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Résumé

Cette thése est consacrée a ’étude des opérateurs de composition sur les espaces
modéles. Soit ¢ une fonction analytique du disque unité dans lui méme et soit ©
une fonction intérieure, c’est & dire une fonction holomorphe et bornée par 1 dont
les limites radiales sur le cercle sont de module 1 presque partout par rapport a
la mesure de Lebesgue. A cette fonction ©, on associe 'espace modéle Kg, défini
comme 1’ensemble des fonctions f € H? qui sont orthogonales au sous-espace © H?.
Ici H? est l’espace de Hardy du disque unité. Ces sous-espaces sont importants en
théorie des opérateurs car ils servent a modéliser une large classe de contractions

sur un espace de Hilbert.

Le premier probléme auquel nous nous intéressons concerne la compacité d'un
opérateur de composition C, vu comme opérateur de Kg dans H?. Récemment,
Lyubarskii et Malinnikova ont obtenu un joli critére de compacité pour ces opéra-
teurs qui fait intervenir la fonction de comptage de Nevanlinna du symbole ¢. Ce
critére généralise le critére classique de Shapiro. Dans une premiére partie de la
thése, nous généralisons ce résultat de Lyubarskii-Malinnikova a une classe plus
générale de sous-espaces, a savoir les espaces de de Branges-Rovnyak ou certains
de leurs sous-espaces. Les techniques utilisées sont en particulier des inégalités

fines de type Bernstein pour ces espaces.

Le deuxiéme probléme auquel nous nous intéressons dans cette thése concerne
I'invariance de Kg sous I'action de C,. Ce probléme nous ameéne a considérer une
structure de groupe sur le disque unité du plan complexe via les automorphismes
qui fixent le point 1. A travers cette action de groupe, chaque point du disque pro-
duit une classe d’équivalence qui se trouve étre une suite de Blaschke. On montre
alors que les produits de Blaschke correspondants sont des solutions "minimales"
d’une équation fonctionnelle 1) o ¢ = Aib, o A est une constante unimodulaire
et © un automorphisme du disque unité. Ces résultats sont ensuite appliqués au

probléme d’invariance d’un espace modéle par un opérateur de composition.

il
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Abstract

This thesis concerns the study of composition operators on model spaces. Let ¢
be an analytic function on the unit disc into itself and let © be an inner function,
that is a holomorphic function bounded by 1 such that the radial limits on the
unit circle are of modulus 1 almost everywhere with respect to Lebesgue measure.
With this function ©, we associate the model space Kg, defined as the set of
functions f € H?, which are orthogonal to the subspace ©H?. Here, H? is the
Hardy space on the unit disc. These subspaces are important in operator theory

because they are used to model a large class of contractions on Hilbert space.

The first problem which we are interested in concerns the compactness of the
composition operator C,, as an operator on H? into H?. Recently, Lyubarskii and
Malinnikova have obtained a nice criterion for the compactness of these operators
which is related to the Nevanlinna counting function. This criterion generalizes
the classical criterion of Shapiro. In the first part of the thesis, we generalize this
result of Lyubarskii-Malinnikova to a more general class of subspaces, known as
de Branges—Rovnyak spaces or some subspaces of them. The techniques that are

used are particular Bernstein type inequalities of these spaces.

The second problem in which we are interested in this thesis concerns the invari-
ance of Kg under C,. We present a group structure on the unit disc via the
automorphisms which fix the point 1. Then, through the induced group action,
each point of the unit disc produces an equivalence class which turns out to be a
Blaschke sequence. Moreover, the corresponding Blaschke products are minimal
solutions of the functional equation ¥ o o = Aip, where X\ is a unimodular con-
stant and ¢ is an automorphism of the unit disc. These results are applied in the

invariance problem of the model spaces by the composition operator.
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Chapter 1

Introduction

The study of composition operators lies at the interface of analytic function theory
and operator theory. The story begins with fixing an analytic self-map on some
domain 2, and usually denoted by (. Then the composition mapping is defined
as
C,: Hol(2) — Hol(Q?)
= foe

The typical question in this topic is to know under which conditions we have
C,X C),

where X and ) are some Banach spaces of analytic function which reside in Hol(€2)
as a subset. In particular, the special case ) = X has been extensively studied

for various classes of Banach spaces X.

As the Hardy spaces on the unit disc H?, 0 < p < oo, are one of the most
important function spaces, the composition operator is studied intensively on the
Hardy spaces. See for example [8, 29]. The classical subordination principle of
Littlewood can be rephrased in this language. In terms of composition operators,
it says that the mapping C, : H? — HP? is a well-defined bounded operator on
all Hardy spaces H?, 0 < p < oo. See [29, Chapter 1|. This question has also been
studied on numerous other function spaces, e.g. on Besov spaces [30], on Bloch

spaces [6] or on the Dirichlet space [14, 15, 32].

Studying composition operators on subspaces of the Hardy space is a new topic

and still there are several open questions about them. In [20], authors studied the

1
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compactness and membership in Schatten classes of the mapping C, : Ko — H?,
where Kg is the model space corresponding to the inner function ©. As a contin-
uation, we consider the composition operator on the De Branges—Rovnyak spaces
instead of the model spaces.We begin with the boundary behavior of functions on
the unit circle, we generalize Hartmann-Ross result which controls the behavior
of functions in the model space, |[16]. Then, we obtain a weaker sufficient condi-
tion for the compactness of the composition operator on the de Branges—Rovnyak
spaces, and give a sufficient condition for the compactness of the composition op-
erator on a dense subspace of the de Branges—Rovnyak spaces by generalizing |2,

Lemma 5.

In [23], a complete characterization of ¢’s for which C,, leaves K¢ invariant, when ©
is a finite Blaschke product, is given. The paper [24] is devoted to a comprehensive
study of C, when ¢ is an inner function. In this situation, authors face with the

functional equation

P(p(2)) x w(z) =¥(2), (2 € D), (1.1)

where all the three functions ¢, ¢ and w are inner. With an iteration technique

and appealing to the structure of inner function, (1.1) simplifies to

w(w(z)) = \Y(2), (AeT, zeD), (1.2)

where ¢ has its fixed (Denjoy-Wolff) point on T. This equation is a special
case of the celebrated Schroder equation which has a long and rich history. As a
matter of fact, its first treatment dates back to 1884 when Konigs [18] classified
the eigenvalues \ for mappings ¢ with a fixed points inside D. See [29, Chapter
6] for more detail on Konigs’ solution. Despite the vast literature on Schroder’s

equation, not much is known when the Denjoy-Wolff point of ¢ is on T.

Chapter 3 is devoted to a complete characterization of the Blaschke products 1
which satisfy (1.2), with ¢ being an automorphism of D. To do so, in Section 3.3 we
define a noncommutative group structure on ID which stems from automorphisms
of the D which fix the point 1. Essential properties of this group are discussed in
this section. Then in Section 3.4, we introduce a family of abelian subgroups of D.
These subgroups will provide the main apparatus to spot all the minimal Blaschke
sequences. To achieve this goal, we need an explicit formula for the n-th iterate

of an element in the group D; this formula is obtained in Section 3.5. Eventually,

2
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in Sections 3.6 and 3.7, we study the orbits of the subgroup actions on D and
show that these orbits are two-sided Blaschke sequences. The main outcome is
Theorem 3.8, in which we show that the corresponding Blaschke sequence is in
fact a minimal solution of the functional equation. Eventually, in Section 3.8,
the stage is set to characterize all Blaschke products which satisfy the functional
equation. Theorem 3.9 is a complete characterization of Blaschke products which
fulfill the functional equation (1.2).

1.1 Hardy spaces

In this section we present the basic theory of the function spaces that we will con-
sider in our work. We begin with the Hardy space and then its closed S*—invariant

subspaces.

Let m be the normalized Lebesgue measure on the unit circle. Let C denote the

complex plane, D denote the unit disc, and let T denote the unit circle. For

1 < p < o0, the Hardy space H? consists of analytic functions f in D such that
2m

1 .
Po= gqup — re'?)|Pdh < oo.
I£15:= swp o [ 1rre)

If p = o0, we use H* to denote the space of bounded analytic functions f in the

unit disc. Thus

[fllo == sup{|f(2)| : z € D}.

For 1 < p < oo, LP(T) will denote the Lebesgue space of the unit disc induced
by the measure m. For functions f in the Hardy space H? ; 1 < p < oo, Fatou’s

theorem says that the radial limit

f(ew) = lim f(rew)

r—1

exists for almost all € € T, and f on the boundary belongs to L?(T), and moreover

1/ lzro = 1\l Lo (ry- Hence H? can be regarded as a closed subspace of LP(T).

For the special case p = 2, H? is a Hilbert space. The inner product is given by

<f7 g>2 = Z anl;na
n=0
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where f, g in H? and have the expansion f(z) = > " a,2" and g(z) = > 7, b2

Let P, be the orthogonal projection on L*(T) with range H?. The operator is

given explicitly as a Cauchy integral:

o)) = [, sepiserr

This operator can be extended to an operator from L' into Hol(D). The kernel
function in H? for the functional of evaluation at A in the unit disc will be denoted
by k) and

It satisfies

f(2) = {f,k.)2, 2€D,feH.

Let b be in the unit ball of H*°. Then by the canonical factorization theorem b
can be factorized as follows:
b= ’}/stO,

where v is a constant of modulus one,

Al A — 2
B<Z>:H|An|1_rnz’ (z €D),

is the Blaschke product with zeros \,, € D satisfying the Blaschke condition ) (1—

|An]) < +o0,
(+z

T¢—2

is the singular inner factor with 4 a finite and positive Borel measure on T, singular

ro(e) =exp (- @), (zeD)

with respect to the Lebesgue measure,

—Z

00 =exp ([ X210 0lam(0) . (<)

is the outer factor.

For ¢ € L>°(T), the Toeplitz operator is defined on H? by

T@f = P+(‘Pf)~
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It is well known that T}, is bounded and ||T,|| = |l¢||.,. We let S denote the
unilateral shift operator on H?, i.e (Sf)(z) = zf(z). Its adjoint, the backward
shift, is given by

sy - £ =10
z

Note that S = T, and S* = T:. A non-constant analytic bounded function © is
called inner if its radial limit is of modulus 1 almost everywhere on the unit circle.
The model space, corresponding to ©, Kg = H? © ©H?, is a proper nontrivial
invariant subspace of S*. Moreover, Beurling’s theorem says that these subspaces
describe all non proper non trivial invariant subspaces of S*. The orthogonal
projection on L?(T) with range Ko will be denoted by Pe. The kernel function
in Kg for the functional of evaluation at A will be denoted by k9; it equals Poky.

Indeed, for any f € H? and A\ € D we have

(f, Pr(©k))2 = (Of kx)2 = (f,O(N)kr)a. (1.3)

That means P, (0ky) = O(A\)k,. Hence,

K(2) = (I—-OP0)k\(2)
= ka(2)(1-08())0)
1-06(1)6(z)
1— Xz ’

where A, z € D. And these kernels satisfy

f(2) = (f,k2), 2z€D, f&Koe.

If B is a finite Blaschke product with zeros Ai, Ao, ..., Ay with multiplicities

mi,Ma,...my, then Kp is the finite dimensional subspace spanned by

The set 0(0) denotes the spectrum of ©. This is the set of all ¢ € D such that
liminf, ,; |©(z)| = 0, that is the smallest closed subset of the closed disc that
contains the zeros of © and the support of of u. It is well-known that © and all

functions in Ke admit analytic continuation across any arc lying in T\o(©), |26].
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1.2 Composition operators

In this section we are going to present some basic facts in the theory of composition
operators. For a holomorphic ¢ from the unit disc to itself, usually called the

symbol, one can define the composition operator

Cuof = foo.

The composition operator can be defined on many different analytic function
spaces. The following theorem, called the Littlewood subordination theorem, is

essential in the theory of composition operators

Theorem 1.1 (Littlewood subordination theorem). /8] Let ¢ be an analytic map
of the unit disc into itself such that ¢(0) = 0. If G is a subharmonic function in
D, then for 0 <r <1

/OﬂG(cp(re”))d@ﬁ/OWG(reie)dH. (1.4)

It easily implies that C,, is bounded on H?, for any ¢ : D — D analytic. For ¢ an
analytic map on the unit disc, let w # ¢(0) and let z; be the points of the disc for

which ¢(z;) = w, with multiplicities. The Nevanlinna counting function is
Ny(w) =) log(1/|z])-
J

And N,(w) := 0 if w is not in the domain of . Since —logex <1 —=z,asz — 1
we have > log(1/[z2;]) =< >_,(1 — [2;]) which is finite, by the Blaschke condition,

so the Nevanlinna counting function is well defined.

The following is a version of Littlewood-Paley identity which gives the H? norm

of an analytic function in terms of a weighted area integral.

Theorem 1.2 (Littlewood—Paley identity). [8] If [ is analytic in D, then

115 =2

where dA is the normalized area measure.

£ ()] 1og A () + £(O)P, (1.5

|22
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The following is the Stanton formula. It is obtained from Littlewood-Paley iden-

tity.

Theorem 1.3. [8] If f is analytic in the unit disc and ¢ is a non-constant analytic

mapping of D into itself, then

I ol =2 [ |F )] Nle)aA) + I el0)F (16)

The Nevanlinna counting function has the following important property, which is
the subharmonicity, [28]. That is

1
No(a) < x5 [ Vo(whaatw) (17)

where A is an open disc in D\{¢(0)} with centre a.

1.2.1 Carleson Measures

Carleson measures are a very useful tool in studying composition operators on
Hardy and sub-Hardy spaces. In this subsection we present the definition and well

known results about Carleson measures.

For ¢ on the unit circle and h € (0,1), let
S(C,h)={z€D:|z-(| <h},

that is the intersection of the unit disc with the disc of radius h and centred at (.
The next result characterizes measures p on the disc for which H? is contained in
LP(u), and by the closed graph theorem this is equivalent to the continuity of the

inclusion map from H? into LP(u).

Theorem 1.4. [5, Carleson’s theorem| For u a finite, positive Borel measure on

D and p € (0,00), the following are equivalent:

1. There is a constant C, such that

for all ¢ € T and h € (0,1).
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2. There 1s a constant Cy such that

/ P < G £
D

for all f in HP.

3. There is a constant Cs such that

/

2 1
d S O/ P—
lu(z) = 031 _ |w|27

1

1 -z

for all w € D.

Measures that satisfy these equivalent conditions are called Carleson measures for

the Hardy spaces in D and the set of all these measures will be denoted by C.

1.2.2 Composition operators on Hardy spaces

We begin with the composition operator on Hardy spaces. The operator

C,:H> — H?

J = foy,

is bounded, for any holomorphic symbol, by the Littlewood’s Subordination The-
orem. J. Shapiro [28| characterized the compactness of the composition operator

on Hardy spaces using the Nevanlinna counting function.

Theorem 1.5. [8, Theorem 3.20] If ¢ is an analytic map of the unit disc into

itself, then the composition operator on H? is compact if and only if

Noy(w) _
w|—1 log |w]

(1.8)

Let ¢ be a self-map on D. We define the pullback measure fi, on the closed unit
disc D as the image of the Lebesgue measure m of the unit circle under the map

©* (the boundary limit of p):

Ho(E) =m ("' (B))
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for every Borel subset £ of D. It is clear that the composition operator on the
Hardy spaces is bounded if and only if the measure p, is a Carleson measure.
Since composition operators on Hardy spaces are always bounded it means that

e 1s always a Carleson measure.

The composition operator C,, on H? is isometrically equivalent to the embedding
of H? into L?(u,). The following theorem characterizes the compactness of the

composition operator on H? in terms of the measure fi,.

Theorem 1.6. /8, Theorem 3.12(ii)] Let ¢ : D — D be an analytic function.
Then, the operator
C,: H* — H?,

1s compact if and only if
1o (S(C h)) = o(h), as h — 0,

uniformly in ¢ € T.

1.2.3 Composition operators on finite rank model spaces

In this section, we discuss the invariance of the finite rank model space under
C,. Let B be a finite Blaschke product. Mashreghi and Shabankhah in [23]
give a complete description of bounded composition operator on model subspaces
Kp. They show that the collection of composition operators on Kz has a group
structure. Let L£.(Kpg) be the collection of all bounded composition operators on
Kp into itself. Depending on the zeros of the Blaschke product, the following
theorems characterize the collection of the composition operators on the model

space. We will use the notation ¢ = po...0p n times.
Theorem 1.7. [23, Theorem 2.1] Let

A— 2z

B(z) = (1 _Az)n, (A#£0,n> 1),

Then
EC(KB) = {C(lfﬂa)era ra€Ca 7é 1/5‘}

Theorem 1.8. /23, Theorem 2.3] Let B be a finite Blaschke product with B(0) # 0

and with at least two distinct zeros. Then there exists an integer n > 1 and a linear

9
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function p(2) = az + b such that p!"(2) = z and
£C(KB) — {027 C‘p, C¢[2], ey C(p["_ll}'

Theorem 1.9. /23, Theorem 2.5] Let

A—z
1— )z

B(z>:z< ) (A 0,n>1).

Then
L.(Kp)= {C% caeC,be C\{l/X},c = (a— 1)5\ + b5\2}.

Theorem 1.10. /23, Theorem 2.8] Let B be a finite Blaschke product with B(0) =
0, and assume that B has at least two other distinct zeros. Then there is a Mobius

function ©(2) = (az +b)/(cz + d) such that ¢"(2) = 2 and
L(Kp)={C.,Cy, Cop,...,Com-n}.

Theorem 1.11. /23, Theorem 2.9] Let

A— n
B(z) = z" = : (A#0,m>2,n>1).
1— Az

Then
L(Kp) ={Cy:be C\{1/A}}.

1.2.4 Composition operators on model spaces

Lyubarskii and Malinnikova [20]| consider the following operator. Let ¢ be an
analytic map on the unit disc into itself, and let © be an inner function. Then we

consider the restriction of C, to Keg,

C,: Ko — H?
[ = foe

The following theorem characterizes the compactness of the composition operator.

Theorem 1.12. /20, Theorem 1[Let ¢ : D — D be an analytic function, such
that ©(0) = 0. Let © be an inner function. Then the following statements are

equivalent

10
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1. The operator C, : Ko — H? is compact.

2. The Nevanlinna counting function satisfies

1—10(w)?
Nw(w)# — 0 as |w| — 1. (1.9)

Suppose for a moment that © = 0 (of course this is not an inner function but we

can think at this case corresponding to Ko = H?). Then (1.9) reduces to

Nw(w)
1 — |w]?

— 0 as |w| — 1,
and since 1 — |w|? < —log |w|, w — 0, (1.9) gives the condition (1.8).
g g

The key point of the proof of Theorem 1.12 is based on a difficult result of Axler,
Chang and Sarason. Cohn, in [7] rewrites the inequality in the following form. Let

© be an inner function. Then for any f € Kg we have

1182 [ rf'<z>\2%cm<z> LIFO)P, (1.10)

which is valid for some p € (0,1).

11
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Chapter 2

De Branges—Rovnyak Spaces

In this chapter we introduce the de Branges-Rovnyak spaces H(b), the definition
and some basic properties. In section 2.1 we study the bad boundary behavior of
functions in de Branges-Rovnyak spaces. In section 2.2 we give a necessary condi-
tion for the compactness of the composition operator from H(b) into H?. Then in
section 2.3 we obtain a sufficient condition for this property. Then, in section 2.4
we generalize Axler-Chang-Sarason lemma for the de Branges-Rovnyak spaces.
Then, in section 2.5 we define a dense subspace, X'(b) in the de Branges—Rovnyak
spaces. Finally, in section 2.6 we obtain a sufficient condition for the compactness

of the composition operator on this space X (b).

De Branges—Rovnyak spaces were introduced by de Branges and Rovnyak in [9, 10]
as universal model spaces for Hilbert space contractions. Subsequently it was
realized that these spaces have numerous connections with other topics in complex

analysis and operator theory, [12, 27].

Let b be in the unit ball of H*°. then the de Branges-Rovnyak space is the range
of the operator (I — TyT5)'/? on H? and denoted by H(b). The operator T, is the
Toeplitz operator defined on H? by T,(f) = P, (bf). H(b) is a Hilbert space with

the inner product

(I —=TT) 7 f,(I = T,T5) g), = (. 9)2
where f and ¢ are taken in H? such that
frgLker(I — Tng)l/Q.
13
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And its cousin, denoted by #(b) is the range of the operator (I — T;T3)*/? on H2.
As a special case, when b is an inner function, the operator I — 1,75 is projection
and H(b) becomes a closed subspace of H? which coincides with the model space
Ky. The reproducing kernel of #(b) at the point A € D is denoted by k% and given
by the following formula

1—5b6(N)b
kﬁ(z)zlﬁ—))\z(z), Az €D.
Its norm is |b()\)|2
b 2 1 —
||k>\Hb: 1= A2 AeD.

Hence the normalized reproducing kernel is

~ 1= b\b(2) [ T—|A2
kg(z)_ 11— - (1—|b()\)|2> ) Az €D.

In the first section we study the boundary behavior of functions in H(b). And
the rest of the chapter will be devoted for the composition operator on the de

Branges—Rovnyak spaces.

The following Lemma is well known and says that #H(b) is contractively contained
in H2.

Lemma 2.1. Let b be in the unit ball of H>®. Then H(b) C H? and for any

function in H(b) we have

LAl < (1 F1lp- (2.1)

Proof. The inclusion H(b) C H? follows immediately from the definition of H(b)
as
HOb) = (I — T,T;)"* H>.

Now, let f = (I — T;,Tl;)l/2 g, where g € H? and g 1 ker (I — Tng)l/Q.

On one hand, we have

£l = llgllz

14
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and on the other hand, we have

2
17 = || - 13)" g
= (I =T113) 9,9)2

= lgll; — 175913

2 2
< llglly =71

The main goal of this chapter is to prove the following implications.

Theorem 2.2. Let ¢ : D — D be analytic such that, ¢(0) = 0. Let b be a function

in the unit ball of H*. Consider the following statements

1. for some v € (0,1/3) we have

N,(z) (wf — 0 as |z| = 1,

122

2. the operator Cy, : H(b) — H? is compact,

3.

L))

»(2) EE — 0 as |z| = 1,

4. the operator C,, : X (b) — H? is compact.

Then we have the following implications, 1 = 2 = 3 = 4.

2.1 Boundary behavior of #(b) spaces

In this section we study the boundary behavior of de Branges—Rovnyak space’s
functions at some point on the unit circle. We generalize Hartmann—Ross result,
[16, Theorem 1.5]. Studying the behavior on the boundary is divided into two
types. The first one is the good behavior that is all functions have finite radial
limits at a point on the unit circle. While the second type is controlling the growth

of the radial limits at a point on the unit circle, and called the bad behavior. The

15
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following theorem characterizes the good behavior of functions and their deriva-
tives in de Branges—Rovnyak spaces, Ahern and Clark proved the theorem if b is

an inner function, [1]. And Fricain and Mashreghi proved the general case.

Theorem 2.3. [11, Theorem 3.2/,[1, Theorem 1.5] Let b be in the unit ball of H>
such that

_ |an| a, — 2 (+z ¢+
o) = T (s e (- a0 ) e ([

is the canonical factorization. Let (y € T and N be a non-negative integer. Then

" 1o (O ldm(©) )

the following are equivalent.

1. for every f € H(b), f(2), f'(2),..., f™N)(2) have finite limits as z tends ra-
dially to (.

2. we have

1 — |an* T dp(e) T [log [b(e™)]] it
Z |C — a,|2N+? +/0 |Co — €it[2N+2 +/0 mdm(e ) < oo.
(2.2)

If (2.2) is no longer satisfied at some point (y then we lose the good behavior of the
functions at that point. But, it is still interesting to see how fast these functions
approach infinity. Hartmann and Ross controlled the behavior of functions in
model spaces, [16, 17]. They introduced the following auxiliary function, called an

admissible function.

Let ¢ : (0,+00) — RT be a positive increasing function such that:

1. 2 — 29 ig bounded,

2. 1 — 2@ g decreasing,

3. p(x) < p(x +o(x), x—0.
For example, the functions f(z) = 2P, where 1 < p < 2 and g(z) = —zPlogx,
where 1 < p < 2 are admissible functions.

Theorem 2.4. [16, Theorem 1.5 | Let © be an inner function with zeros {\,}

and associated singular measure 1, @ an admissible function, and ¢ € T. If

16
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1— || dp(2)
, 2.3
DDl e R A 2%
then every f € Kg satisfies

(1 —r7)
1—r 7

FrOl S r— 1 (2.4)

We noticed that we may have the same behavior for de Branges-Rovnyak spaces
with the same technique. The following theorem controls the behavior of H(b)

functions.

Theorem 2.5. Let b be a function in the unit ball of H*® with the canonical

factorization

o) =TT (1222 Yoo (= [ 5200 ) exp ([ £52togi0)1am(0)),

¢ an admissible function, and ¢ € T. If

AP ez s
Z%D(\C—An\)+/qrs0(lc—z!)+Tgp(yg—z\) m(z) <too,  (25)

then every f € H(b) satisfies

o(1—r)
1—r 7

FrOl S =1 (2.6)

It is well known that #(b) is a reproducing kernel Hilbert space with kernel function

1 —b(\)b(2)

Re) = ——

)

with
f(/\) = <f7 kj))\>bv ()‘ S D)v
for every f € H(b).

The following lemma |1, Lemma 3| asserts that, under a certain condition, the

radial limit of b(z) on T is of modulus 1.

17
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Lemma 2.6. [1] Let b be a function in the unit ball of H* with the canonical

factorization

_ |an| an — 2 C+z ¢+
o= T () o (- L2 o ([

Let ¢ € T. Then the following are equivalent.

1o (Ol (©) )

L= P, [ du) [ log e
DIy W A Rl R

2. Fvery divisor of b has a radial limit of modulus 1 at .

dm(z) < +o0.

3. Every divisor of b has a radial limit at .

It is enough to prove Theorem 2.5 for ( = 1. Theorem 2.5 follows from the

following theorem and the Cauchy-Schwarz inequality

LF]< A1l 121,

feH®), re(0,1).

Theorem 2.7. Let b be a function in the unit ball of H*> with the canonical

factorization

b0 =TT (2222 Yo (= [ 200 exp ([ 2 1ogii0)1am(0)).

@ an admissible function, and ¢ € T. If

5 1— A2 +/W<du(z) I L1 G | N R o

(€ = Anl) -t heelic—2D"
then ( )
b ol —7r _
12, < T r—1". (2.8)

Proof. A similar technique to [16, Theorem 2.1] will be used. Since x — ¢(z)/x
is bounded, (2.7) implies

LGP du) [ Nloe ()]
——d .
PO Wik |<—z|+/qr -z omle) <o

18
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Hence, by Lemma 2.6 |b(r)] — 1asr — 1. So

log |b(r)| >

e

Let do(C) = du(C) + |log|b(¢)[[dm(C). Then

log [b(r)|™* = —2log b(r)]
= —Zlog 1__7; +2/§R(gt:> do(Q)
N (1 AP A=Y C+r\ o
- BT (2

Let d¥(2) =Y, (1 —2]?)0x, (2) + do(z), where 2 € D and § is the Dirac measure.

Hence

log |b(r)| ™2 < Z 1— |\, n do(¢)

- =P S =P

1
= | T
/D(l —r2) + 92d (2)
1
5 dX(2
A@:l—rgg} (1 — rQ) + 92 ( )
1
+ = dX(2
/{9:1729} (1 — 7“2) + 2 ( )

1 1
—dX(z) + —/ d¥(z).
/{0:1—r<9} 0? ( ) (1 - T)Q {0:1—r>0} ( )

For the first integral, note that by Cauchy Schwartz inequality, we have

A

N

1
—dZ = dX(z
/{9 1-r<6} 62 =) /{O:ITSG} \/90(9)92/\/90(9) )

(2

(/{9:1r<9} o /90())>

Since ¢ is an admissible function and |1 — e¥| < @ we have p(0) < (|1 — %),

which, according to (2.7) says that

()

19
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Hence

2) \ V2
/{} FC) 5 (/{} ef%(g))

e (/{} o) ) .

Since = + p(z)/z?* is decreasing we have

©*(1—7)
1—r)t

©*(0)/6* < , for 1 —r <6.

Hence

/{9:1—“9} %dHZ) & %(/{9:1—7«9} ﬁ(@(ﬁ)m

< vld—r)
~o(1=r)2

For the second integral, note that

/{9:1r29}d2<2) = ( /{9:1@9}90(9)‘52(2))1/2-

( /{MM} ﬁdz@) " : (2.10)

and the last integral is finite. Since ¢ is increasing we get

therefore,
1/2
([ &) svea-n,
{6:1—r>0}
and finally,
/ d3(z) S p(l—r).
{6:1—r>0}
O

20
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2.2 The operator C, : H(b) — H?

As the theory of composition operator on the Hardy spaces is well known, in
this section we discuss the composition operator on subspaces in the Hardy space.
Since the operator C,, : H* — H? is bounded then it is easy to get the boundedness

of the operator if we restrict the domain on de Branges-Rovnyak spaces.

Proposition 2.8. Let b be in the unit ball of H* and ¢ be a self-map on . Then

the operator

C,:H(®b) — H?

= foep

18 bounded.

Proof. Tt is clear that the operator is well defined since H(b) is a subset of H?. Let
C denote the composition operator on H? into H2. Then for any f € H(b), using

Lemma 2.1 we have

ICarl, = |Cut],
< | ns,
< A[Col| 111,
So C, acts boundedly as an operator from H(b) into H?. O]

The composition operator is bounded for all analytic symbols ¢, which is not the
case for the compactness. Lyubarskii and Malinnikova characterized the compact-
ness of the operator C, : Kg — H?, where © is any inner function, [20]. In what

follows we study the compactness of the operator

C,: H(b) — H*.

The Lyubarskii-Malinnikova condition 1.9 is still a necessary condition for the
compactness. The following lemmas will be needed. Lemma 2.9 comes from [31,
Lemma 7 | but we recall the proof for the sake of completeness. Lemma 2.10 was
originally proved in [20] for any inner function and it is still true for any function
in the unit ball of H>.

21
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Lemma 2.9. Let \,p € D. If

<e€

— )

A—p
1— A

where € € (0,1), then
l—e 1—JA\ _1+e¢
< <

: 2.11
l+e ™ 1—|ul — 1—c¢ (2.11)
Proof. First
O 2 R e VT e e Tl
ow| TP
_ o = PRA k)
1= XaP
NN Y R E
> - A-hpa |2u! )
)
2
(L
Tl
Hence
o Rl
1 — [Al[pl
(A= ju) = (@ =AD
(L= [A]) + [A[(X = |ul)
o A—fu) =01 -A)
- A=)+ (@ = ful)
A straightforward computation leads us to
1—|pu]  1+e€
. 2.12
I—|A] — 1—¢ (2.12)
Since A and p are interchangeable we get the other side of the (2.11).
0

Lemma 2.10. Let {\,} be a sequence in the unit disc such that |\,| — 1 and
b(An)| <6 (2.13)
for some 6 € (0,1). Then

1. kf’\ 250 asn — oo (weak* convergence);

22
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2. there is € > 0,c > 0 and ng such that

|(K3,)'(Q)] > (N ¢ € De(An) (2.14)

holds for all n > ng, where D (\) = {C : |¢ — M| < €|1 — CA|} is a hyperbolic

disc with center at .

Proof. 1. We recall that
B (2) = ( L= P )”2 1= b0)b(2)
An 1- ’b<)‘n)| 1— )\_nz
and for any f € H(b) N H>, we have
—~ 1 — ’)\ ‘2 1/2
b ‘ Y (O 1A A,
] = () o

I lloe vy 2102
< ﬁ(l Aal?)

’

Hence (f,/::l)’:)b — 0, as n — o0, for any function f € H(b) N H*. The
result follows immediately using that #(b) N H* is dense in H(b) (note that
the reproducing kernel k% € H(b) N H> for any A € D).

2. Since b is a self map on D we have by the Schwartz—Pick inequality

b(z) — b(A\n) < z—&l  .eD.
1 —b(A\,)b(2)) — An2
e L= ()P
— |b(z
/ < I b A I )
pel< EE sep
Hence,
) - ) < 2| =2 (215)
n —_— 1_)\—n< . .
That is
C_ )\n
16(O)] < [b(An)] + 2 S wik (2.16)
Since |b(\,)| < 0
b <e, (€ Unz1De(An), (2.17)
for some ¢ < 1 and € > 0.
23
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We claim now that for sufficiently large ng

C
k) —_— D.( ).
|( C) (C)| > (1_|C|2)27 CEUTZ>7LO 6( n)
We note that _ ,
b'()b(¢) | =1 —1b(¢)]
kQ)'(¢) = — +¢ .
k=T * a1
A As
Since |b(C)| < ¢ we clearly have
C/
Ay > ————,
= ey
for some ¢ > 0.
It is enough to show that
|Aq| < q|As]  for some g € (0,1), (2.18)

when ¢ € UpspoDe(\y). Indeed, assuming (2.18), we have

’(kg)/@” = |A; + Ay
> |As| = [A4]
> |As| = qlAs|
_ (1-a)
= (1 —q)|As ZW.

To prove (2.18) note that:
L- (P _ «
|Aq| < WC)\W < m|142|7 ¢ € UnDc(An).

Since ¢ < 1 and inf{|¢| : ¢ € UpsmDe(An)} — 1 as m — oo, then ¢ =

sup ﬁ < 1, and hence the estimate follows for the special case ( = \,.

In order to complete the proof consider the function

V(C)b(A) | 1T —0b(C)b(N)
o TMazoye

g(A. Q) = () (¢) = -

We have |g(A,, ¢)] = [(K§ )'(¢)]- On the other hand

19(An, Q) = 9(C, O < |g' (@, QI = Anl, (2.19)
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for some point w € [, \,,], where the derivative is taken with respect to the

first variable. By Lemma 2.9 we have

const

l9'(w, Q)| < A= oD

W, ¢ € D(\y),

the constant being independent of n. Now, given any 1 > 0 we can choose
¢ < € such that the right-hand side in (2.19) does not exceed n(1 — |¢|*)~2
when ¢ € Do (),). Taking n sufficiently small we obtain the result.

]

In the following theorem we obtain a necessary condition for the compactness of

the composition operator on de Branges—Rovnyak spaces.

Theorem 2.11. Let ¢ : D — D be analytic such that ¢(0) = 0. If b is in the
unit ball of H>®, then a necessary condition for the operator C, : H(b) — H? to

be compact is that the Nevanlinna counting function of ¢ satisfies

1 — (M)

N‘p(/\)l——|)\|2

— 0 as [N\ — 1. (2.20)

Proof. Suppose that C,, is compact but the condition (2.20) is not satisfied. Then
there is a sequence (\,), in D, |\,| — 1, such that

1= ()2
Ll LD | S (2.21)

N@()‘n) 1_|/\ |2 -

Since N, (w) < log |71| then there is a constant a < 1 such that condition (2.13) is

satisfied. Then by Lemma 2.10, Eﬁn % 0. Since C,, is compact we have
HC%ORHH ~ 0. (2.22)
2
On the other hand, we have

o],

> / () (P NL(Q)dAQ)
/D (Y (OR(L = M)V ()dA()

> o M08

ceNy(An)
R P

v
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The first inequality follows from Stanton’s formula, while the third inequality is an
application of Lemma 2.10 and the last one is the subharmonicity of the Nevanlinna
counting function (1.7). That contradicts (2.22).

2.3 Sufficient condition for compactness

In [20], the authors proved the sufficiency of (2.20) for the compactness of the
composition operator on model spaces, and used an inequality derived from |[2,
Lemmab| by Cohn |7, page 187]. That inequality was essential in the proof. In
this section, we obtain a weaker inequality in a slightly different way, using the
weighted Bernstein inequality for the de Branges—Rovnyak spaces [3|. Then this
inequality is used to obtain a weaker sufficient condition for the compactness of

the composition operator on the de Branges—Rovnyak spaces.

We start by recalling the weighted Bernstein inequality. To introduce the inequal-
ity we need the following notations. Let 1 < p < 2, and let ¢ be the conjugate
exponent of p. Also, let p(e?) = 1 — |b(e?)|2, § € [0,27] and

() = Iy ZC) =T )

Y

where A, z € D. Finally Let
(=) = min { [J(62)° 7770040, oV esg)37/0 ).

where z € D.
Then, Baranov, Fricain and Mashreghi obtained the following inequalities.
Lemma 2.12. /3, Lemma 3.5] For 1 < p < 2, there is a constant A > 0 such that

12|
(1= b))

wy(z) > A

Theorem 2.13. [3, Theorem j.1] Let u be a Carleson measure, let 1 < p < 2,
and let

(Tp)(2) = f'(Rwp(z),  feHD).
26
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If 1 <p <2, then T, is a bounded operator from H(b) to L*(u), that is, there is a
constant C = C(u,p) > 0 such that

Ifwollzzgy < Clflb, € HD). (2.23)

If p=2, then Ty is of weak type (2,2) as an operator from H(b) to L*(u).

The following lemma insures that the subspace of functions that have zero of order
n at the origin of any boundedly contained subspace in the Hardy space is closed
and its orthogonal complement is finite dimensional space. We recall that a Hilbert
space F is said to be boundedly contained into H* if E C H? and ||f]l, < ||fll g
for any f € F.

Lemma 2.14. Let E be boundedly contained into H?. Then the subspace
EM .= {f € E; f has zero of order n at the origin}

is closed in E. Moreover, the subspace (E™)* is of finite dimension.

Proof. Let us first prove the closedness. Let (fi)r be a sequence in E™ and
converges to f in E. Since E is boundedly contained in H? we have f) converges
to f in H%. Hence

£2(0) = £9(0),

forall j > 0. But for j <n—1and k > 1 f,gj)(O) is zero and hence fU)(0) is so.
That means f € E™.

Let us now prove that dim(E © E™) < +oco. Since
f= 190
is continuous, there exists k;o € F such that
FO0) = (f ko).
for all f € E. It is enough to show that

Ee E™ = L (koo ki, .- kn-10) -

27
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On one hand, for 0 < j <n —1 and f € E™ we have,

(f,kjo)e = f9(0) = 0.

On the other hand, if f0)(0) = 0 for all j <n — 1 then f € E(™. Hence
L (Koo, k1,05 - - k;n_m)L c E™.

which means

(E1(71))L cL (k‘op, ]{3170, RN kn—LO) .
Therefore

Ee E™ = L (koo ki, .. kn_10) -
That is E & E™ is of finite dimension. O
In the following theorem we obtain a sufficient condition for the compactness of
the composition operator on the de Branges—Rovnyak spaces.

Theorem 2.15. Let ¢ : D — D be analytic such that ¢(0) = 0. Let b be in the
unit ball of H* and v € (0,1/3). If there is p € (1,2) such that the Nevanlinna

counting function of ¢ satisfies

Ny(z)w,?(z) = 0, as |z| = 1, (2.24)

then the operator Cy, : H(b) — H? is compact.

Proof. Let H(b)™ = {f € H(b); f has zero of order n at the origin}. Since H(b)

is contractively contained in H? then, by Lemma 2.14, we can define
1™ - H(b) — H(b)™

to be the corresponding orthogonal projection.

Since, by Lemma 2.14, the orthogonal complement of # ()™ is of finite dimension,

it is enough to prove that

||C'WH — 0, n — +0o0.

" ||H(b)—>H2
28
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Indeed, this implies that the operator C, can be approximated by the finite rank
operator Cy,(I — H(")) and thus the operator is compact.

Given a function f € H(b) such that || ||, = 1, let g, = II™ f. Then ||gn||, < 1
and, for each R < 1,e > 0 we can choose n(e, R) independent of f such that
lgn(W)| < €, |¢),(w)| < € for all n > n(e, R), and |w| < R.

Indeed, since g, = II™ f € H(b)™, the Taylor series of g, at the origin can be

written as ®
_Zgn (0)wk
N k! '
k=n
But
(k)
gn(0)
| = [gwwt)
< lgnlly [|w*],
= gnlls < IIfll, = 1.
Hence, .
< k .
()l < 3l = 1o < g

Since R™ — 0 as n — 400, we can find n(e, R) € N such that

For g, write

Hence,

gn(w)] <

IN
it

ol

el
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So |¢g/ (w)] — 0 as n — oco. Let v € (0,1/3) and define

It is easy to check that 1 < p < 2. Since the area measure is a Carleson measure,

Theorem 2.13 implies that

[lr@PaeAe < c.
D
Therefore, since ¢(0) = 0, Stanton’s formula implies that
) o112
ey = 2 [ I PN AC)
= 2 I EPN)AR
|z|]<R
sz g EPNAR
R<|z|<1

IN

max{|g;, (w)[*} Ny (2)dA(2)

lz|<R |z|<R

+ An, / 101 (2) [P (2)dA(2)
R<|z|<1

where Ap, = maxp|;|<1 Ng,(z)w;?(z). Since the last integral is controlled by C,
Ap, — 0as R — 1 and for large n the maximum of |¢/,| in |z| < R is small enough

we get the result. O

Corollary 2.16. Let ¢ : D — D be analytic such that ¢(0) = 0. Let b be in
the unit ball of H*. If there is v € (0,1/3) such that the Nevanlinna counting

function of ¢ satisfies

N,(2) (w)Q — 0 as |z| = 1, (2.25)

122

then the operator C, : H(b) — H? is compact.
Proof. Take p = if—z Since v € (0,1/3) it easily implies that p € (1,2) and if ¢ is
the conjugate exponent of p, we have

p—1 p
p+1 qlp+1)

v =
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Then Lemma 2.12 gives that

1— |7
wpl2) 2 ATy

And thus (2.25) implies that
Ny (z)w,?(z) = 0, (2.26)

as |z] — 1. Then we can apply Theorem 2.15 which yields that the operator
C, : H(b) — H? is compact.

2.4 Axler, Chang and Sarasons’ lemma

Lemma 5 of [2] is essential for obtaining a sufficient condition for the compactness
of the composition operator on model spaces. In this section we generalize this

lemma for general function in the unit ball of H*.

To state the lemma some notations are needed. For e? a point of T, let 'y denote
the angle with vertex e and opening 7/2 which bisected by the radius to e?. The
set of points z in [y satisfying |e? — 2| < € will be denoted by I'y.. For h in L

we define
1/2

Ah(9) = [ /F Vh(2)[2dA(z)

for € € (0,1]. Here, Vh refers to usual gradient of the harmonic extension of h
onto D.

The Hardy-Littlewood maximal function of h will be denoted by h* and is defined

as follows .
g AL
1),

I>e®t

where [ is an arc in the unit circle. For r > 1 we let

Ach=[(|h[")]2.
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For z € D let I, denote the closed subarc of T with center z/|z| and measure

1 —|z|. Let 1 < p,q < 2 be fixed such that r = pg < 2.

The following theorem generalizes Axler-Chang-Sarasons’ lemma, |2, Lemma 5|,

which was proved for an inner function b.

Lemma 2.17. If b is a function in the unit ball of H*® then for any h in H* and
any 6 > 0,

1/2

- 12
ot g [V = PR (1= [2))dA(z) | < K6 ||hll,. (2.27)
|z|>1/2

The following lemma, is the key point in the proof of the previous lemma.

Lemma 2.18 (Distribution function inequality). If b is a function in the unit ball
of H*, h is in H?, and z is a point in D such that |b(z)| > 1—6 and |z| = 1—e > 3,
then, for a > 0 sufficiently large,

|1, N { Ay (I — P)bh < a6 A.h}| > K,|L|, (2.28)

where C'=1/p'q, and where p' = p/(p — 1).
First we deduce Lemma 2.17 from Lemma 2.18.

Proof of Lemma 2.17. Let a be fixed so that inequality (2.28) is satisfied. For e?

in T let p(#) be the maximum of those numbers ¢ for which

A (I — P)bh(6) < ad®A,h(6).

Let xy denote the characteristic function of I'g ;). Hence,

(/7r (Apo) (I = P) Bh(e))Qde) " < as® (/“ (Arh(e))QdQ) 1/2.

—T —T

It is clear that the square of the left side is

/D/W Xo(2) | V(I = P)bh(2)[* d6dA(z).
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Let E = I,N{Ay (I — P)bh < ad“A,.h}. So, if |b(z)| > 1—d and |z] =1—€ > 1/2,
then Lemma 2.18 implies that |E| > K|I,| > K'(1 — |z|). Moreover, if § € E we
have

Asc(I — P)bh(6) < ad®Ah(6).

Hence p(6) > 2¢ =2(1 —|z|) on E.

Now,

e’i@ _ Z| S

< (=2 + (1= z]) = 2(1 = |2[) < p(6),
because 6 € E. That means xy(z) = 1 for any such z and 6.

Therefore,

1/2

LH V(I = P)Bh|" (1= |2)dA(z) | < K6 A, (2.29)

|z|>1/2
By the Hardy-Littlewood maximal theorem,

ryk /7
|AAll, = IR lg)r < K (17l

]

The proof of the distribution function inequality is accomplished in the following

lemmas.

Lemma 2.19. Let f € L* and write f = h+ g, where h and g are in H*. Then
VI = P)f[ < V[l
Proof. On one hand, we have

V(I —-P)f]? = |Vg|
= 2[¢'*.

33

© 2015 Tous droits réservés. doc.univ-lille1.fr



Thése de Muath Karaki, Lille 1, 2015

De Branges—Rouvnyak Spaces

On the other hand

IVII? = |he+ Gl + by + Gyl
= 2|0 +2[¢|* + 2R[h. Gz + hy7,)
= 2W[* +2lg1° + 2R[W'g — I¢]
= 2N+ 24
]

Lemma 2.20. Let b be a function in the unit ball on H*® and h € H?. Let z be a
point of D such that |b(2)| > 1—08. If hy = xar,(b—b(2))h (where 21, is the closed

subarc of the unit circle with centre z/|z| and measure 2(1 — |z|)), then

ett z

/ " (A1(I — P)h(0))7d6 < K6Y7'|L| inf (A h(t))?

Proof. Since, by Lemma 2.19 we have
V(I = P)h| < [Vhy],

it is enough to show the inequality with Ay in place of (I — P)h; on the left side.

By the theorem of Marcinkiewicz and Zygmund |21, Theorem 1] we have

2T 27
/ (Ayhy)1d0 < K/ By |70
0 0

— K | |b—b(2)|7hl2ds

21,

1 , 1/17/ 1 1/17
K|L| —/ b — b=)|P7d0 / Pde)
‘Iz’ 21, |Iz| 21,

where 1/p+1/p’ = 1. Note that p'g—2 = -2 = ]‘%. Using that p,q € (1,2),

we easily check that p'q > 2. Let P, be the Poisson kernel for the point z. It is
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clear that P,(e") > K/|L,|, for ¢? € 2I.. So

27
* / b—b(z)"d < / b= b(2)PP.do
’[Z’ 21, 0
27
S I ORAT
0

2 2 2T
< / b2P.d — 2 / RO()bP.d0 + [b(=)? / P.do
0 0 0

S 2 —2Rb(2)b(z)
< 1=(x)*) <.
Since
o | s < ooy
L] Jar,
for all e € 21, we get the result. O

Lemma 2.21. Let b be a function in the unit ball of H* and h € H%. Let z be a
point of D such that [b(z)] >1—0 and e =1 — |z| < 1/2. Let

he = (5_@)}@ — ha,
where hy is as in Lemma 2.20. Then, for ¢ € I, we have
Aoe(I — P)hy(t) < K6Y™ A, h(t).
Proof. Tt is enough to show that
V(I — P)ha(C)| < K& (1 — |2[) 'Avh(t), ¢ €Tyaee” €T.
We recall that T'; . is the set of points ¢ € T'; satisfying | — €| < 2¢. Now,

1 27 Ze""hg(ew)

= — —=df.
27T 0 1 _ Ceie

(I = P)ha(C)

The function (I — P)hsy is an anti-analytic function in D. So the absolute value of

its gradient is 2'/2 times the absolute value of its d—derivative.
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So,
92 27| 5 Fei® s (eif
V- Phy(o)] < 2o [ |28t 4
27T 0 8§ 1 — <'67,9
12 p2n i0
Y
27 Jo T1-Coop
91/2 blei?) — b h(et
_ _/ b(e”) . (Z)||2 (Dl 9. (2.30)
21 Jror, e — (]
If ¢ € T\2I, and ¢ € 'y with €' € I, we have
e — (—z
. 1 :
610 _ C — + 619 _ C
P ¢ — e+ e — Fl+ (1 —|z])
- e — (|
< 14 AL
- e — (]
4|

dist(T\21., Tya.)

An elementary estimate shows that, under the stated condition, the distance in

the denominator above is bigger than K|I,|.

Hence "
wo__
e' | < 1
629 _ C

~ Y

which enables us to replace |e? — (| by |e? — z| in the integral (2.30).

We thus obtain
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12 27 p(s
VU - P)hy()] < 2 / b —blIR] 4y

~ 27 |lei? — z|?

21/2 27
— b—b(2)||h|P.do.

1 i/%\b—b(z)v’Pde
1—|z|2 \ 27 J, :
1 2w 1/r
—/ |h|" P.db
2m Jo
K 1/r! 1 o 1/r
< KT —/ \h|"P.df) .
1—1z2 \ 27 J,

The last inequality follows like the argument in the last lemma. Because the non-

IN

1/r

AN

tangential maximal function is bounded by a constant times the Hardy-Littlewood
maximal. the last factor on the right is no larger than KA, h(t), and the desired
inequality is established.

]

Lemma 2.22. Let z € D such that |b(z)| >1—9 ande =1—|z| < 1/2. Fora >0
Let
E(a) :={e? € I : Ay.(I — P)bh(6) < ad*"'7A,h(6)}.

Then, |E(a)| > K,|L.| for a sufficiently large.

Proof. Let hy, hy be as in Lemmas 2.20 and 2.21. We have

(I — P)bh = (I — P)(b—b(2))h = (I — P)hy + (I — P)hs.

Consequently

Age(I — P)bh < Ay (I — P)hy + Ag(I — P)hs.

Let
Ei(a) :={e? € I : Ay(I — P)hy(0) < ad*PIAh(0)}.
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We have,

/ (Ase(I = Py (0))7d > / o Gl = Py @) o

I,

> / a8 P (A, h(0))7d6
I\FE1(a)

> a%Y"" inf (A,h(6))7 / b
IZ\E1(a)

etfcl,

> a’"" inf (AK(9))'(| L] — |Er(a))).
etfcl,

Therefore, by Lemma 2.20 we have

a®§7 (|1 — |Ey(a)]) inf (A.h(2)" < / (A2e(I — P)ha (6))" dO

eitel, I.
< K&YP|L| inf (A.h(t)".

eitel,

Hence,
| Ey(a)]

||

>1—a K,
and the right side is positive for large a.

Finally, by Lemma 2.21 we have,
Age(I — P)hy < ad""" Avh < ad'/PIA, I,

everywhere on I, which means E(2a) D Ej(a). The proof is complete. O

2.5 Conjugation and X (b) spaces

Let H be a Hilbert space. A map C' : H — H is called a conjugation if C is
antilinear, isometric, surjective and C? = Id. Let © be an inner function, and let
Ko = H? & ©H? be the associated model space. Since Kg = H2N ©HZ, where
HZ = zH?, then it is easy to see that the map Qo defined on Kg by

Q@<f)22f_@7 feK@a

is a conjugation on Kg.
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Moreover, since |©| =1 a.e. on T, we have

B 1-0(\NO(z
Q0 () (2) = z0(x) 2N
O(z) —6())
A
for almost every z € T. Denote by
kQ(z) = w, A,z € D.
o

Then E)(? € Kg and the above computations imply that the family (E?) is
AED
complete in Kg. It appears that a similar construction can be done in #H(b)

spaces, where b is extreme. Let b € H*, ||b|| ., < 1. Since the function

1—[b(2)?

ERATEYSE

is positive and harmonic on D, it can be represented as the Poisson integral of a
positive measure. In other words, there exists a unique positive Borel measure p

on T such that

Ll UL Sy 5 Sl T .
11— b(2) _/T 2 — | dp(C), e D. (2.31)

The measure p is called the Clark measure.
If for ¢ € L*(p), we put

q(¢) g

1—C(z

wwx@=41—M@)A u(),z €D. (2.32)

Then it is known [27] that Vj is a unitary map from H?(u) onto H(b), where
H?(u) is the closure of the polynomials in the L?*(p)-norm. We also recall that if
b is extreme, |12, 27|, then

H*(p) = L*(p).

We also define the conjugation C' on L?(u) by

Then we have the following theorem
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Theorem 2.23. [12] Let b be an extreme point of the closed unit ball of H®.
Then, the operator
Qy = V,OV; !

is a conjugation on H(b) and we have
Wk =k,  AeD. (2.33)

Proof. Since b is an extreme point of the closed unit ball of H*, then L*(u) =
H?(p) and thus V; is a unitary map from L%(u) onto H(b). Hence, V,C'V, ' is

clearly a conjugation on H(b). It remains to verify the formula (2.33). We have

ViCV, U = WO ((1—@@))

The first equality follows from the following known fact, [12, 27]

Vok, = —=—.
1 —b(w)

Then, using the definition of Vj,, we can write

1 1
1—eWzed — )\

GOV R (2) = (1= b(\)(1— b(Z))/T dp(e”)

= (1=0(N)(1 =b(2))Z,

where

0 1 )
I:/e— du(e™).
T

e — zef — )
An easy computation show that

e+ 2 e 2z - \)etd
el —z el — X (e — \)(e? — 2)
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Thus
et? +z e’ + A i0
7 = /TL”—Z 1_Jdu(e)
B 1+b(z) 145\
N 1— b(z) 1-— b()\)}
B b(z) (A)
(2 = ML =0(2))(1 —b(N))
Therefore,
GOV DG = (1= BN =) e =50
_b(z) = b(N)
z— A

]

We will now give another expression for this conjugation. For that purpose, we

need to recall a well known result on integral representation for functions in H(b).

For b a function in the closed unit ball of H*°, define

p(Q)=1-[(O), (€T
Since p € L*°(T), it is easy to check that the mapping

K,: L*(p) — H?
f = Ppf)

is bounded operator whose norm is at most Hle/z

The following result gives an integral representation for functions in H(b).
Theorem 2.24. [12, 27] The operator K, is a partial isomerty from L*(p) onto

H(b) and ker K, = (H2(p))".

In particular, we see that when b is an extreme point, then H?*(p) = L*(p) and

then K, is a unitary operator from L?(p) onto H(b).
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Let A € D. Then, according to Theorem 2.23 we have

@) () = "=
ISR

1—CA 1—-C\

Since Tiky = b(\)ky we get

(2K3) (€) = CRa(O)B(C) = C(T3kn) (C). (2.34)

Now remember that k% = (I — TyT;) ky, which suggests defining the following
operator
Co (I - TTy) f) =bzf — 2T;f,  feH*

Theorem 2.25. Let b be a function in the closed unit ball of H®. For f € H?,
define
Co (I = TvTy) f) = b2f — ZT5f.

Then Cy, extends to an antilinear contraction map from H(b) into itself, such that
for each A € D, we have
Cok? = K. (2.35)

Furthermore, if b is extreme, then Cy is isometric and Cy, = ().

Proof. Let f € H? and g = (I — TyT;) f. Let us first verify that Cp,g € H?. Recall
the conjugation J on L?*(T) which is defined by

(JIHQ) =CFO.  feL*D),
and which satisfies JP, = P_.J. Then write

Cyg = C(I-TT) f

= Zfb—ZT;f
= zfb— JP(bf)
= zfb— P_J(bf)
= zfb— P_(zbf)
= Py(2fb),

and this function P, (2fb) clearly belongs to H?.
42
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Now, Cyg € H(b) if and only if T;Cyg belongs to H(b), [12, 27]. But,
T,Chg = TyP.Zfb
— PP, zZfb
_ P, (5:0)
= P, (]p]*zf)
— P (p2]) = K, ().

Since zf € L*(T), it follows from Theorem 2.24 that K,(zf) € H(b), whence
Cpg € H(D).

Let us verify that C, is a contraction. We have
||Cb9||§ - HP+ (bzf)”; + HPHQ(p) (gﬁHiQ(p) ’

where Py, denotes the orthogonal projection from L?(p) onto H?(p). Hence, we

get

2
1Cogll

IN

1P (0zD)[; + oz 132,
= ||Pr (2|5 + I1£15 = lIb£15- (2.36)

Now, using that J is isometric and JP, = P_.J we have

[ ezh)ll; = (7P 2D
= |[B-g )l
= |IP-os],

= bl = ITf 1

Hence,

ICugll; < £l = T3 f1l5 -
2
= H(I - TbTE)1/2 sz

2
= llglly-
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We thus have proved that C, is a contraction on the set
{I-TT)f: f e H?}

which is a dense set of 7 (b). Hence, it extends to a contraction map from H(b)

into itself. The formula (2.35) has already been proved.

It remains to note that when b is extreme, then H?(p) = L(p). and then K, is
an isomerty from L?(p) onto H(b). In particular we have equality in (2.36) which
gives

||Cb9Hb = ||9||b7

for any g € R(I — T,T;). That proves that C, extends to an isometric map from
H(b) into itself if b is extreme.

]

Note that when © is an inner function, then for any f € H(0) = Kg, we have
Tsf = 0 and that gives

Cof = Co((I —ToTo)f)
= Ozf.

Hence, we see that Cg coincides with the conjugation on Kg introduced at the

beginning of this section.

We will define a new space. Let

‘]I‘b:H2 — H?
g — Ty =zgb— ZT}yg.
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In other words, T, = Cy(I — TyT;). Note that T, is antilinear and contraction.

Indeed for any g € H? we have

ITogll; = IIC(I — TT)Il3
< |Gl = BTy}
< (I - TL)9l;
= (7 =n3) |l
= lgls = I T39ll
< lgll5-

Hence it is a contraction.

According to Theorem 2.25, the range of T, is a subspace of H(b). We also note
that in the case when b is extreme then Zm(T,) is dense in #(b). Finally, when

b = O is inner, then

Im(T@) = C@([ — T@T@)H2
= CoKe
= Ko.

In fact, we put on the space Zm(T,) a new Hilbert structure.

Definition 2.26. Let b be a point in the closed unit ball of H*°. Define X(b) =
T,H?, and for any fi, fo € H? such that f;, fo L kerT,

(Tof1, Tofo) xw) := (fo, f1)e2-

Theorem 2.27. Let b be a point in the closed unit ball of H*. Then (X (b), ||| x()

is a Hilbert space contractively contained into H(b).

Proof. The axioms of inner product space follow from straightforward computa-
tions. Note that the antilinearity of T, gives the linearity of the inner product.
To check completeness, let g, € H? and g, L kerTy. If f, = Tygn, n € N, is a
Cauchy sequence in X (b) then (g,), is a Cauchy sequence in H?. Hence there is
g € H? such that g, — g in H% Let f = T,g, then g, — g in X (D).

By Theorem 2.25 we have
X(b) C H(b),
45
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moreover, if g € H? such that g L ker T, and f = T,g then we have

12 = I1C(I = TT3)gl?
< (I =TTl
= | =11)"%]
= glls = IT3I13
< lglls = 1150

0
The following theorem says that X'(b) is invariant under S*.
Lemma 2.28. For any f € H?, we have
S*Typf = TpSYf.
In particular, S*X(b) C X (b).
Proof. On one hand, we have
S*Tyf = Pyz(2fb— z2T;f)
= P, (Z°fb) — Py (°T;))
- P+ (22 _b) .
On the other hand, we have
T,Sf = Ty(zf)
= zz2fb— ZT;f
= ZZfTb - JPJF(ZfB)a
where we recall that (Jh)(z) = zh(z). But JP; = P_J, whence
T,Sf = Z2*fb— P_J(zfb)
= Z2fb— P_(Z*fb)
- P—‘r (22f_b)7
which gives the desired equality. O]
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2.6 A sufficient condition for compactness on X(b)

In this section we give a sufficient condition for the compactness of the composition
operator on X (b). Cohn, in [7], wrote Axler-Chang-Sarason’s inequality [2] for

the model spaces in the following form.

/ _| | 2
/\h T aAR < el (2.37)

for all h in Kg. We rewrite (2.27) in Cohn’s form for functions in X'(b). Hence we
will be able to obtain a sufficient condition for the compactness of the composition

operator on X (b).
We have the following lemma.

Lemma 2.29. Let b be in the unit ball of H*°. Then, there exists K > 0 and
c € (0,1) such that for any h € X(b) and 6 > 0 we have

/A)>1_5 W(Z)!Q (1 — ’Zl)dA(Z) < K¢ Hh”?\,’(b) . (2.38)
|z|>1/2

Proof. Let h € X(b). Then there is a unique function g € H? with g L ker T} such
that h = T,g. Then Lemma 2.28 implies S*h = T, (zg) = Ty(g1) = 2(I — P.)(bgy),
which means h — h(0) = 2S*h = (I — P,)(bg:). Hence

’V(I - P+)691‘2 = 2K,

Hence, Lemma 2.17 implies that there exists ¢ € (0,1/2) and K > 0 such that

o WP A= 1haaG) < K6 ol
|z|>1/2
K5 gl
< K§9||Togllx

IN
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Instead of dealing with X (b), we can define the following space X;1(b) = M(T})

where

T,: H> — H?
g — Tbg*a

where ¢*(¢) = ¢g({). In this case 77 is linear.
Now, we have the Axler-Chang-Sarason Lemma for the X'(b) spaces.

Theorem 2.30. Let b be in the unit ball of H®. Then there is ¢ > 0 and p € (0,1)
such that for any h € X (b) we have

/ _| ’ 2
LR T aaA) < el (2.39)

Proof. First, let § € (0,1) and p € (0,1). Then we have

L=l o 1=l
L P G tae) < /| e MO AE)

1- |z

" /W N T A

On the compact set {z : |z| < 1/2} the function b is continuous and thus bounded
and if
M = sup [b(z)],

121<1/2

then we also have M < 1. Hence

'(2)]? — I _ -p /()2 .
L WO @ S a=an [ P

< |2|<1/2
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and by Littlewood-Paley identity, the last integral is bounded by ||h|)5 < ||g||§((b).

For the first integral, write

! 21_—|Z| P (5 21_—|Z| .
Lo OP TR < fopan WO G0
(p L=l
n /|| oo PP T4

For I, we argue as before and we get

LS [ WERAG)

b|<1-5

and again using Littlewood—Paley identity, that implies that

1 9 1 2
< 55 Bl < 5 10l
It remains to estimate

/ 2 - |Z|
I = /z|>1/2 ) A

(i 1—[b(2))P

Write

[ 1#vdn

where du(z) = |W'(2)]?(1 — |z|)dA(z), and

1
0 otherwise.

f(z) = { e if1b(2)] > 1 -6 and |z] > 1/2,

Then

L o= /OOO Pz |f(2)] > 1))t
_ / P ({1 | f <z>|>t}>dt+/2°0 Pz f(2)] > 1))

J/ N J/

-~

~
I iz
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For I}, we have
2
I, < (D) / ptP~tdt
0

2°u(D)
~ / ()P~ |2)dA().

and the Littlewood Paley identity implies one more time that

2 2
1 < 27||hlly; < 27 (12l -

For the last integral, note that

u({z 1f()] > 1)) = /w W ()P~ 2)dA),

[b|>1—06

and Lemma 2.29 implies that there exists K > 0 and ¢ € (0, 1) such that

p({z: 1f(2)] > 8}) < Kt [|h[l%) -

Hence

Il < Kp HhHi’(b)/ tP=iedt.
2
If p<c, we get

" p —c +oo 2
I < Kp_c[tp | 1 e
p
p—c

= K 27 HhH?\,’(b)'

Now we consider the composition operator on X (b). That is
C,:X(b) — H?

f = foop

50
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Since X (b) is contractively contained in H? it is easy to see that the composition

operator on X (b) is bounded.

Proposition 2.31. Let b be in the unit ball of H>* and ¢ be a self-map on D.
Then, the operator
C,:X(0b) — H?
f= fop

1s bounded.

Proof. Let f € X(b) be such that f = Tyg, where g € H*> and g | ker Ty. Then it

is well known that the operator

C'%,:H2 — H?
[ = fop

is bounded and C, = @\X(b). Therefore, for any f € X(b) we have

10l = |Cot
< ||Col[II£1,
< | Col £y -

Hence, C,, is bounded on X'(b).

O

Now we are ready to give a sufficient condition for the compactness of the compo-

sition operator on X' (b).

Theorem 2.32. Let ¢ : D — D be analytic such that ¢(0) = 0. Let b be in the
unit ball of H*. If the Nevanlinna counting function of ¢ satisfies

1 — |b(w)f?

1—||2—>O as]w[—>1,
— W

Ny(w) (2.40)

then C, : X (b) — H? is compact.

ol
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Proof. The proof follows like the proof of Theorem 2.15. Since N, (w)(1 — |b(w)|?)

and 1 — |w|? are bounded, the condition (2.40) means that for any a < 1,

lim N, (w)(1—|w®)'=0.
Jim N (@)(1 ol
|w|—1~

In particular, for any p > 0,

(1 — [b(w) )"

N@(w) 1 — ’UJP

— 0 as |w| — 1. (2.41)

Let
X(b)™ = {f € X(b); f has zero of order n at the origin},

Since X (b) is contractively contained in H? then, by Lemma 2.14, the subspace
X (b)™ is closed. Let
™ X (b) — X (b)™

be the corresponding orthogonal projection. Again as in the case of K¢ and H(b),
we will prove that
e

(n)HX(b)—>H2 —0, n—0,

which is sufficient because the orthogonal complement of X' (b)(™ is of finite di-

mension, by Lemma 2.14.

Given a function f € X (b) such that || f|| v, = 1. let g, = 1™ f. Then 9nllxp) <1
and, for each R < 1,e > 0 we can choose n(e, R) independent of f such that

|90 (w)| <€, |g,(w)] < € for all n > n(e, R), and |w| < R.

Now Theorem 2.30 implies that there is a constant C' independent of f,n such
that

/ 2 1- |Z| p
J10.0F da) < ©
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Therefore
ens) = [ N A)
< [ 10GIPNEAR)
|z|<R
RO ACE
R<|z|<1
< max{|g;(w)|*} Ny (z)dA(z)
l2I<R |2|<R
1—|z|
F e [P o dA)
v R<|z|<1 (1 —b(2)])P
where Ap, = maxp|.j<1 N@(z)%. Since the last integral is controlled by

C, Ag, — 0 and for large n the maximum of |¢/,| in |z| < R is small enough we
get the result. O

23
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Chapter 3

A group structure on D and 1its

application to composition operators

3.1 Introduction

We present a group structure on DD via the automorphisms which fix the point 1.
Then, through the induced group action, each point of D produces an equivalence
class which turns out to be a Blaschke sequence. Moreover, the corresponding
Blaschke products are minimal solutions of the functional equation ¥ o p = A\,
where )\ is a unimodular contant and ¢ is an automorphism of the unit disc
which fixes the point 1. We also characterize all Blaschke products which satisfy
this equation and study its application in the theory of composition operators on

model spaces Kj.

Mashreghi and Shabankhah [24], in studying the inner function ¢ for which C,

maps Kg into itself, they encountered the functional equation

b(p(2)) xw(z) =¢(2), zeD, (3.1)

where ¥, w, ¢ are inner functions. A variation of (3.1) is known as Schroder equa-
tion and has a very long and rich history. In the rest of this section we will present

how they, in [24], came up with this equation.

%)
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In [24] they studied the action of C, on a given Ky when the symbol ¢ is an inner
function. In the following theorem they determined the smallest model space that

contains the image of C,, under Kj.

Theorem 3.1. [2/, Theorem 2.1] Let ¢ and 0 be inner functions, and let

(o)(z) i 0(0)#0 and o(0) =0,
n(z) = § 2(009)(z) if 0(0)#0 and p(0) #0,
5 2e(2) if 0(0) =

v(z)

Then the mapping C, : Ky — K, is well-defined and bounded. Moreover, K,

equals the closed invariant subspace generated by C,(Ke).

As an immediate result, they have the following corollary.

Corollary 3.2. [24, Corollary 2.3] For inner functions ¢ and 0, the composition
operator Cy, : Kg — K.gop @5 well-defined and bounded.

A point p is called a Denjoy—Wollf point of ¢ if ¢™ converges to p uniformly on
compact subsets of . Then, it is natural to ask when the inclusion K, C K,
holds that is the operator C, maps Ky into itself. The following theorem answers

the question.

Theorem 3.3. [24, Theorem 4.1] Let v and 0 be inner functions on D. Then,
the operator Cy, : Ky — Ky is well-defined and bounded if one of the following

conditions holds:

1. p, the Denjoy-Wolff point of @, is on T, and 0 is of the form 6(z) = z¢(z),
where Y fulfills
V(p(z) =M(z),  z€D,

for some A € T.

2. p, the Denjoy- Wolff point of ¢, is on T, and

9 =50 [ (61

where w is a nonconstant inner function such that the product is convergent,
and Y fulfills

U(p(2) =9(z),  zeD.
56
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In fact we have only cited a part of [24, Theorem 4.1]. The complete version of

the theorem characterizes all pairs ¢, © for which C, maps Kg into itself.

3.2 Automorphisms of D

Let v be an arbitrary unimodular constant and a be an arbitrary point in ). The

Mobius transformation

is an automorphism of the open unit disc with a simple zero at a. Conversely, any

automorphism of the disc has the above form.

In order to use it in the formation of a Blaschke product, we define the Blaschke

factor

if az#0,

z if a=0.

But, some other variations of b are needed in our discussion.

Depending on the number of fixed points, apart from the identity, the Mdbius
transformations divide into two classes: either they have just one fixed point, or
they have two distinct fixed points. Since an automorphism of the open unit disc
maps bijectively D into itself, and also T into itself, there are certain restrictions

on the location of these fixed points. See [4, Section 1.2| for more on this topic.

The point 1 is a fixed point of b if and only if

a—1
1—a

1=x

Hence, b takes the form
l-a z—«

Pal2) = T T (3.2)

where « is a parameter running through D. A simple computation shows that the
other fixed point of ¢, is
1 (33)
Kg i= —————. .
(1

o7
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In our calculation, we will also need the quantity

Ay e g (1) = Lo lal (3.4)

C1-af

As a matter of fact, A, is the angular derivative (in the sense of Carathéodory) of

0, at the fixed point 1. Moreover, note that

A, =1 <= Kk,=1.
Finally, given 2o € D, we define the unimodular constant v, ., by
(

Oz (Ra) i Ay <1,

,YCY,ZO = 1 lf AQ’ — 17

\ oo (Ra) if Ay > 1.

This constant will appear on several occasions below. For more information on
the structure of automorphisms of D and Blaschke products, see [19, page 65|, |25,
page 176] or [22, page 155].

3.3 The group (D, %)

In a rather surprising way, the open unit disc D becomes a group. The law of

composition is defined by

pA—p)+a(l-p)

= A TR T aBi=p)

(, B € D). (3.5)

This algebraic structure is rewarding and has numerous interesting properties. The
rather strange law of composition comes from the composition of some judiciously

chosen automorphisms of the disc. This is clarified below.

Theorem 3.4. (D, %) is a (non-abelian) group. The identity element is 0, and the

1-&

inverse of a is —a ¢

28
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Proof. To reveal the mystery behind the complicated law *, consider the collection
G ={p,:aecD}

As we observed in Section 3.2, the set G precisely consists of all automorphisms
of the open unit disc with a fized point at 1. This fact is essential. Since the
automorphisms ¢, o vz and ¢! fix the point 1, we deduce that ¢, o p5 € G and

o' € G. Hence, equipped with the law of composition of functions, G is a group.

Now, we use the parametrization of G by D and transfer the algebraic structure
of G to D. Since G is a group, given «, § € D, there is a unique v € D such that
Yo 0 9g = . We define the isomorphism such that v = o * 3, i.e.

Do © P8 = Paxp, (o, B € D). (3.6)

We proceed to find an explicit formula for . In fact, we have

Paxp(2) = (paopp)(z)
16 =p

_ 1—a 1-8 15z a
l_al_a%li_ﬁﬂz

_1-a (1-B)(z—B) —a(l-B)(1—B2)
l—a (1-8)(1-p82)—a(l-pF)(z—p)

_ 1-a (1-B)+af(l-p))z— (81— +a(l-p)
l—a (1-8)+ap(1-p)) - (B(1-p)+al-p)) =

Looking at the zero of the last quotient shows that (3.5) holds.

We constructed the group (D, *) such that it is an isomorphic copy of (G,0). As
the first consequence, since ¢q = id, the point 0 is the identity element of (ID, x).

Using (3.5), it is also easy to see that
ax0=0%xa=aq, (a e D).

Similarly, the expression

29
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gives the formula for the inverse of o, something that can also be directly verified
via (3.5), i.e.

]

Fix a € D. To avoid the confusion with the law of multiplication in the complex

plane, for n > 1, we write
Qp = @k Q k- % Q, (n times, n > 1),
and, appealing to the formula for the inverse of v in D given in Theorem 3.4, we

define .
a_y = (—a — a) : (n>1).
l—a/,

Since 0 is the identity element in D, we put g := 0. Hence, each o € D gives

birth to a two-sided sequence (o, )nez, and with this notation, we have the crucial
identity
= o, | (n €7Z). (3.7)

The notation f*/ means fo---o f, k times. This observation immediately implies

spa'm © SDOML = SDOCm+n’ (m, n 6 Z) (38)

This identity will be used frequently. Theorem 3.4 and (3.2) also reveal that

Pa(0) = —@1 :i =Q-1, (a € D). (3.9)

To obtain another useful formula, note that ¢go ¢, , and ¢__, both belong to
G and vanish at ¢,(/3). Hence,

90/3 ©Pa_y = SO@Q([;’)’ (O[?ﬁ € D)
As a special case, we have
Oz © Pa_n = Puwns (o, 20 €D, n € Z), (3.10)

where w,, = ¢, (20). The importance of this formula will be revealed below.

60
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3.4 The subgroup D,

The fixed points of ¢, are 1 and x,. Hence, the study of I naturally bifurcates
into two cases: kK, = 1 and k, # 1. Note that as a runs through D, the fixed point

x runs through all of T.

For a fixed k € T, we also define
D, ={acD:ky=r}={acD:a+kra=(1+r)al’}. (3.11)

The last expression shows that the points of DD, are part of the circle passing
through the points 1, 0 and x which is inside ID. Also note that for k = —1, we

have the degenerate case

D,={aeD:a(l-a)=a(l—a)=(-11).

A GROUP STRUCTURE ON D

One spacial case is of special interest. If x = 1, then

Dy = {aeD:a(l—a)=—-a(l —a)}
= {aeD:a+a=2|}
= {x+iy: (v —1/2) +9* = 1/4} \ {1}. (3.12)
Hence, D, is precisely the circle of radius 1 inside ID which is tangent to point 1,

of course without counting the boundary point 1. At such points, ¢, has just one

fix point, i.e. the point 1, and this makes the difference in the following. The
61
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subgroup D, is also the border line for the values of A,. On D;, we precisely
have A, = 1, while inside it A, > 1, and in between D and D; we have A, < 1.
This is important when we study the iterates of an element in an equivalence class
(Section 3.6).

Theorem 3.5. Let k € T. Then Dy is an abelian subgroup of D. Moreover, on

Dy, the law of composition simplifies to

a+f—(1+Fk)ap
1 — Rap

axff= : (a, B € Dy).

Proof. Direct verification of this fact is possible. However, it is easier to just
note that if s is the fixed point of ¢, and g, then it is also stays fixed under
Dq © wgl = @Yasp_,. Hence, for each o, € Dy, we have a x f_; € D,. Clearly
0 € D,. Thus, D, is a subgroup of D.

To obtain a simpler formula for * in D, note that by (3.5) and (3.11), we have

pA=p)+al-p)

0= W=Brapi-p)

kB f) +a(l-p)
(1= 5) — arB(1—f)

_ (=B +a)
(1= p)(1 = FRap)

_ a+pB—(1+Ek)ap

= [~ rad , (o, B € Dy).

This formula also reveals that D, is abelian. O
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3.5 A formula for the iterates of «

Using an interesting technique of complex analysis, we now obtain an explicit

formula for «,,.

Theorem 3.6. Let o € D. Then we have

Ka(l —AD)

' 1
1 — kAR if Ka 1,
a, = (n €Z).
na
———— i Ka=1,
1+ (n—-1)a ifox

In particular, except for the identity element 0, no other element of D is of finite

order.

Proof. Direct verification of the above formula is feasible. But, it is not a pleasant

task. We present another more interesting approach. Given x € T, define

Z—K
z—1

if k#£1,

0u(2) ==

z—1

if x=1.

This function satisfies ¢, o p,, = id. Now, we need to consider two cases.

Case I, ko # 1: We have

4
(QOHQ O Pa © SOHQ)(Z) = A_=

and thus we deduce that
(brg 0@ 00, )(2) = —,  (n€).

Therefore,
v (2
Ao = (252), e (3.13)

which simplifies to

) (1 = RaAl)z — Ko(1 — A7)
R (e I P T

(n€Z). (3.14)
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Now, according to (3.7), @KL] = a,, and by considering the zero of ng] we obtain

the required above formula.

Case 1I, k, = 1: The proof has the same spirit, except that we use ;. In this

case, we have

(pro@aopr)(z) =2+

Y

11—«
and thus
no
(901090[0710901)(2):Z+1—a’ (ne2).
Therefore,
] no
A = (o2 + ), (meD) (3.15)
which simplifies to
m .y (1—a+na)z—na c7 316
#a(2) naz+1—a—na’ (n €Z). (3.16)
The result now follows. [

With similar techniques, one can also show that

1+ A1+ A+ + A H)B

o (n€Z),

where
a — |af?

L—la?

B =
But, we do not need this representation in the following.

Note that if a € D, then its iterates form a subgroup in D,. In particular,

(an>n€Z C ]Dw

This observation is exploited in the next section.

64
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3.6 An equivalence relation

The operation
o: Dyx)xD — D

(a, z) > Pa(?)
defines a group action on the set D. The required condition oo (foz) = (axf)oz
is precisely a reformulation of (3.6). Since (¢, , 0 ¢.)(z) = w this action is
transitive and thus it creates just one orbit on ID. Hence, we restrict ourselves to

some subgroups of (ID, ) to obtain better equivalence classes.

Fix a € D. Then the subgroup it generate in (DD, x*) is precisely (c,)nez. The
orbits, or equivalent classes, created by this subgroup are as follows. Two points
z1 and z, are in the same orbit, and we write 21 ~, 29, if and only if there is an
integer n € Z such that

[n]

Pa (Zl) = 90an<21) = 2.

Since ¢, is an automorphism, it maps D and T respectively to themselves bijec-
tively. Hence, the equivalence class generated by a z € D is entirely in . A
similar statement hold for the points of T. More information on the equivalence
classes are gathered below. Since a = 0 corresponds to the identity mapping on D,
the following result (when properly modified) becomes trivial in this case. Thus,

we assume that « # 0.

Theorem 3.7. Let a« € D, o # 0. Then the following assertions hold.

(i) The equivalence class generated by zy € D is precisely (<pan(zo))nez, which
consists of distinct points of D. In particular, the equivalence class generated

by 0 is the sequence (an)nez.

(i) We have
lim ¢, (20) =1, (if Ap = 1),

n—+oo

and

lim ., (20) = ke while lim ¢, (20) =1, (if Aq > 1),

n—+00 n——oo

and

lim ¢a,(20) =1 while lm ¢, (20) = Ka, (if Aq < 1).

n—+00 n——00
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Proof. (i): That the equivalence class generated by zy € D is precisely (pa,, (ZO))neZ

is rather trivial. This fact says that the equivalence class generated by zy consists
of the past, present and future of z; under the transformation ¢,. See formu-
las (3.14) and (3.16). For any « € D, the automorphism ¢, has no fixed point

inside . Hence, the class (c,pan(zo))n consists of distinct points. To find the

€z
equivalence class of 0, apply (3.2) to get

But, by Theorem 3.4 and (3.8),
1—-a, ) .
—an = inverse of o, in (D, *) = a_,, (n € Z).

Thus, by part (i),
(SOO‘” (O))nGZ = (Oéfn)nGZ = (an)nGZ.
(i1): If A, = 1, then we rewrite (3.16) as

(1—-a)z+na(z—1)
(1-a)+na(z—1)

pal(2) =
This representation shows that

lim ¢, (20) = 1.

n—+oo

Note that A, = 1 happens precisely on D;. But, if A, # 1, then we rewrite (3.14)

as
—A"o(z = 1) + (2 — Kq)

—An(z —1) + (2 — Ka)

Now, there are two possibilities. If A, > 1, which corresponds to the points «

elrl(2) =

inside the disc surrounded by Dy, then

lim ¢, (20) = Ka, while  lim ¢,, (z0) = 1.
n—+00 n——o0

But, if A, < 1, which corresponds to the points o € D, but outside the disc
surrounded by Dy, then

im @q,(20) =1, while lim ¢, (20) = Ka.
n—+00 n——o0
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O

We can also provide a geometric interpretation of the equivalence classes. Chapter
3 of [25] contains a comprehensive study of the geometric behavior of Mdbius
transformation. A very short glimpse of this visual interpretation is provided

below.

Theorem 3.7 shows that the points (gpan(zo)) reside on some curves passing

neL
through 1, k, and 2y, and tend to the frontiers 1 and x, as n — +oo.

Parabolic case, kK, = 1: The relation (3.15) reveals that the equivalence class

(gpan(zo))nez is on the image of the line

!
t— v1(20) + — ¢, (t € R),
-«
under the mapping ;. Since ¢1(00) = 1 and ¢1(p1(20)) = 20, the image is a
circle passing through the points 1 and z,. Different values of ¢1(zy) corresponds
to different parallel lines. Hence, their images are circles which are tangent at 1.

One particular circle corresponds to the line passing through ¢1(z9) = 1/2. In this

1 a t+ Lo
— t)]=—2 cT.
S01<2+1—a ) t+ 1o

case, we have

Hence, the image of this last line is the unit circle T. In other words, the iterates
of boundary points stay on T and (except 1) they form a two-sided sequence which

converge to 1 from both sides.
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Hyperbolic case, ko, # 1: By (3.13), we see that the equivalence class (gpan(zo))nez

is on the image of
(pﬁa (Z[))

t’-)A—ta, (tER)

Since A, € (0,00) \ {1}, the image is a line passing through 0 and ¢, (z0). Since
Vo (00) = 1, 0. (0) = Ka, and ¢, (s, (20)) = 2o the image is circle passing
through the points 1, k, and z5. The following figure shows the pathes when
A, < 1.

=)

For A, > 1, we just need to reverse the directions.

3.7 Minimal Blaschke products

In this section, we take the first step in finding the solutions of the equation
Yo, = A by showing that each equivalence class of ~,, in D produces a Blaschke
product which is a minimal solution of the equation. Therefore, having the freedom
to choose a € D and any of the equivalence classes it generates, the following result
provides a vast variety of solutions of the functional equation. In fact, we can go

even further and extract all Blaschke products that satisfy the equation.

Theorem 3.8. Fiz a € D, o # 0. Let zyp € D, and let (z,)nez C D be the
corresponding equivalence class generated by ~q. Then (z,)nez 1S a lwo-sided

infinite Blaschke sequence and the corresponding Blaschke product
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satisfies the functional equation

Boz,zo O Pa = Ya,zo Ba,zo-

Moreover, no proper divisor ¢ of B, ., satisfies any functional equations of the

form oy, =AY, AeT.

Proof. According to Theorem 3.7(i), without loss of generality, we can assume

Zn = Qa,(20), (n €Z).

Hence,

1=z = 1—|ga,(20)?
(1 JanP) (L [P
11—, 2|?
< 1—la,|7).
< oy O lel)

Therefore, to deal with (1 — |a,|?), in the light of Theorem 3.6, we consider two

cases.

Parabolic case, ko, = 1: Using (3.12), we have

| < 1+ |20 - no
1+ (

2
1 — |z n—1a >
1+]z0) 1+ (n—1D(a+a)— (2n—1)|al?
1 — || 1+ (n—1)al?
1+ |2 1—|af?
1— 2] |14 (n—1)a?

< = 0(1/n?), (n — %00).

Hence, C is a double-sided Blaschke sequence.

Hyperbolic case, ko # 1: We have

ny (2
1_‘2 ‘2 < 1+|Zo| 1— Iia(l—Aa)
T — 1 — ko AR
1+ 20] (2 — Ko — Fa)AD
— @ — O(g" — s+
1_|ZO| |1—/€QAZ|2 (q )7 (n OO),
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where ¢ := min{A,,1/A.} < 1. Hence, again C is a double-sided Blaschke se-

quence (indeed, with a geometric rate of convergence).

To show that

Ba,zo = H bzn

nel

satisfies the functional equation B, ., © o = Ba.,, We rewrite B, ., in the form

Ba,zo - H YnPzn s

neL

where +,, are appropriate constants such that b, = y,¢.,, i.e.

Vn = , (n €7Z).

Z, 1 —w,
Now, by (3.8) and (3.10),

Pzn O Pa = Pzp ©Pa_, ©Pa = P2z © Pa_pi1 = Pzp_1- (3'17)

Therefore,

Ba,zo O Pa = H TPz, © Pa = H TnPzn_1 = (H Tn > Ba,ZO'

nez nez nez -1

In the first place, even thought it can be directly verified, the above calculation

shows that this last product has to be convergent. Secondly, we have

N .
H Tn li YN th—H—oo YN
1m =

N—=+oo y_N limy_— oo YN

Tn

nez Tn—1

= lim =
N—+oo

n=—N+1 Tn—1
Using Theorem 3.7(77), we can compute both limits. In fact, the formula

1—a, 20— a,

n — Pa, = — ) GZa
0= Paulo0) = e, (n€D)
implies
1— 2z, 1—21—a,1—a,z
S N YY)
l—-w, 1—-Zl—a,1—a,2
Hence,
1—20 1 —anzo |an — 20
n — ) EZu
7 ].—20|1—Oén50| ap — 20 (n )
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and thus
o, — 1 — Y — 1
while

1—201—,‘{ 20
ap — Kg — T = -

1—20 Iia—ZO'

Therefore, by Theorem 3.7(iz),

1=z 1=kaZo if A, > 1
7 9

1-Z0 Ka—20
Tn

. — 1 if A, =
n—1 5
nez 1-%2 ra=z0 if A, < 1.

1—20 1—ka 20

In fact, the above calculation shows the motivation for the definition of v, ,,. It is
defined such that [, =2

Ba 2 © Yo = Ya,z0 Bazo-

= Ya,z- Thus, B, ., satisfies the functional equation

Finally, the identity (3.17) reveals that no proper divisor of B, ., satisfies a func-
tional equation of the form ¢ o ¢, = A. [

By Theorem 3.7(i), the equivalence class generated by 0 is (O‘”)nez and, in this

case, a_, = &,,. Hence, the corresponding minimal Blaschke product is

—ZH 1—ozn l—oznz)'

By Theorem 3.8, this is the minimal Blaschke product which satisfies the equation
Bo ¢, = B and, moreover, B(0) = 0.

3.8 Discussion on the general solution

Let ¢ be an inner function satisfying ¢ o ¢, = A, denote its zero set on D by
Z(1)). Then the equation 9 o o, = A1 implies 1) o ¢, , = A1), and by induction
we obtain

@Doﬁﬁan:)\n% (HGZ)
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This identity reveals that if z; is a zero of ¢, then in fact the whole equivalence

class [zn]nez, generated by ~,, is among Z(¢). Hence, we can write
= U Cm7
m

where (C,,)m is a (finite or infinite, and repetition allowed) collection of equivalence

classes of ~, in ID. Note that since v is a non-constant inner function, we must

D (1= [zmal) < . (3.18)

m  Zmn€Cm

have

Thus,
o = [ [ Bocn (3.19)

is a well-defined Blaschke product and, by Theorem 3.8, B, (,.), satisfies the
functional equation
B (Con)m © P = AN Ba(Con)ms

where ) is an appropriate unimodular constant. These types of Blaschke products

form the main building blocks for a description of solutions of the equation oy, =
A, A e T.

Again thanks to Theorem 3.8, it is rather trivial that if we have a sequence which
can be decomposed as above, then the corresponding Blaschke product is in fact

a solution of the functional equation.

Put S = ¢/B, ¢ The discussion above shows that S is a zero free inner

77 L m”°

function (i.e. a singular inner function), which satisfies an equation of the form
Sop, =N'S, N € T. The classification of such function is still an open question.

However, to conclude we deduce the following result.

Theorem 3.9. Fiz o € D, a # 0. If a Blaschke product B satisfies the functional
equation B oy, = \ B then its zero set is a union of equivalence classes generated

by ~q. Reciprocally, if a sequence (z,), C D is such that:

i) asin (3.19), it can be decomposed as a union of equivalence classes generated

by ~as

ii) and satisfies (3.18),
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then the corresponding Blaschke product B is a solution of the functional equation
B oy, = AB, with some unimodular constant \. In particular, if o € Dy, then
A= 1

3.9 Yet another characterization

If ¢y satisfies the equation ¥ o, = 1, and w is any arbitrary inner function, then

we also have

(wo1hg) 0 pa = (woh).

Hence, ) = w o 1)y is also a solution of the equation ¥ o ¢, = 1. For example, if
B is any of the Blaschke products (3.19) for which v = 1, then wo B is a solution.

What is rather surprising is that all solutions are obtained in this manner.

Theorem 3.10. Let a« € D, o # 0. Then the inner function v is a solution of
the equation v o p, = Y if and only if there is an inner function w and a Blaschke

product B of type (3.19) such that

Y =wobB.

Proof. Without loss of generality, assume that i is nonconstant. Then, by a
celebrated result of Frostman [13], there is a 8 € D such that ¢ = bg ot is a
Blaschke product with simple zeros. As a matter of fact, in a sense (logarithmic

capacity), there are many such 5’s. But, just one choice is enough for us.

Surely, {/; satisfies {ﬂv 0 Yo = {ﬁv By induction, we get
wo(pan :w7 (nEZ)

If zy is a zero of @, then the above identity shows that ¢, (zo) is also a zero of {/;
Hence, we can classify the zeros of {ﬁv as a union of equivalence classes of ~,, e.g.
(Cin)m- This observation immediately reveals that, up to a unimodular constant,
J is precisely a Blaschke product of type (3.19). Since ¢ = bgl o YZ, the proof is
complete. O

It it important to keep in mind that the representation 1) = wo B, given in Theorem

3.10, is far away from being unique. For example, in the proof of theorem, we
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picked one of the Frostman shifts and then constructed B. Different shifts give

different sets of zeros and thus different Blaschke products.

3.10 Application in model spaces

The functional equation (1.1), and its simplified form (1.2), stem from studies on
composition operators on model spaces Kg. The following question is still wide

open:

Open Question: for which symbols ¢, does the composition operator C, maps K¢

into itself?

Based on the results obtained above, we can say more about the above question

when the symbol ¢ is inner.

Theorem 3.11. Let a € D, a # 0. Let B be a Blaschke product whose zeros can
be decomposed as a union of equivalence classes generated by ~,. Then Cy,_ is an

wsomorphism from K,pg onto itself.

Proof. By Theorem 3.9, the Blaschke product satisfies the functional equation
B o ¢, = AB, where )\ is some unimodular constant. Moreover, the Denjoy—
Wolff point of ¢, is either 1 or k,. This is because ¢, has just two fixed points
on D and one of them has to be the Denjoy-Wolff fixed point. Therefore, by
[24, Theorem 4.1(vi)|, the operator C,, maps K,p into itself. In fact, the main
difficulty was to construct an explicit inner function which satisfies the functional

equation 1 o p, = A\, and this is done above.

To show that C, is surjective, note that
K.p = C @ Span{k., : B(z;) = 0},

where k, is the Cauchy reproducing kernel

1
k. (z) = .
7 (Z) 1-— 2]'2
We have C,, 1 =1 and, by Theorem 3.4,
1 A+ B
Cpuks,(2) - T

C1-Z0a(2) 11—, (2)2
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where A and B are some constants. Hence, ky,  (-;) belongs to the image of C,,,
We assumed that the zeros of B can be decomposed as a union of equivalence
classes generated by ~,. Therefore, by Theorem 3.7(i), the image contains all
Cauchy kernels k., where z; runs through the zeros of B. In short, this means

that the mapping is surjective. O]

Using [24, Theorem 4.1(v)], a similar result can be stated for inner functions of

the form

@( 7'2@ H @2 (pan 7

where the inner function ©; satisfies ©; 0¢, = ©1, and the inner function O, fixes
1 and is such that the product is convergent. A sufficient convergence criteria is

given in [24, Lemma 3.1]. We leave the formulation of this result to the reader.

We can also interpret Theorem 3.8 in the following way to state some facts
about the point spectrum of C,_ . Writing the functional equation as C, B, ., =
Va,z0Ba,z, it says that B, ., is an eigenvector of U, corresponding to the eigen-

value 7, . As usual, there are two cases to consider.

If o € Dy, then for any choice of 2y, we have 7,., = 1. Hence, there are infinitely
many Blaschke products with satisfy C, B, ., = Ba- In the first place, the
mere existence of such eigenfunctions was an open question. Secondly, it is still

unknown of C,,, can have other eigenvalues.

If « € D\ Dy, then v,., = ¥, (ka) (or its conjugate) and as z, ranges over D,
the values of ¢, (k,) cover all of T \ {1}. Hence, 0,(C,,) = T \ {1} and each
eigenvalue has infinitely many Blaschke products as its eigenvectors. (That the

eigenvalues of C,, must stay on T is rather elementary to verify.)

I6)

© 2015 Tous droits réservés. doc.univ-lille1.fr



Thése de Muath Karaki, Lille 1, 2015

© 2015 Tous droits réservés. doc.univ-lille1.fr



Thése de Muath Karaki, Lille 1, 2015

Bibliography

[1] P. R. Ahern and D. N. Clark. Radial nth derivatives of Blaschke products.
Math. Scand., 28:189-201, 1971.

[2] S. Axler, S.-Y. A. Chang, and D. Sarason. Products of Toeplitz operators.
Integral Equations Operator Theory, 1(3):285-309, 1978.

[3] A. Baranov, E. Fricain, and J. Mashreghi. Weighted norm inequalities for de
Branges-Rovnyak spaces and their applications. Amer. J. Math., 132(1):125—
155, 2010.

[4] A. F. Beardon. Iteration of rational functions, volume 132 of Graduate Texts

wn Mathematics. Springer-Verlag, New York, 1991.

. Carleson. Interpolations by bounded analytic functions and the corona
5| L. Carl I lati by b ded lytic f i d th
problem. Ann. of Math. (2), 76:547-559, 1962.

[6] H. Chen and P. Gauthier. Composition operators on p-Bloch spaces. Canad.
J. Math., 61(1):50-75, 2000.

[7] W.S. Cohn. Carleson measures and operators on star-invariant subspaces. J.
Operator Theory, 15(1):181-202, 1986.

[8] C. C. Cowen and B. D. MacCluer. Composition operators on spaces of analytic
functions. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL,
1995.

[9] L. de Branges and J. Rovnyak. Canonical models in quantum scattering

theory. In Perturbation Theory and its Applications in Quantum Mechanics
(Proc. Adv. Sem. Math. Res. Center, U.S. Army, Theoret. Chem. Inst., Univ.
of Wisconsin, Madison, Wis., 1965), pages 295-392. Wiley, New York, 1966.

[10] L. de Branges and J. Rovnyak. Square summable power series. Holt, Rinehart
and Winston, New York, 1966.

77

© 2015 Tous droits réservés. doc.univ-lille1.fr



Thése de Muath Karaki, Lille 1, 2015

Bibliography

[11] E. Fricain and J. Mashreghi. Boundary behavior of functions in the de
Branges-Rovnyak spaces. Complex Analysis and Operator Theory,, pages
87-97, Feb. 2008.

[12] E. Fricain and J. Mashreghi. The Theory of H(b) Spaces, volume 1. Cambridge
University Press, 2014.

[13] O. Frostman. Sur les produits de Blaschke. Kungl. Fysiografiska Sdllskapets i
Lund Forhandlingar [Proc. Roy. Physiog. Soc. Lund], 12(15):169-182, 1942.

[14] E. A. Gallardo-Gutiérrez and M. J. Gonzalez. Exceptional sets and Hilbert-
Schmidt composition operators. J. Funct. Anal., 199(2):287-300, 2003.

[15] E. A. Gallardo-Gutiérrez and M. J. Gonzalez. Hausdorff measures, capacities
and compact composition operators. Math. Z., 253(1):63-74, 2006.

[16] A. Hartmann and W. T. Ross. Bad boundary behavior in star invariant
subspaces II. Ann. Acad. Sci. Fenn. Math., 37(2):467-478, 2012.

[17] A. Hartmann and W. T. Ross. Bad boundary behavior in star-invariant
subspaces 1. Ark. Mat., 52(1):113-134, 2014.

[18] G. Konigs. Recherches sur les intégrales de certaines équationes fonctionnelles.

Annales scientifiques de I’Ecole Normale Supérieure, 1:3-41, 1884.

[19] P. Koosis. Introduction to H? Spaces. Cambridge Tracts in Mathematics.
Cambridge University Press, 2008.

[20] Y. Lyubarskii and E. Malinnikova. Composition operator on model spaces.
ArXiv e-prints, Sept. 2012.

[21] J. Marcinkiewicz and A. Zygmund. A theorem of Lusin. Part 1. Duke Math.
J., 4(3):473-485, 1938,

[22] J. Mashreghi. Representation theorems in Hardy spaces, volume 74 of London
Mathematical Society Student Texts. Cambridge University Press, Cambridge,
2009.

[23] J. Mashreghi and M. Shabankhah. Composition operators on finite rank
model subspaces. Glasg. Math. J., 55(1):69-83, 2013.

[24] J. Mashreghi and M. Shabankhah. Composition of inner functions. Canad.
J. Math., 66(2):387-399, 2014.

78

© 2015 Tous droits réservés. doc.univ-lille1.fr



© 2015 Tous droits réservés.

Thése de Muath Karaki, Lille 1, 2015

Bibliography

[25] T. Needham. Anschauliche Funktionentheorie. R. Oldenbourg Verlag, Mu-
nich, 2001. Translated from the 1997 English edition by Norbert Herrmann

and Ina Paschen.

[26] N. K. Nikol'skii. Treatise on the shift operator, volume 273 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathemati-
cal Sciences/. Springer-Verlag, Berlin, 1986. Spectral function theory, With
an appendix by S. V. Hruscev [S. V. Khrushchév]| and V. V. Peller, Translated
from the Russian by Jaak Peetre.

[27] D. Sarason. Sub-Hardy Hilbert spaces in the unit disk. University of Arkansas
Lecture Notes in the Mathematical Sciences, 10. John Wiley & Sons Inc.,
New York, 1994.

[28] J. H. Shapiro. The essential norm of a composition operator. Ann. of Math.
(2), 125(2):375-404, 1987.

[29] J. H. Shapiro. Composition operators and classical function theory. Universi-

text: Tracts in Mathematics. Springer-Verlag, New York, 1993.

[30] M. Tjani. Compact composition operators on Besov spaces. Trans. Amer.
Math. Soc., 355(11):4683-4698, 2003.

[31] S. A. Vinogradov and V. P. Havin. Letter to the editors: “Free interpolation in
H®° and in certain other classes of functions. I” [Zap. Nau¢n. Sem. Leningrad.
Otdel. Mat. Inst. Steklov. (LOMI) 47 (1974), 15-54; MR 52 #14307|. Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 92:317, 1979.

Investigations on linear operators and the theory of functions, IX.

[32] N. Zorboska. Composition operators on weighted Dirichlet spaces. Proc.
Amer. Math. Soc., 126(7):2013-2023, 1998.

79

doc.univ-lille1.fr



	Titre
	Résumé
	Abstract
	Contents
	Chapter 1 : Introduction
	1.1 Hardy spaces
	1.2 Composition operators
	1.2.1 Carleson Measures
	1.2.2 Composition operators on Hardy spaces
	1.2.3 Composition operators on finite rank model spaces
	1.2.4 Composition operators on model spaces


	Chapter 2 : De Branges–Rovnyak Spaces
	2.1 Boundary behavior of H(b) spaces
	2.2 The operator C:H(b)H2
	2.3 Sufficient condition for compactness
	2.4 Axler, Chang and Sarasons' lemma
	2.5 Conjugation and X(b) spaces
	2.6 A sufficient condition for compactness on X(b)

	Chapter 3 : A group structure on D
	3.1 Introduction
	3.2 Automorphisms of D
	3.3 The group (D,*)
	3.4 The subgroup D
	3.5 A formula for the iterates of 
	3.6 An equivalence relation
	3.7 Minimal Blaschke products
	3.8 Discussion on the general solution
	3.9 Yet another characterization
	3.10 Application in model spaces

	Bibliography

	source: Thèse de Muath Karaki, Lille 1, 2015
	d: © 2015 Tous droits réservés.
	lien: doc.univ-lille1.fr


