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CHAPTER 1

Introduction

1. Background and objectives

The research of infectious diseases based on mathematical models, especially dynamic
models, has a long and diverse history [40]. It may be traced back to D. Bernoulli’s math-
ematical study of smallpox vaccination in 1760 [15]. In 1873-1894, P. D. En’ko established
modern mathematical models of infectious diseases [36]. In 1906, in order to understand
the repeated epidemics of measles, W. H. Hamer constructed a discrete mathematical model
and analyzed the dynamics of the model [49]. Five years later, the Nobel laureate, R. Ross,
used a differential dynamical system to study the dynamics of malaria transmission between
mosquitoes and people in detail [94]. To study the epidemic regularity of black death in
1665-1666 and plague in 1906, W. O. Kermack and A. G. McKendrick proposed the most
influential model-—SIR model in 1927 [5, 59]:

ds

22 — _BSJ

(% BSI,

o =BSI—Al, (1.1)
dR

AT

dt 7 )

where the total population (N) in the affected area is divided into three classes: susceptible
(S), infected (I) and recovered (R). Birth and death are ignored, that is, N(t) = S(t) +
I(t) 4+ R(t) is constant. The parameters /3 and 7 denote the transmission and recovery rates,
respectively. Subsequently, W. O. Kermack and A. G. McKendrick put forward the SIS
compartmental model in 1932 [60]:

as

2 = _BST 4T

il BST +1, 12)
U gsr A1 '
dt—ﬁ Y.

On this basis, they proposed a “threshold theory” that distinguishes whether the disease
becomes popular. When the basic reproduction number Ry := 8% 1, the disease dies out;
when Ry > 1, the disease remains and becomes endemic, where Sy denotes the number or
density of the initial susceptible population.

These two basic dynamic models (SIR and SIS) and the corresponding theories established
by W. O. Kermack and A. G. McKendrick lay a foundation for the study of the dynamics of
infectious diseases. Since then, mathematical modeling and dynamical analysis of infectious
diseases began to flourish, and the representative work is the first book on the mathematical
theory of infectious diseases and its applications published by N. T. Bailey in 1957 [9]. Es-
pecially in the past 30 years, there has been a rapid progress for the mathematical analysis
of the dynamical systems originating from infectious diseases in the world. A large number

1
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of papers and books [5, 50, 58] have been devoted to analyze the dynamical properties of the
established models with regard to various infectious diseases.

In this thesis, we shall consider three types of dynamical systems extracted from infectious
disease research, i.e., (a) reaction-diffusion system, (b) ordinary differential system, and (c)
network-based system. The first two categories are deterministic models, and the last one
belongs to stochastic models. Systems (a) and (c) have the diffusion effect, while system (b)
only has the reaction effect. In what follows, we introduce their research progress in recent
years, respectively.

(I) A diffusive influenza system with multiple strains

Influenza, having been a major cause of excessive morbidity and mortality [102], is a
serious cytopathogenic, drastic respiratory infectious disease caused by an RNA virus in the
Orthomyxoviridae family [35]. Besides, influenza poses a considerable economic burden of
society and becomes a problem of public health [113]. Thus, it is imperative to prevent
and contain the outbreak of influenza via increasing our understanding of the dynamics of
influenza transmission.

Among pharmaceutical interventions, antiviral treatment remains one of the most effec-
tive measures to lower disease transmission and reduce the health burden of infections [38].
On the other hand, abundant use of antiviral drugs (such as oseltamivir and zanamivir)
is a significant factor in producing resistant strains. Recently, some mathematical models
have been used to explore the potential effects of drug resistance on the transmission of in-
fluenza [93] and identify effective treatment strategies for resistance management [69, 91].
These studies have provided useful insights into the emergence, spread and control of drug-
resistant influenza. However, these models are all ordinary differential models. If the random
movement of individuals in space plays a very important role in the dynamics of influenza
transmission, it is necessary to consider the influence of spatial diffusion, which is usually
characterized by reaction-diffusion equations.

The traveling wave solution (or referred to as traveling wave), which appears to be trav-
eling with constant shape and velocity, is one of the elementary notions in the study of
reaction-diffusion equations. The study of traveling wave solutions for nonlinear reaction-
diffusion equations began with Fisher’s equation. In 1937, R. A. Fisher proposed the following
equation [39]:

up = dAu~+ru(l —u), t >0, z € R", (1.3)

where A = 37", 88—;, the parameters r and d are both positive, to describe the spatial spread
of an advantageous allele and explored its traveling wave solutions. At the same time, A. N.

Kolmogorov et al. gave a more general reaction-diffusion equation [61]:
up = dugy + f(u), t >0, z € R, (1.4)

and analyzed its traveling wave solutions. Thereafter, traveling wave solutions of nonlinear
reaction-diffusion equations have been extensively and deeply studied, wherein its existence
is the most fundamental problem in determining the long-term behavior of other solutions
of the systems [54, 96, 122]. In epidemiology, the existence and nonexistence of nontrivial
traveling waves indicate whether an infectious disease can persist as a wave front of infection
that travels geographically across vast distances. The minimal wave speed for a traveling
wave is a key parameter to characterize the speed at which the disease spreads in a spatial
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domain [33, 96]. Therefore, the study of traveling waves and minimal wave speeds is of great
significance to the prevention and control of diseases.

In 2014, T. Zhang and W. Wang established a reaction-diffusion influenza model with
treatment [123]:

( 2
oS 0°S
9 dsaix; — B(I, + 1) S,
oI, 041,
— =dy—7— +(1— Iy +01p)S — kyly,
5 = dugys T (1= wBLu+61)S —k (L5)

ol %1
OR 0’R

and focused on the existence and nonexistence of traveling wave solutions. As a result of
the high mobility of population and the emergence of drug resistance due to treatment, we
will further show the effects of demographic factors (recruitment and natural deaths) and
drug resistance on the spatial spread of influenza. With the increase of the practical factors,
some interesting and novel dynamics will appear, which are different from those in previous
studies [122, 123, 124].

(IT) Predator-prey type eco-epidemiological systems

Ecology [76] and epidemiology [5], as two different subjects in the field of mathematical
biology [79], have received considerable attention in their own right. However, since R. M.
Anderson and R. M. May (1978, 1986) showed that invasion of a resident predator-prey (or
host-parasite) system by a new strain of parasites could cause destabilization and give rise
to limit cycles [4, 77|, quite a number of research papers (e.g., see [6, 25, 47, 72, 109] and
the references in [72]) have already appeared in this intercrossed direction, linking ecological
and epidemiological issues together. This leads to a new field of research popularly known as
eco-epidemiology, which is coined by J. Chattopadhyay and O. Arino [25].

In studying eco-epidemiological systems, the interaction between species are primarily
assumed to be predator-prey type [4, 6, 25, 47, 72, 77], although competitive type [4, 72] and
symbiotic type [72, 109] are also common. In terms of predator-prey type eco-epidemiological
systems, disease spread can happen within prey/host population [4, 6, 25, 72, 77|, or within
predator /host population [4, 72], or between prey and predator populations [47].

From the perspective of modeling, the dynamical behavior of predator-prey system with
infection in the prey population is an important research topic. Generally speaking, such
eco-epidemiological system with SI or SIS type disease (see [4, 6, 25, 72, 77]) can be defined
by the following Kolmogorov-type differential equations

ds

— = I,P

g; Sf1(57 ; )7

E:IfQ(S’IaP)’ (16)
dP

E _Pf3(S7I7P)7

in the state space

R} ={(S,I,P)eR*: S >0,1>0,P >0},

lilliad.univ-lille.fr



Thése de Mengfeng Sun, Université de Lille, 2019

4 1 Introduction

where S(t),I(t) and P(t) represent the population densities/numbers of susceptible prey,
infected prey, and predator at time ¢, respectively. The functions f, € CY(R3,R), k = 1,2, 3.

Since eco-epidemiological system (1.6) is a combination of a predator-prey model and an
epidemiological model, there are two factors that need attention from a large perspective: (i)
the choice of predator-prey model, generalized Gause or Leslie-Gower type [72]; (ii) the types
of infectious diseases, SI or SIS [5, 79].

On the other hand, Allee effect is an important dynamic phenomenon in conservation
biology, which is named after W. C. Allee(1885-1955) [32]. In recent decades, researchers have
conducted extensive theoretical studies on Allee effect within different biological contexts,
such as biological invasion [110], infectious diseases [51], etc. However, to the best of our
knowledge, there is little research involving the impact of Allee effect on eco-epidemiology [17,
56, 97], wherein [17, 56] considered the case that susceptible prey is subject to Allee effect.

Given the above considerations, system (1.6) can be simplified to a less abstract but
biologically more intuitive system as follows:

% = Sg(S,1)a(S,8) — ¥(S,1) — 61(S,1, P)P,
% = (8, 1) — ¢o(S, I, PYP — ul, (L.7)
% = Pqubl(Sv Ia P)P + 72¢2(S’ I’ P)P o dP’

where the parameters d and p represent the death rate (includes an additional disease-induced
death) of the predator and infected prey, 71 and 2 are the conversion rates of the susceptible
and infected prey biomass into the predator biomass, respectively; g(S,I) denotes the per
capita growth rate of susceptible prey in the absence of Allee effect and predation; a(S,#)
models an Allee effect that affects susceptible prey; (S, ) is the transmission/incidence
function; ¢1(S, I, P) and ¢2(S, I, P) are the functional/trophic responses or feeding rates for
the predator with respect to susceptible and infected preys, respectively.

In particular, we assume that infected prey has less but positive contribution to the growth
of the predator in comparison to susceptible prey, that is, 0 < 9 < 1. Moreover, u,d, v
and o lie in the interval (0,1). The form of carrying capacity plays a central rule in the
function ¢(.S, I'), which usually has two types, namely, explicit and implicit/emergent carrying
capacities [99]. In most of the model-based eco-epidemiological studies [6, 17, 25, 47, 56, 97],
especially when resources are limited, the growth function with explicit carrying capacity
(wherein the competitive abilities for both susceptible and infected preys are the same) is a
better choice as it is easy to interpret and comparatively straightforward to estimate from real
life observations. However, the experimental study in [13] suggests that disease can change
the competitive abilities within prey. For this reason, we first assume that infected prey does
not contribute to the reproduction of newborns but competes for resources. By considering
different competition coefficients for two possible interactions, based on the growth function
9(S,I) = rS(l—%) with explicit carrying capacity, we modify it as g(S,I) = rS(l—%),
where ¢; and ¢o (0 < ¢1,c2 < 1) represent the weights of intra-class competition in susceptible
prey and inter-class competition between susceptible and infected preys, respectively.

Although the mathematical expressions modeling Allee effect are varied [31, 108], most
of them can be proven to be topologically equivalent. Here, we adopt the most common form
for Allee effect [62], i.e., a(S,0) = S —0, where —g <ok g When 6 > 0, this phenomenon

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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is called a strong Allee effect [108, 110], and € is known as Allee threshold. When 6 < 0, it
is said that susceptible prey is affected by a weak Allee effect [110].
The transmission/incidence function is usually either density-dependent (also referred to

the law of mass action or the bilinear incidence, i.e., (S, I) = kSI) or frequency-dependent

(also called the standard incidence, i.e., ¥(S,I) = %) [20]. By taking into account more

biological details, several different nonlinear transmission functions (e.g., the saturated trans-

mission rate ﬁSaII [23] and nonlinear incidence SSPI? [70]) were proposed. We think the

saturated transmission form is more reasonable since it represents a “crowding effect” or

“protection measure” and prevents the unboundedness of the contact rate, so in our work,
we use (S, I) = ﬁf—asl, where a > 0, 51 measures the infection force of the disease and ﬁ
measures the inhibition effect from the behavioral change of susceptible prey when their
number increases or from the crowding effect of infective prey.

Different functional responses have been considered in the context of ecology and eco-
epidemiology, see [10, 21, 80]. Mathematically, they can be classified into two main cat-
egories: monotonic and non-monotonic. To keep systems more general, the functional re-
sponse is not specified in our work. Moreover, we assume that the predator is not smart
enough to distinguish between susceptible and infected preys. Hence, the algebraic expres-
sions of ¢(S, I, P),k = 1,2 used in this work take ¢1(S5, I, P) = (S&?% and ¢2(S, 1, P) =
(SJFI)II)%, where n,m € Ny, n > m > 1, b is the searching efficiency constant or the
predation rate on the prey and a is the half-saturation constant of the predator.

Our model (1.7) is different from the models used in the previous works [17, 56, 97] due
to several aspects:

(D1) We use different competition coefficients within prey that arises due to disease-modified
inter-specific competition. This is an extension of the initial idea of M. Sieber et al. [99].
(D2) The incidence function exhibits the feature of transmission saturation.

(D3) The predator not only captures infected prey but also catches susceptible prey based
on the work of S. Biswas et al. [17]. Moreover, the consumption of infected prey has less
contribution to the predator’s growth.

(D4) We use the generalized functional responses of the predator, whose advantage is that
our results are not restricted to a particular model but applicable to certain classes of models.

(IIT) Network-based systems coupling epidemic spread and information diffusion

Complex networks have recently attracted attention in many disciplines, including epi-
demiology, physics, and social sciences [57]. Whereas the conventional compartmental models
of epidemic transmission are based on the assumption of a homogenous and well-mixed popu-
lation, the application of complex networks explicitly models connectivity between individu-
als. In particular, the discovery of scale-free networks has shifted the focus of network-based
research on disease transmission from small world networks to scale-free networks [11]. One
of the most influential results is the pioneering work done by R. Pastor-Satorras and A.
Vespignani [86, 87, 88]. After that, more and more scholars concentrate on the study of
epidemic models on complex networks [19, 81, 85].

In real-world situations, when an epidemic begins to spread, people generally become
increasingly aware of its presence. Their perception of the nature of the epidemic is shaped
by the information obtained through a variety of distinct channels: in their social or spatial
neighborhood, from the mass media (e.g., TV, radio, newspapers, etc.), through various

lilliad.univ-lille.fr
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online social media, and under the influence of various environmental factors. This spreading
information then causes some people to change their behaviors — either to protect themselves
or to reduce the risk of transmission [37]. As a result, the extent of the spread of the infection
can be significantly reduced [43].

This implies that the outbreak of an epidemic can trigger behavioral responses from
individuals, conversely, human behavioral changes induced by epidemics could have great
influence on the epidemic dynamics and even epidemic network structure. So, it is of great
interest to incorporate the change of human behaviors into mathematical models for infectious
disease transmission, making an exploration and simulation of epidemic spread and its control.

Recently, several works have addressed the problem from different perspectives [8, 42, 64,
74, 116], for example, risk perception, behavioral changes, competing viral agents, or collective
behaviors. For simplicity, we collectively denote all individual and community preventive
behaviors against epidemics as adaptive behaviors. To examine the interplay between adaptive
behaviors and epidemic spread, in Fig. 1, we depict a specific logical loop in the process of
epidemic spread. Therefore, in order to accurately model the spread of epidemics in complex

Awareness Epidemic information

Behavior information
transmission

Adaptive behaviors

FIGURE 1. A specific logical loop in the process of epidemic spread.

networks, we should take account of multiple dynamic processes simultaneously, including
epidemic spread, behavioral dynamics, information transmission, and the interplay. A general
interplay model between human adaptive behaviors and epidemic spread in complex networks
can be described by

X(t) = F(X(1),C(t)),
Y(t) = G(Y (1), E(t)), (1.8)
C(t) = H(Y (1), B(1)),

where the variable X (t) = (27 (), 23 (¢), -+ , 2% (t))T with 2;(t) = (a (t), zi2(t), -, win(t))T €
R™ denotes the behavior state variable of all individuals in a behavior information network
with size N, which can display collective behaviors under suitable conditions. The variable
C(t) = (c1(t), ca(t),- -+, en(t))T with ¢;(t) € R denotes the coupling weight of each individual
in the behavior information network. In the second equality of (1.8), the variable Y (¢) =
(y1(t),y2(t), - -+ ,yn(t))T with y;(t) € R denotes the infection probability of each individual in
an epidemic spreading network with size N. The variable E(t) = (Fy(t), Ea(t), - , Ex(t))T
with E;(t) € R denotes the state error of each individual, which can be defined in differ-
ent forms. F,G, and H represent three different mappings, respectively. The mapping
F: (R™W RN) — RN controls the dynamical change process of the state variable X (¢). The
mapping G : (RY,RY) — R characterizes the dynamical change process of the infection
probability Y (t). The mapping H : (RY,RY) — R" defines an adaptive update law of the
coupling weight C(t).

E(t
E(t

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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In system (1.8), human adaptive behaviors X (¢) play a role in the epidemic spreading
process Y (t) by embedding the behavior state error E(t), and epidemic spreading process
Y (t) influences human adaptive behaviors X (t) by changing their coupling weight C(t).

Knowing that the spread of behavioral information is quite different from that of the
underlying epidemic, we intend to study the complex interplay between adaptive behaviors
and epidemic spread in multiplex networks [103], in which the nodes represent the same
entities in all layers but the connection patterns at each layer are different. In view of
the authenticity of the network and the accuracy of feedback of nodes (i.e., point-to-point
feedback), the topological structure of a multiplex network is set to be quenched. On the
other hand, for emerging epidemics, people cannot promptly manufacture effective vaccines or
produce targeted drugs. In these circumstances, governments, mass media, or public health
authorities typically choose to guide individual behaviors to an optimal state of self-protection
to reduce one’s susceptibility to infection, so we will design optimized control schemes from
the new perspective of behavioral regulation.

From a mathematical point of view, we shall focus on the qualitative structure (or topo-
logical structure) of the limit sets (or invariant sets) in these three classes of dynamical
systems. The limit sets usually contain at least one of the following three parts: (1) singu-
larities/equilibria, (2) periodic solutions (closed orbits), and (3) singularities and the orbits
which tend to these singularities when ¢ — —oo or ¢ — +00 (e.g., homoclinic and heteroclinic
orbits). Supposing that the limit sets of systems are discussed clearly, their qualitative struc-
ture can be basically determined. Furthermore, the stability of the limit sets and bifurcation
phenomena are also the main content of our concern.

2. Main work of the thesis

This thesis is divided into five chapters, and mainly studies the dynamical behavior of
three types of epidemiological mathematical systems, i.e., a diffusive influenza system with
multiple strains, predator-prey type eco-epidemiological systems, and two network-based sys-
tems coupling epidemic spread and information diffusion. For these epidemiological systems,
we focus on their qualitative analysis. The specific work of this thesis is stated as follows.

In Chapter 2, we consider the following diffusive influenza system with multiple strains

([0S %S
i dsw + A —uS — [Bs(Isy + dIst) + BrIR]S,
ol 0?1
a‘iU = dSUW‘S;U + (1 — f)ﬂs(ISU + (5IST)S — (kU + ,u)[SU,
oI 0?1
% :dSTaTiT—i—f(l—r)ﬂS(ISU—i-(SIST)S— (kT—l—,u)IST, (1'9)
0lg 0?IR
5 = dr gz t1UrBs(Isu +0lst) + BrIR]S — (kr + Wk,
OR 9?R
W = déw + kylsy + krlsr + krlp — uR.

Our main purpose is to establish the conditions for the existence of the three kinds of
traveling waves for system (1.9) starting from the disease-free equilibrium E°(S°,0,0,0,0)
(at the initial stage of influenza transmission): semi-traveling waves, strong traveling waves
and weak (persistent) traveling waves.
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So far, the existence of traveling waves for monotone systems (e.g., competitive or coop-
erative models) has been well understood. However, system (1.9) is a non-monotone system,
implying that some standard methods, such as the monotone iteration and comparison argu-
ment [68, 126], are no longer suitable. Though there have been some recent progress in the
study of non-monotonic systems [2, 54, 120, 122, 123, 124], the methods in these references
(such as singular perturbation argument, geometric method, squeeze method, etc.) seem to
be powerless for system (1.9). Several specific reasons are: (i) The non-monotonic systems in
the above literatures mostly consist of two equations, while system (1.9) contains five equa-
tions; (ii) Unlike the handling techniques in [123], we have no restrictions on the diffusion
coefficients of different variables; (iii) To be more realistic, recruitment and natural mortality
factors of population are considered, which increase the dynamical complexity of the system.

Due to the complexity of system (1.9), some dynamical problems on this system become
very challenging, implying that we need to improve the previous approaches. To do so, we
shall further extend the method of upper-lower solutions developed in [2, 122, 123, 124]. Since
it is difficult to construct a pair of appropriate upper-lower solutions connecting the disease-
free equilibrium E° for system (1.9), we first introduce an auxiliary system, the existence of
semi-traveling waves of which is easy to prove. The existence of semi-traveling waves of the
auxiliary system, together with limit arguments imply the existence of semi-traveling waves
of system (1.9). Then we construct an appropriate Lyapunov function and apply persistent
theory of dynamical systems in [105] to prove the existence of strong and weak traveling waves
of system (1.9), respectively. Finally, the nonexistence of semi-traveling waves for system (1.9)
in four cases is obtained by the comparison principle, the negative one-sided and two-sided
Laplace transforms, which are introduced by [24, 124]. Furthermore, the interval estimation
of the minimal wave speed is given.

. . . . 3
In Chapter 3, we study a class of predator-prey type eco-epidemiological systems in R,
given by the following set of nonlinear differential equations:

ds c1S + col 61 bsS™
TS i - L R S P
dt T/; x g T Er el
dl 1 bIm
@ _ _ P—ul ,
di " Ul S+ s (1.10)
dP m brm™
Y Piy T p_gP
i@ "GSrihrtae CPErDya ’
with initial conditions
S(0) > 0, 1(0) > 0, P(0) > 0. (1.11)

Our main objective is to explore the abundant dynamic behavior exhibited by the pro-
posed system and to identify the crucial parameters that ensure specific population behaviors.
Firstly, to gain insight into the boundary dynamics of system (1.10), we divide it into three in-
dependent subsystems in Ri, that is, the epidemiological (S-I subsystem), predator-prey (S-P
subsystem) and predator-infected-prey(I-P subsystem) subsystems. Then, by: (i) obtaining a
global topological sketches of the dynamics of (1.10) and its three subsystems, with different
Allee effects or competitive coefficients; and (ii) comparing the dynamics of (1.10) and its
S-P subsystem with monotonic functional response to those with non-monotonic functional
response, we conclude that (a) strong Allee effect can create a separatrix curve (or surface),
leading to multi-stability; (b) different competitive abilities between prey can greatly change
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the dynamics of S-I subsystem, and (¢) S-P subsystem with non-monotonic functional re-
sponse has richer dynamical behavior than that with monotonic functional response. Finally,
we provide the sufficient conditions for the local and global stability of boundary equilibria
of (1.10), derive the criteria for which (1.10) will persist, and identify an interior periodic
orbit by applying Poincaré map and bifurcation theory.

In Chapter 4, we present two network-based systems coupling epidemic spread and infor-
mation diffusion, namely, a concrete interplay system in quenched multiplex networks

Bi() = Flai(t)) + ei(t) 32 bigTlay () — (o),

j=1
pi(t) = —pi(t) + Adi(t)[1 — pi(t)] gjlaijpj(t), i=1,2,---,N,
j:
éi(t) = BU(k)[O(k)pl(1) + (1 — Bk p? (1)]e] (t)es 1),

and an epidemic control system

(1.12)

(0) = Jla) — i) ﬁl 1y (1) + (o),

ui(t):_cz( )d 61( )v i=1,2,---,1,

ui(t) =0, i=1+1,1+2,- N, (1.13)
(t)

Ai0) = =) + XG0~ )] 2 o), 1= 1.2
[ () = BUGDIOA0) + (1~ BRI T (st

Our main aim is to investigate the uniform persistence and stability of systems (1.12)

and (1.13). Through the next-generation matrix approach, we calculate the basic repro-
duction number of the epidemic spreading system in (1.12) and (1.13), which is a critical
quantity that determines whether epidemics are persistent. With the aid of the theories of
nonnegative matrices, we explore the impact of adaptive behaviors on epidemic spread by
comparing the epidemic thresholds. Then we utilize the comparison principle, construct ap-
propriate Lyapunov functions and applying the LaSalle’s invariance principle to prove the
globally asymptotically stability of two network-based systems, including the disease-free and
endemic equilibria of the network-based epidemic spreading system and the synchronization
manifold of the network-based behavioral information diffusion system. For theoretically
unprovable parts, we perform some numerical simulations to supplement the mathematical
analysis of systems (1.12) and (1.13).
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CHAPTER 2

Traveling waves and estimation of minimal wave speed for a
diffusive influenza system with multiple strains

In this chapter, we consider the following diffusive influenza system with multiple strains

oS 9%S
ol 021
5 = dsu— 5+ (1= NBs(Usu + 6Is7)S — (ku + w)Isu,
ol 021
% =dsr (%;T + f(1—r)Bs(Isy + 6Isr)S — (kr + p)lsr, (2.1)
0l 0%In
ST dr 52 T [frBs(Isu + 6Ist) + BrIR]S — (kr + p)IR,
OR 9*R
— =dz—— +kulsu + krlst + krlr — pR,
ot ox

where S(z,t), Isy(z,t), Isr(z,t), Ir(x,t) and R(z,t) represent the quantities of susceptible,
infected with the sensitive strain and untreated, infected with the sensitive strain and treated,
infected with the resistant strain, and recovered population at position z and time ¢, respec-
tively. The parameters dgs,dsy,dsr,dr and dg are the diffusion coefficients of the above
five subclasses. The constant A is the recruitment rate of the population and p is per-capita
natural death rate. Here we assume that each infected individual with the sensitive strain
will receive treatment with proportion f, and each individual who received treatment will
develop drug resistance with probability r. The parameters Sg and Sgr are the transmis-
sion coefficients of the untreated and drug-resistant infected individuals. Due to antiviral
treatment, the transmission rate by an individual who received treatment will be reduced
by the factor . Each individual in I; subclasses can recover with the corresponding rate
k;, 5 = SU,ST, R. All parameters are assumed to be positive.

The corresponding reaction system of (2.1) is described by the following system of ODEs:

( % = A —pS — [Bs(Isu + 6Ist) + BrIR]S,
di% = (1= f)Bs(Usv + dls7)S = (kv + p)lsu,
diliT = f(1 —7r)Bs(Isy + 6Is7)S — (kr + p)Isr, (2:2)
% = [frBs(Isu + 0Isr) + BrIR]S — (kr + 1)1,
% = kulsu + krlsr + krlr — pR.

11
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In Section 1, we shall give conditions for the existence of equilibria of system (2.2). Under
some conditions, (2.2) has a unique disease-free equilibrium E°, and under some other condi-
tions, apart from the disease-free equilibrium, there exist a boundary equilibrium E and /or
an interior equilibrium E*.

Since the first four equations of (2.1) are independent of the last one, it suffices to consider
the following reduced reaction-diffusion system:

oS 928
oI 921
o = dsu—g 5 + (1= F)Bs(Isu +8Is1)S — (ky + ) sv, 03
ol 021 '
% — dSTWgT + f(1 = r)Bs(Isy + 61Is7)S — (kr + p)Ist,
Olgp O?Ir
5 = drgs + [frBs(Isu + d1IsT) + BrIR]S — (kR + 1) IR

More specifically, we consider a solution of (2.3), (S(x,t), Isu(z,t), Isr(z,t), Ir(z,t)),
with the following form

S(x,t) =S5(), Li(x,t) = L;(§), £ =z + ct, (2.4)

where i = SU, ST, R, and ¢ > 0 is the wave speed.

The solution (S(z,t), Isy(x,t), Isp(z,t), [r(x,t)) having the form (2.4) is called a trav-
eling wave solution (or referred to as traveling wave) if S(§) and I;(§), i = SU, ST, R, are
defined for all £ € R and are nonnegative functions.

For the convenience of discussions below, we first list several definitions of different kinds
of traveling waves as follows [2, 54, 124].

DEFINITION 0.1. (see [2, 54]). A traveling wave (S(§), Isu(£), IsT (), Ir(E)) is called a
semi-traveling wave connected to the disease-free equilibrium E° (for convenience, here we
still use the same notation E° to represent the equilibrium of system (2.3)) if it satisfies the
boundary condition

lim (5(¢), Isu(€), Isr(€), Ir(£)) = E°(5°,0,0,0). (2.5)

E——00

DEFINITION 0.2. (see [124]). A traveling wave (S(&), Isu (&), Isr(§), Ir(§)) is strong if it

satisfies
(S(=00), Isy7(—00), IsT(—00), Ir(—00)) = EY,
(S(+00), Isy (+00), Isr(+00), Ir(+00)) = E/E*, (2.6)
where U(400) = lime_, 100 U (€).

DEFINITION 0.3. (see [124]). A traveling wave (S(§), Isu(§), IsT(§), Ir(E)) is weak or

persistent if there exist two positive constants My and My such that
(S(—OO), IS'U(_OO)v IST(_OO)7 IR(_OO)) = E07
M; < liminf S(§), limsup S(€) < Mo,
£—+o0 E—+oo

M < lfiminf I;(€), limsup I;(€§) < Ma, i = SU, ST, R. (2.7)
—+00

E—+oo

© 2019 Tous droits réservés.
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The remaining parts of this chapter are organized as follows. A preliminary lemma on
the existence of equilibria for the reaction system is given in Section 1. Section 2 is devoted
to establish the existence of semi-traveling waves of an auxiliary system. By using the results
derived in Section 2, conditions for the existence of three different kinds of traveling waves
of the original system are obtained in Section 3. By means of the comparison principle and
the negative one-sided and two-sided Laplace transforms, some sufficient conditions for the
nonexistence of semi-traveling waves of the original system and an estimation of the minimal
wave speed are given in Section 4. Finally, Section 5 concludes this work.

1. Preliminary lemma on the existence of equilibria for the reaction system

In this section, we give a brief discussion about the existence of equilibria of corresponding
reaction equations (2.2) of (2.1).
Denote by N(t) the total quantity of the population at time ¢, namely,

N(t) = S@t) + Isu(t) + Isr(t) + Ir(t) + R(1).

Note that the total population quantity N (¢) satisfies the equation

AN
S AN, 2.8
e 1 (2.8)

It is clear that N(t) = % is a solution of equation (2.8), and for any initial value N(¢y) > 0,
the general solution of (2.8) is
1
N(t) = —[A — (A = uN(to)) exp~*10)]. (2.9)
L
By the expression (2.9) of the general solution of (2.8), we have lim; 1. N(t) = %
Through the above analysis, we know that the biologically feasible set of reaction sys-
tem (2.2) is given by

A
I'={(S,Isv,Ist, IR, R)|0 < S, Isy,Ist,Ir, R, S + Isy + Ist + I + R < ﬁ}' (2.10)

Obviously, the set I' is positively invariant for system (2.2).

There is a key parameter in epidemiological models, the basic reproduction number, com-
monly denoted by Ry, defined as the expected number of secondary infections generated by
a single infectious individual during the infection period in an entirely susceptible popula-
tion [5, 50, 119]. When certain control measures (such as immunization, isolation, treatment,
etc) are introduced, we use the control reproduction number, denoted by R¢, to determine
whether the epidemic can be contained [5]. Similarly, we can use the same approach de-
veloped in [106] to calculate the control reproduction number of reaction system (2.2) with
treatment terms.

Note that system (2.2) always has a disease-free equilibrium E° = (S°,0,0,0,0), where
SO0 .= % System (2.2) has three infected variables, namely, Isi7, Is7 and Ig, linearizing the
equations of these three variables at disease-free equilibrium E°(S°,0,0,0,0), the matrices F
and V (corresponding to the new infection and remaining transfer terms, respectively) are

given by
(1—/f)BsSY (1 —f)Bs6S° 0
F=| f1-7)psS% f(1-7r)BssS° 0 , (2.11)
frBsS° frBs6S° BrS°

lilliad.univ-lille.fr
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and
ku+p 0 0
v 0 keau o | (2.12)
0 0 kr+p
Thus,

_ Fi 0 )
FV—! = :
< Fy1 Fy
where

(1—f)BsS° (1-/)Bs8S° 0 o B SO
= Fu+p kr+ 7 le:( frBss®  frBsés ) Fyy = B

FOoT)BsS0  F(or) g0

ku+p kr+p ’
ky+p kr+p ! ! Fr+p
Let
Bs Bsd Br
R — , R — R R g s 2.13
0= g Rst = 7, Re= (213)

then we have

(1-£)BsS” n f(1—1)BsdS°
kuy +p kr + p

Rsc = p(F11) = = S°%(1 = f)Rsy + f(1 —r)Rs7], (2.14)

and
BrS°
kr+p
where p(A) is the spectral radius of the nonnegative matrix A.

Thus, the control reproduction number of system (2.2) is given by

Rpe = p(Fh) = = S°Rpg, (2.15)

Ro = p(FV~') = max{Rsc, Rrc}. (2.16)

To study equilibria of system (2.2) and their corresponding conditions of parameters, we
present the following lemma.

LEMMA 1.1. (1) The disease-free equilibrium E° always exists;
(2) If Rc < 1, there exists a unique disease-free equilibrium E°;
(3) If Rc > 1, then in addition to the disease-free equilibrium E°, system (2.2) has a boundary
equilibrium FE when Rpc > 1, and an interior (positive) equilibrium E* when Rgc > 1 and
Rrc < Rsc-

Proof: The equilibria of system (2.2) are the solutions of the following equations:

A — pS — [Bs(Isu + dIst) + BrIR]S = 0,

(1 - f)Bs(Isu + dIst)S — (kv + p)Isy =0,

f(l — T‘),Bs(ISU + (5IST)S — (k?T + H)IST =0, (2.17)
[frBs(Isu + 6Ist) + BrIR] S — (kr + p)Ig = 0,

kulsy + krlst + krlp — uR = 0.

In order to solve algebraic equations (2.17), we divide it into the following three cases.

Case I: Ir = 0. For this case, based on the setting of parameters and the fact that S > 0,
from the fourth equation of (2.17), we have Isyy = Igp = 0. Substituting Ir = Isy = Is7 =0
into the first equation of (2.17), we can obtain S = % = S0

© 2019 Tous droits réservés. lilliad.univ-lille.fr
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CaseIl: Ig > 0 and Ig7 = 0. For this case it follows from the third and fourth equations

of (2.17) that Igy = 0 and S = ’“g;" = RRC — S. Substituting Iy = Isp =0 and S = S
into (2.17), we get the following reduced equations
kRIR — /LR = 0. .
,uSO(l—Rlo) kRSO(l—Rlc) .
By solving (2.18), we obtain Ip = — % = Ir and R = =R

Case III: Ig > 0 and Igy > 0. For this case, we first deal with the second and third
equations of (2.17), which can be regarded as equations with unknown quantities Igyy and
Igp. In view of the fact that Igp > 0, by Cramer’s Rule, we have

’ (1= £)BsS — (kv + p) (1= f)BsdS
fA—=r)BsS f(1=1)BsdS — (kr + p)
Calculate the above determinant, we can get the value of S as follows
(ky + 1) (b + 1) S

= 5.

~ (ke +p)(1 = )Bs+ (kv + p) f(1—r)Bsd  Rsc
Substituting S = S* into (2.17), after some algebraic computations, we can solve the remain-
ing four unknown quantities of equations (2.17) with S = S* as follows

w(Rsc — 1)
Bs(1+da) + Brb

Ip =blYy, = I, R=

Isy = = Igy, Ist = algy = Iy,

kUISU + kTIST + kRIR .
p :

R*,

JA=7)(ku+i) friky+u)
TNtkrtm 2040 = G —Fray

where a =

From the above discussions, it follows that (2.17) has three possible nonnegative solutions.
Accordingly, system (2.2) has three possible equilibria E® = (S°,0,0,0,0), E = (5,0,0, Ig, R)
and E* = (S*,I%;, I, I, R*). Based on the expression of I in Case II, we know that
I > 0 if and only if Rgc > 1. Under the condition I sy > 0, from the expression of I, in
Case I1I, we can easily see that I, > 0 if and only if Rrc < Rsc, which implies b > 0. Return
to the expression of Ig;;, we can similarly determine that I'g; > 0 if and only if Rgc > 1.
When Rc < 1, ie., Rsc < 1 and Rrc < 1, it follows that fR < 0 and Ig; < 0. Thus,
when Ro < 1, system (2.2) has a unique disease-free equilibrium E°. When Rpc > 1, it
follows that the boundary equilibrium E exists. When R re < Rsc and Rgc > 1, the interior
(positive) equilibrium E* exists. No matter how Rgc and Rpc are valued, the disease-free
equilibrium E° always exists. O

In Table 1, we present a diagram to clearly show the relationship between the existence
of equilibria and the values of the parameters Rgc, Rrc and Rc.

2. Semi-traveling waves for an auxiliary system

In this section, to prove the existence of semi-traveling waves for the original system (2.3)
(here, in view of the equivalence between systems (2.1) and (2.3), we also refer to system (2.3)
as the original system in the latter study), we first introduce an auxiliary system, the tech-
nique of which has been widely used (see [71, 122, 123, 124]). Then, by linearizing the wave
equations of the original system (2.3) at disease-free equilibrium E°, we construct a pair of
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TABLE 1. Existence of equilibria on the values of Rgc, Rrc and R¢

Equilibria 50 I3 I

Parameters
Reo <1 Y N N
Rsc > 1> Rpeo Y N Y
Rsc > Rre >'1 Y Y Y
Rrc > 1> Rsc Y Y N
Rrc > Rsc >1 Y Y N

Remark: Y: Exists; N: Does not exist

upper-lower solutions for the auxiliary system. Finally, we use Schauder’s fixed-point theorem
to establish the existence of semi-traveling waves for the auxiliary system.

2.1. An auxiliary system. An auxiliary system related to the original system (2.3)
can be described by

98 — ds %5 + A — uS — [Bs(Isv + 61s7) + BrlR]S,
Oar — doyy @I 4 (1~ f)Bs(Isu + 81sr)S — (ku + i) Isy — Y13,
zjazT_desaq;fgi%T + f(1 =7r)Bs(Isy + 6Is7)S — (kr + p)IsT — szgT,
ot = drg 8 + [frBs(Isu + 0Ist) + BrIR]S — (kr + p)Ir — Y1j,
where T is a small positive constant.
Substituting the wave profile S(xz,t) = S(§), I;i(x,t) = L;(§), i = SU,ST,R, £ = x + ct
into (2.19), and denoting = + ct by &, we obtain the corresponding wave equations

(2.19)

cS' =dsS" + A — puS — [Bs(Isu + 0Ist) + BrIR]S,

eIy =dsully + (1 — f)Bs(Isu + 61sr)S — (kuy + p)lsy — Y1,
CI%T = dST[gT + f(l — 7’),35([5[] + (5IST)S — (kT + /L)IST — TI%T,
Iy = drlf + [frBs(Isu + 01sr) + BrIR]S — (kr + ) Ir — YIF.

(2.20)

The limiting equations of (2.20) when T — 0 become the wave equations of the original
system (2.3). For the convenience of use, we give their specific form as follows:

cS' =dgS" + A —pS — [Bs(Isy + 0Ist) + BrIR]S,

clgy = dsulsy + (1= f)Bs(Isv + 6Ist)S — (ku + p)Isu,

clyp = dsrIép + f(1—r)Bs(Isu + 0Is7)S — (kr + p)IsT,
el = dplf, + [frBs(Isu + 6Isr) + BrIR]S — (kg + p)Ig.

(2.21)

2.2. Linearization of the wave system at E°. Linearizing system (2.21) at the
disease-free equilibrium E°(S°,0,0,0) and only considering the last three equations of the
linearized system, we have

cph = dsughy + (1 — f)Bs(pa + 0¢3)S° — (ku + w)p2,
cply = dsrly + f(1—7)Bs(p2 + 63)S° — (kr + p)eps, (2.22)
el = drly + [frBs(p2 + 6p3) + Brpal S — (kr + 1)pa,

where the functions ¢;(€), ¢ = 2,3,4 correspond to I;(§), j = SU, ST, R, respectively.
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We look for the solutions with the form (p2(€), 03(€), 0a(€)) = e (K2, k3, k4), where
ki > 0, 1 = 2,3,4 and A\ > 0. Substituting them into equations (2.22), we obtain the
following eigenvalue equations

cAkg = dsu ke + (1 — f)Bs(ka + 0k3)S0 — (kuy + p)ko,
cAkg = dsr\?k3 + f(1 —7)Bs (ke + 0k3)S° — (kr + p)ks3, (2.23)
kg = dpA2ky + [frBs(k2 + 6k3) + Brra)S® — (kg + p)ka.

Let A = diag(dsy, dst, dR), B = diag(c, ¢, c) and M(x\, c) = AN — BA+ F — V, where
the matrices F' and V are given by (2.11) and (2.12). Then the eigenvalue equations (2.23)
can be rewritten as

M(\ )k =0, (2.24)

where K = (k2, k3, K4)? .
Make the new transformation A = V~'A and B = V!B, we obtain the equivalent form
of equation (2.24) as follows

M\ oK =K, (2.25)
where M(\,¢) = (—AN? + BA+1)"Y(V~LF).
A direct calculation gives

(1-£)BsS®  (1-£)Bs8S° 0

oS0 5ess?

_ —r —r

M\ ) = @3(}\’% @3(}\3 0 , (2.26)
JrBsS frBs6S° BrS°
94()‘70) @4()‘70) 94(A,C)

where
Oa(A, ) = —dsu N + A+ ku + i,
O3(\, ¢) = —dsTA? 4+ A+ kr + 11, 04(\, ¢) = —drA% + cA + kg + p.

Take d = max{dsy,dsr,dr}, since Gi(ﬁ,c) is strictly increasing and nonnegative in
c € [0,+00), we can deduce that the matrix M (3, c) is decreasing for ¢ € [0, +00).

Denote by p(M(A,c)) the principal eigenvalue of the nonnegative matrix M(\,c) for
A € [0, 53]. Since p(M (A, c)) is continuous and monotonically increasing with respect to the
nonnegative matrix M (X, c), p(M (53, c)) is strictly decreasing in ¢ € [0, 400). In particular,
we have p(M(0,0)) = p(V~'F) when ¢ = 0 and p(M (55, ¢)) — 0 when ¢ — +oo0.

For the continuation of the analysis, here, we give a brief proof of p(V~'F) = Rg. By
the definition of the control reproduction number R¢ in (2.16), we know Rc = p(FV 1),
implying that R¢c is the Perron-Frobenius eigenvalue of the matrix FV 1. So there exists
a positive eigenvector P = (p1,p2,p3) with p; > 0, i = 1,2,3 such that (FV~!)P = RoP.
Then we have V=!P > 0 and (V- !F)(V~-IP) = V-Y{(FV-1)P = RcV~1P. This implies
that Rc is a nonnegative eigenvalue of the matrix V' F with positive eigenvector V1P, It
is easy to see that V~1F is irreducible, that is, (V"'F 4 I)2 > 0. Using Perron-Frobennius
theorem, we get p(V~1F) = Rc.

Combining with p(M(0,0)) = p(V~1F) yields p(M(0,0)) = Rc. Consequently, when
Rc > 1, there exists a unique ¢* > 0 such that

>1, cel0,c);
570 =1, c=c%
<1, ce (¢ +0).
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Now we fix ¢ > ¢*, note that ©;(\,c)(i = 2,3,4) is strictly increasing in A € [0, 53],

we obtain that p(M

facts p(M(0,¢)) = p(M(0,0)) = Rc > 1 and p(M
such that
> 1,
p(M()\, C)) =1,
<1,

then

(A, ¢)) is strictly decreasing and nonnegative in A € [0, 57]. In view of the

(53-¢)) < 1, then there exists a A. € (0, 53)
A€ [07)‘0);

A= )\c;
A€ (Aes 5g)-

Based on the above discussion, we have the following lemma.

LEMMA 2.1. Assume that Rc = p(FV 1) > 1. Then there exists ¢* > 0 such that for
any ¢ > c*, we can always find \. € (0, 55) and K. = = (Ko, k3, ka)T with k; > 0, i = 2,3,4
satisfying det M()\ ¢) =0 and M()\ c)K. = 0.

Proof: It follows from the above arguments that p(M(A.,c)) = 1.

By the Perron-

Frobenius theorem, we conclude that there is a vector K. € R? with positive components

such that M (A,
above equality, we have (A2

to both sides of the above equality, we obtain (/ND\Q

Let K. = (K2, k3, k4)T

LEMMA 2.2. The vector valued function p(§) =

i = 2,3,4 satisfies equations (2.22).

¢)K. = K.. Multiplying the matrix —AA2 + B\, + I on both sides of the
— BA.+V~IF —I)K. = 0. Multiplying the diagonal matrix V/

B+ F—V)Ke =M\, 0)K. = 0. O

as obtained in Lemma 2.1, the following lemma is straightforward.

(p2(£), ©3(€), a(§)) with i (&) = ke,

2.3. Construction and properties of upper-lower solutions. In the next subsec-

tion, by using the Schauder’s fixed-point theorem, we establish the existence of semi-traveling

waves of the auxiliary system (2.20). For this, we need to define a pair of upper-lower solutions

of system (2.20) as follows.
S(€) =5 S(¢) := max{s"
Isy(€) := min{koers, ko K*},
ng(f) = min{/ﬁge)‘cg, ks K*},
Ig(€) := min{ryers, ki  K*},

— 0e®%,0},
Loy (€) := max{rae (1 — Qet),0}
Lgp(€) := max{rge* (1 — Qe™), 0},
IR(€) == max{rse**(1 — Qet), 0},

(2.27)

where the constants ko, k3, k4 and A. have been determined in Lemma 2.1. The positive

constants K*, o, a, Q, ¢ will be determined later.

We next show that such constructed upper and lower solutions satisfy some properties in

Lemmas 2.3, 2.4 and 2.5.

LEMMA 2.3. For K* > 1 large enough, the functions Isy (&), IsT(€) and Ig(€) satisfy the

following inequalities

Iy > dsully + (1

an*

for any £ # &
Proof: Define the operator

1!
dsulgy —

L{Isu (), IsT(), Ir(-)](§) == ( dsTlgr —

© 2019 Tous droits réservés.

— NBs(Isv + 0Is7)S° —
clyr > dsrIgr + f(1 —1)Bs(Isu + Is7)S° —
clly > dpl} + [frBs(Isu + 6Ist) + BrlIR)S° —

1— f)Bs(Isu + 61s7)S° —
clyr + f(1—7)Bs(Isy + 0Is7)S° —
drlly —clly + [frBs(Isu + 61s7) + BrIR)S® —

CI&U +

(kv + ) Isu — Ty,
(b + M){ST - T]%Ta
(kr+ p)Ig — Y13,

(2.28)

(k7 + p) st

(kv + p)Isu )
(kr +n)Ir 7
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then, the differential inequalities (2.28) can be transformed into the following equivalent
operator inequalities

L{Isy(-), Isr (), Ir()]() < YTy, Iir, IR). (2.29)

So, as long as we prove operator inequality (2.29), we complete the proof of the lemma.
Below, we can prove operator inequalities (2.29) in two cases:
When € < &, by (2.27), we have

(Isu (&), IsT(€), Ir(€)) = (K2, K3, ka)e e~

Substituting it into the equations of operator L, yields
L[ISU(')v IST(')? IR()](&) = eACM(/\Ca C)’Cc =0.

Obviously, operator inequalities (2.29) hold.

When ¢ > &, by (2.27), we have (Isy(€), IsT(€), Ir(€)) = (K2, k3, ka) K*. Taking the first
inequality of operator inequalities (2.29) as an example, we substitute the upper solutions
into it, yielding

dsu gy — clgy + (1 = f)Bs(Isu + 81s7)S° — (kv + p)Isy — T3y
={[(1 = /)BsS® = (kv + p)]r2 + (1 — f)Bs6S%k3 — ThIK*}K*.

To ensure that the value of the above equality is smaller or equal to 0, we require

[(1 = £)B5S° — (kv + p)]k2 + (1 — f)ﬁs550/~€3.

K* >
T/{%

To make the remaining two inequalities of operator inequalities (2.29) also hold, similarly, we
can choose
f(1=7)B58"2 + [f(1 —1)B50S° — (kr + p)]K3

K* >
TK% ’

and

K

‘s JrBsS%(ka + 6k3) + [BrS® — (kg + 1)]ka
T/@Q1 '

By selecting K* > 1 satisfying the above three inequalities, we complete the proof of operator
inequalities (2.29) when £ > &;. O

LEMMA 2.4. For 0 < a < min{%,)\c}, o > max{S°, [63(?;322;?:4}50}, the function

S(€) satisfies the following inequality
¢S' <dsS" + A — pS — [Bs(Isv + 6Ist) + BrIR|S (2.30)
for any € # & = éln%o.

Proof: If £ > &, then S(§) = 0. Obviously, the inequality (2.30) holds.
If £ < &, then S(¢) = S° — ge®. From the choice of K* and o, we knows that & =

éln%o < 0 < &, implying (Isg(€), Ist(€), Ir(€)) = (Ko, K3, ka)e s when & < &. Through
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direct calculations, we have
dsS" — cS'+ A — pS — [Bs(Isv + dIst) + BrIR|S
= — dgoa’e® + coae® + A — (S0 — 5e®®) — [Bg(koeC + drz3et) + Brrae<t](SY — oe®)
—{coa + po — dsoa® — [Bs(ka + 0k3) + Brra)(S° — oe®®)ePem@EY g0t
>{(ca+ p—dsa®)o — [Bs(ka + 0k3) + Brral S Te

>0

where we use the fact that e*=®¢ < 1 due to & < A\, and &€ < 0, and the conditions that
[Bs (52+6r3)+BRka] S

0<Oz<%anda> S(i_ds‘;)afu ) O

LEMMA 2.5. Let € > 0 be small enough with ¢ < a,e < ¢ and A\c + ¢ < 5, then
for sufficiently large Q > 1, the functions Lgy; (), Lgrp(§) and I(€) satisfy the following

inequalities
cL'syy < dsulsy + (1= f)Bs(Lsy + 0Lsy)S — (ku + w) sy — YLy,
cl'sy < dsplép + f(1—1)Bs(Lsy + 0Ls7)S — (kr + p)Lgr — YI%r, (2.31)

clly < drI’h + [frBs(Isy + 0Lgy) + BrIR|S — (kg + p)lp — YI%,

for any & # & = — 2.

Proof: Choose @Q > 1 sufficiently large and € small enough such that £3 < & < 0, this
implies that @ > max{(%)i, 1}.

When £ > &3, based on the definition of the lower solutions in (2.27), we have Ig;;(§) =
Lo (&) = 1R(&) = 0. It is clear that inequalities (2.31) hold.

When ¢ < &3, by (2.27), we have (Igy (&), Lgr(€), Ix(€)) = (K2, k3, ka)e (1 — Qet) and
S(€) = 89 — e, For the first inequality of (2.31), we can show

clsy —dsuléy — (1= f)Bs(Lsy + 0Lsp)S + (kv + p)Lgy + YLy
=k Ao (1 — Qe™) — Qee®] — dspyrae [ A2(1 — Qe°) — A\oQee®® — (Ao + £)Qee]
= (1= F)Bs(r2 + 0rg)e™* (1 — Qe)(S° — o) + (kyy + p)rze (1 — Qe)
+ Tlrge* (1 = Qe
=t (1 = Qe™){[—dsu A + cAe — (1 — [)BsS® + ku + plka — (1 — f)Bs65%k3}
+ eQFRL (20 + ) dsy — JQera + (1 — f)Bs (k2 + 0rg)oel® 5 (1 — Qe)
TGP IE(1 - Qe)?)
=eNH[(20 + e)dsy — cJQern + (1= f)Bs (k2 + dh3)oel® (1 — Qe™)
+ Tr2ePem98(1 — Qe)?}
<ePHL (20 + €)dsy — JQera + (L — f)Bs(ra + rz)oe™ @ 4 Trge O™y,

where we use the conditions ¢ < o and ¢ < A..
In view of the condition that ¢ > 0 and A\. + ¢ < 55, we have

2\ +e)dsy —c<2(Ac+e)dsy —c < 2(A.+¢e)d—c<O.
Thus, we can choose sufficiently large @ > 1 such that

In In@Q

[(2Xc + €)dsy — | Qerg + (1 — f)Bs (kg + dr3)oe™ (@) gt Trie Ao

IN
o
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indicating that the first inequality of (2.31) holds. Similarly, we can verify the second and
third inequalities of (2.31) also hold. O

2.4. The existence of semi-traveling waves. We look for semi-traveling waves of the
auxiliary system (2.20) in the following profile set

L ={(S(): Isv ("), Is7(-): Ir(-)) € Cp(R,R?) : (2.32)
S(§) < S(&) <8(6),L;(6) < L;(€) < 1;(§), 5 = SU,ST, R, for all § € R}. '

Note that O, (R, R*) is a Banach space with the norm || - || formulated by

@] := |®(-)], = max{sup |@i(¢)|e ¢, i = S, SU, ST, R}, (2.33)
£ER

where ®(€) = (¢1(€), 02(€), p3(€), a(€)) € CL(R,RY), v is a positive constant which will be
determined later. Obviously, £ is a bounded nonempty closed convex subset of C, (R, R%).
Cy(R,R) is a Banach space with the sup norm |¢(-)|, := supgcg lo(€)|e "l where p(€) €
Cy,(R,R). Let T; : £ — C,(R,R), i = S,SU, ST, R be operators defined by
Ts(S,Isu, Ist, Ir)(§) := ¥sS(§) + A — pS(§) — [Bs(Isu(§) + 61s7(§)) + BrIr(E)]S(E),
Tsu (S, Isv, Ist, Ir)(€) == Osulsu(€) + (1 — £)Bs(Isv (€) + 8Is7(£))S(€) — (kv + p)Isu (&) — YI3u(6),
Tsr (S, Isv, Ist, Ir)(€) i= IsrIs (&) + f(1 = r)Bs(Isu (€) + 61s7(£))S(€) — (kr + p)IsT(€) — YI57(6),
Tr(S, Isv, IsT, Ir)(€) := OrIr(€) + [frBs(Isu (&) + 61s7(€)) + BrIR(E)]S(E) — (kr + w)IR(E) — TIR(E),
where
Vs > p+ [Bs(ko + Ok3) + Brra) K*,
Vsu > 2T ko K* + (ky + 1),
Vs > 2V ks K* + (kp 4+ ), 0 > 2V ke K* + (kr + ).
Then the auxiliary system (2.20) can be now rewritten as

—dssﬂ(f) + CS,(f) + 1955(5) = Ts(S, ISU,IST,IR)(g),

—dsulgy (&) + eIy (&) + Vsulsu(§) = Tsu (S, Isv, Ist, Ir)(£), (2.34)
—ds7I8p(&) + clop(&) +Isrlsr(§) = Tsr(S, Isu, Ist, Ir)(£), '
—dRIR(§) + clk(&) +IrIR(E) = Tr(S, Isu, IsT, IR)(§).

Let (j1 < 0 < (2 be the roots of the quadratic equation
di¢; — G —10; =0,

then, define the operators G; : £ — C,(R,R) by
1
diGi

3 oo
{/ eCil(g_s)Ti(k{iISU7[ST7IR)(5)dS+/ e 2E=ITy(S Isy, Ist, IR)(s)ds |

— o0 ¢

Gi(S,Isv, Ist, Ir)(§) ==

where (; = (o — (i1, ¢ =S, SU, ST, R.
Then G = (Gs,Gsv, Gsr,GRr) : £ — C,(R,R?) is a well-defined map, and satisfies

—dsG'4(§) 4+ cG's(§) +9s5G5(8) = Ts(Gs,Gsu, Gsr, Gr)(E),

—dsu G4y (&) + Gy (&) + VsuGsu(§) = Tsu(Gs, Gsu, GsT, Gr)(§), (2.35)
—dsrGr(€) + cGlyp(§) + Vs1Gsr(§) = Tsr(Gs, Gsu, Gst, Gr)(€), '
—dRGR(§) + cGR(§) +IrGR(E) = Tr(Gs, Gsu, GsT, GR)(E),
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for any (S(-), Isu(-), Ist(-), Ir(-)) € C,(R,R*). Thus, any fixed point of the operator G is
a solution of (2.34), which is a traveling wave of the auxiliary system (2.20). On the other
hand, a solution of (2.34) is also a fixed point of the operator G.

To apply Schauder’s fixed-point theorem, we need to prove that the operators Gg, Gsy, Gst
and G admit the following properties:

LEMMA 2.6. The operator G maps £ into £, i.e., G(£) C £.

Proof: If (S(-), Isu(:), IsT(-), Ir(:)) € £, that is,

8(6) < 8(¢) < 8(€) = 8%, L(§) < Ii(§) < i(€), i = SU, ST, R
for any £ € R. Then it suffices to show
S(8) < Gs(S, Isu, Ist, Ir)(€) < S(¢) = 5°,

lz(g) < GZ(S7 ISU7[ST7IR)(€) < L(f)? i = SU, ST, R.
We now prove the first inequality about the operator Gg. First consider the left-hand

side of the first inequality.

If £ > &, then S(€) = 0 by (2.27). It follows from the choice of ¥ that Ts(S, Isu, Ist, Ir)(§)

> 0 for all £ € R, which implies that G5(S, Isy, Ist, Ir)(€) > 0 = S(&) when & > &.

If £ < &, then by Lemma 2.4, we obtain

—dgS"(§) + ¢S'(§) +9s5(§) < 1955(5) + A — pS(&) — [Bs(Isu(€) + 0IsT(€)) + BrIR(E)]S(E)
= {95 — p— [Bs(Isu (&) + 0Is7(§)) + BrIR(E)]}S(E) + A
<{Vs — p— [Bs(Isu(§) + 01s7(§)) + BrIR(E)]}S(E) + A
=Ts(S, ISU,IST,IR)(@

~— —

which follows

1 3 ) +oo ’
Gs(S,Isv, IsT, Ir)(§) = / et (Em9) +/ eto2(6=9)
— oo ¢

Ts(S,Isu,Ist,Ir)(s)ds

1
>
dsCs
_ 1
ds(s

4 +o0
l/ 6<SI(E*S) +/ 6CS2(ES)] [*dSﬁ”(S) +C§/(5) +195§(S)]d5
— 00 13

/E e$51E=9)[—dgS" () + ¢S'(s) + VsS(s))ds

N /  caale V[—dsS"(s) + cS'(s) + V55 (s)]ds

dsCs
1

“+o0
b / e$s2(6—3) [_dsﬁﬂ(s) + Cﬁl(S) +9s58(s)]ds
dsCs

—5(6) + Cise““f—f”[ﬁ’(fz +0) = §'(€ — 0)]
>5(6),

where the final inequality uses the fact that S’(£&2 +0) = 0 and S'(&2 — 0) < 0.

To summarize, Gs(S, Isy, IsT, Ir)(§) > S(§) holds for all £ € R.

Next, we prove the right-hand side of the first inequality, i.e., Gs(S, Isy, Ist, Ir)(§) <
S(¢) = SO for all € € R.
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It is easy to verify the validity of the following inequality for all £ € R

cS'(€) > dsS"(§) + A — uS(€) = [Bs(Lsr(§) + 0Lsr(§)) + BrLR(£)]S(E),
it follows that
—dsS"(€) +§'(€) + DsS(€) > m(@ + A — uS(E) — [Bs(Lsy () + 6Lgp(€)) + BRIR< &1S(¢)
={9s — pu— [Bs(Lsy (&) + 0Lg7 (&) + BrIR()]}S(E) +

> {Us — p—[Bs(Isu(§) + 6Is7(§)) + BrIR(E]}S(E) +
=Ts(S, ISU7[ST7[R)(§)

Through the above inequality, we can prove

1 ¢ +oo
Gs(S, Isu,IsT,IR)(&) = [/ eos1(6=9) +/ 85269 | To (S, Isyr, Ist, Ir)(s)ds
3

dSCS —0o0

<
dsCs |J_oo

1| e e 5 S S
[ / CsrE=s) 4 / ecsz@—s)} [—dgS"(s) + ¢S’ (s) + ¥sS(s)]ds
13

3
_ ! / e$s1E=9)[_dgS" (s5) + ¢S'(s) + V5S(s)]ds

dsCs J_oo
I . _ _
+ / $52 6= [_ 445" (5) + oS (s) + Vs 5(s)|ds
dSCS +o0
=5(¢),
for all £ € R.
In a similar way, we can also show that the remaining three inequalities about operators

Gy, 1= SU,ST, R hold for any £ € R. O

In what follows, we shall apply Schauder’s fixed-point theorem to the operator G, which
requires the continuity and compactness of G. To achieve the two properties, we need to
introduce a topology in C,(R,R*). Let v € (0, min{—(;1, (2, i =5, SU, ST, R}). Denote

BZI(R7R4) = {‘I)(f) = (901(5)7@2(5)7@3(5)7@4(5)) € CV(R’R4) : |q>()|1/ < +OO}

with the same norm as that in (2.33), then it is easy to verify that (B,(R,R%),|-[,) is a
Banach space.

LEMMA 2.7. The operator G = (Gs,Gsvu,Gsr,GRr) : £ — £ is continuous with respect
to the norm | - |, in B, (R, R*).

Proof: For ®(&) = (¢1(£), ¢2(8), ¢3(£), 4(£)), ¥(§) = (¥1(8), ¥2(8), ¥s(8), ¥u(§)) € &,
by the definition of the operator Ty, we easily get

[ Ts(®)(€) = Ts(L)(€)le" =[{ds — 1 — [Bs(p2(€) + 303(€)) + Breoa(€)]H(w1(€) — 1 (€))
+ 1 (E{Bs[(¢2(8) — wa(€)) +0(¥3(€) — 3(8))]

+ Br(14(€) — a(€))}e !
<Ng|®(-) — T()],,

where Ng = 9g — pu — [Bs(ka + dk3) + Brra) K* + [Bs(1 + 8) + Br]S° > 0.
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Then, by the definition of the operator Gg, we obtain

—v|¢]

3 +o0
Gs(@)©) = Gs(w(©le 9 <G [ [ e [T et ey - rs () (ol
—vl¢l 13 +oo
SNZG V 6451<s—s>+u\s\ds+/ eCSz(E—S)+V\S\dS:| 1B(-) = U()|u
sCs oo ¢
Ng 13 400
— [/ 6451<§—s>—u\§|+u|s|ds+/ ecsz<s—s>—u\§|+u|slds} B() — B[y
s¢s oo ¢

“+oo
_Ns [/E 6431<sfs>+u|§—sld5+/ 6CSQ(§7$)+V|§7$Id5:| [B() =)l
_dSCS —o0 §

_ Ns  (s1—(s2+2v
" ds(s (Cs1+v)(Cs2 —v)

() = ¥()]w.

Hence, Gg : £ — C,(R,R) is continuous with respect to the norm |-|, in B, (R,R). Similarly,
we can show the remaining operators G; : £ — C,(R,R), i = SU, ST, R are also continuous
with respect to the norm |- |, in B,(R,R). This implies that G : £ — £ is continuous with
respect to the norm | - |, in B, (R,R%). O

LEMMA 2.8. The operator G = (Gg,Gsvu,Gsr,GRr) : £ — £ is compact with respect to
the norm | - |, in B, (R, R*).

Proof: Let (&) = (p1(§), v2(8), ¢3(&), pa(§)) € £, obviously, for all £ € R, we have
| Ts(D)(6)] = [Psp1(8) + A — pp1(€) — [Bs(2(€) + 303(€)) + Brea(€)]w1(€)] < N,

where Ng = A + {0 + pu + [Bs (k2 + dk3) + Brra K*}S°.
Consequently,

‘ZGS(@(@' d1< '[451 / 1) 1 (g, /:we@?(“)] Ts(®)(s)ds

“+oo
[|C51|/ eSs1(€ d5+CS2/ eCSQ(gs)dS:|
13

_dC
2N
dsCs’

which implies ‘d%ag(q))(-)( < 2,

So, we see that |d%G5(<I>)(§)\,, is bounded. Using the similar arguments as above, we can
show that \d%Gi(i))(&)L,,i = SU, ST, R are also bounded. This means that G(£) is uniformly
bounded and equicontinuous with respect to the norm |- |,.

For fixed positive integer n, we define an operator G" = (G, G, G%p, G;) by

G(®)(=n),§ € (o0, —n],
G"(®)(€) = (<I>)(§) = [ ]
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By Arzela-Ascoli theorem, G™ : £ — £ is compact with respect to the norm |- |, in B, (R, R%).

Since
1 3 +00
G (®)(€)] = [ [y | e<s2<£s>] To(®)(s)ds
dSCS —o0 I3
s .
< Ns. [/5 6431(£—s)d5+/ ecSQ(g—s)ds}
dsCs [J—oo ¢
__Ns
ds|Cs1|Cs2’
we have

G5(@)(-) = Gs(@)()]y = sup |GE(®)(€) — Gs(@)(&)]e

= sup GE(®(-))(&) — Gs(D(-))(€)|e ™!
£e(—o0,—n]U[n,+00)
< 72]\73 e
~ ds|Cs1/Cs2
When n — 400, we have |G%(®)(-) — G5(®)(-)|, — 0. By similar arguments, we can also
show that |G]'(®)(-) — Gi(®)(-)|, — 0 when n — +oo for i = SU, ST, R.

Overall, |G™(®)(-) — G(®)(-)|, — 0 when n — +o00. By Proposition 2.12 in [121], we
know that G™ converges to G in £ with respect to the norm |- |,. Therefore, the operator
G = (Gs,Gsy,Gsr,GR) : £ — £ is compact with respect to the norm |- |, in B, (R,R*). O

Now we state our main results of this section as follows.

—rvn

LEMMA 2.9. If Ro > 1, then there exists ¢* > 0, defined by Lemma 2.1, such that for
any ¢ > c*, the auxiliary system (2.20) admits a nonnegative bounded semi-traveling wave
(S(&),Isu(&),Isr (&), Ir(E)) satisfying the asymptotic boundary condition (2.5).

Proof: Based on the above discussion, we conclude that there exists a fixed point of the
operator G, denoted by (S(£), Isu(§), Isr(§), Ir(§)) € £, by Schauder’s fixed-point theorem
and Lemmas 2.6, 2.7 and 2.8, which is equivalent to say that (S(&), Isvy(§), IsT(§), Ir(§)) is
a nonnegative bounded traveling wave of the auxiliary system (2.20).

We can further show that (S(§), Isv(§), IsT(€), Ir(§)) satisfies the asymptotic boundary
condition (2.5). It is easy to see that (S(¢), Isy(€), IsT(£),Ir(£)) — E°(S°,0,0,0) when
¢ — —oo due to the definition of upper-lower solutions in (2.27) and Lemmas 2.3, 2.4 and 2.5.
So, the nonnegative bounded traveling wave (S(§), Isu(£), IsT(€), Ir(€)) is a semi-traveling
wave satisfying the asymptotic boundary condition (2.5). O

3. Semi-, strong and weak traveling waves for the original system

In this section, we discuss the conditions for the existence of three kinds of traveling waves
starting from the disease-free equilibrium E°: semi-traveling waves, strong traveling waves
and weak (persistent) traveling waves.

3.1. Semi-traveling waves.
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26 2 Traveling waves and estimation of minimal wave speed

THEOREM 3.1. If Rc > 1, then there exists ¢* > 0 (defined by Lemma 2.1) such that for
any ¢ > c*, system (2.3) admits a positive semi-traveling wave (S(§), Isu(€), IsT(€), Ir(£))
satisfying the asymptotic boundary condition (2.5) and S(€) < SY for any & € R. Furthermore,

lim L;(€)e ¢ =k, lim I[(€)e ¢ = A\eky, i = SU, ST, R, (2.36)
E——o0 E——o0
where Kgy = Ko, KT = K3, KR = K4.

Proof: Set YT = T, := % Obviously, the sequence {Y,,} satisfies 0 < ;11 < YT; < 1
and T,, — 0 as n — +o0o. By Lemma 2.9, there is a nonnegative semi-traveling wave

®,(8) = (p1n(8)s P2n(8), P3n(§), pan(§)) € £
of the auxiliary system (2.20) with T = T, satisfying the asymptotic boundary condition

(1910 (=00), P20 (=00), P3n(=00), Pan(—00)) = E°(S°,0,0,0).

From the proof of Lemma 2.8, we know that {|¢/}, ()|} are uniformly bounded for ¢ = 1,2, 3,4
since ®,,(§) € £ is a fixed point of the operator G. In addition, {|¢} ()|} and {|¥} (£)|}
are also uniformly bounded since ®,(£) is the solution of the auxiliary system (2.20) with
T = 7T,,. Therefore, {®,,(£)}, {P, (&)}, {P!(£)} are equicontinuous and uniformly bounded in

R. Then Arzela-Ascoli theorem implies that there exists a subsequence {Y,, } such that

Dy, (€) = V(E), Dy, (€) = T(E), Dy, (€) = TY(€)
uniformly in any bounded closed interval when k — +o00, and pointwise on R, where ¥ (§) =

(¢1 (E)a ¢2 (5)7 ¢3 (5)7 7114(5))

Since @y, (§) is the solution of the auxiliary system (2.20), and let T,,, — 0, we obtain

ey = dspy + A — ppy — [Bs (2 + 0tb3) + Bripalin,

ey = dsuy + (1 — f)Bs (2 + 6¢3)Y1 — (ku + p)ie,
ey = dsrby + f(1 —1)Bs(Ya + 03)ib1 — (kb + p)is,
ey = driy + [frBs (w2 4 613) + Bripaltr — (kR + p)ts.

Therefore, ¥(§) is a nonnegative semi-traveling wave of the original system (2.3) satisfying
the asymptotic boundary condition (2.5).

Next, we show that U(§) is a positive semi-traveling wave of the original system (2.3),
ie, ¥;i(§) >0, i=5,8SU ST, R for any £ € R.

Suppose that (S(§), Isu(€), IsT(§),Ir(§)) € £ is a nonnegative semi-traveling wave of
the original system (2.3). For fixed ¢ > ¢* and T € (0, 1], then &, & and &3 defined in
Lemmas 2.3, 2.4 and 2.5, can be chosen such that they do not depend on the choice of Y. So,
by the definition of the profile set £ in (2.32), we know that there exists a constant & < &
such that S(§) > 0 for any £ < &. Now we show that S(§) > 0 for any £ € R. On the
contrary, we suppose that there exists £* such that S(¢*) = 0. Since S(§) > 0 for any £ € R,
S(£*) is a minimum, implying that S’(£*) = 0 and S”(£*) > 0. Employing the first equation
of system (2.21) yields

(2.37)

dsSU(f*) +A=0,

a contradiction. Thus we have S(£) > 0 for any £ € R.

We then claim that Igy(§) > 0 for any £ € R. In fact, there exists £ < & such that
Isy(§) > 0 when € < a]. If there exists £~* such that ISU(g*) = 0, then there exist constants
a1, as such that a1 < &3 < as and 5* € (a1, ag). It implies that Isy(§) achieves its minimum
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in (ai,as) for any £ € [a1,az]. From the second equation of system (2.21), we know that
Isy () satisfies

—dsuIgy (§) + clsy(€) + (kv + ) Isu(€) = (1= f)Bs(Isu (&) +61s7(£))S(E) > 0, £ € [a1, ag).

By the elliptic strong maximum principle (see Theorem 3.3.6 in [45]), it follows that Igy(§) =
0 for £ € [a1,az]. On the other hand, by Lemma 2.3, we have Igy(§) > 0 for £ € [a1,&3), a
contradiction. Similarly, by the elliptic strong maximum principle, it can be shown I;(§) >
0, ¢ = ST, R for any &£ € R.

Based on the above arguments, we easily obtain S(¢) < S for any ¢ € R. Otherwise,
there exists E* such that

dsS"(€%) = [Bs(Isv/(€°) + 6Is7(E%)) + BrIR(E")]S(E*) > 0,

a contradiction due to §”(£*) < 0.

Finally, we show that the positive semi-traveling wave (S (), Isu(€), IsT(€), Ir(£)) of the
original system (2.3) satisfies (2.36).

Let (Sn(§), Isun(§), Istn(§), Irn(§)) € £ be a nonnegative semi-traveling wave of the
auxiliary system (2.20) with ¥ = T,, in Lemma 2.9. Let ksy = k2, KsT = K3, KR = K4. Since
the selection of k;,i = 2,3,4 is independent on Y, by the definition of upper-lower solutions
of the auxiliary system (2.20), we have

R (1L = Qe€) < Ly (€) < Lin(€) < Linl€) < myjess

which follows that
glim Iin(&)e ¢ =k, j = SU,ST,R.
——00

In addition, note that (Sy,(€), Isun(§), Istn(§), Irn(§)) € £ is a fixed point of the operator
Gp. Applying L’Hospital rule to the maps G;,, ¢ = S,SU, ST, R, it is easy to see that
Sp(=00) = 0 and I}, (-o0) = 0, j = SU,ST,R. Integrating both sides of the second
equation of the auxiliary system (2.20) from —oo to £ gives

13
dsu sy, (&) =clsun(§) — (1 — f)ﬁs/_ (Isun(s) + 6Isrn(s))Sn(s)ds
3 13
+ (kv + u)/ Isyn(s)ds + Tn/ I2,(8)ds.

Recall the proven results that Sy, (—o00) = S%, S/ (—o0) = 0, Ij,(—00) = 0, I}, (=00) =0 and
limg_, o Ijn(g)e_’\ff = K4, j = SU,ST, R, then we have

13
lim Tspa(§e ™ = lm o= {Ce’“%an@fuff)ﬂse“ / ([SUH(S)+513Tn(3)>sn<s>ds}
£——o0 £——o0 dSU oo
. 1 e [© e [C 2
+ lim — | (kv + e C/ Isyn(s)ds + The °/ Isyn(s)ds
§——o0 dSU — o0 —o0

_chetisu — (1 — f)Bs(ksu + 0ksT)S° + (ku + p)ksu
B dsu e ’

By the first equation of the eigenvalue equations (2.23), we know

cAerisu — (1 — f)Bs(ksu + 0kst)S® + (kv + p)ksu
dSUAc

= )\c/@SU-

So, limgﬁ,oo I{S‘Un(E)ei)\Cg = AcKSU-
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Based on the previous discussion in this lemma, we suppose that there exists a subse-
quence {ng} such that

where (S(§), Isu(£), IsT(£), Ir(£)) is a positive semi-traveling wave of the original system (2.3)
satisfying the asymptotic boundary condition (2.5). Applying the limiting arguments, yields

(Jm Ty (€)™ = T N Ty, (€)o7 = Acisu.

Similarly, we can also demonstrate lim¢_, I;(f)e*’\eé = Aekj, j=ST,R. ]
REMARK 2.1. In Theorem 3.1, we establish the existence of positive semi-traveling waves
connecting the disease-free equilibrium E° for the original system (2.3), where the disease-free

equilibrium E° is the population state before the transmission of influenza. Meanwhile, its
presence means that the influenza will spread among the crowd.

3.2. Strong traveling waves.

THEOREM 3.2. Under the condition of Rc > 1, if Rsy < Rr and Rsy < Rp (defined
in (2.13)), then for any ¢ > ¢* (c¢* > 0 is defined by Lemma 2.1), system (2.3) has a strong
traveling wave (S(€), Isy (&), IsT(€), Ir(€)) connecting E°(S°,0,0,0) and E(S,0,0,1R).

Proof: From Theorem 3.1, we see that when Rc > 1, there exists ¢* > 0 such that for
any ¢ > ¢*, system (2.3) admits a positive semi-traveling wave (S(&), Isy(§), Isr(€), Ir(§))
satisfying

(S(—00), Isy(—00), Isp(—00), Ir(—00)) = E°(S°,0,0,0)
with S(&) < S° for any ¢ € R.

To complete the proof, it is sufficient to show

(S(+00), Isy (+00), Isr(400), Ir(+00)) = E(S,0,0,1R).

We first claim that % and g Eg, j = SU, ST, R are bounded for any £ € R. To get the

result, we rewrite wave equations (2.21) of the original system (2.3) as follows

ds 0 0 0 s s bu(€) 0 0 0 s
0 dsw 0 0 | Zy| T |, | ba© b2 0 0 Iso | _
0 0 dsr O Igr Iy b31(§) 0 b33 (&) 0 Ist ’
0 0 0 dgr Iy I ba1(§) 0 0 bsa(§) IR
(2.38)
where
b01(6) = 55 — e~ [Bs(Tav() + I52(6) + BaIa(6)]

b21(§) = (1 — f)Bs(Isu(§) + Is7(€)), baz(§) = — (kv + p),
b31(§) = f(1 —r)Bs(Lsu(§) + dlsr(§)), b3z(§) = —(kr + p),
ba1(§) = frBs(Isu(§) + 61sr(§)) + BrIR(E), baa(§) = —(kr + 1)

By Lemmas 2.3, 2.4 and 2.5, it is not difficult to see that the functions by (&), bri(§), k =
1,2,3,4 are bounded. Moreover, bi1(§) > 0, k = 2,3,4 due to the fact S(§) > 0 and
I;¢) >0, j = SU,ST,R for any £ € R. We can apply Harnack inequality (see Theorem

© 2019 Tous droits réservés.
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1.1 in [27]) for system (2.38), it follows that there exists a constant D > 0 such that for any
¢ € R, we have
S <D in S(§),
P S = P i, S
;&) <D in [I;(&), j=SU,ST,R,
[sfl%i}j—l] HOE [s—nf,lsliu HOR
where D depends only on the coefficients of system (2.38) and the length of interval [s—1, s+1].
As a consequence, we can deduce that there exists some constant Dy > 0 such that
S’ I3(¢
‘ (€ ‘ S )
S5(8)

j=SU.ST,R 1;()

'SthGR-

Set Vs(§) = S'(€), V(&) = L;(§), j = SU, ST, R, wave equations (2.21) of the original
system (2.3) can be transformed into the following equivalent system

(S = Vs,
dsVi = cVs — A+ pS + [Bs(Isu + 6Ist) + BRIR]S,
I{g(] = VSU)
dsuVgy = Vs — (1 — f)Bs(Isu + dlsT)S + (kv + p)Isu, (2.39)
Ig'T = Vsr, .
dstVer = Vst — f(1 —1)Bs(Isy + 6Is7)S + (kr + p)IsT,
I, = Vg,
drVf = cVr — [frBs(Isu + 01IsT) + BrIR)S + (kR + p)IR.

\

Finally, we complete the proof of the theorem by introducing a Lyapunov function, de-
termining that positive semi-traveling wave (S(€), Isi(§), IsT(€), Ir(§)) of the original sys-
tem (2.3) converge to the boundary equilibrium E(S,0,0, Ig) as € — +oo. Equivalently, it
corresponds to the convergence of semi-traveling wave

(5(6)) VS(&)? ISU(S)a VSU(é)a IST(f)? VST(f)a IR(§)7 VR(&))

of system (2.39) to E(S,O,O,O,O,O,fR,O) (for the convenience, we still use the same nota-
tion E to denote the equilibrium of system (2.39)). To this end, we consider the following
Lyapunov function L(§) := Ls(§) + Lsu(§) + Lsr(§) + Lr(§), where
SdsVs /S S
—c
s

—d
S 77 777

Ls(f) =cS —dsVs +

Lsy(§) = clsy — dsuVsu,

Lst(€) = clst — dsrVsr,

LR(f) = CIR — dRVR +

IrdrVr /IR I
—c —dn.
Ir in M
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Then, through a simple calculation, the derivative of Lg(§) along the traveling wave of
system (2.39) satisfies

dLs(§) : dsS(VL(€)S(€) — Vs(6)S'(€)) 4 S
d =cVs(§) —dsVs(§) + 5 52(¢) - 055(5)
_ & oy 72
—[eV(€) - s3] pr - P
<IeVa(e) — dsVH(E) g

Similarly, we can calculate

szlg(f) = cVsu(§) — dsuViy (€),
de;é:(f) = cVsr(€) — dsrVir(§),
and
dL;f(f) < [eVR(&) — dRV}/z(f)]IRffi)(f)h%'

Therefore, we have

ALE) _Ls(©) , Lsu(©) , Lsr(§) | La(©)

d¢ d¢ d¢ d¢ d§
<leVs(€) - dsV©)1 2L =5 4 eV () - dsu Vi (©)

5®
+(eVer(€) = dsr Vi (€)] + V() — e EL 2

By system (2.39), we can further get

S-S
HG)

dL(§)

dg

<{A —pS(€) — [Bs(Isu (&) + 6Isr(€)) + BrIr(£)]S(€)}
+ (1= f)BsTsu(€) + 0Is7(£))S(E) — (kv + p)Isu(€)]
+ [f(1 = 7)Bs(Isu (&) + 0Is7(£))S(€) — (kr + p)IsT(§)]

IR(§) — IAR‘

+{lfrBs(Isu (&) + Is7(§)) + BrIR(E)]S(E) — (kr + 1) IR(E)} (@)
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Together with the following equilibrium conditions A = ,ug + ,BRng and kr + p = ﬂRg, we

have
) < {15 + 6T — 5(0) - BT (€) + 6T (€) + Bln(€)] ()} HF =2

+ (1= )BsTsu (&) + 0Is7(£))S(€) — (ku + p)Isu(€)]

+ [f(1 = 7)Bs(Isu(§) + 01s7(£))S(&) — (kr + 1) IsT(8)]
+ {(Fr8s150(©) + 5157(©) + Brln(€)) S(6) — BnSTn(e)} 2 L8

= — M(S(ég(g + 6RSIR (2 — — )>
+ Bs(Isv (&) + 6Is7(§))S — (kv + 1) ISU(i) (kr + p)Ist(€)
~ frBs(Isu(§) + 0Is7(£)S(€)Ir
Ir(§)

+ Gk + ) s (©) ( e 1) +(hr + ) sr(©) ( - 1) -

Let O(z) :=1—x + Inx, for z € (0,+00). Using the fact S = Rioc = %R and the property
that ©(z) < 0 with O(x) = 0 if and only if z = 1, gives

dL(8) @<;£))+@<S<§s>>

it
+ o+ ) lsu(©) (T2 =) + (ke -+ ) s (22 1)

<BrSIg

<(ku + 1) Isu(€) (ZSRU - 1) + (kr + ) Isr(€) (izf B 1>

It is obvious that é) < 0 holds for all £ € R when Rgy < Rr and Rgr < Rp, implying
that L(&) is decreasing. Furthermore, dzg ) — 0 if and only if

(Sa VS7 ISU7 VSU7 IST7 VST) -[R) VR) = E(§7 07 07 O) O) 07 jR7 O)
LaSalle’s invariance principle [63] implies

(S(f)v VS(&)a ISU(é-)’ VSU(€)7 IST(&)? VST(§)7 IR(§)7 VR(&)) — E(Sv 0’ O’ O’ 07 Oa fRa 0)
as £ = +oo. That is, (S(+Oo)aISU(+OO)aIST(+OO))IR(+OO)) = E(S’,0,0,fR). O

REMARK 2.2. From Rsy < Rr and Rgr < Rgr, we can easily derive that Rsc < Rpc.
So we address the connection problem between two equilibria E° and E in the later two
cases of Table 1 in Section 1. The existence of this strong traveling wave shows that the
spread of influenza is successful, which describes the influenza propagation into the susceptible
individuals from an initial disease-free equilibrium to the final boundary equilibrium with only
resistant-strain.

© 2019 Tous droits réservés.
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3.3. Weak traveling waves. We can easily show that the positive semi-traveling wave

(S(€), Isu(&),Isr (&), Ir(§)) of (2.3) in Theorem 3.1 satisfies that (S(), Isu(§), IsT(€), Ir(E))
€ £, which implies

limsup S(€) < S, limsup I;(€) < x;K*, i = SU, ST, R,

E—+o0 E—+o0

where kg = K9, K§T = K3, KR = K4.
To prove that the positive semi-traveling wave (S(§), Isv(€), IsT(€), Ir(£)) is persistent,
we only need to prove

liminf S(§) > 0, liminf [;(§) > 0, i = SU, ST, R.

E—+oo E—+oo
For this, we will apply the uniform persistence Theorem 4.5 in [105] and restate it as a

lemma as follows.

LEMMA 3.3. Let X be locally compact, and let Xo be compact in X and X1 be forward
tnvariant under the continuous semiflow ® on X. Assume that Qo, defined by

Q= | wy), V2= {z € Xa: ®y(x) € Xp,Vt > 0},
YEY?
has an acyclic isolated covering M = J,-—, M. If each part My of M is a weak repeller for

X1, then Xo is a uniform strong repeller for X;.

To use Lemma 3.3, we define
X1 ={(S, Vs, Isv,Vsvu,Ist,Vsr,Ir, Vi) : (S(€), Isu(§), IsT (), IR(E)) is a positive semi-traveling
wave of system (2.3) in Theorem 3.1 and Vs(§) = S'(€), V;(§) = I;(§), i = SU, ST, R},
X2 :{(57 VS7Oa0a07071R7VR) :0 S S S Soa |VS‘ S D1|S|7 0 S IR S K4K*a ‘VR‘ S DI‘IR‘}a

where k4 and K* have been determined in Lemmas 2.1 and 2.3, and D is a positive constant
that is just determined in Theorem 3.2.

LEMMA 3.4. If Rsc > 1 > Rpc (defined in (2.14) and (2.15)), and ¢ > max{c*,&*}
(c* > 0 is defined by Lemma 2.1, ¢* > max{2\/dsyPsy(0),2+/dsrPsr(0)}) hold. Let
W*(E®) denote the stable manifold of system (2.39) at the equilibrium E°, then we have

W3(E%) N X, =0,

where EY = (S8°,0,0,0,0,0,0,0) and () denotes the empty set.

Proof: First, we calculate the Jacobian matrix of system (2.39) at E° as follows:

0 1 0 0 0 0 0 0
BsS°® Bg5S° BRSO

% é 23 0 s;ls 0 I(}S 0

0 O 0 1 0 0 0 0

0 0o hruts=(-DNBsS® ¢ —(1-1)Bs88° 0 0 0

J= dsu dsu dsu

0 O 0 0 0 1 0 0

0 0 —f(1-7)BsS° 0  rtp=f(-r)Bsis® 0 0
dsr dsr dsr

0 O 0 0 0 0 0 1

—frBsS° —frBs65° kr+u—BrS°
S L e e
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Let
0 1 0 1
Ju=\ o c | IB=| kpru-ses® . |>
dS dS dR dR
0 1 0 0
kU+,u—(1—f)ﬁgSO c —(1—f)65550 0
Jog = dsu dsu dsu
0 0 0 1
—f(1-7)B55° 0 kp+p—f(1-r)Bs6S® ¢
dst dst dst

Obviously, the characteristic polynomial of J will be determined by the characteristic poly-
nomial of Jy1, Jog and Jz3. That is to say, the eigenvalues of J consist of the eigenvalues of
J11, Jo2 and Js3, so we consider the characteristic equations of Ji1, Joo and J33 and calculate
their eigenvalues, respectively.

Upon a direct computation, one is able to verify that Ji1; and J33 have eigenvalues

ct/c?+4dspu AE = c* \/62 +4dg(kr + 1)(1 — Rgeo)
v N33 T :

2dg 2dp
J11 has one positive eigenvalue )\ﬁ and a negative eigenvalue Aj;, the eigenvector of matrix
J corresponding to the negative eigenvalue A\j; is (1, A]3,0,0,0,0,0, 0)”. When Rpc < 1, J33
has one positive eigenvalue )\;3 and a negative eigenvalue A33, the corresponding eigenvector
to Ag3 is (0,0,0,0,0,0,1,A3;)7.

In addition, the characteristic equation of Joo is

H(A) := Psy(A)Psp(A) =~ =0, (2.40)

£ _
A11_

where

Psy(N) = dsuX* — e + (1= [)BsS° — (kv + p),

PST()\) = ClST/\2 —cA+ f(l — T),355SO — (kT + p) and

7= (1— )B2SF(1 - r)(SO)2

It is easy to verify that Rgc > 1 if and only if 2A(S°) < 0, where 2(S°) = H(0).

From Lemma 2.1 (e) in [122], it follows that Jse has only one negative eigenvalue, de-
note by Ay, when ¢ > & (¢* > max{2\/dsyPsu(0),21/dsrPsr(0)}). Suppose that o =
(o, o, a3, o, s, a6, a7, aig) is the eigenvector of matrix J corresponding to A5,, wherein

(o, 0u, a5, 06) is the eigenvector of matrix Jop corresponding to A5, then the relationship
among the components «;, 7 = 3,4,5,6 can be described by

Agp i3 = g,

PSU(AQ_Q)O@ = —G83Oé5, (2 41)
Psr(A\gp)as = —Gyas, '
)\5%)(5 = O,

where G9; = (1 — f)Bs0S°,GYy = f(1 — r)BsS%. Tt follows from (2.41) that the vector
(a3, au, a5, a6) has the form (G953, \5,GY3, —Pst(Ay), —Aye Pst(A5,)) or another equivalent
form (G99, A5G, —Ps1(A3), —A55 Ps7(A3)). From Lemma 2.1 (e) in [122], we know that
Pstr(A55) > 0 when Rge > 1 and ¢ > é*. So, ag and a5 have the opposite sign.

If A1}, Ag9 and M35 are not equal to each other, the stable subspace of the linearized system
of system (2.39) at E° is spanned by (1,A};,0,0,0,0,0,0), a and (0,0,0,0,0,0,1,A3;). In
view of azas < 0, A\[; <0 and A35 < 0, together with the tangency of stable manifold to the
stable subspace in stable manifold theorem [89], then we have W*(E?) N X; = 0.
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If only two of AJ}, A5, and A35 are equal or all three are equal, without loss of generality,
we suppose that Ay, = A} or Ayy = A} = Ag5. Since Ay, is a simple eigenvalue of Jo2 and a
multiple eigenvalue of J with multiplicity 1 or 2, then the stable subspace of the linearized
system of system (2.39) at E° is spanned by (1, A\{3,0,0,0,0,0,0), & and (0,0,0,0,0,0, 1, A33),
where the elements ag and as of the eigenvector & satisfy agds < 0 by (2.41). Similar to the
above discussion, we can get the conclusion that W*(EY) N X = 0. |

THEOREM 3.5. If Rsc > 1 > Rpc (defined in (2.14) and (2.15)), and ¢ > max{c*, ¢*}
(c* > 0 is defined by Lemma 2.1, ¢ is defined by Lemma 3.4) hold. System (2.3) admits a
weak (or say persistent) traveling wave (S(§), Isuy(§), IsT(§), Ir(&)) satisfying the asymptotic
boundary condition (2.5).

Proof: Assume that
(S(&), Vs(&i), Isu (&), Vsu (&), IsT (&), Vst (&), Ir(&:), VR(&:)) — (S, VS, Isy, Viu, L5, Vir, Ik, Vi)

when & — 400 as ¢ — +00.

We first prove several results as follows:

(a) Isy = 0= Viy = Igp = Vir = 0;

In view of the fact that Ig;, = 0 and Vsy = I:qU, it V5, # 0, by the Taylor formula,
we know there exists £* such that Igy(£*) < 0, a contradiction. In addition, we assume
that limg_, 4o Igp(€) exists, then we can show that lime o Iy (€) > 0. By selecting a
subsequence of §;, denoted by §&;;, we directly give the Taylor expansion of I, SU(&j) at §?j :

Isy (&) = Lsu (&) + Tsu(§))(&, — &) + Tsu(§))(&, — &) +o((&, — €))).  (2.42)

Let f?j — 400, implying that ISU(@%) — 0 and I:gU(lej) — 0. Combining with Isy(&;;) >
0, we can get limg_, o Ty (€) > 0 from (2.42).
Now go back to the equation of Iy in wave equations (2.21) of the original system (2.3)

cloy (&) = dsulsy(§) + (1 — f)Bs(Isu(§) + 61s7(€))S — (ku + ) Isu(§). (2.43)

Take the limit on both sides of equality (2.43), in order to make the limiting equation
still hold, we have I, (4+00) = 0 and Is7(+00) = I%; = 0. Similar to the proof of Vi, = 0,
we can show Vg, = 0.

Through a similar discussion with (a), we can also prove the following results (b) and (c).

(b) Isp = 0= Vir =I5y = Vo = 0;

(€) [ =0= Vi =I5y = Vsy = I5p = Vir = 0.

By (a), (b) and (c), we can find that I§;, =0 & [i, =0, I}, =0 = I§, = I%p =0, while
Iy = Iy = 0 does not imply I = 0. So we only need to show that Xo excludes X, if we
want to prove that S(§), Isy(§), Isr(§) and IR(§) are persistent. Now we study the dynamics
of system (2.39) in X,. Equivalently, we consider the subsystem of system (2.39)

S = Vs,
dsVéZCVS—A+MS+5RIRS, (2.44)
I, = Vg, ‘

drVy = cVr — BrIRS + (kr + 1) IR.
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If Rrc < 1, system (2.44) has a unique equilibrium E°(S°,0,0,0). Now we consider the
Jacobian matrix of (2.44) at E°, which has the form

0 1 0 0
B e BrS° 0
J=| 4 s ds
0 O 0 1
0 0 kr+p—BrS° ¢
drr IR

The characteristic equation of .J is
(dsA? — e — p) [drA\? — eX + BrS° — (kg + p)] = 0. (2.45)
It is easy to calculate the eigenvalues of J as follows:

ct\/c+4dspu AE c* \/62 +4dg(kr + p)(1 — Rpo)
y AR = .

2dg 2dR
When Rrc < 1 and ¢ > 0, the real part of all eigenvalues of J is nonzero, by the Hopf
bifurcation theorem [75], we know there is no periodic solution around E°. Obviously, there
is no heteroclinic orbit connecting EY for any ¢ > 0 as Rrc < 1.

Finally, we need to rule out the possibility of a homoclinic connection at E°. For the
non-degenerate critical point E, if there is a homoclinic orbit ! connecting EY, then we

have I € WY (E®) N W9(E?). The eigenvectors of matrix J corresponding to eigenvalues
)\f,i =S5, R are

hE = (1,05,0,0), hf = (BrS%, ALBRSY, Ps(A\}), AsPs(AR))
E = (17)‘57070)’ h;{ = (/BRS()’)‘E/BR‘S(O’PS()\;{%)‘;{PS()‘]}))

where Ps(\) = dsA? — c\ — p.

The unstable subspace of the linearized system of (2.44) at E° is spanned by h; and
h;, and the stable subspace is spanned by hg and h. If there is a homoclinic connection
at E0, then [ — EY # (), we suppose that there is some point P° € [ — E° such that P° €
WUY(E®) N W9(E®). Through simple calculations, together with h{hy < 0 and hrhy < 0,
we can show PY = E¥ a contradiction. So there do not exist homoclinic orbits in X, for
system (2.44).

The above discussions imply that the sets {29 and M in Lemma 3.3 are given by Qy =
E° = M. Obviously, M is an acyclic isolated covering of €. Applying Lemmas 3.3 and 3.4

e =

’ (2.46)

completes the proof of the theorem. O

REMARK 2.3. In Theorem 3.5, we only give the existence of weak traveling waves connect-
ing the disease-free equilibrium since it is difficult to construct a Lyapunov function or a pair
of closed upper-lower solutions which converge to the positive equilibrium E* as & — +oo. Al-
though we can determine the components of the final state of weak traveling waves are positive,
it does mot mean the final state of the weak traveling waves is E*. At the end of influenza
spread, susceptible individuals and infected individuals with sensitive and resistant strains
may coexist at constant levels (E*) or periodically fluctuating state. However, Theorem 3.5
can still tell us the propagation speed of infection into susceptible individuals. Biologically,
it is indeed of public health importance, indicating that if few infectives are introduced into
a completely susceptible population, then the infected individuals with sensitive and resistant
strains would not vanish at the end of the wavefront.
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4. Nonexistence of semi-traveling waves and estimation of minimal wave speed
for the original system

In this section, we show the nonexistence of semi-traveling waves for the original sys-
tem (2.3) in the following four cases: (I) Rc < 1 and ¢ > 0; (II) Rrc > 1, Rsc # 1 and
0<c<e (III) Ree > 1, Rpe #1land 0 < ¢ < ¢§; and (IV) Re > 1, R; # 1,4 = SC,RC
and 0 < ¢ < min{c}, ¢5}. In addition, we also give the estimation of the minimal wave speed.

4.1. Nonexistence of semi-traveling waves.
41.1. Case I: Rc <1 and ¢ > 0.

THEOREM 4.1. Suppose that Rc < 1, then for any ¢ > 0, the original system (2.3) has
no nonnegative bounded semi-traveling waves (nontrivial) satisfying the asymptotic bound-
ary condition (2.5). That is, in addition to the trivial semi-traveling wave, the original
system (2.3) does not admit any traveling wave connecting the disease-free steady state E°
itself.

Proof: Suppose that the original system (2.3) admits a nonnegative bounded semi-
traveling wave (nontrivial) satisfying the asymptotic boundary condition (2.5). Without loss
of generality, we assume that 0 < S(¢) < S% and I(£) >0 for £ € R.

Note that the three equations for (Isy, Is7, Ir) in wave equations (2.21) of the original
system (2.3) can be transformed into

(€)= oo tpoteov i Hap (s)ds & [ fiopeesule- (5)ds,
Isr(€) :ffoo %GAST( s) HST d8+f+oo kT+Tu Ao (€— ) Tw (s)ds,
In(€) = J* Muteerr(e >ﬁ s)ds + f+oo Rt A (69) L Hp (s)ds,
(2.47)
where

c* \/62+4dSU(kU+,u) c+ \/CQ+4dsT(kT+M) + c+t \/62+4dR(kR+M)
Asu = » AR = )
QdSU 2dST 2dR

psu = Ay — Agus psT = Moy — Agrs pr =M} — AR, Hsu(s) = (1= f)Bs(Isu(s) + 61s7(s))S(s),
Hsr(s) = f(1 —7)Bs(Isu(s) +dlsr(s))S(s), Hr(s) = [frBs(Isu(s) + dIsr(s)) + BrIr(s)]S(s).

According to (2.47) and assumptions, we have

Isp(€) < [2., BetteNso &9 pho (1 — f)Bs(Isu(s) + 815t (s)) S ds

+ _
7)\ST_

o0 psy
+§f+:’ Bt Ay (¢ s>ﬁ(1_ £)Bs(Isu(s) + 6Isr(s))S s,
Isr(€) < f OO+£S—%M+)\ST(§ )mf( —7)Bs(Isu(s )+5IST(5))SOdS (2.48)
+€f . alens Nor(6- s)kTWf(l—?“)ﬁs(ISU( 5) + 6Is7(s))Sds,
Ig(€) < [° PEtrernlEs [f?"ﬁs(ISU( )+ 0Is7(s)) + BrlR(s)]Sds
\ +f*°° ’fR;“ s Fa s (Isu (s) + 6Is1(s)) + BrIn(s)]S ds.
Making further simplification of inequalities (2.48), yields
Isy(§) < (V_IF)l JE o B AU =) [(5)ds + [ B AU (€9 [ (5)ds |
Isr(§) < (V o [ [ Bt Asr E=9) [(5)ds + [ ’“T+Tﬂ Nsr(€=9)1(s)ds (2.49)
Ip€) < (V7'F)s ffoo ’“;;“ AREI I (s)ds + [ B AREI (s)ds]
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where (V71F);, i = 1,2,3 denotes the i-th row of the matrix V! F and
(1-1)BsS°  (-1BsdS’

| FUSRsS0  1ovyabs0 fsutt)

- _ - —r _

VoF= Frtn Fri 0 ) = | Lsr(t)
JrBsS" JrB50S°  BrS° Ir(?)
kr+p kr+p kr+p

Let I]Q = supgeg 1;(§), j = SU,ST, R. Then 10 = (IgU,IgT,I%)T > 0 and I # 0,
where T represents the transpose of vectors. Furthermore, by (2.49), we have

I° < (V7RO (2.50)

In subsection 2.2, we have proven that p(V~1F) = p(FV~!) = Rc. Through the Perron-
Frobenius theorem, we see that there exists a vector P = (p1,p2,p3)’ € R? with p; > 0,i =
1,2,3 such that (V-1F)P = RcP. As IV is bounded, we can suppose that there exists a
constant y > 0 such that I < xP. Iterating inequalities (2.50), we have

I° < (VIR)"I° < x(V'F)"P = x(Rc)"P. (2.51)

When Rc < 1, by selecting a sufficiently large n, we get I° = 0, which is in contradiction
with the assumption. O

REMARK 2.4. Theorem 4.1 determines whether nonnegative bounded semi-traveling waves
connecting the disease-free equilibrium E° itself exist in the first case of Table 1 in Section 1.
The results show that the control reproduction number Ro is a critical threshold determining
whether nonnegative bounded semi-traveling waves exist.

4.1.2. Case II: Rpc > 1, Rgc #1 and 0 < ¢ < cj.

LEMMA 4.2. Suppose that Ro > 1, R; # 1, i = SC, RC are satisfied. For any ¢ > 0, if
(S(€), Isu (&), IsT(§),IR(E)) is a nonnegative semi-traveling wave of the original system (2.3)
satisfying the asymptotic boundary condition (2.5), then there exists a positive constant n
such that

sup{|S” — S(&)|e "} < +o0, sup{|L;(€)le™} < +o0, j = SU,ST,R. (2.52)
£eR £eER

Proof: Since the nonnegative traveling wave (S(§), Isu(€), IsT(§), Ir(€)) of the original
system (2.3) satisfies the boundary condition (2.5), we have

(5(5)7 VS(&), ISU(&)) VSU(§)7 IST(E)a VST(§)> IR(£)7 VR(E)) - EO(Sov 07 07 07 07 07 Oa O)a
as & — —o0.

It is easy to calculate the characteristic polynomial of the linearized system of equivalent

system (2.39) of wave equations (2.21) at E° as follows
Ps(A)H(A)Pr(A) =0, (2.53)
where Pr()\) = drA? — cA + BrS® — (kr + ).

When Rprc # 1, we know that the roots of the polynomials Ps(A) and Pg(A) have no
zero real part. Next, we determine whether the polynomial H(\) = Psy(A)Psr(\) —«y has a
root with zero real part. Since H(0) = Psy(0)Psp(0) — v = (ky + p)(kr + p)(1 — Rsc) # 0
when Rgeo # 1, A = 0 is not the root of H(\) = 0. By H(\) = 0, we get the following quartic
polynomial of A

A + a3/\3 + ag)\2 4+ a1 A+ ag =0, (2.54)
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where
an = _ Cldsutdsr) 4 — € (1=1)BsS°=(ku+n) + f(1=7)B56S° = (kr+p)
3= dsydsr 2 = dsudsr dsu dst ’
= _ c[f(1=r)B58S°—(kr+p)+(1=f)BsS° = (kuy+u)]
1= dsudst )
an = LA=0BsS = (ku +m)|[f(1=r)BsdS° = (krt+p)] _ (1=f)BsdS°f(1=r)BsS°
0 dsudsT dsudst )

Suppose that (2.54) has a pure imaginary root, denoted by A = (i,5 # 0, then we
substitute A = /37 into (2.54), yielding
Bt —asB® +ag =0, a1 = azp’. (2.55)

On account of 42 > 0 and a3 < 0, we have a; < 0, implying
F(1=7)B568% — (kr + ) + (1 — f)BsS® — (kv + ) > 0.
Combining the two equalities in (2.55), we obtain
a2 + apa3 — ajazas = 0. (2.56)
Through calculation, we can get the following inequality

2 2
aj + apaz — ajaqzas
2

=" ﬁ [(dsu + dsT)[f(1 = 7)B56S° — (kr + p) + (1 — £)BsS® — (kv + p)]c?
SU%ST

+ {dsulf(1 = 1)Bs6S° = (kr + p)] — dsrl(1 — f)BsS® — (ku + w)]}?
+ (1= f)BsS (1 —1)B56S"(dsu + dst)? |
<0, for ¢ >0,

which is in contradiction with (2.56). Thus, when Rc > 1 and R; # 1, ¢ = SC, RC, the
characteristic polynomial (2.53) has no roots with zero real parts for any ¢ > 0, implying
that the equilibrium E° is hyperbolic. By using stable manifold theorem in [89], we know
that there exists a positive constant 1 such that (2.52) holds. O

THEOREM 4.3. If Rrc > 1 and Rgc # 1 are satisfied, then for any c € (0,c}), the origi-
nal system (2.3) has no nonnegative bounded semi-traveling waves satisfying the asymptotic
boundary condition (2.5), where ¢; = 2y/dg(kg + u1)(Rrc — 1).

Proof: We first define the two-sided Laplace transform by

+oo
LIUGIO) = / MU ()t (2.57)
for A > 0.
We can rewrite (2.57) as follows
LIUOIA) = L7UOIN) + LTI, (2.58)

where L7[U(+)](N) = ff)oo e MU (t)dt is referred to as the negative one-sided Laplace trans-
form (see [124]), LY [U()](\) := [, e MU (t)dt.

It follows from (2.58) that the convergence of L[U(-)]()) is equivalent to that of L~ [U(+)]())
if U(t) is bounded in [0, 400). From the definition of L~ [U(-)](\), we can find that L~ [U(-)](\)
is increasing in [0, \*), where A* = +o00 or \* < 400 with limy_ = L[U(+)](A) = 4o0.
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It is easy to verify that the two-sided and negative one-sided Laplace transforms have the
following properties:

LIV'CIA) = ALUOIN),  LIO"CIA) = NLU O, (2.59)

and
£ [U:/( )I(A) = /\gf[_U(-)](/\) +U(0), , (2.60)

LTUCIN) = ALTU I + AU(0) + U'(0).
Set

Ji(A) == LIL()](N), ¢ = SU, ST, (2.61)

and
Jr(N) =L Tr(I(N), (2.62)

for A € [0, X)), i = SU, ST, R. By Lemma 4.2, it follows that \! > n, i = SU, ST, R.
The latter three equations of wave equations (2.21) of the original system (2.3) can be
rewritten as

dsul§y — clsy + [(1— f)BsS® — (kv + w)Isu = (1 — f)Bs(5° — S)Isv + 6Isr) — (1 — f)Bs85 Ist,
dstIsr — clsr + [f(1—1)BsS° — (kr + ) Is = f(1 —7)Bs(S° = S)(Isv + 6Isr) — f(1 —r)BsS°Isu,

drlpy — cIi + [BrS® — (kr + p))Ir = (S° — S)[frBs(Isu + 0Ist) + BrIr] — frBsS°(Isv + 01lst).
(2.63)

Define v = min{Pr()\) : A > 0}, where Pr()\) = dgA? — e\ + BrS? — (kg + ). It follows
from the condition 0 < ¢ < ¢ = 2y/dg(kg + u)(Rrc — 1) that v > 0. Now we suppose
that there is a nonnegative semi-traveling wave (S(§), Isu(€), IsT(€), Ir(§)) of the original
system (2.3) satisfying the asymptotic boundary condition (2.5). According to the boundary
condition (2.5), without loss of generality, we can assume that S° — S(¢) < % for all £ < 0.
By the third equation of (2.63), we get

drlfy — cIfy + [BrS® — (kg + w)]Ig = Br(S° — S)Ig — frBsS(Isu + 6Ist)

< Br(S = 9)Ig < @IR

< gIR. (2.64)

Taking the negative one-sided Laplace transform of the above inequality (2.64) and making
use of the properties of £7[-] in (2.60), we obtain

Pr(N) Tz (V) + Q) < 5Tz (), (2.65)

where Q(X\) = (dpA — ¢)Ir(0) + drIR(0). Therefore, by (2.65), we have

[1]

(A) == [Pr(N) [T (A) +Q(\) <0. (2.66)

v
2
If \; < 400, we have lim/\_h\};_ Jp (A) = oo, which implies lim/\_”\}}_ E(N\) = +oo,
which is in contradiction with (2.66). If A = 400, since J5 ()) is monotonically increasing,
together with the definitions of Pr(\) and Q()), we have lim/\_H\*Rf E(A) = +o00, which is still

in contradiction with (2.66). O
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4.1.3. Case III: Rsc > 1, Rrc #1 and 0 < ¢ < c5.
LEMMA 4.4. For any c € (0,¢3), there is no positive real root \* for
H(A) = Psy(A)Psr(A) =7 =0
such that Psyr(A*) < 0 and Ps(A*) < 0 hold, where

o= ity o Por O/ (o - Por 50

~ A
Psu(A) = dsuN* + (1= [)BsS° — (kv + p), (2.67)
Por(\) = dsX* + f(1 = 1)B50S° — (kr + p).

Proof: Suppose that H(A) = 0 has a positive real root \*, satisfying
H(X") = Psu(X")Psr(A") —v =0, (2.68)

and
Psy(\) < 0, Psr(\) < 0. (2.69)
Since 0 < ¢ < ¢, by the definition of ¢} in (2.67), we have

Poy(A*) + Psp(A*) + \/(}SSU(A*) — Psr(\))? + 44

cA* < 5 (2.70)
Then, we obtain
- Psyy(A\*) — Psp(\*) — 1/ (Psu(\*) — Psp(A\*))? + 4
0> Pay() = Poy (V) — ear » 130 = Par) \/(QSU( )2 PO
and
- Psr(\*) = Psyy(A\*) — £/ (Psu(A*) — Psp(A\*))? + 4
0> Por(3) = Pap(3) — et » LX) = Pou) \/(QSU( )~ PO 4 0
It follows
0 < Psy(A")Psr(X) <7, (2.73)
which is in contradiction with (2.68). O

THEOREM 4.5. If Rgc > 1 and Rrc # 1 are satisfied, then for any c € (0,c3), the origi-
nal system (2.3) has no nonnegative bounded semi-traveling waves satisfying the asymptotic
boundary condition (2.5).

Proof: We prove the theorem by contradiction. For fixed ¢ € (0,¢}), we suppose that
there exists a nonnegative bounded semi-traveling wave of the original system (2.3) satisfying
the asymptotic boundary condition (2.5).

Based on the definition of the two-sided Laplace transform (see (2.57)) in subsubsec-
tion 4.1.2, we take the two-sided Laplace transform of first and second equations of (2.63),
yielding

{ Psy(\)Jsu(A) = (1 = f)BsG(\) — (1 = f)B585°Tsr(N),
0 (2.74)
Psr(N)JsT(N) = f(1 —7)BsG(N) = f(1 —7)BsS°Tsu(N),
where G(A) = L[g(-)](A), g(t) = (5° = S)(Isv + dIsT).
Now, we illustrate A} < 400,71 = SU, ST. By the first equation of (2.74), we obtain

Hgu(A) = [dsuX® —eA— (ku + )] Jsu(A) + (1= £)BsLIS() (Isu (-) +61s7()](A) = 0. (2.75)
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By aid of the two-sided Laplace transform in (2.57), we have
Jsu(A) >0, (2.76)

and
LIS()Isu(-) + 6Is(-)](A) >0, (2.77)

for A € [0, Agy)-

If X = 400, using (2.76) and (2.77), we get Hgy (+00) = +00, which is in contradiction
with (2.75). So we can conclude that A\, < 4o00. Similarly, we can also prove that A3, <
+00.

Then, we show Ag; = Agp. Assume that Ay, < Agp, which means limy;y» Jsu(A) =
+o00 and limyax, Jsr(A) = Jsr(Ngy) < +oo. From Lemma 4.2 and the definition of
the two-sided Laplace transform in (2.57), together with the boundedness of semi-traveling
waves, we know that G(\%;;) < 400, which follows that the second equation of (2.74) does
not hold. So, A\5;; > Agp. On the other hand, we suppose that \g; > Agp, by a similar
discussion, we have \g;; < Agp. Based on the above analysis, we can get the conclusion that
A= Aoy = g

Next, let us further consider Pgyr(A*) and Psp(A\*). If Psyr(A*) > 0, we have

Psy(X\*)Jsu(X*) + (1 = [)Bs65%Tsr(A*) = +00 > (1 = f)BsG(XY), (2.78)

which is in contradiction with the first equation of (2.74). So, we have Psr(A*) < 0. Similarly,
we can also prove Pgr(A*) < 0.
Finally, we multiply the first equation by the second one of (2.74), yielding

H(\)Jsu(\)Jsr(A) = f(1 = /)1 =r)BEGAN[GN) = S°(Jsu(N) +6JsT(V)).  (2.79)
Consequently, we have

fA=HA=1BIGNIEN) = S°(Tsu(N) +0Jsr(N))]

H(\) = lim = =0, (280
(X) Amr A~ Jsu(AN)JsT (M) (280)
which is in contradiction with Lemma 4.4. O

4.1.4. Case IV: Rg > 1, R; # 1,i = SC,RC and 0 < ¢ < min{c},c;}. Combined with
Lemma 4.2, Theorems 4.3 and 4.5, we can give the following theorem directly.

THEOREM 4.6. If R > 1 and R; # 1,1 = SC, RC hold, then for any ¢ € (0, min{c}, c3}),
the original system (2.3) has no nonnegative bounded semi-traveling waves satisfying the
asymptotic boundary condition (2.5).

4.2. Estimation of the minimal wave speed. Biologically speaking, epidemics can
spread for ¢ > ¢, while they can not spread for any ¢ < ¢pin, where ¢y, is the minimal
wave speed, an important threshold value to determine whether epidemics can spread or
not. Theorem 4.6 provides the basis for our estimation of the range of minimal wave speed.
Combining with Theorem 3.1, we can conjecture that the minimal wave speed ¢y, of the
original system (2.3) satisfies ¢pin, € [min{cj,ci},c¢*]. We find that the lower bound of
minimal wave speed ¢;,;, depends on the minimum value of the minimal wave speeds of its
two subsystems where I'r = 0 or Igyy = I = 0, which seems to be a new phenomenon.
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5. Concluding remarks

In this chapter, we investigate a diffusive influenza system (2.1) with multiple strains.
By solving algebraic equations, we find all equilibria of the reaction system (2.2) and the
corresponding conditions that guarantee their existence (see Table 1). There are three possible
equilibria for the reaction system, i.e., two boundary equilibria (the disease-free equilibrium
E? and the boundary equilibrium E ) and an interior (positive) equilibrium E*. We introduce
three parameters, Rsc, Rrc and R¢, to determine the region where each equilibrium exists.

As we all know, traveling waves starting from the disease-free equilibrium are of biologi-
cal significance since we can get a lot of information from them, such as whether epidemics
will spread, asymptotic speed of propagation, the final state of the wavefront, etc. By intro-
ducing an auxiliary system and using the Schauder’s fixed-point theorem, we first establish
the existence of positive semi-traveling waves connecting the disease-free equilibrium E° in
terms of R¢ and the critical wave speed ¢* for the original system (2.3). On the basis of the
existence of semi-traveling waves, we construct an appropriate Lyapunov function and use
LaSalle’s invariance principle to obtain the existence condition of strong traveling waves con-
necting the disease-free equilibrium E° and boundary equilibrium E. In addition, persistence
theory of dynamical systems is creatively applied to prove the existence of weak (persistent)
traveling waves starting from the disease-free equilibrium E°. In view of these three types
of traveling waves, we give some biological interpretations about their analytical results in
Remarks 2.1, 2.2 and 2.3, respectively. Biologically, the existence of semi-traveling waves
connecting the disease-free equilibrium EY indicates that the spread of influenza will occur.
The existence of strong traveling waves which connect the disease-free equilibrium E° and
boundary equilibrium E indicates that there is a transition zone moving from the steady
state with no infective individuals to the steady state with only drug-resistant infected indi-
viduals. In particular, the presence of persistent traveling waves indicates that the infection
with sensitive and resistant strains does not disappear at the end of the wavefront.

By using the comparison principle and the negative one-side and two-side Laplace trans-
forms, we also prove the nonexistence of nonnegative bounded semi-traveling waves which
connects the disease-free steady state E° itself in four cases. Our results are based on the
fact that the diffusion coefficients of five subpopulations are extremely different, implying
the research on the original system (2.3) is more biologically meaningful. In the text, we do
not give the discussion of the existence of semi-traveling waves connecting the disease-free
equilibrium E° under the condition ¢ = ¢*. We can show that semi-traveling wave solutions
in case of ¢ > ¢* converge to semi-traveling waves corresponding to ¢ = ¢* by picking a
sequence {¢,} satisfying ¢, > ¢* and ¢, — ¢* as n — +o0.
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CHAPTER 3

Dynamical behavior for a class of predator-prey type
eco-epidemiological systems in Ri

. . . . . 3
In this chapter, we study a class of predator-prey type eco-epidemiological systems in R}

as follows:
% =rS(1- CIS%ZI)(S —0) - 1%15 - (S+ljf§::b+an P,
S oy @D
‘at = Ngrygar L T V2 L AP,
with initial conditions
5(0) =0, 1(0) = 0, P(0) >0, (3.2)
where r,b,d, B, u, 71,72 € (0,1); 0 < c1,e0 < 1; 0 < K, a5 —g <0 K g; n,m € Ny,

1§m§n;0<a<§;and'yg<'yl.

The rest of the chapter is organized as follows. In Section 1, we provide a brief survey
of some of the relevant portions of the Conley index theory. In Section 2, we give some
preliminary results associated with the solutions of system (3.1) (also called the full system).
In Section 3, to understand the boundary dynamics of the full system, we separately analyze
the dynamical behavior of its three subsystems in Ri. In Section 4, we carry out a detailed
analysis on the complete dynamics of the full system. Our results include the conditions for
the local and global asymptotic stability of boundary equilibria, the uniform persistence of
the full system, and certain criterion for which there is an interior periodic solution (limit
cycle) via the Poincaré map and bifurcation method. Finally, we conclude our findings and
provide potential applications in Section 5.

1. Conley index and restricted Conley index

In order to analyze and discuss the qualitative and bifurcation behaviors of system (3.1),
in this section, we give a brief introduction to the Conley index theory.

1.1. Conley index. Basic references for this material are [30, 78, 100]. The objects of
primary interest in Conley’s approach to dynamical systems are isolating neighborhoods and
their associated invariant sets.

DEFINITION 1.1. Let ¢ : R x X — X be a flow on a locally compact topological space. A
compact set N C X is an isolating neighbourhood if its maximal invariant set is contained
strictly in its interior, i.e.,

Inv(N,p) :={x € N:pR,z) C N} C Int(N).
If S = Inv(N, ) for some isolating neighbourhood N, then S is called an isolated invariant

set.

43
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The Conley index studies isolated invariant set S, the essential tool for this study is an
index pair for S, i.e., a compact pair (N, L), whose definition is as follows:

DEFINITION 1.2. Let S be an isolated invariant set. A pair of compact sets (N, L) where
L C N is called an index pair for S if:
(i) S = Inv(cl(N \ L)) and N \ L is a neighborhood of S;
(ii) L is positively invariant in N; that is, given x € L and ¢([0,t],x) C N, then ¢([0,t],z) C
L;
(iii) L is an exit set for N; that is, given x € N and t; > 0 such that ¢(t;,x) ¢ N, then there
exists to € [0,t;] for which ¢([0,t0],x) C N and p(to,x) € L.

It is shown in [30] that given an isolated invariant set S, there exists an index pair. For
an isolated invariant set S with index pair (N, L), we give the definition for the (homotopy)
Conley index of S, denoted by h(S) [30, 78, 100].

DEFINITION 1.3. The homotopy Conley index of S is
h(S) = h(S,¢) ~ (N/L, [L]).
The index has been defined in terms of an isolated invariant set, but it can be extended

to an index of isolating neighborhoods as follows. Let N be an isolating neighborhood. The
Conley index of N is defined to be

R(N) = h(N, ) ~ h(Inv(N, ).

Observe that the Conley index of S has been defined in terms of any index pair. Further-
more, typically an isolated invariant set possesses a multitude of isolating neighborhoods.
Therefore one needs the following theorem.

THEOREM 1.4. (The Conley index is well defined). Let (N, L) and (N', L") be index pairs
for an isolated invariant set S. Then

(N/L, [L]) ~ (N'/L', [L)).

Now, we state the continuation theorem for the Conley index.

Let * : R x X — X,\ € A, be a continuously parameterized family of flows, where the
parameter space A is a compact locally contractible, connected metric space. The parame-
terized flow corresponding to the family ¢ is the continuous flow,

P RxXxA—=>XxA
(t,l’,)\) = (I)(t,ZC,)\) = (@A(tvl‘)v)‘)
Let N C X x A and N* := NN (X x {\}).

DEFINITION 1.5. Let A\; € A,i = 0,1, and let S* be isolated invariant set for o™ . S° and
S are related by continuation if there exists an isolating neighborhood N C X x A of the
parameterized flow ® such that Inv(N*, ") = SO and Inv(N*, p*) = St

THEOREM 1.6. (Continuation property). Let S° and S' be isolated invariant sets that
are related by continuation. Then,

h(S°) ~ h(Sh).

The most useful result about Conley index is as follows:
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THEOREM 1.7. (Wazewski property). Let N be an isolating neighborhood and assume that
h(Inv(N)) # 0. Then, Inv(N) # 0.

This result provides the simplest example of an existence result which can be obtained
via the Conley index. It also demonstrates an important point concerning the way one wishes
to view the Conley index.

The following theorem is fundamental to many significant applications of the index theory
to date. In particular, its converse is of greatest use.

THEOREM 1.8. (Summation property). Assume that S = SoUS; is an isolated invariant
set where Sy and S1 are disjoint invariant sets. Then

h(S) = h(So) V h(S).

After the empty set, the simplest isolated invariant sets are hyperbolic fixed points. In
this case, the following standard result will be used to determine the appropriate Conley
index.

PROPOSITION 1.9. If xg is a hyperbolic critical point with unstable manifold W"(zo) of
dimension n, then {xo} is an isolated invariant set and h(xg) = X", the pointed n-sphere.

The following result gives an isolated neighbourhood:

PROPOSITION 1.10. (see [30]). Suppose % = f(x) is a differential equation on R™ and

let V(x) be a smooth function on R™. Suppose there is a compact set K C R™ and a constant
e > 0 such that, for x € R"\ K,

d

5V (@) = =< fz@))]]

Then the set of bounded solutions of the equation is compact (in particular it is isolated, so
has an inder).

1.2. The restricted Conley index. The restricted Conley index is a simple general-
ization of the Conley index, which was proposed by A. F. A. Ismail [55]. Most of the content
below, please refer to [55].

Let X(R™) be the set of C? vector fields on R". Consider the flow ¢¢(t,x) generated by
the solutions of

dx
= 1) (33)

where f € X(R") is a smooth vector field on R™.

Suppose that I is an affine subspace in R" such that I is invariant for the flow ¢ generated
by (3.3). Note that this is the case if and only if = € I implies that f(z) € T, I (the tangent
space of I at ). We write f € X1 to be the subset of vector fields in X that leave I invariant.

LEMMA 1.11. Suppose N C R™ is an isolating neighbourhood for f € X; and N NI # ().
Then N N1 is an isolating neighbourhood for fr.

DEFINITION 1.12. An isolating neighbourhood N is called an isolating block if there are
no internal tangencies of the flow to the boundary of N.

Deviating slightly from the notation we have used in Conley index, we use h/(N) to
denote the (homotopy) Conley index for the flow generated by f for the isolating block N.
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DEFINITION 1.13. For the flow ¢y, we define the Conley index for N restricted to I by
hj(N) = hIi(N 1),
if N is an isolating block; and similarly
W(S) = W (s D),
if S is an isolated invariant set for the flow.

LEMMA 1.14. If N is an isolating block for the flow generated by f € Xy and NN 1 # 0,
then the restricted Conley index hi(N) is well defined.

THEOREM 1.15. Suppose that, for some f € X1, @¢(t,x) has hyperbolic equilibria x1 and
xo and that S is the set of connections between these equilibria. If SN 1 is a nonempty isolated
invariant set of connections, then fian is a locally gradient-like vector field. Moreover, if

hi(S) # hi(x1) V hi(x2)

then the connection is robust to perturbations in Xy.

2. Preliminary lemmas

In this section, we show some basic results associated with system (3.1) which are neces-
sary for the understanding of subsequent results. Therefore, we have the following lemmas,
which ensure the existence, uniqueness, positivity and uniform ultimate boundedness of the
solutions of (3.1).

LEMMA 2.1. Every solution of system (3.1) with initial conditions (3.2) exists and is
bounded in the interval [0, 4+00) and S(t) > 0,1(t) > 0, P(t) > 0 for all t > 0.

Proof: Obviously, system (3.1) can be written as the following Kolmogorov-type differ-

ential equations
s _
12 m, (3.4
s |
a = Pf3(S,1,P).

Since the functions f1, f2 and f; are C'! and locally Lipschitzian in R3, the local existence
and uniqueness of the solution (S(¢),I(t), P(t)) of system (3.1) with initial conditions (3.2)
hold, namely, it exists and is unique in the interval [0, &), where 0 < £ < 400 [48]. According
to system (3.4) and nonnegative initial conditions (3.2), we have

S(t) = S(O)efot FS()I().P(r))dr >
I(t) = 1(0)eJo 2SI > (3:5)
P(t) = P(o)efg f3(S(7),I(7),P())dT > (),

For any solution (S(t), I(t), P(t)) of (3.1) which starts in R% , we first prove the component
S(t) is bounded. Choose any point (5, I, P) € R3 such that S > %, since (S, I, P) is positively
invariant in Ri, we have

ds S + col
il <rS(1— L2 T20
ap s> = 7S K

which implies that S(¢) is bounded, without loss of generality, we assume S(t) < Mj.
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For the component I(t), we have

ar - BI bI™ 3
— = S — P—pul < —M;— ul. 3.7
dt  1+al (S+1I)"+an =0 . (37)

By applying the theory of differential inequality [16], we obtain

I(t) < e ™I(0 ﬁ]\451— THEY < IO,EMS = M;, 3.8
(6 < 00) + M1 - ) < max{1(0), M) (3.5

which implies that I(¢) is also bounded.
Now we define a time-dependent function by Z(t) = S(t) + I(t) + P(t), then the time-

derivatives of Z(t) along the solutions of (3.1) satisfy

dz S+ col

=S = FEE0)(S = 0) + (0 = V61(S. 1, P)P + (2 = 1)a(S, I, P)P — ul — dP
<rS(1— 015%02])(5 —0)—ul —dP
=rS(1 - 015%02])(5— 0) + dS + (d — p)I — dZ
<M, —dZ, (3.9)

where M, = maxo<s<m, o<r<m;{rS(1 — ClS%Z’I)(S —0)+dS + (d — p)I}, and we use the
condition that 0 < v, < 1, k = 1,2. Applying the theory of differential inequality [16] yields
Z(t) < J\Zilz’ indicating that P(t) is also bounded.

In summary, every solution (S(t),I(t),P(t)) of (3.1) with initial conditions (3.2) is
bounded, so its existence interval is [0, +00). O

LEMMA 2.2. Assume that 0 < cg < ¢1 <1 and 0 < cor? < 4uK, then for any € > 0,
all solutions of system (3.1) initiating in Ri are uniformly ultimately bounded within the
region We = {(S,I,P) e R3 : G < K+¢S+I1+P < %+e}, where G = 1.5 + col,
0 <n <min{u,d} and U = maxogsg%,ogGgK{S[” +r(1-£)(S-0)}.

_ K

Proof: Choose any point (S, I, P) € R such that S = we have %\S:%J:O’P:O =0

c1’

and %B:K r+p>o < 0. Together with (3.6) and the fact that system (3.1) has no equilibrium
cy’?

when S > g, we obtain

K
limsup S(t) < —
t—+00 C1

Now we define a time-dependent function by G(t) = ¢1.5(t) + c2l(t), then we show that
limsup;_,, o, G(t) = c15(t) + c2I(t) < K. The time-derivatives of G(t) along the solutions
of (3.1) satisfy

. rs(1— %)(S —0) — (S, 1) — ¢1(S, I, P)P| + ca (W(S, 1) — ¢o(S, I, P)P — pul)

(3.10)

dt
=c1rS(1 — %)(5 —0) —copl — (c1 — c2)¥(S, 1) — (c1¢1(S, I, P) + caga(S, I, P)) P
<crS(1— %)(5 —0) — coul, (3.11)
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where we use the condition that 0 < ¢3 < ¢; < 1. From (3.1), it follows that

{ % = TSI( — 015;5021)(51 0) 1+aIS (S+bIS)‘nm+anP < 7,5(1 _ 015;021)(5 0) 1+OJS

daI bI™m

i~ 1+0JS Grrarh LS 1+aIS pl = (1+aI w1, G2
3.12

which means that the S and I's dynamics of (3.1) can be governed by that of S-I subsystem.

When 6 < 0, we have %’G>K < erS(1 - %)(S —0) — copl|g>Kx < 0, which implies
limsup,; ., G(t) < K.

When 0 > 0, we first assume that S(0) < 6. If % < pfor0 <5< g and I >
0, then (3.12) has no interior equilibrium. Moreover, there is no equilibrium on [-axis.
By Poincaré-Bendixson theorem [114], we see that any trajectory converges to a boundary
equilibrium located on S-axis. Thus, we have limsup;_,, ., I(t) = 0. Then we have S(t) <#6
for all ¢ > 0 due to the fact %%|s_y < 0. Then, the limiting system of (3.12) is ¥ = rS(1 —
clS)(S 0) with S(t) < 6, which indicates lim;_, o S(t) = 0. So, we have lim;_, -, G(t) = 0.
If ﬁSI >,uf0r0<S< ¢, and I > 0, then we have

ds 18 + col aS rcgS? — OreoS + uK

< [———— — — — - — —

o S rS(1— e )(S—0)—pul =rS |(1 7 )(S —0) K< I
<rS(1-— —CIS)(S 9),

where we use the condition that 0 < cor? < 4uK. Thus, we have lim;_, o, G(t) = 0.
Assume S(0) = 60, then we have S(t) < 0 if I1(0) + P(0) > 0 or S(¢t) = 6 if 1(0) + P(0) = 0.
Similar to the above argument, we can show limsup,_,, . G(t) < K.

Assume S(t) > 6 for all ¢ > 0, then we have % | < e17S(1 — €)(S — 0) — copl |Gk < 0,
implying that limsup,_,, . G(t) < K.

With aid of (3.9), we have
dZ
dt =

Similarly, defining 0 < 7 < min{y, d}, for any € > 0, there is a T large enough such that for
any t > T, we have

<rS(1— %)(5 — ) — ul — dP.

dz G
Zp T2 =S |ntrl= )5 =0) + (- pwl+n-dP<U, (3.13)

where U = max) g K gcaciie {S [17 +7r(l— %)(S — 9)] } Applying the theory of dif-
— — Cl = —
ferential inequality [16] and letting ¢ — 0, yields

limsup Z(t) = limsup{S(t) + I(t) + P(t)} <

t——+o0 t—+o00

U

~, 3.14

p (3.14)

where U = max, g & geqer 19 [1+7(1— $)(S —0)]}. Thus, all solutions of system (3.1)
<S<TH0<GS

are uniformly ultimately bounded for any initial value in Ri. U

REMARK 3.1. Due to limited resources, no interacting species grows suddenly or expo-
nentially over a long time interval. The assumption that c; > co implies that intra-class
competition in susceptible prey is greater than or equal to inter-class competition between
susceptible and infected preys. Compared with susceptible prey, infected one is weaker and
less competitive.
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3. Dynamics of three subsystems

To understand the boundary dynamics of the full system well, in this section, we divide
system (3.1) into three independent subsystems in Ri: the first subsystem (S-I subsystem) is
obtained by assuming the absence of the predator, the second subsystem (S-P subsystem) is
obtained in the absence of infected prey, and the third subsystem(I-P subsystem) is obtained
by assuming the absence of susceptible prey. We first give some lemmas and definitions that
will be used in later analysis.

LEMMA 3.1. (Bifurcation point). Consider a dynamical system in R™,

dv

— = ®(v, A 1
if vo is a hyperbolic equilibrium of system (3.15) for X € (Ao — 0, A0) U (Ao, Ao + ) whose
Conley index changes at A = )Xo, then (v, \o) s a bifurcation point of nontrivial bounded

invariant sets of system (3.15).

Proof: Based on Conley’s index theory [30], the change of Conley index of the equilibrium
vo has the following consequences for system (3.15): {vg} € R™ is an isolated invariant set
of (3.15) for all A € (Ao — &, M) U (Mg, Ao + d) and let N, C Be(vg) C R™ be an isolating
neighborhood of {vp} for (3.15) with A = A\g £ ¢,0 < € < 8. Then there is some A € (Ao —
€, Ao + ¢€) such that (3.15) has a global solution whose trajectory is in N, for all ¢ € (—o0, 00)
and touches the boundary of N, at some ¢. If there were no such e (Ao — €, Ao +¢€), then N,
would define a continuation from Ag — € to Ag+ €, and the Conley indices would be the same,
contradicting with hypothesis. The union of all such bounded trajectories forms a nontrivial
bounded invariant set in N, C Be(vg) for (3.15) with X € (Ag — €, Ao + €). Since 0 < e < 4 is
arbitrary, we can say that (v, \g) is a bifurcation point of nontrivial bounded invariant sets
of system (3.15). O

REMARK 3.2. In other words, any change of the local Conley index of D,®(vo,\) at
A = Ao implies bifurcation of system (3.15) at A = Ag.

REMARK 3.3. Generally speaking, the Conley index remains the same under a change of
the parameter A, that is, h(vg, \1) = h(vo, A2). If the Conley index of the equilibrium vy has
changed, then for some intermediate value of the parameter X € (A, \), the neighbourhood
N has ceased to be isolating. Recall that the violation of the condition of being isolating
is equivalent to the existence of a boundary point v € ON such that the trajectory passing
through it is entirely contained in N. But the converse statement is not true. If the condition
of being isolating is violated for some value of A\, Conley’s theory ceases to work and cannot
give a definite answer as to whether or not the index will change.

One of the most illustrative extensions of Lemma 3.1 is the bifurcation of the birth of
a cycle on a plane when for each value of the parameter A € [\, \] there is exactly one
equilibrium with complex multipliers 81(\) & i82(\). Next we give a proposition of the Hopf
bifurcation in the plane by using Conley index.

PROPOSITION 3.2. (Hopf bifurcation). Consider a planar system in R?

dx
dt :gl(xvyaA)) 3.16
{ % = 92(x>y7A)a ( . )
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where g1 and ga are smooth. Suppose that (zo,yo) is a hyperbolic equilibrium of system (3.16)
for A € (A, M) U (Ao, \) whose Conley index changes transversely from $° at X € (), \o) to X2
at A\ € (Ao, \) (wherein the transverse change refers to %/(\’\)b\:)\o # 0), then system (3.16)
undergoes a Hopf bifurcation at (xg,y0, o). Moreover, if the Conley index of (xo,yo) at
A = Xg is X0, the Hopf bifurcation is supercritical; if the Conley index of (zo,10) at A = Ao
is ¥.2, the Hopf bifurcation is subcritical; if the Conley index of (xq,y0) at A = X\g is 0, the
Hopf bifurcation is degenerate.

Proof: Obviously, (zg,y0,\o) is a bifurcation point of system (3.16), see Lemma 3.1.
Since the equilibrium (z9,yo) is hyperbolic for A € (A, Ag) U (Ao, A) and its Conley index
changes from Y0 in A < \g to £2 in A > A, it follows that the real part of the multipliers,
i.e., B1(A), changes sign from minus to plus, resulting in the attracting point turning into
a repelling one. Since 31(A) is C' function of the parameter A, the non-hyperbolicity and
transversality conditions are satisfied. If the standard e-neighbourhood of the equilibrium is
fixed in such a way that it is isolating for both A = A and A = A, then for A\ = )¢ it will cease
to be isolating, and this will mean that a closed trajectory entirely lying in this neighborhood
passes through some boundary point of the neighborhood. It is clear that this is a limit
cycle, since there can be nothing else due to dimensional settings. Thus, the Hopf bifurcation
occurs at (xg,yo, A\g). By the Hopf bifurcation theorem in [28], we see that the type of this
bifurcation (super- or subcritical) is determined by the stability of the equilibrium (z¢, yo) at
A = \g. If the Conley index of (xg,%0) at A = g is X, this implies that (zg,0) at A = g
is a weak attractor. So, we conclude that there is a supercritical Hopf bifurcation at this
Hopf point. Similarly, we can show the Hopf bifurcation is subcritical if the Conley index of
(w0,70) at A = Ag is X2, If the Conley index of (xq, 7o) at A = ¢ is 0, this suggests (xo,y0) is
neither attractive nor repulsive, thus a degenerate Hopf bifurcation takes place at A = A\g. [

Different types of solutions can be found for these subsystems, so we introduce the fol-
lowing definitions:

DEFINITION 3.3. (Heteroclinic orbit). A solution curve v(t) of system (3.15) is called
a heteroclinic orbit between equilibria if it connects two equilibria vi # vo. In this case,
a(v(0)) = v1 andw(v(0)) = ve, where a(-) andw(-) are called a- and w- limit sets, respectively.

DEFINITION 3.4. (Bifurcation point of heteroclinic orbits). Consider the parametrized
family of differential equations (3.15) and choose a point (v, Ao) € R™ x R such that
®(vg, N\g) = 0. This point (vo, o) is said to be a bifurcation point of heteroclinic orbits
of (3.15) if for any open neighborhood V of (vo, \g) € R™ X R there exists a heteroclinic orbit
of (3.15) included in V.

DEFINITION 3.5. (Heteroclinic cycle). A finite collection Z of heteroclinic orbits which
connect a finite number of equilibria {vi,va, -+ ,v,} in a cycle for system (3.15) is called a
heteroclinic cycle. That is

V1 — V2 — - — Uy — V1

where v; — vj means there exists (at least one) heteroclinic orbit from v; to v; for alli,j € N4.

In the following, we perform a detailed analysis for the complete dynamics of each sub-
system.
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3.1. S-I subsystem. The S-I subsystem in the absence of predation in (3.1) is repre-

sented as 5
as S I I
PR S SRR a7)
¢ dl _ _pI S — ul )
dt = T4l MLy

where ( € X = {(r, K,a,c1,c0,8,1,0) € ]R‘}r x (0,1]% x (—g,g) i > 02}.
System (3.17) or vector field X Cl is defined in the set:

U ={(S)eR:0< 1S+l <K}.

In order to reduce the number of parameters and make an adequate description of dynamical
behavior of system (3.17), we follow the methodology used in [1], making a change of variables
and time rescaling given by the function: ¢ : 1 x R — € x R such that
. K K. g aKi+c
s by =\ S5 b =7 :Svlatv
P15 9,7 <018 CQZ rK aK T> ( )
where Q) = {(s,i) € R2 : 0 < s+1i < 1}. We have det Do1(s,i,7) > 0, that is, ¢ is a
diffeomorphism preserving the orientation of the time. In the new coordinates, the vector field
Yfl =p10X é is topologically equivalent to the vector field X}, and its associated differential

equations are given by

[ (1= s—i)(s—O)(i+ A) - Buils,
% { % _ Byls— i+ A, 1 (3.18)

where A = %, By = 2% B, = 0% ' = 2% and © = %2, with

(=1(0,4,B1,B,,C) € (-1,1) x RL.

Since ¢ is a diffeomorphism, system (3.18) has the same qualitative behavior as sys-
tem (3.17). The equilibria of (3.18) in Q; are E}(0,0), E}(1,0) which always exist, E§(0,0)
whose existence depends on the value of ©, and the positive equilibria satisfying the equations
of the isoclines

{ (1—=s—1i)(s=0O)(i+A)—Bii=0, (3.19)

s—C(i+A)=0,
By the second equation of (3.19), if AC > 1, we have i = % < 0 in ©Q, indicating that
system (3.18) has no positive equilibrium. So, in the following we only discuss the case where
AC < 1.
By solving (3.19), we see that the abscissa of the positive equilibria satisfies the following
cubic equation:

Q(s) = (C+1)s*—[0(C+1)+C(A+1)]s*+C[O(A+1)+ By]s — AB1C? = 0. (3.20)
LEMMA 3.6. For system (3.18) or vector field Yzl, if AC < 1, we have:

(i) when © < AC, system (3.18) has a unique positive equilibrium (s*,i*) where s* €
A0 CA+D) .
(A0, S0y, ) )

(ii) when © = AC, if Ay < 0 or Ay = 0 and s* < AC or Ay > 0 and 54 < AC,
system (3.18) has no positive equilibrium;
if Ay =0 and $* > AC, system (3.18) has a unique positive equilibrium (s*,i*);
if Ay > 0 and s- < AC < $4, system (3.18) has a unique positive equilibrium

(§+’ Z‘+);
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if Ay >0 and AC < 5_, system (3.18) has two different positive equilibria (5_,i_)
and (S4,i4); where

7= Q) A = A1) - 4BO(C + 1), Fy = CATDEVAL
(iii) wianC'<@< %:11) or © > C(CAi:ll),
if A1 <0, system (3.18) has no positive equilibrium;
if Ay =0, system (3.18) has a unique positive equilibrium (E*,E*) ;

if A1 > 0, system (3.18) has two different positive equilibria (5_,i_) and (54,i.);

where
—« _ O(C+1)+C(A+1)—50(C+1 C(A+1 C(A+1
5* = S 2((C+1§ o) ¢ (©, (C+1 )) or ( (c+1 L, ),

A1 =[0(C+1)+ C(A+1) = 50(C + 1)) + 4(C + 1) 2= —(A+1C]
— oC C(A —50(C +VA C(A C(A

5y, = [ 2+(10)+1;]( HEV B < (@, (C++11)) or ( gﬁl)v@)v

50 is a real positive root of (3.20), which always exists in the interval (0, AC);

(iv) when © = C(CAJ:FII), system (3.18) has no positive equilibrium.

Proof: To obtain the number of positive equilibria of system (3.18), we can rewrite (3.20)
as f(s) — h(s) = 0, where f(s) = s(s —0)[C(A+1)— (C+1)s] and h(s) = B1C(s — AC).
Obviously, f(s) has three roots 0,0 and C(C/fll),
s = AC. Through graph analysis, we easily obtain the results of (i) and (iv).

and h(s) intersects the positive s-axis at

AY(s)
h(s)

e JAC Gii C(!%H) TS
C\1

Next, we give the proof of (ii). When © = AC, the curves f(s) and h(s) intersect at
s = AC. So, Q(s) can be rewritten as Q(s) = (s — AC)[(C +1)s?> — C(A + 1)s + B1C]. This
implies that in addition to the root s = AC, the remaining roots of Q(s) = 0 are determined
by the quadratic equation

(C+1)s>—C(A+1)s+ B,C =0. (3.21)

Let A; = C2(A+1)2 — 4B,C(C +1).
If Ay < 0, (3.21) has no real root, implying that system (3.18) has no positive equilibrium.
If Ay = 0, (3.21) has a positive real root s* with multiplicity 2. In this case, if s* > AC
(i.e., A(2C + 1) < 1), system (3.18) has a unique positive equilibrium (3*,7*); otherwise,
system (3.18) has no positive equilibrium.

If Ay > 0, (3.21) has two different positive real roots si. In this case, if AC < 5_,

system (3.18) has two different positive equilibria (5_,i_) and ('§+,7+); if s < AC < 34,

© 2019 Tous droits réservés.
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system (3.18) has a unique positive equilibrium (§+,7+); if 51 < AC, system (3.18) has no
positive equilibrium.

Finally, we prove the results of (iii). When AC < O < Céﬁ:” or © > CgA:ll),
that (3.20) always has a positive real root lying in interval (0, AC'), denoted by §p. Dividing
the polynomial Q(s) by s — 5, yields Q(s) = (s — 59)Q1(s), where

Q1(s) =(C+1)s* = [O(C+ 1)+ C(A+1) — 50(C +1)]s + OC(A +1)
+ B1C — 59 [@(C+ 1) +C(A+ 1) —§O(C+ 1)] (3.22)
is a factor of Q(s). By the expression (3.20) of Q(s), we have

R(s) = 50 {OC(A+ 1) + B1C — 5 [0(C +1) + C(A+1) — 5(C + 1)]} — AB,C? = 0.

we see

Then, we can solve By = gO{go[@(CH)JFC(é(E?_jg()CHH7®C(AH)}. Substituting it into (3.22),
we have
Qi(s) = (C+1)s? = [O(C +1) + C(A +1) — 5(C + 1)] s — 2CE=NCEDSHALNC],
(3.23)

In addition to the positive real root 5p, the number of the remaining roots of (3.20) will be
determined by that of the roots of (3.23). To this end, we define
AC(3-0)[(C+1)5 - (A+1)C]

A =[0C+1D)+CA+1) —5(C+ D] +4(C+1) —Te

Considering the sign of A1, we conclude that

(a) if A; < 0, (3.23) has no real root, implying that system (3.18) has no positive
equilibrium;

(b) if A; =0, (3.23) has one positive real root s* with multiplicity two, indicating that
system (3.18) has a unique positive equilibrium (5*,7");

(c) if Ay > 0, (3.23) has two different positive real roots s+, meaning that system (3.18)
has two different positive equilibria (5_,7_) and (54,44 ). O

To determine the local nature of equilibria, we first give the Jacobian matrix of sys-
tem (3.18) at any point (s,7) as follows:

~  Nis i) Ji(s, )12
Nils ) = ( Ji(s,4)21  Ji(s,4)22 > ' (3.24)

where

Jl(s,z')n = (1 — 85— Z)(S — @)(’L + A) — Bii+ S(i + A)(@ +1—2s— i),

Jl(s, i)lg = S(S — @)(1 —A—s— Qi) — Bys, Jl(s, i)gl = Boi, Jl(s, i)QQ = BQ[S — C(QZ—i—A)]

It is clear that the equilibrium (s, %) is an elementary equilibrium, a hyperbolic saddle or a
degenerated equilibrium if det(J; (s, 7)) # 0, det(Ji(s,7)) < 0 or det(Ji(s,i)) = 0, respectively.

After substituting F{(1,0) into (3.24), we obtain its stability by computing the corre-
sponding eigenvalues: E7 is locally asymptotically stable (node) if AC' > 1, it is a hyperbolic
saddle if AC' < 1, and it is a stable saddle-node if AC = 1. Both the eigenvalues associated
with (3.24) at E{ are p; = A(© —1)(< 0) and p2 = Ba(1 — AC). As the existence or stability
of the equilibria E}(0,0) and E§(6,0) depends on the value of ©, we discuss them in the
following two cases.
Case: © >0

(1) Eé is always locally asymptotically stable (node), because both the eigenvalues asso-
ciated with (3.24) at E} are p; = —0A(< 0) and ps = —AByC(< 0);
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(II) Eg is an unstable node if © > AC, it is a hyperbolic saddle if © < AC, and it is
. 1

1.
an unstable saddle-node if © = AC. Both the eigenvalues associated with (3.24) at Eg are
1=A40(1—-0)(>0) and p2 = Ba(© — AC);
Case: © <0
(I) Ej is a hyperbolic saddle if —1 < © < 0, and it is a stable saddle-node if © = 0. Both

the eigenvalues associated with (3.24) at E} are given by
if —1
! <8 <0, and py = —AByC(< 0).

>0
—_04 ’
pr=-9 { =0, if©=0.

Let us consider the local stability of positive equilibria. First, we consider the case
where there is a unique positive equilibrium, denoted by E'(5,4) (i = 57(‘]40, s > AC), for
system (3.18). The Jacobian matrix at E! (3,4) is

_ = Jl(El(g g))u Jl(El (§ E))lg >
J(EL(3,1)) = ( - o : 3.25
WG = 5B s, BB (5.7)e2 (3:25)

where

‘cm

JU(EL(5,1)11 = 5 [(©+A+1)C — (2C + 1)8],
{((j O)[(A+1)C — (C +2)s] — Bi1C},

Ji(E 1( Ji))12 =

JU(EL(5,1))a1 = 22649 J(EL(5,1))2 = By(AC — 3).
Then, we have
det(J1(EL(5,7)))
B a0y (30220 1)+

UJQ\WQ

(A+1)C]5-OC(A+1) — BC}

--2
=2 (5~ AW (5) - ()] > 0, (3.26)
and the trace is given by
tr(Ji(EL(5,7))) = 222 (@4 A +1)C — (2C +1)5] + Bo(AC — 3)
ByC?%(5 — AC)}. (3.27)

(O +A+1)C — (20 +1)5] —

:@{S
PUO+AFNC—(2041)3]  gipee 5 > AC and By > 0,

=B; = a0 3
— 4det(J1(EY(5,17))). For system (3.18),

If tr(J1(EL(5,7))) = 0, then By
we have AC' < % Let Ay = (tr(J1(EL(5,1))))?
the unique positive equilibrium E? (3,4) has the following properties

LEMMA 3.7. Let E!(5,7) be the unique positive equilibrium of (3.18), if 0 < AC < 31

then we have
(I) If det(J1(EL(5,i))) > 0, and
(i) If tr(J1(EL(5,1))) <0, d.e., By > B}, then it is an attractor. Furthermore,

(i.1) It is an attractor node if Ay > 0,

(i.2) It is an attractor focus if Ay < 0;
(i) If tr(J1(EL(5,7))) > 0, i.e., By < B3, then it is a repeller. Furthermore

(ii.1) It is a repeller node if Ay > 0,
(ii.2) It is a repeller focus if Ay < 0;
(iii) If tr(J1(EL(5,1))) = 0, i.e., Bo = B3, then it is a weak focus (center).
(II) If det(J1(EL(5,7))) = 0, and

lilliad.univ-lille.fr
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(i) If tr(Jl(E1 (5,1))) <0, i.e., By > B3, then it is a stable saddle-node;

(ii) If tr(J1(EL(5,1))) > 0, i.e., By < B, then it is an unstable saddle-node;

(iii) If tr(J1(EL(5,7))) = 0, d.e., By = Bj, then it is a cusp (i.e., Bogdanov-Takens
bifurcation point).

Let E',(81,41) and E',(52,172) be two different positive equilibria of (3.18), where AC <

51 < 89, 112 = 51.2-AC Then, we have
BQ§1(§1 — AC)
2

det(J1(EL(51,11))) = (W(51) = f'(51)) <0,

and
det(J1< (82,12))) BQSZ(SCQ'QAC)

and the trace of Ji(E, (52, 12) is given by

(W' (52) — f'(52)) > 0,

(Jl( (82,12) 02 {82 @ + A+ 1)0 — (20 + 1)§2] — B202(<§2 — AC)} .

Let Aqg = (tr(J1(EYy(52,12)))? — 4 det(J1 (B! 5(52,42)) and B, = §5[<6+é;(15>20 A(éf“)sﬂ For

system (3.18), the positive equilibria E!(51,71) and E!,(52,i2) have the following properties:

LEMMA 3.8. Let E'(31,i1) and E',(32,i2) be the two different positive equilibria of
system (3.18), then we have
(I) The positive equilibrium E'(51,11) is always a saddle;
(I) For the positive equilibrium E',(32,12), if 0 < AC < ®+1, and
(i) If tr(J1(EY5(32,42))) <0, i.e., Ba > B3y, then it is an attractor. Furthermore,
(i.1) It is an attractor node if A2 > 0,
(i.2) It is an attractor focus if Aja < 0;
(i) If tr(J1(EL4(52,i2))) > 0, i.e., By < By, then it is a repeller. Furthermore,
(ii.1) It is a repeller node, if A1g >0,
(7.2) 1t is a repeller focus if A1z < 0;
(iii) If tr(J1(ELy(52,12))) = 0, d.e., By = B}y, then it is a weak focus (center).

REMARK 3.4. According to Lemma 3.1, we see that the points
(Eé,@) = (Eé,(]), (E(l)v @) - (EévAC)7

(E11>A) = (E117 El BQ) (El BQ) (EEZaBQ) = (E£27B;2)

LN
are all bifurcation points of system (3.18). When the parameter © cross the critical value 0
from the left, a new boundary equilibrium Eé occurs.

PROPOSITION 3.9. Let E'(3,4) be the unique positive equilibrium of system (3.18). As-
sume that det(Ji(EL(5,7))) > 0, 0 < AC < & and B, > Bj. If © < 0 and BsC >
— O(A+1), then E(5,1) is globally asymptotically stable.

Proof: According to Lemma 3.7, if 0 < AC' < %, det(J1(EL(5,4))) > 0 and By > B3,
we see that the equilibrium E! (5,7) is locally asymptotically stable. To examine the global
behavior of E!(5,i), we use Dulac theorem to exclude the limit cycle. Let V = ﬁ (a Dulac
function), if © < 0 and BsC > B; — O(A + 1), then we have

OVF, OVF, 1 .| 9 9 .
= — — — — — < 0.
R + B oF [(i+A)(O —s°) — Oi° — (0A+ BsC — By)i] <0
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where

Fir=[1-s—1i)(s—0)(i+ A) — Bii]s, F» = Ba[s — C(i + A)li.
So, system (3.18) has no limit cycle in R%, which implies E (5, 1) is globally asymptotically
stable. ]

COROLLARY 3.10. Let E'(5,1) be the unique positive equilibrium of system (3.18), sup-
pose that det(J1(EL(5,4))) > 0 and 0 < AC < &FL, then system (3.18) undergoes a Hopf
bifurcation at E'(5,1) at Bo = B3. When h(EL(3,i), B}) = X, the direction of the Hopf
bifurcation is supercritical and the bifurcating periodic solutions are orbitally asymptotically
stable; when h(EY(5,1), By) = X2, the direction of the Hopf bifurcation is subcritical and the
bifurcating periodic solutions are unstable.

Proof: Obviously, the equilibrium E!(5,7) is hyperbolic when By # B}, and its Conley
index changes transversely from X° at By > B3 to X2 at By < Bj. From Proposition 3.2, we
conclude that a Hopf bifurcation occurs at E* (5,4) for the bifurcation value By = B3, whose
type depends the Conley index of F1(3,4) at By = Bj. O

REMARK 3.5. Similarly, if system (3.18) has two different positive equilibria E'(51,11)
and E',(52,12), then a Hopf bifurcation occurs at El,(52,13) for Ba = Bjy. In addition,
suppose det(J1(EL(5,7))) = 0 and 0 < AC < %, system (3.18) may undergo a Bogdanov-
Takens bifurcation of codimension 2 around EL(3,7) when By = B3, refer to [95, 125] for its
detailed analysis.

Finally, we give some results concerning the existence of heteroclinic orbits, a bifurcation
point of heteroclinic orbits, and a heteroclinic cycle for system (3.18).

PROPOSITION 3.11. For system (3.18): (i) If © € (0,1), there exist two heteroclinic
orbits YV (t) and vy (t) satisfying a(yV (1)) = a(vP(t)) = Ef, wW () = EL and
w(y® (1) = Bf;

(i) If © € (—1,0], there is a heteroclinic orbit v®)(t) satisfying a(v®(t)) = E} and
w(r® () = B
(iii) The point (E}, ©) = (EL,0) ds a bifurcation point of heteroclinic orbits of (3.18).

Proof: Since three heteroclinic orbits in (i) and (ii) locate on the s-axis (denoted by I),
we use the restricted Conley index (see subsection 1.2) to complete their proof.
(i) Fix © € (0,1), the restricted Conley indices of three equilibria are given by

Now, let us consider two intervals G’ = [271, 2H] € R and G” = [9,9F2] € R. G’ can
be viewed as the intersection of the invariant subspace I; and some isolating neighborhood
K' including {E}, EL} in R?) so G” is, ie., G" = I, N K" where {E},E{} ¢ K" C R2
Computing the restricted Conley indices of K’ and K", we obtain h; (K') = hy (K") = 0.
From the summation property of the restricted Conley index, we obtain hy (E} U E}) =
hr,(ES) V hi,(ES) = X0V B! and similarly hy (E{ U E}) = 30 v Xt

Since hy (K') =0 # X0V X! = hy (E}UE}Y), we determine the existence of a heteroclinic
connection of system (3.18), denoted by () (¢) and lying in the interior of G’. Moreover,
the equilibria E} and Eé are its w— and a— limit sets, respectively. Analogously for G”, we
conclude that there exists a heteroclinic orbit, say v()(¢), included in the interior of G”.
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(ii) The proof is similar to that of (i).

(iii) Let (D) be a descending sequence of discs in R? centered at E} such that NDy =
{E}}. Now, for each k € N there exists an isolating block By, C Dy, of E}. By Definition 3.4,
it is sufficient to show that for every open neighborhood U of (E},0) € R? there exists
a heteroclinic orbit of (3.18). Fix an open neighborhood U of (E},0) € R3. Since By is
compact, we obtain By x (—e,e) C U if k € Ny is sufficiently large and ¢ > 0 is small
enough. Let © € (0,¢), then By, x {©} is an isolating block for some invariant set containing
E} and E}. Since hy, (B x {©}) = 0, hi,(E} x {0}) = h((E} N I,) x {©}) = X0 and
hi, (ES x {©}) = h((E§ N Is) x {©}) = X!, we obtain the existence of a heteroclinic orbit in
By x {@} cUu. O

REMARK 3.6. Let E1(5,1) be the unique positive equilibrium of (3.18), a heteroclinic cycle
(loop) v, = (©,0) Uve1 U (1,0) Uie exists for certain parameter values, wherein v lies
above the s-axis.

3.2. S-P subsystem. The S-P subsystem in the absence of the disease in (3.1) is pre-
sented as

X2

{ % =51 —4)(5 —0) - P, (3.28)

dP Srar

g =N S"Jra”P dp,

wherewef:{(r K,a,b,c1,71,d,m,n,0) € RE x (0, £) 5 (0,1]* x N3 x(—g,g):nzmzl}.
Let h(z) = ;227

functions Correspondlng to n = 1,2 are respectively called Holling types II and III [53], and

If n = m, h(x) is monotonically increasing in [0, c0). Particularly, the

h(x) with n > 2 is also biologically significant [92].
If n > m, h(z) is non-monotonic. When n =2,m =1, h(z) = 21; 7 is known as Holling
type IV functional response (or called a simplified Monod-Haldane function) [101]. Through

calculation, we have h/(z) = i 1[7(7;; +_a(n")2 m)z"] , and
7 22 [(n—m)(n—m+1)z2"+(2m? —n?—2mn—2m+n)a”z" +m(m—1)a?"
B'(z) =b [(n=m)(n=—m+1)z="+( e s +n)ata” +m(m—1)a""]
Thus, the function A(z) has a maximum value for = = a ¢/~ and one inflexion point

for m = 1, or two for m > 1. For fixed n, the properties of h(:c) dependmg on m may have
an impact on the dynamics of S-P subsystem and full system.
System (3.28) or vector field X2 is defined in

ng{(S,P)€R2:0§S§K,P20}.
C1

We construct the diffeomorphism transformation ¢ : ?22 x R — Q9 x R such that

KrKnm c1 (Ks)" + (ac1)”
W?(S’p77) = ( b(a) +2p7’l“.[1(( ) Kn( 1) T) = (S,P7t)

with 0y = {(s,p) €R?:0<5<1,p>0}.
The transformed differential equations are given by

{ fili = [(1 —$)(s—0)(s"+ D) — smflp] 5= f(l)(s,p),
E=E[s™—F(s"+D)]p:= fP(s,p),

where D = (%21)", E = '“b(%)” mtl = mb(g)n ™ and © = %1 with

[\

Y- (3.29)

3

r

el ={(D,E,F,m,n,0)¢€ (0,1) x RY x N2 x (=1,1):n>m >1}.
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The equilibria of system (3.29) in Q are always on the curve p = Ls(1—s)(s — ©) and
they are EZ2(0,0), EZ(1,0) which always exist, Eé(@,O) depending on the value of O, and
those whose s-component satisfies s™ — F'(s" + D) = 0. The Jacobian matrix or variational
matrix of system (3.29) at any point (s,p) is given by

_( J2(s,p)11 J2(s,p)12
Tols:p) = ( Jo(s,p)21  J2(s,p)22 ) ’ (3:30)

where
Jo(s,p)11 =— (n+3)s"2+ (@ +1)(n+2)s"" —O(n+1)s" —ms™1p
—3Ds?>+2D(© +1)s — OD,
Jo(8,p)12 = — 8™, Ja(s,p)21 = E(msm_1 - nFs"_l)p, J2(s,p)22 = E[s"™ — F(s" + D)].

3.2.1. Local stability of boundary equilibria. Substituting E?(1,0) into (3.30), yields that
both the eigenvalues associated with (3.30) at E? are p; = (© — 1)(D + 1)(< 0) and ps =
E[l — F(D +1)]. So E? is locally asymptotically stable (node) if 1 — F(D + 1) < 0, it is a
hyperbolic saddle if 1 — F'(D + 1) > 0, and it is a stable saddle-node if 1 — F(D + 1) = 0.
As the existence or stability of E2(0,0) and E3(6,0) depends on the value of ©, we discuss
them in two situations:

Case: © >0

(I) E? is always locally asymptotically stable (node) for any parameter values, because
both the eigenvalues associated with (3.30) at EZ are py = —©D(< 0) and p2 = —DEF(< 0);

(II) E3 is an unstable node if ©™ — F(O" + D) > 0, it is a hyperbolic saddle if O™ —
F(©"+D) < 0, and it is an unstable saddle-node if 0™ — F(©"+ D) = 0. Both the eigenvalues
associated with (3.30) at E3 are py = —©(0©—1)(0"+D)(> 0) and p2 = E[O™— F(©"+ D).
Case: © <0

(I) E3 is a hyperbolic saddle if —1 < © < 0, and it is a stable saddle-node if © = 0. Both
the eigenvalues associated with (3.30) at E3 are given by

>0,if —1<06 <0,

~0 ifO=0 and po = —DEF(<0).

p1=—-6D {

REMARK 3.7. Similar to the analysis in subsection 3.1, if we assume that system (3.29)

has a unique positive equilibrium, when © >0, O™ — F(O@"+ D) <0 and 1 —F(D+1) > 0,

a heteroclinic cycle (loop) v, = (0,0) U~e1 U (1,0) Ue exists, wherein y1o lies above the
5-ax18.

In the following, we study the existence and properties of positive equilibria of sys-
tem (3.29) with monotonic functional response (n = m) and non-monotonic functional re-
sponse (n > m), respectively.

3.2.2. Main results with monotonic functional response. The conditions for the existence
of positive equilibria of system (3.29) with monotonic functional response (n = m) are estab-
lished as follows:

LEMMA 3.12. (i) If max{|©|"sign(©),0} < £L < 1, then system (3.29) has a unique

positive equilibrium E2(3,p) € int(ﬁg), where § = (1]21;,)% and p = %é(l —3)(8—09);

(ii) If % > 1, then system (3.29) has no positive equilibria in the interior of Qs.
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Proof: The positive equilibria of system (3.29) with monotonic functional response sat-
isfy
_ _ n _oon—1,
(1-5)(s—0O)(s"+D)—s"p=0, (3.31)
(1-F)s"—DF =0.

(i) From the second equation of (3.31), we have that if 0 < F < 1, the equation (1 —
F)s" — DF = 0 has a unique positive solution §. Correspondingly, system (3.29) has a unique
positive equilibrium (3, p). Furthermore, since p > 0, we have § € (©,1) (© > 0) or § € (0,1)

o , DF
(© £0), yielding max{|©|"sign(0),0} < =% < 1. N
(ii) Obviously, if % > 1, system (3.29) has no positive equilibria in the interior of ;.
O

By Lemma 3.12, we see that there exists a unique positive equilibrium E2(3,p) € int(s)
for system (3.29) if max{|©|"sign(©),0} < £& < 1. Then, we discuss its nature in the
following lemmas.

Let Ay = (0 — 12[n(1 — F) — 2> + 40, 52 = SHUPOL2VE2 oy 5 = 200

LEMMA 3.13. Assume © > 0 and let E%(3,p) be the unique positive equilibrium for
system (3.29).
(i) If n(1— F)—3 >0, when 5§ > 5_, E? is an attractor (stable node or focus); when § < 5_,
E2? is a repeller (unstable node or focus); when § = 3_, E? is a center (weak focus).
(i3) If n(1— F) —3 < 0, when § > 34, E? is an attractor (stable node or focus); when § < 5.,
E? is a repeller (unstable node or focus); when 5§ = 5., E? is a center (weak focus).
(iii) If n(1 — F) —3 = 0, when § > 39, E? is an attractor (stable node or focus); when 5 < 3,
E2? is a repeller (unstable node or focus); when § = 59, E? is a center (weak focus).

Proof: By (3.30), we have

Jo(EZ(3,p)) = < nE(1l — ;‘)5"—125 0

where
Jo(B2(3,p)11 =~ (n+3)5" 2 + (O + 1)(n+2)5"™ —O(n+ 1)5" —ns""'p
—3D3? +2D(© +1)5—OD.

Thus we have
det(Jo(E2(5,p))) = nE(1 — F)3*" 1p >0,
and
D
tr(Jo(E2(3,p)) = 7 {(n(1=F) =38+ ©+1)2-n(l-F)5+0n(1-F)-1]}.

Let h(3) = [n(1 — F) = 3] +(0+1)[2 —n(l — F)]54+0 [n(1 — F) — 1], we have h(0) =
O(1 —©) >0 and h(1) = © — 1 < 0. Thus, there exists 3, € (0, 1) such that h(3,) = 0.

If n(1 — F) — 3> 0, then we have 3, = §_. When § > 3_, tr(J2(E2(3,p)) < 0, E? is an
attractor (stable node or focus); when § < 5_, tr(Jo(E2(5,p)) > 0, E? is a repeller (unstable
node or focus); when § = 5_, tr(Jo(E2(5,p)) = 0, E? is a center (weak focus).

If n(1 — F) — 3 <0, then we have 3, = 5. When § > 3, tr(J2(E2(3,p)) < 0, E? is an
attractor (stable node or focus); when § < 5., tr(Jo(E2(5,p)) > 0, E? is a repeller (unstable
node or focus); when § = 5, tr(J2(E2(5,p)) = 0, E? is a center (weak focus).
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If n(1 — F) — 3 = 0, then we have 8, = 39. When & > 3, tr(Jo(E2(3,p)) < 0, E? is an
attractor (stable node or focus); when § < 50, tr(Jo(E2(5,p)) > 0, E2 is a repeller (unstable
node or focus); when 3 = 3o, tr(Jo(E?(5,p)) = 0, E? is a center (weak focus). O

LEMMA 3.14. Assume © < 0 and let E?(5,p) be the unique positive equilibrium for
system (3.29).
(i) If n(1 — F) > 2, then E? is always an attractor (stable node or focus).
(i) If 1 <n(l — F) < 2,

(ii.1) when Ay < 0, E? is always an attractor (stable node or focus);

(ii.2) when Ay = 0, if 5 # 34, then E? is an attractor (stable node or focus); if 5 = 5.,
% .
An(1—F)—3]

(ii.3) when Ay > 0, if 5, = 5_ or 5, = 51, then E? is a center (weak focus); if 0 < § < §_
or 51 < § < 1, then E? is an attractor (stable node or focus); if 5_ < 5 < 5., then E? is a
repeller (unstable node or focus).
(i) If n(1 — F) < 1, when § > 3, E? is an attractor (stable node or focus); when § < 5.,
E2? is a repeller (unstable node or focus); when 5 = 5., E? is a center (weak focus).

then E? is a center (weak focus), where 3, =

Proof: Similar to the proof of Lemma 3.13, we have h(0) = O[n(1 — F) — 1] and h(1) =
©-1<0.

If n(1 — F) > 2, then we have h(0) < 0 and tr(J2(E2(3,p)) < 0 holds for any 5 € (0,1).
Thus, E? is always an attractor (stable node or focus).

If 1 < n(l—F) < 2, then we have h(0) < 0. And, we need to determine the sign of As.

If Ay < 0, then tr(Jo(E2(3,p)) < 0 holds for any 5 € (0,1), implying that E? is always
an attractor (stable node or focus).

If Ay = 0, then we have 3, = 3,. When 3 # 5, tr(Jo(E?(3,p)) < 0, E? is an attractor
(stable node or focus); when § = 5, tr(Jo(E2(5,p)) = 0, E2 is a center (weak focus).

If Ay > 0, then we have 5, = 5_ or 5, = 5. When 5, = 5_ or 5, = 5., tr(Jo(E%(5,p)) =
0, B2 is a center (weak focus); when 0 < § < 3_ or 51 < § < 1, tr(J2(E%(3,p)) < 0, E? is
an attractor (stable node or focus); when 5 < § < &4, tr(J2(E%(3,p)) > 0, E? is a repeller
(unstable node or focus).

If n(1—F) < 1, then we have h(0) > 0. Thus, there exists 3, € (0, 1) such that h(3,) = 0.
According to the graph of h(3), we have 5, = 5. When 5 > 5, tr(Jo(E2(3,p)) < 0, E? is an
attractor (stable node or focus); when § < 5, tr(J2(E2(3,p)) > 0, E? is a repeller (unstable
node or focus); when § = 3, tr(Jo(E?(3,p)) = 0, E? is a center (weak focus). O

REMARK 3.8. From Lemma 3.13 or (ii.3) and (iii) in Lemma 3.14, we can easily find

that system (3.29) will undergo a Hopf bifurcation at some parameter values (e.g., ©,n, D
and F).

PROPOSITION 3.15. Let E2(3,p) be the unique positive equilibrium for system (3.29), if (5—
8)(3(173)(876)(8714»17) - 5(1753:(379)) > (or<)0 for all s € (0,3) U (3,1), and s(1=9)(s=0)(s"+D)

sm sn

Z w for 0 < |s — 3| < 1 hold, then E? is globally asymptotically stable in Q.

Proof: System (3.29) can be rewritten as

9 = (s) — E(p)ha(s),
dr
{ D = F(p)ha(s), (3.32)
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where

U(s) = s(1—s)(s = ©)(s" + D), &(p) = p,
hi(s) = s", ha(s) = E[(1 = F)s" — DF], 7(p) = p.

By Theorem 3.3 in [117], we see if (§— s)(h1 8)—5( p)) > (or <)0forall s € (0,3)U(3,1), and
h1(s) £ £(p) for 0 < |s— 3| < 1 hold, that is, (§—s)(% s(1=s)(s 59)(3"+D) s(1= Sl)p( )) > (or <)0

for all 5 € (0,3) U (3,1), and 20=2=0)"D) o SUZE0) g6 ) < |5 — 5| < 1 hold, then

E? is globally asymptotically stable in the interior of the first quadrant. g

3.2.3. Main results with non-monotonic functional response. The results concerning the
existence of positive equilibria of system (3.29) with non-monotonic functional response (n >
m) are given by the following lemma:

LEMMA 3.16. (7) If max {|©|" ™sign(0),0} < % < 1 and D = “F* (% )
system (3.29) has a unique positive equilibrium E2(3,p) € int(Qy), where § (ﬂF)n—
p=L3(1—8)(5 - 0);

(ii) If max {0, | 2" [sign(©), 125} < D < %(%)ﬁ, then system (3.29) has two
different positive equilibria E% (31,p1) and E2y(32,p2) in the interior of Qs whose components
satisfy max{0,0} < & < § < 52 <1 and pr = +8k(1 — 8)(8x — ©), k=1,2;

"}f”(%)ﬁ, then system (3.29) has no positive equilibria in int(€s).

, then
and

Proof: The components of positive equilibria of system (3.29) satisfy:

{ (1—-5)(s—0)(s"+ D) —sm"p=0,

s™ — F(s" + D) = 0. (3.33)

From (3.33), it follows that s-component is the root in the interval (max{©,0},1) of s™ —

F(s" + D) = 0. Let f(s) = s™ and j(s) = F(s" + D), we have —d{l(ss) = ms™ 1 and

d%(ss) = nFs™ 1. If the curves of f(s) and g(s) intersect in int(s), there must be a point §

such that df 8) ls=5 = dg(s |s 5, yielding that § = (;75)" == . We discuss the number of positive
equilibria of system (3. 29) in three cases:
(i) If £(5)—g(8) = 0, then system (3.29) has a unique positive equilibrium (3, p) € int(s),

m

where p = +£3(1 — 8)(8 — ©). Substituting § = (nF)nlm into f(8) — §(8) = 0, we obtain

Furthermore, since p > 0, § should be located in the interval (©,1)
(©>0)or (0,1) (© <0), thus we have max {|©|""sign(0),0} < 7 < 1.

(i) If £(3) — §(3) nem (M )7 then system (3.29) has two different
positive equilibria Eol(sl,pl) and E02(32,p2) To ensure that pj, > 0, we have max{0,0} <
81 < § < 8 < 1, meaning f(©) — §(©) < 0 (© > 0) orf() g(0) < 0 (© < 0), and

f(1) = g(1) < 0. Thus, we obtain D > max {0, ]w|szgn F}
(iii) If £(8) — g(8) 2 m(%)n m , then system (3.29) has no positive

equilibria in int(Qs). O

REMARK 3.9. According to Lemma 3.6 and the definition of basic reproduction number
in [34], we can calculate the epidemiological basic reproduction number of system (3.18),

denoted by RO = AIC Stmilarly, by Lemma 3.12, the ecological basic reproduction number

of system (3.29) with monotonic functional response can be defined by Rg)l = % For
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non-monotonic case, we can use Rg)Q = to represent its ecological basic reproduction

1
F(D+1)
number, at which a backward bifurcation may occur. In addition to the epidemiological as
well as ecological basic reproduction numbers, we find the existence of interior equilibrium in

S-1 (or S-P) subsystem is closely related to the value of Allee effect.

Let us consider the local stability of positive equilibria of system (3.29). We first study
the case that max {0 \wbzgn(@ (Y

LEMMA 3.17. Assume that system (3.29) has two positive equilibria E% (31,p1) and
E2,(52,p2) in int(Qy) whose components satisfy max{©,0} < 8, < § < § < 1 and pj, =
F86(1—8) (3, — ©), k=1,2.

(i) For the positive equilibria E% (31,p1):

(i1) If J2(E% (31,p1))11 < 0, then E2, is an attractor (stable node or focus);

(i2) If J2(E%(31,p1))11 > 0, then E? is a repeller (unstable node or focus);

(i3) If Jo(E% (31,p1))11 = 0, then E% is a center (weak focus).

(ii) The positive equilibrium E2,(32, p2) is always a saddle. Moreover, if Jo(E% (32, P2))11 # 0,
it is a hyperbolic saddle; otherwise, it is a non-hyperbolic saddle.

Proof: (i) By (3.30), we have
A Jo(E5 (81, -7
Jo(E2,(51,P1)) = ( B 2(E 11(31 p1))u 8 ) 7

msy" T — nFs§]T 1) 0

where
Jo(B2(31,51))11 = — (n+3)577% + (0 + 1)(n + 2)8* — O(n + 1)87 — m&" 'y
—3Ds7+2D(©+1)8 — OD.
Suppose that §; = 01§, where 0 < 41 < 1, then we have
det(J2(E2 (31,p1))) = mE&2™ (1 — 677™)py > 0.

Thus, the nature of E% (31, p1) is dependent of the sign of Jo(E?,(31,P1))11-
(ii) The Jacobian matrix of system (3.29) at EZ,(32,po) is:

Jo(EZy(32,P2))11 -5y >

BB = (gl
where
Jo(E2%(32,p2))11 = — (n+3)85 T2 + (O + 1) (n +2)85T — O(n + 1)85 — msy ' ps
—3D35+2D(0© + 1) — OD.
Suppose that 5 = 098, where do > 1, then we have
det(Jo(E% (32, p2))) = mE&2™ (1 — 657™)pe < 0.

Thus, Eé(ég,ﬁz) is always a saddle. If tT(JQ(EEQ(SQ,pQ))) = JQ( 02(82,])2))11 £ 0, it is
hyperbolic saddle; otherwise, it is a non-hyperbolic saddle. D

REMARK 3.10. Based on (i) of Lemma 3.17, if we further assume §; # 20+ +y(26-1)°+5

6
3)87 T2 4 (0+1)(n+2)3" M —O(n+1 15
and D, = —ESTH( +3§%(’1;(é+1)§1+én+ Ll L S TR 0, then system (3.29) undergoes

a Hopf bifurcation at D,, which can be obtained from the change of the Conley index of
E2(31,p1) near D, by Proposition 3.2.
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Next, we consider the case that there is a unique positive equilibrium for system (3.29).

m

LEMMA 3.18. Assume that max{|©|" ™sign(0),0} < Tr < 1 and D = " (%),
then the positive equilibm’aﬁgl(él,ﬁl) and E2,(39,p2) collapse, there exists a unique positive
equilibrium E2(3,p) € int(Qs).

(i) If F = F*, then E? is a cusp (i.e., Bogdanov-Takens bifurcation point);
(ii) If F > F*, then E? is a saddle-node repeller;
(iii) If F < F*, then E? is a saddle-node attractor;

where F* = & < 6 ) .
no\ 2(041)+4/(20-1)2+3

Proof: The Jacobian matrix of system (3.29) at E2(3,p) is:

gz - ( PEGI 530

where

Jo(E2(3,p))11 = — (n+3)8"2 + (O + 1)(n +2)5" T —O(n+1)5" —ms™ 'p
—3D&4+2D(© +1)5— 6D
Then we have det(Jo(E2(3,p))) = 0, and

tr(Ja(E2(3,9))) =" [~(n +3)3" ™ 4 (O + D)(n+2)5" " —O(n+ 15" " — (1 5)(5 - ©)]
—3D3* +2D(© +1)5 — OD.

Since § = (Z&)wm, we obtain tr(Jy(E2(3,))) = (Z55™ + D)[~352 + 2(© + 1)3 — ©]. Obvi-
ously, tr(J2(E%(3,p))) = 0 if and only if —35% +2(©+1)5—© = 0. Since § € (max{0,0},1),
A 2(041)+4/(20-1)2+3

= 6

we have § , equivalently, F' = F*. In this case, E? is a cusp (i.e.,
Bogdanov-Takens bifurcation point). In addition, if F > F* (tr(J2(E2(3,p))) > 0), E? is a
saddle-node repeller; if F' < F* (tr(Jo(E2(3,p))) < 0), E2 is a saddle-node attractor. O

PROPOSITION 3.19. Let D* = "n_ﬁf”(%)ﬁ, consider D as a bifurcation parameter, then
system (3.29) undergoes a saddle-node bifurcation at D = D* if max{|©|" "sign(©),0} <
s < land F < F*. In addition, system (3.29) does not attain any transcritical and pitchfork

bifurcation around EZ2(3, p).

Proof: To show that system (3.29) undergoes a saddle-node bifurcation, we use So-
tomayor’s theorem [89] by considering D as the bifurcation parameter. The Jacobian matrix,
Jo(E%(3,p)), of (3.29) at E2(3,p) is given by (3.34), one eigenvalue of which is zero. If
F < F*, then the other eigenvalue is negative.

Now, let V = (v1,v2)" and W = (w1, w2)” be the eigenvectors of Jo(FE?2) and JJ (E2) cor-
responding to zero eigenvalue, respectively. A simple calculation yields V = (5™, Jo(E?)11)7
and W = (0,1)7. Therefore, we have

WT fp((3,p),D) = —EFp < 0 and WT[D*f((3,p), D)(V, V)] = E§"[m(m — 1)§™ 2 —n(n —1)F3" ?]p < 0,

where

~
-}
—~
—~
\.C’D
3>
~—

T
~

|

I

9f(G.5), D) ( 5(1 —_2%— ) )
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and

D2f((3,5), D)(V, V) = <3m1[swa(p))+(1 m) Jo(E? (ﬁ))n—ms}),

E3™ [m(m —1)§™"2 —n(n — 1)F§" 2]

which implies that the transversality condition for saddle-node bifurcation is satisfied.

From Sotomayor’s theorem, it follows that system (3.29) undergoes a saddle-node bifurca-
tion around E2(3,p) at D = D*. Hence, we can conclude that when the parameter D passes
from right side of D = D* to the left side, the number of interior equilibria of system (3.29)
changes from zero to two. Since WT[DQf((A p), D)(V,V)] # 0, system (3.29) does not attain
any transcritical and pitchfork bifurcation around E2(3,p) [89]. O

3.3. I-P subsystem. The I-P subsystem when S =0 in (3.1) is written as

dl brm
= P —ul,
X3 4= T (3.35)
S { o= fy I”+a" P dP

where s € 1= { (a.b, 1,792, d.m.m) € (0. 5) x (0.1) x N2 s > m > 1.
System (3.35) or vector field X? is defined in the set:

ng{(I,P)€R2:0§I§K,P20}.
C2

We make a change of variables and time rescaling given by the function: @3 : Q3 xR — Q3 xR
such that

w3(i,p,7) = (i,p, (i" +a™)7) = (I, P, 1)

with Q3 = {(i,p) € R?:0<i<1,p>0}. Since det Dy(i,p,7) = i"+a"™ > 0, the new vector
field, denoted by Yg’, is topologically equivalent to the vector field Xf, and its associated
differential equations are given by

Ve { 4= —bli™ '+ L(i" + a”)i,

: 3.36
S % = Ml NG o), (330

where L = %, M = b and N = %, with

_ K
cell = {(a,b,L,M,N,m,n) € (O’E) x (0,1) x RS x NT :n>m> 1}.

Obviously, system (3.36) has a unique equilibrium E3(0,0) in €23 which always exist. The
Jacobian matrix of system (3.36) at Ej(0,0) is given by:

“bLa™ 0 ) (3.37)

3 —
J3(E0(O7O)) - < 0 —MNa™
The eigenvalues of J3(E3(0,0)) are —bLa™ and —M Na™, which are both negative. So E3(0,0)

is always locally asymptotically stable for any parameter values. Moreover, there is only an
equilibrium in Q3 for system (3.36), thus it is globally asymptotically stable in 3.
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4. Dynamical analysis of the full system

After obtaining a complete dynamics of three subsystems of system (3.1), in this section,
we continue to study the dynamical behavior of the full system, including: 1) the boundary
equilibria and their stability; 2) the uniform persistence; 3) a heteroclinic network; and finally
4) an interior periodic orbit.

ds Steal bs™
4 _7,51( 1 — Gotcal +02 )(S 9) 1+aIS— (S+I)”+a”P’
)
Xy fﬁn_ 1+a[5;)sm(5+1)n+anp b;‘ml (3.38)
G = NErhrrar Lt 2@ ) — A

where v € T = {(r,K,a,a,c1,c2,b,d, 5, 1,71, 7v2,m,n,0) € Ri X (0,%) x (0,1)8 x Ni X
(—& Ky p>m>1}. System (3.38) or vector field X, is defined in

c1’cy
Q={(S,I,P)eR3 :0< 1S+l <K,P >0}

To simplify the calculation, we make a change of variables and a time rescaling by the function
v : QxR — QxR such that

K K K Ki Ks+ &Ki)™+ (acy)™
@(sip, ):< r( )n mt2, €l & z+cz( Co ) ( 1) 7):(SIPt)

c1 5 by "rK oK Kn

with O = {(s,1,p) € ]Ri :0<s+i<1,p>0}. Thus, we have that det Dy(s,i,p,7) > 0,
implying that ¢ is a diffeomorphism preserving the orientation of the time. The vector field,
denoted by Yz, in the new coordinates is topologically equivalent to the vector field X,,, and
its associated differential equations are described by the following Kolmogorov polynomial

system:
%Z{(l—s—z)( —0)(i+ A) — Bii][(s+¢ei)" + D] — (i + A)s™ 'p} s,
Vo:8 L =By {[s—C(i+A)][(s+ei)"+ D] — Mi(i + A)yim p}i, (3.39)
;LI;ZE(HA){S + Moi™ — F[(s +€i)" + D]} p,
where A = 2% B = Oi%,BQ = O”,K,C’ = 9D = () E = “%b(ﬁ)n—mH’F _
ffb(ﬁf)" My = mgccg_l,Mz = 3?2,1,5 = Cl and © = m with
vEY =

{(D, A, B1,Bs,C,E,F, My, Mz,m,n,e,0) € (0,1) x R} x N} x [1,400) x (=1,1) :n>m > 1}.

Since ¢ is a diffeomorphism, system (3.39) has the same qualitative behavior as sys-
tem (3.38). In the following, we start with the existence of boundary equilibria and their
stability.

4.1. Boundary equilibria and their stability. Through the analysis of three sub-
systems in Section 3, it is easy to check that system (3.39) has seven possible boundary
equilibria. The trivial equilibrium Ey(0,0,0) and axial equilibrium £;(1,0,0) always ex-
ist. The axial equilibrium Fg(0,0,0) exists if © > 0. In si-plane, system (3.39) may have
a planar equilibrium E;(3,1,0), or two planar equilibria EL(51,71,0) and E%(52,i2,0), see
Lemma 3.6. In sp-plane, system (3.39) may have a planar equilibrium Eg,(3,0, ) (monotonic
case, see Lemma 3.12) or Eq,(3,0,5) (non-monotonic case, see Lemma 3.16), or two planar
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equilibria E;p(él,(),]ﬁl) and Egp(§2,o,ﬁ2), see Lemma 3.16. Below we study the local and
global stability of these boundary equilibria, respectively.
The Jacobian matrix of system (3.39) at any point (s,,p) is given by:

J(s,i,p)11 J(s,i,p)12 J(s,1,p)13
J(s,i,p) = J(s,i,p)21 J(s,%,p)22 J(s,i,p)23 |, (3.40)
J(s,i,p)31 J(s,i,p)32 J(s,%,p)33
where
J(syi,p)11 ={(i + A)(1 + 0O — 25 —i)[(s + i) + D] + n(s + )" [(1 — s — i) (s — O)(i + A)
—Biil}s+[(1—s—i)(s—0O)(i + A) — Byi][(s +&i)" + D] — (i + A)s™ 'p,
J(s,i,p)12 ={[(s —©)(1 — A — 5 — 2i) — By][(s + i) + D] +en(s +¢ei)"*
[(1—5—1i)(s—0O)(i+ A) — Byi] —s™ p}s,
J(s,4,p)13 =— (i + A)s™
J(5,4,p)a1 =Bo{n(s +¢ei)" '[s — C(i + A)] + [(s +&i)" + D]},
J(5,4,p)ag =Bo{en(s 4+ i) ![s — C(i + A)] — C[(s 4+ i)™ + D] — Myp[mi + A(m — 1)]i"™ 2}
+ Bo{[s — C(i + A)|[(s + &i)" + D] — My (i + A)i" 'p},

J(s,4,p)az = — BaMy (i + A)i™

J(s,4,p)31 =E(i + A)[ms™ " — np(s +2i)"p,

J(s,i,p)32 =E{s™ + Mpi™ = Fl(s + i)™ + D] + (i + A)[mMyi™ ' — enF(s + )" |}p,
J(s,4,p)33 =F(i + A){s™ + Myi™ — F[(s + £i)" + D]}.

By (3.40), the variational matrix of system (3.39) at F(0,0,0) is

—©AD 0 0
J(0,0,0) = 0  —AB,CD 0 ,
0 0 —ADEF

then its eigenvalues are —©AD, —AByCD and —ADFEF. Thus, Ej is locally asymptotically
stable (node) if © > 0, an attracting saddle if © < 0, and a non-hyperbolic attractor if © = 0.

REMARK 3.11. Although the equilibrium Eqy is locally asymptotically stable if © > 0, we
cannot construct a Lyapunov function or use other methods to show that it is also globally
asymptotically stable in Q. We guess that when © > 0, Eg(0,0,0) arises and it is always
unstable (see the analysis below). There is a great possibility that a separatriz surface forms
in the first octant which intersects with s-axis at Fg, and multi-stability appears.

By (3.40), the variational matrix of system (3.39) at Eg(©,0,0) (© > 0) can be written

as
AB(1—©)(O"+D)  —BO(e" + D) —Ae™
J(©,0,0) = 0 By (6 — AC)(0" + D) 0 :
0 0 AE[®™ — F(O" + D)]

then its eigenvalues are A©(1—0)(0"+ D) > 0, B2(0—AC)(©"+ D) and AE[O@™ — F(O" +
D)]. Thus, Eg is always unstable. If (© — AC)[O@™ — F(O™ + D)] < 0, then it is a repelling
saddle; if © > AC and ©™ — F(O™ + D) > 0, then it is an unstable node; if ©® < AC and
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O™ — F(O©™ 4+ D) < 0, then it is an attracting saddle, if (6 — AC)[®@™ — F(©™ + D)] = 0,
then it is non-hyperbolic.
By (3.40), the variational matrix of system (3.39) at E1(1,0,0) can be computed as

“A1-0)D+1) —[A(1—0)+B(D+1) "y
J(1,0,0) = 0 By(1 — AC)(D + 1) 0 :
0 0 AE[l — F(D + 1)]

then its eigenvalues are —A(1 —©)(D + 1) <0, By(1 — AC)(D + 1) and AE[1 — F(D + 1)].
If AC>1and 1— F(D+1) <0, then E; is locally asymptotically stable (node); if AC' <1
or 1 — F(D+1) >0, then it is a saddle.

THEOREM 4.1. When AC > 1, DF > 1 and © < 0, the equilibrium FE1(1,0,0) of
system (3.39) is globally asymptotically stable in €.

Proof: Consider a Lyapunov function V;(i,p) = 242 4+ p, and its derivative along the

= BolMy
trajectories of (3.39) is

o :EA]X%[S —C(i+ A))[(s+ i) + D] + E(i + A){s™ — F[(s + )" + D]} p
gEM2(1 — AC)[(s + )" + D] i+ E(i + A)(1 — DF)p.

1

Thus, when AC' > 1 and DF > 1, we have 94 < 0. Furthermore, it can be verified that

» dr
{(s,i,p) € @+ 94 =0} = {i = 0,p = 0}. By LaSalle’s invariance principle, we have

lim; 450 4(7) = 0 and lim,_, 4 p(7) = 0 for all solutions of system (3.39). So, the limiting
system of (3.39) is g—f_ = As(1 — s)(s — ©)(s™ + D). Obviously, the equilibrium s = 1 of
this equation is globally asymptotically stable if © < 0. By the limiting argument [104], we
obtain that E1(1,0,0) is globally asymptotically stable in Q if AC' > 1, DF > 1 and © < 0.
O

By (3.40), the variational matrix of system (3.39) at E;(5,4,0) can be written as

Jl(gj)n[(g—i—g{)” —l—D] Jl(g,g)u[(g—i-é‘g)n —i—D] —(g—}—A)Em
J(5,4,0) = | Ji(5,0)a1[(5 + )" + D] Ji(5,9)22[(5 + )" + D] —BaMi(i + A)i™ |,
0 0 J(E,i,O)gg

where J(5,4,0)33 = F(i + A){s™ + M2i™ — F[(5 + &i)" + D]}.

Clearly, its first two eigenvalues, denoted by py 2, satisfy py = [(5+ €i)" + D]pg, k = 1,2,
where p; o are two eigenvalues of J1(5,7). So, Es(5,4,0) has the same stability properties
as El(5,i) in si-plane. The third eigenvalue of J(5,7,0) is p3 = J(5,4,0)33. According to
(I.i) of Lemma 3.7, if both eigenvalues p; and ps have negative real parts and ps < 0, then
E4i(5,1,0) is locally asymptotically stable. When p3 > 0, Ey(5,4,0) is always a saddle.
Assume that p3 < 0 holds, then system (3.39) undergoes a Hopf bifurcation near E;(5,1,0)
as the parameter By passes through the critical value Bj.

Similarly, combined with Lemma 3.8, we can discuss the local stability of EL(51,i1,0)
and E?2(32,42,0) when system (3.39) has two different planar equilibria in si-plane. Next, we
investigate its global stability when there is only one planar equilibrium Ej;(5, 4, 0) in si-plane
for system (3.39).
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THEOREM 4.2. Assume that Eg(5,1,0) is a unique planar equilibrium in si-plane for
system (3.39), and 0 < AC < ©FL, det(Jy(EL(5,9))) > 0 and B, > Bj. If © < 0,
BsC > B —O(A+1) and DF — My > 1, then Eg; is globally asymptotically stable in Q.

Proof: We consider a Lyapunov function V2(p) = p, and its derivative along the trajec-
tories of system (3.39) is given by

dv;
TTQ —FE(i + A) {s™ + Myi™ — F [(s + i) + D]} p

<E(i+ A1+ My, — DF)p.

Thus, when DF — My > 1, we have dV2 < 0. Furthermore, it can be verified that {(s,7,p) €
\% = 0} = {p = 0}. By LaSalle’s invariance principle, we have lim,_, 4, p(7) = 0 for all
solutions of (3.39). So, the limiting system of (3.39) is

{ ds — [(1—5—i)(s — ©)(i + A) — Byi] [(s + i) + D] s, (3.41)

4 — By [s— Cli+ A)] [(s + i) + D]i.

Making a time rescaling 7/ = [(s + €i)” 4+ D], yields the equations (3.18) of S-I sub-

system. By Proposition 3.9, we see that E'(5,i) is globally asymptotically stable when

det(J1(EL(5,4))) > 0,0 < AC < &L, By > B}, © <0 and BoC > By — O(A + 1). By the

limiting argument, we have that Fg;(3,14,0) is globally asymptotically stable in Q. O
By (3.40), the variational matrix of system (3.39) at E,(3,0, ) can be written as

Ja2(5,p)11 A J(5,0 25) 12 J2(3,D)124
Ja(3,p)21 A J(3, 0 15) 32 J2(3,D)20A

where J(3,0,p)12 = {[(§ = ©)(1 — A — 3) — B1](5" + D) + enAs" (1 — 3)(5 — ©) — §™1p}3;
if n =1, J(5,0,p)22 = Ba[(5 — AC)(5 4+ D) — AM;p| and J(5,0,p)3s = AE( y — eF)p,
otherwise, J(3,0,p)2s = Ba(5 — AC)(5" + D) and J(3,0,p)32 = —enAEF3s"1p

So, the two eigenvalues of J(3,0,p) in s and p-directions satisfy pp = Ap, k: = s,p, where
ps,p are two eigenvalues of J3(3,p). According to Lemmas 3.13 and 3.14, we can determine
the sign of ps and p,. Under the conditions that both ps and p, have negative real parts,
then Esp(é, 0,p) is locally asymptotically stable if the eigenvalue in i-direction satisfies p; =
J(5,0,p)22 < 0. If p; < 0, system (3.39) undergoes a Hopf bifurcation around Esp in the
condition of occurrence of a Hopf bifurcation near E2(3,p).

Similarly, by combining Lemmas 3.17 and 3.18, we can further deal with the local stability
of one planar equilibrium Esp(é, 0,p) or two planar equilibria Egp(él, 0,p1) and Egp(ég, 0, p2)
of system (3.39) with non-monotonic functional response. Finally, we give the sufficient
conditions for the global asymptotic stability of Fg,(3,0,p).

THEOREM 4.3. Assume that Esp( ,0, p) zs a unique planar equilibrium in sp-plane for

system (3.39) with n = m, if (§ — s)( s= S@)( "+D) _ 3= 8},( )) > (or <)0 for all
€ (0,8) U (5,1), and = s1=s)(s S?)(S +D) #° (1= l)m( ) for 0 < |s — 3| < 1 hold, then Esp 18

globally asymptotically stable in €.
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Proof: We consider a Lyapunov function V3(i) = 4, and its derivative along the trajec-
tories of system (3.39) is given by

dV: . . . el s

—= =Ba{ls = C(i + A))[(s +&i)" + D] = My (i + A)i"'p}i

<Bs(1 — AC)[(s +€i)" + DJi.

Thus, when AC > 1, we have % < 0. Furthermore, it can be verified that {(s,i,p) €
Q|% = 0} = {¢ = 0}. By LaSalle’s invariance principle, we have lim,_, | i(7) = 0 for all
solutions of (3.39) if AC' > 1. So, the limiting system of (3.39) is

{ g—f_ = A[(1 —5)(s —0)(s" + D) — s" !pls,

9 — AE[(1— F)s" — DF]p, (342)

We make a time rescaling 7/ = A, yielding (3.32). By Proposition 3.15, we have that E2(3, p)
is globally asymptotically stable when ($§ — s)(s(l—S)(s—SS))(anrD) _ 8(1—8%5_9)) > (or <)0 for
all s € (0,8) U (3,1), and U= ONHD) o SU8E0O) f5r g < |5 — 5| < 1 hold. By the

S

limiting argument, we have that Esp(é’, 0,p) is globally asymptotically stable in . U

4.2. Uniform persistence. There exists a positive equilibrium for system (3.39) if and
only if there is a positive solution for the following equations
[(1-s—14)(s—0O)(i+ A) — Byi][(s +€i)" + D] — (i + A)s™ 1p =0,
[(s—C(i+ A)][(s + i)™ + D] — My (i + A)i™~1p =0, (3.43)
™+ Myi™ — F (s +€i)" + D] = 0.

Due to the complexity of the algebraic expression of (3.43), it is not an easy task to find
the explicit criteria for the existence and quantity of the interior equilibria in terms of the
parameters. We would like to study the uniform persistence of system (3.39), by using the
method of average Lyapunov function [44, 52].

THEOREM 4.4. If © < 0, AC < 1, F(D + 1) < 1, then system (3.39) is uniformly
persistent if one of the following conditions is satisfied:
(i) n =m, §™+ Myi™ > F[(5+¢ei)™ + D], 0 < 25 < 1 and (5 — AC)(5+ D) > AMyp
(m=1)ors>AC (m>1);
(ii)n > m, "+ Myi™ > F[(5+€i)"+ D], 1 < 1, D = = (m)iZw gpd (5— AC)(3"+ D) >
AMip (m=1) or § > AC (m >1).

Proof: We consider the average Lyapunov function with the form
V(s,i,p) = s*i*?p3,

where oy, (kK = 1,2,3) are positive constants to be determined later. In the interior of ]R‘rjr,
we define

U(s,i,p) := ; =a1 {[(1—5—1)(s—0O)(i+A) — Bii][(s +&i)" + D] — (i + A)Sm_lp}
+ aoBy {[s — C(i + A)] (s + €i)" + D] — My (i + A)i"™ 'p}
+ agBE(i+ A) {s™ + Myi™ — F [(s +ei)" + D]}

We have already proved that all solutions of system (3.39) are uniformly ultimately bounded
in R? (see Lemma 2.2). To establish the uniform persistence of the solutions, we have to
show that all boundary equilibria are repellers under certain conditions, i.e., the function
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U(s,i,p) > 0 at each of the boundary equilibria for a suitable choice of a > 0 (k = 1,2, 3).
We first consider two boundary equilibria that always exist, i.e., Ey(0,0,0) and E1(1,0,0).
Here, we choose a; > —OM+3EF >0 (© < 0), then we have

\I’(O, 0, 0) = —-a10AD — s ABCD — a3ADEF = —AD(CY1® 4+ as By C + OégEF) > 0.
For E1(1,0,0), we have
U(1,0,0) = asBa(1 4 D)(1 — AC) + a3AE[1 — F(D +1)] > 0,

which follows from the assumption that AC' < 1 and F(D +1) < 1.
Since AC < 1 and © < 0, there is a unique planar equilibrium FE;(5,1,0) in si-plane for
system (3.39) (see Lemma 3.6). For E(5,14,0), we have

U(5,4,0) = agE(i + A) {8™ + Myi™ — F[(5 +&i)" + D]} > 0,

which follows from the assumption that §™ + Mai™ > F[(5+€i)" + D] (n > m > 1).

When system (3.39) has two different planar equilibria in sp-plane, one of which will
always be a saddle, so we only need to consider the situation that there is a unique planar
equilibrium in sp-plane, i.e., E,(3,0,p) (the monotonic case, see Lemma 3.12) or Esp(é, 0,p)
(the non-monotonic case, see Lemma 3.16). If the condition (i) holds, then Ey,(3,0,p) exists
and we have

B(3,0,) = { a2 Bs[(5 — AC) (5 + D) — AM;p] > 0, if m = 1,
B agBQ(g—AC)(§m+D)>O, ifm > 1.

Similarly, if the condition (ii) holds, we can show Esp(§, 0,p) is a repeller. Hence V' (s,1,p) is
an average Lyapunov function and system (3.39) is uniformly persistent. U

REMARK 3.12. Biologically, uniform persistence (permanence) is often a better measure
of ecological stability, which is the research focus of most ecologists. Uniform persistence
means that the minimal densities of all populations are bounded away from zero, thus they
can survive for all future time.

4.3. Robustness of heteroclinic orbits and a heteroclinic network. In subsec-
tions 3.1 and 3.2, we have discussed the existence of heteroclinic cycles in si-plane and
sp-plane, respectively (see Remarks 3.6 and 3.7). For the heteroclinic connection (orbit) vye1
whenever it exists, we always have

hi,(ve1) # hi,(Ee) V hi,(E1),

where hy, is the Conley index restricted to the invariant set I (s-axis) of system (3.39).

By Theorem 1.15 in subsection 1.2, it can be shown that the heteroclinic connection g,
is robust to perturbations of the vector field in I;. However, with respect to the heteroclinic
cycles 7, in si-plane and 7, in sp-plane, we have

hr,.(vn) = hi,(Ee) V hi,(E1) and hy,, (V) = hr,,(Ee) V hr,,(E1),

which cannot ensure the robustness of the heteroclinic cycles, implying that arbitrarily small
perturbation of parameters may destroy the heteroclinic connection y19 or 7.

DEFINITION 4.5. (see [7]). A heteroclinic network is a connected union of heteroclinic
cycles.
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Combining Remarks 3.6 and 3.7, a heteroclinic network consisting of two cycles ~;, and 3
exists for certain parameter values. The existence of a heteroclinic network is very interesting
due to a common heteroclinic connection between the two cycles. On the other hand, it is
impossible for either of the cycles to attract all nearby trajectories. Biologically, in the
presence of Allee effect, the emergence of either of the cycles is as a result of the outbreak of
the disease or predator’s successful invasion.

4.4. An interior periodic orbit. We have shown that when system (3.39) has a
unique planar equilibrium Eg;(5,4,0) in si-plane, if det(J1(5,4)) > 0, 0 < AC < %
and h(EL(5,i), B3) = 0, then the bifurcating periodic solutions in si-plane are orbitally
asymptotically stable (see Corollary 3.10). Moreover, when system (3.39) has two differ-

0+1
2

h(E£2<§2, i), B3y) = Y0 then the bifurcating periodic solutions in si-plane are also orbitally
asymptotically stable (see Remark 3.5). Now, we take the first case as an example to show
that this limit cycle can be bifurcated into the interior of the positive octant of sip-space.

ent planar equilibria EL(31,41,0) and E?(32,i2,0) in si-plane, if 0 < AC < and

First, we denote

I . I m
01 = T/o (i(1) + A)s™(7)dr, Oy = T/o (i(1) + A)i™(1)dr,
and
T
0s = 7 [ (i(r)+ A)(s(r) +<ilr))" + Dldr.

for some positive T'.

Let (s(7),i(7)) be the unique periodic solution of system (3.18) for a fixed set of pa-
rameters A, By, Bo,C and ©, and T be the period of this solution. Then (s(7),i(7),0)
is a periodic solution of system (3.39) for any choice of D, E, F, My, Ms,m and n. Fix
D,E, My, Ms,m and n, and the remaining parameter F' will be treated as a bifurcation
parameter and F™* = OH'Oi]\;[QOQ will turn out to be the critical value.

Before presenting the main theorem, we give the following three technical lemmas, whose
proofs can be found in [22, 75].

LEMMA 4.6. (see [22]). Let W be an open neighborhood of 0 € R™ and let I be an open
interval about 0 € R. Let ®, : W — R" be such that the map (v,z) — ®,(x) is a CF map
(k> 1) from I x W to R™, and such that ®,(0) = 0 for all v € I. Define L, to be the
differential map d®,(0) and suppose that all eigenvalues of L, lie inside the unit circle of the
complex plane for v < 0. Assume that there is a real, simple eigenvalue l(v) of L, such that
1(0) =1 and (dl/dv)(0) > 0. Let vy be the eigenvector corresponding to [(0). Then there is a
C*=1 curve € of fived points of ® : (v,z) — (v, ®,(x)) near (0,0) in I x R™ which, together
with the points (v,0), are the only fixed points of ® near (0,0). The curve € is tangent to v
at (0,0) in I x R™.

LEMMA 4.7. (see [75]). The spectrum of the linearization of the Poincaré map union {1}
is equal to the spectrum of the linearization of the solution map.

LEMMA 4.8. (see [22]). Let H(t) be a periodic matriz of period T and suppose that the

linear system
/
Y2 Y2
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has Floquet exponents 0 and —o < 0. Let hiz(t), hos(t) and hss(t) be functions of period T

such that the mean value of hss(t) is equal to v. Then the linear system
/

Y1 Y1
yo | =H®) | w2
Y3 Y3
where ‘
H{) has(t)
t) = + has(t)
0 01 hgs(t)

has Floquet exponents 0, —o < 0 and v.

THEOREM 4.9. Let A, By, B2, C and © be given such that (s(7),i(7)) is a locally unique
periodic orbit with period T in the interior of the first quadrant of si-plane. If there exists
an F* denoted by F* = Oﬁoij\;boz such that as |F — F*| < 1, there is a periodic orbit in the
interior of the first octant arbitrarily close to the si-plane.

Proof: Denote by & the orbit corresponding to (s(7),4(7),0) where (s(7),i(7)) is the
locally unique periodic orbit of system (3.39) in si-plane. Let .7 be a two dimensional,
local, transverse section of 2. For each value of F, the Poincaré map P : Wy — W7 exists,
where Wy and W7 are open subsets of 7. Given a periodic orbit, there is a relationship
between the linearization about the orbit and the linearization of the Poincaré map about
the corresponding fixed point, made precise in the statement of Lemma 4.7. That is, there
is an eigenvalue 1, an eigenvalue determined by the stability of the periodic orbit and an
eigenvalue determined by the linearization of system (3.39) at the periodic orbit, followed
from Lemma 4.8. As assumed, the periodic orbit in si-plane is a stable limit cycle, yielding
one Floquet multiplier inside the unit circle.

In order to apply the bifurcation theorem it is necessary to show that the remaining
eigenvalue crosses the unit circle transversally. This will be accomplished by showing that
one of the Floquet exponents passes through zero (transversally) and applying Lemma 4.7.

Let (s(7),i(7)) be the unique, periodic solution of system (3.18). As noted, the Floquet
exponents are 0 and —o < 0. The coefficient matrix of the linearization about the periodic
orbit of a solution of (3.39) can be denoted by Ji (s, 1), see (3.24), while for a solution of (3.39),
with p = 0, it takes the form

Ji(s,7) (i 4 A)s™
0 0 [ E(i+A){s™+ Myi™—F|(s +ei)" + D]}
By Lemma 4.8, the Floquet exponents for the linearization of (3.39) about (s(7),i(7),0)
are 0, —o0 < 0 and v = FEO3(F* — F). As F decreases to F™*, %|F:F* = —FO3 < 0, so

7 inside the unit

the crossing is transversal. Hence the Poincaré map has one eigenvalue e~
circle and one eigenvalue e” crossing the unit circle transversally as v increases through 0.
Let & be the orbit corresponding to (s(7),4(7),0). Select py € & and identify the transverse
section .7 of & through py with R?, identifying py with 0 € R2. Let ®, denote the Poincaré
map associated with &, po and the section 7, for (3.39) with F' = F* — z5-. From the
analytic dependence of the vector field defined by (3.39) on its parameters, it follows that

solutions are analytic in parameters and initial conditions [29]. So is the Poincaré map. It
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follows that there is a neighborhood W of pg in & such that for all v sufficiently close to
0, say v € I, the map ®,, is defined on W. Making our identification with R?, we see that
(v,x) — ®,(x) is analytic from I x W to R%, ®,(0) = 0 for all v € I and L, = d®,(0) has
eigenvalues e~ 7, €”. Applying Lemma 4.6, we obtain an analytic curve & of fixed points of
o (v,x) — (v, P, (x)) bifurcating from (v,0) at (0,0).

For such (v,z) , we have z = ®,(x), so x is a fixed point of the Poincaré map ®,. ¢
therefore corresponds to a l-parameter family of periodic solutions of (3.39). In addition, ¥
is tangent to the eigenvector vy associated with the eigenvalue 1 of d®y. The direction of
vo is transverse to the si-plane for system (3.39) (the other eigenvector of d®g lies in this
plane). It follows that there is a branch of periodic solutions of (3.39) in the positive octant
for |F' — F*| = |v| small. O

REMARK 3.13. The main idea of the proof is to apply Lemma 4.6 to the Poincaré map on
a section of the unique periodic orbit in the plane. All of the parameters will be fixed except
one, F', which will be adjusted so as to produce a bifurcation of a fixed point of the Poincaré
map. There are also a branch of periodic solutions not in the positive octant, but these are
without biological interest. Similarly, if S-P subsystem (3.29) has a stable limit cycle, then
this limit cycle can also be bifurcated into the interior of the positive octant of the sip-space
by selecting an appropriate bifurcation parameter.

5. Concluding remarks

Under some basic assumptions, we study a class of predator-prey type eco-epidemiological
systems. We first show the existence, uniqueness, positivity and uniform ultimate bound-
edness of the solutions for the proposed systems, which imply that (3.1) is biologically well
behaved. By assuming in turn one of the three populations is absent, we reduce the 3-
dimensional system (3.1) to three 2-dimensional subsystems (3.18), (3.29) and (3.36), and
study their respective dynamics. Then we observe that S-I subsystem (3.18) and S-P sub-
system (3.29) possess very complicated features due to the nonlinearity growth of susceptible
prey including Allee effect and competition. By Lemmas 3.6, 3.12 and 3.16, we find the exis-
tence of interior equilibrium in S-I (or S-P) subsystem is closely related to two quantities, i.e.,
the epidemiological (or ecological) basic reproduction number and the value of Allee effect.
For certain parameter values, there are periodic orbits, heteroclinic cycles and multi-stability
in both si- and sp-planes. We use Conley index and restricted Conley index (defined by
restricting Conley index to specific invariant subspaces) to detect the bifurcation point (Hopf
bifurcation and bifurcation of heteroclinic orbits) and heteroclinic orbits (cycles) and to show
the robustness of heteroclinic orbits in S-I subsystem (3.18). We also observe that different
intra-class and inter-class competitions between prey influence the existence and stability of
the interior equilibrium and the stability of the boundary equilibrium belong to the strong
Allee effect for S-I subsystem (3.18). The non-monotonic functional response makes the dy-
namics of S-P subsystem (3.29) more abundant. For example, under suitable conditions, it
has two interior equilibria and undergoes backward bifurcation and saddle-node bifurcation.
By comparing strong and week Allee effects in S-I subsystem (3.18) (or S-P subsystem (3.29)),
we conclude that the Allee effects can generate or destroy the interior equilibrium of S-I (or
S-P) subsystem and have the ability to destabilize the subsystems and even make them prone
to extinction. However, the dynamics of I-P subsystem (3.36) is relatively simple, a unique
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trivial equilibrium is unconditionally globally asymptotically stable. These results provide us
an access to investigate the dynamics of the full system.

Under suitable parametric conditions, the full system (3.39) admits seven possible bound-
ary equilibria, i.e., one trivial equilibrium, two axial equilibria and four planar equilibria. By
analyzing the corresponding characteristic equations, the local stability of each of bound-
ary equilibria of (3.39) is established, respectively. By constructing appropriate Lyapunov
functions or using Bendixson-Dulac criteria, we work out analytically the conditions for the
global stability of one axial equilibrium and two planar equilibria. Furthermore, the strong
Allee effect can induce a separatrix surface leading to multi-stability and the Hopf bifurca-
tion is observed around two planner equilibria. As it is not an easy task to solve an interior
equilibrium where both the prey and the predator species coexist, we turn to study the uni-
form persistence of (3.39) by applying the average Lyapunov function, which ensures that all
populations coexist for longer period and none of them becomes extinct. If prey is subject
to the strong Allee effect, it is impossible for (3.39) to persist for any initial value, indicat-
ing that the strong Allee effect in prey makes initial conditions being extremely important
for the persistence of prey as well as predator. Moreover, it is shown that disease-induced
competition can affect the coexistence of all populations and tremendously alter the stability
of (3.39). These analyses reveal the impact of Allee effects, the possibility of coexistence and
the outcomes of different competitions. Interestingly, we find that a heteroclinic network
formed by two heteroclinic cycles in si- and sp-planes emerges under certain conditions of
parameter values. Finally, we perform a detailed analysis to show that a stable limit cycle
created through the Hopf bifurcation in si-plane may be bifurcated into the interior of the
first octant under some restrictions.

These findings may have wide applications in management policy of species conservation.
For example, the introduction of disease or predation may act as a biological control to
regulate population sizes and save the population from extinction. Due to the usage of
generalized models, they can be generalized in obvious ways to food chain systems, and may
be applied to the situation where disease is transmitted by migratory bird population, like
the West Nile virus, salmonella, and so on.

© 2019 Tous droits réservés. lilliad.univ-lille.fr



© 2019 Tous droits réservés.

Thése de Mengfeng Sun, Université de Lille, 2019

CHAPTER 4

Mathematical analysis of network-based systems coupling
epidemic spread and information diffusion

In this chapter, we investigate two network-based systems coupling epidemic spread and
information diffusion, i.e., a concrete interplay system and an epidemic control system. The
organization of the chapter is as follows. In Section 1, we list some basic knowledge and mod-
eling approaches of complex networks. In Section 2, we construct a concrete interplay system
in quenched multiplex networks using a well-known SIS (susceptible-infected-susceptible)
model. Then, we make some preparations, analyze the epidemic threshold, and obtain the
conditions of global stability of the concrete interplay system. In Section 3, we formulate an
SIS epidemic control system and analyze its stability. In Section 4, some numerical simu-
lations are carried out to complement our theoretical analysis in Sections 2 and 3. Finally,
Section 5 concludes this chapter and presents some discussion.

1. Complex networks and network-based approaches for epidemic spread

In mathematical terms, a network can be defined as a graph G = (V, E), where V is the
set of nodes (vertices) and E is the set of links (edges) [19]. Two nodes are called neighbors if
they are connected with a link. The degree (connectivity) of a node is the total number of its
neighbors. The degree distribution of a network, P(k), can be defined as the fraction of nodes
having degree k or the probability that a randomly chosen node has degree k. Instead of using
a list of nodes and edges, we can represent the network as an adjacency matrix A = (a;;) NxN-
The matrix element a(i, 7) is unit if node ¢ and node j are connected; otherwise, it is zero.

Complex networks are the underlying structures of many complex systems in nature and
society [3, 19, 81]. In the context of network theory, a complex network is a graph (network)
with nontrivial topological features—features that do not occur in simple networks such as
lattices or random graphs but often occur in graphs modeling of real systems. Two well-
known and much studied classes of complex networks are small-world networks [112] and
scale-free networks [12], whose discovery and definition are canonical case studies in the field.

A network is called a small-world network by analogy with the small-world phenomenon
(popularly known as six degrees of separation). In 1998, the first small-world network model
(the WS model) [112] was published by D. J. Watts and S. H. Strogatz, which through a single
parameter smoothly interpolates between completely regular and purely random networks,
see Fig. 1. Subsequently, M. E. Newman and D. J. Watts built the NW small-world network
model using an asymptotically exact real-space renormalization group method [82].

A network is named scale-free [11, 12] if its degree distribution follows a power law, at
least asymptotically. That is, the fraction P(k) of nodes in the network having k connections
to other nodes goes for large values of k as

P(k) ~ k™7

75

lilliad.univ-lille.fr



Thése de Mengfeng Sun, Université de Lille, 2019

76 4 Mathematical analysis of network-based systems

Regular Small-world Random

Increasing randomness
FIGURE 1. Regular, random, and WS small-world networks. Image courtesy of [112].

where the exponent + is a parameter whose value is typically in the range 2 < v < 3 (wherein
the second moment of k=7 is infinite but the first moment is finite), although occasionally
it may lie outside these bounds [84]. There are various algorithms to generate a scale-free
network. Particularly, in Section 4, we use the Bardbasi-Albert algorithm to generate multiple
scale-free networks.

In classical compartmental models, it is assumed that the population is homogeneously
mixed. However, in reality, individuals have different connectivity patterns. To develop
better models, complex networks [3, 19, 57, 81, 85] have been used in mathematical modeling
of epidemic spread by relaxing the homogenous mixing assumption. Generally speaking, the
most widely used theoretical approaches for epidemic spreading on complex networks in terms
of increasing complexity, include the mean-field, the heterogeneous mean-field, the quenched
mean-field, dynamical message-passing, link percolation, and pairwise approximation [111].

As far as the mean-field approaches are concerned, the quenched mean-field approach
is effective to model the spread of an infectious disease in a heterogenous population [107].
We consider the standard SIS model in a quenched network of size N. Let p;(t) denote
the infection probability of node ¢ at time ¢. Neglecting correlations between infected and
susceptible nodes, the evolution equation of node i can be described by

N
j=1

where the infection rate A € (0,1] denotes the probability that each susceptible node is
infected if it is connected to one infected node. a;; is an element of the adjacency matrix, it
is assigned with 1 if there is an edge between nodes i and j (i # j) or 0 otherwise; if i = 7,
then a;; = 0.

2. A concrete interplay system and its stability analysis

2.1. A concrete interplay system. Our interplay system is implemented in multiplex
networks (in fact, a duplex network). One layer of this network is the behavior information
network and the other is epidemic contact network. Here, let (asj), (bi;) be the adjacency
matrices of the epidemic spreading (contact) network and the behavior information network,
respectively. We shall denote by k{ = Z;VZI aij, kY = Z;\le b;j the physical connectivity and
virtual connectivity of the i-th individual in multiplex networks, respectively. We make the
following basic assumptions:
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(i) There is weak coupling between individuals in the behavior information network
when an epidemic begins to spread.

(ii) Each individual promptly obtain relatively accurate epidemic information through
multiple channels and is affected by both the local and global epidemic information.
In particular, if an individual has more connected neighbors, he/she will pay more
attention to the local epidemic information.

(iii) The individual with more connected neighbors is likely more concerned about epi-
demic information (including both the local and global epidemic information), so
his/her coupling weight in the behavior information network will increase more sig-
nificantly, implying that the extent of individual response to epidemic information
is related to one’s physical degrees in the epidemic spreading network. Here, we use
the function ¢ (k{) to express the response extent of the i-th individual with physical
degree ki to epidemic information.

(iv) When the global infection density (measured by p9(t) = Y2, pi(t)/N) or local
infection density (measured by pl(t) = Z;V:1 a;jp;i(t)/k¢) becomes higher in the
epidemic spreading network, individuals will communicate the information of risk-
averse behaviors with their neighbors more frequently to protect themselves in the
behavior information network, indicating that the rate of change of the coupling
weight of the i-th individual, ¢;(t), is directly proportional to the global infection
density p9(t) and local infection density pk(t).

(v) When the collective protective behaviors increase sufficiently, the communication
of protective information among individuals will become saturated because they
have come to an agreement on optimal protective measures. Thus, the proportional

relationship between the rate of change of the coupling weight of the i-th individual,
T

¢i(t), and its synchronization error e; (t)e;(t) always remains valid, where e;(t) =
x;(t) — s(t) fori =1,2,--- | N.

(vi) Meanwhile, individual adaptive behaviors will in turn suppress the spread of the
epidemic, which can reduce one’s susceptibility to infection (i.e., the admission

rate [83]).

Based on the above assumptions (i)-(vi) and the general interplay model (1.8), we con-
struct a concrete interplay system in quenched multiplex networks:
N
2 byl (8) — (1)),

1

&i(t) = fzi(t)) + ci(t) ]
; - » (4.2)
pi(t) = —pi(t) + Adi(t)[L — pi()] 30 asjp;(t), i=1,2,---, N,

¢i(t) = BR[Ok ph(t) + (1 — Ok ) p? (t)]e] (t)es(t),

where x;(t) = (2;1(t), zi2(t), -+ , 2 (t))T € R™ is the behavior state variable of the i-th
individual at time ¢, ¢t € [0,400), f : R" — R" is a continuously nonlinear function and
describes the local dynamics of individuals, ¢;(¢) > 0 denotes the coupling weight or strength

)
[

of the i-th individual. The matrix I' = diag(y1,72, -+ ;) € R™ ™ represents the inner-
coupling matrix, which is a positive definite diagonal matrix. The matrices A = (ai;)Nx N
and B = (b;j) nxn represent the adjacency matrices of the epidemic spreading and behavior
information networks, respectively. If there are respective connections between node i and
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node j (i # j) in the epidemic spreading and behavior information networks, then a;; = a;; =
1, bij = bji = 1; otherwise, Qi = Qj5 = 0, bij = bji =0.

In a quenched epidemic network of size N, the variable p;(t) denotes the infection proba-
bility of node (individual) i at time ¢. The transmission rate A € (0, 1] denotes the probability
that an infected node would actually transmit an infection through an edge connected to one
susceptible node. The term ¢;(t) is the admission rate that susceptible node ¢ would actually
admit an infection through an edge connected to an infected node. In the absence of adap-
tive behaviors, it is usually assumed that ¢;(t) = 1 for ¢ = 1,2,--- | N. The admission rate
¢i(t) of node i is dependent on the strength of its adaptive behaviors and contact number
(denoted by its physical degree). Intuitively, with fixed adaptive strength, larger contact
number means higher risk of infection. Accordingly, in the condition of the same contact
number, larger adaptive strength implies lower risk of infection.

Based on the above analysis, we give a specific expression of the admission rate ¢;(t) for
node ¢ as follows:

¢z(t) = [1 - a(kg)]Ez(t) + a(sz), 1=1,2,---, N, (43)

where a(z) is an increasing function of z, 0 < a(z) < 1, and the variable E;(t) is set as
follows:
Ez(t) _ ezr(;)ei(t)
14e; (t)ei(t)
where e;(t) = x;(t) — s(t) is the synchronization error of node i, and s(t) is the synchronous
state of individual adaptive behaviors in the behavior information network, which can be an
equilibrium point, a periodic orbit, or even a chaotic attractor, satisfying $(t) = f(s(¢)).
Individuals uniformly change their behaviors in response to epidemic information. When
the adaptive behaviors of all individuals achieve synchronization, i.e., F;(t) — 0 as t — 400
for i = 1,2,--- N, then x;(t) is the optimal behavioral status, namely, the admission rate
¢i(t) of the i-th individual achieves the minimum «(k{). The impact of adaptive behaviors on
the epidemic can be quantified by the variable ¢;(t), accordingly, the infection rate A becomes

€[0,1), i=1,2,---,N, (4.4)

A¢i(t), indicating that the risk of infection from others has fallen to a certain extent.

The parameter 8 > 0, pi(t) = Z;VZI a;jpj(t)/k is the local infection density in the
neighborhood of node i (i.e., the local epidemic information) and p9(t) = SN | pi(t)/N is the
global infection density in a whole community (i.e., the global epidemic information). The
term @(k{') represents the extent that the i-th individual is affected by the local epidemic
information, accordingly, 1 — #(k?) is the proportion of the effect of the global information
on individual i. By assumption (ii), we know that 6(z) is an increasing function of z, 0 <
0(z) < 1. The term ¢(k¢) characterizes the response strength of individual i to epidemic
information. Obviously, individuals with more neighbors should have a stronger sense of
epidemic information — ) (z) is an increasing function of z.

The initial condition of system (4.2) can be set as follows: the initial infection probability
pi(0) = €, the initial state 2;(0) = (2;1(0), 7:2(0), -, 2:,(0))T € R, and the initial coupling
weight ¢;(0) =7 fori=1,2,--- N, where 0 < e < 1l and 0 < 7 < 1.

System (4.2) gives a concrete interplay model describing the interaction between adaptive
behaviors and epidemic spread in quenched multiplex networks. Compared to the general
interplay model (1.8), we have the behavior state variable X (¢) = (z¥(¢), 21 (¢), -, 25 (¢))T
and the variable Y (t) = (p1(t), p2(t),--- , pn(t))T. In the behavior information network, as

© 2019 Tous droits réservés. lilliad.univ-lille.fr



© 2019 Tous droits réservés.

Thése de Mengfeng Sun, Université de Lille, 2019

2. A CONCRETE INTERPLAY SYSTEM AND ITS STABILITY ANALYSIS 79

the epidemic spreads, the coupling weight from node ¢ to node j, w,f’j(t) = ¢;(t)b;j, becomes
larger. However, in the epidemic spreading network, wi;(t) = ¢;(t)a;; can be regarded as the
contact weight from node ¢ to node j, and it will decrease as the strength of the adaptive
behaviors of node ¢ becomes large. Taking into account the heterogeneity of nodes, we have
wi(t) # wi;(t), wfj (t) # w?i(t) if there are respective connections between node i and node
j (i # j) in the epidemic spreading and behavior information networks, which implies that
with the epidemic spread, the epidemic and behavior information networks become directed.

In the light of the adjacency matrix B of the behavior information network, its Laplacian
matrix L = (l;j) nxn can be defined as follows:

—bij, 1 # J,
N
=93 3 b, i = . (4.5)
k=1
ki

It is clear that the diagonal elements of the Laplacian matrix L satisfy the following condition:

Zlm_ Zl]l_k?’i:]-»Q""aNa (46)
J#l J#z
where kY denotes the virtual degree of node i in the behavior information network.

It is assumed that B is an irreducible matrix, which implies that the network is connected
in the sense of having no isolated clusters. It follows from [115] that zero is the smallest
eigenvalue of matrix L with multiplicity 1 and all the other eigenvalues are strictly positive.

The concrete interplay system (4.2) in quenched multiplex networks can now be reformu-
lated in terms of the Laplacian matrix L as

N
i(t) = fi(t) — ci(t) 22 LT (),

7j=1
pi(t) = —pi(t) + i (t)[1 — pi(t)] z%aijpj(t)7 i=1,2,---,N,
=

&i(t) = Bo(kO[O(kS)ph(t) + (1 — O(kE))p? (t)]e] (t)es(t).
2.2. Stability analysis.
2.2.1. Preliminaries. Let A = (a;5), B = (bij;) € R™"™ be nonnegative matrices, namely,

(4.7)

all of their entries are nonnegative. We say A > B if a;; > b;; for all i and j, and A > B if
A>Band A# B.

DEFINITION 2.1. Forn > 1, a matriz A € R™*"™ is reducible if there exists a permutation

matriz QQ, such that
A 0
T _ 1

where A1 and As are square matrices. Otherwise, A is irreducible.

In [14], the following properties of nonnegative matrices are given:

R1. If A is nonnegative, then the spectral radius g(A) of A is one of its eigenvalues, and
A has a nonnegative eigenvector corresponding to o(A).

R2. If A is nonnegative and irreducible, then g(A) is a simple eigenvalue, and A has a
positive eigenvector w corresponding to o(A).
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R3. If 0 < A < B, then g(A) < o(B). Moreover, if 0 < A < B and A + B is irreducible,
then p(A) < o(B).
where o(A) denotes the spectral radius of a matrix A.

2.2.2. Epidemic threshold. For the epidemic spreading network in system (4.7), we set
Bij = Aa;j, and nonnegative matrices

F(p) = (¢i(t)Bij (1 — pi(t)))nxns Fo = (¢i(t)Bij) Nxn- (4.8)
By setting p = (p1, p2,-- -, pn)7T, the epidemic spreading system in system (4.7) can be
rewritten in a more compact form as
p(t) = F(p)p — p. (4.9)
Define
R(t) = o(F(p)), Ro(t) = o(Fp), (4.10)
where R(t) is known as the effective reproduction number [5, 18], while Ry(t) is known as the
basic reproduction number [34, 106]. We have R(t) = Ry(t) only when the entire population
is susceptible.
When the adaptive behaviors of individuals achieve synchronization, i.e., F;(t) — 0 as

t — oo for i = 1,2,--- N by the expression (4.3) of the admission rate ¢;(t), then the
epidemic spreading system in system (4.7) can be rewritten as

pit) = —pi(t) + a(k)[1 — pi(t Zamm =1,2,-- ,N. (4.11)

If we set f3;; = Aa;;, and nonnegative matrices

F(p) = (k) Bij(1 = pit)))nxns Fo = ((k)Bij) NxN- (4.12)

By a simple computation, we can then obtain the basic reproduction number of the epidemic
spreading system (4.11):

Ry = o(Fp). (4.13)

The classical network-based epidemic spreading system in the absence of human adaptive
behaviors can be described by the following differential equation:

pi(t) = —pi(t) + N1 — pi(2) Za”p] ), i=1,2,---,N. (4.14)

If we set 8;; = Aa;j, and nonnegative matrices

F(p) = (Bij(1 — pi(1)))nxns Fo = (Bij)nxn, (4.15)
then we can get the basic reproduction number of the epidemic spreading system (4.14):
Ry = o(Fb). (4.16)

Next, we compare the basic reproduction numbers of systems (4.7), (4.11), and (4.14).
For arbltrary elements f;;, fU, and f”7 i,j=1,2,--- N in Fy, Fy, and Fy, we have 0 < fzy <
fij < fzw which implies that 0 < Fy < Fy < Fp,. Then we can obtain o(Fp) < o(Fp) < Q(FO)
by R3 of subsection 2.2.1. Moreover, Fj # Fy and Fy + F} is irreducible, so o(Fy) < o(Fp) <
g(ﬁ’o), namely, Ry < Ry(t) < Ry, which implies that individual adaptive behaviors can
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effectively lower the basic reproduction number of epidemic transmission. Only when the
adaptive behaviors of all individuals achieve synchronization, do we have Ry(t) = Ry.

By the relationship A\, = A\/Ry between the epidemic threshold A. and the basic repro-
duction number Ry, we can obtain the respective epidemic thresholds A.(t) = A/ Ry(t) =
Mo(Fo) = 1/o((¢i(H)ai)nxn)s A = MRo = Mo(Fo) = 1o((a(k)a)nxn), and Ac =
AN Ry = )\/Q(Fo) = 1/0((aij)nxn) of systems (4.7), (4.11), and (4.14). Owing to o(Fp) <

o(Fy) < o(Fy), we have A, < Ae(t) < Ae.

The w-limit sets of the epidemic spreading system in system (4.7) are contained in the
following bounded region:

L= {(S1,p1," -, Sn,pn) ERP0< S, <1,8+pi=1,i=1,2,--- ,N}. (4.17)

It can be verified that I' is positively invariant with respect to the epidemic spreading system
in system (4.7). Let I'° denote the interior of I', and the disease-free equilibrium Ej of the
epidemic spreading system in system (4.7) is on the boundary of T.

PROPOSITION 2.2. Assume that the matriz A = (a;j) is irreducible. Then the following
results hold:
(i) If Ry < 1 (i.e., N < Ao < A), then Ey is the unique equilibrium of the epidemic spreading
system in system (4.7) and it is globally asymptotically stable in T .
(ii) If Ry > 1 (i.e., Ae < Ae < M), then Ey is unstable and the epidemic spreading system in
system (4.7) is uniformly persistent.

Proof: Let p = (p1,p2, -+, pn)T € RV and pg = (0,0,---,0)7. The epidemic spreading

system in system (4.7) can be rewritten as a vector equation as
p(t) = F(p)p — p, (4.18)
where fi; = ¢i(t)Bi;(1 — pi(t)), Bij = Aaij. )

For 1 <i <N, 0<p; <1, wehave 0 < F(p) < F(po) = Fy < Fp, and if p # pp, then
F(p) < F(py). Since A is irreducible, we know F(p), Fy, and Fy are irreducible. Furthermore,
Fy + Fy is irreducible, thus we obtain o(F(p)) < o(Fy) < o(Fp) by R3 of subsection 2.2.1.

If Ry = o(Fy) < 1, then o(F(p)) < 1, and F(p)p — p = 0 has only the trivial solution
p = po. Thus Ej is the only equilibrium of the epidemic spreading system of system (4.7) in
T'if Ry < 1.

Let u = (u1,ug, - - ,uy) be a left eigenvector of Fyy corresponding to o(Fyp), i.e., uo(Fy) =
uwFy. Since Fy is irreducible, we know u; > 0 for i = 1,2,--- , N by R2 of subsection 2.2.1.
Calculating the derivative of the Lyapunov function L;(t) = Zf\i 1 uip; along the solution of
system (4.18), we then have

dLy( _ _
1 Zuzpz = u[F(p)p — p| < u[Fop — p] < u[Fop — p| = uFpp — up

= ug(Fo)p —up = [o(Fy) — 1Jup = (Ro — Dup <0 if Ry < 1. (4.19)

If Ry < 1, then dLl( )0 p = po. If Ry =1, then dLl(t) = 0 implies u[F'(p)p — p] = 0.
If p # po, then u[F(p)p p| < u[Fop—p] < u[Fpp—p] =0 by 1nequality (4.19), a contradiction
to the equality that u[F(p)p — p] = 0. Thus u[F(p)p — p] = 0 has only the trivial solution

p = po. Therefore, dLl( ) =

=0« p=pyif Ry <1. It can be verified that the only compact
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invariant subset of the set where dth(t) = 0 is the singleton {Ep}. By LaSalle’s invariance
principle, Fjy is globally asymptotically stable in I' if Ry < 1.

Let v = (v1,v2,- -+ ,vN) be a left eigenvector of Fyy corresponding to o(Fp), i.e., vo(Fp) =

vFy. Since Fy is irreducible, we know v; > 0 fori = 1,2,--- , N by R2 of subsection 2.2.1. Cal-
culating the derivative of the function Ly(t) = Zf\il v;p; along the solution of system (4.18),
we then have

dLs(t)
dt

=D _uibi = v[F(p)p = p] = v[F(p)p — p] (4.20)

and

v[F(p)p — p] < v[Fop — p] = vFop — vp = vo(Fy)p — vp

= [o(Fb) — Yup = (Ro — Lvp. (4.21)

If Ry > 1 and p # po, we know that vFy — v = (Ry — 1)v > 0, and thus v[F(p)p — p] > 0

in a neighborhood of Ey in I'° by continuity. By inequality (4.20), we know that==3- dLQ(t) =

v[F(p)p — p] > 0 in a neighborhood of Ey in I'°, which implies that Ey is unstable. Usmg a

uniform persistence result from [41] and a similar argument as in the proof of Proposition 3.3

in [65], we can show that, when Ry > 1, the instability of Ey implies the uniform persistence

of the epidemic spreading system in system (4.7). O
2.2.3. Global stability.

DEFINITION 2.3. The synchronization manifold of the network-based behavioral informa-

tion diffusion system can be defined as S = {(a¥, 2L, - 2T)T € RN : 2y = ;4,75 =
1,2,---, N}, where ; = (i1, Tia, - ,Tin)? € R™ and xl represents the transpose of ;.

Define the synchronization error variable by e;(t) = x;(t) — s(t), i = 1,2,--- , N, where
the synchronous state s(¢) can be an equilibrium point, a periodic orbit, or even a chaotic
attractor, satisfying $(¢t) = f(s(t)), then the error system with respect to the behavioral
information diffusion system in system (4.7) can be written as follows:

éi(t) = f(xi(t)) — — it lefeg ,i=1,2,---,N. (4.22)
Denote e(t) = (ef (1), €5 (1), -+ e} ()T, F(t) = (fT(»%‘l( t)) = fT(s(t), [T (z2(t)) — f7(s(1)),
SN () — fT(s()T,C(t) = diag(ci(t), ca(t), -+ ,cn(t)), then we can rewrite (4.22)

in a simple compact form
é(t)y=F(t)— (C(t)LeTD)e(t), i=1,2,--- N, (4.23)
where ® represents the Kronecker product.

ASSUMPTION 2.4. (see [26, 67]). There exists a positive definite diagonal matriz P where

P = diag(p1,p2,- -+ ,pn) and a constant &, such that the nonlinear vector-valued continuous
function f(x(t)) satisfies
(x(t) —y() T PLf(x(t) = f(y(1))] < &(x(t) —y(6) (x(t) —y(1)) (4.24)

for all z(t),y(t) e R", t > 0.
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THEOREM 2.5. Suppose that the matrices A = (a;;) and B = (b;j) are irreducible. If
Ry > 1 (i.e., Ae < Ao < M), then the epidemic spreading system in system (4.7) has a
unique endemic equilibrium E*, and E* is globally asymptotically stable in I'°. Moreover,
the synchronization manifold of the behavioral information diffusion system in system (4.7)
is also globally asymptotically stable.

Proof: Since S;(t) + pi(t) =1 for i =1,2,--- , N, we can rewrite the epidemic spreading
system in system (4.7) as follows:

: N
Si(t) = 1= 5i(t) — 22 Ai(t)ai; Si(t)p; (),
=1
N (4.25)
pi(t) = —pi(t) + 32 Adi(t)aiSi(t)ps(t), i =1,2,--- ,N.
j=1
Let E* = {S],p};---,Sh.pN} € I'°, where Sf,pf > 0 for 1 < i < N, denote the
unique endemic equilibrium of the epidemic spreading system in system (4.7). Set a;; =
Aa(ki)ai;S7p;, 1 < i,j < N, and utilize the following matrix:

Yjx1G1;  —ai2 -+ —aIN
_ —Gy1 Dol - —a
ac| T P (120
—an1  —an2 - Xj£NGN;
We consider the Lyapunov function candidate V (t) = VA(t) + VB (t) with
N
VAL =Y aviA(®), (4.27)
i=1
where z; > 0 denotes the cofactor of the i-th diagonal entry of A,1 < i < N, and
VA®) = Si(t) — ST InSi(t) + pilt) — pf In pi(t), (4.28)
and
1 o8
VB(t) = ZeT () (In @ Ple(t) + Y ———[cF — &(1)]?, 4.29
(t) = 5e" (O)(In @ P)e(t) ;251/}(,{?)[ (t)] (4.29)

where 0 = Apin(PT) > 0, Anin(PL') denotes the minimal eigenvalue of matrix PT', and
positive constants ¢, d; will be decided later.

Next, we show that VA (¢) satisfies the assumptions of Theorem 3.1 in [66].

The derivative of ViA(t) along the solution of the epidemic spreading system in sys-
tem (4.7) as follows:

dvA®E) SrdSi(t) pr - dpi(t)
a1 Si(t)] o T pi(t)] dt
S al
=[1- Si(zt)][l — Si(t) — ; A¢i(t)aijSi(t)p; ()]
N N
+ (1= T 0) + 3 Adi(asSi(0)py (1) (4.30)
7 j=1
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Using the equilibrium equations

1=5"+ Z)\a )a;;S;p; and p; = Z)\a )ai; S; 03, (4.31)

we can obtain

A . N N
dvilt(t) =[1 - ss(it)”S; + > Aa(k$)aiS;p; — Si(t) = > Adi(t)aiSi(t)p; (¢)]
i = =

= (t)
(t)ai; Si Z aijS; p *pzp,.k ]
BRSO *ZA 1SR g )
+ Z Abi(t)ass 2 p;(r) — S0P 0Ey (4.32)
= pi(t)

Substituting the expression (4.3) of ¢;(t) into (4.32), since [S;(t) — SF]? > 0, we have

dVA Sy pi(t)
< Aa(ki)ai; S;pi[2 — - —
Z SR gy T

N

© 3N - alk)Ei () + a(kd)ag (53 p5(t) — 2210

> () )

J

N
B ay, o xro 95 pilt)  Sit)pi(t)p} | pi(t)
B O G

N
a * Si(t)p;(t p;k
F ML alk) Eiag [ py(t) - D200y (4.33)
= pi(t)
= * % S* i
Let a;; = Aa(k{)ai;Sip}, Gi(pi) = —5¢ +In % ok and Fi; (S, pi,p;i(+) = 2 — o pp—(;) -
Ss(f;pjp( ()g’ + p]p£) Since 0 < 1 — a(kf) S 1, by expression (4.4) of E;(t) and (4.33), we have
FA J
VAR N d .
S (i i) + YD AB (a0
j=1 j=1
N
= i Fi(Si, i pj (1)) + ASFE Zampg
j=1
N
< @ Fy(Si, pis ps(+)) + N S7 Ei(t)
j=1
N
<D @i F(Si, pi, pi()) + AKEST el (Dei(t). (4.34)

<.
I
—_

© 2019 Tous droits réservés. lilliad.univ-lille.fr



© 2019 Tous droits réservés.

Thése de Mengfeng Sun, Université de Lille, 2019

2. A CONCRETE INTERPLAY SYSTEM AND ITS STABILITY ANALYSIS 85

Let ®(a) = 1 —a + Ina. Then ®(a) < 0 for a > 0 and equality holds only at a = 1.
Furthermore,

Fy(Supiaps0) = Gil) = Gy(oy) + @ () + 0 (W) < Gilp) ~ Gylpy). (439)

We can show that VZA, Fij, G, a;; satisfy the assumptions of Theorem 3.1 and Corollary
3.3 in [66]. Therefore, the function V4 = Zf\i L 2V as defined in Theorem 3.1 in [66] is a
Lyapunov function for the epidemic spreading system in system (4.7), namely,

dVA() al a Q* T a Q% T
= < Z:: AE&SFe szzkl Srel (t)ei(t) (4.36)

for all (S1,p1, -+ ,SN,pN) € T°.
Let A = diag(d1,02,--- ,0x), then the derivative of VP(t) along the trajectory of the
behavioral information diffusion system in system (4.7) is given by

N
V) )1y @ PYF() - (0(CO)L & PTe et — s
N
=S F WP t) — Fs(6)] — FD(CHE © PRt
=1
_ aza t — (OO A + (1 — O (]eT (D). (.37

Using the inequality in Assumption 2.4 and equality (4.37), we can get

B
dV ) <¢ Z ¢ T (H)(C ()L ® PTe(t)
; aza GO + (1 — 0P ()T Vet
Y Z Sic 10k ph(t) + (1 — (k) p? (t)]e] (t)e(t). (4.38)

By the definition of 6(-), pl(-) and pY(-), we see that 0 < () < 1 and 0 < pk(-), p?(-) < 1. So,
we obtain 0 < 0(k2)pl(t) + (1 — 0(k%))p?(t) < 1, together with (4.38), yields

de
7§Ze el (t)(C(t)L @ PT)e( —I—UZ(SQ ei(t)

—azac B(S)pL(1) + (1 — B(kE))p* (V)T (D)ei(t): (4.39)
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Rewrite (4.39) in a compact form as

dVB ) <¢ Z — T ()(C(H)L @ PT)e(t) + e'(£)(C(6)A @ PT)e(t)
- 025 FO(kN)PL(E) + (1= (k) p? (1)]e] (t)ei(t)

—Z{E 08;; [0 pi(t) + (1 — 0(k)) o (8)] e (Dei(t)

+eT(B[C)(A - L) ® PTe(t). (4.40)

It is clear that ¢;(t) > 0 when ¢t > 0 for all i = 1,2, --- , N, namely, the matrices C(t), P,
and I' are positive definite. Therefore, by picking appropriate constants J; such that {A —
L} <0, we then have

dV B (t)
dt

{€ = a0ici [0k PH(1) + (1 — O(k))p? ()] }e] (t)ei(t)

&

N
Il
i

[€ — 06i(1 = 0(k{))ci p? (t)]ef (t)es(t). (4.41)

WE

S
1

.
Il

From Proposition 2.2, we know that if By > 1 (i.e., e < Ae < A), then the epidemic
spreading system in system (4.7) is uniformly persistent in I'°. Combining the continuity
and this uniformly persistent property of function p(t), we can conclude that if Ry > 1,
then there exists p* € (0, 1] such that lim; 4 p?(t) = p*, which implies that there exists
e € (0,p*] and t9 > 0 such that p9(t) > p* —e > 0 for all t > tg. So when ¢ > tp, we can
further obtain

B N
dth(t) = ; = 08i(1 = O(kD)ci (0" — €)le] (t)eq(t). (4.42)

Integrating the above discussions, we have

Vi) <
<Y [E+ AzikfSF — 06i(1 = 0(k))c; (0" — e)]ef (t)ea(t). (4.43)
=1

Thus, we can select adequately large constants c; such that d‘ggt) < 0, which implies V(t)
is non-increasing. It is obvious that the singleton

* Q% ® ok xk * * % *
= (51’527"' 7SN?:017p27"' apNaovov"' 707617627"' 7CN)

is the largest invariant set of

H:{(5175’27"'aSNnOlva?"'7pN761a€2a"'aeNaclaC27"" ) dt _O}

By LaSalle’s invariance principle, H* is globally asymptotically stable, that is, for sys-
tem (4.7), the unique endemic equilibrium E* of the epidemic spreading system is globally
asymptotically stable in I'°, and the synchronization manifold of the behavioral information
diffusion system is also globally asymptotically stable. (I
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3. Epidemic control system and its stability analysis

3.1. Epidemic control system. At the early stage of an emerging epidemic, it is almost
impossible for governments or public health and surveillance systems to respond sufficiently
rapidly to develop a vaccine to curb an emerging epidemic by containing it at source. Massive
news coverage and fast information flow can generate profound psychological impact on the
public, and hence governments or public health authorities could propagate, announce, or
release appropriate behavioral information of self-protection (such as staying at home, wash-
ing hands frequently, and wearing surgical face masks) to guide individuals at higher risk of
infection (e.g., officers, teachers, and doctors, etc.) through various means, aiming at altering
their behaviors to achieve an optimal state of self-protection.

Without loss of generality, suppose that the first [ nodes are controlled, thus we construct
an SIS epidemic control system as follows:

(1) = Failt) - ci<t>j§1 1T (6) + (o),
ui(t) = —ci(t)diei(t), 1=1,2,--- 1,
ui(t) =0, i=1+1,1+2,- N, (4.44)
pi(t) = =pi(t) + Adi(t)[1 — pi(t)] Z agp;(t), i=1,2,--- N,
L Gi(t) = B (kO )[O(k) k(1) + (1—9(ka))p9( el (t)ei(t),

where d; = diag(d;1, di2, -+ ,din),i = 1,2,--- 1, are positive definite feedback gain matrices,
1 <1 < N, the parameter B > 0, the local epldemlc information pl(t) = Zjv 1 aiip;(t) kS,
and the global epidemic information p9(t) = Zi:l pi(t)/N. The initial condition of sys-
tem (4.44) can be set as follows: the initial infection probability p;(0) = €, the initial state
7;(0) = (2:1(0),2:2(0),- - , 2, (0))T € R™, and the initial coupling weight ¢;(0) = 7 for
1=1,2,--- N, where0<e<<land 0 <7< 1.

3.2. Stability analysis.

LEMMA 3.1. (see [26]). If G = (gij)NxnN s an irreducible matriz with Rank(G) = N —1
and satisfying g;; = gj; > 0 if i # j, and Zj\le gij =0 fori=1,2,--- | N. Then, the matrix

g11 —¢€ 4gi2 - GIN
g21 922 - 92N
gn1 gN2 *° JgNN

is negative definite for any constant €.

THEOREM 3.2. Assume that the matrices A = (a;;) and B = (b;;) are irreducible. If
Ry > 1 (i.e., Ae < Ae < M), then the epidemic spreading system in system (4.44) has a
unique endemic equilibrium E*, and E* is globally asymptotically stable in I'°. Moreover, the
synchronization manifold of the behavioral information diffusion system in system (4.44) is
also globally asymptotically stable.
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Proof: The error system with respect to the behavioral information diffusion system in
system (4.44) can be written as:

éi(t) = f(xi (1)) — f(s(t)) — cilt Zz”re] Y+ ui(t), i=1,2,--- ,N. (4.45)

We construct the Lyapunov function V() = VA(t) + VB(t) with the same VA(t) as that of
Theorem 2.5 and a different V2(t) as

1 AN
1 * 2
5 ; €; Pel ; W[Ci — Cl(t)] s (446)

where positive constants ¢; and J; will be decided later.
Similarly to the analysis in subsection 2.2.3, we can show that the derivative of V4(t)
satisfies

At
dV < Z ZiMkeSTel (t Z)\zzkaS* T)ei(t) (4.47)
i,j=1
for all (S1,p1, - ,SNn,pN) €T°.

Denote ék(t) = (elk(t),egk(t), o ,eNk(t)), D = diag(dlk,dgk, <oy dig, 0,044 ,0), Ly =
(lfj) € RNV*N and Ay = diag(61x, 62k, -+ ,0nk) for k = 1,2,--- ,n, where lfj = li; and
0ik = 0;/pr. The matrices —Lj are assumed to be irreducible and symmetric, and all of
their off-diagonal entries are nonnegative. Then, for the positive semidefinite matrix D with
nonzero entry d; > 0,7 < [, one can easily derive that —L; — D}, < 0 according to Lemma 3.1.

Then, the derivative of V() along the trajectory of the behavioral information diffusion
system in system (4.44) satisfies

B
dv Z €; )) - - Cz lejrej + uz( )]

N
;W ool = alo)
N N !
<§Ze Z t)Pe;(t lefe] Z ) Pu(t)
i=1 i=1 i1
N
3 e + (1 — 60k (D]eT (B)es(t)
=1

N
=S80 A1) + (1 — 0 (1)]eT (Be(t)
=1

N N N l
<€) el (tei(t) = > cilt)lijel ())PTe;(t) — > ci(t)e] () Pdie;(t)
i=1 i=1 j=1 =1
N N
+) dicq ei(t) = D dici (1= 0(kE))p? (t)e] (t)ei(t). (4.48)
i=1 i=1
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By rewriting some of the summation formulas in (4.48), we further have

dVB
<§Z Zpkek (t)Liex(t Zpkek (t)Dreéx(t)

n N
+ > pkei (DO ARE () = Y 8i(1 = 0(k))ei p? (t)e] (ea(t)
k=1 =1
N
=Y 16— 6i(1 = 0k p? ()] (Hea(t)
=1
+ > pkél ()C(1)(Ag — Ly — Dy)éx(t). (4.49)
k=1

It is clear that ¢;(¢) > 0 when ¢ > 0 for all i = 1,2,--- , N, namely, the matrix C(t) is
positive definite. Since —Lp — Dy < 0, one can choose appropriate constants J; such that
{Ax — Ly — D}* < 0, then we have

dVB(

< Z& 0i(1 = O(kD))c; p? (t)]ef (t)ei(t). (4.50)

From Proposition 2.2, we can conclude that if Ry > 1, then there exists p* € (0, 1] such
that limy_, o p?(t) = p*, which implies that there exists e € (0, p*] and ¢y > 0 such that
pI(t) > p* —e >0 for all t > tg. So when ¢ > tg, we can further obtain

davB(t) & s T
S Z[f —8;(1 = 0(k7))ci (p" —)le; (Dei(t). (4.51)
i=1
Integrating the above discussions, we have
N
WO < S fe xSt = 50— 00k))ei (0 — )l (B)es (). (4.52)
i=1

Thus, we can select adequately large constants c; such that dV(t) < 0, which implies V()
is non-increasing. It is obvious that the singleton H* is the largest invariant set of H. By
LaSalle’s invariance principle, H* is globally asymptotically stable, that is, for system (4.44),
the unique endemic equilibrium E* of the epidemic spreading system is globally asymptoti-
cally stable in I'°, and the synchronization manifold of the behavioral information diffusion
system is also globally asymptotically stable. (|

4. Numerical simulations

We consider multiplex networks with N nodes, composed of two subnetworks with which
we encode epidemic and behavior information propagation. We generate the epidemic spread-
ing and behavior information networks by the Barabési-Albert (BA) preferential attachment
algorithm [11]: Starting with my fully connected nodes, at each time step, a new node is added
and connected to m existing nodes in the network with the probability [[; = k;/ >, k;, which
is a linear preferential attachment strategy. Here, we set N = 100, mg = 4,m = 3 in the
epidemic spreading network, mg = 3, m = 3 in the behavior information network.
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From the point of view of the physical propagation process, it is difficult for us to identify
the behavior dynamics of individuals within a community. Without loss of generality, we
assume that the local dynamics of the dynamical behavior network are identical and defined
as the chaotic Lorenz oscillation. We use a chaotic dynamical system to model the behav-
ioral state of each node as we are primarily looking for synchronisation (consensus of opinion)
among nodes in the opinion network. Of course, the choice is arbitrary and other models
could be used instead. However, eventual synchronization behaviors are determined by the
network architecture and the form of coupling, not the specificities of the underlying dynam-
ical system [90]. Rather than attempting to construct an accurate model of consciousness
and opinion of individual agents in the community, we provide a chaotic caricature.

A single Lorenz oscillator, as the desired orbit, can be described by

iil —10 10 0 Tl 0
Tio | = 28 -1 0 Tio | + | —xi1xi3 |, (4.53)
;3 0 0 —8/3 T;3 L3142

which has a chaotic attractor for any initial values.

In the following simulations, the inner-coupling matrix is set as I' = I3, the parameter
B = 0.001. The synchronization error is set as E(t) = A Zf\iQ llxi(t) — x1(t)||. Based
on the explanation of the functions a(z),0(z) and v (z) in Section 2.1, they can be set
as a(z) = ﬁ, O(x) = % and ¥ (x) = =z, respectively. For the epidemic control
system (4.44), the number of controlling nodes is selected as | = 20, the feedback gain
matrix is chosen as d; = diag(20000, 30000, 40000) for i = 1,2,---,20. The initial infection
probability p1(0) = p2(0) = 0.01, p;(0) = 0,4 # 1,2, the initial values of the state variables
are chosen randomly in [0,1] with uniform distribution, and the initial coupling weights
¢;(0) = 0.001,i = 1,2, -+, 100.

PO
PO

E()

E()

FIGURE 2. The changes of the infection prevalence p(t), synchronization error
E(t) = SN lzi(t) — z1(t)]|, and coupling weights ¢;(t) when A, < A <
Ae for system (4.7) with A, = 0.1040, A, = 0.2305. (a) A\ = 0.1356, Ry =
0.5884, Ry = 1.3040; (b) A = 0.1672, Ry = 0.7256, Ry = 1.6080; (c) A\ =
0.1989, Ry = 0.8628, Ry = 1.9121; (d) A = 0.2305, Ry = 1, Ry = 2.2161.

From Fig. 2, we can see that the infection prevalence p(t) of system (4.7) increases, then
oscillates [46, 98], finally converges to zero and the synchronization error E(t) converges to
zero when the transmission rate )\ satisfies /N\C < XA < A.. This implies that although the
infection does not persist, the epidemic dynamics successfully induce the synchronization of
individual behaviors when S\C < A < \.. When S\C < X < A, we can find that the convergence
speed of p(t) and E(t) to zero for system (4.7) increases, which suggests that the epidemic
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dynamics not only induce the synchronization of individual behaviors, but also enhance the
speed of synchronization. However, when A = )., the speed of synchronization has not been
accelerated. Compared with system (4.14) without adaptive reactions (i.e., ¢;(t) = 1), we find
that the infection prevalence p(t) of system (4.7) with adaptive reactions is always lower than
that of system (4.14) without adaptive reactions, indicating that human adaptive behaviors
not only slow down the spread of the infection and lower the size of its outbreak, but also
prevent it from growing into an epidemic [42]. Furthermore, the larger is the transmission
rate A, the greater is the value of the highest peak of p(t) of system (4.7), but cannot exceed
the value of the highest peak of p(t) of system (4.14).

—— =L Q=L J—
02 —— al)sqeL Loz —— al)seeL Loz —— =gt
9=a(<) Qv=a() 9=a(K)
o 20 a0 60 80 o 20 20 60 80

100 120 100 120 0 20 40 60 80 100 120

P

(a) Both the epidemic spreading (b) Both the epidemic spreading (¢) Both the epidemic spreading

and behavior information networks and behavior information networks and behavior information networks
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FIGURE 3. The changes of the infection prevalence p(t), synchronization error
E(t) =+ ZZ]\LQ |23 (t) — 21 ()|, and coupling weights ¢;(t) when A > A, > A,
for systems (4.7) and (4.44) with A, = 0.1040, X, = 0.2305. A = 0.2505,
Ry = 1.0868, Ry = 2.4084.

From Fig. 3(a), we can see that the infection prevalence p(t) of system (4.7) reaches a
peak, then oscillates, finally converges to the positive state and the synchronization error E(t)
converges to zero when the transmission rate \ satisfies A > A, > Ae, which implies that the
infection becomes endemic and the epidemic dynamics successfully induce the synchronization
of individual behaviors with a large transmission rate. In Figs. 3(a) and 3(b), the epidemic
level of system (4.7) is significantly lower than that of system (4.14), which means that human
adaptive behaviors collectively lower the final incidence of the infection. Under the condition
that the other parameters remain the same, through the comparison of Figs. 3(a) and 3(b),
we find no essential difference by only changing the behavior information network topology.
Interestingly, it seems that the structural difference between the epidemic spreading and
behavior information networks accelerates the generation of collective synchronization and
the fall of the epidemic. Through the comparison of Figs. 3(a) and 3(c), we find that the
behavioral regulation not only enhances the convergence speed of p(t) towards the endemic
equilibrium and the speed of collective synchronization, but also significantly reduces the
value of the highest peak of p(t) and the steady-state values of the coupling weights ¢;(t),
which suggests that our epidemic control strategy from the perspective of behavioral control
is very valid.
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5. Concluding remarks

In this chapter, we first present a concrete interplay system (4.2) in quenched multiplex
networks using a well-known SIS model. We focus on the epidemic threshold, the uniform
persistence and global stability of system (4.2). Through the theoretical analysis, we discover
that the epidemic threshold A.(¢) of the epidemic system in (4.2) is time varying, with an
upper bound M. and a lower bound S\C. If the transmission rate A satisfies A < 5\0, then the
disease-free equilibrium Ej is the unique equilibrium of the epidemic spreading system in
system (4.2) and it is globally asymptotically stable in the feasible region I'. If A > A, then
the disease-free equilibrium Ej is unstable, and the epidemic spreading system in system (4.2)
is uniformly persistent and has a unique endemic equilibrium E*, which is globally asymp-
totically stable in I'°. Moreover, the synchronization manifold of the behavioral information
diffusion system in system (4.2) is also globally asymptotically stable when A > \. [64, 118].
The numerical results show that although the infection does not persist, the epidemic dynam-
ics successfully induce the synchronization of individual behaviors when A < A< Ae. The
individual adaptive behaviors triggered by the emergence of an epidemic can slow down the
spread of the infection, lower the final epidemic size, in some cases (e.g., when e <A< ),
can prevent the infection from becoming widespread. That is, the synchronous behaviors of
individuals have a stronger impact on the epidemic threshold and prevalence than asynchro-
nous adaptive behaviors. These results provide us with an alternative idea for understanding
why some infections do not cause major outbreaks or reach the epidemic threshold in the
absence of immunization policy or territory-wide quarantine/isolation measures [42, 73]. Al-
though the transmission rate A can determine whether the adaptive behaviors of individuals
achieve synchronization, it is not the only factor that determines the speed of synchroniza-
tion. Interestingly, it seems that the difference between the epidemic spreading and behavior
information networks accelerates the generation of collective synchronization and the fall of
the epidemic, but cannot change the final size of the infection burden.

To further contain the spread of epidemics, we construct an SIS epidemic control sys-
tem (4.44) from the perspective of behavioral control. By constructing an appropriate Lya-
punov function and applying matrix theory and LaSalle’s invariance principle, we obtain the
similar results to those of system (4.2). Through numerical comparison, we find that behav-
ioral control not only enhances the speed with which the epidemic tends to become stable and
the speed of collective synchronization, but also significantly reduces the value of the highest
peak of the infection prevalence and the steady-state values of the coupling weights, which
indicates that our epidemic control system does provide a reference basis on which to design
the practical quasi-optimal control strategies or policies, and to assess their effectiveness.

Furthermore, our results also provide several useful suggestions for responding to the
emergence of new epidemics in future. For individuals themselves, if people in affected areas
can quickly take effective measures to protect themselves, then the outbreak of epidemics
may be effectively controlled; for governments, mass media, and other society organizations,
the effective epidemic and behavioral protection information that they provide can have a
significant and substantial impact on emerging epidemics, such as decreasing incidence, or
even eventually eradicating them.
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Analyse qualitative de plusieurs types de systemes de maladies
infectieuses avec effets de réaction ou de diffusion

Résumé. Cette these étudie quelques problemes qualitatifs pour les systémes d’équations
différentielles modélisant des maladies infectieuses avec des effets de réaction ou de diffusion.
Il se compose en trois parties.

Premierement, nous étudions un systeme de réaction-diffusion complex décrivant la prop-
agation spatio-temporelle de la grippe avec de multiples souches. Nous établissons des con-
ditions d’existence d’ondes semi-progressives, progressives fortes et faibles (persistantes) a
partir de ’équilibre sans maladie. Nous discutons en outre plusieurs situations dans lesquelles
les ondes semi-progressives n’existent pas, et donnent une estimation de la vitesse minimale
d’onde. Deuxiémement, nous analysons une classe de systemes éco-épidémiologiques dans
lesquels les proies sont sujettes a l'effet Allee et a l'infection. Pour certains sous-systémes,
nous déterminons 'existence du point de bifurcation (bifurcation Hopf et bifurcation d’orbites
hétéroclines). Nous montrons que effet Allee fort peut créer une courbe séparatrice (ou
une surface), conduisant a une stabilité multiple. Nous trouvons que les cycles hétéroclines
forment un réseau hétérocline et identifient une orbite périodique intérieure. Enfin, nous
donnons une analyse qualitative de deux systémes différentiels basés sur le réseau couplant la
propagation de I’épidémie et la diffusion de I'information: le systéme d’interaction et le sys-
teme de contrdle des épidémies. Plus spécifiquement, nous obtenons I’existence de 1’équilibre
sans maladie, ’équilibre endémique et la variété de synchronisation, ainsi que leur stabilité
asymptotique globale.

Mots clés: Systémes de maladies infectieuses, ondes progressives, vitesse minimale d’onde,
réseau hétérocline, orbite périodique intérieure, variété de synchronisation, stabilité globale

Qualitative analysis of some classes of infectious disease systems with
reaction or diffusion effects

Abstract. This thesis studies some qualitative problems for systems of differential equations
modeling infectious diseases with reaction or diffusion effects. It consists of three parts.

Firstly, we study a complex reaction-diffusion system describing the spatiotemporal spread
of influenza with multiple strains. We establish conditions for the existence of semi-, strong
and weak (persistent) traveling waves starting from the disease-free equilibrium. We further
discuss several situations in which semi-traveling waves do not exist, and give an estimation of
minimal wave speed. Secondly, we analyze a class of eco-epidemiological systems where prey
is subject to Allee effect and infection. For certain subsystems, we determine the existence of
the bifurcation point (Hopf bifurcation and bifurcation of heteroclinic orbits). We show that
the strong Allee effect can create a separatrix curve (or surface), leading to multi-stability.
We find that the heteroclinic cycles form a heteroclinic network and identify an interior pe-
riodic orbit. Finally, we give a qualitative analysis of two network-based differential systems
coupling epidemic spread and information diffusion: the interplay system and the epidemic
control system. More specifically, we obtain the existence of the disease-free equilibrium,
endemic equilibrium and synchronization manifold, and their global asymptotic stability.
Keywords: Infectious disease systems, traveling wave, minimal wave speed, heteroclinic
network, interior periodic orbit, synchronization manifold, global stability
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