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INTRODUCTION

The present PhD dissertation deals with the coupled thermo-mechanical behavior
of filled rubbers. In many common industrial applications, a filled rubber is
submitted to cyclic deformations of significant magnitude and frequency to generate
a considerable amount of heat and, depending on the rate of heat removal, a
significant heat build-up. The order of magnitude of the heat build-up is related with
the strain rate, the maximum strain, the geometry of the specimen, and the filler
volume fraction. On the other hand, the physical consequences of a higher
temperature include the degradation of the ultimate and abrasion resistances,
decrease of the static and elastic module and smaller loss factor. Moreover, as a result
of the effect of the increase of the temperature due to hysteresis, some rubber
compounds that can be highly hysteretic at room temperature can be moderately
hysteretic at the stabilized operating temperature. Since the material behavior
depends both on the filler volume fraction and on the temperature of the studied
specimen, the development of a physically-based thermo-mechanical model capable
to explicitly take into account both characteristics, as well as to describe the
temperature evolution under fatigue loadings in parallel with the well-known non-
linear elastic behavior when submitted to large strains, is an open issue to be
addressed.

This work is divided into three main parts. The first part (Chapter 1) brings a brief
review about the necessary contents to understand the following chapters. The
second part (Chapter 2) highlights the effect of both the filler volume fraction and the
temperature over the thermo-mechanical response of filled rubbers. The third part
(Chapters 3 and 4) is focused on the material heat build-up over a wide range of strain

rates, stretch levels and filler volume fractions.
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Chapter 1 is a succinct summary of classic knowledge which can be found in
specialized works and that have been selected for their relevancy in the present study
for the reader convenience. The industrial applications and the research history are
briefly reported. Moreover, in order to understand the rubber behavior at the
macroscopic scale from their microscopic architecture, the chemical characterization
is presented. Then, the thermo-mechanical behavior of filled rubbers will be drawn.
In the last section, the well known continuum mechanics theory as well as the laws of
the thermodynamics are recalled. Finally, some notions about hyperelastic models of
rubber-type materials are presented.

In Chapter 2 a physically-based model to describe the large strain relaxed response
of filled rubbers over a wide range of temperatures is developed. The non-linear
mechanical behavior is described via a Langevin formalism in which the temperature
and filler effects are, respectively, included by a network thermal kinetics and an
amplification of the first strain invariant. Experimental observations on the relaxed
state of styrene-butadiene rubber hourglass-shaped specimens with a given carbon-
black content are reported at different temperatures. A hybrid experimental-
numerical method is proposed to determine simultaneously the local thermo-
mechanical response and the model parameters. Furthermore, the predictive
capability of the proposed constitutive thermo-mechanical model is checked by
comparisons with results issued from micromechanical simulations containing
different arrangements of the microstructure. The results show that the proposed
model offers a satisfactory way to predict the relaxed response of filled rubbers at
different temperatures.

A thermo-visco-hyperelastic constitutive model, in accordance with the second
thermodynamics principle, to describe the heat build-up in rubber materials under
cyclic loading is formulated in Chapter 3. The mechanical part of the model is based
upon a Zener rheological representation in which the specific free energy potential is
dependent on an added internal variable, allowing the description of the time-
dependent mechanical response. The large strain mechanical behavior is described

2
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using a Langevin spring, while the continuous stress-softening under cyclic loading
is taken into account by means of a network alteration kinetics. The thermo-
mechanical coupling is defined by postulating the existence of a dissipation pseudo-
potential, function of the viscous dilatation tensor. The proposed model is fully three-
dimensional and was implemented into a finite element code. The model parameters
are identified using experimental data obtained on a styrene-butadiene rubber under
a given strain rate for different strain conditions. Predicted evolutions given by the
model for other strain rates are found in good agreement with experimental data.

Finally, in Chapter 4, the proposed thermo-mechanical model presented in Chapter
3 is modified to take explicitly into account the filler volume fraction effect over the
heat build-up. Moreover, the stress-free thermal-dilatation is also taken into account.
The model parameters are identified using experimental data obtained on a styrene-
butadiene rubber with a fixed amount of carbon-black, 25 phr (part per hundred of
rubber in weight), under a given strain rate for different strain conditions. Predicted
evolutions given by the model for other strain rates and amounts of carbon-black, 15
and 43 phr, are found in good agreement with experimental data. The capability of
the model to predict the heat build-up of cylindrical samples during fatigue as well
as its effect on the rubber lifetime is discussed.

General conclusions and Research perspectives are presented at the end of the

document.
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Elements of structure, mechanics and thermodynamics of elastomers

CHAPTER 1

Elements of structure, mechanics
and thermodynamics of elastomers

This chapter is intended to offer a conceptual frame of reference that allows the reader to deep into the
posterior contents with a major sensation of comfort.

In the generalities section the application and the polymers research history, giving relative emphasis to the
rubber materials, is briefly reported. Later, the definitions of concepts related with the chemistry that characterize
the different polymers and that allow to understand their behavior in the macroscopic scale from their
microscopic architecture are presented. From this characterization, it is possible to go more deeply into the
particular characteristics of the elastomers and, especially, into the studied material: styrene-butadiene rubber
filled with carbon-black particles.

The thermo-mechanical behavior of the elastomers as a result of different test conditions will be drawn in the
section dedicated to the filled elastomers thermo-mechanical behavior. At the same time, the effects in the thermo-
mechanical behavior of elastomers by the incorporation of carbon-black fillers are described in this section.

In the last section, elements of continuum mechanics and thermodynamics, the classic knowledge of finite strain
mechanics of continuum medium as well as the thermodynamics laws that describe the material behavior in a
coherent way regarding the physical laws is exposed. Finally, some notions concerning statistical and

phenomenological models to describe the large strain elastic behavior of rubber-type materials are presented.
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Elements of structure, mechanics and thermodynamics of elastomers

1. Generalities

1.1  Historical background!

In 1496, after his second voyage to America, Christopher Columbus brought back to
Europe crude rubber balls after having seen the Haitian natives playing with rubber balls.
The natives in Haiti made these by cutting into bark of the rubber tree, smearing the latex
which exuded onto the pointed end of a wooden stick and then drying it near a fire. In fact, it
is well established that ancient American cultures as the Olmec, the Aztecs, the Mayas and
the Incas already used the latex to manufacture common objects like boots, containers,
covered tiles and, especially, balls, as they used to play with them an ancient game
representing an important aspect of their cosmogony (Ximenez, 1715). Although there was
much interest in Europe in this material little progress was made concerning its use: the latex
would coagulate on its long voyage from the New to the Old World and coagulated latex
was hard to work with.

The South America exploration by the Frenchman Charles-Marie de La Condamine, in
1736, brought again the potential of rubber to the attention of the Europeans. He gallicizes
the word 'cao tchu', meaning tree that cries in the native language, to caoutchouc and bring
back some samples to the French Guyana. The first scientific studies are attributed to the
French engineer Frangois Fresneau who has impregnated his boots of latex to waterproof
them. Unfortunately, the rubber is sensitive to the temperature (i.e., it rigidifies at low
temperatures and becomes viscous at high temperatures) so its application remained very
limited. In 1791, the British manufacturer Samuel Peal got a patent of the first industrial
application of rubber related with the fabric waterproofing by means of a rubber - oil of
turpentine solution. Around 1818, Charles Macintosh discovered another way to waterproof
fabrics: he adhered two fabric sheets together using a rubber — coal-tar naphtha solution. The
waterproof property is obtained when the solvent is evaporated. In 1835, the chloride of
vinyl polymerization was accidentally discovered by Henri Victor Regnault. A great advance
in rubber application was the discovery by Charles Goodyear in 1838 that natural rubber

containing sulfur turned elastic after heat treatment (i.e., vulcanization). In 1862, Alexander

1 The text is based on the natural rubber history section from Baranwal and Stephens (2001); however,
additional references have been added.
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Parks made a material named Parkesine modifying cellulose with nitric acid to form
cellulose nitrate and mixing this polymer with a plasticizer. This discovery is the base of the
modern plastic industry. The growth of rubber products was increasing and, in 1888, John
Dunlop developed a pneumatic rubber tire for bicycles hereby initiating the tire age.

The 20* century marks the beginning of significant studies related with the behavior and
properties of polymers and, specially, the development of synthetic polymers. In 1905, Leo
Baekeland made the Bakelite, the first wholly synthetic polymer from phenol and
formaldehyde. It can be said that the polymer science began in the 20s with the formulation
of the macromolecular concept by Hermann Staudinger. In the 1930s, Werner Kuhn, Eugene
Guth and Herman Mark proposed the statistical mechanical theory for rubber elasticity;
besides, they found evidence that polymer chains in solution were flexible and that the
viscosity in a solution was related to the molar mass of the polymer. Around 1933, the
styrene-butadiene rubber was made in Germany; meantime, Wallace Carothers synthesize
the first aliphatic polyester, and later and more importantly, the polychloroprene and the
polyamide 6.6 (Nylon). The epoxy resins, the silicone rubbers and the
polytetrafluoroethylene (Teflon®) were made, respectively, by Pierre Castan, Eugene
Rochow and Roy Plunkett in the second half of the 30s. The thermodynamics theory for
polymer solutions was presented, independently, in 1942 by Paul Flory and Maurice
Huggins. The low-density polyethylene and the glass-fiber reinforced polyester were made
during this decade. It is possible to say that since 1920 to 1950 a first generation of polymers
was developed. Between 1950 and 1965 polymers of second generation were proposed. Karl
Ziegler and Guilio Natta work led to the development of linear polyethylene and isotactic
polypropylene. Theories for liquid crystals of rod-like polymers were proposed by Lars
Onsager in 1949 and by Paul Flory in 1956. In this same year Michael Szwarc discovered
living anionic polymerization - Kraton® is prepared by this method. The polyoxymethyle
(Delrin®) and the aromatic polyamide (Nomex®) were made by DuPont in the first half of the
60s. Finally, a third generation of polymers, introduced since 1965, consisting mainly of
polymers with a more complex chemical structure was developed. These polymers were
characterized by high thermal and chemical stability and high strength. Meanwhile, existing
polymers such as polyethylene have undergone significant improvement. In 1971, Pierre-

Gilles de Gennes presented the reptation model to describe the diffusion of chain molecules

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

Elements of structure, mechanics and thermodynamics of elastomers

in a matrix of similar chain molecules. The first melt-processable polymer (Xydar®) was
reported by Steven Cottis in 1972. Theories for the crystallization of polymers were
introduced by John Hoffman and coworkers in the mid-70s. Paul Morgan and Stefanie
Kwolek reported, in 1977, that solutions of poly(phenylene terephthalamide) could be spun
to super-strong and stiff fibers (Kevlar®). In 1977, the first electrically conductive polymer
was prepared by Alan MacDiarmid, Alan Heeger and Hideka Shirikawa. Nowadays,
considering the nearby end of petroleum the industry of polymers contemplates, again, the
use of natural rubber and searches substitutes to petroleum products by means of the

synthesis of vegetal-based polymers.

1.2  Polymers

A polymer is a substance composed of molecules of high relative molecular mass, in
which the structure essentially consists in the multiple repetition of units derived from
molecules of low relative molecular mass connected between them in sufficient quantity to
provide a set of properties that not varies significantly with the addition of one or few
repetition units (Jones, 2008).

The polymer architecture, the shape of a single polymer molecule, is constituted by the
chemical composition of the monomer (repetition unit), the atoms disposition and links, the
sequence order and the topologic aspects. Common polymer architectures are presented in

Fig. 1.1. The molecular architecture is important to describe many properties:

* Short-chain branching tends to reduce crystallinity,

* Long-chain branching tends to have a profound effects on rheological properties,

* Hyperbranched polymers consist of molecules with an approximately spherical shape,
and

* Cross-linked polymers do not melt.

Considering the number of repeating units, a homopolymer consists of only one type of
repeating unit whereas, on the other hand, a copolymer consists of two or more repeating

units.
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Fig. 1.1 Polymer architectures: (a) linear polymers, (b) branched polymers, and (c) cross-

linked polymers (Qiu and Bae, 2006).

In general, the polymers are constituted by nine chemical elements: the carbon, the
hydrogen, the sulfur, the oxygen, the fluorine, the silicon, the phosphor, the nitrogen and the
chlorine (Kausch et al., 2001). The chain framework is constituted principally of carbon
atoms linked by covalent bonds where the dissociation energy is in the order of Ec = 300
kJ/mol. Other types of atoms or molecules can be linked to the framework by polar or by van
der Waals bonds where the dissociation energy is in the order of Er = 10 kJ/mol, see Fig. 1.2.
The large difference in dissociation energy between different molecules is of great
importance for polymer properties. A polymer preserves its configuration, '‘permanent'
stereostructure of a polymer, until it reacts chemically. The configuration is defined by the

polymerization method - chemical reaction that converts monomers to a polymer.
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Strong bonds
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>
Ep =10 kJ/mol
Fig. 1.2 Schematic representation of a polymer crystal illustrating the bonds type.

The polymerization method can be divided into step-growth and chain-growth
polymerization. In the step-growth process the kinetics of polymerization is not affected by
the size of the reacting parts. The number of reacting groups decreases with increasing
length of the molecules. At any given moment, the system will consist of a mixture of
growing chains and water. Chain-growth polymerization involves several consecutives
stages: initiation, propagation and termination. Each chain is individually initiated and
grows very rapidly to a high molar mass, until its growth is terminated. At a given time,
there are essentially only two types of molecules present: monomer and polymer. The

number of growing chains is always very low.

1.2.1 Amorphous and semi-crystalline polymers

The flexibility of the molecules allows different kinds of organization that presents an
order less regular than within the metallic crystals. In fully amorphous polymers the chains
are randomly arranged in the scale of a set of molecules but with certain order at a smaller
scale (Fig. 1.3). In spite of the random arrangement, the amorphous polymers are isotropic

and frequently transparent in the macroscopic scale.

I
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Fig. 1.3 Structural representation of an amorphous polymer: (a) (Flory, 1953), (b) (Privalko

O

and Lipatov, 1974), and (c) (Yeh, 1980).
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A polymer is called semi-crystalline when the molecules of long chains tend to be
arranged in packages to form crystallites separated by amorphous regions (Fig. 1.4). In order
that a polymer crystallizes it is necessary that its macromolecular chain has a strong
regularity and also that its crystallization kinetics is not relatively slow. The crystallizable
polymers will have a regular configuration and a regular global conformation, planar or
helical zigzag in the thermoplastic polymers (Haudin, 1995). However, the macromolecular
chains are not rigorously regular and the minimal irregularity, the enchainment of
composing monomers or the presence of a ramification into the chain, will modify, limit, or
avoid the crystallization. From the crystallization, the regular macromolecular chains, that
can measure some micrometers of length, are organized and fold to form lamellae. The
lamella crystallites form a superstructure with an average mesh size of 1 um. They represent
zones more resistant than the amorphous zones even that they contain an imperfect
organization. The thickness and the regularity of the lamellae depend on the crystallization
conditions and on the chains rigidity, ramifications, and the entanglements faults. These
imperfections favor the connection between lamellae, where they are linked by means of
chunks of macromolecular chains (link chains) that belongs to other lamellae. The partially
crystalline polymers are translucent and opaque, although the individual crystallites are far

too small to scatter visible light individually.

"—Amorphous or i
interzonal J’Zﬁi !
ca

Interfacial zone

Crystalline

Fig. 1.4 Structural representation of a semi-crystalline polymer.

A third recently developed group of polymers is the liquid-crystalline polymers, showing
orientational order but not positional order. They are thus intermediates between the
amorphous and the crystalline polymers. The nematic is the most probable liquid-crystalline

phase to be formed directly from an isotropic melt, see Fig. 1.5.
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Fig. 1.5 Structural representation of a liquid-crystalline polymer.

The differences in crystallinity can lead to differences in physical properties. A polymer
can appear in four different states, as a function of the temperature, which corresponds to a
temperature-function growth of the intermolecular free volume and a decrease of the link
forces, e.g. analyzing the curve of the density or of the elasticity modulus as a function of

temperature, different polymer states can be observed (Fig. 1.6).
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Fig. 1.6 Polymer states.

According to the polymer, the environment temperature can be found into one of the four
zones. At the glass transition region a fully amorphous polymer shows an important drop in
modulus. The material state is glassy at temperatures below the glass transition temperature,
0;. Under these conditions the organic glasses admits uniquely weak deformations
predominantly due to stretching of secondary bonds and bond angle deformation. The glass
transition region shows many kinetic peculiarities (e.g., damping behavior) and it is not a

true thermodynamic phase transition like crystal melting. In this region, the linear
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thermoplastic and cross-linked polymers where the chemical decomposition occurs before
fusion are found. At temperatures above 0;, the materials are rubber-like with a weak
modulus. In the rubber state region, large groups of atoms can change their conformation,
e.g. cross-linked polymers show elastic properties due to the high rate at which the
conformational changes occurs that the strain response to a step stress is instantaneous. On
the other hand, the pronounced drop in modulus occurring at higher temperatures in

uncross-linked polymers is due to the melting of the crystalline component.

1.2.2 Polymer categories
One suitable way to categorize the polymers is in terms of their mechanical and thermal

behavior as:

* Thermoplastics are composed of long chains produced by a chain-growth
polymerization; they typically behave in a plastic-ductile manner. The chains may or
may not have branches. Individual chains are intertwined. There are relatively weak
van der Waals bonds between atoms of different chains. This is somewhat similar to a
few trees that are tangled up together. The trees may or may not have branches, each
tree is on its own and not connected to another. The chains in the thermoplastics can be
untangled by application of a tensile stress. Thermoplastics can be amorphous or
crystalline. Upon heating, thermoplastics soften and melt. They are processed into
shapes by heating to elevated temperatures. Thermoplastics are easily recycled.

* Thermosetting polymers are composed of long chains (linear or branched) of
molecules that are strongly cross-linked to one another to form three-dimensional
network structures. Network of thermosetting polymers are like a bunch of strings that
are knotted to one another in several places and not just tangled up. Each string may
have other side strings attached to it. Thermosets are generally stronger, but more
brittle, than thermoplastics. Thermosets do not melt upon heating but begin to
decompose. They cannot easily be reprocessed after cross-linking reaction has occurred
and hence recycling is difficult.

* Elastomers may be thermoplastics or lightly cross-linked thermosets. The polymer
chains consist of coil-like molecules that can reversible stretch by applying a force.
They can be stretched easily to high extensions and rapidly recover their original
dimensions. They are commonly known as rubbers.

12
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1.3 Elastomers

1.3.1 Processes to obtain synthetic elastomers

The synthetic elastomers are obtained by means of polymerization, polycondensation or
copolymerization reactions that consist on the creation of chemical bonds between molecules
to develop other molecules of higher dimensions.

The polymerization confronts the monomer with activation elements into a reactor?. The

polymerization takes place in several stages:

* Activation: this reaction aims to create active centers, A* and B* (Fig. 1.7), if R is the
monomer.

* Propagation: the active center (ion or radical) is placed at an extremity of the chain and
reacts little by little with the monomer.

* Chain transfer and ending: the active center can be preserved or destroyed during the

ending stage.

| \V/

A-B |A'|+B’ A'FR L IA-R
(a) v !

* *

A-R R - |A-R-R

®» [A-R-RFR- A-R-R-R ~'A-(R) - R!

Preserved lDestroyed

Fig. 1.7 Polymerization reaction: (a) activation, (b) propagation, and (c) chain transfer and

ending.

On the other hand, during the polycondensation the macromolecule is produced by the

reaction of molecules having different chemical nature. Finally, the copolymerization

2 The chemical reactors offer the ideal conditions in terms of temperature, pH, solvents, pressure, etc.
to obtain a certain type of elastomer.
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consists of associate different types of monomers in order to improve the properties of the
final material. There are three types of copolymers: alternating copolymer, statistical

copolymer and block copolymer (Fig. 1.1).

1.3.2 Formulation of elastomers
Seven categories of ingredients in the composition of an elastomer are distinguished:

A. Elastomeric matrix: The most important ingredient in rubber formulation. The
elastomers can have natural or synthetic origin. Diverse elastomer grades exist
differentiating, for example, the molecular distribution, the chain-length, the link rate,
the monomer rate — copolymers and terpolymers® — and the oil or carbon-black presence.
Specific elastomers are selected for desired compound properties. An elastomeric matrix
can be used alone or associated with one or several elastomeric matrices.

B. Fillers: They are particles used to reinforce or enhance properties of elastomers while
reducing cost of the compound. Their ability to interact with the elastomeric matrix
confers a, more or less, reinforcing character to the final mixture. Evidently, the
reinforcing character depends on the filler-matrix chemical compatibility. Usually, the
used mixtures have a load-rate that place them near the percolation limit, e.g., for a
mixture containing 100 g of elastomer (pe = 1000 kg /m?® and 50 g of filler (pr = 2000 kg
/m3), the volumetric fraction, @sier, is 0.2, whereas the limit is 0.3. The average particle
size of the filler is the most important parameter concerning the capability to impart
reinforcement to elastomers — reinforcement is obtained with sizes smaller than 100 nm.
There are two types of fillers commonly used by the rubber industry: Carbon-black and
white fillers. High-resolution electron microscopy has shown (Leblanc, 2002) that
carbon-black is built up of complex arrangements of spherical entities (colloidal black)
whose diameter ranges from 10 to 90 nm (Fig. 1.8). In general, the smaller the particle
size, the more reinforcing the carbon-black, i.e. improvement in tensile, modulus,
hardness and abrasion strength. The colloidal blacks are spheres made-up of broken
quasi-graphitic layers whose stacking gives edges with a steps-like structure; depending
on the manufacturing process, they exist in various forms of aggregation. The aggregates

— smallest dispersible entity — form complex tri-dimensional objects (structure) which are

3 Polymer consisting of three distinct monomers.
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associated into agglomerates. In a rubber compound, the void spaces within the
aggregates are filled with rubber. This rubber — occluded rubber - is partly shielded
from deformation and thus acts as part of the filler rather than as part of the rubber

matrix (Medalia, 1970).

10-90 nm 100-300 nm

Graphite layer Colloidal black Aggregate Agglomerate

Fig. 1.8 Relevant dimensions concerning the filler structure.

On the other hand, the non-black fillers contribution to the compound properties
depends exclusively on the surface area. The first fillers used in rubber products were
minerals that were naturally available: zinc oxide, clay, mica and asbestos. As in the
carbon-black fillers, they were added to reduce tack, increase hardness and reduce the
cost of the compound. It must be taken into account that the fillers increase up to 10° the
glass transition temperature.

C. Processing aids: They aim to improve the mixing operation of the different constituents
of the material and to facilitate the calendering, extrusion and molding of the final
product having increased the mobility of the polymer chains diminishing, therefore, the
viscosity of the mixture. They act — without a chemical reaction — upon the mechanical
properties of the final mixture and especially upon the viscoelastic properties — inverse
relation between the chains mobility and the glass transition temperature. Additionally,
they are used as dilution component of the elastomeric matrix in order to obtain a more
economic mixture and to preserve satisfactory mechanical properties with higher filler
molecules.

Hydrocarbon oils are the most commonly used processing aids. Other processing aids
used in rubber compounds are fatty acids, waxes, organic esters and low molecular
weight polymers.

D. Deterioration inhibitors: The deterioration inhibitors or antidegradants are chemical

products used to protect rubber both in uncured and cured states. The time, the
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temperature, the ozone and the light evolve the material structure (i.e., aging). These
environment phenomena break in depth the double links within the material; as a
consequence, a mechanical properties evolution can be seen. Evidently, good aging
properties of rubber compounds are essential for providing acceptable service life. In
general, the more saturated the main chain of the elastomer matrix, the better are the
aging properties.

Vulcanizing agents: They are chemical products that, upon heating, crosslink elastomer
molecules to provide harder, more thermally stable elastic products. The most common
vulcanizing agent is sulfur. During curing (vulcanization) a three-dimensional
crosslinked network which imparts properties to compounds is formed. In fact, upon the
vulcanization the rubber is changed from essentially a plastic material to either elastic or

hard material (Fig. 1.9).
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Fig. 1.9 Influence of the amount of vulcanizing agents on common mechanical properties of
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natural rubber.

In general, crosslink density, which is a measure of the extent of vulcanization, increases
with cure time. Crosslink density and type of crosslinks (polysulfidic or monosulfidic)
both affect compound properties. In Fig. 1.10 it can be seen the cross-link density effect
on properties. In relation to the type of crosslinks, the polysulfidic crosslink gives poor
aging properties and poorer long-term flex life. On the other hand, mono- or di-sulfidic

crosslinks provide poor fatigue life.
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Fig. 1.10 Effect of cross-link density on common properties of natural rubber.

F. Accelerators: The chemical accelerators help raise the vulcanization speed by increasing

the rate of crosslinking reactions. As sulfur alone takes a commercially prohibitive

length of time to cure a rubber compound then chemical accelerators to speed up the

curing rate are used.

Activators: Chemical products used to form complexes with accelerators and further

activate the curing process. Most commonly used activators are zinc oxide and stearic

acid.

1.3.3 Carbon-black in rubber

Carbon-black has been known and produced since antiquity but its discovery is attributed

to S.C. Mote who came upon this in 1904. When it was discovered that carbon-black

improves the mechanical properties of rubber compounds, it was extensively manufactured

and used.

The carbon-black term refers to a group of industrial products consisting of:

* Furnace black: Furnace-made by the partial combustion of hydrocarbons.

* Thermal black: Produced by the thermal decomposition of natural gas.

* Channel black: Produced by the impingement of natural gas flames on channel irons.

* Lampblack: Made by burning hydrocarbons in open, shallow pans.

17
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The most important characteristic of carbon-black, as rubber filler, is its specific surface
area (total exposed surface per unit mass); it directly impacts the amount of interfacial
contact area with the rubber. As its measurement involves molecular adsorption -
phenomenon influenced by the carbon-black surface energy and activity (inhomogeneous
across the surface) — the measurements of the specific surface area become a physicochemical
characteristic as well as a geometrical characteristic. The second characteristic is the volume
of the carbon-black aggregate.

Carbon-black is commonly incorporated into rubber by shear forces practiced in an open
mill. The carbon-black agglomerates become encapsulated by polymer during the first stage
of incorporation, but the interstices between agglomerates and aggregates are still filled with
air. Then, the rubber is forced through the channels between agglomerates and aggregates to
form a reinforced rubber compound.

The properties of uncured rubber are greatly influenced by the incorporation of carbon-
black fillers: they change significantly the flow and viscosity. Contrary to unfilled
compounds, carbon-black filled compounds have highly non-Newtonian flow and high
viscosity — when the compound is forced to flow the hydrodynamic effect from the filler

reduces the volume fraction of the flow medium causing shear strain amplification.

1.3.4 Styrene-butadiene rubber
Styrene and butadiene are co-monomers used in the manufacture of ESBR (emulsion) and
SSBR (solution) by a chemical reaction (Fig. 1.11).
Ph—CH=CH, + CH,=CH—CH=CH, —— (Ph—CH—CH,—CH,—CH=CH—CH,—),
Styrene Butadiene SBR

Fig. 1.11 Styrene-butadiene rubber chemical reactions.

SBR compounding is similar to that of natural rubber (NR). It requires reinforcing fillers,
as natural rubber, to acquire the necessary modulus and strength. The SBR does not change
viscosity as much as natural rubber during mixing, extrusion and remilling. As in NR
compounds, other ingredients such as plasticizers, activators and accelerators are used in
SBR compounds as well. Compared to NR, SBR requires additional acceleration and less
sulfur during vulcanization. Additionally, as it takes longer to cure, increasing the primary

accelerator or adding a second one the required cure rate for the compound is accomplished.
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Whereas sulfur and accelerators are optimized for rapid cure rate, fillers and processing aids
need to be balanced to attain a smooth extrusion.

SBR has a higher heat build-up behavior than a comparable NR compound. This is not a
significant factor in many applications so, additional to their intrinsic advantages, the SBR is
the preferably selected material. SBR is commonly blended with NR or low-cis
polybutadiene to get optimum balance of properties for some applications. The major

applications and uses of SBR are listed in Table 1.1.

Product categories Usage, % of total
Tires and related products 65
Belt and Hose 10
Footwear 5
Foamed products 5
Mechanical goods 5

High Impact Polystyrene -

Table 1.1 Major applications and uses of SBR by category.

2. Filled elastomers thermo-mechanical behavior

2.1 Thermo-mechanical behavior of elastomers

2.1.1 Finite deformation rubber elasticity

An unvulcanized elastomer flows easily under applied loads since the interactions
between the chains are weak — these having great movement freedom under the influence of
thermal agitation. On the other hand, the vulcanization turns solid the links among
macromolecules — by means of sulfur and oxygen bridges — then the movements between
chains are limited but the structure preserves, generally, an enormous flexibility. As a
consequence, the elastomers behavior is directly related to the possibility of movement
between the polymeric chains. Besides, this architecture is responsible of the different
macroscopic behaviors under variable deformation.

The stress-strain curve obtained from a uniaxial traction test can be divided into two
domains: linear and, predominantly, non-linear elasticity (Fig. 1.12). Under small
deformations, the stress-strain relation is linear, exhibiting a Young's modulus in the order of
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1 MPa. This behavior is strongly related with the filler network created into the elastomeric
matrix: the occluded rubber inside the carbon-black network or carbon-black agglomerates
does not take part in the deformation — the volumetric fraction of the active elastomeric
matrix is smaller than expected. If the deformation is superior to 1 or 10% then the filler
network is fractured and the initially occluded rubber is activated. Above this limit, the
resistance of the mixture increases slowly under higher deformations. Besides, the secondary
structures of the volume fraction of non-occluded rubber, entanglements between
macromolecules, are loaded. At high deformation the high increase in stress is due largely, if
not entirely, to strain-induced crystallization (Mark, 1982). Finally, the deformation strength
grows highly up to break: the chains have attained their extensibility limit — the maximum

extensibility for NR usually falls within the range 500-1000%.
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Fig. 1.12 Common stress-extension curve of a vulcanized rubber.

2.1.2 Thermoelastic effects and temperature-dependent mechanical behavior
In 1805, James Gough published his results concerning the thermal behavior of natural

rubber (Gough, 1805) evidencing the following observations:

* Rubber self-heats under stretching loads.

* Rubber held in a stretched state, under a constant load, contracts on heating.

These conclusions were confirmed for vulcanized rubber by Joule (1859). Since then both

effects are known as the Gough-Joule effects. The rubber heat build-up effect depends on
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two different phenomena. First, the extension work is transformed into heat and, inversely,
heat is absorbed pending relaxation. Second, if the elongation is considerable, the stretching
induces the formation of a crystalline phase in the rubber matrix accompanied by the
evolution of the latent heat of crystallization (Ehrbar and Boissonas, 1955). Concerning the
second observation, the consequences are given in more detail.

The experiments of Meyer and Ferri (1935) demonstrate that the stretching force, for a
given state of strain, is proportional to the absolute temperature (Fig. 1.13). Such
proportionality is related with the modification of the conformations of a system of long-
chain molecules — associated uniquely with changes in the configurational entropy of the
system — in passing from the unstrained to the strained state. However, under lower strains,
the thermo-mechanical behavior is inversed, i.e. the force decreases as the temperature raises
(Fig. 1.14). It can be seen that the inversion point occurs at an extension of about 10% — the
thermoelastic inversion point.
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Fig. 1.13 Stress at constant length, extension 350%, as function of the absolute temperature of

a vulcanized rubber-sulfur compound (Meyer and Ferri, 1935).
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Fig. 1.14 Stress-temperature curves obtained for elongations ranging from 3% to 38% from a

vulcanized rubber (Anthony et al., 1943).

21

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

Elements of structure, mechanics and thermodynamics of elastomers

The negatives slopes at small extensions and the existence of an inversion point are due to
the volume thermal expansion which is present in both the stretched and the unstretched
states of rubber, i.e. even that the rubber samples were held at constant length it does not
mean that they were held at constant elongation — at each temperature the unstressed length
will have a different value. Therefore, even though the force at a given strain increases with
the temperature, this increase is counterbalanced by the associated reduction in strain. Then,
if the strain is calculated on the basis of the unstrained length at a given temperature, all
stress curves pass through a single origin and the stress value is proportional to the absolute

temperature, Fig. 1.15.
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Fig. 1.15 Stress-elongation curves obtained at various temperatures from a vulcanized rubber

(Anthony et al., 1943).

2.1.3 Time effects

The elastomers exhibit a strong time-dependent mechanical behavior: response of the
material under creep and stress-relaxation tests. A creep test consists on following the time
evolution of the deformation of a test sample under a constant stress oo during a sufficiently
long time interval t before suppressing it. An elastic deformation (segment AB) appears
instantaneously after the application of the stress (Fig. 1.16). The viscoelastic behavior is seen
under the form of a delayed deformation (segment BC) and a continuous evolution of the
deformation (segment CD). Posterior to unloading the test sample there is an instantaneous

recovery of the elastic deformation (segment DE) and, later, a total recovery of the delayed
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deformation (segment EF). From point F the test sample presents a residual deformation that

is recovered after long periods of time.

Oy

t=0 t Time t=0 t Time
Fig. 1.16 Creep behavior.

A stress-relaxation test consists on following the time evolution of the stress of a test
sample under a constant deformation €. An elastic stress (segment AB) appears
instantaneously after the application of the deformation (Fig. 1.17). The viscoelastic behavior
is seen under the form of a progressive decrease of the stress (segment BC) up to a constant

not-null value (from point C).

Stress
Strain B

A
t=0 Time t=0 Time
Fig. 1.17 Stress-relaxation behavior.

The results of these tests demonstrate that to establish a relationship between the stress o

and the strain € it is necessary to account for this time-dependence.

2.1.4 Dynamic properties and hysteretic behavior

Elastomers exhibit a complex mechanical behavior including both the behavior of a solid
characterized by an instantaneous response and the viscous behavior of a liquid
characterized by a delayed response and a loss of energy at each cycle. The response of an
elastomer under dynamic loads is better visualized in terms of a specimen undergoing
uniform sinusoidal deformation as shown in Fig. 1.18. The stress response is nearly
sinusoidal but out of phase with the strain. The total stress response can be resolved into two
components: one in-phase response (elastic stress) and one out-of-phase response (viscous
stress), so at any time the measured stress is the algebraic sum of its two components. The

phase is expressed by defining a cycle as a circle. Dividing the stress amplitudes by the strain
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amplitude gives the modulus components: storage modulus G' (related with elastic
response) and the loss modulus G" (related with viscous response)*. The storage modulus is
related with the stored energy that will be recovered during the deformation process
compensating partially or completely the, previously obtained, deformation of the structure.
The loss modulus is related with the dissipated energy responsible of the heating-up of the

test material — another part may be lost in the form of heat to the surrounding environment.

A

Total stress

Elastic stress

N . . Time (phase angle)

Stress or Strain

Viscous stress

T/2

Elastic strain

Fig. 1.18 Stress components of an elastomer under dynamic loads.

The complex modulus G can be calculated as:

G"'=G' +iG" (1.1)

and the absolute value of the complex modulus can be calculated by:

— /GIZ +Gn2 (12)

where ‘G‘ is simply called the dynamic modulus. Finally, the loss factor (or damping factor)

*

\G

tang=S (13)
G

is a measure of the loss energy from internal friction of the material.
If the stress is plotted against strain, for a single cycle, a hysteresis loop is seen (Fig. 1.19).

The area inside the hysteresis loop represents the mechanical energy which is not recovered

4 G or E letters denote the shear and longitudinal modulus, respectively.
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during a cycle but instead is converted into heat. The isolating nature of rubbers can retain
this heat and generate a thermal gradient (heat build-up). The mechanical energy loss or heat

generated per cycle in compression-extension tests is the hysteresis (Medalia, 1991):

_TT2A E'tand (1.4)

"~ 4100

where A is the strain amplitude (see Fig. 1.18).

[ Loading path / /
§ Unloading path
& =
p
Strain >

Fig. 1.19 Hysteresis loop.

2.1.5 Mullins effect

The Mullins effect consists in an appreciable change of the mechanical properties of filled
and non-filled rubber-type materials resulting from the first extension. This change is made
evident as a stress-softening — lower resulting stress for the same applied strain — after the
first load which increases progressively with the increasing maximum stretch (Fig. 1.20).
After a few cycles the material responses coincide during the following ones. This property
was firstly observed by Bouasse and Carriére (1903) and intensively investigated by Mullins
and his co-workers (Mullins, 1948, 1969; Mullins and Tobin, 1957, 1965). The principal

phenomenological observations described by Mullins and co-workers can be summarized as

follows:

* The softening is uniquely observed under higher elongations than the preceding ones
in the loading history.
* Aninduced anisotropy as a consequence of the softening.

* The softening increases with an increasing volume of the initial fraction of filler.
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* The complete recovery of the initial stiffness is never reached.
* The softening behavior is seen also from non-dilating load conditions, i.e. compression

and shearing tests.

10 ; 7
9 1 —cyclic uniaxial tension test ‘.

8 - - Simple uniaxial tension test p

7 1 by
— ]

1""1.5””2""2j5”'3 3.5 4""4.5
Stretch (A=L/Lo)

Fig. 1.20 Stress-strain response of a filled SBR submitted to a simple uniaxial tension test and
to a cyclic uniaxial tension test with increasing maximum stretch every 5 cycles (Diani et al.,

2009).

Several physical interpretations have been proposed in order to explain the Mullins effect
(Fig. 1.21). The numerous interpretations proposed for the Mullins effect evidence that there
is still no general agreement on the microscopic or mesoscopic origin of this effect. Blanchard
and Parkinson (1952) related the first pre-strain softening with the rupture of the weaker
bonds (physical bonds) at the rubber-particle interface while a further pre-strain would
break the stronger bonds (chemical bonds). Bueche (1960) interpreted the Mullins effect in a
similar way as Blanchard and Parkinson (1952); however, he has added to his interpretation
an explanation of the softening in unfilled rubbers considering that the junctions arrange so
as not to over-stretch the shorter chains. Simo (1987) and Govindjee and Simo (1991),
pursuing the model proposed by Bueche (1960), estimated that the deformation induced by
the relative movement between the fillers and the elastomeric matrix was the origin of the

stress-softening.
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Fig. 1.21 Physical interpretations of the Mullins effect (Diani et al., 2009).
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Houwink (1956) argued that the Mullins effect was related with the molecules slip over
the surface of the fillers, considering the slow recovery of the stress-softening which could
not be explained by the bond rupture source because, otherwise, this behavior would be
permanent. During the first extension new bonds are instantaneously created, at different
places of the original ones, along the rubber molecules. After measuring no significant
change in the crosslink density of stretched networks — no reversible part of the Mullins
effect results in bond breakage — Dannenberg and Brennan (1965) adhered to Houwink
model (Houwink, 1956). Admitting that bond ruptures happen and vacuoles form in the
material during the first strain, Kraus et al. (1966) have proposed to attribute the main source
of the Mullins effect to the rupture of the carbon-black structure. Pursuing the interpretation
proposed by Kraus et al. (1966), Kliippel and Schramm (2000) developed a macromolecular
model which uses a strain amplification factor — the filler seen as a local strain amplifier —
that decreases with an increasing maximum strain. Hanson et al. (2005), adopting Hamed
and Hatfield (1989) configuration of chain entanglements between particles, proposed a new
interpretation of the Mullins effect which takes into account the induced anisotropy. Finally,
Fukahori (2005) proposed an interface model — the material is represented by particle
aggregates surrounded by a double-layer structure of bound rubber embedded in a
crosslinked rubbery matrix — to explain the mechanics and mechanisms of reinforcement and

softening.

2.1.6 Cyclic stress-softening

Additional to the first pre-strain softening (Mullins effect), the effect of repeated
deformation leads the rubber to approach asymptotically a steady state with a constant —
equilibrium - stress response (Fig. 1.22). Softening occurs in both filled and non-filled
rubber-type materials. Numerous authors (Bouasse and Carriere, 1903; Shedd and Ingersol,
1904; Schwartz, 1907) published data demonstrating that stretching resulted in a softening of
rubber; however, Holt (1931) was the first to describe the effects of repeated stretching and
stretching-speed on the stress-strain properties of rubber compounds. Together with the
progressive softening during repeated deformation, Holt also showed that stretching to a
series of increasing strains resulted in a progressive increase in the observed softening at low

strains, as can be deducted from Fig. 1.20.
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Fig. 1.22 Stress-strain curves of SBR submitted to a cyclic tension test: from the first cycle up

to 425 cycles (Ayoub et al., 2011a).

In both unfilled and filled rubbers, most of the softening appears to be due to
configurational changes of the rubber molecular network due to displacement of network
junctions and entanglements during deformation and incomplete recovery to their original
positions. The remaining and minor part of the softening in filled rubbers can be related to
break-down or slippage of filler-filler and filler-rubber linkages — any linkage broken and
reformed while the rubber is deformed also contribute to softening and incomplete recovery

after deformation.

2.1.7 Fatigue lifetime of rubber materials
The rubber lifetime can be seen as the result of three successive phenomena (Legorjujago

and Bathias, 2002; Mars and Fatemi, 2003; Ait Hocine et al., 2011):

1. Crack nucleation
2. Crack propagation, and

3. Total failure.

In general, it is considered that the crack precursors are flaws that originally exist in the
virgin material (Mars and Fatemi, 2006; Nait-Abdelaziz et al., 2012). Besides, the lifetime
under fatigue depends on many parameters such as the microstructure, the fatigue-induced

crystallinity, the specimen geometry, the loading conditions, etc.
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In order to account for the lifetime of rubber components under multi-axial loading
conditions, Ayoub et al. (2012) have proposed a model based on the continuum damage
mechanics approach, see Fig. 1.23. The proposed model was able to unify the multi-axial
experimental data (tension-torsion) for two specimen geometries (AE2 and AE42), but it fails
to unify the data regarding the specimen geometry. The divergence was attributed to the
material heat build-up, as during a fatigue test, the two specimens do not reach the same

surface stabilized temperature®.
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Fig. 1.23 Fatigue lifetime of a SBR as a function of a multiaxial fatigue predictor Se; and a

threshold damage stress St (Ayoub et al., 2012).

2.2 Carbon-black effects on the rubber properties

2.2.1 Carbon-black effect on rubber elastic behavior

It is well known that adding small amounts of filler particles to a rubber can significantly
improve both the stiffness and the strength of the rubber compound. Numerous authors
(Smallwood, 1944; Guth, 1945; Vand, 1948; Mooney, 1951) have investigated the influence of
filler particles on the stiffness of rubbers compounds. The filler volume has an increasing
effect on the stress-strain behavior of NR vulcanizates (Fig. 1.24). Independently of the filler

concentration, all curves have a linear behavior from the origin up to strains of about 0.02. At

5 The divergence in both temperatures is related with the difference in the volume of material implied

in the fatigue process.
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higher strains all curves showed the characteristic sigmoid shape of rubber-type materials
with an upward sweep of the curve at strains greater than 1. The mechanism by which the
stiffness increase occurs is still a subject of debate; it has been considered to result from two

contributions:

* Continuum level: the stiffness of a rubber compound will be the weighted combination
of the stiffnesses of the individual constituent materials, depending on the exact
microstructure (Bueche, 1960).

= Molecular level: the filler acts both to effectively increase the crosslink density of the
material — providing additional crosslinking sites at the particle-matrix interface — and
to reduce the segmental mobility close to the filler particles (Kraus, 1978).
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Fig. 1.24 Stress-strain curves of NR containing different volumes of carbon-black (Mullins

and Tobin, 1965).

In addition to the volume fraction of filler particles, a number of state variable were
supposed to influence the stiffness increase magnitude: the size, type and shape of the fillers
(Mullins, 1950), the filler aggregate structure (Smallwood, 1944) and the rubber-filler
interface area (Medalia and Kraus, 2013). In spite of the diverse number of contributions,
Smallwood (1944) demonstrated that the main influence is found by changing the aggregate
structure. The filler effect on the elastic behavior of filled rubbers has been extensively
modeled (see Fig. 1.25). One approach consists on taking into account the increase in

viscosity of a viscous fluid — rubber matrix — caused by a suspension of colloidal particles —
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carbon-black. Using this concept Smallwood (1944) predicted the small-strain Young's

modulus of particle-filled solids:
E=E,(1+25/) (1.5)

where Eu is the Young's modulus of the rubber matrix and vr is the filler volume fraction;
however, this estimate is valid uniquely for very low filler concentrations. Attempting to
incorporate interactions between neighboring particles — allowing predictions for higher
volume fractions — Guth and Gold (1938) have added one more term to the polynomial series

expansion of the amplification factor:

E=E,(1+25, +14.2}) (1.6)

Using an experimental crowding factor k to incorporate particle-particle interactions,

Mooney (1951) proposed a different method:

E=E, exp —! (1.7)
m EXP) 1-kv, :

Guth (1945) have developed a model that accounts for rod-like shapes other than
spherical-shape particles (as the aforementioned models). The shape is characterized by the

ratio of the length to the width of the particles or the filler aggregate structures, g

E=E,(1+0.67,v, + 1627V} (1.8)

This model attempts to account for the rapid increase with concentration in the viscosity
of suspensions of rod-like particles, in contrast to the slower increase for spherical particles.

Govindjee and Simo (1991) have developed another approach based on the concept of
amplified strain which, for the case of rigid particles in a neo-Hookean matrix, can be written

as

(1.9)

In addition to these models specifically developed for filled rubbers, a number of general
composite theory model have been developed (Hashin and Shtrikman, 1963; Budiansky,
1965; Ponte Castanieda, 1989; Bergstrom and Boyce, 1999).
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/ (a) (b)
(a) Hashin et al. (1963) upper bound
(b) Ponte Castafieda (1989)
(c) Guth (1945) (with g;=4.7)
7 L | (d) Mooney (1951) (with k = 1.63)
(e) Budiansky self-consistent estimate (1965)
(f) Bergstrom et al. (1999)
6 |- | (9) Guth etal. (1938)
(h) Hashin et al. (1963) lower bound
(i) Govindjee et al. (1991)
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Fig. 1.25 Theoretical predictions of the normalized Young's modulus, Efiter = 100Em.

2.2.2 Carbon-black effect on dynamic® elastic modulus

Dynamic measurements demonstrate the significant difference between dynamic and
static properties, e.g. the dynamic elastic modulus E' is greater than the static modulus E.
This effect is considerably greater with black-filled than with gum compounds (Dillon et al.,
1944). Under a shear dynamic test, pure rubber shows a linear behavior of the storage
modulus G’ in the domain of deformations below 100 %. The adding of fillers drives the
compound to a non-linear behavior. Fig. 1.26 shows the diminution of the storage modulus
as a function of impose deformation amplitude. The values of G' remained constant up to
about 0.1 to 0.5% double strain amplitude (DSA) and thereafter decreased tending to an

I

apparent constant minimal value G, — this value is superior to the unfilled rubber modulus.
This phenomenon is known as the Payne effect (Payne, 1960).

In Payne's experiments the value of G' at low amplitudes was constant, called G;, over a
range of more than a decade (e.g., 0.05 to 0.5% DSA); however, Voet and Cook (1967) and
Sircar and Lamond (1975a; 1975b) have shown, using an apparatus slightly modified from

that of Payne, G’ increasing from a low value at 0.01% DSA to a maximum at about 0.1%

DSA. At high amplitudes the carbon network structure is broken down — regardless of the

¢ The term dynamic, as applied to rubber-type materials, refers to the response — after reaching a
pseudo-equilibrium state — to periodic or transient forces which do not cause failure.
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loading or interaggregate bond strength — and the storage modulus is governed by the
individual carbon-black aggregates. Similarly, in a well-dispersed compound at low
loadings, where the individual aggregates are well separated, the amplitude effect is very
small and the storage modulus is governed uniquely by the individual aggregates. Under
these conditions the effect of carbon-black is essentially equivalent to the hydrodynamic
effect of isolated spheres on the modulus of rubber, corresponding to the effect of
perturbation of flow behavior on the viscosity of liquids. The contribution of carbon-black to
the storage modulus under these conditions depends on structure or bulkiness and is
independent of surface area (Medalia, 1973; Ulmer et al., 1973; Kraus, 1978). At amplitudes

between G(', and G., the storage modulus is the sum of G, and the contribution AG'

related with the augmentation made by still unbroken agglomerates of varying dimensions,
e.g. a relatively small amount of strain-work would be required to reduce the agglomerate
size by a factor of 2 and more work is then required to reduce each of the residues by another

factor of 2, and so on.
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Fig. 1.26 Storage modulus-strain amplitude relation for a rubber compound with different

volumes of carbon-black (Payne, 1963a).

The increase of G' is greatly affected by loading characteristics, i.e. at high loadings the
low-amplitude modulus is dominated by the surface area of the carbon-black (Payne, 1963b)
while at low loadings it is dominated by the carbon-black structure (Medalia, 1973; Ulmer et
al., 1973). From a practical point of view, the dependence of G’ on both structure and surface
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area can cause that the modulus-amplitude curve of a high structure-low area black

intersects the one of a low structure-high area black.

2.2.3 Carbon-black effect on loss parameters and hysteresis

Along with the amplitude dependence of the storage modulus there is a significant
amplitude dependence of the loss factor and the loss modulus which is more pronounced as
the loading is increased (Fig. 1.27 and Fig. 1.28). The loss factor at low amplitudes rises to a
maximum at around 5 to 15% DSA in shear, and then decreases at still higher amplitudes;
however, it generally remains higher than its value at very low amplitudes. The loss
modulus passes through a maximum, as an amplitude function, which is reached at the

amplitude at which the storage modulus changes most rapidly — the inflection point.
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Fig. 1.27 Phase angle-strain amplitude relation for a rubber compound with different

volumes of carbon-black (Payne, 1963a).
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Fig. 1.28 Dynamic parameters-strain amplitude relation for a rubber compound with 23.2

volume % of carbon-black (Fig. 1.26 and Fig. 1.27).
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As for the storage modulus, the amplitude dependence of the viscous parameters has
been interpreted on the basis of the interaggregate interaction (Ulmer et al., 1998). It is
assumed that hysteresis H results from breakdown and reformation of interaggregate bonds:
at low amplitude there is little breakdown of bonds, therefore little hysteresis; at
intermediate amplitudes considerable breakdown and reformation of bonds take place, thus
hysteresis is high; and at high amplitudes both G and tand continue to decrease, thus their
product, the loss modulus G", can become quite low. Low values of G" at high amplitudes
have been interpreted on the basis that at high amplitude the structure destruction is
complete and little energy needs to be expanded (Voet and Cook, 1967) — the decrease in loss
factor at high amplitudes indicates that less reformation of interaggregate bonds takes place
than at intermediate amplitudes. Note that in comparing different compounds, H is
proportional to tand when the compounds are cycled at the same energy input, H is

proportional to G" under equal strain conditions, while under equal stress conditions, H is

approximately proportional to tané—/ G (Medalia, 2001).

224 Temperature effect in carbon-black rubber compounds

Dynamic properties of rubber compounds are important over a wide range of
temperatures, especially in the so-called rubbery region of polymer behavior (Fig. 1.6). In
this region, the storage modulus of carbon-black filled rubbers increases with lower
temperature — entanglements and other physical crosslinks become more effective. The loss
factor increases with lower temperature in the rubber region and passes through a maximum
in the region where G' is changing most rapidly (transition to glassy state), while G"
reaches a maximum at somewhat lower temperature.

Fletcher and Gent (1957) showed, using carbon-black filled NR flat samples, that the
values of G’ were relatively high at high temperatures and the increase in G' on going to
low temperature was less steep than for the gum. Over the temperature range examined (-62
to 81.5°C), tand passed through a maximum which was much lower and less sharp for the
filled vulcanizates that for the gum. Similar results were reported by Payne (1958). Using
different carbon-blacks at 50 phr” loading vulcanizates, Medalia (1973) evidenced the

decreasing of the elastic modulus with an increasing temperature. Payne (1963b)

7 Parts per hundred of rubber.
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experiments over carbon-black filled NR vulcanizates reported similar results (Fig. 1.29).
Concerning pure gum thermo-mechanical behavior, Medalia (1978) shown the increasing of
the elastic modulus with an increasing temperature, as later reported by Treloar (2005). The
temperature dependence of the dynamic parameters has been interpreted on the basis of the
loading characteristics, e.g., at low temperatures the low-amplitude modulus is dominated

by the surface area of the black, while at high temperature it is dominated by carbon-black

structure.
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Fig. 1.29 Effect of temperature on strain amplitude dependence of G’ (Payne, 1963a).

2.2.5 Carbon-black rubber interactions effect

The carbon-black effect on the dynamic properties of rubbers differs quantitatively from
one rubber to another and also depends upon various procedures which are known to alter
interaction of the polymer with the carbon-black. The carbon-black dispersion affected by
both the size and number of agglomerates and the distance of interaggregate separation is
the most sensible interaction, e.g. reduction in hysteresis after increasing time of mixing or
heat treatment, attributed to reduction in carbon-carbon frictional losses as the dispersion
was improved (Dannenberg, 1952). Boonstra and Medalia (1963) found that large
agglomerates are responsible for the poor ultimate properties of short-time mixes,
interaggregate occlusion of a large amount of rubber, high Mooney viscosity and high
vulcanizates modulus at low strain. As mixing proceeds the large agglomerates virtually
disappear and the now existing small agglomerates are gradually dispersed. During the later
stages of mixing there was a significant decrease in torsional hysteresis and heat buildup.
These changes were related to the disappearance of the small agglomerates and the

separation of the aggregates from each other. Numerous authors (Payne, 1965; Medalia, 1973;
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Sommer and Meyer, 1974) have confirmed the positive effect of improved dispersion on
dynamic properties of rubber compounds. It is well known that an undercured rubber is
related with high hysteresis (Baranwal and Stephens, 2001). In pure rubber vulcanizates this
has been generally attributed to the slow response of untrapped entanglements and dangling
chain ends (Ferry, 1980); however, recent studies have related hysteresis to trapped
entanglements (Cohen et al., 1977) and questioned the importance of dangling chain ends
(Sullivan et al., 1978). Payne et al. (1972) shown that the loss factor of pure rubber
vulcanizates decreased progressively with increasing cure, and this was reflected in the filled
compounds. On the other hand, comparing NR compounds at three curative levels, Sommer
and Meyer (1974) reported increasing values of G' and G" with increasing cure time —
increasing level of crosslinking. Similar results were found by Medalia (1978) — the author
suggests that "the viscoelastic behavior of the rubber immobilized by the carbon-black could
somehow be responsible for this effect". In an interesting study by Sircar and Lamond (1975a;
1975b) dynamic parameters of ten elastomers were evaluated (Fig. 1.30); however,
microscopic measurement of dispersion did not help to give a simple explanation of the
order. There are wide differences in G', having the nitrile-butadiene rubber (NBR) the
highest value. The maximum values of tand, for only seven of these compounds, were
found at close to 10% DSA (in shear). The tand values were in somewhat the same order of
G'. Payne (1964) reported the same rubber-type dependence; however, the values were not

in the same order — different compounding and curing systems were used for each polymer.
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Fig. 1.30 Effect of the elastomer type: (a) on the storage modulus G, and (b) on the loss

factor tand (Sircar and Lamond, 1975a).
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3.  Elements of continuum mechanics and thermodynamics

The continuum medium is an infinite set of particles (region or part of a solid, fluid or
gas) that can be studied macroscopically without considering the possible existing
discontinuities in the microscopic level — atomic or molecular level. In consequence, the
mathematical description of this medium and of his properties can be developed by means of

continuous functions.
The continuum medium configuration €, is the geometric place of the positions that the
material points — particles — of the continuum medium occupy in the space at a certain time ¢.

The configuration at a given time t =1, of the time interval of analysis is named initial,

material or reference configuration Q, (Fig. 1.31). In the reference configuration, the

position vector X of a particle that occupies a point P in the space is given by:

X=Xe (1.10)
where X are the material coordinates of the particle and é is a unit vector of orthonormal

basis. In the current configuration £, the particle, originally situated in the material point P,

occupies the spatial point P’ and his position vector x is given by:

X=xe (1.11)

where X; are the spatial coordinates of the particle in the time instant ¢.

Fig. 1.31 Configuration of the continuum medium.

Finally, the mathematical description of the properties of the particles can be done by
means of two alternative ways according to the configuration: the Lagrangian description

(reference configuration) and the Eulerian description (current configuration)

39

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

Elements of structure, mechanics and thermodynamics of elastomers

3.1 Finite deformation and stress

3.1.1 Description of the deformation
A key quantity to describe finite deformation in the continuum mechanics framework is

the deformation gradient tensor F defined as:

F= x (1.12)
oX

The deformation gradient tensor contains the information relative to the movement,
throughout time, of all the material particles in the differential neighborhood of a given one.
The determinant of F, denoted J (for Jacobian), represents the local variation of volume and it
is always positive because of the principle of non-interpenetration of the material:
J =detF > 0. On the other hand, the displacement of a particle P at a given time is defined
by the vector u which joins the position P of the particle in the reference configuration and its

actual position P’ (Fig. 1.32). The displacement of all the particles of the medium defines the

displacement field vector:

u(x,t) =x-X(xt) (1.13)

%

Fig. 1.32 Displacement vector.

=y

The relative movement in the neighborhood of a particle through the deformation process
(characterized by F) can be understood as the composition (Fig. 1.33) of a rotation and a
deformation — polar decomposition theorem — as:

dx = FdX = VRdX =V (RdX) (1.14)
in which F =VR is the right polar decomposition, V is the right stretch tensor and R is the

orthogonal rotation tensor, and

dx = FdX = RUdX =R (UdX) (1.15)
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and F =RU is the left polar decomposition and U is the left stretch tensor.

\ /

Fig. 1.33 Polar decomposmon.

The time-dependent deformation is described by means of the velocity gradient tensor:

L=FF'=D+W (1.16)
where D is the stretching rate (symmetric tensor) and W is the spin rate (non-symmetric
tensor). The stretching rate tensor gives the rate of stretching of line elements while the spin
rate tensor indicates the rate of rotation or vorticity of the motion.

Let us consider now a particle situated in P in the reference configuration, and a second

one situated in his differential neighboring Q separated from the previous one by the

segment dX (length dL =+/dXdX ). The segment dx (length dl =+/dXdX ) is its counterpart

in the current configuration (Fig. 1.31), from which some quantities can be defined:

(dl)* = dxdx = [FdX][FdX] = dXF"FdX = dXCdX

(dL)” = dXdxX =[ F o ][ Fidx | = dxF "ok = cxB (1.17)

where C=F'F and B=FF are the right and left Cauchy-Green strain tensors,
respectively.

Subtracting both expressions of Eq. (1.14) between them we have:

(dI)?* =(dL)” = dXCdX —dXdX = 2dXEdX

) ) (1.18)
(dl)” =(dL)" = dxdx — dxB™dx = 2dxedx
where
1
E==(C-1) (1.19)
2
is the Green-Lagrange finite strain tensor,
1 .
e==(I-B™ 1.20
>(1-87) (1.20)
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is the Euler-Almasi finite strain tensor and | is the unit vector.

Finally, since each previously defined strain tensor is symmetrical and positive then six
independent components must be defined to characterize the current configuration of a
body; however, another way consists on defining the corresponding principal strain
invariants I;, I and 5. Invariants of C and B are often used in the expressions for strain

energy density functions. The principal strain invariants, considering B, are defined as:

|, =trB=B,+B,+B,=A{ + A2+ 12 (1.21)
B :%[(trB)z ~1B? | = BB, + B,B,+ BB, = A3+ AN+ AN} (122)
|, =detB=BB,B,=AA345=7J" (1.23)

where A are stretch ratios of the unit fibers that are initially oriented along the directions of

the orthonormal axis in the coordinate system.

3.1.2 Description of the stress
The stress at a given point is defined as the resultant of the internal forces through a
surface element, relative to a certain configuration (Fig. 1.34). As for the deformations, it is

possible to use a eulerian or lagrangian description, or even a mixed formulation.

Reference configuration Current configuration

Fig. 1.34 Stress vectors in the reference and current configuration.

In the eulerian description, the inner forces dt in the current configuration applied by a
solid region over another one through a deformed surface element nds are considered. This

definition drives us to the Cauchy stress tensor expression:

dt =Tnds (1.24)
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where T is the Cauchy stress tensor. However, it can be useful to describe the stress field in
the reference configuration, e.g., the application of the boundary conditions. The transport of
the deformed surface element nds to the reference configuration returns:

dt =zNdS (1.25)
where m=JTF " is the first Piola-Kirchhoff stress tensor (non-symmetric). This stress
describes the real cohesion forces applied through a deformed surface element per unit of
non-deformed surface. The description of the stress field under a total lagrangian
formulation needs the transport of the real force dt to the reference configuration:

dt, = SNdS (1.26)

where S= JFTF™" =F'x is the second Piola-Kirchhoff stress tensor (symmetric).

3.1.3 Equilibrium equations

The continuum mechanics is based upon a series of general postulates or principles that
are supposed valid, independently of the type of material and of the range of displacements
or of deformations. Among them we can find the so-called Conservation-Balance postulates:
Conservation of momentum, Conservation of mass and Energy Balance postulates.

The application of the momentum conservation postulate — in a closed system the total
momentum is constant — in the current configuration (Fig. 1.35) of a solid sub-domain d

gives:
L(stdSJ’ L pbdv=0 (1.27)

where t is the cohesion forces tensor acting over the surface 0, p is the mass density per

unit volume in the current configuration and b is the force density tensor acting over the

volume O.

Reference configuration Current configuration

Fig. 1.35 Boundary conditions in the reference and current configuration.
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From the divergence theorem®, Eq. (1.24) and considering the boundary conditions, it is
possible to establish the equilibrium equations for the current configuration:
O,T+pb=0 overQ,
Tn=f overQ, (1.28)
u=u, overQ,,
On the other hand, if Eq. (1.27) is modified to take into account the sub-domain D then it is
possible to establish the equilibrium equations for the reference configuration:

O+ pb=0 overQ,

aN=f, overQ,. (1.29)
u=u, overQ,,
where
P, =3p (1.30)

is the mass density per unit volume in the reference configuration, as the mass conservation
postulate — the mass of a closed system must remain constant over time — must be

considered.

3.2 Elements of thermodynamics

3.2.1 Fundamental principles of the thermodynamics
If we consider a solid in a certain configuration €, (respectively €2 ) then there is a state
function E, internal energy of the system, such that its variation per unit time is equal to the
sum of the inner mechanical power P and the amount of heat supplied to the system Q:
E=P+Q (1.31)
It is possible to express each term of Eq. (1.31) in the current or reference configuration,

e.g. the internal energy of the system is given by:
E= th pedv = jQO p,edV (1.32)

where e is the specific internal energy. The inner mechanical power is deducted from the

principle of virtual powers — the virtual power of an acceleration quantity is equal to the sum

8 The outward flux of a vector field through a closed surface is equal to the volume integral of the
divergence over the region inside the surface.
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of the virtual power of the internal and external forces — and it is equal to the product of a

kinematic variable with its corresponding stress:
-P :thT : de:j%s: EdV :jgon:de (1.33)
Finally, the amount of heat supplied to the system can be decomposed into an energy
source per unit mass r and a heat flux loss q (respectively qo) in the surface border 0CQ,

(respectively 0€,):
Q= j'Qt rdv—LQt gnds = IQO rdv —IaQDqONdS (1.34)

where NAS=(,NdS is the heat flux lagrangian expression. Then, the energy conservation

expression — first law of thermodynamics — can be defined, in a Eulerian formulation, as

pe=T:D+r-0gq (1.35)
in Lagrangian formulation as

pe=S:E+r-0,q, (1.36)
and, in a mixed formulation as

pe=m:F+r-0.q, (1.37)

It is necessary to add a restriction to the energy balance equation introduced by the second
principle of the thermodynamics. The second law establishes the following postulates:

1) There is a state function called absolute temperature H(X,t) which is strictly positive,

ie 8>0.
2) There is a state function called entropy S with the following characteristics:

a) Itis an extensive variable, i.e. there is a specific entropy 5 such that:

S= -[nt ondv = IQO P47V (1.38)

b) The following inequality is fulfilled:
dS
> 1.39
—2Q, (139

where Q, =Q/@ is the heat rate supplied to the system divided by the absolute

temperature.
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ds

If E:% the process is called reversible — it is possible to return from the final

thermodynamic state B to the initial thermodynamic state A by the same way - and if

ds

— >Q,, the process is called irreversible — it is not possible to return from the final

dt

thermodynamic state B to the initial thermodynamic state A by the same way, even if it is
possible to return by a different way. Introducing the corresponding expression of Egs. (1.34)
and (1.38) into Eq. (1.39), the abovementioned inequality can be formulated, in the current

configuration, as

pq-é+quézo (1.40)

or in the reference configuration

. r 1
po’7_§+QODx§20 (1.41)

Furthermore, substituting r from Eq. (1.35) into Eq. (1.40) or r from Egs. (1.36) and (1.37)

into Eq. (1.41), three new expressions for the second law of thermodynamics are defined:

—p(é—8/7)+T:D—%qDX620 (1.42)
in the Eulerian formulation,
—po(é—6’/7)+S:E—%qODX920 (1.43)
in the Lagrangian formulation, and
. -1
—,oo(e—6’/7)+n:F—§qODX820 (1.44)

in the mixed formulation.

Introducing a new variable, the specific free energy:

W =e-6n (1.45)
it is possible to define the Clausius-Duhem inequality — common way to express the second

law of thermodynamics — in the mixed formulation, as:

—po(l//+/79)+n:li—%q0DX020 (1.46)
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3.2.2 Thermodynamics of local state
The local state method postulates that the thermodynamic state of a point in a continuum
medium at a given time is completely defined by the values of a certain number of variables
that depend uniquely on the given material point. The time derivatives of these variables are
not required to define the thermodynamic state, i.e. any time evolution could be considered
as a succession of equilibrium states. It is by the choice of the nature and the number of state
variables that a physical phenomenon can be described. Two types of state variables can be

distinguished:

* The observable variables are related with directly measurable properties of the
continuum. The mechanics and thermodynamics formalism impose the deformation-

temperature variables (F,8).

* The internal variables are introduced to describe the dissipative phenomena, e.g. the
viscosity or the plasticity, or to describe the inner state of the material, e.g. dislocation
density, microcracks configuration or cavities, without the possibility to measure the
aforementioned properties in a direct way. There is not an objective method to choose
the nature of the internal variables. Depending on the complexity of the phenomenon,

the internal variables could be scalar (Vl,VZ,. . .Vk) or tensorial (Vl, V,,...V, ) .

Once that the state variables are defined, the existence of a thermodynamic potential —
specific free energy potential — from which the state laws are derived can now be postulated.
This function allows checking the conditions of thermodynamic stability imposed by the
inequalities that can be deduced from the second thermodynamic principle. Then, the

specific free energy potential, for k tensorial internal variables, can be defined as:

w=y(F.6,V,) (1.47)

and the specific free energy potential rate as:

w=2Y g, .y
oOF 98 oV,

; (1.48)

From Eq. (1.48) the thermodynamic force associated with the internal variable V, is defined

as follows:

oy
A =p—— 1.49
k =P v, (1.49)
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The thermodynamic potential allows writing the state relations between the observable
variables and its associate variables; however, for the internal variables, it only allows the
definition of its associate variables. The description of the evolution of the internal variables
is carried out by means of a complementary formalism: the dissipation potential. The
dissipation potential (or dissipation pseudo-potential) is expressed as a continuous function

in which the state variables are introduced as parameters:
¢=9(F.V,.a/6) (1.50)

Then, considering that the thermodynamic forces are the components of the [1¢ vector,

the complementary law can be expressed as:

N . a1
Finally, the Clausius-Duhem inequality can be reduced to a dissipation expression as:
y=®_+®d. 20 (1.52)
where y is the dissipation,
o =mF-A_V, (1.53)

is the intrinsic dissipation (or mechanical dissipation), and
1

¢, =-
6

g1 8 (1.54)
is the heat flux.

3.2.3 Heat transfer
The heat transfer by conduction is a way of inner heat propagation, independent of the
movement, associated with the thermal gradient inside the continuum medium which is

characterized by Fourier's Law:

q, =-K 086, (1.55)
where

K, =F'KFT (1.56)
is the conductivity tensor in the initial configuration, and K is the Euler conductivity tensor.

In the isotropic case, this one reduces to K =kl , where « is the material conductivity factor.
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Inserting the specific internal energy rate expressed in mixed formulation, after a series of

straightforward derivations using Eqs. (1.45) and (1.47), as:

2
e:in:l':+iAk:Vk—9i(a—n:l':+aAk:ij—é?al’lzjé’ (1.57)
R p,\ 06" 96 06

into the standard formulation of the first thermodynamics law, Eq. (1.37), leads to the heat

equation:
. . . A, -
,00C6?:—Ak:V,(+9[%:F+awk :Vk}+r+KxD6?x (1.58)
where C is the specific heat per unit mass:
__ 0
C(F,H,Vk)——é?a—ez (1.59)

3.3 Hyperelastic models
The hyperelasticity is the capability of a material to experience large elastic strains due to
small forces — nonlinear behavior — without losing its original properties. An elastic material

is hyperelastic if there is a scalar function — denoted by W and called strain energy function —

such that:
T= ZG—W (1.60)
oB
in the current configuration,
g= W (1.61)
oC
in the reference configuration, and
= M (1.62)
oF

in the mixed configuration.

3.3.1 Statistical mechanics treatments

The statistical mechanics approach begins by assuming a structure of randomly-oriented
long molecular chains. In the Gaussian treatment, when deformation is applied, the chain
structure stretches and its configurational entropy decreases. If one considers the

deformation of an assembly of n chains by a principal stretch state (A,,1,,4,) and the
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deformation is such that the chain length r does not approach its fully extended length NI, N
being the number of connected rigid-links in a chain and [ the length of each link, then the

elastic strain energy function can be derived from the change in configurational entropy:

w :%nke()lf + A2+ )2 —3) (1.63)

where k is Boltzmann's constant. At large deformations where r begins to approach NI, the
non-Gaussian nature of the chain stretch must be taken into account. Kuhn and Griin (1942)
accounted for the finite extensibility of chain stretch using Langevin chain statistics which
account for the effect of the relative chain length on the configuration available to the chain.

The resulting non-Gaussian force-extension relationship for a chain is given by:

f:ﬁ£‘1[Lj:ﬁ£_l L 1.64
| NI | JIN (1.69

where £ is the inverse of the Langevin function given by:

£(B)=coth(B)- 18 (1.65)
Assuming a representative network structure (Fig. 1.36), to link the chain stretch of
individual chains to the applied deformation, it is possible to incorporate the non-Gaussian
relationship into a constitutive framework. The models differ in how the chains deformation

is related to the deformation of the unit cell.

(a) (b)
( (
( W
J@° J2 @
(d)

(c)

Fig. 1.36 Non-Gaussian networks: (a) 3-chain model, (b) 4-chain model, (c) 8-chain model,

and (d) full network model. Each model is depicted in its undeformed and deformed state.
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In the 3-chain model (James and Guth, 1943), the chains deform with the cell and the
stretch on each chain will then correspond to a principal stretch value. The resulting strain

energy function is given by:

_kE NS /2
W= \/W;(/\iﬂi +mln(sinhﬁij} (1.66)

where [ =£_l(/1/ \/N ) In the 4-chain model (Flory and Rehner, 1943), the tetrahedron

deforms according to the imposed deformation and the chains deform accordingly with the
interior junction point displacing in a non-affine manner such that the equilibrium is
satisfaid. This model provides a more cooperative network deformation than the 3-chain
model as the chains stretch and rotate with deformation; however, the individual chain
stretch-applied stretch relationship is obtained by iterative methods. In the 8-chain model
(Arruda and Boyce, 1993), the chains undergo tensile stretching for all imposed deformations
and also rotate towards the principal axis of stretch mimicking, in an average sense, what
would be expected in the cooperative deformation of a real network. Due to the symmetry of
the chain structure the interior junction point remains centrally located throughout the

deformation and the resulting strain energy function is given by:

W = nkév/N { By +~N I (Lﬂ (1.67)
sinhg,,

where 8, :fl(/]oh / \/ﬁ ) and

1 1/2
Ay ={§(Af + A2 +/132)} (1.68)

is the stretch on each chain in the structure. In the full-network model (Wu and van der
Giessen, 1993), the chains are assumed to be randomly distributed in space and to deform in
an affine manner. The strain energy function is found by integrating over the stress-stretch

response of all chains.

3.3.2 Invariant-based and stretch-based continuum mechanics treatments
The continuum mechanics treatment of rubber elasticity is based upon dependence
between the strain energy density and stretch via one or more of the three invariants of the

stretch tensor, Eqgs. (1.21), (1.22) and (1.23). The elastomer is often approximated to be
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incompressible, thus |; =1 and does not contribute to the strain energy. Considering out this
dependence relation, Rivlin (1948) proposed one general representation of W given by
W = z 3 ( (1,-3)’ (1.69)
i,j=0
where C; are material parameters. By keeping only the first term of the Rivlin expression, it
returns,
W =C,(1,-3) (1.70)
which is often called the Neo-Hookean model — note that Eq. (1.70) is the continuum
mechanics equivalent to the Gaussian model, Eq. (1.63), where C,=nk&/2. The often

referred to as Mooney-Rivlin model is obtained by keeping the second term of the Rivlin
expression:

W =Cy,(1,-3)+Cyy(1,-3) (1.71)

This equation was first derived by Mooney (1940) by determining an expression for the

strain energy that would provide a constant modulus in shear, i.e. a modulus that did not

depend on the shear strain. The apparent success in capturing deviations from the

Gaussian/Neo-Hookean model in uniaxial tension is, perhaps, the responsible of the

popularity of the Mooney-Rivlin model. Several researchers have used higher order terms in
|, and, in some cases, |,, to account for the departure from neo-Hookean/Gaussian behavior

at large stretches — as for the Gaussian model, at large deformation, the real stress-stretch

behavior departs significantly from that predicted by the neo-Hookean model. Using higher

order |, terms, Yeoh (1993) proposed a strain energy function,
2 3
W= (1,-3)+ Coo (1,-3 " +Cp(1,-3 (1.72)

that has been shown to work well in capturing different deformation state from moderate to

large deformations. An alternate high order |, model has been proposed by Gent (1996):

W = —%In [1—JJ—1J (1.73)

[
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where E is the small-strain tensile modulus, J, = (Il - 3) and J,, denotes a maximum value

for J accounting for the limiting extensibility. The natural logarithm term can be expanded

to yield to the following formulation:

Z(n+1)3n( ,—3) (1.74)

n=0
which is a form of the Rivlin expression, with all coefficients, Cio, now related to the two
material parameters E and J,,. Considering that the aforementioned 8-chain model (Arruda

and Boyce, 1993), is |,-based since it is a function of chain stretch A, , which is equivalent to

\/1,/3, then a invariant-based form can be formulated:
w=3c(1;-3) (1.75)
i=1

where the C are all determined a priori as functions of the material properties 7 and N. The

success of the higher order |, continuum mechanics models is due to their mimicking the

physics of successful non-Gaussian statistics models thus providing the connection between
the higher order continuum models and the statistical mechanics models — similar to the neo-

Hooken model being equivalent to the Gaussian model. One caution regarding the use of
phenomenological higher order |, continuum mechanics models is that the constants chosen

must result in physically realistic and stable constitutive responses in all deformation states —
one judicious choice would be to choose all coefficients to be positive-valued.

Strain energy density functions based on the principal stretches, as opposed to the stretch
invariants, have also been proposed by several investigators. Valanis and Landel (1967)

proposed a strain energy function related with the principal stretches:
3
W=> w(4) (1.76)
i=1
The functions W(/]i) are experimentally obtained. Following a similar approach, Ogden

(1972) proposed a strain energy function in terms of principal stretches:

W = Z%(Al"n + A5+ A5 -3) (1.77)

n

where [, and @, are data-fit constants.
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Statistical mechanics models which account for the non-Gaussian nature of the molecular
chain stretch together with and effective or representative network structure provide the
most predictive model of the larger strain behavior under different states of deformations.
Furthermore, the physically based foundation of the non-Gaussian statistical mechanics
network models provides a constitutive law that requires only two material properties — the

network chain density n, which is determined from the small strain behavior, and the

limiting chain extensibility v N, which is determined from the behavior at large strain.
Besides, the continuum mechanics invariant-based constitutive models are equivalent

phenomenological representations of the microstructurally based statistical mechanics

models — the first invariant |, is correlated with the average chain stretch in the network
model. Strain energy expressions which contain a polynomial series in |; including higher
order |; terms capture the non-Gaussian nature of the network stretch behavior while, on the

other hand, strain energy expressions which contain the second invariant of stretch |, should

be used with caution — results are stiffer in certain types of deformation.
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CHAPTER 2

Temperature and filler effects on
the relaxed response of filled
rubbers’

Heat build-up of filled rubbers under cyclic loading at environmental conditions is well known. This increase
in temperature seriously affects the constitutive stress-strain behavior by producing a thermal softening of the
rubber compound. Although this feature is well-recognized and considered as important to account for, few
constitutive thermo-mechanical models attempt to quantify the stress-temperature relationship. In this chapter, a
physically-based model is developed to describe the large strain relaxed response of filled rubbers over a wide
range of temperatures. The non-linear mechanical behavior is described via a Langevin formalism in which the
temperature and filler effects are, respectively, included by a network thermal kinetics and an amplification of the
first strain invariant. Experimental observations on the relaxed state of styrene-butadiene rubber hourglass-
shaped specimens with a given carbon-black content are reported at different temperatures. A hybrid
experimental-numerical method is proposed to determine simultaneously the local thermo-mechanical response
and the model parameters. In addition, the predictive capability of the proposed constitutive thermo-mechanical
model is checked by comparisons with results issued from micromechanical simulations containing different
arrangements of the microstructure. The results show that the model offers a satisfactory way to predict the

relaxed response of filled rubbers at different temperatures.

° This chapter is based on the following paper: Ovalle Rodas, C., Zairi, F., Nait-Abdelaziz, M.,
Charrier, P., 2015. Temperature and filler effects on the relaxed response of filled rubbers:
Experimental observations on a carbon-filled SBR and constitutive modeling. International Journal of
Solids and Structures, in press.
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1. Introduction

In the automotive and aeronautical industries, filled rubbers are commonly used
as damping components which are, under typical operating conditions, submitted to
cyclic loading. Due to the thermo-mechanical coupling, in connection with the
viscous-related behavior, the material heats up (Gough, 1805). The order of
magnitude of the heat build-up is related with the strain rate, the maximum strain
and the geometry of the specimen (Ayoub et al, 2012; Ovalle Rodas et al., 2013, 2014).
Since the material properties depend on temperature the heat build-up evidently
influences the stress-strain response. On the other hand, adding fillers (e.g. carbon-
black particles) to reinforce the mechanical properties of the rubber compound is a
common industrial practice. Both, the filler-rubber gum and filler-filler interactions
have a strong effect on the thermal behavior and vice versa. Since the material
behavior depends both on the filler volume fraction and on the temperature of the
studied specimen, the development of a physically-based thermo-mechanical model
capable to explicitly take into account both characteristics, in parallel with the well-
known non-linear elastic behavior when submitted to large strains, is an open issue
to be addressed.

The basic features of the rubber stress-strain behavior, generally described by
large strain elastic models, are based upon two approaches. The first approach,
issued from statistical mechanics developments, considers the change in the
configuration entropy of randomly-oriented long molecular chains. Several models
proposed under this framework (Kuhn and Griin, 1942; Flory and Rehner, 1943;
James and Guth, 1943; Treloar, 1944; Arruda and Boyce, 1993; Wu and van der
Giessen, 1993) appear to provide a good predictive tool of the large strain elastic
behavior with a minimal number of physical-related material parameters. The second
approach is phenomenological and is issued from invariant-based and stretch-based
continuum mechanics framework. This phenomenological approach has been
successfully used to model the large strain elastic response of unfilled and filled

rubbers (Mooney, 1940; Rivlin, 1948; Ogden, 1972; Yeoh, 1993; Gent, 1996).
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Furthermore, some efforts have been made to include explicitly the filler effect on the
mechanical properties (Guth and Gold, 1938; Smallwood, 1944; Guth, 1945; Mooney,
1951; Ponte Castanieda, 1989; Govindjee and Simo, 1991; Bergstrém and Boyce, 1999;
Bouchart et al., 2008). On the other hand, thermo-mechanical models that include the
temperature effect on the mechanical properties of filled rubbers, without the filler
effect, have been already proposed (Lion, 1997a; Drozdov and Christiansen, 2009; Li
et al., 2011; Rey et al., 2013). While Drozdov and Christiansen (2009) and Li et al.
(2011) have shown a stress-softening with increasing temperature, an inverse
behavior, i.e. stress-hardening with increasing temperature, was reported by Lion
(1997a) and Rey et al. (2013) highlighting the complex thermo-mechanical behavior of
tilled rubbers. Among the aforementioned models, only Li et al. (2011) proposed a
volumetric thermal expansion model in connection with the rubber network
parameters. Although it offers a numerical tool to describe the macroscopic
experimental observations, i.e. temperature-related stress-softening of filled rubbers,
it will be demonstrated further that this model is not physically consistent.

In this chapter, a large strain thermo-mechanical model is developed to capture
the relaxed response of filled rubbers. The thermo-mechanical behavior is described
by two components acting in series: A thermal resistance linked with the stress-free
thermal-dilatation and a mechanical resistance linked with the finite relaxed
response. In the mechanical resistance, the explicit effect of the fillers is included by
the amplification of the first strain invariant whereas the explicit effect of the
temperature is included by a linear evolution of the chain-scale mechanical
properties. Experimental observations on the relaxed response of carbon-black-filled
styrene-butadiene rubber are reported at different temperatures. The proposed
model is implemented into a finite element (FE) code, and hourglass-shaped
specimens, using the same thermo-mechanical conditions as those of the
experimental protocol, are simulated. In order to extract the local thermo-mechanical
response as well as the model parameters, a hybrid experimental-numerical method
is proposed. A set of micromechanical simulations with different volumes of fillers is
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designed and used to check the predictive capability of the proposed thermo-
mechanical constitutive model.

The chapter is organized as follows: in Section 2, the experimental procedure and
results are presented. In Section 3, the formulation of the constitutive thermo-
mechanical model is detailed. In Section 4, the identification procedure and
verification of the proposed model regarding experimental-numerical data are

presented. Finally, concluding remarks are given in Section 5.

2.  Experimental procedure and observations

21 Studied material
The material used in this paper is a sulfur-vulcanized styrene-butadiene rubber
(SBR), provided by the Trelleborg Vibracoustic group. The details on material

characteristics, provided by the manufacturer, are given in Table 2.1. The studied

SBR is filled with 34 phr of carbon-black.

2.2 Sample geometry and experimental method

Cylindrical hourglass-shaped specimens with a curvature radius equal to 2 mm
(referred to as AE2) were used; details about the geometry are given in Fig. 2.1. The
specimens were obtained by directly bonding the SBR compound to metal plates
during the vulcanization process. In contrast to flat samples, the cylindrical ones
allow the measurement of the compression force induced by the thermal expansion
of the material and, therefore, facilitate determining the axial thermal-dilatation of

the specimen, i.e. the stress-free thermally equilibrated state of the specimen.

\_\}2_/
9.4
Fig. 2.1. AE2 sample geometry (dimensions in mm).
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Ingredients Value [phr]
SBR 100
Zinc oxide 10
Processing oil 0
Carbon-black 34
Sulfur 3
Stearic acid 3
Antioxidant 5
Accelerators 4.3

Table 2.1. SBR material formulation.

Tests were performed to quantify the relaxed temperature-dependent stress-strain
response. The constant-temperature mechanical tests were carried out on an electro-
mechanical testing device (Instron-5800) provided with a high temperature
environmental chamber (Instron-3119). A displacement-control function was
imposed for the loading-unloading condition, load and displacement versus time
being recorded during the tests. The tests were performed under temperatures
ranging from 293 up to 353 K. The temperature levels above 288 K (room
temperature) were attained by forced convection (high speed circulation fan) from a
surrounding air operating atmosphere.

Lion (1997a) proposed a time of about 20 minutes to attain a homogenous
temperature distribution in cylindrical samples of carbon-black filled rubber. The
author validates the homogeneity hypothesis by comparing the temperature
evolution in the core and on the specimen surface measured by inserting a
thermocouple into a hole drilled in the center and by placing a second one on the
specimen surface, respectively. Even that the aforementioned method provides a
reasonable way to establish the necessary time to attain a homogenous temperature
distribution, it modifies the geometry and boundary conditions of the sample. So, it

is not possible to assume that the measured temperature in the core corresponds with
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the true temperature into a non-drilled specimen. In this contribution, the
homogeneity of the temperature distribution was checked by the stabilization of the
compression force induced by the thermal expansion (see Fig. 2.2a) and verified by a
thermal-dilatation simulation model, as explained below.

The data and simulations have shown that the temperature distribution is constant
after about 25 minutes. Therefore, the mechanical tests were carried out 25 minutes
after exposure of the sample in the environmental chamber. Likewise, prior to the
mechanical test, the specimen was lead to an axial stress-free equilibrated
configuration (Anthony et al., 1943). In order to get rid of the Mullins effect (Mullins
and Tobin, 1965), the sample was submitted to two loading-unloading cycles up to

the maximum stretch 4, =2 with a cross-head speed of 1 mm/s.

Multi-relaxation tests were performed to determine the relaxed response of the
SBR material. During the loading-unloading condition, the test was interrupted at
prescribed levels of displacement X; for a given holding time ;. During this holding
time, the load evolution was stored. Both the number of displacement levels and the
holding time were defined to be sufficiently low, i.e. X, :[2,4,7] mir and t; =1 min,
in order to avoid the degradation of the mechanical properties of the SBR material
due to thermal aging (Tobolsky et al., 1944; South et al., 2003; Mostafa et al. 2009). To

assess repeatability of observations, tests were carried out on five different

specimens.

2.3  Experimental results

The thermal dilatation in the loading direction (called axial dilatation) X; due to
the temperature increasing is shown in Fig. 2.2b. As usually observed for filled
rubbers (Thiele and Cohen, 1980), the SBR material exhibits an increasing thermal
expansion strain for increasing temperature. From the axial dilatation-absolute
temperature slope and the initial axial length of the sample, Lo = 30 mm, the thermal

expansion  coefficient ~of the SBR  material can be  derived:
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a =(1/L,)(dL/d#) =3.6x10* K'. Similar results, for different rubber materials, were

observed (Kraus and Gruver, 1970; Thiele and Cohen, 1980; Holzapfel and Simo,
1996; Lion, 1997a; Lion et al., 2014) 1°. It should be noted that the “pre-test” axial force
due to thermal dilatation is composed of both a viscous component and a relaxed
component. Thus, the relaxed axial force due to the thermal-dilatation is smaller than
the total one. Therefore, the axial displacement to attain an axial stress-free
configuration should be smaller. Moreover, during the procedure to attain the axial
stress-free configuration, a variation of the temperature into the specimen should
appear due to the thermo-mechanical coupling (Medalia, 1991; Luo et al., 2010). Both
phenomena slightly decrease the dilatation-absolute temperature slope and,
accordingly, the coefficient of thermal expansion; however, the relaxed “pre-test”
force is found to be approximately equal to the total force, Fig. 2.3a, and the
temperature evolution for a SBR material under small stretching is almost
imperceptible (Ovalle Rodas et al., 2014).

The mechanical response of the studied material, in terms of load-displacement
curves, is illustrated in Fig. 2.3. In Fig. 2.3a, the relaxed curves derived from a multi-
relaxation test are plotted for two temperatures (293 K and 333 K). The SBR material
exhibits a well-known non-linear response followed by a severe hardening under
large displacements. During the holding time, relaxation (i.e. load decrease versus
time) is observed during the loading phase while inverse-relaxation (i.e. load
increase versus time) can be seen during unloading. Note that both evolve towards
an equilibrium state whose envelope gives the relaxed response. Furthermore, this
relaxed response seems to increase asymptotically as it approaches a given

displacement E, depending on the temperature. As a matter of fact, during holding

phases, the load decrease (loading phase) is more significant under large

displacements while the load increase is more significant under small displacements

10 The linear thermal expansion coefficient was found of the order of @ = [2.0— G.q x 10" K' .
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(unloading phase). In Fig. 2.3b, the relaxed response for different temperatures

ranging from 293 to 353 K are reported. These curves point out the non-linear

decrease of the material stiffness with temperature.
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Fig. 2.2. Experimental procedure: (a) Normalized force induced by the thermal

Absolute temperature [K]

expansion, (b) axial thermal-dilatation of the AE2 sample.

In what follows, to capture and to predict the observed behavior a constitutive

model is proposed.
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Fig. 2.3. Load-displacement curves of the AE2 sample: (a) Multi-relaxation responses,

(b) temperature-dependent relaxed responses.

3.  Constitutive model

The constitutive model considers the large strain thermo-elastic response of filled
rubbers. The schematic representation of the model is shown in Fig. 2.4a. To account
for the temperature-dependent mechanical behavior, the thermo-mechanical model
is composed of a thermal resistance (temperature-dependent element) acting in series
with a mechanical resistance (non-linear elastic spring) linked to the stress-free

thermal-dilatation and to the large strain rubber elastic behavior, respectively.

Thermal stress-free

Temperature-dependent . .
configuration

element

Current

Non-linear spring configuration

Reference
configuration

() (b)

Fig. 2.4. Thermo-elastic model: (a) Schematic representation, (b) multiplicative
decomposition of the thermo-mechanical deformation.
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3.1 Thermo-elastic kinematics

Let us first consider a continuum body with the reference configuration Q, and
an actual configuration €, see Fig. 2.4b. For the sake of simplicity, Q, is assumed to
be stress-free and subjected to a uniform absolute temperature 6, taken as a

reference. The mapping of a given material point with the position X in the reference

configuration to the position x in the actual configuration is given by the deformation
gradient: F=0x/0X11,

In order to take thermal deformation effects in combination with the mechanical
behavior of the continuum body into account, the deformation gradient can be
written using a multiplicative form and decomposed into a thermal part F, and a
mechanical part F, (Lee and Liu, 1967; Lu and Pister, 1975; Miehe, 1995; Holzapfel
and Simo, 1996):

F=F,F, 1)

The local deformation is then decomposed into two successive arrangements. The

tirst one, related with the stress-free thermal dilatation of the continuum body, is

characterized by the thermal deformation gradient tensor:

£ =%
oX

(2.2)

where X, is the position of a given point in the thermal stress-free configuration but
at a homogeneous absolute temperature &% @,. The second one, related with the
isothermal mechanical behavior of the continuum body, is characterized by the

mechanical deformation gradient tensor:

0x

(2.3)

11 In all that follows, variables in italics indicate scalar quantities; variables in lower case bold indicate
vector quantities; variables in upper case bold indicate second-order tensors, and any exception will
be specifically noted.
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For thermally isotropic materials, the thermal deformation gradient tensor can be

written as:

F, = epr: a(6) de} I (2.4)
where a () is the temperature-dependent coefficient of the thermal expansion and I

is the unit tensor. In Eq. (2.4), the exponential expression is a temperature function
representing the intrinsic thermal dilatation characteristics of the continuum body
(Lu and Pister, 1975; Holzapfel and Simo, 1996).

In view of the local transformations expressed through Egs. (2.3) and (2.4), the

volume change | is defined as:

J=J,d4 (2.5)
where
J, =detF, = exp{ j; a(e)de} (2.6)
is the thermal volume change, and
Jy =detR, =AAA, (2.7)

is the mechanical volume change. In Eq. (2.7), A_,, are the three (real and positive)

eigenvalues of F, related with the isothermal mechanical stretches of the continuum

body.

3.2  Constitutive equations

To ensure the consistence of the thermo-mechanical coupling, the constitutive
equations must fulfill the second law of thermodynamics. The Clausius-Duhem
inequality, stating that the dissipation is always positive and commonly used for this

purpose, could be written in a mixed description:

y:—p(z//+9/7)+n:l':—%q[ﬂj)(6?20 (2.8)
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where y is the dissipation, p is the mass density for a unit reference volume, 7 is the

specific entropy, n =d¢ /dF = JTF" is the first Piola-Kirchhoff stress tensor and T is
the Cauchy stress tensor, F is the deformation gradient tensor rate, q is the Piola-

Kirchhoff heat flow, [,8 is the temperature gradient and ¢ is the Helmholtz free

energy potential.
To derive the constitutive equations, the existence of a free energy function for a
unit reference volume (a special form of the Helmholtz free energy potential) is

postulated:

Y=Y, +h (2.9)
where {J, is the thermal contribution of the temperature-dependent resistance

(Holzaptel and Simo, 1996):

yu

Wy =~ ;:cv(u)(e—u ; (2.10)

and ¢,, is the mechanical contribution of the non-linear resistance which can be

defined by any, phenomenologically-based or statistically-based, strain energy
density function. By contrast to phenomenological functions, the material constants
of statistical ones are related to the rubbery structure. A number of non-Gaussian
statistics theories, based on the prior work of Kuhn and Grun (1942), which introduce
the extensibility limit of molecular chain network were proposed: James and Guth
(1943) three-chain, Flory and Rehner (1943) four-chain, Treloar and Riding (1979)
full-network, Arruda and Boyce (1993) eight-chain and Wu and van der Giessen
(1993) approximate full-network functions. In this work, the Arruda-Boyce (1993)
model, considering the mechanical contribution as the resistance to deformation
energy of an eight-chain non-Gaussian network, is chosen. The strain energy density
function is expressed in its compressible version as a function of both the first stretch

invariant |, =tr ( F Fu ) and the third stretch invariant |, =J,, =detF, (Bischoff et al.,

2001):

66

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

Temperature and filler effects on the relaxed response of filled rubbers

_ ly B _B Ky _qy2
sz(ll)_nkem(ﬂ §+\/Wlnw 3InJMJ+ 2(JM 1) (2.11)

The thermo-mechanical free energy function, defined by Egs. (2.10) and (2.11),
introduces four material constants: the specific heat capacity at constant volume

CV(G), the average number of chains per unit volume 1, the number of connected

rigid-links in a chain N and the temperature-dependent bulk modulus K which, for
rubbers, is significantly higher than the shear modulus, e.g. K =500ké& in which k is

the Boltzmann constant. In Eq. (2.11), the terms S and /£, correspond to the inverse

1

of the Langevin function r™ in the current and reference configurations,

respectively:
. I
=t | 2.12
B=r ( SNJ (2.12)
A [T
B, =r ( Nj (2.13)

The inverse of the Langevin function £7(u)=coth(u)-%u may be estimated
through the Padé approximation (Cohen, 1991): £7*(u) =u (3 -u’ )/(1— uz) :

Although this model coherently describes the thermo-mechanical behavior of
tilled rubbers, the filler effect is not explicitly taken into account in any of the
material constants. Moreover, the Arruda-Boyce model cannot characterize the large
strain elastic response of a rubber at different temperatures with a unified group of

parameters as the temperature effect is not explicitly accounted for.

3.2.1 Effect of fillers

The effect of fillers may be explicitly addressed by considering that at any given
strain, the presence of the particles acts to locally amplify the strain and stress in the
rubber compound over that of a corresponding unfilled rubber at the same
macroscopic applied strain (Trabelsi et al., 2003). Firstly introduced by Mullins and
Tobin (1965), the amplified strain notion, in the case of uniaxial loading, is quantified

as:
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N=1+x(1-1) (2.14)
where A is the amplified stretch and A is the applied axial stretch. The X constant is
an amplification factor depending on the filler volume fraction. The exact form of X

is not clear; however, a general empirical form was proposed by Guth (1945):

X=1+0.6%v, + 1.62°v; (2.15)

where c=1 is a shape factor that considers the filler agglomeration and the

reinforcing effect of the filler and Vv, is the filler volume fraction. Applying this

amplification correction to the first invariant of the stretch, an explicit model that

accounts for the filler effect can be defined:

vy =(1-v ), ((11),,) (2.16)

in which <|1>m =X ( I, - 3) + 3 is the amplified first invariant.

3.2.2 Effect of temperature

The temperature effect on the mechanical behavior of filled rubbers has been
addressed in recent thermo-mechanical models (Lion, 1997a; Drozdov and
Christiansen, 2009; Li et al., 2011; Rey et al., 2013). A stress-hardening with increasing
temperature was shown by Lion (1997a) and Rey et al. (2013), while an inverse
behavior, i.e. stress-softening with increasing temperature, was evidenced by
Drozdov and Christiansen (2009) and Li et al. (2011) highlighting the complex
thermo-mechanical behavior of filled rubbers. Among the aforementioned models,
only Li et al. (2011) proposed a thermo-mechanical model related with the rubber

network parameters.

» Lietal (2011) thermo-mechanical model
Using a modified version of the Arruda-Boyce (1993) model, Li et al. (2011)

describe the temperature effect on the mechanical behavior of rubbers by means of

the volumetric thermal expansion of the eight-chain non-Gaussian network.
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Considering that the total number of chains N; in a specimen remains invariable, the

average number of chains per unit volume can be calculated as:

[1+a(6-6,)]

M _ 2.17
n v (2.17)

where V =V, [1+a(9—90)]3 accounts for the volumetric thermal expansion of a
reference volume V,, @ is the thermal expansion coefficient, &, is the reference
absolute temperature and N, is the reference average number of chains per unit
volume. Introducing the term nk@=(6/6,)nkd,, the temperature explicit-dependence

of C. was defined:

C = 4 C (2.18)

6, [1+a(6?—00)]3 °

where C_=nké, is the rubbery modulus at the reference temperature. Using the
Taylor series expansion and assuming that (6-6,)/6,<1 and a(8-6,) <1, Li et al.

(2011) propose to rewrite Eq. (2.18) as:

2
C, {1+q(‘9;’€°]+c{‘9;60] ]C,O (2.19)
0 0

where ¢ and ¢, are unknown parameters. Using Eq. (2.19), the temperature effect on

the mechanical response of four tire rubbers was modeled by Li et al. (2011).

Note that in Eq. (2.18) there is only one physical parameter that accounts for the
material thermal expansion whereas in Eq. (2.19) there are two parameters which are
not clearly related to a physical property. Besides, equating Eqgs. (2.18) and (2.19) the
corresponding values of a can be determined. The implicit values of a are reported
in Table 2.2. Several authors (Kraus and Gruver, 1970; Thiele and Cohen, 1980;
Holzapfel and Simo, 1996; Lion, 1997a; Lion et al., 2014) have shown that the linear
thermal expansion coefficient of rubber materials is of the order of

a =[6.0- 2.x 10* K'. As a consequence, it can be seen that the implicit values of
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used in the thermo-mechanical model proposed by Li et al. (2011) are overestimated.

As a matter of fact, the implicit values are, at least, six times higher than the real

values.
Eq. (2.19)
Eq. (2.18)
(Lietal., 2011)

Tire rubbers code G G a [104K1]
EBF -1.7508 2.4123 31
BSP -2.2242 2.6529 36
KCF -2.8515 4.6364 45
IHF -3.3031 4.0972 52

Table 2.2. Material parameters and corresponding thermal expansion coefficient of

four tire rubbers extracted from Li et al (2011).
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Fig. 2.5. Relation between the absolute temperature and the multiplicative factor of

C,, , Eq. (2.18), for different coefficients of thermal expansion.

In Fig. 2.5, the effect of the magnitude of the thermal expansion coefficient over

the multiplicative factor of C, in Eq. (2.18) can be deduced: for higher values than

10°K", approximately, the multiplicative factor decreases and, as a consequence, the

stress decreases as the temperature increases. Furthermore, using lower values than

10°K", the linear stress-temperature dependence of rubber materials, as shown by
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Meyer and Ferri (1935), is achieved, i.e., an increasing linear relationship between the
stress and temperature. Besides, it has been shown (Kraus and Gruver, 1970; Thiele
and Cohen, 1980) that the addition of fillers impedes the segmental mobility of
polymeric chains in a rubber compound and, as consequence, decreases the
coefficient of thermal expansion. It can be then concluded that even the thermo-
mechanical model proposed by Li et al. (2011) offers a numerical way to explain the
thermal-induced stress-softening of filled rubbers, it is not physically consistent.

» A network thermal kinetics

In opposition to the volumetric thermal expansion model proposed by Li et al.
(2011) and in accordance with the physical behavior of rubber materials, the effect of
temperature on the mechanical response is accounted by the thermal evolution of the
chain-scale material parameters n and N. In agreement with previous experimental
results (Medalia, 1978; Drozdov and Christiansen, 2009; Li et al., 2011) on carbon-
black filled rubbers, we propose a linear phenomenological model for the

temperature dependence of the chain density:

n,=n,+n,, 0@ (2.20)
where N, is a material constant accounting for the chain density temperature-rate.

As a matter of fact (Boyce, 1986; Arruda et al., 1995; Zairi et al., 2010), the decrease in

chain density N,, with increasing temperature, results in an increase in the number of

connected rigid-links in a chain N, according to the following relationship:

n,N, =n,N, =constan (2.21)
where N, is the reference number of connected rigid-links in a chain. The consistent

representation of the thermal evolution of the material properties, Eq. (2.21), is

ensured by the mass conservation law.
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4. Constitutive model identification and verification

4.1 Simulation model

In order to identify the model parameters and define the local stress-strain
mechanical response of the SBR material, a simulation model accounting for the
geometry of the sample and the boundary conditions concerning the experimental
protocol has been developed. By means of a user subroutine, the model has been
implemented into an advanced non-linear FE software, MSC.Marc (MSC.Marc,
2004a). This subroutine allows definition of the strain energy function (MSC.Marc,
2004b) taking into account the material compressibility behavior.

The FE model was designed according to the dimensions of the sample (Fig. 2.1)
and to the axial symmetry of the thermal and mechanical loads of the experimental
protocol using 4-node axisymmetric elements. To simulate the thermal dilatation, a

constant temperature =6, was applied at both ends of the sample (Fig. 2.6a). The

remaining external surface was subjected to a convection heat transfer condition:

q=-h(6-6,)n (2.22)
where /1 is the convection coefficient, 8, is the environmental temperature inside the

chamber, taken as a constant, and n is the normal vector to the surface of the mesh
element. In the remaining boundary, i.e. the symmetry axis, a heat flux normal to the

axis 0 =0 was assigned.

YYYYYYYYY

YYYYYYYYYY , RNA

t

Variable displacement

Constant temperature ~ «------ Fixed displacement
————— Axisymmetric condition (b)

< Convection condition

()

Fig. 2.6. Simulation model of the AE2 sample: (a) thermal and (b) mechanical

boundary conditions.
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The low initial radius of the AE2 sample induces a multi-axial stress state in the
median cross-section. The multi-axial stress state can be quantified using a multi-

axiality ratio defined as the ratio between the mean true stress tracg(T)and the axial

true stress T;. In Fig. 2.7, the multi-axiality ratio evolution, for five equidistant

points in the median cross-section of the sample, as a function of the axial
displacement is plotted. The multi-axial stress state is clearly pointed out. Except at
the surface, the curves evidence a strong multi-axial state at the beginning of the test

which softens as the strain increases, converging towards a uniaxial tension state.

= = = N
> o o NN

trace(T)/Ty,

Displacement [mm]

Fig. 2.7. Multi-axiality ratio in the median cross-section of the AE2 sample.

The methodology used in this work takes into consideration the multi-axiality of
the AE2 sample, and its consequence on the effective mechanical response. Fig. 2.8
compares the SBR uniaxial response!? with the effective mechanical response of the
AE2 sample®®. It can be observed that the stress level is higher for the investigated
specimen. By increasing the initial radius of the sample, it is possible to converge
towards a uniaxial state. For example, taking a cylindrical hourglass-shaped

specimen with a curvature radius equal to 42 mm (referred to as AE42) (as used in

12 The uniaxial response trace(T) / T,, = Ihas been determined from the numerical simulation of a

straight cross-section sample.

13 The true axial stress, T11, was calculated from Ti1= F/A, where F is the current load, and A = A¢/Au1is
the current section area, Ao is the initial section area and A is the axial stretch. Also, the true axial
strain, E11, was calculated from Ei1=In(/1). Note that the true axial stress and the true axial strain were
calculated from the minimum diameter of the deformed specimen.
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Ayoub et al., 2011a, b, 2014) a multi-axiality ratio close to 1.0 is obtained. In Fig. 2.9,
the multi-axiality ratio evolution, for five equidistant points in the median cross-
section of the AE42 sample as a function of the axial displacement is plotted. The
curves evidence a weak multi-axiality, i.e. quasi-uniaxial condition, at the beginning
of the test which decreases for large stretches. This observation is confirmed at the
macroscopic scale in Fig. 2.8 for which the uniaxial behavior of the AE42 sample is
pointed out. The multi-axiality ratio involved in the median cross-section of the AE2
sample leads potentially to a cavitational process (Ait-Hocine et al., 2011; Zairi et al.,
2011a) which can interact with the thermal behavior. For the sake of simplicity, the

cavitation is disregarded.

w
J

— 45 g&
m R2
o 4 A AE2

[ .\.2}
= 35 R
n 3 4 @9.4
g 2.5 4 dimensions in mm
"Ub) 2 4 R42
QO 15 AE42
> 3
= 1
= 0.5 @20

dimensions in mm
:

o

0 0.1 012 0.3 0.4 015 0‘.6 017
True strain [mm/mm]

Fig. 2.8. Effective stress-strain responses of the AE2 and AE42 samples, in

comparison with the uniaxial path.

T

116 4 11
112 4 1

|
|

trace(T)/Ty;

o 1 2 3 a4 s & 1 8 9
Displacement [mm] &

Fig. 2.9. Multi-axiality ratio in the median cross-section of the AE42 sample.
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4.2 Parameter identification algorithm

Note that before running the thermal simulation, the mechanical properties of the

material, for one environmental temperature, must be defined, ie. the average

number of chains per unit volume N, and the number of connected rigid-links in a

chain N,. As the first group of mechanical parameters not necessarily accounts for

the material response or boundary conditions, a recursive algorithm to identify the

model parameters has been developed (Fig. 2.10). During a step, a set of mechanical

properties must be defined - the values being updated at the end of the step. Once

the thermal simulation is launched, the mean axial dilatation X,y is then validated

with regard the experimental axial dilatation X; and the new geometry, accounting

for the thermal dilatation, is remeshed following the initial mesh distribution (rezone

(e

Thermal simulation

\

[ Experimental data

j=0.123..> |An,/n, |200, or

\_

True strain — f (Displacement)

True stress — f (Displacement)

X\()/)/'.\
= 80
=75 t=0 min
- u
65
t=2.6 min
60
0 t=5.6 min
° ' Rezone mesh
45
40 =
. ‘ t=11.6 min §
35 =]
£
30 l_:
(5]
25 t=17.6 min 'é
20 §
15 E
t=23.6 min .
j [ - f(Dlsplacement)]
s ~

J

|

Parameters 1dentification

[né’ N9 ]j+1

Fig. 2.10. Parameter identification algorithm.
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To simulate the mechanical loading, one end of the remeshed geometry was fixed,

U, =0, the other end being subjected to a displacement, U, =9 MM, as shown in Fig.

2.6b. Considering the strong non-linearity of the model response, the displacement

variable should be applied step by step as a linear function of time, i.e. u,, - u(t). A
fixed displacement normal to the axis U, =0 was assigned to the symmetry axis.

Note that the number of time steps have been selected in a way that the relative
difference between the simulations results of two different time steps is less than
0.01. From the mechanical simulation, a function that describes the minimum

diameter evolution as regards the axial displacement, O — f (Displacemen), can be

deducted. This procedure has been validated by comparing the minimum diameter
evolution of a sample at room temperature with the prediction of a simulation model
with the same boundary conditions. Using the diameter evolution function in
parallel with the experimental data, the experimental true strain and true stress in the
median cross-section of the sample is calculated. Through the adjustment of the best
response by means of trial and error for the experimental stress-strain curve, a new
set of mechanical parameters can be identified. A recursive condition on the result
accuracy is defined at the end of the algorithm. Note that the algorithm must be
handled in this way for only two environmental temperatures!, but for the second
one Eq. (2.21) must be satisfied. From this set of mechanical parameters for two
temperatures, the linear model accounting for the temperature-dependence of the
chain density can be defined according to Eq. (2.20). The algorithm is then used to
identify the local experimental stress-strain curves for the other temperatures. As a
matter of fact, no more than three steps are required to attain the recursive condition.
Besides, it should be pointed out that the values of the mechanical parameters have

few effects on the function that describes the minimum diameter evolution.

14 In this work, the model parameters were identified using the results obtained at 293 and 353 K.
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4.2.1 Material parameters

The described algorithm allows estimating the thermo-mechanical variables
values for the SBR material, which are reported in Table 2.3. The material
conductivity factor x and the convection coefficient i have been taken from the
literature (Bérardi et al., 1996, Holzapfel and Simo, 1996). Although it would be
desirable to get samples with different filler volumes, such samples were not

available. The volume fraction'® V; of carbon-black for the studied SBR material is

approximately 0.19.
Mechanical model parameters Thermal properties
1293 [M3] 1.548 x 10 K [Wm?! K] 0.127
Naos 39.6 h[J m? K7 17.0
Ny [m? K] -1.607 x 102 a [K1] 3.6 x 10+
c 4.0

Table 2.3. Mechanical model parameters and thermal properties.

4.2.2 Experimental vs. numerical load-displacement responses

A quantitative comparison between the experimental and simulated load-
displacement curves for four environmental temperatures is presented in Fig. 2.11. It
can be observed that the FE model is able to predict in a satisfactory extent the
thermo-mechanical behavior of the sample. The difference between experimental and
simulated curves, under large displacement, for =333 K can be explained by the
non-linear temperature response of the SBR material whereas the proposed model
considers a linear evolution of the mechanical properties. Nonetheless, the obtained

results confirm the FE model capabilities.

15 The filler volume fraction is calculated from: v; = phr [pf (10()’pmﬂx+ phr / o, )]1 where

p; =1.8x10 kg nt (Abe et al., 2003) is the carbon-black density, p,.. =1.21x 16 kgt (Wood et al.,

1943) is the matrix density and phr =34.

77

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014
Temperature and filler effects on the relaxed response of filled rubbers

& Experimental - 293 K
@ Simulation - 293 K

[J Experimental -313K

YYYYYYYYYYYYY

E 100 = == Simulation-313K
-8 80 Experimental - 333 K
9 60

———— Simulation - 333 K

O Experimental - 353 K

------- Simulation - 353 K

0 1 2 3 a 5 6 7 8 9
Displacement [mm)]

Fig. 2.11. Experimental and simulation results.

4.3 Local thermo-mechanical response

Results of the relaxed stress-strain behavior of the SBR material for different
environmental temperatures ranging from 293 to 353 K are plotted in Fig. 2.12a.
Contrary to the observed trend on pure-rubber materials (Meyer and Ferri, 1935),
these curves point out that for a given strain value the stress decreases when
increasing the temperature. The decrease in stiffness with temperature is attributed
to reduction in the effective number of chains per unit volume (Fischer and
Henderson, 1967). Indeed, this phenomenon is associated with the mobility
enhancement of the chains at higher temperatures. Fig. 2.12b draws attention to the
non-linear decrease of the stiffness which seems to stabilize at high temperatures. On
the other hand, the shape of the stress-strain curve is temperature-dependent, e.g.
when increasing temperature, the inflexion point gradually moves towards
increasing strain. Similar results have been reported by Drozdov and Christiansen
(2009) for carbon-black reinforced thermoplastic elastomers, and by Li et al. (2011) for
four different kinds of filled rubbers. In contrast to pure-rubber materials, in which
the thermo-mechanical response is explained uniquely by the contribution of the
entropy-related energy (Treloar, 2005), the thermo-mechanical response of filled
rubbers can be explained, in addition, by the contribution of an enthalpy-related
energy (Clément et al., 2001). The amount of the enthalpy contribution can be linked

with the filler-elastomer and filler-filler interactions, as well as with the filler fraction.

78

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014
Temperature and filler effects on the relaxed response of filled rubbers

True strain [mm/mm)]

5 54 ~
© 293K o ~<>\\ ©0.69
=4 0313K o © 0 —4 - . \\,&\ 0J0.60
= A333K &0 U g | T o S £0.40
=3 0O =3 Sse N 00.20
n 0353K 8 A n SN S
0 8 A S o -A e
7 2 o8 AqOO H24 TTTTTTT Bl e
(] @ 8 O O () \\\ 13-
= } @ 9 6 6 3 _@. _____ \ﬂ~~
= o 6 S, "S- T A=
g g A6 6 T &
06 . : . : . . . 0 : : : . : : )
0 01 02 03 04 05 06 07 283 293 303 313 323 333 343 353 363
True strain [mm/mm] Absolute temperature [K]

(a) (b)

Fig. 2.12. Experimental results: (a) Relaxed response at different absolute

temperatures, (b) true stress at constant true strain as a function of temperature.

To summarize, the experimental observations on the constitutive response lead to
the following remarks: (1) The relaxed response of the filled SBR material is
dependent on the temperature; and (2) the temperature-dependent response

decreases in a non-linear way.

44 Micromechanical modeling

In order to verify the model capability to include explicitly the filler volume
fraction effect on the large strain stress-strain response of the SBR compound, a set of
FE micromechanical models containing different arrangements of the microstructure

with different volumes of carbon-black particles has been achieved.

4.4.1 Micromechanical model characteristics

The FE micromechanical representations were designed using second-order 8-
node, plane strain and arbitrarily quadrilateral elements. In the simulations, the
matrix is modeled using the mechanical properties identified for the virgin material
(see Table 2.3) and the carbon-black particles are modeled as a linear elastic medium

with Eg =200 MPaand Poisson’s ratio Vg =0.3 (Bergstrom and Boyce, 1999). The

simulations were performed for different filler volume fractions ranging from 0.14 up
to 0.24.
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Fig. 2.13. Normalized true stress as a function of mesh density for different stretch

levels, vr=0.19.

The representativity of the micromechanical model is an important issue, for the
linear response as well as for the non-linear response (Khdir et al., 2013, 2014). The
mesh density effect on the mechanical response of a given microstructure
arrangement was investigated. An example with vr=0.19 and different stretch levels
is shown in Fig. 2.13. It can be seen that the mesh size has not a significant effect on
the mean mechanical response. However, a larger number of random distributions,
for small mesh densities, will be needed to attain a desired accuracy level. On the
other hand, a higher mesh density leads to a higher precision but implies a higher
computational time. So, a balance between required accuracy and computational
time is required. In order to attain an optimal equilibrium, one filler volume fraction
was selected and up to 10 different random distributions with a mesh density of 1024
elements were designed. Fig. 2.14 presents an example of a carbon-black distribution

with vy = 0.19. In the carbon-black distribution, no agglomerate was defined
purposely.
4.4.2 Micromechanical model validation

The ability of the micromechanical simulation to describe the temperature-

dependent stress-strain response of the SBR compound for vf = 0.19 is shown in Fig.

2.14. The error bars represent the standard deviation in the predicted data. Except for
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6 =333 K under large displacement, a good agreement between the predicted and
experimental data is highlighted. We can then conclude that the micromechanical
model offers a satisfactory way to take into account the filler volume effect and to
predict the SBR compound response for filler volumes other than vr = 0.19. Details
about the results of the micromechanical simulations for vr= 0.14 and v = 0.24 will be
given further.

The interactions between filler and rubber or between filler particles are clearly
important in filled rubbers, and can also have significant impact on the effective
response. The local fields in the micromechanical model may evidence such
interactions. Fig. 2.15 presents for one microstructure arrangement the local first
strain invariant in different paths (A-A’, B-B’, C-C’ and D-D’). As expected, it can be
observed that the presence of the particles acts to amplify the local first strain
invariant in the rubber compound over that of a corresponding unfilled rubber at the
same applied strain. Moreover, the local first strain invariant grows significantly in

the regions where the SBR matrix is constrained by filler particles.
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5 .-4 . R 293
AL rLy Ty
L e
— 32 % e /I 313
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Fig. 2.14. Experimental (symbols) and micromechanical simulation (lines) stress-

strain curves at different temperatures, vr=0.19.
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Fig. 2.15. Effect of filler fraction on the local first stretch invariant for vr=0.19.

The proposed constitutive model presented in Section 3 can now be compared

with the experimental and FE micromechanical simulations results of Section 4.3 and

Section 4.4, respectively.

In Fig. 2.16 the experimental results and model predictions of the temperature-

dependent relaxed response of the SBR compound for vr= 0.19 are presented. A good

agreement between the experimental and predicted curves is evidenced in Fig. 2.16a.

Likewise, in Fig. 2.16b the model capability to take into consideration the

temperature-dependence of the SBR is highlighted. Indeed, it can be seen that,

despite the strong non-linear dependence with regard to the temperature evidenced

by the SBR compound, the proposed linearly-evolving model offers a satisfactory

way to describe the thermo-mechanical evolution. The scope of the model can be

© 2014 Tous droits réservés.
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expanded by considering a non-linear evolution of the chain-scale parameters, as a

temperature-hardening can be attained for temperatures higher than 353 K.
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Fig. 2.16. Experimental (symbols) and model (lines) results: (a) Stress-strain curves at
different temperatures, (b) Stress-temperature curves at different constant true

strains, vr=0.19.

The capability of the constitutive model to take into account explicitly the filler
volume effect for two volume fractions, vr = 0.14 and vf = 0.24, is shown in Fig. 2.17a
and Fig. 2.17b, respectively. Although the obtained results confirm the good
agreement between the predictions of the FE micromechanical model and the
constitutive model, a small difference can be seen for vr = 0.24. This difference could
be related with the formation of aggregates in rubber compounds exhibiting high
volume fraction of filler, as the existence of aggregates contributes increasing even

more the value of the amplified strain (see Fig. 2.15).
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Fig. 2.17. Stress-strain curves at different temperatures of the micromechanical
simulation (lines with error bars) and the proposed model (lines without error bars)

for different filler volume fractions: (a) vr=0.14, (b) vr=0.24.

5. Partial conclusions

A combined approach including experimental investigation, constitutive modeling
and micromechanical FE simulations has been followed in this contribution to study
the temperature-dependent relaxed response of a carbon-black filled SBR. Based on
experimental observations, a network kinetics has been introduced into a large strain
mechanical model to account for the thermal effects. Micromechanical simulations
have shown that the strain amplification introduced into the thermo-mechanical
model is an adequate method to take into consideration the presence of fillers.

The thermo-mechanical model, implemented into a FE code by means of a strain
energy function subroutine, has been validated by comparing the simulation and
experimental load-displacement curves obtained on hourglass-shaped specimens. By
this way, a hybrid experimental-numerical method has been proposed to determine
simultaneously the thermo-mechanical response in the median cross-section of the
hourglass-shaped specimen and the model parameters. The decreasing temperature-
dependence of the relaxed response of the SBR material has been well reproduced by

the proposed thermo-mechanical model.
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The next chapter deals with the heat build-up of the SBR during fatigue via a
thermo-mechanical model in accordance with the second thermodynamics principle.
In order to avoid the evolution of the mechanical properties due to heat build-up of

the SBR, flat samples with a fixed amount of carbon-black were used.
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CHAPTER 3

A finite strain thermo-viscoelastic
constitutive model to describe the
heat build-up of rubbers during
low-cycle fatigue!®

In this chapter, a thermo-visco-hyperelastic constitutive model, in accordance with the second
thermodynamics principle, is formulated to describe the heat build-up evolution in rubbers under cyclic loading.
The mechanical part of the model is based upon a Zener rheological representation in which the specific free
energy potential is dependent on an added internal variable, allowing the description of the time-dependent
mechanical response. The large strain mechanical behavior is described using a Langevin spring, while the
continuous stress-softening under cyclic loading is taken into account by means of a network alteration kinetics.
The thermo-mechanical coupling is defined by postulating the existence of a dissipation pseudo-potential,
function of the viscous dilatation tensor. The proposed model is fully three-dimensional and is implemented into
a finite element code. The model parameters are identified using experimental data obtained on a SBR material
under a given strain rate for different strain conditions. Predicted evolutions given by the model for other strain

rates are found in good agreement with the experimental data.

16 This chapter is based on the following paper: Ovalle Rodas, C., Zairi, F., Nait-Abdelaziz, M., 2014. A
finite strain thermo-viscoelastic constitutive model to describe the self-heating in elastomeric materials
during low-cycle fatigue. Journal of the Mechanics and Physics of Solids 64, 396-410.
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1. Introduction

Rubbers are often submitted to cyclic loading conditions in the automotive and
aeronautical industries. During cyclic loading and depending on the boundary
conditions, the temperature evolves as a consequence of the viscous properties of the
material. The heat build-up is a phenomenon that depends on the strain rate (Lion,
1997a), on the maximum strain (La Rosa and Risitano, 2000) and, obviously, on the
geometry of the test sample (Ayoub et al., 2012).

Since the material behavior depends on the temperature of the sample, the
development of a thermo-mechanical constitutive model able to describe the
temperature evolution under fatigue loadings is necessary. The model must take into
consideration not only the properties associated with the mechanical behavior of the

material, namely:

* Non-linear elastic behavior when it is submitted to large strains,
» strain rate dependence,
» relaxation to an equilibrium state for a given strain, and
» stress-softening,
but also the aforementioned parameters (strain rate, maximum strain,...).

Recently, different approaches describing the thermo-mechanical behavior of
different kinds of materials submitted to a cyclic loading have been proposed. The
thermo-mechanical coupling description is generally based upon three approaches.
The first approach is purely phenomenological. Following this framework, the stored
energy quantity of cold work (Kamlah and Haupt, 1998), the fatigue limit of
materials related to a sudden self-heating (La Rosa and Risitano, 2000; Fargione et al.,
2002; Le Saux et al., 2010), and the temperature evolution as a function of the number
of cycles (Doudard and Calloch, 2009) have been described. The second approach is
based upon the numerical solution of the problem by means of analytical or finite
element (FE) methods. This approach has been used to describe the heat build-up

and the mechanical parameters evolution with the temperature in polymers

87

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

A finite strain thermo-viscoelastic constitutive model to describe the heat build-up of rubbers during
low-cycle fatigue

submitted to compressive cyclic loading (Molinari, 1996; Rittel, 2000; Rittel and
Rabin, 2000). Hakannson et al. (2005) have proposed a large strain thermo-plastic
model, in which the kinematic and isotropic hardenings have been taken into
account, leading to satisfactory results when compared to experimental data.
Recently, neglecting the thermo-mechanical coupling, the description of the self-
heating behavior in polymers under cyclic loading has been achieved using
simulation algorithms, implemented into a FE code (de Cazenove et al., 2012; Pichon
et al., 2012). The third approach is based on a variational formulation of the thermo-
mechanical problem. This approach offers an alternative solution to describe the
thermo-visco-plastic behavior of metallic materials (Yang et al., 2006; Stainier and
Ortiz, 2010), and the predictions in terms of self-heating rate due to the dissipation
were found accurate. Using a variational model similar to that developed by Stainer
and Ortiz (2010), Canadija and Mosler (2011) solve the variational problem by means
of a completely implicit time integration scheme. In the case of elastomeric materials,
Boukamel et al. (2001) have proposed to solve the thermo-mechanical problem by
means of a variational formulation applied to the rheological model of Poynting-
Thomson. Its solution was numerically obtained after implementation into a FE code
(Meo et al., 2002).

Thermo-mechanical constitutive models in accordance with the dissipation
principle have been already proposed (Lion, 1997a, 1997b; Boukamel et al., 2001;
Hakannson et al., 2005; Yang et al., 2006; Stainier and Ortiz, 2010); however, except
(Lion, 1997b) and (Boukamel et al., 2001), these models generally deal with metallic
materials, thus restricting their application fields. Even the thermo-mechanical model
proposed by Lion was reported in several papers (Lion, 1996, 1997a, 1997b), its
application to the heat build-up is restricted to a demonstration of the existence of a
dissipative self-heating phenomenon due to inelastic deformations. Similarly, the

model proposed by Boukamel et al. (2001) is limited to describe the heat build-up of
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an elastomeric piece submitted to shear loading, without validating it for other
loading paths.

In this chapter, a large strain thermo-viscoelastic constitutive model is developed
to describe the heat build-up in elastomeric materials during low-cycle fatigue
loading. A Zener type rheological model is used to describe the mechanical behavior
of elastomeric materials, the strain response being decomposed into two

components:

* An equilibrium component that reflects the long time material behavior,
* a viscous component that describes the non-linear time-dependent deviation
from the equilibrium response.

The stress-softening phenomenon is taken into account by means of a network
alteration kinetics as proposed by Ayoub et al. (2011a, 2014). In the thermodynamic
scheme, the specific free energy potential is defined by introducing, in addition to the
usual observable variables (F, 0), the viscous dilatation tensor related to the time-
dependent deviation from the equilibrium. The existence of a dissipation pseudo-
potential, function of the viscous dilatation tensor, is postulated. The associate
specific free energy is defined using a Langevin formulation. The proposed model is
implemented into a FE code, and the same mechanical and boundary conditions
regarding the experimental tests were simulated. Finally, when comparing the
predicted results with the experimental data for different strain rate and strain
conditions, a good agreement is observed.

The chapter is organized as follows: in Section 2, the formulation of the
constitutive model including the thermo-mechanical coupling is presented. The
experimental methods and results are presented in Section 3. In Section 4, the
parameters identification procedure is highlighted. In Section 5, the implementation
of the model algorithm is described in a general way. The validation of the model
regarding the experimental data is presented in Section 6. Finally, the concluding

remarks are given in Section 7.
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2. Model formulation

The proposed model deals with the non-linear time-dependent behavior of rubber
materials. Following a Zener rheological representation, the constitutive model
considers the stress-strain response as resulting of two polymer networks acting in
parallel. The schematic representation of the model is shown in Fig. 3.1a in which it
is considered that the overall resistance to deformation is the sum of an equilibrium
response A (non-linear elastic spring) and a time-dependent deviation with regard to

the equilibrium state B (non-linear elastic spring in series with a viscous dashpot).

Relaxed
configuration

Non-linear spring

Non-linear spring
@

Time-dependent
element

Current

Reference configuration

configuration

(a) (b)
Fig. 3.1. Visco-elastic model: (a) Schematic representation, (b) multiplicative

decomposition of the mechanical deformation.

21 Visco-elastic kinematics

The model is based upon continuum mechanics and developed using the finite
strain kinematic framework. As already introduced in Chapter 2, a key quantity in
this kinematic framework is the deformation gradient defined as: F=0X/0X, x being
the position in the current configuration and X the position in the reference
configuration of a given material point. Since a parallel scheme is used, the
mathematical representation of the constitutive model is based upon the additive

partition of the overall resistance into an equilibrium network (resistance A) and a
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time-dependent network (resistance B), both F, and F; are equal to the total

deformation gradient F'":
F=F,=F, (3.1)

According to the approach proposed by Lee (1969), the deformation gradient of
the network B can be written using a multiplicative form, and decomposed into an

equilibrium part, FS , and a viscous part, Fg:
Fs =FsFs (3.2)

where the viscous deformation gradient represents the obtained configuration
during a spontaneous virtual elastic unloading of the network B to a free stress state
as schematically illustrated in Fig. 3.1b. In this case, the viscous deformation of the
viscous dashpot does not change during the unloading step and remains frozen.

The elastic deformation gradient, Fg, and the viscous deformation gradient, Fg,

can be in turn decomposed into stretching and rotation components:

FS=VIRS (3.3)

R =V:Rg (3.4)
The corresponding kinematic rate for the resistance B can be written as:
Le =FF! (3.5)
Introducing the elastic and viscous parts of this quantity leads to:
Ly =FsFs '+ FsRgRe 'Fs 1= LS +LY (3.6)

where

17 In order to facilitate the lecture and understanding of the model formulation, some equations from
the previous chapter have been repeated.
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LY, =DY + W, (3.7)

D3 is the viscous stretching rate and Wj is the viscous spin rate. Details about the

definition of these two quantities will be given further.

2.2 Constitutive equations

To formulate a consistent model with the thermo-mechanical properties of the
material, the physical theory must respect the thermodynamics principles, since the
mere assumption of temperature dependent parameters is not sufficient. This assures
the non-negative property of the dissipation and allows the correct representation of
the thermo-mechanical coupling.

As in Chapter 2, the Clausius-Duhem inequality, written in a mixed description, is
invoked to make the developed formulation obey to the second principle of

thermodynamics:

y:—p(w+9/7)+n:|':—%qm]xezo (3.8)

where

Y=e-6n (3.9)

yis the dissipation, pis the mass density for a unit reference volume, ¢ is the specific
free energy, 7is the specific entropy, = is the first Piola-Kirchhoff stress tensor, F is
the deformation gradient tensor rate, q is the Piola-Kirchhoff heat flow, [, & is the
temperature gradient, & is the absolute temperature and e is the specific internal
energy.

To derive the constitutive equations, the existence of the special form of the

Helmholtz free energy potential for a unit reference volume is postulated:

w=y(F6.C,) (3.10)
where
C,=FR'Fs (3.11)
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is the viscous dilatation tensor introduced as an internal variable which is related to
the time-dependent deviation from the equilibrium. Note that, since the free energy

potential ¢ is an isotropic function which depends on the viscous dilatation tensor
C,, the free energy itself and all constitutive equations are independent on inelastic
rotations (Haupt, 2002). Consequently, the viscous spin rate W drops out in Eq.
(3.7).

From the Coleman relations, the first Piola-Kirchhoff stress tensor n in the rubber

material is given by:

_oy
m=—r (F6.C,) (3.12)

Note that the Cauchy stress tensor T =J"nF' can be calculated from Eq. (3.12).

The free energy is defined as:

Y=+ (3.13)

Considering the parallel scheme adopted in the model, the total stress tensor T in

the material is given by the sum of the equilibrium network stress T, and the time-

dependent network stress Tg:
T=T,+T, (3.14)

2.2.1 Viscous dilatation tensor
If the Clausius-Duhem inequality (3.8) is defined by means of the specific free

energy rate:

p=2Y g%, % :C, (3.15)
F 96  ocC,
then
CIAN o), oy . 1
-0— |:F- +—/— |-p—/—:C ——qlld,f=0 .
[ﬂ POFJ p(’? 66’) Pan v Hq X (3.16)
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The thermodynamic force, associated with the internal variable A., is derived as
follows:
oy
=p— 3.17
A=poC (3.17)
Considering that the volumetric effect adds a supplementary difficult factor (Zairi

et al., 2011a), the deformation is assumed to occur without volume change. The

incompressibility assumption is taken into account by means of:
det(C)=1 (3.18)
C,:C'=0 (3.19)
where C =F'F is the right Cauchy-Green strain tensor.

On the other hand, to get the complementary laws associated with the dissipative

processes, the existence of a dissipation pseudo-potential, ¢, is postulated such that:

o¢
= 3.20
A=-od (3.20)
It is then assumed that the dissipation pseudo-potential depends solely on the
internal variable. According to Sidoroff (1974), the dissipation pseudo-potential

could adopt the following quadratic form:

. ]/Z,U(CV :CV) if C,:C/ =0
C, |= ooy 3.21
¢( V) { 0 otherwise (5:21)
where yis a viscosity parameter (Boukamel et al., 2001; Meo et al., 2002).
Equating Egs. (3.17) and (3.20) leads to:
0 0¢
— =—-_ 3.22
Pac. ~ac, (5.22)

Due to the incompressibility assumption, a hydrostatic term multiple of C,* must

be introduced in the above expression (Boukamel et al., 2001):
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pY pac=-92 (3.23)
GC oC,
where 4 is a Lagrange multiplier which controls the incompressibility restriction.
Substituting (3.10) and (3.21) in (3.23), it is possible to obtain, after a series of
lengthy but straightforward derivations, the following complementary expression for

thermodynamically reversible and isothermal processes:

—pC\leC;lK ‘;:/’ + gl‘/’ |1]| - gl‘/’ ccgl} +uC, +aC;*'=0 (3.24)
1 2 2

where |, =trB and |, =trB?are the first and second stretch invariants, respectively,

B=FF being the left Cauchy-Green strain tensor.
In order to get rid of the aC;" term, Eq. (3.24) can be simplified if multiplying it by

C. and considering only its deviatoric part. That leads to the following expression:

Teeallow,, 00, 0w || it e e T
,o{ccv Kall - j A CC; H +[uc,C,] =0 (3.25)

which can be written in the following general form:
C,=C,(F.6,C,) (3.26)

2.2.2 Thermo-mechanical dissipation potential
Inserting the specific internal energy rate, €, expressed, after a series of

straightforward derivations using Egs. (3.9) and (3.15), as'®:

e—ln F+1A :C,-0-= (a“ #+6AV:'VJ 964[2/6’ (3.27)
Yo, Yo, p\ 08 06 06

into the standard formulation of the first thermodynamics law?, i.e pé=n:F - div[q] ,

leads to the following relation

18 Details about are given in Annex A.
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pChH=-A, :CV+H[%:F+6£’V :CV}—div[q] (3.28)
where C is the specific heat per unit mass:
C(F6,C,)=- oy (3.29)
06
In Eq. (3.28), the term
D _=-A, :Cv+p0[%:|i+a‘:9" :CV} (3.30)
is the mechanical dissipation and
@, =—div[q] (3.31)

is the divergence of the heat flux vector. The first term of the mechanical dissipation
is the dissipation capacity due to the viscous behavior of the material, while the
second term corresponds to the dissipation due to the mechanical properties
dependence on the temperature.

Since the temperature evolution during a numerical step is imperceptible (as
shown below, see Fig. 3.10), it is reasonable, in a first approximation, to neglect the
mechanical properties dependence on the temperature; therefore, under such an

assumption, the mechanical dissipation reduces to

®, =-A,:C, = 99 C, (3.32)
aC,

Furthermore, in Eq. (3.31), q is the Piola-Kirchhoff heat flux given by the Fourier

law:

q=-K, 0,8 (3.33)

19 The term related with the heat supply per unit mass has been omitted since it is neglected in the
present study.
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where
K, =F'KF™ (3.34)

is the conductivity tensor in the reference configuration, and K is the Euler
conductivity tensor in the actual configuration. In the isotropic case, this one reduces

to K =«l , where « is the material conductivity factor.

2.3  Model particularization

The large strain mechanical behavior of the material is described using the
Arruda-Boyce (Arruda and Boyce, 1993, Bischoff et al.,, 2001) eight-chain strain

energy density function which is expressed for the two networks as follows:

_ i B__K Kig-py
Wnp =Ciapy/Nag (,B 3 +/Npgln sng_ 3 In Jj"‘ 2(J l) (3.35)
with
p=r" L and B,=r" 1 (3.36)
3N,g ’ Nag .

In Eq. (3.35), C o5 =N,KE is the rubbery modulus (where 145 is the average number

of chains per unit volume, k is the Boltzmann constant and & is the absolute

temperature), Nas is the number of connected rigid-links in a chain, |, is the first
stretch invariant defined by |, =trB and |, =trB° for the networks A and B,
respectively, J =defF,; is the volume change, K is the temperature-dependent bulk

modulus which, for rubbers, is significantly higher than the shear modulus, e.g.

K=500n,.kf, and r™ is the inverse of the Langevin function given by:
L'l(u)zcoth(u)—lu which can be estimated through the Padé approximation

(Cohen, 1991):

(3.37)
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Note that Cra = naké corresponds to the slope of the stress-strain curve during the
strain-hardening, C:s = nské corresponds to the slope of the stress-strain curve during
the unloading stage once the equilibrium response has been subtracted from the

overall response (Bergstrom and Boyce, 1998), the term /N, corresponds to the

A
chain extensibility limit and J =1 as it is assumed that the deformation occurs
without volume change.
On the other hand, to account for the network rearrangement during the cyclic

stress-softening, the following kinetics may be adopted:

Nyg =Nyg (D) (3.38)
N,s =N, (D) (3.39)
where
D= N, (3.40)
Nf

is a damage parameter regarded as a life fraction, 0 < D <1, Nc is the current cycle
number and Nris the number of cycles at failure.

As a consequence of the mass conservation law, it is possible to assume that

NasNag =NyN, =constan (3.41)

where 1o and No are, respectively, the chain density and the number of connected
rigid-links in a chain for the virgin material.

The fatigue mechanism is described by means of the following exponential form

(Ayoub et al., 2011a):

2 Since the definition of the stress-softening remains unchanged from that initially proposed by
(Ayoub et al., 2011a) only a summary of the main equations are presented. The details can be found in
the aforementioned paper.
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N, +a(1-exp(-/3D)) 0<D<D

C

NA,B = NO +O’(1_ exp(—,BDc))+V(eXp(5D)_ eXdJDc)) Dc <D<1

(3.42)
where g, f, yand 6 are material constants and D. corresponds to the D value where a
fast decrease before complete failure of the specimen is observed. Fig. 3.2 illustrates
an example of the network evolution kinetics during fatigue loading?! as a function of
the normalized cycle number taken as the variable D. This evolution may be
correlated to the macroscopic stress-softening generally observed during fatigue
loading. This macroscopic softening is a consequence of both a decrease of the
average number of chains per unit volume n4s conjugated to an increase of the

number of connected rigid-links in a chain Na,s.

N
n

N
1

=
(%2]
1

|

S e - - - - - === -,
-
-

o
(S2]
1
7

o

Normalized network parameters
S
@

0 0.2 0.4 0.6 0.8 1
Normalized cycle number

Fig. 3.2. Evolution of the two physical material parameters affected by the network

alteration during fatigue loading.

When now considering the time-dependent network, the elastic deformation
gradient is determined from Egs. (3.2), (3.6) and (3.7) knowing that the viscous

stretching rate must be specified. It is defined as:
D5 =N, (3.43)

where Ns is the normalized deviatoric part of the stress acting on network B:

21 The material constants of Eq. (3.42), used to plot Fig. 3.2, were taken from (Ayoub et al., 2011a). They
were identified on experimental data obtained from a SBR in the form of hourglass-shaped samples.
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1 _
N, =—T, (3.44)

Jor,
1 SN
Ty = {Etrace(TBTB)} (3.45)

According to (Boyce et al, 2000) the flow rate, Vs, could be written in the

following form:

, 1
Ve = c[/‘v _J Ty (3.46)
B

where
1 V2
A =(§ trace(B;)j (3.47)

B}, =FyFy' and c is a positive material constant to be identified.

3.  Experimental procedure and observations

3.1 Studied material
The studied material is the same SBR as the one studied in the last chapter. It
contains 34 phr of carbon-black. Different mechanical tests were performed to

quantify the heat build-up due to the thermo-mechanical coupling.

3.2 Sample geometry and experimental method

Flat samples which geometry is shown in Fig. 3.3 were cut from 2 mm thickness
plates. The reduced section in the center of the sample allows locating the highest
increase of temperature in this region. Moreover, its weak thickness allows avoiding
a high temperature gradient in the transverse direction.

The mechanical tests were carried out on an electro-pulse mechanical set up
(Instron 5500). The temperature was measured using an infrared camera (Flir SC300)

interfaced with a computer which allows the storage of the thermal images during
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the test. The stored images can be post processed to determine the temperature

increase in the analyzed region. The tests were carried out at room temperature.

cd
¢

75

Fig. 3.3. Schematic representation of the sample.

In the parameter identification process and the analysis of the thermo-mechanical

coupling, three types of tests were performed:

* Multi-relaxation tests in order to determine the parameters of the material
equilibrium response: during this test, the sample is initially deformed up to a
prescribed strain under a given strain rate; then the local strain is maintained
constant for at least one hour; during this holding time, the stress evolution is
stored. Note that the Mullins effect (Mullins and Tobin, 1965) was previously
cancelled by submitting the sample to two loading-unloading cycles up to the
maximum stretch under the same strain rate.

* Single cycle tests were performed in order to determine the parameters of the
time-dependent mechanical behavior. It consists in loading the sample up to a
strain value (taken equal to the maximum strain prescribed in the multi-
relaxation tests) under a constant strain rate and, then, unloading it down to
its initial position. The loading-unloading cycle has been repeated three times
and, as in the multi-relaxation test, only the results obtained for the third cycle
were taken into consideration (because of the Mullins effect).

* Fatigue tests were also done in order to determine the viscosity parameter, x,

and to describe the sample self-heating evolution under different strains.
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Previous to the tests, 15 loading-unloading cycles up to a stretch A; =2.0were

carried out in order to eliminate the surface flake that appears in the sample,
which can alter the infrared camera data measurements because of the
variation of the surface emissivity. The sample was shut in, then, using an
open box allowing the infrared camera measurements, but reducing the
surrounding radiation. The camera was located at a distance lower than 0.5 m
in order to reduce the reflected radiation influenced by the surrounding
humidity. In order to determine the surrounding temperature 50 images were
taken and stored previous to the tests. During the test, the required number of
images to reach the stabilization temperature of the sample was stored. The

images correspond to the same condition of strain level of the sample.

3.3 Experimental results

The stress-strain mechanical response of the studied material is illustrated in Fig,.
3.4. Results of the uniaxial tension tests are plotted for different strain rates ranging
from 0.01 /s to 1.0 /s in Fig. 3.4a. The non-linear response of the material is clearly
pointed out. As usually observed for rubbers, the SBR material exhibits a non-linear
behavior which is accompanied by a drastic strain hardening for large strains (see
Fig. 3.4b). Moreover, this non-linear response is strain-rate dependent. Indeed, for a
given strain value the stress increases when increasing the strain rate. In Fig. 3.4b,
when considering the relaxation stages, a stress decrease versus time is observed
during the loading phase while an increase is pointed out during unloading. The
stress relaxation during loading as well as during unloading evolves towards an
equilibrium value whose envelop gives the equilibrium response. Note that this
equilibrium stress tends to increase significantly as it approaches a given
deformation (E-). Similar results have been observed by Lion (1996) and Bergstrom
and Boyce (1998). The information also provides a quantitative estimate of the
hysteresis that occurs during the unloading stage and, by the way, of the energy
consumed during a cycle.
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Fig. 3.4. Time-dependence of the SBR material: (a) Uniaxial tension response at

different strain rates, (b) multi-relaxation response for a strain rate of 1.0 /s.

The continuous stress-softening during fatigue tests for two maximum applied

strains is illustrated in Fig. 3.5. The results show that the stress-softening is very

weak.
) Experimental data
0.5 Experimental data 0.7 - === Stresssoftening
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> S 05 1
§ 03 § 0.4 -
® (.2 3 03 1
v v
£ £ 02 1
= 0.1 =
0.1 4
0.0 0.0 - 4 pod

—_
&

e

o

100 200 300 (b) 0 100 200 300
Cycles Cycles

Fig. 3.5. Stress-softening for a strain rate of 1.0 /s: (a) A11=1.2, (b) A11=1.4.

The heat build-up in the central zone of the specimen is highlighted in Fig. 3.6
which shows the temperature evolution of a material point in this zone for the two
above mentioned test conditions. This evolution is quite linear in the beginning but
followed by a non-linear stage which tends to a stabilized value, depending on the
strain rate and on the maximum applied strain. The increase of the temperature due
to self-heating with the strain rate is also pointed out. Similar results have been
observed by Lion (1997a). The temperature increase with the strain rate is related
with the rise of the hysteresis loop, the dissipation being strain rate dependent
(Tomita et al., 2008; Luo et al., 2010). This phenomenon is explained by the disability

of the vacant sites (free volume of the elastomer) to migrate to other points inside the
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material to the same speed that the chain segments displaced by the deformation
(Medalia, 1991). As a consequence the mechanical movement is transformed into a
random thermal movement.

The increase of the heat build-up with the strain level can be also clearly observed
in this figure. We can argue that, similarly to the previous observations on the strain
rate dependence, the temperature increase with the maximum strain can be due to
the hysteresis loop which increases with the applied strain (Luo et al., 2010);
nevertheless, for A1 = 1.4 a mesoscopic phenomenon turns relevant: the breakdown
and reformation of the network aggregates (carbon-black). During each cycle, the
aggregates bonds are broken during the loading path initiating with the weakest
bonds and progressing towards the stronger ones. As the specimen is distorted, the
aggregates form new bonds in other locations and the cycle is repeated in a
successive way. For A;; > 1.2 the break and reformation of interaggregates bonds is
the major responsible of the heat generation (Medalia, 1991).

The stabilized temperature is related with the stabilization of the hysteresis loop
with the number of cycles (Bartolomé et al., 2013), i.e. the mean temperature of a
material point becomes constant when the dissipated inelastic energy per loading
cycle is equal to the amount of energy which is consumed by heat transfer to its

environment.
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Fig. 3.6. Heat build-up at different strain rates: (a) A1y =1.2, (b) A1 =1.4.

To summarize, the experimental results have shown that: (1) The SBR material

response is dependent on the strain rate; (2) under relaxation periods both in loading
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and in unloading conditions the stress tends to the same equilibrium stress, function
of the strain level; (3) the stress-softening is, in a first approximation, negligible; (4)
the heat build-up, for the same strain level, is dependent on the strain rate; and

finally, (5) the heat build-up, for the same strain rate, is dependent on the strain level.

4.  Parameters identification

The required material properties for the constitutive model are: the network
parameters? for the branch A [C:4,Na] and the branch B [C:s,N8], the time-dependent
element parameter [c] and the viscosity parameter [u]. The procedure that follows

remains unchanged from those initially proposed by Bergstrom (1999) and Boyce et

al. (2000).

41 Equilibrium response

The constants Cra and Na can be determined from the multi-relaxation tests. If
Aw=exp (Ex), see Fig. 3.4b, is the stretching for which the true stress increases in an
exponential way, the value of Na can be determined by considering that the

denominator of the Padé approximation given by Eq. (3.37) is equal to zero:

3 A

<)

N, :5(/15 +i] (3.48)

Likewise, if (4,T4i) is a point belonging to the equilibrium curve under small

strain, the value of Cr4 can be approximated by means of:

T

T [ ] 2]
C”‘_Af—wi 3N, (ﬁ{ 3N, D (5:49)

22 Since the maximum true stress does not vary significantly as a function of the number of cycles (see
Fig. 3.5), the stress-softening characteristics for the present application have not been considered.
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4.2 Time-dependent response
For simplicity, the constant Ns can be considered of equal magnitude than Na. The
constant Crs can be determined from the instantaneous unloading slope of a single

cycle uniaxial test, once the equilibrium response has been already subtracted:

-1
E 1

C,=—2222+=—] -C 3.50

B 3( u /] j rA ( )

where E. is the tangent modulus of the instantaneous unloading and 4. is the
magnitude of the stretching in this condition.
The time-dependent property of the element B, ¢, is obtained through the

adjustment of the best response by means of trial and error for a strain rate of 1 /s.

4.3  Viscosity parameter
The viscosity parameter, 4, for a given maximum strain, is obtained in the same

way than c.

4.4 Material parameters
The described procedure allows estimating the mechanical variables values for the
SBR material which are reported in Table 3.1. Elsewhere, the thermal parameters

values have been taken from the literature (Bérardi et al., 1996).

Mechanical model parameters Thermal properties
Equilibrium Time-dependent
response A response B
Cras [MPa] 0.35 0.65 K[Wm'K1] 0.127
Nas 4.6 4.6 pC [ m3 K] 0.7 x 10¢
c [(Pas)'] 5.0 x 10 h [W m1 K] 17.0

Table 3.1. Mechanical model parameters and thermal properties.

Finally, the viscosity parameter acquires the following values: #(A11=1.2) = 0.70 and

p(A11=1.4) = 0.28.
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The model does not account for the mechanical properties dependence on the
temperature. This assumption, which greatly simplifies the model, is reasonable
since in the experiments we have achieved, the temperature increase measured at the

surface is relatively small.

5.  Finite element implementation

The proposed constitutive model has been implemented by means of a mechanical
user subroutine into an advanced non-linear FE software, MSC.Marc (MSC.Marc,
2004a). This subroutine allows the writing of a program from which the variables of a
given element that will be written in the post-processing reading file are defined
(MSC.Marc, 2004b). The heat build-up due to the thermo-mechanical coupling has
been defined by means of the plastic heat generation option and a state variable user
subroutine. This subroutine allows the definition of the generated internal heat due
to the inelastic energy dissipation (MSC.Marc, 2004b).

During a numerical step, the mechanical subroutine is called at the beginning of
each increment. In this subroutine the stress components and, later, the total stress

tensor (3.14) are calculated. Moreover, the viscous deformation rate tensor Fy and
the viscous deformation tensor F; of the element B for the next increment are

calculated from Egs. (3.6) and (3.7). The viscous deformation tensor for each element
is stored, at the end of the increment, in an arrangement that accounts for the number
of elements, the nodes per element and the number of variables per node; later, at the
beginning of the next increment, reading of the calculated values of the previous
increment is therefore available.

Finally, the mechanical dissipation given in Eq. (3.32) is calculated for each
element and the value is shared by means of a common block with the state variable
subroutine at the end of each increment. Then, the new temperature is calculated,
from the solution of the first thermodynamics principle and the boundary conditions

of the studied case. The algorithm is outlined in Fig. 3.7a.
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Fig. 3.7. Finite element implementation: (a) algorithm block-diagram, (b) simulation
model and boundary conditions.

The FE model was designed according to the dimensions of the test sample (Fig.
3.3) using 8-node meshing elements, isoparametric and arbitrarily hexahedrics. The
incompressibility condition was introduced by means of an updated Lagrange frame
of reference. To simulate the test conditions, one end of the sample was fixed ux1=0
the other end being subjected to an increasing displacement ux=u(#) as shown in Fig.
3.7b. The strain rate was controlled by the time function ux=u(?).

The cyclic loading condition has been simulated by repeating n times a single
loading-unloading test under a constant strain rate, n being the total number of
cycles.

Concerning the thermal boundary conditions of the test, a constant temperature

0=68, was applied, at the ends of the sample and a convection heat transfer

condition, q=qs, in the remaining frontiers:
q=-h(6-6,)n (3.51)

where h is the convection coefficient, fw is the ambient temperature, taken as a

constant, and N is the normal vector to the surface of the element.
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6. Model verification

The constitutive model presented in Section 2 can be now compared with the
experimental results of Section 3.3. Concerning the stress-strain response this
comparison is shown in Fig. 3.8. A good agreement is pointed out whatever the

strain rate.
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Fig. 3.8. Experimental and simulated stress-strain curves at different strain rates.
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Fig. 3.9. Experimental and simulated multi-relaxation curves, 60 s relaxation time, for

a strain rate of 1.0 /s.
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The ability of the model to capture the evolution observed during a relaxation test
for a strain rate of 1.0 /s and a relaxation time trelax = 60 s, is shown in Fig. 3.9. A good
agreement between the predicted and experimental curves is highlighted, whether
considering loading or unloading path. Indeed, the model takes into account the
relaxation difference experimentally observed between the loading and unloading
segments.

Fig. 3.10 presents the computed temperature evolution of a material point on the

sample surface. Note that since C, is related to the viscous component of the total

deformation gradient but also to the elastic component (see Eq. (3.25)), the
mechanical dissipation is then also function of the instantaneous stretch. As a
consequence, a material point has an oscillating temperature whose amplitude
depends on both components of the stretch (elastic and viscous components). That
can explain the thermo-viscoelastic origin of the model response. However, for
simplicity reasons only the mean value of the temperature will be taken into account

to contrast the simulation model results with the experimental data given in Fig. 3.6.
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Fig. 3.10. Heat build-up predicted by the simulation model, A;; =1.2.

In Figs. 3.11 and 3.12 the predicted temperature evolution due to self-heating for
three strain rates and two stretch values (A1 = 1.2 and Ay = 1.4), respectively, is
presented. The FE results are compared to the experimental data. The results show

that the model captures in a satisfactory manner the temperature evolution due to
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the self-heating of a rubber material under fatigue loading at different strain rates

and strain levels.
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Fig. 3.11. Predicted and experimental heat build-up at different strain rates, A1 =1.2.
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Fig. 3.12. Predicted and experimental heat build-up at different strain rates, A1; =1.4.

In order to assess and to confirm the model ability to describe the heat build-up

evolution of the test sample, a qualitative and quantitative comparison between a

temperature mapping given by the infrared camera and the corresponding FE

output, when reaching the 350% cycle, is presented in Fig. 3.13. Fig. 3.13c also shows
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the temperature evolution along the specimen in the loading direction. The obtained
results confirm the nice agreement between the FE model and the experimental data.

Now let us consider the variation of the temperature in the thickness direction. In
Fig. 3.14, the temperature evolution calculated at different locations of the cross-
section, in the center and on the surface, is presented. The figure shows that, due to
the low heat conduction property of the elastomeric material, the increase of the
temperature in the center of the specimen is relatively more important than on the
surface. Consequently, it is reasonable to assume that for a thicker specimen the
temperature evolution in its center could be sufficiently important to modify the
mechanical behavior of the material. As a perspective, defining mechanical variables

as temperature dependent is intended (e.g. Zairi et al., 2010).

@® Experimental
—— Simulation

(@)

Temperature evolution A0 [°C]
o o
1 1 1
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0.5
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(b) (c) Normalized dimension

Fig. 3.13. Surface temperature distribution at the 350t cycle with a strain rate of 1.0
/s and A11 =1.2: (a) experimental thermal image, (b) numerical model thermal image,

(c) experimental and predicted temperature in the sample surface.
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Fig. 3.14. Cross-section temperature distribution at the 350* cycle with a strain rate
of 1.0 /s and A1 =1.2: (a) cross-section and analysis points, (b) temperature evolution

at the center and at the surface of the sample.

7. Partial conclusions

A large strain thermo-viscoelastic constitutive model to describe the heat build-up
of rubber materials during low-cycle fatigue response has been developed.

The model is based on the assumption that the mechanical behavior can be
represented by the response of two networks acting in parallel: the first network
captures the equilibrium state and the second one accounts for the time-dependent
deviation with regard to the equilibrium response.

In the thermo-mechanical coupling, it is considered that the specific free energy
potential is a function of the deformation gradient tensor, the instantaneous
temperature, and the viscous dilation tensor, taken as an internal variable that is
related with the time-dependent deviation from the equilibrium response. Since this
free energy potential does not take into account the maximum strain to which the
sample will be submitted, a strain-dependent viscosity parameter was included.

This model was implemented in a FE code and the numerical simulations which
have been achieved, have been compared with experimental data for a styrene-
butadiene rubber submitted to different loading conditions. It has been shown that
the constitutive model offers satisfactory predictions of both the mechanical behavior
and the heat build-up.
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The thermo-mechanical model developed in the present chapter is extended in
Chapter 4 to account for the explicit effect of the filler volume fraction over the heat
build-up of rubbers. In order to avoid the effect of the heat build-up on the
mechanical response of the SBR material, flat samples with different amounts of

carbon-black were used.
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CHAPTER 4

A finite strain thermo-viscoelastic
constitutive model to describe the
heat build-up in filled rubbers
during low-cycle fatigue?

In the previous chapter, a finite strain thermo-visco-elastic constitutive model, in accordance with the second
thermodynamics principle, has been developed to predict the heat build-up field in rubbers during low-cycle
fatigue. Using a viscous dilation tensor, related to the time-dependent response of the rubber material, as an
internal variable of the specific free energy potential, both the mechanical behavior and the heat build-up have
been predicted for different strain rates and stretches. In the present chapter, the finite strain thermo-mechanical
constitutive model is extended by using a stretch amplification factor to account for the effect of carbon-black
filler on the heat build-up. Experimental observations on the mechanical response and the heat build-up during
fatigue tests of carbon-black filled styrene-butadiene rubber (SBR) containing different filler contents are reported
at room temperature. The increasing effect of the filler fraction on the heat build-up is evidenced. The proposed
constitutive model is implemented into a finite element code and the same thermo-mechanical boundary
conditions regarding the experimental tests are simulated. The model parameters are identified using
experimental data issued from SBR filled with a given carbon-black content under a given strain rate and
different stretches. Predicted evolutions given by the proposed constitutive model for other strain rates and

amounts of carbon-black are found in good agreement with the experimental data.

2 This chapter is based on the following paper: Ovalle Rodas, C., Zairi, F., Nait-Abdelaziz, M,
Charrier, P. A thermo-visco-hyperelastic model for the heat build-up during low-cycle fatigue of filled
rubbers: formulation, implementation and experimental verification. International Journal of Plasticity,
in press.
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1. Introduction

In many common applications, filled rubbers are subjected to cyclic loading with
significant magnitude and frequency which may generate a significant quantity of
heat and, depending on the heat removal rate, a significant temperature change
(Medalia, 1991; Meo et al.,, 2002; Ovalle Rodas et al., 2013, 2014). The physical
consequences of a higher temperature may include the degradation of the rubber
mechanical properties. Moreover, as a result of the effect of the temperature increase
due to hysteresis, some rubber compounds, which can be highly hysteretic at room
temperature (Bergstrom and Boyce, 1998, 2000; Khan and Zhang, 2001;
Laiarinandrasana et al., 2003; Amin et al., 2006; Tomita et al., 2008; Ayoub et al,,
2010a; 2011c; Freund et al, 2011; Shim and Mohr, 2011), may be moderately
hysteretic at an elevated temperature of operation (Lion, 1997a; Ovalle Rodas et al.,
2015). That highlights the complex thermo-mechanical behavior of filled rubbers,
besides other phenomena: Mullins effect (Mullins, 1948; Marckmann et al., 2002),
continuous stress-softening (Ayoub et al.,, 2011a; Drozdov, 2012; Drozdov et al.,
2013), failure (Mars and Fatemi, 2002; 2006; 2008; Ayoub et al., 2010b; 2011b; 2012).

In the previous chapter, a finite strain thermo-visco-elastic constitutive model that
allows the heat build-up prediction in rubbers during low-cycle fatigue has been
developed. It has been shown that using a viscous dilation tensor related with the
time-dependent response of the rubber material, as an internal variable of the specific
free energy potential, the proposed model offers a satisfactory way to predict both
the mechanical behavior and the heat build-up for different strain rates and stretches.
Although the proposed constitutive model focused on the thermo-mechanical
coupling of filled rubbers, the effect of fillers (e.g. carbon-black) has not been
explicitly taken into account in any of the material properties, i.e. the constitutive
model can be used to predict the thermo-mechanical behavior of a rubber with
different filler volume fractions, but experiments to determine the effective material

constants for each rubber system of interest must be conducted. Besides, several
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works (Medalia, 1991; Meinecke, 1991; Samaca Martinez et al., 2013) have evidenced
the increasing effect of the filler fraction on the heat build-up in rubber compounds,
highlighting the importance of the explicit inclusion of the filler fraction in the
constitutive model.

In the present chapter, a finite strain thermo-visco-elastic constitutive model is
developed to describe the heat build-up during low-cycle fatigue of filled rubbers. A
Zener-type rheological model is used to describe the thermo-mechanical behavior of

filled rubbers, the strain response being decomposed into two components:

= A thermal resistance linked to the stress-free thermal-dilatation, and
* a mechanical resistance linked to the large strain visco-elastic material
behavior.

Moreover, the mechanical resistance is seen as the sum of a relaxed component
that reflects the long-time material behavior and a viscous component that describes
the non-linear time-dependent deviation regarding the relaxed state. In order to take
explicitly the filler effect on the thermo-mechanical response, a stretch amplification
factor is introduced in the model formulation. This amplification factor is introduced
to consider that the presence of the filler acts to amplify the local stress/strain in the
rubber compound over that of a corresponding unfilled rubber at the same
macroscopic applied stretch. In the thermo-mechanical coupling, the viscous dilation
tensor related with the time-dependent deviation from the relaxed response is taken
as an internal variable of the specific free energy potential. The existence of a
dissipation pseudo-potential, function of the viscous dilatation tensor, is postulated.
The associate specific free energy is defined using a Langevin formulation.

Experimental observations on the mechanical response and the heat build-up
during fatigue tests of carbon-black filled styrene-butadiene rubber (SBR) containing
different filler contents are reported at room temperature.

The proposed constitutive model is implemented into a finite element (FE) code,

by means of a strain energy function subroutine in parallel with an internal heat
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generation subroutine, and the same thermo-mechanical boundary conditions
regarding the experimental tests are simulated. The constitutive model parameters
are identified using experimental data obtained on a SBR with a fixed amount of
carbon-black, 25 phr (part per hundred of rubber in weight), under a given strain rate
for different stretches. Predicted evolutions given by the constitutive model for other
strain rates and amounts of carbon-black, 15 and 43 phr, are found in good
agreement with the experimental data.

The chapter is organized as follows: in Section 2, the formulation of the coupled
thermo-mechanical constitutive model is presented. Section 3 discusses the
experimental data, whereas the parameters identification procedure is presented in
Section 4. In Section 5, the implementation of the constitutive model into a FE code is
briefly described. The constitutive model capability regarding the experimental data
is presented in Section 6. In Section 7, a discussion about the predictive model

potential is highlighted. Finally, Section 8 closes with the concluding remarks.

2. Model formulation

The proposed constitutive model considers the large strain thermo-visco-elastic
behavior of filled rubbers. The schematic representation of the model is shown in Fig.
4.1a. To account for the thermo-mechanical behavior, it is considered that the overall
resistance to deformation is composed of a thermal resistance (temperature-
dependent element) acting in series with a mechanical network, linked to the stress-
free thermal-dilatation and to the large strain visco-elastic behavior, respectively. The
mechanical response is the sum of a relaxed response A (non-linear elastic spring)
and a time-dependent deviation regarding the relaxed state B (non-linear elastic

spring in series with a viscous dashpot).
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Fig. 4.1. Thermo-visco-elastic model: (a) Schematic representation, (b) multiplicative
decomposition of the thermo-mechanical deformation.

21 Thermo-visco-elastic kinematics

Let us first consider a continuum body with the reference configuration Q, and a
current configuration Q, see Fig. 4.1b. For the sake of simplicity, Q, is assumed to
be stress-free and with a uniform absolute temperature 8, >0 taken as a reference.
The mapping of a given material point with the position X in the reference
configuration to the position x in the current configuration is given by the
deformation gradient?: F=dx/dX.

To account for the coupling between the thermal dilatation effects and the
mechanical behavior of the continuum body, the thermo-mechanical response can be
described as the multiplicative decomposition of the deformation gradient into a
thermal part F, and a mechanical part F,, as proposed by several authors (Lee and
Liu, 1967; Sidoroff, 1974; Lu and Pister, 1975; Miehe, 1995; Holzapfel and Simo, 1996;
Lion, 1997, 2000):

F=FF, (4.1)

Note that in the mechanical part, the first resistance (resistance A) results in the

static finite deformation elastic response whereas the second resistance (resistance B)

2 In order to facilitate the lecture and understanding of the model formulation, some equations from
previous chapters have been repeated.
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results in the history-dependent deviation from the static state. Considering the

parallel scheme of the mechanical network, both F, and F; are equal to the
mechanical deformation gradient F, :

Fo =F.=F 4.2)

The main multiplicative decomposition considers a conceptual sequence of stress-

free configurations. The first one, i.e. the thermal stress-free configuration Q, related

to the thermal dilatation of the continuum body, is characterized by the thermal

deformation gradient tensor:
F, = epr: a(u) du} | (4.3)

where a is the temperature-dependent coefficient of the thermal expansion and I is
the unit tensor. In Eq. (4.3), the exponential expression is a temperature function
representing the intrinsic thermal dilatation of the continuum body (Lu and Pister,

1975; Holzapfel and Simo, 1996). The second one, i.e. the relaxed configuration Qg

related to the obtained configuration during a spontaneous virtual elastic unloading

of the resistance B, is characterized by the time-dependent deformation gradient

tensor F:

Fs =FsFs (4.4)

where the time-dependent deformation gradient can be written using a

multiplicative form and decomposed into an elastic F{ and a viscous component F}

(Lee, 1969). In this case, the viscous deformation of the viscous dashpot does not
change during the unloading step and remains frozen.

The elastic deformation gradient F; and the viscous deformation gradient F) can

be in turn decomposed into stretching and rotation components:

(SR epe

Fs =VeRs (4.5)

V —\/VDV

F =VgRg (4.6)

The corresponding kinematic rate for the resistance B can be written as:
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—r -1
L, =RFK 47)
Introducing the elastic and viscous parts of this quantity leads to:
Ly =FFs +RRIFRS = LG + L s
where
Ls =Dg +W, (4.9)

in which DY}, is the viscous stretching rate and W/ is the viscous spin rate. Details

about the definition of these two rate tensors will be given further. In order to avoid
the difficulties associated to the volumetric effects (Zairi et al., 2008a, 2011a), we
assume here that the mechanical deformation occurs without volume change, i.e.

defr, = 1.

2.2  Constitutive equations
To derive the constitutive equations, the existence of a free energy function is
postulated:
G=Yp+ihy (4.10)
and
D =Un*s (4.11)
In Eq. (4.10), ¢, is the thermal contribution of the temperature-dependent

resistance (Holzapfel and Simo, 1996):

vy ==J; C(u)(6-u)™ @.12)

& u
where C(u) is the specific heat capacity at constant deformation (details will be
given further) and, in Eq. (4.11), ¢, is the mechanical contribution given by the sum

of the relaxed-response resistance (non-linear elastic spring) and the time-dependent
resistance (non-linear elastic spring in series with a viscous dashpot). In both cases,
the non-linear springs can be defined by any, phenomenologically-based or

statistically-based, strain energy density function. By contrast to phenomenological
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functions, the material constants of statistical ones are related to the rubbery
structure. A number of non-Gaussian statistics theories, based on the prior work of
Kuhn and Griin (1942), which introduces the extensibility limit of molecular chain
network were proposed: James and Guth (1943) three-chain, Flory and Rehner (1943)
four-chain, Treloar and Riding (1979) full-network, Arruda and Boyce (1993) eight-
chain and Wu and van der Giessen (1993) approximate full-network functions.
Details about the definition of the strain energy density function will be given
further.

On the other hand, the viscous dashpot is responsible for the loss of mechanical
energy, i.e. it implies a dissipative phenomenon which is related with the strain rate.
As a consequence, in addition to the common observable functions of state, the
absolute temperature & and the deformation gradient tensor F, the mechanical
contribution of the free energy can include an internal variable that accounts for the
time-dependent deviation from the static response:

Wy =y, (6.F.C,) (4.13)

where
C,=F'F} (4.14)
is the right Cauchy-Green strain tensor associated to the viscous deformation

gradient Fy, called viscous dilatation tensor. Note that, since the free energy
potential ¢,, is an isotropic function which depends on the viscous dilatation tensor
C,, the free energy itself and all constitutive equations are independent on inelastic
rotations (Haupt, 2002). Consequently, the viscous spin rate W} drops out in Eq.
(4.9).

Once defined the functions of state, the process will be thermodynamically
admissible if, at every instant, the Clausius-Duhem inequality is satisfied, written in

a mixed description:

y=—p(¢/+9/7)+n:l':—%qﬂ]]x920 (4.15)
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where
Y=e-6n (4.16)
y is the dissipation, p is the mass density for a unit reference volume, 7 =-0¢/08 is
the specific entropy, n =0y, /oF is the first Piola-Kirchhoff stress tensor, F is the
deformation gradient tensor rate, q is the Piola-Kirchhoff heat flux, 0,6 is the
temperature gradient and e is the specific internal energy.
Finally, the total Cauchy stress T =J™'aF in the continuum material is the sum of
the Cauchy stresses of the relaxed-response resistance T, and the time-dependent

resistance Tg:

T=T,+T; (4.17)

221 Thermo-mechanical dissipation potential
In order to get the decoupling of the thermo-mechanical dissipation potential, let
us first define the specific internal energy rate € by inserting the time rate of the

specific free energy

oF aC, 36

into Eq. (4.16), and after a series of straightforward derivations it returns:

2
ezin;miAv;cv-e—l("—“;maAv:cvj—ea—% (4.19)
Yo, Yo, p\ 08 06 06
where
Yy
= p M 4.20
A 'Oacv (4.20)

is the thermodynamic force associated with the internal variable C, .
Inserting this expression for the time rate of the specific internal energy into the
standard formulation of the first thermodynamics law, i.e. pe=n:F-div(q)+pr,

leads to the following relation

pChH=-A,:C,+8 on g 9A,
06 06

:Cvj—div(q)+pr (4.21)
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where C is the specific heat at constant deformation per unit mass:

2
C(F.6,C,) :—9‘;;[2’ (4.22)

In Eq. (4.21), the terms ®,, and ®, are expressed as follows:

D, =—AV:CV+H(%:F+6;6V :Cvj (4.23)
@, =~div[qg] + pr (4.24)

Eq. (4.23) corresponds to the intrinsic dissipation in which the first term is the
dissipation potential due to the material visco-elastic behavior, while the second term
is related to the dissipation due to the evolution of the material mechanical
properties regarding the temperature. Besides, in Eq. (4.24), the first term
corresponds to the divergence of the heat flux vector, while the second term
corresponds to the material heat supply. Note that the heat supply per unit mass, 7,
can be omitted since it is neglected in the present study.

Since the temperature evolution during a numerical step is imperceptible, it is
reasonable, in a first approximation, to neglect the evolution of the mechanical
properties regarding the temperature; therefore, under such an assumption, the
intrinsic dissipation reduces to

®_=-A,:C, (4.25)

Furthermore, in Eq. (4.24), the Piola-Kirchhoff heat flux q is given by the Fourier

law:

q=-K, 1,6 (4.26)
where

K, =F'KFT (4.27)
is the conductivity tensor in the reference configuration, and K is the Euler

conductivity tensor. In the isotropic case, this one reduces to K =«1, where « is the

material conductivity factor.
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In pursuance of the heat build-up associated with the thermo-mechanical
boundary conditions of the continuum body, a procedure to calculate the time rate of

the viscous dilatation tensor is necessary.

2.2.2 Time rate of the viscous dilatation tensor
The existence of a dissipation pseudo-potential, ¢, associated with the internal

variable C, is postulated such that (Sidoroff, 1974):

s() :{yzyf (¢,:¢,) i ¢:ct=0 w28)

o otherwise

where (/; is a viscosity parameter (Boukamel et al., 2001) which is linked to the

fraction of the intrinsic dissipation contributing with the heat build-up of the filled
continuum body. In Eq. (4.28), considering that the volumetric effect adds an
additional difficult factor (Zairi et al, 201la), the material incompressibility
assumption is taken into account by means of:
det(C)=1 (4.29)
C,:C'=0 (4.30)
where C =F'F is the right Cauchy-Green strain tensor.
Furthermore, if the reduction of the rubber content in the filled material is taken

into account, the viscosity parameter will be reduced by the factor (1—vf ) as:
Hi = (1_Vf ):uu (4.31)
where v, is the filler volume fraction and g, is the viscosity parameter of the

unfilled continuum body. Furthermore, from the existence of the dissipation pseudo-

potential, a complementary law related to the dissipation potential can be

established:
09
= 4.32
A=k (4.32)
Equating Eqs. (4.20) and (4.32) leads to:

0Py 09
— = 4.33
Pac, = oc, (#.33)
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Substituting Egs. (4.13) and (4.28) in Eq. (4.33), it is possible to obtain, after a series
of lengthy but straightforward derivations, the following complementary

expression®:

—pCfCC;lK% + 9% Il] | - 9% CC;l} +4,C,=0 (4.34)
a,  al, al,

where C =FF, is the right Cauchy-Green strain tensor, |, =trB,, and 1, =trB;, are
the first and second stretch invariants, respectively, B,, =F, F,, being the left Cauchy-

Green strain tensor.
In the interest of simplicity, Eq. (4.34) can be reduced if multiplying it by C.. That

leads to the following expression:

-p|CC! 0y +|10‘/’M 1- 9% CcC'||+u,CcC,=0 (4.35)
ol, al, al,

which can be written in the following general form:

C,=C,(F.6.C,) (4.36)

In Egs. (4.35) and (4.36), the instantaneous time rate of the viscous dilatation tensor

is related to the elastic and viscous components of the deformation gradient tensor.
As a consequence, the magnitude of the intrinsic dissipation of a given material point
depends on both components of the stretch (elastic and viscous components), i.e. the

thermo-elastic effects are implicitly coupled with the thermo-viscous effects.

2.3  Model particularization

In this work, the eight-chain strain energy density function (Arruda and Boyce,
1993), which considers the mechanical contribution as the resistance to deformation
energy of an eight-chain non-Gaussian network, is chosen. The strain energy density
function is expressed in its compressible version as a function of the first stretch

invariant |, and the mechanical volume change J,, =detF,, (Bischoff et al., 2001):

%5 Details about the derivation can be found in Laiarinandrasana et al. (2003).
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- by Nn B -5 K, -1y
wM=A,B(|1)_nA,Bkg Nag (:3\/;"' Npgln sinh3 3In‘JM]+ Z(JM 1) (4.37)

where N, is the average number of chains per unit volume, k is the Boltzmann constant,

N, g is the number of connected rigid-links in a chain and K is the temperature-dependent

bulk modulus which, for rubbers, is significantly higher than the shear modulus, e.g.

K =500nkéd. In Eq. (4.37), the terms [ and f, correspond to the inverse of the Langevin

. -1 . . . .
function £  in the current and reference configurations, respectively:

=,r1 L
B=r ( 3NJ (4.38)

L 1
B =r 1[ N] (4.39)

The inverse of the Langevin function £7*(u)=coth(u)-Jucan be estimated
through the Padé approximation (Cohen, 1991): r(u) = u(3—u2) / (1—u2). The first
stretch invariant |, corresponds to I, =trB,, for the resistance A and |, =trB{, for the
resistance B. Besides, in Eq. (4.37), n,k@ correlates to the slope of the stress-strain
curve during the strain-hardening, Ngké correlates to the slope of the stress-strain
curve during the unloading stage once the relaxed response has been subtracted

from the overall response (Bergstrom and Boyce, 1998) and the term /N,

corresponds to the chain extensibility limit.

Although the proposed strain energy density function can be used to model the
mechanical response of filled rubbers, the filler effect is not explicitly taken into
account in any of the material constants. Accordingly, the effect of fillers may be
explicitly addressed by considering that at any given strain, the presence of the
particles acts to locally amplify the strain and stress in the rubber compound over
that of a corresponding unfilled rubber at the same macroscopic applied stretch
(Trabelsi et al., 2003). First introduced by Mullins and Tobin (1965), the amplified

stretch notion, in the case of uniaxial loading, is quantified as:

127

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

A finite strain thermo-viscoelastic constitutive model to describe the heat build-up in filled
rubbers during low-cycle fatigue

AN=1+x(1-1) (4.40)
where A is the amplified stretch and A is the macroscopic applied axial stretch. The
X constant is an amplification factor related to the filler volume fraction and the
distribution of the filler particles in the continuous matrix. The exact form of y is not
clear; however, a general empirical form was proposed by Guth (1945):

X =1+0.6Tv, + 1.62°? (4.41)
where c>1 is a shape factor that considers the filler agglomeration and the
reinforcing effect of the filler. Note that c=1 is related to filler agglomerations in
which the particles are seen as perfect spheres, whereas for ¢ >1 the particles are seen
as elongated objects.

The stretch amplification factor approach is preferred to more sophisticated
micromechanics-based approaches (Ponte Castanieda, 1989; Bouchart et al., 2008;
Zairi et al.,, 2008b, 2011b) for the sake of simplicity. Applying this amplification
correction to the first invariant of the stretch, an explicit model that accounts for the
filler effect can be defined:

wy = (1-v )y ((11),,) (4.42)
in which <|1>m = x(1,-3) + 3 is the amplified first invariant.

When now considering the time-dependent network, the evolution of the elastic
deformation gradient is determined from Egs. (4.4), (4.8) and (4.9) knowing that the

rate of the viscous stretching must be specified. It is defined as:

Dy = VB\/_ZLTBTE (4.43)
where T, is deviator part of T,
1 [
Tg = {Etrace(TBTB)} (4.44)
is the effective stress acting on network B, and
. 1 m
Ve =17 (mj Ty (4.45)
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is the flow rate (Bergstrom and Boyce, 1998) in which n and m are positive material

constants to be identified and
1 V2
A= (gtrace( FYRT )) (4.46)

In Eq. (4.45), the term A=0.01is a parameter that eliminates the singularity nature

of the Ay -1 expression.

3.  Experimental procedure and observations
3.1 Experiments

3.1.1 Studied material

The materials used in this paper are sulfur-vulcanized styrene-butadiene rubber
(SBR) filled with three different amounts of carbon-black: 15, 25 and 43 phr (part per
hundred of rubber in weight), denoted SBR15, SBR25 and SBR43, respectively. The

details about the material characteristics, provided by the manufacturer, are given in

Table 4.1.

Ingredients Value [phr]
SBR 100
Zinc oxide 5
Processing oil 37.5
Carbon-black 15, 25 and 43
Stearic acid 3
Antioxidant 5.5
Accelerators 4

Table 4.1. SBR material formulation.
3.1.2 Sample geometry and experimental method
Dumbbell flat samples were cut from 2 mm thickness sheets. Details about the
geometry are given in Fig. 4.2. The reduced section in the center of the sample allows
locating the highest strain in this region and, as a consequence, the highest increase
of temperature. Furthermore, its weak thickness allows avoiding a high temperature

gradient in the transverse direction.
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Fig. 4.2. Dumbbell flat sample geometry (dimensions in mm).

Different tests were performed to characterize the thermo-mechanical behavior
and to quantify the surface heat build-up due to thermo-mechanical coupling. The
constant-temperature mechanical tests were carried out on an electro-mechanical
testing device (Instron-5800) provided with a high temperature environmental
chamber (Instron-3119). The temperature levels above 288 K (room temperature)
were attained by forced convection (high speed circulation fan) from a surrounding
air operating atmosphere. The room temperature mechanical tests were carried out
on an electro-pulse mechanical device (Instron-5500). A displacement-control
function was imposed for the loading-unloading condition, load and displacement
versus time being recorded during the tests. The temperature field was measured
using an infrared camera (Flir SC300) interfaced with a computer which allows the
storage of the thermal images during the test. The stored images can be post
processed to determine the temperature evolution in the analyzed region. The
temperature precision, noise-equivalent temperature difference, is equal to 100 mK
for a temperature range of 273-353 K.

In the parameter identification process and the analysis of the thermo-mechanical
coupling, four types of mechanical tests were performed:

* Constant-temperature tests were performed in order to determine the thermal
expansion coefficient of the studied material. The axial dilatation Xi due to the
temperature increasing was measured. The tests were developed under
temperatures ranging from 293 up to 353 K.

* Multi-relaxation tests were performed in order to determine the parameters of

the relaxed response of the SBR materials. During the loading-unloading
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condition, the test was interrupted at prescribed levels of axial stretch, s for
a given holding time, t;. During this holding time, the load evolution was

stored. Both the number of stretch levels and the holding time were defined to

be sufficiently enough, i.e. A, =[1.25, 1.5, 1.75, 2.0] and t; =1 h, in order to

attain which appears to be a stabilized relaxed-response. The multi-relaxation
tests were made at a strain rate of 1.5s..

= Single cycle tests were performed in order to determine the parameters of the
time-dependent response of the SBR materials. It consists in loading the
sample up to a stretch value (taken equal to the maximum axial stretch
prescribed in the multi-relaxation tests) under a constant strain rate and, then,
unloading it down to its initial position.

» Fatigue tests were also performed in order to determine the viscosity

parameter, f,, and to quantify the surface temperature evolution on the

sample under different axial stretches. Previous to the tests, 15 loading-

unloading cycles up to an axial stretch A, = 2.0 were carried out in order to

eliminate the surface flake that appears in the sample, which can alter the
infrared camera data measurements because of the variation of the surface
emissivity. The external heat sources were reduced by using a black box
surrounding the sample, featuring a small window for the camera to be able to
observe the gauge zone on the sample. The camera was located at a distance
lower than 0.5 m in order to reduce the reflected radiation due to surrounding
humidity. In order to determine the initial surrounding temperature, 50
images were taken previous to the tests. During the test, the required number
of images to reach the stabilization temperature of the sample was stored. The
images correspond to the same strain level condition.

To assess repeatability of observations, tests were carried out on six different

specimens for each condition.
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3.1.3 Experimental results

In Fig. 4.3 is shown the uniaxial stress-strain mechanical response of SBR materials
with 15, 25 and 43 phr. The strain rate dependence during uniaxial tension is shown
in Figs. 4.3a, 4.3b and 4.3c. The experiments show that the stress increases with
increasing strain-rate and filler fraction. Similar results, for filled natural and
chloroprene rubbers, have been observed by Bergstrom and Boyce (2000) and, for
natural rubber and high damping rubber, by Amin et al. (2006). The data also
exhibits the highly non-linear response of the material which is accompanied by a
drastic strain hardening for large strains. The history-dependence of the SBR material
can be also shown with multi-relaxation tests, as the one illustrated for the SBR25 in
the inset of Fig. 4.3d. The results from the test show that the stress decreases during
the holding time in the loading path while an increase is pointed out during the
holding time in the unloading. Note that, during the holding time, the stress evolves
towards a stabilized value whose envelop gives the relaxed-response. The graph
indicates that this relaxed-stress tends to increase significantly as it approaches a

given deformation (E_). The data also provides a quantitative estimate of the
hysteresis (Medalia, 1991):

2
H ZI—T(@J E'tand (4.47)
4\ 100

that occurs during the unloading path and, by the way, of the amount of mechanical
energy that is dissipated as heat energy during a cycle. The heat generation can
drive, depending on the rate of heat removal, to heat build-up, ie. a higher
temperature of the rubber component. In Eq. (4.47), CSA is the Cycle Strain
Amplitude in percentage of the undeformed dimension, E' is the elastic modulus
and tand = E'/E" is the loss tangent, E" being the viscous modulus. Furthermore,
the results have shown that the relaxed-response increases with increasing the filler

fraction.
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Fig. 4.3. Mechanical response of the SBR materials: Uniaxial response at different
strain rates: (a) 1s?; (b) 1.5s and (c) 2s; and (d) Uniaxial relaxed response.

The continuous normalized stress-softening during fatigue tests for two applied
stretches is illustrated in Fig. 4.4. It can be seen that the stress decreases with the
number of cycles (Ayoub et al., 2011a). Furthermore, the experiments have shown
that the normalized stress increases with increasing stretch (Ayoub et al. 2014).
Moreover, the relation between the filler volume fraction and the normalized stress
seems to be more complex, e.g. the normalized stress of the SBR43 seems to increase
slowly with increasing stretch, while the normalized stress of the SBR15 increase
significantly with increasing stretch. Then, it is possible to establish that a higher
tiller volume fraction is related to a quasi stretch-independent normalized stress,
while a smaller filler volume fraction corresponds to a stretch-dependent normalized

stress.
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Fig. 4.4. Stress-softening for a strain rate of 1.5s: (a) A11 =1.25, (b) A11=1.50.

In Figs. 4.5 and 4.6 is highlighted the surface temperature evolution due to
material heat build-up in the gauge length of the SBR sample with 15, 25 and 43 phr.
The heat build-up dependence regarding the strain rate, the filler fraction and the
applied stretch-level during uniaxial tension is also evidenced. The experiments have
shown that the temperature evolution is quite linear at the onset of the test then it
evolves non-linearly towards a stabilized value which depends on the strain rate, the
filler fraction and the maximum applied stretch. The stabilized temperature is linked
to the stabilization of the hysteresis loop with the number of cycles (Bartolomé et al.,
2013), i.e. the mean temperature of a material point becomes constant when the
dissipated inelastic energy per loading cycle is equal to the amount of heat energy
which is transferred to its environment. Furthermore, the data have shown that,
independently of the filler fraction or the stretch level, the stabilized temperature
increases with increasing strain rate (Lion, 1997a; Ovalle Rodas et al., 2014). The
temperature-strain rate dependence is linked to the proportionality relation between
the loss tangent and the strain rate, e.g. the loss tangent seems to increase with
increasing strain rate (Medalia, 1978), and thus the hysteresis loop increases (Tomita
et al.,, 2008; Luo et al., 2010). This phenomenon is due to friction at the molecular
level: the stretch implicates a dragging of the polymeric chains, chain segments and
crosslinks across the rubber compound. If the units are forced towards new sites
faster than vacant sites (free volume of the rubber) are developed by thermal motion
of the surrounding molecules, then the mechanical motion is turned into thermal

random motion, i.e. heat energy. Note that, a smaller surrounding temperature has a

134

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

A finite strain thermo-viscoelastic constitutive model to describe the heat build-up in filled
rubbers during low-cycle fatigue

similar effect (Medalia, 1973), e.g. in the transition-zone the rubber starts becoming
glassy; then it becomes impossible to drag units through it.

Besides, the experiments have shown that the heat build-up increases with the
filler fraction (Medalia, 1991; Meinecke, 1991; Samaca Martinez et al., 2013). Due to
the increase of the electrical conductivity with the carbon-black load, it has been
evidenced that the filler in the rubber develops a network across the rubber
compound (Pramanik et al., 1992), i.e. higher values of filler fraction are associated
with an extensive network and a higher number of inter-aggregates links. As a
consequence of the applied stretch, the inter-aggregates links are debonded, during
each cycle, beginning with the weakest links (or those related with a higher local
deformation) and progressing into the strongest ones. As the sample is deformed, the
aggregates form new links in new positions, which are again broken and then
reformed in other positions. Note that the reformation of inter-aggregates links is a
hysteretic process which, in a typical filled rubber compound, is responsible of the
major distribution of heat generation. On the other hand, the hysteresis increment
with the carbon-black fraction can be explained by two phenomena:

*» The addition of carbon-black is related to higher local strains, in the
occluded rubber matrix, than the applied macroscopic strain (Trabelsi et al.,
2003). As a consequence, the local hysteresis is different than the
macroscopic hysteresis and, therefore, the heat generation at the local level
can be higher in the points where the rubber is occluded.

» Explained by the breakdown and rebound of the links in the occluded
rubber and in the rubber in a transition zone among the carbon-black and
the occluded rubber, the addition of carbon-black increases the number of
inter-aggregates interactions. A higher additional energy, than on bulk
rubber, is dissipated with the breakdown and rebound of an inter-
aggregate link, i.e. a higher carbon fraction is related to a higher number of

interactions and, therefore, with a higher heat build-up (Kraus, 1984).
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Furthermore, when rubber compounds with different carbon-black contents are
compared, an extensive network is related with a higher loss tangent, i.e. a higher
filler fraction is related to a higher heat generation.

Likewise, in Figs. 4.5 and 4.6 is emphasized the effect of the stretch level on the
heat build-up. The results have shown that the stabilized temperature increases with
increasing stretch level. We can argue that, similarly to the previous observations on
the strain rate and the filler fraction dependences, the temperature increase with the
applied stretch can be due to the hysteresis loop which increases with the applied
macroscopic stretch (Luo et al, 2010); nevertheless, for A1 = 1.5 a mesoscopic
phenomenon turns relevant: the breakdown and rebounding of the network
aggregates, similar to the filler fraction dependence. Therefore, for Ai;> 1.25 the
breakdown and reformation phenomenon of inter-aggregates bonds is the major
mechanism responsible for the heat generation (Medalia, 1991).

To summarize, the experimental data have shown that: (1) The filled-SBR material
response is dependent on the strain rate and the filler fraction; (2) under relaxation
periods both in loading and in unloading conditions the stress tends to the same
stabilized relaxed-stress, function of the stretch level; (3) the stress-softening is
dependent on the stretch level and the filler fraction; (4) the heat build-up is

dependent on the strain rate, the stretch level and the filler fraction.
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Fig. 4.5. Heat build-up at different strain rates, A;; = 1.25: (a) 1s%; (b) 1.5s" and (c) 2s%.
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4, Parameters identification

The needed material properties for the proposed thermo-mechanical model are:
the dilatation element parameter [a], the network parameters for the branch A
[Cr4,Na,c] and the branch B [Crs, N3], the time-dependent element parameters [n,m]
and the viscosity parameter [p.].

Since the definition of the network parameters [Cr4,Na,Crs, N3] remains unchanged
from that proposed in the last chapter (see also Ovalle Rodas et al.,, 2014) only a

summary of the constant values are presented (see Table 4.2).

41 Thermal dilatation response

The thermal expansion coefficient of the SBR material can be calculated by means

of:

a= (ﬁ} (%) =3.6x10* K*! (4.48)

where Lo is the initial axial length of the sample? and dL/d@ is the axial dilatation-
absolute temperature slope. Similar results, for rubber-type materials, were observed

(Kraus and Gruver, 1970; Thiele and Cohen, 1980; Holzapfel and Simo, 1996; Lion,
1997; Lion et al., 2014).

4.2 Relaxed response

Besides, the filler shape factor, ¢, is obtained through the adjustment of the best
response by means of trial and error from the multi-relaxation tests. Note that this
factor acts as an amplifier of the filler effect over the mechanical response, e.g. a
higher value of the shape factor is related with a bigger separation between stress-

strain curves of two different filler fractions.

26 The material constants of Eq. (4.48) were detailed in Chapter 2. They were identified on experimental
data obtained from a styrene-butadiene rubber in the form of hourglass-shaped samples.
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4.3 Time-dependent response

The time-dependent property of the element B, m, is obtained through the
adjustment of the best response by means of trial and error for a strain rate of 1.5 s™
and Vv; =0.144 (SBR25)”. By comparing the model predictions with experimental
data from one additional single cycle test at a strain rate of 1 s, the n parameter can

be adjusted.

4.4  Viscosity parameter
The viscosity parameter, u, for a given maximum strain, is obtained in the same

way as m.

4.5 Material parameters
The described procedure allows estimating the thermo-mechanical variables
values for the SBR material which are reported in Table 4.2. Elsewhere, the

remaining thermal parameters [h, oC] values have been taken from the literature

(Bérardi et al., 1996).

Mechanical model parameters Thermal properties

Equilibrium Time-dependent

response A response B
Crap [MPa] 0.265 0.795 a [K1] 3.6 x10+
Nas 6.0 1.2 k[W m' K] 0.127
¢ [s'(MPa)™] 2.0 pC [J m3 K] 0.7 x 10°
n [(Pas)] 1.65x 10 h [W m™ K] 17.0
m 2

Table 4.2. Mechanical model parameters and thermal properties.

Finally, the viscosity parameter acquires the following values: z(A11=1.25) = 0.063
and z,(A\1=1.5) = 0.037.

7 As already mentioned in Chapter 2, the filler volume fraction is calculated from:

v, = phr [pf (109’,0mmx+ phr / o, )]71 where p, =1.8x10 kg n? (Abe et al., 2003) is the carbon-black
density, 0, =1.21x 16 kg nf (Wood et al., 1943) is the matrix density and phr :[15, 25,413.
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The constitutive model does not account for the mechanical properties
dependence on the temperature. This assumption, which greatly simplifies the
model, is reasonable since in the experiments we have achieved, the temperature
increase measured at the surface is relatively small. Moreover, since the maximum
true stress does not vary significantly as a function of the number of cycles (see Fig.
4.4); the stress-softening characteristics for the present application have not been

considered.

5.  Finite element implementation

The proposed constitutive model has been implemented by means of a coupled
thermo-mechanical user subroutine into an advanced non-linear FE software,
MSC.Marc (MSC.Marc, 2004a). In a previous work (Ovalle Rodas et al., 2014) a
satisfactory visco-elastoplastic subroutine has been wused; nevertheless, this
subroutine has some limitations regarding the model formulation:

» The proposed model is a strain energy density function-based model
whereas the subroutine requests the writing of all variables uniquely as
tensors.

* The subroutine requests the increment of the tensor variables whereas the
energy function offers a mean to calculate the instantaneous tensor
variables.

» The plastic-related commands of the subroutine must be neglected, even if
they must be defined at every mechanical step.

The effect of the limitations corresponds to a higher processing time. In order to
reduce the simulation time, a visco-hyperelastic subroutine has been used. This
subroutine allows the writing of an algorithm, by means of strain energy functions,
from which the variables of a given element that will be written in the post-
processing reading file are defined (MSC.Marc, 2004b). Moreover, the nearly

incompressible behavior of filled rubbers is taken into account implicitly by the
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visco-hyperelastic subroutine. On the other hand, the intrinsic dissipation due to the
thermo-mechanical coupling has been defined by means of an internal heat
generation subroutine (MSC.Marc, 2004b) which allows the definition of the heat
build-up due to the inelastic energy dissipation.

The main steps of the FE calculation, in the form of a flowchart, are summarized in
Fig. 4.7a. During a numerical step, the mechanical subroutine is called at the
beginning of each increment. In order to provide the variables requested by the
mechanical subroutine, the strain energy density function (4.42), and its first and
second invariant derivatives are calculated. First of all, the deformation gradient
tensor can be calculated by means of the numerical expression (Souza Neto et al.,

2008):

F =exp(Ln(F)) = 52 (tn () (449

= J!
where Ln( ) is the deformation tensor given by the numerical code at the beginning
of the increment. On the other hand, the current elastic deformation gradient of the
branch B can be calculated by means of the expression:
-1
Fs =F (Fn\al_i) (4.50)

where F | is the viscous deformation tensor that was saved at the end of the last

increment and that can be called at the beginning of the current one. Furthermore,

the viscous deformation rate tensor Fy ,,, and the viscous deformation tensor Fy ..,

of the element B can be updated from Egs. (4.8) and (4.9):

Fo i =FsiDg . Fs (4.51)
Fo = =Fy EIAVE ) (4.52)
where Dy ,,, is the viscous stretching rate at the end of the increment and At is the

time increment. The viscous deformation tensor at the end of the current increment
has been stored by the user on a [m,nn,x] matrix where m is the element number, nn

is the node and x is the tensor direction number; later, at the beginning of the next

142

© 2014 Tous droits réservés. doc.univ-lille1.fr



These de Cristian Ovalle Rodas, Lille 1, 2014

A finite strain thermo-viscoelastic constitutive model to describe the heat build-up in filled
rubbers during low-cycle fatigue

increment, reading of the calculated values of the previous increment is therefore

available.

Initial variables

Code-stored
User-stored

Thermal boundary conditions

Thermal subroutine

-

—

L i

[y
]

R

——— N e e

Mechanical subroutine

I Fixed displacement Constant temperature
(b) I increasing displacement == === Convection condition
Fig. 4.7. FE implementation: (a) Flowchart of the thermo-mechanical algorithm, (b)

simulation model® and boundary conditions.

The instantaneous time rate of the viscous dilatation tensor C, ;, given in Egs.

(4.35) and (4.36), can be calculated for each element by means of the strain energy
density functions shared by means of a common block with the internal heat
generation subroutine at the end of each increment. Next, the mechanical dissipation
given in Eq. (4.25) is determined. Then, from the solution of the first thermodynamics
principle and the boundary conditions of the studied case, the new temperature is
calculated. The absolute temperature is a code-stored variable that is used to
determine the thermal deformation gradient at the end of the current increment.

The FE model was designed according to the dimensions of the test sample (Fig.

4.2) using 3D 8-node meshing elements, isoparametric and arbitrarily hexahedrics.

2 The simulation model was composed of 848 meshing elements corresponding to 1350 nodes.
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To simulate the test conditions, one end of the sample was fixed, ux1=0, the other
end being subjected to an increasing displacement, ux=u(t), as shown in Fig. 4.7b.
The strain rate was controlled by the time function ux=u(#). The cyclic loading
condition has been simulated by repeating n times a single loading-unloading test
under a constant strain rate, n being the total number of cycles. Concerning the
thermal boundary conditions of the test, a constant temperature 8= é was applied, at
both ends of the sample and a convection heat transfer condition, q=qs, in the
remaining frontiers:

q=-h(6-6,)n (4.53)
where §h is the convection coefficient, 8- is the room temperature, taken as a

constant, and N is the normal vector to the surface of the element.

6. Model verification

The proposed constitutive model presented in Section 2 can be now compared
with the experimental data of Section 3.1.3. In Fig. 4.8 the stress-strain responses
given by the proposed model and the experiments are shown for a material point
taken on the gauge length of the sample surface. Note that, except the relaxed-
response parameters, the model identification is performed using the SBR25 results
obtained at a strain rate of 1.5 s. A good agreement with the experimental data is
pointed out and the model capabilities to predict the filler content and strain rate
effects are highlighted.

The predicted temperature evolution due to heat build-up of the filled rubbers
(S5BR43, SBR25 and SBR15) for three strain rates is presented in Figs. 4.9 and 4.10 for
A11= 1.25 and A= 1.5, respectively. The FE results are compared to the experimental

data. Note that, for simplicity reasons, only the mean value of the temperature? is

¥In a previous work (Ovalle Rodas et al. 2014) the capability of the thermo-mechanical model to
describe the well-known oscillating temperature, depending on both components of the stretch (elastic
and viscous components) during cyclic loading has been shown.
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taken into account to contrast the simulation model results with the experimental

data. The proposed model potential to take into account explicitly the filler fraction

effect is highlighted. Note that, for A1;= 1.25, the results show that the model captures

in a satisfactory manner the temperature evolution due to heat build-up. However,

for A11= 1.50 and higher filler fractions, a small difference between the experimental

data and the simulation model predictions can be seen. This difference is related to

the stiffer effect of high filler fractions on the model under large strains. Moreover, a

higher filler fraction, up to vr=0.25, is linked to a higher heat conductivity (Frumkin

and Dubinker, 1940) whereas, in the present work, a constant heat conductivy factor

has been used. Note that, a higher heat conductivity factor corresponds to a higher

capacity to extract heat energy, i.e. lower heat build-up, and vice-et-versa concerning

the SBR15.
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In Fig. 4.11 the temperature field, due to heat build-up, inside the simulation
model for different filler fractions is shown. The graph illustrates the temperature
evolution predictions at different points, in the center and on the surface, of the
cross-section. The results highlight a significant temperature gradient inside the
sample, e.g. the temperature in the center is higher than the temperature on the
surface. This time-stabilized gradient is related to the low heat conductivity property
of filled rubbers. Thus, it is reasonable to assume that for a thicker specimen the heat
build-up in its center could be sufficiently important to modify the mechanical
behavior of the material (Johlitz et al., 2014). Besides, it has been shown (Gent and
Hindi, 1988) that the higher temperature in the core is related with the internal
blowout of cylindrical rubber specimens under repeated compression loads. As a
perspective, defining mechanical variables as temperature-dependent is intended

(e.g. Khan et al., 2006; Laiarinandrasana et al., 2009; Zairi et al., 2010; Ovalle Rodas et

JII'I

lAnalysis points

al., 2015).
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Fig. 4.11. Cross-section temperature distribution at the 500% cycle with a strain rate of
1.5 s1 and A13 = 1.25: (a) cross-section and analysis points, (b) temperature evolution
at the center and at the surface of the sample.

7.  Predictive capabilities of the thermo-mechanical model

The proposed constitutive model presented in Section 2 is now used to predict the

heat build-up due to fatigue on the AE2 and AE42 samples. Note that the same
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thermo-mechanical boundary conditions regarding the ones used to simulate the flat

samples behavior were defined.
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Fig. 4.12. Heat build-up in an AE2 test sample under simulated fatigue at a frequency

of 5Hz and A; =1.1.

The heat build-up due to fatigue on the AE2 and AE42 filled rubber samples are
shown in Figs. 4.12 and 4.13, respectively. The computed temperature evolutions of
material points along the minimum section of both test samples as well as the
evolutions of the inner temperature fields are presented. The numerical results
highlight a significant difference between the surface and center temperatures of the
test samples. In the AE2 sample the temperature in the center is at least two times
higher than the temperature on the surface whereas, in the AE42 sample, the
temperature in the center is at least four times higher than the temperature on the
surface. This difference could be linked with the different heat transfer mode acting
in the sample. In the surface, the amount of heat transfer is related with the capacity
of the material to dissipate heat to its surroundings by convection whereas, in the
center, the heat transfer made by conduction and related with the ability of the
material to conduct heat from one material point to another one. It is clear that the
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amount of heat dissipated by convection is more important so that a temperature
gradient appears in the bulk material.

On the other hand, the simulations results highlight a time-dependent
temperature field, i.e. the position of the material point with the highest temperature
in the sample depends on the cycle (e.g. at the 600" cycle the highest temperature is
found between the surface and the center of the sample). This behavior could be
explained by the dependence of the heat build-up with the maximum strain (Ovalle
Rodas et al., 2014) as the local response is a position-dependent variable (see Chapter
2, Section 4.1). Besides, the position of the highest temperature in the center of the
sample after a certain number of cycles could be explained by the quasi-adiabatic
behavior of this region, i.e. the low heat conductivity capacity of rubber materials.
The center area could be seen as a heat reservoir where the heat energy can be stored.
Gent and Hindi (1988) have experimentally observed for cylindrical rubber
specimens under repeated compression that the heat stored is related with an

internal blowout due to the higher temperature in the core.
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Fig. 4.13. Heat build-up in an AE42 test sample under simulated fatigue at a
frequency of 5Hz and A, =1.1
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In Fig. 4.14 the temperature fields, due to heat build-up, inside the simulation
models are shown. The graph illustrates the temperature evolution predictions at
different points, in the center and on the surface, of the cross-sections. The
predictions highlight a small difference between the temperature evolutions on the
surface of both samples whereas, in the center, the difference is significant. As
already explained, the high temperature in the center of the AE42 sample could be
explained by the low heat conductivity factor of the SBR material in parallel with the
dimensions of the sample.

50
Simulated fatigue test

45 4 5S5Hz -A =141
40 1 ez AR2
35 1 e AE42
30
25
20

15

Temperature evolution A6 [°C]

2500 3000

(b)
Fig. 4.14. Heat build-up evolution: (a) temperature evolution at the center and on the

surface of the samples, (b) AE2 temperature field at the 3000* cycle and analysis

points, (c) AE42 temperature field at the 3000 cycle and analysis points.
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As shown in Section 2.1.7 of Chapter 1, the generalized continuum damage
mechanics-based model proposed by Ayoub et al. (2012) to predict the rubber
lifetime under multi-axial loading was unable to unify the experimental data issued
from AE2 and AE42 samples. This was explained by the material heat build-up. As
above evidenced, the operating temperature seems to be higher on the AE42 sample
than on the AE2 sample (see Fig. 4.14), as a consequence a thermal degradation will
have a higher effect on the lifetime under fatigue of the AE42 sample than on the AE2
sample, e.g. a lower lifetime of the AE42 sample for the same test conditions, see Fig.
4.15. Then, taking account of the heat build-up in the fatigue model is necessary. That
could be done by, for example, using the time-temperature equivalence principle

(Treloar, 1971).

Cycle to failure
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/ /
/ /
/
/
/
/
/
/
/
/
/ >
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N

Seq - Sth (MPa)
Fig. 4.15. Thermal effect on the generalized continuum damage mechanics-based

model proposed by Ayoub et al. (2012).

8.  Partial conclusions

In this chapter, a matrix-amplification inspired thermo-visco-hyperelastic
constitutive model has been developed that allows for predictions of the heat build-
up of filled rubbers during low-cycle fatigue. The model is based on the assumption
that the thermo-mechanical behavior can be represented by the response of two

networks acting in series: the first network captures the stress-free thermal-dilatation
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state and the second one accounts for the large strain visco-elastic behavior, in which
the mechanical response is the sum of a relaxed response and a time-dependent
deviation regarding the relaxed response. Furthermore, the filler effect has been
explicitly addressed by considering that at any given strain, the presence of the
particles acts to locally amplify the strain and stress in the rubber compound over
that of a corresponding unfilled rubber at the same macroscopic applied strain. On
the other hand, in the thermo-mechanical coupling, the viscous dilation tensor
related with the time-dependent deviation from the relaxed response is taken as an
internal variable of the specific free energy potential. Since this free energy potential
does not take into account the macroscopic maximum applied stretch to which the
sample will be submitted, a stretch and filler volume fraction-dependent viscosity
parameter was included.

The thermo-mechanical model, implemented into a FE code by means of a strain
energy function subroutine in parallel with an internal heat generation subroutine,
has been validated by comparing the simulations and experimental data of a SBR
filled with different amounts of carbon-black submitted to different loading
conditions.

It has been shown that the proposed model offers satisfactory predictions of both
the mechanical behavior and the heat build-up.

Finally, the predictive model capability to describe the heat build-up of cylindrical
samples during fatigue as well as its effect on the rubber lifetime has been

highlighted.
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GENERAL
CONCLUSIONS

This PhD dissertation is a contribution to the thermo-mechanical coupling of filled
rubbers. Both the stress-temperature relationship and the heat build-up due to
thermo-mechanical coupling were investigated. The effect of the filler volume
fraction over the thermo-mechanical response was explicitly taken into account.

In Chapter 2, a combined approach including experimental investigation,
constitutive modeling and micromechanical FE simulations were developed to study
the temperature-dependent relaxed response of a carbon-black filled SBR. Based on
experimental observations, a network kinetics was introduced into a large strain
mechanical model to account for the thermal effects. Micromechanical simulations
have shown that the strain amplification introduced into the thermo-mechanical
model is an adequate method to take into consideration the presence of fillers. The
thermo-mechanical model, implemented into a FE code by means of a strain energy
function subroutine, was validated by comparing the simulation and experimental
load-displacement curves obtained on hourglass-shaped specimens. Besides, a
hybrid experimental-numerical method was proposed to determine simultaneously
the thermo-mechanical response in the median cross-section of the hourglass-shaped
specimen and the model parameters. The decreasing temperature-dependence of the
relaxed response of the SBR material was well reproduced by the proposed thermo-
mechanical model.

In Chapter 3, a large strain thermo-viscoelastic constitutive model to describe the
heat build-up of rubber materials during low-cycle fatigue response was highlighted.

The model is based on the assumption that the mechanical behavior can be
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represented by the response of two networks acting in parallel: the first network
captures the relaxed state and the second one accounts for the time-dependence
deviation with regard to the relaxed response. In the thermo-mechanical coupling, it
was considered that the specific free energy potential was a function of the
deformation gradient tensor, the instantaneous temperature, and the viscous dilation
tensor, taken as an internal variable that is related with the time-dependent deviation
from the equilibrium response. Since this free energy potential does not take into
account the maximum strain to which the sample will be submitted, a strain-
dependent viscosity parameter was included. This model was implemented in a FE
code and the numerical simulation results were compared with experimental data for
a SBR submitted to different loading conditions. Finally, it was shown that the
constitutive model offers satisfactory predictions of both the mechanical behavior
and the heat build-up.

Finally, in Chapter 4, the proposed thermo-mechanical model presented in Chapter
3 was modified to take explicitly into account the filler volume fraction effect on the
heat build-up. Moreover, the stress-free thermal-dilatation was also taken into
account. The proposed model is fully three-dimensional and was implemented into a
finite element code. The model parameters were identified using experimental data
obtained on a SBR with a fixed amount of carbon-black, 25 phr, under a given strain
rate for different strain conditions. Predicted evolutions given by the model for other
strain rates and amounts of carbon-black, 15 and 43 phr, were found in good
agreement with experimental data. The model capability to predict the heat build-up
of cylindrical samples during fatigue as well as its effect on the rubber lifetime was

discussed.
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RESEARCH
PERSPECTIVES

The results of the present work open the way to several perspectives: since it was
observed the non-linear temperature-dependence of the chain-scale variables, the
modification of the linear phenomenological model to a function which considers the
slope change for higher temperatures and which takes into account explicitly the
effect of the filler could expand the scope of the proposed model. Furthermore, the
coupled effect of the temperature and the filler volume fraction on the time-
dependent response of the material could enhance the capability of the model.

On the other hand, since it was observed that the heat build-up increases with the
strain rate, the strain level or the filler volume fraction, the inclusion of the
temperature-dependence of the chain-scale variables is suitable. Besides, notice that,
a higher temperature is related with a smaller hysteresis loop. Likewise, the
hysteresis loop characteristics depend upon the analysis material point, as a
consequence of the inner temperature gradient. Thereafter, the experimental
verification and study of an inner temperature field will bring light about the
heterogeneous thermo-mechanical behavior of the material. Additionally,
introducing the maximum strain as an internal variable in the formulation of the
specific free energy potential could reasonably improve the scope of the model.

The model capability to describe and predict the heat build-up of filled rubbers
during low-cycle fatigue for different loading conditions is a subject to be
investigated.

In order to understand the thermo-mechanical origins of the material stress-

softening due to cyclic loading, the study of the time-effect of the heat build-up on
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the stress will bring some light about. Besides, the thermo-mechanical model scope
could be improved by considering the heat build-up path from the reference
configuration until failure. Then, the proposed model could be enhanced by adding
the well known sudden heat build-up before failure.

Since the thermal degradation could play an important role as the sample mass,
the strain rate, the strain level or the filler volume fraction is increased, the heat
build-up effects on the material lifetime is an additional subjected to be investigated.
Finally, the potential of the model to predict the material heat build-up due to crack
initiation or crack growth is a subjected to be studied.

Finally, the generalized continuum damage mechanics-based model used to
predict the rubber lifetime under multiaxial fatigue can be strengthened by including
the thermal effects. In a first step, that could be done by using the time-temperature

equivalence principle.
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ANNEX A: THERMO-MECHANICAL
DISSIPATION POTENTIAL

Let us define the specific internal energy e in terms of the specific entropy 77, the
absolute temperature 8 and the specific free energy ¢, as follows (see Eq. (1.45)):

e=y+6n (A1)
where

w(F.6.C,)=y, (F.6.C,)+w,(6) (A.2)

Then, substituting 7 =-0¢ /06 into (A.1) returns

oy
e=y- 869 (A.3)

Inserting the expression for the time rate of the specific free energy (see Eq. (1.48)),
Le.

0Py . ‘F+ by . .C, + 61/19 (A.4)

v= oF oC, 06

into the time rate of the specific internal energy:

20U _d 0y
e=0-0% Hdt(aej (A.5)

leads to the following relations:

0Bl W Wy gy (00) "
oF aC, 69 08 dt\ 08
e=0u.p s Wi -0 (%) (a7)
oF aC, dt\ 06
Then, from the thermodynamics relations
Y

=P oE (A.8)
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and
oy
A = M A9
v 'OaCV (A.9)
Eq. (A.7) returns
e=Ln. F+1A :C,-0— (a‘/jj (A.10)
Yo Yo dt\ 08
e—ln F+1A :C,—-8 o F+ oY :C, + 6412/ (A.11)
p Jo, oFod 0C,08 06
2
e=1n: F+1A :C, 0—[6—".|':+%:CV}—06"€9 (A.12)
Yo, Yo, pl o8 06 06

Inserting this expression for the time rate of the internal energy into the standard

formulation of the first law of thermodynamics, i.e.

pe=mn:F-div[q]+ por (A.13)

leads to the following relations:

n:F+A,:C, H{OE.F+%:CV}—/}96[/I9 n:F—div[q]+ or (A.14)

06 060 06°
om -  OA, . oy :
A,:C,-0| —:F+—x:C, |- pb 0=-d + A.15

pCO=-A,:C, e{a—“ £+ 97
36

aev ; V} ~div[q] (A.16)

2
In Eq. (A.16) the coefficient C(F,@,CV) =-6 g Y is the specific heat at constant

92

deformation per unit mass and the heat supply per unit mass pr is neglected.
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