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Abstract

In this thesis, we give explicit upper bound for the Laurent-Stieltjes constants in
the following two cases:

1. The character y is fixed and the order n goes to infinity.

2. The order n is 0 and the conductor g goes to infinity.
The Laurent-Stieltjes constants y, (y) are the coefficients of the expansion in the Lau-
rent series of the Dirichlet L-series. This thesis is divided to three parts:

In first part of this thesis, we study the asymptotic behavior in n of these con-
stants. In 1985, Matsuoka gave an excellent asymptotic expansion for these constants
in the case of the zeta function, We extend the formula of Matsuoka to the Dirichlet
L- functions. We give an upper bound for |yn()()| whenl=<g<7% "(::i/z. In the case
when y = yo and g = 1, this leads to a sizeable improvement of Matsuoka’s bound
and on previous results. By using this result, we also deduce an approximation of the
Dirichlet L-functions in the neighborhood of z = 1 by a short Taylor polynomial. We
provide a direct proof of Matsuoka’s formula that avoids complex analysis and, more

importantly, the functional equation of {(z) and L(z, y).

The second part of this thesis deals more specifically with the first Laurent-Stieltjes
coefficient, namely L(1, y). In 2001, Ramaré gave an approximate formula for L(1, y)
depending on Fourier transforms. Thanks to this formula, he obtained the best ex-
plicit upper bound for |L(1, )()| to date. Here, we study the most difficult case when

x(2) = 1, and get an improvement. As application, we deduce an explicit upper
bound for the class number of any real quadratic field Q (,/g), improving on a result
by Le.

In the last part, we follow the method of Ramaré for giving an upper bound of
the first Laurent-Stieltjes coefficient but this time when y(3) = 0. This result is an
improvement on a similar one due to Louboutin.
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Résumé (French version)

Dans cette these, nous donnons des majorations explicites pour les constantes de
Laurent-Stieltjes dans les deux cas suivants :

1. Le caractere y est fixé et n tend vers 'infini.

2. L'ordre n est égal a 0 et le conducteur g tend vers I'infini.
Les constantes de Laurent-Stieltjes v, () sont les coefficients qui interviennent dans
le développement en série de Laurent des séries L de Dirichlet. Cette these est com-
posée de trois parties :

Dans la premiere partie de cette thése, nous étudions le comportement asympto-
tique en 7 de ces constantes. En 1985, Matsuoka a donné un développement asymp-
totique des constantes de Laurent-Stieltjes pour la fonction zéta de Riemann. Ici,

nous prolongeons la formule de Matsuoka aux fonctions L de Dirichlet. Nous don-
. . (n+1)/2 .
nons une majoration de |yn()()| pourl=g< % ¢ Z:l .Danslecasou y =ypetg=1,

notre résultat donne une réelle amélioration de la majoration de Matsuoka et des ré-
sultats précédents. En utilisant cette majoration, nous déduisons aussi une approxi-
mation des fonctions L de Dirichlet au voisinage de z = 1 par un polynéme de Taylor
relativement court. En outre, nous donnons une preuve directe de la formule de Mat-
suoka en évitant I'analyse complexe et de facon notoire I'équation fonctionnelle de
la fonction zéta de Riemann et des fonctions L de Dirichlet.

Dans la deuxieme partie de cette theése, nous nous intéressons au premier coef-
ficient de Laurent-Stieltjes L(1, y). En 2001, Ramaré a donné une formule approchée
pour L(1, ) en utilisant des transformées de Fourier. Grace a cette formule, Ramaré
a obtenu la meilleure majoration explicite pour |L(1, x)| a ce jour. Nous étudions le
cas le plus difficile lorsque y(2) = 1 et obtenons une amélioration. Nous en déduisons
aussi une majoration explicite pour le nombre de classes pour les corps quadratiques
réels Q (/). Cette majoration est une amélioration d’un résultat de Le.

Dans la derniére partie, nous suivons la méthode de Ramaré pour donner une
majoration explicite de |L(1, )()| dans le cas ou y(3) = 0, améliorons un résultat de
Louboutin.
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History of the Laurent-Stieltjes
constants

The Laurent-Stieltjes constants first appeared in the coefficients of Laurent ex-
pansion at the pole of the Riemann zeta function. These constants are named af-
ter the Dutch mathematician Thomas Jan Stieltjes (1885-1894). The Laurent-Stieltjes
constants are sometimes referred to as generalized Euler constants. They was stud-
ied by other eminent mathematicians like Charles Hermite, Srinivasa Ramanujan,
William E. Briggs and Bruce Berndt - -- as well as many others.

The Laurent-Stieltjes constants also appear in various areas as Dirichlet L-functions,
Hurwitz zeta function, definite integration and hyper-geometric series. Indeed, these
constants have many uses in analytic number theory and elsewhere. Among other
applications, estimates for y, may be used to determine a zero-free region of the
zeta function near the real axis in the critical strip 0 < (z) < 1, to compute the Rie-
mann and Hurwitz zeta functions in the complex plane, to give new derivations of
Binet’s formulae for logI'(x), to evaluate some integrals related to the Barnes multiple
gamma functions which has several connections with the sine and cosine integrals.

In this chapter, we present a short historical survey of these constants during the
last 150 years.

The Laurent-Stieltjes constants for the zeta function

After Riemann’s famous memoir, we known that the function

1
((2)——— (1)

z—1

is entire; i. e., {(z) has an analytic continuation throughout the whole complex plane
except for a simple pole at z = 1 with residue 1. Close to the singular point z = 1 the
zeta function can be represented as a Laurent series in (z —1):

SR < PENY (NS
((z)—z_1+n;0( N =" @)

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

Thomas Jan Stieltjes was the first to propose the following definition of y,,

I (logm)" _ (log )"+

— 1
rn= mZ:I m (n+1)

3)

In an exchange of letters between Stieltjes and Hermite, they have thoroughly dis-

cussed the proof of this formula. Ramanujan [45] did not explicitly define y, by
o0

Eq (3). Instead, he said that y,, are “the constants of ). (logm)”/m”. In 1887, Jensen

m=1
[25] rediscovered this equation. It has been proved also by Verma [55] and Ferguson

[18]. In 1955, Briggs & Chowla [10] stated two proofs of Eq (3) and found estimates
for these constants. These estimates were improved by Lammel[32]. By using these
estimates, he also gave a simple proof of the fact that {(z) has no zeros on |z - 1| < 1.
It is interesting to observe that the Eq (3) is slowly convergent and is therefore
useless in numerical computations so one is forced to seek some method to speed
up convergence.
Different integral or series representations for y,, were successively obtained by sev-
eral authors, among them, Kluyver [27] has established an infinite series representa-
tion for these constants. In the paper [6], Briggs proved that:

Theorem 0.1 1. There are infinitely many n for whichy, is positive, and infinitely
many n for which that vy, is negative.

2. There exists a function e(n) such that|e(n)| <1 and
= (2) e @
Yn= o .

3. Foranye >0, the inequalities
n~ " <lypl <n (5)
hold for infinitely many n.
Itis important to point out that Briggs was the first to obtain an upper bound for |y |.
In 1972, Berndt [4] proved Eq (3) and gave the following bound for |y,|.

Theorem 0.2 Forn =1, we have:

- 1!
lyn|=(3+(=D") (nn ). (6)

n

From Eq (6), we note that the radius of convergence of Eq (2) is at least 7. So Eq (6) is
stronger than Eq (4), but Eq (5) is asymptotically stronger than Eq (6).

A detailed discussion of the constants y,, in terms of the Bernoulli numbers has
been provided by many authors, like Liang & Todd [35]. In 1981, Israilov [23] gave
some information on the quantities y, and proved that
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Theorem 0.3 Let f\" (x) = d” (x 'log" x) /dx". Then, for all integraln>1 and k=1,

we have
Yn=
(1" % log"m log"'N 108 N kOZ Ber(zr D) — B2k, 2k e2ko-D(V)
n |= m n+1 (2k )!

and for n =0, we have

N k-1
1 1 By, Boi
= E ——logN——+ + ,
Vo= S, TN TN T N T gk

where 0 < 0 < 1, the Bj denoting the Bernoulli numbers and where bj, is defined by
the formula
vop sl it
bjw=) — X b
n=jMr=j—2m2 r=17Tj

Thanks to this theorem, Israilov, in the same his paper, gave the following upper
bound for [y ,I.
Theorem 0.4 Forn=2kandk=1,2,---, we have
Prl < caiyery ™, @)
n!

where

_Boil [ 3 i
C(k) = — 1+ ) bjax(2k) .
j=1

In particular,
C=1/2, C@2)=7/12, C@B3)=11/3, C(4)=<73.3.

In 1985, Matsuoka [40] produced an excellent asymptotic expansion for y,, and
he was also able to simplify his method to derive the explicit form.

Theorem 0.5 Let m be a sufficiently large integer, and let ¢ be any positive constant.
Then, for all integer n with |n— m| < clog m, we have:

o= |2n el F(m)_zn—m)Jr@(loglogm)].
7 logn! 2 logm logm
The constant in the G -term depends only on c and
n +@(nloglogn)’
2logn log? n

COS

F(n)=-

and where
G(n) = —nlogn+ nloglogn+n+o(n), whenn— oo.

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

Matsuoka also gave an excellent explicit upper bound for |y,| for n = 10.
Theorem 0.6 Forn =10, we have

Yl < 104 gnloglogn_ )
In the same paper, Matsuoka proved that:

Theorem 0.7 For any € > 0, there exist infinitely many integers n for which all of
Y Yn+1lyYn+2: " Y n+l(2—€)logn] have the same sign, and there exist only finitely many
integers n for which all of Y n, Y n+1,Yn+2,"**» Y n+(2+e)logn] have the same sign. Also, if

fm=|0sksn:y>0|, gm=[{0sksn:y,<0},
then, f(n) =n/2+o(n) and g(n) =n/2+o(n).

In 1994, Zhang & Williams [57] proved that:

Theorem 0.8 Forn=0,1,---, we have
1 "+1(n+1 nej
Yn=—"7 Bpii1-j (1082) aj,
n+1 iz0

where )

X (=D™Mlog/m . & (=p™m

aj:Z—g, (=1, aO:Z = —log2.
m=1 m m=1 m

Thanks to this theorem, they showed that:

Theorem 0.9 Forn =1, we have

B+ (=" 2n)!
<
| ”| = (Zn)nnn+1

9)

From this bound, we note that the radius of convergence of Eq (2) is at least me/2. So
Eq (9) is stronger than Eq (6).

At the beginning of this century, Coffey [11], [12] and [13] has obtained rapidly
convergent expressions for y, in terms of Bernoulli numbers. In another paper [14],
Coffey gave the series representations for yy and y; with an exponential rate of de-
cay. In 2010, Coffey & Knessl [29] have proved a variation of Matsuoka’s asymptotic
expression for these constants, namely:

Theorem 0.10 Let v = v(n) be the unique solution of the equation

cosv
2mexplvtanv] =n ,
v
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in the interval (0,7/2), with v — n/2 as n — oco. Let u = vtanv with u(n) ~logn as
n — oo. Then we have for n > 1,

B nA
~—2e""cos(an+b),
Yn \/ﬁ
where
Ao 110 W2+ B 2V2mV u? + v?
—2 %8 w2+v? T [(u+ D2+l
and .
-1(Y v -1(Y -1
a=tan |—|+———, b=tan [—]|—-tan .
(u) u? + v? (u) 2 (u+1)

The ~-sign above is loosely defined in their paper: it holds as long as we stay bounded
away from the zeros of the cosine factor. They showed that A ~ loglognand B ~ Z(logn) -1
and that this form encapsulates both the basic growth rate loglogn and the oscilla-
tions cos[”lgg rf) ]. It therefore has implications for the sign changes observed in v,
with increasing n.

In 2011, Knessl & Coffey [28] have provided hyper-geometric summation repre-
sentations for y; and y, with summands of the order of O(n~%) and O(n~3), respec-

tively. In the same year, Adell [1] proved that:

Theorem 0.11 For any n =4, we have

n+1
m

nle™
lYnl <
mn+1

1
+ 1) +—)1og”+1(m+ 1), (10)
n+1

where m = [n(1 —1/logn)] and | x] denotes the integer part of x.

The order of magnitude, as n — oo of the upper bound for |yn| the last inequality

above is .
n
exp s nloglogn — 1+0 .
p{ 808 210g2n( (logn))}

Numerical computations of the constants y,, some were first carried out by Jensen
[25], who calculated the first 9 constants to 9 decimal places. In 1895, Gram[19] pub-
lished a table of the first 16 constants to 16 decimal places. In 1927, Liang & Todd
[35] employed the Euler-Maclaurin summation for calculate the first 20 constants
to 15 decimal places, but they did not give error bounds. Using contour integra-
tion, Ainsworth & Howell [2] computed the first 2000 of y,. In 2002, Kreminski [31]
expressed y, as a limit of a more rapidly convergent sequence than in Eq (3). He
believed that his method produces high-precision estimates of y,, more quickly, for
larger values of n, and to more digits of accuracy than has been attained to date (see
Table 4.1). He has computed y, with n ranging [0, 3200]. The most extensive cal-
culations to date have been made by Coffey [13], who calculated y,, with n ranging
[0, 35000].
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At the moment, the value of y, are not known precisely and each author gives
different value of y,. But although these values are close, they are distinct. We note
that, the Euler’s constant y =y is not known to be irrational or transcendental. The
question of its irrationality has challenged mathematicians since Euler and remains
a famous unresolved problem. By computing a large number of digits of y and using
continued fraction expansion, it has been shown that if y is a rational number a/b
then the denominator b must have at least 242080 digits.

Even if y is less famous than the constants 7 and e, it deserves a great attention since
it plays an important role in Analysis (Gamma function, Bessel functions, exponential-
integral, ...) and occurs frequently in Number Theory.

The Laurent-Stieltjes constants for the Dirichlet L-functions

For a primitive and non-principal Dirichlet character y of modulo g, where g > 1
and 0 < n € Z. The function L(z, x) has an analytic continuation throughout the
whole complex plane. Thus, the Dirichlet L-function can be represented as a Taylor
seriesatz=1: ;

=D"yn(0)
Liz,x) =) #(z— D",
n=0 n.
where (—1)"y,(y) is simply the value of the n-th derivative of L(z, y) at z = 1. These
constants are well known the Laurent-Stieltjes constants . Recall that y is called even
or odd according to whether y(-1) =1or y(-1) = -

In 1837, Dirichlet produced finite expansions for L(1, ) in the form:

_ Tm
Z x(m)log sin—‘ when y(-1) = +1,
x(n) 2T(X) ) 1=m=qr2 q
LA,p=3 ~—=- 2m
n=1 N q in Z 1(m) (1 - —) when y(-1) = -
1=m=q/2 q

where 7(y) is the Gaussian sum attached to y. A similar finite expansion for the first
derivative form of L(z, x) at z = 1 has been obtained by Berger [3], de Séguier [15],
Selberg & Chowla [49] in the case when y(—1) = —1 and by Gut [21] and Deninger [16]

when y(-1) =
I109) «
J ((y+log2n)le+ Z)((])logr(]/q)) if y(-1)=—
e - e
q ((y+log2ﬂ Z )((])log)l - ezn”/"’ +> I(j)R(j/q)) if y(-1) =
j=0 j=0
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where R(x) is Deninger’s function and where B, is the first generalized Bernoulli
number belonging to the character y; it can be expressed as

1 4
By y = E Z my(m).

m=1

In 1989, Kanemitsu [26] gave similar results for y,(y) with n = 2. In the paper [30],
Knopfmacher studied the following direct relationship between y,(y) and y,(a, q).

q
YY) =Y x(@yn(a,q),
a=1

where the constants y,(a, q) are defined by

T n n+1
@)= lim { 5 (logm)"  (logT) }

= (1<mzamodg ™M qn+1)
In particular, yo(1,1) is again the well known Euler’s constant. The constants y,(a, q)
are called sometimes the generalized Euler constants or the Laurent-Stieltjes constants
for arithmetical progressions.

The study of y,(y) is closely related to that of y,(a,q). Many mathematicians
tend to study y,(a, q) instead of y,(y) since it is less complicated to define than
the latter. Among them, Kanemitsu [26] , who proved that y,(a, q) can be expressed
in terms of classical functions. In 1992, K. Dilcher[17] derived further properties of
Yn(a, q), calculated y,(a, q) explicitly in many cases and computed many approxi-
mate values of y,(a, q).

The problem of finding an explicit upper bound for |y, (y)| has been addressed
by a number of the authors, like Toyoizumi [52] who studied this problem when 7 is
fixed and g goes to infinity. He showed that:

Theorem 0.12 Assume that q is cube-free. Then for any e >0, we have

1 L(1+¢€,y)
(n+ 14"l ((1+e)

1Y ()] < ( +6) log"*! g, (11)

when q > qy(€), where qy(€) is a constant depending only one.
From this, he deduced the following corollaries.

Corollary 0.13 Let g be as above. Then

lYn(p) < + 0(1))log"+1 q,

(n+1)4n+1

as q — oo.
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Corollary 0.14 Let g be as above. Then

W +o0(1) lOgn-’—1 q le(Z) =-1,

1Y n ()] <3 +0(1) |log" g ify3)=-1,

2(n+1)47+1

W+0(1) lOgn+1q le(Z) :X(?)) =-1,

as q — oo.

In another direction and pursuing the groundbreaking result of Matsuoka, Ishikawa [22]
studied the asymptotic behaviour of y,(y) as n — co. He showed that:

Theorem 0.15 There exists an ny(q) such that for all n = ny(q),

logl
nlog ogn}. (12)

lyn(p)l < g"''osn=12 exp{nloglogn— og

We note here that this last result is better than Eq (11) when g is small with respect
to n.

Brief history of upper bounds for |L(1, y)|

The upper bound for |L(1, X) |, i. e., the first coefficient of y,(y), has received con-
siderable attention near the end of the 20th century, mainly because of the impor-
tance of this bound in number theory. Several authors have obtained upper bounds
for |L(1, )()| via character sums estimates, the functional equation and approximate
formulae, or a mix of three.

Let y be a Dirichlet character mod g and let N and H be non-negative real num-
bers with H = 1. We consider

Sy(H)= )  xn.

N<n=sN+H
In 1918, Polya-Vinogradov stated the first upper bound for | S, (H)|.

Theorem 0.16 There is a universal constant c such that for y a non-principal Dirich-
let character mod g. We have

|Sy(H)| = ¢\/qlogg.

This inequality is now called the Polya-Vinogradov inequality.

In 1956, Burgess[7] also gave another upper bound for |SX(H)

, he proved that:
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Theorem 0.17 Let y be a primitive character mod q, where g > 1, r is a positive inte-
ger ande > 0 is a real number. Let N and H be non-negative real numbers with H = 1.
Then

1-1/r 5 +e
< H g,

Y xn

N<ns<N+H

forr =1, 2, 3 and for any r =1 if q is cube-free, the implied constant depending only
oneandr.

For g = p is a prime number and for y quadratic characters. Using Burgess’s inequal-
ity, Chowla [9] proved that

Theorem 0.18 Let y be a real non- principal character modulo p. Then, we have:
|L(1, )| = (3 + o(1)) logp.

In 1966, Burgess [7] used an argument of Polya-Vinogradov to improve on Chowla’s
result. He proved the inequality:

Theorem 0.19 For p sufficiently large, we have
|L(1, x)| = 0.246l0g p.
In the paper [50], Stephens showed that

Theorem 0.20 For p sufficiently large, we have
L, ] < (1 -1+ o(1))1ogp ~0.197log p.

In 1977, Pintz [43] gave an elementary proof of Stephens’s result generalizing it for
every quadratic characters, whose modulus is not necessarily prime. No analogous
improvements over the Burgess bound were known for complex characters y.

In 1990, Toyoizumi [51] improved on Stephens’s result under certain conditions.

Theorem 0.21 For real non-principal y, when q is cube-free, for any e > 0, we have

L(1+e€,))

|[L(1, )| = (m

+ e) logg,

when q > qy(€), where qy(€) is a constant depending only one.

Form this, he deduced the following corollary.
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Corollary 0.22 Let g be as above. Then

+o(D)logg ify2)=-1,

+o(D)logg ifx(3)=-1,

+o())logg ifx(5)=-1,

+o())logg ify2)=x@B3)=-1,
+o(D)logqg ify2) =x>6)=-1,
+o(D)logg ify3)=x>B)=-1,
+o(D)logg ify2)=xB) =x>6)=-1,

Kl-

= oo~

ILA, 0] =4

e N N e Y Y e N

&l= Sl == El-

as g — oo.

In 2002, Granville & Soundararajan [20] stated an improvement on Toyoizumi’s result.
They proved that:

Theorem 0.23 For a non-principal x, when q is cube-free, for any € > 0, we have
|L(1, )| = (35 + 0(1)) logg.

It is important to point out that all these bounds of |L(1, )()| are asymptotical and
explicit error terms are not known. So it is useful to have explicit estimates for the
Burgess inequality to obtain an explicit upper bound for |L(1, X)|- Several authors
have worked out explicit estimates for Burgess’s theorem, i.e., finding an explicit up-
per bound for |SX(H )|, among them, Iwaniec & Kowalski [24] who gave, in their ana-
lytic number theory book, a sketch of a proof of the following explicit result.

Theorem 0.24 Let y be a primitive character mod p, where p > 1 is prime. Letr be a
positive integer, and let N and H be non-negative real with H = 1. Then

il
| Sy ()| <30H""""pi (logp) """

In his doctoral thesis in 2011, Enrique Trevifio [53] improved this result to

Theorem 0.25 Let p be a prime such that p = 10”. Let y be a non-principal Dirichlet

character mod p. Let r be a positive integer, and let N and H be non-negative real
with H=1. Then

|S,(HD)| < 2.71H1‘1/’p%21 (logp)"'".

In 2006, Booker [5] provided an explicit version of Burgess’ inequality. He proved that
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rooa(r) B(r) rooa(n) B(r) rooa(r) B(r)
2 1.8221 89077 | 7 1.5363 1.0405 | 12 1.3721 -1.1232
3 1.8000 5.3948 | 8 1.4921 0.4856 | 13 1.3512 -1.4323
4 1.7263 3.6658 | 9 1.4548 0.0085 | 14 1.3328 -1.7169
5 1.6526 2.5405 | 10 1.4231 -0.4106 | 15 1.3164 -1.9808
6 1.5892 1.7059 | 11 1.3958 -0.7848 | - - -

Table 1: Explicit constants on the Burgess inequality for quadratic characters.

Theorem 0.26 Let g > 1020 be a prime number =1 mod4, r € {2,---,15} and N, H
integers with 0 < N, H < 2,/q. Let x be a non-principal quadratic character mod p.

Then

|S)((H)| = aﬂ(r)d%21 (logd+ﬁ(r))21_r Hl—%,
where a(r), B(r) are given by Table 1.

Using this result, Booker computed the class number of 32-digit discriminant.

The best explicit upper bound known for |L(1, y)| are of the form

|L(1, x)| < $logg +C.

Concerning C, Louboutin [36] and [37] showed that

Theorem 0.27 Let y be a primitive character of conductor q. Then

|L@, )| s{

1logg+0.009 ify(-1)=+1,
3logg+0.716 ify(-1)=-1.

Theorem 0.28 Let y be a primitive character of even conductor q. Then

He proved his results by using an integral representations of Dirichlet L-function. In
2001, Ramaré [46] gave new approximate formulae for L(1, y) depending on Fourier

]

transforms. He proved that

1logg+0.358 ify(-1)=+1,
1logg+0.704 ify(-1)=-1.

Theorem 0.29 Let y be a primitive Dirichlet character of conductorq > 1. LetF : R — R

be such that f(t) = F(t)/t is C> (R) (even at0), vanishes at t = Foo and its first and sec-
ond derivatives belong to L (R). Assume that further that F is even if y is odd and that

F is odd if x is even. then for any 6 > 0, we have

© 2013 Tous droits réservés.

L, )=

5y 1-F(©n)yxn N x=D1(y) S 7m)

n=1

n

q

m=1

+00
f @ e(mt/6g) dt.
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With a proper choice of the function F in the above formula, in fact F an approxima-
tion of sgn(x) in the even case and of 1 in the odd case, Ramaré provided the following
upper bound for |L(1, x) |

Proposition 0.30 Let y be a primitive character of conductor q. Then

%logq ify(=1) =+1,

LA, p| <
20| {%logq+0.716 ify(-1)=—1.

He found also

Proposition 0.31 Let y be a primitive character of even conductor q. Then

1logq+0.34657 ify(—1) =+1,

LA, p| =<
ey {}llogq+0.70069 ify(=1)=-1.

In 2002, Louboutin [38] proved that

Theorem 0.32 Let y be an even primitive character of conductor q. Then

1logg+0.358 if2|q,
1logq+0.381 if3lq,
|L(L, x)| <A tlogq+0.421 if2|q and3|q,
tlogg+2 ify@2 =-1,

%logq+g ifx(2)=0and y(3) = -1.

This last result for |L(1, )()| in the case when y(2) = 0 and y(3) = —1 is an improvement
on the following result due to Le [33], who proved that

Lemma 0.33 Ify(2) =0 and x(3) = -1, then

L, p)| < Llog g + 2082,

In another paper [39], Louboutin collected his results in the following theorem. This
upper bound is valid for any primitive character y modulo q.

Theorem 0.34 Let S be a given finite set of pairwise distinct rational primes. Then, for
any primitive Dirichlet character y of conductor q, > 1, we have

-}

peS

S_

-4}

1
X (logqx+1<x +wlog4 +2 Z 08P +o(1),
peS p-1
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where

= Keven = 2+7y —log(4m) = 0.046191--- ify(-1) = +1,
Kodd =2+7y —log(m) =1.432485---  ify(-1)=-1.

where w = 0 is the number of primes p € S which do not divide q,, and where o(1) is
an explicit error term which tends rapidly to zero when q, goes to infinity. Moreover,
if S=¢ orif S =2, then this error term o(1) is always less than or equal to zero, and if
none of the primes in S divides q, then this error term o(1) is less than or equal to zero
for qy large enough.

In 2004, Ramaré [47] stated a general formula

Theorem 0.35 Let y be a primitive Dirichlet character of conductor q and let h be
an integer prime to q. Let F : R — R be such that f(t) = F(t)/t is C*(R) (even at 0),
vanishes at t = Foo and its first and second derivatives belong to LY(R). Assume that
further that F is even if x is odd and that F is odd if y is even. then for any >0, we

have
X(P)) (1-F(©n) x(n)
1-=—|L(1,y) =
=5y F-R

+ X(_h)T(X) Z

+00
_ F(1)
72 m21ch(m))((m)_f - e(met/(Gqh) dt.

Thanks to this formula, Ramaré proved that

Corollary 0.36 Let y be a primitive Dirichlet character modulo odd q. Then

|(1-x@)/2) LA, p)| = 5 (logg +x(x)),
wherex (y) =4log2 if y is even, and x(y) =5 —21og(3/2) otherwise.

We are still very far from proving that:
|L(1, x)| < c1loglog g + ¢,

for every g = 10 and some decent constants ¢; and ¢, though such a bound is ex-
pected to hold and indeed holds under the Generalized Riemann Hypothesis.
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Introduction

The Laurent-Stieltjes constants y,(y) are, up to a trivial coefficient, the coeffi-
cients of the Laurent expansion of the usual Dirichlet L-series : when y is a non-
principal, (—1)"y,(yx) is simply the value of the n-th derivative of L(z, y) at z=1.

The interest in these constants has a long history (started by Stieltjes in 1885) re-
called in the previous chapter. Among the applications, let us cite: determining zero-
free regions for Dirichlet L-functions near the real axis in the critical strip 0 < R(z) < 1,
computing the values of the Riemann and Hurwitz zeta functions in the complex
plane and studying the class number of the quadratic field, etc. In this thesis, we give
explicit upper bounds for the Laurent-Stieltjes constants in the following two cases:

— The character y is fixed and the order n goes to infinity.

— The order n is 0 and the modulus g goes to infinity.

We note here that there has been numerous trials at geometrical interpretations of
these coefficients. Such an approach has been successful for the first coefficient (this
is Dirichlet class number formula); the second coefficient has been examined, with,
up to now, some results due to Berger, Séguier, Selberg, Chowla & Gut and, more
recently, Deninger when jy is quadratic.

The first part of this thesis deals with the asymptotic in the order n. In 1985, the
theory made a huge progress via an asymptotic expansion produced by Matsuoka,
for these constants in the case of the zeta function. Among other results pertaining
to these constants, Matsuoka [40] gave the best upper bound for |)/n| for n = 10. He
proved that

|Yn| < 10—4enloglogn.

Many authors have tried to improve on Matsuoka’s bound, with few success. Mat-
suoka’s work relied on a formula that is essentially a consequence of Cauchy’s The-
orem and the functional equation. We extend this formula to Dirichlet L- functions
(this is essentially technical); our input is to produce a second explicit formula from
this first one that involves only real valued functions. By using this second form

and some combinatorial bound, we give the following upper bound for |y,(y)| for
P e(n+l]/2

2 n+l

1=g<
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Theorem 0.37 Let y be a primitive Dirichlet character to modulus q. Then, for every

l<sqg<7% e(::i/z and every n = 2, we have
2
w <q7"% Cn, q) min(l +Dn, q), %)
with

Cln )= Zfzexp{—(n +1)1ogb(n, q) +0(n,q) (10g6(n, ) +log%)},

and
n+1 —-6(n,q)-1 Q(ny Q)+1

0n,q)=————-1, D(n,q) =2 .

) log —zq(zﬂ) o a) O(n,q)—1

In the case when y = yo and g = 1, this bound is asymptotically as strong as provided
by Matsuoka and numerically better as soon as n = 11. The short table below offers
many comparative values of |y, |. For more values of |y,|. (you can see Table 4.1).

| n | 10 500 \ 1000 |
Matsuoka 0.41894487 5.0918232-10%92 | 2.17241813-10%%
171l Adell 21622.6705 9.4804345-10%% | 4.4078946-10%*
Our result 0.71412027 3.82043826-10%77 | 1.3320458-106!8
Kreminski 2.0533281-107% | —1.1655052-10%%% | —1.5709538 - 10486
Yr | Coffey & Kness! ||  0.000210539 -1.16551-10%%* | —1.570953-10%86

Table 2: We see that while there is still some room for improvement, our upper bound
is much closer to the truth than the previous ones

Remark 1 This result has been published in the Journal of Number Theory [48].

Our theorem enables us to approximate L(z, y) by a short Taylor polynomial. For
instance, we have

Corollary 0.38 Let y be a primitive Dirichlet character to modulus q. For N = 4logq
and q = 150, we have

Liz,p) - ),

O, |23
1<n=N n!

(z-1)"=—+=
q

when|z—1|<e L.
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If we replace 4log g by N and increase the latter, the approximation becomes better.
We further provide a direct proof of this second form of Matsuoka’s formula, avoid-
ing complex analysis and, more importantly, the functional equation. This is also re-
lated to the 1972-work of Liang & Todd [35] where they computed the y,, by using the
Euler-Maclaurin summation formula. They appealed to some recurrence relations

n
for the function 10ng to calculate the derivatives needed in the Bernoulli terms and
in the error term. Using this summation but with a different relation recurrence for
loi =, we provide a proof of the Matsuoka’s formula that avoids any use of the func-

tional equation of {(z) or L(z, ).

The second part of this thesis concerns L(1, y). In 2001, Ramaré [46] gave an ap-
proximate formula for L(1, y) depending on Fourier transforms. Thanks to this for-
mula, he obtained the best explicit upper bound for |L(1, )()| to date ( see Proposi-
tion 0.30). In particular, when y(—1) = 1, Ramaré proved that

|L(1,)()| < %logq.

Using numerical evidence,Ramaré proposed the conjecture

1 ?
max {|L(1,y)| - 3log g} = —0.32404---,

X even

_1 2
)%%{|L(l,x)| 3logq} =0.51482--- .

The first one being reached by a character modulo 241 and the second one by a char-
acter modulo 311. Recently and using a very refined algorithm, Platt has checked this
conjecture for 2 < g <2000000.

The problem of beating the %logq has since been addressed but the only results
obtained have been under the additional hypothesis that y(2) is noticeably different
from 1 (or if, not y(2), then y(p) for some small prime p). We study the more difficult
case, i.e. when y(2) = 1 and prove that

Theorem 0.39 Let y be an even primitive Dirichlet character of conductor g > 1 and
suppose that y(2) = 1. Then, we have

|L(1,p)| = 2 log g —0.02012.

As an example of application, we deduce an explicit upper bound for the class num-
ber for any real quadratic field Q (/g), improving on a result by Le [33]. We prove that

Theorem 0.40 For every real quadratic field of discriminant q > 1 and y(2) = 1, we

have : /7 )
n@(va) =5 [1- )

where h(Q(,/q)) is the class number of Q (\/q).
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B. Oriat [41] has computed the class number of this field when 1 < g < 24572. Here,
we prove this theorem for g = 24572 and extend it to g > 226 via the table of Oriat.
Thanks to the precious remarks of E Pappalardi, we can check that our result is also
correct for 1 < g < 226.

We complete this work by a bound concerning the case y(3) = 0. In 2004 and on
using an integral representation of the Dirichlet L-functions, Louboutin[39] gave the
following upper bound for |L(1, y)| when 3 divides the conductor g.

0.3816 when y(-1) =1,
IL, )| < 1logg +
0.8436 when y(-1) =-1.

In the third part of this thesis, we show how we use the method of Ramaré (Proposi-
tion 6.4) to improve on Louboutin’s bound. We prove that

Theorem 0.41 Let y be a primitive character of conductor q > 1 such that3|q. Then

0.368296 when y(-1)=1,
IL(1,p)| < tlogq +
0.838374 when y(-1) =-1.

We prove our result for g >2- 10°. To check that our result is valid for 1 < g <2- 105,

Platt has kindly agreed to run his algorithm from his thesis [44], ( which is rigorous
and efficient for computing L(1, y) for all primitive y of conductor2 < g <2-10°).
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Introduction (French version)

Les constantes de Laurent-Stieltjes y,(y) sont les coefficients qui interviennent
dans le développement en série de Laurent des séries L de Dirichlet : quand y n’est
pas principal, (—1)"y,(y) est simplement la valeur de la dérivée n-ieme de L(z, y) en
z=1.

Lintérét de ces coefficients a une longue histoire qui a commencé par Stieltjes en
1885. Parmi les applications, rappelons qu’ils permettent de déterminer les régions
sans zéro des fonctions L de Dirichlet au voisinage de 1’axe réel dans la bande cri-
tique 0 < R(z) < 1. Ils permettent aussi de calculer les valeurs de la fonction zéta de
Riemann et/ou Hurwitz dans le plan complexe, ainsi que le nombre des classes des
corps quadratiques.

Dans cette theése, nous donnons les majorations explicites pour les constantes de
Laurent-Stieltjes dans les deux cas suivants :

1. Le caractere y est fixé et n tend vers 'infini.

2. Lordre n est égal a 0 et le conducteur g tend vers I'infini.
Nous notons ici qu’il y a eu plusieurs tentatives d’interpréter géométriquement ces
coefficients. Avec succes pour le premier coefficient (c’est la formule de Dirichlet du
nombre des classes ) ; le deuxieme coefficient a été étudié par Berger, Séguier, Sel-
berg, Chowla et Gut et plus récemment, Deninger quand y est quadratique.

Dans la premiere partie dans cette these, nous étudions le comportement asymp-
totique en n de ces coefficients. En 1985, cette théorie a fait beaucoup de progres
grace au développement asymptotique de Matsuoka [40] dans le cas de la fonction
zéta de Riemann. Parmi les résultats concernant ces coefficients, Matsuoka a donné
la meilleure majoration explicite de |y,| pour n = 10. Il a montré que; Pour n = 10,
nous avons

|Yn| < 10—4enloglogn.

D’autre auteurs ont essayé avec peu de succes d’améliorer la majoration de Mat-
suoka. Le travail de Matsuoka repose sur une formule qui est une conséquence du
théoreme de Cauchy et de I'équation fonctionnelle de la fonction zéta de Riemann.
Nous prolongeons cette formule aux fonctions L de Dirichlet; notre contribution est

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

20

de produire une seconde formule affinant la premiere et qui ne contient plus que

des termes réels (et non complexes). En utilisant cette formule et de la combinatoire,
T e(n+1)/2

2 n+l

nous donnons une majoration explicite de |)/n(7()| pourl<g<

Théoréme 0.1 Soit y un caractere de Dirichlet primitif modulo q. Alors, pour tout

T e(l’H—l)/Z
1< g < 35— ettout n=2, nous avons
2
A
W”—(fm <q V2 Cn,q) min(l + D, ), E)’
n.
avec

Cln,q) = ZﬁeXp{_(” +1)logf(n,q) +0(n,q) (log@(n, q) +log%)},

et
n+1 O(n,qg)+1
H(H,q) = m—l, D(n’q) :2_9(71,‘7)—1 &
log =422 O(n,q)—1
T
Dansle cas ol y = yo et g = 1, ce résultat est asymptotiquement aussi forte que prévu
par Matsuoka et numériquement mieux dés que n = 11. Le tableau ci-dessous offre

certaines valeurs de |y, |. Pour plus de valeurs de |y,| (voir Table 4.1).

| n | 10 \ 500 \ 1000
Matsuoka 0.41894487 5.0918232-10%%? | 2.17241813-105%
171l Adell 21622.6705 9.4804345-10%% | 4.4078946-1083*

Notre Résultat 0.71412027 3.82043826-10%77 | 1.3320458-10°18

Kreminski 2.0533281-10~% | —1.1655052-10°%* | —1.5709538 - 1036
Yn | Coffey & Knessl | 0.000210539 -1.16551-10%% | —1.570953-10%86

TABLE 3 — Nous voyons que, méme s’il y a encore place a I'amélioration, notre majo-
ration est beaucoup plus proche de la vérité que les précédents

Remarque 1 Ce résultat est publié dans la revue Journal of number theory [48].

Ce théoréme donne aussi une approximation de L(z, x) au voisinage de z =1 par un
polyndéme de Taylor relativement court. Nous montrons que :

Corollaire 0.2 Soit y un caractére de Dirichlet primitif modulo q. Pour N = 4logq et
q = 150, nous avons

32.3
<

=D vn(x)

Liz,p) - Y,

1<snsN

oit|z—1|<e L.

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

21

Si nous remplacgons 4logqg par N et augmentons celui-ci, 'approximation devient
meilleure.

En outre, nous donnons aussi une preuve directe de la formule de Matsuoka en
évitant 'analyse complexe et plus précisément |’équation fonctionnelle pour ¢ (z) ou
L(z, x). Ceci a un lien avec le travail de Liang & Todd [35], qui ont calculé y,, en uti-
lisant la formule somma}g)ginrg d’Euler-Maclaurin. Ils ont eu recours a une relation ré-

currence de la fonction === pour calculer les dérivées nécessaires dans les termes

de Bernoulli et dans le terme d’erreur ; nous utilisons une expression différente.

Dans la deuxieme partie de cette these, nous nous intéressons a L(1, y). En 2001,
Ramaré [46] a donné une formule approchée pour L(1, ) en utilisant des transfor-
meées de Fourier. Grace a cette formule, Ramaré a obtenu la meilleure majoration
explicite pour |L(1, X) | a ce jour ( see Proposition 0.30). En particulier, il a montré que

|L(1, y)| < 3logg.

lorsque y(—1) = 1. Ramaré a justifié numériquement la question suivante :

1 ?
max{|L(1,y)| - 5logq} = —0.32404--,
xpair

max {|L(1, )| - logq} = 0.51482---.
yimpair
Le premier étant atteint par un caractére modulo 241 et le second par un caractere
modulo 311. Récemment, en utilisant un algorithme tres raffiné, Platt a vérifié cette
conjecture pour 2 < g < 2000000.

Certains auteurs ont réussi a améliorer la majoration %log g, mais sous I'hypo-
thése supplémentaire que y(2) est sensiblement différent de 1 (ou sinon, alors y(p)
pour un petit nombre premier p). Nous étudions le cas le plus difficile, c’est a dire
lorsque x(2) = 1. Nous prouvons que

Théoréme 0.3 Soit y un caractere de Dirichlet primitif et pair de conducteur q > 1 et
supposons que x(2) = 1. Alors, nous avons :

|L(1, y)| < 31ogq —0.02012.

En conséquence, nous déduisons une majoration pour le nombre des classes pour les
corps quadratiques réels Q (,/g). Cette majoration est une amélioration d’un résultat
de Le [33]. Nous montrons que

Théoreme 0.4 For tout corps quadratique réel de discriminant g > 1 et y(2) = 1. Alors,

nous avons :
% [~ oga)

h(Q(vq)) = (1 251084

ot h(Q(/q)) est le nombre de classes de Q (1/q).
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Oriat [41] a calculé le nombre des classes de ce corps quand 1 < g < 24572. Ici, nous
montrons ce théoreme pour q = 24572 et 'étendons a g > 226 via la table de Oriat.
Grace a un remarque de E Pappalardi, nous pouvons vérifier que notre résultat est
aussi vrai pour 1 < g < 226.

En 2004, Louboutin [39], en utilisant la représentation intégrale de la fonction L
de Dirichlet, a donné une majoration de |L(1, X) | dans le cas ot 3 divise le conducteur
q.

0.3816 siy(-1)=1,
[L(1, )| < %logq +
0.8436 siy(-1)=-1.

Dans la troisieme partie de cette these, nous montrons comment nous utilisons la
méthode de Ramaré (Proposition 6.4) pour améliorer le résultat de Louboutin. Nous
montrons que :

Théoreme 0.5 Soit y un caractere de Dirichlet primitif de conducteur q = 2 tel que
3lq. Alors :
0.368296 siy(-1)=1,
IL(1,x)| < 3logq +
0.838374 siy(—1)=-1.

Nous montrons ce résultat pour g > 2000000. Afin de vérifier que notre résultat est
valable pour 1 < g < 2- 10%, Platt a gentiment accepté de faire tourner son algorithme,
issu de sa these [44](il s’agit d'un algorithme rigoureux et efficace pour calculer L(1, y)
pour tout y de conducteur get1< g<2- 10°).
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otation

Throughout this thesis we will have the following notation:

e When x is areal number, [x] is the integer part of x, i.e., the greatest integer less
than or equal to x.

o For x is real number, {x} is the fractional part of x, i.e., {x} = x — [x].

o p always denoted a prime number.

« log refers to the natural logarithm, i.e., the logarithm in base e.

e zdenotes a complex variable with z=0 +it.

e 7(y) denotes the Gauss sum.

 Forintegers a and b, (a, b) denotes the greatest common divisor of a and b.

e The notation of Vinogradov f <« g means that | f (t)| < Cg(1) for some constant
C independent of the variable .

e The notation f <4 g means that f < g with a constant C that may depend
on A.

« Wewrite f(1) = 0 (g(t)) to mean that there is a constant C such that |f(t) | < Cg(1)
for all values of £ under consideration. This is usually called the big Oh notation

or Landau O notation.

e The notation f = G4(g(t)) means that f(¢) = O(g(t)) with the constant C that
may depend on A.

o We write f () ~ g(t) whenlim f(#)/g(t) =1 as ¢ tends to some limit.

d Eddin, Lille 1, 2013
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« We write f(¢) = 0(g(#)) when lim f(¢)/g(¢) = 0 as ¢ tends to infinity.
* Y»(y) denotes the coefficient of Laurent-Stieltjes for the Dirichlet L-functions.
* v, denotes the coefficient of Laurent-Stieltjes for the zeta function.

» v is Euler’s constant or Euler-Mascheroni constant, i.e.,

|
« h(Q(,/9)) denotes the class number of the field Q (,/g).
e A(n) denotes the von Mangoldt A-function, which is defined by

Al = logp when n.: p* and k=1,
0 otherwise.

e ¢(n) denotes the Euler totient or phi function, which counts the number of
positive integers less than or equal to n that are relatively prime to n.
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Chapter 1

On the values of the Dirichlet
L-functions and their derivatives at z =1

Dirichlet series are extremely useful in tackling problems in number theory as
well as in other branches of mathematics. In this chapter, we recall the main defini-
tions and the preliminaries concerning L-series.

1.1 Groups character

Let G be a finite abelian group. A character of G is a homomorphism from G to
multiplicative group C*. The image of y is contained in the group of |G|-th roots of
unity. For any two characters y; and y» of G, the product character defined by

(x1x2) (M) = Ya(W)x2(n)

is again a character of G. Then the set of characters forms an abelian group under
this multiplication. This group is the character group of G and is sometimes denoted
as G. The identity element of G, mapping every element of G to 1, is the principal (or
the trivial) character, denoted y,. The inverse of y is ¥ defined by ¥(n) = y(n) for
each element n € G.

Lemma 1.1 Let G be a finite abelian group. Then G = G.

To proceed further we quote a well-known result, and develop its consequences on
the characters.

Lemma 1.2 G is a direct product of cyclic groups.
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Lemma 1.3 We have:

Z%(n)={|G| = o ZX(n)={|G| Jn=0

0 otherwise 0 otherwise

neG xeG
et
—— JIGI ifx1=x2
n n) =

n;GXl( Jx2tm) {O otherwise
S |G| ifn=m

Y x(my(m) = / ,

e 0 otherwise.

1.2 Dirichlet Characters

Let g = 1 be an integer, and consider the group G = (Z/qZ)* consisting of the ¢(g)
residues coprime to g. Let y : G — C”* be a character. We may use y to also denote
the function on Z, defined y(n) = y(n mod q) if (n,q) =1 and y(n) =0if (n,q) > 1
and the rule y(nm) = y(n) y(m) still holds. Such a function is called a Dirichlet char-
acter to the modulus g. Observe that y (the Dirichlet character) has g as a period,
and so it descends to give a well-defined function on the additive group Z/qZ. This
we will also denote by y. Although the triple abuse of notation is perhaps distasteful
to some, it rarely results in confusion.

Suppose that g|q’, and that y is a Dirichlet character to the modulus g. Then we
may use y to define an induced character y’ by setting y'(n) = y(n) when (n,q’) = 1.
Observe that if ¢’ has prime factors which do not appear in ¢ then the conditions
(n,q) =1 and (n,q’) = 1 will differ. We say that a character y to the modulus ¢ is
primitive if it is not induced from a character to a smaller modulus. Much of the
theory that we will develop really only works properly for primitive characters. If y is
a Dirichlet character then the smallest divisor ¢; of gs for which y is induced from a
Dirichlet character to the modulus ¢; is called the conductor of y.

Lemma 1.4 Suppose that y is a Dirichlet character to the modulus q, and that q, is
a factor of q with q; < q. Suppose that q, is a pseudo-period of x, by which we mean
that whenever (n,q) = (n',q) =1 and n = n'( mod q,) we have y(n) = y(n'). Then y is
induced from a Dirichlet character to the modulus q, .

Definition 1.5 A character y is called real if y(n) is a real number, foralln € Z. A char-
acter that takes complex values is called complex, and the character whose value at n
is the complex conjugate of x (n) is called the complex conjugate of y and is denoted .

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

1.3. Some Dirichlet L-Series 27

1.2.1 The Gauss Sums
Definition 1.6 Ify is a character modulo q one calls Gauss sum 1(y) the value
q
() =) x(@elalq)
a=1

where e(al q) =exp2nial q).
Proposition 1.7 Ify is primitive modulo q, then we have:

lT| = va, (1.1)

and
(T = x(=1g. (1.2)

Proposition 1.8 Let g be a positive integer. If g =1 or q = 2 then every Dirichlet char-
acter x modulo q satisfies y(=1) = 1. If q > 2 then the number of Dirichlet charac-
ters modulo q is even, half of them satisfying y(—1) = 1 and the other half satisfying
y(=1)=-1.

1.3 Some Dirichlet L-Series

Our next task is to recall some basic results about the zeta function and Dirichlet
L-functions. Let’s begin by reviewing the zeta function.

1.3.1 The Riemann zeta function

First recall the Riemann’s zeta function is defined by
S|
(=) —, (1.3)
n=1 n

for z=0+ it € Cwith o > 1. Then {(z) can be meromorphically continued to a func-
tion of the whole complex plane with only a simple pole at z = 1, which is a unique
pole and for which the residue is 1. Euler observed that

The series is absolutely convergent in the half plane o > 1 and uniformly for o >
1+ for 6 > 0. The fact that {(z) has a pole at z =1 implies there are infinitely many
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prime numbers. This is the first hint that the analytic behaviour of {(z) can encodes
deep arithmetic information. One important feature of {(z) is its functional equation
relating the values at z to the values at 1 — z, which can be written

((1-2)=22n) “cos(nz/2)T(2){(z). (1.4)

Here I is called the Gamma function. This function is analytic in the half-plane
R(z) > 0. Since neither ¢ nor I' have poles to the right of z = 1, the simple poles of
I'(z/2) for z € {—=2,—4,---} is the simple zeros of {. These are the trivial zeros of (.
Moreover, it has infinitely many zeros with real part in [0,1], they are called non-
trivial. We call the region 0 < R(z) < 1 the critical strip and the line of symmetry
R(z) = 1/2 the critical line. The very deep Riemann hypothesis asserts that all non-
trivial zeroes of ¢ actually lie on the critical line, but it has not been yet either proved
or disproved.

1.3.2 The Dirichlet L-functions

For any Dirichlet character y modulo g, let

Layp=Y X2 (1.5)

For o > 1, the series (1.5) converges absolutely. Since y is multiplicative, again one an
Euler product expansion have the Euler product representations respectively

Lep=Y X2 Tla-xmp .
n=1 p

n
As with {(z), one can show L(z, y) has meromorphic continuation to C, but this time
it will in fact be entire whenever y is a non-principal character. It is important to
point out that the analytic nature of Dirichlet L-functions is different for principal
and non principal characters.

Theorem 1.9 Let y be a principal Dirichlet character modulo g € N. Then the function
L(z, xo) admits an analytic continuation to the half plane o > 0. Furthermore, L(1, xo)
is analytic in o > 0 except for a simple pole at z =1 with residue ¢(q)/q.

Theorem 1.10 Let y be a non-principal Dirichlet character modulo q. Then the func-
tion L(z,x) converges in 0 > 0 and uniformly in any compact subset, in particular,
L(z, x) is analyticino > 0.

In the special case where Dirichlet character is principal modulo 1, (this means
Xo(n) =1 for all integers n), we notice that the Dirichlet L-functions L(z, yo) foro > 1
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is the Riemann zeta function, and also for larger moduli g the Dirichlet L-functions
to principal characters have a similar analytic behaviour as the zeta function. For y,
a principal character modulo g and o > 1, the above formula of L(z, y) can be written
in the form
L(z,x0) ={(2 [[A-p~2).
plq
A fundamental property of the Dirichlet L-functions that is key to any deeper study
of these functions is the functional equation.
If y is a primitive Dirichlet character modulo g, the completed Dirichlet L-functions
is

Z+K

vien=(4) 1

Z+K

)L(z, 1) (1.6)

wherex = 3 (1-y(-1)) and x = 0if y is even and x = 1 if y is odd. Then the functional
equation leads

vz, x) =e(Yvl-2zY) (1.7)
e TY)
e(y) =1 " —=.
Mg

Note here the function equation does not relate L(z, y) with L(1 -z, y) in general. But
if y is real valued, which is equivalent to y? is trivial, then this functional equation
relates L(z, x) with L(1 -z, }).

From (1.6) and (1.7), the functional equation of L(z, y) is given by the following
relations

1. When y is even, we have:

L(1-2)

_Z (%)Zcos(nz/z)r(zmz,@. (1.8)

2. When y is odd, we have:

L(1-2)= 2 (i)zsin(nz/Z)F(z)L(z,ﬂ. (1.9)
T(y) \27

The following are some properties of these functions.

Theorem 1.11 Suppose that o > 1. Then {(z) # 0. Furthermore, L(z, ) # 0 for every
Dirichlet character y modulo q.

Theorem 1.12 Suppose thato > 1. Then

{'(z2) & .
2=y .
((2) n;l (min

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

30 CHAPTER 1. On the values of L(z, y) and their derivatives

Furthermore, for every Dirichlet character y modulo q, we have

Ly & —z
) —n;x(n)A(n)n :

where
] ifn=pk k=1
A(n):{ogp ifn=p
0 otherwise.

is the von Mangoldt A-function.
Theorem 1.13 For any character y modulo g, we have L(1, y) # 0.
Lemmal.14 Forz=o0+it with|t| =2, we have:

{(2) =0 (|t]"1og|t]),

where:
3—0 ifo<0,
1 ; 1
5 if0so=<s,
T(O') . :fl 2
l-0 if;=s0<]1,
0 ifo=1.
Proof. A proof of this lemma can be found in [56]. 000

Lemma 1.15 Let y be a non-principal Dirichlet character modulo q. Then we have
IL(z, x)| <log(q2+t) + O (1)
wherez=0+it witho = 1.

Proof. Recall that

L(Z;X): ZL’/’Z):,Z wwd

uz+1

)
m=1 M 1

Putting Y ,,,<,, x(m) = B(u). Thanks to Abel’s summation formula, we get

X
s m B0 B,
1

= m2 x? u?+tl
It follows that
x(m) > B(u) B(x) * B(u)
L(z,)()—n;x e = Zf1 e du— R fl e du
B(x) f‘” B(u)
= ——+z du.
xZ uz+1
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Then
Lz,y) = mXS:x)((m)m_z - B)Ef) +zfOO iii? du
= n;xx(m)m_z+zfxm% du
= n;xx(m)m‘z+z xoo —ZK’ZZ‘IX(W du.

Taking x = g (2 + | t]) with S(z) = t, we obtain
IL(z, y)| <log(q2+1t)) +O ).

fodedvd

1.3.3 The Polya-Vinogradov inequality

The Polya-Vinogradov inequality states that characters can not be constant on a
long sequence of consecutive integers:

Theorem 1.16 Let y be a non-principal Dirichlet character modulo q. Then we have

Y xm

1=nsN

<2y/qlogg VN=1.

Theorem 1.17 Let y be a non-principal Dirichlet character modulo q and let q is a
prime number. Then we have

Y xm

l1<snsN

<y/qlogg VN=1.

For more information about the estimates for character sums, you can see “History
of the Laurent-Stieltjes constants”.

1.4 The Dirichlet class number formula

Let d be square free, and let g, h(K) denote the discriminant and the class number
of the quadratic field K = Q (\/3) respectively. Then

B d ifd=1 mod4,
7=\ 4a ifd=2,3 mod 4.
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and the Dirichlet character modulo g given by

Xq(n) = (%)

where (%) is the Kronecker symbol. Here, we distinguish two cases:
e If d <0, it means that K is imaginary quadratic, the Dirichlet class number
formula says
2mh(K)

w14l

where w is the number of roots of unity in K.
e If d > 0, it means that K is real quadratic, the Dirichlet class number formula
says

L1, xq) =

2h(K)loge

L1 = — =

where ¢ is the fundamental unit.

Lemma 1.18 For any square free d € N, we have

, |d-3 ifd=a*+4,acN,
€ >
4d -3 otherwise.

Moreover, if d is a prime with d =3 mod 4, then

g 2d-3 ifd=a*+2,a€N,
18d —3 otherwise,

wheree is the fundamental unit.
Proof. See [33, Lemma 4]. 000
The following result is immediate consequence of this previous Lemma.

Lemma 1.19 For g =5, we have

_Va-4+Vvq

6_—

2

)

wheree is the fundamental unit.
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1.5 Some explicit expressions for v, (y)

It is well known n-th derivative for the Dirichlet L-functions is given by the fol-
lowing relation
log" k
kz -

Lz, ) = (D" Y x(k)
k=1
In 1978, Knopfmacher [30] proved that

Proposition 1.20 For n = 0 we have

m

Ya() =Y. x(Nyn(r,m),
r=1

where the coefficients y,(a, q) are the Laurent-Stieltjes constants for arithmetical pro-
gressions. In particular, y(1, 1) is again the well known Euler constant. We recall that
(—=1)™*yn(x) is the value of the n-th derivative of L(z, ) at z = 1.

For n = 0, this was shown by Lehmer [34]. who gave the connection between
L(1, x) and the class number of quadratic fields. For n = 1, Berger [3], de Séguier [15],
Selberg & Chowla [49] gave an explicit expression of y; (y) in the case when y(-1) =
—1 and by Gut [21] and Deninger [16] gave an explicit expression of y; (y)in the case
when y(-1) = +1.

T(Y) l_ . .
mi— +log2m) By 7 + o if y(=1) =-1,
(y +log2m) By + ) ¥(j)logT'(j/q) fy(-1)=-1
r)
__q ((y+1og2n) Y I(j)log‘l _ ezm/q‘ +) y(j)R(j/q)) if y(—=1) = +1.
j=0 j=0

where R(x) is Deninger’s function and By, is the first generalized Bernoulli number
belonging to the character y; it can be expressed as

1 4
By = 4 Y. my(m).

m=1

In 1989, Kanemitsu [26] gave similar results for y,(y) with n = 2.
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Part 1

Explicit upper bounds for the Stieltjes
constants
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Chapter

The formulae of Matsuoka

In 1985, Matsuoka [40] produced an excellent asymptotic expansion for the Laurent-
Stieltjes constants in the case of the zeta function, and he was also able to simplify
his method to derive the explicit form. Matsuoka gave the best upper bound for |y, |
for n = 10. He proved that

|Yn| < 10—4 enloglogn.

Matsuoka’s work relied on a formula that is essentially a consequence of Cauchy’s
Theorem and the functional equation.

In this chapter, we give an analytic proof of the Matsuoka formula for the zeta
function. We extend this formula to Dirichlet L-functions.

2.1 Preliminary lemma

Lemma 2.1 For% <a<n+ % and y >0, we have:

’

Itico -z a+ioo -z
2 2y *cos(nz/2)I'(z2) , 2y *cos(mz/2) I'(2)
fl dz = fa d

2—ioo Zn+1 —ico Zn+1

and

liico 9,-2 a+ico 9 1,~2 gi
fz 2y “cos(nz/2) I'(z) dz:f 2y “sin(nz/2) I'(2) dz.
5 a

;—ioo Zn+1 o Zn+1

Proof. Putting

2y *cos(nz/2)T'(2)

Fn(yrz): zn+1

We consider a rectangle C in the z plane with vertices at the points 1/2+ iT and
a+ iT,where T>0and a>1/2.
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1/2+4T a+iT
0
1/2—iT a—iT

Figure 2.1: The rectangle C in the complex z plane.

By Cauchy’s theorem the integral of F,(y, z) around this rectangle is zero (see Fig-

ure 2.1). We get

12+iT  pa—iT  pa+iT 1/2—iT
(f +f +f +f )Fn(y,z)dz:o.
12-iT  Javit  J12+it  Ja-iT

For the third integral above, we notice that:
a+iT 2y~2cos(mz/2) T'(z a+iT
f y ( ) I'(2) dzl < f
1 1/2+iT
Thanks to Stirling’s formula for Gamma function,

Zn+1
['(z) = V2me #2712

2y *I'(2)
Zn+1

[2+iT

1
1+0 (—)) when |arg(z)| < 7,
z

and the fact that log (o + it) =log (\/ o+ t2) +iarg(o +it). We get

INo+it) =

@8(0—1/2)10g\/02+tz—targ(a+it)+i((o—1/2) arg(0+it)+tlog\/02+t2) p0it (1 y (

Then, we find that:
To+it)] < \/Ee(a—l/Z)logVU2+t2—targ(U+it)—a

o-1/2

< V2m(o?+1?) 2

dz‘

ajit))'
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Hence, we obtain

ldol|

atit 2y—zcos(nz/2)r(z) ‘ \/_fa 2y77 (o +T2)
1/2+iT (

Zn+1 0_2 Tz) n+l

Here, we notice that the last integral tend to 0 under the condition n>a—1/2.
A similar argument, we find that the integral over the segment [1/2—-iT,a—iT] tend
to 0 as T — +oo0. Hence, we get

)

f1/2+iT2y‘Zcos(nz/2)F(z) e f‘”’TZy_Zcos(nz/Z)F(z)
1 a

Zn+1 Zn+1

12—iT -iT

which completes the proof of the first equation. A similar argument, we can prove
the second equation in this lemma. 000

LemmaZ2.2 Forl<a<n+ % and |3(z2)| = 2, we have:

f‘“"o 2y~*cos(mz/2) F(z)((z) 3 f‘”“’o 2y %cos(mz/2) F(z)((z)
1 a

oo zh+l —ico zh+l

and

y+ico 2y *cos(mz/2) F(z)((z) B a+ioo 2y~2cos(mwz/2) I'(z) L(z, )()
L—loo Zl - jc‘l—ioo z"+1
Proof. Putting

2y %cos(mz/2) F(z)((z)

zn+1

Gn(y,2) =

We consider a rectangle C in the z plane with vertices at the points 1/2+ iT and
at iT, where T = 2 is a sufficiently larger number and a > 1 (see Figure 2.1). By
Cauchy’s theorem the integral of F,,(y, z) around this rectangle is zero. We get

1/2+iT a—iT a+iT 1/2—-iT
(f +f +f f )Gn(y,z)dz:O.
1/2—iT a+iT 1/2+iT a—

For the third integral above, we notice that:

2y *T'(2){(2)

atiT 2y=2cos(mz/2) T'(2){(z T 12y=2T(2) (2 at+il
f y ( 1) (2)¢( ) ’Sf y (1)(( )dz‘+f 1 dz'
1/2+iT zn* 1/2+iT z"t 1+iT zt
Using Lemma 1.14, we get
a+iT 1+iT Zy—Zr(z) a+iT zy—zr(z)
Gn(y,2)dz sf = = %1e |r|dt+f =" \|log|t|dr.
f1/2+iT nt) 12+iT| 2" & 17 | 21 &
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A similar argument to that in the proof of Lemma 2.1 shows that

a+iT
f Gn(y,2)dz
1/2+iT

<

o=1/2
a+iT y=9 (g2 + T?) 2 log(o?®+ T?) d

n+1 |

1 0] 2, 2
V2 y "loglo — )|d0|+\/2n

1/2 (0-2 + TZ)T 1+iT (0-2 + TZ)

Here, we notice that the first integral on the right-hand side above tend to 0 when
T — +oo and the second integral tend to 0 under the condition n>a—1/2.

A similar argument, we find that the integral over the segment [1/2—-iT,a—iT] tend
to 0 as T — +oo. Hence, we get

f1/2+iT2y‘zcos(nz/2) ['(2){(z) dz—faHT 2y %cos(nz/2) F(z)((Z)
1 zh+l N a

I12-iT z"+1 ’

—iT
which completes the proof of the first equation. A similar argument, using Lemma
1.15 for the function L(z, y), we can prove the second equation in this lemma. ¢o¢

2.2 Matsuoka’s formula for the zeta function

Proposition 2.3 For all real number1 < a< n+1/2, we have:

1 +00 .
Yn :—f 2(a+in "t (Zn)_“_’tcosz(cHit) Ta+it) {(a+it)dt,
n 2nJ-x 2

wherez=0 +1t.

Proof. Recall that ] ( ) n
{(2) = +Z ——7u(z-D".

-1 n=0
By Caucy’s formula, we can write

B (—1)”n!f {(2)
(

Yn= 27 z—1)nt+l

D

where D is the rectangular path passing through the vertices 1/2+i7,1/2—iT, A-iT
and A+iT, in the anticlockwise direction, where T is a sufficiently larger number and
A =2 islarge and fixed for a moment.

Let us now divide D into the line segments Dy, D,, D3 and D, joining 1/2+iT,
1/2—-iT,A-iT, A+iT and 1/2+iT, as in Figure 2.2. Then, we have

S [ [ [
Yn= 2 (z— 1)n+1

1 D2 D3 Dy
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1/2+iT Ds A4iT
D,
0 1
Dy
1/2—iT . AT

Figure 2.2: The contour of integration D enclosing 1 in the complex plane.

By Lemma 1.14, the integral over D is bounded by

A—iT ((Z)
f = f 4%
D> 1-ir (z2—=1)

1 A
. f1 T_”_Ulog|T|d0+f T_”_llogITIda),
1 1

2

1
= 0 |T|—”log|T|(f1 e 8T go + TN (A-1)

2

|T|1/2 -1
log|T|
If we allow T'— oo, we obtain the limit of the integral over D is 0. A similar argument,

we find that the integral over D, tends to 0 as T — co. While the modulus of the
integral over D3 is bounded by

= 0 ITI_”_llogITI( +(A—1))).

A+iT (( ) A+iT (( )d
Z z)adaz
f = (Z—l)n+1 dz| < f (Z—l)n+1 '
3 —iT A-iT
Since
1 7

1
(@)= ) Pyl D et

2 =
m=1 m=1M 6
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then we have

A+iT
((z)dz

A+iT
[[ [ e e
- ‘ (Z_l)n+1 -6 . |Z_1|n+l'

3 A-iT A—i

We recall that z = o + it and A is fixed for a moment. If we let T — oo to get

2 d
[1=%] =
(1-A)2+1?) 2

3 —o0

By making a simple change of variable (A—1)u = ¢, we obtain that
+00o

[ _ = f ldu| _ 7 f ldul  #°
T6(A-D" ) (14 2) T 6(A-D" ) (1+u?)  6A-D*

3 —00 —00

If we now let A — oo, it follows that the integral over D3 tends to 0. Therefore we get

1 1/2+ioco
(-D"* 'n! f ((2) g
= — dz
Yn 2mi (z—1ntl
1/2—ioco
Now, change z to 1 — z to get
1/2+ioco
n! f (1-2) d
= 2 dz.
Yn 27 zhtl
1/2—ioco

Here we use the functional equation of (1 — z) given by Eq (1.4). Then we have

nl [z+ic 2(2m)~* cos(ZAT (2){ (2)
Yn=2-— d

= — z.
271 J1-ico zht+l

To complete the proof, using Lemma 2.2, it suffices to shift the line of integration to
o=awherel <a<n+1/2. We conclude that

Yn 1 [reo . n—n—1 —a—it i . . .
—_—=— 2(a+it) 2m) cos—(a+it)T(a+it){(a+it)dt.
n' 2nJ-c 2

OO0
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2.3 Matsuoka’s formula for the Dirichlet L functions

We now state and prove the following Matsuoka formula for Dirichlet L-functions.
Recall that (—1)"y,(x) denotes the value of the n-th derivative of L(z, ) at z =1 when
x is non-principal Dirichlet character modulo g > 1. Then, we have

Proposition 2.4 Let y be a non-principal even primitive Dirichlet character of modu-
lus q. Then for any real parameter1 <a<n+1/2, we have:

YY) 7(x) atioo (Zn)_z 2 cos(rz/2) T(z) L(z, 7
n! 27‘[16] a—ico \ 4 Zn+1

where t(y) is again the Gaussian sum attached to .

Proposition 2.5 Let y be a non-principal odd primitive Dirichlet character of modu-
lus q. Then for any real parameter1 <a<n+1/2, we have:

Ya(p) _ —T(y) [ (ZE)_Z 2 sin(wz/2) T'(2) L(z, )()
n 2nq Ja-io \ q Zn+l1
The idea of the proofis exactly the same as in Proposition 2.3.

Proof. Recall that o 1)y ()
Loy =Y — Lm0 qyn

n=0 n!
By Cauchy’s integral formula, we can write

Yn(x) -1 L(z, x)
n'  2mi) (1-z)nHl
D

where the path of integration D is taken as in Proposition 2.3 (see also Figure (2.2)).

Then we have
Yn(x) -1 f f f f L(z, X)
n 2mi (1- z)”+1

1 D2 D3 Dy

For the integral over D,, we write

A
Lz, x) dz:f L(z,x) dz—f Lo —iT,y)

(l—z)”“ (1—Z)”+1

= do
D» 1/2-iT 172 (1=0)%+ 12

n+1
2

Using Lemma 1.15 and letting A — oo, we find that

oo o] 0o
f slog(q(2+|T|))f — f — .
i 5 (1=0)2+T2) T L (1—0)2+72) %
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We can change of the variable 0 — 1 = uT to get

1/2T) 1/2T)
/<log(q(2+|T|)) f du (1 f du
rr 1+w2)s 7" L (+u)?

2 o T

To compute the above integral, we divide it into two parts

1/2T)
|dul 3 |du| |du|
il PrSE nil
e (T+u?) 2 o (1+u?) 2 o (T+u?) 2
00 1/@T)
f Idul f du T ( 1 )
< —— = — +arctan .
1+u2 1+u2 2 2T
0 0

If we now let T — oo, it follows that the integral over D, tends to zero. Similar reason-
ing, we show that the integral over D, tends to 0. While the modulus of the integral
over D3 is bounded by

f ‘L(z ,x)dz

(1 Z)n+1

3 A—ioco

Taking A is fixed for a moment and using Polya-Vinogradov theorem 1.16, we get

f<2\/_logqf a1l
(A-1D2+1?)

n+l *
2
3

By making a simple change of variable (A - 1)u = ¢, we obtain that

+00 +00
f - 2\/qlogq ldul _ 4,/qlogq |dul - 2m\/qlogq
- A-nr J (1+u2)"7” S A-nr J (1+u?) (A-D1n

3

If we let A — oo, it follows that the integral over D3 tends to 0. Therefore we infer that:

( ) ( ) 1/2+ioco L( )
YnlX TX %X _
n 2nqi f Qg 4% whempD=1
1/2—ioco
and
( ) 1/2+ic0 L(z X)
YnlX _
- 2711(? f - z)”“ dz, when y(-1) = -

—ioco
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Now, change z to 1 -z and use the functional equation of L(z, y) given by Eq (1.8) and
Eq (1.9) to get

1/2+ico -z Y
Yn(x)  T(x) (2_”) 2cos (mz/2)T(2) L(z, 1) dz, wheny(-1) =1,

n! 21qi Ji2-ico \ g zntl

and

Yalp) _ i “2+l‘°°(2_n)—22sin(%z)r(z)L(z,@ p

o 2770 hico \ g s, z wheny(-1) = —1.

To complete the proof, using Lemma 2.2, it therefore suffices to shift the line of inte-
gration to o = awhere 1 < a < n+1/2. Applying Eq (1.2) to the last equality above, we
conclude that

Ya)  T(0) “”00(2_71)_22005 (mz/2)T'(z) L(z, ) I
n' 2nqiJacico \ q Zn 1

when y(-1) =1,

and

a+ioco —22sin(Z2z)T'(z) L(z,y
Yap 1 T (2_7,) sin(52)T'(2) L(z,Y) dz  when y(-1)= 1.

n! 270 iq Ja-ico \ q zntl

This completes the proof. 000
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Chapter 3

The special functions %, (y) and %, ()

In this chapter, we first use the Matsuoka formulae to define two complex func-
tions &, (y) and &,(y) for any y > 0. Next, we attempt to give the real expressions of
F,(y) and &, (y). In the last section, we study the behaviour of these functions.

3.1 Complex expression of %,(y) and %, (y)

We define the following two complex functions %, and %,.

Definition 3.1 For y >0, we define:

1. .
1 [ztieo2y™* /12)T
2 y “cos(nz/2) I'(2) Az

211 J1-ico zn+l

(3.1

Fn(y)

=gin(J/):_

3.2
27 1 ico zht+l (3-2)

These functions will play the central role in the proof of the following two results
which are similar in nature.

Theorem 3.2 Let y be a non-principal primitive Dirichlet character of modulo g > 1.
Forn =1, we have

() _ (27tm)
— (m)F,|——|, wheny(-1)=1,
o | Ta 27 a *

e @ Y xm)F, (%) when y(-1) = —1.

m=1

where %, and &, are defined by Eq (3.1) and Eq (3.2), respectively .
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Proof. For1<a<n+1,werecall that

a+ico (9 \ =% 9 2)I'(z) L(z,y
V() _ T(X). (_n) cos(wz/2)T(z) L(z,)) dz  wheny(-1)=1,
n'  2nqiJacico \ g z"*!
and that
_ a+ico (om\~%2sin(2z)I'(z) L(z,Y)
)fn(x): 7()) (_”) (2 ) X dz  when y(-1)=-1.
n! 2nq Ja-ico q Z" !
Since (m)
x(m
L(z,x) =
&p r;l m#

is uniformly convergent for R(z) > 0, we may interchange summation and integra-
tion above. This yields

Yl _ T 5 T a+ioo(2ﬂm)_z 2cos(nz/2)T (2) dz  wheny(-1)=1
n! Zﬂqi m>1 a—ioo Z"*! ,

and that
Yaln) _ -0 5 7o) a+ioo(2nm)‘zzsin(§z)l“(z) dz  when y(-1) =1
n! 2nq = a—ico Z"*! -

From Lemma 2.1, we found that

faﬂ'oo (an)—z 2sin(52)T(2) gae f”z”w (an)‘z 2sin(52z)T(2)
a 1

—ico q Zn+1 /9—ico q Zh+l ’
and
fﬂﬂ'oo (2nm)‘z 2cos(52)I(2) ga e f1/2+i°° (2nm)‘z 2cos(52)T(2)
d—ico q Zn+l 1/2—ico q Zn+l
This completes the proof. 000

The case g = 1 being of the special importance, we state the following corollary:

Corollary 3.3 Forn =1, we have:
Yn

nl

where &, is defined by Eq (3.1) above.

Y. Fu2nm), (3.3)

m=1

Proof. The proof of this result is a similar as to that in the proof of Theorem 3.2 and
under the condition R(z) > 1. 000

These expressions for %, and %, are not efficient for bounding explicitly these func-
tions. In order to bound them, we will have recourse to the following formulae which
avoid complex analysis.
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3.2 Real expression of %,(y) and %, (y)

Theorem 3.4 For any positive real number y, we have:

2 [ u\" cosu
Fn(y) = —'f (log—) du,
n'Jy

and

- 2 [ u\"sinu
Fnly) = —'f (log—) du.
n'Jy

3.2.1 Lemmas for Theorem 3.4

In this section, we prove some technical results on integral for use later in the
proof of Theorem 3.4.

Lemma 3.5 When 0 < R(z) <1, we have:
o0
cos(mz/2)T(z) :f ueosudu,
0

and -~
sin(z/2)T(z) :f wsinudu.
0

Proof. A proof of this lemma can be found in [42]. 000

Lemma 3.6 Foreveryx>0andn =1, we have:

n:
0, when x > 1.

1 [zticc x—2 { H,)nlog"x, whenx <1,

211 J1-ico zn+tl

Proof. First and foremost, the integral over an infinite path is the limit of the integral
on a finite path:
1 %+ioo x~? 1 %-H'T x~ %

dz= lim — dz. (3.4)
271 Jiieo 2"*1 T—oo27i Ji_j7 2z"*1

When x > 1, we consider a rectangle D in the z plane with vertices at the points
1/2+ iTand A+ iT, where T >0 and A > 1/2 going to infinity.

By Cauchy’s theorem the integral of x~?/z""! around this rectangle is zero (see
Figure 3.1). we get

1/2+iT A=iT A+iT 1/2-iT\ 5%
(f + +f + ) e dz=0.
1/2—iT A+iT 12+iT JA-iT z
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1/244T A+iT
0
1/2 —iT A—iT

Figure 3.1: The rectangle D in the complex z plane.

The second integral dwindles to zero when A increases. Both integrals on the hori-
x—l/ZA . .
zontal segments are bounded by ===. This yields

1T X2 x—lle
fz dz:@’( )
1_: Tn+1

If we now let T — oo in the last equality, we find that the limit in Eq (3.4) is equal
0. Next, for x < 1, we remove this time the line of integration to the far left, i.e we
consider the integral of x?/z"*! taken around a rectangle with vertices of the form
1/2+iT and —A+iT, where T > 0 and A > 1/2 going to infinity. In this case, the
integral around this rectangle is equal to (_’;3" log" x, since the pole of order nat z=10
lies inside the contour. By the same reasoning used in the case x > 1, we find that the

limit in Eq (3.4) is equal to (',;!)n log” x, when x < 1. 000

3.2.2 Proof of Theorem 3.4
From Lemma 3.5, we get

(e 0]

Ldu
cos(nz/Z)F(z):fcos(u)u 7
0
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An integration by parts easily gives the following approximation of the above:
d
y “cos(nz/2)[(z) = f(y/u)_z cos u_u +0 (y—éﬁ(z) UéR(z)—l)
u

We first note that ) 1z
1 3+ic0 2~?cos(Z2) I'(z)
Ful)) = 5— e da
2ri ——zoo Zn+1

and we use the above representation of the integrand. We get

+’°°j‘U (y/u)~* cosu

~1/277-1/
s dudz+@’(y V212

Fn(y) =

——lOO

Thanks to Lemma 3.6, we find that

2 [ "
Fn(y) = —f (logz) cos du,
n!Jy y u

and the proof of the first equality in Theorem 3.2 is complete. Then the proof of the
second equality is similar to the previous proof.

3.3 Behaviour of &, (y)

In this section, we hope to deepen our knowledge on the analytic behaviour of
the special function %, (y). We recall that

1/2+ioc0
1 2y~ cos(nz/Z)F(z)
_i Zh+1

Fn(y) = (3.5)

1/2—ioco
This function clearly does not carry any arithmetic any more and we should be able
to grasp its behaviour quite fully. It turns out that achieving such an understanding is

more difficult expected and we prefer to spend a full section on proving the following
result, and continue our study of this function in the next chapter.

Lemma 3.7 Let %,(y) be a function defined by Eq (3.5). For y >0, we have:

n+ln—i+1 j n+d+1,,2d

‘ (n+1)'(7t/2)f i i (-1 y
F ZE E, —1itt 1 lr(ﬂl]+1)1 Z—’
) i=0 j=0 =y ijl(n— ]+1)'(ogy) ( )+d21 2d)@2d)r+!

where T (1) is the value of k-th derivative of the Gamma function at z = 1.
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Proof. We see that we can send the line of integration to the far left provided we
compute the contribution of the poles. The first candidates, z = 0 is a pole of order
n+ 2, so we have access to the residue via the computation of the derivative at z =0

of
y° cos(%z)l“(z) ~ y° cos(%z)l"(z—i— 1)
Zn+1 - ZNn+2
We find that
n+1 T
T -z -~
Res(Fn(y),0) = lim pps (y cos(zz)l“(z+1))
lp+1 (i)n+1_i n+l-i N (TTZ i
= lim | ] cosW == T+ 1=i=0) (7 4 1)
w17 o 8 3o )
n+ln—i+1 (I’l+1)'

logi(y) (g)] r=i=jiH (),

_ Z Z (=1)i*1
i=0 j=0

iljln—i—j+1)!

where

_ ( d’ n ) —(m/2)/  when j even,
lim | — cos (—z) = ]
z—0\dzl 2 0 when j odd.

Next we are to take care of the contribution of the poles at z= —m for m = 1. To do so
we use the complement formula and write

y Zcos(nz/2)[(z) Wy “cos(32)
zn+tl Tzt lgin(z)(1 - 2)
my~?

2sin(nz/2)z" 1T (1 - z)
which shows we have a pole only if m = 2d and that its residue is then

(_1)n+l+dy2d
d)"12d)!

This completes the proof. 000
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Chapter I

Proof of Theorem 0.37

Our task in this chapter is to prove our main result (Theorem 0.37) in this part.
The proof of this theorem depends on two technical results. The first result is basi-
cally Matsuoka’s formula. Recall that:

2 [ u\" cosu
F (y):—f (log—) du,
! ntJy y
and ) N
- 00 u\"sinu
F = — log — du.
n(y) n!fy (Ogy) u “

These integrals do not converge very fast, but this is corrected in Lemma 4.2 and
4.3. In the following section we collect some preliminary results which we will use to
improve on these expressions.

4.1 Calculating the derivatives

(logu)™

Lemma 4.1 The derivatives of the function f,(u) = —=,

are given by

a* f,(w) _ i 5 Dkt n!

k
du 0=01=smi<mp<--<my<

1
(logu)"™* — @D

e Mo-—-my (n—20)!
wheremy=1and0< k< n.

Proof. We prove this formula by induction on k. When k =0, Eq (4.1) is clearly valid.
We prove that it is also valid on k = 1. If S the right-hand side of Eq (4.1) when k=1
and

1 1
S= —(logu)”ﬁ +n(logu)" IE.
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Then S = % fn(w) and so Eq (4.1) is valid for k = 1.
Now, we assume that Eq (4.1) is valid for any fixed and non-negative integer k. Then
we have to prove that Eq (4.1) is also valid for k + 1, i.e.,

ak+1 k+1 —DH e+ 1) ! - 1
T y Ch kHIr m (logu)” —. @2)
du [:015m1<m2<---<mgsk+1 mo:---my (}’l—[) u

By induction hypothesis, we get

d (dr k —1)k=C k! ! --1 1
_( f")zz Z =1 n (logu)n
du duk (=01<my<mp<--<myp<k mo:---my (n_g_l)' uk+2
k k—0+1
(-1 (k+1)! n! n-¢ 1
+) Y ' (logu) —
€:01Sm1<m2<~--<mgsk m()"'m[ (n—f) u

By making a simple change of variable £+1 = ¢ "in the first sum above and multiplying
the resulting equality by k+ 1 = m,. We obtain

i(dkfn(u)) _

du\ duk
’il 5 D+ e+l nl (1og )n—/ 1
g’zllsm1<m2<-~-<m/_1sk mo'“m/—lm/ (n_[/)! uk+2
k k—0+1
D+ nl n—t
+ | .
2 )3 Mo My (n—20)! (ogu) uk+2

/=0 15m1<WZ2<"-<m;Sk
Noting that the last term (for ¢' = k+1) in the first sum on ¢ gives us the last term of
Eq (4.2) for k+ 1, which equal to

n—k+1
(n_l)(n—k)(logu) + W’

and that the first term (for ¢ = 0) in the second sum on ¢ gives the first term of Eq
(4.2) for k + 1, which equal to

D (k+1)! (loguw)"

uk+2'
On the other hand, we have
1

Z —

L=my<mp<-—<mp<k+1 110" 1My

>

lsmi<mop<---<my_ 1<

1 1

>

lsmi<mp<--<my=<

Mo+ me_y(k+1) Mo My

We conclude from the above that the claimed formula is also valid for k + 1. Then it
is valid for all values of k = 0. The lemma is proved. 000
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Lemma 4.2 Forall y >0, we have

2 1 > Sk(yw)
eg'\n(y):;ﬁ . Pn,k(logu)wdu,
where
£ k-0 K! n! n—e
Py rlogu) =) > (-1) loguw)" ",

(:015m1<m2<~--<mgsk m()"‘m[ (n—f)'

with my =1, and
i*cosu ifk=0,2 (mod 4),
Sk =9 s
iI""sinu ifk=+1 (mod 4).

Proof. Recall that

(e.0]

2 u\ncosu
gn(y):afy (log;) ” du.

By making a simple change of variable u/y = ¢, we get

t
cosD gy

2 [ n
gn(y)zafl log™ ¢t ;

By using integration by parts and using Lemma 4.1, we conclude immediately the
proof of this lemma. 000

Lemma 4.3 Forall y >0, we have :

_ 21 [ Sk(yw
Fa= o Pn,k(logu)zk—{l du.
1

where

- i*sinu ifk=0,2 (mod 4),
Scaw=1{ " .
i "cosu ifk=+1 (mod 4).

and P, (logu) is given by Lemma 4.2.

Proof. The proof of this lemma is similar to that in the proof of Lemma 4.2. 000
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4.2 Recurrence relation for log” x/x

Lemma 4.4 For any integer number k = 1, we have

Pu(X) = Pl (X) = kPy 1 (X), (4.3)

where Ppo(X) = X".
Proof. We prove this lemma by induction on k. In order to show that Eq (4.3) is valid
for k = 1, we start with

2

eg.n(y) = El

cos(yu)

log" u du,

2 [o Solyw)
= Puglogu) =,
n.Ji u

du,

where S (u) are defined in Lemma 4.2. By using integration by parts, we get

2 lfoo
n'yh
21 S1(yu)

= ﬁ;ﬁ P, 1 (loguw) 2 du.

Py (loguw) P, (logu)
u? B u?

Then
Py,1(logu) = Py, y(logu) — Pyo(logu)

and so Eq (4.3) is valid for k = 1. Now, we assume that Eq (4.3) is valid for any fixed
and non-negative integer k. Then we have to prove that it is also valid for k + 1. By
induction hypothesis, we have

Si(yu)

——du.
uk+1

. _21 (" 1
n()’)—aﬁfl P, r(logu)

By using integration by parts, and selecting v = P, (logu) u=*"' and dw = Si.(yu) du,
we obtain

2 1 [™ Sk+1(yu)
Foy) = Eykﬂfl (p;hkaogu)—(m1)pn,k(1ogu))—uk+2 du,
B 2 1 *© Sk+1(yu)
= Sy ], P o=

which gives us
Py rs1(logu) = P (logu) — kP, i (log u).

We conclude from the above that Eq (4.3) is valid for k+ 1. Then it is valid for all k = 1.
This completes the proof. 000
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The second technical result will be provided in the following section (by Theorem 4.11).
This theorem will play a crucial role in the proof of our main theorem. Now, we shall
state some definitions and Preliminary lemmas without proof ( The proof of these
results can be found in the paper [8]).

4.3 Generalized harmonic numbers H(k, ¢)

4.3.1 Some definitions
Definition 4.5 Let s(k, () be denote the Stirling numbers of the first kind defined by

k k
m:=[[m-r+1)=)_ sk, O)m’.
r=1 /=0

Then we define the generalized harmonic numbers by

k+1,6+1
H(k,0) := C(+—+),
k!
where denote c(k,?) = |s(k,?)|, i. e., c(k,¥) is the unsigned Stirling number of the first
kind which counts the permutations of k elements that are the product of ¢ disjoint
cycles.

Definition 4.6 A polynomial P(my, my,---, my) in the variables my, my,---, my is called
a symmetric polynomial or a symmetric function if it is invariant under all possible
permutations of the variables my, my,---, my. Especially, important symmetric poly-
nomials that will be considered in this chapter are the elementary symmetric polyno-
mial U([k) for integer k,¢ with k = ¢ =0 is defined by:

k
O-(Z)(mlymzy'“)mk): Z mrlmrz"'mrg.
1<ri<ry<--<ry<k

Definition 4.7 The generating function E(t) for o

(k) :o o
¢ 1sgiven by

k k
E@=[]a+mit)=Y o (my,my, -, my) t'.
i=1 /=0

The unsigned Stirling numbers of the first kind c(k, ¢) is related to a(f) by

_ (k-1
ck,t) = o 1,2,---,k—1).
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4.3.2 Preliminary lemmas

Lemma 4.8 For all nonzero real numbers my, my,---, my and for all non-negative in-
teger i, we have

(1 1 1 1 k
Ug)(_,_,...,_):— W (my,ma, - mp).
mp; mp My mymy:---myg

As a direct consequence of this lemma, we see that for specific positive integer n, the
special case m; =i foreach i =1,2,---, kyields:

11 1) 1
(k) (k)
By~~~ | = 1,2,
i ( 2’3’ k) T Tkeil k).

Lemma 4.9 For integers k,?¢ with k= ¢ =2, we have

1 1
k) =(k-1lo'V (1, —)
c(k,f)=(k-D!o, > Tl
Lemma 4.10 The generalized harmonic numbers H(k, ¢) satisfy
1
H(k,0) = >

1=m<my<--<my<k M0 Mg .
Then we deduce the following principal result concerning H(k, ¢).
Theorem 4.11 For k = 1, we have:
i 5 K (Zk)
Soremyemimempzk Mo me -\ k)

The final lemma needed is the following:

Lemma4.12 Forall k=1, we have:

2k)! ak\k
(k‘) _\/5(?) . (4.4)

Proof. We prove this lemma by using the fact that

( ) \/_81/(12k+1)<k|<( ) Vorke!/02k)

which gives us

k k
(Zkk')' < \/E(ﬁ) eﬁ‘ulﬁﬂ < \/E(ﬁ) ,
e

as required. 000

We are now ready to prove our main theorem.
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4.4 Proofof Theorem 0.37

Recall that our function is
2 [® ncosu
gn(y):afy (logy) ” du.

By Lemma 4.1 and an integration by parts, we obtain

2 Kk Dk o0 n=C S (1)
gn(y):ﬁz Y f (log—) kk+1 du,

*0=01<my<mp<--<my<k mo---my (n—40)! y y

where
i*cosu ifk=0,2 (mod 4),
Si(u) =

i*sinu ifk=+1 (mod 4),

and where k < n. It follows that

k! 1 oo - 1
Ign(y)|<22 Y f (logz)n uk+1du.

(=01<m<mp<-- <m[<k myg:-- m[ (n-[)! v

After a change of variable in the integral % = t, we get

2 k k! L ne_1
lgn(ynsngolsml<mzz<...<m[5kmo~-mz (n—é)!fl log ™ Sy 4
Since
floo(logt)" ¢ Zfl %,
we get

k[

\Fn(y) <2 k!

> )3

n+1
k (=01<m1<mp<- <Mg<k mg--

I’l/lg'

Using Theorem 4.11 yields

-k (2K
Fa) 2K 2 ( |

Using Lemma 4.12, we get

n+1

T ()] <22 L (4ek).
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This inequality may be written as
|0 (1) <2vV2y~F exp{-(n+1)logk + klogk + (—1+log4)k}. (4.5)

Replace y by 2mrm/q and sum both sides of Eq (4.5) from m =1 to co. We find that

>

m=1

1
<C(n,k,q) ) — (4.6)

m=1

z, (an)
q

where
C(n, k,q) =2vV2exp{-(n+1)logk+klogk + klogq + (-1 —log2m +log4)k}.

Now, let us determine a proper choice an admissible value of k. To do so, we put

d !/
%C(n’k) Q) - C (nyky q)

We see that the derivative of C(n, k, g) with respect to k verifies

kK, 1
C(;,((nn,—k,ccg - _(n; )+108k+108q40g27r+log4

(n+1) qu)
log|—|.
D og( 4

The quantity C(n, k, q) is maximal when

(n+1) 2qk)
=log|—|.
k og( b4

We multiply both sides of this equation by 2gk/m and put K = 2qk/n, to get
2
—q(n+ 1) = KlogK.
b/

By setting 2F‘I(rz + 1) = x, we find that
f(K)=KlogK = x.

This equation has a unique solution Kj given by

_ X
W)

Ko

where W denotes the Lambert W-function. In addition, Ky corresponds to a param-

eter ko given by
n+1

ko = .
W2qgn+1)/n)
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The above analysis shows that C(n, k, g) decreases when k < ky and increases after-
wards. Letting K; denote non-negative real number given by

X
~ logx’
which corresponds to a parameter k; given by
(n+1)
ki = ———7.
log 2q(z+1)

We stress that k) is not necessarily an integer. For x > e (this condition is satisfied
when g > 1. We have to take n = 4 when g = 1), we have

f( a )— Y Jog— <x
logx) logx glogx ’

it follows that k; < ky. Then, we get

- n+1 -1
—F—F— 7| < k.
log 2401 2q(n+1)

Since C’ < 0 for any integer number less than ky and putting

n+1

log 2q(z+1)

ko = 4.7)

We conclude that
C(k()’ n, Q) = C(kl) n, CI) = C(l_kljr n, 6]) = C(kZ) n, 6]),

when k, > 1, i.e. when
1 en+/2

< — .
q 2 n+1

We now return to Eq (4.6) and replaces k» by

log’zl% - 1) to deduce that

—n++1
2 «%(znm) <Cng) Y, m 5
m=1 q m=1
where
n+1
C(n,q):Z\/ieXp{—(n+ l)log(m— )
log =5—

T

T
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For the last sum of this inequality, we write

Z ! <1+ ! +foodt<1+ ! (1+ - )<1+ !
psimbke =2k Jy gl T 2k ko—1)" 2k

k2+1)
ko—1)"

Replacing k, by (”—” — 1), we find that

1Ong(VH—l)
2nm
Y |Fn|—||=Cn,q9) 1+ D(n,q)
m=1 q
where 1
gt n+1
D(I’l,Q):Z log ~——5— ( )
n—2log _2q(z+1) +1

Since k = k, > 1, we have k = 2. By Eq (4.6), we find that

2
Z z, ( nm)
m=1 C]
Therefore, we conclude that:
2
Z z, ( er)
q

m=1
From Theorem 3.2 and the fact that |7(y)| = /¢, Theorem now readily follows.

7.[2

<C(n,qg) —
< (nq)6

72
< C(n,q) min (1 + D(n, q), E) .
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4.5 An application

Our theorem enable us to approximate L(z, y) by a short Taylor polynomial. For
instance, we have

Corollary 4.13 Let y be a primitive Dirichlet character to modulus q. For N = 4logq
and q = 150, we have
D"y, (x) n
Liz,0) - ), — -1

n<N

where|z—1|<e !,

Proof. From Theorem 0.37, we recall that

% <qg "*C(n,q min(l +D(n,q), %2)
with
C(n,q) = 2\/§exp{—(n +1)logfl(n,q)+0(n,q) (logG(n, q) +logi—Z)},
and n+1 —om,q-1 0(n, q) +1
B(n,q):@—l, D(n,q) =2 ’ Wq)—l

For n+1 = 4log g, we note that the function 8(n, q) is non-decreasing function of n,
it follows that the function D(n, q) is decreasing function of 6. For n+ 1 = 4logq and
g = 150 we find that

4logqg

0(n, q) 2 —log(s‘”Togq)

—1=21.65 and D(n,q)<0.65.

On the other hand, we have

T

24 2q(n+1)
2q _ me
logf(n, q) +log o <1°g(10 (za(nm))'

Putting H = 2qg(n+1)/m, we obtain that

2 n+1 Hle
0(n, q)|logb(n, q) +log”—Z) < longog(logH)'
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For H = 1.45, we infer that

2
0(n,q)|logb(n,q) +logn—Z) <n+1,

it follows that

n+1
C(n,q) <2V2exp{-(n+1)1ogh(n,q)+ (n+1)} = 2\/5(9(: q)) .

Forn+1= N,wehave0(n,q) =20(N, q). Then

1Y n (0! \/5( e )"“

<33—

Now, we recall that

—nn
L(z,x) = Z ()nw(z_l)n_

n=1

Let € > 0 such that |z—1| < €. Then, for n+ 1= N = 4log g, we find that

_1)n
Hep- ¥ ST [ral
n<N-2 n! wave, !
2 n+1
< 332 y ( o )
€\/q n2N-1\0(N, q)
33 \/5( ee )N 1
£\/q\0(N,q) 1_9(18\;3,57)
Taking € = ™!, we get
-1" 2 1 1
Lz, )~ ). w(z—l)"+1 53.36\/_- Ton7 - -
n<N-2 n: va q410g(W_1) 1-16
For g = 150, we conclude that:
=D"yn(x) ae1l 323
L(z, X) - ns%_zT(Z— 1 < F

OO0

Remark 2 If we replace 4logq by N and increase the latter, the approximation be-
comes better.
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Chapter

Matsuoka’s formula via Euler-Maclaurin
summation formula.

In this chapter, we prove Theorem 3.2 without using the functional equation of
((z) and L(z, x). To do so, we begin with a slight modification of EQwhen1<a<g

{i log"(a+qt) log"(a+qT) }

Yn(a,q) = Tlggo

-0 a-+tgqt qn+1)

Recall that the Euler-Maclaurin summation formula can be written as :

I 1
Y hpla+qo) = —f
=0 qJa

a+qT 1
h,(t)dt+ > (hn(@) + hyla+qT))

k
B
+ Y 2 (W@ Va+ gT) - K V()
= @2n)!

2k a+qT ft—a
+(2Z+ 1)'f sz+1( . )hﬁf’””(t)dt,
cJa

where By () are the Bernoulli polynomials and By are the Bernoulli numbers, such
that B = —%, B, = % --- and that hg) (1) being the r-th derivative of the function h,,(f) =
log” t/t. We use this summation in the following way. On taking k = 1, we get

i log"(a+qt) log"'(a+qT) _
=  a+qt gn+1)

n+1

_10g a N log" a +1ogn(a+qT) +i(nlogn_1(a+6]T) _1og”(a+qT))
gn+1l)  2a 2(a+qT) 12 (a+qT)? (a+qT)?

1 n-1 log™ 2 a+qT [— a f—
_4q1(,°8 . a_ nga)+q_(f B3(—a) hg)(t)dt—f Bg( “) hgg)(t)dt).
12 a a 6 \J1 q 1 q
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Letting T — oo gives us

n+l

log a+log”a q(nlog”_la log”a)
qgn+1) 2a 12 a? a?

2 poo [— 2 a f—
+q—f Bs (—“) hff’(t)dt—q—f Bs (—“) WS (n) dt
1 q 6 J1 q

Yn(a, q) =—

6

Using integration by parts the last integral above, selecting dv = R (0 dt and w =
Bs(*7*). We obtain

n+l

_ log"'a log"a q( log" la log”a)
Ynla,q) = q(n+1)+ YRETI

2 o0 t— a r—
+q—f Bs (—“) W () dt+ ﬂf Bg(—a) W2 (0 dt
1 q 2N q

a? a?
6

We integrate by parts one more time to get

n+l

1 log" 2 poo (f—
Yola,q)=-——2 2,208 a+q—f Bg(Ta) W dt
1

gn+1) 2a 6
a —
—f Bl(t—“) hV (1) dt.
1 q
Since By (t) = t—1/2 and kY (¢) = (nlog"' t—log" 1)/ 2, then

a _ 1 n+1 1 n
[ () w1t
1 q qgn+1) 2a

It follows that
2 (0 (t-a
yn(a,q):%fl 33(7) h3 (1) dt (5.1)
where For, 0 < £ < 1 we recall that :

(- 122k +1)! X sin@amr)
(27‘[)2k+1 nél m2k+1

Bojy1(1) =

and that

sin(u — a) = sinucosa— cos usin a.
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Thus, the right-hand side of Eq (5.1) may be written as

2nma) o; 2nmt
() = q2.2.3! foo COS(—q )sm(—q )h(3)(t)d[
e 6213 i A= m3 "
2 2.31 [oo Sin(ana)COS(ant)
_q f q q h(s)(t)dt
3 3 n
62m? L m
2rma
2 CcoS 0o 2
Lz o oy
q m=1 (2nm)3 1
> _E_
: 2nma
2 sin [o's) 2 ¢
_= 7 )f Cos(ﬂ) W (1) dt.
qd m=1 (2zm 1
q
It follows that
1 2 2 2 - (2
Ynla, q) =— Z {cos( ”ma)n!g/fn (ﬂ)+sin( nma)n!gn(ﬂ)}
qd m=1 q q q q

where %, and %, are defined by Lemma and (with k = 3). Now notice that:

q [—
3 e cos( ) < gom TN,
a=1 q 2

and

9 _(2r
Y x(a) sm(
a=1
Recalling Eq , we get

r(x) _ () +x(=DT(y) Z X(m)gn(mqm)

ma) _ QZ(m)T(X) —)cz(i—l)r(x)_

n! 26] m=1
() —x(=D7(y) _ - (2mm
I x(m)%l(—)-
Zlq m=1 q
In the case y even, we see that this equation equal to
) Q) _ 2nm
y",x = )((m)e%(—),
n: m=1 q
In the case y odd, we find that
2
Ynp) _ r'(x) o )e%( nm),
n! m=1

which completes the proof.

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

70 CHAPTER 5. Matsuoka’s formula via E-M summation

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

Part 1l

Explicit upper bounds for |L(1, X) |
when yisevenand y(2) =1
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Chapter

Proof structure

The main goal of this part is proving Theorem 0.39, which give us an upper bound
for |L(1, )| in the most difficult case when y(2) = 1. This upper bound of | L(1, )| has
an equally profound impact on number theory. In particular, in studying the class
numbers of algebraic extensions. To do so, we need to prove the following theorem.

Theorem 6.1 Let y be a primitive Dirichlet character of conductorq > 1. LetF : R — R
be such that F(t)/t is in C*(R) (also at0), vanishes at t = +oo and its first and second
derivatives belong to L' (R). Assume further that F is even if y is odd and that F is odd
if x is even. We define
1-FQ‘u)
Grw =Y, 2—[x(2)f. 6.1)
=0

Suppose that Gr(u) and the derivative of (Gr(u) —2)/ u are positive for up < u < 1, (ug
approaches to0) and that |1 - F(t)| < co/t?, |F (t)| < c1/t%, |F(£)| < ¢z, |F(8)| < c3t and
|Gr(8)| <2 forall t > 0. Then for any 6 >0, we have

Gr(d 0
y 1GEOMIL e+ ~22 (C1og0+10g 2 +loglog2 +log2 + 2
=1 m 2log2 C3
(m,2)=1
(dcg+7¢1)8  (12¢o + 14¢;)6? 52 o4
log(1—& .
tlogll—o)+ ———+ 21 T 8(1-40)2 ' 30(1-40)

where0 is uy or d according to whether 6 < uy or 6 > uy. The constant by is given by

1 (LGp(t)-2 1 [ |Gp(t
bF:—f de—f [Gr( )|dt+)/+log2.
2 0 t 2 r

wherey denote Euler’s constant and the constants c;, i € {1,2,3} are chosen according
to the function F.
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The proof of this theorem is longer and complex, its requires much of the arsenal of
tools and tricks. For this reason, we devote this chapter to state all these tools. We
begin by collecting some important results proven in the paper [46].

6.1 Results of Ramaré

In 2001, Ramaré gave the following approximate formula of L(1, ) by using Fourier’s
transforms.

Theorem 6.2 Let y be a primitive Dirichlet character of conductorg > 1. LetF : R — R
be such that f(t) = F(t)/t is C2(R) (even at0), vanishes at t = Too and its first and sec-
ond derivatives belong to L' (R). Assume that further that F is even if y is odd and that
F is odd if y is even. then for any § >0, we have

n>1 n q m=1

+00
L=y LFOmm 1T 5 o f @ o (mt/6q) di

With a proper choice of the function F in the above formula, Ramaré provided the
following two formulae of L(1, y).

Proposition 6.3 Set

_ sin(r1) B n( 2n g))
Fi(t) = 1og4+n;( 1) Tzt
sin(m )
FE)=1- .
t

Let y Dirichlet character of conductor q > 1. Then, we have

A-F©6n)yn 2ty
2 1 - >

y(m)log

) nm‘ o~ = 1
sin—| siy(-1)=1,
n=1 n q4 1=m=éq/2 6q

L,y = )
(1-F06n)yn) irt(y)
> : - >

f(m)(l—z—m) siy(-1)=-1
n=1 n q l=m=6q/2 6q .

Proposition 6.4 Set

. 2
(- (21 (L 5 senm )

t = (t—m)?

1
j(t) :Zf(n(l— u)cot(ru) +1) du,

|t]

sin(rr) )2

F4(t)=1—( —

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



Thése de Sumaia Saad Eddin, Lille 1, 2013

6.2. Comparing Fj to F3 75

Let x be a primitive Dirichlet character of conductor q > 1. Then, we have :

1-F5(6 _
Z( som)xy(m) (y) 5 X(m)j(ﬁ) -1 =1,
L, y) = n=1 n 1=m=dq oq
AT (1-Fy6m) x(n) int(y) _ ( m)z .
+ (m)|1-— ify(=1)=-1.
,;1 n q 1Sn;saqx 6q /X

Taking 6 to be around 1/,/q in the first proposition, Ramaré obtained the following
explicit upper bounds for | L(1, y)|

1 .
5logg+0.006 siy(—1)=+1,
|L(1’X)|S{% g4 7
71logg+0.9 siy(-=1)=-1.
By using the second proposition. He obtain the best upper bound for |L(1, y)| to date.

1 iv(=1) =
L@, )| = %iqu S 1):“’
7logq+0.7082 siy(-1)=-1

To understand the difference between these two results, it is instructive to compare
the function F; with the function F3 for even characters, and F, with F, for odd char-
acter. In the next section, we will explain these differences.

Lemma 6.5 We have
. am
sin—| <

oq

- > log

l=m=dql2

0
q?logz.

6.2 Comparing F; to F;

In the late 1930’s, A. Beurling observed that the entire function

F (1) =

sin(mt) (

o 2n 2
- lOg4+Z(—1) (m"‘—))

n=1 n

is the best approximation of exponential type 7 of f(¢) = sgn(¢) with

f |F1 () —sgn(o)| dt =1.
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76
1.57 o
- \"-.
E / \.I'\ r'f \
4 , —
|II II‘-\ a'JI
0s] |/ \/
1 :
-4 2 / 2 4
b5
/ '-,‘I\ .ffr |
\'.1 | "\\ll Fl.l': :
A \ / 4
a5
Figure 6.1: Function F;
The function
: 2
sin(zwe)\“ (2 sgn(n)
F3(t) = ( ) —+ Yy
4 nez (t—n)

interpolates sgn(t) at the integers and its derivative at the non zero integers, i.e.,
F3(n) = sgn(n) and F}(n) = sgn’(n) =0, but it is not a majorizing function of sgn(x).

with -~
[ {F5(1)—sgn(n)} dr=1.

—
/

1o}

a8r

06 F

04r

02r

0.5 1.0 1.5 2.0 2.5 3.0

Figure 6.2: Function F3
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We note that the function 1 — F} is non-positive on R;, while that 1 — F3 is posi-
tive on R,. This shows that the part of the loss of the first upper bound for |L(1, y)|
due to study ), |1 — F1(6n)| /n instead of }_,, (1 — F;(6n)) / n. Ramaré eliminated this
loss by taking Fs. A similar discussion, we can see the difference between the func-
tion F» with F;. To improve the upper bound for |L(1, )()| due to Ramaré, we will
study Y, (1 — F1(0n)) / n directly. To do so, we will need to observe the behaviour of
the functions F; and then Gr,. The following two sections state the most important
results of these functions.

6.3 Studyof F;

The fundamental property of the function F} is given in the following lemma.

Lemma 6.6 The function F\(t) satisfies

0 < sgn (sinwd) fsgn(n) — Fy (0} = | St L
= T - — y
& & ! nt |1+t
Proof. See [54]. 000
A simple consequence of this lemma is the following result.
Lemma 6.7 For t real number, we have
0 < sgn (sin(rt) (1 - Fy (1) < |1/ (x 1), ’F’(t)‘ <12
Proof. See [46, Lemma 12]. 000
Lemma 6.8 Fort =0, we have
|F1(0)] < (log4) 1.
Proof. We recall that
Fi(t 1/2
() = —2[ loglsin(mu)|e(—tu) du,
t -1/2
which gives
Fl (l’) 1/2 1/2
. = —2] loglsin(mu)|cosmtu) du + Zif loglsin(zmu)|sin2rtu)du. (6.2)
-1/2 -1/2

We note that the second integral in the right-hand side of Eq (6.2) is equal to 0 be-
cause the function log|sin(wu)|sin(27 tu) is odd. Hence

lt( ) = —4] loglsin(zu)|cosmtu) du,
0
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it follows that

| Fq

(l-)l 1/2 1/2
. <4 ‘f loglsin(mu)|cosntu)du| < 4] loglsin(mu)| du =log4.
0 0

This completes the proof. 000

6.4 Study of G,

In this section, we collect the most important results of G, .
Lemma 6.9 Foru =0, we have |GFl (u)| <2.
Proof. From Lemma 6.6, we get

|sin(2[7tu)| 1
<

1-FQw|< <
‘ ! 2nu 1+2%u
it follows that: | , |
1-Fi(2°u) 1
G| = ¥ = Y =2
=20 20
This completes the proof. 000

Lemma6.10 For10™° < u <1, we have Gr, (u) is positive.

Proof. Recall that:

1-F %) Flw
Gr=Yy — 12 5 v
1 /=0 2€ /=0 2[
where
Fl(lf) 1/2 1/2
i —2[ loglsin(mv)|e(tv)dv = —4[ log|sin(mv)|cosntv) dv
-1/2 0
1/2
= ;f cot(mv)sin(2nwtv) dv.
0
Then, we find that
1/2 : 25+1
Grw=2-2% cot(nv)sm(z—[ﬂuv)dv, (6.3)
=070
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and that
1/2

d
— (Gr (W) =-4n ) _ vcot(rv) cos: M ruw) dv.
du ¢=0v0

Using integration by parts we get

T ) sin@* ' nuw) J
=0

d 2 1/2
= (Gr,(w) = ;‘[0 (cot(nv) - "

sin?(v)
For L = 0, we write this sum as follows:

d 2 2 sin@!*ruv) 2 2 sin@*uv)
—(Gp, (W) == w(v) —dv+— w(v) s dv
du( ! ) uJo [Z'L uJo g§+1 2¢ 6

where ¥ (v) = cot(rv) — (mv)/ sin?(mv) is negative function. Suppose that:

1/2 r+1 1/2 /41
S1(w) = W(V)ZMdv, Ry (u) = W(V)ZMdv.

0 /<L 0 0=1+1
Then, we get

1/2 sin/* 1 uv)

v Y ————dv

¢
(=L+1 2

1/2 |w(v)|

dv.
J20+1 2[

1/2[+1
< Z[ ly()|2nuvdv+ ) f
1

¢>1+17Y0 (=L+1

Since [sin(27v) — 27 v| < (27v)3/3!and sin(nv) = 2v, forall 0 < v < 1/2, we get |y (v)| < n3v/6.
It follows that

1/2

y) Y

(=L+1

sin2/* 7 uv) at 1 n3
| = SE Y o )3 (7‘@)
9-8 2 25 " 68,2, \20 2
7tu 1

o)
9-8.7.29L  6.8\2L 7-29L)°

Ry (1) < ntu +7r3(1 1 )
W<s——+—|=>5—-——1

t 504-23L " 48 (2L 7.23L

For 10™° < u <1 and L = 15, the maxima of S; () + | Rz ()| numerically seems non-
increasing and GP/PARI needs at most 10 second to prove it is < —0.0001353. Since
Gr, (1) =0, it follows that Gp, is positive. This completes the proof. 000

Therefore

Lemma6.11 For107® <u<1, we have

_(Gpl(u)—2)>0
du u B
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Proof. Recall that:

1-F 2%
Gr(Ww) =) ————,
1 (=0 2¢
where
Fi(t 2
1():—2 1loglsm(ﬂv)le( tv)dv——flcot(ny)e(—ty)dy.
-1 !
Then, we get
GFl(u)—Z) d [« AW d (-1 f% ¢
4 (ZrRi—e) a4 _ v 4 . » .
du( u du go 20y ;)du Y %CO (mv)e(=2"uv)dv

Z i(%fi cot(rv)e(— 2[uv)dy),

which gives us

G W) —2 1 2€+1

_( F (1) ):_Z . fz cot(nv)e(—Zzuv)dU—Z fz veot(mv)e(-2  uv) dv.
du u o i2fu? J-1 i=0 2%iu J-}

It follows that

G -2 3
a(%)— 2 €>02€f%cot(nv)e( Zzuv)dv—gégb ’ veot(mv)e(— Zéuv)dv

/+1 /+1 /+1

Since e(—2¢uv) = cos/* ' ruv)—isin(2¢* 7 uv) and the functions cot( v) cos(2
and v cot(v) sin(2¢* ruv) are odd, it follows that

TUV)

_(Gpl(u)—Z)_

du u B
— Z cot(nv) sm(2£+1nuv)dv—— Z[ veot(mv) cos 2  muv) du.
u €>0 U o

Using integration by parts for the last integral above, we obtain that:

F 2w
_[;)du( - ) Z (cot(nv)—

[>0

4
= = 2ff @) sin@ ™ ruv) dv
u €>0

2o ))sin(zhlnuv)dv
sin®(v

f sin(2’+1nuv)(p(v)dv.
0 l>0
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Therefore
d Gpl(u)—Z) d (Fl(zfu)) 4 sm(z‘“nuv)
— ===y — v)d 6.5
du( u [;)du 2lu 0 ggo picy (65

where ¢(v) = cot(mv) — nv/(2sin?(mv)). Then to prove that this derivative is positive,
we divide this sum into two sums as the following:

sin@* ' ruw) sin2/* T uv) sin@* ' ruv)
Z — 7 = Z — 7  t Z —
=0 2 0</<L 2 (=L+1 2

Thus, Eq (6.5) can be written as follows

_(GFl(u)—Z)_
du u B
4 (12 sin@* ' wuv) 4 (U2 sin@* ' ruv)
— (v) ——dv+— (v) ——dv. (6.6)
u? Jo v OS%L 2¢ u? Jo v é§+l 2¢
Suppose that
_ 1/2 sin@*ruv) _ 1/2 sin*uv)
SL(u):f o) ), —————dy, RL(U):f pw) ) —————d
0 0</<L 2 0 (>L+1 2
Then, we get
_ 1/2 sin*ruw)
|R(w)| = o) Y ———d
0 (>1+1 2¢
1/2¢+1 1/2 v
< Zf lp)|2nuvdv+ ) |(p([)|dv
¢>1+1Y0 (2141912010 2

Since [sin(27v) —nv| < mv and sin(rv) = 2v, forall0 < v < 1/2, we get |p(v)| < 7/ (8v).

It follows that
1/2 sin@‘* ' ruv) n’u 1 mlog2 4
@(v) Z —dv| = — Z — + Z —
‘ (=2L+1 2¢ 8 (=2L+1 2¢ 8 (=2L+1 2¢
7u  w(L+2) log2
= 2L+3 2L+3
Therefore
- m’u  mw(L+2)log2
|RL(w)| < :

<
2L+3 + 2L+3

For 107° < u < 1 and L = 21, the minima of S; (u) + |}?L(u)| numerically seems in-
creasing and GP/PARI needs at most 10 second to prove it is < 0.0000019. Then, the
derivative of (G, —2)/u is positive. This completes the proof. 000
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Lemma6.12 Let br, be the function given by the following equation:

1 1 Gg (n)-2 1 [
bplz—f Ldm—f
2 Jo t 21

br, < —0.66266.

|GE, (1)]

dt+vy+log2. (6.7)

Then

Proof. Recall that

2n +2
-n2 n

Fl(t):smj(T )(1 g4+ Y (-1)" (

n=1

)
el

Thanks to the formula (2.2) is showed in [54], when F = 1, we write

+) (-D" +> (=" (——1)

sm(mf) t =1 ( ) =1 t+n n

i)
t+n n
4___22%F_)(nw+nJ}

We therefore conclude from this last expression that

. ¢ ¢
Zsm(ﬂz u){1 g4_zi+22( 1)( 2°u )}

>0 2 n=1 nlu+n)

it follows that

Fy(1) = smj([m) {log4+ > D" (t_ )

n=1

Y (="

n=1

it follows that

F (1)

sin(it)
- {10 ——=2) (D"

sin(zt) t ;3

T

_ 1. sin(mt) {

Gp, (W) = - (6.8)

Pour T = 1000 and L = 50, we find that:
F1(2 t) dr 1 1- F1(2 t) 1

R > >

0 2 2t 2v i 2Th

Z 1-F (2! t)

7 1| <0.00022
T >0 20t

Now, we use the following simple GP-PARI code:

{F1(¢) =
1+sin(Pix*t) /Pi*(log(4)-1/t+2*xt*sumalt (n=1,cos(Pi*n)/n/(t+n)))
}
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{G(x, borne=50) =
sum(1=0, bormne, (1-F1(2"1x%xx))/2"1)
}
{GG(x, borne=50) =
sum(1=0, borne,-F1(2"1*x)/2"1)
+
{bF1( borne=50, bornex=1000) =
Euler+log(2)
+1/2*intnum(x=0, 1, GG(x, borne)/x)
+1/2*intnum(x=1, bornex, abs(G(x, borne))/x)
+
default (realprecision,200)
We conclude that bg, < —0.66266, which completes the proof. 000

Lemma 6.13 Under the same hypotheses of Theorem 6.1, we have

ax d Gr(u)
du u

8C() 4c,
=< + .
7T4 373

where the constants ¢y and ¢, are chosen According to the function F.

T<u

Proof. Notice that

d (Gp(u)) _ Gp(w)  Gpu)
du\ u | u uz -’
where Gr(u) is defined by Eq (6.1). Then we find that

d Gr)| _IGr@l | 1Grw)
du u |~ u uz
4
From our hypotheses, it follows that the series )/ % converges normally as
_Felw)
well as the series Y/~ % is uniform for u € [A,00[ for any A > 0. We infer that
Grw) _ 5 (1-F@‘w) 5 F'2'u)
u o (=0 2u - =0 U ’
and that
¢
’G/F(u) - Z |F’(2 u)| - Z e _ 4c¢;
u = ou Z02¥u® 3ul
_ ol
|G (1) <y 1-F2"u)| =y c _ 800.
u? = 2lu? Z023ut Tut
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Hence
d GF(u) 860 401
— < + .
T<u|du u 7T+ 3713
This completes the proof. 000

Lemma 6.14 Under the same hypotheses of Theorem 6.1. we have

fuo
0

where c, and cs are positive numbers to be chosen later.

u

G -2
i‘ du< % (—loguo+logz—§ +loglog2 +log2 +2],

Proof. Recall that
Gr(u)-2 _ Flu)

u = 2lu

For L = 0, we write the sum in right-hand side above as follows :

5 Flu) _ 5 F(2'w) 5 F(2'w)

=0 2¢ /<L 2¢ (=L+1 2¢
Since |F(t)| < ¢ and |F(f)| < c3t, we get

Fe! Flu Flu

5 (éu) § Z|( )| Z|(£)|
=0 2 /<L 42L+1 2
C2
< c3(L+ 1)u+2—L.
The best value of L is given by
. C2log2
27 = .
c3u
Then, we get
Flu) c3U ( co )
< 1+log— +loglog2 +log2 —logu|.
[go 20 log?2 8 c3 8108 & 8
This yields
|G -2
fo %‘ du< lc(i:; ( log ug +log— +loglog2 +log2 + 2)

which completes the proof. 000

Now, we record the following simple lemmas, but useful results to complete our proof
of Theorem 6.1.
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6.5 Preliminary lemmas

Lemma 6.15 For any integer and even number M = 1, we have

1 1 20
Y —=-(logM+y+log2)+ ——+——
=om 2 12M2 " 15M
(m,2)=1
where®,; € [-1,1/8].
Proof. It is well known that
Y L logM=y+— 1, Ou (6.9)
—-lo =yt — - — )
m BTV oM T 1o T s0MP

m<M
where vy is the Euler constant and 6, € [0,1]. Then the sum over all positive even
integers less than M is

1 1 1 1 1 1 M 1
E — ——logM = E ———logM:—(E ——log—)——logZ
msszm 2 Ktz 2k 2 2\k<p2 k 2 2
m=

Apply Eq (6.9) to the last sum above, to obtain

4%
Y l—llogM _ ! 11, 2%mn —llogz
m 2 2\"" M 32 T eomt | 2
m=2k

1 1 1 2%0% 1
= —y+———— —M2__|5g)

2 2M  6M? 60M* 2
where 01";4 /2 € 10,1]. Therefore
1 1 1 1 1 2%0; 1
Y ——-logM=—y+-————>+—12_Zlog2, (6.10)
—om 2 2" " 2M 6M2 T 60M* 2
m=2k

On the other hand, we have

1
— = — + —.
mgM m mgM m mgM m
m=2k m=2k+1

Apply Eq (6.9) and Eq (6.10), to obtain

1 1 1 Op—230%
Y — = =(logM+y+log2)+ 5+ a M2
= m 2 12M 60 M4
m=2k+1
1 80y
= —(logM+vy+log2)+ ——+——,
2(0g yrios ) 12M2  60M*
where Oy =0,,/8 — 91’(/1/2 € [-1,1/8]. This completes the proof. 000
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Lemma6.16 For M =1, we have

>

m=M m3
(m,2)=1

1

and
1

)3

m=M m4
(m,2)=1

Proof. Notice that

1
— = 3
mgM m3 mgM
(m,2)=1 (m,2)=1

1 1
= 40" | —
AM? (2M3)

_ ! +@’*( ! )
~ 6M3 2 M4

_3f
m t4 M M<m<t t4

(m,2)=

_ 3[ria-m,
2Jm 4

B 3(/‘006”
2 M 3

< {n

|t Mf dr {M}f )

As usual, {x} and [x] denote The fractional and integer part of real x. Since 0 < {x} < 1,

then we obtain that:

oo Lt} 1
—dt<——
4 3M3
M

ud S 1
4 3M3°

U {M}—{t} ' 1
3M3’

o< [
M
and that
o< [
M
This yields
We conclude that .
X

(m,2)=1

_ ! +@’*( ! )
T AM? 2M3 |

By a similar argument, we prove the second equality of this Lemma.

OO0
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Chapter 7

Proofs

After Chapter 6, we are ready to prove our main Theorem 6.1.

7.1 Proof of Theorem 6.1

First, writing 7 in the form 2¢m where m is odd integer and under suitable con-
dition y(2) = 1. We may write

1-F© 1-F©62¢
ZX(H) (n): Z Qc(m)Z (02°m)

n=1 m=1 m %o 25
(m,2)=1

) (7.1)

where the function F satisfies our hypotheses. Recall that:

1-F©62'm)
Y — - Gp(6m).
/=0

Then, we can write Eq (7.1) in the form:

Y ym—2 -y X(rZ”GF(am)

n=1 m=>1
(m,2)=1

1- F(5n)

Now, we compare this sum to an integral. Here we need to consider two cases of
(671
1. The first case when [67!] is odd. We take M = [6~!] to get

5 Y 'GF(‘S”’”' lf‘”'GF(f.)'dtl 5 f6(m+2)(|GF(t)|_|GF(5m)| dt
m=M 2Jsm t 2 =u Jom t dm '
(m,2)=1 (m,2)=1

(7.2)
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Concerning the inner integral on the far right-hand side above, we notice that:

Gr(0 Gp(t d G
|Gr(Om)|  |GE( )l‘s(t—ém)max da Gr(w _
om t sm=uldu u
Applying Lemma 6.13 and using the identity
6(m+2)
f (t—0m)dt =262, (7.3)
om
we get
o(m+2) Gr(t Gr(S 6(m+2) 8 4
5 f IGF(®)]  |GF(om)| it = Y f ( 4Co4+ SCIS(t—ém)dt
m=M Jom t om m=M JOom 76%m 36°m
(m2)=1 (m,2)=1
1660 1 8¢y 1
— —_—+— —.
762 m;M m* 30 mZ’M m3
(m,2)=1 (m,2)=1

Applying Lemma 6.16 to the sum on the right-hand side above, we find that:

1 Z f§(m+2)
2 m=M Jom

(m,2)=1

|Ge ()l |Gr(6m) 8co ( 1 1 ) 4c ( 1 1 )
- dts S | ==+t —|+=—=|—+—|-
t om 762 \6M3  2M*) 36 \4aM? 2M3

Recall that M = [6~!], Eq (7.2) becomes:

Z | F( m)l S—f | F( )|dt+( Co Cl) +( Co Cl) ) (74)
m=M m 2 1 £ 21 21
(m,2)=1

Now let uy < 6m < 1 for the remaining m’s, we notice that Gr(6m) = 0. Here,
we distinguish two cases:
* The first case when uy/6 < 1. Then we write

|Gr(6m)] Gr(6m) -2 2

y lolml oy Gomzz, y 2

lsm=M=-2 m lsm=M=-2 m lsm=M—-2 M
(m2)=1 (m,2)=1 (m,2)=1

Applying Lemma 6.15 on the last sum in the right-hand side above, we find

that:
|Gr(6m)| 3 Gr(6m) -2
l=sm<M-2 m lsm<M-2 m
(m,2)=1 (m,2)=1

1
6(M —1)? " 30(M —1)4

+log(M —1)+y+log2 + (7.5)
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Now we write the sum in the right-hand side of Eq (7.5) as follows:

Gp(6m) -2 1f5M Gr(n-2
l1smsM-2 m 2Js t
(m,2)=1
1 f5(m+2)(GF(t)—2 Gr(6m) -2 i
21<m=m-2Jom ¢ om .
(m,2)=1

Since the derivative of (Gp(u) —2)/u is positive on uy < u <1 and yy < 6.
Then the derivative (Gr(u) —2)/u is also positive on § < u < 1, it follows that
the last sum above is positive. Hence, Eq (7.5) can be written as follows:

Gr(0 1 [9M Gp(t)-2
|GE( m)ls_f r (1) dt
1<sm<M-2 m 2Js 4
(m,2)=1

1
6(M —1)2 i 30(M —1)4

+log(M —1) +y +log(2) +

Recalling that M = [6~!], we find that
1 _
|Gr(Om)| Slf Gr(1) 2dt
l1smsM-2 m 2Js t
(m,2)=1
52 54

6(1—-20)2 " 3001 —26)4

—logé +log(l1-6) +y+log2 + (7.6)

From (7.5) and (7.6), we get

Gn(S 1 (1Gp(t)-2 1 [ |GF(t
y IGF( m)_'s_fé —F(t) dt+—fl | Ft()ldt—log6+log(l—6)

m=1 m 2 2
(m,2)=1
(4cg+7¢1)6  (12co+ 14¢;)6? 5? 54
+v+log2+ + + + 7.7
Y 8 21 21 6(1-26)2 30(1-26)% (7.7)
Notice that

fl GF(t)—Zdt:fl GF(t)—zdt_fS Gp(t)—Zdt
) r 0 t 0 t ’

Applying Lemma 6.14 to the last integral above. We write Eq (7.7) as follows

Gp(8 0
Z |Gr(Om)| < -logb+bp+ €3 (—log5+log2+10g10g2+10g2+2
= 2log2 C3
(m,2)=1
(4cy+7c1)0  (12co + 14¢1)6? 52 &t
log(1-5 78
+log(l=0)+——1 " 21 T 6(-20)2  30(1-20) (76)
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and where the constant br depends on only F and given by the following
equality:

1 (1 Gp(t)-2 1 (*|Gp(t
bF:—f Ldt++—f ﬂdt+y+log2,
2 Jo t 2N t

and the constants c;, i € {0,1,2, 3} are chosen according to the function F.
* The second case when uy/6 = 1. We have:

Gr(6m) Gr(Om) Gr(O6m)
Z | F | < Z | F( | " Z F ]
l<m=M-2 m 1<m<lug/8] m (up/dl=sm=M-2 M
(m,2)=1 (m,2)=1 (m,2)=1

Under the condition |Gr(u)| < 2, we obtain that

|Gr(Om)] 2 Gr(O6m) -2
y looml, g 2, y GlOmz2
l=m=M-2 m 1=m=M-2M  [y/61<m<M-2 m
(m,2)=1 (m,2)=1 (m,2)=1

Applying Lemma 6.15 on the last sum in the right-hand side above, we infer

|Gr(6m)| - 3 Gr(dm) -2

l=m=M-2 m lto/S1=m=M~-2 m
(m2)=1 (m,2)=1
1
+log(M—-1)+vy+log2 + + 7.9
g( )+y g 6M—-12 " 30M=-1)° (7.9)
Now we write the sum in the right-hand side of Eq (7.9) as follows:
Gp(dm)-2 1 f‘SM Gr(t) -2 5
lug/S1<m=M-2 m 2 J51ug1) t
(m,2)=1
1 f6(m+2)(GF(t)_2 Gp(6m) -2 .
2 (up181=m=M—2J0m r om ’

(m,2)=1

Since the derivative of (Gr(u) — 2)/u is positive on the interval uy < u < 1, it
follows that the last sum above is positive. Then, Eq (7.9) can be written as

follows:
Ge6m)| 1 M Gp(t)-2
Grem)| _ 1 f rn-2
1=m=M-2 m 2 J51ug 18] t
(m,2)=1

1
6(M —1)? " 30(M —1)%

+log(M —-1) +y+log(2) +
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Recalling that M = [6~!], we find that:

1 [t -2
o

l=m=M-2 m 2 510161 4
(m,2)=1
2 4

log?2
YO8t 1262 T 3001 -20)"

(7.10)

From (7.4) and (7.10), we get

5 |Gr(6m)| S_f £ (1) dt+§f | Ft( )ldt—log5+log(1—5)
1

m=>1 m 2 6lup/o] r

(m,2)=1
vilo 2+(4CO+701)6+(1200+1401)62+ 52 . 54
Y8 21 21 6(1—20)2 ' 30(1—26)%"

But, the first integral above is

lf —GF(I)_Zdt:lf—GF(t)_zdt_lfﬁ[uom] —GF(I)_Zdt
2 J5lug/8) t 2 Jo t 2 Jo t '

Thanks to Lemma 6.14, we conclude that:

|Gr(6m)

C3 U Co
——— < —logb+br+ -1 +log — +loglog2 +1log2 + 2
n;l - 0gb+bp 2log? ( ogup +log - +loglog2 +log

(m,2)=1

(4dco+7¢1)0 . (12¢ + 14c1)6% 52 54

21 21 i 6(1—20)2 " 30(1-26)4
(7.11)

+log(1-90) +

Form Eq (7.8) and Eq (7.11), we have:

|Gr(6m)| C3Up C2
———<-logd+bp+ -1 +log — +loglog2 +1log2 + 2
n;l - 080+ b+ 5y = | ~loguo +log - +loglog2 +log
(m,2)=1
(4dcg+7¢1)8  (12¢o + 14¢;)6? 52 o4
+log(1-96) + + + + 7.12
o8 ) 21 21 6(1-26)2 30(1-26)* ( )
2. The second case, when [6~!] is even. We take M = [6~! — 1] to get
Gr(6 1 Gr(t 1 o(m+2) (1Gp(1)|  |Gp(6
5 Y |F(m)| _f |F()|d__ 5 (l (0] |Grlom)| dar.
m=M 2Jsm meM t om
(m,2)=1 (m,2)=1
(7.13)
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Similar arguments apply to the first case (when [6~!] is odd), we find that

1 Sm+2) \Gr(t)]  |Gr(6m)| 8co( 1 1 ¢ (1 1
2 = Jom t dm 762 \6M3  2M%*) 36 \4aM?2  2M
(m,2)=1

By substituting this inequality in Eq (7.13), we obtain that

IGEOm)| 1 [ |Gg(1)] 8co [ 1 1 4c1( 1 1
Y ———=-| ——dttS|=mtalt sl
=, m 2Jsm ¢ 762 \6M3 ' 2M*) " 36 \aM2  2M
(m,2)=1

Recall that M = [6~! — 1], we write

0 2
Z |Gr(dm)] - lf |GE(D)| N (4co+701)5+ (12¢y+14c1)6 (7.14)
yoom 2 Jsi51- ¢ 21(1-26)2  21(1-26)3
(m,2)=1

Let up < 6(m+3) <1, for the remaining m’s, we notice that Gr(6m) = 0 . Here,
we distinguish two cases:
x The first case when /6 = 1. Then, we can write:

Gp(Om) |Gr(Om)] Grp(Om)

1GrOmY_ g 1GrOml e GrOm)
l<m=M-2 m 1<m<[ug/8] m (uo/6)=m=M-2 M
(m,2)=1 (m,2)=1 (m,2)=1

By similar arguments as in the first case (when [6~'] is odd), we find that:

Z |Gr(6m)| - Z Gp(5m)—2+ Z 2

l=m=M-2 M (to/6)=m=M~—2 m l=m=M-2M
(m,2)=1 (m.2)=1 (m,2)=1

Applying Lemma 6.15 on the last sum in the right-hand side above, we find
that:

|Gr(6m)| - 5y Gr(dm) -2

lsm=M-2 M lug/61=m=M-2 m
(m,2)=1 (m,2)=1
1
+log(M—2)+v+log2+ + ., (7.15
g( )+7v+log 6(M—22  30M—2)° (7.15)
Now we write the sum in the right-hand side above as follows:
Gp(6m)-2 1 f‘5M Gr(t) -2 5
lug/S1<m=M-2 m 2 J5ug10) t
(m,2)=1
1 f6(m+2)(GF(t)_2 Gp(6m) -2 .
2 (up/81=m=M—2J0m 4 om

(m,2)=1
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By a similar reasoning as in the case [6 1] is odd, we write Eq (7.15) as follows:

|Gr(&m)| <1f5M Gr(n-2
6

l<m=M-2 m 2 J51uy16) r

(m,2)=1
1

log(M -2) +y+1log2 + + .
+log( )+ +log 6(M—-2)2 30(M-2)*

Recalling that M = [6~! - 1], we get:

Gr(6 1 (00671 Gr(r) -2
|GE( m)|<_f (1) at
5

l=m=M-2 M 2 Jsugro) t
(m,2)=1
52 54
—logd +1log(1-36) +y+log2 + + . (7.16
0g0 +log(l =30) +y+log2+ s * soa—aeyr (1O
Notice that :
010~ ~1) Gp(1) - 2 L Gp(n-2 L Gp(n-2
f £ (1) dt:f £ (1) dt—f £ (1) .
5lug/8) r 5lug/8) r 516-1-1] r
and

e’} e’} 1
f |GF(t)|dt:f |GF(t)|dt+ |GF(t)|dt.
516-1-1] r 1 r 516-1-1] r

Since the function Gr(u) is positive for up < u <1 and 6 < uy, we infer that:

1 t 1 r)—2 Uodt
f Gr)l Gr (1) _dtzzf L < 2log(1-26) (7.17)
516-1-1] t S[0-1-1] r 1-6 1

From Eq (7.14), Eq (7.16) and Eq (7.17) together, we get

1) 1! H-2 1 [ |Gg(t
y lGrOm) m)ls—f Gri) -2 dt+—f GFOL 41 1ogs+log(1-)
m=1 m 2 J51ug16) t 2h t
(m,2)=1
(4cg+7¢1)6  (12co+ 14¢;)5? 52 54
+7vy+log2+

21(1 -26)? i 21(1-26)3 i 6(1—40)? " 30(1 —46)4

Now, we write the first integral in the right-hand side above as follows:

fl Gp(t)—Zdt_j‘lGp(t)—Zdt_f5[”0/5] Ge(n-2
6luo/6] 4 0 r 0 t
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Using Lemma 6.14, we conclude that:

|Gr(6m)| C3 Uy Co
——— < -logd+b -1 log— +loglog?2 +1og2 +2
nél - 0gd+ F+210g2 og uy +log -, +loglog2 +log2 +
(m,2)=1
(4cg+7¢1)6  (12¢o+ 14¢)5? 5? o4
log(1-6
+log( ) 21(1 —25)2 * 21(1 —25)3 * 6(1 —45)2 * 30(1-46)%

(7.18)

* The second case when u1,/6 < 1. Then, we can write

IGr(6m)| Z Gp(é‘m)—2+ Z 2
l=m=M-2 m l=m=M-2 m l=m=M-2 M
(m,2)=1 (m,2)=1 (m,2)=1

By a similar arguments as in the first case when [6!] is odd, we have

dt

IGF(Em)| <1f‘5M Gp(r) =2
~2Js t

l=m=M-2 m 2
(m,2)=1

1 1
+
6(M—2)? 30(M-2)*

+log(M —-2) +y+log(2) +

Recalling that M = [6~! — 1], we find that:

dt—logé +log(1-30)

GeOm)| _ 1f5[5‘1—11 Gr(f) =2
~2Js t

l<sm=M-2 m 2
(m,2)=1
52 54
+v+log2+ + 7.19
yTiog 6(1-46)2 30(1-46)% ( )
Notice that
8671 Gr() =2 1 ) 1 —92
f F(1) dt:f Gr(1) dt—f Gr(1) ar.
) t 5 t 516-1-1] r
and

00 1 oo
f |GF(t)|dt: IGF(t)IdHf |GF(t)|dt.
516-1-1] r 516-1-1] r 1 r

Since the function Gg(u) is positive for uy < u <1 and uy < §, we infer that:

1 1 _
f GeOI . Gr =2 4y < 2log(1 - 26) (7.20)
o

6-1-11 ¢ 81671-1] t
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From Eq (7.14), Eq (7.19) and Eq (7.20) we get

Gr(6 1 (' Gp(n)-2 1 [ IGr(t
5 | anm)l Sif F(t) dt+§f | Ft( )ldt—log5+10g(l—5)
- 5
(mBe1 1

52 . 54 +(4co+7cl)5+(1200+14cl)62
6(1-36)2 30(1-35)% 21(1-26)2 21(1-26)3

+v+log2+ (7.21)

Now, we write the first integral in the right-hand side above as follows:
L Gr(t) -2 LGr(t) -2 0 Gp(t) -2
f F(1) dtzf r(1) dt—f F(1) ar.
0 A 0 t 0 t

Using Lemma 6.14, we conclude that:

>

m=1
(m,2)=1

035

|GE(6m)| -
B 2log2

logd+br+

(—log5 + log% +loglog2 +1log2 +2
3

(4cg+7¢1)6  (12co+ 14¢)6? 52 54

21(1-26)2 * 21(1-26)3 * 6(1-46)2 * 30(1 —46)*
(7.22)

+log(1-6) +

From all previous cases, we find that

>

m=1
(m,2)=1

GrOm)l _ &30

2log2

logd + br + —log9+log2+loglog2+log2+2
C3

(4cg+7¢1)0 . (12co + 14¢1)62 52 o4

log(1-6 .
+log( I 21 21 i 6(1—46)? " 30(1—46)4

where 0 is ug or 6 according as to whether 6/uy < 1 or 6/ugy > 1. This complete
the proof.

7.2 Proof of Theorem 0.39

First, recall that

K A= F@n)  21()
2 — - 2

L1,y =
n=1 n qd 1<k<=éq/2

¥ (k)log

sinnk‘
6q

where F; is given by Proposition 6.3. Setting n = 2/ m with m is odd, we find that:

Grm) 21(y)

_ . 7k
L= ) x(m Y x(klog smg—q' (7.23)

(mzz)ll q 1<k=<dql2
m,2)=
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From Lemmas 6.9, 6.10 and 6.11, we find that the hypotheses of Theorem 6.1 are
satisfied when 1 = 107°. Then, we can to apply this theorem on the first sum in
Eq (7.23), and using Lemma 6.5 for the second sum in Eq (7.23). We obtain that

0
IL(L, p)| < —log® + by, +8+/Glog2 + 2103 - (-1og0 +log 2 +loglog2 +log2 + 2
(0] C3
(deg+7¢1)0  (12¢o + 14¢;)6? 52 54
log(1 -6 .
tlogll—0)+ ———+ 21 T 6(1—40)2 " 30(1—45)

where 0 is 107 or 6 according as to whether § <107° or 6 > 107°.

Thanks to Lemmas 6.7, 6.8 and 6.12, we find that co = 1, ¢; = 1/7, ¢ = 2, c3 =log4
and br, < -0.66266. Hence, we can write

IL(1, p)| < —logd —0.66266 + 5 /qlog2 + 0 (—1log6 +log2 + 2)
An+7)6 (127 +14)6? 5? 54
+ + + .
21w 21w 6(1—-40)2 30(1-406)4

+log(1-6) +

The best value for 6 is given by 6 ,/qlog2 = 1. We obtain that
IL(1, y)| < $log g +loglog2 — 0.66266 + 1 + C(qg),
where the constant C(gq) depends only on g

)+ 4n+7)
Vvqlog2) 21m,/qlog2

C(g) =6(-1ogh +log2 +2) +10g(1 —

(127 + 14) 1 1
+ + + .
21nglog?2  6(y/qlog2—4)% ' 30(,/qlog2—4)*

Here, we distinguish the following cases :

e For2<g<2- 10%. In 2001, Ramaré computed L(1, y) for all primitive y of con-
ductor g < 4500 by using the version 2.0.11 of the GP- calculator of the PARI
system. With slight modifications, we give, in Appendix A, the computer script
used for computing the values of L(1, y) when y(2) =1, y(-1) =land2< g <
2-10°. In his doctoral thesis in 2011, Platt [44] gave an algorithm more effective
for rigorously computing Dirichlet L-functions. He was able to improve on his
method for computing L(1, y) for all primitive characters of the conductor g
less than 2-10° and to check the conjectures of Ramaré for 2 < g < 2-10°. Here
is the picture obtained for the first 20000 values of |L(1, y)| — %log q.

e For2-10°< g <2-10'° we find that 6 = 1/(,/glog?2). It follows that

C(g) +loglog2 —0.66266 + 1 < —0.02012.
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1 T T ' OddChi =
EvenChi ¢

max |L{1,chi)|-0.5 log(g)

_4 1 (]
] 5000 10000 15000 20000

Modulus

Figure 7.1: The maximum of |L(1, y)| — %log q.

o For g =2-10'° we find that 6 < 1.02014 - 10~°. It follows that

C(q) +loglog2 — 0.66266 + 1 < —0.02012.

Therefore, we conclude that:

IL(1, p)| < 3log g — 0.02012.

This completes the proof.

Remark 3 this result is the best for the function F, for the moment, but can be opti-
mized through applying this method on a different function, where the efficiency of the
method will be much clear.

7.3 Proof of Theorem 0.40

Recall that the Dirichlet class number formula is given by

() = gLt
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where y, is the even primitive real character modulo g and ¢ is the fundamental
unit. Thanks to Theorem 0.39, we find that:

2 log g —0.04038
—h(Q(vq) =
Va 2log(3v/q—4+37)
- logg —0.04038
Zlog\/ﬁ+210g(%+%,/1—%)
For g = 4, we notice that
log(%+% 1—%):log 1- 2 zlog(l——)
q(1+/1-4)
We get
2 logg —0.04038
n@Q(va) = —24

< -
logg +210g(1 - 5)
Since log(1 - X) = —2X, when X < 3. Tt follows that:

5 2log|1-2]+0.04038
—h(0(vq)) = 1- )
va logq+210g(1—%)
0.04038 — &
<1-——1
logg

B. Oriat [41] has computed the class number of this field when 1 < g < 24572. For
q = 24572, we conclude that

1

(@A) =1~

va
We extend it to g > 226 via the table of Oriat. Thanks to the precious remarks of E
Pappalardi, and the following simple GP-PARI code sent by him. We can check that
our result is also correct for 1 < g <226

for(g=2,226,

if (q==quaddisc(q) ,U=quadclassunit(q) [1];
if (U>sqrt(q) /2x(1-1/25/1og(q)),

print(q" "U),),))

This completes the proof.
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Chapter

Explicit upper bounds for |L(1, )()| when
¥@3)=0

8.1 Introduction

In the papers [38] and [39], Louboutin, by using integral representations of Dirich-
let L functions, obtained the following upper bound for |L(1, 7()| when 3 divides the
conductor q.

0.3816 when y(-1) =1,

[L(1, p)| < llogq+
0.8436 when y(-1) =-1.

In 2001, Ramaré [46] gave another method, completely different to that of Louboutin,
(see Proposition 6.4). In this chapter, we show how this method improves on Louboutin’s
bound. Specifically, we show :

Theorem 8.1 Let y be a primitive character of conductor q > 1 such that 3|q. Then

0.368296 when y(-1) =1,

IL(1, p)| < tlog g +
0.838374 when y(-1) =-1.

We prove this result for the conductor g more than 2 - 10%. Numerically, Ramaré
computed L(1,y), in 2001, for all primitive y of conductor g < 4500 by using the
version 2.0.11 of the GP- calculator of the PARI system. Platt has kindly agreed to
run his algorithm from his thesis [44] (which is rigorous and efficient for computing
L(1, y) for all primitive y of conductor2<¢g<2- 109).
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8.2 Results of Ramaré
The proof of the following results can be found in [46].

Lemma 8.2 Let k and 8 > 0 be two real numbers. Let f be a continuous, convex and
non-increasing L' -function onk - 0, k + . We have

f) - fk+P)
20 '

k
f(k)slf F(di-6
0 Ji-o

Lemma 8.3 Set
1

j = 2[ (m(1—w)cot(ru)+1) du.

|2l

Then, we have

1
f jndr=1, (8.1)
0

and
—2log|t|—2(log(2m) —1) < j(1) < —2log] 1. (8.2)

Lemma 8.4 Ford €]0,1], we have

Y 1-Fln =-logd—1+86.
n=1
where F3 is defined in Proposition 6.4.
Lemma 8.5 Ford >0, we have
1
,g‘li:z((sn) =—logd + g —log(2m) +20f(1 —1)log %' dt.

where Fy is defined in Proposition 6.4.

Lemma 8.6 For0<6 <1/2, we have

1362
12

(8.3)

Zfl(l—t)lo Lﬁ‘dm
A 8lsinmon | 4=
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8.3 Some auxiliary lemmas

Lemma8.7 Leta >0 and a be 1 or 2. Let g be a continuous, convex, non-negative
and non-increasing L -function on10,1]. Then

2 a(a)=5 [ s aus gsrs 25 (5) S a )6
n=3k+a

Proof. Let 3K + a be the largest integer less than or equal to «, then we have

Y sG)=sQ)e 2 s(5) 4

as=n=<3K+a a a a+3=<n<3K+a a
n=3k+a n=3k+a
We write the sum on the right-hand side of this equality as
n 3k+a
Y oglz)= X g( )
a+3sn<3K+a @& 1<sk=K a
n=3k+a
Using Lemma 8.2 with 6 = =1, we get
3k+ 3k+a+3
3k+a k 3t+a g( aa)_g( aa )
2 & = ) g dt— ). 5 :
1<k<K-1 a 1<k=k-17k-1 @ 1<k<K-1
K-1 a+3) _ o (3K+a
3 f g[3+a 5, 80%) 855
0 a 2

By making the simple change of variable 37 + a = u in the last integral above, we
obtain that

3k+a
a

a

(8.5)

>

< _
1<k<K-1 2

1 f?’““-?’g(u) 5, 82— (5)
=3

a

We again use Lemma 8.2 but this time with8 =3 and f = a— (3K + a). When =0
the proof is complete. Otherwise § < 3 and we get

3K+a)slf3K+“ (E) du_S(g(in%)—g(l))
a 3 Jsk+a-3" \a 2p

Substituting this in Eq (8.5) with regard to 8 < 3, we find that

3K a+3y _
y g(3k+a)£1f ”g(g) du—g( o) —8W1)
1<k<K a 3Ja a 2
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Then Eq (8.4) becomes

3K+a (a_+3)_ 1)
asnsz?}lﬂag(g) = %fa g(g) du - % +g(g) ’ (8.6)
n=3k+a

Now, we apply Lemma 8.2 to g(a/a) with 6 = § = a, to get

g(ﬁ) < lfo"g(ﬂ) du_ 8l - gala)

a a a 2
it follows that 3 1 ra (2ala)
a u glaala
ZolZ]l< = —|du+ .

Zg(a) afo g(a) u 2

Multiplying this inequality with a/3, we find that

a (a)<1f“ (u)d +a (Za)
—gl—|=- —|ldu+—g|—|.
2 § a 3Jo § a 6 § a
Here, we have to distinguish two cases.
— The first case when a = 1 and write

1/ 1! 2/
NI
2 3Jo a 6

Then, Eq (8.6) becomes

3K+1
Z g(ﬁ) 1[0 g(u)du+g(1)+g(1/a)+g(2/a)_g(4/a)_

< _
2 2 6 2

3 (8.7)

o

l=n=3k+1 &
n=3k+a

— The second case when a = 2, we rewrite

2\ 1% (u géd/a)

Then, Eq (8.6) becomes

3K+2
O P R ) PO TR
2<n=3k+2 @’ 3Jo a 2 3 2

n=3k+a

From Eq (8.7) and Eq (8.8), we conclude that

3 o) [ (e b 2 (2] 2L 2).
n=3k+a

We complete the integral from (3K + a) to a by using the non-negativity of g and get

1 re 1 9 ) ) s
“iz%’f;“g(g)sgﬁ g5 aurgom =508 () 58] -58(%

)

this completes the proof. 000
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Lemma8.8 For0<6 <1/2, we have :

1
f 1-1 (log
0

Proof. We begin with

3n6t D 736% 7262
gl———— < —+—
sin(37dt) 36 27

sin(rd t) ‘ 3

316t
log $ =log3 +log(mét) —loglsin(3nd1)].
Since
sin(3x) =—4 sin® x + 3sin X,
it follows that
0 _smot | log3 +log(n61) —loglsin(md 1) —log|4sin®(m6 1) - 3|
& sin(3n61)| 8 & 8 &
ot
= 1 261 -1
Blsinon]  O° Sm (o0 ‘
Then
fl(l 5 (10 ‘ 376t D 3
0 8|sinon | 3 8|sinGron B

2 ! adt 1! 4
| a-vlog|————|dt+=| 1-0log|=sin’(x6t)—1|dt. (8.9
3[0( Jlog sin(nét)' +3fo( Jlog| 5 sin“(mo 1) ' (8.9)

Sincelogx <x—1andsinx < xif 0 < x <7/2, we see that

4 4
log gsinz(n(St)—l' < ‘gsinz(n6t)—l‘—1
4 4
< 3 sin®(é1) < 3 6 1)?
Hence, we can write Eq (8.9) as
f (l—t)( ‘ 3”—M‘)dt<
si n(ﬂ6 ) log sin(3701) -

4(d)* ! )
_ 1- .
sin(n6t)' - 9 fo (1-nedt

1
- 1-9nl
3]0( 1) log

Using Lemma 8.6, we infer

1
f 1-1 (log
0

This completes the proof. 000

3716t D 7362 7262
gl—— < —t—.
sin(37dt) 36 27

sin(zd t) ‘ 3
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8.4 Proof of Theorem 8.1

We are now ready to prove our upper bound for |L(1, )()| when 3 divides the con-
ductor g. We break the proof into two cases:
— In the case of even characters, we have:

1- F3(6n) 1- F3(5n) 1- F3(35n)
2, —— =2, -2
n=1 n=1 n=1
(n,3)=1

where Fj3 is defined by Proposition 6.4. Thanks to Lemma 8.4, we can write the
first sums in the right-hand side above as

1—F3(6n)

y 0 logs—1+6.
n=1 n
and |- Fy(36
y L2500 ) oe36) 1+ 38.
n=1 n

Again using Proposition 6.4 and recalling 0 < 6 < 1, we get

2 m
L1,y s——log5+—log3——+— ](—) (8.10)
| | 3 3 \/_1<n§6q oq

(m,3)=

where j(7) is defined in Lemma 8.3. Now, we apply Lemma 8.7 and Eq (8.1) of
the sum of j(#) given in Eq (8.10) to obtain

m m m
i) -2, )z, )
lsrnzséq oq ISn;S(?q oq 2511;5’(547 6q
(m,3)=1 m=3k+1 m=3k+2

< 2‘5_‘7+-(1)+1-(L)Jrl-(i)_l-(i)_l-(i)
= 3 TS Gsq) T \5q) 67 \6q) 27 \6q)

Using Lemma 8.3 again, we find that

(m 20q
Y ](—) —+—log2+1og5+ (1ogn 1).
1=m=<dq 56/ 3

(m,3)=1

Then, Eq (8.10) becomes simply

|L(1 )()| < ——log6+—log3—— —\/_

3 7

4
log2 +log5+ —logn— 3
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The best possible choice for § is 1/,/q. This yields
|L )|<llo 110 3+i(§1o 2+1og5+ ~1o n—il) (8.11)
X =31089+ 5108 /G \3 g go+zlogm =2, .

where %logS =0.3662---, with an error term depending only on 4. Setting

Ceven(q) 11 3+ ! (51 2+1 5+41 4) (8.12)
=-lo —|=1lo 0] —logm— -1, .
even( 3 g /3 \3 g g 3 g 3
it follows that
|L(1, )| = 1og G + Ceven(q). (8.13)
— In the case of odd characters, we write again:
1- F4(5n) 1- F4(6n) 1- F4(35n)
(n,3)=1

where F, is defined in Proposition 6.4. Thanks to Lemma 8.5, we get

1-F40n) f ‘
—  ~ =—-logd —log(2 + +2 1-tlog| ————
;;1 o8 0g(em ( Jlog sin (7r6t)
(n,3)=1
1 1 1 1 2 rl T
—logd + =log(2m) — = + =log3 — — 1-0tlog|———
+30g +30g( ) 2+30g 3fo( Jlog sin(3ﬂ5t)'
It follows that
1-F, 0 2 2 1
Y &:——log5——log(2n)+1+—log3
= n 3 3 3
(n,3)=1
+2f a t)( not 1 o 3716t D
sn(né‘t) 3 & sin(370¢)

Now, we use Proposition 6.4 and Lemma 8.8 to obtain that

7362 27%6% & m 2
|L(1,)()|<——log6——log(2n)+1+ 10g3+—+ +— Z _—_1l .
18 27 \/ﬁ 1<m<6q 5q
(m,3)=

For the last sum above, we use Lemma 8.7 to find that

2 2 2
m m m
lsnééq(6q m:%c-#l 56] m:%l:c-kz 56]
(m,3)=1 l=ms=éq 2sms<dq
26q 14 14
=< - + .
9 6%2g* 30q
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Then, Eq (8.7) becomes

2 2 1
|L@, 0| = —glog6—§log(2n)+1+§log3+

The choice 6 =3/ (7/q) yields

|L( n<1m -Qhoum+§+l(
V| =3logq—zlog 57

with 2 — 11og(12) = 0.8383 . Setting

it follows that

C ()—§_l]0 (12)+l
odd\q _3 3 g q

1
L, )| = 31084+ Coda(9)-

352 252 218
n6+2n5+n\/ﬁ+ b2
6qv/q

18 27 9
T 2+ 1472 14713)
2 3 9 9,9

i1 1472 14n3)

2 9 9,4

]
3 6q)

(8.14)

(8.15)

(8.16)

We list below the values of Ceyen(q) and Cygq(q) for different values of g. Thus,

10%

10°

10°

2-10°

q= oo
Ceven < || 0.395781 | 0.375558 | 0.369162 | 0.368296 | 0.366205
Codd = || 0.840076 | 0.838539 | 0.838382 | 0.838374 | 0.838365

Table 8.1: The values of Ceyen(gq) and Cogq(g).-

forg=2- 10%, we have proved that

MLxﬂS%bgq+{

0.368296 when y(-1) =1,

0.838374 when y(—1)=-1.

It is important to point out that Ramaré computed L(1, y) for all primitive y of
conductor < 4500 by using the version 2.0.11 of the GP-calculator of the PARI
system. Platt has kindly agreed to run his algorithm from his thesis [44] (which
is rigorous and efficient for computing L(1, y) for all primitive y of conduc-
tor ¢ < 2-10%. Here are the pictures obtained for the first 100000 values of

IL(1, )| — %logq when y(3) = 0. This completes the proof.
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o5 T !
i
=
:
:
g
\3 1 1 1
u] 20000 40000 [ nlun] L0000 100000
Modulus
Figure 8.1: The maximum of |L(1, y)| — %logq when y(-1) =1.
g
%
:
2
i
E
u] 20000 40000 e0oo0 = alnnn] . . 100000
Modulus

Figure 8.2: The maximum of |L(1, )| — %logq when y(-1) = -1.
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Appendix A

Computer programs

In this Appendix, we give the computer code written to do some of the compu-
tations in the thesis. All of the code was written for the GP-calculator of the PARI
system; version 2.3.4. In the following sections, we go into more details regarding the
code created for the second and the third parts in this thesis. The first part in this
thesis did not need any special computer programming.

A.1 Structure of computer code for computing L(1, y)

In this section, we detail the computer script used for computing the value of
L(1, y) for all primitive y of conductor g. We use the exact formula of L(1, y) which is
given by the following form

nm
Y. x(m)log sin—' when y(-1) = +1,
x(n) 21(X) ) 1=m=q2 q
LLy)=) —=- om (A.1)
n=1 N q in Z x(m) (1——) when y(-1) = -1.
l=m=ql2 q

To use this formula, we need generate the characters, and hence to find generators of
the multiplicative groups modulo p“ for each p® occurring in the prime decomposi-
tion of g and to build a table of logarithms for integers < g/2 and prime to g. With
a set of generators at hand, it is very easy to build the characters and to recognize
which ones are primitive.

A.1.1 Initializations

We define the data structure used in our script.
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e zqcarac = [1,1,1,1,1];
A vector whose coordinates are 5-components vectors:

g, 9(q),case,w(q), number of the primitive characters]

For the third component vector above, we distinguishe three cases: the first
case, when 4 divides g and 8 does not divide g, the second case when 8 divides
g, the third case otherwise.
e gstruct=[[1,1,1,Mod(1,1)]1];
Avector whose coordinates are 4-components vectors: [[p,a,@(p%),primroot] ].
In the third case above, we have
[1] p a prime number such that p dividing zqcarac|[1].
[2] a is a power of p.
[3] ¢ (p%) is the Euler’s phi function of p®.
[4] primroot means a primitive root modulo p®.
In the first case when 4 divides g and 8 does not divide g, we have
(1] 2
(2] 2
3]1
(4] Mod(3, 4)
In the second case when 8|g, we have
[1]12
[2] a such that 2% divides strictly zqcarac[1].
[3] 2a—2
(4] [Mod(3,2%), Mod(5, 2%)]
e zqgvalodd=[1];
zqvaleven=[1];

It means that there are two vectors of length [g/2] such that the scalar product
with a vector of the values of y gives L(1, x) - /q/T()).

e zqlog=[1];
Avector oflength [g/2] containing 0, when the index m, itis appeared in Eq (A.1),
is not prime to q, and containing logarithm of this index otherwise.

e sup_zqsmalllog=1;
zgsmalllog=[1];
A vector of length sup_zgsmalllog containing logarithm of the index m.

It is faster to compute if sup_zgsmalllog is large
For simplicity, we define

{Initzqdata(zqdata)=
zqdata = vector(9);
zqdatal1] = [1,1,1,1,1];

© 2013 Tous droits réservés. http://doc.univ-lille1 fr



A.1. Structure of computer code for computing L(1, x)

Thése de Sumaia Saad Eddin, Lille 1, 2013

115

¥

The following function build zgsmalllog.

{Build_zgsmalllog(bound,small=0, zqdata)=

fo

if

\

zqdatal[2] = [[1,1,1,Mod(1,1)]1];

zqdatal[3] = 2%Pi;
zqdata[4] = 2%I*Pi;
zqdatal[5] = [1];
zqdatal[6] = [1];
zqdatal[7] = [11;
zqdatal[8] = 1;
zqdatal[9] = [1];
return(zqdata) ;

local(vec_orders, n, compteur,k, zqcarac, zgstruct, TwoPi, TwoIPi,
zqvalodd, zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog );

zqcarac = zqdatal[1l];
zgstruct = zqdatal[2];
TwoPi = zqdatal[3];
TwolPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal[6];
zqlog = zqdatal7];

sup_zgsmalllog = zqdatal[8];

zgsmalllog = zqdatal[9];
sup_zqgsmalllog=bound;

zgsmalllog=vector (sup_zgsmalllog,n,0);

vec_orders=vector (zqcarac[4] ,k,if ((k==1)&&(zqcarac[3]==2),[0,0],0));

for(n=small+l,sup_zgsmalllog,
if (gcd(n,zqcarac[1])==1,

r(k=2,zqcarac[4],

vec_orders [k]=znlog(n,zqgstruct [k] [4]));

(zqcarac[3]==1,

vec_orders[1]=if (n%4==1,0,1),

if (zqcarac[3]==2,

vec_orders[1] [1]1=if (n%4==1,0,1);

vec_orders[1] [2]=

znlog((-1)~vec_orders[1] [1]*n,Mod(5,zqgstruct [1] [1]~zgstruct[1][2])),

\ Case 3:

vec_orders[1]=znlog(n,zqgstruct[1] [4])));

zqsmalllog[n]=vec_orders
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zqdata[9] = zgsmalllog;
zqdata[8] = sup_zgsmalllog;
return(zqdata) ;

}
Here is finally the initialization step used in all the functions of this program.

{Get_zgstruct(q, zqdata)=
local(decomp,k, zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,
zqvaleven, zqlog, sup_zqgsmalllog, zgsmalllog);
zqcarac = zqdatal[1l];
zqstruct = zqdatal[2];
TwoPi = zqdatal[3];
TwoIPi = zqdatal[4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal[6];
zqlog = zqdatal7];
sup_zqgsmalllog = zqdatal[8];
zgsmalllog = zqdatal[9];
if ((q%h2==0)&&(q%4<>0) ,9=9/2,) ;
decomp=factor(q);
zqcarac=[q,0,0,length(decomp™),0];
if (decomp[1,1]==2,
if (decomp[1,2]==2,zqcarac[3]=1,zqcarac[3]=2),zqcarac[3]=3);

zqcarac[2]=prod(k=1,zqcarac[4], (decomp[k,1]-1)

*decomp [k, 1]~ (decomp [k,2]-1));
zqcarac [6]=prod(k=1,zqcarac[4],if (decomp [k,2]==1,decomp[k,1]-2,

decomp [k, 1]~ (decomp [k,2]-2)*(decomp [k,1]-1)"2));
zqdata[l] = zqcarac;
zgstruct=vector(zqcarac[4],k,
[decomp [k, 1] ,decomp[k,2],

if ((k==1)&&(zqcarac[3]<>3),2~ (decomp[k,2]-2),

(decomp [k,1]-1)*decomp [k, 1]~ (decomp [k,2]-1)),
if ((k==1)&&(zqcarac[3]==2), [Mod(-1,2"decomp[k,2]),
Mod (5,2 decomp [k,2])],
znprimroot (decomp [k, 1] ~decomp[k,2]1))]);
zqdata[2] = zgstruct;
zqdatal[7] = Build_zqlog(zqdata);
zqvalodd=vector(floor(q/2) ,n,if (gcd(n,q)==1,Pi*(1-2%n/q)/sqrt(q),0));
zqdata[5] = zqvalodd;
zqvaleven = vector(floor(q/2),n,if(gcd(n,q)==1,-2xlog(sin(Pi*n/q))
/sqrt(q),0));
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zqdatal[6] = zqvaleven;

return(zqdata) ;

\\ 0 is set where n is not prime to zqcarac[l]l=q ;

\\ otherwise, exp(TwoIPi*Chi(vec_chi) [n]/zqcarac[2]) is the value of this
\\ character in n.

A.1.2 Ranging the field (Z/qZ)"

Now, we establishe a mean of ranging over all the elements. The first code gives
the first logarithm, the second code gives the next logarithm.

{Initial_vec(zqdata)=
local(zqcarac);
if (zqcarac[3]==2,return(concat([[1,1]],vector(zqcarac[4]-1,k,1))),
return(vector(zqcarac[4],k,1)))

{Next_elt(vec_orders, zqdata)=
local(k,1l, zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,
zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog);
zqcarac = zqdatal[1l];
zgstruct = zqdatal[2];
TwoPi = zqdatal3];
TwolPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal[6];
zqlog = zqdatal7];
sup_zqgsmalllog = zqdatal[8];
zgsmalllog = zqdatal[9];
k=zqcarac[4];
while ((k>1)&&(vec_orders[k]==zqgstruct[k] [3]) ,k-=1);
if (k==1,
if (zqcarac[3]==1,
\\ Case 1:
if (vec_orders[1]==1,vec_orders[1]=2,),
if (zqcarac[3]==2,
\\ Case 2:
if (vec_orders[1] [2]==zqgstruct[1] [3],
if (vec_orders[1] [1]==2, ,vec_orders[1] [1]=2;vec_orders[1][2]=1),
vec_orders[1] [2]+=1),
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\\ Case 3:
vec_orders[1]+=1)),
\\ k<>1:
vec_orders[k]+=1);
for(1=k+1,zqcarac[4],vec_orders[1]=1);
vec_orders

Now, we build the vector zqlog by the following code:

{Build_zqlog(zqdata)=
local(small,vec_orders, n, compteur, k, zqcarac, zgstruct,
TwoPi, TwoIPi, zqvalodd, zqvaleven, zqlog, sup_zgsmalllog, zgsmalllog);
zqcarac = zqdatal[1l];
zgstruct = zqdatal2];
TwoPi = zqgdatal[3];
TwoIPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal6];
zqlog = zqdatal7];
sup_zqsmalllog = zqdatal[8];
zqsmalllog = zqdatal[9];
zqlog=vector (floor(zqcarac[1]/2),k,0);
vec_orders=Initial_vec(zgdata);
compteur=1;
while (compteur<=zqcarac[2]/2,
n=Up(vec_orders, zqdata);
if (n<zqcarac[1]/2, \\ It cannot be equal.
small=1,
n=zqcarac[1]-n;
small=0) ;
zqlog[n]=vector(zqcarac[4],k,
if (k<2,0,
if (small,vec_orders[k], (vec_orders[k]+zgstruct [k] [3]/2)
hzgstruct [k] [3]1)));
if (zqcarac[3]==1,
\\ Case 1:
zqlog[n] [1]=if (small,vec_orders[1]%2, (1-vec_orders[1])%2),
if (zqcarac[3]==2,
\\ Case 2:
zqlog[n] [1]1=if (small,vec_orders[1], [3-vec_orders[1] [1],
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vec_orders[1][2]]),
\\ Case 3:

zqlog[n] [1]=if (small,vec_orders[1], (vec_orders[1]+zgstruct[1] [3]/2)

hzgstruct [1][3]1)));
c_orders=Next_elt(vec_orders, zqdata);
mpteur+=1) ;
zqdatal7] = zqlog;
return(zqlog) ;

A.1.3 Ranging the characters

We also establish a mean of ranging over all the characters. The first code gives

the

{In

{Ne

first character, the second code gives the next character.

itial_Chi(zqdata)=
local(zqcarac);
zqcarac = zqdata[1];

if (zqcarac[3]==2,return(concat([[1,1]],vector(zqcarac[4]-1,k,1))),

return(vector (zqcarac[4],k,1)))

xt_chi(vec_chi, zqdata)=

local(k,1l, zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,

zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog);

if
if

© 2013 Tous droits réservés.

zqcarac = zqdatal[1l];
zgstruct = zqdatal[2];
TwoPi = zqdatal3];
TwoIPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqgdatal[6];
zqlog = zqdatal7];
sup_zqgsmalllog = zqdatal[8];
zqsmalllog = zqdatal[9];
k=zqcarac[4];
while ((k>1)&&(vec_chi[k]==zqgstruct[k] [3]-1),k-=1);
if (k==1,
if (zqcarac[3]==1,
(vec_chi[1]==1,vec_chi[1]=2,),
(zqcarac[3]==2,
if (vec_chi[1] [2]==zqstruct[1] [3]-1,
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if (vec_chi[1][1]==2,,vec_chi[1] [1]=2;vec_chi[1] [2]=1),
vec_chi[1] [2]+=2),
\\ k=1, but we’re in case 3:
vec_chi[1]+=1;
if (vec_chi[1]l%zgstruct[1] [1],,vec_chi[1]+=1))),
\\ k<>1:
vec_chi[k]+=1;
if (vec_chi [k]%zgstruct [k] [1],,vec_chi[k]+=1));
\\re-initialise the next entries:
for(1=k+1,zqcarac[4],vec_chi[1l]=1);
return(vec_chi);

A.1.4 Letus use the above!

We build here the code to detect whether a Dirichlet character is even or odd :

{Is_even(vec_chi, zqdata)=

\\ Utiliser Get_zqgstruct avant.

local(k,res,l, zqcarac);

zqcarac = zqdatal[1];
\\ Utiliser Get_zgstruct avant.

if (zqcarac[3]==1,res=vec_chi[1];k=2,

if (zqcarac[3]==2,res=vec_chi[1] [1];k=2,res=0;k=1));
if (sum(1=k,zqcarac[4],vec_chi[l],res)’%2,return(0) ,return(1));

The following function returns the log*zqcarac|2] of the value of y to vec-orders

{Evaluate(vec_chi,vec_orders, zqdata)=

local(val,k, zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,
zqvaleven, zqlog, sup_zqgsmalllog, zqgsmalllog);

zqcarac = zqdatal1l];

zgstruct = zqdatal2];

TwoPi = zqgdatal[3];

TwoIPi = zqdatal4];

zqvalodd = zqdatal[5];

zqvaleven = zqdatal[6];

zqlog = zqdatal7];

sup_zqsmalllog = zqdatal[8];

zqsmalllog = zqdatal[9];

if (type(vec_orders)=="t_INT",val=0,
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val=sum(k=2,zqcarac[4],
vec_chi [k] *vec_orders [k] *zqcarac[2] /zqstruct [k] [3] ,Mod (0,zqcarac[2]));
if (zqcarac[3]==1,
\\ Case 1:
val=1lift(val+vec_chi[1]*vec_orders[1]*zqcarac[2]/2),
if (zqcarac[3]==2,
\\ Case 2:
val=lift(val+vec_chi[1] [1]*vec_orders[1] [1]*zqcarac[2]/2
+vec_chi[1] [2]*vec_orders[1] [2] *zqcarac[2]/zgstruct[1] [3]),
\\ Case 3:
val=1lift(val+vec_chi[1]*vec_orders[1]*zqcarac[2]/zqstruct[1][3]))));
return(val);

}

{Evaluate(vec_chi,vec_orders, zqdata)=
local(val,k, zqcarac, zqstruct, TwoPi, TwoIPi, zqvalodd,
zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog);
zqcarac = zqdatal[1];
zgstruct = zqdatal[2];
TwoPi = zqdatal3];
TwoIPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal6];
zqlog = zqdatal7];
sup_zgsmalllog = zqdatal[8];
zqsmalllog = zqdatal[9];
if (type(vec_orders)=="t_INT",val=0,
\\ We calculate the value of the character on n.
val=sum(k=2,zqcarac[4],
vec_chi [k] *vec_orders [k] *zqcarac[2] /zgstruct [k] [3] ,Mod (0,zqcarac[2]));
if (zqcarac[3]==1,
\\ Case 1:
val=1lift(val+vec_chi[1]*vec_orders[1]*zqcarac[2]/2),
if (zqcarac[3]==2,
\\ Case 2:
val=lift(val+vec_chi[1] [1]*vec_orders[1] [1]*zqcarac[2]/2
+vec_chi[1] [2]*vec_orders[1] [2] *zqcarac[2]/zgstruct[1] [3]),
\\ Case 3:
val=1lift(val+vec_chi[1]*vec_orders[1]*zqcarac[2]/zqstruct[1][3]))));
return(val);
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Thanks to the following code, we check that the modulus of the Gauss sums divided

by /¢ is equal to 1, and reduce execution time is half.

{Easy_LOne(vec_chi, zqdata)=

local(n,beta, zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,

zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog);
zqcarac = zqdatal[1l];
zqstruct = zqdatal[2];
TwoPi = zqdatal[3];
TwoIPi = zqdatal4];
zqvalodd = zqdatal[5];
zqvaleven = zqdatal[6];
zqlog = zqdatal7];
sup_zqgsmalllog = zqdatal[8];
zgsmalllog = zqdatal[9];
beta = -TwoIPi/zqcarac[2];
if (Is_even(vec_chi, zqdata),

return(vector (floor(zqcarac[1]/2) ,n,exp(beta*Evaluate(vec_chi,

zqlog[n], zqdata))) *zqvaleven™),

return(vector (floor(zqcarac[1]/2) ,n,exp(beta*Evaluate(vec_chi,

zqlog[n], zgdata))) *zqvalodd~™))

The following function gives the value of y on n.

{Chi_0f (vec_chi,n, zqdata)=

local(zqcarac, zgstruct, TwoPi, TwoIPi, zqvalodd,
zqvaleven, zqlog, sup_zqsmalllog, zgsmalllog);

zqcarac = zqdatal[1];

zgstruct = zqdatal[2];

TwoPi = zqdatal[3];

TwoIPi = zqdatal4];

zqvalodd = zqdatal[5];

zqvaleven = zqdatal6];

zqlog = zqdatal[7];

sup_zqsmalllog = zqdatal[8];

zgsmalllog = zqdatal[9];

n=njzqcarac[1];

if(n==0,1, \\ <-- somehow unusual

if (n<=zqcarac[1]/2,
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if (type(zqlog[n])=="t_INT",
return(0),
return(exp(TwoIPi/zqcarac[2] *Evaluate(vec_chi,zqlog[n])))),
if (type(zqloglzqcarac[1]-n])=="t_INT",
return(0),
if (Is_even(vec_chi, zqdata),
return(exp(TwoIPi/zqcarac[2] *Evaluate(vec_chi,zqloglzqcarac [1]-n],
zqdata))),
return(-exp(TwoIPi/zqcarac[2]*Evaluate(vec_chi,zqlogl[zqcarac[1]-n],
zqdata)))))))

A.2 Computer code for computing L(1, y) when y is even
and y(2) =1

We now have all the ingredients to be able to list the main code for even Dirichlet
character and under the condition y(2) = 1.

{Going_alone_even_special(q, ratio=1/2)=
local(vec_chi,compteur,k,store_even_special,maintermeven,exists_special=0,
zqdata, zqcarac);
zqdata = Initzqdata(zqdata);
zqdata = Get_zqstruct(q, zqdata);
zqcarac = zqdatal[1];
maintermeven=ratioxlog(q) ;
compteur = 1;
store_even_special = -10;
vec_chi = Initial_Chi(zqdata);
while(compteur <= zqcarac[5], \\Only primitive characters are considered.
if (Is_even(vec_chi)&&(Chi_0f (vec_chi, 2, zgdata)==1), exists_special=1;
store_even_special=max(store_even_special,
abs(Easy_LOne(vec_chi, zgdata))-maintermeven),);
vec_chi=Next_chi(vec_chi, zqdata);
compteur+=1) ;
if (exists_special==1,
write (WhereToWrite,
concat(["q = ",zqcarac[1]," Pairs (chi(2) = 1) : ",store_even_speciall)),);

}

{Test (borneinf ,bornesup)=
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local(q);
write(WhereToWrite,"ratio = 1/2");
for(gq=borneinf,bornesup,
if ((q%2==0)&& (q%4<>0), ,print1(q,"...") ;Going_alone_even_special(q);

print("done.")));
}

The short table below offers for some moduli the maxima of | L(1, y)| - 1 log g for even

x and y(2) = 1. Results have been rounded up at the tenth decimal place.

q

X even

17
997
1009
11089
56251
87481
117049
173209
223609
243721

-0.4005218381
-0.5763130274
-0.3799133660
-0.7162145960
-1.6402531903
-0.8807228987
-0.8890177956
-1.1231276690
-1.1052272316
-1.2973247347

Table A.1: Some moduli the maxima of |L(1, )()| — %logq for yiseven and y(2) = 1.
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