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Le fait est que les chameaux sont
plus intelligents que les
dauphins|...]. Ce chameau ci
s’appelait Sale-Béte. Il était, de fait,
le plus grand mathématicien du
monde. Sale-Béte réfléchissait : on
dirait qu’on a affaire a une
instabilité dimensionnelle croissante,
oscillant a premiere vue de zéro a
quarante-cing degrés. Soit v égal a 3.
Soit T égal a x/4. Soit k/y un ordre
de tenseur différentiel a quatre
coefficients de spin imaginaires...

Terry Pratchett - Pyramides

Dédié a mes parents, qui m’ont toujours soutenu.
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ABSTRACT

This thesis is concerned with the rational homotopy theory of intersection
spaces. It is composed of three parts, each of them being more or less
independent.

Unless stated otherwise, all homology and cohomology groups involved
in this thesis have to been understood with rational coefficients. These
coefficients won’t be denoted unless if there is ambiguity, for instance if
we consider homology or cohomology with coefficients in Z or C.

The first part concerns the notion of Poincaré duality associated to the
intersection spaces IPX. When X is a compact connected oriented pseudo-
manifold of dimension n = 4s with only isolated singularities, we then
have a well defined middle perversities intersection spaces

[™X =1"X
with a non degenerate symmetric intersection form
brr: HIZS(X) x HIZE(X) — Q.

This intersection form comes from a generalized Poincaré duality defined
on intersection spaces, but is not defined as the evaluation of a cup product
against a fundamental class. We construct rational Poincaré duality spaces
DP(X) such that when dim X = 4s the Witt class of the intersection form
by (x) associated to DP(X) is the same that by in the Witt group W(Q).
We also show how to construct Poincaré duality spaces DP(X) when n =
2s+ 1.

The second part develop the notion of Lagrangian intersection spaces
introduced in the first part to construct DP(X) when dim X = 2s + 1. We
show that the rational homology of these spaces lies between the two mid-
dle perversities intersection homology IH™(X) and IHT(X) in a sense that
we call a (s + 1, s)-bireflective diagram. In a second section we extend the
notion of homology truncation to nilpotent rational spaces of finite type.

The last part is devoted to the interaction between Hodge theory and the
rational cohomology of intersection spaces when X is a complex projective
algebraic varieties with only isolated singularities. We show that theses
spaces carry a natural mixed Hodge structure at the algebraic models level.
We then use these mixed Hodge structures to derive results about the
formality of intersection spaces.

vii
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RESUME

Cette these se concentre sur ’homotopie rationnelle des espaces d’inter-
section, espaces définis et développés par M. Banagl dans [6]. Le présent
manuscrit se décompose en trois chapitres, chacun étant plus ou moins
indépendants des autres.

Le premier chapitre traite de la dualité de Poincaré associée aux es-
paces d’intersection. Etant donnée X une pseudovariété compacte, con-
nexe et orientée de dimension n = 4s a singularités isolées, les espaces
d’intersections associés aux deux perversités milieux coincident

[™X =1"X.

Cela nous permet de définir une forme d’intersection bilinéaire symétrique
non dégénérée

brr: HIZS(X) x HIZ(X) — Q

provenant d’une dualité de Poincaré généralisée définie sur 1’homologie
rationnelle des espaces d’intersection. Cette dualité ne provient pas de
I’évaluation d’un cup produit contre une classe fondamentale. En utilisant
le formalisme des espaces d’intersection nous montrons, dans le cas de la
dimension paire, qu’il est possible de construire un espace a dualité de
Poincaré rationnelle DP(X). Lorsque dim X = 4s la classe de Witt associée
a la forme d’intersection by (x), définie via dualité de Poincaré, est la
méme que la classe Witt de by dans le groupe W(Q). Nous montrons
aussi comment construire de tels espaces DP(X) de le cas d'une dimension
impaire.

Le second chapitre développe la notion d’espace d’intersection lagrang-
ien, notion introduite dans le premier chapitre pour construire DP(X)
lorsque dim X = 2s + 1. Nous montrons que I’homologie rationnelle de
ces espaces interagit avec les homologies d’intersection milieu TH™(X)
et IHI(X) au travers d'un diagramme commutatif que nous appelons
un diagramme (s + 1, s)-biréflexif. Dans une seconde partie, nous éten-
dons la notion de troncation homologique utilisée pour définir les espaces
d’intersection au cas des espaces rationnels nilpotents de type fini.

Pour finir, le troisiéme chapitre étudie 'interaction entre la théorie de
Hodge mixte et la cohomologie rationnelle des espaces d’intersection pour
X une variété algébrique projective complexe a singularités isolées. Nous
montrons que la cohomologie de ces espaces d’intersection possede de
fagon naturelle une structure de Hodge mixte définie au niveau des mod-
eles rationnels. Ces structures de Hodge mixte nous permettent alors de
déduire des résultats sur la formalité des espaces d’intersection.

ix
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INTRODUCTION

GENERAL SETTING : THE PROBLEM OF SINGULAR SPACES AND AN-
SWERS TO THIS PROBLEM

“Pour une variété fermée, les nombres de Betti également distants des
extrémes sont égaux.”

With that foundational theorem, that Poincaré stated in [38] and cor-
rected in [39], began algebraic topology.

Nowadays it is stated in terms of homology and cohomology. Homology
and cohomology assign in a natural way to each manifold M of dimension
n graded abelian groups

M +— H.(M;Z),
M —s H*(M; Z).

Then, when M is an oriented closed manifold, this theorem states that we
have and isomorphism between the integral homology and cohomology

H*(M;Z) = Hn_.(M;Z).

This isomorphism, given a choice of orientation of M, is defined by the
cap product with the fundamental class of M

—NM]: H*(M;Z) — Hn»(M; Z).

When passing to rational coefficients, the universal coefficients theorem
states that

H'(M; Q) = Hom(H;(M; Q), Q).

When M is of dimension n = 4s, Poincaré duality defines a non degenerate
symmetric bilinear form

HZS(M) X HZS(M) — Qr

Figure 1: Poincaré duality on the torus. The red and green cycles are dual to each
other.

el
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Figure 2: Failure of Poincaré duality in the suspended torus. The red and green
cycles become boundaries.

for which we can computes its signature. It is a theorem of Thom, [46],
that this signature is

® a cobordism invariant,
¢ multiplicative under cartesian product,
¢ additive under disjoint union.

As cohomology and homology are defined for any topological spaces,
one can ask whether the Poincaré duality holds for general spaces. Poincaré
already answered this question in [38, p. 232] by giving a counterexample
to his isomorphism. The historical and prototypical example that Poincaré
gave was the suspension of the torus, denoted by LZT. That topological
space is a manifold at every points unless for the two suspension points
and this is already enough to break Poincaré duality. A classical Mayer-
Vietoris long exact sequence gives the following rational homology groups

Q %=
0 =1,

HL(ZT) = .
QaQ *=2,
Q  x=3

this computation show that ZT does not satisfies Poincaré duality.
Characteristic numbers of manifolds are intimately related to Poincaré
duality. In the 1960’s and the 1970’s some characteristic classes were ex-

xii
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tended to the realm of singular spaces. Motivated by applications to surge-
ry theory, D. Sullivan asked whether it is possible to define a signature
for a new homology theory for singular spaces. This new homology the-
ory was to restore Poincaré duality, and one would be able to determine
families of spaces together with a signature that is a bordism invariant.

Actually, there are two strategies to restore Poincaré duality for singular
spaces:

1. The "algebraic" answer : we change the definition of our homology.
This is the solution followed by Mark Goresky and Robert MacPher-
son when defining intersection homology groups.

2. The "topological" answer : we try to modify our class of spaces or the
spaces themselves. This is the solution followed by Markus Banagl
when defining intersection spaces.

Intersection homology theory was defined by Mark Goresky and Robert
MacPherson in [26] and [27], first with the use of simplicial techniques and
then using sheaf theory. Intersection homology with rational coefficients
assign to each singular space (they use stratified pseudomanifold) a family
of graded vector spaces

X ~ THP(X).

These vector spaces depend of a multi index p which is called a perversity
and these perversities form a finite poset P,, with a unique maximal ele-
ment t. Then, when X is a compact, connected, oriented pseudomanifold
and p and q two complementary perversities, meaning p + q is defined in
Pn and equal to t, we have a generalized Poincaré duality isomorphism

THP (X) = THR*(X)

with IH%_i(X) = IHﬁ_i(X)\/ = hom(IHﬁ_i(X), Q). In particular, when X
is of dimension n = 4s and stratified by only even dimensional strata, the
middle perversity m is self-complimentary, ™ + ™ = t. This implies that

we have a well defined non degenerate symmetric bilinear form
THTL(X) x THTL(X) — Q.

The signature of this bilinear form is also a cobordism invariant. This
solved the problem Sullivan asked in the 1970’s.

Intersection spaces were defined by Markus Banagl in [6] as a way to
implement Poincaré duality at the level of topological spaces.

Suppose given a stratified pseudomanifold X of dimension n with only
isolated singularities. We also suppose the links of the singularities are
simply connected. We assign to such a space a family of topological spaces

X~ TPX,
called its intersection spaces, also indexed by perversities p € Pr,. Let us
mention here that in the isolated singularity case a perversity is just an
integer 0 <p <n—2.
xiii
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A V/\v
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Figure 3: Construction on a pseudomanifold with isolated singularities by coning
off the boundaries of the left manifold.

Before explaining the construction of the intersection spaces, let us recall
how to construct stratified spaces with only isolated singularities.

Consider X a stratified pseudomanifold with isolated singularities ~ =
{o1,...,0v}. Removing an open neighbourhood of each singularities leaves
us with a manifold with boundary (X;eg, 0Xreg) where the boundary

aXreg = u Li
O‘iez

is the disjoint union of the links L; for each singularities o; € L.
Conversely, assume that is given a manifold with boundary (M,0M)
such that the boundary 0M is the union of m connected components

m
M = |_| oM.

i=1

Let (I(1),...,1(¢)) be a partition of m and consider

A1 M = | ] /M
Y 1) <i<Ei, 1)

with k > 1 and I(0) = 0. The space

4
X=MJ <|_| c(al(k)M)>
oM

k=1

formed by glueing the cones c(d1(x)M) onto the boundary is then a strat-
ified pseudomanifold with { isolated singularities. The manifold M be-
comes then the regular part X;.q of X. An example is shown in Figure
3.

The process to construct intersection spaces is similar in the sense that
the IPX are constructed by conning off only a part of the boundary.

Suppose that is given X a stratified pseudomanifold of dimension n with
only isolated singularities £ ={o7,...,0y} and a perversity 0 <p < n—2.
Suppose also the links L; are simply connected.

Consider the associated manifold with boundary (Xyeg, 0Xreg), we have
0Xreg = Ug, Li. Spatial homology truncation theory (originally defined in

Xiv
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W

Figure 4: Contruction of an intersection space by coning off only a part of the
boundaries.

[6]) provides, for each L; and for an integer k(p) := n—1—p, a CW-
complex t (p)Li together with a comparison map

fi: tk(ﬁ)]-i — L;

such that the induced map in homology H.(f;Z) is an isomorphism for
T < k(p) and the zero map otherwise. The intersection space IPX is then
defined as the mapping cone of the compostion

Llo-ifi
| [tk Li =5 | |Li — Xreg.
Oy

Oi

The ordinary homology of these spaces satisfies generalized Poincaré
duality when X is a compact, connected, oriented pseudomanifold of di-
mension n with only isolated singularities and simply connected links. By
analogy with intersection homology we denote HIP (X) := H,(IPX) and
ﬁI%(X) = H* (IPX). We have the following isomorphism

HIT(X) = HIpH(X).

where p and q are complementary perversities.

The homology of the intersection spaces IPX is not isomorphic to the
intersection homology of X. Intersection spaces can in fact be understood
as an enrichment of intersection homology theory and we can recover in-
formation on intersection homology by studying the intersection spaces.
In particular, when X is a stratified pseudomanifold of dimension n = 4s
with isolated singularities, the cohomology of the middle perversity inter-
section space I™X defines a non degenerate symmetric bilinear form

HIZS(X) x HIZ$(X) — Q

and both this bilinear form and the form induced by intersection cohomol-
ogy share the same Witt element in the Witt group W(Q).

Of the problem of restoring Poincaré duality on singular spaces, this the-
sis focuses on the second solution : the intersection spaces, from the point
of view of rational homotopy theory. Let us first briefly recall the notion
of rational homotopy theory. The rational homotopy type of a topological
space X is given by the commutative differential graded algebra Ap (X) in

XV
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the homotopy category Ho(CDGAq) defined by formally inverting quasi-
isomorphisms and where Ap (—): Top — CDGAq is the polynomial De
Rham functor defined by Sullivan.

Rational homotopy theory provides a powerful tool since it allows us to
work in a completely algebraic way. The most important result being the
fact that one can completely classify connected nilpotent rational topolog-
ical space of finite type. In fact to any rational homotopy type belongs a
unique isomorphism class of cdga’s. To be more precise, define by CW?at,ﬁ
the full subcategory of connected rational nilpotent CW-complexes of fi-
nite type and by SulAlg, the full subcategory of connected Sullivan alge-
bras of finite type. Passing to homotopy categories we have an equivalence
of categories [45]

Ho(CW, o) Ho(SulAlgd)°P.

POINCARE DUALITY AND INTERSECTION SPACES

Intersection spaces theory provide, when dim X = n = 2s, a topological
space I"™X such that its homology satisfies generalized Poincaré duality.

HIE (X) = HITL  (X).

The natural question which comes to mind is : "Is it a manifold ? If not,
how close it is from a manifold ?"

Note we gave the generalized Poincaré duality of intersection spaces
with reduced homology. This is because the intersection spaces IPX do not
carry a fundamental class for any perversity p. Thus for the middle per-
versity m the Poincaré duality isomorphism

HITY(X) = HIRY(X).

cannot be described as a cap product with a fundamental class. Therefore
the IPX are not manifolds.

In this thesis we modify the preceding construction in order to get a
Poincaré duality space. That is a topological space Y, which is not neces-
sarily a manifold, but whose rational homology satisfies Poincaré duality.
Moreover, this duality isomorphism is given by the cap product with an
orientation class [Y]

—N[Y]:H(Y;Q) — Hn—+(Y; Q).

Let X be a compact, connected and oriented stratified pseudomanifold
X of dimension n with only isolated singularities and simply connected
links. We can associate to X a rational Poincaré duality space DP(X) such
that DP(X) lies between the regular part X;¢q4 of X and its normalisation
X. We call DP(X) a Poincaré duality approximation space of X, see the
definition 1.1.0.1. Moreover, when dim X = 0 mod4 the Witt element of
the intersection form of DP(X) is the same as the one from I™X. Being
more precise, we have the following theorem.

xvi

lilliad.univ-lille.fr



These de Mathieu Klimczak, Lille 1, 2016

Theorem o.0.1 (Multiple isolated singularities case). Let X be a compact,
connected oriented pseudomanifold of dimension n with only isolated singularities
L ={o1,...,0y;v > 1} of links L; simply connected. Then,

1. If n = 2s, there exists a rational Poincaré approximation DP(X) of X.
Moreover, if dim X = 0 mod 4, then the Witt class associated to the inter-
section form by x) is the same as the Witt class associated to the middle
intersection cohomology of X.

2. If n =2s+4 1 and X is either a Witt space or an L-space then there exists a
rational Poincaré approximation DP(X) of X.

What this theorem means is that, for instance in the case where n = 2s,
the intersection space I™X can be "completed” into a rational Poincaré du-
ality space by glueing a single 2s-dimensional cell e?S. Moreover, when
X is simply connected, the rational homotopy type of this new space
DP(X) := I™X U e?$ is determined by I™X.

MIXED HODGE STRUCTURES

One of the other points investigated here is the study of the rational coho-
mology algebra HIZ(X) of the [PX when X is a complex projective algebraic
variety with only isolated singularities. The rational cohomology of X al-
ready bears interesting information since we know it can be endowed with
a mixed Hodge structure and that this mixed Hodge structure is functo-
rial with respect to algebraic morphisms, [17]. In fact the mixed Hodge
structure is defined at the algebraic models level, meaning that the cdga
ApL(X) can be endowed with two filtrations (Ap_(X), W, F) such that the
cohomology of the triple (Ap(X), W, F) induces a mixed Hodge structure
on H*(X).

This notion of mixed Hodge structure can then be used to derive results
about the rational homotopy type of X, like its formality. A space X is for-
mal if there is a string of quasi-isomorphisms from the cdga Ap (X) to its
cohomology with rational coefficients H*(Ap (X)) = H*(X) seen as a cdga
with trivial differential. In particular if X is simply connected and formal
then its rational homotopy type is a formal consequence of its cohomology
algebra, its higher order Massey products vanish and the rational homo-
topy groups of X, 7, (X) ® Q can be computed in a purely algebraic way di-
rectly from H*(X). One of the landmark result combining the two notions
of rational homotopy theory and Hodge structures is the result of Deligne,
Griffiths, Morgan and Sullivan [18] that compact Kdhler manifolds, in par-
ticular smooth projective varieties, are formal topological spaces.

The notion of Hodge structure dates back to the result of William Hodge
[31] on compact Kdhler manifolds. A complex form « has type (p, q) if for
any local system of holomorphic coordinates (z1,...,zn) , the form « is a
linear combination of forms g - dzi, A\ ---Adzi, Adzj, A\---Adz;, with g

xvii
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a differentiable function. Suppose given X a compact Kihler manifold of
complex dimension n. For all m, we have the following decomposition

H™(X;C)= P HPIX)
p+gq=m

where HP-9(X) is the subspace of cohomology classes whose harmonic
representative is of type (p, q). The space HP-9(X) is the complex conjugate
of H9P(X). This modelization by a direct sum decomposition leads to the
more general definition of a Hodge structure of weight k with the use of a
decreasing filtration. Let H be a Z-module of finite rank and a decreasing
filtration

H®C>D - DFP SFPH 5.

such that FP N F9 = 0 whenever p + q = k + 1, then H has a (pure) Hodge
structure of weight k if one has

H®C = @ FP N F9,
p+q=k

The existence of a pure Hodge structure on a cohomology group puts
restrictions on its rank. For instance, if X a compact Kdhler manifold we
have

H'(X;C) = H'"°(X) @ H*T(X)

and H'(X;C) is then of even rank. For a non-compact or singular com-
plex algebraic variety the above decomposition doesn’t work, for instance
H'(X) can have odd rank. This led Deligne to generalize the Hodge struc-
ture notion into the notion of mixed Hodge structure [16], [17]. The idea
is that on each cohomology groups H*(X) there is a increasing filtration
W, the weight filtration, such that the m-th graded quotient has a pure
Hodge structure of weight m.

Morgan [36] endowed homotopy groups of smooth algebraic varieties
with mixed Hodge structures through the notion of mixed Hodge dia-
gram. He not only put a mixed Hodge structure on the higher homotopy
groups of a complex algebraic manifold X, he showed that the minimal
model of the Sullivan algebra Ap_(X) also has a mixed Hodge structure.
Navarro Aznar then extended the results of Morgan [4] to possibly sin-
gular complex algebraic varieties. Independently, Hain also extended the
results of Morgan with the use of Chen’s iterated integrals [28] [29].

Given a cdga (A, d) with an increasing bounded filtration {W,A} one
can consider the associated spectral sequence E(A, W) with

EYS (A, W) = H"" 5 (gr)V(ATF9)).

In the case of the weight filtration on the rational models of a complex
projective variety X that spectral sequence is called the weight spectral
sequence and is denoted by E; (X, W). Cirici and Guillen proved [15] that
complex algebraic varieties are Ej-formal. This means that the rational

xviii
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homotopy type of complex algebraic varieties is determined by the E;-
term of the weight spectral sequence. In other words, there is a string of
quasi-isomorphisms

APL(X) — k E] (X,W).

Let us consider the family {IPX}5cp, of intersection spaces associated to
the space X. Each one of them admits a rational model which we denote
by Al (X), in fact this family can be considered as a functor

Al(X): PP — CDGAg

which we call a coperverse cdga, see definition 3.2.2.1. These coperverse
cdga’s enjoy an extended product

ALy (X) ® Alg(X) — Alg(X) P < qin POP.

When p = q, this is the product that each one of the cdga Al;(X) naturally
has as rational model of a topological space. Moreover when X &€ SuperVc,
that is, when X is a complex projective variety with only isolated singu-
larities and simply connected links, the coperverse cdga Alg(X) can be
endowed with two filtrations. One increasing filtration W* on the rational
algebra Als(X), its weight filtration, and one decreasing filtration Fg on its
complexification Alg(X) ® C, its Hodge filtration, in a way such that the
triple

(ALs(X), W*, F)

is a coperverse mixed Hodge cdga. This means that for every perversity p,
we have a bifiltered cdga

(ALx(X), WP, Fp)

such that the two filtrations define a mixed Hodge structure on Al;(X)
compatible with the poset maps Al5(X) — Alg(X).

The work of Chataur and Cirici [12] made for studying the interactions
between mixed hodge structures and the intersection cohomology of a
complex projective variety with only isolated singularities can be modi-
fied to suit the study of mixed hodge structures on HI}(X). This allow
us to get the following theorem, which was stated in [12, theorem 3.10]
for intersection cohomology. In a more precise way we have the following
theorem.

Theorem o0.0.2. Let X € SuperVc of complex dimension n. There exists a coper-
verse mixed Hodge cdga MIg(X) together with a string of quasi-isomorphisms

MIs(X) ¢ * — Als(X)

such that this mixed Hodge structure is compatible with the one on Xyegq and the
one on X.

Xix
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A more precise statement is given is the theorem 3.4.1.

It is interesting to remark here that the intersection spaces I*X aren’t
complex algebraic varieties. The fact that their cohomology carries a mixed
Hodge structure isn’t clear at all at first glance.

Next we study the weight spectral sequence associated to (MIg(X), W)
which we denote by Elg(X). We then use this spectral sequence to derive
results about the formality of the intersection spaces IPX. The key ingredi-
ent to obtain results about formality is the following theorem about what
we call the EI; s-formality of complex projective algebraic varieties with
isolated singularities.

Theorem 0.0.3. Let X € SuperV¢ with only isolated singularities. There is a
string of quasi-isomorphisms of coperverse cdga’s from MIg(X) ® C to El; §(X) ®
C. In particular, there is an isomorphism in Ho(U/J;OPCDGAC)fmm Ali(X)®C
to EI];(X) ® C.

One remarkable fact is that a similar theorem is also true in the case
of intersection cohomology [12, theorem 3.12]. This shows the strong re-
semblance between intersection cohomology and the cohomology of inter-
section spaces when we consider complex projective varieties. This result
allows us to state the theorem 3.5.4 of the type "purity implies formality"
and the theorem 3.6.1 which in particular says that the intersection spaces
IPX of any nodal hypersurfaces X in CP* are formal.

XX
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Part1

POINCARE DUALITY AND SINGULAR SPACES

In this part we assign, under reasonable hypothesis, to each
pseudomanifold with isolated singularities a rational Poincaré
duality space. These spaces are constructed with the formal-
ism of intersection spaces defined by Markus Banagl and are
indeed related to them in the even dimensional case.
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POINCARE DUALITY FOR SPACES WITH ISOLATED SINGULARITIES

1.1 INTRODUCTION

We are concerned with rational Poincaré duality for singular spaces. There
is at least two ways to restore it in this context :

* As a self-dual sheaf or as a self-dual cohomology. This is for instance
the case with rational intersection homology.

* As a spatialization. That is, given a singular space X, trying to asso-
ciate to it a new topological space Xpp that satisfies Poincaré duality.
This strategy is at the origin of the concept of intersection spaces.

Let us briefly recall this two approaches.

While seeking for a theory of characteristic numbers for complex ana-
lytic varieties and other singular spaces, Mark Goresky and Robert Mac-
Pherson discovered (and then defined in [26] for PL pseudomanifolds and
in [27] for topological pseudomanifolds) a family of groups IH? (X) called
intersection homology groups of X. These groups depend on a multi-index
P called a perversity. A n-perversity p is a function

p:{23,....n} —{0,1,...,n—2}

such that p(2) = 0 and p(k) < p(k+1) < p(k) + 1, where n is the di-
mension of X. The n-perversities form a finite poset P, endowed with a
partial addition 4+ and a unique maximal element called the top perver-
sity t defined by t(k) = k —2 for all k. Two n-perversities p and q are
said to be complementary if p + q exists in P, and is equal to t. Intersec-
tion homology is able to restore Poincaré duality on topological stratified
pseudomanifolds.

If X is a compact oriented pseudomanifold of dimension n and p, q are
two complementary perversities, over Q we have an isomorphism

IHP(X) = Hg H(X),

With THZ ¥ (X) := hom(IHI_.(X), Q).

In particular, suppose given an oriented pseudomanifold X of dimension
n = 4s. Moreover, suppose that X has only even dimensional strata. Then
for the lower middle perversity (k) := |5]| —1 we have a well defined

non degenerate symmetric bilinear pairing
THIE (X) x THTL(X) — Q.

We can define the Witt class of its associated quadratic form in W(Q).
The signature of this bilinear form is a bordism invariant. This pairing
can be generalized to Witt spaces. A Witt space is a topological stratified
pseudomanifold such that for each stratum S of odd codimension 2r + 1
the lower middle perversity intersection homology of the link Ls satisfies

IH™(Ls) = 0.

This duality has been extended to non Witt spaces by Markus Banagl
[5]. He introduces a category 8D(X) of complexes of sheaves on X. Those
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sheaves are required to be Verdier self-dual and satisfy stalk axioms, which
make them lie between the lower and upper-middle perversity intersection
chain sheaves on X. When the category 8D(X) is not empty we can choose
a self dual chain complex of sheaves F, this allows the definition of a sig-
nature. The signature does not depend of F in 8D (X).

Intersection spaces were defined by Markus Banagl in [6] as an attempt
to spatialize Poincaré duality for singular spaces. Given a stratified pseu-
domanifold X on dimension n with only isolated singularities and simply
connected links we have a family of topological spaces IP X indexed by per-
versities p. By analogy with intersection homology, denote by HIP (X) =
H.(IPX) and ﬁI%(X) := H*(IPX). Over Q and for complementary perver-
sities P, q, we have an isomorphism

HIP(X) = HIZH(X).

One may regard the theory of intersection spaces as an enrichment of in-
tersection homology and we can recover informations about intersection
homology thanks to those intersection spaces. In particular they have the
same information when it comes to the signature of the intersection form
as shown in [6, theorem 2.28]. Suppose X is a compact oriented pseudo-
manifold of dimension n = 4s with only isolated singularities and simply
connected links. Considering the middle perversity intersection space I™X
gives us the isomorphism

HITY(X) = HIZH(X).

Then, by the way of some nice algebraic tools it is shown that the two
bilinear pairings over Q

brr : HIZL(X) x HITL(X) — Q
and
by THYL(X) x THDE(X) — Q

have the same Witt element in W(Q).

It must be noticed here that the pairing ltllzﬁs(X) X ltllzﬁs(X) — Qs not re-
alized as the quadratic form associated to the generalized Poincaré duality
of the space I™X. In fact, the space I"™X does not have a fundamental class.
That is we can’t express by1(x,y) as ((I™X],x Uy) where [I™X] would be
a fundamental class of the space I™X.

What we show is the existence of a rational Poincaré duality space
DP(X). In particular the pairing defined above for the middle perversity in-
tersection space can be realized as a pairing induced by a classical Poincaré
duality and we have

bppx) (%, Y) = ((DP(X)], xUy).

Basically, we can separate the construction of the space DP(X) in two
cases, whether the pseudomanifold X has only one isolated singularity or
more than one.

© 2016 Tous droits réservés. lilliad.univ-lille.fr
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Suppose given a compact, connected oriented pseudomanifold X of di-
mension n with only isolated singularities ~ = {01, ..., 0} and denote by
L; the link of the singularity o;. We also suppose that the L; are all simply
connected.

The case where X has only one singularity is very particular in the sense
that the link of the singularity is always a boundary. If we denote by X;¢q4
the complementary in X of an open neighbourhood of the singularity, then
Xreg is a manifold with boundary and 0X;.qy = L. By a classical result
of Thom, see [30], the Witt class [by] € W(Q) of the intersection form
associated to L is zero. This result allows us to perform what we call a
Lagrangian truncation, which we explain in 1.2.4, and then construct a ra-
tional Poincaré duality space when the dimension of X is odd. When the
dimension of X is even, we do not need this assumption and the construc-
tion of DP(X) is easier. We have the following definition and theorems

Definition 1.1.0.1. Let X be a compact, connected pseudomanifold with only
isolated singularities £ = {01,...,0y}. Denote by X the normalization of X. A
good rational Poincaré approximation of X is a topological space DP(X) such that

1. DP(X) is a rational Poincaré duality space,

2. there is a rational factorization of the inclusion i: Xyegq — X in two maps

Xreg —2 DP(X) 5 X,

That is Py o Gy = ir: He(Xyeg) — Hr(X) such that
o [fdim X = 2s, then

a) ¢r: Hy(Xreg) — H(DP(X)) is an isomorphism for 2s — 1 >
T > s and an injection for r ='s,

b) ¥y He(DP(X)) — Hr(X) is an isomorphism for v < s and
r=2s.

e [fdimX =2s+ 1, then

a) ¢r: Hy(Xreg) — He(DP(X)) is an isomorphism for 2s > v >
s + 1 and an injection for v = s +1,

b) ¥y He(DP(X)) — Hr(X) is an isomorphism for v < s and
T = 2s + 1 and a surjection for v = s.

We say that DP(X) is a very good rational Poincaré approximation of X if
¢ when dim X = 2s, then & is also an isomorphism.
* when dim X = 2s + 1, then ¢s1 and s are also isomorphisms.

Theorem 1.1.1 (Unique isolated singularity case). Let X be a compact, con-
nected oriented pseudomanifold of dimension n with one isolated singularity of
link L simply connected. There exists a good rational Poincaré approximation
DP(X) of X. Moreover if dim X = 0 mod 4, then the Witt class associated to
the intersection form bypp(x) is the same that the Witt class associated to the
middle intersection cohomology of X.
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Depending of the dimension of X we use two different types of trunca-
tions on the link of the singularity L. When dim X = 2s this is the classical
homology truncation defined by Markus Banagl in [6]. The odd dimen-
sional case also use the Lagrangian truncation which will be defined in
section 1.2.4.

The case where we have more than one singularity is a bit more delicate
in the odd dimensional case because we do not have anymore the result
of Thom we used above. Consider for example SCP?, the suspension on
the 2 dimensional complex projective space. As a pseudomanifold, it has
two isolated singularities which are the two suspension points and each of
these points has a copy of CP? as link. But CP? is not the boundary of the
regular part which is homeomorphic to CP? x [0, 1], and SCP? is neither a
Witt space nor an L-space as stated in definitions 1.2.7.3 and 1.2.11.1.

The odd dimensional case then breaks down in two subcases corre-
sponding to the type of space we are dealing with. If the space is a Witt
space we can construct a rational Poincaré duality space, and if the space
is an L-space we can perform a Lagrangian truncation to also get a ratio-
nal Poincaré duality space. In the even dimensional case we can always
construct a rational Poincaré duality space. We then have the following
theorem.

Theorem 1.1.2 (Multiple isolated singularities case). Let X be a compact,
connected oriented pseudomanifold of dimension n with only isolated singularities
L ={o1,...,0v;v > 1}of links Ly simply connected. Then,

1. If n = 2s, there exists a good rational Poincaré approximation DP(X) of
X. Moreover, if dim X = 0 mod 4, then the Witt class associated to the
intersection form bpp(x) is the same as the Witt class associated to the
middle intersection cohomology of X.

2. If n = 2s + 1 and is either a Witt space or an L-space then there exists a
good rational Poincaré approximation DP(X) of X. Moreover when X is a
Witt space DP(X) is a very good rational Poincaré approximation of X.

The first section of this paper contains the various and already known
definitions and results we will use. We first recall the definitions of pseudo-
manifolds, perversities and we give a brief account of rational homotopy
theory. The third part is devoted to the theory of homological truncation
theory and intersection spaces defined by Markus Banagl in [6], we also
give a rational model of the intersection spaces in 1.2.7.3. We extend the
homological truncation to a Lagrangian truncation in the fourth part 1.2.4.

The second section is devoted to the construction of the spaces DP(X).
We first recall the notions we use about Poincaré duality. We then com-
pletely develop the method of construction, first with a unique isolated
singularity and then explain how to modify the results to get the general
theorem in the context of multiple isolated singularities.

We finish with a section of examples, the real algebraic varieties, the
nodal hypersurfaces and the Thom spaces.
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1.2 BACKGROUND, TRUNCATIONS AND INTERSECTION SPACES
1.2.1  Pseudomanifold and Goresky MacPherson perversity

We first recall the definitions of stratified pseudomanifolds, links and per-
versities.

Definition 1.2.0.1. A (topologically) stratified pseudomanifold is defined induc-
tively on dimension.

* A o-dimensional stratified pseudomanifold X is a countable set of points
with the discrete topology.

* An n-dimensional stratified pseudomanifold is a paracompact Hausdorff
topological space X equipped with a filtration

X=XnDODXne1=Xn220Xn3D--DX1DXoDX_1=0

such that

1. Every non-empty Xn_x — Xn_x—1 is a topological manifold of dimension
n —Xk, called an (open) stratum of X.

2. X —Xn_2, the top stratum, is dense in X.

3. For each point x € Xn_1 — Xn_x_1, there exists an open neighbourhood
U of x € X, a compact topological stratified pseudomanifold L of dimension
k — 1 with stratification

L=Lx 1DLk3D---DLy DL =0
and a homeomorphism
¢:U -5 RVl

where ¢L == L x [0,1)/((t,0) ~ (t’,0)) is the open cone on L, ¢ restricts
to homeomorphisms

b UNXn 1 — R % x el 1.

The pseudomanifold L is called a link of the point x in X.

In our case all the topological spaces are supposed compact. So a o-
dimensional stratified pseudomanifold X is a finite set of points with the
discrete topology.

In the rest of this paper we will work with pseudomanifold with iso-
lated singularities of dimension n. That is a compact Hausdorff topologi-
cal space X with stratification

fcZcXn=X

© 2016 Tous droits réservés. lilliad.univ-lille.fr
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where ~ = {07,...,0,} is a finite set of points, the isolated singularities.
We will denote by L; := L(0y, X) the link in X of the singularity o and by

L(L,X) = |_| L

o€EX

the disjoint union of the links. The space L(Z, X) is then a disjoint union of
topological manifolds of dimension n — 1.

Such a pseudomanifold X can be obtained by coning off a manifold with
boundary. Let (M, 0M) be manifold with boundary such that oM is the
disjoint union of m connected components,

m

Let I = (I(1),...,I(v)) be a partition of m such that I(k) # 0 for all k €
{1,...,v}. This partition of m induces the following partition on 0M. For
k > 1, denote by

d1poM = | ] M
Y I <j<EE, 1(r)

with I(0) = 0, then OM = LI} 91(1)M. The homotopy pushout diagram

L¥—10100M Ly —1¢(0100M)

M

defines X as a stratified pseudomanifold with v isolated singularities ~Z =
{01,...,0v}. The link L; of oy is then

I_i_ — al(i) M

Conversely, let X be a stratified pseudomanifold with only isolated sin-
gularities ~ = {o07,..., 0y}. Removing a small open neighbourhood of each
singularities o; gives us a manifold with boundary (X;eq, 0X;egq) where
the number of connected components of 0X;¢g4 is the number of connected
components of L(Z, X). The manifold X4 is called the regular part of X.

Definition 1.2.0.2. Let X is a compact, connected oriented pseudomanifold of
dimension n with only isolated singularities ¥ = {01, ..., 0+}. We say that X is
a normal pseudomanifold if the link Ly of each singularities o; is connected.

If X is constructed by coning off the boundary M of (M, M), saying
that X is normal is then equivalent to say the partition used was

(I(M),1(2),...,I(m)) = (1,1,...,1).

The integer m being the number of connected components of 0M as be-
fore.

© 2016 Tous droits réservés. lilliad.univ-lille.fr
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Figure 5: Manifold with boundary with m = 3 connected components.

[T~
<P <<E

Figure 6: Pseudomanifolds with isolated singularities obtained by coning off the
boundary with the partition (1,2) and (1,1, 1).

Given X is a compact, connected oriented pseudomanifold of dimension
n with only isolated singularities, one can construct its normalization X by
considering its regular part X;eq and using the partition (1,1,...,1) for
coning off the boundary. The space X is then a normal pseudomanifold
with only isolated singularities. We have a map X — X.

Since the definition of a Poincaré duality approximation space of X
1.1.0.1 involves a map from DP(X) to its normalization X, we will always
assume for the rest of this part that the pseudomanifolds considered here
are normal pseudomanifolds.

Since we only work with isolated singularities, a perversity is just a
number p € {0,1,...,dim X — 2}. We denote by m and T the following

perversities
m o= {dir;X J o 1,
ﬁ — "dilng" -1

Example 1.2.1. 1. Thom spaces. Let B be a compact, connected, oriented
manifold of dimension n and E a fiber bundle over B of rank n’,

R"Y —F - B.

The Thom space Th(E) of the fiber bundle E is defined as the homotopy
cofiber of the map

SE—>DE

where Sg and D are respectively the sphere bundle and disk bundle associ-
ated to E.

Th(E) is then a pseudomanifold of dimension n+n’, the singularity is the
compactification point, its link is the sphere bundle Sg and the reqular part
of Th(E) is the disk bundle Dg.

© 2016 Tous droits réservés. lilliad.univ-lille.fr
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2. Real algebraic varieties. Using Whitney stratifications, one can show
that any real algebraic set X has a stratification that makes it a stratified
pseudomanifold in the sense of the definition above unless for the condition
about the strata of codimension 1. For example the figure 8 can be defined as
a real algebraic variety, its singular point is then a codimension 1 stratum.
See for instance the section 3 of the chapter 4 in [2].

1.2.2  Rational homotopy theory

We recall here the definitions involving minimal and rational models we
will need later. The results of this section are true for any fields k of char-
acteristic zero, we focus on Q. We refer to [24] and [25] for the following
definitions and results.

Denote by DGAq the category of differential graded algebras over Q,
dga for short, and by CDGAq its full subcategory of commutative differ-
ential graded algebras over Q, cdga for short, and by Top the category of
topological spaces.

We have the contravariant functor C*(—; Q): Top — DGAq that to each
topological space K assigns its cochain algebra of normalized singular
cochains on K. This algebra is almost never commutative but homotopy
commutative. In fact, the only case where this algebra is commutative is
when X is a disjoint union of points.

Nevertheless over the rationals we can restrict our attention to commu-
tative dga.

Theorem 1.2.1 ([45]). There exists a contravariant functor Ap(—): Top —
CDGAq such that, for all topological spaces X, there is a natural cochain algebra

quasi-isomorphism of dgas C*(K; Q) = & Ap(K).

Given a graded vector space V, /A\V denotes the free commutative graded
algebra generated by V and not just its exterior algebra. We denote by A™V
the vector space generated by the elements of the form x; - - - x,, with the
xi € V. We also have by ATV = @51 A" Vand A9V = @n5q AT V.

Definition 1.2.1.1. A Sullivan algebra is a cdga (/\V, d), where
1. V ={VP},>1 is a graded vector space over Q,

2. V = U ,V(k), where V(0) C V(1) C --- is an increasing sequence of
graded subspaces such that

d=0inV(0)andd:V(k) > AV(k—1), k> 1.

Definition 1.2.1.2. 1. A Sullivan model for a cdga (A, d) is a quasi isomor-
phism

m: (AV,d) — (A, d)

from a Sullivan algebra (/\V, d).

© 2016 Tous droits réservés. lilliad.univ-lille.fr
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2. If K is a path connected topological space then a Sullivan model for Ap (K)
m: (AV,d) — Ap_(K)
is called a Sullivan model for K.
3. A Sullivan algebra, (A\V, d) is called minimal if
imd Cc ATV ATV

Proposition 1.2.1.1. Any cdga (A,d) satisfying H°(A) = Q and any path
connected topological space K have a unique minimal Sullivan model up to iso-
morphism.

Definition 1.2.1.3 (Rational model). A rational model for a space K is a cdga
(A*(K), d) with a quasi-isomorphism

m: (M(K),d) — (A*(K),d),
where (M(K), d) is the minimal model of K.

When needed, we will denote by (M(K),d) the minimal model of the
topological space K and by (A*(K), d) a rational model of K, not necessarily
minimal.

We will also need the notion of relative minimal models.

Definition 1.2.1.4. A relative minimal cdga is a morphism of cdga’s of the form
i (A/ dA) — (A X /\VI d)/

wherei(a) = a, dja = da, d(V) C (AT @AV) @ A2V and such that V admits
a basis x indexed by a well ordered set such that d(x«) € A ® (A\(xp))p<a-

Theorem 1.2.2. Let f: (A,d) — (B, d) be a morphism of cdga’s. We then have
a commutative diagram

e

(A®AV,d)

where 1 is a relative minimal cdga and g a quasi-isomorphism. This property
characterizes (A ® AV, d) up to isomorphism.

Example 1.2.2. 1. For n odd, the minimal model of the sphere S™ is the cdga
(A(e),d = 0) with |e] = n.

2. For n even, the minimal model of the sphere S™ is the cdga (/\(e,e’), d)

with |e| =n,le/| =2n—1 and de’ = 2.

3. The minimal model ofS3 x S° is the cdga (/\(s3,s5),d = 0) with |ei| = 1.

lilliad.univ-lille.fr
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4. The minimal model of S3\/ S° is the cdga (/\(s3, s5,d7), d) with d(d7) =
$38s5, |sil =iand|d;| =7.

5. The minimal model of the torus T™ of dimension n is the cdga
(/\(X1 AR XTL)/ O)
where all the x; have degree 1.

6. The minimal model of the complex projective spaces CP™ are the cdgas
(A(x,y),d) with dy =x™1, x| =2and y| =2n +1.

Definition 1.2.2.1. Let f: (AV,d) — (AW, d) be a morphism between Sullivan
algebras. The linear map

Q(f): VoW

defined on the graded vector spaces V and W by
fv) —Q(f)(v) e AZ2W,veV

is called the linear part of the morphism f.

Let K be a path connected topological space and suppose x € mK is
represented by a: (S¥,*) — (K, *). Then Q(a): V{é — Q- e depends only
on « and the choice of the morphism mg: (AVk,d) — ApL(K). We define
the pairing

(——): VxmK-—Q
by
: k
v ) = Qa)(v) ifve Vg
0 if degv # deg «.

That pairing is bilinear and when K is simply connected and H*(K) has
finite type it induces the following theorem.

Theorem 1.2.3 ([24]). Suppose K is simply connected and H*(K) has finite type,
let (/\V, d) be its minimal Sullivan model. Then we have an isomorphism :

VK =5 homgz(m(K), Q).

One of the advantage of rational homotopy theory is that it also extends
the range of the Hurewicz theorem

Theorem 1.2.4 (Rational Hurewicz theorem,[23],[34]). Let K be a simply con-
nected topological space with 7;(K) ® Q = 0 for 1 < i < r. Then the Hurewicz
map induces an isomorphism

Hur; : 71 (K) @ Q — H;(K)

for 1 <i< 2r—1and a surjection for i =2r —1.
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Given the family of rational homotopy groups of K, {7, (X) ® Q}, we can
endow them with a structure of graded Lie algebra by considering the pair
({m«(K) ® Q}, [, —]) where [—, —] is the Whitehead product. We first recall
the definition of the Whitehead product and then see it has a nice property
when considering rational homotopy theory.

For k > 1, recall the homeomorphisms I*/31% — S* and aI**! — Sk.
Regard the first one as a continuous map ay : (I¥,91%) — (S¥, *). Thus

ap X ap : (I, 915T™, y0) — (S® x S™,S*V/ S™ %), yo = (1,1,...,1).

Use the second homeomorphism to identify (ax X an)jpx+n as a continu-
ous map

1 1
Vk+nT T Vk+n
Definition 1.2.4.1. Let K be a path connected topological space. The Whitehead

product of yo € i (K) ® Qand y1 € mn (K) ® Q is the homotopy class [yo,v1] €
T+n—1(K) ® Q represented by the map

Qi © (ST, x0) — (SKVS™, %), %0 = (

).

[co,c1]: Sk+n71 &; sky/gn (C<>_rC>1) K,
where co : S* — K represents yo and cq : S™ — K represents y.

Let’s now relate it to rational homotopy.
Consider a minimal Sullivan algebra (/\V, d). The restriction of d to V
decomposes as the sum of linear maps

o V— ATV >,

Each «; extends uniquely to a derivation d; of /\V increasing wordlength
by i. Moreover, d decomposes as the sum

d=dy+dy+---

of the derivations d;. The square d? raises wordlength by 2 and d? — d?
by at least 3. Since d? = 0 we must have d4 = 0.

Definition 1.2.4.2. The differential d is called the quadratic part of the differen-
tial d.

We now define a trilinear map
(== =) APV X (K) © Q x m(K) © Q — Q
by
(vw;vo,v1) = (Vi) (Wi vo) + (=DMelviyo) (wiv1)
We then have the

Proposition 1.2.4.1. The Whitehead product in 7. K is dual to the quadratic part
of the differential of (A\Vx, d). That is

(d1v;v0,v1) = (=1 T (v; [yo, v11)

forv e Vi, vo € mkK, v1 € mpK.
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The key property of the functor Ap_(—) and the minimal models is the
following theorem.

Theorem 1.2.5. There is a bijection

{rational homotopy types} 5 {isomorphism classes of minimal models over Q}

where on the left side we restrict to simply connected spaces with rational homol-
ogy of finite type and on the right side to Sullivan algebras (\V, d) with V1 = 0
and each V* finite dimensional.

We recall the following theorem of minimal cellular models.

Theorem 1.2.6 ([24, theorem 9.11 p.111]). Every simply connected space K is
rationally modelled by a CW-complex K for which the differential in the integral
cellular chain complex is identically zero.

Sketch of proof. Let us give here a sketch of the proof on how to inductively
construct such a CW-complex K since we will need this argument later.

By cellular approximation, for example see [24, theorem 1.4], we restrict
ourselves to the case where K is a CW-complex with K® = K! = pt, and
all cells are attached by based maps (S¥, *) — (KX, pt).

Let (C,(K), d,) denote the cellular chain complex for K, we also use the
same symbol to denote an k-cell of K and the corresponding basis element
of Ck(K)

Choose k-cells a}f and b}< so that in the rational chain complex (C.(K)®

Q,d.)
C(K) ® Q = ker 3 & ) Qa¥ = imdy 1 & P QbY & P Qak.
i j i

Define subcomplexes W(k) C Z(k) C K* by

W(k) ==K TU Ua

Z(k) == W(k) U (|_Jbf).
j

Since 0: €P; Qa}f S im 0y the Cellular chain models theorem [24, theo-
rem 4.18] asserts that H,.(W(k), Z(k— 1)) = 0. Thus the inclusion A: Z(k —
1) = W(k) is an isomorphism in rational homology, thus 7, (A) ® Q is
an isomorphism. In particular, since the cells b}‘ are attached by maps
fi: (S¥71,%) — K1 € W(k), there are maps gj: : (S*°1,%) — (Z(k—
1), *) and non-zero integers r; so that

Ttn—1(A)[g;] = (f5].

The construction of ¢: K — K is made inductively so that ¢ restrict
to rational homotopy equivalences ¢i.: K* — Z(k) C K¥. We explain the
induction for K. Begin with KO =K' = pt. Suppose @y_1: K1 & Z(k—

© 2016 Tous droits réservés.
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1) is constructed. Then there are maps h;: (ST, %) — (K1, pt) and
non-zero integers s; such that

1 (@r—1 )[hj] = Sj[gj].
Set h = {h;}: \/j S}‘_] — K¥—1 and set

KF =K un (\/s§).
j

O]

Remark 1.2.7. 1. Let Ky and K, be two simply connected CW-complexes
such that X5 = K3 for all s < k. Then K1S = Kzs forall s < k and
the map X' and @2 are equal for all s < k.

2. If K is a CW-complex of dimension n such that for the cellular chain com-
plex (C.(K), d.) we have ker 0, = 0. Then K is a CW-complex of dimen-
sionn—1.

1.2.3 Homological truncation and intersection spaces

In [6] Markus Banagl constructed, for a given perversity p, a space called
the perversity P intersection space of X denoted by IPX. We briefly recall
the construction.

Definition 1.2.7.1. Given an integer k > 3, a (homological) k-truncation struc-
ture is a quadruple (K, K/k, h, tyK), where

* K is a simply connected CW-complex,

o K/k is an k-dimensional CW-complex with (K/k)*~1 = K*=1 and such
that the group of k-cycles of K/k has a basis of cells,

h: K/k — KX is the identity on KX~ and a cellular homotopy equivalence
rel K= and

txK C K/k is a subcomplex such that

H.(K;Z <k,
H,(tk;z) = ¢ r2) T (1)

0 r>k,

and such that (t, K)k—1 = KT,

Proposition 1.2.7.1 ([6]). Given any integer k > 3, every simply connected
CW-complex K can be completed to an k-truncation structure (K, K/k, h, txK).

We won't rewrite the whole proof but we can at least give more pre-
cisions about the construction of K/k. Let K be a simply connected CW-
complex and for k > 3 we consider the short exact sequence

0 —>kerak — Ck(K) —>imak — 0

lilliad.univ-lille.fr
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where Cy(K) is the abelian group of the cellular k-chains of K. All the
groups are freely generated so we have the existence of a section

s: imdy — Ck(K),
call Y :=im s and consider the direct sum
Ck(K) = Zk(K) D Y.

where Z (K) is the abelian group of the cellular n-cycles of K. Suppose
chosen a basis {£g} of Zy(K) and a basis {n«} of Y. For k > 3, the simple
connectivity of K implies the simple connectivity K¥~1 and the Hurewicz
map gives us an isomorphism

Hury: Ci(K) — me (KX, K1),
For a k-cell e¥, the connecting homomorphism
d: me(KS, K1) = me g (K

send the class of its characteristic map x(eX) to the class of its attaching
map. Let

ag: ST — KR!
be choices of representatives for the homotopy classes of dny, and let
bp: ST — KK

be choices of representatives for the homotopy classes of dég. For {y«}
and {zp } families of k-cells, we define K/k by taking the new cells {y«} and
{zp} and attaching them to K*~! by the mean of the maps a for y and
the bg for zg

K/k:=K"Tul Jya Ul Jzp.
au bg

We then define t; K to be

tK:= KU Uy‘x.

A

For the construction of the cellular homotopy equivalence rel K1, h :
K/n ~ K™, we send the reader to [6].

Given any k-truncation structure (K, K/k, h, tK), we have a homotopy
class of maps f : t, K — K given by the composition of the following maps

K < K/k 35 KF < K

where the maps at the extremities are cellular inclusions.
Let now X be a compact, connected oriented pseudomanifold of dimen-
sion n with isolated singularities £ = {o7,...,0y} of simply connected
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links Ly = L(oy,X), the L; are then (n — 1)-dimensional compact mani-
folds.

Given a Goresky MacPherson perversity p, put k(p) :=n—1—-p(n), we
apply the k(p)-truncation on each links L; to get a family of CW-complexes
ti(p) Li together with homotopy classes of maps

fii tk(ﬁ)l—i — I—i-
We denote by
te L(Z,X) - L(Z, X)

the disjoint union of these maps, with f := L5, f;.

We define the two following homotopy cofibers.

If the link L; of oi, has more than one connected component, that is
Li = UjejLy; with ] a finite set, denote by fi;: tip)Li; — Li; the corre-
sponding map.

First, consider the homotopy cofiber of the map f;;, which we denote
by t*(P)L; ; and call it the k(p)-cotruncation of L; ;. We have maps

fi = U)fl;] Li e |_|] L‘i.,j — tk(ﬁ)]_l — I—')G]tk(ﬁ)Ll

and
H(t*PIL;Z) = { 1< <k(p),

We then have a family of maps

aXreg =L(ZX) = |_| Ly — Utk(ﬁ)]_i.
i i

Then, we define by t*(P)L(Z,X) to be the homotopy cofiber of the map
f.

Definition 1.2.7.2. 1. The intersection space IPX of the space X is the homo-
topy pushout of the solid arrows diagram.

2. The normal intersection space IJPX of the space X is the homotopy pushout
of the solid arrows diagram.

LX) = Xseqg

| ¢

L t*PILy - - -- » JPX

© 2016 Tous droits réservés.
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When X is normal with only one isolated singularity, there is no differ-
ence between the two definitions. Differences may arise only for the first
homology group. In the first case, which is the original definition of [6],
we have

Hi (IPX) = Hy (Xreg) @ QPo(0Xreg) T

where 0(0X;eg) is the number of connected components of 0X,eq4. For
the normal intersection space JPX we have

H; (Jﬁx) = H; (Xreg)-

We now determine rational models of the truncation, cotruncation and
the intersection space of X. Let L be a simply connected CW-complex of
finite dimension and (M(L), d) be its unique minimal Sullivan model.

Let us make some changes which will be useful when working rational
models. Recall that L admits a cellular model L for which the differential
in the integral cellular chain complex is identically zero by theorem 1.2.6.
Denote by @: L — L the rational homotopy equivalence given by this
theorem.

Since (t L)1 =Lk the first point of the remark 1.2.7 implies that

—k—1 ~
el =%,

By definition txL is a CW-complex of dimension k such that for its cellular
chain complex (C.(txL),0+) we have ker 0y = 0. The CW-complex tiL is
then of dimension k — 1 and is equal to k-1 by the second point of the
remark 1.2.7.

Consider then the following diagram

Tl incl T
i Y
13
txL : L/k n L j L

where @, is the restriction of ¢ to the (k —1)-cellular skeleton of t, which is
then a rational homotopy equivalence. Since h is a homotopy equivalence
relative to L*~! this diagram is commutative. The fact that ¢ is a rational
homotopy equivalences imply that the minimal models of L and L are
isomorphic. The same is true for the minimal models of txL and [

Proposition 1.2.7.2. For k > 0. Let m : (M(L),d) — (A*(L), d) be a rational
model of L. Denote by Ci.— a supplement of

ker(d* 1 : A T(L) = AK(L)

and by Ty be the differential ideal of A*(L) generated by Ci— & AZ*(L).
A rational model of t\ L is given by A*(L)/Ix_1 and a Sullivan representative
of f: txL — L is given by the projection to the equivalence class

A*(L) - A*(L)/Ix—1.
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Proof. By the discussion above, we have the isomorphism of minimal mod-
els

Composing its inverse with the quasi-isomorphism m gives us the follow-
ing rational model of L

M:=moM(e)': (M(L),d) — (A*(L),d).

Consider now the map M(incl): M(t) — M(Ek_1 ). By theorem 1.2.2
there is a relative minimal model

~ M (incl) _
M(L) M(Lk—T1)
| ;
M(L) M(L) ® AV

where g isa quasi—igomorphism and i the canonical inclusion. The fact that
H*(M(L)) = H*(M(L*"1)) = H*(L) for * < k— 1 implies that the elements
of V are either

¢ of degree greater than or equal to k,
e or of degree k— 1 and not in ker d*~ 1.

Let then Ix_; the differential ideal defined in the proposition and con-
sider the following diagram.

Where p is the projection map. We define the map M by

M(a) = [M(a)] aeM(L),
M(AV) = 0.

The image of a product is defined by

M(ab) = [M(a)M(b)] a,b e M(L),
Mww) =0=MHWVIM(w), v,weV,

and for all v € V and all a € M(L), the degree of av is greater than or equal
to k, so we define

M(av) =0 =M(a)M(v).

This diagram then commutes and M defines a quasi-isomorphism. [
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We now determine a rational model for the intersection spaces and the
normal intersection spaces. The cotruncation being a homotopy cofiber,
the next lemma follows from [24, Proposition 13.6]

Lemma 1.2.7.1. The k-cotruncation of L, t*L, being defined as the homotopy
cofiber of the map t L — L, a rational model is given by

Qdkerp=Qd Ix_;
where p is the map p: A*(L) - A*(L)/Ix_1.

Proposition 1.2.7.3. Let X be a compact, connected oriented pseudomanifold of
dimension n with only isolated singularities ¥ = {o07,...,0+} of simply con-
nected links Ly = L(oy, X). Let p be a Goresky MacPherson perversity and

¢: (A% (Xreg),d) = (A™(L(Z, X)), d)

a surjective model of the inclusion i: L(X, X) = 0X;eg — Xreg. A rational model
of IPX is given by

Alp(X) := (A" (Xreg), d) Da(1) (Q® I (p), d)

where (A*(Xyeg), d) is a rational model of the regular part of the pseudomanifold
and (Q & Iy (p), d) a rational model of t*(PIL(L, X).

Proof. The intersection space IPX of the space X is the homotopy pushout
of the diagram.

1
LX) ———————— Xreg

l l

PIL(Z, X) ——— IPX

Then applying Ap  (—) we have a diagram of pullback,

ApL(IPX) ————— Ap (t*PIL(Z, X))

|

APL(Xreg) APL( ) APL ( ))

and then the quasi isomorphism.

ApL(IPX) 2 ApL(Xreg) Bap (1(z,x)) ApL(E*PIL(E, X)).

Given the rational models of X;¢q, L(Z, X) and tk(P)L(Z, X) thanks to the
lemma 1.2.7.1, we get a map

(A*(Xreg), d) Ba+(1(,x)) (Q® Ixp), d) = ApL(Xreg) Bap, (L(z,x)) ApL(t*PIL(Z, X)),

With the surjective model ¢ : (A*(X;eg),d) — (A*(L(Z, X)), d), we get
the following morphism of short exact sequences. The result follows from
an application of the five lemma to the associated long exact sequences.
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ker p — (A" (Xreg), dx,eq) DA (L(£,x)) (Q® L), d) — (Q @ Lx(p), d)

l | |

ker Ap( (1) — ApL(Xreg) Bap, (L(x,x)) ApL(t*PIL(L, X)) — ApL(t*PIL(L, X))
O

Proposition 1.2.7.4. Let X be a compact, connected oriented pseudomanifold of
dimension n with only isolated singularities ¥ = {o07,...,0+} of simply con-
nected links Ly = L(o0y, X). Let p be a Goresky MacPherson perversity and

$: (A" (Xreg), d) = (AT(L(E, X)), d)

a surjective model of the inclusion i: L(X, X) = 0Xyeg — Xreg. A rational model
of the normal intersection space I X is given by

Ajp (X) (A (Xreg @A* @ Q S Ik (PA) )
where (A*(Xyeg), d) is a rational model of the regular part of the pseudomanifold
and (Q @® Iy (p.,1), d) a rational model of tkPIL,.

Proof. The proof is exactly the same as the previous proposition unless the
normal intersection space JPX is the homotopy pushout of the following
diagram.

i
LX)y —— Xreg

| |

LJ; t*®PL; ———— IPX

d

In the odd dimensional case, there is a class of pseudomanifolds X for
which the truncations ty (7 and ty 7) will coincide.

Definition 1.2.7.3. Let X be a compact, connected oriented pseudomanifold of
dimension n = 2s + 1 with only isolated singularities ¥ = {01, ..., 0} of links
Li simply connected. X is a Witt space if H*(Li) = 0 for all o3 € X.

Example 1.2.3. 1. The suspension of the complex projective space SCP3 is a
Witt space since H3(CP3) = 0.

2. The suspension of the complex projective plane SCP? is not a Witt-space
since H2(CP?) = Q.

Remark 1.2.8. Being a Witt space is a condition on singularities of odd codimen-
sion, there is no condition on singularities of even codimension.
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1.2.4 Lagrangian truncation and Lagrangian intersection spaces

First, we recall some facts about quadratic spaces that we will need later.
The only field we’ll work with is Q, but the results are true over any field
k such that char(k) # 2.

Definition 1.2.8.1. A regular quadratic space (E,b) is a vector space of finite
dimension E together with a non degenerate bilinear form

b:EXE—=Kk,

b being either be a symmetric form or an skew-symmetric one.

When needed, we’ll denote by q the quadratic form associated to b,
that is q(x) := b(x,x). If the context is clear, we will use without any
distinctions both notations.

Definition 1.2.8.2. An isotropic subspace V of (E,b) is a subspace of E such
that for all x € V, q(x) = b(x,x) = 0. If 2dimV = dimE, V is then called a
Lagrangian subspace.

Theorem 1.2.9 ([40]). Let (E, b) be a regular quadratic space of dimension p and
suppose that E posses an isotropic subspace V of dimension m. Then there exists
a subspace H of E such

e VCH,
e dimH =2dimV,

o there exists a basis

* *
(Cl‘],...,Clm,(l1,...,(lm,b],...,bpfzm)

of E such that (aq,...,am,aj,...,ay,) is an hyperbolic basis of H, that
is, forall i,j € {1,...,m}?,

b(ai, a5) =0,
b(af a}“) =0,

17

b(ai,agk) :5ij-

In particular, any hyperbolic basis of H is a basis in the usual sense of H.

When the bilinear form is non degenerate skew-symmetric, that is the
form is symplectic, the theorem above simplifies because the classification
of skew-symmetric bilinear forms is determined by the dimension of E
and the rank of the form.

Theorem 1.2.10 ([40]). Let (E,b) be a regular quadratic space such that the
bilinear form b is skew-symmetric, then there exists a basis

(a1,...,am,aj,...,a;)
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of E such that

blai, q;) =0,
b(a¥ a;‘) =0,

b(ai, Cl;k) :51)'.
In particular (aq,...,am,aj,...,a},) is a basis in the usual sense of E and
dim E = 2m. We also call this base an hyperbolic basis.

The spaces generated respectively by (as,...,am) and (aj,...,a},) are
then Lagrangian subspaces.

We now gather the various hypothesis we need to define the Lagrangian
truncation

Consider K as a simply connected n-dimensional CW-complex satisfy-
ing Poincaré duality with n = 2s. We denote by b the non degenerate bi-
linear form induced by the Poincaré duality with Q coefficients, consider
dim H®%(K) = 2m and

b: HS(K) x HS(K) — Q

where b(x,y) := (x Uy, [K]) with [K] € H,5(K) the fundamental class and
(—,—) the evaluation form.

If b is symmetric suppose that H*(K) posses a Lagrangian subspace V
of dimension m, let then (aj,...,am) be a basis of V and thanks to the
theorem 1.2.9, complete (aj, ..., anm) into a hyperbolic basis

Seee,Qm, Al ..., A5
(a Am, a ar)

of HS(K).
If b is skew-symmetric then thanks to the theorem 1.2.10, there exists a
hyperbolic basis

* *
7
(a,...,am,aj,..., ay)

of H3(K).
Either way, denote by V and V* the subspaces respectively generated by
(a,...,am) and (aj,...,a},), we have

HS(K) = V& V-

Remark that since b(ai, af) = 1, a; and a} are Poincaré duals to each
other. Denote by V and V* the Poincaré duals in Hs(K) of respectively V
and V* and by (a7, ..., @n) the basis of V and by (a3, ..., a¥,) the basis of
V*. We have the direct sum

Ho(K) =Va V>,

Applying theorem 1.2.6 to K we then have a rational cellular homotopy
equivalence @: K — K where (C,(K),0) is the integral cellular chain
complex. We then perform and define the Lagrangian truncation on K.
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Since the differential of C,(K) is zero we have
Cs(K) @ Q = H,(K) = Hp(K) = Ve V*

By simply connectivity and the Hurewicz theorem we have the isomor-
phism

Hurs : V@ VF — w1, (KS, K5 1).
Let
A 85T o KT

be choices of representatives for the homotopy classes of da;, da;. Then
for s-cells {t;}, {t{} and using A, A} as attaching maps we define

K/&=K"TulJtuulJt

A A

We get the cellular homotopy equivalence h: K/£ — K rel K$~ the same
way as the classical spatial homology truncation in [6, proposition 1.6].

Definition 1.2.10.1. The Lagrangian truncation of the CW-complex K is defined
by

teK=KTul Jt;.
A

Mgreover, we have hg: HS(E/L) = HS(IZ) = H; (NES,IN(S_W. Denote by
(C«(K/L),0) the integral cellular chain complex of K/£ then this implies
that

(C<s(K/£),0)®Q — (C5(K),0) ® Q
yields an isomorphism of homology in degree n. This implies that
9: Cs(K/L) = Cs1(K/L)

is zero.
The comparison map t;K — K is then defined as the composition of the
maps

t:K > K/L DK o KBK

where the arrows — denote cellular inclusions, h is a cellular homotopy
equivalence rel K$~! and ¢ a cellular rational homotopy equivalence. We
have
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We now define, with the help of Lagrangian truncation, the space called
the Lagrangian intersection space associated to X

Let X a compact, connected oriented pseudomanifold of dimension n
with only isolated singularities ~ = {o7,...,0y} of links L; simply con-
nected. This time we fix the dimension of X to be odd, n = 2s + 1.

Denote by

by H¥(Li) x H¥ (L) — Q

the non degenerate bilinear form induced by Poincaré duality on the links
Li. Suppose that for all i, H*(L;) admit a Lagrangian subspace V; with
respect to the bilinear form b;. To each L; we then apply the Lagrangian
truncation process to get maps

fi: thi — L.

Denote by t41; the homotopy cofiber of the map f; and call it the La-
grangian cotruncation of L;, we then have a map

' L — t°L.

And
Q r=0,
- 0 1<r<s,
Hr(tLLi)% o ' ’
\'4 T=35,

Definition 1.2.10.2. The normal Lagrangian intersection space JEX of the space
X is the homotopy pushout of the solid arrows diagram.

Remark 1.2.11. We use the adjective normal to differentiate it from the La-
grangian intersection space we will used in the second part.

We want to know when we can perform Lagrangian truncation to get
Lagrangian intersection spaces. Lets us first define the class of spaces for
which it is possible.

Definition 1.2.11.1. Let X be a compact, connected oriented pseudomanifold of
dimension 2s + 1 with only isolated singularities ¥ = {o1,...,0+} of links L;
simply connected. X is an L-space if H%(Li) has a Lagrangian subspace with
respect to the non degenerate bilinear form bi: H®(Li) x H*(Ly) — Q for all
o; € L.
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Example 1.2.4. 1. The suspension of the torus ST? is an L-space since
HI(D) =H'(T) =Q8sQ.

2. The suspension of the complex projective plane SCP? is not an L-space since
H?(CP?) = Q.

Remark 1.2.12. Being an L-space implies that dim H™(L;) is an even number
forall i.

We would like to have a simple criterion saying when X is an L-space
and thus when we can perform a Lagrangian truncation. We in fact have
two cases to consider, following the parity of s.

Suppose first that dimL; =2 mod 4, that is dim X = n = 4s + 3. In that
case the non-degenerate bilinear form induced by Poincaré duality

bi: HZS+] (Ll) X HZS+] (I—l) N Q

is skew-symmetric due to the graded commutativity. The form b; is then
called a non-degenerate symplectic form for all o; € X, we always have a
Lagrangian subspace in that case.

Now, if dimL; =0 mod 4, thatis dim X = 4s + 1. We can’t always apply
the Lagrangian truncation.

Let L; be a link of a singularity of X, L; is then a connected compact man-
ifold of dimension 4s. Consider its non-degenerate bilinear form induced
by Poincaré duality

bi: H2S (L) x H25 (L) — Q

and let o(b;) be its reduced signature, o(b;) is related to the Pontryagin
numbers by the Hirzebruch signature formula.

The existence of a Lagrangian subspace for H2%(L;) is then given by the
theorem of Sullivan and Barge, see [9] and [45], about rational classification
of simply connected manifolds. We recall here the part of the Sullivan-
Barge theorem we need.

Theorem 1.2.13 ([45]). Let (A\V, d) be a Sullivan model whose cohomology satis-
fies Poincaré duality with a fundamental class in dimension n = 4s and V' = 0.
We also choose cohomology classes p = {p;} € HY(AV, d).

If the signature is zero, there is a compact simply connected manifold that real-
izes the pair ((A\V,d),p), if and only if the quadratic form on H?$ is equivalent
over Q to a quadratic form Y +x3.

Lemma 1.2.13.1. Let L be a simply connected compact manifold of dimension
n = 4s and such that o(by) = 0. Then H25(L) has a Lagrangian subspace.

Proof. Let (AV,d) be a Sullivan model of L and p = {pi} the Pontrya-
gin numbers of L related to o(br) = 0. Obviously L realizes the pair
((AV,d),p), this implies and then the quadratic form on H2$(L) is equiva-
lent over Q to a quadratic form

m m
Sy
k=1

k/=1
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This quadratic form is then hyperbolic and posses a Lagrangian subspace.
O

Proposition 1.2.13.1. Let X a compact, connected oriented pseudomanifold of
dimension n with only isolated singularities L = {o1,..., 0~} of links L; simply
connected. Then

1. If n =4s+ 3, X is an L-space.
2. Ifn=4s+1, o(by) =0 forall i if and only if X is an L-space.

1.3 THE CONSTRUCTION OF POINCARE DUALITY SPACES
1.3.1 Poincaré duality

We recall here the definitions and results about Poincaré duality needed
in the rest of the paper.

Definition 1.3.0.1. Let (X,Y) be a pair of CW-complex, we say that (X,Y) is a
rational Poincaré duality pair of dimension n if :

1. dimg H.(X; Q) is finite for all r,
2. Y is a sub-CW-complex of X with the same property,
3. there exists a class [x] € Hi (X, Y; Q) such that
—Nkl:H(X;Q) — Hn(X,Y;Q)
is an isomorphism. We call [x] an orientation class of (X,Y)

Remark 1.3.1. Let (X,Y) be a Poincaré duality pair of dimension n, then Y =
(Y,0) is a Poincaré duality pair without boundary of dimension n — 1. Indeed,
if [x] € Hn(X,Y) is an orientation class, then [y] = 0[x] € Hn_1(Y) is an
orientation class of Y. We then say that Y is a Poincaré complex of dimension
n— 1. We also say that (Y, [y]) is the oriented boundary of (X,Y, [x]).

Let (X1,Y,[x1]) and (X32,Y, [x2]) be two oriented Poincaré duality pairs
of dimension n with the same oriented boundary (Y, [y]). Let X = X; Uy
X2 the CW-complex obtained by glueing X7 and X; along their common
boundary Y. We have the two classical Mayer-Vietoris sequences.

.. 0o
Hep1(X) — H(Y)

He (X1) @ Hq(X2) H.(X)

. J1—j2 01 +0
He(Y) —— H (X)) —— He (X1, Y) @ Hg (X2, Y) — H 1 (Y)

Together with the commutative diagram

Hiiq (X)
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Theorem 1.3.2 ([11], Glueing of 2 oriented Poincaré duality pairs). Consider
the following diagram

i1 B iy Ll
Hn(X5,Y) @ Hn(X2,Y) —— Hi(X,Y)

|0

Hn71 (Y)

and let []] =171 (11 @ iz2([x1], [=x2])) € Hn(X). Then any two of the following
conditions imply the third.

1. (X, [%]) is an oriented Poincaré complex of dimension n without boundary,
Y

2. (Y,[yl) is a Poincaré complex of dimension n — 1 with orientation class
[yl = 91 [x1] = 92[x2] = o[R] € Hn—1(Y),

3. (Xi,Y,[xil) are Poincaré duality pairs of dimension n with orientation
classes [xi] € Hn(Xy,Y).

Proof. This is a direct consequence of the commutativity (up to sign) of the
following ladder and the 5-lemma.

)
C— HT(Y) —= HT(X) HT (X1) @ HT(X,) .
l—mao[ﬁ] l—m[ﬁ] j(—m[xmﬂ—mmn
i — Hn—r(Y) E— Hn—r(x) B Hn—T(Xle) ©® Hn—‘r(XZI Y) -

O]

Let (X, Y, [x]) be an oriented Poincaré duality pair of dimension n = 4s,
the following diagram

H25(X,Y) H25(X)

—N[xl|= ~
1y

Has(Y) Hz(X) ——— hom(H34(X), Q)

gives the vector space H;s(X) a symmetric bilinear form for which the
kernel is i.(Hzn (Y)). We denote it by bx.

Lemma 1.3.2.1 (Novikov). Suppose given (X1,Y, [x1]) and (X3,Y, [x2]) 2 ori-
ented Poincaré duality pairs of dimension n = 4s with the same oriented bound-
ary (Y, lyl). If (X, [R]) is the space obtained by glueing as in theorem 1.3.2, then

byl = [bx,] — [bx,] in W(Q).
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The rational homotopy type of rational Poincaré duality spaces does not
depend of the fundamental class. As stated in the following theorem.

Theorem 1.3.3 ([42]). Let H be a Poincaré duality algebra of top dimension n
and H' = 0. Let X be a simply connected rational space with H(X) = H except
H™(X) = 0. If Y = XU e™ with H(Y) = H, then the rational homotopy type of
Y is determined by X. Moreover, the cell e™ is attached by ordinary Whitehead
products (not iterated) with respect to some basis of . (X) ® Q.

Example 1.3.1. Consider the two spaces Y = S3 x S5 and X = S3\/ S5. The
space Y, as a manifold of dimension 8, satisfies Poincaré duality. The theorem then
says that, rationally

3 5 3 5 8
$? xS ~0 (S°VS )U[sg,sg]e .

Indeed, denote by sg and sg the elements of respectively m3X ® Q and s X ® Q
obtained by theorem 1.2.3, then [sg, sg] € 717(S3 /' S?) and the rational model of
(S3V'S°) Ulst of e8 is the rational model of a cell attachment to the space X, see

3725

[24, 13.d p.173], given by
((AVssy/s5) © Qes, D)
where /\(Vg3\,g5) is given in item 4 of the example 1.2.2 and
1. degeg =38,
2. N(Vssvss) is a subalgebra and es - AT (Vgsyg5) = 0 = €3,
3. Deg = Ds3 = Dss =0and D(d;) = d(d;) + (d7; [s%,s%])eg.
Using proposition 1.2.4.1 and the fact that d(d7) = dq(d7) we have
(d7;[s%, si))es = —(d(d7); sk, s)es = —(s355; 85, sk)es = —es
then
D(d7) = d(d7) —es = s3s5 —es.
The Whitehead bracket in fact encodes the Poincaré duality of the space S3 x S°.

1.3.2 The unique isolated singularity case

In this part we prove the following theorem

Theorem 1.3.4 (Unique isolated singularity case). Let X be a compact, con-
nected oriented pseudomanifold of dimension n with one isolated singularity of
link L simply connected. Then, there exists a good rational Poincaré approxima-
tion DP(X) of X. Moreover if dim X = 0 mod 4, then the Witt class associated
to the intersection form byp(x) is the same that the Witt class associated to the
middle intersection cohomology of X.

The strategy adopted here is to transform the pair (tL,L), where tL is a
given cotruncation of the link L, into a Poincaré duality pair and to glue
it to the already existing Poincaré duality pair (X;eq, 0Xseg) via theorem
1.3.2 to obtain our spaces DP(X).
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1.3.2.1 The even dimensional case

Consider now X a compact, connected oriented pseudomanifold of dimen-
sion n = 2s with one isolated singularity o of simply connected link L.
Since M = Tt we have a well defined intersection space IX := I™X = ["X.

Let ¢ : S>~! — tL be an arbitrary continuous map with tL := t*(™L
the middle cotruncation of the link. We denote by t®L the space obtained
as the result of the following homotopy pushout :

525—1 c DZs

Lemma 1.3.4.1. (t®L,L) is a Poincaré duality pair if and only if bas_1 is an
isomorphism. Where 51 is the connecting homomorphism

b2s1: Has(tPL, 1) — Has (L)
in the long exact sequence of the pair (t®1, 1) induced by the attaching map &.

Proof. Suppose (t®L,L) is a Poincaré duality pair and denote by [e4] a
choice of orientation class for the pair. By definition we have 0,5[eq] = [LI,
but 925 = $p2s1-

On the other hand, if ¢y 1 : Hos (t?L, L) = Hos_¢(L) isan isomorphism
let us denote by [eg] = ¢Es]—1 ([L]). We then have to check the commuta-
tivity of the following square for the different values of i

— N [e¢]
H™ (1) Has +(t%L, L)
incl* 02s—i
— N[
H™(L) Hos—1-+(L)

and the fact that this induces an isomorphism on the upper row. Which
are straightforward calculations. O

We now look at a condition on ¢ to be an isomorphism, condition that
is given by the rational Hurewicz theorem 1.2.4.

Lemma 1.3.4.2. ¢ 1 is an isomorphism if and only if
Hurys—1 ([¢]) #0
in Has 1 (tL) = Has 1 (L) = Q.

Since the pair (Xyeg, 0Xreg), with 0Xyeg = L, satisfies Poincaré-Lefschetz
duality this is a Poincaré duality pair with the same boundary that the pair
(t®L,L). The space

DP(X) := Xreq Ur tPL
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is then a Poincaré complex of dimension 2s whitout boundary and of
orientation class given by
[DPX)] =1"" (i1 & 12([Xreq, L, [—eq)))

We now show the relation between IX and DP(X). We recall the two
following results (see for exemple [44])

Proposition 1.3.4.1. If i: A — B is a cofibration in the diagram F given by
ceiAdB

then the comparison morphism
&: hocolimF — colimF

is a homotopy equivalence.

Proposition 1.3.4.2 (2 out 3 for homotopy pushouts). Consider the following
commutative diagram

and denote the outside square by (T).

1. If (1) and (II) are homotopy pushout squares, then (T) is also a homotopy
pushout square.

2. If (1) and (T) are homotopy pushout squares, then (1I) is also a homotopy
pushout square.

Proposition 1.3.4.3. Let X be a compact, connected oriented pseudomanifold of
dimension n. = 2s with one isolated singularity of link L simply connected. The
space DP(X) is then rationally homotopy equivalent to IX U e?S. If moreover
H' (Xyeg) = 0, then e?* is attached by ordinary Whitehead products (not iterated)
with respect to some basis of T, (IX) ® Q and the rational homotopy type of DP(X)
is determined by IX.

Proof. Consider the following diagram.

L= 0Xyeq 1 Xreq
l (I) HPO l
§2s—1 ¢ tL IX
i) l (IT) HPO l (10 l
D2s b1 DP(X)
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The square (I) is a homotopy pushout by definition of the construc-
tion of the space IX, since i; is a cofibration DP(X) is then the homotopy
pushout of the diagram tLy < tL <— L — M. By the proposition 1.3.4.2
the square (II) is a homotopy pushout. The square (III) is also a homotopy
pushout by definition of t®L, again by the proposition 1.3.4.2 this time ap-
plied to the squares (II) and (III) the corresponding outside square is a
homotopy pushout. We have the commutative square

32571 IX
D2s DP(X)

which is then a homotopy pushout.
So we have a rational homotopy equivalence between DP(X) and IX U
2s
e-s.
Suppose now that we also have H! (Xreg) = 0. The space DP(X) is then
simply connected and the theorem 1.3.3 then tells us how e?* is attached
to IX. O

In the case of a pseudomanifold of dimension n = 4s with isolated sin-
gularities, Markus Banagl showed in [6, theorem 2.28] that the intersection
form

brr: HIZ(X) © HIZ(X) — Q
has the same Witt element that the Goresky-MacPherson intersection form
bry: THIL(X) @ IH5L (X) — Q.

that is [bpi] = [bin] € W(Q), where W(Q) is the Witt group of the ratio-
nals.

Applying the lemma 1.3.2.1 to the Poincaré duality pair (t®L,L) con-
structed above shows that this pair is endowed with a symmetric bilin-
ear form of kernel i,(H,s(L)) = Hy(t®L), that is the form is the zero
form. We then see that the Witt class of the intersection form [bpp(x)] of
DP(X) is completely determined by the intersection form of the regular
part (Xreg, 0Xreg). Which is also the case of IX as showed in [6, theorem
2.28]. Therefore we have the following corollary.

Corollary 1.3.4.1. DP(X) is a Poincaré duality rational space whose Witt class
associated to the intersection form by (x) is the same that the Witt class associ-
ated to the middle intersection cohomology of X.

1.3.2.2 The odd dimensional case

Consider now X a compact, oriented pseudomanifold of dimension n =
25 + 1 with one isolated singularity o of simply connected link L. If we
want to extend the construction we just made in the even dimensional case
we will have to consider more hypothesis on the link to get our second
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Poincaré duality pair. The pair (X;eq, 0Xyeg) being a Poincaré duality pair
whatever the dimension of M is.
We then consider two case :

1. Either we have tK(ML =tk k(M) = 2n—mand k(W) = 2n—7
which gives us the case of Witt spaces.

2. Or t*(ML = tk(W and we must put more algebraic structures on
the link to get our Poincaré duality pair. This is the case of L-spaces.

First let us consider that X is a Witt space, that is Hs(L) = 0. We then
have the following proposition.

Proposition 1.3.4.4. Let X be a compact, oriented pseudomanifold of dimension
n = 2s + 1 with one isolated singularity o of simply connected link L. Suppose
moreover that X is a Witt space. The constructions of the even dimensional case
extend to this case and there exists a rational Poincaré approximation DP(X) of
X.

Proof. We have to show that there exists a cotruncation tL of the link of
the singularity and a map ¢ € 7,5(tL) ® Q such that the pair (t%L,L) is
a Poincaré duality pair. If so, the theorem 1.3.2 and the proposition 1.3.4.3
can be applied.

Consider the cotruncation t*(™)L given by the upper middle perversity
1. By definition of Witt spaces and of the cotruncation we have

He (t*™1L) = Hy(1) = 0.
So in fact t*(™L is s-connected and we have
ML = <L =t L.
By the rational Hurewicz theorem we have the isomorphism

Tos (tL) ® Q — Ha(tL).

We still denote by ¢ the map obtained by this isomorphism, ¢, as in
the lemma 1.3.4.1 is then a isomorphism and the pair (t¥L, L) is a Poincaré
duality pair. O

When we only have only one isolated singularity, every pseudomanifold
X of dimension n = 2s 4+ 1 which is not a Witt space is in fact an L-space
due to the following result of Thom.

Lemma 1.3.4.3 (Thom, [30]). Let (X, [x]) be a rational Poincaré complex of di-
mension . = 4s such that (X, [x]) is the boundary of a rational Poincaré duality
pair (Y, [yl). Then [bx] =0 € W(Q).

The link L of the singularity of X is a manifold of dimension 2s and we
have the non degenerate bilinear form induced by Poincaré duality.

br : H*(L) x H¥(L) — Q
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Suppose that X is not a Witt space. By this result of Thom, the Witt class
[br] € W(Q) of the intersection form associated to L is zero. This implies
that by is hyperbolic and we have the existence of a Lagrangian subspace.
The pseudomanifold X is then an L-space. This can be resumed in the
following corollary to the Thom'’s lemma.

Corollary 1.3.4.2. Any compact, connected oriented pseudomanifold of dimen-
sion 4s +1,1 = 1,3, with one isolated singularity o of simply connected link L is
an L-space.

Let us then fix X a compact oriented L-space of dimension4s +1,i=1,3,
with one isolated singularity o of simply connected link L. The link L of
the singularity is of dimension 4s +1—1 and thanks to the lemma 1.3.4.3
we have

HZSJF%(L) VoV

where V is a Lagrangian subspace of dimension % dim H25*1(L) := m.

Suppose (ai,...,am) is a basis of V and complete it into a hyperbolic
basis using theorem 1.2.9. Apply then the Lagrangian truncation to L and
denote by t*L the homotopy cofiber of the map

tzL — L
Recall that
Q ifr=0,
Hr(tfl_): 0 if1<r<2s,
V if r :25—1—%,
H*(L) ifr>2s+ 51

Let (M(t£L),d) be the Sullivan minimal model of this Lagrangian co-
truncation and let @ be the element of degree 4s +1i— 1 in (M(t*L), d)
representing the fundamental class [L]* € H**+1=T(L).

Proposition 1.3.4.5. Suppose @ is an indecomposable element of (M(t*L), d),
then there exists a map & € 4. i1 (t*L) ® Q such that Hurgs i 1([d]) = 1.

Proof. Suppose @ is an indecomposable element, that is @ € W4sti~1
where W = @y>oWX is the graded vector space generating M(t“L). So
using theorem 1.2.3, we have the natural isomorphism

WHHT = hom(ms 411 (t°1), Q).
That natural isomorphism is the same as saying that the bilinear pairing
(——) :Wx T (t°L) — Q
defined by

Q(a)(v) ifveWwk
0 if degv # deg «.

(v; o) =
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is non degenerate, where « € . (t*L) is represented by a. So there is a
map @ € Ty i1(t*L) such that (@, []) # 0.
Recall that

Myrp o (AW, d) = (ML), d) — Ap (t°L)
denotes the minimal Sullivan model of t°L and denote by
Hury: T[k(tfl_) ®Q — Hk(tZL)

the Hurewicz map. Since imd C A*2W, division by im d defines a lin-
ear map &: HT(AW) — W, since @ represents the fundamental class
[L* € HAs+Hi=1(1) = H*+1-1(t£L), we clearly have a element [®@] €
HT (AW)*s+1=T such that &([@]) = @.

Denote by {—, —} the bilinear pairing between cohomology and homol-
ogy defined by {[f], [c]} := f(c), since we work on Q that pairing is also non
degenerate. By the definition of the pairing (—, —) we have

(&([@]), [@]) = {H(m ) [®@], HUR4g+i—1(@)} # 0.
Since H(m z| )[@] = [L]*, we have HURr4s ;i 1(¢) = q[L] with q € Q —
{0}. Then

‘] J—
¢ = acp € Msrio1(t* L) ©Q

is the map we wanted. O

Lemma 1.3.4.4. @ is an indecomposable element of (M(tfl_), d), that is @ €
WHH=T where W = @50 WX is the graded vector space generating M(t*L).

Proof. The elements of degree 2s + % of (M(tZL), d) come from the La-

grangian V so for all elements x,y € M (t* L)2“+% there exists an element
z € M(t*L)*"+1=2 guch that dz = x - y, in particular, none of these prod-
ucts are equal to @. For degree reasons these were the only elements we
had to care about. ]

Denote by ¢ the element of 745 i1 (tZL) ® Q obtained by this process,
like in the general case, and consider the homotopy pushout.

S4s+if1 c D4s+i
dﬂ HPO h

tLL oo

Proposition 1.3.4.6. (tf,q> L, L) is a Poincaré duality pair if and only if dasyi—1
is an isomorphism.

We denote by DP(X) the space obtained by the glueing of the two
Poincaré duality pairs (Xreg, 0Xreg) = (Xreg, L) and (tLLq),L) following
the theorem 1.3.2. We then have the last part of the theorem 1.1.1.
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Proposition 1.3.4.7. Let X be a compact, oriented pseudomanifold of dimension
n =4s+1orn = 4s+ 3 with one isolated singularity o of simply connected link
L. Suppose moreover that X is an L-space. Then there exists a rational Poincaré
approximation DP(X) of X.

Just like in the even dimensional case with the proposition 1.3.4.3. We
can relate the spaces DP(X) to the intersection and Lagrangian intersec-
tions spaces, and get more precision on how to attach the top cell in the
simply connected case. When X is a Witt space, we denote by IX = I™X =
I"X.

Proposition 1.3.4.8. Let X be a compact, connected oriented pseudomanifold of
dimension n = 2s + 1 with one isolated singularity of link L simply connected.

1. Suppose X is a Witt space. The space DP(X) is then rationally homotopy
equivalent to IX U e?$1. If moreover H! (Xyeg) = 0, then e*ST1 is at-
tached by ordinary Whitehead products (not iterated) with respect to some
basis of 7, (IX) ® Q and the rational homotopy type of DP(X) is determined
by IX.

2. Suppose X is an L-space. The space DP(X) is then rationally homotopy
equivalent to 7*X U e2st1, If moreover H! (Xreg) = 0, then eZst1 s at-
tached by ordinary Whitehead products (not iterated) with respect to some
basis of 7, (J°X) ® Q and the rational homotopy type of DP(X) is deter-
mined by J°X.

Proof. The proof is the same as for the proposition 1.3.4.3 unless we con-
sider the following diagram when X is a Witt space.

L= 0Xreg " Xreq
l (I) HPO l
§2s ¢ tL IX
i J (1) HPO J (I J
p2s+1 oL DP(X)

and the following diagram when X is an L-space.

i
L= aXreg 1 Xreg

l (I) HPO l

§2s ¢ t2L JEX
i J (IT) HPO l (In) l
D2s+] tLdL DP(X)
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The considerations whether the approximations are good or very good
come from the study of the rational homology of these diagrams of homo-

topy pushouts
L Xreg
¢
tPL DP(X)i
P
* X

for the even dimensional case and the Witt space case, or

I_ — Xreg

¢
to oL DP(X)i
P
« X

for the L-space case.

1.3.3 The multiple isolated singularities case

The theorem 1.3.2 did not make any assumptions on the connectivity of
the pairs (Xj, Yj, [x;]), so in fact we can apply everything that was above to
the case of a pseudomanifold with more than one isolated singularity.

Theorem 1.3.5 (Multiple isolated singularities case). Let X be a compact,
connected oriented pseudomanifold of dimension n with only isolated singularities
r ={o1,...,0v}, v>1,of links Li simply connected. Then,

1. If n = 2s, there exists a good rational Poincaré approximation DP(X)
of X. Moreover, if dimX = 0 mod 4, the Witt class associated to the
intersection form by (x) is the same as the Witt class associated to the
middle intersection cohomology of X in W(Q).

2. If n = 2s+ 1 and is either a Witt space or an L-space there exists a good
rational Poincaré approximation DP(X) of X. Moreover is X is Witt space
DP(X) is a very good rational Poincaré approximation of X
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Just like before, the considerations whether the approximations are good
or very good come from the study of the rational homology of these dia-
grams of homotopy pushouts

I_loq Ll - Xreg

)
Lo, t*L DP(X)|i
U
Lo, * X

for the even dimensional case and the Witt space case, or

o Li = X

reg
¢
Lo, t5®iL DP(X)|i
P
Lo X

for the L-space case.

1.3.3.1  The even dimensional case

Let X be a compact oriented pseudomanifold of dimension n = 2s with
only isolated singularities ¥ = {o0y,...,0y;v > 1} of simply connected
links L;.

The rational Hurewicz theorem gives us maps ¢; such that the pairs
(t®iLi, ;) are Poincaré duality pairs for all i. Denote by [eq]; the induced
orientation class in Hpg (t®iL;, Ly).

The pair (Xyeg, 0Xreg) with 0Xyeg = UgL; is still a manifold with
boundary, thus satisfies Poincaré-Lefschetz duality and is a Poincaré dual-
ity pair. The theorem 1.3.2 then applies and, with the same notation, DP(X)
is an oriented Poincaré complex of dimension 2s without boundary and
of orientation class given by

[DP(X)] =i "(i1 @ 12(Xreq, WXregl, [—epl1, - -+, [—eplr)),

and all the results obtained before remain true except for the proposition
1.3.4.3 which has to be modified. We have to take the normal intersection
space JX = J™X = J™X to modify the proposition 1.3.4.3. Which then
becomes

Proposition 1.3.5.1. Let X be a compact, connected oriented pseudomanifold
of dimension n = 2s with only isolated singularities ¥ = {01,...,0;V >
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1} of links Ly simply connected. Suppose moreover that H' (Xyeq) = 0. Then
DP(X) is rationally homotopy equivalent to tzs_1IX U €S where e*S is at-
tached by ordinary Whitehead products (not iterated) with respect to some basis
of T (t2s—1IX) ® Q and the rational homotopy type of DP(X) is determined by

trs_1IX.
Proof. Consider the following diagram, obtained by the construction of
DP(X)
i
Uo'-l L = aXreg 1 Xreg
(I) HPO J
2s5—1 l—l‘Ti P
Lo, ST Lo, tLi IX
izl (IIT) HPO l (In J
Lo, DE* Lo, t* L DP(X)

With the same arguments than for the unique isolated singularity case,
DP(X) is rationally homotopy equivalent to

DP(X) ~ IXU ().
b

Now, H! (Xyeg) = 0 so DP(X) is simply connected and the theorem 1.2.6
gives a rational homotopy equivalence

@: DP(X) — DP(X)

P

such that the differential in the integral cellular chain complex of DP(X)
is identically zero. This implies that there is only one top dimensional cell

—_—

on DP(X), we have a attaching map 0 and a cell e?* such that

P

DP(X) = Xo Ug €2°.

Let us now determine Xy. By the theorem 1.2.6 X is a CW-complex of
dimension 2s — 1 and by the Poincaré duality of DP(X) we have

Has—1(Xo) = Has—1(DP(X)) = H(DP(X)) = H' (Xyeq) = 0.

For any other r < 2s — 2 we have by construction H.(Xo) = H(JX).

incl 5
Xo Xo Ug €45

P ¢

tas 1 IX = IX/2s =1 —— gx2s—1 T IX —— DP(X)
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The above diagram commutes and by the same argument that the one
given before the proposition 1.2.7.2, ¢ restricts to a rational homotopy
equivalence

@ Xo — tas1IX.
Then, up to rational homotopy equivalence, we have

DP(X) =t25_1IX Ug es.

The theorem 1.3.3 then tells us that e?s is attached by ordinary White-

head products (not iterated) with respect to some basis of 7, (t2s_1IX) ® Q
and the rational homotopy type of DP(X) is determined by t>s_1IX. O

The others results remain true, in particular DP(X) is a rational Poincaré
duality space and we have the first part of the theorem 1.1.2.

Proposition 1.3.5.2. If dim X = 2s, then DP(X) is a good rational Poincaré ap-
proximation of X. Moreover, if dim X = 0 mod 4, then the Witt class associated
to the intersection form byp(x) is the same that the Witt class associated to the
middle intersection cohomology of X in W(Q).

1.3.3.2 The odd dimensional case

Let X be a compact, connected oriented pseudomanifold of dimension
n = 2s 4+ 1 with only isolated singularities ~ = {o07,...,0,;v > 1} of links
L; simply connected.

Suppose that X is a Witt space. Just as in the case of a unique isolated
singularity we have

Hs (£*™L) = Hy(Ly) = 0.
So in fact t*(™)L; are s-connected and we have
tk(ﬁ)]_i = tk(ﬁ)l_i =tL;.

The rational Hurewicz theorem gives us maps ¢; such that the pairs
(t%iL;,L;) are Poincaré duality pairs for all i. Applying the theorem 1.3.2
in the case of multiple isolated singularities gives us then a rational Poinca-
ré duality space DP(X) and the following part of the theorem 1.1.2.

Proposition 1.3.5.3. Let X be a compact, connected oriented pseudomanifold of
dimension n = 2s + 1 with only isolated singularities ~* = {o1,...,0;v > 1} of
links Ly simply connected. Suppose moreover X is a Witt space, then DP(X) is a
very good rational Poincaré duality space.

Suppose now X is an L-space. For each link L; of the pseudomanifold
X4s+1 {1 =1,3 we have

HET (L) =VieVy j=0,2

where V; and V;" are Lagrangian subspaces of dimensions

% dim H2 (1) == m.
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Applying the Lagrangian truncation to each of the links, the lemma
1.3.4.4 then give us maps ¢; such that the pairs (t“%iL;,L;) are Poincaré
duality pairs for all i. The theorem 1.3.2 in the case of multiples isolated
singularities gives us then a rational Poincaré duality space, which con-
cludes the theorem 1.1.2.

Proposition 1.3.5.4. Let X be a compact, oriented pseudomanifold of dimension
n = 2s + 1 with only isolated singularities © = {o1,...,0v;Vv > 1} of simply
connected links Li. Suppose moreover X is an L-space, then DP(X) is a good
rational Poincaré approximation of X.

1.4 EXAMPLES AND APPLICATIONS
1.4.1 Real Algebraic varieties

If V is a real algebraic variety of even dimension with isolated singular-
ities L = {o7,...,0v} and an oriented regular part V;cy. We can apply
the homological truncation and then by the use of the precedents results
construct a rational Poincaré approximation DP(V).

The odd dimensional is more interesting. Suppose that V is a real alge-
braic variety of with multiple isolated singularities of odd dimension. If
the regular part V4 of V is oriented then V is automatically an L-space
due to the following result of Selman Akbulut and Henry King :

Theorem 1.4.1 ([1]). Let V be a compact topological space. Then the following
are equivalent :

1. 'V is homeomorphic to a real algebraic set with isolated singularities.

2. Vis homeomorphic to the quotient obtained by taking a smooth closed man-
ifold M and collapsing each L; to point a point where Li, i=1,...,visa
collection of disjoint smooth subpolyhedra of M.

3. V=MUU;_, cLi where M and L; are smooth compact manifolds, dM is
the disjoint union of the Li’s, each L bounds a smooth compact manifolds
and Ly x 1 C cL; is identified with Ly C M.

Consider then V a oriented real algebraic variety of dimension n =
4s + 1 with v isolated singularities. Then by the third equivalence we have

N
V:MUUcLi

i=1

and each link L; is a smooth compact manifold of dimension 4s and is the
boundary of a 4s + 1 smooth compact manifold. Then by the lemma 1.3.4.3
we have that

[bil =0 € W(Q) Vi.

We then can perform a Lagrangian truncation and we have our rational
Poincaré approximation DP(V).
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Note that if V is of dimension 4n + 3 then we don’t need this result
because the bilinear form by would be skew-symmetric.
We then have the following result

Proposition 1.4.1.1. Every oriented real algebraic variety V with only isolated
singularities and simply connected links admits at least a good rational Poincaré
approximation DP(V).

1.4.2 Hypersurfaces with nodal singularities

Let V be a complex projective hypersurface with one nodal singularity
such that dimcV = 3. The link of this singularity is then L = S x S3,
applying the method of theorem 1.3.3 and example 1.3.1 to this case the
link of the singularity is then rationally homotopy equivalent to

L~(s?vs?) | e
[s5,s%]
Since m(6) =n(6) = 2, the homological truncation of the link is
toL = §?
and the cotruncation is rationally homotopy equivalent to
t’L=53VS$>.

To see this, just compute the cohomology algebra of the cotruncation.
The rational Hurewics theorem 1.2.4 then says that we have the isomor-
phism

75 (t21) ® Q — Hs(t2L) = Hs(S).

The cell attachment ¢ obtained by this isomorphism then kill the 5-sphere
of the cotruncation. That is we have

t’Ley = (S VS U e® ~ §3.

5

But 1Ly = $3 ~ D3 x S3 ans since 9(D3 x $3) = S$% x S3, the pair
(tLy, L) = (D3 x $3,5% x S3) is a Poincaré duality pair. The space DP(V)
is then a good rational Poincaré approximation of X.

This construction extends to multiple isolated singularities and higher
dimension complex hypersurfaces with nodal singularities.

1.4.3 Thom Spaces

Definition 1.4.1.1. Let B be a compact, connected, oriented manifold of dimen-
sion m and E a fiber bundle over B of rank m’,

R™ —F 5 B.
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The Thom space Th(E) of the fiber bundle E is defined as the homotopy cofiber of
the map

SE—>D]:_

where Sg and D are respectively the sphere bundle and disk bundle associated to
E.

Th(E) is then a pseudomanifold of dimension m 4+ m’, the singularity is
the compactification point, its link is the sphere bundle S¢ and the regular
part of Th(E) is the disk bundle De.

We show that in the case of an odd dimensional Thom space Th(E) is
either an L-space or a Witt space whether the rank of the vector bundle is
lesser than the dimension of the base space or not.

Theorem 1.4.2. Suppose m’ > 0.
1. Let R2™ — E — B2™*1 with B be a manifold of dimension 2m + 1
and E a fiber bundle over B of rank 2m’. Then,
e ifm’ <m+1, Th(E) is an L-space,
e ifm’ >m+1, Th(E) is a Witt space if and only if H™+™'(B) = 0.
2. Let RZ™'+1 5 E — B2™ with B be a manifold of dimension 2m and E
a fiber bundle over B of rank 2m’ + 1. Then,
e ifm’ < m, Th(E) is an L-space,
e if m’ > m, Th(E) is a Witt space if and only if H™+™'(B) = 0.
Proof. Consider R?™" — E —» B2m+1,
In order to know if Th(E) is an L-space or a Witt space we have to look at
H™ ™' (Sg) where Sg is the sphere bundle associated to the vector bundle

E (see definitions 1.2.7.3 and 1.2.11.1). To compute H™ ™' (S ) we use the
cohomological Leray-Serre spectral sequence associated to the fiber bundle

/
SZm —1 SE BZer]‘

We have E5'9 = HP(B; HI(S?™'~1)) = 0if q # 0,2m’ — 1 and

p+2m’,0

2m’—1
E P2

dzm/ : Em’ —E
is the only non-zero differential which is defined by

. r0,2m’—1 2m’,0
dzm/ : EZm/ — EZm’

with dom/(a) = eu(E) € HZ™'(B) with a the generator of H2m'—1(g2m'~T)
and eu(E) € H2™'(B) the Euler class of the sphere bundle. Since this is the
only non-zero differential we have

m-+m’ _ rm+m/,0 m-—m’'+1,2m’—1
H (Se) =Exmiir @ Eamryy :

Suppose that m’ < m+1.
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The summand ngn:/T;H,Zm’—l is well defined and using the structure
product of the spectral sequence, we see that the product of two elements
belonging to the same summand of H™*™'(S¢) is zero. Then by Poincaré
duality the symmetric bilinear form
+m’,0 —m/+1,2m/—1 2m+1,2m’'—1 ~
Bt X By 7T — BT T = Qua

induced by the product and where w € H?™*+1(B) is the fundamental
class of the manifold B is non degenerate. Thus, provided than one of the
two summand is non zero, the symmetric bilinear form is then hyperbolic
and Sg is an L-space.

Suppose that m’ > m+ 1.

Then EJY 77121 = 0and ERVF™0 = H™H™(B) and S is a Wit
space if and only is H™*™ (B) = 0.

We now consider R2™'*! — E — B2™. By the same arguments we
have

m+m’ _ rm+m/,0 m—m’2m’
H (Se) =Ermiys @By

If m’ < m then E?n:,rf:;’zm/ is well defined, the same arguments about

the product structure and Poincaré duality imply that Sg is an L-space.
If m’ > m then E?n:,:’f;'zm/ = 0, E?J,Té’o = H™*+™'(B) and Th(E) is a
Witt space if and only if H™+™ (B) = 0. O

Corollary 1.4.2.1. For any complex line bundle C — E — B* with k > 1,
the Thom space Th(E) is an L-space.

Remark 1.4.3. The cases where the fiber and the base space have the same parity,
that is they both are of odd dimension or they both are of even dimension has
already been taken care of by the definition 1.2.7.3. The Thom space is then an even
dimensional space and the singularity is of even codimension. Therefore Th(E) is
automatically a Witt space by definition.

Let BY := (S3 x S®)4(S* x S®), where # denotes the connected sum, and
let f : BY — S the composition of the following contraction map q and
projection map p :

B? 95 5%« 55 Py g4

Let E be the fiber bundle over B? that is the pullback along f of the tangent
space over s,

R* R*

o= f*(T$4) ———— TS*

BY st
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The Thom space Th(E) associated to this bundle is a pseudomanifold
of dimension 13 and is an L-space, indeed we show using the Leray Serre
spectral sequence that H®(Sg) = Q @ Q and that both of these factors are
Lagrangian subspaces. The sphere bundle associated to E is the bundle

S$3 —Sg — BY,

applying the cohomological Leray Serre spectral sequence to this bundle,
we have the following E, page

E9 = HP(B7; HI(S%))

Qa 0 0 QOsza  Qsga  Qssa Qsga 0 0 Qwa

In this page, s; represents the generator of the sphere S' in B?, w the
fundamental class of B? with w = s4s5 = s3s¢ and a the generator of the
fiber S3 of the sphere bundle.

The only non zero differential is d4 so E; = E3 = E4 and Eo, = Es5, d4
is completely determined by the Euler class eu(E) of the sphere bundle
because dga = eu(E). We know that eu(TS?) = 2[S*] so by naturality of
the Euler class we have

ew(E) = eu(f*(TS*) = *(ew(TS*)) = 2s4.
We then have
H6(SE) = Qse ® Qs3a.

Using the product structures of the spheres S® and S3, we have sgsg = 0
and (s3a)(s3a) = 0, but since w = s3s¢ the matrix of the intersection form

H®(Sg) x H8(Sg) — Q

in the base (sg, s3a) is given by
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The intersection form is then hyperbolic and both factors Qss and Qsza
are Lagrangian subspaces.

We now construct a rational model of DP(Th(E)). For that we’ll need a
surjective model of Sg < D¢ and a model of the Lagrangian truncation
t*Sg. A surjective model of Sg — Dg is given by

A(Dg) = A(S)
with
A(Sg) = (A(B)® Aa, d) with da = s4
A(Dg) = (A(B)®/A(q,b),D) with Da=s4—b

PAB)9Aa =id

@(b) =0
where A(B) is a rational model of the base space (S3 x S®)#(S* x S°) which
is given by

A(B) = (/\(s3,584,55,56,B6,B7,1,B7,2,B8,..-),d)

with [s;| = |Bi| =1 and

dBs  =s354
dB71 =s2

dB72 =ss5s83

dfPg = $3S¢ — S4S5.

Since dim B = 9 we only gave elements of the model of B up to degree
9, the rest of the model being an acyclic part. That is for every element
oy of degree k > 10 such that doye = O, there is an element 3x_7 such
that dfx_1 = o. In fact we can take take a better model for A(Sg) and
A(Dg) because the base space B is a formal space, that is we have a quasi
isomorphism

given by
W(si) = i
b(B1) =0

The models we use are then

A(Sg) = (H(B) ® Aa, d) with da = s4

A(D¢g) = (H(B) ® \(a,b),D) with Da =s4 —b
@ H(B)eAa =id

@(b) =0
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By adapting the proposition 1.2.7.2 and then using the lemma 1.2.7.1 we
can show that a model of the Lagrangian cotruncation is given by

(A(t°Sg),d) = (Q& 1, d)

where I is the differential ideal given in this case by a choice of gen-
erator for one of the Lagrangian subspaces, a complementary of ker(d :
A®(Sg) = A7(Se)) and all the cochains of degree greater or equal to 7 of
A(Sg). A choice of A(t*Sg)) is given by

Qe (Qse ® (H(B)® Aa)?’)
and the model of IZTh(E) is
A*(IFTR(E)) = (H(B) @ A(a,b), D) ®r(s)ana (Q® Ig, d).

We attach the top cell inducing Poincaré duality by Whitehead products
with respect to some basis of 7, (I*Th(E)) ® Q and denote the resulting
space by DP(Th(E)), its cohomology algebra is then

H*(DP(Th(E))) = ————2eacsl@Nler,es,e15) with [e;| = i.

(ej,ez,eseq,e4e7,66€9,67€9,€6€7=€4€9=€13)
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PartII

INTERSECTION SPACES AND RATIONAL
HOMOTOPY THEORY

In this part, we first develop the notion of Lagrangian inter-
section spaces we introduced in the first chapter. We compute
their rational homology and show that they are related to the
middle perversities intersection homology. We then talk about
the rational homology truncation.
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2.1 BIREFLECTIVE ALGEBRA

Definition 2.1.0.1. Let (H], H., H/, B.) be Z-graded R-modules and let
(A,cl,cl,c?,c2)

be R-modules. A (k + 1,k)-bireflective diagram is a commutative diagram of the
form

/
B2 Hiy2 — Hy ) By

H//

oM

ko/ YH fj)L/ T]L
x 1 l o

cl T et a2 e K

L g R T

- +
Hy 41

Hie

Byy1 -

By 1 —— Hy ; — Hyq Bx—2

Such that we have the following exact sequences

d]
1. -+ = Bry2 » Higa > Hi = Biyr = CL =5 H{ ;= 0,
2. =By 2 CL 5 CL 5 A= C2 5 Hyi - C2 0,

3. O—>H{<’r—']‘>C%L—>Bk_1 —H{ ;= Hx 1 = Bx2—-,
4.0—=Cl 5 Hy 1 »CL=2A=C2 -5 C2 =B -,
5.+ =By = Cl 5 CL A5 C2 5 C2 =By —--.
Such a diagram will be denoted by Ay (k+1,k).

Definition 2.1.0.2. Let (H], H,, H!') be Z-graded R-modules. We say that the
triple (H,H., H}) is (k 4+ 1,k)-bireflective along the Z-graded R-module B, if
there exist R-modules (A, CY,CL,C%,C2) such that they all fit into (k+1,k)-
reflective as defined above.

Let Ay(k+1,k) be a (k + 1, k)-reflective diagram. Suppose there exist
R-modules Ay, A;,Dq,D; such that A = Ay & Az, D;y C Ay, and maps
Y1,Y2,Y3 and y4 creating two new commutative squares in the following
diagram
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\ dk% wq / ‘\ /
Kk+1 Xk
Bi1 A1 B A, Bx 1
\ rky / \ \ /
dic 4
Hip1 =7 D; i Hy

Definition 2.1.0.3. Such a (k + 1, k)-bireflective diagram is called split if we
have the two following short exact sequences

Y1

2
0— Ch ﬁ;HkH D; —0

and
.r2
0— Dy X H 5 C2 — 0.

Let Ay(k+1,k) be a split (k + 1, k)-reflective diagram, we have the two
T-shaped diagrams of short exact sequences

/
Hk+1

0 C! « Hicy 1 D; 0

imh;
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and

im hz

if we are on a field k we have the isomorphisms
Hyxr1 =imhy & HIZ—H @& Dy
and

Hx Zimhy EBHLEBDz.

2.2 LAGRANGIAN TRUNCATION AND ASSOCIATED BIREFLECTIVE AL-
GEBRA

We first briefly recall the notion of Lagrangian truncation defined in the
section 1.2.4 of the first chapter.

Let K be a simply connected CW-complex of dimension n = 2s satis-
tying Poincaré duality. We denote by b the non degenerate bilinear form
induced by the Poincaré duality with Q coefficients, consider dim H*(K) =
2m and

b HS(K) x HS(K) — Q

where b(x,y) := (x Uy, [K]) with [K] € Hs(K; Q) the fundamental class
and (—, —) the evaluation form.

If b is symmetric suppose that H2*(K; Q) posses a Lagrangian subspace
V of dimension m, if b in skew-symmetric then one has automatically a
Lagrangian subspace. By hyperbolic completion we have in both cases a
hyperbolic basis

(a,...,am,aj,...,an)

of Hs(K) such that, if we denote by V and V* the subspaces respectively
generated by (a,...,an) and (aj,..., a},), we have

Hs(K) = Ve V-
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We are then able to construct a topological space t;K
tZK — K
such that
He(K) ifr<s—1

H.(tzK;Q) = ifr=s (3)

o<*‘

ifr>s.
We recall the definition 1.2.10.1 from the first chapter.

Definition 2.2.0.1. The space t:K is called the Lagrangian truncation of the
CW-complex K.

Let now X be an L-space. That is a compact, connected oriented pseu-
domanifold of dimension n = 2s + 1 with only isolated singularities £ =
{o1,..., 0y} such that, for each singularities 0; € X H%(L;) has a Lagrangian
subspace with respect to the non degenerate bilinear form

b;i: HS(LJ X Hs(Ll) — Q.
Denote by L(Z, X) := Lg,Li and let
it L(Z,X) — Xreg

be the inclusion of the links into the regular part of X.
Applying the Lagrangian truncation to L(Z, X) one then has the map

t2L(Z,X) =5 L(Z,X) = Xpeg.

Definition 2.2.0.2. Let X be an L-space with simply connected links. The La-
grangian intersection space of the L-space X, denoted by 1°X, is defined by the
homotopy cofiber of the maps tzL(Z, X) — L(Z, X) — Xyeg.

IX := hocof(tzL (L, X) — L(Z,X) - Xyeq)

We note by HI*E(X) = H*(IZX) and by HI%(X) the corresponding coho-
mology.

Remark 2.2.1. In the first chapter, the definition 1.2.10.2 of 1* X we used was the
normal Lagrangian intersection space it is easier for the construction of Poincaré
approximation spaces. The definition 2.2.0.2 used here is as a homotopy cofiber
with Lagrangian truncation because of the availability of braid diagrams for ho-
motopy cofiber sequence. The only difference between these two definitions is at
the first homology group level where loops appear in HI{ (X) when it is defined
as a homotopy cofiber.

Theorem 2.2.2. 1. Let X be an L-space of dimension 2s + 1 with only isolated
singularities. The triple

(THT™(X), HIZ (X), THT (X))

is a split (s + 1, s)-bireflective diagram along H.(L).
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2. Let X be a Witt space of dimension 2s + 1 with only isolated singularities.
The triple

(THI(X), HIT (X), THE (X))
is a split (s + 1, s)-reflective diagram along H.(L).
Proof. We denote by g: t;zL — X;egq the composition j o f, the triple
tzL =5 L(Z,X) -1 Xpeg

induces the following commutative braid

T TN T LT T TN N
r+2 r+1 f H *L Hr(Xreg Hr ]) r71(f) H, Z(tLL)
Hy oy ( Hopr ( r(L) H,— (L) H:—1(g)
Hypg tL Hyyq Xreg Hr—H i) r 1 tfl-) Hr—l(Xreg) H;1(j)
R \/

where the paths of color red, blue and green are long exact sequences, by

a result of Wall [10, lemma 6.16 p.189], the dashed arrow is also an long
exact sequence. We have

He(g) = HIF (X)
and
H.(X)=H.(j) r<s
Hy(Xreg) r>s+1.

HIF (X) =

By composing with the indicated isomorphisms and their inverses, we
may replace H,(f) by H,(t*L) and H,(L;) by Vi @ V*;. The braid diagram
around 1 = s then becomes

0 o
T T TNy /\V - T T T
s+2 s+1 @i:] vl Hs(Xreg) HS(X) 0
Ed
1 12 ) h>
// rg
s+1 HI?...] (X) @:/:] Vi G V*y Hlf (X) Hsf1 (L)
NTs+ b P =
B2
s+1 reg Hs+1 (X) @3:] vi* Hsf1 (I—) Hs 1 (Xreg)
el //,» ~__

Ks+1 ;—5_2— 0

where the notations for the maps are the one of the previous section. For
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the middle perversities, we have the following intersection cohomologies

for X
Hr(Xreg) r<s
THT(X) = {imotg: He(Xreg) = He(X) T=35
H.(X) T>s
and
Hr(Xreg) T<s+1
TH™MX) = §im oty 1 Hert (Xreg) = Heg1(X) T=s+1
H.(X) T>s+1

This implies the following maps for the braid diagram.

THT(X)
d! r]
0 /OCSX
LT TN /_\V - N ST T
Hs+Z(X) Hs+1 (I—) @i:] vl Hs(Xreg) HS(X) 0
N <
= \\\ i L /,’ hy
’ . // rg
Hs 1 (L) HIZ,  (X) B Vie Ve HIZ (X) Hs 1 (L)
0 N Ts+r b p J/ =
hy B2
0 Hs+1 (Xreg) Hs+1 (X) @:/:1 Vi* Hsf1 U—) Hs 1 (Xreg)
>~— Tl P ~_
K1 i 0
dl+l\j+ lel %
TH™ | (X)

The braid then contains the desired bireflective diagram and all the re-
quired exact sequences. The split is given by the following diagram.

0 IHE}H (X) IHSﬁ(X) 0
\ d;/* x1 y‘ y’ /
Xs+1 L z
Hgy1(L) 4) Hs 1 Xreg) - s+ @V Treg — Hs_1(L)
s+1

S EINE Y

\4
HIZ, ; (X) By im B kif: By HIZ (X

The case of a Witt space is easier. Consider X to be a Witt space, then
Hs(L;) = 0 for all i and we have HI"(X) = HIT(X) and TH™(X) = IHI(X)
the braid diagram becomes

© 2016 Tous droits réservés. lilliad.univ-lille.fr



These de Mathieu Klimczak, Lille 1, 2016

58 LAGRANGIAN INTERSECTION SPACES AND RATIONAL TRUNCATION
n
IHE(X)
1 1
ds Ts
0 Ksg

Hs (X
/1“

”\ /”‘ \/“ /

s—H HI;“ n
/ \ s+1 l/ \ / \
s+] reg s+1 reg
; Ks+1 ; 62 O
dg i Ts+1

TH™ , (X)

As before the braid then contains the desired bireflective diagram and
all the required exact sequences. O

Now that we have our braid diagrams, we are able to give the T-shaped
that are verified when X is an L-space or a Witt space. For X an L-space
we have

H™ . (X)

s+1

0 —— Hs g (Xreg) —— HIZ,

SaX) —— @ (kerl,)NVy —— 0

imhy
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and
0
IHT(X)
Vi z
0—— &Y L. c HIZ (X) — Hs(X) —— 0
D1 ‘X S(X)
imhz
0

For a Witt space it is easier since Hg(L) = 0, we then have HIT(X) =
H(X) and HIT ;(X) = Hgy1(Xreg), with I™X = I™X. The intersection
homology groups IHT(X) and THT® , (X) are respectively subvector spaces

of Hs(X) and Hs41 (Xreg)-

Proposition 2.2.2.1. The rational homology of I1#X is given by

Q r=0
Hy (X) @ QPo(b)~T r=1
— H, (X l<r<s
HIF (X) = (X) .

v Vi
Hq (X) @ (B_; W)
Hs—H (Xreg) @ (@2/:] (kerll) mvi) r=s+1

Hr(Xreg) T>s+1

where 3o (L) is the number of connected components of L(X, X), that is the number
of isolated singularities.
For X a Witt space we have

Q r=0,
_ _ Hi (X Bo(L)—1 =1,
HI™(X) = HIT(X) = 1XeQ '
H.(X) T<r<s,
Hy(Xreg) r>s+1.

For example, consider the suspension of S$?$*1 x S$25*1 denoted by
T(S25+1 x §25+1) This is an L-space of dimension 4s + 3 with two isolated
singularities which are the suspension points X = {01, 02}. We have

Has1(L1) = Hasp 1 (ST @ Hag 1 (ST = Vi@ V7,
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Hos1(L2) = Has 1 (S35 ) @ Has 1 (S35 = Vo @ V3.

The regular part is Xreqg = S?5T1 x $25F1 % [0, 1].

Then
Q =0,
Q r=1,
HIE(Z(S25+! x §2541)) = He(Z(825FT % S257T)) 1 <1< 25,
g1 (83°7) r=2s+1,
Hae 1 (S7°7) r=2s542,
H,(S25+1 x §2s+1) r>2s+3.
Which gives
Q r=0,
Q r=1,
0 1<r<2s,
HI?(Z(SZSH x §2s+1)) = Q r=2s+1,
Q r=125+2,
0 2s+3<r<4s+2,
Q r=4s+2

2.3 EXTENSION OF THE RATIONAL HOMOLOGICAL TRUNCATION

For the rest of this section, we will consider the following categories, with
models categories of the left and full subcategories on the right.

0
TopSerre - C\Nrat,ft

s

0
sSetQuillen * SSe€tyu

(=) HAPL(—)

(CDGAQ proj )P~ SulAlgg;
The different categories and the relations between them in the diagram

are

1. The category of topological spaces Topg.e endowed with the model
structure where

¢ The fibrations are the Serre fibrations.
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¢ The weak equivalences are the weak homotopy equivalences
of topological spaces, that is f: X — Y is a weak homotopy
equivalence if

ﬂk(f)i mX — m Y
is a bijection for all k.
2. The category of simplicial sets sSetqyijen endowed with the Quillen

model structure where

¢ The cofibrations f: X — Y are the levelwise injection f,,: X, —
Yy, of simplicial sets.

¢ The weak equivalences are the weak homotopy equivalences,
that is the morphisms whose Milnor realization is a weak ho-
motopy equivalence of topological spaces.

3. The category of commutative differential graded algebras over Q
CDGAQ proj endowed with the projective model structure where
¢ The fibrations are the degreewise surjection.

¢ The weak equivalences are the quasi-isomorphisms.
Between theses categories there are the following Quillen adjunctions

1. The Milnor realization and the singular set functors | —| 4 S.(—), this
pair also sets a Quillen equivalence.

2. The polynomial De Rham functor and the Sullivan simplicial realiza-
tion functors Ap (—) - (—).

Denote by CWI(')at,ft the full subcategory of connected nilpotent rational
CW-complexes of finite type and by sSetfatit the category of simplicial sets
such that their realization is in CWfatlft. The objects of CW?at,ft are CW-
complexes X such that

¢ The CW-complex X is a connected topological space.

¢ The fundamental group 711X is a nilpotent group and 7, X is a nilpo-
tent 711 X-module.

e The reduced homology of X, Hy(X,Z) is a Q-vector space of finite
dimension.

The category SulAlg, denotes the category of connected Sullivan algebras
of finite type. By connected we mean we have a morphism of cdga’s

e Q— A

where Q is seen as a cdga (Q,0) with Q of degree zero and such that we
have the isomorphism HO(e): H°(Q)=Q = HO(A, d). Finite type means
that their homology is finite dimensional is every degree.

When have the following theorem
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Theorem 2.3.1 ([45]). When passing to homotopy categories, the adjunctions
induces the following equivalences of categories.

| —| (=)
Ho(sSetd, q) —— Ho(SulAlgd)oP

HO(CWSat,ft)
S.(—) Q(ApL(—))

We recall some of the properties we will need. The adjunction
Top(IX], Y) = sSet(X, S.(Y))

induces the following unit and counit

Ox: X — S.(IX])
Vy! |S*(Y)| — Y

When we are considering CW-complex we have the following proposi-
tion.

Proposition 2.3.1.1. [24, Proposition 17.3]
1. If Y is a simply connected CW-complex, then vy is a homotopy equivalence.

2. If X is a simplicial set such that |X| is simply connected then |0x| is a
homotopy equivalence, that is ©x is a weak homotopy equivalence.

Let (A, d) be a cdga, combining Sullivan’s functor with Milnor realiza-
tion gives the following definition.

Definition 2.3.1.1. The spatial realization of a cdga (A, d) is the CW-complex
A, d|| := (A, d)|. The spatial realization of a morphism @: (A,d) — (B, d) is
the continuous map || @|| == [{@)|.

This defines a contravariant functor
|| —1]|: CDGAg — CW.

Definition 2.3.1.2. Let X € Top, we define the cdga Ap(X) to be the cdga
associated to the simplicial set S, (X). That is

ApL(X) := ApL(S«(X)).

Definition 2.3.1.3. A Sullivan algebra for a space X is the functorial cofibrant
replacement of Ap (S« (X)).

A more algebraic definition was already given in the definition 1.2.1.1.
Note that we do not consider taking the minimal model of a cdga (A, d) as
a cofibrant replacement even if by definition the minimal model of (A, d)
is a Sullivan algebra. This is because taking the minimal model defines a
functor only up to homotopy, unlike taking a cofibrant replacement. We
denote by

Q(—): CDGAg — SulAlg

the cofibrant replacement (Sullivan algebra) functor.
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Proposition 2.3.1.2. Let X € CWfatlft, then the map X — ||Q(Apy(X))|| coming
from adjunctions is a homotopy equivalence.

Definition 2.3.1.4. Let (A, d) be a cdga and p € N. Denote by C a supplement
of

ker(dP : AP(L) — APT1(L))

and by 1,, be the differential ideal of A*(L) generated by C & AZPH1(L).
The p-truncation of the cdga (A, d) is defined by the following cdga (E5A, d)
where E5A == A/L,.

We then have a surjection 7t (A): A — E5A.
This defines an assignment

E,ﬁi CDGAQ — CDGAQ

with a comparison map 7p(—): Id — &.
Note that up to quasi-isomorphism the p-truncation of (A, d) is given
by
Al i<p
‘%Ai =kerdP i=p
0 i>p
but since this definition doesn’t define a cdga, we are forced to take quo-
tient by I,.
Recall that CDGAg has a model category structure where the fibrations

are the degreewise surjections and where the weak equivalences are the
quasi-isomorphisms. We then have the obvious following property.

Proposition 2.3.1.3. The p-truncation assignment
5,5: CDGAQ — CDGAQ
preserves fibrations and weak equivalences.

Definition 2.3.1.5. Let (A, d) € CDGAq and p € N. We define the p-cotrunca-
tion of the cdga (A, d), denoted by EF A, by the following pullback of cdga’s.

EPA Q
AP(A)[ he
A 7o (A) EpA
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By universal property of pullback diagrams, we have the following com-
mutative diagram

Q ® ker iy (A)

and the map m: Q @ ker i(A) — EEA is an isomorphism.
This defines an assignment

&P : CDGAg — CDGAg

with a comparison map AP(—): & < Id. The following property also
holds thanks to the isomorphism m.

Proposition 2.3.1.4. The p-cotruncation assignment
g : CDGAg — CDGAg
preserves fibrations and weak equivalences.

We now define the truncation and cotruncation of a nilpotent rational
space of finite type.

By the proposition 1.2.7.2 of the first chapter, if (A, d) is a rational model
of a simply connected space X, then £5A is a rational model of the homo-
logical (p + 1)-truncation of X, we recall that

. H'(X) r<p+1,
H (tp1X) = P

0 r>p+1.
Being a rational model implies we have a quasi-isomorphism
ApL(tp11X) — EpA.

Then if X is simply connected of finite type, applying cofibrant replace-
ment and geometric realization of cdga’s we have the following homotopy
equivalence by proposition 2.3.1.2.

(tp+1X)g = [|QMARL(ty+1X)) || — [|QIEFA)].

The homological truncation defined in the first chapter is done in a topo-
logical way by constructing a new CW-complex and only concerns simply
connected space. What we want to do here, with the help of algebraic tools,
is to extend this construction to the case of nilpotent rational topological
spaces of finite type. Suppose we have such a truncation and denote it by
tgp (—). Such a truncation should verify the following properties.
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1. It should defines a covariant assignment
Q . 0 0
tgp(_) : CV\/rat,ft — CWrat,ft/

and not necessarily a functor. The homological truncation on simply
connected CW-complex defined in [6] is not a functor unless for very
specific spaces and maps, which from what is called a rigid subcate-
gory of the CW-complexes.

2. It should come with a comparison map embS(X): tgp (X) — X such
that Hr(embg(X)) is an isomorphism for r < p and the zero map

otherwise. Again embg(X) shouldn’t necessarily be a natural trans-
formation.

3. It should preserve homotopy equivalences, meaning that if X and Y
have the same homotopy type, then tgp(X) and tgp(Y) should at
least have the same rational homotopy type.

4. If X € CWJat/ft, that is X is a simply connected rational CW-complex
of finite type, then tgp (X) should be homotopy equivalent to t,1X.

The following definition verifies these 4 properties. We denote by P, the
poset {0,1,...,n—2}

Definition 2.3.1.6. Let X € CWSat,ft, n = dimX and p € Py, the rational
cohomological p-truncation of X is defined by

tgp(X) = [|Q(ESARLIX)) ]

We denote by embS(X): tgp(X) — ||Q(ApL(X))|| the continuous map induced
by the spatial realization of the comparison map e (ApL(X)),

emb%(X) = [|Q(rep(ApL(X)))]|-
Here we have

HT (12, (X)) = H (| Q(EpApL (X))
= H'(&5ApL(X))

H'(ApL(X)) = H'(X) r<p
{0 T>Pp
and the map embg(X) induces
H™ (emb? (X)): H™(||Q(ApL(X))]) — H™(t2, (X))
which is an isomorphism for r < p and the map
H™ (emb(X)): H™(|Q(ApL(X))])) = O

for r > p. Note that by the universal coefficients theorem tgp (X) also trun-
cates the rational homology of X in the same way. We define the cotrunca-
tion in the same way.
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Definition 2.3.1.7. Let X € CWfat,ft and p € Py, the rational cohomological
p-cotruncation of X is defined by

t2,(X) := | Q(ER ApL(X))].

We denote by prog(X): IQ(ApL(X))|| — tgp(X) the continuous map induced
by the spatial realization of the comparison map AP (ApL (X)),

proQ(X) := [QIAP(ApL(X)))]-
We have
H™(t2,(X)) = H™(J[EF ApL (X))

= H"(ER ApL(X))
HO(ApL(X)) =HO(X) =Q =0
=40 1<r<p
H"(ApL (X)) = H"(X) T>p

~With the definitions of the truncation and cotruncation assignment &g,
&Y and the different Quillen pairs involved, it is then clear that tgp(—)

and tgp (—) preserve homotopy equivalences.

Definition 2.3.1.8. Let F: A — B be a covariant assignment between the cate-
gories A and B.

® The assignment F is said to be augmented if it comes with a comparison
map

o: Id — F.
* The assignment T is said to be coaugmented if it comes with a comparison
map
o F—Id.
Since ||Q(ApL(X))|| ~ X for X € CWfat,ft, embg(—) defines a coaugmenta-

tion embS(X): tgp (X) = Xin HoCWSat,ft and prog(—) defines an augmen-
tation proS(X): X = tgp (X) in HoCWSat,ft. We then have

Theorem 2.3.2. 1. (tgp(—),embg(—)): HoCWfat,ft — HoCW?at/ft is a co-
augmented assignment.

2. (tgp(—),prog(—)): HoCWf‘,)at,ft — HoCWf?at,ft is an augmented assign-
ment.
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Part III

MIXED HODGE STRUCTURES

Let X be a complex projective variety of complex dimension n
with only isolated singularities of simply connected links. We
show that we can endow the rational cohomology of the family
of the p-perverse intersection spaces {IPX}) with compatible
mixed Hodge structures.
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3.1 INTRODUCTION

This part deals with the notion of mixed Hodge structure associated to the
intersection spaces of a complex projective variety X of complex dimension
n with only isolated singularities and simply connected links.
Intersection spaces were defined by Markus Banagl in [6] as a way to
spatialize Poincaré duality for singular spaces. Suppose given a compact,
connected pseudomanifold of dimension n with only isolated singularities
and simply connected links. We assign to this space a family of topological
spaces IPX, its intersection spaces, where p is an element called a perver-
sity varying in a poset Py, called the poset of perversities. We then have for
complementary perversities a generalized Poincaré duality isomorphism

HIS(X) = HIT_, (X)V.

with HIT_, (X)¥ = hom(HI_, (X), Q)

The theory of intersection spaces can be seen as an enrichment of in-
tersection homology since they both gives complementary informations
about X.

The aim of this part is twofold. First we want to get a better under-
standing of the family of cohomology algebras {HI;(X)}pec», when we
take all the spaces into consideration. We then want to put mixed Hodge
structures on these algebras in order to get results about the formality of
intersections spaces.

Formality is a notion tied to the rational homotopy theory of topologi-
cal spaces. The rational homotopy type of a topological space X is given
by the commutative differential graded algebra Ap(X) in the homotopy
category Ho(CDGAq) defined by formally inverting quasi-isomorphisms
and where Ap (—): Top — CDGAq is the polynomial De Rham functor
defined by Sullivan. The space X is then formal if there is a string of quasi-
isomorphisms from the cdga Ap_(X) to its cohomology with rational co-
efficients H*(Ap (X)) = H*(X, Q) seen as a cdga with trivial differential.
In particular is X is formal then its rational homotopy type is a formal
consequence of its cohomology ring and its higher order Massey products
vanish.

The combination of rational homotopy theory and Hodge theory has al-
ready been showed to be fruitful. Using Hodge theory, Deligne, Griffiths,
Morgan and Sullivan proved in [18] that compact Kidhler manifolds, in par-
ticular smooth projective varieties, are formal. It was also shown by Simp-
son in [41] that every finitely presented group G is the fundamental group
of a singular projective variety X and then Kapovich and Kollar showed
in [33] that this X could be chosen to be complex projective with only
simple normal crossing singularities. More recently, Chataur and Cirici
proved in [13] that every complex projective variety of dimension n with
only isolated singularities £ = {o7,..., 0y} such that the link L; of each
singularities oj is (n — 2)-connected is then a formal topological space.

The intersection spaces IPX of X are not complex nor algebraic varieties,
even if X is. Thus at first glance there should be no reasons the cohomol-
ogy of these spaces carry a mixed Hodge structure. On second thought,
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when X is a complex projective variety of complex dimension n with only
isolated singularities and that we look at the rational cohomology of their
normal intersection spaces

Q k=0
H*(X 1<k<
k) = 4 P
H¥(X) @ im H¥ (Xyeq) — H¥(L) k=p+1
H* (Xreq) k>p+1

it becomes a bit more natural to think that there is a mixed Hodge struc-
ture since each part of their rational cohomology can be endowed with
a natural mixed Hodge structure coming from X. We show here that in
fact all these structures naturally come from a mixed Hodge structure at
the algebraic models level and that this structure is compatible with the
different operations defined on intersection spaces.

It must be pointed out here that the question of a Hodge structure on
the intersection spaces as already been looked at in the work of Banagl and
Hunsicker [7] where they use L?-cohomology to provide a Hodge theoretic
structure. We do not follow this path here and rather modify the rational
homotopy theory tools developed in [12] for the mixed Hodge structures
in intersection cohomology.

We explain the contents of this paper.

The section 3.2 is devoted to collect the different definitions needed. We
recall what we call a perversity, the definition of the intersection spaces
and the convention we use to construct them. We also introduce the no-
tion of a coperverse cdga which is the main tool for the rational algebraic
models of the intersection spaces. We then define a model category struc-
ture on the category of coperverse cdga’s 3.2.5.

The section 3.3 is a direct application of the previous section. We define
the notion of a coperverse cdga associated to a morphism of cdga’s. As
a result we show that the whole family of algebraic model Alg(X) com-
puting the rational cohomology of intersection spaces carry a structure of
coperverse algebra and that we have a external product on that family,
extending the cup product that each IPX naturally has as a topological
space.

The section 3.4 is the main section of this chapter, we extend our notion
of coperverse cdga to the notion of coperverse mixed Hodge cdga. These
coperverse mixed Hodge algebras carry a mixed Hodge structure which
is compatible the differential, product and poset maps of the underlying
coperverse cdga. After developing their algebraic definitions we show in
theorem 3.4.1 that given a complex projective variety X of complex dimen-
sion n with only isolated singularities and simply connected links, there
is a coperverse mixed Hodge cdga MIg(X) quasi-isomorphic to the cop-
erverse cdga Alg(X). As a result the whole family HIZ(X) carry a well
defined mixed Hodge structure defined at the algebraic models level.

The section 3.5 is devoted to the computation of the associated weight
spectral sequence. If X is a complex projective algebraic variety with only
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isolated singularities and such that X admits a resolution of singularities
where the exceptional divisor is smooth, we are able to compute the weight
spectral sequence associated to the mixed Hodge structure. We then use
this spectral sequence to show a result of "purity implies formality" in
theorem 3.5.4.

The section 3.6 is completely devoted to the proof of the theorem 3.6.1 :
suppose X to be a complex projective algebraic threefold with isolated sin-
gularities such that there exists a resolution of singularities with a smooth
exceptional divisor, then if the links are simply connected the intersection
spaces IPX are formal topological spaces for any perversity p. The proof
being rather long and intricate, we made the choice of giving it its own sec-
tion. This result goes well with the result of [14, Theorem E p.76] stating
that any nodal hypersurface in CP* is intersection-formal.

The last section 3.7 deals with computations, with for instance the com-
putations for the Calabi-Yau generic quintic 3-fold 3.7.3 and the Calabi-Yau
quintic 3-fold 3.7.4 where we are able to retrieve the cohomology of the as-
sociated smooth deformation as stated in [8].

3.2 BACKGROUND, INTERSECTION SPACES AND COPERVERSE ALGE-
BRAS

3.2.1 Perversities and intersection spaces

Since we are concerned about complex algebraic varieties of complex di-
mension n with only isolated singularities we use the following definition
of a perversity.

Definition 3.2.0.1. A perversity P is determined by a integer 0 < p < 2n— 2.
We denote by PRP the poset {0,...,2n — 2; <} with the reverse order, we set

9/31\10]3 = PoP U{oo)
The posets PrP and U/’;()p are then totally ordered and look like
n—-2—-n-3—---—-2—->1-=0.

©x—-2n—-2—-2n-3—---—=2-=>1-=0.

The maximal element is the zero perversity 0 = 0, the minimal element
is the top perversity t = 2n — 2 for PSP and oo for P, " .

The posets PP and fﬁ;Op are endowed with a partial addition @ defined
byp®q:=p+qif p+q<2n—2for P3P and P Y. The complementary
perversity qof pisthenq=t—p =t —p.

If we do not consider complex varieties but just pseudomanifold of di-
mension n with only isolated singularities, we will still use a linear poset

©—-n—2—-n—-3—>---—2—->1-=0.

Throughout this paper, every equation involving perversities will be con-
sidered in P, . For example max(p,0) = 0, min(c9,p) = & for all p and
ifp=2andq=1,thenp <7q.
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Intersection spaces were defined by Markus Banagl in [6] in an attempt
to spatialize Poincaré duality for singular spaces. The construction of these
spaces rely on the notion of spatial homology truncation also introduced in

[6].

Definition 3.2.0.2. Given a simply connected CW-complex K of dimension n
and an integer k < n. A spatial homology truncation of cut-off degree k of K is a
CW-complex t1 K together with a comparison map

f: ttK — K

such that the induced map H, (f) gives the following isomorphisms

H.(K) r<k,
Hy (k) = 4 ) 4)
0 r >k

The integer k is called the cut-off degree of the truncation.

Remark 3.2.1. Such a truncation always exists provided that K is simply con-
nected and this truncation is in fact defined on Z and not just on Q, see [6].

Definition 3.2.1.1. Let X be a compact, connected, oriented pseudomanifold of
dimension n and denote by ¥ = {o71,...,0+} the singular locus of X. The pseu-
domanifold X is called supernormal if the link L; of each singularity o; € X is
simply connected.

We denote by SuperVc the class of supernormal complex projective varieties
with only isolated singularities.

For the rest of this chapter, we assume that the definition of a supernor-
mal pseudomanifold X includes the fact that X is a connected pseudoman-
ifold of dimension n (the compacity and orientability assumptions being
automatic since we work in projective spaces CP™).

Before recalling the definition of intersection spaces given in 1.2.7.2, let
us make changes on how we define the cut off degree k(p) for the spatial
homological truncation. This new definition will be more suited for our
notion of coperverse cdga we will introduce in definition 3.2.2.1.

Let K be a simply connected CW-complex of dimension n and suppose
given a perversity p. Since

k(p):==n—1-pn)=tn)—pn)+1=qn)+1

with q the complementary perversity of p, we now set that the cut-off
degree is directly given by the perversity p and we denote it by tzK. That
is

H.(K) ifr<
Hy(tk) = ) s (5)
0 if r>p.
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Note that we also swap the strict and large inequalities in the definition.
We will use this convention for the rest of this chapter.

By convention we also define tK = K.

Suppose given a supernormal pseudomanifold X with isolated singular-
ities,

L(5,X) := Ug, L

is then the disjoint union of simply connected topological manifold of
dimension n — 1. Denote by X;¢q4 := X — I the regular part of X. We denote
by tPL; the homotopy cofiber of the map

fi: tﬁl_i — L.
We have maps
i Li — tﬁLi.

If the link L; of the singularity o; has more than one connected compo-
nent, we apply the above homotopy cofiber separately on each connected
components.

Definition 3.2.1.2. The intersection space IPX of the space X is defined by the
following homotopy pushout diagram

We shall use this definition of intersection spaces for the rest of the
chapter. Note that with this definition we have I*X = X which is the
normalization of X. We will denote by HI%(X) := H*(IPX) and by ﬁI%(X)
the reduced cohomology. We then have

Q r=0
HT (X 1<r<
) = 0 TSP
HT(X) @ im H" (Xpeg) = HT(L) T=p+1
H™ (Xreg) r>p+1

In particular, we have HI%(X) = H*(Xreg) and HIZ(X) = H*(X).

Remark 3.2.2. 1. With this definition of the cut-off degree, our intersection
spaces 1PX are the normal intersection spaces 39X originally defined in
1.2.7.2. Since we will only work with normal intersection spaces here, we
drop the adjective normal and just call them intersection spaces.
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2. This convention also has to be compared at the level of algebraic models with
[14], where a p-perverse rational model of a cone cL on a topological space
L of dimension n is given by a truncation in degree p(n) of the rational
model of L. In our case, a rational model of the intersection space IPcL is
then given by a unitary cotruncation in degree p(n) of the rational model

of L.

Let’s compute the bounds of the different weight filtrations involved in
HI%(X) for a general perversity . Denote by R"(Xyeg, L) :=im H" (X;eq) —
H"(L).

Lemma 3.2.2.1. For r <, R"(Xyeg, L) is pure of weight v. For v > n, we have
0=W; C W1 C--- C Wi =R"(Xyegq, L).

Proof. This follows from the semi purity of the link, see [43]. Since
dim(X) =0,

the weight filtration on the cohomology of the link is semi-pure, this means
that :

¢ the weights on H"(L) are less than or equal to v for r <n,

¢ the weights on H"(L) are greater or equal to r+ 1 for r > n.
Combined with the two following facts

¢ The filtration 0 C Wy C --- C War = H"(X;eg).

* H"(Xyeg) = H"(L) is @ morphism of mixed Hodge structures.

We have three cases
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Firstcase: p<m=n—1

1<r<p r=p+1 TJ—H<r<ni n<r
1 0 0 i
0 Wo Wo i
\
1 W, W, i
\
l
r—1 Wi | Wiy Wi 3=0] W, 1=0 3 W;1=0
T W, W, & W, W, i W,
T
T+ 1 i Wi 1
\
l
2r—1 i Wor—1
2r i Wi,
\
H'(X) | H'(X) & R'(Xyeg, L) | H'(Xyeg) : H" (Xyeg)
Secondcase: p=m=n—1
I1<r<n-1 r=p+1l=n n<r
—1 0 0
0 Wo Wo
1 W, W
r—1 W4 W4 W,_1=0
T Wr W, & W;=0 W,
T+1 Wi Wii1
2r—1 Wor 1 Wor 1
2r W2, Wor
H™(X) H'(X) & R"(Xyeq,L) | H"(Xreg)
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Third case: p>m=n—1
1§r<nin<r<p r=p+1 pHli<r
- 0o
0 Wo i
|
1 W, i
|
l
r—1 Wi_q 3 Wi 1=0|W,_1=0 W,_1=0
r W, 3 W, W, @& W,=0 W,
T
T+ 1 i Wiiq Wit
|
l
2r—1 i Wor—1 Waor_1
2r i Wi Wiy
I
H'(X) © H'(X) | H'(X) @ R(Xeg L) | H'(Xreg)

3.2.2  Coperverse algebras and their homotopy theory

3.2.2.1  Coperverse algebras
Let k be a fixed field of characteristic zero.

Definition 3.2.2.1. A n-coperverse commutative differential graded algebra over
k, coperverse cdga for short, is a functor

As: P — CDGAy.

That is for all perversities p € %, Ap is a bigraded k-algebra (A%)keN,
together with a linear differential d: A% — A%“ and an associative product
e AL x AL — AT

We assume that products and differentials satisfy graded commutativity, Leib-

niz rules, and are compatible with poset maps. That is for every p < q in Prr
we have the following commutative diagrams.

A-p X Ap Aﬁ An Af
(05,9, Ppq) h ¢pq Pra Ppq
Agq % Ag Aq Ag— —Ag
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We denote by He(A, k) := H(As, d).
Alternatively, a coperverse cdga is a diagram

Pxn—2 Pormn27n—3 P37 P15
As B Az =T AT S Ay
where the vertices are cdga’s and the edges are morphisms of cdga’s. The
assumption about the compatibility of the poset maps with the differen-
tials and the products implies that passing to cohomology gives a coper-
verse cdga with the zero differential.

H(@mZn 7) H{ozm—37m=3) H(pz7) H(@TG

H&(A) H3 5 (A) — 7 — HI(A) —

Morphisms of coperverse cdga’s fs: As — Be are then morphisms of
cdga’s {fs, . . ., 5} such that the following ladder commutes.

Ppr2,pt1 Pprip Ppp—1 Pp—1p—2
p+1 Af Ap—]
‘fp+1 ‘fP hfp—l
/ Bp+1 / Bﬁ / Bp 1 /
(pp+2,p+1 (‘OPH,ﬁ (pmwf1 (pp Tp—2

Composition is given by the compostion of the vertical arrows.
We denote by Pr "7 CDGA the category of coperverse cdga’s over k.
Note that with this definition, we have an extended product over the
whole family (Aﬁ)ﬁef;op. Indeed, for every p < q in G/J;Op, denote by
up,q the following composition

©pq1

Hpq- Aﬁ X Aq Aq X Aq —> Aq

Definition 3.2.2.2. The map yss defined for all p < q in PP by the above
composition is called the extended product over the family (Ag)pepor.

Remark 3.2.3. 1. The following diagram, where T is the twist isomorphism
T(a,b) := (=1)lelPl(b, a), commutes. Because of that and for the sake of
simplicity, we will then adopt the following convention. Each time a product
Ap X - - X Ag will appear, we will consider that the perversities are put in
order, that isp < --- < qin ﬂf’;o

((Pﬁ,a, id)

AﬁXAa AHXAH

T . h T i
(id, (Pﬁ,a)

AqXAﬁ AHXAH
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2. The extended product s verifies Leibniz rule, is associative and compat-
ible with poset maps and morphisms of coperverse algebras. That is all

_ __ __. =—op . .
P <q<TinPy  we have the commutative diagram,

(id, pq,7)
AﬁXAaXA? AﬁXAr
( I"Lf,ﬁ/ ld) ‘ h uﬁr?
Aa X A? Ha,? A?

—

and forallpy <p2 < q1 < qzin anOp we have the commutative diagram.

W7o
— - — —
Apr X Aqq Agqi

Pqi,az

Pp1,pz X (Pm,qz‘

Apfz X Aqu Aqu

Wpz a2

Since upp = u for all p we will always consider the family (Aﬁ)ﬁe}fop
endowed with the extended product. We then denote a coperverse cdga
by (As, Hi,i)~
3.2.2.2  Homotopy theory of coperverse algebras

We now define a model structure on the category of coperverse cdga’s
by using the formalism of Reedy categories. The definitions and results
involving Reedy categories can be found in [32].

First, recall the model structure of CDGAy. The projective model struc-
ture on CDGA is given by the following

¢ the weak equivalences are the quasi-isomorphims,
¢ the fibrations are the degreewise surjections,
¢ the cofibrations are the retracts of relative Sullivan algebras.
For n € N, consider the semifree dga’s
S(n):= (Nkn],d =0)

where k[n] denotes the graded vector space which is k in degree n and 0
otherwise. For n > 1, consider the semifree dga’s

0 n =0,
(Akn+11@kn]),d=0) n>0

D(n):=

and write

in: S(n) = D(n)
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for the morphism that send the generator of degree n to the generator of
degree n. If n = 0 then this is the unique morphism 0 — 0, and for n > 0

jn: 0 — D(n).

Proposition 3.2.3.1. The sets | := {in}n U{S(0) — 0}, and | = {jn}n=o are
the sets of generating cofibrations and acyclic cofibrations, respectively, of CDGA.
The category CDGAy is then cofibrantly generated.

Before talking about Reedy categories, note that we have an exact evalu-
ation functor

Evp: Pn  CDGA, — CDGA
that send As to Ay, this functor admits an exact left adjoint F defined by
F5(A)q = A if p < q and zero otherwise.

Definition 3.2.3.1. Let C be a small category and €' C € a subcategory. The
subcategory C' is said to be a lluf subcategory if the objects of C’ and € are the
same.

This implies that for all x,y € C, the sets C(x,y) and C’(x,y) might be
different.

Definition 3.2.3.2 (Reedy category). Let C be a small category together with a
degree function deg: C — N defined on the objects and suppose that we have

two lluf subcategories € and €. We say that (C, @, %) is a Reedy category if
the two following conditions are satisfied.

1. If «: ¢ — ¢’ is a non-identity map in [l (resp. in %) then deg(c) <
deg(c’) (resp. deg(c) > deg(c’)).

2. Every map « in C has a unique factorization

x =dool,
3 €@,

e
% ce.

Example 3.2.1. 1. A discrete category C, that is a category where C(x,y) =
{idx} if and only if x =y and the empty set otherwise, is a Reedy category
where all the objects are of degree 0.

2. Let P be a finite poset. We define every minimal element to be of degree o
and we define the degree of an element p € P to be the length of the longest
path of non-identity maps from an element of degree zero to p. If we have
p — p’ with p # p’ then necessarily we have degp < degp’. The poset
P is then endowed with a structure of Reedy category with

7 o—9,
% — Disc(P).

where Disc(P) is the discrete category underlying the poset P, every ele-
ments of Disc(P) are of degree 0.
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For every Reedy category C there exists subcategories C.,, of objects
of degree strictly inferior to n. Let then F: ¢ — M a functor which we
suppose covariant, consider ¢ € € with degc = n, we have the two objects
and maps

L°F % F(c) ™5 MeX,
where
c . ? U, F
L°F := colim(9( € ~/c) — C — M),

MEF = lim(3(c/ € ) 2% € -5 ).

with a(€<k/c) and 0(c/ <€<k) are the two full subcategories of respec-
tively € _.i/c and ¢/ € - where we have removed the identity object
c—c.

Definition 3.2.3.3. The objects L°F and MCF are respectively called the c-th
latching and c-th matching objects. The maps {. and m are then the c-th latching
and c-th matching maps.

Given a map F — G in Fun(C, M), we define the c-th relative latching
map by the following diagram of pushout

|

MG

Theorem 3.2.4 ([32], 5.2.5). Let M be a model category et let C be a Reedy
category. Then there is a model category on Fun(C, M) such that :
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1. the weak equivalences are defined pointwise,

2. the cofibrations are the maps ¥ — G such that each relative latching map

L°G] [ F(e) — Gle)
LeF

is a cofibration in M,

3. the fibrations are the maps F — G such that each relative matching map
F(c) — G(c¢) Xxpmeg MCF
is a fibration in M.

We now apply this result to our context. We endow ‘J/):LOP with the struc-
ture of a Reedy category defined in the item 2 of the last example.

Let As: ‘J/):LOP — CDGAg be a coperverse cdga and p € ‘J/D;Op such that
degp = k. We have

LPAs := colim(3(P2%, /P) U5 pop As M) = colimy_gAq
and
MP Aq := lim(3(p/Disc(P)) 5 PP 2% 30y = 0.

Computing the relative latching and matching map we get the following
result

Theorem 3.2.5. The category P " CDGA has a structure of a cofibrantly gen-
erated model category which we call the projective model structure. In this model
category, the weak equivalences are the quasi-isomorphisms and the fibrations are
the surjections.

Proof. The computations of weak equivalences and fibrations are clear.

The fact that CT’;OPCDGAk is cofibrantly generated comes from [32, Re-
mark 5.1.8], the generating cofibrations are the {Fﬁm}ielﬁe?"p and the

generating acyclic cofibrations are the {Ff(j)}ie] . where I and ] are

the sets defined in the proposition 3.2.3.1. O

For clarity, we give the following definition as a result of the previous
theorem.

Definition 3.2.5.1. Let fg: As — B be a morphism of coperverse cdga’s. The
morphism fg is

1. A quasi-isomorphism if, for every perversity p € Pn°F, the induced map
H%(A) — H%(B) is an isomorphism.

2. A fibration if, for every perversity p € Pn°", the induced map f5: Ay —
By is a degreewise surjection.
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We denote by Ho(ﬂ/D:LOp CDGAy) the homotopy category associated to the

model category structure on Pr " CDGA. That is the category defined by
formally inverting quasi-isomorphisms.

Remark 3.2.6. There are many ways to put a model structures on fﬁ;oPCDGAk.
Indeed the category CDGAy also has an injective model structure where the weak
equivalences are the quasi-isomorphisms and the cofibrations are the injections
and we could have choose this model structure to do the computations.

On the other hand we could have chose the projective or injective model struc-

ture on P " CDGA coming from CDGAy rather than doing computations using
Reedy categories. But since CDGAy is a combinatorial model category all the ways
mentioned above are guaranteed to be Quillen equivalent to the projective model
structure on ‘J/’:LOpCDGAk.

By the way, all these model structures share the same weak equivalences.

3.3 COPERVERSE RATIONAL MODELS
3.3.1  Coperverse cdga’s associated with a morphism of cdga’s

The tools in this chapter are modified versions of the one appearing the
work of Chataur and Cirici [12] on the interactions between intersection
cohomology and mixed Hodge structures.

Let (A,d) € CDGAk. We denote by k(t,dt) := /\(t, dt) the free cdga
generated by t and dt with degt =0, degdt =1 and d(t) = dt.

Definition 3.3.0.1. We denote by A(t, dt) == A ®y k(t, dt). For A € k we also
define the evaluation map

or: Alt,dt) — A
by 5x(t) = Aand 5 (dt) = 0.
For all r > 0, we have the following short exact sequence
0 — kerd" — A" — Coimd" — 0

where Coim d™ := A"/kerd". Denote by s,: Coimd"™ — A" a choice of
section. For all r > 0, we denote by Cs := im s, the differential d" induces
the isomorphism Gz — imd".

Definition 3.3.0.2. Let p € U/’;Op, the unitary p-cotruncation of A(t,dt) is
defined by

EPA(t, dt) := A° @ EPA(t, dt).
where EPA(t, dt) is defined by
AT @k[tlt® AT @ k(t]dt T<p

EPA(L AN = AP T o k(tldt & AP o kltlt & Cy T=p
AT @ k[tldt® AT @ kt] T>p
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Lemma 3.3.0.1. £$ A(t, dt) is a coperverse cdga.

Proof. Consider first EPA(t, dt).

The compatibility of £°*A(t, dt) with the differential d(EPA(t, dt)) C
EPA(t, dt) and product EPA(t, dt) x EPA(t, dt) — EPA(t,dt) is clear by
construction. We detail the compatibility with the poset maps. By unicity
of the maps ¢p,q, every @pq is a composition of poset maps @37 so we
only detail these ones. We have

A" @k[tlt® AT @ k[t]dt r<k+1
EFTAL AN = (AR @ kidt® AN @ kltte Cory T=k+ 1
AT @ k[tldt ® AT @ k[t] r>k+1
and
AT @ k[tt® AT @ k[t]dt r<k

EA(L At = { ART g k[tldt @ Ak @ kltlte ¢ r=k
AT @ k(tldt ® AT @ k(t] T > k.

Forr<korr>k+1, PR is the identity map. For r = k + 1, since
AT @ K[t] = AR @ AR @ K[tlt, g7 1 is an injection.

Now for £F A(t, dt) := A® @ EPA(t, dt) the compatibility with the differ-
ential and the poset maps is clear by the same arguments than above. The
product FfrA(t, dt) x EEA(t, dt) — E,EA(t, dt) is also clear by construc-
tion. O

Let now f: A — B be a morphism of cdga’s. Given a perversity p €

—~ 0

Pn P we consider the following pull-back diagram in the category CDGA.

Jp(f) ——— &L B(t, dt)
r
o
B

The product and the differential are defined component-wise, the pull-
back Js(f) is compatible with poset maps. We then have

A

Proposition 3.3.0.1. The pull-back Js(f) is a coperverse cdga.

Definition 3.3.0.3. Js(f) is the coperverse cdga associated to the morphism of
cdga’s f: A — B.

Definition 3.3.0.4. Let (As, Uss) be a coperverse cdga and v € Z. We say that
(As, Ues) is a r-sharp coperverse cdga if the product satisfies the two following
conditions
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1. Unity For A x A% — Ai{j the product lifts to

i+j
/2 A’ﬁ
B‘Ppo
/// },Lfa
. . P, N
i ) 1+)
Aﬁ X A6 A6

2. Factorization For p,q # 0 and i,j # O the product lifts to

i+
Nerarr

B‘quw,q

i j
A%x Aa

it+j
Aﬁ

We assume that this lift satisfies all the properties of the product . That is Leibniz
rule with respect to the differential, graded commutativity and compatibility with
poset maps and morphisms of cdga’s.

Lemma 3.3.0.2. £3 A(t,dt) is a (—1)-sharp coperverse cdga.

Corollary 3.3.0.1. Let f: A — B be a morphism of cdga’s, then Js(f) is a
(—1)-sharp coperverse cdga

Remark 3.3.1. 1. The first condition means that the final cdga Ag, since 0
is the maximal element of Pn Y, plays the role of the unit for the family
(Aﬁ)ﬁ TP and in particular for the unit ng: k — A% we have A% X
AS — AL for every P and every i > 0.

2. coperverse cdga’s are meant to model the rational cohomology of intersection
spaces HI%(X). Since the IPX are topological spaces their cohomology bear
an inner cup-product which is reflected in the definition of the coperverse
cdga’s. The lift is here to show the interactions between the different HI%(X).

3.3.2  Coperverse rational model of intersection spaces

Let X € SuperVc of complex dimension n, we denote by X the singular
locus of X.

Let T be a closed algebraic neighbourhood of the singular locus in X
such that the inclusion £ C T is a homotopy equivalence. Such a neigh-
bourhood exists and is constructed with "rug functions", see [37, p.144] or
[22].

The link L := L(Z,X) of £ in X is defined by L := 0T ~ T* := T — L.
The inclusion i: L < X;¢g4 of the link into the regular part of X induces a
morphism of cdga’s over Q

it APL(XTeg) — Apr(L).
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Letp € @LOP be a perversity, the rational model of the intersection space
IPX s given by AL (X) := Jp(i*), which is the following pull-back diagram
by proposition 1.2.7.4.

Jp(i*) — ERApL(L)(t, dt)

81

APL(Xreg) APL(L)

Definition 3.3.1.1. The coperverse cdga Als(X) is called the coperverse rational
model of the intersection spaces I°X.

If A is a coperverse cdga, its cohomology is also a coperverse cdga with
trivial differential. We then have the following proposition.

Proposition 3.3.1.1. HI%(X) is a coperverse cdga.

We have an isomorphism of coperverse cdga H* (AIs(X)) = HIZ(X). This
defines a map

Als: SuperVe — Ho(i]/’;OpCDGAk).

If we only consider the coperverse rational model of X € SuperVc, we
then have that AIg(X) is a (—1)-sharp coperverse cdga by corollary 3.3.0.1.
But if we only want to consider the cohomology coperverse algebra HI;(X),
we can have an even sharper result.

Proposition 3.3.1.2. Let X € SuperV¢. Then (HIZ(X),0) is a 1-sharp coperverse
cdga. That is we have
i 7 i
H%(X) ® Hlﬁ(X) — HI; (X)

117i 7] it _
HIS(X) ® HIG(X) — HET (X)) prg+T<2n-2,

Remark 3.3.2. It is important to make a difference between the extended product
We,e and the property of sharpness. The existence of the extended product is a
consequence of the definition 3.2.2.1 and as such every coperverse cdga defined in
the same way naturally has an extended product.

The property of sharpness of our coperverse algebras defined in 3.3.0.3 is a
consequence of our methods of construction. There might be coperverse algebras
which do not have any property of sharpness, but still have an extended product.

3.4 HODGE THEORY
3.4.1 Coperverse mixed Hodge algebras

We now want to put finer structures on our coperverse cdga’s. This is done
with the help of filtered cdga’s and mixed Hodge cdga’s, see for example

[15].
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Definition 3.4.0.1. A filtered cdga (A, W) is a cdga (A, d) together with a filtra-
tion {WmAlmez such that

1. Wi 1A C WA and d(WiA) C WA, forallm € Z,
2. Wi AWRA C Wi nA,

3. The filtration W is exhaustive and biregular : for all n > 0 there exist
integers m and 1 such that Wi, A™ = 0 and Wi A™ = A™

Definition 3.4.0.2. A mixed Hodge cdga over Q is a filtered cdga (A, W) with a
filtration F on A @ C such that for allm > 0,

1. the triple (A™, Dec(W), F) is a mixed Hodge structure,

2. the differential d: A* — A¥*1 and the product p: A' x AV — AV gre
morphisms of mixed Hodge structures.

The filtration W is called the weight filtration and the filtration F is called the
Hodge filtration.

We extend these definitions to make them compatible with our notion
of coperverse cdga.

Definition 3.4.0.3. A coperverse filtered cdga (As, W) is a coperverse cdga As
together with a filtration (W As}mez such that

1. Wim1Ay C WinAp and d(WnAp) C WiAg, for all m € Z and all

f’ E i])Tl. 7
2. WmAﬁ'WﬂAﬁ C Wm+nAf/

3. ©p,q(WmAp) C WiAg forallp < qin ﬂ/D:LOp,
4. The filtration W is exhaustive and biregular : for allm > 0 and all p € P°P
there exist integers m and 1 such that WmA% = 0and WLA% = A%.

Definition 3.4.0.4. A coperverse mixed Hodge cdga over Q is a coperverse filtered
cdga (As, W) with a filtration F on As ® C such that for all n > 0 and all

—~op

ﬁ S {‘PT‘L 7
1. the triple (A%, Dec(W), F) is a mixed Hodge structure,

1 i . Ak k+1 .oad j i+j
2. the differential d: A5 — A5, the product p: Ag X Ay — Ay and the

R ak

poset maps ¢pq: Ay — Ag are morphisms of mixed Hodge structures.

The filtration W is called the weight filtration and the filtration F is called the
Hodge filtration.

We will denote, by an abuse of notations, such a coperverse mixed
Hodge cdga by the triple (As, W, F) with in mind the fact that F is not
defined on Ag but on its complexification Ag ® C. The filtration Dec(W) is
the Deligne’s décalage of the weight filtration defined in [16, p. 15] which
is given by
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Dec(Wp)AS =W, _nAg N d! (Wp—n—lA?H ).

We denote by U/DT\IOPMHCDGAQ the category of coperverse mixed Hodge
cdga’s over Q.

Lemma 3.4.0.1. Let (As, W, F) be a coperverse mixed Hodge cdga, then the ex-
tended product uss is a morphism of mixed Hodge structure.

Definition 3.4.0.5. A coperverse filtered cdga (As, W) is said to be r-sharp if
As is a filtered coperverse cdga such that the lift is compatible with the filtration
{(WmAs}mez. That is we have the two following conditions

1. Filtered unity For WmA% X WnAj6 — Wm+nA%+j the product lifts to
WininAL
- (Pﬁg

. - Hp,0
Wi A% X Wi A]6

i+j
Wm+n 0 )

2. Filtered factorization For D, q # 0 and i,j # O the product lifts to

i+j
Wm+“AW

Pp+a+ra

WinAL x WnAl'a

i+j
Wm+n q )

Definition 3.4.0.6. A r-sharp coperverse mixed Hodge cdga over Q is a coper-
verse mixed Hodge cdga (As, W, F) such that the lift is a morphism of mixed
Hodge structure.

Consider Q(t,dt) together with the béte filtration o, that is the multi-
plicative filtration with t of weight 0 and dt of weight —1. We endow
C(t, dt) := Q(t, dt) ® C with the béte filtration o and the trivial filtration t,
that is decreasing filtration given by

0=t'C(t, dt) c t°C(t, dt) = C(t, dt).

Since Dec(o) =t the triple (Q(t, dt), o, t) is a mixed Hodge cdga.
Given another mixed Hogde cdga (A, W, F), since the category of mixed
Hodge structure is abelian the triple

(A(t,dt),Wxo0,Fxt)

is again a mixed Hodge cdga where the filtrations are defined by convolu-
tion. That is we have

(W s 0)mA(t, dt)™ := W A" @ Q[t] & Wi 1AM @ Qltldt
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and
(Fxt)*A(t, dt) := F*FA @ C(t, dt).
The evaluation map 87 is strictly compatible with filtrations.

Lemma 3.4.0.2. Let (A, W,F) be a mixed Hodge cdga. Then &3 A(t,dt) is a
(—1)-sharp coperverse mixed Hodge cdga.

Proof. The triple (A(t, dt), W * o, Fxt) is a mixed Hodge cdga, for all p €

PoP, £P A(t, dt) is a sub-algebra with the filtrations induced by restriction.
The differential is a morphism of mixed Hodge structure since the dif-

ferential on (A(t,dt), W o,F*t) is and d(?frA(t, dt)) C EEA(t, dt).

The poset maps (O 0, are the identity everywhere but at the
cut-off degree k + 1 where they are canonical inclusions, @17y in then
compatible with both filtrations and by composition so are the @3 .

The extended product £ A(t, dt)t x ETA(t, dt)) — ETA(t, dt)") being
defined as the composition of p with poset maps ¢y, it is a morphism of
mixed Hodge structure.

The sharpness comes from the fact that EEA(t, dt) is (—1)-sharp and
that the product is a morphism of mixed Hodge structure. O

Let then f: (A, W,F) — (B, W, F) be a morphism of mixed Hodge cdga.
Since the category of mixed Hodge structures is abelian, see [16, Theorem
2.3.5], we have the following proposition.

Proposition 3.4.0.1. The coperverse cdga Js(f) is a coperverse mixed Hodge
cdga.

3.4.2  Mixed Hodge structure on the coperverse rational model of the intersection
spaces 1°X

Definition 3.4.0.7 ([15]). A mixed Hodge diagram of cdga’s over Q consists of
a filtered cdga (Ag, W) over Q, a bifiltered cdga (Ac, W, F) over C, together
with a string of filtered E4-quasi-isomorphisms from (Ag, W) ® C to (Ac, W).
in addition, the following axioms must hold :

* The weight filtrations W are reqular and exhaustive. The Hodge filtration
F is biregular. The cohomology H(Aq) has finite type.

e Forall p € Z, the differential of gr]\;v (Ac) is strictly compatible with F.

e Forallm > 0 and all p € Z, the filtration F induced on H“(gr]‘;‘/(AC))
defines a pure Hodge structure of weight p +n on H“(gr]‘;‘/ (Ag)).

Morphisms of mixed Hodge diagrams are defined by level-wise mor-
phisms of bifiltered cdga’s such that the associated diagram is strictly com-
mutative. Forgetting the multiplicative structure gives back the notion of
mixed Hodge complex defined by Deligne in [17, section 8.1].
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Definition 3.4.0.8. Let X be a topological space. A mixed Hodge diagram for X
is a mixed Hodge diagram M(X) such that M(X)q ~ Ap((X), that is its rational
component is quasi-isomorphic to the rational algebra of piecewise linear forms on
X.

The following theorem is a modified version of a theorem appearing
in [12] stating that the intersection homotopy type of a complex variety
X with only isolated singularities carries well-defined mixed Hodge struc-
tures.

Theorem 3.4.1. Let X € SuperV¢ of complex dimension n. There exists a coper-
verse mixed Hodge cdga MIg(X) together with a string of quasi-isomorphisms

such that :

1. MIg(X) = Js(1) where T: M(X;eg) — M(L) is a model of mixed Hodge
cdga’s for the rational homotopy type of the inclusion i: L — X;eg.

2. there is an isomorphism of coperverse mixed Hodge cdga’s
p p ge cagl

H* (MIs(X)) = HIZ(X).

3. The mixed Hodge cdga’s MI5(X) and Mls(X) defines respectively the
mixed Hodge structure on the rational homotopy type of the reqular part
Xreg 0f X and on the normalisation X of X.

4. The differential of MIg(X) satisfies d(W, MIg(X)) C Wy _1 MIg(X).

This defines a map
MIs: SuperVe — Ho(f}/);OPMHCDGAQ).

Proof. By [20, theorem 3.2.1], there is a morphism of mixed Hodge dia-
grams M(X;eg) — M(L) induced by the inclusion i: L < X;¢q4. The ratio-
nal component of this morphism is the morphism i*: Ap| (X;eg) — App (L)
of rational piecewise linear forms induced by the inclusion i: L < Xyeg.
By [15, theorem 3.19], there is a commutative diagram of mixed Hodge
diagrams

i*
APL(Xreg) — Apr(L)

—

M(Xreg) — M(L)
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where the vertical maps are quasi-isomorphisms and 1 is a map of mixed
Hodge cdga’s whose differential satisfies d(W,) C W;_1. We then let
MI5(X) := Js(1). The above commutative diagram defines a string of quasi-
isomorphisms from MIg(X) to Al(X) by proposition 1.2.7.4.

Let now show that MIg(X) is a coperverse mixed Hodge cdga. Consider
the mixed Hodge cdga M(L)(t, dt) defined as in definition 3.3.0.1. Then
FEM(L) (t,dt) is a complex of mixed Hodge structure for every perversi-

tiesp € TJ/D;OP. The product

EPM(L)(t, dt) x ETM(L)(t, dt) — EIM(L)(t, dt)
and the poset maps

EPM(L)(t, dt) — ETM(L)(t, dt)

forp<qe Pn" are strictly compatible with filtrations. Since the category
of mixed Hodge structures is abelian, for each n > 0 and each p € ﬂ/D;Op,
the vector space MI5(X)™ carries a mixed Hodge structure. The compati-
bility with product and poset maps is a matter of verifications. This proves
the first three properties.

The differential on MI;(X) being defined via the pull-back of cdga’s
whose differential satisfies d(W},) C W,_1, this also holds for MI(X). O

From this result we can deduce the two following product structure.

Corollary 3.4.1.1. Let X € SuperVc, MIg(X) is then a (—1)-sharp coperverse
mixed Hodge cdga.

Corollary 3.4.1.2. Let X € SuperVc¢, then the family of algebras
{HI5(X), HIE(X), ..., HI5 5 (X)}

is endowed with a product

{HI})(X) ® HIL(X) — HILT (X)

i 7 Trit o
HIZ(X) @ HIG(X) — HIZZ o (X) p+q+1<2n—2.

This product is a morphism of mixed Hodge structure.

Due to the method of construction of the coperverse mixed Hodge cdga
MI5(X), we have the following commutative diagram of mixed Hodge

cdga’s.
t 81 T
M(Xyeq) M(L) EXTIM(L)(t, dt)
Prrix
T 01 =
M(Xreg) M(L) EXM(L)(t, dt)
0 0 M(L, k)

© 2016 Tous droits réservés. lilliad.univ-lille.fr



© 2016 Tous droits réservés.

92

These de Mathieu Klimczak, Lille 1, 2016

MHS ON THE RATIONAL HOMOTOPY OF INTERSECTION SPACES

Where each elements of the last row is the quotient of the previous ele-
ments in the same column. That is M(L, k) is the mixed Hodge cdga quo-
tient such that H'(M(L, k)) = H¥(L) for i = k and zero otherwise. Taking
the pullback on each rows we then have a short exact sequence of mixed
Hodge structure

0 — MI—(X) — MIZ(X) — M(L k) — 0.

This short exact sequence induces a long exact sequence of mixed Hodge
structure and extends to arbitrary perversities. That is we have

Corollary 3.4.1.3. Suppose given X € SuperVc and two perversities p < q €
P We have a long exact sequence of mixed Hodge structures

<+ = HIF(X) = HIE(X) — HY(M(L, q,p)) = HIFTH(X) — -
where

1 HI(L) <1< 7
HUM(L, q,p)) = q P

0 otherwise.

3.5 WEIGHT SPECTRAL SEQUENCE

Let (B, W, F) a mixed Hodge cdga, then (B(t,dt), W * o,Fx* 1) is again a
mixed Hodge cdga where the filtrations are given by

(W % 0)mB(t, dt)™ := Wi B" @ Q[t] ® Wi 1 BT @ Q[tldt
and
(Fxt)*B(t, dt) := F*B ® C(t, dt).

The graded subspace associated to the the weight filtration is then given

by
grW*o(B(t, dt)™) = gr¥ (B™) @ Qltl @ gr)¥, ; (B™ ') ® Qltldt.

Given a mixed Hodge cdga (B, W, F), we then have a cohomological
weight spectral sequence E(B, W) whose E; term is defined by

E*(B, W) := H""$(grV (B"1%)).

The spectral sequence associated to a coperverse filtered cdga (As, W) is
compatible with the multiplicative structure. Thus, for all r > 0, The term
E.(As, W) is a coperverse bigraded algebra with differential d, of degree
(r,1—r).

Lemma 3.5.0.1. Let (B, W, F) a mixed Hodge cdga, we have a canonical isomor-
phism of differential bigraded algebras

E;(B(t,dt), W= 0) = E;(B, W)(t, dt)
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Lemma 3.5.0.2. Let f: (A,W,F) — (B,W,F) be a morphism of mixed Hodge
cdga’s. There is a quasi-isomorphism of coperverse differential bigraded algebras

E] (Hi(f)rw) ;> g?(E1 (f, W))

Proof. The evaluation map 87 is strictly compatible with filtrations. Since
f is a morphism of mixed Hodge structures, the morphism of complexes
f—071: AX &EB(t, dt) — B is strictly compatible with filtrations. There-
fore we have E;(ker(f —87)) = ker E(f — 01). The lemma 3.5.0.1 and the
observations that we have a quasi-isomorphism E; (&2 B(t, dt), W x o) <
£%E1(B, W)(t, dt) finish the proof. O

Lemma 3.5.0.3. Let (As, W, F) be a coperverse mixed Hodge cdga such that
d(WpAs) C Wp_1As.

There is an isomorphism of complex coperverse cdga’s
As®C=E1(As®C,W).

Proof. The proof is is the same as the proof of [12, lemma 3.4] for perverse
mixed Hodge cdga’s. O

Remark 3.5.1. Let (A, W) be a filtered cdga of finite type over a field k and
k C K a field extension. By [15, theorem 2.26] we have that A = E.(A, W) if
and only if A @ K = E(A @k K, W). For a coperverse cdga of finite type the
same proof is valid. This implies the isomorphism of lemma 3.5.0.3 descends to an
isomorphism over Q.

Let X € SuperVc of complex dimension n. The inclusion i: L < X;¢q of
the link into the regular part induces a morphism of multiplicative weight
spectral sequence Eq(i*): Eq(Xreg) = Eq(L). We define

Bl 5(X) := Je(E1 (i7)).

This is a coperverse differential bigraded algebra whose cohomology sati-
fies

EL2(X) == H™S (EL (X)) = gr\s/V(HI%“(X))

Definition 3.5.1.1. Let X € SuperV¢ of complex dimension n. The spectral
sequence El4 5(X) defined by

Ely ¢(X) := Js(E1 (1))
is called the coperverse weight spectral sequence associated to 1°X.

In [12, theorem 3.12], Chataur and Cirici prove the existence of a quasi-
isomorphism between the rational perverse model IA5(X) of a complex
projective variety with only isolated singularities and the first term of its
perverse weight spectral sequence IEj §(X). This theorem can be modified
to get the following one.
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Theorem 3.5.2. Let X € SuperV¢ with only isolated singularities. There is a
string of quasi-isomorphisms of coperverse cdga’s from MIg(X) ® C to EI1 s(X) ®
C. In particular, there is an isomorphism in Ho(ﬂ/D;OpCDGAC) from Als(X) ® C
to El; (X) ® C.

Proof. Let (MIg(X), W, F) be the coperverse mixed Hodge cdga given by
the theorem 3.4.1. Since the differential satisfies

d(Wp,MI5(X)) € W, 1 MIg(X)

by the lemma 3.5.0.3 we have an isomorphism of complex coperverse
cdga’s MIg(X) ® C = E4 (MIg(X) ® C,W).
By construction, we have MIg(X) := Js(t), where

(& (M(Xreg)rW/F) — (M(L), W, F)

is a morphism of mixed Hodge cdga’s which computes the rational ho-
motopy type of t: L — X;eq. Thus by lemma 3.5.0.2 we have a quasi-
isomorphism of coperverse cdga’s E1(MIg(X), W) — J(E1 (T, W)). It re-
mains to note that we have a string of quasi-isomorphisms from Js(E (7))
to El; 5(X) := Js(E4 (1%)) O

Remark 3.5.3. Suppose we have a topological space X such that its rational model
is endowed with an increasing filtration W, then one can consider the associ-
ated spectral sequence E1(X, W). The existence of a string of quasi-isomorphisms
between the rational model of X and the first page E1(X, W) is called the Eq-
formality and is a property of complex algebraic varieties, see [15] and [13]. It
is an interesting result that the intersection spaces of complex projective varieties
have this property although they are not algebraic varieties.

Definition 3.5.3.1. Let X be a compact, connected oriented pseudomanifold of
dimension n with only isolated singularities. We say that X is a El,s-formal
topological space if its coperverse rational model Alg(X) can be endowed with
an increasing filtration W such that there exists a string of quasi-isomorphisms
between Als(X) and the r-th term of its associated spectral sequence ElL, (X, W).

With this definition, the theorem 3.5.2 can be rephrased in the following
corollary.

Corollary 3.5.3.1. Let X € SuperV¢. The space X is E11 s-formal with respect to
the weight filtration.

Corollary 3.5.3.2. The complex homotopy type of IPX is completely determined
by the first term of its weight spectral sequence EIq 5 (X).

3.5.1 The case of a smooth exceptional divisor

3.5.1.1 Notations

Let X be a complex projective variety of complex dimension n with only
normal isolated singularities. We denote by Z = {o7,..., 0} the singular
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locus of X and by X;eq := X — X its regular part. We also denote by L :=
L(Z, X) the link of £ in X and by i: L < X;¢g4 the natural inclusion of the
link into the regular part.

Since I is discrete, we can write L as a disjoint union L = U, L; where
Li := L(oy,X) is the link of o; € X in X. The assumption that X is normal
implies that L; is connected for all o; € X.

From now on, we will always assume X admits a resolution of singular-
ities

)

D——X

L

X

such that the exceptional divisor D := f~1(X) is smooth.
We denote by

j*: H*(X) — H¥(D) and v*: H*2(D) — H*(X)

the restriction maps and the Gysin maps induced by the inclusion j.
For all k > 2 we also denote by

k ~ ik
j¥: H*2(D) X5 H*(X) 2> H*(D)
the composition of the two maps.

The morphism E; (i*): B} (Xreg) — E7”(L) of weight spectral sequence
induced by the inclusion i: L < X4 is defined by

d -
By (Xreg) 7 EY* (Xreg) He=2(D) H(X)
E]_]'S(i*)h ‘E?'S(i*) = idh hjs
L) B Hs=2(D) —;— H*(D)

The algebra structure on E}"*(X;eq) is given by the cup product of H*(X),
together with the map

HS(X) x HS' (D) — Hs+s'(D)
(x, a) — §°(x)-a
This algebra structure is compatible with the differential v because

Y(%(x)-a) =x-vy(a).
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In other words, the following diagram commutes.

Hs (X) x HS'(D) Hs+s'(D)
(id, v+ +2) yoHe'2
HSON() x Hs/+2(D) Hs+s’+2(>2)

The non-trivial products on E}"*(L) are the maps
EOS(L) x EVS' (L) — BV (L) ref0,1)s,s" >0

induced by the cup-product on H*(D).
The coperverse weight spectral sequence EI; s(X) := Js(Eq(i*)) for X is
then given by

s>p+1 Hs—2(D) ® QIt] — J3@HS2(D)®Qltldt — H*(D)® Qltldt

s=p+1 CsoHS2(D)®Qltlt — IS@HS?(D)®Q[t]ldt — H*(D)® Q[t]dt

T<s<p+1 Hs—2(D) @ Qltlt — J3@H?(D)®Qltldt — H*(D)® Qltldt

s=0 0 79 — H(D)®Qltldt

EI?’%(X) T=—1 r=0 r=1
Where

1. Cy is the image of the section of des: ETLS(L) — E?’S(L), ie a sec-
tion of j;: H$~2(D) — H*(D). Note that Cy is just a computational
tool and does not impact the value of the EI, term since it has been
shown in [6, theorem 2.18] that the values of HI%(X) for rational coef-
ficients are independent of the choices made during the construction.

2. 13, k € {0,1}, is the vector space given by the following pullback

square.
8 H¢ (D) ® QItlt*

| .

HS (X) J Hs (D)

3. The differential d="°: EI; °(X) — EI{"3(X) is defined by
Y aitt e ((Z Yo(@i), ) jilat)), ) iagt! dt) a; € H¥72(D).
4. The differential d¥*: EI{'S(X) — EI}%(X) is defined by

((x, Z a;ith), Z bitidt) — Z it dt+ Z js (by)t'dt
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with
ai € HS(D)/bi € HS_Z(D)/

x € H3(X),j*(x) = 2_ ai.

We describe the internal algebra structure of the coperverse weight spec-
tral sequence EI?’,%(X). Due to the method of construction, this algebra
structure is similar to the external one on the perverse weight spectral
sequence for intersection cohomology in [12].

The algebra structure is described by the following maps. We set x,x’ €

H*(X) and a,a’,b,b’ € H*(D) ® QIt].

EIYS (X) x EI03'(X) — EIYS T (X)

((x,a+b-dt),(x’,a’+b"-dt)) — (xx/,aa’+ (a’b+Db’a)dt)
EIS(X) x ELS'(X)  — ELSP(X)

((x,a+b-dt),(a’-dt)) —— aa’-dt

EI;%S(X)xEI};%’(X) s EI?;%“'(X)

(a,a’-dt) —  aa’-dt

EI;‘;(X) X EIYS (X)) — EI;‘;*S (X)
(a,(x,a’+b’-dt)) aa’

Note that since Ci C Hs—2(D) and J3 C I, PRI R induces a morphism
of spectral sequences of bidegree (0,0)

EL; ((pm,i) EI],W(X) — EILE(X)
and we get a diagram of spectral sequences
EI],@(X) — EILm(X) — e = EI1,T(X) — EI1,6(X)

The internal algebra structure extends into an external one, we have an
extended product

EL}S(X) Equfg'(X) — EI}*{"S*S’(X)

defined with the same map as before for the internal structure and follow-
ing the same rules for r, v/, s, s’.
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By computing the cohomology of EI; 5(X) we have

s>p+1 kery®  cokervy? 0
s=p+1 0 coker yfcﬁ 0
T<s<p+1 0 kerj® cokerj®
s=0 0 HO(X) 0
EIE’,%(X) r=—1 r=0 r=1

Where ‘Y|SC* is the restriction of y*$ to
P

Cy — H3(X).
We then have the following isomorphisms
HO(X) =Q k=0
HI%(X) _ H¥(X) = ker j* @ coker j*~! I<k<p+1
H*(X) ® im H*(Xpeq) — H*(L) = cokerﬂ‘cﬁ @ cokerj* ' @ kery*t! k=p+1
H¥(Xreq) = kery**+1 @ cokery* k>p+1

3.5.1.2  Remark on coker j°

It is important to note here that the values of ker j® and cokerj* recorded
in the array of the EI, term above start with s = 1, meaning we don’t take
into account ker j° and cokerj®, this is intended.

Indeed, cokerj® accounts for the number of loops created when the in-
tersection spaces are defined as a homotopy pushout over a single point,
like in the original definition of [6], this not the definition we use.

As a consequence, when we have multiple isolated singularities, the

generalised Poincaré duality of the intersection spaces fails for ltll%(X) =
HIZ(X).

3.5.1.3 Remark on the zero perversity

The intersection space for the zero perversity is by definition 3.2.1.2 the
regular part X;c4 of the complex projective variety X € SuperVc involved.
The isomorphism given above by the EI, term gives

HI%(X) = cokery‘]C6 @ kervy?.

Let’s see that this coincides with H' (Xreg)-

Consider the term coker V|]C3' by definition Cj is defined as the image of
a section of jg: H (D) = 0 — H'(D). So we have C5 = 0, and we then
have coker yﬂcg =~ cokervy'.

We then have what we wanted

HI%(X) = cokery' @kery? = H' (Xyeq).
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r)-purity implies (P, r)-formality

352 (p,
Let f: A — B be a morphism of cdga’s, f is called an r-quasi-isomorphism
if the induced morphism

HY(f): HY(A) — HY(B)

is an isomorphism for all i < r and a monomorphism for i = r+ 1. We
extend this definition to the case of a morphism of coperverse cdga’s to
prove a result of "purity implies formality".

Definition 3.5.3.2. Let 0 < r < oo be an integer and p a perversity. A mor-
phism of coperverse cdga’s fs: As — Bs is a (p, v)-quasi-isomorphism if for all
perversities s < p in PP the map fs is an r-quasi-isomorphism.

Definition 3.5.3.3. 1. A coperverse cdga (As, d) over k is said to be (p,)-
formal if there exists a string of (P, r)-quasi-isomorphisms from (As,d) to
its cohomology (He(A, k),0) seen as a coperverse cdga with zero differen-
tial.

2. Let X € SuperV¢, 1*X is said to be (p,r
model Als(X) is (P, r)-formal.

)-formal if its coperverse rational

3. Let X € SuperV¢, I°X is said to be (P,v)-pure if the weight filtration
HIX(X) is pure of weight k for all k < 1 and for all perversities s < P in
pop,

Theorem 3.5.4. Let X € SuperV¢ of dimension n with only isolated singularities.
Let v > 0 be an integer and P a perversity. Suppose that 1*X is (p, r)-pure, then
[*X is (P, v)-formal.

Proof. By theorem 3.5.2, we need to define a string of (P, r)-quasi-isomor-
phisms of differential bigraded algebras from

(EIY(X), dY) «— % — (EI}JS(X) 0)

S

fori+j grand§<ﬁinﬂ>n
Given X € SuperVc of dimension n with only isolated singularities, the
terms EI; and EI; of the spectral sequence look like.

=

j=4 || EL M (X) 3 EIY5(X) 3 EIy5(X)

=3 | EL1R00 L ESI00 | B

=2 | el L ER200 | e

j=1 | EL (X i EIY4(X) i Ely74(X)

j=0 0 EN2X) 1 ELS(X)
EL(X) | i=—1 1 i=0 1 i=1
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j=1 | grlV(HIZ(X)) | gr}¥(HIZ(X)) | gryY (HIZ(X))
j=0 0 gry/ (HIQ(X)) 1 gry’ (HIg(X))
B | i=—1 0 i=0 1 i=T

The (p, r)-purity assumption implies that gr)W(HIj{] (X)) =0forallj <
T+ 1and gr]W(HI%H (X)) = 0 for all j < r— 1. This means that kerd_ "7 = 0
forall j < v+ 1and imdY’ = EI}%(X) forall j <r—1.

Denote by FI/(X) the bigraded differential algebra defined by, for all
s<pinPn

FIZV(X) =B (X)) j<r+],
FI. ' (X) == 0 i>T+1,
FI2J(X) := ker 42/ vj,
FIZ(X) :== 0 V.

The differential being dig’j.
The bigraded differential algebra FI*(X) has the following product
structure

FIC ' (X) x FIZ ' (X) — 0 v,
FID ' (X) x FIZ (X) — FI. 9 (X) w57,
FI&I(X) x FIZ (X) — FIZT'(X) v,
which is well defined and is compatible with dé’j and the poset maps
EI4 (‘Pm,g) for all s < p.
We then clearly have a inclusion (FIY (X),dy’) < (EI%’I)E(X),d?), the

map (FI%’]' (X), dig’j) — (EIiz'/jg(X), 0) is defined by the following commutative
diagram where the dashed arrows are the zero map.
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_]’)
FI=1(X) « st ker d%1
s+]1 1,s+1
; Q(@m,s) Q(@W,S)
| . a-' .
| FI;"] (X) —— = ker d}
w V]._] ————— 3 ————— N w j
g1} (HEZR ) = or = g (HIL X)) P
El2 (0575) . EL(@g75)
gr!V(HIL (X)) ~--------- > grlV (HIL(X))

The string (EI7%(X),dY)) «— (FIY(X), dY) — (EIS%(X),0) then defines

S
a (p, r)-quasi-isomorphism. O

Regardless of the perversity. The two cases of special interest here are
the cases where r =1 and 1 = oo.

The case r = 1, the 1-formality, implies that the rational Malcev com-
pletion of 717 (IPX) can be computed directly from the cohomology group
HI%(X), together with the cup product HI%(X) ® HI%(X) — HI%(X). We
then say that 7t1 (IPX) is 1-formal.

The case r = co implies the formality of IPX in the usual sense, which
in the cases where IPX is simply-connected or nilpotent implies that the
rational homotopy groups 7; (IPX) ® Q can be directly computed from the
cohomology ring HI%(X). We note that formality implies 1-formality.

Suppose now X € SuperV¢ with only normal isolated singularities, that
is

HIE (X) = H*(X) = H*(X)

then by the Van-Kampen theorem and by definition 3.2.1.2 for any perver-
sity p we have

™ (X) =M (IPX) =T (Xreg)-

Morevover, whether p = 0 or p # 0 we have the two following commuta-
tive diagrams.

HIL(X) © HI}(X) HIZ(X)
H1 (Xreg) ® H1 (Xreg) —U— HZ(Xreg)
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— U —

H'(X) @ H'(X) 2

~

H-(X)
1 1 2
HIL(X) @ HIL(X) —5— HIZ(X)

Which means that if X is 1-formal then we can compute the rational
Malcev completion of 71 (IPX) by computing the one from 7ty (X). It is
a result from [3] that when considering normal projective varieties the
fundamental group is always 1-formal, see also [13, Corollary 3.8] for the

isolated singularities case. We can then deduce the following result

Proposition 3.5.4.1. Let X € SuperV¢ with only normal isolated singularities.
Then for any perversity  m; (IPX) is 1-formal.

We also highlight the case r = co.

Corollary 3.5.4.1. Let X € SuperVc¢ with only isolated singularities. If 1*X is
(p, 00)-pure then 1°X is (p, 0o)-formal.

Let X € SuperVc with only normal isolated singularities. For any per-
versity p we have a map MlIg(X) — MI(X). By construction of the
intersection spaces this map is a p-quasi-isomorphism for all perversities
P. Moreover, this map is also a morphism of mixed Hodge structures by
theorem 3.4.1. We then have the following proposition.

Proposition 3.5.4.2. Let X € SuperV¢ with only normal isolated singularities.
If the weight filtration on H*(X) is pure of weight k for all k < 7, then 1°X is
(7, 7)-pure.

Corollary 3.5.4.2. Let X € SuperV¢ with only normal isolated singularities. If
the weight filtration on H*(X) is pure of weight k for all k < r, then 1°X is
(7, 1)-formal.

Remark 3.5.5. The question of the purity of the weight filtration is also considered
in intersection cohomology, where a similar result of "purity implies formality”
exists [12, corollary 3.13]. It must be pointed out that the purity of X € SuperV¢
in intersection cohomology does not imply the purity of 1*X. For example the
Kummer surface of section 3.7.2, it is a Q-homology manifold and as such IH%(X)
is pure of weight k for any perversities and then is intersection formal. This is not
the case of the corresponding intersection space for the middle perversity 1' X since
ngV(HI%(X)) #0.

Another and more involved example. It is a consequence of Gabber’s purity
theorem and the decomposition theorem of intersection homology (see [43]) that
for projective varieties X with isolated singularities and for the middle perversity,
the weight filtration W on THX_(X) is pure of weight k for all k > 0, this is not
the case for the Calabi-Yau 3folds treated in the last parts as we see that the weight
filtration W on HIX (X) isn't pure.
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3.6 FORMALITY OF INTERSECTION SPACES FOR 3-FOLDS
3.6.1  Preparatory work

Let X be a complex projective algebraic 3-fold with isolated singularities
and denote by X ={o7,..., 0.} the singular locus of X. Assume that there
is a resolution of singularities f: X — X such that the exceptional divisor
D := f1(Z) is smooth and the link L; of o; in X, for all o; € X is simply
connected.

First we recall and collect the different properties we will need. We state
them in the case of a space of complex dimension 3 but they are completely
general and holds for any complex projective variety of complex dimen-
sion n with only isolated singularities by replacing 3 by n. The proofs can
be found in [12].

Lemma 3.6.0.1. We have the following Poincaré duality isomorphisms for all
0<s <3,

cokery*** = (kerj®> )Y kery®"* = (cokerj® %)V

Recall that since dim(Z) = 0, the weight filtration on the cohomology of
the link is semi-pure, meaning :

¢ the weights on H*(L) are less than or equal to k for k < 3,
* the weights on H¥(L) are greater or equal to k+ 1 for k > 3.
We have the following results.
Lemma 3.6.0.2. With the previous notations we have :

1. The map jf: H* 2(D) — H¥(D) is injective for k < 3 and surjective for
k > 3.

2. The Gysin map y*: H* 2(D) — H¥(X) is injective for k < 3 and v® is
surjective.

3. The restriction morphism j%: H¥(X) — H*(D) is surjective for k > 3.
Lemma 3.6.0.3. With the assumption on the links L, we have the following :

1. The map j3: H°(D) — H2(D) in injective, the map j} : H*(D) — H*(D)
is surjective, j: H*=2(D) — H*(D) is an isomorphism for k = 1,3, 5.

2. The mupg/k: HY~2(D) — H¥(X) is injective for all k # 4,6 and the map
i*: H*(X) — H*(D) is surjective for all k # 0, 2.

Lemma 3.6.0.4. With the above assumptions we have the following :
7. H¥(X) = kerj* @imy* for k = 1,3,5.

2. kerj? Nimy? =0.
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With the lemmas above the second term of the spectral sequences for
the regular part and the links are given by

B (Xreq) By ()
s=6| kery® 0 s=6 | H*(D) 0
s=5 0 cokery® s=5 0 0
s=4 | kery* | cokery* s=41| ker jé‘ 0
s=3 0 cokery?3 s=3 0 0

s=2 0 cokery? s=2 0 Coker)f

s=1 0 cokery! s=1 0 0

r=-—1 r=0 r=-—1 r=0

The computation of the cohomology of the intersection spaces involve a
choice of complementary subspace C, we detail here the choice we make.

e For the perversity 1, the map j§ is injective by lemma 3.6.0.2, we then
have C; = H®(D) and coker ylch = cokery?.

¢ For the perversity 2, the map jg’ is an isomorphism by lemma 3.6.0.3,
we then also have G5 = H'(D) and coker yfcz = cokervy3.

e For the perversity 3, there is no assumption on jg‘ and we chose a
complementary subspace of kerjg‘ which we denote by C5.

* For the perversity 4, the map jg is an isomorphism by lemma 3.6.0.3,
we then also have C; = H3(D) and coker yfcz = cokery°.

Since the links of the singularities are simply connected five dimensional
manifolds, by definition of the intersection spaces we have I°X ~ I' X and
I3X ~ I*X. Thus the second terms of the corresponding spectral sequences
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must be isomorphic, for now the corresponding second term for the asso-
ciated spectral sequences are the following.

T,s 1,8
E12,6(X) EIz,T(X)

s=6 || kery® 0 0 kery® 0 0

s=5 0 cokery® 0 0 cokery® 0

s=4 | kery* cokery* 0 kery* cokery* 0

s=3 0 cokervy?3 0 0 cokery?3 0
s=2 0 cokery? 0 0 coker y? 0
s=1 0 cokery! 0 0 kerj' 0
s=0] 0 HO(X) 0 0 HX) o

EIZ’%(X) EI;'%(X)
s=6| kery® 0 0 kery® 0 0
s=5 0 cokery® 0 0 cokery® 0
s=4 0 coker y“‘cg 0 0 kerj* 0
s=3 0 kerj?3 0 0 kerj3 0
s=2 0 kerj? coker j? 0 kerj?  cokerj?
s=1 0 kerj' 0 0 kerj' 0
s=0 0 HO(X) 0 0 HO(X) 0
T=—1 T=0 T=1 T=1 T=0 T=1

We have to show that EI;’%(X) = EI;’%(X) and EIE’%(X) = EIZ’%(X). The
tirst isomorphism is given by the isomorphism

H'(X) = kerj' @imvy'

from the lemma 3.6.0.4, we then have cokery' = kerj’.
For the second isomorphism we need to show that

coker YI4C§ = kerj?.

Which is given by the following lemma
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Lemma 3.6.0.5. We have the following isomorphism
H4(>?) = ker]'4 @ imyfcg.
Proof. Denote by (kerj*)* a complementary subspace of kerj* c H*(X).
The maps jg and j* are surjective by lemma 3.6.0.2. We then have the
following commutative diagram
4 ~
H?(D) = kerji @ C3 H*(X) = kerj* @ (kerj*)*
i i*
H*(D)

By definition of C5 we have y|4: G — (kerj*)t. The commutative di-
agram restricts then to the following commutative diagram where the re-
strictions j;“ and j|4 are isomorphisms. Which finishes the proof.

1
Y
G— (kerj*)+
4 .4
g o j)
H*(D)
O

The second terms of the spectral sequences of EIE’%(X) for p € {0,2,4}

are finally.
T,s T,8 T,8
EIZ,E(X) EIzZ(X) EIz,Z(X)
s=6 || kery® 0 0 kery® 0 0 kery® 0 0
s=5 0 cokery® 0 0 cokery? 0 0 cokery® 0
s=4 || kery* cokery? 0 kery* cokery?* 0 0 kerij* 0
s=3 0 cokery? 0 0 cokery? 0 0 kerj3 0
s=2 0 coker y? 0 0 kerj?  cokerj? 0 kerj?  cokerj?
s=1 0 cokery' 0 0 kerj' 0 0 kerj' 0
s=0| 0 HO(X) 0 0 HO(X) 0 0 HO(X) 0
r=—1 r=0 r=1{r=-1 1r=0 r=1 r=—1 1r=0 r=1

We are now ready to state the following theorem.
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3.6.2  Statement and proof

In [14, Theorem E] it is proved that any nodal hypersurface X in CP% is
GM-intersection-formal, meaning there is a zig-zag of quasi-isomorphisms
between their perverse rational models and their intersection cohomology
algebras

[AS(X) +— * — THE(X).

This result is extended in [12, theorem 4.5] to the case of complex projec-
tive varieties of dimension n with only isolated singularities and (n —2)-
connected links using mixed Hodge structures.

We follow these methods and show that for X a complex projective al-
gebraic 3-fold with isolated singularities and simply connected links, the
intersection spaces are formal topological spaces.

Theorem 3.6.1. Let X be a complex projective algebraic 3-fold with isolated sin-
Qularities and denote by L = {01, ..., 0} the singular locus of X. Assume that
there is a resolution of singularities £: X — X such that the exceptional divisor
D := f~1(X) is smooth and the link L of oy in X, for all oy € %, is simply
connected. Then 1°X is (2, 0o)-formal over C. Moreover, if £ = {c} is given by a
unique normal isolated singularity, then 1°X is (0, co)-formal over C

By theorem 3.5.2 there is a string of quasi-isomorphisms of coperverse
cdga’s from Als(X) ® C to Elj5(X) ® C. Moreover we have EI;(X) =
HIZ(X). We follow this pattern

1. We define a bigraded differential algebra (FI;*(X), 85°) step by step
for the perversities 4, 2 and 0.

* When needed, we then define the poset map ¢p,q: FI%s (X) —
FI5*(X) and show its compatibility with the product and the
differential.

2. We define the quasi-isomorphisms

T,s T,s
W by

(EIT5(X), dg®) = (FI*(X), 05°) = (EI35,(X),0)

and check their compatibility with the products and differentials.

e When needed, we then check the compatibility of the maps 3
and ¢, with the poset map ¢pg: FI%S(X) — FI%S (X).
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3.6.2.1  The top perversity

We begin with the top perversity t = 4. We define the bigraded differential
algebra (FI}S(X), 07°).

s=6 | H*D) H®(X) 0
s=5 || H}D) H>(X) 0
s=4 0 kerj* 0
s=3 0 kerj3 0
s=2 0 kerj? (kery*)V ® dt
s=1 0 kerj' 0
s=0 0 HO(X) 0
FI%’S(X) r=—1 r=0 T=1

The only non-trivial differentials are (s Ls, Hs—2(D) — Hs(i) given by
o S — v for s = 5,6. The algebra structure is defined by FI%S(X) X
FIOS'(X) — FIOST(X).

Let’s now define the map 1|)Z’* : FI;* (X) = EIT’%(X). Recall that we have
the following first term for the weight spectral sequence.

525 | H2D)@Qltl — JjeH (D)@ Qldt — H(D)Qltdt

WV

1<s<4|H?D)®Qltlt — JSoH?(D)®Qltldt — H$(D)® Qltldt

7
|
o

0 I8 — H°(D)® Qlt]dt

EI;’%(X) T=—1 =0 r=1
For r = s =0, the map w%o is the identity map.For r = 0, s > 0, the map
%S: FI%S(X) — EI?’%(X) is defined to be

PY® (x) = (x,§°(x)).

Forr = —1, ll)g 15 is defined to be the canonical inclusion.
By lemma 3.6.0.1 we have (kery?) = cokerj? c H?(D), we then define
11)142 to be the injective map

71 (kery")Y @ dt — EI72(X) = H*(D) ® Qlt]dt.
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By definition J3}, k € {0, 1}, is the vector space given by the following

pullback square.
N H®(D) ® Qtlt*
r
81
~ j*
H# (X) H#(D)

We have J§ C J3, the map II)%S (x) == (x,j°%(x)) is then compatible with the
algebra structure of FI;”k (X). The commutativity of the following diagrams

a:],S — S
FI—],S(X) 44’}/) FIO,S(X) k 2 # ki 4\
- 7 erj (kery")¥ ® dt
II)Z_ 1 ,S{ hl‘bg,s 11)%,2 h %,2
—1,s 0,s 0,2 1,2
B0 B B
4 4

concludes that we have a quasi-isomorphism _*: FIZ*(X) — EIT’E(X).

We now detail the map ¢": FI”*(X) — EI;’%(X)~

Forr = —1, o7 1S is non zero only for s = 6 where it is the projection
H*(D) — kervy®.

For v = 0, since FI%S(X) = ker d%s for all s, we define the map d)%s to
be the surjection d)%sz ker d%s — EISE(X).

For r = 1, the assignation (kery*)Y @ dt — cokerj? defines cb%’z and

c])JT’S is zero for any other s.

Since we have ker d%s x ker d%sl — ker d%”sl, the map q%'* is compat-
ible with the algebra structure of FI}'* (X).

The map d)%’* is also compatible with the two non zero differentials of
FI;’* (X) since the two following diagrams are commutative.

6 5
H4(D) HS(X)  H3(D) — H5(X)

o

kery® —— 0 oO— EIg’g(X) = cokery®

We then have a quasi-isomorphism of algebras

P b1
(EI7S(X), a7*) < (FIZ*(X),07%) = (EI}5(X),0).
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3.6.2.2  The middle perversity

We define the bigraded differential algebra (FI%’S(X), 6%’5) as the sub-alge-
bra of (EI; 5(X), d%’s) given by

s=6 || HYD) H¢X) 0

s=5 | H3(D) H5(X) 0
s=4 || H3(D) H*(X) 0
s=3 0 kerj3 0

s=2 0 kerj? (kery*)V @ dt
s=1 0 kerj’ 0

s=0 0 HO(X) 0
FI%’S(X) r=—1 r=0 r=1

Where (EI; 5(X), d%’s) is given by

s>3 HS2(D)®Qt] — IJ§@HS2(D)®Qltldt — H%(D)®Qltldt

1<s<2 | H2(D)Qtlt — JSoHS2(D)®Qtldt — H$(D)® Qltldt

s=0 0 78 — H°(D)® Qltldt

EI:’%(X) T=—1 r=0 r=1
Compared to FI}* (X), we added H?(D) in bidegree (—1,4) and replaced
kerj* by H*(X) in bidegree (0,4), both are related by a new non-trivial
differential 8;’4 =y
The algebra structure is still non-trivial only for r = 0, with

FIY®(X) x FIY®*(X) — FIY*F'(X).

The map ¢z 7: FI}”k (X) — FI;’* (X) is then the canonical inclusion, which
is clearly compatible with the differential and the algebra structure.

To construct IJ%’*: FI%’*(X) — EIT’%(X), we extend 11)2’*, meaning that
(= 18 is the inclusion, Lb%s (x) = (x,j%(x)) and 1])%’5 = 1])145. The algebra

structure is preserved by 11)%5 and the following diagram commutes

H2(D) H*4(X)
1,4 0,4
lpf Jj 2
—1,4 e,
EL 00— ENSN)
2
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The rest being the same as for the top perversity, we have the following
quasi-isomorphism

11)2' : FIZ' (X) — EI]ZZ(X)'

We now construct d)%’*: FI%’*(X) — EIZ;(X).

First of all nothing changes for r = 1 and cl)]j’S = JT’S.
Forr =—1, o5 ! is non zero only for s = 4,6 where it is the projection

HS2(D) — kervys.

For v = 0, since FI%S(X) = ker d%s for all s # 3, we define the map (1)%’S
to be the surjection d)%sz ker d%s — EIS'%(X). For s = 3, by lemma 3.6.0.4
we have kerj3 = cokery3, this isomorphism defines d)%3.

For s =4,6 or s = 5, the following diagrams commute

v . v -
Hs=2(D) Hs (X) H3(D) ¢ H5(X)
—1,s 0,s 0,5
d)i l l 2 h (bj
kery?® 0 cokery* o— EIS'%(X) = cokery®

So ¢ is compatible with the differential.
To see its compatibility with the algebra structure of FI%*k (X) we have to
check the commutativity of the following diagram

kerj' x kerj? kerj3

~

cokery! x cokery? ———— cokervy?

We then have a quasi-isomorphism of algebras
(EIS(X), d®) L%S (FIZ*(X), 0%°) ﬁ (EI5(X),0)
1,2V 72 2 ’72 22V

We now check the commutativity of the following diagram

T,8 s
1 4
(EL7% (X), d7) (FL*(X),04%) — (EI5(X),0)
El1 (977) 022 El2(977)
(B30, 43 rs (F700,057) = g (F15(X0,0
5 2

The only differences between EII’%(X) and EII’%(X), i=1,2, arise for s =
3,4. We then only check these cases.
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The only square that does not trivially commutes for s = 3 is the follow-
ing

0,3 0,3

4
73 @ H'(D) ® Q[tldt kerj? ———— kerj3

ELy (@4,2)[ =“P4,2 ‘EIZ(@M)

73 o H' (D) ® Qltldt

kerj?3 — 53  coker v3

2 2

0,3

The left hand square commutes because im 11)%3 c 73, im 11)%3 C 9(3) and
the fact that 33 C J3. The right hand square commutes because of the
isomorphism ker j3 = cokery3.

For s = 4, the only square that does not trivially commutes is the follow-
ing

0,4 0,4

4
71 @ H?(D) ® Qltldt kerj* ——— kerj*

EL; (@4,2){ [‘94,2 BF—Iz((PM)

I} ©H?(D) ® Qltldt

cokery*

HIR) — o

2 2

0,4

The left hand square commutes for the same reason that for s = 3. We
then consider the right hand square. By lemma 3.6.0.5 we have H*(X) =
kerj* @im Y|4C§' moreover we have im V\L‘cg C imy*, this implies that

kerj* Nnimy* £ {0}.
We may then find a direct sum decomposition
kerj* = (kerj* nimy*) & C

and defines a map kerj* — C by projection on the second summand. We
then have

H4(i) = (kerj4 NimyH) e Ca imyfcg,
the maps El;(¢z7) and d)%4 then send the summand (kerj* Nimy*) @

im V\L‘cg to zero and C to its class in cokery*. Which makes the right hand
square commute.
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3.6.2.3 The infinite perversity

We define the bigraded differential algebra (FI.Z(X), 0°) as the sub-alge-
bra of (El; (X), d.2) given by

s=6 0 Hé(X) 0
s=5 0 H3(X) 0
s=4 0 kerj* 0
s=3 0 kerj3 0
s=2 0 kerj? (kery*)Y @ dt
s=1 0 ker;j' 0
s=0 0 HX) 0
FIZX) [r=-1 r=0 r=1

There is no non trivial differentials. The algebra structure is as always
concentrated in r = 0. The map ¢ 7 is the canonical inclusion and is
compatible the algebra structure.

The maps V2" and ¢ are clear from the previous computations for
the top perversity.

We then have a quasi-isomorphism of algebras

(ET2,(X), ) ¥ (FIZE (X), 0) ¥ (ET35,(X),0)

We then define the coperverse cdga FI."* (X) to be

FEZ(X) P =o0o,
FIT®X) = FL*(X) pe 3,4},
FI%'*(X) P =2,

We then have a quasi-isomorphism of coperverse cdga’s.

(B3 (X), i) £ (FIZ*(X),057) 25 (EI5%(X), 0).

Then I*°X is (2, co)-formal.

3.6.2.4 The zero perversity

Suppose that X has only one normal isolated singularity. Then kery® = 0
and the EI,-term of the weight spectral sequence is
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T,8
EIz,E(X)
s=6 0 0 0

s=5 0 cokery® 0

s=4| kery* cokery? 0

s=3 0 cokervy?3 0

s=2 0 cokery? 0

s=1 0 cokery' 0

We define the bigraded differential algebra (FI%’S(X), 6%’5) as the sub-
algebra of (EI, 5(X), d%’s) given by

s=6 | HYD) HE(X) 0
s=5 || H3(D) H5 (X) 0
s=4 | H%(D) H*(X) 0
s=3 0 kerj3 0
s=2 0 (kerit)V @ (kery*)Y @t (kery*)Y @ dt
s=1 0 kerj’ 0
s=0 0 HO(X) 0
FI%’S(X) r=—1 r=0 =1

Where (EI, 5(X), d%’s) is given by

s>1 ||H2(D)®Qltl — J§oHS?(D)®Qltldt — H®(D)®Q[tldt

s=0 0 78 — HOD)®Q[tldt

EI;’%(X) T=—1 =0 r=1
Compared to FI%’*(X), we added (kery?)Y @t and replaced kerj? by
(kerj*)V in bidegree (0,2). There is also a new differential

a%'zz (kery")Y @t — (kery")Y @ dt
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which is differentiation with respect to t.
The algebra structure is non trivial only for r = 0 where we have

((kery")Y @ 1) x FI%’S(X) —0 Vs,

FI%’S(X) % FI%’S,(X) — FI%S“,(X) otherwise.

We now define @5 : FI%’*(X) — FI;’*(X). For s > 3, there is no changes
and @5 is the identity, same if s = 0,1. For s = 2, by lemma 3.6.0.4 we
have kerj? Nimy? = 0 so we have the inclusion kerj? — (kerj*)Y. The
map @55 is then an inclusion and is compatible with the differential and
the algebra structure.

We now construct 11%’*: FI%’*(X) — EIT%(X). Since we have (kerj*)Y @
(kery*)V ®t C J3 there is no difference between 1]%’* and w;’* and the
definition is the same. We then have a quasi-isomorphism

*,% *,% *,%
Wit FI(X) = B (X),

We define d)%’*: FI%’* (X) — EI;’%(X), for s > 3 there is no difference with

the middle perversity. If s = 2 then we define d)%’z by (ker iY)V — cokery?

and (kery*)Y — 0, we then have the following commutative diagram.

G

(keri*)V @ (kery*)Y @t

0,2
¢5

(kery*)V @ dt

02 vy _ 2
EIZ,E(X) = cokery

If s = 1, the isomorphism kerj' = cokery' defines ¢%1.
We then have a quasi-isomorphism of algebras

(EIS(X), d*) L%S (FI*(X), 0X°) d)—%i (EIY2(X),0)

1,007 70 0 770 2,007

We now check the commutativity of the following diagram

T,8 T,8
T, 1,8 2 T,8 T,s 42) T,8
(EI75(X), d}*) (FIZ*(X),0%%) (EL;5(X),0)
EI4 ((926) P20 EIZ((pfﬂ)
T, T, T,8 TSy T,
(EI75(X), d7*) (FIZ*(X),05°) (EL5(X),0)

1,8 1,8
11)5 ¢5
The only differences between EIE(X) and EII’%(X), i = 1,2, arise for
s = 1,2. We then only check these cases. For s = 1, there is nothing to

check and everything commutes. For s = 2, the only thing to check is the
commutativity of the square
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o
2 Yo .2 .2
J3 ® HY(D) ® Qlt]dt kerj kerj
EL, (‘Pz,o){ [‘Pz,o [Uz (035)
32 ® H°(D) ® Qltldt 2 (keri*)V @ (kery*)Y @t 02 coker y?
0 0

Which is clear by the previous computations.

We then define the coperverse cdga FIZ* (X) to be

FEZ(X) P =oo,
FI*(X) pef3,4},
F(X) p=2,
FIZ'(X) pe {0,1}

Then I*X is (0, co)-formal.

If X has more than one normal isolated singularity, then kery® # 0 and
the EI>-term of the spectral sequence has a non-trivial product outside of
the column r = 0 given by

EI%(X) X EI;%"‘(X) — EIZ_%'G(X)
with
cokery? x kery* — kervy?®.

This implies the following diagram does not commutes is x ¢ kery* C
H?(D). This gives an obstruction to the (0, co)-formality.

0,2 —-1,4 . —1,6 4\ 2 .14
FI92(X) x FI, 74 (X) FI, 5°(X) (kerj*)V x H2(D) — H*(D)

| |-

EIS’%(X) X EI;%A(X) — EI;%’G(X) cokery? x kery* — kery®

3.7 EXAMPLES AND APPLICATIONS

We use the following conventions in the rest of this section :

* When needed, we will denote by {1;, Ei} a basis of H*(CPSU), we
complete it into a basis {14, Ey, €, A} of H* (CPgi) X CPgi)) with |Ei| =
|€i] = 2, IAi] =4 and where & E; = A4

¢ even if we do not take into account the loops in the first cohomology
group (see subsection 3.5.1.2), we mark them in red
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3.7.1 Projective cone over a K3 surface

Definition 3.7.0.1. A K3 surface S is a simply connected compact smooth com-
plex surface such that its canonical bundle Ks is trivial.

Denote by S a K3 surface, for example a nonsingular degree 4 hypersur-
face in CP3, such as the Fermat quartic

S ={lz0:21:22:23] € CP? ZZ?)‘FZ?-FZZ‘—FZ‘;:O}.

In fact every K3 surface over C is diffeomorphic to this example, see [35].
The Hodge diamond of a K3 surface is completely determined and is given

by the following.
h?2 1
hz 1 h1,z 0 0
h?0 h!1 ho2 = 1 20 1
h!0 ho't 0 0
ho0 1

s ||Of(1] 2 |34

HS(S) | Q|0]|Q%*?|0|Q

Denote by PcS C CP* the projective cone over the K3 surface. This
is a simply connected hypersurface of complex dimension 3 with only
one isolated singularity which is the cone point and defined by the same
equation but in CP*

PcS ={lzo : 21 : 22 : 23 : z4] € CP* zg—l—z? +z§+z§ =0}
The cohomology of IP¢cS is given by (see [19, p.169])
H*(IPcS) = H* %(S)Vk > 2.

By Hironaka’s Theorem on resolution of singularities there exists a carte-
sian diagram

© 2016 Tous droits réservés.

lilliad.univ-lille.fr



© 2016 Tous droits réservés.

118

These de Mathieu Klimczak, Lille 1, 2016
MHS ON THE RATIONAL HOMOTOPY OF INTERSECTION SPACES

where the exceptional divisor is the K3 surface S and P is a smooth pro-
jective variety of complex dimension 3. We then have the following Mayer-
Vietoris sequence

= HY(PeS) — H¥(P) @ H (%) — H*(S) — - -

which gives the following cohomology for P.

2

4

H* (P)

Q|0

Q@sz

Q®Q**|0|Q

We compute the intersection space for the perversities {0, 1,2, 3,4}.
First of all the intersection space for the zero perversity is by definition
the regular part, which is computed by the following spectral sequence

BV (PS)req) EY* ((PcS)req)
s=6 Q Q 0 0
s=5 0 0 0 0
s=4| Q2 |QaQ22 0 Q
s=3 0 0 0 0
s=2 Q Q@ Q?? 0 Q*?
s=1 0 0 0 0
s=0 0 Q 0 Q
r=—1 r=0 kervy® | cokervy?
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Now we need the cohomology of the link, which is given by the spectral
sequence defined by j;: H3=2(D) — H%(D), as in the section 3.5.1.

By (L) EY*(L)

s=6| O 0 Q 0

s=5 0 0 0 0

r=—1|r=0 | kerj; | cokerj;

We then have

HO(L) =H>(L)=Q,
H' (L) =H*1L) =0,
H2(L) =H3(L) = Q?".

By the E; term of the previous spectral sequence we see that the only
sections of j; for which the image won’t be zero correspond to the perver-

sities T and 3. Each times the image of the section is equal to Q, we then
have the two following map

Vi, &1 =Q — HX(P) =Q& Q%

Yie,: G3=Q — H'(P)=Qa Q™.

and coker V\ch = coker y‘4c7 = Q?2.
1 3
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The last map we negd to know is j5: HS (5) — H*(S), the map induced
by the inclusion S — P.

s=3 0 0
s=2 (o) 0
s=1 0 0
s=0 0 0

kerj® | cokerj*®

We recall the EI, term of the spectral sequence of IPX.

s>p+1 kery®  cokervy? 0
s=p+1 0 coker V\Scﬁ 0
1<s<p+1 0 kerjs cokerjs
s=0 0 HO(P) 0
EIE’,%(X) T=—1 r=0 r=1

We then have the following results.

EI;’,ST(IPCS) EI;’%(]PCS) EIE’%(]PCS) EI;’%(IPCS)
s>5 0 s>=5 0 s>5 0 s>=5 0
s=4 Q s=4 Q s=4 QZZ s=4 QZZ
s=3 0 s=3 0 s=3 0 s=3 0
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Note that for complementary perversities, such as 1 and 3 or 0 and
4, and for s # 0 the EI, term gives back the generalized Poincaré duality
between the various intersection spaces such as proved in [6, theorem 2.12].
The middle perversity here is 2 and we also get back the self-duality of the
space I°IP¢S.

For any perversity p the weight filtration is pure, so by the theorem 3.5.4
we get the following proposition.

Proposition 3.7.0.1. Let S be a K3-surface, the intersection space 1°PcS is
(0, 00)-formal.

3.7.2  Kummer quartic surface

Let K be a Kummer quartic surface, that is an irreducible surface of degree
4 in CP3 with 16 ordinary double points, which is the maximum for such
surfaces.

From the algebraic topologist point of view, a Kummer surface is con-
structed in the following way. Let’s consider a 4-dimensional torus

T=5"xS"xS!x§!

endowed with the complex involution T: z — Z action. This action has 16
fixed point and we define the Kummer surface to be the quotient complex
surface

K: =T/t

We have the following cohomology for K.

s 0|1 2 |34

H*(K) | Q|0|Q°|0|Q

The link of each singularity is then a projective space RP3. These singu-
larities are quotients singularities so by [21] K admits a resolution where
the exceptional set consists of curves of genus zero and self-intersection
—2. Which means we have the following resolution diagram

K

[

16 ;
LliZy *@1) K

16
L2 CP&)

The Mayer-Vietoris sequence gives the following cohomology for K.

S 011 2 3|4

HS(K) || Q|0 | Qe @i QE [0]Q
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We have the fairly easy following spectral sequence for the links.

EIS(L) ELS(L)

s=4| @ QE; 0 Bi% QE; 0

s=3 0 0 0 0
s =2 @321 QT @221 Qt4 0 0
s=1 0 0 0 0

s=0) 0 @50 0 D&l

r=—1 r=0 kerj; coker j;

The rational cohomology of link of each singularities is then a 3-sphere,
which is the rationalization of RP3.

The only interesting perversity here is the middle perversity 1. We need
a Cy for the computation, we have here

16
Gr=Epan
i=1

and YIZCT =2
The following spectral sequence computes the regular part and the sec-
ond array is the restriction map j°.

E}*(Kreg) ¥*: H72(D) — H¥(K) B (Kreg)
s=4 @lil QE; Q @121 0]} 0
s=3 0 0 0 0

. 16 6 16 6
s=2|6i2,Q1i | Q°aP;>, QF;4 0 Q
s=1 0 0 0 0
s=0 0 Q 0 Q

r=—1 r=0 kery*® cokery*®
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s=4 Q 0 Q 0
s=3 0 0 0 0
o 6 16 16 6
s=2]Q°©P;2;QF | P21 QE | Q 0
s=1 0 0 0 0
s=0 Q @5 Q| o | @2, on
Hs (K) HS(D) | kerj® | cokerj®

The cohomology of the middle perversity intersection space of a Kum-
mer surface is then given by the following array. Note that the cohomology
obtained isn’t pure.

s=4 |P2, Q8 0 0 0
s=3 0 0 0 @2, QE:
s=2 0 Q¢ 0 Q¢
s=1 0 0 0 @2, Qn
s=0 0 HO(K) !, Q1 | HOK)
EI;’%(K) r=-—1 r=20 r=1 HI(K)

3.7.3 The Calabi-Yau generic quintic 3-fold

Let Y C CP? the singular hypersurface given by the equation
Y:={lzo:2z1:22:23:24) € CP* . z239(z0,...,24) +za4h(z0,...,24) =0}

where g and h are generic homogeneous polynomials of degree 4. Y is the
Calabi-Yau generic quintic 3-fold containing the plane

mi={z3 =24 =0} = CP2.
The singular locus
Y :={x] € CP* : z3 =24 =g(z) =h(z) =0} C CP?

is given by 16 ordinary double points. That is the link of each singularity
o € I is topologically equal to Ly = S% x S3.
We have the following cohomology for Y.

s (0|12 3 | 4|56

H(Y) [Q|0]|Q|Q"|Q*|0]|Q
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We consider the following commutative diagram of resolutions

16 16 16
L2 CPZU X CPEU L2y CPEU L2 =)

Blow up

small res. h

Y Y
Bl f

=<

The first square is a simultaneous small resolution of the 16 singularities
obtained by blowing up CP* along the plane 7t = CP?. The exceptionnal
divisor of this blow-up is a CP'-bundle over 7 = CP2.

For the second square B! is a blow-up along the CPgi)’s.

Denote by ¥ the generator of H?(Y).
By using twice the Mayer-Vietoris long exact sequence, we get the fol-
lowing cohomology for Y.

(Y)

(Y) =H3(Y) =0,

H2(Y) = Q¥ @ QF1 & (%, QAY,
(Y) = Q¥Y @ QEY & {°; QA;,
( ):Q]74-

The cohomology of the links of the singularities is given by the spectral

sequence
ET*(L) EX*(L)
s=6| @i 0 @5 0N | 0
s=5 0 0 0 0
_ 16 16 16
s=4 | P;2;(QE; & Q&y) D21 QAL D21 Q& 0
s=3 0 0 0 0
16 16 16
s=12 B2, Ql; P>, (QE; ® Q&) 0 ;> QL
s=1 0 0 0 0
s=0 0 D%, QT 0 ®:i°, Qi
T=—1 r=0 ker jg coker j;

We here follow the section 3.6 and do the computations for the top,
middle and zero perversity. The spectral sequence of the regular part is
given by
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E1*(Yreg) vS: HS72(D) — H*(Y) EY* (Yreg)
s=6| D% on Q Di21 QN 0
s=5 0 0 0 0

s=4 | D% (QE @QE) | QY & QEY o Pi%; QA || B2, 08 | Q¥

s—3 0 Q74 0 Q74
s=2 ®:° QL QY ® QE & @1°, QAY 0 QY & QE;
s=1 0 0 0 0
s=0 0 Q 0 Q
r=—1 r=0 kervys$ cokery*®

Finally we also need the restriction morphism j*.

s=6 Q 0 Q 0
s=5 0 0 0 0
s=4|| Q¥ eQEY @i QA | i QA Q¥Y & QEY 0
s=3 Q'74 0 Q74 0

s=2| QY@ QE & @d{® QAY | Bi%(QE; @ Q&) Qv ®{>; QF;

s=1 0 0 0 0
s=0 Q ®i° Q1 0 @i Qli
Hs(Y) H$ (D) kerj® cokerjs

We then get the following tables for the perversities 0,2,4. Note here
that the generalized Poincaré duality is only partial as we explained in the
subsection 3.5.1.2 since we do not take into accounts the loops of coker j°
(marked in red in the arrays).
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s=6 || B2, 0N 0 0 0
s=5 0 0 0 @351 OA;
s=4 | @2, Qv 0 Qv
s =3 0 Q174 0 Q189
s =2 0 QY @ QE,; 0 QY@ QE,
s=1 0 0 0 ®{>; Qs
s=0 0 HO(Y) {2, Q1 || HOY)
1,8 _ _ —

EIz,6(Y) r=—1 r=0 r=1 HI%(Y)
Note here the partial duality for the values s = 2, 3,4 for the perversities
0 and 4.
15
s=6 | @2 QAy 0 0 0
s=5 0 0 0 P2, oA
s=4 0 QY @ QEY 0 QYY @ QEY
s =3 0 Q174 0 Q189
s=2 0 Q¥ ®:>, QK Q¥
s=1 0 0 0 ®:%; Q1
s=0 0 HO(Y) @2, Q1 | HOY)
s _ _ _
EIZ,Z(Y) T=—1 r=0 =1 HI%(Y)

For the perversity 2 we retrieve the values of the smooth deformation as
in [8], unless for s = 1.
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3.7 EXAMPLES AND APPLICATIONS

s=6 || @2, 0N 0 0 0
s=5 0 0 0 D! QA
s=4 || P2, 08 Qv 0 (0)4
s—3 0 Q74 0 Q204
s=2 0 QY %, QK Qv
s=1 0 0 0 P2, Q1
s=0 0 HO(Y) {2, Q1i || HO(Y)
EI;’%(Y) r=-—1 r=0 r=1 HIS(Y)

3.7.4 The Quintic

Let 1\ be a complex number and consider the variety

Xy = {[zozz1 22 :23:24] € CP4 : zg+Z?—1—23—1—124—2451—511)7.021127.324 :O},

which is Calabi-Yau. It is smooth for small {p # 1 and becomes singular
when { = 1, denote by X the singular degeneration Xy,_1.

The singular locus X of X is here composed of 125 ordinary double
points. That is the link of each singularity o € I is topologically equal to
Ly =52x%xS3, just like before.

We get the following cohomology for X.

s (o112 3 | 4 |5]6

H'(X) | Q[0|Q[Q'*|Q*|0|Q

Using the same method of resolution that before

125 1 1 125 1 125
LJ; CP(i) X CPm — L CPm — L2 * (1)

i=1 i=1

Blow up small res. h

X X
B f

X

© 2016 Tous droits réservés.
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MHS ON THE RATIONAL HOMOTOPY OF INTERSECTION SPACES

With the Mayer-Vietoris long exact sequence, we get the following coho-

Q

0

4| Q¥ o @ EY @ BiZ] QA

3 Q*

2| Qve @, QE e ®!% oAy
1 0

0 Q

s H (X)

The spectral sequences of the regular part if given by

mology for X, we still denote by ¥ the generator of H?(X).

E*(Xreg) ¥S: HS72(D) — HE(X) EY* (Xreg)
®i2] QA Q @21 QA 0
0 0 0 0
B(QE Q) | QY o D EY o B @1 0¢; Qv
0 Q? 0 Q?
d2Ql | Qved Qe d? 0 Qve @, QE;
0 0 0 0
0 Q 0 Q
r=—1 r=0 kervys cokery*®

The formulas for the restriction morphism are
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37 EXAMPLES AND APPLICATIONS 129
s=6 Q 0 Q 0
s=5 0 0 0 0
s=4| Q¥ ad Y & {2} QA @2 QA QY & @i, QEY 0
s=3 Q? 0 Q? 0
s=2 | QYo @, QR o @3 QAY | @i (QE: © Q&) Qv ®i%) QE:
s=1 0 0 0 0
s=0 Q ®i25 Ql 0 @27 Q1
Hs(X) H$ (D) kerjs cokerj®

here give the result for the middle perversity 2.

© 2016 Tous droits réservés.

s=6 | PI2ToA 0 0 0
s=5 0 0 0 Di27 QN
s=4 || @2Qe QwY 0 Qv
s—3 0 Q2 0 Q204
s=2 0 Qv PI%IQE | Qv
s=1 0 0 0 @27 QL
s=0 0 HO(X) @{27Q1: | HOX)
EI;’%(X) T=—1 r=0 r=1 HIS(X)

We let the reader fill in the arrays for the top and zero perversities, we
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