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Abstract

The objective of this thesis aims to propose a micromechanical method for modelling

induced damage and friction sliding for a class of initially anisotropic quasi-brittle ma-

terials. To this end, two three-dimensional micromechanical damage models have been

developed respectively for open and closed microcracks. The key step of these two models

is an efficient numerical method to estimate Hill’s tensor for three dimensional spheroidal

microcracks in a transversely isotropic solid matrix. Then, the effective elastic properties

of cracked material are determined through a rigorous up-scaling procedure based three

homogenization methods (Dilute scheme, MT scheme, PCW scheme) and analysed by a

series of sensitivity studies. Further, a damage model based on the irreversible thermody-

namics framework is proposed to account for interactions between initial anisotropy and

induced growth of cracks. Furthermore, the second micromechanical model for frictional

closed cracks is developed for the description of induced damage and frictional sliding in

initially anisotropic materials. The effective elastic properties of cracked materials are

estimated using a MT scheme. The evolutions of inelastic strains due to frictional slid-

ing and induced damage by the propagation of microcracks are coupled and described by

specific local friction and damage criteria as functions of conjugate thermodynamic forces.

The main features of mechanical behaviours of initially anisotropic quasi-brittle materials

are taken into account, such as induced growth of micro-cracks, irreversible deformation

and hysteretic loops due to friction effects of crack surfaces, coupling between inherent

anisotropy and induced anisotropy, effects of confining pressure and volumetric dilatancy.





Résumé

L’objectif de cette thèse est de proposer une approche micromécanique pour modéliser

l’endommagement et le frottement dans des géomatériaux initialement anisotropes. Dans

ce but, deux modèles d’endommagement micromécaniques en 3D ont été développés.

L’estimation du tenseur de Hill pour les microfissures sphéröıdales dans une matrice

isotrope transverse est le cœur de ces deux modèles. Les propriétés élastiques effectives

du milieu fissuré sont déterminées par trois méthodes d’homogénéisation (schéma Dilué,

schéma MT , schéma PCW ) et analysées par une série d’études de sensibilité. Le pre-

mier modèle d’endommagement basé dans le cadre de la thermodynamique irréversible est

proposé pour prendre en compte des interactions entre l’anisotropie initiale et la fissura-

tion induite. De plus, le deuxième modèle micromécanique pour des fissures fermées frot-

tantes est développé pour modéliser l’endommagement et le glissement dissipatif par frotte-

ment. Les évolutions des déformations inélastiques sont provoquées par deux phénomènes

couplés: le glissement avec frottement et l’endommagement induit par la propagation des

microfissures. Elles sont décrites par des critères spécifiques locaux de l’endommagement

et du frottement en fonction des forces thermodynamiques conjuguées. Les principales

caractéristiques du comportement mécanique des géomatériaux initialement anisotropes

(la croissance des microfissures induites, les déformations irréversibles, boucles d’hystérésis

causées par les effets du frottement qui apparaissent sur les lèvres des microfissures fermées,

le couplage entre l’anisotropie inhérente et celle induite, les effets de la pression de con-

finement et de la dilatance volumétrique) sont prises en compte.
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Notations

Tensor notations

a scalar . simple contraction

a vector : double contraction

a second-order tensor ⊗ tensor product

A fourth-order tensor I fourth-order identity tensor

δ second-order identity tensor K = I− J

J = 1
3δ ⊗ δ

Ei fourth order transverse isotropic tensors

(a⊗ b)ijkl = aijbkl

(a⊗b)ijkl = 1
2(aikbjl + ailbjk)
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Material parameters

Cs elastic stiffness tensor of the solid matrix

Ss elastic compliance tensor of the solid matrix

Cf fictitious elastic stiffness tensor of cracks

Chom homogenized drained elastic stiffness tensor

Shom homogenized drained elastic compliance tensor

Esi elastic Young’s modulus of the solid phase in 3 different directions

Gsi elastic shear modulus of the solid phase in 3 different directions
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kf elastic bulk modulus of cracks
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Common notations in all chapters

E macroscopic strain tensor
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General Introduction

Damage due to growth of micro-cracks is an essential dissipation mechanisms in a

large range of quasi brittle materials such as rocks and concretes. The induced damage

affects not only mechanical properties but also physical properties such as permeability

and heat conductivity. Further, frictional sliding along crack surfaces is also at the physi-

cal origin of macroscopic irreversible deformation in such materials. These two dissipation

mechanisms, crack growth and frictional sliding, are generally coupled. Significant ef-

forts have been made during the last decades on modelling of induced damage in different

engineering materials. A number of macroscopic damage models have been developed

in the framework of irreversible thermodynamics. In these models, spatial distribution

of micro-cracks is mathematically represented by scalar or tensorial variables. Effective

properties of cracked materials are determined by postulating a specific form of ther-

modynamic potential. Damage evolution is determined through definition of a specific

damage criterion in terms of conjugate thermodynamic forces. Directly calibrated from

experimental data, most of such models are able to capture main features of macroscopic

behaviors of brittle materials. However, macroscopic approaches are not able to consider

physical mechanisms involved at relevant material scales and usually meet difficulties in

dealing with some specific features such as unilateral effects, damage-friction coupling etc.

On the other hand, for a class of quasi-brittle materials, important irreversible strains

are observed and coupled with damage evolution. By considering such irreversible strains

as plastic strains, different macroscopic models have also been developed for description

of coupled elastic-plastic strains and damage evolution. Most models have been formu-

lated in the framework works of irreversible thermodynamics by choosing suitable internal

variables for damage state and plastic strains. The key step is to define an appropriate

thermodynamics framework incorporating coupling between two dissipation mechanisms.

A number of specific models have been proposed for concrete materials and rock materials.

In these models, plastic strains have been described by using macroscopic yield criteria

and plastic potentials, depending on macroscopic stresses and damage state. However,
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x General Introduction

the physical origin of macroscopic plastic strains was not explicitly explained. In concrete

and rock like materials, it is known that macroscopic plastic strains are generally related

to frictional sliding along closed micro-cracks.

On the other hand, significant advances have also been achieved on micro-mechanical

modelling of induced damage and coupling with friction. The main objective is to con-

sider the growth and frictional sliding of micro-cracks at appropriate material scales and

then to determine effective properties of cracked materials by a up-scaling method. Dif-

ferent features can be properly considered such as induced anisotropy, interaction between

cracks and unilateral effects. Two categories of micro-mechanical damage models can be

found. In the first category, the micro-mechanical models are directly formulated in the

framework of Linear Fracture Mechanics, without using a rigorous up-scaling procedure

to determine effective properties of cracked materials. On the other hand, a second cat-

egory of micro-mechanical models are developed by using rigorous linear homogenization

procedures for heterogeneous materials. In this context, cracks are considered as a inclu-

sion phase embedded in an elastic matrix. Effective elastic properties of cracked materials

are estimated using an Eshelby solution based homogenization method. In a number of

models, coupling between crack growth and frictional sliding has been taken into account.

Further, micro-mechanical models have even been extended to saturated brittle materials

by taking into account effects of fluid pressure.

Most micro-mechanical models so far developed generally deal with crack growth and

frictional sliding in initially isotropic materials. However, for many engineering materials

such as rocks, there exist different kinds of inherent anisotropy due to the presence of

bedding planes, preferential orientations of mineral grains or pores etc. It is therefore an

important issue to consider effects of the initial structural anisotropy on induced crack

growth. In the context of Eshelby solution based micro-mechanical approaches, an essen-

tial step of homogenization procedure is to establish a suitable relation between prescribed

macroscopic strain (or stress) and local strain (stress) field inside crack phases using a

specific strain concentration (or stress localization) tensor. Such a concentration tensor is

directly related to the so-called Eshelby tensor or equivalently Hill’s tensor and depends

on homogenization schemes considering or not crack interactions and spatial distribution.

In the case of spheroidal micro-cracks embedded in an isotropic elastic solid matrix, it is

possible to obtain a closed-form of such a tensor. However, when cracked materials with

inherent anisotropy are concerned, it is no more possible to get such closed-form solutions.

Suitable numerical methods have to be developed to computer Hill’s tensor.

The main objective of this thesis is to develop a micro-mechanics based model for the
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description of induced damage and frictional sliding in initially anisotropic materials. To

this end, an Eshelby’s solution based linear homogenization method will be extended in

order to take into account effects of initial anisotropy. The present thesis is composed of

the following Chapters.

In Chapter I , a bibliographic review will be given on basic mechanical behaviours

of anisotropic rock materials. Firstly, the inherent structural anisotropy of mechanical

and physical properties is shortly discussed such in terms of different types of symmetry

such as transversely isotropic symmetry, orthotropic symmetry, monoclinic symmetry etc.

Then a series of experimental investigations are presented in order to show anisotropic

elastic and failure properties of typical rocks. Some anisotropic failure criteria are also

presented. Finally, loading induced anisotropy by material damage is presented. It will be

shown that nucleation and growth of micro-cracks strongly effect deformation behaviour

and failure process in many rock-like material.

In Chapter II , we present a short review of some theoretical fundamentals of dif-

ferent Eshelby solution based homogenization techniques for micro-mechanical modelling

of cracked random materials. The emphasis is put on the determination of strain con-

centration tensor for both isotropic and anisotropic materials. In particular, an efficient

numerical method is proposed to computer Eshelby or Hill tensor for three-dimensional

ellipsoidal micro-cracks embedded in a transversely isotropic material.

Chapter III is devoted to a numerical study of effective elastic properties of initially

anisotropic cracked materials. The emphasis is put on the study of interaction between

the initial anisotropy and induced oriented micro-cracks. Three different homogenization

schemes (Dilute scheme, Mori-Tanaka scheme (MT ) and Ponte Castaneda and Willis

scheme (PCW )) are considered. A series of numerical results are presented in show ef-

fects of induced micro-cracks on effective elastic properties in initially transversely isotropic

materials with different anisotropic degrees and different micro-crack orientations.

In Chapter IV , a micro-mechanical damage model is proposed for initially transversely

isotropic materials with the definition of a specific damage criterion in the framework of

irreversible thermodynamics to describe the progressive growth of open micro-cracks. The

idea of this model is to combine linear homogenization methods (Dilute scheme, MT

scheme, PCW scheme) with the thermodynamic reasoning based on the energy released

rate, and the assumption of normality rule will be employed to build the evolution law of
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damage. And then, the proposed model is implemented in a computer code and applied

to study elastic-damage behaviours of brittle materials respectively under uniaxial tension

and compression as well as simple shear tests.

In Chapter V , the micro-mechanical damage model is extended to modelling coupling

between damage evolution and frictional sliding for closed micro-cracks in an initially

transversely isotropic materials. A specific local criterion is proposed to describe inelastic

frictional sliding with is inherently coupled with the damage evolution law. A series of

numerical assessments are presented for different loading paths such as triaxial compres-

sion and simple shear. The micro-mechanical model is also verified through experimental

validation for a typical clayey rock that was extensively investigated in the context of

geological disposal of radioactive waste and shale gas exploration. In particular, interac-

tions between the initial anisotropy and induced damage are analysed. Coupling between

damage by crack growth and frictional sliding is also studied through numerical examples.
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Chapter I

Mechanical behaviours of

anisotropic materials

Contents
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1 Introduction

Generally, anisotropy is the property of being directionally dependent, as opposed to

isotropy, which implies identical properties in all directions. It can be defined as a differ-

ence, when measured along different axes, in a material’s physical or mechanical property
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2 Mechanical behaviours of anisotropic materials

(elastic modulus, mechanical strength, permeability, conductivity, etc). It means that the

behaviour of an anisotropic material has a preferred direction and its mechanical response

depends on loading orientation.

The objective of this chapter is to present a short review of various features of mechan-

ical behaviours of anisotropic rock-like materials. Indeed, most rocks exhibit anisotropic

behaviours related to their microstructure morphology and geological origin. For exam-

ple, the structure of sedimentary rocks takes place during the accumulation of sediments

and the process of consolidation or lithification (compaction, cementation and recrystal-

lization). The geological origin is further influenced by external environments such as

loading history, surrounding temperature, etc. These elements are the causes of various

transformations of rocks. Moreover, during subsequent loading, an induced anisotropy can

produce due to oriented growth and propagation of micro-cracks. There will be interac-

tions between the inherent initial anisotropy and induced one.

In this short review, the linear elasticity theory of anisotropic materials will be first

recalled. Then some representative studies will be presented on the experimental charac-

terization and modelling of both elastic and failure properties of a class of transversely

isotropic rocks. Finally, some results will be presented on the characterization and de-

scription of induced anisotropy in rock-like materials.

2 Anisotropic linear elastic behaviour

The linear elastic behaviour means that the stress tensor (Σ) remains proportional to

the deformation tensor (E) during loading procedure. In general, the elastic behaviour

of the material is characterized by the elasticity tensor (the stiffness tensor C and the

compliance tensor S).

We assume a linear, elastic, homogeneous medium which satisfies the generalized

Hooke’s law. So, we have:

Σij = CijklEkl (I .1)

with Cijkl the components of the elastic stiffness tensor of material.

Its inverse form can be written as:

Eij = SijklΣkl (I .2)

Sijkl refers to the components of the compliance tensor.

The both elastic stiffness tensor C, and elastic compliance tensor S have major symme-

tries. The symmetry of the initial structure of materials is reflected in its elastic properties.
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Anisotropic linear elastic behaviour 3

The number of elastic coefficients is reduced accordingly. They are characterized by 21

independent components in the general (triclinic) anisotropic case. The corresponding

matrix is symmetric, 6 − 6 dimension. According to the Voigt notation, the components

of these tensors can be written as [Walpole, 1984] (see also [Ponte-Castaneda and Willis,

1995]):

Aijkl =



A1111 A1122 A1133

√
2A1123

√
2A1131

√
2A1112

A1122 A2222 A2233

√
2A2223

√
2A2231

√
2A2212

A1133 A2233 A3333

√
2A3323

√
2A3331

√
2A3312

√
2A1123

√
2A2223

√
2A3323 2A2323 2A2331 2A2312

√
2A1131

√
2A2231

√
2A3331 2A2331 2A3131 2A3112

√
2A1112

√
2A2212

√
2A3312 2A2312 2A3112 2A1212



(I .3)

However, the 21 components of compliance tensor is conventionally written in terms

of the elastic modulus which have physical significations of the elastic behaviour of the

material.

Figure I .1: Structural models: (a) axial, (b) orthotropic, (c)monoclinic.

At the macroscopic scale, the material can be classed in four types according to the

symmetry system of the initial structural anisotropy, see Figure (I .1):

• axial symmetry (transversely isotropic material): this is a spacial case of orthotropic

symmetry, with the rotational variance around one of the symmetry axes, (I .1 (a)).

Initially anisotropic cracked media



4 Mechanical behaviours of anisotropic materials

• orthotropic symmetry (orthotropic material): an orthotropic material is one for

which there are two orthogonal planes of symmetry. It means that the material

properties are variant under reflections relative to two orthogonal planes, (I .1 (b)).

• monoclinic symmetry (monoclinic material): it presents an axis of symmetry and

a perpendicular plane. It means that it has two preferential planes by any angle

between them. If there is a third preferential plane, it must be perpendicular to the

others, (I .1 (c)).

• triclinic symmetry: in this case, there is not symmetry, only a center of symmetry

is presented.

Among these four symmetry systems, the axial symmetry and orthotropic symmetry

are two symmetries which frequently appear in the sedimentary rocks. Different mechan-

ical domains, the elastic domain, the elastic limit, the plastic flow, the rupture of the

material, can be influenced by initial anisotropy of the material.

  

e3

e1

e2

Bedding planes

Figure I .2: Definition of structural axes

In most cases, anisotropic rocks are considered as orthotropic or transversely isotropic

materials in a coordinate system in their structure or their apparent symmetry directions.

In the following subsections, we take into account the three principal directions (e1, e2, e3),

as shown in Figure I .2. Three special symmetry classes to present the elastic properties

of the material, including orthotropic, transversely isotropic, isotropic symmetries. In

these special cases of symmetry, three general independent coefficients are used usually:

the Young moduli Ei, the shear moduli Gi and the Poisson’s ratio νi in three different

directions to characterize the elastic property of material.
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2.1 Monoclinic symmetry materials

A monoclinic symmetry material is symmetry about a plane. In other words, if the

material properties are invariant under reflections relative to one plane, say the plane

e1 − e2, all components of the stiffness tensor having and odd number of indices taking

the value 3 can be shown to be zero:

Cijkl =



C1111 C1122 C1133 0 0
√

2C1112

C2211 C2222 C2233 0 0
√

2C2212

C3311 C3322 C3333 0 0
√

2C3312

0 0 0 2C2323 2C2331 0

0 0 0 2C2331 2C3131 0

√
2C1112

√
2C2212

√
2C3312 0 0 2C1212



(I .4)

The number of independent elastic coefficients is reduced to 13.

2.2 Orthotropic materials

An orthotropic material is one for which there are two orthogonal planes of symmetry.

In other words, orthotropic materials have three planes/axes of symmetry. Their material

properties are different along each axis. If the orthogonal planes are chosen to be normal

to the e1 and e2 directions, the stiffness matrix can be written as:

Cijkl =



C1111 C1122 C1133 0 0 0

C2211 C2222 C2233 0 0 0

C3311 C3322 C3333 0 0 0

0 0 0 2C2323 0 0

0 0 0 0 2C3131 0

0 0 0 0 0 2C1212



(I .5)

Note that the material is symmetry about a 180-degree rotation about this axis and

also there are 9 independent coefficients where we supposed that the 3 symmetry directions
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6 Mechanical behaviours of anisotropic materials

are known.

It is obvious that the compliance tensor S will have the same symmetry as the stiffness

tensor C:

Sijkl =



1
E1

−ν21
E2

−ν31
E3

0 0 0

−ν12
E1

1
E2

−ν32
E3

0 0 0

−ν13
E1

−ν23
E2

1
E3

0 0 0

0 0 0 1
G23

0 0

0 0 0 0 1
G31

0

0 0 0 0 0 1
G12



(I .6)

where E1, E2, E3 are the 3 Young’s moduli in e1, e2, e3 directions; G23, G31, G12 are

the shear moduli in the planes (e2, e3), (e3, e1), (e1, e2) respectively. Poisson’s ratio νij

correspond to a contraction in direction j when an extension is applied in direction i.

The Poisson’s ratio of an orthotropic material is different in each direction (e1, e2 and

e3). However, the symmetry of the stress and strain tensors implies that not all the six

Poisson’s ratios in the equation are independent. There are only nine independent material

parameters: three elastic moduli, three shear moduli, and three Poisson’s ratios. The

remaining three Poisson’s ratios can be obtained from the relations: ν12
E1

= ν21
E2

, ν13
E1

= ν31
E3

,
ν23
E2

= ν32
E3

.

2.3 Transversely isotropic materials

This is the special case of the orthotropic materials which are symmetric about an

axis that is normal to a plane of isotropy. If we choose e3 as the symmetry axis, then the

stiffness tensor takes the following form:
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Cijkl =



C1111 C1122 C1133 0 0 0

C1122 C1111 C1133 0 0 0

C1133 C1133 C3333 0 0 0

0 0 0 2C3131 0 0

0 0 0 0 2C3131 0

0 0 0 0 0 C1111 − C1122



(I .7)

which has only 5 independent elastic coefficients to characterize the mechanical be-

haviour.

The corresponding compliance tensor is conventionally written in terms of the longi-

tudinal and transverse Young’s moduli (EL = E3 and ET = E1 = E2), the transverse and

longitudinal Poisson’s ratios (νT = ν12 = ν21 and νTL = ν13 = ν23, νLT = ν31 = ν32) and

the longitudinal shear modulus GL = G31, as:

Sijkl =



1
ET

−νT
ET

−νTL
EL

0 0 0

−νT
ET

1
ET

−νTL
EL

0 0 0

−νLT
ET

−νLT
ET

1
EL

0 0 0

0 0 0 1
GL

0 0

0 0 0 0 1
GL

0

0 0 0 0 0 2(1+νT )
ET



(I .8)

It may be interesting to introduce standard notation and the corresponding simplified

algebra for fourth-order transversely isotropic tensor (see [Kunin, 1983],[Walpole, 1984]

and for recent application to micro-mechanics in [Sevostianov et al., 2005], [Levin and

Alvarez-Tostado, 2006],[Dormieux et al., 2006], [Sevostianov and Kachanov, 2007]).

By denoting n the unit vector of symmetry axis of the material, let us introduce the

second-order tensors i
N

and i
T

:

i
N

= n⊗ n = ni nj ei ⊗ ej , i
T

= i− i
N

(I .9)
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8 Mechanical behaviours of anisotropic materials

In the particular case of n = e3, (I .9) writes:

i
N

= e3 ⊗ e3 , i
T

= e1 ⊗ e1 + e2 ⊗ e2 (I .10)

One introduces fourth-order tensors:

E1 =
1

2
i
T
⊗ i

T
, E2 = i

N
⊗ i

N

E3 = i
T
⊗i

T
− E1 , E4 = i

T
⊗i

N
+ i

N
⊗i

T

(I .11)

It is readily seen that:

E1 + E2 + E3 + E4 = I

Ep : Eq = Ep if p = q , Ep : Eq = 0 if p 6= q

(I .12)

Two others elementary tensors are also introduced:

E5 = i
N
⊗ i

T
, E6 = i

T
⊗ i

N
(I .13)

and with the Voigt notation, the matrix expressions of these six decomposition tensors are

shown in Appendix A.

It may be shown that any transversely isotropic fourth-order tensor can be decomposed

as:

L = l1 E1 + l2 E2 + l3 E3 + l4 E4 + l5 E5 + l6 E6 (I .14)

and transversely isotropic second-order tensors write:

a = aN iN + aT iT , T r(a) = a : i = aN + 2aT (I .15)

The (non commutative) tensor products L : H and H : L write:

L : H = (h1 l1 + 2h5 l6) E1 + (h2 l2 + 2h6 l5) E2 + h3 l3 E3+

+h4 l4 E4 + (h5 l2 + h1 l5) E5 + (h6 l1 + h2 l6) E6

H : L = (h1 l1 + 2h6 l5) E1 + (h2 l2 + 2h5 l6) E2 + h3 l3 E3+

+h4 l4 E4 + (h2 l5 + h5 l1) E5 + (h1 l6 + h6 l2) E6

(I .16)

The inverse of L is:

(L)−1 =
l2
∆

E1 +
l1
∆

E2 +
1

l3
E3 +

1

l4
E4 −

l5
∆

E5 −
l6
∆

E6

∆ = l1 l2 − 2l5 l6

(I .17)
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Anisotropic linear elastic behaviour 9

Any fourth-order transversely isotropic tensor T with a direction of anisotropy n can

be written as ([Bornert et al., 2001]):

T = (E1 :: T)E1 + (E2 :: T)E2 +
1

2
(E3 :: T)E3 +

1

2
(E4 :: T)E4

+
1

2
(E6 :: T)E5 +

1

2
(E5 :: T)E6

(I .18)

One considers an arbitrary anisotropic fourth-order tensor Tani which has the minor

symmetries. In this case, application of the double contractions Tani gives the projection

of Tani onto the subspace generated by Ei (i = 1, 6), to obtain a transversely isotropic

tensor with a direction of anisotropy n:

TTrIso =
(
E1 :: Tani

)
E1 +

(
E2 :: Tani

)
E2 +

1

2

(
E3 :: Tani

)
E3 (I .19)

+
1

2

(
E4 :: Tani

)
E4 +

1

2

(
E6 :: Tani

)
E5 +

1

2

(
E5 :: Tani

)
E6 (I .20)

This method has been applied to the tangent operator. The compliance tensor S of a

transversely isotropic medium with symmetry axis n = e3 writes:

S = s1 E1 + s2 E2 + s3 E3 + s4 E4 + s5 E5 + s6 E6

s1 =
1− νT
ET

, s2 =
1

EL
, s3 =

1 + νT
ET

s4 =
1

2µLT
, s5 = s6 = −νLT

EL

(I .21)

By using its inverse relation (I .17), the corresponding stiffness tensor writes:

C = S−1 = c1 E1 + c2 E2 + c3 E3 + c4 E4 + c5 E5 + c6 E6

c1 = 1/

(
1− νT
ET

−
2ν2
LT

EL

)
, c2 = EL/

(
1−

2ν2
LT

EL

ET
1− νT

)
c3 =

ET
1 + νT

, c4 = 2GLT , c5 = c6 = νLT /

(
1− νT
ET

−
2ν2
LT

EL

) (I .22)

In the particular case of transversely isotropic material with the symmetry axis n = e3,

the 5 elastic constants characterizing the transversely isotropic stiffness tensor C are given

by:

C1111 = C2222 = C11 , C3333 = C33 , C1212 = C66 ,

C1122 = C2211 = C12 , C1133 = C3311 = C2233 = C3322 = C13 ,

C1313 = C2323 = C1331 = C2332 = C3113 = C3223 = C3131 = C3232 = C44

(I .23)
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10 Mechanical behaviours of anisotropic materials

The compliance tensor S may be written:

S1111 = S2222 =
1

E1
, S3333 =

1

E3
, S1122 = − ν12

E1
,

S1133 = − ν31

E3
, S1212 =

1 + ν12

2E1
, S2323 = S3131 =

1

4G31
,

C11 = −
1− ν2

31
E1
E3

(1 + ν12)
(

2 ν231
E3
− 1−ν12

E1

) , C33 =
E3

(
1−ν12
E1

)
2 ν231
E3
− 1−ν12

E1

,

C12 = −
ν12 + ν2

31
E1
E3

(1 + ν12)
(

2 ν231
E3
− 1−ν12

E1

) , C13 = − ν31

2 ν231
E3
− 1−ν12

E1

,

C44 = G31 , C66 =
C11 − C12

2
=

E1

2 (1 + ν12)

(I .24)

with the correspondence notation (see relation I .22).

2.4 Isotropic materials

The property of isotropic materials is uniformly in all directions. It is the simplest

case. An isotropic elastic stiffness tensor can be expressed in terms of the two fourth-

order projection tensors J and K.

C = 3 k J + 2µK (I .25)

may be written as:

[
CIJ

]
=



k + 4µ
3 k − 2µ

3 k − 2µ
3 0 0 0

k − 2µ
3 k + 4µ

3 k − 2µ
3 0 0 0

k − 2µ
3 k − 2µ

3 k + 4µ
3 0 0 0

0 0 0 2µ 0 0

0 0 0 0 2µ 0

0 0 0 0 0 2µ



(I .26)

where J and K play the role of the eigentensors, and the shear and bulk moduli of the

material, ki and µi, are corresponding eigenvalues.
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The compliance stiffness tensor can be obtained as follows:

S =
1

3 k
J +

1

2µ
K (I .27)

[
SIJ

]
=



1
9

(
3
µ + 1

k

)
1
9k −

1
6µ

1
9k −

1
6µ 0 0 0

1
9k −

1
6µ

1
9

(
3
µ + 1

k

)
1
9k −

1
6µ 0 0 0

1
9k −

1
6µ

1
9k −

1
6µ

1
9

(
3
µ + 1

k

)
0 0 0

0 0 0 1
2µ 0 0

0 0 0 0 1
2µ 0

0 0 0 0 0 1
2µ



(I .28)

3 Behaviour of initial anisotropic rocks

3.1 Some experimental data

During the last decades, a large number of experimental investigations have been per-

formed to study influences of inherent anisotropic structure of materials on their mechan-

ical behaviours. The first significant experimental studies of anisotropic materials were

performed by Müller (1930), Lepper (1949), Priee (1958) and Hobbs (1960). These studies

have essentially shown the existence of anisotropy of the moduli as well as the existence

of anisotropy of resistance in the condition of compression with the sample tested parallel

or perpendicular to the bedding planes.

In particular, many studies were focused on transversely isotropic rocks, for instance

[Hoek, 1964, Chenevert and Gatlin, 1965, Attewell, 1974, Hobbs, 1964, Singh, 1973, Singh

et al., 1973,NIANDOU, 1994,Nasseri et al., 2003,JALBOUT, 2005]. In order to character-

ize mechanical behaviours of such anisotropic materials, due to their material symmetry,

it is generally proposed to compression tests on cylindrical samples which are cut with

angle varying from 0◦ to 90◦ between the sample axis and bedding planes. The mechanical

behaviours of transversely isotropic rocks can be characterized by the following features:

• The maximum mechanical strength is generally reached in the perpendicular direc-

tion of the bedding planes, hardly in the parallel direction of the bedding planes.
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12 Mechanical behaviours of anisotropic materials

The minimum strength always appears between the angle 30◦ and 60◦ with the bed-

ding planes. As an example, the results in figure I .3 for a schist rock ([Akai and

Arioka, 1970]) show the evolution of compression failure strength as a function of

the orientation of loading. The strength reaches an maximum value at the angles 0◦

and 90◦ and its minimum value is at 30◦. The coefficient of anisotropy of schist is

about 10. In Table (3.1), we show the loading angle for maximal strength as well as

the anisotropy coefficient for different types of anisotropic rocks. A classification of

rock anisotropy on the basis of these coefficients is proposed by [Singh et al., 1973]

in Table 3.1.

Figure I .3: Anisotropy of Schist strength under unixial compression ([Akai and Arioka,

1970])

• Under triaxial compression, the failure mechanisms and the behaviour of material

depend on the orientation and the confining pressure, see figure I .4. Generally, the

anisotropy of the failure strength as well as the anisotropy of the elastic modulus

decrease by increasing the confining pressure. It means that the confining pressure

permits to reduce effects of structure in the failure mechanisms. For example, in

the case of the Green River shale I, the ratio between the minimum strength (corre-

sponding θ = 30◦) and the maximum strength is equal to 0.63 for confining pressure

100psi; to 0.89 for 25000psi [McLAMORE and GRAY, 1967]. A similar variation
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Nature of the rock Angle θ for Coefficient of Source

maximal strength the anisotropy

Martinsburg slate 90◦ 13.46 [Donath, 1964]

Fractured sandstone 90◦ 6.37 [Horino and Ellickson, 1970]

Barnsley Hard coal 90◦ 5.18 [POMEROY et al., 1971]

Penrhyn slate 90◦ 4.85 [Attewell, 1974]

South African slate 0◦ 3.68 [Hoek, 1964]

Texas slate 90◦ 3.00 [McLAMORE and GRAY, 1967]

Permian shale 90◦ 2.33 [Chenevert and Gatlin, 1965]

Green River shale I 0◦ 1.62 [McLAMORE and GRAY, 1967]

Green River shale II 0◦ 1.41 [McLAMORE and GRAY, 1967]

Green River shale 0◦,90◦ 1.37 [Chenevert and Gatlin, 1965]

Kota sandstone 0◦ 1.12 [RAO et al., 1984]

Arkansas sandstone 0◦ 1.10 [Chenevert and Gatlin, 1965]

Quartizitic 90◦ 2.19

Carbonaceous 90◦ 2.19 [Singh et al., 1973]

Micaceous 90◦ 6.00

Table I .1: Strength anisotropy of different rocks

is observed by [Donath, 1964] for Martinsburg slate. Meanwhile, it is necessary to

note that [ALLIROTE and BOEHLER, 1970] on diatomite of Andance mountain (in

France), to conclude that anisotropy of strength, also anisotropy of elastic modulus,

increase with the confining pressure, see figure I .5.
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Anisotropic ratio Class Type of rock

1.0− 1.1 isotropic Sandstone

> 1.1− 2.0 slightly anisotropic Sandstone, Argillite

> 2.0− 4.0 Anisotropic Argillite, Slate, Phyllite

> 4.0− 6.0 Strongly anisotropic Slate, Phyllite

> 6.0 Very strongly anisotropic Slate, Phyllite

Table I .2: Classification of inherent anisotropy of rocks

Figure I .4: Coefficient of anisotropy of strength under compression of Martinsburg slate

in function of the confining pressure [KWASNIEWSKI, 1993,Donath, 1964]

• The increasing rate of failure strength of a sedimentary rock by increasing of the

confining pressure is often smaller for the angle θ between 30◦ and 45◦ and reaches

its maximal value at 0◦, see figure I .6.

• Several failure mode are observed. The failure occurs in two principle modes: ex-

tension and shearing. Generally, the fracture angle strongly depends on the loading

orientation as well as confining pressure. For loading orientations 0◦ 6 θ 6 15◦, the

failure takes place by extension of the bedding plane for low confining pressure and
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Figure I .5: Evolution of anisotropy of yield strength with the confining pressure ([AL-

LIROTE and BOEHLER, 1970])

Figure I .6: The increasing rate of strength of a Schist: the maximum principal stress

as a function of the confining pressure with different angles θ [Akai and Arioka, 1970]
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16 Mechanical behaviours of anisotropic materials

shear band for high confining pressure. For loading orientations 15◦ 6 θ 6 60◦, the

failure generally takes place because of the sliding of bedding planes and the fracture

orientation is nearly equal to θ. When the confining pressure is high, shear band by

strain localisation can occur and the fracture may cross bedding planes, see figure I

.8 and I .7.

• The anisotropy of the modulus are generally more important than anisotropy of

failure strength.

Figure I .7: Angle and failure mode of Martinsburg slate following the main principal

stress ([Donath, 1964])

3.2 Determination of elastic parameters

Most experimental studies on elastic behaviour of anisotropic rocks show the variation

of the elastic modulus as a function of the state of stress [Muller, 1930,McLAMORE and

GRAY, 1967,ALLIROTE and BOEHLER, 1970,NIANDOU, 1994].

Given that we are often interested in elastic constants of orthotropic or transversely

isotropic rocks, a question that often proposes in practice is, “what are the possible vari-

ation of the elastic constants of these areas?” [Amadei et al., 1987] based on the experi-

mental data conclude as following:

• For most of the rock that we studied, the ratio E2E3
1
2

E1
and E2

E1
are above 1, indicating

Initially anisotropic cracked media



Behaviour of initial anisotropic rocks 17

Figure I .8: Main failure modes of Tournemire shale [NIANDOU, 1994]

lower rigidities in the direction normal to the plane major anisotropy e2 − e3. How-

ever, these ratios seem to be lower than 3. Several cases in which the two previous

ratios are below 1 by several articles, and above 0.70.

• All of Poisson’s ratio are positive and the value are below 0.5. Most of the value of

ν23 are in the domain (0.1− 0.35) and (ν21ν31)
1
2 varies in the domain (0.1− 0.7).

• Several points of experimental data do not diverge a lot from the isotropic case, for

which E2
E1

, G23
G12

, ν21
ν23

are equal to unity.

Now, we choice a typical shale (Tournemire shale) as an example to present the evo-

lution of the elastic parameters. The Tournemire shale can be initially considered as a

transversely isotropic material according to the experimental data which is proposed by

[Homand et al., 1993]. We proposed that e3 the axis normal to bedding planes which are

defined in the isotropic plane e1e2, see Fig. I .10. We are 5 elastic parameters (E1, E3,
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Figure I .9: Elastic parameters for different anisotropic rocks: (a) and (b) transversely

isotropic, (c) and (d) orthotropic [Amadei et al., 1987]

ν12, ν31, G31) to take into account in order to characterizer this material.
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e3

e1

e2

Bedding planes

Figure I .10: Definition of structural axes

3.2.1 Evolution of Young’s moduli (ET and EL)

There are two experimental methods to determine the evolution of principle Young’s

moduli:

• Generally, the elastic constant can be determined from material responses during

unloading paths. Two Young’s moduli ET and EL corresponding two structural

directions e1 (or e2) and e3 can be obtained from tests performed in parallel and

perpendicular with the bedding plane respectively.

[NIANDOU, 1994] presented triaxial compression test including unloading-reloading

cycles to determine Young’s modulus as shown in Fig. I .11 and I .12. The important

hysteresis buckles were obtained in the Fig. I .11, so it is difficult to determine the

slope of the unloading or reloading curves. It means that it will have big error to

determine the elastic constant with the slope in Fig.I .11. In order to avoid hysteresis

buckles, a short relaxation phase was included before each unloading cycle. In the

Fig.I .12, unloading and reloading curves were nearly the same with a short relaxation

phase. The Young’s modulus can be determined by measuring the slope of unloading

and reloading curves.

• According to the various experimental data on the Tournemire shale, it conclude

that the initial elastic parameters generally depend on the confining pressure, see

Fig.I .13 by [NIANDOU, 1994].

We can note that the Young’s modulus EL is strongly influence by confining pressure.

That is because the confining pressure tightens the bedding planes and the material
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Figure I .11: Stress-strain curves including unloading cycles during triaxial test without

relaxation phase.

Figure I .12: Stress-strain curves including unloading cycles during triaxial test with

relaxation phase.

becomes more stiff.

As a function of confining pressure, most commonly used the empirical laws of

evolution of Young’s modulus [Santarelli, 1987]:

EL = E0(1 +
σ3

Pa
)m (I .29)

which σ is the confining pressure and Pa is a reference pressure equal to the atmo-

Initially anisotropic cracked media



Behaviour of initial anisotropic rocks 21

Figure I .13: Variation of the elastic modulus EL as a function of confining pressure:

comparison between experimental and theoretical values [NIANDOU, 1994].

spheric pressure. And E0 is the value of Young’s modulus for zero confining pressure.

And

EL = E0(1 + a(
σ3

Pa
)m) (I .30)

for which E0, m and a are three parameter to determine.

For the values of Young’s modulus ET , [NIANDOU, 1994] shows it can be determined

by average values of the experimental data with different confining pressures.

3.2.2 Evolution of Poisson’s ratios (νT and νTL, νLT )

All of Poisson’s ratios correspond to the ratio of two elastic strains. The strain will

take place from the loading-unloading cycles.

• Evolution of Poisson’s ratio νLT

The Poisson’s ratio νLT is equal to ratio of the variation of longitudinal strain εL and

transversal strain εT for a variation stress, Fig. I .14.

[NIANDOU, 1994] show that νLT depend on the confining pressure σ and the deviatoric

stress q = σ3 − σ1. An empirical laws of evolution of Poisson’s ratio νLT is proposed:

νLT = νi(σ3)exp(α(σ3)
q

Pa
) (I .31)
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Figure I .14: Scheme of identification of the Poisson’s ratio νLT [NIANDOU, 1994]

where νi(σ3) present the elastic ratio at the initial slope of the curves of the conventional

triaxial test. Pa is the atmospheric pressure and α(σ3) is model parameter which can be

determined by experimental data.

• Evolution of Poisson’s ratio νL and νTL

The experimental data [NIANDOU, 1994] shows that the confining pressure do not

have enough influence on Poisson’s ratio νL and νTL. Consequently, the value of Poisson’s

ratio νL and νTL takes the average value of the several experimental data.

3.2.3 Evolution of longitudinal shear modulus (GL)

Longitudinal shear modulus GL can not be directly measure by the shear test because

of fragility of samples. The dynamic test have been performed by Cuxac (1991) for charac-

terize dynamic elastic moduli. The static shear modulus can be determine from a triaxial

test on a inclined 45◦ specimen.

GL =
σ3

2(ε3 − ε1p)
(I .32)

where ε3 is the longitudinal strain and ε1p is the transversal strain. But [NIANDOU, 1994]

note an important experimental dispersion which is related to the difficulties of measuring

ε1p.
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So many studies try to express the shear modulus as a function of the other elastic

parameters (Wolf, 1944; Carrier, 1946; Tan-Tjong-Kie, 1941; Barden, 1963; Wiendieck,

1964; Zienkiewicz, 1972; Garnier, 1973), see [NIANDOU, 1994].

By making a transformation of the coordinate system, one of the relation is obtained

theoretically:

1

E0
=
sin4θ

EL
+ (

1

GL
− 2

νLT
EL

)sin2θcos2θ +
cos4θ

ET
(I .33)

where E0 is the axial Young modulus which is determined form a test performed in

the θ orientation. Thus, the shear modulus can be easily obtained from this equation.

3.3 Failure criteria

Different kinds of criteria have been proposed to take into account for the directional

character of failure strength of anisotropic rocks. Generally, they are divided into two

groups: Discontinuous models and continuous models. The continuous models follow the

continuous variation of the mechanical strength of material with loading orientation. The

discontinuous models consider that the material is interrupted by oriented discontinuity

surfaces such as cracks or inclusions. Among the discontinuous models, the first attempt

seems to be Jaeger’s single weakness plane theory [Jaeger, 1960] and more recently [Hoek

and Brown, 1980]. The continuous models can be further divided into two sub-groups:

the one ignoring the intermediate principal stress and the one taking into account it.

For the first sub-group, several anisotropic criteria have been proposed by [Jaeger, 1960,

McClintock and Walsh, 1962,Welsh and Brace, 1964,McLAMORE and GRAY, 1967,Hoek,

1964, Bieniawski, 1967, Hoek and Brown, 1980]. These empirical criteria are simple in

their formulation and very practical for use but require a lot of experimental data for their

calibration. Some criteria have been formulated in three dimensional stress space, for

instance [Pariseau, 1972,Boehler and Sawczuk, 1977,Boehler and Sawczuk, 1980,Dafalias,

1979,Dafalias, 1982,Boehler and Sawczuk, 1986].

3.3.1 Jaeger’s single weakness plane theory

[Jaeger, 1960] has proposed an extension of Mohr-Coulomb criterion to anisotropic

rocks. Consider a rock sample which presents a direction of plane anisotropy, with an

inclination angle Ψ, related to the direction of major principal stress σ1 at a state of

compressive stresses (σ1, σ3), Fig. I .15(a). On any weakness plane of failure angle (or

fracture angle) α relative to the direction of σ1 (Fig. I .15(b)), the shear strength is given

by following expression:
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τ = cα + σntanφ (I .34)

where cα and φ are respectively the cohesion of rock and the frictional angle to the failure

plane.

  

σ1

Ψ σ3

σ1

σ3

Ψ

α

(a) (b)

Figure I .15: Jaeger’s theory

  

σ1

Ψ σ3
σn

τ

Figure I .16: Schematic diagram defining stress orientations along and across a plane.
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The shear stress and normal stress applied to the failure plane in Fig. I .16 can be

expressed in terms of principal stresses using Mohr’s circle method:

2τ = (σ1 − σ3)sin(2α) = (σ1 − σ3)cos(φ) (I .35)

2σn = (σ1 + σ3)− (σ1 − σ3)cos(2α) = (σ1 + σ3)− (σ1 − σ3)sin(φ) (I .36)

Substituting I .35 and I .36 for I .34, one gets:

(σ1 − σ3)r =
2(cα + σ3tanφ)√
tan2φ+ 1− tanφ

(I .37)

It is worthy to note that the friction angle and fracture angle have a relation α = π
4 ±

φ
2

for isotropic materials. But for anisotropic materials, such a relation does not exist any

more. The cohesion cα is not constant, it varies depending on the angle of anisotropic

plane inclination:

cα = A−Bcos2(α−Ψ) (I .38)

A and B are two parameters which can be determined by experimental data.

3.3.2 Jaeger’s criterion modified by McLamore and Gray

The McLamore and Gray’s criterion [McLAMORE and GRAY, 1967] is obtained from

a modification of Jaeger’s criterion [Jaeger, 1960]. This criterion describes the shear

strength of anisotropic rocks with a continuous variation of cohesion cΨ and friction angle

tanφΨ with the orientation Ψ of the bedding plane. The following empirical relations have

been introduced:

cΨ = A−B[cos2(Ψmin,c −Ψ)]n (I .39)

tanφΨ = C −D[cos2(Ψmin,φ −Ψ)]m (I .40)

where A, B, C, D, m, n are model parameters which should be determined from

experimental tests. Ψ is defined in Fig. I .15. Ψmin,c and Ψmin,φ are the values of Ψ

corresponding to the minimum value of cΨ and tanφΨ respectively. For example, in Fig.

I .18, Ψmin,c = Ψmin,Ψ = 30◦. The power index n is an anisotropic factor. The authors

proposed to take n = 1 or n = 3 for the rocks to bedding plane and n = 5 or n = 6 for the

rocks to linear anisotropy. Figure I .17 presents several n for the variation of cohesion.
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Figure I .17: Evolution of the cohesion as a function of the orientation for different value

of n [McLAMORE and GRAY, 1967]
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Figure I .18: Failure deviatoric stress as a function of confining pressure [McLAMORE

and GRAY, 1967]

4 Induced anisotropy in rocks

This section is dedicated to describe macroscopic mechanical behaviours of anisotropic

rocks, which exhibit an induced anisotropy due to oriented growth of micro-cracks. The

mechanical behaviour of many rocks is mainly characterized by anisotropic degradation

of elastic properties and inelastic strains. This degradation of elastic properties is mainly

due to the nucleation and growth of micro-cracks while the inelastic deformation is related

to the frictional sliding along micro-cracks. The macroscopic failure is generally induced

by the coalescence of micro-cracks. Further, other physical properties of materials such as

permeability are also affected by induced micro-cracks.

4.1 Effect of micro-cracks on macroscopic behaviour of rocks

Macroscopic behaviours of rock-like materials are closely related to their microstruc-

ture evolutions. Many works have been dedicated to the characterization of micro-cracks in

quasi-brittle materials (rocks, concrete, etc) and effects of micro-cracks on macroscopic me-

chanical properties. The first reference experimental study was proposed by [Bieniawski,

1967], which allowed to establish relationships between different stages of macroscopic

behaviour of rocks and evolution states of micro-cracks in uniaxial compression. Opti-

cal microscope investigations of micro-cracks have been presented by [Peng and Johnson,
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1972], and finer solutions have been obtained by [Tapponier and Brace, 1976, paterson,

1982], thanks to the Scanning Electron Microscope investigations. A quite comprehensive

review on micro-crack evolutions in quasi-brittle rocks was given by [Paterson, 1978].

Physical mechanisms of nucleation and propagation of micro-cracks have been investi-

gated by a number of previous experimental investigations, for instance [Hori and Nemat-

Nasser, 1983, Hori and Nemat-Nasser, 1985, Brace and Bombolakis, 1963, Steif, 1984, pa-

terson, 1982]. Three essential crack propagation modes have generally been identified:

(1) purely tensile propagation, corresponding to the mode I in Fracture Mechanics and

leading to the separation of materials particles in crack plane; (2) tensile–shear mode, in

which both the tensile loading and shear loading contribute to the growth of crack size,

(3) compression-shear mixed mode associated with the breaking of internal bands by fa-

cial sliding, which generally occurs under compression-dominated loading paths. In the

present work, the emphasis is put on mechanical behaviours of rock-like materials under

some conventional laboratory tests (uniaxial tension test, uniaxial and triaxial compression

test).

• The mechanical behaviour of rock-like materials in tension presents a very fragile

character. One can observe softening and failure behaviours in the level of relatively

moderate strain.

• The mechanical behaviour of rock-like materials in uniaxial or triaxial compression

test presents different stages during loading and reloading state that they connects

with the micro-cracks state [Bieniawski, 1967,Paterson, 1978,Pensee et al., 2002b]:

In Fig. I .19, at the beginning of loading process, the closure of pre-existing cracks

is observed in a very low stress level. Then, the material shows a linear stress-strain

relationship, but this straight line is soon interrupted as a consequence of pre-existing

cracks or new micro-cracking. The final stage of the mechanical behaviour, which

occurs around the peak stress, corresponds to the coalescence of micro-cracks and

to the macroscopic fracture.

A progressive degradation of elastic stiffness can be seen from the slopes of successive

unloading-reloading cycles. In practice, the loading-unloading cycles make it possible

to evaluate current elastic stiffness in axial and lateral directions. This degradation

of elastic properties is the consequence of nucleation and growth of oriented micro-

cracks. Furthermore, irreversible strains can also be observed during unloading paths

and such strains are generally due to frictional sliding along micro-cracks surfaces in
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Figure I .19: Example of the stress-strain curves in a triaxial compression test with

unloading-reloading cycles on claystone (with confining pressure 10MPa) [Khazraei, 1995],

LML.

rocks.

4.2 Some examples on the characterization of induced damage

In this subsection, we show some experimental results on the quantitative character-

ization of induced damage in rock materials, such as anisotropic spatial orientation of

micro-cracks. Among many experimental studies devoted to this feature, we just mention

here some representative ones for instance [Zhao, 1998, Homand et al., 2000, paterson,

1982].

Most of studies related to the evolution of induced micro-cracks have been made under

compression condition. It has been found that the propagation of micro-cracks is pref-

erentially observed in a direction close to the loading direction. In connection with this

anisotropy of micro-crack, a question is proposed that it exist two types of micro-cracks

(open crack and closed crack) during loading path. For example, [Homand et al., 2000]

showed that the propagation of micro-cracks is oriented and generally preferred in some

directions, which means that the induced damage of material is inherently anisotropic in

nature. Fig. I .20 shows that with the augmentation of the deviatoric stress, the propa-

gation of the crack density shows an anisotropic behaviour.

The other important point is to characterize the nucleation of new micro-cracks. [Zhao,

1998] combines SEM observations and quantitative stereological techniques, and observed

variations of accumulated crack length with the direction according to the axis of loading
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Figure I .20: Variation of cracks density as a function of the orientation under different

diviatoric stress.

stress. In Fig. I .21, the values of normalized stress relative to the strength under com-

pression (Σ33
Σc

) are shown for each case. These results indicate a relatively distribution in

orientation, clearly show the existence of micro-cracks whose direction does not coincide

with the loading direction.

5 Conclusion

In this chapter, we have presented a short review on mechanical behaviour of anisotropic

rocks. It is found that many rocks exhibit an initial structural anisotropy due to the for-

mation process and material heterogeneities. Both elastic and failure properties depend on

loading orientation with respect to the material symmetries. Further, during subsequent

loading, an induced anisotropy can be produced due to the nucleation and propagation of

micro-cracks. There are interactions between the induced micro-cracks and initial mate-

rial anisotropy. In the next Chapters, the objective will be the development of a micro-

mechanical approach for modeling induced damage and friction in initially anisotropic

rock-like materials. The micro-mechanical approach will be based on a Eshelby solution

based linear homogenization procedure. Both open and closed micro-cracks will be con-

sidered. However, in the present work, the study will be limited to a class of transversely

isotropic materials, such as shale, slate, schist etc.
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Figure I .21: Rose diagrams showing the variation of summarized crack length at different

levels of the stress which is normalized with strength under unixial compression [Zhao,

1998]: a) Σ33 = 0.59Σc, b) Σ33 = 0.73Σc, c) Σ33 = 0.88Σc, d) Σ33 = 0.96Σc, e) Σ33 = Σc,

f) unloaded.
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1 Introduction

As mentioned in chapter I , most rock-like materials are subjected to oriented nucle-

ation and propagation of micro-cracks leading to anisotropic damage of materials. The

induced damage effects not only mechanical but also transport properties of rock-like ma-

terials. In the present work, we propose to develop a micro-mechanical approach for the
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description of induced damage in both initially isotropic and anisotropic materials. This

approach will be based on the reference solution of Eshelby for inclusion problems [Es-

helby, 1957]. Induced micro-cracks will be seen as spheroidal inclusions embedded in a

solid matrix. The effective elastic properties of cracked materials will be determined using

linear homogenization procedures which is combined with a irreversible thermodynamics

framework for the description of damage evolution.

In this Chapter, we shall first present some theoretical backgrounds of the linear ho-

mogenization method to be used for the estimation of effective elastic properties of dam-

aged materials, in particular some basic bounds and different homogenization schemes.

Then, the emphasis will be put on the calculation of Hill’s tensor for spheroidal oblate

micro-cracks embedded in a transversely isotropic elastic matrix.

2 Basic homogenization schemes of cracked materials

In this section, we will recall the background of homogenization methods to estimate

the effective elastic properties of random heterogeneous materials. The objective of ho-

mogenization method is to replace the heterogeneous composite material by an equivalent

homogeneous one that has the same mechanical behaviours at the macroscopic level. These

homogenization schemes will be used in the formulation of a damage model in Chapter IV

and of a friction- damage model in Chapter V for rock-like materials.

2.1 Description of a crack-matrix system

The determination of effective properties of a heterogeneous material through a homog-

enization procedure is generally carried out on a representative element volume (REV),

which occupies the geometric domain Ω and is limited by its external boundary surface

∂Ω. In this work, the cracked material will be represented by a crack-matrix system. We

consider an anisotropic elastic solid matrix which is weakened by a family of parallel penny

shaped micro-cracks, as shown in Figure II .1. In such a representation, each family of

micro-cracks is seen as a phase of inclusions embedded in the matrix phase. The cracked

material is a two-phase composite with a crack-matrix system.

For the sake of simplicity but without loosing the generality, we assume that the solid

matrix is characterized by an initially transversely isotropic elastic behaviour. We denote

the elastic stiffness tensor of the transversely isotropic matrix with by Cs and that of the

family of micro-cracks by Cf,r. The elastic stiffness tensor of the solid matrix depends on

five independent constants and its matrix notation is given in Chapter I .
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E

Ω

Ω

nr

Figure II .1: Representative elementary volume (REV) of microcracked solids

On the other hand, we assume all of the micro-cracks to be penny-shaped and from

geometrical point of view, each can be modelled by oblate ellipsoid with rotational sym-

metry around the minor axis. The orientation of each family r of micro-cracks (r = 1 to

N ) is characterized by its normal unit vector denoted by nr, radius a and half opening c.

The aspect ratio ε = c/a is � 1 of such penny cracks (Figure II .2).

  

n

a 2c2c
Figure II .2: Schematic representation of a penny-shaped crack

2.2 Effective elastic property of cracked materials

In order to determine the effective elastic property of the above described REV, suit-

able boundary conditions should be prescribed on the external boundary ∂Ω. In conven-

tional homogenization process [Ponte-Castaneda and Willis, 1995], we can adopt either
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the uniform stress boundary condition or the uniform strain boundary condition.

a) The uniform stress boundary condition: represents the case of a REV sub-

jected to a constant stress tensor. Let Σ be a constant (static) uniform stress field pre-

scribed on ∂Ω, which generates a surface force F = Σ · n(z),∀z ∈ ∂Ω. At the microscopic

scale, the local stress field σ satisfies the following condition:

σ(z) · n(z) = Σ · n(z) (∀z ∈ ∂Ω) (II .1)

It can be proven that Σ is equivalent to the volume average of the local stress σ in

the REV for any equilibrated, which obeys:

〈σ〉Ω = Σ (II .2)

where 〈·〉Ω denotes the volumetric averaging over the domain Ω.

In this case, the average stress is given by:

〈σ〉 :=
1

| V |

∫
V
σ(z)dz (II .3)

b) The uniform strain boundary condition: represents the case of a REV sub-

jected to a regular displacement condition at its boundary. Let E be the macroscopic

uniform strain field on the boundary ∂Ω. Correspondingly, the displacement boundary

condition reads:

ξ(z) = E · z (∀z ∈ ∂Ω) (II .4)

whereas z and ξ are denoted the position vector in the REV and the microscopic displace-

ment.

It also implies the relationship between the average of local strain field ε in the REV

and the macroscopic strain E as:

〈ε〉Ω = E (II .5)

In this case, the average strain is given by:

〈ε〉 :=
1

| V |

∫
V
ε(z)dz (II .6)

Initially anisotropic cracked media



Basic homogenization schemes of cracked materials 37

By adopting the uniform strain boundary condition, the crucial step of homogeniza-

tion method consists in finding a fourth-order localization tensor A(x) which relates the

microscopic strain field ε to the macroscopic strain E.

ε = A(x) : E (∀x ∈ Ω) (II .7)

Note that the concentration tensor satisfies the condition 〈A(x)〉 = I, due to the fact

that the average of microscopic strain is equal to the macroscopic strain, see II .5. I denotes

the fourth order unit tensor: I = 1
2(δikδjl + δilδjk) with δij the Kronecher’s symbol.

Then, by using the local elastic law and making the averaging of the local stress field,

one obtains the following macroscopic elastic stress-strain relation:

Σ = Chom : E with Chom = 〈Cs : A〉Ω (II .8)

where Chom denotes the effective macroscopic elastic stiffness tensor of the homogenized

material. Due to the fact that the local strain field is not uniform inside each inclusion

phase, the volume averaging operation in the above relation is generally difficult to perform

and cannot be performed analytically. Therefore, for the sake of simplicity, it is generally

assumed that the local strain field in each inclusion phase r can be represented by its

constant average value. Accordingly, only the constant average of strain localization tensor

Ar needs to be determined for each phase r. For a heterogeneous materials containing N
phases of inclusions, the effective elastic stiffness is given by:

Chom =

N∑
r=1

ϕrCr : Ar (II .9)

where ϕr is the volume fraction of the phase r.

With the condition 〈A(x)〉 = I and by denoting the elastic stiffness of the solid matrix

by Cs and that of the inclusion phase r by Cf,r, the effective elastic stiffness tensor can

also be written in the following form:

Chom = Cs +

N∑
r=1

ϕf,r(Cf,r − Cs) : Af,r (II .10)

The determination of concentration tensor Af,r for each phase r depends on the ho-

mogenization scheme used. Physically this is related to how the effects of crack interaction

and spatial distribution are taken into into account. The well-known solutions to Eshelby’s

inclusion problem provide fundamentals for determination of such concentration tensors,

[Eshelby, 1961,Eshelby, 1957,Mori and Tanaka, 1973b,Ponte Castañeda and Suquet, 1997].

The basic solution of Af,r is written as:
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Af,r = [I + Prε : (Cf,r − Cs)]−1 = [I− Srε : (I− Ss : Cf,r)]−1 (II .11)

which Srε is the Eshelby tensor corresponding to the rth family of micro-cracks and Srε
is related to the Hill tensor Prε such as: Srε = Prε : Cs. Therefore, the Hill tensor depends on

the geometry of micro-cracks and the elastic properties of solid matrix. Here, it is worth

to mention that for the case of initially isotropic matrix, the Eshelby tensor or Hill tensor

has analytical solution for penny shaped micro-cracks [Zhu, 2006]. But for the case of

spheroidal micro-cracks embedded in an initially anisotropic matrix, there is no analytical

solution so far available. A suitable numerical method should be developed for computing

Eshelby or Hill tensor. A detailed description of the numerical method used in this work

for computing Hill tensor for arbitrarily oriented spheroidal inclusion in a transversely

isotropic materials will be presented in the next section.

In this work, we will consider three widely used schemes: Dilute scheme, Mori-Tanaka

(MT ) scheme and Ponte-Castaneda and Willis (PCW ) scheme. They will be presented

in the following section.

2.3 Dilute scheme

In the case of inclusions with low concentration, we consider simply that there is no

interaction between different families of micro-cracks, which implies that all families of

micro-cracks are independent from each other. The effective elastic stiffness tensor is then

reduced to:

Chom = Cs +
N∑
r=1

ϕf,r(Cf,r − Cs) : [I + Prε : (Cf,r − Cs)]−1 (II .12)

On the other hand, the effective elastic properties of cracked materials are also depen-

dent on opening or closure state of micro-cracks. Three situations can be distinguished.

For the case of open cracks, there is the cancellation of local stress on the crack faces.

The elastic tensor of cracks then vanishes, Cf,r = 0. For closed frictionless cracks, the

idea introduced by ([Deude et al., 2002]) consist in modelling the planar cracks as a fic-

titious elastic material with an elastic tensor Cf,r = 3ksJ, ks being the bulk modulus of

the isotropic solid matrix. This choice is justified by the need to take into account for

the nullity of the tangential stress on the closed crack lips and the continuity of stress in

the normal direction to cracks lips. In the last case of closed frictional cracks, we assume
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that the friction is large enough so that the crack lips are fully glued. Therefore, one gets

Cf,r = Cs.

a) Case of open cracks:

By putting Cf,r = 0 in (II .12), one obtains:

Chom = Cs : [I−
N∑
r=1

ϕf,r(I− Prε : Cs)−1] (II .13)

The main difficulty for the calculation of Chom lies in the fact that (I − Prε : Cs)−1 is

singular when the aspect ratio ε tends to 0. For this reason, the volume fraction of cracks

ϕf,r is expressed as:

ϕf,r =
4

3
πa2cNr =

4

3
πεdr (II .14)

whereNr denotes the number of cracks per unit volume of a family of cracks and dr = Nra3

is the crack density parameter. It is well known that when the aspect ratio ε tends to

zero, the concentration tensor admits a limit value. The homogenized effective elasticity

tensor can be also written as:

Chom = Cs : [I− 4

3
π

N∑
r=1

drε(I− Prε : Cs)−1] (II .15)

where we denoted Tr = ε(I− Prε : Cs)−1. It follows that the homogenized elasticity tensor

can be written as:

Chom = Cs : [I− 4

3
π

N∑
r=1

drTr] , with Tr = lim
ε→0

ε(I− Prε : Cs)−1 (II .16)

Note that the expression II .16 of the effective elastic stiffness tensor is valid not only

for isotropic but also anisotropic solid matrix. The difference lies in the calculation of

Hill’s tensor.

b) Case of closed frictionless cracks:

As mentioned above, it is assumed that the tangential stiffness of cracks vanishes while

the normal stiffness takes the value of solid matrix, that is kf = ks and µf = 0. Thus, one

takes for the elastic tensor of cracks Cf,r = 3ksJ. As a consequence, the effective elastic

stiffness tensor with an initially isotropic matrix is given by:

Chom = Cs : [I− 4

3
π

N∑
r=1

drεK : (I− Prε : Cs : K)−1] (II .17)

where: Cf,r − Cs = −2µsK = −Cs : K.
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For low cracks aspect ratio ε → 0, the tensor T′r = εK : (I − Prε : Cs : K)−1 tends to

its limit. It follows that:

Chom = Cs : [I− 4

3
π

N∑
r=1

drT′r] , with T′r = lim
ε→0

εK : (I− Prε : Cs : K)−1 (II .18)

2.4 Mori-Tanaka scheme estimations

To overcome the limitations of the dilute scheme, Mori and Tanaka [Mori and Tanaka,

1973a] proposed a homogenization method to deal with interactions between inclusions in

composite materials. It has been applied to micro-cracked materials in [Benveniste, 1986].

The idea in Mori-Tanaka scheme to take into account interactions between cracks

consists in considering an intermediate prescribed macroscopic strain E0 on the external

boundary of the REV , instead of the remote macroscopic strain E. For this new problem,

the relation (II .11) is written:

εr = [I + Prε : (Cf,r − Cs)]−1 : E0 (II .19)

The use of the relation 〈ε〉Ω = E leads to:

E0 = [ϕsI +
N∑
j=1

ϕf,j [I + Pjε : (Cr,j − Cs)]−1]−1 : E (II .20)

from where it deduces the strain concentration rule (II .7) for the Mori-Tanaka scheme

with:

Af,r = [I + Prε : (Cf,r − Cs)]−1 : [ϕsI +
N∑
j=1

ϕf,j [I + Pjε : (Cf,j − Cs)]−1]−1 (II .21)

The substitution of equation (II .21) into (V .5) allows to deduce the expression of the

effective elasticity tensor corresponding to the MT scheme:

CMT = Cs +

N∑
r=1

ϕf,r(Cf,r − Cs)

: [I + Prε : (Cf,r − Cs)]−1 : [ϕsI +
N∑
j=1

ϕf,j [I + Pjε : (Cf,j − Cs)]−1]−1

(II .22)

This general result can be applied to open and closed micro-cracks.

a) Case of open cracks: (Cf,r = 0)
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Chom = Cs −
N∑
r=1

ϕf,rCs : (I− Srε)−1 : [ϕsI +
N∑
j=1

ϕf,j(I− Sjε)]−1 (II .23)

We recall that Sε = Pε : Cs is the Eshelby’s tensor corresponding to one family of

crack. Also, (II .23) can be written as:

Chom = ϕsCs : [ϕsI +

N∑
j=1

ϕf,j(I− Sjε)−1]−1

= Cs : [I +
4

3
π

N∑
j=1

djTr]−1, with Tr = lim
ε→0

ε(I− Sjε)−1

(II .24)

In this relation, the quantity ϕs is sensibly equal to 1 as the volume of the cracks being

almost zero. The inversion of (II .24) gives the effective elastic compliance tensor Shom of

cracked media:

Shom = [I +
4

3
π

N∑
j=1

djTr] : Ss (II .25)

b) Case of closed frictionless cracks: (Cf,r = 3ksJ)

Considering Cf,r = 3ksJ, one gets for the MT scheme:

Chom = Cs −
N∑
r=1

ϕf,rCs : K : (I− Sjε : K)−1 : [ϕsI +
N∑
j=1

ϕf,j(I− Sjε : K)−1]−1 (II .26)

After arrangement of the results, one obtains:

Chom = Cs : [I +
4

3
π

N∑
j=1

djε(I− Sjε : K)−1]−1

= Cs : [I +
4

3
π

N∑
j=1

djT′r]−1, with T′r = lim
ε→0

ε(I− Sjε : K)−1

(II .27)

For the inversion of the above equation, the macroscopic compliance tensor is given

by:

Shom = [I +
4

3
π

N∑
j=1

djT′r]−1 : Ss (II .28)
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2.5 PCW scheme estimations

In order to take into account both interactions between cracks and effects of spatial

distribution of micro-cracks, the idea in the Ponte-Castaneda and Willis scheme is to

consider two independent functions, one associated with the shape of inclusions, the other

one associated with the spatial distribution form of inclusions. In the case of considering

the same spatial distribution for all of inclusions, the strain concentration tensor can be

taken into the form:

Af,r = [I + Prε : (Cf,r − Cs)]−1 :

[I +
N∑
j=1

ϕf,j [I + (Pjε − Pd) : (Cf,j − Cs)] : [I + Pjε : (Cf,j − Cs)]−1]−1

(II .29)

where the tensor Prε is related to the shape of the rth family of cracks while Pd is the

function associated with the spatial distribution of cracks. According to [Ponte-Castañeda

and Willis, 1995], the general expression of macroscopic elasticity tensor for the PCW

scheme can be written as:

CPCW = Cs + (I−
N∑
r=1

ϕf,r[(Cf,r − Cs)−1 + Prε ]−1 : Pd)−1 :
N∑
r=1

ϕf,r[(Cf,r − Cs)−1 + Prε ]−1

(II .30)

This result can be applied to open and closed micro-cracks by considering different

elastic tensor of inclusion phase, as that already discussed for the Dilute and MT schemes.

Figure II .3: Comparison of microstructure: a) spherical distribution adopted for the

PCW scheme; b) ellipsoidal distribution of type MT, Pd = Prε .

Initially anisotropic cracked media



Eshelby problem 43

3 Eshelby problem

In the previous section, it has been shown that most linear homogenization schemes for

the determination of effective elastic properties of cracked materials are based on the ap-

plication of Eshelby solution to an eigenstrain problem to an equivalent inclusion problem.

In case of isotropic solid matrix, it is possible to obtain analytical expressions of Eshelby

tensor for spheroidal inclusions. However, for materials with an initially anisotropic solid

matrix, such analytical solutions are no more available and suitable numerical methods

should be developed for computing Eshelby tensor. In this section, we present a short

summary of the formulation of Green’s function method which is used to solve Eshelby

and Hill polarization tensors in general case. This presentation will serve as the theoretical

background for numerical computing of Hill’s tensor in the next section.

3.1 Eshelby’s equivalent eigenstrain method

The principle of this method is to replace the initial heterogeneous body with a ho-

mogeneous body, within which an eigenstrain field is prescribed. Consider here an infinite

homogeneous elastic solid Ω, with elasticity tensor C0, and compliance tensor S0. Inside

the elastic solid, there is an inhomogeneity, a subdomain I. This inhomogeneity can be

presented by an ordinary eigenstrain field εt or an polarization tensor σI equivalently.

Eigenstrain or polarization equals to zero besides the subdomain I, and the displacement

u tends to zero in infinity (Figure II .32 (a)).

The eigenstrain field εt has been introduced by [Mura, 1987]. It is a fictitious strain to

describe a transformation strain field that can equivalently represent induced strain due

to the presence of inhomogeneities.

Now, an eigenstress field also called polarization tensor is created by the incompatibility

of the eigenstrain field εt, which can be written as:

σI = −C0 : εt (II .31)

When there is an eigenstrain in the subdomain I, the solution of the problem satisfies the
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following system of equations:

σ∗ = C0 : (ε∗ − εt) x ∈ I

σ∗ = C0 : ε∗ x ∈ (Ω− I)

u→ 0 x→∞

divσ∗ = 0 x ∈ Ω

‖σ∗‖ = 0, ‖u‖ = 0 x ∈ ∂I

(II .32)

It is obvious that the polarization is an ordinary tensor, its divergence is zero excluding

the boundary surface of the subdomain ∂I. So, we can obtain:

f = −σI · nδ(∂I)

= C0 : εt · n(∂I)

(II .33)

where the n is the unit vector, the δ(∂I) and the surface ∂I are the associated Dirac delta

functions.

  

u→0

I

σI

I

 I  I σI=0

f =−σ I
⋅nδ( I )

(a) Eshelby's problem (b) equivalent problem

u→0

Figure II .4: (a) Eshelby’s problem and (b) equivalent problem in infinite medium

The previous problem can be explained with Figure II .4 (b): in the infinite homoge-

neous elastic medium Ω, we apply a force −σI ·n in the boundary surface of the subdomain
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∂I, the strain E = 0 in infinity, it should find the displacement u′(x) for the eigenstrain

field. If we can find the displacement field with the superposition method, the problem

can be solved. In order to solve the displacement field, the Green’s function is proposed

and presented in the following subsection.

3.2 Green’s function for Eshelby’s problem

It is well known that the solutions of many elasticity problems can be obtained from

the elastic Green’s function solutions. The concept of Green’s function can be effectively

used to obtain general results for linear problems, using the superposition method. Now

we will introduce briefly the method to solve Eshelby’s problem using the Green’s function.

For the Eshelby’s problem, it presents the infinite linear elasticity medium, when the

inclusion is ellipsoidal, if the eigenstrain (initial transformation strain) εt is an ordinary

tensor, that means it is uniform according to the variation the position of the inclusion

in the domain I, so the strain in the inclusion εI is also an ordinary tensor, expressed as

(see [Eshelby, 1957], [Eshelby, 1961]):

εI = S0
Esh : εt with S0

Esh = P0 : C0 (II .34)

The Eshelby’s tensor depends on the form and orientation of ellipsoid (inclusion), and the

elastic property of matrix.

In order to solve this inclusion problem with Green’s function, a general linear-elastic

heterogeneous infinite medium with elasticity tensor C0 is considered. At the point x′, we

apply a unit force F (x′), the related displacement field can be expressed:

u′i(x) = G0
ij(x, x

′) · F (x′) (II .35)

In this equation, the G0
ij is Green’s function associated with the infinite elasticity medium

C0. The Green’s function is a second-order tensor with components Gij(x, x
′), representing

the displacement components ui(x) at a point x, due to the unit concentration force applied

at a point x′ in the j direction.

The Green’s function Gij(x, x
′) has two important properties:

• In the infinite elastic medium, the Green’s tensor can be expressed as:

Gij(x, x
′) = Gij(x− x′) (II .36)

• According to the Betti’s reciprocal theorem, the Green’s function has the following

symmetry property:

Gij(x− x′) = Gij(x
′ − x) (II .37)
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With this property, we can also obtain:

Gij(x, x
′) =

1

| x− x′ |
Gij(

x− x′

| x− x′ |
) =

1

| x− x′ |
Gij [−(

x− x′

| x− x′ |
)] (II .38)

If we know the solution of the Green’s function Gij(x, x
′), with the Green’s function

and the integrate of the force at the boundary surface −σI · nda′, the displacement u′i at

the point x′ can be obtained (see [Mura, 1987]):

u′i(x) = −
∫
∂I

Gij(x, x
′)σInk(x

′)da′

=

∫
∂I

Gij(x, x
′)C0

jklmε
t
lmnk(x

′)da′

= −(

∫
I
Gij(x, x

′)dΩ′),kC0
jklmε

t
lm

(II .39)

with,

∂

∂x′
Gij(x− x′) = − ∂

∂x
Gij(x− x′)

Gij,k′ =
∂

∂x′
Gij = −Gij,k

(II .40)

a′ is the integrate surface on the boundary surface of the inclusion ∂I. So the strain field

in the inclusion can be obtained:

εIin(x) = −(

∫
I
Gij(x, x

′)dΩ′,kn(in)(jk))C
0
jklmε

t
lm (II .41)

where (in)(jk) indicate the symmetry of i, n and j, k.

According to II .41, the general Hill’s tensor can be expressed with the Green’s function

as follows:

P0
injk = −(

∫
I
Gij(x, x

′)dΩ′),kn(in)(jk)) x ∈ I (II .42)

3.3 Hill tensor for arbitrarily oriented spheroidal inclusion in a trans-

versely isotropic matrix

As mentioned above, the Hill tensor P captures the morphology and orientation of

inclusion phases and is necessary for the estimation of strain concentration tensors in
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homogenization methods. When the solid matrix is an isotropic elastic material and

weakened by a family of spheroidal cracks, it is possible to obtain an analytical form of

the Hill’s tensor or Eshelby’s tensor ([Zhu et al., 2008a]). Many authors, for instance

([Eshelby, 1957], [Eshelby, 1961], [Mura, 1987], [Nemat-Nasser and Hori, 1993]), have used

the Hill tensor P and Eshelby tensor Sε for ellipsoidal inclusions in an isotropic matrix in

different homogenization schemes. Both preferentially oriented or randomly distributed

ellipsoidal inclusions have been considered.

In the case of anisotropic matrix, exact solutions are restricted to the simplest case

of aligned inclusions with the directions of anisotropy. See [Withers, 1989] solution for

an oblate spheroidal inclusion aligned with the direction of symmetry of a transversely

isotropic matrix. The computation of Eshelby and Hill tensors in general case is generally

based upon Fourier transform method and elastic Green functions, for instance [Ghahre-

mani, 1977], [Mura, 1987], [Gavazzi and Lagoudas, 1990], [Suvorov and Dvorak, 2002].

More recently [Masson, 2008] presented a review of existing elastic solutions and new

expressions of the Hill polarization tensor by applying the Cauchy theory of residues. His

important result is that when the body is three-dimensional the double integral [Mura,

1987] can be reduced to a simple one. [Barthélémy, 2009] developed a similar approach

to derive solutions for the case of cracks modeled as a flat ellipsoid embedded in fully

anisotropic three dimensional matrix (see also [Huang and Liu, 1998]). He presented so-

lutions for the Hill polarization tensors and for the crack compliance tensor, by using the

method of residues (1D numerical integration) on the one hand and a numerical integra-

tion method (2D numerical integration) on the other hand.

Theoretically, the solutions developed using the Cauchy theory of residues are general

and cover the complete set of fully anisotropic three dimensional body. However some

difficulties are met in practical complex situations: multiple poles are sources of difficulty

and they may be encountered depending on:

• ellipsoidal inclusion aspect ratios

• orientation of inclusions compared to the directions of symmetry of the anisotropic

medium

These difficulties are encountered in the present study. 3D circular cracks are modelled

as oblate spheroidal inclusions and are randomly distributed in orientation in a transversely

isotropic matrix. A robust and 2D numerical integration method has been chosen instead

of the previously cited 1D residue method. We will use a solution based on the numerical
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integration of the exact Green’s function of the transversely isotropic medium presented

by [Pan and Chou, 1976]. The fundamental problem is to solve one of the isolated ellip-

soidal inclusion with arbitrarily orientation in an infinite transversely isotropic medium.

No analytical results have been provided in the general case of the ellipsoidal inclusion

with arbitrary orientation in a anisotropic solid so semi-analytical methods have been

proposed to evaluated Sε and P tensors by ([Giraud et al., 2007]). The semi-analytical

method to obtain the Hill tensor of the isolated arbitrarily oriented ellipsoidal inclusion

in a transversely isotropic matrix is based on numerical integration of the exact Green’s

function provided by ([Pan and Chou, 1976]) for the transversely isotropic media. ([Giraud

et al., 2007]) proposed an intermediate coordinate system attached to the inhomogeneity.

This choice of coordinate system can simplify numerical calculation because one axis equal

to the symmetry axis of the transversely isotropic matrix. By performing the numerical

integration in an intermediate system, the Hill tensor depends only one angle which is the

angle between the symmetry axis of the inclusion and the symmetry axis of the matrix.

We will summary the method proposed by [Giraud et al., 2007] for computing Hill

tensor for arbitrarily oriented spheroidal cracks in a transversely isotropic material, us-

ing numerical integration of the exact Green’s function based on the coordinates system

transformation.

3.3.1 Local and global coordinates systems

In what follows, the global coordinates system associated with the matrix is defined by

(e1, e2, e3), (e3 being the symmetry axis of the transversely isotropic matrix) while eαi is

defining the local coordinates system associated with an arbitrarily orientated inclusion,

with (eα3 being the symmetry axis of the inclusion). Here, all quantities related to the

inclusion α are denoted by the subscript α.

We deal with oblate or prolate spheroidal inclusions whose half-lengths (centred at the

origin O) are denoted respectively a in the plane eα1 − eα2 and c = aε. We recall that ε

defines the aspect ratio of the spheroidal inclusion as shown in Figure (II .5).

The characteristic equation to describe the particle geometry of an spheroidal inclusion,

occupying the domain Ωα, aligned in the principal directions of the local coordinate system

(eα1 , e
α
2 , e

α
3 ) is given as follows:

eα ∈ Ωα ⇔ ‖ζα.eα‖ ≤ 1 , ζα =
1

a
(uα1 ⊗ uα1 + uα2 ⊗ uα2 ) +

1

a ε
uα3 ⊗ uα3

(eα1 )2 + (eα2 )2

a2
+

(eα3 )2

a2 ε2
≤ 1

(II .43)

The key point is that this method takes benefit of two symmetries of revolution:
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e3
α

e1
α

e2
α

Ω

a

c

Ωα

Figure II .5: A spheroidal inclusion to take into account principal directions of the local

coordinate system

• the oblate spheroidal inclusion verifies a symmetry of revolution around its central

unit normal direction n = eα3

• the transversely isotropic material surrounding the inclusions verifies a symmetry of

revolution around its symmetry axis e3

As a consequence, only one angle is needed for the calculation of the Hill tensor of an

arbitrarily oriented spheroidal inclusion. This angle characterizes the inclination of the

normal vector n = eα3 of the inclusion with respect to the symmetry axis of the material

(e3). An intermediate local frame is then defined for the calculation of Hill polarization

tensor. This intermediate coordinates system (denoted eϕα) is chosen such that one axis

(eϕα3 ) coincides with the symmetry axis of the surrounding material (eϕα3 = e3). Once

the Hill polarization tensor is calculated in the intermediate coordinate system, a coordi-

nate transformation is then performed to characterize the rotation between intermediate

coordinate system eϕα and the fix coordinate system corresponding to the transversely

isotropic surrounding material.

The second order orthogonal tensor Qα helps to transfer the components of the global

frame (e1, e2, e3) in the α-coordinates. The unit vector in the eαi direction is denoted by

uαi , so it can be stated:

uαi = Qα
ij uj , (j, i = 1, 2, 3) , uk = Rα

kl u
α
l , (k, l = 1, 2, 3) (II .44)

where Qα represents the rotation matrix and it’s inverse Rα is expressed as (only orthog-

onal matrix rotations are considered),

Rα
kl = Qα

lk (II .45)
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The rotation matrix Qα is expressed as a product of two rotations matrices Qα =

Qθα .Qϕα , the angle between the e1 and the eϕα1 axis is ϕα (0 ≤ ϕα ≤ 2π) and the angle

between the e3 and the eθα3 axis is θα (0 ≤ θα ≤ π), see figure (II .6). The non zero

components of matrices Qα, Qθα and Qϕα write:

Qθα11 = 1, Qθα22 = Qθα33 = cos(θα), −Qθα23 = Qθα32 = sin(θα)

Qϕα33 = 1, Qϕα11 = Qϕα22 = cos(ϕα), Qϕα12 = −Qϕα21 = sin(ϕα)

(II .46)

and

Qα
ij = Qθα

ikQ
ϕα
kj

Qα11 = cos(ϕα), Qα12 = sin(ϕα)

Qα21 = − cos(θα) sin(ϕα), Qα22 = cos(θα) cos(ϕα), Qα23 = − sin(θα)

Qα31 = − sin(θα) sin(ϕα), Qα32 = sin(θα) cos(ϕα), Qα33 = cos(θα)

(II .47)

3
ϕα

3=

2
α

3
α

θα
3
ϕα

3=

2
ϕα

1
ϕα

2

ϕα

1
2
ϕα

=1
ϕα

1
α

θα

Figure II .6: Local and global system coordinates for an oblate spheroidal inclusion

embedded in a transversely isotropic matrix

The exact Green’s function obtained by [Pan and Chou, 1976] for the transversely

isotropic material is given in the coordinate system of the material (e3 axis is the symmetry

axis of the material). The calculation of the Hill tensor based on the Green’s function

obtained by [Pan and Chou, 1976] can be easily performed in a coordinate system with

one axis equal to the symmetry axis of the transversely isotropic material. This is the case
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of the eϕα intermediate system coordinate:

uϕα1 = cos(ϕα)u1 + sin(ϕα)u2

uϕα2 = − sin(ϕα)u1 + cos(ϕα)u2

uϕα3 = u3

(II .48)

In what follows it will be useful to express the local coordinates eαi in terms of the inter-

mediate, or local (as it is attached to the ellipsoid orientation) system coordinates eϕαi :

uα1 = uϕα1

uα2 = cos(θα)uϕα2 − sin(θα)uϕα3

uα3 = sin(θα)uϕα2 + cos(θα)uϕα3

(II .49)

which can expressed also as:

Qθα
ij =


1 0 0

0 cos(θα) −sin(θα)

0 sin(θα) cos(θα)


Qϕα
ij =


cos(ϕα) sin(ϕα) 0

−sin(ϕα) cos(ϕα) 0

0 0 1


(II .50)

By using the transformation rules (II .44) and (II .45) it can also be stated:

e = eiu
α
i = eiR

α
iju

α
j = Qα

jieiu
α
j = eαj u

α
j , eαi = Qα

ijej (II .51)

As the rotation matrices Qα, Qθα , Qϕα , are orthogonal. It may be noticed that trans-

formation rules are identical between base vectors (relation II .44) and vector coordinates

(relation II .51):

uαi = Qθα
ij u

ϕα
j , eαi = Qθα

ij e
ϕα
j , uϕαi = Qϕα

ij uj , eϕαi = Qϕα
ij ej (II .52)

As the same transformation rules of the second-order matrix, the fourth-order tensor

P can be transferred in form:

Pαijkl = Qα
ipQ

α
jqQ

α
krQ

α
lsPpqrs

Pijkl = Qα
piQ

α
qjQ

α
rkQ

α
slPαpqrs

(II .53)
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3.3.2 Formulation of Hill tensor in the intermediate coordinates system

In this subsection, we present the calculation of the Hill tensor for an arbitrarily

oriented spheroidal inclusion in a transversely isotropic matrix in the intermediate co-

ordinates. According to the intermediate system (ϕα coordinates), it allows to simplify

numerical calculation because there is only one angle to consider: the angle between the

symmetry axis of the spheroid eα3 and the symmetry axis of the material (e3 = eϕα3 ).

The fourth-order Hill tensor of the ellipsoidal inhomogeneity can be expressed classi-

cally by ([Mura, 1987], [Nemat-Nasser and Hori, 1993]) from the second-order derivatives

of Green’s function, such as:

Pϕαijkl(e
ϕα) =

1

4

(
Mϕα
kijl(e

ϕα) + Mϕα
kjil(e

ϕα) + Mϕα
lijk(e

ϕα) + Mϕα
ljik(e

ϕα)

)
(II .54)

with

Mϕα
ijkl(e

ϕα) = −
∫

Ω
Gϕα
ij,kl(e

ϕα − e′ϕα)dΩe′ , eϕα ∈ Ω (II .55)

By using the property of the Green’s function:

Gϕα
ij,kl(e

ϕα − e′ϕα) =
∂2

∂eϕαk ∂eϕαl
Gϕα
ij (eϕα − e′ϕα) (II .56)

The equation (II .55) can be expressed:

Mϕα
ijkl(e

ϕα) = − ∂

∂eϕαl

∫
Ω

∂Gϕα
ij (eϕα − e′ϕα)

∂eϕαk
dΩe′ , eϕα ∈ Ω (II .57)

The second-order Green function Gϕα
ij,kl(e

ϕα−e′ϕα) expresses the displacement at point

eϕα in linear elastic solid medium of stiffness Cs resulting from a unit concentrated force

applied at a point e′ϕα in the medium.

As discussed in the previous works ([Eshelby, 1957]), ([Mura, 1987]), ([Withers, 1989])

and ([Giraud et al., 2007]), the volume element can be defined as(see Figure II .7):

dΩe′ = dΩ(rϕα) = drϕα (II .58)

with rϕα = e′ϕα − eϕα , rϕα =| e′ϕα − eϕα |.

The volume integral (II .57) can be written as a surface integral in terms of the solid

angle dω:

dS = (rϕα)2drϕαdω (II .59)
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eϕα

rϕα(lϕα)

e 'ϕα

dS dω

D

Ωα

Figure II .7: The domain of the spheroidal inclusion and a unit sphere centred at the

origin e′ϕα in the rϕα(lϕα)-space Green’s function.

We define the unit vector lϕα drawn from the point of interest eϕα :

lϕα =
e′ϕα − eϕα
| e′ϕα − eϕα |

= (lϕα1 , lϕα2 , lϕα3 ) (II .60)

The derivatives of the Green’s functions Gϕα
ij are expressed thanks to the gϕαijk compo-

nents:

gϕαijk(l
ϕα) = (rϕα)2Gϕα

ij,k(e
ϕα − e′ϕα)

= −(rϕα)2Gϕα
ij,k(r

ϕα)

(II .61)

with the property of the Green’s function Gϕα
ij,k(e

ϕα − e′ϕα) = −Gϕα
ij,k(e

′ϕα − eϕα).

The components gϕαijk are given in the (Appendix: B). By using (II .61), (II .57) it

becomes:

Mϕα
ijkl(e

ϕα) = − ∂

∂eϕαl

∫
D
rϕα(lϕα)gϕαijk(l

ϕα)dω (II .62)

D denotes the surface of an unit sphere centred at the point eϕα ([Mura, 1987]) and

rϕα(lϕα) defines the boundary of the oblate or prolate spheroid and is given by the positive

root equation:

(eα1 + rϕα lα1 )2 + (eα2 + rϕα lα2 )2

a2
+

(eα3 + rϕα lα3 )2

a2ε2
= 1 (II .63)
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which is given by:

rϕα(lϕα) = −fα
gα

+ (
f2
α

g2
α

+
eα

gα
)1/2 (II .64)

with,

eα = 1− (
(eα1 )2 + (eα2 )2

a2
+

(eα3 )2

a2ε2
) (II .65)

fα =
eα1 l

α
1 + eα2 l

α
2

a2
+
eα3 l

α
3

a2ε2
(II .66)

gα =
(lα1 )2 + (lα2 )2

a2
+

(lα3 )2

a2ε2
(II .67)

By using the transformation rules (II .50-II .52), eα, fα, gα can be written as functions

of eϕαi and lϕαi coordinates:

a2ε2eα = a2ε2 − ε2(eϕα1 )2 − (eϕα3 cos(θα) + eϕα2 sin(θα))2

−ε2(eϕα2 cos(θα)− eϕα3 sin(θα))2

a2ε2fα = ε2eϕα1 lϕα1 + (lϕα3 cos(θα) + lϕα2 sin(θα))(eϕα3 cos(θα) + eϕα2 sin(θα))

+(ε2(lϕα2 cos(θα)− lϕα3 sin(θα)(eϕα2 cos(θα)− eϕα3 sin(θα))

a2ε2gα = ε2(lϕα1 )2 + (lϕα3 cos(θα) + lϕα2 sin(θα))2

+ε2(lϕα2 cos(θα)− lϕα3 sin(θα))2

(II .68)

When we take equation (II .64) into equation (II .62), we obtain:
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Mϕα
ijkl(e

ϕα) =
∂

∂eϕαl

∫
D

(
fα
gα

)gϕαijk(l
ϕα)dω − ∂

∂eϕαl

∫
D

(
f2
α

g2
α

+
eα

gα
)1/2gϕαijk(l

ϕα)dω (II .69)

In this relation, we can verify that:∫
D

(
f2
α

g2
α

+
eα

gα
)1/2gϕαijk(l

ϕα)dω = 0 (II .70)

Because (f
2
α
g2α

+ eα
gα

)1/2 is even in lϕα and gϕαijk and is odd in lϕα according to the relations

(II .68). So equation (II .62) can be written as follows:

Mϕα
ijkl(e

ϕα) =
∂

∂eϕαl

∫
D

fα
gα
gϕαijk(l

ϕα)dω (II .71)

As in the reference of ([Eshelby, 1957]) for the isotropic matrix and ([Withers, 1989])

for the transversely isotropic matrix with an ellipsoidal inclusion aligned in the direction

of the material, the ratio fα/gα is linear function of the coordinates eϕαi , which can be

developed in the relations (II .68) to (as [Giraud et al., 2007]):

a2ε2
∂fα
∂eϕα1

= ε2lϕα1

a2ε2
∂fα
∂eϕα2

= 1
2((1 + ε2)lϕα2 + (1− ε2)(lϕα3 sin(2θα)− lϕα2 cos(2θα)))

a2ε2
∂fα
∂eϕα3

= 1
2((1 + ε2)lϕα3 + (1− ε2)(lϕα3 sin(2θα) + lϕα2 cos(2θα)))

(II .72)

Here, we can notice that the limiting case of the penny shaped inclusion can be reduced

by setting the ε→ 0 in the relations (II .72), ones can obtain the simple relations:


pϕα

1
= 0

pϕα
2

= 1/(lϕα2 + lϕα3 cot(θα))

pϕα
3

= 1/(lϕα3 + lϕα2 tan(θα))

(II .73)

By taking into account relations (II .68) and (II .72), it can reduce the coefficients pϕα
i

such as:

pϕα
i

= pϕα
i

(θα, l
ϕα) =

1

gα

∂fα
∂eϕαi

(II .74)
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The detail of the coefficients pϕα
i

can be find in (Appendix B).

Taking into account the coefficients pϕα
i

into (II .71) one obtains:

Mϕα
ijkl(θα) =

∫
D
pϕα
l

(θα, l
ϕα)gϕαijk(l

ϕα)dω (II .75)

The M tensor respects the symmetry (36 components are independent):

Mϕα
ijkl = Mϕα

jikl = Mϕα
ijlk (II .76)

and

Mϕα
ij11(θα) =

∫
D
pϕα

1
(θα, l

ϕα)gϕαij1(lϕα)dω

Mϕα
ij22(θα) =

∫
D
pϕα

2
(θα, l

ϕα)gϕαij2(lϕα)dω

Mϕα
ij33(θα) =

∫
D
pϕα

3
(θα, l

ϕα)gϕαij3(lϕα)dω

Mϕα
ij12(θα) =

∫
D
pϕα

2
(θα, l

ϕα)gϕαij1(lϕα)dω

Mϕα
ij23(θα) =

∫
D
pϕα

3
(θα, l

ϕα)gϕαij2(lϕα)dω

Mϕα
ij31(θα) =

∫
D
pϕα

1
(θα, l

ϕα)gϕαij3(lϕα)dω

(m,n) = (11, 22, 33, 12, 23, 31)

(II .77)

After the mathematical manipulations, the general form of the Hill tensor in interme-

diate coordinates and in terms of the arguments θα and lϕαi can be written as ([Giraud

et al., 2007]) :

Pϕαijkl =

∫
D

(pϕα
l
gϕαkij + pϕα

l
gϕαkji + pϕα

k
gϕαlij + pϕα

k
gϕαlji )dω (II .78)
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where the expression for pϕα
i

= pϕα
i

(θα, l
ϕα , ε) and gϕαijk = gϕαijk(l

ϕα ,Cs), (see Appendix

B for detailed expression of p
i

and derivatives of Green functions gijk).

The components of P tensor has the major and minor symmetries, there are 21 inde-

pendent components:

Pϕαijkl = Pϕαjikl = Pϕαijlk , Pϕαijkl = Pϕαklij (II .79)

The 21 independent components of the Hill tensor P can be defined as a 6× 6 matrix

([Walpole, 1984]):

Pϕαijkl =



Pϕα1111 Pϕα1122 Pϕα1133

√
2Pϕα1123

√
2Pϕα1131

√
2Pϕα1112

Pϕα2211 Pϕα2222 Pϕα2233

√
2Pϕα2223

√
2Pϕα2231

√
2Pϕα2212

Pϕα3311 Pϕα3322 Pϕα3333

√
2Pϕα3323

√
2Pϕα3331

√
2Pϕα3312

√
2Pϕα2311

√
2Pϕα2322

√
2Pϕα2333 2Pϕα2323 2Pϕα2331 2Pϕα2312

√
2Pϕα3111

√
2Pϕα3122

√
2Pϕα3133 2Pϕα3123 2Pϕα3131 2Pϕα3112

√
2Pϕα1211

√
2Pϕα1222

√
2Pϕα1233 2Pϕα1223 2Pϕα1231 2Pϕα1212



(II .80)

It is interesting to notice that the Hill tensor P is symmetry about a plane with the

relation II .79. That means that it is monoclinic . And then it can be characterized by 13

independent components in eϕ
α

i system coordinates:

Pϕαijkl =



Pϕα1111 Pϕα1122 Pϕα1133

√
2Pϕα1123 0 0

Pϕα2211 Pϕα2222 Pϕα2233

√
2Pϕα2223 0 0

Pϕα3311 Pϕα3322 Pϕα3333

√
2Pϕα3323 0 0

√
2Pϕα2311

√
2Pϕα2322

√
2Pϕα2333 2Pϕα2323 0 0

0 0 0 0 2Pϕα3131 2Pϕα3112

0 0 0 0 2Pϕα1231 2Pϕα1212



(II .81)

By taking into account the relation (II .73) into (II .71), it can be shown that Hill tensor

P of an arbitrary oriented penny shaped inclusion by nine independent components:
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Pϕαijkl =



0 0 0 0 0 0

0 Pϕα2222 Pϕα2233

√
2Pϕα2223 0 0

0 Pϕα3322 Pϕα3333

√
2Pϕα3323 0 0

0
√

2Pϕα2322

√
2Pϕα2333 2Pϕα2323 0 0

0 0 0 0 2Pϕα3131 2Pϕα3112

0 0 0 0 2Pϕα1231 2Pϕα1212



(II .82)

For the aim to solve the equation (V .20), the unit vector lϕαi can be expressed in terms

of two angles characterizing spherical coordinates:


lϕα1 = sin(ψ)cos(ζ)

lϕα2 = sin(ψ)sin(ζ)

lϕα3 = cos(ψ)

(II .83)

and the integral on the surface of an unit sphere D can be expressed as:∫
D
F(θα, l

ϕα)dω =

∫ 2π

ζ=0

∫ π

ψ=0
F(θα, ψ, ζ)sin(ψ)dψdζ (II .84)

Finally, the Hill tensor can be evaluated numerically using Gauss-Legendre quadrature

method in terms of the integration angles ζ in the intervals [0, 2π] and ψ in the intervals

[0, π]. The evaluation of the Hill tensor in the intermediate coordinate system depends on

the aspect ratio of the inclusion ε, the angle θα of the inclusion, and the elastic properties

of the matrix:

Pϕαijkl = Pϕαijkl(ε, θα,Cs) (II .85)

3.3.3 Numerical calculations

In order to use Gauss-Legendre quadrature method which is an approximation of the

definite integral of a function to evaluate the Hill tensor in the intermediate system, the

formulation (V .22) which is the double integral on the surface of an unit sphere D can

be stated as a weighted sum of function values at specified points within the domain of

integration. By using the spheroidal coordinates, we obtain:

Pϕαijkl(θα) ≈
NG
ζ∑

k=1

NG
ψ∑

l=1

wζkw
ψ
l G

ϕα
ijkl(θα, ζ

G
l , ψ

G
k )sin(ψGk ) (II .86)
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where wζk, w
ψ
l , ζGl , ψGk denote perspectively the Gauss-Legendre weights and coordinates

corresponding to the NG
ζ and NG

ψ integrating points which are comprised in the intervals

[0, 2π] (ζ angle) and [0, π] (ψ angle) as previously mentioned. The Gϕα
ijkl coefficients can

be given by the relation (II .78). The unit vector components lϕα in the Gϕα
ijkl coefficients

defined by relations (II .83) as the functions of angles ψ and ζ, are introduced into the

relations (II .65)-(II .72) and also in the relations presented in the (Appendix B) which

are necessary to compute Gϕα
ijkl coefficients in the relation (II .78).

Finally, the numerical values of Pϕαijkl components are computed by using the Gaussian

quadrature method (see: (II .86)). The numerical calculations have been achieved by

using Fortran software. 5 integrations points of Gaussian quadrature in each subinterval

were adopted, and we take the relation NG
ζ = 2NG

ψ in all cases in a division of intervals

[0, 2π] and [0, π] respectively.

3.3.4 Hill tensor in global coordinates

Now, we consider the Hill tensor in global coordinates. The transformation rules

between ei and eϕα coordinates are used to express the components of a fourth-order

tensor Pijkl. It can be written in the following form:

P = Ppqrsnp ⊗ nq ⊗ nr ⊗ ns = Pϕαijkln
ϕα
i ⊗ n

ϕα
j ⊗ n

ϕα
k ⊗ n

ϕα
l (II .87)

Pijkl(θα, ϕα) = Qϕα
p,i (ϕα)Qϕα

q,j (ϕα)Qϕα
r,k(ϕα)Qϕα

s,l (ϕα)Pθαpqrs (II .88)

It is interesting to notice that due to this operation of transformation rules, we achieved

to evaluate the Hill tensor in 3D conditions in the case of random distributions of spheroidal

inclusion in a transversely isotropic matrix. Two angles θα, ϕα are taken into account to

calculation the Hill tensor in the global coordinates. The advantage to separate these two

variables of functions of angles θα and ϕα allows to simplify the numerical calculate based

on integrate of Hill tensor. It means only numerical integration on θα is needed.

Finally, after all these mathematical and numerical manipulations, we can conclude

that there are six parameters to be determined in order to calculate numerically the

Hill tensor in the case of random distributions of spheroidal inclusions in a transversely

isotropic materials as shown in equation (II .89). These parameters have main influences

of the calculations of the Hill tensor components. They are respectively integrating points

NG
ζ and NG

ψ of the Gauss-Legendre method; the aspect ratio ε of the inclusion; two angles

of the inclusion (θα is the angle in the local coordinates and ϕα is the angle in the global

coordinates); and the elastic property of the matrix Cs.
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Pijkl = Pijkl(NG
ζ , N

G
ψ , ε, θ

α, ϕα,Cs) (II .89)

The influences of these parameters have been discussed in ([Giraud et al., 2007]).

4 Conclusion

This Chapter has been dedicated to present the theoretical background of homogeniza-

tion methods applied to modeling micro-cracked materials. The formulations of the three

different homogenization schemes, respectively the dilute scheme, MT scheme and PCW

scheme, have been reviewed for the estimation of effective elastic properties of cracked

materials for both open and closed cracks The key step of the homogenization procedure

is to determine the strain concentration law which is based on the Hill’s tensor and Es-

helby’s tensor. These tensors should be evaluated by suitable numerical methods in the

case of initially anisotropic solid matrix. Therefore, we have adopted an efficient numerical

method based on an analytical solution of Green function for three-dimensional ellipsoidal

micro-cracks embedded in a transversely isotropic solid matrix. Using this method, the

effective elastic properties of cracked material can be investigated by considering interac-

tions between the initial anisotropy and induced cracks and some numerical examples will

be presented in the Chapter III . A specific damage evolution criterion will be proposed to

describe the progressive growth of induced cracks based on the irreversible thermodynam-

ics framework in Chapter IV . Also, coupling between micro-crack growth and frictional

sliding will taken into account in Chapter V .
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1 Introduction

In this Chapter, we will investigate effects of interaction between the initial anisotropy

and induced oriented micro-cracks on elastic properties of transversely isotropic materials.

With the numerical method that we presented in Chapter II , the effective macroscopic

elastic stiffness tensor Chom or compliance tensor Shom of the homogenized material will

be determined through a rigorous up-scaling procedure. Three different homogenization

schemes will be used and compared. In particular, a series of sensitivity studies will be

presented to study influences of micro-cracks orientation and aspect ratio as well as initial

anisotropy degree of matrix on macroscopic properties of cracked materials.
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2 An approximation of limit case of tensor T for penny-

shaped crack in a transversely isotropic material

In order to determine effective elastic properties of cracked materials using Eshelby so-

lution based homogenization methods, micro-cracks are seen as a penny-shaped inclusion

embedded in a transversely isotropic matrix. According to the homogenization procedure

presented in section 2.3, the main step is to evaluate the tensor Tr = lim
ε→0

ε(I−Sε)−1 which

contains the aspect ratio ε = a/c. The aspect ratio of penny shaped cracks is generally

very small. The objective here is to consider the limit case of the tensor T when the

aspect ratio tends towards to zero. When the solid matrix is isotropic, it is possible to

analytically eliminate the aspect ratio in the tensor Tr. For the case of micro-cracks in

a transversely isotropic matrix, there is no analytical solution and it is needed to find a

numerical approximation for the tensor T.

As a reference case of the numerical approximation, a simple example has been con-

sidered by [Zhu, 2006]. One family of parallel penny-shaped open cracks, with the nor-

mal vector n = e3, is embedded in an initially isotropic elastic matrix. The non-zero

components of the Eshelby tensor are given in the Walpole notation by ([Mura, 1987],

[Nemat-Nasser and Hori, 1993], [Hori and Nemat-Nasser, 1983]) (more detail see I ):

Sε = (S1111 + S1122, S3333, S1111 − S1122, 2S1313, S3311, S1133) (III .1)

with

S1111 = S2222 =
13− 8νs

32(1− νs)
πε, S3333 = 1− 1− 2νs

1− νs
π

4
ε,

S1122 = S2211 =
8νs − 1

32(1− νs)
πε, S1133 = S2233 =

2νs − 1

8(1− νs)
πε,

S3311 = S3322 =
νs

1− νs
(1− 4νs + 1

8νs
πε), S1212 =

7− 8νs

32(1− νs)
πε,

S1313 = S2323 =
1

2
(1 +

νs − 2

1− νs
π

4
ε)

(III .2)

When the aspect ratio tends to 0, the limit case of the Eshelby tensor is given:

lim
ε→0

Sε = (0, 1, 0, 1,
νs

1− νs
, 0) (III .3)
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According to the calculation rules of the Walpole notation, we can obtain the tensor

T (for open cracks):

T = lim
ε→0

ε(I− Sε)−1

= lim
ε→0

ε(I− Sε)−1 : Sε =
4

π
(0,

(1− νs)2

1− 2νs
, 0,

1− νs

2− νs
,
νs(1− νs)

1− 2νs
, 0)

(III .4)

Now, we perform the numerical calculation of Hill tensor with the numerical method

presented previously. The expression of the tensor T is written:

T = ε(I− P : Cs)−1 (III .5)

Numerical calculations of the tensor T have been realized for three different values of the

aspect ratio: 10−1, 10−2, 10−3. The two elastic constants defining the isotropic stiffness

tensor Cs of the solid matrix are respectively Es = 38000MPa and νs = 0.2. The

comparison of the tensor T between numerical calculations and analytical solutions is

shown in the Walpole base (we assumed that all values are smaller than 10−10 ≈ 0):

Table III .1: Comparison of the components of tensor T between the analytical solution

and the numerical solutions

T = ε(I− P : Cs)−1 T1111 + T1122 T3333 T1111 − T1122 2T1313 T3311 T1133

Analytical solution ε→ 0 0 1.356 0 0.56 0.34 0

ε = 10−1 0.106 1.414 0.106 0.682 0.2857 0

ε = 10−2 9.17× 10−3 1.364 9.17× 10−3 0.577 0.334 0

ε = 10−3 9.17× 10−4 1.359 9.17× 10−4 0.567 0.339 0

In Table III .1, the accuracy of the numerical solution in the case of ε = 10−2 and

ε = 10−3 are pretty close with the analytical solution. In order to reach the needed

accuracy for a lower aspect ratio, higher Gauss integration points are needed. For instance,

for the aspect ratio ε = 10−3, the numerical integral method has to be optimized to increase

calculation accuracy. It is 10 times longer than the aspect ratio 10−2. For these reasons,
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in the rest part of this thesis, the value ε = 10−2 with the Gauss integration points

NG
ζ = 200, NG

ψ = 100 will be considered for a penny-shaped inclusion in a transversely

isotropic material.

3 Sensitivity study of effective elastic properties

In order to show the calculation of effective elastic properties in cracked materials using

the numerical method proposed above, some numerical examples are presented here. We

consider a family of parallel cracks which are embedded in a transversely isotropic solid

matrix (see Fig: III .1). The global coordinates corresponding to the matrix is character-

ized by (e1, e2, e3). e3 is the symmetry axis and the plane e1 − e2 is the isotropic plane

of the transversely isotropic matrix. The normal vector of the micro-cracks is denoted by

n. The angle between the axis e3 and the normal n(e2, e3) is θα and the angle between

the normal n(e2, e3) and the axis e1 is ϕα as shown in Fig: III .1. The effective elastic

properties are evaluated as functions of the crack density parameter using three different

homogenization schemes mentioned above. The five initially elastic parameters for un-

damaged material are respectively two principal elastic modulus (E3, E1), related to the

axes (e1, e2), two Poisson’s ratios (ν12, ν31) and shear modulus (G13). In all calculations,

the initial anisotropy ratio of elastic modulus of the solid matrix is taken as E3/E1 = 0.5.

  e1

e2

e3

n

Figure III .1: One family of penny-shaped cracks in initially transversely isotropic system
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3.1 Effect of crack orientation on effective elastic properties

In order to study effects of the crack orientation with respect to the symmetry axis of

solid matrix, three different orientations are considered here (see Figure III .1). According

to the different orientation of cracks, the effective elastic property of cracked material may

exhibit different kinds of behaviours, such as transversely isotropic, orthotropic.

• (1) θα = 0◦, ϕα = 0◦:

In this case, the presence of micro-cracks (Figure III .1) generates a transversely

isotropy behavior in cracked material. This is characterized by the modification of Young

modulus and shear modulus in the plan of crack. A comparison between the different ho-

mogenization schemes is shown in Figure III .2 for the longitudinal Young modulus and in

Figure III .3 for the shear modulus in the plan of cracks. In these calculations, a spherical

spatial distribution has been used for the PCW scheme.

0 0,2 0,4 0,6 0,8 1
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ϕ
α
= 0°

Figure III .2: Parallel cracks : Comparison of the predictions of the different schemes

for the Young modulus with transversely isotropic material

In Figures III .2 and III .3, the evolutions of axial elastic modulus and shear modulus

are presented as functions of crack density parameter for three different homogenization

schemes. It is found that the effective elastic properties are clearly dependent on the

homogenization scheme used. Physically, when the crack interaction is neglected in the

dilute scheme, the degradation of elastic modulus due to crack growth is the faster than

the two other schemes. The MT scheme, which partially takes into account the crack

interaction, seems to lead to a stationary residual value of elastic modulus when the crack

density become high. When the crack interaction and spatial distribution effects are both
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Figure III .3: Parallel cracks : Comparison of the predictions of the different schemes

for the shear modulus with transversely isotropic material

considered in the PCW scheme, the elastic modulus is progressively degraded to zero when

the crack density reaches some critical value.
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ϕ
α
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Figure III .4: Influence of cracking on the anisotropic ratio

In Figure III .4, the variation of anisotropy ratio of the elastic modulus is presented

for the case of induced crack family oriented in θα = 0◦, ϕα = 0◦. In this case, the

induced cracks are parallel to the initial bedding planes of the solid matrix. Therefore,

the induced damage does not modify the anisotropy nature of the material which remains

transversely isotropic one. However, with the growth of induced cracks, the anisotropic

degree is significantly increased (the ratio between the perpendicular elastic modulus E3
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and the parallel on E1 or E2 is significantly reduced). This means that the induced

damage enhances the initial anisotropy of material. Further as shown in this figure III .4,

the variation of material anisotropy degree is also affected by the homogenization scheme

used.

Now, we will show the variations of 9 independent coefficients (respectively 3 Young’s

moduli Ei, 3 shear moduli Gi, and 3 Poisson ratios νi) as functions of the crack density

parameter d. The analyse is done for the case of open cracks with the PCW estimation

scheme with a spherical spatial distribution. The results are normalized with the initial

values of the elastic moduli. We can see that the effective elastic properties of the cracked

material keeps the transversely isotropic character as the induced crack set is parallel to

the isotropic plan as shown in Figure III .5. The longitudinal Young’s moduli, the shear

moduli and the Poisson ratios decrease with the crack density parameter.
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Figure III .5: Comparison of the variations of the 9 independent coefficients with the

evaluation of the crack density (θα = 0◦, ϕα = 0◦)
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• (2) θα = 45◦, ϕα = 0◦:

In Figure III .6, it is also shown the evolution of elastic coefficients as functions of

induced crack density for the case of θα = 45◦, ϕα = 0◦, obtained with the PCW scheme.

In this case, as the induced crack set is inclined with respect to the initial bedding plane

(see Figure III .2), the transversely isotropic property of material is changed. One can see

that both axial moduli E2 and E3, and three shear moduli as well as one Poisson’s ratio

are affected by the induced cracks.
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Figure III .6: Comparison of the variations of the 9 independent coefficients with the

evaluation of the crack density (θα = 45◦, ϕα = 0◦)

• (3) θα = 90◦, ϕα = 0◦:

Consider now the crack set oriented at an angle π/2 and its unit normal vector of the

cracks n coinciding with the principal direction e2. The transversely isotropic material

becomes an orthotropic one due to the induced micro-cracks. We can also see that with
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different orientations of induced micro-cracks, different elastic moduli are affected by the

induced cracks III .7.
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Figure III .7: Comparison of the variations of the 9 independent coefficients with the

evaluation of the crack density (θα = 90◦, ϕα = 0◦)

• (4) θα = 90◦, ϕα = 90◦:

The same observation can be done for cracks oriented with π/2 around to the axis e1,

then π/2 around to the axis e3. It is interesting to notice that the results presented in

Figure III .8 can be obtained by a simple rotation of those shown in Figure III .7.
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Figure III .8: Comparison of the variations of the 9 independent coefficients with the

evaluation of the crack density (θα = 90◦, ϕα = 90◦)

3.2 Effects of micro-cracks on elastic properties in arbitrary direction

In the previous section, we have investigated effects of induced micro-cracks on elastic

properties in some privileged direction, for instance the principal directions of orthotropic

materials. In some situations, it is also interesting to examine effects of induced micro-

cracks on elastic properties in an arbitrary orientation. For instance, consider the effective

Young’s modulus Ehomi (m) in the direction defined by a unit vector m, the Poisson ratio

νhomi (m, t) and the shear modulus µhomi (m, t), associated to two orthogonal directions

defined respectively by two unit vectors m and t. These elastic properties in anisotropic

materials have been previously defined by [Monchiet and Bonnet, 2012], [He and Curnier,
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1995], [Hayes, 1972]: 

Ehomi (m) = [(m⊗m) : Shom : (m⊗m)]−1

νhomi (m, t) = − (m⊗m):Shom:(t⊗t)
(m⊗m):Shom:(m⊗m)

µhomi (m, t) = [4(m⊗ t) : Shom : (m⊗ t)]−1

(III .6)

As an illustration, we consider here a new system which is weakened by a set of parallel

cracks, whose the unit normal n(e2, e3) associated with the angle θα with respect to the

symmetry axis e3 of the matrix. The second angle ϕα between the unit normal n(e1, e2)

and the axis e2 is always taken as zero (see Figure III .1). For each spatial direction given

by a vector m, taken in the plane (e2, e3), values of the elastic moduli are normalized by

the corresponding values of the solid matrix and presented by an unit circle.

The analyse is done for the case of open and closed cracks with 3 different schemes.

We here used the cracks density d = 0.1.

As a simple example, only the effect of cracks on the generalized Young’s modulus

Ehomi (m) will be presented here. The results shown in Figures III .9 and III .10 represent

the variation of Young’s modulus Ehom3 (m) and Ehom2 (m) in the plane e2e3 for both open

and closed cracks with 3 different schemes corresponding to θα = 0◦. Here, a spherical

distribution of the PCW scheme is considered.

The results also show that the effective elastic properties are clearly dependent on the

homogenization scheme. In Fig: III .9, the results show a significant degradation of the

Young modulus E3 in the normal direction to the crack. It is interesting to note that

we cannot obtain the results in Fig: III .10 with a simple rotation of the result given in

Fig: III .9. It means that the degradation of elastic properties differs from one direction

to the other due to the anisotropy of material and damage induced anisotropy. Further,

comparisons of the Young modulus between initially isotropic and transversely isotropic

matrix are shown in Appendix C.
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Figure III .9: Variation of the Young’s moduli E3 produced by parallel open/closed

cracks media for θα = 0◦: (a) Dilute scheme, (b) Mori-Tanaka scheme, (c) Ponte-Castaneda

et Willis scheme.
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Figure III .10: Variation of the Young’s moduli E2 produced by parallel open/closed

cracks media for θα = 0◦: (a) Dilute scheme, (b) Mori-Tanaka scheme, (c) Ponte-Castaneda

et Willis scheme.

4 Conclusion

In this Chapter, we have presented a series of numerical simulations in view of investi-

gating effective elastic properties of cracked materials using three different homogenization

schemes. The validity of numerical method used for the computation of Hill’s tensor has

first been checked by the comparison with analytical solution for the case of isotropic
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matrix. Its validity for initially anisotropic matrix still needs to be verified when corre-

sponding analytical solutions are available or with other numerical results. The numerical

results obtained have clearly shown that the effective elastic properties of cracked mate-

rials are strongly influenced by homogenization schemes, then influenced by interactions

between micro-cracks and spatial distribution of micro-cracks. The effective elastic prop-

erties are also effected by the initial anisotropy degree of solid matrix. Therefore, there is

an interaction between the initial material anisotropy and induced anisotropy by micro-

cracks. Based on these results, micro-mechanics based damage models will be developed in

next Chapters after the proposition of suitable criteria for crack propagation and frictional

sliding.
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1 Introduction

During the last decades, a large number of experimental investigations and modeling

works have been archived for the characterization and description of material damage

process. Based on the irreversible thermodynamics framework, phenomenological damage
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model have been first developed and it is not the intention to give here an exhaustive list

of such models. In these models, the spatial distribution of cracks is generally represented

by either scalar or tensorial variables. By postulating a suitable free energy function

of cracked materials, the elastic-damage constitutive relations can be deduced and the

thermodynamic conjugate damage forces are defined. Some damage criteria based on

experimental are then formulated in terms of the conjugate damage forces. These mod-

els are generally able to well reproduce overall responses of brittle materials and used in

engineering applications. However, it is not easy to properly describe some specific phe-

nomena related to damage process such as unilateral effects due to crack opening-closure

and coupling between crack propagation and frictional sliding. Also it is also desired to

get a deeper insight on spatial distribution of cracks at microscopic scales during loading

process.

Therefore, in order to complete phenomenological models and provide an alternative

way to model damage process, important efforts have been provided by various authors

on the development of micro-mechanical damage models. Directly relied on the basic

results established in the linear fracture mechanics, some isotropic and anisotropic micro-

mechanical damage models have first been proposed, for instance [Kachanov, 1982],[An-

drieux et al., 1986],[Gambarotta and Lagomarsino, 1993],[Prat and Bazant, 1997],[Pensee

et al., 2002b],[Jefferson and Bennett, 2007]. These models do not use rigorous up-scaling

methods. Their extension to general conditions, for example three dimensional loading

paths, multiple interacting cracks, multi-physical coupling can meet more or less theo-

retical difficulties. Alternatively, inspired by different linear homogenization techniques

developed for heterogeneous materials, micro-mechanical damage models based on the use

of the Eshelby’s reference solution for inclusion problems have recently been proposed

[Eshelby, 1957]. The cracked materials are seen as a matrix inclusion system composed of

a solid matrix and embedded cracks. Using a rigorous up-scaling procedure, the effective

elastic properties of cracked materials can be determined. This kind of approach has also

been applied to model poroelastic behaviours of fluid saturated materials [Barthelemy

et al., 2003],[Dormieux et al., 2006]. Along this line, [Zhu et al., 2008a] incorporated the

linear homogenization procedure into the standard framework of irreversible thermody-

namics and formulated a complete micro-mechanical damage model with unilateral effects.

This homogenization-based approach has significantly facilitated the formulation of dam-

age models and also their numerical implementation into computer codes for engineering

applications [Zhu et al., 2008b]. Later various extensions have proposed different aspects

related to damage process. For example, the unilateral damage-friction coupling has been
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properly described in both dry materials [Zhu et al., 2011] and applied to brittle rocks

[Xie et al., 2011] and fluid saturated porous materials [Xie et al., 2012]. On the other

hand, some multi-physical coupling phenomena have been taken into account in the same

framework, for instance, damage-permeability coupling by [Jiang et al., 2010] and [Chen

et al., 2012b], damage-induced thermo-mechanical coupling by [Chen et al., 2014].

However, in most damage models developed so far, induced cracks are generally em-

bedded in an isotropic solid matrix. The material is then assumed initially isotropic in

nature and only the induced anisotropy due to crack propagation in some preferential ori-

entations is investigated. In many brittle materials like rocks and concrete, due to tectonic

loading history or fabrication process, there is an initial anisotropy related to the presence

of oriented microstructural morphology. For example, most sedimentary rocks exhibit a

transversely isotropic behaviour due to the presence of parallel bedding planes. Therefore,

in such materials, the induced anisotropic crack propagation should be take into account

the interaction with the initial material anisotropic. It is then needed to develop damage

models for initially anisotropic materials.

In the present chapter, a numerical micro-mechanical damage will be developed for

initially anisotropic brittle materials. The formulation will be based on the extension

of the homogenization method used the micro-mechanical damage model by [Zhu et al.,

2008a]. To this end, the representative element volume (REV) of cracked materials will

be represented by different families of parallel cracks which are embedded in an initially

transversely isotropic elastic solid matrix (see figure III .1 in the Chapter III ). Based on

the theories presented in the previous chapters, a specific damage criterion is defied in the

framework of irreversible thermodynamics to describe the progressive growth of cracks.

More precisely, the idea of this model is to combine the results from homogenization

methods (Dilute scheme, MT scheme, PCW scheme) with the thermodynamic reasoning

based on the energy released rate, and the assumption of normality rule will be employed

to build the evolution law of damage. And then, the proposed model is implemented

in a computer code and applied to study elastic-damage behaviours of brittle materials

respectively under uniaxial tension and compression as well as simple shear tests.

2 Formulation of anisotropic damage model

Based on the estimation of effective elastic properties of cracked material, a micro-

mechanical damage model is now proposed for initially transversely isotropic materials.
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To this end, an appropriate damage criterion should be determined in order to describe

the growth of induced cracks.

2.1 Free energy and state equations

The damage evolution law is formulated in the framework of irreversible thermodynam-

ics. Note the effective elastic stiffness tensor of cracked material by Chom(dr) presented in

the previous section, which is a function of the induced crack density parameter dr. The

free energy function of cracked material is written by:

W (E) =
1

2
E : Chom(dr) : E (IV .1)

In this relation, Σ is the macroscopic stress tensor, and E the macroscopic strain ten-

sor. The effective elastic stress-strain relations are deduced from the free energy function:

Σ =
∂W

∂E
= Chom(dr) : E (IV .2)

It is also possible to define the thermodynamic force F dr conjugated with each family of

induced cracks dr, from the free energy function:

F dr = −∂W
∂dr

= −1

2
E :

∂Chom

∂dr
: E (IV .3)

F dr is the thermodynamic force associated to damage variable dr. From the point of

view of thermodynamics, F dr can be interpreted as a kind of energy release rate associated

with microcracks, which will be used as the driving force for damage evolution as usually

performed in various macroscopic models.

It should be pointed out that in both equations (IV .2) and (IV .3), the effective

elastic tensor Chom(dr) is expressed in its general form for closed microcracks of initially

anisotropic materials. For the open microcracks, we can choose the expression of Chom(dr)

as previously mentioned in the section (2.3), without special distinguishing between ini-

tially isotropic and anisotropic materials.

2.2 Damage criterion and evolution law

Based on the above thermodynamic arguments, there are two important issues for the

implementation of damage models, the damage criterion and its evolution law respectively,

are discussed in this section. The implied mission is to present the evolution of the propa-

gation of damage. For complete consistency of a micro-macro approach, the macroscopic
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damage criterion and the dissipation potential should be deducted from microscopic con-

siderations. The approach adopted here is to combine the results from micromechanics

with the thermodynamic approach which is usually seen in macroscopic formulations. Ac-

cording to the general thermodynamic framework and limited to the time-independent

behaviours, a damage criterion in the form of a function of the conjugated damage force

F dr can be put in form:

f(F dr , dr) = F dr −R(dr) 6 0 (IV .4)

In (IV .4), the function R(dr) describes the crack resistance to damage propagation of the

material whose physical significance is similar to that of the material Crack Resistance

Curve (R-curve) in fracture mechanics. Correspondingly, it is reasonable to assume that

the damage resistance R(dr) should not be a constant but vary with the damage level. It

should be emphasized that the choice of R(dr) is essentially phenomenological since the

R-curve, determined from the investigations of cracking experiments (see [Ouyang et al.,

1997]), is used to reflect the effect of possible microstructural heterogeneities. Attempts

have been made by ([Dormieux and Kondo, 2005]) to build a connection between the

linear elastic fracture mechanics (LEFM) and micromechanical approach. Theoretically,

the specific form of damage resistance function R(dr) should be determined based on

appropriate experimental observations at suitable material scale. For simplicity, the linear

form is used in the most of situation, for example, R(dr) = c0 + c1dr is chosen in ([Zhu,

2006]).

Here, a non linear form is used:

R(dr) = c0 + (cm − c0)
dr

c1 + dr
(IV .5)

which c0 is defining the initial damage threshold, c1 is controlling kinetics of the damage

evolution, cm defining the maxi damage threshold.

The damage evolution is obtained by the following form:

if f < 0, ḋr = 0 (Elastic domain)

if f = 0 and ḟ < 0 ḋr = 0 (Elastic unloading)

if f = 0 and ḟ = 0 ḋr > 0 (Damage growth)

(IV .6)

2.3 Computational aspect

The proposed micro-mechanical damage model is now implemented in a computer code

in order to predict macroscopic mechanical behaviours under general loading paths. Due
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to the nonlinear character of the constitutive model, the loading path is divided into a

limit number of steps. Starting from given initial conditions, at the end of loading step

j, the macroscopic stresses Σj and strains Ej as well all internal variables (cracks density

parameters di,j) are known. The problem to be solved here is stated as follows. Given

a macroscopic strain increment ∆Ej+1 , it consists in determining the corresponding

macroscopic stress increment ∆Σj+1 and crack density evolutions ∆di for the loading

step j + 1. The numerical algorithm used is based on the classical operator splitting

method which is composed of the elastic predictor and damage corrector. The flowchart

of numerical algorithm can be summarized as follows.

a) Elastic prediction:

For each ith family of cracks, the crack density is assumed unchanged:

di,(j+1) = di,j (IV .7)

Update the macroscopic strain for the step j + 1 as:

Ej+1 = Ej + ∆Ej+1 (IV .8)

Calculate the damage conjugate force to each family of cracks Fdi by;

Fdi,j = −1

2
Ej+1 :

∂Chom(di,j)

∂di
: Ej+1 (IV .9)

Check the corresponding damage criterion. If f(Fdi,(j+1)
, di,j) ≤ 0, for all of crack

families, the macroscopic stress for the step j + 1 is calculated by:

Σj+1 = Chom(di,j) : Ej+1 (IV .10)

Else, it is needed to proceed with damage correction for all families of cracks where

the damage growth condition is met, say f(Fdi,(j+1)
, di,j) > 0 for i ∈ N .

b) Damage correction:

1) Solving a linear system of equations to determine the increments of damage density

parameters for all activated families of cracks, ∆di,j+1 for i ∈ [1, N ], and update the

corresponding values di,j+1 = di,j + ∆di,j+1.

2) Updating of the Hill tensor Pi,j+1 and of the strain concentration tensor Ai,j+1 for

each family of cracks.

3) Calculate the current effective elastic stiffness tensor Chom(di,j+1).
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4) Update the macroscopic stress for the step j + 1 according to the stress-strain

relation:

Σj+1 = Chom(di,j+1) : Ej+1 (IV .11)

3 Numerical application

We consider the same REV who is a family of parallel cracks which are embedded in

a transverse isotropic solid matrix (see Fig: III .1). The global coordinates corresponding

to the matrix is characterized by (e1, e2, e3). e3 is the symmetry axis and the plane e1−e2

is the isotropic plane of the transversely isotropic matrix. The normal of the microcrack

is denoted by n. The angle between the axis e3 and the normal n(e2, e3) is θα and the

angle between the normal n(e2, e3) and the axis e1 is ϕα as shown in the (Fig: III .1) in

Chapter III .

The effective mechanical behaviours of cracked material under various loading paths

are investigated using the proposed numerical damage model. The emphasis is put on

the study of initial anisotropy effects, on the comparison of the different homogenization

schemes and also on the result to modelling pre-existing cracks. For the sake of simplicity,

the present investigation is limited to materials with one family of cracks. For this purpose,

both initially isotropic and anisotropic materials are considered. The typical values of

elastic parameters are given in Table IV .1 while those for damage evolution in Table IV

.2.

3.1 Modelling pre-existing cracks

As we presented in the Chapter I , there is usually pre-existing cracks in rocks. Some

experimental results show that the closure of pre-existing cracks is observed in a very low

stress level at beginning of loading process. We can observe clearly in the Fig. IV .1, there

is a tightening phase at beginning of loading process due to the closure of pre-existing

cracks [NIANDOU, 1994].

In order to predictive this mechanical behaviour, we consider an uniaxial compression

test. The boundary conditions of macroscopic stresses are given by Σ = Σ33e3 ⊗ e3 and

the loading path is driven by a prescribed compressive strain E33 along the axis e3. All

pre-existing cracks are assumed to be closed and oriented in the direction θα = 0◦, ϕα = 0◦.
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Table IV .1: Initial elastic parameters

Isotropic material
Em 38000 MPa

νm 0.19

Anisotropic material

E1 38000 MPa

E3 19000 MPa

G13 8000 MPa

ν12 0.19

ν31 0.19

Table IV .2: Damage criterion parameters

c0(Jm−2) c1(Jm−2) cm(Jm−2) d0

0.74× 10−3 0.5 5.81× 10−2 0

A linear empirical criterion is proposed to describe the variation of the aspect ratio of

the pre-existing cracks as a function of the macroscopic strain:

ε = k1E33 + k2 (IV .12)

which k1 is defining the initial aspect ratio, k2 is constant parameter which controlling

kinetics of the aspect ratio evolution.

In the Fig. IV .2, the numerical results of axial stress-strain curves are presented with

PCW scheme. We take the empirical value k1 = 200 and k2 = 0.21 and the initial crack

density d0 = 2. The elastic parameter of anisotropic material is shown in IV .1. The

aspect ratio value varies between 0.2 − 0.01. We can observe that the elastic modulus

becomes more rigid because of closure of pre-existing cracks.
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Due to the
Pre-existing cracks

Figure IV .1: Axial strains during triaxial tests with various confining pressure and

different loading orientations [NIANDOU, 1994].

-0,0004-0,00020

E
33

-10

-8

-6

-4

-2

0

Σ
3
3
 (
M
P
a
)

Figure IV .2: Stress-strain curve in uniaxial compression test: modelling the tightening

phase due to pre-existing cracks.
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3.2 Uniaxial tension test

Then, an uniaxial tension test is considered. An initially transversely isotropic solid

material is weakened by a family of penny-shaped cracks whose normal is parallel to the

symmetry axis of material e3. The boundary conditions of macroscopic stresses are given

by Σ = Σ33e3 ⊗ e3. The loading is driven by the prescribed tensile strain (E33 > 0) along

the axis e3. Note that in this loading condition, all induced cracks are opened. Both the

normal and tangential elastic stiffness on the crack surfaces are vanished.
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Figure IV .3: Stress-strain curves and damage evolution curves in uniaxial tension test:

comparison between three different homogenization schemes

In Figure IV .3, the numerical results of axial stress-strain curves and damage evolution

curves are presented and compared between three different homogenization schemes. It

is clear that the macroscopic mechanical response of cracked material is strongly affected

by the homogenization scheme used. With the dilute scheme, without considering crack

interaction, a quasi elastic-brittle behaviour is obtained. There is a sharp drop of stress

after the peak strength. In the case of MT scheme, the crack interaction is taken into

account by a simplified way, a much ductile behaviour than that by the dilute scheme is

found. The material softening is limited even for a large value of applied strain. With

the PCW scheme in which both the crack interaction and spatial distribution effect are

accounted for, one obtains a typical elastic-damage behaviour with a progressive decrease

of axial stress with damage growth. Such a behaviour is quite representative for a large

class of brittle materials such as rocks and concrete.

In order to study effects of the initial material anisotropy on the macroscopic behaviour

of cracked material, different degrees of initial anisotropy are considered. In Figure IV

.4, it is presented the stress-strain and damage evolutions curves in uniaxial tension tests
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Figure IV .4: Influences of initial anisotropy of solid matrix on macroscopic mechanical

behaviour in uniaxial tension test using PCW scheme

obtained using PCW scheme and respectively for three different anisotropy degrees of the

solid matrix. It is found that the macroscopic behaviour of cracked material is significantly

affected by the initial anisotropy of the solid matrix. The damage evolution is faster in

the isotropic solid than in anisotropic ones. There is therefore an interaction between the

initial anisotropy and induced crack growth.

3.3 Uniaxial compression test

Consider now an uniaxial compression test. The boundary conditions of macroscopic

stresses are still given by Σ = Σ33e3 ⊗ e3. However, the loading path is driven by a

prescribed compressive strain (E33 < 0) along the axis e3. The family of induced cracks

is assumed to be oriented in the direction θα = 45◦. Under the compressive stress, all

induced cracks are closed. As mentioned above, in the present work, only smooth cracks

without friction are considered. Therefore, the tangential stiffness along crack surfaces is

vanished while the normal one is equal to the average value of the solid matrix.

In Figure IV .5, the stress-strain and damage evolution curves are presented by using

three different homogenization schemes. Again, the macroscopic mechanical behaviour

of cracked material is affected by the homogenization scheme, and then by the crack

interaction and spatial distribution effect. By comparing with the uniaxial tension test,

it is found that the peak compression strength is higher than the peak tensile strength.

There is dissymmetry of response between tension and compression loading. This is due to

the fact that the local behaviour of cracks is different between the open and closed states.

Such a dissymmetrical behaviour is a typical feature of most brittle materials like rocks
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Figure IV .5: Stress-strain curves and damage evolution curves in uniaxial compression

test and comparison between three different homogenization schemes

and concrete. However, the ratio between the uniaxial compression and tension strength

obtained in the present model is about 2.5. This is much lower that that generally observed

in such class of materials, for instance about 20. This difference is due to the fact that

only smooth cracks are considered in the present study. By considering friction sliding in

closed cracks, the compression mechanical strength will be significantly increased. This

feature will be performed in future works.
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Figure IV .6: Stress-strain curves and damage evolution curves in uniaxial compression

test obtained with PCW scheme for different initial anisotropy degrees

As for the uniaxial tension test, the effects of the initial anisotropy of solid matrix

on the macroscopic behaviour of cracked material are also investigated for the uniaxial

compression test. As shown in Figure IV .6, the induced damage evolution is again coupled

with the initial anisotropy degree and higher in the isotropic matrix than in the anisotropic

Initially anisotropic cracked media



Numerical application 87

ones.
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Figure IV .7: Stress-strain curves and damage evolution curves in uniaxial compression

test obtained with PCW scheme for different orientations of induced cracks

Further, the orientation effect of the induced crack family is also studied. In Figure IV

.7, the stress-strain relations obtained with PCW scheme in a uniaxial compression test

are presented for three different orientations of the induced cracks and for two different

initial anisotropy degrees. It is found that the macroscopic stress-strain relations are

clearly dependent on the orientation of induced cracks for both isotropic and anisotropic

materials. It seems that the smallest compression strength is obtained for the crack family

with θα = 45◦.

3.4 Simple shear test

Another example studied is the simple shear test. In this test, a macroscopic shear

strain, for instance E13 is prescribed and the corresponding macroscopic shear stress Σ13

is computed with the proposed micro-mechanical damage model. Two different configu-

rations are considered. In the first case, the induced crack family is parallel to the initial

bedding planes of solid matrix, say θα = 0◦. The shear test is performed in the plane

e3e1 (or equivalently in the plane e2e3). The stress-strain curves obtained are presented in

Figure IV .8. In the second case, the induced crack family is perpendicular to the initial

bedding planes, say θα = 90◦. The cracked material exhibits an orthotropic behavior. The

shear strain is prescribed respectively in the planes e1e2 and e2e3. The obtained stress-

strain curves are shown in Figure IV .9. It is first found that the macroscopic mechanical

behavior is again dependent on the homogenization scheme used, and thus affected by

the crack interaction and spatial distribution effect. Further, the stress-strain behavior
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is also dependent on the orientation of induced cracks and there is an interaction effect

between the initial anisotropy and induced cracks. Comparing the results obtained with

PCW scheme, it seems that the smallest shear strength is obtained for the shear test in

the plane e2e3 and when the induced crack family is perpendicular to the initial bedding

planes.
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Figure IV .8: Stress-strain curves in simple shear test in plane e3e1 and comparisons

between different homogenization schemes
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Figure IV .9: Stress-strain curves in simple shear tests respectively in planes e1e2 and

e2e3 and comparisons between different homogenization schemes

4 Conclusion

In this chapter, a numerical micro-mechanical damage model has been proposed for

a class of brittle materials. Compared with existing models, the proposed model is able
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to account for interactions between initial material anisotropy and induced growth of

cracks. To this end, based on the irreversible thermodynamics framework, a specific dam-

age evolution criterion has been proposed to describe the progressive growth of induced

cracks. The proposed numerical damage model was implemented in a computer code

and applied to study mechanical behaviours of cracked materials under different loading

paths. Uniaxial tension and compression as well as simple shear tests have been consid-

ered. For all cases, the macroscopic stress-strain relations and damage evolutions have

been investigated. It was found that the overall mechanical behaviour of cracked mate-

rial was significantly dependent on the homogenization scheme. With the dilute scheme

without considering crack interactions, a too fast damage evolution kinetics was obtained

and leading a too sharp material softening after the peak strength. In the case of MT

scheme which consider the crack interaction in a simplified way, one generally obtained a

too ductile behaviour with a small decrease of stress in the post-peak regime. The PCW

scheme, considering both the crack interaction and spatial distribution effects, provided

the most typical results compared with a number of experimental evidences observed in

a class of brittle materials such as rocks and concrete. The macroscopic behaviour was

also affected by the orientation of induced cracks and their interactions with the initial

materials anisotropy. Further, the proposed model was able to describe the dissymmetric

behaviour between compression and tension due to the different local behaviour in open

and closed cracks. However, this feature should be improved in future works by consid-

ering the coupling between the frictional sliding in closed cracks and crack propagation.

The present work can also be extended to brittle materials with a general initial anisotropy.

Initially anisotropic cracked media



90

Micromecanical damage model of transversely isotropic materials with unilateral

effects

Initially anisotropic cracked media



Chapter V

Coupling between damage

evolution and frictional sliding in

an initially anisotropic material

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

2 Description of cracked material . . . . . . . . . . . . . . . . . . . . . 94

2.1 Deformation of cracked material . . . . . . . . . . . . . . . . . . . . . 94

2.2 Effective properties of cracked materials . . . . . . . . . . . . . . . . . 95

2.3 Free enthalpy with damage-friction . . . . . . . . . . . . . . . . . . . . 97

3 Hill tensor for arbitrarily oriented spheroidal cracks in a trans-

versely isotropic material . . . . . . . . . . . . . . . . . . . . . . . . . 98

4 Description of friction-damage evolutions . . . . . . . . . . . . . . . 102

4.1 Friction criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2 Damage criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.3 Damage-friction coupling . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.4 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Numerical assessment and experimental verification . . . . . . . . 107

5.1 Parameters identification . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2 Simulation of triaxial compression test . . . . . . . . . . . . . . . . . . 110

5.3 Direct shear tests . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Initially anisotropic cracked media



92

Coupling between damage evolution and frictional sliding in an initially anisotropic

material

1 Introduction

Damage due to growth of micro-cracks is an essential mechanism of inelastic deforma-

tion and failure in quasi brittle materials. The induced damage affects not only mechanical

properties but also other physical properties such as permeability and conductivity. Sig-

nificant efforts have been made during the last decades on modelling of induced damage

in different engineering materials. Without giving an exhaustive list, a number of macro-

scopic damage models have been developed in the framework of irreversible thermodynam-

ics. In these models, spatial distribution of micro-cracks is mathematically represented

by scalar or tensorial variables. Effective properties of cracked materials are determined

by postulating specific forms of thermodynamic potential. Damage evolution is evaluated

through definition of a specific damage criterion. Directly calibrated from experimental

data, most of such models are able to capture main features of macroscopic behaviours

of brittle materials. However, macroscopic approaches are not able to consider physical

mechanisms at relevant materials scales and usually meet difficulties in dealing with some

specific features such as unilateral effects, damage-friction coupling, etc.

Micro-mechanical approaches provide an efficient alternative to deal with damage-

friction problems and obtained important advances in recent years. The main objective

of micro-mechanical approaches is to consider growth and friction of micro-cracks at ap-

propriate scales and determine effective properties of cracked materials by a up-scaling

method. Two categories of micro-mechanical damage models have been so far formu-

lated. In the first category, the formulation of micro-mechanical models is directly based

on results issued from Linear Fracture Mechanics. Different feature have been discussed,

for instance, loaded induced anisotropy [Hori and Nemat-Nasser, 1983], frictional sliding

of closed cracks [Kachanov, 1982, Lawn and Marshall, 1998], interaction between cracks

[Gambarotta and Lagomarsino, 1993, Paliwal and Ramesh, 2008], and unilateral effects

[Prat and Bazant, 1997, Pensee et al., 2002b]. In general, these models are not based

on rigorous up-scaling procedure to determine effective properties of cracked materials.

To complete this kind of models, the second category of micro-mechanical models is for-

mulated using rigorous linear homogenization procedures for heterogeneous materials. In

this context, cracks are considered as inclusions embedded in an elastic matrix. Effective

elastic properties of cracked materials are estimated using an Eshelby solution homoge-

nization method, for instance [Barthelemy et al., 2003,Dormieux et al., 2006]. [Zhu et al.,

2008a,Zhu et al., 2011] have proposed micro-mechanical models for brittle materials with

closed frictional micro-cracks by considering coupling between crack growth and frictional

sliding. Further, micro-mechanical models have also been extended to saturate brittle
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materials by taking into account effects of fluid pressure [Xie et al., 2012]. More recently,

[Zhu and Shao, 2015] proposed an refined micro-mechanical damage-friction model based

on an original strain decomposition of cracked materials. On the other hand, asymp-

totic homogenization methods have also been proposed for damage modelling of brittle

materials with interacting micro-cracks [Markenscoff and Dascalu, 2012].

Most micro-mechanical models mentioned above deal with crack growth and frictional

sliding in initially isotropic solid matrix. However, for many engineering materials, there

is a inherent anisotropy due to oriented micro-structures such as bedding planes, prefer-

ential orientations of mineral grains or pores, etc. It is therefore an important issue to

consider effects of the initial structural anisotropy on induced crack growth. Recently,

the micro-mechanical models take into account the initially anisotropic materials is pro-

posed by [Levassseur et al., 2015]. This work have been formulated a full 2D anisotropic

damage model for initially anisotropic materials, and accounted for the coupling between

the damage induced anisotropy and the orthotropy of the solid matrix. In our work, in

the context of Eshelby solution based micro-mechanical approach, an essential step of ho-

mogenization procedure is to establish a suitable relation between prescribed macroscopic

strain (or stress) and local strain field inside crack phases using a specific strain concen-

tration (or stress localization) tensor. Such a concentration tensor is directly related to

the so-called Eshelby tensor or equivalently Hill’s tensor and depends on homogeniza-

tion schemes considering or not cracks interaction and spatial distribution. In the case

of ellipsoidal micro-cracks embedded in an isotropic elastic solid matrix, it is possible to

obtain a closed-form of such a tensor. However, when cracked materials with inherent

anisotropy are concerned, it is no more possible to get such closed-form solutions. Suit-

able numerical procedure have to be developed to computer Hill’s tensor. In this chapter,

we propose an efficient numerical method for three-dimensional ellipsoidal micro-cracks

embedded in a transversely isotropic solid matrix. This method is based on the numerical

integration technique of the exact Green function presented by [Pan and Chou, 1976] and a

frame transformation technique presented in [Giraud et al., 2007]. Using this method, the

micro-mechanical damage model initially proposed in [Zhu and Shao, 2015] is extended to

initially anisotropic brittle materials. The proposed approach also open the perspective to

deal with damage-friction problems in brittle materials with arbitrary inherent anisotropy.

The proposed micro-mechanical model is implemented as a used defined material model

subroutine and can be used for numerical analysis of damage in engineering structures.

A series of numerical assessments are presented for different loading paths such as triax-

ial compression and shear. The efficiency of the proposed model is also verified through
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experimental validation for a typical shale that was extensively investigated in the con-

text of geological disposal of radioactive waste and shale gas exploration. In particular,

interactions between the initial anisotropy and induced damage are analysed. Coupling

between damage by crack growth and frictional sliding is also studied through numerical

examples.

2 Description of cracked material

Micro-mechanical analyses are performed on a representative elementary volume (REV)

that is assumed to occupy a geometric domain Ω limited by its external boundary surface

∂Ω. In the present study, the REV is composed of a transversely isotropic linearly elastic

solid matrix with stiffness tensor Cm and a number of oblate ellipsoidal micro-cracks (see

Figure V .1). The presence of micro-cracks weakens the solid matrix and affects macro-

scopic behaviours of cracked materials. The crack growth in some preferential directions

usually induces a material anisotropy and this induced anisotropy is coupled with the

material initial anisotropy. The present study proposes to develop a micro-mechanical

model based on the Eshelby’s solution to the well-known equivalent inclusion problem.

The REV of cracked materials is thus viewed as a matrix-inclusion system. More pre-

cisely, micro-cracks are seen as ellipsoidal inclusions embedded in the solid matrix and

assumed to potentially propagate in a self-similar manner. Further, all micro-cracks with

the same normal vector are put into the same family. Therefore, a family of oblate ellip-

soidal cracks can be sufficiently characterized by its normal n, mean radius a and mean

half opening c (see Figure V .1). The volume fraction of cracks in this family is then given

by ϕf = 4
3πa

2cN = 4
3πεd where ε = c

a represents the aspect ratio of cracks, N denotes the

number of cracks per unit volume, and d = Na3 is the well-known crack density parameter

which is usually used as an internal damage variable.

2.1 Deformation of cracked material

In order to study deformation of cracked material, we consider here a uniform macro-

scopic strain E prescribed on the external boundary surface of the REV ∂Ω. Due to the

presence of micro-cracks, the local strain field inside the REV is not uniform and denoted

as ε. The macroscopic strain E is equal to the volume average of local strain field, such

as:

E =
1

Ω

∫
Ωm

ε(x)dΩ +
1

Ω

∫
Ωc

ε(x)dΩ (V .1)
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Figure V .1: Oblate ellipsoidal cracks embedded in a transversely isotropic solid matrix

where Ωm and Ωc denotes respectively the volume occupied by the solid matrix and

micro-cracks. Therefore, the macroscopic strain can be decomposed as:

E = Em +Ec (V .2)

where the Em denotes the part of the strain due to deformation of the matrix phase

and the Ec denotes the strain due to micro-cracks. By applying the divergence theorem,

the strain due to micro-cracks can be related to displacement jumps on crack surfaces.

Ec = N
∫
ω+

(n⊗s [u])dS (V .3)

where ω+ denotes the crack surface and [u] the displacement jump on crack surface. In

the case of multiple families of micro-cracks, as each crack induces an isolated discontinuity

in the solid matrix, the contribution of all families of micro-cracks to the macroscopic strain

can be taken into account separately by the following simple summation:

Ec =

N∑
r=1

Ec,r (V .4)

where Ec,r denotes the part of strain caused by the rth family of micro-cracks.

2.2 Effective properties of cracked materials

When the crack propagation is the unique energy dissipation mechanism, the deter-

mination of the effective elastic stiffness tensor of the homogenized equivalent medium

Chom leads to the free enthalpy of crack-matrix system W ∗ = 1
2Σ : Shom : Σ, with
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Shom = (Chom)−1 being the effective compliance tensor and Σ the macroscopic stress.

Based on previous works [Zaoui, 2002, Dormieux et al., 2006, Zhu et al., 2008a], using a

standard linear homogenization framework, the effective elastic stiffness of a cracked solid

medium can be written in the following general form:

Chom = Cm +

N∑
r=1

ϕc,r(Cc,r − Cm) : Ac,r (V .5)

The fourth order tensor Cc,r denotes the elastic stiffness of the constituent phase cor-

responding to the rth family of micro-cracks. Three different cases can be considered: (i)

for open cracks, the cancellation of the locale stress on cracks surfaces leads to Cc,r = 0;

(ii) for closed cracks without friction (smooth cracks), one takes Cc,r = ηn ⊗ n ⊗ n ⊗ n
in order to describe the recovery of the elastic stiffness of cracked medium in the normal

direction of micro-cracks; (iii) for closed frictional cracks, assuming a static friction along

crack surfaces so that cracks are sufficiently blocked, one takes Cc,r = Cm.

The strain concentration tensor Ac,r for the rth family of micro-cracks plays an essential

role in homogenization procedure. It defines a linear relation between the local strain field

inside the rth crack phase and the macroscopic strain prescribed on the external boundary

of REV such that εc,r(x) = Ac,r(x) : E. The expression of Ac,r depends on the choice

of homogenization scheme. In the literature, various homogenization schemes have been

developed for different heterogeneous materials. Among these, the Mori-Tanaka scheme

[Mori and Tanaka, 1973c, Benveniste, 1986]) is particularly suitable for matrix-inclusion

systems and has been found to provide a close link with the results established from the

linear fracture mechanics in the context of damage modeling of elastic brittle materials

[Pensee et al., 2002b, Dormieux and Kondo, 2005, Zhu et al., 2008b, Zhu et al., 2008a].

Therefore, this scheme is adopted here and applied to ellipsoidal micro-cracks with small

aspect ratios:

Ac,r = [I + Pre : (Cc,r − Cm)]−1 : {I +
N∑
j=1

ϕc,j [I + Pje : (Cc,j − Cm)]−1}−1 (V .6)

where I is the fourth order unit tensor and Pre is the so-called fourth order Hill’s tensor

than can be related to the Eshelby’s tensor Sre such that Sre = Pre : Cm. Applying now

the strain concentration tensor to open cracks, one obtains the following effective elastic

stiffness tensor:

Chom = Cm : [I +
4

3
π

N∑
r=1

drTr]−1 with Tr = lim
ε→0

ε(I− Srε)−1 (V .7)
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The inversion of Chom leads to the following effective elastic compliance tensor:

Shom = Sm +
4

3
π

N∑
r=1

drTr : Sm (V .8)

As mention in [Zhu and Shao, 2015], although Chom has a non-linear form, Shom is

a linear function of crack density parameters dr. This interesting feature provides great

facilities for the model’s formulation in the stress space. Further, for the convenience of

model’s formulation in the following sections, the following two fourth order operators are

introduced:

Sn =
4

3
πTr : Sm , Cn =

3

4π
Cm : (Tr)−1 (V .9)

Accordingly, the effective elastic compliance tensor can be rewritten as:

Shom = Sm +

N∑
r=1

drSn,r (V .10)

The macroscopic strain is related to the macroscopic stress by:

E = Em +Ec = Shom : Σ = Sm : Σ +
N∑
r=1

drSn,r : Σ (V .11)

The inversion of the above relation leads to the following macroscopic stress-train

relation:

Σ = Cm : (E −Ec) (V .12)

The macroscopic strain contribution due to the rth family of open cracks is given by:

Ec,r = drSn,r : Σ (V .13)

2.3 Free enthalpy with damage-friction

In the case of open cracks, the crack-induced strain Ec,r is fully determined by the

effective elastic properties of cracked medium. However, for closed frictional cracks, the

crack-induced strain is inelastic and should be determined after defining a suitable local

frictional law. Coupled with the crack propagation, the frictional sliding is another energy

dissipation mechanisms. The free enthalpy should be extended to include both dissipation

mechanisms. According to the classical derivative relation E = ∂W ∗

∂Σ and by integration

of (V .11), the free enthalpy W ∗ of the cracked system can be written as:
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W ∗ =
1

2
Σ : Sm : Σ +

N∑
r=1

Σ : Ec,r −W b (V .14)

The term W b represents the stored energy related to inelastic hardening during fric-

tional sliding along micro-cracks.

On the other hand, the free enthalpy W ∗ can also be expressed in terms of the effective

elastic compliance tensor such that W ∗ = 1
2Σ : Shom : Σ, which must be equivalent to the

quantity in (V .14). Using the expression of Shom in (V .10) together with (V .13), the

free enthalpy of cracked system takes the following general form:

W ∗ =
1

2
Σ : Sm : Σ + Σ :

N∑
r=1

Ec,r − 1

2

N∑
r=1

1

dr
Ec,r : Cn,r : Ec,r (V .15)

As mentioned in [Zhu and Shao, 2015], the above general expression of free enthalpy is

valid for any open and closed micro-cracks. When the cracks in the rth family are open,

the strain Ec,r in (V .15) is explicitly given by (V .13). However, when the cracks are

closed, Ec,r cannot be no more explicitly determined from the elastic properties of cracked

medium and its evolution should be determined by making use of some criterion. In the

latter case, Ec,r becomes an internal variable of inelastic frictional sliding process.

3 Hill tensor for arbitrarily oriented spheroidal cracks in a

transversely isotropic material

In order to consider the initially transversely isotropic material, another key point is

to determine the fourth order Hill’s tensor which is applying in the strain concentration

tensor. In this section, we will briefly recall that the numerical method to calculate

the Hill polarization tensor of an arbitrarily oriented spheroidal inclusion embedded in a

transversely isotropic matrix, for more detail see: Chapter II .

Consider a spheroidal inclusion that verifies the following characteristic equation for

its geometry:

(eα1 )2 + (eα2 )2

a2
+

(eα3 )2

a2ε2
= 1 (V .16)

Here, α refers to all quantities related to the inclusion phase α. eαi defines the local

coordinates frame associated to this inclusion and eα3 its symmetry axis. In this chapter, we

mainly deal with oblate spheroidal inclusions as penny shaped cracks, whose half-lengths
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(centred at the origin O) are denoted respectively by a in the plane eα1 − eα2 and by c = aε

along the symmetry axis, ε being the aspect ratio of the spheroidal.

3
ϕα

3=

2
α

3
α

θα
3
ϕα

3=

2
ϕα

1
ϕα

2

ϕα

1
2
ϕα

=1
ϕα

1
α

θα

Figure V .2: Rotation between local and global system coordinates

Now let ei be the global coordinates frame associated to the transversely isotropic solid

matrix with e3 as the symmetry axis. The second-order rotation operator Qα helps to

transfer the components of the global system (e1, e2, e3) to the local one eαi . According to

[Giraud et al., 2007], the rotation matrix can be defined as the product of the two rotation

matrices Qα = Qθα ·Qϕα , which are expressed as:

Qθα =


1 0 0

0 cos(θα) −sin(θα)

0 sin(θα) cos(θα)


Qϕα =


cos(ϕα) sin(ϕα) 0

−sin(ϕα) cos(ϕα) 0

0 0 1


(V .17)

In these relations, two rotation angles are introduced with the help of an intermediate

system of coordinates noted by eϕαi . The angle between the e1 and the eϕα1 axis is ϕα

( 0 6 ϕα 6 2π ) and the angle between the e3 and the eθα3 is θα (0 6 θα 6 π). The

Green’s function solution of Pan and Chou [Pan and Chou, 1976] for the transversely

isotropic material, developed for the coordinate system of a material with the symmetry

axis e3, is adapted for the calculation in a coordinate system with one axis aligned to the

axis of symmetry of matrix, that is: eϕαi = Qϕα
i,j
ej . Also, it is convenient to express the

local coordinate system eαi in terms of the intermediate one, eϕαi , as it is attached to the

Initially anisotropic cracked media



100

Coupling between damage evolution and frictional sliding in an initially anisotropic

material

spheroidal orientation, that is: eαi = Qθα
i,j
eϕαj . In this way, the eϕα3 axis coincides with the

symmetry axis e3 of the transversely isotropic matrix. Consider the intermediate system

ϕα as a global system for the calculation of Hill’s tensor. Only one angle θα between the

symmetry axis of the solid matrix and the symmetry axis of the spheroidal inclusion needs

to be taken into account for an arbitrarily oriented spheroidal inclusion in a transversely

isotropic matrix. Finally, the fourth-order Hill’s tensor can be expressed in terms of the

second-order derivatives of Green’s function, such as [Giraud et al., 2007]:

Pϕαijkl(e
ϕα) =

1

4

(
Mϕα
kijl(e

ϕα) +Mϕα
kjil(e

ϕα) +Mϕα
lijk(e

ϕα) +Mϕα
ljik(e

ϕα)

)
(V .18)

Mϕα
ijkl(e

ϕα) =

∫
Ω
Gϕαij,kl(e

ϕα − e′ϕα)dΩe′ = − ∂

∂eϕαl

∫
Ω

∂Gϕαij (eϕα − e′ϕα)

∂eϕαk
dΩe′ , eϕα ∈ Ω

(V .19)

Physically, the second-order Green function Gϕαij,kl(e
ϕα − e′ϕα) represents the displace-

ment at a point eϕα in a linear elastic solid of stiffness Cm, resulting from a unit force

applied at a point e′ϕα in the solid.

After mathematical manipulations, we can obtain the general forms of the components

of the Hill’s tensor in the intermediate system and in terms of the arguments θα and lϕαi .

Pϕαijkl =

∫
Σ

(pϕα
l
gϕαkij + pϕα

l
gϕαkji + pϕα

k
gϕαlij + pϕα

k
gϕαlji )dω (V .20)

The detailed expressions of pϕα
i

= pϕα
i

(θα, l
ϕα , ε) and gϕαijk = gϕαijk(l

ϕα ,Cm), are given in

Appendix B. The unit vector lϕαi can be expressed in terms of two angles characterizing

the spherical coordinates frame:

lϕα1 = cos(ζ)sin(ψ)

lϕα2 = sin(ζ)sin(ψ)

lϕα3 = cos(ψ)

(V .21)

The integral on the surface of an unit sphere S can be expressed as:

∫
S
F (θα, l

ϕα)dw =

∫ 2π

ψ=0

∫ π

ζ=0
F (θα, ψ, ζ)sin(ψ)dψdζ (V .22)
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Accordingly, the Hill’s tensor can be evaluated numerically using Gauss-Legendre

quadrature in terms of the integration angles ζ and ψ. The components of the Hill’s

tensor in the intermediate coordinate system depend on the aspect ratio of the inclusion

ε, the angle θα of the inclusion, and the elastic properties of the solid matrix:

Pϕαijkl = Pϕαijkl(ε, θ
α,Cm) (V .23)

In order to using Gauss-Legendre quadrature method who is an approximation of the

definite integral of a function to evaluate the Hill tensor in the intermediate system, the

formulation (V .22) who is the double integral on the surface of an unit sphere S can

be stated as a weighted sum of function values at specified points within the domain of

integration. On using the spheroidal coordinates, we obtain:

Pϕαijkl(θα) ≈
NG
ζ∑

k=1

NG
ψ∑

l=1

wζkw
ψ
l G

ϕα
ijkl(θα, ζ

G
l , ψ

G
k )sin(ψGk ) (V .24)

where wζk, w
ψ
l , ζGl , ψGk denote respectively the Gauss-Legendre weights and coordinates

corresponding to the NG
ζ and NG

ψ integrating points which are comprised in the intervals

[0, 2π] (ζ angle) and [0, π] (ψ angle) as previously mentioned. The Gϕα
ijkl coefficients can

be given by the relation (V .20). The unit vector components lϕα in the Gϕα
ijkl coefficients

defined by relations (V .21) as the functions of angles ψ and ζ, are introduced in the

relations presented in Appendix B which are necessary to compute Gϕα
ijkl coefficients in the

relation (V .20).

Finally, the numerical values of Pϕαijkl components are computed by using the Gaussian

quadrature method (see: (V .24)). The numerical calculations have been achieved by

using Fortran software. 5 integrations points of Gaussian quadrature in each subinterval

were adopted, and we take the relation NG
ζ = 2NG

ψ in all cases in a division of intervals

[0, 2π] and [0, π] respectively.

Finally, the components of Hill’s tensor in the global coordinate system Pijkl can be

determined with the help of the transformation rules between ei and eϕαi coordinates, that

is:

P = Ppqrsep ⊗ eq ⊗ er ⊗ es = Pϕαijkle
ϕα
i ⊗ e

ϕα
j ⊗ e

ϕα
k ⊗ e

ϕα
l (V .25)

Pijkl(θα, ϕα) = Qϕαp,i (ϕα)Qϕαq,j (ϕα)Qϕαr,k(ϕα)Qϕαs,l (ϕα)P θαpqrs (V .26)
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4 Description of friction-damage evolutions

As mentioned above, for closed frictional micro-cracks, additional constitutive laws

should be proposed to describe evolutions of damage and inelastic frictional sliding. To

this end, it is convenient to take the inelastic strainEc,r and the crack density parameter dr

as the local internal variables of the two dissipation mechanisms for each family of micro-

cracks. The free energy function is then a function of these two international variables

as given in (V .15). Note that when multiple families of micro-cracks are considered,

a series of discrete local internal variables are defined in the present model. However,

the friction and damage evolution law to be developed later are formally common to

all families of micro-cracks. For the sake of simplicity, in the following sections, unless

specifically mentioned, the superscript r denoting the sequence number of cracks families

will be omitted.

The thermodynamic force associated with the inelastic strain Ec,r, denoted by σc,r, is

obtained by standard derivative of W ∗(Ec,r, dr):

σc =
∂W ∗

∂Ec
= Σ− 1

d
Cn : Ec,r (V .27)

The thermodynamic force σc physically defines the local stress applied onto micro-

cracks and is the deriving force for the evolution of inelastic strainEc,r. It is worth noticing

that this thermodynamic force contains a back-stress term, 1
dC

n : Ec,r. The presence of

this term will allow the description of material hardening/softening behaviours. Indeed,

the material hardening corresponds to increase of crack shear strength to frictional sliding

while the strain softening is induced by crack propagation.

The local stress σc and be classically decomposed into a normal component σcn and a

tangential component τ c, which are obtained by projecting the stress vector σc · n onto

the normal direction and cracks plane, as shown in Figure V .3:

σcn = n · σc · n, τ c = σc · n · (δ − n⊗ n) (V .28)

On the other hand, the thermodynamic force conjugated with the damage variable d,

denoted as Fd, can be also derived from the free enthalpy (V .15):

Fd =
∂W ∗

∂d
=

1

2d2
Ec,r : Cn : Ec,r (V .29)
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n

t

σc⋅n

Figure V .3: Decomposition of the local stress vector σf · n onto the normal direction

and the crack plane.

4.1 Friction criterion

The frictional sliding is driven by the local shear stress and influenced by the normal

stress. In the present study, a linear Coulomb type criterion is applied at the local scale

to describe the frictional sliding of micro-cracks. That is:

f(σc) = ‖τ c‖+ ησcn 6 0 (V .30)

The parameter η denotes the local friction coefficient on crack surfaces, which can be

related to macroscopic shear strength of material as discussed in [Zhu and Shao, 2015].

The presence of the friction term also allows description of confining pressure effects on

macroscopic behaviours.

In order to facilitate the formulation of frictional flow rule and numerical implementa-

tion, [Zhu and Shao, 2015] proposed the following normal and tangential operators, which

are fourth order tensors and both functions of the unit normal vector n:

N = n⊗ n⊗ n⊗ n (V .31)

T = (n⊗ n)⊗(δ − n⊗ n) + (δ − n⊗ n)⊗(n⊗ n) (V .32)

with the following properties:

N : N = N, T : T = T, N : T = T : N = O (V .33)

By using these operators, the local normal and tangential stresses can be rewritten as:

‖τ c‖ = (
1

2
σc : T : σc)

1
2 , σcn = −(σc : N : σc)

1
2 (V .34)
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An associate flow rule is here employed to describe the evolution of inelastic strain.

The yield function (V .30) also serves as the potential function. The evolution rate of the

inelastic strain Ec,r is thus given by the normality rule:

Ėc,r = λs
∂f(σc)

∂σc
= λs(

T
2‖τ c‖

+ η
N
σcn

) : σc (V .35)

The positive multiplier λs can be determined by the consistency condition (g = 0, ġ = 0),

as described later. According to (V .35), the inelastic flow direction can be defined by a

second order tensor:

Dn = (
T

2‖τ c‖
+ η

N
σcn

) : σc (V .36)

Thus, the evolution of the inelastic strain takes the following form:

Ėc,r = λsDn (V .37)

The Coulomb-type friction criterion can also be reformulated as:

f(σc) = σc : Dn 6 0 (V .38)

4.2 Damage criterion

In the framework of irreversible thermodynamics, the damage criterion is expressed

in terms of the thermodynamic forces associated with the damage variables d. Based on

the previous works by [Zhu and Shao, 2015], the general expression of damage criterion is

adopted:

g(Fd, d) = Fd −R(d) 6 0 (V .39)

The conjugate damage force Fd is given in (V .29). The function R(d) represents the

current material toughness to further damage evolution by cracks growth. Following [Zhu

and Shao, 2015], the following function is proposed:

R(d) = rc
2κ

1 + κ2
(V .40)

with κ = d/dc. The parameter dc is a critical value of the damage variable and rc = R(dc)

being the corresponding value of material toughness. Note that the function R(d) is

increasing when d 6 dc for describing strain hardening process while decreasing when

d > dc for capturing material softening. The failure of the material takes place when the

damage variable d reaches its critical value dc.

When the damage criterion is reached, the evolution rate of damage variable d can be

calculated by using the following normality rule:

ḋ = λd
∂g(Fd, d)

∂Fd
= λd (V .41)
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where λd is the damage multiplier which can be determined by the consistency conditions

g(Fd, d) = 0 and ġ(Fd, d) = 0.

4.3 Damage-friction coupling

In general loading conditions, the damage growth and inelastic strain evolution are

inherently coupled. In view of numerical implementation of the micro-mechanical model in

a computer code and also capturing the post-peak behaviour of materials, it is convenient

to carry out the numerical implement with prescribed strain conditions. In the present

work, only time-independent behaviours are considered. The rate form of constitutive

relations can be equivalently replaced by an incremental form. Consider an incremental

variation of macroscopic strain ∆E applied to the REV. For the ith family of micro-cracks,

when the friction criterion is continuously satisfied, the consistency condition (f i = 0, ḟ i =

0) is written as:

∆f i =

N∑
j=1

∂f i

∂Ec,j
: ∆Ec,j +

∂f i

∂di
∆di +

∂f i

∂E
: ∆E = 0 (V .42)

or in an equivalent way

∆f i = (
N∑
j=1

∂σc,i

∂Ec,j
: ∆Ec,j +

∂σc,i

∂di
∆di +

∂σc,i

∂E
: ∆E) : Dn,i = 0 (V .43)

Recall that ∆Ec,j = λsjD
n,j and that the damage increment ∆di can be expressed in

terms of ∆Ec,i by developing the damage consistency condition, that is:

∆gi =
∂gi

∂Ec,i
: ∆Ec,i +

∂gi

∂di
∆di = 0 (V .44)

The damage multiplier is obtained:

λd = −λs ∂gi

∂Ec,i
: Dn,i/

∂gi

∂di
(V .45)

Finally, the following linear equations are obtained with unknowns λsj , j = 1, ..., N :

Xijλ
s
j = Yi (V .46)

with the coefficient Xij :

Xij = Dn,i : Cm : Dn,j +
1

di
IijD

n,i : Cn,i : Dn,i +
1

(di)4
Iij(D

n,i : Cn,i : Ec,i)2/
∂gi

∂di

(V .47)
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and the value of Yi

Yi = Dn,i : Cm : ∆E (V .48)

In equation (V .47), Iij is the components of a square matrix of dimension N × N .

More precisely, Iij = 1 when i = j, and Iij = 0 when i 6= j. In the particular case where

all cracks are closed and the respective local damage criterion is reached, we will have N

linear equations of the same type, which forms a system of N linear equations with N

unknowns. Accordingly, the coefficient row Xij in (V .47) is naturally extended to be the

matrix of coefficients [X]. It is worth noting that this matrix is symmetric and positively

define. In this way, the column of unknowns {λs} is given by:

{λs} = X−1{Dn : Cs} : dE (V .49)

The incremental form of the macroscopic stress-strain relations (V .12) reads:

∆Σ = Cm : ∆E −
N∑
r=1

Cm : ∆Ec,r = Cm : ∆E − {Cm : Dn}T {λs} (V .50)

Insertion of equation (V .49) into equation (V .50) gives ∆Σ = Ctan : ∆E with the

tangential stiffness tensor:

Ctan = Cm − {Cm : Dn}T [X]−1{Dn : Cm} (V .51)

4.4 Numerical implementation

Due to the nonlinear behaviours related to the inelastic deformation and damage evo-

lution, the loading path is divided into a limited number of steps. At the loading step

j + 1, a new macroscopic strain increment ∆Ej+1 is applied. Note that at the end of the

previous loading step, the internal variables (dr,j , E
c
j ) as well as the macroscopic stress Σj

and strain Ej are all known. The problem to be solved here is to find the corresponding

macroscopic stress increment ∆Σj+1 by using the micro-mechanical model. The numerical

algorithm used here is based on the classical operator-splitting method, mainly composed

of the elastic predictor and plastic/damage corrector. Further, in the present study, the

aspect ratio of micro-cracks is taken as constant. Therefore, for each family of micro-

cracks, the fourth order operator Cn is numerically calculated according to V .9 once for

all loading steps. However, in future works, it will be possible to consider variation of

crack aspect ratio by updating the Eshelby tensor and operator Cn for each loading step.

The flowchart of the numerical algorithm can be summarized as follows:

a) Elastic prediction:
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For each rth family of micro-cracks, the two internal variables remain unchanged such

that: 
dr,(j+1) = dr,j

Ec,r
j+1 = Ec,r

j

(V .52)

Update the macroscopic strain ∆Ej+1 at the step j + 1 as:

Ej+1 = Ej + ∆Ej+1 (V .53)

The elastic prediction of the macroscopic stress is calculated by:

Σj+1 = Cm : (Ej+1 −
N∑
r=1

Ec,r
j+1) (V .54)

b) Friction-damage correction:

(1) Check the friction criterion f(σc) 6 0 for each family of micro-cracks.

(2) Determine the friction multipliers according to (V .49) and calculate the inelastic

strain for each family of micro-cracks by using the flow rule:

Ec
j+1 = Ec

j + λsDn (V .55)

(3) Check the damage criterion for each family of micro-cracks according to (V .39),

calculate the damage multiplier using the equation (V .45), and then update the damage

variable:

dr,j+1 = dr,j + λd (V .56)

(4) Update the macroscopic stress according to the stress-strain relation:

Σj+1 = Cm : (Ej+1 −
N∑
r=1

Ec,r
j+1) (V .57)

If the convergence tolerance in stress
‖Σj+1−Σj‖
‖Σj‖ 6 10−3 is not satisfied, carry out the inner

iteration.

5 Numerical assessment and experimental verification

In this section, a series of numerical simulations are presented to show the predictive ca-

pability of the micro-mechanical model. Experimental verification against laboratory tests

is also performed. For this purpose, the proposed model is applied to describe mechanical
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behaviours of a typical anisotropic clayey rock, Tournemire shale. This rock has been

extensively investigated in different contexts such geological disposal of radioactive waste

and shale gas production. The Tournemire shale is considered as a typical transversely

isotropic material containing a family of parallel bedding planes. A number of laboratory

studies have been performed on this material and shown that its mechanical behaviours,

in particular elastic properties and mechanical strength, strongly depend on loading orien-

tation. Experimental results obtained from triaxial compression tests by [NianDou et al.,

1997] will be used here. For convenience, a structural frame coordinates system is defined.

Denote e3 the unit vector of the symmetric axis which is perpendicular to bedding planes

as shown in V .4. The orientation of each ellipsoidal crack is then defined by two angles,

the angle with the symmetric axis θα and the angle in the isotropic plane ϕα.

  

n

Ω

Ω

E
e3

e2

e1

Figure V .4: Definition of structural frame system and crack orientation

5.1 Parameters identification

Compared with most macroscopic models, the proposed micro-mechanical model con-

tains a very small number of parameters and each of them is physically defined. For in-

stance, a part five elastic parameters for transversely isotropic materials, only four param-

eters are needed for the description of evolutions of induced damage and friction-related

inelastic strain.

The elastic properties of a transversely isotropic material at intact state are defined

by five initial elastic parameters. With the frame system defined in V .4 and based on

the experimental data from [NianDou et al., 1997], the representative values of elastic

parameters for the Tournemire shale are given in Table (V .1). It is worth noticing that

for most rock materials, the elastic properties may depend on confining pressure due to
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closure of initial cracks or bedding planes [NianDou et al., 1997, Chen et al., 2012a]).

Such a feature is not investigated in the present work because the emphasis is put on the

modelling of induced damage and frictional sliding in initially anisotropic materials.

Table V .1: Initially values of elastic parameter of Tournemire shale

E3 (MPa) E1 (MPa) ν12 ν31 G31 (MPa)

3800 10, 000 0.202 0.164 2000

As mentioned in the formulation of the micro-mechanical model, the macroscopic

strength of materials is controlled by micro-crack density evolution. For instance, in a tri-

axial compression test, the peak stress is obtained when the local crack toughness reaches

its maximal value rc. Further, the friction coefficient η describes the influence of local

normal stress on the inelastic frictional sliding along cracks surface. At the macroscopic

scale, this is interpreted by the fact that the macroscopic failure stress varies with confining

pressure. Therefore, these two failure parameters are identified from experimental values

of peak stress obtained from triaxial compression tests with different confining pressures.

Further, the critical value of crack density parameter dc determines macroscopic strain

at the failure state and post-peak responses. Therefore it is fit from stress-strain curves

obtained in triaxial compression tests. Finally, it is needed to define an initial value of

crack density parameter reflecting a distribution of initial micro-cracks. In the absence

of micro-structural analysis, it is usually to take a small value for this parameter. The

typical values of four parameters for modelling induced damage and friction are presented

in Table V .2.

Table V .2: Parameter values for model

Parameters η rc dc d0

Values 0.405 0.086 1 0.1
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5.2 Simulation of triaxial compression test

Mechanical responses of the shale in triaxial compression tests with different confining

pressures are first studied. For the sake of simplicity, only one family of micro-cracks

is considered in the present study and the case of multiple crack families will be inves-

tigated in future works. Two different loading orientations are investigated respectively

perpendicular and parallel to bedding planes.

5.2.1 Compression along the axis e3

In this case, the loading path is composed of two stages. In the first stage, a hydrostatic

stress (Σ11 = Σ22 = Σ33 = pc)is applied to confine the sample. During the second stage,

a compressive strain E33 < 0 is prescribed along the axis e3 by maintaining the confining

pressure at a constant value to generate a deviatoric stress state in the sample. As the

induced damage occurs only during the deviatoric stage, only mechanical responses during

the second stage of loading are presented here. Under such a triaxial compression loading

condition, three principal stress are all compressive and it is assumed that all induced

micro-cracks are closed. Therefore, the frictional sliding and the crack propagation are

coupled. In the present work, as mentioned above, only one family of micro-cracks is

considered and the most critical one is chosen as the potential failure plane. For initially

anisotropic materials, the orientation of the failure plane is influenced by the anisotropy

degree of materials and cannot be determined analytically. Thus, a preliminary assessment

is performed under uniaxial compression condition by comparing the mechanical strength

obtained with different orientations of crack family. In Figure V .5, the numerical results

of axial stress-strain curves are presented for different values of the angle θα. One can see

that the smallest peak stress is obtained when the crack angle is between θα = 55◦ and

θα = 60◦. Thus, the crack angle θα = 55◦ is chosen as the failure plane orientation for

the transversely isotropic material studied here under compression along the axis e3. It is

worth noticing that the orientation of failure plane in rock-like materials may vary with

confining pressure [Chen et al., 2012a], but this feature is not discussed in the present

work.

In Figure V .9, curves are shown comparisons between numerical results and experi-

mental data for triaxial compression tests under different confining pressures. There is a

good concordance between the numerical results and the experimental data for inelastic

responses and failure stress. Some scatters are observed for the post-peak behaviour of the

material. The experimental data show a sharp decrease of the axial stress after the peaks

stress while a progressive decrease is obtained in the numerical results. It is useful to point
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Figure V .5: Stress-strain curves in uniaxial compression test with different crack orien-

tations

out that the post-peak behaviour is inherently related to the onset of strain localization

bands and the coalescence of micro-cracks leading to the formation of macroscopic cracks.

The overall response of the sample is strongly affected by the deformation of localized

bands and cracks. This feature is behind the topic of this work and will be developed in

a future investigation.
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Figure V .6: Stress-strain curves in triaxial compression tests on Tournemire shale with

three different confining pressures (5MPa, 10MPa, 30MPa): Comparisons between nu-

merical results (continuous lines) and experimental data
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5.2.2 Unloading-reloading cycles along the axis e3

In the proposed micro-mechanical model, the inelastic strain is directly related to the

frictional sliding along micro-crack surfaces and coupled with the crack propagation. In

order to show effects of the local friction on micro-crack surfaces, stress-strain behaviours

during unloading-reloading cycles are studied. Consider now another loading path in the

triaxial compression test: cyclic loading path along the axis e3. To this end, after the stage

of confining pressure, some cycles of the axial compressive strain E33 < 0 is prescribed

along the axis e3. In Figure V .7, stress-strain curves obtained in such a loading path are

presented for three cycles and a 5MPa confining pressure. It is found that due to the

friction effect, the material exhibits a hysteretic loop during a unloading-reloading cycle.

Micro-cracks are locked by the friction during unloading until the friction criterion is

reached in an opposite sense. The width of hysteretic loop increases with the accumulated

density of micro-cracks, which enhances the inelastic sliding along crack surfaces. Further,

the stress-strain curves are compared with those obtained in a monotonic loading path.

It is seen that the mechanical strength of material is lower in the cyclic loading than that

in the monotonic one. This mechanical strength degradation is due to the accumulation

of damage during unloading-reloading cycles.
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Figure V .7: Stress-strain curves in a triaxial compression test with unloading-reloading

cycles under a 5MPa confining pressure and comparison with stress-strain envelope ob-

tained in monotonic loading
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5.2.3 Compression along the axis e2

In order to study effects of loading orientation on macroscopic behaviours of trans-

versely isotropic materials, uniaxial and triaxial compression in the direction parallel to

bedding planes is now considered. After the application of hydrostatic confining pressure,

a compression strain E22 < 0 is prescribed along the axis e2. As for the previous case,

preliminary calculations are first performed to choose the orientation of the critical crack

orientation considered as that of failure plane. The obtained numerical results under uni-

axial compression for four different values of the angle θα are presented in Figure V .8. It

is seen that the smallest peak stress is obtained for θα = 43◦. Thus, this angle is chosen

as the orientation of failure plane under compression along the axis e2.

Comparisons between numerical results and experimental data are given in Figure V

.9 for two values of confining pressure. Again, the general trends of mechanical responses

of the shale are correctly reproduced by the proposed model. The description of post-peak

behaviours should be improved by considering strain localization and crack coalescence.
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Figure V .8: Stress-strain curves under uniaxial compression for different crack orienta-

tions

In Figure V .10, are shown the comparisons of stress-strain curves, obtained in a

triaxial compression test under a 5MPa confining pressure, respectively in the orientation

perpendicular (red color) and parallel (blue color) to bedding planes. One can see that the

mechanical response is clearly different between the two loading orientations due to the

structural anisotropy of material. The deformation is larger in the perpendicular direction

than in the parallel one due to the compressibility of bedding planes. The peak stress is

also slightly higher in the perpendicular direction. The results show that the proposed
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Figure V .9: Stress-strain curves under triaxial compression with two confining pres-

sures (5MPa, 50MPa): Comparisons between numerical results (continuous lines) and

experimental data

model is able to describe inelastic deformation and induced damage in initially anisotropic

rock-like materials.
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Figure V .10: Stress-strain curves in a triaxial compression test with a 5MPa confining

pressure: comparison between two loading orientations
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5.3 Direct shear tests

In order to assess the efficiency of the micro-mechanical model in reproducing mechan-

ical responses of anisotropic materials in different loading conditions, direct shear tests

are now considered. The transversely isotropic material contains one family of induced

micro-cracks with the crack angles θα = 55◦, ϕα = 0◦. The emphasis is still put on the

description of inelastic friction and damage in closed micro-cracks. For this purpose, the

studied unit-cell is under a confining pressure of 5MPa to maintain all micro-cracks in the

closed state. The values of the initial elastic parameters and of those for the friction and

damage are also taken from Tables V .1 and V .2. It is worthy to mention that three are

two independent shear moduli in a transversely isotropic material, the transverse shear

modulus G12 and the longitudinal shear modulus G31=G23. The transverse shear modulus

can be calculated from the Young’s modulus and Poisson’s ratio in the transverse plane

by G12 = E1
2(1+ν12) and one obtains G12 ≈ 4160MPa.

In order to investigate effects of the initial material anisotropy on mechanical responses

under direct shear, two different shear paths are considered, respectively in the planes e1e2

and e3e1. For each path, a shear strain, say E12 and E31, is prescribed. Further, both

monotonic and cyclic paths are considered. In Figures V .11 and V .12, are shown the

stress-strain curves obtained for two direct shear paths. It is found that the mechanical

responses are clearly dependent on the shear loading path and then affected by the initial

material anisotropy. Beside the difference of shear modulus in the elastic stage, the evolu-

tions of inelastic deformation and damage as well as the failure stress are also significantly

different between the two paths. For instance, the failure stress is higher for the shear

path E31 than for the path E12. On these figures, one can also see the comparisons of me-

chanical responses between the monotonic and cyclic paths. As for compression loading,

hysteretic loops due to friction locking of micro-cracks are well described by the micro-

mechanical model. The mechanical strength is slightly lower in cyclic paths than that in

monotonic ones due to the accumulation of induced damage in unloading-reloading cycles.

6 Conclusion

A micro-mechanics based approach is developed for the description of induced damage

and frictional sliding in initially anisotropic quasi-brittle materials. An efficient numerical

method is first proposed for the estimation of Hill’s tensor for spheroidal micro-cracks

in a transversely isotropic solid matrix. Based on this estimation, a three-dimensional

micro-mechanical model is formulated for closed frictional micro-cracks by combining a
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Figure V .11: Stress-strain curves in monotonic and cyclic direct shear tests in the plane
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Figure V .12: Stress-strain curves in monotonic and cyclic direct shear tests in the plane

e3e1

rigorous homogenization procedure and the irreversible thermodynamics framework. The

effective elastic properties of cracked materials are estimated using a Mori-Tanaka scheme.

The evolutions of inelastic strains due to frictional sliding and induced damage by the

propagation of micro-cracks are coupled and described by specific local friction and damage
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criteria as functions of conjugate thermodynamic forces. The frictional sliding is the

driven force of damage growth in closed cracks while the damage enhances the inelastic

sliding. With an associated flow rule, the proposed micro-mechanical model contains a

smaller number of parameters than most macroscopic models. The efficiency of the model

is assessed through a series of numerical examples and comparisons with experimental

data for a typical shale. It is found that the micro-mechanical model is able to account

for main features of mechanical behaviours of initially anisotropic quasi-brittle materials

such as induced growth of micro-cracks, irreversible deformation and hysteretic loops due

to friction effects of crack surfaces, coupling between inherent anisotropy and induced

anisotropy, effects of confining pressure and volumetric dilatancy. A number of extensions

can be considered in future works, for instance, damage and frictional sliding in a general

anisotropic solid matrix, study of strain localization and crack coalescence, investigation

of limit case for plane cracks with zero aspect ratio.
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Chapter VI

Conclusions and perspectives

This thesis aims to propose a micro-mechanical approach for modelling induced dam-

age and friction sliding for a class of initially anisotropic quasi-brittle materials. To this

end, two three-dimensional micro-mechanical damage models have been developed respec-

tively for open and closed micro-cracks. The key step of these two models is an efficient

numerical method which is needed for the estimation of Hill’s tensor for three dimensional

spheroidal micro-cracks in a transversely isotropic solid matrix. The proposed micro-

mechanical models are able to account for main features of mechanical behaviour of a large

class of quasi-brittle materials such as degradation of elastic properties, induced anisotropy,

inelastic frictional sliding, unilateral effects, interaction between inherent anisotropy and

induced anisotropy, coupling between crack-growth and frictional sliding.

The micro-mechanical model for open cracks is able to account for interactions between

initial material anisotropy and induced growth of cracks. The effective elastic properties

of cracked materials have been studied using different homogenization schemes and for

different orientations of induced cracks. It was found that the effective elastic properties

are strongly affected by the homogenization scheme, and physically affected by the crack

interaction and spatial distribution effects. There is also a clear interaction between the

initial material anisotropy and induced cracks. Further, based on the irreversible thermo-

dynamics framework, a specific damage evolution criterion has been proposed to describe

the progressive growth of induced cracks. The proposed numerical damage model was

implemented in a computer code and applied to study mechanical behaviours of cracked

materials under different loading paths. Uniaxial tension and compression as well as sim-

ple shear tests have been considered. For all cases, the macroscopic stress-strain relations

and damage evolutions have been investigated. It was found that the overall mechanical
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behaviour of cracked material was significantly dependent on the homogenization scheme.

With the Dilute scheme without considering crack interactions, a too fast damage evo-

lution kinetics was obtained and leading a too sharp material softening after the peak

strength. In the case of MT scheme which consider the crack interaction in a simplified

way, one generally obtained a too ductile behaviour with a small decrease of stress in the

post-peak regime. The PCW scheme, considering both the crack interaction and spatial

distribution effects, provided the most typical results compared with a number of experi-

mental evidences observed in a class of brittle materials such as rocks and concrete. The

macroscopic behaviour was also affected by the orientation of induced cracks and their

interactions with the initial materials anisotropy.

The micro-mechanical model for frictional closed cracks is developed for the descrip-

tion of induced damage and frictional sliding in initially anisotropic quasi-brittle materials.

The effective elastic properties of cracked materials are estimated using a Mori-Tanaka

scheme. The evolutions of inelastic strains due to frictional sliding and induced damage

by the propagation of micro-cracks are coupled and described by specific local friction and

damage criteria as functions of conjugate thermodynamic forces. The frictional sliding is

the driven force of damage growth in closed cracks while the damage enhances the inelastic

sliding. With an associated flow rule, the proposed micro-mechanical model contains a

smaller number of parameters than most macroscopic models. The efficiency of the model

is assessed through a series of numerical examples and comparisons with experimental

data for a typical shale. It is found that the micro-mechanical model is able to account

for main features of mechanical behaviours of initially anisotropic quasi-brittle materials

such as induced growth of micro-cracks, irreversible deformation and hysteretic loops due

to friction effects of crack surfaces, coupling between inherent anisotropy and induced

anisotropy, effects of confining pressure and volumetric dilatancy.

The efficiency of proposed models should still be verified by further experimental data

and also by their application to different engineering applications. Many extensions can

be considered in future works, for instance, damage and frictional sliding in a general

anisotropic solid matrix, investigation of limit case for plane cracks with very small aspect

ratio, hydro-mechanical coupling considering effects of interstitial pressure, study of strain

localization and crack coalescence.
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Appendix A

Walpole decomposition of

elasticity tensor for transversely

isotropic materials

In the case of an arbitrary transversely isotropic material, the elasticity tensor C can

be expressed with Walpole decomposition, in terms of the six tensors [Castañeda, 2002] :

C = l1 E1 + l2 E2 + l3 E3 + l4 E4 + l5 E5 + l6 E6 (A.1)

The matrix expressions of these six tensors Ei with Voigt notations and axis n3 = e3

can be written as following:

E1 =
1

2



1 1 0 0 0 0

1 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



; E2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
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E3 =
1

2



1 -1 0 0 0 0

-1 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 1



; E4 =
1

2



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 0



(A.2)

E5 =



0 0 0 0 0 0

0 0 0 0 0 0

1 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



; E6 =



0 0 1 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0
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Derivative of Green’s function for

transversely isotropic materials

The calculations of Hill’s tensor in this appendix are given in the intermediate ϕα

coordinates eϕαi . The Hill’s tensor in the global coordinate system Pijkl can be determined

with the help of the transformation rules between ei and eϕαi coordinates.

It is necessary to note that the relation C∗13 − C13 − 2C44 6= 0 is considered here for

the case of transversely isotropic materials ([Pan and Chou, 1976]).

Pϕαijkl =

∫
Σ

(pϕα
l
gϕαkij + pϕα

l
gϕαkji + pϕα

k
gϕαlij + pϕα

k
gϕαlji )dω (B.1)

with

pϕα1 =
α2lϕα1

α2(lϕα1 )2 + (lϕα3 cos(θα) + lϕα2 sin(θα))2 + α2(lϕα2 cos(θα)− lϕα3 sin(θα))2
(B.2)

pϕα2 =
(lϕα3 cos(θα) + lϕα2 sin(θα)) ∗ sin(θα) + α2(lϕα2 cos(θα)− lϕα3 sin(θα)) ∗ cos(θα)

α2(lϕα1 )2 + (lϕα3 cos(θα) + lϕα2 sin(θα))2 + α2(lϕα2 cos(θα)− lϕα3 sin(θα))2

(B.3)

pϕα3 =
(lϕα3 cos(θα) + lϕα2 sin(θα)) ∗ cos(θα)− α2(lϕα2 cos(θα)− lϕα3 sin(θα)) ∗ sin(θα)

α2(lϕα1 )2 + (lϕα3 cos(θα) + lϕα2 sin(θα))2 + α2(lϕα2 cos(θα)− lϕα3 sin(θα))2

(B.4)

Initially anisotropic cracked media



124 Appendix B: Derivative of Green’s function for transversely isotropic materials

gϕα111 = −ν1A′1lϕα1 [−8
(lϕα2 )2ν21 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν21 (lϕα3 )2

(Rϕα1 )2
− 3(lϕα2 )2 + 2ν2

1(lϕα3 )2](ρϕα)−4(Rϕα1 )−1

−ν2A′2lϕα1 [−8
(lϕα2 )2ν22 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν22 (lϕα3 )2

(Rϕα2 )2
− 3(lϕα2 )2 + 2ν2

2(lϕα3 )2](ρϕα)−4(Rϕα2 )−1

−Dlϕα1 [8
(lϕα3 )2ν22 (lϕα3 )2

(ρϕα )2
+

(lϕα2 )2ν23 (lϕα3 )2

(Rϕα3 )2
− (lϕα1 )2 + 2(lϕα2 )2 − 2ν2

3(lϕα3 )2](ρϕα)−4(Rϕα3 )−1

(B.5)

gϕα112 = −ν1A′1lϕα2 [8
(lϕα1 )2ν21 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν21 (lϕα3 )2

(Rϕα1 )2
+ 2(lϕα2 )2 − (lϕα2 )2 − 2ν2

1(lϕα3 )2](ρϕα)−4(Rϕα1 )−1

−ν2A′2lϕα2 [8
(lϕα1 )2ν22 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν22 (lϕα3 )2

(Rϕα2 )2
+ 2(lϕα1 )2 − (lϕα2 )2 − 2ν2

2(lϕα3 )2](ρϕα)−4(Rϕα2 )−1

−Dlϕα2 [−8
(lϕα1 )2ν23 (lϕα3 )2

(ρϕα )2
+

(lϕα2 )2ν23 (lϕα3 )2

(Rϕα3 )2
− 3(lϕα1 )2 + 2ν2

3(lϕα3 )2](ρϕα)−4(Rϕα3 )−1

(B.6)

gϕα113 = 2ν3
1A′1l

ϕα
3 [2(lϕα1 )2 − (lϕα2 )2 − ν21 (lϕα1 )2(lϕα3 )2

(Rϕα1 )2
](ρϕα)−4(Rϕα1 )−1

+2ν3
2A′2l

ϕα
3 [2(lϕα1 )2 − (lϕα2 )2 − ν22 (lϕα1 )2(lϕα3 )2

(Rϕα2 )2
](ρϕα)−4(Rϕα2 )−1

−Dν2
3 l
ϕα
3 [(lϕα1 )2 − 2(lϕα2 )2 +

ν23 (lϕα2 )2(lϕα3 )2

(Rϕα3 )2
](ρϕα)−4(Rϕα3 )−1

(B.7)

gϕα121 = −ν1A′1lϕα2 [8
(lϕα1 )2ν21 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν21 (lϕα3 )2

(Rϕα1 )2
+ 2(lϕα2 )2 − (lϕα2 )2 − 2ν2

1(lϕα3 )2](ρϕα)−4(Rϕα1 )−1

−ν2A′2lϕα2 [8
(lϕα1 )2ν22 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν22 (lϕα3 )2

(Rϕα2 )2
+ 2(lϕα1 )2 − (lϕα2 )2 − 2ν2

2(lϕα3 )2](ρϕα)−4(Rϕα2 )−1

−Dlϕα2 [8
(lϕα1 )2ν23 (lϕα3 )2

(ρϕα )2
+

(lϕα1 )2ν23 (lϕα3 )2

(Rϕα3 )2
+ 2(lϕα1 )2 − (lϕα2 )2 − 2ν2

3(lϕα3 )2](ρϕα)−4(Rϕα3 )−1

(B.8)

gϕα123 = 2
ν31A′1l

ϕα
1 lϕα2 lϕα3 (3(ρϕα )2+2ν21 (lϕα3 )2)

(ρϕα )4(Rϕα1 )3
+ 2

ν32A′2l
ϕα
1 lϕα2 lϕα3 (3(ρϕα )2+2ν22 (lϕα3 )2)

(ρϕα )4(Rϕα2 )3

−Dν23 l
ϕα
1 lϕα2 lϕα3 (3(ρϕα )2+2ν23 (lϕα3 )2)

(ρϕα )4(Rϕα3 )3

(B.9)

gϕα131 = ν2
1A1l

ϕα
3 (1− 2

(lϕα1 )2

ρϕα −
(lϕα1 )2

(Rϕα1 )2
)(ρϕα)−2(Rϕα1 )−1

+ν2
2A2l

ϕα
3 (1− 2

(lϕα1 )2

ρϕα −
(lϕα1 )2

R2
2

)(ρϕα)−2(Rϕα2 )−1

(B.10)
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gϕα312 = 2k1ν
3
1A′1l

ϕα
1 lϕα2 lϕα3 (2(ρϕα)−2 + (Rϕα1 )−2)(ρϕα)−2(Rϕα1 )−1

+2k2ν
3
2A′2l

ϕα
1 lϕα2 lϕα3 (2(ρϕα)−2 + (Rϕα2 )−2)(ρϕα)−2(Rϕα2 )−1

(B.11)

gϕα313 = −2
k1ν

3
1A′1l

ϕα
1

(Rϕα1 )3
− 2

k2ν
3
2A′2l

ϕα
1

(Rϕα2 )3
(B.12)

gϕα331 =
k1ν

2
1A1l

ϕα
1

(Rϕα1 )3
+
k2ν

2
2A2l

ϕα
1

(Rϕα2 )3
(B.13)

gϕα333 =
k1ν

4
1A1l

ϕα
1

(Rϕα1 )3
+
k2ν

4
2A2l

ϕα
3

(Rϕα2 )3
(B.14)

where:

ρϕα =
√

(lϕα1 )2 + (lϕα2 )2; Rϕαi = (ρϕα)2 + ν2
i (lϕα3 )2; ki =

C11
ν2
i

−C44

C13+C44

A1 = 1
4

C13+C44

ν1π(ν22−ν21 )C33C44
; A2 = −ν1A1

ν2

A′1 = 1
8

C44−ν21C33

π(ν22−ν21 )ν21C33C44
; A′2 = 1

8
C44−ν22C33

π(ν22−ν21 )ν22C33C44

D = 1
4

1
πC44ν3

; C∗13 =
√
C11C33; C66 = 1

2(C11 − C12)

ν1 =
√

(C∗13−C13)(C∗13+C13+2C44)
4C33C44

+
√

(C∗13+C13)(C∗13−C13−2C44)
4C33C44

ν2 =
√

(C∗13−C13)(C∗13+C13+2C44)
4C33C44

−
√

(C∗13+C13)(C∗13−C13−2C44)
4C33C44

ν3 =
√

C44
C66

ρϕα =
√

(eϕα1 )2 + (eϕα2 )2; R
ϕα
i = (ρϕα)2 + ν2

i (eϕα3 )2
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Appendix C

Chapter 3 supplements

1 Some illustrations of effect of the microcracks on the

macrocopic property for initially isotropic matrix

It is proposed to illustration and compare here the predictions of the various ho-

mogenisation schemes of effect of the microcracks on the macrocopic property for initially

isotropic matrix. First of all, we consider the case of anisotropic distribution of cracks in

the initially isotropic matrix. For complete the result, we extend to examine the influence

of the microcracks system in any one direction defined by a unit vector m, considering the

Young’s modulus Ehom(m) as mentioned in the Chapter II . Then the simple case of the

isotropic distribution of cracks are proposed. As indicated in Chapter II , we will consider

a spherical distribution of the PCW scheme.

1.1 Anisotropic distribution of microcracks

To present an anisotropic distribution of microcracks in an initially isotopic matrix,

we consider here the same parallel cracks system, normal e3 as previously mentioned for

the case of initially transversely isotropic matrix, which induces an isotropic transverse of

the matrix. The results are shown in a modification of the longitudinal Young modulus

and the shear modulus in the cracks plan. We can deduce the analytical formulation

because of the property of the initially isotropic matrix. Due to the transverse isotropy,

we using a standard notation (Walpole notation) to simplify the calculation of fourth-order

transversely isotropic tensor ([Walpole, 1981]). It construct from the tensor Ei, i = 1, ..., 6,

(see Chapter II ). We rappel the analytical results of the different estimation schemes for

this system:
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- Dilute scheme:

Case of open cracks

Edil3

Es
=

1− r(1− νs)d
1− 2r(νs)2d

;
µdil31

µs
=
µdil23

µs
= 1− 1− 2νs

2− νs
rd (C.1)

with r = 16(1−µs)
3(1−2µs) ,

Case of frictionless close cracks

Edil3

Es
= 1 ;

µdil31

µs
=
µdil23

µs
= 1− 1− 2νs

2− νs
rd (C.2)

- Mori Tanaka scheme:

Case of open cracks

EMT
3

Es
=

1

1 + 16
3 [1− (νs)2]d

;
µMT

31

µs
=
µMT

23

µs
=

1

1 + 16(1−νs)
3(2−νs) d

(C.3)

Case of frictionless close cracks

EMT
3

Es
= 1 ;

µMT
31

µs
=
µMT

23

µs
=

1

1 + 16(1−νs)
3(2−νs) d

(C.4)

- Ponte-Castaneda and Willis scheme estimations:

Case of open cracks

EPCW3
Es = 1− 240[1−(ν)2]d

45+16[7−15(ν)2]d

µPCW31
µs =

µPCW23
µs = 1− 240(1−νs)d

45(2−νs)+32(4−5νs)d

(C.5)

Case of frictionless close cracks

EPCW3

Es
= 1 ;

µPCW31

µs
=
µPCW23

µs
= 1− 240(1− νs)d

45(2− νs) + 32(4− 5νs)d
(C.6)

With regard to the effect of the close cracks, the analytical results show that a complete

restitution of modulus of the elasticity in the normal direction at the crack, and as for the
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Figure C.1: Parallel cracks: Comparison of the predictions of the different schemes for

the longitudinal Young modulus with initially isotropic matrix
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Figure C.2: Parallel cracks: Comparison of the predictions of the different schemes for

the shear modulus with initially isotropic matrix

shear modulus in the cracks plane, the value is the same as the open cracks. We adopt

the numerical value of the Poisson ratio νs = 0.2.

A comparison of these predictions of the difference estimation schemes is provided in

the figure (C.1) for the longitudinal Young modulus and in the figure (C.2) for the shear

modulus in the plan of the cracks who are the only affected elastic characteristics by the

crack. The general variation of the anisotropic distribution of cracks of initially isotropic

matrix are quite similar with the initially transversely isotropic matrix. Here, the results
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are shown in the case of open cracks.

1.2 Effects of the microcracks on the elastic modulus in arbitrary direc-

tion: comparison with the initially transversely isotropic matrix

We recall the same system in the subsection (3.2) which a set of parallel microcracks,

its unit normal n(e2, e3) associated to the angle θα is coincident with the normal e3 of the

isotropic matrix (see Fig. III .1).

We take into account also the Young’s modulus Ehom(m) in the normal direction e3

to compare the influence of the Young’s moduli between isotropic matrix and transversely

isotropic matrix produced by a parallel open and close cracks with 3 different estimation

schemes.

The results are normalized with the initial values of the Young moduli, which are

represented by the unit circle. The figure (C.3) and (C.4) presented perspectively the

variation of transverse and longitudinal Young moduli in any one direction for θα = 0◦.

We can see that there are sensibly different between the isotropic matrix and transversely

isotropic matrix in these two case. For the case of initially isotropic matrix, it can obtain

the same curve in the (Fig: C.4), when we take a simple rotation of the previous one

θα = 0◦. But for the case of transversely isotropic matrix, we can not obtain the same

curve with a rotation π/2 because of the effect anisotropy of the materials.
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Figure C.3: Comparison the variation of the Young’s moduli between isotropic and

transversely isotropic matrix produced by parallel open/close cracks media for θα = 0◦:

(a) Dilute scheme, (b) Mori-Tanaka scheme, (c) Ponte-Castaneda et Willis scheme.
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Figure C.4: Comparison the variation of the Young’s moduli between isotropic and

transversely isotropic matrix produced by parallel open/close cracks media for θα = 90◦:

(a) Dilute scheme, (b) Mori-Tanaka scheme, (c) Ponte-Castaneda et Willis scheme.

Initially anisotropic cracked media



Some illustrations of effect of the microcracks on the macrocopic property for

initially isotropic matrix 133

1.3 Isotropic distribution of microcracks

The crack system here implies the macroscopic elastic isotropy of the cracked media.

The effect of the microcracks results in a modification of the shear modulus and bulk

modulus. For all application of the end of the chapter, we utilise the numerical value of

ν = 0.2. Here, we set ϑ = 5−νs
3 .

- Dilute scheme:

Case of open cracks

kdil

ks
= 1− 16(1− (νs)2)

9(1− 2νs)
d ;

µdil

µs
= 1− 32(1− νs)ϑ

15(2− νs)
d (C.7)

Case of frictionless close cracks

kdil

ks
= 1 ;

µdil

µs
= 1− 32(1− νs)

15(2− νs)
d (C.8)

- Mori Tanaka scheme:

Case of open cracks

kMT

ks
=

1

1 + 16(1−(νs)2)
9(1−2νs) d

;
µMT

µs
=

1

1 + 32(1−νs)ϑ
15(2−νs) d

(C.9)

Case of frictionless close cracks

kMT

ks
= 1 ;

µMT

µs
=

1

1 + 32(1−νs)ϑ
15(2−νs) d

(C.10)

- Ponte-Castaneda and Willis scheme estimations:

Case of open cracks

kPCW

ks = 1− 16(1−(νs)2)d

9(1−2νs)+ 16d
3

(1+νs)2

µPCW

µs = 1− 480(1−νs)d
255(2−νs)+64(4−5νs)d

(C.11)
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Case of frictionless close cracks

kPCW

ks
= 1 ;

µPCW

µs
= 1− 480(1− νs)d

255(2− νs) + 64(4− 5νs)d
(C.12)

The comparison of the predictions of the different homogenisation schemes for isotropic

distribution of cracks are present in the figure (C.5 and C.6). The general variation of the

isotropic distribution of cracks are quite similar with the two case that we presented in

the subsection (??) and (1.1).
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Figure C.5: Isotropic distribution of cracks: Comparison of the predictions of the differ-

ent schemes for the Young modulus with initially isotropic matrix
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Figure C.6: Isotropic distribution of cracks: Comparison of the predictions of the differ-

ent schemes for the shear modulus with initially isotropic matrix
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