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Résumé. Nous adaptons la définition des sections de Postnikov et des tours de Postnikov
des ensembles simpliciaux aux opérades simpliciales. Nous définissons ensuite des foncteurs de
cotroncation afin de filtrer la tour de Postnikov d’une opérade simpliciale par les arités et former
ainsi la double tour de Postnikov de cette opérade.

Nous introduisons un nouveau type d’opérade, les I'—opérades, ou I' désigne une opérade dans
les groupoides. Nous les utilisons pour modéliser 'action de I'opérade groupoide fondamental
d’une opérade simpliciale sur ses groupes d’homotopies et son revétement universel. Nous munis-
sons la catégorie des I'—opérades d’ensembles simpliciaux d’une structure de catégorie modele.
D’autre part, nous montrons que les ['—opérades dans la catégorie des groupes abéliens munie
de la structure monoidale induite par la somme directe forment une catégorie abélienne. Cette
catégorie abélienne fournit les coefficients pour la cohomologie équivariante opéradique que nous
étudions ensuite. Une version relative de cette cohomologie est également étudiée.

Nous définissons alors les invariants de Postnikov d’une opérade simpliciale : ce sont des
classes de cohomologie équivariante opéradique qui permettent de reconstruire inductivement et a
homotopie pres une opérade simpliciale a ’aide de sa double tour. Ce processus de reconstruction
est utilisé afin de développer une théorie de 'obstruction pour les opérades simpliciales : on peut
étendre un morphisme d’opérades simpliciales le long d’une cofibration si et seulement une suite
de classes de cohomologie équivariante opéradique relative définie inductivement est nulle.
Mots-clés : topologie algébrique, homotopie, opérades, obstruction (théorie de 1)

Abstract. We adapt the definition of Postnikov sections and Postnikov towers of simplicial
sets to simplicial operads. We then define cotruncation functors in order to filter the Postnikov
tower of a simplicial operad by arity and form the Postnikov double tower of this operad.

We introduce a new kind of operad, the I'—operads where I" denotes a groupoid operad. We
use them to modelize the action of the fundamental groupoid operad of a simplicial operad on its
homotopy groups and its universal covering. We equip the category of I'—operads in simplicial
sets with a model structure. We also prove that the I'—operads in the category of abelian groups
equipped with the monoidal structure induced by the direct sum form an abelian category. This
abelian category provides the coefficients for the operadic equivariant cohomology which we study
afterwards. Furthermore, we study a relative version of this cohomology.

We thereafter define the Postnikov invariants of a simplicial operad : these are operadic
equivariant cohomology classes which permit to reconstruct inductively and up to homotopy a
simplicial operad by the mean of its double tower. This reconstruction process is used to develop
an obstruction theory for simplicial operads : a simplicial operad morphism can be extended
along a cofibration if an only if a sequence of relative operadic equivariant cohomology classes
defined inductively vanishes.

English title : Postnikov Towers and Postnikov Invariants for Simplicial Operads
Keywords : algebraic topology, homotopy, operads, obstruction theory
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Résumé

L’objectif de cette these est de définir les tours de Postnikov et les invariants de Postnikov d’une
opérade simpliciale, puis de développer une théorie de I’obstruction pour les opérades simpliciales.

Les tours de Postnikov, introduites par M. Postnikov dans les années 50 [24], permettent de
reconstruire & homotopie prés un espace topologique a partir de ses groupes d’homotopies et de
ses invariants de Postnikov. J.C. Moore a ensuite adapté les tours de Postnikov aux ensembles
simpliciaux [23], qui modélisent de maniére combinatoire les espaces topologiques "raisonnables".
La théorie de l'obstruction est quant a elle un processus d’extension d’un morphisme de CW-
complexes ou d’ensembles simpliciaux par récurrence sur la dimension ; on peut alternativement
étudier la possibilité de relever un tel morphisme inductivement selon les étages d’une tour de
Postnikov du codomaine [30, 28].

Les opérades furent introduites en théorie de I’homotopie pour modéliser des espaces de lacets
itérés dans les années 70 [21, 3]. Elles ont connu un regain d’intérét dans les années 90 aprés qu’on
leur ait découvert des applications importantes dans de nombreux domaines des mathématiques
et notamment, en théorie quantique des champs.

1. Introduction

Tour de Postnikov et invariants de Postnikov d’un ensemble simplicial

Tout ensemble simplicial (fibrant) X est isomorphe & la limite d’une tour de fibrations

Pn

X{n) Xn—-1)——-- - —— X{0),
la tour de Postnikov de X. Les ensemble simpliciaux X {(n) sont les sections de Postnikov de
X et forment une filtration de X selon ses groupes d’homotopie : pour tout 0 < k < n, on
a mp(X{n)) = m(X) et pour tout k > n, m(X{n)) = 0. La fibre de p, est donc un es-
pace d’Eilenberg-MacLane K (m,(X),n), c’est-a~-dire un ensemble simplicial dont les groupes
d’homotopies sont tous nuls, sauf le n—iéme qui est égal & 7, (X).

On peut déduire & homotopie pres la n—iéme section de Postnikov de X de la (n — 1)—éme
section au moyen du carré cartésien homotopique

X{ny > hocolimr L(7,(X),n + 1)

Pn

\
X{n—-1) . hocolimr K (m,(X),n + 1)

ou I' est le groupoide fondamental de X et k, un morphisme qui représente une classe de
cohomologie équivariante appelée n—ieme invariant de Postnikov de X. L’ensemble simplicial
L(mp,(X),n + 1) est contractile et tel qu’il existe une suite de fibration

K(mn(X),n) = L(mn(X),n + 1) = K(m0(X),n + 1).

On peut donc reconstruire X a homotopie pres a partir de ses groupes d’homotopie et de
ses invariants de Postnikov ; autrement dit, le type d’homotopie d’un ensemble simplicial est
entierement déterminé pas ses groupes d’homotopies et ses invariants de Postnikov.
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Résumé

Opérades

Une opérade modélise les structures d’algebres sur une catégorie monoidale symétrique (M, ®) :
elle est constituée d’objets représentant des opérations comportant un nombre fini d’entrées et
une sortie. Elle est de plus munie d’une structure indiquant comme composer de telles opérations.

L’exemple prototypique d’opérade est End(E) = {Morset(E", E)},~,, 'opérade des endo-
morphismes d’un ensemble E. Les morphismes

de Morge (E", E) représentent des opérations d’arité r, autrement dit, des opérations & r entrées.
On peut composer ces opérations au moyen de morphismes

it Morget (E™, E) x Morget (B, E) —> Morget(E" 71 E)
définis pour tout r,s > 1, 1 < i < r par

foi g(xla"' 7$T+571) = f(xla"' 7xi717g(xia' o 7xi+871)7xi+87"‘7xr+871)

et on dispose de plus d’une action du groupe symétrique & r éléments sur Morger (E", E) qui
correspond aux permutations des entrées des opérations.

Plus généralement, une opérade est une collection d’objets O(r) € M pour tout » > 1, munie
d’une action du groupe symétrique a r éléments sur O(r), avec des morphismes de composition
0; : O(r) ® O(s) = O(r + s — 1) et d’un morphisme d’unité 1 — O(1) avec 1 I'unité monoidale
de M qui vérifient des axiomes d’équivariance, d’associativité et d’unité inspirés des relations
présentes dans l'opérade des endomorphismes.

On munit un objet E de M d’une structure de O-algebre en faisant agir 'opérade O sur E,
c’est-a-dire, en se donnant un morphisme d’opérade de O dans End(E). Il existe par exemple
une opérade Com dans la catégorie des modules telle qu'une Com—algebre soit une algebre
commutative. Les opérades sont donc aux algebres ce que les groupes sont aux représentations
de groupes.

Une opérade simpliciale est une opérade dans la catégorie des ensembles simpliciaux.

2. Tour de Postnikov d’une opérade simpliciale

La définition des tours de Postnikov pour les opérades simplicales est aisée car la collection des
n-iémes sections de Postnikov (P(r){n)),>1 d’une opérade simpliciale P hérite de la structure
d’opérade de P.

Comme nous le verrons plus tard, la définition des invariants de Postnikov d’une opérade
simpliciale et par conséquent son processus de reconstruction au moyen de sa tour de Postnikov
présente des difficultés. On introduit donc des foncteurs de cotroncation coarg, : sOp — sOp
pour tout r > 1, tels que

is<
coargy P(S) — { P(S) S1S<T,

pt sinon

et ou 'ensemble simplicial pt modélise le point. On utilise ensuite ces foncteurs pour filtrer la

vi
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3. Invariants de Postnikov d’une opérade simpliciale

tour de Postnikov de P selon les arités et obtenir la double tour de Postnikov de P :

] |

coar<y,

=P+ 1n+1)—>Plrn+ 1) —> — P n+1)

p7'+1,n+li pr,n+1l pl,n+1l

o ——> Pl + 1,n) —="> P(r,n) . P(1,n)

i i l

] |

coarg,

i P{r +1,0) ———— P{r,0) P(1,0),

qui nous permettra par la suite de contourner ce probleme de reconstruction.

3. Invariants de Postnikov d’une opérade simpliciale

Rappelons brievement la construction des invariants de Postnikov d’un ensemble simplicial X
— pour plus de détail, on se reportera a [10]. Soit I' le groupoide fondamental de X et A un
I-groupe abélien. On note CF (X, A) 'ensemble des applications « telles que

hocolimr A,, = ]_[ A(xo)

N

BT,

x9g—...—>x,€BT,

commute, avec BI' le nerf du groupoide fondamental I'. La famille d’ensembles CP(X, A) est
munie d’une structure de groupe abélien cosimplicial ; la cohomologie associée HP(X; A) est la
cohomologie équivariante de X & coefficients dans A.

On peut également définir une cohomologie équivariante relative et obtenir une suite exacte
longue associée. Si on considére en particulier la fibration p,, : X(n) — X{n — 1) extraite de la
tour de Postnikov de X, la suite exacte longue de cohomologie équivariante relative associée a
pn et & coefficients dans 7, (X) se restreint a la suite exacte

P*

0—— H{i(X<n —1) 7rn(X)) ——— HP (X<n>; 7rn(X)) —— Moryr (7rn(X), mL(X))

4 (X = 13 (X))~ HEH (X ), (X))

comme on a
HE(X{n — 1), X{n);mp (X)) = 0
sik<net

H{f“(X(n — 1), X{ny; (X)) =~ Mor,,r (ﬂn(X>,7Tn(X)).

vii
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Résumé

Remarquons au passage que m,(X) est munie d’une structure de I'—groupe abélien par I’action
usuelle du groupoide fondamental sur les groupes d’homotopie. On définit alors le n—ieme invari-
ant de Postnikov de X comme limage par d de id € Moryr (m,(X), 7, (X)) dans
HE (X n = 15 ma(X).

D’autre part, la cohomologie équivariante de X & coeflicients dans A se ramene & la coho-
mologie a coefficients dans A de XY, un I'—diagramme de revétements universels de X. On a
de plus une adjonction de Quillen

—V :sSet | BT <5 sSet! : hocolimp

entre les foncteurs de revétement universel —V et le foncteur hocolimr, avec sSet | BT la catégorie
des ensembles simpliciaux au dessus du nerf du groupoide fondamental BT et sSet! la catégorie
des I'—ensembles simpliciaux. Le n—iéme groupe de cohomologie équivariante HJ(X; A) est
donc isomorphe au groupe abélien formé par les classes d’homotopie de morphismes de X dans
hocolimr K(A,n). En particulier, on peut associer a k,, le n—éme invariant de Postnikov de
X, un morphisme de X{n — 1) dans hocolimr K (m,(X),n + 1) unique & homotopie prés. C’est
précisément ce morphisme que 1’on utilise pour former le carré cartésien homotopique mentionné
plus haut et qui permet de déduire la n—iéme section de Postnikov de la (n—1)—iéme & homotopie
pres.

I'-opérades

Remarquons  tout d’abord que la  collection des groupoides fondamentaux
m(P) = (m(P(r))),>; d'une opérade simpliciale P hérite d’une structure d’opérade dans les
groupoides. Pour adapter la définition des invariants de Postnikov au contexte des opérades sim-
pliciales, il nous faut étre capable de décrire Daction de w(P) sur les groupes
d’homotopies de P et sur le revétement universel de P.

Pour ce faire, on se donne plus généralement une opérade I" dans les groupoides. Une
I'—opérade O dans une catégorie monoidale (M,®) est une collection de foncteurs
(O(r) : T'(r) = M),>1 munie de transformations naturelles qui décrivent sa structure de compo-
sition. Plus précisément, O est une collection d’objets O(x) de M pour tout x € I'(r), r = 1 et
d’isomorphismes O(¢) de M pour tout ¢ € Morr(z,y), z,y € T'(r), r = 1 avec de plus :

— des isomorphismes o, : O(z) — O(o.x) pour tout o € X(r), x € I'(r), r = 1 décrivant 'action
des groupes symétriques ;
- des produits de compositions

0; : O(2) ® O(y) — O(x 0; y)

pour tout r,s = 1, 1<i<r,zel(r),yel(s);
— une unité
n:1—0(1)

avec 1 I'unité monoidale de M et 1 I'unité de I'.
Les morphismes d’unité, de compositions et d’action des groupes symétriques doivent satisfaire
des conditions de compatibilité avec les morphismes P(¢) ainsi que des axiomes d’équivariance,
d’associativité et d’unité similaires aux axiomes d’une structure d’opérade usuelle. Signalons que
si I' est triviale, une I'-opérade se ramene a une opérade usuelle.

Si 'on revient au cas d’une opérade simpliciale P, alors pour tout & > 1, la collection
(wk(P)(x))xe p, €st une 7(P)-opérade dans (Ab,®), la catégorie des groupes abéliens munie de la
structure monoidale induite par la somme directe. On montre que cette catégorie est abélienne
et pourra donc bien fournir les coefficients pour la cohomologie équivariante opéradique.

viii
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3. Invariants de Postnikov d’une opérade simpliciale

D’autre part, la collection (PY(x))zep, des revétements universels est également une 7(P)-
opérade et on a une adjonction

—V :s0p | BT & s0p" : hocolimr,

avec s0p' la catégorie des I'—opérades dans les ensembles simpliciaux et sOp | BT la catégorie
des opérades simpliciale au dessus de BT — la collection (BT'(7)),>1 des nerfs étant munie d’une
structure d’opérade simpliciale héritée de la structure d’opérade dans les groupoides de I'. On
définit une structure de catégorie modele sur sOp | BT ot les équivalences faibles (respectivement,
les fibrations) f : P — @ sont les morphismes tels que f(z) : P(x) — Q(z) est une équivalence
faible (respectivement, une fibration) de sSet pour tout z € I'(r), r > 1; les cofibrations sont
les morphismes de sOp" qui ont la propriété de relevement & gauche relativement a la classe des
fibrations acycliques. L’adjonction

\%

—V :s0p | BT & s0p' : hocolimy

est une adjonction de Quillen pour cette structure de catégorie modele et la structure de catégorie
modele de s0p | BT induite par la structure de catégorie modele de sOp [8].

Cohomologie opéradique équivariante

On adapte la définition de la cohomologie équivariante d’un ensemble simplicial au cas des
opérades simpliciales de la maniére suivante : si P est une opérade simpliciale, I' une opérade
dans les groupoides et A une I'-opérade dans (Ab, @), on note CJ (P, A) 'ensemble des morphismes
d’opérades ensemblistes a tels que

hocolimr A4,, = ]_[ A(zo)

N

BT,

ro—...—~>xr, BT,

commute, avec BI' le nerf de 'opérade dans les groupoides I'. La famille d’ensembles CR(P, A)
est munie d’une structure de groupe abélien cosimplicial. La cohomologie associée Hp(P; A) est
la cohomologie équivariante de P a coefficient dans A — en pratique, I' sera 'opérade groupoide
fondamentale de P et A sera la T'-opérade i (P) des groupes d’homotopie supérieures de P pour
k=2

Comme dans le cas des ensembles simpliciaux, il y a un isomorphisme de groupes abéliens
cosimpliciaux

CI:(Pa A) = 1v[0rSetDpF (Pv'a A)

et a l'aide de l'adjonction de Quillen entre le foncteur de revétement universel et le foncteur
hocolimr, on établit I'existence d’isomorphismes

Hp (P, A) ~ [P, hocolimp K (4, n)]

sOp| Bl

pour tout n = 0.
On définit également une version relative de la cohomologie équivariante opéradique et on
montre qu’il existe une suite exacte longue associée.

ix
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Résumé

Invariants de Postnikov opéradique

L’étude de la suite exacte longue de cohomologie équivariante associée a la fibration
plny : P{ny — P{n — 1) entre les sections de Postnikov d’une opérade P montre qu’on ne
peut définir dans le cas général les invariants de Postnikov de P comme dans le contexte des
ensembles simpliciaux car on ne peut identifier Hp+*(P(n — 1), P{(n); 7, (P)) au groupe abélien
des morphismes de 7, (P) dans lui méme.

Par contre, le probléme ne se présente plus lorsque 'on suppose que les coefficients de la
cohomologie équivariante sont concentrés en une arité car la cohomologie équivariante opéradique
se restreint alors a la cohomologie des indécomposables de P. C’est notamment le cas si on
considere le carré

P{r,n) - P{r—1,n)
e . _
P<r,n1>/ Pir—1,n—1)

extrait de la double tour de Postnikov de P avec @) le pullback

Plir,n—1) X P{r—1,n);
P{r—1,n—1)

notons m, (P(r)) la '-opérade additive concentrée en arité r formée par la collection de groupes
d’homotopies (7, (P()))zep(r),- La suite exacte longue de cohomologie opéradique équivariante
relative associée a p,p & coefficients dans m, (P (7)) se restreint a

0 ——Hp (Q7 Wn(P(T'))) i> Hp (P<T, ny; W,L(P(Y'))) —— Mor s« (7Tn(P(7'))7 T (P(r)))

p_f’f) H;H'l (P<T’, ny, Wn(P(T)))‘

HIY(Q, o (P(r)))

On appelle alors (r,n)-itme invariant de Postnikov de P et on note k., l'image de
id € Moryyswre (mn(P(r)), 7, (P(r))) dans HEH(Q;m,(P(r))) par d.

4. Théorie de 1’obstruction

Si on considere de nouveau le carré extrait de la double tour de Postnikov de P, le théoréme
suivant permet de déduire P{(r,n) des trois autres termes du carré a& homotopie pres :

Théoréme A. Soit P une opérade simpliciale fibrante. On note U'<, la r-éme cotruncation de
I'=n(P) et Q le pullback

Pir,n—1) X P{r—1,n).
P{r—1,n—-1)

Pour tout r,n = 2, soit m,(P(r)) la T'—opérade additive concentrée en arité r. Il existe un
remplacement cofibrant @ de

Pirom—1, X Po—1,n)
P{r—1,n—1)

© 2018 Tous droits réservés. lilliad.univ-lille.fr
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4. Théorie de l'obstruction

et un morphisme d’opérade p,, tel que

Prn) > Q

NT TN

Plr,n)y = Q

commute dans sOp | B <r.
De plus, le carré dans sOp | Bl <r

P{r,ny > hocolimp_, L(m,(P(r)),n+ 1)

Pr,n
\

Q —— hocolimr_, K(m,(P(r)),n +1)

est un carré cartésien homotopique.

Signalons que dans ce théoréme, P{(r,n) désigne un remplacement cofibrant de P{r,n). Il est
donc théoriquement possible sous les hypotheéses de ce théoréme de reconstruire a homotopie pres
une opérade simpliciale P inductivement selon les diagonales de sa double tour de Postnikov. En
pratique, ce procédé de reconstruction permet de développer une théorie de I'obstruction pour
les opérades simpliciales :

Théoréme B. Soit R une opérade simpliciale fibrante et notons I' 'opérade groupoide fonda-
mental m(R) de R. Soit également P,Q € s0p | BT avec P cofibrant et considérons un morphisme
f: P — R et une cofibration i : P — Q dans s0p | BI'. Il existe un morphisme f': Q — R tel
que le diagramme

p—onr

v

Q

commute si et seulement si tous les termes d’une certaine suite de classe de cohomologie opéradique
équivariante wy., € HF“(Q, P;m,(R)(r)) definie inductivement pour tout n,r = 2 sont nuls.

Xi
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Introduction

Postnikov towers, introduced by M. Postnikov in [24] (see also [30]) give a way to reconstruct
up to homotopy a topological space inductively from its homotopy groups and some classes
of equivariant cohomology, the Postnikov invariants or k-invariants. J.C. Moore has adapted
Postnikov towers to simplicial sets (see [23], [20] or [10] for a modern account). An important
application of this construction is an alternate way to develop obstruction theory (see [30] or
[28]): instead of trying to extend a given simplicial morphism inductively on dimension, we can
try to extend a simplicial morphism inductively through a Postnikov tower of its codomain.

The aim of this thesis is to define an analogous construction and an obstruction theory for
simplicial operads.

We briefly remind the classic theory. A Kan complex X is isomorphic to the limit of a tower
of fibrations

Pn

X{n) X{n—1)——-.. —— X(0),

the Postnikov tower of X. The simplicial sets X{(n), the Postnikov sections of X, realize a
filtration of X according to its homotopy groups : for all 0 < k < n, we have 7, (X{n)) = m(X)
and for all & > n, 7, (X{(n)) = 0. The fiber of p, is an Eilenberg-MacLane space K (m,(X),n).
The space X can be inductively reconstructed up to homotopy with the help of a homotopy
pullback square

X{n)y > hocolimr L(m,(X),n + 1)

Y
X{n —1) —— hocolimrp K (m,,(X),n + 1),

where IT" is the fundamental groupoid of X, k, is a morphism which represents an equivariant
cohomology class, namely, the n—th Postnikov invariant of X. The space L(m,(X),n + 1) is
contractible and such that there is a fibration sequence

K(mn(X),n) = L(mn(X),n + 1) = K(m0(X),n + 1).

Our goal is to extend these results to operads.

The definition of Postnikov towers for simplicial operads is easy since the Postnikov sections
P{n) of a fibrant simplicial operad P inherit an operad structure. In contrast, the definition of
the Postnikov invariants of a simplicial operad and therefore the reconstruction process of its
Postnikov tower raises difficulties. To bypass this problem, we filter the Postnikov sections of P
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by arity and construct a Postnikov double tower

coar<,

co——=Pr+1n+1)y—=Prn+1l)y—--—=P{1,n+1)

Pr+1,n+1 Pron+1 P1,n+1

coar<,

P{r+1,n) P{r,ny - P{1,n)

i i i

]

Plr+1,0) —="~ P(r,0) P(1,0)

where
Plny(k) ifk<r
pt else.

Pryny(k) = {

In the case of a simplicial set X, we have to keep track of the action of the fundamental
groupoid II(X) on the homotopy group 7 (X) and the universal covering XV of X. We therefore
introduce I'—operads to take into account the action of the fundamental groupoid operad T’
of a simplicial operad P on its homotopy groups and universal covering. The collection of
its homotopy groups m(P(x)) for all point  in P form an additive I'—operad with T the
fundamental groupoid operad of P. We use this collection as coefficients for the operadic version
of the equivariant cohomology which we define afterwards.

This operadic equivariant cohomology serves as receptacle for the Postnikov invariants. More
precisely, if we consider the commutative square extracted from the Postnikov double tower :

P{r,ny ——— P{r — 1,n)

Plr,n—1)——P{r—1,n—1),

the (r,n)—th Postnikov invariant of P is a class of relative operadic equivariant cohomology k.,
associated to the filling morphim

prn: P{ryny - P{r,n—1, X P{r—1,n).
P{r—1,n—1)

We compare k(f), the operadic Postnikov invariant of a simplicial operad morphism f, and
k(f(r)), the Postnikov invariant of the simplicial set morphism f(r). The obvious functor
ar, : sOp — sSet which maps a simplicial operad P to the simplicial set P(r) induces a morphism
between equivariant cohomology groups, which maps k(f) to k(f(r)).
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Then our main result reads as follows. If we consider again the square previously extracted
from the Postnikov double tower, the following theorem allows reconstructing up to homotopy
P{r,n) from the three other simplicial sets in this square :

Theorem A. Let P be a fibrant simplicial operad. We denote by U<, the r—cotruncation of T’
and by @Q the pullback
Pr,n—1y X P{or—1,n).

P{r—1,n—1)

For all r,n = 2, let m,(P(r)) be the additive I'—operad concentrated in arity r. There is a
cofibrant replacement @ of

Pir,n—1y X P{r—1,n)
P{r—1,n—1)

and an operad morphism pr, so that

Prny - Q

1 b
Plryn) —=Q

commutes in sOp | B'<r.
Moreover, the square in sOp | Bl <r

P{r,n) > hocolimp_, L(m,(P(r)),n + 1)

Pr,n
\

Q — > hocolimr_, K(mp(P(r)),n + 1)

is a homotopy pullback square.

It is therefore theoretically possible under the assumptions of this theorem to reconstruct up
to homotopy the simplicial operads P inductively from its double tower, diagonal after diagonal.
Practically, this reconstruction process permits to develop an obstruction theory for simplicial
operads :

Theorem B. Let R € s0p be such that R is fibrant and T' = w(R). Let also P,Q € s0p | BT

with P cofibrant. We consider a morphism f : P — R and a cofibration i : P — @ in s0p | BT.
There is a morphism f': Q — R such that the diagram

p—onr

IV

Q

commutes if and only if a sequence of operadic equivariant cohomology class
Wy, € HEYHQ, Py, (R)(r)) defined recursively for all n,r > 2 vanishes.
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We first give a reminder in section 1 about simplicial sets, operads and homotopy limits. For
our purpose, we notably review the definition of coverings of simplicial sets in connection with
the fundamental groupoids. We explicitly describe the structure of operads in groupoids as well.

We define in section 2 the Postnikov sections of a simplicial operad, as well as its Postnikov
tower and its Postnikov double tower.

The section 3 is devoted to the definition of I'—operads.

We describe in section 4 the model structure on the new operad categories introduced in this
thesis. We establish among other things that the category of I'—operad in simplicial sets has
a model structure where the weak equivalences (respectively, the fibrations) are the pointwise
weak equivalences (respectively, the pointwise fibrations) in sSet.

The section 5 deals with the coverings of a simplicial operad. We define a covering functor
from the category sOp | BT of simplicial operads over the nerve of a groupoid operad I" to the
category sOp' of simplicial I'—operads. We prove that the covering functor is left adjoint to the
homotopy colimit functor. Moreover, this adjunction is a Quillen one.

We establish in section 6 that the additive '—operad (explicitly, the I'—operad in the category
of abelian groups equipped with the monoidal structure provided by the direct sum) form an
abelian category. This is important because, if we consider a simplicial operad P, the collection
of its homotopy groups 7 (P(z)) for all point z in P form an additive '—operad, and we use
this collection as coeflicients for the operadic equivariant cohomology.

The purpose of section 7 is the definition of the operadic equivariant cohomology. After
defining it, we demonstrate that HJ*(P;A) is isomorphic to the group of homotopy class of
morphisms [PV, K(A,n)]spr from PV, the universal covering of P, to K(A,n), an Eilenberg-
MacLane I'—operad. We also define a reduced and a relative version of the operadic equivariant
cohomology, and give a universal coefficient theorem when the coefficients are concentrated in
one arity r. Note that under this assumption, HJ'(P;A) reduces to the cohomology of the
indecomposables of P in arity r with coefficients in the I'—symmetric sequence in abelian groups
A(r).

We then define in section 8 the Postnikov invariant of a simplicial operad morphism and
thereafter the Postnikov invariants of a simplicial operad P.

In section 9, we compare k(f), the operadic Postnikov invariant of a simplicial operad mor-
phism f, and k(f(r)), the Postnikov invariant of the simplicial set morphism f(r).

We finally prove theorems A and B in section 10.
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1. Conventions and background

We review classical results on simplicial sets, operads and homotopy limits. We also introduce
the notation and terminology used throughout this thesis.

1.1. Simplicial sets and related

1.1.1. Simplicial sets. As usual, we denote by A the simplicial indexing category. We let
A~ denote the subcategory of A with the surjective map as morphisms; equivalently, A~ is the
subcategory whose morphisms are generated by the degeneracies.

We denote by sSet the category of simplicial sets, and more generally, if C is a category, we
denote by sC the category of simplicial objects in C and cC the category of cosimplicial objects
in C. Formally, sC is the category of A°P—diagrams. We also denote by s~C the category of
A~ _diagrams in C. We adopt the notation -, : sC — s~C for the obvious forgetful functor.

We consider the category of differential non-negatively lower graded abelian group dg.Ab
(also know as the category of chain complexes) equipped with its usual model structure (see [13,
2.3]).

We use the notation

for the normalization functor, which is defined in degree n by the quotient over the image of the
degeneracies

X
50(Xn—1) + o + 5p—1(Xpn—1)

NTL (X) = )
for all X € sAb. The differential 6 of N,(X) is the alternating sum of the faces of X. The
homology of the simplicial set X is defined by He(X) = H(N.(X)).

We equip sSet with the usual Kan model structure (see [25, I11.3, Theorem 3] or [10, Theorem
1.11.3]).

The homotopy groups of a Kan complex X can be defined in a purely combinatorial way
(see [10, 1.7]), but this definition does not hold for a non-fibrant simplicial set. We therefore
set mx(X,x), the k—th homotopy group of the simplicial set X at the basepoint = in Xy as
7 (| X|, z), the k—th homotopy group of the geometric realization |X| of X at the basepoint x
in | X (see [10, 1.2]).

Similarly, we define the fundamental groupoid 7(X) of a simplicial set X as the full subcate-
gory of the fundamental groupoid 7 (] X|) of the geometric realization | X| of X with ob (7(X)) =
Xo.

1.1.2. Cosimplicial abelian group. We denote by cAb the category of cosimplicial abelian
groups. Formally, cAb is the category of A—diagrams in Ab.

We also consider the category of differential non-negatively upper graded abelian group dg*Ab
(also know as the category of cochain complexes), which is equipped with the following model
structure :

— the weak equivalences are the morphisms which induce an isomorphism on cohomology;
— the cofibrations are the morphisms which are injective in positive degrees;
— the fibrations are the morphisms which are degreewise surjective with injective kernel.

We use the notation

N* : cAb — dg*Ab
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for the conormalization functor, which is defined in degree n by the intersection of the kernel of
the codegeneracies

NT(X) = [ (X7
i=0

for all X € cAb. The differential § of N*(X) is given by the alternate sum of the cofaces of X.
The cohomology of the cosimplicial abelian group X is defined by H*(X) = H*(N*(X)).

There is a Dold-Kan equivalence between dg*Ab and cAb. We do not use it in this thesis,
but we nevertheless mention it as it allows to transport the model structure on dg*Ab to cAb.
Explicitly, in the category of cosimplicial abelian groups :

— the weak equivalences are the morphisms which induce an isomorphism on cohomology;
— a morphism f: S — T is a cofibration if N* f : N*S — N*T is injective in positive degrees;
— the fibrations are the morphisms which are surjective dimensionwise.

1.1.3. Universal covering system. We now describe universal coverings of simplicial sets
by means of local coefficient systems — for a comprehensive account, see [10, VI]. We denote by
B : Grd — sSet the nerve functor from the category of groupoids to the category of simplicial
sets. Let I' € Grd. The category sSet" of I'—simplicial sets and the category sSet | BT of
simplicial sets over BI' both admit a model structure induce by the Kan model structure on
sSet :

— a morphism ¢ € Morgger (X,Y) is a fibration (respectively, a weak equivalence) if, for all
z €ob (T), ¢, : X(x) — Y(x) is a fibration (respectively, a weak equivalence) in sSet; the
cofibrations are the morphisms which have the left lifting property with respect to the acyclic
fibrations.

— A morphism ¢ € Morgget pr(X,Y) is a fibration (respectively, a cofibration, a weak equivalence)
if ¢ is a fibration (respectively, a cofibration, a weak equivalence) in sSet.

There is a functor

hocolimr : sSet” — sSet | BT

with, for all X € sSet” and n > 0,

hocolimr X,, = H X(zo)n.

ro—...—x, BT,

This functor admits a left adjoint, the universal covering system functor
—V :sSet | BI —> sSet’
such that, for all z € T', XV (z) is defined by the pullback

XV (z) >B(T | x)

.

X — BT

In addition, the pair (—,hocolimr) defines a Quillen adjunction.
Note that we can define in the very same way functors

hocolimr : s Set’ —> s~ Set | BT

and -
—V :8 Set | Bl —> s~ Set
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such that there is an adjunction
—V :s8 Set |B[ s Set' : hocolimr,
Morever, we have for all X € sSet | BT
(X7 = (Xp)"

and for all Y € sSet?
(hocolimr Y'), = hocolimp(Y}).

1.1.4. The Dold-Kan equivalence. Recall that the simplices A™ are defined by the functors
Mora (—,n) for all n = 0 and form a cosimplicial object A® in the category of simplicial sets.
The Yoneda lemma implies that X,, >~ Morgge (A", X) for all n > 0.

We denote by [y] € N, X the class of y € X. There is an identity

SEGA X, @ N, A" = N.X (1)
2®[0: k—nle(Xn@NA"), —> [0%(2)] € NpX

(see [8, I1.5.0.11].)
Let

D, : dg.Ab — sAb
denotes the Dold-Kan functor. For all Y € dg,Ab, there is a natural isomorphism
D.Y =~ MOI’dg*Ab(N*A., Y)

where the faces and the degeneracies of the simplicial abelian group Morgg, w(NzA®Y) are
induced by the cofaces and the codegeneracies of the cosimplicial object A® (see [8, I11.5.0.7]).
The functors (N, D.) are adjoint to each other:

Ny : sAb 2 dg.Ab: D, .

This adjunction relation actually gives an equivalence of categories (the Dold-Kan equivalence).
The natural isomorphism of this adjunction

p i Morgg, an(Ny X, Y) ~ Morag, an (X, Morgps (N A®,Y))

is given by p(f)(x)([o]) = f([o*x]) for all f € Morgg, aw(NxX,Y),z€ X ando : k > ne A}. In
other words, p(f)(z) € Morgg,an(N+A®,Y) is the composite

1) f

N, A" @ N,LA? N. X Y

[0] —— 2z ®[o]! [o*x] 1 f([o*z]).

Moreover, this adjunction is a Quillen equivalence of categories when we equip sAb and dg..Ab
with their usual model structures (see [10, Theorem III1.2.6 and II1.2.11] and [13, 2.3]).
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1.2. Operads

Operads were originally introduced to study iterated loop spaces by Boardman and Vogt in [3]
and by May in [21] — for a comprehensive account about operads, see [19]. We mostly deal with
operads in simplicial sets for the definition of the Postnikov towers. We however use operads in
other base categories, so we define them in a general symmetric monoidal category M. We use
the classical simplicial set notation for colimits and limits in M :

— (& is the initial object;

— * is the terminal object;

— ] ] denotes the coproduct.

in addition, ® and 1 respectively denotes the tensor product and the monoidal unit in M.

1.2.1. Operads. For us, an operad whitout further precision denotes a symmetric connected
operad without arity zero term. Thus, an operad P in the base category M is a collection of
objects P(r) € M for all r > 1 equipped with :
— an action of the symmetric group on r elements ¥ (r) on P(r) for all r > 1;
— composition products

o; : P(r)® P(s) > P(r+s—1)

forallr,s >1and 1 <7<

— a unit morphism 7 : 1 — P(1).
Operads satisfy equivariance, associativity and unit axioms (see [8, 1.22]).

In what follows, we assume in addition that our operads satisfy a connectedness condition
P(1) =1.

We denote by MOp the category of connected symmetric operads without arity zero term
operads in the base category M.

The initial object of MOp is the unit operad I, such that I(1) =1 and I(r) = & for all r > 2.
If M is a cartesian monoidal category, the terminal object of MOp is the operad pt, such that
pt(r) = 1 for all 7 > 1. If M = (Ab,®), we rather denotes Com the operad in Ab®0p such that
Ab(r) =1 for all > 1 since a Com—algebra is a commutative algebra (whitout unity).

1.2.2. Simplicial and groupoid operads. There is an equivalence of categories between
the category sSetOp of operads in simplicial sets and the category s(SetOp) of simplicial ob-
jects in set-based operads. We therefore call simplicial operad an operad in simplicial sets
and simply denotes sOp the category of simplicial operads. The category sOp inherits a sim-
plicial model structure from the usual Kan model structure on simplicial sets (see [8, I1.8.2]).
A morphism ¢ € Morgg, (P, Q) is a fibration (respectively, a weak equivalence) if, for all r > 1,
@(r) : P(r) — Q(r) is a fibration (respectively, a weak equivalence) in sSet; cofibrations are mor-
phisms which have the left lifting property with respect to the acyclic fibrations. A simplicial
operad P is therefore fibrant if, for all » > 1, P(r) is a Kan complex.

A groupoid operad T is an operad in (Grd, x), the category of groupoids equipped with the
cartesian product. Therefore, T" is a collection of groupoids I'(r) for all » = 1. In this context,
— for all » = 1 and o € X(r), the action of ¢ is a functor o : I'(r) — I'(r);

—for all s > 1 and 0 < i < r, the i—th composition product is a functor
0 : T(r) x D(s) = T(r +5 — 1);
— We have I'(1) = pt.
By abuse, we simply denote by I' the set ( J,.., ob I'(r) and we set Morr(x,y) = Morp((,y)
for short when we assume z,y € I'(r).
The fundamental groupoid functor

7 : sSet — Grd
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extends to a functor

7 : s0p — GrdOp

because, for any simplicial operad P, the collection (m(P (r)))r2 , of fundamental
groupoids of P calculated aritywise inherits a structure of groupoid operads. Since the groupoids
we consider in this paper are in a practical way fundamental groupoids, and since we assume that
the simplicial sets we consider are connected, we assume by convention that all the groupoids we
pick are connected.

If T is a groupoid operad, then the collection of the nerves BT'(r) is equipped with a structure
of operads : the action of the symmetric groups is a consequence of the functoriality of the nerve.
The nerve functor B : Grd — sSet is strongly monoidal, so there are natural isomorphisms
BT'(m) x BT'(n) ~ B(I'(m) x I'(n)). The composition products on the collection BT'(r) are the
composites of these isomorphisms with the morphisms B(I'(m) xI'(n)) — BI'(m+n—1) induced
by the composition products of the groupoid operad I'. Explicitly, we have :
~forallr=>1,n>0,20— .. >z, € B[(r), and 0 € &,

0.(Tg = .. > Tp) = 0.Tg = ... > O.Ty;
—foralls>1,1<i<rand yg— .. > yn € BT(s),,
(o = oo = T0) 0 (Yo = - = Yn) = T0 % Yo = -+ = Tn O Yn-

Therefore, the nerve functor

B : Grd — sSet

extend to a functor

B : Grd0p — s0p.
Note that BT is fibrant because it is aritywise (see [10, Lemma 3.5]).

1.2.3. Symmetric sequences. In order to define free operads in the next subsection, we need
to define the category MSeq of (connected) symmetric sequences in a base category M. Let first
denote by ¥ the groupoid of finite ordinals r = {1 < ... < r} with » > 2 and such that

B %) ifr #s,
MOTE(K’ §) - { E(r) otherwise.

A (connected) symmetric sequence in M is a ¥ —diagram in M. In other terms, M is a collection
of objects M(r) € M with an action of the symmetric group X(r) on M(r) for all » = 2. Note
that an operad can equivalently be defined as a symmetric sequence equipped with composition
products.

For all r > 2, we let MSeq(r) denotes the category of objects in M under an action of the
symmetric group on r elements X(r).

1.2.4. I'—operads. In order to define operadic Postnikov invariants of an operad P, we will
need another category of operads which takes into account the action of the fundamental operad
groupoid I' of P on the homotopy groups and the universal covering of P : this is the category
MOp" of I'—operads in M. We define this category in section 3.
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1.3. Free operads, coproduct of an operad with a free operad

We now describe the free operads and the coproduct of an operad with a free operad by means
of decorated trees. For a complete account about trees, free operads, semi-alternate two-colored
trees and operad coproducts, see [8, Appendix A]. We assume in this subsection that all colimits
exists in the symmetric monoidal category (M,®, 1) and that the tensor product distributes over
colimits. We adopt the base set notation \/ for the coproduct of operads as opposed to | [ used
for the coproduct in M.

1.3.1. Trees. The operad Tree € Set0p is the operad of trees, where we consider oriented trees

with one outgoing edge labelled by 0, the root, r ingoing edges labelled by integers from 1 to 7,

the leaves, and such that each vertex has at least two ingoing edges and one outgoing edge :

— The action of the symmetric group is provided by the reindexation of the leaves.

— The i—th composition product is provided by the grafting of the outgoing edge of one tree on
the i—th leave of another tree up to relabeling the leaves of the resulting tree. For instance

2 3
2 1
1 2 (2) 1
3 D,
og (Vo) - 4 CHI
0 )
0
0
1
— The unit is the tree | without vertex and with one edge from its only leave to its root.

0

Let T € Tree; we denote V(T') the set of vertices of T.

Let M € MSeq. A tree T € Tree decorated by objects in M is a treewise tensor product of
objects (zy)vev(ry € M such that x, € M(r,), where r, is the number of ingoing edges of v.
Moreover, if M is an operad, we denote by Ar(x,) the element of M obtained by composing the
objects (z)yev () in M according to T'. For example, if

with 24, 2y, € M(2), then Ap(z,) = (3 1).(2y, 02 Ty, ). We denote T(M) the set of all possible
decorations of T' by objects in M.

We have the following theorem :

10
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1.8. Free operads, coproduct of an operad with a free operad

1.3.2. Theorem (S. Ginzburg and M. Kapranov [9]; see also [8, Appendix A]). The forgetful
functor w : MOp — MSeq which associates to an operad P the symmetric sequence (P(r));>2 ad-
mits a left adjoint I, the free operad functor, such that, for all P € MOp and f € Morygeq(M, w(P)),
there is one and only one ¢y € Morygy (I (M), P) that makes the following diagram commutes :

Moreover, for all v = 2, we have

F(M)(r)= [] T(M)

TeTree(r)
where the coproduct ranges over the trees with r leaves.

1.3.3. Corollary. Let P € MOp. The restriction of the free operad functor F : MSeq — MOp to
the overcategory MSeq | P is left adjoint to the forgetful functor w : MOp | P — MSeq | P.

Proof. Straightforward consequence of the universal property of the free operad. O

1.3.4. Semi-alternate two-colored trees. A semi-alternate two-colored tree T is a tree with
a partition of its vertices in two sets V(T') = Vo(T) [ [ Ve(T'), the set of white vertices and the
set of black vertices, such that there is no edge between two black vertices. For instance,

1 3 6

2 5 4

N\

is a semi-alternate two-colored tree.

Let M € MSeq and P € MOp. A semi-alternate two-colored tree T  decorated by objects in
P and M is a treewise tensor product of objects ((%)UGVO(T)7 (%’)v/eV.(T)) over T such that
x, € M(r,) if the white vertex v has r, ingoing edges and z!, € P(r,/) if the black vertex v" has
T, ingoing edges. We denote T'(P, M) the set of all possible decorations of T' by objects in P
and M.

1.3.5. Theorem (Fresse [8, Appendix A]). For all P € MOp, M € MSeq and r > 2,

P\/Fn(r) = [ T@M)
TeTrees, s (T)

where the colimit ranges over the semi-alternate two-colored trees with r entries.

11

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

1. Conventions and background

1.4. Homotopy limits and colimits

We consider a simplicial model category M. Recall that the homotopy limit holim X of a dia-
gram X € M' with I a small category is defined by the end §__; X (c)®™4¢) (see [12, Definition
18.3.2 and Example 18.3.6]). The homotopy limit satisfies the homotopy invariance property
(see [12, 18.5.1]) : if there is a natural transformation f : X — Y between two I—diagram which
is an objectwise fibration (respectively, an objectwise acyclic fibration), then the induced map
f+ : holim X — holimY is a fibration (respectively, an acyclic fibration). Moreover, the homo-
topy limit of an objectwise fibrant diagram is fibrant.

1.4.1. Homotopy pullback. The homotopy pullback X X}ZLY of a cospan X Lz yimn
is the homotopy limit of this cospan. Therefore, X X Z Y is the limit of the diagram

X ZA'! Y s
f\\ y \d; / (h)
Z Z

where Z2" denotes the function object provided by the simplicial model structure of M. We now
assume that Z is fibrant. A cone from W € M to the diagram (h) hence defines a right homotopy

between the composites W — X L Zandw >y %z , which is also a left homotopy because
Z is fibrant. In particular, the square

X Xhy —

i

N<——X

-

f

commutes up to homotopy.
In the converse direction, if W is cofibrant, a right homotopy between two composites

W o> XL ZandWw - Y % Z defines a cone from W to h because the composites can
be made homotopic by a homotopy defined on Z2 (see [12, Proposition 7.4.7]). We then have
the following proposition :

1.4.2. Proposition. Let X L7278V bea cospan in M with Z fibrant and W a cofibrant object

in M. If the square
W Y
Lok
X Z

commutes up to homotopy, then there is a morphism | : W — X XZY such that the triangles

_

R
f

12
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1.4. Homotopy limits and colimits

in the diagram

N

N=<—X

commutes.

The following proposition (see [12, Proposition 19.9.4]) permits to compare the ordinary
pullback and the homotopy pullback of a given cospan when one of its morphisms is a fibration :

1.4.3. Proposition. Let X L7278 Y bea cospan of fibrant objects in M. if f or g a fibration,
then there is a natural weak equivalence from X xz Y to X xL Y.

1.4.4. Homotopy pullback square. A commutative diagram

W——Y

|

X—7

in M is homotopy pullback square if there is a weak equivalence W —» X X% Y.

1.4.5. Homotopy pushout. The homotopy pushout is the categorical dual of the homotopy
pullback. There are therefore dual propositions of Proposition 1.4.2 and Proposition 1.4.3 for
homotopy pushouts. We denote by X]_[ZY (or by X\/ZY in a category of operads) the
homotopy pushout of a span X «— Z — Y.

1.4.6. Double towers. Let T be the small category

(2,2) (1,2) —(0,2)
(2,1) (1,1) ——(0,1)
(2,0) (1,0) ——(0,0).

The category of double towers in M is the diagram category M!.

13
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1. Conventions and background

1.4.7. Proposition. The category M* admits a Reedy model structure (see [12, chapter 15])

such that :

— The weak equivalences are the objectwise weak equivalences in M.

— The cofibrations are the objectwise cofibrations in M.

— The fibrations are the natural transformations f : X — Y such that for every (i,j) € IN? :
- X(0,00 = Y(0,0);
- X0 = Y0) Xy, o) X(i-1,0) 71> 0,
- X0,5) = Y0.) Xy,_y, X(0.5-1) if § >0 and

- Xig) = Vg ><< ) (Xu',j—l) X X151, X(z‘—Lj—l)) ifi,57>0

Vg1 Xy, y gy Yi—14-1)
are fibrations in M.
Therefore, a double tower X is Reedy cofibrant if it is objectwise cofibrant, and Reedy fibrant if

it is a tower of fibration with X o) fibrant.

Proof. The category I is a Reedy category (see [12, Definition 15.1.2]), where the degree of (i, j)
is (H])(QA + 4, the subcategory T have only identity morphisms and T = I. O

1.4.8. Proposition. Let X inM'. If X is Reedy fibrant, then there is a natural weak equivalence
lim X — holim X.

Proof. This a consequence of the fact that T has cofibrant constants (see [12, 19.9.1]). O

14
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2. Postnikov double towers of simplicial operads

We first define the Postnikov tower of a simplicial operad. The reconstruction process of this
tower raises difficulties (see appendix A). That is why we introduce the cotruncations of an
operad in order to construct the double Postnikov tower of a simplicial operad.

2.1. Postnikov sections of a simplicial operad

Let X be a fibrant simplical set. Recall that for all n > 0, there is an equivalence relation ~,,
defined on the simplices of X as follows : two g—simplices z,y : A; — X in X are equivalent if
the restrictions of z and y to the n—skeleton of A? agree. The n—th Postnikov section of X is
the coset X{n) = X/ ~,. Note that X{n) is a Kan complex.

2.1.1. Proposition. Let P be a simplicial fibrant operad and n = 0. The collection P{(n) =
(P(r){n)),=, inherits an operad structure from P. Moreover, P{n) is fibrant.

Proof. For all r > 1, the action of X(r) on P(r) trivially induces an action on P{n)(r).
Let r,s > 1 and 1 < i < r. Let also z,a’ € P{n)(r), y,y" € P{(n)(s) be such that z ~, z’ and
Yy ~n 4. Then x o; y ~,, ' 0; 4 because the operadic composition is a simplicial morphism.
The equivariance, unity and associativity relations remains obviously satisfied in this quotient
Pn). O

2.1.2. Proposition. If n > k , then the morphisms p, k(1) : P{n)(r) — P{k)(r) define a
fibration py, . We simply denote p, = pp.pn—1-

Proof. Let us prove that p,, i is an operad morphism. Conditions about symmetric group actions
and units are clearly fulfilled. Let € P(r), y € P(s). Then p, i(r + s — 1)(a(n) o; y(n)) =
(@ 0; y)Kky = a{kyo;ylk) = pn i (r)(x{n))oipn.k(s)(y{n)). The morphism py ,, is cleary a fibration
because it is so aritywise.

O

2.1.3. Postnikov tower. Let P be a fibrant simplical operad. We call Postnikov tower of P
the diagram

Pn+1

—=P{n+1)
We have P = lim P{n).

P(n) - P0) .

2.2. Truncations and cotruncations

We consider a monoidal category (M, ®, 1). Recall that we denote by ¢J the initial object and by
* the terminal object of M. We introduce now the cotrunctation functors that enable us to filter
an operad by arity.

2.2.1. Truncations and cotruncations of symmetric sequences. Let r > 2 and consider
the r—cotruncation functor coarg, : MSeq — MSeq such that

N(s) ifs<m,

coar<, N(s) = { * otherwise.

It admits a left adjoint, namely, the r—truncation functor arg, : MSeq — MSeq such that
M(s) ifs<m,
arg, M(s) = { %) otherwise.

15
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2. Postnikov double towers of simplicial operads

2.2.2. Cotruncations of an operad. The cotruncation of symmetric sequences extends to
operads : for all » > 1, there is a functor coarg, : MOp — MOp such that

P(s) ifs<r,

coarg, P(s) = { % otherwise.

The operadic composition of elements of coarg, (P) of arity less than r are given by their com-
posites in P if the composites have arity less than r because we assume that our operads have
no component in arity zero.

In contrast, the truncation functor of symmetric sequences does not immediately extend to
operads because the codomain of composition products could obviously not be the empty set.
However, we can construct a left adjoint to the cotruncation functor in the operad setting. We
assume that all colimits exits in the monoidal category (M,®,1) and that the tensor product
distributes over colimits to ensure that the free operad construction described in 1.3 works. We
then have the following statement:

2.2.3. Theorem. The functor coarg, : MOp — MOp admit a left adjoint aru@ : MOp — MOp and if
P € MOp, then

P = lim coarg,(P).

Moreover, if M = sSet and we assume that sOp is equipped with the model structure of 1.2.2,
then
arugr : s0p 2 s0p : coarg,

1s a Quillen adjunction.

Proof. We lift the adjunction from the symmetric sequence level to the operad level by adapting
a general construction, the adjoint lifting theorem (see [15] and [4, section 4.5]). We first define
% on the full subcategory of MOp generated by the free objects. Let M € MSeq and

<r

set ar? F(M) = F(arg, M). For all @ € MOp, we have an isomorphism

<r

the functor ar

Morgp (IF(M), coar<, Q) ~ Morygp (arir F(M),Q)

provided by the adjunction between the free operad functor and the forgetful functor together
with the adjunction between the endofunctors coarg, and arg, in the category of simplicial
symmetric sequences. Let now ¢ : F(M) — F(N) be any morphism of free operads. We use

the Yoneda lemma to obtain the existence of a morphism arir(qb), associated to ¢, such that we
have a commutative diagram of morphism sets

Morygp (IF(N), coar<, Q) — Morgp (ar<,(IF(N), Q)
¢*l J{arirw)*
MorMOp (F(M)a coargy Q) = MorMOP (arér(F(M)a Q)

fo all simplicial operads Q.
We now extend arﬂgr to the full category MOp. For any P € MOp, we have

F(tp)

m

P = coeq | F(F(P)) HW F(P)

16
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2.8. Postnikov double towers of simplicial operads

where we consider the following morphisms of free operads :
— F(Ap) is induced by the morphism associated to the identity of the object P;
— Ap(p) is the morphism associated to the identity of the object IF(P);
— F(tp) is induced by the embedding tp : P — F(P).
We then define

arﬁgr(P) = coeq ari,. F(F(P)) arugr F(P)

This functor fits the desired adjunction relation by construction:

arﬁgr : MOp &2 MOp : coarg,

and the relation P = lim,. coar,(P) is obvious.
If M = sSet, then this adjunction is a Quillen one because the functor coarg, obviously
preserves weak equivalences and fibrations. O

2.3. Postnikov double towers of simplicial operads

We use the cotruncation functors to filter the Postnikov tower of a simplicial operad P by arity
and form the double Postnikov tower 7 (P) of P. In our applications, we will need that the
objects of this double tower are cofibrant, so we define a cofibrant Postnikov double tower of P,
which is simply a Reedy cofibrant replacement of .7 (P).

2.3.1. Postnikov double tower of a simplical operad. Let P be a fibrant simplicial operad.
For all » = 1 and n € IN, we denote P{r,n) = coarg,(P{n)) and we consider the Postnikov double

] |

=P +1n+1) > Plrin+ 1) —> - —> P(I,n+1) = pt

Pv-+1,n+1l pr,n+1l pl,nJrll

coar<,

P{r+1,ny ———— P{r,n) P{,ny=pt

i l !

] |

Plr+1,0) —="_~ P(r,0) P(1,0) = pt

which we denote by 7 (P). Of course, for all r,n > 0, P{r,n) is fibrant. Moreover, we have
P =lim .7 (P). Since the morphism

Prm  P{ryny > P{r,n—1y X P{r—1,n)
P{r—1,n—1)

17
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2. Postnikov double towers of simplicial operads

is such that

B pr,n(’]“) lf r=s,
prn(s) = { id otherwise,

we get that p,.,, is a fibration and the double tower is Reedy fibrant (see Proposition 1.4.7).
Thus, there is a weak equivalence P = lim .7 (P) — holim .7 (P) (see Proposition 1.4.8).

2.3.2. Cofibrant Postnikov double tower of a simplicial operad. We call cofibrant Post-
nikov double tower of a fibrant simplicial operad P a Reedy cofibrant replacement .7 (P) of
T (P), which is according to the model structure on sOp” a tower of fibrations

i Plr+Lnt Ly = Plrn+ 1) Pd,n+1y=pt
Pr+1,n+1 Prn+1 Pl1,n+1
o —— PO+ Ly ———P{r.n) P n) =pt

P{r+1,0)

P{r,0) e P{1,0) = pt
of fibrant-cofibrant objects. o
Moreover, if P is cofibrant, there is a weak equivalence P — holim .7 (P) because there is an

acyclic fibration holim .7 (P) — holim .7 (P) induced by the acyclic fibration .7 (P) — 7 (P) in
s0p” (see [12, Theorem 19.7.2]).

18
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3. '—operads

Let (M,®,1) be a symmetric monoidal category with initial object ¢ and I' an operad in the
category of groupoids.

In order to define the Postnikov invariants of a simplicial operad P, we have to find a way to
manage the change of base point for the homotopy groups and the universal covering operad of P
: naively picking a point in each arity does not work because a basepoint system is not generally
stable under the symmetric groups actions and the operadic composition. To handle this problem,
we introduce the general notion of a '—operad (3.1), where I is a groupoid operad. The structure
of a I'—operad can precisely be used to handle the changes of base point in the construction of
Postnikov invariants when we take for I' the fundamental groupoid of our simplicial operad. This
kind of operads is a generalization of local coefficient system operads, introduced in [8, 1.9.2.6].

We then define the I'—symmetric sequences : a I'—symmetric sequence is the structure carried
by the underlying collection of a I'—operad when we forget about the composition products and
the unity.

We finally give a construction of a free I'—operad.

3.1. I'—operads

We now define I'—operads and give some basic examples of such a struc ture. Since we assume
that operads are connected, we have T'(1) = pt.

3.1.1. I'-operads . A T'—operad P in M is a sequence of functors

(P(r) : T(r) > M),>1 together with natural transformations which describe its composition

structure, compatible with the action of the groupoid operad I' on P. More precisely, P is a

collection of objects (P(x))zer € M together with :

— for all z,y € T and ¢ € Morp(z,y), isomorphisms P(¢) : P(x) — P(y), such that P(id) = id
and for all z,y,z €T, ¢ € Morr(z,y), ¥ € Morr(y, z), we have P(¢ o ¢) = P(¢) o P(¢) ;

— for all o € 3(r) and = € I'(r), isomorphisms o, : P(x) — P(o.x), such that all possible

diagrams
P(9)
P(z) ————— P(y)
P(o.x) o) P(o.y)
commutes;

-forallrys>1,1<i<r, zel(r)and y € I'(s), compositions products
oi: P(x) ® P(y) = P(x0iy)
such that, for all ¢ € Morr(z, z) and ¢ € Morr(y, t), the diagram
P(#)® P(y) —= P(x0;y)
P(¢)®P(¢)l lp(dﬁoiw
P(2) ® P(t) —— P(z 0; t)

commutes ;

19
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3. I'—operads

— a unit
n:1— P(1)
where 1 is the unit of T'.
These functors and natural transformations have to satisfy the following axioms :
(a) the diagram
o@T

P(x) @ P(y) P(o.x) ® P(t.y)
04 Oc (i)
P(x O’i y) an(i)‘r P<J'x Oo'(i) T'y)

commutes for all r,s > 1, 1 <i<r,ze(r), ye'(s), o0 € X(r) and 7 € 3(s).
(b) The diagram

0,;®id

P(z)® P(y) ® P(2) P(zoiy) ® P(2)
id®o; P((zo;y) 0 2)
P(z)® P(yo; z) o P(z0i4j-1(yo; 2))

commutes for all s, 6 > 1, 1 <i<r,1<j<s,xel(r), ye(s) and z € T'(t), where the
equality in the right column follows from the associativity of the operad I'. Similarly, the

diagram
P(z) ® P(y) ® P(=) - P(z) ® P(2) ® P(y)
0, ®id o;®id
P(:c 0; y) ® P(z) P(xzoj z) ® P(y)
0,;®id Oits—1
P(z0;y)o; 2) = P((x 05 2) 0iys1Y)

commutes for all r, 5, >0,1<i<j<r, zel(r),yel(s)and z € ['(¢).
(¢) The diagrams

id id
1®P (y) n® ®n

P(1)® P(y) and Ply)@1 —— P(y)® P(1)

13

o1

1
2

Ply) ———P(loyy) P(y) ————P(yo; 1)

20

lilliad.univ-lille.fr



commute for all » > 1,1 <i<nand ye'(r).

These de Michaél Mienné, Université de Lille, 2018

3.1. T'—operads

We assume that our I'—operads P satisfy the operad connectedness condition P(1) = 1.

If T is trivial in each arity, a I'—operad is nothing more than an operad.

A prime example of such a structure is given for all P € sOp and p > 2 by m,(P), the
m(P)—operad in Ab such that m,(P)(z) = m,(P(x)) for all x € n(P). Another example of a
I'—operad is given by the fiber of a fibration f : P — @ in the category of simplicial operads.
Indeed, the collection f(r)~!(x) € sSet, z € ob (7(Q(r)) , 7 > 1 is a simplicial 7(Q)—operad.

3.1.2. The category of I'-operads in M . The I'-operads in M form a category MOp®, where a
morphism f € Morygyr (P, Q) is a collection of morphisms f, € Mory(P(z),Q(x)) for  in I' such

that :
— the diagrams
P(¢)
P(r) ——— = P(y)
fa Ty
Q) ——5—= Q)
and
P(z) ————Q(x)
P(o.x) M) Q(o.x)

commute for all 2,y € " and ¢ € Morr(z, y);
— the diagram

P(z) ® P(y) ——= P(z 0 y)

f(z)®f(y)i lf(roqzy)

Q(z) ® Qy) —== Q(z o; y)

commutes for all r,s > 1, 1 <i<r, x € '(r) and y € T'(s);
— the diagram

Q1

~—

commutes. Since our I'—operad are connected, in the case M

Set or sSet, this latter

condition is automatically satisfied. The category MOp is the category of connected I'—operads

in M.

© 2018 Tous droits réservés.
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3. I'—operads

3.1.3. The unit I'-operad I. The unit I'—operad I in MOp" is such that I(z) = 1 for all
rel'(1) and I(x) = & for all x € T'(r), r = 2, with I(¢) = id for every ¢ € Morr(y(,y).

3.1.4. The I'-operads pt and Com. If M is a cartesian closed monoidal category, the
I'—operad pt in MOp" is such that, for all z € T, pt(z) = 1 and for all ¢ € Morr(z,y), pt(¢) = id.
IfM = (Ab,®), we rather denote by Com the I'—operad in AbOp® such that, for all z € T, Com(z) = Z
and for all ¢ € Morr(z,y), Com(¢) = id.

3.1.5. Augmented I'- operad. A I'—operad P € MOp' is augmented over Com if there is an
augmentation morphism € € Moryygpr (P, Com).

Note that an augmented I'—operad in M in nothing more than an object in MOp® | Com.

3.2. '-symmetric sequences

We introduce now the I'—-symmetric sequences. We need this structure among other things
to define the free I'—operads in the next subsection. We prove that the category MSeq' of
I'—symmetric sequence in M is isomorphic to a functor category.

3.2.1. I'—symmetric sequences. A (connected) I'—symmetric sequence M in M is a collection

of objects (M(x)) e M, x € I'(r), r = 2 together with :

— for all z,y € T and ¢ € Morr(z,y), isomorphisms M (¢) : M(x) — M(y), such that for all
T,Y,z € Fa ¢ € Morp(x,y) and 1/) € MorF(‘T,y)v M(?/J © ¢) = M(w) © M(¢) ;

— for all 0 € X(r) and x € I'(r), isomorphisms o, : M(z) — M(o.x), such that all possible

diagrams
M(¢)
M(z) —————— M(y)
M(o.x) Mod) M(o.y)
commute.

3.2.2. The category of I'-symmetric sequences. The I'-symmetric sequences in M form a
category MOp', where a morphism f € Morygeqr(M,N) is a collection of morphisms
fz : M(x) —> N(x) such that, for all z,y € T" and ¢ € Morp(z, y), the diagrams

M(z) — o M (y)
fa Ty
N@) ——F5 NG
and
22

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

3.3. Free I'—operads, coproduct with a free I'—operad

[ [

commute.

3.2.3. Definition. Let & x T the groupoid whose objects are the couples (z,r) (which we simply
denote z) for all » > 2 and x € I'(r). The set Morgxr(z,y) with € I'(r) and y € I'(s) is the set
of pairs (0, a) with o € (r) and « a morphism in I' such that

O % [eY
r—>0.2 >3

thus Morgyr(x,y) is empty if r # s.
For all (o, «) € Morgxr(z,y) and (7, 8) € Morgxr(y, z) we define

(1,8) 0 (0,a) = (g 07, f oTe(a)).
This definition makes sense because 7 is acting functorially. Moreover,
(0,0)" = (07" 07 a™t)

and T x I is indeed a groupoid.

3.2.4. Proposition. The category MSeq® is isomorphic to the functor category MEXT.

Proof. Immediate. O

3.2.5. Augmented I'-symmetric sequence. A I'—symmetric sequence M € MSeq' is aug-
mented over Com if there is an augmentation morphism € € Morygeqr (P, Com).

Note that an augmented I'—symmetric sequence in M is nothing more than an object in
MSeq' | Com.

3.2.6. Proposition. Let n > 0. If M € dg,AbSeq", then we have H,(M) € AbSeq" with
H,(M)(x) = H,(M(x)) for allzeT.

Proof. Immediate. O

3.3. Free I'-operads, coproduct with a free '—operad

We give a construction of the free I'—operad IF(M) € MOp® associated to a I'—symmetric sequence
M € MSeq'. To ensure that the free ['—operad construction works, we will now assume that
colimits exist in M and that the tensor product ® : M — M x M distributes over colimits.

3.3.1. Proposition. The forgetful functor w : MOp" — MSeq®, such that w(P(z)) = P(z) for all
x € T(r), r = 2 admits a left adjoint, the free I'—operad functor F : MSeq" — MOp". Morover, for
all M € MSeq", we have an embedding vpr : M — T (M).
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3. I'—operads

Proof. Let M € sSeq" and x € I'(r) with r > 2. We form a groupoid Tree(z) with

{(T(.’Ev), N)‘T € Tree(r), (xv)UEV(T) elpe MOI’F(AT(I'v), :L’)} )

/!

as object set. The morphisms of Tree(z) for all (T'(z,), 1), (T'(x)), ') € Tree(x) are the isomor-
phisms T'(f,) : T(z,) — T'(z,) with f, € Morp(z,, z,), such that

/\T(JCU)
\
>‘T(fv) X
e
Ar(2),)
commutes.
We set
F(M)(x) = colim T (M(z,
(M)(z) P (M(zv))
and

F(M)(1) = 1.

By construction, IF(M) is a I'—operad :

— The action of a permutation o € X(r) on F(M)(z) is given termwise by the obvious identity
T(M(z,)) — o - T(M(x,)) between the term T'(M (z,)) indexed by (T(x,), ) € Tree(zx) in
our colimit and the term o - T'(M(x,)) indexed by (o -T'(z), u) € Tree(o - x) in the expansion
of the object F(M)(ox).

— The composition operation o; : F(M)(z) ® F(M)(y) — F(M)(xo; y) is given termwise by the
obvious isomorphism S(M(x,)) ® T(M (y,)) ~ S o; T(M(z,)), where, for any pair of terms
S(M(z,)) and T(M (y,)) indexed by objects (S(xy), ) € Tree(z) and (T(xy), 1) € Tree(y)
in the expansion of F'(M)(x) and F(M)(y), we consider the collection (2 )wev (s0,7) formed
by the union of (7y)uev(s) and (yu)vev (1), by using the identity V(S o; T) = V(S) u V(T).
We also consider the morphism po; v : S o; T(z,) — x o; y given by the partial composite of
w:S(xy) — xand v: T(y,) — y to associate an object of the category Tree(z o; y) to this
collection S o; T(2y)-

The free I'—operad functor is left adjoint to the forgetful functor. Indeed, there exists one and

only one morphism of I'—operads g such that

W(E(M))

commutes for all f € Morygeqr (M, P). For z € I', the morphism g, is induced by a collection of
morphisms

Gt - TM () “LL T(fy M(2,)) 22 P(T(2,)) 2> P(x)

indexed by Tree(x).

24

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

3.3. Free I'—operads, coproduct with a free I'—operad

3.3.2. Proposition. Let P € MOp" and M € MSeq'.
For all x € T(r) with r = 2,

(P\/IF(M)> @= 1] (T(M(xg)’P(mg')»KT(rz)

TeTree,,o(T)
with the notation of the previous theorem.

Proof. Similar to the proof of Proposition 3.3.1. O
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4. Model structures

We already recalled the definition of the model structure on the usual categories of operads in

simplical sets in section 1. We explain in this section the definition of model structures on the

new categories of operads used in this thesis. We also describe model structures on the categories

of symmetric sequences underlying our categories of operads. We generally consider operads in

a base cofibrantly generated model category, which we denote by C throughout this section, and

which is either :

— C = sSet, the model category of simplicial sets (see [25, II 3, Theorem 3] or [10, Theorem
1.11.3]);

— C = sAb, the model category of simplicial abelian group (see [25, I1.6] or [10, Theorem III.2.6
and II1.2.11]);

— C = dg4Ab, the model category of differential positively graded abelian group (see [25, II p.
4.11, Remark 5] or [13, 2.3]).

4.1. Model structure on sSeq | BI'

There is a model structure on sSeq (see [8, I1.8.1]). We just consider the category of objects over
BT associated to this category, where BT is the nerve of a groupoid operad I' and is therefore an
operad in simplicial sets (see 1.2.2). Also remind that -, : sSet — s~ Set is the obvious functor
that forget about the degeneracies in the definition of a simplicial set (see 1.1.1).

4.1.1. Free objects. Let K be an object in a category M and S € S. The free S—object
associated to K is the coproduct K[S] = [[,.q K. If S = G is a group, then G acts on K[G]
by permutation of the summands. Moreover, if M = Set or M = sSet, we can identify the free
G—object K[G] with the cartesian product G x K.

4.1.2. Proposition. The category sSeq | BT has a cofibrantly generated model structure such

that :

— the weak equivalences are the aritywise weak equivalences.

— The fibrations are the aritywise fibrations.

— The cofibrations are quasi-free extensions of symmetric sequences over BT, that is morphisms
f:K — L suchthat L, = K, [ [(E®S) and f, is the inclusion. We denote by S a collection of
simplices S(r) € s~Set | BI'(xr) for allT =1 and by (X ® S)(r) the free X(r) object S(r)[3(r)]
associated to S(r). Morever, M € sSeq | BT is cofibrant if and only if 3(r) operates freely on
M(r) for allr = 1.

This model category is a simplicial one. For K € sSet and M € sSeq | BI', we set :

(M@ K)(r) = M(r) x K;

- ME(r) = M(r)K

forallr > 1.

Proof. We refer to the cited reference [8, I1.8.1] for the definition of the model category on sSeq,
and to [11] for the general construction which gives the model structure of this proposition. O

4.2. Model structure on s0p | BT

As for the symmetric sequences of simplicial sets, we have a model structure on the category sOp
of simplicial operads(see [8, I1.8.2]). We just consider the category of objects over BT associated
to this category, where BI is the nerve of a groupoid operad I.
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4. Model structures

4.2.1. Proposition. The category sOp | BT has a cofibrantly generated model structure such
that :
— The weak equivalences are the aritywise weak equivalences.
— The fibrations are the aritywise fibrations.
— The cofibrations are retracts of quasi-free operads f : P — Q such that Qy, = B, \/F(Z® S)
with S a collection of object S(r) € s~Set | BT'(x) for all v = 1.
This model category is a simplicial one. For K € sSet and P € sOp | BT, K € sSet, we set :
- (P®K)(r)=P(r) x K;
- PE(r) = P(r)X
for allr = 1.

Proof. We refer to the cited reference [8, 11.8.2] for the definition of the model category on sOp,
and to [11] for the general construction which gives the model structure of this proposition. O

4.3. Model structure on CSeq"

We rely on the fact that CSeq" is isomorphic to the category of diagrams CEXT (see Definition
3.2.3 and Proposition 3.2.4) to define the model structure on CSeq’.

Notation. For all K € C and xg,x € T, for K € C and zg € T', we use the notation KQ(ZxT')F,,
for the I'—symmetric sequence such that:

K® (2 xI')F,,(z) = K[Morsxr(zo, x)],

for every x € T', where we again use the notation K[S] =[], g K introduced in 4.1.1 for the free
S—object associated to K.

4.3.1. Proposition. The category CSeq’ has a cofibrantly generated model structure such that

— The weak equivalences are the pointwise weak equivalences in C.
— The fibrations are the pointwise fibrations in C.
— The cofibrations are the morphism wich have the left lifting property with respect to the acyclic
fibrations.
The generating cofibrations (respectively, generating acyclic cofibrations) are the natural trans-
formations

K® (S xT)F,, » L® (X x)F,

for allxg € T and all generating cofibrations (respectively, generating acyclic cofibrations) K — L
in our base category C.

Proof. We refer to [12, Theorem 11.6.1] for the general construction which gives the model
structure of a diagram category on a base category equipped with a cofibrantly generated model
structure. O

4.3.2. Proposition. If C = sSet, then the cofibrations of sSeq’ are retracts of quasi-free
extensions of I'—symmetric sequences, that is, retracts of morphisms f : K — L such that :

- Lb = Kb]_[(Z X F)@S,

— fy is the inclusion;

— S is a collection (S(r),xy) with S(r) € s~Set and x{, € T'(r);

- (ExD)®S(z) =5(r) @ (X x I')Fyr(z) for allr > 1 and x € T'(r).

The cofibrations if C = sAb are retracts of quasi-free extensions of simplicial abelian I'—symmetric
sequences, that is, morphisms f : K — L such that :
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4.8. Model structure on CSeq®

- L=K®Z(ExT)®5);
— [, is the inclusion;
- S is a collection (S(r),zy) with S(r) € s~Set and zfy € T'(r).

Proof. Slight adaptation of the proof in the simplicial symmetric sequences setting (see [8, I1.8.1]).
0

4.3.3. Proposition. If C = sSet or sAb, then the model structure is simplicial.
If C = sSet, we set :
- (M®K)(z)=M(z) x K;
- ME(z) = M(z)¥
for all M € sSeq’, K € sSet and x € T".
If sAb, we set :
- (M®K)(z) = M(z) x ZK;
- M%(x) = M(x)X, the abelian group structure of M providing M (z)¥ with a structure of
simplicial abelian group.
for all M € sAbSeq’, K € sSet and x € I'.

Proof. Straightforward consequence of the simplicial nature of model structures on sSet and sAb
according to [12, Theorem 11.7.3]. O

We now describe the path objects and analyze homotopy classes of maps in dgAbSeq'.

4.3.4. Proposition. A path object M' in dg.AbSeq’ is given for all M € dg.AbSeq’ and n > 0

by
Mé = Mn+1 @Mn @Mn

with the differential d such that, for all x € T, for all (a,b,c) € M!(x),
d(a,b,c) = (—d™(a) + b — c,d (b),d™ (c)).
The faces dy and dy of this path object are given by
do(a,b,c) =b

and
dyi(a,b,c) =c¢

for all (a,b,c) € MI(x). The degeneracy sy is given by
s1(a) = (0,a,a)

for all
a € M,(x).

The chain complex M (x) is a path object associated to M (z) in dgsAb.
If we assume that N is fibrant and let f, g € Morag, avseqr (M, N), then f ~ g if and only if it

exists a sequence (hn € Mot ppgeqr (M, Nn+1))n>1 such that, for allmn =1,

o — 9n =d,]ffohn71 +hn0d,[:[+1.

Moreover, f ~ g implies that f(x) ~ g(z) in dg«Ab for all x € T and f(r) ~ g(r) in dg.Ab (r)
forallr = 1.
Proof. Simple check. O

29

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

4. Model structures

4.4. Model structure on COp"

We now use the adjunction between the free I'—operad functor and the forgetful functor to
transfer the model structure of CSeq’ to COp’. The symmetric monoidal structure on sAb and
dg*Ab are given by the tensor product.

4.4.1. Theorem. The category COp' has a cofibrantly generated model structure such that :
— The weak equivalences are the pointwise weak equivalences in C.
— The fibrations are the pointwise fibrations in C.
— The cofibrations are the morphism wich have the left lifting property with respect to the acyclic
fibrations.
The generating cofibrations (respectively, generating acyclic cofibrations) are the natural trans-
formations
]F(K@ (X x F)FID) — IF(L@ (X x F)FIO)

for x, € T(r), r = 1 and all generating cofibrations (respectively, generating acyclic cofibrations)
K — L in our base category C.

Proof. A full proof can be written down by slightly adapting the proof of the simplicial operad
case that can be found in (8, I1.8.2].

In short, we use a Kan’s theorem (see [12, Theorem 11.3.2] or [7, Theorem II1.4.3.3]) to
transfer the cofibrantly generated model structure on I'—symmetric sequence (see Theorem 4.3.1)
by means of the adjunction between the free I'—operad functor and the forgetful functor (see
Theorem 3.3.1). Note that a crucial argument is the fact that the domain of the generating
cofibrations and acyclic cofibrations in C are small. O

4.4.2. Proposition. Cofibrations in C = sSet are retracts of quasi-free extension of simplicial
I'—operads, that is, retracts of morphisms f : P — @Q such that @Q, = B, \V F((X x I') ® S) with
S a collection of simplex S(r) € sSet for all r > 1.

Cofibrations in C = sAb are retracts of quasi-free extensions of simplicial abelian
I'—operads, that is, morphisms f : K — L such that L, = K, @ ZIF((E x ') ® S) with S a
collection of simplex S(r) € s™Set for all r > 1.

4.4.3. Proposition. With the model structure provided by Theorem j.4.1 and the function
objects such that

P® = {P(2)" }oer = {MaDgsec (K, P(2))}aer

for all P € sOp" (respectively, P € sAbOp') and K € sSet, the category sOp' (respectively,
sAbOp ) is a simplicial model category. We moreover have

Map,gpr (P, Q)n = Morggyr (P, Q%").

Proof. We just give a sketch of this proof in s0p’. A full proof can be written down by slightly
adapting the proof in the simplicial operad setting that can be found in [8, I1.2.3]. The proof is
the same in sAbOp' : in that case, PX inherits an abelian group I'—operad structure from the
abelian group I'—operad structure of P.

We first check that PX is a simplicial I'—operad, and Mapgqpr (=, —) is a bifunctor in simplicial
set.

We then prove that this function object bifunctor provides sOp" with a structure of category
cotensored over sSet. More precisely :
— the bifunctor (P, K) — PX carries colimits on the variable K to limits, and limits on the

variable P to limits;
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4.5. Quillen adjunctions and equivalences

— there is a natural unit isomorphism PP* ~ P for all P € sOp’ and natural associativity
isomorphisms P% Ls PEXLforall Pe s0p" and K, L € sSet, which satisfy natural coherence
axioms with respect to the unit and associativity relations of the cartesian product of simplicial
sets.

For all K € sSet we check that the functor -X admit as left adjoint a functor -@K by
upgrading the adjunction at the I'—symmetric sequence level to the I'—operads level (the crucial
point is the fact that - is a symmetric monoidal functor). Then sOp® is tensored over sSet.

Finally, we prove that if p : P — Q is a fibration in sOp" and j : K — L is a cofibration of
simplicial sets, then the morphism (j*,p4) in the pullback diagram

is a fibration which is acyclic when j or p is. O

4.5. Quillen adjunctions and equivalences

We upgrade the adjunction between the free abelian group functor and the forgetful functor
at the I'—symmetric sequence level and at the I'—operad level. We also upgrade the classical
Dold-Kan equivalence of categories at the I'—symmetric sequence level.

4.5.1. Proposition. We denote by Z[X] the free abelian group generated by the set X. We
also denote by p(G) the underlying set of the abelian group G. The adjunction

Z[—]:Set 2 Ab:p
extends to adjunctions

7 : SetSeq” < AbSeq’ : p

and
Z : SetOp" < AbOp' : p,

such that Z|M|(x) = Z[M(z)] and p(N)(x) = p(N(x)) for all M € SetSeq" or M € Set0p",
N € AbSeq" or N € AbOp" and z € T.
There is also Quillen adjunctions

7 : sSeq” < sAbSeq’ : p

and
Z : sOp" <= sAbOp' : p

such that Z[M|(x), = Z[M(x),] and p(N)(z)n, = p(N(x),) for all M € sSeq" or M € s0p’,
N € sAbSeq" or N € sAbOp', z €T andn = 0.
Afterward, we simpler denote Z|M] by ZM.
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4. Model structures

Proof. We easily check that Z and p preserves I'—symmetric sequences and I'—operad structures.
Thus we have adjunctions.

The functor p obviously preserves weak equivalences and fibrations. Thus we have Quillen
adjunctions. O

4.5.2. Proposition. The equivalence of categories given by the Quillen adjunction
N, : sAb 2 dgyAb: D,
induces an equivalence of categories given by the Quillen adjunction
N, : sAbSeq" = dg.AbSeq’ : D,

such that Ny(M)(z) = Nu(M(z)) and Do(N)(z) = Do(N(x)) for all M € sAbSeq’,
N € dgAbSeq” and z € T.
Moreover, for all N € dg.AbSeq", there is a natural isomorphism

DN =~ Morgg, s (NxA®, N)

with Morgg, ao(N«A®, N)(x) = Morgg, an(NxA*, N(2)).
Therefore, the adjunction

N, : sAbSeq"” = dg.AbSeq’ : D,
provides a natural isomorphism
p i Morgppseqr (N M, N') =~ Morgg, apseqr (M, Morgg, an(NxA®, N))
given by p(f)(y)([e]) = f([o*y]) for all f € Morspseq (N+ M, N), y € M(z) and 0 : k — n e A}

Proof. We easily check that N, and D, preserves I'—symmetric sequence structures, thus we
have an equivalence of categories.

The functor N, preserves weak equivalences, fibrations and induces a bijection between the
set of weak equivalences in sAb and the set of weak equivalences in dg.Ab (see [10, Theorem
I11.2.6]). Thus we have a Quillen equivalence of categories.

The natural isomorphisms

DY ~ MOI‘dg*Ab (N* (A.)v Y)

and
P Morgps(No X, Y) >~ Morgg, an (X, Morgg, an(Nx(A®),Y))

defined in 1.1.4 for all X € sAb and Y € dg,Ab extend natural isomorphisms
DN =~ Morgg, s (Nx(A®), N)

and
p: MOrsAbseql' (N*M, N) ~ MOrdg*AbseqF (M, Mordg*Ab (N* (A.), N))

since N, and D, are defined pointwise in the I'—symmetric sequence setting.
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5. Covering ['—operads of a simplicial operad

We define now the coverings of a simplicial symmetric sequence as simplicial
I'—symmetric sequences, and the coverings of a simplicial operad as simplicial
I'—operads. We finally define the universal covering I'—operad of a simplicial operad and prove
its existence.

5.1. Covering ['-symmetric sequence

Recall that —¥ denotes the covering functor, which is left adjoint to the homotopy colimit functor
in the simplicial set setting (see 1.1.3).

We define the covering functor and the homotopy colimit functor at the symmetric sequence
level aritywise, and then prove that these functors form a Quillen adjoint pair.

5.1.1. Proposition. Let M € sSeq’. The I'—symmetric sequence structure on M induces a
symmetric sequence structure over BT' on

hocolimp (M) = (hocolimr, M(r))r>2 .
We therefore have a functor

hocolimr : sSeq® ——  sSeq | Bl
M ——  hocolimp M.

Proof. We first describe the I'—symmetric structure on hocolimp M dimensionwise. Let n > 0,
r>2 0¢€%,(a,rg - .. = x,) € hocolimp,) M(r) with 29 — ... - z, € BI'(r), and
a € M(x,). The action of o is given by

a.(a, Tog = ... > Tp) = (a.a,a.azo — .. 0.Tp).

The sequences hocolimp (M), are clearly symmetric sequences over BT, for all
n > 0, and we easily check their compatibility with face and degeneracy morphisms. O

5.1.2. Proposition. Let M € sSeq | BI'. The symmetric sequence structure on BI' and on M
induce a I'—symmetric sequence structure on the colllection

MY = (M(r)"),=-
We therefore have a functor

\%

—V: sSeq|Bl — sSeq"
M — MV

Proof. Let x € T'(r), and let us remind that MY (z) is define by a pullback (see 5.3.1); the action
of X(r) is uniquely defined by the universal property of the pullback. O

In 1.1.3, we observe that that the universal covering and the homotopy colimit functors
restrict to the category s~ Set. We have a similar result in the context of symmetric sequences :

5.1.3. Theorem. There are adjunctions
—V(r) : sSeq | BI(x) = s¥¥T(®) . hocolimp,
for all v = 2 that forms a Quillen adjunction

—V :sSeq | BI' 2 sSeq" : hocolimy .
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5. Covering I'—operads of a simplicial operad

Proof. Let r > 2, M € sSeq(r) | BI(r), N € sSeq"™ and
.f € MorsSeq(r)lBT(r) (M(T)v hOCOhmF(T) N(T))

Since M € sSeq(r) | BI'(r), we have a morphism ¢ : M — BI'(r) provided with M. For all
n =0, let
fn: M, — hocolimp(r) N,
y — o= = Yn2)
with yo — ... = yn = ¥(y) and z € N(yo)n-
The image of f by the adjunction on the simplicial set level is the map

g € Morgeere (MY, N)
such that, for all z € T'(r) and n > 0

9($>n : MY (x)n - N(x)n

Y% — = -7 7 Un

\ / — N@)()

Since for all o € X(r), fa(oy) = o.fuly) = (0o — ... > 0Yn,0.2) and o.N(a(z)) =
N((o.)(0.2)), we have g(c.z), = 0.g(2), and therefore g is a morphism in s**7).
The adjunction is a Quillen one because hocolimr preserves weak equivalences and fibrations

aritywise.
O
5.1.4. Theorem. We can define in the very same way functors
hocolimr : s Seq’ — s Seq|BTl
M —— hocolimr M
and
—V: 87 Seq | Bl — s Seq’
M — MY
such that there are adjunctions
—V(r):s"Set | BI'(r) & s~set’ ™) hocolimp,,
for all r = 2 that forms an adjunction
—VY :s7Seq | Bl 2 s Seq" : hocolimr .
Morever, we have for all M € sOp | BT
(M), = (M;)”
and for all N € sOp®
(hocolimr N), = hocolimp (V).
Proof. Immediate. O
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5.2. Covering I'—operad

5.2. Covering ['—operad

As in the symmetric sequence setting, the covering functor and the homotopy colimit functor in
the operad setting can be defined aritywise and form a Quillen adjoint pair.

5.2.1. Proposition. Let P € s0p'. The sequence

hocolimr (P) = (hocolimp, P(r))

r=1

forms an operad over BI'. We therefore have a functor

hocolimp : sOp® —  sOp | BT
P +—— hocolimr P.

Proof. We first describe the operad structure on hocolimpr P dimensionwise. Let n > 0. We have
(hocolimp P)(1),, = hocolim,,pt = pt. Let s > 1, 1 < ¢ < r, n = 0,
(a,79 — ... — x,) € hocolimp(y) P(s) and (b,yo — ... — ¥yn) € hocolimp(y) P(s) with
xg — ... > xp € BI(r),, a € P(x,), yo — ... = yn € BI'(s), and b € P(y,). The operadic
compositions are given by

(a,29 = ... > @) 0; (byyo = ... > yn) = (a0; b,y 0; Yo — ... = Ty Of Yn)-

We easily check that this structure fullfill equivariance, composition and unit axioms so that
hocolimr(P),, is an operad in Set | BI',. We easily prove the compatibility of this structure with
face and degeneracy maps too.

O

5.2.2. Proposition. The functor -V : sSet | BI' — sSet! satisfies the following properties :

— For the one-point set pt € sSet | * and the trivial groupoid I'y; = *, we have the relation
ptY ~ pt.

— For a pair of objects X € sSet | BTy and Y € sSet | By, we have a natural isomorphism
(X xY)V ~ XV x YV in the category sSet™™ Tv where we use the natural isomorphism of
simplicial sets B(T'x x T'y) =~ B(T'x) x B(Ty) (see 1.2.2) to identify the cartesian product
X x Y with an object of the category sSet | B(T'x x I'y). Furthermore, the isomorphisms that
give these relations satisfy obvious unit, associativity and symmetry constraints.

Proof. The first claim is obvious.

The proof of the second claim rely on the fact that in sSet, the pullback of
X xX —-Y xY « Z x Zis the product of the pullback of X — Y <« Z by the pull-
back of X' - Y’ < Z'.

We then check that the isomorphisms that give our relations satisfy obvious unit, associativity
and symmetry constraints. O

5.2.3. Proposition. Let P € sOp | BT'. The operad structure on BI' and P induce a I'—operad
structure on the collection

PY = (P(r)").

We therefore have a functor

% T

—V: sOp|Bl — s0Op
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5. Covering I'—operads of a simplicial operad

Proof. We already know that PV is a ['—symmetric sequence (see Proposition 5.1.2).

By the previous proposition, we have P(1)Y = pt.

Let z € I'(r) and y € I'(s). Remind that P(r)¥(x), P(s)¥(y) and P(r + s — 1)V (x o; y) are
defined by pullbacks (see 5.3.1). Therefore, the composition products

0; : P(r) x P(s) > P(r+s—1)

and
o; : BT(r) x BI'(s) —» BT'(r + s — 1)

induce a morphism
(P(r) x P(s))"(z,y) = P(r+s—1)"(z 0; y).

We compose this morphism with the isomorphim
P(r)" () x P(s)" (4) — (P(r) x P(s))" (z,y)
provided by the previous proposition to form the composition product
o : PY(x) x PY(y) = PY(z0iy).
We then check that the axioms of the I'—operad structure (see 3.1.1) are satisfied. O
5.2.4. Theorem. There is a Quillen adjunction
—Y :s0p | BT & s0p' : hocolimy .
Moreover, there are adjunctions
—V,, : Set0p | B, = Set0p' : hocolimp(—),,
for alln = 0.

Proof. We check that for every P € sOp | BT, Q € sO0p' the restriction to the set Morggyr (P, Q)
of the natural isomorphism

Morggeqr (P, Q) =~ Morgseq|sr (P, hocolimr Q)
provided by the adjunction
—V :sSeq | BT 2 sSeq" : hocolimp
(see Theorem 5.1.3) induces an isomorphism
Morggpr (P, @) =~ Morggpsr (P, hocolimr Q).

The adjunction at the operad level splits dimensionwise because it does at the simplicial sets
level. O

5.2.5. Theorem. We can define in the very same way functors

hocolimr : s 0p' — s 0p | Bl
M —— hocolimpr M.

and
—V: s 0plBr — s 0p°
M — MY
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such that there are adjunctions
—V, :Set 0p | B[, = Set™ 0p" : hocolimp(—),
for all m = 0 that forms an adjunction
—V :s70p | Bl 2 s 0p" : hocolimr .
Morever, we have for all P € sOp | BT
(PY)y = (1)

and for all Q € sOp®
(hocolimr @), = hocolimr(Q)).

Proof. Straightforward consequence of the definition of the category s~Set. O

5.3. Universal covering of a simplicial operad

We define the universal covering of a simplicial operad and prove the existence of such a covering.

If S is a simplicial set, there is a canonical fibration Ug : S — Bn(S) which associates to the
simplex 7 : A,, — S in S,, the object 7(0) —» 7(1) —» ... > 7(n) € Bn(S), with0 -1 — ... - n
the string in the 1-skeleton of A™. This fibration induces a isomorphism between the fundamental
groups of S and B7(.S), and the long exact sequence of homotopy groups for a fibration implies
that SV is a m(S)—diagram of simply connected space, hence a 7(S5)—diagram of universal
covering of S (see [10, definition after Lemma VI.3.5]).

5.3.1. Universal covering I'—operad. We say that a covering I'—operad P of an operad
P e s0p | BT is universal if m(PY (x)) = 0 for every x € I'.

5.3.2. Canonical fibration. Let P € sOp. There is a canonical fibration
Up : s0p — Bn(P) such that, for every x € w(P)(r), Up(x) associates to the simplex 7 :
A, — P(r) in P(r), the object 7(0) — 7(1) — ... > 7(n) € Br(P)(r)n.

5.3.3. Proposition. Let P € s0p | Bl'. If the augmentation ¥p : P — BT induces aritywise
equivalences of categories between the associated groupoid operad, then P is a universal covering
I'—operad.

Proof. Immediate consequence of the definition of a universal covering I'—operad. O
5.3.4. Corollary. Fvery simplicial operad P admits a universal covering I'—operad.

Proof. Immediate consequence of the existence of the canonical fibration and the last proposition.

O
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6. Additive I'—operads, ['—operadic derivations

An additive I'—operad is a I'—operad in the category (Ab,®) of abelian groups with the additive
symmetric monoidal structure provided by the direct sum as tensor product operation. We
mainly establish that the category of additive I'—operads and the category of I'—symmetric
sequences in abelian groups are abelian.

We then define and study the abelian groups of I'—operadic derivations, which are a straight-
forward adaptation of operadic derivations (see [8, III.2.1]) in the I'—operad setting.

6.1. Additive '—operads

We prove that Ab®0p’ and AbSeq' are abelian categories. These categories are in fact Grothendieck
categories : we do no need this result in this work, but we however prove it in appendix B.

We also prove that the cofibrant objects in dg,AbSeq" (respectively, sAbSeq") are degreewise
(respectively, dimensionwise) projective in AbSeqF.

6.1.1. Additive I'—operads. The category Ab®0p" of additive I'—operads is the category of
I'—operads in (Ab,®), where we take the direct sum @ : Ab x Ab — Ab as the tensor product
operation of our symmetric monoidal category structure on Ab. Note that, if A € Ab®0pT,
a€ A(x) and b e B(y), then ao; b =ao0;0+4 00; 0.

6.1.2. Proposition. The categories AbSeqt and Ab®0p" are abelian.

Proof. Since AbSeq" ~ AbZ*I' (Theorem 3.2.4), AbSeq' is an abelian category such that kernels
and cokernels are pointwise kernels and cokernels in Ab.

The category Ab®0p' is enriched over Ab and has as zero object the I'—operad 0 such that
0(z) = 0 for all 2 € T'. The category Ab®0p also has finite coproducts, which are calculated in
AbSeq'.

We easily check that the kernel and the cokernel of a I'—operad morphism considered as a
morphism in AbSeq’ naturally possesses a I'—operad structure and that the associated morphisms
are ['—operad morphisms. Moreover, the morphisms provided by the universal property of kernels
and cokernels in AbSeq" are I'—operad morphisms and for all morphism f in Ab®0p", the canonical
morphism Ker(Coker f) — Coker(Ker(f)) in Ab®0p' is an isomorphism. The category Ab®0p"
is therefore abelian. O

6.1.3. Proposition. The cofibrant objects in dg.AbSeq’ are degreeewise projective in AbSeq’.

Proof. Let M a cofibrant object in dg,AbSeq" and f an epimorphism in Morygeqr (4, B), that
is, an aritywise and pointwise surjection. For all n = 0, f(n+ 1) : Aln+ 1) > B{n + 1) is an
acyclic lift of f in dg4AbSeq" such that

A ifk=nn+1 B ifk=nn+1
A<n+1>k_{0 else, B<n+1>k:{ 0 else,

dn+1 = id and d = 0 for all k& # n + 1 for both complexes.
Since M is cofibrant, there is a lift g : M — A{n + 1) of f(n + 1) and g, : M,, — A is a lift
of f, thus A, is projective. O

6.1.4. Proposition. Cofibrant objects in sAbSeq’ are dimensionwise projective in AbSeq'.

Proof. Let M € sAbSeq" cofibrant. According to Theorem 4.5.2 and Proposition 6.1.3, N (M)
is cofibrant and thus projective degreewise. Moreover, for all n > 0, M,, = D, N,(M),, is by

definition a finite coproduct of I'—symmetric sequences N, (M); with | < n, so M,, is projective.
O
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6.2. '—operadic derivations

The abelian group of I'—operadic derivations Derpgp, (P, A) is a subgroup of Morpgeqr (P, A) with
P a I"'—operad in abelian groups augmented over Com and A an additive I'—operad.

We study this group of derivations in the two cases we will have to deal with : when P is
free abelian, and when P is free as a I'—operad.

6.2.1. I'—operadic derivations. Let (P, ¢) € AbOp" | Com and A € Ab®0p’. We denote by
Derppop, (P, A) the abelian subgroup of Morypseqr (P, A) such that

f(poiq) =e(q).f(p) 2 0+ 00; e(p).f(q)

for all f € Derppopr(P,A), 7,8 > 2,1 <i<r, zel(r),yel(s),pe P(x)and ¢ € P(y).
Equivalently, we assume by additivity that

f(poiq) =e(q)-f(p) i e(p)-f(g)

6.2.2. Proposition. Let P € SetOp". Then ZP = Z[P] € Ab0p" | Com with the augmentation
€ such that €(p) =1 for allp e P(x) and z €T.

Proof. Immediate. O

6.2.3. Proposition. For all P € Set0p" and A € Ab®0p", there is a natural isomorphism
Derypgpr (ZP, A) —> Morgesopr (P, A),

where we forgot the abelian group structure of A in Morsecopr (P, A) and we regard A as a
I'—operad in sSet.

Proof. The adjunction
Z : SetSeq” <= AbSeq" : p

provides a natural isomorphism
MorAbSeqr (Z(P)v A) - MorSetSeqF (Pv A)

We then check that the derivation relation for a morphism in Morpseqr (ZP, A) is equivalent to
the preservation of the operadic composition by the associated morphism in Morgetseqr (P, A). [

6.2.4. Proposition. Let M € AbSeq’ | Com and A € Ab®0p'. There is a natural isomorphism
* : Morppgeqr (M, A) = Derppopr (F(M), A)

induced by the canonical embedding vpr : M — W (M).

Proof. Slight adaptation of the proof of [8, Theorem I11.2.1.7]. O
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7. Operadic equivariant cohomology

We introduce the operadic equivariant cohomology, which provides us with an efficient tool to
define operadic Postnikov invariants in the next section.

We first define the operadic equivariant cohomology for a cofibrant simplicial operad an
express it by means of derivations and covering I'—operads.

We then establish that the n—th group of equivariant cohomology of a cofibrant simplicial
operad P with coefficients in an additive operad A is isomorphic to a group of homotopy classes
of morphisms from PV, the universal covering operad of P, to K(A,n), an Eilenberg-MacLane
I'—operad. We can therefore upgrade the definition of the operadic equivariant cohomology to
non necessarily cofibrant simplicial operads.

We define a reduced and a relative version of this cohomology. We also etablish the existence
of a long exact sequence in relative operadic equivariant cohomology.

We finally define the indecomposables of a simplicial morphism operad f, which forms a
I'—symmetric sequence Indec(f) in the simplicial abelian group setting. This permits us to prove
a universal coefficient theorem for relative operadic equivariant cohomology when the coefficients
are concentrated in one arity. A universal coefficient theorem also exists without this assumption
(see Theorem A.1), but we will not need it to define the Postnikov invariants and prove our main
results.

7.1. Definition

For a reminder about equivariant cohomology in the simplicial set setting, see [10, definition after
Corollary VI.3.4 and Lemma VI.3.5]. We consider in this subsection P € sOp | BT cofibrant
with the augmentation ¥ : P — BT and A € Ab®0p' .

We first introduce the cosimplicial abelian group of operadic equivariant maps
Cr(P, A), which associated cohomology is the operadic equivariant cohomology of P. We then
prove that Cp(P, A) is isomorphic to the cosimplical abelian group of I'—operadic derivations
Derpppr (ZPY ., A), with -¥ the covering functor.

7.1.1. Operadic equivariant maps. For all n > 0, we denote by CJ}(P, A) the set of operadic
equivariant maps
Morsesopy (ar), (Pns hocolimr Ay,)

where we regard A as a discrete I'—operad in sSet and wuse the functor
hocolimr : sOp" — s0p | BT of Proposition 5.2.1. This set can also be described as the col-
lection of the Set—based operad morphisms « : P, — hocolimr A,, such that

hocolimr A4,, = H A(xo)

N

BT,

xog—...—mxp€BT,

commutes, or equivalently, the collection of the Set—based operad morphisms
« : P, — hocolimr A,, such that, for all » > 1,

a: P(r), — hocolimpgy A(r),
x —  ye A, (x)o)

with U, (z)o = 20 if ¥,,(2) =29 — -+ — 2z, € BI'(r),,. Note that the abelian group structure of

A induces an abelian group structure on CL (P, A).
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7.1.2. Proposition. The sequence of abelian groups Cp(P, A) has a cosimplicial abelian group
structure such that :
— let f € C’}“l(P, Ay andx e P,. If U, (2) = 29 > 1 — ... — =, then

d f(il:) = { A(V
—let f e CICLH(P, A) and x € P,. We set s/ f(z) = f(sjx) for j=0,---,n.
Proof. Straighforward consequence of [10, Lemma IV.3.5]. O

7.1.3. Operadic equivariant cohomology. The operadic equivariant cohomology of a cofi-
brant simplicial I'—operad P over BI' with coefficients in A is the graded abelian group

H}.(P; A) = H*N*CL(P; A),
with N* : cAb — dg*Ab the conormalization functor.

The equivariant cohomology of a simplicial set is nothing more than the cohomology of its
universal covering system (see [10, Corollary VI1.3.8]). A similar link exists for operads but in
order to take composition products into account, we have to use operadic derivations :

7.1.4. Lemma. There are natural isomorphisms of cosimplicial abelian groups :

Cr(P, A) = Morseygpy ery, (P, (hocolimr A),)
= MOI‘SetOpF (Pv L) A)
>~ DerAbopF (ZPV s A).

Proof. The results of the Theorem 5.2.4 and the Proposition 6.2.3 imply we have such isomor-
phisms dimensionwise. We then check that the sequences of isomorphisms provided by this two
propositions are compatible with the coface and the codegeneracy morphisms.

O

7.2. Representation of the operadic equivariant cohomology

We  define  Eilenberg-MacLane I'—symmetric  sequences and  Eilenberg-MacLane
I'—operads. We then establish that the operadic equivariant cohomology of a cofibrant sim-
plicial operad P is isomorphic to a group of homotopy classes of morphisms from the universal
covering P of P to an Eilenberg-MacLane operad. This permits us to enlarge the definition of
the operadic equivariant cohomology to all simplicial operads and prove that this cohomology is
homotopy invariant.

7.2.1. Eilenberg-MacLane I'-symmetric sequences and I'-operads. Let A € Ab®0p"
(respectively, A € AbSeq"), n = 1 and A[n] € dg.Ab®0p" (respectively, A[n] € dg4AbSeq") such
that, for all k£ > 0,
A ifk=n
Alnli = { 0 else.

We call Filenberg-MacLane I'—operad (respectively, Filenberg-MacLane I'—symmetric sequence)
K(A,n) =D, A[n]

where the Dold-Kan functor D, is applied pointwise.
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We then have for all x € T’
K(A,n)(z) = K(A(x),n),

where we consider on the right side the Eilenberg-MacLane space K (w,n) associated to the
abelian group m = A(z).
Let also A(n) € dg,Ab®0p" (respectively, A(n) € dg,AbSeq’) such that, for all k > 0,

A ifk=nn-1
A<n>k:{ 0 else

with the differential d such that d,, : A(n), — A{(n),_1 is the identity. Observe that A(n) =
A[n]! x A[n] 0 where A[n]! is the path object defined in the Proposition 4.3.4. We define

L(A,n) = D Aln).

We still have
L(A,n)(x) = L(A(z),n).

The obvious morphism A{n) — A[n] induces a natural fibration
q:L(A,n) — K(A,n)
in s0p". The fiber of q(x) is K(A(z),n — 1). We moreover have the following lemma :

7.2.2. Lemma. Let A € Ab®0p" and n > 1. The zero section dp : pt — L(A,n) of
t: L(A,n) — pt is a weak equivalence and the composite dy, ot is right homotopic to the identity
on L(A,n). In other words, the zero section dy, is a homotopy equivalence.

Moreover, the zero section cr, : BT' — hocolimr L(A4,n) of ¥ : L(A,n) — BT is a weak
equivalence and the composite cg, oWy, is right homotopic to the identity on hocolimr L(A,n). In
other words, the zero section cy, is a homotopy equivalence.

Proof. The zero section dj, is a weak equivalence because dy,(z) is a weak equivalence for every
zel.

There is a chain homotopy h : A(n) — A{(n) in dghbSeq’ between the identity and the zero
morphism such that A, : ANy, — A)m41 = 0 for every m # n — 1 and h,—; = id. We
then have a right homotopy H : A(n) — A{n)! between the identity and zero, with A(n)’ the
path object associated to A{(n) (see Proposition 4.3.4 for the definition of chain homotopies and
path objects in dgAbSeq"). Moreover, for every m = 0, h,, is a morphism in Ab®0p’ and A(n)!
inherits from A a I'—operad structure in dg*Ab®. Thus, H is a morphism in dg*Ab®0p".

Since D.(A{n)!) is a path object associated to L(A,n) in sOp", D.(H) is a right homotopy
between the morphism D, (id) = id and D,(0) = d, o t.

We deduce the remaining claims of this lemma from the previously proved ones since BI' =
hocolimr pt and since hocolimr is a right Quillen adjoint, which therefore preserves weak equiv-
alences between fibrant objects and right homotopies to fibrant objects. O

We now adapt [10, Theorem VI.3.10] in order to demonstrate that operadic equivariant
cohomology is representable in an homotopy category.

7.2.3. Theorem (Representation of the operadic equivariant cohomology). Let P € s0p | BT
cofibrant, A € Ab®0p" and n > 0. There are natural isomorphisms in P

HY(PA) ~ [P KA, )]
~ [P, hocolimr K (A, n)]

sOp|Br”
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Proof. Recall that
Cl: (P, A) jad DerAbopl‘ (ZP.V 5 A)

(see Lemma 7.1.4) and that there is an identity

D¢(X) = Morgg, s (N4 (A*), X)

(see Proposition 4.5.2). Let Z"N* Morpseqr (ZP,’, A) be the abelian group of n-cocyles of the

conormalized complex N* Morpseqr (ZP,’, A). We have isomorphisms

Z"N* Mot pyseq (ZP.Y , A)

MOrdg*Abseql‘ (N* 7P 5 A[n])

p|~

MOrSAbSeqF (ZPV 5 K(A, n)) ~ MOrSAbSeqF (ZPV 5 Mordg*Ab(N* (A’), A[n]))

V| >

Morggeqr (P, K(A,n))

where :
— For g € Z"N* Moryygpr (ZP,’, A) and y € ZPY (x),,, we set

7(9)m([y]) = { g<0y> ifm = n

else

with [y] the class of y in

B Z.PY (z)n,
 80(ZPY(x)p—1) + -+ + 8y—1(ZPV (x)5—1)’

N (ZPY)(x)n

Note that 7(g)m([y]) does not depend of the choice of a class representative of [y] because

n—1
g€ ﬂ Ker(si). Note also that 7(g) is a morphism of chain complexes because g is a cocycle.
i=0

i
— The isomorphism p is described in Proposition 4.5.2. Recall that

p(h)(y)([o]) = h(lo*y])

for all h € Morgppgeqr (ZPY, Do A[n]), x €', y € ZP" (x),, and o € Mora(k,m) ~ A},

— The isomorphism v is provided by the adjunction
Z : SetSeq” < AbSeq" : p

(see Proposition 4.5.1).
We therefore have

(o T = rlo) (o) = { V¥ HE

with g € Z"N* Morpopr (ZP,, A), x €T, y € ZP" (z), and o € Mora (k,m).
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The composite 7 o p induces an isomorphism between Z"N* Derypopr (ZP,”, A) and the set of
morphism in Morgpseqr (ZPY, K (A, n)) that satisfy the derivation relation degreewise. Moreover,
v induces an isomorphism between this set of morphisms and Morggyr (PY, K(A,n) according
to Proposition 6.2.3 : we simply check that the dimensionwise isomorphisms provided by this
proposition form a simplicial isomorphism. Thus, the composite vo po7 induces an isomorphism

Z"N* Derppopr (ZP,’ , A) ~ Morggpr (P, K (A, n)).

Consider now a n—coboundary 6 = 0*h in N* Deryyopr (ZP,”, A). The morphism 7 induces an
obvious morphism which associates to this coboundary a morphism
H € Morgg, aseq (N+ZP] e, A[n]?) that satisfy the derivation relation degreewise and where
A[n]? is the path object described in the Proposition 4.3.4. We have dgH = p(h) and d; H = 0
where dy and d; are the face maps associated to the path object A[n]?. Moreover, this correspon-
dence is one-to-one. Because D,(A[n]?) is a path object associated to K(A,n) = D.(A[n]) €
s0p’, the composite v o p induces a bijection between :
~ the set of morphisms H € Morgg, apseqr (N<ZP) , A[n]") that satisfy the derivation relation

degreewise and such that diH =0 ;
— the homotopy class of the zero morphism in Morggyr (P, K(A,n)).
Therefore, v o 7 o p induces an isomorphism

HY(P,A) ~ [PY,K(A,n)]

sopl”
Finally, there is an isomorphism
[P, K(A,n)]sopr > [P, hocolimp K (A, n)]sop|er
provided by the Quillen adjunction between the functors -¥ and hocolimp since P is cofibrant. [J

7.2.4. Operadic equivariant cohomology of a (non necessarily cofibrant) simplicial
operad. Let P € s0p | B[ and A € Ab®0p'. if P and P’ are two cofibrant replacements of P,

then we have P ~ P in the homotopy category of sOp | BI', and this equivalence gives a bijection
on homotopy class sets

[P, hocolimr K (A, n)]sopler =~ [F/, hocolimr K (A, n)]sopsr

by general results of the theory of model categories. We thus have an isomorphism H}:(P; A) ~
HX(P'; A).

Therefore, we define the operadic equivariant cohomology of a (non necessarily cofibrant)
simplicial operad P as the operadic equivariant cohomology of a cofibrant replacement of P.

7.2.5. Proposition. Let f: P — Q be a weak equivalence in sOp | BI' and A e£b®0pr. We
also consider P and @ in sOp | BT so that we have acyclic fibrations P — P and QQ — Q. For
every n = 0, the induced morphism f* : HL(Q; A) — HE(P; A) is an isomorphism.

Proof. Let P and @ be cofibrant replacements of P and Q. there is a lift f such that the square
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commutes. This morphism f is a weak equivalence by the two-out-of-three axiom. Since P and
@ are cofibrant, f induces an isomorphism

7* : [@, hocolimp K(A,n)]sopier — [P, hocolimp K (A,n)]sopier

for every n = 0, so we have an isomorphism f* : Hr(Q; A) — H(P; A). O

7.3. Reduced operadic equivariant cohomology

We introduce the reduced operadic equivariant cohomology. We first define CN’I! (P, A), the cosim-
plicial abelian group of reduced operadic equivariant cochains of a simplicial operad P € s0p | BT,
equipped with a section ¢ : BI' — P of its augmentation P — BI', with coefficients an additive
I'-operad A.

In order to give an homotopy invariant definition of this reduced cohomology, we prove
that the comma category BT | (sOp | BT') has a model structure inherited from the usual model
structure on sOp. Indeed, an operad in sOp | BI' equipped with a section of its augmentation
morphism can be interpreted as an object in B | (sOp | BI'). We then establish that the functor
CN'I:(—, A) : BT | (sOp | BT') — cAb preserves weak equivalences between cofibrants objects.

We accordingly define the reduced operadic equivariant cohomology of an augmented sim-
plicial operad P over BI' equipped with a section of its augmentation as the cohomology of
Cp(P, A), with P a cofibrant replacement of P in BI' | (sOp | BT).

7.3.1. Reduced operadic equivariant cochains. Let P € sOp | BI' be such that the asso-
ciated augmentation ¥p : P — BI admits a section c¢. Let also A € Ab®0p’. The cosimpli-
cial abelian group of reduced operadic equivariant maps of P with coefficients in A, denoted by
CR(P; A), is defined by

Cr(P;A) ={feCr(P;A)|foc=0}

for all n > 0, with the cosimplicial structure inherited from CpR(P, A).

7.3.2. Proposition. let P € s0p | BT such that the associated augmentation Vp : P — BI'
admits a section c. Let also A € Ab®0pT. There is a split short exact sequence

~ C*
0 —— Cn(P; A) —> Cp(P; A) ——> Ca(BT; A) — 0 .
N~

Observe that CN'IZ(R A) does not depend on the choice of the section up to isomorphism since
Cr(P, A) = Coker(Up).

Proof. Simple consequence of the definition of the reduced operadic equivariant maps. O

7.3.3. The model category BI' | (sOp | BI'). The mapping P — C~'1!(P, A) given by the con-
struction of section 7.3.1 actually defines a functor on the comma category BT | (sOp | BT') whose
objects are operads P € sOp | BI' equipped with a section ¢ : BI' — P of the augmentation
Up: P — BT.

We aim to establish that this functor satisfies good homotopy invariance properties. For this
purpose, we use that the comma category BI' | (sOp | BT') inherits a model structure by general
results of the theory of model categories with as weak equivalences (respectively, cofibrations,
fibrations) the morphisms which form a weak equivalence (respectively, cofibration, fibration) in
the category s0Op | BT. In particular, the cofibrant objects of this model category are the operads

46

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

7.83. Reduced operadic equivariant cohomology

P € s0p | BT equipped with a section of the augmentation ¢ : BI' — P that forms a cofibration
of simplicial operads. This model category BT | (sOp | BT) is also cofibrantly generated, with as
generating (acyclic) cofibrations the morphisms BI'\/i : B['\/ P — BI'\/ @ associated to the
generating (acyclic) cofibrations of the model category s0p | BT.

We study the categorical properties of the functor Cf(—, A) first. We use the following
observation about the functor of unreduced operadic equivariant maps.

7.3.4. Lemma. We have the identity Cp(colim;es P;, A) ~ lim;e; CR(P;, A) for any diagram
(P;)ier in the category sOp | BT.

Proof. This result is an immediate consequence of the relation
C’l: (P, A) ~ MOI‘SGtUpi(BF). (P).7 (hOCOlimr A).)
established in Lemma 7.1.4. O

7.3.5. Lemma. We have the identity CN‘E (colim; P;, A) ~ lim; (NZ'I:(PZ», A) for any diagram (P;)er
in the category BT | (sOp | BT).

Proof. We use the result of the previous lemma and that the kernel

~

Cl:(_v A) = Ker(OI.’(_7 A) - CI.’(BF7 A))
preserves limits. O

7.3.6. Lemma. For an operad of the form Q = BT'\/ P in the category sOp | BT we have an
isomorphism CL(BI'\/ P,A) ~ C}(P, A).

Proof. This relation is an immediate consequence of the identity
CR(BT'\/ P,A) ~ C}(BT, A) x C}.(P, A)
given by the general result of Lemma 7.3.4. O

7.3.7. Lemma. The functor CNZ'IZ(—, A) carries cofibrations (respectively, acyclic cofibrations) in
the model category BT | (sOp | BT) to fibrations (respectively, to acyclic fibrations) in the category
of cosimplicial abelian groups.

Proof. The observation of Lemma 7.3.5 implies that we can reduce the verification of this lemma
to the case of a generating (acyclic) cofibration BT'\/j : B'\/ P — BI'\/ @), where j : P — Q
is a generating (acyclic) cofibration in the category s0p | BI'. For this purpose, we need that such
a generating (acyclic) cofibration j : P — @, which the overcategory s0p | BT inherits from sOp,
is explicitly given by a morphism of free operads () : F(M) — F(N) induced by a generating
(acyclic) cofibration ¢ : M — N in the comma category of symmetric sequences sSeq | BT (see [8,
section 11.8.1]).

By Lemma 7.3.6, the image of such a morphism BT'\/j : B['\/ P — BT'\/ Q under the func-
tor C~’1!(—, A), is identified with the morphism CR(Q, A) — C}.(P, A) associated to j on the cosim-
plicial abelian groups of unreduced operadic equivariant maps, and we moreover have Cp(P, A) ~
Morgeygpr (PYe, A), CR(Q, A) =~ Morgeygpr (@, A) by the result of Lemma 7.1.4. In the case
J = T (i), we moreover have Morgeygor (PV e, A) >~ Morgergeqr (M Yo, A) and Morgeppr (QV,, A) ~
Morgeiseqr (IV Ve, A) so that this morphism is identified with the map of morphism sets

i* : MorSetSeqF (Nv ®) A) - 1v[0rSetSeqF (]\4v ®) A)
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induced by ¥ : MY — NV, the image of ¢ under the universal covering functor —“. This
morphism ¢¥ is a cofibration since —" is a left Quillen adjoint, and from the expression of the
cofibrations of I'-symmetric sequences in Proposition 4.3.2, we get that our map of morphism
sets ¢* is surjective in every degree, and hence, defines a fibration of cosimplicial abelian groups.

Let us mention that the source and target objects of the generating (acyclic) cofibration of
the category of simplicial operads are cofibrant. We deduce from this observation and the result of
Theorem 7.2.3 that the cohomology morphism
j* : HE(Q,A) — HE(P,A) induced by j : P — @Q is identified with the map
J* : [@Q,hocolimp K (A,n)] — [Q,hocolimpr K (A,n)]. In the case where j is acyclic, this map is
a bijection for every n, so that j* : CR(Q, A) — Cp(P, A) is also a weak-equivalence, and hence
defines an acyclic fibration of cosimplicial abelian groups. O

7.3.8. Theorem. The functor CN'I!(—,A) preserves the weak-equivalences between the cofibrant
objects of the comma category BT | (sOp | BT).

Proof. This theorem is a consequence of the result of the previous lemma and of the Brown
lemma. O

7.3.9. Reduced operadic equivariant cohomology. Let P € sOp | Bl be such that the
associated augmentation Up : P — BT admits a section ¢. Let also A € A‘B@Opr. The reduced
operadic equivariant cohomology of P with coefficients in A, denoted by Hp(P; A), is defined
as H* N*é’f (P; A) with P a cofibrant replacement of P in the comma category BI' | (sOp | BT).
The previous theorem insures us that this definition does not depend up to isomorphism on the
choice of P.

7.4. Relative operadic equivariant cohomology

We  define the relative operadic equivariant cohomology of a  cofibration
f € Morggper(P, Q) as the reduced cohomology of the cofiber of f over BI'. We then prove
the existence of a long exact sequence associated to this cohomology.

7.4.1. Relative operadic equivariant cohomology. Let f : P — @ in sOp | BT. By
construction of the pushout square

P ! Q
|
|
e Yeofibp (£) [
/\ \
BT — — — — = cofibp(f),

there is a section c of the augmentation morphism W qgp,.(f)-

If f: P — @ is a cofibration, we denote H.(Q, P; A) and call relative operadic equiv-
ariant cohomology the graded abelian group H*® N*CN’f(coﬁbp( f);A). Note that the section
BT — cofibp(f) is a cofibration in that case. If this is not the case, we can pick a factori-
sation
in sOp | BI' and set HM(Q, P; A) = HY.(Q, P; A).

We analyze the pushout square further when f is a quasi-free extension with
Qy, =P, \/F(M), M € s 0p | BT : we then have cofibp(f), = BT, v F(M). Faces in cofibr(f)
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are defined vertex by vertex by means of the faces of B and M in Q : letn > 1, r > 1,
y € M,(r) and 0 < i < n. The face d;(y) of y in cofibp(f) is deduced from the face dZQ(y) of y

in @ by replacing the decorations in d? (y) that are simplex in P by their images under ¥p. We
use this analysis in Subsection 7.5.

7.4.2. Proposition. Let f: P — Q be a cofibration in sOp | BU'. There is a natural short exact

sequence

~

0 — Cp(cofibr(f), A) —= C(Q, A) — CR(P, A) —0.
Proof. Since cofibr(f) = BI'\/ p Q, we have

C*(cofibr(f), A) = Cp(BT,4) X CR(Q,A)
Ca(P,A)

by Lemma 7.3.4. We therefore have morphisms C*®(cofibpr(f),A) — CR(BI,A) and
C*(cofibr(f), A) — C(Q, A) provided by the projections on the first and the secund factors.
The short exact sequence of the proposition readily follows. O

7.4.3. Proposition. Let f: P — Q in s0p | BI'. There is a natural long exact sequence

o —=H}NQ, P; A) —= H{(Q A) — = HR(P;A) —Hp Q. PsA) —— ...

Proof. Straightforward consequence of the previous propositions. O

7.4.4. Proposition. Let P — Q — R be a pair a morphism in s0p | BI'. There is a natural
long exact sequence

= H{(Q, Py A) —= H}(R, P;A) — = HR (R, Q A) — = HpTH(Q, P A) —— .-

Proof. Standard argument about cohomology of a triple. O

The cosimplicial abelian group of relative operadic equivariant maps can be expressed by
means of derivations :

7.4.5. Proposition. If f : P — Q is a morphism in sOp | BT, then there is a cosimplicial
abelian group isomorphism

Ct(cofibr(f), A) ~ Derpppr (Z cofibp(£)Y, A)

with
Derpyopr (Z cofibr (f)},, A) = {g € Derpyopr (Z cofibr(f)},, A)|g(ZBTY, ) = 0}

for allm = 0.

Proof. According to Proposition 7.3.2 and Theorem 7.1.4,
~ C*
Cr(cofibp(f), A) = Ker < Cr(cofibr(f); A) ———— Cp(BT; A) >

vk
~ Ker < Derppopr (Z cofibp(f)y, A) e s Derpyopr (ZBL], A) )
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with ¢ the section of W g1, (f)-

Therefore, there is a one-to-one correspondence between é?(COﬁbr‘( 1), A) and the morphisms
in  Derppgpr (Zcofibp(f)y,A) which are zero on the embedding of ZBIy in

Z.cofibr(f)y. We then check that lf)\eJrAbopr(Z cofibp(f)Y, A) inherits its cosimplicial abelian

n LI

group structure from Derypopr (Z cofibp(f)J, A).
O

7.5. Indecomposables of a simplicial operad morphism

In our applications of the operadic equivariant cohomology, we have to deal with coefficients A €
Ab®0p" concentrated in one arity r. In that case, the relative operadic equivariant cohomology of
a simplicial operad morphism f reduce to the cohomology of the indecomposables with coefficients
in A(r) € Ab*T(™) 'We then prove a universal coefficient theorem in relative operadic equivariant
cohomology when the coefficients are concentrated in one arity.

7.5.1. Indecomposable object functor . We define the indecomposable object functor
Indec : sAbOp" — sAbSeq"
such that, for all » > 2 and « € I'(r),

Indec S(x) = Coker P S(z;) ® S(mk)S%)S(x)

(4,z5,21,p)edec(x)

where dec(z) is the set of quadruplets (¢,z;,xx,¢) € IN x I'(j) x I'(k) x Morr(z; o; xx, x) with
Shk=2,1<i<jand ¢:xj0; 2 — .
We also define the trivial I'—operad functor -

+ : sAbSeq" — sAbOp"

such that G4 (r) = G(r) for all r > 2, G (1) = Z and such that the composition products are
Z€ro.

7.5.2. Proposition. The indecomposable object functor Indec is left-adjoint to the functor - .
Moreover, this adjunction is a Quillen one.

Proof. The functor -, obvisously preserves fibrations and acyclic fibrations. O

7.5.3. Indecomposables of a simplical operad morphism. Let f: P — @ be a morphism
in sOp | BT.
The indecomposables of f form the I'—symmetric sequence

Indec(f) = Indec(cofib(Zf"")),

where f7 is a replacement of f by a cofibration between cofibrant operads. The cofiber cofib(Zf"")
of the morphism Zf’ is the homotopy pushout of the span

ZfY
I<— ZPY >—>T7Q".

Recall that the I'—operad in simplicial abelian group I is such that, for every z € T'(r), I(z) =0
ifr=2and I(z) =Z if r = 1.
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If we consider another replacement f” of f by a cofibration between cofibrant operads, the
cofibrant objects cofib(Zf’) and cofib(Z f”), which are pushouts of cofibrant objects along a cofi-
bration are weakly equivalent (see [26, corollary after the Theorem B]). Thus, Indec(f) does not
depend on the choice of the replacement of f up to a weak equivalence since the indecompos-
able object functor is a left Quillen adjoint and therefore preserves weak equivalences between
cofibrant objects.

7.5.4. Proposition. If f : P — @Q is a cofibration in sOp | B with P cofibrant and @, =
B,\/F(M), M € s~Seq | BT, then cofib(Zf"), = F(ZM") and Indec(f), = ZM" . Moreover,
since F(ZM ') is a direct summand of Z.Qy’, the i—th face of y € cofib(Zf") is the projection
of the i—th face of y in ZQY on W(ZM); since ZM" is a direct summand of Z.Q),’, the i—th
face of y € Indec(f) is the projection of the i—th face of y in ZQY on ZM"> .

Proof. We consider the pushout diagram

ZfY
7P ———7.Q"

.y

I > cofib(f).

We then have ZQ, = ZP) \/F(ZM") according to Theorem 5.2.5. Thus ZQ, = F(M)® W
where W € s~ AbSeq" is made of the semi-alternate two-colored trees decorated by at least one
element in ZP" and elements in ZM". Therefore, cofib(Zf"), = F(ZM") and the i—th face
of y € cofib(f) is defined by the projection on F(ZM") of the i—th face of y in ZQ".
Moreover, Indec(f), = ZM" and the i—th face of y € Indec(f) is defined by the projection
on ZM?" of the i—face of y in ZQy = ZM" @ ZP) @ ZQY,, where ZQY, € s~ AbSeq" is made
of the semi-alternate two-colored trees with at least two vertices. O

7.5.5. Lemma. Let f € Morgoper(P, Q) and r = 2. If f(s) is a weak equivalence for every
s # r, then there is a replacement of f by a cofibration between cofibrant operads f : P — @, in
other words, a commutative diagram

~

— Ny
— O

!

I ——

~

Q|

-
f

such that Q, = P, \/ F(M) and M € s~Seq | BT with M(s) = & for every s <.

Proof. We assume that P if cofibrant, otherwise, we replace it by a cofibrant operad by using a
factorization.
We pick a factorization

P22 o) L5 ()

of f(r) in sSet*(®) | BI(r). By construction of such factorizations we can assume that there is
MO e s—set™™ | BTy(x) so that Q(r), = P(r), u M°. Let M°[r] € sSeq™ | BT, be such that
MO[r](s) = & if s # r and MO[r](r) = M°. Let also @0 € s0p | BT with @E =B \/F(MO[r])
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: the faces of @O are defined by the faces of P and the faces of M in Q(r). There is now a
factorization of f

~ —0
p1 2’ L~0
such that 70(5) = id if s < 7 and fo(r) = f(r). Note that 7’ is not an acyclic fibration, but
f (s) is in sSet | BI'(s) for all s < r since f(s) is a weak equivalence for s < r.

Repeating this process enables us to inductively construct a sequence of operads
(@n)n>0 € s0p | B and two sequences of morphisms (f" : @n_l — @n)nzo with @_1 =P
and (?n Q" - Q)n=>0 such that, for all n >0 :

i1

- Fn+l .
- Q" ! QnH ! Q@ is a factorization of 7

~ there is M™ € s~Set™ ™ | BT, (r + n) such that Q = P*\/ F(M"[r + n]);
— 7"(s) is an acyclic cofibration of sSet | BI'(s) for all s < r + n.
Finally, let

. . fo 71
@ = colim Q0>f—> Ql -

We have @, = P, \/ F(M) with M(s) = & if s <r and M(r +t) = M? for all t > 0. O

7.5.6. Proposition. Let f: P — Q be a fibration in sOp | BT and r,n > 2. If

— the augmentation g : Q — BT induces aritywise equivalences of categories between the
groupoid operads 7(Q) and I’ = n(BT),

— [ induces aritywise isomorphisms of categories between the groupoid operads w(P) and 7(Q),

— f(s) is a weak equivalence for every s # r, and

— f(r) is n—connected,

then :

— Hi Indec(f)(s) =0 for allk =0 and s <,

— Hy Indec(f)(r) =0 for all k < n, and

— H,,41 Indec(f)(r) =~ m, (fib(f(r))) in ALE*TE),

Proof. The previous lemma provides us with a replacement of f by a cofibration between cofibrant
operads f : P — @ such that @, = P, \/ F(M), M € s~Seq | Bl with M (s) = (J for every s < r.

Therefore, Z?v 7P — Z@V is a cofibration between cofibrant operads since -¥ and Z are
Quillen left adjoint : we have Indec(f), = ZM" (see 7.5.4), hence, Indec(f)(s) ~ 0 for all s < r
and Indec(f)(z) ~ cofib(Zf " (x)) for all z € T'(r).

We now calcutate
Hy Indec(f)(z) = Hy, cofib(Zf " (z)) = He(Q " (2), P (x))
for all x € I'(r) and k < n + 1. The simplicial I'~operad Q" is a universal covering (see
Proposition 5.3.3). Therefore, the morphism f v () is n—connected. With the classical relative
Hurewicz theorem (see [30, Theorem IV.7.2] or [10, Corollary II1.3.12]), we get
Hy, Indec(f)(z) =0

for all £ <n and

Hy 1 Indec(f)(2) ~ mn11(Q (2), P (2)).
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We do not indicate the basepoint in this relative homotopy group since @v (x) is a simple space.
We then have

Hy1 Indec(f)(x) >~ 7Tn+1(@($)7?(x)7 Z‘)

by the naturality of the long exact sequence of homotopy groups for a pair. Thus,

H, +1 Indec(f)(x) ~ m, (fib(f(x)),x)

where fib(f(x)) is the fiber of f(r) over x and therefore a representative of the homotopy fiber
of f(r) (see [10, proof of the Corollary I11.3.12]). By hypothesis, f induces an isomorphism from
7(P) to m(Q), thus, there is only one vertex in the fiber and there is no ambiguity in the choice
of a base point. These isomorphisms are natural, so we have an isomorphism

H, 41 Indec(f)(r) = mn (fib(f(r)))

in AbEXT(),
O

7.5.7. Proposition. Let f € Morggy sr(P, Q), A € Ab®0p™ and r > 2. If A(s) =0 for all s # r,
then Hp(Q, P; A) ~ H® Mor pexrr) (Indec(f) (r)e, A(1)).

Proof. We can consider that f is a cofibration between cofibrant operads such that @, =
P,\/F(M), M € s~Seq | Bl with M(s) = (J for every s < r (otherwise we can get a fac-
torization of f of that form by Lemma 7.5.5). Let

C* = Mor ysxrer) (Z cofibp (£)Y (7)e, A(r)) € dg*Ab
with .
Mor ey (Z cofibr (f)Y (1), A(r)) =

{g € Morypurce) (Z cofibr ()Y (r)x, A(r)) | g(ZBT (r)x) = 0}

forall k =0
Since A is concentrated in arity r, there is a cochain complex isomorphism (see Theorem
7.4.5)
C* ~ Cp(cofibp(f), A).

There is also, for all k > 0, an abelian group isomorphism (see Proposition 6.2.4)
of cr — Morzppr (Indec(f)(r)x, A(r))

induced by the embedding ¢ : Indec(f) — Zcofibr(f)V, but these isomorphisms do not induce
a cochain complex isomorphism in general.

We consider g € C* and z € Zcofiby(z)y11 with € T'(r). Like in the previous proof,
Indec(f)(s) =0 for all s < r. We then have Zcoﬁbr(f)v r) = Indec(f)(r) ® ZBT" (r), hence
3(p(2)) = 2% + 2 with 2% € Indec(f)(2)r41, 2° € ZBT(x)g41. Moreover, g(z%) = 0 so

)

0(6%(9))(2) = 9(3((2)))
=g(z")
= (¢(9))(3(2))
= 0%(6(9))(2).

and ¢* is a cochain complex isomorphism.
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7.5.8. Theorem (Universal coefficient). Let f € Morsgpr(P, Q), A € Ab®0p" and r > 2. If
A(s) = 0 for all s # r, then there is a first quadrant cohomology spectral sequence associated to

a bicomplex
Extypeucco (H Indec(f) (), A(r) = HiH(Q, P; A).

Proof. We consider an injective resolution
I*(A(r)) = {I°(A(r)) — I'(A(r)) — ..}

of A(r). Such a resolution exists because Q/Z[X(r) x I'(r)] is an injective cogenerator in the
category AbZT() ~ ApZ(S)XT()  Tet

B'F = Morypewre (Indec(f) (r), I'A(r))

be a bicomplex. The associated spectral sequence By converges because this bicomplex is zero
out of the first quadrant. On one hand, since Indec(f) is cofibrant, Indec(f)(r)x is projective
according to Proposition 6.1.4. As a consequence, the functor

Mor pzxreo) (Indec(f) (r)x, —) : dg*AbPT®) — dg*Ab

then preserves weak equivalence. Thus we have

{ IIBll,k -0 if { # 0,
IIB(l)’k = Morpsxre) (IndeC(f)(T)]g, A(r))'
Thereafter,
BLE = HM Mor e (Indec(f) (1), A(r)) ~ H¥Y(Q, P; A)
by the previous proposition. D

Similarly, if P € sOp | BT is cofibrant and A is concentrated in arity r, then
H}(P; A) ~ H®* Mor pexrr) (Indec(ZPY ) (1), A(1))
and there is a first quadrant cohomology spectral sequence
Exthyanren (HY Indec(ZPY) (1), A(r)) = HEF(P; A),

but we do not need these results in this thesis.

54

© 2018 Tous droits réservés. lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

8. Operadic Postnikov invariants

We introduce the Postnikov invariant of a simplicial operad morphism and the Postnikov invari-
ants of a simplicial operad. In contrast with the Postnikov invariants of a simplicial set that
classify the stage of a (simple) tower, the Postnikov invariants of a simplicial operads classify the
stages of a double tower (see 1.4.6). We explain the necessity of this double tower in appendix

A.

8.1. Postnikov invariant of a simplicial operad morphism

To define the Postnikov invariant of f, we first analyze the long exact sequence of relative operadic
equivariant cohomology associated to f with coefficients concentrated in one arity. We take this
assumption so that we can use the universal coefficient Theorem 7.5.8.

8.1.1. Proposition. Let f € Morggper(P, Q) and A € Ab®0p’ concentrated in an arity r with
r>=2.

If Hy Indec(f)(r) = 0 for all k < n, then HE(P; A) ~ HE(Q; A) for all k < n and there is an
exact sequence

f*

0 —— H}(Q; A) HE(P; A) Mor pprxre) (Hp 41 Indec(f)(r), A(r))

dy r*

HEPH(Q; A) HE(P, A)

natural in f.

Proof. This proposition follows from Theorem 7.5.8 and of the long exact sequence in relative
operadic cohomology (see Proposition 7.4.3). To get our exact sequence, we just use that the
lines from 0 to n of the second page of the spectral sequence vanish and the term of coordinates
(0,n + 1) is Morypexre) (Hp41 Indec(f)(r), A(r)). O

8.1.2. Postnikov invariant of a simplicial operad morphism. Let f € Morsger(P, Q),
r,n = 2 be such that Hy Indec(f)(r) = 0 for all & < n and let A € Ab®0p’ concentrated in
arity r with A(r) = H,,11 Indec(f)(r). The Postnikov invariant (or k—invariant) of f is the
image in HEt(Q; A) of id € Moryzwre) (A(r), A(r)) under the morphism df of Proposition 8.1.1.
We denote this invariant by k(f). If we moreover assume that @ is cofibrant, we also denote
by k(f) a representative of the homotopy class of morphisms in [Q, hocolimr K (A, n + 1)]sOp 151
associated to this cocycle by the isomorphism of Theorem 7.2.3.

8.2. Postnikov invariants of a simplicial operad

Let P be a fibrant operad in sOp. Let also r,n > 2. We denote I'¢, the r—cotrunctation
coarg, (I') of the fundamental groupoid operad I' of P. We have w(coarg, (P)) = coarg,(m(P)).
We examine the commutative diagram in sOp

P<r,n>-v‘ Plr—1,n)
. i "”‘AQ/’
/
Plr,n—1) Pir—1,n—1)
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extracted from the double Postnikov tower of P. The simplicial operad @ is the pullback of the
lower-right corner of this square with

P{n)(s) it s<r,
Q(s) =< Pln—1)r) if s=r,
pt otherwise.

The filling morphism p;.,, of this pullback is such that

_ pr,n(r) ifr= S
Pron(s) = { id otherwise.

and is therefore an n—connected fibration.

8.2.1. Proposition. The morphism p,, induces an isomorphism between the fundamental
groupoid operads of P{r,n) and Q, which are both equals to T'<,. Therefore, p,n is a morphism
in s0p | B'<y when we set the augmentation morphism ¥q : Q — Bl'<, as the canonical fibration
(see Definition 5.3.2).

Moreover, Hy(Indec(py,)(r)) = 0 for every k < n.

Proof. The first point is straighforward since P{r,n), @ and coar¢, P have the same 2-skeleton.
The second point is a direct consequence of Proposition 7.5.6 since 7, (fib(py, (1)) = m, (P(r)).
O

8.2.2. Postnikov invariant of a simplicial operad. The (r,n)—th Postnikov invariant of P
is the Postnikov invariant of the filling morphism p, ,, : P{r,n) — @ with

Q= P{r,n—1) X P{r—1,n).

P{r—1,n—1)
Explicitly, it is the image in H?z} (Q,mn(P(r))) of id € Homypewree) (70 (P(r)), m, (P(r))) under
the morphism d,,_, of Lemma 8.1.1, where A = 7, (P(r)) is the additive I'—operad concentrated
in arity . We denote this invariant by k, .

If we replace p;.,, by a morphism between cofibrant operads p,., : P — @, we also denote by
k,n a representative of the homotopy class of morphisms in

[@, hocolimpr<, K (m,, (P(r)),n + 1>]sOpJ,B1"<r

associated to the cocyle k., € HF:TI (Q,7(P)(r)) by the isomorphism of Theorem 7.2.3.
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We now compare the operadic equivariant cohomology of a given simplicial operad and its equiv-
ariant cohomology calculated aritywise. We also compare the representation of the operadic
equivariant cohomology and the representation of the equivariant cohomology calculated ari-
tywise. The results permit us to relate the operadic Postnikov invariants with the Postnikov
invariants calculated in one arity, as well as their representations.

9.1. Comparison of the equivariant cohomologies

We establish the existence of a comparison morphism ar, : Hp(P; A) — Hp(P(r); A(r)) for all
P e s0p | BT, A e Ab®0p", n > 0 and r > 1. We also prove that there exists under technical
assumptions a similar comparison morphism for relative equivariant cohomology.

9.1.1. Proposition. Let P € s0p | BT, A € Ab®0p" and r > 1. The functor

ar,: sOp | Bl — sSet | BI(r)
P — P(r)

induces, for any P € s0p | BT, a cosimplicial abelian group morphism

ar/(P):  CR(PiA)  — CR(P(r); A(r))
feCp(P4) — ar,(f) '

This morphism induces in turn, for all n = 0, abelian group morphisms

arf"(P): HR(P;A) — HEP(r); A(r))

T
so that arS is a natural transformation from the functor
Cp(—;A) : sOp | BT — cAb

to the functor
Cf(r)(—; A)oar, : sOp | BT — cAb

and such that, for all n > 0, ar? is a natural transformation from the functor
H{(—; A) : sOp | BT — Ab
to the functor

H?(r)(ﬂ A)oar, : sOp | B[ — Ab.

C

X and

To reduce the amount of notation, we denote by ar, both natural transformations ar
g
ar,’ .

Proof. The morphism arf(P) is indeed a cosimplicial abelian group morphism since, for all

0 < i < n, we have d;(ar,.(f)) = ar.(d;(f)) and s;(ar.(f)) = ar.(s;(f)).
The rest of the proof is immediate. O

9.1.2. Proposition. Let f : P — Q be a morphism in sOp | BT and r > 2 such that f(s) is a
weak equivalence for every s # r. There are morphisms

ar,(Q, P) : Hp(Q, P; A) — Hy(,y (Q(r), P(r); A(r))
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such that the diagram

Hp(Q, P; A)

Hp(P; A)

ar,(Q,P) ar,(Q) ar,(P)

. — > Hp ) (Q(r), P(r); A(r)) — Hp(y (Q(r); A7) iz HE (o (P(r); A(r)) — ...

commutes.

Proof. Lemma 7.5.5 provides us with a factorization of f
f =
Pr——Q—=0Q

such that @ is cofibrant, f is a cofibration and Q@ = P\/ F(M), M € s~Seq | BI}, with M(s) = &
for all s < r. We then have a factorization

=y

P(r) = Q) 25 Q)

of f(r). We use f to define CR(Q,P;A) and f(r) to define Cp, (Q(r), P(r); A(r)) (see [10,
definition after Lemma VI.4.1]). By construction,

F(r)

P ? P(r) Q(r)
I
| B I
arr (I)coﬁbr 163 ‘ o écoﬁbr(r) Fer)) |
— A . e Y B
BI' = — — ~ > cofibp(f) BT (r) — — > cofibr,) (f(r))

c(r)
The morphism
ar, (cofibr(f)) : G (cofibr(f); A) — Cf ) ((cofibry) (f(r)); A(r))
induces a morphism
ar(f) : Gt (cofibr (); A) — Ci,y (cofibr (F(r)); A(r))

because for all g € Cf(cofibr(f); A) such that goc = 0, we have ar,(g) oc(r) = 0. Note that this
morphism does not depend on the choice of the factorization of f up to homotopy and therefore
induces for all n > 0 morphisms

arr(Q7 P) : HF(Qa PvA) - HIT‘L(T) (Q(T), P(’I"), A(T))
We can therefore conclude since there is a short exact sequence morphism

bt

~ —

0 Cp(cofibr (F); A) Cr(@Q; A) Cp(P; A) ———>0 =
iar(f) ar,(Q) ar,(P)
0 —— Cin ) (cofibrn (F(r)): A(r) — Gy @) A(r)) 20 Ci, (P(r): A(r)) — 0
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9.2. Comparison of the representations of the equivariant cohomologies

Recall that the n—th group of operadic equivariant cohomology of a cofibrant simplicial operad
P with coefficients in an additive operad A is isomorphic to a group of homotopy classes of
morphisms from PV, the universal covering operad of P, to K(A,n), an Eilenberg-MacLane
I'—operad (see Theorem 7.2.3). There is a similar result for the groups of equivariant cohomology
of a simplicial set (see [10, Theorem VI.3.10 |). We therefore compare the representation of the
operadic equivariant cohomology and the representation of the equivariant cohomology calculated
aritywise.

9.2.1. Lemma. Let P € s0p | BT and Q € sOp". The diagram

Morggp,ar (P, hocolimr Q) = Morgger (P, Q)

ar, arl
r

MorsSetlBr(r) (P(T)a hOCOhmF(T) Q(T’)) Morggeire (PV (T)v Q(T’))

T

- 1s induced by the obvious functor

commutes, where the morphism ar

sOpf — sSetl®

Q — Q)

Proof. We identify the diagram of our lemma with the external of the diagram

Morggp,sr (P, hocolimr Q) = Morgger (P, Q)

Morsgeq pr (P, hocolimr Q) = Morggeqr (PY,Q)

MorsSetlBF(r) (P(T)v hOCOIimF(r) Q(T)) — = 1\'/[01‘55631:1"(r> (Pv (T)7 Q(T))

where the horizontal isomorphisms are the natural isomorphisms of the adjunctions between the
functors -V and hocolim at the operad, the symmetric sequence and the simplicial set level. The
top square obviously commutes (see proof of Theorem 5.2.4). We check that the bottom square
commutes too (see Theorem 5.1.3 and [10, Lemma VI.3.6] for an explicit definition of the natural
isomorphisms). O
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9.2.2. Lemma. Let P € s0p | BT cofibrant and A € Ab®0p®. The diagram in cAb

Morsetop,ar, (Pe, hocolimp A,) Derppopr (ZP,’ , A)

A\

. (2)
Morges gr. (r)(P.(r), hocolimp,y As (r)) — Mor e (ZP(r)y , A(r))

commutes. The isomorphism (1) is defined in Lemma 7.1.4 and the isomorphism (2) is the
counterpart of (1) in the non-operadic setting. Explicitly, (2) is the composite of the isomorphism

MorSetLBF. (r) (PO (T)a hOCOIimF(T) A, (7‘)) - MorSetr(r) (P(T)ov ; A(T))
defined in [10, Lemma VI.3.10] and of the obvious isomorphism

Morgeire) (P(r)J, A(r)) = Mor e (ZP(r)] , A(r)).

Proof. Similar to the proof of the previous lemma.

9.2.3. Theorem (Comparison of the representations). Let P € sOp | BI' cofibrant, A € Ab®0p"
and n = 0. The diagram

HE:(P, A) HY () (P(r), A(r))

[P, hocolimp K (A, n)] [P(T)7 hocolimp K (A(r), n)]ssetlgr(r)

_—
sOp!BI' Hoar,
commutes.

Proof. We review the proof of Theorem 7.2.3 step by step to insure that this diagram commutes.
We check that our vertical mapping correspond to each other when we forget about operad
structures and focus on I'—symmetric sequence maps as in Theorem 7.2.3. We check that this
correspondence go through the restriction to operadic derivation.
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The verification of the first step is given by the commutativity of the diagram

Z"N* Mo pyseqt (ZP)Y , A)

13

ar

(a)

13

Z"N* Mor pyrie) (ZPY (1)e, A)

Morqg, aoseqt (N« Z P, A[n]) ————F— Morg, ypre) (N ZPY (1), A(r)[n])

1

MorsAbseqr (ZPV 5 K(A, n))

ar,.

(b)

r
ar,.

1

Morgpre) (ZPY

(r), K(A(r),n))

~ (C) ~

Morgseqr (P, K(A,n)) Morgeern (PY (1), K(A(r),n)).

r
ar,,

The isomorphisms in the left column of this diagram are described in the first step of the proof of
Theorem 7.2.3. Since these isomorphisms are defined pointwise, we can define the isomorphisms
in the right columns in the same way, so that the squares (a), (b) and (¢) commutes.

The second step consist in the proof that the diagram

ZN*Co(P, A) = Z"N*Cp, (P(r), A(r))
~ (d) ~
Z"N* Dergapopr (ZP,Y , A) - Z"N* Mor e (ZPY (1) e, A(T))
~ () ~
MOt (P K (A, ) = Mor,aser (P (), K (4(1), )
~ (f) =

Morsgp er (P, hocolimr K (A, n)) —ar.~ Morgset br(s) (P(T‘), hocolimr K (A(r), n))
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commutes. The squares (d) and (f) commute according to Lemma 9.2.1 and 9.2.2. The commu-
tativity of the diagram in the first step of this proof and the second step of the proof of Theorem
7.2.3 imply that the square (e) commutes.

Finally, the previous diagram induces the diagram (#) according to the third step of the proof
of Theorem 7.2.3 and because the path object A[n]! is defined pointwise (see Proposition 4.3.4).
Therefore, (x) commutes. O

9.3. Comparison of the Postnikov invariants

We now prove the main result of this section : the comparison morphism ar, between the operadic
equivariant cohomology and the equivariant cohomology calculated in arity r (see 9.1.2) maps
the operadic Postnikov invariant of a simplicial operad morphism f to the Postnikov invariant
of the simplicial morphism f(r). Moreover, this result holds for their representations.

9.3.1. Lemma. Let f € Morggper(P, Q), 7,1 = 2 such that f(s) is a weak equivalence for every
r # s and Hy Indec(f)(r) = 0 for all k < n. Let also A € Ab®0p' concentrated in arity r with
A(r) = Hpy1Indec(f)(r). The diagram at page 66 commutes. The two lines are exact, and
the bottom line is the counterpart of the top line in the simplicial set setting (see [10, Lemma
VI.5.4]). The morphism w, is induced by the forgetful functor AbE*T®) — AbTE) and is injective.

Proof. According to Proposition 9.1.2; we only have to prove that the square

Y3

Morypgeq(ryr e (A(r), A(r)) Mor gy (A(r), A(r))

" ar,(Q,P)
HF+1 (Qa P7 A)

H 1 (Q(r), P(r); A(r))
commutes. We decompose this square into a diagram of the form

W

MorAbSeq(r)r<r> (A(r), A(r)) Mor yyre (A(7), A(7))

1

(a)

1

Hypp1(wr)

Hp 1 Mot ppgeq(ryre (Indec(f) (1) e, A(r)) —— Hpp1 Moty (Indec(f)(r)e, A(7))

~ (b) ~

n ar,(Q,P)
HF+1(Q7 P; A)

Hp 1 (Q(r), P(r); A(r))
and we check the commutativity of the subdiagrams (a) and (b).
Commutativity of (a) : We compare the spectral sequences associated to the double complexes

ER = Mor yexre) (Indec f(r)g, IIA(T))
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and

FP! = Morypre) (Indec f(r)g, I'A(r))

with k,1 > 0 and I*A an injective resolution of A € Ab®0p" and ¢ : I*A = A. Note that I*A(r)
is an injective resolution in Ab**T(®) and AbT(®).

We first analyze the column filtration. For all k& > 0 Indec(f)(r) is projective in Ab**F'®) since
Indec(f) is cofibrant, and projective in Ab'™*) because it is free abelian.  Therefore,
Mor ypexrey (Indec(f) (1), —) and Mor e (Indec(f)(r)g, —) are exact functors. The diagram

. b (r)
Tpg! = Mor e (Indec(f) () g, A(r))
I e.l wr ¢y (1)

Fy ~ Mor yyro) (Indec(f) (r) g, A(r))
commutes for all [ > 0 in dg.Ab since w, is natural and ¢ and w preserve differentials. The
diagram

, H* e (r)
o = 80,0 Mot ypewrce (Indec(£) (r)e, A(r))
H* w, H* w,
H*quﬁ (r)
Tpgt e 80,0 Mor ey (Indec(£) (r)e, A(r))

commutes in Ab for all k,] > 0 since the first page of the spectral sequences is zero out of the
zeroth row and where ;M denotes the bigraded object concentrated in degree (0,1) and equal

to M. Thus,
Hrt! r
H™H Tot E, . 20 Norggaer (Indec(£)(r)e, A(r))
H " w, (a’) H* L w,
Hn+1 Wy r
H™! Tot F,. ) Mot e (Indec(f) (r)ay A(r)

commutes.

Wer now analyze the row filtration. Moryzure) (—, I'A(r)) and Mor e (—, I'A(r)) are exact
since I'A(r) is injective in Ab®*T(*) and AbT(*). We have the commutative diagram

HE’f” = HF Mor ypexr (Indec(f) (1), I°A(r)) Z Mor ypexrer) (Hy Indec(f) (), I°A(r))

k
H” w,

W

Hphe — HE Mor e (Indec(f) (7)s, I°A(r)) 4Z> Mor e (Hy Indec(f) (), I*A(7))

63

© 2018 Tous droits réservés.

lilliad.univ-lille.fr



These de Michaél Mienné, Université de Lille, 2018

9. Comparison theorems

such that, for all cohomology class § € H* Moryysxre) (Indec(f)(r)s, I*A(r)) represented by
g : Indec(f)(r)y — I'A(r) with df ,f = 0, v(g) is the restriction of g on Kerdj. We check
that v(g) does not depend on the choice of a representative of § and that v is a bijection, and
we define p in a similar way. The diagram

”E'S’l ~ EXti\bwur) (Hy Indec(f)(r)«, A(r))
H' H* w, H' w,.
HF’;’l = Ext!,re) (Hg Indecy f(r), A(r)).
commutes too. By hypothesis, Hy Indec(f) = 0 if k¥ < n and H, 41 Indec(f)(r) = A(r), so the
diagram
H"*! Tot E, . = Mor ey (A(r), A(r))
HH (a") wr
H"*! Tot F, . = Mor ey (A(r), A(r))

commutes because the first n columns of the second page of the spectral sequences are zero. The
commutativity of (a’) and (a”) implies the commutativity of (a).

Commutativity of (b) : We have the following commutative diagram

Mor gyzwro (Indec( ) (r) e, A(r)) ——— Mor ) (Indec(£)(r)e, A(r))

¢ |~ ~ | ¢,
]S\GJI‘AbOPF (Z COﬁbF(f): 3 A) h/-/[\O}Abr(l’) (Z COﬁbF(r) (f(’l“));/ y A(’I"))
6 =~ =~ 6"

Cr(cofibr f, A)

—om O (cofibrgy (f(), A(r)

where «,.(Q, P) is described in Proposition 9.1.2, ¢ in Proposition 7.5.7 and f is provided by
the Proposition 7.4.5. The isomorphisms ¢, and [, are the counterpart of ¢ and § in the
simplicial set setting. Precisely, if g : X — Y is a cofibration of simplial sets over BI' with I a
groupoid and G a I—simplical abelian group, then Cg(cofibp(g); G) ~ Mo (Z cofibp(g)Y , G)
with cofibr(g) = BI'[[ Y and

Moty (Z cofibr(g)Y , G) = {h € Moty (Z cofibp(g)Y , G) | W(ZBT™ ) = 0}
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(see [10, Part VI] for a reminder about relative equivariant coholomogy for simplicial sets).
Therefore, (b) commutes.

O

9.3.2. Theorem. Let f € Morggper(P,Q), m,n = 2 such that f(s) is a weak equivalence for
every v # s and Hy, Indec(f)(r) = 0 for all k < n. Let also A € Ab®0p" concentrated in arity r
with A(r) = Hy41 Indec(f)(r). Then ar.(k(f)) = k(f(r)), with k(f) the Postnikov invariant of
f and k(f(r)) the Postnikov invariant of the morphism f(r): P(r) — Q(r) in sSet | BI'(r) (see
[10, VI.5)).
If we moreover assume that Q is cofibrant and if we keep on denoting by k(f) a representative
of the Postnikov invariant of f in
[Q, hocolimr K (A, n + 1)]

sOp| Bl

then ar.(k(f)) is a representative of the Postnikov invariant of f(r) in

[Q(r),hocolimp K (A(r),n + 1)]

sOplBI'(r)’

Proof. We simply chase id € Mor yswri) (A(r), A(r)) in the diagram of the previous lemma. The
last statement of this theorem is a direct consequence of the Theorem 9.2.3. O
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We now establish our main results. In this purpose, we prove in sections 10.1 and 10.3 technical
lemmas and propositions. We give in section 10.2 a reconstruction process of a simplicial operad
from its groupoid operad, its I'—operads of homotopy groups and its Postnikov invariants. We
finally use this reconstruction process to develop an obstruction theory for simplicial operads.

10.1. The main lemma

We demonstrate now a technical lemma straightforwardly adapts from [10, Theorem VI.5.9],
which will allows us to prove Theorem A (10.2.2) in the next section.

Let @ be a cofibrant simplicial operad with I' its fundamental groupoid operad. Let also
r,n =2, A e Ab®0p’ concentrated in arity r and z € HET(Q; A). We form the pullback diagram

R ———hocolimr L(A,n + 1)

1

Q) —— hocolimp K(A,n + 1)

where x denotes the morphism that represents the cohomology class x.

10.1.1. Proposition. We have Hy Indec(q)(r) = 0 for all k < n and Hy,41(Indec(q))(r) = A(r).
Moreover, k(q) = x € HETHQ; A).

Proof. The pullback is calculated aritywise and A is concentrated in arity r, so f(s) is a weak

equivalence for every r # s. Proposition 7.5.6 insures us that Hy Indec(q)(r) = 0 for all k < n

and H, 11 Indec(q)(r) = A(r). The Postnikov invariant k(q) of ¢ is therefore defined (see 8.1.2).
We have a commutative diagram

Mot gyeer (A(r), A(r)) — = Hit*H(Qs 4) —— Hy* (R: 4)
w, ar,(Q) ar-(R)
Motroo (A(r), A(r)) ——= FEE (@) AG)) —— HEEH (@) AG)
where the two lines are exact (see Proposition 8.1.1). By [10, Lemma VI.5.8],

ar, (Q)(x) = k(q(r)). Thus, dy((id) = ar,.(Q)(x). We have ¢*(x) = 0 because this cohomology
class is representated by the composite

R — hocolimp L(A,n + 1) — hocolimp K(A,n + 1).
Thus, there is y € Morysxre) (A(r), A(r)) such that dy(y) = = and w,(y) = id. Since w, is

injective, we have y = id and finally « = k(q).
O

Observe that for every s > 1, p(s) is a fiber bundle of fiber hocolimr K (A,n)(s), hence a
twisted cartesian product (see [20, §20 and §23]). The morphism ¢(s) is also a twisted cartesian
product since it is a pullback of p(s).
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10.1.2. Proposition. The object hocolimr K (A,n) € s0p | BT is a group object over BT. Its
group structure is given by the group structure of the Eilenberg-MacLane operad K(A,n); the
unit morphism is the zero section cy : BT — hocolimr K (A, n). Moreover, there is an action of
hocolimr K (A, n) on R over BT defined by

p: hocolimpr K(A,n) X sjp R — R
(k, (y, k")) — (y,k+ k)
with s =2 1, y € Q(s), Yo(y) = 20 — ... and k, k' € K(A(29),n)(s). This action commutes with

the obvious action on Q). In other words, the diagram

hocolimr K (A,n) X gr R >R

Q
commute with pa(k, z) = q(z).
Proof. The proof of this proposition follows from an immediate verification. O
10.1.3. Main lemma. Let f € Morggy sr(P, Q) be a fibration with P cofibrant, such that f(s) is

a weak equivalence for all s # r and f(r) is n—connected with m,(fib(f(r))) ~ A(r). We assume
that x = k(f). There is an operad morphism & so that

R —— hocolimr L(A,n + 1)

5 ~ l lp

r — Q T hocolimp K (A,n + 1)

commutes and & induces an isomorphism &y (r) : m, (ib(f(r))) — 7, (fib(p(r))).

Proof. The composite k(f) o f is represented by the zero cohomology class in H}LH(P; A) ac-
cording to the long exact sequence of Proposition 8.1.1. Therefore, there is a lift of k(f) o f over
p (see remark after 7.2.3) which gives us in turn a lift ¢ of f over q.

Note that (4(r) is an epimorphism. Indeed, since m,(f(r)) is an epimorphism and p a fibra-
tion, 7, ({(r)) is an epimorphism. The commutative diagram

Tnt1(Q(r)) ——=mn(fib(f(r))) —— m(P(r)) —— mn (Q(r))

=i C*(T)l 7Tn(C(T))i =i

Tn41(Q(r)) = Ty 1 fib(p(r)) —— mn (R(r)) —— mn(Q(r))

ensures us that (. (r) is an epimorphism. By contrast, (4 (r) is not necessarily a monomorphism
so we have to modify (.

The morphism ¢ induces an operad morphism ¢’ : P — hocolimp K (A4, n) such that {(y) =
( fy), (y)) by using the twisted cartesian product structure. Therefore, ¢ induces a cohomology
class ¢’ € H{(P; A). Modifying ¢ amounts to modifying ¢’. To be more precise, if we pick a
cohomology class g € H'(P; A), then we get an operad morphism

¢: 9§ hocolimp K (A,n) X gp R -
yo— (90 (w.Cw)  — (Jw).¢w) +aw).
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10.2. Reconstruction of a simplicial operad

We consider the commutative diagram

dq n
HP(R; A) — Morpysurn (A, A) —— HITHQ, A)

H?’(C)l C*(T)J( J/
d

HP(P; A) —> Moryswro (A, A) —— HIY(Q, A)

given by the naturality of the long exact sequence in Proposition 8.1.1. Note that d(ida) = k(f)
by definition and d,(ida4) = k(f) by Proposition 10.1.1. Moreover,
C*(r)(ida) = h with h the composite A(r) ~ m,(fib(f(r))) — mn(fib(¢(r))) = A(r). Since
dr(ida — h) = kE(f) — k(f) = 0, there is a class g € H{r(P; A) mapping to ida — h and we let
E=pogxq.

We finally check that £, (r) is a monomorphism and therefore an isomorphism. O

10.2. Reconstruction of a simplicial operad

We explain the applications of the operadic Postnikov invariants defined in 8.1.2 to the study of
Postnikov sections of a simplicial operad.

As a main outcome, we give a process to reconstruct a simplicial operad P up to homotopy
from its fundamental groupoid operad I' = 7(P), its I'—operad of homotopy groups 7 (P) €
Ab®0p" and its Postnikov invariants k. ,, (see Definition 8.2.2). To do so, we inductively construct
the cofibrant Postnikov double tower of P (see 2.3) from this bunch of data:

— Since P is connected as an operad, the right hand side of the tower is obvious.

— By Proposition 10.2.1, we can deduce from T' the Postnikov section P(r,1) and consequently
the first line of the double tower.

— We can therefore proceed to the reconstruction diagonal after diagonal by Theorem A (10.2.2).

This reconstruction process will be use in the study of the obstruction theory (see proof of the

theorem 10.4.4).

10.2.1. Proposition. Let P be a fibrant simplicial operad, T" be its fundamental groupoid operad
and r = 1. We then have w(P{r,1)) = I'¢, with g, the r-cotruncation of I'. The canonical
fibration ¥ : P{r,1) — BT, (see Definition 5.3.2) is a weak equivalence in s0p | Bl <.

Proof. For every s > 1,

W(s) : PG, 1(s) — BTy ()
induces an isomorphism between the fundamental groups. Since all the other homotopy groups
of BT'¢,-(s) and P{r,1)(s) are trivial, U(s) is a weak equivalence in sSet. Therefore, ¥ is a weak
equivalence in sOp | Bl ¢,. O

Remark. As well, we obviously have w(P{r,1)) = T'g. and the canonical fibration
U : P{r,1y - BT, is a weak equivalence.

10.2.2. Theorem A. Let P be a fibrant simplicial operad. Recall that we denote by I'<,. the
r—cotruncation of I' and by Q the pullback
Pr,n—1y X P{or—1,n).
P{r—1,n—1)

For all r,n = 2, let m,(P(r)) be the additive T—operad concentrated in arity r. There is a
cofibrant replacement Q of
Pirn—1y X Por-—1,n)
P{r—1,n—1)
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and an operad morphism p,,, so that

P(r,my —">Q

NT TN

P<T7n>%>@

commutes in s0p | BT<r (see 8.2 for a definition of the morphism p, ).
Moreover, the square in sOp | Bl'<r

Plr,n) > hocolimp_, L(m, (P(r)),n + 1)

Pr,n
\

Q — > hocolimr_, K (m,(P(r)),n + 1)

n

is a homotopy pullback square.

Proof. By definition of the Postnikov double tower and of the cofibrant Postnikov double tower
of P (see 1.4.6), we have a commutative square

P{r,n) e P{r,n—1) X Plr—1,n)
P{r—1,n—1)
P{r,ny —— P{r,n —1) X Plr—1,n).

n

P{r—1,n—1)

We then pick a factorization

Pl —>Plrn—1y X Por—1Ln
P{r—1,n—1)

of pi.,, to get the first commutative square of this theorem.

The main Lemma (10.1.3) directly implies that the last diagram of this theorem is a homotopy
pullback square because the morphism £ defined in the main lemma is a weak equivalence in this
context. U

10.3. Lift and operadic equivariant cohomology

We prove that a fill-in morphism in a particular kind of commutative square in sOp | BT' ex-
ists if and only if a relative equivariant cohomology class associated to this square vanishes.
This proposition will play a central role in the obstruction theory, which we study in the next
subsection.

10.3.1. The reduced path fibration for Eilenberg-MacLane spaces. In section 7.2.1,
we define the Eilenberg-MacLane operad K (A, n) associated to an additive I'-operad in abelian
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groups A € Ab®0p’ by K(A,n)(z) = D.A[n] and where A[n] € dg,Ab®0p’ is the additive I'-
operad in differential graded abelian groups given by A concentrated in degree n and D, is the
Dold functor. We also set L(A,n) = D,A(n), where A(n) is the operad in differential graded
abelian groups given by A in degrees n — 1 and n together with the identity map as diffential.
We also observe that we have an identity A(ny = A[n]’ x 4[,) 0 where A[n]’ is a natural path
object associated to A[n] (see Proposition 4.3.4 for the definition of this object).

We consider in this section another model for this additive I'-operad L(A, n) which is given by
L'(A,n) = Path(K (A4, n)), where Path(K(A,n)) is a reduced path object defined by a pullback
of the form:

Path(K (A, n)) = * X g (am K(A,n)~

in the category of I'-operads in simplicial sets. We then consider the (unreduced) path object
K (A,n)Al, canonically associated to K(A,n), which we define by using the simplicial model
structure of the category of I'-operads in simplicial sets. Recall simply that this simplicial model
structure is inherited from the base category of simplicial sets, so that the object K (A,n)Al
is given by a mapping space of simplicial sets pointwise (see 1.2.2). To form our pullback,
we just consider the zero map * — K(A,n) and the face map dy : K(A,n)2 — K(A,n)
induced by the 0-th coface d° : A — A! on the simplicial set A'. The face map d; :
K(A,n)A" - K(A,n), induced by the other coface d* : A° — Al restricts to a natural fibration
p : Path(K(A,n)) — K(A,n). For our purpose, we also use that this object Path(K(A,n)) =
* X ge(an) K (A, n)A] inherits a canonical simplicial abelian group structure from K(A,n), as well
as K (A, n)Al.

10.3.2. Proposition. We have a natural comparison map

~

Path(K (A, n)) > L(A,n)

~

K(A,n)

between the additive T'-operad L(A,n) = D4A{n) of section 7.2.1 and the reduced path object
operad L'(A,n) = Path(K (A, n)) of the previous paragraph.

Proof. We have Dy A(n)y = Dy(0x apa) A[n]") = De(0) X p, (afn)) Do (A[n]") since the Dold functor
defines a category equivalence (and hence, preserves cartesian products). We have therefore
L(A;n) = # Xg(an) De(A[n]").

The differential graded path object A[n]!, given by the construction of Proposition 4.3.4, can
also be defined by the pointwise formula

(A[n]")(z) = Homag, (N5 (A1), A[n](x)),

where Homgg, an(—, —) denotes an internal hom-object functor on the category of differential
graded abelian groups which is defined by using that this monoidal category is closed. Recall
also that we have an identity K (A4,n)2 (z) = K(A(z),n)2" for each object  of our operad in
groupoids I'.

By the Dold-Kan equivalence, we have A[n](xz) = NyDJsA[n](z) = Ny (K(A(z),n)). We have
a natural comparison map

N (K (A(x),n)™") — Homgg,o (N (A1), Nu (K (A(2),n))) = A[n]' (x)
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adjoint to the composite
Ny (K(A(z),n)2") ® Nu(A) — Ny (K(A(z),n)>" x A) — Ny (K(A(z),n))

where we take the Eilenberg-MacLane equivalence together with the natural evaluation map
K(A(z),n)" x A - K(A(z),n) in the category of simplicial sets. This comparison map
is a weak-equivalence by [8, Proposition 11.5.3.7]. Furthermore, we readily check, by using
the naturality of the construction, that this map defines a morphism of additive I'-operads
Ny (K(A,n)A") > A[n]’ in the category of differential graded abelian groups. By the Dold-Kan
equivalence, this morphism is equivalent to a morphism of additive I'-operads in simplicial abelian
groups K (A, n)Al — D, A[n]!. Furthermore, we can use that our construction is functorial with
respect to the simplicial set A!, on the source of our mapping spaces, to check that this morphism
of additive I'-operads fits in a commutative diagram

~

K(A,n)A > D,A[n]",

K(A,n) x K(A,n)

where we consider the face operators (dy,d;) associated to the path object A[n]f. Then we just
take the image of this diagram under the pullback operation # X g4 ,) — to get the result of the
proposition. O

10.3.3. Cylinder objects and simplicial model structures. Recall that for every cofibrant
operad P € s0p | BT there exists a (good) cylinder object Cyl(P) € sOp | BT together with a
cofibration P\/ P — Cyl(P) and a weak equivalence s : Cyl(P) — P such that the diagram

P id

I do
0

P\/ P>—Cyl(P) =——=P

|
P id

commutes. Note that the morphisms d°, d' : P — Cyl(P) are cofibrations since we assume that
P is cofibrant.

In what follows, we consider a particular cylinder object Cyl(P) = P ® A! which we deduce
from the simplicial model structure of the category of simplicial I'-operads. The functor — @ A!
is left adjoint to the path object functor —A" Which we use in the definition of the reduced path
object operad Path(K (A, n)) of the previous paragraph. We use this correspondence in the proof
of the next lemma.

10.3.4. Lemma. To every commutative diagram

Pt hocolimr Path(K(A4,n))

I |

Q 7 hocolimr K (A4, n)
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with P cofibrant, we can associate a morphism
F:QVpCyl(P)VpQ — hocolimp K (A,n)

in s0p | BT'. Besides, a fill-in morphism ¢’ in the diagram

Pt hocolimr Path(K (A, n))

Q —g> hocolimpr K (A4, n)
1s equivalent to a solution of the extension problem

Q\ p Cyl(P)\/ p Q —— hocolimp K (A, n)

(d°,Cyl(4),d") L
FI

Cyl(Q)
in the category s0p | BT.

Proof. We set
K = hocolimr K (A, n)

for short. We readily see that the universal covering functor of section 1.1.3 satisfies
(X x AY)V(x) = XV(x) x Al. By adjunction, this relation implies that the homotopy col-
imit functor commutes with the path object functor —A" on the category of simplicial sets, and
the same result holds for simplicial I'-operads, since we define homotopy colimits and path objects
termwise in this category. We have in particular hocolimp (K (A4,n)? ) = hocolimp (K(A,n))Al
for the Eilenberg-MacLane operad of our lemma K (A,n). We now have

hocolimr Path(K') = hocolimp (* X g (4,n) K(Am)Al) = BT xx K&

since hocolimr () = BI' and the homotopy colimit functor preserves cartesian products by
adjunction. The morphism BT — K which occurs in this fiber product is identified with the zero
section cg of the morphism Vg : K — BI', while we consider the face operator dy : KA S K
for the other factor K2 .

We then use the adjunction between the cylinder object functor Cyl(—) = — ® A! and the

path object functor —A" ¢o obtain that the morphism
f: P — hocolimp Path(K (4, n)) = BT xx K2

is equivalent to a morphism f; : Cyl(P) — K such that f;d° = cx¥p. We moreover have
pf = gi < fud' = gi. We can therefore apply the universal property of the pushout to get a
fill-in morphism

(d,d")
P\/P——"" = Cyl(P)

o

QVQ——=QV,pl(P)VpQ

(ck¥q,9)
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which gives the morphism F' of our lemma.

We use the same adjunction process to associate a morphism F’ : Cyl(Q) — K such that
F'd® = ck1pg to any morphism ¢’ : Q — hocolimrp Path(K (A, n)) = BT < KA as in our lemma.
We easily check, again, that the relations ¢’i = f and pg’ = g are equivalent to F’(d°, Cyl(i),d") =
F. L

We use the following observation:

10.3.5. Lemma. The existence of a morphism F” that makes the diagram

QVpCyl(P)VpQ £+ hocolimp K(A,n)

l/ L "FI;//

Cyl(Q)

commute up to homotopy in the category sOp | BT implies the existence of a morphism F' which
makes this diagram commute strictly, as in the statement of the previous lemma.

Proof. We still set K = K(A,n) for short and we consider a path object K’ associated to K in
the category sOp | BI'. We fix a homotopy G : Q \/p Cyl(P)\/p @ — KT such that dyG = F
and diG = F"(d°, Cyl(i),d'). We then have a commutative diagram:

QVrCP)VpQ "= K -~ K .

(do,cyl(i),dl)I G’ - N

Q) ———K

We pick a fill-in morphism G’ which exists by the general axiom of model categories, and we set
I’ = dyG’. Then we trivially have

F'(d°, Cyl(i),d) = doG'(d°, Cyl(i),d*) = doG = F.
O

10.3.6. Proposition. Leti: P — Q be a cofibration in sOp | BT with P cofibrant. Also consider
A e A®op', n = 1, a morphism g : @Q — hocolimr K(A,n) and a morphism
f+ P — hocolimp Path(K (A, n)) with n = 0 such that the diagram

P I, hocolimr L(A,n)

I It

@ —5 hocolimr K (4, n)
commutes. There is a fill-in morphism ¢’ : Q — hocolimr L(A,n) in the diagram

p—1. hocolimp L(A,n)

Q T> hocolimr K (A4, n)
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if and only if a certain class of operadic equivariant cohomology w € H{(Q, P; A) associated to
our square of maps is zero (see the proof for the explicit definition of this class).

Proof. We use the results of the previous lemmas to convert the problem of this proposition into
an extension problem

QVpCyl(P)VpQ £+ hocolimp K(A,n)

Cyl(Q)

in the homotopy category of the category sOp | B[. We note W = Q \/ » Cyl(P) \/ p Q for short
and form the diagram

[Cyl(Q), hocolimp K (A, n)]sopisr — = [W, hocolimr K (A, n)]sopier

HE(Cyl(Q), A) HE (W, A) HEPH(Cyl(Q), W, A),

where the vertical bijections are given by the correspondence of Theorem 7.2.3, while the bottom
horizontal line is an exact sequence, given by the result of Proposition 7.4.3. We deduce from
this diagram that the existence of a solution of our homotopy lifting problem is equivalent to the
vanishing the image in H ™ (Cyl(Q), W, A) of the class w(F) € HE(W; A) associated to the map
F.

We now consider the long cohomology exact sequence associated to the pair of morphisms
Q — W — Cyl(Q), where we consider the inclusion of the first summand @ in the coproduct
W =QVpCyl(P)VpQ so that the composite of our morphisms is identified with the coface
operator d” : Q — Cyl(Q) of the cylinder object Cyl(Q). This long cohomology exact sequence
has the form:

- — Hp(Cyl(Q), W; 4) ——Hp(Cyl(Q), @A) —————

HR (W, Q; A) ——— Hp M (Cyl(Q), W A) —— ...

(see Proposition 7.4.4). We have H?(Cyl(QLQ'A) = 0, because the weak-equivalence
0. Q 5 Cyl(Q) induces an isomorphism Hp(Cyl(Q); A) — HE(Q; A) at the operadic co-
homology level. Hence, we have an isomorphism H"H( 1(Q),W; A) ~ HE (W, Q; A). We then
form the commutative square:
P——Q

Q—=W,

where j is the map consider in our pair Q@ — W — Cyl(Q). We have cofibr (i) = BI'\/, Q and
cofibr(j) = BT'\/p Cyl(P) \/ p Q. We get that the acyclic cofibration d° : P — Cyl(P) induces
a weak-equivalence Q ~ P \/, Q — Cyl(P)\/p @ (which is still a cofibration) by pushout along

(0]
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the morphism i : P — @, and a weak-equivalence yet again BI'\/, Q@ — BT'\/ Cyl(P) \/p @
when we take the pushout of this map along the morphism ¥p : P — BI'. We accordingly
have a weak-equivalence cofibr (i) — cofibr(j) and we conclude from this result that we have
an identity HR(W, Q; A) ~ H{(Q, P; A) at the relative cohomology level. The result of the
proposition follows. O

10.4. Obstruction theory

We aim to extend a given simplicial operad morphism f : P — R to a morphism f': Q — R
under a given cofibration i : P — Q. In other words, we want to find a morphism f': Q — R so
that the diagram
P—L-nr
7
i

Q

commutes in sOp. We recursively define a sequence of operadic equivariant cohomology classes,
the obstructions, whose vanishing is necessary and sufficient for the existence of such an extension.
Note that if f/ exists, then ¢, f and f’ are morphisms over Bm(R) if we set the augmentation ¢ g as
the canonical fibration (see Definition 5.3.2) and the augmentations ¥ p and ¥ g as the composites
Yrf and g f'. Therefore, we can assume that P,Q € sOp | Bm(R), f € Morggp pr(r) (P, R) and
i€ MOI‘SOplBﬂ'(R) (Pa Q)

We first go back to a broader context. We use that sOp | Bl is a simplicial model category.
We accordingly have simplicial mapping spaces Mapq, ier(—;—) defined on this category, such
that

MapsUpLBF(Pa Q)O = MorSUPlBT(Pu Q)

If we moreover assume that P is cofibrant and @ is fibrant, then

o MapsOplBF(P7 Q) = [Pa Q]stlBF~

10.4.1. Proposition. A commutative diagram

]ID
Q

W

f
e

<
=

N

—_—
g9

in s0p | BT is equivalent to a vertex

(f, g) € MapsOpiBl"(P’ S) >< MapstiBF(Q7 T)
MapstlBl‘(P>T)

Furthermore, a fill-in morphism h in

105

P

B

Q

-~

p_I.
7
h
_—
g

~
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1s equivalent to a preimage of this vertex under the pullback corner map

Ma‘pstlBF(Qv S) — MapsUpLBF(P’ S) X Mapsopwr(@v T).
MapsﬂplBl"(P7T)

Proof. Immediate. O

Remark. The pullback corner map in the previous proposition is a fibration by general properties
of simplicial model categories (see [12, 9.3.7]).

10.4.2. Lemma. The existence of a strict preimage h in the previous proposition is equivalent
to the existence of a preimage of the class of the pair (f,g) when we pass to the sets of connected
component

o MapsOpiBl"(Qv S) — To MapsOpiBl"(Pa S) >< MapsOpiBl"(Qv T)
Mapsnpwr(PvT)

Proof. We use that any fibration ¢ : £ — B induces a surjection ¢ : £, — B, for each pair of
connected components such that ¢(z) = y in moB. The conclusion of the lemma follows. O

We now assume that P is cofibrant. We consider a commutative diagram in s0Op | BT :
S<~—8 ——1L
Lo
T<—7 —K.
where the right square is a homotopy pullback as in the remark after the Theorem A (see 10.2.2),
where L = hocolimp L(A,n) and K = hocolimpr K (A4,n). We also assume that 7" and T are
fibrant, and we pick a factorisation
S 8" ——T
and fill-in morphisms to form the commutative diagram
S<—8 ——=1L
N

S//

i (%)

T<—1T —K.

We still have a weak equivalence S” — T’ X [ L, so that (x) is still a homotopy pullback
fibration. We once again consider the simplicial operad L’ = hocolimp Path(K) of Proposition
10.3.2 : remind that we have a commutative diagram

L’?L

7
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We form :
S//4~>T/XKL<;T/XKL/

L :

T T T

10.4.3. Theorem. In this setting, the existence of a lifting h in

f

—_—

P
Q-

e
g

p

<— W0

N

is equivalent to the vanishing of a obstruction class w e H(Q, P; A) associated to our diagram.

Proof. We now have a diagram of pullback corner maps :

MapstiBl"(Qa S) - = MapsOpLBF(P) S) >< Maps(]plBl"(Q7 T)
Ma‘psﬂplBI‘(PvT)

~

MapsﬂplBl"(Q? B MapsOplBl"(P’ S") X MapsOplBl"(Q’ T')
MapsﬂpLBF(P7T/)

MapsOplBl" (Q?T/ >< L) - Ma‘pstLBF <P) T >< L) >< MapstiBl"(QaT,)

K K MapsuplBr(P,T’)

Mapsopwr (Q7TI X Ll) — Mapsnpwr (P, T X Ll) X MapsOplBl"(Q7Tl)

K K MapstLBF(PﬂT,)

where the vertical arrow are weak equivalences.

We deduce from this diagram that the existence of a homotopy preimage on the top is
equivalent to the existence of a homotopy preimage of the class corresponding to our pair on the
bottom. We use Lemma 10.4.2 again to get that this is equivalent to the existence of a strict
preimage.

We have

MapsOpLBl" (Q?TI >< Ll) = MapsOpLBF(QaT/) >< MapsOplBF(Q7L/)

K Mapsopwr(Q7K)
and
MapsﬂplBF (Pa T’ >< Ll) = MapstlBI‘(P7 T/) >< MapsOpiBI‘(Pv L/)
K Mapsnpwr(PaK)
78
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by the preservation of limits by mapping spaces. A simple chase in the pullback square

1\/IapsﬂpiBI‘(Q7 T/) >< 1\/IapsOplBl"(Qa Ll) 1\'{Ei‘];:)sﬂpiBI‘(Q7 LI)
Mapsupwr(QvK)

|

hAapstiBI‘(Q7 T/) >< 1\43‘];)SIJP¢BI‘(P’ Ll) - 1\/Iaps(]plBI‘(Q7 K) >< I\AapsﬂpiBF(P? Ll)
Mapsupmr(PrK) Mapsuplsr(PvK>

then prove that our problem reduces to the problem of finding the preimage of a certain element
under the map

MapsomBr(Qa L) — Mapsopwr(Pa L) X MapsOplBF(Qv K).
Mapsupwr(PvK)

By Proposition 10.4.1, this is equivalent to a lifting problem of the form considered in section
10.3 :

f

*>L
;T
g
L

g K’

~

~

i

-

O

which is in turn equivalent to the vanishing of a obstruction class w € H*(Q, P; A) by Proposition
10.3.6.

O

10.4.4. Theorem B. Let R € sOp be such that R is fibrant and T = 7w(R). Let also
P,Q € s0p | BT with P cofibrant. We consider a morphism f : P — R and a cofibration
1: P — Q in s0p | BI'. There is a morphism f': Q — R such that the diagram

commutes if and only if a sequence of operadic equivariant cohomology class
Wy, € HEYHQ, Py, (R)(r)) defined recursively for all n,r > 2 vanishes.
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Proof. We proceed inductively through the double Postnikov tower of R :

coar<,

Rr+1,n+1) R{r,n+1) R({1,n+1)
Pr+1,n+1 Pron+1 P1in+1
coar<,
R{r +1,n) R{r,n) . R{1,n)

! i i

o

Rér+1,1) —==" > R(r,1) R(1,1)

diagonal after diagonal, following the reconstruction process of the operad R. We denote g{(r,n)
the composite P — R — R{(r,n).

Since R is connected as an operad, R(1,n) = I for every n > 1. Thus, there are obvious
extensions ¢'(r,n) of g{r,n) with respect to i for every (r,n) such that r = 1.

Let ¥ : R(r,1) — BT ¢, be the canonical fibration (see Definition 5.3.2), which is here acyclic
(see remark after the Proposition 10.2.1). The diagram

r,1
P2 Rer 1y

I . i‘b
Q—>BF<T

commutes and there is an extension ¢'{r,1) of g{r, 1) with respect to i.

Let now I > 3 and suppose that we have already extend g¢(r,n) to morphisms
g'{ryny : Q — R{r,n) with respect to i for all r + n <. We want to extend g to the Postnikov
sections on the diagonal which equation is r +n = [ + 1. Let 2 < s < [ and assume that
g{1 +t,1 — t) have been successfully extended to ¢’{1+t,1 —t) for all 0 < ¢t < s — 2. In other
terms, assume that g have been successfully extended to the (s—1)—st top terms of the diagonal.
We want now to lift the filling morphism ¢ :

"(s—1,l+1—3s)

®

S
R(s,l—s)y X R{s—11l+1-5s)
R{s—1,l—s)

R(s—1,l+1—5s)

g'(sil-s)

A
R{s,l —s) R{s—1,l—3s)
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in the commutative square in sOp | Bl's

g{s,l+1—s)

P R(s,l+1—s)
[ e
g’ (s, l+1 5> ' ,
Psi+1—s

Q

*>R<sl s) X R{s—11+1-5s).
R{s—1,l—s)

By Theorem 10.4.3, this fill-in morphism exists if and only if a certain class

wsi41-s € HEE27(Q, Pimigi—s(R)(s)) = Hi 2 7%(Q, Pimig—s(R)(s))

vanishes. Since R = lim 7 (R) (see 2.3.1), the proof of this theorem readily follows. O
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A. Universal coefficient theorem for operadic equivariant
cohomology

We give in 7.5.8 a universal coefficient theorem in relative operadic cohomology when the coeffi-
cients are concentrated in one arity. We crucially rely on this result to prove Proposition 8.1.1,
which permits us to define the k—invariant of a simplicial operad morphism and in particular,
the Postnikov invariants of a simplicial operad.

A stronger version of this universal coefficient theorem however exists : we do not necessarily
have to assume that the coefficients are concentrated in one arity. This statement permits us to
establish Proposition 8.1.1 with less hypothesis. We can then understand the necessity of the
arity filtration in the definition of the Postnikov invariants of a simplicial operad.

A.1. Theorem (Universal coefficient theorem in relative operadic equivariant cohomology).
Let f € Morsopsr(P, Q) and A € Ab®0p". There is a cohomology spectral sequence (B(f)3*)
associated to a decreasing filtration such that

B(f)‘;’]c = H**F Mor ppexres) (Indec(f)(s)a, A(s)) = H;*k(Q,P;A)

and for all s = 1, a first quadrant cohomology spectral sequence associated to a bicomplex
(Bs(f)y®) such that

Bo(f)5" = Bxtl surce) (Hy, Indec(f)(s), A(s)) = H* ' Mor pyewrce) (Indec(f)(s), A(s)).-

Proof. We assume that f is a quasi-free extension between cofibrant objects with @, = P, \/ F(M),
M € s™Seq | BI' (otherwise we replace it by using a cofibrant replacement of P followed by a

factorization).
Let "y
C* = DerAbopl‘ (Z Coﬁb[‘(f) \./ y A) € dg*Ab
with

]%;‘Abopr(z Coﬁb[‘(f)vk, A) = {g € DerAprl‘ (Z C'Oﬁbl"(f)’;/ s A) |g(ZBF\]2 ) = O}

for all £ > 0 and with the alternate sum of the coface maps as differential. There is a cochain
complex isomorphism (see Theorem 7.4.5)

C* ~ Cp(cofibp(f), A).
There is also, for all k£ > 0, an abelian group isomorphism
b : CF — Mor pgeqr (Indec(f)x, A)
induced by the composite of embeddings in s~Ab0p® (see Proposition 6.2.4)
7 : Indec(f) — cofib(Zf") — cofibr(Zf"),

but these isomorphisms do not necessarily induce a cochain complex isomorphism.
Let By = Morpgeqr (Indec(f)a, A) € dg*Ab and F,B* be the decreasing filtration defined for
all s,k =0 by
FyB* = { f € Morpgeqr (Indec(f)5, A) | Vr < s, f(r) = 0}.
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Let also F,C* be the decreasing filtration defined for all s,k = 0 by
F,C* = ¢, ' (F,B").

These filtrations are compatible with the differentials, and if we consider the filtration of Indec(f)
defined for all k,s = 0 by

F, Indec(f)x(r) = { IndGC(Of)k(r) g: <

then
F,B* = Morgyyr (Indec(f)x/Fs Indec(f)y, A)

and

G,B* = F,B*/F,,,B*
~ Mor ppseqr (Fs11Indec(f)x/Fs Indec(f)x, A)
>~ Morppgeqr (Indec(f)x(s), A)
~ Mor prxrey (Indec(f)i(s), A(s)) .

Since P(1) = Q(1), we have Indec(f)(1) = 0 and the spectral sequence (B(f);*) associated

to the filtration of B® is bounded in each arity. Therefore, this spectral sequence converges.
Moreover,

G,C* = 71 (G B")
= {g € Derppop; (Z cofibr(f) ¥, A)|g(ZBT}. ) = 0 and g(Indec(f)x(r) = 0 for r # s} .

We now prove that the morphisms ¢, induce a graded cochain complex isomorphism
G.C* ~G,B".

To do so, we consider g € G,C* and z € Zcofiby (7)1 with z € T'(s). Recall that we have
Z cofibr(f), =~ Indec(f), ®ZBT ®Z cofibr(f)%, where Z cofibr(f)¥, is made of the decorated
semi-alternate two-colored trees with at least two vertices. We have §(7(2)) = 2% + 2° + 2¢ with
2% € Indec(f)(z)x, 2° € ZBI' () and z¢ a sum of semi-alternate two-colored decorated trees
with at least two vertices. Since the decorating elements of such trees belong to ZBT'Y (z;); or
to Indec(f)(z;)r with z; € T'(s;) and s; < s, g(2¢) = 0. Moreover, g(z2°) = 0, so g(§(7(2)) = g(z%)
and

Therefore, the diagram
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commute for every k > 0 and
B(f)ykF =m0 = H{PM(Q, P; A).

We now want to calculate B(f)* = H*** Moryswre (Indec(f)(s), A(s)). To do so, we fix
the arity s and we consider an injective resolution

I*(A(s)) = {I°(A(s)) = I'(A(s)) — .}

of A(s). Such a resolution exists because Q/Z[%(s) x I'(s)] is an injective cogenerator in the
category AbZXT(s) ~ ApZ(s)XT(s) | et

Bs(f)l’k = Moryexrce) (Indec(f)(s), IZA(S))

o0

be a bicomplex. The associated spectral sequence Bg( f)p converges because this bicomplex is
zero out of the first quadrant. Since Indec(f) is cofibrant, Indec(f)y is projective according to
Proposition 6.1.4. The functor

Mor yexr (Indec(f) g, —) : dg*Ab™T®) — dg*ab
then preserves weak equivalence. Thus we have

{ "B =0 if 1 # 0,
HBs(f)(l)’k = Mor rxree) (Indec(f)k,A(s)).

Thereafter,
B, (f)”C = gkt Mor pzure) (Indec(f)(8)e, A(S)).

p

O

A.2. Proposition. Let f : P — @Q be a morphism in sOp | Bl and r,n > 2. If the augmentations
VUp : P — Bl and Vg : Q — BI' induce equivalences of categories between the associated
groupoid operads, then Hy(Indec(f)) =0 for all k < n.

Proof. We assume that f is a quasi-free extension between cofibrant operads with
@Q, = B\VF(M), M € s~Seq | BT (otherwise we replace it by a quasi-free extension by us-
ing a factorization).

We construct a spectral sequence associated to a filtration similar to the one defined in [6,
Lemma 3.6.2]. Let r > 2, x € I'(r) and

W (z) = Coker(ZP" (z) — ZQ" (z)) € dg«Ab

equipped with the differential § given by the alternate sum of the face maps. Since the augmen-
tations ¥p : P — BI' and ¥ : Q — BI' induce isomorphisms between the associated groupoid
operads, fV(r) is n—connected (see Proposition 5.3.3). The classical relative Hurewicz theorem
(see [30, Theorem IV.7.2] or [10, Corollary I11.3.12]) then implies that Hy W (r) = 0 for all k¥ < n.

We pick 29 € I'(r)For all r > 2. For all k > 0, W(x) is the direct sum of semi-alternate
two-colored trees decorated by objects in ZPY (29);, for the black vertices and in Indec(f)(2%), =
Z.M " (29);, for the white vertices, except for semi-alternate two-colored trees with only one vertex
decorated by an element in ZP" (29);. For all j > 0, G;j(x) is the abelian subgroup of W (z)
obtained by restricting the direct sum which define W (x) to the semi-alternate two-colored trees
T with j vertices. We also consider the abelian group Fi(z) = @®,-,; G;(z).

The differential of a semi-alternate two-colored tree in W (x) is calculated vertex by vertex :
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— if the vertex v is black, thus decorated by ¢ € ZP"(29), then 6¢ is a linear combination of
elements in ZPY (29);

— if the vertex v is white, thus decorated by ¢ € ZM" (2?), then §C is a linear combination
of elements in ZM" (2) and of semi-alternate two-colored trees decorated by elements in
Z.P" (2%) and at least one element in ZM " (z9).

Therefore, F;(z) is stable under §, and there is a bounded filtration

W(z) = Fi(z) D Fa(z) o ... © F.(z) = 0.
We consider the homology spectral sequence Ej ;(z) associated to this filtration so that
E;7t(m) =Ho  G_s(2)

and equipped with the differential 6%, : EY (z) — E%, ., (). The differential 62, on the
zeroth page is induced by the alternate sum of the face maps in P and Indec(f) (see Proposition
7.5.4). Since the filtration is bounded, the spectral sequence converges to H,W (x). Moreover,
we have B!, ; = H;_1 Indec(f)(z).

We now prove by induction on the arity r that Hg Indec(f)(r) = 0 for all k < n. If r = 2, all
the terms in the first page of the spectral sequence E! (x) are zero except for the one located in
the column -1. We therefore have Hy, Indec(f)(2) = 0 for all k£ < n.

Assume that Hy Indec(f)(r') = 0 for all &k < n, ' < r and let € I'(r). We then have
El,(x) = 0 for all (s,t) such that s < —1 and ¢ < n — s by the Kiinneth theorem. Indeed,
an element in E!l, is a homology class of a composite including at least one component in
Indec(f)(r'), 7’ < r. Thus, Hy Indec(f)(z) = 0 for all k < n.

O

There is of course an absolute version of the universal coefficient theorem :

A.3. Theorem (Universal coefficient theorem in operadic equivariant cohomology). Let
P € s0p | BT cofibrant and A € Ab®0p'. There is a cohomology spectral sequence (B(P)®*)
associated to a decreasing filtration such that

B(P)3™" = H*** Mor pyswrce (Indec(Z PV )(s), A(s)) = HETF(P; A)

and for all s = 1, a first quadrant cohomology spectral sequence associated to a bicomplex
(Bs(P)2*) such that

T
B.(P)5" = Ext! zure) (Hg Indec(ZPY ) (s), A(s)) = Mor pewrce) (Indec(ZP" )(s)., A(s)).
Proof. Straightforward adaptation of the previous proof. O
A.4. Proposition. Let f € Morgoppr(P, Q) and A € Ab®0p”. If Hy(Indec(f)) = 0 for all

1 <k <n, then HL(P; A) ~ HE(Q; A) for all k < n and there is an ezact sequence

*
0 —— HA(Q; A) ——= HA(P; A) —= HEH(Q, P; A)

f*

d n n
HytH(Q, 4) ——=Hp" (P, A)

natural in f and such that H?H(Q,P;A) is a graded abelian group  with
G HEHQ, P; A) © Morypexres) (Hy, 1 Indec(f)(s), A(s)) for all s = 0.
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Proof. We use the spectral sequences provided by the universal coefficient Theorem A.1. Ac-
cording to our hypothesis on Indec(f), we have

Bs(f)%fk =0, if k < n,
Bo(f)Y" T = Morygsxr) (Hy 41 Indec(f)(s), I'A(s)), otherwise.
Thus :
BJ(f)3* =0, itk <n,
Bo(f)5™ = Morysxre (Hy, 41 Indec(f)(s), A(s)), otherwise,
from which we conclude that :
{B(f)?k:(L if s+k<mn,
B(f)5"™ ! = Morygexe) (Hpy 1 Indec(f)(s), A(s)), if s+k=mn+1.
Thereafter,
{H’E(Q,P;A)=0, if k <n,
G HETH(Q, P; A) < Mor pyeres) (Hp 41 Indec(f)(s), A(s)).

We then use the long exact sequence of operadic equivariant cohomology (see Proposition 7.3.2) to
get the statement of this theorem. Moreover, Indec(f) does not depend up to a weak equivalence
of the choice of a replacement of f and the long exact sequence of equivariant cohomology is
natural. Hence, this result holds regardless of this choice. O

If f is the fibration p(n) : P{ny — P{n — 1) between the Postnikov sections (see Proposition
2.1.2), we have Hy(Indec(f)) = 0 for all & < n by Proposition A.2. We can therefore apply
the previous proposition with A = H, 11 Indec(f) : there is not necessarily an element ( €
H¥+1(P<n — 1), P{n); A) such that, for all s > 0, its component of degree s in the grading of
HEH (P{n — 1), P(n); A) is equal to id € Homyyreree) (A(s), A(s)). Moreover, even if ¢ exists, it
is not uniquely defined. Thus, we can not necessarily find an operadic equivariant cohomology
class k,, € H?H (P(n — 1), P{n); A) such that there is a homotopy pullback square

P{n)y > hocolimp L(A,n + 1)

plny
v

P{n —1) ——hocolimpr K(A,n + 1)

where p{n) : P{n) — P{(n—1) is a replacement of p(n) by a cofibration between cofibrant
operads and k,, also denotes a representative in

[P{n — 1), hocolimpr K (A,n + 1)]sop|er

of the cohomology class k,. That is why we had to introduce the double Postnikov tower,
beyond the fact that the arity filtration imply that the coefficients of the operadic equivariant
cohomology groups are concentrated in one arity and this cohomology therefore restrain to the
simpler cohomology of the indecomposable.
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B. The categories AbSeq’ and Ab®0p' are Grothendieck cat-
egories
Finding a set of projective generators in AbSeq' and then concluding that this category is a
Grothendieck one raises no difficulties.
In order to extend this result to the category of additive I'—operads Ab®0p’, we want to
exploit the adjunction between the free additive I'—operad functor and the forgetful functor, but
we can not use the construction given in Theorem 3.3.1 since the direct sum does not commute

with the colimits. We therefore rely on the fact that an additive I'—operad is a Com—bimodule
and give a construction of the free Com—bimodules by the mean of composite trees.

B.1. Bimodule over a '-operad. Let P € AbOp™. A P—bimodule is a T —symmetric sequence
M € AbSeq" equipped with an action of the operad P given by composition operations

0; : P(x) @ M(y) — M(x o; y)
foralz eT'(r),yel(s),r=1,s>21<i<n,and
0; : M(2)® P(y) — M(z 0 )

for all x € T'(r), y € I'(s), r =2 2, s =2 1, 1 < i < n. These compositions operations satisfy
equivariance, asssociativity and unit axioms obtained by replacing one factor P by M in the
domain of the equivariance, associativity and unit axioms of the structure of a I'—operad.

B.2. Proposition. The additive I'—operads are equivalent to Com—bimodules where Com is the
I'—operad defined in 3.1.4.

Proof. There is an equivalence between the additive composition operation
0i : P(z)® P(y) —» P(z ®; y)

of an additive I'—operad P € Ab®0p" and the composition operations of an action of the operad

Com

0; : Com(x) ® P(y) — P(z 0; y),

0; : P(z) ® Com(y) — P(x o; y)
because Com(z) = Z for all x € T. O
B.3. Proposition. The category AbSeq" admits {G.,}zeer as a set of projective generators,
where

G (1) =Z® (2 x T')Fy, (z) = Z[Morswr(zo, x)]

forallx eT.

Proof. For all M € AbSeq',
MorAbSeqr(G(L‘o7 M) ~ Morsetseql" (MOI‘EMF(Z'O, —), M) ~ M(ﬂfo)
Therefore, {Gz,}, r is a set of projective generators of Abseq". O

We now want to find a set of projective generators in Ab®0p’. To do so, we have to consider
free additive I'—operads, but we can not use the construction given in Theorem 3.3.1 since the
direct sum does not commute with the colimits. We will equivalently give a construction of free
Com—bimodules by the mean of composite trees.
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B.4. Composite trees. A composite tree T is a tree equipped with a partition of its vertices

in three sets V(T') = Vo(T) [ [VA(T) [ [ V2(T) such that :

— There is one and only one vertex v € V;(T).

— There is at least one vertex in Vp(7T'). The ingoing edges of every u € Vo(T') are entries of the
trees, the outgoing edge of u is an ingoing edge of v. Morever, every ingoing edge of v is the
outgoing edge of a vertex in Vi(T).

— There is one an only one vertex w € Vo(T'). One of its ingoing edge is the outgoing edge of v,
the other ingoing edges of w are entries of the tree. The outgoing edge of w is the root of the
tree.

For instance,

is a composite tree.

B.5. Proposition. The forgetful functor w : Ab®0p" — AbSeq" admits a left adjoint, the free
additive I'—operad functor F® : AbSeq” — Ab®0p’.

Proof. Let M € AbSeq" and z € I'(r) with r > 2. We form a groupoid Trees(z) with the object
set

{(T(b, z,a1,..,ax), u)|T € Trees,ay, ...ax, b, z € T', p € Morpr(Ar(xy),x)},
where  T(b,z,a1,...ar) denotes a composite tree T  decorated by elements

ai, -+ ,ag,b,z € T'. The vertex uq,..ur in Vo(T) are decorated by ay, ..., ax, the vertex v € Vi(T)
is decorated by z and the vertex w € V5(T') is decorated by b. For example,

is a composite tree decorated by elements in I'. The morphisms of Trees(z) are the isomorphisms
T(fb7fz7fa17 e 7fak) : T(baz7a17 e ,(Lk) - T(bl,2/7a/17 e 7a;q7)
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such that
Ar(byz, a1, ak)
N
A1 (fosfzsfay s fay) x
Hl
AT(b/7 Z/a G/;_, e ,G;;C)

commutes, with f,, € Morr(a;,a;), fo € Morp(b,b') and f, € Morp(z,2'), for all
(T(ba Z,Q1, " 7ak)a /1') ) (T(b/7 Zlva‘/lv T aa’;g)wul) € Tree3(‘r)'
We set

FO(M)(z) = colim T (Com(b), M(z),Com(ay),- - - ,Com(ay)).

 T(b,z,a1, yan)ETrees(x)
By construction, F®(M) is a Com—bimodule. The action of o € ¥(r) on the term
T (Com(b), M(z),Com(ay),- - - ,Com(ay))
indexed by (T'(b, z,a1,- - ,ax), u) € Treeg(z) with « € I'(r) is given by
0.1 (Com(b), M (z),Com(ay), - - ,Com(ay))

indexed by (0.(b, z,a1, -+ ,ax),0.) € Treez(o.z). To describe the right action of Com on F®(M),
we first describe the right action of I' on the composite trees decorated by elements in I'. Let
xel(r),yeT and 1 < i <r. There is a functor

o;y: Treez(x) — Treez(xo;y)

such that

if the i—th entry of the tree in the domain is the ingoing edge numbered by ¢ of the vertice
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decorated by a; and

if the i—th entry of the tree in the domain is the ingoing edge numbered by i'of the vertice
decorated by b. These functors induce a right action of Com on F® (M) by composition operations

s : T®(M) () @ Con(y) — F®(M)(x o, y).

We define in a similar way the left action of Com on F®(M).
There is a natural embedding ¢tp; : M — F®(M). It associates to z € M(x) the decorated
tree

€ T(com(pt)7 M (z), com(pt), - - - 7com(pt))

in the colimit which defines F®(M)(x), where 1 € Com(pt) and pt is the operad unit of T' and
we consider the operadic unit 1 € Com(e) . Finally, since an additive I'—operad is equivalent
to a Com—bimodule (see Proposition B.2), there exists one and only one morphism of additive
I'—operads g such that

f

M P

commutes for all f € Morypgeqr (M, P). O

B.6. Proposition. The category Ab®0p" admits {F®(G,)}uper as a set of projective generators
(see Proposition B.3 for a definition of G, ).

Proof. According to the proof of the Proposition B.3 and the universal property of the free
additive I'—operad,

Morypagpr (FP(Gyy ), P) > Morspseqr (Gags P) = Morseseqr (Morsxr(zo, —), P) ~ P(zq)

for all 2y € I'. Therefore, {F®(G,)}zoer is a set of projective generators of Ab®0pT. O
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B.7. Corollary. The categories AbSeq" and Ab®0p' are Gothendieck categories. They therefore
have enough injectives. Moreover, they have enough projectives.

Proof. All small colimits exists in AbSeq" and Ab®0p" and filtered colimits are exact as they are
calculated pointwise. Morever, thes categories admit a set of generators so they are Grothendieck
categories. O
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