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Résumé. Cette these est consacrée a 'étude des solutions d’équations différentielles
stochastiques dirigées par des bruits fractionnaires gaussiens et non gaussiens. Les bruits
fractionnaires considérés sont modélisés par les processus d’Hermite qui forment une fa-
mille de processus stochastiques autosimilaires, a accroissements stationnaires et qui sont
représentés par des intégrales stochastiques multiples de Wiener-Ito. Dans un premier tra-
vail, nous étudions la solution de I’équation stochastique de la chaleur linéaire dirigée par
un champ d’Hermite. Nous établissons les différentes propriétés de la solution mild et ana-
lysons en particulier sa distribution en probabilité dans le cas non gaussien. La deuxieme
partie de cette these concerne le comportement asymptotique des solutions d’équations
stochastiques lorsque ’exposant de Hurst H qui caractérise le bruit fractionnaire converge
vers ses valeurs limites. Nous étudions en particulier le comportement en loi de la solution
de I’équation de la chaleur stochastique dirigée par un champ d’Hermite et le processus
d’Ornstein-Uhlenbeck type Hermite qui est la solution de 1’équation de Langevin diri-
gée par un processus d’Hermite. Dans la derniére partie de ce travail, nous analysons le
comportement asymptotique en loi des variations généralisées de la solution de I’équation
stochastique des ondes dirigée par un bruit gaussien fractionnaire. Ces résultats ont permis
de construire des estimateurs consistants pour l'indice d’autosimilarité H.

Mots clefs : Analyse stochastique, calcul de Malliavin, intégrales stochastiques mul-
tiples de Wiener-Ito, théoremes limites, processus d’Hermite, équation de la chaleur, équa-
tion des ondes.
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Abstract This doctoral thesis is devoted to the study of the solutions of stochastic
differential equations driven by additive Gaussian and non-Gaussian noises. As a non-
Gaussian driving noise, we use the Hermite processes. These processes form a family of
self-similar stochastic processes with stationary increments and long memory and they
can be expressed as multiple Wiener-I1t6 integrals. The class of Hermite processes includes
the well-known fractional Brownian motion which is the only Gaussian Hermite process,
and the Rosenblatt process. In a first chapter, we consider the solution to the linear
stochastic heat equation driven by a multiparameter Hermite process of any order and
with Hurst multi-index H. We study the existence and establish various properties of its
mild solution. We discuss also its probability distribution in the non-Gaussian case. The
second part deals with the asymptotic behavior in distribution of solutions to stochastic
equations when the Hurst parameter converges to the boundary of its interval of definition.
We focus on the case of the Hermite Ornstein-Uhlenbeck process, which is the solution of
the Langevin equation driven by the Hermite process, and on the case of the solution to the
stochastic heat equation with additive Hermite noise. These results show that the obtained
limits cover a large class of probability distributions, from Gaussian laws to distribution
of random variables in a Wiener chaos of higher order. In the last chapter, we consider
the stochastic wave equation driven by an additive Gaussian noise which behaves as a
fractional Brownian motion in time and as a Wiener process in space. We show that the
sequence of generalized variations satisfies a Central Limit Theorem and we estimate the
rate of convergence via the Stein-Malliavin calculus. The results are applied to construct
several consistent estimators of the Hurst index.

Keywords : Stochastic analysis, Malliavin calculus, multiple stochastic integrals, limit
theorems, Hermite process, stochastic heat equation, stochastic wave equation.
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Introduction et présentation des
résultats obtenus

Cette these de doctorat d’université, élaborée sous la direction du Professeur Ciprian
Tudor, au sein du laboratoire Paul Painlevé de Lille, est consacrée a I’analyse stochastique
et a l'inférence statistique des solutions d’équations différentielles stochastiques.

Durant ces dernieres années, I’étude des équations aux dérivées partielles stochastiques
(EDPS dans la suite), a connu des avancées majeures et est devenue un axe de recherche
important de I’analyse stochastique. Depuis le travail pionnier de Walsh en 1986 [108], qui
a résolu ’équation des ondes stochastique dirigée par un bruit blanc gaussien, plusieurs
auteurs ont travaillé a élargir la classe des bruits, permettant ainsi de tenir compte des
situations physiques plus complexes.

Dans ce manuscrit, nous considérons principalement comme bruit aléatoire un pro-
cessus d’Hermite. Les processus d’Hermite forment une classe de processus stochastiques
auto-similaires, a accroissements stationnaires et a mémoire longue, vivant dans un chaos
de Wiener. Ce sont des candidats potentiels pour de nombreuses applications pratiques, et
ont été intensivement étudiés dans les derniéres décennies. La classe des processus d’Her-
mite contient le mouvement brownien fractionnaire et le processus de Rosenblatt. Nous
nous focalisons essentiellement sur deux modeles typiques d’EDPS : I’équation de la cha-
leur et ’équation des ondes avec un bruit additif. L’outil central pour étudier les solutions
de ces équations est le calcul de Malliavin. Connu aussi sous le nom de calcul des variations
stochastiques, c’est un calcul différentiel en dimension infinie introduit par Paul Malliavin
en 1976 et qui a servi originellement a I’étude de la régularité des solutions d’équations
différentielles stochastiques. Le cadre d’application du calcul de Malliavin a connu un dé-
veloppement important dans les décennies qui ont suivi. Un trait majeur de ce calcul est
qu’il offre la possibilité d’intégrer par rapport a des processus gaussiens qui ne sont pas
des semimartingales comme le mouvement brownien fractionnaire. Ceci a permis de ré-
soudre et d’étudier les équations stochastiques fractionnaires, qu’elles soient différentielles
ou aux dérivées partielles. En outre, cela a naturellement conduit a construire et étudier
des estimateurs dans ces modeles.

Récemment, le calcul de Malliavin a connu de nouveaux champs d’applications : les
théoremes limites et 'inférence statistique. Ceci est di principalement & la découverte du
théoreme du quatriéme moment [76], qui permet de caractériser la normalité asymptotique
d’une suite d’intégrales multiples & l’aide du calcul de Malliavin. Ce lien entre le calcul
de Malliavin et la convergence en loi constitue un outil principal pour les preuves dans ce

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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Introduction

travail.

Ce manuscrit est divisé en trois parties. Dans une premiere partie, nous étudions la
solution de I’équation de la chaleur stochastique dirigée par un bruit fractionnaire non
gaussien que ’on modélise par la version multidimensionnelle des processus d’Hermite.
Dans une seconde partie, nous nous intéressons au comportement asymptotique des solu-
tions d’équations a la fois différentielles et aux dérivées partielles fractionnaires lorsque le
parametre fractionnaire converge vers ses valeurs limites. La troisieme et derniere partie
de cette these traite une problématique d’inférence statistique relative a 1’équation des
ondes dirigée par un bruit fractionnaire gaussien.

Ces parties sont composées des quatre articles suivants :

> M. Slaoui and C. A. Tudor (2017) : On the linear stochastic heat equation with
Hermite noise, Infinite Dimensional Analysis, Quantum Probability and Related
Topics.

> M. Slaoui and C. A. Tudor (2018) : Limit behavior of the Rosenblatt
Ornstein-Uhlenbeck process with respect to the Hurst index. Theory of Probability
and Mathematical Statistics, 1(98), 173-187.

> M. Slaoui and C. A. Tudor (2019) : Behavior with respect to the Hurst index of the
Wiener Hermite integrals and application to SPDEs, Journal of Mathematical
Analysis and Applications.

> R. Shevchenkon, M. Slaoui and C.A. Tudor (2019) : Generalized k-variations and
Hurst parameter estimation for the fractional wave equation via Malliavin calculus,
Journal of Statistical Planning and Inference.

Dans cette introduction, nous commencons par donner une bréve description des prin-
cipaux objets considérés. Nous inclurons également un résumé des articles qui constituent
cette these en les situant d’abord dans leur contexte mathématique, puis en explicitant
leur contenu et en donnant les idées générales des preuves. Dans la suite de cette partie
introductive, nous présenterons en détail les résultats obtenus au cours de la préparation
de la these. Ces résultats seront présentés sous forme d’articles tels qu’ils ont été soumis
ou publiés dans des revues internationales avec comité de lecture.

0.1 Préliminaires

0.1.1 Eléments de Calcul de Malliavin

Puisque nos travaux sont tous fortement basés sur le calcul de Malliavin, nous com-
mencerons par rappeler ses notions fondamentales. Nous renvoyons aux livres [66] et [74]
qui font références sur le sujet pour une présentation plus détaillée.

Considérons un espace de probabilité (€2, §, P) et un espace de Hilbert séparable H muni
d’un produit scalaire qu’on note par (.,.)3. Nous notons H®? (respectivement H?) la q
eme puissance tensorielle (respectivement symétrique) de H munie de la norme ﬁ |- llz@a-

2
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0.1 Préliminaires

» Processus isonormal gaussien

Définition 1 (Processus isonormal). Un processus stochastique W défini par W = {W(h),h €
H} est un processus gaussien isonormal gaussien si ¢’est une famille de variables aléatoires
gaussiennes centrées tel que :

EW(m)W(g)) = (h,g)n Vh,g € H.

» Opérateur de dérivation

Soit Cp°(R™) I'ensemble des fonctions infiniment dérivables f : R — R et dont les
dérivées sont a croissance polynomiale. Notons S la classe des variables aléatoires qui

s’écrivent sous la forme :

F=fW(hi),...,W(hyp)), (1)
avec f € Cp°(R"), h1,...,hp € Hetn > 1.

Définition 2 (Opérateur de dérivation). L’opérateur de dérivation au sens de Malliavin
ou dérivée de Malliavin d’une variable aléatoire qui s’exprime sous la forme donnée par
(1) est la variable aléatoire & valeur dans H définie par :
n akf
DF = ZW(W(hl),...,W(hn))hk. (2)
k=1

» Opérateur de divergence

Soient p, ¢ € N*. On note DP? la fermeture de S par rapport a la norme ||.|| pr.c définie
par :

| F||pra = (E(|F|q) + ZE (HDZFH;I%@)>

=1

Définition 3 (Opérateur de divergence). L’opérateur de divergence est défini comme
adjoint de lopérateur de dérivation sur L*(Q,H) a valeurs dans L*(Q) tel que :

> Le domaine de §, noté Domd, est l’ensemble des variables aléatoires
u € L?(Q,H) € tel que :

E (< DF,u >%) < cy\/E(F?), VF € D"“?,

ot ¢ est une constante qui dépend de u.

> Siu €Domd alors §(u) est la variable aléatoire dans L?(Q) caractérisée par cette
relation de dualité :

E(Fé(u)) =E(< DF,u >y), VYF € DY

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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» Polynomes d’Hermite et Chaos de Wiener

Définition 4 (Polynomes d’Hermite). Les polynomes d’Hermite d’ordre q € N, sont défi-

2\ a9 z?
Hy(z) = (—1)%exp 5 e \ P | , ¢ €R. (3)

On a en particulier : Ho(x) = 1, Hi(z) = z, Hy(z) = 2® — 1, H3(z) = 2> — 3z, ...

nis comme suit :

Ces polynomes apparaissent dans le développement en série de Taylor de la fonction
2
F(x,t) = e'*='T de cette maniére : Hy(xz) = mgit(;m) li=0 -

Ces polynomes vérifient les propriétés suivantes :
1. H(;(:E) =qHy 1(x) et Hyp1 = xHy(z) — qHg—1 (),

22
2. la famille (%Hq(x)) . est une base orthonormale de L? <]R, \/1276_2dx)’
q X

3. soit (U, V) un vecteur gaussien tel que U,V ~ N(0,1), alors on a pour tout p,q € N,

JE[UV]T si p=yg,

E [Hy(U)Hy(V)] = { ! o @

Définissons a présent le ¢ eme chaos de Wiener.

Définition 5 (Chaos de Wiener). Soient ¢ > 0 un entier, et W un processus gaussien
isonormal sur H. Le q éme chaos de Wiener H, associé a W est la fermeture dans L*(Q)
du sous-espace vectoriel engendré par {Hy (W (h));h € H, ||h|ly = 1}.

Notons que pour ¢ = 0, Hg représente ’espace des fonctions constantes et que pour
g = 1,71 est Pespace gaussien défini par H; = {W(h),h € H}. De plus 'orthogonalité
des polynémes d’Hermite pour p # ¢ donnée par (4), implique l'orthogonalité des chaos
de Wiener H, et H,.

0.1.2 Intégrales stochastiques multiples

Nous introduisons dans cette partie les intégrales multiples et nous donnons leur prin-
cipales propriétés. Considérons un processus gaussien isonormal W défini sur un espace

de Hilbert H.
Soit ¢ > 1 et introduisons I’application linéaire I, définie par :

I,(f%7) = Hy(W(f)), pour feH telque [flly=1.

On peut montrer que 'application I, se prolonge en une isométrie linéaire entre I’espace
de Hilbert #®? muni de la norme ﬁ || - |l®q et le chaos de Wiener H, d’ordre q, muni de

la norme de L%(Q).

Définition 6. [Intégrales multiples d’ordre q | Pour tout f € H®, I,(f) est intégrale
multiple d’ordre q associée au processus isonormal gaussien W .

4
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Soient p,g > 1, f € H®? et g € H®P. La relation qui lie polynomes d’Hermite et
intégrales multiples est a l'origine de la formule d’isométrie suivante :

Uf, G yea ifp=
E(L()1y(9)) = w9 r (5)

0 sinon.

ot f désigne la fonction symétrisée de f définie par f(:pl, D) = %ZaeEq f (:L‘U(l), . ,xg(q))
avec X, I’ensemble des permutations de {1,...,q}.

On a alors en particulier E (I,(f)?) = q![| f]13,04-

Les moments d’une intégrale multiple d’ordre g vérifient cette propriété d’hypercon-
tractivité :

Proposition 1 (Propriété d’hypercontractivité). Si F' = Ix(f) avec f € H®* alors on a :

)
2

E(FP) < (-1 (E(F?))7, (6)
pour tout p > 2.

Nous aurons besoin a plusieurs reprises dans les chapitres qui suivent de multiplier
deux intégrales multiples. La formule de multiplication dit que le produit de deux inté-
grales multiples s’écrit comme une somme finie d’intégrales multiples. Afin de I’énoncer,
commencons par rappeler la notion de contractions.

Contractions : Soit (ep)r>1 une base orthonormale de H. la contraction d’ordre r =
1,...,pAqde f e H® et g € H® notée par f @, g est 'élément de HEPH4=2")  défini
comme suit :

o

(f®7.g) = Z <f,ek1®ek2®...ekr Squer @ < g,k Qe @...€k,. >yer .
Jisesdp=1

Proposition 2 (Formule de multiplication). Soient p,q > 1, f € H®? et g € H®P. On a :

bt = () (w2,

r=0

ot f®,g est la symétrisée de f ®, g.

Proposition 3 (Décomposition en chaos de Wiener). Toute variable aléatoire F € L?(2),de carré
intégradble et qui est mesurable par rapport a la tribu engendrée par W, admet la décomposition
chaotique suivante :

o0

F=E(F)+ Z-rq(fq)-

q=1

De plus cette décomposition est unique.

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

Introduction

Loi des intégrales multiples

Caractériser les lois des variables aléatoires qui s’expriment sous formes d’intégrales multiples
est une problématique récurrente qui apparait dans nos travaux.

Les variables aléatoires qui s’écrivent sous la forme d’une intégrale multiple d’ordre 1 étant
gaussiennes, il est bien connu que leur loi est caractérisée par la donnée des deux premiers moments
(espérance et variance).

La loi des intégrales multiples d’ordre 2 est liée a la notion de cumulants que nous introduisons
ci dessous.

Définition 7 (Cumulants). Le cumulant d’ordre m d’une variable aléatoire F € L™ () pour tout
m > 1, est donnée par :

km(F) := (—1i) ) InE(e tF)|t=0.

Les moments et cumulants d’une variable aléatoire sont liés par la formule suivante :

ke (F) = 3 (=1)" " (r — 1)IE (F"“') ...E (F““‘) : (7)

a-:(a17__7(17‘)€73([n])

ot pour d > 2 et a = (ay,...,aq) € N% on note |a| = Z?Zl a; et ot P(b) désigne I'ensemble des
partitions de b.

Notons que si E(F) = 0, nous aurons : ki(F) = 0,ke(F) = EF? k3(F) = EF? et ky(F) =
EF* — 3(EF2)2.

Rappelons ces résultats fondamentaux démontrés dans la proposition 2.7.13 dans [65] qui ca-
ractérisent la loi des intégrales multiples d’ordre 2 :

> Si F' est un variable aléatoire appartenant au second chaos de Wiener (F = Ix(f), avec
ferL? (RQ)), alors sa loi est entierement caractérisée par ses cumulants, ou de maniere
équivalente par ses moments. Ainsi, si F' et G sont deux variables aléatoires qui
appartiennent au second chaos de Wiener, alors on a I’équivalence suivante :

F2G < kp(F)=kn(G) Ym>1.

> Si G = I(f) avec f € L?(R?) symétrique, son cumulant d’ordre m s’exprime par :

km(G) =27 (m — 1)!/ duy ... dwy, f(ur,uz) f(uz,us) . f(Um—1, Um) f(Um, u1).

m

Soulignons le fait que cette caractérisation par les moments (ou cumulants) des intégrales
multiples d’ordre ¢ = 1 et ¢ = 2 n’est plus valable lorsque g > 3. Nous renvoyons pour plus de
détails a [91], la section 2.7.4 de [65] et le chapitre VI de [16].

0.1.3 Théorémes centraux limites pour les intégrales multiples

Le théoreme du quatrieme moment, connu aussi sous le nom Fourth Moment Theorem, joue
un roéle clé dans nos travaux. Il stipule que pour qu’une suite normalisée d’intégrales multiples
converge en loi vers une gaussienne centrée réduite, il faut et il suffit que son moment quatrieme
tende vers 3, (ou de maniere équivalente que le cumulant d’ordre 4 converge vers 0). Ce théoréme,
originellement dii & Nualart et Peccati [70], a été étendu dans [75] et [69].

Théoréme 1. Soit n > 2. Considérons une suite de variables aléatoires qui appartient au n éme
chaos de Wiener {F), = I,, (fx),k > 1} avec fr, € H®™ pour tout k > 1 et telle que :

E [F] = nlll fell3en —ko0 0.

Nous avons équivalence entre les points suivants :

6

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

0.1 Préliminaires

1. quand k — oo, la suite (F),~, converge en loi vers N(0,0?%),

. lim E[F}] = 30* lim ky(F) =

&l BLFE] = 0% (e iy ha(F) =0)

3. pourtout 1 <1<n-—1, ona klim || fre @1 frllyo2m—n =0,
—00

4. klim |DFy |3, = no? dans L*(12).

—00
Peccati et Tudor dans [77] ont obtenu une version multidimensionnelle de ce théoréme que nous

citons également :

Théoréme 2. Soientd > 2 et qq,...,q1 = 1 des entiers fixés. Considérons le vecteur

F, = (Fl,nw-de,n) = (I(h(fl,’n)?"'5I¢Id(fd,n))7

avec fin € HO%. Soit C' une matrice symétrique réelle définie positive et supposons que

lim E(F; , F; ) = C(i,j)pour chaque 3, j € {1,...,d}. (8)

n—oo

Alors, lorsque n tend vers +00, les deux conditions suivantes sont équivalentes :
1. F, converge en loi vers Ny(0,C),
2. pour tout 1 < i < d F;,, converge en loi vers N'(0,C(i,1)).

0.1.4 Processus fractionnaires : Définitions et propriétés

Entrons au coeur de cette these en définissant la perturbation stochastique ou bruit, qui apparait
dans les équations différentielles stochastiques que nous considérons dans nos travaux. Ce bruit est
modélisé par des processus stochastiques fractionnaires que nous présentons dans cette partie. Ces
processus fractionnaires appartiennent a la classe plus générale des processus auto similaires a
accroissements stationnaires.

Commengons par préciser quelques définitions liées a cette classe de processus auto similaires.

Processus autosimilaires L’étude des processus autosimilaires, c’est & dire invariants en loi
par changement d’échelle, présente un intérét a la fois théorique et pratique. En effet, ils ont connu
un véritable essor avec le développement de nombreux modeles stochastiques, dont ceux traités dans
ce manuscrit, et ont démontré étre des candidats puissants & modéliser de nombreux phénomenes
réels. Parmi les nombreux domaines d’application, on peut citer I’hydrologie, les mathématiques
financieres, le trafic internet et le traitement d’image.

La propriété d’auto similarité se traduit de maniére probabiliste comme suit :

Définition 8. [Auto-similarité | Un processus stochastique {X (t)}1er+ est auto similaire d’indice
H > 0 si, pour toute constante ¢ > 0, les deuz processus {X(ct)}ier+ et {cH X (t)}ier+ ont les
mémes lois finies dimensionnelles.

Une classe importante de processus auto-similaires est celle des processus a accroissements
stationnaires.

Définition 9. [Stationarité des accroissements] Un processus stochastique {X (t)}ter+ @ des ac-
croissements stationnaires si pour tout réel h > 0, la loi de {X(t+ h) — X (h)}1er+ ne dépend pas
de h , i-e. :
(d)
{X(t+h) = X(h) her+ = {X(t) — X(0) }rer+,

d
ot @ est I’égalité au sens des lois fini-dimensionnelles.
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Nous utiliserons 'abréviation asas lorsque nous parlerons d’'un processus auto-similaire a ac-
croissements stationnaires et nous noterons H-asas lorsque nous voudrons préciser que celui-ci est

d’ordre H.

Définition 10 (Mémoire longue). Définissons pour tout entier n > 1, la fonction d’auto
covariance des accroissements d’un processus X asas, donnée par :
r(n) = E(X1 — Xo)(Xnt1 — Xn). On dit que ce processus X

> est a mémoire longue st :
E |Tn| = 00,

n=0

Z |rn| < o0.

n=0

> est a mémoire courte lorsque :

Remarque 0.1.1. On peut vérifier sans trop de difficulté que les propriétés d’auto similarité et
de stationnarité des accroissements, impliquent que les processus (Xi)ier+ H-asas qui vérifient
E(X?) < oo

> partagent la méme fonction de covariance égale a :

2
E(;(l) (t2H ps2H | S|2H) Vst >0,

> sont a mémoire longue lorsque H > % et a mémoire courte lorsque H < % En effet, on a
lorsque n — +o0 et H # %,

T(n) =E (Xl (Xn+1 - Xn)) ~n—oo H(QH - 1)n2HE (X1)2

Le représentant le plus connu et le plus étudié des processus asas est le mouvement brownien
fractionnaire (mbf). C’est en particulier 'unique processus (& constante multiplicative pres) asas
gaussien.

Le mouvement brownien fractionnaire Rappelons brievement la définition et les prin-
cipales propriétés du mbf. Il a été introduit par Kolmogorov en 1940 dans [50], puis rendu célebre
en 1968 par Mandelbrot et Van Ness dans [57] en l'introduisant dans des modeles financiers.

Définition 11. Soit H € (0,1]. Le mouvement brownien fractionnaire (B™);>q est défini comme
un processus centré continu et gaussien, qui a pour fonction de covariance :

1
RH(t,s) .= E(BIBH) = 3 (5 + s — |t — s*) s,t > 0. (9)

Le parametre H est appelé exposant de Hurst ou parametre fractionnaire et gouverne les
propriétés fondamentales du mbf. Listons ces propriétés :

> le mbf est H-asas,
> ses trajectoires sont p.s héldériennes pour tout 6 € (0, H),

> La valeur de H caractérise la dépendance de ses accroissements : ils sont positivement
corrélés lorsque H > % et négativement corrélés lorsqueH < % De plus, le mbf présente un
phénomene de mémoire longue lorsque H > %

> lorsque H = 1, le mbf est égal p.s & tZ avec Z ~ N(0,1), tandis que lorsque H = %7 on a
R3 (t,s) =t A s et le mbf correspond au mouvement brownien standard,

> lorsque H > 1, on a R¥(t,s) = H(2H — 1) f(f Jo lu—v|*"2dud,

8
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> lorsque H # %, le mbf n’est ni un processus de Markov ni une semi martingale par rapport
a sa filtration naturelle.

Il existe de nombreuses représentations du mouvement brownien fractionnaire sur un compact
de R ou sur R entier. Donnons ici la représentation dite en moyenne mobile : Soit (W (t)),cp
le processus de Wiener indexé sur R, la représentation en moyenne mobile du mbf obtenu par
Mandelbrot et Van Ness est donnée par :

1 1 _1
BH = — ((t— B ) AW (s).
CH JR
Le lecteur souhaitant une description plus compléte du mbf pourra se référer par exemple aux

livres [66] et [74].

Processus d’Hermite Présentons maintenant une autre famille de processus asas, cette fois
ci non gaussiens introduits originellement par Taqqu dans [95] et [96].

Soient ¢ € N et H € (%7 1). Considérons {&,} une suite de variables aléatoires, gaussiennes,
centrées et de variance unitaire, telle que :

2H—2

E(§o&n) =n" 7 L(n),

ot L : (0,00) — (0,00) est une fonction variant lentement & 'infini au sens ol

L(n.m)

1.
VYm > 0, L(n) — oo

Soit g une fonction mesurable sur R telle que E(g(&)) = 0, E(g9(&)?) < +oo de rang d’Hermite
q , c’est a dire :

+o00
. 1
g9(z) = ZCZHI(Z’) on ¢ =nk (9(&0)Hi(&0))
l=q ’
ou Hj le I-eme polynome d’Hermite.

Le théoreéme de la limite non centrale démontré dans [95] et [96] dit que le processus
nt]

[
1
nH Zg(ﬁj)
i=1

converge au sens des lois fini-dimensionnelles vers un processus stochastique asas qui appartient
au q eme chaos de Wiener, appelé processus d’Hermite.

Définition 12. [Processus d’Hermite] Le processus d’Hermite (Z7,(t))ier+ est défini par :

1-H

zy) = i) [ /0 [T6-u:0 7 Das | awiy) ... awy,) (10)
q =1

ot x4 = max(x,0) et (W(y)yer le processus de Wiener.
La constante c(H,q) est choisie de telle sorte que E (Zgl(t))2 =21 .

1
2

H(2H —1)
q
4B (%_ 1—qH72—q2H)

Notons que l'intégrale fg est interprétée comme — fto lorsque t < 0.

C(qu) =

Enongons quelques propriétés fondamentales des processus d’Hermite :
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Propriétés des processus d’Hermite

v

(Z}(t))ter+ est H-asas.

> La covariance des processus d’Hermite est alors la méme pour tout ¢ > 1 :

1
E(Z4(0Z(9) = 1 (P7 + 7 — |t o). Va0

v

Lorsque ¢ = 1, le processus d’Hermite n’est rien d’autre que le mbf d’indice de Hurst
He (%, 1). C’est en particulier 'unique processus d’Hermite gaussien.

> Comme H > 1, (Z%(t))ier+ est & mémoire longue.

v

Les processus d’Hermite admettent des trajectoires p.s holdériennes pour tout § € (0, H),

> Les moments des processus d’Hermite sont finis et pour tout p > 1, on a
E|Z§ ()P = E|Z§ (1)t

> Les processus d’Hermite ne sont plus gaussiens pour q > 2.

Les processus d’Hermite peuvent étre considérés comme une généralisation non gaussienne du
mbf, au sens ou ils partagent avec le mbf ses propriétés fondamentales mais ne sont pas gaussiens
pour ¢ > 2. D’un point de vue pratique, ceci fait des processus d’Hermite des candidats pertinents
pour des modeles ol ’hypothése gaussienne n’est pas réaliste, voir [95] et [109].

Le deuxieme processus d’Hermite le plus étudié apres le mbf est le processus de Rosenblatt,
obtenu pour ¢ = 2.

Définition 13 (Processus de Rosenblatt). Soit H € (3,1). Le processus de Rosenblatt est le
processus d’Hermite non gaussien d’ordre 2 défini par :

Zi0 =) [ [ [ (6w 6w as) awan ), ()

Nous renvoyons vers les travaux de Taqqu [97] et de Tudor [101] pour un exposé plus détaillé
sur Ianalyse stochastique du processus de Rosenblatt et aux contributions [1, 2, 82] pour 1’étude
des propriétés de ce processus.

Champs d’Hermite Nous introduirons dans nos travaux la version multidimensionnelle des
processus d’Hermite d’ordre ¢ > 1, appelés champs d’Hermite.

Avant de les définir et d’énoncer leurs principales propriétés, précisons quelques conventions
de notations lorsqu’on se place dans le contexte multidimensionnel.

Soit d € N* et considérons les vecteurs : a = (aj,as,...,aq), b = (b1,..,bq), @ = (a1, ..,q)
dans R?. Nous adopterons les notations suivantes dans la suite de ce manuscrit :

d d
ab = Hajbj, |a—b|0‘ :H|ai—bi|0"i
j=1 i=1
d d
a/b = (a1/b1,az/bs, ..., aq/ba), [a,b] = []las b, (a,b) =[](ai,b:),
i=1 i=1
N1 N2 Na d
Z a; = Z Z Z @iy ig,o i ab = l_Iali”7 a<bavec a; <bj,as <bg,...,aq < by
ic[0,N] i1=0i3=0  iq=0 i=1
10
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Définition 14. Soient ¢ > 1 et H = (Hy, Hs,...,Hy) € (3,1)%. Les champs d’Hermite d’ordre g,
s’expriment comme une intégrale multiple d’ordre q par rapport au drap brownien (W (y),y € R?) :

ty tq q 1, 1-H; _(1,1-Hg
—(i4+ H—

ZHt) = H7q)/ / / H(sl—y17j)+(2 a )...(sd—yd’j)Jr( )

Rd-a Jo 0 i1

dS .. 81 dW yl 1,...,yd 1) dW(yLW"'?yd,q)
(3412
— ¢(H,q /d / H S— i)y (3+5%) s AW (y1) ...dW (y,) (12)
Rd-q
ot x4 = max(z,0) et t = (t1,...,tq) € RL.

Pour le cas ¢ = 1, on retrouve le drap brownien fractionnaire d’indice de Hurst H = (Hy, Ha, ..., Hy) €

(3,1)¢ qui est I'unique champ d’Hermite gaussien.

Propriétés des champs d’Hermite

> Les champs d’Hermite sont autosimilaires d’indice (Hy, ..., Hy) au sens ou le champ

aléatoire (Zﬁl(t)) -y défini par
te(R+)4

R e t
28 (t) = K9 24, <h) = it 24, <h1 h‘i)

admet les méme lois fini-dimensionnelles que Zg;.

> Les champs d’Hermite ont des accroissements stationnaires :
pour tout h € (R*)?

(AZ4([0,£]),t € RY) 2 (AZE ([, h + ¢]), £ € RY),

Rappelons que les accroissements d'un champ sur un rectangle [s,t] C R? avec

s=1(81,...,84),t = (t1,...,tq) tel que s <t sont donnés par :
d
AX(sth)= Y (—1) 2 " Xy ). (13)
re{0,1}4
Exemples :

>d=1=AX([s,t]) = X; — X,.
> d=2=AX([s,t]) =X, 1, — Xt1,50 — Xs1,to + X, 5, associé & un rectangle.

> Pour tout ¢ > 1, la covariance de Zg; est donnée par :
¢ /1
E[Z{(t)Z4(s)] = H (2 (t?H + S?Hl — |t — s,-|2H7')) pour tout s, t € (RT)4.
i=1
> On a pour tout p>2et 0 <s<t,
E|AZE([s, t])[" = E|Z1|” (|t = s1] - -+ [ta — sa])"™" = [t — s,

ce qui permet, par application du théoreme de Kolmogorov-Centsov, de montrer que le
champ Z; a des trajectoires p.s héldériennes pour tout & = (d1,...,d4) € (0, H).

)

Nous renvoyons au chapitre 4 de [103] et [26] pour les preuves détaillées de ces points.

11
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Intégrer contre les champs d’Hermite Afin de résoudre et exprimer les solutions
des équations stochastiques dirigées par un champ d’Hermite (Z#(t)), cre> Tappelons ici le cadre
permettant d’intégrer contre celui ci. La construction de cette intégrale est dit a De la Cerda et
Tudor dans [26], en étendant la méthode de construction de I'intégrale contre le processus d’Hermite
(correspondant au cas d = 1) faite dans [53].

Soient u = (uy,...,uq) et v.= (vi,...,vq) € R% Considérons I’espace de Hilbert suivant :
Hig = Hua(RY) = {£ 1 RY = R || |2, < +o0} (14)
avec
e = =1 [ [ )= v 2dud.

d
= H(2H - 1)/ flur, ... uq)f(vr,...,v4) H luj — v’ > 2 dudv.
R4 JRR4 j=1

L’intégrale par rapport au champ d’Hermite [5, f(s)dZ{y(s) est définie pour tout f € Hp(R?)
et s’exprime sous la forme d’une intégrale multiple d’ordre ¢ par rapport au drap brownien

(W(y))yera :
. f(s)dZgs(s) = 14(J f) (15)

ott Jf € L*(R%9) est donné par :

() ~(3+258)

I51senys) = elt) [ dufa—y); P ey

R

C’est une isométrie entre les espaces Hy et L?(R?) donnée par :

B ([ 1610240s) [ o102 = (. (17)
e =BEH=1) [ [ fa)gfu = v 2duav. (15)

Soulignons quelque points importants :

> L’espace Hy n’est rien d’autre que ’espace de Hilbert associé au drap brownien
fractionnaire.

> Les éléments de Hy peuvent ne pas étre des fonctions mais des distributions; il est des fois
plus judicieux de se placer sur le sous espace de Hy des fonctions mesurables f: R — R
noté |Hy| muni de la norme :

e = HEH-1) [ dudvif)l [0l - v < oo

0.2 Partie 1 : Solutions d’EDPS avec bruit fractionnaire non

gaussiens.

Les solutions des EDPS type onde et chaleur dirigées par des bruits additifs forment une classe
de processus autosimilaires qui a suscité un grand intérét ces derniéres décennies. Afin de posi-
tionner notre étude dans la littérature existante, nous donnons dans cette partie une présentation
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trés succincte du contexte général. Nous discutons quelques résultats connus lorsque le bruit se
comporte comme un mbf en temps et ou en espace. Nous renvoyons au chapitre 2 de [103] et aux

syntheses faites dans [8], [102] pour un exposé plus détaillé. Dans ce manuscrit, les EDPS considé-
rées sont toutes linéaires et le parametre fractionnaire H est toujours fixé dans l'intervalle (%, 1).

Notons toutefois, qu’il existe des travaux ou les EDPS sont non linéaires ou semi linéaires et ou H
est inférieur a % ; ils ont été considérés en utilisant une approche spectrale en temps et en espace,
voir [7].

Considérons I’équation suivante forcée par le bruit additif W :

Lu(t,x) = A(t,x) + W(t,x), te[0,T], xeR? (19)

avec des conditions initiales nulles. Ici W (t,x) est la dérivée formelle de W égale & %, A est le
Laplacian sur R? et L est un opérateur linéaire défini sur RT x R¢. La solution du probleme qu’on

considere est de type mild et est définie comme suit :

Définition 15. [Solution mild] La solution mild de (19) est un champ aléatoire u = {u(t,x);t >
0,x € R?} a carré intégrable défini par :

t
u(t,x) = / G(t —s,x —y)W(ds,dy), t>0,xeR? (20)
0 Jra

ou G est la solution de l’équation homogéne Lu(t,z) — A(t,x) = 0 et tel que pour tout T > 0,
2
SuptE[O,T},xERd E "U/(t, X)| < O0.

o)

50 etona:

> L’équation de la chaleur linéaire est définie lorsque L =

G(t,x) =

—d/2 X2 d
{(27rt) exp( 2t> if t > 0,x € RY, (21)

ift <0,x € R9,

> L’équation des ondes est définie lorsque L = g—;, et la solution fondamentale est définie via

sa transformée de Fourier donnée par

sin(t]|&€
Fot, (e = TUED
1]l
pour tout ¢ € R%, ¢ > 0. Lorsque d = 1, on a en particulier G(¢, ) = %]l{mq} out>0et

z € R.

Le premier probleme qui se pose est de montrer que la solution existe ou de maniére équivalente
que l'intégrale (20) est bien définie. L’idée principale repose sur la construction de I'intégrale par
rapport a W qui vérifie une isométrie linéaire entre I’espace de Hilbert H associé au bruit W et
Pespace de Hilbert L?(Q). Par conséquent la solution existe si et seulement si G(t —.,x —.)1jg 4(.)
appartient a H. La structure de l’espace de Hilbert associé au bruit W est alors d’une importance
considérable pour étudier les propriétés du champ aléatoire défini par (20).

Le bruit blanc espace-temps (qui se comporte comme un mouvement brownien en temps et
comme un drap brownien en espace) a été étudiée par Walsh dans [108]. L’espace de Hilbert qui
lui est associé est L2(£2) et la solution mild existe si et seulement si :

G(t — s,x —y)?dsdy < +oo,
Rd

ce qui est équivalent a la condition d = 1 pour I’équation de la chaleur et des ondes.

13
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Afin de contourner cette restriction et obtenir une solution en dimension supérieure, Dalang [35]
a introduit un bruit plus général qui admet une structure de corrélation par rapport a la variable
espace. Ce bruit coloré noté W, est défini comme un champ gaussien centré qui a pour covariance :

E(W (t, AYW (s, B) =t A s/A/Bf(x —y)dxdy, VYA,B ¢c B,(RY

ot fest la transformée de Fourrier d’une mesure tempérée p sur R? c’est a dire f(z) = [p. €77 p(d€)
. Les équations des ondes et de la chaleur admettent des solutions mild si et seulement si :

TS

Le développement de 'intégration contre le mbf a permis naturellement de considérer un bruit qui
se comporte comme un mbf en temps et/ou en espace. Donnons ’exemple du bruit fractionnaire
gaussien introduit dans [10], communément appelé fractional-colored noise et noté WH. 1l se
comporte comme un mbf d’exposant de Hurst H > % en temps et a une structure de corrélation
en espace. On définit WH = {W#(t, A);t € [0,T], A € By(R?)} pour H € (4,1) comme un champ
aléatoire gaussien centré qui admet la fonction de covariance suivante :

W AW (5,B) = Rults) [ [ fo—g)dody, VA B € By)
AJB
= (Ljogxa, Ljo,s)xB)#-

Soit € lespace des fonctions élémentaires de la forme 1jg 44 ot (¢, A) € ([0, T], B(R?)). Les-
pace de Hilbert ‘Hp associé au bruit W est défini comme la fermeture de £ par rapport au produit
scalaire (.,.)%. On peut montrer que lapplication Lo,xa = W (t, A) est une isométrie entre 1’es-
pace & et I'espace gaussien associé & WH. Comme H est défini comme la fermeture de &, cette
isométrie peut étre étendue & H , ce qui donne 'intégrale stochastique contre le bruit W#, notée
par fOT Jga [(t, 2)W (dt,dx), pour f € H.

De plus, on a pour 9, ¢ € Hy,

T T
o = Hex -0 [ [ [ [ el o o - y)dadyduds

H(2H —1)(2m) /0 /0 | TV )OF 6, )(O)lu — o dudvp(de)

ou la derniere égalité est obtenue par application du théoreme de Parseval.
L’équation de la chaleur dirigée par ce bruit a été étudiée par Balan et Tudor dans [10]. Ils
montrent que la solution mild existe si et seulement si :

/Rd <1+1|§|2>2H p(d€) < oo. (22)

L’équation des ondes a été plus tard étudié dans [11] . La condition d’existence est donnée par :

/Rd <1+1|§2>H+; p(d€) < oo. (23)

Donnons deux exemples de noyaux f auxquels nous ferons plus tard référence :

14

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

0.2 Partie 1 : Solutions d’EDPS avec bruit fractionnaire non gaussiens.

> La covariance du champ fractionnaire

d
f(z) = H(H’L(QH’L —1)]z;|*#7% otion a
i1

|172Hi.

Notons que dans ce cas le bruit gaussien considéré se comporte comme un mbf en temps et
comme un champ fractionnaire en espace.

Pour I’équation des ondes,la condition (23) devient d < Z?ZI(QHi —1)+2H + 1 et pour
léquation de la chaleur la condition (22) devient d < 4H + Zle(QHi —1).

> Le noyau de Riesz d’ordre a défini par

fz) =

La condition (22) devient d < 4H + « et le processus (u(t,x))ic[o,r] pour = fixé, est
gaussien auto similaire d’indice H — d*Ta ; tandis que la condition (23) devient

d < a+2H +1 et le processus (u(t,x))sc[o,r] pour x fixé est un processus gaussien auto
d—a
2

x|~ avec 0<a<d, otona pu(df)=|¢T¥dE.

similaire d’indice H + 1 —

Des auteurs ont par la suite considéré des bruits fractionnaires non gaussiens, citons par exemple

les travaux [17], [26], [31], [34], [33], [L00]. Le bruit non gaussien considéré dans ce travail est le

champ d’Hermite, qui apparait comme une extension non gaussienne du drap brownien fraction-

naire étudié dans [11]. L’équation des ondes a été traité dans [26] et nous avons considéré dans le
chapitre 1 I’équation de la chaleur dirigée par ce bruit.

0.2.1 Résumé du chapitre 1 : Autour de I’équation de la chaleur dirigée
par un bruit de type Hermite.

Le Chapitre 1 de cette these est constitué de la publication [38], en collaboration avec C.A.
Tudor.

Nous considérons ’équation de la chaleur dirigée par un champ type Hermite d’ordre ¢ et de
dimension d + 1. Plus précisément soit le probleme suivant :

Qu(t,x) = Au(t,x)+ Z§(t,x), t>0,xeR (24)
u(0,x) = 0, x€R?

on Z§ = {Z&(t,x);t > 0,x € R} avec H = (H,Hy,...,Hy) € (1/2,1)1@*D est un champ
d’Hermite de dimension (d + 1) qui a pour covariance :

E{ZgI(SﬂX)ZgI(tvy)} = RH(t7 S)RHO (va)

1
Rir(ts) = 5 (7 + |5 = [t = ™), Ru,(x.y) = HRH )

avec Hy = (H1,...,Hy), ste Ret x = (21, ..,24),y = (Y1, --,Yd) € Rd. De maniere équivalente, la

RVl
covariance du processus 2% = 51 est donné par :

E{Z{(s,x) 25 (t,y)} = H2H — )|t — s|*"~ 2H (2H; —1) - |z — y;PHi2).

Le bruit que nous considérons se comporte comme un processus d’Hermite par rapport au temps
et comme un champ d’Hermite de dimension d par rapport a la variable espace.
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La solution mild du probleme u = {u(t,x);t > 0,x € RY} s’exprime sous la forme dune
intégrale par rapport au champ d’Hermite Zf; :

t
u(t,x) = /0 y Gt —s,x —y)Z§&(ds,dy), t>0,x € R% (25)

Comme nous ’avons rappelé précédemment, l'intégrale contre le champ d’Hermite préserve la
méme structure de covariance que l'intégrale contre le drap brownien fractionnaire (¢ = 1). Fort
de cette propriété, l'existence et la régularité de la solution découlent directement des résultats
connus dans le cadre gaussien [11].

Proposition 4. L’équation de la chaleur stochastique (24) admet une unique solution type mild
(u(t,X))t>0,xere 80 seulement si :

d
d<4H + (2H; - 1). (26)
i=1

Dans ce cas, on a supE (u(t,x)z) < oo.
t,x

De plus, il existe des constantes 0 < ¢; < co et 0 < ¢3 < ¢4 tel que pour tout x € R? et
0<s<t,ona:

crlt — 525 <Efu(t, x) — u(s,x)|” < ot — 5275 (27)

et pour tout M >0, t >0 et x,y € [-M,M]%, on a :

1 p 1 P
v ——— ) < Elult — ult 2 < 2B - )
63‘X y‘ <10g|x_y|) = |u( ,X) U( 7Y)| = C4|X Y| log\x—y\ ( 8)

avec B = min(1,2H — %) and p = p(B) = 1{13(B).

Nous montrons également que le champ stochastique (u(t,X));>0xere est stationnaire par
rapport a la variable espace x € R? et nous établissons son indice d’auto similarité par rapport a
la variable .

Ces résultats s’appuient sur la représentation spectrale de la solution donnée par la proposition
suivante :

Proposition 5. Pour tout x € RY, le processus (u(t,x));>0 satisfait

u(t, x) @ Co,q/ dW(uhm).../ AW (ug, 24) (e”(“l*"*“q) — e%”Zl*“'*zq‘Q)
Rd+1 Rd+1

1
i(Uu1 + oo+ ug) + 2|21 4 o+ 22

|z1|_%+%...|zq BEA |uq EEAREE

avec Cp 4 une constante explicitée.

Proposition 6. Pour tout x € R%, le processus (w(t,x));eq0,7) st auto similaire d’indice

(H1+...+Hd)7d

=H
Y + 9
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On retrouve dans le cas d = 1, I'indice d’auto similarité H — 1_THl obtenu dans le cas d’un
bruit gaussien fBm-Riesz en temps-espace avec o = 2H; — 1 (voir [103]).

Le résultat fondamental de ce travail est un théoréeme de décomposition que nous décrivons
dans ce qui suit.

Pour tout ¢ > 0, x € R? on peut exprimer la solution (25) sous la forme :

u(t,x) = U(t,x) = Y(¢t,x)

avec

U(t,x) // (t—u)y,s—y) _G((_U)Jr’S_Y))ZIqu(d%dy) (30)
Rd

0
Y(t,x) = /_ /Rd (G(t —u,s —y) — G(—u,s —y)) Z(du, dy). (31)

Cette décomposition a été initialement introduite dans [61] puis étudiée dans différents travaux
[39], [105], [43] et [62] afin d’établir diverses propriétés analytiques de la solution.

Le processus U est appelé dans la littérature the pinned string process. Dans le cas gaussien
q = 1 qui correspond au cas de I’équation de la chaleur dirigée par un bruit qui se comporte comme
champ fractionnaire de dimension d + 1, il a été prouvé dans [105] que la solution s’écrit comme
la somme d’'un mouvement brownien fractionnaire et d’un processus aux trajectoires régulieres.
Plus précisément a variable spatiale fixée, U est un mbf (modulo une constante) d’indice de Hurst
H + W tandis que le processus Y admet p.s des trajectoires continument dérivables sur
tout intervalle [a, b] C [0, 00).

Le théoreme suivant propose d’étudier les processus U et Y lorsqu’on sort du cadre gaussien
pour q = 2 :

Théoréme 3. 1. Pour tout x € R, le processus (U(t,x))i>0 défini par (30) est auto similaire
d’indice v (29) et admet des accroissements stationnaires.

2. Pour tout x € R? et pour tout entier k > 1, le processus (Y (t,x))i>0 admet p.s des trajec-
toires continument dérivables d’ordre k sur tout intervalle [a,b] C [0,00).

Nous savons que les propriétés d’auto similarité et de stationnarité des accroissements sont
caractéristiques du mbf pour les processus gaussiens. Le point 1. de ce théoréeme implique par
conséquent que lorsque ¢ = 1, le processus U est un mbf et nous retrouvons le résultat prouvé
dans [105]. Lorsqu’on sort du cadre gaussien pour les processus d’Hermite d’ordre g > 2, cette
caractérisation n’est plus vraie, U est il toujours un processus d’Hermite comme pour le cas ¢ =17
Afin de donner des éléments de réponse a cette question, nous nous restreignons au cas ¢ = 2 ou
(U(t,))t>0 étant un élément du second chaos de Wiener, sa loi est déterminée par ses cumulants.
Nous calculons les cumulants des lois fini-dimensionnelles du processus (U (¢, z)):>0 et démontrons
qu’ils ne peuvent pas coincider avec ceux du processus de Rosenblatt.

Une application de ce théoreme est le calcul des variations d’ordre a de la solution donnée dans
la proposition suivante :

Proposition 7. Considérons le processus u = {u(t,x);t > 0,x € R} donnée par 25). Pour tout
x € R? fivé, le processus (u(t,x)),~, admet des a-variations égales a E|U(1,x)|" t pour tout o > 1.

En se restreignant au cas d = 1, le dernier résultat de ce chapitre suggere que la solution mild
du probleme (24) (u(t,x),t > 0,2 € R) est aussi une solution faible, qui est définie a partir de la
la formulation variationnelle suivante :

[ [t (2422 ) =~ [ [ stoonzianan
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pour tout T' > 0 et pour toute fonction test ¢ € C'°([0,00) x R) avec support compact dans R et
tel que o(T, ) = 0 pour tout = € R.

0.3 Partie 2 : Comportement asymptotique des solutions
d’équations stochastiques par rapport au parametre de
Hurst.

0.3.1 Rappels et résultats préliminaires

Durant les dernieres années, plusieurs auteurs se sont intéressés au probleme du comportement
asymptotique des processus fractionnaires lorsque ’exposant de Hurst tend vers ses valeurs limites.
Ceci a donné lieu a une série de publications a laquelle les articles qui constituent les chapitres 2
et 3 viennent s’ajouter.

Donnons un bref apercu de I’état de I’art autour de cette problématique :

Dans [106], Veillette et Tagqu démontrent que lorsque H — 1, le processus de Rosenblatt
(ZH(t))t20 converge dans l'espace des fonctions C([0, T]) vers le processus (%(Z2 - 1) )0

ol Z? — 1 est la variable du chi-deux centrée, tandis qu’il converge vers un mouvement
brownien lorsque H — %

Dans [6], Bai et Taqqu s’intéressent au processus de Rosenblatt généralisé Z71-H2 (voir [54]
pour une définition), qui est obtenu en remplagant ’exposant de Hurst H dans le processus
de Rosenblatt par deux exposants Hy et Hy qui appartiennent au domaine A = {0 < H; <
1,0 < Hy < 1, Hy + Hy > 1}. La convergence est établie pour les différentes valeurs limites
de A.

Dans [12], Bell et Nualart généralisent les résultats précédents en étudiant le processus d’Her-
mite généralisé. Une conséquence de leur résultat est que le processus d’Hermite (Z};(t)),5,
converge dans C([0,77]) lorsque H — 1 vers le mouvement brownien.

Dans [3], Arraya et Tudor étudient quant a eux le comportement asymptotique des champs
d’Hermite de dimension d, (ZIq{’d(t))Do, lorsque I'exposant multidimensionnel H converge
vers différents vecteurs limites.

Cette seconde partie de ma these traite le comportement asymptotique des solutions d’équations

stochastiques fractionnaires par rapport au parametre de Hurst H.

Nous allons considérer les deux équations stochastiques suivantes, dont nous définissons la
solution associée :

> L’équation de la chaleur stochastique dirigée par un champ d’Hermite dont la solution mild
a été définie et étudiée au chapitre 1.

> L’équation de Langevin stochastique dirigée par un processus d’Hermite d’ordre ¢ > 1,
introduite et étudiée dans [53].

Rappelons brievement le contexte. Considérons I’équation différentielle stochastique de
Langevin dirigée par un processus d’Hermite Z7, ou H € (%, 1) donnée par :

t
thg—)\/ Xyds+o0Z%(t),t > 1 (32)
0
olt A\, > 0 et ou la condition initiale £ est une variable aléatoire dans L*((2).
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Cette équation admet une unique solution, appelée le processus d’Ornstein Uhlenbeck type
Hermite, qui s’écrit :

YHa() = M (g + a/ot eMdz;g(u)> ,  t>0. (33)

Notons que 'intégrale fot eMdZ9(u) peut étre définie soit comme une intégrale multiple
contre le processus d’Hermite ou au sens de Riemann-Stieltjes. Le processus Y 1:4(¢) a la
méme fonction de covariance que le processus d’Ornstein Uhlenbeck fractionnaire (voir
[19]).

Lorsque la condition initiale est donnée par :

£= O'/O e dz (u) (34)

o0

alors I'unique solution de (32), que I'on note (X4(¢)),>q s'écrit :
t
XHa(p) = a/ e MW aze (u),  t>0. (35)
— 00
Le processus (X H ’q(t)) >0 est stationnaire, nous y ferons référence sous ’appellation
processus d’Ornstein Uhlenbeck type Hermite stationnaire. Lorsque ¢ = 2, nous parlerons

de processus d’Ornstein Uhlenbeck type Rosenblatt et de processus d’Ornstein Uhlenbeck
type Rosenblatt stationnaire.

0.3.2 Résumé du chapitre 2 : Comportement asymptotique du proces-

Nous étudions la convergence en loi, lorsque H — = et lorsque H — 1, de 'intégrale fR

sus de Ornstein-Uhlenbeck type Rosenblatt par rapport a ’indice
de Hurst H

Le chapitre 2 est constitué de la publication [39], en collaboration avec C.A. Tudor.

ou ZH est le processus de Rosenblatt avec un indice de Hurst H € (2, ) et f € Hy une fonction
déterministe.

Enoncons les deux propositions principales de ce chapitre :

Proposition 8. Soit f : R — R tel que pour ¢ € (0,3). On a :

Alors,

IIfIIT - / / dudv| f(u)||f () [u — v < o0 et f € LM(R). (36)
'Hl+5 RJR

/f VdZH (u (/f du> 21 (37)

d
avec Z ~ N(0,1) et ou Q désigne la convergence en distribution.

Proposition 9. Soit f € Hy. Supposons que

© 2019 Tous droits réservés.

o2 = Tim ||f|2, = lim H(QH—1)//f(u)f(v)\u—v|2H’2dudv (38)
H—3 H—3 RJR
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eziste et est bien définie, et que

(2H — 1)2/ duy...dug f(uy) ... f(ug)|ur — ua | ug — uz|? " Hug — ug|? 7 ug — ug |1 — 0.
R4 H—}1
(39)
Alors,

/f YdZH (u —>N(0 o%).

Le processus de Rosenblatt ainsi que l'intégrale de Wiener par rapport a celui ci étant des
éléments du second chaos de Wiener, les preuves de ces deux propositions reposent sur ’analyse
des cumulants et ’application du théoréeme du quatriéme moment. En effet, remarquons que la
condition (39) correspond a la condition ky ( Je f( u)dZH (u )) — 0 qui vient de 'application du
théoreme du quatrieme moment.

Lorsque H — %, nous montrons que pour des noyaux f particuliers, la condition (38) est
automatiquement satisfaite.

Rappelons qu'une suite (f,)n>1 d’éléments de L!(R?) est une approximation de 1'unité

lorsque n — oo si les trois conditions suivantes sont vérifiées :
> fn(t) > 0 pour tout ¢t € R,
> pour tout § > 0, fltléé fu(t)dt — 1,

> pour tout & > 0, [, 5 fu(t)dt —0

De plus si (fn)n>1 est une approximation de I'unité, p € [1,00) et f € LP(R) alors la convolution
f * fn converge dans LP(R) vers f lorsque n — oo.

En remarquant que 2H (2H — 1)1 ,j (v)v* =2 est une approximation de 'unité lorsque H — 3,
nous obtenons le corolaire suivant :

Corollaire 1. Soit f € Hy N L*(R) avec supp (f) C [0,00) et supposons que (39) soit vérifiée.
Alors

/ Fw)dz® (w) — 2 N(o, / F2(u)du).
R H—3 R

Sachant que lorsque H — 1 , ZH converge en loi vers le mouvement brownien, soulignons le fait
que ce résultat en est une extensmn naturelle au sens o1 on obtient que fR u)dZH (u) converge
en loi vers [, f(u)dW (u), sous les conditions du corolaire (1) sur f .

Comme exemples d’applications des résultats précédents, nous établissons le comportement
asymptotique du processus d’Ornstein Uhlenbeck type Rosenblatt stationnaire et non stationnaire.
Nous listons ci dessous les résultats obtenus :

— Comportement asymptotique par rapport & H du processus d’Ornstein Uhlenbeck non sta-

tionnaire (YH’Q(t))te[o T "

— Lorsque H — 1, (YH’Z(t))te[O7T] converge en loi sur I'espace des fonctions continues
C[0,T], vers le processus (Y (t))¢cjo,7] donné par :

1

Y(t)=e M+ v (/0 e‘“‘f—“)du> (22 -1)=eMe+ %(1 MY (22 - 1)

avec Z ~ N(0,1).

— Lorsque H — %,

tions continues C'[0, T, vers le processus d’Ornstein-Uhlenbeck (Yy(t))¢e(o,7], qui est la
solution de I’équation de Langevin dirigée par le processus de Wiener.

le processus (Y 2(t));ci0,r) converge en loi sur I'espace des fonc-
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— Comportement asymptotique par rapport & H du processus d’Ornstein Uhlenbeck station-
naire (XH’Q(t))tE[QT] :

— Lorsque H — 1, le processus (XH72(t))tE[O,T] converge en loi, sur I'espace des fonctions
continues C[0, T, vers le processus (X (t)):e[o,), défini pour tout ¢ € [0, 77, par :

— 00

X(t) =0 (/t eMtu)du) (7 1=z 1),

— Lorsque H — %, le processus (X7 ’2(t))te[0,T] converge en loi vers le processus d’Ornstein-
Uhlenbeck stationnaire (Xo(t))iepo,r7, qui est la solution de I'équation de Langevin
dirigée par le processus de Wiener avec la condition initiale (34) .

Afin de vérifier les conditions d’intégrabilité des propositions 8 et 9, nous avons utilisé le
théoréme Power counting theorem tiré de larticle [98]. L’énoncé de ce résultat ainsi que les calculs
détaillés figurent dans le chapitre 2 de ce manuscrit.

0.3.3 Résumé du chapitre 3 : Comportement asymptotique de ’intégrale

de Wiener par rapport au processus d’Hermite et applications aux
équations stochastiques

Le chapitre 3 est constitué de la publication [90], en collaboration avec C.A. Tudor. Les résultats
obtenus dans ce chapitre constituent une extension du travail engagé au chapitre 2. Notre principale
motivation est d’étudier le comportement asymptotique de la solution de ’équation de la chaleur
stochastique dirigée par un champ d’Hermite et qui a fait ’objet du chapitre 1.

Nous savons que la solution mild du probléme (24) est un champ aléatoire u = {u(t,x);t >
0,x € Rd} qui s’exprime comme une intégrale par rapport au champ d’Hermite Z§; et appartient
au q eme chaos de Wiener.

Par analogie avec la démarche adoptée au chapitre 2, nous commengons par analyser le com-
portement asymptotique de l'intégrale de Wiener-Hermite [, f (s)dZﬁI’d(s) Vg > 1ou f € Hu
lorsque les composantes H; tendent vers 1 et/ou % Soulignons que 1’ approche utilisée précédem-
ment dans le chapitre 2, qui est basée sur 'analyse des cumulants ne peut plus étre appliquée
lorsqu’on travaille dans un chaos de Wiener d’ordre ¢ > 3

Sous des conditions d’intégrabilités imposées a f que nous détaillerons par la suite, énongons
de maniere sommaire les deux comportements asymptotiques obtenus :

1. Lorsqu’il existe au moins une des composantes H; de H qui converge vers 1 et aucune vers
1.

5 .
< La limite en loi de [;, f (s)dZIZI’d(s) fait apparaitre une variable aléatoire non normale,
associée a la distribution d’Hermite.

2. Lorsqu’au moins une des composantes H; converge vers % et les autres sont fixées dans
Iintervalle (3,1) ou convergent vers 1 :

< La limite en loi de [5, f (s)dZﬁI’d(s) est une variable aléatoire normale centrée qui admet
une variance explicite.

Afin d’exposer plus précisément ce travail, nous avons besoin d’introduire les notations sui-
vantes : solent 1 < k <d et {j1,..,Jx} C {1,..,d}, notons

A = {jla -~7jk}a Ha, = (ij "'7ij) € (
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Introduisons également les espaces suivants qui imposent les conditions nécessaires de régularité
sur f lorsqu’on étudie le cas ou il existe au moins une composante de H qui tend vers 1 :

— Pour 1 < k < d, nous introduisons I'espace H, des fonctions mesurables f : R - R Ha,
tel que :

£l = (a)

k
duy,

1
2H-— —2|2
Lo v, [ aws v )] v, v (7

k
= > [ dua < o0 (42)
o R i
muni de la norme || - ||, défini par (18).
A

J

— Pour k = d, 'espace ’sz = "sz est celui des fonctions mesurables f : RY — R tel que :

13z, = 1l o)

d—1 1
+ [ owa | [ ava, [ aw vl L, v, - w57
= Ifloan + 1y < oo (43)
Nous montrons alors les deux résultats suivants :
Proposition 10. Soit Ay défini par (40) et supposons que f € Hz, N |Hl.
— Sil1<k<d,
1 \%F
Hy, — (1,..,1) e RF et Hj € (27 1) sont firés .
Alors la famille des variables aléatoires (XH, He (%, l)d) définie par :
Xt [ iz ) (44)

converge en distribution vers la variable aléatoire

,d—k ,d—k
Xom [ )iz g, = [ (Ad_kf<uAk,uAAk>dek (uAk>)duAk.

Rd
(45)
— Sik=d et

H— (1,.,1) € RY,

alors la famille de variables aléatoires (XH, He (%, l)d) donnée par (44) converge en dis-
tribution vers

/Rd f(u®), ..7u(d))du%Hq(Z)

avec Z ~ N(0,1) ou H, le polynome d’Hermite d’ordre q (3).
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Afin d’établir ce résultat nous établissons la convergence de la fonction caractéristique de XH
vers celle de X. L’idée est d’approcher X par une suite de variables aléatoires X™H qui s’écrivent
comme une combinaison linéaire du champ d’Hermite Zﬁl’d, puis d’utiliser les résultats obtenus
dans [3], qui donnent le comportement asymptotique par rapport & H de ce dernier. Précisément
XmH est définie comme suit :

n

X = | fa(dZ W) = 3 alAZE((6 b))

j=1

ot fn(u) = > arli, 4,,,1(u) et AZI({I’d est défini & partir de (13). La preuve se base principalement
sur le fait que X™¥H converge dans L?(2) vers XH si f,, converges vers f dans |Hg| par théoréme
non centrale limite et isométrie de I'intégrale de Wiener Hermite (voir section 3 dans [26]).

Proposition 11. Soit Ay défini par (40) et By, = {l1,..,1,} C {1,..,d} avec 0 <p <d,1 <k <
dp+k<detA,NB,=0 (sip=0 alors B, =0.). Soit f € [Hu| .
Supposons que cette limite existe et est bien définie

lim H(2H — 1)/ f)f(v)|lu - v|*~2dudv := a? He (46)
Ha,—(3,...,3)€RF Rd JRd A
et que
/ / [ [ dwdvawav' s ) 1)
HAk R JRa JRa SR
><|u -V ' — v \ = lu—u |2(H e v —v/| S (47)
Lorsque

1 1 1 d—k—p
HAk — (2772) S Rk,HBp — (].,71) € RP ¢t szugp S (271> ﬁxés;

alors [o f(u)de’{’d(u) converge en distribution vers la variable aléatoire de loi N (0, JJ% o )
My

Remarque 0.3.1. Lorsque ¢ =2 et d = 1, nous retrouvons les résultats obtenus dans le chapitre
2 de ce manuscrit. Tandis que lorsque f = 1, nous obtenons le comportement asymptotique du
champ d’Hermite [5].

Enongons a présent les théoremes qui donnent la limite en loi de la solution de I’équation de
la chaleur stochastique dirigée par un champ d’Hermite, définie par (25). Supposons d’abord que
la condition (26) qui assure I'existence de la solution mild, est vérifiée.

Théoréme 4. Fizons T > 0 et x € R%, on a alors

1. Lorsque

(Ho,Hy,) — (1,..,1) € RFFL ¢t H;,j € Ay sont fizés ,

alors (up, m(t, x),t € [0,T]) converge en loi dans l’espace C[0, T| vers le processus (u(t,x),t €
[0,T]) défini par :

t
u(t,x) = /0 du /Rk dy a, /Rd_k ngé;k(yzk)G(t —UX—Y). (48)
23
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2. Lorsque Ha, — (1,..,1) € R* et Hy,H;,j € Ay sont fizés, alors (up, u(t,x),t € [0,T])
converge en loi dans C[0,T] vers le processus (u(t,x),t € [0,T]) défini par :

t
u(t,x) = [ dya, dZ5 R (uy_ )Gt —u,x —y).
RF 0 JRi—k 0 Ay, Ak

3. Lorsque (Ho,H) — (1,..,1) € R¥™L alors (up, u(t,x),t € [0,T]) converge en loi dans
C10,T] vers (u(t,x),t € [0,T]) défini par :

u(t,x) = (/Ot y Gt —u,x — y)dydu) \}qu(Z).

Théoreme 5. 1. Lorsque
(Ho,Ha,) — (;;) € RF (49)
et
d<1+g+ZHa, (50)
acAy

alors le processus (up, u(t,x),t € [0,T]) donné par (25) converge en loi dans C[0,T] vers
le processus (u(t,x),t € [0,T]) ot u est la solution mild de I’équation de la chaleur linéaire
sutvante :

ou _ Pra,d+1 d
{ Si(t,x) = Ault,x)+ Wiy (t,x), t>0,xeR (51)

u(0,x) = 0, xcR?

ot le bruit noté (W, u(t, A1 x As),t € [0,T], Ay € By(R¥), Ay € By(RYF)) associé a l’équa-
tion de la chaleur, est un champ gaussien qui a pour covariance :

E [WHO,H(ta Al X AQ)WH(%H(S, Bl X BQ)]

2H— -2
= (t A S))\k(Al n Bl) /A . sz (QHZk — 1)‘yzk — zzk Ag dyzdeZk
2MNB2

2. Lorsque Ha, — (,..,3) €eR¥ ,Hp, — (1,..,1) eR? et
k
d<2H+§+ZHa, (52)
G.GZ;,A,

alors le processus (up, u(t,x),t € [0,T]) défini par (25) converge en loi dans C[0,T] vers le
processus (u(t,x),t € [0,T]) ot u est la solution mild de ’équation de la chaleur (51) avec
le bruit additif gaussien admettant la covariance suivante :

E [WHO,H(ta A1 X A2)WH07H(S’ Bl X Bg)]

2H- —2
= Bug(ts) (AN Bl)/A Hy, (2Hz, —Vlyz, —zz,[" " “dyz dzg, -
2NB2

3. Lorsque (Ho,H) — (%, - %) € Rt et d = 1, alors la limite du processus (up, u,t € [0,T))

dans C[0,T] est la solution de I’équation de la chaleur (51) dirigée par un bruit blanc espace-
temps.

Pour avoir la convergence en loi dans I’espace des fonctions continues C([0,T), il suffit d’avoir
la convergence fini-dimensionnelle de la solution mild et de montrer que la solution est tendue.
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La convergence des lois fini-dimensionnelles de la solution mild est établie dans les deux théo-
remes par application des propositions 10 et 11. Soient A\; € R,¢; > 0 pour j = 1, .., N, nous avons
par linéarité de 'intégrale de Wiener-Hermite :

N o N
Z Njum, m(tj,x) = / / Z ANl (w)G(t; —u,x —y) dZ}Iijl(u, y).
= 0o Jra ’

Jj=1

Nous montrons que I'intégrant Zjvzl Ajil(o,t,)(u)G(t; —u,x —y) vérifie les hypotheses de ces propo-
sitions en utilisant le théoreme Power Counting. Cette partie constitue la partie la plus technique
des preuves et nous renvoyons au chapitre 3 pour plus de détails sur les calculs effectués.

Sachant que wgy, 11 (t,x) s’écrit comme une intégrale multiple d’ordre (¢ + 1), la caractérisation
de la tension est donnée en combinant la relation (27) et la propriété d’hypercontractivité des
intégrales multiples. On obtient alors pour tout p > 2

E |upo 1t %) — urgy px(s,%)[* < Clt — 5|7 (53)
et on conclut en utilisant le critere Billingsley (voir [15, Theorem 12.3] ou [10]).

Remarque 0.3.2. [l est particulierement intéressant de remarquer que le processus limite est
toujours égal en loi a la solution de l’équation de la chaleur stochastique dirigée par la limite du
bruit.

Dans une deuxiéme partie de ce travail, nous avons généralisé les résultats obtenus au chapitre
2 en établissant la limite en loi d’un processus d’Ornstein Uhlenbeck type Hermite, solution de
I’équation de Langevin dirigée par un processus d’Hermite d’ordre ¢ > 1 quelconque.

Les résultats obtenus dans ce chapitre montrent que ces modeles offrent une large classe pro-
cessus appartenant a des chaos de Wiener d’ordre ¢ > 1 et ayant des lois différentes.

0.4 Partie 3 : Inférence statistique des EDPS avec bruit
fractionnaire.

0.4.1 Rappels de résultats préliminaires

Dans la derniere partie de cette these, nous nous intéressons a une problématique d’inférence
statistique relative a une EDPS fractionnaire. Depuis plusieurs décennies une littérature tres vaste
s’est constituée autour du sujet de l'inférence statistique des parametres apparaissant dans une
EDPS. Nous renvoyons a [24], [52] ou [51] pour un apergu général sur le sujet. Le développement
du calcul stochastique par rapport aux processus fractionnaire tel le mbf et la résolution de certaines
équations dirigées par ce processus, ont conduit naturellement a ’étude des estimateurs dans des
modeles avec des bruits fractionnaires. Nous citons entre autres les travaux [4], [44], [49], [36], [104]
pour des contributions dans ce domaine. Dans le contexte des EDPS fractionnaires, c’est le para-
metre de dérive qui a suscité le plus d’intérét alors que peu de travaux ont considéré ’estimation du
parametre fractionnaire H. Soulignons toutefois que l'estimation de ce parameétre est un probleme
central lorsqu’on étudie les processus auto similaires. Il y a tout un intérét a estimer ce parametre
du fait qu’il caractérise les propriétés mathématiques de ces modeles et par conséquent décrit le
comportement du systeme physique qu’ils modélisent. Il existe dans la littérature diverses méthodes
pour estimer ’exposant de Hurst H appliquées au processus auto similaires d’indice H telles : mé-
thode R/S, méthode log périodogramme, estimateur du maximum de vraisemblance (estimateur de
Wittle), la décomposition en ondelettes ou 'approche basée sur les variations discretes. Clest cette
derniere méthode que nous allons développer dans le cadre de I’équation des ondes fractionnaire.
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Dans ce travail, les propriétés des estimateurs de H sont données a partir de I’étude du com-
portement asymptotique des variations généralisées et sur la base d’observations discretes de la
solution en espace et a t fixé. Avant de décrire ce travail, précisons quelques outils utilisés.

Soit X et Y deux variables aléatoires & valeurs dans R?. La distance entre la loi de X notée
L(X) et laloi de Y notée L(Y) est donnée par :

d(L(X), L(Y)) = sup [E(h(X)) = E(h(Y))]

ou A est une classe de fonctions tests appropriée.
Spécifions les distances auxquelles nous ferons référence par la suite :
> Lorsque A = {h:R?Y — R h(z1,...,2q) = L(—o0,2] -+ L(=00,21]» 215 - - - » 24 € R}, on obtient
la distance de Kolmogorov :

dr (L(X),L(Y)) = sgg |[P(X <2)—P(Y <2)|

> Lorsque A = {h:R% = R; ||k Lip < 1} ot ||AllLip =  sup w, on obtient la
z,y€Rd zAy Yllwd
distance de Wasserstein :

dw (L(X), L(Y)) = sup |E(h(X)) —E(h(Y))]. (54)
> Lorsque A= {h:R% = R;h(z1,...,24) = 1B(21,...,24), B € B(RY)} , on obtient la
distance en variation totale :

dryv (L(X), L(Y)) = S, |P(X € B)— P(Y € B)|. (55)

0.4.2 Résumé du chapitre 4 : Les variations généralisées et estimation
du parametre de Hurst de la solution de ’EDPS des ondes dirigée
par un bruit fractionnaire

Le chapitre 4 est constitué de la publication [37], en collaboration avec R. Shevchenko et C.A.
Tudor . Le cadre précis de ce travail est I’équation stochastique des ondes soumise & un bruit
gaussien additif WH :

Cu(t,r) = Aut,z)+WH(t,z), t>0, z€R% d> 1,
u(0,2) = 0, z€R?
%?(O,a:) = 0, z€R?

ot A est le Laplacien de R?, d > 1. Le bruit considéré, a savoir Wy = {WH (A);t € [0,T], A € By(R?)}
pour H € (%, 1), est défini comme le champ aléatoire gaussien centré, défini sur un espace de pro-
babilité filtré complet (Q, F, (Ft)i>0,P) et qui admet la fonction de covariance suivante :

E (WA (AWH(B)) = Ru(t,s)\(AN B),VA, B € By(R?), (56)

S

ot Ry est la covariance du mouvement brownien fractionnaire, et Bj(R?) la classe des boréliens
de R?. La solution mild du systeme (56) est définie comme un champ aléatoire gaussien centré et
s’exprime par une intégrale de Wiener par rapport au processus gaussien W :

t
u(t,x) = / Gi(t —s,x — y)VVH(ds,dy)7 t>0,x € R?, (57)
0 Jrd
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ou (G est la solution fondamentale de I’équation des ondes stochastique. Dans le cas d’étude d = 1,
onapourt>0etz R, Gi(t,z) = %ﬂ{‘$|<t}.

Ce probléme a été initialement étudié dans [11] , puis a fait Pobjet de plusieurs contributions
et extensions. Citons, entre autres, [25], [42], [48], [35].

La motivation principale de ce travail vient de [18] ol les auteurs ont construit un estimateur
de H & partir de I’étude des variations quadratiques de la solution (57) par rapport a la variable
espace. Plus précisément, ils établissent un théoreme centrale limite pour les variations quadra-
tiques renormalisées et construisent un estimateur asymptotiquement gaussien pour H € (%, 1).
Les résultats que nous détaillons dans le chapitre 4 ont permis d’éviter le changement de régime qui
apparait lorsque H > % dans le comportement asymptotique de ’estimateur de H, et de construire
ainsi des estimateurs asymptotiquement gaussiens pour tout H € (%, 1) ce qui est fort utile en
estimation statistique, notamment pour construire des intervalles de confiance.

L’approche adoptée est de considérer des variations définies sur un filtre, c’est a dire de rem-
placer les accroissements simples par des accroissements d’ordres supérieurs. Cette démarche a été
initiée par Istas et Lang dans [45] puis utilisée dans de nombreux travaux comme [28] pour le
mbf, [21] pour le processus de Rosenblatt et [22] pour les processus d’Hermite.

Précisons a ce stade quelques définitions. Un filtre o = (ag,a1,..,a;) d’ordre p > 1 et de
longueur [ + 1 désigne un vecteur dont les composantes réelles vérifient :

l

!
Zaqqrzo, pour r=0,...p—let Zaqq”;«éo.

q=0 q=0

Nous définissons U le processus filtré associé a la solution par :

) 1 .
@ (Jif) :Za,.u (t,?) pour i =1,.., N. (58)
r=0

On retrouve pour un filtre de longueur 1 et d’ordre 1 avec o = (1,—1) les accroissements de la
solution : w(t, ;1) — u(t, z;) et pour le filtre de longucur 2 et d’ordre 2 avec a = (1,2,—1) les
différences secondes : u (t, ﬁ) — 2u( ) + u( ~ ) Nous verrons qu’il suffit de considérer ce
dernier filtre pour contourner la restrlctlon en i.

Nous définissons a présent les k-variations de la solution par :

Vn(k,a) = —zz

Soit G (k,a) = VN —IVn(k, o). Le théoreme central de ce chapitre est le suivant :

Théoréme 6. Soit un filtre o d’ordre p > 1 et de longueur { +1 > 1.

— Quand p> H + %, la suite (G (k, oz))N21 converge en loi , quand N — oo, vers la variable
normale N(0,0?).

— Quand p=1, H = 3/4, la suite | ————=Gn(k,a converge en loi vers N(0, c?).
Q p / < Vos(N—1) ~( )) ot ) ( )
De plus, les constantes o2, c? ont été explicités.

La preuve de ce résultat se base sur la décomposition chaotique de Viy(k,«) en une somme
infinie d’intégrales multiples d’ordre 2 & l'infini, par rapport au processus gaussien (u(t,))zcr,
comme suit :

o) = Z Ioq(fN,2q)

q>1
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avec

k N ®2q
C3q 1 Cl
= d ) 60
o = g N1 2 [ o

La norme dans L? de chaque terme de la décomposition est analysée en utilisant la propriété
d’orthogonalité des intégrales multiples. La condition p > H + i découle alors de la condition
de convergence du terme dominant de (2¢)!(|fn,2¢/|3,¢2, renormalisé par (N — ). On conclut en
utilisant le théoréme 6.3.1 dans [66] et en démontrant les points suivants pour p > H + 1/4 et

gN,2q = V N — lfN,Qq :

L (2Q)!||9N,2q||3.¢®2q 7N—o0 qu et 0% 1= Zqzl qu < o9,

2. pour tout ¢ > letr=1,..,2¢ — 1, ||gn,2g ®r gN 29| H14-20 = N300 0,

3. limps 00 SUP N> Zq2M+1(2fZ)!||9N,2q||3.[®2q =0,
et pour p =1, H = 3/4,

1

L. log(N—1) (Qq)!HgN,Zq”%{@?q N0 1{q:1}c27

2. pour tout g >letr=1,..,2¢—1, m\\gng ®r gN,2¢llH@49-2r = NS00 0,

3. limy/—oo SUP N >1 ZszH W(QQ)!HQN,%H?{@M =0.

On retrouve le résultat prouvé dans [48] pour p = 1 : la convergence en loi n’est valable que
pour H € (%, 1) et qu’elle est valable pour tout H € (0,1) dés que p > 2.

Nous donnons pour k pair une borne pour la distance de Wassserstein entre la loi des k-
variations normalisées G (k, ) et celle de la gaussienne multivariée, et qui donne lieu & ce résultat :
Théoréme 7. Soit k pair.

— Soit Z ~ N(0,0?). Lorsque p > 2, il existe une constante C > 0 tel que :

dw(GN(k,Oé),Z) S C%

— Soit Z ~ N(0,¢?). Lorsque p=1 et H < 3/4, il existe une constante C' > 0 tel que :

\/% siH e (3,2),
dW(GN(kaa)7Z)SO % SiH:%,
N3 siH e (3,3),

La preuve de ce théoreme se base sur la méthode de Stein-Malliavin, principalement sur le
corollaire 3.6 dans [68] que nous rappelons ci dessous.

Corollaire 2. Soient d > 2 et 1 < q; < --- < qq. Considérons le vecteur F := (Fy,...Fy) =

(Ig, (f1) .- 1, (fa)) avec f;i € HO% pour tout i = 1,...,d. Soit Z ~ Ng(0, C') avec C une matrice
définie positive. Alors,

1 2
dw(F, Z) <c Z E[<Cij_q<DFiv DFJ>7{) ‘|’

1<i, j<d
ot ¢ est une constante universelle strictement positive.

Remarque 0.4.1. On retrouve, pour p = 1 et k = 2, les bornes obtenues dans [/5] et qui cor-
respondent aussi a celles des variations quadratiques du mouvement brownien fractionnaire. Sou-
lignons le fait que pour k = 2, il est possible d’obtenir des bornes optimales pour la vitesse en
variation totale en se basant sur le critére démontré dans [67].
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0.4 Partie 3 : Inférence statistique des EDPS avec bruit fractionnaire.

3
VRl

apres renormalisation convergent en loi vers une variable aléatoire qui vit dans le second chaos de
Wiener et dont on a explicité les cumulants. Cette variable est plus complexe que le processus de
Rosenblatt.

En s’inspirant du travail de Coeurjolly [28], nous proposons trois estimateurs de H, prouvons

Dans le cas de non normalité p = 1 et H > =, nous montrons que les variations quadratiques

qu’ils sont fortement consistants et établissons leur vitesse de convergence. Décrivons brievement
a démarche adoptée : soit Sy (k, a) le £ éme moment absolu empirique des variations discretes de
la d he adopt t Sy(k,a) le k t absol d t d tes d

la solution défini par :
'
(%)

E (S (k, a)) = (wj:;N(O))g By

En estimant E[Sy (k, )] par Sy (k, o), un premier estimateur est obtenu en résolvant 1’équation

N-1

Sn(k, @) = ﬁ >

=l

k

(61)

La normalité de U* implique :

suivante :

N

Sn(k, &)t — Ef 72N (0) =0

avec ’ .
N —
ﬂ-g (0) - IN2z (bﬂ,a(o) - N2§+1 ‘ber%,a(O)'
En supposant que la taille de ’échantillon NV est trés grande, (ce qui est toujours le cas en pratique),
Vinversibilité g(z) := 7%~ (0) est assurée sans trop de difficulté en suivant le raisonnement effectué
dans [28]. On obtient alors cette premieére classe d’estimateur :

Hy n = (7N (0)) " ((S”Vg“ko‘))k> . (62)

Pour des motivations pratiques, nous définissons une seconde classe d’estimateur en n’inversant
que la partie dominante, asymptotiquement parlant de g, donné par ﬁ@w,a(O) =: g(z). Nous

obtenons alors :
Sn(k, a)\*
— 7@
Hy, y = gl((NE) ) (63)
k

En utilisant les résultats obtenus précédemment, nous démontrons que ces deux estimateurs sont

fortement consistants et admettent des vitesses de convergence égales & : v N log(N) pour H <

p— 3, VN/log(N) pour (H =2, p=1), et N>~ 2" log(N) pour (H > 2, a = (1, —1), k = 2).
Enfin, en supposant que la variable temps ¢ > 1 est inconnue, on construit un troisieme esti-

. 1 Sy (k, a®)
Hy = -1 _—
N L 0go <SN(k; a(l))

mateur noté Hy, défini par :

oll (a(l))ie{ow,p} et (a?))ie{ow,gp} sont deux filtres tels que a(? est obtenu en dilatant deux fois la

(3
suite a(V) (i-e., agc) = a,(cl) pour k € {0,...,p} et 0 sinon). Nous démontrons que cet estimateur est
fortement consistant pour tout H > % De plus, pour H < p — % il est asymptotiquement normal
et de vitesse de convergence égale a v/ N. Ce dernier résultat est établi grace a un TCL multivarié

établi pour k = 2.
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Chapitre 1

On the linear stochastic heat
equation with Hermite noise

1.1 Introduction

In this work we analyze the stochastic heat equation driven by a Hermite process. The Hermite
processes are self-similar stochastic processes with stationary increments. The class of Hermite
processes includes the fractional Brownian motion (fBm in the sequel), which is the only Gaussian
Hermite process, and the Rosenblatt process.

Since the pioneering work of Walsh [108], probabilists have considering the problem of solving
stochastic partial differential equations (SPDEs) in general (and the heat equation in particular)
driven by noises that are more general than the time-space white noise, possibly with a correlation
structure in time and/or in space. An important particular example is the case when the noise
behaves as a fractional Brownian motion in time and/or in space (see e.g. [103] and the references
therein), which appearead as a natural consequence of the stochastic calculus with respect to fBm.

Recently, several authors enlarged the class of noises by considering non-Gaussian stochastic
processes, such as the Hermite processes (see, among others, [17], [26], [31], [34], [33], [100]). We
will focus here on the heat equation with additive Hermite noise (i.e. the noise is a multiparameter
Hermite process) and we study the existence and various properties of its mild solution. The solution
can be expressed as a Wiener integral with respect to the multiparameter Hermite process. This
integral (called in the sequel Wiener-Hermite integral) has been introduced in [26]. It has many
similarities with the Wiener integral with respect to the fractional Brownian motion ; in particular
it preserves the standard Wiener isometry. This allows to get several properties of the solution
(existence, covariance, Holder regularity etc) without much cost, by using the known results from
the Gaussian case. On the other hand, other properties of the solution, especially those related to its
probability distribution, are more complex because the solution is non-Gaussian, being an element
of the gth Wiener chaos. Our purpose is to understand various properties of the solution of the heat
equation with non-Gaussian Hermite noise, such as existence, regularity, spectral representation,
probability distribution, variation etc. One of our main results is a decomposition theorem for
the solution, which extends results in [43], [105]. Recall that in the Gaussian case, the solution to
the heat equation driven by an additive time-space fractional Brownian motion can be written,
with respect to its time variable, as the sum of a fBm and a smooth Gaussian process. Therefore,
many properties of the solution can be deduced from those of the fBm (see [39], [105]). In the
non-Gaussian case, our decomposition theorem says that the solution of the heat equation with
Hermite noise can be written as the sum of a self-similar process with stationary increments (sssi
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in the sequel) in the gth Wiener chaos (this is usually called the pinned string process) and a
smooth process. In the case ¢ = 1, this sssi process from the decomposition is the fBm, which is
the only Gausssian sssi process. In the chaos of order strictly higher than 1, one cannot conclude
that this pinned string process is a Hermite process. Some properties of this pinned string process
are discussed, with a focus on the case ¢ = 2, and these properties suggest that the process is
not necessarily a Hermite process. As an application of our decomposition theorem, we deduce the
a-variation of the solution. Finally we discuss the relation between the mild and weak solution to
the heat equation driven by Hermite noise.

We organized our work as follows. Section 2 contains some preliminaries on the multiparameter
Hermite processes and the Wiener integral with respect to them. In Section 3 we include our main
results on the properties of the solution to the linear stochastioc heat equation with Hermite noise.
Section 4 in the appendix which contains the basic tools from the stochastic analysis on Wiener
space.

1.2 The Hermite sheet and the Wiener integral with respect
to the Hermite sheet

In this preliminary section we recall some basic definitions and properties related to the mul-
tiparameter Hermite processes and the Wiener integral with respect to it. We also refer to the
monographs [103] and [81] for a more detailed exposition.

1.2.1 The Hermite sheet

We start by introducing multidimensional notation used in the paper. Assume d € N\ {0} and
consider the d-dimensional vectors a = (a1, as,...,aq), b = (by,..,bq), @ = (a1, ..,aq) in RE. We
use the following convention :

d d
ab = Hajbj, |a—b|o‘:H|al_bl|aq
i=1

j=1
d d
a/b = (a1/br,az/bs, ..., aq/ba), [a,b] = [[las,bi], (a,b) = [](ai,b0),
i=1 i=1
N1 Ny d
Z al—zz 2:@“7127 igs b:H 21',a<b1ffa1<b1,a2<b2,...,ad<bd
ic[0,N] i1=0i5=0  ig=0 i=1

(analogously for the other inequalities).

Let ¢ > 1 be an integer and consider the Hurst multi-index H = (Hy, Ha,..., Hq) € (3,1)<.
The Hermite sheet of order q is given by

t1 tq q 1, 1—H; _(1,1-Hg
—(3+=48 +
H7q>/ / / H(Sl—yl,j)+(2 ’ )'--(Sd—yd,j)+(2 )
R Jo o\

dS ~~d81 dW yl 17"'7yd1) dW(yl qv"'vyd,q)

Z3(t)

1 —

T /R/ Hs—yj G550s aw(yy) ... dw(y,) (1.1)
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1.2 The Hermite sheet and the Wiener integral with respect to the Hermite
sheet

where 2 = max(z,0) and t > 0. The above stochastic integral is a multiple stochastic integral
with respect to the Wiener sheet (W (y),y € R?), (see the Appendix). The constant ¢(H, q) ensures
that E (ZI‘{I(t))2 = t2H for every t > 0. As pointed out before, when ¢ = 1, (1.1) is the fractional
Brownian sheet with Hurst multi-index H = (Hy, Hs,...,Hq) € (3,1)%. For ¢ > 2 the process
Z;(t) is not Gaussian and for ¢ = 2 we denominate it as the Rosenblatt sheet.

The Hermite sheet is a (Hy, .., Hg)- self-similar stochastic process. That means that for any

h = (h1,...,hq) > 0 the stochastic process (Zgl(t)) given by
te(Ry)?

. e o (1 t
Z3.(t) = hH 24, (h) = ptr pHaZa (hll - }2)

has the same finite dimensional distributions as the process Zf;.

The Hermite sheet also has stationnary increments. Let us recall that the increment of a d-
parameter process X on a rectangle [s,t] C R s = (s1,...,84),t = (t1,...,tq), with s < t
(denoted by AX (s, t])) is given by

d
AX(s,t) = 3 (—D)T X X (1.2)
ref{0,1}4

When d = 1 one obtains AX([s,t]) = X, — X, while for d = 2 one gets AX([s,t]) = Xy, 1, —
Xty — Xop 1o + X5, 5., the rectangular increment.

The fact that the process (Z§(t),t € R?) has stationary increments means that for every
h > 0,h € R? the stochastic processes (AZ§([0,t]),t € RY) and (AZ§([h,h + t]),t € RY) have
the same finite dimensional distributions.

Moreover, its covariance is the same for every ¢ > 1 and it coincides with the covariance of the
d-parameter fractional Brownian motion, i.e.

d
1
E [ZI?I(t)ZII{I(S)} = H (2 (tfH + sfH —|t; — Si|2Hi)> for every s, t > 0.

i=1
The paths of Zf are Holder continuous of order § = (1, .., 84) for every § € (0, H), as a consequence
of the following relation (see [20] for its proof) which holds for every p > 2 and 0 < s < t,

E[AZ([s ) = BIZf" (Jts = s1] - [ta — sal)"™ = [t = s|P™.

and of the Kolmogorov continuity criterium.

1.2.2 Wiener-Hermite integrals

Consider the Hilbert space H := H(R¢) given by

H={f:R'=>R:|f|5 < +oo} (1.3)
where

2 . _ _ 2H-2
I = HEE=1) [ [ ) - v 2dud.

This space is actually the canonical Hilbert space associated to the d- dimensional fractional Brow-
nian sheet.

For f € H(R?), it is possible to construct Wiener integrals with respect to the Hermite sheet
(see [20], see also [53] for the one-parameter case). This object, called in the sequel as Wiener-
Hermite integral, will be denoted by

f(s)dZgy(s).
Rd
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It is well-defined for f € H(R?) and it is the element of the gth Wiener chaos given by

g f(s)dZgy(s) = 1,(J f) (1.4)

where I, denotes the multiple integral of order g with respect to the d-parametric standard Brow-
nian field (B(y))yegas and Jf € L?(R49) is given by

—(3+57) —(3+57)
Jf(y1,.yq) = c(H,q) y duf(u)(u—yi), c(u—yo)y . (1.5)
The Wiener-Hermite integral satisfies the following isometry
B( [ 16024 [ a0azh(s)) = fahuces (16)
R R

where
(fs @) nwey =H(2H - 1) / f)g(v)[u —v[*"2dudyv.
Rd JRd

Notice that the isometry formula (1.6) holds for any ¢ > 1. Consequently, for every ¢ > 1 the
variance of the Wiener-Hermite integral coincides with the variance of the Wiener integral with
respect to the fractional Brownian motion. On the other hand, the law of the object (1.4) is much
more complicated when ¢ > 2.

1.2.3 Spectral representation of the Wiener integral

For certain proofs, it will be more convenient to work with multiple integrals of Fourier type.
They constitute a variant of the standard multiple Wiener-It6 integrals, presented in the Appen-
dix. Let us present their definition, basic properties and recall the connection between the two
reprensentations.

Let W be a complex-valued Gaussian random spectral measure that satisfies EW(A) =0,E [W(A)W(B )| =

o~

AANB), W(A) = W(—A) and W (U™, A;) = 3.7, W(A4,), for disjoint Borel sets that have finite

Lebesgue measure, denoted by A. The real and imaginary parts of W (A) are independent Gaussian
AA)

random variables with mean 0 and variance =5 .
Let I := L2 ((R%)7;C) be the set of complex-valued functions on (R?)? such that

g(_X17 s _Xq) = g(xl7 ~--7Xq)

for every x; € R%, i = 1,..q and

||g||2fz = /]Rd |9(x1, vy Xg) [Pdxy ...dx, < 00.
q

For g € L?((R?)%C), the multiple stochastic integral I,(g) with respect to the Gaussian
measure W is defined via an isometry between L? ((R%)%;C) and L*(f), i.e.

B [1,(7)7,(9)] ={ o Lo LA } (1.7

The construction of IAq(g) (that we will call in the sequel multiple stochastic integral of spectral
type or of Fourier type ) is similar to the construction of the usual multiple Wiener-Ité integrals

presented in the Appendix). We refer to [56] for more details.
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We have the following equality in law (see [94], Lemma 6.1), which will be used several times
in the sequel : if f € L2((R%)?), then

—
=

1,(f) = (2m) 1) (18)
where @ means equality in distribution and for every Ai,...,A, € RY, f denotes the Fourier
transform of f :

~ i " XY
f()‘lavaw)\n): B f(}’1,~~~7}’n)€ Zj:l Y dyldyn
R .n
We also need the following property of the spectral multiple stochastic integrals (see Proposition
4.2 in [30]) : if f € L* (R% C) such that |f(X)|?> =1 for every A € R? then
L(g- /%) = I,(9) (1.9)
for every g € L? ((R%)%;C).

In the next lemma we give the spectral representation of the Wiener-Hermite integral (1.4).

Lemma 1. Assume f € H(RYY) and let Jf be defined by (1.5). Then for every zi,..,z, € R?

1 1-H

T @) = B O (5 -

1-H

T zg| T T (1.10)

q
) Flza + o+ zg)|za |72

[VE]
o
|
"
all
=4
N
e
V
=]

where T' is the Gamma function and C(z) = ngl C(z;) with C(z;) = e
C(-2) = C(z).

Moreover
F(s)dz3 (s) 2 co,q/ / AT (2) ... AW (2) (21 + .. + 2| 3T |
R R4 R
(1.11)
with .
—q 1 1-H

Co,q = (2m) 2 ¢(H, q)T (2 Ty ) . (1.12)
Proof : Relation (1.10) has been showed in Lemma 2.2 in [100] (see also Lemma 6.2 in [94]).

The equality in distribution (1.11) follows from (1.8), the fact that C(Z)W(dz) @ /W(dz) (see

(1.9)) and the expression of the Wiener integral with respect to the Hermite process (1.4). Indeed,
| f&)dzis(s) = L) =m0

and, by (1.10) and (1.9), this is equal to the right hand side of (1.11). |

1.3 The heat equation with Hermite noise

Consider the linear stochastic heat equation driven by a Hermite sheet Zf; with Hurst multi-
index H € (1/2,1)(@+1). That is

ou — 4 !
{ 2 (t,x) Au(t,x) + Z(t,x), t>0,xeR (1.13)

u(0,x) = 0, xe€R?
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Here A is the Laplacian on R? and Zf; = {Z#(t,x);t > 0,x € R} is the (d + 1)-parametric
Hermite sheet whose covariance is given by

E {Z{i(s,x)Z{i(t,y)} = Ru(t, s) R, (%, y)

it H=(H,Hy,...,H;). We denoted by Hy = (Hy,...,Hy) and

1
Ru(t,s) = (17 + s = [t = s),  Ru,(x,y) 5 (55 95)

HE&

if s,t € R and x = (71,..,24),y = (y1,..,¥4) € R%. Above ZI‘iI stands for the formal derivative of
Z{;. This means that the noise behaves as a one-parameter Hermite process with respect to the
time variable ¢ and as a d-parameter Hermite process in space. Equivalently we can write

E{Z4(s,%x) Z&(ty)} = H2H — 1)|t SPHQII (2H; — 1) - |z — g2 72)

The mild solution to (1.13) is a square-integrable process u = {u(t,x);t > 0,x € R4} defined
by :

t
u(t,x) = /0 /Rd G(t —s,x —y)Z&(ds,dy), t>0,x € R% (1.14)

The above integral is a Wiener integral with respect to the Hermite sheet, as introduced in Section
2 and G(t,x) is the Green function that satisfies —“ —Au=0,ie.

—d/2 _ =2 d
Gltx) = (2mt) exp( of ) ift>0,x eR?, (1.15)
0 ift <0,z € R

Remark 1. Even if the noise Zi;(s,y) is defined for s,y > 0, the solution is considered with x on
the whole R? via the expression (4.27) and the definition of the Wiener-Hermite integral.

1.3.1 Existence and Hoélder continuity

The existence and some basic properties of the mild solution (4.27) to the heat equation with
Hermite noise (1.13) can be easily obtained from the isometry (1.6) and the results known in the
Gaussian case. Let us list these facts in the following result.

Proposition 12. The stochastic heat equation (1.13) admits an unique mild solution (u(t,X));>0 xerd
if and only if

d
d<4H+Y (2H; - 1). (1.16)
i=1

In this case, supE (u(t,x)?) < oc.

t,x

Moreover there exist 0 < ¢1 < co and 0 < c3 < ¢4 such that for every x € RYand 0 < s<t

et — s|2H_d_TQ < Elu(t,x) — u(s,x)|* < ealt — s|? (1.17)
and for any M >0, t >0 and x,y € [-M, M]?
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c3lx — Y|2'8 (

where B =min(1,2H — 95%) and p = p(8) = 1413 (8).

P 1 P
— | <Elu(t,x —ut7y2<C4x—y25<> 1.18
e —y) Bl - u(ty) < ey (o (118)

Proof : In order to check the existence of the mild solution to (1.13), it suffices to check that
the Wiener integral in the right-hand side of (4.27) is well-defined. From the construction of the
Wiener integral, if oy = H(2H — 1),

E (u(t,x)?) = Gt~ x —)10n() 3y
t t

aH/ du/ dvlu—v\QHJ/ dydzG(t —u,x —y)G(t —v,x —2)f(y — 2)
0 0 Rd JRd

where G is defined by (1.15) and

d
fly—2z)= HHi(2HZ- — Dy — Zi|2Hi—2 =Hy(2Hy — 1)|y — Z|2H0—2.
i=1

By using the Fourier transform of G with respect to the space variable and the Parseval identity,
we can also write

E (u(t, x)2)

t t
™~ du [ dvlu—oP? [ FG(t—u,)()FG(t—v,- d
a@m) " [du [ dlu—oP [ FG( =€ G v ) Ol
- ~d _oPH-2 [ h-wlgl - o)l
o (2m) /0 du/o dv|u — v| /Rde e w(d€)  (1.19)

where y is the measure on R? whose Fourier transform is f. Actually (see [11])

p(d€) = Ho(2H, — 1) (H g ) dé;...d&g
if &€ = (&1, ..,&4). Therefore, it follows from [11] that the quantity (1.19) is finite if and only if
d
d—> (2H; — 1) < 4H.
i=1

Similarly, E |u(t,x) — u(s, x) |2 has the same value for every g > 1, the known results on the solution
in the Gaussian case ¢ = 1 can be applied to (4.27). In particular, from [103] we obtain (1.17) and
from Theorem 4 in [105], we obtain (1.18). |

Remark 2. Let us point out that the condition (1.16) can be also written as d < 2H + Z?:l H;.
If the parameters H, H;,© = 1, ..,d are close to 1, then the solution exists in any dimension, since
(1.16) is satisfied. When the Hurst parameters are close to one-half, then (1.16) reduces to d < 144
or d < 2 which means that the solution exists only in spatial dimension d = 1. So, more regular is
the noise, in higher dimension the solution exists.

1.3.2 Spectral representation and self-similarity

Let us give the expression of the solution (4.27) as a multiple integral in the spectral domain.

d
By (E) we will denote the equivalence in the sense of finite dimensional distributions.
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Proposition 13. For every x € R%, the process (u(t,x))i>0 satisfies

d - _ .
u(t,x) = 2 Cofl/ dW(u1,z1)..-/ dW (ug, 24) (6“(“1+"'+“q) - e%tlzﬁ“*zq‘z)
Rd+1 Rd+1

1 | |_%+17H0 _l-"—%|u1‘_%+%,“‘uq|_%+17qb{

. ...|Z 2
i(ug + o+ ug) + 2z + o+ 2 24|

with Cy,q from (1.12).

Proof : The Fourier transform of the function gi(y) = G(t — u,x — y)1(t>u>0) is 91(§) =

eixge*%(t’“”sﬁ1(t>u>0) while the Fourier transform of
ga2(u) = efé(tiu)lglzl(t>u>o)

is (see [105])

) 1
Folu) = eltu —6_%“&‘2) )
ga(u) ( iu+ 3€2

From Lemma 6, we have for every x € RY

u(t,x) 9 Co,q// dW(uum).../ AW (ug, z,) (eit(uﬁ“*“” —e%t‘zﬁ'““q'?) eX(z1+.-2q)
R JRd R JR4
1 EERRES .0 _14lHo

: T 5 |21 Tz L

i(ur + .. Fug) + 521 + 2]

fua TE | E

d

where (E) means the equivalence of finite dimensional distributions. The conclusion follows from
(1.9) since

dW(ul, zl)...dW(uq, zq)eix(zl+"'ZQ) @ dW(ul, zl)...d/V[7(uq7 Zg).
|

It is clear from Proposition 13 that the process u is stationary with respect to the spatial

variable x € R%. We show below that it is self-similar in time.
Proposition 14. For every z € R, the process (u(t, %)),y is self-similar of order

(H1+...2+Hd)fd' (120)

v=H+
Proof : For every ¢ > 0, by Proposition 13

@
u(ct, x) @ // AW (uy,27). // AW (uy, 2,) (ZCt(ulJr Fug) _ gmget(lzitt zq\2>
Rd Rd

754',

P |Zq

i(ur + ... +ug) + §|zl + ...+ zg)?
_1,1-8H 1
a5
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Recall that Hy = (Hq, .., Hg). With the change of variables \/cz; = Z;,

d
u(et,x) = ¢

—~
=

144 [da_d=CAi+. +Hy) — Z] 5 Zq
4[4 a ]Co,q AW (ug, —=)... AW (ug, —=)

Rd+1 \/E Rd+1 \/E
(eict(ul-i-...-i-uq) _ e—%t(\z1+...+|zq|2)
1

ic(ur + ... + ug) + 2z + ... + 7|2
1
i+
2

21| 2z

1-H
‘*%JFTO
q

g E

lui|™

(d) 1_d—(H1+...+Hd)

= cC 2 Co,q/ dW(ul,zl).../ dW(uq,zq)
Rd+1 Rd+1
(eict(u1+...+uq) _ e—%t(\z1\+...+|zq|2)

1
ic(ur + ... + ug) + 3z + ... + 74]?

1-H
+ 0

\zl|7% Tz, —i

T g

3+

lui|™

where we used the scaling of the noise W with respect to z;. Now, with cu; = 4; and by using the
scaling of the noise with respect to the first variable,

cq(%’lqu)Co’q/ dW(ﬂ,zl).../ dW(ﬁ,zq)
Rd+1 C Rd+1 &

(eit(ul-‘r.“-‘ruq) _ e—%t(|z1+..4+\zq\2)

—~

d) g _d-UyetHg)
u(ct,x) = 2

. ~ R R e
i(ug 4 ... +ug) + 3121 + oo+ 2|2
ua |72 | R
d d—(Hi+...+Hg) —~ U —~ U
O *(1*H)Co,q/ dW(—l,zl).../ aw (M z,)
R4 C R C
(eit(u1+“.+uq) B efét(|z1+m+\zq\2)
1 _l+1*H0 _l_;’_ﬂ
_ i 5 |z1| 727 @ L|zg| 2T a
i(ur + . Fug) + 5021 + 2]
| HHT g[S
d
(E) Au(t,x)
with 7 given by (1.20). |
Remark 3. — In dimension d = 1, we retrieve the well known self-similarity index H — 1770‘

with oo = 2Hy — 1 (see [105]).

— From the main result in [70], we can see that for every t; > 0,x; € R, with i =1,..,N and
N > 1 the random vectors (u(t1,X1), ..., u(tn,Xn)) admits a joint density. Indeed, the main
result in [70] says that a random vector whose components are multiple integrals in a Wiener
chaos of order ¢ > 1 admits a density if and only if the components are not proportional,
which is obviously the case here.

1.3.3 A decomposition theorem

For every t > 0, x € R? we can express the solution u(t,x) (4.27) as
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u(t,x) =U(t,x) — Y (t,x)

where

Ut = [ [ (=5 =) = Gl(—u)is =) Zidu.dy) (1.21)
and

0
Y(t,x) = [ /]Rd (Gt —u,s —y) — G(—u,s —y)) Z(du, dy) (1.22)

This decomposition has been first given in [61] and then used by many authors, (see [39], [105],
[43], [62]). The process U is usually called the pinned string process.

If ¢ = 1, i.e. in the case of the heat-equation with time-space fractional Gaussian noise, the
process U is (with respect to the time variable), modulo a constant, a fractional Brownian motion
with index v = H — 452 = H + W, where o = Zf:1(2Hi — 1), while the process Y is
a smooth process in time (is continuously differentiable of order any order k with respect to ¢ on
any interval [a,b] C [0,00), see [L05] or [43]. That means that the solution to the heat equation
can be written as the sum of a fBm and a smooth process. Consequently, many properties for the
solution can be obtained via this decomposition, see again [105], [43] or [39]. We will try to analyze
the processes U and Y defined before when the noise is not Gaussian anymore.

For the general order ¢ > 1 we have the following result.

Theorem 1. 1. For every x € R? the process (U(t,x))i>0 defined by (1.21) is self-similar of
order v (1.20) and it has stationary increments.

2. For everyx € R and any integer k > 1, the process (Y (t,X))i>0 is almost surely continuously
differentiable of order k on any time interval [a,b] C [0, 00).

Proof : Since the Fourier transform of the function ¢1(y) = G((t —u)+,x —y) is 1(§) =
eixge_%(t_“”s‘zl(bu) and the Fourier transform of

N 2 _li 4 2
ga(u) =2 el Litsu) — € 2 (-l L—u>0)

is
/Q\Q(H) — (eitu o 1) 1
iu+ 3|€J?

we have, as in Proposition 13, (also by using the property (1.9))

d —~ —~ .
U(t,x) 9 Co,q/ dW(ul,zl).../ AW (ug, 24) (ezt(U1+...+uq) _1)
Rd+1 Rd+1
: T e R
(U1 + o+ ug) + 2z + o+ 2g)2 e
[u1 _%+1;H...|u1 e

To prove point 1., we repeat the arguments in the proof of Proposition 14 to obtain the self-
similarity. Concerning the stationarity of the increments of t — U(t, x), we can write
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Ut + h,x) - Uh,x) 2 coﬂ/ dW(ul,zl).../ AT (g, 7,)
Rd+1 Rd+1

(ei(t+h)(u1+..4+uq) _ ei}L(u1+...+uq)>

1 1, 1-Hg 1, 1-Hg
. i Slza| 72T g2
i(ur + ... +ug) + 3121 + ..+ 7]
|U1 _%+1;H...\u1 _%+171H
d _— — . .
(E) Co’q/ dW(uhzl).../ dW(uq,zq)elh(“lJr"'Jr“‘J (e’t(“1+"'+“‘1) —1)
Rd+1 Rd+1
1 1, 1-Hg 1, 1-Hg
. i Slza| 2T g2
i(ug + ... +ug) + 3121 + ..+ 7]
|U1|_%+17‘1H..."LL1‘_%+17‘1H
d
D Ut,x)

where we used again (1.9).
The regularity of the process Y can be obtained as in the proof of Theorem 2 of [105] or of
Proposition 3.1 in [39]. The distributional derivative of Y (¢,z) with respect to ¢ can be written as

0

v = [ [ G—ux—y)wHduay),
—oo JRA

where G’ := 0G/0t. This is true because for any test function ¢ vanishing at +oco , by using

the Fubini theorem, we can interchange the multiple stochastic integral and the integral dt (see

Theorem 2.1 in [30]) to get

/Y’(t)cp(t)dt: —/Y(t)@’(t)dt.
R R

On the other hand, we know from [105] (using the fact that the isometry of the Wiener-Hermite
integral is the same as in fBm case)

E(|Y'(t) - Y'(s)]”) < C|t — s|*.

This shows, from the Kolmogorov criterium that (Y'(¢,x),t > 0) is a continuous stochastic process,
so t = Y (t,x) € Cla,b]. The same argument can be iterated in order to obtain the differentiable
of any order k > 1. |

Remark 4. In the case ¢ = 1, point 1. in the above theorem allows to conclude that (U(t,X))i>0
is, modulo a constant, a fractional Brownian motion with Hurst index v (1.20). For q > 2, the
fact t — U(t,x) is self-similar and has stationary increments does not imply that it is a Hermite
process. The class of self-similar processes with stationary increments is strictly much larger that
the class of the Hermite processes (see [5], [5/]). See also the discussion in Remark 4.

1.3.4 The case ¢ = 2 : Cumulants

If ¢ = 2 we can have a better understanding of the law of the stochastic processes u and U given
by (4.27) and (1.21) respectively, because they belong to the second Wiener chaos and then their
distribution is completely determined by their moments, or equivalently, by their cumulants (see
e.g. [66], Theorem 2.7.13).
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Recall G = I5(f) is a multiple integral of order 2 with respect to a Wiener sheet (B(y)),erd,
then its cumulants can be computed as follows

ki (G) = 2" Ym — )I(f @™V, o2 (®ay2)

where f®(1m_1) f is defined as f®gl) = f and f®§p) f= (f ®gp—1) f) ®1 fif p > 2 (see (4.42) for

the definition of the contraction). From the above formula we get

ke (G) = 2™ (m — 1) /(]Rd)m flag,ug) f(uz,uz) ... f(Wme1,um)f(am,ur)duy ...du,. (1.23)

o~ o~

In the spectral setup, since G' has the same law as (27)1I(f) and since for any two symmetric
functions f,g € L? ((R?)?;C) (see e.g. [27], Proposition B.1)

(f&r1)6axa) = | Fxa, )z, —x)dx

we have

~ ~ ~ ~

km(G) = (QW)_QO_l(m—l)!/(Rd)m f(x1, =%2) f (X2, =X3).co f (Xin—1, =X ) f (X, —X1)dX1 . . . dXpp.
(1.24)

We will use these formulas in the case of the Wiener integral with respect to the Rosenblatt
sheet.

Proposition 15. The cumulants of a Wiener integral with respect to the Rosenblatt sheet ZZ(t)
are

km< f(s)dZIQJ(S)> = Cl,m/ / fo) - fym)lyr = y2 "y — T Ny dym
]Rd ]Rd ]Rd

~ -~ ~

= CQ,m/ f(Xl —Xg) (Xg —Xg)...f(xm _Xl)
Rd Rd
|X1|_H--~‘Xm|_HdX1 o dXoy,.

immH
2

with ¢ m = 2™~ (m—1)lc(H, 2)™B(2, H-1)™ and 3, = 2™ (m—1)!1(27m) "™ c(H, 2)" I (§)?me~
where [ is the Beta function 5(p,q) = fol 22711 — 2)97 Yz, p,q > 0 and B(p,q) = H?:l B(pi, @)
pr = (plvad) >0 and q= (q17 '~7qd) > 0.

)

Proof : Put ¢, := (m — 1)!12m~1 for m > 1 integer. We can write

[ f(azy(s) = B(f)

with (see (1.5))

H _ H_ 4

Tfuyz) = cH.2) [ fu-y1) 2 (-y2)f du
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Using (4.31), we have
knL (IQ(Jf)) = C’H’L/ 4 dul dum']f (u1;u2) Jf (u2,113)....Jf (unL—launL) Jf (u’rruul)
(]R )nL

_ H
= Cm/ du; . ..dumc(H,2)/ fly)(yr —a)? 1(y1 —uy)?
(Rd)ym R

c(H,2) /Rd f(y2)(y2 — uz)?_l(w - 113)% dys

|

X XC(H72)‘/R¢1 f(Ym)(Ym_um)Ji_1<Ym_ul>% de

= cpe(H,2) /(Rd)m dy1...dymf(y1) ... X f(ym)

H_ 1 H
/ duy(y1 —u) F "y — ) 3
]Rd

a1

H
X / dum(Ym - um)j (mel - um)j
R4

Recall the following identity (see [L03], Lemma 3.1)

[ -ya =yt iy = st - 2a)lu— v,
R,

with f(a,1 —2a) = Hle Blai,2a; — 1) if a = (a1, ..aq). We get
H
km(I2(Jf)) = cme(H, 2)mﬁ(§,H - 1)m/ dyy...dymf(y1). .. f(ym)
(Re)m™
[y = yal Ty =y

= cl,m/( ., dy1...dymf(y1) .. flym)lyr — v/ oy —ymP !
R, m
with ¢1 ., = cme(H, 2)mﬁ(%, H-1)m.

The second part of the conclusion can be obtained analogously via Lemma 6 and (2.9). From
Lemma 6, we have :

o~ ~

TF(&1,€5) = c(H,2)f(&, + @)réya

i

H _H,, _H
2 [& |2 €] 2

Using (2.9), we can write

km(G) = cm(2m)™ /(Rd)m TF(x1, —X2) T f (X2, —X3)-.d f(Xm—1, —Xam) T f (Xm, —X1)dX1 ...0%m

= cn(2m) /(Rd)m <C(H, e T (21>2>m Flx1 — x2)f(x2 — x3) . ..

-~ ~ _H, | _H _H _H, | _H
f(Xm—1 — Xm) [ (Xm — X1)|X1|” 2 |X2| 72 ...|Xm|” 2 |[Xm| ™ 2 |x1|” 2 dx1...dXm

= Cz,m/ f(Xl - Xz)f(xz - X3)~~~f(xm—1 - Xm)f(xm - X1)
(Rd)m

| |7

|x1 ...|Xm_1|_H|Xm|_HdX1...de
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. —m m_ —imm 21
With € = € (2m) " e(H, 2)me “FHT ()2, .

Using the same procedure, we can compute the cumulants of finite dimensional distributions
of the process (u(t,z),t > 0) with z € R fixed.

Proposition 16. For every N > 1 and for every Ai,...,An € R, t1,...,tx > 0, x € R?, the
cumulants of the random variable

V = /\1u(t1,x) 4+ ...+ /\Nu(tN,X)

are
N iy tim
km(V) = cim Z Aj ...)\jm/ dul.../ At [ty — w71ty — ug |1
= 0 0
Ji, sIm
/ 4 dYI .. de|Y1 - Y2|H071 .. |Y’rn - y1|H071G(tj1 — U, X — Y1) ... G(tjm — U, X — Ym)
(R )771.
or
N
En(V) = com Z Aji - A / du ... dum/ dys ... alym|u1...um|_H|y1...ym|_H0
J1seesm=1 R (R)m

(eitjl (ul—uz) _ 1) 1 o (eitj'm, (um—ul) _ 1) 1
i(ur — u2) + gly1 — y2|? i(Um — u1) + 5lym — y1|?

where the constants ci m,ca,m are as in Proposition 15.

Proof : We can write
N
V=15 Z AjFt x
j=1

with F} x = JG(t—-,x—x) where J is the transform (1.5). We apply formula (4.31) as in Proposition
15 and we obtain

kn(V) = com duy ..., dunm / dyi...dym,
R (R)m

(|u1 — |, —un [Py =y POy — Y1|H“71)

d d
> NG (g, —u,x = Y1) Lo, j(a) o > X G (i =ty X = yom) Lo, 1 (tm)

Im

Ji=1 Jm=1
d b1 tim
2 H-1 H-1
= Com >‘j1 )\]m/ dul/ dum|u1 7’U,2| |um 7’UJ1|
. " 0 0
J1see)m=

/( ., dy1...dymly1 — y2|H°*1 coilym — y1|H°*1C1‘(tj1 —u,X—y1)...G(t),, — Um, X — Ym).
R, m

For the second part of the proof, recall that the Fourier transform of g1 (y) = G(t; —u,x—y) (o,

is g1(€) = eixse_%(tf_“)|5|21[07tj] and the Fourier transform of go(u) = eixge_%(tj_“)|5|21[o7tj] is
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Go(u) = ﬁ (¢i* — 1) . Using Proposition 4, we get
2
kn(V) = d d d d —H —Ho
(V) = cam Ut ..., dunm V1 dYm|tg .ty T Y1 Y
m (Rd)m
m ; _
Z )\j et (y1—vy2) (eith(ul—uz) _ 1)
1 .
ji=1 i(ug — ug) + %|Y1 —y2/?
m y —
s cirlym vy it ((wm—u1) _ q
Z Im - 1 2 €
Jm=1 Z(um - Ul) + §|Ym - Y1|
N
= cm Z Ajy - A, dul...,dum/ dy1...dym|u1...um\_H\yl...ymrHO
jlr._’jyn:l R’NL (]Rd)'rn

(eitjl(mfuz) _ 1) : 1 < R (eitjm(umiul) - 1) - ! 1 2°
i(ur —usz) + 3y1 — yal i(Ur —u1) + 5|Ym — Y1

[ |
Let us comment on the link between the law of (1.21) and the law of the Hermite process if

q=2.

Remark 5. Assume d=1 and let v = H + % Suppose that the random u(t,x) has, modulo a
constant, the same law as a Rosenblatt random variable Z,(t). Recall that the cumulants of Z.(t)

are
it(ug—uz) _ 1 eit(um—ul) -1
2 m — 1)e(y, 2 m/ duy...dwpy, |wy ... Uy, - & . e — 1.25
R T B e (1.25)
From (1.25), with the change of variables y; = \/|u;|0i, i = 1,..,q, we have

eit(ulfug) -1 eit(umful) -1

) Im (U1, .oy um)  (1.26)

k(U6 2)) = o | dttgordtio gty | = e
(Ut z)) = ez, /m e it |t ti| i(up — ug) (U — uy

where

lyiv/Iuil — o/ Tuall> 1 ym v/ |um| — y1/Jua ||
T .

1 _ _
1+27‘ Ul — Us 1+2i Uy, — UL

Im (U1, .., Urm) =/ dy1 .. dYm |y1 .- Y|~

By comparing (1.25) and (1.26), asumming that U has the same law as Z.,(t), it would follow that
there exists a constant C such that

duy ...diwp, fr (U1, ooy Upy) = C™ duy .ty frn (U1, oy U ) G (U ey Uiy)
RT’L R’Vn

for every m > 2 where we used the notation

eit(ul—uQ) ~1 eit(um—ul) —1

= - eee
P (1 ooy ) = [t 20| i(up — ug) (U — uy)

A numerical analysis of the above integrals for m = 2,3 (as done in [5]) should certify that this
is not possible and that (U(t,x))i>0 is not a Rosenblatt process.
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1.3.5 An application : the a-variation

As an application of the decomposition obtained in Section 1.3.3, we compute the a-variation
of the solution. Given a continuous stochastic process (X;):>0, we will say that it admits an a-
variation (a > 0) if the sequence

f
L

[

VX)) =) X%

g

— Xy,

i

i+1

Il
o

converges in probability as n — oo, for every ¢ > 0, where t; = % for : = 0,...,n — 1. Using the
decomposition u = U —Y obtained in Section 1.3.3, we can deduce the « -variation of the solution.

Proposition 17. Consider the process u = {u(t,x);t > 0,x € R} given by (4.27). For every fived
x € RY, the process (u(t, %)), admits an a-variation equal to E|U(1,x)|*t for every a > 1.

Proof : Fixt >0 and let t; = %, i =0,..,n — 1. By Minkovski inequality,

<Z_:U(ti+1, = U(ti, x)| ) <Z Y (tit1,%x) = Y (ti, x)| >

n—1 a
< (Z [u(tizr,x) — u(ti7x)|a>
=0
<Z|U i+1,%x) = U(ti, x)| ) (Z Y (tit1,%x) = Y (ti, x)| ) : (1.27)

By Theorem 1, since o > 1

Q=

Z‘Y z+la (tzax)‘ S SUP|Y(ti+17 ) t“X |a 1Z|Y i+1,X (tZ,X)|

so V;"*(Y) converges to zero in probability as n — oco. On the other hand, from the stationarity
of the increments and the self-similarity of U(t,x), the sequence

Z|U i+1, X (tivx)|
has the same law as .
t — , ,
i=0

which converges almost surely to tE |U(1,x)|* due to the ergodic theorem for stationary sequences
(see e.g. Theorem 3.7 in [107]). The conclusion follows from (1.27). |

Remark 6. From the above result, we can easily prove, as in the proof of Theorem 5.1.1 in [7/],
that (u(t,x))i>0 is not a semimartingale if o # 2.

1.3.6 Relation with the weak solution

As a final remark, let us discuss the relation between the mild solution (4.27) and the weak
solution of the heat equation with Hermite noise. Let us recall the weak formulation of the solution
to the heat equation, which is motivated by the integration by parts. We restrict to the case d = 1.
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A stochastic process (u(t,z),t > 0,z € R) is a weak solution to (1.13) if

[ [ (3 55) = [ [

for every T' > 0 and for every test function ¢ € C*°([0,00) x R) with compact support in R such
that (T, x) = 0 for every z € R.

Proposition 18. A process u is a mild solution to (1.13) if and only if it is a weak solution to
(1.13).

Proof : Suppose u is a mild solution given by (4.27) and consider a test function ¢ €
C*(]0,00) x R) with compact support in R such that ¢(T', z) = 0 for every x € R. Then, by using
Fubini’s theorem for multiple stochastic integrals (see Theorem 2.1 in [30]),

/ / (t,) <(p+22>d dt
/0 /RsO(s,y)Z?I(dgdy)/s dt/Rde(t—s,g;_y) (%S:Jrgif)

and it is known that (see [37], pages 50-51)
dp 0%
/ dt/detfs x— )<8t +ax2> = —(s,y).
The proof of the converse direction is also standard (see [38] or [37]). |

1.4 Appendix : Multiple Wiener-It6 Integrals

Here, we shall only recall some elementary facts; our main reference is [74]. Consider H a real
separable infinite-dimensional Hilbert space with its associated inner product (., .),,, and (B(p), ¢ €
‘H) an isonormal Gaussian process on a probability space (€2, F,P), which is a centered Gaussian
family of random variables such that E (B(p)B(1)) = (@, 1), for every ¢,1 € H. Denote by I,
the gth multiple stochastic integral with respect to B. This I, is actually an isometry between the
Hilbert space H®? (symmetric tensor product) equipped with the scaled norm ﬁ” - |yeq and

the Wiener chaos of order ¢, which is defined as the closed linear span of the random variables
H,(B(p)) where ¢ € H, ||¢|lx = 1 and Hj is the Hermite polynomial of degree ¢ > 1 defined by

Hy(z) = (—1)%exp <x2> ddqq (exp (_:::;)) ,zcR. (1.28)

The isometry of multiple integrals can be written as : for p, ¢ > 1, f € H®P and g € H®Y,

{ a{f.9huea  ifp=gq

E(L,(N)14(9)) = (1.20)

0 otherwie.

Foe every f € H®? not necessarily symmetriclt we have

Iq(f) = Iq(f)a

where f denotes the canonical symmetrization of f and it is defined by

f(xla"'7xq q' Z f xo’ '71;0'((]))7

oS,
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in which the sum runs over all permutations o of {1,...,q}.
In the particular case when H = L?(T,B(T), 1) , the rth contraction f ®, g is the element of
HOP+a=27) which is defined by

(f Or g)(817 .. '75]7—7"7t1a v 7tq—r)
= fT,,, dug ... dupf(s1, -0y Spmr, Uty oo Up) g1, oyt Uy ooy Up)s (1.30)

for every f € L?>(T?), g€ L*(T9) and r = 1,...,p A gq.
In our work the isonomal process B will be the d-parameter Wiener process (W (x),x € R%)
and its associed Hilbert space is H = L2(R?).
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Deuxieme partie

Comportement asymptotique des
solutions d’équations stochastiques
fractionnaires par rapport au
parametre de Hurst
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Chapitre 2

Limit behavior of the Rosenblatt
Ornstein-Uhlenbeck process with
respect to the Hurst index

2.1 Introduction

The Rosenblatt process is a stochastic process in the second Wiener chaos, i.e. it can be
expressed as a multiple integral of order two with respect to the Wiener process. It is a non-Gaussian
self-similar process with stationary increments that exhibits long memory. The Rosenblatt process
belongs to the class of so-called Hermite processes, which are self-similar processes with stationary
increments in the gth Wiener chaos (¢ > 1) (the Rosenblatt process is obtained for ¢ = 2 while for
g = 1 we have the fractional Brownian motion, which is the only Gaussian Hermite process). The
Rosenblatt process has been widely studied in the last decades, see e.g. the monographs [31] and
[103] and the references therein.

There are several recent research works that investigate the asymptotic behavior in distribu-
tion of some fractional processes (see [12], [6], [3], [106]) with respect to the Hurst parameter. In
particular, in the case of the Rosenblatt process (Z(t));>o with self-similarity index H € (3,1), it
has been shown in [106] that Z# converges weakly, as H — %, in the space of continuous functions
C[0,T] (for every T > 0), to a Brownian motion while if H — 1, it tends weakly to the stochastic
process (t%(Z2 —1))¢>0, Z2 — 1 being a so-called centered chi-square random variable. The case
of the generalized Rosenblatt process has been considered in [6] while the case of the Rosenblatt
sheet can be found in [3]. Hermite processes of higher order have been considered in [12], [3].

The purpose of this work is to investigate the asymptotic behavior in distribution, with respect
to the Hurst parameter, of the Wiener integral with respect to the Rosenblatt process (or the
Wiener-Rosenblatt integral). The Wiener-Rosenblatt integral [, f(u)dZ" (u) has been introduced
in [53], for a sufficiently regular deterministic function f. In a first part, we give the asymptotic
behavior in distribution, as H — % and as H — 1, of the random variable [ f(u)dZ™ (u), by
assuming suitable integrability condition on f. We will then focus on the asymptotic behavior with
respect to H of the Rosenblatt Ornstein-Uhlenbeck process (ROU for short) which constitutes the
unique solution of the Langevin equation driven by the Rosenblatt process. The ROU process can
be expressed in the form of a Wiener-Rosenblatt integral with a particular kernel f. In order to
check that this kernel verifies the integrability conditions needed in order to apply our general
result, we need to use some technical results, in particular the so-called power counting theorem
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from [98]. We will treat separately the cases of the non-stationary ROU (whose initial value does not
depend on H) and of the stationary ROU (with initial value depending on the Hurst parameter).
We will prove that the (stationary) ROU converges weakly, as H — %, to the (stationary) Gaussian
Ornstein-Uhlenbeck process (solution of the Langevin equation driven by the Brownian motion)
while as H — 1, the ROU process converges weakly to a chi-square random variable multiplied by
a deterministic process. Since we deal with processes in the second Wiener chaos, our proofs rely
on the analysis of the asymptotic behavior of the cumulants of the random variables concerned
(recall that the distribution of the elements of the second Wiener is completely determined by their
cumulants, see [40] or [66]).

We organized our paper as follows. In Section 2 we recall some basic definitions for the Rosen-
blatt process and the Wiener-Rosenblatt integral and we also state a general result for the limit
behavior in law of the Wiener-Rosenblatt integral as the Hurst index converges to its extreme
values. In Section 3 we treat the particular case of the Rosenblatt Ornstein-Uhlenbeck process.

2.2 The Rosenblatt process and the Wiener-Rosenblatt in-
tegral

Below, in the first part, we present the definition and the basic properties of the Rosenblatt
process and of the Wiener integral with respect to the Rosenblatt process. In the second part, we
give a general result concerning the convergence in distribution with respect to the Hurst parameter
of the Wiener-Rosenblatt integral. This general result will be applied in the next section in order
to obtain the limit behavior of the Ornstein-Uhlenbeck process with Rosenblatt noise.

2.2.1 Definition and basic properties

Let (Q,F,P) be a probability space and let (B(y))yecr be a Wiener process on Q. We will
denote by (Z"(t));>o the Rosenblatt process with self-similarity index H € (3,1). It is defined on
Q) as a multiple stochastic integral of order 2 with respect to the Wiener process B via

ZH(t) = e(H, 2) //(/ N El(uyz)fldu> dB(y1)dB(y2) = L(LY), t>0 (2.1)

where I5 denotes the multiple stochastic integral of order two with respect to B (see the Appendix)
and we denoted by L the kernel of the Rosenblatt process given by, for every y;,ys € R
I ¢ H_q H
Ly (y1,y2) = c(H,Q)/ (u—y1)7 (u—y2)7 du. (2.2)
0
We denoted x; = max(z,0). It is well-known (see e.g. [103]) that the kernel L belongs to L?(R?)
for every t > 0 when H > %, which implies that the multiple integral of order two in (2.1) is
well-defined. The strictly positive constant ¢(H,2) is chosen such that E(Z(1))? = 1. Actually
(see e.g. [103], Proposition 3.1)

c(H 2)2 — M
’ 28 (41— H)

where § is Beta function 8(p, q) = fol 22711 - 2)?7Ydz, p,q > 0.

The Rosenblatt process is a H-self-similar process with stationary increments. It exhibits long-
range dependence and its sample paths are Holder continuous of order ¢ for any 6 € (0, H). This
process has been intensively studied in the last decades, see e.g. the monographs [81] and [103] and
the references therein.

(2.3)
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The Wiener integral with respect to the Rosenblatt process (or the Wiener-Rosenblatt integral)
has been constructed in [53]. Let f € Hy where Hg = {f : R — R : || flln, < oo} with

1712, == H(H - 1) / / F(w) f ()]s — 07 ~2dudo.

Then the Wiener integral of f with respect to Z7 is given by

[ #waz" ) = 1 (2.4
R
where the kernel Jy f has the expression, for every y1,y2 € R,

(T )nom) = e(t.2) [ 1= f =) (25)

The Wiener-Rosenblatt integral constitutes an isometry between Hy and L?(Q2) since, for every
f , g € HH

E (/ f(u)dZH(u)/g(u)dZH(u)) ={f,9)ny := H2H — 1)/ / f(w)g()|u —v*2dudv.
R R R JR
(2.6)
The space Hp is not complete and may contains distributions. A subspace of functions included
in Hy is the space |H | of measurable functions f : R — R such that

112, = / / ()£ (0) | — v[2H~2dudv < oo, (2.7)

2.2.2 Asymptotic behavior of the Wiener-Rosenblatt integral

Our purpose is to study the asymptotic behavior, as H — % and H — 1, of the Wiener integral
with respect ot the Rosenblatt process

/ F(w)dzZ (u)
R

where (Z#(t));>0 is a Rosenblatt process with self-similarity order H € (3,1) and f € Hy.
The proof of the asymptotic behavior of the Wiener-Rosenblatt integral is based on the analysis
of its cumulants. Since the random variable

/ F(u)dz" (u)
R

belongs to the second Wiener chaos, see (2.4), its law is completely determined by its cumulants
(or equivalently, by its moments). That is, if F, G are elements of the second Wiener chaos then F
and G have the same law if and only if they have the same cumulants. Moreover, the convergence of
the cumulants implies the convergence in distribution when we deal with sequences in the Wiener
chaos of order two. Let us denote by k,,(F), m > 1 the mth cumulant of a random variable F. It

is defined as
"

otn

We have the following link between the moments and the cumulants of F' : for every m > 1,

km(F) = (—i)" InE(eF)],—o.

Ep(F) = > (=) " (r — DEX 0l EXe] (2.8)
o=(a1,..,ar)EP({1,..,n})
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if e L™(§), where P(b) is the set of all partitions of b. In particular, for centered random
variables F, we have ky(F) = EF, ko(F) = EF?,k3(F) = EF3,ky = EF* — (EF?)2,

In the particular situation when G = I13(f) is a multiple integral of order 2 with respect to a
Wiener process (B(y))yer, then its cumulants can be computed as (see e.g. [65], Proposition 7.2
or [103])

km(G) = 2" (m —1)! /m duy ... dug, fur,u2) f(uz,us) ... f(Um—1, Um)f(tUm,u1). (2.9)

From the formula (2.9), we can obtain the following expression of the cumulants of the Wiener-
Rosenblatt integral (see e.g. [88]).

Proposition 19. We have, for m > 2

Em ( /R f(u)dZH(u)> (2.10)

= Cl,m/ cee / dul---dumf(ul)---f(um)|u1 - u2|H71|u2 - u3|H71---|um—1 - um|H71|um - ul‘H71
R R

with
Clm =22 "Ym—-1(HQ2H -1)% (2.11)

and ki ([5 f(u)dZ" (u)) = 0.

We will treat separately the behavior of the Wiener-Rosenblatt integral as H is near % and
near 1. The limiting process will be different in these two cases.

Convergence when H — 1

We have the following result.

Proposition 20. Consider f: R — R such that for some € € (0, %)

fIIT — [ [ dwdol @) u— o < o0 and £ € LR, (2.12)
Hi R JR

Then
/f YdZH (u (/f du> 2_1) (2.13)

Proof : First notice that condition (2.12) implies that f € |Hy| for H > 1 + . Indeed, by
using the bound supge1 4. g |z)2=2 <1V |z]*71, we get

/R/Rdudv|f(u)f(v)|(1\/|u_U|25_1)
(/R'f(u)d“)2+/R/RdUdv|f(“)||f(v)|u—u|28—1 e

Consider the random variable

0= (75 (L)1)

with Z ~ N(0,1).

IN

1 1o

IN

56
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which has the same law as the right-hand side of (2.13). We have

o (G) = 21 (m — 1)! (\g (/R f(u)du))m 9% — 1)1 ( Rf(u)du>m.

On the other hand, since by (2.11)
—— 227 (m —1)!
C1,m 22 (m—1)

the conclusion will follow if we show that

/ / duy ...dwp, f(ug) .. f(um)|ug — u2|H71|u2 — U3|H71...|um_1 - um|H71|um — |1
R JR

(o)

Assume that the integrability condition (2.12) is satisfied. Consider the function gy defined on
R™ except the diagonals with values in R, given by

converges, as H — 1, to

g (U1, ey Um) = fur)e f(um)|ur — uQ|H_1|uQ — U3|H_1...|um,1 — um|H_1|um - u1|H_1.
Clearly g (uq, .., uy,) converges to f(uq)...f (um,) for almost every uq, .., u, € R. Also, using again
the bound supye(1. 1) lz|H= <1V |z|~27 for every z € R, we have

sup Jgur(urosum)| < 1f() S )| (1 (Jun = a3 — ] 739))
He[%—&-s,l]

In order to apply the dominated convergence theorem, we need to show that the function

1Fun)eeo f (o) | 4 | F () f () oo Jn — w2 "2 T8t — ug |27

is integrable over R™. Since f € L*(R), the first summand above is integrable over R™. On the
other hand, [, ... [ dut..dup,|f(ur)...f(um)|.....[ur —Up|"2E |ty —uy |~ 2T represents, modulo a
constant, the mth cumulant of the random variable I5(J1 .| f]), where Ji . is given by (2.5). The
2 2
fact that | f||? < oo (see (2.10)) by (2.12) and the hypercontractivity property of multiple
3+e
integrals (2.38) imply that the all the moments of I3(J1 .| f|) are finite and consequently, via (2.8),
all the cumulants of I5(Jy,.|f]) are finite. This implies the conclusion by using the dominated
convergence theorem. |

Remark 7. For example, when f is bounded with compact support, then condition (2.12) is satisfied

(in particular if f = 1y94 with t > 0 fived). A detailed explanation can be found in the proof of
Proposition 22 below.

Convergence when H — %

Concerning the behavior of the Rosenblatt-Wiener integral when H approaches one half, we
have the following result.

o7
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Proposition 21. Assume f € Hy. Also assume that
2 _ oy 2 -~ L 2H-2
op = lim [|f|5, = lim H(2H —1) fw)f(v)|u—v| dudv (2.14)
H—3 H—3% R JR
exists and it is finite and

(2H — 1)? /4 duy...dug f(ur) ... f(ug)ur — ua? Hug — uz| ¥~ uz — wg) " Hug —ug |77 —— 0.
R

H—%
(2.15)
Then
/ Fwydz" (w) —2 N(0,0%).
H%—
Proof : We need to analyze the behavior of the cumulants of fR u)dZH (u) as H converges

to . Recall that k1 ([ f(u)dZ" (v)) = E ([ f(u)dZ" (u)) = 0 and

ka (/ f(U)dZH(U)> = H(2H — 1)A/RdU1dU2f(U1)f(U2)IU1 — w72 = || 13,

By (2.14), we have k ([ f(u)dZ" (u)) —— 7. On the other hand, due to condition (2.15),
H—1

2

ky (/R f(u)dZH(u)) K) 0.

Since [, f(u)dZ" (u) belongs to the second Wiener chaos, by the Fourth Moment Theorem (see [76],
see also Theorem 2 in the Appendix) we conclude that [, f(u)dZ H(y) converges in distribution as
H— 1 to a Gaussian random variable with mean zero (the hmlt of its first cumulant) and variance
o (the limit of its second cumulant). |

We will see below that for certain kernels f the condition (2.14) is automatically satisfied.
Recall that a sequence of functions (f,),>1 is an approximation of the identity as n — oo if

— fa(t) > 0 for every t € R.
— For every § > 0, f|t\§5 fn(t)dt — 1.

— For every 6 > 0, flt\>5 fn(t)dt — 0.

Moreover, if (f,)n>1 is an approximation of the identity, then for every f € LP(R) with p € [1, 00),
the convolution f * f,, converges in LP(R) to f.

Corollary 1. Assume f € Hy N L*(R) with supp (f) C [0,00) and (2.15) holds. Then
[ #waztw - w, [ P,
R H—3% R

Proof : By Proposition 20, it suffices to check that the limit (2.14) exists and it is equal to

Jg f2(w)du. We have
H(2H -1 / / dudv f(u) f(v)|u — v|*H 2

= H(2H—1)/ duf(u )/ dvf(u —v)v?7=2,

0 0

1£11320

Notice that the function 2H (2H — 1)1{g ) (v)v?¥ 2 constitutes an approximation of the identity as

H — 3. Therefore,
113y = [ )
2

By condition (2.15) and Theorem 2, the conclusion follows. |
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Remark 8. — The above result shows that, when H — %, the Wiener-Rosenblatt integral

Jg f(w)dZH (u) converges in distribution to [, f(u)dW (u), where W is a Wiener process.
This is a natural extension of the results in [5] or [100].

— The condition supp (f) C [0,00) in Corollary 1 cannot be omitted. If for example supp (f) is
R, the above proof does not work, since 2H (2H — 1)1[0700)(1))1)2}1_2 s mot an approximation
of the unity.

2.3 Asymptotic behavior of the Rosenblatt Ornstein-Uhlenbeck
process

The Rosenblatt Ornstein-Uhlenbeck (ROU) process is defined as the unique solution of the
Langevin equation

t
thf—)\/ Xods+oZ"(t), t>0 (2.16)
0

where A\, o > 0 and the initial condition ¢ is a random variable in L?(Q2). The case when the noise
in (2.16) is the fractional Brownian motion has been considered in [19].
The unique solution to (2.16) can be expressed as

t
YH(t) =e M <§ + 0/ e)‘“dZH(u)) (2.17)
0

where the stochastic integral with respect to Z# can be understood both in the Wiener or Riemann-
Stieltjes sense.

The stationary Rosenblatt Ornstein-Uhlenbeck process is obtained by taking the initial condi-
tion £ = O’fi)oo e~2dZH (u) in (2.16). Then, the stationary ROU, which will be denoted in the
sequel by (X*(t));>0, can be expressed as, for every t > 0,

¢

XH(t)=0 / e M= dz (u) (2.18)
— 00

The process (X (t));>0 is a stationary Gaussian process, H-self-similar with stationary increments.

Moreover, it exhibits long-range dependence since H > 1, see [19] or [53].

In this paragraph, our purpose is to analyze the asymptotic behavior, as H — 1 and as H — %,
in the sense of the weak convergence, of the processes (2.17) and (2.18). The analysis of the limit
behavior at the extreme critical values of the Hurst exponent is different for X and Y due to
the fact that the the initial values depends on H in the case of X .

2.3.1 Padded sets and the power counting theorem

We need to recall some notation and results from [98] which are needed in order to check the
integrability assumption from Proposition 21.

Consider a set T' = {Mj, .., M;,} of linear functions on R™. The power counting theorem (see
Theorem 1.1 and Corollary 1.1 in [98]) gives sufficient conditions for the integral

I:/]R.../Rdul...dumfl(Ml(ul,..,um))....fm(Mm(ul,..,um)) (2.19)

to be finite, where f; : R — R, ¢ = 1,..,m are such that |f;| is bounded above on (a;,b;) (0 < a; <
b; < o0) and
1fi (@) < cilyl® if |yil < a; and |fi(y)] < cilyl if |y| > b;.
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For a subset W C T we denote by sp(W) = span(W)NT. A subset W of T is said to be padded
if sy (W) = W and any functional M € W also belongs to sp(W \ {M}). Denote by span (W) the
linear span generated by W and by (W) the number of linearly independent elements of W.

Then Theorem 1.1 in [98] says that the integral I (2.19) is finite if

d(W)=r(W)+ > ;>0 (2.20)
sT (W)

for any subset W of T with sp(W) =W and

doo(W) =1(T) =r(W)+ > B <0 (2.21)
T\s7(W)

for any proper subset W of T with s (W) = W, including the empty set. If a; > —1 then it suffices
to check (2.20) for any padded subset W C T. Also, it suffices to verify (2.21) only for padded
subsets of T if g; > —1.

The condition (2.20) implies the integrability at the origin while (2.21) gives the integrability
of I at infinity.

There is a similar result if one starts with a set T of affine functionals instead of linear func-
tionals.

2.3.2 The (non-stationary) ROU process

We first treat the case of the process (2.17) with initial condition not depending on the Hurst
index. In the sequel, we fix T' > 0 arbitrary chosen.

Convergence when H — 1

Proposition 22. Assume that the initial condition £ does not depend on H. Then the process
(YH(t))te[o}T] converges weakly, in the space of continuous functions C[0,T], to the stochastic
process (Y (t)):epo, 1) given by

Y(t)=e M+ a\% (/Ot e_’\(t_“)du> (Z2 —1)=e e+ %(1 —e M) (Z2-1) (222
with Z ~ N(0,1).

Proof : We start by checking the convergence of the finite dimensional distribution of Y# of
those of Y. Take oy, ...,aq € R and t1,...,tq € [0,T]. We will prove that Z?:l a;YH(t;) converges

in distribution, as H — 1 to the random variable Z;l:l a,; Y (t5).
We have, by the linearity of the Wiener-Rosenblatt integral,

d d
;anH(tj)Z/R ;ajl[o,tj](u)ew\(tru) dZH(U)Z/Rf(u)dZH(u)

with

d
Flu) = ajljg(w)e =) (2.23)
j=1
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In order to apply Proposition 20, we need to show that condition (2.12) holds true. Clearly f
belongs to L!(R). Concerning the first part of (2.12), we have

d t; ty
/ /dudv|f(u)f(v)||u—v|25_1 < Z |04j04k|/ du/ dve—/\(tj—u)e—)\(tk—v)|u_U‘Qe—l
R JR 0 0

jik=1
d T T d T T
< Z |ozjozk|/ du dve MW e=Ate=v) |y _ gy|2e—1 < Z |ozjozk|/ du/ dvlu — v|*1
i 0 0 Pyt 0 0
— 1 T26+1 2

Jik=1

Concerning the tightness, notice that for every 0 < s < t < T we have, since Y is a solution
to (2.16)
EYZt)—YH(s))? < Clt — 5]

and therefore, for every p > 1,
BV (1) = Y7 (5)% < CoEIV(t) = YI(s) )P < clt — sI". (2.21)
The tightness is obtained from (2.24) and e.g. Lemma 2.2 in [84]. |

Note that the limit process (Y (t))¢cjo,7] given by (2.22) is a second chaos stochastic process.
Therefore, its finite dimensional distributions are characterized by the cumulants, i.e. for every
aq,..,aq € Rand ty,..,t5 € [0,7T],

m

d d
2 § : A\t mo_ LS
km ;aJY(tJ) N km \/i)\ 1([8())71] o a-](l - t]) =27 1(m_1)'>\m j§:1 Oéj(l — € tj) )

for m > 2 and
d
k1 Zan(tj) =E ZO&jY(lfj) = E(&).Zaje_ktj.
j=1 i—

Convergence when H — %

The (standard) Ornstein-Uhlenbeck process (denoted Yy in the sequel) is given by (2.17) with
ZH replaced by a Wiener process W. Thus it can be written as

t
Yo(t) = e M (f + 0'/ e’\“dW(u)> , for every ¢t > 0. (2.25)
0
Consequently, (Yp(t))¢>o is a Gaussian process with mean EYy(t) = e ME¢ for any ¢t > 0 and
covariance function )
Cov(Yo(t), Yo(s)) = % (e*AIH\ . e*W“))
for every s,t > 0.
The Ornstein-Uhlenbeck process will appear as limit of the ROU process as H — %

Proposition 23. As H — %, the process Y H (t) converges weakly to the Ornstein-Uhlenbeck process
(Yo(t))tejo,1)-
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Proof : Consider Ay,..,A\s € R and t1,..,t4 € [0,T]. We will apply Corollary 1. Clearly, as in
the proof of Proposition 22, the function f(u) = Z?Zl ajl[()’m(u)e*)‘(tfu) from (2.23) belongs to
Hu N LA(R).

We need to show that condition (2.15) is satisfied. We have

/ duy...dugf(uy)...f(ug)|ug — ug\H_1|u2 — u3|H_1\u3 — U4\H_1|u4 — ul|H_1
R4

d T T
S Z |Ozj1....04j4|/ / dul..du4|u1 —u2|H_1|u2 —U3|H_1‘U3—U4‘H_1|U4—U1 H_l.
0 0

Ji,--5da=1

Actually, the function
T T
H — / / dul..du4|u1 — ’IL2|H_1‘UQ — U3‘H_1|U3 — ’LL4|H_1‘U4 — U1‘H_1
0 0

is finite and continuous on the set (1,1]. This follows from Lemma 3.3 in [6] but also by applying
the power counting theorem with (a1,..,c4) = (H — 1,.., H — 1). Therefore

sup / / duy...dugf(uy)...f(ug)|ug — u2|H_1|U2 — U3|H_1|U3 — U4|H_1|U4 — u1|H_1 < 00
Hei /e Jr

and implies (2.15) and consequently, it gives the convergence of finite dimensional distributions of
Y# as — 1. The tighness follows (2.24). |

2.3.3 Asymptotic behavior of the stationary Rosenblatt Ornstein-Uhlenbeck
process

Now, we analyze the asymptotic behavior of the process (2.18). The main idea is the same as
in the previous section but we need to pay attention to the fact that the kernel of the stationary
ROU process has the whole real line as support .

Convergence when H — 1

Proposition 24. The stationary Rosenblatt Ornstein-Uhlenbeck process converges weakly, in the
space of continuous functions C[0,T], to the stochastic process (X (t)):epo, 1) defined by, for every
te0,7T],

X(t)=0o (/t eA(t“)du> (Z2—1) = %(ZQ —1). (2.26)

— 00

Proof : We prove the convergence of the finite dimensional distributions of X to those of X
when H — % Consider ag,..,aq € R and t1, .., t4 € [0, T]. We can assume that d > 2 (because the
case d = 1 has been treated just above) and the ¢; are distincts (otherwise, we can reindex them).
We prove that

d d
. H . (d) . .
Zlan (t;) H——>1>Z;QJX(t])'
j= j=

Notice that, by linearity

d
a; XH(t:) = w)dZH (u
g X (1) /Rg< )dZ™ (u)
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with
d

g(u) = 0Zaje_’\(tf_“)l(,ooﬁtj)(u). (2.27)
j=1

We need to show (2.12). First, notice that g belongs to L!(R) because

d t; d oo d
/R|g(u)|du < UZ |aj|/ e MW gy = O’Z |aj|/O e Mdu = %Z la; < o0. (2.28)
j=1 - j=1 j=1

Concerning the first part of (2.12), we have, with ¢ from (2.27),

//dudv|g ()||Ju —v]*7! < o? Z |ozjak|/ du/ dve MUV gy — |21

J,k=1
u d o0 u
=202 Z |ajak|/ due” “/ e M| — v ldv = 202 Z |aj04k|/ due_Q/\"/ dve*p?e !
jk=1 G k=1 0 0
_ 1 OOd —Av,2e—1 __ 2 - )\25—11-\ )
=5 ve v =0 Z levjcu| (2¢) < >0
0 G k=1
where I" denotes the gamma function. I'(a fo a=le=2dz for a > 0.
Again the tightness is obtained since X H obviously satisfies (2.24). |
Convergence when H — %

We will denote by (Xo(t))i>0 the stationary Ornstein-Uhlenbeck process. Recall that the
stationary Ornstein-Uhlenbeck process is obtained from (2.25) by taking the initial condition

~—

=0 f e~ dW (u) where (W (u))yer is a Wiener process on the whole real line. Thus
t
Xo(t)=0 / e M G (u) (2.29)

with o, A > 0. The process (Xo(t))i>0 is a centered Gaussian process, with stationary increments,
with covariance function

2
EXo(t)Xo(s) = %e*AIHI (2.30)

for every s,t > 0. It follows from (2.30) that Xy is a stationary Gaussian process with stationary
increments.

Proposition 25. The process (XH(t))te[O’T] converges weakly, in the space of continuous functions
C[0,T], to the stationary Ornstein-Uhlenbeck process (Xo(t))ie(o,1 -

Proof : Consider a,..,aq € R and 1, ..,tq € [0,T]. In order to show that the random variable
Z;l:l a; XH(t;) converges in distribution to 2?21 o;Xo(t;) as H — L, we use Proposition 21. In
order to apply this result, we first notice that the function g given by (2.27) is in Hy N L3(R) :
the fact that it belongs to L?(R) is a consequence of (2.28) while the computation below will show
that it also belongs to H . We also need to verify (2.14) and (2.15) in Proposition 21. Let us start
by checking (2.14). We have to prove that

2 2

d d
> axH(t) ——F Z%XO Dl (2.31)
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First, notice that by (2.30),

d d
E Zoszo(tj) = Z a0, EBXo(t) Xo(tr)
J=1 jk=1
0'2 d
= 27 Z aja _)“f _fkl
Jk=1

On the other hand,

d d t; tr
ZanH(tJ) = H(2H —1) Z ajak/ du/ dve ™Mt gm At =v) |y _ g 2H =2
j=1 Gok=1 - -0
d o0 oo
= H(2H —1) Z ajak/ du/ dve ™ e My — v — (t; — tp,)|2H 2
jik=1 0 0
(2.32)
We need to compute the integral
oo e}
I :/ du/ dve Me M|y — v — K212 (2.33)
0 0
and we can assume by symmetry that K > 0. We have
I = H(2H-1) dve Av due_)‘“(u —v—k)2H=2
v+k
H(2H — 1)/ dve#‘”/ due (v + K — u)?H~2
0 0
= Il + IQ.
Let us regard the summand I;. By the change of variables @ = u — (v + K),
I, = H(2H - 1)/ dvef)‘”/ due=MNutvtk), 2H=2
0 0
— H(2H— 7)\K/ dve™ 2)\1)/\1 2H/ dze™? 2H 2
_ H(2H— ) —)\KAl 2H 1 / dze™? 2H 2
By integrating by parts
H(2H — 1)/ P e ——
0 H—j
SO
e K
L —— 2.34
! H—1 4\ ( )
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Concerning the summand I, with @ = v + K — u,
oo v+ K
I, = H(Q2H - 1)/ dve™? / due™ MVHE=u), 2H =2
0 0

= H(QH—l)e*’\K/ due)‘“u2H*2/ dve™ 2
0 (u—K)VO

K o]
= H(2H - 1)6_)‘K/ due/\UUQH_Q/ dve= v
0 0

—|—H(2H—1)e*>‘K/ due’\“ugHﬂ/ dve™ 2
K u—K

I L[>
= H(2H —1)e M — due*u?=2  H(2H — 1)e* — / due M2 =2,
22X Jo 2) Jk

By using the integration by parts, we obtain

I, = Ee—/\K e)\KK2H—1 o )\/K e)\UUQH—ldu + Ee)\K _e—)\KKQH—l + )\/OO e—Auu2H—ldu
2\ 0 2\ K '
Since X
/\/ My tgy —— A — 1 and /\/ e M2 gy —— MK
0 H—)% K H—>%
we get
oK
I N 2.35
P HoL 4N (2.35)
From (2.34) and (2.35), the integral I from (2.33) verifies
oK
I— 2.36
H—% 2\ ( )

Relation (2.36), together with (2.32), will imply that (2.31), i.e. the assumption (2.14) is verified.
Let us now check the assumption (2.15). With g from (2.27),

/.../dul...du4\g(u1)...g(um)\|u1 — |y — g | THTY
R JR

d t; t
J1 J4
—A(tj; —u —A(tj,—u H-1 —H-1
< E \ajl...aj4|/ dul..../ du,e Mt —un) | o= Aty 4)|u1 — Ug s — g
J1,92,--,Ja=1 e -
d 0o o]
_ —AMur+..+u
= E \ajl...aj4|/ dul..../ duge N +)
J1,J2,--,Ja=1 0 0
H-1 H-1
Xlur —uz — (tj, —t5,)|7 o Jua —un — (5, — t5,)]
N d oo oo
3 (st ottty ) .
< ezltnThe Ja Tt ey ..o, dus... duy
J1.J2,-,Ja=1 0 0

e~ 2 (lur—ua—(tj; —tjy) |+ Hlua—ur—(tj, —t5,)])
X (1V ug —ug — (tj, — tj2)|H_1) e (TV Jug —uy = (&, — tjl)\H_l)
Now, we will consider the set T of affine functionals on R? given by
T ={uyr —ua — (tj, — tjp), -y ua —ug — (5, — tj,)}.

As before, T" is the only paddet subset of T".
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We apply the power counting theorem with

(a1, .yaq) = (H—=1,..,H—=1) and (B1,..,B1) = (=7, ., —7)

with v € (1-1,1) = (2,1). We have
1
do(T’):4—1+4(H—1)>OifH>Z

and

1
doo =4-1-4 if 1—-=-.
) v < 0if v > 171

Therefore, the function

H—>/.../dul...du4|g(u1)...g(um)||u1—u2|H_1....\u4—u1\H_l
R JR

is finite and continuous on the set D = {H € (0,1], H > 1} which implies that condition (2.15) is
satisfied. The conclusion follows from Proposition 21. |

2.4 Appendix : Multiple stochastic integrals and the Fourth
Moment Theorem

Here, we shall only recall some elementary facts; our main reference is [74]. Consider H a real
separable infinite-dimensional Hilbert space with its associated inner product (., .),,, and (B(p), ¢ €
‘H) an isonormal Gaussian process on a probability space (€2, §,P), which is a centered Gaussian
family of random variables such that E (B(p)B(1)) = (@, 1), for every ¢, € H. Denote by I,
the gth multiple stochastic integral with respect to B. This I, is actually an isometry between the
Hilbert space H®? (symmetric tensor product) equipped with the scaled norm %,r” - ||nea and

the Wiener chaos of order ¢, which is defined as the closed linear span of the random variables
H,(B(p)) where ¢ € H, |¢|l» =1 and H, is the Hermite polynomial of degree ¢ > 1 defined by :

o)~ e (2) 25 (o (-2)) e o

We recall the hypercontractivity property of multiple stochastic integrals. If Y = Iy(f), with
f € H®? then (see relation (2.7.2) in [66])

E|Y|? < (¢—1)9E|Y?|? (2.38)

for every ¢ > 2. We will use the following famous result initially proven in [76] that characterizes
the convergence in distribution of a sequence of multiple integrals torward the Gaussian law.

Theorem 2. Fizn > 2 and let (Fy, k> 1), Fp = I, (fx) (with fi, € HO™ for every k > 1), be a
sequence of square-integrable random variables in the nth Wiener chaos such that E [F,f] — 1 as
k — oo. The following are equivalent :

1. the sequence (Fy);», converges in distribution to the normal law N(0,1) ;
2. E[F,f] =3 ask —o00;
3. forall1 <1< n-—1, it holds that klim | fi @1 frllyorm—n =0;

—00

Other equivalent condition can be stated in term of the Malliavin derivatives of Fy, see [66].
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Chapitre 3

Behavior with respect to the
Hurst index of the Wiener

Hermite integrals and application
to SPDEs

3.1 Introduction

The Hermite processes are self-similar processes with long-memory and stationary increments.
These properties made them good models for many applications. The Hermite processes constitute
a non-Gaussian extension of the fractional Brownian motion. Their Hurst parameter, which is
contained in the interval (%, 1), characterizes the main properties of this process. The reader may
consult the monographs [81] or [103] for a complete exposition on Hermite processes.

Our work deals with stochastic partial differential equations (SPDEs) driven by the Hermite
process. Starting with the seminal work [108], many researchers explored the possibility of solving
SPDEs with general noises more general than the standard space-time white noise. In our work, such
a stochastic perturbation is chosen to be the Hermite noise. Recently, various types of stochastic
integral and stochastic equations driven by Hermite noises have been considered by many authors.
We refer, among others, to [7], [31], [33], [34], [64], [100], [17], [41], [88], [89]. Our purpose is to
analyze the asymptotic behavior in distribution of the solution to the stochastic heat equation with
additive Hermite noise, when the Hurst parameter (which is also the self-similarity index of the
Hermite process) converges to the extreme values of its interval of definition, i.e when it tends to
one and to one half. Our work continues a recent line of research that concerns the limit behavior in
distribution with respect to the Hurst parameter of Hermite and related fractional-type stochastic
processes. In particular, the papers [12] and [6] deal with the asymptotic behavior of the generalized
Rosenblatt process, the work [3] studies the multiparamter Hermite processes while the paper [89]
investigates the Ornstein-Uhlenbeck process with Hermite noise of order ¢ = 2.

The solution to the heat equation with Hermite noise in R? is a (d+1)- parameter random field

d . e
) 1 We prove that the solution converges in distribution

depending on a Hurst index H € (%, 1
to a Gaussian limit when at least one of the components of H converges to % and to a random
variable in a Wiener chaos of higher order when at least one of the components of H tends to 1
(and none of them converges to %) Moreover, the limit always coincides in distribution with the

solution to the stochastic heat equation driven by the limit of the Hermite noise. The results show
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that these models offer a large flexibilitily, covering a large class of probability distributions, from
Gaussian laws to distribution of random variables in Wiener chaos of higher order.

For the proofs we use various techniques, such as the Malliavin calculus and the Fourth Moment
Theorem for the normal convergence, the properties of the Wiener integrals with respect to the
Hermite process and the so-called power counting theorem. Since the solution to the Hermite-
driven heat equation can be expressed as a Wiener integral with respect to a Hermite sheet, we
start our analysis by some more general results, i.e by studying the behavior with respect to the
Hurst index of such Wiener integrals. This allows to consider other examples, in particular the
Hermite Ornstein-Uhlenbeck process.

We organized our paper as follows. Section 2 contains some preliminaries. We introduce the
multidimensional Hermite processes and the Wiener integral with respect to them. We also recall
some known results concerning the asymptotic behavior of the Hermite sheet. In Section 3, we
state general results on the asymptotic behavior of the Wiener-Hermite integrals with respect
to the Hurst parameter. We will give two applications of the main results obtained. In Section
4 we analyse the asymptotic behavior of the mild solution of the stochastic heat equation with
Hermite noise and finally Section 5 contains the case of the Hermite Ornstein -Uhlenbeck process.
The Appendix (Section 6) contains the basic elements of the stochastic analysis on Wiener spaces
needed in the paper.

3.2 Preliminaries

In this preliminary section we will introduce the Hermite sheet and the Wiener integral with
respect to this multiparameter process. We also recall the main findings from [3] concerning the
behavior of the Hermite sheet with respect to its Hurst multi-index. We start with some multidi-

mensional notation, that we will use throughout our work.

3.2.1 Notation

For d € N\ {0} we will work with multi-parametric processes indexed by elements of RY. We

shall use bold notation for multi-indexed quantities, i.e., a = (a1, az,...,aq), b = (b1,b2,..,ba),
a = (ay,.,aq), ab = []%, abs, Ja — b|* = [I%, Ja1 — b1|*, a/b = (a1/b1,as/ba, ..., aq/b),
d d N N1 N2 Ng
[a,b] = H[ai,bi], (a,b) = H(ai,bi), Zai = Z Z Z ai17i27_“7id lf N = (Nl,..,Nd),
i=1 i=1 i=0 i1=0i2=0  ig=0
d
abP = H ai”, and a < b iff a; < by, a2 < ba,...,aq < by (analogously for the other inequalities).

i=1
We write a — 1 to indicate the product H?Zl(ai — 1). By 8 we denote the Beta function
B(p,q) = fol 2P~1(1 — 2)?tdz,p,q > 0 and we use the notation

d
— (1) p@)
B(a,b) Zl;[l B (a b )

if a=(a,..,a®)and b= (b, .., p®).
Let us recall that the increment of a d-parameter process X on a rectangle [s,t] C RY, s =
(81,.+-584),t = (t1,...,tq), with s < t (denoted by AX([s,t])) is given by

d .
AX([S,t]) = Z (—1)(1_21‘:1 ”XSJH._(t,S). (31)
re{0,1}4
When d = 1 one obtains AX([s,t]) = X; — X, while for d = 2 one gets AX([s,t]) = X¢, 1, —
Xt1,82 - XSl,tz + X81,52'
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3.2.2 Hermite processes and Wiener-Hermite integrals

We recall the definition and the basic properties of multiparameter Hermite processes. For a
more complete presentation, we refer to [26], [81] or [103]. Let ¢ > 1 integer and the Hurst multi-
index H = (Hy, Ho,...,Hy) € (%, 1)4. The Hermite sheet of order q and with self-similarity index
H , denoted (Z§"(t),t € R%) in the sequel, is given by

(@D q

3+ —(3
H,q) /Rd_ /0 / _yl,j)+( ¢ )...(Sd—yd,j)+( )

de ..dSl dW yl 1;~"ayd1) dW(y1q7~"7yd,q)

— (H.q /R/ Hs—yj G550 aw(y)...aw(y,) (3.2)

+(1)

ZE ()

for every t = (t!,...,t?) € R%, where 24 = max(z,0). The above stochastic integral is a multiple
stochastic integral with respect to the Wiener sheet (W (y),y € R?), see Section 3.6.1. The constant
¢(H, q) ensures that E (ZI‘ZI(t))2 = t? for every t € R%. As pointed out before, when ¢ = 1, (3.2)
is the fractional Brownian sheet with Hurst multi-index H = (Hy, Ha, ..., Hq) € (3,1)%. For ¢ > 2
the process ZI‘ZI’d is not Gaussian and for ¢ = 2 we denominate it as the Rosenblatt sheet.

The Hermite sheet is a H-self-similar stochastic process and it has stationary increments. Its
paths are Holder continuous of order § < H, see [81] or [103]. Its covariance is the same for every
q > 1 and it coincides with the covariance of the d-parameter fractional Brownian motion, i.e.

d
1 ‘ )
825 (6)25(s) = [ (2 (7 4 20— s - sz'QH'i)) — Ru(ts), tosi>0.  (33)

Jj=1

We will denote by |Hg| the space of measurable functions f : RY — R such that

1/ 1P < 00
where
1 e = H(2H—1)/ dudv]f(u)| - [f(v)[[u—v[*H? (3.4)
Rd JRd

- H(2H—1)/ du™ ...duDdo™ ...dv®
R4 JR4

< f(uM, L u D) fol) N

HE&

where u = (uV, .., u®) v = (v, ., v¥D) e RY,
Notice that the space |Hp| satisfies the following inclusion (see Remark 3 in [20])

LR N L2(RY) ¢ L#(RY) C [Hul. (3.5)

The Wiener integral with respect to the Hermite sheet ZIq{’d has been defined in [26] (following
the idea of [53] in the one-parmeter case). In particular, it is well-defined for measurable integrands
f € |Hg| via the formula

f(s)dz'(s) = / (TF) Y1, s ¥Yg) AW (31)..dAW () (3.6)
R4 Rd-a
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where (W (y),y € R?) is a d-parameter Wiener process and

(JH (Y1, ¥q) = c(H,q) /]Rd duf(u)(u— yl);(%+1‘qﬂ) (u— yq);(%-s- L) (3.7)

with ¢(H, ¢) from (3.2). The stochastic integral [po.,(Jf)(y1,-.; ¥¢)dW (y1)...dW (y,) is a multiple
Wiener-It6 integral with respect to the Wiener sheet W.
We have the isometry formula, for f,g € |Hg]

2d(g s)dz%% (s = - udv f(u)g(v)|lu — v[*H2
B[ reazg'e) [ awizie) - men-1 [ [ dai@swl-y
= (9 (39

By ||f||§_[H we denote (f, f)uy-

3.2.3 Behavior of the Hermite sheet with respect to the Hurst parame-
ter
In a first step, we analyze the convergence of the integral fRd I (s)dZI‘ZI’d(s) when the Hurst

indices H; goes to 1 and/or %
Let us introduce the following notation : if {j1, .., jx} C {1,..,d} with 1 < k < d we will denote

k
1 . ,
2,1) o ()4, = UV 0 if ¢ = (¢ @D,

(3.9)

Ak = {j17 "7jk}a HA;C = (Hj1a7H]k) € <

We will separate our study into following two situations :

1. At least one parameter converges to 1 and none to % Then the limit will be a non-Gaussian
random variable related to the Hermite distribution.

2. At least one parameter H; converges to % and the other indices are fixed in (%, 1) or converges
to 1, ie. if Ay is as above, B, = {l1,..,1,} C {1,..,d} with p+ k < d and Ay, N B, = 0, we
assume Hy, — (3,..,1) € RF and Hp, — (1,..,1) € RP. In this case we will see that the
limit of [,, f (s)dZICfI’d(s) is a centered Gaussian random variable with an explicit variance.

We start by recalling the main result in [3] concerning the asymptotic behavior of the Hermite

sheet.

Theorem 3. Let (Zﬂd(t)> N be given by (3.2) and let Ay, By be as in (3.9). Fiz T > 0.
£>0

1. Assume Ha, — (1,..,1) € R*. Assume that the parameters H;,j € Ay, are fived. Then the
process ZIZI’d converges weakly in C([0,T]%) to the d-parameter stochastic process (Xg)e>0

defined by
Xe = (6, 252 (b7, (3.10)
where (Zlq_l’dk(tAk)> is a (d — k)-parameter Hermite process of order q with Hurst
Ak t, €R
) 1 yd—Fk
index sz € (5,1) .

2. Assume (Hy,..,Hy) — (1,..,1) € R Then the process ZIq{’d converges weakly in C([0,T]%)
to the d-parameter stochastic process (X¢)t>o0 defined by

(®)a,

= d—F—
Vq!
where Z ~ N(0,1) and H, is the qth Hermite polynomial (see (3.64)).

Xy H,(2) (3.11)
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3. Assume Hy, — (%, . %) € R*. Assume that the parameters H;,j5 € Ay, are fized. Then
the process Zg;" converges weakly in C([0,T)%) to a d-parameter centered Gaussian process

(X (t))e>0 with covariance

EX X, = <H (t(“) /\s(a))> I Rt s®) (3.12)
a€Ay bEZk
with Ry, defined in (3.5).
4. Assume Hy, — (%,,%) € R* and Hp, — (1,..,1) € RP. Assume that the H; with j €
{1,2,..,d} \ (A U By) are fized. Then the process ZI?I’d converges weakly in C([0,T]%) to a
d-parameter Gaussian process (X (t))¢>0 with covariance

EX. X, = (H (t@ /\s(“))> I t»s® I Ru(t9,59)]. (3.13)

a€Ay beB, c€ALUB,

We will use the above result in order to get the limit behavior with respect to the Hurst
parameter of the Hermite Wiener integral.

3.3 Convergence of the Wiener-Hermite integrals with res-
pect to the Hurst parameter

Let us start the analysis of the behavior of the Wiener-Hermite integral (3.6) when the com-
ponents of the self-similarity index H tends to their extreme values. As mentioned above, we will
separate our study into two cases : at least one component of H converges to 1 (and no component
tends to %) and at least one component of H converges to one-half.

3.3.1 Convergence around 1

We need to introduce new spaces for the deterministic integrand in (3.6). Working on these
spaces will ensure the convergence of the Hermite-Wiener integral.

Let Ay be as in (3.9) and assume 1 < k < d. We introduce the space Hz of measurable
functions f : R* — R such that

1Al = (3.14)
k
k 1
2H; —2|°
Z duy; dvg _dwzj\f(uAj,ij”.|f(uAj,wzj)HVz]_—wzj i
= o s A e _ _ _ _
k
= Z/ dug, ||f(aa,, )ug. < oo (3.15)
j=1 /R Aj

with the norm |[| - [|3,,_ defined in (3.4). Notice that for f € Hz , the integral
yy

J

/ duy, / dz{i (uz ) f(u) (3.16)
RF Rd—k
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is well-defined in L!(Q). Indeed,

E /Rk duy, /RH dz{i" (uz, ) f(u)

1
2\ 2
Rk Rd—k RE e
1
- (HZk (2H7, — 1)) /Rk duy,
2H; —2 3
dvzk dWZk ‘f(uAk’VZk)l ) |f(uAk7WZk)HVZj —wy, j

Rd—k Rd—k

<

1k
(sz (2H7, — 1)) i Z/]Rj duy,
j=1

N

2H— -2

/R(H dvz, /R(H dw |fua,, vz )| - |f(ua, wg )llvg —wg [ %

(g, (2Hg, = 1) [flhey, < oo

If kK = d, we define Hz, =Hz, to be the set of measurable functions f : R¢ — R such that

Hf||?-t;k = ”fHLl(]Rd)
= 2H— —2 3
+Z/vdu,4j / vdVZj/ ‘dwzj|f(u,4j,vzj)|~|f(uAj,ij)||ij—wzj| Aj
j=1 R Rd—J Rd—J
= o+l <o (3.17)

Remark 9. Notice that the order of integration in (3.16) is important. That is, the integral

/ dZI{{I’d(uzk)/ duAkf(u)
Rd—k Rk

18 not necesarily well-defined for f € ’sz.
We have the following non-central limit theorem.

Proposition 26. Let Ay be as in (3.9) and assume f € Hz O |Hul.

— Assume 1 < k < d and
1 d—k
Hy, —(1,.,1) € R* and H; € (2,1> 18 fized.
Then the family of random variables (XH, H e (%, 1)d)
X" .= [ f(u)dzg(u) (3.18)
Rd

converges in distribution to the random variable

X = Rd f(u(l)v ,_’u(d))dz%’j_k(uzk)du,qk = /]Rk (/de f(uAk’uZAk )dZi,:l_k(uAk)> duAk'
(3.19)
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— Assume k =d and
H- (1,.,1) ¢ RL

Then the limit in distribution of the family (XH H e (% ) ) given by (3.18) is

1
g faW, . uDdu—=H,(Z)

Vd!
with Z ~ N(0,1) and H, the Hermite polinomial of degree q (3.64).

Proof : We will check the convergence of the characteristic function of XH. That is, we will
show that for every o € R,

EeiaXH iaX

THa, —(1,..,1)ERF Ee

The idea is to approximate first X by a sequence of random variables that can be written in
terms of the linear combinaisons of ZIq{’d and to use the result in Theorem 3. Consider a sequence
of step functions

Zall (1, tz+1] Zall ® 40 ] ))““1(t§d)vt§i)1](U(d))

(where we used again the notation u = (v, .., u(®) and t; = (tl(l), o tl(d)) for I =1,..,n) such that

”fn - fHH;k —n—oo 0 and ||fn - f”\HHI —n—oo 0. (3-20)

The choice of such a sequence (fy,)n>1 is possible because for any positive function f € Hz N |Hul,
there exists an increasing sequence of step functions in f,, € Hg N |H x| which converges poinwise
to f and satisfies |f,, — f| < |f], and by dominated convergence theorem, it converges in H, and
in [Hy|. Then, we use the fact that a general function can be decomposed into its positive and
negative parts.

Consider the Hermite Wiener integral of f,, with respect to the Hermite sheet

xmH fn( )dZ& (u Zal (AZED(t1, ti31])

with AZL* given by (3.1). Then we know from [26], Section 3 that X™H converges in L2(Q) to
X if f,, converges to f in [Hy| due to the isometry of the Hermite Wiener integral (3.8). So we
have

xmH Lo XH = [ f(s)dZEY(s) in L2(Q).
Rd
Consequently, we can write

. ] H . . 1 n,H
lim EcoX™ = lim lim Ee X", (3.21)
Ha, —(1,..,1)€RF Ha, —(1,..,1)€Rk n—00

Now, we aim at exchanging the two limits above. Recall that if f;,7 > 1 is a sequence of
functions on D C R converging uniformly to f on D and if a is a limit point for D, then
limj_ oo limy_yq fi(z) = limg_,, f(x) provided that lim, ., f(x),lim,_, f;(z) exist. Therefore it
suffices to show that Ee?X"" converges uniformly with respect to Ha, to Ee?*X".

By the mean value theorem

1
EeiozX"vH _ EeiocXH‘ < |Oé‘E ‘XnH _ XH| < |O[| (E |Xn’ XH’ )2
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Thus, in order to invert the limits in (3.21), it suffices to show that for some € > 0

2
sup  E[XH X", 00
Ha, €[3+4¢,1]%

that is proved in Lemma 2 below. The relation (3.21) becomes

. ;i H . . 1 n,H
lim Ec X" = lim lim EcioX", (3.22)
Ha, —(1,..,1)€RF n—00Hy, —(1,..,1)ER

Assume k < d. Since, from Theorem 3 Z‘}II’d converges weakly to the process (U),~, given by

U = (t)a, 255 (t5,)

A

it follows from (3.22) that

lim EceX™ = lim lim Eei® Yorey atlAZE (t1,6011])
Ha, —(1,..,1)ERF n—00 Hy, —+(1,..,1)ER¥
= lim Ee™®2im @0t (3.23)
n— o0

At this point we need to study the convergence as n — oo of the sequence

X" =" a(AU)((tr, tig1]) (3.24)
=1

as n — oo. If Ap = {j1,..,Jk}, let us use the notation

(1, ti11]a, = (tl(”) tl(fl)] . (t(Jk) tl(]k)]

Then it is not difficult to see that
(AU) (b1, bre1]) = (Aft)a,) (b1, tia] 2, (AZET) (b1, b4l

and therefore the sequence (3.24) can be expressed as follows

X" = Zaz (AU)((ts, tr41]] Zaz t)a,) tl,tl+1]Ak(AZq )(tl,tzﬂ]zk
=1

= Fau® L uD)dug, dZEF (ug ).
Rd Ak k
Now, we show that
X" =, 00 X in LY(Q) (3.25)
where the random variable X is given by (3.19). We have
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EX"-X| = E

[ [ azig) Gatunng,) - f(uAk,uAm\
RF d—k

< /Rk duAkE “/de dZI‘{I’d(qu)(fn(uAk,qu> — f(uAINuAk))‘
2\ 2
d

< / duy, (E/ dZ% (u;k)(fn(uAk,qu)—f(uAk,uzk)) )

Rk Rd—k

3 2H-. —2

- (sz (ZHZ’C B 1)) /Rk dua, /Rd—k /Rdfk dVdeWZk|vZk - Wzk‘ A

X (fn(uAMVZk) — f(uAk_,vzk)> (fn(uAk,ka) _ f(uAk’WZk)) 2
< (g, CHz, = 1)) f = flh, —noe 0

where the last convergence comes from (3.20). We obtain from (3.23) and (3.25)

lim Ee X" — lim EeleX" = EeioX
Ha, —(1,..,1)€R* n—00
and the proof is complete for 1 < k < d.
If k = d, the proof is similar. We know that the process ZIq{’d converges weakly in C[0,T] to

the process

1
<t>dﬁHq(Z)
Using the same lines as above, we get
lim Eci X" = lim EeioX"
H—(1,..,1)eRd n—00

and in this case the sequence (3.24) becomes

n

. 1 1
X7 = S AW Dl bl S5 1(2) = [ Fuwdu,(2)

i=1

Clearly, by (3.20)

Bixt - [ swiu o #2)] < ([ 1w - f@lin) T H,(2) 0

using the definition of the norm in Hxz, for k = d. Then

lim EeioX" — Eeia(f”?d f(u)du) \/%Hq(z).

n—oo

The below lemma has been needed in the proof of Proposition 26.

Lemma 2. Let Ay, be as in (3.9) with 1 < k < d. Assume f € Hz N[Hu| and consider a sequence
(fn)n>1 of step functions on RY such that (3.20) holds true. Let

n

XmH = Z ar(AZED) (b1, tr4a))-
=1

Then for every € > 0 small enough

2
sup E |X"’H —XH" 5 0.
Ha, €[3+e,1]%
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Proof : From the isometry property (3.8) and from (3.20) we have for every H € (35,1)4,
E|xX™H - xH)* 0. (3.26)

Let us show that the above convergence is uniform with respect to Hya, € [3 + ¢, 1]*. By (3.8),
E|x™H _ xH? _ H(H- 1)/ / fr(@) fo(V)|u — v 2dudv
R JRd
—2H(2H — 1)/ / frn()f(v)|u = v|* 2dudv
R JRd

+H(2H - 1) /Rd y f()f(v)|u - v|*"2dudv
= G(Ha,) (3.27)

with the function G considered on the interval [§ +¢, 1]¥. Assume k < d. Let 1(4;) = (1,..,1) € R*.
Then from (3.27)

G(1(Ap))

= Hy / duAk/ dv a, /Rd kduA /_,c dvg, fa(ua,,uz ) fn(va,, vz, ) x
><|uAk vAk| a
—2H; / duAk/ dvAk/ du /LH dvz, fa(aa,,ug ) f(Vi,, ,vz,) %

2H; -2
X|11Zk — VZk| Ak

+Hz, / duAk/ dvAk/ / dvg, f(aa,,ug )f(va,, vz,) X
Rk Rk Rd—Fk Rd—F : :

><|uAk vAk|

and this can be written

1(Ax))
- / [ A= D). = Da D,
< [ dua [ avalGo = Dl 106 = D0a

— (Ak dug, ||(fn — f)(ua,, .)HHA}C>2

172
2H- —2|°
= Hz (2Hz -1) [/ dugy, / dek/ dwy |f(aa,, vz )l - [f(aa,, wg vy, —wg, [ % ]
RF Rd—k Rd—k
< H

7, (2Hg, = Dl fa = 2y, (3.28)

where we used the definition (3.15).
Now, the function G is continuous on [ +¢, 1]* so there exists Ho = (Ho 1, .., Ho.i) € [ +¢,1]"
such that

sup GHa,,) = G(Hy).
Ha, €[3+4¢,1]F

If Hy = 1(Ag), then the conclusion follows from (3.28) and the assumption (3.20). If Hy has
the form
Hy = (17 s Ly HO,j+17 ) HO,k)
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with j < k then a similar calculation to (3.28) shows that

G(Ho)
192
2H, —2|?
< sz(QHZj -1) 5 duy, . dv;j . dw;j|f(uAj,ij)\ . |f(uAj,WZj)||v;j - WZJ| j
<y (2Hy ~ Dfu— I, (3.29)

and again G(Hp) — 0 as Hs, — (1,..,1) € R* from (3.20).
Otherwise, if all Hy;,i = 1,..,k are in [ + ¢,1), then the conclusion follows from (3.26).

If £ = d, the conclusion follows in the same way. Let G be given by (3.27) and let Ho =
(Hopa, - Hok) €[5 +¢,1]% such that

sup G(H) = G(Hy).
He[+e,1]9

If Hy = (1,..,1) € R?, notice that in this case G(14) = G(1,...,1) = || f,, — f||%1(Rd) —n—oo 0.
If Hy has the form
Ho = (1,..,1, Ho jt1, -, Ho.a)

with j < d then G(Hy) satisfies (3.29) and consequently it converges to zero from the assumption
(3.20). 11 all components of Hy are strictly contained in the interval (%, 1), then we conclude by
(3.26). m

3.3.2 Convergence around %

In this section, we will study the convergence in distribution of the Hermite Wiener integral
(3.18) when at least one Hurst index converges to one half. Actually, we will assume (recall notation

(3.9) from the previous section)
1 1
Hy, — <22) € RF

Hp — (1,.,1) € R

and

with 1 <k <d,0 <p<dandp+k <d. Note that £k > 1 means that at least one Hurst parameter
converges to % while p > 0 means that some Hurst parameters (possibly zero) converges to 1.

We have the following result.
Proposition 27. Assume Ay is as in (3.9) and B, = {l1,..,1,} C {1,..,d} with0 <p <d,1<

k<d,p+k<dand AyNB, =0 (if p=0 then B, = 0.). Let f € |[Hul|. Assume that the following
limit exists

lim H(2H - 1) // v)|u — v 2dudy : _afo (3.30)
Rd JRd '

Ay (3., 5)ERF

and that

HA e /Rd /Rd /Rd e dudvdu'dv’ f(u) f(') f(v) (V)

2(H r (H Ur 2(H— 1)(q r) 2(H— 1)(q r)

lu —u’| v —v/| < 0. (3.31)

!/

X|u —v| u’ —v/|
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If
11 1 N\
Hy — (2,...,2) € R’ﬂHBp —(1,..,1) € R? and szugp € (2,1> is fized

then the Hermite Wiener integral [p. f(u)dZI‘ZI’d(u) converges in distribution to the Gaussian law
N(0, U%ka ).

Proof : Recall that by (3.6), [pa f( qu’ (u) = I,(J f) with the operator J defined in (3.7).

We can apply the Fourth Moment Theorem to study the normal convergence of (3.18).
First notice that by assumption (3.30), we have

2
q,d — — u) f(v)|u — v 2dudv
B( [ fwizgte) —seE-1 [ [ s v

converges to UJ% g - Therefore, in order to apply the Fourth Moment Theorem (see Theorem 6 in
HE

k
the Appendix), it suffices to show that

||Jf Qr JfHLz(Rd(fzqur)) —0

for every r=1,...,q — 1.
Now, as in the proof of Theorem 3 in [3] (based on relation (13) in this reference)

(Jf ®'r’ Jf)(ylv"aquer) = / . Jf(ula"7uray1a"7yq7T)Jf(u1a"7urayq7r717~'»y2q72r)du1~~~dur
R4)"

= c(H,q)z/ du...du,
(RY)"

/ Hu—yg EEI T w37 | aw
R RO : I ) av

= e (- ) [ il

2(H 1)r

2q—2r

q-r 1,1-H 1,1-H
IRl N | R A
=1 j=q-r+1

by using the Fubini theorem and again relation (13) in [3], this leads to

I7f @, Jf||iz (Raza—zn)
- s (L C1-H 2-2H\* /1 1-H 2-2H\*"%
- »q ’ 2 q 3 q

/Rd /R /R » dudvdu’dv( )f () f(v)f(Y)

(H Lr 2(1—1 Lr 2(H-1)(q—r) 2(H— 1)(q r)
[u -’ v =V

x|u — v lu’ — v/|

1
= -7 [ [ dwdviea' ) f) 101 ()
q|2 Rrd Jrd JRd JRd
2<H Lr M M M
x|u —v| lu" — v/| lu—u’| v —v/|
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The last quantity converges to zero under assumption (3.31). |

Notice that ¢ = 2 and d = 1 we retrieve the results in [89]. For f = 1, the results in this section
reduces to those in Theorem 3 from [3].

3.4 Applications to the stochastic heat equation with Her-
mite noise

We will apply the main results in the previous section to some particular cases. First, we look
to the solution to the heat equation driven by an Hermite noise. That is, we consider the following
linear stochastic heat equation driven by an additive Hermite sheet with d 4+ 1 parameters

ou _ 7q,d+1 d
{ Sitx) = Au(t,x)+Z5 5 (t,x), t>0,xeR (3.32)

u(0,x) = 0, xe€R?

We denoted by A the Laplacian on R? and Z}II’ZIH = {Z}Q:fﬁ (t,x);t > 0,x € R?} denotes the
(d + 1)-parameter Hermite sheet whose covariance is given by

B (255 (50 2505 (1)) = Ry (1 9) Ru(x, )

if (Ho, H) = (Hy, Hy, ..., Hyg) € (1,1)""". We denoted by H = (Hy, ..., Hy) and

d

1
Ri(t,s) = (1t +1sP" — |t = ), Rua(x.y) = [] Ba (a5 )
j=1

if s,t € R and x = (21,..,2a),y = (y1,.-,ya) € R

The solution to (3.32) is understood in the mild sense. That is, the mild solution to (3.32) is a
square-integrable process u = {u(t,x);t > 0,x € R4} defined by :

t
up,u(t,x) = / G(t—s,x— y)Z?I’gﬁ(ds,dy), t>0,xeR? (3.33)
0 JRre '

living in the space of jointly measurables random fields (X (t,x),t >0,x € ]Rd) such that for every
2
T >0, sup;eqo,7],xert E | X (t,x)|” < 0.
The above integral is a Wiener integral with respect to the Hermite sheet, as introduced in
Section 2 and G(¢,x) is the Green function (or the fundamental solution) that satisfies 2% — Au = 0,

—d/2 XY s d
Gltx) = (2mt) exp( 5 ) if t > 0,x € RY, (3.34)
0 ift <0,z € R%.

i.e.

The stochastic heat equation (3.32) admits a unique mild solution (g, 1 (t,X))>0xere if and
only if (see [88])

d
d<4Hy+» (2H; —1) :=1. (3.35)

i=1

In this case, for every T > 0, sup E (u(t, X)2) < 00.
te[0,T],xcR4

We will use the following Parseval-type formula (see Lemma A1 in [11]) : for every f, g € L?(a,b)
and for every 0 < o < 1
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b b
[ dudes@golu = o0 =g [ |77 Fonf () el (3.36)
a a R
= f: f(y)e~%¥dy (we use the notation Ff = F_ o o0 f) and
— (ol-a 1/2y-1 ['(a/2)
Go = (2 ) (- )2 (3.37)

We recall that the Fourier transform of the function y € R? — G(u,y) is FG(u,-)(£) = e~ 247,

3.4.1 Limit behavior of the solution when the Hurst index tends to 1

The expression "Hurst index tends to 1”means that at least one component of the Hurst multi-

index tends to 1. We will apply Proposition 26 to obtain the asymptotic behavior of the solution
(3.33) when at least one of the Hurst parameters Hy, Hy,.., Hy converges to 1 and the other
parameters are fixed.

Theorem 4. Assume (3.35) and let Ay be as in (3.9). Fiz T > 0 and x € R%. Then

3. If (Ho,H) — (1,...
(u(t,x),t € [0,T]) with

(Ho,Ha,) — (1,..,1) € R* and Hj, j € Ay are fived

then the stochastic process (um, u(t,x),t € [0,T]) converges weakly in C[0,T) to the process
(u(t,x),t € [0,T]) defined by

t
u(t,x) = / du /R dya, / Az ()G~ ux ) (3.38)

— (1,..,1) € R¥ and Ho, H;,j € Ay, are fived, then (up,wu(t,x),t € [0,T]) converges
weakly in C’[O,T} to the stochastic process (u(t,x),t € [0,T])

7d —k
Rk Rd—k Ak k

, ) € R¥1L, then the weak limit of (um, m(t,x),t € [0,T]) in C[0,T] is

X) = (/075 y Gt —u,x — y)dydu) %HQ(Z).

Remark 10. As usual, by the weak convergence of the family (ug, m(t,x),t € [0,T]) to (u(t,x),t €
[0,T)) in C[0,T] for fived x € R? we mean the weak convergence of the family of distributions of

uHD,H('v

Proof :

x) to the law of u(-,x) in (C[0,T), B(C[0,TY)).

Consider the function F' defined on Ry x R given by

e

F:(u,y) = Lo (w)(2m(t —u))” Se 2w (3.39)

We first show the convergence of finite dimensional distributions Consider the case 1. Let us show
that this function belongs to [Hu, | N Hz, , with these two spaces defined by (3.4) and (3.15)
respectively. We know from [11] that, under (3.35), the function F' (3.39) belongs to the space

M by 1.
Let us check that this function belongs to the space sz. Writting

© 2019 Tous droits réservés.
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2
_ 2 [x—y——I|
Ix=y 4, | Ap

F(u,y) = F(u,yAk’ka) = (27‘(‘“)_%6_ Zu e~ Tu

we have by the definition of the norm in H~ (see (3.15)),

k t
Fllg— = d dy a. dy— dz—
P, = 3 L [Cava|[ [ ays e,
2H— —2

2
2 ly— | 2
a \yA]-\ A, a \ij\ -

X(2mu)"EeTTm e T (2mu) EeT T me e T E |yg —ay |

Nl=

lz— |2
.

Iyal?

k t .
= Z/ du/ dij(Qwu)*%e* e
=170 RJ '

=

2 |z |2

ly—
d—j A5 d—j Aj 2H— —2
—d-g 2 _d—d ‘3 A
x / | / dy dzg (2mu) " e TE (2mu) T T eT A |y —zg [T
Rd—-J7 JRd—J

By using Parseval’s identity (3.36)

lz— |2

— A

Iy 12
s I p 2H—- —2 2 1-2Ho
/ / dyzjdzzj(%ru)*Tje* m (2mu)” T e T E |ij*ZZj A :Cj/ ‘dfe*“m €] Ai
Rd—i JRd—i RA—i

so with C;,C > 0

k ¢ %
_ulel? 1-2H—
1, = Eij/ dU/ dge= < jg]
k =1 0 Rd—J

C /t uf%Jr% ZaEZj (2H“71)d
0

U
and the last integral is finite if for every j =1,..,k

d—j 1 .
L=t 2 RHy ) > 00rd <4t Y (2H, ~ 1), (3.40)
GEAJ' aEAj

The last bound is true due to (3.35), so the function F* given by (3.39) belongs to [Hpu,u|NHz, -
Take \; € R,¢; > 0 for j = 1,.., N and denote by

N 0o N
Yn(x) = Nun, u(ts, x) = / / > Nl WGt —u,x —y) | dZ§5 (u,y). (3.41)
j=1 0 IR\ j=1

From the above computations, the integrand Zjvzl Ajlio,e,)(w)G(t; —u,x —y) in (3.41) belongs to

|H iy, 11| N H5. Therefore, by Proposition 26, the sequence Yy (z) (3.41) converges, as (Ho,Ha, ) —
(1,..,1) € RF*1 to

N t; N
. g,d—k . _v) = i (ts
;)\j/o du/]R,c dy a, /}Rdik dZHZk (ka)G(tj u,X—y)= ;)\Ju(tj,x)

with « defined in (3.38). This gives the convergence of the finite dimensional distribution of
(up, m(t,x),t € [0,T]) to the finite dimensional distributions of (u(t,x),t € [0,T]).
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For the case 2., we have similarly

k
1, = €

1

t pt d—j 1
—di 1N (2H,-1
//dudv|u—v\2H°*2(u+v) R PIRE )
0 Jo

1

t t 3
0 0 Rd—J

1
2

J
= C

and the above integral is finite under (3.35). For the case 3., we notice in addition that the function
F given by (3.39) belongs to L'(R*1).
Concerning the tightness, we recall that (see [103]), for every s,t € [0,T],x € R,

E [ug, m(t,x) — upy u(s,x)[> < Clt — s|?

with v > 0 from (3.35) and C is a constant not depending on s, ¢, x. Since ug, u(t,x) is an element
of the (¢ + 1)th Wiener chaos, we use the hypercontractivity property for multiple stochastic
integrals to get for every p > 2

E |up, u(t, x) — ug, u(s, x)[* < Clt — 5P (3.42)

and the tightness follows from (3.42) and the Billingsley criterion (see [15, Theorem 12.3] or [10]).
[ |

Remark 11. Notice that when (Ho,Ha,) — (1,..,1) € R¥*1 the condition (3.35) “converges” to
(8.40).
3.4.2 Limit behavior when the Hurst index tends to %

Fix T > 0. When at least one of the components of Hurst multi-index goes to one-half, we have
a central limit theorem.

Theorem 5. 1. Assume
1 1
(Ho,Ha,) — (22> e RFH! (3.43)
and %
d<l+3+ > H,. (3.44)
CLGZ;C

Then the process (up, u(t,x),t € [0,T]) given by (3.33) converges weakly in C[0,T] to the
process (u(t,x),t € [0,T]) where u is the mild solution to the heat equation

(3.45)

P(tx) = Aut,x)+ Wi (tx), t>0,xeR?
u(0,x) = 0, xeR?

where (W, u(t, Ay x As),t € [0,T], Ay € By(R¥), Ay € By(R*™%)) is a Gaussian field with

covariance
E [WHo,H(thl X 142)I/I/H0,H(57 B]_ X BQ)]

2H— -2
= (t A S))\k(Al n Bl) /A B sz (2sz — l)bﬁk — sz Al dyzdeZk
2 2

We denoted by \j, the Lebesque measure on RF.
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2. IfHy, — (3,..,4) eRF [ Hp, — (1,..,1) €R? and
k
d<2H+; + Z H,. (3.46)
a€Ay

then the process (up, u(t,x),t € [0,T]) given by (3.33) converges weakly in C[0,T] to the
process (u(t,x),t € [0,T]) where u is the mild solution to the heat equation (3.45) where the
Gaussian noise has the following covariance

E Wy, u(t, Ay x As)Wpy, (s, By x Bs)]

2H— —2
= Bue(ts) (AN Bl)/ Hy (2Hz, —Vlyz, — 23, [ " “dyy dzg, .
AsNBs

8. If (Ho,H) = (3,....2) € R¥ and d = 1, then the weak limit of (up, m,t € [0,T)) in C[0,T]
is the solution to the heat equation (8.45) driven by a space-time white noise.

Remark 12. The conditions (3.44), (3.46) and d = 1 are the "limits” of (5.35) in the cases 1., 2.
and 3. respectively.

Proof : We will prove that the finite dimensional distributions of (ug, u(t,x),t € [0,T])
converge to those of (u(t,x),t € [0,T]) which satisfies (3.45). In order to apply Proposition 27, we
need to check conditions (3.30) and (3.31).

Checking condition (3.30). Consider the case 1., i.e. assume (3.43) and (3.44).
Take \; € R,t; > 0 for j =1,.., N and denote by

N
X)ZZ)\juHO, / /]Rd Z)\lot G(t; —u,x—y) le'{ijl(u,y).
j=1

j=1
We first check condition (3.30) for Yy (x). Let us calculate E (Yy(x)?). By using the isometry
(3.8),

N
E(Yn(x)® = > M\AHo(2H, - 1)H(2H - 1)
j,k=1

t; tr
x/ du/ dv|u—v|2H°_2/ dy | dzG(t; —u,x —y)G(ty —v,x —2z)y — 2|72
0 0 RY RY

Notice that, if x = (2, .., 2@) y = (yD, ..,y D),z = (2V, .., 2(9) we have

jz(a@) _y(a))2

d
G(t — U, X — = 1(0 t) H 277 t— u 56_ (=)
a=1

and so

/ dy/ d2G(t; —u,x —y)G(ty —v,x — z)|y — z|*" 72
R4 R4

‘z(‘l)fy(‘l)‘Q ‘I(a)iz(a)‘2

d
H/ / dy'dz ) (2m(t; — u) 72 (2m(ty —v)"Fe TG 0 e 2w [yl o) 2He2
a=1 RJR

We will apply the Parseval identity (3.36) with

a=2H,—1foreverya=1,..,d.
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We get, for every a =1, ..,d,

_ jz(a) —y(a)|2 _ |z(a) _.(a))2

/ / dy D2V (2m(t; — u)) "7 (2n(ty —v))"Ze a0 e 2w [yl — 5(a))2Ha=2
R JR

= Q2H 71/dT|T|1_2H“e_%(tﬂ'_“)‘ﬂze_%(t’“_”)“'g.
R

Now, by the change of variables 7 = (¢; + ¢ — 2u)2T,

/dT|T|1—2Hae—é<tj—u)\ﬂze—%(tk—v)mz
R

= (tj+tp—u-— v)_%+% / dT|7’\1_2H“’e_%|T‘2 = (t; +tp —u—v)et / dT|T|1_2H‘16_%|T|2.
R R

Thus

E (Yn(x))’

N
= ) ANMeHo(2H, — )H(2H — 1)g2m 1
J,k=1

t; ty d
X / du/ dvju — o202 (t; 4ty —u — U)H1+"'+H‘ﬁdH / dT‘T|172H"’€7%‘T|2(3.47)
0 0 i1 JR

where gapr, —1 is defined in (3.37) and
d

Q2H-1 = H 42H,-1-

a=1

Notice that for every H € (%, 1), we have

1 r 1
H(2H — )I(H — 3) = H(2H ~ 1)% — g 20(1) =2
T2
and then
H(2H = 1)gam—1 =gy (2m) 7 (3.48)
Relation (3.48) implies
H(2H — 1)q2H—1 %(HO,HAR.)%(%,--,%)GRMA (277)7]6(]21_12]6_1. (349)
Let
vi=Hy + ...+ Hy—d. (3.50)
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We have, by integrating by parts

t s
HO(QHO—I)/ / dudv|u — v|*Ho72(t + 5 —u—v) 77
0 Jo
= HO(ZHO—l)/ / dudv|u — v|* 72t + 5 —u—v)77
0o Jo
t s
+H0(2H071)/ / dudv|u — v|*Ho72(t + 5 —u —v)?
s JO
= H0(2H0—1)2/ / dudv|u — v|*Ho72(t + 5 —u —v)77
o Jo
t s
+H0(2H0—1)/ / dudv|u — v)*072(t + 5 —u—v)77
s JO
= 2H0/ duw* ot 4+ 5 —u)™7 (3.51)
0
¢
—Ho/ duw®™ot ((t+ 5 —u) ™7 — (u—8)*HH(t —u)77)
° S u
+2H07/ du/ dv(u —v)* o=t 45 —u—v)"77!
0 0
t u
+H0’y/ du/ dv(u —v)? o=t 45 —u —0v) 7771
s 0
= 2H0/ dun? o1 (t 45 —u) ™Y
0
¢
+H0/ du " ((t4 s —u)™7 — (u— )27t —u)77)

t u
+H0'y/ du/ dvlu — >t 45 —u —v) 7! (3.52)
0 0

Assuming (3.43), from (3.50)
— d K Z H, | :=
Y B  Ha | = Yo
a€Ayg

and, by taking the limit as v — 49 and Hy — % in (3.52), we get

t s
H0(2H0—1)/ / dudv|u — o072 (t + 5 —u —v) "
o Jo
— / du(t+s—u)™°
0
1 t
+§/ du((t+s—u)"7 —(t—u)"")
1 ° t u
+7'yo/ du/ dv(t+s—u—v) 70!
27 Jo 0
1
e ((t+ s) T |t — 5|0 3.53
gy (s s (3.53)

Consequently, as the limit (3.43) holds true, by plugging (3.49) and (3.53) into (3.47), we obtain

85

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

Chapitre 3. Behavior with respect to the Hurst index of the Wiener
Hermite integrals and application to SPDEs

N
1 1 _ _ _
EYn(x)? — 5_74_1(277) BN N ()TN =ty — WOH)‘J?sz*l
Yo )
X H /dTe 3l /dT\T|1_2H“6_%‘T|2
a€Ay aeAk R
= 1 1 i )\ Ak (t +tk) Yo+l _ |tj_tk|—’)’o+1)
2—v+ 1 =
XQQHZk—l( /27T)k H /dT|T|1—2H@e—%\T|2
aGZk R
= 1# % ﬁ: /\ )\k t +tk) Yo+1 ‘tj_tk|—’vo+1>
2=y + 1 Prwd)
Xq2Hf . H /dT‘T|1 2H, \T|2'

G.GA;C

On the other hand, if u is the solution to (3.45), then

N tiNtk
Aiu(t; AjA d d d d
j:Zl ju(j7x) Z k:/ U/ Y A, /Rd k/]Rd . Ya,0%7,

7,k=1
lya,l? vz, d lya, I =g I
e T2 W e T2t —w) (27T(tk _ u)_fei 20t —w) g 20t —u)

17 /\t;C 1
2 2 3 — (2H,—1
/\j)\k —k dfe (tj+tr—2u)|€| oH- 1 dTe_(tj+tk_2u)|T| |7_| 2 ZaEAk( a—1)
0 RE AT JRd—k

>
<.
>

t/\t;C
k/ u(ty + tk — 2u)” 70(2”)716/ d£67|§|2(J2H 1 H /dT@"TP\TP*zHa
0 Rk

1 O.GAk

11

= 5 @07t E Ak (8 4 t) 770 =ty =t ) gom, 1 [ /dTe*'T‘2ITI1’2H“~
Yo + P k = JR

7 a€Ag

The point 2. follows similarly. Let us discuss point 3. Assume Hy, Hy, .., Hy converge all to %
Notice that in this case condition (3.35) implies d < 2 so d = 1! Then, from (3.50)

- = =-.
T 9Ty

Therefore, from (3.52), as Hy, H1, .., Hg — %

t s
HO(QHO—l)/ / dudv|u — v|*Ho72(t + 5 —u —v) 7
o Jo
1 [t 1 _1 1 17 s _3
—>§/Odu((t—u) —(t+s—u) >—|—§><§/Odu/0 dv(t+s—u—w)
- ((t+s)%—|t—s|%). (3.54)
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and we obtain, by combining (3.54) and (3.47), by taking the limit (3.43)

N
EYy(x)? = @2m)7" Y A ((tj+tk)% _\tj—tk|%)/d7'e*%|7\2
R

k=1
N
= D> A ((tj )7 — |t ftkﬁ) Nor
k=1
J 1 . | |
= (2m)2 Z Aj Ak ((tj + )z — [t — tk|§)
k=1

2
which coincides with the E (Z;\Ll Aju(ts, x)) where u is the solution of the heat equation (3.45)

driven by a space-time white noise (see [92] or [103]).

Checking condition (3.31). In order to check condition (3.31), we need to show in the case 1.
(the other situations are similar) that for every ¢y, to,t3,t4 € [0, 7],

t] t4
I: = sup / dul.../ dug|ug —u2|_a°|uz—ug,|_“°|ug—u4|_60|u4—u1|_ﬂ0
(Ho,Ha, )€[3,1]*+1 /0 0
/ d / zlzt y1\2) 1 72\(x yzl2>
Vi.. y4 —e ti—up) — ¢ tg—ug
Rd Rd (2m(t; — ul)) (2m(t2 — UQ))%
|x—y3|? 1 _ Ix-yal?
—de T 2(t3—u3) — € 2(tg—ugq)
(27T(t3 — U3>) (27T(t4 — U4))5
1 —y2l “ly2 — y3l %lys —yal Plys —yi| P < o0
with
2(1 —H)r 20 —H)(q—r 2(1 — Hy)r 2(1 — Ho)(qg—r
L 20 -Hr o 2 -Hg-n) 2 -Hr 1= Hg-1)
q q q q
for every r = 1,..,q — 1. After the change of variables t; — u; = 4;,y = x —y, we will have to show
that

t1 ty
I = sup / dul.../ duy

(Ho,Ha, )€[5,1]*+1 J0 0
lur —ug — (t1 — t2)|” O|u2 —uz — (tg — t3)| 7% |ug — ug — (t3 — ta)| 7P |ug —uy — (tg — t1)| 77
/ J / —|2y1\ 1 _ \2y2|2 1 =Lyl 1 =Lyl

V1. dys——— ey e~ 2us e~ 2us e~ Pus

R4 R (2muy) % (27uy) % (27us)® (2mug) %

lv1 =¥ %ly2 — ¥31 %y — ya| Plys — y1|™F < o0

Next, we write for the integrals dy;

Ré Rd

i ) d \5”\2 1 7‘y(j)‘2
. 2ur e 2u4
E / Y1 / y s
k
(4) 2 (4) 2
(]) (J 1 _\7/1 | 1 _\?/4 |
X d —e 2w ... e 2w
1}/ o1 V2muq \2Tuy
JEAL

We will separate the integral dyy )7 for every j = 1,..,d, as follows

/dygj) =/ ‘ dy§j)+/ | dy?
R |y1|(7>>\/ﬁ |y1|(3)g\/ﬁ
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and similarly for the integrals dy2 ,dy(j ) dy(J ). We use the fact that on the set

y? > 2T > 2u
the function
1 2 . .
u — Te 2u is increasing
u
and we majorize
1 y2

vl b T

On the other hand, on the set

we majorize
1 2
——e™ 2« by a constant.

N

In this way, the quantity I can be bounded by

t1 tq
I < C sup / dul.../ duy
(Ho,Ha, €[4, 1]k+1 JO 0

lur —ug — (t1 — t2)| " Clug —ug — (t2 — t3)| " *°lug — ua — (t3 — t4)|7’80|u4 —up — (tq — 751)|7ﬁO

)2
) \ vy
H /dy1 /dyJ ( o 1y§j>>\/ﬁ+1yl(j><\/ﬁ>

JEAL

1 7‘ i])‘2
X... <M€ 2T 1\yi])|>\/ﬁ+1\y4\(1)g\/f

|y(J) (J)|faj|y£]) )‘ on|y(J) (J)| B1|y(3 7y£-7)|*ﬁj
xR
with a; = 2<1_qu) B = W for every j = 1,..,d and
R e K o L me )
g R W var Tl o<ver
J k

1 7| 4(11)‘2
Xu( 57¢ o isver T lmo<ver

x|y — yP 7 |y — y§ 17y — 1P —

Consequently, we can write

t1 tq
I < C sup / dul.../ duy
Hoe[3,1]J0 0

ur — ug — (b1 — ta)| 7 ug — ug — (ta — t3)[ " |uz — ua — (t3 — ta)| 7% |us — s — (b4 — t2)| 7

(J‘)‘2
() (4) 1
/dy /dy ( o 1|y§”|>¢ﬁ+1|y§”|<¢ﬁ>
HAke[Z 1]k GEAL

(J)‘z

""" <\/27T Lyonsver t 1|y(”|<\/ﬁ>

)~y [y
X R.

(] |—aj|y§3) . yij)l—ﬂj‘yflJ) _ y§J)|—ﬁj
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Note that R does not depend on Hy, H4, and

t1 ta
sup / dul.../ duy
Ho€[3,1]J0 0

uy — ug — (ty — )| up — ug — (ta — t3)| " *°fus — ug — (t3 — ta)| "% lug — uy — (ta — t1)|77°
T T
/ dul.../ duglu; — ug| 7 |ug — uz| " |ug — u4|_50\u4 — ul\_ﬂo
0 0
which is finite by Lemma 3.3 in [6] since
20+ 28 +4=202H —2) +4=4H > 1.

Therefore, in order to conclude, it remains to show that

sup H /dy:gj).../dyij)
Ha, €[310% jeu, /R R

1 | §”|2 1 N ij)@
(me 2T J)‘>\/ﬁ+ 1“7; J)<\/ﬁ> <\/me 2T | (7>\>\/ﬁ+1|y(7>\<\/ﬁ
(]) (])|*ﬂj

R I R R [ys” = 5”7 < oo
Assume for simplicity Ax = {1,2, .., k}. To check that the above quantity is finite, it suffices to

prove that

~lwal? _ lval?
sup /dyl /0@4 (e T 1y1|>\/ﬁ+1y1<¢ﬁ) (e T 1|y4|>¢ﬁ+1|y4|<¢ﬁ)

Hel},1]
<|yr = y2l "2 — ysl " lys — yal P lya — 1] 7F < 0.
Using H?ZI(AZ- + B;) = A1AsAsAy + A1 BaBsBy + ... + B1 B3B3 By, the last integrals can be

expressed as a sum of several terms, involving integrals on the sets |y;| > V2T and |y;| < V2T
Let us start with the first summand, namely

’L _u _u _u
o= HSl[llpl] / . / dyse™ =L 5 are L s are T LS e T Ly, s vaT
S

x[y1 — yal ™ ly2 — yal " lys — yal Plya — 3|7
Since |y1 — y2|? < 2(y? + y3) we have

Y1 = yol?® + g2 — w3l + lys — val® + |ya — v |* < 4(yF + 95 + 95 + 2 (3.55)
SO

o~ AP (sl s s —a s 7).

Hence, T7 can be bounded as follows

T, < sup /dy1 /dy4e S (191 —y2 ?Hya s [ +lys—yal*+ya—31 )
He[i,1]JR

ly1 — Y2 ™% y2 — y3|~%ys — yal " Plys — | 7.
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We apply the power counting theorem, see the Appendix. Consider the set of affine functionals

T ={y1 — Y2,Y2 — Y3, Y3 — Ya, Y1 — Y1 }-
The only padded subset of T" is T” itself. We apply the power counting theorem with
20—H)r 201—H)r 21 —H)(g—r) 2(1—H)(q—r))

(041,0é2,a370¢4) = (— y T y >
q q q q

and
(517 527 ﬁfﬂa 54) = (_’V» == _’Y)
with v > 0 arbitrarly large. We have (dy and do, are given by (3.69) and (3.70) respectively)

4
1
do(T’):r(T')+Zai:3—|—2(2H—Z):4H—1>0forH>1
i=1
and 3
doo((/)):47174’y<01f’y>1.

Therefore T3 is finite. Let us regard the last summand, i.e.

T = sup /dyl""/dy41|y1|<\/ﬁ"'1|y4|<\/ﬁ
Hel[} 1] /R R

*Jy1 = yol ~ly2 — ys| " lys — yal ’lya — 1| < 0.
This is clearly finite by Lemma 3.3 in [6] since
20 +28+4—4H —4+4—4H > 1

when H > i.
The other summands can be handled by combining the arguments used for the two terms
above. For instance, consider

2
_n
o= /dyl""/dy“e Ty zvar i var s cvar vl < ver
Helz,1] /R R
X|yr — y2| Y2 *y3\7a|y3*y4|7ﬁ|y4*y1|76~

We use the bound (which follows from (3.55)

B~ =~

y: > =y — vl + ly2 — ysl®> + lys — val® + lya — 1) — (3 + 43 + i)

and then

2,.2, .2
yytyz+yy
2

2
Y
e~ 3T < e*ﬁ(\yl*112|2+|y2*y3\2+|y3*y4|2+\y4*y1\2)6 5

< Ce*%(\y1*y2|2+|y2*y3\2+|y3*y4|2+\y4*y1\2).
The term T3 is thus bounded by

Ty < C sup /dyl_m/dy4€*ﬁ(lylfyz|2+\y2*y3\2+|y3*y4|2+\y4*y1|2)
He[3,1] /R R

X|y1 — ya| " “ly2 — yal~*ys — ya| Plys — 1| P

and we follow the proof for the first term. |

90

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

3.5 Applications to Hermite Ornstein-Uhlenbeck process

Remark 13. Notice that the limit process in Theorem coincides in distribution with a bifractional
Brownian motion with Hurst parameters H = %,K =—y+1l=d- % — Zaezk H, (in the case
i ) H=3K=d-5%— >aci, Ha + (2H — 1) (in the case ii.) and H = K = 1 (in the case
iii.) We refer to [/5], [103], [105] for the definition of the bifractional Brownian motion and for
the link between this process and the solution to the heat equation.

3.5 Applications to Hermite Ornstein-Uhlenbeck process

Let Z%! := Z4 be a (one-parameter) Hermite process defined by (3.2). The Hermite Ornstein
Uhlenbeck process has been introduced in [53]. Tt is defined as the solution of Langevin equation
driven by Hermite noise.

t
X, =¢— )\/ Xods + o Z%(t),t > 1 (3.56)
0

where A, o > 0 and the initial condition ¢ is a random variable in L?(Q2). The unique solution of
(3.56) is given by

¢
YH(t) = e M <g +o / emdzg,(u)) , t>0 (3.57)
0
where the integral fot eMdZ4(u) exists in the Riemann-Stieljes sense.
In particular, by taking the initial condition £ = O'f_ooo eMdZH (u) in (3.57). The unique
solution to (3.56), denoted in the sequel by (X*(t));>0, can be expressed as

t
XH () = 0/ e MWaze (w), >0 (3.58)

— 00

and the stochastic integral in (3.58) can be also understood in the Wiener sense. The process
(X7(),.,

In [89] the authors have established the asymptotic behavior with respect to H of the Rosenblatt
Ornstein Uhlenbeck process which is the solution of (3.56) driven by the Rosenblatt process, i.e.
q = 2. The proof was based on the analysis of the cumulants, but it is well-known that this method
does not work for a Wiener chaos of order ¢ > 3. In this section, we will study the behavior as
H — 1 and as H — 5 of the processes (XH(t))te[O,T] and (YH(t))te[O,T] when g > 2 . The results
obtained give a complete picture for the asymptotic behavior of the Hermite Ornstein Uhlenbeck

is a stationary process, H-self similar process with stationary increments.

of any order ¢ > 1.

3.5.1 Asymptotic behavior of the non stationary Hermite Ornstein-
Uhlenbeck

Assume that the initial condition ¢ does not depend on H.

Proposition 28. 1 Assume H — 1. Then the process (YH(t))te[o 7]
space of the continuous functions C[0,T] to the process (Y (t));e(o. 1) given by

a(%)
V!

converges weakly, in the

A

Y(t)=e M +o (1- e_)‘t)

(3.59)
with Z ~ N(0,1)
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2 Assume H — %, the process (YH (t))te[o ) converges weakly, in the space of the continuous
functions C[0,T] as H — 5 to the standard Ornstein Uhlenbeck process (Yo(t))iepo,m given
by

Yo(t) = e (g to /0 t eMdW(u)> (3.60)

that is a Gaussian process with mean EYy(t) = e MEE for any t > 0 and covariance function
o2
Cov(Yo(t), Yo(s)) = o (711 — e=0+9)
for every s,t > 0.

Proof : Consider ay,...,ay € R and ¢1,...,txy € [0,T]. We will study the convergence of
the finite dimensional distributions of Y.

N N N
Yy = ZaiYH(ti) :Ze_)‘t"«f—l—/}RZail[o’ti](u)e_k(t"_“)dZ;{I(u)
i=1 i=1 i=1

N
= D / F(w)dZ (u)

. N CA(h—u
with f(u) = 37, @il (w)e ),

Notice that in this case the space Ha, given by (3.15) coincides with L!(R). Since it is clear

that f belongs to [Hg|N LY (R) (see [39]), we get immediatly by Proposition 26 the convergence

as H — 1 of [, f(u)dZ (u) to ([g f(u)du) H‘JT((ZZ!).

In order to prove the convergence when H — %, we will apply Proposition 27. Using the same
arguments as for the proof of Proposition 5 in [89], we get

lim H(2H — 1) //f lu— P2 dudy :/(f(u))Qdu

H—>2 R
. N N
fht —A(ti+t;—2u) o’ —Alti—t;] —A(ti+t;)
E E (67187 € v du:i E oo — (e il e i+t
2\
i=1j=1 i=1 j=1

which coincides with the variance of Z _, @;Yy(t;). The proof is completed by showing that (3.31)
is satisfied. We have

/ duy...dug f(ur)... f(ug)|ur — o[ ug — uz|? " Hug — ug|? 7 ug — ug |71
R4
d T T
< Z |aj1....aj4|/ / dul..dU4
JiyeesJa=1 0 0
EL 3(E—1)r 201 -1)(a=r) 201 -(a=r)
X|uy — ug| |lug — us| lug — ua| |ua — w

is finite and continuous in H on the set (,1]. This follows from Lemma 3.3 in [6] or by applying
2(H-1)r 2(H-1)r 2(H-1)(g—7) 2(H—1)(q—r))
qg 7 qg q ’ q )

the power counting theorem with (aq, ag, ag, aq) = (
We recall (see [39]) that for p > 1,

B[V (t) - YH ()] < Co(BIY 7 (1) — Y7 ()27 < clt — s]P. (3.61)

The tighness follows from (3.61) and Bilingsley criterium (see [16]). |
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3.5 Applications to Hermite Ornstein-Uhlenbeck process

3.5.2 Asymptotic behavior of the stationary Hermite Ornstein-Uhlenbeck

Now we will study the asymptotic behavior of (3.58). The diffrence to the non-stationary case
is that the function f from the last proof has support of infinite Lebesque measure an we need to
use an argument based on the power counting theorem when H tends to one half. The proof of
this results is similar in spirit to the proofs of Proposition 6 and Proposition 7 in [39].

Proposition 29. 1 Assume H — 1. Then the process (X*(t) te[0.1]
space of the continuous functions C[0,T] to the process (X (t)),c(o 1) defined by

converges weakly, in the

X(t) =< (3.62)

with Z ~ N(0,1)

2 Assume H — %,

functions C[0,T] as H — 5 to the stationary Ornstein Uhlenbeck process (Xo (t))iepo,r given by

the process (XH(t))te[o 7 converges weakly, in the space of the continuous

Xo(t) =0 / t e M AW (u) (3.63)

— 00

which is a stationary centered Gaussian process with covariance function

2
Cov(Xo(t), Xo(s)) = oe sl
2
for every s,t > 0.

Proof : Consider ay,...,ay € R and ti,...,ty € [0,7]. We will study the convergence of
the finite dimensional distributions of Y.

N N
ZaiXH(ti) = /RZUozil[,ooyti](u)e_)‘(t"_”)dZ?{(u)
i=1 i=1

/ g(u)dZ} (u)
R

with g(u) = Zf\il ail[_oo,ti](u)e*)‘(ti’“).

The computations in proofs of Proposition 6 and Proposition 7 in [39] show that g belongs
to |Hg| N L' (R), we get immediatly by Proposition 26 that the random variable Zf\; a; X H(t;)
converges toZﬁvzl o; X (t;) as H — 1.

When H — %, the proof with slight changes, follows along the same lines as the proof of
Proposition 7 in [89]. We have

2 2

d d
E (> a;x"(t)) 7 E Do Xo(t;)
i=1 2

Jj=1
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It remains to prove that the condition (3.31) holds true. We have

2(H—1)r 2(H—1)r
/ duy...dugg(uy)...g(ug)ug —ug|™ @ |ug —us|™ ¢ X
R4

2(H-1)a=r) 2TV (=r)
X|U37U4| a |U47U1| q
d tiy tiy
S Z |a]1a]4|/ du1/ dumef)‘(tjl 7“1).'..6*)\(tj47u4)
J1,72,--,Ja=1 —o00 o
2(H—1)r 2(H—1)r 2(H-1)(g=r) 2(H-1)(g=r)
|up —uz|™ @ |ug —us|” T |uz — uy a lug — uq >
d o -
- Z |O‘j1-~04j4|/ dul..../ dugeMuwrF-tua)
J1,J2,-,Ja=1 0 0
X|u1 — U9 — (tjl - tj2)| q |u2 —ug — (t]l _ t]2)| 7
2(H-1)(g=7) 2(H-1)(g=7)
|U3_U4_(tj3—tj4)| q |u4_u1_(tj4_tj1)| z
A d oo -
< ezttt tlti =t 1) Z |, ...a,] dul..-/ duy
J1,J2,-,Ja=1 0 0

=3 (Jur—uz—(tj; —tjo)|+...+|us—us—(t;, —t;;)])
2(H—1)r 2(H—1)r
><<1V|u1—u2—(75j1—tj2)| @ ) <1V|U2—U3—(tj1—'5j2)| @ )

2(H—-1)(g—r) 2(H—-1)(g—r)
(1V|U3—U4—(tj3—tj4)\ @ ) (1V|u4—u1—(tj4—tj1)| a )

€

We apply the power counting theorem on the set 7" defined by

T/ = {u1 — Uy — (tjl — tjz)a ey Ug — U — (tj4 — tj1)}

q ’ q ’ q ’ q
with v € (2, 1]. Since 7" is the only paddet subset of 7", we have

with (041,..,Oz4) _ (2(H—1)r 2(H-1)r 2(H-1)(q—r) 2(H—1)(q—r)) and (51,--,54) _ (_%___7_7)

4(H_1)(q_r)+4(H—1)(q—T) CUH 150 H>

do(T') =4 -1+

q q 4
and
. 1 3
doo() =4 —1-4y<0ify>1—==—.
4 4
Therefore, the function
2(H-1)r 20H-1)r
H— / .../dul...du4|g(u1)...g(um)|\ul —us|” @ |ug —uzl” 7 X
R Jr
2(H-1)(g=7) 2(H-1)(g=1)
X |ug — ugl a |ug — g a
is finite and continuous on the set D = {H € (0,1], H > 1}.
The conclusion follows from Proposition 27. Again the tighness is obtained by (3.61). |

3.6 Appendix

The basic tools from the analysis on Wiener space and the power counting theorem proven in
[98] are presented in this appendix.
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3.6 Appendix

3.6.1 Multiple stochastic integrals and the Fourth Moment Theorem

Here, we shall only recall some elementary facts ; our main reference is [74]. Consider H a real
separable infinite-dimensional Hilbert space with its associated inner product (., .),,, and (B(p), ¢ €
‘H) an isonormal Gaussian process on a probability space (€2, §,P), which is a centered Gaussian
family of random variables such that E (B(p)B(1)) = (@, 1), for every ¢, € H. Denote by I,
the gth multiple stochastic integral with respect to B. This I, is actually an isometry between the
Hilbert space H®? (symmetric tensor product) equipped with the scaled norm %,r” - ||nea and

the Wiener chaos of order ¢, which is defined as the closed linear span of the random variables
H,(B(p)) where ¢ € H, |¢|l» =1 and H, is the Hermite polynomial of degree ¢ > 1 defined by :

ey~ e () 25 (oo (-2)) e st

The isometry of multiple integrals can be written as : for p, ¢ > 1, f € H®P and g € H®9,

{ a{f.G)nea  ifp=gq

E(1,(N1y(9)) = (3.65)

0 otherwise.

It also holds that :
Iq(f) = Iq(f)a

where f denotes the canonical symmetrization of f and it is defined by :

1
f(xlv" '7Iq) = a Z f(xa(l)a"'vxa(q))v

oES,

in which the sum runs over all permutations o of {1,...,¢}.
In the particular case when H = L*(T,B(T), i) , the rth contraction f ®, g is the element of
HOWP+a=27) which is defined by :

(f Or g)(slw"7sp7T7t17"'7tq7r)
:fT7‘ du1...durf(sl,...,sp_r,ul,...,ur)g(tl,...,tq_r,ul,...,ur), (366)
for every f € L?([0,T)"), g € L*([0,T]") and r = 1,...,pAq.

An important property of finite sums of multiple integrals is the hypercontractivity. Namely,
if F'=3"_o Ie(fr) with f € H®* then
D
2

E|F|? < C, (EF?)?. (3.67)

for every p > 2.
We will use the following famous result initially proven in [76] that characterizes the convergence
in distribution of a sequence of multiple integrals torward the Gaussian law.

Theorem 6. Fizn > 2 and let (Fy,k > 1), Fy = I, (fx) ((with fr € HO™ for every k >1 ), be a
sequence of square-integrable random variables in the nth Wiener chaos such that E [F,?] — 1 as
k — oo. The following are equivalent :

1. the sequence (Fy);, converges in distribution to the normal law N(0,1) ;
2. E[F,ﬂ =3 ask —00;
3. foralll <1<n-—1, it holds that klirn Ife ®1 fellye2zin-n =0;

—00

Another equivalent condition can be stated in term of the Malliavin derivatives of F}, see [66].
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3.6.2 Power counting theorem

We need to recall some notation and results from [98] which are needed in order to check the
integrability assumption from Proposition 27.

Consider a set T' = {Mj, .., M, } of linear functions on R™. The power counting theorem (see
Theorem 1.1 and Corollary 1.1 in [98]) gives sufficient conditions for the integral

I:/R.../Rdul...dumfl(Ml(uh..,um))....fm(Mm(uh..,um)) (3.68)

to be finite, where f; : R — R, i = 1,..,m are such that |f;| is bounded above on (a;,b;) (0 < a; <
b; < OO) and

@ if |y;| < a; and | £;(y)] < eyl if Jy| > by

Ifi(y)| < cily

For a subset W C T we denote by sp(W) = span(W)NT. A subset W of T is said to be padded
if s7(W) =W and any functional M € W also belongs to sy (W \ {M}). Denote by span (W) the
linear span generated by W and by (W) the number of linearly independent elements of W.

Then Theorem 1.1 in [98] says that the integral I (3.68) is finite if

d(W)=r(W)+ > ;>0 (3.69)
sT (W)

for any subset W of T with sp(W) =W and

doo(W) =1(T) =r(W)+ > B <0 (3.70)
T\sT (W)

for any proper subset W of T with s (W) = W, including the empty set. If o; > —1 then it suffices
to check (3.69) for any padded subset W C T. Also, it suffices to verify (3.70) only for padded
subsets of T' if 5; > —1.

The condition (3.69) implies the integrability at the origin while (3.70) gives the integrability
of I at infinity.

There is a similar result if one starts with a set T of affine functionals instead of linear func-
tionals.
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Chapitre 4

Generalized k-variations and
Hurst parameter estimation for
the fractional wave equation via
Malliavin calculus

4.1 Introduction

For several decades the statistical inference in stochastic (partial) differential equations (S(P)DE
in the sequel) constitutes an intensive research direction in probability theory and mathematical
statistics. Traditionally, the disturbance term in such stochastic models is a standard space-time
white noise, i.e. a Gaussian field that behaves as a Brownian motion in time and in space. We
refer, among many others, to the monographs or surveys [24], [52] or [51]. A part of the scientific
literature on statistical inference for SPDEs concerns the parameter estimation for such equations
based on the observation of the solution at discrete points in time and/or in space, which also
constitutes the main goal of our work. Among the first contributions to these topics, we refer to

[60] and [58] for the maximum likelihood and least square estimators for parabolic or elliptic-type
SPDEs respectively, driven by a space-time white noise. The study in [58] has been then extended
in [13] by adding a time-varying volatility in the noise term and by using power variation tech-

niques to estimate various parameters of the model. Other recent works on parameter estimates
for discretely sampled SPDEs, some of them using generalized variations, are [23], [20] [14] or [83].

Nowadays, a particular case of wide interest is represented by the S(P)DEs driven by fractional
Brownian motion (fBm) and related processes, due to the vast area of application of such stochastic
models. Many recent works concern the estimation of the drift parameter for stochastic (partial)
differential equations driven by fractional Brownian motion (we refer, among many others, to [4],
[44], [49], [86], [104]), while fewer works deal with the estimation of the Hurst parameter in such
stochastic equations ([48], [99])

In this paper, we consider the one-dimensional stochastic wave equation driven by an additive
Gaussian noise which behaves as a fractional Brownian motion in time and as a Wiener process
in space (we call it fractional-white noise). Our purpose is to construct and analyze estimators for
the Hurst parameter of the solution to this SPDE based on the observation of the solution at a
fixed time and at a discrete number of points in space. The wave equation with fractional noise in
time and/or in space has been studied in several works, such as [11], [25], [42], [48], [85] etc. We
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will use a standard method to construct estimators for the Hurst parameter, which is based on the
k-variations of the observed process. The method has been recently employed in [48] for the case of
quadratic variations, i.e. k = 2. As for the fBm, it was shown that the standard quadratic variation
estimator is not asymptotically normal when the Hurst index becomes bigger than % and this is
inconvenient for statistical applications. In order to avoid this restriction and to get an estimator
which is asymptotically Gaussian for every H € [,1), we will use the generalized k-variations,
which means that the usual increment of the process is replaced by a higher order increment. The
idea comes from the reference [45] and since then it has been used by many authors (see e.g. [28]
or [21]). More precisely, if (u(¢,z),t > 0,2 € R) denotes the solution to the wave equation with
fractional-white noise, we define the (centered) generalized k-variation statistics (k > 1 integer) as

o (4 )|F
v (N> —1], (4.1)

1 N

N -1

VN(k‘, Oé) =

i=l

where U® (ﬁ) represents the spatial increment of the solution w at % along a filter a of power
(order) p > 1 and length [ + 1 > 1 (see the next section for the precise definition).

By using chaos expansion and recent developments in the Stein-Malliavin calculus we show
that the sequence Vy (k, o) satisfies a central limit theorem (CLT) as N — oo (in the spirit of [18])
whenever p > H + i and in this way the restriction H < % can be avoided by choosing a filter
of order p > 2, i.e. by replacing, for example, the usual increment by a rectangular or a higher
order increment. We will obtain the rate of convergence under the Wasserstein distance for this
convergence in law and we also prove a multidimensional CLT. So we generalize the findings in [48]
to filters of any power p > 1 and to k-variations of any order £ > 1 and in addition we show that
in the special case p =1 and H > % a non-Gaussian limit theorem occurs with limit distribution
related to the Rosenblatt distribution (but having a more complex structure).

These theoretical results are then applied to the estimation of Hurst index of the solution of
the fractional-white wave equation. Based on the behavior of the sequence Vi (k, o)) we prove that
the associated k-variation estimators for H are consistent and asymptotically normal. Moreover,
we provide a numerical analysis of the estimators when k& = 2 by analyzing their performance on
various filters and for several values of the Hurst parameter and confirming via simulation the
theoretical results.

We organized the paper as follows. Section 2 contains some preliminaries. In this part we
present the basic facts concerning the solution to the fractional-white wave equation, we introduce
the filters and the increment of the solution along filters. In Section 3, we prove a CLT for the
sequence Vy(k,«) for any integer k > 1, and we obtain the rate of convergence when k is even
by using the Stein-Malliavin theory. In Section 4 we show a non-central limit theorem in the case
k=2H > % and for filters of order p = 1. Section 5 concerns the estimation of the Hurst
parameter of the solution to the fractional-white wave equation. We included theoretical results
related to the behavior of the k-variations estimators for the Hurst index as well as simulations and
numerical analysis for the performance of the estimators. Section 6 (the Appendix) contains the
basic tools from Malliavin calculus needed in the paper and the proofs of some technical results.

4.2 Preliminaries

In this chapter we introduce the fractional-white wave equation and its solution and present
the basic definitions and the notation concerning the filters used in our work.
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4.2 Preliminaries

4.2.1 The solution to the wave equation with fractional-colored noise

The object of our study will be the solution to the stochastic wave equation. Though we will
only be concerned with the one-dimensional case in the sequel, let us recall the necessary definitions
and results for the general case in order to provide some context for this choice. The equation for
a general number of dimensions d € N* := N\ {0} is defined as follows :

?;;3 (t,z) = Au(t,z)+WH(t,z), t>0, xR d>1,
uw(0,7) = 0, x¢cR% (4.2)
gu,z) = 0, zeRd

where A is the Laplacian on R?, and W is a fractional-white Gaussian noise which is defined as
a real valued centered Gaussian field W = {W/(A);t > 0, A € By(R%)}, over a given complete
filtered probability space (2, F, (Fi)t>0,P), with covariance function given by

E (W (AWH(B)) = Ru(t, s)\(AN B),VA, B € By(RY), (4.3)
where A denotes the Lebesgue measure and Ry is the covariance of the fractional Brownian motion

1
Ryu(t,s) = 3 T+ — |t — sy, st >0.
We denoted by Bj(R?) the class of bounded Borel subsets of R? and we will assume throughout
this work H € [%, 1) .

The solution to the equation (4.2) is understood in the mild sense, that is, it is defined as a
square-integrable centered field u = (u(t, x); t>0,x € Rd) given by

¢
u(t,z) = /0 y Gi(t — s, —y)WH(ds,dy), t>0,2ecR? (4.4)

where the integral in (4.4) is a Wiener integral with respect to the Gaussian process W and G is
o
at2

— Au = 0, which can be defined via its Fourier

sin(¢€]])
€]l

the fundamental solution of the wave equation
transform

FGlt, )(§) =
for any £ € R?, ¢t > 0. In particular, for d = 1 we have
Gi(t,z) = %]l{mq}, t>0, zeck (4.5)
Tt is known (see e.g. [11]) that the solution (4.4) is well-defined if and only if
d<2H+1
and it is self-similar in time and stationary in space. So for H = % the solution is only well-defined

in one dimension while for H € (%, 1) both d =1 and d = 2 are possible. Other properties of the
solution can be found in [11], [25] or [103].
Now let us fix d = 1 for the rest of this paper. It was shown in [17] for H = § and in [15] for

H > % that the spatial covariance of the solution can be expressed as follows

1 2H+1 ly — =[*" g2
Blatauttn) = 3 (enly—aP -2 P 1,
(2t~ g — al)?!
+ 82H 1 1) Lii<|y—z|<26) (4.6)
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with ¢y = 2H=1 5- The above formula (4.6) is the key ingredient to analyze of the correlation of

the incremezﬁé{ —(;fl the solution in space and implicitly the behavior of the generalized variations.
In order to make this analysis possible, we will consider the situation when the second summand
in the right-hand side of (4.6) vanishes. To this end, we assume that ¢ > T whenever z,y € [0, T].
For simplicity and without loss of generality, we will consider 7= 1. When ¢ > 1 and z,y € [0, 1],

this expression reduces to

1 ly — xf2H 2H+
E (u(t,z)u(t,y)) = 5 (CH|y — o —¢ + > for z, y €0, 1]. (4.7

2 2 2H +1

We will fix for the rest of the work ¢ > 1 and we will associate to the process (u(t,z),z € [0, 1])
its canonical Hilbert space ‘H which is defined as the closure of the linear space generated by the
indicator functions {1j9 51,2 € [0, 1]} with respect to the inner product

(loa)p loy)n = E(ult,z)u(t,y)).

We will denote by I, the multiple stochastic integral of order ¢ > 1 with respect to the Gaussian
process (u(t,z),z € [0,1]) and by D the Malliavin derivative with respect to this process. We refer
to the Appendix for the basic elements of the Malliavin calculus.

We will also use in Section 4.4 multiple stochastic integrals with respect to the fractional-white
noise WH with covariance (4.3). We use the notation I ;/V to indicate the multiple integral of order
q > 1 with respect to W1,

4.2.2 Filters

In this section we will define the filters and the increments of the solution to (4.2) along filters.
We start with several definitions and some notation needed along this paper.

Definition 1. Given l,p € N*, a vector a = (ay, ..., aq) is called a filter of length I + 1 and order
(or power) p > 1 if

Z;:anqr =0, 0<r<p-—-1,
Zq:O aqq?  #0

with the convention 09 = 1.

For instance, a = (1, —1) is a filter of length 2 and of order p = 1 while o = (1, -2, 1) is a filter
of length 3 and of power p = 2.

For a filter « = (ag, a1, ..,a;) of length I +1 > 1 and of order p > 1 we define the space-filtered
process (or the spatial increment of the process u along the filter «)

) ! )
U (N) —;Gr'd <t, N ) fori=1,.,N. (4.8)

In the case of the filter « = (1,—1), U“ (ﬁ) =u (t,
of the solution while for a = (1,—-2,1) we have U* (

represents the rectangular spatial increment.

We denote fOI‘j >1
« . (foz Z [70{ Z ]
T ’N(]) = E (7\,) ( N]) ]

U (t, ifl) is the usual spatial increment
) = u(t,£) — 2u (t, 1) + u (t, i52) which
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4.3 Central limit theorems for the spatial k-variations

From the covariance formula (4.6) we can write

l . . .
@ 1= 1+7—r
WHN(J) = Z amamE |:u (ta N 1> u <t, 1\72):|

r1,72=0
1 1 )
klNQHq’Ha( )Jrk?m(prL%,a(])v (4.9)
with
!
q)Hoz Z arlarzb +701 - 7,,2|2H .7 2 07
7r1,72=0
and k1 = —ﬁ and ko = 4L = %. We write for further use
t ! c !
- 2H H 2H
a(H) = T q;oaqarm —r|*", and cx(H) = -5 q;oaqarm —r2HHL, (4.10)

In particular, from (4.9) we obtain

. 2
ﬂ'HN(O) = E[U <N>} :k1N2Hq>Ha(O)+k2mq)H+%,a(0)
1 1
= all)5mg + () 3

We will need the below technical lemma to establish the asymptotical equivalent of ® 5 , and
similar expressions. The proof of the lemma is based on a Taylor expansion, see [28] or [45].

Lemma 3. Let ly,lo,p1,p2 € N*, H € RT\N and oV, o) be filters of lengths 1, + 1, ly + 2 and
of orders p1,ps respectively. Then

Iy lo
35S afPaflg—r Kt
k—o0

q=0r=0

. (2) 2H(2H—1
with &H:Z ZT an 1 (?) 2H( )2

p(2H72p+1) (¢ — ), where p = min(py, p2).
In the sequel, we write a; ~;_.oo br to indicate that the sequences ay, by have the same behavior

as k — oo.

4.3 Central limit theorems for the spatial k-variations

In this section we focus on the asymptotic behavior in distribution of the k-variation in space
of the solution to the fractional-white wave equation, defined via a filter of power p > 1. In the
first step we show the k-variation satisfies a CLT when p > H + i. Next, by taking k£ to be an
even integer, we derive a Berry-Esséen type bound for this convergence in distribution via the
Stein-Malliavin calculus. Restricting ourselves in addition to k = 2, we prove a multidimensional
CLT, which is needed for the estimation of the Hurst parameter.

4.3.1 Central limit theorem

Fix t > 1 and [,p € N*. Let « be a filter of length [ + 1 and of power p as in Definition 1. Let
u be given by (4.4). Recall the definition of the centered spatial k-variations (4.1) of the process
(u(t,z),z € R) for k € N* from the introduction with U (%) given by (4.8). We will show that
the sequence (4.1) satisfies a CLT using a criterion based on Malliavin calculus.
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Chaos expansion

The first step is to derive a Wiener chaos expansion of the k-variation sequence Vi (k, a). No-
ticing that the filtered process U®, as a linear combination of centered Gaussian random variables,
is a centered Gaussian process, we get

N i\2 5
E(UY = =FEE(UY (= 4.11
(o () ) -2 (e (3) ) (a1
where Ej denotes the k-th absolute moment of a standard Gaussian variable given by FEj, =

(ks
%. We introduce the variable
2

o 1) _ U (%)
Z <N>_(7T}?N(f;)1/2' (4.12)

It is clear that Z¢ (ﬁ) is a standard Gaussian variable and Corr (Za (ﬁ) A (ﬁ)) = Corr (U“ (ﬁ) U (%)),

where Corr denotes the correlation coefficient. Using (4.11) and (4.12) we can write Vi as follows :

N af_d N af i
Vw(ba) = — UGl | 22
’ N -1~ E[U*(5)[* N -l Ey
Recall the expansion of the development in Hermite polynomials of the function H*(t) = % -1

given in Lemma 2 of [28] :

HE(t) =Y H (1),
=1
where ¢,y = 0 for j > 0, ¢f; = gy [T'=4 (k — 2i) for j > 1 and H;(t) denotes the j-th Hermite
polynomial defined by
5 al
H;:(t) = —1)4————2 I 20,
J( ) az:;)( ) (] o 2&)'@'

Observing that for

Ci,a
(N (0))1/2

to the process (u(t, ),z € R) since the increment u(t,y) — u(t, ) can be expressed as I1(1[; )
(recall that I; represents the multiple integral of order 1 with respect to the Gaussian process
(u(t,x),z € [0,1])) for every x < y :

2 (5) = n ((ﬁ%ﬂﬂ) |

Since we have H,(I1(h)) = %Iq(h@’q) for ||h]l = 1 we get

&

we have from (4.9) that = 1 we can express Z¢ ( N) as an integral with respect
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Vn(k,a) = = % Zc’gqimq (Za <Ji{)>

=1 i=l

Ci,a o
g’ (0)1/2

Hence, we obtain the following chaotic expansion of the k-variation statistics

[

Ly (G )y
Vn(k,a) = g 12q< > Loy (fn.2q)s (4.13)
N -l a=1 (29)! (WH 0)) q>1
with ®2
02q C 1
4.14
fN,QQ 2q ' N —l Z ( )
In particular,
E[Vy (k)] =Y (20)! fx .20 5oz (4.15)

q=1
Relation (4.13) shows that the random variable V (k, ) admits an infinite chaos expansion, which
contains the chaoses of all orders from g = 2 to infinity. We will study the behavior of each chaos
component of Vy(k,«). Let us start by analyzing the asymptotic behavior of the mean square of
each kernel fy o4 that appears in the chaos expansion of Vi (k, c).

Lemma 4. For N,q > 1, let fn 2, be given by (4.14). Then

(ch,)?
(N = 1)(20)![1fn.2 3020 =800 e Y (pr1.0(v)* = 03,
(2(])' vEZ
for H<p— ﬁ (i.e. H<1— 4+ forp =1and H € [%,1) for p > 2), where we use the notation
(PH Q(U)
alv) = ———=. 4.16
pralv) = e (4.16)
Moreover, o2 := ZQl agq < o0. Forp=q=1, H=3/4, we have
N —1 (k)2
mzlan,QH’QH@Q —7N—oo C2 = 2 ]\}E}loo 1OgN|¥N(pH7(X('U))2 < 00. (417)
Proof : See the Appendix. |
Asymptotic normality for the renormalized k-variation
We will consider the renormalized k-variation sequence
GN(]C, Oé) =vN — lVN(]{J,O(). (418)

From the above Lemma 4 and (4.15) it follows that
E[Gn(k a)]” =Noeo 0%,

with o2 given in the statement of Lemma 4. We will show that the sequence (4.18) satisfies a
central limit theorem.
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Theorem 7. Letl,p € N*. For a filter a of order p and of length I+ 1, with p > H—i—%, let Gy (k, o)
be given by (4.18). Then the sequence (GN(kva))N21 converges in distribution, as N — oo, to the

. 2 _ _ 1
Gaussian law N(0,0%). Moreover, for p = 1, H = 3/4, the sequence <\/WGN(k’a)>

are those appearing in Lemma 4.

N>1

converges in distribution to N (0, ¢?). The constants o2, c?

Proof : Notice that from (4.13), we can write

Gn(k, o) = Irg(gn.2g) With gy 2g = VN = 1 fy 2 (4.19)

g=1

with fn 24 given by (4.14). Our main tool to prove the asymptotic normality of (4.19) is Theorem
6.3.1 from [66]. According to it, for p > H + 1/4 it suffices to show that

L (29)'Mlgn 2413820 = N0 U%q and 0? := 21 O—%q < o9,
2. forevery ¢ > 1and r =1,..,2¢ — 1, ||gn,2q @r 9N 2q]| 5®1a-20 =N 00 0,
3. limpy 00 SUPn>1 Zq2M+1(2q)!||9N,2q||§.[®zq =0
and for p=1, H =3/4,
L oz C)Mlgn 2ql3020 =Moo Lig=13¢7,
2. forevery g>1landr=1,..,2¢g— 1, mHgng ®r N 2|l H@49-2r = N00 0,
3. limpy 00 SUPn>1 Zsz-H W(QQ)!HQN,MH%@% =0.

Point 1 in both cases follows from Lemma 4. Let us check point 2. By definition of contraction (see
(4.42)), we have forg > land r=1,..,2¢ — 1

1 (5)? L (Cru,Cia)h _ _
IN.2q Or IN 24 2q Z < i, ]7Q>Hc®2q T®Cﬁ3q T

N —1 (29)! Pyt W?I’N(O)m b

and

||9N,2q ®r gN,2¢ ||’2}.L®4q—27‘

2
(ck,)? 1 i (Cirar Cin. )28 (Cy vy Ciy )51 (Ci s Cia ) 20" (Cltyr Ciy )i
(2¢9)! ) (N —1)? i 7N (0)2a

2 N
(ng)2 1 a,N /. - \2q—r a,N /. . \r a,Ny. - \2q—r a,N /. YA
= ( (2q)| (N — l)2 Z PH (Zl - 12) PH (12 - 7’3) PH (7’3 - 14) PH (14 - 7’1)

i1,i2,i3,i4=1

with p%™ given by (4.45). We use the fact that

N
S P (i — )20 p N (i — i3)" ™ (i5 — 1a) 217" pG ™ (4 — 1)
i1,12,13,i4=l
N 2
2q—r r
N N
< 2 (M 0rmnn) " e (5 00zn) ) o
n, m=lI
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(where * denotes convolution on Z) and we obtain

”gN 29 Qr gN 2qH%®4q 2r

2q—r T 2
< OF lz<(PH Lisn ) ' *(P?N1{|~|<NZ})> (v)
v=l
1 a, 2q—r 2
< Oy | (P Lisn-n) 14/3(Z)H(PH 111281 [ sgr
3/2
o, N (2q—r)% o, N r%
= o | X () > (VW)
[v|[<N-I [v|[<N—-I

3/2

by virtue of the Young’s inequality as in [48]. Note that for v large enough we have by virtue of

(4.49)

1 _ _
by, (V)1 {uj<n—1y < CNUQHH L oien—1y < Cv*2 < Cop(v)1jw<n_1y,

and since all the powers involved above are positive, this allows us to replace pOI;’N with . Thus,

for large N the norm ||gn 24 ®- gN72q|\3{®4q_2r is bounded by

3/2 3/2

C 1 Z ‘U‘(2H—2p)(2q—r)% Z |,U|(2H—2p)7'%

N1
o] <Nl o] <N

For p > 2 all these series converge. For p=1and H < 3 5 the only cases in which some of the series

do not converge are r = 2¢ — 1 and r = 1. However, the observation

T 3 O Y et < oNINETENE-E g

N1
o] <N o] <N—1

ensures that even in those cases the term ||gn 24 ®» gN,quiwq,w converges to zero.

Concerning point 3, fix M > 1 and recall that from (4.46)

2q N —|v| -1
2 aN
Qa)Mlgn2alliue = 1557 %( (v ) Yplsv-y—x =7

and therefore, since |p?{’N(v)| <1 for |v| large enough,

(ck) 2 N —|v| =1
i 3 Qa)llonaglen < s Y q) > (Y @) 1guren—n
2l >t N2l St veZ
CQq
<oy Gy
q>M+1 VEZL
ch N — "U‘ —1
b 1 _
—FC’JsVu>p1 >%: o) Z N, ( (WISN-13 "N
—+1 VEZ
From (4.49)
bN,H( ) <C’7 if p>2,
and

N — —1 1 3
> bN’H(U)2¢SCm o oI < oNtS ifp=1H< .

N1
o] <N o] <N
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Consequently,

sup Y 2a)lllgn.aqllie <C Y ( |Z era(v)’,

ZHg>M4+1 q>M+1 T wez
k \2
and this tends to zero as M — oo, due to the convergence of the series 3° -, (522—2)).
For WG ~n(k, a) there is nothing to show since the case ¢ = 1 does not contribute to
og
the limit. u

4.3.2 Rate of convergence for even power variations

In this section we will further quantify the CLT proved above by deriving a rate of convergence
in Wasserstein distance for even power variations.

Let k > 2 be an even integer. Consider the sequence G (k, ) defined by (4.18). From (4.13),
since the coeflicients cgj vanish if 25 > k, we get

X2 ck o2
Gn(k, ) & 22 . 4.20
b= s e o 2

=l qg=1

Denote for every ¢ = 1,2, .., % the 2¢-th chaos component of Gy (k,«) b
G (k. @) = Tog(g 29): (4:21)
with gn 24 from (4.19). Let us consider the g—dimensional random vector
Gy(k, a) = (Gﬁ)(k,a),Ggé)(k,a),....7GS\’;)(k,a)) .
Notice that for every gq1,92 =1, .., g with ¢1 # ¢
EGR™ (k,a)GF™ (k,a) = 0,
while for ¢ = ¢ = ¢

2 (ch,)? o v
E[GS) (k)| = ((Qq))! > @) vy (1 - N—|z>'

VEZ

Let us introduce the matrix C' = (C'qth)qhq2:17“,E with components Cy, 4, = 0 if ¢1 # g2 and

C
= 2“ ZgoHa . (4.22)

VEZ

The objective in this section is to calculate the rate of convergence of Vy (k, «) in the CLT proved in
Section 3.1. In order to obtain this rate in terms of the Wasserstein distance we will use Corollary 3.6
from [68] to show that the vector G y(k, ) converges to a normal distribution with the covariance
matrix C' and determine its convergence rate. This will provide corresponding results for the k-
variation statistics Viy (k, ). For the sake of completeness we cite this corollary here.

Corollary 2. Fixr d > 2 and 1 < ¢1 < --- < qq. Consider a vector F = (Fy,...Fy) =
(I4,(f1) ... Iy,(fa)) with f; € H®% for any i = 1,...,d. Let Z ~ Ng(0, C) with C positive de-

finite. Then
1 2
(Cz‘j - ;(DFi, DF7>H> ]
J

dw(F, Z)<c,| Y E

1<i4,j<d

for some constant strictly positive c.
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(In the one-dimensional case for a standard normal Z this result is also true and can be found
n [66]. For k = 2 the norming condition is satisfied, and the corollary is applicable.)

In order to apply the corollary for F; = Gg\z,i),i =1,., g, we will write each summand as

1 2
E (Ci. — —(DF,, DFj>H)
4q;
1 2 1 1 2
< 2(Cij—qE[<DFi7 DFJ»>H]) 1+ 9E (qE[(DFZ-, DFj>H]—;<DFi, DFj>H) (4.23)
J J J

and conduct separate calculations for both parts. We start with a lemma for the deterministic
part.

Lemma 5. Let Gﬁ‘”,cm be given by (4.21), (4.22) respectively and assume p > 2. For N large
enough and for every q =1, ..,% we have for every H € [%, 1),

‘E GGV (k)% = Coa| < C%.
For p =1 we have for H € (%, %)
‘E [Gﬁ‘”(k,a)ﬂ — C,q| < CNHH3,
and forp=1, H = %,
‘E (G50 (k,0)?] = Gy < olongN.
Proof : See the Appendix. |

The following proposition provides a bound for the random part in (4.23).
Proposition 30. Let Gy be given by (4.18). For q1, g2 € {1,...,%}, p>2and H € [%, 1),
1
Var((DGR™ (k, o), DGC™) (k, a))) < C-

Forp=1and H<3/4

Var((DGG™ (k, a), DGG™) (k,a))y) < € { 1080y —

Proof : See the Appendix. |

Before stating and proving the main result of this chapter, let us briefly recall the definition
of the Wasserstein distance. The Wasserstein distance between the laws of two R%valued random
variables F' and G is defined as

dw(F,G) = ’sllelg |ER(F) — ER(G)|, (4.24)

where A is the class of Lipschitz continuous functions h : R — R such that ||h| 1, < 1, where

h(x) — h(y)
IhllLip = sup Inz) = hiy)]
z,yER xy lz — yllga

Let us now state and prove the main result of this section.
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Theorem 8. Let 02, ¢ be constants as in Lemma 4. Let p > 2 and consider the sequence (4.20).
Let Z ~ N(0,0?). Then there exists a constant C' such that

dw (G (K, 0), Z) < c%.

Forp=1and H < 3/4 let Z ~ N(0,c?). Then there exists a constant C such that

A iHeRY),
o 32
dW(GN(k7a)7Z)SC % ZfH:g

NH=3 - fH € (8,3).
Proof : Consider the function f : R? — R, f(z) = 2 (21 +... +:v§). Note that f is a Lipschitz

continuous function with ||f|| < 1. From Lemma 5 and Proposition 30 it is easy to see that by
Corollary 2

k k k k
dw (QGN(kz,a), 22) — dy <2(G§3)(k,a), o GV (), 22) <C

where Z ~ N(0,C) if p > 2 and

. i = if Heli,2),
o 32 5
dW(§GN(kaa), §Z) <C % if H=2,
N*H=3 - if H e (3,3).

if p=1and H < 3/4. Now,

dw(Gn(k ), Z) = ” Hsu_pq\Eg(GN(k»a))—Eg(Z)\
= s [Bloe NGG(k )~ Bloe HEZ)
lgllzip<1
< sup Eh(EGN(k, a)) — Eh(Z)’
Ihlzp<t ]2

= dw(gGN(k, a),Z).
|

Remark 14. Forp =1 and k = 2 we retrieve the bounds obtained in [/5] (and in [/7] for H = 1),
which also coincide with the speed of convergence for the quadratic variations of the fBm (see [0(])
under the Wasserstein distance. For k = 2, it is also possible to get optimal rates under the total
variation distance based on the criteria in [67].

4.3.3 Multivariate central limit theorem

In this part we restrict ourselves to the case of quadratic variations (i.e. k = 2) and we derive
a multidimensional CLT. This result will be needed in Section 4.5 which deals with the estimation
of the Hurst parameter of the solution to (4.2).

To establish multidimensional convergence, we will use Theorem 6.2.3 in [77]. Let us recall its
statement.

110

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Meryem Slaoui, Université de Lille, 2019

4.3 Central limit theorems for the spatial k-variations

Theorem 9. Let d > 2 and q1,...,qq = 1 be some fized integers. Consider vectors

F, = (Fl,m - -aFd’n) = (Iq1(f1,n)7~~'>qu(fd,n))

with fi, € H®%. Let C be a real-valued symmetric non negative definite matriz and let N ~
N4(0,C). Assume that

lim E (F; , F;,) = C(i,5) fori, j € {1,...,d}. (4.25)

n—oo
Then, as n tends to oo, the following two conditions are equivalent :
— F,, converges in law to N,

— for every 1 < i < d F;,, converges in law to N'(0,C(i,1)).
We now state and prove the multivariate CLT for the renormalized sequence (4.1) with k& = 2.

Theorem 10. Let P > 1 be an integer and o', ...,aF be filters of orders p1,...pp and lengths
L +1,...,lp + 1 respectively, where l;,p; € N* i = 1,.,P. Let VNn(2,) be given by (4.1). If
Piy-- -, PP >H+i, we have

(VNVy(2,aY),...,V/NVy(2,a")) = N (0,0),

where (0; ;)i j=1...p denotes a P x P matriz with entries given by

2
oo ll l2
— 2H
@"’7"_801 2Z<§: > agaglk+a gl ) : (4.26)

k=l \q1=0g2=0

Proof : By (4.13) with k = 2, with ¢;(H), co(H) from (2),

N4H+2

a” a™ = 2 za” 2 'a""®2
B(Vi (ko™ Vx (ho™) = o T QZEI #) 12 (Cr.am %))

i,j=1
o N4H+2 N

— Cz oz"acj,am 2 )
(N =1)? (61(H)N+02(H))2 Z< ) )3

5=l

By (4.9), we have for i,j =1,..,N

] ¥ m = aTL i CK”" i
S O

3 3 wioim (x5 o (+252))

q1=0g2=0

t —2H

L2 N—2H=1 o N o
= > > alar (2cHIJ—Z+q1—q2|2H“—4|J—Z+q1—q2|2H>.
q1=0g2=0

Plugging this into the covariance expression and using similar computations as in [48], we get

2N4H+3

(N = D2 (cL(H)N + eo(H))?

N N2H1 h =L pri1 N2H i I 2H2
Z CHZ Zalh Q2|k+(h | i Z Zam Q2|k+q1_QQ|

q1=0q2=0 q1=0¢q>=0

E (VN (k7 an) VN (ka am)) ~N—oo

=P+ P, + Ps.
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Using Lemma 3, we get with p := min(p,, pm)

Pl ~N—o00

N

c1(H) Z 4H -4 c2(H) NN 4H—4p+1

N v p7 P2 ~N—oo TNZ Zv:lv e )
v=lI

1

This shows that P, is the dominant term and it converges for H < p + 7,

are negligible. We thus obtain the claimed limit :

E (\/NVN (k,a™) VNV (k, am)) — O,

N—oc0

c3(H
P3NN—>OO 3]5[3)

A —4p+2

while the other terms

where ©,, ., are given by (4.26). The second part of the equivalence in Theorem 9 was proved as a
particular case of the CLT for higher powers, and thus the statement of the proposition follows. H

4.4 Noncentral limit theorem

The asymptotic normality obtained in the previous section holds for any filter of order p > 2
or for any filter of order p = 1 and H < %. It remains to understand what happens in the case
p=1and H > 3. We consider in this section the filter & = (1, —1) (which has order p = 1) and
we will show that, after a proper normalization, the quadratic variation associated to this filter
converges in distribution to a non-Gaussian limit. Let us start by estimating the mean square of

the quadratic variation.

Lemma 6. Let Vi (2,(1,—1)) be given by (4.1). If vy := E[VN(2, (1, —1))?] and H > 3 we have

4K

4-4H 0

N UN N—oo T3
1

where Ko will be given in the proof (see (4.52)) and ki from (4.9).

Proof : See the Appendix.

Recall that the solution to the wave equation with fractional-white noise can be written as

u(t, z) :/Ot/RGl(t—s,x—y)WH(ds,dy).

Let x; = %, 1 =0,1,.., N be a partition of the unit interval [0, 1]. Denote

gi(s, z) =Gi(t —s,x41 —x) — G1(t — 8,2, — x)
for i =0,1,.., N —1 and for t > 0,2 € R, with G; given by (4.5). We can write

u(t,wipr) —u(t, ;) = 1} (ge.4),

(4.27)

where I}V represents the multiple integral of order 1 with respect to the fractional-white Gaussian

noise WH . Then we have

al 1V (ge?)

= E (u(t, 1) — u(t, z;))

27

and so
VN 1 N2H+% N
Fy := =1 ith = ©2 )
V= 2(fn) with f (21, 22) N ;%,z (1, 2)
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Since in this part we will use the multiple stochastic integrals with respect to the Gaussian noise
WH with covariance (4.3), let us recall some facts about them. Designate by ¢ the set of linear
combinations of the simple functions Tyjg4xay, t € [0,T], A € By(R?). The canonical Hilbert
space Hw associated to the field W#, when H > %, is defined as the closure of the linear space

generated by  with respect to the inner product (-,-),, =~ which is expressed by

t s
(Lg,0x A Li0,51xBY ) g, = EWH (AW (B)) = agM(An B)/ / | u—v [ dudv.
0 JO

The scalar product in Hyy is given by

T T
(. )3, = EOWH(F)WH (g)) = an / / flu, 2)g(v,2)| u — v P drdudo,
0 0 Rd

for every f,g € Hw such that fOT fOT Jga | f(w,2)g(v, 2)|| u—v P72 dzdude < .
It is possible to represent the Wiener integral with respect to W as an integral with respect

to a white noise field with space-time white noise W via a transfer formula given by

/ ' [ semavten = [ ( / n{[o,ﬂ}w)f(u,x)(u—s)f3du) AW (sy)  (429)

(see [103] for details).

We will analyze the asymptotic behavior of the sequence Fi defined by (4.28). Since Fy belongs
to the second Wiener chaos, its law is completely determined by its cumulants (or equivalently, by
its moments). That is, if F, G are elements of the second Wiener chaos then F' and G have the
same law if and only if they have the same cumulants. Moreover, the convergence of the cumulants
to cumulants of an element of the second Wiener chaos implies the convergence in distribution. Let
us denote by k., (F), m > 1, the mth cumulant of a random variable F. Recall that it is defined as

n an

km (F) = (—1) o InE(e)],—0.

We have the following link between the moments and the cumulants of F' : for every m > 1,

Em(F) = > (=) (r — EXIal | EXe] (4.30)
oc=(a1,..,ar)EP({1,..,n})

if e L™(§), where P(b) is the set of all partitions of b. In particular, for centered random
variables F we have ki(F) = EF, ky(F) = EF? k3(F) = EF3 ky; = EF* — (EF?)2. In the
particular situation when G = I5(f) its cumulants can be computed as (see e.g. [65], Proposition
7.2 or [103])

km(G) = 2" (m —1)! - duy ... dupg, f(ug, ue) fug,us) - .o f(Um—1, Um) f(Um, u1). (4.31)

Based on the above formula (4.31), we obtain the limit in distribution of (4.28).

Theorem 11. Let Fy be given by (4.28) with H > 3. Then the sequence (Fy)n>1 converges in
distribution to a random variable F' whose law is determined by the cumulants explicitly defined in

the proof (see (4.38) and (4.34)).

Proof : Note first that by the transfer formula (4.29) W (g, ;) has a representation as W (g, ;)
for some (explicitly known) function g, ;, where W is a two-dimensional Gaussian noise. Therefore,
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k1(Fn) = 0,ko(Fn) = 1, the above formula for cumulants (4.31) can be applied and we obtain for

m>3
1 N\
Em(Fn) = 2™ Y(m —1)!
(En) (m=1) (W\ruN k1N+k2>
N N N
/ > a2 () | | D] 928 (waws) | | DD 37 (@, 1) | day.da,
" \ii=1 ja=1 Jm=1
1 NeEEE O\
= 2™ l(m — 1) -
\V NUN k’lN + k2
N
> ([an@a@i) ([ a0 @) e ([ a0, @ @),
J1dm=1 VR R "

We use the isometry formula for multiple integrals (4.41) with respect to W as well as the
transfer formula in order to get

/R G @ip@)ds = B (ult,zim) — ult, ) (ult, 2j41) — ult, ;)
i—j i—j
= b () ke (21
1
(k) = 3 (|k+1|2H—2|k\2H+|k—1|2H), keR, (4.32)

and we obtain

k'm(FN)
2H+3
= 2™ (m —1)! L N
\/NUNk1N+k2
Z ji—j ji—j
1—J2 1 —J2
> [k1<I>H< ~ >+I<:2<I>H+;< N )}

1y dm=1
jm 7‘7‘1 jm 7‘7‘1
x {mH ( - ) T habyy, ( - )
By Lemma 6,
km(FN)
SN oo 2™ Hm = 1)1(4Ky) T T N™
N . . . .
J1—J2 J1—J2
. Z |:k1q>H( N )—&—k‘g(IJH_‘_é( N >]
J1se5im=1
jm _jl jm _jl
X |:]€1(I)H <N> +k2q)H+% < N >:| .
By writing
— N N
Dy <ZNJ> :H(2H—1)/‘ / lu — v|* 2 dudv,
~ ~
and similarly
— N N
Pprys (zN]> :H(2H+1)/i / lu — o>~ dudv,
N N
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we get, for any m > 3,

ke (F)
N
~Nose 27N m = 1)IAK)TENT Y
jlij?nzl

1 1
</ / dudv [ky H(2H — 1)N~2H |y — v + jy — jp |22
0 0

FhoH(2H + )N "2y — v 4 jy — jo| 1))

1 1
< / dudv (ki H(2H — )N~ |y — v + j,, — j|?H 2
0 0
+koH(2H + 1)N 27"y — v + i, — 51 2771]).

Next, we write

. . |12H-2 2H—-2
N2y — v i — o272 = N2 B2 ’1+ i
N J1—Jj2
and
. . 12H-1 2H—1
N72H 1y g p ) — o2 = N2 J1—J2 ‘1+ u—v
N J1—J2
and obtain
N
km(FN) ~Nooee 277 H(m— 14K SN >
J1yeJm=1
1 1 . 2H—2 U—v 2H -2
/ / dudv |k H(2H — 1) |12 72 ‘ i
0o Jo N J1—J2
j —j 2H—1 U— v 2H—1
thoH(2H + 1) |22 S
E ( ) N J1—J2
R o — 1 |22 u—op |2H2
dudv |k H(2H — 1 ’m 1+ - :
/0 /0 [ ( ) N IJm —J1
j _jl 2H—1 °— v 2H—1
+koH(2H + 1 ‘m 1+ - _ )
2 H ( ) N Fa— 1
We claim that
N
km(FN)  ~Nooo 277 H(m = 1DIAK) T N™™ Y
J1s-Jm=1
r ,] —j 2H—2 ,] _j 2H—1
kyH(2H — 1) |22—22 ko H(2H +1) |22
1H( ) ¥ + koH(2H +1) N

. 2H—-2
ke H(2H — 1) ijjl

+ ko H(2H + 1) ‘jmjg 1

2H1]
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This follows by a standard procedure (see [65] or [103]) from the Taylor expansion in the vicinity
of z = 0 of the functions
1—(142)* 2 and 1 — (1 +z)?77!

and by the dominated convergence theorem. Therefore, for m > 3

Em(FN) —Nooo 2m—1(m—1)!(4K0)—%/ dzy...dz,
[071]m

(le(2H — 1)|$1 — IE2|2H72 —+ kgH(QH + 1)‘(131 — $2‘2H71)

(ki H(2H — )|z — 22|72 + ko H(2H + 1) |z, — 2127 71) .
Notice that the above integral is finite by Lemma 3.3 in [6]. Also, clearly
k)l(FN) =0 and kQ(FN) =1.

Since Fy belongs to the second Wiener chaos, the convergence of cumulants determines the conver-
gence of Fly in law to a random variable F' with cumulants given by

km(F) = 2m—1(m—1)!(4K0)—%/ dxy...dzy,
[0,1]™

(ki H(2H — 1)|21 — 20?772 4+ ko H(2H + 1)1 — 2?7 71)

(k1H(2H — 1) |z, — 21?7 72 + ko H(2H + 1)z, — 2127 71) (4.33)

for m > 3 and
k1(F) =0 and ko(F) = 1. (4.34)

The existence of such a limit is ensured by the Fréchet-Shohat theorem : It follows from the
convergence of cumulants that also all the moments of Fjy converge to some real numbers M,,,
m € N, as N tends to infinity. Moreover, by hypercontractivity (4.44) the mth absolute moments of
Fy are bounded by (m — 1)™. Therefore, also the limits of the moment sequences will be bounded
by (m —1)™, which means that the growth condition lim,, s (| Mmn|)Y/™ < oo is satisfied, thus
yielding the existence of a limiting distribution with the cumulants obtained above. |

Notice that the limit law with cumulants (4.33) and (4.34) is related to the Rosenblatt dis-
tribution but is more complex. For instance, if the constant ks vanished in (4.33), then we would
have obtained a Rosenblatt distribution in the limit.

4.5 Estimation of the Hurst parameter H

We will apply the theoretical results from Section 4.3 in order to construct and analyze several
estimators for the Hurst index of the mild solution (4.4) to the wave equation (4.2). It is worth to
emphasize that the estimators are based on the observations of the process u at a fixed time and
at discrete points in space.

We will define two kinds of estimators for the Hurst parameter. For the first kind we will
consider the observation time ¢ of our equation to be known, and the estimators obtained will be
asymptotically normal with the rate of convergence of order v/Nlog(N) for H < p — i. In the
second case we develop an estimator for H if the time ¢ > 1 is not known. This estimator will
also be asymptotically normal, but with a slower rate of convergence, namely v/N. Both kinds of
estimators are strongly consistent.
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4.5.1 Estimators for known t

We follow the standard procedure from [28] or [21] to construct our estimators. Let us first
define the k-th empirical absolute moment of discrete varations of the mild solution u(t, ) for fixed
time ¢ > 1 and a filter a as follows :

k
: (4.35)

1= i
k = — YN =
k
with U (£ ) defined in (4.8). Since U® () is Gaussian, we have E “U“ (&) ﬂ = (7‘(?1 N(O)) * Ey,
where Fj, denotes the k-th absolute moment of a standard Gaussian random variable, and therefore
we obtain

E[Sy(k, a)] = (ﬂz’N(O))g Ey.

Thus, for a given k, by replacing E[Sy(k, )] by Sy(k, a) we obtain an estimator for H that is a
pointwise solution to the equation

T o
3
80
2
—
(=)
~—
I
o

Sn(k, ) — F
with respect to x. Recall that (see (4.9))

o t c
me N (0) = Wq’w,a(o) - NTZl‘I’H%,a(O)v

and we denote

l
1
c1(z) 1= 04,0(0) = —5 > aganlg =P (@) = e®,ia 4 (0),
q,7=0

a, N
x

Note that for large N the function g(x) := =
the derivative

(0) is invertible. In order to see this we consider

) - % (@(i) - 2log(NNzicl(x)) - ( ;]22(:?1 - 210%Z)+612(x)) .

As shown in [28], the first expression inside the parentheses becomes negative for large N, and since
it is the asymptotically dominating term, also the whole function will become negative for IV large
enough. Therefore, for such N the function g is strictly decreasing and we can define estimators

f‘jk,N = (7r_°"N(O))_1 ((W) k) . (4.36)

Another estimator can be obtained by inverting only the dominant part of the empirical abso-
lute moment. Notice that asymptotically 7V (0) is equal to 53z Py, o (0) =: g(z), which is easier
to invert than its exact counterpart. This motivates the definition of another class of estimators,

Hyn:=g" ((SN;;ZO‘)) 2) : (4.37)

We show that the two estimators constructed above are consistent and we give their limit behavior
in distribution.

by inverting it :
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Proposition 31. The estimators ﬁN, rand Hy i given by (4.36) and (4.37) of the Hurst parameter
H > % are strongly consistent. Moreover, with v](\lf) = E[Vn(k, a)?], for H<p— i we have

MO8 (1 — iy, ) 5 (0.,
[,
N
and for H > 2 a=(1,-1), k=2
21og(N)

where F is the random variable from Proposition 11. The same statements hold for H.

(H — ﬁN,Z) A N oo F,

Proof : Since for every k > 2,
O(1/N) ifH<p-—1,
k=40 (#) itH =2 p=1, (4.38)
O(5zzr) HH>3 a=(1,-1), k=2,

the almost sure convergence to zero of Vi follows by hypercontractivity with a Borel-Cantelli
argument, see e.g. [99]. Due to the fact that the functions g and g are asymptotically equal we
obtain the asymptotic equality of H Nk and H ~,r and thus also strong consistency of H N k-

For the asymptotic behaviour we can refer to the calculations from [28] and obtain

Vi (k, ) := Viy = klog(N)(H — Hy_)(1+ o(1)),

which means that by Slutsky’s Lemma we will get

klog(N) (# - Ay ) SN (0,1)

o

for H <p-— i. For H <p— i this implies in particular that
klog(N)VN (H ~Hy, k) 4 N(0,0?),
with 02 defined in Lemma 4. For H > %, a = (1, =1), k = 2 the relation yields

21og(N)
VUN

for F given above. The same results follow for H due to its asymptotic equality to H Nk |

(H—ﬁm) 4 p

Remark 15. Note that this result provides the following speeds of convergence (see 4.38) : vV Nlog(N
for H<p-—1, VN \/log(N) for H = 3. p=1and N>~ ?Hlog(N) for H> 3, a= (1, -1), k=2.

4.5.2 An estimator for unknown ¢

Assume that the time ¢ > 1 at which the solution (4.4) is observed is not known. Similarly to

[45], if two sequences (az(l))ie{o »} and (a 52))16{0,_“721,} are considered, where a(? is obtained by
”thinning” the sequence a(!) (i.e. a;i) = a,(cl) for k € {0,...,p} and zero otherwise), then it follows
that

Dpy 0 (0) = 2270y ,0)(0) and Py 1 e (0) = 227101 10y (0),
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@) W
which implies that for large N we have approximately 7%, ’N(O) ~ 22H7r§[ ’N(O). This, in turn,
can be transferred to Sy :

[VES

B[Sy (k, o®)] = (5N (0)) " By~ 27 (x5, N (0)) " By = 2B [Sn (, D))

This motivates another estimator for H defined by

. (2)
Hy = llog2 <SN(k’ a4 )) )

Its limit behavior is given below.

Proposition 32. The estimator Hy (4.39) is strongly consistent for all H > % Moreover for

H<p- i, we have
VN(Hy — H) % N(0, 0?)
with o > 0.

Proof : It follows from the fact that Vy —n_ oo 0 almost surely that Sy converges almost
surely to its expectation. Thus, strong consistency is clear by construction of H. The multivariate
convergence statement yields asymptotic normality by the delta method, similarly to [28]. |

Remark 16. In our work we assume that the solution to the stochastic wave equation is observed
at discrete points in space and at a fixed time (which can be known or unknown), and we estimate
the Hurst parameter of the model by using spatial variations. A related problem of interest would be
to estimate the Hurst parameter by assuming the the solution is observed at discrete times at a fized
point in space. To this end, a careful analysis of the correlation of the solution is time is needed.
This idea has been used in several papers (e.g. [15], [85], [99]) for the estimations of the drift or of
the volatility parameter for SPDEs. A more complex approach is to construct estimators based on
the space-time grid observation of the process, but in this case the analysis of the behavior of the
generalized variations is more technical and it is still an open problem (even in the case H = 1 or

2
for the heat equation).

4.5.3 Numerical computations and simulation experiments

In this section we conduct simulations of the solution process and compare numerical perfor-
mances of different estimators introduced in the previous section. More specifically, we are going to
analyse the behaviour of Hy y for filters (1, —1) as well as (1, —2, 1), that of its exact counterpart
ﬁgj ~ for the second filter as well as that of Hy for different values of H. For N = 1000 and ¢t = 3
we get the following results for MSE computed from 100 iterations :

H=051| H=07 | H=095
Hy y(1, —1) | 1.02-107° | 1.61-107° 0.001
Hy n(1,-2,1) | 1.2.107° | 9.626-107% | 1.98-1076
Hs n(1,-2,1) | 1.2.107° | 9.634-107¢ | 1.99-107¢

Hy 0.002 0.001 0.001

The estimator Hy performs the worst. This can be explained heuristically by the fact that it
contains two sources of error instead of one, this being the practical trade-off in the case where time
t is not available. Another interesting observation is that the exact estimator H is not performing
better than the estimator H which uses the inverse of an approximation of the actual function,
which justifies the use of the simpler version in applications.
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True value H | Mean ﬁQJV(]., —1) | Mean ﬁZN(]., —2,1) | Mean I:IZN(l, -2, 1) MeanH v
0.51 0.5107118 0.5138851 0.5110081 0.5110082
0.55 0.5499827 0.5362797 0.549677 0.549678
0.60 0.5997487 0.6007376 0.5999698 0.5999722
0.65 0.6498786 0.6510065 0.6502865 0.6502909
0.70 0.7005558 0.6925 0.7003125 0.7003196
0.75 0.7500486 0.7482407 0.7499587 0.74997
0.80 0.8005769 0.7966326 0.7998019 0.7998186
0.85 0.8512704 0.8517664 0.8500505 0.8500754
0.90 0.9042009 0.8927607 0.8997257 0.8997638
0.95 0.9587621 0.9540507 0.9498974 0.9499602
0.99 1.01826 0.9959974 0.9898137 0.9899168

TABLEAU 4.1 — Mean of the estimators for 100 simulations

MMMMM

----------------

HHHHHH

FIGURE 4.2 — Normal fits of empirical densities for H = 0.51, 0.7, density plot for 0.9.
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FIGURE 4.3 — Boxplots of Ha n(1, —1), Ha n(1,

The Figures 4.1 and 4.2 show the change in the limiting distribution, while the boxplots
in Figure 4.3 illustrate the changes in the speed of convergence indicated in the discussion for
Hjy n(1, —1) and provide a comparison to the rates of convergence for the other three estimators.
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4.6 Appendix

4.6.1 The basics of Malliavin calculus

The basic tools from the analysis on Wiener space are presented in this section. We will focus
on some elementary facts about multiple stochastic integrals. We refer to [74] for a complete review
on the topic.

Consider H, a real separable infinite-dimensional Hilbert space with its associated inner product
(-y-)2,> and (B(p), » € H) an isonormal Gaussian process on a probability space (€2, §,P), which is
a centered Gaussian family of random variables such that E (B(p)B(v¢)) = (@, 1), for every ¢, €
‘H. Denote by I, the gth multiple stochastic integral with respect to B, which is an isometry between
the Hilbert space H®? (symmetric tensor product) equipped with the scaled norm ﬁ I3« and
the Wiener chaos of order ¢, which is defined as the closed linear span of the random variables
H,(B(¢)) where ¢ € H, |¢|l% =1 and H, is the Hermite polynomial of degree ¢ > 1 defined by :

Hy(z) = (—1)7exp <”§> % (exp (f)) , z€R. (4.40)

The isometry of multiple integrals can be written as follows : for p, ¢ > 1, f € H®P and g € H®9

E(L,()(9)) = { G = (4.41)

0 otherwise.

It also holds that :
Iq(f) = Iq(f)a

where f denotes the canonical symmetrization of f and is defined by

o 1
flz1,...,2q) = a Z f(xg(l),...7xg(q)),

0ES,

where the sum runs over all permutations o of {1,...,q}.
We have the following product formula : if f € H®P and g € H®9, then

i) = S (D) (Y e G200

r=0

We need to recall the formula of contraction of elements of tensor products of Hilbert spaces.
Consider {ey, k > 1} an orthonormal basis of H and let f € H®? and g € H®?. Forr = 1,...,pAq,
the rth contraction f ®, ¢ is an element of H®®+9=2") which is defined by

o0

(f®.g) = Z < fiep, e, ®...ep, Syor @ < g e, ek, Q... >yor . (4.42)
J1sesdp=1

In the particular case when H = L?(T), the rth contraction f ®, g is the element of HOPta—2r)
which is defined by
(f Or g)(817 RN Sp—ratla ce 7tq—r)
= fTr dug ... dupf(s1, .oy Spory Uty ooy Up)G(E1, ooy gy ULy - ooy Up) (4.43)

for every f € L?(T?), g € L*(T9) and r = 1,...,p A q¢. An important property of finite sums of
multiple integrals is the hypercontractivity. Namely, if F' = >_p_ Ix(fx) with fi € H®* then

p
2

E|F|P < C, (EF?) (4.44)
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for every p > 2.

We denote by D the Malliavin derivative operator that acts on cylindrical random variables of
the form F' = g(B(¢1),...,B(¢n)), where n > 1, g : R®™ — R is a smooth function with compact
support and ¢; € H. This derivative is an element of L?(2,) and it is defined as

n 6
DF =305 L (Bler),- Blen)er
=1

4.6.2 Proofs of some technical results

Proof of Lemma 4

From (4.14), we get

(B)* 1§~ (Cia, Cra)
Q) fv gl = o0 e
e (29)! (N —1)? ;Z (%N (0))2a
1 () & RN
T (N=1)2 (29)! i;z (PH (J—Z)> )
where we used the notation
a,N
@, T (V)
P3N () I;N( ) for v € Z. (4.45)
H
Next, we write
1 Y .0\ % a,N 2q N —Ju[-1
N1 >, (PH ( —Z)) = (PH (’0)) Yeisv-n— =7
i,j=l vEZ
and thus
V= DO warlBe = 25 (¥ ) NP2l (ag)
q)|IN2ql|3®2a = 29)! 'UEZ Py U {|v|<N—1} N_1 .
Using the expression
o (v) = F1@pa (N2 4 kao®p g o(0) N2 _ Pra(v) +an(v)
Pr F1®1,a(ON2F 1 k@1 J(O)N2A-T ~ 3y, (0) + an(0)
with
ko
aN(U) e N ‘I’H+2,a( ) (4~47)

we can write, with ¢ o and p%’,’N given by (4.16) and (4.45) respectively,

b (v) = p" (V) = r,a(v) (4.48)

and remark that due to Lemma 3 for v large enough

1 1
~ < Ot 4.4
b, i (V)] ol aN(v)(I) ~0) Fan(0) _C’NU , (4.49)
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where C' > 0 does not depend on N,v. With this notation we can write

T (5" 2 N = ol -1
N =D v 2alen = 12 $H,a (V) + o8 (0) " Ljoj<n—ny ——7—
(2q vEZ N [
C 2 2 vl —1
= S S () o e Y
q vEZ m=0
(CQq)2 — v =1
= (2q)! %@H,(X( 1{' |<N l}ﬁ +TN7q71’
with
2g—1
—-m N — |’U| —1
NG S e 1595 ( )W“‘ o)™ (ot ()" Lo <y =5 = (4.50)
vEZ m=0

Clearly, by the dominated convergence theorem

vEZ

which by Lemma 3 is finite if p =1, H <1 — ﬁ, and for all H € [1/2, 1) in the other cases. For
q=p=1,H=3/4

D
log(N — 1) —z R S

converges to a positive constant and thus (4.17) is obtained.
In order to conclude it remains to show that the rest term 7x 41 (4.50) converges to 0 as
N — oo, for every ¢ > 1. From (4.50), using the bound (4.49) and Lemma 3, we have the estimate

2g—1 2q 1 2q—1
Irnvg1l < C Z < )NQq _ Z || GH=20)m | | (ZH+1-2p) (2g-m) . Z TN

1<v<N—I m=0

and for each m =0,..,2¢ — 1,

C

E (2H —2p)2q+2q—m

N,q,1,m S N2q7m |U| .
1<v<N—-I

When the series v|RH=2p)2¢+2¢=m ¢onverges we get
VEL

1 1

TN,q,1,m <C—m— C —N-—00 Oa

<SCxarm S
and when the series diverges,

1
N2q m

TN,q,l,m <C N(2H—2p)2q+2q—m+1 < CN(QH—Qp)2q+1 S Noeo 0

(up to an additional log N factor appearing whenever the exponent in the sum adds up to minus
one)if p=1,H € (%,1—%) orp>2and H € [%,1). Ifp=1 ande%vveobtainform;«él

—2q+1
TN,q,1,m < CN at —7?N—oo 0

and for m =1
"Ng1m < CN 2T og N =y 00 0.
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If p=¢q=1, H=3/4, the quantity
1

log(v 1) V!
will also converge to zero which can be seen using again (4.49) and Lemma 3.

The fact that the series 02 = Yt ng < oo for H<p-— 4—1(1 follows from the study of the
k-variations of the fractional Brownian motion, see [28] or [66]. |

Proof of Lemma 5

As in the proof of Lemma 4, we have

2

E[GR)(ka)?] = (e,

ol 2 ("’?N(”))Qq L en— A=t (4.51)

N —1
VEZ

Recall the representation p$; ™ (v) = ¢ (v) 4 by, #r(v) introduced in Lemma 4. We obtain by the
Newton’s formula

k2 29
2 (02 ) 2q —m N — |’U| -1
E [vaq)(’f’a)ﬂ = (2;>! Z (m) Z‘PH@(U)mbN,H(U)Qq 1{\v|§N7Z}W
m=0 VEZ
(c5,)? N —|v| —1
= g 2 e s =
vEZ
+7N, g, 1

where we sepatated the summand with m = 2¢ above and we used the notation (4.50). Conse-
quently,

E [G(Qq)(k 04)2} _ (Céq)2 Z (U)Qq _ (ng)2 Z (1})2q
U=t CU
(c5,)° oq (N = o] =1
—
* (29)! ‘ I;\;_lWH,a(U) ( N —1 > + TN, g1
(c5,)? 2
) Y oHa(0)+ TN g5+ TN g2 + TN g1

VEZ

with

(ck )? N —|v| =1
e B 5 ()

" v|<N—1

(c5,)? %
’I"N,q’3 = — (2q)' Z QDH’Q(U) .
[v|>N—1+1

The asymptotics for 7y, 4,1 has been studied in Lemma 4 :
1 iprQorpzl,qZQ,HEB,lfi),

|TN,q,1| SC N4H73 1fp:15q:17H€ (%7 %)a
longN 1fp:1’q:]_7H:%

For rn 4,2 we calculate

o | )
el <€ 5 el ( <O Y e

N1
o] <N o] <N-1
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Note that the above series is convergent for p > 2 orforp=1and ¢ >2if H <1 — i (which is
satisfied for H < %) In these cases, we will find the estimate

1
|7"N’q’2| S CN

— — 2H-2p)2¢+1 _ 4H-3
For p = 1 and ¢ = 1, the sequence ;.. |v|( P)2a+l — i<foj<n—1 [V behaves as

NAH=2 and we get

rNg2| < CN*3,

so here we obtain the bounds

vl ifp22orp=1,qz2,He[l1_L),
|TN,q,2| SC N4H_3 lfp: 17q: 1aH€ (%7 %)7

eV ifp=1,9g=1,H=

1
N 2

Finally, for ry, 4,3 the same bounds can be established. An application of Lemma 3 yields

|TN,q,3| <C Z @H,a(’l))% < CN(QH—QP)2(1+17

ol >N -1
and consequently,
¥ ifp>20rp=1¢22H<1-4
7N, q.3] {N4H3 1fp_17q_1,H<Z-

Since % < N*H=3 for H between % and %7 the result for p =1, ¢ > 2 follows. |

Proof of Proposition 30

We can explicitly compute the Malliavin derivatives in the statement. For g € {1,..., g}
ck C@(QQ*U
DGR (k,a) = Al | oS | Ciall).
2\ Z )! (m - (0))¢
Assume without loss of generality ¢; < go. We have
(DGR (k, @), DGS™ (k)
_ 1 clgth CZqz Z I L (C®(2q1—1)) 1 (C®(2‘12 1)) <C C. >’H
(N = (N (0))te (21 — D! (2 — 1! £= 707700 e nee
1 C§Q1 cng

(N — l)(ﬁ%’N(O))Q1+qz (2¢1 — 1)! (2g2 — 1)!

N 2q1—1
y Z qz: 2q1 — 1\ [2¢q2 — 1 I (C®(2q1 g, C®(2q2 1)) (Ci o Cioa)
r r 2q1+2q2—2—2r i i, Ui a)H,

i, 5=l r=0

and E[(DGS\Q,‘h)(k, o), DGS\?'D)(k, «))y] is the term containing Iy. It follows that

(DGR (k,a), DGY (k, )y — E(DGS™ (k, ), DGG™) (k, )]

k k
1 ©q ©2¢2

(N — l)(’]‘r%’N(O))Q1+QQ (2(]1 — 1)' (2CI2 — 1)!

N 2¢1—1—w
} a N 2q1 — 1\ [2g2 — 1 I (C (2(1171)® C®(2q2—1)) (Ci o Cy. o)
z : 2 : : r r 2q1+2q2—-2-2r \ Vi o rYia i,a Uj,a)H,
l

i, J= r=0
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where w = 1 if I; # ls and w = 2 otherwise.
Due to the fact that products of integrals of different orders have zero expectation we obtain

P = E[(DGF™(ka), DGS™ (k,a))u — E(DGH™ (k,a), DGG™ (k,a))x]))?)
C
N=eo (N — 1)2(x%N (0))2(a1+a2)
e al 2q —1\ (202 — 1 i
x 2 E ZT' . >< g )fququ 2-20(CES" Y @ CEITV)Ch Gt
r=0 i, 5=l

2q1—w 2 2
_ C 21 — 1 2q2 — 1
S Y S N QA CRL R

H r=0 1i,j,k,m=l
— 2q1—w
®(2 1 ®(2 1 ®(2 1 ® (2 1
< (CER0D @ PGe=D R0 g CRCET) sen a2 = Y Pr.
r=0

We can compute the contractions involved and get via (4.42)

ok ®(2¢1—1) Ry C®(2Q2 1) _ C®(2<I1 r—1) ® C® 2g2—r—1) (<Ci,om Oj,a>’H)T )

Zi

Consequently, one can write for » > 0

H®(2a1+2q2—2—27)

’<C®(2¢I11)® C@@% 1) C®(2¢I1 1) C®(2¢I2 1)>
(e LA Mo

S ‘(<Ci,0u Cj,a>H<Ck,m Cm,a>7-1)r‘

X o max (Ci.ar Cr, )" 7UC iy O, )27 7Ch oy Con0)5(Cl s C )
due to symmetrisation : the maximum is taken over all outcomes of different permutations of the
first and second component of the inner product, the number a signifying the number of C; in the
first component that are appearing in the same places as C, in the second component in a given
permutation.

In total, we obtain for a fixed r € {0,...,2¢; — w}

N

1
PT < ¢ Cz ay C; « o Ck a Cm a rh
1Pl (N — 12(x %N (0))2(@+aa) sz l|< o .ol (Cha O )|
X Jmax ‘(Ci’m Ck,a>é_1[77"71*a<0j’aa Cm’a>é’_2[7"'*17a<ci’a, Cr, a)5(Cj, 0, Cr, )iy
a=VU,...,t1 —Tr—
1 N
= C - Z N(i o j)r+1ptlxq, N(k} N m)r+1
N =102
i,5,k,m=l
X max (pi}’N(i — k) N G = m) T i N (= m) e N (G — k)|,

with p% ™ defined in (4.45). Due to boundedness of p% ™ we can without loss of generality reduce
the number of factors. In particular,
max

Ny —r— N o N N
a0 X (’L—k')h r—1— ap;v[ (j_m)lg r—1— ap% (’L— )ap?z{ (j—k‘)a

< Clg N —k)pg N (G —m),

since either the factor [p% ™ (i — k)pl N (5 — m)| or [p% ™ (i — m)p% ™ (j — k)| is contained in the
product and for symmetry reasons there is no need to distinguish between these cases. Using this
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inequality and bounding the first two factors in the same way we arrive at a bound

N

1 a LN a . a .
| P | Cm Z o5 ™ (i = 5)ps N (k= m)pg N (i — k)p% N (G — m)]
i jkm=l

O e (Z o5 ™ |4/3>37

where the last step follows via Young’s inequality as in [18]. The representation p}; Nw) = o)+
by, m(v) together with the fact that for |[v| < N we have by, g(v) < Copg(v) for some constant
C allows us to replace pf; N with v (v) in the last bound, since the powers involved are positive.
Finally, by Lemma 3

IN

IN

0o(1) if He(0,2),
Z\wf )[¥/3 = { O(log(N)) it H = 2,
O(N% %) if H e (Z,1)

for p=1 and Ziv:l |z (v)[4/3 = O(1) for p > 1, and thus the result follows. |

Proof of Lemma 6

As in Lemma 2 in [48], we have by (4.9)

. . . 2
oy = (ijNiQQZ[ (( ’;1)—u<t,;))(u<t,3]+vl>—u<t,jv)))}

1,7=0

.2

B 2N4H <I>H (t—17) i pya(i—J)
T (kN + k) (A N + ko)2 Z N2H + R2 N2H+1

1,7=1

L a2

B ANAH N L Dp(i— ) Lk ‘PH+§(1—J)
T (kN + k) QZ Z LT N2H 2T N2HAL

j=1li=j+1

aNtH & 1 17

+ k1N + k2) QZ k1N2H+k2N2H+1

1 2) =
2

‘I)H+§(l) N_1

N2H 2T N2H+1 (N =1

ANAH N
(k1N + k2)? —

oni I 1 172
+(k1N+k2 2 Z [k1N2H +k2N2H+1:| :

The last summand satisfies

oyt XN 1 1 72
(k1N+k2)QZ {klNQH +k2N2H+1] =¢
1=1

for N large enough while the first summand converges to infinity, see below. Using the asymptotic
behavior of @5 and ®p 1 namely

Sy (l) = HQH — )22 4 o(1?1-2)
and
i (1) = H2H + )PP o)
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for [ large, we obtain

2H—2 2H-1 12
+ koH(2H + 1)N2H+1] (N =1

N
4
UN ~Nooo 7N4H72Z |:le(2]{— 1) N2H

a1l & ]\ 2H -2 IN2E1]? N

and therefore

_ap ki
N4 4H711}N — N—00 1

4K,
with
1
Ky, = / (kiH(2H — 1)2*" =% + ko H(2H + 1)35211—1)2 (1 —2)dx

0
H?(2H —1) H?(2H +1) H(2H + 1)?

2 2

IS —3) + 2k ko SH — 1) + k3 JaH 1) (4.52)
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