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Notation and abbreviations

Notations Descriptions

i.i.d. Independent identically distributed.
LSE Least squares estimator.
MLE Maximum likelihood estimate.
NNS Nearly nonstationary.
CDF Cumulative distribution function.
AR(d) Autoregressive process of order d.
yn,k The first order nearly nonstationary process (yn,k, k ≤ n, n ≥ 1).
εk i.i.d.random variables, innovations of nearly nonstationary pro-

cess.
φ̂n The least squares estimate in first order nearly nonstationary pro-

cess.
ε̂k The estimated residuals from first order nearly nonstationary pro-

cess.
R The real numbers set.
N The natural numbers set.

D[0, 1] Skorohod (CÀDLÀG functions) space on [0, 1].
C[0, 1] Continuous functions space on [0, 1].
C1[0, 1] Space of fonctions on [0, 1] with continuous derivative.
Ho
α[0, 1] Separable Hölder space with index α on [0, 1].
R−−−→

n→∞
Convergence in distribution in R.

E−−−→
n→∞

convergence in distribution in a metric space E.
P−−−→

n→∞
Convergence in probability.

D= Equality in distribution.
Continued on Next Page…
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NOTATION AND ABBREVIATIONS

Table 1 – Continued

Notations Descriptions

W A standard Wiener process (W (t), t ∈ [0, 1]).
Uγ An Ornstein-Uhlenbeck process (Uγ(t), t ∈ [0, 1]).

N(µ, σ2) Gaussian distribution with mean µ and variance σ2.
W pl
n The polygonal line process (W pl

n (t), t ∈ [0, 1]) build on i.i.d. ran-
dom variables.

Spl
n The polygonal line process (Spl

n (t), t ∈ [0, 1]) build on yn,k’s.
Ŵ pl
n The polygonal line process (Ŵ pl

n (t), t ∈ [0, 1]) build on residuals.
‖f‖∞ Uniform norm of function f in the Skorohod and continuous func-

tions space.
‖f‖α Norm of the function f in the Hölder space Ho

α.
log(n) Natural logarithm.
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Asymptotic results on nearly nonstationary processes

Abstract

We study some Hölderian functional central limit theorems for the polygonal
partial sum processes built on a first order nearly nonstationary autoregressive
process yn,k = φnyn,k−1 + εk and its least squares residuals ε̂k with φn converging
to 1 and i.i.d. centered square-integrable innovations. In the case where φn = eγ/n

with a negative constant γ, we prove that the limiting process depends on Ornstein
– Uhlenbeck one. In the case where φn = 1 − γn/n, with γn tending to infinity
slower than n, the convergence to Brownian motion is established in Hölder space
in terms of the rate of γn and the integrability of the εk’s.

We also investigate some epidemic change in the innovations of the first order
nearly nonstationary autoregressive process AR(1). Two types of models are con-
sidered. For 0 ≤ α < 1, we build the α-Hölderian uniform increments statistics
based on the observations and on the least squares residuals to detect the short
epidemic change in the process under consideration. Under the assumptions for
innovations we find the limit of the statistics under null hypothesis, some condi-
tions of consistency and we perform a test power analysis. We also discuss the
interplay between the various parameters to detect the shortest epidemics.

vii



Résultats asymptotiques sur des processus quasi non
stationnaires

Résumé

Nous étudions certains théorèmes limite centraux fonctionnels hölderiens pour
des processus autorégressifs d’ordre un quasi non stationnaires yn,k = φnyn,k−1+εk
et leurs résidus au sens des moindres carrés avec φn → 1 et des innovations i.i.d.
centrées, de carré intégrable. Dans le cas φn = eγ/n avec γ < 0, la limite en
loi est une fonction d’un processus d’Ornstein-Uhlenbeck intégré. Dans le cas
φn = 1 − γn/n avec γn → ∞, γn/n → 0, la convergence vers le mouvement
brownien est établie dans l’espace de Hölder en termes de vitesse de divergence
γn et d’intégrabilité des innovations εk.

Nous considérons également une rupture épidémique dans les innovations de
pro- cessus autorégressifs d’ordre un quasi non stationnaires AR(1). Deux types
de modèles sont considérés. Pour 0 ≤ α < 1 nous construisons une statistique α-
hölderienne basée sur les accroissements uniformes des observations ou des résidus
pour détecter une courte rupture épidémique dans les processus considérés. Sous
certaines hypothèses pour les innovations, nous trouvons la loi limite de la statis-
tique sous l’hypothèse nulle, les conditions de consistance et nous effectuons une
analyse de la puissance du test statistique. Nous discutons également l’interaction
entre les différents paramètres pour la détectabilité des plus courtes épidémies.
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Beveik nestacionarių procesų asimptotiniai rezultatai

Santrauka

Disertacijoje nagrinėjami dalinių sumų laužčių procesai sudaryti iš pirmos eilės
beveik nestacionaraus proceso yn,k = φnyn,k−1 + εk bei jo mažiausių kvadratų
liekanų ε̂k, kai φn → 1 ir inovacijos yra nepriklausomi, vienodai pasiskirstę ir
bent kvadratu integruojami atsitiktiniai dydžiai su nuliniu vidurkiu. Įrodomos
funkcinės ribinės teoremos šiems laužčių procesams Hiolderio erdvėje. Kai φn =
eγ/n, γ < 0, įrodoma, kad ribinis procesas priklauso nuo Ornsteino–Uhlenbecko
proceso. Kitu atveju, kai φn = 1 − γn/n ir γn artėja į begalybę lėčiau nei n,
įrodomas konvergavimas į Brauno judesį Hiolderio erdvėje, atsižvelgiant į γn di-
vergavimo greitį bei inovacijų integruojamumą.

Toliau nagrinėjamas epideminio pasikeitimo modelis beveik nestacionaraus
pirmos eilės autoregresinio proceso inovacijoms. Nagrinėjami du modeliai. Iš
stebėjimų bei liekanų konstruojama tolydžiųjų prieaugių α-Hiolderio statistika,
kai 0 ≤ α < 1. Remiantis prielaidomis inovacijoms, randama statistikos ribinis
procesas prie nulinės hipotezės, suderinamumo sąlygos, atliekama galios analizė.
Taip pat aptariamas parametrų sąryšis siekiant aptikti kuo trumpesnį epideminį
pasikeitimą.

ix



Résumé étendu de la thèse

Sujet de recherche

Cette thèse est consacrée à une analyse du comportement asymptotique de
processus autorégressifs d’ordre un quasi non stationnaires. Nous considérons un
échantillon yn,1, . . . , yn,n, où yn,k est engendré par le processus autorégressif quasi
non stationnaire (ou asymptotiquement non stationnaire)

yn,k = φnyn,k−1 + εk, k ≤ n, n ≥ 1,

où φn → 1 quand n → ∞, et les innovations (εk, k = 0, . . . n) sont des variables
aléatoires centrées, au moins de carré intégrable.

Nous étudions des théorèmes limite fonctionnels pour le processus (yn,k) dans
l’espace des fonctions continues sur [0, 1] ainsi que dans les espaces de Hölder.
Nous prouvons aussi des théorèmes limite hölderiens pour les résidus au sens des
moindres carrés (ε̂k, k = 0, . . . n) du processus (yn,k). Nous utilisons deux para-
métrisations du coefficient φn : la première est φn = eγ/n (proposée par Phillips
[1987]) et la seconde φn = 1−γn/n avec γn →∞ et γn/n→ 0 quand n→∞ (pro-
posée par Giraitis et Phillips [2006]). Ces deux paramétrisations donnent des lois
limite différentes dans les théorèmes limite fonctionnels. Dans le premier cas, la
limite en loi est une fonction d’un processus d’Ornstein-Uhlenbeck intégré, tandis
que dans le deuxième cas c’est un processus de Wiener.

Dans cette thèse, nous appliquons les théorèmes limite fonctionnels obtenus
à la détection d’une rupture épidémique dans la moyenne des innovations. Plus
précisément, nous étudions le modèle

yn,k = φnyn,k−1 + εk + an,k, k ≤ n, n ≥ 1,

x
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Figure F.1 – Trajectoires des innovations et des résidus d’un AR(1) quasi non
stationnaire avec et sans rupture épidémique. Les lignes verticales marquent le
début et la fin de l’épidémie.

où

an,k = an1I∗n(k).

Ici 1I∗n(k) désigne la fonction indicatrice de l’ensemble d’indices

I∗n = {k∗ + 1, . . . ,m∗}

qui représente l’épidémie commençant à l’instant inconnu k∗ et finissant à l’instant
inconnu m∗.

Une telle épidémie se reflète dans les trajectoires de yn,k et ε̂k (voir les fi-
gures F.1 et F.2). Nous travaillons avec des statistiques d’accroissements uniformes
bâties sur les yn,k ou sur les ε̂k’s. Ces deux approches conduisent à des résultats
différents.

Pour les statistiques de test étudiées, nous trouvons la loi limite sous l’hy-
pothèse nulle d’absence de rupture. Nous étudions aussi la consistance et ana-
lysons la puissance des tests et discutons de l’interdépendance entre les divers
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Figure F.2 – Trajectoires d’un AR(1) quasi non stationnaire avec et sans rupture
épidémique. Les lignes verticales marquent le début et la fin de l’épidémie.

paramètres permettant la détection des épidémies les plus courtes possibles.

Actualité

Les processus autorégressifs quasi non stationnaires sont importants en statis-
tique et en économétrie. Une de leurs fonctionnalités essentielles est leur compor-
tement au voisinage d’une racine de module 1. Cette question a été explorée par
de nombreux auteurs : P.C.B. Phillips, L. Giraitis, N.H. Chan, etc.

Objectif et tâches

L’objectif de cette thèse est de prouver des théorèmes limite fonctionnels pour
les processus autorégressifs d’ordre un quasi non stationnaires et d’appliquer ces
résultats à la détection de ruptures de type épidémique dans la moyenne des
innovations. Les tâches de la thèse sont :

• d’analyser la convergence en loi fonctionnelle de processus ligne polygonale
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construits sur les yn,k et les résidus ε̂k ;

• de construire et étudier des statistiques de test pour les ruptures épidémiques
dans de tels processus ;

• de réaliser des expériences de simulation numérique pour la détection de
telles ruptures.

Nouveauté

Dans cette thèse nous prouvons divers théorèmes limite centraux fonctionnels
hölderiens pour les processus autorégressifs d’ordre 1 quasi non stationnaires. Nous
établissons de nouveaux résultats sur la détection de ruptures épidémiques dans
de tels processus au moyen de statistiques de type hölderien.

Méthodes

Les méthodes utilisées relèvent de la théorie des probabilités, de la statistique
et de l’analyse fonctionnelle. Les simulations sont réalisées avec le logiciel libre R.

Résultats principaux

Le processus autorégressif d’ordre un AR(1) est très important pour les appli-
cations en statistique et en économie. Le modèle autorégressif est un modèle de
séries chronologiques :

yk = φyk−1 + εk, k = 0,±1,±2,±3, . . . (1)

où les innovations (εk) apportent la variabilité dans la série chronologique. Il est
bien connu (voir par exemple Tsay [2002]), que la condition nécessaire et suffisante
pour que le modèle AR(1) dans (1) soit faiblement stationnaire est que |φ| < 1.
Lorsque le coefficient φ est égal à 1, le processus défini par (1) est non stationnaire.

En pratique, le coefficient φ est souvent estimé par moindres carrés (EMC) :

φ̂ =
∑n
k=1 ykyk−1∑n
k=1 y

2
k−1

. (2)

Quand |φ| < 1, il est bien connu (voir par exemple Mann et Wald [1943] et
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Anderson [1959]) que l’estimateur par moindres carrés standardisé est asymptoti-
quement normal. Par contre lorsque φ = 1, la loi limite de la suite convenablement
normalisée des estimateurs par moindre carré est non normale. Il a été montré par
White [1958], voir aussi Rao [1978], que cette limite est une fonctionnelle du pro-
cessus de Wiener. Evans et Savin ([1981], [1984]) ont découvert via une simulation
extensive que les propriétés statistiques de l’estimateur du coefficient et du test t
associé pour un AR(1) avec racine proche de l’unité sont proches de ceux d’une
marche aléatoire. Ce phénomène est observable même avec un échantillon de taille
100. Selon Chan et Wei [1987], en raison d’une transition non lisse entre les lois
limite pour l’estimateur par moindre carrés dans les cas |φ| < 1 et φ = 1, aucune
de ces approximations ne semble intuitive pour la loi limite de l’estimateur quand
φ est proche de un. Ceci fournit une motivation pour l’étude des processus quasi
non stationnaires.

Le processus auto régressif du premier ordre quasi non stationnaire (yn,k : k ≤ n;
n ≥ 0) est engendré par le schéma de tableau triangulaire :

yn,k = φnyn,k−1 + εk, (3)

où φn → 1, quand n→∞ et (εk) est une suite d’innovations usuellement centrées
et de variance finie σ2. L’initialisation (yn,0, n ≥ 0) est une variable aléatoire
vérifiant certaines conditions de régularité. Dans ce qui suit, nous allègerons la
notation yn,k en yk chaque fois que le contexte dissipe toute ambiguité.

Dans toute la littérature sur les processus quasi non stationnaires, le modèle
(3) est reparamétrisé en termes de proximité de φn à l’unité. Phillips [1987] utilise
la paramétrisation φn = eγ/n, où γ < 0. Des paramétrisations similaires, par
exemple, φn = 1 − γ/n avec γ > 0 ont été utilisées par Chan et Wei [1987], Cox
et Llatas [1991], Park [2003], Dzhaparidze et al. [1994] etc. L’article d’Andrews
et Guggenberger [2008] étudie la paramétrisation φn = 1 − γn/n, où γn → γ ∈
[0,∞). Phillips et Magdalinos [2007] ont défini le paramètre φn sous la forme
φn = 1 + γ/kn, γ ∈ R. En prenant γ < 0, le modèle défini par (3) est considéré
comme quasi non stationnaire. De plus, les résultats de Giraitis et Phillips [2006]
incluent le cas où φn = 1− γn/n, avec γn →∞ et γn/n→ 0, quand n→∞.

Phillips [1987] a obtenu la limite de l’EMC standardisé pour le coefficient φn,
laquelle dépend des processus de Wiener et d’Ornstein-Uhlenbeck. Sous certaines
conditions de régularité sur les innovations et l’initialisation, Giraitis et Phillips
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[2006] ont établi que l’EMC standardisé converge en loi vers une gaussienne centrée
de variance σ2.

De nombreux auteurs ont étudié le théorème limite central pour le proces-
sus quasi non stationnaire (yn,k). Phillips [1987] étudie le cas où φn = eγ/n.
Sous la normalisation n−3/2, la limite est une intégrale d’un processus d’Ornstein-
Uhlenbeck. Giraitis et Phillips [2006] ont établi la normalité asymptotique dans
le cas φn = 1− γn/n, γn →∞ et γn/n→ 0, quand n→∞.

Plusieurs auteurs ont recherché les lois asymptotiques des processus de sommes
partielles des AR(1) quasi non stationnaires pour diverses structures d’innova-
tions. Par exemple Shin [1998], avec la même paramétrisation que Phillips [1987]
a établi que le processus de sommes partielles des résidus converge en loi vers une
fonction des processus de Wiener et d’Ornstein-Uhlenbeck.

Principe d’invariance pour les processus quasi non stationnaires

Commençons par le processus de ligne polygonale bâti sur les sommes partielles
des yk :

Spl
n (t) :=

[nt]∑
k=1

yk−1 + (nt− [nt])y[nt], t ∈ [0, 1], n ≥ 1, Spl
n (0) = 0. (4)

Notre but est d’étudier son comportement asymptotique dans C[0, 1] et dans une
classe d’espaces de Hölder dans les deux cas suivants.

• Cas 1 : φn = eγ/n (la constante γ étant strictement négative) ;

• Cas 2 : φn = 1− γn
n

, γn →∞ et γn/n→ 0, quand n→∞.

Rappelons que pour α ∈ [0, 1) l’espace de Hölder

Ho
α[0, 1] :=

{
f ∈ C[0, 1] : lim

δ→0
ωα(f, δ) = 0

}
,

muni de la norme ‖f‖α := |f(0)|+ ωα(f, 1), où

ωα(f, δ) := sup
s,t∈[0,1]

0<t−s<δ

|f(t)− f(s)|
|t− s|α ,

est un espace de Banach séparable.

Examinons d’abord le cas 1. Dans le théorème ci-dessous, il est bon de noter
qu’au lieu de poser directement des hypothèses sur les εj, nous supposons une
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convergence en loi fonctionnelle de W pl
n vers W , où W pl

n est le processus de ligne
polygonale bâti sur les sommes partielles des εk. Ceci étend la portée de notre
résultat bien au-delà du cas où les εj sont i.i.d. (pour des principes d’invariance
hölderiens, dans le cas de variables aléatoires faiblement dépendantes, voir Hama-
douche [2000]).

Théorème 1. Dans le cas 1 où (yk) est généré par (3) avec φn = eγ/n, γ < 0,
supposons que la suite de lignes polygonales (n−1/2W pl

n ) converge en loi vers un
brownien standard W dans l’espace C[0, 1] ou dans l’espace Ho

α[0, 1] pour un certain
α ∈]0, 1/2[. Supposons de plus que yn,0 = oP (n1/2). Alors n−3/2Spl

n converge en loi
dans le même espace, vers le processus d’Ornstein-Uhlenbeck intégré J défini par :

J(t) :=
∫ t

0
Uγ(s) ds, 0 ≤ t ≤ 1, (5)

où

Uγ(s) =
∫ s

0
eγ(s−r) dW (r). (6)

Remarque 2. Le résultat du théorème 1 est formulé pour une variance d’inno-
vations égale à 1. Pour une variance connue égale à σ2, la conclusion du théorème
1 devient :

n−3/2σ−1Spl
n

E−−−→
n→∞

J(t), (7)

où E désigne soit C[0, 1] soit Ho
α[0, 1] pour 0 < α < 1/2.

Remarque 3. Si la variance est inconnue, le théorème de Slutsky nous autorise
à la remplacer dans (7) par son estimateur

σ̂2 := 1
n

n∑
k=1

ε̂2
k, (8)

puisque Phillips [1987] a établi que

σ̂2 P−−−→
n→∞

σ2. (9)

Compte-tenu du principe d’invariance classique de Donsker-Prohorov et du
principe d’invariance hölderien prouvé par Račkauskas et Suquet [2004a] nous
obtenons dans le cas d’innovations i.i.d. le corollaire suivant du théorème 1.

Corollaire 4. Supposons que (yk) est généré par (3) avec φn = eγ/n, γ < 0 et que
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les εk sont i.i.d. et centrés. Alors la convergence en loi de σ−1n−3/2Spl
n vers J a

lieu

• dans C[0, 1] pourvu que Eε2
1 = σ2 <∞ et yn,0 = oP (n1/2) ;

• dans Ho
α[0, 1] pour α = 1/2− 1/p > 0, sous les conditions

lim
t→∞

tpP (|ε1| ≥ t) = 0, (10)

et yn,0 = oP (n1/2).

Passons maintenant au comportement asymptotique de Spl
n dans le cas 2, où

φn = 1 − γn/n et γn → ∞ plus lentement que n. Commençons par le théorème
limite central fonctionnel dans C[0, 1].

Théorème 5. Supposons que le processus (yk) est généré par (3) avec φn =
1 − γn/n, où (γn) est une suite de réels positifs telle que γn → ∞ et γn/n → 0,
quand n→∞. Supposons aussi que les innovations (εk) sont i.i.d., que Eεk = 0,
Eε2

k = 1 et que yn,0 = oP (n−1/2(1− φn)−1). Alors

n−1/2(1− φn)Spl
n

C[0,1]−−−−→
n→∞

W.

Ensuite nous étendons le théorème 5 en prouvant la convergence de Spl
n dans des

espaces de Hölder, bien sûr sous une hypothèse d’intégrabilité des εk plus forte que
l’existence du moment d’ordre deux. La nécessité d’une restriction supplémentaire
sur la divergence de γn telle (11) ci-dessous et le cas échéant, l’optimalité de cette
dernière demeure une question ouverte.

Théorème 6. Supposons que (yk) est généré par (3) φn = 1 − γn/n, où (γn)
est une suite de réels positifs telle que γn → ∞ et γn/n → 0, quand n → ∞.
Supposons aussi que les innovations (εk) sont i.i.d., centrées, de variance 1 et
vérifient (10) pour un certain p > 2. Alors pour 0 < β < α = 1

2 − 1
p
,

n−1/2(1− φn)Spl
n

Ho
β [0,1]
−−−−→
n→∞

W,

pourvu que yn,0 = oP (n−1/2(1− φn)−1) et

lim inf
n→∞

γnn
− β
α > 0. (11)
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Remarque 7. Si la variance est σ2, alors sous les hypothèses du théorème 5 nous
avons

n−1/2(1− φn)σ−1Spl
n

C[0,1]−−−−→
n→∞

W (12)

et sous celles du théorème 6 nous obtenons

n−1/2(1− φn)σ−1Spl
n

Ho
β [0,1]
−−−−→
n→∞

W. (13)

Remarque 8. Si la variance σ2 est inconnue, on peut grâce au théorème de
Slutsky, la remplacer dans (12) et (13) par son estimateur défini par (8) si

σ̂2 P−−−→
n→∞

σ2.

Et cette consistance est établie dans le lemme 4.3.1 de la thèse.

Ensuite nous établissons la convergence en loi dans les espaces de Hölder de
la ligne polygonale (Ŵ pl

n (t), t ∈ [0, 1]) bâtie sur les résidus (ε̂k) :

Ŵ pl
n (t) :=

[nt]∑
k=1

ε̂k + (nt− [nt])ε̂[nt]+1. (14)

Les résidus du modèle (3) sont définis par

ε̂k = yk − φ̂nyk−1 = εk − (φ̂n − φn)yk−1

où φ̂n est l’EMC du coefficient φn.

Nous obtenons une condition nécessaire et suffisante pour que le processus Ŵ pl
n

défini par (14) vérifie un principe d’invariance hölderien.

Théorème 9. Soit p > 2. Supposons que (yk) est généré par (3), où φn = eγ/n

et γ < 0 est une constante. Supposons de plus que les innovations (εk) sont des
variables aléatoires indépendantes et de même loi, centrées et de variance 1 et que
l’initialisation vérifie yn,0 = oP (n1/2). Alors

n−1/2Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ

si et seulement si la condition (10) est vérifiée. Ici A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t)

dW (t), J(t) est un processus de Ornstein-Uhlenbeck intégré défini par (5).

Remarque 10. Si la variance des innovations est σ2 connue, alors sous les condi-
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tions du théorème 9, nous obtenons

n−1/2σ−1Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ (15)

si et seulement si (10) est vérifiée.

Remarque 11. Si la variance est inconnue, on peut grâce au théorème de Slutsky,
la remplacer dans (15) par son estimateur (8) dont la consistance (9) a été établie
par Phillips [1987].

Pour le modèle du second type, nous obtenons la convergence hölderienne en loi
de n−1/2Ŵ pl

n vers un processus de Wiener sous l’hypothèse supplémentaire d’une
certaine vitesse de divergence pour γn.

Théorème 12. Supposons que (yn,k) est généré par (3) avec φn = 1 − γn/n, où
(γn) est une suite de réels positifs telle que γn →∞ et γn/n→ 0, quand n→∞.
Supposons aussi que les innovations (εk) sont i.i.d., centrées, de variance 1 et
vérifient (10) pour un certain p > 2. Posons α = 1

2 − 1
p
. Alors pour 0 < β ≤ α,

n−1/2Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W,

si yn,0 = o((1− φn)−1/2) et

lim inf
n→∞

γnn
− 2β

1+2α > 0. (16)

Remarque 13. Si la variance des innovations est σ2 connue, alors sous les condi-
tions du théorème 12, nous obtenons

n−1/2σ−1Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W. (17)

Remarque 14. Si la variance est inconnue, le théorème de Slutsky nous permet
de la remplacer dans (17) par son estimateur (8) via le lemme 4.3.1 de la thèse.

Test de rupture épidémique

Les problèmes de rupture ont une variété d’applications en économie, méde-
cine, biologie, ingénierie, etc. Les recherches concernent la détection d’un point
de rupture aussi bien que celle de multiples points de rupture. Un cas particulier
de ruptures multiples est la rupture épidémique. Pour décrire la rupture épidé-
mique, supposons que nous disposions de l’observation d’une suite X1, . . . , Xn.
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L’hypothèse nulle standard est alors

H0 : X1, . . . , Xn ont toutes le même paramètre θ0

(par exemple espérance, médiane, variance, etc.) contre l’alternative

HA : il existe des entiers 1 < k∗ < m∗ < n tels que

θ1 = . . . = θk∗ = θm∗+1 = . . . = θn = θ0 et θk∗+1 = . . . = θm∗ = θA.

Ici k∗ désigne l’instant ou le lieu (inconnus) de démarrage de l’épidémie,m∗ désigne
sa fin et nous notons `∗ = m∗−k∗ la longueur de la rupture épidémique. Autrement
dit, d’abord le paramètre θ est dans un certain état, puis à un certain instant
(point) une rupture se produit (la valeur de θ passe de θ0 à θA) et après une
certaine durée (un certain segment), son état retourne à l’état initial.

Pour détecter une rupture épidémique, on peut construire la statistique d’ac-
croissements uniformes :

T0,n(X1, . . . , Xn) = max
1≤k,`≤n

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ (18)

À notre connaissance, le problème de rupture épidémique pour des variables aléa-
toirees i.i.d. a été formulé pour la première fois par Levin et Kline [1985] (voir aussi
Csörgő et Horváth [1997] section 1.4). On peut mentionner aussi d’autres statis-
tiques pour ce problème : Gombay [1994] étudie des statistiques de rang et signe ;
Siegmund [1986] considère un cadre paramétrique pour la détection du segment
modifié ; Lombard [1987] propose des tests non paramétriques ; Yao [1993] étudie
divers tests paramétriques pour détecter une rupture épidémique pour l’espérance
d’une suite de gaussiennes i.i.d.

Nous étudions la statistique définie par (18). Račkauskas et Suquet [2004b]
observent que cette statistique ne peut au mieux détecter que des épidémies dont
la longueur `∗ est telle que n1/2 = oP (`∗). Pour détecter de plus courtes épidémies,
Račkauskas et Suquet [2004b] ont proposé d’améliorer la statistique en la lestant.
Pour α ∈ [0, 1) etX1, . . . , Xn un échantillon quelconque, leur statistique est définie
par

Tα,n = Tα,n(X1, . . . , Xn) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ . (19)

xx



RÉSUMÉ ÉTENDU DE LA THÈSE

Račkauskas et Suquet [2004b] ont montré que pour 0 < α < 1/2, la statistique
Tα,n(X1, . . . , Xn) détecte des épidémies dont la longuer vérifie nδ = oP (`∗), où
δ = (1 − 2α)/(2 − 2α) décrôıt de 1/2 à 0 quand α crôıt de 0 à 1/2. Par la suite,
Mikosch et Račkauskas [2010] ont étudié le comportement asymptotique de Tα,n
bâtie sur des variables Xi dont la loi est à variation régulière pour α > 1/2. Du
point de vue statistique, il est intéressant d’élargir l’hypothèse d’indépendance.
Par exemple, Rastenė [2011] a étudié le problème de la rupture épidémique pour
la valeur du coefficient d’un processus autorégressif du premier ordre.

Supposons que nous disposions d’un n-échantillon yn,1, . . . , yn,n généré par

yn,k = φnyn,k−1 + εk + an,k, k = 1, . . . , n, n ≥ 1, yn,0 = 0, (20)

où le paramètre inconnu φn vérifie φn → 1, quand n → ∞, les innovations
(εk, k ≥ 1) sont des variables aléatoires i.i.d. centrées, au moins de carré inté-
grable, (an,k) étant une suite déterministe qui sera précisée ultérieurement. Notre
but est maintenant de proposer des tests pour l’hypothèse nulle

H0 : an,1 = · · · = an,n = 0

contre l’alternative épidémique :

HA : il existe 1 ≤ k∗n, 1 ≤ m∗n ≤ n tels que

an,k = an1I∗n(k), an 6= 0, 1 ≤ k ≤ n,

où I∗n est l’intervalle d’épidémie

I∗n = {k∗n + 1, . . . ,m∗n}

et 1I∗n sa fonction indicatrice. Pour ce type d’alternative, les valeurs an,k durant
la période I∗n sont vues comme une déviation épidémique de l’espérance nulle
(usuelle) des innovations et `∗n = m∗n − k∗n est appelée durée de l’épidémie.

Pour étudier de telles hypothèses, nous construisons les statistiques de test

T̃α,n = Tα,n(yn,1, . . . , yn,n), (21)

où Tα,n(X1, . . . , Xn) est défini par (19). Pour motiver ce choix, réécrivons le modèle
(20) sous la forme suivante

yn,k − τn,k = φn(yn,k−1 − τn,k−1) + εk,
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où

τn,k =
k−1∑
j=0

φjnan,k−j =
k∑
j=1

φk−jn an,j. (22)

Définissant

zn,k = yn,k − τn,k, (23)

on remarque que (zn,k) est un processus autorégressif d’ordre un quasi non sta-
tionnaire vérifiant l’hypothèse nulle. Ainsi, au vu de (23), nous sommes ramenés
au problème de rupture épidémique dans lequel une suite de variables aléatoires
dépendantes vérifiant l’hypothèse nulle est translatée par addition d’une suite dé-
terministe. C’est la raison pour laquelle la statistique semble très naturelle dans
cette situation.

Nous étudions les comportements asymptotiques des statistiques T̃n,α pour
α = 0 (statistique de Levin et Kline) et α ∈ (0, 1/2 − 1/p), p > 2 (statistique de
Račkauskas et Suquet) en nous efforçant de voir comment la surcharge höldérienne
permet la détection d’épidémies plus courtes que celles détectées par l’utilisation
de T̃n,0.

Ici nous étudions aussi deux types de processus autorégressifs d’ordre 1 quasi
non stationnaires avec le coefficient φn proche de 1 dans le modèle (20). Le premier
type correspond au coefficient

φn = eγ/n, γ < 0. (24)

Dans le second type, le coefficient vérifie

φn = 1− γn
n

où γn →∞ et γn
n
→ 0 quand n→∞. (25)

Pour toute fonction f ∈ C[0, 1] ou f ∈ Ho
α[0, 1] et 0 ≤ α < 1/2, posons :

Tα,∞(f) := sup
0<t<s<1

|f(t)− f(s)− (t− s)f(1)|
|t− s|α .

Commençons avec l’étude de la statistique de Levin et Kline T̃0,n. Considérons
d’abord le modèle (20) sous l’hypothèse nulle H0 avec le coefficient φn = eγ/n,
γ < 0. Sous l’hypothèse de moment d’ordre deux des innovations, nous obtenons
la limite en loi de cette statistique sous la forme d’une fonctionnelle dépendant
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d’un processus d’Ornstein-Uhlenbeck intégré.

Théorème 15. Sous H0, pour le modèle du premier type défini par (20) et (24),

n−3/2σ−1T̃0,n
R−−−→

n→∞
T0,∞(J),

où σ2 = Eε2
1 et J est un processus d’Ornstein-Uhlenbeck intégré J(t) =

∫ t
0 Uγ(r) dr,

t ∈ [0, 1] avec Uγ défini par (6).

Pour le modèle du second type, la loi limite de T̃0,n sous l’hypothèse nulle est
celle de T0,∞(W ).

Théorème 16. Sous H0, pour le modèle du second type défini par (20) et (25),

n−1/2(1− φn)σ−1T̃0,n
R−−−→

n→∞
T0,∞(W ), (26)

où σ2 = Eε2
1.

Nous allons voir maintenant que pour le modèle (20) avec φn = eγ/n, γ < 0, la
limite en loi de T̃α,n (α > 0) sous l’hypothèse nulle H0 est une fonctionnelle dépen-
dant d’un processus d’Ornstein-Uhlenbeck intégré, mais pour cela nous requérons
pour les innovations une intégrabilité plus forte que l’existence du moment d’ordre
deux.

Théorème 17. Dans le modèle du premier type défini par (20) et (24), supposons
que les εi vérifient la condition (10) pour un certain p > 2. Alors sous H0, pour
tout α ∈]0, 1/2− 1/p[,

n−3/2+ασ−1T̃α,n
R−−−→

n→∞
Tα,∞(J),

où σ2 = Eε2
1 et J est un processus d’Ornstein-Uhlenbeck intégré J(t) =

∫ t
0 Uγ(r) dr,

t ∈ [0, 1], avec Uγ défini par (6).

Nous obtenons ensuite la loi limite de la statistique de test T̃α,n sous l’hy-
pothèse nulle dans le modèle du second type, pour lequel dans (20) le coefficient
est de la forme φn = 1 − γn/n, γn → ∞ et γn/n → 0, quand n → ∞. La limite
sous l’hypothèse nulle H0 de cette statistique est une fonctionnelle du processus
de Wiener. Ici les conditions requises concernent non seulement le degré d’inté-
grabilité des innovations mais aussi la vitesse de divergence de γn.
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Théorème 18. Sous H0, pour le modèle du second type défini par (20) et (25),
supposons que les innovations εi vérifient la condition (10) pour un certain p > 2.
Alors pour α ∈]0, 1/2− 1/p[,

n−1/2+α(1− φn)σ−1T̃α,n
R−−−→

n→∞
Tα,∞(W )

pourvu que

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Nous étudions ensuite la consistance des statistiques de test T̃n,α. Les résultats
pratiques sont donnés par les corollaires 20 et 22. Leurs preuves sont factorisées par
le résultat générique suivant qui est d’une portée plus large. Il exprime la condition
de consistance à l’aide de la norme Hölder discrète déterministe suivante :

Tα,n(τn,1, . . . , τn,n) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
τn,j −

`

n

n∑
j=1

τn,j

∣∣∣∣∣∣
où les τn,k sont définis par (22).

Pour alléger les notations, nous omettons l’indice n dans k∗n, m∗n et `∗n.

Théorème 19. Supposons que dans le processus autorégressif du premier ordre
quasi non stationnaire défini par (20) les innovations soient i.i.d. centrées et vé-
rifient (10). Supposons de plus que pour une suite de constantes de normalisation
(bn)n≥1 la statistique bnT̃α,n soit stochastiquement bornée sous H0. Alors sous HA,

bnT̃α,n
P−−−→

n→∞
∞

si et seulement si
bnTα,n(τn,1, . . . , τn,n) −−−→

n→∞
∞. (27)

Une condition suffisante pour (27) est

anbn
(1− φn)2`∗α

(
`∗(1− φn)

(
1− `∗

n

)
− (1− φ`∗n )

(
φn −

`∗

n
φn−m

∗+1
n

))
−−−→
n→∞

∞.

Corollaire 20. Dans le modèle du premier type défini par (20) et (24), supposons
que pour un certain p > 2, (εi) satisfasse la condition (10). Soit α ∈]0, 1/2−1/p[,
alors sous HA

n−3/2+αT̃α,n
P−−−→

n→∞
∞
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pourvu que `∗2−αn−3/2+αan →∞, quand n→∞ et

lim inf
n→∞

∣∣∣∣1 + γ

2 − eγ(1−m
∗
n )
∣∣∣∣ > 0.

Tout ceci s’étend au cas particulier α = 0, en remplaçant (10) par Eε2
1 <∞.

Remarque 21. Par la condition de consistance, nous pouvons voir que plus grand
est α, plus courte est l’épidémie de longueur minimale détectable par notre sta-
tistique de test. Sans surprise, cette capacité de détection n’est pas aussi bonne
que dans le cas i.i.d., voir Račkauskas et Suquet [2004b].

Corollaire 22. Dans le modèle du second type défini par (20) et (25), supposons
que pour un certain p > 2, (εi) satisfasse la condition (10). Soit α ∈]0, 1/2− 1/p[
vérifiant

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Alors sous HA,
n−1/2+α(1− φn)T̃α,n P−−−→

n→∞
∞

sous chacune des conditions suffisantes suivantes :

1. `∗(1 − φn) tend vers ∞, lim supn→∞ `∗/n < 1 et n−1/2+α`∗1−αan tend vers
∞ ;

2. `∗(1− φn) tend vers une constante strictement positive c et n−1/2+α`∗1−αan

tend vers ∞ ;

3. `∗(1− φn) tend vers 0 et n−3/2+αγn`
∗2−αan tend vers ∞.

Tout ceci s’étend au cas particulier α = 0, en remplaçant (10) par Eε2
1 <∞.

Remarque 23. L’interprétation graphique représentée figure F.3, devrait aider
à clarifier les résultats du corollaire 22. Supposons pour simplifier que an = 1,
`∗ � na (autrement dit qu’il existe des constantes strictement positives c1, c2 telles
que pour n assez grand, c1n

a ≤ `∗ ≤ c2n
a) et que φn � nb pour des exposants

0 < a, b < 1. Pour une valeur donnée de p dans la condition (10), quels sont
les couples (a, b) pour lesquels le corollaire 22 permet la détection d’une épidémie
de longueur `∗ � na, sous réserve d’un choix convenable de α ? L’ensemble des
solutions est représenté par le domaine grisé du carré unité. La partie en gris clair
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au dessus de la diagonale correspond aux cas 1 et 2, à savoir limn→∞ `
∗(1− φn) ∈

]0,∞]. Sa frontière Ouest est un arc d’hyperbole de représentation paramétrique
a = (1− 2αpt)/(2− 2αpt), b = t où t = α/αp et αp = 1/2− 1/p. La zone en gris
foncé correspond au cas où `∗(1 − φn) tend vers 0. C’est le triangle délimité par
l’axe horizontal, la diagonale et la droite Dαp , d’équation cartésienne (2− α)a +
b− 3/2 + α = 0. Toutes les droites Dαp passent par le point commun F (1,−1/2).

Nous procédons aussi à l’analyse de la puissance du test. Nous avons calculé
la puissance empirique sur la base d’une taille ajustée (pas de la taille nominale),
c’est-à-dire en remplaçant la valeur nominale du niveau de signification par la
valeur de la fonction de répartition empirique pour les p-valeurs sous l’hypothèse
nulle. Pour plus de détails voir Davidson et MacKinnon [1994]. Par exemple nous
présentons les résultats de simulations pour le modèle du second type dans la
table F.1. Les valeurs de base des paramètres choisies ici pour le modèle du second
type ( φn = 1− γn/n) sont

γn = n3/4; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0

et nous générons des innovations gaussiennes standard. Ensuite en modifiant un
par un les paramètres nous calculons la puissance empirique. Le paramètre modifié
à chaque ligne est indiqué dans la première colonne du tableau. La puissance du
test dans tous les cas est minimale pour α = 0 et crôıt avec α. Pour ce modèle,
la détection de la rupture épidémique s’améliore quand la longueur d’épidémie
augmente. Néanmoins le test détecte très bien de courtes épidémies pour les plus
grandes valeurs de α.

On remarque, que la puissance du test ne dépend pas de la localisation de
l’épidémie. Il détecte aussi assez bien une rupture de faible intensité comme an =
0.8. La puissance du test augmente avec le nombre d’observations et avec α. La
puissance du test ne varie pas beaucoup en fonction de γn.

Ensuite, pour le même modèle (20) et la même hypothèse nulle nous proposons
des statistiques de test basées sur les résidus, puisque les innovations ne sont pas
observées. En effet les résidus estiment les innovations et sont censés avoir la même
espérance et le même degré d’intégrabilité que les innovations.

Pour détecter de courtes ruptures épidémiques dans l’espérance des innova-
tions d’un processus autorégressif quasi non stationnaire du premier ordre, nous

xxvi



RÉSUMÉ ÉTENDU DE LA THÈSE
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Figure F.3 – Zone de détection dans l’espace des paramètres a, b (`∗ � na, γn �
nb) pour le corollaire 22.
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Parameters α = 0 α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.373 0.441 0.675 0.909
`∗/n = 0.050 0.758 0.859 0.974 0.996
`∗/n = 0.065 0.980 0.990 0.999 1.000

k∗/n = 0.2 0.780 0.875 0.980 0.999
k∗/n = 0.4 0.758 0.859 0.974 0.996
k∗/n = 0.8 0.783 0.877 0.981 0.998

an = 0.8 0.478 0.565 0.780 0.929
an = 1 0.758 0.859 0.974 0.996
an = 1.2 0.949 0.985 0.999 1.000

n = 500 0.422 0.480 0.676 0.813
n = 1000 0.758 0.859 0.974 0.996
n = 2000 0.997 1.000 1.000 1.000

γn = n/ ln(n) 0.754 0.847 0.970 0.995
γn = ln2.5(n) 0.758 0.844 0.972 0.995
γn = n3/4 0.758 0.859 0.974 0.996

Table F.1 – Puissance empirique au niveau de signification ajusté 0.05 pour le
modèle du second type.

construisons les statistiques d’accroissements uniformes α-hölderiens basées sur
les résidus pour 0 < α < 1 :

T̂α,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
ε̂j −

`

n

n∑
j=1

ε̂j

∣∣∣∣∣∣ .
Nous étudions à nouveau deux types de modèles. Le premier est défini par

(20) avec coefficient donné par (24), tandis que le second est défini par (20) avec
coefficient donné par (25).

Ici nous supposons que les innovations sont

i.i.d., centrées et vérifiant pour un p > 2 la condition d’intégrabilité

lim
t→∞

tpP (|ε0| > t) = 0 (28)

ou

i.i.d., centrées à variation régulière d’indice p > 2. (29)
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Nous cherchons maintenant le loi limite sous l’hypothèse nulle des statistiques
T̂α,n. Nous commençons par le premier modèle avec des innovations vérifiant (28).

Théorème 24. Dans le premier modèle défini par (20) et (24) supposons que
les innovations vérifient (28) pour un certain p > 2. Alors sous H0, pour tout
α ∈]0, αp[,

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z)

où σ2 = Eε2
1. Ici

Z(t) = W (t)− A−1BJ(t) (30)

où A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t) dW (t) et J(t) =

∫ t
0 Uγ(r) dr, t ∈ [0, 1] et Uγ est

un processus d’Ornstein-Uhlenbeck défini par (6).

Nous obtenons ensuite le résultat suivant pour le modèle du second type dont
les innovations vérifient (28).

Théorème 25. Dans le modèle du second type défini par (20) et (25), supposons
que les innovations vérifient (28) pour un certain p > 2. Alors sous H0, pour tout
α ∈]0, αp[

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(W ),

où σ2 = Eε2
1, pourvu que

lim inf
n→∞

γnn
−2α/(1+2αp) > 0.

Passons maintenant au cas des innovations à variation régulière. Si les εk sont
à variation régulière, définissons

bn = inf{x > 0 : P (|ε1| ≤ x) ≥ 1− 1/n}.

Il découle facilement de la condition sur la queue de la loi de ε1 qu’il existe une
suite à variation lente v(n), n ∈ N telle que

bn ∼ n1/pv(n) as n→∞.

Voici le résultat pour le modèle du premier type.

Théorème 26. Soit p > 2. Si les innovations εi vérifient (29) dans le modèle du
premier type défini par (20) et (24), alors sous H0,
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(a) pour tout α ∈]αp, 1]

b−1
n σ−1T̂α,n

R−−−→
n→∞

Tp

où Tp est une variable aléatoire de loi de Fréchet : P (Tp ≤ x) = e−x−p , x ∈ R.

(b) pour tout α ∈]0, αp[

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z),

où Z(t) est défini par (30) et A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t) dW (t) et J(t) =∫ t

0 Uγ(r) dr, t ∈ [0, 1], Uγ est un processus d’Ornstein-Uhlenbeck.

Pour le modèle du second type, nous obtenons le résultat suivant.

Théorème 27. Soit p > 2. Si les innovations εi vérifient (29) dans le modèle du
second type défini par (20) et (25), alors sous H0,

(a) pour tout α ∈]αp, 1]
b−1
n σ−1T̂α,n

R−−−→
n→∞

Tp

pourvu que γn = O(nq(α−αp)) pour un certain 0 < q < 2.

(b) pour tout α ∈]0, αp[ si
lim inf
n→∞

γnn
−2α

1+2αp > 0,

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(W )

Enfin, nous obtenons des conditions de consistance des statistiques de test
pour le modèle du second type. La méthode utilisée ici ne fonctionne pas avec le
modèle du premier type. Le théorème suivant traite la consistance des statistiques
T̂α,n pour le modèle du second type dans le cas où an est constant et α ∈]0, αp[.

Théorème 28. Sous HA, supposons que `∗ → ∞, `∗/n → 0 et que pour un
α ∈]0, αp[,

n−1/2+α`∗(1−α) −−−→
n→∞

∞.

Alors pour le modèle du second type défini par (20) et (25) avec des innovations
(εi) vérifiant (28) ou (29)

n−1/2+αT̂α,n
P−−−→

n→∞
∞,
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pourvu que la suite (γn) soit croissante ou à variation régulière,

lim inf
n→∞

γnn
−α/αp > 0,

et

φ̂n − φn
1− φn

= oP (1). (31)

La condition (31) est réalisée lorsque

• `∗ = o(γn) si `∗(1− φn)→∞, quand n→∞ ;

•
√
n(1− φn)→∞ si `∗(1− φn)→ 0, quand n→∞.

Voici maintenant le résultat de consistance de T̂α,n avec an constant et α ∈
]αp, 1].

Théorème 29. Sous HA, supposons que `∗ → ∞, `∗/n → 0 et que pour un
α ∈]αp, 1],

b−1
n `∗(1−α) −−−→

n→∞
∞.

Alors pour le modèle du second type défini par (20) et (25) avec des innovations
(εi) vérifiant (29),

b−1
n T̂α,n

P−−−→
n→∞

∞,

pourvu que la suite (γn) soit croissante ou à variation régulière,

γn = O(nq(α−αp)),

et

φ̂n − φn
1− φn

= oP (1). (32)

La condition (32) est réalisée lorsque

• `∗ = o(γn) si `∗(1− φn)→∞, quand n→∞ ;

•
√
n(1− φn)→∞ si `∗(1− φn)→ 0, quand n→∞.

Nous étudions la compatibilité des hypothèses sur `n et γn formulées dans les
théorèmes 28 et 29 dans le même esprit qu’à la remarque 23, voir par exemple la
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figure F.4. Ceci montre que les zones maximales de détection (obtenues en faisant
tendre p vers l’infini) ne sont pas identiques pour les statistiques basées sur les
observations yk et pour celles basées sur les résidus.

Nous effectuons une analyse de la puissance du test pour tous les modèles sous
les deux conditions pour les innovations. Dans tous les cas on voit que la valeur de
α influence la puissance du test. Considérons par exemple, le modèle du deuxième
type avec des innovations à variation régulière. Nous avons généré les innovations
comme des variables de Pareto symétriques. Pour analyser la situation du th.27
(b), nous choisissons les mêmes valeurs de α et des paramètres que dans le cas des
innovations gaussiennes, p = 20 et la normalisation n−1/2+α. Nous avons constaté
que le test n’a pas de puissance pour les petites valeurs de α mais que celle-ci
augmente avec α, n, `∗ et an (cf. table F.2).

Parameters α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.094 0.226 0.792
`∗/n = 0.050 0.173 0.630 0.959
`∗/n = 0.100 0.368 0.912 0.994

k∗/n = 0.2 0.152 0.620 0.966
k∗/n = 0.4 0.173 0.630 0.959
k∗/n = 0.8 0.141 0.627 0.963

an = 0.8 0.154 0.389 0.805
an = 1 0.173 0.630 0.959
an = 1.2 0.172 0.854 0.997

n = 500 0.039 0.124 0.509
n = 1000 0.173 0.630 0.959
n = 2000 0.706 0.997 1.000

γn = n/ ln(n) 0.085 0.555 0.944
γn = ln2.5(n) 0.057 0.445 0.949
γn = n3/4 0.173 0.630 0.95

Table F.2 – Puissance empirique au niveau de signification ajusté 0.05 pour le
modèle du second type avec des innovations à variation régulières et α < αp.

Conclusions

Nous avons étudié les processus autorégressifs d’ordre un quasi non station-
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Figure F.4 – Zones de détection dans l’espace des paramètres (`∗ � na, γn � nb)
pour le théorème 28 avec q = 1.5 et α > αp.
En gris clair le cas `∗(1− φn)→∞.
En gris foncé le cas `∗(1− φn)→ 0.
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naires yn,k = φnyn,k−1 + εk avec coefficient φn paramétrisé de deux façons :

• φn = eγ/n, γ < 0 ;

• φn = 1− γn/n, γn →∞, γn/n→ 0, as n→∞.

Nous avons étudié les processus de lignes polygonales de sommes partielles Spl
n

bâti sur les observations yn,k et Ŵ pl
n bâti sur les résidus ε̂k. Nous avons prouvé le

théorème limite central fonctionnel pour Spl
n dans les espaces C[0, 1] et Ho

α[0, 1],
α ∈]0, 1/2[. On a montré que la loi limite diffère pour les deux modèles. Convena-
blement normalisé, Spl

n converge vers un processus d’Ornstein-Uhlenbeck intégré
dans le modèle du premier type, tandis que la limite est le mouvement brownien
dans le modèle du second type. Nous avons prouvé le théorème limite central
fonctionnel pour Ŵ pl

n dans Ho
α[0, 1]. Pour le modèle du premier type, la condition

d’intégrabilité limt→∞ t
pP(|ε0| > t) = 0 est nécessaire et suffisante pour la conver-

gence en loi de Ŵ pl
n dans l’espace Ho

α[0, 1]. Pour le modèle du second type, nous
avons donné une condition suffisante pour la convergence en loi dans Ho

α[0, 1].

Ensuite nous avons étudié la détection de rupture épidémique dans l’espérance
des innovations, à travers le modèle

yn,k = φnyn,k−1 + εk + an,k, n ≥ 0, k ≤ n.

Les statistiques de test proposées sont bâties sur les accroissements uniformes
de sommes partielles des observations yn,1, . . . , yn,n et des résidus ε̂1, . . . , ε̂n. Sous
certaines conditions sur les innovations, nous avons obtenu la loi limite de ces
statistiques de test sous l’hypothèse nulle. Nous avons aussi établi la consistance
de ces statistiques Tα,n(yn,1, . . . , yn,n) et Tα,n(ε̂1, . . . , ε̂n) et effectué une analyse de
la puissance de ces tests.
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Disertacijos santrauka

Disertacijoje pateikiama pirmos eilės beveik nestacionarių procesų asimptotiniai
rezultatai. Nagrinėjama yn,1, . . . , yn,n imtis, čia yn,k yra generuojamas pirmos eilės
beveik nestacionariu autoregresiniu procesu

yn,k = φnyn,k−1 + εk, k ≤ n, n ≥ 1,

φn → 1, kai n → ∞, inovacijos (εk, k = 0, . . . n) yra centruotos ir bent kvadratu
integruojamos.

Darbe nagrinėjamos funkcinės ribinės teoremos tolydžiųjų funkcijų bei Hiol-
derio erdvėse procesui (yn,k). Taip pat, nagrinėjamo proceso mažiausių kvadratų
liekanoms (ε̂k, k = 0, . . . n) įrodomos funkcinės ribinės teoremos Hiolderio erdvėje.
Naudojama dviejų tipų koeficiento φn parametrizacija: pirmoji φn = eγ/n (pasiū-
lyta Phillips [1987]), antroji φn = 1 − γn/n su γn → ∞ ir γn/n → 0, kai n → ∞
(pasiūlyta Giraičio bei Phillips [2006]). Šios dvi parametrizacijos lemia skirtin-
gus funkcinių ribinių teoremų rezultatus. Pirmuoju atveju riba yra funkcionalas,
priklausantis nuo integruoto Ornsteino-Uhlenbecko proceso, o antruoju atveju –
Vynerio procesas.

Disertacijoje funkcinės ribinės teoremos taikomos inovacijų vidurkio epidemi-
nio pasikeitimo testavimui, t.y., nagrinėjamas modelis

yn,k = φnyn,k−1 + εk + an,k, k ≤ n, n ≥ 1,

čia

an,k = an1I∗n(k).
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L.1 pav.: Beveik nestacionaraus AR(1) proceso liekanų trajektorija su pasikeiti-
mu ir be jo. Vertikalios mėlynos linijos žymi epideminio pasikeitimo pradžią ir
pabaigą.

1I∗n(k) yra indeksų aibės

I∗n = {k∗ + 1, . . . ,m∗}

indikatoriaus funkcija. k∗ ir m∗ atitinkamai žymi nežinomą epideminio pasikei-
timo pradžią bei pabaigą. Toks epideminis pasikeitimas atsispindi yn,k bei ε̂k
trajektorijose (L.1 ir L.2 paveiksliukai). Taigi, nagrinėjama tolydžiųjų prieau-
gių statistika, sudaryta tiek iš yn,k, tiek iš ε̂k. Abiem atvejais gaunami skirtingi
rezultatai.

Nagrinėjamai statistikai surandama riba prie nulinės hipotezės "nėra pasikeiti-
mo". Taip pat nagrinėjamas statistikos suderinamumas, atliekama galios analizė
ir aptariamas sąryšis tarp įvairių parametrų, kuris padėtų aptikti trumpiausią
pasikeitimą.

xxxvi



DISERTACIJOS SANTRAUKA

0 50 100 150 200

−
5

0
5

10
15

20

φn = exp(γ n)

Index

With change
Without change

0 50 100 150 200

−
4

−
2

0
2

4
6

φn = 1 −
γn

n

With change
Without change

L.2 pav.: Beveik nestacionaraus AR(1) proceso trajektorija su pasikeitimu ir be
jo. Vertikalios mėlynos linijos žymi epideminio pasikeitimo pradžią ir pabaigą.

Aktualumas

Beveik nestacionarūs autoregresiniai procesai yra svarbūs statistikoje bei eko-
nometrijoje. Svarbi šių procesų savybė yra jų elgesys šalia vienetinės šaknies. Šis
klausimas buvo nagrinėjamas daugelio autorių, pvz., P.C.B. Phillips, L. Giraitis,
N.H. Chan, ir t.t.

Tikslai ir uždaviniai

Disertacijos tikslas – įrodyti funkcines ribines teoremas pirmos eilės beveik
nestacionariems autoregresiniams procesams ir taikyti jas inovacijų vidurkio epi-
deminio pasikeitimo testavime. Disertacijos uždaviniai:

• ištirti laužčių proceso sudaryto iš yn,k’s bei ε̂k funkcinį konvergavimą;

• sukonstruoti ir ištirti testo statistiką epideminio pasikeitimo testavimui;

• atlikti skaitinius eksperimentus epideminio pasikeitimo aptikimui.
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Naujumas

Disertacijoje įrodome funkcines ribines teoremas Hiolderio erdvėje pirmos ei-
lės beveik nestacionariems autoregresiniams procesams. Įrodomi nauji rezultatai
epideminio pasiketimo aptikimui naudojant Hiolderio tipo statistiką beveik nesta-
cionariems procesams.

Metodai

Naudojami tikimybių teorijos, statistikos ir funkcinės analizės metodai bei
rezultatai. Skaitiniai eksperimentai atliekami naudojantis programa R, skirta
statistiniams skaičiavimams bei grafinei analizei.

Pagrindiniai rezultatai

Pirmos eilės autoregresinis procesas AR(1) yra svarbus procesas statistikos ir
ekonomikos taikymuose. Autoregresinis modelis yra laiko eilučių modelis:

yk = φyk−1 + εk, k = 0,±1,±2,±3, . . . (33)

čia (εk) yra inovacijos ir parodo laiko eilutės kintamumą. Gerai žinoma (žr.,
pavyzdžiui Tsay [2002]), kad AR(1) modelio apibrėžto (33) formule silpnam sta-
cionarumui būtina ir pakankama sąlyga yra |φ| < 1. Procesas, apibrėžtas (33)
formule, vadinamas nestacionariu, kai koeficientas φ lygus 1 .

Praktikoje koeficientas φ dažnai įvertinamas naudojant mažiausių kvadratų
metodą (MKM):

φ̂ =
∑n
k=1 ykyk−1∑n
k=1 y

2
k−1

. (34)

Jei |φ| < 1, tai gerai žinoma, kad tinkamai standartizuotas MKM įvertinys yra
asimptotiškai normalus atsitiktinis dydis su nuliniu vidurkiu ir baigtine dispersija
N(0, σ2) (žr., pavyzdžiui, Mann ir Wald [1943] bei Anderson [1959]). Tačiau,
jei φ = 1, tai standartizuoto MKM įvertinio ribinis skirstinys yra funkcionalas,
priklausantis nuo Vynerio proceso (žr., White [1958], Rao [1978]). Evans ir Savin
([1981], [1984]) skaitiniais eksperimentais parodė, kad stacionaraus AR(1) proceso
koeficiento įverčio ir atitinkamos t statistikos savybės panašios į nestacionaraus
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proceso savybes, kai koeficientas yra arti vieneto. Ši savybė jau pastebima, kai
imties dydis yra apie 100. Pasak Chan ir Wei [1987], dėl netolygaus perėjimo
tarp dviejų ribų, kai |φ| < 1 bei φ = 1, nė viena iš šių aproksimacijų neatrodo
intuityvi, kai φ arti vieneto. Taigi, buvo pradėti nagrinėti, taip vadinamieji, beveik
nestacionarūs arba beveik integruoti procesai.

Beveik nestacionarus pirmos eilės autoregresinis procesas (yn,k : k ≤ n;n ≥ 0)
generuojamas pagal trikampio masyvo schemą

yn,k = φnyn,k−1 + εk, (35)

čia φn → 1, kai n → ∞, (εk) yra inovacijų seka, įprastai su Eεk = 0 ir baigtine
dispersija σ2. Pradinė reikšmė (yn,0, n ≥ 0) yra atsitiktinis dydis, kuris tenkina
tam tikras reguliarumo sąlygas. Toliau supaprastinsime žymėjimus, rašydami yk
vietoje yn,k kiekvieną kartą, kai kontekste neatsiras dviprasmiškumo.

Literatūroje, susijusioje su beveik nestacionariais procesais, (35) modelyje ko-
eficientas φn yra parametrizuojamas, siekiant tiksliau apibrėžti artėjimą prie vie-
neto. Phillips [1987] naudojo parametrizaciją φn = eγ/n, čia γ < 0. Panašias
parametrizacijas, pavyzdžiui, φn = 1− γ/n su γ > 0 naudojo Chan ir Wei [1987],
Cox ir Llatas [1991], Park [2003], Dzhaparidze et al. [1994] ir t.t. Andrews bei
Guggenberger [2008] straipsnyje koeficieną φn apibrėžė kaip φn = 1 − γn/n, čia
γn → γ ∈ [0,∞), o Phillips ir Magdalinos [2007] φn = 1 + γ/kn, γ ∈ R. Jei γ < 0,
tai modelis apibrėžtas (35) formule tampa beveik nestacionariu. Pastebėkime,
kad Giraičio bei Phillips [2006] rezultatai įtraukia atvejį, kai φn = 1 − γn/n, čia
γn →∞ ir γn/n→ 0, kai n→∞.

Phillips [1987] nustatė, kad koeficiento φn standartizuoto MKM įvertinio riba
priklauso nuo Vynerio ir Ornsteino-Uhlenbecko procesų. Su kai kuriomis regulia-
rumo prielaidomis inovacijoms, Giraitis ir Phillips [2006] įrodė, kad standartizuo-
tas MKM įvertinys konverguoja pagal pasiskirstymą į normalųjį dėsnį su nuliniu
vidurkiu ir dispersija σ2.

Keletas autorių nagrinėjo centrines ribines teoremas beveik nestacionariems
procesams (yn,k). Phillips [1987], kai φn = eγ/n, su normalizavimu n−3/2 riba yra
atsitiktinis dydis, apibrėžiamas kaip integralas nuo Ornsteino-Uhlenbecko proce-
so. Giraitis ir Phillips [2006] nustatė, jog riba yra normalusis atsitiktinis dydis
N(0, σ2), kai φn = 1− γn/n, γn →∞ ir γn/n→ 0, kai n→∞.

Be to, literatūroje nagrinėjami dalinių sumų procesai, sudaryti iš mažiausių
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kvadratų liekanų beveik nestacionariems procesams su įvairia inovacijų struktūra.
Pavyzdžiui, Shin [1998] su tokiomis pačiomis prielaidomis kaip Phillips [1987] įro-
dė, kad riba yra funkcionalas priklausantis nuo Vynerio ir Ornsteino-Uhlenbecko
procesų.

Invariantiškumo principas beveik nestacionariems procesams

Pirmiausia, nagrinėjame laužčių procesą sudarytą iš yk:

Spl
n (t) :=

[nt]∑
k=1

yk−1 + (nt− [nt])y[nt], t ∈ [0, 1], n ≥ 1, Spl
n (0) = 0. (36)

Mūsų tikslas yra rasti Spl
n ribą C[0, 1] bei Hiolderio erdvėse dviem atvejais

• 1 atvejis: φn = eγ/n (γ yra neigiama konstanta);

• 2 atvejis: φn = 1− γn
n

, γn →∞ ir γn/n→ 0, kai n→∞.

Hiolderio erdvė su parametru α ∈ [0, 1)

Ho
α[0, 1] :=

{
f ∈ C[0, 1] : lim

δ→0
ωα(f, δ) = 0

}
,

ir joje apibrėžta norma ‖f‖α := |f(0)|+ ωα(f, 1), čia

ωα(f, δ) := sup
s,t∈[0,1]

0<t−s<δ

|f(t)− f(s)|
|t− s|α ,

yra separabili Banacho erdvė.

Toliau nagrinėjame (35) procesą su φn = eγ/n, γ < 0. Pastebėsime, kad vie-
toje tiesioginių prielaidų inovacijoms εj, tariame, kad galioja silpnas funkcinis
W pl
n konvergavimas į W , čia W pl

n yra laužčių procesas sudarytas iš εj. Ši prielai-
da leidžia įrodyti rezultatus ne tik nepriklausomoms, vienodai pasiskirsčiusioms
inovacijoms, bet ir bendresniu atveju, pavyzdžiui silpnai priklausomiems atsitik-
tiniams dydžiams, žr. Hamadouche [2000].

1 Teorema. 1 atveju, kai (yk) generuojamas (35) formule su φn = eγ/n, γ <

0, tarkime, kad laužčių proceso seka (n−1/2W pl
n ) silpnai konverguoja į standartnį

Brauno judesį W erdvėse C[0, 1] arba Ho
α[0, 1] su kokiu nors 0 < α < 1/2. Be to,

tarkime kad yn,0 = oP (n1/2). Tada n−3/2Spl
n silpnai konverguoja nagrinėjamose
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erdvėse į integruotą Ornsteino-Uhlenbecko procesą J apibrėžtą formule:

J(t) :=
∫ t

0
Uγ(s) ds, 0 ≤ t ≤ 1, (37)

čia

Uγ(s) =
∫ s

0
eγ(s−r) dW (r). (38)

2 Pastaba. 1 teoremos rezultatas suformuluotas, kai dispersija yra 1. Jei disper-
sija yra žinoma ir lygi σ2, tada galiojant 1 teoremos prielaidoms, gauname

n−3/2σ−1Spl
n

E−−−→
n→∞

J(t), (39)

čia E žymi C[0, 1] arba Ho
α[0, 1], kai 0 < α < 1/2.

3 Pastaba. Jei dispersija nežinoma, remiantis Slutskio teorema, (39) rezultate ji
gali būti pakeista įverčiu

σ̂2 := 1
n

n∑
k=1

ε̂2
k, (40)

nes Phillips [1987] parodė, kad

σ̂2 P−−−→
n→∞

σ2. (41)

Atsižvelgiant į klasikinį Donskerio-Prohorovo invariantiškumo principą bei į
Račkausko ir Suquet [2004a] įrodytą Hiolderio invariantiškumo principą, mes gau-
name 1 teoremos išvadą klasikiniu nepriklausomų, vienodai pasiskirsčiusių atsitik-
tinių dydžių atveju.

4 Išvada. Tarkime, kad (yk) yra generuojamas (35) formule, su φn = eγ/n, γ < 0
ir inovacijos (εk) yra nepriklausomi, vienodai pasiskirstę atsitiktiniai dydžiai su
nuliniu vidurkiu. Tada σ−1n−3/2Spl

n silpnai konverguoja į J

• erdvėje C[0, 1], jei galioja Eε2
1 = σ2 <∞ ir yn,0 = oP (n1/2);

• erdvėje Ho
α[0, 1], jei su p > 2 apibrėšime α = 1/2− 1/p ir galioja sąlygos

lim
t→∞

tpP (|ε1| ≥ t) = 0 (42)

bei yn,0 = oP (n1/2).
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Toliau nagrinėsime laužčių procesą Spl
n sudarytą iš yk, kuris apibrėžtas (36) for-

mule, čia φn = 1−γn/n ir γn →∞ lėčiau nei n. Pradėsime nuo Spl
n konvergavimo

C[0, 1] erdvėje.

5 Teorema. Tarkime, kad (yk) yra generuojamas (35) formule ir φn = 1− γn/n,
čia (γn) yra tokia neneigiamų skaičių seka, kad γn → ∞ ir γn/n → 0, kai n →
∞. Taip pat, tarkime, kad inovacijos (εk) yra nepriklausomi, vienodai pasiskirstę
atsitiktiniai dydžiai su Eεk = 0, Eε2

k = 1 ir yn,0 = oP (n−1/2(1 − φn)−1). Tada
galioja

n−1/2(1− φn)Spl
n

C[0,1]−−−−→
n→∞

W.

Toliau išplečiame 5 teoremos rezultatą, įrodydami Spl
n silpną konvergavimą

Hiolderio erdvėje, tačiau su stipresne sąlyga (εk) nei baigtinis antras momentas.
Papildomos (43) sąlygos γn divergavimui būtinumas ir optimalumas yra atviras
klausimas.

6 Teorema. Tarkime, kad (yk) yra generuojamas (35) formule ir φn = 1− γn/n,
čia (γn) yra tokia neneigiamų skaičių seka, kad γn →∞ ir γn/n→ 0, kai n→∞,
o inovacijos (εk) yra nepriklausomi, vienodai pasiskirstę atsitiktiniai dydžiai ir
tenkina (42) sąlygą kokiam nors p > 2. Tada su 0 < β < α = 1

2 − 1
p
,

n−1/2(1− φn)Spl
n

Ho
β [0,1]
−−−−→
n→∞

W,

kai yn,0 = oP (n−1/2(1− φn)−1) ir

lim inf
n→∞

γnn
− β
α > 0. (43)

7 Pastaba. Jei dispersija yra σ2, tada galiojant 5 teoremos sąlygoms, turime

n−1/2(1− φn)σ−1Spl
n

C[0,1]−−−−→
n→∞

W (44)

bei galiojant 6 teoremos sąlygoms, gauname

n−1/2(1− φn)σ−1Spl
n

Ho
β [0,1]
−−−−→
n→∞

W. (45)

8 Pastaba. Jei dispersija σ2 yra nežinoma, tai pagal Slutskio teoremą, (44) ir
(45) sąryšiuose ji gali būti pakeista įverčiu, apibrėžtu (40) formule

σ̂2 P−−−→
n→∞

σ2.
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Šis rezultatas išplaukia iš 4.3.1 lemos disertacijoje.

Toliau tiriame laužčių proceso (Ŵ pl
n (t), t ∈ [0, 1]), sudaryto iš mažiausių kva-

dartų liekanų (ε̂k), konvergavimą Hiolderio erdvėje

Ŵ pl
n (t) :=

[nt]∑
k=1

ε̂k + (nt− [nt])ε̂[nt]+1. (46)

(35) modelio liekanos apibrėžiamos taip:

ε̂k = yk − φ̂nyk−1 = εk − (φ̂n − φn)yk−1,

čia φ̂n yra koeficiento φn MKM įvertinys.

Ŵ pl
n procesui, apibrėžtam (46) formule, įrodome invariantiškumo principą bei

randame būtiną ir pakankamą sąlygą.

9 Teorema. Tegu p > 2 ir (yk) yra generuojamas (35) formule, φn = eγ/n ir
γ < 0 yra konstanta. Tarkime, kad (εk) yra nepriklausomi, vienodai pasiskirstę
atsitiktiniai dydžiai su Eε0 = 0 bei Eε2

0 = 1 ir yn,0 = oP (n1/2). Tuomet

n−1/2Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ

tada ir tik tada jei (42) sąlyga galioja. Čia A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t) dW (t)

ir J(t) yra integruotas Ornsteino-Uhlenbecko procesas, apibrėžtas (37) formule.

10 Pastaba. Jei dispersija σ2 yra nežinoma, tai galiojant 9 teoremos sąlygoms,
gauname, kad

n−1/2σ−1Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ (47)

tada ir tik tada, jei galioja (42) sąlyga.

11 Pastaba. Jei dispersija yra nežinoma, tai pagal Slutskio teoremą, (47) konver-
gavime ji gali būti pakeista dispersijos (40) įvertiniu, naudojantis Phillips [1987]
rezultatu (41).

Antrojo tipo modeliui, gauname, kad n−1/2Ŵ pl
n konvergavimas į Vynerio pro-

cesą galioja Hiolderio erdvėje su papildoma sąlyga γn divergavimo greičiui.

12 Teorema. Tarkime, kad (yn,k) yra generuojamas (35) formule ir φn = 1 −
γn/n, čia (γn) yra tokia neneigiamų skaičių seka, kad γn → ∞ ir γn/n → 0,
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kai n→∞, o inovacijos (εk) yra nepriklausomi, vienodai pasiskirstę atsitiktiniai
dydžiai ir tenkina (42) sąlygą kokiam nors p > 2. Tada su 0 < β ≤ α = 1

2 − 1
p
,

n−1/2Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W,

jei yn,0 = o((1− φn)−1/2) ir

lim inf
n→∞

γnn
− 2β

1+2α > 0. (48)

13 Pastaba. Jei dispersija σ2 yra žinoma, tai galiojant 12 teoremos sąlygoms,
gauname

n−1/2σ−1Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W. (49)

14 Pastaba. Jei dispersija yra nežinoma, tai pagal Slutskio teoremą, (49) formu-
lėje ji gali būti pakeista įvertiniu (40), naudojantis 4.3.1 lema disertacijoje.

Epideminio pasikeitimo testavimas

Pasikeitimo taško uždavinys yra plačiai taikomas ekonomikoje, medicinoje,
biologijoje ir t.t. Analizuojami klausimai susiję tiek su vieno pasikeitimo taško
aptikimu, tiek su kelių pasikeitimo taškų nustatymu. Specialus daugelio pasikeiti-
mo taškų testavimo uždavinys yra epideminis pasikeitimas. Norėdami apibūdinti
epideminį pasikeitimą, tarkime, kad turime seką X1, . . . , Xn. Standartinė nulinė
hipotezė yra

H0 : X1, . . . , Xn visi turi tą patį parametrą θ0

(pvz., vidurkį, medianą, dispersiją ir t.t.) prieš alternatyvą

HA : egzistuoja tokie sveikieji skaičiai 1 < k∗ < m∗ < n , kad

θ1 = . . . = θk∗ = θm∗+1 = . . . = θn = θ0 bei θk∗+1 = . . . = θm∗ = θA.

Čia k∗ žymi (nežinomą) laiką ar vietą, kai prasidėjo epideminis pasikeitimas, m∗

žymi pasikeitimo pabaigą, o `∗ = m∗ − k∗ yra epidemijos ilgis. Taigi, pirmiausia
parametras θ įgyja vieną reikšmę, vėliau kažkuriuo momentu parametro reikšmė
pasikeičia iš θ0 į θA, o po tam tikro periodo grįžtama į pradinę būseną.

Viena iš galimų testo statistikų epideminiam pasikeitimui aptikti yra tolygiųjų
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prieaugių statistika:

T0,n(X1, . . . , Xn) = max
1≤k,`≤n

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ . (50)

Kiek mums žinoma, pasikeitusio segmento problema nepriklausomiems, vienodai
pasiskirsčiusiems atsitiktiniams dydžiams pirmiausia buvo nagrinėjama Levin ir
Kline [1985] straipsnyje (taip pat žr. Csörgő ir Horváth [1997] 1.4 skyrių). Taip
pat, siūlome keletą kitų šaltinių: Gombay [1994] tyrė rangų ir ženklų statistikas;
Siegmund [1986] nagrinėja parametrinę statistiką epideminio pasikeitimo testavi-
mui; Lombard [1987] pasiūlė neparamerinius testus; Yao [1993] studijavo įvairius
parametrinius testus, kurie padeda aptikti vidurkio epideminį pasikeitimą.

Nagrinėjame statistiką, apibrėžtą (50) formule. Račkauskas ir Suquet [2004b]
pastebėjo, kad ši statistika gali aptikti epideminį pasikeitimą, kurio ilgis `∗ ten-
kina n1/2 = oP (`∗) sąlygą. Siekiant aptikti trumpesnį pasikeitimą, Račkauskas ir
Suquet [2004b] pasiūlė pagerinti statistiką su papildomu svoriu. Tegu α ∈ [0, 1)
ir X1, . . . , Xn yra bet kokia imtis, tada apibrėžiame statistiką

Tα,n = Tα,n(X1, . . . , Xn) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ . (51)

Račkauskas ir Suquet [2004b] parodė, kad bet kokiam 0 < α < 1/2 statisti-
ka Tα,n(X1, . . . , Xn) aptinka epidemiją, kurios ilgis yra nδ = oP (`∗), čia δ =
(1 − 2α)/(2 − 2α) yra intervale (0, 1/2). Mikosch ir Račkauskas [2010] nagrinė-
jo statistikos Tα,n ribinį elgesį su reguliariai kintančiai atsitiktiniais dydžiais bei
α > 1/2. Be to, statistikoje įdomūs uždaviniai, kai atsisakoma atsitiktinių dydžių
nepriklausomumo sąlygos. Pavyzdžiui, Rastenė [2011] tyrė pirmos eilės autoreg-
resinio proceso koeficiento epideminį pasikeitimą.

Tarkime, turime n imtį yn,1, . . . , yn,n generuojamą

yn,k = φnyn,k−1 + εk + an,k, k = 1, . . . , n, n ≥ 1, yn,0 = 0, (52)

čia nežinomas parametras φn → 1, kai n → ∞, (εk, k ≥ 1) yra nepriklausomi,
vienodai pasiskirstę atsitiktiniai dydžiai su nuliniu vidurkiu ir baigtiniu antruoju
momentu, (an,k) yra seka, kurią apibrėšime vėliau. Mūsų tikslas yra pasiūlyti
testą, kuriuo galėtume patikrinti nulinę hipotezę

H0 : an,1 = · · · = an,n = 0
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prieš epideminę alternatyvą:

HA : egzistuoja 1 ≤ k∗n, 1 ≤ m∗n ≤ n tokie, kad

an,k = an1I∗n(k), an 6= 0, 1 ≤ k ≤ n,

čia I∗n yra epideminio pasikeitimo intervalas

I∗n = {k∗n + 1, . . . ,m∗n}

bei 1I∗n žymi intervalo indikatoriaus funkciją. Su šia alternatyva, an,k reikšmės,
epideminio pasikeitimo periodu I∗n, yra interpretuojamos kaip epideminis nuo-
krypis nuo įprastinio (nulinio) vidurkio ir `∗n = m∗n − k∗n vadinamas epideminio
pasikeitimo ilgiu.

Norint patikrinti šią hipotezę, sukonstruojame testo statistiką

T̃α,n = Tα,n(yn,1, . . . , yn,n). (53)

Norint pagrįsti tokį pasirinkimą, perrašykime (52) formule šiuo būdu

yn,k − τn,k = φn(yn,k−1 − τn,k−1) + εk,

čia

τn,k =
k−1∑
j=0

φjnan,k−j =
k∑
j=1

φk−jn an,j. (54)

Apibrėžkime

zn,k = yn,k − τn,k. (55)

Pastebėsime, kad (zn,k) yra beveik nestacionarus pirmos eilės autoregresinis pro-
cesas, kuris tenkina nulinę hipotezę. Taigi, dėka (55) formulės, mes turime epi-
deminio pasikeitimo problemą, kur priklausomų dydžių seka yra pastumta per
deterministinę seką. Todėl (53) statistika atrodo natūrali šioje situacijoje.

Nagrinėjame ribinį Levin ir Kline T̃α,n statistikos su α = 0 elgesį bei statistiką
T̃α,n su α ∈ (0, 1/2−1/p), p > 2 , kurią pasiūlė Račkauskas ir Suquet. Tikrinsime,
ar Hiolderio svoriai leidžia aptikti trumpesnę epidemiją nei T̃0,n statistika.

Taip pat nagrinėjame dviejų tipų beveik nestacionarius procesus (52) modelyje.
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Pirmojo tipo modelis atitinka koeficientą

φn = eγ/n, γ < 0. (56)

Antrojo tipo modelis atitinka koeficientą

φn = 1− γn
n
, čia γn →∞ ir γn

n
→ 0, kai n→∞. (57)

Bet kokiai funkcijai f ∈ C[0, 1] arba f ∈ Ho
α[0, 1] su 0 ≤ α < 1/2 apibrėžkime

Tα,∞(f) := sup
0<t<s<1

|f(t)− f(s)− (t− s)f(1)|
|t− s|α .

Pradedame nuo Levin ir Kline statistikos T̃0,n. Pirma, nagrinėkime (52) modelį
prie nulinės hipotezės H0 su koeficientu φn = eγ/n, γ < 0. Tarus, kad inovacijos
turi baigtinį antrą momentą, gauname, kad riba yra funkcionalas priklausantis
nuo Ornsteino-Uhlenbecko proceso.

15 Teorema. Prie nulinės hipotezės H0, pirmojo tipo modeliui apibrėžtam (52)
bei (56) formulėmis, galioja

n−3/2σ−1T̃0,n
R−−−→

n→∞
T0,∞(J),

čia σ2 = Eε2
1 ir J yra integruotas Ornsteino-Uhlenbecko procesas J(t) =

∫ t
0 Uγ(r) dr,

t ∈ [0, 1] bei Uγ apibrėžtas (38) formule.

Toliau, randame testo statistikos T̃0,n ribą prie nulinės hipotezės antrojo tipo
modeliui.

16 Teorema. Prie nulinės hipotezės H0, antrojo tipo modeliui apibrėžtam (52)
bei (57) formulėmis, galioja

n−1/2(1− φn)σ−1T̃0,n
R−−−→

n→∞
T0,∞(W ), (58)

čia σ2 = Eε2
1.

Dabar parodysime, kad (52) modeliui su φn = eγ/n, γ < 0 statistikos T̃α,n (α >
0) riba prie nulinės hipotezės H0 yra funkcionalas priklausantis nuo integruoto
Ornsteino-Uhlenbecko proceso, tačiau su stiprense sąlyga inovacijoms nei antro
momento baigtinumas.
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17 Teorema. Pirmojo tipo modeliui, apibrėžtam (52) bei (56) formulėmis, tarki-
me, kad (εi) tenkina (42) sąlygą kokiam nors p > 2. Tada prie nulinės hipotezės
H0 bet kokiam α ∈ (0, 1/2− 1/p)

n−3/2+ασ−1T̃α,n
R−−−→

n→∞
Tα,∞(J),

čia σ2 = Eε2
1 ir J yra integruotas Ornsteino-Uhlenbecko procesas J(t) =

∫ t
0 Uγ(r) dr,

t ∈ [0, 1] bei Uγ apibrėžtas (38) formule.

Toliau rasime statistikos T̃α,n ribą prie nulinės hipotezės antrojo tipo modeliui,
t.y., modeliui apibrėžtam (52) formule su koeficientu φn = 1− γn/n, γn →∞ bei
γn/n → 0, kai n → ∞. Šiuo atveju riba yra funkcionalas priklausantis nuo
Vynerio proceso. Dabar reikalaujame ne tik inovacijų integruojamumo, bet ir γn
divergavimo greičio.

18 Teorema. Antrojo tipo modelyje apibrėžtame (52) bei (57) formulėmis, tar-
kime, kad (εi) tenkina (42) salygą, kokiam nors p > 2. Tada α ∈ (0, 1/2− 1/p)
prie nulinės hipotezės H0

n−1/2+α(1− φn)σ−1T̃α,n
R−−−→

n→∞
Tα,∞(W )

su sąlyga, kad

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Toliau nagrinėjame, testo statistikos T̃n,α suderinamumą. Šis rezultatas išreiš-
kia suderinamumo sąlygą per

Tα,n(τn,1, . . . , τn,n) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
τn,j −

`

n

n∑
j=1

τn,j

∣∣∣∣∣∣
išraišką, čia τn,k apibrėžtas (54) formule.

Dėl žymėjimų paprastumo, praleisime indeksą n žymėjimuose k∗n, m∗n ir `∗n.

19 Teorema. Tarkime, kad pirmos eilės beveik nestacionariame autoregresinia-
me procese apibrėžtame (52) formule, inovacijos yra nepriklausomi, vienodai pa-
siskirstę atsitiktiniai dydžiai su nuliniu vidurkiu ir tenkina (42) sąlygą. Tarkime,
kad kokiai nors normalizuojančiai sekai (bn)n≥1 statistika bnT̃α,n yra stochastiškai
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aprėžta prie nulinės hipotezės H0. Tada prie alternatyvos HA,

bnT̃α,n
P−−−→

n→∞
∞

tada ir tik tada kai
bnTα,n(τn,1, . . . , τn,n) −−−→

n→∞
∞. (59)

Tam, kad galiotų (59), pakankama sąlyga yra

anbn
(1− φn)2`∗α

(
`∗(1− φn)

(
1− `∗

n

)
− (1− φ`∗n )

(
φn −

`∗

n
φn−m

∗+1
n

))
−−−→
n→∞

∞.

Praktiniai 19 teoremos rezultatai pateikiami 20 ir 22 išvadose

20 Išvada. Pirmojo tipo modelyje apibrėžtame (52) bei (56) formulėmis, tarki-
me, kad kokiam nors p > 2, (εi) tenkina (42) ir α ∈ (0, 1/2− 1/p). Tada prie
alternatyvios hipotezės HA

n−3/2+αT̃α,n
P−−−→

n→∞
∞

su sąlyga, kad `∗2−αn−3/2+αan →∞, kai n→∞ ir

lim inf
n→∞

∣∣∣∣1 + γ

2 − eγ(1−m
∗
n )
∣∣∣∣ > 0.

Šis rezultatas galioja ir atskiru atveju, kai α = 0, tariant, kad galioja Eε2
1 <∞.

21 Pastaba. Iš suderinamumo sąlygos galime pastebėti, kad didėjant α, galima
aptikti trumpesnį epideminį pasikeitimą. Kaip ir buvo galima tikėtis, šiuo atveju
aptikimas nėra toks gera kaip nepriklausomų, vienodai pasiskirsčiusių atsitiktinių
dydžių atveju (žr., Račkausko ir Suquet [2004b] straipsnį).

22 Išvada. Antrojo tipo modelyje apibrėžtame (52) bei (57) formulėmis, tarki-
me, kad kokiam nors p > 2, (εi) tenkina (42) sąlygą. Tegu α ∈ (0, 1/2− 1/p)
tenkinantis sąlygą

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Tada prie alternatyvos HA galioja konvergavimas

n−1/2+α(1− φn)T̃α,n P−−−→
n→∞

∞,

kai
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1. `∗(1 − φn) konverguoja į ∞, lim supn→∞ `∗/n < 1 ir n−1/2+α`∗1−αan kon-
verguoja į ∞;
arba

2. `∗(1− φn) konverguoją į kokią nors teigiamą konstantą c ir n−1/2+α`∗1−αan

konverguoja į ∞;
arba

3. `∗(1− φn) konverguoja į 0 ir n−3/2+αγn`
∗2−αan konverguoja į ∞.

Šis rezultatas galioja ir specialiu atveju, kai α = 0, tariant, kad Eε2
1 <∞.

23 Pastaba. Grafinis vaizdas pateiktas L.3 paveiksliuke, iliustruoja 22 išvados
rezultatus. Paprastumo dėlei, tarkime, kad an = 1, `∗ � na (t.y., egzistuoja
teigiamos konstantos c1 ir c2 tokios, kad dideliems n, c1n

a ≤ `∗ ≤ c2n
a) ir φn � nb

kokiems nors 0 < a, b < 1. Duotai p reikšmei (42) sąlygoje, kokios yra (a, b)
poros, kurioms 22 išvada leidžia aptikti epideminį pasikeitimą, kurio ilgis `∗ � na,
atsižvelgiant į galimas α reikšmes? Sprendiniai yra pavaizduoti kaip pilka zona
vienetiniame kvadrate. Šviesiai pilka dalis virš diagonalės atitinka 1 ir 2 atvejus,
t.y., limn→∞ `

∗(1 − φn) yra intervale (0,∞]. Jos vakarinė siena yra hiperbolės
lankas su parametrine išraiška a = (1 − 2αpt)/(2 − 2αpt), b = t čia t = α/αp ir
αp = 1/2− 1/p. Tamsesnė pilka zona atitinka atvejį, kai `∗(1− φn) konverguoja
į 0. Ši zona yra trikampis apribotas diagonale, horizontale ašimi bei tiesia linija
Dαp , čia Dα yra Dekarto lygtis (2− α)a+ b− 3/2 + α = 0. Visos šios linijos turi
bendrą tašką F (1,−1/2).

Be to, mes atlikome testo galios analizę. Skaičiuojame empirinę galią su ko-
reguota baze (ne nominalia), t.y., pakeičiame nominalų reikšmingumo lygmenį
p-reikšmių empirinio pasiskirstymo funkcija prie nulinės hipotezės (žr. Davidson
ir MacKinnon [1994]). Pavyzdžiui, pristatysime antrojo tipo modelio skaitinio
eksperimento rezultatus (L.1 lentelė). Antrojo tipo modelio baziniai parametrai
yra

γn = n3/4; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

Generuojame inovacijas kaip standartinį normalųjį atsitiktinį dydį. Keisdami at-
skirus parametrus, skaičiuojame empirinę galią. Tariame, kad visi parametrai
fiksuoti, išskyrus vieną (pažymėtas lentelės pirmame stulpelyje), kuriam leidžia-
ma kisti. Testo galia yra žemiausia visais atvejais, kai α = 0 ir didėja, kai α
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0

F (1, − 1
2 )

L.3 pav.: Aptikimo regionas parametrų aibėje (`∗ � na, γn � nb) 22 išvadai.
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didėja. Šiam modeliui epideminio pasikeitimo aptikimas gerėja, kai didėja epi-
demijos ilgis, bet testas aptinka ir trumpas epidemijas su dideliais α (≈ 1/3).
Pastebėsime, kad testo galia nepriklauso nuo epideminio pasikeitimo vietos. Taip
pat, testas gana gerai aptinka mažus pasikeitimus, pvz., an = 0.8. Testo galia
didėja, kai didėja stebėjimų skaičius. Testo galia nepriklauso nuo pasirinktų γn

reikšmių.

Parametrai α = 0 α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.373 0.441 0.675 0.909
`∗/n = 0.050 0.758 0.859 0.974 0.996
`∗/n = 0.065 0.980 0.990 0.999 1.000

k∗/n = 0.2 0.780 0.875 0.980 0.999
k∗/n = 0.4 0.758 0.859 0.974 0.996
k∗/n = 0.8 0.783 0.877 0.981 0.998

an = 0.8 0.478 0.565 0.780 0.929
an = 1 0.758 0.859 0.974 0.996
an = 1.2 0.949 0.985 0.999 1.000

n = 500 0.422 0.480 0.676 0.813
n = 1000 0.758 0.859 0.974 0.996
n = 2000 0.997 1.000 1.000 1.000

γn = n/ ln(n) 0.754 0.847 0.970 0.995
γn = ln2.5(n) 0.758 0.844 0.972 0.995
γn = n3/4 0.758 0.859 0.974 0.996

L.1 lentelė: Empirinė galia prie koreguotos reikšmingumo reikšmės 0.05 antrojo
tipo modeliui.

Toliau nagrinėjame tą patį (52) modelį ir norime patikrinti tas pačias hipo-
tezes. Tačiau dabar sudarome testo statistiką su liekanomis, kadangi inovacijos
nėra stebimos. Iš tikrųjų, liekanos yra įvertintos inovacijos ir jį vidurkis ir inte-
gruojamumo laipsnis turėtų sutapti.

Norint aptikti trumpą inovacijų vidurkio epideminį pasikeitimą pirmos eilės
beveik nestacionariame autoregresiniame procese, sudarome α-Hiolderio tipo to-
lygiųjų prieaugių statistiką iš liekanų, kai 0 < α ≤ 1:

T̂α,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
ε̂j −

`

n

n∑
j=1

ε̂j

∣∣∣∣∣∣ .
lii



DISERTACIJOS SANTRAUKA

Vėl nagrinėjame dviejų tipų modelius. Pirmojo tipo modelis apibrėžtas (52)
lygybe su koeficientu (56), tuo tarpu antrojo tipo modelis apibrėžtas (52) lygybe
su koeficientu (57).

Tarsime, kad inovacijos yra

• nepriklausomi, vienodai pasiskirstę, centruoti atsitiktiniai dydžiai ir kokiam nors

p > 2 tenkina integruojamumo sąlygą

lim
t→∞

tpP (|ε0| > t) = 0 (60)

arba

• nepriklausomi, vienodai pasiskirstę, centruoti ir reguliariai kintantys atsitiktiniai

dydžiai su indeksu p > 2. (61)

Rasime statistikos T̂α,n ribinį pasiskirstymą prie nulinės hipotezės. Pradėsime
nuo pirmojo tipo modelio su inovacijomis, tenkinančiomis (60) sąlygą.

24 Teorema. Pirmojo tipo modelyje, apibrėžtame (52) ir (56) lygybėmis, tarkime,
kad inovacijos tenkina (60) sąlygą kokiam nors p > 2. Tada prie nulinės hipotezės
H0 bet kokiems α ∈ (0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z),

čia σ2 = Eε2
1. Be to,

Z(t) = W (t)− A−1B′J(t), (62)

čia A =
∫ 1

0 U
2
γ (t) dt, B′ =

∫ 1
0 Uγ(t) dW (t) ir J(t) =

∫ t
0 Uγ(r) dr, t ∈ [0, 1] bei Uγ

yra Ornsteino-Uhlenbecko procesas, apibrėžtas (38) lygybe.

Tolesnis rezultatas yra antrojo tipo modeliui bei inovacijoms, tenkinančioms
(60) sąlygą.

25 Teorema. Antrojo tipo modeliui, apibrėžtam (52) bei (57) formulėmis, tar-
kime, kad inovacijos tenkina (60) sąlygą kokiam nors p > 2. Tada prie nulinės
hipotezės H0 bet kokiam α ∈ (0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(W ),
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čia σ2 = Eε2
1, su sąlygą kad

lim inf
n→∞

γnn
−2α/(1+2αp) > 0.

Pereikime prie reguliariai kintančių inovacijų. Jei (εk) yra reguliariai kintan-
čios, tai apibrėžiame

bn = inf{x > 0 : P (|ε1| ≤ x) ≥ 1− 1/n}.

Iš uodegų sąlygos seka, kad egzistuoja tokia lėtai kintanti funkcija v(n), n ∈ N,
kad

bn ∼ n1/pv(n) as n→∞.

Tolesnėje teoremoje pateikiamas rezultatas pirmojo tipo modeliui.

26 Teorema. Tegu p > 2. Jei inovacijos (εi) tenkina (61) sąlygą pirmojo tipo
modelyje, apibrėžtame (52) bei (56) formulėmis, tai prie nulinės hipotezės H0

(a) bet kokiam α ∈ (αp, 1]

b−1
n σ−1T̂α,n

R−−−→
n→∞

Tp,

čia Tp yra atsitiktinis dydis su Frechet skirstiniu P (Tp ≤ x) = e−x−p , x ∈ R,

(b) bet kokiam α ∈ [0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z),

čia Z(t) apibrėžtas (62) lygybe ir A =
∫ 1

0 U
2
γ (t) dt, B′ =

∫ 1
0 Uγ(t) dW (t) bei

J(t) =
∫ t

0 Uγ(r) dr, t ∈ [0, 1], Uγ yra Ornsteino-Uhlenbecko procesas.

Antrojo tipo modeliui gauname naują rezultatą.

27 Teorema. Tegu p > 2. Jei inovacijos (εi) tenkina (61) sąlygą antrojo tipo
modelyje, apibrėžtame (52) bei (57) formulėmis, tai prie nulinės hipotezės H0

(a) bet kokiam α ∈ (αp, 1]
b−1
n σ−1T̂α,n

R−−−→
n→∞

Tp,

su sąlyga, kad γn = O(nq(α−αp)) kokiam nors 0 < q < 2,
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(b) bet kokiam α ∈ (0, αp), jei

lim inf
n→∞

γnn
−2α

1+2αp > 0,

tai
n−1/2+ασ−1T̂α,n

R−−−→
n→∞

Tα,∞(W ).

Galiausiai, rasime statistikos suderinamumo sąlygas antrojo tipo modeliui.
Mūsų taikomi metodai, netinka pirmojo tipo modeliui. Toliau pateikiame T̂α,n
statistikos suderinamumo rezultatus antrojo tipo modeliui, kai an yra konstanta
bei α ∈ (0, αp).

28 Teorema. Prie alternatyvos HA, tarkime, kad `∗ → ∞, `∗/n → 0 ir kokiam
nors α ∈ (0, αp) galioja

n−1/2+α`∗(1−α) −−−→
n→∞

∞.

Tada antrojo tipo modeliui, apibrėžtam (52) ir (57) formulėmis, su inovacijomis
(εi), tenkinančiomis (60) arba (61) sąlygas,

n−1/2+αT̂α,n
P−−−→

n→∞
∞

su sąlyga, kad γn didėjanti su n arba reguliariai kintanti seka,

lim inf
n→∞

γnn
−α/αp > 0

ir

φ̂n − φn
1− φn

= oP (1). (63)

(63) sąlyga galioja, kai

• `∗ = o(γn) jei `∗(1− φn)→∞, kai n→∞;

•
√
n(1− φn)→∞ jei `∗(1− φn)→ 0, kai n→∞.

Tolesnis statistikos T̂α,n suderinamumo rezultatas gautas antrojo tipo modeliui
su konstanta an bei α ∈ (αp, 1].

29 Teorema. Prie alternatyvos HA, tarkime, kad `∗ → ∞, `∗/n → 0 ir kokiam
nors α ∈ (αp, 1],

b−1
n `∗(1−α) −−−→

n→∞
∞.
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Tada antrojo tipo modeliui, apibrėžtam (52) bei (57), lygybėmis su inovacijomis
(εi), tenkinančiomis (61) sąlygą,

b−1
n T̂α,n

P−−−→
n→∞

∞

su sąlyga, kad γn didėjanti su n arba reguliariai kintanti seka,

γn = O(nq(α−αp))

ir

φ̂n − φn
1− φn

= oP (1). (64)

(64) sąlyga galioja, kai

• `∗ = o(γn) jei `∗(1− φn)→∞, kai n→∞;

•
√
n(1− φn)→∞ jei `∗(1− φn)→ 0, kai n→∞.

Prielaidų suderinamumas 28 ir 29 teoremose analizuojamas taip pat, kaip ir
23 pastaboje, pvz., žr., L.4 paveiksliuką. Jis rodo, kad maksimali aptikimo zona
(gaunama, leidžiant p artėti į begalybę) nėra tokia pati, kaip su statistika sudaryta
iš stebėjimų yk.

Testo galios analizė atlikta visiems modeliams su abejomis prielaidomis inova-
cijoms. Visais atvejais gavome, kad α įtakoja testo galią. Pavyzdžiui, nagrinėkime
antrojo tipo modelį su reguliariai kintančiomis inovacijomis, generuojant jas kaip
simetrinį Pareto atsitiktinį dydį. Analizuodami 27 teoremos (b) dalį, imame α
reikšmes kaip ir Gausiniu atveju, p = 20 ir normalizavimas n−1/2+α. Tada testas
neturi galios su mažomis α reikšmėmis, bet galia didėja su α, n, `∗ ir an reikšmėmis
(žr., L.2)

Išvados

Nagrinėjamas pirmos eilės beveik nestacionarus autoregresinis procesas yn,k =
φnyn,k−1 + εk su koeficientu φn apibrėžtu dviem būdais:

• φn = eγ/n, γ < 0;

• φn = 1− γn/n, γn →∞, γn/n→ 0, kai n→∞.
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L.4 pav.: Aptikimo zona parametrų (`∗ � na, γn � nb) aibėje, teoremai 28 su
q = 1.5 ir α > αp.
Šviesiai pilka zona atitinka `∗(1− φn)→∞.
Tamsiai pilka zona atitinka `∗(1− φn)→ 0.
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Parametrai α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.094 0.226 0.792
`∗/n = 0.050 0.173 0.630 0.959
`∗/n = 0.100 0.368 0.912 0.994

k∗/n = 0.2 0.152 0.620 0.966
k∗/n = 0.4 0.173 0.630 0.959
k∗/n = 0.8 0.141 0.627 0.963

an = 0.8 0.154 0.389 0.805
an = 1 0.173 0.630 0.959
an = 1.2 0.172 0.854 0.997

n = 500 0.039 0.124 0.509
n = 1000 0.173 0.630 0.959
n = 2000 0.706 0.997 1.000

γn = n/ ln(n) 0.085 0.555 0.944
γn = ln2.5(n) 0.057 0.445 0.949
γn = n3/4 0.173 0.630 0.95

L.2 lentelė: Empirinė koreguota 0.05 reikšmingumo lygmens galia antrojo tipo
modeliui su reguliariai kintančiomis inovacijomis ir α < αp.

Analizuojami laužčių procesai Spl
n , sudarytas iš stebėjimų yn,k, ir Ŵ pl

n , sudarytas
iš liekanų ε̂k. Įrodomos funkcinės ribinės teoremos Spl

n procesams C[0, 1] ir Ho
α[0, 1]

erdvėse su α ∈ (0, 1/2). Parodoma, kad tinkamai normalizuotas Spl
n konverguoja

į integruotą Ornsteino-Uhlenbecko procesą pirmojo tipo modelyje, o tuo tarpu
antrojo tipo modelyje ribinis procesas yra Vynerio. Įrodomos funkcinės ribinės
teoremos Ŵ pl

n procesui Ho
α[0, 1] erdvėje. Parodoma, kad pirmojo tipo modeliui

limt→∞ t
pP(|ε0| > t) = 0 yra būtina ir pakankama sąlyga Ŵ pl

n silpnam konver-
gavimui Ho

α[0, 1] erdvėje. Antrojo tipo modeliui parodoma, kad riba yra Vynerio
procesas Ho

α[0, 1] erdvėje. Toliau nagrinėjamas inovacijų vidurkio epideminis pa-
sikeitimas, t.y., nagrinėjamas modelis

yn,k = φnyn,k−1 + εk + an,k, n ≥ 0, k ≤ n.

Tolygiųjų prieaugių statistika konstruojama iš stebėjimų yn,1, . . . , yn,n ir liekanų
ε̂1, . . . , ε̂n. Galiojant tam tikroms prielaidoms inovacijoms randame ribą abiems
statistikoms. Randamos statistikų Tα,n(yn,1, . . . , yn,n) bei Tα,n(ε̂1, . . . , ε̂n) suderi-
namumo sąlygos ir atliekama galios analizė.

lviii



Introduction

Research topic. The thesis is devoted to an asymptotic analysis of the first order
nearly nonstationary autoregressive processes. We consider a sample yn,1, . . . , yn,n,
where yn,k is generated by first order nearly nonstationary process

yn,k = φnyn,k−1 + εk, k ≤ n, n ≥ 1,

φn → 1 as n → ∞, innovations (εk, k = 0, . . . n) are centered, at least square
integrable random variables.

We investigate functional limit theorems for the process (yn,k) in the space
of continuous function and in the Hölder spaces. Also, we prove the Hölderian
functional limit theorems for least square residuals (ε̂k, k = 0, . . . n) of the process
under investigation. We use the two type of parameterizations of the coefficient φn:
the first is φn = eγ/n and the second one φn = 1−γn/n with γn →∞ and γn/n→ 0
as n→∞. These two parameterizations give different limiting distribution in the
functional limit theorems. The limit in case one is a functional of an integrated
Ornstein-Uhlenbeck process, while in case two the limit is functional depending
on the Wiener process.

In this thesis we apply functional limit theorems to the epidemic change de-
tection in the mean of innovations, i.e., we discuss the model

yn,k = φnyn,k−1 + εk + an,k, k ≤ n, n ≥ 1,

where

an,k = an1I∗n(k).
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Figure 1: Trajectory of the innovations and the NNS AR(1) residuals with and
without the epidemic change. Blue vertical lines denote the beginning and the
end of the epidemic change.

Here 1I∗n(k) is the indicator function of the index set

I∗n = {k∗ + 1, . . . ,m∗}

that denotes the epidemic change with the unknown beginning k∗ and end m∗.

Such epidemic change is reflected in trajectories of yn,k and ε̂k (see figures 1
and 2). Thus we deal with uniform increments statistics built both on yn,k’s and
ε̂k’s. This leads to different results.

For the test statistics under investigation, we find the limit of the statistics
under the null hypothesis of no change. Also we investigate the consistency of
statistics, power analysis and we discuss the interplay between various parameters
to detect the shorter epidemics.

Actuality. Nearly nonstationary autoregressive processes are important in
statistics and particularly in econometrics. One important feature of such pro-
cesses is their behaviour in the neighbourhood of a unit root. This question have
been investigated by a number of authors: P.C.B. Phillips, L. Giraitis, N.H. Chan,
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Figure 2: Trajectory of the NNS AR(1) with and without the epidemic change.
Blue vertical lines denote the beginning and the end of the epidemic change.

etc. For more references and details, see section "State of the art".

Aim and tasks. The aim of the thesis is to prove the functional limit theorems
for the nearly nonstationary processes and to apply them to the epidemic change
detection in the mean of innovations. The tasks of the thesis are:

• to analyse the functional convergence of polygonal line processes built on
the yn,k’s and residuals ε̂k;

• to build and study test statistics for the epidemic change detection;

• to make numerical experiments for the epidemic change detection.

Novelty. In the thesis we prove various Hölderian functional central limit
theorems for the first order nearly nonstationary autoregressive processes. New
results on the epidemic change detection by Hölderian type statistics in nearly
nonstationary first order autoregressive process are established.

Main results. Functional limit theorems for the first order nearly nonstation-
ary autoregressive process in continuous function and Hölder spaces are proved

3
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(theorems 4.1.3, 4.1.8, 4.1.9); Hölderian functional limit theorems for residuals
are given (theorems 4.2.2, 4.2.8); Levin and Kline type statistics built on yn,k’s for
epidemic detection under null hypothesis of no change is investigated (theorems
5.1.1, 5.1.2); Hölderian type statistics is studied (theorems 5.1.3, 5.1.4); consis-
tency of Levin and Kline and Hölderian type statistics is given (theorem 5.2.1);
Hölderian type statistics built on residuals for epidemic detection under null hy-
pothesis of no change is investigated (theorems 6.1.1, 6.1.2); consistency of such
type statistics in special case is considered (theorem 6.2.1).

Methods. Methods and results of probability theory, statistics and functional
analysis are used. Numerical experiments are performed with a free software
environment for statistical computing and graphics R.

Publications.

1. J. Markevičiūtė, A. Račkauskas, Ch. Suquet. Functional central limit theo-
rems for sums of nearly nonstationary processes. Lithuanian mathematical
journal, 52(3): 282-296, 2012.

2. J. Markevičiūtė, A. Račkauskas, Ch. Suquet. Testing the epidemic change in
nearly nonstationary processes. Nonlinear Analysis: Modelling and Control,
To appear, 2013.

3. J. Markevičiūtė, A. Račkauskas, Ch. Suquet. Epidemic change test based
on residuals for nearly nonstationary process. (preprint)

Conferences.

1. The First German-Polish Joint Conference on Probability Theory and Math-
ematical Statistics, Torun, Poland, 2013 06 06 - 2013 06 09. Talk "Testing
the epidemic change in nearly nonstationary processes".

2. Conference "Non-stationarity in Statistics and Risk Management", Luminy,
France, 2013 01 21 – 2013 01 25. Talk "Functional limit theorems for resid-
uals of nearly nonstationary processes".

3. 53rd conference of Lithuanian Mathematical Society, Klaipėda, Lithuania,
2012 06 11 - 2012 06 12. Talk "Functional central limit theorems for nearly
nonstationary processes and applications for testing epidemic change".
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4. 2nd conference of young scientists by Lithuanian Academy of Sciences "In-
terdisciplinary research of physical and technological sciences", Vilnius, 2012
02 14. Poster "Weak law of large numbers for the first order nearly nonsta-
tionary autoregressive processes in the functional spaces".

5. 52nd conference of Lithuanian Mathematical Society, Vilnius, 2011 06 16
– 2011 06 17. Talk "Functional limit theorems for residuals of nearly non
stationary processes".
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tional limit theorems and some supplementary results are proved in the chapter
4. Chapter 5 contains the analysis of the epidemic change with the statistics built
on the process yn,k. We investigate the statistics built on residuals in the chapter
6. Finally we give conclusions and the list of bibliography.
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2
State of the Art

In this chapter we give the definition of the first order autoregressive process. We
review the main results related with these processes and we motivate the choice to
investigate first order nearly nonstationary autoregressive process. Also we give
some information on the change point and epidemic change problems.

2.1 First order autoregressive process

The first order autoregressive process AR(1) is a very important process in
applications of statistics and economics. The autoregressive model is a time series
model and it is one of linear prediction formulas that predicts an output based on
the previous outputs. The AR(1) equation is a standard linear difference equation

yk = φyk−1 + εk, k = 0,±1,±2,±3, . . . (2.1)

where (εk) are innovations and give the variability in the time series. It is well
known (see for example Tsay [2002]) in the case |φ| < 1, the system (2.1) is said
to be stable, i.e., the effect of the changes in the past reduces as the time goes on.
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Besides, for |φ| < 1, the solution of (2.1) is a function of the error terms from the
past. For |φ| > 1, the system (2.1) blows up. It means that the change in the past
has an increasing influence for the future. For the practical reasons it is natural
to have a system that is less affected by the past, thus the values of |φ| is typically
assumed to be less than one. Stationary autoregressive model has a mean reverting
property, i.e., the trajectory of the process moves towards the long-term mean.
When the coefficient φ is equal to 1 the process defined by (2.1) is nonstationary,
i.e., it has a unit root or 1 is a root of the process’s characteristic equation.
Nonstationary process fail to have mean reverting property. The trajectory of
such process moves up and down without the tendency of tending to the any
particular point.

In practice, the coefficient φ is unknown, so it has to be estimated. Usually
one uses the least squares estimator (LSE):

φ̂ =
∑n
k=1 ykyk−1∑n
k=1 y

2
k−1

. (2.2)

Other possible estimation methods are Yule-Walker equations (method of mo-
ments) or maximum likelihood estimate. Note, that if (εk)’s are normally dis-
tributed, the least squares estimate φ̂ is also a maximum likelihood estimate of
φ. When |φ| < 1 it is well known (see, for example, Mann and Wald [1943] and
Anderson [1959]) that the standardized LSE is asymptotically normal:(

n∑
k=1

y2
k−1

)1/2

(φ̂− φ) R−−−→
n→∞

N(0, 1). (2.3)

It is worth to mention that with another normalization the latter result becomes:
√
n(φ̂− φ) R−−−→

n→∞
N(0, 1− φ2).

However when φ = 1, the limit distribution of the properly standardized sequence
of the least-squares estimators is non-normal. It has been shown by White [1958],
see also Rao [1978], that(

n∑
k=1

y2
k−1

)1/2

(φ̂− 1) R−−−→
n→∞

1
2(W 2(1)− 1)(∫ 1
0 W

2(t) dt
)1/2 . (2.4)
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Putting another normalization, the following convergence is true:

n(φ̂− 1) R−−−→
n→∞

∫ 1
0 W (t) dW (t)∫ 1

0 W
2(t) dt

.

Evans and Savin ([1981], [1984]) have found in extensive simulation experi-
ment that the statistical properties of the coefficient estimator and associated t

test in a stationary AR(1) with a root near unity are close to those of a ran-
dom walk. This is observed even in sample size of size 100. Similar results have
been found when the AR(1) is mildly explosive. Thus, according to Evans and
Savin ([1981], [1984]), (2.4) can be used to approximate the distribution of stan-
dardized estimate of φ, when it is close to one. However, Chan and Wei [1987]
have observed that neither (2.3) nor (2.4) seems to be intuitive approximations
because of nonsmooth transition from normal distribution to the distribution of(

1
2(W 2(1)− 1)

) / ((∫ 1
0 W

2(t) dt
)1/2

)
. Also Ahtola and Tiao [1984] investigating

the score function with respect to the φ, i.e.,

σ2
(

n∑
k=1

y2
k−1

)
(φ̂− φ),

have established that normal approximation of its distribution becomes poor in
finite samples when φ approaches unity and eventually fails even as an asymptotic
distribution when φ = 1. These results lead to an interest to investigate the so
called nearly nonstationary or nearly integrated processes.

2.2 Nearly nonstationary first order autoregres-
sive process

2.2.1 Definition and parameterization

The nearly nonstationary first order autoregressive process (yn,k : k = 0, 1, . . . ,
n;n = 1, 2, . . .) is generated by the triangular array scheme

yn,k = φnyn,k−1 + εk, (2.5)

where φn → 1, as n→∞, (εk) is a sequence of innovations usually with Eεk = 0
and finite variance σ2. The initialization (yn,0, n ≥ 0) plays an important role and
will be precised later in discussion of every case.
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In all the literature related with the nearly nonstationary processes, the model
(2.5) is reparameterized in terms of closeness of φn to unity. Phillips [1987] uses
the parameterization φn = eγ/n, where γ is a constant. In fact, Phillips treated
parameter γ as noncentrality parameter. When γ = 0, the model has a unit
root. When γ < 0 and n is fixed, then 0 < φn < 1 and obviously the model is
stationary. Similarly, when γ > 0 and n is fixed, then φn > 1 and the model has
properties of the explosive one in finite data sample. When the ratio γ/n is close
to zero and γ < 0, the coefficient φn is close to one and the model can be thought
of as having a root in the neighbourhood of unity. Similar parameterization, for
example, φn = 1− γ/n with γ > 0 have been used by Chan and Wei [1987], Cox
and Llatas [1991], Park [2003], Dzhaparidze et al. [1994] etc.

The paper by Andrews and Guggenberger [2008] investigates the parameteri-
zation φn = 1−γn/n, where γn → γ ∈ [0,∞). In this case the parameter φn is also
very near unit root in the sense that 1 − φn = O(n−1). Phillips and Magdalinos
[2007] have defined the parameter φn in the form φn = 1 + γ/kn, γ ∈ R, which
represents moderate deviations from unity when (kn) is a deterministic sequence
increasing to infinity at a rate slower than n, so that kn = o(n), as n → ∞.
Putting γ < 0 the model defined by (2.5) is considered as nearly nonstationary.

Moreover, Giraitis and Phillips [2006] investigate the first order AR model
without intercept when the autoregressive parameter φn deviates from unity by
more than O(n−1), i.e., n(1−φn)→∞. Thus, for nearly nonstationary first order
autoregressive process one can parametrize φn = 1 − γn/n, where γn → ∞ and
γn/n→ 0, as n→∞ and their results still applies.

2.2.2 Limit of the standardized LSE of φn

In the section 2.1 we have observed that the standardized LSE estimate has
a different limit in the stationary and nonstationary models and that there is
nonsmooth transition between them. Here we recall the main results of the limit
distributions of the standardized LSE estimate in the first order nearly nonsta-
tionary autoregressive model under various parametrizations.

Phillips [1987] have found the limit of the standardized LSE of the coefficient
φn, which depends on the Wiener and Ornstein-Uhlenbeck processes, when the
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innovations are strong mixing:

n(φ̂n − φn) R−−−→
n→∞

∫ 1
0 Uγ(t) dW (t) + 1

2

(
1− σ

σ′

)
∫ 1

0 U
2
γ (t) dt

, (2.6)

where γ < 0 and σ′ = limn→∞ E
(
n−1 (∑n

k=1 εk)
2
)
. If innovations are i.i.d., the

latter result reduces to

n(φ̂n − φn) R−−−→
n→∞

∫ 1
0 Uγ(t) dW (t)∫ 1

0 U
2
γ (t) dt

.

Chan and Wei [1987] have shown that the limiting distribution of
(∑n

k=1 y
2
n,k−1

)1/2

(φ̂n − φn) is L(γ) (γ > 0) which is a quotient of stochastic integrals of standard
Wiener process:

L(γ) =
∫ 1

0 (1 + bt)−1W (t) dW (t)(∫ 1
0 (1 + bt)−2W 2(t) dt

)1/2 ,

where b = e2γ−1. They have assumed that initialization is yn,0 = 0 and that inno-
vations are martingale difference sequence with respect to an increasing sequence
of σ-fields. Later Chan [1988] under the same assumptions have established that
L(γ) can be rewritten in terms of Ornstein-Uhlenbeck process:

L(γ) D=
∫ 1

0 Uγ(t) dW (t)
(
∫ 1

0 U
2
γ (t) dt)1/2 .

So, essentially the result of Chan and Wei [1987] is the same as Phillips [1987].
Furthermore, Chan [1990] have investigated innovations in the domain of attrac-
tion of stable law with index α ∈ [0, 2]. He have found the following result for the
LSE of nearly nonstationary AR(1) model

n(φ̂n − φn) R−−−→
n→∞

∫ 1
0 Xα(t) dUα(t)∫ 1

0 X
2
α(t) dt

,

where γ is a real number. Here Xα(t) satisfies the differential equation

dXα(t) = −γXα(t) dt+ dUα(t),

where Xα(0) = 0 and Uα = (Uα(t), t ∈ [0, 1]) is a Lévy process defined on the
Skorohod space D[0, 1].

To get more information on the properties like (2.6) one usually studies the
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rate of convergence. In Kubilius and Račkauskas [1996] the rate of convergence in
(2.6) is estimated with respect to Lévy-Prohorov metric π. Further Račkauskas
[1996] investigate the convergence (2.6) with respect to a smooth functions topol-
ogy using an approach based on the convergence rate results in the central limit
theorem in Banach spaces.

Under the assumptions that (εk) are i.i.d., initialization yn,0 = ∑∞
j=0 φ

j
nε−j and

φn = 1 − γn/n, γn → 0, as n → ∞, Andrews and Guggenberger [2008] derived
that

(2γn)−1/2n(φ̂n − φn) R−−−→
n→∞

C,

where C is a Cauchy random variable. In fact, when γn → 0, as n→∞ the AR
parameter φn is so close to the unity that the initial condition yn,0 dominates the
behavior of yn,k for all k = 1, 2, . . . , n. While changing the parameterization of
the coefficient these authors obtained different results. By defining φn = 1−γn/n,
γn → γ ∈ (0,∞], as n→∞ Andrews and Guggenberger [2008] have derived

• for γ ∈ (0,∞)

n(φ̂n − φn) R−−−→
n→∞

∫ 1
0 U

∗
γ (t) dW (t)∫ 1

0 (U∗γ (t))2 dt
,

where the process U∗γ = (U∗γ , t ∈ [0, 1]) is defined from a standard normal
random variable Z and an Ornstein-Uhlenbeck process Uγ = (Uγ(t), t ∈
[0, 1]) by:

U∗γ (t) = Uγ(t) + (2γ)−1/2e−γtZ. (2.7)

• for γ =∞

(1− φ2
n)−1/2n1/2(φ̂n − φn) R−−−→

n→∞
N(0, 1).

The latter result provides for the coefficient that deviates from unity more than
O(n−1) the usual Gaussian limit theory still applies. In fact, this result is obtained
due to the results of Giraitis and Phillips [2006] where the authors have assumed
that (εk) are stationary and ergodic martingale difference sequence with respect
to the natural filtration, initialization satisfies Ey2

0 = o(n1/2) and n(1− φn)→∞
holds. Note that the convergence rate in this case depends on how close φn is to
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unity.

Similar cases have been investigated by Chan and Zhang [2009]. Authors as-
sume that the innovations are heavy tailed and have infinite variance. In particu-
lar, they show that when limn→∞ n(1−φn) = γ, where γ is a constant, then under
some regularity conditions the limit distribution of the least squares estimator of
φn is a functional of fractional Ornstein-Uhlenbeck stable processes.

Investigating the coefficient defined by φn = 1 + γ/kn, γ < 0, in the nearly
nonstationary case Phillips and Magdalinos [2007] obtain√

nkn(φ̂n − φn) R−−−→
n→∞

N(0,−2γ). (2.8)

In this case the authors assume that innovations are centered i.i.d. random vari-
ables with finite variance and the process (yn,k) is initialized at some yn,0 =
oP (
√
kn). Phillips and Magdalinos [2007] note that, putting kn = n% yields a

convergence rate n1/2+%/2 for the serial correlation coefficient (φ̂n− φn), which for
% ∈ (0, 1) covers the interval (n1/2, n) providing a link between the

√
n and n

asymptotics of stationary and nearly nonstationary autoregressions. Though the
parametrization φn = 1 + γ/n% is very intuitive, the (2.8) result is more general.
It allows arbitrarily large neighborhoods of unity, with φn approaching 1 slower
than any polynomial rate, such as kn = log(n).

To sum up, the limit distribution of properly standardized LSE depend on
the parametrization of the model. In particular, it depends on how close the
coefficient φn is to 1. If the coefficient is further removed from the unity (for
example n(1−φn)→∞, as n→∞) the standard Gaussian limit theory still holds,
while for the coefficients "very" close to the 1 (like lim infn→∞ n(1− φn) > 0) the
limit distribution is the one of a functional depending on the Ornstein-Uhlenbeck
process.

Dzhaparidze et al. [1994] also consider the parameter estimation problem in
the nearly nonstationary first order autoregression. They describe the sequential
procedure for estimating the parameter γ. For fixed t ∈ [0, 1], the estimator for γ
is defined by

γ̂n,[nt] =


− ∫ [nt]/n

0 n−1/2yn,[nt](s−) d(n−1/2yn,[nt](s))∫ [nt]/n
0 n−1y2

n,[nt](s) ds
,
∫ [nt]/n

0 n−1y2
n,[nt](s) ds > 0,

0, elsewhere.
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Note that the LSE of γ based on only [nt] observations is given by γ̂n,[nt], while
the LSE of γ based on all observations is

γ̂n,n =
n
(∑n

k=1 y
2
n,k−1 −

∑n
k=1 yn,kyn,k−1

)
∑n
k=1 y

2
n,k−1

.

Then under some regularity conditions Dzhaparidze et al. [1994] obtain(∫ [nt]/n

0
n−1y2

n,[nt](s) ds
)

(γ − γ̂n,[nt])
D[0,1]−−−−→
n→∞

(∫ t

0
Y 2(s) ds

)
(γ − γ̂t)

with

γ̂t =


− ∫ t0 Y (s) dY (s)∫ t

0 Y
2(s) ds

,
∫ t

0 Y
2(s) ds > 0

0, elsewhere,

where Y (t) =
∫ t

0 eγ(s−t) dM(s) and M is a continuous semimartingale on [0, 1].

2.2.3 Other coefficient estimation methods

Cox and Llatas [1991] study asymptotic properties of a class of estimators of
the first order nearly nonstationary autoregressive model coefficient φn. The class
of estimators considered are those obtained by solving nonlinear equations:

Ψn(φ̂n) =
n−1∑
k=0

yn,kψ(yn,k+1 − φ̂nyn,k) = 0. (2.9)

Here ψ is a continuously differentiable and satisfies the second order Lipschitz
condition. Then Cox and Llatas [1991] obtain that there exists a sequence (φ̂n)
of solutions (2.9) such that (φ̂n − φn) = OP (n−1) and for such sequence

n(φ̂n − φn) R−−−→
n→∞

∫ 1
0 Uγ(t) dW̃ (t)∫ 1

0 U
2
γ (t) dt

where Uγ(t) is Ornstein-Uhlenbeck process defined by the stochastic differential
equation

dUγ(t) = −γUγ(t) dt+ dW (t), Uγ(0) D= N(0, σ2/2γ)

and (W (t), W̃ (t)) is a two dimensional Brownian motion with

E(W 2(t)) = tE(ε2
1), E(W̃ 2(t)) = tE(ψ2(ε1)),

E(W (t)W̃ (t)) = tE(ε1ψ(ε1)), t ∈ [0, 1].
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In addition, Cox [1991] consider a three parameter first order nearly nonsta-
tionary autoregressive model, where the parameters are the mean, autoregressive
coefficient and variance of the innovations. Three different estimators are consid-
ered: the exact Gaussian MLE, the conditional maximum likelihood or LSE and
some "naive" estimators. It is shown that the estimators converge in distribution
to analogous estimators for a continuous-time Ornstein-Uhlenbeck process.

2.2.4 Limit theorems for the partial sums of the process
(yn,k) and residuals

Phillips [1987] independently with Cumberland and Sykes [1982] have found
that the sequence of normalized processes (n−1/2yn,[nt], t ∈ [0, 1]) converges weakly
to an Ornstein-Uhlenbeck process in the classical Skorohod space D[0, 1] in the
case where φn = eγ/n. The same result has been obtained by Andrews and
Guggenberger [2008] with φn = 1 − γn/n, γn → γ ∈ [0,∞), as n → ∞. In
the case where γn → γ ∈ (0,∞), as n → ∞ and initialization satisfies condi-
tion yn,0 = ∑∞

j=0 φ
j
nε−j Andrews and Guggenberger [2008] have established the

convergence

n−1/2(y[nt], t ∈ [0, 1]) D[0,1]−−−−→
n→∞

σU∗γ ,

where U∗γ is defined by (2.7). Moreover putting γn → 0, as n → ∞ they have
shown

σ−1(2γn)1/2n−1/2yn,[nt]
R−−−→

n→∞
Z ∼ N(0, 1),

for each t ∈ [0, 1] and Z does not depend on t. In contrast, with the initial con-
dition yn,0 = oP (n), the result is the D[0, 1] weak convergence of n−1/2(yn,[nt], t ∈
[0, 1]) to σW (t). Again, one can notice that the limit distribution differs depending
on the closeness of the coefficient φn to 1 and the initial condition.

Further Phillips and Magdalinos [2007] found

n−1y2
[nt]

P−−−→
n→∞

0, for each t ∈ [0, 1],

when φn = 1 + γ/kn, γ < 0, with initialization y0 = oP (
√
kn).

The central limit theorem for the sums ∑n
k=1 yn,k, n ≥ 1 is proved by various

authors in different cases. Phillips [1987] investigates the case where φn = eγ/n.
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Under normalization n−3/2 the limit is some integral of an Ornstein-Uhlenbeck
process

n−3/2
n∑
k=1

yn,k
R−−−→

n→∞
σ
∫ 1

0
Uγ(t) dt.

The same result is obtained by Andrews and Guggenberger [2008] with φn =
1 − γn/n, γn → γ ∈ [0,∞), as n → ∞. Moreover putting the parametrization
φn = 1 − γn/n, γn → γ ∈ (0,∞) and the initial condition yn,0 = ∑∞

j=0 φ
j
nε−j the

central limit theorem now is

n−3/2
n∑
k=1

yn,k
R−−−→

n→∞
σ
∫ 1

0
U∗γ (t) dt,

where U∗γ is defined by (2.7). While in the case γn → 0, as n→∞ and initializa-
tion is yn,0 = ∑∞

j=0 φ
j
nε−j they have shown that the limit is :

(2γn)1/2n−3/2
n∑
k=1

yn,k−1
R−−−→

n→∞
N(0, σ2).

Next Giraitis and Phillips [2006] in case φn = 1−γn/n, γn →∞ and γn/n→ 0,
as n→∞, have established that

n−1/2(1− φn)
n∑
k=1

yn,k
R−−−→

n→∞
N(0, σ2).

One can see, that under such parametrization, the asymptotic distribution of
the sample mean of yn,k is normal random variable with a convergence rate that
depends on φn.

Further Phillips and Magdalinos [2007] have proved the following weak law of
large numbers in case φn = 1 + γ/kn and γ < 0:

(nkn)−1
n∑
k=1

y2
n,k

P−−−→
n→∞

σ2

−2γ .

The convergence rates of this result provide a bridge between the results for
nonstationary (or nearly nonstationary) and stationary processes. According to
Phillips and Magdalinos [2007] this is easy to explain by putting kn = n% for some
% ∈ (0, 1). Using this parametrization, φn approaches the boundary with the sta-
tionary region when %→ 0 and the boundary of nearly nonstationary region when
%→ 1.
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The partial sums of the residuals in various type models are frequently uti-
lized in many areas such as detecting parameter changes or probability density
estimation. Several authors have investigated the limiting distributions of the
partial sums for nearly nonstationary first order autoregression under various er-
ror structures. For example, Shin [1998] investigates the same parametrization as
Phillips [1987] φn = eγ/n and under zero-mean i.i.d. assumption for innovations
with variance σ2 and supk E |εk|2+δ, δ > 0 he has established

n−1/2
[nt]∑
k=1

ε̂k
D[0,1]−−−−→
n→∞

W (t)− A−1BJ(t), t ∈ [0, 1],

where A =
∫ 1

0 U
2
γ (r) dr, B =

∫ 1
0 Uγ(r) dW (r) and J(t) =

∫ t
0 Uγ(r) dr. Also Chan

and Liu [2010] study the goodness-of-fit test of the residual empirical process of
a nearly unstable long-memory time series.

2.3 Change points and epidemic change detec-
tion

Change point problems have a variety of applications in economics, medicine,
biology, engineering, etc. Studies concern detecting one change point as well
as multiple change points. A special case of multiple change point problem is
the epidemic change. To describe the epidemic change, suppose we are given a
sequence X1, . . . , Xn. The standard null hypothesis is

H0 : X1, . . . , Xn all have the same parameter θ0

(e.g. mean, median, variance, etc.) against the alternative

HA : there exists such integers 1 < k∗ < m∗ < n that

θ1 = . . . = θk∗ = θm∗+1 = . . . = θn = θ0 and θk∗+1 = . . . = θm∗ = θA.

Here k∗ denotes the (unknown) time or location at which the epidemics starts, m∗

is the end and we denote `∗ = m∗−k∗ as the length of the epidemic change. That
is, at first the parameter θ is in one state, then at some point a change occurs
(the value θ0 changes to θA) and after a certain period the state comes back to
the initial one.

There is a lot of literature related with the testing for change points, estimation
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of them and forecasting the models with the structural breaks. According to
the method the data are obtained, there exist two different formulations of the
problem. Off-line (or a posteriori) change-points problem arises when the series of
observations is complete, i.e., the sample is finite. The sequential change-points
problem is formulated when the detection is performed in real time (or on-line).
The commonly used methods for detecting the change point is cumulative sums
(CUSUM), maximum liklihood, Bayesian methods. More on the change point
problem one can find in the books by Brodsky and Darkhovsky [1993], Csörgő
and Horváth [1997], Hackl and Westlund [1991], Chen and Gupta [2000]. Hackl
and Westlund [1989] give a lot of references concentrated on two topics: detection
of non-constancy of parameters in regression and time-series models and statistical
analysis of models with time-varying parameters. Peron [2006] wrote a review on
the methodological issues related to estimation, testing and computation of the
linear models with the structural changes. A central theme in this review is the
interplay between structural change and unit root and on methods to distinguish
between them two. Among many others, the surveys by Bhattacharya [1994],
Khodadadi and Asgharian [2008] concentrate on testing the hypothesis of "no
change", estimating the change point by a point estimator or a confidence set.

One way to construct test statistics for detecting the epidemic change of mean
is to construct the uniform increments statistics:

T0,n(X1, . . . , Xn) = max
1≤k,`≤n

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ . (2.10)

To the best of our knowledge, the changed segment in mean problem for i.i.d.
random variables have been formulated for the first time by Levin and Kline
[1985] (we also refer to Csörgő and Horváth [1997] section 1.4). Other statistics
are offered also. For example, Gombay [1994] investigates rank and sign statis-
tics. Siegmund [1986] considers parametric framework for detecting the changed
segment, while Lombard [1987] suggests nonparametric tests. Yao [1993] have
studied various parametric test statistics in order to detect an epidemic change in
the mean value of a sequence of independent normally distributed random vari-
ables. Ramanayake and Gupta [2003] built the likelihood ratio statistic and a
likelihood ratio type statistic to detect the epidemic change in mean in a sequence
of independent exponential random variables. Further Ramanayake and Gupta
[2004] investigated the epidemic change of the natural parameter of the indepen-
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dent sequence given from the exponential family. The likelihood ratio statistic
for such hypothesis testing is derived. Gut and Steinebach [2005] propose a two-
step sequential procedure to detect the epidemic change. Fellouris et al. [2010]
have used the CUSUM procedure for this problem in the framework of counting
process.

We study statistics of the type (2.10). Račkauskas and Suquet [2004b] ob-
serve, that this statistics can detect only epidemics whose the length `∗ is such
that n1/2 = oP (`∗). For shorter epidemics, Račkauskas and Suquet [2004b] have
proposed to improve the statistics by weighting. Let α ∈ [0, 1/2) and X1, . . . , Xn

be any sample and define statistics by by

Tα,n = Tα,n(X1, . . . , Xn) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ . (2.11)

Račkauskas and Suquet [2004b] have shown that for any 0 < α < 1/2 statistics
Tα,n(X1, . . . , Xn) detects epidemics with nδ = oP (`∗), where δ = (1−2α)/(2−2α)
ranges in (0, 1/2). Further, Mikosch and Račkauskas [2010] have studied the limit
behavior of Tα,n with regularly varying random variables and α > 1/2. Graiche
et al. [2011] propose Hölderian type statistics based on independent not identically
distributed or α-mixing random variables to test the epidemic change. From the
statistical point of view it is interesting to relax the assumption of independence.
For example, Rastenė [2011] has investigated the change segment problem in the
coefficient of the first order autoregressive process.
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3
Preliminaries

In this chapter we give all the necessary background for the further chapters. We
provide the main results related with the Hölder space that will be used further.
Also, we describe the invariance principle in function spaces and we present the
main tools that are necessary for the reading convenience of this thesis.

Throughout the thesis W = (W (t), t ∈ [0, 1]) is a standard Brownian motion.
Also, the following process plays an important role in all the thesis:

Uγ(t) =
∫ t

0
e(t−s)γ dW (s) = W (t) + γ

∫ t

0
e(t−s)γW (s) ds, t ∈ [0, 1]. (3.1)

Actually, Uγ = (Uγ(t), t ∈ [0, 1]) is an Ornstein-Uhlenbeck process, generated by
the stochastic differential equation

dUγ(t) = γUγ(t) dt+ dW (t), t ∈ [0, 1].

with the initial condition Uγ(0) = 0 and parameter γ < 0.
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3.1 Hölder space

We focus in this thesis on the functional convergence in the space of contin-
uous functions and Hölder spaces. We denote by C[0, 1] the space of continuous
functions f : [0, 1] 7→ R. Equipped with the supremum norm

‖f‖ = sup
0≤t≤1

|f(t)| ,

C[0, 1] is a complete, separable Banach space.

For α ∈ [0, 1) the Hölder space

Ho
α[0, 1] :=

{
f ∈ C[0, 1] : lim

δ→0
ωα(f, δ) = 0

}
,

endowed with the norm ‖f‖α := |f(0)|+ ωα(f, 1), where

ωα(f, δ) := sup
s,t∈[0,1]

0<t−s<δ

|f(t)− f(s)|
|t− s|α ,

is a separable Banach space. In the special case where α = 0, the set Ho
0[0, 1]

coincides with C[0, 1] and the norms ‖f‖0 and ‖f‖∞ are equivalent.

The functional framework of Hölder space is interesting in the theory of
stochastic processes since very often the continuous stochastic process under study
has a better regularity than the bare continuity. Also, the weak convergence of a
sequence of stochastic processes in some functions space E provides results about
the asymptotic distribution of functionals of the paths which are continuous with
respect to the topology of E. Since the Hölder spaces are topologically embed-
ded in C[0, 1] and D[0, 1], they support more continuous functionals. From this
point of view, the alternative framework of Hölder spaces gives functional limit
theorems of a broader scope (see more in Juodis et al. [2009]).

Throughout the thesis we work with random polygonal lines and study their
asymptotic behaviour in Hölder topology. As a polygonal line is characterized by
its vertices, it is useful to know how its Hölderian asymptotic behaviour depends
on the control of its vertices. To explain this, it is convenient here to represent a
polygonal line πn with vertices (l/n, Vl), 0 ≤ l ≤ n, V0 = 0, under the form:

πn(t) = (1− {nt})V[nt] + {nt}V[nt]+1, 0 ≤ t ≤ 1, (3.2)
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where {nt} = nt− [nt] is the fractional part of nt. We claim that the Hölder norm
of such a line is reached at two vertices, that is

‖πn‖α = max
0≤j<k≤n

|Vk − Vj|
( k
n
− j

n
)α
. (3.3)

From (3.3) we immediately deduce that

‖πn‖α ≤ 2nα max
1≤l≤n

|Vl| . (3.4)

To prove that the Hölder norm of a polygonal line is reached at two vertices
(equality (3.3)), it is convenient to generalize a bit by considering more general
weight functions than h 7→ hα.

Lemma 3.1.1. Let ρ : [0, 1] → R be a weight function satisfying the following
properties.

i) ρ is concave.

ii) ρ(0) = 0 and ρ is positive on (0, 1].

iii) ρ is non decreasing on [0, 1].

Let t0 = 0 < t1 < · · · < tn = 1 be a partition of [0, 1] and f be a real valued
polygonal line function on [0, 1] with vertices at the ti’s, i.e. f is continuous on
[0, 1] and its restriction to each interval [ti, ti+1] is an affine function. Define

R(s, t) := |f(t)− f(s)|
ρ(t− s) , 0 ≤ s < t ≤ 1.

Then
sup

0≤s<t≤1
R(s, t) = max

0≤i<j≤n
R(ti, tj). (3.5)

Proof. Obviously (3.5) will be established if we prove that

R(s, t) ≤ max
0≤i<j≤n

R(ti, tj), (3.6)

for every pair of real numbers s, t such that 0 ≤ s < t ≤ 1. This in turn, is easily
deduced from the following estimates where in each configuration considered, f is

21



PRELIMINARIES

supposed to be affine on [a, b].

R(s, t) ≤


R(a, b) if a ≤ s < t ≤ b,

max
(
R(s, a), R(s, b)

)
if s < a ≤ t ≤ b,

max
(
R(a, t), R(b, t)

)
if a ≤ s ≤ b < t.

In the first configuration,

f(t)− f(s) = f(b)− f(a)
b− a (t− s),

whence
R(s, t) = R(a, b) t− s

ρ(t− s)
ρ(b− a)
b− a . (3.7)

By concavity of ρ, the function h 7→ ρ(h)/h is non increasing on (0, 1], as the
slope of the chord between 0 and h. So ρ(t− s)/(t− s) ≥ ρ(b−a)/(b−a), whence
t−s
ρ(t−s)

ρ(b−a)
b−a ≤ 1 and (3.7) gives R(s, t) ≤ R(a, b).

In the second configuration, let us parameterize the segment [a, b] by putting
t = (1 − u)a + ub, u ∈ [0, 1]. Then t − s = (1 − u)(a − s) + u(b − s) and as
t 7→ f(t)−f(s) is affine on [a, b], f(t)−f(s) = (1−u)(f(a)−f(s))+u(f(b)−f(s)).
Now to estimate R(s, t), using triangular inequality for the numerator and the
concavity of ρ for the denominator gives:

R(s, t) ≤ (1− u) |f(a)− f(s)|+ u |f(b)− f(s)|
(1− u)ρ(a− s) + uρ(b− s) = Au+B

Cu+D
= A′ + B′

Cu+D
,

where the constants A,A′, . . . , D depend on f , ρ, a, b and s (which is fixed here).
As ρ is non decreasing, (1 − u)ρ(a − s) + uρ(b − s) ≥ ρ(a − s) > 0, so Cu + D

remains positive when u varies between 0 and 1. It follows that the homographic
function A′+B′/(Cu+D) is monotonic on [0, 1] and hence reaches its maximum
at u = 0 or at u = 1. This gives R(s, t) ≤ max

(
R(s, a), R(s, b)

)
.

The bound for R(s, t) in the third configuration is obtained in a completely
similar way, so we omit the details.

Remark 3.1.2. In the case of vector valued polygonal lines, the result and the
proof are still valid, replacing |f(t)− f(s)| by ‖f(t)− f(s)‖ in the definition of
R(s, t).

The next theorem gives a characterization of the tightness of sequences of
random elements in a Hölder space (see Suquet [1999] Theorem 13 for the case
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0 < α < 1 and Proposition 1 for α = 0).

Theorem 3.1.3. The sequence (ξn) of random elements in Ho
α[0, 1], 0 ≤ α < 1,

is tight if and only if

(a) limA→∞ supn≥1 P (‖ξn‖∞ > A) = 0;

(b) ∀ε > 0, limδ→0 supn≥1 P (ωα(ξn, δ) ≥ ε) = 0.

3.2 Invariance principle

Consider the polygonal line process constructed on i.i.d. random variables (εj)

W pl
n (t) =

[nt]∑
j=1

εj + (nr − [nt])ε[nt]+1, t ∈ [0, 1]. (3.8)

This process lies in the continuous function space C[0, 1] and in each Hölder space
Ho
α[0, 1], for 0 < α < 1. The limiting behaviour of such processes is well known.

The classical Donsker-Prohorov invariance principle states that, if Eε1 = 0 and
0 < σ2 := Var(ε1) = Eε2

1 <∞, then

n−1/2σ−1W pl
n

C[0,1]−−−−→
n→∞

W. (3.9)

This result has a lot of applications, especially in statistics, and continues to
receive many extensions.

Hölderian invariance principle is also established. By the classical Levy’s result
on the modulus of continuity of W , W ∈ Ho

α[0, 1] with probability one for every
0 ≤ α < 1/2. Lamperti [1962] proved that if 0 < α < 1/2 and E |ε0|p <∞, where
p > 1/(1/2− α), then

n−1/2σ−1W pl
n

H0
α[0,1]−−−−→
n→∞

W (3.10)

holds. This result was derived again by Kerkyacharian and Roynette [1991] by
another method using analysis given by Ciesielski [1960] of Hölder spaces by tri-
angular functions. Further generalizations were given by Hamadouche [2000] and
Račkauskas and Suquet [1999]. The result (3.10) have been completed and ex-
tended by Račkauskas and Suquet [2004a]. They have proved that for p > 2 with
α = 1/2− 1/p (i.e. 0 < α < 1/2) the convergence (3.10) holds if and only if

lim
t→∞

tpP (|ε1| ≥ t) = 0. (3.11)
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Note that condition (3.11) can be rewritten as

lim
t→∞

t1/(1/2−α)P (|ε1| ≥ t) = 0.

Condition (3.11) provides precise relation between the strength of the convergence
(3.10) and the integrability of summands. Compared with the classical Donsker
invariance principle, it shows the price to be paid for functional convergence in
a stronger topology. When α > 0, condition (3.11) implies that E |ε1|p < ∞ for
p < (1/2 − α)−1 and in particular Eε2

1 < ∞. We note also that condition (3.11)
with p = 2, so α = 0, does not imply the convergence (3.9).

3.3 Tools

The first two results in this section help us to reduce the proof of functional
limit theorems to zero initial condition. The central point is the fact, that all
α-Hölder norms of a function f are equivalent if f ∈ C1[0, 1].

Lemma 3.3.1. If f ∈ C1[0, 1] and f is non constant, then all its α-Hölder norms
are equivalent in the sense that there exists positive constants b and c such that
b ≤ ωα(f, 1) ≤ c, where b and c do not depend on α. If f is constant ‖f‖α = |f(0)|
for every 0 < α < 1.

Proof. Recall, that

ωα(f, 1) = sup
0≤s<t≤1

|f(t)− f(s)|
|t− s|α .

Since f ′ is continuous on [0, 1], for any 0 ≤ s < t ≤ 1, there is a θ ∈ (0, 1) such
that f(t)− f(s) = (t− s)f ′(s+ θ(t− s)). From this we immediately deduce that

|f(t)− f(s)| ≤ |f(t)− f(s)|
|t− s|α ≤ ‖f ′‖∞ ,

whence
osc(f) := sup

0≤s<t≤1
|f(t)− f(s)| ≤ ωα(f, 1) ≤ ‖f ′‖∞ .

If osc(f) = 0, then f is constant (and conversely), so ωα(f, 1) = 0 for every
α ∈ (0, 1). Else we can put b = osc(f) > 0 and c = ‖f ′‖∞ to conclude.

Here we give a more precise result of this type for the exponential function
t 7→ at, where 0 < a < 1.
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Lemma 3.3.2. For 0 < a < 1, let f be the map [0, 1] → R+, t 7→ at. Then for
every α ∈ [0, 1],

1− a ≤ sup
0≤s<t≤1

as − at
(t− s)α ≤ − ln a. (3.12)

Moreover, if pn is the polygonal line of linear interpolation of f between the points
k/n, 0 ≤ k ≤ n, then

1− a ≤ ωα(pn, 1) ≤ ωα(f, 1) ≤ − ln a. (3.13)

Proof. Putting t− s = h, we deduce immediately from the factorisation

as − at
(t− s)α = as

1− ah
hα

that
sup

0≤s<t≤1

as − at
(t− s)α = sup

0<h≤1

1− ah
hα

(3.14)

The function h 7→ 1 − ah being concave on [0, 1], its graphic representation is
above its chord between the points with abscissas 0 and 1 and below its tangent
at the origin. This provides the inequalities:

(1− a)h ≤ 1− ah ≤ (− ln a)h, h ∈ [0, 1].

Hence for every h ∈ (0, 1],

(1− a)h1−α ≤ 1− ah
hα

≤ (− ln a)h1−α.

Taking the supremum over h ∈ (0, 1] and accounting (3.14), we obtain (3.12).
From Lemma 3.1.1 it is clear that ωα(pn, 1) ≤ ωα(f, 1). Together with the obvious
inequality 1− a = pn(0)− pn(1) ≤ ωα(pn, 1), this gives (3.13).

The next results are useful tools to investigate the limiting behaviour of the
test statistics.

Lemma 3.3.3. Suppose α ∈ [0, 1). Consider the functionals gn and g defined on
the Hölder space Ho

α[0, 1] by

gn(x) := max
1≤i<j≤n

Iα(x, i/n, j/n), g(x) := sup
0≤s<t≤1

Iα(x, s, t), (3.15)
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where

Iα(x, s, t) := |x(t)− x(s)− (t− s)x(1)|
|t− s|α , 0 < t− s ≤ 1. (3.16)

Then gn and g are Lipschitz on

Gα = {x ∈ Ho
α[0, 1] : x(0) = 0}

with the same constant C = 2, if α ∈ (0, 1). Also, gn and g are Lipschitz on
G0 = {x ∈ C[0, 1] : x(0) = 0} with the same constant C = 2, if α = 0.

Further, for any tight sequence of random elements (ηn)n≥0 in C[0, 1] or
Ho
α[0, 1], it holds

gn(ηn) = g(ηn) + oP(1). (3.17)

To prove Lemma 3.3.3 it is convenient to use the two following lemmas which
one can find in Račkauskas and Suquet [2004b].

Lemma 3.3.4. Let (ηn) be a tight sequence of random elements in separable Ba-
nach space B and gn, g be continuous functionals B → R. Assume that gn con-
verges pointwise to g on B and that (gn) is equicontinuous. Then

gn(ηn) = g(ηn) + oP(1).

Lemma 3.3.5. Let (B, ‖‖) be a vector normed space and q : B → R such that

a) q is subadditive: q(x+ y) ≤ q(x) + q(y), x, y ∈ B;

b) q is symmetric: q(−x) = q(x), x ∈ B;

c) for some constant C, q(x) ≤ C ‖x‖, x ∈ B.

Then q satisfies the Lipschitz condition

|q(x+ y)− q(x)| ≤ C ‖y‖ , x, y ∈ B. (3.18)

If F is any set of functionals q fulfilling a), b) and c) with the same constant
C, then a), b) and c) are inherited by g(x) := sup {q(x) : q ∈ F} which therefore
satisfies (3.18).

Proof of Lemma 3.3.3. Here we shall give a unified proof for the cases α = 0 and
α ∈ (0, 1). Since the spaces (C, || · ||∞) and (Ho

0 , || · ||0) are isomorphic, thus
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putting α = 0 in the proof gives the special case of gn and g being Lipschitz on
C[0, 1]. To show that q = Iα(·, s, t) is Lipschitz, we shall use the Lemma 3.3.5
whose conditions a) and b) are obviously satisfied while condition c) follows from

q(x) = Iα(x, s, t) ≤ |x(t)− x(s)|
|t− s|α + |t− s|1−α |x(1)| ≤ 2 ‖x‖α . (3.19)

Define the closed subspace Gα = {x ∈ Ho
α[0, 1] : x(0) = 0}. From (3.19) we

see that for any 0 ≤ s < t ≤ 1, the functional q = Iα(·, s, t) satisfies on Gα the
Condition c) of Lemma 3.3.5 with the constant C = 2. It follows by Lemma 3.3.5
that gn as well as g are Lipschitz on Gα with this same constant C = 2. As a
result, the sequence (gn)n≥2 is equicontinuous on Gα.

Now by Lemma 3.3.4, the proof of (3.17) is reduced to check the pointwise
convergence of gn to g on Gα. Let us fix an arbitrary function x ∈ Gα. By the
first inequality in (3.19) and the definition of the space Ho

α, the function Iα(x, ·, ·)
receives a continuous extension Ĩα(x, ·, ·) to the diagonal by putting Ĩα(x, s, s) := 0
for every s ∈ [0, 1]. Since Iα is non negative and Ĩα(x, ·, ·) is null along the diagonal,
the functionals gn and g defined by (3.15) satisfy

gn(x) := max
1≤i≤j≤n

Ĩα(x, i/n, j/n), g(x) := sup
0≤s≤t≤1

Ĩα(x, s, t).

Next we observe that the value of the functional g(x) appears as the supremum
of the continuous bivariate function Ĩα(x, ·, ·) on the closed triangular domain
K := {(s, t) ∈ [0, 1]2 : 0 ≤ s ≤ t ≤ 1}. By compactness of K, this supremum is
reached at some point (s0, t0) ∈ K. For n ≥ 1, let us define the integer

in :=


[ns0] if s0 ≥ 1/n,

1 if 0 < s0 < 1/n,
jn :=


[nt0] if t0 ≥ 1/n,

1 if 0 < t0 < 1/n.

Noting that 1 ≤ in ≤ jn ≤ n, we have

Iα(x, in/n, jn/n) ≤ gn(x) ≤ g(x) = Ĩα(x, s0, t0).

Clearly (in/n, jn/n) converges in K to (s0, t0), so letting n tend to infinity in the
above inequalities gives the convergence of gn(x) to g(x) by continuity of Ĩα(x, ·, ·).
As x was arbitrary in Gα, the pointwise onvergence of gn to g is established.

In the last chapter we build test statistics on residuals to test the hypothesis
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about epidemic change in mean of innovations. The following two results are
useful in the proofs of this chapter.

First suppose that we have a sample X1, . . . , Xn and assume that

H ′0 : X1, . . . , Xn are independent identically distributed random variables

with mean denoted by µ0.

Then Theorem 3 in Račkauskas and Suquet [2004b] finds the limit of test statistics
under null hypothesis:

Theorem 3.3.6. Let 0 < α < 1/2. Under H ′0, assume that

lim
t→∞

t1/(1/2−α)P (|ε1| ≥ t) = 0.

Then

σ−1n−1/2UIα,n
R−−−→

n→∞
UIα,∞,

where

UIα,n = UIα,n(X1, . . . , Xn) = max
1≤`≤n

(
`

n

(
1− `

n

))−α
max

1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣
and

UIα,∞ = sup
0<t−s<1

|W (t)−W (s)− (t− s)W (1)|
|(t− s)(1− (t− s))|α .

Note, that we use the weight `/n and not `/n ·(1−`/n), but in view of Lemma
3.3.3 and Hölderian invariance principle the Theorem 3.3.6 can be adapted as
follows when we replace the statistics UIα,n by the statistics Tα,n.

Corollary 3.3.7. Let 0 < α < 1/2. Under H ′0, assume that

lim
t→∞

t1/(1/2−α)P (|ε1| ≥ t) = 0.

Then

σ−1n−1/2+αTα,n
R−−−→

n→∞
Tα,∞,

where

Tα,n = Tα,n(X1, . . . , Xn) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣
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and

Tα,∞ = sup
0<t−s<1

|W (t)−W (s)− (t− s)W (1)|
|t− s|α .

Next, assume that X1, . . . , Xn are regularly varying random variables (the
precise definition of regularly varying random variables is given by definition 6.0.1,
page 84). Define two statistics:

Mα,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj

∣∣∣∣∣∣ , n ≥ 0

and

Tα,n = max
1≤`≤n

(`(1− `/n))−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ , n ≥ 0.

Then the following result of Mikosch and Račkauskas [2010] holds under the null
hypothesis H ′0:

Theorem 3.3.8. Consider an i.i.d.sequence (Xi) of random variables which are
regularly varying with index p > 2 and have mean zero if it exists. Then, for
α ∈ (1/2− 1/p, 1],

lim
n→∞

P
(
b−1
n Mα,n ≤ x

)
= Φα(x) = e−x−α , x > 0,

where the normalizing sequence is given by

bn = inf {x ∈ R : P(|X| ≤ x) ≥ 1− 1/n} .

Moreover

lim
n→∞

P
(
b−1
n Tα,n ≤ x

)
= Φα(x), x > 0.

The next corollary shows that the behavior of statistics Mα,n(X1, . . . , Xn)
and Tα,n(X1, . . . , Xn) coincides. For the proof of this corollary, see Remark 2.6 in
Mikosch and Račkauskas [2010].

Corollary 3.3.9. Under the assumptions of Theorem 3.3.8, the sequence (b−1
n Mα,n)

has the same limit distribution as the sequence

b−1
n Tα,n = b−1

n max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ .
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4
Functional limit theorems

In this chapter we prove the functional limit theorems for the partial sums of the
first order nearly nonstationary autoregressive processes in the space of contin-
uous functions and in the Hölder spaces. Further we prove the functional limit
theorems for the partial sums of the residuals of the process under investigation
in Hölder space. Also we introduce some supplementary results that might be
of independent interest. As noticed in the chapter 2, the convergence of finite
dimensional distributions of the processes involved in functional weak limit theo-
rems for nearly non stationnary processes depend on the convergence rate of φn
to 1. In this chapter our aim is to investigate functional central limit theorems in
the two situations where φn tends to 1 at the rate 1/n or slower, that is n(1−φn)
tends to infinity. More precisely, we restrict our study to the two following pa-
rameterizations introduced respectively in Phillips [1987] and Giraitis and Phillips
[2006].

• Case 1 : φn = eγ/n (γ is a negative constant);

• Case 2 : φn = 1− γn
n

, γn →∞ and γn/n→ 0, as n→∞.
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4.1 Functional central limit theorems for sums
of nearly nonstationary processes

Recall that we investigate the asymptotic behavior of the first-order autore-
gressive process (yn,k : k = 1, . . . , n;n = 1, 2, . . .) given by

yn,k = φnyn,k−1 + εk, (4.1)

where 0 < φn < 1 for fixed n, φn → 1, as n → ∞, (εk) is a sequence of indepen-
dent identically distributed random variables with Eεk = 0 and yn,0 is a random
variable. Despite the fact that (yn,k) is a triangular array, for simplicity, we omit
the index n in this chapter and we write yk = φnyk−1 + εk, k = 1, 2, . . . , n.

In this section we focus on polygonal line partial sums processes built on the
yk’s:

Spl
n (t) :=

[nt]∑
k=1

yk−1 + (nt− [nt])y[nt], t ∈ [0, 1], n ≥ 0, Spl
n (0) = 0. (4.2)

Note that the definition of Spl
n is quite unusual with a general term yk−1 where

one would expect yk. This definition is more convenient from the technical point
of view. However, asymptotic results proved remain true with yk−1 replaced by
yk as well.

The estimate of the Hölder norm (3.4), page 21, enables us to reduce the
investigation of the asymptotic behaviour of the random polygonal line Spl

n (prop-
erly normalized) to the case where the initialization in (4.1) is given by yn,0 = 0.
Indeed let us associate to each autoregressive process (yn,k) satisfying (4.1), the
process (y′n,k) defined by

y′n,k = yn,k − φknyn,0. (4.3)

Then (y′n,k) satisfies (4.1) with initialization y′n,0 = 0 and the same εk’s and the
above mentioned reduction may be formulated as follows.

Proposition 4.1.1. Let Spl
n
′ be the polygonal line process obtained by substitut-

ing in (4.2) the yn,j’s by the y′n,j’s. Assume that cnSpl
n
′ converges in distribution

in Ho
α[0, 1], where the cn’s are some positive normalizing constants. Then cnS

pl
n
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converges in distribution in Ho
α[0, 1] to the same limit provided that

ncnyn,0 = oP (1). (4.4)

Proof. The stochastic process cnSpl
n − cnSpl

n
′ is a random polygonal line πn which

according to the representation (3.2) is determined by its vertices (l/n, Vl), 0 ≤
l ≤ n, V0 = 0, where

Vl =
l−1∑
j=0

cnφ
j
nyn,0 = 1− φln

1− φn
cnyn,0.

As πn(0) = 0, accounting Lemma 3.1.1 we have

‖πn‖α = ωα(πn, 1) = cn |yn,0|
1− φn

max
1≤l<k≤n

∣∣∣(φnn)k/n − (φnn)l/n
∣∣∣

|k/n− l/n|α .

Applying inequalities (3.13) in Lemma 3.3.2 with the function fn defined on [0, 1]
by t 7→ φtn, we obtain

cn |yn,0|
1− φnn
1− φn

≤ ‖πn‖α ≤ cn |yn,0|
(−n lnφn)

1− φn
.

As φn tends to 1, for the two models under consideration, this gives

‖πn‖α ∼ ncn |yn,0| , n→∞.

Thus assuming that cnSpl
n
′ has a limiting distribution in Ho

α[0, 1], we deduce of
this estimate that, if ncnyn,0 = oP (1), then cnSpl

n converges in Ho
α[0, 1] to the same

limiting distribution.

Remark 4.1.2. Assume that cnSpl
n
′ has a limiting distribution in Ho

α[0, 1] and
ncn |yn,0| is not stochastically bounded in R. Since

‖πn‖α ≤
∥∥∥cnSpl

n

∥∥∥
α

+
∥∥∥cnSpl

n

′∥∥∥
α
,

we have ∥∥∥cnSpl
n

∥∥∥
α
≥ ‖πn‖α −

∥∥∥cnSpl
n

′∥∥∥
α
.

As ncn |yn,0| is not stochastically bounded in R, so ‖πn‖α → ∞ as n → ∞
and together with boundedness of cnSpl

n
′ we obtain that cnSpl

n , for any α, is not
stochastically bounded in Ho

α[0, 1] and cannot converge in this space.
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4.1.1 First type model

In this section we study the process (4.1) in the case where φn = eγ/n with a
constant γ < 0. Note that for Theorem 4.1.3 and only here, instead of putting any
direct assumption on the εj’s, we assume rather some functional weak convergence
of W pl

n to W . This extends the scope of the result far beyond the case where the
εj’s are i.i.d. (for some Hölderian invariance principles, in the case of weakly
dependent random variables, see Hamadouche [2000]).

Theorem 4.1.3. In the case 1 where (yk) is generated by (4.1) with φn = eγ/n,
γ < 0, suppose that the sequence of polygonal lines (n−1/2W pl

n ) converges weakly
to the standard Brownian motion W either in C[0, 1] or in Ho

α[0, 1] for some
0 < α < 1/2. Suppose moreover that yn,0 = oP (n1/2). Then n−3/2Spl

n converges
weakly, as n → ∞, in the space under consideration to the integrated Ornstein-
Uhlenbeck process J defined by:

J(t) :=
∫ t

0
Uγ(s) ds, 0 ≤ t ≤ 1, (4.5)

where Uγ(s) =
∫ s

0 eγ(s−r) dW (r).

Remark 4.1.4. The result in Theorem 4.1.3 is formulated for the variance equal
to 1. If variance is known and equal to σ2, then under the conditions of Theorem
4.1.3 the following result holds:

n−3/2σ−1Spl
n

E−−−→
n→∞

J, (4.6)

where E denotes either C[0, 1] or Ho
α[0, 1] for 0 < α < 1/2.

Remark 4.1.5. If variance is unknown by Slutsky’s Theorem it can be replaced
in (4.6) by it’s estimator

σ̂2 := 1
n

n∑
k=1

ε̂2
k, (4.7)

since Phillips [1987] established, that

σ̂2 P−−−→
n→∞

σ2. (4.8)

Proof of theorem 4.1.3. Since the Banach spaces (C[0, 1], ‖ ‖∞) and (Ho
0, ‖ ‖0) are

isomorphic, the unified proof proposed here for the spaces Ho
α[0, 1], 0 ≤ α < 1/2,
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includes the special case of the space C[0, 1]. By Proposition 4.1.1 and assumption
yn,0 = oP (n1/2), it is enough to give the proof in the case where yn,0 = 0.

The idea of the proof is to approximate the polygonal line n−3/2Spl
n by some

linear interpolation of a smooth process Jn which is a functional of n−1/2W pl
n ,

continuous in Hölder topology, with
∥∥∥n−3/2Spl

n − Jn
∥∥∥
α

= oP (1).

Successive polygonal approximations of n−3/2Spl
n .

We detail first the successive approximations of πn,1 := n−3/2Spl
n by the polyg-

onal lines πn,2, πn,3, πn,4 where the later has vertices (l/n, Vl,4) given by

Vl,4 =
∫ l/n

0
n−1/2W pl

n (s) ds+ γ
∫ l/n

0

∫ s

0
eγ(s−r)n−1/2W pl

n (r) dr ds, (4.9)

and satisfies ∥∥∥n−3/2Spl
n − πn,4

∥∥∥
α

= oP (1). (4.10)

To control the distance in Hölder norm between polygonal lines, we use the
following property. Let πn be a polygonal line with representation (3.2), page 20.
As a consequence of (3.4), page 21, if we approximate each Vl by some Ṽl in such
a way that |Vl − Ṽl| = oP (n−α), uniformly in 1 ≤ l ≤ n, then the corresponding
polygonal line π̃n satisfies ‖πn − π̃n‖α = oP (1).

In what follows, we denote the successive polygonal lines approximating n−3/2Spl
n

by πn,i and their vertices by (l/n, Vl,i), i = 1, 2, 3, 4. At each step we will use the
following facts ∥∥∥n−1/2W pl

n

∥∥∥
∞

is stochastically bounded (4.11)

and

ωα

(
n−1/2W pl

n ,
1
n

)
P−−−→

n→∞
0, (4.12)

by tightness in Ho
α[0, 1], 0 ≤ α < 1/2, see Theorem 3.1.3 (page 23).

We start with πn,1 = n−3/2Spl
n for which

Vl,1 = Yl = n−3/2
l∑

k=1
yk−1.
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We express yk in terms of innovations

yk =
k∑
j=1

e(k−j)γ/nεj.

Noting that εj = W pl
n

(
j
n

)
−W pl

n

(
j−1
n

)
, we obtain

yk =
k∑
j=1

e(k−j)γ/n
(
W pl
n

(
j

n

)
−W pl

n

(
j − 1
n

))

= W pl
n

(
k

n

)
+

k−1∑
j=1

e(k−j)γ/n(1− e−γ/n)W pl
n

(
j

n

)

= W pl
n

(
k

n

)
+ γ

n

k−1∑
j=1

e(k−j)γ/nW pl
n

(
j

n

)
+ γ2un

2n2

k−1∑
j=1

e(k−j)γ/nW pl
n

(
j

n

)
,

where un = 2n2γ−2
n

(
1− e−γ/n − γn−1

)
. As

e−γ/n = 1− γ

n
+ γ2

2n2 + o
( 1
n2

)
,

it follows

un = −1 + 2n2

γ2 o
( 1
n2

)
→ −1, as n→∞. (4.13)

Now our first approximation consists in neglecting the last term in the sum
above, which gives the polygonal line πn,2 with

Vl,2 = 1
n

l∑
k=1

Wn

(
k − 1
n

)
+ γ

n2

l∑
k=1

k−2∑
j=1

e(k−j−1)γ/nWn

(
j

n

)
, (4.14)

where Wn := n−1/2W pl
n for writing simplicity. For the approximation error, we

have the following bound valid for n ≥ |γ| :

|Vl,2 − Vl,1| ≤
γ2eγ
2n ‖Wn‖∞ .

Next, approximating Riemann sums by integrals in (4.14), we obtain the polygonal
line πn,3 with

Vl,3 =
∫ l/n

0
Wn(s) ds+ γ

n

l∑
k=1

eγk/n
∫ k/n

0
e−γrWn(r) dr. (4.15)
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Let us estimate the error of approximation. For any f ∈ C[0, 1],

1
n

k−k0∑
j=1

f
(
j + j0

n

)
−
∫ k/n

0
f(s) ds

=
k−k0∑
j=1

∫ j/n

(j−1)/n

(
f
(
j + j0

n

)
− f(s)

)
ds−

∫ k/n

(k−k0)/n
f(s) ds,

whence∣∣∣∣∣∣ 1n
k−k0∑
j=1

f
(
j + j0

n

)
−
∫ k/n

0
f(s) ds

∣∣∣∣∣∣ ≤ ω0

(
f,

1 + j0

n

)
+ ‖f‖∞

k0

n
. (4.16)

Moreover,

if f ∈ Ho
α[0, 1], ω0(f, δ) ≤ ωα(f, δ)δα. (4.17)

If f(t) = g(t)h(t) with g of class C1[0, 1] and h ∈ C[0, 1],

ω(gh, δ) ≤ ‖g‖∞ ω(h, δ) + ‖g′‖∞ ‖h‖∞ δ. (4.18)

Using (4.16)–(4.18), we obtain the uniform bound

|Vl,3 − Vl,2| ≤
1 + γeγ
nα

ωα

(
Wn,

1
n

)
+ γeγ(2 + γeγ)

n
‖Wn‖∞ .

Finally, we replace the last sum remaining in (4.15) by an integral of fn(s) :=
eγs

∫ s
0 e−γrWn(r) dr, s ∈ [0, 1], noting that |f ′n(s)| ≤ (1 + γeγ) ‖Wn‖∞ for each

s ∈ [0, 1]. This gives the polygonal line πn,4 with vertices

Vl,4 =
∫ l/n

0
Wn(s) ds+ γ

∫ l/n

0
eγs

∫ s

0
e−γrWn(r) dr ds. (4.19)

The approximation error is given by the uniform bound

|Vl,4 − Vl,3| ≤
1 + γeγ

n
‖Wn‖∞ .

Noting that πn,4 is exactly the polygonal line defined by (4.9) (page 34), gathering
all the estimate of errors above, recalling (3.4) (page 21), we obtain finally with
some positive constants Cγ and C ′γ:∥∥∥n−3/2Spl

n − πn,4
∥∥∥
α
≤ Cγωα

(
Wn,

1
n

)
+ C ′γ ‖Wn‖∞ nα−1. (4.20)
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Recalling (4.11) and (4.12), it follows that∥∥∥n−3/2Spl
n − πn,4

∥∥∥
α

P−−−→
n→∞

0,

so (4.10) (page 34) is proved.

Convergence of Jn.

Next we note that πn,4 is exactly the linear interpolation at the points tn,l = l/n

of the random function:

Jn(t) :=
∫ t

0
n−1/2W pl

n (s) ds+ γ
∫ t

0

∫ s

0
eγ(s−r)n−1/2W pl

n (r) dr ds.

By an elementary chaining argument, the interpolation error is controlled by

‖Jn − πn,4‖α ≤ 4ωα
(
Jn,

1
n

)
,

which converges in probability to zero, provided that Jn converges weakly in
Ho
α[0, 1]. Indeed, if Jn converge weakly in Ho

α[0, 1], then it is tight in Ho
α[0, 1],

thus, according to Theorem 3.1.3 (page 23), we obtain

∀ε > 0, lim
n→∞

P
(
ωα

(
Jn,

1
n

)
≥ ε

)
= 0.

Now, it only remains to check that Jn converges weakly to J in Ho
α[0, 1]. As

the operator

Ho
α[0, 1]→ Ho

α[0, 1] : x 7−→
∫ •

0
x(s) ds+ γ

∫ •
0

∫ s

0
eγ(s−r)x(r) dr ds

is continuous on Ho
α[0, 1], this last convergence follows from the convergence of

n−1/2W pl
n to W (see (3.10), page 23).

Taking into account the classical Donsker-Prohorov invariance principle (3.9),
page 23, and the Hölderian invariance principle (3.10), page 23, we have the
following corollary of Theorem 4.1.3 in the classical case of i.i.d. innovations.

Corollary 4.1.6. Assume that (yk) is generated by (4.1) with φn = eγ/n, γ <

0 and that the (εk)’s are i.i.d. and centered. Then the weak convergence of
σ−1n−3/2Spl

n to J holds

• in C[0, 1] provided that Eε2
1 = σ2 <∞ and yn,0 = oP (n1/2);

• in Ho
α[0, 1] for 0 < α < 1/2 under condition (3.11) (page 23) and yn,0 =

oP (n1/2).
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4.1.2 Second type model

In this section we investigate the polygonal line process Spl
n built on the yk’s,

as defined by (4.2), where φn = 1 − γn/n and γn → ∞ slower than n. Also the
innovations (εk) are supposed i.i.d. with zero mean and known variance.

A key point in all the following limit theorems is to keep a good control on the
asymptotic behavior of max1≤k≤n |yk|. This is provided by the following Lemma
which may be of independent interest.

Lemma 4.1.7. Suppose the process (yk) is generated by (4.1) and φn = 1−γn/n,
where (γn) is a sequence of non negative numbers such that γn →∞ and γn/n→ 0,
as n → ∞. Suppose moreover that yn,0 = 0. Let p ≥ 2. Assume that the
innovations (εk) are i.i.d. and satisfy

limt→∞ t
pP (|ε0| > t) = 0, if p > 2;

Eε2
0 <∞, if p = 2.

(4.21)

For p ≥ 2, put α = 1/2− 1/p. Then

n−1/2γαn max
1≤k≤n

|yk| P−−−→
n→∞

0. (4.22)

The proof of this Lemma is given in section 4.3.2, page 54.

We start with asymptotic behavior of Spl
n in the space C[0, 1].

Theorem 4.1.8. Suppose the process (yk) is generated by (4.1) and φn = 1−γn/n,
where (γn) is a sequence of non negative numbers such that γn →∞ and γn/n→ 0,
as n→∞. Assume also that the innovations (εk) are i.i.d. with Eεk = 0, Eε2

k = 1
and that yn,0 = oP (n−1/2(1− φn)−1). Then the following convergence holds.

n−1/2(1− φn)Spl
n

C[0,1]−−−−→
n→∞

W. (4.23)

Proof. Using Proposition 4.1.1 and the assumption yn,0 = oP (n−1/2(1− φn)−1) it
suffices to prove the result when yn,0 = 0. To prove (4.23), in view of the Donsker-
Prohorov invariance principle (see Billingsley [1986]), it is enough to show that

∆n = ‖ξn‖∞
P−−−→

n→∞
0, (4.24)

where
ξn = 1− φn

n1/2 Spl
n − n−1/2W pl

n .
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We observe that ξn is a polygonal line with vertices at the points tn,k = k/n,
0 ≤ k ≤ n. Its supremum norm is reached at one of its vertices. Hence

∆n = sup
0≤t≤1

∣∣∣∣∣1− φnn1/2 Spl
n (t)− n−1/2W pl

n (t)
∣∣∣∣∣ = n−1/2 max

1≤k≤n

∣∣∣∣∣∣(1− φn)
k∑
j=1

yj−1 −
k∑
j=1

εj

∣∣∣∣∣∣ .
For every k ≥ 1, it follows from (4.1) that ∑k

j=1 yj = φn
∑k
j=1 yj−1 + ∑k

j=1 εj,
whence

(1− φn)
k∑
j=1

yj−1 = −yk +
k∑
j=1

εj, (4.25)

so ∆n reduces to
∆n = n−1/2 max

1≤k≤n
|yk| .

By the particular case where p = 2 in Lemma 4.1.7, the convergence (4.22) holds
true with α = 0. Hence n−1/2 max1≤k≤n |yk| P−−−→

n→∞
0 and (4.24) follows. The proof

of the theorem is complete.

Next we extend Theorem 4.1.8 by proving convergence of Spl
n in the Hölder

space Ho
β[0, 1], 0 < β < α, of course under stronger condition on (εk) than finite-

ness of the second moment. The necessity of an extra restriction on the divergence
of γn like (4.27) below and the optimality of this later remain an open question.

Theorem 4.1.9. Suppose (yk) is generated by (4.1) and φn = 1−γn/n, where (γn)
is a sequence of non negative numbers such that γn →∞ and γn/n→ 0, as n→
∞. Assume also that the innovations (εk) are i.i.d. and satisfy condition (3.11)
(page 23) for some p > 2. Put α = 1

2 − 1
p
. Then for 0 < β < α,

n−1/2(1− φn)Spl
n

Ho
β [0,1]
−−−−→
n→∞

W, (4.26)

provided that yn,0 = oP (n−1/2(1− φn)−1) and

lim inf
n→∞

γnn
− β
α > 0. (4.27)

Proof. By Račkauskas and Suquet [2004a], condition (4.21) gives the weak con-
vergence of n−1/2W pl

n , defined by (3.8), page 23, to the standard Brownian motion
in the space Ho

α[0, 1]. By continuous embedding of Hölder spaces, the same con-
vergence remains true in Ho

β[0, 1] for 0 < β < α. Therefore it is enough to show
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that

Dn,β := ‖ζn‖β
P−−−→

n→∞
0, (4.28)

where

ζn := n−1/2(1− φn)Spl
n − n−1/2W pl

n .

Note that ζn is a polygonal line with vertices at the points tn,k = k/n, 0 ≤ k ≤ n.
According to Lemma 3.1.1, page 21, the Hölderian norm of such a polygonal line
is reached at two vertices, so

∥∥∥n−1/2(1− φn)Spl
n − n−1/2W pl

n

∥∥∥
β
≤ max

1≤j<k≤n

∣∣∣n−1/2(yk − yj)
∣∣∣

|k/n− j/n|β
≤ 2nβ− 1

2 max
1≤k≤n

|yk| .

Using Proposition 4.1.1 and the assumption yn,0 = oP (n−1/2(1−φn)−1) it suffices to
prove (4.28) when yn,0 = 0. Then, by Lemma 4.1.7, max1≤k≤n |yk| = oP (n1/2γ−αn ),
so the convergence (4.28) is satisfied provided that

lim sup
n→∞

nβ

γαn
<∞,

which is equivalent to our assumption (4.27).

Remark 4.1.10. If variance of innovations is equal to σ2, then under conditions
of Theorem 4.1.8 we have

n−1/2(1− φn)σ−1Spl
n

C[0,1]−−−−→
n→∞

W (4.29)

and under conditions of Theorem 4.1.9 we obtain

n−1/2(1− φn)σ−1Spl
n

Ho
β [0,1]
−−−−→
n→∞

W. (4.30)

Remark 4.1.11. If variance σ2 is unknown by Slutsky’s Theorem it can be re-
placed in (4.29) and (4.30) by its estimator defined by (4.7) if

σ̂2 P−−−→
n→∞

σ2.

And the latter result is true by Lemma 4.3.1.
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4.2 Functional central limit theorems for resid-
uals of nearly nonstationary processes

In this section we establish the convergence in Hölder spaces of the polygonal
line processes Ŵ pl

n = (Ŵ pl
n (t), t ∈ [0, 1]) build on the residuals (ε̂k)

Ŵ pl
n (t) :=

[nt]∑
k=1

ε̂k + (nt− [nt])ε̂[nt]+1, t ∈ [0, 1], n ≥ 0, Ŵ pl
n (0) = 0. (4.31)

We investigate the same two type of parameterizations as in previous section. The
residuals of the model (4.1) are defined by

ε̂k = yk − φ̂nyk−1 = εk − (φ̂n − φn)yk−1 (4.32)

where φ̂n is the LSE of the coefficient φn as defined by (2.2), page 7. We assume
that innovations (εk) are centered and Eε2

1 = 1. The condition that variance
is equal to 1 is just for the technical simplicity, but all the proofs hold also for
Eε2

1 = σ2.

The estimate of the Hölder norm (3.4), page 21, helps us to reduce the investi-
gation of the asymptotic behaviour of the properly normalized random polygonal
line Ŵ pl

n to the case where the initialization in (4.1) is given by yn,0 = 0. Indeed
let us associate to each autoregressive process (yn,k) satisfying (4.1), the process
(y′n,k) defined by

y′n,k = yn,k − φknyn,0. (4.33)

Then (y′n,k) satisfies (4.1) with initialization y′n,0 = 0. Then we obtain

ε̂j = εj − (φ̂n − φn)yn,j−1

and

ε̂′j = ε̂j + (φ̂n − φn)φj−1
n yn,0.

So the above mentioned reduction may be formulated as follows.

Proposition 4.2.1. Let Ŵ pl
n
′ be the polygonal line process obtained by substituting

in (4.31) the ε̂j’s by the ε̂′j’s. Assume that n−1/2Ŵ pl
n
′ converges in distribution in

Ho
α[0, 1]. Then n−1/2Ŵ pl

n converges in distribution in Ho
α[0, 1] to the same limit
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provided that cn(φ̂n − φn) = OP (1) and

n1/2c−1
n yn,0 = oP (1). (4.34)

Proof. The stochastic process n−1/2(Ŵ pl
n
′ − Ŵ pl

n ) is a random polygonal line πn.
According to representation (3.2), πn is determined by its vertices (l/n, Vl), 0 ≤
l ≤ n, V0 = 0, where

Vl =
l−1∑
j=0

n−1/2(φ̂n − φn)φjnyn,0 = 1− φln
1− φn

n−1/2(φ̂n − φn)yn,0.

Applying Lemma 3.3.2, page 25, from

‖πn‖α =
n−1/2 |yn,0|

∣∣∣φ̂n − φn∣∣∣
1− φn

max
1≤l<k≤n

∣∣∣φkn − φln∣∣∣
|k/n− l/n|α

=
n−1/2 |yn,0|

∣∣∣φ̂n − φn∣∣∣
1− φn

max
1≤l<k≤n

∣∣∣(φnn)k/n − (φnn)l/n
∣∣∣

|k/n− l/n|α

we obtain

‖πn‖α ≤ n−1/2 |yn,0|
∣∣∣φ̂n − φn∣∣∣ (−n lnφn)

1− φn
.

Assuming that cn(φ̂n − φn) = OP (1), we obtain

‖πn‖α = n1/2c−1
n |yn,0|

(− lnφn)
1− φn

OP (1).

Finally, as φn tends to 1, for the two models under consideration, this gives

‖πn‖α = OP (n1/2c−1
n |yn,0|), n→∞.

Since n−1/2Ŵ pl
n
′ converges in distribution in Ho

α[0, 1], we deduce n−1/2Ŵ pl
n con-

verges in Ho
α[0, 1] to the same limit distribution provided that n1/2c−1

n yn,0 =
oP (1).

4.2.1 First type model

For the process Ŵ pl
n defined by (4.31) we prove invariance principle and we

find necessary and sufficient condition for it.

Theorem 4.2.2. Let α ∈ (0, 1/2). Suppose that (yk) is generated by (4.1),
φn = eγ/n and γ < 0 is a constant. Moreover assume that (εk) are indepen-
dent, identically distributed random variables with Eε0 = 0 and Eε2

0 = 1 and
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yn,0 = oP (n1/2). Then

n−1/2Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ (4.35)

if and only if condition (3.11) (page 23) holds. Here A =
∫ 1

0 U
2
γ (t) dt, B =∫ 1

0 Uγ(t) dW (t) and J(t) is an integrated Ornstein-Uhlenbeck process defined by
(4.5).

Remark 4.2.3. If variance σ2 is known then under conditions of Theorem 4.2.2,
we obtain

n−1/2σ−1Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ (4.36)

if and only if condition (3.11) holds.

Remark 4.2.4. If variance is unknown, then by Slutsky’s Theorem it can be
replaced in (4.36) by its estimator defined by (4.7) via Phillips [1987] result (4.8).

For the proof of the Theorem 4.2.2 we need the following technical lemmas
whose proofs are deferred to subsection 4.3.3.

Lemma 4.2.5. Let Nn, Dn, N , D be real valued random variables with Dn and
D non negative. Assume that P (D = 0) = 0, P (Dn = 0) tends to 0 and that
(Nn, Dn) converges in distribution on R2 to (N,D). Define

Φn :=


Nn
Dn

on {Dn 6= 0}
0 on {Dn = 0}

Then Φn converges in distribution to N/D.

Lemma 4.2.6. Suppose that the process (yk) is defined by (4.1) with φn = eγ/n,
γ < 0 and y0 = 0. Let (εk) are i.i.d. random variables with mean 0 and satisfy
condition (3.11) (page 23). Define

An,0 := n−2
n∑
k=1

y2
k−1,

D(n−1/2W pl
n ) :=

∫ 1

0

(
n−1/2W pl

n + γ
∫ r

0
e(r−s)γn−1/2W pl

n ds
)2

dr.

Then ∣∣∣D(n−1/2W pl
n )− An,0

∣∣∣ = oP(n−α). (4.37)
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Lemma 4.2.7. Suppose that the process (yk) is defined by (4.1) with φn = eγ/n,
γ < 0 and y0 = 0. Let (εk) are i.i.d. random variables with mean 0 and satisfies
condition (3.11) (page 23). Define

Bn,0 := n−1
n∑
k=1

εkyk−1,

N(n−1/2W pl
n ) := 1

2

(
n−1/2W pl

n (1) + γ
∫ 1

0
e(1−s)γn−1/2W pl

n (s) ds
)2

− γ
∫ 1

0

(
n−1/2W pl

n (r) + γ
∫ r

0
e(r−s)γn−1/2W pl

n (s) ds
)2

dr − 1
2 .

Then

|N(Wn)−Bn,0| = oP(n−α). (4.38)

Proof of theorem 4.2.2. Proposition 4.2.1 and assumption yn,0 = oP (n1/2) enables
us to reduce the proof to the case where yn,0 = 0.

To prove sufficiency, at first, we express Ŵ pl
n in terms of W pl

n and Spl
n :

n−1/2Ŵ pl
n = n−1/2W pl

n − n−1/2(φ̂n − φn)Spl
n

= n−1/2W pl
n −

n−1∑n
k=1 εkyk−1

n−2∑n
k=1 y

2
k−1

· n−3/2Spl
n . (4.39)

Note that according to (2.2), page 7,

φ̂n − φn =
∑n
j=1 yjyj−1∑n
j=1 y

2
j−1

− φn = n−1∑n
k=1 εkyk−1

n−2∑n
k=1 y

2
k−1

Next, using Uγ definition (see (3.1), page 19) one obtains∫ 1

0
Uγ(r) dW (r) = 1

2

(
U2
γ (1)− 1− 2γ

∫ 1

0
U2
γ (r) dr

)
(see for example Phillips [1987]), so we notice that

T (W ) = W − A−1BJ

where T is the following operator

T : Ho
α[0, 1] −→ Ho

α[0, 1] : x 7−→ T (x) := x− N(x)
D(x)F (x)
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here

N(x) := 1
2

(
x(1) + γ

∫ 1

0
e(1−s)γx(s) ds

)2

− γ
∫ 1

0

(
x(r) + γ

∫ r

0
e(r−s)γx(s) ds

)2
dr − 1

2

D(x) :=
∫ 1

0

(
x(r) + γ

∫ r

0
e(r−s)γx(s) ds

)2
dr

F (x)(t) :=
∫ t

0

(
x(r) + γ

∫ r

0
e(r−s)γx(s) ds

)
dr, t ∈ [0, 1].

for x ∈ Ho
α[0, 1]. It is obvious, that the domain of operator T is

HT := {x ∈ Ho
α[0, 1] : D(x) 6= 0} .

Further note, that HT is the Hölder space deprived of the zero functions.
Indeed, from the equations D(x) = 0, recalling that x is a continuous function on
[0, 1], we obtain for every r ∈ [0, 1]

x(r) + γ
∫ r

0
e(r−s)γx(s) ds = 0. (4.40)

Thus any continuous solution x of D(x) = 0 satisfies

x(r) = −γerγ
∫ r

0
e−sγx(s) ds. (4.41)

Further from the continuity of x follows, that the right hand side of (4.41) is
obviously derivable, consequently x is itself derivable and for all r ∈ (0, 1) we
obtain x′(r) = 0. This implies that x is a constant on [0, 1] (it is continuous at 0
and at 1). Conversely, let r tend to 0 in (4.41). Then by continuity of x we obtain
x(0) = 0 and since x is a constant, x(r) = 0 for every r ∈ [0, 1]. Thus we obtain

P(W ∈ Ho
α[0, 1] \HT ) = P(W = 0).

Next, we observe, that if W = 0 it follows that W (1) = 0, i.e., event {W = 0}
is included in the event {W (1) = 0}. Recall, that W (t) ∼ N(0, t), so W (1) is a
standard Gaussian random variable, then P(W (1) = 0) = 0 and this gives

P(W = 0) = 0. (4.42)

We obtain the convergence (4.35) by proving that

(a) T is continuous operator on HT and P(W ∈ Ho
α[0, 1] \HT ) = 0,
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(b)
∥∥∥n1/2Ŵ pl

n − T (n−1/2W pl
n )
∥∥∥
α

P−−−→
n→∞

0.

We start with the continuity of T . Operator T is the difference of two opera-
tors. The first one is the identity on Ho

α[0, 1], obviously continuous. The second
one is

T̃ (x) := N(x)
D(x) · F (x), x ∈ HT .

First we show that N : Ho
α[0, 1]→ R and D : Ho

α[0, 1]→ R are continuous. Let
us check first the continuity of D. By triangular inequality of L2 norm applied to
the function f(x)(r) = x(r) + γ

∫ r
0 e(r−s)γx(s) ds,

∣∣∣D1/2(x)−D1/2(y)
∣∣∣ =

∣∣∣∣∣
(∫ 1

0
(f(x)(r))2 dr

)1/2
−
(∫ 1

0
(f(y)(r))2 dr

)1/2∣∣∣∣∣
≤
∣∣∣∣∣∣
(∫ 1

0

(
(x(r)− y(r)) + γ

∫ r

0
e(r−s)γ(x(s)− y(s)) ds

)2
dr
)1/2

∣∣∣∣∣∣
≤
∣∣∣∣∣∣
(∫ 1

0

(
|x(r)− y(r)|+ γ

∫ r

0
e(r−s)γ |x(s)− y(s)| ds

)2
dr
)1/2

∣∣∣∣∣∣
≤ ‖x− y‖∞

( 1
2γ (e2γ − 1)

)1/2
.

Here we remark that if h ∈ Ho
α[0, 1], for every t in [0, 1]

|h(t)| ≤ |h(0)|+ |h(t)− h(0)| ≤ |h(0)|+ ωα(h, 1)tα ≤ |h(0)|+ ωα(h, 1),

whence ‖h‖∞ ≤ ‖h‖α. Applying this to h = x− y gives finally

∣∣∣D1/2(x)−D1/2(y)
∣∣∣ ≤ ( 1

2γ (e2γ − 1)
)1/2

‖x− y‖α .

This implies that D1/2 is continuous on Ho
α[0, 1], and so is D. Using the same

arguments, we obtain the continuity of N on Ho
α[0, 1].

So the ratio N/D is continuous as ratio of two continuous functions except on
the subset of Ho

α[0, 1], where D(x) = 0, that is at the null function on [0, 1].

As F is linear, it is enough to show its continuity at 0. Consider

‖F (x)‖α = |F (x)(0)|+ sup
0≤t′<t≤1

|F (x)(t)− F (x)(t′)|
|t− t′|α .
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Noting ‖x‖∞ ≤ ‖x‖α, we see that

|F (x)(t)− F (x)(t′)| =
∣∣∣∣∫ t

t′

(
x(r) + γ

∫ r

0
e(r−s)γx(s) ds

)
dr
∣∣∣∣

≤ (1 + γeγ) ‖x‖α |t− t′| .

Since F (x)(0) = 0, we obtain

‖F (x)‖α ≤ (1 + γeγ) ‖x‖α (4.43)

which gives the continuity of F

The continuity of T̃ on HT follows easily from the continuity of N , D and
F . Finally, operator T is continuous on HT as the difference of two continuous
operators.

As the operator T is continuous on HT and (4.42) holds, also the Hölderian
invariance principle holds (see (3.10), page 23), we have

T (n−1/2Ŵ pl
n ) Ho

α[0,1]−−−−→
n→∞

T (W ) = W − A−1BJ, (4.44)

by continuous mapping theorem (for details see Billingsley [1986], Theorem 5.1)

Next we check that
∥∥∥n−1/2Ŵ pl

n − T (n−1/2W pl
n )
∥∥∥
α

goes to 0 in probability. Due
to approximations of n−1∑n

k=1 εkyk−1 and n−2∑n
k=1 y

2
k−1 by integrals (see Lemmas

4.2.6 and 4.2.7)

N
(
n−1/2W pl

n

)
:= 1

2

(
n−1/2W pl

n (1) + γ
∫ 1

0
e(1−s)γn−1/2W pl

n (s) ds
)2

− γ
∫ 1

0

(
n−1/2W pl

n (r) + γ
∫ r

0
e(r−s)γn−1/2W pl

n (s) ds
)2

dr − 1
2 ,

D
(
n−1/2W pl

n

)
:=
∫ 1

0

(
n−1/2W pl

n (r) + γ
∫ r

0
e(r−s)γn−1/2W pl

n (s) ds
)2

dr

we obtain

n−1
n∑
k=1

εkyk−1 := N
(
n−1/2W pl

n

)
+Rn

n−2
n∑
k=1

y2
k−1 := D

(
n−1/2W pl

n

)
+ R̃n,

where Rn = oP(n−α) and R̃n = oP(n−α). We have also

n−3/2Spl
n (t) = F (n−1/2W pl

n )(t) + ˜̃
Rn, t ∈ [0, 1]
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where ˜̃
Rn = oP(n−α) (for details see the proof of theorem 4.1.3, page 33).

Further setting Wn := n−1/2W pl
n and writing formally

n−1/2Ŵ pl
n = Wn −

N(Wn) +Rn

D(Wn) + R̃n

·
(
F (Wn)(t) + ˜̃

Rn

)
,

we have formally

∥∥∥n−1/2Ŵ pl
n − T (Wn)

∥∥∥
α
≤
∣∣∣∣∣N(Wn) +Rn

D(Wn) + R̃n
− N(Wn)
D(Wn)

∣∣∣∣∣
∥∥∥∥F (Wn) + ˜̃

Rn

∥∥∥∥
α

+
∣∣∣∣N(Wn)
D(Wn)

∣∣∣∣ ∥∥∥∥ ˜̃Rn∥∥∥∥
α
.

For the moment, such writing is just formal because here arises a problem :
the denominators D(Wn) and D(Wn)+ R̃n may vanish with a positive probability
(unlike D(W )). This lead us to introduce the random variables Φn and Φ̃n defined
by

Φn :=


N(Wn)
D(Wn) on {D(Wn) 6= 0}
0 on {D(Wn) = 0}

Φ̃n :=


N(Wn)+Rn
D(Wn)+R̃n

on {D(Wn) + R̃n 6= 0}

0 on {D(Wn) + R̃n = 0}

Consider the event {D(Wn) = 0}. It can occur if and only if the polygonal
line is the null function on [0, 1], which is equivalent to εi = 0, ∀i ∈ {1, . . . , n}.
Putting p := P (ε1 = 0) and discarding the degenerated case p = 1, we obtain by
independence and identical distribution of the innovations that P (D(Wn) = 0) =
pn. So for every p ∈ [0, 1),

P (D(Wn) = 0) −−−→
n→∞

0. (4.45)

Coming back to the decomposition of n1/2Ŵ pl
n and modifying the definition of

T (Wn) as T (Wn) = Wn − ΦnF (Wn) (it suffices to define T (0) := 0 for that), we
can recast the estimate of

∥∥∥n1/2Ŵ pl
n − T (Wn)

∥∥∥
α

as

∥∥∥n1/2Ŵ pl
n − T (Wn)

∥∥∥
α
≤
∣∣∣Φn − Φ̃n

∣∣∣ ∥∥∥∥F (Wn) + ˜̃
Rn

∥∥∥∥
α

+ |Φn|
∥∥∥∥ ˜̃Rn

∥∥∥∥
α
.

By continuous mapping, (N(Wn), D(Wn)) converges in distribution in R2 to
(N(W ), D(W )) = (B,A). Accounting P (D(W ) = 0) = 0 and (4.45), lemma 4.2.5
gives us the convergence in distribution of Φn to B/A and in particular Φn is
stochastically bounded.

Since
∥∥∥∥ ˜̃Rn

∥∥∥∥
α

converge to 0 in probability and ‖F (Wn)‖α is stochastically

bounded, it remains only to check that
∣∣∣Φn − Φ̃n

∣∣∣ converges to 0 in probability.
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Note that on the event {D(Wn) 6= 0} ∩ {D(Wn) + R̃n 6= 0},

∣∣∣Φn − Φ̃n

∣∣∣ ≤ |Rn|∣∣∣D(Wn) + R̃n

∣∣∣ +
∣∣∣∣∣N(Wn)
D(Wn)

∣∣∣∣∣ ·
∣∣∣R̃n

∣∣∣∣∣∣D(Wn) + R̃n

∣∣∣
and that estimate remains true on the whole probability space if we redefine by 0
the fractions whose denominator vanishes in the above formula. So the problem
reduces to proving that

|Rn|∣∣∣D(Wn) + R̃n

∣∣∣ P−−−→
n→∞

0 and

∣∣∣R̃n

∣∣∣∣∣∣D(Wn) + R̃n

∣∣∣ P−−−→
n→∞

0.

We detail only the first convergence. Let us fix an ε > 0, we want to prove that
P (|Rn| /

∣∣∣D(Wn) + R̃n

∣∣∣ ≤ ε) tends to 1. Let us fix an arbitrary δ ∈ (0, 1). Since
the distribution function of D(W ) is null and continuous at 0, we can find η > 0
such that P (D(W ) ≤ η) < δ or equivalently P (D(W ) > η) > 1 − δ. There is
no restriction in assuming that η is itself a point of continuity of the distribution
function of D(W ). Hence by convergence in distribution of D(Wn) to D(W ),
there is an integer n0 such that

∀n ≥ n0, P (D(Wn) > η) > 1− 2δ.

Next we can find n1 ≥ n0 such that

∀n ≥ n1, P
(∣∣∣R̃n

∣∣∣ > η

2

)
< δ.

We can find a n2 ≥ n1 such that

∀n ≥ n2, P (|Rn| > ηε) < δ.

From this we deduce that

P

 |Rn|∣∣∣D(Wn) + R̃n

∣∣∣ < 2ε and D(Wn) > 0
 > 1− 4δ

and recalling that P (D(Wn) = o) tends to 0, this establishes the expected con-
vergence in probability.

And finally the convergence (4.35) is established.

Next step is to prove the necessity. From (4.35), the sequence (n−1/2Ŵ pl
n ) is

49



FUNCTIONAL LIMIT THEOREMS

tight on Ho
α[0, 1] and this implies that for every ε > 0,

lim
δ→0

sup
n≥1

P
(
ωα(n−1/2Ŵ pl

n , δ) > ε
)

= 0,

see e.g. Theorem 13 in Suquet [1999]. This clearly entails that

ωα

(
n−1/2Ŵ pl

n ,
1
n

)
P−−−→

n→∞
0.

Observing that

n−1/2 max1≤k≤n |ε̂k|
1
nα

=
n−1/2 max1≤k≤n

∣∣∣Ŵ pl
n (k/n)− Ŵ pl

n ((k − 1)/n)
∣∣∣

1
nα

≤ ωα

(
n−1/2Ŵ pl

n ,
1
n

)
,

we obtain n−1/2 max1≤k≤n |ε̂k| P−−−→
n→∞

0.

Next decompose ε̂k = εk − (φ̂n − φn)yk−1. Denote by y[n•] the step process
(y[nt], t ∈ [0, 1]). Recall that by Phillips [1987] Lemma 1, part (a), n−1/2y[n•]

converges in distribution in D[0, 1] to an Ornstein-Uhlenbeck process. As the
supremum norm of such a step process is obviously reached at one of the points
t = k/n, 0 ≤ k ≤ n, this convergence implies the stochastic boundedness of
max1≤k≤n

∣∣∣n−1/2yk−1

∣∣∣ =
∥∥∥n−1/2y[n•]

∥∥∥
∞

. Notice, that

nα−1/2 max
1≤k≤n

∣∣∣(φ̂n − φn)yk−1

∣∣∣ ≤ nα−1
∣∣∣n(φ̂n − φn)

∣∣∣ max
1≤k≤n

∣∣∣n−1/2yk−1

∣∣∣ P−−−→
n→∞

0,

because from Phillips [1987] (Theorem 1, part (a))
∣∣∣n(φ̂n − φn)

∣∣∣ is also stochasti-
cally bounded. It follows then

nα−1/2 max
1≤k≤n

|εk| P−−−→
n→∞

0,

which gives the condition (3.11), page 23, due to independence of (εk).

4.2.2 Second type model

For the second type model we obtain the result of convergence n−1/2Ŵ pl
n to

Wiener process in Ho
β[0, 1] for 0 < β ≤ α assuming additionally some rate of

divergence for γn.

Theorem 4.2.8. Suppose (yn,k) is generated by (4.1) and φn = 1 − γn/n, where
(γn) is a sequence of nonnegative numbers, γn → ∞ and γn/n → 0, as n → ∞.
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Assume also that the innovations (εk) are i.i.d. and satisfy condition (3.11):

lim
t→∞

tpP(|ε0| > t) = 0

for some p > 2. Put α = 1
2 − 1

p
. Then for 0 < β ≤ α,

n−1/2Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W, (4.46)

if yn,0 = o((1− φn)−1/2) and

lim inf
n→∞

γnn
− 2β

1+2α > 0. (4.47)

Remark 4.2.9. If variance of innovations σ2 is known, then under conditions of
Theorem 4.2.8, we obtain

n−1/2σ−1Ŵ pl
n

Ho
β [0,1]
−−−−→
n→∞

W. (4.48)

Remark 4.2.10. If variance is unknown by Slutsky’s Theorem it can be replaced
in (4.48) by its estimator defined by (4.7) (page 33) via Lemma 4.3.1.

Proof of Theorem 4.2.8. Condition (3.11), page 23, (see Račkauskas and Suquet
[2004b]) gives the weak convergence of W pl

n , defined by (3.8), page 23, to the
standard Brownian motion in the space Ho

α[0, 1]. By continuous embedding of
Hölder spaces, the same convergence remains true in H0

β[0, 1] for 0 < β ≤ α.
Therefore to obtain (4.46) it suffices to prove that

∆n,β :=
∥∥∥n−1/2Ŵ pl

n − n−1/2W pl
n

∥∥∥
β

P−−−→
n→∞

0.

We first establish the useful inequality:∥∥∥Spl
n

∥∥∥
β
≤ n

γn

[∥∥∥W pl
n

∥∥∥
β

+ 2nβ max
1≤k≤n

|yk|
]
, (4.49)

where Spl
n is defined by (4.2), page 31. We have for 1 ≤ j < k ≤ n,

Spl
n (k/n)− Spl

n (j/n) = (1− φn)−1
(
W pl
n (k/n)−W pl

n (j/n)− yk + yj
)
.

Recalling that the Hölder norm of a polygonal line is reached at some pair of
vertices (see Lemma 3.1.1, page 21) and that Spl

n (0) = 0, we have

∥∥∥Spl
n

∥∥∥
β

= max
1≤j<k≤n

∣∣∣Spl
n (k/n)− Spl

n (j/n)
∣∣∣

|k/n− j/n|β
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= max
1≤j<k≤n

∣∣∣(1− φn)−1
(
W pl
n (k/n)−W pl

n (j/n)− yk + yj
)∣∣∣

|k/n− j/n|β

≤ n

γn

 max
1≤j<k≤n

∣∣∣W pl
n (k/n)−W pl

n (j/n)
∣∣∣

|k/n− j/n|β
+ max

1≤j<k≤n

|yk − yj|
|k/n− j/n|β


= n

γn

[∥∥∥W pl
n

∥∥∥
β

+ max
1≤j<k≤n

|yk − yj|
|k/n− j/n|β

]
.

This leads to (4.49) via the elementary estimate

max
1≤j<k≤n

|yk − yj|
|k/n− j/n|β

≤ 2nβ max
1≤k≤n

|yk| . (4.50)

Note, that Ŵ pl
n = W pl

n + (φn − φ̂n)Spl
n , see 4.39, page 44, thus we have

∆n,β = n−1/2|φn − φ̂n|
∥∥∥Spl

n

∥∥∥
β
.

By results in Giraitis and Phillips [2006], there is a positive random variable M
not depending on n, such that |φn − φ̂n| ≤ Mn−1γ1/2

n , so accounting (4.49), we
can bound ∆n,β by:

∆n,β ≤Mn−1/2γ−1/2
n

(∥∥∥W pl
n

∥∥∥
β

+ 2nβ max
1≤k≤n

|yk|
)
.

As n−1/2
∥∥∥W pl

n

∥∥∥
β

is stochastically bounded, the proof of the Theorem is finally
reduced in checking that

n−1/2+βγ−1/2
n max

1≤k≤n
|yk| P−−−→

n→∞
0.

By Lemma 4.1.7, max1≤k≤n |yk| = oP (n1/2γ−αn ), so the above convergence is satis-
fied provided that

lim sup
n→∞

nβ

γ
1/2+α
n

<∞,

which is equivalent to assumption (4.47).

4.3 Supplementary results

In this section, we provide supplementary results. At first we give the proof,
that estimate of the variance σ̂2 is consistent for the second type model. Further
we prove the maximal inequality (Lemma 4.1.7). At the end of this section we
give the proofs of the technical lemmas used in the proof of Theorem 4.2.2.
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4.3.1 Consistency of the estimate of variance

Here we show that for the second type model defined by (4.1), the estimate of
variance is consistent.

Lemma 4.3.1. Suppose (yk) is generated by (4.1) and φn = 1 − γn/n, where γn
is sequence of non negative numbers, γn/n→ 0 and γn →∞ as n→∞. Assume
also that the innovations (εk) are i.i.d. random variables with Eεk = 0, Eε2

k = σ2.
Variance estimator σ̂2 is defined by (4.7) (page 33). Then

σ̂2 P−−−→
n→∞

σ2. (4.51)

Proof. We can rearrange (4.7), page 33, using (4.32), page 41, in the following
way

σ̂2 = 1
n

n∑
k=1

ε̂k
2 = 1

n

n∑
k=1

ε2
k −

2
n

(φ̂n − φn)
n∑
k=1

εkyk−1 + 1
n

(φ̂n − φn)2
n∑
k=1

y2
k−1.

By the weak law of large numbers we have

1
n

n∑
k=1

ε2
k

P−−−→
n→∞

σ2. (4.52)

Further we will use Giraitis and Phillips [2006] results:

n1/2

(1− φ2
n)1/2 (φ̂n − φn) R−−−→

n→∞
N(0, 1) (4.53)

(1− φ2
n)1/2

n1/2

n∑
k=1

εkyk−1
R−−−→

n→∞
N(0, σ4) (4.54)

1− φ2
n

n

n∑
k=1

y2
k−1

P−−−→
n→∞

σ2 (4.55)

So using (4.53) and (4.55) for 1
n
(φ̂n − φn)2∑n

k=1 y
2
k−1 we obtain

1
n

(φ̂n − φn)2
n∑
k=1

y2
k−1

P−−−→
n→∞

0. (4.56)

Also for 2
n
(φ̂n − φn)∑n

k=1 εkyk−1 using (4.53) and (4.54) we find

2
n

(φ̂n − φn)
n∑
k=1

εkyk−1
P−−−→

n→∞
0. (4.57)

Thus (4.52), (4.56) and (4.57) gives us (4.51).
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4.3.2 Maximal inequality

Here we give a detailed proof of Lemma 4.1.7, page 38. It is convenient
to start with the following weaker result which already contains the estimate
max1≤k≤n |yk| = OP (n1/2γ−αn ) if E |ε0|p <∞.

Lemma 4.3.2. Let (ηj)j≥0 be a sequence of i.i.d. random variables, with Eη0 = 0
and E |η0|q < ∞ for some q ≥ 2. Suppose φn = 1 − γn

n
, where γn → ∞ and

γn/n→ 0, as n→∞. Define

zk =
k∑
j=1

φk−jn ηj. (4.58)

Then there exists an integer n0(q) ≥ 1 depending on q only, such that for every
n ≥ n0(q), γn > γn0(q), and every λ > 0,

P
(

max
1≤k≤n

|zk| > λ
)
≤ 4CqeqE |η0|q

λq
nq/2γ1−q/2

n , (4.59)

where Cq is the universal constant in the Rosenthal inequality of order q. Choosing
λ = n1/2γ1/q−1/2

n τ for arbitrary τ > 0 provides:

max
1≤k≤n

|zk| = OP

(
n1/2γ1/q−1/2

n

)
.

The right hand side of (4.59) becomes smaller as q increases, subject to an
optimal choice of λ. It seems difficult to say whether the bound (4.59) is sharp.
We can nevertheless remark that in the boundary case, where γn = n and so the
zk’s become i.i.d., our bound would lead to the estimate max1≤k≤n |zk| = OP(n1/q)
which is optimal in this case.

Proof. The idea of the proof relies on the following observation. For a < k ≤ b,

|zk| = φkn

∣∣∣∣∣∣
k∑
j=1

φ−jn ηj

∣∣∣∣∣∣ ≤ φan

∣∣∣∣∣∣
k∑
j=1

φ−jn ηj

∣∣∣∣∣∣ .
Here {∑k

j=1 φ
−j
n ηj, a < k ≤ b} is a martingale adapted to its natural filtration

and if we repeat this procedure with regularly spaced bounds a and b, we keep
the structure of a geometric sum for the coefficients φan. To profit of these two
features we are lead to the following splitting:

n = MK, max
1≤k≤n

|zk| = max
1≤m≤M

max
(m−1)K<k≤mK

|zk| ,
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where M and K (not necessarily integers) depend on n in a way which will be
precised later. Applying this splitting we obtain first:

P
(

max
1≤k≤n

|zk| > λ
)
≤

∑
1≤m≤M

P

φ(m−1)K
n max

1≤k≤mK

∣∣∣∣∣∣
k∑
j=1

φ−jn ηj

∣∣∣∣∣∣ > λ

 .
Then using Markov’s and Doob’s inequalities at order q gives

P
(

max
1≤k≤n

|zk| > λ
)
≤

∑
1≤m≤M

φq(m−1)K
n Tm

λq
where Tm := E

∣∣∣∣∣∣
∑

1≤j≤mK
φ−jn ηj

∣∣∣∣∣∣
q

.

(4.60)

To bound Tm, we treat separately the special case q = 2 with a simple variance
computation and use Rosenthal inequality in the case q > 2. In both cases, the
following elementary estimate is useful.

∑
1≤j≤mK

φ−jqn = φ−[qmK]
n

[mK]∑
j=1

φ[mK]q−jq
n = φ−[qmK]

n

[mK]−1∑
j=0

φjqn

≤ φ−[qmK]
n

1− φqn ≤
φ−qmKn

1− φn
recalling that 0 < φn < 1, whence,

∑
1≤j≤mK

φ−jqn ≤ n

γn
φ−qmKn . (4.61)

Now in the special case q = 2, we have

Tm = Var
 k∑
j=1

φ−jn ηj

 = Eη2
0

∑
1≤j≤mK

φ−2j
n ,

so by (4.61),

Tm ≤
n

γn
φ−2mK
n Eη2

0. (4.62)

When q > 2, we apply Rosenthal inequality which gives here

Tm ≤ Cq

(Eη2
0

)q/2
 ∑

1≤j≤mK
φ−2j
n

q/2

+ E |η0|q
∑

1≤j≤mK
φ−jqn

 .
As q > 2,

(
Eη2

0

)q/2 ≤ E |η0|q. Also we may assume without loss of generality that
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n
γn
≥ 1, so n

γn
≤
(
n
γn

)q/2
. Then using (4.61), we obtain

Tm ≤ 2CqE |η0|q nq/2γ−q/2
n φ−qmKn . (4.63)

Note that (4.62) obtained in the special case q = 2 can be included in this formula
by defining C2 := 1/2.

Going back to (4.60) with this estimate, we obtain

P
(

max
1≤k≤n

|zk| > λ
)
≤ 2CqE |η0|q nq/2γ−q/2

n λ−q
∑

1≤m≤M
φ−Kqn

≤ 2CqE |η0|q nq/2γ−q/2
n λ−qMφ−Kqn .

Now, choosing K = n
γn

, we see that φ−Kqn converges to eq, so for n ≥ n0(q),
φ−Kqn ≤ 2eq. Then (4.59) follows by pluging this upper bound in the inequality
above and noting that M = γn.

Remark 4.3.3. Under assumptions of Lemma 4.3.2 there exists a constant cq
depending on q only, such that for every n ≥ 1 and every λ > 0

P
(

max
1≤k≤n

|zk| > λ
)
≤ cqE |η0|q

λq
nq/2γ1−q/2

n .

Remark 4.3.4. The Lemma 4.3.2 can be proved by applying Hájek-Rényi type
inequality (e.g. see Petrov [1975] section III.5, paragraph 6). In our opinion, the
method applied in the proof of Lemma 4.3.2 seems more suitable for generalization,
e.g. for dependent innovations.

Proof. of Lemma 4.1.7. It is convenient to rewrite the assumption (4.21), page
38, as

P (|ε0| > t) = f(t)
tp

, f(t) −−−→
t→∞

0.

Moreover

f ∗(b) := sup
t≥b

f(t) −−−→
b→∞

0.

In the special case where p = 2, (4.21) is replaced by Eε2
0 <∞, but the above rep-

resentation of P (|ε0| > t) remains valid since f(t) = t2P (|ε0| > t) ≤ E(ε2
01{|ε0|>t})

by Markov inequality and this upper bound goes to zero by dominated convergence
theorem.
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Let us fix arbitrary positive numbers δ and ε, and introduce the truncated
random variables

ε′j = εj1{|εj |≤bn} ε̃′j = ε′j − Eε′j
ε′′j = εj1{|εj |>bn} ε̃′′j = ε′′j − Eε′′j ,

where the truncation level bn goes to infinity at a rate which will be precised later.
Since Eεj = 0, εj = ε̃′j + ε̃′′j . Now let us recall that

yk =
k∑
j=1

φk−jn εj =
k∑
j=1

φk−jn (ε̃′j + ε̃′′j ) =
k∑
j=1

φk−jn ε̃′j +
k∑
j=1

φk−jn ε̃′′j = z̃′k + z̃′′k ,

where z̃′k and z̃′′k are defined by substituting εj by ε̃′j and ε̃′′j respectively in the
definition of zk, given by (4.58). Then for positive λ = λn, whose dependence on
n will be precised later,

P
(

max
1≤k≤n

|yk| > 2λ
)
≤ P ′n + P ′′n , (4.64)

where

P ′n := P
(

max
1≤k≤n

|z̃′k| > λ
)
, P ′′n := P

(
max

1≤k≤n
|z̃′′k | > λ

)
.

To bound P ′n, applying Lemma 4.3.2 to z̃′k gives for any q > p

P ′n ≤
4eqCqE|ε̃′0|q

λq
nq/2γ1−q/2

n ≤ 2q+2eqCqE|ε′0|q
λq

nq/2γ1−q/2
n ,

since by elementary convexity inequalities, E|ε̃′0|q ≤ 2qE|ε′0|q. Now

E|ε′0|q =
∫ ∞

0
qtq−1P

(
|ε0|1{|εj |≤bn} > t

)
dt

=
∫ bn

0
qtq−1P (t < |ε0| ≤ bn) dt ≤

∫ bn

0
qtq−1P (|ε0| > t) dt

=
∫ bn

0
qtq−1f(t)

tp
dt ≤ q ‖f‖∞

q − p bq−pn .

Going back to P ′n we find that

P ′n ≤
2q+2eqqCq ‖f‖∞

q − p · n
q/2γ1−q/2

n bq−pn

λq
.

Now we choose λ = n1/2γ1/p−1/2
n δ, q = p+ 1 and

bn = δp+1εγ1/p
n (4.65)

57



FUNCTIONAL LIMIT THEOREMS

with arbitrary ε > 0. Recalling that γn goes to infinity, the same holds for bn.
This choice gives

P ′n = P
(
n−1/2γαn max

1≤k≤n
|z̃′k| > δ

)
≤ C ′pε, (4.66)

with C ′p = 2p+3ep+1(p+ 1)Cp+1 ‖f‖∞.

To bound P ′′n , we apply Lemma 4.3.2 with zk = z̃′′k and q = 2 (keeping the
above choices of λ and bn which do not depend on q):

P ′′n ≤
8e2

δ2 γ
1−2/p
n E(ε′′0)2.

In the special case where p = 2, this reduces to

P ′′n ≤
8e2

δ2 E(ε2
01{|ε0|>bn})

and this bound goes to zero by Lebesgue’s dominated convergence theorem, since
bn defined by (4.65) goes to infinity. When p > 2, we estimate E(ε′′0)2 as follows.

E(ε′′0)2 =
∫ ∞

0
2tP

(
|ε0|1{|ε0|>bn} > t

)
dt

=
∫ bn

0
2tP (|ε0| > bn) dt+

∫ ∞
bn

2tP (|ε0| > t) dt

= b2
nP (|ε0| > bn) +

∫ ∞
bn

2t1−pf(t) dt ≤ f(bn)b2−p
n + 2

p− 2f
∗(bn)b2−p

n

≤ p

p− 2δ
(p+1)(2−p)ε2−pγ2/p−1

n f ∗(bn).

Finally, we see that there is a constant C ′′δ,ε,p such that for p ≥ 2,

P ′′n ≤ C ′′δ,ε,pf
∗(bn). (4.67)

Going back to (4.64) with (4.66) and (4.67), we obtain

Qn := P
(
n−1/2γαn max

1≤k≤n
|yk| > δ

)
≤ C ′pε+ C ′′δ,ε,pf

∗(bn).

This gives lim supn→∞Qn ≤ C ′pε and as ε is arbitrary, so (4.22) (page 38) follows.

4.3.3 Lemmas for the proof of theorem 4.2.2

In this section we give proofs of Lemmas 4.2.5, 4.2.6 and 4.2.7.

Proof of Lemma 4.2.5. We note first that since P (D = 0) = 0, the limiting ran-
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dom variable N/D is well defined (up to an event of probability 0). We will check
that for each real t such that P (N/D = t) (i.e. for each point of continuity of
the distribution function of the claimed limiting distribution), P (Φn ≤ t) tends
to P (N/D ≤ t).

For such a t we clearly have P (N − tD = 0) = 0. This combined with the
convergence in distribution of (Nn, Dn) to (N,D) and continuous maping gives
the convergence:

P (Nn − tDn ≤ 0) −−→
→∞

P (N − tD ≤ 0).

Now

P (Φn ≤ t) = P (0 ≤ t and Dn = 0) + P
(
Nn

Dn

≤ t and Dn > 0
)

= o(1) + P (Nn − tDn ≤ 0 and Dn > 0).

Noting that

|P (Nn ≤ tDn)− P (Nn − tDn ≤ 0 and Dn > 0)| ≤ P (Dn = 0) = o(1)

we deduce that P (Φn ≤ t) tends to P (N/D ≤ t).

The next lemma is an auxilliary result used in the forthcoming proof of
Lemma 4.2.6.

Lemma 4.3.5. Suppose that the process (yk) is defined by (4.1) with φn = eγ/n,
γ < 0 and y0 = 0. Let (εk) be i.i.d. random variables with mean 0 and satisfies
condition (3.11) (page 23). Define

Vn(l) := Wn

(
l − 1
n

)
+ γ

∫ l
n

0
e( l
n
−s)γWn(s) ds (4.68)

for l ≤ n. Then
∣∣∣n−1/2yl−1 − Vn(l)

∣∣∣ ≤ ‖Wn‖∞
γ2eγ
2n + eγ

nα
ωα

(
Wn,

1
n

)
+ |2 + γ| eγ

n
‖Wn‖∞ . (4.69)

Proof. Denote

Vl,1 := n−1/2yl−1 = n−1/2
l−1∑
j=1

e(l−1−j)γ/nεj.
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Noting that εl = W pl
n

(
l
n

)
−W pl

n

(
l−1
n

)
we can express

yl−1 = W pl
n

(
l − 1
n

)
+ γ

n

l−2∑
j=1

e(l−1−j)γ/nW pl
n

(
j

n

)
+ γ2un

2n2

l−2∑
j=1

e(l−1−j)γ/nW pl
n

(
j

n

)
,

where un is defined by (4.13), page 35, and un → −1, as n→∞. Then we define

Vl,2 := Wn

(
l − 1
n

)
+ γ

n

l−2∑
j=1

e(l−1−j)γ/nWn

(
j

n

)

and for the approximation error we obtain the bound

|Vl,2 − Vl,1| ≤ ‖Wn‖∞
γ2eγ
2n .

Further we approximate Riemann sum by integral (which is exactly (4.68))

Vn(l) := Wn

(
l − 1
n

)
+ γ

∫ l
n

0
e( l
n
−s)γWn(s) ds.

Now we estimate the error. For any f ∈ C[0, 1], we have

1
n

l−2∑
j=1

f
(
j + j0

n

)
−
∫ l/n

0
f(s) ds

=
l−2∑
j=1

∫ j/n

(j−1)/n

(
f
(
j + j0

n

)
− f(s)

)
ds−

∫ l/n

(l−2)/n
f(s) ds, (4.70)

whence ∣∣∣∣∣∣ 1n
l−2∑
j=1

f
(
j + j0

n

)
−
∫ l/n

0
f(s) ds

∣∣∣∣∣∣ ≤ ω0

(
f,

1 + j0

n

)
+ ‖f‖∞

2
n
. (4.71)

Moreover,

if f ∈ Ho
α[0, 1], ω0(f, δ) ≤ ωα(f, δ)δα. (4.72)

If f(t) = g(t)h(t) with g of class C1 and h ∈ C[0, 1],

ω0(gh, δ) ≤ ‖g‖∞ ω0(h, δ) + ‖g′‖∞ ‖h‖∞ δ. (4.73)

So from (4.71)-(4.73) we obtain the uniform bound

|Vn(l)− Vl,2| ≤
eγ
nα
ωα(Wn,

1
n

) + |2 + γ| eγ
n

‖Wn‖∞ .
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Proof of Lemma (4.2.6). Using lemma 4.3.5 we approximateAn,0 := n−2∑n
k=1 y

2
k−1

by

An,1 := 1
n

n∑
k=1

(
Wn

(
k − 1
n

)
+ γ

∫ k
n

0
e( k
n
−s)γWn(s) ds

)2

.

The approximation error is bounded by

|An,1 − An,0| ≤ max
1≤k≤n

∣∣∣n−1/2yk−1 − Vn(k)
∣∣∣ (max

1≤k≤n

∣∣∣n−1/2yk−1

∣∣∣+ max
1≤k≤n

|Vn(k)|
)
.

(4.74)

From Lemma 4.3.5, max1≤k≤n

∣∣∣n−1/2yk−1 − Vn(k)
∣∣∣ = oP(n−α). As Vn(l) is the

image of Wn by a functional continuous on Ho
α, from continuous mapping theorem

and Hölderian invariance principle, max1≤k≤n |Vn(k)| is stochastically bounded.
Also by Phillips [1987] max1≤k≤n

∣∣∣n−1/2yk−1

∣∣∣ is stochastically bounded.

Further An,1 might be approximated by An and the bound of approximation
error is

|An − An,1| ≤ ω
(
f,

1
n

)

where f(r) :=
(
W pl
n (r) + γ

∫ r
0 e(r−s)γW pl

n (s) ds
)2

. Denote f(r) = g2(r) and g(r) :=
W pl
n (r) + γ

∫ r
0 e(r−s)γW pl

n (s) ds. Then

ω
(
f,

1
n

)
≤ 1
nα
ωα

(
f,

1
n

)
≤ 2
nα
‖g‖∞ ωα

(
g,

1
n

)
≤ 2
nα
· ‖Wn‖∞ eγ

(
ωα

(
Wn,

1
n

)
+ 1
n1−α eγ ‖Wn‖∞

)
. (4.75)

So we obtain |An − An,0| = oP(n−α).

Proof of Lemma 4.2.7. By squaring equation (4.1), page 31, subtracting y2
k−1 from

both sides and summing both sides over k we obtain:

y2
n = (e2γ/n − 1)

n∑
k=1

y2
k−1 + 2eγ/n

n∑
k=1

yk−1εk +
n∑
k=1

ε2
k.

Then multiplying everything by n−1 we get:

Bn,1 := 2n−1
n∑
k=1

yk−1εk = 1
eγ/n

(
n−1y2

n −
2γ
n2

n∑
k=1

y2
k−1 −

1
n

n∑
k=1

ε2
k −

γ2un
n3

n∑
k=1

y2
k−1

)
,
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where un → −1, n→∞. Further we can approximate Bn,1 by

Bn,2 := 1
eγ/n

(
n−1y2

n −
2γ
n2

n∑
k=1

y2
k−1 −

1
n

n∑
k=1

ε2
k

)

and the bound of the approximation error is

|Bn,2 −Bn,1| ≤
γ2

n

∣∣∣∣∣ 1
n2

n∑
k=1

y2
k−1

∣∣∣∣∣ P−−−→
n→∞

0,

because by Phillips [1987]
∣∣∣ 1
n2
∑n
k=1 y

2
k−1

∣∣∣ is stochastically bounded on R and γ2

n
→

0, as n→∞. Further Bn,2 we can approximate by

Bn,3 := 1
eγ/n

(
n−1y2

n −
2γ
n2

n∑
k=1

y2
k−1 − 1

)
.

In this case for the approximation error we have

|Bn,3 −Bn,2| ≤
∣∣∣∣∣ 1n

n∑
k=1

ε2
k − 1

∣∣∣∣∣ P−−−→
n→∞

0

by the weak law of large numbers since Eε2
0 = 1. Next we approximate Bn,3 by

Bn,4 := n−1y2
n −

2γ
n2

n∑
k=1

y2
k−1 − 1.

As
∣∣∣n−1y2

n − 2γ
n2
∑n
k=1 y

2
k−1 − 1

∣∣∣ is stochastically bounded by Phillips [1987] Lemma
1, we obtain

|Bn,4 −Bn,3| =
∣∣∣∣∣n−1y2

n −
2γ
n2

n∑
k=1

y2
k−1 − 1

∣∣∣∣∣ ·
∣∣∣∣1− 1

eγ/n
∣∣∣∣ P−−−→
n→∞

0.

Finally, using Lemma 4.3.5 we obtain

Bn = 1
2

(
Wn(1) + γ

∫ 1

0
e(1−s)γWn(s) ds

)2

− γ
∫ 1

0

(
Wn(r) + γ

∫ r

0
e(r−s)γWn(s) ds

)2
dr − 1

2 .

The bound

|Bn −Bn,4| ≤
1
2

∣∣∣∣∣(n−1/2yn)2 −
(
Wn(1) + γ

∫ 1

0
e(1−s)γWn(s) ds

)2∣∣∣∣∣
+ γ

∣∣∣∣∣ 1
n2

n∑
k=1

y2
k−1 −

∫ 1

0

(
Wn(r) + γ

∫ r

0
e(r−s)γWn(s) ds

)2
dr
∣∣∣∣∣
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Further

γ

∣∣∣∣∣ 1
n2

n∑
k=1

y2
k−1 −

∫ 1

0

(
Wn(r) + γ

∫ r

0
e(r−s)γWn(s) ds

)2
dr
∣∣∣∣∣

is bounded by (4.74) and (4.75) and

1
2

∣∣∣∣∣(n−1/2yn)2 −
(
Wn(1) + γ

∫ 1

0
e(1−s)γWn(s) ds

)2∣∣∣∣∣
is bounded by (4.74).
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5
Testing the epidemic change with

statistics built on observations

In this chapter we investigate some epidemic change in the innovations of the first
order nearly nonstationary autoregressive process. For 0 ≤ α < 1/2, we build the
α-Hölderian uniform increments statistics based on the observations to detect a
short epidemic change in the process under consideration. Under the assumptions
for innovations we find the limit of the statistics under null hypothesis, some
conditions of consistency and we perform a test power analysis. We also discuss
the interplay between the various parameters to detect the shortest epidemics.

Assume we are given an n-sample yn,1, . . . , yn,n generated by

yn,k = φnyn,k−1 + εk + an,k, k = 1, . . . , n, n ≥ 1, yn,0 = 0, (5.1)

where the parameter φn ∈ (0, 1) satisfies φn → 1, as n→∞, (εk, k ≥ 1) are i.i.d.
centered, at least square integrable random variables, (an,k) is a sequence that will
be precised later. Throughout this chapter, the parameter φn is supposed to be
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known. The aim of this chapter is to propose tests for the null hypothesis

H0 : an,1 = · · · = an,n = 0

against the epidemic or changed segment alternative:

HA : there exist 1 ≤ k∗n, 1 ≤ m∗n ≤ n such that

an,k = an1I∗n(k), an 6= 0, 1 ≤ k ≤ n,

where I∗n is the epidemics interval

I∗n = {k∗n + 1, . . . ,m∗n}

and 1I∗n denotes its indicator function. Under that type of alternative the values
an,k during the period I∗n are interpreted as an epidemic deviation from the usual
(zero) mean and `∗n = m∗n − k∗n is called the duration of the epidemic state.

To investigate such hypothesis, we build the test statistics

T̃α,n = Tα,n(yn,1, . . . , yn,n), (5.2)

where Tα,n(X1, . . . , Xn) is defined by (2.11), page 18:

Tα,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
Xj −

`

n

n∑
j=1

Xj

∣∣∣∣∣∣ .
To motivate such choice, rewrite the model (5.1) in the following way

yn,k − τn,k = φn(yn,k−1 − τn,k−1) + εk,

where

τn,k =
k−1∑
j=0

φjnan,k−j =
k∑
j=1

φk−jn an,j. (5.3)

Define

zn,k = yn,k − τn,k. (5.4)

Note that (zn,k) is a nearly nonstationary first order autoregressive process and
satisfies the null hypothesis. So, due to (5.4), we have the epidemic change problem
where a sequence of dependent random variables satisfying the null hypothesis is
shifted by a deterministic sequence. This is the reason why statistics (5.2) seems
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natural in this situation.

We study limit behavior of T̃α,n for α = 0 (Levin and Kline statistics) and
α ∈ (0, 1/2 − 1/p), p > 2 (Račkauskas and Suquet statistics) trying to see how
the use of Hölder weighting allows detection of shorter epidemics than the use of
T̃0,n. Of course the range of detection will be smaller here than in the case of i.i.d.
samples. If α = 0, then the innovations are required to have finite second moment.
For another case the innovations satisfy the stronger integrability condition (3.11):

lim
t→∞

tpP (|ε0| > t) = 0.

Here we also study two types of first order nearly nonstationary models with
the coefficient φn close to 1 in the model (5.1). The first type model corresponds
to the coefficient

φn = eγ/n, γ < 0. (5.5)

The second type model corresponds to the coefficient

φn = 1− γn
n

where γn →∞ and γn
n
→ 0 as n→∞. (5.6)

As we shall see the limit behavior of T̃α,n statistics differs for these two types of
models.

5.1 Limit behavior of test statistics under null
hypothesis

For any function f ∈ C[0, 1] or f ∈ Ho
α[0, 1] and 0 ≤ α < 1/2 set

Tα,∞(f) := sup
0<s<t<1

|f(t)− f(s)− (t− s)f(1)|
|t− s|α . (5.7)

5.1.1 Levin and Kline statistics

We start the investigation from Levin and Kline statistics T̃0,n. First let us
consider the model (5.1) under null hypothesis H0 with the coefficient φn = eγ/n,
γ < 0. Under the assumption of square integrability of innovations, we obtain that
the limit of such statistics is a functional depending on an integrated Ornstein-
Uhlenbeck process.
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Theorem 5.1.1. Under H0, for the first type model defined by (5.1) and (5.5),

n−3/2σ−1T̃0,n
R−−−→

n→∞
T0,∞(J), (5.8)

where σ2 = Eε2
1 and J is an integrated Ornstein-Uhlenbeck process J(t)=

∫ t
0Uγ(r)dr,

t ∈ [0, 1] with Uγ defined by (3.1) (page 19).

Proof. Consider the functionals gn and g defined on the continuous function space
C[0, 1] by

gn(x) := max
1≤i<j≤n

I0(x, i/n, j/n), g(x) := sup
0<s<t<1

I0(x, s, t), (5.9)

where

I0(x, s, t) := |x(t)− x(s)− (t− s)x(1)| , 0 < t− s < 1.

By the special case of Lemma 3.3.3, page 25, where α = 0, the functionals gn and
g are Lipschitz on G0 = {x ∈ C[0, 1] : x(0) = 0}. Note that

T̃0,n = gn(Spl
n ), T0,∞(J) = g(J). (5.10)

where (Spl
n (t), t ∈ [0, 1]) is the polygonal line constructed from partial sums of

observations (yn,k−1) defined by (4.2), page 31:

Spl
n (t) :=

[nt]∑
k=1

yn,k−1 + (nt− [nt])yn,[nt], t ∈ [0, 1].

It follows from Theorem 4.1.3 (see also remark 4.1.4, page 33), that

n−3/2σ−1Spl
n

C[0,1]−−−−→
n→∞

J. (5.11)

Lemma 3.3.3 (page 25) now gives

gn(n−3/2σ−1Spl
n ) = g(n−3/2σ−1Spl

n ) + oP(1) (5.12)

and the convergence (5.8) follows from (5.10), (5.11) and (5.12) and continuous
mapping theorem.

Next we find the limit of test statistics T̃0,n under null hypothesis for second
type model.
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Theorem 5.1.2. Under H0, for the second type model defined by (5.1) and (5.6),

n−1/2(1− φn)σ−1T̃0,n
R−−−→

n→∞
T0,∞(W ), (5.13)

where σ2 = Eε2
1.

Proof. The proof of this theorem is essentially the same as the proof of the Theo-
rem 5.1.1 using the Theorem 4.1.8 instead of Theorem 4.1.3 and Lemma 3.3.3.

5.1.2 T̃α,n statistics with α > 0

Now we show that for the model (5.1) with φn = eγ/n, γ < 0, the limit of
T̃α,n (α > 0) under null hypothesis H0 is a functional of an integrated Ornstein-
Uhlenbeck process, but we have to require a stronger integrability on innovations
than just a second moment.

Theorem 5.1.3. In the first type model defined by (5.1) and (5.5), assume that
(εi) are i.i.d. and satisfy condition (3.11) (page 23) for some p > 2. Then under
H0 for any α ∈ (0, 1/2− 1/p)

n−3/2+ασ−1T̃α,n
R−−−→

n→∞
Tα,∞(J), (5.14)

where σ2 = Eε2
1 and J is an integrated Ornstein-Uhlenbeck process J(t)=

∫ t
0Uγ(r)dr,

t ∈ [0, 1] with Uγ defined by (3.1) (page 19).

Proof. Consider the functionals gn, g, defined on Ho
α[0, 1] by (5.9) where

Iα(x, s, t) := |x(t)− x(s)− (t− s)x(1)|
|t− s|α , 0 < t− s < 1.

By Lemma 3.3.3 (page 25) gn and g are Lipschitz onGα = {x ∈ Ho
α[0, 1] : x(0) = 0}.

Observe that

nαT̃α,n = gn(Spl
n ), Tα,∞(J) = g(J). (5.15)

where (Spl
n (t), t ∈ [0, 1]) is defined by (4.2), page 31. From Theorem 4.1.3 (page

33),

n−3/2σ−1Spl
n

Ho
α[0,1]−−−−→
n→∞

J (5.16)
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holds. Now from Lemma 3.3.3 it follows that

gn(n−3/2σ−1Spl
n ) = g(n−3/2σ−1Spl

n ) + oP(1) (5.17)

and the convergence (5.14) follows from (5.15), (5.16) and (5.17) and continuous
mapping theorem.

Further we find the limit of test statistics T̃α,n under null hypothesis in the
second type model, i.e., in model (5.1) the coefficient is defined by φn = 1−γn/n,
γn → ∞ and γn/n → 0, as n → ∞. The limit under null hypothesis H0 of
this statistics is a functional depending on Wiener process. Here the require-
ments involve not only integrability condition on innovations, but also the rate of
divergence of γn.

Theorem 5.1.4. In the second type model defined by (5.1) and (5.6), assume
that (εi) satisfy condition (3.11) (page 23), for some p > 2. Then for α ∈
(0, 1/2− 1/p) under H0

n−1/2+α(1− φn)σ−1T̃α,n
R−−−→

n→∞
Tα,∞(W ) (5.18)

provided that

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Proof. The idea of the proof of this theorem is the same as the proof of the
Theorem 5.1.3 using the Theorem 4.1.9 instead of Theorem 4.1.3 and Lemma
3.3.3.

5.2 Consistency of test statistics

We investigate the consistency of the test statistics T̃n,α. The practical results
are given in corollaries 5.2.5 and 5.2.2. Proofs of these corollaries are based on
the following generic result (Theorem 5.2.1) which has a broader scope. The
consistency condition is expressed in terms of:

Tα,n(τn,1, . . . , τn,n) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
τn,j −

`

n

n∑
j=1

τn,j

∣∣∣∣∣∣ , (5.19)

where the τn,k’s are defined by (5.3).
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For notational simplicity we omit the index n in k∗n, m∗n and `∗n.

Theorem 5.2.1. Suppose that in the first order nearly nonstationary process de-
fined by (5.1) innovations are i.i.d. centered and satisfy condition (3.11) (page
23). Assume that for some normalizing sequence (bn)n≥1 the statistics bnT̃α,n is
stochastically bounded under H0. Then under HA,

bnT̃α,n
P−−−→

n→∞
∞ (5.20)

if and only if
bnTα,n(τn,1, . . . , τn,n) −−−→

n→∞
∞. (5.21)

A sufficient condition for (5.21) is

anbn
(1− φn)2`∗α

(
`∗(1− φn)

(
1− `∗

n

)

− (1− φ`∗n )
(
φn −

`∗

n
φn−m

∗+1
n

))
−−−→
n→∞

∞. (5.22)

Proof. Recall that the process (zn) is defined by zn,k = yn,k−τn,k, 0 ≤ k ≤ n. The
key point here is that when the process (yn) satisfies HA, the process (zn) satisfies
H0 (when (yn) satisfies H0 both process are identical). Hence bnTα,n(zn,1, . . . , zn,n)
is stochastically bounded. Now by triangle inequality for the sequential norm Tα,n:

|Tα,n(yn,1, . . . , yn,n)− Tα,n(τn,1, . . . , τn,n)|
≤ Tα,n(yn,1 − τn,1, . . . , yn,n − τn,n)

= Tα,n(zn,1, . . . , zn,n),

so the stochastic boundedness of bnTα,n(zn,1, . . . , zn,n) gives the equivalence be-
tween (5.20) and (5.21).

Looking now for a practical sufficient condition for (5.21), we choose as a
lower bound for Tα,n(τn,1, . . . , τn,n) the weighted increment corresponding to the
epidemics interval (k∗,m∗] with length m∗ − k∗ = `∗. With these notations,

τn,k =
k∑
j=1

φk−jn an1(k∗,m∗](j), 1 ≤ k ≤ n, τn,0 := 0.

Since an will obviously be in factor in all computations of lower bounds below, it
is enough to write the proof for the case where an = 1.
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Let us compute ∑n
j=1 τn,k.

n∑
k=1

τn,k =
∑
k≤k∗

τn,k +
∑

k∗<k≤m∗
τn,k +

∑
m∗<k≤n

τn,k

=
∑

k∗<k≤m∗

∑
k∗<j≤k

φk−jn︸ ︷︷ ︸
=:A

+
∑

m∗<k≤n

∑
k∗<j≤m∗

φk−jn︸ ︷︷ ︸
=:B

.

We compute separately the double geometric sums A and B.

A =
∑

k∗<k≤m∗

k−k∗−1∑
i=0

φin =
∑

k∗<k≤m∗

1− φk−k∗n

1− φn
= 1

1− φn

(
`∗ −

`∗∑
i=1

φin

)
,

so
A = 1

(1− φn)2

(
`∗(1− φn)− φn(1− φ`∗n )

)
. (5.23)

Similarly,

B =
∑

m∗<k≤n

φk−m
∗

n − φk−k∗n

1− φn
= φ−m

∗
n − φ−k∗n

1− φn
∑

m∗<k≤n
φkn

= φ−m
∗

n − φ−k∗n

1− φn
× φm

∗+1
n − φn+1

n

1− φn
= 1

(1− φn)2 (φn − φ`
∗+1
n − φn−m∗+1

n + φn−k
∗+1

n ),

whence
B = 1

(1− φn)2

(
φn(1− φ`∗n )− φn−m∗+1

n (1− φ`∗n )
)
. (5.24)

Gathering (5.23) and (5.24), we obtain
n∑
j=1

τn,j = 1
(1− φn)2

(
`∗(1− φn)− φn−m∗+1

n (1− φ`∗n )
)
. (5.25)

Finally

A− `∗

n
(A+B)

= 1
(1− φn)2

(
`∗(1− φn)

(
1− `∗

n

)
− (1− φ`∗n )

(
φn −

`∗

n
φn−m

∗+1
n

))
, (5.26)

which explains why (5.22) is a sufficient condition for (5.21).

Corollary 5.2.2. In the first type model defined by (5.1) and (5.5), assume that
for some p > 2, (εi) satisfy condition (3.11). Let α ∈ (0, 1/2− 1/p), then under
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HA

n−3/2+αT̃α,n
P−−−→

n→∞
∞ (5.27)

provided that `∗2−αn−3/2+αan →∞, as n→∞ and

lim inf
n→∞

∣∣∣∣1 + γ

2 − eγ(1−m
∗
n

)
∣∣∣∣ > 0. (5.28)

All this extends to the special case α = 0, assuming that Eε2
1 <∞.

Remark 5.2.3. From a statistical point of view, it is useful to find for which values
of the parameter γ, condition (5.28) does not induce some extra restriction on the
choice of the sequence (m∗(n))n≥1. Writing θn := m∗(n)/n, we see that (5.28) is
not satisfied if and only if there exists some subsequence (θnj)j≥1 in (0, 1) such
that eγ(1−θnj ) tends to 1 + γ/2. Then any θ limit of some subsequence of (θnj)j≥1

(there is at least one such θ by compactness of [0, 1]) must satisfy 1+γ/2 = eγ(1−θ).
Clearly this equation has no solution for γ ≤ −2. For −2 < γ < 0, it has a unique
solution

θ = 1− 1
γ

ln
(

1 + γ

2

)
.

It is easily seen that this solution belongs to [0, 1] only if γ0 ≤ γ < 0, where
γ0 ' −1.5937. From this we can conclude that if γ < γ0, the condition (5.28) is
satisfied without any extra restrictions on the choice of the sequence (m∗(n))n≥1.
For γ0 ≤ γ < 0, one can always find a sequence (m∗(n))n≥1 for which (5.28) fails.

Remark 5.2.4. From the consistency condition `∗2−αn−3/2+αan →∞, as n→∞,
one can see that the bigger α the shorter change can be detected with the statistics.
As expected, the detection is not so good as in the i.i.d. case, see Račkauskas and
Suquet [2004b].

Proof. We keep the notations A and B already used in the previous proof. By
Theorem 5.1.3, under H0, bnT̃α,n converges in distribution and hence is stochas-
tically bounded for the normalization bn = n−3/2+α. So it remains only to check
condition (5.22). This require an estimate for the asymptotic order of magnitude
of

A− `∗

n
(A+B)

= 1
(1− φn)2

(
`∗(1− φn)

(
1− `∗

n

)
− φn(1− φ`∗n )

(
1− `∗

n
φn−m

∗

n

))
.
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Using the second order expansions

1− φn = −γ
n
− γ2

2n2 + o(n−2)

1− φ`∗n = −γ`
∗

n
− γ2`∗2

2n2 + o(`∗2/n−2)

we deduce∣∣∣∣∣A− `∗

n
(A+B)

∣∣∣∣∣ ≥ n2

γ2

∣∣∣∣
(
`∗ − `∗2

n

)(
−γ
n
− γ2

2n2 + o(n−2)
)

−
(

1 + γ

n
+ o

( 1
n

))(
−γ`

∗

n
− γ2`∗2

2n2 + o

(
`∗2

n2

))

×
(

1− `∗

n
eγ(1−m

∗
n

)
) ∣∣∣∣

≥ n2

γ2

∣∣∣∣`∗2γn2 + `∗2γ2

2n2 −
`∗2γ

n2 eγ(1−m
∗
n

) + o

(
`∗2

n2

) ∣∣∣∣
≥ `∗2

∣∣∣∣∣12 + 1
γ

(
1− eγ(1−m

∗
n

)
)∣∣∣∣∣ .

So the divergence (5.22) follows from the condition n−3/2+α`∗2−αan →∞ and (5.28).

Corollary 5.2.5. In the second type model defined by (5.1) and (5.6), assume
that for some p > 2, (εi) satisfy condition (3.11). Let α ∈ (0, 1/2− 1/p) and
assume that

lim inf
n→∞

γnn
−α/(1/2−1/p) > 0.

Suppose that either of the following conditions is satisfied:

1. `∗(1− φn)→∞, lim supn→∞ `∗/n < 1 and n−1/2+α`∗1−αan →∞;

2. `∗(1− φn)→ c > 0 and n−1/2+α`∗1−αan →∞;

3. `∗(1− φn)→ 0 and n−3/2+αγn`
∗2−αan →∞.

Then under HA,
n−1/2+α(1− φn)T̃α,n P−−−→

n→∞
∞. (5.29)

The conclusion extends to the special case α = 0 under the same assumptions
provided that (3.11) is replaced by Eε2

1 <∞.
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Proof. By Theorem 5.1.4, under H0, bnT̃α,n converges in distribution and hence is
stochastically bounded for the normalization bn = n−1/2+α(1− φn). So it remains
only to check condition (5.22) in the three cases under consideration.

• If `∗(1− φn) tends to infinity, noting that∣∣∣(1− φ`∗n )(φn − `∗n−1φn−m
∗+1

n )
∣∣∣ ≤ 1

and recalling that lim sup `∗/n < 1, we immediately see that for n large
enough, there is some positive constant c such that:∣∣∣∣∣A− `∗

n
(A+B)

∣∣∣∣∣ ≥ c`∗

1− φn
.

Then the divergence (5.22) follows clearly from the condition

n−1/2+α`∗1−αan →∞.

• If `∗(1− φn) tends to some c > 0, this implies in particular that `∗/n tends
to zero and

1− φ`∗n −−−→n→∞
1− e−c.

By strict convexity of the exponential function, e−c ≥ 1 − c with equality
only if c = 0, hence c− 1 + e−c > 0 since c > 0 and∣∣∣∣∣A− `∗

n
(A+B)

∣∣∣∣∣ ∼ c− 1 + e−c
(1− φn)2 ∼

(c− 1 + e−c)`∗
c(1− φn) .

Again the divergence (5.22) follows from the condition

n−1/2+α`∗1−αan →∞.

• Assume finally that `∗(1− φn) tends to zero (this implies in particular that
`∗ = o(n)). Then in (5.26) the term `∗(1 − φn) is compensated at the first
order by (1− φ`∗n ). By second order expansion, we find that

1− φ`∗n = `∗γn
n

+ `∗2γ2
n

2n2 (1 + o(1)).

This leads by elementary computation to

A− `∗

n
(A+B) ∼ −`

∗2

2 ,
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so the the divergence (5.22) follows from the condition

n−3/2+αγn`
∗2−αan →∞.

Remark 5.2.6. The graphical interpretation presented in figure 5.1, 5.2 and 5.2
may provide a better understanding of the results in corollary 5.2.5. Assume for
simplicity that an = 1, `∗ � na (that is there are positive constants c1 and c2 such
that for n large enough, c1n

a ≤ `∗ ≤ c2n
a) and that φn � nb for some 0 < a, b < 1.

For a given value of p in condition (3.11), page 23, what are the pairs (a, b) for
which corollary 5.2.5 allows detection of an epidemics of length `∗ � na, subject
to an admissible choice of α ? The set of solutions is represented by the shadowed
area of the unit square. The light grey part above the diagonal corresponds to the
cases 1 and 2, that is limn→∞ `

∗(1− φn) belongs to (0,∞]. Its West border is an
arc of hyperbola with parametric representation a = (1− 2αpt)/(2− 2αpt), b = t

where t = α/αp and αp = 1/2 − 1/p. The darker grey area corresponds to the
case where `∗(1− φn) tends to 0. It is the triangle delimited by the diagonal, the
horizontal axis and the straight line Dαp , where Dα has for Cartesian equation
(2− α)a + b− 3/2 + α = 0. All these lines have F (1,−1/2) as a common point.
Figure 5.1 is given with the p = 8. If p tends to 2, the detection region becomes
smaller. This effect one may observe in figure 5.2, where p = 3. One can remark
that when p tends to infinity the whole shadowed area converges to the trapezoid
with upper basis the upper side of the unit square and lower basis the segment
[2/3, 1] on the horizontal axis (see figure 5.3).

5.3 Test power analysis

Here we perform the test power analysis. For this, we present the results of
experiments in the tables 5.1 and 5.2. We computed empirical power on size-
adjusted (not nominal size) basis, i.e., replaced the nominal value of significance
level by the value of empirical distribution function for p-values under null hy-
pothesis. For more details on size power curves see Davidson and MacKinnon
[1994].

For different values of parameters γ, γn, α, k∗, `∗ and an we compute N = 1000
realizations of test statistics with the sample size n. Innovations have been gener-
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Figure 5.1: Detection area in the space of parameters (`∗ � na, γn � nb) for
corollary 5.2.5 with p = 8.
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Figure 5.2: Detection area in the space of parameters (`∗ � na, γn � nb) for
corollary 5.2.5 with p = 3.
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Figure 5.3: Detection area in the space of parameters (`∗ � na, γn � nb) for
corollary 5.2.5 with p = 30.
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ated as standard normally distributed random variables. For the limit distribution
we compute N = 5000 realizations of test statistics with the sample size n = 5000.
We approximate the values of the standard Wiener process by

W

(
k

5000

)
= 5000−1/2

k∑
j=1

ε(j), k = 1, . . . , 5000, (5.30)

where ε(j) are generated as standard normally distributed random variables. The
Ornstein-Uhlenbeck process have been approximated by the the following dis-
cretization

S(j) = S(j − 1)eγ/n +

√√√√1− e2γ/n

−2γ · ε(j), ε(j) ∼ N(0, 1). (5.31)

For more details about (5.31), see van den Berg [2011]. Using values generated
by (5.31), we approximate the integrated Ornstein-Uhlenbeck process by

J

(
k

5000

)
= 5000−1

k∑
j=1

S(j), k = 1, . . . , 5000,

Next we define the basic parameter set for the first type model

γ = −2; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

Further modifying the separate parameters we compute the empirical size-power.
We always keep all these parameters fixed except one (indicated in the first col-
umn in both tables) which we allow to vary. Note, that in order to compute the
test power, we need to compute the empirical p-values. Usually, the estimate of
empirical p-value is p̂ = s/N , where s is the number of values (limit process) that
are greater than or equal to the observed value (statistics), N is the number of
values. Nevertheless, the previous formula is biased due to the finite sampling.
Davison and Hinkley [1997] (see p.141) suggested to correct the bias with such
formula p̂ = (s+ 1)/(N + 1). One can observe, that these two formulas are essen-
tially the same when the number of replications N is large, but we use unbiased
estimate in this computations.

As one can see in the table 5.1 the test power is almost the same for all α.
The test power increases with the length of epidemics, the location of epidemics
makes the difference. The biggest power is for the epidemics in the middle of the
observations. For this model, the test can detect the epidemic change best when
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an = 1 or bigger, for the smaller changes it has a lower power. Naturally, the
test power increases with the number of observations. Further the bigger is γ,
the bigger is test power. That is the test power increases when the coefficient is
further removed from the unity.

Parameters α = 0 α = 2/32 α = 6/32 α = 12.5/32
`∗/n = 0.035 0.442 0.440 0.446 0.421
`∗/n = 0.050 0.758 0.757 0.767 0.752
`∗/n = 0.100 1.000 1.000 1.000 1.000

k∗/n = 0.2 0.591 0.589 0.615 0.653
k∗/n = 0.4 0.758 0.757 0.767 0.752
k∗/n = 0.8 0.587 0.616 0.697 0.784

an = 0.8 0.554 0.549 0.556 0.534
an = 1 0.758 0.757 0.767 0.752
an = 1.2 0.907 0.908 0.920 0.914

n = 500 0.388 0.404 0.408 0.409
n = 1000 0.758 0.757 0.767 0.752
n = 2000 0.979 0.982 0.980 0.983

γ = −2 0.758 0.757 0.767 0.752
γ = −12 0.677 0.728 0.822 0.896
γ = −100 0.748 0.833 0.967 0.998

Table 5.1: Empirical power at the size-adjusted significance level 0.05 for the first
type model

The basic parameter set for the second type model ( φn = 1− γn/n) are

γn = n3/4; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

For the second type model (table 5.2), the test power for all parameter values is
the lowest, when α = 0 and increases with α. For this model, detection of epidemic
changes becomes better with the increasing length of epidemics, nevertheless the
test detects short epidemic change very good for the bigger α (≈ 1/3). Note, that
the test power does not depend on the place of epidemics. Also, it detects quite
good even small changes as an = 0.8. The test power increases when the number
of observations is increasing. The test power does not vary too much depending
on the chosen γn.
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Parameters α = 0 α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.373 0.441 0.675 0.909
`∗/n = 0.050 0.758 0.859 0.974 0.996
`∗/n = 0.065 0.980 0.990 0.999 1.000

k∗/n = 0.2 0.780 0.875 0.980 0.999
k∗/n = 0.4 0.758 0.859 0.974 0.996
k∗/n = 0.8 0.783 0.877 0.981 0.998

an = 0.8 0.478 0.565 0.780 0.929
an = 1 0.758 0.859 0.974 0.996
an = 1.2 0.949 0.985 0.999 1.000

n = 500 0.422 0.480 0.676 0.813
n = 1000 0.758 0.859 0.974 0.996
n = 2000 0.997 1.000 1.000 1.000

γn = n/ ln(n) 0.754 0.847 0.970 0.995
γn = ln2.5(n) 0.758 0.844 0.972 0.995
γn = n3/4 0.758 0.859 0.974 0.996

Table 5.2: Empirical power at the size-adjusted significance level 0.05 for the
second type model
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6
Testing the epidemic change with

statistics built on residuals

In the previous chapter we have studied test statistics built on the observations
for the detection of a changed segment in the mean of innovations in a first order
nearly nonstationary process. Another way to test such hypothesis is to build the
test statistics on residuals, since innovations are not observed. Indeed, residuals
are the estimated innovations and are supposed to have the same mean. In this
chapter we find the limit behaviour of test statistics under null hypothesis, we
investigate the conditions of consistency when the mean is shifted by a constant
during the epidemics. Also, we discuss the interplay of various parameters to
detect the shortest possible epidemics. Moreover, we perform test power analysis
for our test statistics.

Here we investigate the same model as in the previous section. Suppose, that
we observe an n-sample yn,1, . . . , yn,n generated by

yn,k = φnyn,k−1 + εk + an,k, k ≤ n, n ≥ 1, yn,0 = 0 (6.1)
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where φn → 1, as n→∞, innovations (εk, k ≥ 1) are i.i.d. centered and at least
square integrable random variables, (an,k) is a sequence that denotes the epidemic
change in mean.

The goal of this chapter is to propose the test statistics that is devoted to test
the null hypothesis

H0 : an,1 = · · · = an,n = 0

against the changed segment alternative:

HA : there exist 1 ≤ k∗n, 1 ≤ m∗n ≤ n such that

an,k = an1I∗n(k), an 6= 0, 1 ≤ k ≤ n,

where I∗n is the epidemics interval

I∗n = {k∗n + 1, . . . ,m∗n}

and 1I∗n denotes its indicator function.

To detect a short epidemic change in the mean of innovations of the first order
nearly nonstationary autoregressive process, we build the α-Hölderian uniform
increments statistics based on the residuals for 0 < α ≤ 1:

T̂α,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
ε̂j −

`

n

n∑
j=1

ε̂j

∣∣∣∣∣∣ . (6.2)

Recall that residuals are defined by

ε̂k = yn,k − ŷn,k = yn,k − φ̂nyn,k−1, k ≤ n, n ≥ 0,

where φ̂n is the least squares estimate of the coefficient φn:

φ̂n =
∑n
k=1 yn,kyn,k−1∑n
k=1 y

2
n,k−1

.

In this chapter we again investigate two type of models. First type model is
defined by (6.1) with the coefficient

φn = eγ/n, γ < 0, (6.3)

83



TESTING THE EPIDEMIC CHANGE II

while second type model is defined by (6.1) with coefficient

φn = 1− γn
n
, γn →∞, γn/n→ 0, as n→∞. (6.4)

Here we assume that innovations are

i.i.d. centred and satisfies for some p > 2 the integrability condition

lim
t→∞

tpP (|ε0| > t) = 0 (6.5)

or

i.i.d. centred and regularly varying random variables with index p > 2. (6.6)

Definition 6.0.1. The random variable X is regularly varying with index p >

0 (denoted X ∈ RVp) if there exists a slowly varying function L such that the
distribution function F (t) = P (X ≤ t) satisfies the tail balance condition

F (−x) ∼ bL(x)x−p and 1− F (x) ∼ aL(x)x−p, as x→∞,

where a, b ∈ (0, 1) and a+ b = 1.

We refer to Bingham et al. [1987] for an encyclopaedic treatment of regular
variation. The assumption on regular variation with p > 2 allows us to investigate
the test statistics in the whole range of α ∈ (0, 1] except one point αp = 1/2−1/p.

6.1 Limit under null hypothesis

For any function f ∈ Ho
α[0, 1] and 0 < α < 1/2 we define

Tα,∞(f) := sup
0<s<t<1

|f(t)− f(s)− (t− s)f(1)|
|t− s|α .

6.1.1 Model with innovations satisfying condition (6.5)

Here we shall find the limit of the test statistics for two type of models.

Theorem 6.1.1. In the first type model defined by (6.1) and (6.3) assume that
innovations satisfy (6.5) for some p > 2. Then under H0 for any α ∈ (0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z), (6.7)
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where σ2 = Eε2
1. Here

Z(t) = W (t)− A−1BJ(t), (6.8)

where A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t) dW (t) and J(t) =

∫ t
0 Uγ(r) dr, t ∈ [0, 1] and

Uγ is an Ornstein-Uhlenbeck process defined by (3.1) (page 19).

Proof. Consider the functionals gn, g, defined on Ho
α[0, 1] by

gn(x) := max
1≤i<j≤n

Iα(x, i/n, j/n), g(x) := sup
0<s<t<1

Iα(x, s, t), (6.9)

where

Iα(x, s, t) := |x(t)− x(s)− (t− s)x(1)|
|t− s|α , 0 < t− s < 1.

By Lemma 3.3.3 (page 25), gn and g are Lipschitz onGα = {x ∈ Ho
α[0, 1] : x(0) = 0}.

Observe that

nαT̂α,n = gn(Ŵ pl
n ), Tα,∞(Z) = g(Z). (6.10)

where (Ŵ pl
n (t), t ∈ [0, 1]) is a polygonal line process built on residuals (ε̂k)

Ŵ pl
n (t) :=

[nt]∑
k=1

ε̂k + (nt− [nt])ε̂[nt]+1, t ∈ [0, 1].

From Theorem 4.2.2 (page 42) we have that

n−1/2σ−1Ŵ pl
n

Ho
α[0,1]−−−−→
n→∞

W − A−1BJ. (6.11)

Lemma 3.3.3 now gives

gn(n−1/2σ−1Ŵ pl
n ) = g(n−1/2σ−1Ŵ pl

n ) + oP(1) (6.12)

and the convergence (6.7) follows from (6.10), (6.11) and (6.12) and continuous
mapping theorem.

Theorem 6.1.2. In the second type model defined by (6.1) and (6.4) assume that
innovations satisfies (6.5) for some p > 2. Then under H0 for any α ∈ (0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(W ), (6.13)
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where σ2 = Eε2
1, provided that

lim inf
n→∞

γnn
−2α/(1+2αp) > 0.

Proof. The proof of this theorem is essentially the same as the proof of The-
orem 6.1.1 using the Theorem 4.2.8 (page 50) instead of Theorem 4.2.2 and
Lemma 3.3.3.

6.1.2 Model with regularly varying innovations

If ε1 ∈ RVp we define

bn = inf{x > 0 : P (|ε1| ≤ x) ≥ 1− 1/n}. (6.14)

It easily follows from tail condition that there is a slowly varying function v(n), n ∈
N such that

bn ∼ n1/pv(n) as n→∞. (6.15)

Next theorem gives result for the first type model.

Theorem 6.1.3. Let p > 2. If innovations (εi) satisfy (6.6) in the first type
model defined by (6.1) and (6.3), then under H0

(a) for any α ∈ (αp, 1]

b−1
n T̂α,n

R−−−→
n→∞

Tp, (6.16)

where Tp is a random variable with Frechet distribution P (Tp ≤ x) =
e−x−p , x ∈ R.

(b) for any α ∈ (0, αp)

n−1/2+ασ−1T̂α,n
R−−−→

n→∞
Tα,∞(Z), (6.17)

where Z(t) is defined by (6.8) and A =
∫ 1

0 U
2
γ (t) dt, B =

∫ 1
0 Uγ(t) dW (t) and

J(t) =
∫ t

0 Uγ(r) dr, t ∈ [0, 1], Uγ is an Ornstein-Uhlenbeck process.

For the proof of Theorems 6.1.3 and 6.1.5 we use the following proposition
whose proof is given in subsection 6.4.

Proposition 6.1.4. Let p > 2. If (εi) are i.i.d. random variables, ε1 ∈ RVp and
α ∈ (αp, 1] and (yn,k) is generated by (4.1), then
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1. (a) for φn = eγ/n, γ < 0

Tα,n(ε̂1, . . . , ε̂n) = Tα,n(ε1, . . . , εn) + oP (bn).

holds,

2. (b) for φn = 1− γn
n

, where γn →∞ and γn/n→ 0 as n→∞

Tα,n(ε̂1, . . . , ε̂n) = Tα,n(ε1, . . . , εn) + oP (bn).

holds, provided that

γn = O(nq(α−αp)), 0 < q < 2. (6.18)

Proof of Theorem 6.1.3. (a) Proposition 6.1.4 (page 86) indicates that the limit
behaviors of both statistics T̂α,n and Tα,n(ε1, . . . , εn) coincide. Hence the re-
sult follows by Theorem 1.1 in Mikosch and Račkauskas [2010] (see Theorem
3.3.8 and Corollary 3.3.9 on page 29).

(b) We notice that if ε1 ∈ RVp, then for any p′ < p we have tp′P(|ε1| > t)→ 0,
as t → ∞. Hence for α < αp choosing p′ < p such that α ≤ αp′ we deduce
the result by Theorem 6.1.1.

Further for the second type model, we obtain the following result.

Theorem 6.1.5. Let p > 2. If innovations (εi) satisfy (6.6) in the second type
model defined by (6.1) and (6.4), then under H0

(a) for any α ∈ (αp, 1]
b−1
n T̂α,n

R−−−→
n→∞

Tp, (6.19)

provided that γn = O(nq(α−αp)) for some 0 < q < 2.

(b) for any α ∈ (0, αp) if
lim inf
n→∞

γnn
−2α

1+2αp > 0,

then it holds
n−1/2+ασ−1T̂α,n

R−−−→
n→∞

Tα,∞(W ). (6.20)
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Proof. (a) Proposition 6.1.4 (page 86) indicates that the limit behaviors of both
statistics T̂α,n and Tα,n(ε1, . . . , εn) coincide. Hence the result follows by
Theorem 1.1 in Mikosch and Račkauskas [2010] (see Theorem 3.3.8 and
Corollary 3.3.9 on page 29).

(b) To prove this part, we notice that if ε1 ∈ RVp, then tpP(|ε1| > t) ∼ L(t)
for some slowly varying function L(t). So for every 0 < p′ < p we have
tp
′P(|ε1| > t) → 0, as t →∞. Now for all α ∈ (0, αp) we choose 2 < p′ < p

such that α < αp′ < αp. It follows that n−α/αp < n−α/αp′ so that condition
lim infn→∞ γnn−α/αp′ > 0 holds. Then we deduce the convergence (6.20) by
Theorem 6.1.2.

6.2 Consistency analysis

In this section we find conditions for the consistency of test statistics for the
second type model. We see further, that the methods we use to prove the consis-
tency do not work for the first type model.

We again rewrite the model through the term τn,k

yn,k − τn,k = φn(yn,k−1 − τn,k−1) + εk,

where τn,k is defined by (5.3) (page 65):

τn,k =
k−1∑
j=0

φjnan,k−j =
k∑
j=1

φk−jn an,j.

Recall that

zn,k = yn,k − τn,k, k = 0, 1, . . . , n.

Note, that zn,k is a first order nearly nonstationary autoregressive process gener-
ated by (4.1), page 31.

The next theorem gives the result for consistency of test statistics T̂α,n for the
second type model with an constant and α ∈ (0, αp).

Theorem 6.2.1. Under HA, assume that `∗ → ∞, `∗/n → 0 and for some
α ∈ (0, αp),

n−1/2+α`∗(1−α) −−−→
n→∞

∞.
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Then for the second type model defined by (6.1) and (6.4) with innovations (εi)
that satisfy (6.5) or (6.6)

n−1/2+αT̂α,n
P−−−→

n→∞
∞ (6.21)

holds, provided that γn is increasing in n or regularly varying sequence,

lim inf
n→∞

γnn
−α/αp > 0 (6.22)

and

φ̂n − φn
1− φn

= oP (1). (6.23)

Condition (6.23) holds provided that

• `∗ = o(γn) if `∗(1− φn)→∞, as n→∞;

•
√
n(1− φn)→∞ if `∗(1− φn)→ 0, as n→∞.

Further we give the proof of consistency of statistics T̂α,n for the second type
model with an constant and α ∈ (αp, 1].

Theorem 6.2.2. Under HA, assume that `∗ → ∞, `∗/n → 0 and for some
α ∈ (αp, 1],

b−1
n `∗(1−α) −−−→

n→∞
∞.

Then for the second type model defined by (6.1) and (6.4) with innovations (εi)
that satisfy (6.6)

b−1
n T̂α,n

P−−−→
n→∞

∞ (6.24)

holds, provided that γn is increasing in n or regularly varying sequence,

γn = O(nq(α−αp)), 0 < q < 2 (6.25)

and

φ̂n − φn
1− φn

= oP (1). (6.26)

Condition (6.26) holds provided that

• `∗ = o(γn) if `∗(1− φn)→∞, as n→∞;
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•
√
n(1− φn)→∞ if `∗(1− φn)→ 0, as n→∞.

The proofs of Theorems 6.2.1 and 6.2.2 are given at the end of this subsection
on pages 99 and 100. Further supplementary results are given for both type of
models. We start from the lower bound of the test statistics and with the estimates
for some members of this lower bound.

Lemma 6.2.3. In the first order nearly nonstationary autoregressive process de-
fined by (6.1) and either (6.3) or (6.4) assume that innovation satisfies condition
(6.5) or (6.6). Then under HA for any α ∈ (0, 1]

T̂α,n ≥ Tα,n(an,1, . . . , an,n)−
∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1)

− Tα,n(ε1, . . . , εn)−
∣∣∣φ̂n − φn∣∣∣Tα,n(zn,0, . . . , zn,n−1) (6.27)

and

Tα,n(an,1, . . . , an,n) ≥ 1
2 |an| `

∗(1−α). (6.28)

Proof. We have under HA

T̂α,n = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
ε̂j −

l

n

n∑
j=1

ε̂j

∣∣∣∣∣∣
= max

1≤`≤n
`−α max

1≤k≤n−`

∣∣∣∣ k+∑̀
j=k+1

(
εj + an,j − (φ̂n − φn)τn,j−1 − (φ̂n − φn)zn,j−1

)

− l

n

n∑
j=1

(
εj + an,j − (φ̂n − φn)τn,j−1 − (φ̂n − φn)zn,j−1

) ∣∣∣∣
≥ Tα,n(an,1, . . . , an,n)−

∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1)

− Tα,n(ε1, . . . , εn)−
∣∣∣φ̂n − φn∣∣∣Tα,n(zn,0, . . . , zn,n−1).

Further, assume that `∗ = o(n), then

Tα,n(an,1, . . . , an,n) = max
1≤`≤n

`−α max
1≤k≤n−`

∣∣∣∣∣∣
k+∑̀

j=k+1
an1I∗n(j)− l

n

n∑
j=1

an1I∗n(j)

∣∣∣∣∣∣
≥ |an| `∗(1−α)

(
1− `∗

n

)
≥ 1

2 |an| `
∗(1−α).

The next lemma gives us the estimate of
∣∣∣φ̂n − φn∣∣∣ /(1− φn).
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Lemma 6.2.4. Assume k∗ = [λn] with some fixed 0 < λ < 1. Suppose that
first order nearly nonstationary process is defined by (6.1) and (6.3) or (6.4) with
innovations satisfying (6.5) or (6.6). Then for the least squares estimator φ̂n

under alternative HA∣∣∣φ̂n − φn∣∣∣
1− φn

=

∣∣∣φ̃n − φn∣∣∣
1− φn

OP (1) +OP

(
a2
n`
∗

n(1− φn)

)
+OP

(
|an|

n(1− φn)3/2

)

+OP

(
a2
n

n(1− φn)2

)
+OP

(
max

(
|an|
√
`∗

n(1− φn) ,
|an| `∗

n(1− φn)1/2

))

holds, assuming for the second type model that γn is increasing in n or regularly
varying. Here φ̃n denotes the least squares estimator under null hypothesis H0.

To prove Lemma 6.2.4 we need the two following auxiliary lemmas whose proof
is deferred to section 6.4 on pages 123 and 125.

Lemma 6.2.5. Assume k∗ = [λn] with some fixed 0 < λ < 1. Then it holds∑n
k=1 z

2
n,k−1∑[nλ]

k=1 z
2
n,k−1

= OP (1)

additionally assuming that γn is increasing in n or regularly varying for the second
type model.

Lemma 6.2.6. Assume k∗ = [λn] with some fixed 0 < λ < 1. Then it holds

1∑[nλ]
k=1 z

2
n,k−1

≤ (1− φn)OP (1)
n

.

Proof of Lemma 6.2.4. Since

n∑
k=1

y2
n,k−1 =

n∑
k=1

(zn,k−1 + τn,k−1)2 ≥
[nλ]∑
k=1

(zn,k−1 + τn,k−1)2 =
[nλ]∑
k=1

z2
n,k−1

and

φ̂n − φn =
∑n
k=1 zn,k−1εk +∑n

k=1 τn,k−1εk +∑n
k=1 yn,k−1an,k∑n

k=1 y
2
n,k−1
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we have by denoting φ̃n the least squares estimator of φn built on (zn,k)

∣∣∣φ̂n − φn∣∣∣ ≤ ∣∣∣φ̃n − φn∣∣∣
∑n
k=1 z

2
n,k−1∑[nλ]

k=1 z
2
n,k−1

+ 1∑[nλ]
k=1 z

2
n,k−1

∣∣∣∣∣
n∑
k=1

τn,k−1εk +
n∑
k=1

yn,k−1an,k

∣∣∣∣∣
≤
∣∣∣φ̃n − φn∣∣∣OP (1) + (1− φn)OP (1)

n

∣∣∣∣∣
n∑
k=1

τn,k−1εk +
n∑
k=1

yn,k−1an,k

∣∣∣∣∣ .
Hence by Lemmas 6.2.5 and 6.2.6 we obtain∣∣∣φ̂n − φn∣∣∣

1− φn
≤
∣∣∣φ̃n − φn∣∣∣

1− φn
OP (1)︸ ︷︷ ︸

:=A

+ OP (1)
n

∣∣∣∣∣
n∑
k=1

yn,k−1an,k

∣∣∣∣∣︸ ︷︷ ︸
:=B

+ OP (1)
n

∣∣∣∣∣
n∑
k=1

τn,k−1εk

∣∣∣∣∣︸ ︷︷ ︸
:=C

.

As φ̃n is a least squares estimator in the model under null hypothesis, we have

• by Phillips n(φ̃n − φn) = OP (1) and n
−γ ∼ 1

1−φn , so |φ̃n−φn|1−φn = OP (1) for the
first type model.

• by Giraitis and Phillips n1/2

(1−φ2
n)1/2 (φ̃n − φn) = OP (1) and (1+φn)1/2

(n(1−φn))1/2 → 0, so
|φ̃n−φn|

1−φn = oP (1) for the second type model.

Thus

A = OP (1) for the first type model (6.29)

A = oP (1) for the second type model. (6.30)

Next we have for part B

n∑
k=1

yn,k−1an,k = an
m∗∑

k=k∗+1
yn,k−1 = an

1− φn

`∗an + yn,k∗ − yn,m∗ +
m∗∑

k=k∗+1
εk

 .
Evidently

Var
m∗∑
k+1

εk

 = σ2`∗ ⇒
m∗∑
k+1

εk = OP (
√
`∗).

Further we have, that

yn,k∗ − yn,m∗ =
k∗∑
j=1

φk
∗−j
n εj −

m∗∑
j=1

φm
∗−j

n (εj + an,j)

=
k∗∑
j=1

(
φk
∗−j
n − φm∗−jn

)
εj −

m∗∑
j=k∗+1

φm
∗−j

n εj − an
1− φ`∗n
1− φn

.
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As

E

 m∗∑
j=k∗+1

φm
∗−j

n εj

2

=
m∗∑

j=k∗+1
φ2(m∗−j)
n = 1− φ2`∗

n

1− φ2
n

≤ min
(

1
1− φ2

n

, `∗
)
,

thus ∣∣∣∣∣∣
m∗∑

j=k∗+1
φm
∗−j

n εj

∣∣∣∣∣∣ = OP

min
 1√

1− φ2
n

,
√
`∗

 .
Also it holds ∣∣∣∣∣an1− φ`∗n

1− φn

∣∣∣∣∣ ≤ |an|min
(

1
1− φ2

n

, `∗
)
.

Next we have

E

 k∗∑
j=1

(
φk
∗−j
n − φm∗−jn

)
εj

2

=
k∗∑
j=1

(
φk
∗−j
n − φm∗−jn

)2
=

k∗−1∑
i=0

φ2i
n (1− φ`∗n )2

= (1− φ`∗n )2 1− φ2k∗
n

1− φ2
n

≤ (1− φ`∗n )2

1− φ2
n

,

so ∣∣∣∣∣∣
k∗∑
j=1

(
φk
∗−j
n − φm∗−jn

)
εj

∣∣∣∣∣∣ = OP

(
min

(
1√

1− φn
, `∗
√

1− φn
))

.

So the upper bound for B is

B ≤ |an|OP (1)
n(1− φn)

`∗ |an|+OP (
√
`∗) +OP

min
 1√

1− φ2
n

,
√
`∗


+OP

(
min

(
1√

1− φn
, `∗
√

1− φn
))

+ |an|min
(

1
1− φ2

n

, `∗
))

= OP

(
a2
n`
∗

n(1− φn) + |an|
√
`∗

n(1− φn) + |an|
n(1− φn)3/2 + a2

n

n(1− φn)2

)
.

Finally for C we have

Var
(

n∑
k=1

τn,k−1εk

)
= σ2

n∑
k=1

τ 2
n,k−1 ⇒

n∑
k=1

τn,k−1εk = OP

( n∑
k=1

τ 2
n,k−1

)1/2
 .

Seeing that

n∑
k=1

τ 2
n,k−1 =

n∑
k=1

k−1∑
j=1

φk−1−j
n an,j

2

= a2
n

n∑
k=1

k−1∑
j=1

φk−1−j
n 1I∗n(j)

2
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= a2
n

 m∗∑
k=k∗+1

 k−1∑
j=k∗+1

φk−1−j
n

2

+
n∑

k=m∗+1

 m∗∑
j=k∗+1

φk−1−j
n

2


≤ a2
n

[
l∗

(1− φn)2 + l∗2

1− φ2
n

]
,

we obtain

C ≤ OP (1)
n

∣∣∣∣∣
n∑
k=1

τn,k−1εk

∣∣∣∣∣ = OP

(
max

(
|an|
√
`∗

n(1− φn) ,
|an| `∗

n(1− φn)1/2

))
.

Remark 6.2.7. Clearly (6.29) shows that the condition (6.23) can not be satisfied
for the first type model using this method. But this condition is required to have
the consistency of statistics. Thus we can not obtain the result for the first type
model.

In the next corollary we assume that an is constant and we investigate only
second type model.

Corollary 6.2.8. Assume k∗ = [λn] with some fixed 0 < λ < 1 and γn is increas-
ing in n or regularly varying in the second type model defined by (6.1) and (6.4)
with innovations satisfying (6.5) or (6.6). Then it holds under alternative HA∣∣∣φ̂n − φn∣∣∣

1− φn
= oP (1)

provided that

• `∗ = o(γn) if `∗(1− φn)→∞, as n→∞;

•
√
n(1− φn)→∞ if `∗(1− φn)→ 0, as n→∞.

Proof. Taking into account the estimate of
∣∣∣φ̂n − φn∣∣∣ /(1−φn) in Lemma 6.2.4 we

obtain ∣∣∣φ̂n − φn∣∣∣
1− φn

= oP (1) +OP

(
`∗

n(1− φn)

)
+OP

(
1

n(1− φn)2

)

+OP

(
max

( √
`∗

n(1− φn) ,
`∗

n(1− φn)1/2

))
.

As 1/(1− φn)1/2 and
√
`∗ are negligible compared with

√
`∗/(1− φn)1/2, thus we

need to consider only two cases.
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• The first case is
`∗

n(1−φn)
1

n(1−φn)2
→∞⇔ `∗(1− φn)→∞,

then ∣∣∣φ̂n − φn∣∣∣
1− φn

= oP (1) +OP

(
`∗

n(1− φn)

)
.

The latter estimate gives us the condition `∗ = o(γn).

• The second case is
`∗

n(1−φn)
1

n(1−φn)2
→ 0⇔ `∗(1− φn)→ 0,

so ∣∣∣φ̂n − φn∣∣∣
1− φn

= oP (1) +OP

(
1

n(1− φn)2

)
.

Thus we obtain
√
n(1− φn)→∞.

Next lemma allows us to estimate Tα,n(τn,0, . . . , τn,n−1) for the both type mod-
els.

Lemma 6.2.9. Let τn,k be defined by (5.3), then

Tα,n(τn,0, . . . , τn,n−1) ≤ 5 |an|
1− φn

`∗(1−α). (6.31)

Proof. We shall use
n∑
j=1

τn,k−1 = an
1− φn

(
`∗ − φn−m∗n

1− φ`∗n
1− φn

)
. (6.32)

To prove (6.31) we have to consider all the possible configurations of the sets
{k + 1, . . . , k + `} and {k∗ + 1, . . . , k∗ + `∗}. There are six configurations I1, . . . , I6.
Denote for v = 1, . . . , 6

T (v)
α,n = max

k,`∈Iv
`−α

∣∣∣∣∣∣
k+∑̀

j=k+1
τn,j−1 −

`

n

n∑
j=1

τn,j−1

∣∣∣∣∣∣ .
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First consider configuration I1 := {k, ` : [k∗ + 1,m∗] ⊂ [k + 1, k + `]}

k∗ + 1 m∗
k + 1 k + ℓ

We easily obtain

k+∑̀
j=k+1

τn,j−1 = an

 m∗∑
j=k∗+1

j−k∗−2∑
i=0

φin + φ−1
n

k+∑̀
j=m∗+1

φjn

m∗∑
i=k∗+1

φ−in


= an

 m∗∑
j=k∗+1

1− φj−k∗−1
n

1− φn
+ φ−1

n

φm∗+1
n − φk+`+1

n

1− φn
φ−k∗−1
n − φ−m∗−1

n

1− φ−1
n


= an

1− φn

[
`∗ − 1− φ`∗n

1− φn
+ 1− φ`∗n − φk+`−m∗

n + φk+`−k∗
n

1− φn

]

= an
1− φn

[
`∗ − 1− φ`∗n

1− φn
+ (1− φ`∗n )(1− φk+`−m∗

n )
1− φn

]

= an
1− φn

[
`∗ − φk+`−m∗

n

1− φ`∗n
1− φn

]
.

Together with (6.32) we find

T (1)
α,n = |an|

1− φn
max
k,`∈I1

`−α
∣∣∣∣∣`∗(1− `/n)− 1− φ`∗n

1− φn
(φk+`−m∗

n − (`/n)φn−m∗n )
∣∣∣∣∣

≤ 3 |an|
1− φn

`∗(1−α).

Now let us turn to second configuration I2 := {k, ` : [k+1, k+`] ⊂ [k∗+1,m∗]}

k∗ + 1 m∗
k + 1 k + ℓ

Obviously

k+∑̀
j=k+1

τn,j−1 = an
k+∑̀

j=k+1

j−1∑
i=1

φj−1−i
n 1I∗n(i) = an

k+∑̀
j=k+1

j−1∑
i=k∗+1

φj−1−i
n

= an
k+∑̀

j=k+1

j−k∗−2∑
i=0

φin = an
1− φn

k+∑̀
j=k+1

(1− φj−k∗−1
n )
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= an
1− φn

(
`− φk−k

∗
n (1− φ`n)

1− φn

)
,

so

T (2)
α,n = |an|

1− φn
max
k,`∈I2

`−α
∣∣∣∣∣`− φk−k

∗
n (1− φ`n)

1− φn
− `

n

(
`∗ − φn−m∗n

1− φ`∗n
1− φn

)∣∣∣∣∣
≤ 4 |an|

1− φn
`∗(1−α).

If we consider the third configuration I3 := {k, ` : k+1 < k∗+1 ≤ k+` < m∗}

k∗ + 1 m∗
k + 1 k + ℓ

we have
k+∑̀

j=k+1
τn,j−1 = an

k+∑̀
j=k+1

j−1∑
i=1

φj−1−i
n 1I∗n(i) = an

k+∑̀
j=k∗+1

j−1∑
i=k∗+1

φj−1−i
n

= an
k+∑̀

j=k∗+1

j−k∗−2∑
i=0

φin = an
1− φn

k+∑̀
j=k∗+1

(1− φj−k∗−1
n )

= an
1− φn

(
(k + `− k∗)− 1− φk+`−k∗

n

1− φn

)
.

Since k + `− k∗ ≤ `∗, then it is easy to see, that

T (3)
α,n = |an|

1− φn
max
k,`∈I3

`−α
∣∣∣∣∣(k + `− k∗)− 1− φk+`−k∗

n

1− φn
− `

n

(
`∗ − φn−m∗n

1− φ`∗n
1− φn

)∣∣∣∣∣
≤ 4 |an|

1− φn
`∗(1−α).

Next, fourth configuration is I4 := {k, ` : k∗ + 1 < k + 1 ≤ m∗ < k + `}

k∗ + 1 m∗
k + 1 k + ℓ
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Now
k+∑̀

j=k+1
τn,j−1 = an

 m∗∑
j=k+1

j−1∑
i=k∗+1

φj−1−i
n +

k+∑̀
j=m∗+1

m∗∑
i=k∗+1

φj−1−i
n


= an

 m∗∑
j=k+1

j−k∗−2∑
i=0

φin + φ−1
n

k+∑̀
j=m∗+1

φjn

m∗∑
i=k∗+1

φ−in


= an

 m∗∑
j=k+1

1− φj−k∗−1
n

1− φn
+ φ−1

n

φm
∗+1

n − φk+`+1
n

1− φn
φ−k

∗−1
n − φ−m∗−1

n

1− φ−1
n


= an

1− φn

[
(m∗ − k)− φk−k∗n

1− φm∗−kn

1− φn
+ (1− φk+`−m∗

n )1− φ`∗n
1− φn

]

together with (6.32) and m∗ − k ≤ `∗ gives the estimate

T (4)
α,n = |an|

1− φn
max
k,`∈I4

`−α
∣∣∣∣(m∗ − k)− φk−k∗n

1− φm∗−kn

1− φn
+ (1− φk+`−m∗

n )1− φ`∗n
1− φn

− `

n

(
`∗ − φn−m∗n

1− φ`∗n
1− φn

) ∣∣∣∣ ≤ 5 |an|
1− φn

`∗(1−α).

From the fifth configuration I5 := {k, ` : m∗ < k + 1 < k + `}

k∗ + 1 m∗
k + 1 k + ℓ

we get

k+∑̀
j=k+1

τn,j−1 = an
k+∑̀

j=k+1

m∗∑
i=k∗+1

φj−1−i
n = anφ

−1
n

k+∑̀
j=k+1

φjn

m∗∑
i=k∗+1

φ−in

= anφ
−1
n ·

φk+1
n − φk+`+1

n

1− φn
· φ
−k∗−1
n − φ−m∗−1

n

1− φ−1
n

= an
1− φn

· φk−m∗n

(1− φ`n)(1− φ`∗n )
1− φn

and together with (6.32) the estimate is

T (5)
α,n = |an|

1− φn
max
k,`∈I5

`−α
∣∣∣∣∣φk−m∗n

(1− φ`n)(1− φ`∗n )
1− φn

− `

n

(
`∗ − φn−m∗n

1− φ`∗n
1− φn

)∣∣∣∣∣
≤ 3 |an|

1− φn
`∗(1−α).

Finally sixth configuration I6 := {k, ` : k + 1 < k + ` ≤ k∗}
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k∗ + 1 m∗
k + 1 k + ℓ

gives us

k+∑̀
j=k+1

τn,j−1 = 0.

Thus

T (6)
α,n = |an|

1− φn

∣∣∣∣∣`∗ − φn−m∗n

1− φ`∗n
1− φn

∣∣∣∣∣ max
k,`∈I6

`−α
`

n
≤ 2 |an|

1− φn
`∗(1−α).

So collecting all the estimates of T (v)
α,n, v = 1, . . . , 6 we obtain (6.31).

Finally we give proofs of the Theorems 6.2.1 and 6.2.2.

Proof of Theorem 6.2.1. Since (εk)’s are i.i.d. centered random variables, that
satisfies condition (6.5) and since consequently the partial sums polygonal line
built on εk’s satisfies the Hölderian invariance principle, then

n−1/2+αTα,n(ε1, . . . , εn) = OP (1). (6.33)

For more details see Račkauskas and Suquet [2004b] (also see Theorem 3.3.6 and
Corollary 3.3.7 on page 28). Besides we have

n−1/2+αTα,n(zn,0, . . . , zn,n−1) = OP (1/(1− φn)), (6.34)

since by Theorem 5.1.4 (page 69) in previous section,

n−1/2+α(1− φn)Tα,n(zn,0, . . . , zn,n−1) = OP (1)

when condition (6.22) holds. Taking into account (6.27), (6.33) and (6.34), we
obtain the lower bound of test statistics

T̂α,n ≥ Tα,n(an,1, . . . , an,n)−
∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1)

−Op(n1/2−α)
1 +

∣∣∣φ̂n − φn∣∣∣
1− φn

 .
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Further (6.28) gives

n−1/2+αT̂α,n ≥
1
2n
−1/2+α`∗(1−α) −∆n,

where

∆n = n−1/2+α
∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1) +Op(1)

1 +

∣∣∣φ̂n − φn∣∣∣
1− φn

 .
Thus to get the condition of consistency we have to find the condition under which

∆n = oP (n−1/2+α`∗(1−α)) (6.35)

when

n−1/2+α`∗(1−α) −−−→
n→∞

∞.

Next from the estimate (6.31) we obtain

n−1/2+α`∗(1−α)

∣∣∣φ̂n − φn∣∣∣
1− φn

= oP (n−1/2+α`∗(1−α)),

thus Lemma 6.2.9 gives that condition (6.35) is satisfied when∣∣∣φ̂n − φn∣∣∣
1− φn

= op(1).

Finally, Corollary 6.2.8 says that the latter equality holds for the second type
model provided that γn is increasing in n or regularly varying sequence and

• `∗ = o(γn) if `∗(1− φn)→∞, as n→∞;

•
√
n(1− φn)→∞ if `∗(1− φn)→ 0, as n→∞.

Proof of Theorem 6.2.2. By Mikosch and Račkauskas [2010] (see Theorem 3.3.8
and Corollary 3.3.9 on page 29) we have that

b−1
n Tα,n(ε1, . . . , εn) = OP (1). (6.36)

Further from (6.40), page 117, we have that for the second type model

b−1
n γ−1/2

n Tα,n(zn,0, . . . , zn,n−1) = oP (1)
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holds if γn = O(nq(α−αp)) with some 0 < q < 2. Taking into account (6.27), (6.36)
and (6.40), we obtain the lower bound of test statistics T̂α,n

T̂α,n ≥ Tα,n(an,1, . . . , an,n)−
∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1)

−Op(bn)−
∣∣∣φ̂n − φn∣∣∣ oP (bnγ1/2

n ).

Further (6.28) gives

b−1
n T̂α,n ≥

1
2b
−1
n `∗(1−α) −∆n,

where

∆n =
∣∣∣φ̂n − φn∣∣∣Tα,n(τn,0, . . . , τn,n−1)−Op(bn)−

∣∣∣φ̂n − φn∣∣∣ oP (bnγ1/2
n ).

Thus to get the condition of consistency we have to find the condition under which

∆n = oP (b−1
n `∗(1−α)) (6.37)

when

b−1
n `∗(1−α) −−−→

n→∞
∞.

Next from the estimate (6.31) we obtain

b−1
n `∗(1−α)

∣∣∣φ̂n − φn∣∣∣
1− φn

= oP (b−1
n `∗(1−α)),

thus Lemma 6.2.9 gives that condition (6.36) is satisfied when∣∣∣φ̂n − φn∣∣∣
1− φn

= op(1).

Finally, Corollary 6.2.8 says that the latter equality holds for the second type
model provided that γn is increasing in n or regularly varying sequence and

• `∗ = o(γn) if `∗(1− φn)→∞, as n→∞;

•
√
n(1− φn)→∞ if `∗(1− φn)→ 0, as n→∞.

Remark 6.2.10. We investigate the compatibility of the conditions obtained in
Corollary 6.2.8 with the test statistics consistency condition obtained in Theo-
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rem 6.2.1. Put `∗ � na and γn � nb. We draw the detection region in figures 6.1,
6.2 and 6.3. The two cases are considered:

• Case `∗(1−φn)→∞. Then we obtain a set of parameters (a, b) by inequal-
ities  a+ b > 1

a < b

• Case `∗(1− φn)→ 0. Evidently the set (a, b) that satisfies conditions is a+ b < 1
b > 1

2

For a given value p in condition (3.11), page 23, in both cases the West border
of the detection region is given as an arc of hyperbola with parametric represen-
tation a = (1− 2αpt)/(2− 2αpt), b = t where t = α/αp and αp = 1/2− 1/p. The
light grey area in figures 6.1, 6.2 and 6.3 corresponds to case `∗(1 − φn) → ∞,
while the dark grey area corresponds to case `∗(1− φn)→ 0.

In the figure 6.1 one can see the detection region of the test statistics T̂α,n. To
compare this detection area with the one in the figure 5.1, we see that it is smaller
than for the statistics T̃α,n. Figure 6.2 shows the detection region with p = 3. One
can see, that this region is smaller than in figure 6.1 (p = 8), while in figure 6.3
the detection region is much bigger (p = 30). Thus, from this we may conclude,
that as p tend to infinity (αp tend to 1/2), we can detect shorter epidemics and
we have more freedom in choosing the divergence rate of γn.

Remark 6.2.11. We also study the compatibility of the conditions obtained in
Corollary 6.2.8 with the test statistics consistency condition obtained in Theo-
rem 6.2.2. Put `∗ � na, γn � nb, and bn � n1/p. We draw the detection region
considering two cases:

• Case `∗(1− φn)→∞. The possible choice of the parameters (a, b) is given
by inequalities:  a+ b > 1

a < b
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2
p+2

1
2 1 a

b

p
p−2

1

p−√
2p

p−2

0

1
2

1
2

Figure 6.1: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 8 and α < αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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2
p+2

1
2 1 a

b

1

p−√
2p

p−2

0

1
2

1
2

Figure 6.2: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 3 and α < αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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2
p+2
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1

p−√
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Figure 6.3: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 30 and α < αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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• Case `∗(1− φn)→ 0. For this case possible choice of parameters (a, b) is a+ b < 1
b > 1

2

For a given value p in condition (3.11), page 23, in both cases the North border
of the detection region is given as a parametric curve a = (1)/(p(1/2− t+ 1/p)),
b = qt where t = α−αp and αp = 1/2−1/p. The light grey area in figures 6.4, 6.5
and 6.6 corresponds to case `∗(1−φn)→∞, while the dark grey area corresponds
to case `∗(1− φn)→ 0.

The points marked in the figures are:

κ(1)
a = 2q

pq − p+ 2q

κ
(1)
b = 1

2

κ(2) =
√
q ·
√

(p2q + 4pq − 16p+ 4q) + pq + 2q
4p

κ(3)
a = 1−

−
√

(pq + 2p+ 2q)2 − 8p2q + pq + 2p+ 2q
4p

κ
(3)
b =

−
√

(pq + 2p+ 2q)2 − 8p2q + pq + 2p+ 2q
4p .

In the figure 6.4 one can see the detection region of the test statistics T̂α,n. To
compare this detection area with the one in the figure 5.1 and 6.1, we see that it
is smaller, but partially it covers different area. Figure 6.5 shows the detection
region with p = 12. This region is bigger than in figure 6.4 (p = 8), while in figure
6.6 the detection region is even bigger (p = 30). Thus, from this we may conclude,
that as p tend to infinity (αp tends to 1/2), we can detect shorter epidemics.

6.3 Test power analysis

In this section we perform the test power analysis. Though the methodology
we have used for consistency analysis have not worked for the first type model,
but we perform power analysis for both type models and using numerical methods
we see if this test statistics can detect epidemic change. The results are presented
in the tables 6.1 and 6.2. As in the previous section we compute empirical power
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2
p+2 1 a

b

1

0

1
2

1
2

q
2

κ(2)

κ(2)κ
(1)
a

κ
(3)
b

κ
(3)
a

Figure 6.4: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 8, q = 1.5 and α > αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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2
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κ(2)

κ(2)κ
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κ
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κ
(3)
a

Figure 6.5: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 12, q = 1.5 and α > αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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2
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2κ(2)
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κ
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κ
(3)
a

Figure 6.6: Detection areas in the space of parameters (`∗ � na, γn � nb) for
Theorem 6.2.1 with p = 30, q = 1.5 and α > αp.
In light grey the case where `∗(1− φn)→∞.
In dark grey the case where `∗(1− φn)→ 0.
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on size-adjusted (not nominal size) basis, i.e., replaced the nominal value of sig-
nificance level by the value of empirical distribution function for p-values under
null hypothesis.

Here we compute N = 1000 realizations of test statistics with the sample size n
for different values of parameters γ, γn, α, k∗, `∗ and an. Innovations are generated
as standard normally distributed random variables. For the limit distribution we
compute N = 5000 realizations of test statistics with the sample size n = 5000.
We approximate the values of the standard Wiener process by

W

(
k

5000

)
= 5000−1/2

k∑
j=1

ε(j), k = 1, . . . , 5000,

where ε(j) are generated as standard normally distributed random variables. The
Ornstein-Uhlenbeck process have been approximated by the the following dis-
cretization

S(j) = S(j − 1)eγ/n +

√√√√1− e2γ/n

−2γ · ε(j), ε(j) ∼ N(0, 1). (6.38)

Using values generated by (6.38), we approximate the integrated Ornstein-Uhlenbeck
process by

J

(
k

5000

)
= 5000−1

k∑
j=1

S(j), k = 1, . . . , 5000,

and values

A = 5000−1
n∑
j=1

S2(j), B =
n∑
j=1

S(j)
(
W
(

j

5000

)
−W

(
j − 1
5000

))
.

For the first type model (φn = eγ/n) with innovations that satisfy integrability
condition (3.11), page 23, the basic parameters are

γ = −2; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

We modify them separately and we compute the empirical size-power. We keep
all the parameters fixed except one (indicated in the first column in both tables)
which is allowed to vary. We use the same methodology for computing empirical
p-values as in the previous chapter.

As one can see in the table 6.1 the test power increases with the α. Test
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statistics has a quite big power in detecting short epidemics with α closer to 1/2.
Naturally, increasing n increases test power. In general, test has a quite big power
for all chosen parameters.

Parameters α = 2/32 α = 6/32 α = 12.5/32
`∗/n = 0.035 0.462 0.715 0.968
`∗/n = 0.050 0.879 0.981 0.998
`∗/n = 0.065 0.988 1.000 1.000

k∗/n = 0.2 0.903 0.981 1.000
k∗/n = 0.4 0.879 0.981 0.998
k∗/n = 0.8 0.784 0.967 0.997

an = 0.8 0.574 0.793 0.957
an = 1 0.879 0.981 0.998
an = 1.2 0.989 1.000 1.000

n = 500 0.498 0.700 0.884
n = 1000 0.879 0.981 0.998
n = 2000 1.000 1.000 1.000

γ = −2 0.879 0.981 0.998
γ = −12 0.831 0.976 0.998
γ = −100 0.010 0.267 0.975

Table 6.1: Empirical power at the size-adjusted significance level 0.05 for the first
type model with Gaussian innovations.

For the second type model ( φn = 1 − γn/n) with innovations that satisfy
integrability condition (3.11), the basic parameter set are

γn = n3/4; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

For the second type model (table 6.2), the test power is very low for the small
α. The test power increases with n, `∗ and the rate of divergence of γn.

Further we give the test power analysis for the model with regularly varying
innovations. For this we generate innovations as symmetric Pareto random vari-
ables. Note, that symmetric Pareto probability density function for some constant
p > 0 is

fP (x) =


p
2 |x|

−(p+1) , if |x| > 1
0, if |x| ≤ 1
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Parameters α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.049 0.190 0.763
`∗/n = 0.050 0.093 0.573 0.965
`∗/n = 0.065 0.216 0.880 0.998

k∗/n = 0.2 0.077 0.589 0.974
k∗/n = 0.4 0.093 0.573 0.965
k∗/n = 0.8 0.105 0.615 0.974

an = 0.8 0.102 0.328 0.791
an = 1 0.093 0.573 0.965
an = 1.2 0.080 0.810 1.000

n = 500 0.062 0.171 0.552
n = 1000 0.093 0.573 0.965
n = 2000 0.660 0.997 1.000

γn = n/ ln(n) 0.035 0.416 0.950
γn = ln2.5(n) 0.020 0.353 0.935
γn = n3/4 0.093 0.573 0.965

Table 6.2: Empirical power at the size-adjusted significance level 0.05 for the
second type model with Gaussian innovations.

and cumulative distribution function

FP (x) =


1
2(−x)−p, if x < −1

1
2 , if − 1 ≤ x ≤ 1

1− 1
2x
−p, if x ≥ 1.

Next, tables 6.3 and 6.4 shows the results of empirical size-adjusted test power
for the first type model with regularly varying innovations. Thus we generate
innovations as Pareto random variables with parameter p. The symmetric Pareto
CDF gives that bn = n1/p. For the first type model, we use basic parameters:

γ = −2; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

Table 6.3 correspond to the Theorem 6.1.3 part (a), so we choose the values
α = 17/32, 20/32, 26/32 and p = 8. We see in this table that in general test
power increases with the length of epidemics `∗, epidemic change size an and
number of observations n. Also, we see that test power increases when α and γ

values decreases. Further, there is no difference for the test power if the epidemics
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occur at the beginning, middle or end of the sample.

Parameters α = 17/32 α = 20/32 α = 26/32
`∗/n = 0.035 0.934 0.802 0.064
`∗/n = 0.050 0.991 0.921 0.067
`∗/n = 0.065 0.998 0.975 0.069

k∗/n = 0.2 0.993 0.944 0.059
k∗/n = 0.4 0.991 0.921 0.067
k∗/n = 0.8 0.986 0.917 0.054

an = 0.8 0.893 0.662 0.058
an = 1 0.991 0.921 0.067
an = 1.2 1.000 0.994 0.092

n = 500 0.760 0.816 0.091
n = 1000 0.991 0.921 0.067
n = 2000 1.000 0.999 0.064

γ = −2 0.991 0.921 0.067
γ = −12 0.969 0.840 0.058
γ = −20 0.947 0.760 0.056

Table 6.3: Empirical power at the size-adjusted significance level 0.05 for the first
type model with regularly varying innovations, α > αp.

Table 6.4 correspond to the Theorem 6.1.3 part (b), so we choose the same α
values as in Gaussian innovation case and p = 20 in order to compare the results.
Thus basic parameters:

γ = −2; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.

As we see in this table the test power increases with n, α, length of epidemics `∗.
Test can detect epidemics with bigger power at the beginning or middle of the
sample. The bigger an, the bigger test power. To compare tables 6.4 and 6.1, we
observe that in general test power is a little smaller for the model with regularly
varying innovations (6.4).

For the second type model with regularly varying innovations, generated as
Pareto random variables with parameters p and bn = n1/p, we use such basic
parameters:

γn = n3/4; an = 1; n = 1000; `∗

n
= 0.05; k∗

n
= 0.4, yn,0 = 0.
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Parameters α = 2/32 α = 6/32 α = 12.5/32
`∗/n = 0.035 0.385 0.637 0.974
`∗/n = 0.050 0.790 0.965 0.998
`∗/n = 0.065 0.976 0.999 1.000

k∗/n = 0.2 0.768 0.973 0.999
k∗/n = 0.4 0.790 0.965 0.998
k∗/n = 0.8 0.679 0.942 0.995

an = 0.8 0.502 0.787 0.951
an = 1 0.790 0.965 0.998
an = 1.2 0.962 0.999 1.000

n = 500 0.476 0.621 0.876
n = 1000 0.790 0.965 0.998
n = 2000 1.000 1.000 1.000

γ = −2 0.790 0.965 0.998
γ = −12 0.793 0.972 0.995
γ = −20 0.562 0.930 0.990.

Table 6.4: Empirical power at the size-adjusted significance level 0.05 for the first
type model with regularly varying innovations and α < αp.

The results size-adjusted empirical power we present in the tables 6.5 and 6.6.
Table 6.5 correspond to the Theorem 6.1.5 part (a) and we choose α = 17/32,
20/32, 26/32 and p = 8. We see, that test power increases when α decreases (i.e.,
α is close to 1/2). Also test power increases with the number of observations n,
length of epidemics `∗ and an.

Table 6.6 correspond to the Theorem 6.1.5 part (b), so we choose the same α
values as in a case of Gaussian innovations, p = 20, normalization n−1/2+α. We
see, that test has no power for the small α values, but it increases with α, n, `∗

and an. Comparing tables 6.6 and 6.2 we see, that generally test power is lower
for the model with regularly varying innovations.

6.4 Supplementary results and notes

The Proposition 6.1.4 is the main tool in proving the Theorems 6.1.3 and 6.1.5
parts (a). The proof of Proposition 6.1.4 intensively exploits the following version
of Hájek-Rényi inequality.
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Parameters α = 17/32 α = 20/32 α = 26/32
`∗/n = 0.035 0.831 0.590 0.055
`∗/n = 0.050 0.930 0.615 0.055
`∗/n = 0.065 0.966 0.548 0.051

k∗/n = 0.2 0.956 0.627 0.052
k∗/n = 0.4 0.930 0.615 0.055
k∗/n = 0.8 0.945 0.628 0.051

an = 0.8 0.726 0.354 0.051
an = 1 0.930 0.615 0.055
an = 1.2 0.991 0.827 0.059

n = 500 0.750 0.634 0.058
n = 1000 0.930 0.615 0.055
n = 2000 0.999 0.788 0.052

γn = n/ ln(n) 0.910 0.528 0.055
γn = ln2.5(n) 0.883 0.488 0.055
γn = n3/4 0.930 0.615 0.055

Table 6.5: Empirical power at the size-adjusted significance level 0.05 for the
second type model with regularly varying innovations and α > αp.

Lemma 6.4.1. For each n ≥ 1 let (Xnk, 1 ≤ k ≤ n) be a sequence of random
variables defined on a probability space (Ω,F , P ) and (ank, 1 ≤ k ≤ n) be a se-
quence of nonnegative real numbers and r > 0. If there exists c > 0 such that for
any n ≥ 1 and any ε > 0

P
(

max
k≤n

∣∣∣∣ k∑
j=1

Xnj

∣∣∣∣ ≥ ε
)
≤ cε−r

n∑
k=1

ank

then there exists c > 0 such that for any n ≥ 1 any sequence (βnk, 1 ≤ k ≤ n)
such that 0 < βn1 ≤ · · · ≤ βnn and any ε > 0 we have

P
(

max
k≤n

β−1
nk

∣∣∣∣ k∑
j=1

Xnj

∣∣∣∣ ≥ ε
)
≤ cε−r

n∑
k=1

β−rnk ank.

Proof. The proof for the sequences and not triangular arrays is given in Tómács
and Libor [2006]. We shall use the same idea of the proof. Fix ε > 0 and n ≥ 0.
Without loss of generality assume that βn1 = 1. Let

Ai =
{
m : 1 ≤ m ≤ n and 2i < βrnm < 2i+1

}
, i = 0, 1, 2, . . .
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Parameters α = 2/32 α = 6/32 α = 10/32
`∗/n = 0.035 0.094 0.226 0.792
`∗/n = 0.050 0.173 0.630 0.959
`∗/n = 0.100 0.368 0.912 0.994

k∗/n = 0.2 0.152 0.620 0.966
k∗/n = 0.4 0.173 0.630 0.959
k∗/n = 0.8 0.141 0.627 0.963

an = 0.8 0.154 0.389 0.805
an = 1 0.173 0.630 0.959
an = 1.2 0.172 0.854 0.997

n = 500 0.039 0.124 0.509
n = 1000 0.173 0.630 0.959
n = 2000 0.706 0.997 1.000

γn = n/ ln(n) 0.085 0.555 0.944
γn = ln2.5(n) 0.057 0.445 0.949
γn = n3/4 0.173 0.630 0.95

Table 6.6: Empirical power at the size-adjusted significance level 0.05 for the
second type model with regularly varying innovations and α < αp.

and
I = max {i : Ai 6= ∅} .

Further denote

mi =

 maxAi if Ai 6= ∅
mi−1 if Ai = ∅

i = 0, 1, 2, . . . , m−1 = 0.

Then we have

P

max
k≤n

β−1
nk

∣∣∣∣∣∣
k∑
j=1

Xnj

∣∣∣∣∣∣ ≥ ε

 ≤ I∑
i=0

P

max
k∈Ai

∣∣∣∣∣∣
k∑
j=1

Xnj

∣∣∣∣∣∣ ≥ ε2i/r


≤
I∑
i=0

P

max
k≤mi

∣∣∣∣∣∣
k∑
j=1

Xnj

∣∣∣∣∣∣ ≥ ε2i/r
 ≤ I∑

i=0
cε−r2−i

mi∑
k=1

ank

≤ 2cε−r
I∑

k=0
2−k

∑
j∈Ak

anj ≤ 2cε−r
I∑

k=0

∑
j∈Ak

anj2β−rnk

= 4cε−r
n∑
k=1

ankβ
−r
nk .
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So the theorem is proved.

Proof of Proposition 6.1.4. The proofs of both parts of this proposition are essen-
tially the same, so we shall give a unified proof noting the differences in cases (a)
and (b) where it is necessary. Since

n∑
j=1

ε̂j =
n∑
j=1

εj + (φn − φ̂n)
n∑
j=1

yj−1

and
k+∑̀

j=k+1
yj−1 = 1

1− φn

[ k+∑̀
j=k+1

εj + yk − yk+`

]
,

we have ∣∣∣∣Tα,n(ε̂1, . . . , ε̂n)− Tα,n(ε1, . . . , εn)
∣∣∣∣ ≤ |φ̂n − φn|1− φn

∆n,

where

∆n = max
1≤`<n

`−α max
1≤k≤n−`

∣∣∣∣ k+∑̀
j=k+1

εj − (yk+` − yk)−
`

n

n∑
j=1

εj + `

n
yn

∣∣∣∣
Since |φ̂n − φn|/(1 − φn) = OP (1) in case (a) (by Phillips Phillips [1987]) and
nγ−1/2

n |φ̂n−φn| = OP (1) in case (b) (by Giraitis and Phillips Giraitis and Phillips
[2006]) the proofs reduces to

b−1
n ∆n = oP (1) in case (a), (6.39)

b−1
n γ−1/2

n ∆n = oP (1) in case (b). (6.40)

Writing

yk+` − yk =
k+∑̀

j=k+1
φk+`−j
n εj +

k∑
j=1

[φk+`−j
n − φk−jn ]εj

we have ∆n ≤ ∆′n + ∆′′n + ∆′′′n , where

∆′n = max
1≤`<n

`−α max
1≤k≤n−`

∣∣∣∣ k+∑̀
j=k+1

[1− φk+`−j
n ]εj

∣∣∣∣,
∆′′n = max

1≤`<n
`−α max

1≤k≤n−`

∣∣∣∣ k∑
j=1

[φk−jn − φk+`−j
n ]εj

∣∣∣∣,
∆′′′n = max

1≤`<n
`−α

`

n

∣∣∣∣ n∑
j=1

[1− φn−jn ]εj
∣∣∣∣.
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1. Estimate for ∆′′′n . First we note that

∆′′′n = n−α

∣∣∣∣∣∣
n∑
j=1

(1− φn−jn )εj

∣∣∣∣∣∣ .
Since E(∑n

j=1(1 − φn−jn )εj)2 = O(n), then ∆′′′n = O(n1/2−α). As by assumption
1/2−α < 1/p and as bn = n1/pv(n) with v slowly varying function, this gives that
∆′′′n = oP (bn) in both cases.

2. Estimate for ∆′′n. Next consider ∆′′n and note that

∆′′n ≤ max
1≤`<n

`−α(1− φ`n) max
1≤k≤n−`

∣∣∣∣∣∣
k∑
j=1

φk−jn εj

∣∣∣∣∣∣ .
(a) Using the convexity inequality 1− e−z ≤ z for z ≥ 0 gives

∆′′n ≤ max
1≤`<n

`−α
|γ| `
n

max
1≤k≤n

∣∣∣∣ k∑
j=1

φk−jn εj

∣∣∣∣ ≤ |γ|n−α max
1≤k≤n

∣∣∣∣ k∑
j=1

φk−jn εj

∣∣∣∣.
(b) Using the convexity inequality 1 − (1 − x)y ≤ xy for 0 < x ≤ 1 and y ≥ 1,

gives

∆′′n ≤ max
1≤`<n

`−α
γn`

n
max

1≤k≤n

∣∣∣∣ k∑
j=1

φk−jn εj

∣∣∣∣ ≤ γnn
−α max

1≤k≤n

∣∣∣∣ k∑
j=1

φk−jn εj

∣∣∣∣.
Now we shall use Hájek-Rényi inequality (Lemma 6.4.1). Since

P

max
1≤k≤n

∣∣∣∣∣∣
k∑
j=1

φ−jn εj

∣∣∣∣∣∣ > ε

 ≤ n∑
k=1

P
(∣∣∣φ−kn εk

∣∣∣ > ε
)
≤ ε−2

n∑
k=1

φ−2k
n σ2,

we have for any δ > 0

(a)

P(∆′′n > δbn) ≤ P( max
1≤k≤n

φkn

∣∣∣∣∣∣
k∑
j=1

φ−jn εj

∣∣∣∣∣∣ > δbnn
α)

≤ δ−2n−2αb−2
n σ2

n∑
j=1

φ2j
n φ
−2j
n = δ−2b−2

n σ2n1−2α → 0

as n → ∞ since bn = n1/pv(n) with slowly varying function v and α >

1/2− 1/p.
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(b)

P(∆′′n > δbnγ
1/2
n ) ≤ P( max

1≤k≤n
φkn

∣∣∣∣∣∣
k∑
j=1

φ−jn εj

∣∣∣∣∣∣ > δbnn
αγ−1/2

n )

≤ δ−2n−2αb−2
n γnσ

2
n∑
j=1

φ2j
n φ
−2j
n = δ−2γnb

−2
n σ2n1−2α → 0,

as n→∞ by the same argumentation as in case (a) provided that

lim
n→∞

γ1/2
n n(αp−α)v(n)−1 = 0. (6.41)

3. Estimate for ∆′n. Finally it remains to prove

∆′n = oP (bn) in case (a), (6.42)

∆′n = oP (γ1/2
n bn) in case (b). (6.43)

For simplicity now we shall write cn noting that either cn = bn or cn = bnγ
1/2
n .

First we decompose P(∆′n > 2δcn) ≤ P1n + P2n, where

P1n = P
(

max
1≤`<n

`−α(1− φ`n) max
1≤k≤n−`

∣∣∣∣ k+∑̀
j=k+1

εj

∣∣∣∣ > δcn)

P2n = P
(

max
1≤`<n

`−αφ`n max
1≤k≤n−`

∣∣∣∣ ∑̀
j=1

(1− φ−jn )εk+j

∣∣∣∣ > δcn).

We have for the first probability, using Doob inequality

(a)

P1n ≤ P
(

max
`

max
k

∣∣∣∣ k+∑̀
j=k+1

εj

∣∣∣∣ > δbnn
α
)
≤ P(2 max

1≤k≤n

∣∣∣∣ k∑
j=1

εj

∣∣∣∣ > δbnn
α)

≤ 4δ−2b−2
n n−2αE max

1≤k≤n

∣∣∣∣ k∑
j=1

εj

∣∣∣∣2 ≤ 4δ−2σ2n1−2αb−2
n

∼ n1−2/p−2αv(n)−2 → 0

as n→∞, since α > 1/2− 1/p.

(b)

P1n ≤ P
(

max
`

max
k

∣∣∣∣ k+∑̀
j=k+1

εj

∣∣∣∣ > δγ−1/2
n bnn

α
)
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≤ P(2 max
1≤k≤n

∣∣∣∣ k∑
j=1

εj

∣∣∣∣ > δγ−1/2
n bnn

α)

≤ 4δ−2b−2
n n−2αγnE max

1≤k≤n

∣∣∣∣ k∑
j=1

εj

∣∣∣∣2
≤ 4δ−2σ2n1−2αγnb

−2
n

∼ γnn
1−2/p−2αv(n)−2 → 0

as n→∞, since α > 1/2− 1/p and limn→∞ γ
1/2
n n−α+(1/2−1/p)v(n)−1 = 0.

To estimate P2n we define truncated random variables:

ε′j = εj1{|εj| ≥ hbn}, ε′′j = εj1{|εj| ≤ hbn} − Eεj1{|εj| ≤ hbn},

for j ≥ 1, where h > 0 is subject to a choice. Then P2n(δ) ≤ P ′2n + P ′′2n(δ), where

P ′2n = P
(

max
1≤j≤n

|ε′j| > hbn

)
,

P ′′2n = P
(

max
`
`−αφ`n max

k

∣∣∣∣ ∑̀
j=1

(1− φ−jn )εk+j1{|εk+j| ≤ hbn}
∣∣∣∣ > δcn

)
.

Since
Eεk+j1{|εk+j| ≤ hbn} = Eεk+j1{|εk+j| ≥ hbn},

we have

max
`
`−αφ`n max

k

∣∣∣∣ ∑̀
j=1

(1− φ−jn )E|εk+j1{|εk+j| ≥ hbn}| ≤ cn1−αE|ε1|1{|ε1| ≥ hbn}.

By Karamata (see Bingham et al. [1987]) E|ε1|1{|ε1| ≥ hbn} ∼ cn−1bnh
1−p. So

we can center random variables in probability P ′′2n and estimate for large n

P ′′2n ≤ P
(

max
1≤`≤n

`−αφ`n max
k

∣∣∣∣ ∑̀
j=1

(1− φ−jn )ε′′k+j

∣∣∣∣ > δ

2cn
)
.

By stationarity

P ′′2n ≤ nP
(

max
1≤`≤n

`−αφ`n

∣∣∣∣ ∑̀
j=1

(1− φ−jn )ε′′j
∣∣∣∣ > δ

2cn
)
.

Fix r > (α − αp)−1 in case (a) and r > ((1− q/2)(α− αp))−1, 0 < q < 2 in case
(b). Using successively Markov’s, Doob’s and Rosenthal’s inequalities, we obtain
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for each a > 0 we have

P
(

max
`

∣∣∣∣ ∑̀
j=1

(1−φ−jn )ε′′j
∣∣∣∣ > a

)
≤ ca−r

[( n∑
j=1

(1−φ−jn )2E(ε′′1)2
)r/2

+
n∑
j=1
|1−φ−jn |rE|ε′′1|r

]

with a constant c > 0 depending on r only. By Karamata E|ε′′1|r ∼ brnn
−1hr−p.

Hence, there is a constant c > 0 such that

P
(

max
`

∣∣∣ ∑̀
j=1

(1− φ−jn )ε′′j
∣∣∣ > a

)
≤ ca−r

[( n∑
j=1

(1− φ−jn )2E(ε′′1)2
)r/2

+
n∑
j=1
|1− φ−jn |rE|ε′′1|r

]

≤ ca−r
n∑
j=1

τnj ,

where τnj = σrnr/2−1(φ−jn − 1)r + (φ−jn − 1)rbrnn−1hr−p. By Lemma 6.4.1, noting
that the finite sequence (`αφ−`n )1≤`≤n is non decreasing, we obtain

P
(

max
`
`−αφ`n

∣∣∣∣ ∑̀
j=1

(1− φ−jn )ε′′j
∣∣∣∣ > a

)
≤ ca−r

n∑
j=1

φrjn j
−rατnj.

Finally we deduce

P ′′2n ≤ c2rδ−rnb−rn
(
σrnr/2−1 + n−1brnh

r−p
) n∑
j=1

j−rα(1− φjn)r

(a) Using again convexity inequality 1− e−z ≤ z, we note that
n∑
j=1

j−rα(1− φjn)r ≤
n∑
j=1

j−rα
(−γj

n

)r
= |γ|

r

nr

n∑
j=1

jr(1−α) = OP (n1−rα).

This leads to

P ′′2n ≤ C
(
v(n)−rn1−rα+r/2−r/p + n1−rα

)
,

where C = C(δ, r, α, γ, σ, h, p) is a positive constant. Now the choice done
for r verifies 1− rα+ r/2− r/p < 0, which implies also 1− rα < 0, so finally

lim
n→∞

P ′′2n = 0.

(b) Using the convexity inequality 1 − (1 − x)y ≤ xy, for 0 < x ≤ 1 and y ≥ 1,
we note that

n∑
j=1

j−rα(1− φjn)r ≤
n∑
j=1

j−rα
(
γnj

n

)r
= γrn
nr

n∑
j=1

jr(1−α) = OP (γrnn1−rα).
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This leads to

P ′′2n ≤ C
(
v(n)−rγr/2

n n1−rα+r/2−r/p + n1−rα
)
,

where C = C(δ, r, α, σ, h, p) is a positive constant. Now we find that the
condition to have

lim
n→∞

P ′′2n = 0

is the existence of some r > p such that

lim
n→∞

v(n)−1γ1/2
n n1/r+αp−α = 0. (6.44)

This follows from our assumption (6.18), since we have for some constant
K:

v(n)−1γ1/2
n n1/r+αp−α ≤ Kv(n)−1n1/r+(q/2−1)(α−αp).

then this upper bound tends to 0 for any r > 0 such that

1
r
<
(

1− q

2

)
(α− αp).

Finally, since (Gnedenko [1943], see, for example, Embrechts et al. [1997],
Theorem 3.3.7, for a more recent reference)

lim
n→∞

P( max
1≤j≤n

|εj| ≥ hbn) = 1− e−h−p

the probability P ′1n can be made arbitrary small by choosing big h. So (6.42) and
(6.43) as well as (6.39) and (6.40) are proved.

Remark 6.4.2. There is no loss in the proof when we deduce (6.44) from (6.18)
since the converse implication is true. Indeed assume that (6.44) holds true for
some r. Then we can rewrite it as

(v(n)−1n1/(2r))γ1/2
n n1/(2r)−(α−αp) −−−→

n→∞
0.

As v(n) is slowly varying and r positive, v(n)−1n1/(2r) tends to infinity, then
necessarily γ1/2

n n1/(2r)−(α−αp) tends to zero and in particular is bounded. So for
some positive constant K:

γn ≤ Kn−1/r+2(α−αp).
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Now we define q by
−1
r

+ 2(α− αp) = q(α− αp),

as γn tends to infinity, necessarily −1/r + 2(α − αp) is positive. Then q ∈ (0, 2)
and we get (6.18).

Further we state proofs of two lemmas that are the main tools to prove the
Lemma 6.2.4.

Proof of Lemma 6.2.5. For the first type model by Phillips it hold

n−1/2σ−1z[nt]
D[0,1]−−−−→
n→∞

Uγ(t) (6.45)

with the supremum norm ‖·‖∞. The map

Ψ : (D[0, 1], ‖·‖∞) 7→ R2 : f 7→
(∫ 1

0
f 2(t) dt,

∫ λ

0
f 2(t) dt

)

is continuous. Obviously ∫ 1

0
z2
n,[nt] dt = 1

n

n∑
k=1

z2
n,k−1. (6.46)

Since

f 7−→
∫ 1

0 f
2(t) dt∫ λ

0 f
2(t) dt

is continuous on {
f ∈ D[0, 1];

∫ λ

0
f 2(t) dt 6= 0

}

and according to (6.45) the limiting process is Gaussian (Ornstein-Uhlenbeck), so

P
(∫ λ

0
U2
γ (t) dt = 0

)
= 0,

thus ∫ 1
0 (n−1/2σ−1zn,[nt])2 dt∫ λ
0 (n−1/2σ−1zn,[nt])2 dt

R−−−→
n→∞

∫ 1
0 U

2
γ (t) dt∫ λ

0 U
2
γ (t) dt

= OP (1).

For the second type model we have the following weak law of large numbers

1− φ2
n

n

n∑
k=1

z2
n,k−1

P−−−→
n→∞

σ2. (6.47)
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Seeing that
∑n
k=1 z

2
n,k−1∑[nλ]

k=1 z
2
n,k−1

=
1−φ2

n

n

∑n
k=1 z

2
n,k−1

1−φ2
[nλ]

[nλ]
∑[nλ]
k=1 z

2
n,k−1

·
1− φ2

[nλ]

1− φ2
n

· n

[nλ]

we obtain
1−φ2

n

n

∑n
k=1 z

2
n,k−1

1−φ2
[nλ]

[nλ]
∑[nλ]
k=1 z

2
n,k−1

P−−−→
n→∞

1

and
n

[nλ] ∼
1
λ
.

Further assuming that γn is increasing in n we have γ[nλ]/γn ≤ 1

1− φ2
[nλ]

1− φ2
n

∼ c
n

[nλ]
γ[nλ]

γn
≤ c

λ
.

If γn is regularly varying then

lim
n→∞

γ[nλ]

γn
= c(λ)

so
1− φ2

[nλ]

1− φ2
n

remains bounded.

Remark 6.4.3. We explain, why we need to put here an additional assumption
on γn (increasing or regularly varying). Let us define the sequence

γn =

 n0.1 if n is even,
n0.9 if n is odd.

Then let us define the subsequence nk = (4k + 2), k = 0, 1, 2, . . .. As all nk are
even, we obtain γnk = n0.1

k = (4k + 2)0.1. Now we take λ = 1/2, then [nkλ] are
odd

[nkλ] = [nk/2] = 2k + 1

and so γ[nkλ] = (nk/2)0.9 = (2k + 1)0.9. So we get

γ[nkλ]

γnk
= (2k + 1)0.9

(4k + 2)0.1 = (1/2)0.9 (4k + 2)0.9

(4k + 2)0.1 →∞ as k →∞.
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The latter result implies that
1− φ2

[nλ]

1− φ2
n

is not bounded in such case.

Proof of Lemma 6.2.6. Let us consider first type model. Then equation (6.46)
gives us

1∑[nλ]
k=1 z

2
n,k−1

= 1
n
∫ λ

0 (n−1/2σ−1zn,[nt])2 dt
(n−1/2σ−1)2 ≤ (1− φn)OP (1)

n

by the same argumentation as in Lemma 6.2.5 and equivalence 1− φn ∼ −γ/n.

For the second type model applying the weak law of large numbers (6.47) we
imediatelly obtain the inequality

1∑[nλ]
k=1 z

2
n,k−1

≤ (1− φn)OP (1)
n

.
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Conclusions

First order nearly nonstationary autoregressive processes yn,k = φnyn,k−1 + εk are
considered with coefficient φn defined in two ways:

• φn = eγ/n, γ < 0;

• φn = 1− γn/n, γn →→∞, γn/n→ 0, as n→∞.

Polygonal line processes Spl
n build on observations yn,k and Ŵ pl

n build on process
residuals ε̂k are studied. The functional limit theorems for Spl

n in the spaces C[0, 1]
and Ho

α[0, 1], α ∈ (0, 1/2) are proved. It is shown that the limiting distribution
differs for the both type models. Properly normalized Spl

n converge to integrated
Ornstein-Uhlenbeck process in the first type model whereas to Wiener process in
the second type model. Functional limit theorems for Ŵ pl

n in Ho
α[0, 1] are proved.

For the first type model it is shown that integrability condition limt→∞ t
pP(|ε0| >

t) = 0 is necessary and sufficient for the convergence in distribution of Ŵ pl
n in

the Ho
α[0, 1] space. For the second type model, the convergence in distribution to

Wiener process in Ho
α[0, 1] is derived.

Further epidemic change detection in mean of innovations is investigated. The
model

yn,k = φnyn,k−1 + εk + an,k, n ≥ 0, k ≤ n

is concerned. Uniform increments statistics is build on observations yn,1, . . . , yn,n
and residuals ε̂1, . . . , ε̂n. Under some assumptions on residuals we find the limit
of both statistics. Consistency conditions for statistics T̃α,n = Tα,n(yn,1, . . . , yn,n)
and T̂α,n = Tα,n(ε̂1, . . . , ε̂n) are found and test power analysis is performed. Both
statistics are worth of further investigation. Table 6.7 shows size-adjusted test
power for statistics T̃α,n and T̂α,n, where innovations satisfies integrability condi-
tion limt→∞ t

pP(|ε0| > t) = 0. The result shows that with different parameters
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an = 1, `∗ = 30, k∗ = 400, n = 1000, γ = −2, γn = n0.45

α1 = 0.0625 α2 = 0.1875 α3 = 0.39 (I model);
α3 = 0.31 (II model)

T̃α,n
I model 0.318 0.327 0.306
II model 0.276 0.330 0.429

T̂α,n
I model 0.335 0.526 0.914
II model 0.061 0.452 0.836
an = 1, `∗ = 30, k∗ = 400, n = 1000, γ = −20, γn = n0.8

T̃α,n
I model 0.280 0.322 0.467
II model 0.314 0.505 0.796

T̂α,n
I model 0.088 0.502 0.913
II model 0.073 0.213 0.682

Table 6.7: Comparing statistics T̃α,n and T̂α,n

for the second type model, different statistics give different results. In this exam-
ple, statistics T̂α,n with γn = n0.45 detects epidemics better, while with γn = n0.8

statistics T̃α,n performs better. Further note, that with the chosen parameters
statistics T̂α,n for the first type model works better in both cases, but consistency
of this case is still an open question.
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Kolmogorov, Donsker et Itô-Nisio. C. R. Acad. Sci. Paris Série I, 312:877–882,
1991.

130



BIBLIOGRAPHY

A. Khodadadi and M. Asgharian. Change-point problem and regression: An
annotated bibliography. Working Papers 44, COBRA Preprint Series, November
2008. URL http://biostats.bepress.com/cobra/art44.

K. Kubilius and A. Račkauskas. On the asymptotic accuracy of the least-squares
estimators in nearly unstable AR(1) processes. Math. Methods of Statistics, 5
(4):464–476, 1996.

J. Lamperti. On convergence of stochastic processes. Trans. Amer. Math. Soc.,
104:430–435, 1962.

B. Levin and J. Kline. The CUSUM test of homogeneity with an application in
spontaneous abortion epidemiology. Statistics in Medicine, 4:469–488, 1985.

F. Lombard. Rank tests for changepoint problems. Biometrika, 74(3):615–624,
1987.

H.B. Mann and A. Wald. On the statistical treatment of linear stochastic differ-
ence equations. Econometrica, 11:173–220, 1943.

T. Mikosch and A. Račkauskas. The limit distribution of the maximum increment
of random walk with regularly varying jump size distribution. Bernoulli, 16(4):
1016–1038, 2010.

J.Y. Park. Weak unit roots. Unpublished paper, 2003.

P. Peron. Dealing with structural breaks. In Palgrave Handbook of Econometrics:
Econometric Theory, K. Patterson and T.C. Mills (eds.), volume 1, pages 278–
352. Palgrave Macmillan, 2006.

V.V. Petrov. Sums of Independent Random Variables. Springer-Verlag, Berlin,
Heidelberg, New York, 1975.

P.C.B. Phillips. Towards a unified asymptotic theory for autoregression.
Biometrika, 74(3):535–547, 1987.

P.C.B. Phillips and T. Magdalinos. Limit theory for moderate deviations from a
unit root. Journal of Econometrics, 136:115–130, 2007.

131

http://biostats.bepress.com/cobra/art44


BIBLIOGRAPHY

A. Ramanayake and A. K. Gupta. Tests for an epidemic change in a sequence of
exponentially distributed random variables. Biometrical Journal, 45:946–958,
2003.

A. Ramanayake and A. K. Gupta. Epidemic change model for the exponential
family. Communication in Statistics - Theory and Methods, 33:2175–2198, 2004.

M.M. Rao. Asymptotic distribution of an estimator of the boundary parameter
of an unstable process. Ann. Statist., 6:185–190, 1978.

I. Rastenė. Testing and Estimating Changed Segment in Autoregressive Model.
PhD thesis, Vilnius University, 2011.

A. Račkauskas. Asymptotic accuracy of the least-squares estimate in nearly non-
stationary autoregressive models. Lithuanian Mathematical Journal, 36(1):92–
103, 1996.

A. Račkauskas and Ch. Suquet. Central limit theorem in Hölder spaces. Probab.
Math. Stat., 19:155–174, 1999.

A. Račkauskas and Ch. Suquet. Necessary and sufficient condition for the func-
tional central limit theorem in Hölder spaces. Journal of Theoretical Probability,
17(1):221–243, 2004a.

A. Račkauskas and Ch. Suquet. Hölder norm test statistics for epidemic change.
Journal of statistical planning and inference, 126(2):495–520, 2004b.

D. W. Shin. The limiting distribution of the residual processes in nonstationary
autoregressive processes. Journal of time series analysis, 19(6):723–736, 1998.

D. O. Siegmund. Boundary crossing probabilities with statistical applications.
Ann. Statist., 14(2):361–404, 1986.

Ch. Suquet. Tightness in Schauder decomposable Banach spaces. In Amer. Math.
Soc. Transl., volume 193, pages 201–224. AMS, 1999.
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