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Abstract

In this work, a new bond model with nonlinear shear failure criterion is first proposed

and implemented in the particle flow code for describing mechanical behavior of isotropic

cohesive granular materials such as sandstone. A large number of compression tests have

been performed on two and three-dimensional samples. The results show that the effect

of confining pressure on compressive strength and failure pattern is well described by the

proposed bond model. Effects of loading path and the intermediate principal stress on

deformation and failure have been also investigated. After further extending parameters

with respect to elastic and strength, two bond models: the proposed bond model and

the improved smooth join model, are coupled to character the anisotropy of strength and

deformation in anisotropic cohesive materials such as sedimentary rocks. A series of con-

ventional triaxial compression tests with different loading paths have been performed and

numerical results are in good agreement with experimental data, especially for elastic re-

sponse and strength properties. The failure mode transformation between weakness layer

and rock matrix under different confining pressures has been well described. Further-

more, the proposed bond model has been extended to study hydraulic fracturing process

in cohesive materials. A representative hydraulic fracture propagation process has been

presented. Influences of different factors, such as confining pressure, fluid viscosity and flu-

id injection rate, on hydraulic fracture extension have been investigated. Finally, we have

developed a dimensional reconstruction method of block shape irregularity and studied its

effects on block impacts using an energy based approach.

Keywords: New bond model, DEM, Particle flow code, Sandstone, Shale, Hydraulic

fracture, Rockfall





Résumé

Dans ce travail, un nouveau modèle de liaison avec critère de rupture de cisaillement

non linéaire est d’abord proposé et mis en œuvre dans le code d’écoulement des particules

pour décrire le comportement mécanique des matériaux granulaires cohérents isotropes

tels que le grès. Un grand nombre de tests de compression ont été effectués sur des

échantillons à deux et trois dimensions. Les résultats montrent que l’effet de la pression

de confinement sur la résistance à la compression et le modèle de rupture est bien décrit

par le modèle de liaison proposé. Les effets du chemin de chargement et de la contrainte

principale intermédiaire sur la déformation et la rupture ont également été étudiés. Après

avoir étendu les paramètres relatifs à l’élasticité et à la force, deux modèles de liaison: le

modèle de liaison proposé et le modèle de joint lisse amélioré, sont couplés pour caractériser

l’anisotropie de la résistance et de la déformation des matériaux cohésifs anisotropes tels

que les roches sédimentaires. Une série d’essais de compression triaxiale conventionnels

avec différents trajets de chargement ont été réalisés et les résultats numériques sont en

bon accord avec les données expérimentales, en particulier pour les propriétés de réponse

élastique et de résistance. La transformation du mode de défaillance entre la couche

de faiblesse et la matrice rocheuse sous différentes pressions de confinement a été bien

décrite. En outre, le modèle de liaison proposé a été étendu pour étudier le processus

de fracturation hydraulique dans les matériaux cohésifs. Un processus de propagation de

fracture hydraulique représentatif a été présenté. Les influences de différents facteurs, tels

que la pression de confinement, la viscosité du fluide et le débit d’injection du fluide, sur

l’extension de la fracture hydraulique ont été étudiées. Enfin, nous avons développé une

méthode de reconstruction dimensionnelle de l’irrégularité de forme de bloc et étudié son

effets sur les impacts de bloc en utilisant une approche basée sur l’énergie

Mots clés: Nouveau modèle de liaison, DEM, code de flux de particules, grès, fracture

hydraulique, chutes de pierres
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General Introduction

Most rocks are cohesive materials. Their microstructure is mainly composed of mineral

grains, interfaces between grains and voids. Their mechanical behaviors are complex and

strongly dependent on loading history, such as volumetric dilatancy, transition from brittle

to ductile behavior, induced damage, initial and induced anisotropy. As an alternative way

to classical plastic and damage models, discrete modeling provides an efficient method to

capture those complex mechanical properties. In this context, a cohesive rock material

is replaced by an equivalent discrete medium composed of grains and voids. In general,

the inter-granular contact interfaces in cohesive rocks are bonded, generating a certain

macroscopic tensile strength and uniaxial compression strength. Further, the deformation

and failure of materials are inherently related to bonds breaking or contact interfaces

cracking and grain crushing. The main issue is to capture the physical processes at the

contact scale and their impacts on macroscopic responses. As one of the widely used

discrete approaches, the particle flow model that has the ability to simultaneously consider

the combined role of mineral grains and voids, will be adopted in this work to investigate

the mechanical behavior of cohesive rocks, especially for capturing the failure evolution

from the diffused micro cracks to forming local failure band. In this method, the used bond

model of interface between particles plays an important role in describing the mechanical

behavior of cohesive materials. Thus, the main outline of the work is first to propose a

suitable bond model for isotropic cohesive materials, and then to extend it for materials

with structural anisotropy. Furthermore, this bond model is extended to hydromechanical

coupling for modeling hydraulic fracturing in saturated rocks.

On the other hand, rockfall is another common engineering problem. It refers to the
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phenomenon of bedrock fragments rapidly moving downward from a cliff face. During

the rockfall process, there is always colliding between the falling block and the slope.

The colliding mechanism of rockfall is complicated and influenced by many factors such

as falling block morphology, surface characteristics, incident angle, block volume, block

strength and other bedrock properties. Due to the fact that classical continuum methods

have difficulty in solving non-continuous motions, the discrete method is here used to

investigate these effects of various factors, such as the morphological randomness and

irregularity of impacting rocks, which have so far rarely been taken into account in rockfall

analysis. Hence, this work is also devoted to three-dimensional modeling of small falling

rocks in block impact analysis in energy view using the particle flow method.

This present dissertation consists of four chapters: The first chapter concerns the

investigation of sandstone which can be treated as isotropic cohesive materials. The focus

is on describing the strength nonlinearity observed in experiments. A new bond model

with nonlinear failure criterion will be first proposed and implemented in the particle flow

code to describe both tensile and shear cracking of bonded contact interfaces for a large

range of stress state. Then, fully three-dimensional simulations will be performed on both

cylindrical and cubic samples for different loading paths. Effects of confining pressure

and loading path on deformation behavior and failure process of typical bonded granular

materials will also be clearly demonstrated.

The second chapter is devoted to study on strength and deformation of anisotropic

cohesive materials. The nonlinear failure criterion used in simulation of sandstone will

be first introduced in two bond models, the bond model and the smooth joint model,

to consider tensile and shear failure respectively in weakness layer and rock matrix for

a large range of normal stress. A useful procedure for characterizing micro-structure

of anisotropic material with two bond models is proposed, and corresponding stiffness

and strength parameters related to deformation and failure are further developed. This

developed method will be implemented in the Particle Flow Code and applied to model

a typical anisotropic sedimentary rock. Moreover, the effect of the intermediate principal

stress on anisotropy will also be predicted.
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In the third chapter, the break down pressure as well as failure evolution process of

cohesive material in hydraulic fracture tests will be described using the particle flow code

with the proposed bond model. Effects of confining pressures, fluid viscosity and injection

rate on mechanical behavior are respectively investigated.

In the last chapter, the discrete method will be applied to rockfall analysis. Three-

dimensional modeling of small falling rocks in block impact analysis in energy view using

the particle flow method is mainly conducted in this part. The restitution coefficient

of rockfall collision is introduced from the energy consumption mechanism to describe

rockfall-impacting properties. Three-dimensional reconstruction of falling block is con-

ducted with the help of spherical harmonic functions that have satisfactory mathematical

properties, such as orthogonality and rotation invariance. Furthermore, the effects of

rockfall morphology, surface characteristics, velocity, and volume, colliding damping and

relative angle on restitution coefficients will be further investigated.
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Chapter I

Effects of confining pressure and

loading path on deformation and

strength of cohesive granular

materials: a three-dimensional

DEM analysis
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Abstract
This paper is devoted to numerical analysis of strength and deformation of cohesive granular materials. The emphasis is put

on the study of effects of confining pressure and loading path. To this end, the three-dimensional discrete element method

is used. A nonlinear failure criterion for inter-granular interface bonding is proposed, and it is able to account for both

tensile and shear failure for a large range of normal stress. This criterion is implemented in the particles flow code. The

proposed failure model is calibrated from triaxial compression tests performed on representative sandstone. Numerical

results are in good agreement with experimental data. In particular, the effect of confining pressure on compressive strength

and failure pattern is well described by the proposed model. Furthermore, numerical predictions are studied, respectively,

for compression and extension tests with a constant mean stress. It is shown that the failure strength and deformation

process are clearly affected by loading path. Finally, a series of numerical simulations are performed on cubic samples with

three independent principal stresses. It is found that the strength and failure mode are strongly influenced by the inter-

mediate principal stress.

Keywords Bonded contact model � Cohesive granular materials � Contact interface � Discrete element method (DEM) �
Loading path � Sandstone

1 Introduction

A large number of engineering materials, in particular rock-

like and cement-based materials, can be investigated in the

class of cohesive granular materials. Their microstructure is

mainly composed of mineral grains and voids. Unlike

cohesionless granular materials such as powders and soils,

the inter-granular contact interfaces in cohesive materials

are bonded, generating a nonvanished macroscopic tensile

strength and uniaxial compression strength. In this class of

materials, the physical processes of deformation and failure

are inherently related to bonds breaking or contact

interfaces cracking and grain crushing. A great number of

experimental, theoretical and numerical studies on various

granular materials have been so far conducted. For instance

and without giving an exhaustive list of reported studies, a

thermomechanical constitutive model for cemented granu-

lar materials has been proposed using quantifiable internal

variables by [5, 32]. Yang and Luo [34] have explored the

relationship between critical state and particle shape for

cohesionless granular materials. Kruyt and Rothenburg [16]

have provided a micromechanical study of dilatancy in

granular materials. Duriez et al. [9] have tried to identify the

micromechanical nature of stresses in triphasic granular

media with interfaces. La Ragione [18] has investigated the

incremental response of a stressed and anisotropic granular

material under loading and unloading conditions. Sibille

et al. [31] have established a plastic theory for granular

materials based on discrete mechanics. Borja et al. [1] have

investigated shear band in sand with spatially varying

density. The localization in a granular material has also

been studied using a micromechanical prediction by [19].
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The main issue is to capture the physical processes at

microscopic scale and their impacts on macroscopic

responses. For this purpose and with the fast progress of

computing technology, various discrete elements methods

have made a great progress during the last decades. The

common feature of these methods is to replace a continuum

medium by an equivalent discrete medium. Without giving

an exhaustive list of different approaches, two main fami-

lies of discrete media have been generally adopted, an

assembly of spherical grains for granular morphology and a

set of polygon blocks for polycrystal structure. For granular

materials, the particle flow model is one of the widely used

discrete approaches and has been extended to cohesive

granular materials. Cundall and Strack [4] have first pro-

posed a discrete numerical model and developed a particle

flow code (PFC) for cohesionless granular materials.

Potyondy and Cundall [27] have then developed a bonded-

particle model for rock-like cohesive materials. Different

extensions and improvements have been successively

achieved by various authors in order to improve the quality

of numerical results in terms of volumetric dilation, cracks

propagation, post-peak strain softening and strain localiza-

tion process [24, 39]. In particular, Jiang et al. [14] have

proposed a rigid plastic element for contact interfaces and

an efficient approach to capturing bonding effect in natu-

rally microstructural sands. Jiang et al. [15] have also

studied shear behavior and strain localization in cemented

sand by two-dimensional distinct element method. Refer-

ences [7, 29] have proposed a new contact model to

improve the simulated ratio of unconfined compressive

strength to tensile strength in bonded-particle models.

Mehranpour and Kulatilake [23] have examined and com-

pared six major intact rock failure criteria in predicting

intact rock strength under the true-triaxial stress condition

using original bond models in a particle flow approach.

Further, He et al. [11] have also conducted a detailed

comparison of nine intact rock failure criteria using

polyaxial intact coal strength data obtained through PFC

simulations. Other applications of discrete element methods

to rock-like materials have also been reported [3, 33]. The

discrete element method has also been used to modeling

fracturing process in cohesive materials [6, 20, 28]. In some

studies, the discrete element method has also been applied

to modeling anisotropic rocks [8, 17, 38] and jointed rock

mass [10, 22, 26, 36]. Using a DEM method, Zhu et al. [40]

have tried to define a common critical state for both local-

ized and diffuse failure modes in cohesionless soil-like

materials. Some similar discrete approaches have been

developed for modeling cracking and fracturing in cohesion

rock-like materials and compared with discrete element

method [37].

In most previous studies using particle flow code, two-

dimensional simulations for cohesionless materials [2, 21]

as well as three-dimensional calculations for rocks [23, 25]

are limited in using the same bond models, such as the

contact bond model (CBM) and parallel bond model

(PBM), to simulate failure behaviors of cohesive granular

materials under different stress states. There is no detailed

discussion so far on whether the original bond models are

perfectly appropriate to describe the mechanical responses

of cohesive granular materials under a large range of

confining pressure and for different kinds of loading paths.

In general, conventional triaxial compression tests on

cylindrical samples have been considered in most studies.

Further, the effect of the intermediate principal stress on

deformation and failure of granular materials has not been

sufficiently studied. The new contribution of the present

study is then to partially complete the shortcoming of

previous studies. To this end, a new failure criterion will

first be proposed to describe both tensile and shear cracking

of bonded contact interfaces for a large range of stress

state. Fully three-dimensional simulations will then be

performed on both cylindrical and cubic samples for dif-

ferent loading paths. Effects of confining pressure and

loading path on deformation behavior and failure process

of typical bonded granular materials will be clearly

demonstrated. For convenience, the following stress and

stress sign convention will be adopted throughout the

paper: compressive stresses and strains are counted as

positive quantities.

2 Failure criterion for a new bond model

In cohesive granular materials, the macroscopic strength

and deformation are essentially controlled by the local

behavior of inter-granular interfaces. For rock-like mate-

rials, the interfaces are generally bonded. Two types of

bond models, i.e., the contact bond model (CBM) and

parallel bond model (PBM), are used in standard particle

flow code (PFC3D) [12, 13, 27]. There are three basic

components involved in general bond model: (1) contact

stiffness behavior, (2) bonding behavior and (3) slip

behavior. Similarly, a brief introduction of the newly pro-

posed bond model is provided in describing these three

components as below.

2.1 Contact stiffness behavior

The deformation and failure of interfaces are closely

related to local stresses. For calculation of local stresses at

contacts, two main contact stiffness models (the linear and

Hertz model) in PFC3D are, respectively, used to describe

elastic and non-elastic behaviors of contacts, depending on

the mechanical properties of the studied entities. Thus, in

this work, the linear model is applied to represent the
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elastic behavior of cohesive materials. The relationships

between force and contact stiffness are illustrated by the

following equations:

Fn ¼ knun ð1Þ
DFs ¼ �ksDus ð2Þ

where the values of Fn, kn and un are, respectively, the

normal force, normal stiffness and displacement at the

contact; DFs, ks and Dus denote, respectively, the shear

force, shear stiffness and relative displacements. Note that

the normal stiffness, kn, is a secant modulus that relates to

the total displacement and force. The shear stiffness, ks, on

the other hand, is a tangent modulus that relates to the

incremental displacement and force.

2.2 Failure criterion of new bonding behavior

The failure status of interfaces can be determined by

comparing the calculated local stresses and bond strength

at a contact. In failure analysis of interfaces, two debonding

processes should be taken into account, i.e., the tensile

cracking and frictional sliding. For tensile cracking, the

failure condition is generally dependent on the normal

tensile stress. The frictional sliding process is otherwise

more complex, depending on both normal stress and tan-

gential shear stress. The local shear strength of interfaces is

strongly influenced by the normal stress. Thus, two types of

bond models of interfaces, i.e., the contact bond model

(CBM) and parallel bond model (PBM), are generally

adopted for analyzing cohesive materials in PFC. In the

CBM, the tensile and shear strength are directly regarded

as a constant. Different from the PBM, the shear strength is

described by a linear Mohr–Coulomb type criterion which

is defined by the frictional angle and cohesion. The

shortcoming of these criterions is that the effect of normal

stress on the shear strength cannot be correctly described

for a large range of normal stress.

Therefore, a new criterion is proposed here. The tensile

failure occurs when the normal contact force Ft,f reaches the

tensile strengthunt. For the shear cracking, the shear strength

generally increases nonlinearly with normal pressure. The

failure envelope is a convex curved surface. For the sake of

simplicity, the shear strength of interfaces is here approxi-

mated by a bilinear function of normal contact force. When

the normal contact force Fn is less than the transition

threshold uncr, the shear strength is defined by the cohesion

us and frictional angle /1. When the normal force is higher

than uncr, a second frictional angle /2 is introduced with

/2\/1 to define the shear strength. The peak shear strength

envelope is presented in Fig. 1. The failure criterion for

contact interface is then expressed in the following form:

Fn ¼ unt; tensile failure ð3Þ

Fs;f ¼
0; Fn\unt

us þ Fn tan/1; unt �Fn �uncr; shear failure

us þ uncrðtan/1 � tan/2Þ
þFn tan/2; Fn �uncr

8
>>><

>>>:

ð4Þ

where Fs,f denotes the peak shear strength, us the shear

force applied to the interface.

2.3 Slip behavior after bond failure

When the contact surface is broken, the tensile strength is

completely vanished. However, due to the frictional force

along rough interfaces, there is a residual shear strength

which increases with compressive normal stress. Further, it

is generally observed that the frictional angle is barely

affected by interface failure, while the cohesion is drasti-

cally reduced. In the present model, it is assumed that the

residual interface cohesion is reduced to zero, while the

same value of frictional angles can be used for the residual

shear strength. The residual strength envelope is shown in

Fig. 1, and the following criterion is formulated.

Fs;r ¼
0

Fn tan/1

uncrðtan/1 � tan/2Þ þ Fn tan/2

8
<

:

; Fn � 0

; 0\Fn �uncr

; Fn [uncr

ð5Þ

The proposed failure criterion is implemented in the stan-

dard particle flow code. A series of numerical simulations

are performed in order to investigate effects of confining

pressure, loading path and the intermediate principal stress

on deformation, failure process and macroscopic strength

of cohesive granular materials.
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Fig. 1 Peak and residual strength envelopes of bonded contact model
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3 Calibration and validation for the new
bond model

The calibration and validation of the proposed new bond

model as well as the effect of particle size distribution are

presented hereafter in order to introduce the new nonlinear

failure criterion to describe the mechanical response of

cohesive materials for a large range of confining pressures.

3.1 Calibration of micromechanical parameters

As indicated in the above equations, there are seven micro

mechanical parameters need to be identified in the pro-

posed new bond model. The calibration process includes

two main tasks: calibrating the elastic and strength

parameters. For identifying the elastic, there is an

approximating relationship between the Young’s modulus

Ec and the micromechanical parameters of contact as

denoted by the following equation parameters [12, 13, 23]:

kn ¼ 4EcR; ks ¼ krkn ð6Þ

where R is the average radius between two adjacent par-

ticles, kr is the ratio of normal and shear stiffness, which is

related to the Poisson’s ratio and generally taken as 1.0–3.0

as done in previous work [7, 15, 35]. The value of kr is set

to be unit for the sake of simplicity. Then, setting the bond

strength untus at a greater value, the calibration of Young’s

modulus E can be done by adjusting Ec to match the values

from laboratory experiments. Afterward, the Poisson’s

ratio can be also determined by varying kr. Finally, the

elastic parameters kn, ks, kr can be further obtained after an

optimal process of adjustments.

In calibration of strength parameters, the normal and

shear contact bond strengths unt, us have the following

relationships with the material strengths rc, sc for pure

axial and pure shear loading [30, 36]:

unt ¼ 4rcR
2; us ¼ 4scR

2 ð7Þ

The commonly used strategy to calibrate the strength

parameters unt and us is to specify the mean and standard

deviations of the material normal strength rc as well as the
shear ones sc according to Eq. (7). However, the ratio of

the mean values to standard deviations of material strength

can induce different failure models for the same sample. To

avoid this uncertainty, the micro-parameters in this work

are directly calibrated by the following method. Firstly, the

frictional angle /1 and /2 was initially set equal as unity to

reduce the number of independent parameters. Then, by

reducing the normal and shear bond strengths untus, the

peak strength between the numerical test and laboratory

experiments can be approximately matched. It should be

noticed that the aforementioned calibration process of

strength is carried out under one confining pressure.

Finally, further adjustments for frictional angle /1, /2 and

the transition threshold uncr are needed to account for peak

strengths of laboratory experiments under a large range of

confining pressure.

3.2 Size effects

According to the above-mentioned calibration process, it

can be found from Eq. (6) that the variation of particle

average radius R will directly result in change of contact

stiffness and further affect the local stress calculation. It

has been reported that the size effects can have influence on

the macro-mechanical strength of geomaterials in model-

ing. For example, Mehranpour and Kulatilake [23] have

conducted a large number of uniaxial compression tests to

study this effect. But for a large range of confining pres-

sure, this effect is still needed to be verified and clarified. A

series of triaxial compression tests are carried out in this

paper to investigate the size effects by considering

(a) constant average particle radius R to investigate the

effect of particle numbers or sample size; (b) constant ratio

of average particle size sample dimension to investigate the

effect of particle size.

The effect of sample size is investigated by setting

constant average particle radius R. Two confining pressures

such as 5 and 50 MPa are considered. In the simulation, the

samples are generated with ten size grades as shown in

Fig. 2. The average particle radius R is 8 mm, and the

diameters of sample vary from 150 to 550 mm. The

micromechanical parameters for the new bond model are

taken as Ec= 45 GPa, kr = 1.0, kn = 1.5 9 109 N/m, ks-
= 1.5 9 109 N/m, unt= 3.5 9 104 N, us= 7 9 104 N,

uncr= 1.5 9 105 N, tan/1 = 0.3, tan/2 = 1.6, which are

calibrated according to the aforementioned procedure. It is

shown in Fig. 3 that both the strength and Young’s
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Fig. 2 Particles size distribution used in DEM simulations
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modulus of the sample seem to increase as the sample

dimension increases. However, the increasing trend is

negligible when the sample diameter is over 40 times of

particle average radius as shown in Fig. 4a, b.

Thus, we further do numerical experiments at the con-

stant ratio 1/50 between the particle radiii to the sample

diameters to show the effects of particle size. These

micromechanical parameters are calibrated by optimizing

values according to the relationships in Eqs. (6) and (7). As

shown in Fig. 5, average particle radius versus sample

dimension is, respectively, as 1/50, 2/100, 4/200, 8/400 and

16/800. One can note that the Young’s moduli are similar

for different samples under both confining pressures,

whereas peak strength increases a little as increasing

sample size. It further indicates in Fig. 6 that the size

variations have a very slight effect on Young’s modulus as

well as strength for samples with the same ratio of diameter

to average particle radius, which indicates that size effects

can be reduced when sample diameter is 50 times larger

than particle radius.

Therefore, size effects exist in the PFC modeling and the

particle size is not an independent parameter that affects

modeling results. The sample size effects can be reduced or

even negligible when the ratio between sample diameter

and particle radius is at a given value.

3.3 Comparison between different bond models

In order to investigate and validate the proposed new bond

model, a series of triaxial compression tests using different

bond models are conducted under confining pressure of 5,

20, 50 and 60 MPa. The friction coefficient is set to 0.3 and
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no critical normal stress is included in the PFC incorpo-

rated contact bond models. The other micromechanical

parameters are taken the same as those in the proposed new

bond model.

The results shown in Fig. 7 indicate that the peak stress

under low confining pressure with the proposed new bond

model is lower than that with the contact bond model

(CBM). However, when confining pressure increases up to

60 MPa, this trend becomes different. As shown in Fig. 8,

the envelope of peak strength obtained by the proposed

new bond model has an obvious nonlinear characteristic,

which is different from that obtained using the contact

bond model (CBM).

4 Three-dimensional simulation
of conventional triaxial compression test

In order to further validate the new bonded model in

application of labriation, three-dimensional studies of

conventional triaxial compression tests are also performed.

Numerical results are compared with experimental data

obtained on sandstone.

4.1 Experimental tests

The experimental tests of sandstone were performed in

Laboratory of Mechanics of Lille, France. A series of

conventional triaxial tests were conducted on cylindrical
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samples of 37 mm in diameter and 75 mm in height under

the confining pressures of 5, 20, 40 and 60 MPa. It can be

obtained from the results that the Young’s modulus of

sample increases from 15 to 18 GPa with the confining

pressure changing from 5 to 60 MPa, and the envelope of

strength presents an obvious nonlinear characteristic as

shown in Fig. 9.

4.2 Sample generation and boundary conditions

The real microstructure of cohesive granular materials such

as sandstone is complex. It is generally not possible to

completely reproduce all details of the microstructure. The

real material sample is replaced by a numerical sample

which is an assembly of spherical grains of different

diameter. In the present study, the numerical sample is

constituted about 20,000 particles with ten different size

grades, as shows in Figs. 2 and 10. The largest radius of

particle is 13.6 mm, and the smallest one is 3.5 mm. The
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numerical sample is a cylinder of 370 mm wide and

740 mm high. The total porosity is about 0.2. The ratio of

sample diameter to particle average radius is about 50.

Differently with a continuum medium, the numerical

specimen of granular material is composed of spherical

grains. Therefore, it is not possible to directly apply a

uniform stress or displacement on its boundary. In general,

in order to prescribe a uniform displacement on boundary

of specimen, a rigid wall is added on the top and bottom

surfaces, while a soft membrane is used on the lateral

surface to confine the specimen. In this way, the macro-

scopic axial and lateral stresses are calculated as the

average reaction forces generated on the top and lateral

surfaces. The axial and lateral displacements are applied in

an iterative way so that the equilibrium conditions are

verified with the applied confining pressure or lateral stress.

Further, the axial displacement is applied symmetrically on

the top and bottom walls.

4.3 Stress–strain responses and comparison
with experiment

By adopting a numerical optimal procedure aforemen-

tioned, a set of model’s parameters is defined and given in

Table 1. Using these parameters for the proposed bonded

contact model, four conventional triaxial compression tests

are calculated with different confining pressures such as 5,

20, 40 and 60 MPa. Comparisons between numerical

results and experimental data are presented in Fig. 11. An

overall good agreement is obtained. It is seen that with the

increase in confining pressure, the peak differential stress

significantly increases. This effect of confining pressure is

correctly reproduced by the numerical model. Unfortu-

nately, due to the technical limit of experimental device,

the mechanical responses in the post-peak regime are not

available in the laboratory tests. However, according to the

numerical results obtained, one can see a clear transition

from a brittle behavior under a low confining pressure to a

ductile one when the confining pressure becomes higher.

This kind of transition is a representative property of most

rock-like materials. On the other hand, the volumetric

strain exhibits a transition from compressibility and dila-

tancy with the increase in differential stress. The occur-

rence threshold of the transition also depends on confining

pressure. Under a low confining pressure such as 5 MPa,

the compressibility–dilatancy transition occurs clearly

before the peak stress. When the confining pressure is high

enough, the volumetric dilatancy occurs only when the

peak stress is approached. Physically, the volumetric
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Fig. 9 Macroscopic peak and residual strength obtained in conven-
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Fig. 10 Sample used in DEM modeling of triaxial compression tests Table 1 Geometrical, physical and mechanical parameters used in

three-dimensional DEM simulations of experimental tests

3D Sample

Width of sample (mm) 370

Height of sample (mm) 740

Total grain number in sample 20,000

Radius (mm) See Fig. 2

Initial void ratio 0.2

Mechanical parameters for new bond model

Normal contact stiffness for test kn (N/m) 1.516 9 109

Shear contact stiffness for test ks (N/m) 1.516 9 109

Inter-particle coefficient of friction tan/1 0.27

Inter-particle coefficient of friction tan/2 1.7

Normal bond strength unt (N) 0.32 9 105

Shear bond strength us (N) 0.9 9 105

The critical normal stress uncr (N) 2.1 9 105
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dilatancy in rock-like materials is generally the macro-

scopic consequence of deboned interfaces opening. The

opening can be generated by both tensile failure and fric-

tional sliding of contact interfaces in granular materials.

When the confining pressure is low, a large number of

broken contact interfaces in granular materials produce a

normal opening contributing to the macroscopic dilatancy.

Under a high confining pressure, most broken contact

interfaces are closed and their normal opening is prevented

by a high normal compressive stress. In this case, the

dilatancy occurs only when there is the occurrence of

localized shear strain bands around the peak stress. In the

post-peak regime, the macroscopic response is mainly

controlled by the deformation of localized strain bands. As

most contact interfaces are broken inside the localization

bands, an important volumetric dilatancy can be produced

due to large relative displacements between grains.

4.4 Macroscopic strength analysis

In order to have a deep insight into the macroscopic

strength of material, the macroscopic peak and residual

differential stresses obtained from numerical simulations

are shown in Fig. 9. The peak strength is further compared

with experimental data, and a good agreement is obtained.

From this figure, one can see that the peak strength

envelope cannot be approached by a linear line, but it

should be described a curved convex line. This nonlinear

strength property is correctly reproduced by the proposed

model. Further, it is interesting to observe that the distance

between the peak and residual strengths decreases when the

confining pressure increases. This is a direct consequence

of the transition from brittle to ductile behavior with the

increase in confining pressure.
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5 Failure process in cohesive granular
materials

The deformation and failure process of cohesive granular

materials is inherently related to the breakage of bonded

contact interfaces between grains. Using the proposed

failure criterion, the macroscopic failure process of mate-

rial is here investigated in terms of microscopic debonding.

5.1 Bond breakage analysis

At the initial state before applying differential stress, there

are about 66,000 bonded inter-granular interfaces in the

numerical specimen. With the increase in differential

stress, bonds are progressively broken according to the

proposed local failure criterion. For convenience, each

broken bond is here seen as a crack. One can distinguish

two families of cracks, tensile and shear cracks. The evo-

lution of crack number can be calculated by the numerical

model during the differential loading. In Fig. 12, one can

see the evolution of tensile and shear cracks as a function

of axial strain in four conventional triaxial compression

tests with different confining pressures. The differential

stress is also plotted on the same figure. In order to quantify

the contact debonding process, the following bond break-

age rate is defined:

Vn ¼
ðCNeþDe � CNeÞ

CN�e
ð8Þ

CNe and CNe?De are, respectively, the broken contact

numbers at the strain states e and e ? De; CN*e represents

the total number of broken contacts in the specified strain

interval *e. The evolutions of debonding rate in four tri-

axial compression tests are presented in figure. One can see

that for all confining pressures considered here, the

debonding process starts before the peak strength is

reached (see the points A1, B1, C1 and D1). However, only

a very small number of cracks are developed in the pre-

peak stage. The number of cracks increases very quickly

when the peak strength is approached, and the highest
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debonding rate is obtained at the peak stress point (A2, B2,

C2 and D2). The evolution of breakage rate in the post-

peak regime is strongly influenced by confining pressure.

The curve of breakage rate is clearly correlated to that of

differential stress. Under low confining pressures (5 and

20 MPa), the breakage rate drops quickly after the peak

stress (see the points A3 and B3) and evolves toward a

stationary value when the residual strength is reached (see

the points A4 and B4). Differently, under high confining

pressures (40 and 60 MPa), the breakage rate decreases

slowly but continuously in the post-peak regime. It is not

easy to identify a clear residual phase (see the points C4

and D4). On the other hand, it is also very interesting to see

that the cracking mode is also influenced by confining

pressure. Under low confining pressures (5 and 20 MPa),

the number of tensile cracks is clearly higher than that of

shear cracks. This is the main reason of the macroscopic

brittle failure obtained under a low confining pressure and

of the important dilatancy obtained. When the confining

pressure becomes high (40 and 60 MPa), the number of

shear cracks becomes higher than that of tensile cracks. As

a consequence, one obtains a ductile macroscopic failure

behavior which is dominated by the frictional sliding along

broken bonds (Fig. 13).

Furthermore, in Fig. 14, one shows the distributions of

displacement inside the three-dimensional specimen and in

the normal section during a selected strain interval in the

post-peak regime (A3–A4, B3–B4, C3–C4 and D3–D4) for

four triaxial compression tests. It can be observed that the

displacement distribution is also affected by confining

pressure. Under low confining pressures, an inclined nar-

row band is obtained with an important displacement gra-

dient on the boundary between this band and outside zones.

This is in agreement with the brittle failure process of

specimen. With the increase in confining pressure, the

inclination angle with the axial load axis as well as the

width of band increases. And finally one obtains a large and

quasi-horizontal zone in the central part of specimen. This

kind of displacement distribution corresponds to a ductile

macroscopic failure behavior.
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Fig. 13 Evolution rate of bond breakage number versus axial strain and differential stress in conventional triaxial compression tests with

different confining pressures
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5.2 Effect of loading path

The deformation and failure process is generally related to

loading path. In the context of mechanics of geomaterials,

two typical loading paths are particularly interesting to

investigate because they could represent stress evolutions

around an underground cavity. It is the lateral extension

and the axial extension with a constant mean stress. In the

A3-A4 (5MPa) B3-B4 (20MPa) C3-C4 (40MPa) D3-D4 (60MPa) 

A3-A4 (section) B3-B4 (section) C3-C4 (section) D3-D4 (section) 

Fig. 14 Illustration of displacement fields inside 3D whole specimen and in central section in conventional triaxial compression tests with

different confining pressures
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Fig. 15 Stress–strain curves in lateral extension test (left) and axial extension test (right) with an initial hydrostatic stress of 60 MPa
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first path, starting from a hydrostatic compression stress

state, the lateral stress or confining pressure (here noted as

r2 = r3) is reduced (Dr2 = Dr3\ 0), while the axial stress

(noted as r1) is increased (Dr1[ 0) so that the mean stress

Lateral extension test (60MPa) Axial extension test (60MPa) 
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Fig. 16 Evolutions of bond breakage number and rate in lateral extension test (left) and axial extension test (right) with an initial hydrostatic

stress of 60 MPa
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Fig. 17 Displacement fields in lateral extension test (two left figures) and axial extension test (two right figures) with an initial hydrostatic stress

of 60 MPa
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is unchanged (2Dr2 ? Dr1 = 0). In the case of axial

extension, also starting from a hydrostatic compression

stress state, the lateral stress or confining pressure (here

noted as r2 = r3) is increased (Dr2 = Dr3[ 0), while the

axial stress (noted as r1) is decreased (Dr1\ 0) so that the

mean stress is unchanged (2Dr2 ? Dr1 = 0). The values of

Lode angle for these two loading paths are, respectively,

equal to h = p/6 and h = - p/6. Therefore, the comparison

between these two paths allows investigating the influence

of Lode angle or the third stress invariant on deformation

and failure process of materials. In the present study, as an

example, the initial hydrostatic stress is taken as 60 MPa.

The obtained stress–strain curves are presented in Fig. 15.

It is shown that the peak differential stress (|r1 - r3|) for
the lateral extension is significantly higher than that for the

axial extension. The evolution of bonds breakage for the

two loading paths is presented in Fig. 16. One can see that

the breakage rate is quite different between the two paths.

For the lateral extension, the highest rate is obtained

around the peak differential stress, and the bond breakage

rate decreases in the post-peak regime. However, for the

axial extension, it seems that there is a quasi-stationary rate

of debonding after the peak differential stress. Finally, in

Fig. 17, the fields of displacement inside the specimen and

in the normal section are presented. For the lateral exten-

sion, one observes an inclined localization band similarly

to that in conventional triaxial compression. But for the

axial extension, there is a quasi-horizontal localization

band which covers all the width of specimen.

Fig. 18 Cubic sample subjected to three independent principal

stresses
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Fig. 19 Evolutions of bonding breakage rate and accumulated number together with stress–strain curves in a triaxial compression test,

respectively, on cubic sample (continuous lines) and cylinder sample (dotted lines)
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5.3 Effect of intermediate principal stress

In cylinder samples considered above, two principal

stresses are identical (r2 = r3). Based on this kind of

experimental data, most failure criteria developed for

geomaterials involve the major and minor principal stresses

only. The role of the intermediate principal stress is gen-

erally neglected. However, in general loading conditions,

three principal stresses are different and independent.

Therefore, it is needed to investigate the effect of the

intermediate principal stress on failure and deformation of

cohesive granular materials. For this purpose, a cubic

sample is considered and shown in Fig. 18. Two lateral

walls are used to independently prescribe two different

principal stresses. The same parameters as those given in

Table 1 are used. We have performed a series of numerical

tests on the cubic sample. The minor principal stress is kept

to be constant and equal to 20 MPa. Different values of the

intermediate principal stress ranging from 20 to 60 MPa

are considered. For a selected set of two principal stresses,

the axial strain is prescribed in order to generate the vari-

ation of axial stress which is the major principal stress. In

Fig. 19, one compares first the numerical results obtained

from both the cylinder and cubic samples when two lateral

stresses are identical and equal to 20 MPa. In this particular

case, the overall stresses are identical for two samples. One

can see that the difference between two calculations is very

small. Therefore, the effect of sample geometrical form

seems to be negligible. In Fig. 20, the differential stress

(r1 - r3) versus axial strain (e1) curves are presented for

five different values of the intermediate principal stress

(r2). One can see that the peak strength of granular mate-

rial is significantly affected by the intermediate principal

stress. The peak stress increases with the intermediate

stress increase. In order to further explore the failure pro-

cess in each case, the evolutions of tensile and shear cracks

with axial strain are presented in Fig. 21 for each value of

the intermediate stress. While the total number of cracks
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Fig. 21 Evolutions of accumulated bonds breakage number for different values of intermediate principal stress (r3 = 20 MPa)

Acta Geotechnica

123



remains similar between five cases, the repartition between

tensile and shear cracks is clearly different. With the

increase in the intermediate principal stress, the shear

cracking becomes the dominant process with respect to the

tensile cracking. Regarding the rate of total bonds breakage

shown in Fig. 22, it seems that the sharp change of

breakage rate is attenuated with the increase in the inter-

mediate principal stress. Finally, one shows the three-di-

mensional and two-dimensional displacement fields,

respectively, inside the whole specimen and in the normal

section in Fig. 23 for a strain interval in the post-peak

regime. The kinetics of deformation is clearly affected by

the intermediate principal stress. When the difference

between two lateral stresses (r2 - r3) is high, the kinetics

of deformation of cubic sample is progressively controlled

by the sliding along an inclined direction with respect to

the vertical axis (r1). The sliding occurs on the boundary of
a parallelepiped zone in the plane z - x. In contrary, for a

law difference of r2 - r3, the deformation kinetics is

rather dominated by lateral expansion of sample.

6 Conclusions

Mechanical strength and deformation of cohesive granular

materials have been investigated in this paper. A new cri-

terion for failure modeling of bonded contact interfaces

between grains is proposed. Using this criterion, it is pos-

sible to describe strength and deformation of granular

materials for a wide range of stresses. It is found that the

overall strength of cohesive granular materials cannot be

described by a linear surface but by a convex curved sur-

face. Further, under the conventional compression condi-

tion, the tensile cracking is controlling the failure process

under low confining pressure, while the shearing cracking

becomes the dominating process when the confining
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Fig. 22 Evolutions of differential stress and bond breakage rate for different values of intermediate principal stress (r3 = 20 MPa)
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pressure is high. There is a clear transition from a brittle to

ductile behavior with the increase in confining pressure.

This transition has been correctly predicted by the

numerical model. The volumetric dilatancy of cohesive

granular materials is directly related to opening of debon-

ded contact interfaces. The strength and deformation of

cohesive granular materials are influenced by loading path.

For a given mean stress, the strength is lower in an

extension loading than in a compressive one. Therefore, the

influence of the third stress invariant or Lode angle should

be taken into account. Finally, the influence of the inter-

mediate principal stress on the strength and deformation

has been studied. It is found that the compressive strength

of cohesive granular materials significantly increases with

the increase in the intermediate principal stress. Further,

the shear cracking is the main failure process under high

values of the intermediate stress. The kinetics of defor-

mation and failure is also affected by the intermediate

principal stress. The material failure is controlled by the

lateral expansion for low values of the intermediate stress

but by the sliding process for high ones. Interstitial fluid

should play an important role in strength and deformation

of cohesive granular materials, and this feature will be

investigated in future studies.
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1 Introduction

In large number of underground engineering materials, such as sedimentary and meta-

morphic rocks, due to the cohesive microstructure often presenting well-defined weakness

layer in terms of bedding, stratification, or layering, the deformation and failure mecha-

nism of such materials generally have a distinct anisotropic feature. In order to interpret

the failure mechanism, a large number of experiment, theoretical and numerical studies

on different kinds of anisotropic rock materials have been so far conducted.

For instance and without giving an exhaustive list, [Jaeger, 1960]; [Hoek and Brown,

1980]; [Nova, 1980]; [Amadei and Savage, 1989] and [Duveau et al., 1998] have first con-

ducted different attempts to take into account the strength anisotropy in their own famil-

iar field. [Niandou et al., 1997] have investigated the effect of the weakness layer on the

plastic deformation and failure mechanisms of shale under different confining pressures.

[Pietruszczak et al., 2002]; [Tien et al., 2006] and [Lee and Pietruszczak, 2008] have in-

vestigated the fracture initiation and propagation of transversely isotropic rock to classify

failure modes as sliding and non-sliding failures. [Tavallali and Vervoort, 2010]; [Debecker

and Vervoort, 2013] have performed a series of experimental studies of facture parents on

disk-shaped layered rock. [Cho et al., 2012] have conducted experiments on three different

types of rock to present various deformations and strengths of anisotropic rock. [Fjær

and Nes, 2014] have performed uniaxial and triaxial compressive strength tests on Mancos

shale to further observe the effect of stress state on failure mechanism. Most of results

show that the geometrical and physical properties of weakness layer both have obvious

effects on deformation and failure mode of anisotropic material.

The main issue is to capture the generation and propagation of micro-cracks respec-

tively along the weak planes and inside rock matrix and further analyze their impacts on

macroscopic responses. In the framework of continuum mechanics, various methods have

been developed to describe micro-cracks extension by introducing different enriched shape

functions ([Motamedi and Mohammadi, 2012]; [Sosa and Karapurath, 2012]; [Zhao et al.,

2016]). However, it is not a simple task to define appropriate criterions and propagation

directions of fractures in these methods, even with high order tensors ([Zeng and Yao,

2016]; [Li and Chen, 2016]; [Yun et al., 2017]). In actual, these weakness layer is a se-

ries of low strength bonds between mineral grains in anisotropic cohesive materials. The

physical processes of deformation and failure are inherently related to bonds breaking or

contact interfaces cracking and grain crushing. Therefore, replacing a continuum medium

by an equivalent discrete medium, the discrete element methods provide an avenue to

explicitly model the initiation and propagation of cracks from micro-scale to macro-scale
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without applying complex constitutive law. Without giving an exhaustive list of different

approaches ([Gao et al., 2014]; [Yao et al., 2015]; [Yao et al., 2016]; [Alshkane et al., 2017];

[Yang et al., 2017]), the particle flow model is one of the widely used discrete approaches

in cohesionless granular materials as well as in cohesive materials, because of its ability

to simultaneously consider the combined role of mineral grains and voids ([Cundall and

Strack, 1979]; [Potyondy and Cundall, 2004]; [Jiang et al., 2011]; [Shi et al., 2013]; [Yang

et al., 2014]; [Mehranpour and Kulatilake, 2016]; [Zhu et al., 2016]; [He et al., 2017]). With

different extensions and improvements, this approach has progressively applied to analyze

the anisotropic mechanical behaviors in terms of deformation characteristics, strength re-

sponse, cracks propagation and failure pattern. By introducing smooth joint model to

represent continuous weakness planes, [Kwok et al., 2014]; [Park and Min, 2015] have

successfully emulated the elastic modulus, Poisson’s ratio and strength parameters of

transversely isotropic rock. [Chiu et al., 2013] have conducted similar tests on Danba

schist with different dip angles and analyzed the anisotropy of joint rock mass using a

modified smooth-joint model. [Chu et al., 2013]; [Duan and Kwok, 2015] have directly

inserted smooth joint model into bond particles to successfully mimic failure developing

process of anisotropic material under different loading conditions. [Wang et al., 2016] have

performed two dimensional discrete element modeling of strength variation in jointed rock

mass under uniaxial compression. In other respects, [Park and Min, 2015]; [Zhou et al.,

2017b]; [Mehranpour and Kulatilake, 2017] have also introduced the smooth joint model

in applications of underground engineerings and hydraulic fractures.

However, in most previous studies, by directly using the same bond model and smooth

joint model in the Particle Flow Code, regardless of the actual loading conditions, large

number of two dimensional compression tests on anisotropic rock have been conducted

to describe the anisotropy of deformation and failure. Only a few limited research has

been presented in which the failure criterion of shear strength in bond models were tak-

en into account. There are so far limited three dimensional numerical investigations on

anisotropic materials considering discrete weakness layer. Further, the effect of the in-

termediate principal stresses on deformation and failure of anisotropic materials has still

necessarily to be studied. Thus, to partially solve the shortcoming of previous studies,

a new failure criterion with non-linear shear strength will be first induced in both bond

model and smooth joint model for a large range of confining pressures. A generation

procedure that describes micro-structure using smooth joint model in anisotropic sample

will be then proposed. Moreover, these corresponding elastic and strength parameters

related to deformation and failure will also be developed. After systematical calibration
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and verification, this modified three dimensional DEM will be applied to investigate the

deformation and failure behavior of a typical anisotropic sedimentary rock: the Tourne-

mire shale. In addition, the effect of intermediate principal stresses will also be predicted

and discussed.

2 Methodology

In anisotropic cohesive materials, the macroscopic deformation and failure are essen-

tially controlled by the local behavior of inter-granular interface. These existing weakness

layers can be considered as a series of lower strength cohesive interfaces that have dis-

crete distributions with same directions. Thus, in this study, two different bond models

are introduced and implemented in the standard 3D Particles Flow Code to describe this

anisotropic feature: (1) a new bond model applied to model rock matrix response, and (2)

a modified smooth join model used for grabbing weakness layer behavior in anisotropic

materials.

2.1 Contact stiffness behavior

The state of local stresses at contact controls deformation and failure of bond between

particles. Thus two main contact stiffness models, respectively as the linear and Hertz

model in PFC3D ([Itasca, 1999]; [Potyondy and Cundall, 2004]; [Manuals, 2008], are

adopted to describe elastic and non-elastic behaviors of bonds, relying on the mechanical

properties of the studied entities. Therefore, in this research, the linear model is applied

to represent the elastic mechanical responses of cohesive materials. Its calculation process

is illustrated as the following equations:

Fn = knun (II .1)

∆Fs = −ks∆us (II .2)

where Fn, kn and un are, respectively, the normal force, normal stiffness and displacement

at the contact; ∆Fs, ks and ∆us denote, respectively, the shear force, shear stiffness and

relative displacements. Note that the normal stiffness, kn, is a secant modulus that relates

to the total displacement and force. The shear stiffness, ks , on the other hand, is a

tangent modulus that relates to the incremental displacement and force.
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2.2 Failure criterion for new bond model

According to failure criterion of bond model at contact, the failure status of interfaces

can be determined by comparing the calculated local stresses and bond strength. In our

previous work, to solve the shortcoming of these familiar bond models in PFC3D, i.e.

contact bond model (CBM) and parallel bond model (PBM), that the effect of normal

stress on shear strength cannot be correctly described for a large range of normal stress, a

new bond model with a nonlinear failure criterion is proposed by [Zhang et al., 2018b], and

has been successively applied in describing strength nonlinear properties and micro-cracks

propagation in isotropic materials under different confining pressures and loading paths.

Here, in order to further apply this bond model to describe nonlinear behavior of matrix

in anisotropic materials, a brief introduction will be given as follows.
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Figure II .1: Peak and residual strength envelope of different bond models in anisotropic

material

Two debonding processes should be taken into account in failure analysis of interfaces,

i.e. the tensile failure and shear sliding. Such as illustrated in Fig. II .1, in the new bond

model with bi-linear failure criterion, the tensile failure occurs when the normal contact

force Ft,f exceeds the normal strength ϕt. For the shear sliding, the shear strength of

interfaces is here approximated by a bi-linear function of normal contact force. When the

normal contact force is less than the transition threshold ϕcr, the shear strength is defined

by the cohesion ϕs and frictional angle φ1. When the normal force is higher than ϕcr, a

second frictional angle φ2 is introduced with φ2 < φ1 to define the shear strength. The

failure criterion for contact interface is then expressed in the following form:

Ft,f = ϕt, tensilefailure (II .3)
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Fs,f =



0

ϕs + Fn tanφ1

ϕs + ϕcr(tanφ1 − tanφ2) + Fn tanφ2

,Fn < ϕt

,ϕt ≤ Fn ≤ ϕcr

,Fn ≥ ϕcr

, shearfailure (II .4)

Once bonding interface between particles broken, the tensile strength is completely

vanished. Due to existing roughness interface at contacts, free slip of particles is constrict-

ed, the shear strength reduces to a residual value that is a function of the normal stress

and the coefficient of friction acting on the contact surface. For the sake of simplify, the

residual strength envelop is shown in Fig. II .1 and the following criterion is formulated:

Fs,r =


0

Fn tanφr

,Fn ≤ 0

,Fn > 0

(II .5)

Science slip process mainly affects on residual strength, the residual frictional coefficient

tanφr, is set to be a minimum value in the following analysis.

2.3 Smooth joint model

A typical smooth-joint contact between particles in three-dimensional scale is illustrat-

ed in Fig. II .2. it was firstly proposed to solve the problem of joints in fractured rock

masses. It can model the behavior of a smooth joint by assigning a series of new bonding

models with a specified movement orientations to all contacts between particles that lie

on opposite side of the joint, regardless of original contact orientations of those adjacent

particles. Once bond broken between particles occurs, the particle pairs situating on the

opposite site of a joint can past each other with a limited overlap and slide along the

pre-defined orientation θ in Fig. II .2 (b), rather than be forced to roll around one another

like behaviors in other contact bond models as shown in Fig. II .2 (a).
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Figure II .2: Comparisons of different mechanical behaviors between two bond models

When there is a smooth joint model inserted between particles, its mechanical property

can be inherited from original bond model or can be overwritten by directly assigning

property calibrated according the experimental data and field conditions. Different with

other two original bond models, such as contact bond model and parallel bond model,

the shear strength in failure criterion of smooth joint is not directly assigned to be an

equal consistent value, but is described by a linear Mohr-Coulomb type criterion that

is defined by the frictional angle and cohesion. However, in this study, for avoiding the

shortcoming of this failure type in describing the relationship between normal stress and

shear strength, its failure criterion of shear strength is also improved to be the same

behavior like aforementioned new bond model such as illustrated in Function (II .3), (II

.4) and (II .5). Thus, with an appropriate micro parameters for two bond models, the

inherent anisotropy induced by weakness layers distributing along the specified direction

in intact rock mass, can be described by inserting the modified smooth joint model into

the bonded particle assembly such as shown in Fig. II .3.
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Figure II .3: Illustration of inherent anisotropic numerical sample

3 Generation and verification of anisotropic samples

The spatial geometrical feature for different bonds distribution as well as physical

parameters, are both important in describing anisotropy. Therefore, in this section, the

detail procedure for generating inherently anisotropic samples are first discussed. Further-

more, those physical parameters related to deformation and failure process, such as local

elastic properties and failure criteria of bond models, are also importantly re-defined and

evaluated.
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3.1 Generation of anisotropic microstructure
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Figure II .4: Definition of weakness layer orientation

The real microstructure of anisotropic materials such as shale is very complex, it is gen-

erally not possible to completely reproduce all details of the microstructure. In the present

study, the real material sample is replaced by a numerical sample which is an assembly

of spherical grains of different diameters, such as Fig. II .3. For generating anisotropic

numerical sample, new bond model is first introduced at contacts between particles to

mimic isotropic of rock matrix. Then, by inserting smooth joint model at the specified

contacts, these samples can be used to describe anisotropic response in terms of strength

and failure that is generally induced by microstructure in anisotropic materials, such as

bedding planes or weakness layers. In this generation process of anisotropic samples, the

key point is capture the formation mechanism of anisotropy in isotropic numerical sample.

This procedure mainly includes two steps: (1) seeking the satisfied position of contact as

the standard point (O), (2) using smooth joint model to replace relevant bond model in

the pre-defined spatial zone (R).
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Figure II .5: Determination position of bond model replacing by smooth joint model

As shown in Fig. II .4, according to the definition of orientation θ of anisotropic

materials between loading direction and weakness layer commonly used in experiments,

the orientation of smooth joint model can be also defined to be θ, with respect to the x-y

plane of the overall frame. Due to the coordinate of bond at contact being a spatial value

with three dimensional scales, it is difficult to directly distinguish that bond orientation is

satisfied or not. However, this problem can be solved by judging the centerline direction of

its adjacent particles such as illustrated in Fig. II .5 (a). Assuming that the orientation of

satisfied bond takes as θ in Fig. II .5 (b), the centerline direction of two contact particles

(O1−O2) is equal to 90−θ against x-y plane. This spatial orientation 90−θ can be further

divided into two angle, respectively as α in y-z plane and β in x-z plane. If two angles of α

and β both meet the specified values, then the satisfied position of bond can be determined

as O. After that, regarding point O as a standard position and bond orientation θ as the

direction of the pre-defined spatial zone, if the intersection between the connecting line of

adjacent sphere centers and the qualified bond contact plane is located in the pre-defined

spatial zone R, such as C1 and C2 in Fig. II .5 (a) and (b), new bond models at contacts

are replaced with the smooth joint models, otherwise not.
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3.2 Determination of the specified zone (R)
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Figure II .6: 3D isotropic numerical sample and its bonds spatial distribution statistics

Due to orientation of smooth joint model as well as its amount both closely related to

anisotropy for the generated numerical samples, a representative isotropic sample Fig. II

.6 (a) with 20000 particles is adopted to conduct statistics analysis for bond spatial dis-

tribution. Fig. II .6 (b) clearly shows that the number of bond in horizontal direction is

significantly large than in vertical direction. It further means, using the same specified

zone R, the amount of bonds replaced by smooth joint model will also deceases with the

increase of spatial angle θ. Thus, in order to solve this problem and obtain similar amoun-

t distribution for smooth joint model in any kind of anisotropic numerical samples, the

specified zone R is defined to be a function of angle θ as follows:
R = (1 + fR (θ))R0

fR (θ) = rR |cos (π/2− θ)|
(II .6)

Where, θ denotes the orientation of weakness layer, R0 defines the initial range of

bond model to be replaced, in this study, it is taken as two-three times of average radius

of particles. fR (θ) is a introduced function to avoid the effect of uneven distribution of

bond in initial isotropic sample.
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Figure II .7: Three representative numerical samples and corresponding spatial distri-

bution statistics for bonds

Adopting the aforementioned method to replace the qualified bond models with the

smooth joint model in the isotropic sample as blue ones. Seven anisotropic numerical spec-

imens with the size of 40.0 * 40.0 * 80.0 mm3 have been generated by varying orientation

from 0◦ to 90◦ with 15◦ as a gap, average radius of particles are taken as 1.0 mm, the

pre-defined spatial zone R0 used for controlling smooth joint model distribution are set

as 1 mm and the variable rR takes as 0.3. There are three representatives presented as

shown in Fig. II .7(a). Correspondingly, different types of bond models distribution are

counted according to their direction and presented in Fig. II .7(b). The number of smooth

joint model in each anisotropic samples is nearly about 400. The results further manifest

that the aforementioned method for generating anisotropic samples can well describe the

microstructure in anisotropic materials.
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3.3 Definition of elastic parameters

As mentioned above in section 2, at the local level, the elastic property for isotropic

material is actually controlled by deformation of bond at contact which is characterized by

the normal and shear stiffness coefficients kn and ks. Different with stiffness parameters

taking same values in isotropic material simulations, for modeling anisotropic materials,

these elastic parameters are redefined as the following relations:

kn = (1 + rk · f (φ, θ)) · kn0, ks = (1 + rk · f (φ, θ)) · ks0

kn0 = 2Ec · (R1 +R2) , ks0 = kr · kn0

f (φ, θ) = a
/(
b+ (1− b) e−cδ

)
−a, δ = arctan |tan (φ− θ)|

, elasticparameters (II .7)

Where, Ec is contact elastic modulus having the same order of magnitude as that of

the macroscopic Young’s modulus E. R1 and R2, respectively, denote the radiuses of the

neighbouring particles, kr is the ratio between kn and ks, which is related the Poisson’s

ratio υ and generally taken as 1.0-3.0. kn0 and ks0 are the initial stiffness coefficients for

interface in normal and shear direction respectively.
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Figure II .8: Illustration of the function f (φ, θ), δ = arctan |tan (φ− θ)|

The f (φ, θ) is a introduced function that presents a ”S” type to define the ratio between

the stiffness of bond in the direction of φ and in the pre-defined orientation of θ ([Yao

et al., 2016]). Such as shown in Fig. II .8, setting variables a and c both equal to be 0.1,

The values of fmax have significant increase trends with the decrease of variable b. And

for one consistent value of b, the values of f (φ, θ) have also obvious increase trends with

the increase of relative angles δ. It fuhrer indicates that, in micro-scales, the introduced
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function f (φ, θ) can well consider the effect of different relative angles δ between φ and θ

on deformation property.

3.4 Definition of strength parameters

Correspondingly, there are five physical parameters involved in failure criterion of in-

terface, such as normal strength ϕt, shear strength ϕs, two frictional coefficients tanφ1,

tanφ2, and the transition threshold of the normal force ϕcr, should be redefined to describe

the strength anisotropy in numerical sample caused by the smooth joint model with same

specified sliding direction θ. According to the previous study, two main failure parameters

as normal and shear strength (ϕt, ϕs) that have significant effect on peak strength re-

sponses. Thus, their new definitions are expressed to be functions of the bond orientation

φ with respect to the smooth joint model direction θ as follows:
ϕt = (1 + rs · f (φ, θ)) · ϕt0, ϕs = (1 + rs · f (φ, θ)) · ϕs0

f (φ, θ) = a
/(
b+ (1− b) e−cδ

)
−a, δ = arctan |tan (φ− θ)|

, failureparameters (II .8)

Where, ϕt0 and ϕs0 are the initial strength for bond, respectively, in normal and

shear direction. Similarly to the definition of stiffness parameters, the function of f (φ, θ)

is employed again for describing the effect of weakness layer inclination on macroscopic

strength behavior.

Table II .1: Input parameters for f (φ, θ) used in three-dimensional DEM simulations

Parameters used in f (φ, θ) Elastic parameters Strength parameters

Variables a, c 0.1, 0.1 0.1, 0.1

Variables b, fmax 1.23 ∗ 10−2, 9.0 1.23 ∗ 10−2, 9.0

Variable rk 1.0 −

Variable rs − 0.15

4 Three-dimensional simulation of conventional triaxial com-

pression test

In order to further validate the above method in application of describing anisotropy,

three-dimensional studies of conventional triaxial compression tests are also performed.



36 Different bond models extension and application in shale

Numerical results are compared with experimental data obtained on shale.

4.1 Experimental test

The experimental tests were performed on a typical anisotropic sedimentary rock, i.e.

Tournemire shale, by [Niandou et al., 1997], in Laboratory of Mechanics of Lille, France.

This type material was drilled from an experimental tunnel in the Massif Central and has

been largely applied in engineering, such as the geological disposal of radioactive waste and

unconventional gas exploration. Due to existing a set of weakness layer in this material,

these experimental results show that, both elastic properties and mechanical strength

clearly exhibit a strong inherent anisotropy and depend on the loading orientation. Thus,

in this study, the experimental data will be used for the verification of the proposed

method.

4.2 Calibration of model’s parameters

For conducting simulations against anisotropy behaviors of Tournemire shale, the first

step is generating a isotropic sample. Such as Fig. II .7 , the numerical sample is a cuboid

of 40.0 mm wide and 80.0 mm high. It is constituted about 20,000 particles with uniform

distribution. The largest radius of particle is 1.2 mm, and the smallest one is 0.8 mm,

other geometric parameters can be found in Table 1 and Table 2. In order to emerge

micro-structure of anisotropic material on this isotropic sample, such as weakness layers,

the above algorithm used to inset smooth joint model has also been performed. In this

procedure, angles α and β respectively takes as ±5◦ and ±4◦, and the critical zone R0 is

assigned as 2.0 mm. After this process complete, there are still two groups parameters of

interfaces need to be identified from experimental data, respectively as elastic and strength

parameters.

In calibration on anisotropic elastic modulus, the main process includes the following

steps: Firstly, setting strength parameters as maximum value in both bond model and

smooth joint model for eliminating the effect of failure on elastic response, the coefficient

kr related to Poisson ratio υ is initially set a common value of 2.0. The value of fmax in

function f (φ, θ) firstly takes as 5.0. When the orientation of weakness layer in anisotropic

sample is equal to be 0◦, the initial stiffness, k0n0, k
0
s0, k

0
n and k0s are first directly obtained

according to contact elastic modulus E0
C , which is depended on Young’s modulus E0. As

the inclination angle of weakness layer is equal to 90◦ , the corresponding stiffness k90n ,

k90s can be calculated by comparing elastic modulus E90
C and E90, then the value of fmax

can be also checked. Thus, the first calibration process on elastic ends. After several
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adjustments, the final elastic parameters of two bond models can be obtained.

As for identifying strength parameters, there are about 11 variables in two contact

models need to be completed. Thus, two representative anisotropic samples with weakness

layer orientation of 0◦ and 45◦ are used to respectively calibrate strength parameters of new

bond model and smooth joint model. Similarly to match elastic parameters, The initial

value of fmax in function f (φ, θ) also takes as 5.0. When the weakness layer inclination is

0◦, its effect on strength is slightly. For the sake of reducing the number of independent

parameters, strength parameters in two bond models are initially set same values and

two frictional coefficients tanφ1 and tanφ2 in each models are also set as the same initial

values. Then, by reducing the normal and shear bond strengths ϕt, ϕs, the peak strength

between numerical results and experimental data can be approximately matched. When

the inclination of weak plane is 45◦, keeping strength parameters of new bond model

unchanged, the aforementioned procures can be also used to calibrate strength parameters

in smooth joint model. It should be noticed that the aforementioned calibration process

of strength is carried out under one confining pressure. Frictional coefficients tanφ1 and

tanφ2, and the transition threshold ϕcr are need to be further adjusted for other confining

pressures. Then, the first identification on strength is finished under the assumption of

fmax as 5,0. Afterwards, using limited times to check, these strength parameters in two

bond models can be matched, finally.
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Figure II .9: Comparison of elastic and strength responses between numerical results

(dotted lines) experiment data (solid points)

Thus, by adopting the numerical optimal procedure mentioned above, the final numer-

ical results predicted for elastic modulus and strength envelops are respectively illustrated

in Fig. II .9(a) and II .9(b). There is a good agreement between numerical results and
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experimental data.

Table II .2: Geometrical, physical and mechanical parameters for a new bond model and

the modified smooth joint model used in three-dimensional DEM simulations

3D Sample

Width of sample (mm) W 40.0

Height of sample (mm) H 80.0

Total grain number in sample 20916

Average radius (mm) r 1.0

Initial void ratio 0.2

Initial judgement range (mm) R0 2.0

Coefficient rR in function fR (θ) rR 0.5

Mechanical parameters New bond model Smooth joint model(SMJ)

Normal contact stiffness for test (N/m) kn0 5.6 ∗ 108 8.0 ∗ 108

Shear contact stiffness for test (N/m) ks0 2.8 ∗ 108 4.0 ∗ 108

Inter-particle coefficient of friction tanφ1 1.9 1.3

Inter-particle coefficient of friction tanφ2 0.36 0.6

Normal bond strength (N) ϕt0 2.5 ∗ 104 0.42 ∗ 104

Shear bond strength (N) ϕs0 8.0 ∗ 104 0.73 ∗ 104

The critical normal stress (N) ϕncr 2.0 ∗ 105 1.5 ∗ 105

Inter-particle coefficient of friction tanφr 0.05 0.05

Note: These parameters for SMJ is conversion values calculated according to average radius r .
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4.3 Strength analysis and comparison with experiment
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Figure II .10: Stress-strain curves of specimens with different weakness layer orientations

under various confining pressures

Using these model’s parameters for new bond model and smooth joint model defined

and given in Table 1 and Table 2, a series of conventional triaxial compression tests on

Tournemire shale are conducted with different confining pressures, such as 1MPa, 5MPa,

20MPa, 40MPa and 50MPa. In order to facilitate numerical result analysis, four repre-

sentative stress-strain curves of samples with different weakness layer are listed in Fig.

II .10, an obvious anisotropy in both deformation and strength is presented, clearly. It

can be seen that, similar to most rock-like materials, the peak strength as well as residual

strength both become larger with the increase of confining pressure. Differently, for the

same confining pressure, both of them are also influenced by the loading orientation. And

then, for a quantitative comparison, the numerical values of peak deviatoric vs experimen-

tal data are further given and has a good agreement such as shown in Fig. II .11. One

can notes that, the peak stress of shale clearly depends on both the loading orientation
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θ and confining pressure. There are two maximum values obtained either at 0◦ or 90◦,

which seem equal to each other. And the minimum values commonly occurs between 30◦

and 60◦ for all confining pressure.
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Figure II .11: Peak deviatoric stress versus orientation of weakness layer for tournemire

shale under compression with various confining pressures

In general, for anisotropic materials, there are two familiar parameters as follows, to

define the anisotropy degree of strength:

K1 =
(σ1 − σ3)‖
(σ1 − σ3)⊥

(II .9)

K2 =
(σ1 − σ3)max

(σ1 − σ3)min

(II .10)

Where, K1 means the ratio between the failure stresses in two principal directions,

respectively, parallel and perpendicular to the bedding planes, and K2 denotes the ratio

between the maximum and minimum strength.
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Figure II .12: Variation of anisotropy degree of mechanical strength versus confining

pressures

The values of two parameters obtained form simulation for Tournemire shale are il-

lustrated in Fig. II .12. It can be seen that, K1 is closely to 1.0, indicating that the

strength anisotropy between the two principal direction is very small. The value of K2 has

a trend that gradually decreases from 1.96 to 1.47 with the increase of confining pressure

from 1Mpa to 50 Mpa, which implies the strength anisotropy will be weakened under

high confining pressure. The simulation results are also similar to most experimental data

obtained from other anisotropic rocks ([Duveau et al., 1998]; [Niandou et al., 1997]; [Yao

et al., 2016]. Thus, according to these comparsion results between numerical results and

experimental data, the method that uses smooth joint model to simulate mechanical be-

havior of weakness layer behavior, has a good performance in predicting the mechanical

strength of anisotropic materials.

5 Failure process in anisotropic cohesive granular materials

At local level, the deformation and failure process in such materials is inherently con-

trolled by the breakage of bonded contact interface between grains. Using the proposed

method, the transition from diffused micro-cracks to localized fractures in anisotropic ma-

terials under different confining pressure is here investigated in terms of statistical analysis

for micro-cracks spatial distribution.
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5.1 Spatial distribution of micro-cracks
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Figure II .13: Illustrations for different micro-cracks evolution in samples under confining

pressures of 1MPa and 40MPa (black: total number, red, yellow: tensile and shear failure

in weakness layer, blue, green: tensile and shear failure in matrix)
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Figure II .14: Micro cracks evolution for different bond models after failure in specimens

with various orientations under different confining pressures

Fig. II .13 clearly shows the change of amount of different micro-cracks changes with

weakness layer inclination θ under different confining pressures as 1MPa, 40MPa. Such

as shown in Fig. II .14, when confining pressure is low, since the ratio of failure bonds of

smooth joint model in total number of micro-cracks is higher, especially for θ ≥ 30◦, it

seems that the failure of anisotropic sample is mainly depended on micro-cracks developing
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in weakness layer. While confining pressure increases larger, the ratio decreases gradually

and sample failure becomes be caused by micro-cracks developing in both weakness layer

and shale matrix.
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Figure II .15: Spatial distribution of micro cracks for different bond models after failure

in specimens with various orientations

In addition, Fig. II .14 and Fig. II .15 further show that, for loading orientations

nearly perpendicular to the weakness layer θ = 0◦, the failure is mainly caused by shear

sliding in smooth joint model and tensile splitting in new bond model under low confining

pressure of 1MPa, and becomes be induced by shear sliding in both two bond models when

confining pressure becomes large. The loading orientation is in the range of 15◦ ≤ θ ≤ 60◦,

the failure occurs mainly controlled by the shear sliding and tensile splitting in smooth

joint model for low confining pressure, and determined by shear sliding in both two bond

models under large confining pressure. Then, as loading orientation nearly parallel to the
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weakness layer orientation θ = 90◦, the reason that leads to anisotropic sample failure, is

changed from tensile splitting to shear sliding in both two bond models with the increase

of confining pressure.

q=0°
0°

90°

-90°

90°

270°

X
Y

Z
q=45°

0°

90°

-90°

90°

270°

X
Y

Z

q=90°

0°

90°

-90°

90°

270°

X
Y

Z

(a) 1MPa

q=0°

0°

90°

-90°

90°

270°

X
Y

Z q=45°

0°

90°

-90°

90°

270°

X
Y

Z

q=90°

0°

90°

-90°

90°

270°

X
Y

Z

(b) 40MPa

Figure II .16: Statistics for spatial angle distribution of micro-cracks after failure in

specimens with various orientations
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Figure II .17: Total of micro-cracks evolution after failure in samples with various

orientations under compression with different confining pressures (red: tensile failure,

green: shear failure)

Moreover, for further investigating the relationship between orientations of failure

bonds and local failure inclination, the statistics analysis against spatial distribution of

failure bonds have been performed. Such as Fig. II .16, one can note that, when confining

pressure is low as 1MPa, these failure bonds induced by tensile splitting generally has a

large orientation angle and a relatively concentrated distribution, it often leads to local

failure band presenting steeper. While the confining pressure increases to 40MPa, the

number of failure bonds with low orientation induced by shear siding significantly increas-

es, and thus resulting in a large range local failure band, and with a low inclination angle.

This phenomenon can be also interpreted by the change of total amount of micro-cracks.

Fig. II .17 clearly presents that, no matter the orientation angle θ in anisotropic sample

is large or small, the number of failure bonds both changes from be mainly controlled by

tensile splitting under low confining pressure, to be occupied by shear sliding for the high

confining pressures.
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5.2 Displacement description
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Figure II .18: Displacement fields after failure in samples with various orientations

under compression with different confining pressure

On the other hand, the displacement distribution after failure inside the three dimen-

sional is also measured and shown as Fig. II .18. One can note that, the displacement

distribution is also affected by confining pressures and weakness layer orientation. Under

low confining pressure as 1MPa, there exists an obvious inclined narrow band has a larger

inclination angle in specimen with an important displacement gradient on the boundary

between this band and outside zones, especially for the orientation between 30◦ and 60◦.

However, with the increase of confining pressures, the inclination angle with the axial load
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axis increases and the displacement gradient becomes indistinct. And finally, a large and

quasi horizontal zone is formed in the central part of specimen, such as confining pressures

of 40MPa. However, the distribution of displacement for specimen after failure can only

describe the overall behavior of the failure part, and not reflect the localized fractures.

Thus, the failure coefficient is proposed and defined as the following equation:

Fcoe =
|Di+1 −Di|

|(Di+1 −Di)max|
(II .11)

Where (Di+1 −Di) denotes the variation of displacement between adjacent particles,

and (Di+1 −Di)max is the biggest values. The failure coefficient distributing in specimen

is presented as Fig. II .19. One can obtain that, the localized fractures has the similar

propagation mechanism with the failure evolution of micro-cracks such as Fig. II .15. For

the orientation θ = 0◦, the distribution of localized fractures exists in weakness layer and

shale matrix, regardless of low or high confining pressures. When it is in the range 30◦ and

60◦, under low confining pressure, the fractures bands are mainly distributed parallel to

the weakness layer orientation. While confining pressures is higher, they exist in both of

them. Finally, as loading orientation is equal to 90◦, the perpendicular localized fractures

mainly developing in bedding plane can be found under low confining pressures, but they

become inclined fractures when confining pressures increases.
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Figure II .19: Localized fractures coefficients of samples with various orientations under

compression with different confining pressure

6 Further investigation for effect of intermediate principal

stresses on anisotropy

In the anisotropy analysis considered above, two principal stresses are identical (σ2 =

σ3). Based on this kind of experimental data, most mechanical properties and failure model

investigated for anisotropic materials involve the major and minor principal stresses only,

the role of intermediate principal stresses is generally neglected. However, in general load-

ing conditions, three principal stresses are different and independent. Therefore, the effect

of the intermediate principal stresses on failure and deformation of anisotropic materials
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is needed to further investigate.

6.1 Effect of strength

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 00

2 0

4 0

6 0

8 0

1 0 0

 θ =   0 °
 θ =  1 5 °
 θ =  3 0 °

 θ =  4 5 °
 θ =  6 0 °
 θ =  7 5 °
 θ =  9 0 °

 

 

De
via

tor
ic s

tre
ss 

(M
Pa

)

A x i a l  s t r a i n  ( E - 6 )

(a) σ2 = 25MPa

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 00

2 0

4 0

6 0

8 0

1 0 0

 θ =   0 °
 θ =  1 5 °
 θ =  3 0 °

 θ =  4 5 °
 θ =  6 0 °
 θ =  7 5 °
 θ =  9 0 °

 

 

De
via

tor
ic s

tre
ss 

(M
Pa

)
A x i a l  s t r a i n  ( E - 6 )

(b) σ2 = 30MPa

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 00

2 0

4 0

6 0

8 0

1 0 0

 θ =   0 °
 θ =  1 5 °
 θ =  3 0 °

 θ =  4 5 °
 θ =  6 0 °
 θ =  7 5 °
 θ =  9 0 °

 

 

De
via

tor
ic s

tre
ss 

(M
Pa

)

A x i a l  s t r a i n  ( E - 6 )

(c) σ2 = 35MPa

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 00

2 0

4 0

6 0

8 0

1 0 0

 θ =   0 °
 θ =  1 5 °
 θ =  3 0 °

 θ =  4 5 °
 θ =  6 0 °
 θ =  7 5 °
 θ =  9 0 °

 

 

De
via

tor
ic s

tre
ss 

(M
Pa

)

A x i a l  s t r a i n  ( E - 6 )

(d) σ2 = 40MPa

Figure II .20: Stress-strain curves of samples with different weakness layer orientations

under different intermediate principal stresses σ2 (σ3 = 20MPa)
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Figure II .21: Peak deviatoric stress versus orientation of weakness layer for tournemire

shale under different intermediate stresses

For this purpose, by adopting the same parameters as those given in Table 1 and Table

2, we have performed a series of numerical tests. The minor principal stress σ3 is kept to be

constant and equal to 20MPa. Different values of the intermediate principal stress σ2 are

considered ranging from 20MPa to 40MPa . For a selected set of two principal stresses, the

axial strain is prescribed in order to generate the variation of axial stress which is the major

principal stress. Such as Fig. II .20, the differential stress (σ2−σ3) versus axial strain (ε1)

curves are firstly presented for four different values of the intermediate principal stress (σ2).

One can observe that, those peak strengths both increase with the increase of intermediate

principal stress, regardless of the loading orientation in anisotropic materials. In order to

distinct distinguish the increase amplitude of peak strength for anisotropic samples with

different weakness layer, the peak values are also presented in Fig. II .21. It can be obtained

that, the increase of peak strength induced by the same increment of intermediate principal

stress has a gradual decrease trend in all of the anisotropic specimens. Compared with

the loading orientation in the range of 15◦ ≤ θ ≤ 75◦, the peak strength increment is more

obvious when the orientation is equal to 0◦ or 90◦. It further implies that the increase

of intermediate stress σ2 will lead to more obvious anisotropic features of strength. This

phenomenon is also verified with the statistics values of K1 and K2, such as shown in

Fig. II .22.
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Figure II .22: Variation of anisotropy degree of mechanical strength versus intermediate

stresses

6.2 Effect of failure mechanism
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(b) σ2 = 20MPa, θ = 45◦
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(c) σ2 = 20MPa, θ = 90◦
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(d) σ2 = 40MPa, θ = 0◦
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Figure II .23: Illustrations for different micro-cracks evolution in samples under inter-

mediate stresses σ2 of 20MPa and 40MPa (black: total number, red, yellow: tensile and

shear failure in weakness layer, blue, green: tensile and shear failure in matrix)
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Figure II .24: Micro-crack evolutions for different bond models after failure in samples

with various orientations under compression with different intermediate stresses σ2

In order to explore the effect of different intermediate principal stress σ2 on failure

process of anisotropic samples, the evolution of tensile and shear micro-cracks in both

weakness layer and shale matrix are presented in Fig. II .23, when σ2 are respectively

equal to 20MPa and 40MPa. Fig. II .24 shows that, while the total amount of micro-

cracks remains similar, the ratio of different micro-cracks has also slightly changed with

the increase of difference of two lateral stresses (σ2 − σ3), especially for weakness layer

orientation θ equal to 0◦ and 90◦. The repartition distribution of micro-cracks between

tensile splitting and shear sliding is clearly presented in Fig. II .25 and shows a slight

decease trend of micro-cracks caused by tensile failure. This phenomenon can be further

explained from statistics analysis for micro-cracks spatial distribution such as shown in

Fig. II .26, these exists a significantly trend that, the number of micro-cracks with low

inclination angle induced by shear sliding increase with the increase of intermediate (σ2).

However, this effect will gradually be sable when the difference between two lateral stresses

(σ2 − σ3) is large enough, such as shown in Fig. II .27.
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Figure II .25: Spatial distribution of micro cracks for different bond models after failure

in specimens with various orientations
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Figure II .26: Statistics for spatial angle distribution of micro-cracks after failure in

samples with various orientations

0

5 0 0 0

1 0 0 0 0

1 5 0 0 0

2 0 0 0 0
 T o t a l  c r a c k s _ t
 T o t a l  c r a c k s _ s

 

 

Nu
mb

er 
of 

cra
cks

C o n f i n i n g  p r e s s u r e  ( M P a )
2 0 2 5 3 0 3 5 4 0

(a) θ = 0◦

0

5 0 0 0

1 0 0 0 0

1 5 0 0 0

2 0 0 0 0

 T o t a l  c r a c k s _ t
 T o t a l  c r a c k s _ s

 

 

Nu
mb

er 
of 

cra
cks

C o n f i n i n g  p r e s s u r e  ( M P a )
2 0 2 5 3 0 3 5 4 0

(b) θ = 45◦

0

5 0 0 0

1 0 0 0 0

1 5 0 0 0

2 0 0 0 0

 T o t a l  c r a c k s _ t
 T o t a l  c r a c k s _ s

 
 

Nu
mb

er 
of 

cra
cks

C o n f i n i n g  p r e s s u r e  ( M P a )
2 0 2 5 3 0 3 5 4 0

(c) θ = 90◦

Figure II .27: Total of micro-cracks evolution after failure in samples with various

orientations under compression with intermediate stresses σ2 (red: tensile failure, green:

shear failure)

Moreover, the displacement of anisotropic samples after failure have also analyzed such

as Fig. II .28. It seems that, the increase of difference of two lateral stresses (σ2 − σ3),
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has slightly effect on the failure band distribution and inclination when the orientation of

weakness layer is in range 30◦ ≤ θ ≤ 60◦. In other cases, especially for orientation equal to

0◦ and 90◦, there is an obvious failure band gradually formed in anisotropic sample with

increase of intermediate principal stresses σ2.
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s2 = 40MPa 

s2 = 35MPa 

s2 = 30MPa 

s2 =25MPa

Figure II .28: Displacement fields in specimens with various orientations under com-

pression with different intermediate stress σ2

7 Conclusion

In this paper, mechanical strength and deformation of inherent anisotropic materials

have been investigated using the three-dimensional DEM with two contact bond models:

a new bond model and smooth joint model. For this purpose, a algorithm that introduces
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smooth joint model into anisotropic samples have been first proposed to capture the spe-

cific micro-structure of anisotropic material. Science the macro deformation and failure

behavior is controlled by local elastic stiffness and strength failure criteria, these corre-

sponding parameters in two contact bond models have also been developed depending on

the interface orientation, respectively. Then, a detailed calibration and verification proce-

dure of the developed parameters have also been conducted. Furthermore, the proposed

procedure has been applied to modelling the mechanical behavior of a typical anisotropic

rock, there is a good agreement between numerical results and experimental data for both

elastic properties and mechanical strength. The numerical results have further shown

that, the inherent properties of weakness layer as well as confining pressure both have sig-

nificantly influenced on macro anisotropic mechanical behaviors of anisotropic materials.

Its failure process is controlled by the weakness layer properties for low confining pres-

sure, but depended on the combination role of weakness layer and rock matrix properties

under high confining pressure. In addition, the influence of the intermediate principal

stress on the strength and deformation has been investigated. It is found that, with the

intermediate stress increase, the increase magnitude of macro strength will decrease and

its failure model has a clear transition to a shear failure. However, the macro strength

and deformation of anisotropic cohesive materials is also strongly influenced by interstitial

fluid, thus the hydro mechanical coupling by considering fluid flow through interface and

discrete fracture should be still investigated in the future studies.



Chapter III

Analysis for fluid-driven fracture

propagation in hard rock using the

discrete element method
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1 Introduction

Hydraulic fracturing is a common issue that extensively exist in the petroleum and gas

industry. It is generally defined as the process that a fracture is initiated and propagated

due to hydraulic loading applied by fluid inside the fracture. In order to have deep sight

on hydraulic fracture propagation and to improve the productivity of oil and gas, a great

number of researchers tried to solve this challenges by adopting their familiar methods,

such as analytical methods, laboratory experiments or numerical simulations.

In analytical studies, researchers endeavour to capture the physics of hydraulic frac-

ture by applying mathematical models derived according to physical laws. Because of

complexity of the problem, especially for porous heterogeneous formation in a dynamic

condition, these models is either hard to derive or too complex to apply. Thus, large

number of simplification solutions are obtained by considering rock matrix as homogenous

elastic medium in a static scenario. For instance, [Thiercelin et al., 2007], [Thiercelin

et al., 2007] have proposed a semi-analytical model based on the theory of dislocations to

predict the reactivation of a natural fault due to the presence of an approaching hydraulic

fracture. [Gu et al., 2010] have extended the Renshaw and Pollard criterion for orthogonal

intersections to a fracture crossing frictional interfaces at non-orthogonal angles. However,

the initiation and propagation of hydraulic fracture is a dynamic process that changes the

state of stress within the rock as the fracture propagates.

Therefore, experiments are thought to be a better method, which can consider the

effect of different parameters on the interaction mechanism of hydraulic fracture under

real situation ([Zhou et al., 2008]; [Gu et al., 2010], [Gu et al., 2012]; [Sarmadivaleh

and Rasouli, 2015]; [Chen et al., 2015]; [Yushi et al., 2016a]; [Fatahi et al., 2017]; [Ma

et al., 2017b]; [He et al., 2018]). However, these small-scale experiments are not only

expensive but also extremely tedious and time consuming. It is hardly ensure the obtained

results suitably applied in field operations due to itself scale, especially for routine industry

application. These draws further put constraint on the number of sensitively analysis that

can be conducted and subsequent conclusion that can be drawn.

In the aforementioned methods, most of them are mainly focused on the result analysis

of failure sample, neglecting hydraulic fracturing process. However, even in the basic form

of hydraulic fracture, there are at least three processes should be taken into account, re-

spectively as, mechanical deformation induced by the fluid pressure, the flow of fluid in the

fracture and fracture propagation. The main issue is to capture the physical developing

processes of hydraulic fracture at microscopic scale, For this purpose and with the fast

progress of computing technology, large number of numerical simulation methods have
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been modified and applied. For instance and without giving an exhaustive list of reported

studies, the Finite Element Method (FEM), the Boundary Element Method (BEM) as well

as the Extended Finite Element Method (EFEM) was first adopted to simulate hydraulic

fracture in complex structure ([Munjiza et al., 1995]; [DU et al., 2008]; [Olson et al., 2008];

[Olson et al., 2009]; [Zhang et al., 2010]; [Dahi-Taleghani et al., 2011], [Dahi Taleghani

et al., 2013]; [Zeng and Yao, 2016], [Zeng et al., 2018]). In the framework of continuum

mechanics, these methods provide efficient numerical tools for modeling hydraulic frac-

ture growth. However, considering fracture propagation mainly controlled by the stress

singularity at fracture tip, it is actually not an easy task to define appropriate criteria to

determine the onset condition and propagation direction of fracture.

Different with these continuum methods, various discrete elements methods that re-

place a continuum medium by an equivalent discrete medium have made a great progress

during the last decades. Without giving an exhaustive list of different approaches, two

main families of discrete media have been generally adopted, a set of polygon blocks for

polycrystal structure and an assembly of spherical grains for granular morphology. Both

two approaches have capable of handling coupled hydraulic-mechanical processes through

a defined fracture network. However, unlike in the first DEM method, such as UDEC,

3DUC and Rigid Block Spring Method ([Nasehi and Mortazavi, 2013]; [Hamidi and Mor-

tazavi, 2014]; [Yushi et al., 2016b], [Zou et al., 2016]; [Ma et al., 2017a]; [Nagel et al.,

2013]), fluid movement is restricted to fracture flow model that fluid flow into the joint

occurs when a joint is broken. The second DEM method like PFC2D allows not only fluid

flow through fractures, but also fluid leak-off into the rock matrix. The fluid flowing is

more similar to a natural process that depends on whether a fluid pressure difference exists

between neighboring pores. Therefore, in a certain degree, it has been successfully used

to simulate hydraulic fracture process ([Al-Busaidi et al., 2005]; [Shimizu et al., 2011];

[Zhou et al., 2017a]; [Zhang et al., 2017]). However, in the most of studies, the simple

fluid flowing are mainly focused on, rather than analyze the effects between fluid flow and

hydraulic fracture. And because of existing defects for the original code in PFC2D, these

researches generally only presented failure results without giving the variation of injection

bole pressure as well as fluid pressure distribution, which is also important to investigate

hydraulic fracture initiation and propagation ([Reinicke et al., 2010]; [Eshiet et al., 2013];

[Wang et al., 2014]; [Fatahi et al., 2017]; [Zhao and Paul Young, 2011]; [Wang et al.,

2017]).

Therefore, in this study, for solving the drawback in original algorithm that the chan-

nel connecting two adjacent reservoirs vanishes when the contact between two particles
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broken occurs, we first proposed a modified fluid-mechanical algorithm based on PFC2D

for simulating hydraulic fracture. Then, with a calibration procedure, a specific hydraulic

fracturing process is studied on and the method applicability is also validated by compar-

ing analytical solution of the breakdown pressure and numerical results. Finally, a series of

investigations on different confining pressure, fluid viscosity and injection rate are further

analyzed using the modified method.

2 Simulation methodology

In fluid coupling analysis of cohesive materials, the macroscopic strength, deformation

as well as failure propagation are essentially controlled by the local behavior of inter-

granular interfaces. By introducing bonds between circular particles, the PFC2D based

on discrete element method can be applied to analysis these mechanical behaviors under

the case of fluid coupling, in which these materials are modelled as a composite of indi-

vidual particles that can move and rotate with respect to each other. Thorough details of

fundamental DEM algorithm have been presented in large number of literatures ([Cundall,

2004]; [Potyondy and Cundall, 2004]; [Cundall, 2008]), only a brief introduction will be

given here.

2.1 Formulation of mechanics of bonded particles
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Figure III .1: Peak and residual strength envelopes of bonded contact model

Two types of bond models of interface, i.e. the contact bond model (CBM) and parallel

bond model (PBM), are generally adopted for analyzing cohesive materials in PFC. Due

to the shortcoming of these criterions that the effect of normal stress on the shear strength
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cannot be correctly described for a large range of normal stress. Therefore, a new proposed

bond model with bi-liner failure criterion as illustrated in Fig. III .1 will be adopted in this

reach. Here, we just give a brief introduction, more detailed explanations can be found

in our other research ([Zhang et al., 2018b]). For this bond model, in calculation of local

contact force at contacts, the normal force Fn and the increments of tangential force ∆Fs

can be calculated from the relative motion of bonded particles, and given as follows:

Fn = knun (III .1)

∆Fs = −ks∆us (III .2)

where, kn and un are respectively the normal stiffness and displacement at the contact ; ks

and ∆us, respectively, denote the shear stiffness and relative displacements in each time

step ∆t. Note that the normal stiffness, kn, is a secant modulus that relates to the total

displacement and force. The shear stiffness, ks, on the other hand, is a tangent modulus

that relates to the incremental displacement and force.

2.2 Fluid-mechanical coupling theory

Figure III .2: Fluid network: solid particles (yellow circles), flow channels (blue lines),

domains (red polygons) and domain’s centers (blue points).

The coupling mechanism of the stress filed and the seepage field in a jointed rock

analyzed with PFC2D was firstly proposed by [Cundall, 2004], then developed by many

other authors (without giving an exhaustive list). The original concept of this method

is based on the network flow model, which is mainly composed with two components:

the flow channel (pipe) and domains (reservoirs). Such as Fig. III .2 and Fig. III .3(a)
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shows, each contact between particles is first regarded as a flow channel, whose length

is equal to summation of the two particle radii at the contact. Afterwards, the red lines

connecting the centers of all particles at contacts create a series of enclosed domains, their

centers (Fig. III .2, blue points) are stored as reservoirs. each reservoir are contacted by

the corresponding pipes (Fig. III .2, blue lines). Therefore, each domain is completely

surrounded by flow channels and has a certain volume associated with it.
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(b) Mechanical coupling

Figure III .3: Hydraulic coupling mechanism in a bond assembly of particles

As shown in Fig. III .2 and Fig. III .3(a), differential pressure between two neighboring

domains generally induces the fluid flow in its corresponding channel, each channel is as-

sumed to be a set of parallel plates with a certain aperture as e, and the flow in the channel

is modelled as laminar. Therefore, the fluid flow can be calculated using the Poiseuille

Equation, and the volumetric laminar-flow rate q is given as the following equation:

q =
e3∆p

12µLp
(III .3)

Where e is the hydraulic aperture, Lp is the length of the flow channel, ∆p is the fluid

pressure difference between the two neighboring reservoir domains, and µ is the fluid

dynamic viscosity. The out-of-plane thickness is assumed to be of unit length.

Resulting from flow rate q of channel changing in each time step ∆t, the increments

of fluid pressure ∆p of corresponding domain will also response and can be calculated by

application of the continuity equation Eq.(III .4), respectively from the bulk modulus of

fluid Kf , the volume of the domain Vd, the sum of the flow volume for one time step
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∑
q∆t, and the volume change of the domain ∆Vd.

∆p =
Kf

Vd
(
∑

q∆t−∆Vd) (III .4)

At each time step, the mechanical computation updated induce the geometry change of

the system that each domain gathers the fluid pressure of the surrounding channels and

then acts on the surfaces of the surrounding particles as equivalent body force, such as

shown in Fig. III .3(b).

Furthermore, the new updated contact force will be used for verification of bond state

between particles. If the bond is not failure, it will produces new aperture values for

channel and then determines renew volume value for domain. Otherwise, once bond

failure, fluid flow occurs instantaneous, and fluid pressure in the adjacent domains will

recalculate. In order to simplify this process, the updated fluid pressure of two domains

is regard as equal to their average value, which have been generally accepted in other

studies ([Hazzard et al., 2002]; [Al-Busaidi et al., 2005]; [Zhao and Paul Young, 2011]).

Its corresponding calculation is given as the following Eq.(III .5).

p′f =
pf1 + pf2

2
(III .5)

2.3 Crack-growth theory in fluid coupling process

In failure analysis of interfaces, there are two debonding processes that should be taken

into account, i.e. the tensile failure and shear sliding, which is determined by comparing

the calculated local contact force and bond strength at a contact. For tensile cracking, the

failure condition is generally dependent on the normal contact force. While the frictional

sliding process is otherwise more complex, depending on both normal stress and tangential

shear stress([Zhang et al., 2018b]).

Therefore, such as the bi-linear failure criterion illustrated in Fig. III .1. the tensile

failure occurs when the normal contact force Ft,f exceeds the normal strength ϕnt. For the

shear sliding, the shear strength of interfaces is here approximated by a bi-linear function of

normal contact force. When the normal contact force is less than the transition threshold

ϕncr, the shear strength is defined by the cohesion ϕs and frictional angle φ1. When the

normal force is higher than ϕncr, a second frictional angle φ2 is introduced with φ2 < φ1

to define the shear strength. The failure criterion for contact interface is then expressed

in the following form:

Ft,f = ϕnt, tensilefailure (III .6)
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Fs,f =



0

ϕs + Fn tanφ1

ϕs + ϕncr(tanφ1 − tanφ2) + Fn tanφ2

,Fn < ϕnt

,ϕnt ≤ Fn ≤ ϕncr

,Fn ≥ ϕncr

, shearfailure

(III .7)

When the contact surface is broken, the tensile strength immediately drops zero. However,

due to the frictional force along rough interfaces, the shear strength reduces to a residual

value that is a function of the normal stress and the coefficient of friction acting on the

contact surface. The residual strength envelop is shown in Fig. III .1 and the following

criterion is formulated:

Fs,r =



0

Fn tanφ1

ϕncr(tanφ1 − tanφ2) + Fn tanφ2

,Fn ≤ 0

,0 < Fn ≤ ϕncr

,Fn > ϕncr

(III .8)

3 Simulation and validation

The generation process of hydraulic fracturing sample as well as calibration of bonded

model are presented in this section. Furthermore, the detailed description and validation

for the generated rock sample have also been conducted to investigate the micro cracks

propagation in numerical sample under different confining pressure conditions.
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3.1 Determination of micro-mechanical parameters
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Figure III .4: Mechanical parameter calibration results and corresponding failure sample

(blue lines indicate tensile cracks)

The proper selection of meso-mechanical parameters is the fundamental task for sim-

ulation using PFC ([Shi et al., 2013]; [Zhang et al., 2018a]). Based on the correlation

between the macro-mechanical property of the particle assembly and the meso-mechanical

parameters of a particle such as Eq.(III .9) and Eq.(III .10), these values for particles

can be determined by conducting a series of numerical simulations of physical mechanic-

s. Therefore, as shown in Fig. III .4(a) and Fig. III .4(b), the uniaxial compression test

and direct tension test were respectively conducted on a sample of 150mm in width and

300mm in height to determine two types of mico-scopic parameters: the deformability

and strength. The number of particles in sample is about 10000 with average radii R of

1.33mm following a normal distribution. The porosity of sample is 0.15. And the ratio of
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the largest radius to the smallest radius is 1.66.

kn = 4EcR, ks = krkn (III .9)

ϕnt = 4σcR
2, ϕs = 4τcR

2 (III .10)

In the uniaxial compression test, the above and below walls of sample were moved slowly

at a small velocity to simulate experimental loading, and the axial stresses of the walls

and the axial and lateral strains were monitored at the same time. Hardly to conduct the

direct tension test of indoor test due to the rock mass structural characterizes, it can be

also realized by applying the loading on the above and below row of particles of sample

in the simulations. Then, by adopting a numerical optimal procedure, a set of model’s

parameters is given in Table 1, and the corresponding simulation results of sample is shown

in Fig. III .4.

Table III .1: Mechanical parameters for bond model used in hydraulic fracture simula-

tions of experimental tests

Mechanical parameters for new bond model

Normal contact stiffness for test (N/m) kn 7.6 ∗ 108

Shear contact stiffness for test (N/m) ks 5.1 ∗ 108

Inter-particle coefficient of friction tanφ1 1.5

Inter-particle coefficient of friction tanφ2 0.5

Normal bond strength (N) ϕnt 6.7 ∗ 104

Shear bond strength (N) ϕs 2.1 ∗ 105

The critical normal stress (N) ϕncr 4.2 ∗ 105

Calibration results Experiment Simulation

UCS of rock model (MPa) (m2) σc 79 78.6

Tensile strength (MPa) σt - 20.3

Young’s modulus (GPa) E 27 26.8

Poisson’s ratio µ 0.2 0.21
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3.2 Rock sample model and loading condition
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Figure III .5: Geometrical description for rock sample

As shown in Fig. III .5, the sample used in hydraulic fracturing simulation is generated

according to the experimental test, which is performed in Australia by [Sarmadivaleh and

Rasouli, 2015]. It is 300mm in width and 300mm in height with 20000 particles, for

avoiding particle size distribution effect ([Zhang et al., 2018b]), the size of particles filling

in hydraulic fracturing sample has the same distribution as in uniaxial compression test

and direct tension test. In order to create a smoothed surface simulating for viscous fluid

injection, a hole with a diameter of 15mm is also created at the center of sample by the

smallest particle radii of 1mm illustrated in Fig. III .5. This approach can effectively

avoid particle size change effect on mechanical property of injection hole. The sample is

surrounded by four walls that can move to apply the constant confining pressure with σ1

in the x-direction and σ3 in the y-direction. Between the walls (green ones) and domain

region (blue square), there exists some particles (yellow ones) not covered by fluid flow

domains, which can be regarded as an impermeable rubber housing such as shown in

Fig. III .6.
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Figure III .6: Fluid flow domain, impermeable boundary and loading condition

In the calibration of fluid network of hydraulic fracturing sample, the critical issue is to

determinate the channel aperture connecting these reservoirs. Accounting for the existence

of a limiting residual aperture that is always observed in laboratory rock samples, in this

present work, a initial aperture is firstly assumed at the contact for the just touching

particles, it allows fluid to flow even without normal contact force. While contact force

between particles exists, a function of the hydraulic aperture of the flow channel against

normal force is given as the following equation ([Al-Busaidi et al., 2005]; [Zhou et al.,

2017a]):

e = eres + (eini − eres) exp (−ασn) (III .11)

Where, eini and eres denote the initial and residual aperture of channel respectively, α is

the model parameter taking 0.15 in this research, σn is the effective normal force at the

contact. When it trends to infinity, the aperture decreases asymptotically to eres.

Due to the fluid flow rate q calculation aforementioned in Eq.(III .3) of section 2.2

focused on one microscopic flow channel between particles, the permeability of the entire

rock sample cannot be directly used for the fluid flow of numerical sample, which is ex-

pressed by an assembly of many flow channels. This problem can be solved by setting

reasonable values for initial and residual apertures eres and eini in hydraulic fracturing

sample. Generally, these values can be determined by two methods: calculating with the

permeability k of the real rock specimen or directly simulating the permeability test cor-

responding to the characteristics of an actual sample. In this research, we take the first
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direct calculation method to identify these values by the Eq.(III .12).

k =
1

12V

∑
pipes

Le3 (III .12)

Where V is the volume of the reservoir rock, L is the length of the channel or pipe.

Table III .2: Geometrical and physical parameters for network used in hydraulic fracture

simulations of experimental tests

2D Sample (see Fig. III .5)

Width of sample (m) W 3.0 ∗ 10−1

Height of sample (m) H 3.0 ∗ 10−1

Injection bore diameter (m) H 1.5 ∗ 10−2

Total grain number in sample 20000

Lower bound of particle radius (m) Rmin 1.0 ∗ 10−3

Ratio of particle radius Rmax/Rmin 1.66

Initial void ratio Rmin 0.20

Physical parameters for fluid network

Initial hydraulic aperture (m) eini 1.5 ∗ 10−6

Residual hydraulic aperture (m) eres 0.5 ∗ 10−6

Bulk modulus of the fracturing fluid (GPa) Kf 2.0

Calibration results Experiment Simulation

Permeability (m2) k 1 ∗ 10−17 1 ∗ 10−17
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3.3 Description for hydraulic fracturing process
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Figure III .7: Comparison of fluid pressure response between common result and simu-

lation value

By adopting a numerical optimal procedure, a set of model’s parameters is defined

and given in Table 1 and 2, respectively. Taking injection rate and fluid viscosity as

1.0 ∗ 10−5m3
/
s and 1.0 ∗ 10−3Pa/s, the simulation of hydraulic fracturing process has

been first performed on generated sample with those parameters under the same confining

pressure, such as σ1 =20MPa and σ3 =20MPa. Then, numerical results were further com-

pared with general analytical fluid pressure response presented in Fig. III .7. A similar

changing tendency is obtained that, with the increase of injection fluid, the curve of fluid

pressure of injection hole has three obvious change stage: (1) pressure increasing to largest

value stage (I in Fig. III .7(a), o−α1−α2 in Fig. III .7(b)), (2) after breakdown, pressure

decreasing stage (II in Fig. III .7(a), α2 in Fig III .7(b)) and (3) pressure fluctuation stage

(III in Fig. III .7(a), α3 − α4 in Fig. III .7(b)). Unfortunately, due to the technical limit

of experimental device, the failure process of hydraulic fracturing sample can not be vivid

presented in the laboratory tests and further limits the study of failure mechanism. How-

ever, according to the numerical results obtained, one can see a clear failure development

in hydraulic fracturing sample, such as micro-cracks propagation, pressure field and the

forming mechanism of micro-cracks.
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Figure III .8: Pressure field, crack propagation and corresponding contact force distri-

bution for failure sample under same confining pressure (σ1 : σ3 = 20 : 20)

Thus, it can be seem from numerical results that, with the increase of fluid pressure,

a single micro-crack is first developed surrounding the injection hole as shown in Fig. III

.8(a) and leads to fluid pressure decrease slightly presented as α1 in Fig. III .7(b). However,

since single non-through micro-crack that has limited capacity for fluid migration can not

cause the significant change of fluid pressure, the fluid pressure is still increase. Because

of continuous increment, new micro-cracks will form and further develop to be a through

hydraulic fracture as shown in Fig. III .8(a). Then, the value of fluid pressure decrease

significantly at a2 point in Fig. III .7(b). After that, with hydraulic failure propagating

in sample as shown in Fig. III .8(a), the fluid pressure of injection hole has a fluctuate

tendency α3 − α4 in Fig. III .7(b)). This analysis can be also verified and sustained by

the distribution of fluid pressure and contact force, respectively in Fig. III .8(b)) and

Fig. III .8(c)). Especially for contact force distribution, there is an obvious tensile force
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concentration distributing at both ends of the hydraulic fracture, which further interpreters

that the formation mechanism of micro-cracks in hydraulic fracturing sample is often

caused by tensile force.

3.4 Validation of hydraulic fracturing model
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Figure III .9: Different fluid pressure responses of injection hole under different confining

pressure: σ1 keeping 20 MPa and σ3 ranging from 20MPa to 10 MPa

In order to further validate the reliability of hydraulic fracturing simulation using

the new proposed bond model, a series of simulations on samples with same parameters

have also been preformed with different confining pressure, such as σ1 keeping 20MPa in

x-direction and σ3 changing from 20MPa to 10MPa in y-direction. It can be obtained

form the numerical results in Fig. III .9 that, with the increase of differential pressure, the

breakdown pressure as well as the duration of cracks propagation for the same sample both

have a gradually decrease tendency, which is also found in many experimental studies. The

breakdown pressure have further compared to the theoretical values calculated according to

Eq.(III .13), which is proposed from the classical Kirsch equations for stress concentration

around a circular elastic hole, by ([Haimson and Cornet, 2003]; [Fairhurst, 2003]; [Wang

et al., 2014]).

pb = σt − σ1 + 3σ3 − p0 (III .13)

As shown in Fig. III .10, there is an acceptable error between the simulation results and

idealized analytical value, which is less than 0.15 when the confining pressure σ3 changes

from 20MPa to 10MPa in y-direction.
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Figure III .10: Breakdown pressure comparisons between numerical results and theo-

retical calculations obtained according to Eq.(III .13)

4 Numerical results and discussions

The performance of hydraulic fracturing is not only related to mechanical properties

of rock sample, but also influenced by the differential confining pressure, the injection flow

rate, and the viscosity of the fluid. Thus, by adopting the suitability hydraulic fracturing

model verified in section 3.4, a comprehensive series of numerical simulations respecting

fluid injection into rock sample have been conducted to investigate these factors effect on

hydraulic fracture, such as propagation direction, developing quantity and the influencing

space.

4.1 The influence of confining pressure

Using the verified hydraulic fracture model, with rock mechanical parameters and fluid

network parameters unchanged, the differential pressure effect on hydraulic fracture is first

investigated by keeping σ1=20MPa in x-direction and changing σ3 from 20MPa to 10MPa

in y-direction. Since this effects have been partly discussed in section 3.4, especially for

fluid breakdown pressure. Therefore, in this section, we focus on the developing process

of hydraulic crack as well as fluid pressure distribution surrounding fractures.
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Figure III .11: Pressure histories of injection hole, fluid field and crack propagation in
hydraulic fracturing with an injection rate of 1.0 ∗ 10−3 m3/s under different confining
pressure
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Figure III .12: Description of pressure field and crack propagation changing with differ-

ent confining pressure

Such as shown in Fig. III .11(a), three representative hydraulic fracturing simulations

are presented with the stress ratios σ1 : σ3 of 20 : 20, 20 : 15 and 20 : 10. The results

show that, the breakdown pressure decrease with the increase of differential pressure,

respectively as 53.2MPa, 43.1MPa and 34.9MPa. The injection duration time, no matter
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before breakdown pressure or during the crack propagation stage, has the same change

tendency.

Generally, for the hydraulic fracture development, the major fracture will firstly form

and develop in a preferred direction, which is depended on the combination action of stress

state and initial model formation. Due to most of micro-cracks induced by tensile failure,

when differential pressure is main factor such as confining pressure σ1 : σ3 = 20 : 15 and

σ1 : σ3 = 20 : 10, tensile stress distinct concentration leads the micro-crack to initially

form and develop along the direction of maximum confining pressure, clearly illustrated

in Fig. III .11(b) and Fig. III .11(c). Comparatively, under hydraulic pressure condition,

the formation and propagation is depended on the defect surrounding injection hole of

sample.

The fluid pressure distributions also provide supplement for the crack development

mechanism. The fluid pressure in the injecting hole and the available space can drive

crack growth. At the same time, due to crack development and deformation of reservoir,

the pore-pressure also changes. Fig. III .12(a) and Fig. III .12(b) show that the distribu-

tion of fractures is corresponding to the pore pressure field. It should be worthy noted

that, the crack development in this research is random and non-symmetric process that is

completely controlled by the stress state, different to some studies that the cracks devel-

oped symmetrically. There is also an interesting phenomena can be found that, with the

increase of differential pressure, the direction of crack propagation as well as fluid pres-

sure distribution both gradually change close to the horizontal orientation, which is the

direction of maximum principal stress σ1. This change tendency can be further provid-

ed interpretation that, large differential pressure favor on hydraulic fracture development

direction, which is often observed in laboratory tests ([Zhou et al., 2008]; [Sarmadivaleh

and Rasouli, 2015]).

4.2 The influence of fluid viscosity

Under the conditions that the injection rate keeps unchanged as 1.0 ∗ 10−5m3
/
s, the

confining pressure in x-direction and y-direction are both equal to be 20MPa, a series

of hydraulic fracturing simulations have been preformed using the injection fluid with

different viscosities 1.0 ∗ 10−4Pa/s, 3.0 ∗ 10−4Pa/s and 3.0 ∗ 10−3Pa/s to investigate the

effect of injecting fluid viscosity on fracture process, such as breakdown pressure, crack

propagation and pressure distribution.

It is shown in Fig. III .13 that, the breakdown pressure increase with the increase of

fluid viscosity,respectively, as 47MPa, 49MPa and 56MPa. Similarly, the duration time
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Figure III .13: Pressure histories of injection hole, fluid field and crack propagation
in hydraulic fracturing with the injection rate of 1.0 ∗ 10−5 m3/s under different fluid
viscosities
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of injection fluid before breakdown pressure, as well as from crack initiation to sample

failure, are also presented increase tendency. This phenomenon can be explained from the

analysis of fluid pressure distribution that, because of high viscosity fluid having low fluid

infiltration, after the main fracture developing, there still exists large differential press

between fracture and the intact rock, which further induces many potential derivative

pathways around the main fracture, such as shown in Fig. III .13(c). Compared with

concentrated distribution of high viscosity fluid, low viscosity fluid has more advantage on

penetrating ability that is contributed to infiltrate these defects originally existing in rock

material. The fluid pressure has an obvious gradient distribution for the low viscosity

fluid, no matter around the injection hole or on both sides of the hydraulic fracture.

This infiltration effect that leads to larger mining surfaces, has also been considered in

oil extraction with low viscosity fluid, such as CO2, which can obviously improve the

reduction.

4.3 The influence of fluid injection rate

The fluid injection rate is always considered to be an important role in hydraulic

fracture. Therefore, in this section, the investigation of injection rate effect on hydraulic

fracturing characteristics has also conducted by changing the injection rates applied on

sample from 2.0 ∗ 10−6m3
/
s, 5.0 ∗ 10−5m3

/
s, to 2.5 ∗ 10−4m3

/
s. Other parameters remain

consistent, such as the fluid viscosity equal to 1.0 ∗ 10−3 Pa/s, the confining pressure both

kept 20MPa in x-direction and y-direction.

The simulation results in Fig. III .14 shows that, with the increase of three injection

rates, the breakdown pressure have significant increments respectively as 46MPa, 55MPa

and 60MPa. Different with change of duration of injection time, which are both decrease

either in stage before breakdown pressure or in stage from crack initiation to sample

failure. The reason is that, when the injection rate is high, the differential stress existing

in adjacent reservoirs has not enough time to adjust and thus leads to generate more cracks,

which indirectly resulting in higher breakdown pressure and less injection time. In Fig. III

.14(a), the fluid pressure distribution that the influencing space of low injection rate is

distinctly bigger than high one, can be also provide support for this failure mechanism.

Moreover, due to this action, such as shown in Fig. III .14(c), either the length or quantity

of hydraulic fracture will correspondingly increase with the increase of injection rate.

Thus, compared with one main fracture for low injection rate, there are three main ones

generated under higher injection rates. The tendency is consistent with observations found

in experimental studies.
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Figure III .14: Pressure histories of injection hole, fluid field and crack propagation in
hydraulic fracturing with a fluid viscosity of 1.0∗10−3 Pa ·s under different injection rates
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5 Conclusions

By using the modified fluid mechanically coupled method, a series of investigations

against the confining pressure, fluid viscosity and fluid injection rate were performed to

investigate their effects on the pore-pressure field and hydraulic fractures formation mech-

anism. The simulations have good agreements with previous laboratory studies, and the

relative results are as follows:

1. The hydraulic fracture sample generated with new proposed bond model is first

calibrated and then verified, the results show that the formation and propagation of micro-

cracks in hydraulic fracture sample is mainly induced by tensile force exceeding bond

strength.

2. The direction of hydraulic fracture is mainly controlled by pressure state. Its

orientation will change with the increase of differential pressure, and is finally parallel to

the direction of maximum compression principle stress when the differential pressure is

large enough.

3. Fluid with low viscosity can more easily penetrate through the interconnected

domains from the fracture into rock, that leads to breakdown pressure decrease and fluid

infiltration surface increase. This action provide supplement to be better explain that low

viscosity fluid is generally adopted in the production of oil and gas. While the geometry

of the fractures is found to be not very sensitive to the fluid viscosity.

4. For the high injection rate, fluid pressure existing in adjacent reservoirs of failure

and intact parts can not adjust opportunely, the breakdown pressure becomes large. More-

over, this effect easily resulting in local stress concentration and further causes complex

geometry of fracture.

Thus, the dynamic development process of hydraulic fracturing in isotropic rock sample

was successfully studied, overcoming disadvantage that the incitation and propagation of

cracks can not directly be observed in experiments. However, in actual case, rock material

with many flaw has obvious anisotropic characteristics, the hydraulic fracturing process

in anisotropy material should be further studied in the following work.
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Abstract
This study is devoted to three-dimensional modeling of small falling rocks in block impact analysis in energy view using the 
particle flow method. The restitution coefficient of rockfall collision is introduced from the energy consumption mechanism 
to describe rockfall-impacting properties. Three-dimensional reconstruction of falling block is conducted with the help of 
spherical harmonic functions that have satisfactory mathematical properties such as orthogonality and rotation invariance. 
Numerical modeling of the block impact to the bedrock is analyzed with both the sphere-simplified model and the 3D recon-
structed model. Comparisons of the obtained results suggest that the 3D reconstructed model is advantageous in considering 
the combination effects of rockfall velocity and rotations during colliding process. Verification of the modeling is carried 
out with the results obtained from other experiments. In addition, the effects of rockfall morphology, surface characteristics, 
velocity, and volume, colliding damping and relative angle are investigated. A three-dimensional reconstruction modulus of 
falling blocks is to be developed and incorporated into the rockfall simulation tools in order to extend the modeling results 
at block scale to slope scale.

Keywords Particle flow method · Energy analysis · Restitution coefficient · Rockfall modeling · Random 3D reconstruction

List of symbols
αn, αs  Normal and tangential viscous damping 

coefficient
ϕ  Internal friction angle between particles
θ, φ  Polar angle and azimuthal angle
ωi, Δ�i  Rotational velocity and computed rotation 

increment of the ith particle
� , �   Normal and shear strengths of parallel bond
E, Ec, Ec  Young’s modulus of material, particle–par-

ticle contact modulus and parallel-bond 
modulus

Ek, Es, Ef  Kinetic energy, strain energy and dissipated 
energy of particles

Eb, Eb0  Body work, initial body work
F, Fn, ΔFs  Contact force, normal force, tangential 

force in incremental form
Fi  External force
|Fi

n|, |Fi
s|  Normal and shear components of the con-

tact force for the ith particles
Ii, Mi  Rotational inertia, external moment
NP, Ns  Total number of particles and contacts
Rn

E, Rt
E  Rockfall normal and tangential restitution 

coefficient in energy view
S(�,�)  A set of surface vertex
S, V  The surface and volume of a specified 

block
ΔUi  Computed displacement increment for the 

ith particle
W0  Initial gravity potential energy
Ym
n
(�,�) am

n
  Spherical harmonics function and corre-

sponding spherical harmonics coefficient
kn, ks  Normal and tangential contact stiffness of 

particles
kw
n
 , kws  Normal and tangential contact stiffness of 

boundary
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kn , ks  Normal and shear stiffness of parallel bond
u  Relative displacement between particles or 

between particle and boundary
un, Δus  Normal displacement, tangential displace-

ment in incremental form
g, vi  The gravitational acceleration, translational 

velocity
m, n, mi  Order and degree of the associated Leg-

endre function, the ith particle mass,
Pn
m(x), pn(x)  Associated Legendre functions and the nth 

order Legendre polynomial
r(�,�)  Position vector of any surface element of a 

specified block
r1, r2, r̄  Radius of two contacting particles, average 

radius of two contact particles
x, y, z  Three coordinate components in x, y and z 

directions

1 Introduction

Rockfall refers to the phenomenon of bedrock fragments 
rapidly moving downward from a cliff face. It is the natural 
downward motion of a detached block or series of blocks 
with a small volume involving free falling, bouncing, rolling 
and sliding. The dominated motions of rockfall vary with the 
block volumes and slope conditions. For boulders moving 
downward on a soil surface, rolling and sliding are the domi-
nated motions (de Almeida and Kullberg 2011; Wei et al. 
2014); for small blocks moving downward on a hard bedrock 
slope, free falling, bouncing and rolling are the dominated 
motions (Asteriou et al. 2012; Zhang et al. 2011; Chau et al. 
2002). In this study, we focus on modeling the later, i.e., 
small blocks moving downward on a hard bedrock slope.

During the rockfall process, there is always colliding 
between the falling block and the slope. The colliding mech-
anism of rockfall is complicated and influenced by many 
factors such as falling block morphology, surface charac-
teristics, incident angle, block volume, block strength and 
other bedrock properties (Azzoni et al. 1995; Bourrier et al. 
2009; Giani et al. 2004; Ansari et al. 2012; de Almeida and 
Kullberg 2011). To study this problem, the restitution coeffi-
cient has been proposed to describe and evaluate the process 
of rockfall collision.

On this point, various definitions of the restitution 
coefficient of rockfall have been proposed, but there is 
no consensus on which definition is the best for rockfall 
analysis. The most commonly used definition is the ratio 
of the rebounding velocity to the incident velocity in both 
the normal and tangential directions of impact surface. 
This definition has been widely used due to its easiness 
in accounting for a basic phenomenological description 

of the rock impacts (Giacomini et al. 2012; Asteriou et al. 
2012). For instance, the restitution coefficients are cal-
culated by directly monitoring the velocities of rockfall 
before and after impact with the high-speed camera in 
laboratory and their values are found to play a vital role 
in predicting the trajectories of the rockfall (Ansari et al. 
2015). In addition, the restitution coefficients are directly 
calculated by the ratio of the incident and rebound veloci-
ties of falling rocks that are simplified as a cube in the 
numerical simulation by ANSYS/LS-DYNA (Zhang et al. 
2011). Moreover, it is found that the factors such as the 
impact rocks volume and incident velocity can have an 
influence on the restitution coefficient.

However, the above definition cannot consider the rota-
tion of falling rocks after impact. It has been modified in 
order to consider all the three components of the incident 
and outgoing velocities, respectively, the normal, tangen-
tial and rotational ones (Bourrier et al. 2009; Woltjer et al. 
2008). For example, in some stochastic impact models, the 
modified definition of restitution coefficient is adopted to 
consider the rotational component by multiplying a weight 
coefficient to the normal and tangential component. This 
work further justifies that the restitution coefficients vary 
with the terrain characteristics and the incident kinematic 
parameters, such as the rotational velocity and incident 
angle. Despite of these, it is difficult to determine the weight 
coefficient that accounts for the rotational velocity for a spe-
cific terrain and its calibration needs tremendous statistical 
analysis of large data sets obtained from a large number of 
suitable numerical impacts.

Another definition of restitution coefficient that can incor-
porate the rotation effects is established from the energy 
transformation during rockfall impacts as the square root of 
the ratio of outbound and incident energy (Richards 1988; 
Pfeiffer and Bowen 1989; Evans and Hungr 1993; Chau 
et al. 2002; An and Tannant 2007). It is an advantage that 
the definition can describe both the energy loss and rota-
tional effects of the falling rocks during rockfall impacts. For 
instance, an elastic-inelastic power-function contact model 
was constructed by discrete element method to account for 
the kinetic energy loss during impact process (An and Tan-
nant 2007), and the restitution coefficient of rockfall was 
analyzed from the energy view by energy transformation 
mechanisms during impacts with the assumption that the 
falling rocks should be spherical and the rotation effect 
can be neglected. On the contrary, the rotational motions 
induced by impacts were found to have important effects 
on the restitution coefficients and thus cannot be ignored in 
calculation of the restitution coefficients (Chau et al. 2002). 
This work further found that a more irregular-shape boul-
der could lead to a larger range of restitution coefficient in 
the normal direction, when compared to that of spherical 
boulders.
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In those above-mentioned studies, the falling block is 
commonly regarded as a sphere or an ellipse for the sake 
of simplicity. However, it has been observed in many field 
tests that the spatial morphology can affect the rebounding 
velocity of falling rocks after impacts (Azzoni et al. 1995; 
Asteriou et al. 2012; Chau et al. 1999) and thus the restitu-
tion coefficients. In the analysis with the spherical simpli-
fication, the effects of falling block spatial morphology on 
rockfall restitution coefficients cannot be described. There-
fore, further work is needed in analyzing rockfall restitution 
coefficients that can consider both the rotation effects and 
the spatial morphology influence of falling rocks in addition 
to the commonly considered effects mentioned above.

In recent years, the discrete element method has been 
developed for three-dimensional analysis of rockfall with a 
regular-shape assumption of falling rocks, as either brick or 
sphere (Bourrier et al. 2008a, b, 2009; Thoeni et al. 2014). 
Due to the difficulty in reconstructing three-dimensional 
morphology, the morphological randomness and irregular-
ity of impacting rocks have rarely been taken into account 
in rockfall analysis. However, this simplification leads to a 
great gap between modeling results and actual rockfall prop-
erties, such as overestimating the normal velocity, underesti-
mating or even neglecting the tangential and rotating veloc-
ity changes of falling rocks. This gap can be bridged by the 
method based on the three-dimensional reconstruction of 
impacting rocks using the spherical harmonics, which can 
well represent its morphology with a high precision.

The present paper firstly presents a new model for recon-
structing the three-dimensional morphology of the falling 
blocks in the context of particle flow method by using the 
spherical harmonic functions that have both appropriate 
orthogonality invariance and rotation invariance. Rockfall 
restitution coefficient analysis is then conducted in the energy 
view, especially for considering the rotation and shape effects 
of the falling rocks. The models are then calibrated against 
experiments and verified by tests. Moreover, parameter effects, 
such as the rockfall smoothness, damping, rockfall velocity 

and volume, and the colliding angle, on the rockfall restitution 
coefficients have also been investigated.

2  Restitution Coefficient of Rockfall 
by Energy Approach in Particle Models

2.1  Particle Models

Falling rocks of arbitrary shapes can be approximated by an 
assembly of spherical particles, and the particles can be either 
bonded or clumped together. Figure 1 shows two basic types 
of contact models. Figure 1a shows the contact interactions 
between particles, and Fig. 1b shows those between the parti-
cles and boundaries. In these models, the contact force F and 
the relative displacement u are projected, respectively, into 
the normal and tangential directions as shown in Fig. 1. The 
stiffness parameters ( kn and ks ) are then introduced in the con-
tact laws shown in Figs. 2 and 3 to describe the relationships 
between the contact forces and the relative displacements. The 
contact laws can be described by the following mathematical 
equations (PFC2D 1999; Itasca 1999; Potyondy and Cundall 
2004; Cundall and Strack 1979):

(1)Fn = knun

(2)ΔFs = ksΔus

Fig. 1  Descriptive model of 
overlap and contact force: a 
between two spheres; b between 
a sphere and a slope

Fig. 2  Illustration of contact law: a in normal direction; b in tangen-
tial direction
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The parameters kn and ks are, respectively, the normal 
and tangential contact stiffness, un is the relative normal dis-
placement between two interacting particles, ΔFs and Δus 
are, respectively, the incremental contact force and relative 
displacement in the tangential direction. ΔFs and Δus are 
incrementally updated at each time step. A Coulomb-type 
slip model with an internal friction angle ϕ is adopted in the 
tangential direction

The mechanical behavior of bonded particles can be 
described by the contact laws illustrated in Figs. 2 and 3. 
Once debonded, the motion of particles is governed by the 
equations of rigid body dynamics (PFC2D 1999; Itasca 
1999).

2.2  Particle Energy During Rockfall Impact

As known, the rockfall process may involve many motions 
such as free falling, bouncing, rolling, colliding and sliding 
of rock blocks. From an energy point of view, the motion 
changes of rockfall are accompanied and accomplished by 
energy transmissions and dissipations. Thus, several types 
of particle energy are involved in the rockfall analysis using 
particle methods (Itasca 1999; PFC2D 1999). Those energy 
parameters, i.e., the kinetic energy (Ek), strain energy (Es), 
body work (Eb) and dissipated energy (Ef), obey the energy 
balance equation

where W0 is the initial gravity potential energy.
The bodywork is the sum of accumulated work done 

by all body forces in rockfall collision. The body forces 
include the gravity, externally applied forces and moments. 

(3)||Fs
|| ≤ ||Fn

|| tan�

(4)Ek + Es + Eb + Ef = W0,

In this way, the bodywork of the particles during the colli-
sion can be expressed as

where Eb0, NP, mi, g, Fi, Mi, ΔUi, Δϖi are, respectively, the 
initial body work, the total number of particles, the particle 
mass, the gravitational acceleration, the external force, the 
external moment, the displacement increment and the rota-
tional velocity increment of a particle at the current time 
step. In the present computing, g, Fi and Mi are constants, 
while Fi and Mi are equal to zero since there are no exter-
nally applied forces and moments.

The total kinetic energy of all particles can be calcu-
lated in terms of the generalized mass (mi) and velocity 
(vi) of each particle,

where NP,mi, Ii,Vi and �i are, respectively, the number of 
particles, inertial mass, rotational inertia, and translational 
and rotational velocities of particle i.

With a linear contact-stiffness model, the total strain 
energy stored at all contacts can be calculated by

where Ns is the total number of contacts; |Fi
n| and |Fi

s| are, 
respectively, the magnitudes of normal and shear compo-
nents of the contact force.

The dissipated energy is related to the various dissipa-
tion mechanisms induced by the variety of properties of 

(5)Eb = Eb0 +
∑
Np

(
(m

i
g + Fi)ΔUi +MiΔ�i

)
,

(6)Ek =
1

2

∑
Np

(miV
2

i
+ �i�i ⋅ �i)

(7)Es =
1

2

∑
Ns

(||Fn

i
||2∕kn + ||Fs

i
||2∕ks

)
,

Fig. 3  Energy dissipation 
model of interaction: a between 
particles; b between a particle 
and a slope
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falling blocks and slopes (Pöschel and Schwager 2005; An 
and Tannant 2007; Thoeni et al. 2014). In this study, we 
focus on the modeling of small rock blocks bouncing on 
hard bedrock. The friction-induced dissipation energy is 
very limited in this case; thus, we introduce the viscous 
damping to take into account the dissipated energy, respec-
tively, in the normal and tangential directions of a contact 
surface as shown in Fig. 3

where �n and �s are, respectively, the viscous damping coef-
ficient in the normal and tangential directions; dun

dt
 and dus

dt
 

are, respectively, the relative normal and tangential velocity 
in contact.

2.3  Restitution Coefficient of Rockfall in Energy 
View

The falling projectile can be traced during rockfall impact, 
and thus the accumulated energy change can be calculated. 
With consideration that the impacting rocks rising after 
collision is induced by the normal force, and its rotation is 
caused by the tangential force, then the restitution coefficient 
can be defined as (Chau et al. 1999, 2002; An and Tannant 
2007):

Rn
E and Rt

E are, respectively, the block normal and tangen-
tial restitution coefficients from an energy point of view. The 
quantity Eb1 + Ek1 + Es1 represents the total energy before 
the first collision. Ek2 is the total kinetic energy in the verti-
cal direction caused by macro-normal force after the first 
colliding-rebounding process. Ek3 is the total kinetic energy 
in the horizontal direction and rotation energy induced by 
macro-shear force when the block rebounds to its rebound 
limit. Eb3 and Es3 are, respectively, the body work and kinetic 
energy at the current point.

The definition of restitution coefficient given in Eqs. (10) 
and (11) is similar to the commonly used one that is the ratio 
of rebound velocity to the incident velocity by considering the 
rotational effect (Bourrier et al. 2008a, 2009). The additional 

(8)Fn = knun + �n
dun

dt

(9)ΔFs = ksΔus + �s
dus

dt

(10)RE

n
=

(
Eb2 + (Ek2 − Ek3) + Es2

Eb1 + Ek1 + Es1

)0.5

(11)RE

t
=

(
Eb3 + Ek3 + Es3

Eb1 + Ek1 + Es1

)0.5

advantage is that the present definition can easily take into 
account the rotational energy of falling blocks during impacts.

3  Three‑dimensional Reconstruction 
of Falling Rocks

Falling rocks are commonly regarded as a sphere or an ellipse 
for simplification. However, this simplification can lead to 
some drawbacks, for example, overestimating the normal 
velocity, and underestimating or even neglecting the tangen-
tial and rotational velocity change of impacting blocks. To 
overcome such drawbacks, we propose the three-dimensional 
reconstruction of falling blocks to represent its microscopic 
morphology at a high precision with the help of the spherical 
harmonics.

3.1  Spherical Harmonics and Its Descriptors

The spherical coordinates originated at the centroid illustrated 
in Fig. 4 can describe an arbitrary 3D block with known exter-
nal contour points (Shi et al. 2016). According to the transfor-
mations between Cartesian and spherical coordinate systems, 
the contour points in Cartesian coordinates can be represented 
as S(�,�) (θ and φ satisfy 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π) as 
follows:

The full coordinates of any points in the block surface can 
be analyzed by spherical harmonics series as (Shi et al. 2016)

(12)S(�,�) = (x(�,�), y(�,�), z(�,�))T

(13)S(�,�) =

∞∑
n=0

n∑
m=−n

am
n
Ym
n
(�,�)

Fig. 4  Hexahedron element in spherical coordinate system
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am
n

 is the corresponding spherical harmonics coefficient 
that needs to be determined, Yn

m(θ, φ) denotes the spherical 
harmonics function given by

The parameters n and m are the degree and order of Pn
m(x), 

which is the associated with Legendre functions by:

pn(x)is the n order Legendre polynomial expressed by Rod-
rigues’ formula:

Finally, taking the known surface points and corresponding 
spherical harmonics function values into Eq. (13), the above 
relation can be extended to a matrix form (Zhou et al. 2015):

y =
[
y1
i
, y2

i
,… , y

(n+1)2

i

]
 is reshaped by Yn

m(θ, φ) from a 

triangle matrix to a row vector with θi and φi being the ith 
pair of the spherical coordinates of the particle surface 
points S(�,�) . Accordingly, the matrix form of am

n
 is also 

reshaped to a =
[
a1, a2,⋯ , a(n+1)

2
]T

 in a similar way but 

transposed to a column vector. Generally, the number of 
parameterized surface points i is bigger than (n + 1)2: thus, 
it is possible to solve these linear equations and determine 
all of the coefficients am

n
.

(14)Ym
n
(�,�) =

√
(2n + 1)(n − m)!

4�(n + m)!
Pm
n
(cos �)eim�

(15)Pm
n
(x) =

(
1 − x2

)m∕ 2 d
m

dxm
pn(x)

(16)Pn(x) =
1

2nn!

d
n

dxn

(
x2 − 1

)n
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The volume and surface area of the reconstructed block 
can be used to evaluate the microscopic characteristics of 
falling rock. The volume can express its uniformity while 
its surface area can represent its texture characteristics. In 
Fig. 4, the block is divided into several rectangular pyra-
mids. The position vector of any surface element from the 
block center ST

0
 is given by:

By superimposition of each part (Shi et al. 2016), the surface 
and volume of the block can be calculated, respectively, by

These two variables are used as the criteria to evaluate the 
precision of reconstruction of the rock spatial morphology.

3.2  Particle Reconstruction Based on Spherical 
Harmonics

The first step of rock block 3D reconstruction is to obtain 
external contours of representative particles. This step can 
be proceeded with a DAVID-SLS-2 scanner to scan the rep-
resentative particles, and thus the 3D images can be obtained 
as shown in Fig. 5a. Then, these images are subjected to 
segmentation and binary treatment before that a pre-pro-
cessing is applied to eliminate the noises (e.g., removing 
unconnected points and lines). In this way, the boundaries 
and the coordinates of each pixel point of the block can be 
recognized, and thus the external contours of the rockfall 
block can be identified. Afterward, by introducing the spher-
ical harmonics and counting the corresponding coefficients 

(18)r(�,�) = S(�,�)T − ST
0

(19)S =

�

∫
0

2�

∫
0

||||
�r

��
×

�r

��

||||d�d�

(20)V =
1

3

�

∫
0

2�

∫
0

(
�r

��
×

�r

��

)
⋅ rd�d�

Fig. 5  Steps of clump based on 3D laser scanning: a rock samples, b scanning samples to reconstruct morphology of samples with particles, c 
filling the contour using ODEC
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after standard placement of the rockfall particles, the three-
dimensional rockfall model is randomly reconstructed 
according to the spherical harmonic coefficients (Das et al. 
2008; Shi et al. 2015).

Figure 6 shows the reconstruction results of the block par-
ticle micromorphology by the spherical harmonics functions 
with different degrees. The spherical harmonics descrip-
tors of the reconstructed models with different numbers of 
degree are shown in Fig. 7. It is indicated in Figs. 6 and 7 
that the number of degree of the spherical harmonics can 
greatly improve the reconstructed results.

The reconstructed results can approach perfectly the mor-
phology of the scanned block when the number of degree 
is greater than 10. The reconstruction precision is mainly 
dependent on the quality of the scanned falling block if the 
maximum number of degree of the spherical harmonics is 
chosen, which is also quantitatively indicated by the spheri-
cal harmonic descriptors shown in Fig. 7.

As illustrated in Fig. 8, rock blocks of different spatial 
morphology can be reconstructed in three dimensions with 
the proposed method when the degree of the spherical har-
monics is taken as 15. Therefore, the three-dimensional 
reconstructed method can be applied to model rock blocks 
of arbitrary shapes.

4  Three‑dimensional Modeling of Falling 
Block

4.1  Recall of Rockfall Field Tests

Field rockfall experiments were previously reported in lit-
erature (Zhang et al. 2011; Giacomini et al. 2012), and the 
whole colliding process of rockfall was captured by high-
speed video systems. The falling and rebounding process of 
rockfall can be divided into three phases: (i) rock block free 
falling phase, (ii) colliding-rebounding phase of rock block 
during impact with bedrock, (iii) rock block rebounding-ris-
ing phase. The rotations of rock blocks occur in the rockfall 
process especially in the second phase. Thus, the rotational 

effect should be taken into account although it is neglected 
in many rockfall simulations where only the normal velocity 
effects are considered.

Two representative groups of rockfall field tests are 
recalled and summarized in Table 1 (Zhang et al. 2011) 
where the block and slope conditions of each test are given 
with other testing conditions such as the incident velocity, 
incident angle, rebound velocity and rebound angle. The first 
group of tests is on rockfall of blocks colliding on a smooth 
hard bedrock, and the second group is on rockfall of blocks 
colliding on bedrock with a thin layer of clastic sediments on 
the surface. In the field tests (Zhang et al. 2011), the falling 
rocks are small blocks with equivalent length ranging from 
0.1 to 0.2 m. The equivalent length here is the edge length 
of a hypothetical cube that has the same volume as the rock 
block in question.

In addition, the restitution coefficients calculated by the 
ratio of rebound and incident velocity are given in Table 1 
in both normal and tangential directions. It should be noted 
that, albeit in a different form, the experimental restitution 
coefficients in Table 1 are smaller than those reported in 
literature (Pfeiffer and Bowen 1989; Richards 1988), par-
ticularly for the tangential ones. The differences are probably 

Fig. 6  Reconstructed morphology of falling block with different degrees
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related to two reasons. For the first, in the experiment, 
the restitution coefficients are calculated by the ratio of 
rebound velocity and incident velocity. The rebound veloc-
ity recorded by a high-speed camera is underestimated since 
the rotations are not sufficiently described. For the second, 
the experiments are carried out on impacts of small blocks 
while the work in literature deals with impacts of boulders. 
Due to the friction-dominated mechanisms in boulders, the 
rotations in boulder impacts are much more important than 
those in small block impacts that are dominated by rebound.

Some physical and mechanical properties of the falling 
block and bedrocks are given in Table 2, which will be used 
to calibrate the basic particle parameters of the falling rocks. 
The field test results will be used to validate the analysis 
of rockfall restitution coefficients by the reconstructed 3D 
block model with the particle flow method.

Based on the field tests, the following work will focus on 
modeling of rock blocks of a small volume, such as pebble 
and rubble. In addition, since the impacted slopes are bed-
rocks, the present study considers that the impacting motions 

Fig. 8  Different spatial mor-
phologies for different recon-
struction of falling rock

Table 1  Conditions and restitution coefficient values of field rockfall test (Zhang et al. 2011)

The equivalent length represents side of hypothetical cubic rock, which has the same volume with actual rock

Slope condition Test number Equivalent 
length

Incident speed Incident angle Rebound speed Rebound 
angle

Collision restitution 
coefficient

(cm) (m/s) (°) (m/s) (°) Normal Tangential

Smooth bedrock A06 9.9 9.47 82 5.915 87 0.63 0.21
A09 10.2 8.16 72 4.658 88 0.6 0.05
A14 9 4.46 40 1.85 74 0.62 0.15

Clastic accumulation B13 12.4 9.27 56 4.409 40 0.37 0.65
B28 14.3 7.61 90 2.892 90 0.38 0
B31 16 8.57 50 4.6 41 0.46 0.63
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of blocks are dominated by free falling, colliding, rotating 
and rebounding.

4.2  Block Colliding Model

The numerical model of the block collision is established 
according to the field tests. The model takes a region that has 

an edge size of ten times of the equivalent length of the rock 
block as shown in Fig. 9. The impact of block is assumed to 
take place at the ground center. In the modeling, the falling 
block is initiated at 1.6 m over the ground with a free falling 
at an incident angle of 0°. Each colliding process lasts no 
more than 0.04 s. Thus, the duration of the impact process 
is taken as 2 s in the simulation that includes a complete 
colliding process.

The falling block is reconstructed by the particle method 
introduced previously and thus the rotational effect can be 
incorporated in the modeling. We assume that the falling 
block does not break up during impact with the bedrock 
surface to focus on the energy consumption mechanism. The 
parallel-bonded contact model (Potyondy and Cundall 2004; 
Itasca 1999; Deng et al. 2014) is used for the particles in 
reconstructing the falling block. The bedrock is thought to 
be a rigid slope in setting the block impact model.

A complete impact process is reconstructed as shown 
in Fig. 10. The reconstruction process also includes three 
phases, i.e., the free falling phase before impact in Fig. 10a, 
the colliding-rebounding phase in Fig. 10b, and the rebound-
ing-rising phase Fig. 10c. As shown in Fig. 10c, the rotation 
of the rock block after colliding has been well simulated in 
the modeling before the rebound-rising phase.

4.3  Model Calibration

There are two groups of parameters to be calibrated in the 
modeling, which are, respectively, the parameters of the 
falling rocks and impacted bedrock. For simulating the 

Table 2  Physico-mechanical 
parameters of falling rock and 
bedrock (Zhang et al. 2011)

Materials Density (kg/m3) Elastic modulus (Pa)

Falling rock 2390.0 1.0 × 1010

Bedrock Smooth bedrock 2390.0 8.0 × 109

Clastic deposit bedrock 2100.0 6.0 × 108

Fig. 9  Three-dimensional reconstruction model of rockfall

Fig. 10  Rebounding process of reconstructed model of impacting rock: a free falling phase, b spatial position before colliding, c rotating in colli-
sion, d rebounding phase
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unbreakable falling rocks, the parallel-bond contact models 
are applied between the particles, which have also a couple 
of parameters (see Table 3).

The stiffness parameters of the falling block and the bond 
models (Potyondy and Cundall 2004; Itasca 1999) can be 
calibrated by Eq. (21) from the Young’s modulus of the rock 
material and diameters of the contacting particles

where Ec and Ec are the Young’s modulus of falling block 
and parallel contacts, which can be obtained from the results 
of field or laboratory tests as presented in Table 2; kn and 
ks are, respectively, the normal and tangential stiffness of 
the parallel-bond models; r1 and r2 are the diameters of two 
contacting particles.

We have firstly carried out numerical triaxial tests on 
a cylinder sample of 400 mm in diameter and 800 mm in 

(21)

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

kn = 2Ec(r1 + r2)

ks =
kn�

kn∕ks
�

kn =
Ec

r1 + r2

ks =
kn�

kn

�
ks

�
)

,

height to calibrate the stiffness parameters in Eq. (21) with 
the modulus value given in Table 2. The numerical triaxial 
sample is constituted of 8000 particles whose diameters are 
randomly generated with largest and smallest values, respec-
tively, of 16 and 10 mm. Its porosity is set as 0.13, and the 
grain density is taken as 2.75 g/cm3 so that the specific den-
sity is 2.39 g/cm3. The strength parameters ( ̄𝜎 , 𝜏 and ϕ) are 
adjusted with an initial value by the relationships presented 
in previous work (Jiang et al. 2007, 2011; Shi et al. 2013; 
Deng et al. 2014). The triaxial test is carried out iteratively 
to adjust the particle parameters so that the macroscopic 
elastic moduli are the same as those given in Table 2. The 
obtained material parameters of the falling rocks and bed-
rock are finally given in Table 3.

Once the material parameters are calibrated, the test A06 
in Table 1 is then used to calibrate the damping in the falling 
block model. The calibration of the damping is also carried 
out iteratively by a numerical optimal process with an initial 
value and a step. The critical condition of iteration is that the 
generalized restitution coefficients are the same as those in 
the field test (Thoeni et al. 2014). In this way, the damping 
values can be calibrated as given in Table 3.

Table 3  Parameters specified in rockfall three-dimensional modeling

Rockfall model Parameters Value Note

Falling rock Particle properties Young’s modulus (GPa) Ec 10.0
Density ρ (kg/m3) 2810.0
Stiffness (N/m) Normal kn 6.0 × 108

Tangential ks 2.4 × 108

Damping Normal αn 0.09 Smooth bedrock
Tangential αs 0.14
Normal αn 0.12 Clastic deposit bedrock
Tangential αs 0.06

Friction φ 0.6
Bond properties Young’s modulus (GPa) Ec

10.0

Stiffness (N/m3) Normal kn 3.0 × 1011

Tangential k
s

1.2 × 1011

Strength (N/m2) Normal �̄� 1.0 × 105

Tangential 𝜏 0.5 × 105

Radius multiplier � 1.0

Bedrock Smooth bedrock Stiffness (N/m) Normal kwn 4.6 × 108

Tangential kws 1.0 × 108

Clastic deposit bedrock Stiffness (N/m) Normal kwn 3.6 × 107

Tangential kws 2.2 × 107
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4.4  Calibration of Block Morphology 
and Comparison of Spherical Model and 3D 
Reconstructed Model

In order to investigate the effect of block morphology, the 
outcomes of the three-dimensional reconstructed models 
are compared to those of the commonly used spherical 
model. For simplification in comparison, no damping is 
present in the modeling herein. The results of energy and 
velocity change during impacts obtained by the two mod-
els are illustrated in Fig. 11.

It is shown in Fig. 11a that the kinetic energy and the 
velocity before and after impact of the spherical model 
reach the maximum value at the point EK1 (VN1) and arrive 
at the minimum value at the point EK3 (VN3). Meanwhile, 
this tendency exhibits no change after multiple collisions 
as indicated by EK1 and EK4. It can be seen in Fig. 11a that 
kinetic work dominates the energy in this case since the 
strain energy and body works tend to zero. It is feasible and 
reasonable to investigate the restitution coefficient based on 
kinetic energy statistics for the 3D reconstructed method.

It is shown in Fig. 11b that there is no rotational veloc-
ity at point VN3 by the spherical model due to the sphere 

Fig. 11  Outcome comparisons 
of spherical model and 3D 
reconstructed model: a energy 
change, b velocity change
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simplification of rock blocks. Thus, the normal restitution 
coefficient is calculated to be 1.0 by the spherical model. On 
the contrary, the rotation has been well simulated in the 3D 
reconstructed model as indicated in Fig. 11b. At the point 
of VN3, the falling block reaches its rebound limit at which 
the normal velocity is zero. In the 3D reconstructed model, 
the normal velocity is zero, whereas there is still a rota-
tional velocity obtained by the envelope R1 in Fig. 11b. In 
consequence, the kinetic energy has thus a value of 110 kJ 
at the point EK3 due to rotational effects as indicated in 
Fig. 11a. The rotational effects can be further demonstrated 
in Fig. 11b by the rotational velocity envelope R1 that gives 
a more detailed information of rotations in the falling block 
impact process.

Therefore, the 3D reconstructed model is advantageous to 
the commonly used spherical model. The 3D reconstructed 
model can represent the micromorphology of the falling 
block and thus it can simulate the rotation of falling block 
during impacts.

4.5  Calibration of Energy Dissipation and Modeling 
with Energy Dissipation

The above analysis can describe the falling block dynamic 
properties such as the rotations during the collision process. 
However, collision is always accompanied with energy dis-
sipation. Thus, it is necessary to model rockfall with energy 
dissipation. In this paper, the energy dissipation is consid-
ered by damping. Figure 12 shows the simulated results 
of the 3D reconstructed model with different values of 
damping.

It is shown in Fig. 12a that the total energy of falling 
block collision without damping changes from the point EK1 
to EK4. No energy loss occurs during the collision process 
of falling block without damping. In contrast, the energy 
for the model with regular damping reduces evidently from 
the point EK1 to EK2 and finally to EK4 after impact. There 
is energy loss in each collision, which agrees well with the 
field block impact tests. The kinetic energy values at the 
point EK3 indicate that the rotational energy takes different 
percent in the block kinetic energy for the models with dif-
ferent damps.

It is illustrated in Fig. 12b that the velocity change in 
the model without damping exhibits as the inter-transfor-
mation of the normal velocity and the rotational velocity. 
For instance, the rotational velocity of the model without 
damping has a great value when the block normal rebound-
ing velocity is small at point VN2. Then, the rotational veloc-
ity decreases along the envelope R1 with increasing normal 
velocity to point VN5. In addition, the total kinetic energy 
remains constant in Fig. 12a from the point EK1 to EK4.

In contrast, the velocity in the regular damping models 
shows a progressively decreasing trend from the point VN2 

to VN5, which is synchronously indicated by the total kinetic 
energy in Fig. 12a. However, the rotational velocity envelop 
R2 in Fig. 12b has no obvious change with the decrease in 
the rebounding normal velocity in the regular damping 
model. The decrease of the total kinetic energy of the fall-
ing block is due to the damping-induced energy dissipation. 
Whereas, the rotational velocity (envelop R2) depends on 
the interactions between the falling block and the impacted 
bedrock, and it is influenced mainly by the falling block 
surface micromorphology. In addition, the rotational veloc-
ity is much smaller than the normal velocity as indicated in 
Fig. 12b. If the reconstructed falling block is regressed to be 
a sphere, the rotational velocity will further decrease to zero 
as the case of the spherical models.

Therefore, the 3D reconstructed model can simulate 
energy dissipation during impact by the damping method. 
Energy dissipation has evident reduction effect on normal 
velocity and kinetic energy but has little effect on the rota-
tional velocity and energy.

4.6  Verification of Modeling Results Against Field 
Tests

The rockfall case A06 is taken as an example to demonstrate 
in detail the process of the proposed method for block impact 
simulation. As evidenced above, a precise morphology of 
falling block in rockfall analysis is essential for analyzing 
restitution coefficient; thus, spherical harmonic functions are 
adopted with higher degrees, i.e., n = 15. The reconstructed 
falling block model of the case A06 is shown in Fig. 13. The 
incident angle of falling rocks is 82° in the test.

The parameters of falling rocks and the bedrocks are 
specified the same as the model calibration results in 
Table 3. In order to decrease particles size effect, the falling 
block is filled by particles of 10.0–16.6 mm in diameter that 
are generated by the same distribution as that in the cylinder 
specimen of calibration triaxial test. Meanwhile, the normal 
and tangential stiffness of the rigid boundary are, respec-
tively, set as 4.6 × 108 Pa and 1.0 × 108 Pa. The normal and 
tangential damping values are taken, respectively, as 0.09 
and 0.14 to simulate the energy dissipations. The falling 
block simulations are conducted with the parameters given 
in Table 3, and the results are shown in Fig. 14. Then, the 
normal and tangential restitution coefficients are calculated 
by Eqs. (10) and (11) to be, respectively, 0.59 and 0.21 for 
the rockfall test A06.

In addition to the rockfall case A06, the other tests in 
Table 1 are also simulated in a similar way with the param-
eters specified in Table 3. According to the field tests, 
the bedrock with clastic deposits on surface has different 
mechanical and physical properties from the smooth ones. 
As a result, the calibrated parameters of the models are dif-
ferent between the two types of bedrocks as indicated in 
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Table 3. The obtained restitution coefficients in both normal 
and tangential directions are finally shown in Fig. 15. As 
shown, the normal restitution coefficients agree well with 
the field tests in Table 1. However, due to the consideration 
of the rotational effects, the tangential restitution coefficient 
values are higher than those measured in the field tests.

The results further indicate that the ground type can also 
induce variations of rockfall restitution coefficients. Such 
as A06 and B28 of similar incident angle, respectively, 82° 
and 90° in simulation, but the normal value in the cases of 
smooth bedrock surface is obviously higher than that in clas-
tic sedimentary rock surface. Thus, the normal values in the 
cases of smooth bedrock surface are in the range of 0.6–0.7 

and the tangential ones are among 0.0–0.3. Accordingly, for 
the clastic sedimentary rock surface cases, they are, respec-
tively, in the range of 0.4–0.5 and 0.6–0.7. In addition, it 
is further indicated that the normal restitution coefficient 
values are greater than the tangential ones for the case of 
smooth bedrock surface at a given incident angle. For the 
clastic sedimentary bedrock case, the tangential restitution 
coefficients are enhanced, while the normal ones are reduced 
due to the energy dissipation on the impacting surface.

Therefore, the simulated normal restitution coefficients 
by the three-dimensional reconstruction method agree well 
with those of the field tests. There are some differences in 
the tangential restitution coefficients between the simulated 

Fig. 12  Energy and velocity 
obtained by 3D reconstructed 
models with different damps: 
a Energy change, b velocity 
change
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and field results. As simulated, falling block rotations occur 
during colliding and they are counted into the tangential 
restitution coefficient in the simulation by energy method. 
Hence, the simulated tangential restitution coefficients are 
bigger than measured ones.

5  Parameter Sensitivity Analysis

The effects of the falling block smoothness, volume, speed 
and incident angle, and the damp are discussed hereby for 
the case with smooth bedrock surface. Otherwise specified, 
the falling block parameter values in the following modeling 
are the same as given in Table 2.

5.1  Falling Block Smoothness

The evaluation of rock smoothness is based on its edge 
roundness, which is controlled by the degree of the spherical 
harmonics. Thus, three groups of rockfall tests with degree 
N = 0, 5, and 15 are simulated, respectively, to represent the 
sphere, pebble and rubble rocks. The colliding-rebounding 
velocities of the ten falling block cases in each group are 
shown in Fig. 16. It is observed that the rebounding veloci-
ties of the pebble cases and the rubble ones both have a great 
diversity, which is significantly different to the sphere cases 
that keep a constant rebounding velocity after multiple col-
lisions. This phenomenon is further demonstrated in Fig. 17 
that both the normal and tangential restitution coefficients 
decrease with increasing rockfall roundness.

Therefore, the falling block smoothness can increase the 
rockfall restitution coefficients, which indicates that it is very 
necessary to consider the falling block morphology in rock-
fall simulations.

5.2  Colliding Damping

The sensitivity of the restitution coefficient values to the 
damping is analyzed by setting the damping from zero to 
0.2 for the rockfall cases with a given incident angle and the 
results are shown in Fig. 18.

It can be observed in Fig. 18a that the normal values are 
more sensitive to the normal damping than the tangential 
ones. For models with a given normal damping, the tangen-
tial damping introduced constraints the falling block rotation 
and thus contributes to the increase in the normal constitu-
tion coefficient. The normal restitution coefficient may not 
get the maximum point even when the damping is zero. It is 
mainly due to the presence of the angles between the falling 
rocks and the impacted ground surface, as well as between 
its falling centroid and trace.

It is shown in Fig. 18b that the values of tangential resti-
tution coefficients decrease with the increase in both normal 
and tangential damping. However, the tangential values can 
get the maximum point when the damping is zero.

Therefore, the rockfall restitution coefficients are sensi-
tive to both normal and tangential damping.

5.3  Incident Velocity and Volume

As shown in Fig. 19a, the normal restitution coefficients 
show a gentle change with increasing incident velocity of 
falling rocks. While the tangential ones experience firstly an 
increase phase and then a decrease phase. It can be explained 
that the increase in incident velocity reduces the ratio of 
the rotational energy in the total kinetic energy. Figure 19b 
suggests that the volume change does not show an evident 
effect on the rockfall restitution coefficients under the tested 
condition. These conclusions agree well with the precedent 
findings (Day 1997) for small blocks of falling rocks.

5.4  Incident Angle

The sensitivity of the restitution coefficients to the incident 
angle is studied by setting the normal and tangential incident 
angle in the range of −30° to 30°. The variations of restitu-
tion coefficient values are shown in Fig. 20 with respect to 
the normal and tangential incident angles.

It is seen in Fig. 20a that there is a pair of normal and 
tangential incident angle values at which the normal res-
titution coefficient reaches its maximum value of 0.65. 
Similarly, in Fig. 20b, there is a pair of normal and tan-
gential angle at which the tangential restitution coefficient 

Fig. 13  Rockfall model of test A06 in Table 1 by 3D reconstruction
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reaches its maximum value of 0.85 at the given condition. 
Thus, the restitution coefficient is very sensitive to the 
incident angle and can reach its peak value at a pair of 
given incident angles.

The normal and tangential restitution coefficient values 
obtained by the three-dimensional modeling primarily fall, 
respectively, within (0.1, 0.5) and (0.4, 0.9) as shown in 
Fig. 20. These values generally accord with the results of 
a former work (Guzzetti et al. 2002).

6  Discussion

The three-dimensional reconstruction method presented 
in this paper has obvious advantages in investigating the 
effects of falling block morphology and rotational effects 
on block impact analysis. The possible way to incorporate 
the effects of rockfall morphology in rockfall propaga-
tion tools is to establish an instance library that presents 

Fig. 14  Impacting rock energy 
and velocity obtained by 3D 
reconstructed model for test 
A06 in Table 1: a energy 
change, b velocity change
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the basic morphology models for rockfall modeling based 
on the commonly observed rockfall cases. This instance 
library can be updated with new data if new models of 
rockfall cases are available. This morphology library can 
be then incorporated in the rockfall modeling tools for 
modeling blocks in falling rock projectile analysis.

If the block morphology is incorporated in the rockfall 
simulation tools, the rotational effects can be systematically 
taken into account during impacts. It is advantageous to 
what is done in hybrid rockfall simulation methods (Bour-
rier et al. 2009) that a large data set of numerical impacts 
are needed for statistical analysis purpose to reasonably con-
sider the rotational effects. Therefore, the obtained realistic 
numerical model of block to soil impact can avoid the time-
consuming statistical analysis of numerical impacts with the 
proposed method.

In addition, the three-dimensional reconstruction 
approach can be extended to investigate the effect of the 
block morphology on rockfall protection structures, either 
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Fig. 16  Rebounding velocity of falling rocks with different smooth-
ness after the first colliding-rebounding process: a sphere, b pebble, 
c rubble
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rigid or flexible. A suitable description of the block mor-
phology is indispensable for fragmentation study of blocks 
upon impact (Giacomini et al. 2009). Thus, a further pos-
sible application of the three-dimensional reconstruction 
method can be also related to the fragmentation modeling 
of blocks upon impact, which is a crucial aspect but tradi-
tionally neglected in rockfall analysis.

However, similar to other discrete modeling methods, the 
proposed method suffers from computing cost in modeling 
real scale applications. In the current modeling of a block 
impact to rigid boundary, it takes about 4 h in an updated 
personal PC for generating the block with 1500 particles and 
simulating the impact process with the particle flow method 
including the parameter calibration. If more particles are 
generated, it will take more time. Therefore, the extension 
of the modeling method from block scale to slope scale 

requires substantial computing cost in the reconstruction and 
computing of the particles. In addition, the energy dissipa-
tion is considered only by damping in the current study. For 
realistic rockfall cases, friction is also an important energy 
dissipation mechanism, especially for impact of boulders 
upon boundaries. Hence, further study to incorporate the 
friction mechanism in the modeling method is necessary.

7  Conclusion

Based on the investigation, conclusions can be drawn as 
follows:

(1) The degree of spherical harmonics enhances the preci-
sion of the reconstructed microscopic characteristics of 
the falling block outer contour. For a complicated mor-
phology, the higher reconstruction degree can induce 

(a)

(b)

Fig. 18  Sensitivity of restitution coefficient to damps: a Normal res-
titution coefficient change, b tangential restitution coefficient change
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a greater divergence of rockfall restitution coefficient 
than the lower ones due to the effect of rock surface 
smoothness in collision.

(2) The three-dimensional reconstruction model is advanta-
geous to the commonly used spherical models since it 
can consider the micromorphology of falling rocks, and 
the falling block rotation can be thus simulated during 
the impact of rockfall.

(3) There is a critical incident angle, at which no rockfall 
rotation occurs after collision and the normal restitution 
coefficient reaches its peak value. Damping method 
can be used for energy dissipation mechanism for the 

impact of hard falling block onto the bedrock surface. 
The rockfall is co-affected by both the normal and tan-
gential damping and thus the models with only a single 
damping induces great errors.

(4) The incident velocities show some influences on the 
restitution coefficient values, but its volume change 
shows few influence.
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Chapter V

Conclusions and Perspectives

The main objective of this these is the extension and application of the discrete ap-

proach in solving some rock engineering problems, such as studies on mechanical behavior

of cohesive rocks, hydraulic fracturing, and rockfall analysis.

Firstly for the purpose of describing mechanical strength and deformation of cohesive

rocks like sandstone, a nonlinear failure criterion for inter-granular interface bonding is

proposed and implemented in the particle flow code. After calibration of the proposed bond

model using triaxial compression tests performed on representative sandstone, different

type of tests have been carried out. The results show that,

1. The proposed bond model has the ability to describe strength and deformation of

granular materials for a wide range of stresses, overcoming the problem that the overall

strength of cohesive materials cannot be described by linear bond models such as contact

bond model and parallel bond model.

2. Under the conventional compression condition, the tensile cracking is controlling

the failure process under low confining pressure, while the shearing cracking becomes the

dominating process when the confining pressure is high. There is a clear transition from

a brittle to ductile behavior with the increase in confining pressure.

3. The loading path, as well as the intermediate stress, have important effects on

deformation and failure of cohesive rock materials.

Secondly, in order to further investigate deformation and failure of anisotropic rock-

s, the proposed nonlinear failure criterion has been introduced in the framework of two

coupled bond models, the bond model and the smooth joint model. Based on an effective

procedure for characterizing micro-layer-structure in anisotropic materials, a large number

of anisotropy investigations against mechanical strength and deformation have been per-

formed on a representative inherent anisotropic material: Tournemire shale. Numerical
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results are in good agreement with experimental data and show that,

1. The inherent properties of weakness layers as well as confining pressure both have

significantly influences on macroscopic mechanical behaviors of anisotropic rocks.

2. The failure process is controlled by the weakness layer properties for low confining

pressure, but is dependent on the combination role of weakness layers and rock matrix

properties under high confining pressure.

3. The intermediate principal stress can also influence the strength and deformation.

With the intermediate stress increase, the pressure-dependency of macroscopic strength

will decrease and the failure model has a clear transition to a shear failure mode.

Thirdly, the hydraulic fracturing process in cohesive materials has been studied using

the proposed bond model by considering effects of pore fluid pressure on strength and

deformation of porous rocks. Effects of confining pressure, fluid viscosity and injection rate

on fluid breakdown pressure and failure process have been investigated and the obtained

results show that,

1. The comparisons between analytical solution of the breakdown pressure and numeri-

cal results show a good agreement and further demonstrate that, the modified fluid-coupled

algorithm has the applicability to analyze the hydraulic fracturing process in cohesive ma-

terials.

2. With the increase of differential stress, the breakdown pressure significantly decreas-

es and the propagation direction of hydraulic fractures is gradually close to the orientation

of the maximum principal stress.

3. When the fluid viscosity is low, it can more easily penetrate through the intercon-

nected spaces from the fracture into rock leading to that the breakdown pressure decreases

and the fluid infiltration surface increases. Compared to fluid viscosity, the injection rate

has a significant effect on breakdown pressure as well as hydraulic fracture propagation.

Finally, in the application of discrete approach for rockfall analysis, a series of numer-

ical simulations have been performed to study the block impact to the bedrock and the

obtained results show that,

1. For a complicated morphology, the higher reconstruction degree can induce a greater

divergence of rockfall restitution coefficient than the lower ones due to the effect of rock

surface smoothness in collision

2. The three-dimensional reconstruction model is advantageous to the commonly used

spherical models since it can consider the micromorphology of falling rocks, and the falling

block rotation can be thus simulated during the impact of rockfall.

3. The rockfall morphology, surface characteristics, velocity, and volume, colliding
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damping and relative angle have different influences on restitution coefficients.

Moment effect at contact between particles should play an important role in applica-

tion of the particle flow code to describe strength and deformation of cohesive granular

materials, and this issue will be investigated in future studies. Three-dimensional numer-

ical analyses should be developed in order to investigate geometrical effects on hydraulic

fracturing process. As for rockfall analysis, the impacted bedrock has an obvious nonlinear

property, further works remain to be carried out for considering this feature.
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