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INTRODUCTION

The present PhD dissertation deals with the coupled thermo-mechanical behavior
of rubbers in relation with microstructure. In many common industrial applications,
rubbers are cyclically loaded and exhibit a complex history-dependent thermo-
mechanical response characterized by fatigue-induced stress-softening and hysteresis
along with dissipative heating. Establishing the coupling between the different
inelastic phenomena, usually appearing together during the cyclic loading history, is
an open issue to be addressed.

This work is dedicated to the formulation and experimental verification of thermo-
mechanical constitutive models for rubbers. It is divided into three main Chapters.
Chapter 1 brings a brief review about the necessary contents to understand the
following chapters. Chapter 2 is focused on the thermo-mechanical response of
cyclically loaded filled rubbers. Chapter 3 is focused on the thermo-mechanical
response of stretch-induced crystallizable rubbers.

Chapter 1 is a succinct summary of classic knowledge which can be found in
specialized works and that have been selected for their relevancy in the present study
for the reader convenience. The industrial applications and the research history are
briefly reported. Moreover, in order to understand the rubber behavior at the macro-
scale from their microscopic architecture, the chemical characterization is presented.
Then, the thermo-mechanical response of filled rubbers will be drawn. In the last
section, the well known continuum mechanics theory as well as the laws of the
thermodynamics are recalled. Finally, some notions about models to describe the
large strain elastic behavior of rubber-type materials are provided.

Chapter 2 is focused on filled rubbers. In a first Part, the effects of pre-stretch and
filler content on the history-dependent cyclic response of a representative carbon-
tilled synthetic rubber (styrene-butadiene rubber) are qualitatively and quantitatively

analyzed by using the internal state variable theory. An interpretation of the
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underlying physical mechanisms is proposed in which two types of dissipative
network rearrangements are considered, i.e. recoverable rearrangements inducing
viscoelasticity and unrecoverable rearrangements inducing damage. In order to
predict the main set of inelastic fatigue effects (fatigue-induced stress-softening and
hysteresis along with dissipative heating), in a second Part, we formulate a new
thermo-viscoelastic-damage constitutive model based on the internal state variable
theory. The proposed constitutive model is implemented into a finite element
program and numerical applications on rubber structures are performed. The
predictive capabilities of the model are verified by comparisons with our
experimental observations in a third Part.

Chapter 3 is focused on stretch-induced crystallizable rubbers. In a first Part, we
develop a new micro-mechanism inspired molecular chain model to describe the
progressive evolution of the crystallinity degree in rubbers and the history-
dependent thermo-mechanical response within the context of the thermodynamic
framework. In this model, the molecular configuration of the partially crystallized
single chain is analyzed and calculated by means of some statistical mechanical
methods. The micro-macro transition is achieved by means of the microsphere-based
strategy. The proposed constitutive model is then used to discuss some important
aspects of the micro-mechanism and the macro-response under the equilibrium state
and the non-equilibrium state involved during stretching/recovery and continuous
relaxation. In a second Part, the model simulations are compared to experimental
data at different stretch levels and temperatures. Local fields in terms of
crystallization-induced anisotropy are presented on illustrative numerical examples.
The results show that the proposed model offers a satisfactory way to predict the
thermo-mechanical response of stretch-induced crystallizable rubbers.

General conclusions and Research perspectives are presented at the end of the

document.
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1. Elements of structure, mechanics and thermodynamics of elastomers

CHAPTER 1. ELEMENTS OF STRUCTURE,
MECHANICS AND THERMODYNAMICS
OF ELASTOMERS

The Chapter 1 is intended to offer a conceptual frame of reference that allows the reader to deep into the
posterior contents with a major sensation of comfort. In the generalities section the application and the polymers
research history, giving relative emphasis to the rubber materials, is briefly reported. Later, the definitions of
concepts related with the chemistry that characterize the different polymers and that allow to understand their
behavior in the macroscopic scale from their microscopic architecture are presented. From this characterization, it
is possible to go more deeply into the particular characteristics of the elastomers and, especially, into the studied
material: styrene-butadiene rubber filled with carbon-black particles. The thermo-mechanical behavior of the
elastomers as a result of different test conditions will be drawn in the section dedicated to the filled elastomers
thermo-mechanical behavior. At the same time, the effects in the thermo-mechanical behavior of elastomers by the
incorporation of carbon-black fillers are described in this section. In the last section, elements of continuum
mechanics and thermodynamics, the classic knowledge of finite strain mechanics of continuum medium as well as
the thermodynamics laws that describe the material behavior in a coherent way regarding the physical laws is
exposed. Finally, some notions concerning statistical and phenomenological models to describe the large strain
elastic behavior of rubber-type materials are presented.

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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1. Elements of structure, mechanics and thermodynamics of elastomers

1.1. Generalities

1.1.1. Historical background?

In 1496, after his second voyage to America, Chpiser Columbus brought back to
Europe crude rubber balls after having seen théadfanatives playing with rubber balls. The
natives in Haiti made these by cutting into barkhe rubber tree, smearing the latex which
exuded onto the pointed end of a wooden stick had trying it near a fire. In fact, it is well
established that ancient American cultures as thee@ the Aztecs, the Mayas and the Incas
already used the latex to manufacture common abjéa boots, containers, covered tiles
and, especially, balls, as they used to play witent an ancient game representing an
important aspect of their cosmogony (Ximenez, 172&hough there was much interest in
Europe in this material little progress was madeceoning its use: the latex would coagulate
on its long voyage from the New to the Old Worldlaroagulated latex was hard to work
with.

The South America exploration by the Frenchman Ekaviarie de La Condamine, in 1736,
brought again the potential of rubber to the aitentf the Europeans. He gallicizes the word
"cao tchu' meaningree that criesn the native language, taoutchouand bring back some
samples to the French Guyana. The first sciergtfidies are attributed to the French engineer
Francois Fresneau who has impregnated his bodéseof to waterproof them. Unfortunately,
the rubber is sensitive to the temperature (i.egitlifies at low temperatures and becomes
viscous at high temperatures) so its applicationaieed very limited. In 1791, the British
manufacturer Samuel Peal got a patent of theifidatstrial application of rubber related with
the fabric waterproofing by means of a rubber -ddilturpentine solution. Around 1818,
Charles Macintosh discovered another way to watefpfabrics: he adhered two fabric
sheets together using a rubber - coal-tar naplutlvéien. The waterproof property is obtained
when the solvent is evaporated. In 1835, the aidooif vinyl polymerization was accidentally
discovered by Henri Victor Regnault. A great adwaimcrubber application was the discovery
by Charles Goodyear in 1838 that natural rubbetatoimg sulfur turned elastic after heat
treatment (i.e. vulcanization). In 1862, Alexandarks made a material named Parkesine
modifying cellulose with nitric acid to form celhde nitrate and mixing this polymer with a

plasticizer. This discovery is the base of the md#astic industry. The growth of rubber

1 The text is based on the natural rubber history section from Baranwal and Stephens (2001); however,
additional references have been added.
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products was increasing and, in 1888, John Dunbgeldped a pneumatic rubber tire for
bicycles hereby initiating thigre age

The 2" century marks the beginning of significant studiekted with the behavior and
properties of polymers and, specially, the develepinof synthetic polymers. In 1905, Leo
Baekeland made the Bakelite, the first wholly setith polymer from phenol and
formaldehyde. It can be said that the polymer s@dregan in the 20s with the formulation of
the macromolecular concept by Hermann Staudingethé 1930s, Werner Kuhn, Eugene
Guth and Herman Mark proposed the statistical nmchh theory for rubber elasticity;
besides, they found evidence that polymer chainsolution were flexible and that the
viscosity in a solution was related to the molarssmaf the polymer. Around 1933, the
styrene-butadiene rubber was made in Germany; imeantVallace Carothers synthesize the
first aliphatic polyester, and later and more intaotly, the polychloroprene and the
polyamide 6.6 (Nylon). The epoxy resins, the sitieaubbers and the polytetrafluoroethylene
(Teflon®) were made, respectively, by Pierre Castan, Eugedow and Roy Plunkett in the
second half of the 30s. The thermodynamics theorypblymer solutions was presented,
independently, in 1942 by Paul Flory and Mauriceggins. The low-density polyethylene
and the glass-fiber reinforced polyester were nthding this decade. It is possible to say that
since 1920 to 1950 a first generation of polymees weveloped. Between 1950 and 1965
polymers of second generation were proposed. Kadl& and Guilio Natta work led to the
development of linear polyethylene and isotactityp@pylene. Theories for liquid crystals
of rod-like polymers were proposed by Lars Onsagelr949 and by Paul Flory in 1956. In
this same year Michael Szwarc discovered livingoaiai polymerization - Kratdh is
prepared by this method. The polyoxymethyle (D&irand the aromatic polyamide
(NomexX’) were made by DuPont in the first half of the 6Bmally, a third generation of
polymers, introduced since 1965, consisting maiofypolymers with a more complex
chemical structure was developed. These polymers wiearacterized by high thermal and
chemical stability and high strength. Meanwhileisgrg polymers such as polyethylene have
undergone significant improvement. In 1971, Pi&@ikkes de Gennes presented the reptation
model to describe the diffusion of chain molecutea matrix of similar chain molecules. The
first melt-processable polymer (Xydarwas reported by Steven Cottis in 1972. Theormes f
the crystallization of polymers were introducedJdmhn Hoffman and coworkers in the mid-
70s. Paul Morgan and Stefanie Kwolek reported, 9771 that solutions of poly(phenylene
terephthalamide) could be spun to super-strongstiffdfibers (Kevlaf). In 1977, the first

electrically conductive polymer was prepared bynAldacDiarmid, Alan Heeger and Hideka
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Shirikawa. Nowadays, considering the nearby engbaifoleum the industry of polymers
contemplates, again, the use of natural rubbersaadches substitutes to petroleum products
by means of the synthesis of vegetal-based polymers

1.1.2. Polymers

A polymer is a substance composed of moleculesgbf trelative molecular mass, in which
the structure essentially consists in the multrpleetition of units derived from molecules of
low relative molecular mass connected between tinesnfficient quantity to provide a set of

properties that not varies significantly with thedaion of one or few repetition units (Jones,

2008).
9980998000000000) ( ;
Homopolymer ’L)ﬂ{rl’t(({i&%‘)
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Figure 1.1. Polymer architectures: (a) linear paysn (b) branched polymers, and (c) cross-
linked polymers (Qiu and Bae, 2006).

The polymer architecture, the shape of a single/met molecule, is constituted by the
chemical composition of the monomer (repetitiontyirthe atoms disposition and links, the
sequence order and the topologic aspects. Commiymep architectures are presented in

Figure 1.1. The molecular architecture is importardescribe many properties:
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= Short-chain branching tends to reduce crystalljnity

= Long-chain branching tends to have a profound &ffen rheological properties,

= Hyperbranched polymers consist of molecules wittapproximately spherical shape,

and

= Cross-linked polymers do not melt.
Considering the number of repeating units, a hortyoper consists of only one type of
repeating unit whereas, on the other hand, a caopalyconsists of two or more repeating
units.
In general, the polymers are constituted by nirentbal elements: the carbon, the hydrogen,
the sulfur, the oxygen, the fluorine, the silictine phosphor, the nitrogen and the chlorine
(Kausch et al., 2001). The chain framework is dtutstd principally of carbon atoms linked
by covalent bonds where the dissociation energy the order ofEc = 300 kJ/mol. Other
types of atoms or molecules can be linked to taenéwork by polar or by van der Waals
bonds where the dissociation energy is in the oofiét, = 10 kJ/mol, see Figure 1.2. The
large difference in dissociation energy betweefet®ht molecules is of great importance for
polymer properties. A polymer preserves its confgjon, ‘permanent’ stereostructure of a
polymer, until it reacts chemically. The configuoat is defined by the polymerization

method - chemical reaction that converts monontessgolymer.

>

Strong bonds

300 kJ/mol

Ec

Weak bonds

>
Ep =10 kd/mol
Figure 1.2. Schematic representation of a polymgstal illustrating the bonds type.

The polymerization method can be divided into giepath and chain-growth
polymerization. In the step-growth process the tkiiseof polymerization is not affected by
the size of the reacting parts. The number of neggroups decreases with increasing length
of the molecules. At any given moment, the systeith a@nsist of a mixture of growing
chains and water. Chain-growth polymerization imesl several consecutives stages:
initiation, propagation and termination. Each chainindividually initiated and grows very

rapidly to a high molar mass, until its growth exminated. At a given time, there are
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essentially only two types of molecules presentnamer and polymer. The number of

growing chains is always very low.

1.1.2.1. Amorphous and semi-crystalline polymers

The flexibility of the molecules allows differeninkls of organization that presents an
order less regular than within the metallic crystah fully amorphous polymers the chains
are randomly arranged in the scale of a set of cotds but with certain order at a smaller
scale (Figure 1.3). In spite of the random arrargggirthe amorphous polymers are isotropic

and frequently transparent in the macroscopic scale

Z )
D
“? N
(c)

(a) (b)

Figure 1.3. Structural representation of an amauphmlymer: (a) (Flory, 1953), (b)
(Privalko and Lipatov, 1974), and (c) (Yeh, 1980).

SIY

A polymer is called semi-crystalline when the males of long chains tend to be arranged in
packages to form crystallites separated by amorphegions (Figure 1.4). In order that a
polymer crystallizes it is necessary that its mawlecular chain has a strong regularity and
also that its crystallization kinetics is not relaty slow. The crystallizable polymers will
have a regular configuration and a regular globaf@rmation, planar or helical zigzag in the
thermoplastic polymers (Haudin, 1995). However, tmacromolecular chains are not
rigorously regular and the minimal irregularityetbnchainment of composing monomers or
the presence of a ramification into the chain, withdify, limit, or avoid the crystallization.
From the crystallization, the regular macromolecutdnains, that can measure some
micrometers of length, are organized and fold tonftamellae. The lamella crystallites form
a superstructure with an average mesh sizeyoh.1They represent zones more resistant than
the amorphous zones even that they contain an fegb@rganization. The thickness and the
regularity of the lamellae depend on the crystation conditions and on the chains rigidity,

ramifications, and the entanglements faults. Thesperfections favor the connection
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between lamellae, where they are linked by meamthwhks of macromolecular chains (link
chains) that belongs to other lamellae. The pdytalystalline polymers are translucent and
opaque, although the individual crystallites are fao small to scatter visible light

individually.

4~ Amorphous or
interzonal

Interfacial zone

Figure 1.4. Structural representation of a semstaiiine polymer.

A third recently developed group of polymers is ligeiid-crystalline polymers, showing
orientational order but not positional order. Thake thus intermediates between the
amorphous and the crystalline polymers. The nenatibe most probable liquid-crystalline

phase to be formed directly from an isotropic msd€ Figure 1.5.

A

Orientational
order

Positional
disorder

Figure 1.5. Structural representation of a liquigstalline polymer.

The differences in crystallinity can lead to difflaces in physical properties. A polymer
can appear in four different states, as a funatibthe temperature, which corresponds to a

temperature-function growth of the intermoleculegef volume and a decrease of the link

11
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forces, e.g. analyzing the curve of the densityfothe elasticity modulus as a function of

temperature, different polymer states can be obskffvigure 1.6).

PA
o 5.§:
2] AR 5 |
| — : >
E(MPa)=! 1000 11000} 100 | 0

Figure 1.6. Polymer states.

According to the polymer, the environment tempemttan be found into one of the four
zones. At the glass transition region a fully anmas polymer shows an important drop in
modulus. The material state is glassy at temperatbelow the glass transition temperature,
0y. Under these conditions the organic glasses admitguely weak deformations
predominantly due to stretching of secondary bats$ bond angle deformation. The glass
transition region shows many kinetic peculiaritiesy., damping behavior) and it is not a true
thermodynamic phase transition like crystal meltimgthis region, the linear thermoplastic
and cross-linked polymers where the chemical deositipn occurs before fusion are found.
At temperatures abov#y, the materials are rubber-like with a weak modulasthe rubber
state region, large groups of atoms can change ¢baformation, e.g. cross-linked polymers
show elastic properties due to the high rate atlwithe conformational changes occurs that
the strain response to a step stress is instantan@m the other hand, the pronounced drop in
modulus occurring at higher temperatures in unelioked polymers is due to the melting of

the crystalline component.

1.1.2.2. Polymer categories
One suitable way to categorize the polymers iseims of their mechanical and thermal
behavior as:
= Thermoplastics are composed of long chains produtgd a chain-growth
polymerization; they typically behave in a pladigetile manner. The chains may or
may not have branches. Individual chains are miedd. There are relatively weak van

der Waals bonds between atoms of different chdihs is somewhat similar to a few
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trees that are tangled up together. The trees mayag not have branches, each tree is
on its own and not connected to another. The chainthe thermoplastics can be
untangled by application of a tensile stress. Tlogdastics can be amorphous or
crystalline. Upon heating, thermoplastics softernl anelt. They are processed into
shapes by heating to elevated temperatures. Théastims are easily recycled.

= Thermosetting polymers are composed of long ch@imsar or branched) of molecules
that are strongly cross-linked to one another tonfahree-dimensional network
structures. Network of thermosetting polymers ake la bunch of strings that are
knotted to one another in several places and mbttgungled up. Each string may have
other side strings attached to it. Thermosets enemlly stronger, but more brittle, than
thermoplastics. Thermosets do not melt upon hediutgbegin to decompose. They
cannot easily be reprocessed after cross-linkiractien has occurred and hence
recycling is difficult.

= Elastomers may be thermoplastics or lightly crasiseld thermosets. The polymer
chains consist of coil-like molecules that can reNde stretch by applying a force.
They can be stretched easily to high extensions rapdlly recover their original

dimensions. They are commonly known as rubbers.

1.1.3. Elastomers

1.1.3.1. Processes to obtain synthetic elastomers

The synthetic elastomers are obtained by meanslgfmerization, polycondensation or
copolymerization reactions that consist on thetayeaof chemical bonds between molecules
to develop other molecules of higher dimensions.
The polymerization confronts the monomer with aatiin elements into a reactofThe
polymerization takes place in several stages:

= Activation: this reaction aims to create activeteesy A* and B* (Figure 1.7), if R is

the monomer.
= Propagation: the active center (ion or radical)leced at an extremity of the chain and

reacts little by little with the monomer.

2 The chemical reactors offer the ideal conditions in terms of temperature, pH, solvents, pressure, etc.
to obtain a certain type of elastomer.
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= Chain transfer and ending: the active center caprbserved or destroyed during the

ending stage.

| \/

A-B |A'+B’ A'FR L IA-R
(a) N !

*
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® [A-R-R}FR- A-R-R-R -'A-(R) -R!

Preserved lDestroyed

Fm——======= 1 === ===== 1 === ====
I
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Figure 1.7. Polymerization reaction: (a) activafifl) propagation, and (c) chain transfer and
ending.

On the other hand, during the polycondensation rtfazromolecule is produced by the
reaction of molecules having different chemicaunat Finally, the copolymerization consists
of associate different types of monomers in oraeintprove the properties of the final
material. There are three types of copolymersrrateng copolymer, statistical copolymer

and block copolymer (Figure 1.1).

1.1.3.2. Formulation of elastomers
Seven categories of ingredients in the composaian elastomer are distinguished:

A. Elastomeric matrix: The most important ingredientubber formulation. The elastomers
can have natural or synthetic origin. Diverse ela&r grades exist differentiating, for
example, the molecular distribution, the chain-tenghe link rate, the monomer rate —
copolymers and terpolymérs and the oil or carbon-black presence. Spedifistemers
are selected for desired compound properties. Ast@neric matrix can be used alone or
associated with one or several elastomeric matrices

B. Fillers: They are particles used to reinforce ohasrce properties of elastomers while

reducing cost of the compound. Their ability toenaict with the elastomeric matrix

3 Polymer consisting of three distinct monomers.
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confers a, more or less, reinforcing character e final mixture. Evidently, the
reinforcing character depends on the filler-matthemical compatibility. Usually, the
used mixtures have a load-rate that place them theapercolation limit, e.g., for a
mixture containing 100 g of elastomet € 1000 kg /m) and 50 g of filler ¢ = 2000 kg
/m®), the volumetric fractiongsier, is 0.2, whereas the limit is 0.3. The averageigar
size of the filler is the most important parametencerning the capability to impart
reinforcement to elastomers — reinforcement isiobthwith sizes smaller than 100 nm.
There are two types of fillers commonly used by rigber industry: Carbon-black and
white fillers. High-resolution electron microscopyas shown (Leblanc, 2002) that
carbon-black is built up of complex arrangementsferical entities (colloidal black)
whose diameter ranges from 10 to 90 nm (Figure In&eneral, the smaller the particle
size, the more reinforcing the carbon-black, improvement in tensile, modulus,
hardness and abrasion strength. The colloidal blask spheres made-up of broken
guasi-graphitic layers whose stacking gives edgés avsteps-like structure; depending
on the manufacturing process, they exist in varfousis of aggregation. The aggregates
— smallest dispersible entity — form complex trrénsional objects (structure) which are
associated into agglomerateln a rubber compound, the void spaces within the
aggregates are filled with rubber. This rubber eluaed rubber — is partly shielded from
deformation and thus acts as part of the filleheatthan as part of the rubber matrix
(Medalia, 1970).

10-90 nm 100-300 nm

Graphite layer Colloidal black Aggregate Agglomerate

Figure 1.8. Relevant dimensions concerning therfgtructure.

On the other hand, the non-black fillers contribntto the compound properties depends
exclusively on the surface area. The first filleised in rubber products were minerals
that were naturally available: zinc oxide, claycanand asbestos. As in the carbon-black

fillers, they were added to reduce tack, increaselress and reduce the cost of the
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compound.Ilt must be taken into account that the fillers @aseup to 10°the glass
transition temperature.

C. Processing aids: Thegim to improve the mixing operation of the differ@onstituent:
of the material and to facilitate the endering, extrusion and molding of the fi
product having increased the mobility of the polyrakains diminishing, therefore, t
viscosity of the mixture. Tty act — without a chemical reactionuponthe mechanical
propertiesof the final mixturc and especially upon the viscoelagtiopertie — inverse
relation between the chains mobi and the glass transitidemperatur. Additionally,
they are used adilution componer of the elastomeric matrix order to obtain imore
economic mixtureand topreserve satisfactormnechanical properties withigher filler
molecules.

Hydrocarbon oils are the most commonly used pracgssids. Other processing ai
used in rubber compounds are fatty acids, waxegnic esters and low molecu
weight polymers.

Elongation at hreak ——
Tensile strength ~ _____

Scft rubber 7
s L
v . Leather like .7 Harc rubher

7

Tensile strength [Pa]
or
Elongation at break [%)]

; \—4
Amount of vulcanizing agents

Figure 1.9. Influence of the amount of vulcanizaggents on common mechanical propel
of natural rubber.

D. Deterioration inhibitors: The deterioration inhidn$ or antidegradantare chemical
products used to protect rubber both in uncured emakd states The time, the
temperature, the ozone and the light ve the material structure (i aging). These
environment phenomena break in depth the doublks lwithin the material, as

consequence, a mechanical properties evolution bearseen. Evidely, good aging

16

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

1. Elements of structure, mechanics and thermodynamics of elastomers

© 2019 Tous droits réservés.

properties of rubber compounds are essential foviging acceptable service life. In

general, the more saturated the main chain of h&tamer matrix, the better are the

aging properties.

Vulcanizing agents: They are chemical products, thabn heating, crosslink elastomer

molecules to provide harder, more thermally stadestic products. The most common

vulcanizing agent is sulfur. During curing (vulcaaiion) a three-dimensional crosslinked

network which imparts properties to compounds ismied.

In fact, upon the

vulcanization the rubber is changed from esseptaiblastic material to either elastic or

hard material (Figure 1.9).

Vulcanizate properties

Stiffness and elastic recovery

" Strength

Fatigue life, toughness and tear strength

- -~ Hysteresis, permanent set and
friction coefficient

Crosslink density ——>

Figure 1.10. Effect of cross-link density on comnpoaperties of natural rubber.

In general, crosslink density, which is a measuirth® extent of vulcanization, increases

with cure time. Crosslink density and type

of chlogs (polysulfidic or monosulfidic)

both affect compound properties. In Figure 1.1@ah be seen the cross-link density

effect on properties. In relation to the type adsslinks, the polysulfidic crosslink gives

poor aging properties and poorer long-term fleg.®©On the other hand, mono- or di-

sulfidic crosslinks provide poor fatigue life.

Accelerators: The chemical accelerators help ridisevulcanization speed by increasing

the rate of crosslinking reactions. As sulfur altelees a commercially prohibitive length

of time to cure a rubber compound then chemicatlacators to speed up the curing rate

are used.
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G. Activators: Chemical products used to form compsexath accelerators and further
activate the curing process. Most commonly uset/ators are zinc oxide and stearic
acid.

1.1.3.3. Carbon-black in rubber

Carbon-black has been known and produced sincquaiytibut its discovery is attributed
to S.C. Mote who came upon this in 1904. When it wdiscovered that carbon-black
improves the mechanical properties of rubber comgsuit was extensively manufactured
and used.

Thecarbon-blackerm refers to a group of industrial products cstnsg of:

Furnace black: Furnace-made by the partial comtrusti hydrocarbons.

Thermal black: Produced by the thermal decompasiticnatural gas.

Channel black: Produced by the impingement of matyas flames on channel irons.

Lampblack: Made by burning hydrocarbons in opeallstv pans.

The most important characteristic of carbon-blaskyubber filler, is its specific surface area
(total exposed surface per unit mass); it direictigacts the amount of interfacial contact area
with the rubber. As its measurement involves mdeecadsorption — phenomenon influenced
by the carbon-black surface energy and activithdmogeneous across the surface) — the
measurements of the specific surface area becqrhgsicochemical characteristic as well as
a geometrical characteristic. The second charatiteris the volume of the carbon-black
aggregate. Carbon-black is commonly incorporatéa imbber by shear forces practiced in an
open mill. The carbon-black agglomerates becomapdated by polymer during the first
stage of incorporation, but the interstices betwagglomerates and aggregates are still filled
with air. Then, the rubber is forced through thearuhels between agglomerates and
aggregates to form a reinforced rubber compounc: pitoperties of uncured rubber are
greatly influenced by the incorporation of carbdaek fillers: they change significantly the
flow and viscosity. Contrary to unfilled compoundsrbon-black filled compounds have
highly non-Newtonian flow and high viscosity — whére compound is forced to flow the
hydrodynamic effect from the filler reduces theurok fraction of the flow medium causing

shear strain amplification.

1.1.3.4. Styrene-butadiene rubber
Styrene and butadiene are co-monomers used in dnefacture of ESBR (emulsion) and

SSBR (solution) by a chemical reaction (Figure 1.11
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Ph—CH=CH, + CH,=CH—CH=CH, — (Ph—CH—CH,—CH,—CH=CH—CH,—),
Styrene Butadiene SBR
Figure 1.11. Styrene-butadiene rubber chemicaliggac

SBR compounding is similar to that of natural rubf¢R). It requires reinforcing fillers, as
natural rubber, to acquire the necessary moduldsstrength. The SBR does not change
viscosity as much as natural rubber during mixiegtrusion and remilling. As in NR
compounds, other ingredients such as plasticiaetsjators and accelerators are used in SBR
compounds as well. Compared to NR, SBR require#tiaddl acceleration and less sulfur
during vulcanization. Additionally, as it takes @mr to cure, increasing the primary
accelerator or adding a second one the requires retie for the compound is accomplished.
Whereas sulfur and accelerators are optimizeddpidrcure rate, fillers and processing aids

need to be balanced to attain a smooth extrusion.

Product categories Usage, % of total
Tires and related products 65
Belt and Hose 10
Footwear 5
Foamed products 5
Mechanical goods 5

High Impact Polystyrene -

Table 1.1 Major applications and uses of SBR by category.

SBR has a higher heat build-up behavior than a epafype NR compound. This is not a
significant factor in many applications so, addiabto their intrinsic advantages, the SBR is
the preferably selected material. SBR is commoldpndied with NR or low-cis polybutadiene
to get optimum balance of properties for some appibns. The major applications and uses
of SBR are listed in Table 1.1.
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1.2. Filled elastomers thermo-mechanical behavior

1.2.1. Thermo-mechanical behavior of elastomers

1.2.1.1. Finite deformation rubber elasticity

An unvulcanized elastomer flows easily under agblgads since the interactions between
the chains are weak — these having great movemegddm under the influence of thermal
agitation. On the other hand, the vulcanizatiomgwsolid the links among macromolecules —
by means of sulfur and oxygen bridges — then theements between chains are limited but
the structure preserves, generally, an enormougbiligy. As a consequence, the elastomers
behavior is directly related to the possibility miovement between the polymeric chains.
Besides, this architecture is responsible of tlfier@int macroscopic behaviors under variable

deformation.
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Figure 1.12. Common stress-extension curve of eaviged rubber.

The stress-strain curve obtained from a uniaxtion test can be divided into two domains:
linear and, predominantly, non-linear elasticityg(ife 1.12). Under small deformations, the
stress-strain relation is linear, exhibiting a Ygisnmodulus in the order of 1 MPa. This
behavior is strongly related with the filler netiarreated into the elastomeric matrix: the
occluded rubber inside the carbon-black networkawbon-black agglomerates does not take
part in the deformation — the volumetric fractiointlee active elastomeric matrix is smaller

than expected. If the deformation is superior tor 1L0% then the filler network is fractured
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and the initially occluded rubber is activated. &edhis limit, the resistance of the mixture
increases slowly under higher deformations. Besittessecondary structures of the volume
fraction of non-occluded rubber, entanglements betwmacromolecules, are loaded. At high
deformation the high increase in stress is dueelgrgf not entirely, to strain-induced
crystallization (Mark, 1982). Finally, the defornmat strength grows highly up to break: the
chains have attained their extensibility limit -e tnaximum extensibility for NR usually falls
within the range 500-1000%.

1.2.1.2. Thermoelastic effects and temperature-dependent mechanical behavior

In 1805, James Gough published his results corggrtiie thermal behavior of natural
rubber (Gough, 1805) evidencing the following oliaéons:

» Rubber self-heats under stretching loads.

= Rubber held in a stretched state, under a conistat contracts on heating.
These conclusions were confirmed for vulcanizedoenlby Joule (1859). Since then both
effects are known as the Gough-Joule effects. Tihbar heat build-up effect depends on two
different phenomena. First, the extension workasdformed into heat and, inversely, heat is
absorbed pending relaxation. Second, if the elomigas considerable, the stretching induces
the formation of a crystalline phase in the rubipetrix accompanied by the evolution of the
latent heat of crystallization (Ehrbar and Boisspnd955). Concerning the second

observation, the consequences are given in moad.det
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Figure 1.13. Stress at constant length, exten$0f&63 as function of the absolute temperature
of a vulcanized rubber-sulfur compound (Meyer aediF1935).

The experiments of Meyer and Ferri (1935) demotestifzat the stretching force, for a given
state of strain, is proportional to the absolutegerature (Figure 1.13). Such proportionality
is related with the modification of the conformaisoof a system of long-chain molecules —
associated uniquely with changes in the configarati entropy of the system — in passing
from the unstrained to the strained state. Howewmder lower strains, the thermo-
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mechanical behavior is inversed, i.e. the forcerebsses as the temperature raises (Figure
1.14). It can be seen that the inversion point @t an extension of about 10% — the
thermoelastic inversion point. The negatives slaggesnall extensions and the existence of an
inversion point are due to the volume thermal esganwhich is present in both the stretched
and the unstretched states of rubber, i.e. eventhiarubber samples were held at constant
length it does not mean that they were held atteoh®longation — at each temperature the

unstressed length will have a different value.
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Figure 1.14. Stress-temperature curves obtaineeldmgations ranging from 3% to 38%

from a vulcanized rubber (Anthony et al., 1943).

Therefore, even though the force at a given straireases with the temperature, this increase
is counterbalanced by the associated reductiotrams Then, if the strain is calculated on the
basis of the unstrained length at a given temperaall stress curves pass through a single

origin and the stress value is proportional toahsolute temperature, Figure 1.15.
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Figure 1.15. Stress-elongation curves obtaineduabws temperatures from a vulcanized
rubber (Anthony et al., 1943).
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1.2.1.3. Time effects

The elastomers exhibit a strong time-dependent amechl behavior: response of the
material under creep and stress-relaxation testxeAp test consists on following the time
evolution of the deformation of a test sample urmleonstant stress during a sufficiently
long time intervalt before suppressing it. An elastic deformation ifsexgt AB) appears
instantaneously after the application of the st(€sgure 1.16). The viscoelastic behavior is
seen under the form of a delayed deformation (segBf€) and a continuous evolution of the
deformation (segment CD). Posterior to unloading tést sample there is an instantaneous
recovery of the elastic deformation (segmbBi) and, later, a total recovery of the delayed
deformation (segmeriEF). From pointF the test sample presents a residual deformaten th

is recovered after long periods of time.

Stress

|

o)

t=0 t Time t=0 t Time
Figure 1.16. Creep behavior.

A stress-relaxation test consists on following time evolution of the stress of a test
sample under a constant deformatiea An elastic stress (segmemB) appears
instantaneously after the application of the defdram (Figure 1.17). The viscoelastic
behavior is seen under the form of a progressiveedse of the stress (segmB@) up to a

constant not-null value (from poif).

Stress
Strain B

A
t=0 Time t=0 Time
Figure 1.17. Stress-relaxation behavior.

The results of these tests demonstrate that tblesta relationship between the stresand

the straire it is necessary to account for this time-dependenc

1.2.1.4. Dynamic properties and hysteretic behavior
Elastomers exhibit a complex mechanical behavioluding both the behavior of a solid

characterized by an instantaneous response andsttwis behavior of a liquid characterized
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by a delayed response and a loss of energy atoyath The response of an elastomer under
dynamic loads is better visualized in terms of acgpen undergoing uniform sinusoidal

deformation as shown in Figure 1.18. The stregsorese is nearly sinusoidal but out of phase
with the strain. The total stress response carebelved into two components: one in-phase
response (elastic stress) and one out-of-phasensspviscous stress), so at any time the
measured stress is the algebraic sum of its twopooents. The phase is expressed by
defining a cycle as a circle. Dividing the stresgpitudes by the strain amplitude gives the
modulus components: storage modulGs (related with elastic response) and the loss
modulusG" (related with viscous responéeThe storage modulus is related with the stored
energy that will be recovered during the deformatjwrocess compensating partially or

completely the, previously obtained, deformationtha&f structure. The loss modulus is related
with the dissipated energy responsible of the hgaip of the test material — another part

may be lost in the form of heat to the surroundingironment.

A
Total stress
. \ 8

< o ~_ Time (phase angle)

<G .. ~

Elastic stress

Stress or Strain

Viscous stress

T/2

Elastic strain

Figure 1.18. Stress components of an elastomer wytamic loads.

The complex modulu§™ can be calculated as:
G =G +iG (1.1)

and the absolute value of the complex modulus eacaltulated by:
=JG? +G*? 1.2)

where‘G*‘ is simply called the dynamic modulus. Finally, tbes factor (or damping factor)

&

4 G or E letters denote the shear and longitudinal modulus, respectively.
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n

G
tando =— 1.3
G (1.3)

I

is a measure of the loss energy from internaliénicof the material.

If the stress is plotted against strain, for algiruycle, a hysteresis loop is seen (Figure 1.19).
The area inside the hysteresis loop representsméwhanical energy which is not recovered
during a cycle but instead is converted into h€aé isolating nature of rubbers can retain this
heat and generate a thermal gradient (heat bujld-The mechanical energy loss or heat
generated per cycle in compression-extension ieghe hysteresis (Medalia, 1991):

H=T2AEans (1.4)
4100

whereA is the strain amplitude (see Figure 1.18).

P

Loading path /

Unloading path

Stress
\

/

Strain >
Figure 1.19. Hysteresis loop.
1.2.1.5. Mullins effect
The Mullins effect consists in an appreciable cleaofjthe mechanical properties of filled
and non-filled rubber-type materials resulting fréime first extension. This change is made
evident as a stress-softening — lower resultingsstfor the same applied strain — after the first
load which increases progressively with the inarepsnaximum stretch (Figure 1.20). After
a few cycles the material responses coincide duthegfollowing ones. This property was
firstly observed by Bouasse and Carriere (1903)iatehsively investigated by Mullins and
his co-workers (Mullins, 1948, 1969; Mullins and bilo, 1957, 1965). The principal
phenomenological observations described by Mubind co-workers can be summarized as
follows:
= The softening is uniquely observed under highenggtions than the preceding ones in
the loading history.
= Aninduced anisotropy as a consequence of thersofte
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= The softening increases with an increasing volufrteeinitial fraction of filler.
= The complete recovery of the initial stiffness &ver reached.
= The softening behavior is seen also from non-ditatoad conditions, i.e. compression

and shearing tests.

10 5 i
9 1 —cyclic uniaxial tension test 7
] /
8 1 - - Simple uniaxial tension test ,/
T
© ] 2
o 6 Dy
g 5 é ,1/’
(@) 1 ~
D 4
TR -
3 ] =
] ,/
2 ==
1
0 - T T T T T T
1 1.5 2 2.5 3 3.5 4 4.5

Stretch (A=L/Lo)

Figure 1.20. Stress-strain response of a filled SBBRmitted to a simple uniaxial tension test
and to a cyclic uniaxial tension test with incregsmaximum stretch every 5 cycles (Diani et
al., 2009).

Several physical interpretations have been proposedder to explain the Mullins effect
(Figure 1.21). The numerous interpretations propdse the Mullins effect evidence that
there is still no general agreement on the micnoiscor mesoscopic origin of this effect.
Blanchard and Parkinson (1952) related the firstgtrain softening with the rupture of the
weaker bonds (physical bonds) at the rubber-pariiterface while a further pre-strain would
break the stronger bonds (chemical bonds). Buet®@0| interpreted the Mullins effect in a
similar way as Blanchard and Parkinson (1952); hanehe has added to his interpretation
an explanation of the softening in unfilled rubbeosisidering that the junctions arrange so as
not to over-stretch the shorter chains. Simo (128id) Govindjee and Simo (1991), pursuing
the model proposed by Bueche (1960), estimatedhieadeformation induced by the relative
movement between the fillers and the elastomerit¢rixnavas the origin of the stress-
softening. Houwink (1956) argued that the Mullififeet was related with the molecules slip
over the surface of the fillers, considering thewslrecovery of the stress-softening which
could not be explained by the bond rupture sousmaise, otherwise, this behavior would be
permanent. During the first extension new bonds iasgantaneously created, at different

places of the original ones, along the rubber miésc After measuring no significant change
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in the crosslink density of stretched networks +ewe@rsible part of the Mullins effect results
in bond breakage — Dannenberg and Brennan (196®red to Houwink model (Houwink,

1956). Admitting that bond ruptures happen and eksuform in the material during the first
strain, Kraus et al. (1966) have proposed to afteibthe main source of the Mullins effect to

the rupture of the carbon-black structure.

[ Physical source Sketch ]
ﬁ3ond rupture \
(Blanchard et al., 1952;
Bueche, 1960) @
N\ J

(Molecules slipping
(Houwink, 1956)

N\

ﬁ:iller rupture

(Kraus et al., 1966) 5 : }?,Uf,’/ \, Jé{i/}),\ ; /\
) i g c\ '
}\> Jé‘ C(a
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N\ J
/ Desintanglement ) i N\
(Hanson et al., 2005) \S’ F\S’
x ¥ ) ‘O~ a,
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/ Double-layer model )
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Figure 1.21. Physical interpretations of the Mdleffect (Diani et al., 2009).

Pursuing the interpretation proposed by Kraus e{1#66), Kluppel and Schramm (2000)

developed a macromolecular model which uses ansaraplification factor — the filler seen

as a local strain amplifier — that decreases witlinareasing maximum strain. Hanson et al.

(2005), adopting Hamed and Hatfield (1989) confagian of chain entanglements between
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particles, proposed a new interpretation of the liMsileffect which takes into account the
induced anisotropy. Finally, Fukahori (2005) progmbsan interface model — the material is
represented by particle aggregates surrounded dyuble-layer structure of bound rubber
embedded in a crosslinked rubbery matrix — to emplae mechanics and mechanisms of

reinforcement and softening.

1.2.1.6. Cyclic stress-softening

Additional to the first pre-strain softening (Mulé effect), the effect of repeated
deformation leads the rubber to approach asymplbti@ steady state with a constant —
equilibrium — stress response (Figure 1.22). Softeoccurs in both filled and non-filled

rubber-type materials.
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Figure 1.22. Stress-strain curves of SBR submittiexcyclic tension test: from the first cycle
up to 425 cycles (Ayoub et al., 2011a).

Numerous authors (Bouasse and Carriere, 1903; Shmdidngersol, 1904; Schwartz, 1907)
published data demonstrating that stretching regutt a softening of rubber; however, Holt
(1931) was the first to describe the effects oertpd stretching and stretching-speed on the
stress-strain properties of rubber compounds. Tegetith the progressive softening during
repeated deformation, Holt also showed that stmegcho a series of increasing strains
resulted in a progressive increase in the obseseéidning at low strains, as can be deducted
from Figure 1.20. In both unfilled and filled rubsbbemost of the softening appears to be due
to configurational changes of the rubber molecuktwork due to displacement of network
junctions and entanglements during deformation isedmplete recovery to their original
positions. The remaining and minor part of the esaftg in filled rubbers can be related to
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break-down or slippage of filler-filler and filletbber linkages — any linkage broken and
reformed while the rubber is deformed also contghio softening and incomplete recovery

after deformation.

1.2.1.7. Fatigue lifetime of rubber materials

The rubber lifetime can be seen as the resultreketBuccessive phenomena (Legorjujago
and Bathias, 2002; Mars and Fatemi, 2003; Ait Hoeihal., 2011):

1. Crack nucleation

2. Crack propagation, and

3. Total failure.
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Figure 1.23. Fatigue lifetime of a SBR as a funttd a multiaxial fatigue predict&qand a
threshold damage streSs (Ayoub et al., 2012).

In general, it is considered that the crack premmgrare flaws that originally exist in the
virgin material (Mars and Fatemi, 2006; Nait-Abdé&taet al., 2012). Besides, the lifetime
under fatigue depends on many parameters sucheashitirostructure, the fatigue-induced
crystallinity, the specimen geometry, the loadingditions, etc.

In order to account for the lifetime of rubber campnts under multi-axial loading
conditions, Ayoub et al. (2012) have proposed a ehdihsed on the continuum damage
mechanics approach, see Figure 1.23. The proposdélrwas able to unify the multi-axial
experimental data (tension-torsion) for two specirgeometries (AE2 and AE42), but it fails
to unify the data regarding the specimen geométhe divergence was attributed to the
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material heat buildyp, as during a fatigue test, the two specimensiatoreach the san

surface stabilized temperattire
1.2.2. Carbon-black effects on the rubber properties

1.2.2.1. Carbon-black effect on rubber elastic behavior

It is well known that adding small amounts of fillearticles to a rubber can significan
improve both the stiffness and the strength of nigber compoundNumerous authors
(Smallwood, 1944; Guth, 19; Vand, 1948; Mooney, 1951) havevestigate the influence
of filler particles on thestiffness of rubbe compoundsThe filler volume hasn increasing
effect on the stresstrain behavior oNR vulcanizates (Figure 1.24lndependently of th
filler concentration, all curves have aear behavior from the origin up to strains of ak
0.02. At higher strains all curves showed the attarsstic sigmoid shape of rubl-type

materials with an upward sweep of the curve atr&rgreater than :
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Figure 1.24. Stresstrain curves oNR containing different volumes of cark-black (Mullins
and Tobin, 1965).

The mechanism by which the stiffness increase sasustill a subject of debate; it has b

considered to result from two contributic
=  Continuum level: the stiffness of a rub compound will be the weighted combinat
of the stiffnesses of the individual constituenttenials, depending on the ex:

microstructurgBueche, 196

5 The divergence in both temperatures is related with the difference in the volume of material implied
in the fatigue process.
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= Molecular level: the filler acts both to effectiyehcrease the crosslink density of the
material — providing additional crosslinking sitgsthe particle-matrix interface — and to
reduce the segmental mobility close to the fillartigles (Kraus, 1978).
In addition to the volume fraction of filler parés, a number of state variable were supposed
to influence the stiffness increase magnitude:sike, type and shape of the fillers (Mullins,
1950), the filler aggregate structure (Smallwoo844) and the rubber-filler interface area
(Medalia and Kraus, 2013). In spite of the diversenber of contributions, Smallwood
(1944) demonstrated that the main influence is doby changing the aggregate structure.
The filler effect on the elastic behavior of filledbbers has been extensively modeled (see
Figure 1.25). One approach consists on taking adoount the increase in viscosity of a
viscous fluid — rubber matrix — caused by a suspensf colloidal particles — carbon-black.
Using this concept Smallwood (1944) predicted thalkstrain Young's modulus of particle-

filled solids:

E=E,(1+2.5v,) (1.5)
whereEp, is the Young's modulus of the rubber matrix ands the filler volume fraction;
however, this estimate is valid uniquely for veowl filler concentrations. Attempting to
incorporate interactions between neighboring pladic— allowing predictions for higher
volume fractions — Guth and Gold (1938) have adute®l more term to the polynomial series
expansion of the amplification factor:

E=E,(1+25v, + 14.34) (1.6)

Using an experimental crowding factoto incorporate particle-particle interactions, Meg

(1951) proposed a different method:

E= Emexp( 23, J (1.7)

1-kv,
Guth (1945) have developed a model that accoumtsofblike shapes other than spherical-
shape patrticles (as the aforementioned models)shiipe is characterized by the ratio of the
length to the width of the particles or the fillggregate structureg;
E=E,(1+0.67g, v, + 1.62F V) (1.8)

This model attempts to account for the rapid inseeaith concentration in the viscosity of
suspensions of rod-like particles, in contrasthe slower increase for spherical particles.

Govindjee and Simo (1991) have developed anotheroaph based on the concept of
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amplified strain which, for the case of rigid peldis in a neo-Hookean matrix, can be written
as:

-V
E=E,—2 (1.9)
1-v,

In addition to these models specifically developed filled rubbers, a number of general
composite theory model have been developed (Hashth Shtrikman, 1963; Budiansky,
1965; Ponte Castafieda, 1989; Bergstrom and Bo9e8)1

9 —
/ (a) (b)

(a) Hashin et al. (1963) upper bound

(b) Ponte Castafieda (1989)

(c) Guth (1945) (with g;= 4.7)

7 L | (d) Mooney (1951) (with k = 1.63)

(e) Budiansky self-consistent estimate (1965)
(f) Bergstrom et al. (1999)

6 |- | (9) Guth etal. (1938)

(h) Hashin et al. (1963) lower bound

(i) Govindjee et al. (1991)

Normalized Young's modulus [E / E,)]
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Figure 1.25. Theoretical predictions of the normedi Young's modulu&er = 10E.

1.2.2.2. Carbon-black effect on dynamic® elastic modulus

Dynamic measurements demonstrate the significdigreince between dynamic and static
properties, e.g. the dynamic elastic modukrs is greater than the static moduls This
effect is considerably greater with black-fillecdthwith gum compounds (Dillon et al., 1944).
Under a shear dynamic test, pure rubber showsarlinehavior of the storage modul@s in
the domain of deformations below 100 %. The addinijglers drives the compound to a non-
linear behavior. Figure 1.26 shows the diminutidrthee storage modulus as a function of
impose deformation amplitude. The values@f remained constant up to about 0.1 to 0.5%

double strain amplitude (DSA) and thereafter deswdatending to an apparent constant

¢ The term dynamic, as applied to rubber-type materials, refers to the response — after reaching a
pseudo-equilibrium state — to periodic or transient forces which do not cause failure.
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minimal valueG,, — this valueis superior to the unfilled rubber modulus. This phaeaon

is known as the Payne effd&tayne, 196
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Figure 1.26. Storage modu-strain amplitude relation for a rubber compouncdhwiifferent
volumes of carbc-black (Payne, 1963a).

N
=]

In Payne's experiemts the value ¢G' at low amplitudes was const, called G, over a

range of more than a deca@eg., 0.05 to 0.5% DSA); however, Vaaid Cool (1967) and
Sircar and Lamond1975a; 1975b) have shown, Lg an apparatus slightly modified frc
that of PayneG' increasing from a low value at 0.01% DSA to a maximat about 0.19
DSA. At high amplitudes the carbon network struetig broken dowr— regardless of the
loading or interaggigate bond strengt— and the storagenodulus is governed by ti
individual carbon-blaclaggregatesSimilarly, in a welldispersed compound at low loadin
where the individual aggregates are well separatedamplitude effect is very small and
starage modulus is governeuniquelyby the individual aggregates. Under these condit
the effect of carbon-blacls essentially equivalent to the hydrodynamic dffeicisolated
spheres on the modulus of rubber, corresponditigeteffect of perturbatic of flow behavior
on the viscosity of liquidsThe contribution olcarbon-blackto the storage modulus unc
these conditions depends on structure or bulkireess is independent of surface a

(Medalia, 1973 Ulmer et al., 1973; Kraus, 19). At amplituces betweerG, and G_ , the
storage modulus is the sum G, and the contributiolAG' related with the augmentati
made by still unbroken agglomerates of varyiimensions, e.g. a relatively small amoun

33

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

1. Elements of structure, mechanics and thermodynamics of elastomers

strainwork would be required to reduce the agglomerate By a factor of 2 and more wc
is then required to reduce each of the residuesnbyher factor of 2, and so The increase
of G’ is greatly affected by loadincharacteristics, i.e.tdigh loadings the lo-amplitude
modulus is dominated by the surface area ofcarbon-black(Payne, 1963I while at low
loadings it is dominated bthe carbon-black structuréMedalia, 1973; lImer et al., 1973).
From a practicapoint of view the dependence @' on both structure and surface area
cause that the modulasnplitude curve of a high struct-low area blaclintersects the one

of a low structure-high aseblacl.

1.2.2.3. Carbon-black effect on loss parameters and hysteresis

Along with the amplitude dependence of the storagmdulus there is &ignificant
amplitudedependence of the loss facand the loss modulushich is more pronounced
the loading is increased (Figes 1.27 and 1.28)The loss factor at low amplitudes rises t
maximum at around 5 to 15% DSA in st, and then decreases at still higher amplitu
however, it generally remains higher than its vatgery low amplitude The loss modulus
passes through a maximums «n amplitude functionwhich is reached at the amplitude
which the storage modulus changes most raf— the inflection point.As for the storage
modulus, the amplitude dependence of the viscousnpeters has beenterpreted on the
basis of the interaggregate interac (Ulmer et al., 1998)It is assumed that hystereH
results from breakdown and reformation of interagagte bonds: at low amplitude there
little breakdown of bonds, therefore little hystgg; at intermediate amplitudes considere
breakdown and reformation of bonds take place, thysteresis is high; and at hi
amplitudes botlG' andtand continue to decrease, thus their product, thertosduus G" ,

can become quite low.

40 T T T
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Phase angle [deg]

0.0001 0.001 0.01 0.1 1.0
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Figure 1.27. Phase angd&rain amplitude relation for a rubber compoundwdifferent
volumes of carbc-black (Payne, 1963a).
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Figure 1.28. Dynamic parameters-strain amplitudkgtios for a rubber compound with 23.2
volume % of carbon-black (Figures 1.26 and 1.27).

Low values of G" at high amplitudes have been interpreted on trasbthat at high

amplitude the structure destruction is complete ldtld energy needs to be expanded (Voet
and Cook, 1967) — the decrease in loss factor gh lmplitudes indicates that less
reformation of interaggregate bonds takes place #tantermediate amplitudes. Note that in
comparing different compounds, is proportional totand when the compounds are cycled

at the same energy inpi, is proportional toG" under equal strain conditions, while under

equal stress conditiond, is approximately proportional ttanJ/ G (Medalia, 2001).

1.2.2.4. Temperature effect in carbon-black rubber compounds

Dynamic properties of rubber compounds are impoaar a wide range of temperatures,
especially in the so-called rubbery region of patyrnehavior (Figure 1.6). In this region, the
storage modulus of carbon-black filled rubbers @ases with lower temperature —
entanglements and other physical crosslinks becuoore effective. The loss factor increases
with lower temperature in the rubber region andspashrough a maximum in the region
where G’ is changing most rapidly (transition to glassyestavhile G" reaches a maximum
at somewhat lower temperature.

Fletcher and Gent (1957) showed, using carbon-bfdlekd NR flat samples, that the
values of G' were relatively high at high temperatures anditiveease inG' on going to
low temperature was less steep than for the guner @e temperature range examined (-62
to 81.5°C),tand passed through a maximum which was much lower assl $harp for the

filled vulcanizates that for the gum. Similar raésulvere reported by Payne (1958). Using
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different carbon-blackat 50 pt (parts per hundred of rubbdoading vul@nizates, Medalia
(1973)evidenced the decreasing of the elastic modulus antincreasing temperat. Payne
(1963b) experiments ovearbor-blackfilled NR vulcanizates reported similar resultsgure
1.29). Concerning purggurr thermo-mechanical behavior, Medal{d978) shown the
increasing of the elastic modulwith an increasing temperature, as latgorted by Treloa
(2005). The temperature dependence of the dynamic parasniessr been interpreted on -
basis of the loading characteristics, ' at low temperatures the loamplitude modulus i
dominated by the surface area of the black, whildigh temperature it is dominated

carbon-black structure.

15 T |
20°
Etfect of increasing
temperature
5 [ ]
g 10
) 60°
c
>
N y 90°
g Natural rubber HAF compound
o 5 |
| 1
0.001 0.01 0.1 1.0

Double Strain Amplitude

Figure 1.29Effect of temperature on strain amplitude dependaf G' (Payne, 1963a).

1.2.2.5. Carbon-black rubber interactions effect

The carbon-black effeain the dynamic properties of rubbers differs quatitiely from
one rubber to another and also depends upon vapimcedures which are known to al
interacton of the polymer with the«carbon-black. The carbon-blackspersion affected b
both the size and number of agglomerates and #tandie of interaggregate separation is
most sensible interactipe.g. reduction in hysteresis afincreasing time ¢mixing or heat
treatment,attributed to reduction in carb-carbon frictional losses as the dispersion
improved (Dannenberg, 195. Boonstra and Medalia (1963) foutitat large agglomerat:
are responsible for the poor ultimate propertiestair-time mixes, interaggregate occlusi
of a large amount of rubber, high Mooney viscositd high vulcanizates modulus at |
strain. As mixing proceeds the large agglomeratdgsally disappear and the now existi
small agglomerates are gradually dispe. During the later stages of mixing there wa
significant decrease in torsional hysteresis arat baildup. These changes were relate

the disappearance of the small agglomerates andeteration of the aggregates from €
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other. Numerous authors (Payne, 1965; Medalia, 1$@nmer and Meyer, 1974) have
confirmed the positive effect of improved dispemsion dynamic properties of rubber
compounds. It is well known that an undercured eubis related with high hysteresis
(Baranwal and Stephens, 2001). In pure rubber nidates this has been generally attributed
to the slow response of untrapped entanglementsdandling chain ends (Ferry, 1980);
however, recent studies have related hysteresmmpped entanglements (Cohen et al., 1977)

and questioned the importance of dangling chairs ¢8dllivan et al., 1978).

40t
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Figure 1.30. Effect of the elastomer type: (a)lmm$torage modulu&', and (b) on the loss
factor tand (Sircar and Lamond, 1975a).

Payne et al. (1972) shown that the loss factor wfe prubber vulcanizates decreased
progressively with increasing cure, and this wdtected in the filled compounds. On the
other hand, comparing NR compounds at three ceardéivels, Sommer and Meyer (1974)
reported increasing values @' and G" with increasing cure time — increasing level of
crosslinking. Similar results were found by Medgli®78) — the author suggests that "the
viscoelastic behavior of the rubber immobilized twe carbon-black could somehow be
responsible for this effect”. In an interestingdstlby Sircar and Lamond (1975a; 1975b)
dynamic parameters of ten elastomers were evaly&igdre 1.30); however, microscopic
measurement of dispersion did not help to givengpk explanation of the order. There are
wide differences inG', having the nitrile-butadiene rubber (NBR) thehwgt value. The

maximum values otand, for only seven of these compounds, were founclase to 10%

DSA (in shear). Theano values were in somewhat the same ordeGof Payne (1964)
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reported the same rubbmpe dependence; however, the values were notkeisdme orde—

different compounding and curing systems were @igedach polyme

1.3. Elements of continuum mechanics and thermodynamics

The continuum mediuns an infinite set of particle(region @ part of a solid, fluid or ga
that canbe studied macroscopicy without considering the possible existing disamunties
in the microscopic level -atomic or molecular lev. In consequence, the mathemat

description of this mediurand of his properties can ldevelopedoy means of continuot
functions.

-
>
€

-
:
X,

Figurel.21. Configuration of the continuum medium.

The continuum medium configuraticQ, is the geometric place of the positions that
material points — particlesef the continuum medium occupy in the space atri@icetimet.
The configuration at a given timt =t; of the time interval of analysis is named init
material or reference configuraticQ, (Figure 1.31). In the reference configuration,
position vectoiX of a particlethat occupies a poiftin the space is given [

X=Xe (1.10)
whereX; are he material coordinates of the particle & is a unit vector of orthonorm.
basis. In the current configurati(Q, , the particle, originally situated in the matepaint P,
occupies the spatial poiRt and his position vector X is given

X=Xxe (1.11)

wherex; are the spatialaordinates of the particle in the time instt.
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Finally, the mathematical description of the projesrof the particles can be done by me
of two alternative ways according to the configumat the Lagrangian description (referet
configuration) andhe Eulerian description (current configurati

1.3.1. Finite deformation and stress

1.3.1.1. Description of the deformation
A key quantity to describe finite deformation iretbontinuum mechanics framework is
deformation gradient tensbrdefined as:

- X
X

The deformation gradient tensor contains the in&drom reldive to the movemen

F (1.12)

throughout time, of all the material particles e tdifferentialneighborhoocof a given one.
The determinant d¥, denote: J (for Jacobian), represents the local variationatimme and i
is always positive becausef the principle of nonnaterpenetration ofthe material:
J =detF > 0. On the other hand, the displacement of a parP at a givel time is defined
by the vector u which jointhe positiorP of the particle in the reference configuration iits

actual positiorP' (Figure 1.2). The displacement of all the particles of medium defines
the displacement field vector:

u(x,t) =x-X(x1) (1.13)

gt

-
S
€

Figure 1.32. Displacement vector.

The relative movement in the neighborhood of aig@arthrough the deformation proce
(characterized by) can be understood as the compos (Figure 1.33)of a rotation and a

deformation polar decomposition theore— as:
dx=FdX=VR&X =V R & ) (1.14)

in which F =VR is the right polar decompositioV is the right stretch tensor aR is the

orthogonal rotation tensor, €
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dx=FdX =RUX =R (U X) (1.15)

and F = RU s the left polar decomposition aU is the left stretch tens:

7
A
/‘
/\V A
R 7 N
\\ -~ \ // /
0 T - Ql/
~ F /1
R

Figure 1.33. Polar decomposition.

The timedependent deformation is describetmeans of the velocity gradient ten:

L =FF =D +W (1.16)
where D is the stretchingate (symmetric tensor) arW is the spin rate (n-symmetric
tensor).The stretching rate tensor gives the rate of dtnegcof line elements while the sg

rate tensor indicates the rate of rotation or edytiof the motior
Let us consider now a panle situated irP in the reference configuration, and a sec

one situated imis differentialneighboringQ separated from the previous one by the sec
dX (length dL:\/W). The segme! dx (length dI ZM) is its counterpart in the
current configuration (Figurg.31), from whichsome quantities can be defin
(dI)* = dxax =[FdX][F &X]= XF'F & = HC ¥
(dL)* =X X =[F ' |[F &k |= dF F 7 ol = 6B ' &

whereC=F'F and B=FF are the right and left Cauc-Green strairtensors, respective

(1.17)

Subtracting both expressions of Eg. (1 between them we have:

(dI)*=(dL)* =dXC X - X & =2 dE M L18)
(dI)*=(dL)” = dxck — dB™ ck = 2 ke ok
where
E:%(C—I) (1.19)
is the Green-Lagrange finiggrair tensor,
e=%(| -B™) (1.20)

is the Euler-Almasi finitestrair tensor and is the unit vector
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Finally, since each previously defined strain tensor is sgtrinal and positive then s
independent@mponents must be defined to characterize the mucanfiguration of a body
however, another way consists on defining the epoading principal strain invarianly, I,
and Is. Invariants ofC and B are often used in the expressions for strain endensity

functions.The principal strain invariants, considerB, are defined as:

|, =trB=B,+B,+B,=A?+ 13+ A3 (1.21)
1 :%[(trB)z ~tB?|= BB, +B,B,+ BB =42+ AN 2+1 1} (1.22)
|, =detB =B,B,B,= A2A2A% = J? (1.23)

where A are stretch ratios of the unit fibers that areiaiiit oriented along the cections of

the orthonormal axis in the coordinate sys

1.3.1.2. Description of the stress
The stress at a givepoint is defined as the resultant of the interratésthrough a
surface element, relative to a certain configurafféicure 1.34). As fothe deformations, it i

possible to use a eulerianlagrangian description, or even a mixed formula

>

" QO ™,
e, S~ S

Reference configuration Current configuration
Figure 1.34 Stress vectors in tireferenceand current configuratio

In the eulerian description, the inner fordt in the current configuredn applied by a soli
region over another one through a deformed surfdeenentnds are consideredThis

definition drives us to th€auchy stress tensor express

dt =Tnds (1.24)
where T is the Cauchy stress tens However, it can be useful to describe the stredd in
the reference configuration, €, the application of the boundary conditions. Tiaas$port o
the deformed surface elemnds to the reference configuration returns:

dt =nNdS (1.25)
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where n=JTF " is the first Piol-Kirchhoff stress tensor (nosymmetric. This stress
describes the real cohesion forces applied thraugleformed surface elementr unit of
non-deformed surface. The description of the stredd tiader a total lagrangian formulati

needs the transport of the real fort to the reference configuration:

dt, =SNdS (1.26)

whereS=JF'TF ' =F 'z is the second Pic-Kirchhoff stress tensor (symmetri¢

1.3.1.3. Equilibrium equations

The continuum mechars is baseupona series of general postulates or principles tres
supposed valid, independently of the type of matemd of the range of displacements o
deformations. Among them we can find the-called ConservatioBalance postulate:

Conservation of momentur@onservation of ma and Energy Balangaostulate.

Reference configuration Current configuration
Figure 1.35Boundary conditions in the reference and currenfigaration

The application of the momentum conservation pagti— in a closed system the to
momentum is constant in the current configuration (Figure 1.35) of aidadul-domaind

gives:
jwtds+ jg b dv=0 (1.27)

wheret is the cohesion forces tensor acting over the seidd, p is the mass density p

unit volume in the current configuration ab is the force density tensor acting over
volumed.
From the divergence theor’, Eq. (1.24) and considering the boundary condit, it is

possible to establish the equilibrium equatifor the current configuratio

" The outward flux of a vectordid through a closed surface is equal to the volintegral of the divergenc
over the region inside the surface.
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OT+0b=0 overQ,
Tn =f overQ, (1.28)
u=u, overQ,,
On the other hand, if Eq. (1.27) is modified toetakto account the sub-domdnthen it is
possible to establish the equilibrium equationgtierreference configuration:

Oym+p,b=0 overQ,

aN=f overQ. (1.29)
u=u, overQ,,
where
Py=3p (1.30)

is the mass density per unit volume in the refezerunfiguration, as the mass conservation

postulate — the mass of a closed system must recpastant over time — must be considered.
1.3.2. Elements of thermodynamics

1.3.2.1. Fundamental principles of the thermodynamics
If we consider a solid in a certain configurati®y (respectivelyQ,) then there is a state

function E, internal energy of the system, such that itsat@m per unit time is equal to the

sum of the inner mechanical powierand the amount of heat supplied to the systgm
E=P+Q (1.31)

It is possible to express each term of Eq. (1.81hé current or reference configuration, e.g.

the internal energy of the system is given by:
E= _[Ql pedv= jQO 0, edv (1.32)

wheree is the specific internal energy. The inner mectanpower is deducted from the
principle of virtual powers — the virtual power & acceleration quantity is equal to the sum
of the virtual power of the internal and externaices — and it is equal to the product of a
kinematic variable with its corresponding stress:

_p :J'QtT;DdV:J‘QOS: EdV:jQOn: Fdv (1.33)

Finally, the amount of heat supplied to the systeim be decomposed into an energy source

per unit massr and a heat flux losg] (respectively q,) in the surface bordedQ,

(respectivelyoQ,):
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Q= J'Ql rdv— LQI gnds= _[QO rdV- LQO g,N d< (1.34)

where gnds=g,N d< is the heat flux lagrangian expression. Then,ehergy conservation

expression — first law of thermodynamics — can &ned, in a Eulerian formulation, as:

pe=T:D+r-0gq (1.35)
in Lagrangian formulation as:
0.e=S:E+r-0,q, (1.36)
and, in a mixed formulation as:
pe=n:F+r-0,.q, (1.37)

It is necessary to add a restriction to the endéa@gance equation introduced by the second
principle of the thermodynamics. The second lawatdisthes the following postulates:

There is a state function called absolute tempmfaﬂ(x,t) which is strictly positive, i.e.
6>0.
There is a state function called entr&pwith the following characteristics:

It is an extensive variable, i.e. there is a speeifitropy, such that:

S= th pn dv= IQO yoXss\Y, (1.38)
The following inequality is fulfilled:
ds
—> 1.39
22Q, (1.39)

where Q,, =Q/8 is the heat rate supplied to the system dividethbyabsolute temperature.

If %:Qﬂxt the process is called reversible — it is possilereturn from the final

thermodynamic stat® to the initial thermodynamic staté by the same way — and if

%>th the process is called irreversible — it is notsiols to return from the final

thermodynamic statB to the initial thermodynamic state by the same way, even if it is
possible to return by a different way. Introducthg corresponding expression of Egs. (1.34)
and (1.38) into Eq. (1.39), the abovementioned uaéty can be formulated, in the current

configuration, as:
on-Laqn Lz0 (1.40)
6 o’

or in the reference configuration:
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. T 1
,00/7_5+qu><520 (1.41)

Furthermore, substituting from Eq. (1.35) into Eq. (1.40) erfrom Eqgs. (1.36) and (1.37)
into EqQ. (1.41), three new expressions for the se¢daw of thermodynamics are defined:

-p(e-6n)+T:D —%quez 0 (1.42)
in the Eulerian formulation,

-py(e-6n)+S: E—%qomxezo (1.43)
in the Lagrangian formulation, and:

—po(é—617)+n:F—%q0Dx820 (1.44)

in the mixed formulation.
Introducing a new variable, the specific free egerg
Y=e-6n (1.45)
it is possible to define the Clausius-Duhem inedyal common way to express the second

law of thermodynamics — in the mixed formulatios;, a

~po(0 +n6)+n:F -2 0,620 (1.46)

1.3.2.2. Thermodynamics of local state

The local state method postulates that the thermanrdic state of a point in a continuum
medium at a given time is completely defined by\hkies of a certain number of variables
that depend uniquely on the given material poitie Time derivatives of these variables are
not required to define the thermodynamic state aig time evolution could be considered as
a succession of equilibrium states. It is by theich of the nature and the number of state
variables that a physical phenomenon can be describwvo types of state variables can be
distinguished:
= The observable variables are related with directigasurable properties of the

continuum. The mechanics and thermodynamics fosmalimpose the deformation-

temperature variablgg=, 6).

= The internal variables are introduced to descrie dissipative phenomena, e.g. the
viscosity or the plasticity, or to describe theanrstate of the material, e.g. dislocation
density, microcracks configuration or cavities, hemit the possibility to measure the

aforementioned properties in a direct way. Themoisan objective method to choose the
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nature of the internal variables. Depending on dbmplexity of the phenomenon, the

internal variables could be scalat,V,,...\}) or tensorial(V,,V,,...V,).

Once that the state variables are defined, thetezxde of a thermodynamic potential —
specific free energy potential — from which theestaws are derived can now be postulated.
This function allows checking the conditions of hedynamic stability imposed by the
inequalities that can be deduced from the secomanbdynamic principle. Then, the specific
free energy potential, fdrtensorial internal variables, can be defined as:

w=y(F,6,V,) (1.47)
and the specific free energy potential rate as:

W g .90y,

= 1.48
F =RV} (1.48)
From Eg. (1.48) the thermodynamic force associatighl the internal variableV, is defined
as follows:
oy
A =p— 1.49
k=P v, (1.49)

The thermodynamic potential allows writing the statlations between the observable
variables and its associate variables; howevertHerinternal variables, it only allows the
definition of its associate variables. The deswipbf the evolution of the internal variables
is carried out by means of a complementary formalishe dissipation potential. The
dissipation potential (or dissipation pseudo-pao&his expressed as a continuous function in

which the state variables are introduced as pamsiet
$=¢(F.V,.0/6) (1.50)
Then, considering that the thermodynamic forcestla@ecomponents of thelg vector, the

complementary law can be expressed as:
w08 a0 g

ToE v, U7 a(a/e) (1.51)
Finally, the Clausius-Duhem inequality can be rexduio a dissipation expression as:
y=®_ +®.20 (1.52)
where J is the dissipation,
o =m:F-A_V, (1.53)

is the intrinsic dissipation (or mechanical dissipa), and
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1
CDT =_5qODX0 (1'54)

is the thermal dissipation by conduction.

1.3.2.3. Heat transfer
The heat transfer by conduction is a way of inneathpropagation, independent of the

movement, associated with the thermal gradientdenghe continuum medium which is
characterized by Fourier's Law:

g, =-K, 08, (1.55)
where

K, =FKF (1.56)
is the conductivity tensor in the initial configtican, andK is the Euler conductivity tensor.
In the isotropic case, this one reduceKte «l , wherek is the material conductivity factor.
Inserting the specific internal energy rate exprdss mixed formulation, after a series of
straightforward derivations using Eqgs. (1.45) ahd?), as:

2
é:in:F+iAk:Vk—H(a—n:F' +%:ij—96—¢;9 (1.57)
foX o 06 06 06
into the standard formulation of the first thermodsnics law, Eqg. (1.37), leads to the heat
equation:
. . onr - 0A .
Co=-A :V, +pf — F+—X:V, [+r+K (16 1.58
e k- Vit O {06’ FY: kjl xHx (1.58)
whereC is the specific heat per unit mass:
2
C(F.6,V,)= —egéf (1.59)

1.3.3. Hyperelastic models

The hyperelasticity is the capability of a matet@lexperience large elastic strains due to
small forces — nonlinear behavior — without lositsgoriginal properties. An elastic material
is hyperelastic if there is a scalar function —ated byW and called strain energy function —
such that:

T=2W (1.60)
9B

in the current configuration,
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s=2W (1.61)
oC
in the reference configuration, and
n=W (1.62)
oF

in the mixed configuration.

1.3.3.1. Statistical mechanics treatments

The statistical mechanics approach begins by asgumistructure of randomly-oriented
long molecular chains. In the Gaussian treatmehgnadeformation is applied, the chain
structure stretches and its configurational entrdggreases. If one considers the deformation

of an assembly af chains by a principal stretch sta(tq,/lz,)l3) and the deformation is such

that the chain length does not approach its fully extended lengthN being the number of
connected rigid-links in a chain ahdhe length of each link, then the elastic straiergn

function can be derived from the change in configonal entropy:
W= % nkO(AZ + 2+ 12 -3) (1.63)

wherek is Boltzmann's constant. At large deformations neliebegins to approachl, the

non-Gaussian nature of the chain stretch mustkentato account. Kuhn and Grun (1942)
accounted for the finite extensibility of chainetth using Langevin chain statistics which
account for the effect of the relative chain lengththe configuration available to the chain.

The resulting non-Gaussian force-extension relahgnfor a chain is given by:

—ﬁ -1 L :ﬁ 1 L
f= | L (NI) I L (mj (1.64)

where £ is the inverse of the Langevin function given by:

£(B)=coth(B)- 1B (1.65)
Assuming a representative network structure (Figlu®6), to link the chain stretch of
individual chains to the applied deformation, itpsssible to incorporate the non-Gaussian
relationship into a constitutive framework. The ratsddiffer in how the chains deformation is
related to the deformation of the unit cell.
In the 3-chain model (James and Guth, 1943), tlastdeform with the cell and the stretch
on each chain will then correspond to a princigedteh value. The resulting strain energy

function is given by:
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W_n_ke\/_Z(/],G+\/_ln( hﬂD (1.66)

where B :fl(/\ /m) In the 4-chain model (Flory and Rehner, 1943§ tbtrahedron

deforms according to the imposed deformation amdctiins deform accordingly with the

interior junction point displacing in a non-affineanner such that the equilibrium is satisfaid.

(a) (b)
( l
{ W
Jﬁ" Ya'y @
(d)

(c)
Figure 1.36. Non-Gaussian networks: (a) 3-chainehdt)) 4-chain model, (c) 8-chain
model, and (d) full network model. Each model ipideed in its undeformed and deformed
state.

This model provides a more cooperative network mheédion than the 3-chain model as the
chains stretch and rotate with deformation; howeWee individual chain stretch-applied
stretch relationship is obtained by iterative methdn the 8-chain model (Arruda and Boyce,
1993), the chains undergo tensile stretching forimmposed deformations and also rotate
towards the principal axis of stretch mimicking,an average sense, what would be expected
in the cooperative deformation of a real networkeo the symmetry of the chain structure
the interior junction point remains centrally logatthroughout the deformation and the

resulting strain energy function is given by:

= nI@x/_N{,GCh/]mh/_l\lln( h,6’ ﬂ (1.67)
where 3, =[1(/10h/\/ﬁ) and
A, = E(/]f F A2 +A§)Tl2 (1.68)
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is the stretch on each chain in the structure.hin full-network model (Wu and van der
Giessen, 1993), the chains are assumed to be réydastributed in space and to deform in
an affine manner. The strain energy function isntbloy integrating over the stress-stretch

response of all chains.

1.3.3.2. Invariant-based and stretch-based continuum mechanics treatments

The continuum mechanics treatment of rubber elfstis based upon dependence
between the strain energy density and stretch neaa more of the three invariants of the
stretch tensor, Egs. (1.21), (1.22) and (1.23). €lastomer is often approximated to be

incompressible, thus, =1 and does not contribute to the strain energy. derisg out this
dependence relation, Rivlin (1948) proposed onegegmepresentation &¥ given by

w=> G (L-3)(1,-3 (1.69)

i,j=0
where C; are material parameters. By keeping only the fesn of the Rivlin expression, it
returns,
W=C,(1,-3) (1.70)

which is often called the Neo-Hookean model — nibigt Eq. (1.70) is the continuum
mechanics equivalent to the Gaussian model, E§3)1where C,=nkd/2. The often

referred to as Mooney-Rivlin model is obtained Beging the second term of the Rivlin

expression:

W =Cy(1,=-3)+Cy(1,-3) (1.71)
This equation was first derived by Mooney (1940)deyermining an expression for the strain
energy that would provide a constant modulus irashee. a modulus that did not depend on

the shear strain. The apparent success in capta@wptions from the Gaussian/Neo-

Hookean model in uniaxial tension is, perhaps, ribgponsible of the popularity of the
Mooney-Rivlin model. Several researchers have imglder order terms i, and, in some
cases|l,, to account for the departure from neo-HookeangGian behavior at large stretches
— as for the Gaussian model, at large deformatiom,real stress-stretch behavior departs
significantly from that predicted by the neo-Hookeaodel. Using higher ordek, terms,
Yeoh (1993) proposed a strain energy function,

W =Gy (1,-3)+ Cy( 1,3+ Cy( 1,-3° (1.72)
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that has been shown to work well in capturing défe deformation state from moderate to
large deformations. An alternate high ordemodel has been proposed by Gent (1996):

=-Epp[1-2
W= 6In(l 3 j (1.73)

oe]

whereE is the small-strain tensile modulu, = (1,-3) and J,, denotes a maximum value

for J, accounting for the limiting extensibility. Thetoeal logarithm term can be expanded
to yield to the following formulation:

:%{Z e _3)“1} e
which is a form of the Rivlin expression, with abhefficients, C,,, now related to the two
material parameter® and J_, . Considering that the aforementioned 8-chain m¢&eiuda
and Boyce, 1993), i$,-based since it is a function of chain stretth, which is equivalent

to ,/1,/3, then a invariant-based form can be formulated:
w=>¢c(1-3) (1.75)
i=1

where theC are all determined a priori as functions of theerial propertiesr andN. The

success of the higher ordér continuum mechanics models is due to their minigkihe

physics of successful non-Gaussian statistics rsaitiels providing the connection between
the higher order continuum models and the staisticechanics models — similar to the neo-

Hooken model being equivalent to the Gaussian maddek caution regarding the use of
phenomenological higher ordér continuum mechanics models is that the constdmisen

must result in physically realistic and stable ¢idusve responses in all deformation states —
one judicious choice would be to choose all cogdfits to be positive-valued.

Strain energy density functions based on the praicstretches, as opposed to the stretch
invariants, have also been proposed by severalsiigators. Valanis and Landel (1967)

proposed a strain energy function related withpitiecipal stretches:

W= w(4) (1.76)

3
i=1
The functionsw(/li) are experimentally obtained. Following a similggpeach, Ogden

(1972) proposed a strain energy function in terimziocipal stretches:
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W :E%Wn + A2 + A7 -3) (1.77)

n

where 4, and a,, are data-fit constants.

Statistical mechanics models which account for itba-Gaussian nature of the molecular
chain stretch together with and effective or repnégtive network structure provide the most
predictive model of the larger strain behavior undifferent states of deformations.
Furthermore, the physically based foundation of ttm-Gaussian statistical mechanics
network models provides a constitutive law thaturezs only two material properties — the

network chain densitg, which is determined from the small strain behgvamd the limiting

chain extensibility\/ﬁ, which is determined from the behavior at largaist Besides, the
continuum mechanics invariant-based constitutivelel® are equivalent phenomenological

representations of the microstructurally basedssiedl mechanics models — the first invariant

I, is correlated with the average chain stretch énrtbtwork model. Strain energy expressions

which contain a polynomial series iR including higher orderl, terms capture the non-
Gaussian nature of the network stretch behaviodewtlun the other hand, strain energy
expressions which contain the second invarianttretch |, should be used with caution —

results are stiffer in certain types of deformation
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Chapter 2. Fatigue response of filled rubbers

CHAPTER 2. FATIGUE RESPONSE OF
FILLED RUBBERS

2.1. PRE-STRETCH DEPENDENCY OF THE CYCLIC
DISSIPATION IN CARBON-FILLED SBR38

This Part of the Chapter 2 explores the inelastic fatigue process in filled rubbers using the internal state
variable theory. The theory is used to qualitatively and quantitatively analyze the complex history-dependent
cyclic response of filled rubbers, but also to reveal the underlying physical mechanisms. Experimental
observations are reported on a styrene-butadiene rubber (SBR) containing different amounts of carbon-black and
cyclically loaded under a wide range of pre-stretch levels. The effects of pre-stretch and filler content on the
carbon-filled SBR history-dependent cyclic response, characterized by stress-softening and hysteresis along with
dissipative heating, are examined. The intrinsic dissipation, regarded as a consequence of two types of
rearrangements in the rubber-filler material system, i.e. viscoelastic and damage mechanisms, is quantified and
used to propose a plausible explanation of the underlying inelastic fatigue mechanisms consistent with our
experimental observations.

Keywords: Filled rubbers; cyclic dissipation; pre-stretch.

8 This Part of this Chapter is based on the following paper: Qiang Guo, Fahmi Zairi, H. Baraket, M.
Chaabane, Xinglin Guo, 2017. Pre-stretch dependency of the cyclic dissipation in carbon-filled SBR.
European Polymer Journal 96, 145-158.
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2.1.1. Partial introduction

Rubbers have a wide range of engineering appligsitisuch as tires, dampers and hoses,
and may be cyclically loaded under typical opetonditions (Ward, 1985). While many
fatigue life predictors were proposed in the litera for rubbers (Mars, 2002; Wang et al.,
2002; Saintier et al., 2006; Verron and AndriyaP@08; Brunac et al., 2009; Ayoub et al.,
2011a, 2012, 2014a; Zarrin-Ghalami et al., 2013n@coin et al., 2014), the study of the
coupling between the different underlying inelagéitgue phenomena is less common. The
physical essence of the fatigue process is ataibtt the damage accumulation within the
materials, interpreted as the irreversible charajethe microstructure towards degradation
and failure. In rubbers, the viscoelastic effectsynplay an important role in the fatigue
process and both irreversible and reversible nétwearrangements are involved (Derham
and Thomas, 1977; McKenna and Zapas, 1981). Ruhiserd in engineering applications
tend to contain a large concentration of fillerspdirsed in the rubber matrix in order to
improve the mechanical properties and reduce tise ¥dhile unfilled rubbers exhibit quasi
purely elastic response, filled rubbers exhibitomplex history-dependent cyclic response
characterized by stress-softening, residual stead hysteresis (Mullins, 1948; Houwink,
1956; Bueche, 1960; Kraus et al., 1966; Kraus, 128h, 1996; Marckmann et al., 2002;
Laiarinandrasana et al., 2003; Hanson et al., 20@agnon et al., 2006; Ayoub et al., 2011b,
2014b; Diaz et al., 2014) along with dissipativeatireg (Gough, 1805; Medalia, 1991,
Meinecke, 1991; Samaca Martinez et al., 2013; @vRbtdas et al., 2015a, 2016). The fatigue
analysis of filled rubbers necessitates to consither evolution of this set of inelastic
phenomena with the cyclic loading history since fdigue process is inevitably related to
cyclic loading histories. Moreover, these inelagitects usually appearing together should
not be examined separately of each other but insémse of a coupling. Establishing this
coupling is an open issue to be addressed.

In cyclically loaded filled rubbers a heat quantitay be generated and lead, depending on
the heat removal rate, to a temperature increnfdrd.heat energy dissipated during a cycle
originates from the conversion of a large parthaf tnechanical energy dissipated because of
a stress difference between unloading and relogshiigs. The latter, referred to as hysteresis,
is due to the presence of a viscous stress componethe rubber-filler medium which
deviates from the purely elastic stress. Sincehysteretic response and the purely elastic
response are temperature-dependent, the heatupidgnerated in the viscoelastic medium
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may evidently influence in turn the viscoelastispense. In light of the significance of the
thermo-mechanical coupling to rubber mechanicglarse, it is surprising to find only a few
thermo-mechanical constitutive models presentdtienliterature (Ovalle-Rodas et al., 2013,
2014, 2015a, 2016; Meo et al., 2002; Reese, 2088nke et al., 2016; Johlitz et al., 2016; Li
et al., 2016).

Nevertheless, from the basic viewpoint of the cmmim thermodynamics, all the
irreversible microstructure motions occurring iresithe rubber-filler material system during
the fatigue loading process can induce energy m#en. The underlying physical
mechanisms include the fatigue damage mechanisntd whnrecoverable network
rearrangement towards degradation and failurealsot other physical mechanisms related to
the hysteretic response due to recoverable netngaikangement. Since it is infeasible by
means of the existing experimental methods to iffeanhd directly measure these network
rearrangements which may take place at any locatidine rubber-filler material system and
at any time of the fatigue process, some macroscapiantities associated with
microstructure evolution may be employed as ingicatof the viscoelastic and damage
effects, respectively. In this contribution, théeimal state variable (ISV) theory, serving as a
profound basis for the development of thermo-meidahiconstitutive models (Ovalle-Rodas
et al., 2013, 2014, 2015a, 2016; Meo et al., 26&Ese, 2003; Behnke et al., 2016; Johlitz et
al., 2016; Li et al., 2016), is adopted to investegthe inelastic fatigue process in filled
rubbers. The basic idea behind the ISV theoryas tiine thermodynamics state of the material
is defined by expanding the dimensions of the stptice of deformation and temperature,
referred to as external state variables due ta theasurability and controllability, by the
addition of state variables, ISVs, describing thierastructure changes and associated with
the dissipative effects (Coleman and Noll, 1963;eRi1971; Horstemeyer and Bammann,
2010). A similar approach was adopted very recdmlyoukil et al. (2018). The ISV theory
provides a feasible way to qualitatively and guatitiely analyze the complex history-
dependent cyclic response of filled rubbers, bsib & reveal the underlying inelastic fatigue
mechanisms. The application is performed on a sé/mitadiene rubber (SBR) containing
different amounts of carbon-black and cyclicallpded under a wide range of pre-stretch
levels.

This Part is organized as follows. Section 2.1tBoufuces the thermodynamic framework
including the dissipation concept and the ISV tige&ection 2.1.3 presents the materials and
the experimental methods. Section 2.1.4 presends distusses the experimental results,
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especially related to the dissipative effects amidigg a plausible explanation of the

underlying physical mechanisms. Concluding remarksfinally given in Section 2.1.5.

2.1.2. Theory

2.1.2.1. Thermodynamic framework
According to the basic viewpoint of continuum thedynamics, the fatigue process can
be explored as an irreversible thermodynamic psyaekich is accompanied with the internal
microstructure evolution, and has to satisfy thet find second laws of thermodynarhics
The first law of thermodynamics requires the foliogv energy balance equation to be
satisfied®:
pe=S: E-00 (2.1.1)
where 0 is the mass densitye is the specific internal energys is the second Piola-
Kirchhoff stress tensor: is the Green-Lagrange strain tensor afd is the divergence of
the Piola-Kirchhoff heat fluxg.
The second law requires that the Clausius-Duhenqueléy is satisfied:
n=ps$-00-q/T)=0 (2.1.2)
where s is the specific entropyT is the absolute temperature amdrepresents the entropy
generation rate being equal to the difference betwtbe change rate of the entropg and
the divergence of the entropy floil ({~q/T). Thus, to assure that the process is
thermodynamically admissible, the entropy genenatades; should be non-negative at every
instant, and it may be in turn additively splitaritvo parts:

/7:pS+[]T—m+qD]](%j20 (2.1.3)
%,_/

—_
h n,

in which the first partp, is due to the irreversible energy conversion, sashfrom the
mechanical energy to the thermal energy, and tbensepart;, is due to the heat flowing in

non-uniform temperature fields.

° In all that follows, scalars are denoted by noritaicized letters; vectors are denoted by itakd boldfaced
letters; tensors are denoted by normal boldfacierte and the dot on the letters denotes the dieneative.
1% The volumetric heat supply is neglected in thstfind second laws of thermodynamics.
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Combining Egs. (2.1.1) and (2.1.3), we obtain thiéotWing hybrid inequality for the total
energy dissipatio which may be correspondingly split into two parts:

d=S:E-peé+pTs+0 Tl{-q/ )20 (2.1.4)
T S S

in which the first partd, represents the intrinsic dissipation induced lyitfeversible energy
conversion and the second paif represents the thermal dissipation induced by the

irreversible energy flow.

A stronger constraint can be then imposed by assyithiat the two parts, andd, satisfy

the dissipation inequality separately. Therefore,can write the hybrid inequality (2.1.4) in

the following form:
d, =S: E-pe+pTs20 andd, =0T {-q/T) =20 (2.1.5)
which requires that the dissipations and d, are non-negative at any particle of a

deformable body and at all times during the fatitpagling history.

The existence of a free energy functign, a special form of the Helmholtz free energy
potential, is postulated via the Legendre transédrom:
Y =e-Ts (2.1.6)

Subsequently, the intrinsic dissipatidnin the inequality (2.1.5) can be re-written as:

d,=S:E-py-psT=0 (2.1.7)

2.1.2.2. Recoverable and unrecoverable network rearrangements

The history-dependent effects in filled rubbers olres two types of network
rearrangements, i.e. the recoverable rearrangenmahicing viscoelasticity and the
unrecoverable rearrangement inducing damage. Téwsprtypes of network rearrangements
remain imprecisely understood as multiple plausis@lanations have been proposed to
explain the origin of the different history-depenteffects. The most popular, namely the
Mullins effect (Mullins, 1948), is trivially attriled to chain scission mechanism
(Marckmann et al., 2002; Chagnon et al., 2006; Ayeual., 2011b, 2014b) within the rubber
matrix. The scission of short chains is believetbécactivated at stretch values greater than a
maximum obtained in the previous deformation hist@uring the first extension due to the
Mullins effect, short chains reaching the limit thieir extensibility breakdown along with
some weak molecular interactions between chains. ddgradation in stress resulting from

the fatigue loading history has the same origimttheat resulting from the first extension due
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to the Mullins effect, but with a lower intensity & is extended over time. Short chains being
stuck between entangled chains progressively borakdesulting in the progressive stress-
softening. At each cycle, some entanglements betvebains split open and some short
chains being stuck between them breakdown, unél degradation is totally consumed
leading to the stabilization of the stress (Ayoulale 2011b). Although this set of plausible
fatigue damage mechanisms (i.e. disentanglemectiahs, fatigue of weak bonds and chain
scission but also break of chemical cross-links)y nexplain the progressive stress
degradation in pure rubbers, it does not consideriiteraction with the fillers. Especially
considering the fact that inelastic effects are monore present in filled rubbers than in pure
rubbers. Over the time, various competing viewsewmoposed to explain the origin of the
Mullins effect by involving the filler: breakage short chains between two filler aggregates
(Bueche, 1960), chain "slipping" over the fillerrfaice (Houwink, 1956), rupture of filler
aggregates (Kraus et al.,, 1966) and chain diselsiangmt between two filler aggregates
(Hanson et al., 2005). In carbon-filled rubberg, size of the carbon-black filler is generally
very small (less than 100 nm) but aggregates whkixgecan reach a few microns can form
during the production process and influence thegngth (Ovalle-Rodas et al., 2015b) or
fatigue (Ovalle-Rodas et al., 2015a, 2016). Expental evidence via electrical resistivity
measurements (Kraus et al., 1966; Pramanik el @92; Diaz et al., 2014) showed that the
increase in the filler concentration in carbonefillrubbers leads to the development of a filler
network across the rubber matrix and a higher nurobénter-aggregates links. The higher
electrical resistivity observed in pre-stretchedboa-filled rubbers in comparison to virgin
ones may be explained by the rupture of inter-aggges links during the cyclic loading,
beginning with the weakest links and progressirtg the strongest ones. As the carbon-filled
rubber is in a deformed state, the filler aggreg&em new links in new positions, which are
again broken and then reformed in other positidns.conclusion, all these network
rearrangements may contribute to the hystereticga®y which is associated with energy
dissipation at the macroscopic scale. Furtherrgelpart of the dissipated mechanical energy
due to the hysteretic effect is converted intoigestsve heating which manifests itself in the
form of a change in temperature.

The dissipation of energy, and especially the nstd dissipation, are closely associated
with these irreversibléhermodynamic processes involving recoverable ameaoverable
rearrangements in the rubber-filler material systdime ISV theory is used to accurately
describe the thermodynamic response of filled rubbeder fatigue loading. The free energy

62

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

2.1. Pre-stretch dependency of the cyclic dissipation in carbon-filled SBR

function ¢ is regarded as a thermodynamics function deperating number of independent
state variables:

¢ =y (T.E.a.B) (2.1.8)
It includes not only two external state variablié®g absolute temperatuiie and the Green-
Lagrange strain tensdt , but also ISVs represented by the two vecwrand £ . Although
introduced in the free energy function as macroscqpantities, the two ISVs are actually
related to the irreversible movement of the intermacrostructures and describe the
deviations from thermodynamic equilibrium. More dfieally, a is related to the
recoverable network rearrangement inducing vissbielty, such as the move of free chains
included in the relaxed netwdrk the viscous friction between fillers and matriilérs, and
the breakdown and rebound of inter-aggregates,linkile S is related to the unrecoverable
network rearrangement inducing damage, such ashti@ scission and the permanent filler
aggregate rupture. Nevertheless, it should be nittadthe recoverable and unrecoverable
network rearrangements are two relative concepisertient on the loading condition,
especially on the load time-scale. By insertingtthree derivative of the free energy function

Y by means of the chain rule of differentiation:

0y Oy - Oy . Oy
= T+ E+ Lér + 2.1.9
v oT oE oa 0B # ( )
into the inequality (2.1.7), the intrinsic dissipgt d, can be re-written as:
oy 61//} oY
d, =|S- E- T- 0 2.1.10
( PoE j p( 3T Poa ﬂ 9 > ( )

Applying the Coleman-Noll procedure (Coleman andl,NI®63) to the inequality (2.1.10),

we can obtain the constitutive relationships:

oy oy
S= s=-2¥ 2.1.11
PoE" T ( )

and a residual inequality indicating that the mgic dissipationd, can originate from two

types of network rearrangements, i.e. viscoelas#@chanisms and damage mechanisms:

. : oy azp
d =Al&+B[B=0, A=—p——, B=- 2.1.12
A (B paa a,a ( )

1 A physical interpretation of the viscosity in ar@uubber is due to the chain reptation conceptirfign its
origin from the relaxation of a single entangledichin a polymer gel (de Gennes et al., 1971). Thiscept
attributes the origin of the viscosity in a puréblvar to the slow return of free chains to a moraxes
configuration when the rubber network is in a defed and relaxed state.
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where A and B are the thermodynamic conjugate vectors @orand 3, respectively, and
they can be interpreted as the internal non-eqiulib forces that drive the material towards a
thermodynamic equilibrium state, thus being reféteeas generalized thermodynamic forces.

Correspondingly, the change rates of the interaailables,& and 8, can be taken as the

generalized thermodynamic fluxes. Therefore, tienisic dissipationd, is actually equal to

the total amount of the two types of internal thedynamic works, namelyALé&r and B3,
related with the recoverable and unrecoverable or&twearrangements, respectively. Due to
the fact that the irreversible thermodynamic preessn the rubber-filler material system are
coupled with each other, we cannot conclude that Atir and B3 are simultaneously
positive. As a matter of fact, a negative intert@rmodynamic work is probable during the
fatigue process, which means that this internalkwerstored as thermodynamic potential
energy by means of the corresponding network regements.

Based on these constitutive relations and applshegchain rule of differentiation, a coupled
energy balance equation is deduced from Egs. (2ahd (2.1.7) in two alternative forms:

PCT=d-00+h +h, (2.1.13)

S:E-d, =pe-pCT+h +h, (2.1.14)

where C is the specific heat capacity at deformation amdrnal variables fixedz , is the
structural thermoelastic heating (cooling),, is the heating (cooling) induced by the

coupling effect between the temperature and tlegnat variables:
0s 0S . 0A _ oB _.

C=T=,h,=T—:E, hi,=T—r+T— 2.1.15
aT " " oT ! T aTDB ( )

2.1.2.3. Dissipations

Let us consider a flat and thin specimen with astamt cross-section subjected to a
constant-amplitude cyclic loading. In this cases ttmperature variations are relatively low
(Ovalle-Rodas et al., 2013, 2014, 2015a, 2016).WNetherefore assume that the fatigue-
induced temperature variations have no influencéhennetwork rearrangements. Naturally,
this assumption is quite reasonable as long aslidsgpative heating does not reach a very
high level. Hence, the non-equilibrium thermodynanibrces can be considered to be

temperature-independent:

9A_y B, (2.1.16)
aT ' aT
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Also, the specific heat capacity is considered asrstant independent on the state variables,
l.e. C = C,. Based on these assumptions, Egs. (2.1.13) ahd 42 become:
oC,T=d -0+, (2.1.17)
S:E-d,=pe-pGT+h, (2.1.18)
The integration of Eq. (2.1.18) over complete cycles with the loading frequenfyygives:

Ne

D-d =" (pe-pGT+n,) di (2.1.19)

in which D is the average mechanical dissipation ands the average intrinsic dissipation

given, respectively, by:

[‘)zn—lcﬁ(s: E)dt andalzéjﬁdldt (2.1.20)

0

Considering the fact that the accumulation of trermoelastic heating, over one complete

cycle is imperceptible, the right term of Eq. (29). may be simplified:
12 A o P
EJOfL (0e-pGT) dt—E( e g- &) (2.1.21)

in which g, is the initial internal energy and =T - T, is the average temperature variation
of the specimen gauge zorg, being the initial temperature.

Applying the first order Taylor series approximation the specific internal energy
e=¢ T.E.a,B) leads to:

_ % 1)+ 28 (E_E )+ 28 g—a )+ -
e=& = or (T~ W op (BB Ma-an)+ 215 -5) (2.1.22)

Recall that only the constant-amplitude cyclic iogdis treated here, and the internal state
variable @ characterizes the recoverable network rearrangenmeluced by the cyclic
loading and thus changing with it. Consequentligrabne complete cycle, the state variables
E and a will return to their original values, i.eE=E, and a =a,. Considering
06/0T=T(0g0 T)= G and de/of=0y/0Bf=-(B/p), Eq. (2.1.19) may be further

simplified as:

S—le_n—B(ﬁ—ﬁo) (2.1.23)

C

Since the internal state variabf@ is related to the unrecoverable network rearramegenit

can be concluded from Eg. (2.1.23) that the diffeee between the average mechanical
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dissipation[_) and the average intrinsic dissipatian characterizes the process of the fatigue

damage evolution.

Moreover, on basis of Eq. (2.1.17), a local zemoatisional thermal equilibrium equation

was proposed by Boulanger et al. (2004):
pco(9+€J:hte+dl

r (2.1.24)

where r is a time constant characterizing the heat exclmmgfethe zone with the

surroundings.

Considering that the time integral of the tempewatahange rate is equal to the final

temperature increment and again that the accuroolati the thermoelastic heating, over
one complete cycle is imperceptible, the averagensic dissipationd, over the cyclic

loading process can be calculated by processintgthperature data:

g=Cg +111
d, = (eﬂrjo H(t)dt] (2.1.25)

n

C

whereg, is the temperature increment at the end of thécclpading historyn, .

2.1.3. Experiments

A series of fatigue tests were achieved on cariil@dfSBR containing different amounts
of carbon-black in order to gain insight into pteech and filler content effects on the

different cyclic history-dependent effects.

SBR15 SBR25 SBRA43
SBR 100 100 100
Carbon-black 15 25 43
Processing oil 37.5 37.5 37.5
Antioxidant 55 55 55

Zinc oxide 5 5 5
Accelerators 4 4 4
Stearic acid 3 3 3

Table 2.1.1. Compound formulation (value in phrwigight).

2.1.3.1. Materials and specimen

Rubber sheets, produced by compression mouldinge wapplied by the Trelleborg

Group. The investigated rubber is a sulfur-vulcadi&BR filled with three different amounts
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of carbon-black15, 25 and 43 phr (part per hundred of rubber iightg denoted by SBR15,
SBR25 and SBR43, respectively. The details abautctmpound formulation, provided by
the manufacturer, are given in Table 2.1.1.

Dog-bone shaped specimens were cut from the rutimsts with a thickness of 2 mm.
Although material isotropy is expected, the speasnere cut along the same direction. The
specimen dimensions are given in Figure 2.1.1.Sfezimen gauge zone allows locating the
highest strain in this region and, as a consequetite highest temperature increase.

Furthermore, its small thickness allows avoidinggh temperature gradient in the transverse
direction.

Lo

(@]
——ﬁ/Lu.w—» e
2
15.0

75.0C

Figure 2.1.1. Specimen geometry (dimensions in mm).

2.1.3.2. Methods

2.1.3.2.1. Mechanical measurements

The fatigue tests were performed with the helproélectro-pulse testing machine Instron-
5500 and consist in three loading steps as illtesdran Figure 2.1.2.

Stretch

3 mirznutesé 500 'é:ycles

Time

Figure 2.1.2. Stretch vs. time, stage I: ramgd#g, stage Il: relaxation period with hold time
of 3 minutes, stage llI: cyclic loading.
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The stretch was first ramped to the prescribed mum value) . After a hold time of 3

minutes guarantying thermo-mechanical equilibriting, stretch was ramped, repetitively, to

a maximum valuei . and then ramped down to the minimum valyg , load and

X

displacement versus time being recorded duringcijadic tests. The same absolute axial
strain rate was imposed to the loading and unlapgaths. The pre-stretch dependency was
quantified using the ratio between the minimum moplistretch 4, and the maximum

applied stretch _, defined as:

R=Zm ~1 (2.1.26)
Amax_l

Five stretch ratios were considerd®l:= [0.286, 0.444, 0.545, 0.615, 0.667], in whicle th

stretch amplitudei, =1, .- 4, iS set to be the same. All tests were performeahdtient

conditions. Unless explicitly otherwise stated, dneplitude and the axial strain rate arg =

1.25 andé = 1 s%, respectively.

2.1.3.2.2. Temperature-field measurements

Full-field surface temperature of the specimen gazgne was monitored by means of an
infrared camera Flir SC300 with the following matharacteristics: Spectrum response
ranged from 7.5 to 1@m, resolution of 320 x 240 pixel, sensitivity / NBTess than 25 mK
and image update rate of 9 Hz. The camera waseldadta distance of about 0.5 m from the
specimen surface in order to reduce the refleaeédhtion due to surrounding humidity. To
improve accuracy a dummy specimen made of the saaterial was positioned close to the
tested one to monitor the environmental changesfatiter to eliminate their effects on the
temperature data. In addition, the set-up was mhakea relatively closed space using a
special thermal insulation material to reduce tktermal radiation sources. The stored images
were post-processed to determine the temperatwieten in the region of interest of the
gauge zone. Thermal equilibrium is ensured by d tiole of 10 minutes before testing.
Pre-conditioning tests were initially run, wifR = 0, in which an overstretch of 1.0 at a
frequency of 1 Hz was applied for 15 cycles. The-gonditioning was applied, previous to
measurements, in order to eliminate the surfadee fthat appears in the specimen during
cyclic loading, which can alter the temperaturddfimeasurements because of the surface

emissivity variation.
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2.1.4. Results and discussion

2.1.4.1. Large-strain viscoelastic relaxations

The large-strain viscoelastic behavior is examimed-igure 2.1.3 in which multi-step
stress relaxations under a loading-unloading cyaee performed for the three carbon-filled
SBR materials. At each relaxation period, the sltres maintained constant during only 10
seconds. The figure provides a quantitative judgnanthe nonlinear response and the
material viscosity related to both the relaxatiesponse and the hysteresis loop, i.e. the stress
difference between loading and unloading paths. futhe strain-amplifying effect of the
fillers, the material becomes stiffer, the hystexdsop area gets larger and the strain-
hardening increases with increasing filler contéifte stress during the relaxation periods
seems to evolve towards an end, if the hold timeuiiciently long, corresponding to a
stabilized relaxed-stress, which is a function lué stretch level (Laiarinandrasana et al.,
2012). The stress evolution during the relaxati@riqus is much less marked in the
unloading path than in the loading one since thwuired time to reach the equilibrium
exceeds the magnitude of the applied hold time.

35

30

25

Stress (MPa)

1.0 12 1.4 16 18 2.0
Stretch

Figure 2.1.3. Multi-step stress relaxations undeading-unloading cycle (1: SBR15, 2:
SBR25, 3: SBR43).

The carbon-filled SBR history-dependence can be ealamined with the relaxation periods
of the stage Il of Figure 2.1.2. As an example, stiess evolution, normalized by the
maximum value, is presented for the SBR43 materidligure 2.1.4. It can be observed that
the normalized maximum stress depends on the pistievel. The higher the minimum
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stretch, the smaller the decrease in stress. Thistpetch dependency of the plots points out

the nonlinearity of the material viscosity.

Normalized stress

1. 1 1 1 L 1 L
0 20 40 60 80 100 120 140 160 180 200

Time (s)

Figure 2.1.4. Normalized stress under relaxatiorsR43 corresponding to stage Il of
Flgure 2.1.2 (1./1min = 1.1, 2:/1min = 1.2, B:Amin = 1.3, 4:/1min = 1.4, 5:Amin = 1.5).

2.1.4.2. Fatigue-induced stress-softening

The fatigue-induced stress-softening is shown gufé 2.1.5 for the SBR43 at different
stretch ratios material subjected to multi-steplicytests in which the stages Il and Il of

Figure 2.1.2 were repeated 5 times.

1.00

Normalized stress

" L I N 1 L I s
0 500 1000 1500 2000 2500

Cycle

Figure 2.1.5. Normalized stress under cyclic logdor SBR43 corresponding to stage Ill of
Figure 2.1.2 (1R =0.286, 2R = 0.444, 3R =0.545, 4R=0.615, 5R = 0.667).

The figure provides the stress evolution during skege Il normalized by the maximum
value. We firstly focus on the first block in whiehsubstantial decrease in stress is observed
during the first few cycles. Following this rapig¢aease in stress, the rubber undergoes a
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more gradual softening and tends towards a stabilstate for which there is no significant
change in stress. The degree to which the maisrgdftened depends strongly on the stretch
ratio. The smaller the stretch ratio experiencetdhduhe cyclic loading history, the softer the
stabilized response. The rapid initial decreassness, as well as the associated development
of a slight residual strain, is generally regardsda damage effect related to the irreversible
breakage of various types of bonds in the rubbéwvar (Mullins, 1948; Houwink, 1956;
Bueche, 1960; Kraus et al., 1966; Kraus, 1984; Lid896; Marckmann et al., 2002;
Laiarinandrasana et al., 2003; Hanson et al., 20Bagnon et al., 2006; Ayoub et al., 2011b,
2014b; Diaz et al.,, 2014). Due to their time-demgrtdmemory effects, the inelastic
phenomena in polymers can be recovered as longeiaga(Belbachir et al.,, 2010; Ben
Hassine et al., 2014) or inelastic volumetric eé8g@it Hocine et al., 2011; Zairi et al., 2008,
2011) are avoided. An illustrative example concehesplastic deformation in thermoplastic
polymers which can be recovered with heating. éndame way, it was reported in the review
of Mullins (1969) that the original stiffness ofldéd rubbers is partially or totally recovered,
very slowly at ambient temperature and very rapulith heating. At each block of Figure
2.1.5 the first few cycles invariably induce a ddesable decrease in stress which cannot be
attributed solely to the effect of the damage. étjea large portion of the initial transient
softening is recovered when one passes from orek idpanother. The recovery in fatigue-
induced stress-softening, which could increase thighmagnitude of the applied hold time of
the stage Il of Figure 2.1.2, can be only assodiatéth viscoelastic relaxations, i.e.
recoverable mechanisms. Therefore, the observabteedse in stress is believed to be
associated in part with unrecoverable breakageonfl® and in another part with recoverable
viscoelastic mechanisms. It can be also observadtiie portion of the recoverable stress-
softening diminishes with the block number. In &iddi, after the initial transient softening,
the stress tends further to recapture the samegsathat corresponding to the interrupted
cyclic test. This observation poses a challenggHerdevelopment of predictive constitutive
models. Although current theoretical works on theess-softening may contain the
underlying physical structure and damage mechanishey typically ignore the stress-
softening recovery which would require to consither material viscosity, significant in filled
rubbers as shown in the previous sub-section. ditiad to the move of free chains included
in the relaxed network and the viscous frictionwean fillers and matrix / fillers, during the
network rearrangement some broken chains may heftraned into dangling chains which
contributes to increase the material viscosity.
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The strain-amplifying effect of the fillers actstbaon damage intensity and on viscoelastic
relaxations. The dependence of both stretch ratibfiéler effects on the degree to which the

material is softened may be quantified by the sdfigg rate expressed by the following
parameter:

o=—=" (2.1.27)

in which 5, is the normalized stress at the end of the cyolding historyn, .

This parameter is plotted as a function of thetafreatio in Figure 2.1.6 such that a straight-
line fit adequately describes the results. Althoitghvalue is significantly amplified by the
filler content, the rate of the decrease in thgarameter with the stretch ratio is observed to

slightly vary with the filler content.
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Figure 2.1.6. Softening rate as a function of streatio (1: SBR15, 2: SBR25, 3: SBR43).

2.1.4.3. Dissipations

As introduced in the theory section, the mechandiatipation due to the hysteretic
process in the carbon-filled SBR cyclic responsa isonsequence of the internal network
rearrangements during the cyclic loading. Althougking an irreversible process in
thermodynamics, the rearrangement of the netwotkenrubber-filler material system leads
to both recoverable and unrecoverable mechanismaanAllustrative example, Figure 2.1.7
presents the hysteretic response for the SBR43rialas a given cycle of the stage Il of
Figure 2.1.2. The pre-stretch dependency of theehgsis loop area is evidenced in the figure.

The smaller the stretch ratio, the higher the lagga. The decrease of the loop area with the
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stretch ratio is mainly due to the nonlinear maleresponse which also induce a slight effect

on the shape of the hysteresis loop.

20 -

Stress (MPa)
P
T
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Figure 2.1.7. Hysteretic response att%g)cle for SBR43 (1R =0.286, 2R =0.444, 3R =
0.545, 4R=0.615, 5R = 0.667).

The mechanical energy dissipated during one hystelaop is quantified by its area. Figure
2.1.8 shows the evolution of the mechanical diggpawith the cycle number after reaching

different assigned pre-stretches.

18 15

14 T

Mechanical dissipation (kJ-m™)

|S|=1.019 Vs 4
i |S|=0.904 =55
I 1 n 1 n 1 L 1 i 1
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Cycle

Figure 2.1.8. Mechanical dissipation under cyaiading for SBR43 (1R = 0.286, 2R =
0.444, 3R=0.545, 4R =0.615, 5R = 0.667).

By virtue of the fatigue-induced stress-softenitigg hysteresis during the first few cycles is

much greater than that under subsequent steaayestalic loading. Indeed, as shown in the

figure the strongest decrease in mechanical digsipaccurs during the first few cycles.

Following this rapid decrease, the mechanical pét&n tends towards a stabilized state for

which the rate of the decrease with the cycledbseoved to decrease with the pre-stretch. In
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order to give an indication of the average meclanemergy dissipated during the cyclic

loading history, the mechanical dissipation is aged over all cycles via Eq. (2.1.20). The

average mechanical dissipatidﬁ is plotted as a function of stretch ratio in Feg@:1.9 such
that a straight-line fit adequately describes tmilts. It can be observed in the figure that the
slope, characterizing the stretch ratio dependeaicthe mechanical dissipation, increases
with the filler content.

Mechanical dissipation (kJ-m™)

2
025 030 035 040 045 050 055 060 065 0.70
Stretch ratio

Figure 2.1.9. Mechanical dissipation as a functibstretch ratio (1: SBR15, 2: SBR25, 3:
SBR43).
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Figure 2.1.10. Temperature increment under cyobcling for SBR43 (1R = 0.286, 2R =
0.444, 3R =0.545, 4R =0.615, 5R = 0.667).

When the carbon-filled rubber is cyclically loadgdsts of the applied mechanical energy are
converted into thermal energy which drives to agerature evolution within the material. As
illustrative examples, Figures 2.1.10 and 2.1.1dorethe surface temperature evolution
extracted in the specimen gauge zone with the tpe¢ch and filler content effects,
respectively.
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Figure 2.1.11. Temperature increment under cyobcling forR= 0.545 (1: SBR15, 2:
SBR25, 3: SBR43).

It can be clearly observed that an abrupt temperatcrease occurs in the beginning of the
cyclic loading and then the temperature tends abilste because of the equality of the
generated heat and the heat lost into the envirohimeglobal view at these results indicates
that there is a quite significant effect of the talmove factors on the stabilized temperature
which increases with the stretch ratio decrease waitidl the filler content increase. The

average intrinsic dissipatiod, was evaluated by processing the temperature dat&oy.

(2.1.25) and plotted as a function of the stretadiorin Figure 2.1.12 such that a straight-line
fit adequately describes the results. Indeed, ritrensic dissipation decreases with the stretch

ratio following a linear relationship for which tlséope increases with the filler content.

Intrinsic dissipation (kJ-m™®)
L}
w

2
025 030 035 040 045 050 055 060 065 0.70
Stretch ratio

Figure 2.1.12. Intrinsic dissipation as a functidrstretch ratio (1: SBR15, 2: SBR25, 3:
SBR43).
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The inherent inelastic fatigue mechanisms may beiest under the guidance of the
intrinsic dissipation estimation with the pre-stretdependency. The carbon-filled SBR has
different intrinsic dissipation mechanisms which,iatroduced in the theory section, may be
classified into two types, namely, viscoelastic hadsms corresponding to recoverable
network rearrangement and damage mechanisms conaigg to unrecoverable network
rearrangement.

The level of interactions between the chains arel filters, the chains and the fillers
themselves plays an important role in the viscoelamechanisms. Its degree depends,
respectively, on the rubber-filler interface, theim entanglement density (viscous friction
between chains), and the contact surface area éetiilers inside the aggregates (viscous
friction between carbon-black fillers). Also, asp&ined in the theory section, the
breakdown-rebound of inter-aggregates links coreplahis set of recoverable network
rearrangements. The latter mechanism is a progeegsocess, beginning with the weakest
links and progressing into the strongest ones.dddthe breakdown of inter-aggregates links
and the formation of new links in new positions dwo irreversible processes in
thermodynamics viewpoint, but the whole breakdoelmeund process may be considered in
a large part as a recoverable mechanism highlyrikgme on the load time-scale. The increase
in filler content is related to a higher numbeiirgér-aggregates interactions which leads thus
to a higher additional energy dissipated withiniheakdown and rebound of inter-aggregates
links, and, a higher viscous friction between carbtack fillers inside the aggregates.

We can illustrate these inelastic fatigue mechasidythe scenario presented in Figure
2.1.13. In the initial state (Figure 2.1.13a), filled rubber is represented by entangled chains
between two filler aggregates. It is believed ttieg application of a pre-stretch (Figure
2.1.13b) has for main consequences to decreagetiber-filler interaction (chain "slipping"
over the filler surface, desorption at the fillerface, bond breakage at the filler surfage
the chain entanglement density and the contactaseirarea between fillers inside the
aggregates. Therefore, the viscous friction degezzeases with the applied pre-stretch level
and, consequently, a higher pre-stretch impliesaget intrinsic dissipation. During the cyclic

loading (Figure 2.1.13c), some damage happens. believed that the chains between two

2 High resolution solid-state NMR experiments previdsights into the existence of mobility gradieintsilled
rubbers, through variations in the glass transitemperature as a function of the distance to itte urface
(Berriot et al., 2002, 2003; Boutaleb et al., 200d)e degradation of this perturbed region of charound the
fillers due the application of the pre-stretch istgmtially an additional cause of the weaker mditigr
interactions (Diaz et al., 2014; Boutaleb et 8002, Zairi et al., 2011).
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filler aggregates progressively breakdown, andhen meantime, a part of the breakdown of

the inter-aggregates links cannot be reformed ertithe scale of measurements.

(b)

(c)
Figure 2.1.13. Physical mechanisms in pre-stretciyetically loaded filled rubbers:
(a) initial network, (b) pre-stretched network goyinetwork rearrangement after pre-
stretched cyclic loading.

These two unrecoverable network rearrangementsilsotd to the intrinsic dissipation, but in
a lower extent than the recoverable ones in camist with our experimental observations.
Some of broken chains may be transformed into damghains and potentially contribute to
increase the viscous friction and, therefore, twaase the dissipation. The permanent filler
aggregate rupture acts as an antagonist mechamsm is leads to a lower contact surface

area and then to a lower energy dissipated. Theedge in dissipation with the cyclic loading
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as shown in Figure 2.1.8 is a sign that the permafider aggregate rupture dominates

among the two possible damage effects.

As a final point, the effects of stretch amplitudesl strain rates on the dissipations are
presented in Figures 2.1.14 to 2.1.16 for the theebon-filled SBR.

Mechanical dissipation (kJ-m™)

0.2 03 0.4 0.5 0.6 0.7
Stretch ratio

(@)

Intrinsic dissipation (kJ-m®)

02 0.3 0.4 0.5 0.6 07

Stretch ratio

(b)

Figure 2.1.14. Amplitude and strain rate effecstetch ratio dependency of SBR43
dissipations: (a) mechanical dissipation and (bjrisic dissipation (11, =1.25,£=1 st

2:2,,,=1.256=2553: ), =25¢6=18%4:) =25¢=25)).
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Intrinsic dissipation (kJ-m™)
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Figure 2.1.15. Amplitude and strain rate effecstmetch ratio dependency of SBR25
dissipations: (a) mechanical dissipation and (bjrisic dissipation (11, =1.25,£=1 st

2:2,,=1.25¢=2s53: ), =25¢6=1844:) =25¢=25s).

Both mechanical and intrinsic dissipations manif@gjood linear correlation with the pre-

stretch whatever the strain amplitude experienag@thg the loading history and the strain

rate. Higher strain amplitude or strain rate reswitamplified effects at the scale of the above

physical mechanisms and then in more dissipatiéinem these figures, it can be also
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observed that the mechanical dissipation is higien the intrinsic dissipation. In the theory
section, the difference between the two dissipatisias considered as a fatigue damage
indicator, but our experimental observations poutt a weak difference. That means that the
viscoelastic recoverable rearrangement is the dat@imechanism of the carbon-filled SBR

fatigue.
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Figure 2.1.16. Amplitude and strain rate effecstmetch ratio dependency of SBR15
dissipations: (a) mechanical dissipation and (bjrisic dissipation (11, =1.25,£=1 st

2:2,,,=1.256=2553: ), =25¢6=18%4:) =25¢=25).

2.1.5. Partial conclusions

The internal state variable theory was adoptedHerfirst time to investigate the inelastic
fatigue process in carbon-black filled SBR. Theotlyeaccounts for the two types of
rearrangements in the rubber-filler material byadticing the internal state variables related
to the recoverable rearrangement inducing visctelgs and the unrecoverable
rearrangement inducing damage. The intrinsic did®gip was quantified by considering the
respective influence of filler content and pre-tne level. The underlying physical
mechanisms, consistent with our experimental olagiens, are proposed by involving

plausible recoverable and unrecoverable rearrangsmethe rubber-filler material system.
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CHAPTER 2. FATIGUE RESPONSE OF
FILLED RUBBERS

2.2. A THERMO-VISCOELASTIC-DAMAGE
CONSTITUTIVE MODEL. FORMULATION AND
NUMERICAL EXAMPLES!

Cyclically loaded rubbers exhibit a complex history-dependent response characterized by fatigue-induced
stress-softening and hysteresis along with dissipative heating. The coupling between these different inelastic
effects usually appearing together is far from being fully established. In this Part of the Chapter 2, we present a
new thermo-viscoelastic-damage approach, in accordance with the thermodynamic principles, for the prediction
of this set of inelastic fatigue phenomena. An interpretation of the underlying physical mechanisms is proposed
in which two types of dissipative network rearrangements are considered, i.e. recoverable rearrangements
inducing viscoelasticity and unrecoverable rearrangements inducing damage. The recoverable viscoelastic
rearrangements are assumed to be induced by the move of entangled and non-entangled free chains
superimposed on a purely elastic perfect rubber network. Each population of free chains is considered to be the
main source of one aspect of the history-dependent mechanical cyclic features, i.e. stress-softening and hysteresis,
respectively. The thermo-mechanical coupling is defined by postulating the existence of a free energy in which
two internal state variables are introduced to account for the two types of dissipative network rearrangements.
Network thermal kinetics, induced by the dissipative heating, as well as network damage kinetics, induced by the
fatigue damage, are defined and used to alter the cyclically loaded perfect rubber network. The proposed
constitutive model is implemented into a finite element program and a parametric study is presented via
numerical applications on rubber structures in order to analyze the effects of key model parameters on the rubber
inelastic fatigue response. A focus is especially made on the respective influence of temperature, viscoelasticity
and damage on the rubber softening.

Keywords: Thermo-viscoelastic-damage coupling; fatigue; dissipative heating; rubbers.

13 This Part of this Chapter is based on the following paper: Qiang Guo, Fahmi Zairi, Xinglin Guo,
2018. A thermo-viscoelastic-damage constitutive model for cyclically loaded rubbers. Part I: Model
formulation and numerical examples. International Journal of Plasticity 101, 106-124.
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2.2.1. Partial introduction

Rubbers used in engineering applications are afyehcally loaded and exhibit a complex
history-dependent fatigue response characterizedabgue-induced stress-softening and
hysteresis along with dissipative heating. Estabilig the coupling between these different
inelastic fatigue phenomena, usually appearingtbegeduring the cyclic loading history, is
an open issue to be addressed.

The physical essence of the fatigue-induced ssefisning is generally attributed to the
network degradation, interpreted as an accumulatfdhe damage effects within the rubber
medium (Bouasse and Carriere, 1903; Mullins, 1$#8jwink, 1956; Bueche, 1960; Kraus et
al., 1966; Simo, 1987; Govindjee and Simo, 1991n&ktian and Huntley, 1994; Miehe,
1995a; Ogden and Roxburgh, 1999; Drozdov and Danfima001; Marckmann et al., 2002;
Laiarinandrasana et al., 2003; Chagnon et al., 200d6; Goktepe and Miehe, 2005; Hanson
et al.,, 2005; Dargazany and Itskov, 2009; Ayoulalet 2011a, 2014; Freund et al., 2011,
Lorenz and Kluppel, 2012; Dargazany et al., 2014te€of et al., 2016; Raghunath et al.,
2016; Khiem and Itskov, 2017; Makki et al., 2011gd®e and Kluppel, 2017). Paradoxically,
the partial or total recovery in stress-softeniimgeg significance of the viscoelastic effects
(Mullins, 1969; Derham and Thomas, 1977; McKenna Aapas, 1981; Guo et al., 2017). It
should be then recognized that the underlying glaygrocess in the fatigue of rubbers is
attributed to both unrecoverable damage mechanismd recoverable viscoelastic
mechanisms. In the meantime, cyclically loaded embbexhibit an hysteretic response,
manifested by a stress difference between loadmguamloading paths, and induced by the
presence of the viscous stress in the rubber medibioh deviates from the purely elastic
response. During the fatigue process, a largegfdte dissipated mechanical energy due to
the hysteretic effect may be converted into heatggnwhich manifests itself in the form of a
change in temperature (Gough, 1805; Medalia, 198dinecke, 1991). The temperature
increment generated in the viscoelastic medium magtently influence in turn the rubber
mechanical response due to its thermo-dependence.

A literature survey shows that there exists very é@ntributions dealing with the thermo-
mechanical constitutive modeling of polymers intspof the significance of the thermo-
mechanical coupling (Miehe, 1995b; Holzapfel anch&i 1996a; Lion, 1997, 2000; Khan et
al., 2006; Anand et al., 2009; Ames et al., 2009pzZdov and Christiansen, 2009;
Laiarinandrasana et al., 2009; Kim et al., 2010y&Stava et al., 2010; Zairi et al., 2010;
Bouvard et al., 2013; Krairi and Doghri, 2014, Liehal., 2014; Maurel-Pantel et al., 2015;
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Ovalle-Rodas et al., 2015a; Garcia-Gonzalez eR@lL7; Yu et al., 2017a, 2017b; Gudimetla
and Doghri, 2017). Most of these contributions dbconsider the change in temperature due
to dissipative heating. The situation is more caitifor cyclically loaded rubbers for which
the modeling of the thermo-mechanical responsebleas little investigated to date (Reese
and Govindjee, 1998; Boukamel et al., 2001; Meal ¢2002; Reese, 2003; Ovalle-Rodas et
al., 2013, 2014, 2015b, 2016; Dippel et al., 2@dhnke et al., 2016; Johlitz et al., 2016; Li
et al., 2016). In this Part | of the present twotgmper, we propose a thermo-viscoelastic-
damage approach, in accordance with the thermodgnamnciples, for the prediction of the
inelastic fatigue effects in rubbers. The inelafdiigue phenomena at the macroscopic scale
are assumed to be the consequence of two typestwbrk rearrangements, i.e. recoverable
viscoelastic mechanisms and unrecoverable damageamisms. The move of entangled and
non-entangled free chains superimposed on thea@élagtwork is considered to be the main
source of the history-dependent mechanical cycBatures, i.e. stress-softening and
hysteresis, respectively. The thermo-mechanicalplooy is defined by postulating the
existence of a free energy in which two internatestvariables are introduced to account for
the two types of dissipative network rearrangemefhiisthe thermo-viscoelastic-damage
coupling, network thermal kinetics and network dgm&inetics are defined and used to alter
the relaxed network during the fatigue loading pssc In the network alteration, both the
average chain length and the average chain desrgtyaken as functions of the temperature
and the fatigue damage. The proposed constitutaelris implemented into a finite element
code and a parametric study is presented via noaleapplications on rubber structures in
order to put in light the respective effects of kapdel parameters on the rubber inelastic
fatigue response.

This part is organized as follows. Section 2.2&spnts the main elements of the constitutive
theory. Section 2.2.3 is devoted to numerical exampnd the parametric study. Concluding

remarks are finally given in Section 2.2.4.

2.2.2. Model formulation

The rubber is constituted by a perfect network sungerimposed free chains as illustrated
in Figure 2.2.1. The perfect network consists oidanly distributed chains interlinked with
cross-links and is responsible to the entropicstasce to deformation. It is recognized that
the rubber viscosity is attributed to the slow retof the free chains to a more relaxed

configuration when the rubber network is deformédaahigh enough rate and then held
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constant in the deformed state (de Gennes, 197ilabeh Edwards, 1986; Bergstrom and
Boyce, 1998; Li et al., 2016).

Cross-linked chains Entangled free chains Non-entangled free chains

Figure 2.2.1. Decomposition of the rubber netwaitk ithree superimposed chain
populations

In the present model, the physical origin of tr&dny-dependent cyclic features in rubbers
is attributed to the move of both entangled and-emtangled free chains. The distinct
mobility degree of these two populations of fre@ink leads to distinct rates of relaxation,
and affects differently the different inelasticifaie phenomena at the macroscopic scale. The
three chain populations are supposed to particijpatieformation via the Taylor assumption,
i.e. the perfect network alignment is in parall@hathe free chains moving.

The following notation is used throughout the tekénsors and vectors are denoted by
normal boldfaced letters and italicized boldfacetters, respectively, while scalars and
individual components of vectors and tensors arete by normal italicized letters. The

superposed dot designates the time derivative.

2.2.2.1. Kinematics

Before the formulation of the fully three-dimensabiconstitutive theory, the kinematics is
briefly addressed in this subsection. Let us ficsinsider the rubber medium as a

homogeneous continuum body with the reference gordtion Q, and a current
configuration Q. The mapping of the initial position vectof of a given material point in
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the configurationQ, to the current position vectox :¢(X,t) in the configurationQ is
given by the deformation gradient tender

F=0,0 (2.2.1)
The time derivative of the deformation gradientstart is given by:

F=LF (2.2.2)
wherelL is the gradient tensor of the spatial veloaity d¢ /ot :

L=0v (2.2.3)
The multiplicative decomposition considers a comhgalp sequence of configurations as
proposed by several authors (Lee, 1969; Sidor&741Lu and Pister, 1975; Miehe, 1995b;
Holzapfel and Simo, 1996b; Lion, 1997). The muitative decomposition of the

deformation gradienFE is schematically illustrated in Figure 2.2.2.

Figure 2.2.2Multiplicative decomposition of the volumetric-idoaric and elastic-inelastic
deformations.

The volumetric-isochoric configuratio@ is related to both the thermal-induced dilatation
and the mechanical-induced dilatation of the cantm body. The volumetric-isochoric
response is described as the multiplicative decaitipn of the deformation gradient tensor

into an isochoric park, and a volumetric part,, as:

vl

F=F.F, (2.2.4)
in which the isochoric pa_ is given by:

F,=37F (2.2.5)
and the volumetric paft , is expressed, in the isotropic case, by:

Fo = 3" (2.2.6)

in which | is the unit tensor and = det(F) > 0 denotes the determinant of the deformation

gradient tensof.
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The isochoric parf_ can be in turn decomposed into stretching andioot@omponents:
I:iso = \/isoR iso (227)

The corresponding kinematic rate can be additidelsomposed as:

L=L o+l (2.2.8)
in which L __ is the isochoric part of the spatial velocity gesu tensorL :
L. =F.Fo (2.2.9)
andL , is the volumetric part of the spatial velocity gead tensorL :
Lot =Fief woF vo i;g:il (2.2.10)
3J

The elastic-inelastic configuratioﬁ is related to the obtained configuration during a
spontaneous virtual elastic unloading of the isochpart which can be written using a

multiplicative form and decomposed into an elagtid F, and a viscous pag, :
F., =FF, (2.2.11)

This multiplicative decomposition of the isochodeformation gradient tensat_ accounts

for the viscoelastic damping mechanisms due tgptksence of the superimposed entangled

and non-entangled free chains. The elastic parand the viscous paff, can be in turn
decomposed into stretching and rotation components:
F.=VR, (2.2.12)
F, =V,R, (2.2.13)
The viscous flow is assumed incompressible, i.e.dbrresponding determinat of the
viscous deformation gradiefy, is:
J, =det(F,)=1 (2.2.14)
Hence, using Egs. (2.2.5), (2.2.11) and (2.2.1%) determinant_ of the elastic deformation
gradientF, is:
J. =det(F,)=1 (2.2.15)
Introducing the elastic and viscous parts of theesponding kinematic rates leads to:
L =L .*+L , (2.2.16)
in which L _ is the elastic velocity gradient tensor:

L =FF (2.2.17)
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andL , is the viscous velocity gradient tensor:
L, =FFF.F* (2.2.18)
The viscous velocity gradient tensbr,, characterizing constitutively the history-depemde

effects induced by the free chains, can be furtlemomposed into a viscous stretching rate

D, and a viscous spin ratd, :

L, =D, +W, (2.2.19)
where:
D, :E(LV +L7) (2.2.20)
2
W, :E(LV -L7) (2.2.21)
2

in which the superscript indicates the transpose quantity.
During the unloading step, the viscous flow doesamange and remains frozen. With no loss
in generality, the viscous flow is assumed irratadil and, consequently the viscous spin rate

W, drops out (Gurtin and Anand, 2005):
W, = (2.2.22)

\

and Eq. (2.2.19) becomes:
L, =D, (2.2.23)

In addition, the different contributions of the hitgand left Cauchy-Green deformation

tensors,C=F'F and B=FF', are defined in the corresponding configurations:

Cio = FeFisor Biso = FisF o (2.2.24)
C,=J"1,B, =3 (2.2.25)
C.=F'F,, B,=FF] (2.2.26)
C,=FF,. B, =FF/ (2.2.27)

2.2.2.2. Stress decomposition
The Cauchy strese in the rubber medium is additively split into a waletric parto,
and an isochoric pag._ as:

IS0

c=0,+0, (2.2.28)

Iso

The volumetric Cauchy stregs,, is given by:
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g, =pl (2.2.29)

in which p is the hydrostatic pressure:
1
p =§trace(o) (2.2.30)

Hence, the isochoric Cauchy stress is expressed as:

0., =0-pl (2.2.31)
In line with our decomposition of the rubber netkydhe isochoric Cauchy stresg, may be
additively split into a relaxed pagt, and a viscous pag  :

O, =0;%t0, (2.2.32)

The relaxed party, originates from the entropic resistance to théegénetwork alignment,
and results in the purely elastic response, whetfeasiscous parg, originates from the

history-dependent movements of the free chainsrasdlts in the time-dependent deviation

from the relaxed state. Because they are relatéuketesochoric deformation gradieRt, and
its elastic partF, (also being isochoric), the two parts of the ismahCauchy stress,_, can

be considered as two traceless tensors:
tracg(oy ) = tracgo, ) = | (2.2.33)

2.2.2.3. Thermodynamics

According to the basic viewpoint of the continuumerimodynamics, the fatigue process in
the rubber medium is an irreversible thermodynapnacess accompanied with the internal
network rearrangements, and has to satisfy the dimd second thermodynamic principles.
The second thermodynamic principle restricts thasttutive model via the so-called

Clausius-Duhem inequality, written in the referenoafiguration, as:
P-e+ Tﬁ—%DDXTZO (2.2.34)

in which P is the stress powee is the specific internal energyer unit volume,; is the

specific entropy per unit volumey is the Piola-Kirchhoff heat flux,T is the absolute

temperature andl, T is the temperature gradient.

The stress power is expressed as:
1.
PZES: C=1:L (2.2.35)

in which S is the second Piola-Kirchhoff stress tensor:
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S=F4F’ (2.2.36)
and t is the Kirchhoff stress tensor:
T=JO (2.2.37)

The stress poweP is additively split into a volumetric paR,, and an isochoric paR_ as:

P=P_ +P (2.2.38)

vol iso
in which the isochoric pare_, is given by:

P =1 L. (2.2.39)

IsO IS0 IsO

and the volumetric par®, , is given by:

Poi = Tyo - Ly (2.2.40)

The termst,, andt,, denote the volumetric and isochoric Kirchhoff sges, respectively:
Ty =J0,, (2.2.41)
1,=J0,, (2.2.42)

Using Egs. (2.2.10), (2.2.29), (2.2.40) and (2.2.#e volumetric stress powey,, reads:

R = PJ (2.2.43)
Considering Egs. (2.2.16), (2.2.23), (2.2.32) a@@.89), it is also possible to obtain, after a

series of lengthy but straightforward derivatioti®e following expression of the isochoric

stress power,:

p=15.¢ +15.c+1.D, (2.2.44)
2 2
in which the three terms are defined in the voluioesochoric configuratiorf_l, the elastic-

inelastic configuratior(zl and the current configuratio® , respectively.

In the first term of Eq. (2.2.44)s, is the relaxed second Piola-Kirchhoff stress tenso
defined by:
S: = FtFe (2.2.45)
1, being the relaxed Kirchhoff stress tensor:
r =J0g (2.2.46)

In the second term of Eq. (2.2.4z§w Is the viscous second Piola-Kirchhoff stress tenso
defined by:
S, =F'T,FT (2.2.47)
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1, being the viscous Kirchhoff stress tensor:
1, =Jo, (2.2.48)
The existence of a free energy potential funct®padstulated. More specifically, the specific
Helmholtz free energy per unit volume is definedioy Legendre transformatiagh=e—17.
The presented constitutive theory is based on ditiael split of the Helmholtz free energy
function ¢ into two contributions:
Y=o+ Wio (2.2.49)

The volumetric contributiony,, is associated with the temperatufeand the volumetric

vol

effects characterized by the determinaht which considers both the thermal-induced

dilatation and the mechanical-induced dilatatfon
[/jvol = [ﬁvol (T’ ‘]) (2250)

The isochoric contributiony, is additively split into a relaxed pagt, and a viscous part

7%

iso

l//iso :l//R +[/Iv (2251)
in which the two partgy, andy, are related to the energy storages in the penfewtork

and the free chains due to the corresponding caraigpn transformation, respectively.

As an irreversible thermodynamic process that we®ldissipation, it is well known that the

thermodynamic state during the fatigue process @abe adequately described by only the
current deformation and temperature, since theeatithermodynamic state heavily depends
on the thermo-mechanical history that the rubbg@earnced. In order to solve this problem,

the internal state variable theory is further depetd and applied to the inelastic process
modeling of cyclically loaded rubbers. The basieadbehind this theory is that the

thermodynamics state of the material is definedekganding the dimensions of the state
space of deformation and temperature, referredstexdernal state variables due to their
measurability and controllability, by adding statariables describing the microstructure

changes and associated with the dissipative effeetsrred to as internal state variables

(Horstemeyer and Bammann, 2010). Thus, the relfvesdenergyy, and the viscous free

energyy , are assumed to depend on a number of independémvariables:

14 The mechanical-induced dilatation considers only the bulk modulus effect and the cavitational-
induced volumetric effects (Ait Hocine et al., 2011; Zairi et al., 2008, 2011), which can interact with the
other inelastic fatigue effects, are not considered.
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We =0 (T.Coo ) (2.2.52)

v,=9,(T.C.) (2.2.53)
where Y is an internal state variable introduced to accdantthe unrecoverable network

rearrangements occurring in the perfect network iaddcing the fatigue damage, aﬁi

may be considered as another internal state variablbduced to account for the viscoelastic
damping mechanisms due to the presence of theisypeed (entangled and non-entangled)
free chains.
By inserting the time derivative of the internakegy:

e=yw+Tn+ TN (2.2.54)
with:

w:awvol-l'-_'_awvol j+awR T+aiaR C_: +al//v -'|-+ 41/\/ C:: +al//R)-(

:C =:C, 2.2.55
oT a3 TTaT ac, ™ot ag, oy X @
into Eq. (2.2.34), it leads to:
(p-20) 34 35,380 | €| 35 |,
0J 2 aC.,, 2 oC, (2.2.56)

_(aww. + 90 0, +,7JT-+TV:DV_awRX_ﬂDDXTZO
oT  oT T oy T

In order to satisfy the inequality (2.2.56) for iadxy variations of temperature and
deformation, the usual Coleman-Noll procedure (@ale and Noll, 1963) is used. From the
first three terms of the inequality (2.2.56), tiedwing potential relations, depending on the

earlier defined independent state variables, angett

) g, (T,J
p=p(T,J) =% (2.2.57)
8. = S (T. Coot) = 22 (;5’9“’)() (2.2.58)
= Z = l)[?v T,Ee
5, = S,(T, Q) = 2% (2.2.59)

The fourth term of the inequality (2.2.56) leads to
/7=,7v0|+,7R +,7v (2260)

in which ,, n, andp, are the volumetric, relaxed and viscous partshefentropy/7,

respectively, which depend on the earlier defimetbpendent state variables:
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I7vo| :,?vol (T’J):_w%_(l:rﬁ]) (2261)
_ 0 (T,Cy,,
e =1Tx (T,Ciso,)() =% ( a7 X) (2.2.62)
_, 04,(T.C,
n, =A, (T,Ce) = —% (2.2.63)

The remainder of the inequality (2.2.56) leadsfttlewing inequality for the dissipatio®:
¢=TVZDV+K)'(—%q M, T=0 (2.2.64)
in which x denotes the thermodynamic conjugate quantity}for

awR (T’C_:isol/\/)
ax

k=R(T,CepX) =~ (2.2.65)

In Eq. (2.2.64), the quantity:

®, =1,:D, +kY (2.2.66)
corresponds to the intrinsic dissipatianduced by the irreversible energy conversion, in
which the termt,: D, is the dissipation related to the viscoelastic miateéesponse, while
the term ky is the internal work related to the damage-inducedecoverable network

rearrangement.
In EqQ. (2.2.64), the quantity:

o, :—guﬂxT (2.2.67)

corresponds to the thermal dissipation, inducedhbyirreversible energy flow, in which the
Piola-Kirchhoff heat fluxq is given by the Fourier law:

q=-K, mD,T (2.2.68)
where:

K, =FKFT (2.2.69)
is the conductivity tensor in the reference configion, K being the Eulerian conductivity
tensor. In the isotropic case, the tenKoreduces to:

K =kl (2.2.70)

wherek; is the coefficient of thermal conductivity.
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The intrinsic dissipationd, and the thermal dissipatiow, are assumed to satisfy the
inequality condition separately, i.ep, >0 and @, >0. Furthermore, the first law of
thermodynamics requires the following energy badaeqguation to be satisfied:

e= P-Divq (2.2.71)
Introducing Egs. (2.2.35) and (2.2.54) into Eq.2(21) and taking into account the
constitutive relationships (2.2.57) to (2.2.63)hwite chain rules of differentiation, we get:

C.T=®,-Divq+# (2.2.72)

whereC, is a heat capacity-related coefficient

c. =7( %o 4 Vs , 91, (2.2.73)
aT  oT  oT

and 7 is a thermo-visoelastic-damage coupling coefficien

p=T| R 5410% ¢ (105 5 0K, (2.2.74)
aT = 28T 20T ¢ aT

Oll

2.2.2.4. Constitutive equations

2.2.2.4.1. Free energy functions
In order to take into consideration the rubber mekaproperties, the relaxed free energy
function is given by the Arruda and Boyce (1993)nfalation based on the eight-chain

network of non-Gaussian chains:

Yo =0 (T.CooX) = anBTNF{ZiSO jN— Finte J (2.2.75)

ISO

In Eq. (2.2.75),n, and N, are the average number of chains in the perfeetarktper unit

volume (i.e. average chain density) and the averageber of segments in the chain (i.e.
average chain length), which are consider to degr@nadn the temperatuiieand the fatigue

damage) (as described in the subsection 2.2.2.4k3)js the Boltzmann’s constang,, is

!> Note that by considering Egs. (2.2.91), (2.2.92)2.93), and the selected parameters (see Se2i8),
07, /0T << C,,/T and 07,/0T =0, such thatC, = Ta7,,/dT = G, the constanC,, being the specific heat

capacity at constant deformation.
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the average stretch on each chain in the network:

1 =
A =,[=tr(C. 2.2.76
iso 3 ( |so) ( )
and ¢, is the inverse of the Langevin function:
£(Cu) =c0th(Z) -5 = Ah‘s" (2.2.77)
ZiSO NR

which is approximated by its Padé approximationh@yg 1991):

/1]/13N/12

430:51{\/& NN A'SO (2.2.78)

The viscous free energy function is also expresssidg the Arruda and Boyce (1993)

formulation:

= (V
¢, = 1//( C) kBTI\LL JT nsinhZJ (2.2.79)

The termsn, and N, are the viscous material constants, correspontbnthe average

number of free chains superimposed on the perfetgtark per unit volume and the average

number of segments in the free chain, respectitietyterm/_ is the elastic stretaxpressed

as:

A= %tr(ée) (2.2.80)

and ¢, is given by the inverse Langevin function:

(2.2.81)

N

The volumetric free energy function is the sum bfeé contributions (Miehe, 1995b;
Holzapfel and Simo, 1996b):

A J_ A, 3N,- A2

—_ 1 e
“[[ TN N,

R T I A RARS]

-3ak(JI-1)(T-T)

(2.2.82)

in which the first term corresponds to the puretyumetric contribution, the second term is
the purely thermal contribution and the third telsnan energetic contribution due to the

thermal-volumetric coupling. The constarks a and C,, are the bulk modulus, the thermal
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dilatation coefficient and the specific heat capaat constant deformation, respectively, and

T, is the reference temperature.

2.2.2.4.2. Temperature and damage-induced network rearrangements

The thermo-mechanical response in cyclically loadatbers results from network
rearrangements modifying the original network tataer one at each new cycle. The
damage-induced network rearrangements, accomphygidi/erse breakdown of bonds, may
be introduced into the model formulation by consiug boththe average chain length and
the average chain density as functions of the nalestate variabley . In the same manner,
due to its thermo-dependence, the rubber network lbeaalso modified if the dissipative
heating reaches a high level. The temperature amdagde effects are introduced into the

chain-scale material constants of the perfect nétwoough the following general kinetics:
Ne (T, X) = Neg+ Ner (T)+ Ny, () (2.2.83)

which is restricted by the mass conservation lawhghat the total number of segments per

unit volume remains constant:

nRONRO
Ne (T..X)

where n,, and N, are the reference valuesl., (T) is the network thermal kinetics and

ns(T.x) = (2.2.84)

Ng, (x) is the network damage kinetics.

In our previous work (Ovalle-Rodas et al., 2015a¢, temperature dependence of the relaxed

stress-strain relation of filled rubbers was empdeas and an experimentally-baskdear
evolution of the network thermal kineti¢s,, (T) was designed:

Ner (T)= N, (T-T) (2.2.85)
where N,; is a temperature-rate sensitivity coefficient.
The internal state variablegy is incorporated in a phenomenological way, in orte

represent the damage-induced stress-softening stpically observed in rubbers, by using

the following network damage kinetids,, (x):

Ng, (X) = NgoX (2.2.86)

16 The mobility enhancement of the free chains at higher temperatures merited to be considered in
future works.
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with x, = X|t:t0 =0.

2.2.2.4.3. Constitutive relationships

The volumetric, relaxed and viscous Cauchy strease®btained from the differentiation
of the free energy functions with respect to theesponding deformations. The details of the
derivation are provided in Appendix A. The Cauclrngsses are given by the following set of

constitutive equations:

1L 221\ _

ovo,—[EK(J 1) - 3ak(T 'E)}I (2.2.87)
_anBT\’NR _ 2

Or _TZZiSO(BiSO (/]iso) l) (2288)
_nkTyN, (2 V2

0, =n2 Z,(B.-(2)"1) (2.2.89)

According to Eqg. (2.2.65), the thermodynamic coapegquantityx for the internal state

variable)( takes the following specific expression:
K==,k TN { Ao (2.2.90)
2 R iso [_I |R e

Using Egs. (2.2.61), (2.2.62) and (2.2.63), theunwdtric, relaxed and viscous parts of the

entropy/] are, respectively, expressed as follows:

Mol =Cm|n[Tl]+3ak(J—l) (2.2.91)
g Aiso _ TN’T Ziso
g = anBNR[ZiSO\/N_R[l ZNRJ-'-'n—SinhZiSOJ (2.2.92)
n,=-nkN| ¢ Ay jn_Ss (2.2.93)
' "N, sinhg, -

2.2.2.4.4. Flow rules

The internal state variable{zse and y are introduced to characterize the history-depeinde

effects of the cyclically loaded rubbers. To compléhe constitutive description, the
evolutions of these internal state variables duthng fatigue process must be constitutively
specified.
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Theviscous stretching rate , related to the recoverable viscoelastic rearnaneges of the

superimposed entangled and non-entangled free s;heai@ defined by the following general

flow rule:

D, = VN, (2.2.94)
in which y, is the accumulated viscous strain rate andis the direction tensor of viscous
flow. Noting thatD, is defined in the current configuratid, the viscous flow direction

tensorN, is aligned with the viscous Kirchhoff stress teansg:

T
v (2.2.95)

N =
Cd

where|t, | = ,/tr(tvﬂ) is the effective viscous Kirchhoff stress by thielienius norm

By analogy between viscoplasticity and viscoeldsgtithe accumulated viscous strain rgte
may be expressed as a function of the effectiveouis Kirchhoff stresgft,| using the

viscoplasticity theory but without yield surfacechuhat the elastic and inelastic strain rates
are non-zero at all stages of loading (Zairi et24105, 2007):

A (2.2.96)
The mechanism responsible for the recoverable glastic rearrangements is the move of
free chains that have lower resistance to defoonatian the relaxed (perfect) network and
have the capability to significantly change confatibn by Brownian motion in a
combination of reptation motion, as described by &w Edwards (1986). More precisely, if
the rubber network is stretched at a high enoug t@oth free chains and perfect network
move affinely. Then, the free chains tend to sloreurn to a more relaxed configuration, if
the stretch is held constant. The Doi-Edwards tabecept (Doi and Edwards, 1986),
considered to be the most successful theory innpetyphysics from the past thirty years,
assumes that the lateral motion of individual fthains is restricted within a tube-like region
due to chains from its neighborhood. Thus, insteddmoving randomly in space, an
individual free chain can only move back and fodhreptate, along the centerline of its tube
by reptational Brownian motion.

The accumulated viscous strain rgte takes the form of the Bergstrom-Boyce power law

(Bergstrom and Boyce, 1998):
po=rlA -1 (2.2.97)

100

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

2.2. A thermo-viscoelastic-damage constitutive model. Formulation and numerical examples

wherer is a positive viscous multiplier parametedr,and m are viscous power parameters,

A= /%tr(ﬁv) (2.2.98)

The term|)|V —]jd is motivated by reptational dynamicsdapture the stretch-dependency of

and A, is the viscous stretch:

the effective viscosity, and the terfn,|” is another key component to capture the nonlinear

history-dependent effect which is introduced bysidering the reptational Brownian motion
of free chains asnergy activated.

In our network decomposition, the free chains angesmposed on the perfect network, i.e.
the three networks act in parallel and without riat&ion. The constitutive relationship for

each network is then deduced independently - see(B®.84) and (2.2.85) - and the intrinsic
dissipation®, is the sum of the viscoelastic dissipatipy: D, induced by the move of the

free chains and the damage-related internal wgrkoccurring in the perfect network - see
Eq. (2.2.66). However, the objectively existingeiaiction between the networks should not
be ignored in the formulation of the thermo-visastic-damage constitutive model. To this
end, it is assumed that the internal wotk is proportional to the viscoelastic dissipation
1,:D, according to the following relationship:

kx =(B-1t, D, (2.2.99)
where £ is a non-negative proportionality coefficieanhd the viscoelastic dissipation term

1,:D, becomesising the flow rule (2.2.94):

t,:D, =r[A, -1 |t |™ (2.2.100)
Then, the intrinsic dissipatiow, can be rewritten as:

®,=pr]A, -1t 20 (2.2.101)
which satisfies the thermodynamics consistency.

Combining Egs. (2.2.93), (2.2.99) and (2.2.100¢, fbllowing equation is obtained for the

evolution of the internal state variabje:

o= 2B~ TN, 2.2.102)
r‘IR l‘(BTNRogls.c/1 iso

Note that ifthe proportionality coefficienf is superior to unity § >1), the internal work

kY is positive gy > 0) and the internal variable ragg is then also positive ¥ >0). In this
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condition, the free energy is dissipated resultinga softening. Ifthe proportionality
coefficient £ is lesser than unityQ< £ <1), these quantitiexy and ¥ become negative (
k¥ <0 and ¥ <0) which means that the internal work is stored ltegyto a stiffening’. In
the specific case whetbe proportionality coefficient is null (£=0), the cyclic loading
process metamorphoses into a reversible thermodgngmocess without any energy
dissipation. Otherwise, ithe proportionality coefficient3 is equal to unity §=1), the
viscoelastic dissipation is fully transformed inb@at energy without internal work and
network damage kinetics. Furthermore, from the piewt of thermodynamics, the cyclically
loaded rubber actually carries out two synchronioreyersible thermodynamic processes,
that are, the recoverable viscoelastic rearrangenarthe free chains and the unrecoverable
rearrangements of the perfect network inducing dgm&ccordingly, the two generalized

thermodynamic fluxesD, and ), are driven jointly by the two generalized thermyeamic
forcest, and«, reflecting the complex coupling between the twggical mechanisms. The

proportionality coefficient3 may be regarded as a parameter quantifying theliogueffect.

2.2.2.4.5. Three-network decomposition

As described earlier in Figure 2.2.1, the rubbdwoek is decomposed into three parallel
networks: a perfect (relaxed) network constitutgdctnss-linked chains on which entangled
and non- entangled free chains are superimposeasl.p&hfect network is the source of the

purely elastic response, governed by the relaxetti@astresss . , and the free chains are the
source of the history-dependent effects, governethe viscous Cauchy stress, which is

in turn additively decomposed into two distinct trdsutions dedicated to the two populations
of free chains:

o,=0,,%t0,, (2.2.103)
where g, , is the viscous Cauchy stress of the entangleddnaeés to which we confer the
subscript 1 andg, , is the viscous Cauchy stress of the non-entarfgéedchains to which

we confer the subscript 2. This notation will bedisn the whole paper. The viscous Cauchy
stresses of the entangled and non-entangled fegascare given, respectively, by:

17 The softening may be associated to damage effects whereas the stiffening may be associated to the
formation of ordered crystalline regions whose the stiffening effects are amplified if they initiate and
develop in a rubbery medium (Ayoub et al., 2010, 2011b; Hachour et al., 2014).
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K.T N
g, =re ¥ uip V_l(Be_l—(/l e_)ZI) (2.2.104)
3 A,
_ nv_szT Nv_z 2
Gv_z - 3] Ae_z Zv_z(B e 2 (/1 e_; I ) (22105)

wheren, ,, N, ,, n, , andN, , are the corresponding viscous parameters of deednains.

The non-entangled free chains have higher capaldicthange conformation by reptational
Brownian motion than the entangled free chains.ofding to the Doi-Edwards tube concept
(Doi and Edwards, 1986), the entanglements carctefédy restrict the lateral motion of an

individual free chain into the tube (Li et al., B)1In other words, the higher the chain
entanglement degree, the smaller the tube diaraatethe lower the mobility of free chains.

Thus, compared to the non-entangled free chairs etitangled free chains have a lower
viscous strain rate and take a longer time to netora more relaxed configuration. That may
be taken into account by considering distinct rateelaxation between the two populations

of free chains:

m

Vi1=N (2.2.106)

Av_l_l‘d T v_;J
/]v_z_l‘d T V_J

in which the chain dynamics imposes that the viscowltiplier parameter of the entangled

m

Vi 2=1, (2.2.107)

free chains, issignificantly lower than that of the non-entangfesk chains, .

For the sake of completeness, Egs. (2.2.99), @2.l1and (2.2.102) may be also
particularized, respectively, as follows:

k¢ =(8-1)(1,,:D,,+1,,:D,) (2.2.108)
o=t e s A )0 22109
_ Z(ﬁ-l)JWR(fl A3 "+ -1 ) (2.2.110)

X
nR kB TNROZiscﬂ iso

Due to their distinct viscous properties, the twapylations of chains have different elastic
and viscous stretches and thus contribute diffgreéatthe total viscous stress (2.2.103), the
internal work (2.2.108), the intrinsic dissipati¢h2.109) and the damage kinetics (2.2.110).
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2.2.3. Numerical examples

For a rubber structure, the finite element companais essential to appreciate the local
fields of the different inelastic effects and trssa@ciated network rearrangements during the
cyclic loading history. The general thermo-visca@tadamage constitutive model, described
in the previous section, was implemented into thiéef element code MSC.Marc to simulate
the fatigue response in rubber structures. The roaliculation steps are summarized in the

flowchart of Figure 2.2.3a.

=] =
5 [ty Cax By Y| 5
=] s . ; ;

- iso(i) e(i) v(#) (7) g
4 B
b=} w
3 v v =

W\"lﬂ(ﬂ) wR(ﬂ} wv(f) T"('J ﬂ‘*("]

O-Vol(i] O-R(r') Gv(i)

A 4 A A
Yin % Py ) I D,

Fixed displacement + Constant temperature

[ Free displacement + Natural convection

Variable displacement + Constant temperature

(a) (b)
Figure 2.2.3. Flowchart of the thermo-mechanicgbathm (a) and simulation models with
boundary conditions (b).

Numerical examples on rubber structures, a dog-lstiaped specimen without and with a
central hole, are presented to illustrate the aéipabf the approach. The gauge dimensions
are 25 mm (lengthy 4 mm (width)x 2 mm (thickness) and the hole diameter is 2 migurei

2.2.3b shows the three-dimensional finite elememeshmof the specimens using 8-node
meshing elements, isoparametric and arbitrarilyahedrics. The mechanical boundary
conditions consist of fixing one specimen end, angosing to the other a displacement-
controlled cyclic loading. The thermal boundary ditions consist of a constant temperature

To = 296 K applied at both specimen ends, the remg@ifiontiers being subjected to a
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convection heat transfer. The naturally inducedveation g, is related to the coefficient of

thermal convectiom by:

g, =-h(T-T,)n

(2.2.111)

in whichT,, = 296 K is the environment temperature and the normal vector to the surface

of the element.

In what follows, a numerical parametric study iegented to examine the influence of

selected material constants on the fatigue respofisg fictive rubber medium. Unless

explicitly otherwise stated, the values of the efént input constants required by the

modeling are:

© 2019 Tous droits réservés.

The network parameters of the cross-linked chains:

NyoksT, = 0.6 MPa

N, =5.0

RO

The viscous parameters of the free chains:

n, ;kgT, = 0.2 MPa

n, ,k;T, = 0.4 MPa
N,,=N, ,=50

r, =2.5 MP& s*

r, = 250 MP& s*

d =-0.01

m =2.0

The coupling parameter:
£ =1.003

The volumetric parameters:

a =3.6x10°K™

k =200 MPa

The thermal parameters:
N,; =0.02

k, =0.2W m*K™*
C, = 1.5x10J m* K™
h =10W m?*K™*
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2.2.3.1. Rubber fatigue response: stress-softening, hysteresis and heat build-

up
The contribution of the two free chain populati@rsthe inelastic effects is investigated

while disregarding in this subsection the tempeeaand damage effects, i.8,, = 0.0 and

£ = 1.0. By decoupling them from the temperature dahage effects, the focus is made

only on the viscoelasticity effects. Figures 2.2a4d 2.2.5 present the effect of key
parameters, related to the entangled and non-dethrigee chains, on the viscoelasticity-

induced rubber fatigue response. Each materialnpetex is varied independently while

keeping the others constant. A global view at thresalts confirms that the stress-softening is
mainly due to the move of the entangled free chantereas the hysteresis originates from
the move of the non-entangled free chains. Theimelastic effects have different time-scales
reproduced by the distinct relaxation rates ofttin@ populations of free chains.

Maximum stress (MPa)
Maximum stress (MPa)

24 L 4 1 L 1 s 1 s 1 L 23 L s 1 L 1 " 1 " 1 L
0 100 200 300 400 500 0 100 200 300 400 500

Cycle Cycle
() (b)
Figure 2.2.4. Maximum stress evolution during aytbiading with the effect of (a) and (b)
C1=ny 1ksTo.

Figure 2.2.4 shows the evolution of the maximuressirfor various values of the two main

parameters controlling the stress-softening,ri.@ndc, = n, |k, T,. A substantial decrease in

stress is observed during the first few cyclesldwohg this rapid decrease in stress, the
rubber undergoes a more gradual softening and tewdsrds a stabilized state for which

there is no significant change in stress. The highe values ofr, and C, =n, k,T,, the
stronger the impact on the degree to which theeulsbsoftened. The parameterhas nearly
no effect on the initial stiffness and the stalkiizstate, whereas the parametge n, k,T,
can control them due to its role on the overstress.
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Figure 2.2.5. Hysteretic response at theficle and temperature evolution during cyclic
loading with the effect of (a), (I} and (c), (d)C2 = ny 2ksTo.

Figure 2.2.5 presents the hysteretic process imubleer cyclic response, and the associated

change in temperature, for various values of the nvain parameters affecting the hysteresis

loop area, i.er, andcC, = n, ,k,T,. The higher the values of andC, = n, ,k,T,, the higher

the loop area. Our predictions show that a smaiatian of the loop area has a strong impact

on the temperature increment in the material.

2.2.3.2. Temperature and damage effects on the rubber fatigue response

The temperature increment and the damage evolatiergiven in Figure 2.2.6 together

with their effects on the network thermal kinetiamd the network damage Kkinetics,

respectively.

© 2019 Tous droits réservés.
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.
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(a) (b)
Figure 2.2.6. Heat build-up and fatigue damagengdueiyclic loading: (a) temperature
evolution and associated network thermal kineflcsdamage evolution and associated
network damage kinetics.

The contribution of these two effects on the nelwearrangements during the cyclic loading
is analyzed in Figure 2.2.7a under different congdifor the simulation:

* viscoelasticity:N,; = 0.0 andf = 1.0,
 viscoelasticity-temperaturex,, = 0.02 andf = 1.0,
 viscoelasticity-damagen,, = 0.0 and$ = 1.003,
 viscoelasticity-temperature-damage;, = 0.02 andg8 = 1.003.

The consequences of the internal network rearraagesmon the degree to which the rubber is
softened are given in Figure 2.2.7b. The additibthe dissipative heating and / or damage
effects at the chain-scale may have an importdatieét the macroscopic scale, in particular
manifested by a deviation from the viscoelastiaitiyuced stabilized state. The inelastic
effects during the cyclic loading in a tensile spwmn containing a central hole are further
analyzed in order to illustrate the adopted apgrodte capability of the approach to

simulate the temperature and damage fields in ttieity of the hole is shown in Figure

2.2.8. The predicted profiles of the temperature toe fatigue damage along the width and
the length of the specimen are also plotted infidnee. The temperature distribution along

the specimen width shows a maximum value locatedcattain distance from the hole.
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Figure 2.2.7. Network rearrangement during cyaeding and resulting stress-softening: (a)
network kinetics and (b) maximum stress evolutmndifferent couplings (I: induced by
temperature, Il: induced by damage, IlI: induced/isgoelasticity).

Along the specimen length, the temperature didiiobuslightly increases while moving from
the hole and then progressively decreases. Thegtadistribution exhibits a higher gradient
level along the specimen width. After an increasglevmoving from the hole, the damage

distribution along the specimen length becomesnessively uniform.

2.2.4. Partial conclusions

In this part, we have presented a new thermo-viastbe-damage approach for the
prediction of fatigue thermo-mechanical responseuinbers in connection to the network
rearrangements. The constitutive model was incatpdrinto a finite element code and a
numerical analysis was carried out for both a tensinfiguration specimen and a specimen
containing a central hole. The parametric studyligted the respective role of key model
parameters on the rubber inelastic fatigue resparesestress-softening and hysteresis along
with dissipative heating. In particular, the capigbdf the implemented constitutive model to
simulate the effects of the recoverable viscoalastarrangements and the unrecoverable
damage rearrangements, and their link with the ajlddehavior, was demonstrated. The
implemented constitutive model is presented immtsst general form with the aim of being
applicable to all rubbers and it provides a usédol for thermal, viscoelastic and damage

patterns estimation in cyclically loaded rubbeustures.
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Figure 2.2.8. Heat build-up and fatigue damageidigion in the perforated specimen at the
500" cycle: (a) temperature distribution, (b) damaggritiution.

In the following part, the efficiency of the promuk constitutive model to predict the
experimental response of filled rubbers will be destrated. The application will be
performed on a styrene-butadiene rubber contaidifigrent amounts of carbon-black and
cyclically loaded under different pre-stretch levelhe effective role of carbon-black fillers
dispersed in the rubber matrix will be especialtypbasized not only on the inelastic fatigue

response but also on the underlying physical mashemnwith their pre-stretch dependency.

2.2.5. Appendix

The volumetric, relaxed and viscous Cauchy strease®btained from the differentiation
of the free energy functions with respect to theresponding deformations, and are,

respectively, given by:

110

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

2.2. A thermo-viscoelastic-damage constitutive model. Formulation and numerical examples

(o8 :%I (2.2.A1)
0J
o,=2F Wapr (2.2.A2)
J *°aC,,
o, —EF a’/’v Fl (2.2.A3)
J “aC

The volumetric Cauchy stress, expressed in Eq.8§2)2is obtained by substituting Eq.
(2.2.82) into Eq. (2.2.A1). The relaxed and viscdlmsuchy stresses, expressed in Egs.
(2.2.88) and (2.2.89), are obtained in a similannea. Substituting Eq. (2.2.75) into Eq.
(2.2.A2) and applying the chain rules of differatitin, the relaxed Cauchy stress is written as

follows:

RkBT ISO iso 1 I:-II-SO (22A4)
/1 aC,

1SO I1ISO

where |, =tracC,,,).

Considering the kinematic constraint of the iso@hodeformation tensorC_, i.e.

IS0 !

|, =det(C,,) = 1, Eq. (2.2.A4) can be rewritten as:

kBTJ_ o[lmella=y)] (2.2.A5)

A» |so iso GC isa

1SO

where w serves as a Lagrange multiplier, which may be dolynd by means of the
boundary conditions.
EqQ. (2.2.A5) can be also rewritten as follows:

kBTJ_

ISO

{o(Bo—ad) (2.2.A6)

Finally, since the relaxed Cauchy stress tensgris traceless (see Eq. (2.2.33)), is
identified aS/l:O and the expression provided in Eq. (2.2.88) isioled. The same derivation

process is used to obtain the viscous Cauchy dm@ssEq. (2.2.A3).
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CHAPTER 2. FATIGUE RESPONSE OF
FILLED RUBBERS

2.3. A THERMO-VISCOELASTIC-DAMAGE
CONSTITUTIVE MODEL. EXPERIMENTS AND
IDENTIFICATION18

Cyclically loaded styrene-butadiene rubber containing different amounts of carbon-black is experimentally
examined under different pre-stretch levels at room temperature. The experimental observations, especially
related to both the multi-step cyclic response interrupted by relaxation periods and the dissipative heating,
provide valuable insights into the pre-stretch and filler effects on the underlying physical mechanisms of this
rubber-filler material system. According to the active role of carbon-black fillers dispersed in the rubber matrix on
the inelastic phenomena via the local microscopic interactions, the constitutive theory formulated in the previous
Part of the Chapter 2 is modified in order to incorporate explicitly the filler effects. A deterministic identification
procedure is proposed to extract the physically interpretable model parameters of the rubber matrix. The
properties of the perfect network and the superimposed (entangled and non-entangled) free chains are identified
via an amplification-inspired procedure using, respectively, the relaxed-stress data as a function of the filler
content and the history-dependent mechanical cyclic response at the highest filler content. The identified rubber
matrix properties are introduced into the finite element simulations as input constants and the same thermo-
mechanical boundary conditions regarding the experimental tests are simulated. The capabilities of the proposed
constitutive model to predict the thermo-mechanical response under two cyclic loading blocks with different pre-
stretch levels are verified by comparisons with experiments. The constitutive model is found able to successfully
capture the pre-stretch and filler effects on the fatigue-induced stress-softening, the hysteresis and the change in
temperature.

Keywords: Fatigue; dissipative heating; rubbers; carbon-black; pre-stretch level.

18 This Part of this Chapter is based on the following paper: Qiang Guo, Fahmi Zairi, Xinglin Guo,
2018. A thermo-viscoelastic-damage constitutive model for cyclically loaded rubbers. Part II:
Experimental studies and parameter identification. International Journal of Plasticity 101, 58-73.
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2.3.1. Partial introduction

Rubbers used in engineering applications contdarge proportion of fillers in order to
improve the mechanical properties and reduce the(®algis et al., 2009). The concentration
of fillers dispersed in the rubber matrix, and mespecially of filler aggregates, has a strong
impact on the inelastic fatigue phenomena due ¢oatttive role of fillers via the viscous
sliding between fillers and filler-rubber matriet breakdown-rebound mechanism of inter-
aggregates links and, the breakdown and disentawegie of chains between aggregates.
Although remaining imprecisely understood to datbese internal recoverable or
unrecoverable rearrangements occurring inside ubber-filler material system during the
fatigue loading history induce mechanical respomsaution and energy dissipation, whose
amounts depend on the filler content. Because imigossible to directly measure these
rearrangements in filled rubbers taking place at lacation inside the material and at any
time of the fatigue loading process, multiple cotmge views have been proposed, based
upon macroscopic observations, to explain the rigithe stress-softening / hysteresis and
the dissipative heating in filled rubbers (seeréferences in the first Part). Although current
theoretical works may contain the rubber networkpprties and damage effects, they
typically ignore the recoverable viscoelastic raagements, being significant in filled
rubbers.

In the previous Part, a new thermo-viscoelastic-aganapproach, in accordance with the
thermodynamic principles, is proposed to predi@ thelastic effects in cyclically loaded
rubbers in connection to the network rearrangemente proposed formalism enables
correlation of the history-dependent cyclic resgoms rubbers with their microstructure
characteristics while taking into account the vedasticity effects and the unrecoverable
network rearrangements. In the proposed formulatimassumed the existence of two free
chain populations, superimposed to the purely ielgstrfect rubber network, to give a
physical origin of the inelastic fatigue effectsack being related to one aspect of
observations. According to the active role on theastic phenomena of the local microscopic
interactions in filled rubbers acting between félend rubber matrix but also between fillers
themselves, the explicit consideration of the pneseof fillers may be seen as the second step
succeeding the constitutive theory proposed inpiteious Part. In this Part, the inelastic
fatigue process of styrene-butadiene rubber (SBRjaining different amounts of carbon-
black is experimentally described under differerg-gtretch levels at room temperature. The
experimental observations provide valuable insigimt® the relationships between the
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carbon-black content and the inelastic fatigue ot$feof this pre-stretched rubber-filler
material system. The inherent inelastic fatigue macsms with their dependencies on the
filler content and the pre-stretch level are stddimder the guidance of both the history-
dependence multi-step cyclic tests interrupted éhaxation periods and the dissipative
heating. After identification of the relative smatlumber of physically interpretable
parameters using an original deterministic proceduhe predictive capabilities of the
proposed constitutive model formulated in the Pardre also critically discussed by
comparisons with the experimental data obtainedeurtdio cyclic loading blocks with
different pre-stretch levels.

This Part is organized as follows. Section 2.3gsents the experimental investigations on a
carbon-filled SBR containing different amounts aftwon-black and cyclically loaded under
different pre-stretch levels. Section 2.3.3 is datid to the comparison between simulation

results and experimental data. Finally, some cahicturemarks are given in Section 2.3.4.

2.3.2. Experimental

2.3.2.1. Materials and specimen

A sulfur-vulcanized SBR filled with three differeamounts of carbon-black (15, 25 and
43 phr, parts per hundred rubber in weight) isdete for a test program. The compound
formulation, provided by the manufacturer (Trelleb@roup), is given in Table 2.1.The
different SBR-filler material systems are refertecas SBRx, where x is the filler content in
phr. The phr values are used to calculate the carbakblalume fraction in the tested
specimens, the direct input in the constitutiveatqus, by using the following densities of
the carbon-black fillers and the unfilled SBR mitep; = 1.8x1G kg m* (Abe et al., 2003)
andpm = 1.21x16 kg m* (Wood et al., 1943), respectively. The equatidovahg the proper

conversion of phr to carbon-black volume fractisgiven by:

-1
v, = phr 100+ phr 2.3.1)
pf pm pf

Dog-bone shaped specimens with gauge dimensio85 aim (length)x 4 mm (width)x 2
mm (thickness) were cut from 2 mm thickness shestewing to obtain both a highest

temperature increase in the specimen gauge zone arehrly homogeneous temperature
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across the transverse direction, as evidenced ¢tioBe2.2.3. Although material isotropy is

expected, the specimens were cut along the sametidin.

2.3.2.2. Experimental method

All the mechanical tests were achieved at room &atpre using an electro-pulse testing
machine Instron-5500. During the fatigue loadirg &xial stretch was ramped, repetitively,

to a prescribed maximum valug,_ and then ramped down to a prescribed minimum value
A_... The same absolute axial strain rate of 1 /s wgmsed to the loading and unloading

segments. The surface temperature evolution onspleeimen gauge zone was measured
using an infrared camera Flir SC300 with the follogv main characteristics: Spectrum
response ranged from 7.5 to B, resolution of 320 x 240 pixel, sensitivity / NBTess
than 50 mK and image update rate of 9 Hz.

In order to measure the effects of the carbon-btackent and the loading conditions on the
SBR inelastic features, different mechanical tesee performed:

=  Multi-step stress relaxation tests under a loadinipading cycle were performed in
order to identify the relaxed response. During bdte loading and unloading
segments, the axial stretch was interrupted atgoescribed levels. At each relaxation
period, the stretch was maintained constant dufingour. Both the number of
prescribed stretch levels and the holding time werend sufficient to reach the
stabilized relaxed-response.

» Fatigue tests of 500 cycles under different pretskr levels were performed in order
to identify the viscous parameters of the propasmtstitutive model. Further, in order
to provide insights into the fatigue-induced stresfiening, multi-step cyclic tests
interrupted by relaxation periods were also pertnfive blocks of 500 cycles were
applied between which the minimum axial stretch wésrrupted for a holding time
of 3 minutes.

= Two-block tests under different pre-stretch lewskre performed in order to verify
the proposed constitutive model. Low-High and Higiw pre-stretch levels of 250

cycles for each block were considered in whichstietch amplituder, = -1 .,

is set to be the same:

Low ={A, =1.21,.,= 1.4%, High={A,, =154, ,= 1.7} (2.3.2)

max min max
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Previous to all measurements, 15 cycles up to anstretch of 1.0 at a frequency of 1 Hz
were performed to cancel the prime Mullins effddtis pre-conditioning was also applied to
eliminate the flake that appears on the specimdaciafter the first few cycles and that may
alter the temperature-field measurements becaugbeokurface emissivity variation. The
infrared camera was located at a distance of Oib order to reduce the reflected radiation
due to surrounding humidity. In order to monitoe tenvironmental changes and further
eliminate their effects on the fatigue self-heatingasurements, a dummy specimen with the
same material but not loaded was positioned clogbé tested one. The external radiation
sources were reduced by packing the set-up in aiwely closed space using a special
thermal insulation material. The stored infrarechg@®s were post-processed to extract the
surface temperature evolution in the region ofregeon the specimen gauge zone. Thermal

equilibrium was ensured by a holding time of 10 més before measurements.

2.3.2.3. Experimental results

The effects of the carbon-black content on theastet phenomena in pre-stretched
cyclically loaded SBR are discussed in this subseciThese measurements allow to provide
valuable insights into the modifications of thagae mechanisms in the rubber-filler material

system due to the presence of carbon-black fillers.

2.3.2.3.1. Stress relaxation

The multi-step stress relaxation response undeadirg-unloading cycle is presented in
Figure 2.3.1 for the three carbon-filled SBR matlsri In the unloading segment, the stress
evolution during the relaxation periods is much enaffected by the stretch level than that in
the loading segment. During the relaxation peridti® stress evolves towards an end
corresponding to an obvious stabilized relaxedsstrngointed out by a filled point in the
figure. The obtained relaxed-stress data are fomcbf the strain level and provide a
quantitative judgment of the material nonlineaisetaresponse. Due to the strain-amplifying
effect of the fillers, the large-strain viscoelastesponse of carbon-filled SBR is strongly
affected by the filler content by acting both oe tasticity and on the viscosity. In particular,
the higher the filler content, the higher both #tabilized relaxed-stress and the hysteresis
loop area. The viscoelastic mechanisms are strogpendent on the level of interactions

between the chains and the fillers, the chainstiaadillers themselves.
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Figure 2.3.1. Multi-step stress relaxation respans#er a loading-unloading cycle: (a)

SBR15, (b) SBR25, SBR43. Hysteresis loops at"25@le for pre-stretch levels of =1.2

and A, =1.5 are also plotted.

The stress evolution during the relaxation perioiddhe multi-step cyclic tests, normalized by

the maximum value, is presented in Figure 2.3.2Herthree carbon-filled SBR materials.
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Figure 2.3.2. Stress evolution during the relaxaperiods of the multi-step cyclic tests at
different pre-stretch levels: (a),, =1.2, (b)A,,, =1.5.

min

The stress decreases in the first relaxation pesiwdl it increases in the others. At each

relaxation period and after the initial transiehtuege in stress, the relaxation response tends

towards a stabilized state for which there is mmisicant change in stress. This tendency of

stress stabilization is more pronounced in thewdst higher pre-stretch level, and especially

for the last four relaxation periods. Since thexation response is clearly affected by the pre-

stretch level, the nonlinear viscoelasticity of thaterial is further evaluated. Furthermore, it

is observed that the concentration in carbon-blitdrs has an important effect on the

© 2019 Tous droits réservés.
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normalized stress evolution, which may be explaiogthe promotion effect of rigid particles

on macroscopic viscoelastic strain (Laiarinandrasztral., 2012).

2.3.2.3.2. Fatigue-induced stress-softening
The fatigue-induced stress-softening response dsBoen the multi-step cyclic tests, after
reaching different assigned pre-stretches, is ptedein Figure 2.3.3 for the three carbon-

filed SBR materials.

—— 8BR15
——S8BR25
—— SBR43

0.95 -
0.90 -
1 1

0.80 L

1.00

Normalized maximum stress
Normalized maximum stress

1 1 1 1 1
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

0.80 L

Cycle Cycle

(a) (b)
Figure 2.3.3. Fatigue-induced stress-softeningarsg of the multi-step cyclic tests at
different pre-stretch levels: (a),, =1.2, (b)A,,, =1.5.

At each cyclic loading block, the stress-softenggubstantial during the first few cycles and
is followed by a more gradual stress-softening Whiends towards a stabilized stress
dependent on the reinforcement and the appliedsipe¢ching. The softening magnitude
increases with the filler content and decrease$ wie pre-stretch level. Recall that the
stabilized response was associated in our theoayviscous-related feature. From one block
to another and after the initial transient softgnithe stress tends further to recapture the path
of the interrupted cyclic response. More interggtina considerable recovery in fatigue-
induced stress-softening is evidenced by meansefriulti-step cyclic tests. Indeed, from
one block to another, a large part of the initransient stress-softening is recovered. The
underlying physical mechanism is therefore recdseraand associated to material
viscoelasticity. The recovery extent of stressesuftg is believed to increase with the
magnitude of the holding time in the relaxationipés. In the meantime, it can be observed
that the recovery in fatigue-induced stress-softgriminishes with the block number. As a

consequence, the observable decrease in stresdenagsociated in part with recoverable
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viscoelastic mechanisms and in another part witleecoverable damage mechanisms. These
two types of dissipative network rearrangementuoory inside the rubber-filler material
system are two relative mechanisms whose quarntditalepends on the load time-scale.
These observations give significance to tbenstitutive theory of the previous Part
considering these two types of mechanisms in tha fif two distinct internal state variables.
The unrecoverable rearrangements inducing damadeséveral plausible explanations in the
literature. The scission mechanism of short chaiitkin the rubber matrix is probably the
most trivial (Mullins, 1948; Marckmann et al., 2002hagnon et al., 2006; Ayoub et al.,
2011, 2014a). This mechanism is activated whenettiensibility limit of short chains is
reached. More specifically, the decrease in swbsgrved in the first extension (i.e. Mullins
effect) is activated for stretch levels greaterntrea maximum obtained in the previous
deformation history. A similar origin may be assted to the progressive stress degradation
in pure rubbers, resulting from the fatigue loadimstory, but with a lower intensity as it is
extended over time. The progressive stress-soffemay be associated to the progressive
breakdown of short chains being stuck between gigdnchains. At each cycle, some
entangled chains progressively split open. Thercmsentanglement leads to the progressive
scission of short chains being stuck between thech r@aching their extensibility limit
(Ayoub et al., 2011). The process of chain disegl&anent / chain scission continues until it
is totally consumed leading to the observable Btai stress. The carbon-black fillers act on
the SBR fatigue-induced stress-softening responsetd their strain-amplifying effect. As
clearly illustrated in Figure 2.3.3, the increasecarbon-black content has a strong effect on
the degree to which the material is softened. Asrssequence, the previous set of plausible
fatigue mechanisms must also consider the filletimateractions. Several competing views
were proposed to explain the origin of the stredtening by involving the fillers in the
underlying physical mechanisms: breakdown of skbeins between two filler aggregates
(Bueche, 1960), chain "slipping” over the fillerfaece (Houwink, 1956), breakdown of filler
aggregates (Kraus et al., 1966) and chain diseletav@ynt between two filler aggregates
(Hanson et al., 2005).

2.3.2.3.3. Hysteresis and mechanical dissipation

The cyclic stress-strain response of the rubbkrfimaterial system leads to energy
dissipation which results from dissipative netwedarrangements modifying the original
network to another one at each new cycle. lllusteaéxamples of the hysteresis loop are

provided in Figure 2.3.1 for the three carbon-€ill8BR materials, indicating the filler effects
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on hysteresis. The breakdown-rebound process @faggregates links may be considered to
be the main source of the observable hysteretforese at the macroscopic scale, due to the
strong effects of carbon-black fillers on the resgm Electrical resistivity measurements
showed that the increase in filler content leadthéodevelopment of a filler network across
the rubber matrix and a higher number of inter-aggtes links (Kraus, 1984; Pramanik et al.,
1992; Diaz et al., 2014). The increase in eledtriesistivity when the carbon-filled rubber is
cyclically loaded is a sign of the breakdown ofeirfggregates links, beginning with the
weakest ones and progressing to the strongest dhesfiller aggregates form new inter-
aggregate links in new positions inside the rubitler- material system, which are again
broken during the cyclic loading and then reformedother positions. All these network
rearrangements contribute to the hysteretic prodesding to energy dissipation at the
macroscopic scale. The mechanical enelgy dissipated during one complete cycle of

cyclically loaded SBR is quantified by the aredhs stress-strain hysteresis loop ¢ :
Dz[ﬁa:dg (2.3.3)

Figure 2.3.4 presents the variations of the medahniissipation as a function of the cycle

number, issued from the multi-step cyclic testgerakaching different assigned pre-stretches.
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Figure 2.3.4. Mechanical dissipation of the muiéipscyclic tests at different pre-stretch
levels: (a)4,, =1.2,(b) A4, =1.5.

min

By virtue of the fatigue-induced stress-softeninige strongest decrease in mechanical
dissipation occurs during the first few cycles @icle cyclic loading block and then the
mechanical dissipation tends towards a stabilizattsThe pre-stretch level dependency of
the mechanical dissipation is evidenced in therég’he higher the pre-stretch level, the

smaller the mechanical dissipation. The decreastefhysteresis loop area with the pre-
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stretch level is mainly due to the nonlinear malemesponse (Figure 2.3.1). In addition, the
mechanical dissipation and the rate of the decreditethe cycles are observed to increase

with the carbon-black content.

2.3.2.3.4. Intrinsic dissipation

When the carbon-filled SBR is cyclically loaded@tpn of the mechanical dissipation is
converted into heat which leads to an increasenmmperature. An abrupt temperature increase
occurs during the first few cycles and then temdgatrds a stabilized state with an equality of
the generated heat and the heat lost into the @mient (Ovalle-Rodas et al., 2014, 2016).
The heat build-up increases with the filler contantl the pre-stretch level. Actually, the
temperature increase is induced by the intrinsssigation (Lion, 1997; Guo et al., 2017),
which is closely associated with all irreversiblertmodynamic processes involving both
damage mechanisms, corresponding to unrecoverablgvork rearrangements, and
viscoelastic mechanisms, corresponding to recoleerabtwork rearrangements. From Eq.
(2.2.72), a local zero-dimensional thermal equilibr equation can be derived for flat and
thin specimens with a constant cross-section (Bmdaet al., 2004):

CTO(9+§j =, +h (2.3.4)

where r is a time constant characterizing the heat exclao§ehe specimen gauge zone

with the surroundings and =T - T, is the average temperature variation of the spatim
gauge zoneT, being the initial temperature. The ter@s,, ®, and 7 are the specific heat

capacity at constant deformation, the intrinsisighation and the thermo-visoelastic-damage
coupling coefficient, respectively. Considering tthidne accumulation of the thermo-
visoelastic-damage coupling over one complete ciglienperceptible, the average intrinsic

dissipation®, over the cyclic loading process can be evaluated:

D _CTO 1t
cpl_r(e% +— . H(t)dtj (2.3.5)

wheren, and g, are the cycle number and the temperature increatehte end of the cyclic
loading historyt, , respectively.
The average intrinsic dissipatiap, is evaluated for the first cyclic block of the nmgtep

cyclic tests by processing via Eq. (2.3.5) the aeftemperature data extracted in the

specimen gauge zone. It is plotted in Figure 2m8th the average mechanical dissipation
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D= iD (2.3.6)

S e

The dependences of the mechanical and intrinsgipdisons on the carbon-black content and
on the pre-stretch level are relatively similar.plarticular, the increase in dissipations is not
linearly dependent on the carbon-black content wisgggests modifications in the filler-
rubber matrix interactions. It can be clearly oliedrthat the intrinsic dissipation is smaller
than the mechanical dissipation. Even it is re@yiweak, the difference between the two
dissipations gives an indication of the energy gtarstored in the rubber-filler material
system, and, by this way, it gives insights inte tmrecoverable network rearrangements
inducing damage. In the theory formulated in thevigus Part - Eqgs. (2.2.99) and (2.2.102) -
the damage-induced softening implies energy disisipai.e. thedamage-related internal

work kY is positive and the proportionality coefficief is superior to unity. Thenergy

guantity storedn the cyclically loaded material highlights theneplex role of fillers and the
implication of thebreakdown of inter-aggregates interactions creatieg surfaces, this
process increasing with the pre-stret&lpre-stretch effect on the fatigue-life of carbidled
SBR was earlier reported (Ayoub et al.,, 2012, 2014tdeed, as shown in Figure 2.3.5,
higher pre-stretching leads to smaller dissipatiomisto higher differences between the two

dissipations accelerating the damage accumuladwards degradation and failure.

kJ-m?® kJ.m®

Il Mechanical dissipation

Il Vechanical dissipation
| I Intrinsic dissipation

| I intrinsic dissipation

SBR15 SBR25 SBR43 SBR15 SBR25 SBR43

(@) (b)

Figure 2.3.5. Average dissipations at differentgretch levels: (aj . =1.2, (b) A, =1.5.

min
2.3.2.4. Discussions on inelastic fatigue mechanisms

A plausible explanation of the inherent inelasatigue mechanisms with the pre-stretch

dependency is proposed in this subsection under gineance of our experimental
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observations. An illustration of the physical maukens in pre-stretched cyclically loaded

carbon-filled SBR is provided in Figure 2.3.6.

Initial state

Low pre-stretch High pre-stretch

Low pre-stretch High pre-stretch

B W aux g

(c)
Figure 2.3.6. Physical mechanisms in pre-stretciyetically loaded filled rubbers: (a) initial
network, (b) pre-stretched network and (c) netwedrangement after pre-stretched cyclic
loading.

A global view at all presented experimental obsiowna (Figures 2.3.1-2.3.5) indicates that
there is a quite significant effect of the two exaaadl factors (i.e. filler content and pre-stretch
level) on the reported inelastic phenomena, nansttgss relaxation, fatigue-induced stress-
softening, hysteretic response and related mechlaniissipation along with dissipative
heating. All these inelastic effects increase with carbon-black content increase and with
the pre-stretch level decrease

From the basic viewpoint of the continuum thermaayits, the intrinsic dissipation is a
consequence of two types of rearrangements in thuber-filler material system, i.e.
recoverable network rearrangements inducing visstieity and unrecoverable network
rearrangements inducing damage. The dissipationtifjgation in Figure 2.3.5 points out
that the viscoelastic recoverable rearrangementg b®a the dominate inelastic fatigue
mechanisms in the studied carbon-filled rubbersTikiconsistent with the stress-softening
recovery observed in Figure 2.3.3 from the mulipstcyclic tests. The viscoelastic

mechanisms depend on the filler-rubber matrix atgons, the chain-chain interactions and
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the filler-filler interactions. The degree of thesigree types of interactions are highly
dependent on, respectively, the filler-rubber nxaitnterface (chain "slipping" over the filler
surface, desorption at the filler surface and bbrehkdown at the filler surface), the chain
entanglement density (viscous sliding between d)aend the contact surface area between
fillers inside the aggregates (viscous sliding lestw carbon-black fillers). Besides, it has
been shown that the addition of fillers impedesdbgmental mobility of chains in a rubber
compound (Kraus and Gruver, 1970; Thiele and Coli880). The interfacial interaction
between rubber matrix and fillers forms a regionemhthe chain mobility is gradually
reduced, through variations in the glass transiteanperature as a function of the distance to
the filler surface (Berriot et al., 2002, 2003).

The increase in filler content is related to higih@eractions between carbon-black fillers
inside the aggregates. The internal network regearents between aggregates during the
cyclic loading leads to the mechanical dissipatitamifested by the hysteretic process in the
carbon-filled SBR cyclic response. The breakdowsoetend process of inter-aggregates
interactions, from which originate the hysteregsponse of the rubber-filler material system,
is also a recoverable mechanism highly dependetih®foad time-scale. As a consequence
of the increase in inter-aggregates interactionth whe carbon-black content, a higher
additional energy is dissipated within the breakdeebound process of inter-aggregates
links.

The internal network rearrangements during theicyohding are schematically illustrated in
Figure 2.3.6 at different pre-stretch levels, byoining the plausible recoverable and
unrecoverable rearrangements in the rubber-fillatemal system. The application of a pre-
stretch decreases the filler-rubber matrix inteoast, the chain entanglement density and the
contact surface area between fillers inside thereagges. As a consequence, the viscous
motion degree in the rubber-filler material systéecreases with the applied pre-stretch level,
leading to the decrease of the inelastic effectshat macroscopic scale. Although the
viscoelastic recoverable rearrangements dominagx twe inelastic fatigue mechanisms,
some damage effects may contribute to the intrid&sipation. The possible unrecoverable
mechanisms may be induced by the progressive boeakdf short chains between two filler
aggregates as well as by the breakdown-reboundegsaaf inter-aggregates links. The latter
mechanism may be due to a part of the breakdowineoihter-aggregates links that cannot be
reformed on the time-scale of measurements, asiessdl by the fatigue-induced stress-
softening response issued from the multi-step cyebts (Figure 2.3.3). The pre-stretch level

129

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

2.3. A thermo-viscoelastic-damage constitutive model. Experiments and identification

increases both the number of chain scission betweeriiller aggregates and the number of
permanent filler aggregate ruptures. The two péssilamage effects may also potentially
modify the material viscosity in two antagonist wayndeed, the transformation of some
broken chains into dangling chains during the neétw@arrangements may increase the
viscosity, i.e. higher energy dissipated. The rugptf filler aggregates, decreasing the contact
surface area between fillers inside the aggregatay, decrease the viscous sliding between
fillers, i.e. lower energy dissipated. Among thése possible damage effects, it is believed
that the permanent filler aggregate rupture doremaince the dissipation, estimated in
Figure 2.3.4 from the multi-step cyclic tests, @ases with the block number. In addition, the
degradation of the interphase around the fillepoigntially an additional cause of the weaker

filler-rubber matrix interactions (Boutaleb et &Q09; Zairi et al., 2011a).

2.3.3. Modeling results and discussion

We propose herein a numerical modeling of the stelaffects in cyclically loaded SBR
and to discuss how the fillers may be includedhi@ tonstitutive model formulated in the

previous Part.

2.3.3.1. Filled network

In addition to a stiffening effect, the concentwatiin carbon-black fillers enhances the
viscosity in the rubber-filler material system digethe viscous sliding between fillers and
fillers / free chains. In order to consider thesefive contribution of the fillers the Bergstrom
and Boyce (1999) amplification procedure may beliegpto the average micro-stretch
imposed on chains. The right and left Cauchy-Grdeformation tensors, given by Egs.
(2.2.24) and (2.2.26), become:

(Co) = X(Cio= 1)+l (Biy) = X (B gp=1) +I (2.3.7)
<Ee_1> = X (Ee_l— |)+| (B, )=X(B, -1)+l (2.3.8)
<Ee_z> = X (Ee_z— |)+| (B, )=X(B, 1)+l (2.3.9)

where X is the amplification factor related to the concatibn / distribution of fillers in the
rubber network. The empirical form of the amplifica factor X initially proposed by Guth

(1945) is given by the following general formula:

X(v,)=1+0.67cy, + 1.62 ¥ (2.3.10)
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in which ¢ >1 is a shape factor considering the filler agglatien.

The average free energy function of the carboedilEBR material is given by:
42\/ T! 6iso ’/Y +()Z}v (T! Ee )+¢7V{T’ E e )
Yer = (1-V,) R( (Can) )+ 00T(C )+ T(E (2.3.11)
+wvol (T"])

where (T,(C_:iso>,)() is the amplified relaxed free energy function of. §2.2.75),

tﬁv_ (T,<Ee_l>) and g?/v_z (T,<Ce_2>) are the amplified viscous free energy function€Eqf

(2.2.79) (entangled and non-entangled free chaiespectively) and(ﬁvo,(T,J) is the

volumetric free energy function given by Eq. (22.8
The average Cauchy stress of the carbon-filled 8Bkerial is given by:

Osgr =0r ¥0, 170, >0y (2.3.12)
in which g is the average relaxed Cauchy strags, d @p, are the average viscous

Cauchy stresses angl, is the average volumetrichyaitiess expressed, respectively, as:

0. =(1-v,) XWB—%}J&S@@(BM—(ABJH) (2.3.13)
g, . =(1-v,) X “v;EBT <,1N1>1 <(V_1>(Be_1— (2.1 ) (2.3.14)
o, ,=(1-v,) X nv—;;(BT <AN2§ <(V_2>(Be_2—(A ) ) (2.3.15)
g, :(1—vf)[% k(3°-1)-ark(T- 'g)}l (2.3.16)

where (A,) is given by Eq. (2.2.76){,) is given by Eq. (2.2.78)<)Ie_1> and <)Ie_2> are

I1SO

given by Eq. (2.2.80) an@ZV_l> and <Zv_2> are given by Eqg. (2.2.81).

In what follows, the proposed constitutive modeidentified and verified using the carbon-
filled SBR experimental data. The results of theté element simulations are also criticized
by comparing the predicted values provided by tlep@sed model with the experimental
data obtained from the two-block tests. A view loé finite element mesh of the tested dog-
bone shaped specimen is given in Figure 2.2.3thefRart I, in which the same thermo-
mechanical boundary conditions regarding the erpantal tests are simulated for the model

identification and verification.
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2.3.3.2. Identification

In this subsection, the SBR thermo-mechanical patars are identified (sometimes
specified) in the order of the model parametergdrsivided in Section 2.2.3. As revealed by
our experimental observations, the recoverableusnelcoverable network rearrangements are
two relative mechanisms dependent on the loadimgliton, especially on the load time-
scale. In light of the significance of the visc@tia effects in the carbon-filled SBR inelastic
fatigue process, the damage effects on the chaie-staterial constants are not considered in
the present identification. Furthermore, the terapee-induced network rearrangements are
also not considered due to the relative low leneheasured dissipative heating.

The numerical parametric study presented in Fig&r@sA and 2.2.5 of the previous Part
revealed the respective role of selected matermaistants on the stress-softening, the
hysteresis and the heat build-up in the testedbboge shaped specimen without alteration of
the rubber network by damage-dissipative heatifeces. In this part of the work, an original

deterministic procedure is proposed to extractgiie SBR experimental data the physically

interpretable model parameters of the rubber matipx, T, N, n, ;ksT, n, kT, N, .,

N,,, b, r,, m and d. The properties of the perfect network are idedifvia an

amplification-inspired procedure using the relastess data whereas the history-dependent
mechanical cyclic features of one filler contentveeo the identification of the properties of

the entangled and non-entangled free chains.

2.3.3.2.1. Network parameters of the cross-linked chains
In the case of incompressible uniaxial deformatibwe, uniaxial average relaxed Cauchy

stressg,, is given from Eqg. (2.3.13), as a function of tmeexial stretchA, as follows:

kT /Ng , 1
aR=(1—vf)x“:a @(@(A _ﬂ (2.3.17)
where:
— 1 </‘D> ~ </‘D> 3Npg _</‘D>2
=0 = 3.
(o) LJN_R NCNITRETY: (2.3.18)
(Ay) =X (22-1)+1 (2.3.19)
in which:
A= l(/l%—zj (2.3.20)
3 A
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In light of the difficulty to regress simultaneoyghe experimental data of the three carbon-

filled SBR materials according to Eq. (2.3.17),0cmenient approach is proposed to identify

the network parameten,k;T  and the filler agglomerasibape factoc. By considering the
rubber-filler material system as a homogeneous umedithe static stiffnes€_, may be
extracted from the following formula:

C. =30, {@zm[ﬁ —ij} (2.3.21)

A

where:

32
Ay J~ Ay 3Ng =4, (2.3.22)

e R
Using the relaxed-stress deduced from the mulg-steess relaxation, the value of the static
stiffness C, for each carbon-filled SBR material is obtainedie Tamplification effect of
carbon-black fillers on micro-stretch imposed omink can be considered as an equivalent
amplification effect applied on the static stiffees, at the macroscopic scale. Figure 2.3.7a
presents the static stiffness, as a function of the filler content and the figfimith the
following equation:
Ce=Ca(v)=(1-v) Xn kT (2.3.23)
Considering that the relaxed-stress is deduced trmmulti-step stress relaxation, in which
the holding time is sufficient for restoring themjgerature up to the initial value (i.e. room
temperatureT, ), the network parameten,k,T,  and the filler agglonmierashape factoc
can be extracted by means of parametric regresstbrieast square method:
N,k T, =0.34 MPa (2.3.24)

c=3.69 (2.3.25)
By combining Egs. (2.3.21) and (2.3.23), the urahaverage relaxed Cauchy stress can be

alternatively expressed as:
JN
o =(1-v,) x”R—?‘fBTA—R(D(/lZ —%) (2.3.26)
m]

The uniaxial average relaxed Cauchy stress giverEdy (2.3.17), and issued from the
Bergstrom and Boyce (1999) amplified procedurecampared in Figure 2.3.7b with the
proposed formula given by Eqg. (2.3.26). The twausohs give very similar results for the

three amounts of carbon-black. This micromechanietment introducing the nonlinear
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dependence on the volume fraction was earlier feedther types of material responses
(Ayoub et al., 2010; Zairi et al., 2010, 2011b).
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Figure 2.3.7. Identification of the network paraerstof the cross-linked chains: (a) static
stiffness as a function of the filler volume fractj (b) relaxed-stress response considering the
two amplified models (1. SBR15, 2: SBR25, 3: SBR43)

The value ofN, can be further determined by considering thatd#s@ominator of the Padé

approximation given by Eq. (2.3.22) is equal taozer

1 2
N, ==| A2+-=[=6.0 2.3.27
R 3( 00 A ] ( )

00

in which A_ is the uniaxial stretch for which the stress iases in an exponential way.

2.3.3.2.2. Viscous parameters of the free chains

The identification exercise of viscous parameteysnot trivial and its difficulty is
proportional with the complexity of the constitigivmodel itself (Pyrz and Zairi, 2007;
Abdul-Hameed et al., 2014a, 2014b).

From a micromechanical viewpoint, we assume thatitwork properties in the rubber-
filler material system are the same as those opthie rubber network. The remarkable effect
of the filler reinforcement on the cyclic dissigatiand the stress-softening is seen in Figures
2.3.8 and 2.3.9, in which are plotted the evoludiof the stresses in each sub-network, as a

function of time and strain, respectively, for ®BR43 material and the pure rubber network.
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Figure 2.3.8. Stress as a function of time inefatangled free chains, (b) non-entangled free
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Figure 2.3.9. Stress as a function of strain ihe(dangled free chains, (b) non-entangled free

chains.

The magnitude of these two phenomena can be adslicped in a given material point of the
meshed specimen. As an illustrative example, Figu8el0 gives the local viscous stretch
fields. The reduced section in the gauge lengthwalllocating the highest viscous stretch in
this region and, as a consequence, the highesisstoftening and hysteresis. The highest

magnitude of the intrinsic dissipation related hertno-hysteretic effects (mainly induced by

the ron-entangled free chainsccurs in this zone.
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1. 005

1. 000

(b)

Figure 2.3.10. Contours of the viscous stretchdkarflat specimen: (a) SBR43, (b) matrix
(1: entangled free chains, 2: non-entangled fregnch.

The properties of the entangled and non-entangled €hains are identified via the

amplification-inspired procedure. Analogous to shettic stiffnessC,, , the viscous parameters

C,, and C, ,, related, respectively, to the entangled and ndargled free chains, are

v v_
defined by considering the rubber-filler materigtem as a homogeneous medium. In the
case of incompressible uniaxial deformation, tleeeglastic response can be analogous to the
harmonic response of a simple mechanical model istimg to two parallel Maxwell
elements, each constituted by an elastic springeimes with a viscous dashpot. Let us
consider the Maxwell element of the entangled fobains cyclically loaded from the

minimum straing,, =InA_ to the maximum straig, ., =InA__ . Due to the low relaxation

rate of the viscous dashpot, the maximum stret¢herelastic spring tends to decrease during
the cyclic loading and the middle point of the gtaspring moves monotonously towards the

stretch direction until reachinfg, ., —¢,..)/2. The decrease of the maximum stretch in the
elastic spring leads to the decrease of the maspasstress from the stress,, , of the first

cycle to the stresgr

max_n,

of the last cycle. The viscous stiffne€s , is roughly estimated

from the stress-softening response by:
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amax 1_Jmaxg
C, , == = (2.3.28)

v (gmax _gmin)/z

The viscous stiffnesE, , is determined from a loading-unloading cycle. dsihe tangent

v

modulus of the instantaneous unloading, =do/ds and the static stiffness

C.(2/2 +1/4,)/3 at the uniaxial stretch reversa|, the viscous stiffnes€, , is estimated

v

by the following equation:

C,.=E - 242+1 |-, (2.3.29)
- 3 Au —
The viscous stiffness values, identified using3BR43 experimental data, are:
(Cy 4)epnpe=0-22 MP2 (2.3.30)
(C._2) sy =0-47 MP3 (2.3.31)

The distribution of the carbon-black fillers is siatered identical inside the three parallel
networks. In other words, the magnitude of straimpbfying effect of the fillers is assumed to

be the same for the cross-linked chains, the eflgdrfgee chains and the non-entangled free
chains. Thus, the amplification equation identiffedthe cross-linked chains may be applied

to the two other networks by using similar formulae
C,.=C,y(v)=(1-v) Xn kT (2.3.32)
Cv_2 = éV_Z(Vf ) = (1_ Vf ) Xn/_z KgT (2333)

Combining Egs. (2.3.30), (2.3.31), (2.3.32) an®.@&3), and ignoring the temperature effect,
the material properties of the entangled and ndarged free chains are easily extracted:

n, kT, =0.11MPe (2.3.34)

n, ,ksT,=0.24 MPe (2.3.35)

The values ofN, , and N, , for the entangled and non-entangled free chairspectively,
are assumed to be equal and to be the same thadehgfied for Ny, :

N, =N, ,=6.0 (2.3.36)

The values of the other viscous parameters aranglatdhrough the adjustment of the best

response for the highest filler content by meansialfand error:

r,=3.0 MP&* & (2.3.37)
r, =265 MP&” & (2.3.38)
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d =-0.01

m= 2.0

(2.3.39)
(2.3.40)

The damage kinetics of the chain-scale materiasteons given by Eq. (2.2.102) is set to zero

and hence the coupling parameter takes the follpwatue:

'8:

10

(2.3.41)

The identification results of the properties of #rgangled and non-entangled free chains are

provided in Figures 2.3.11 and 2.3.12, respectivEhe ability of the model to capture the

SBR43 experimental data can be verified for the pwesstretch levels.
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Figure 2.3.11. Identification of the viscous parseng of the entangled free chains using the
SBR43 stress-softening response:Ag) =1.2, (b) 1., =1.5.
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Figure 2.3.12. Identification of the viscous par#en® of the non-entangled free chains using

the SBR43 hysteresis loop at the 95fcle: (a)A

=1.2,(b) A, =15.

min

The properties of the rubber network in the rubdmmpound are supposed to be the same as

those of the pure rubber network, for which thgoeses are also provided in Figures 2.3.11
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and 2.3.12. The remarkable effect of the fillerstba increases of fatigue-induced stress-

softening and hysteresis is pointed out.
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Figure 2.3.13. Experimental and simulated strefi®sog (maximum and minimum stresses) at
different minimum stretches (#in=1.1, 2:Amin=1.2, 3:Anin=1.3, 4:Anin=1.4, 5:Anin=1.5):
(a) SBR15, (b) SBR25, (c) SBR43.
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Remind that the model parameters were fitted toSB&43 cyclic experimental data, and
then the same material parameters were used tacprbe SBR15 and SBR25 cyclic

responses using the amplified-inspired approacleréffore, except the relaxed-response
parameters, the verification consists in a studghefcapability of the model to fit the SBR43
experimental data and, to predict the SBR15 and25B&perimental data. The simulations

are compared with the experiments in Figures 2,21814 and 2.3.15.
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Figure 2.3.14. Experimental and simulated hysteresponse at 28@ycle and at different
minimum stretches (Umin=1.1, 2:Anin=1.2, 3:Amin=1.3, 4:Amin=1.4, 5:Amin=1.5): (a) SBR15,
(b) SBR25, (c) SBR43.

The responses given by the proposed model andxieriments are shown for a material
point taken on the gauge length of the dog-bongehapecimen surface. A global view at
these figures shows the ability of the model totwag over the entire range of minimum
stretch levels, the filler content effect on, redpely, the stress-softening, the hysteresis and
the surface heat build-up as a function of the eyaimber. The model is found able to

capture during the fatigue loading history the gatast effects of minimum stretch and filler
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content on stress-softening, hysteresis loop arat baild-up, decreasing with minimum

stretch and increasing with filler content. It d@observed in Figure 2.3.13 that the strongest

stress-softening occurs at the first cycles in wiboth the maximum and minimum stresses

involve linearly. After a certain number of cyclélse rubber tends towards a stabilized state

for which there is no significant change in strédthough, the general trends provided by the

simulations are satisfactory, we must to recogthse the initial rapid transient softening is

not well reproduced by the model whose accuracylavése improved by increasing the
number of networks.
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Figure 2.3.15. Experimental and simulated surfaogerature at different minimum
stretches (UAmin=1.1, 2:Anin=1.2, 3:Anin=1.3, 4:Amin=1.4, 5:Amin=1.5): (a) SBR15, (b)
SBR25, (c) SBR43.

The model is found to describe in a satisfactorymea both the hysteretic response and the
temperature evolution due to the heat build-upighlighted in Figures 2.3.14 and 2.3.15. In

particular, the mechanical dissipation, depictedigyhysteresis loop area is well reproduced
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by the model, including the dependency vis-a-vesftlher content and the minimum stretch.
Almost all the mechanical dissipation is transfénmo heat energy inducing the temperature
increase reported in Figure 2.3.15. When the amolugénerated heat is equal to the amount
of heat lost into the environment, the temperatuzaches the stabilization observed
experimentally as well as numerically. Note thah@ligh the model is also able to describe
the well-known oscillating temperature, only therage value of the temperature is presented

for the sake of simplicity.

2.3.3.2.3. Volumetric and thermal parameters

The volumetric and thermal parameters are assumduk tnot dependent on the filler
content. The thermal expansion coefficiant of the studied material was obtained in our
previous work (Ovalle-Rodas et al., 2015) by meahgonstant-temperature tests under

temperatures ranging from 293 up to 353 K:

a= [i](ﬁj =3.6x10" K* (2.3.42)
L, )\.d&

where L, is the initial specimen length andL/dé@ is the uniaxial dilatation-absolute

temperature slope.
The bulk modulusk, significantly higher than the rubber stiffnesdds the following value:
k =500n, k, T, = 200MPe (2.3.43)

Contrary to the observed trend on pure rubbers @ieynd Ferri, 1935; Treloar, 2005), a
thermal softening of the relaxed stress-strainticlamay be observed in filled rubbers
(Drozdov and Christiansen, 2009; Li et al., 201%al®@-Rodas et al., 2015). The decrease in
stiffness with temperature, acts as an additiorwdtesing effect to those induced by
viscoelasticity and damage as illustrated in FigRr2.7b. The thermal softening may be
attributed to the reduction in the effective numbérchains per unit volume (Fischer and
Henderson, 1967), as described by Eqgs. (2.2.842&dB5). In contrast to pure rubbers, in
which the thermo-mechanical response is explaineiduely by the contribution of the
entropy-related energy (Meyer and Ferri, 1935; dagl 2005), the thermo-mechanical
response of filled rubbers can be explained, inteaid by the contribution of the viscosity
(Clément et al., 2001). The amount of the viscositytribution depends on the filler fraction,
and can be related to filler-rubber matrix / filldker interactions. In the present experimental
investigation, the fatigue-induced temperatureateons are relatively low and hence should

have no significant influence on the chain-scaléema constants, such that:
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N, =0.0 (2.3.44)

Finally, the following values are, respectively,opted for the coefficient of thermal
conductivity, the specific heat capacity at constiformation and the coefficient of thermal

convection:
k, =0.19 W m* K* (2.3.45)
C,,=178x16 Jnv K* (2.3.46)
h=19 W m?K™ (2.3.47)

To check the implemented constitutive model, timeusated responses are compared in what
follows with the experimental results obtained unise cyclic loading blocks with different

pre-stretch levels.

2.3.3.3. Comparison with two-blocks experimental data

The model parameters identified on the SBR maitmxiatroduced into the finite element
simulations as input constants and the quantitgireelictions of the constitutive model are
compared in Figures 2.3.16-2.3.20 with the expentaledata of the three carbon-filled SBR
materials cyclically loaded under Low-High (LH) amtigh-Low (HL) two-block tests. A
global view at these results shows that the gerteeadds provided by the model for the
prediction of the carbon-filled SBR history-depenteyclic response are satisfactory for the
different pre-stretch levels including the filleejgendency.
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Figure 2.3.16. Stress-strain curves at thé"25@le of two blocks with different pre-stretch
levels: (a) LH, (b) HL (1: SBR15, 2: SBR25, 3: SER4
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Figure 2.3.16 presents the comparison regardingttiess-strain hysteresis loop at the"250
cycle. It is satisfactory to observe that the mgatedictions are in reasonable agreement with
the hysteretic responses of the three carbon-fll&&R materials for both LH and HL pre-
stretch levels. This observation indicates thatdbestitutive model can accurately capture
the effects of fillers and pre-stretch levels onchaical dissipative mechanisms. In Figures
2.3.17-2.3.19, the model predictions of the fatiqaticed stress-softening are compared

with our experimental data.
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Figure 2.3.17. Maximum and minimum stress evolulio8BR15 under two blocks with
different pre-stretch levels: (a) LH, (b) HL.
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Figure 2.3.18. Maximum and minimum stress evoluiio8BR25 under two blocks with
different pre-stretch levels: (a) LH, (b) HL.

A reasonable agreement between simulated and neebstmess-softening can be observed. In
particular, the general trends in the second blaxk well reproduced by the simulation,

showing a decrease in stress under LH pre-stretatld and an increase in stress under HL
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pre-stretch levels. However, the deviation betwdbe experimental stress-softening
responses and the numerical ones, satisfactoheifirst block, increases in the second block.
It may be induced by the identification of the mmetleviscous properties which should be
performed under a wider history-dependent features.
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Figure 2.3.19. Maximum and minimum stress evoluiio8BR43 under two blocks with
different pre-stretch levels: (a) LH, (b) HL.

The change in temperature, measured in the midmeafithe specimen surface, is compared
with the numerical results in Figure 2.3.20.
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Figure 2.3.20. Temperature evolution (simulati@t solid line, experiment: blue dots) under
two blocks with different pre-stretch levels: (a),L(b) HL (1: SBR15, 2: SBR25, 3: SBR43).

It is found that the temperature evolution is sssbdly predicted by the model, especially
for its dependencies on the filler content and phestretch level which are consistent with

the observations on the intrinsic dissipation (Begure 2.3.5). We first focus on the first
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block of each test. The temperature rapidly in@saturing the first few cycles, and then its
rate gradually decreases with the cyclic loadingisTohenomenon can be explained by the
evolutions of the heat production and loss rateshé beginning, the thermal equilibrium is
suddenly broken by the cyclic self-heating, andhst the temperature rises rapidly. With the
temperature increase, the heat loss induced bythimenal conduction and convection is
accelerated, whereas the heat production rateedelaith the intrinsic dissipation is almost

not affected by the temperature evolution.
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Figure 2.3.21. Zoom of Figure 2.3.20 showing tmeusation in the transition zone between
the two blocks: (a) LH, (b) HL.

Hence, the temperature rise gradually becomes almvslow, and the specimen tends to
attain a dynamic thermal equilibrium with a stateli temperature between the heat
production and loss. When the test enters intos#e®nd block, the intrinsic dissipation is
suddenly changed in a different way between theabH HL two-block tests. Indeed, for the
LH two-block test, a sudden reduction of the heatpction rate can be expected when the
test passes from the low pre-stretch level to igh bne, and the heat loss starts to dominate
resulting in the temperature decrease. By contrfastthe HL two-block test, the heat
production rate is suddenly increased and hencelerates the temperature rise, which
permits the temperature to reach a higher stadiliseel with a new dynamic thermal
equilibrium. Moreover, it should be noted that teenperature evolution predicted by the

model is actually accompanied with a periodicattilation with the same frequency than the
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cyclic loading as shown in Figure 2.3.21. It candbserved in the figure that the transition
from one block to the other is accompanied by alsndemperature change. The temperature
increases in the HL two-block transition and desesan the LH two-block transition. These
thermal features are actually induced by the theetastic heating and cooling effect
dependent on the filler content, and satisfy thaeratteristics of entropic elasticity. The close
agreement between simulated results and test fisdialidates the capability of the proposed
constitutive model to predict the pre-stretchedgtst response of carbon-filled SBR. That
indicates that the proposed constitutive theoryturas the physical mechanisms occurring
inside this rubber-filler material system during flatigue loading history.

It is worth noting that the model capabilities wesaly examined for flat and thin
specimens with a constant cross-section subjeotacconstant-amplitude pre-stretched cyclic
loading. The model needs to be further verifiederniore complex loading conditions and
other specimen geometries for which the heat hyldand the damage effects could turn

sufficiently important to modify the overall cycliesponse of the material.
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Figure 2.3.22. Simulated temperature incremerttenfiat specimen (surface: continuous
lines, center: dashed lines) at a minimum stref¢h)olmin=1.1, (b)Amin=1.5 (1: SBR15, 2:
SBR25, 3: SBR43).

2.3.4. Cyclic dissipation in thick rubber specimens®

The above results show the ability of the modecapture and predict the significant
features of the cyclic response and the heat lugla{ carbon-filled SBR. The predictive

19 This Part of this Chapter is based on the following paper: Qiang Guo, Fahmi Zairi, Cristian Ovalle-
Rodas, Xinglin Guo, 2018. Constitutive modeling of the cyclic dissipation in thin and thick rubber
specimens. ZAMM - Journal of Applied Mathematics and Mechanics 98, 1878-1899.
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capability of the model over a range of filler centrations is also demonstrated. That
indicates that the proposed thermo-mechanical yheaptures the intrinsic constitutive
response and the basic mechanisms involved duyelg ¢doading of carbon-filled SBR. The
constitutive theory is presented in its most gerferan with the aim of being applicable to all
thermo-viscoelastic filled rubbers, but also to kihds of rubber structures. The thin
specimens involve very weak gradients in the trarss/direction, as shown in Figures 2.3.10
and 2.3.22 for viscous stretches and temperatespectively.

In the case of thick structures significant gratBemay be generated. In order to illustrate
this aspect, we propose now to analyze how theidtiatress state may influence the inelastic
fatigue effects in relation with the cyclic deforilm@ mechanisms. Triaxial stress states
different from the uniaxial state can be inducedtbg specimen shape: The cylindrical
hourglass-shaped specimens, R2 and R42, showngureFi2.3.23 present two different
curvature radii in order to set different triaxgtess states in the median cross-section. The
lower the curvature radius, the higher are theximlastresses in the specimen. The three
specimens are meshed using 3D 8-node meshing dkenisaparametric and arbitrarily
hexahedrics. One specimen end is fixed and ther athesubjected to a displacement-
controlled cyclic loading. In our simulations, th@me equivalent strain in the median cross-
section is applied for the two specimens. A condtmperaturd, = 296 K is applied at both
specimen ends and the remaining frontiers are sidojeto a convection heat transfer
condition, see Eg. (2.111).
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R42 R2
B Fixed displacement W Constant temperature
Increasing displacement I Convection conditio

Figure 2.3.23. Boundary conditions for flat ancckhspecimens.

The fatigue damage and temperature fields insi@esimulation model are shown in
Figure 2.3.24 for the two thick specimen shapesaBse of symmetry, only one-eighth of the
three-dimensional specimen is considered. surfé@n tin the center due to thermal

convection.
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(b)
Figure 2.3.24. Contours of (a) damage and (b) teatpe= in the AE42 and AE2 specimens.

At the beginning of the cyclic loading, large dpsion gradients induce higher surface
temperature on the surface than in the center.r&i@u3.25 illustrates the damage and
temperature evolution predictions at material Eint the center and on the surface of the
median cross-section. The cyclic dissipation depeod the stress state induced by the
specimen shape. A center-to-surface gradient refime expected according to the specimen
curvature radius, with a dissipation higher on #weface than in the center. Indeed, the
damage distribution presented in Figure 2.3.24aibéshhigher damage values on the
specimen surface whatever the specimen shape dhdavgenter-to-surface gradient higher
for the smallest specimen curvature radius. FiguBe25a shows a nonlinear evolution of the
damage under cyclic loading with a continuous iaseeof the difference between the center
and the surface. Although the cyclic dissipatiangferred into heat energy is larger on the
specimen surface, the thermal convection at thiaseiwith the environment makes the heat
energy concentrates in the core and causes thestatuge higher on the specimen center, as
shown in Figure 2.3.25b. This thermal insulatortdea of the rubber makes the bigger
specimen with significant thermal gradients. Besjdthe high temperatures inside the
specimen could be sufficiently important to indubermal aging effects (Neuhaus et al.,
2017). As shown in Figure 2.3.25b, the temperainmeases nonlinearly under cyclic
loading with a decreasing rate larger on the saerfd@n in the center due to thermal
convection. At the beginning of the cyclic loadiharge dissipation gradients induce higher

surface temperature on the surface than in thecent
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Figure 2.3.25. Simulated (a) damage and (b) temyrerancrement in the AE42 and AE2
specimens (surface: continuous lines, center: dblémes).

2.3.5. Partial conclusions

In this Part of this work, the constitutive modehsvcompared to our experimental data
obtained on a carbon-filled SBR containing difféaramounts of carbon-black and cyclically
loaded under different pre-stretch levels at roemgerature. The respective influence of pre-
stretch level and filler content on the inelastifees (relaxation, stress-softening and
dissipations) in carbon-filled SBR was experimdgtaéported, and the underlying physical
mechanisms were deduced. An original amplificatispired procedure was proposed for
the identification of the rubber matrix propertiésen used as direct input constants of the
constitutive model modified to incorporate explicithe filler effects. The predictive model
capabilities were verified from the comparison lkew the numerical predictions and the
carbon-filled SBR experimental response obtainedeurtwo cyclic loading blocks with
different pre-stretch levelsthe simulated results compared favorably with thobtained

from experimentsNumerical applications were carried out on thiclkk@mens with two
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different curvature radii in order to set differenixial stress states in the median cross-
section.

The presented model provides a useful tool for dgraand thermal patterns estimation in
rubber structures. A quantitative evaluation of tiedel remains however an important issue

for future works.
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CHAPTER 3. STRETCH-INDUCED
CRYSTALLIZATION IN RUBBERS

3.1. THERMODYNAMICS AND MECHANICS OF
STRETCH-INDUCED CRYSTALLIZATION IN
RUBBERS?Y

The aim of this Part of the Chapter 3 is to provide a quantitative prediction of the stretch-induced
crystallization in natural rubber, the exclusive reason of its history-dependent thermo-mechanical features. A new
constitutive model based on a micro-mechanism inspired molecular chain approach is formulated within the
context of the thermodynamic framework. The molecular configuration of the partially crystallized single chain is
analyzed and calculated by means of some statistical mechanical methods. The random thermal oscillation of the
crystal orientation, considered as a continuous random variable, is treated by means of a representative angle.
The physical expression of the chain free energy is derived according to a two-step strategy by separating
crystallization and stretching. This strategy ensures that the stretch-induced part of the thermodynamic
crystallization force is null at the initial instant and allows, without any additional constraint, to formulate a
simple linear relationship for the crystallinity evolution law. The model contains very few physically
interpretable material constants to simulate the complex mechanism: two chain-scale constants, one crystallinity
kinetics constant, three thermodynamic constants related to the newly formed crystallites and a function
controlling the crystal orientation with respect to the chain. The model is used to discuss some important aspects
of the micro-mechanism and the macro-response under the equilibrium state and the non-equilibrium state
involved during stretching/recovery and continuous relaxation.

Keywords: Chain configuration; thermodynamics; crystallization; melting; history-dependent effects.

20 This Part of this chapter is based on the following paper: Guo Qiang, Zairi Fahmi, Guo Xinglin, 2018.
Thermodynamics and mechanics of stretch-induced crystallization in rubbers. Physical Review E 97,
052501.
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3.1.1. Partial introduction

Firstly observed in 1925 by Katz (1925), the stidteduced crystallization in natural
rubber has a long research history. Although itceons also synthetic rubbers, it is now well
recognized that the ability of this biopolymer tystallize under stretching is mainly due to
the highly regular macromolecular structurehe transformation of the chain from its
amorphous to crystalline state can be understamd the thermodynamic viewpoint. When
the chainis stretched from its most probable conformatitsalignment results in a decrease
in the conformational entropy. Thus, less entropyneeded to be sacrificed in the
transformation of the chain from its amorphous itgstalline state. Due to this decrease in
total entropy of fusion, the stretch-induced crijiziation is allowed to occur at higher
temperatures than under quiescent conditidine process atretch-inducedtrystallization
has a depth impact on the mechanical propertiasjraparticular, it contributes to superior
fatigue properties and crack growth resistance (ethet al., 1996Mars and Fatemi, 2004;
Le Cam and Toussaint, 2008) as well as historyudget mechanical features such as
hysteretic effects (Clark et al., 1940; Murakamakf 2002; Trabelsi et al., 2003; Albouy et
al., 2005, 2014; Rault et al., 2006a, 2006b; Canelaal., 2015a, 2015b) and continuous
relaxation (Toki et al., 2005; Tosaka et al., 20B&jning et al., 2015; Xie et al., 2017). There
are considerable qualitative experimental obsesaation the stretch-induced crystallization
in natural rubber, as reported in recent literatergews (Huneau, 2011; Toki, 2014; Albouy
and Sotta, 2017), but the quantitative predictivaating of this fascinating phenomenon is
far from being fully established and remains a leimgjing task.

A predictive constitutive theory is, indeed, fundamal to better understand the
relationship between the thermo-mechanical respamnsthe macro-scaland the stretch-
induced crystallizatiomt the micro-scalefor which numerous phenomena accompanying the
material transformation are still misunderstoodlitArature survey shows that there exists
only five recent contributions dealing with thiskain rubbers (Kroon, 2010; Dargazany et
al., 2014a, 2014b; Mistry and Govindjee, 2014; Bwet al., 2015; Rastak and Linder, 2018)
and all the proposed constitutive models can bendisished by the restrictive assumptions,
the theoretical approach and the predictive caipaisii The development of a rigorous
physically-based predictive model of this mechanisas to take into account, within the
context of the thermodynamic framework, the paléicehain configuration by means of the
statistical mechanics. In this regard, three majpeats have to be taken into account such as
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(i) the definition of a pertinent single chain cigufration that can be then translated to the
chain network, (ii) the derivation of the chaindrenergy becoming that of the chain network
and (iii) the proposition of an appropriate cryitakion kinetics and its evolution lawhe
second point is the key element in the thermodyodanmulation of the constitutive relations
between various thermodynamic quantities, andléde® to the micro-structural specificities
of the rubber gum by means of the first point. Tined point introduces into the constitutive
relationships the micro-structural evolution usaither a purely phenomenological evolution
law or a more physically realistic evolution lawsg physical consistency allowing especially
to limit the number of parameters with no direcygibal meaning.

The stretch-induced crystallization in a rubberich@as investigated, using the statistical
mechanics and within the thermodynamic framewarkilie first time in 1947 by Flory in his
early work (Flory, 1947). In his theory, bounded sBveral simplifying assumptions, Flory
(1947, 1949) considered that the final partiallystallized chain is achieved from an initially
fully amorphous chain by two separate and dististéps, namely, stretching and
crystallization, and the crystallized part in tHeaim was assumed to be fully extended and
oriented in the stretching direction. The Flory ahe (Flory, 1947, 1949) predicts the
equilibrium crystallization as a function of stietand temperature, and was verified with
experimental observations (Arlman and Goppel, 196&;et al., 2016). Later, other models
based on the Flory theory (Flory, 1947, 1949) wemposed by vanishing some assumptions.
Roe et al. (1961), Gaylord (1976) and Gaylord antide (1976) considered tloeystallite
morphology in crystallized polymer chains whereasitB (1976) taken into account the
orientation of the extended crystallized part wikpect to the chain. In the previous models,
the crystallization occurs in a thermodynamicallysi favorable condition, i.e. in a
thermodynamic equilibrium condition. Since this #iQuum crystallization is assumed
without time evolution and achieved only undernitgésimal change rates, it is necessary to
extend the theory to non-equilibrium conditions wehéhe crystallinity evolution should be
described in a certain kinetics theBryDifferent descriptions of the crystallization &iits
were proposed in the five recent contributions @€r02010; Dargazany et al., 2014a, 2014b;
Mistry and Govindjee, 2014; Guilie et al., 2015;sRé& and Linder, 2018). Kroon (2010)

2L The crystallization kinetics in solids was firstipvestigated by Avrami (1939, 1940, 1941) and sitz
equations have emerged for spherulitic growth errfally-induced crystallization but are not useful all
kinetics of newly formed crystals due to differemde morphology and in size. As a matter of faog micron-
sized spherulites in semi-crystalline thermoplagiidymers resulting from quiescent melt crystatiza are
different than the newly formed nano-sized crygtslin natural rubbers due to stretching.
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proposed a model by defining the crystallinity aegras the fraction of the partially
crystallized chains with fixed-size nucleated cajlges without crystallite growth. In his
model, the contribution of the crystallites to tHeee energy is neglected and a
phenomenological Arrhenius-type kinetics is introeld to govern the crystallinity evolution.
Dargazany et al. (2014a, 2014b) also took the alitst size in a single chain as a material
constant whereas the crystallinity evolution lawswarmulated on the basis of the chain
length statistic distribution. Mistry and Govindj&2014) proposed a model in which the free
energy is considered to only consist of a purefrititodynamic part and an elastic part. In
their model, the crystallization kinetics is forratdd based on the free energy gradient with
respect to the crystallinity degree, and a yigt@-lthreshold is introduced to additionally
restrict the evolution law. Guilie et al. (2015%@lrelated the crystallization kinetics with the
free energy gradient, but they formulated the enaiulaw using a plastic-like flow rule and
made a distinction between the processes of cligstin and melting. Very recently, Rastak
and Linder (2018) derived the chain free energynlbggrating the chain force with respect to
the chain length and adding an integration consialytdependent on the crystallinity degree.
In their approach, a linear relationship betweenftbe energy gradient and the crystallization
rate was directly adopted to capture the rate-dagarcrystallinity evolution.

In this Part of the&Chapter 3 we present a new micro-mechanism inspired madealiain
model to describe the progressive evolution of ¢hestallinity degree in rubbers and the
history-dependenthermo-mechanical response within the context @ thermodynamic
framework. In our model, the orientation of the stajlization domain with respect to the
chain is considered as a continuous random varialfleeh is treated by means of a
representative angle. In the spirit of the Florgaty (Flory, 1947, 1949), we derive the chain
free energy via a two-step strategy by separathygtallization and stretching. Although
hypothetical, the method allows to derive a phylicaalistic model insuring that the free
energy gradient, used to formulate the crystajlivolution law, is null at the initial state
under the melting temperature, ignoring the criigtadurface energyrhe method avoids the
introduction of any additional constraint to deberithe progressive evolution of the
crystallinity degree which obeys tolinear relationship between the crystallizatiaterand
the corresponding thermodynamic force.

The outline of the present Part is as follows. We ghe main elements of the developed
model in Section 3.1.2. Section 3.1.3 presentsdiscusses the model results. Concluding
remarks are finally given in Section 3.1.4.
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3.1.2. Theory

Let us consider a single chain with a total nundifeN segments each of length for a
fully extended chain length dfll . During the crystallization, a portion of the mméar chain

crystallizes while the remaining remains amorphasiglustrated in Figure 3.1.1.

o (Crystallized segment

r o Amorphous segment

IlI: Final configuration

II: Intermediate configuration

I: Initial configuration

Figure 3.1.1. Configuration changes in the propdsedstep strategyt — Il thermal-
induced crystallization step anll - lll absolutely mechanical stretching step.

The two amorphous subparts are present from esilderof the crystallized portion and, are
assumed to not interact and to have a random laissh. We confer the subscript 1 to the
left amorphous subpart and the subscript 2 toitile amorphous subpart. The conservation
of the total number of segments leads to:

N=N+N,,+N (3.1.1)

a_z

where N_ is the number of crystallized segments akd= N, ,+ N, , is the total number of

amorphous segments:

N, =N(1-x) (3.1.2)
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in which )(D[O,J] is the crystal fraction in the single chain giwgnthe following ratié?

N
=t 3.1.3
X=X (3.1.3)

The chain end-to-end vector is the sum of three parts:
(3.1.4)

F=ro+r,  +r

a_2
in which r, is the end-to-end vector of the crystallized @end, r, =r, ,+r, , is the sum of
the end-to-end vectors of the two amorphous SmeHrtroducingHD[o,n] as the angle
betweenr andr_, a simple relationship between the lengths ofeéhssd-to-end vectors is

given:

r,=\r?+r2-2r cosd (3.1.5)

wherer =|r||, r, =|r,[ andr, =] -

3.1.2.1. Configuration

As a matter of fact, the partially crystallized rhaontinuously oscillates due to thermal
fluctuations. Owing to the internal rotation of raollar bonds, a huge number of molecular
chain configurations are possible which requiregigtical mechanical methods to establish
the average mechanical properties. In our microhlraeism inspired molecular chain model,
the configurations of the crystallized part and tilve amorphous subparts are assumed to be
independent from each other, and hence, the caoatign of the whole chain can be
identified by comprehensively analyzing the indudl oscillation of the amorphous and
crystallized parts.

The amorphous segmerageassumed to beotationallyjointed with complete freedom of
orientation and with no interaction (Wang and GLit852), i.e. the rotation is free at each
bond junction and all bond angles take the sambatmbty with no preferredond angle in
the absence of external forcd$e non-Gaussian statistical method is used taulzdée the
configurations of the two amorphous subparts. Goptto a Gaussian treatment, the non-

Gaussian probability density function of the molacuchain configuration allows us to

22 \We can notice that the single chain crystallizatian be generalized to define the material ciysityl degree
by implementing the actual chain structure fordihins in the network. This procedure gives us aialty
averaged measure of the material crystallinity.
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introduce the values of, ,=|r, | andr, ,=|r, ] over their whole ranges up to the fully

extended lengthsi, | andN,_ I :

3/2
3 Ia
Pa_l(ra_])= 2N, exp{—Na_ID {N—JJ} (3.1.6)

3/2
3 r,
Pa_z(ra_z) = 5 & exp{—Na_ZD { N —24 }} (3.1.7)

in which we defined(x) as a function depending on the inverse functidh(x) of the

Langevin functionf (x) = coth( x) - ¥ x:

D(x):wl(x)+lnﬁ(_lxzx)) (3.1.8)

where the Padé approximatidi' (x) = x(3— xz)/(l— XZ) is used.

Considering that the two amorphous subparts hawependent configurations, the

probability density function of the whole amorphqast P, (ra) can be derived through the

convolution integration of the two probability déggunctions Pa_l(ra_J) and Pa_z(ra_z) ;

P.(r)=P.{r )P fr b=[ P .(r JP [o-r ) (3.1.9)

After a series of lengthy but straightforward datiens, we obtain the following expression:

3/2
F>a(ra)=(2mf’l IZJ exp{—NaD(NralJ} (3.1.10)

The formula (3.1.10) points out that the probapitiensity of the amorphous part is invariant

with respect to the position of the crystallizedrdon inside the single chain. In other words,
all the possible configurations of the amorphougnsents have been taken into account
including those induced by the various possibldifi@amns of each amorphous subpart.

In the absence of external forcdse most probable end-to-end distance of the anooigppart
r,, according to Eq. (3.1.10), has the root mean requalue I\/N, . Thus, a kinematic
variable A, of the amorphous part can be introduced througletteetive stretch definition:

ra
1N,

A= (3.1.11)

Similarly, with regard to the partially crystallidechain, the whole stretch can be defined

as:
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A=— (3.1.12)

In our micro-mechanism inspired molecular chain eipthe crystallized part is considered as

a rigid entity with fully extended segments and lgagth r, is identically equal to the
algebraic sum of the length of_ crystallized segments:
r,=N (3.1.13)

Moreover, the configuration of the crystallized tparay be characterized by the andle
betweenr and r,. Due to the thermal fluctuations, this angle isnature a continuous
random variable whose probability density functiBbr(H) is related to the number of the
crystallized segmentsi_. Thus, for a partially crystallized single chaifttwa given crystal
fraction y, all the possible configurations of the crystatizsegments can be taken into
account only by considering the probability disation of the angled. As a consequence, the
probability density functiorPc(rc) of the crystallized domain is identical with thaft the
angle@:

P.(r.)=P, () (3.1.14)
Again, considering the configuration-independen@wken amorphous and crystallized
domains, the probability density function of thetjadly crystallized single chairP(r) IS

derived through the convolution integration of #@@orphous and crystallized probability

density functionsP, (r,) andP_(r,):

P(r) =Py (r)Po(r]) = [, Polr —r JP (r Jar

{Ws)m\uzrf:exp —(1—X)Nﬂ{ﬁ\/[%jz+)(z—2%)(00&9] H6)ds

(3.1.15)

Obviously, due to the complexity of the functioi@atm, it is almost impossible to directly

obtain a compact expression of the probability dgrisnction P(r) from Eq. (3.1.15), even
if an explicit expression oP, (9) is given. In order to overcome this difficulty, weroduce
a representative ang¢ by considering the basic property of the probgbiiensity function

R, (0),ie. _[0 P,(8)dé=1. Then, Eq. (3.1.15) is rewritten as:
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y2 2
P(r)=(2(173)m\”2j exp{ —(1- x)NO ﬁ\/[%j +y? - 2%)( cod

(] el

in which A, can be regarded as the representative effectigeistcorresponding to the angle

(3.1.16)

g:

2 2N _ A
= \//I +x°N ZA\/N)(COSH (3.1.17)

A=
1-x
Above all, the molecular configuration of the pallti crystallized single chain has been
analyzed and calculated by means of some statistieahanical methods. Especially for the

random thermal oscillation of the crystal oriergatithe probability density functioR, (9) is

treated by introducing the representative arjlewhich is a non-random variable depending

on both the stretcid and the crystal fractiory :
cosf=Q(A x) (3.1.18)

Using the function (3.1.18), the evolution of tt@dom crystal orientation can be captured
and analyzed during the stretch-induced crystaitima process, for which the exact

expression will be specified later.

3.1.2.2. Free energy

A key point in the thermodynamic treatment of tlagtially crystallized single chain is the
identification of the physical expression of itedrenergy. Taking the stretch-free amorphous
state as the reference state, a two-step strate@dopted to derive the free energy as
illustrated in Figure 3.1.1. Within the proposedistep strategy, the description of the first
step is very similar to a thermal-induced crystallion and that of the second step is similar

to an absolutely mechanical stretching.

3.1.2.2.1. First-step: thermal-induced crystallization

In the first step, the transformation &f, amorphous segments into crystallized segments

is performed on the condition that the ends ofrémeaining amorphous subparts keep free to
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occupy most probable locations. This step can heeaed by applying, in a certain manner, a

thermodynamic force driving crystallization, aneé firee energy change can be given by:
Ay, , =-N,(AH, -TAS,)+ U (3.1.19)
where AH_ and AS_ are the enthalpy and entropy changes associatidtie fusion of

equivalent segments from a perfect crystal. Thegematerial constants are obtained from
the thermodynamic equilibrium state between crijgeal and melted segments in the stretch-

free state, and their ratip® = AH /AS, corresponds to a characteristic temperature, rygmel

the equilibrium melting temperature. This tempemais associated to a critical state in which
all crystallites can melt theoretically when heatedy slowly. In reality, however, the rubber
chains without stretching can maintain fhly amorphous state even alarge temperature

range quite lower thanr°. This phenomenon is usually attributed to the tamithl

requirements of the free energy for the formatibthe interface between the crystallite and
the surrounding amorphous phase, and for the foomaif the crystallite surface. These

interfacial free energies are totally considereduntheory by introducing _ in Eq. (3.1.19)

as a general form. Due to the fact that all therfatial free energies depend heavily on the

crystallite morphology, different crystallizationetories can give different expressionsor

(Candau et al., 2014; Dolynchuk et al., 2015) this work, considering the form of the fully

extendedcrystallization a linear relationship between the surface freerggnu, and the
crystallized segment numbex_ is adopted as a specific example to simplify tiheusation,
i.e. U,=u,N_, u, being the proportionality coefficient. Accordinglf£g. (3.1.19) can be

c!

rewritten as:

m

Ay, , =—-N.AH [1—%]+USNC (3.1.20)

Besides, recall that after this step, the amorphsuisparts occupy the most probable

locations. It means that, the end-to-end distaricheoamorphous pat, is identically equal

to the root mean square vaIUéN_a. Under this constraint condition, the chain coufagion
after the first step is identified and the corresfing probability density?, can be calculated

by degenerating the convolution integration in Egl.15):

3 32 1
P” = (WJ exp{—NaD (K}} (3121)
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3.1.2.2.2. Second-step: absolutely mechanical stretching

In the second step, the ends of the partially atyzsed chain are dragged to the expected
position, the crystal fraction remaining unchangeuhce the crystal is considered as a rigid
entity and substantially stiffer than the amorphpast, we assume no stored strain energy
during the stretching. The free energy change Ik fattributed to the change of the

conformational entropy:
Ay =T (% - p ) (3.1.22)

where s, =k In(R,) and s, =k In(P,) are the conformational entropies related to the
probability densities?,, =P(r) andP, . The termk, is the Boltzmann’s constant.

Substituting Egs. (3.1.16) and (3.1.21) into EqlL ), we can obtain:

A, =k TN {DL&J—D{ﬁ]} (3.1.23)

which represents the stored free energy resultiogy fthe change of the representative

effective stretch (3.1.17) without any chemicalrgyechange.

3.1.2.2.3. Final expression
The free energy of the partially crystallized chainis identified as the sum of the two
previous free energy changes, ye=Ay, , +Ay, ,, - Consequently, it takes the following

final expression:

- T A gl L
Y= NCAHm(l T£J+USNC+ kBTNa{D(\/N_aJ D(\/WJ} (3.1.24)

It is worth noting that, although the two-step &gy applied for the free energy derivation is

hypothetical, it results in a real and accuratespial expression of the free energy. As a
thermodynamic potential, the value of the free gnas only dependent on the initial and
final states and independent on the thermo-mecalistory during processing. The original
intention of conceiving this two-step strategy & émploy the thermodynamic material
parameters coming from the stretch-free equilibristate and, to satisfy thphysical

consistency

3.1.2.3. Kinetics

In general, the stretch-induced crystallizatioa igcoverable micro-mechanism associated

with a dissipative hysteretic response, which cawibwed as an irreversible thermodynamic
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process accompanied with energy dissipation (Gua. eR017). In order to exactly describe
this process in a single chain, the set of thecsafeindependent state variaBfdscludes not
only the temperatur@ and the stretchl, but also the crystal fractiog. As an internal state
variable, the crystal fractiony can effectively capture the crystallization-inddamicro-
structural evolution of the singlehain which leads tothe history-dependent thermo-
mechanical response at the macro-scale. Accordirige internal state variable theory, the
non-negative intrinsic dissipatioDd during the stretch-induced crystallization process be
expressed as:

D=ky=0 (3.1.25)
where Y is the crystallization rate and can be regard gereeralized thermodynamic flux,
and k =-0¢/dx is a thermodynamic entity conjugated to the chyfsgation y and can be

correspondingly regard as a generalized thermodynéorce. In line with Eq. (3.1.24), the

specific expression of the thermodynamic fokcean be deduced as:

_ T A 1 1
K—NAHm(l Tn?J uiﬁ+ kBTN{ Z[a,\/N_J Z[Zm\/ﬁj} (3.1.26)

KT

Ka

in which we defineZ (x, y) as a function written as:

Z(xy)=x*( 9+In$(ly()y) (3.1.27)
and the termzr is expressed as:
T
g=— N "IN (3.1.28)

(AT fx -2 A

JN IN

From the (non-equilibrium) thermodynamic viewpoihe partially crystallized single chain
tends towards a thermodynamic equilibrium stateclvimay be considered as a limiting case

where all the thermodynamic quantities do not ddpepon time. This implies that the

internal state variablgy has a tendency to reach a stable value underdsergbed stretchl

i.e. Y =0. This tendency, characterized by the thermodyndiwmic ¥ , can be considered to

2 All the other thermodynamic quantities are regdrase functions of these selected independent wai@bles,
and especially, the free energy functitpn(T,/l,X) contains all thermodynamic information about tlaetiplly

crystallized single chain.
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be driven by the thermodynamic foree. On the condition that the deviation from the
thermodynamic equilibrium state is small and coesid) that the intrinsic dissipatioD

must be non-negative, a linear relationship is mgslbetween the thermodynamic flux

and the forcex:
X =~Ax (3.1.29)

where A is a positive coefficient.
Moreover, from Eq. (3.1.26), we can find that thermodynamic forcex  consists of three

parts. The first park, is the thermally-activategstallization force correlated to the process
activation at temperatures lower thafi and to the process impedance at temperaturesrhighe
than T°. The second parkg; is the crystallization resistantich is produced by the

interface and surface formation and, accountsHerdelay of crystallization in temperature

and stretch. The last and third pat is the stretch-induced crystallization force, whic
should vanish to zero at the initially fully amoouts state without stretching =1 and
X =0. This initial condition related to the materiaetmodynamic stability is crucial for the
model formulation. It can be satisfied by lettingsd =Q( 1,0 = 12/N in Eq. (3.1.18),

which may reveal that, for a single chain with sudintly large length, the crystallite forms
initially in a direction nearly perpendicular toetlthain axis. However, considering the fact

that the newly formed crystal after stretching tetworient itself towards the chain direction,

we formulate the specific dependencefofon bothA and y as follows:

cosd=Q(A X)=%(l—e‘”") ﬁ (3.1.30)

where the parametey is a coefficient controlling the orientation raiethe newly formed

crystal with the chain axis, and the varialbeis given by:
A-1
+

JN -1

by (3.1.31)

in which a0[0,1] andb[0,1] are the weight coefficients for the stretch angstailization

effects on the anglé, respectively, and the sum of them is unit, ae&:b=1. Figure 3.1.2
presents thecos? evolution with the variablew in which we can appreciate thg-

dependence of the rate in crystal orientation wite chain axis. Although exponential
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functions are introduced in Eg. (3.1.30) to desetilve evolution of the crystal orientation,
other functional expressions satisfying the requasts could be employed. In the remaining

of the paper, the following values are retain@¢:0.2,b = 0.8 andy =10.

cos 6

w
Figure 3.1.2. Crystal orientation with the parameter, 1y =1, 2: y=2, 3: y=5, 4: y=10, 5:
y=20.

The normalized forcef in the single chain is obtained from the differatitin of the free

energy function (3.1.24) with respect to the clstretch:

_0y _ o s 3.1.32
r=2 kBTN,BE( J (3.1.32)

N,

in which the termf is expressed as:

A g X _,A0Q

g=-N ;/W /N oA (3.1.33)
A s o A

\/(Jﬁj RN

The macro-kinematic variables are obtained throwgh averaging over all possible

orientations of the micro-stretch. In this procedure, the average number of chagmaupit
reference volumen is introduced andN becomes the average number of segments in the

chain network.

3.1.3. Model results and discussion

In this section, the main factors governing thestapinity and the macro-response are
examined using the proposed model under the equitibstate and the non-equilibrium state

involved during stretching/recovery and continuoeisaxation. In the bellow discussion, the
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term A corresponds to the uniaxial stretch applied atthero-level. Several inputs related to

micro-structural and thermodynamic propefifeare required by the modelingk,T,= 0.06
MPa (T,= 20°C), N = 150, A= 5.0x1G° MPa" s', AH_= 4400 J motl, T°= 25°C, u, =
1500 J mot.

3.1.3.1. Equilibrium state

Prior to examine the crystallinity evolution, nuneal simulations are carried out to
address the influence of temperature as well &chktron the equilibrium crystallization. A
key point of our theory is the thermodynamic forcein Eq. (3.1.26) which is a decreasing
function of the crystallinity and an increasing ¢tion of the stretching. These two opposite
evolutions are shown in Figure 3.1.3. Since thentibelynamic force drives the crystallinity
evolution by the kinetics law (3.1.29), the equilion state corresponds to a free
thermodynamic force, i.ex=0. From the experimental viewpoint, the true thedgmamic
equilibrium state at a certain temperatdreand a certain stretch may require a quasi-

infinite duration in an isothermal monotonic stretq.

0.5

0.0

-0.5

-1.0

-1.5

205

25 PR RN H R R ol v 1y
0.0 0.1 0.2 0.3 0 1 2 3 4 5 6 7 8 9

Crystallinity degree [%] Stretch
(a) (b)
Figure 3.1.3. Thermodynamic forceTat20°C (a) as a function of crystallinity degree for
different stretches, =1, 2:A=3, 3:1=5, 4:1=7, 5:A=9, (b) and as a function of stretch for
different crystallinity degrees, }=0%, 2:y=10%, 3:y=20%, 4:y=30%, 5:y=40%.

Thermodynamic force [10™"° MPa]
Thermodynamic force [10™"® MPa]

'S

|t is important to note that non-realistic values the melting enthalpyH,, and the melting temperatufég

must be used as inputs of existing constitutiv@ties in order to obtain correct quantitative corngmms with
experiments (Flory, 1947, 1949; Arliman and Gopp8§1; Mistry and Govindjee, 2014; Xie et al., 201@pre
realistic values are used in this work by introdgciin our theory the crystallite surface free egerg
quantitative evaluation of our theory remains hogrean important issue for further studies.
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In order to overcome this difficulty, two experintahprotocols in two steps have been used
in the literature (Huneau, 2011; Toki, 2014; Alboayd Sotta, 2017). The first method
consists of a cooling of a sample loaded at cohssénetch A well below a certain
temperatureT and the quasi-equilibrium state can be then rehdhféer progressively
warming back up tdr . The second method consists of a stretching @napke at constant
temperatureT well above a certain stretch and the quasi-equilibrium state can be then
reached after relaxation td . However, the equilibrium state obtained by meainthe two
experimental protocols is usually different, whicidicates the great complexity of the
history-dependent thermo-mechanical response duttireg stretch-induced crystallization
process.

The evolution of the simulated equilibrium statgiesented in Figure 3.1.4 as a function of
stretch and in Figure 3.1.5 as a function of terajpge.
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Figure 3.1.4. Equilibrium crystallization: (a) ctglinity vs. stretch, (b) temperature vs.
critical stretch, 1T=0°C, 2:T=20°C, 3:T=40°C; 4:T=60°C, 5:T=80°C.
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Figure 3.1.5. Equilibrium crystallization: (a) ctgBlinity vs. temperature, (b) stress vs.
temperature, Amac=b, 2: Anaxc6, 3: Ama=7?, 4: Ama=8, 5: Amax=9.

170

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

Chapter 3. Stretch-induced crystallization in rubbers

The plots in Figure 3.1.4a show a quasi-linearti@iahip between the crystallinity degree
and the stretch. It can be observed that the hifteetemperature, the lower the crystallinity
degree and the higher the critical stretch at whiehcrystallization is non-zero. The critical
stretch deduced from Figure 3.1.4a is plotted i corresponding temperature in Figure
3.1.4b such that a straight-line fit adequatelycdbss the results. This is a well-known
experimental observation (Trabelsi et al., 2003yufe 3.1.5 demonstrates that both the
crystallinity degree and the stress evolve lineaiyn temperature but in an opposite manner.
This opposite evolution was experimentally highlegh by several authors (Trabelsi et al.,
2003; Albouy and Sotta, 2017). The stress increagh temperature is due to two
concomitant factors, the decrease in crystallidiggree and the increase in entropy stiffness

nk, T of the amorphous domain. That explains why th@esldecreases for the two lower

stretch levels after a temperature where the dhgstion does not take place. Indeed, in the
absence of crystallization, the slope only depemulgshe entropy effect. Interestingly, this

difference in slope was experimentally highlighbsdr oki et al. (2005).

3.1.3.2. Non-equilibrium state

The question which arises now is how the aboveofactould affect the kinetics of
crystallization during the course of a stretchirgloived by a recovery. During these

simulations, the stretchh is ramped to a maximum leva| . and then ramped down to one.
Figures 3.1.6, 3.1.7 and 3.1.8 provide the stratghecovery response for different key
factors (namely stretch-level _ , stretch-rated and temperatur&) governing the micro-

mechanism and the macro-response. It is satisfatbopoint out that the model is able to
reproduce the delay in the onset of crystallizabgrusing a simple kinetics law given by Eq.
(3.1.29) with no additional threshold or restrictié\ global view at these plots shows that the
stretch-induced crystallization during stretchingdathe stretch-induced melting during
recovery differ which is the exclusive reason o thbserved stress hysteresis. This result
reveals that the mechanical hysteresis loop isednttontrolled by the crystallization/melting
process and not due to viscous effects of the amooip rubber network since no viscous
component is introduced in our theory, which isaogtordance with experimental evidences
(Clark et al., 1940; Murakami et al., 2002; Trabedt al., 2003). Actuallyall history-
dependent thermo-mechanical features at macro-scatecro-scale originate from thrate-
dependent crystallinity evolutiagyoverned by Eq. (3.1.29).
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Figure 3.1.6. Stretch-level influence on stretchiagpvery: (a) crystallization kinetics, (b)
macro-responsd=20°C, 1=0.05/s, 1Anac5, 2: Amacb, 3: Ama=7, 41 Ama=8, 5: Ama=9.
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More specifically, the crystallization rate depermasthe thermodynamic crystallization force

expressed by Eq. (3.1.26). The latter, obtainethfte differentiation of the proposed free
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energy in Eqg. (3.1.24) with respect to the crysatlon, is a function of stretch level and
temperatureFurthermore, the fact that the crystallinity dege¢ea given stretch is higher
during unloading than during loading is a featuedl\@escribed by our theory. By decreasing
the effective stretch in Eq. (3.1.1Retcrystallinity thus induces a stress-softeniegulting
in the stress difference between the loading pathtlae unloading path. The stress hysteresis
and thecrystallization hysteresis can be related from a@rgetic viewpoinby considering
the two scales. At the scale of the micro-mechantbeacrystallization evolution driven by
the thermodynamic force induces a local energyighion formulated in Eg. (3.1.25). This
local thermodynamic dissipation is the exclusivasmn of the energy dissipation at the
macro-scale manifested by the stress hysteresis.
Figure 3.1.6 presents the crystallinity evolutior ahe macro-response for various maximum
stretch levelslf the maximum stretch level is lower than a certaiitical stretch (equal to 4.7
at 20°C as shown irrigure 3.1.4b) for the onset of crystallizatiore thesponse during
stretching/recovery coincide with that of the anims rubber network, provided in a dashed
line in Figure 3.1.6b. At levels of stretch greatban the crystallization-onset stretch, a
hysteretic response is observed whose area insreagh the maximum stretch. The
crystallinity affects the form of the macro-respertsy the apparition of a stress inflexion
from which the strain-hardening decreases. Thesupturn experimentally observed at very
large stretches requires to account for a cryz&ibn-induced stiffening effect since it is not
due to the contribution of the remaining amorphfrastion (Albouy et al., 2014). The same
mechanism is responsible of two antagonist phenam&hich render it unique, a softening
inducing a stress inflexion at moderate stretchwb astiffening inducing a stress upturn at
very large stretches. Solely the crystallizatioddiced softening is accounted for in our
theory. As illustrated in Figure 3.1.3b, the thedyiwwamic force given by Eqg. (3.1.26)
increases monotonically with the stretch level. iDgithe course of a stretching, the stretch
level increases the crystallinity which consequerttecreases the strain hardening. The
macro-response is strongly related to the crystbflibut also to the crystal form. The
stiffening could be accounted for by introducingkoitly the crystal form into the molecular
configuration of the partially crystallized chaibonsequently, in addition to the crystallinity
and the crystal orientation, the effective stratcliq. (3.1.17) could be reformulated to take
into account the crystal form.

Let us now focus on the stretch-rate effects. Rdntimat no viscous component is
introduced in our theory to reproduce any time-delgat feature. Figure 3.1.7a shows a
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strong influence of the stretch-rate on the criisi} evolution. The crystallization hysteresis
loop area gets smaller and the crystallinity degmeeeases with decreasing stretch-rate. This
feature was already experimentally highlightedRaylt et al., 2006a; Candau et al., 2015a,
2015b). The rate-dependency of the stretch-indwergstallization is a consequence of the
time-dependency of the crystallization kineticsven by the thermodynamic force given in
Eq. (3.1.26). Large stretch-rate leads to less fonerystallization and melting, and vice-et-
versa. The stretch at complete melting is also dosensitive to the stretch-rate whereas the
onset of crystallization is found independent oatti\ stretch-rate dependence of the
nucleation may be predicted by inserting that mehergy barrier to the surface formation of
newly formed crystallites. In addition, the stretelbe dependency of the stretch-induced
material transformation leads to the rate-depensigass response observad-igure 3.1.7b.
Indeed, it can be seen that both the amount c$sstrgsteresis loop area and the magnitude of
strain-hardening decrease with decreasing stretieh-if the stretch-rate tends to an
infinitesimal value the stretch-induced crystalliaa appears in the form of equilibrium state
and no difference between crystallization and melthappens, that is to say that no
mechanical hysteresis is observed. This respongmisded in dashed lines in Figure 3.1.7.
This is again a confirmation that the crystalliaatmelting process is the source of the stress
hysteresis and more generally of all history-depandhermo-mechanical features. It is now
interesting to focus on the temperature effectsindusstretching/recovery. Figure 3.1.8
presents the crystallinity evolution and the ma&sponse for various temperatures. It can be
observed a regular decrease of the crystal comighttemperature which is consistent with
experimentabbservations (Albouy et al., 2005; Rault et al.0@#, 2006b). The temperature
effect on the macro-stress implies numerous phenanget misunderstood in the literature,
resulting in a high difference in strain-hardenaiglity due to chain stretching. Basicaltiie
temperatureaffects the macro-response by entropy effect ef amorphous domaihis
phenomenon is concomitant with an increase in alysty degree by decreasing the
temperature, as a consequence of the temperatpenaiency of the thermodynamic force
given in Eqg. (3.1.26). Recall that solely the cajistation-induced softening is introduced in
our theory via to the effective stretch expresseéd. (3.1.17). Therefore, both phenomena
contribute to an increase in stress with tempeeatdturthermore, both the onset of
crystallization and the completion of melting ateosgly affected by the temperature, and

increase regularly. The delayr =T_-T_in crystallization is typically termed supercooling

under temperature-induced crystallization. The imgltemperaturer_ is usually considered
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as a thermodynamic property whereas the crystatizatemperatureT, is not since it

depends on the experimental conditions, in padrcah the cooling rate. The origin of the
supercooling comes from the energy barrier to timéase formation of crystallites, which

depends on the crystallite form and dimension, beihg sensitive to the loading conditions.
Under isothermal stretch-induced crystallizatidre trystallites completely melt at a lower

stretch than at which crystallization starts. Teteday AA = A — A_ in crystallization can be
seen as a superstretching phenomenon as hamechtdgCet al. (2014). The stretch data for

the onset of crystallization, and the completion of melting, extracted from Figure 3.1.8a

are plotted in Figure 3.1.9 such that two nearlsajpal straight-line fits appear and illustrate
these two phenomena. This temperature dependencerysfallization and melting is

consistent with the experimentabservations of Albouy et al. (2005).

AT

AA

Stretch

| I | I | ) 1 L |
0 20 40 60 80

Temperature [°C]
Figure 3.1.9. SupercoolingT and superstretchindA phenomena deduced from Figure
3.1.8, 1: onset of crystallization, 2: completidmelting.

As a final point of discussion, we propose to exanrthe crystallization response under
continuous relaxation. These simulations consistlyi to apply a stretching up to a pre-
determined level under constant stretch-rate andrnsity to keep constant this stretch for a
prescribed delay during which the evolutions instailinity and in stress are computed. The
stretching is performed at a sufficiently high ragdimit the crystallization before relaxation.
As shown in Figures 3.1.10a and 3.1.11a, the dhystdon during relaxation starts to
increase linearly with the time but it rapidly elit$ a curved profile and tends towards a
stabilized state for which there is no change igstallinity. The reached maximum
crystallinity degree corresponds to the equilibristate plotted in Figures 3.1.4a and 3.1.5a.
This crystallization evolution process, correspogdio the course of the thermodynamic state
from non-equilibrium to equilibrium, is driven inuo theory by the thermodynamic force
given by Eq. (3.1.26). The latter decreases moncabtn with crystallinity degree as shown
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in Figure 3.1.5a. Recently, Bruning et al. (201%asured the crystallinity evolution under

continuous relaxation for different stretch-levatsd temperatures, but without providing the

stress evolution. Our simulations in Figures 3.4.40d 3.1.11a give similar tendencies.

0.35
0.30
0.25
0.20
0.15
0.10

0.05

Crystallinity degree [%]

0.00

L
=

=l T [ T J " T VT T T 7
\\.

o

20 40 60 80
Relaxation time [s]

(@)

100

Normalized stress

1.0

0.8

0.6

0.4

0.2

0.0

40 60 80 100

Relaxation time [s]

(b)
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Figure 3.1.11. Temperature influence on continuelesation: (a) crystallization kinetics, (b)
macro-response, T=0°C, 2:T=20°C, 3:T=40°C; 3:T=60°C, 4.T=80°C, Ana=8.

More recently, Xie et al. (2017) measured the ctrégvel and temperature dependencies of

the continuous stress relaxation as a signatutheotrystallinity evolution in a crystallizing

rubber, but without definitely providing the crylfitaity degree. The authors reported the same

trends as those observed in Figures 3.1.10b antilB.As for the stress hysteresis for which

the viscous effects of the amorphous rubber netwaukt be not invoked, according to our

simulations the stress relaxation is believed tosbkely controlled by the crystallization

process under relaxation. Quite interestingly, tiemalization of the stress with its

maximum value points out a nonlinearity of the tstndevel and temperature effects.
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3.1.3.3. Discussion

Our theory provides significant physical insightsoat a fascinating phenomenon still
misunderstood and involves very few physically iptetable material constants: two chain-
scale constants, one crystallinity kinetics corstdimee thermodynamic constants related to
the newly formed crystallites and a function coliitng the crystal orientation with respect to
the chain. The complex history-dependent thermohaeical response of natural rubbers
necessitates to provide a set of formulae, nohd¢cerase the flexibility of the resulting model
but in the aim to describe the entire set of phezmann connection to the real system. Our
theory, based on a micro-mechanism inspired maeathain approach, formulated within
the context of the thermodynamic framework, requigefew assumptions, e.g. rotationally
joints of amorphous segments, fully extension gstllized segments and proportionality of
surface free energy. In spite of these assumptioms model provides significant insights
about the relationship between the micro-mecharoérorystallization in stretched rubbers
and the history-dependent thermo-mechanical regpahshe macro-scale. The satisfactory
simulation results provided by our theory can kehatted to its solid physical foundation.
More specifically, the molecular configuration betpartially crystallized chain is objectively
analyzed and reasonably described by means of siatestical mechanical methods,
especially considering the random thermal osaillatf the crystal orientation. The present
theory treats the stretch-induced crystallizatienaa irreversible thermodynamic process
driven by a thermodynamic crystallization force undd by the non-equilibrium
thermodynamic state. A realistic physical expressid the chain free energy is derived
according to a two-step strategy by separatingtaitimation and stretching. This strategy can
ensure that the theory satisfies a crucial physioahdition related to the material
thermodynamic stability, that is, the thermodynauwrigstallization force is null at the initial
state under the melting temperature. This is apgagt that earlier Flory (1947) pointed out
as a weakness of his theory, and to date only Mestd Govindjee (2014) try to solve this
issue by introducing a “phenomenological” yielddikunction in their theory. As far as we
know, this key point is treated from a physicalp®int for the first time in our theory.

More work is however needed to introduce into obeoty the micro-structure of

crystallites and its evolution. In particular, iddition to the crystal fraction and orientation, it
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is believed that the crystallite morphology, innerof fornf> and size, could also control the
thermo-mechanical macro-response. It is a way toowd for in our theory the
crystallization-induced stiffening. Moreover, a pbology-dependence of the surface free
energy would be interesting to establish in orderptopose a more realistic onset of
crystallization, in particular in terms of rate-éeplency which can be also viewed as a rate-
dependency of the necessary supercooling or suogketsng. This effect has been
experimentally highlighted recently by Candau et(2015b). Also, we must recognize that
the crystallization kinetics, inherently dominatég the formula (3.1.29) that we have
proposed to relate the thermodynamic force andctiystallization rate, is too simple to
represent the complex phenomenon. The kineticsMauld consider at least: (i) a nonlinear
relationship that introduces an increase in criyggédion resistance during the stretch-induced
crystallization, (ii) a difference between the ¢ajiszation path during stretching and the
melting path during recovery and, (iii) an expligmperature-dependency. Further work is

needed to incorporate these important ideas imgoehensive constitutive theory.

3.1.4. Partial conclusions

In this work, we present a new micro-mechanism inesjp molecular chain model to
describe the thermodynamics and mechanics of Btretiticed crystallization in rubbers. Key
factors governing the phenomenon were investig@atdxtter understand the relation between
micro-mechanism and macro-response under the lequiti state and the non-equilibrium
state involved during stretching/recovery and cardus relaxation. The proposed approach
contains very few physically interpretable matecahstants and seems to be sufficiently rich
to provide important indications concerning thisdiaating phenomenon.

A quantitative evaluation of our approach remaiag/éver an important issue for further
studies. Furthermore, the capability of our appinoaeeds to be further verified under more
complex loading conditions. Especially, the couplimetween stored/dissipated energy and
material transformation during cycling loading abude investigated using the constitutive
theory that we have proposed in a recent work (€ual., 2018a, 2018b). Moreover, as

introduced in the discussion section, our approadthough quite sophisticated, needs

% |In Anoukou et al. (2014) the incidence of the tay$orm on the stiffening has been studied by rsezfrthe
concepts of micromechanical homogenization withmdlecular configuration. It would be interesting to
consider this aspect into the present theory irfature works.
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improvement for a fully realistic description ofetimicro-structure, such as size and form of

crystallites, and its evolution.
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CHAPTER 3. STRETCH-INDUCED

CRYSTALLIZATION IN RUBBERS

3.2. A MICRO-MACRO CONSTITUTIVE MODEL FOR
STRETCH-INDUCED CRYSTALLIZABLE RUBBERS?2¢

In this Part of the Chapter 3, a physically-based constitutive model, considering the crystallization micro-
mechanism at the chain-scale, is formulated within the framework of the continuum thermodynamics. The
stretch-induced formation of crystallized segments in the molecular chain is regarded as an irreversible
thermodynamic process accompanied with energy dissipation. The microsphere-based strategy is employed to
realize the transition from chain-scale to macro-scale, and to account for the crystallization anisotropy induced by
the preferred network orientation. The two antagonist phenomena, i.e. the crystallization-induced softening and
stiffening, are well reproduced by controlling the spatial orientation and form of the crystallized segments at the
chain-scale. The micro-macro constitutive model fully tridimensional is implemented into a finite element
program and a quantitative evaluation of the model is performed by comparisons with a few illustrative
experiments. A fairly well agreement of the model is shown with tensile experiments under stretching/recovery,
in terms of stress-stretch curves and crystallization kinetics, at different stretch levels and temperatures. To
illustrate further the capability of the model, numerical simulations are compared to experimental non-
homogeneous tensile response in terms of local crystallization/orientation fields of a specimen containing cracks.

Keywords: Stretch-induced crystallization; rubbers; thermodynamics; micro-macro transition; crystallization
anisotropy.

26 This Part of this chapter is based on the following paper: Guo Qiang, Zairi Fahmi, Guo Xinglin, 2019.
A micro-macro constitutive model for stretch-induced crystallizable rubbers.
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3.1. Thermodynamics and mechanics of stretch-induced crystallization in rubbers

3.2.1. Partial introduction

The stretch-induced crystallization in rubbers fascinating phenomenon, observed firstly
by Katz in the first quarter of the last centuryafkz, 1925). Nonetheless, still to date, several
features accompanying the relationship betweerstitgch-induced phase transformation in
the material and the overall thermo-mechanical arse are still misunderstood (Huneau,
2011; Toki, 2014; Albouy and Sotta, 2017; Le Cafl 2. The formulation of physically-
based constitutive models, including a detailedvkadge of the separate and synergistic
effects of key parameters that govern the respohtee stretch-induced crystallizable rubber,
is of prime importance.

In the mid of the last century, Flory (1947, 19489pposed the first theory using the
statistical mechanics to describe the crystallmatnicro-mechanism in rubbers. The Flory
theory was verified experimentally in several pap@.g. Arlman and Goppel, 1951; Xie et
al., 2016). Then, some refinements of the Florythevere proposed (Roe et al., 1961;
Gaylord, 1976; Gaylord and Lohse, 1976; Smith, }93& restricted to the context of the
most thermodynamically favorable condition by faogsonly on the equilibrium stretch-
induced crystallization (i.e. infinitesimal changse). However, the crystallization micro-
mechanism is the solely origin of the inelastieet§ (e.g. stress hysteresis and relaxation) in
stretch-induced crystallizable rubbers (Clark et B940; Murakami et al., 2002; Trabelsi et
al., 2003; Albouy et al., 2005, 2014; Toki et &005; Rault et al., 2006a, 2006b; Tosaka et
al., 2012; Samaca Martinez et al., 2013a, 2013lldRuet al., 2014; Bruning et al., 2015;
Candau et al., 2014, 2015a, 2015b; Laghmach e2@l5; Le Cam, 2017; Xie et al., 2017).
The stretch-induced crystallization is a historpeledent phenomenon. Therefore, the
crystallization kinetics is a key physical feattioeintroduce into any modeling to reproduce
the non-equilibrium process. It is only in very eat years that constitutive models were
proposed to reproduce the stretch-induced cryaaaildin in rubbers with an intensification the
last two years (Kroon, 2010; Dargazany et al., 202014b; Mistry and Govindjee, 2014,
Guilie et al., 2015; Behnke et al., 2018; Guo et2018; Khiem and Itskov, 2018; Nateghi et
al., 2018; Rastak and Linder, 2018; Gros et al1920 2019b). The foundation of any
constitutive model is the formulation of the fregeggy, from which the constitutive law is
obtained. All proposed constitutive models in titerhture are distinguished by the final
expression of the free energy and the way it isvddr The phenomenon of transformation of
the chain from its amorphous state to the partiaftiystalline state is a multi-scale problem

183

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

3.1. Thermodynamics and mechanics of stretch-induced crystallization in rubbers

which may be investigated from the thermodynam&smgoint. As a common point of all
proposed constitutive models, the primary obseswaif the newly formed nano-sized
crystallite is made at the chain-scale. In thassethe previous models are physically-based.
The only difference between the models is the sspr@tion of the partially crystallized
molecular chain. The transition from the chain-edal the continuum body scale is realized
by translating the partially crystallized singleagihto the chain network through an averaging
over all possible orientations. The evolution law the crystallization kinetics is also a key
point treated differently in the previous modelsr Fwo main reasons, a physically realistic
evolution law cannot employ the classical AvramB3®) formulation for micron-sized
spherulite formation in semi-crystalline thermopilaspolymers. The first reason is a
difference in morphology and in size of crystaldhieTsecond reason is a difference in
crystallization condition. The phenomenon in rulsbes allowed to occur at higher
temperatures than under quiescent conditions dua wiretch-induced decrease of the
conformational entropy.

In this Part of theChapter 3 a physically-based thermo-mechanical constituthadel,
considering the crystallization micro-mechanisntha chain-scale, is formulated within the
framework of the continuum thermodynamics. A twepsstrategy, separating crystallization
and stretching, is implemented to derive the freergy of the partially crystallized single
chain. Although this two-step strategy is hypottedti the derived free energy is only
dependent on the initial and final states whiletaonng as input the thermodynamic features
coming from the stretch-free equilibrium state. Betch-induced formation of crystallized
segments in the molecular chain is regarded asrranersible thermodynamic process
accompanied with energy dissipation and the crysdation is introduced as an internal state
variable in our theory. The microsphere-based exjsais employed to realize the transition
from the crystallization-induced micro-structuraiotition of the single chain to the history-
dependent thermo-mechanical macro-response. Thaittwive model, fully tridimensional,
iIs implemented into a finite element program. A mjitative evaluation of the model is
performed by comparisons with tensile experimeintsterms of stress-stretch curves and
crystallization kinetics, at different stretch lé&veand temperatures. The example of a
specimen containing cracks is presented to illtesfxarther the model capability.

The outline of the present Part is as follows. Tiféerent aspects of the theory at the

macro-scale, at the chain-scale and the tranditoon chain-scale to macro-scale are provided
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in Section 2. The model results are given in SacBioSection 4 closes the paper with some

concluding remarks.

3.2.2. Theory

3.2.2.1. Macro-scale: thermodynamics and mechanics of a continuum body

In this subsection, a constitutive model for stiattduced crystallizable rubbers is
formulated within the framework of the continuunetimodynamics considering the stretch-
induced crystallization as an exclusive irreveesiiblermodynamic mechanism.

The following notation is used throughout the tékénsors and vectors are denoted by
normal boldfaced letters and italicized boldfacetters, respectively, while scalars and
individual components of vectors and tensors areotel by normal italicized letters. The
superposed dot designates the time derivative. I8iegntraction of two vectors is denoted

by a dot “L”, double contraction of two tensors by a colari;and a direct (outer) product
by the symbol[] . Superscript(-)T denotes transposition, arﬂd” is the norm of a vector

=\

defined ag

3.2.2.1.1. Kinematics
Consider a rubber material at the scale of theiwonin body. If X is the actual position

of a material point located &, in the reference configuration, the deformatioadgent is:
F =0dx/dX,. Considering the intermediate positidfy at a thermal stress-free configuration,
but at a homogeneous absolute temperatfumdifferent from the initial temperaturg,, the

deformation gradient can be further multiplicativedplit into the isothermal mechanical

response of the continuum body and the stresstierenal dilatation of the continuum body:
F=F,F, (3.2.1)

in which F, =dx/0X, is the mechanical deformation gradient aRd=0X,/dX, is the

thermal deformation gradient given in the caséhefrally isotropic conditions by (Holzapfel
and Simo, 1996):

F=Fl, F = exp(J'TT a; (u) du) (3.2.2)

wherea, (T) is the thermal expansion coefficient drig the unit tensor.

The volume changd =detF is defined as:
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J=3,J (3.2.3)
where the mechanical volume change i, =detF, =1 due to the mechanical

incompressibility of the continuum body, and therthal volume change is:

J. =detF; = exp(.fTT A du) (3.2.4)

3.2.2.1.2. Thermodynamics

As an irreversible thermodynamic process, the dtregtduced crystallization can cause
energy dissipation (Guo et al., 2017), and heneeptlocess has to conform to the first and
second laws of thermodynamics involving the follogvifields defined in the continuum
body: the stress and strain fields, the internargy E, the entropyS, the absolute
temperaturel' and the heat fluxQ .

The first law of thermodynamics requires the folilogv energy balance equation to be
satisfied:

E=P:F-0, @ (3.2.5)
where P is the first Piola-Kirchhoff stress tensor ahj [@Q is the divergence of the Piola-
Kirchhoff heat fluxQ.

The second law requires that the Clausius-Duhenqueléy is satisfied:

S =50,0-Q/T=0 (3.2.6)
where S, represents the entropy generation rate being equtdie difference between the
change rate of the entro®y and the divergence of the entropy fldy, E@—Q/T).

Combining Egs. (3.2.5) and (3.2.6), we obtain thiéotWing hybrid inequality for the total

energy dissipatiord which may be correspondingly split into two parts:

D=P:F-E+TS+0, T{- >0 3.2.7
T X EGDZ Q/T) ( )

in which the first partD, represents the intrinsic dissipation induced by ieversible

energy conversion, such as from the mechanicabgrerthe thermal energy, and the second

part D, represents the thermal dissipation induced byirtlegersible energy flow, such as

heat flowing in non-uniform temperature fields.
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The intrinsic dissipationD, is given in a stronger form via the so-called Glas-Planck
inequality, in which the existence of a free endigya unit reference volume (a special form
of the Helmholtz free energy potential= E-TYS) is postulated:

D,=P:F-¢-ST=0 (3.2.8)
All thermodynamic quantities are considered to lepethdent on three independent state
variables, two external variable§: and F,, and one internal variable related to the

crystallization micro-mechanismxX . The latter vector characterizes the crystallorati

anisotropy, i.e. the crystallinity in any directioh a material point. In this regard, the free
energy functiony/, as a thermodynamics function, lﬁ::w(T,FM ,X). By introducing the
time derivative of the free energy functiah=(0¢/dT)T +(d¢/0F,):F, +(0y/0X )X
and the time derivative of the deformation gradiemtF.F,, +a,F into the inequality (3.2.8),

the intrinsic dissipatiorD, can be re-written as:

D, :(FTP— oy j: Fo —(s+a—’/’— T¢j =% x50 (3.2.9)
oF, oT 0X

inwhichg =P:F.
Applying the Coleman-Noll procedure (Coleman andl,N®63) to the inequality (3.2.9), we

can obtain the constitutive relationships:

104 _ oy
P==—2-pFT, S=a,4-—= 3.2.10
FoF, P (= ( )

where p is a Lagrange multiplier, which may be only foubg means of the boundary
conditions.

A residual inequality indicating that the intringdcssipation D, originates entirely from the

crystallization mechanism is obtained:

D,=KX =0 (3.2.11)
in which K is the thermodynamic conjugate vector %r:
k=-2¢ (3.2.12)
oX

Based on Eq. (3.2.10), and applying the chain dilelifferentiation, Eq. (3.2.5) may be

written in an alternative form:

. oP 0@ | . oK 09\
ct=D-0.+T| FP-q. 92 |.g 1K, , 99 3.2.13
O-0x M0 {TGT aTaFM] L (GT aTaxj ( )
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whereC =Ta4S/0 T is a heat capacity-related coefficient apd ¢ —¢ is the complementary

energy function.

The free energy function can be written using atitaek form:
w(T’FM’X):wT(T)+¢IM(T’FM ,X) (3214)

in which the thermal contributiog, is given by:

T du
¢r(T) == & (W(T-9 (32.15)
where C, is the specific heat capacity.

The mechanical contributiog, (T,F,,X) is specified in the next subsection.

3.2.2.2. Micro-scale: thermodynamics and mechanics of a single chain

In this subsection, a new micro-mechanism inspiredlecular chain approach is
developed within the thermodynamic framework in thien to describe the thermo-

mechanical response of a partially crystallizedlgirchain.

(a) (b)

Figure 3.2.1. Configuration changes due to stratghiong thes;-axis of the microsphere:
(a) initial and amorphous state, (b) stretchedpartially-crystallized state.
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3.2.2.2.1. Description of a single chain

The partially crystallized molecular chain consiefsN, amorphous segments, each of
length |, and N, crystallized segments as illustrated in Figure.13.Zhe crystallization
degree y in the chain is defined as the ratio between tmabers of crystallized segments
N, and the total number of segmems= N_+ N,:

N
= 3.2.16
X=X ( )

in which y varies between O (totally amorphous state,Ne= N) and 1 (fully crystallized
state, i.e.N, =0) with N, = N(1-x).

The chain end-to-end vector is the sum of the chain end-to-end vectors of tlystallized
part r, and of the amorphous partt such that =r_+r,. The angled between the chain end-

to-end vectorg andr, is given by the following expression:

I =P+l =2J I coss (3.2.17)

As a representative molecular description, two gnous subparts from either side of the
crystallized part are considered. With continuossil@ations due to thermal fluctuations, a
huge number of configurations are possible duetation of molecular bonds. The statistical
mechanical approach is required to establish ttaioaship between the configurations of
the partially crystallized chain and the averagairthresponse. Following Wang and Guth
(1952), the amorphous segments have a randombdisdm with no interaction and they are
rotationally jointed with complete freedom of oriation. By this way, there is no preferred
bond angle when no external force is applied. Thab say, all bond angles take the same
probability in the un-stretched condition. To cd#ta the respective molecular chain

conformations of the two amorphous subparts thHeviahg probability density functions are

32
Pai (rai) = [27tN—3|2] exp{_NaiD [%}} (3.2.18)

in which the subscript denotes the respective amorphous subparts, 1.and 2

proposed:

In Eqg. (3.2.18), the functiofl (x) is defined as follows:

O(x) = xcl(x)+|n$éxzx)) (3.2.19)
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where E‘l(x) is the inverse Langevin function given by a Padgpreximant

£(x) = x(3- 2)/(1- 2).
The probability density function of the whole amioops partPa(ra) is derived through the

convolution integration of the probability densitynctions of the two amorphous subparts,

Pa_l(ra_J) and Pa_z(ra_z) :
3/2
_ B [ 3 _ M
= [ Pora)Pofr o Jar a__l[analzj exp{ N EL{ N{J} (3.2.20)

Because the partition of the two amorphous subgar@rbitrary, the probability density

function (3.2.20) actually considers all the poksilconfigurations of the amorphous
segments, and its expression is not affected bydiséion of the crystallized part inside the

single chain. Analogously, the probability dendiinction of the partially crystallized single

chain P(r) is also derived through the convolution integnatiaf the probability density

functions of the amorphous pel?;(ra) and the crystallized paR,(r):

L@ L (r=r)P.(r)dr, (3.2.21)

The crystal can be considered as a rigid entitiength |r.[| =Nl in which & is a factor

controlling the extension degree of the segmentsdatermined by the stretch level and the
crystallization degree; fo€ =1 the crystallized segments are fully extended. lBy way, the
crystallized potion is assimilated as an equivalesagment, replacing the transformed
amorphous segments. For the partially crystalligiedle chain, there is no external effect to
restrict the thermal fluctuations of the crystalizsegments, even though the rotation of
internal bonds is fixed due to the crystallizateffect. Nevertheless, the new links between
the remaining amorphous subparts and the crysdlliportion are different from the
rotationally jointed links between amorphous segiseifhe continuous random thermal
fluctuations of the crystal orientation relatedth@ probability distribution of the anglé

gives therefore all the possible conformations hd trystallized part. That is to say that

P.(r.)=PR,(8). Eq. (3.2.21) is thus re-written as follows:

P(r) [an |2j IeXp{ {ﬁ}}a(e)dg (3.2.22)

in which A, is the effective stretch corresponding to the eyl
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(3.2.23)

P A _\//12+X252N—2Am)(5cose

N 1-x
where A :||r||/lx/ﬁ is the total stretch of the single chain.

The basic property of the probability density fiowet P,(8), i.e. J';Pg(e)dezl, is

considered to reformulate Eq. (3.2.22) in the folltgy form:

P(r)=(ﬁ{fjwexp{—NaD£\/ﬁ_{i]} (3.2.24)

To ensure the material thermodynamic stability &l ws the trend of the newly formed

crystal to orient itself towards the chain direntithe term/Ta in Eq. (3.2.24) is regarded as a
representative effective stretch whose expressogivien in Eq. (3.2.23) by replacing the

angled by a representative angé

cosd =0(4 x) :%( e ﬁ (3.2.25)

where y is a coefficient controlling the orientation raikthe newly formed crystal with the

chain axis, and the variable is given by:
A-1

JIN -1

in which a0[0,1] and b0[0,]] are the weight coefficients for the stretch arybtallization

w=a

+by (3.2.26)

effects, respectively, and the sum of them is umt,a+b=1. By this way, we translate the

characterization related to the random thermalllaon of the crystal orientation into that of
the non-random variabld, i.e. Eq. (3.2.25). Besides, in order to consiter stiffening
observed at large strains, we can control the sidandegree of the crystallized part, for
which the following expression of the factéris proposed:

£=Q(Ax)=1-af (3.2.27)
whered and are coefficients. In order to simplify, the weigtdefficients for the stretch
and crystallization effects are considered equalagi=b=0.5.
Remark 1: In the models of Kroon (2010), Mistry and Govirelj€2014) and, Rastak and
Linder (2018), the chain end-to-end vectors of thgstallized part is constrained to be

parallel to the chain end-to-end vector. In therflmodel (Flory, 1947), the chain traverses

the crystallite in the same direction as the disghaent between the ends of the chain located
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at cross-linkages. These models actually negleetrimdom thermal fluctuations of the
crystal orientation, and thus underestimate thesiptes configurations of the partially
crystallized single chain. The probability of theystal orientation was also introduced into
the probability density function by Smith (1976) tbin the context of equilibrium

crystallization as a function of stretch and terapge.

3.2.2.2.2. Free energy of a single chain

The derivation of the free energy of a partiallystallized single chain is inspired from the
Flory two-step strategy (Flory, 1947). In his theoFlory considered the fully crystallized
single chain as the reference state. The partajistallized chain is achieved by two separate
and distinct steps, namely, (i) melting to form #morphous part and (ii) stretching to assign
the expected position of the chain ends. In thibseation, we reformulate the Flory
derivation by considering the stretch-free fully@phous state as the reference state. The
latter represents a notable difference with theryFlbeory. Also a hypothetical two-step
strategy is formulated. The first step is very &mto a thermal-induced crystallization and
the second step is similar to a purely mechanicatching. As a potential function, the free

energyy, is determined only by the current thermodynamitestadependent on the loading

history, and hence it is the sum of the contrimgiof the two steps:
[//c = A[I[/IHII + Al//II ] (3228)

thermal-induced  mechanical-induc

In the first step, a thermodynamic force drivingstallization is applied, in a certain manner,

to transform N, amorphous segments into crystallized segmentsretim@&ining amorphous

subparts keeping free to occupy most probable imtst The free energy change in this step

has the following expression:

Ay, , =-N.AH, (1—%J+USNC (3.2.29)

m

in which T2 =AH_/AS, is the equilibrium melting temperature correspagdio the ratio

between enthalpy chang®H , and entropy changAS, both associated with the fusion of
segments from a perfect crystal, and obtained ftlmenthermodynamic equilibrium process

between crystallized and melted states under ttetchtfree condition. The termy, is a
proportionality coefficient between the surfaceefenergyU, and the crystallized segment

number N.. Although different crystallization theories gidifferent expressions folJ
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(Candau et al., 2014; Dolynchuk et al., 2015), lihear relationship is adopted as a specific
example to simplify the simulation.

In the second step, the expected position of tlanchnds is achieved by stretching without
modification of the crystal fraction. Consideririgetcrystallites as infinitely stiff compared to

the amorphous part, the free energy change is fattyibuted to the change of the

conformational entropyAy, _,, =—T($fI - §) in which s, and s, are the conformational

entropies related to the final state and the in¢gliate state, respectively:

s = ks In(P(r)) = lﬂsln[[miljzexo{— MD[\/AN_JH (3.2.30)

s =kIn(P,)= Kaln[[zn%aljzexr){— N (%JH (3.2.31)

where k; is the Boltzmann’s constant. In the intermedigtges the amorphous subparts

occupy the most probable locations and the proialgiensity P, may be considered as a

special case of Eg. (3.2.30) in which the repredemt effective stretch/Ta =1 As a

consequence, the free energy change in the setemdan be expressed as:

AY, . =k TN {D[&J-DLﬁ]} (3.2.32)

Remark 2: The free energy function of the partially crystadi single chain is formulated in

the literature by using two methods. In the firgthod, the free energy function is considered
as the sum of two parts (Kroon, 2010; Mistry and/i@djee, 2014). The first part is related to
the melting enthalpy in the crystallized portiontbé single chain, and the second part is
related to the configurational entropy in the remray amorphous portion. By considering
only nucleated crystallites, the Kroon (2010) model formulated by neglecting the
contribution of the crystallization-induced enthabnd entropy changes in the free energy of
the single chain. Mistry and Govindjee (2014) cdased the enthalpy and entropy
contributions by directly introducing the meltingnperature in the free energy expression.
This method considers only the current molecularcttire and neglects the description of the
crystallization process. That results in an ambigu@nd even inconsistent, reference state
for the calculation of the free energy change alet,fthe method attempts to calculate the free
energy of each part separately. However, the cordigpn of the whole partially crystallized
single chain depends simultaneously on the two spa@alculating separately the
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configurational entropy change of each part is nmeg@ss, and the resulting free energy is
not accurate. In the line of the Flory (1947, 19¢48ory, the second method calculates the
free energy based on the studying of the crystibn process and integrally treat with the
configuration change of the whole partially crystald single chain (Guo et al., 2018;
Nateghi et al., 2018; Rastak and Linder, 2018)older to deduce its expression, some
hypothetical steps are used to separate the réspechanges related with different
mechanisms. The key point of the two-step methad isasonably describe the configuration
change of the whole partially crystallized singhain and accurately calculate the free energy
change in each step. Although imaginary, the steps reasonable while considering
infinitesimal evolution. Nateghi et al. (2018) catesed the fully crystallized single chain as
the reference state. Nevertheless, the calculafidhe free energy change in the second step
does not introduce the configuration after thetfisfep, and hence results in the
overestimation of the corresponding configuratioeatropy change. Rastak and Linder
(2018) derived the free energy of the partiallystajlized single chain by integrating the
force in the chain with respect to its length. Bbhe method requires an integration constant
dependent on the stretch-free state of the singdnce.g. the crystal degree and the initial
chain force. In fact, the most important point bt ttwo-step method is to describe the
configuration after the first step whatever it rgstallization or melting. This is because that
the nature of the second step is dragging the twds ®f the single chain to the expected
position, and the configuration after the firstpsie indentified as the starting condition of the
dragging process. The second heuristic term figepenalty term) of the integration constant
in the Rastak and Linder (2018) model is actualgted to this intermediate state although it

was interpreted as the effect of the surroundiragnsh

3.2.2.2.3. Thermodynamics

The stretch-induced crystallization is regardechmadrreversible thermodynamic process
accompanied with energy dissipation (Guo et al1720The Clausius-Planck inequality
(3.2.8) can be expressed for a single chain agvist|

d,=fA-¢_ -sT=0 (3.2.33)

in which d, is the corresponding intrinsic dissipation afhds the chain force conjugated to
the chain stretchi .
All thermodynamic quantities at the chain-scale emesidered to be dependent on three

independent state variables, temperatlirestretch A and crystallinity degreey. In this
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regard, the free energy functiaf,, as a thermodynamics function, ig; :(/IC(T,A,)(). By

introducing the time derivative of the free

energy function

W, =Tow, /0T +Ady, oA+ oy /oy, the intrinsic dissipation, can be re-written as:

d, :( i —a””cjj —(a‘/’c +sj 7= 450
0A oT ox

(3.2.34)

Again applying the Coleman-Noll procedure (Colensard Noll, 1963) to the inequality

(3.2.34), we can obtain the constitutive relatiopsh

f :%, sS= —%
0/ oT
and a residual inequality:
d,=kx=0

(3.2.35)

(3.2.36)

in which « is the thermodynamic entity conjugated to the eisity degree y, referenced

as crystallization force:

(3.2.37)

Considering the expression of the chain free endefined in the previous subsection, the

chain force f , the entropys and the crystallization force are given, respectively, by:

_ o A
f =k, TNBL ( \/W}

Mool o )

_ T A 1 1
“‘N““m(l T;:] ‘iz?*kﬁm{m(”'m] D[ZNWJ}

KT K,

(3.2.38)

(3.2.39)

(3.2.40)

The crystallization force is composed of a thergaalitivated partx , a surface energy-

induced partx, and a stretch-induced pejt The termsa and g in Egs. (3.2.38) and

(3.2.40) are expressed as:

/] A 00 OQ /1 0Q
O Ny YOI oy
AN L oz A
\/(«/ﬁj +x°Q ZXQ@«/N
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A A 0Q A 00
+

—,\/O -Q—
_N 6/] I N 04 \/ JN oA (3.2.42)
A 22 _
\/(\/ﬁj A mem

In Eqg. (3.2.40), the functiofl(x, y) is defined as follows:

£(y)
O(x,y)=xC*(y)+In——— 3.2.43
From the irreversible thermodynamic viewpoint, thrgstallization evolution, regarded as a
generalized thermodynamic flux, is driven by therthodynamic crystallization force and
should obey the second thermodynamic law. To thds e formulate a linear relationship

between the crystallization rage and the corresponding foree:

J=Ax and y = Ak (3.2.44)

where A, and A, are coefficients related to crystallization pathdamelting path,
respectively, withA_ > 0and A, =0 to satisfy condition (3.2.36). The crystallizatikinetics

defined in Eq. (3.2.44) reflects the intrinsic tleof irreversible thermodynamic process, that
is, the trend from a non equilibrium thermodynastate to an equilibrium state where all the
thermodynamic quantities do not depend upon time.

In order to reveal the thermodynamic essence ofptr@ally crystallized molecular chain
model, the free energy and the corresponding théymamic force are plotted in the stretch-
crystallinity space, as shown in Figure 3.2.2. Abgll view at these plots shows that the
formulated free energy function is a concave fumctand the thermodynamic force has
opposition trend for the increase of stretch angbtellinity. These characteristics of the
thermodynamic potential and force ensure the exjstif a stable equilibrium state for any
stretch condition. More precisely, the free eneirgyhe stretched condition first decreases
with the crystallinity and then increases. The minm free energy value corresponds to the
equilibrium state in which the thermodynamic forseull. Nevertheless, in the un-stretched
condition, the free energy immediately increases tie crystallinity and the minimum value
occurs in the fully amorphous state. For the rublwrder stretch-free condition with melting
temperature, all the internal molecular chainsiara critical state where the un-stretched
fully amorphous chain can immediately crystallizece it is subjected to stretching or
cooling. This critical state is achieved by forniilg the evolution function of the
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representative anglé to satisfy the initial conditioncosd=0(1,0= 1 2/N, see Eqg.

(3.2.25). In conclusion, our model ensures thaisthetch-induced crystallizable rubbers have

thermodynamic stability without the introductionanfy additional heuristic constraint.

© 2019 Tous droits réservés.
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Figure 3.2.2. Surface of (a) free energy and (b)rtfodynamic force in the stretch-
crystallinity space.

197

lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

3.1. Thermodynamics and mechanics of stretch-induced crystallization in rubbers

Remark 3: In their models, Kroon (2010) and Dargazany e(2814a, 2014b) introduced the
crystallinity evolution as an evolution of the nuentof fixed-size nucleated crystallites. In the
Kroon (2010) model the crystallinity evolution isovgrned by a phenomenological
Arrhenius-type kinetics, coming from the classiocathematical formulation of thermally-
induced crystallization processes. In the Dargazenyal. (2014a, 2014b) model the
crystallinity evolution is governed by the chaimdggh statistic distribution. Mistry and
Govindjee (2014), Guilie et al. (2015) and, Rastakd Linder (2018) use the same
crystallization kinetics than Eq. (3.2.44) in theipdels. Nevertheless, in order to ensure the
crystallization does not develop spontaneouslyhenstretch-free condition, some additional
conditions have to be made to offset the positherrhodynamic force in the initial state.
Those constructed additional conditions are oftgarpreted as the crystallization resistance
induced by the interface or surface formation, Wwractually do not being considered at all in
their model formulation. Mistry and Govindjee (20hd, Guilie et al. (2015) introduced a
yield-like threshold to additionally restrict thevadution law whereas Rastak and Linder
(2018) introduced the surrounding chain effect bymulating a differentiable logarithmic
penalty function. Furthermore, Guilie et al. (20iB)roduced different evolution laws to
capture crystallization and melting processes.hin game manner, the model proposed by
Gros et al. (2019a, 2019b) introduced nucleatioystallization and melting thresholds using
the theory proposed by Candau et al. (2014) in whlee form and surface energy of

nucleated crystallites is considered (Laghmach. g2@15).

3.2.2.3. Transition from micro to macro-scale

Our description of the partially crystallized siagthain can be implemented into all
molecular chains of the network to get the spatialleraged rubber response. All macro-
quantities at every material point are derived fronro-quantities by means of the transition
scale microsphere-based method (Bazant and Oh,; M8ig®e et al., 2004). A schematic
representation of the microsphere is provided igufgé 3.2.1. The method consists in the

symbolization of a material point by a unit sph@g considering a perfect random-in-space

distribution of molecular chains. As a result giraferred network orientation, a non-uniform
distribution of the crystallization micro-mechanisat the chain-scale is expected. The

initially isotropic network becomes thus anisotmpi
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Let us introduce the material unit vectNrwhich is considered to be embedded with a un-

stretched molecular chain and oriented from thdredn the surface of the microsphere. The
material unit vectoN in the referential orientation spa€® may be expressed as:

N =cospsirve + sip sioe,+ cage, (3.2.45)
where v0[0,n] and @0[0, 2r] are the classical spherical angles, §ege,.e;} denote the
axes of a Cartesian coordinate system. Furtherntoeedifferential area element of the unit

spherel takes in terms of these angles the following esgioe: d°Y =sinud@dy which is

referenced as the solid angle and whose integraViges the unit sphere total area

T e2n
S :IO '[0 sinvdpd = 4.
Subsequently, the internal state varialde related to the crystallization micro-mechanism
can be considered as a vector whose componentiseaceystallinity degrees at the chain-sale
in all directions in the referential orientatiorasp x(N):
X ={x(N)} (3.2.46)
and hence the macroscopic crystallinity degkeeat the material point can be defined as the

average value of the crystallinity degree in allediions ¥(N), which is obtained by

integrating)((N) over the unit sphere surface:
X :ij’ x(N)dy (3.2.47)
4

Upon application of the macro-deformatioR,, the referential orientation spac),
transforms to the spatial orientation sp&gewith the corresponding referential unit vectors
mapping to spatial stretch vectors as:

An=F,N, A= /NIC,N (3.2.48)
where C,, =F;F, is the right Cauchy-Green deformation tensor ands a unit vector
characterizing the orientation of the material @edtl in the current conformation:

n=cosg, singe + sig, sive,+ Ccase, (3.2.49)
Consequently, the referential unit sphere transsaioa ellipsoid and the corresponding solid
angle in the spatial orientation spaCs is d*Y,, =sinu.d@dy,. The change in the oriented
surface, from that on the referential unit sphdre= dAN to that on the current ellipsoid
da =dan, is given by:
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da=F;"dA, da:d7A (3.2.50)

where A IS a unit vector characterizing the orientationtltoé material surfaceN in the
current conformation. The vectoid fill the solid angled®Y and the vectors fill the solid
angle d*Y,,. Their relationship can be obtained by the inéisitnal surface obtained by the
projection ofdaf over n divided by the square of the sphere radius intérsg the ellipsoid

at the given point, i.e1*:

VR (3.2.51)
Since in the experiments the stretch-induced diigsiaon is measured in the current

configuration, the crystallization degree in diffiat orientations must be present in spatial

orientation space, whigty,(n) satisfies this relatiog,(n)dY, = x(N)dY. So that:

Xo(n)=Ax(N) (3.2.52)
Similarly to the definition of the macroscopic dalfinity degree, the free energy function
Y, can be obtained by integrating the chain free gnérgction {/, over the unit sphere

surface:

P (T,FM,X)=4—r;Tjﬂwc (T.A(Fy N) X (N))dY (3.2.53)

in which n is the chain density.
The average stress, the average entropy and thaegavihermodynamic force at the material
point are, respectively, given by:

n 0y, (T.A(Fu.N) . x(N))

- Y- pET 3.2.54
ArF, oF,, dY= PRy ( )
dw. (T, A(F, . N) . x(N
S=a,p-1 AURIGRL P ))dY (3.2.55)
4 Jn oT
ow. (T, A(Fy,N),x(N
=0 (T ARLN)X(N)) (o (3.2.56)
4 o0 oX

After a series of straightforward derivations, #gh@sacroscopic quantities take the form:

_n ¢ (TARN) X(N)) o
FLFFTFMjn AN (NON)dY- pF, (3.2.57)
—a.d-"1
S=a,¢ 4njns(T,A(FM,N),X(N))dr (3.2.58)
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K ={«(T.A(Fy.N).x(N))} (3.2.59)

The intrinsic dissipation at the two scalbs= K (X andd, = kX can be also related:

=N
D, = 4njn d(T.A(Fy.N) x(N))dY (3.2.60)

3.2.3. Results and discussion

Experimental studies on the stretch-induced criyastion are usually performed by means
of the in-situ wide-angle X-ray scattering (WAXDgchnique (Huneau, 2011; Toki, 2014;
Albouy and Sotta, 2017). The high intensity of dymtron X-rays allowed the collection of
two-dimensional WAXD patterns during the deformatiof stretch-induced crystallizable
rubbers. After a series of process and analysishenscattering intensity of the WAXD
patterns, the crystallinity degree can be quantébt obtained, as well as the crystallization
anisotropy. On basis of experiment data in theditee, we perform some simulations and
make some discussions.

The micro-macro constitutive model has ten pararegeach of which has a clear micro-

structural or thermodynamic interpretation: theiotsrale constantsn and N, the crystal
kinetics constantsA_ and A_, the crystal thermodynamic constandgd _, T and u,, the

crystal orientation constany, and the crystal form constan&:andr .

3.2.3.1. Key features of stretch-induced crystallization

The capability of the model to account for key teas governing the phenomenon of
stretch-induced crystallization can be highlighbgda stretching to a maximum stretch level
at a certain stretch-rate followed by a recoverthatsame absolute stretch-rate. Figure 3.2.3
presents the crystallization kinetics and the ststetch curve during stretching/recovery

using the followingset of model parametersk,T,= 0.6 MPa {,= 20°C), N= 75.0, A =
50.0x10° MPa' s*, A = 15.0x10° MPd" s, AH_= 7.0x10°* J, T?= 25°C, u,= 3.5x10"
J, y=10.0, 0 =1.5, n=5.0. The model shows that the stress responseglstretching

exhibits a relatively stable stress when the chysstion occurs (point B) and a gradual
hardening when the crystallization continues froompC to point D. During recovery, the
crystallinity degree at a given stretch is highert during stretching that leads to a hysteretic
response in the crystallization kinetics. The stnesponse exhibits a relatively stable value
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from point E to point F and the hysteresis looglased at the melting point F. Due to this
difference between crystallization path and melfagh, a stress hysteresis loop occurs. The
latter is not induced by viscosity effects since vigcous component is introduced in the

model.
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Figure 3.2.3. Typical stages in (a) crystallizatkametics and (b) stress-stretch curve.

Obviously, the crystallization evolution law (seq.HK3.2.44)) is formulated by means of a
rate-dependent theory, which allows the crystdilirato evolve consistently with time until
reaching the equilibrium thermodynamic state witle tcrystallization force being null.
Longer time duration hence indicates lager crygatdibn evolution under the same condition.
In the extreme case, the crystallization can evaleag a single path keeping in the state of
thermodynamic equilibrium. Consequently, we caneexpghat an infinitesimal loading rate
would drive to no difference between crystallizatipath and melting path, and to the stress
hysteresis vanishing.

The relationship between the crystallization mioreehanism and the macro-response seems
well described by the proposed physically-based ehddspecially, the appearance of the
stress inflexion (from point B to point C) and th@dening (from point C to point D) during
the course of the stretching are entirely due tgstaflization-induced softening at large
stretches and crystallization-induced stiffening latger stretches. The two antagonist
phenomena, i.e. the crystallization-induced softgrand stiffening, are well reproduced by
formulating skill fully the governing equations ¢ontrol the spatial orientation and form of
the crystallized segments at the chain-scale (spe B.2.25) and (3.2.27)). More precisely,

the decrease of the representative aégls response for the crystallization-induced softgni

whose rate is controlled by the crystal orientattomstantsy, whereas the decrease of the

202

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Qiang Guo, Université de Lille, 2019

3.1. Thermodynamics and mechanics of stretch-induced crystallization in rubbers

extension degreg is response for the crystallization-induced handgnivhose rate is

controlled by the crystal form constanisand/ .

Crystallinity degree (%)

0.000
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7.760
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15.52
19.40

2328
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. 1492
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38.80

Figure 3.2.4. Typical microsphere evolution andstadfinity distribution at different stages of
stretching-recovery indicated by letters in FigBr2.3; The WAXD pattern is taken from
(Rublon et al., 2014).

The realistic description of the microstructuretts chain-scale comes with a deformation-
induced anisotropy. In the experiments, the criygidion anisotropy is evidenced by the
scattering intensity distribution with the azimdtlagle that is read out from the WAXD
pattern. With regard to the uniaxial stretch, theerdation with the maximum scattering
intensity is along the tensile direction and thspdision of the scattering intensity reflects
thecrystallinity distribution around the tensileetition, which is the nature of crystallization
anisotropy (Trabelsi et al., 2003; Tosaka et a@0Q4). The stretch-induced crystallization
process simulated by the model is recorded in Eigi2.4 in the form of contour plots at
different stages of stretching/recovery. Once tiystallization begins at the macro-scale, it is
initiated at the microsphere pole (Figure 3.2.4Bjeve the molecular chains are oriented in
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the stretching direction. Due to the progressivgstatlization of other molecular chains
induced by their progressive ordering, the locgbktilization increases (Figures 3.2.4C and
3.2.4D) in intensity and in extent as the stretghincreases. As expected, but quite
interestingly, in the microsphere equator, wheeertiolecular chains are in the perpendicular
plan of the stretching direction, the molecularickaemain amorphous. During the melting
process (Figures 3.2.4E and 3.2.4F), the crystdiltim degree decreases to reach the initial
amorphous state (Figure 3.2.4A) and the ellipsartasphere re-becomes spherical.

3.2.3.2. Comparison with experiments

The question which arises now is the capabilityh&f model to reproduce experimental
data. In what follows, a quantitative evaluatiortted model is presented.

3.2.3.2.1. Homogeneous tests

The stretching/recovery response constitutes th&t smmmon homogeneous experiment,
for which a large variety of material behaviors aficdrystallization kinetics exist as reported
in some literature reviews (Huneau, 2011; Toki, £0Albouy and Sotta, 2017). That is
mainly due to a strong, and complex, relationsteprMeen the material microstructure, the
molecular ordering and the loading conditions sashthe maximum stretch level and the
stretching temperature. The capability of the madedccount for the respective influence of
these two important factors governing the strewghécovery response is quantitatively
evaluated in Figures 3.2.5 and 3.2.6. The modebispared to experimental data of Rault et
al. (2006a) and Marchal (2006) who measured, reisgedg the maximum stretch level effect
and the stretching temperature effect on the inssiaterial response of crystallizable rubbers
and the inherent crystallization. From the adjustnoé the best response with the database of

Rault et al. (2006a), the following set of modetgraeters are deducedk,T,= 0.6 MPa T,

= 20°C), N = 75.0, A = 50.0x18° MPa' s', A = 15.0x108° MPa' s*, AH_= 7.0x10?* J,
T°= 25°C, u,= 3.5x10?* J, y=10.0, 6 =1.5, 7=5.0. From the database of Marchal (2006),
the model parameters anek, T,= 0.52 MPa T, = 20°C), N = 70.0, A = 100.0x16° MP&" s
1A, =10.0x108° MP&' s', AH_= 15.0x10°* J, T°= 25°C, u,= 1.33x10°% J, y=10.0, 5
=0.8, n=5.0. A global view at Figures 3.2.5 and 3.2.6 shothat the hysteresis in

crystallization and in stress is greatly affectgdhe effects of the maximum stretch level and
the stretching temperature. It is satisfactory Ibsesve that the model is able to adequately

reproduce both effects. In particular, the hysteretsponse is remarkably well described
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while accounting for the stretch-induced anisotrapgompanied with molecular ordering. In
the light of this result, the model is verified. matheless, the verification of model

capabilities under more complex loading conditienan important issue.

25

20 +

Crystallinity degree (%)
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o
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Stretch Stretch

(a) (b)
Figure 3.2.5. Experiments (symbols) and simulatidines) of the (a) crystallization kinetics
and (b) stress-stretch curve at different maximtretch levels; The experimental points are
taken from (Rault et al., 2006a).
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Figure 3.2.6. Experiments (symbols) and simulatidéines) of the (a) crystallization kinetics
and (b) stress-stretch curve at different stretgi@mperatures; The experimental points are
taken from (Marchal, 2006).

Moreover, our simulation results indicate that ithteinsic dissipation is always non-negative
whether during stretching or recovery. This appeega accords with the second
thermodynamic law which requires non-negativity oftrinsic dissipation for any

thermodynamic process. Evidently the accumulatiomtoinsic dissipation after the process
of stretching/recovery is equivalent to the mecbandissipation identified by the area of the
stress-stretch hysteresis loop. Since only strigtdhieed crystallization is introduced as an
irreversible thermodynamic mechanism into our pegagomodel, the energy dissipated by
crystallization or melting cannot be stored in otphysical mechanisms, but transform into
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thermal energy inducing temperature variation. Base temperature measurement and
guantitative calorimetry, Le Cam and Toussaint 08amaca Martinez et al. (2013a, 2013b)
and Le Cam (2017) experimentally studied the ewmtubof intrinsic dissipation during
mechanical tests and proposed a method to determibber crystallinity. In those
experiments the accumulation of intrinsic dissipatwas found to be null after any one load
cycle. The physical interpretation for this phenoom® was given, that is, the mechanical
dissipation is entirely used by the material tong®its microstructure and stored as the
internal energy accompanying with crystallizatiorolation. However it is incredible that
those experiments exhibited negative intrinsicigason during recovery, which obviously

goes against the second thermodynamic law.

3.2.3.2.2. Non-homogeneous tests

As a final illustrative example, the non-homogersedeansile response of a cracking
specimen made of a crystallizable rubber is exathirRublon et al. (2014) studied
experimentally the crystallization and orientation a specimen containing cracks. The
specimen dimensions are 157 mm (length3 mm (width)x 2 mm (thickness). They
introduced three cracks, two 20 mm-long crackshat édge and one 30 mm-long at the
middle. A numerical analysis of this "classical'bblem is performed using the developed

constitutive model.

||“-‘
T

Figure 3.2.7. Mesh of the specimen containing gack
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Figure 3.2.7 presents the three-dimensional fieiéenent mesh of the specimen with a view
of one of the four crack-tips. We consider the kyg as a 0.2 mm-radius mid-cylinder.

Three-dimensional, eight node, brick solid elememse used with a gradient in mesh size
and a refined mesh near the crack-tip. The setadanparameters in Section 3.1 is used,

except for the crystal kinetics constan,= 5000.0x1&° MPa' s* and A, = 5000.0x16°

MPa' s, They are set quite large to simulate a quasiedtzading condition.

0003 015 02 0023

0.005 0.01 0015 0.02 0.025 0.03

20 38 56 74 92 110 128 146 164 182 200 L ’_

(b)

Figure 3.2.8. Distribution of (a) crystallizationda(b) orientation around the crack-tip; right:
experimental findings from (Rublon et al., 2014ft:lour simulation.

The left plot of Figure 3.2.8a presents the predictlistribution of crystallization by our
model near the crack-tip at an applied stretch &2.1 As expected, the crystallinity
distribution exhibits the highest value at the &rip with a high gradient level and becomes
progressively null while moving from this zone. Ttwystallization zone is confined around
the crack-tip and expands upon increasing the egstiretch. This simulation result is quite
acceptable, comparing with the experimental dagagunted in the right plot of Figure 3.2.8a.
The left plot of Figure 3.2.8b presents the modeldrted angle between the crystallization
orientation and the loading direction illustratedthin bands. The crystallization orientation
identified by the microsphere model is defined he bDrientation with the maximum

crystallization degree in the spatial orientatipace. This orientation is actually equivalent to
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the principal strain direction corresponding to thaximum stretch ratio, due to the quasi-
static loading condition. We can find that the a&nig null at the pole of the crack-tip and
progressively evolves while moving around it. Bistivay, the stretch-induced crystallization
anisotropy is further demonstrated. The right plioEigure 8b is the experimental results, in
which the orientation with the maximum scatterimgensity extracted from the WAXD

pattern is considered as the crystallinity orientat The agreement between simulation and

experiment is obviously acceptable.

3.2.4. Partial conclusions

The stretch-induced phase transformation in rubiseasfascinating phenomenon implying
multi-scale features which cannot be treated byelguphenomenological approaches for a
rigorous modeling. A micro-macro constitutive modeth physically interpretable material
constants was proposed in the current paper taibdedbe crystallization anisotropy and the
hysteretic response induced by the molecular ardein stretch-induced crystallizable
rubbers. Our approach is based upon the thermodgnfaamework. Key micro-structural
and thermodynamic parameters, governing the cfigstabn micro-mechanism, were
introduced in the proposed physically-based mollelvas found that the model correctly
simulates tensile experiments, in terms of strégdeh curves and crystallization kinetics, at
different stretch levels and temperatures. The @kamf a specimen containing cracks was
presented in order to show the capability of the dehoto simulate the local
crystallization/orientation fields in the vicinitf cracks.

The proposed model seems to be a powerful tootddigt the macro-response along with
the micro-structural evolution in rubbers inducedtbhe molecular ordering and the phase
transformation. The verification of model capakektunder more complex loading conditions
IS in progress, but restricted by the scarcityhef literature experimental data. Adding fillers
(e.g. carbon-black particles) to reinforce the mrblcompound is a common industrial
practice, and taking into account the effects o fiiler-rubber gum and filler-filler
interactions on the material response modelingtretch-induced crystallizable rubbers is a

valuable challenge for future works.
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GENERAL CONCLUSIONS

This PhD dissertation is a contribution to the thermo-mechanical coupling of
rubbers. Both the inelastic cyclic response of carbon-filled rubbers and the stretch-
induced crystallization of natural rubbers were investigated.

In Chapter 2, a combined approach including experimental investigation and
constitutive theory was developed to study the heat build-up due to thermo-
mechanical coupling in carbon-filled rubbers. The internal state variable theory was
adopted and the intrinsic dissipation was quantified to investigate the carbon-filled
SBR history-dependent cyclic response. The intrinsic dissipation was regarded as a
consequence of two types of rearrangements, i.e. recoverable rearrangement
inducing viscoelasticity and unrecoverable rearrangement inducing damage. The
effects of pre-stretch and filler content on the macro-response and the underlying
inelastic fatigue mechanisms were highlighted. A new constitutive model was
proposed for thermal, viscoelastic and damage patterns estimation in cyclically
loaded rubber structures. The thermo-viscoelastic-damage model, fully three-
dimensional and implemented into a finite element code by means of a strain energy
function subroutine, was presented in its most general form with the aim of being
applicable to all carbon-filled rubbers. The model was based upon the assumption
that the two types of dissipative network rearrangements exist in the rubber:
unrecoverable damage rearrangement and recoverable viscoelastic rearrangement.
The latter was assumed to be induced by the move of entangled and non-entangled
free chains superimposed on a purely elastic perfect rubber network. Each
population of free chains was considered to be the main source of one aspect of the
history-dependent mechanical cyclic features, i.e. stress-softening and hysteresis,
respectively. It was shown that the proposed model provides a useful tool to
simulate the effects of the network rearrangements on the inelastic fatigue response,

i.e. stress-softening and hysteresis along with dissipative heating. The effect of the
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tiller content over the thermo-mechanical response was explicitly taken into account.
The efficiency of the model to predict the inelastic fatigue response of carbon-filled
SBR with different filler amounts was demonstrated. A first step towards the study
of cyclically loaded thick specimens was provided via numerical simulations.

In Chapter 3, a new micro-mechanism inspired molecular chain model was
proposed within the context of the thermodynamic framework to describe the
thermo-mechanical response of stretch-induced crystallizable rubbers. The stretch-
induced crystallization was considered as an irreversible thermodynamic process
driven by a thermodynamic crystallization force induced by the non-equilibrium
thermodynamic state. In the spirit of the Flory theory, a realistic physical expression
of the chain free energy was derived via a two-step strategy by separating
crystallization and stretching. The major weakness of the Flory theory was
eliminated since the thermodynamic crystallization force in our approach is well null
at the initial state under the melting temperature. The microsphere-based strategy
was used by implementing the proposed chain free energy to make the micro-macro
transition. It was shown that the proposed model provides a useful tool to simulate
the macro-response under the equilibrium state and the non-equilibrium state
involved during stretching/recovery and continuous relaxation. A quantitative
evaluation of the model was performed by comparisons with experiments. The
proposed approach contains very few physically interpretable material constants and
seems to be sufficiently rich to provide important indications concerning this
fascinating phenomenon in terms of crystallization-induced anisotropy and
dissipation. The satisfactory simulation results provided by our theory can be
attributed to its solid physical foundation. More specifically, the molecular
configuration of the partially crystallized chain is objectively analyzed and
reasonably described by means of some statistical mechanical methods, especially

considering the random thermal oscillation of the crystal orientation.
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RESEARCH PERSPECTIVES

The results of the present work open the way to several perspectives:

. The first concerns the filled rubbers. The coupled effect of the temperature and
the filler content on the time-dependent response of the material could enhance the
model capability. Besides, notice that, a higher temperature is related with a smaller
hysteresis loop. Likewise, the hysteresis loop characteristics depend upon the
analysis material point, as a consequence of the inner temperature gradient.
Thereafter, the experimental study of an inner temperature field will bring light
about the heterogeneous thermo-mechanical behavior of the material. The model
capability to describe and predict the dissipative heating of filled rubbers during
different fatigue conditions is a subject to be investigated. In order to understand the
thermo-mechanical origins of the stress-softening due to cyclic loading, the study of
the time-effect of the dissipative heating on the stress will bring some light about.
Besides, the thermo-mechanical model scope could be improved by considering the
dissipative heating path from the reference configuration until failure. Then, the
proposed model could be enhanced by adding the well-known sudden heat build-up
before failure. Since the thermal degradation could play an important role, the
dissipative heating effects on the material lifetime is an additional interesting subject
to be investigated. Finally, the potential of the model to predict the dissipative
heating due to crack initiation or crack growth is a subject to be studied.

. The second concerns the stretch-induced crystallizable rubbers. Our theory
provided significant physical insights about a fascinating phenomenon still
misunderstood and involved very few physically interpretable material constants.
More work is however needed to introduce into our theory the micro-structure of
crystallites and its evolution. In particular, in addition to the crystal fraction and
orientation, it is believed that the crystallite morphology, in terms of form and size,
could also control the thermo-mechanical macro-response. A morphology-
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dependence of the surface free energy would be interesting to establish in order to
propose a more realistic onset of crystallization, in particular in terms of rate-
dependency which can be also viewed as a rate-dependency of the necessary
supercooling or superstretching. Bu using our model, we can predict the stress
hysteresis evolution and the temperature evolution during cyclic loading. These
predictions could bring a better understanding of the relationship between the two
evolutions in the aim to better understand the origin of the stress hysteresis (Le Cam,
2017) in relation with possible microstructure changes. In this regard, the coupling
between stored/dissipated energy and microstructure changes during cycling
loading could be investigated using the constitutive theory that we have proposed in
Chapter 2. Finally, the potential of the model to predict the crack initiation or crack

growth in crystallizable rubbers is also a subject to be studied.
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Abstract

This PhD thesis is focused on the fatigue and tretch-induced crystallization in rubbers.
For these two aspects, new thermo-mechanical totnsti models are mathematically
formulated, and incorporated into a computer codethe aim to perform numerical
simulations on rubber structures. The models aysipally-based in the sense that some key
elements of the actual microstructure and the mmeshes (viscoelasticity, damage, heat
build-up, crystallization) are incorporated. Thpuhdata needed by the models are identified
on experimental observations performed on diffefeatling conditions and the predictive
capabilities are verified on other experiments. Thelic dissipation, the fatigue damage and

the anisotropy are key points of the PhD thesis.

Keywords: Rubbers; Cyclic dissipation; Constitutive thedZyystallization; Anisotropy.
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Résumeé

Cette thése porte sur la fatigue et la cristalbisainduite par étirement dans les caoutchoucs.
Pour ces deux aspects, de nouveaux modéles de dempat thermo-mécaniques sont
formulés mathématiquement et incorporés dans ue sddrmatique dans le but de réaliser
des simulations numeériques sur des structuresartad@uc. Les modeles sont physiquement
fondés en ce sens que certains éléments clés meilastructure réelle et des mécanismes
(viscoélasticité, endommagement, auto-échauffemenidtallisation) sont incorporés. Les
données d'entrée nécessaires aux modeles sontificdsnta partir d'observations
expérimentales effectuées dans différentes comnditide chargement et les capacités
prédictives sont vérifiees sur d'autres expériencaslissipation cyclique, I'endommagement
par fatigue et I'anisotropie sont des points ci&tadhese.

Mots-clés: Caoutchoucs; Dissipation cyclique; Théorie couastie; Cristallisation;

Anisotropie.
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