] the definition of “bad” faces of f, which we

call here “atypical”.

Definition 4.3.2. Let f : R — R be a non-constant polynomial function. A face A of
supp(f) is called atypical if the following condition is verified:

(a) There exists a hyperplane H C R" defined by ayx1 + - -+ + apzy, = 0 (where z1,..., 2,

are the coordinates in R™) such that:
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(1) there exist 1 <14,j < n with a; <0 and a; > 0,
(ii) H Nsupp(f) = A.

The face of A C supp(f) is called strictly atypical if moreover we have
(b) The affine subspace of the same dimension spanned by /A contains the origin.

Let us now consider a polynomial mapping F' = (f1,...,fx) : R* = R*¥ n > k. For a
vector p = (p1,...,pn) € Z™, we set p := 112121]9@-, and we suppose p < 0. Let [5: R" — R
be the function Ip(v) = Y, pivi, where v € R", and we consider the restriction of I, on
supp(fi)- '

Let us denote by A3, the unique maximal face® of supp(f;) where l, takes its minimal
value dy, for 1 < j < k. For some multi-index I C {1,...,k}, we set FA{) = (fAi,)J'GI’ where

fA{) denotes the restriction of f; to the face A{,. We define:
Np = {j € {1,...,k} | Al isafaceof I'*(f;)and d], < 0}. (4.9)

Definition 4.3.3. We say that a polynomial mapping F : R — R* is Newton non-degenerate
at infinity, resp. Newton strongly non-degenerate at infinity, if for any vector p € Z™ \ {0}
with p < 0 and such that Ny # (), the following condition is satisfied:

(%) SingFa, N {z € R™ | fA{) (z) =0,Vj € Np} N (R*)" =0,
respectively
(xx) SingFa, N (R*)™ =0,

where R* = R — {0}.
In the following we shall abbreviately write “non-degenerate” or “strongly non-degenerate”.

REMARK 4.3.4. Let F = (f1,...,fr): R® — RF be a polynomial function. Let ¢ be the
number of monomials of f;, i = 1,..., k. Then the cardinality of the set {Fa, | p € Z™\ 0} is
at most (24 —1)(222—1)... (2% —1). In particular, these says that the Newton non-degeneracy

condition of F'is given by a finite number of conditions.

Definition 4.3.5. Let F' = (f1,..., fx) : R* — R* be a polynomial mapping and let p €
Z"\ 0. If Afo is an atypical (respectively strictly atypical) face of f; for all i, we say that
Ap = A%, X A% X+ X A];, is an atypical (respectively strictly atypical) face of F. We denote
by @7 (F') the set of atypical faces of F.

REMARK 4.3.6. If F is non-degenerate (respectively strongly non-degenerate) and A is an
atypical face of F', then the mapping Fa is also non-degenerate at infinity (respectively

strongly non-degenerate at infinity).

S“maximal face” means with respect to the inclusion of faces.
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Definition 4.3.7. We say that F' depends effectively on all the variables, if for every variable
z; there exists some j € {1,...,k} such that f; depends effectively on z;.

4.3.2 Newton polyhedron and polynomial mappings

In the proof of the next theorem, we will use the following notations: consider I C

{1,...,n} a multi-index, we set the following three notations:

(N-1) R :={(z1,...,2,) ER" | 2; =0,i ¢ I}.
(N-2) FI.= Figr the restriction of F' on R’
(N-3) (R :={(z1,...,2,) ER" | z; = 0iff i & I}.

Theorem 4.3.8. Let F: R" — R¥ n >k, such that F(0) = 0. If F is Newton non-degenerate
at infinity and depends effectively on all the variables then:

Noo(F) C <R’f \ (R")* U Y (f)FA(SingFA N (R*)")) , (4.10)

where o/ (F) is the set of “atypical faces” of F (Definition 4.3.5), and Noo(f) is defined as in
Definition 2.5.1.

Proof. We will show that N (F)N(R*)F C . LQ_;(F)FA(SingFA N(R*)™), which clearly implies
e.

the expression (4.10).

Let t = (t1,...,t1) € Noo(F) N (R*)*. By definition of Ny (F)®, there exist analytic
paths ¢ : ]0,e[ — R™, ¢ = (¢1,...,¢1) : |0,e[ — RF, with the properties ||p(s)|| = 1,
limg_q ||¢(s)|| = 0o and limg_,o f(¢(s)) = t, so that one has:

tig 65 1615 0000+ + a3 60

' = 0. (4.11)

We consider the following set L := {j € {1,...,n} | ¢;(s) # 0}. Since lim,_ ||¢(s)| = oo,
one has L # () and, for each j € L, we write:

¢j(s) = ;5" + hot., with z; € R, z; # 0 and p; € Z. (4.12)

We may assume (eventually after a change of coordinates) that L = {1,...,m} and
p=p1 <p2 <--- < pp (note that since limg_g ||¢(s)|| = oo, one has p < 0).

From the numbers that appear in the equation (4.12), i.e. from z1,..., 2, and p1,..., pm,
we set: xg := (T1,...,2Zm,0,...,0) € (R*)L and p := (p1,...,Pm, 9»...,9) € Z" with g € N
big enough. As in page 57, we consider the linear function [, where p is just the last vector

defined in this paragraph.

Swe are using here the Rabier function to generate the set Noo (F).
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Let Ai)L be the mazimal face of supp(fiL) where [, restricted to Supp(fiL) takes its minimal
value, which we denote by deL. We observe that, by definition of the vector p and by definition
of fF, one has A;L = Ai), di,L = di), and consequently fz'LA;', L = fi N T (in fact, for any
(v1,...,v,) € supp(fi) \ supp(f), the value of > 1", pjvi + g > i1 Vi is greater than di)L,
Vi=1,...,k). Thus, we will denote AL (resp. di) only by AL (resp. db).

Putting everything of the last two paragraph together, we may write:

fi(@(9)) = FH(@(s)) = fla; (x0)s® +heote i =1, k. (4.13)

Note that, since limg_,o f;(¢(s)) = t; and ¢; # 0, one has d; < 0 in the equation (4.13).

If pi(s) # 0, one writes p;(s) = ¢;s¥ + h.ot., p; €R, p; #0and ¢; > 0. Let I := {i €
{1,...,k} | ¢ + di, = minj<j<p{q; + d}}. From the equation (4.11), for any [ = 1,...,n,
one has:

afL,
Z it (x0)s?T% +h.o.t. — 0. (4.14)
° )
el

Since ||¢(s)|| = 1, we have min;<;<y, ¢; = 0 and therefore ¢; + di, <0, for every i € I. So,
the expression (4.14) gives:

o1%,
Z PiT C%sz (x0) = 0. (4.15)
1€l
Let x1 := (x1,...,Zm, 1,...,1). From equation (4.15), from the definitions of the vectors

xg and x1, and by the equality fiLAip = fm%, we conclude that x; € SingFa, N (R*)". The
last equality (i.e., the equality fiL P = fi A ) is explained in the paragraph before the equation
(4.13).

Suppose Na, = {j € {1,...,k} | A, is a face of I'*(f;) and d, < 0} # 0. From the
equation (4.13), by definitions of the vectors xg and x;, and by equality flL P = fm%, we have
fjA{) (x1) =0, for all j € Na,. This implies that x; € SingFa, N{z € R" | fjA% (£) =0,Vj €
Na,} N (R*)", which contradicts the Newton non-degeneracy of F.

Else, we conclude that Na, = ). In the first paragraph after the equation (4.13), we have
seen that d¥ < 0, for ¢ = 1,...,k. However, sine Na, = 0 we have dY =0, Vi (in fact, if
d? < 0 for some 4, this implies that A{, is a face of I'"(f;), which contradicts Na, =0, see
also |8, Lemma 3.1, item (a)]).

Consider the hyperplane H := {z = (21,...,2,) € R" | 37" pixi + 9> i, 1 i = 0},
where the numbers p1,...,p, and g are the same numbers which appear in the definition of
p. We have obtained that d; =0, fort=1,..., k. This implies that A; = m N H, for
i=1,...,k, which shows us that the condition (a)(ii) of Definition 4.3.2 is satisfied for all i.

Let us suppose that there exists j such that AL does not satisfy condition (a)-(i) of

"the definitions of Afm di, and fin is on the page 57.
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Definition 4.3.2. Then, from definition of the set L, one has m = n and p; < 0, for all
1 <4 < n. By hypothesis, F' depends effectively on the variable x1, which implies that there
exists some j € {1,...,k} such that f; depends effectively on the variable x;. Since p; < 0,
one obtains that d{, < 0. But this contradicts d{) =

Therefore, one has that Ap is an atypical face of F'. Moreover, since di) =0, for 1 =
1,...,k, we obtain t = Fa_(x1) € Fa,(SingFa, N (R*)"), which finishes our proof. The last
equality follows from the equality (4.13), from the definitions of x¢ and x;, and by equality

L _ .
iAi) - fz’A;' O
As a direct consequence of Theorem 4.3.8 and Corollary 2.4.9, we have

Corollary 4.3.9. Let F: R — R¥, n > k, such that F(0) = 0. If F' is Newton non-
degenerate at infinity and depends effectively on all the variables then:

NTo(F) C <R’“ V@YU U  Fo(SingFa N (R*)”)) . (4.16)

where N'T oo (f) is defined as in Corollary 2.4.9.

Now, let us give here two consequences of the Theorem 4.3.8.

Proposition 4.3.10. If F: R" — RF is strongly non-degenerate at infinity, then F(SingF)N
(R*)* and Noo(F) N (R*)* are bounded.

Proof. Firstly, we will prove by contradiction that F(SingF) N (R*)* is bounded. Thus,
suppose that F(SingF) N (R*)* is not bounded. From the Curve Selection Lemma (Milnor
[35, §3]), there exist analytic paths ¢: ]0, e[ — SingF and ¢ = (¢1,...,0%): |0,e[— R¥\ {0}
such that:

k
tim [[6(s)]| = oo, lim [ P(6(s))] = oc and ;%@)gﬁ (6() =0, for I =1,....n. (4.17)

We use notations, constructions and arguments as in the proof of the Theorem 4.3.8.
The initial exponents of ¢(s) as in (4.12) define the vectors p and x¢. The assumption
limg0 || F(¢(s))|| = oo implies that there exists some i such that di, < 0. Then, as in the
proof of Theorem 4.3.8, the face Al must be a face of I'"(f;) (see also Chen and Tibar
[8, Lemma 3.1]) and therefore one has Ny # (. From the condition ¢(s) C SingF and
comparing the orders of the expansions of the elements of (4.17), we obtain relations like
(4.14) and (4.15). If we define x; as in the proof of the Theorem 4.3.8 then these last
relations imply x; € SingFa, N (R*)", which contradicts the strongly non-degeneracy of
F (condition (x*) of Definition 4.3.3). Thus, we show that F(SingF) N (R*)* not bounded
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implies a contradiction with the hypothesis of the strongly non-degeneracy of F'. Therefore,
we conclude that F(SingF) N (R*)* is bounded.

To show that Ny (F) N (R*)* is bounded, we use Theorem 4.3.8, Remark 4.3.6 and the
first step of the proof (i.e. the fact that F(SingF) N (R*)* is bounded). From Theorem 4.3.8,
we have:

<NOO(F) N (R*)k> C Y P (SingFa O (R)"). (4.18)

A

On the other hand, by Remark 4.3.6, for any face A € &/(F), Fa is strongly non-
degenerate at infinity and, from the first step of the proof, we have that if F' is strongly
non-degenerate then F(SingF) N (R*)* is bounded. These imply that Fa(SingFa) N (R*)* is
bounded for any A € &7 (F'). Since the set of faces A € &/ (F) is finite (see Remark 4.3.4),
we conclude that AE;J%(F)FA(SingFA N (R*)™) is bounded. This and the inclusion from (4.18)

imply that Noo(F') is bounded, which ends our proof. O

Corollary 4.3.11. Suppose that F' is non-degenerate at infinity and that f; is convenient, for
anyi=1,....k. Then N(F) = 0.

Proof. We use notations, constructions and arguments as in the proof of Theorem 4.3.8, but
with the difference that t is any point in R¥, not only in (R*)¥. Since f; is convenient,
we have di, < 0 < ord¢(fi(¢(s)) for every i. Then, as in the proof of Theorem 4.3.8 and
from |8, Lemma 3.1|, the face A; must be a face of I'V(f;), for i = 1,..., k, which implies
Np = {1,...,k}. As before, we obtain vector xo, x; and equations like (4.14), (4.15), which
imply x; € SingFa, N (R*)". Since di, < 0, we have fA;;)(Xl) =0,fori=1,...,k.

Therefore, we have x; € SingFa, N{z € R" | fA%(m) = 0,Vj € Np} N (R*)", which
contradicts the non degeneracy of F' (condition (x) of Definition 4.3.3). O

Broughton [4, Proposition 3.4] showed that if a complex polynomial function f: C* — C
is convenient and Newton non-degenerate then f is tame (Definition 2.2.6), which implies
that Noo(f) = 0. Thus Corollary 4.3.11 extends to real mappings the Broughton’s classical

result.

REMARK 4.3.12. We observe that results analogous to Theorem 4.3.8, Proposition 4.3.10 and
Corollary 4.3.11 have been obtained by Chen and Tibar [8] for mixed polynomial functions.

REMARK 4.3.13. From Theorem 2.4.8 and Corollary 2.4.9, we may change in Proposition
4.3.10 and Corollary 4.3.11 the set Noo(F) with the set N'T o (F).

4.3.3 Non-degeneracy conditions at infinity
Bivia-Ausina non-degeneracy condition

Bivia-Ausina [2] has formulated a Newton non-degeneracy condition for polynomial map-

pings F': R® — R* in order to study the Jacobian problem and Lojasiewicz exponents of F'.
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His non-degeneracy condition is defined as follows:

Definition 4.3.14 (Bivia-Ausina [2, Definition 3.5]). The mapping F : R® — R¥ is non-
degenerate at infinity if the following condition is satisfied for any p = (p1,...,pn) € Z" such
h = min p; :
that p lrgnilélnpz <0

{x € (RY)" | fpy (#) =0, forallj =1,... k:} = 0. (4.19)

REMARK 4.3.15. In our constructions we have used the minimal value of the linear function
Ip(v) = 327, piv; on supp(f;), since we have considered analytic curves ¢(s) depending on
s when s — 0, while Bivia-Ausina used the maximal value of the linear function lp(v) =
> iy pivi on supp(f;) since he considered analytic curves ¢(s) depending on s when s — oc.
Modulo this difference, the original definition of Bivia-Ausina [2] coincides to the Definition
4.3.14.

In next proposition, we see how Bivia-Ausina’s definition of Newton non-degeneracy at

infinity for mappings compares to our Definition 4.3.3.

Proposition 4.3.16. Let ' = (f1,...,fx) : R* = Rk, n > k, be a polynomial mapping.
Suppose that f; is convenient, for all t = 1,..., k. If F' is non-degenerate at infinity after
Definition 4.3.14, then it is also non-degenerate at infinity after Definition 4.5.5. Moreover,

if k =mn and f; is convenient, for all i = 1,...,k, the two definitions are equivalents.

Proof. We use the notations of 4.3.1 and 4.3.2. Firstly, we prove that non-degeneracy ac-
cording to Definition 4.3.14 implies the non-degeneracy according to Definition 4.3.3. Thus,
suppose that F' = (fi,..., fx) is non-degenerate in the sense of 4.3.14 and that f; is conve-
nient, for all i = 1,..., k. Let p = (p1,...,pn) be a vector in Z™ with p = minj<,<,{p;} < 0.
Since f; is convenient for any ¢ = 1,...,k, the minimal value df) of lp on supp(f;) must be
strictly negative, for any ¢. Therefore, for any i, Ai, must be a face of ' (/f;) and consequently
Np ={1,...,k}. From this last equality and since we have assumed that F' satisfies the con-
dition (4.19), we obtain that F satisfies the condition (x) of Definition 4.3.3 and therefore F

is non-degenerate after Definition 4.3.3.

In the case n = k, let us assume that F' is degenerate at infinity under Definition 4.3.14.
Thus, there exists x; € (R*)" and a vector p = (p1,...,pn) € Z™\ {0} with 11313 p; < 0 such
<i<n

that, as before, one has A; e I't(f;) and fAi» (x1) =0, fori=1,...,k, which imply that

x1 € {x € (R")"| fAé(w) =0,Vi € Np}, where Np = {1,...,k}. (4.20)

From Euler’s identity, if we denote pxy := (p121,...,PnZy) then we have the following
equalities <VfA§, (x1),px1) = défA%) (x1) =0, for i = 1,...,n, where the last equality follows
by (4.20) . These equalities imply that the Jacobian matrix of Fa at x; evaluated at px; is
equal to zero, i.e. DF(x1)px1 = 0, which gives x; € SingFa,. This and (4.20) imply that F
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is degenerate after Definition 4.3.3. This and the first step of our proof show the equivalence

of the two definitions in the case n = k. O

We point out that the first implication in the above proposition is not an equivalence
in general, i.e., in general there exist maps F, where each f; is convenient, so that F is

non-degenerate after Definition 4.3.3 and F' is degenerate after Definition 4.3.14 (for example

[z, x9) = af — a3).

Examples

In this subsection we present examples to illustrate the results of §4.3. In particular,
the first two examples show that if we remove in Proposition 4.3.16 the condition that f; is
convenient, for ¢ = 1,...,k, then there are examples where Definition 4.3.3 does not imply
Definition 4.3.14 (Example 4.3.17), and there are examples where Definition 4.3.14 does not
imply Definition 4.3.3 (Example 4.3.18).

EXAMPLE 4.3.17. Consider F : R® — R2, F(x1,292,73) = (z1 + 22,735 — 3). We show that
F' is non-degenerate at infinity in the sense of Definition 4.3.3, but degenerate in the sense
of Definition 4.3.14. We have SingF = {(z1,22,23) € R?® | 2 = 23 = 0}, so F(SingF) =
{t = (t1,0) | t; € R} and we also have N (F) = 0.

First, we show that F' is non-degenerate after Definition 4.3.3 and that F' is degenerate after
Definition 4.3.14:
Let p = (p1,p2,p3) € Z3 such that p = 1I£1i23pi < 0. From 4.3.4, the cardinality of the set
_Z_

{Fa, | P €Z"\0} is at most 9. Describing in more detail, one has the following possibilities:

Table 4.1: Possibilities for Fa

Faces defined by p Conditions about the vector p

Fp, = (21, —3) p3 < p1 < pa;orpp < p3<p;orp=p3 <P
Fp, = (9, —13) p3 <p2 <p1

FA:& = ($1+IL‘2,—1’§) p3 < p1=Dp2

Fp, = (2,73) p2 < p1 < p3; or pa < p3 < p1; OF p2 < P1 = P3
Fps = (21 + 9, 23) p1=p2 <ps3

Fp, = (v1 + 22,25 — 23) pL=p2=p3

Fp, = (9,25 — x3) P2 =p3 < p1

Fng = (a:l,xg) p1 < p2 <p3

Fpg = (21,23 — a3) p1 <p2=p3

(a). Fp,, for i = 1,2,3,5,7,8. The Jacobian matrix of DFa,, for ¢ = 1,2,3,7, has not
maximal rank if and only if 23 = 0; and the Jacobian matrix of DFx_, for ¢ = 5,8, has not
maximal rank if and only if xo = 0. Then the strong non-degeneracy condition at infinity

is verified for Fa,, i = 1,2,3,5,7,8. Since the strong non-degeneracy condition implies the
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non-degeneracy condition, we conclude that the restrictions Fa,, for i = 1,2,3,5,7,8, verify

the non-degeneracy condition.

(b). Fp,, for i = 6,9. The Jacobian matrix of DFa_, for i = 6,9, has not maximal rank if and
only if 9 = 3 = 0. This implies that the strong non-degeneracy condition at infinity is ver-
ified for Fa,, ¢ = 6,9. Since the strong non-degeneracy condition implies the non-degeneracy

condition, we conclude that the restrictions Fa,, 7 = 6,9, verify the non-degeneracy condition.

(c). The case Fa,. From the conditions on p to define Fa, in Table 4.1 and since we have

supposed fél»iilgpi < 0, we obtain that p = ps < 0, which implies that N, = {1,2}. Thus,
<i<

since we have SingFa, = R? and SingFa, N {Fa, = 0} N (R*)3 = (), we conclude that Fp, is

strongly degenerate at infinity but F, satisfies the non-degenerate at infinity.

To finish, since we have shown that F' satisfies the condition (x) of Definition 4.3.3 in the

nine cases of Table 4.1, we conclude that F' is non-degenerate after Definition 4.3.3.

Secondly, we will show that F' is degenerate after Definition 4.3.14. In order to show this,
we consider the restriction F)ay (note that if we take p = (=1, =1, —1) then Fa_, = Fa, see
also Table 4.1). the equation Fa, = 0 has solution in (R*)3 (1 = —x9 = 23 or 71 = —19 =
—x3). Therefore F' does not satisfy the non-degeneracy condition in the sense of Definition
4.3.14.

Now, we compute F(SingF') and Ny (F). The Jacobian matrix of F is

1 1
o). (4.21)
0 2x9 —2x3

which implies that SingF' = {(x1,0,0) | z1 € R} and F(SingF) = {(¢1,0) | t1 € R}.
We now show that Mo (F) = () by using the Rabier function (see Defintion 2.3.1). From
the definition of the Rabier function (Definition 1.3.1), one has:

v(DF (1,22, 23)) = min {||(¢1, o1 + 20222, —20203)|| | (1, 02) € R? and ¢f + o5 = 1}
(4.22)
Suppose that (t1,t2) € Noo(F). Then by Curve Selection Lemma (Milnor [35, §3]), there

exist curves @(s) = (d1(s), P2(s), #3(s)) and p(s) = (¢1(s), p2(s)) such that:

lim |(s) | = oo, (4.23)
lim F(9(s)) = lim(1(5) + b(s), 63(5) — 63(s)) = (11,12), (4.24)

lim [} 6(s)| ¥(DF(6(5))) = i [6(5) [ (1(5), #1(5) + 22()2(5), ~2(s) ()| = O,
(4.25)

where ¢?(s)+¢2(s) = 1. From (4.23) and (4.25), we obtain lims_,o v(DF(¢4(s))) = 0. This and
(4.22) impliy lims_0 ¢1(s) = 0 and, since ¢3(s)+93(s) = 1, we also obtain lims_o pa(s) = £1.
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These and lims_o v(DF(¢(s))) = 0 imply lims_,0 ¢2(s) = 0 and lims_, ¢3(s) = 0. These two
last limits and (4.23) imply lims_o ||¢1(s)|| = oo.

Thus, we have obtained the limits lims_,0 ¢2(s) = 0 and lims_¢ ||¢1(s)|| = oo, which imply
limg_sq ||¢1(s) + P2(s)|| = oo. But this last limit gives a contradiction with the equality (4.24)
and we therefore conclude that Noo (F) = 0.

To finish, we compute the fibres of F'. For any critical value (¢1,0), we have:
F_l((tl, O)) = {(tl — 2,2, .TQ) | Yy S R} U {(tl — X2,T9, *.TQ) | o € R}, (426)

which is the union of two lines and these two lines intersect at the point (¢1,0,0).
If we fix € < 0, then the regular fibre of (¢1,¢) is:

F((t1,e)) = {(xl,xg,mg) ER3 |z =t — 29,03 = +1/23 — 6}. (4.27)

Therefore the regular fibre of (¢1,¢) is a hyperbolic curve and moreover, the asymptotes
of this hyperbolic curve are the lines of F~1((¢1,0)). If we fix £ > 0, the regular fiber of (¢1, )

is given by:
F~((ty,¢)) = {(tl — 9, T, /23 — z~:> | 29 < —V/e or Ve < $2}. (4.28)

EXAMPLE 4.3.18. Let F = (f1, f2): R? — R? be a polynomial mapping defined by F(z1, z2) =
(1 —x122,2). Then F is non-degenerate in the sense of Definition 4.3.14, but F is degenerate
in the sense of Definition 4.3.3.

The non-degenerate in the sense of Definition 4.3.14 follows by the fact that fA% = x2,
for any p € Z?, which implies {F, = 0} N (R*)? = (). Consequently the condition (4.19) is
satisfied for any p € Z?, which shows that F is non-degenerate after the Definition (4.3.14).

On the other hand, if we consider p = (—1,0) then Fa, = I/, Ny = {1}, and SingF, =
{(z1,£1) | 21 € R}. So, , for A # 0, we have (\,£1) € SingFa,) N {(z1,32) € R? |
fay (@1, 2) =0} N (R*)2. This show that F is degenerate in the sense of Definition 4.3.3.

In next example, we consider a non-degenerate (Definition 4.3.3) and convenient poly-
nomial mapping F: R?> — R2. Thus, we may use the Corollary 4.3.11 to conclude that
Noo(F) = 0.

EXAMPLE 4.3.19 (see also Example 5.2.4). Let F = (f1, f2): R> — R? be a polynomial
mapping defined by F(z1,72) = (21 +x2 + 2123, 21 + 222 +2122). Then fi, fo are convenient,

F is Newton non-degenerate and F(SingF') = (). Consequently, by Corollary 4.3.11, one has
Noo(F) = 0.

EXAMPLE 4.3.20. Let F: R? — R? be a polynomial mapping defined by F(z1,72) = (22 —

T1To + w%, w% —x1T0 + 2x§’) Then f1, fo are convenient and F' is non-degenerate (Definition
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4.3.3). Thus, we may use the Corollary 4.3.11 to conclude that Noo(F) = 0.

Let p € Z?. We observe that, since the polyhedrons of f; and f, are the same, the
vector p defines the same face in m and in m Moreover, one has d%, = d%
and consequently either N, = {1,2} or N, = (0. Thus, since p defines the same face in f;
and fa, we have the following possibilities for Fa, : Fa, = (22,2%), Fn, = (—2172, —2172),
Fn, = (23,23), Fa, = (23 — 2122, 22 — 2122), Fa, = (23 + 23,22 + 223), Fpy, = (—m179 +
x5, —x1w2 + 223) an Fa, = F. Therefore, in order to show that F is non-degenerate (see
Definition 4.3.3), we need only to show that, for any i € {1,...,7}, F, satisfies the condition
(%) of Definition 4.3.3.

The case Fp,, for i = 1,2,3, verifies the condition (x) of Definition 4.3.3, since {Fa, =
0} N (R*)% = 0.

Let p be a vector that defines Fa,. From the equations of Fa, one has 2p; = p;+p2 < 3p2,
which implies 0 < p; = po. This implies d{, >0, j = 1,2, and consequently N, = (. So, we
do not need to consider this face.

In the cases Fa,, for i = 5,6,7, one has that {Fa, = 0} = {(0,0)}, which implies
{Fa, =0} N (R*)2 = (. Therefore the condition (x) of Definition 4.3.3 is satisfied.

Therefore, we have shown that, for any ¢ € {1,...,7}, Fa, satisfies the condition () of
Definition 4.3.3, we have that F' is non-degenerate. Moreover, since f1, fo are convenient, we
may use the Corollary 4.3.11 to conclude that N (F) = 0.

Khovanskii non-degeneracy condition

Motivated by the definition of Khovanskii in [27] we have:

Definition 4.3.21 ([27, page 291]). Let F': R® — R* be a polynomial mapping. We say that

F' is non-degenerate if for any vector p € Z" one has:
SingFa, N{Fp, =0} N (R*)" = 0. (4.29)

The two next examples show that Definition 4.3.3 does not imply Definition 4.3.21, and

vice versa.

EXAMPLE 4.3.22. Let F' = (f1,f2): R? — R? be as in Example 4.3.18, i.e. F(x1,y) =
(71 —x123,2). Then F is non-degenerate in the sense of Definition 4.3.21, but F is degenerate
in the sense of Definition 4.3.3.

The degeneracy of F' after Definition 4.3.3 was shown in Example 4.3.18. Thus, we will
show here only the non-degeneracy of F in the sense of Definition 4.3.21. For any p € Z2,
one has fA% = x5. This implies{Fx, = 0} N (R*)? = @, which implies the condition 4.29 and

therefore we have that F' is non-degenerate after Definition 4.3.21.
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EXAMPLE 4.3.23. Let F: R? — R? be as in Example 4.3.20, i.e. F(x1,79) = (23 — 2129 +
x3, 22 — 1172 + 223). Then F is non-degenerate in the sense of Definition 4.3.3 but F is
degenerate in the sense of Definition 4.3.21.

That F'is non-degenerate after Definition 4.3.3 was shown in Example 4.3.20. Thus, we
need only to show that F'is degenerate in the sense of Definition 4.3.21. Let p = (1,1). Then
Fp, = (22 — zy, 2% — 2y) and one has the following equalities: SingFp, = R2, {Fp, =0} =
{(#,y) | #(x —y) = 0}. These implies that {(A\,A) | A € R*} C SingFa, N{Fx, =0} N (R*)?,
which implies the degeneracy of Fj, and consequently the degeneracy of F'in the sense of
Definition 4.3.21.

© 2013 Tous droits réserveés. http://doc.univ-lille1 fr



Thése de Luis Renato Gongalves Dias, Lille 1, 2013

CHAPTER 5
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Brief Resume

We discuss some consequences from the previous chapters. In §5.1, we follow Jelonek [26]
to define in a local point of view (like Definition 2.4.1) Rabier, Jelonek, Gaffney and Kuo-KOS
conditions for mappings f: X — KP, where X C K" is a smooth affine variety. Then, we
discuss Theorem 2.4.8 for these mappings (Proposition 5.1.3).

In §5.2, we discuss the problem of bijectivity of semi-algebraic mappings. As consequence
of this study and results of §4.3, we prove that if a polynomial mapping f = (f1,..., fn): R" —
R"™ is Newton non-degenerate at infinity, f; is convenient for all 7 = 1,...,n, and Singf = ()
then f is a global diffeomorphism.

To finish, we present in §5.3 a formula to compute the Euler characteristic of regular fibres

of polynomial mappings f: R" — R,
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5.1 Relative Case

In this section, we consider a smooth affine variety X C K" (K = R, C) and we suppose
that X is a global complete intersection. In other words X = {z € K" | hi(z) = ha(x) =
... = hy(z) = 0} and rank Dh(z) = r for any = € X, where h = (h1,...,hy) : K* - K" is a
polynomial mapping. With the functions of §1.4 and as in Definition 2.3.1, we have:

Definition 5.1.1. Let f: X — KP be the restriction of a C' mapping to X, with dim X > p.

We define:
Noolf) = €| 3a}jen © X, lim [l = . (61)
lim f(z;) =tand lim ||z;||8(Df(x;), Ty, X) = 0},
J—o0 J—oo

where D f(x) denotes the Jacobian of f at x; and 8 stands for relative Rabier function v (Defi-
nition 1.4.1), relative Kuo function & (Definition 1.4.3), relative Gaffney function v (Definition
1.4.4), relative Jelonek function (Definition 1.4.5).

Jelonek [26] considered the case of a smooth mapping f: X — KP, dim X > p, and proved
that B(f) C (f(Singf) U Noo(f)). On the other hand, we have obtained in Theorem 2.4.8
and Corollary 2.4.9, an equivalence between t-regularity and Rabier condition (or Gaffney,
Jelonek, Kuo-KOS conditions) for C! semi-algebraic mappings f: R” — RP and for complex
polynomial mappings f: C* — CP. These equivalences motivated the next definition and

proposition.

Definition 5.1.2. Let f: X — KP? be a polynomial mapping, with dim X > p. We say
that zop € X* satisfies Rabier condition (respectively Gaffney condition, Jelonek condition
and Kuo-KOS condition) when one uses the relative Rabier function v (respectively relatives
functions of Gaffney, Jelonek and Kuo) to generate Noo(f) and zp ¢ (771 (Noo(f)) N X>),

where X* and 7 are as in subsection “Notation (page 27)”.

Proposition 5.1.3. Let f: X — KP be the restriction of a polynomial mapping to X, with
dim X > p. Let zg € X*°. Then f is t-regular at zg if and only if f satisfies Rabier condition
(equivalently Gaffney, Jelonek and Kuo-KOS conditions) at 2.

Proof. The proof is similar to the proof of Theorem 2.4.8 and can be obtained as follows:
firstly, we obtain an interpretation to t-regularity in terms of normal vectors to X and to
the fibres of f in X (like subsection “t-regularity interpretation (page 30)”). Then, with
this interpretation and the function 17 presented in Lemma 1.4.2, which is equivalent to the

relative function of Rabier, the proof follows as in Theorem 2.4.8. O

REMARK 5.1.4. In the above proposition, we suppose that X C K" is a complete intersection
but it is possible to give this result in the general case of a smooth affine variety X. In fact,

since any manifold is locally a complete intersection (see for instance [21, Exercise 2, page
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18]), we may take a locally finite cover V := {V;} of K" such that the manifold X; := X NV}
is a complete intersection. Then we consider the normal vector fields on each X; as in “i-
regularity interpretation (page 30)” and use a partition of unity subordinate to the cover V
to obtain normal vector fields defined on X and the proof in this case follows as in Theorem
2.4.38.

5.2 Bijectivity of semi-algebraic mappings

There is a large literature concerning bijectivity of mappings (see for instance the book
[59] for references and related problems). In this section, we discuss a little about bijectivity
of semi-algebraic mappings f: R™ — R" and its relation with our work.

We start with the following evident fact: let f = (f1,..., fn): R® — R" be a C! diffeomor-
phism, i.e. 3 a C! mapping h: R® — R” such that foh = ho f = Id,,, where Id, stands for the
identity mapping of R™. Then B(fr) = 0, for any multi-index I = (41,...,7;) C {1,...,n},
1 <j<mnand fr = (fi,..., fi;). This follows by the fact that, after the change of coordinates
by h in R", we have that f; is just a projection.

The following criterion holds:

Proposition 5.2.1. Let f : R™ — R™ be a C! real semi-algebraic mapping such that Sing f =
0. If Noo(f) = 0 then f is a global diffeomorphism.
In particular, if f = (f1,-..,fn) 18 a polynomial mapping, non-degenerate at infinity,

Singf = 0 and if f; is convenient for all i =1,... ,n then [ is a global diffeomorphism.

Proof. Let Jy be the set of points at which f is not proper (see definition below). By Kurdyka,
Orro, Simon [30, Proposition 3.1], we have Noo(f) = J¢. Thus if Noo(f) = 0 then f is proper.
It is moreover a submersion since SingF’ = () by hypothesis. A proper submersion is an open
and closed mapping, a general topological fact. Thus f is a covering and it must be one-to-one
since its image R"™ is simply connected. Our first assertion follows. Remark that the final part
of this proof is actually Hadamard’s theorem (see e.g. van den Essen [59, Theorem 10.1.1]).
The second assertion follows by Corollary 4.3.11. O

Bivia-Ausina [2] proved the second statement for polynomial mappings f: R” — R™. He
obtains the properness of f, necessary for the bijectivity of f, via an interpretation of his

notion of non-degeneracy in terms of fojasiewicz exponents.

Definition 5.2.2 (Jelonek [24, Definition 3.3|). Let f: K® — KP be a continuous map. We
say that f is proper at a point t € RP if there exists an open neighborhood U of t such that
the restriction fjr-1(yy: f7Y(U) = U is a proper map. We denote by J; the set of points at
which f is not proper.

Lor NToo(f) = 0 by Corollary 2.4.9.
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EXAMPLE 5.2.3. Let F': R? — R? be the polynomial mapping defined in Example 4.3.20. The
functions fi, fo are convenient and we have that F'is Newton non-degenerate. From Corollary
4.3.11, these imply N (F) = (. However, F/(SingF') # () and F is not invertible. Therefore,
this example shows that we cannot eliminate the hypothesis SingF’ = () in Proposition 5.2.1,

in other worlds, F' Newton non-degenerate and f; convenient for all ¢ do not imply SingF’ = ().

EXAMPLE 5.24. Let F =

i.e., F(ml, 1’2)

(f1, f2): R? — R? be the polynomial mapping as in Example 4.3.19,
(1 + 22+ a:le, T+ 229 + xlxz) Then F' is non-degenerate and convenient.
We may use Corollary 4.3.11 to conclude that Noo(F) = () and, since SingF' = (), it follows
from Proposition 5.2.1 that F is a diffeomorphism. We remark that F~': R?> — R? is not a

1

polynomial mapping (F~" is a rational mapping).

In the next example, we give a polynomial function F' = (f1, fo, f3) where SingF' =
No(F) = 0, F is non-degenerate and each f; is non-convenient, i = 1,2,3. On the other
(f1, f3) then G is degenerate.

EXAMPLE 5.2.5. Let F' = (f1, fo, f3): R® = R3, F(2,y,2) = (z+yz+azy?, y, zy+2). Then Fis

Newton non-degenerate, non-convenient, SingF = () and N (F) = (). Thus, our Proposition

hand, if we consider G :=

5.2.1 yields that F' a diffeomorphism. Actually it easy to invert F' and see that it is an

automorphism. We shall also show that the mapping G: R?® — R? defined by G = (f1, f3) is
degenerate.
The Jacobian matrix of F' is given by
1+y% 22y +2z vy
0 1 0 (5.2)
Y T 1

We can see that the determinant of this matrix is equal to 1, which implies SingF" = ().
Now, we will show that F is non-degenerate. From Remark 4.3.4, the set { Fap | p € Z*\0}

has at most 21 elements. These elements are:

Table 5.1: Possibilities for Fa,

FA1_(m7yvz) FAsz(x"i_yzvva) FA15 ( +yz+xy Y,z )

Fp, = (wvyaxy) Fpy = (a:—i—yz—&—ng,y,a;y) Fpe = (37"‘3?:’4 y,z)

Fa, = (yz,y, 2) Fn,y = (yz,y, 2y + 2) Fp,. = (v +xy?,y, 7y + 2)

Fpn, = (yz,y,zy) Fn,, = (2y?,y, 2y + 2) Fp,, = (v +yz, y,ﬂsy + 2)

FAs - (ny,y,z) FAlQ = (yz+:cy27y,z) FA19 ( +ny y,xy)

Fpo = @y’ y,2y) || Fay = (Y2 + 2y’ y, 7y) Fay = (yz + oy’ y, oy + 2)
Fp, = (@,y,2y + 2) || Fay, = (T +yz,y,2y) Fpy = (x+yz +ay’,y, 2y + 2)

We have the following situation:
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(a). The cases Fp;, for ¢ = 1,...,6. Since each component of Fa; are monomials, the
condition (*) of Definition 4.3.3 is automatically satisfied. This implies the non-degeneracy

for these faces.

(b). The cases Fa;, for i = 7,8. In these cases, one has SingFn; = (), hence these faces are

non-degenerated.

(c). In the cases Fp;, for ¢ = 9,...,14, one has SingFn; = {(z,y,2) | y = 0}. This implies
SingFa; = {(7,y,2) | y = 0} N (R*)3 = (), which show the non-degeneracy for these faces.

(d). The cases Fa,, for i = 15,...,18. These cases are not possible, i.e., there is no vector
p € 73\ 0 such that Fp, = Fp,;, for any ¢ = 15,...,18. For instance, if we suppose that
there exists p = (p1,p2,p3) € Z3 such that Fp, = Fp,;, then the first function of Fa, i.e.
fA%) , gives the following conditions on p: p1 = p1 + 2p2 = p2 + p3, which implies p; = p3
and ps = 0. On the other hand, the function fA% gives the condition p3 < p; + p2. Thus,
we obtain the following conditions on p: p1 = p3, p2 = 0 and ps < p1 + p2, which implies
the contradictory condition p; = p3 and p3 < p;. Therefore, there is no vector p € Z3 such
that Fao, = Fa,;. Analogous argument show that the cases Fp,, for ¢ = 16,17,18, are not
possible.

(e). The cases Fa,,, Fa,, and Fa,,. First, we consider the case Fa . Let p = (p1,p2,p3) €
73 such that Fa,, = F, Ap- The first function of Fa, gives the following conditions on p:
p1 = p1 + 2p2, which implies po = 0. Thus, from definition of d{, and by the fact that
po = 0, one has dIl, = pq, df, = 0 and d‘;’, = p1. Since, from definition of non-degenerate,
we need only to consider vectors p € Z3 such that Ny, # ) (see Definition 4.3.3), and since
we have shown that d% = 0, which implies 2 ¢ Np, we conclude that 1 € Ny or 3 € Np,.
The equations of far and fa3 give {fa1 = 0} N (R*)3 = () and {frz =0}N (R*)3 = 0.
Therefore, since we have shown that 1 € Np or 3 € Np and {fa1 = 0} N (R*)3 = ) and
{ng = 0} N (R*)? = 0, one concludes that the condition () of Definition 4.3.3 is satisfied,

which implies the non-degeneracy of Fa,,.

Now, we consider the case Fa,,. Let p € Z® such that Fa,, = Fa,. The function fay
yields the following condition on p: p1 4 2p2 = ps + p3 and p1 > p1 + 2p2. The last inequality
implies po < 0 and consequently one obtains d% < 0. Thus, one has 2 € N. Therefore, since
{fA% =0} N (R*)3 = () and 2 € N, one concludes that the condition (x) of Definition 4.3.3 is
satisfied, which shows the non-degeneracy of Fa,,. To finish, we consider the case Fa,,. We
have that Fa,, = F and since we have seen that SingF' = (), we conclude the non-degeneracy
of Fa,,.

Therefore, we have shown the non-degeneracy of F. Now, we will show that G is de-
generate. Consider the vector p := (=1,—1,-2). Then Ga, = (zy* + yz,zy + 2) and we
observe that this face corresponds to the face Fa,, of F'. We have SingGn, = {GAp =
0} = {(z,y,2) | 2 = —xy} and N, = {1,2}. Thus, if consider (\, A, —A?), A\ € R*, one has
(A A, =A%) € SingGa, N{Ga, = 0} N (R*)3, which show that G, is degenerate.
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5.3 FEuler characteristic

Let f: R® — R"! be a smooth mapping. Let ¢ty € R*! be a regular value of f. In
this subsection we study the topology of f~!(to). More precisely, following arguments used in
the local case by Szafraniec [52, Theorem 3.1], we present a formula to compute x(f~1(to))
(Proposition 5.3.5).

We use in this section some classical definitions, which can be found in Milnor [36, §4, §5
and §6]. In special, we use the notions of degree of a mapping and index of a vector field (see
respectively Milnor [36, page 28 and page 32]).

We start with the following notation:

Definition 5.3.1. Let F: R” — R” be a C' mapping. The Jacobian function of F, denoted
by Jr, is defined as follows Jr(z) := det([DF(x)]), where det(—) denotes the determinant

Junction and [DF (x)] denotes the Jacobian matriz of F at x.
We will use in the proof of Proposition 5.3.5 the following three results:

Lemma 5.3.2 (Milnor [36, page 55]). Let M be a smooth connected 1-dimensional manifold
without boundary. Then M is diffeomorphic either to the circle S' or to the interval ]0,1].
Moreover, since ]0,1[ is diffeomorphic to R, we may assume that M is diffeomorphic either
to the circle S' or to R.

O

Lemma 5.3.3 (Szafraniec [52, Lemma 2.1 (page 79)]). Let f = (f1,..., fn_1): R® — R*1
and h: R"™ — R be smooth mappings. Let J(y )y be the Jacobian function of the map (f,h).
We define the mapping H = (f1,..., fa—1,J(sn)) and consider the Jacobian function of H
which one denotes by Jg.

Let to € R"! be a regular value of f and let xg € f~1(to), then:

(a) the restriction hys-1(,,) has a critical point at zq if and only if J s p)(w0) = 0.

(b) the restriction hy-1(1y) has a non-degenerate critical point at xo if and only if one has

\-7(f,h)(x0) =0 and jH(.%'()> 7& 0.
c) if Tirm(xo) =0 and Jg(xg) > 0 then the restriction hyr-14.y has a minimum at xg.
(f;h) [f~1(t0)

d) if Tirmy(xo) =0 and Tr(xg) < 0 then the restriction hjs—1 has a mazimum at Tg.
(f:h) [f=1(t0)

U
Lemma 5.3.4 (Szafraniec [52, Lemma 2.4 (page 82)]). Let M be a compact 1-dimensional

manifold with boundary OM. Clearly, OM is a finite set (see for instance Milnor [36, page
55]). Let h: M — R be a function of class C2. We denote by Sing(h), the set of critical
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points of h. Suppose that Sing(h) is a finite set subset of M — OM and that each critical
point of h is non-degenerate. Define my := #{x € Sing(h) | h has a minimum at x} and

m_ = #{x € Sing(h) | h has a mazimum at x}. Suppose that the following conditions are
satisfied:

(a) if x € OM then h(z) # 0;
(b) if x € OM and h(x) > 0 then g has a mazimum at x;

(c) if v € OM and h(x) <0 then g has a minimum at x.

Then, one has:

t{x € OM | h(z) > 0} —#{x € OM | h(x) < 0} = 2(my —m_). (5.3)

Proposition 5.3.5. Let f: R® — R" ! be a smooth mapping. Let to € R"! be a reqular
value of f. Let p: R® — R be the mapping defined by p(z1,...,7n) = 22 + ... +22. We
consider the mapping (f,p) : R™ — R™ and the mapping H: R™ — R", defined by H(x) :=
(f(x) = to, T(s,p)()), where T, is the Jacobian function of (f,p) (see Definition 5.5.1).
Then there exists Ry € R such that

(i) deg (Hg—go = % (ﬁ{x € fte) N Sﬁ_l}) , for any R > Ry.

(i) deg (i) = X(f~ (), for any R > Ro,

where
H n— n—
IIHgll . SPH0) = S7H0) (5.4)
x — H(z)
IH ()|’
for R > Ry.

Proof. We may suppose that all critical points of pjs-1(,) are non-degenerate (otherwise,
we take p close enough to p so that the number in the left size of equations in items (i)
and (ii) are the same with p and the critical points of Plf—1(ty) are non-degenerate). Let
{x1,..., 2} C f~1(to) be the critical points of the restriction PlF1(to)"

By definition of H and from Lemma 5.3.3 item (a), one has {z1,...,z,} = H~1(0,0).
From Lemma 5.3.3 item (b), we have J(y ) (x;) = 0 and Ju(x;) # 0, for i = 1,...,m. Thus,
since {z1,...,2m} = H71(0,0) and Jg(x;) # 0, one concludes that (0,0) € R*! x R is a

regular value of H.
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Let Ry € R such that {z1,...,2zmn} C Bg,(0) and, for any R > Ry, we define the following

sets:

my = {x€ H0,0)NBg | Ju(z) >0}, (5.5)
m_ = {x € H0,0)NBg| Ju(x) < 0}. (5.6)

If one considers the mapping

Hp

. n—1 n—1
T Sk 0) — S71(0) (5.7)
T H@)
then:
He N
deg(||HR|>‘ + T (58)

where the equality (5.8) follows by definition of index of a mapping (see for instance Milnor
[36, 85 and Lemma 4 (page 37)|).

Now, we observe that from Lemma 5.3.3, items (c) and (d), one has the following equal-
ities: my = {x € H'(0,0) | pjg-1() has a minimum at 2} and m_ = {z € H1(0,0) |
Plf—1(ty) has a maximum at z}. We also observe that all conditions of Lemma 5.3.4 are sat-

isfied for p(z) = 2% + ...+ 22, and for the compact 1-dimensional manifold B%(0) N f~*(to),

where B} (0) denotes the topological closure of the n-dimensional Euclidean ball of radius R.

So, from Lemma 5.3.4 and by equality (5.8), one obtains:

ader () = o € £ NSE | plo) > 0) 5l € £ )N SE ) <0). (59
[x]

Since #{z € f~1(to) N SE " | p(z) < 0} = 0, we obtain the following equality:

adeg () = o € £ NS (5.10)
R
which shows item (i).

To finish, we will show that x(f ™ (t0)) = 3i{z € f~(to) N Si '}, for any R > Ry.
We have supposed that tg is regular value. So, one has that f~!(to) is a smooth manifold
of dimension one. Let {C;}\_, be the connected components of f~1(tp). From Lemma 5.3.2,

we may suppose that there exist k£ <[ such that:

G, =R, forl<i<k,
(5.11)

C; =8, fork<i<l.
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From the properties of the Euler characteristic, one has x(S!) = 0, x(R) = 1 and x(f1(t0)) =
Zﬁ:l x(C;). This last equality follows by the fact that f~1(to) is disjoint union of {C;}, and
by the fact that the Euler characteristic of disjoint union of two manifolds is equal to the sum
of their Euler characteristics. Thus, from these properties of Euler characteristic, we conclude
that:

l k

X(f7H(t0) =D x(C) =D x(C) =k, (5.12)

i=1 i=1

where the second equality follows from (5.11) (C; = S*, for k < i <) and from x(S!) = 0; the

last equality of (5.12) follows again from (5.11) (C; = R, for 1 <i < k), and from x(R) = 1.
Let us assume that the following condition hold: there exists Ry € R such that #{z € R" |

ze€C N Sﬁ_l} =2 forany R > Ry and for 1 < i < k (the proof of which will be given

below). If we assume this condition then:

k
Y #Hz eR" |z eC;n Sy} =2k =2x(f"(t)), for any R > Ry, (5.13)
i=1
where the last equality follows by (5.12).
Now, since the connected components Cx11,...,C; are compact, there exists Ry € R such

that Ué:k+1ci C BRzO (0). Therefore, for any R > max{Ry, Ry, Ro}, one has:

k
adeg () = o € £ 0) NS 1) = SoteeGnsi) =2 ), G4
=

where the first equality of (5.14) follows by (5.10); the second equality follows by the fact that
R > Ry, which implies that F o) N SE ! = (UF,C;) N SR and, finally, the last equality
of (5.14) follows by (5.13). Therefore, from (5.14) one obtains item (ii), as desired.

Now, we prove the condition: ¢ (%) there exists By € R such that #{z € R" | z €
¢ N S}%ﬁl} =2, forany R > Ry and for 1 <i < k.

Remember that we have assumed C; £ R, for 1 <14 < k. Fix i and take Ry € R such that
B}, (0) contains the critical values of pjc,. We will prove the condition (x) by contradiction.

First, suppose that for some R > Ry, we have j:tS%fl NC; = 1 and let z be the unique
element in this intersection. This implies that C; is a disjoint union of the three connected sets
(BR0)NCy)U{z} U ((R™\ BE(0)) NC;). Since (BE(0) N C;) U{z} is connected and compact,
we obtain that R = C; can be written as a digjoint union of a connected and compact set
(BR(0)NC;) U{z} with a open connected set ((R™\ B%(0)) NC;. But this is impossible in R

and consequently in C;.

Now, suppose that for some R > Ry, we have that jjSE_l NC; > 2 and let 21, 29, 23 be
three elements in this intersection. Since C; = R, we have that C; \ {21, 22, 23} is a disjoint

union of four connected sets Zi, Zs, Z3, Z4 and we may suppose that (Z2 U {z1,22}) and
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(23 U {22, 23}) are compact sets (where the last condition follows by the fact R = C; and
therefore C; \ {#1, 22, 23} is just R minus three points). Since we have supposed that B}(0)
contains the critical points of pic,, one has that S}%_l is transverse C; at z9, which implies that
at least one of the intersections Z N (R™\ B%(0)), 23N (R™\ B}(0)) is not empty. Thus, one
may assume that Zo N (R™\ B%(0)) is not empty. From this last condition, by definition of p
and since p(21) = p(z22), one has that p|z,u(z,,z,) has a critical point in Z N (R™ \ BR(0)).
But this contradicts the fact that Bj(0) contains the critical points of pic,.

Therefore, we conclude that for any R > Ry, one has that jjSEfl N C; = 2, which finishes
the proof of the condition (%) and consequently the proof of proposition. O

http://doc.univ-lille1.fr
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