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Résumé. Nous adaptons la définition des sections de Postnikov et des tours de Postnikov
des ensembles simpliciaux aux opérades simpliciales. Nous définissons ensuite des foncteurs de
cotroncation afin de filtrer la tour de Postnikov d’une opérade simpliciale par les arités et former
ainsi la double tour de Postnikov de cette opérade.

Nous introduisons un nouveau type d’opérade, les Γ´opérades, où Γ désigne une opérade dans
les groupoïdes. Nous les utilisons pour modéliser l’action de l’opérade groupoïde fondamental
d’une opérade simpliciale sur ses groupes d’homotopies et son revêtement universel. Nous munis-
sons la catégorie des Γ´opérades d’ensembles simpliciaux d’une structure de catégorie modèle.
D’autre part, nous montrons que les Γ´opérades dans la catégorie des groupes abéliens munie
de la structure monoïdale induite par la somme directe forment une catégorie abélienne. Cette
catégorie abélienne fournit les coefficients pour la cohomologie équivariante opéradique que nous
étudions ensuite. Une version relative de cette cohomologie est également étudiée.

Nous définissons alors les invariants de Postnikov d’une opérade simpliciale : ce sont des
classes de cohomologie équivariante opéradique qui permettent de reconstruire inductivement et à
homotopie près une opérade simpliciale à l’aide de sa double tour. Ce processus de reconstruction
est utilisé afin de développer une théorie de l’obstruction pour les opérades simpliciales : on peut
étendre un morphisme d’opérades simpliciales le long d’une cofibration si et seulement une suite
de classes de cohomologie équivariante opéradique relative définie inductivement est nulle.
Mots-clés : topologie algébrique, homotopie, opérades, obstruction (théorie de l’)

Abstract. We adapt the definition of Postnikov sections and Postnikov towers of simplicial
sets to simplicial operads. We then define cotruncation functors in order to filter the Postnikov
tower of a simplicial operad by arity and form the Postnikov double tower of this operad.

We introduce a new kind of operad, the Γ´operads where Γ denotes a groupoid operad. We
use them to modelize the action of the fundamental groupoid operad of a simplicial operad on its
homotopy groups and its universal covering. We equip the category of Γ´operads in simplicial
sets with a model structure. We also prove that the Γ´operads in the category of abelian groups
equipped with the monoidal structure induced by the direct sum form an abelian category. This
abelian category provides the coefficients for the operadic equivariant cohomology which we study
afterwards. Furthermore, we study a relative version of this cohomology.

We thereafter define the Postnikov invariants of a simplicial operad : these are operadic
equivariant cohomology classes which permit to reconstruct inductively and up to homotopy a
simplicial operad by the mean of its double tower. This reconstruction process is used to develop
an obstruction theory for simplicial operads : a simplicial operad morphism can be extended
along a cofibration if an only if a sequence of relative operadic equivariant cohomology classes
defined inductively vanishes.
English title : Postnikov Towers and Postnikov Invariants for Simplicial Operads
Keywords : algebraic topology, homotopy, operads, obstruction theory
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Résumé
L’objectif de cette thèse est de définir les tours de Postnikov et les invariants de Postnikov d’une
opérade simpliciale, puis de développer une théorie de l’obstruction pour les opérades simpliciales.

Les tours de Postnikov, introduites par M. Postnikov dans les années 50 [24], permettent de
reconstruire à homotopie près un espace topologique à partir de ses groupes d’homotopies et de
ses invariants de Postnikov. J.C. Moore a ensuite adapté les tours de Postnikov aux ensembles
simpliciaux [23], qui modélisent de manière combinatoire les espaces topologiques "raisonnables".
La théorie de l’obstruction est quant à elle un processus d’extension d’un morphisme de CW-
complexes ou d’ensembles simpliciaux par récurrence sur la dimension ; on peut alternativement
étudier la possibilité de relever un tel morphisme inductivement selon les étages d’une tour de
Postnikov du codomaine [30, 28].

Les opérades furent introduites en théorie de l’homotopie pour modéliser des espaces de lacets
itérés dans les années 70 [21, 3]. Elles ont connu un regain d’intérêt dans les années 90 après qu’on
leur ait découvert des applications importantes dans de nombreux domaines des mathématiques
et notamment, en théorie quantique des champs.

1. Introduction
Tour de Postnikov et invariants de Postnikov d’un ensemble simplicial

Tout ensemble simplicial (fibrant) X est isomorphe à la limite d’une tour de fibrations

¨ ¨ ¨ // Xxny
pn // Xxn´ 1y // ¨ ¨ ¨ // Xx0y,

la tour de Postnikov de X. Les ensemble simpliciaux Xxny sont les sections de Postnikov de
X et forment une filtration de X selon ses groupes d’homotopie : pour tout 0 ď k ď n, on
a πkpXxnyq “ πkpXq et pour tout k ą n, πkpXxnyq “ 0. La fibre de pn est donc un es-
pace d’Eilenberg-MacLane KpπnpXq, nq, c’est-à-dire un ensemble simplicial dont les groupes
d’homotopies sont tous nuls, sauf le n´ième qui est égal à πnpXq.

On peut déduire à homotopie près la n´ième section de Postnikov de X de la pn´ 1q´ème
section au moyen du carré cartésien homotopique

Xxny //

pn

��

hocolimΓ LpπnpXq, n` 1q

��
Xxn´ 1y

kn

// hocolimΓKpπnpXq, n` 1q

où Γ est le groupoïde fondamental de X et kn un morphisme qui représente une classe de
cohomologie équivariante appelée n´ième invariant de Postnikov de X. L’ensemble simplicial
LpπnpXq, n` 1q est contractile et tel qu’il existe une suite de fibration

KpπnpXq, nq Ñ LpπnpXq, n` 1q Ñ KpπnpXq, n` 1q.

On peut donc reconstruire X à homotopie près à partir de ses groupes d’homotopie et de
ses invariants de Postnikov ; autrement dit, le type d’homotopie d’un ensemble simplicial est
entièrement déterminé pas ses groupes d’homotopies et ses invariants de Postnikov.
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Résumé

Opérades

Une opérade modélise les structures d’algèbres sur une catégorie monoïdale symétrique pM,bq :
elle est constituée d’objets représentant des opérations comportant un nombre fini d’entrées et
une sortie. Elle est de plus munie d’une structure indiquant comme composer de telles opérations.

L’exemple prototypique d’opérade est EndpEq “ tMorSetpEr, Equrě1, l’opérade des endo-
morphismes d’un ensemble E. Les morphismes

f : E ˆ ¨ ¨ ¨ ˆ E
loooooomoooooon

r

Ñ E

de MorSetpEr, Eq représentent des opérations d’arité r, autrement dit, des opérations à r entrées.
On peut composer ces opérations au moyen de morphismes

˝i : MorSetpEr, Eq ˆMorSetpEs, Eq ÝÑ MorSetpEr`s´1, Eq

définis pour tout r, s ě 1, 1 ď i ď r par

f ˝i gpx1, ¨ ¨ ¨ , xr`s´1q “ f
`

x1, ¨ ¨ ¨ , xi´1, gpxi, ¨ ¨ ¨ , xi`s´1q, xi`s, ..., xr`s´1
˘

et on dispose de plus d’une action du groupe symétrique à r éléments sur MorSetpEr, Eq qui
correspond aux permutations des entrées des opérations.

Plus généralement, une opérade est une collection d’objets Oprq P M pour tout r ě 1, munie
d’une action du groupe symétrique à r éléments sur Oprq, avec des morphismes de composition
˝i : Oprq b Opsq Ñ Opr ` s´ 1q et d’un morphisme d’unité 1Ñ Op1q avec 1 l’unité monoïdale
de M qui vérifient des axiomes d’équivariance, d’associativité et d’unité inspirés des relations
présentes dans l’opérade des endomorphismes.

On munit un objet E de M d’une structure de O-algèbre en faisant agir l’opérade O sur E,
c’est-à-dire, en se donnant un morphisme d’opérade de O dans EndpEq. Il existe par exemple
une opérade Com dans la catégorie des modules telle qu’une Com´algèbre soit une algèbre
commutative. Les opérades sont donc aux algèbres ce que les groupes sont aux représentations
de groupes.

Une opérade simpliciale est une opérade dans la catégorie des ensembles simpliciaux.

2. Tour de Postnikov d’une opérade simpliciale

La définition des tours de Postnikov pour les opérades simplicales est aisée car la collection des
n-ièmes sections de Postnikov pP prqxnyqrě1 d’une opérade simpliciale P hérite de la structure
d’opérade de P .

Comme nous le verrons plus tard, la définition des invariants de Postnikov d’une opérade
simpliciale et par conséquent son processus de reconstruction au moyen de sa tour de Postnikov
présente des difficultés. On introduit donc des foncteurs de cotroncation coarďr : sOp Ñ sOp
pour tout r ě 1, tels que

coarďr P psq “
"

P psq si s ď r,
pt sinon

et où l’ensemble simplicial pt modélise le point. On utilise ensuite ces foncteurs pour filtrer la
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3. Invariants de Postnikov d’une opérade simpliciale

tour de Postnikov de P selon les arités et obtenir la double tour de Postnikov de P :

...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, n` 1y

coarďr //

pr`1,n`1

��

P xr, n` 1y //

pr,n`1

��

¨ ¨ ¨ // P x1, n` 1y

p1,n`1

��
¨ ¨ ¨ // P xr ` 1, ny //coarďr //

��

P xr, ny //

��

¨ ¨ ¨ // P x1, ny

��
...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, 0y

coarďr // P xr, 0y // ¨ ¨ ¨ // P x1, 0y,

qui nous permettra par la suite de contourner ce problème de reconstruction.

3. Invariants de Postnikov d’une opérade simpliciale
Rappelons brièvement la construction des invariants de Postnikov d’un ensemble simplicial X
– pour plus de détail, on se reportera à [10]. Soit Γ le groupoïde fondamental de X et A un
Γ-groupe abélien. On note CnΓ pX,Aq l’ensemble des applications α telles que

Xn
α //

Φn
��

hocolimΓAn “
ž

x0Ñ...ÑxnPBΓn

Apx0q

uu
BΓn

commute, avec BΓ le nerf du groupoïde fondamental Γ. La famille d’ensembles C‚ΓpX,Aq est
munie d’une structure de groupe abélien cosimplicial ; la cohomologie associée H‚ΓpX;Aq est la
cohomologie équivariante de X à coefficients dans A.

On peut également définir une cohomologie équivariante relative et obtenir une suite exacte
longue associée. Si on considère en particulier la fibration pn : Xxny Ñ Xxn´ 1y extraite de la
tour de Postnikov de X, la suite exacte longue de cohomologie équivariante relative associée à
pn et à coefficients dans πnpXq se restreint à la suite exacte

0 // Hn
Γ
`

Xxn´ 1y;πnpXq
˘ p˚n // Hn

Γ
`

Xxny;πnpXq
˘ // MorAbΓ

`

πnpXq, πnpXq
˘

d // Hn`1
Γ

`

Xxn´ 1y;πnpXq
˘ p˚n // Hn`1

Γ
`

Xxny, πnpXq
˘

comme on a
Hk

ΓpXxn´ 1y, Xxny;πnpXqq “ 0

si k ď n et
Hn`1

Γ pXxn´ 1y, Xxny;πnpXqq » MorAbΓ
`

πnpXq, πnpXq
˘

.
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Résumé

Remarquons au passage que πnpXq est munie d’une structure de Γ´groupe abélien par l’action
usuelle du groupoïde fondamental sur les groupes d’homotopie. On définit alors le n´ième invari-
ant de Postnikov de X comme l’image par d de id P MorAbΓ

`

πnpXq, πnpXq
˘

dans
Hn`1

Γ
`

Xxn´ 1y;πnpXq
˘

.
D’autre part, la cohomologie équivariante de X à coefficients dans A se ramène à la coho-

mologie à coefficients dans A de X_, un Γ´diagramme de revêtements universels de X. On a
de plus une adjonction de Quillen

´_ : sSet Ó BΓ Ô sSetΓ : hocolimΓ

entre les foncteurs de revêtement universel ´_ et le foncteur hocolimΓ, avec sSet Ó BΓ la catégorie
des ensembles simpliciaux au dessus du nerf du groupoïde fondamental BΓ et sSetΓ la catégorie
des Γ´ensembles simpliciaux. Le n´ième groupe de cohomologie équivariante Hn

Γ pX;Aq est
donc isomorphe au groupe abélien formé par les classes d’homotopie de morphismes de X dans
hocolimΓKpA,nq. En particulier, on peut associer à kn, le n´ème invariant de Postnikov de
X, un morphisme de Xxn´ 1y dans hocolimΓKpπnpXq, n` 1q unique à homotopie près. C’est
précisément ce morphisme que l’on utilise pour former le carré cartésien homotopique mentionné
plus haut et qui permet de déduire la n´ième section de Postnikov de la pn´1q´ième à homotopie
près.

Γ-opérades

Remarquons tout d’abord que la collection des groupoïdes fondamentaux
πpP q “ pπpP prqqqrě1 d’une opérade simpliciale P hérite d’une structure d’opérade dans les
groupoïdes. Pour adapter la définition des invariants de Postnikov au contexte des opérades sim-
pliciales, il nous faut être capable de décrire l’action de πpP q sur les groupes
d’homotopies de P et sur le revêtement universel de P .

Pour ce faire, on se donne plus généralement une opérade Γ dans les groupoïdes. Une
Γ´opérade O dans une catégorie monoïdale pM,bq est une collection de foncteurs
pOprq : Γprq Ñ Mqrě1 munie de transformations naturelles qui décrivent sa structure de compo-
sition. Plus précisément, O est une collection d’objets Opxq de M pour tout x P Γprq, r ě 1 et
d’isomorphismes Opφq de M pour tout φ P MorΓpx, yq, x, y P Γprq, r ě 1 avec de plus :
– des isomorphismes σx : Opxq Ñ Opσ.xq pour tout σ P Σprq, x P Γprq, r ě 1 décrivant l’action

des groupes symétriques ;
- des produits de compositions

˝i : Opxq bOpyq Ñ Opx ˝i yq

pour tout r, s ě 1, 1 ď i ď r, x P Γprq, y P Γpsq ;
– une unité

η : 1Ñ Op1q

avec 1 l’unité monoïdale de M et 1 l’unité de Γ.
Les morphismes d’unité, de compositions et d’action des groupes symétriques doivent satisfaire
des conditions de compatibilité avec les morphismes P pφq ainsi que des axiomes d’équivariance,
d’associativité et d’unité similaires aux axiomes d’une structure d’opérade usuelle. Signalons que
si Γ est triviale, une Γ-opérade se ramène à une opérade usuelle.

Si l’on revient au cas d’une opérade simpliciale P , alors pour tout k ě 1, la collection
`

πkpP qpxq
˘

xPP0
est une πpP q-opérade dans pAb,‘q, la catégorie des groupes abéliens munie de la

structure monoïdale induite par la somme directe. On montre que cette catégorie est abélienne
et pourra donc bien fournir les coefficients pour la cohomologie équivariante opéradique.
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3. Invariants de Postnikov d’une opérade simpliciale

D’autre part, la collection pP_pxqqxPP0 des revêtements universels est également une πpP q-
opérade et on a une adjonction

´_ : sOp Ó BΓ Õ sOpΓ : hocolimΓ,

avec sOpΓ la catégorie des Γ´opérades dans les ensembles simpliciaux et sOp Ó BΓ la catégorie
des opérades simpliciale au dessus de BΓ – la collection pBΓprqqrě1 des nerfs étant munie d’une
structure d’opérade simpliciale héritée de la structure d’opérade dans les groupoïdes de Γ. On
définit une structure de catégorie modèle sur sOp Ó BΓ où les équivalences faibles (respectivement,
les fibrations) f : P Ñ Q sont les morphismes tels que fpxq : P pxq Ñ Qpxq est une équivalence
faible (respectivement, une fibration) de sSet pour tout x P Γprq, r ě 1; les cofibrations sont
les morphismes de sOpΓ qui ont la propriété de relèvement à gauche relativement à la classe des
fibrations acycliques. L’adjonction

´_ : sOp Ó BΓ Õ sOpΓ : hocolimΓ

est une adjonction de Quillen pour cette structure de catégorie modèle et la structure de catégorie
modèle de sOp Ó BΓ induite par la structure de catégorie modèle de sOp [8].

Cohomologie opéradique équivariante

On adapte la définition de la cohomologie équivariante d’un ensemble simplicial au cas des
opérades simpliciales de la manière suivante : si P est une opérade simpliciale, Γ une opérade
dans les groupoïdes et A une Γ-opérade dans pAb,‘q, on note CnΓ pP,Aq l’ensemble des morphismes
d’opérades ensemblistes α tels que

Pn
α //

Φn
��

hocolimΓAn “
ž

x0Ñ...ÑxnPBΓn

Apx0q

uu
BΓn

commute, avec BΓ le nerf de l’opérade dans les groupoïdes Γ. La famille d’ensembles C‚ΓpP,Aq
est munie d’une structure de groupe abélien cosimplicial. La cohomologie associée H‚ΓpP ;Aq est
la cohomologie équivariante de P à coefficient dans A – en pratique, Γ sera l’opérade groupoïde
fondamentale de P et A sera la Γ-opérade πkpP q des groupes d’homotopie supérieures de P pour
k ě 2.

Comme dans le cas des ensembles simpliciaux, il y a un isomorphisme de groupes abéliens
cosimpliciaux

C‚ΓpP,Aq » MorSetOpΓpP_‚, Aq

et à l’aide de l’adjonction de Quillen entre le foncteur de revêtement universel et le foncteur
hocolimΓ, on établit l’existence d’isomorphismes

Hn
ΓpP,Aq »

“

P,hocolimΓKpA,nq
‰

sOpÓBΓ

pour tout n ě 0.
On définit également une version relative de la cohomologie équivariante opéradique et on

montre qu’il existe une suite exacte longue associée.
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Résumé

Invariants de Postnikov opéradique

L’étude de la suite exacte longue de cohomologie équivariante associée à la fibration
pxny : P xny Ñ P xn ´ 1y entre les sections de Postnikov d’une opérade P montre qu’on ne
peut définir dans le cas général les invariants de Postnikov de P comme dans le contexte des
ensembles simpliciaux car on ne peut identifier Hn`1

Γ pP xn´ 1y, P xny;πnpP qq au groupe abélien
des morphismes de πnpP q dans lui même.

Par contre, le problème ne se présente plus lorsque l’on suppose que les coefficients de la
cohomologie équivariante sont concentrés en une arité car la cohomologie équivariante opéradique
se restreint alors à la cohomologie des indécomposables de P . C’est notamment le cas si on
considère le carré

P xr, ny //

pr,n

��

ρr,n
''

P xr ´ 1, ny

��

Q

ww

77

P xr, n´ 1y // P xr ´ 1, n´ 1y

extrait de la double tour de Postnikov de P avec Q le pullback

P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny ;

notons πnpP prqq la Γ-opérade additive concentrée en arité r formée par la collection de groupes
d’homotopies pπnpP pxqqqxPP prq0 . La suite exacte longue de cohomologie opéradique équivariante
relative associée à ρr,n à coefficients dans πnpP prqq se restreint à

0 // Hn
Γ
`

Q;πnpP prqq
˘ p˚n // Hn

Γ
`

P xr, ny;πnpP prqq
˘ // MorAbΣ˙Γprq

`

πnpP prqq, πnpP prqq
˘

d // Hn`1
Γ

`

Q, πnpP prqq
˘ p˚n // Hn`1

Γ
`

P xr, ny, πnpP prqq
˘

.

On appelle alors pr, nq-ième invariant de Postnikov de P et on note kr,n l’image de
id P MorAbΣ˙Γprq

`

πnpP prqq, πnpP prqq
˘

dans Hn`1
Γ

`

Q;πnpP prqq
˘

par d.

4. Théorie de l’obstruction
Si on considère de nouveau le carré extrait de la double tour de Postnikov de P , le théorème
suivant permet de déduire P xr, ny des trois autres termes du carré à homotopie près :

Théorème A. Soit P une opérade simpliciale fibrante. On note Γďr la r-ème cotruncation de
Γ “ πpP q et Q le pullback

P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny.

Pour tout r, n ě 2, soit πnpP prqq la Γ´opérade additive concentrée en arité r. Il existe un
remplacement cofibrant Q de

P xr, n´ 1y
ą

P xr´1,n´1y

P xr ´ 1, ny

x



4. Théorie de l’obstruction

et un morphisme d’opérade ρr,n tel que

P xr, ny
ρr,n // Q

P xr, ny
ρr,n

//

„

OOOO

Q

„

OOOO

commute dans sOp Ó BΓďr.
De plus, le carré dans sOp Ó BΓďr

P xr, ny //

ρr,n

��

hocolimΓďr LpπnpP prqq, n` 1q

��
Q

kr,n

// hocolimΓďr KpπnpP prqq, n` 1q

est un carré cartésien homotopique.

Signalons que dans ce théorème, P xr, ny désigne un remplacement cofibrant de P xr, ny. Il est
donc théoriquement possible sous les hypothèses de ce théorème de reconstruire à homotopie près
une opérade simpliciale P inductivement selon les diagonales de sa double tour de Postnikov. En
pratique, ce procédé de reconstruction permet de développer une théorie de l’obstruction pour
les opérades simpliciales :

Théorème B. Soit R une opérade simpliciale fibrante et notons Γ l’opérade groupoide fonda-
mental πpRq de R. Soit également P,Q P sOp Ó BΓ avec P cofibrant et considérons un morphisme
f : P Ñ R et une cofibration i : P Ñ Q dans sOp Ó BΓ. Il existe un morphisme f 1 : Q Ñ R tel
que le diagramme

P
��

i

��

f // R

Q

f 1

??

commute si et seulement si tous les termes d’une certaine suite de classe de cohomologie opéradique
équivariante wr,n P Hn`1

Γ pQ,P ;πnpRqprqq definie inductivement pour tout n, r ě 2 sont nuls.

xi
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Introduction

Postnikov towers, introduced by M. Postnikov in [24] (see also [30]) give a way to reconstruct
up to homotopy a topological space inductively from its homotopy groups and some classes
of equivariant cohomology, the Postnikov invariants or k-invariants. J.C. Moore has adapted
Postnikov towers to simplicial sets (see [23], [20] or [10] for a modern account). An important
application of this construction is an alternate way to develop obstruction theory (see [30] or
[28]): instead of trying to extend a given simplicial morphism inductively on dimension, we can
try to extend a simplicial morphism inductively through a Postnikov tower of its codomain.

The aim of this thesis is to define an analogous construction and an obstruction theory for
simplicial operads.

We briefly remind the classic theory. A Kan complex X is isomorphic to the limit of a tower
of fibrations

¨ ¨ ¨ // Xxny
pn // Xxn´ 1y // ¨ ¨ ¨ // Xx0y,

the Postnikov tower of X. The simplicial sets Xxny, the Postnikov sections of X, realize a
filtration of X according to its homotopy groups : for all 0 ď k ď n, we have πkpXxnyq “ πkpXq
and for all k ą n, πkpXxnyq “ 0. The fiber of pn is an Eilenberg-MacLane space KpπnpXq, nq.
The space X can be inductively reconstructed up to homotopy with the help of a homotopy
pullback square

Xxny //

pn

��

hocolimΓ LpπnpXq, n` 1q

��
Xxn´ 1y

kn

// hocolimΓKpπnpXq, n` 1q,

where Γ is the fundamental groupoid of X, kn is a morphism which represents an equivariant
cohomology class, namely, the n´th Postnikov invariant of X. The space LpπnpXq, n ` 1q is
contractible and such that there is a fibration sequence

KpπnpXq, nq Ñ LpπnpXq, n` 1q Ñ KpπnpXq, n` 1q.

Our goal is to extend these results to operads.

The definition of Postnikov towers for simplicial operads is easy since the Postnikov sections
P xny of a fibrant simplicial operad P inherit an operad structure. In contrast, the definition of
the Postnikov invariants of a simplicial operad and therefore the reconstruction process of its
Postnikov tower raises difficulties. To bypass this problem, we filter the Postnikov sections of P
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by arity and construct a Postnikov double tower

...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, n` 1y

coarďr //

pr`1,n`1

��

P xr, n` 1y //

pr,n`1

��

¨ ¨ ¨ // P x1, n` 1y

p1,n`1

��
¨ ¨ ¨ // P xr ` 1, ny //coarďr //

��

P xr, ny //

��

¨ ¨ ¨ // P x1, ny

��
...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, 0y

coarďr // P xr, 0y // ¨ ¨ ¨ // P x1, 0y

where
P xr, nypkq “

"

P xnypkq if k ď r
pt else.

In the case of a simplicial set X, we have to keep track of the action of the fundamental
groupoid ΠpXq on the homotopy group πkpXq and the universal covering X_ of X. We therefore
introduce Γ´operads to take into account the action of the fundamental groupoid operad Γ
of a simplicial operad P on its homotopy groups and universal covering. The collection of
its homotopy groups πkpP pxqq for all point x in P form an additive Γ´operad with Γ the
fundamental groupoid operad of P . We use this collection as coefficients for the operadic version
of the equivariant cohomology which we define afterwards.

This operadic equivariant cohomology serves as receptacle for the Postnikov invariants. More
precisely, if we consider the commutative square extracted from the Postnikov double tower :

P xr, ny

��

// P xr ´ 1, ny

��
P xr, n´ 1y // P xr ´ 1, n´ 1y,

the pr, nq´th Postnikov invariant of P is a class of relative operadic equivariant cohomology kr,n
associated to the filling morphim

ρr,n : P xr, ny Ñ P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny.

We compare kpfq, the operadic Postnikov invariant of a simplicial operad morphism f , and
kpfprqq, the Postnikov invariant of the simplicial set morphism fprq. The obvious functor
arr : sOpÑ sSet which maps a simplicial operad P to the simplicial set P prq induces a morphism
between equivariant cohomology groups, which maps kpfq to kpfprqq.

2
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Then our main result reads as follows. If we consider again the square previously extracted
from the Postnikov double tower, the following theorem allows reconstructing up to homotopy
P xr, ny from the three other simplicial sets in this square :

Theorem A. Let P be a fibrant simplicial operad.We denote by Γďr the r´cotruncation of Γ
and by Q the pullback

P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny.

For all r, n ě 2, let πnpP prqq be the additive Γ´operad concentrated in arity r. There is a
cofibrant replacement Q of

P xr, n´ 1y
ą

P xr´1,n´1y

P xr ´ 1, ny

and an operad morphism ρr,n so that

P xr, ny
ρr,n // Q

P xr, ny
ρr,n

//

„

OOOO

Q

„

OOOO

commutes in sOp Ó BΓďr.
Moreover, the square in sOp Ó BΓďr

P xr, ny //

ρr,n

��

hocolimΓďr LpπnpP prqq, n` 1q

��
Q

kr,n

// hocolimΓďr KpπnpP prqq, n` 1q

is a homotopy pullback square.

It is therefore theoretically possible under the assumptions of this theorem to reconstruct up
to homotopy the simplicial operads P inductively from its double tower, diagonal after diagonal.
Practically, this reconstruction process permits to develop an obstruction theory for simplicial
operads :

Theorem B. Let R P sOp be such that R is fibrant and Γ “ πpRq. Let also P,Q P sOp Ó BΓ
with P cofibrant. We consider a morphism f : P Ñ R and a cofibration i : P Ñ Q in sOp Ó BΓ.
There is a morphism f 1 : QÑ R such that the diagram

P
��

i

��

f // R

Q

f 1

??

commutes if and only if a sequence of operadic equivariant cohomology class
wr,n P H

n`1
Γ pQ,P ;πnpRqprqq defined recursively for all n, r ě 2 vanishes.
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We first give a reminder in section 1 about simplicial sets, operads and homotopy limits. For
our purpose, we notably review the definition of coverings of simplicial sets in connection with
the fundamental groupoids. We explicitly describe the structure of operads in groupoids as well.

We define in section 2 the Postnikov sections of a simplicial operad, as well as its Postnikov
tower and its Postnikov double tower.

The section 3 is devoted to the definition of Γ´operads.
We describe in section 4 the model structure on the new operad categories introduced in this

thesis. We establish among other things that the category of Γ´operad in simplicial sets has
a model structure where the weak equivalences (respectively, the fibrations) are the pointwise
weak equivalences (respectively, the pointwise fibrations) in sSet.

The section 5 deals with the coverings of a simplicial operad. We define a covering functor
from the category sOp Ó BΓ of simplicial operads over the nerve of a groupoid operad Γ to the
category sOpΓ of simplicial Γ´operads. We prove that the covering functor is left adjoint to the
homotopy colimit functor. Moreover, this adjunction is a Quillen one.

We establish in section 6 that the additive Γ´operad (explicitly, the Γ´operad in the category
of abelian groups equipped with the monoidal structure provided by the direct sum) form an
abelian category. This is important because, if we consider a simplicial operad P , the collection
of its homotopy groups πkpP pxqq for all point x in P form an additive Γ´operad, and we use
this collection as coefficients for the operadic equivariant cohomology.

The purpose of section 7 is the definition of the operadic equivariant cohomology. After
defining it, we demonstrate that Hn

Γ pP ;Aq is isomorphic to the group of homotopy class of
morphisms rP_,KpA,nqssOpΓ from P_, the universal covering of P , to KpA,nq, an Eilenberg-
MacLane Γ´operad. We also define a reduced and a relative version of the operadic equivariant
cohomology, and give a universal coefficient theorem when the coefficients are concentrated in
one arity r. Note that under this assumption, Hn

Γ pP ;Aq reduces to the cohomology of the
indecomposables of P in arity r with coefficients in the Γ´symmetric sequence in abelian groups
Aprq.

We then define in section 8 the Postnikov invariant of a simplicial operad morphism and
thereafter the Postnikov invariants of a simplicial operad P .

In section 9, we compare kpfq, the operadic Postnikov invariant of a simplicial operad mor-
phism f , and kpfprqq, the Postnikov invariant of the simplicial set morphism fprq.

We finally prove theorems A and B in section 10.
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1. Conventions and background

We review classical results on simplicial sets, operads and homotopy limits. We also introduce
the notation and terminology used throughout this thesis.

1.1. Simplicial sets and related
1.1.1. Simplicial sets. As usual, we denote by ∆ the simplicial indexing category. We let
∆´ denote the subcategory of ∆ with the surjective map as morphisms; equivalently, ∆´ is the
subcategory whose morphisms are generated by the degeneracies.

We denote by sSet the category of simplicial sets, and more generally, if C is a category, we
denote by sC the category of simplicial objects in C and cC the category of cosimplicial objects
in C. Formally, sC is the category of ∆op´diagrams. We also denote by s´C the category of
∆´op´diagrams in C. We adopt the notation -5 : sCÑ s´C for the obvious forgetful functor.

We consider the category of differential non-negatively lower graded abelian group dg˚Ab
(also know as the category of chain complexes) equipped with its usual model structure (see [13,
2.3]).

We use the notation
N˚ : sAbÑ dg˚Ab

for the normalization functor, which is defined in degree n by the quotient over the image of the
degeneracies

NnpXq “
Xn

s0pXn´1q ` ...` sn´1pXn´1q
,

for all X P sAb. The differential δ of N˚pXq is the alternating sum of the faces of X. The
homology of the simplicial set X is defined by H‚pXq “ HpN˚pXqq.

We equip sSet with the usual Kan model structure (see [25, II.3, Theorem 3] or [10, Theorem
I.11.3]).

The homotopy groups of a Kan complex X can be defined in a purely combinatorial way
(see [10, I.7]), but this definition does not hold for a non-fibrant simplicial set. We therefore
set πkpX,xq, the k´th homotopy group of the simplicial set X at the basepoint x in X0 as
πkp|X|, xq, the k´th homotopy group of the geometric realization |X| of X at the basepoint x
in |X| (see [10, I.2]).

Similarly, we define the fundamental groupoid πpXq of a simplicial set X as the full subcate-
gory of the fundamental groupoid πp|X|q of the geometric realization |X| of X with ob pπpXqq “
X0.

1.1.2. Cosimplicial abelian group. We denote by cAb the category of cosimplicial abelian
groups. Formally, cAb is the category of ∆´diagrams in Ab.

We also consider the category of differential non-negatively upper graded abelian group dg˚Ab
(also know as the category of cochain complexes), which is equipped with the following model
structure :
– the weak equivalences are the morphisms which induce an isomorphism on cohomology;
– the cofibrations are the morphisms which are injective in positive degrees;
– the fibrations are the morphisms which are degreewise surjective with injective kernel.

We use the notation
N˚ : cAbÑ dg˚Ab

5
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for the conormalization functor, which is defined in degree n by the intersection of the kernel of
the codegeneracies

NnpXq “
n´1
č

i“0
sipX

nq

for all X P cAb. The differential δ of N˚pXq is given by the alternate sum of the cofaces of X.
The cohomology of the cosimplicial abelian group X is defined by H‚pXq “ H‚pN˚pXqq.

There is a Dold-Kan equivalence between dg˚Ab and cAb. We do not use it in this thesis,
but we nevertheless mention it as it allows to transport the model structure on dg˚Ab to cAb.
Explicitly, in the category of cosimplicial abelian groups :
– the weak equivalences are the morphisms which induce an isomorphism on cohomology;
– a morphism f : S Ñ T is a cofibration if N˚f : N˚S Ñ N˚T is injective in positive degrees;
– the fibrations are the morphisms which are surjective dimensionwise.

1.1.3. Universal covering system. We now describe universal coverings of simplicial sets
by means of local coefficient systems – for a comprehensive account, see [10, VI]. We denote by
B : Grd Ñ sSet the nerve functor from the category of groupoids to the category of simplicial
sets. Let Γ P Grd. The category sSetΓ of Γ´simplicial sets and the category sSet Ó BΓ of
simplicial sets over BΓ both admit a model structure induce by the Kan model structure on
sSet :
– a morphism φ P MorsSetΓpX,Y q is a fibration (respectively, a weak equivalence) if, for all
x P ob pΓq, φx : Xpxq Ñ Y pxq is a fibration (respectively, a weak equivalence) in sSet; the
cofibrations are the morphisms which have the left lifting property with respect to the acyclic
fibrations.

– A morphism φ P MorsSetÓBΓpX,Y q is a fibration (respectively, a cofibration, a weak equivalence)
if φ is a fibration (respectively, a cofibration, a weak equivalence) in sSet.

There is a functor
hocolimΓ : sSetΓ ÝÑ sSet Ó BΓ

with, for all X P sSetΓ and n ě 0,

hocolimΓXn “
ž

x0Ñ...ÑxnPBΓn

Xpx0qn.

This functor admits a left adjoint, the universal covering system functor

´_ : sSet Ó BΓ ÝÑ sSetΓ

such that, for all x P Γ, X_pxq is defined by the pullback

X_pxq //

��

BpΓ Ó xq

��
X // BΓ.

In addition, the pair p´_,hocolimΓq defines a Quillen adjunction.
Note that we can define in the very same way functors

hocolimΓ : s´SetΓ ÝÑ s´Set Ó BΓ

and
´_ : s´Set Ó BΓ ÝÑ s´SetΓ

6
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such that there is an adjunction

´_ : s´Set Ó BΓ Õ s´SetΓ : hocolimΓ.

Morever, we have for all X P sSet Ó BΓ

pX_q5 “ pX5q
_

and for all Y P sSetΓ

phocolimΓ Y q5 “ hocolimΓpY5q.

1.1.4. The Dold-Kan equivalence. Recall that the simplices ∆n are defined by the functors
Mor∆p´, nq for all n ě 0 and form a cosimplicial object ∆‚ in the category of simplicial sets.
The Yoneda lemma implies that Xn » MorsSetp∆n, Xq for all n ě 0.

We denote by rys P N˚X the class of y P X. There is an identity

şnP∆
Xn bN˚∆n »

ÝÑ N˚X
xb rσ : k Ñ ns P pXn bN˚∆nqk ÞÝÑ rσ˚pxqs P NkX

(1)

(see [8, II.5.0.11].)
Let

D‚ : dg˚AbÑ sAb

denotes the Dold-Kan functor. For all Y P dg˚Ab, there is a natural isomorphism

D‚Y » Mordg˚AbpN˚∆‚, Y q

where the faces and the degeneracies of the simplicial abelian group Mordg˚AbpN˚∆‚, Y q are
induced by the cofaces and the codegeneracies of the cosimplicial object ∆‚ (see [8, II.5.0.7]).

The functors pN˚, D‚q are adjoint to each other:

N˚ : sAb Õ dg˚Ab : D‚ .

This adjunction relation actually gives an equivalence of categories (the Dold-Kan equivalence).
The natural isomorphism of this adjunction

ρ : Mordg˚AbpN˚X,Y q » Mordg˚AbpX,MorsAbpN˚∆‚, Y qq

is given by ρpfqpxqprσsq “ fprσ˚xsq for all f P Mordg˚AbpN˚X,Y q, x P X and σ : k Ñ n P ∆n
k . In

other words, ρpfqpxq P Mordg˚AbpN˚∆‚, Y q is the composite

N˚∆n // xbN˚∆n
p1q // N˚X

f // Y

rσs
� // xb rσs

� // rσ˚xs
� // fprσ˚xsq.

Moreover, this adjunction is a Quillen equivalence of categories when we equip sAb and dg˚Ab
with their usual model structures (see [10, Theorem III.2.6 and III.2.11] and [13, 2.3]).
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1. Conventions and background

1.2. Operads
Operads were originally introduced to study iterated loop spaces by Boardman and Vogt in [3]
and by May in [21] – for a comprehensive account about operads, see [19]. We mostly deal with
operads in simplicial sets for the definition of the Postnikov towers. We however use operads in
other base categories, so we define them in a general symmetric monoidal category M. We use
the classical simplicial set notation for colimits and limits in M :
– H is the initial object;
– ˚ is the terminal object;
–
š

denotes the coproduct.
in addition, b and 1 respectively denotes the tensor product and the monoidal unit in M.

1.2.1. Operads. For us, an operad whitout further precision denotes a symmetric connected
operad without arity zero term. Thus, an operad P in the base category M is a collection of
objects P prq P M for all r ě 1 equipped with :
– an action of the symmetric group on r elements Σprq on P prq for all r ě 1;
– composition products

˝i : P prq b P psq Ñ P pr ` s´ 1q

for all r, s ě 1 and 1 ď i ď r;
– a unit morphism η : 1Ñ P p1q.
Operads satisfy equivariance, associativity and unit axioms (see [8, I.22]).

In what follows, we assume in addition that our operads satisfy a connectedness condition
P p1q “ 1.

We denote by MOp the category of connected symmetric operads without arity zero term
operads in the base category M.

The initial object of MOp is the unit operad I, such that Ip1q “ 1 and Iprq “ H for all r ě 2.
If M is a cartesian monoidal category, the terminal object of MOp is the operad pt, such that
ptprq “ 1 for all r ě 1. If M “ pAb,bq, we rather denotes Com the operad in Ab‘Op such that
Abprq “ 1 for all r ě 1 since a Com´algebra is a commutative algebra (whitout unity).

1.2.2. Simplicial and groupoid operads. There is an equivalence of categories between
the category sSetOp of operads in simplicial sets and the category spSetOpq of simplicial ob-
jects in set-based operads. We therefore call simplicial operad an operad in simplicial sets
and simply denotes sOp the category of simplicial operads. The category sOp inherits a sim-
plicial model structure from the usual Kan model structure on simplicial sets (see [8, II.8.2]).
A morphism φ P MorsOppP,Qq is a fibration (respectively, a weak equivalence) if, for all r ě 1,
φprq : P prq Ñ Qprq is a fibration (respectively, a weak equivalence) in sSet; cofibrations are mor-
phisms which have the left lifting property with respect to the acyclic fibrations. A simplicial
operad P is therefore fibrant if, for all r ě 1, P prq is a Kan complex.

A groupoid operad Γ is an operad in pGrd,ˆq, the category of groupoids equipped with the
cartesian product. Therefore, Γ is a collection of groupoids Γprq for all r ě 1. In this context,
– for all r ě 1 and σ P Σprq, the action of σ is a functor σ : Γprq Ñ Γprq;
– for all r, s ě 1 and 0 ď i ď r, the i´th composition product is a functor
˝i : Γprq ˆ Γpsq Ñ Γpr ` s´ 1q;

– We have Γp1q “ pt.
By abuse, we simply denote by Γ the set

Ť

rě1 ob Γprq and we set MorΓpx, yq “ MorΓprqpx, yq
for short when we assume x, y P Γprq.

The fundamental groupoid functor

π : sSetÑ Grd

8
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extends to a functor
π : sOpÑ GrdOp

because, for any simplicial operad P , the collection
`

πpP prqq
˘

rě1 of fundamental
groupoids of P calculated aritywise inherits a structure of groupoid operads. Since the groupoids
we consider in this paper are in a practical way fundamental groupoids, and since we assume that
the simplicial sets we consider are connected, we assume by convention that all the groupoids we
pick are connected.

If Γ is a groupoid operad, then the collection of the nerves BΓprq is equipped with a structure
of operads : the action of the symmetric groups is a consequence of the functoriality of the nerve.
The nerve functor B : Grd Ñ sSet is strongly monoidal, so there are natural isomorphisms
BΓpmq ˆBΓpnq » BpΓpmq ˆ Γpnqq. The composition products on the collection BΓprq are the
composites of these isomorphisms with the morphisms BpΓpmqˆΓpnqq Ñ BΓpm`n´1q induced
by the composition products of the groupoid operad Γ. Explicitly, we have :
– for all r ě 1, n ě 0, x0 Ñ ...Ñ xn P BΓprqn and σ P Σr,

σ.px0 Ñ ...Ñ xnq “ σ.x0 Ñ ...Ñ σ.xn;

– for all s ě 1, 1 ď i ď r and y0 Ñ ..Ñ yn P BΓpsqn,

px0 Ñ ...Ñ xnq ˝i py0 Ñ ..Ñ ynq “ x0 ˝i y0 Ñ ...Ñ xn ˝i yn.

Therefore, the nerve functor
B : GrdÑ sSet

extend to a functor
B : GrdOpÑ sOp.

Note that BΓ is fibrant because it is aritywise (see [10, Lemma 3.5]).

1.2.3. Symmetric sequences. In order to define free operads in the next subsection, we need
to define the category MSeq of (connected) symmetric sequences in a base category M. Let first
denote by Σ the groupoid of finite ordinals r “ t1 ă ... ă ru with r ě 2 and such that

MorΣpr, sq “

"

H if r ‰ s,
Σprq otherwise.

A (connected) symmetric sequence in M is a Σ´diagram in M. In other terms, M is a collection
of objects Mprq P M with an action of the symmetric group Σprq on Mprq for all r ě 2. Note
that an operad can equivalently be defined as a symmetric sequence equipped with composition
products.

For all r ě 2, we let MSeqprq denotes the category of objects in M under an action of the
symmetric group on r elements Σprq.

1.2.4. Γ´operads. In order to define operadic Postnikov invariants of an operad P , we will
need another category of operads which takes into account the action of the fundamental operad
groupoid Γ of P on the homotopy groups and the universal covering of P : this is the category
MOpΓ of Γ´operads in M. We define this category in section 3.

9



1. Conventions and background

1.3. Free operads, coproduct of an operad with a free operad
We now describe the free operads and the coproduct of an operad with a free operad by means
of decorated trees. For a complete account about trees, free operads, semi-alternate two-colored
trees and operad coproducts, see [8, Appendix A]. We assume in this subsection that all colimits
exists in the symmetric monoidal category pM,b,1q and that the tensor product distributes over
colimits. We adopt the base set notation

Ž

for the coproduct of operads as opposed to
š

used
for the coproduct in M.

1.3.1. Trees. The operad Tree P SetOp is the operad of trees, where we consider oriented trees
with one outgoing edge labelled by 0, the root, r ingoing edges labelled by integers from 1 to r,
the leaves, and such that each vertex has at least two ingoing edges and one outgoing edge :
– The action of the symmetric group is provided by the reindexation of the leaves.
– The i´th composition product is provided by the grafting of the outgoing edge of one tree on

the i´th leave of another tree up to relabeling the leaves of the resulting tree. For instance

2

��

1

��
3

��

v1

��
v0

��
0

˝2

1

��

2

��
v0

��
0

“

2

��

3

��
v2

��

1

��
4

��

v1

��
v0

��
0

.

– The unit is the tree
1
��
0

without vertex and with one edge from its only leave to its root.

Let T P Tree; we denote V pT q the set of vertices of T .
Let M P MSeq. A tree T P Tree decorated by objects in M is a treewise tensor product of

objects pxvqvPV pT q P M such that xv P Mprvq, where rv is the number of ingoing edges of v.
Moreover, if M is an operad, we denote by λT pxvq the element of M obtained by composing the
objects pxvqvPV pT q in M according to T . For example, if

T “

2

��

1

��
3

��

v1

��
v0

��
0

and T pxvq “

2

��

1

��
3

��

xv1

��
xv0

��
0

with xv0 , xv1 P Mp2q, then λT pxvq “ p3 1q.pxv0 ˝2 xv1q. We denote T pMq the set of all possible
decorations of T by objects in M .

We have the following theorem :

10



1.3. Free operads, coproduct of an operad with a free operad

1.3.2. Theorem (S. Ginzburg and M. Kapranov [9]; see also [8, Appendix A]). The forgetful
functor ω : MOp Ñ MSeq which associates to an operad P the symmetric sequence pP prqqrě2 ad-
mits a left adjoint F, the free operad functor, such that, for all P P MOp and f P MorMSeqpM,wpP qq,
there is one and only one φf P MorMOppFpMq, P q that makes the following diagram commutes :

M
f //

##

ωpP q

ωpFpMqq

ωpφf q

99
.

Moreover, for all r ě 2, we have

FpMqprq “
ž

TPTreeprq

T pMq

where the coproduct ranges over the trees with r leaves.

1.3.3. Corollary. Let P P MOp. The restriction of the free operad functor F : MSeq Ñ MOp to
the overcategory MSeq ÓP is left adjoint to the forgetful functor ω : MOp ÓP Ñ MSeq ÓP .

Proof. Straightforward consequence of the universal property of the free operad.

1.3.4. Semi-alternate two-colored trees. A semi-alternate two-colored tree T is a tree with
a partition of its vertices in two sets V pT q “ V˝pT q

š

V‚pT q, the set of white vertices and the
set of black vertices, such that there is no edge between two black vertices. For instance,

1

��

3

��

6

~~
2

�� ��

5

��

4

��~����
'' ��

7

tt

��
0

is a semi-alternate two-colored tree.
Let M P MSeq and P P MOp. A semi-alternate two-colored tree T decorated by objects in

P and M is a treewise tensor product of objects
`

pxvqvPV˝pT q, pxv1qv1PV‚pT q
˘

over T such that
xv PMprvq if the white vertex v has rv ingoing edges and x1v P P prv1q if the black vertex v1 has
rv1 ingoing edges. We denote T pP,Mq the set of all possible decorations of T by objects in P
and M .

1.3.5. Theorem (Fresse [8, Appendix A]). For all P P MOp, M P MSeq and r ě 2,

P
ł

FpMqprq “
ž

TPTree˝,‚prq

T pP,Mq

where the colimit ranges over the semi-alternate two-colored trees with r entries.

11



1. Conventions and background

1.4. Homotopy limits and colimits

We consider a simplicial model category M. Recall that the homotopy limit holimX of a dia-
gram X P MI with I a small category is defined by the end

ş

cPIXpcq
BpIÓcq (see [12, Definition

18.3.2 and Example 18.3.6]). The homotopy limit satisfies the homotopy invariance property
(see [12, 18.5.1]) : if there is a natural transformation f : X Ñ Y between two I´diagram which
is an objectwise fibration (respectively, an objectwise acyclic fibration), then the induced map
f˚ : holimX Ñ holimY is a fibration (respectively, an acyclic fibration). Moreover, the homo-
topy limit of an objectwise fibrant diagram is fibrant.

1.4.1. Homotopy pullback. The homotopy pullback X
Śh

Z Y of a cospan X f
ÝÑ Z

g
ÐÝ Y in M

is the homotopy limit of this cospan. Therefore, X
Śh

Z Y is the limit of the diagram

X

f ��

Z∆1

d1

!! !!

d0

}}}}

Y

g
��

Z Z

,

(h)

where Z∆1 denotes the function object provided by the simplicial model structure of M. We now
assume that Z is fibrant. A cone from W P M to the diagram phq hence defines a right homotopy
between the composites W Ñ X

f
ÝÑ Z and W Ñ Y

g
ÝÑ Z, which is also a left homotopy because

Z is fibrant. In particular, the square

X
Śh

Z Y
//

��

// Y

g

��
X

f
// Z

commutes up to homotopy.
In the converse direction, if W is cofibrant, a right homotopy between two composites

W Ñ X
f
ÝÑ Z and W Ñ Y

g
ÝÑ Z defines a cone from W to h because the composites can

be made homotopic by a homotopy defined on Z∆1 (see [12, Proposition 7.4.7]). We then have
the following proposition :

1.4.2. Proposition. Let X f
ÝÑ Z

g
ÐÝ Y be a cospan in M with Z fibrant and W a cofibrant object

in M. If the square

W //

��

// Y

g

��
X

f
// Z

commutes up to homotopy, then there is a morphism l : W Ñ X
Śh

Z Y such that the triangles

12



1.4. Homotopy limits and colimits

in the diagram
W

l

## ""

%%

X
Śh

Z Y

��

// Y

g

��
X

f
// Z

commutes.

The following proposition (see [12, Proposition 19.9.4]) permits to compare the ordinary
pullback and the homotopy pullback of a given cospan when one of its morphisms is a fibration :

1.4.3. Proposition. Let X f
ÝÑ Z

g
ÐÝ Y be a cospan of fibrant objects in M. if f or g a fibration,

then there is a natural weak equivalence from X ˆZ Y to X ˆhZ Y .

1.4.4. Homotopy pullback square. A commutative diagram

W //

��

// Y

��
X // Z

in M is homotopy pullback square if there is a weak equivalence W „
ÝÑ X ˆhZ Y .

1.4.5. Homotopy pushout. The homotopy pushout is the categorical dual of the homotopy
pullback. There are therefore dual propositions of Proposition 1.4.2 and Proposition 1.4.3 for
homotopy pushouts. We denote by X

šh
Z Y (or by X

Žh
Z Y in a category of operads) the

homotopy pushout of a span X Ð Z Ñ Y .

1.4.6. Double towers. Let T be the small category

...

��

...

��

...

��
. . . // p2, 2q //

��

p1, 2q //

��

p0, 2q

��
. . . // p2, 1q //

��

p1, 1q //

��

p0, 1q

��
. . . // p2, 0q // p1, 0q // p0, 0q.

The category of double towers in M is the diagram category MT.

13



1. Conventions and background

1.4.7. Proposition. The category MT admits a Reedy model structure (see [12, chapter 15])
such that :
– The weak equivalences are the objectwise weak equivalences in M.
– The cofibrations are the objectwise cofibrations in M.
– The fibrations are the natural transformations f : X Ñ Y such that for every pi, jq P N2 :
- Xp0,0q Ñ Yp0,0q,
- Xpi,0q Ñ Ypi,0q

Ś

Ypi´1,0q
Xpi´1,0q if i ą 0,

- Xp0,jq Ñ Yp0,jq
Ś

Yp0,j´1q
Xp0,j´1q if j ą 0 and

- Xpi,jq Ñ Ypi,jq
Ś

ˆ

Ypi,j´1q
Ś

Ypi´1,j´1q
Ypi´1,j´1q

˙

´

Xpi,j´1q
Ś

Xpi´1,j´1q
Xpi´1,j´1q

¯

if i, j ą 0

are fibrations in M.
Therefore, a double tower X is Reedy cofibrant if it is objectwise cofibrant, and Reedy fibrant if
it is a tower of fibration with Xp0,0q fibrant.

Proof. The category I is a Reedy category (see [12, Definition 15.1.2]), where the degree of pi, jq
is pi`jqpi`j`1q

2 ` i, the subcategory ÝÑI have only identity morphisms and ÐÝI “ I.

1.4.8. Proposition. Let X in MT. If X is Reedy fibrant, then there is a natural weak equivalence
limX ÝÑ

„
holimX.

Proof. This a consequence of the fact that T has cofibrant constants (see [12, 19.9.1]).

14



2. Postnikov double towers of simplicial operads
We first define the Postnikov tower of a simplicial operad. The reconstruction process of this
tower raises difficulties (see appendix A). That is why we introduce the cotruncations of an
operad in order to construct the double Postnikov tower of a simplicial operad.

2.1. Postnikov sections of a simplicial operad
Let X be a fibrant simplical set. Recall that for all n ě 0, there is an equivalence relation „n
defined on the simplices of X as follows : two q´simplices x, y : ∆q Ñ X in X are equivalent if
the restrictions of x and y to the n´skeleton of ∆q agree. The n´th Postnikov section of X is
the coset Xxny “ X{ „n. Note that Xxny is a Kan complex.

2.1.1. Proposition. Let P be a simplicial fibrant operad and n ě 0. The collection P xny “
pP prqxnyqrě1 inherits an operad structure from P . Moreover, P xny is fibrant.

Proof. For all r ě 1, the action of Σprq on P prq trivially induces an action on P xnyprq.
Let r, s ě 1 and 1 ď i ď r. Let also x, x1 P P xnyprq, y, y1 P P xnypsq be such that x „n x1 and

y „n y
1. Then x ˝i y „n x1 ˝i y1 because the operadic composition is a simplicial morphism.

The equivariance, unity and associativity relations remains obviously satisfied in this quotient
P xny.

2.1.2. Proposition. If n ą k , then the morphisms pn,kprq : P xnyprq Ñ P xkyprq define a
fibration pn,k. We simply denote pn “ pn,n´1.

Proof. Let us prove that pn,k is an operad morphism. Conditions about symmetric group actions
and units are clearly fulfilled. Let x P P prq, y P P psq. Then pn,kpr ` s ´ 1qpxxny ˝i yxnyq “
px ˝i yqxky “ xxky˝iyxky “ pn,kprqpxxnyq˝ipn,kpsqpyxnyq. The morphism pk,n is cleary a fibration
because it is so aritywise.

2.1.3. Postnikov tower. Let P be a fibrant simplical operad. We call Postnikov tower of P
the diagram

¨ ¨ ¨ // P xn` 1y
pn`1 // P xny // ¨ ¨ ¨ // P x0y .

We have P “ limP xny.

2.2. Truncations and cotruncations
We consider a monoidal category pM,b,1q. Recall that we denote by H the initial object and by
˚ the terminal object of M. We introduce now the cotrunctation functors that enable us to filter
an operad by arity.

2.2.1. Truncations and cotruncations of symmetric sequences. Let r ě 2 and consider
the r´cotruncation functor coarďr : MSeqÑ MSeq such that

coarďrNpsq “
"

Npsq if s ď r,
˚ otherwise.

It admits a left adjoint, namely, the r´truncation functor arďr : MSeqÑ MSeq such that

arďrMpsq “
"

Mpsq if s ď r,
H otherwise.

15



2. Postnikov double towers of simplicial operads

2.2.2. Cotruncations of an operad. The cotruncation of symmetric sequences extends to
operads : for all r ě 1, there is a functor coarďr : MOpÑ MOp such that

coarďr P psq “
"

P psq if s ď r,
˚ otherwise.

The operadic composition of elements of coarďrpP q of arity less than r are given by their com-
posites in P if the composites have arity less than r because we assume that our operads have
no component in arity zero.

In contrast, the truncation functor of symmetric sequences does not immediately extend to
operads because the codomain of composition products could obviously not be the empty set.
However, we can construct a left adjoint to the cotruncation functor in the operad setting. We
assume that all colimits exits in the monoidal category pM,b,1q and that the tensor product
distributes over colimits to ensure that the free operad construction described in 1.3 works. We
then have the following statement:

2.2.3. Theorem. The functor coarďr : MOpÑ MOp admit a left adjoint ar7ďr : MOpÑ MOp and if
P P MOp, then

P “ lim
r

coarďrpP q.

Moreover, if M “ sSet and we assume that sOp is equipped with the model structure of 1.2.2,
then

ar7ďr : sOp Õ sOp : coarďr
is a Quillen adjunction.

Proof. We lift the adjunction from the symmetric sequence level to the operad level by adapting
a general construction, the adjoint lifting theorem (see [15] and [4, section 4.5]). We first define
the functor ar7ďr on the full subcategory of MOp generated by the free objects. Let M P MSeq and
set ar7ďr FpMq “ FparďrMq. For all Q P MOp, we have an isomorphism

MorMOp pFpMq, coarďr Qq » MorMOp par7ďr FpMq, Qq

provided by the adjunction between the free operad functor and the forgetful functor together
with the adjunction between the endofunctors coarďr and arďr in the category of simplicial
symmetric sequences. Let now φ : FpMq Ñ FpNq be any morphism of free operads. We use
the Yoneda lemma to obtain the existence of a morphism ar7ďrpφq, associated to φ, such that we
have a commutative diagram of morphism sets

MorMOp pFpNq, coarďr Qq
» //

φ˚

��

MorMOp parďrpFpNq, Qq

ar7ďrpφq
˚

��
MorMOp pFpMq, coarďr Qq

» // MorMOp parďrpFpMq, Qq

fo all simplicial operads Q.
We now extend ar7ďr to the full category MOp. For any P P MOp, we have

P “ coeq

¨

˚

˚

˚

˚

˚

˚

˝

FpFpP qq
λFpP q //
FpλP q

// FpP q

FpιP q

��

˛

‹

‹

‹

‹

‹

‹

‚
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2.3. Postnikov double towers of simplicial operads

where we consider the following morphisms of free operads :
– FpλP q is induced by the morphism associated to the identity of the object P ;
– λFpP q is the morphism associated to the identity of the object FpP q;
– FpιP q is induced by the embedding ιP : P Ñ FpP q.

We then define

ar7ďrpP q “ coeq

¨

˚

˚

˚

˚

˚

˚

˚

˝

ar7ďr FpFpP qq
ar7ďr λFpP q //

ar7ďr FpλP q
// ar7ďr FpP q

ar7ďr FpιP q

xx

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

This functor fits the desired adjunction relation by construction:

ar7ďr : MOp Õ MOp : coarďr
and the relation P “ limr coarrpP q is obvious.

If M “ sSet, then this adjunction is a Quillen one because the functor coarďr obviously
preserves weak equivalences and fibrations.

2.3. Postnikov double towers of simplicial operads
We use the cotruncation functors to filter the Postnikov tower of a simplicial operad P by arity
and form the double Postnikov tower T pP q of P . In our applications, we will need that the
objects of this double tower are cofibrant, so we define a cofibrant Postnikov double tower of P ,
which is simply a Reedy cofibrant replacement of T pP q.
2.3.1. Postnikov double tower of a simplical operad. Let P be a fibrant simplicial operad.
For all r ě 1 and n P N, we denote P xr, ny “ coarďrpP xnyq and we consider the Postnikov double
tower

...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, n` 1y

coarďr //

pr`1,n`1

��

P xr, n` 1y //

pr,n`1

��

¨ ¨ ¨ // P x1, n` 1y “ pt

p1,n`1

��
¨ ¨ ¨ // P xr ` 1, ny //coarďr //

��

P xr, ny //

��

¨ ¨ ¨ // P x1, ny “ pt

��
...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, 0y

coarďr // P xr, 0y // ¨ ¨ ¨ // P x1, 0y “ pt

which we denote by T pP q. Of course, for all r, n ě 0, P xr, ny is fibrant. Moreover, we have
P “ lim T pP q. Since the morphism

ρr,n : P xr, ny Ñ P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny

17



2. Postnikov double towers of simplicial operads

is such that
ρr,npsq “

"

pr,nprq if r “ s,
id otherwise,

we get that ρr,n is a fibration and the double tower is Reedy fibrant (see Proposition 1.4.7).
Thus, there is a weak equivalence P “ lim T pP q Ñ holim T pP q (see Proposition 1.4.8).

2.3.2. Cofibrant Postnikov double tower of a simplicial operad. We call cofibrant Post-
nikov double tower of a fibrant simplicial operad P a Reedy cofibrant replacement T pP q of
T pP q, which is according to the model structure on sOpT a tower of fibrations

...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, n` 1y

coarďr //

pr`1,n`1

��

P xr, n` 1y //

pr,n`1

��

¨ ¨ ¨ // P x1, n` 1y “ pt

p1,n`1

��
¨ ¨ ¨ // P xr ` 1, ny //coarďr //

��

P xr, ny //

��

¨ ¨ ¨ // P x1, ny “ pt

��
...

��

...

��

...

��
¨ ¨ ¨ // P xr ` 1, 0y

coarďr // P xr, 0y // ¨ ¨ ¨ // P x1, 0y “ pt

of fibrant-cofibrant objects.
Moreover, if P is cofibrant, there is a weak equivalence P Ñ holim T pP q because there is an

acyclic fibration holim T pP q Ñ holim T pP q induced by the acyclic fibration T pP q Ñ T pP q in
sOpT (see [12, Theorem 19.7.2]).
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3. Γ´operads
Let pM,b,1q be a symmetric monoidal category with initial object H and Γ an operad in the
category of groupoids.

In order to define the Postnikov invariants of a simplicial operad P , we have to find a way to
manage the change of base point for the homotopy groups and the universal covering operad of P
: naively picking a point in each arity does not work because a basepoint system is not generally
stable under the symmetric groups actions and the operadic composition. To handle this problem,
we introduce the general notion of a Γ´operad (3.1), where Γ is a groupoid operad. The structure
of a Γ´operad can precisely be used to handle the changes of base point in the construction of
Postnikov invariants when we take for Γ the fundamental groupoid of our simplicial operad. This
kind of operads is a generalization of local coefficient system operads, introduced in [8, I.9.2.6].

We then define the Γ´symmetric sequences : a Γ´symmetric sequence is the structure carried
by the underlying collection of a Γ´operad when we forget about the composition products and
the unity.

We finally give a construction of a free Γ´operad.

3.1. Γ´operads
We now define Γ´operads and give some basic examples of such a struc ture. Since we assume
that operads are connected, we have Γp1q “ pt.

3.1.1. Γ´operads . A Γ´operad P in M is a sequence of functors
pP prq : Γprq Ñ Mqrě1 together with natural transformations which describe its composition
structure, compatible with the action of the groupoid operad Γ on P . More precisely, P is a
collection of objects pP pxqqxPΓ P M together with :
– for all x, y P Γ and φ P MorΓpx, yq, isomorphisms P pφq : P pxq Ñ P pyq, such that P pidq “ id
and for all x, y, z P Γ, φ P MorΓpx, yq, ψ P MorΓpy, zq, we have P pψ ˝ φq “ P pψq ˝ P pφq ;

– for all σ P Σprq and x P Γprq, isomorphisms σx : P pxq Ñ P pσ.xq, such that all possible
diagrams

P pxq
P pφq //

σx

��

P pyq

σy

��
P pσ.xq

P pσ.φq
// P pσ.yq

commutes;
- for all r, s ě 1, 1 ď i ď r, x P Γprq and y P Γpsq, compositions products

˝i : P pxq b P pyq Ñ P px ˝i yq

such that, for all φ P MorΓpx, zq and ψ P MorΓpy, tq, the diagram

P pxq b P pyq
˝i //

P pφqbP pψq

��

P px ˝i yq

P pφ˝iψq

��
P pzq b P ptq

˝i // P pz ˝i tq

commutes ;
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3. Γ´operads

– a unit
η : 1Ñ P p1q

where 1 is the unit of Γ.
These functors and natural transformations have to satisfy the following axioms :
(a) the diagram

P pxq b P pyq
σbτ //

˝i

��

P pσ.xq b P pτ.yq

˝σpiq

��
P px ˝i yq σ˝σpiqτ

// P pσ.x ˝σpiq τ.yq

commutes for all r, s ě 1, 1 ď i ď r, x P Γprq, y P Γpsq, σ P Σprq and τ P Σpsq.
(b) The diagram

P pxq b P pyq b P pzq

idb˝j

��

˝ibid // P px ˝i yq b P pzq

˝j

��
P
`

px ˝i yq ˝j z
˘

“

��
P pxq b P py ˝j zq ˝i`j´1

// P
`

x ˝i`j´1 py ˝j zq
˘

commutes for all r, s, t ě 1, 1 ď i ď r, 1 ď j ď s, x P Γprq, y P Γpsq and z P Γptq, where the
equality in the right column follows from the associativity of the operad Γ. Similarly, the
diagram

P pxq b P pyq b P pzq

˝ibid

��

» // P pxq b P pzq b P pyq

˝jbid

��
P
`

x ˝i y
˘

b P pzq

˝jbid

��

P px ˝j zq b P pyq

˝i`s´1

��
P
`

x ˝i yq ˝j z
˘

“
// P

`

px ˝j zq ˝i`s´1 y
˘

commutes for all r, s, t ě 0, 1 ď i ă j ď r, x P Γprq, y P Γpsq and z P Γptq.
(c) The diagrams

1b P pyq
ηbid //

»

��

P p1q b P pyq

˝1

��
P pyq “

// P p1 ˝1 yq

and P pyq b 1
idbη //

»

��

P pyq b P p1q

˝i

��
P pyq “

// P py ˝i 1q

20



3.1. Γ´operads

commute for all r ě 1, 1 ď i ď n and y P Γprq.

We assume that our Γ´operads P satisfy the operad connectedness condition P p1q “ 1.

If Γ is trivial in each arity, a Γ´operad is nothing more than an operad.
A prime example of such a structure is given for all P P sOp and p ě 2 by πppP q, the

πpP q´operad in Ab such that πppP qpxq “ πppP pxqq for all x P πpP q. Another example of a
Γ´operad is given by the fiber of a fibration f : P Ñ Q in the category of simplicial operads.
Indeed, the collection fprq´1pxq P sSet, x P ob pπpQprqq , r ě 1 is a simplicial πpQq´operad.

3.1.2. The category of Γ´operads in M . The Γ´operads in M form a category MOpΓ, where a
morphism f P MorMOpΓpP,Qq is a collection of morphisms fx P MorMpP pxq, Qpxqq for x in Γ such
that :
– the diagrams

P pxq
P pφq //

fx

��

P pyq

fy

��
Qpxq

Qpφq
// Qpyq

and

P pxq
fx //

σx

��

Qpxq

σx

��
P pσ.xq

Mpfσ.xq
// Qpσ.xq

commute for all x, y P Γ and φ P MorΓpx, yq;
– the diagram

P pxq b P pyq
˝i //

fpxqbfpyq

��

P px ˝i yq

fpx˝iyq

��
Qpxq bQpyq

˝i // Qpx ˝i yq

commutes for all r, s ě 1, 1 ď i ď r, x P Γprq and y P Γpsq;
– the diagram

P p1q

fp1q

��

1

ηP
66

ηQ ((
Qp1q

commutes. Since our Γ´operad are connected, in the case M “ Set or sSet, this latter
condition is automatically satisfied. The category MOp is the category of connected Γ´operads
in M.
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3.1.3. The unit Γ´operad I. The unit Γ´operad I in MOpΓ is such that Ipxq “ 1 for all
x P Γp1q and Ipxq “ H for all x P Γprq, r ě 2, with Ipφq “ id for every φ P MorΓp1qpx, yq.

3.1.4. The Γ´operads pt and Com. If M is a cartesian closed monoidal category, the
Γ´operad pt in MOpΓ is such that, for all x P Γ, ptpxq “ 1 and for all φ P MorΓpx, yq, ptpφq “ id.
If M “ pAb,bq, we rather denote by Com the Γ´operad in AbOpΓ such that, for all x P Γ, Compxq “ Z
and for all φ P MorΓpx, yq, Compφq “ id.

3.1.5. Augmented Γ´ operad. A Γ´operad P P MOpΓ is augmented over Com if there is an
augmentation morphism ε P MorAbOpΓpP, Comq.

Note that an augmented Γ´operad in M in nothing more than an object in MOpΓ Ó Com.

3.2. Γ´symmetric sequences

We introduce now the Γ´symmetric sequences. We need this structure among other things
to define the free Γ´operads in the next subsection. We prove that the category MSeqΓ of
Γ´symmetric sequence in M is isomorphic to a functor category.

3.2.1. Γ´symmetric sequences. A (connected) Γ´symmetric sequence M in M is a collection
of objects pMpxqq P M, x P Γprq, r ě 2 together with :
– for all x, y P Γ and φ P MorΓpx, yq, isomorphisms Mpφq : Mpxq Ñ Mpyq, such that for all
x, y, z P Γ, φ P MorΓpx, yq and ψ P MorΓpx, yq, Mpψ ˝ φq “Mpψq ˝Mpφq ;

– for all σ P Σprq and x P Γprq, isomorphisms σx : Mpxq Ñ Mpσ.xq, such that all possible
diagrams

Mpxq
Mpφq //

σx

��

Mpyq

σy

��
Mpσ.xq

Mpσ.φq
// Mpσ.yq

commute.

3.2.2. The category of Γ´symmetric sequences. The Γ´symmetric sequences in M form a
category MOpΓ, where a morphism f P MorMSeqΓpM,Nq is a collection of morphisms
fx : Mpxq Ñ Npxq such that, for all x, y P Γ and φ P MorΓpx, yq, the diagrams

Mpxq
Mpφq //

fx

��

Mpyq

fy

��
Npxq

Npφq
// Npyq

and
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3.3. Free Γ´operads, coproduct with a free Γ´operad

Mpxq
fx //

σx

��

Npxq

σx

��
Mpσ.xq

Mpfσ.xq
// Npσ.xq

commute.

3.2.3. Definition. Let Σ˙ Γ the groupoid whose objects are the couples px, rq (which we simply
denote x) for all r ě 2 and x P Γprq. The set MorΣ˙Γpx, yq with x P Γprq and y P Γpsq is the set
of pairs pσ, αq with σ P Σprq and α a morphism in Γ such that

x
σ˚ // σ.x

α // y ;

thus MorΣ˙Γpx, yq is empty if r ‰ s.
For all pσ, αq P MorΣ˙Γpx, yq and pτ, βq P MorΣ˙Γpy, zq we define

pτ, βq ˝ pσ, αq “ pσ ˝ τ, β ˝ τ˚pαqq.

This definition makes sense because τ is acting functorially. Moreover,

pσ, αq´1 “
`

σ´1, σ´1.α´1˘

and Σ˙ Γ is indeed a groupoid.

3.2.4. Proposition. The category MSeqΓ is isomorphic to the functor category MΣ˙Γ.

Proof. Immediate.

3.2.5. Augmented Γ´symmetric sequence. A Γ´symmetric sequence M P MSeqΓ is aug-
mented over Com if there is an augmentation morphism ε P MorMSeqΓpP, Comq.

Note that an augmented Γ´symmetric sequence in M is nothing more than an object in
MSeqΓ Ó Com.

3.2.6. Proposition. Let n ě 0. If M P dg˚AbSeqΓ, then we have HnpMq P AbSeqΓ with
HnpMqpxq “ HnpMpxqq for all x P Γ.

Proof. Immediate.

3.3. Free Γ´operads, coproduct with a free Γ´operad
We give a construction of the free Γ´operad FpMq P MOpΓ associated to a Γ´symmetric sequence
M P MSeqΓ. To ensure that the free Γ´operad construction works, we will now assume that
colimits exist in M and that the tensor product b : MÑ Mˆ M distributes over colimits.

3.3.1. Proposition. The forgetful functor ω : MOpΓ Ñ MSeqΓ, such that ωpP pxqq “ P pxq for all
x P Γprq, r ě 2 admits a left adjoint, the free Γ´operad functor F : MSeqΓ Ñ MOpΓ. Morover, for
all M P MSeqΓ, we have an embedding ιM : M Ñ FpMq.
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3. Γ´operads

Proof. Let M P sSeqΓ and x P Γprq with r ě 2. We form a groupoid Treepxq with
 

pT pxvq, µq
ˇ

ˇT P Treeprq, pxvqvPV pT q P Γ, µ P MorΓpλT pxvq, xq
(

,

as object set. The morphisms of Treepxq for all pT pxvq, µq , pT px1vq, µ1q P Treepxq are the isomor-
phisms T pfvq : T pxvq Ñ T px1vq with fv P MorΓpxv, x

1
vq, such that

λT pxvq

λT pfvq

��

µ

##
x

λT px
1
vq

µ1

;;

commutes.
We set

FpMqpxq “ colim
pT pxvq,µqPTreepxq

T pMpxvqq

and
FpMqp1q “ 1.

By construction, FpMq is a Γ´operad :
– The action of a permutation σ P Σprq on F pMqpxq is given termwise by the obvious identity
T pMpxvqq

“
ÝÑ σ ¨ T pMpxvqq between the term T pMpxvqq indexed by pT pxvq, µq P Treepxq in

our colimit and the term σ ¨T pMpxvqq indexed by pσ ¨T pxvq, µq P Treepσ ¨xq in the expansion
of the object F pMqpσxq.

– The composition operation ˝i : F pMqpxqbF pMqpyq Ñ F pMqpx ˝i yq is given termwise by the
obvious isomorphism SpMpxuqq b T pMpyvqq » S ˝i T pMpzvqq, where, for any pair of terms
SpMpxuqq and T pMpyvqq indexed by objects pSpxuq, µq P Treepxq and pT pxvq, µq P Treepyq
in the expansion of F pMqpxq and F pMqpyq, we consider the collection pzwqwPV pS˝iT q formed
by the union of pxuquPV pSq and pyvqvPV pT q, by using the identity V pS ˝i T q “ V pSq Y V pT q.
We also consider the morphism µ ˝i ν : S ˝i T pzwq Ñ x ˝i y given by the partial composite of
µ : Spxuq Ñ x and ν : T pyvq Ñ y to associate an object of the category Treepx ˝i yq to this
collection S ˝i T pzwq.

The free Γ´operad functor is left adjoint to the forgetful functor. Indeed, there exists one and
only one morphism of Γ´operads g such that

M
f //

##

ιM
##

ωpP q

ωpFpMqq

ωpgq

99

commutes for all f P MorMSeqΓpM,P q. For x P Γ, the morphism gx is induced by a collection of
morphisms

gpT pxvq,µq : T pMpxvqq
T pfxv q// T pfxvMpxvqq

λT // P pT pxvqq
P pµq // P pxq

indexed by Treepxq.
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3.3.2. Proposition. Let P P MOpΓ and M P MSeqΓ.
For all x P Γprq with r ě 2,

´

P
ł

FpMq
¯

pxq “
ž

TPTree˝,‚prq

´

T
`

Mpxovq, P px
o
v1q

˘

¯

KT pxovq

with the notation of the previous theorem.

Proof. Similar to the proof of Proposition 3.3.1.
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4. Model structures
We already recalled the definition of the model structure on the usual categories of operads in
simplical sets in section 1. We explain in this section the definition of model structures on the
new categories of operads used in this thesis. We also describe model structures on the categories
of symmetric sequences underlying our categories of operads. We generally consider operads in
a base cofibrantly generated model category, which we denote by C throughout this section, and
which is either :
– C “ sSet, the model category of simplicial sets (see [25, II 3, Theorem 3] or [10, Theorem
I.11.3]);

– C “ sAb, the model category of simplicial abelian group (see [25, II.6] or [10, Theorem III.2.6
and III.2.11]);

– C “ dg˚Ab, the model category of differential positively graded abelian group (see [25, II p.
4.11, Remark 5] or [13, 2.3]).

4.1. Model structure on sSeq Ó BΓ

There is a model structure on sSeq (see [8, II.8.1]). We just consider the category of objects over
BΓ associated to this category, where BΓ is the nerve of a groupoid operad Γ and is therefore an
operad in simplicial sets (see 1.2.2). Also remind that -5 : sSetÑ s´Set is the obvious functor
that forget about the degeneracies in the definition of a simplicial set (see 1.1.1).

4.1.1. Free objects. Let K be an object in a category M and S P S. The free S´object
associated to K is the coproduct KrSs “

š

sPS K. If S “ G is a group, then G acts on KrGs
by permutation of the summands. Moreover, if M “ Set or M “ sSet, we can identify the free
G´object KrGs with the cartesian product GˆK.

4.1.2. Proposition. The category sSeq Ó BΓ has a cofibrantly generated model structure such
that :
– the weak equivalences are the aritywise weak equivalences.
– The fibrations are the aritywise fibrations.
– The cofibrations are quasi-free extensions of symmetric sequences over BΓ, that is morphisms
f : K Ñ L such that L5 “ K5

š

pΣbSq and f5 is the inclusion. We denote by S a collection of
simplices Sprq P s´Set Ó BΓprq for all r ě 1 and by pΣb Sqprq the free Σprq object SprqrΣprqs
associated to Sprq. Morever, M P sSeq Ó BΓ is cofibrant if and only if Σprq operates freely on
Mprq for all r ě 1.

This model category is a simplicial one. For K P sSet and M P sSeq Ó BΓ, we set :
– pM bKqprq “Mprq ˆK;
– MKprq “MprqK

for all r ě 1.

Proof. We refer to the cited reference [8, II.8.1] for the definition of the model category on sSeq,
and to [11] for the general construction which gives the model structure of this proposition.

4.2. Model structure on sOp Ó BΓ

As for the symmetric sequences of simplicial sets, we have a model structure on the category sOp
of simplicial operads(see [8, II.8.2]). We just consider the category of objects over BΓ associated
to this category, where BΓ is the nerve of a groupoid operad Γ.
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4.2.1. Proposition. The category sOp Ó BΓ has a cofibrantly generated model structure such
that :
– The weak equivalences are the aritywise weak equivalences.
– The fibrations are the aritywise fibrations.
– The cofibrations are retracts of quasi-free operads f : P Ñ Q such that Q5 “ P5

Ž

FpΣ b Sq
with S a collection of object Sprq P s´Set Ó BΓprq for all r ě 1.
This model category is a simplicial one. For K P sSet and P P sOp Ó BΓ, K P sSet, we set :

– pP bKqprq “ P prq ˆK;
– PKprq “ P prqK

for all r ě 1.

Proof. We refer to the cited reference [8, II.8.2] for the definition of the model category on sOp,
and to [11] for the general construction which gives the model structure of this proposition.

4.3. Model structure on CSeqΓ

We rely on the fact that CSeqΓ is isomorphic to the category of diagrams CΣ˙Γ (see Definition
3.2.3 and Proposition 3.2.4) to define the model structure on CSeqΓ.

Notation. For all K P C and x0, x P Γ, for K P C and x0 P Γ, we use the notation KbpΣ˙ΓqFx0

for the Γ´symmetric sequence such that:

K b pΣ˙ ΓqFx0pxq “ KrMorΣ˙Γpx0, xqs,

for every x P Γ, where we again use the notation KrSs “
š

sPS K introduced in 4.1.1 for the free
S´object associated to K.

4.3.1. Proposition. The category CSeqΓ has a cofibrantly generated model structure such that
:
– The weak equivalences are the pointwise weak equivalences in C.
– The fibrations are the pointwise fibrations in C.
– The cofibrations are the morphism wich have the left lifting property with respect to the acyclic
fibrations.
The generating cofibrations (respectively, generating acyclic cofibrations) are the natural trans-

formations
K b pΣ˙ ΓqFx0 Ñ Lb pΣ˙ ΓqFx0

for all x0 P Γ and all generating cofibrations (respectively, generating acyclic cofibrations) K Ñ L
in our base category C.

Proof. We refer to [12, Theorem 11.6.1] for the general construction which gives the model
structure of a diagram category on a base category equipped with a cofibrantly generated model
structure.

4.3.2. Proposition. If C “ sSet, then the cofibrations of sSeqΓ are retracts of quasi-free
extensions of Γ´symmetric sequences, that is, retracts of morphisms f : K Ñ L such that :
– L5 “ K5

š

pΣ˙ Γq b S;
– f5 is the inclusion;
– S is a collection pSprq, xr0q with Sprq P s´Set and xr0 P Γprq;
– pΣ˙ Γq b Spxq “ Sprq b pΣ˙ ΓqFxr0pxq for all r ě 1 and x P Γprq.
The cofibrations if C “ sAb are retracts of quasi-free extensions of simplicial abelian Γ´symmetric
sequences, that is, morphisms f : K Ñ L such that :
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– L5 “ K5 ‘Z
`

pΣ˙ Γq b S
˘

;
– f5 is the inclusion;
– S is a collection pSprq, xr0q with Sprq P s´Set and xr0 P Γprq.

Proof. Slight adaptation of the proof in the simplicial symmetric sequences setting (see [8, II.8.1]).

4.3.3. Proposition. If C “ sSet or sAb, then the model structure is simplicial.
If C “ sSet, we set :

– pM bKqpxq “Mpxq ˆK;
– MKpxq “MpxqK

for all M P sSeqΓ, K P sSet and x P Γ.
If sAb, we set :

– pM bKqpxq “Mpxq ˆZK;
– MKpxq “ MpxqK , the abelian group structure of M providing MpxqK with a structure of
simplicial abelian group.

for all M P sAbSeqΓ, K P sSet and x P Γ.

Proof. Straightforward consequence of the simplicial nature of model structures on sSet and sAb
according to [12, Theorem 11.7.3].

We now describe the path objects and analyze homotopy classes of maps in dg˚AbSeqΓ.

4.3.4. Proposition. A path object M I in dg˚AbSeqΓ is given for all M P dg˚AbSeqΓ and n ě 0
by

M I
n “Mn`1 ‘Mn ‘Mn

with the differential d such that, for all x P Γ, for all pa, b, cq PM I
npxq,

dpa, b, cq “ p´dM paq ` b´ c, dM pbq, dM pcqq.

The faces d0 and d1 of this path object are given by

d0pa, b, cq “ b

and
d1pa, b, cq “ c

for all pa, b, cq PM I
npxq. The degeneracy s1 is given by

s1paq “ p0, a, aq

for all
a PMnpxq.

The chain complex M Ipxq is a path object associated to Mpxq in dg˚Ab.
If we assume that N is fibrant and let f, g P Mordg˚AbSeqΓpM,Nq, then f „ g if and only if it

exists a sequence
`

hn P MorAbSeqΓpMn, Nn`1q
˘

ně1 such that, for all n ě 1,

fn ´ gn “ dMn ˝ hn´1 ` hn ˝ d
N
n`1.

Moreover, f „ g implies that fpxq „ gpxq in dg˚Ab for all x P Γ and fprq „ gprq in dg˚AbΓprq
for all r ě 1.

Proof. Simple check.
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4. Model structures

4.4. Model structure on COpΓ

We now use the adjunction between the free Γ´operad functor and the forgetful functor to
transfer the model structure of CSeqΓ to COpΓ. The symmetric monoidal structure on sAb and
dg˚Ab are given by the tensor product.

4.4.1. Theorem. The category COpΓ has a cofibrantly generated model structure such that :
– The weak equivalences are the pointwise weak equivalences in C.
– The fibrations are the pointwise fibrations in C.
– The cofibrations are the morphism wich have the left lifting property with respect to the acyclic
fibrations.

The generating cofibrations (respectively, generating acyclic cofibrations) are the natural trans-
formations

F
`

K b pΣ˙ ΓqFx0

˘

Ñ F
`

Lb pΣ˙ ΓqFx0

˘

for xo P Γprq, r ě 1 and all generating cofibrations (respectively, generating acyclic cofibrations)
K Ñ L in our base category C.

Proof. A full proof can be written down by slightly adapting the proof of the simplicial operad
case that can be found in [8, II.8.2].

In short, we use a Kan’s theorem (see [12, Theorem 11.3.2] or [7, Theorem II.4.3.3]) to
transfer the cofibrantly generated model structure on Γ´symmetric sequence (see Theorem 4.3.1)
by means of the adjunction between the free Γ´operad functor and the forgetful functor (see
Theorem 3.3.1). Note that a crucial argument is the fact that the domain of the generating
cofibrations and acyclic cofibrations in C are small.

4.4.2. Proposition. Cofibrations in C “ sSet are retracts of quasi-free extension of simplicial
Γ´operads, that is, retracts of morphisms f : P Ñ Q such that Q5 “ P5

Ž

FppΣ˙ Γq b Sq with
S a collection of simplex Sprq P sSet for all r ě 1.

Cofibrations in C “ sAb are retracts of quasi-free extensions of simplicial abelian
Γ´operads, that is, morphisms f : K Ñ L such that L5 “ K5 ‘ ZF

`

pΣ ˙ Γq b S
˘

with S a
collection of simplex Sprq P s´Set for all r ě 1.

4.4.3. Proposition. With the model structure provided by Theorem 4.4.1 and the function
objects such that

PK “ tP pxqKuxPΓ “ tMapsSetpK,P pxqquxPΓ

for all P P sOpΓ (respectively, P P sAbOpΓ) and K P sSet, the category sOpΓ (respectively,
sAbOpΓ) is a simplicial model category. We moreover have

MapsOpΓpP,Qqn “ MorsOpΓpP,Q∆nq.

Proof. We just give a sketch of this proof in sOpΓ. A full proof can be written down by slightly
adapting the proof in the simplicial operad setting that can be found in [8, II.2.3]. The proof is
the same in sAbOpΓ : in that case, PK inherits an abelian group Γ´operad structure from the
abelian group Γ´operad structure of P .

We first check that PK is a simplicial Γ´operad, and MapsOpΓp´,´q is a bifunctor in simplicial
set.

We then prove that this function object bifunctor provides sOpΓ with a structure of category
cotensored over sSet. More precisely :
– the bifunctor pP,Kq ÞÑ PK carries colimits on the variable K to limits, and limits on the
variable P to limits;
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– there is a natural unit isomorphism P pt » P for all P P sOpΓ and natural associativity
isomorphisms PKL » PKˆL for all P P sOpΓ and K,L P sSet, which satisfy natural coherence
axioms with respect to the unit and associativity relations of the cartesian product of simplicial
sets.
For all K P sSet we check that the functor -K admit as left adjoint a functor -bK by

upgrading the adjunction at the Γ´symmetric sequence level to the Γ´operads level (the crucial
point is the fact that -K is a symmetric monoidal functor). Then sOpΓ is tensored over sSet.

Finally, we prove that if p : P Ñ Q is a fibration in sOpΓ and j : K Ñ L is a cofibration of
simplicial sets, then the morphism pj˚, p˚q in the pullback diagram

PL p˚

%%

j˚

%%

pj˚,p˚q

%%
PK ˆY K Y

L //

��

QL

j˚

��
PK p˚

// QK

is a fibration which is acyclic when j or p is.

4.5. Quillen adjunctions and equivalences
We upgrade the adjunction between the free abelian group functor and the forgetful functor
at the Γ´symmetric sequence level and at the Γ´operad level. We also upgrade the classical
Dold-Kan equivalence of categories at the Γ´symmetric sequence level.

4.5.1. Proposition. We denote by ZrXs the free abelian group generated by the set X. We
also denote by ρpGq the underlying set of the abelian group G. The adjunction

Zr´s : Set Õ Ab : ρ

extends to adjunctions

Z : SetSeqΓ Õ AbSeqΓ : ρ

and
Z : SetOpΓ Õ AbOpΓ : ρ,

such that ZrM spxq “ ZrMpxqs and ρpNqpxq “ ρpNpxqq for all M P SetSeqΓ or M P SetOpΓ,
N P AbSeqΓ or N P AbOpΓ and x P Γ.

There is also Quillen adjunctions

Z : sSeqΓ Õ sAbSeqΓ : ρ

and
Z : sOpΓ Õ sAbOpΓ : ρ

such that ZrM spxqn “ ZrMpxqns and ρpNqpxqn “ ρpNpxqnq for all M P sSeqΓ or M P sOpΓ,
N P sAbSeqΓ or N P sAbOpΓ, x P Γ and n ě 0.

Afterward, we simpler denote ZrM s by ZM .
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4. Model structures

Proof. We easily check that Z and ρ preserves Γ´symmetric sequences and Γ´operad structures.
Thus we have adjunctions.

The functor ρ obviously preserves weak equivalences and fibrations. Thus we have Quillen
adjunctions.

4.5.2. Proposition. The equivalence of categories given by the Quillen adjunction

N˚ : sAb Õ dg˚Ab : D‚

induces an equivalence of categories given by the Quillen adjunction

N˚ : sAbSeqΓ Õ dg˚AbSeqΓ : D‚

such that N˚pMqpxq “ N˚pMpxqq and D‚pNqpxq “ D‚pNpxqq for all M P sAbSeqΓ,
N P dg˚AbSeqΓ and x P Γ.

Moreover, for all N P dg˚AbSeqΓ, there is a natural isomorphism

D‚N » Mordg˚AbpN˚∆‚, Nq

with Mordg˚AbpN˚∆‚, Nqpxq “ Mordg˚AbpN˚∆‚, Npxqq.
Therefore, the adjunction

N˚ : sAbSeqΓ Õ dg˚AbSeqΓ : D‚

provides a natural isomorphism

ρ : MorsAbSeqΓpN˚M,Nq » Mordg˚AbSeqΓpM,Mordg˚AbpN˚∆‚, Nqq

given by ρpfqpyqprσsq “ fprσ˚ysq for all f P MorsAbSeqΓpN˚M,Nq, y PMpxq and σ : k Ñ n P ∆n
k .

Proof. We easily check that N˚ and D‚ preserves Γ´symmetric sequence structures, thus we
have an equivalence of categories.

The functor N˚ preserves weak equivalences, fibrations and induces a bijection between the
set of weak equivalences in sAb and the set of weak equivalences in dg˚Ab (see [10, Theorem
III.2.6]). Thus we have a Quillen equivalence of categories.

The natural isomorphisms

D‚Y » Mordg˚AbpN˚p∆‚q, Y q

and
ρ : MorsAbpN˚X,Y q » Mordg˚AbpX,Mordg˚AbpN˚p∆‚q, Y qq

defined in 1.1.4 for all X P sAb and Y P dg˚Ab extend natural isomorphisms

D‚N » Mordg˚AbpN˚p∆‚q, Nq

and
ρ : MorsAbSeqΓpN˚M,Nq » Mordg˚AbSeqΓpM,Mordg˚AbpN˚p∆‚q, Nqq

since N˚ and D‚ are defined pointwise in the Γ´symmetric sequence setting.
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5. Covering Γ´operads of a simplicial operad
We define now the coverings of a simplicial symmetric sequence as simplicial
Γ´symmetric sequences, and the coverings of a simplicial operad as simplicial
Γ´operads. We finally define the universal covering Γ´operad of a simplicial operad and prove
its existence.

5.1. Covering Γ´symmetric sequence
Recall that ´_ denotes the covering functor, which is left adjoint to the homotopy colimit functor
in the simplicial set setting (see 1.1.3).

We define the covering functor and the homotopy colimit functor at the symmetric sequence
level aritywise, and then prove that these functors form a Quillen adjoint pair.

5.1.1. Proposition. Let M P sSeqΓ. The Γ´symmetric sequence structure on M induces a
symmetric sequence structure over BΓ on

hocolimΓpMq “
`

hocolimΓprqMprq
˘

rě2 .

We therefore have a functor

hocolimΓ : sSeqΓ ÝÑ sSeq Ó BΓ
M ÞÝÑ hocolimΓM.

Proof. We first describe the Γ´symmetric structure on hocolimΓM dimensionwise. Let n ě 0,
r ě 2, σ P Σr , pa, x0 Ñ ... Ñ xnq P hocolimΓprqMprq with x0 Ñ ... Ñ xn P BΓprqn and
a PMpxoq. The action of σ is given by

σ.
`

a, x0 Ñ ...Ñ xnq “
`

σ.a, σ.x0 Ñ ...Ñ σ.xnq.

The sequences hocolimΓpMqn are clearly symmetric sequences over BΓn for all
n ě 0, and we easily check their compatibility with face and degeneracy morphisms.

5.1.2. Proposition. Let M P sSeq Ó BΓ. The symmetric sequence structure on BΓ and on M
induce a Γ´symmetric sequence structure on the colllection

M_ “ pMprq_qrě2 .

We therefore have a functor

´_ : sSeq Ó BΓ ÝÑ sSeqΓ

M ÞÝÑ M_.

Proof. Let x P Γprq, and let us remind that M_pxq is define by a pullback (see 5.3.1); the action
of Σprq is uniquely defined by the universal property of the pullback.

In 1.1.3, we observe that that the universal covering and the homotopy colimit functors
restrict to the category s´Set. We have a similar result in the context of symmetric sequences :

5.1.3. Theorem. There are adjunctions

´_prq : sSeq Ó BΓprq Õ sΣ˙Γprq : hocolimΓprq

for all r ě 2 that forms a Quillen adjunction

´_ : sSeq Ó BΓ Õ sSeqΓ : hocolimΓ .
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5. Covering Γ´operads of a simplicial operad

Proof. Let r ě 2, M P sSeqprq Ó BΓprq, N P sSeqΓprq and

f P MorsSeqprqÓBΓprqpMprq,hocolimΓprqNprqq.

Since M P sSeqprq Ó BΓprq, we have a morphism ψ : M Ñ BΓprq provided with M . For all
n ě 0, let

fn : Mn ÝÑ hocolimΓprqNn
y ÞÝÑ py0 Ñ ...Ñ yn, zq

with y0 Ñ ...Ñ yn “ ψpyq and z P Npy0qn.
The image of f by the adjunction on the simplicial set level is the map

g P MorsSetΓprqpM_, Nq

such that, for all x P Γprq and n ě 0

gpxqn : M_pxqn ÝÑ Npxqn
¨

˚

˚

˚

˝

y, y0 //

α

��

... // yn

��
x

˛

‹

‹

‹

‚

ÞÝÑ Npαqpzq

Since for all σ P Σprq, fnpσ.yq “ σ.fnpyq “ pσ.yo Ñ ... Ñ σ.yn, σ.zq and σ.Npαpzqq “
N
`

pσ.αqpσ.zq
˘

, we have gpσ.xqn “ σ.gpxqn and therefore g is a morphism in sΣ˙Γprq.
The adjunction is a Quillen one because hocolimΓ preserves weak equivalences and fibrations

aritywise.

5.1.4. Theorem. We can define in the very same way functors

hocolimΓ : s´SeqΓ ÝÑ s´Seq Ó BΓ
M ÞÝÑ hocolimΓM

and
´_ : s´Seq Ó BΓ ÝÑ s´SeqΓ

M ÞÝÑ M_

such that there are adjunctions

´_prq : s´Set Ó BΓprq Õ s´SetΓprq : hocolimΓprq

for all r ě 2 that forms an adjunction

´_ : s´Seq Ó BΓ Õ s´SeqΓ : hocolimΓ .

Morever, we have for all M P sOp Ó BΓ

pM_q5 “ pM5q
_

and for all N P sOpΓ

phocolimΓNq5 “ hocolimΓpN5q.

Proof. Immediate.
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5.2. Covering Γ´operad
As in the symmetric sequence setting, the covering functor and the homotopy colimit functor in
the operad setting can be defined aritywise and form a Quillen adjoint pair.

5.2.1. Proposition. Let P P sOpΓ. The sequence

hocolimΓpP q “
`

hocolimΓprq P prq
˘

rě1

forms an operad over BΓ. We therefore have a functor

hocolimΓ : sOpΓ ÝÑ sOp Ó BΓ
P ÞÝÑ hocolimΓ P.

Proof. We first describe the operad structure on hocolimΓ P dimensionwise. Let n ě 0. We have
phocolimΓ P qp1qn “ hocolimpt pt “ pt. Let r, s ě 1, 1 ď i ď r, n ě 0,
pa, x0 Ñ ... Ñ xnq P hocolimΓpsq P psq and pb, y0 Ñ ... Ñ ynq P hocolimΓpsq P psq with
x0 Ñ ... Ñ xn P BΓprqn, a P P pxoq, y0 Ñ ... Ñ yn P BΓpsqn and b P P pyoq. The operadic
compositions are given by

pa, x0 Ñ ...Ñ xnq ˝i pb, y0 Ñ ...Ñ ynq “ pa ˝i b, xo ˝i y0 Ñ ...Ñ xn ˝i ynq.

We easily check that this structure fullfill equivariance, composition and unit axioms so that
hocolimΓpP qn is an operad in Set Ó BΓn. We easily prove the compatibility of this structure with
face and degeneracy maps too.

5.2.2. Proposition. The functor -_ : sSet Ó BΓÑ sSetΓ satisfies the following properties :
– For the one-point set pt P sSet Ó ˚ and the trivial groupoid Γpt “ ˚, we have the relation
pt_ » pt.

– For a pair of objects X P sSet Ó BΓX and Y P sSet Ó BΓY, we have a natural isomorphism
pX ˆ Y q_ » X_ ˆ Y _ in the category sSetΓXˆΓY , where we use the natural isomorphism of
simplicial sets BpΓX ˆ ΓY q » BpΓXq ˆ BpΓY q (see 1.2.2) to identify the cartesian product
X ˆ Y with an object of the category sSet Ó BpΓX ˆ ΓYq. Furthermore, the isomorphisms that
give these relations satisfy obvious unit, associativity and symmetry constraints.

Proof. The first claim is obvious.
The proof of the second claim rely on the fact that in sSet, the pullback of

X ˆ X 1 Ñ Y ˆ Y 1 Ð Z ˆ Z 1 is the product of the pullback of X Ñ Y Ð Z by the pull-
back of X 1 Ñ Y 1 Ð Z 1.

We then check that the isomorphisms that give our relations satisfy obvious unit, associativity
and symmetry constraints.

5.2.3. Proposition. Let P P sOp Ó BΓ. The operad structure on BΓ and P induce a Γ´operad
structure on the collection

P_ “ pP prq_q .

We therefore have a functor
´_ : sOp Ó BΓ ÝÑ sOpΓ

P ÞÝÑ P_.
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5. Covering Γ´operads of a simplicial operad

Proof. We already know that P_ is a Γ´symmetric sequence (see Proposition 5.1.2).
By the previous proposition, we have P p1q_ “ pt.
Let x P Γprq and y P Γpsq. Remind that P prq_pxq, P psq_pyq and P pr ` s ´ 1q_px ˝i yq are

defined by pullbacks (see 5.3.1). Therefore, the composition products

˝i : P prq ˆ P psq Ñ P pr ` s´ 1q

and
˝i : BΓprq ˆBΓpsq Ñ BΓpr ` s´ 1q

induce a morphism
pP prq ˆ P psqq_px, yq Ñ P pr ` s´ 1q_px ˝i yq.

We compose this morphism with the isomorphim

P prq_pxq ˆ P psq_pyq Ñ pP prq ˆ P psqq_px, yq

provided by the previous proposition to form the composition product

˝i : P_pxq ˆ P_pyq Ñ P_px ˝i yq.

We then check that the axioms of the Γ´operad structure (see 3.1.1) are satisfied.

5.2.4. Theorem. There is a Quillen adjunction

´_ : sOp Ó BΓ Õ sOpΓ : hocolimΓ .

Moreover, there are adjunctions

´_n : SetOp Ó BΓn Õ SetOpΓ : hocolimΓp´qn

for all n ě 0.

Proof. We check that for every P P sOp Ó BΓ, Q P sOpΓ the restriction to the set MorsOpΓpP_, Qq
of the natural isomorphism

MorsSeqΓpP_, Qq » MorsSeqÓBΓpP,hocolimΓQq

provided by the adjunction

´_ : sSeq Ó BΓ Õ sSeqΓ : hocolimΓ

(see Theorem 5.1.3) induces an isomorphism

MorsOpΓpP_, Qq » MorsOpÓBΓpP,hocolimΓQq.

The adjunction at the operad level splits dimensionwise because it does at the simplicial sets
level.

5.2.5. Theorem. We can define in the very same way functors

hocolimΓ : s´OpΓ ÝÑ s´Op Ó BΓ
M ÞÝÑ hocolimΓM.

and
´_ : s´Op Ó BΓ ÝÑ s´OpΓ

M ÞÝÑ M_
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such that there are adjunctions

´_n : Set´Op Ó BΓn Õ Set´OpΓ : hocolimΓp´qn

for all n ě 0 that forms an adjunction

´_ : s´Op Ó BΓ Õ s´OpΓ : hocolimΓ .

Morever, we have for all P P sOp Ó BΓ

pP_q5 “ pP5q
_

and for all Q P sOpΓ
phocolimΓQq5 “ hocolimΓpQ5q.

Proof. Straightforward consequence of the definition of the category s´Set.

5.3. Universal covering of a simplicial operad
We define the universal covering of a simplicial operad and prove the existence of such a covering.

If S is a simplicial set, there is a canonical fibration ΨS : S Ñ BπpSq which associates to the
simplex τ : ∆n Ñ S in Sn the object τp0q Ñ τp1q Ñ ...Ñ τpnq P BπpSqn with 0 Ñ 1 Ñ ...Ñ n
the string in the 1-skeleton of ∆n. This fibration induces a isomorphism between the fundamental
groups of S and BπpSq, and the long exact sequence of homotopy groups for a fibration implies
that S_ is a πpSq´diagram of simply connected space, hence a πpSq´diagram of universal
covering of S (see [10, definition after Lemma VI.3.5]).

5.3.1. Universal covering Γ´operad. We say that a covering Γ´operad P_ of an operad
P P sOp Ó BΓ is universal if πpP_pxqq “ 0 for every x P Γ.

5.3.2. Canonical fibration. Let P P sOp. There is a canonical fibration
ΨP : sOp Ñ BπpP q such that, for every x P πpP qprq, ΨP pxq associates to the simplex τ :
∆n Ñ P prq in P prqn the object τp0q Ñ τp1q Ñ ...Ñ τpnq P BπpP qprqn.

5.3.3. Proposition. Let P P sOp Ó BΓ. If the augmentation ΨP : P Ñ BΓ induces aritywise
equivalences of categories between the associated groupoid operad, then P_ is a universal covering
Γ´operad.

Proof. Immediate consequence of the definition of a universal covering Γ´operad.

5.3.4. Corollary. Every simplicial operad P admits a universal covering Γ´operad.

Proof. Immediate consequence of the existence of the canonical fibration and the last proposition.
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6. Additive Γ´operads, Γ´operadic derivations
An additive Γ´operad is a Γ´operad in the category pAb,‘q of abelian groups with the additive
symmetric monoidal structure provided by the direct sum as tensor product operation. We
mainly establish that the category of additive Γ´operads and the category of Γ´symmetric
sequences in abelian groups are abelian.

We then define and study the abelian groups of Γ´operadic derivations, which are a straight-
forward adaptation of operadic derivations (see [8, III.2.1]) in the Γ´operad setting.

6.1. Additive Γ´operads
We prove that Ab‘OpΓ and AbSeqΓ are abelian categories. These categories are in fact Grothendieck
categories : we do no need this result in this work, but we however prove it in appendix B.

We also prove that the cofibrant objects in dg˚AbSeqΓ (respectively, sAbSeqΓ) are degreewise
(respectively, dimensionwise) projective in AbSeqΓ.
6.1.1. Additive Γ´operads. The category Ab‘OpΓ of additive Γ´operads is the category of
Γ´operads in pAb,‘q, where we take the direct sum ‘ : Ab ˆ Ab Ñ Ab as the tensor product
operation of our symmetric monoidal category structure on Ab. Note that, if A P Ab‘OpΓ,
a P Apxq and b P Bpyq, then a ˝i b “ a ˝i 0` 0 ˝i b.
6.1.2. Proposition. The categories AbSeqΓ and Ab‘OpΓ are abelian.
Proof. Since AbSeqΓ » AbΣ˙Γ (Theorem 3.2.4), AbSeqΓ is an abelian category such that kernels
and cokernels are pointwise kernels and cokernels in Ab.

The category Ab‘OpΓ is enriched over Ab and has as zero object the Γ´operad 0 such that
0pxq “ 0 for all x P Γ. The category Ab‘OpΓ also has finite coproducts, which are calculated in
AbSeqΓ.

We easily check that the kernel and the cokernel of a Γ´operad morphism considered as a
morphism in AbSeqΓ naturally possesses a Γ´operad structure and that the associated morphisms
are Γ´operad morphisms. Moreover, the morphisms provided by the universal property of kernels
and cokernels in AbSeqΓ are Γ´operad morphisms and for all morphism f in Ab‘OpΓ, the canonical
morphism KerpCoker fq Ñ CokerpKerpfqq in Ab‘OpΓ is an isomorphism. The category Ab‘OpΓ

is therefore abelian.

6.1.3. Proposition. The cofibrant objects in dg˚AbSeqΓ are degreeewise projective in AbSeqΓ.
Proof. Let M a cofibrant object in dg˚AbSeqΓ and f an epimorphism in MorAbSeqΓpA,Bq, that
is, an aritywise and pointwise surjection. For all n ě 0, fxn ` 1y : Axn ` 1y Ñ Bxn ` 1y is an
acyclic lift of f in dg˚AbSeqΓ such that

Axn` 1yk “
"

A if k “ n, n` 1
0 else, Bxn` 1yk “

"

B if k “ n, n` 1
0 else,

dn`1 “ id and dk “ 0 for all k ‰ n` 1 for both complexes.
Since M is cofibrant, there is a lift g : M Ñ Axn ` 1y of fxn ` 1y and gn : Mn Ñ A is a lift

of f , thus An is projective.

6.1.4. Proposition. Cofibrant objects in sAbSeqΓ are dimensionwise projective in AbSeqΓ.
Proof. Let M P sAbSeqΓ cofibrant. According to Theorem 4.5.2 and Proposition 6.1.3, N˚pMq
is cofibrant and thus projective degreewise. Moreover, for all n ě 0, Mn “ D‚N˚pMqn is by
definition a finite coproduct of Γ´symmetric sequences N˚pMql with l ď n, so Mn is projective.
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6.2. Γ´operadic derivations
The abelian group of Γ´operadic derivations DerAbOpΓpP,Aq is a subgroup of MorAbSeqΓpP,Aq with
P a Γ´operad in abelian groups augmented over Com and A an additive Γ´operad.

We study this group of derivations in the two cases we will have to deal with : when P is
free abelian, and when P is free as a Γ´operad.

6.2.1. Γ´operadic derivations. Let pP, εq P AbOpΓ Ó Com and A P Ab‘OpΓ. We denote by
DerAbOpΓpP,Aq the abelian subgroup of MorAbSeqΓpP,Aq such that

fpp ˝i qq “ εpqq.fppq ˝i 0` 0 ˝i εppq.fpqq

for all f P DerAbOpΓpP,Aq, r, s ě 2, 1 ď i ď r, x P Γprq, y P Γpsq, p P P pxq and q P P pyq.
Equivalently, we assume by additivity that

fpp ˝i qq “ εpqq.fppq ˝i εppq.fpqq.

6.2.2. Proposition. Let P P SetOpΓ. Then ZP “ ZrP s P AbOpΓ Ó Com with the augmentation
ε such that εppq “ 1 for all p P P pxq and x P Γ.

Proof. Immediate.

6.2.3. Proposition. For all P P SetOpΓ and A P Ab‘OpΓ, there is a natural isomorphism

DerAbOpΓpZP,Aq
»
ÝÑ MorSetOpΓpP,Aq,

where we forgot the abelian group structure of A in MorSetOpΓpP,Aq and we regard A as a
Γ´operad in sSet.

Proof. The adjunction
Z : SetSeqΓ Õ AbSeqΓ : ρ

provides a natural isomorphism

MorAbSeqΓpZpP q, Aq Ñ MorSetSeqΓpP,Aq.

We then check that the derivation relation for a morphism in MorAbSeqΓpZP,Aq is equivalent to
the preservation of the operadic composition by the associated morphism in MorSetSeqΓpP,Aq.

6.2.4. Proposition. Let M P AbSeqΓ Ó Com and A P Ab‘OpΓ. There is a natural isomorphism

ι˚ : MorAbSeqΓpM,Aq
»
ÝÑ DerAbOpΓpFpMq, Aq

induced by the canonical embedding ιM : M Ñ FpMq.

Proof. Slight adaptation of the proof of [8, Theorem III.2.1.7].
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7. Operadic equivariant cohomology
We introduce the operadic equivariant cohomology, which provides us with an efficient tool to
define operadic Postnikov invariants in the next section.

We first define the operadic equivariant cohomology for a cofibrant simplicial operad an
express it by means of derivations and covering Γ´operads.

We then establish that the n´th group of equivariant cohomology of a cofibrant simplicial
operad P with coefficients in an additive operad A is isomorphic to a group of homotopy classes
of morphisms from P_, the universal covering operad of P , to KpA,nq, an Eilenberg-MacLane
Γ´operad. We can therefore upgrade the definition of the operadic equivariant cohomology to
non necessarily cofibrant simplicial operads.

We define a reduced and a relative version of this cohomology. We also etablish the existence
of a long exact sequence in relative operadic equivariant cohomology.

We finally define the indecomposables of a simplicial morphism operad f , which forms a
Γ´symmetric sequence Indecpfq in the simplicial abelian group setting. This permits us to prove
a universal coefficient theorem for relative operadic equivariant cohomology when the coefficients
are concentrated in one arity. A universal coefficient theorem also exists without this assumption
(see Theorem A.1), but we will not need it to define the Postnikov invariants and prove our main
results.

7.1. Definition
For a reminder about equivariant cohomology in the simplicial set setting, see [10, definition after
Corollary VI.3.4 and Lemma VI.3.5]. We consider in this subsection P P sOp Ó BΓ cofibrant
with the augmentation Ψ : P Ñ BΓ and A P Ab‘OpΓ.

We first introduce the cosimplicial abelian group of operadic equivariant maps
C‚ΓpP,Aq, which associated cohomology is the operadic equivariant cohomology of P . We then
prove that C‚ΓpP,Aq is isomorphic to the cosimplical abelian group of Γ´operadic derivations
DerAbOpΓpZP_‚, Aq, with -_ the covering functor.

7.1.1. Operadic equivariant maps. For all n ě 0, we denote by CnΓ pP,Aq the set of operadic
equivariant maps

MorSetOpÓpBΓqn pPn,hocolimΓAnq ,

where we regard A as a discrete Γ´operad in sSet and use the functor
hocolimΓ : sOpΓ Ñ sOp Ó BΓ of Proposition 5.2.1. This set can also be described as the col-
lection of the Set´based operad morphisms α : Pn Ñ hocolimΓAn such that

Pn
α //

Ψn
��

hocolimΓAn “
ž

x0Ñ...ÑxnPBΓn

Apx0q

uu
BΓn

commutes, or equivalently, the collection of the Set´based operad morphisms
α : Pn Ñ hocolimΓAn such that, for all r ě 1,

α : P prqn ÝÑ hocolimΓprqAprqn
x ÞÝÑ y P ApΨnpxq0q

with Ψnpxq0 “ z0 if Ψnpxq “ z0 Ñ ¨ ¨ ¨ Ñ zn P BΓprqn. Note that the abelian group structure of
A induces an abelian group structure on CΓ

n pP,Aq.
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7.1.2. Proposition. The sequence of abelian groups C‚ΓpP,Aq has a cosimplicial abelian group
structure such that :
– let f P Cn´1

Γ pP,Aq and x P Pn. If Ψnpxq “ x0
ν
Ñ x1 Ñ ...Ñ xn, then

difpxq “

"

fpdipxqq for i “ 1, ¨ ¨ ¨ , n
Apν´1qpfpd0xqq for i “ 0.

– let f P Cn`1
Γ pP,Aq and x P Pn. We set sjfpxq “ fpsjxq for j “ 0, ¨ ¨ ¨ , n.

Proof. Straighforward consequence of [10, Lemma IV.3.5].

7.1.3. Operadic equivariant cohomology. The operadic equivariant cohomology of a cofi-
brant simplicial Γ´operad P over BΓ with coefficients in A is the graded abelian group

H‚ΓpP ;Aq “ H‚N˚C‚ΓpP ;Aq,

with N˚ : cAbÑ dg˚Ab the conormalization functor.

The equivariant cohomology of a simplicial set is nothing more than the cohomology of its
universal covering system (see [10, Corollary VI.3.8]). A similar link exists for operads but in
order to take composition products into account, we have to use operadic derivations :

7.1.4. Lemma. There are natural isomorphisms of cosimplicial abelian groups :

C‚ΓpP,Aq “ MorSetOpÓpBΓq‚ pP‚, phocolimΓAq‚q

» MorSetOpΓpP_‚, Aq

» DerAbOpΓpZP_‚, Aq.

Proof. The results of the Theorem 5.2.4 and the Proposition 6.2.3 imply we have such isomor-
phisms dimensionwise. We then check that the sequences of isomorphisms provided by this two
propositions are compatible with the coface and the codegeneracy morphisms.

7.2. Representation of the operadic equivariant cohomology
We define Eilenberg-MacLane Γ´symmetric sequences and Eilenberg-MacLane
Γ´operads. We then establish that the operadic equivariant cohomology of a cofibrant sim-
plicial operad P is isomorphic to a group of homotopy classes of morphisms from the universal
covering P_ of P to an Eilenberg-MacLane operad. This permits us to enlarge the definition of
the operadic equivariant cohomology to all simplicial operads and prove that this cohomology is
homotopy invariant.

7.2.1. Eilenberg-MacLane Γ´symmetric sequences and Γ´operads. Let A P Ab‘OpΓ

(respectively, A P AbSeqΓ), n ě 1 and Arns P dg˚Ab‘OpΓ (respectively, Arns P dg˚AbSeqΓ) such
that, for all k ě 0,

Arnsk “

"

A if k “ n
0 else.

We call Eilenberg-MacLane Γ´operad (respectively, Eilenberg-MacLane Γ´symmetric sequence)

KpA,nq “ D‚Arns

where the Dold-Kan functor D‚ is applied pointwise.
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We then have for all x P Γ
KpA,nqpxq “ KpApxq, nq,

where we consider on the right side the Eilenberg-MacLane space Kpπ, nq associated to the
abelian group π “ Apxq.

Let also Axny P dg˚Ab‘OpΓ (respectively, Axny P dg˚AbSeqΓ) such that, for all k ě 0,

Axnyk “

"

A if k “ n, n´ 1
0 else

with the differential d such that dn : Axnyn Ñ Axnyn´1 is the identity. Observe that Axny “
ArnsI ˆArns 0 where ArnsI is the path object defined in the Proposition 4.3.4. We define

LpA,nq “ D‚Axny.

We still have
LpA,nqpxq “ LpApxq, nq.

The obvious morphism Axny Ñ Arns induces a natural fibration

q : LpA,nq Ñ KpA,nq

in sOpΓ. The fiber of qpxq is KpApxq, n´ 1q. We moreover have the following lemma :

7.2.2. Lemma. Let A P Ab‘OpΓ and n ě 1. The zero section dL : pt Ñ LpA,nq of
t : LpA,nq Ñ pt is a weak equivalence and the composite dL ˝ t is right homotopic to the identity
on LpA,nq. In other words, the zero section dL is a homotopy equivalence.

Moreover, the zero section cL : BΓ Ñ hocolimΓ LpA,nq of ψL : LpA,nq Ñ BΓ is a weak
equivalence and the composite cL ˝ΨL is right homotopic to the identity on hocolimΓ LpA,nq. In
other words, the zero section cL is a homotopy equivalence.

Proof. The zero section dL is a weak equivalence because dLpxq is a weak equivalence for every
x P Γ.

There is a chain homotopy h : Axny Ñ Axny in dgAbSeqΓ between the identity and the zero
morphism such that hm : Axnym Ñ Axnym`1 “ 0 for every m ‰ n ´ 1 and hn´1 “ id. We
then have a right homotopy H : Axny Ñ AxnyI between the identity and zero, with AxnyI the
path object associated to Axny (see Proposition 4.3.4 for the definition of chain homotopies and
path objects in dgAbSeqΓ). Moreover, for every m ě 0, hm is a morphism in Ab‘OpΓ and AxnyI
inherits from A a Γ´operad structure in dg˚Ab‘. Thus, H is a morphism in dg˚Ab‘OpΓ.

Since D‚pAxnyIq is a path object associated to LpA,nq in sOpΓ, D‚pHq is a right homotopy
between the morphism D‚pidq “ id and D‚p0q “ dL ˝ t.

We deduce the remaining claims of this lemma from the previously proved ones since BΓ “
hocolimΓ pt and since hocolimΓ is a right Quillen adjoint, which therefore preserves weak equiv-
alences between fibrant objects and right homotopies to fibrant objects.

We now adapt [10, Theorem VI.3.10] in order to demonstrate that operadic equivariant
cohomology is representable in an homotopy category.

7.2.3. Theorem (Representation of the operadic equivariant cohomology). Let P P sOp Ó BΓ
cofibrant, A P Ab‘OpΓ and n ě 0. There are natural isomorphisms in P

Hn
ΓpP,Aq »

“

P_,KpA,nq
‰

sOpΓ

»
“

P,hocolimΓKpA,nq
‰

sOpÓBΓ.
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Proof. Recall that
C‚ΓpP,Aq » DerAbOpΓpZP_‚ , Aq

(see Lemma 7.1.4) and that there is an identity

D‚pXq “ Mordg˚AbpN˚p∆‚q, Xq

(see Proposition 4.5.2). Let ZnN˚MorAbSeqΓpZP_‚ , Aq be the abelian group of n-cocyles of the
conormalized complex N˚MorAbSeqΓpZP_‚ , Aq. We have isomorphisms

ZnN˚MorAbSeqΓpZP_‚ , Aq

»τ

��
Mordg˚AbSeqΓpN˚ZP_, Arnsq

»ρ

��
MorsAbSeqΓpZP_,KpA,nqq » MorsAbSeqΓ

`

ZP_,Mordg˚AbpN˚p∆‚q, Arnsq
˘

»υ

��
MorsSeqΓpP_,KpA,nqq

where :
– For g P ZnN˚MorAbOpΓpZP_‚ , Aq and y P ZP_pxqm, we set

τpgqmprysq “

"

gpyq if m “ n
0 else

with rys the class of y in

N˚pZP_qpxqn “
ZP_pxqn

s0pZP_pxqn´1q ` ¨ ¨ ¨ ` sn´1pZP_pxqn´1q
.

Note that τpgqmprysq does not depend of the choice of a class representative of rys because

g P
n´1
č

i“0
Kerpsiq. Note also that τpgq is a morphism of chain complexes because g is a cocycle.

– The isomorphism ρ is described in Proposition 4.5.2. Recall that

ρphqpyqprσsq “ hprσ˚ysq

for all h P MorsAbSeqΓpZP_, D‚Arnsq, x P Γ, y P ZP_pxqm and σ P Mor∆pk,mq » ∆m
k .

– The isomorphism υ is provided by the adjunction

Z : SetSeqΓ Õ AbSeqΓ : ρ

(see Proposition 4.5.1).
We therefore have

pρ ˝ τpgqqpyqprσsq “ τpgqprσ˚ysq “

"

gpσ˚yq, if k “ n,
0, otherwise,

with g P ZnN˚MorAbOpΓpZP_‚ , Aq, x P Γ, y P ZP_pxqm and σ P Mor∆pk,mq.
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The composite τ ˝ ρ induces an isomorphism between ZnN˚DerAbOpΓpZP_‚ , Aq and the set of
morphism in MorsAbSeqΓpZP_,KpA,nqq that satisfy the derivation relation degreewise. Moreover,
υ induces an isomorphism between this set of morphisms and MorsOpΓpP_,KpA,nq according
to Proposition 6.2.3 : we simply check that the dimensionwise isomorphisms provided by this
proposition form a simplicial isomorphism. Thus, the composite υ ˝ρ˝τ induces an isomorphism

ZnN˚DerAbOpΓpZP_‚ , Aq » MorsOpΓpP_,KpA,nqq.

Consider now a n´coboundary θ “ δ˚h in N˚DerAbOpΓpZP_‚ , Aq. The morphism τ induces an
obvious morphism which associates to this coboundary a morphism
H P Mordg˚AbSeqΓpN˚ZP_‚ ‚, ArnsIq that satisfy the derivation relation degreewise and where
ArnsI is the path object described in the Proposition 4.3.4. We have d0H “ ρphq and d1H “ 0
where d0 and d1 are the face maps associated to the path object ArnsI . Moreover, this correspon-
dence is one-to-one. Because D‚pArnsIq is a path object associated to KpA,nq “ D‚pArnsq P
sOpΓ, the composite υ ˝ ρ induces a bijection between :
– the set of morphisms H P Mordg˚AbSeqΓpN˚ZP_‚ , ArnsIq that satisfy the derivation relation
degreewise and such that d1H “ 0 ;

– the homotopy class of the zero morphism in MorsOpΓpP_,KpA,nqq.
Therefore, υ ˝ τ ˝ ρ induces an isomorphism

Hn
ΓpP,Aq »

“

P_,KpA,nq
‰

sOpΓ .

Finally, there is an isomorphism

rP_,KpA,nqssOpΓ » rP,hocolimΓKpA,nqssOpÓBΓ

provided by the Quillen adjunction between the functors -_ and hocolimΓ since P is cofibrant.

7.2.4. Operadic equivariant cohomology of a (non necessarily cofibrant) simplicial
operad. Let P P sOp Ó BΓ and A P Ab‘OpΓ. if P and P 1 are two cofibrant replacements of P ,
then we have P „ P

1 in the homotopy category of sOp Ó BΓ, and this equivalence gives a bijection
on homotopy class sets

rP ,hocolimΓKpA,nqssOpÓBΓ » rP
1
,hocolimΓKpA,nqssOpÓBΓ

by general results of the theory of model categories. We thus have an isomorphism Hn
ΓpP ;Aq »

Hn
ΓpP

1;Aq.
Therefore, we define the operadic equivariant cohomology of a (non necessarily cofibrant)

simplicial operad P as the operadic equivariant cohomology of a cofibrant replacement of P .

7.2.5. Proposition. Let f : P Ñ Q be a weak equivalence in sOp Ó BΓ and A P Ab‘OpΓ. We
also consider P and Q in sOp Ó BΓ so that we have acyclic fibrations P Ñ P and Q Ñ Q. For
every n ě 0, the induced morphism f˚ : Hn

ΓpQ;Aq Ñ Hn
ΓpP ;Aq is an isomorphism.

Proof. Let P and Q be cofibrant replacements of P and Q. there is a lift f such that the square

P

„

����

f // Q

„

����
P

f
// Q
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commutes. This morphism f is a weak equivalence by the two-out-of-three axiom. Since P and
Q are cofibrant, f induces an isomorphism

f
˚ : rQ,hocolimΓKpA,nqssOpÓBΓ Ñ rP ,hocolimΓKpA,nqssOpÓBΓ

for every n ě 0, so we have an isomorphism f˚ : Hn
ΓpQ;Aq Ñ Hn

ΓpP ;Aq.

7.3. Reduced operadic equivariant cohomology

We introduce the reduced operadic equivariant cohomology. We first define rC‚ΓpP,Aq, the cosim-
plicial abelian group of reduced operadic equivariant cochains of a simplicial operad P P sOp Ó BΓ,
equipped with a section c : BΓ Ñ P of its augmentation P Ñ BΓ, with coefficients an additive
Γ-operad A.

In order to give an homotopy invariant definition of this reduced cohomology, we prove
that the comma category BΓ Ó psOp Ó BΓq has a model structure inherited from the usual model
structure on sOp. Indeed, an operad in sOp Ó BΓ equipped with a section of its augmentation
morphism can be interpreted as an object in BΓ Ó psOp Ó BΓq. We then establish that the functor
rC‚Γp´, Aq : BΓ Ó psOp Ó BΓq Ñ cAb preserves weak equivalences between cofibrants objects.

We accordingly define the reduced operadic equivariant cohomology of an augmented sim-
plicial operad P over BΓ equipped with a section of its augmentation as the cohomology of
rC‚ΓpP ,Aq, with P a cofibrant replacement of P in BΓ Ó psOp Ó BΓq.

7.3.1. Reduced operadic equivariant cochains. Let P P sOp Ó BΓ be such that the asso-
ciated augmentation ΨP : P Ñ BΓ admits a section c. Let also A P Ab‘OpΓ. The cosimpli-
cial abelian group of reduced operadic equivariant maps of P with coefficients in A, denoted by
rC‚ΓpP ;Aq, is defined by

rCnΓ pP ;Aq “ tf P CnΓ pP ;Aq|f ˝ c “ 0u

for all n ě 0, with the cosimplicial structure inherited from C‚ΓpP,Aq.

7.3.2. Proposition. let P P sOp Ó BΓ such that the associated augmentation ΨP : P Ñ BΓ
admits a section c. Let also A P Ab‘OpΓ. There is a split short exact sequence

0 //
rC‚ΓpP ;Aq // C‚ΓpP ;Aq

c˚‚ // C‚ΓpBΓ;Aq //

ΨP˚‚

hh
0 .

Observe that rC‚ΓpP,Aq does not depend on the choice of the section up to isomorphism since
rC‚ΓpP,Aq “ CokerpΨP q.

Proof. Simple consequence of the definition of the reduced operadic equivariant maps.

7.3.3. The model category BΓ Ó psOp Ó BΓq. The mapping P ÞÑ C̃‚ΓpP,Aq given by the con-
struction of section 7.3.1 actually defines a functor on the comma category BΓ Ó psOp Ó BΓq whose
objects are operads P P sOp Ó BΓ equipped with a section c : BΓ Ñ P of the augmentation
ΨP : P Ñ BΓ.

We aim to establish that this functor satisfies good homotopy invariance properties. For this
purpose, we use that the comma category BΓ Ó psOp Ó BΓq inherits a model structure by general
results of the theory of model categories with as weak equivalences (respectively, cofibrations,
fibrations) the morphisms which form a weak equivalence (respectively, cofibration, fibration) in
the category sOp Ó BΓ. In particular, the cofibrant objects of this model category are the operads
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P P sOp Ó BΓ equipped with a section of the augmentation c : BΓ Ñ P that forms a cofibration
of simplicial operads. This model category BΓ Ó psOp Ó BΓq is also cofibrantly generated, with as
generating (acyclic) cofibrations the morphisms BΓ

Ž

i : BΓ
Ž

P Ñ BΓ
Ž

Q associated to the
generating (acyclic) cofibrations of the model category sOp Ó BΓ.

We study the categorical properties of the functor C̃‚Γp´, Aq first. We use the following
observation about the functor of unreduced operadic equivariant maps.

7.3.4. Lemma. We have the identity C‚ΓpcolimiPI Pi, Aq » limiPI C
‚
ΓpPi, Aq for any diagram

pPiqiPI in the category sOp Ó BΓ.

Proof. This result is an immediate consequence of the relation

C‚ΓpP,Aq » MorSetOpÓpBΓq‚ pP‚, phocolimΓAq‚q

established in Lemma 7.1.4.

7.3.5. Lemma. We have the identity rC‚Γpcolimi Pi, Aq » limi
rC‚ΓpPi, Aq for any diagram pPiqiPI

in the category BΓ Ó psOp Ó BΓq.

Proof. We use the result of the previous lemma and that the kernel

rC‚Γp´, Aq “ KerpC‚Γp´, Aq Ñ C‚ΓpBΓ, Aqq

preserves limits.

7.3.6. Lemma. For an operad of the form Q “ BΓ
Ž

P in the category sOp Ó BΓ we have an
isomorphism rC‚ΓpBΓ

Ž

P,Aq » C‚ΓpP,Aq.

Proof. This relation is an immediate consequence of the identity

C‚ΓpBΓ
ł

P,Aq » C‚ΓpBΓ, Aq ˆ C‚ΓpP,Aq

given by the general result of Lemma 7.3.4.

7.3.7. Lemma. The functor rC‚Γp´, Aq carries cofibrations (respectively, acyclic cofibrations) in
the model category BΓ Ó psOp Ó BΓq to fibrations (respectively, to acyclic fibrations) in the category
of cosimplicial abelian groups.

Proof. The observation of Lemma 7.3.5 implies that we can reduce the verification of this lemma
to the case of a generating (acyclic) cofibration BΓ

Ž

j : BΓ
Ž

P Ñ BΓ
Ž

Q, where j : P Ñ Q
is a generating (acyclic) cofibration in the category sOp Ó BΓ. For this purpose, we need that such
a generating (acyclic) cofibration j : P Ñ Q, which the overcategory sOp Ó BΓ inherits from sOp,
is explicitly given by a morphism of free operads Fpiq : FpMq Ñ FpNq induced by a generating
(acyclic) cofibration i : M Ñ N in the comma category of symmetric sequences sSeq Ó BΓ (see [8,
section II.8.1]).

By Lemma 7.3.6, the image of such a morphism BΓ
Ž

j : BΓ
Ž

P Ñ BΓ
Ž

Q under the func-
tor rC‚Γp´, Aq, is identified with the morphism C‚ΓpQ,Aq Ñ C‚ΓpP,Aq associated to j on the cosim-
plicial abelian groups of unreduced operadic equivariant maps, and we moreover have C‚ΓpP,Aq »
MorSetOpΓpP_‚, Aq, C‚ΓpQ,Aq » MorSetOpΓpQ_‚, Aq by the result of Lemma 7.1.4. In the case
j “ Fpiq, we moreover have MorSetOpΓpP_‚, Aq » MorSetSeqΓpM_

‚, Aq and MorSetOpΓpQ_‚, Aq »
MorSetSeqΓpN_‚, Aq so that this morphism is identified with the map of morphism sets

i˚ : MorSetSeqΓpN_‚, Aq Ñ MorSetSeqΓpM_
‚, Aq
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induced by i_ : M_ Ñ N_, the image of i under the universal covering functor ´_. This
morphism i_ is a cofibration since ´_ is a left Quillen adjoint, and from the expression of the
cofibrations of Γ-symmetric sequences in Proposition 4.3.2, we get that our map of morphism
sets i˚ is surjective in every degree, and hence, defines a fibration of cosimplicial abelian groups.

Let us mention that the source and target objects of the generating (acyclic) cofibration of
the category of simplicial operads are cofibrant. We deduce from this observation and the result of
Theorem 7.2.3 that the cohomology morphism
j˚ : Hn

ΓpQ,Aq Ñ Hn
ΓpP,Aq induced by j : P Ñ Q is identified with the map

j˚ : rQ,hocolimΓKpA,nqs Ñ rQ,hocolimΓKpA,nqs. In the case where j is acyclic, this map is
a bijection for every n, so that j˚ : C‚ΓpQ,Aq Ñ C‚ΓpP,Aq is also a weak-equivalence, and hence
defines an acyclic fibration of cosimplicial abelian groups.

7.3.8. Theorem. The functor rC‚Γp´, Aq preserves the weak-equivalences between the cofibrant
objects of the comma category BΓ Ó psOp Ó BΓq.

Proof. This theorem is a consequence of the result of the previous lemma and of the Brown
lemma.

7.3.9. Reduced operadic equivariant cohomology. Let P P sOp Ó BΓ be such that the
associated augmentation ΨP : P Ñ BΓ admits a section c. Let also A P Ab‘OpΓ. The reduced
operadic equivariant cohomology of P with coefficients in A, denoted by rH‚ΓpP ;Aq, is defined
as H‚N˚ rC‚ΓpP ;Aq with P a cofibrant replacement of P in the comma category BΓ Ó psOp Ó BΓq.
The previous theorem insures us that this definition does not depend up to isomorphism on the
choice of P .

7.4. Relative operadic equivariant cohomology
We define the relative operadic equivariant cohomology of a cofibration
f P MorsOpÓBΓpP,Qq as the reduced cohomology of the cofiber of f over BΓ. We then prove
the existence of a long exact sequence associated to this cohomology.

7.4.1. Relative operadic equivariant cohomology. Let f : P Ñ Q in sOp Ó BΓ. By
construction of the pushout square

P

ΨP

��

f // Q

��
BΓ c

// cofibΓpfq,

ΨcofibΓpfq

vv

there is a section c of the augmentation morphism ΨcofibΓpfq.
If f : P Ñ Q is a cofibration, we denote H‚ΓpQ,P ;Aq and call relative operadic equiv-

ariant cohomology the graded abelian group H‚N˚ rC‚ΓpcofibΓpfq;Aq. Note that the section
BΓ Ñ cofibΓpfq is a cofibration in that case. If this is not the case, we can pick a factori-
sation

P // // Q
„ // // Q

in sOp Ó BΓ and set H‚ΓpQ,P ;Aq “ H‚ΓpQ,P ;Aq.
We analyze the pushout square further when f is a quasi-free extension with

Q5 “ P5
Ž

FpMq, M P s´Op Ó BΓ : we then have cofibΓpfq5 “ BΓ5 _ FpMq. Faces in cofibΓpfq
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are defined vertex by vertex by means of the faces of BΓ and M in Q : let n ě 1, r ě 1,
y P Mnprq and 0 ď i ď n. The face dipyq of y in cofibΓpfq is deduced from the face dQi pyq of y
in Q by replacing the decorations in dQi pyq that are simplex in P by their images under ΨP . We
use this analysis in Subsection 7.5.

7.4.2. Proposition. Let f : P Ñ Q be a cofibration in sOp Ó BΓ. There is a natural short exact
sequence

0 //
rC‚ΓpcofibΓpfq, Aq // C‚ΓpQ,Aq

// C‚ΓpP,Aq
// 0.

Proof. Since cofibΓpfq “ BΓ
Ž

P Q, we have

C‚pcofibΓpfq, Aq “ C‚ΓpBΓ, Aq
ą

C‚ΓpP,Aq

C‚ΓpQ,Aq

by Lemma 7.3.4. We therefore have morphisms C‚pcofibΓpfq, Aq Ñ C‚ΓpBΓ, Aq and
C‚pcofibΓpfq, Aq Ñ C‚ΓpQ,Aq provided by the projections on the first and the secund factors.
The short exact sequence of the proposition readily follows.

7.4.3. Proposition. Let f : P Ñ Q in sOp Ó BΓ. There is a natural long exact sequence

... // Hn
ΓpQ,P ;Aq // Hn

ΓpQ;Aq // Hn
ΓpP ;Aq // Hn`1

Γ pQ,P ;Aq // ... .

Proof. Straightforward consequence of the previous propositions.

7.4.4. Proposition. Let P Ñ Q Ñ R be a pair a morphism in sOp Ó BΓ. There is a natural
long exact sequence

... // Hn
ΓpQ,P ;Aq // Hn

ΓpR,P ;Aq // Hn
ΓpR,Q;Aq // Hn`1

Γ pQ,P ;Aq // ... .

Proof. Standard argument about cohomology of a triple.

The cosimplicial abelian group of relative operadic equivariant maps can be expressed by
means of derivations :

7.4.5. Proposition. If f : P Ñ Q is a morphism in sOp Ó BΓ, then there is a cosimplicial
abelian group isomorphism

rC‚ΓpcofibΓpfq, Aq » ĄDerAbOpΓpZ cofibΓpfq
_
‚ , Aq

with
ĄDerAbOpΓpZ cofibΓpfq

_
n, Aq “

 

g P DerAbOpΓ pZ cofibΓpfq
_
n, Aq

ˇ

ˇgpZBΓ_n q “ 0
(

for all n ě 0.

Proof. According to Proposition 7.3.2 and Theorem 7.1.4,

rC‚ΓpcofibΓpfq, Aq “ Ker
ˆ

C‚ΓpcofibΓpfq;Aq
c˚ // C‚ΓpBΓ;Aq

˙

» Ker
ˆ

DerAbOpΓpZ cofibΓpfq
_
‚ , Aq

Zc_˚ // DerAbOpΓpZBΓ_‚ , Aq
˙
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with c the section of ΨcofibΓpfq.

Therefore, there is a one-to-one correspondence between rCnΓ pcofibΓpfq, Aq and the morphisms
in DerAbOpΓpZ cofibΓpfq

_
n , Aq which are zero on the embedding of ZBΓ_n in

Z cofibΓpfq
_
n . We then check that ĄDerAbOpΓpZ cofibΓpfq

_
‚ , Aq inherits its cosimplicial abelian

group structure from DerAbOpΓpZ cofibΓpfq
_
‚ , Aq.

7.5. Indecomposables of a simplicial operad morphism
In our applications of the operadic equivariant cohomology, we have to deal with coefficients A P
Ab‘OpΓ concentrated in one arity r. In that case, the relative operadic equivariant cohomology of
a simplicial operad morphism f reduce to the cohomology of the indecomposables with coefficients
in Aprq P AbΣ˙Γprq. We then prove a universal coefficient theorem in relative operadic equivariant
cohomology when the coefficients are concentrated in one arity.

7.5.1. Indecomposable object functor . We define the indecomposable object functor

Indec : sAbOpΓ Ñ sAbSeqΓ

such that, for all r ě 2 and x P Γprq,

IndecSpxq “ Coker

¨

˚

˝

à

pi,xj ,xk,φqPdecpxq
Spxjq b Spxkq

Spφq˝p˝iq// Spxq

˛

‹

‚

where decpxq is the set of quadruplets pi, xj , xk, φq P N ˆ Γpjq ˆ Γpkq ˆMorΓpxj ˝i xk, xq with
j, k ě 2, 1 ď i ď j and φ : xj ˝i xk Ñ x.

We also define the trivial Γ´operad functor -

` : sAbSeqΓ Ñ sAbOpΓ

such that G`prq “ Gprq for all r ě 2, G`p1q “ Z and such that the composition products are
zero.

7.5.2. Proposition. The indecomposable object functor Indec is left-adjoint to the functor -`.
Moreover, this adjunction is a Quillen one.

Proof. The functor -` obvisously preserves fibrations and acyclic fibrations.

7.5.3. Indecomposables of a simplical operad morphism. Let f : P Ñ Q be a morphism
in sOp Ó BΓ.

The indecomposables of f form the Γ´symmetric sequence

Indecpfq “ IndecpcofibpZf 1_qq,

where f ’ is a replacement of f by a cofibration between cofibrant operads. The cofiber cofibpZf 1_q
of the morphism Zf 1_ is the homotopy pushout of the span

I ZP_oo //Zf
_

// ZQ_.

Recall that the Γ´operad in simplicial abelian group I is such that, for every x P Γprq, Ipxq “ 0
if r ě 2 and Ipxq “ Z if r “ 1.
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If we consider another replacement f2 of f by a cofibration between cofibrant operads, the
cofibrant objects cofibpZf 1q and cofibpZf2q, which are pushouts of cofibrant objects along a cofi-
bration are weakly equivalent (see [26, corollary after the Theorem B]). Thus, Indecpfq does not
depend on the choice of the replacement of f up to a weak equivalence since the indecompos-
able object functor is a left Quillen adjoint and therefore preserves weak equivalences between
cofibrant objects.

7.5.4. Proposition. If f : P Ñ Q is a cofibration in sOp Ó BΓ with P cofibrant and Q5 “
P5

Ž

FpMq, M P s´Seq Ó BΓ, then cofibpZf_q5 “ FpZM_q and Indecpfq5 “ ZM_. Moreover,
since FpZM_q is a direct summand of ZQ_

5
, the i´th face of y P cofibpZf_q is the projection

of the i´th face of y in ZQ_ on FpZM_q; since ZM_ is a direct summand of ZQ_
5
, the i´th

face of y P Indecpfq is the projection of the i´th face of y in ZQ_ on ZM_.

Proof. We consider the pushout diagram

ZP_ //
Zf_ //

��

ZQ_

��
I // cofibpfq.

We then have ZQ_
5
“ ZP_

5

Ž

FpZM_q according to Theorem 5.2.5. Thus ZQ_
5
“ FpMq ‘W

where W P s´AbSeqΓ is made of the semi-alternate two-colored trees decorated by at least one
element in ZP_ and elements in ZM_. Therefore, cofibpZf_q5 “ FpZM_q and the i´th face
of y P cofibpfq is defined by the projection on FpZM_q of the i´th face of y in ZQ_.

Moreover, Indecpfq5 “ ZM_ and the i´th face of y P Indecpfq is defined by the projection
on ZM_ of the i´face of y in ZQ_

5
“ ZM_ ‘ZP_

5
‘ZQ_ě2, where ZQ_ě2 P s

´AbSeqΓ is made
of the semi-alternate two-colored trees with at least two vertices.

7.5.5. Lemma. Let f P MorsOpÓBΓpP,Qq and r ě 2. If fpsq is a weak equivalence for every
s ‰ r, then there is a replacement of f by a cofibration between cofibrant operads f : P Ñ Q, in
other words, a commutative diagram

P
f // Q

I „
// // P

„

OOOO

//
f

// Q

„

OOOO

such that Q5 “ P 5
Ž

FpMq and M P s´Seq Ó BΓ with Mpsq “ H for every s ă r.

Proof. We assume that P if cofibrant, otherwise, we replace it by a cofibrant operad by using a
factorization.

We pick a factorization

P prq //
Ćfprq // Qprq „

fprq // // Qprq

of fprq in sSetΣprq Ó BΓprq. By construction of such factorizations we can assume that there is
M0 P s´SetΣprq Ó BΓ5prq so that Qprq5 “ P prq5 YM0. Let M0rrs P sSeq´ Ó BΓ5 be such that
M0rrspsq “ H if s ‰ r and M0rrsprq “ M0. Let also Q0

P sOp Ó BΓ with Q0
5 “ P5

Ž

FpM0rrsq

51
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: the faces of Q0 are defined by the faces of P and the faces of M0 in Qprq. There is now a
factorization of f

P //
rf0
// Q

0 f
0

// // Q

such that f0
psq “ id if s ă r and f

0
prq “ fprq. Note that f0 is not an acyclic fibration, but

f
0
psq is in sSet Ó BΓpsq for all s ď r since fpsq is a weak equivalence for s ă r.
Repeating this process enables us to inductively construct a sequence of operads

pQ
n
qně0 P sOp Ó BΓ and two sequences of morphisms p rfn : Qn´1

ãÑ Q
n
qně0 with Q

´1
“ P

and pfn : Qn Ñ Qqně0 such that, for all n ě 0 :

– Q
n //

rfn`1
// Q

n`1 f
n`1

// // Q is a factorization of fn ;

– there is Mn P s´SetΣpr`nq Ó BΓ5pr` nq such that Qn
5
“ Pn

5

Ž

FpMnrr ` nsq;
– f

n
psq is an acyclic cofibration of sSet Ó BΓpsq for all s ď r ` n.

Finally, let

Q “ colim

¨

˚

˝ Q
0 //

rf0
// Q

1 //
rf1
// ...

˛

‹

‚

.

We have Q5 “ P 5
Ž

FpMq with Mpsq “ H if s ă r and Mpr ` tq “M t for all t ě 0.

7.5.6. Proposition. Let f : P Ñ Q be a fibration in sOp Ó BΓ and r, n ě 2. If
– the augmentation ΨQ : Q Ñ BΓ induces aritywise equivalences of categories between the
groupoid operads πpQq and Γ “ πpBΓq,

– f induces aritywise isomorphisms of categories between the groupoid operads πpP q and πpQq,
– fpsq is a weak equivalence for every s ‰ r, and
– fprq is n´connected,
then :
– Hk Indecpfqpsq “ 0 for all k ě 0 and s ă r,
– Hk Indecpfqprq “ 0 for all k ď n, and
– Hn`1 Indecpfqprq » πnpfibpfprqqq in AbΣ˙Γprq.

Proof. The previous lemma provides us with a replacement of f by a cofibration between cofibrant
operads f : P Ñ Q such that Q5 “ P 5

Ž

FpMq,M P s´Seq Ó BΓ withMpsq “ H for every s ă r.
Therefore, Zf_ : ZP_ Ñ ZQ

_ is a cofibration between cofibrant operads since -_ and Z are
Quillen left adjoint : we have Indecpfq5 “ ZM_ (see 7.5.4), hence, Indecpfqpsq „ 0 for all s ă r
and Indecpfqpxq „ cofibpZf_pxqq for all x P Γprq.

We now calcutate

Hk Indecpfqpxq “ Hk cofibpZf_pxqq “ HkpQ
_
pxq, P

_
pxqq

for all x P Γprq and k ď n ` 1. The simplicial Γ´operad Q
_ is a universal covering (see

Proposition 5.3.3). Therefore, the morphism f
_
pxq is n´connected. With the classical relative

Hurewicz theorem (see [30, Theorem IV.7.2] or [10, Corollary III.3.12]), we get

Hk Indecpfqpxq “ 0

for all k ď n and
Hn`1 Indecpfqpxq » πn`1pQ

_
pxq, P

_
pxqq.
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We do not indicate the basepoint in this relative homotopy group since Q_pxq is a simple space.
We then have

Hn`1 Indecpfqpxq » πn`1pQpxq, P pxq, xq

by the naturality of the long exact sequence of homotopy groups for a pair. Thus,

Hn`1 Indecpfqpxq » πnpfibpfpxqq, xq

where fibpfpxqq is the fiber of fprq over x and therefore a representative of the homotopy fiber
of fprq (see [10, proof of the Corollary III.3.12]). By hypothesis, f induces an isomorphism from
πpP q to πpQq, thus, there is only one vertex in the fiber and there is no ambiguity in the choice
of a base point. These isomorphisms are natural, so we have an isomorphism

Hn`1 Indecpfqprq » πnpfibpfprqqq

in AbΣ˙Γprq.

7.5.7. Proposition. Let f P MorsOpÓBΓpP,Qq, A P Ab‘OpΓ and r ě 2. If Apsq “ 0 for all s ‰ r,
then H‚ΓpQ,P ;Aq » H‚MorAbΣ˙ΓprqpIndecpfqprq‚, Aprqq.

Proof. We can consider that f is a cofibration between cofibrant operads such that Q5 “
P5

Ž

FpMq, M P s´Seq Ó BΓ with Mpsq “ H for every s ă r (otherwise we can get a fac-
torization of f of that form by Lemma 7.5.5). Let

C‚ “ ĄMorAbΣ˙ΓprqpZ cofibΓpfq
_prq‚, Aprqq P dg˚Ab

with
ĄMorAbΣ˙ΓprqpZ cofibΓpfq

_prqk, Aprqq “

tg P MorAbΣ˙Γprq pZ cofibΓpfq
_prqk, Aprqq | gpZBΓ_prqkq “ 0u

for all k ě 0.
Since A is concentrated in arity r, there is a cochain complex isomorphism (see Theorem

7.4.5)
C‚ » rC‚ΓpcofibΓpfq, Aq.

There is also, for all k ě 0, an abelian group isomorphism (see Proposition 6.2.4)

φ˚k : Ck Ñ MorΣAbΓpIndecpfqprqk, Aprqq

induced by the embedding φ : Indecpfq Ñ Z cofibΓpfq
_, but these isomorphisms do not induce

a cochain complex isomorphism in general.
We consider g P Ck and z P Z cofib_Γ pxqk`1 with x P Γprq. Like in the previous proof,

Indecpfqpsq “ 0 for all s ă r. We then have Z cofibΓpfq
_prq “ Indecpfqprq ‘ ZBΓ_prq, hence

δpφpzqq “ za ` zb with za P Indecpfqpxqk`1, zb P ZBΓpxqk`1. Moreover, gpzbq “ 0 so

φpδ˚pgqqpzq “ gpδpφpzqqq

“ gpzaq

“ pφpgqqpδpzqq

“ δ˚pφpgqqpzq.

and φ˚ is a cochain complex isomorphism.
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7.5.8. Theorem (Universal coefficient). Let f P MorsOpÓBΓpP,Qq, A P Ab‘OpΓ and r ě 2. If
Apsq “ 0 for all s ‰ r, then there is a first quadrant cohomology spectral sequence associated to
a bicomplex

ExtlAbΣ˙ΓprqpHk Indecpfqprq, Aprqq ñ Hk`l
Γ pQ,P ;Aq.

Proof. We consider an injective resolution

I‚pAprqq “ tI0pAprqq Ñ I1pAprqq Ñ ...u

of Aprq. Such a resolution exists because Q{ZrΣprq ˙ Γprqs is an injective cogenerator in the
category AbΣ˙Γprq » AbΣpsq˙Γprq. Let

Bl,k “ MorAbΣ˙ΓprqpIndecpfqkprq, I lAprqq

be a bicomplex. The associated spectral sequence B‚,‚p converges because this bicomplex is zero
out of the first quadrant. On one hand, since Indecpfq is cofibrant, Indecpfqprqk is projective
according to Proposition 6.1.4. As a consequence, the functor

MorAbΣ˙ΓprqpIndecpfqprqk,´q : dg˚AbΣˆΓprq Ñ dg˚Ab

then preserves weak equivalence. Thus we have
"

IIBl,k1 “ 0 if l ‰ 0,
IIB0,k

1 “ MorAbΣ˙Γprq

`

Indecpfqprqk, Aprq
˘

.

Thereafter,
Bl,kp ñ Hk`l MorAbΣ˙ΓpsqpIndecpfqprq‚, Aprqq » Hk`l

pQ,P ;Aq

by the previous proposition.

Similarly, if P P sOp Ó BΓ is cofibrant and A is concentrated in arity r, then

H‚ΓpP ;Aq » H‚MorAbΣ˙ΓprqpIndecpZP_qprq‚, Aprqq

and there is a first quadrant cohomology spectral sequence

ExtlAbΣ˙ΓprqpHk IndecpZP_qprq, Aprqq ñ Hk`l
Γ pP ;Aq,

but we do not need these results in this thesis.
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8. Operadic Postnikov invariants
We introduce the Postnikov invariant of a simplicial operad morphism and the Postnikov invari-
ants of a simplicial operad. In contrast with the Postnikov invariants of a simplicial set that
classify the stage of a (simple) tower, the Postnikov invariants of a simplicial operads classify the
stages of a double tower (see 1.4.6). We explain the necessity of this double tower in appendix
A.

8.1. Postnikov invariant of a simplicial operad morphism
To define the Postnikov invariant of f , we first analyze the long exact sequence of relative operadic
equivariant cohomology associated to f with coefficients concentrated in one arity. We take this
assumption so that we can use the universal coefficient Theorem 7.5.8.
8.1.1. Proposition. Let f P MorsOpÓBΓpP,Qq and A P Ab‘OpΓ concentrated in an arity r with
r ě 2.

If Hk Indecpfqprq “ 0 for all k ď n, then Hk
ΓpP ;Aq » Hk

ΓpQ;Aq for all k ă n and there is an
exact sequence

0 // Hn
ΓpQ;Aq

f˚ // Hn
ΓpP ;Aq // MorAbΣ˙ΓprqpHn`1 Indecpfqprq, Aprqq

df // Hn`1
Γ pQ;Aq

f˚ // Hn`1
Γ pP,Aq

natural in f .
Proof. This proposition follows from Theorem 7.5.8 and of the long exact sequence in relative
operadic cohomology (see Proposition 7.4.3). To get our exact sequence, we just use that the
lines from 0 to n of the second page of the spectral sequence vanish and the term of coordinates
p0, n` 1q is MorAbΣ˙ΓprqpHn`1 Indecpfqprq, Aprqq.

8.1.2. Postnikov invariant of a simplicial operad morphism. Let f P MorsOpÓBΓpP,Qq,
r, n ě 2 be such that Hk Indecpfqprq “ 0 for all k ď n and let A P Ab‘OpΓ concentrated in
arity r with Aprq “ Hn`1 Indecpfqprq. The Postnikov invariant (or k´invariant) of f is the
image in Hn`1

Γ pQ;Aq of id P MorAbΣ˙ΓprqpAprq, Aprqq under the morphism df of Proposition 8.1.1.
We denote this invariant by kpfq. If we moreover assume that Q is cofibrant, we also denote
by kpfq a representative of the homotopy class of morphisms in

“

Q,hocolimΓKpA,n` 1q
‰

sOpÓBΓ
associated to this cocycle by the isomorphism of Theorem 7.2.3.

8.2. Postnikov invariants of a simplicial operad
Let P be a fibrant operad in sOp. Let also r, n ě 2. We denote Γďr the r´cotrunctation
coarďrpΓq of the fundamental groupoid operad Γ of P . We have πpcoarďrpP qq “ coarďrpπpP qq.

We examine the commutative diagram in sOp

P xr, ny // //

pr,n

����

ρr,n
''

P xr ´ 1, ny

����

Q

wwww

77 77

P xr, n´ 1y // // P xr ´ 1, n´ 1y
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8. Operadic Postnikov invariants

extracted from the double Postnikov tower of P . The simplicial operad Q is the pullback of the
lower-right corner of this square with

Qpsq “

$

&

%

P xnypsq if s<r,
P xn´ 1yprq if s=r,

pt otherwise.

The filling morphism ρr,n of this pullback is such that

ρr,npsq “

"

pr,nprq if r “ s,
id otherwise.

and is therefore an n´connected fibration.

8.2.1. Proposition. The morphism ρr,n induces an isomorphism between the fundamental
groupoid operads of P xr, ny and Q, which are both equals to Γďr. Therefore, ρr,n is a morphism
in sOp Ó BΓďr when we set the augmentation morphism ΨQ : QÑ BΓďr as the canonical fibration
(see Definition 5.3.2).

Moreover, HkpIndecpρr,nqprqq “ 0 for every k ď n.

Proof. The first point is straighforward since P xr, ny, Q and coarďr P have the same 2-skeleton.
The second point is a direct consequence of Proposition 7.5.6 since πnpfibpρr,nprqqq “ πnpP prqq.

8.2.2. Postnikov invariant of a simplicial operad. The pr, nq´th Postnikov invariant of P
is the Postnikov invariant of the filling morphism ρr,n : P xr, ny Ñ Q with

Q “ P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny.

Explicitly, it is the image in Hn`1
Γďr

`

Q, πnpP prqq
˘

of id P HomAbΣ˙Γprq

`

πnpP prqq, πnpP prqq
˘

under
the morphism dρr,n of Lemma 8.1.1, where A “ πnpP prqq is the additive Γ´operad concentrated
in arity r. We denote this invariant by kr,n.

If we replace ρr,n by a morphism between cofibrant operads ρr,n : P Ñ Q, we also denote by
kr,n a representative of the homotopy class of morphisms in

“

Q,hocolimΓďrKpπnpP prqq, n` 1q
‰

sOpÓBΓďr

associated to the cocyle kr,n P Hn`1
Γďr pQ, πpP qprqq by the isomorphism of Theorem 7.2.3.
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9. Comparison theorems
We now compare the operadic equivariant cohomology of a given simplicial operad and its equiv-
ariant cohomology calculated aritywise. We also compare the representation of the operadic
equivariant cohomology and the representation of the equivariant cohomology calculated ari-
tywise. The results permit us to relate the operadic Postnikov invariants with the Postnikov
invariants calculated in one arity, as well as their representations.

9.1. Comparison of the equivariant cohomologies
We establish the existence of a comparison morphism arr : Hn

ΓpP ;Aq Ñ Hn
ΓpP prq;Aprqq for all

P P sOp Ó BΓ, A P Ab‘OpΓ, n ě 0 and r ě 1. We also prove that there exists under technical
assumptions a similar comparison morphism for relative equivariant cohomology.

9.1.1. Proposition. Let P P sOp Ó BΓ, A P Ab‘OpΓ and r ě 1. The functor

arr : sOp Ó BΓ ÝÑ sSet Ó BΓprq
P ÞÝÑ P prq

induces, for any P P sOp Ó BΓ, a cosimplicial abelian group morphism

arCr pP q : C‚ΓpP ;Aq ÝÑ C‚ΓpP prq;Aprqq
f P CnΓ pP ;Aq ÞÝÑ arrpfq

.

This morphism induces in turn, for all n ě 0, abelian group morphisms

arHnr pP q : Hn
ΓpP ;Aq ÝÑ Hn

ΓpP prq;Aprqq

so that arCr is a natural transformation from the functor

C‚Γp´;Aq : sOp Ó BΓ ÝÑ cAb

to the functor
C‚Γprqp´;Aq ˝ arr : sOp Ó BΓ ÝÑ cAb

and such that, for all n ě 0, arHr is a natural transformation from the functor

Hn
Γp´;Aq : sOp Ó BΓ ÝÑ Ab

to the functor
Hn

Γprqp´;Aq ˝ arr : sOp Ó BΓ ÝÑ Ab.

To reduce the amount of notation, we denote by arr both natural transformations arCr and
arHnr .

Proof. The morphism arC
r pP q is indeed a cosimplicial abelian group morphism since, for all

0 ď i ď n, we have diparrpfqq “ arrpdipfqq and siparrpfqq “ arrpsipfqq.
The rest of the proof is immediate.

9.1.2. Proposition. Let f : P Ñ Q be a morphism in sOp Ó BΓ and r ě 2 such that fpsq is a
weak equivalence for every s ‰ r. There are morphisms

arrpQ,P q : Hn
ΓpQ,P ;Aq ÝÑ Hn

ΓprqpQprq, P prq;Aprqq
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such that the diagram

... // Hn
ΓpQ,P ;Aq //

arrpQ,P q

��

Hn
ΓpQ;Aq

f˚ //

arrpQq

��

Hn
ΓpP ;Aq //

arrpP q

��

...

... // Hn
ΓprqpQprq, P prq;Aprqq // Hn

ΓprqpQprq;Aprqq
fprq˚ // Hn

ΓprqpP prq;Aprqq // ...

commutes.

Proof. Lemma 7.5.5 provides us with a factorization of f

P // f // Q „

µ // // Q

such thatQ is cofibrant, f is a cofibration andQ “ P
Ž

FpMq,M P s´Seq Ó BΓ5 withMpsq “ H
for all s ă r. We then have a factorization

P prq //
fprq // Qprq „

µprq // // Qprq

of fprq. We use f to define C‚ΓpQ,P ;Aq and fprq to define C‚ΓprqpQprq, P prq;Aprqq (see [10,
definition after Lemma VI.4.1]). By construction,

arr

¨

˚

˚

˚

˚

˚

˚

˚

˝

P

��

// f // Q

��
BΓ c

// cofibΓpfq

ΦcofibΓpfq

vv

˛

‹

‹

‹

‹

‹

‹

‹

‚

“

P prq

��

// fprq // Qprq

��
BΓprq

cprq
// cofibΓprqpfprqq

ΦcofibΓprqpfprqq

uu

.

The morphism

arr
`

cofibΓpfq
˘

: C‚Γ
`

cofibΓpfq;A
˘

ÝÑ C‚Γprq
`

cofibΓprqpfprqq;Aprq
˘

induces a morphism

αrpfq : rC‚Γ
`

cofibΓpfq;A
˘

ÝÑ rC‚Γprq
`

cofibΓprqpfprqq;Aprq
˘

because for all g P CnΓ pcofibΓpfq;Aq such that g ˝ c “ 0, we have arrpgq ˝ cprq “ 0. Note that this
morphism does not depend on the choice of the factorization of f up to homotopy and therefore
induces for all n ě 0 morphisms

arrpQ,P q : Hn
Γ pQ,P ;Aq ÝÑ Hn

ΓprqpQprq, P prq;Aprqq.

We can therefore conclude since there is a short exact sequence morphism

0 //
rC‚ΓpcofibΓpfq;Aq //

αrpfq

��

C‚ΓpQ;Aq
f
˚

//

arrpQq
��

CnΓ pP ;Aq //

arrpP q

��

0

0 //
rC‚ΓprqpcofibΓprqpfprqq;Aprqq // C‚ΓprqpQprq;Aprqq

fprq˚ // C‚ΓprqpP prq;Aprqq // 0.
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9.2. Comparison of the representations of the equivariant cohomologies

9.2. Comparison of the representations of the equivariant cohomologies
Recall that the n´th group of operadic equivariant cohomology of a cofibrant simplicial operad
P with coefficients in an additive operad A is isomorphic to a group of homotopy classes of
morphisms from P_, the universal covering operad of P , to KpA,nq, an Eilenberg-MacLane
Γ´operad (see Theorem 7.2.3). There is a similar result for the groups of equivariant cohomology
of a simplicial set (see [10, Theorem VI.3.10 ]). We therefore compare the representation of the
operadic equivariant cohomology and the representation of the equivariant cohomology calculated
aritywise.

9.2.1. Lemma. Let P P sOp Ó BΓ and Q P sOpΓ. The diagram

MorsOpÓBΓpP,hocolimΓQq
» //

arr

��

MorsOpΓpP_, Qq

arΓ
r

��
MorsSetÓBΓprqpP prq,hocolimΓprqQprqq »

// MorsSetΓprqpP_prq, Qprqq

commutes, where the morphism arΓ
r is induced by the obvious functor

sOpΓ ÝÑ sSetΓprq

Q ÞÝÑ Qprq.

Proof. We identify the diagram of our lemma with the external of the diagram

MorsOpÓBΓpP,hocolimΓQq
» //

��

MorsOpΓpP_, Qq

��
MorsSeqÓBΓpP,hocolimΓQq

» //

��

MorsSeqΓpP_, Qq

��
MorsSetÓBΓprqpP prq,hocolimΓprqQprqq »

// MorsSetΓprqpP_prq, Qprqq

where the horizontal isomorphisms are the natural isomorphisms of the adjunctions between the
functors -_ and hocolim at the operad, the symmetric sequence and the simplicial set level. The
top square obviously commutes (see proof of Theorem 5.2.4). We check that the bottom square
commutes too (see Theorem 5.1.3 and [10, Lemma VI.3.6] for an explicit definition of the natural
isomorphisms).
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9.2.2. Lemma. Let P P sOp Ó BΓ cofibrant and A P Ab‘OpΓ. The diagram in cAb

MorSetOpÓBΓ‚pP‚,hocolimΓA‚q
»

p1q
//

arr

��

DerAbOpΓpZP_‚ , Aq

arΓ
r

��
MorSetÓBΓ‚prqpP‚prq,hocolimΓprqA‚prqq »

p2q // MorAbΓprqpZP prq_‚ , Aprqq

commutes. The isomorphism p1q is defined in Lemma 7.1.4 and the isomorphism p2q is the
counterpart of p1q in the non-operadic setting. Explicitly, p2q is the composite of the isomorphism

MorSetÓBΓ‚prqpP‚prq,hocolimΓprqA‚prqq Ñ MorSetΓprqpP prq_‚ , Aprqq

defined in [10, Lemma VI.3.10] and of the obvious isomorphism

MorSetΓprqpP prq_‚ , Aprqq Ñ MorAbΓprqpZP prq_‚ , Aprqq.

Proof. Similar to the proof of the previous lemma.

9.2.3. Theorem (Comparison of the representations). Let P P sOp Ó BΓ cofibrant, A P Ab‘OpΓ
and n ě 0. The diagram

Hn
ΓpP,Aq

p˚q

arr //

»

��

Hn
ΓprqpP prq, Aprqq

»

��
“

P,hocolimΓKpA,nq
‰

sOpÓBΓ Ho arr
// “P prq,hocolimΓKpAprq, nq

‰

sSetÓBΓprq

commutes.

Proof. We review the proof of Theorem 7.2.3 step by step to insure that this diagram commutes.
We check that our vertical mapping correspond to each other when we forget about operad
structures and focus on Γ´symmetric sequence maps as in Theorem 7.2.3. We check that this
correspondence go through the restriction to operadic derivation.
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The verification of the first step is given by the commutativity of the diagram

ZnN˚MorAbSeqΓpZP_‚ , Aq arΓ
r

//

»

��

paq

ZnN˚MorAbΓprqpZP_prq‚, Aq

»

��
Mordg˚AbSeqΓpN˚ZP_, Arnsq arΓ

r

//

»

��

pbq

Mordg˚AbΓprqpN˚ZP
_prq, Aprqrnsq

»

��
MorsAbSeqΓpZP_,KpA,nqq

»

��

pcq

arΓ
r

// MorsAbΓprqpZP_prq,KpAprq, nqq

»

��
MorsSeqΓpP_,KpA,nqq arΓ

r

// MorsSetΓprqpP_prq,KpAprq, nqq.

The isomorphisms in the left column of this diagram are described in the first step of the proof of
Theorem 7.2.3. Since these isomorphisms are defined pointwise, we can define the isomorphisms
in the right columns in the same way, so that the squares paq, pbq and pcq commutes.

The second step consist in the proof that the diagram

ZnN˚C‚ΓpP,Aq

pdq

arr //

»

��

ZnN˚C‚ΓprqpP prq, Aprqq

»

��
ZnN˚DersAbOpΓpZP_‚ , Aq arΓ

r

//

»

��

peq

ZnN˚MorsAbΓprqpZP_prq‚, Aprqq

»

��
MorsOpΓpP_,KpA,nqq

pfq

arΓ
r

//

»

��

MorsSetΓprq
`

P_prq,KpAprq, nq
˘

»

��
MorsOpÓBΓ

`

P,hocolimΓKpA,nq
˘

arr
// MorsSetÓBΓprq

`

P prq,hocolimΓKpAprq, nq
˘
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commutes. The squares pdq and pfq commute according to Lemma 9.2.1 and 9.2.2. The commu-
tativity of the diagram in the first step of this proof and the second step of the proof of Theorem
7.2.3 imply that the square peq commutes.

Finally, the previous diagram induces the diagram p˚q according to the third step of the proof
of Theorem 7.2.3 and because the path object ArnsI is defined pointwise (see Proposition 4.3.4).
Therefore, p˚q commutes.

9.3. Comparison of the Postnikov invariants
We now prove the main result of this section : the comparison morphism arr between the operadic
equivariant cohomology and the equivariant cohomology calculated in arity r (see 9.1.2) maps
the operadic Postnikov invariant of a simplicial operad morphism f to the Postnikov invariant
of the simplicial morphism fprq. Moreover, this result holds for their representations.

9.3.1. Lemma. Let f P MorsOpÓBΓpP,Qq, r, n ě 2 such that fpsq is a weak equivalence for every
r ‰ s and Hk Indecpfqprq “ 0 for all k ď n. Let also A P Ab‘OpΓ concentrated in arity r with
Aprq “ Hn`1 Indecpfqprq. The diagram at page 66 commutes. The two lines are exact, and
the bottom line is the counterpart of the top line in the simplicial set setting (see [10, Lemma
VI.5.4]). The morphism wr is induced by the forgetful functor AbΣ˙Γprq Ñ AbΓprq and is injective.

Proof. According to Proposition 9.1.2, we only have to prove that the square

MorAbSeqprqΓprqpAprq, Aprqq
wr //

»

��

MorAbΓprqpAprq, Aprqq

»

��
Hn`1

Γ pQ,P ;Aq
arrpQ,P q // Hn`1

Γ pQprq, P prq;Aprqq

commutes. We decompose this square into a diagram of the form

MorAbSeqprqΓprqpAprq, Aprqq
wr //

»

��

paq

MorAbΓprqpAprq, Aprqq

»

��
Hn`1 MorAbSeqprqΓprqpIndecpfqprq‚, Aprqq

Hn`1pwrq//

»

��

pbq

Hn`1 MorAbΓprqpIndecpfqprq‚, Aprqq

»

��
Hn`1

Γ pQ,P ;Aq
arrpQ,P q // Hn`1

Γ pQprq, P prq;Aprqq

and we check the commutativity of the subdiagrams paq and pbq.

Commutativity of paq : We compare the spectral sequences associated to the double complexes

Ek,l “ MorAbΣ˙ΓprqpIndec fprqk, I lAprqq
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9.3. Comparison of the Postnikov invariants

and
F k,l “ MorAbΓprqpIndec fprqk, I lAprqq

with k, l ě 0 and I‚A an injective resolution of A P Ab‘OpΓ and φ : I‚A „
Ñ A. Note that I‚Aprq

is an injective resolution in AbΣ˙Γprq and AbΓprq.
We first analyze the column filtration. For all k ě 0 Indecpfqprqk is projective in AbΣ˙Γprq since

Indecpfq is cofibrant, and projective in AbΓprq because it is free abelian. Therefore,
MorAbΣ˙ΓprqpIndecpfqprqk,´q and MorAbΓprqpIndecpfqprqk,´q are exact functors. The diagram

IE‚,l0
φ˚prq

„
//

wr

��

MorAbΣ˙ΓprqpIndecpfqprqk, Aprqq

wr

��
IF ‚,l0

wrφ˚prq

„
// MorAbΓprqpIndecpfqprqk, Aprqq

commutes for all l ě 0 in dg˚Ab since wr is natural and φ and w preserve differentials. The
diagram

IEk,l1
H˚ φ˚prq

»
//

H˚ wr

��

δ0,l MorAbΣ˙ΓprqpIndecpfqprq‚, Aprqq

H˚ wr

��
IF k,l0

H˚wrφ˚prq

»
// δ0,l MorAbΓprqpIndecpfqprq‚, Aprqq

commutes in Ab for all k, l ě 0 since the first page of the spectral sequences is zero out of the
zeroth row and where δ0,lM denotes the bigraded object concentrated in degree p0, lq and equal
to M . Thus,

Hn`1 TotE‚,‚
Hn`1 φ˚prq

»
//

Hn`1 wr

��

pa1q

MorAbΣ˙ΓprqpIndecpfqprq‚, Aprqq

Hn`1 wr

��
Hn`1 TotF‚,‚

Hn`1 wrφ˚prq

»
// MorAbΓprqpIndecpfqprq‚, Aprqq

commutes.
Wer now analyze the row filtration. MorAbΣ˙Γprqp´, I lAprqq and MorAbΓprqp´, I lAprqq are exact

since I lAprq is injective in AbΣ˙Γprq and AbΓprq. We have the commutative diagram
IIEk,‚1 “ Hk MorAbΣ˙ΓprqpIndecpfqprq˚, I‚Aprqq

ν

»
//

Hk wr

��

MorAbΣ˙ΓprqpHk Indecpfqprq˚, I‚Aprqq

wr

��
IIF k,‚1 “ Hk MorAbΓprqpIndecpfqprq˚, I‚Aprqq

µ

»
// MorAbΓprqpHk Indecpfqprq˚, I‚Aprqq
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such that, for all cohomology class g̃ P Hk MorAbΣ˙ΓprqpIndecpfqprq˚, I‚Aprqq represented by
g : Indecpfqprqk Ñ I lAprq with d˚k`1f “ 0, νpgq is the restriction of g on Ker dk. We check
that νpgq does not depend on the choice of a representative of rg and that ν is a bijection, and
we define µ in a similar way. The diagram

IIEk,l2 »
//

Hl Hk wr

��

ExtlAbΣ˙ΓprqpHk Indecpfqprq˚, Aprqq

Hl wr

��
IIF k,l2 »

// ExtlAbΓprqpHk IndecZ fprq˚, Aprqq.

commutes too. By hypothesis, Hk Indecpfq “ 0 if k ď n and Hn`1 Indecpfqprq “ Aprq, so the
diagram

Hn`1 TotE‚,‚ »
//

Hn`1 wr

��

pa2q

MorAbΣ˙ΓprqpAprq, Aprqq

wr

��
Hn`1 TotF‚,‚ »

// MorAbΓprqpAprq, Aprqq

commutes because the first n columns of the second page of the spectral sequences are zero. The
commutativity of pa1q and pa2q implies the commutativity of paq.

Commutativity of pbq : We have the following commutative diagram

MorAbΣ˙ΓprqpIndecpfqprq‚, Aprqq
wr //

»φ

��

MorAbΓprqpIndecpfqprq‚, Aprqq

» φr

��
ĄDerAbOpΓpZ cofibΓpfq

_
‚ , Aq

»β

��

ĄMorAbΓprqpZ cofibΓprqpfprqq
_
‚ , Aprqq

» βr

��
rC‚ΓpcofibΓ f,Aq

αrpQ,P q
//
rC‚ΓprqpcofibΓprqpfprqq, Aprqq

where αrpQ,P q is described in Proposition 9.1.2, φ in Proposition 7.5.7 and β is provided by
the Proposition 7.4.5. The isomorphisms φr and βr are the counterpart of φ and β in the
simplicial set setting. Precisely, if g : X Ñ Y is a cofibration of simplial sets over BΓ with Γ a
groupoid and G a Γ´simplical abelian group, then rC‚ΓpcofibΓpgq;Gq » ĄMorAbΓpZ cofibΓpgq

_
‚ , Gq

with cofibΓpgq “ BΓ
š

X Y and

ĄMorAbΓpZ cofibΓpgq
_
‚ , Gq “ th P MorAbΓpZ cofibΓpgq

_
‚ , Gq |hpZBΓ_ q “ 0u
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9.3. Comparison of the Postnikov invariants

(see [10, Part VI] for a reminder about relative equivariant coholomogy for simplicial sets).
Therefore, pbq commutes.

9.3.2. Theorem. Let f P MorsOpÓBΓpP,Qq, r, n ě 2 such that fpsq is a weak equivalence for
every r ‰ s and Hk Indecpfqprq “ 0 for all k ď n. Let also A P Ab‘OpΓ concentrated in arity r
with Aprq “ Hn`1 Indecpfqprq. Then arrpkpfqq “ kpfprqq, with kpfq the Postnikov invariant of
f and kpfprqq the Postnikov invariant of the morphism fprq : P prq Ñ Qprq in sSet Ó BΓprq (see
[10, VI.5]).

If we moreover assume that Q is cofibrant and if we keep on denoting by kpfq a representative
of the Postnikov invariant of f in

“

Q,hocolimΓKpA,n` 1q
‰

sOpÓBΓ

then arrpkpfqq is a representative of the Postnikov invariant of fprq in
“

Qprq,hocolimΓKpAprq, n` 1q
‰

sOpÓBΓprq.

Proof. We simply chase id P MorAbΣ˙ΓprqpAprq, Aprqq in the diagram of the previous lemma. The
last statement of this theorem is a direct consequence of the Theorem 9.2.3.
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10. Obstruction theory
We now establish our main results. In this purpose, we prove in sections 10.1 and 10.3 technical
lemmas and propositions. We give in section 10.2 a reconstruction process of a simplicial operad
from its groupoid operad, its Γ´operads of homotopy groups and its Postnikov invariants. We
finally use this reconstruction process to develop an obstruction theory for simplicial operads.

10.1. The main lemma
We demonstrate now a technical lemma straightforwardly adapts from [10, Theorem VI.5.9],
which will allows us to prove Theorem A (10.2.2) in the next section.

Let Q be a cofibrant simplicial operad with Γ its fundamental groupoid operad. Let also
r, n ě 2, A P Ab‘OpΓ concentrated in arity r and x P Hn`1

Γ pQ;Aq. We form the pullback diagram

R //

q

��

hocolimΓ LpA,n` 1q

p

��
Q x

// hocolimΓKpA,n` 1q

where x denotes the morphism that represents the cohomology class x.

10.1.1. Proposition. We have Hk Indecpqqprq “ 0 for all k ď n and Hn`1pIndecpqqqprq “ Aprq.
Moreover, kpqq “ x P Hn`1

Γ pQ;Aq.

Proof. The pullback is calculated aritywise and A is concentrated in arity r, so fpsq is a weak
equivalence for every r ‰ s. Proposition 7.5.6 insures us that Hk Indecpqqprq “ 0 for all k ď n
and Hn`1 Indecpqqprq “ Aprq. The Postnikov invariant kpqq of q is therefore defined (see 8.1.2).

We have a commutative diagram

MorAbΣ˙ΓprqpAprq, Aprqq

wr

��

dq // Hn`1
Γ pQ;Aq

q˚ //

arrpQq
��

Hn`1
Γ pR;Aq

arrpRq
��

MorAbΓprqpAprq, Aprqq dqprq

// Hn`1
Γprq pQprq;Aprqq qprq˚

// Hn`1
Γprq pQprq;Aprqq

where the two lines are exact (see Proposition 8.1.1). By [10, Lemma VI.5.8],
arrpQqpxq “ kpqprqq. Thus, dqprqpidq “ arrpQqpxq. We have q˚pxq “ 0 because this cohomology
class is representated by the composite

RÑ hocolimΓ LpA,n` 1q Ñ hocolimΓKpA,n` 1q.

Thus, there is y P MorAbΣ˙ΓprqpAprq, Aprqq such that dqpyq “ x and wrpyq “ id. Since wr is
injective, we have y “ id and finally x “ kpqq.

Observe that for every s ě 1, ppsq is a fiber bundle of fiber hocolimΓKpA,nqpsq, hence a
twisted cartesian product (see [20, §20 and §23]). The morphism qpsq is also a twisted cartesian
product since it is a pullback of ppsq.
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10. Obstruction theory

10.1.2. Proposition. The object hocolimΓKpA,nq P sOp Ó BΓ is a group object over BΓ. Its
group structure is given by the group structure of the Eilenberg-MacLane operad KpA,nq; the
unit morphism is the zero section ck : BΓ Ñ hocolimΓKpA,nq. Moreover, there is an action of
hocolimΓKpA,nq on R over BΓ defined by

µ : hocolimΓKpA,nq
Ś

BΓR ÝÑ R
pk, py, k1qq ÞÝÑ py, k ` k1q

with s ě 1, y P Qpsq, ΨQpyq “ z0 Ñ ... and k, k1 P KpApz0q, nqpsq. This action commutes with
the obvious action on Q. In other words, the diagram

hocolimΓKpA,nq
Ś

BΓR

p2

��

µ // R

q

vv
Q

commute with p2pk, zq “ qpzq.

Proof. The proof of this proposition follows from an immediate verification.

10.1.3. Main lemma. Let f P MorsOpÓBΓpP,Qq be a fibration with P cofibrant, such that fpsq is
a weak equivalence for all s ‰ r and fprq is n´connected with πnpfibpfprqqq » Aprq. We assume
that x “ kpfq. There is an operad morphism ξ so that

R //

q

��

hocolimΓ LpA,n` 1q

p

��
P

f
//

ξ

@@

Q
kpfq
// hocolimΓKpA,n` 1q

commutes and ξ induces an isomorphism ξ˚prq : πnpfibpfprqqq Ñ πnpfibppprqqq.

Proof. The composite kpfq ˝ f is represented by the zero cohomology class in Hn`1
Γ pP ;Aq ac-

cording to the long exact sequence of Proposition 8.1.1. Therefore, there is a lift of kpfq ˝ f over
p (see remark after 7.2.3) which gives us in turn a lift ζ of f over q.

Note that ζ˚prq is an epimorphism. Indeed, since πnpfprqq is an epimorphism and p a fibra-
tion, πnpζprqq is an epimorphism. The commutative diagram

πn`1pQprqq //

“

��

πnpfibpfprqqq //

ζ˚prq

��

πnpP prqq //

πnpζprqq
����

πnpQprqq

“

��
πn`1pQprqq // πn`1 fibppprqq // πnpRprqq // πnpQprqq

ensures us that ζ˚prq is an epimorphism. By contrast, ζ˚prq is not necessarily a monomorphism
so we have to modify ζ.

The morphism ζ induces an operad morphism ζ 1 : P Ñ hocolimΓKpA,nq such that ζpyq “
`

fpyq, ζ 1pyq
˘

by using the twisted cartesian product structure. Therefore, ζ induces a cohomology
class ζ 1 P Hn

ΓpP ;Aq. Modifying ζ amounts to modifying ζ 1. To be more precise, if we pick a
cohomology class g P Hn

Γ pP ;Aq, then we get an operad morphism

ξ : P
gˆζ
ÝÑ hocolimΓKpA,nq

Ś

BΓR
µ
ÝÑ R

y ÞÝÑ

´

gpyq,
`

fpyq, ζ 1pyq
˘

¯

ÞÝÑ

´

fpyq, ζ 1pyq ` gpyq
¯

.
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We consider the commutative diagram

Hn
Γ pR;Aq //

HnΓ pζq

��

MorAbΣ˙ΓprqpA,Aq
dq //

ζ˚prq

��

Hn`1
Γ pQ,Aq

“

��
Hn

Γ pP ;Aq // MorAbΣ˙ΓprqpA,Aq
df // Hn`1

Γ pQ,Aq

given by the naturality of the long exact sequence in Proposition 8.1.1. Note that df pidAq “ kpfq
by definition and dppidAq “ kpfq by Proposition 10.1.1. Moreover,
ζ˚prqpidAq “ h with h the composite Aprq » πnpfibpfprqqq Ñ πnpfibpqprqqq “ Aprq. Since
df pidA ´ hq “ kpfq ´ kpfq “ 0, there is a class g P Hn

ΓpP ;Aq mapping to idA ´ h and we let
ξ “ µ ˝ g ˆ ζ .

We finally check that ξ˚prq is a monomorphism and therefore an isomorphism.

10.2. Reconstruction of a simplicial operad
We explain the applications of the operadic Postnikov invariants defined in 8.1.2 to the study of
Postnikov sections of a simplicial operad.

As a main outcome, we give a process to reconstruct a simplicial operad P up to homotopy
from its fundamental groupoid operad Γ “ πpP q, its Γ´operad of homotopy groups πkpP q P
Ab‘OpΓ and its Postnikov invariants kr,n (see Definition 8.2.2). To do so, we inductively construct
the cofibrant Postnikov double tower of P (see 2.3) from this bunch of data:
– Since P is connected as an operad, the right hand side of the tower is obvious.
– By Proposition 10.2.1, we can deduce from Γ the Postnikov section P xr, 1y and consequently
the first line of the double tower.

– We can therefore proceed to the reconstruction diagonal after diagonal by Theorem A (10.2.2).
This reconstruction process will be use in the study of the obstruction theory (see proof of the
theorem 10.4.4).

10.2.1. Proposition. Let P be a fibrant simplicial operad, Γ be its fundamental groupoid operad
and r ě 1. We then have πpP xr, 1yq “ Γďr with Γďr the r-cotruncation of Γ. The canonical
fibration Ψ : P xr, 1y Ñ BΓďr (see Definition 5.3.2) is a weak equivalence in sOp Ó BΓďr.

Proof. For every s ě 1,
Ψpsq : P xr, 1ypsq ÝÑ BΓďrpsq

induces an isomorphism between the fundamental groups. Since all the other homotopy groups
of BΓďrpsq and P xr, 1ypsq are trivial, Ψpsq is a weak equivalence in sSet. Therefore, Ψ is a weak
equivalence in sOp Ó BΓďr.

Remark. As well, we obviously have πpP xr, 1yq “ Γďr and the canonical fibration
Ψ : P xr, 1y Ñ BΓďr is a weak equivalence.

10.2.2. Theorem A. Let P be a fibrant simplicial operad. Recall that we denote by Γďr the
r´cotruncation of Γ and by Q the pullback

P xr, n´ 1y
ą

P xr´1,n´1y
P xr ´ 1, ny.

For all r, n ě 2, let πnpP prqq be the additive Γ´operad concentrated in arity r. There is a
cofibrant replacement Q of

P xr, n´ 1y
ą

P xr´1,n´1y

P xr ´ 1, ny
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and an operad morphism ρr,n so that

P xr, ny
ρr,n // Q

P xr, ny
ρr,n

//

„

OOOO

Q

„

OOOO

commutes in sOp Ó BΓďr (see 8.2 for a definition of the morphism ρr,n).
Moreover, the square in sOp Ó BΓďr

P xr, ny //

ρr,n

��

hocolimΓďr LpπnpP prqq, n` 1q

��
Q

kr,n

// hocolimΓďr KpπnpP prqq, n` 1q

is a homotopy pullback square.

Proof. By definition of the Postnikov double tower and of the cofibrant Postnikov double tower
of P (see 1.4.6), we have a commutative square

P xr, ny
ρr,n // P xr, n´ 1y

ą

P xr´1,n´1y
P xr ´ 1, ny

P xr, ny
ρ1r,n

//

„

OOOO

P xr, n´ 1y
ą

P xr´1,n´1y

P xr ´ 1, ny.

„

OOOO

We then pick a factorization

P xr, ny //
ρr,n // Q

„ // // P xr, n´ 1y
ą

P xr´1,n´1y

P xr ´ 1, ny

of ρ1r,n to get the first commutative square of this theorem.
The main Lemma (10.1.3) directly implies that the last diagram of this theorem is a homotopy

pullback square because the morphism ξ defined in the main lemma is a weak equivalence in this
context.

10.3. Lift and operadic equivariant cohomology
We prove that a fill-in morphism in a particular kind of commutative square in sOp Ó BΓ ex-
ists if and only if a relative equivariant cohomology class associated to this square vanishes.
This proposition will play a central role in the obstruction theory, which we study in the next
subsection.

10.3.1. The reduced path fibration for Eilenberg-MacLane spaces. In section 7.2.1,
we define the Eilenberg-MacLane operad KpA,nq associated to an additive Γ-operad in abelian
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10.3. Lift and operadic equivariant cohomology

groups A P Ab‘OpΓ by KpA,nqpxq “ D‚Arns and where Arns P dg˚Ab‘OpΓ is the additive Γ-
operad in differential graded abelian groups given by A concentrated in degree n and D‚ is the
Dold functor. We also set LpA,nq “ D‚Axny, where Axny is the operad in differential graded
abelian groups given by A in degrees n ´ 1 and n together with the identity map as diffential.
We also observe that we have an identity Axny “ ArnsI ˆArns 0 where ArnsI is a natural path
object associated to Arns (see Proposition 4.3.4 for the definition of this object).

We consider in this section another model for this additive Γ-operad LpA,nq which is given by
L1pA,nq “ PathpKpA,nqq, where PathpKpA,nqq is a reduced path object defined by a pullback
of the form:

PathpKpA,nqq “ ˚ ˆKpA,nq KpA,nq∆
1

in the category of Γ-operads in simplicial sets. We then consider the (unreduced) path object
KpA,nq∆

1 , canonically associated to KpA,nq, which we define by using the simplicial model
structure of the category of Γ-operads in simplicial sets. Recall simply that this simplicial model
structure is inherited from the base category of simplicial sets, so that the object KpA,nq∆1

is given by a mapping space of simplicial sets pointwise (see 1.2.2). To form our pullback,
we just consider the zero map ˚ Ñ KpA,nq and the face map d0 : KpA,nq∆1

Ñ KpA,nq
induced by the 0-th coface d0 : ∆0 Ñ ∆1 on the simplicial set ∆1. The face map d1 :
KpA,nq∆

1
Ñ KpA,nq, induced by the other coface d1 : ∆0 Ñ ∆1, restricts to a natural fibration

p : PathpKpA,nqq Ñ KpA,nq. For our purpose, we also use that this object PathpKpA,nqq “
˚ˆKpA,nqKpA,nq

∆1 inherits a canonical simplicial abelian group structure from KpA,nq, as well
as KpA,nq∆1 .

10.3.2. Proposition. We have a natural comparison map

PathpKpA,nqq „ //

''

LpA,nq

yy
KpA,nq

between the additive Γ-operad LpA,nq “ D‚Axny of section 7.2.1 and the reduced path object
operad L1pA,nq “ PathpKpA,nqq of the previous paragraph.

Proof. We haveD‚Axny “ D‚p0ˆArnsArnsIq » D‚p0qˆD‚pArnsqD‚pArnsIq since the Dold functor
defines a category equivalence (and hence, preserves cartesian products). We have therefore
LpA,nq “ ˚ ˆKpA,nq D‚pArns

Iq.
The differential graded path object ArnsI , given by the construction of Proposition 4.3.4, can

also be defined by the pointwise formula

pArnsIqpxq “ Homdg˚AbpN˚p∆1q, Arnspxqq,

where Homdg˚Abp´,´q denotes an internal hom-object functor on the category of differential
graded abelian groups which is defined by using that this monoidal category is closed. Recall
also that we have an identity KpA,nq∆1

pxq “ KpApxq, nq∆
1 for each object x of our operad in

groupoids Γ.
By the Dold-Kan equivalence, we have Arnspxq “ N˚D‚Arnspxq “ N˚pKpApxq, nqq. We have

a natural comparison map

N˚pKpApxq, nq
∆1
q Ñ Homdg˚AbpN˚p∆1q, N˚pKpApxq, nqqq “ ArnsIpxq
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adjoint to the composite

N˚pKpApxq, nq
∆1
q bN˚p∆1q Ñ N˚pKpApxq, nq

∆1
ˆ∆1q Ñ N˚pKpApxq, nqq

where we take the Eilenberg-MacLane equivalence together with the natural evaluation map
KpApxq, nq∆

1
ˆ ∆1 Ñ KpApxq, nq in the category of simplicial sets. This comparison map

is a weak-equivalence by [8, Proposition II.5.3.7]. Furthermore, we readily check, by using
the naturality of the construction, that this map defines a morphism of additive Γ-operads
N˚pKpA,nq

∆1
q Ñ ArnsI in the category of differential graded abelian groups. By the Dold-Kan

equivalence, this morphism is equivalent to a morphism of additive Γ-operads in simplicial abelian
groups KpA,nq∆1

Ñ D‚Arns
I . Furthermore, we can use that our construction is functorial with

respect to the simplicial set ∆1, on the source of our mapping spaces, to check that this morphism
of additive Γ-operads fits in a commutative diagram

KpA,nq∆
1 „ //

pd0,d1q ((

D‚Arns
I

pd0,d1qvv
KpA,nq ˆKpA,nq

,

where we consider the face operators pd0, d1q associated to the path object ArnsI . Then we just
take the image of this diagram under the pullback operation ˚ˆKpA,nq´ to get the result of the
proposition.

10.3.3. Cylinder objects and simplicial model structures. Recall that for every cofibrant
operad P P sOp Ó BΓ there exists a (good) cylinder object CylpP q P sOp Ó BΓ together with a
cofibration P

Ž

P Ñ CylpP q and a weak equivalence s : CylpP q Ñ P such that the diagram

P
��

��

%%
d0

„
%%

id

��
P
Ž

P // // CylpP q s0

„
// P

P

OO

OO

99 d1

„
99

id

AA

commutes. Note that the morphisms d0, d1 : P Ñ CylpP q are cofibrations since we assume that
P is cofibrant.

In what follows, we consider a particular cylinder object CylpP q “ P b∆1 which we deduce
from the simplicial model structure of the category of simplicial Γ-operads. The functor ´b∆1

is left adjoint to the path object functor ´∆1 which we use in the definition of the reduced path
object operad PathpKpA,nqq of the previous paragraph. We use this correspondence in the proof
of the next lemma.

10.3.4. Lemma. To every commutative diagram

P
f //

��
i

��

hocolimΓ PathpKpA,nqq

p

����
Q g

// hocolimΓKpA,nq
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10.3. Lift and operadic equivariant cohomology

with P cofibrant, we can associate a morphism

F : Q
Ž

P CylpP q
Ž

P QÑ hocolimΓKpA,nq

in sOp Ó BΓ. Besides, a fill-in morphism g1 in the diagram

P
f //

��
i

��

hocolimΓ PathpKpA,nqq

p

����
Q g

//

g1
66

hocolimΓKpA,nq

is equivalent to a solution of the extension problem

Q
Ž

P CylpP q
Ž

P Q
F //

��
pd0,Cylpiq,d1

q

��

hocolimΓKpA,nq

CylpQq
F 1

55

in the category sOp Ó BΓ.

Proof. We set
K “ hocolimΓKpA,nq

for short. We readily see that the universal covering functor of section 1.1.3 satisfies
pX ˆ ∆1q_pxq “ X_pxq ˆ ∆1. By adjunction, this relation implies that the homotopy col-
imit functor commutes with the path object functor ´∆1 on the category of simplicial sets, and
the same result holds for simplicial Γ-operads, since we define homotopy colimits and path objects
termwise in this category. We have in particular hocolimΓpKpA,nq

∆1
q “ hocolimΓpKpA,nqq

∆1

for the Eilenberg-MacLane operad of our lemma KpA,nq. We now have

hocolimΓ PathpKq “ hocolimΓp˚ ˆKpA,nq KpA,nq
∆1
q “ BΓˆK K∆1

since hocolimΓp˚q “ BΓ and the homotopy colimit functor preserves cartesian products by
adjunction. The morphism BΓ Ñ K which occurs in this fiber product is identified with the zero
section cK of the morphism ΨK : K Ñ BΓ, while we consider the face operator d0 : K∆1

Ñ K
for the other factor K∆1 .

We then use the adjunction between the cylinder object functor Cylp´q “ ´ b∆1 and the
path object functor ´∆1 to obtain that the morphism

f : P Ñ hocolimΓ PathpKpA,nqq “ BΓˆK K∆1

is equivalent to a morphism f7 : CylpP q Ñ K such that f7d0 “ cKΨP . We moreover have
pf “ gi ô f7d

1 “ gi. We can therefore apply the universal property of the pushout to get a
fill-in morphism

P
Ž

P
��

i
Ž

i

��

pd0,d1
q // CylpP q

f7

��

��
Q
Ž

Q //

pcKψQ,gq
11

Q
Ž

P CylpP q
Ž

P Q

F

''
K
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which gives the morphism F of our lemma.
We use the same adjunction process to associate a morphism F 1 : CylpQq Ñ K such that

F 1d0 “ cKψQ to any morphism g1 : QÑ hocolimΓ PathpKpA,nqq “ BΓˆKK∆1 as in our lemma.
We easily check, again, that the relations g1i “ f and pg1 “ g are equivalent to F 1pd0,Cylpiq, d1q “
F .

We use the following observation:

10.3.5. Lemma. The existence of a morphism F 2 that makes the diagram

Q
Ž

P CylpP q
Ž

P Q
F //

��

hocolimΓKpA,nq

CylpQq
F2

55

commute up to homotopy in the category sOp Ó BΓ implies the existence of a morphism F 1 which
makes this diagram commute strictly, as in the statement of the previous lemma.

Proof. We still set K “ KpA,nq for short and we consider a path object KI associated to K in
the category sOp Ó BΓ. We fix a homotopy G : Q

Ž

P CylpP q
Ž

P Q Ñ KI such that d0G “ F
and d1G “ F 2pd0,Cylpiq, d1q. We then have a commutative diagram:

Q
Ž

P CylpP q
Ž

P Q
G //

��
pd0,Cylpiq,d1

q

��

KI

d1
����

„

d0 // K

CylpQq
F2

//

G1

77

K

.

We pick a fill-in morphism G1 which exists by the general axiom of model categories, and we set
F 1 “ d0G

1. Then we trivially have

F 1pd0,Cylpiq, d1q “ d0G
1pd0,Cylpiq, d1q “ d0G “ F.

10.3.6. Proposition. Let i : P Ñ Q be a cofibration in sOp Ó BΓ with P cofibrant. Also consider
A P Ab‘OpΓ, n ě 1, a morphism g : Q Ñ hocolimΓKpA,nq and a morphism
f : P Ñ hocolimΓ PathpKpA,nqq with n ě 0 such that the diagram

P
f //

��
i

��

hocolimΓ LpA,nq

p

����
Q g

// hocolimΓKpA,nq

commutes. There is a fill-in morphism g1 : QÑ hocolimΓ LpA,nq in the diagram

P
f //

��
i

��

hocolimΓ LpA,nq

p

����
Q g

//

g1
88

hocolimΓKpA,nq
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10.3. Lift and operadic equivariant cohomology

if and only if a certain class of operadic equivariant cohomology w P Hn
ΓpQ,P ;Aq associated to

our square of maps is zero (see the proof for the explicit definition of this class).

Proof. We use the results of the previous lemmas to convert the problem of this proposition into
an extension problem

Q
Ž

P CylpP q
Ž

P Q
F //

��

hocolimΓKpA,nq

CylpQq

55

in the homotopy category of the category sOp Ó BΓ. We note W “ Q
Ž

P CylpP q
Ž

P Q for short
and form the diagram

rCylpQq,hocolimΓKpA,nqssOpÓBΓ

»

��

// rW, hocolimΓKpA,nqssOpÓBΓ

»

��
Hn

ΓpCylpQq, Aq // Hn
ΓpW,Aq

// Hn`1
Γ pCylpQq,W,Aq,

where the vertical bijections are given by the correspondence of Theorem 7.2.3, while the bottom
horizontal line is an exact sequence, given by the result of Proposition 7.4.3. We deduce from
this diagram that the existence of a solution of our homotopy lifting problem is equivalent to the
vanishing the image in Hn`1

Γ pCylpQq,W,Aq of the class wpF q P Hn
ΓpW ;Aq associated to the map

F .
We now consider the long cohomology exact sequence associated to the pair of morphisms

Q Ñ W Ñ CylpQq, where we consider the inclusion of the first summand Q in the coproduct
W “ Q

Ž

P CylpP q
Ž

P Q so that the composite of our morphisms is identified with the coface
operator d0 : Q Ñ CylpQq of the cylinder object CylpQq. This long cohomology exact sequence
has the form:

... // Hn
ΓpCylpQq,W ;Aq // Hn

ΓpCylpQq, Q;Aq //

Hn
ΓpW,Q;Aq // Hn`1

Γ pCylpQq,W ;Aq // ...

(see Proposition 7.4.4). We have Hn
ΓpCylpQq, Q;Aq “ 0, because the weak-equivalence

d0 : Q „
ÝÑ CylpQq induces an isomorphism Hn

ΓpCylpQq;Aq »
ÝÑ Hn

ΓpQ;Aq at the operadic co-
homology level. Hence, we have an isomorphism Hn`1

Γ pCylpQq,W ;Aq » Hn
ΓpW,Q;Aq. We then

form the commutative square:
P //

i

��

Q

j

��
Q // W,

where j is the map consider in our pair QÑ W Ñ CylpQq. We have cofibΓpiq “ BΓ
Ž

P Q and
cofibΓpjq “ BΓ

Ž

P CylpP q
Ž

P Q. We get that the acyclic cofibration d0 : P Ñ CylpP q induces
a weak-equivalence Q » P

Ž

P Q
„
ÝÑ CylpP q

Ž

P Q (which is still a cofibration) by pushout along
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10. Obstruction theory

the morphism i : P Ñ Q, and a weak-equivalence yet again BΓ
Ž

P Q
„
ÝÑ BΓ

Ž

P CylpP q
Ž

P Q
when we take the pushout of this map along the morphism ψP : P Ñ BΓ. We accordingly
have a weak-equivalence cofibΓpiq

„
ÝÑ cofibΓpjq and we conclude from this result that we have

an identity Hn
ΓpW,Q;Aq » Hn

ΓpQ,P ;Aq at the relative cohomology level. The result of the
proposition follows.

10.4. Obstruction theory
We aim to extend a given simplicial operad morphism f : P Ñ R to a morphism f 1 : Q Ñ R
under a given cofibration i : P Ñ Q. In other words, we want to find a morphism f 1 : QÑ R so
that the diagram

P
��

i

��

f // R

Q

f 1

??

commutes in sOp. We recursively define a sequence of operadic equivariant cohomology classes,
the obstructions, whose vanishing is necessary and sufficient for the existence of such an extension.
Note that if f 1 exists, then i, f and f 1 are morphisms over BπpRq if we set the augmentation ψR as
the canonical fibration (see Definition 5.3.2) and the augmentations ΨP and ΨR as the composites
ψRf and ψRf 1. Therefore, we can assume that P,Q P sOp Ó BπpRq, f P MorsOpÓBπpRqpP,Rq and
i P MorsOpÓBπpRqpP,Qq.

We first go back to a broader context. We use that sOp Ó BΓ is a simplicial model category.
We accordingly have simplicial mapping spaces MapsOpÓBΓp´,´q defined on this category, such
that

MapsOpÓBΓpP,Qq0 “ MorsOpÓBΓpP,Qq.

If we moreover assume that P is cofibrant and Q is fibrant, then

π0 MapsOpÓBΓpP,Qq “ rP,QssOpÓBΓ.

10.4.1. Proposition. A commutative diagram

P
f //

��
i

��

S

p
����

Q g
// T

in sOp Ó BΓ is equivalent to a vertex

pf, gq P MapsOpÓBΓpP, Sq
ą

MapsOpÓBΓpP,T q

MapsOpÓBΓpQ,T q.

Furthermore, a fill-in morphism h in

P
f //

��
i

��

S

p
����

Q g
//

h

??

T
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is equivalent to a preimage of this vertex under the pullback corner map

MapsOpÓBΓpQ,Sq Ñ MapsOpÓBΓpP, Sq
ą

MapsOpÓBΓpP,T q

MapsOpÓBΓpQ,T q.

Proof. Immediate.

Remark. The pullback corner map in the previous proposition is a fibration by general properties
of simplicial model categories (see [12, 9.3.7]).

10.4.2. Lemma. The existence of a strict preimage h in the previous proposition is equivalent
to the existence of a preimage of the class of the pair pf, gq when we pass to the sets of connected
component

π0 MapsOpÓBΓpQ,Sq Ñ π0

¨

˝MapsOpÓBΓpP, Sq
ą

MapsOpÓBΓpP,T q

MapsOpÓBΓpQ,T q

˛

‚.

Proof. We use that any fibration q : E Ñ B induces a surjection q : Ex Ñ By for each pair of
connected components such that qpxq “ y in π0B. The conclusion of the lemma follows.

We now assume that P is cofibrant. We consider a commutative diagram in sOp Ó BΓ :

S

����

S1

„

��

//„oo L

����
T T 1 //„oo K.

where the right square is a homotopy pullback as in the remark after the Theorem A (see 10.2.2),
where L “ hocolimΓ LpA,nq and K “ hocolimΓKpA,nq. We also assume that T and T 1 are
fibrant, and we pick a factorisation

S1 //
„ // S2 // // T

and fill-in morphisms to form the commutative diagram

S

����

S1
��
„

��

//„oo L

����

S2

p˚q

„

`` >>

����
T T 1 //„oo K.

We still have a weak equivalence S2 „
ÝÑ T 1

Ś

K L, so that p˚q is still a homotopy pullback
fibration. We once again consider the simplicial operad L1 “ hocolimΓ PathpKq of Proposition
10.3.2 : remind that we have a commutative diagram

L1
„ //

  

L

~~
K.
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We form :
S2

����

„ // T 1
Ś

K L

����

T 1
Ś

K L
1

����

„oo

T 1 “
// T 1 T 1“
oo

10.4.3. Theorem. In this setting, the existence of a lifting h in

P
f //

��
i

��

S

p
����

Q g
//

h

??

T

is equivalent to the vanishing of a obstruction class w P Hn
Γ pQ,P ;Aq associated to our diagram.

Proof. We now have a diagram of pullback corner maps :

MapsOpÓBΓpQ,Sq
// // MapsOpÓBΓpP, Sq

ą

MapsOpÓBΓpP,T q

MapsOpÓBΓpQ,T q

MapsOpÓBΓpQ,S
2q // //

„

OO

„

��

MapsOpÓBΓpP, S
2q

ą

MapsOpÓBΓpP,T
1q

MapsOpÓBΓpQ,T
1q

„

��

„

OO

MapsOpÓBΓ

˜

Q,T 1
ą

K

L

¸

// // MapsOpÓBΓ

˜

P, T 1
ą

K

L

¸

ą

MapsOpÓBΓpP,T
1q

MapsOpÓBΓpQ,T
1q

„

��

MapsOpÓBΓ

˜

Q,T 1
ą

K

L1

¸

„

OO

// // MapsOpÓBΓ

˜

P, T 1
ą

K

L1

¸

ą

MapsOpÓBΓpP,T
1q

MapsOpÓBΓpQ,T
1q

„

OO

where the vertical arrow are weak equivalences.
We deduce from this diagram that the existence of a homotopy preimage on the top is

equivalent to the existence of a homotopy preimage of the class corresponding to our pair on the
bottom. We use Lemma 10.4.2 again to get that this is equivalent to the existence of a strict
preimage.

We have

MapsOpÓBΓ

˜

Q,T 1
ą

K

L1

¸

» MapsOpÓBΓpQ,T
1q

ą

MapsOpÓBΓpQ,Kq

MapsOpÓBΓpQ,L
1q

and

MapsOpÓBΓ

˜

P, T 1
ą

K

L1

¸

» MapsOpÓBΓpP, T
1q

ą

MapsOpÓBΓpP,Kq

MapsOpÓBΓpP,L
1q
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by the preservation of limits by mapping spaces. A simple chase in the pullback square

MapsOpÓBΓpQ,T
1q

ą

MapsOpÓBΓpQ,Kq

MapsOpÓBΓpQ,L
1q //

��

MapsOpÓBΓpQ,L
1q

��
MapsOpÓBΓpQ,T

1q
ą

MapsOpÓBΓpP,Kq

MapsOpÓBΓpP,L
1q // MapsOpÓBΓpQ,Kq

ą

MapsOpÓBΓpP,Kq

MapsOpÓBΓpP,L
1q

then prove that our problem reduces to the problem of finding the preimage of a certain element
under the map

MapsOpÓBΓpQ,L
1q Ñ MapsOpÓBΓpP,L

1q
ą

MapsOpÓBΓpP,Kq

MapsOpÓBΓpQ,Kq.

By Proposition 10.4.1, this is equivalent to a lifting problem of the form considered in section
10.3 :

P
f //

��
i

��

L1

p

����
Q g

//

g1
>>

K,

which is in turn equivalent to the vanishing of a obstruction class w P Hn
Γ pQ,P ;Aq by Proposition

10.3.6.

10.4.4. Theorem B. Let R P sOp be such that R is fibrant and Γ “ πpRq. Let also
P,Q P sOp Ó BΓ with P cofibrant. We consider a morphism f : P Ñ R and a cofibration
i : P Ñ Q in sOp Ó BΓ. There is a morphism f 1 : QÑ R such that the diagram

P
��

i

��

f // R

Q

f 1

??

commutes if and only if a sequence of operadic equivariant cohomology class
wr,n P H

n`1
Γ pQ,P ;πnpRqprqq defined recursively for all n, r ě 2 vanishes.
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Proof. We proceed inductively through the double Postnikov tower of R :

...

��

...

��

...

��
¨ ¨ ¨ // Rxr ` 1, n` 1y

coarďr //

pr`1,n`1

��

Rxr, n` 1y //

pr,n`1

��

¨ ¨ ¨ // Rx1, n` 1y

p1,n`1

��
¨ ¨ ¨ // Rxr ` 1, ny //coarďr //

��

Rxr, ny //

��

¨ ¨ ¨ // Rx1, ny

��
...

��

...

��

...

��
¨ ¨ ¨ // Rxr ` 1, 1y

coarďr // Rxr, 1y // ¨ ¨ ¨ // Rx1, 1y

diagonal after diagonal, following the reconstruction process of the operad R. We denote gxr, ny
the composite P Ñ RÑ Rxr, ny.

Since R is connected as an operad, Rx1, ny “ I for every n ě 1. Thus, there are obvious
extensions g1xr, ny of gxr, ny with respect to i for every pr, nq such that r “ 1.

Let Ψ : Rxr, 1y Ñ BΓďr be the canonical fibration (see Definition 5.3.2), which is here acyclic
(see remark after the Proposition 10.2.1). The diagram

P
��

i

��

gxr,1y // Rxr, 1y

Φ„

����
Q // BΓďr

commutes and there is an extension g1xr, 1y of gxr, 1y with respect to i.
Let now l ě 3 and suppose that we have already extend gxr, ny to morphisms

g1xr, ny : QÑ Rxr, ny with respect to i for all r ` n ď l. We want to extend g to the Postnikov
sections on the diagonal which equation is r ` n “ l ` 1. Let 2 ď s ď l and assume that
gx1` t, l ´ ty have been successfully extended to g1x1` t, l ´ ty for all 0 ď t ď s ´ 2. In other
terms, assume that g have been successfully extended to the ps´1q´st top terms of the diagonal.
We want now to lift the filling morphism φ :

Q
g1xs´1,l`1´sy

**

g1xs,l´sy

((

φ

**
Rxs, l ´ sy

ą

Rxs´1,l´sy
Rxs´ 1, l ` 1´ sy ////

��

Rxs´ 1, l ` 1´ sy

��
Rxs, l ´ sy // Rxs´ 1, l ´ sy
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in the commutative square in sOp Ó BΓďs

P
��

i

��

gxs,l`1´sy // Rxs, l ` 1´ sy

ρ1s,l`1´s

��
Q

φ
//

g1xs,l`1´sy
55

Rxs, l ´ sy
ą

Rxs´1,l´sy
Rxs´ 1, l ` 1´ sy.

By Theorem 10.4.3, this fill-in morphism exists if and only if a certain class

ws,l`1´s P H
l`2´s
Γďs pQ,P ;πl`1´spRqpsqq “ H l`2´s

Γ pQ,P ;πl`1´spRqpsqq

vanishes. Since R “ lim T pRq (see 2.3.1), the proof of this theorem readily follows.
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Appendices
A. Universal coefficient theorem for operadic equivariant

cohomology
We give in 7.5.8 a universal coefficient theorem in relative operadic cohomology when the coeffi-
cients are concentrated in one arity. We crucially rely on this result to prove Proposition 8.1.1,
which permits us to define the k´invariant of a simplicial operad morphism and in particular,
the Postnikov invariants of a simplicial operad.

A stronger version of this universal coefficient theorem however exists : we do not necessarily
have to assume that the coefficients are concentrated in one arity. This statement permits us to
establish Proposition 8.1.1 with less hypothesis. We can then understand the necessity of the
arity filtration in the definition of the Postnikov invariants of a simplicial operad.

A.1. Theorem (Universal coefficient theorem in relative operadic equivariant cohomology).
Let f P MorsOpÓBΓpP,Qq and A P Ab‘OpΓ. There is a cohomology spectral sequence pBpfq‚,‚p q
associated to a decreasing filtration such that

Bpfqs,k1 “ Hs`k MorAbΣ˙ΓpsqpIndecpfqpsq‚, Apsqq ñ Hs`k
Γ pQ,P ;Aq

and for all s ě 1, a first quadrant cohomology spectral sequence associated to a bicomplex
pBspfq

‚,‚
p q such that

Bspfq
l,k
2 “ ExtlAbΣ˙ΓpsqpHk Indecpfqpsq, Apsqq ñ Hk`l MorAbΣ˙ΓpsqpIndecpfqpsq‚, Apsqq.

Proof. We assume that f is a quasi-free extension between cofibrant objects withQ5 “ P5
Ž

FpMq,
M P s´Seq Ó BΓ (otherwise we replace it by using a cofibrant replacement of P followed by a
factorization).

Let
C‚ “ ĄDerAbOpΓpZ cofibΓpfq

_
‚ , Aq P dg

˚Ab

with
ĄDerAbOpΓpZ cofibΓpfq

_
k, Aq “

 

g P DerAbOpΓ pZ cofibΓpfq
_
k , Aq

ˇ

ˇ gpZBΓ_k q “ 0
(

for all k ě 0 and with the alternate sum of the coface maps as differential. There is a cochain
complex isomorphism (see Theorem 7.4.5)

C‚ » rC‚ΓpcofibΓpfq, Aq.

There is also, for all k ě 0, an abelian group isomorphism

φk : Ck Ñ MorAbSeqΓpIndecpfqk, Aq

induced by the composite of embeddings in s´AbOpΓ (see Proposition 6.2.4)

τ : Indecpfq Ñ cofibpZf_q Ñ cofibΓpZf
_q,

but these isomorphisms do not necessarily induce a cochain complex isomorphism.
Let B‚ “ MorAbSeqΓpIndecpfq‚, Aq P dg˚Ab and F‚B‚ be the decreasing filtration defined for

all s, k ě 0 by
FsB

k “
 

f P MorAbSeqΓpIndecpfqk, Aq | @r ă s, fprq “ 0
(

.
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Let also F‚C‚ be the decreasing filtration defined for all s, k ě 0 by

FsC
k “ φ´1

k pFsB
kq.

These filtrations are compatible with the differentials, and if we consider the filtration of Indecpfq
defined for all k, s ě 0 by

Fs Indecpfqkprq “
"

Indecpfqkprq if r ă s,
0 if r ě s,

then
FsB

k “ MorΣAbΓ pIndecpfqk{Fs Indecpfqk, Aq

and

GsB
k “ FsB

k{Fs`1B
k

» MorAbSeqΓ pFs`1 Indecpfqk{Fs Indecpfqk, Aq
» MorAbSeqΓ pIndecpfqkpsq, Aq
» MorAbΣ˙Γpsq pIndecpfqkpsq, Apsqq .

Since P p1q “ Qp1q, we have Indecpfqp1q “ 0 and the spectral sequence pBpfq‚,‚p q associated
to the filtration of B‚ is bounded in each arity. Therefore, this spectral sequence converges.
Moreover,

GsC
k “ φ´1pGsB

kq

“
 

g P DerAbOpΓ pZ cofibΓpfq
_
k , Aq

ˇ

ˇgpZBΓ_k q “ 0 and gpIndecpfqkprq “ 0 for r ‰ s
(

.

We now prove that the morphisms φk induce a graded cochain complex isomorphism

G‚C
‚ » G‚B

‚.

To do so, we consider g P GsCk and z P Z cofib_Γ pxqk`1 with x P Γpsq. Recall that we have
Z cofibΓpfq

_
5
» Indecpfq5‘ZBΓ_

5
‘Z cofibΓpfq

_
ě2 where Z cofibΓpfq

_
ě2 is made of the decorated

semi-alternate two-colored trees with at least two vertices. We have δpτpzqq “ za ` zb ` zc with
za P Indecpfqpxqk, zb P ZBΓpxqk and zc a sum of semi-alternate two-colored decorated trees
with at least two vertices. Since the decorating elements of such trees belong to ZBΓ_pxiqk or
to Indecpfqpxiqk with xi P Γpsiq and si ă s, gpzcq “ 0. Moreover, gpzbq “ 0, so gpδpτpzqq “ gpzaq
and

φpδ˚pgqqpzq “ gpδpτpzqqq

“ gpzaq

“ pφpgqqpδpzqq

“ δ˚pφpgqqpzq.

Therefore, the diagram

GsC
k`1 φ // GsBk`1

GsC
k

δ˚

OO

φ
// GsBk

δ˚

OO
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commute for every k ě 0 and

Bpfqs,kp ñ Hs`k C‚ “ Hs`k
Γ pQ,P ;Aq.

We now want to calculate Bpfqs,k1 “ Hs`k MorAbΣ˙ΓpsqpIndecpfqpsq, Apsqq. To do so, we fix
the arity s and we consider an injective resolution

I‚pApsqq “ tI0pApsqq Ñ I1pApsqq Ñ ...u

of Apsq. Such a resolution exists because Q{ZrΣpsq ˙ Γpsqs is an injective cogenerator in the
category AbΣ˙Γpsq » AbΣpsq˙Γpsq. Let

Bspfq
l,k “ MorAbΣ˙ΓpsqpIndecpfqkpsq, I lApsqq

be a bicomplex. The associated spectral sequence Bspfq‚,‚p converges because this bicomplex is
zero out of the first quadrant. Since Indecpfq is cofibrant, Indecpfqk is projective according to
Proposition 6.1.4. The functor

MorAbΣ˙ΓpsqpIndecpfqk,´q : dg˚AbΣˆΓpsq Ñ dg˚Ab

then preserves weak equivalence. Thus we have
"

IIBspfq
l,k
1 “ 0 if l ‰ 0,

IIBspfq
0,k
1 “ MorAbΣˆΓpsq

`

Indecpfqk, Apsq
˘

.

Thereafter,
Bspfq

l,k
p ñ Hk`l MorAbΣ˙ΓpsqpIndecpfqpsq‚, Apsqq.

A.2. Proposition. Let f : P Ñ Q be a morphism in sOp Ó BΓ and r, n ě 2. If the augmentations
ΨP : P Ñ BΓ and ΨQ : Q Ñ BΓ induce equivalences of categories between the associated
groupoid operads, then HkpIndecpfqq “ 0 for all k ď n.

Proof. We assume that f is a quasi-free extension between cofibrant operads with
Q5 “ P5

Ž

FpMq, M P s´Seq Ó BΓ (otherwise we replace it by a quasi-free extension by us-
ing a factorization).

We construct a spectral sequence associated to a filtration similar to the one defined in [6,
Lemma 3.6.2]. Let r ě 2, x P Γprq and

W pxq “ CokerpZP_pxq Ñ ZQ_pxqq P dg˚Ab

equipped with the differential δ given by the alternate sum of the face maps. Since the augmen-
tations ΨP : P Ñ BΓ and ΨQ : QÑ BΓ induce isomorphisms between the associated groupoid
operads, f_prq is n´connected (see Proposition 5.3.3). The classical relative Hurewicz theorem
(see [30, Theorem IV.7.2] or [10, Corollary III.3.12]) then implies that HkW prq “ 0 for all k ď n.

We pick x0
r P ΓprqFor all r ě 2. For all k ě 0, W pxqk is the direct sum of semi-alternate

two-colored trees decorated by objects in ZP_px0
vqk for the black vertices and in Indecpfqpx0

vqk “

ZM_px0
vqk for the white vertices, except for semi-alternate two-colored trees with only one vertex

decorated by an element in ZP_px0
vqk. For all j ě 0, Gjpxq is the abelian subgroup of W pxq

obtained by restricting the direct sum which define W pxq to the semi-alternate two-colored trees
T with j vertices. We also consider the abelian group Fipxq “

À

jěiGjpxq.
The differential of a semi-alternate two-colored tree in W pxq is calculated vertex by vertex :
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– if the vertex v is black, thus decorated by ζ P ZP_px0
vq, then δζ is a linear combination of

elements in ZP_px0
vq;

– if the vertex v is white, thus decorated by ζ P ZM_px0
vq, then δζ is a linear combination

of elements in ZM_px0
vq and of semi-alternate two-colored trees decorated by elements in

ZP_px0
vq and at least one element in ZM_px0

vq.
Therefore, Fipxq is stable under δ, and there is a bounded filtration

W pxq “ F1pxq Ą F2pxq Ą ... Ą Frpxq “ 0.

We consider the homology spectral sequence Es,tpxq associated to this filtration so that

E1
s,tpxq “ Hs`tG´spxq

and equipped with the differential δps,t : Eps,tpxq Ñ Eps`p,t`p´1pxq. The differential δ0
s,t on the

zeroth page is induced by the alternate sum of the face maps in P and Indecpfq (see Proposition
7.5.4). Since the filtration is bounded, the spectral sequence converges to H˚W pxq. Moreover,
we have E1

´1,t “ Ht´1 Indecpfqpxq.
We now prove by induction on the arity r that Hk Indecpfqprq “ 0 for all k ď n. If r “ 2, all

the terms in the first page of the spectral sequence E1
s,tpxq are zero except for the one located in

the column -1. We therefore have Hk Indecpfqp2q “ 0 for all k ď n.
Assume that Hk Indecpfqpr1q “ 0 for all k ď n, r1 ă r and let x P Γprq. We then have

E1
s,tpxq “ 0 for all ps, tq such that s ă ´1 and t ď n ´ s by the Künneth theorem. Indeed,

an element in E1
s,t is a homology class of a composite including at least one component in

Indecpfqpr1q, r1 ă r. Thus, Hk Indecpfqpxq “ 0 for all k ď n.

There is of course an absolute version of the universal coefficient theorem :

A.3. Theorem (Universal coefficient theorem in operadic equivariant cohomology). Let
P P sOp Ó BΓ cofibrant and A P Ab‘OpΓ. There is a cohomology spectral sequence pBpP q‚,‚r q
associated to a decreasing filtration such that

BpP qs,k1 “ Hs`k MorAbΣ˙ΓpsqpIndecpZP_qpsq‚, Apsqq ñ Hs`k
Γ pP ;Aq

and for all s ě 1, a first quadrant cohomology spectral sequence associated to a bicomplex
pBspP q

‚,‚
r q such that

BspP q
l,k
2 “ ExtlAbΣ˙ΓpsqpHk IndecpZP_qpsq, Apsqq ñ MorAbΣ˙ΓpsqpIndecpZP_qpsq‚, Apsqq.

Proof. Straightforward adaptation of the previous proof.

A.4. Proposition. Let f P MorsOpÓBΓpP,Qq and A P Ab‘OpΓ. If HkpIndecpfqq “ 0 for all
1 ď k ď n, then Hk

ΓpP ;Aq » Hk
ΓpQ;Aq for all k ă n and there is an exact sequence

0 // Hn
ΓpQ;Aq

f˚ // Hn
ΓpP ;Aq // Hn`1

Γ pQ,P ;Aq

d // Hn`1
Γ pQ,Aq

f˚ // Hn`1
Γ pP,Aq

natural in f and such that Hn`1
Γ pQ,P ;Aq is a graded abelian group with

Gs Hn`1
Γ pQ,P ;Aq Ă MorAbΣ˙ΓpsqpHn`1 Indecpfqpsq, Apsqq for all s ě 0.
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Proof. We use the spectral sequences provided by the universal coefficient Theorem A.1. Ac-
cording to our hypothesis on Indecpfq, we have

"

Bspfq
l,k
1 “ 0, if k ď n,

Bspfq
l,n`1
1 “ MorAbΣ˙ΓpsqpHn`1 Indecpfqpsq, I lApsqq, otherwise.

Thus :
"

Bspfq
l,k
2 “ 0, if k ď n,

Bspfq
0,n`1
2 “ MorAbΣ˙ΓpsqpHn`1 Indecpfqpsq, Apsqq, otherwise,

from which we conclude that :
"

Bpfqs,k1 “ 0, if s` k ď n,

Bpfqs,n`1
1 “ MorAbΣ˙ΓpsqpHn`1 Indecpfqpsq, Apsqq, if s` k “ n` 1.

Thereafter,
"

Hk
ΓpQ,P ;Aq “ 0, if k ď n,

Gs Hn`1
Γ pQ,P ;Aq Ă MorAbΣ˙ΓpsqpHn`1 Indecpfqpsq, Apsqq.

We then use the long exact sequence of operadic equivariant cohomology (see Proposition 7.3.2) to
get the statement of this theorem. Moreover, Indecpfq does not depend up to a weak equivalence
of the choice of a replacement of f and the long exact sequence of equivariant cohomology is
natural. Hence, this result holds regardless of this choice.

If f is the fibration pxny : P xny Ñ P xn´ 1y between the Postnikov sections (see Proposition
2.1.2), we have HkpIndecpfqq “ 0 for all k ď n by Proposition A.2. We can therefore apply
the previous proposition with A “ Hn`1 Indecpfq : there is not necessarily an element ζ P
Hn`1

Γ pP xn ´ 1y, P xny;Aq such that, for all s ě 0, its component of degree s in the grading of
Hn`1

Γ pP xn ´ 1y, P xny;Aq is equal to id P HomAbΣ˙ΓpsqpApsq, Apsqq. Moreover, even if ζ exists, it
is not uniquely defined. Thus, we can not necessarily find an operadic equivariant cohomology
class kn P Hn`1

Γ
`

P xn´ 1y, P xny;A
˘

such that there is a homotopy pullback square

P xny //

pxny

��

hocolimΓ LpA,n` 1q

��
P xn´ 1y

kn

// hocolimΓKpA,n` 1q

where pxny : P xny Ñ P xn´ 1y is a replacement of pxny by a cofibration between cofibrant
operads and kn also denotes a representative in

rP xn´ 1y,hocolimΓKpA,n` 1qssOpÓBΓ

of the cohomology class kn. That is why we had to introduce the double Postnikov tower,
beyond the fact that the arity filtration imply that the coefficients of the operadic equivariant
cohomology groups are concentrated in one arity and this cohomology therefore restrain to the
simpler cohomology of the indecomposable.

87





B. The categories AbSeqΓ and Ab‘OpΓ are Grothendieck cat-
egories

Finding a set of projective generators in AbSeqΓ and then concluding that this category is a
Grothendieck one raises no difficulties.

In order to extend this result to the category of additive Γ´operads Ab‘OpΓ, we want to
exploit the adjunction between the free additive Γ´operad functor and the forgetful functor, but
we can not use the construction given in Theorem 3.3.1 since the direct sum does not commute
with the colimits. We therefore rely on the fact that an additive Γ´operad is a Com´bimodule
and give a construction of the free Com´bimodules by the mean of composite trees.

B.1. Bimodule over a Γ´operad. Let P P AbOpΓ. A P´bimodule is a Γ´symmetric sequence
M P AbSeqΓ equipped with an action of the operad P given by composition operations

oi : P pxq bMpyq ÑMpx ˝i yq

for all x P Γprq, y P Γpsq, r ě 1, s ě 2, 1 ď i ď n, and

oi : Mpxq b P pyq ÑMpx ˝i yq

for all x P Γprq, y P Γpsq, r ě 2, s ě 1, 1 ď i ď n. These compositions operations satisfy
equivariance, asssociativity and unit axioms obtained by replacing one factor P by M in the
domain of the equivariance, associativity and unit axioms of the structure of a Γ´operad.

B.2. Proposition. The additive Γ´operads are equivalent to Com´bimodules where Com is the
Γ´operad defined in 3.1.4.

Proof. There is an equivalence between the additive composition operation

oi : P pxq ‘ P pyq Ñ P pxbi yq

of an additive Γ´operad P P Ab‘OpΓ and the composition operations of an action of the operad
Com

oi : Compxq b P pyq Ñ P px ˝i yq,

oi : P pxq b Compyq Ñ P px ˝i yq

because Compxq “ Z for all x P Γ.

B.3. Proposition. The category AbSeqΓ admits tGx0ux0PΓ as a set of projective generators,
where

Gx0pxq “ Zb pΣ˙ ΓqFx0pxq “ ZrMorΣ˙Γpx0, xqs

for all x P Γ.

Proof. For all M P AbSeqΓ,

MorAbSeqΓpGx0 ,Mq » MorSetSeqΓpMorΣ˙Γpx0,´q,Mq »Mpx0q.

Therefore, tGx0uxoPΓ is a set of projective generators of AbseqΓ.

We now want to find a set of projective generators in Ab‘OpΓ. To do so, we have to consider
free additive Γ´operads, but we can not use the construction given in Theorem 3.3.1 since the
direct sum does not commute with the colimits. We will equivalently give a construction of free
Com´bimodules by the mean of composite trees.

89



Appendices

B.4. Composite trees. A composite tree T is a tree equipped with a partition of its vertices
in three sets V pT q “ V0pT q

š

V1pT q
š

V2pT q such that :
– There is one and only one vertex v P V1pT q.
– There is at least one vertex in V0pT q. The ingoing edges of every u P V0pT q are entries of the
trees, the outgoing edge of u is an ingoing edge of v. Morever, every ingoing edge of v is the
outgoing edge of a vertex in V1pT q.

– There is one an only one vertex w P V2pT q. One of its ingoing edge is the outgoing edge of v,
the other ingoing edges of w are entries of the tree. The outgoing edge of w is the root of the
tree.

For instance,

¨¨¨ ¨¨¨

u1 ¨ ¨ ¨ uk

¨¨¨

v
¨¨¨

w

is a composite tree.

B.5. Proposition. The forgetful functor ω : Ab‘OpΓ Ñ AbSeqΓ admits a left adjoint, the free
additive Γ´operad functor F‘ : AbSeqΓ Ñ Ab‘OpΓ.

Proof. Let M P AbSeqΓ and x P Γprq with r ě 2. We form a groupoid Tree3pxq with the object
set

tpT pb, z, a1, .., akq, µq|T P Tree3, a1, ...ak, b, z P Γ, µ P MorΓpλT pxvq, xqu ,

where T pb, z, a1, ...akq denotes a composite tree T decorated by elements
a1, ¨ ¨ ¨ , ak, b, z P Γ. The vertex u1, ..uk in V0pT q are decorated by a1, ..., ak, the vertex v P V1pT q
is decorated by z and the vertex w P V2pT q is decorated by b. For example,

¨¨¨ ¨¨¨

a1 ¨ ¨ ¨ ak

¨¨¨

z
¨¨¨

b

is a composite tree decorated by elements in Γ. The morphisms of Tree3pxq are the isomorphisms

T pfb, fz, fa1 , ¨ ¨ ¨ , fakq : T pb, z, a1, ¨ ¨ ¨ , akq Ñ T pb1, z1, a11, ¨ ¨ ¨ , a
1
k, q
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such that

λT pb, z, a1, ¨ ¨ ¨ , akq

λT pfb,fz,fa1 ,¨¨¨ ,fak q

��

µ

%%
x

λT pb
1, z1, a11, ¨ ¨ ¨ , a

1
kq

µ1

99

commutes, with fai P MorΓpai, a
1
iq, fb P MorΓpb, b

1q and fz P MorΓpz, z
1q, for all

pT pb, z, a1, ¨ ¨ ¨ , akq, µq , pT pb
1, z1, a11, ¨ ¨ ¨ , a

1
kq, µ

1q P Tree3pxq.
We set

F‘pMqpxq “ colim
T pb,z,a1,¨¨¨ ,akqPTree3pxq

T
`

Compbq,Mpzq, Compa1q, ¨ ¨ ¨ , Compakq
˘

.

By construction, F‘pMq is a Com´bimodule. The action of σ P Σprq on the term

T
`

Compbq,Mpzq, Compa1q, ¨ ¨ ¨ , Compakq
˘

indexed by pT pb, z, a1, ¨ ¨ ¨ , akq, µq P Tree3pxq with x P Γprq is given by

σ.T
`

Compbq,Mpzq, Compa1q, ¨ ¨ ¨ , Compakq
˘

indexed by pσ.pb, z, a1, ¨ ¨ ¨ , akq, σ.µq P Tree3pσ.xq. To describe the right action of Com on F‘pMq,
we first describe the right action of Γ on the composite trees decorated by elements in Γ. Let
x P Γprq, y P Γ and 1 ď i ď r. There is a functor

˝iy : Tree3pxq ÝÑ Tree3px ˝i yq

such that

¨¨¨ ¨¨¨

a1 ¨ ¨ ¨ ak

¨¨¨

z
¨¨¨

b

˝i y “

¨¨¨ ¨¨¨
¨¨¨

a1 ¨ ¨ ¨ aj ˝i1 y ¨ ¨ ¨ ak

¨¨¨

z
¨¨¨

b

if the i´th entry of the tree in the domain is the ingoing edge numbered by i1 of the vertice
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decorated by aj and

¨¨¨ ¨¨¨

a1 ¨ ¨ ¨ ak

¨¨¨

z
¨¨¨

b

˝i y “

¨¨¨ ¨¨¨

a1 ¨ ¨ ¨ ak

¨¨¨
z

¨¨¨

b ˝i1 y

if the i´th entry of the tree in the domain is the ingoing edge numbered by i1of the vertice
decorated by b. These functors induce a right action of Com on F‘pMq by composition operations

˝i : F‘pMqpxq ‘ Compyq Ñ F‘pMqpx ˝i yq.

We define in a similar way the left action of Com on F‘pMq.
There is a natural embedding ιM : M Ñ F‘pMq. It associates to z P Mpxq the decorated

tree

1 ¨ ¨ ¨ 1

z

1

P T
`

compptq,Mpzq, compptq, ¨ ¨ ¨ , compptq
˘

in the colimit which defines F‘pMqpxq, where 1 P Compptq and pt is the operad unit of Γ and
we consider the operadic unit 1 P Compeq . Finally, since an additive Γ´operad is equivalent
to a Com´bimodule (see Proposition B.2), there exists one and only one morphism of additive
Γ´operads g such that

M
f //

##

ιM ##

P

F‘pMq

g

;;

commutes for all f P MorAbSeqΓpM,P q.

B.6. Proposition. The category Ab‘OpΓ admits tF‘pGx0qux0PΓ as a set of projective generators
(see Proposition B.3 for a definition of Gx0).

Proof. According to the proof of the Proposition B.3 and the universal property of the free
additive Γ´operad,

MorAb‘OpΓpF‘pGx0q, P q » MorAbSeqΓpGx0 , P q » MorSetSeqΓpMorΣ˙Γpx0,´q, P q » P px0q

for all x0 P Γ. Therefore, tF‘pGx0qux0PΓ is a set of projective generators of Ab‘OpΓ.
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B.7. Corollary. The categories AbSeqΓ and Ab‘OpΓ are Gothendieck categories. They therefore
have enough injectives. Moreover, they have enough projectives.

Proof. All small colimits exists in AbSeqΓ and Ab‘OpΓ and filtered colimits are exact as they are
calculated pointwise. Morever, thes categories admit a set of generators so they are Grothendieck
categories.
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