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Abstract

Damage due to micro-cracking and plastic deformation are two main dissipation pro-
cesses in most rock-like materials. They are related to the evolution of micro-structure
and influenced by mineralogical compositions. In this study, we present some new con-
tributions on the micro-mechanical modeling of damage and plastic behavior of rock-like
materials based on linear and non-linear homogenization techniques.

The first part is devoted to the estimation of macroscopic plastic behavior of a class
of quasi-ductile materials, composed of a pressure-dependent plastic solid matrix in which
various inclusions and (or) pores are embedded. We propose a new incremental variational
model. Unlike most mean-field methods previously developed, the non-uniform local strain
field in the solid matrix is taken into account. Moreover, in order to take into account the
transition from volumetric compressibility to dilatancy of those materials, a non-associated
plastic flow rule is adopted. The incremental variational model is formulated by using a
bi-potential theory for the determination of the incremental potential of plastic matrix.
The accuracy of the proposed model is assessed by a series of comparisons with reference
solutions obtained from full-field finite element simulations. The proposed model is then
applied to several rock-like materials with rigid inclusions or pores.

In the second part, we focus on the modeling of induced damage in brittle materials
which are represented by an elastic solid matrix weakened by randomly distributed micro-
cracks. The emphasis is put on the case of closed cracks under a large range of compressive
stress. The damage evolution is due to the initiation and propagation of micro-cracks while
the plastic deformation is directly related to the frictional sliding along micro-cracks. The
two dissipation processes are physically coupled. A specific friction model is formulated.
The efficiency of the proposed model is verified against experimental data on typical
granites. Furthermore, the model is extended to study the transition from diffuse damage
to localized cracking. The localized cracking is considered as a consequence of coalescence
of diffuse micro-cracks. After the onset of a localized crack, the energy dissipation of
material is entirely driven by the frictional sliding and propagation of the localized crack.
And a specific frictional damage model is developed for the localized crack in consistence
with the diffuse damage model. The proposed model is also verified against laboratory

tests.
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Résumé

L’endommagement induit par micro-fissuration et la déformation plastique sont deux
principaux mécanismes de dissipation des matériaux rocheux. Ils sont liés a la modification
de micro-structure et influencés par les compositions minéralogiques. Dans cette étude,
nous présentons quelques nouvelles contributions a la modélisation micro-mécanique de
I’endommagement et du comportement plastique.

La premiere partie est consacrée a la détermination du comportement élastique-plastique
d’une classe de matériaux quasi-ductiles, composés d’une matrice plastique dépendant de
la contrainte moyenne dans laquelle sont distribués des inclusions et des pores. Nous
proposons un nouveau modele micro-mécanique basée sur une approche variationnelle
incrémentale. Comme différence majeure par rapport a la plupart des modeles en champs
moyens, le champ local de déformation plastique non-uniforme est pris en compte. Par
ailleurs, une loi d’écoulement plastique non-associée est utilisée pour la matrix solid afin de
mieux décrire la transition de la compressibilité a la dilatance volumique des ces matériaux.
Le modele variationnel incrémental est formulé a I’aide de la théorie de bi-potentiel. La per-
formance du modele est vérifiée a travers des comparaisons avec des solutions numériques
de références issues des calculs directs par les éléments finis. Le modele proposé est ensuite
utilisé a des matériaux argileux et poreux pour illustrer son efficacité.

Dans la deuxieme partie, nous abordons la modélisation micro-mécanique de ’endommagement
induit des matériaux fragiles caractérisés par une matrice solide élastique contenant une
distribution aléatoire de micro-fissures. L’accent est mis sur des micro-fissures avec frot-
tement fermées sous contraintes de compression. Le modele est formulé & ’aide d’une
technique d’homogénéisation linéaire et en proposant une loi de glissement frottant a
1”échelle locale. Le modele proposé est d’abord validé par rapport a des essais en labo-
ratoire en supposant une distribution diffuse de micro-fissures. Ensuite, nous proposons
une extension du modele en considérant la transition de I'endommagement diffuse a la
fissuration localisée. Celle-ci est décrite comme une conséquence de la coaléscence de
micro-fussures. Apres la localisation, la dissipation est entierement pilotté par la fissure
localisée. Un modele de glissement avec frottement est alors développé pour la fissure
localisée d’une maniere consistante avec le modele d’endommagement diffuse. Le modele
complet décrivant la transition de 'endommagement diffuse a la fissuration localisé est

validé par rapport a des données expérimentales.
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General Introduction

Rock-like materials, such as soils, rocks and concretes are largely used in civil engi-
neering applications. It is essential and necessary to determine the mechanical behavior.
To date, it has been done by developing various phenomenological models, for instances,
plastic models (Shao and Henry, 1991; Xie and Shao, 2006; Zhang et al., 2013), damage
models (Dragon et al., 2000; Shojaei et al., 2014) and coupled models (Chiarelli et al.,
2003; Conil et al., 2004; Yuan et al., 2013; Zhou et al., 2013), just to mention a few. These
models are generally fitted from macroscopic laboratory tests and can reasonably repro-
duce main features of mechanical responses of rock-like materials. However, most rock-like
materials characterized by complex and multi-scale microstructures and textures. For ex-
ample, some ductile rocks, such as hard clay rocks and sandstone, which composed of
various mineral phases, pores in microscale ( Figure 1(a)), and some brittle rocks (granite
and diabase ) can be considered as heterogeneous media composed of solid matrix weak-
ened by randomly distributed microcracks, see Figure 1(b). The macroscopic properties
of these rock-like materials are inherently related to local properties of constituent phases
and affected by the mineralogical compositions and morphology at different scales. In
order to predict macroscopic mechanical responses of these materials in relation with the
spatial and temporal change of mineralogical compositions and microscopic structures,
constitutive models issued from various homogenization techniques have been developed
(Guéry et al., 2008; Jiang et al., 2009; Shen et al., 2012; Zhao et al., 2018; Zhu et al.,
2008a, 2016).

0.200 mm b——m7m————

(a) Microstructure of a sandstone (b) Microstructure of a granite rock

Figure 1: Microstructure of two typical rock-like materials
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Let considering a class of ductile rock-like materials which are regarded as heteroge-
neous composites composed of solid matrix and mineral inclusions as well as (or) pores.
In literature, Guo et al. (2008a); Maghous et al. (2009b); Shen et al. (2017, 2015), who
adopted a Drucker-Prager type criterion for the solid matrix and by using limit analysis
techniques and variational approaches, established different analytical forms of the macro-
scopic strength criterion of porous materials. Moreover, with a two-step homogenization
method, an analytical criterion has been proposed for clayey rocks containing a porous
clay matrix at the microscopic scale and mineral grains at the mesoscopic scale (Shen
et al., 2013). However, in these analytical models, only one family of pores or inclusions
is taken into account. In real materials, several families of mineral grains of different
mechanical properties and pores may exist at the same scale. In order to determine the
effective behavior of such materials, semi-analytical models have been developed. Based
on a simple extension of elastic materials, the Hill incremental method has first been de-
veloped for composite materials (Doghri and Tinel, 2005; Hill, 1965b). It has also been
applied to rock-like materials (Guéry et al., 2008; Shen et al., 2012). In these models based
on the Hill incremental method, it is assumed that the local strain field is uniform in each
constituent phase. This is a strong assumption which is not verified by most experimental
evidences showing strongly non-uniform strain fields in the plastic matrix (Robinet et al.,
2012; Wang et al., 2015, 2014). As a consequence, this class of models generally leads
to too stiffer macroscopic responses (Chaboche et al., 2005). Some numerical techniques,
such as the isotropization of tangent stiffness operator, have been proposed to improve
the performance of those models. However, those corrective techniques are not physically
founded.

Recently, important efforts have been made in nonlinear homogenization methods in
order to account for the effect of non-uniform strain fields in constituent phases. Starting
from variational principles for linear composite materials, an effective incremental vari-
ational (EIV) method has been proposed for nonlinear composite materials in (Lahellec
and Suquet, 2007b,c) in the framework of Generalized Standard Materials (Halphen and
Nguyen, 1975). Non-uniform local strain fields are characterized by introducing effective
incremental variables. By using an implicit time-discretization scheme, the local evolution
problem is reduced to the minimization of an incremental potential function. This effective
incremental variable model was first applied to linear and nonlinear viscoelastic compos-
ites (Lahellec and Suquet, 2007b,c). More recently, the incremental variational formulation
has been used for the prediction of the effective behavior of elastic-plastic composites with

local plastic threshold and isotropic and/or linear kinematic plastic hardening (Boudet
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et al., 2016). On the other hand, based on the variational principle established by Ortiz
and Stainier (1999), some authors have also proposed another incremental variational pro-
cedure for elasto-(visco)plastic composites with local isotropic hardening (Brassart et al.,
2011, 2012). However, most previous studies were devoted to composite materials with
pressure-independent plastic phases. Moreover, all these previous models have been devel-
oped in the scope of Generalized Standard Materials (GSM) (Halphen and Nguyen, 1975)

with an associated plastic flow rule.

In fact, rock-like materials are known to be non-associated, which can be attributed
to implicit standard materials (ISM) (Bodovillé, 2001b; Bodovillé and De Saxcé, 2001;
De Saxcé, 1995; Hjiaj et al., 2003; Saxcé and Bousshine, 1998). In this context, the me-
chanical behaviors of rock-like can be well described by the bi-potential theory which is
in the framework of Convex Analysis. The knowledge of a bi-potential function depends
on dual variables, for instances, stress and plastic strain rate. This unique function allows
simultaneously to define the yield locus and the flow rule, although they are not asso-
ciated. In the last few decades, the bi-potential theory has been used to investigate a
board of non-associated laws of ISMs, including, non-associated metal materials materi-
als (Bodovillé, 2001a; Bousshine et al., 2003), frictional contact (Bousshine et al., 2002;
De Saxcé and Bousshine, 1998; Joli and Feng, 2008), and non-associated geomaterials
(Cheng et al., 2015; Hjiaj et al., 2003; Zouain et al., 2007). A complete survey of the bi-
potential approach and numerical algorithm for non-associated Drucker-Prager plasticity
can refer to Hjiaj et al. (2003). In this thesis we will extend the variational principle to
pressure-dependent ductile rock-like materials and considering the non-associated issue by
using the bi-potential theory. However, to the knowledge of the author, it is difficult to
describe the overall behavior of the brittle rock-like materials with randomly distributed

frictional closed micro-craks by Hill increment method or variational principle.

For the brittle rock-like materials, it is acknowledged that the complex behaviors can be
reasonably related to two coupled physical process at a microscale: the micro-crack growth
and frictional sliding along closed crack tips (Walsh, 1980). The growth of micro-cracks
induces a material damage while the frictional sliding generates macroscopic irreversible
strains which are often described by plasticity theory. The inherent coupling between this
two dissipation processes is the main issue for modeling mechanical behaviors of such a
class of materials. Indeed, the accumulation of frictional sliding enhances the damage
evolution, which inversely effect the frictional sliding. Thus, they are two competing

processes governing the inelastic behavior of such material.

By now, the most popular way to formulate constitutive models for quasi-brittle mate-
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rials consists in describing the above two dissipative mechanisms separately. During more
than three decades, various efforts have been made to develop appropriate elastoplastic
damage coupling models essentially within the framework of irreversible thermodynam-
ics. When focusing on application to rock-like materials, we can make the following gross

classification:

e Theoretical contributions to the development of elastoplastic damage theories, Dragon
and Mroz (1979); Frantziskonis and Desai (1987); Hansen and Schreyer (1994a);
Lubarda and Krajcinovic (1995); Maugin (1992);

e Isotropic or anisotropic damage models coupled with plasticity for concrete. For
instance, Abu-Lebdeh and Voyiadjis (1993); Cicekli et al. (2007); Grassl and Jirdsek
(2006b); Jason et al. (2006); Lubliner et al. (1989); Luccioni and Rougier (2005);
Voyiadjis et al. (2008); Yazdani and Schreyer (1990);

e Plasticity-damage models for various rocks. We can cite as representatives Chiarelli
et al. (2003); Conil et al. (2004); Khan et al. (1991);

e It is finally worth highlighting some discrete orientation-dependent plasticity-damage
models. For example, the plasticity-damage coupling in the microplane theory (Carol
and Bazant, 1997); the discrete anisotropic plasticity-damage formulations (Zhu
et al., 2010); the micromechanical damage-friction coupling models (Gambarotta
and Lagomarsino, 1993; Pensee et al., 2002; Zhu et al., 2008a; Zhu and Shao, 2015;
Zhu et al., 2016).

Focus here are taken on the micro-mechanics based approaches. Recently, the coupling
between crack propagation and frictional sliding has been properly investigated in micro-
mechanics based approaches (Zhu and Shao, 2015; Zhu et al., 2016). A micro-mechanics
based thermodynamics formulation has been proposed for isotropic damage with unilat-
eral and friction effects (Zhu et al., 2011). Some analytical and numerical analyses of
frictional damage have been performed for specific loading paths (Zhu et al., 2016). Some
micro-mechanics based models have been extended to initially anisotropic materials (Qi
et al., 2016), and to time-dependent behavior analysis related to sub-critical propagation
of micro-cracks (Bikong et al., 2015; Zhao et al., 2016).

In spite of the significant progress made so far, there are still some open issues to be
investigated. In most micro-mechanical models recently developed, the effect of confining
pressure on propagation kinetics of micro-cracks was neglected. The corresponding macro-

scopic strength envelop is described by a linear function. These models are not able to
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properly capture the transition from brittle to ductile behavior with the increase of con-
fining pressure neither the nonlinear strength surface. On the other hand, the progressive
degradation of surface asperity of micro-cracks has also not been considered. As a conse-
quence, post-peak behavior and residual strength of materials are not correctly described.
Besides, the crucial issue of the transition from the diffuse damage or plastic deforma-
tion to the localized cracking of brittle materials has not been systematically investigated.
All these mentioned issues will be investigated here by using an micro-mechanics based
friction-damage approach.

The main objective of this thesis is to develop homogenization methods for ductile and
brittle rock-like materials via incremental variational and micro-mechanics based friction-

damage approaches respectively. To this end, this thesis is organized as follows.

e In Chapter I , a bibliographic review will be given on basic principle of homogeniza-
tion and general aspects of nonlinear homogenization methods for heterogeneous
and linear homogenization approaches for crack materials. Some homogenization

approaches will be adopted in the following section.

e In Chapter II , we present an incremental variational principle based homogenization
method of ductile rock-like materials with an associated plastic matrix. This class
of materials are characterized by a solid matrix with embedded mineral inclusions
and(or) pores. The plastic behavior of solid matrix is described by a plastic model
based on the pressure-dependent Drucker-Prager criterion. Unlike most mean-field
methods previously developed, the non-uniform local strain field in the solid matrix

is taken into account.

e Chapter III is devoted to establish a bi-potential based incremental variational ho-
mogenization of rock-like materials with with a non-associated and strain-hardening
plastic matrix. Elastic inclusions or voids are embedded in the plastic matrix. This
class of materials does not belong to generalized standard materials investigated
in previous studies. The emphasis of this chapter is put on the treatment of non-
associated plastic flow and strain hardening. This is done by using a bi-potential
theory based method, allowing the determination of the incremental potential of
plastic matrix. The effective incremental potential and macroscopic stress tensor
are then estimated through an extension of the incremental variational principle
established by (Lahellec and Suquet, 2007c).

e In Chapter IV , a new micro-mechanics based plastic damage model is proposed

for quasi-brittle materials under a large range of compressive stress. The damage
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is due to initiation and propagation of micro-cracks while the plastic deformation is
directly related to frictional sliding along micro-cracks. The two dissipation processes
are then physically coupled. With the Mori-Tanaka homogenization procedure and
thermodynamics framework, the macroscopic state equations are deduced and the
local driving forces of damage and plasticity are defined. New specific criteria are
proposed for the description of damage evolution and plastic flow. These criteria take
into account the variation of material resistance to damage with confining pressure

and the degradation of surface asperity of micro-cracks during the frictional sliding.

e In Chapter V , based on the chapter IV , we devoted to the study of transition
from diffuse damage to localized cracking in quasi-brittle materials. The localized
cracking is considered as a consequence of coalescence of diffuse micro-cracks. The
onset of localized crack is then defined by introducing a critical value of diffuse
damage density parameter. The orientation of localized crack is determined from
the Mohr’s maximization postulate. After the onset of a localized crack, the energy
dissipation of material is entirely related to the frictional sliding and propagation of
the localized crack. In this context, a localized friction damage model is developed in
the framework of thermodynamics to describe the frictional sliding of the localized

crack which acts as the driving force for its propagation.

e Chapter VI concludes the research of these homogenization approaches and some

recommendations for future research.

Throughout this thesis, the following notions of tensorial products of any second order
tensors A and B will be used: (A® B),.;; = AijBy and A : B = A;;B;;. Fourth
order tensors are denoted by blackboard bold characters, and one can define (C: B),, =
Cijki B The symbol || Al = VA : Ais used to denote the norm of any second order tensor
A. With the second order identity tensor 8, usually used fourth order isotropic identity

ijk

tensor I and fourth order hydrostatic projects J are expressed in the components form
as liju = % (0ik6j1 + 0udjx) and Jiju = %61-]-5;91, respectively. The fourth order deviatoric
projects K = I — J is then obtained. Moreover, the fourth-order tensors J and , K have
the properties: J:J=J, K: K=K, J: K=K :J =0.

Supporting publications

e Lun-Yang Zhao, Jian-Fu Shao, Qi-Zhi Zhu: Analysis of localized cracking in quasi-
brittle materials with a micro-mechanics based friction-damage approach. Journal of
the Mechanics and Physics of Solids 06/2018; 119., DOI:10.1016/j.jmps.2018.06.017.
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Chapter I

Literature Review

In this chapter, we shall to propose a short review of main homogenization approaches
developed for heterogeneous materials and cracked materials. Some of them will be used
in the following chapters. The cracked materials can be regarded as a kind of special

heterogeneous materials.

1 Basic principle of homogenization

1.1 Local problem

From the viewpoint of micro-mechanics, we consider the mechanical properties of
macroscopic point regarded as a regular homogeneous medium, are equivalent to the over-
all properties of a Representative Volume Element (RVE) in microscale. A heterogeneous
material in which the typical size of an heterogeneity (inclusion or pore) is much smaller
than the size of RVE. The geometric domain the RVE is denoted by €2, with the bound-
ary being 0€). Generally, the RVE composed of N constituents. Each phase occupies a
domain Q, (r = 1,2,...,N) of the RVE with the volume fraction ¢, = V,./V. Each point
in the RVE is denoted by its position vector z. The characteristic function H(", with
H) (2) = 1if 2 is in the phase r and H(") (z) = 0 otherwise. The volume fraction of each

phase satisfies
N
e = (H® (§)>, with 3 e, =1 (I.1)
r=1

where (-) denotes the volume average of the RVE. Similarly, (), is the volume average

T

over the phase r, so that
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1 1
O=g [Oa=3 0, 1,=g [0a 1 2)
Q r=1 T‘Q’,-
Note that o(z) and e(z) are microscopic stress and strain tensor at the point z. The
macroscopic stress and strain can be obtained by the volume averages of the microscopic

ones

S =(s), E=/I) (1.3)

The effective behavior of the heterogeneous material is defined as the relation between
average stress and strain over the RVE. Two steps are usually distinguished: (1) a lo-
calization step, in which local fields within the RVE are computed from the knowledge
of the macroscopic strain or stress as an input; (2) a homogenization step, in which the
macroscopic response is determined by averaging local fields. The scale transition problem
is represented in Figure I .1 for the case of prescribed macroscopic stress.

Effective behavior
b E

Localization Homogenization

Figure I .1: The effective behavior of the composite is computed on a RVE of the

microstructure

In fact, for estimating local stress and strain distribution inside the RVE, two kinds of
boundary conditions, uniform stress condition and uniform strain condition are generally

prescribed on 012, see Figure I .2. This two conditions are expressed as:

e The uniform stress boundary condition: represents the case of a REV sub-
jected to a constant stress tensor. Let ¥ be a constant (static) uniform stress field
prescribed on 0, which generates a surface force T¢ = X - n(z),Vz € 0Q. At the

microscopic scale, the local stress field o satisfies the following condition:

o(z)-n(z) =3 -n(z) (Vze€0Q) (I.4)
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o0

(a) Uniform stress boundary condi- (b) Uniform strain boundary con-

tion dition

Figure I .2: Two types of boundary conditions applied to RVE

It can be proven that 3 is equivalent to the volume average of the local stress o in

the REV for any equilibrated, which obeys:
(o) =X (I.5)
where (-)o denotes the volumetric averaging over the domain .

In this case, the average stress is given by:
1
(o) := / o(z)dz (I.6)
Vv

The uniform strain boundary condition: represents the case of a REV sub-
jected to a regular displacement condition at its boundary. Let E be the macroscopic
uniform strain field on the boundary 9€). Correspondingly, the displacement bound-
ary condition reads:

£z)=E-z (Vz€09) 1.7
whereas z and § are denoted the position vector in the REV and the microscopic
displacement.
It also implies the relationship between the average of local strain field € in the REV

and the macroscopic strain E as:
(e)=FE 1.8)

In this case, the average strain is given by:

1
@p:HqK;@@ (1.9)
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1.2 Hill-Mandel condition

The Hill-Mandel condition is a fundamental precondition for scale transition. It is first
proposed by Hill (1967) , which reads as follows. Considering o an equilibrated stress field
(V-0 =0) and € a compatible strain field € = e(u) which are not necessarily related by a
constitutive relation. In this context, if o satisfies uniform stress boundary condition or

if € is compatible with uniform strain boundary condition, the following equality holds
(oc:e)=(o):(e) =% FE (I.10)

This equality is called Hill’s Lemma, which ensures the equality of macroscopic and micro-
scopic work. Note that equality (I .10) can be established without specifying the boundary
conditions, provided that the mechanical fields are macroscopically homogeneous (Hill,
1967).

2 Review of nonlinear homogenization approaches to het-

erogeneous materials

In many engineering applications, it is necessary to determine mechanical properties of
so-called rock-like materials, such as rocks, hard soils and concretes. For a kind of rock-like
materials composed of various mineral phases and pores, it is needed to adopt nonlinear
homogenization approaches for describing the effective behavior. In this section, we will

have a short review for these approaches.

2.1 Approaches based on a linearization of the local stress-strain relation
2.1.1 Hill’s tangent incremental approach

Hill (1965a) proposed a method to transform the nonlinear homogenization problem

to a multi linear one in an incremental form:
o(z) = C""(2) : é(2) (I.11)

where C'"(z) is the tangent operator at each microscopic point. With the assumption
of the local tangent operator is uniform inside each phase, the increment form of local
stress-strain relation reads

G, =Clm . ¢, (T .12)

h

where the fourth order tensor Cl%" is the local tangent operator r'® material phase. &,

and &, are the average value of local stress and strain fields in this phase, respectively.
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In this context, the macroscopic effective tangent operator to the reference homogeneous

medium can be formulated

Chom = (C™(2) : A(2)) = ) Ci™ 1 A, (I.13)

-
where ¢, is the volume fraction of the phase r, and A, is the strain localization tensor, which
should be determined at each time increment with an appropriate linear homogenization
scheme, such as dilute scheme, Mori-Tanaka scheme and PC-W scheme, which will be
reviewed in Section 3. After that, the macroscopic stress-strain behavior can be expressed
as

S =Cchm. E. (I.14)

This incremental approach has been considered for a long time the standard for deriving
nonlinear estimates of heterogeneous materials (Mareau et al., 2009). This method have
been largely applied and two phase nonlinear composite materials, for instance, Chaboche
et al. (2005) for metals with von-Mises type plasticity theory, Doghri and Ouaar (2003)for
cyclic plasticity with non linear kinematical hardening. Guéry et al. (2008); Jiang and
Shao (2009); Shen et al. (2012) have extended the method to geomaterials considering the

pressure-dependent effects.

2.1.2 Secant approach

Following Hill’s works, some researchers proposed other ways to linearization the local
constitutive relation rather than the tangent form. One of them is secant method, which
approximate the local behavior in a total deformation formalism using the secant operator

C>°¢ of the phase 7, in this case, the local constitutive can be read
o, =C¥: ¢, (I.15)

After volumetric averaging, the macroscopic constitutive equation can be obtained and
also written in secant form

S=C:E (1.16)

where C°¢° is the macroscopic secant modulus tensor of the equivalent homogenized medium.

2.1.3 Affine approach

Recently, Masson et al. (2000); Masson and Zaoui (1999) proposed an ”affine” approx-

imation using the tangent stiffness tensor but in a non-incremental form to linearize the
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local constitutive equation:
o, =C, :€r+a'9 (I.17)

Then the overall constitutive equation is obtained

>=C*:E+Xx° (I.18)

For more difference between the aforementioned three different mean field homoge-

nization approaches, one can refer in Chaboche et al. (2001).

2.2 Variational approaches

The other fruitful research approaches is in the variational framework (Brassart et al.,
2011, 2012; Castaneda, 1991, 1992, 2002b; Lahellec and Suquet, 2007b, 2013). We here will

first review the general framework, and then will introduce several variational approaches.

2.2.1 Variational framework

In the variational framework, the local behavior is described by a single convex poten-
tial, i.e.,
oW al
o =">"(z¢), with W(ze)= > H (W (e) (I.19)

r=1
where (") is the potential of phase r. Under the uniform strain boundary condition, the
minimum energy principle states that the strain field e(z) is the solution of the following
variational problem

W = eei;g(fE) (W (g)) (I .20)

where the set R (E) is the kinematically admissible strain field
1
R(E)= {E =5 (Ve+ VTg)} (I.21)

with £ (z) has been defined in. Note that the minimum average strain energy W is the

effective potential of the composite, from which the effective stress-strain relation is ob-

tained: .
W
Y=— 1.22
5F (I.22)
This relation is derived by (Ponte-Castaneda and Suquet, 1998)
oW JOW (e) Oe\ S0\ /[ Oe
aE—< 9e '8E>_<U'8E>_<0>'<8E> (I-23)
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where € is the strain field solution of the variational problem. The last equality is obtained
by applying the Hill’s lemma. Eq. (I .23) is then proven noting that: g—g> = %9—? =4.

By using Legendre transform, the function U which is convex dual of W is derived
U(o)=sup{o:e—W(e)} (I.24)
€
and the local strain behavior can be expressed as

N
£ = g% (z,0), withU(z,0) =Y H" (U (o) (I.25)

r=1
Then the overall stress potential in the composites is given by the principle of minimum

complementary energy

V(@)= _inf (Ul) (1 .26)

Finally a proof similar to (I .22) reads that

oU

E=5s

(1.27)

It is noted that the macroscopic constitutive relations ((I .22) and (I .27)) are completely
equivalent in the case of that the effective potential W and U are dual of each other, i.e.,

(Willis, 1989)

UxE) = sup Z:E-W(E)] (I.28)

2.2.2 Variational approach of Castaneda (1991)

Castaneda (1991) considered the composites composed of J2 isotropic plastic phase,

and introduced the following quadratic potential
T 9 T T
W) (e) = §k( )e2 4 fr) (5zq) (I.29)
where
. 3 r
f (e¢q) = inf [M(() 2 — fo (1 ))]
(|2
Ho
For a fictitious linear composite is introduced, the phase potential
r r 1 r . r r
Wy (u,e) = se: € te, with Cf = 2u{'K + 3K (I..30)

Substituting (I .30) into (I .29) , the potential (I .29) can be rewritten as

W (e) = i W (u,€) +vO ()] (1.31)
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where the V() (/J,g)) is given by

V) (u((f)) = —/ (u((f)) = sup [f (e24) — ;M(()T)qu} (T .32)
eq
= sup [W(T) (e) — Wér) (,ug), 5)] (I.33)
€

Then the optimality condition in corresponds to a secant condition

(e) = (Cg) € (I.34)

Inserting Eq (I .31) into the variational formulation of the homogenization problem

(I .20),the following equivalent variational principle is obtained
= . = (r) (r)
W (E) = inf [Wo (no.) + (VO (1))] (1 35)

where Wy is the effective potential of the LCC with phase potential, which reads

N

Wo=_inf > e (wg” (w6 €) > - éE :Co: E (I..36)
r=1

2.2.3 Second order procedure of Castaneda (2002a)

For incorporating the fluctuations for the nonlinear composites, Castaneda (2002a)
proposed an improved second order homogenization method. In the following, we will
have a brief review of this approach.

Based on the second-order Taylor approximation of the nonlinear potential, one obtains

Wér) (e) =W (5(7")) + 81?)/:) (s(r)> : (e — e(r)) + % (6 — s(r)> : (Cér) : (s — E(T))
(1.37)
(r)

where (") is a uniform reference strain and Cy’ is a symmetric, postive definite, constant

tensor. The following upper bound for the overall potential of the nonlinear composite

read

N
1 : 1 (r) r r (r) r
W (E) < CéTl)Ii(r) [Wo (E,CO el >) +r§_1j V) (cco el >)] (1.38)

where W is the effective potential of the LCC, and the error function

VO = sup (W) (60) — i (60, ()] (I.39)

&(r)

have been introduced for convenience.
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(r)

It is noted that (T .38) holds for any choice of reference moduli Cy” and strains (7).

For the sake of more accuracy, the infimum in and the supremum in have been replaced

by stationarity conditions

W(E) ~ stat(c(()r>7 [Wo (E (Cor), ) + ZC’" ( ,E (T)>] (I.40)
with
V) = stat [W(ﬂ (5“(?)) —w" (é“’),cg“))} (I .41)

The stationary condition w.r.t €7 in (IV .18) reads

82/5@ (é(r)> _ 82/5@ (e(r)> = (Cg) : <é(r) — E(T)) (I.42)

which can be interpreted as a generalized secant condition. From the general formulation

(I .40), the following three estimates can be obtained.

a) Case of ") =0

By setting the tensor e = 0 in Eq.(I .37), the optimality condition on & in the
variational principle (Eq. (I .38)) is equal to the variational principle of Castaneda (1991).
In this case, the stationary condition (I .42) yields

o)
avavs (é‘”) =) e (1.43)

where (Cg") is the secant modulus computed in € as demonstrated in Section 2.2.2.

b) Case of (") = &(")
By taking e = &) in Eq.(I .42), implying the function V() vanish. Then the

stationarity condition w.r.t. €™ in (I .40) yields

(CEZL - Cff)) : <<s>T - e<’“>) ~0 (T .44)

This condition is satisfied for e = &) = (¢) . However, in general the stationary

-
condition on C(o cannot be enforced. For this issue, (Castaneda, 1996) proposed an

) _ ¢

1an, Which yields the so-called second-order estimate

approach to set C;

. (r)
W= e <W(’")(E)+;8Vg <<er>>:<e-—<er>>> (1 .45)

c) Case of (") # &)
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Most general estimates were obtained in the framework with the choice of e(") # &(").
In this case, the nonlinear response is approximated by a linear interpolation between

(r)

the two reference strains. The stationary condition on Cj’ is regarded to involve field
fluctuations about the reference strain e() via the covariance tensor (Ponte Castaneda,

2002)

(o) (30 < 22— ((-et)o o))

It is noted that the estimate (IV .18) must still be optimized w.r.t. the reference strains

e("). However, as all stationarity conditions cannot be simultaneously satisfied, and addi-

tional approximations must be introduced (Castaneda, 2002b).

2.2.4 Incremental variational approach of Lahellec and Suquet (2007b)

In the framework of Generalized Standard Materials, the local behavior of the com-

posites can be described by a free energy and a dissipation function

N
V) (2,6, 0) = ZH DY (e, ), d(za)=D H(2)¢(&) (I.47)

with
P (e,a)==(e—a):C": (e —a) (I.48)
. (r) (2 . . 2. .
¢ (&) = f"(a7,), with deq = 3& (I.49)
where the function f() is supposed to concave w.r.t. its argument.
By adopting an incremental variational framework, the local stress-strain relation is

derived from a single potential

OWa

Tni1 = —5— (En+1) (I.50)
where the condensed incremental potential is the solving of the following the minimization
problem

Wa (z,€n+1) = igf JA (2, En+1, Ont1) (I.51)
with

il — Oy,
Ja (&7 €n+1, an—l—l) = ¢(T) (ia En+1, an+1) _¢(r) (&7 €n, an)+At¢ <Z7 JFZt) (I 52)

The effective incremental potential of the composites

Wa(B)=_inf (Wa(z€) = inf <12f JIa (z,€, a)> (1.53)
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Inspiring from the variational procedure of Castanieda (2002b) , Lahellec and Suquet
(2007b) introduced an energy Jy (that for the linear comparison composite) which is more
amenable to homogenization. For viscoelastic comparison composite, the phase potentials

Jo yields
(r)
Jér) (e,0) =w™ (e,0) —w) + % (a - a@) : <a - aﬁf)) (I.54)
where n(()r) and oq(f) are uniform in phase r. In this context, the difference AJ = J — Jy
can still beestimated.

Then, the homogenizaiton problem , can be rewritten as

Wa(B)= int <igf o (2,6, 0) + AJ (z,€, a)]> (I .55)
and satisfies
Wa(B) < _inf [<lgf Jo (2, €, a)> + <Sgp AJ(z,e, a)>} (I .56)

Following recommendations of Castaneda (1991, 1992) , Lahellec and Suquet (2007Db)
proposed the following estimate

Wa (E) ~ €€i7ra1(fE) [<igf Jo (2, €, a)> + (statq AJ (2, €, a)>} (I.57)

3 Review of homogenization of cracked materials

Most rock-like materials are subjected to oriented nucleation and propagation of micro-
cracks. The induced damage of micro-cracks effects not only mechanical but also transport
properties of rock-like materials. In the present work, we propose to develop a micro-
mechanical approach for the description of induced damage in initially isotropic materials.
This approach will be based on the reference solution of Eshelby for inclusion problems
Eshelby (1957a). Induced micro-cracks will be seen as spheroidal inclusions embedded in a
solid matrix. The effective elastic properties of cracked materials will be determined using
linear homogenization procedures which is combined with a irreversible thermodynamics
framework for the description of damage evolution.

The determination of effective properties of a heterogeneous material through a homog-
enization procedure is generally carried out on a representative element volume (REV), as
shown in Figure I .3, which occupies the geometric domain €2 and is limited by its external
boundary surface 0€2. For the sake of simplicity but without loosing the generality, the
cracked material will be represented by a crack-matrix system. An elastic solid matrix

with elastic tensor C4 which is weakened by a family of parallel penny shaped micro-cracks
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with elastic tensor Cy,. In such a representation, each family of micro-cracks is seen as a
phase of inclusions embedded in the matrix phase. The cracked material is a two-phase

composite with a crack-matrix system.

(a) Macroscale (b) Microscale (c) REV

Figure I .3: Representative elementary volume (REV) of microcracked solids

3.1 Effective elastic property of cracked materials

In order to determine the effective elastic property of the above described REV, suit-
able boundary conditions should be prescribed on the external boundary 9€). In conven-
tional homogenization process Ponte-Castaneda and Willis (1995), we can adopt either
the uniform stress boundary condition or the uniform strain boundary condition reviewed
in Section IT .11.

By adopting the uniform strain boundary condition, the crucial step of homogeniza-
tion method consists in finding a fourth-order localization tensor A(z) which relates the

microscopic strain field € to the macroscopic strain FE.

e=A(z): E (VzeQ) (I.58)

Note that the concentration tensor satisfies the condition (A(z)) = I, due to the fact that
the average of microscopic strain is equal to the macroscopic strain, see I .8. I denotes the
fourth order unit tensor: I = %(6%5]'1 + 6;,0;1) with 6;; the Kronecher’s symbol.

By using the local elastic law and making the averaging of the local stress field, the

following macroscopic elastic stress-strain relation is obtained
X =Cm:.EF  with Cho™=(C,:A) (T .59)

where CP°™ denotes the effective macroscopic elastic stiffness tensor of the homogenized
material. Due to the fact that the local strain field is not uniform inside each inclusion

phase, the volume averaging operation in the above relation is generally difficult to perform

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Review of homogenization of cracked materials 21

and cannot be performed analytically. Therefore, for the sake of simplicity, it is generally
assumed that the local strain field in each inclusion phase r can be represented by its
constant average value. Accordingly, only the constant average of strain localization tensor
A, needs to be determined for each phase r. For a heterogeneous materials containing A/

phases of inclusions, the effective elastic stiffness is given by:

N
Chm =3 "0,C, : A, (I1.60)
=1

where @, is the volume fraction of the phase r.
With the condition (A(z)) = I and by denoting the elastic stiffness of the solid matrix
by Cs and that of the inclusion phase r by Cy ., the effective elastic stiffness tensor can

also be written in the following form:

N
Chom _ Cs + Z 0rr(Cpp—Cy) : Ag, (I.61)

r=1
The determination of concentration tensor A, for each phase r depends on the ho-
mogenization scheme used. Physically this is related to how the effects of crack interaction
and spatial distribution are taken into into account. The well-known solutions to Eshelby’s
inclusion problem provide fundamentals for determination of such concentration tensors,
Eshelby (1961, 1957a); Mori and Tanaka (1973b); Ponte Castaneda and Suquet (1997).

The basic solution of Ay, is written as
Ap,=[I+P:(Cpp—C) ' =[T—Sl: (I-S,:Cyp)] 7t (1.62)

which S is the Eshelby tensor corresponding to the rth family of micro-cracks and S| is
related to the Hill tensor P! such as: S = P} : Cs. Therefore, the Hill tensor depends on
the geometry of micro-cracks and the elastic properties of solid matrix. Here, it is worth
to mention that for the case of initially isotropic matrix, the Eshelby tensor or Hill tensor
has analytical solution for penny shaped micro-cracks Zhu (2006).

Here we will review three widely used schemes: Dilute scheme, Mori-Tanaka (MT)
scheme and Ponte-Castaneda and Willis (PCW) scheme.

3.2 Dilute scheme

In the case of inclusions with low concentration, we consider simply that there is no
interaction between different families of micro-cracks, which implies that all families of

micro-cracks are independent from each other. The effective elastic stiffness tensor is then
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reduced to:

N
Ch™ =Cy+ > ¢5p(Cryr—Co) s [[+P] : (Cpp — Cy)] ™! (I1.63)

r=1

On the other hand, the effective elastic properties of cracked materials are also depen-
dent on opening or closure state of micro-cracks. Three situations can be distinguished.
For the case of open cracks, there is the cancellation of local stress on the crack faces.
The elastic tensor of cracks then vanishes, Cy, = 0. For closed frictionless cracks, the
idea introduced by (Deude et al. (2002)) consist in modelling the planar cracks as a fic-
titious elastic material with an elastic tensor Cy, = 3ksJ, ks being the bulk modulus of
the isotropic solid matrix. This choice is justified by the need to take into account for
the nullity of the tangential stress on the closed crack lips and the continuity of stress in
the normal direction to cracks lips. In the last case of closed frictional cracks, we assume
that the friction is large enough so that the crack lips are fully glued. Therefore, one gets
Ctr=0C,.

a) Case of open cracks:

By putting C¢, =0 in (I .63), one obtains:

N
Chom =Cy: [I-) @@ —PL:Co)7 (1.64)
r=1
The main difficulty for the calculation of C"*™ lies in the fact that (I — P7 : C,)~! is
singular when the aspect ratio € tends to 0. In this context, the volume fraction of cracks
@ is expressed as:
4 4

Ofr = §7TG2 = gwedT (I.65)

where N, denotes the number of cracks per unit volume of a family of cracks and d, = N;.a>
is the crack density parameter. It is well known that when the aspect ratio € tends to
zero, the concentration tensor admits a limit value. The homogenized effective elasticity

tensor can be also written as:
4 N
chom = ¢, : [I— 37 > dpe(I-P: Co)7" (I.66)
r=1

where we denoted T" = (I — P” : C;)~!. It follows that the homogenized elasticity tensor

can be written as:

N
4
hom __ . : T . -1
Cho _(CS.[H—37r§1dT'IF”], with T" = lim (I PL : C,) (I.67)
r—
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Note that the expression (I .67) of the effective elastic stiffness tensor is valid not only
for isotropic but also anisotropic solid matrix. The difference lies in the calculation of

Hill’s tensor.

b) Case of closed frictionless cracks:

As mentioned above, it is assumed that the tangential stiffness of cracks vanishes while
the normal stiffness takes the value of solid matrix, that is ky = ks and py = 0. Thus, one
takes for the elastic tensor of cracks Cy, = 3k,J. As a consequence, the effective elastic

stiffness tensor with an initially isotropic matrix is given by:

N
Chom _ Cy:[I— éWZdreK :(I-PL:Cs: K)_l] (I.68)
3 r=1

where: C¢, —Cs = —2pu,K = -C; : K.
For low cracks aspect ratio € — 0, the tensor T = €K : (I — P7 : C, : K)~! tends to
its limit. It follows that:

N
4
Cm =C,:[I-2m Y &T", with T" =limeK:(I-P/:C,:K)™ (I.69)
3 — e—0

3.3 DMori-Tanaka scheme estimations

To overcome the limitations of the dilute scheme, Mori and Tanaka Mori and Tanaka
(1973a) proposed a homogenization method to deal with interactions between inclusions in
composite materials. It has been applied to micro-cracked materials in Benveniste (1986).

The idea in Mori-Tanaka scheme to take into account interactions between cracks
consists in considering an intermediate prescribed macroscopic strain E? on the external
boundary of the RVE, instead of the remote macroscopic strain E. For this new problem,

the relation (I .62) is written:
e =[I+P.:(Csr—Cy)] " : E° (I.70)

The use of the relation (e)g = E leads to:

N
E° = [+ @p,[l+P]: (Cj—Cy)| | E (I1.71)
j=1
from where it deduces the strain concentration rule (I .58) for the Mori-Tanaka scheme
with:
N

A= [L+F : (Cpp—C)l 7t [l + Y gL+ B (Cpy —CITT (1.72)
j=1
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The substitution of equation (I .72) into (I .61) allows to deduce the expression of the

effective elasticity tensor corresponding to the MT scheme:

N
CMT = Co+ > ¢sn(Cpr—Co)
r=1 N (1.73)

T[4+ PL: (Crr —Co)l ™ s [0l + > pps[I+PL: (Cpy — Co)7H
j=1

This general result can be applied to open and closed micro-cracks.

a) Case of open cracks: (C;, =0)

N N
Chom =Cy =Y 0, Co: (LS ™1 [l + ) pp (I — S (I.74)
r=1 7j=1

We recall that S¢ = P, : C; is the Eshelby’s tensor corresponding to one family of
crack. Also, (I .74) can be written as:

N

N

. 4

(Chom _ Sos(cs . [803]1"‘ Z(pf,j(ﬂ _ Sg)—l]—l — (CS : []I + g’]‘(Zdj']fr]_l (I 75)
j=1 Jj=1

with T" = lir% e(l — S? )~1, the quantity @ is sensibly equal to 1 as the volume of the
€E—>
cracks being almost zero. The inversion of (I .75) gives the effective elastic compliance

tensor S"™ of cracked media:

N
4
hom T .
S =T+ 377]21 d;T"] : S (I1.76)

b) Case of closed frictionless cracks: (Cy, = 3k,J)
Considering Cy, = 3ksJ, one gets for the MT scheme:

N N
Chom — ¢, — Z @0rrCs K (IT—SL:K) ™ [l + ZSOf,j(H -SLK)TT (1)
r=1 j=1
After arrangement of the results, one obtains:
1 ¥ : 4 o
Chom = C, : [T+ 3T > die—SI:K) T =Ca: [T+ 37 > 4T (I.78)
j=1 J=1

With T = liné (I —S? : K)~L. For the inversion of the above equation, the macroscopic
€—>

compliance tensor is given by:

N
4
shom — 1+ 37 > d TS, (1.79)
j=1
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3.4 PCW scheme estimations

For taking into account both interactions between cracks and effects of spatial distribu-
tion of micro-cracks, the idea in the Ponte-Castaneda and Willis scheme (Ponte-Castaneda
and Willis, 1995) is to consider two independent functions, one associated with the shape
of inclusions, the other one associated with the spatial distribution form of inclusions.
In the case of considering the same spatial distribution for all of inclusions, the strain

concentration tensor can be taken into the form:
APT = T4 P (Cpp—Cy) 7t

1+ 370, @rll+ (BE=Pa) : (Cpy —Co)] s [[+PL: (Cpy — C,)) 7
(I.80)
where the tensor P’ is related to the shape of the r!* family of cracks while Py is the
function associated with the spatial distribution of cracks. According to PCW scheme,

the general expression of macroscopic elasticity tensor can be written as:

N N

CPW=C + (1= 0prl(Cpr = Co) T + P Py > 0p,[(Cpp — Co) ™+ PI!
r=1 r=1

(I.81)

This result can be applied to open and closed micro-cracks by considering different elastic

tensor of inclusion phase, as that already discussed for the Dilute and MT schemes.
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Chapter 11

Homogenization of rock-like
materials with plastic matrix
based on an incremental

variational principle®

A large class of rock-like materials are composed of a plastic solid matrix in which var-
ious inclusions and pores are embedded. This paper is devoted to determine macroscopic
inelastic responses of such materials by a nonlinear homogenization procedure. The plastic
behavior of solid matrix is described by a plastic model based on the pressure-dependent
Drucker-Prager criterion. The plastic strain field of solid matrix is divided into a volumet-
ric part and a shear part. Unlike most mean-field methods previously developed, the strain
field in the solid matrix is non-uniform and this non-uniform field is taken into account
by using an incremental variational model. The whole loading history is divided into a
limit number of increment. For the sake of simplicity, the behavior of solid matrix is first
assumed to be elastic-perfectly plastic at each loading increment. With the help of a time
derivative approximation, the local incremental potential of the solid matrix is deduced.
By considering the effect of inclusions and pores, the effective incremental potential of the
heterogeneous composite is determined and estimated with the help of a linear comparison
material. The macroscopic stress of the composite is finally estimated from the effective
incremental potential. The accuracy of the proposed model is assessed by a series of com-

parisons with reference results obtained from direct finite element simulations respectively

*Submitted to International journal of plasticity
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for inclusion-reinforced and porous materials. Finally, by assuming that the general form
of incremental variational model remains valid when the solid matrix exhibits isotropic
plastic hardening, the proposed model is extended simply by updating the value of fric-
tional coefficient of solid matrix at each loading increment. The proposed model in this
case is also well validated by comparisons with finite element reference results. Moreover,
as examples of application, the model is used to simulate laboratory tests performed on a

cement mortar and a typical porous sandstone.

1 Introduction

In many engineering applications, it is necessary to determine mechanical properties
of so-called rock-like materials, such as rocks, hard soils and concretes. This is so far
essentially done by developing various phenomenological models including plastic models
(Shao and Henry, 1991; Xie and Shao, 2006; Zhang et al., 2013), damage models (Dragon
et al., 2000; Shojaei et al., 2014) and coupled models (Chiarelli et al., 2003; Conil et al.,
2004; Yuan et al., 2013; Zhou et al., 2013), just to mention a few. These models are
generally fitted from macroscopic laboratory tests and can reasonably reproduce main
features of mechanical responses of rock-like materials. However, most rock-like mate-
rials are heterogeneous materials composed of various mineral phases and pores. Their
macroscopic properties are inherently related to local properties of constituent phases
and affected by the mineralogical compositions and morphology at different scales. In
order to predict macroscopic mechanical responses of these materials in relation with the
spatial and temporal change of mineralogical compositions and microscopic structures,
constitutive models issued from various homogenization techniques have been developed.
Representative examples include (Shen et al., 2012; Zhu et al., 2016).

Let considering a class of materials which are characterized by a solid matrix with em-
bedded mineral inclusions and pores. By adopting a Drucker-Prager type criterion for the
solid matrix and by using limit analysis techniques and variational approaches, different
analytical criteria have been established for the macroscopic strength of porous materials,
for instance (Guo et al., 2008a; Maghous et al., 2009b; Shen et al., 2017, 2015). With
a two-step homogenization method, an analytical criterion has been proposed for clayey
rocks containing a porous clay matrix at the microscopic scale and mineral grains at the
mesoscopic scale (Shen et al., 2013). However, in these analytical models, only one family
of pores or inclusions is taken into account. In real materials, several families of mineral

grains of different mechanical properties and pores may exist at the same scale. In order
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to determine the effective behavior of such materials, semi-analytical models have been de-
veloped. Based on a simple extension of elastic materials, the Hill incremental method has
first been developed for composite materials (Doghri and Tinel, 2005; Hill, 1965b) and was
recently enriched with second-order moments to take into account intra-phase field fluctu-
ations (Doghri et al., 2011). It has also been applied to rock-like materials (Guéry et al.,
2008; Shen et al., 2012). In those models based on the Hill incremental method, it relies on
a direct linearization of the local stress-strain relation using instantaneous (anisotropic)
tangent operator. However, this class of models generally leads to too stiffer macroscopic
responses (Chaboche et al., 2005). Some numerical techniques, such as the isotropization
of tangent stiffness operator, have been proposed to improve the performance of those

models. Nevertheless, those corrective techniques are not physically founded.

Important efforts have been made in nonlinear homogenization methods in order to
account for the effect of non-uniform strain fields in constituent phases on effective proper-
ties of composite materials. In the models based the Transformation Field Analysis (TFA)
originally proposed by Dvorak and Benveniste (1992) for elastic-plastic composites, the
local plastic strain field is assumed to be piecewise uniform. The class of models have been
applied to various materials but their accuracy is strongly dependent on the number and
the arrangement of the piecewise uniform sub-domains. For highly heterogeneous non-
linear materials, a high number of sub-domains is needed to obtain relative satisfactory
results, implying a high computational cost. In order to overcome the shortcoming of
the TFA based models, the Non-uniform Transformation Field Analysis (NTFA) has been
proposed (Michel and Suquet, 2003, 2004). The local plastic strain field is decomposed
into a linear combination of a limited number of non-uniform plastic strain modes. This
method has been applied to rock-like materials (Jiang et al., 2013). However, it is not an

easy task to identify the necessary plastic modes by preliminary full-field simulations.

Starting from variational principles for linear composite materials, an incremental vari-
ational method has been proposed for nonlinear composite materials in (Lahellec and Su-
quet, 2007b,c) in the framework of Generalized Standard Materials (Halphen and Nguyen,
1975). Non-uniform local strain fields are characterized by introducing effective incremen-
tal variables (EIV). By using an implicit time-discretization scheme, the local evolution
problem is reduced to the minimization of an incremental potential function. This effective
incremental variable model was first applied to linear and nonlinear viscoelastic composites
(Lahellec and Suquet, 2007b,c) without plastic hardening. The same authors (Lahellec and
Suquet, 2013) proposed a rate variational model (RVP) considering the elastic-viscoplastic

composites with local threshold, isotropic and linear kinematic hardening.More recently,
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the incremental variational formulation has been used for the prediction of the effective
behavior of elastic-plastic composites with local plastic threshold and isotropic and/or
linear kinematic plastic hardening (Boudet et al., 2016). On the other hand, based on the
variational principle established by Ortiz and Stainier (1999), some authors have also pro-
posed another incremental variational procedure for elasto-(visco)plastic composites with
local isotropic hardening (Brassart et al., 2011, 2012). However, most previous studies
were devoted to composite materials with pressure-independent plastic phases.

In the present study, we shall propose a new incremental variational model for rock-like
materials constituted by a plastic matrix in which are embedded elastic inclusions and (or)
pores. As the main difference with previous studies for metal materials, the plastic matrix
is described by a pressure-dependent Drucker-Prager criterion. As a consequence, the local
plastic strain field is decomposed into a volumetric part and a shear part. Further, most
rock-like materials generally exhibit plastic hardening. In the case of an isotropic plastic
hardening is considered, the hardening of rock-like materials is generally represented by the
variation of internal frictional coefficient rather than the evolution of cohesion. However,
this kind of plastic hardening renders the analytical formulation of incremental variational
model very complex. We propose here a simplified approach. As the whole loading history
is divided into a limit number of increments, the behavior of solid matrix is first assumed
to be elastic-perfectly plastic for each loading increment. The general formulation of
incremental variational model is obtained for this particular case. The proposed model is
validated through comparisons with reference results obtained from direct finite element
simulations for materials without plastic hardening. Then, we assume that the obtained
formulation remains valid when the solid matrix exhibit an isotropic plastic hardening.
The model is extended simply by updating the value of frictional coefficient of solid matrix
at each loading increment with a specific law. The proposed extended model is verified
through comparisons with reference results obtained from direct finite element simulations
for materials with an isotropic plastic hardening law. Finally, the proposed extended
model is validated against experimental data in some laboratory tests for cement mortar

and porous sandstone.

2 Incremental variational principle for matrix-inclusion ma-

terials

We consider here a class of rock-like materials which are characterized at the meso-

scopic scale by a continuous solid matrix in which mineral grains and pores are randomly
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embedded. The Representative Volume Element (RVE) is shown in Figure II .1. The
RVE occupies the geometrical domain © C R™im (ng, = 1,2,3) and has an external
boundary 99 C R™im~! The solid matrix occupies the domain Q™ C R™im and each of
N inclusions phases the domain Q%" C R"im) r = 1 ... N. Pores are here regarded as
a special elastic inclusion phase with vanishing stiffness. For the convenience, the total
volume of the RVE is denoted by Vg, the volume of matrix is Vgm, the volume occupied
by the inclusion phase r is Vi,». Therefore, the volume fractions of the matrix and the

inclusion phase r are respectively defined as

Vam ; Vair
m _ . tr 2987 =1.....N: II.1
= S =R =1 N i 1)
For the sake of clarity, (-) denotes a volume average over the whole RVE, (), is a

volume average over the matrix, and (-), , is a volume average over the inclusion phase r,:
b

N
1 .
)= o )dVa = f"(: 1.2
=15 f, OWa=1" 00+ L1 0, (1 .2)
with
1 1
<‘>m=/ ()dVam; (), = o / (-) AV (11 .3)
Vﬂm Vam VQz,'r VQi,r
Inclusion r + 1
Homogenization
Matrix Pores

Inclusion = Equivalent homogenized medium (EHM)

Figure II .1: Representative volume element of general rock-like materials

2.1 Local behavior of solid matrix

The solid matrix exhibits an elastic-plastic behavior. Its elastic stiffness tensor at
any point z € Q™ is defined by the fourth order tensor C™. Its elastic-plastic behavior
at x € QO is described by two local potentials, the free energy w™ and the dissipation
potential ¢™. Both potentials are convex of the strain tensor e(z), the internal state
variables &(z) and their time-derivatives. The thermodynamics conjugate force variables

associated with the state variables € and £ are defined by:

a m
- ;’s (e, €) (IT .4a)
_ow™ O™ 1.
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o (z) is the local Cauchy stress tensor and F is the conjugate force for plastic hardening.

Based on the previous studies in (Lahellec and Suquet, 2007b; Ortiz and Stainier, 1999),
the time derivative 5 is here approximated by a difference quotient after use of an implicit
Euler-Scheme. The time interval (loading history) of study [0,77] is thus divided into
the time (loading) steps to = 0,t1, ..., tn, tn+1,...,tx = T. The time (loading) increment
between t, and t,41 is denoted by At. By using this time-discretization procedure, the

transformation of Eq. (III .13) leads to the following discretized equations:

ow™ ow™ o™ ntl1 — &En
Ont1 =5~ (En+1,&nt1), O (en+1,&nv1) + (;05 (6 HAt ¢ > =0 (IT .5)

It is assumed that all local fields at time ¢, are known and they have to be determined

at time ¢,41. Inspired by Lahellec and Suquet (2007b), we introduce the following local
incremental potential J™, function of local variables € and € (for the sake of simplicity

the subscripts n + 1 are omitted):

J™ (e, €) = w™ (e, £) + Aty™ (5 ;f") (11 .6)

It is found that the second relation in Eq. (IT .5) is the Euler-Lagrange equation of the
variational problem for the minimization of the local incremental potential with respect

to €. This leads to the following condensed local incremental potential:
TR (€) = irglf J™ (g, €) (Ir.7)

As demonstrated in Lahellec and Suquet (2007b), the local stress field o in the solid matrix

can be derived from this sole potential:

m

on}
5 (€

(II .8)

2.2 Local behavior of mineral inclusions

It is here assumed that all mineral inclusions have a linear elastic behavior. The elastic
properties are constant for each inclusion phase r, and defined by the elastic stiffness tensor
C»". Therefore, the local mechanical behavior of inclusion phase r is entirely defined by
the free energy function w®", which is the sole convex potential of the strain tensor e.
Accordingly, the local incremental potential TFiA’T of the inclusion phase r is identical to

its free energy function:

A . 1 .
T =w"" (e) = 5€" C"" e (I1.9)
The local stress field o in the inclusion phase r is given by:
(97TiA’r ,
= =C"": IT .10
0 =5 () =C e (11 .10)
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2.3 Effective behavior of matrix-inclusion composite

We assume that the RVE is subjected to a macroscopic strain tensor € (¢). The problem
to be solved here is the determination of local strain field € or displacement field u and
stress field o by using the local constitutive models of constituents. By means of the
time-discretization procedure, the governing equations of the local problem are given as

follows:

divopt1 =0

Opi1 = 82-:?1 (Ens1) for (z,t) € Q x [0,T] (IT .11)

e(z,t) = (Vu(z,t) + VTu(z, t)) /2

\ Ve

Further the local displacement field verifies the boundary conditions, i.e. u(z,t) = &(t) - z.
It can be shown that due to these boundary conditions, the average local strain verifies
the following requirement (e(z,t)) = € (t).

The incremental potential in the composite 7a (z,€) is defined as:

Ty ifxze Q™
TA = (IT .12)

Z’J‘ 3 i,T
ms ifz el

By introducing the effective incremental potential IIa, the macroscopic stress & can be

derived as: 5
11
Fnil = a; (Ens1) (11 .13)

The key issue here is the estimation of the effective incremental potential IIn. This is
done by an optimization operation of the averaging process of local incremental potential

with respect to the macroscopic strain:

N
s (€)= inf (s (@) = inf !fm (mf " &) +3° 7 (0 @),
! (I1 .14)

The effective incremental potential IIa (€) is a function of the macroscopic strain € only.
The macroscopic stress given in Eq.(IT .13) is thus the conjugate thermodynamic force
associated with the macroscopic strain. Further, the macroscopic stress defined here also
coincides with the volumetric average of the local stress field over the RVE. However, the
determination of the macroscopic stress comes to solving the variational problem (II .14)

at each time step, which itself involves a local optimization problem (II .7) with respect
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to the internal variables £ at every position x € Q™. Instead of using a computationally-
costly numerical full-field solution, an approximate mean-field approach based on Lahellec

and Suquet (2007b) will be developed in Section 4 .

3 Determination of local incremental potential for Drucker-

Prager matrix

3.1 Determination of dissipation potential ¢™

As mentioned above, the local mechanical behavior of solid matrix is described by
an elastic-perfectly plastic model at each loading increment. The plastic deformation is
described by an associated plastic model based on the linear Drucker-Prager type criterion.

The related constitutive relations are expressed as follows:

E=S":64€P, f(0)=0c¢q+3k(om—c) <0

ép:’j/p]\ﬁ N:%S —|—/{,6 (1115)

Oeq

e=a+8, a=el: K, B=¢eP:]J=55

Y

where o and & denote the local stress and strain fields in the matrix, with ¢, = 1/%3 18
being the equivalent shear stress (with s = o : K), and o, = %0' : 0 the mean stress.
eP is the local plastic strain tensor. The fourth order tensor S = ((Cm)_1 is the elastic
compliance tensor. The parameter ¢ and k represent the hydrostatic tensile strength and
friction coefficient of the matrix respectively.

The equivalent plastic shear strain v¥ and plastic volumetric strain 8 are both related

to the deviatoric plastic strain tensor by:

2 )
AP = \/37a = Qleq, [ = Kleq, with & =K:eP (IT .16)

As it is mentioned in Section 2.1, the constitutive relations (II .15) can be formulated
with the free-energy density w™ (e, &) and the dissipation potential ¢ (S) . It is noticed
that for the perfectly plastic model presented in Eq.(II .15), one gets & = (a,3). The
free-energy density w (e, €) is expressed as the elastic strain energy density. Assuming
that the elastic behavior is independent of irreversible plastic deformation, then w™ (e, €)
is written by:

wm(s,E):%(s—a—ﬁ):(Cm:(e—a—,B) (11 .17)
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Within the framework of thermodynamics, the local stress tensor is given by:

o= a;in(s,a,,@):(cm: (e —€P) (IT .18)

Accordingly, the conjugate thermodynamic forces respectively associated with o and 3
are also reduced:
ow™ ow™

87( g, a,08) = 98

On the other hand, the mechanical dissipation D in this case can be expressed in terms

(e,a,8) =0 (IT .19)

of the conjugate thermodynamic forces as follows (Lemaitre et al., 1993):
D (a,B) —0o: (a + B) (I1 .20)

Furthermore, D can conveniently be rewritten in a condensed form which accounts for

the constitutive relations: (II .15) and (II .16)
D (a, B) = D (Gieg) = Y (N) Greg (I .21)
where the function Y is defined as
Y =0:N =0+ 360, (IT .22)

One notices that the expression (II .21) of the mechanical dissipation indicates that the
new scalar quantity Y is the conjugate thermodynamic force associated with c,. Then the
evolution law for ae4 can be expressed as a kinetic relation between Y and c.q. Therefore,

it can be derived from a dissipation potential ¢ (cteq):

¢ 99"

Y = H@q (Geqg)  or equivalently cieq = 57 (Y) (II .23)
where ¢* is the convex dual of ¢ by Legendre transform
¢* (Y) = sup {D—¢ (deg) } (II .24)

Geq

By choosing ¢ (ceq) non-negative, convex and such that ¢ (0) = 0, the mechanical dissi-
pation (II .21) is necessarily positive.

For the constitutive equations given in (II .15), by introducing o, = 3ck, the kinetic
relation (II .23) yields

Y = 0, >0 (IT .25)

Y < 0y deg=0
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In this context, one can write the dissipation potential of the pressure-dependent per-

fectly plastic matrix ™ (é’) as follows:
o™ (E) = ¢ (Creq) + we (deq, B) = 0y teq + We (aeq, B) (I1 .26)

where w, <deq, ﬁ) is the indicative function of a convex set Cy

) (a ﬁ_) oo (aeq,ﬁ') cC, = {(aeq,ﬁ') Ih (aeq,ﬁ') = hiteg — B < 0}
) 400 otherwise
(11 .27)

Since ¢ is not differentiable at ¢, = 0, the partial derivative in (II .23) must be
understood in the sense of sub-differential.

Eemark 1

The corresponding variation of the free energy is then

ow™  Oe°
m . . Py — _
dw™ = < 9e¢ B e : 0e ) Y (IN) 0cteq (IT .28)

Thus, the quantity Y (IN)dceq measures the variation of free energy at constant total

deformation for a given variation of cvq.

3.2 Local incremental potential J™

After introducing the free energy (II .17) and dissipation potential (II .26), the local
incremental potential J™ defined in (II .6) for the pressure-dependent plastic matrix can

be now written as follows:

(11 .29)

I (6o 8) = u" (e, B) + At (2, BB,

Accordingly, the condensed local incremental potential defined in (II .7) is determined

from the optimization of J"*, with respect to a and 3:

A (e) = ing J" (e, a, B) (IT .30)

3.3 Linearization of local incremental potential

In order to extend the EIV model proposed by Lahellec and Suquet (2007b) to rock-like

materials with a pressure-dependent perfectly plastic solid matrix, we should linearize the
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local incremental potential J™ given in (IT .29). On the other hand, compared with the

free energy given in Lahellec and Suquet (2007b) for composite materials, the free energy

for the materials considered here (II .17) relates to the volumetric plastic strain field 3. In

order to take advantage of the main results of Lahellec and Suquet (2007b), the following

linearization method is adopted respectively for the free energy density and dissipation

potential:

e Linearization of the free energy density w™(e,a,3) (see the detailed process in

Appendix A.)

w"(e,a,8) ~ wp, (e, a) (IT .31)
= %(e—a—(ﬂn)m—a—anné) :C™ (s—a—<5n>m—a—anﬁé)

Linearization of the dissipation potential ™ (d, B) Here we adopt the same
quadratic form as that used in Lahellec and Suquet (2007b) and Boudet et al. (2016)
related to a linear comparison material, i.e. %5 (o — &) @ (¢ — @&;,). In this ex-
pression, the scale coeflicient 79 and second-order tensor &, are both uniform in the

matrix.

We here take advantage of the key idea of the variational procedure proposed by

Castaneda (1992) and rewrite the local incremental potential as the sum of two terms:

© 2019 Tous droits réservés.

J" (e, a,B) ~ Jg" (e, ) + AJ™ (v, B)
J(’]”(e,a):%(s—a—<ﬁn>m—a—anm§) :C™ <€—a—(,8n)m—a—anﬁ5>

+ 5 (a—ay): (a—ay)

- _ ~ (a—am),
AJ™ (e, B) = oy (@ — o), — A (@ — &) 1 (@ — &) + Atwe (‘ At 0 At
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4 Optimization of the effective incremental potential

4.1 Estimation of the effective incremental potential 1A (&)

Based on the local incremental potential given in the previous section and making the

volumetric averaging, the effective incremental potential is expressed as:

H = — 3 f m : f J AJm ,T Z T
o) = gt G )+ A ) 43 o

(11 33)
One notices that the minimum over (e, 3) of (II .33) is attained with the condition of

we = 0. Accordingly, the secant function 7se (Geq) of the matrix is defined as

¢’ (Creq) _ Oy

= IT .34
30teq 30teq ( )

Nsct (aeq)

and Eq.(II .33) can be rewritten as

(ey=¢

IIa (8) = inf [fm<igf(J0 (e,a) + AJ™ (a > +Zf” b ] (II .35)

< <glf§{fm [<igf Jg" (€,Oz)>m <supAJm > } + Zfzr <w” }
where
AT (@) = [oy (o= ey = 7 (0= ) (o= ) (11 .36)

The local optimization problem in Eq. (II .35) is now to be performed with respect to the
internal variable a only rather than to («, 3) in Eq.(II .30) at every position z C €2,,,. This
largely deduces the complexity of the local optimization problem. The estimates (II .35)
of the effective potential IIa (€) for the rock-like materials with the pressure-dependent
perfectly plastic matrix without hardening have the same form as that related to nonlinear

viscoleastic composites without hardening in Lahellec and Suquet (2007b) .

4.2 Stationarity of the effective incremental potential 1, (&)

In order to further simplify the prediction of (II .35) (Lahellec and Suquet, 2007b;
Ponte Castaneda, 2002; Ponte Castaneda and Willis, 1999), the estimate of IIa (€) can be
obtained by requiring only the stationarity of AJ™ with respect to a, i.e.,

IIA (€) ~ é?:fe_ {fm [<igf Jy (e, a)>m <StatAJm > } + Z £ (W (

(11 37)
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It is worth noting that AJ is here non-quadratic. In order to express the stationarity of

AJ with respect to a, we here consider that the concavity of F' yields (Suquet, 1995)

—an)?
(AT (@), < (AT (@), = ALF (<(At)> ) (P (o) (o &)
" (11 .38)

The order relations (II .38) are deduced from the concavity of ' which ensures (F'(a)),, <
F{((a)),, for any field a (z) . Further, the sationarity of (AJ’ (a)),, with respect to o leads

to
(a — o) (. — &)
2n,——— = 2ng————= 1T .39
U 1, (IT .39)
where 7, is the secant viscosity associated with the perfectly plastic matrix, which is given
by:
= oy o = 2. .
Np = Nsct (a) =—=, witha=/-(a:q), (II .40)
36 3
The solution of (IT .39) gives:
oy — edn . 7o
a="nT 70 ith = 2 (IT .41)
1-6 Mp
With this relation, the expression of IIa (€) becomes:
IIa () = I (8) + f™ __mb (an — &)t (ay — ap) (IT .42)
At(0—1) m
with
N . .
My (&) = inf |f™ <inf T (e, a)> + 371 (w7 (o)), (I .43)
(e)=¢€ a m i

By using the stationarity condition over &, and 6 of (II .42), one gets

(a—ay): (a—ap))

h=1+ \/<(a” — &) : (@ = Gy (I1 .44)

m

- _ (), +(0-1){a),,

= IT .45
& . (11 45)
By making use of minimization of J" (&, ) with respect to c, one obtains
aJy 0 0 ~
C,)COV:—K:(Cm:(sm—a—<,8>m)—Cm:(s—a—<ﬁ>m)Q”%—QZZ(Q—(XH):O
(IT .46)
It is noted that Eq.(II .41) in its field form can be rewritten as
la—ay,) =(a—a,) Ve, (IT .47)
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Considering the expressions (II .69) and (II .47), one obtains

0 gzm - 31’15 ® (o — ) (11 .48)

then
e (), Pyl ) (11 .19)

with
Ty = _?;’:m - %cm e—a—(B)):5 (11 50)

Substituting Eqgs. (II .47) and (II .49) for (II .46) leads to

oJy" 0 ~
aiool:—K:(Cm:(s—a—(,@)m)-l-Q%(a—an):O (II .51)

with

1 K(om —C
n="mp + Tlep = = [Uy — 31‘10'm] = _% (II 52)
3 ls

or equivalently, the volume average of the deviatoric stress of the matrix phase

O (e — o _o — 2" (—a
sK:C": (e —a—(B),, = ZAt (a—ay) = 2At (. — &) (IT .53)
Finally, from (II .51), one gets
m , 201 _1. o™ . 20m - | _ ) ~
a_<(C +A75K> .[K.(C .5+Ean =dK:e+ea,
0
where d = %HJFM’ e= Lgf_w.

One notices that n expressed in (I .52) is not uniformed in the matrix due to the
non-uniform mean stress field o,,. For ease of calculation, the average value of 7 in the

matrix phase is here adopted

n—@%——%wﬁ?‘” (11 54)

4.3 Choice of a thermoelastic linear comparison composite (LCC)

Substituting the results (II .54) for the expression of J§'(e, o) in (II .32), the local

increment potential of the linear comparison composite 7" (&) is expressed as:

1
wgn(s):ingén(s,a)zis:Cgl:€+pgl:s+Cgl (IT .55)
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The tensors Cj*, pg* and scale (§* are all uniform in the matrix phase respectively given
by:

;

r=C"-C":K: (Cm%—%K)iliKiCm

Py = —2acm: (Cm + %K)_l Gy = €™ ((Ba) + @ — o)

—1 - -
G = P Cm: (€7 2K) Gt 3 ((Ba)yy + @ — annd) €™ (B, + & — Gakd)
(IT .56)
In these relations, 0, &,and n are defined in Eqs.(II .44), (II .45) and (II .54), respectively.

\

The effective free energy IIy (€) defined in Eq. (II .43) can be now written as

1

Iy (&) = 5

g£:C:e+p:e+¢ (I1 .57)

The effective tensors of C, p and scale ¢ are expressed in Appendix B.
Substituting the expression of Il (£) (Eq. (II .57)) for (II .42), one gets the macro-

scopic stress & of the rock composite from the effective incremental potential:

OllA (&) = dI1,
de 0

o =

N

(&) =" (o) + > fi" (o), =Cic+p (I .58)
r=1

where

(0),, =Cg" : (e),, + Po (IT .59a)
(0);, =C"": (e) (I .59b)

i,T

One notices that the macroscopic stress obtained above coincides with the volumetric

average of local stress field.

5 Computational aspects

5.1 Computation of the first- and second-order moment of [«

To calculate the constants € and &,, defined in Eqgs.(IT .44) and (II .45), it is needed
to calculate the first- and second-order moment of @ for the matrix. The first moment is

expressed as follows:
(o), = (dK : e + eay),, (IT .60)

Since d, e and &,, are uniform in the matrix phase, one obtains

(a),, =dK: (e),, +e:an, (I .61)

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Homogenization of rock-like materials with plastic matrix based on an incremental
42 variational principle

On the other hand, the second-order moment of a is expressed by:

(a:a), =d°K: (e®¢), +2ded,: (€),, + &, : ay, (IT .62)

m

The first and second terms at the right hand side of Eq.(II .62) are related to the second-
and first moments of € in the matrix. The calculation of these terms is respectively detailed
in Egs.(IT .78) and (I .75) in Appendix B.

5.2 Computation of the second-order moment of &

In order to calculate by Eq.(II .54), the denominator & related to the second-order

moment of ¢ should be first determined:

dzq/i(d:d)m:Alt\/g((a—an):(a—an))m (11 .63)

However, it is difficult to evaluate the product ((a — ) : (v — o)), due to the fact

that the term (o : av,),, cannot be calculated. With the help of Eq.(II .45), & can be

calculated through the following relation when 6 # 1

Qi
|

[At(f_e)} J 2 (0 = &) ¢ (0 — @), (I1 64)

where the first- and second-order moment of a are determined by (II .61)and (II .62),

respectively.

5.3 Local implementation algorithm

The local numerical algorithm for determining the macroscopic stress (&,11) of the
composite is now given. The algorithm is based on a classical elastic predictor/plastic
corrector return-mapping scheme. The difference here is that the average values of trial
elastic stress in the plastic matrix are used in the yield function. This algorithm is then
implemented as an UMAT subroutine in the framework of a the standard finite element
code (Abaqus). The RVE of the composite at each Gauss point at the macroscopic scale
is subjected to a macroscopic strain &,,1 = &, + A& at t,11 with the prescribed strain
increment AZ (A& = £At). The purpose here is the determination of corresponding
macroscopic stress verifying the local constitutive relations. The computational procedure

is summarized in Algorithm 3.
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Algorithm 1: Flowchart of the local implantation algorithm

Input: é_v At, G, En, <an>m s <;6n>m s <'Yr]:z)>m ) <an : an>m7 On, M
Output: On+1,Entl, <an+l>m ) </6n+1>m ) <’7£+1>m <7 (6 27 Ey an+1>ma gn-‘,—lv TIn+1

1 &,41 = &, + EAL,

2 Initialize 1,41 = My, Onr1 = On

3 Calculate AT, ;, A;:l, U an_H, Cllits Pont1s

4 Calculate first order moment of strain field (€,41)7" = A™, | : &,41 + @y,
(ens1)in™ = Ay Ensr +ayly,

5 Elastic prediction: (o7, 11)"" = C™ : ((€,41)"" — (ev),, — (Bn),,), substituting

(an+1>f;;ml into the yield function f in Eq.(IT .15).

6 if f (<an+1>fj;ml) < 0 then

7| (ent)m = (Enridm i (Ent)iy = (Ent)in® (@nit)y = 05 (Buti), =
0; <’Y£+1>m = 0; (an+1 ¢ an+1>m 0

8 else

9 (For clarity, the subscript n+1 will be omitted in the for loop)

10 for j =1...mjter, do

11 Calculate CtYs P06 S0y and C; with Egs. (II .56) and (II .74a)

12 Calculate AT, Al 7 al, al " (with Eq.(IT .79) for two-phases composite).

13 Calculate ﬁrst moment of strain field (), ; = AJ" : £+ a}" and
(€);,; =AY - &+ al" with Eqs.(I1 .75) and (II .76) ;

14 Calculate effective internal variable &, ; and (c),, ; with Eqgs.(II .45) and
(I .61);

15 Calculate second moment of strain field K:: (e ® €),, ; and (a: @),
with Egs.(II .78) and (II .62);

16 Calculate &;, (B)y; and (4F),, ; with Eqs.(II .64), (II .69) and (II .70).

17 Calculate ; and n; with Egs. (H A4) and (IT .54);

18 if |59 | <€ and |5”J| < ¢, then

19 ‘ Return,

20 else

21 ‘ j=7+1

22 end

23 end

24 Calculate (0741),, and (on+1);,. by using Eq.(II .59)

25 | Fn1 = (Oni1) = [T (Tni1)y + Sy [ (Ont1); 05

26 end

6 Numerical assessment

The purpose of this section is to verify the accuracy of the proposed model by compar-

ing its predictions with reference solutions. Two kinds of materials are considered. The

© 2019 Tous droits réservés.

lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Homogenization of rock-like materials with plastic matrix based on an incremental
44 variational principle

first one is composed of a pressure sensitive Drucker-Prager perfectly plastic matrix in
which elastic mineral grains are embedded (Figure II .2(b)). The second one is a porous
material with a Drucker-Prager matrix and pores (Figure II .2(c)). In this section and
section 7, the effective properties of the LCC as well as the field statistics are evaluated by
using the Hashinand Shtrikman bounds, i.e., the HS lower bound for inclusion-reinforced
material and upper bound for porous material, more details are given in Appendix C. The
reference solutions are obtained by direct simulations on unit cells using the finite element
method (FEM). The micro-structure of studied materials is represented by an periodic
assembly of 3D unit cells containing spherical inclusions or pores. Taking advantage of
axial symmetry, the actual hexagonal cell is approximated by a cylinder one and only half
an axial symmetry plain is considered in the FEM calculations, as illustrated in Figure 11
.2. The macroscopic responses of unit cells are calculated by volumetric averaging (Sun

and Vaidya, 1996).

Z L ' zZ L i
> * "
WL WL
— D fe—
D «—
Matrix — p|  Matrix —
— M —
«— : -~
«— : —
f— f—
D >
« le—
— le—
0 IS 0 IS
(a) Approximation of 3D hexagonal periodic array (b) Inclusion-  (c) porous material
material reinforced material

Figure II .2: Approximation from 3D hexagonal periodic array with spherical inclu-

sion/pore to axi-symmetric cylinder unit cell

Uniaxial compression tests and conventional triaxial compression tests are here con-
sidered for the two types of materials selected here. In each case, the composite material
is first subjected to a hydrostatic stress or a confining stress and then to a differential
stress by increasing the axial strain in the z direction. During the differential stress stage,
the vertical displacement on the top side of the unit cell Uz is prescribed with a constant
rate. The lateral displacement Us is also kept uniform along the boundary to satisfy the
uniform strain boundary condition.

For the inclusion-reinforced material, the material parameters for each phase under
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consideration are listed in Tables II .1 and II .2. The volume fraction of inclusion is
f* = 15%. The boundary conditions are illustrated on Figure II .2(b) and summarized as

follows: )

U3(T,H):Ug, O<r<lL

UQ(L,Z):UQ, O0<z< H
(11 .65)

Us(r,0)=0, 0<r<L

Uy (0,2)=0, 0<z<H

Table II .1: Parameters of solid matrix for composite

E™ (MPa) v™ & c¢(MPa)

3000 0.3 0.227 30

Table IT .2: Parameters of elastic inclusion

E' (MPa)

98000 0.15

For the porous material, the parameters for the solid matrix are the same as those
used for the inclusion-reinforced material and listed in Table II .1. The selected porosity
is f* = 15%. The prescribed boundary conditions on the unit cell are presented below and

illustrated in Figure I .2(c):
Us(r,H)=Us, 0<r<L
UQ(L,Z):UQ, O<z< H
(IT .66)
Us(r,0)=0, R<r<L

Uy(0,2) =0, R<z<H

In Figure I1 .3, we present the macroscopic stress-strain curves for both the inclusion-

reinforced material and porous material under uniaxial and triaxial compression tests with
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Figure II .3: Macroscopic predictions for two kinds of composite material with Drucker-
Prager perfectly plastic matrix and inclusion/pores (f* = 15%) under triiaxial compres-

sions with different confining stress

different confining stresses, respectively obtained by the proposed incremental variational
model and direct finite element simulations. One can observe that the model’s predictions

coincide very well with the FEM solutions both for the all cases considered.

7 Extension to plastic matrix with isotropic hardening

It is known that the isotropic plastic hardening of rock-like materials is usually de-
scribed by the evolution of internal frictional coefficient . In this study, we consider the

following specific hardening law:
K(YP) = K — (Km — ko) €1 (I .67)

where kg and k,, denote the initial threshold and the asymptotic value of the frictional
coeflicient respectively, while b; is a parameter controlling the plastic hardening rate.

In order to account for this kind of plastic hardening in the incremental variational
model and avoid complex mathematical treatment, we shall here propose a heuristic ex-
tension of the model formulated for materials without plastic hardening. According to
the theoretical formulation presented in Sections 3 and 4, when the values k and ¢ are
constant, the average secant viscosity function of solid matrix 7 is given in Eq.(IT .54). We
here assume that this result remains applicable for the solid matrix where the value of k
is updated at each loading increment. Therefore, the average secant viscosity function is

written as:

K () m) (Om)y, = €)

&

= (II .68)
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In this expression, (74),, is the average value of equivalent plastic shear strain field in
the solid matrix 7P at step n, which is denoted in Eq.(IT .70). It is noted that when
the isotropic hardening is considered, the value of frictional coefficient & ({7}),,) is also

updated in the yield function at each loading increment.

Remark 2

] The framework proposed in Sections 3 and 4 can also be easily extended to an alter-
native form of Drucker-Prager criterion written as(ceq + 3kop, — ¢ = 0) with a plastic
hardening law on hydrostatic tensile yield stress c. In this context, if we choose k = 0,
the present model will coincide with that proposed by Boudet et al. (2016), who ex-
tended the work of Lahellec and Suquet (2007b) to composites with J2 plastic matrix

including an isotropic hardening.

7.1 Comparisons with FEM simulations

In this subsection, we shall verify the accuracy of the heuristic extended incremental
variational model for materials with an isotropic hardening also by comparing the model’s
predictions with numerical results provided by finite element simulations. As for the
validation presented in Section 6.2, we here also consider two kinds of rock-like materials:
inclusion-reinforced material and porous material. Conventional triaxial compression tests
are studied. The boundary conditions for the inclusion-reinforced material and porous
material are the same as those given in (2) and (II .66), respectively. For the isotropic
hardening law, we here choose kg = 0.00001, k., = 0.227 and b; = 140 for all numerical

calculations.

7.1.1 Inclusion-reinforced material

Two volume fractions of mineral inclusions are considered, respectively equal to f* =
5% and f* = 15%. In Figure II .4, the macroscopic stress-strain curves for the uniaxial
compression test are presented. There is a good agreement between the model’s predictions
and FEM solutions.
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Figure II .4: Macroscopic predictions for a peridic inclusion-reinforced material with
Drucker-Prager matrix and elastic inclusions for two volume fractions of inclusions: f* = 5%

and f* = 15% under uniaxial compression

To further access the accuracy of the proposed model, a sensitivity analysis on the
parameters k., and b is performed and the obtained stress-strain curves are presented
in Figure II .5. One can see again a good agreement between the model’s predictions
and FEM solutions. In Figure II .5(b), a sharp elastic-plastic transition is clearly seen
with k9 = 0.1. In order to assess the effect of confining stress on macroscopic mechanical
behavior of rock-like materials, two values of confining stress are here considered, namely
5MPa and 10MPa for f = 15%. The obtained stress-strain curves are presented in Figure
IT .6. It is clear that the model’s predictions coincide with the FEM solutions very well.
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Figure II .5: Macroscopic predictions for a peridic inclusion-reinforced material with
Drucker-Prager matrix and elastic inclusions (f? = 15%) under uniaxial compression for

(a) different k., and (b)different ko and (c) different by

7.1.2 Porous material

Two values of porosity are here considered, namely f* = 15% and 5%. The obtained
macroscopic stress-strain curves are shown in Figure II .7 for the uniaxial compression
test. One can see that there is a good agreement between the model’s predictions and
FEM results. Furthermore, the influence of confining pressure on macroscopic responses
of porous material is also investigated. The obtained results are presented in Figure II .8
for two different values of confining pressure, 5MPa and 10MPa. Once again, the model’s

predictions are in good concordance with FEM solutions.
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Figure II .6: Macroscopic predictions for a periodic inclusion-reinforced material with
Drucker-Prager matrix and elastic inclusions (f* = 15%) in triaxial compressions with

different confining pressures

30 [ 6y (MPa)

Figure II .7: Macroscopic predictions for a peridic porous material with different porosity

in uniaxial compressions test

7.2 Application examples

In this section, we present two examples of application of the proposed incremental
variational model for rock-like materials. The first example is about a Portland cement

mortar and the second one is on a typical sandstone.
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Figure IT .8: Macroscopic predictions for a peridic porous material with Drucker-Prager

matrix and porosity f* = 15% in triaxial compressions with different confining pressures

7.2.1 Application to mortar

The mechanical behavior of a normalized mortar (European norm EN 196-1) with
a water to cement ratio equal to 0.5 was investigated in Yurtdas et al. (2004). At the
mesoscopic scale, this material can be approximated by a continuous cement paste in
which sand grains are randomly embedded. The volume fractions of the cement paste
and sand are respectively equal to f™ = 40% and f' = 60%. The cement paste is
regarded as a Drucker-Prager plastic matrix, and the sand grains as elastic inclusions
phase. For numerical simulations, 2 elastic coefficients should be determined respectively
for the cement paste and sand. Further, 3 plastic parameters are involved in the cement

paste.

The elastic coefficients of quartz sand have been chosen from literature, namely E? = 95
GPa, and v* = 0.15. The elastic coefficients of the cement paste are not directly measured.
They are identified from an inverse homogenization procedure. The macroscopic elastic
coefficients of the mortar are first expressed as functions of the elastic properties of cement
paste and sand as well as of volume fraction of sand. Then their values are determined
from triaxial compression tests. Now knowing the elastic coefficients of sand and its
volume fraction, it is possible to extract the elastic coeflicients of cement paste from the
macroscopic elastic properties. For the mortar studied here, one gets the following values
of E™ = 12 GPa for the elastic modulus and of v™ = 0.2 for the Poisson’s ratio. The
values of plastic parameters of cement paste by iterative numerical fitting of experimental

stress-strain curves in a triaxial compression test. The calibration procedure is similar to
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that used in (Guéry et al., 2008; Shen et al., 2012). The obtained parameter values are
given in Table II .3.

Table IT .3: Typical values of model parameters for each phase of cement mortar

Phase 1:cement paste matrix Phase 2:sand

Elastic parameters FE™ = 12GPa E' = 95GPa
V™ =0.2 V' =0.15
Plastic parameters xg = 0.167
Km = 0.25

c = 32MPa

One uniaxial compression test and one triaxial compression test with a 15MPa con-
fining stress are considered here. It was found that the plastic hardening behavior of the
studied mortar was strongly sensitive to confining pressure Yurtdas et al. (2004). As shown
in Figure IT .5(c), the plastic hardening rate is controlled by the parameter b;. There-
fore, two distinct values of the parameter b; are used in numerical calculations, namely
b1 = 2000 for the uniaxial compression and b; = 70 for triaxial compression test with a
confining stress of 15MPa. With additional experimental data, it will be needed to identify
a continuous evolution law of this parameter with confining stress.

Using the above parameters, numerical simulations are performed using the proposed
incremental variational model. The obtained macroscopic stress-strain curves are com-
pared with experimental data in Figures IT .9. One can find a good agreement between
the model’s predictions and experimental data. Especially, the axial strain is well re-
produced for two values of confining stress. However, as shown in the comparisons, the
proposed model overestimates the lateral strain or volumetric dilatancy. That is due to
the fact that the present incremental variational model is based on the framework of
Generalized Standard Materials (GSM), implying an associated plastic flow rule for the
cement paste matrix. In order to improve the prediction of volumetric strain in future, an
extension of the present model is needed by considering a non-associated plastic flow rule

for the matrix phase.
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Figure IT .9: Comparisons between experimental data and numerical model results for

triaxial compression tests on Mortar

7.2.2 Application to Vosges sandstone

The Vosges sandstone has been investigated in previous studies for various engineer-
ing applications (Bésuelle et al., 2000; Khazraei, 1996). As a first approximation, the
sandstone can be represented an isotropic porous material. The average porosity is about
20%. The solid matrix is composed of nearly 93% quartz grains and a small quantity of
feldspar and white mica. The mechanical behavior of the solid matrix is here described
by an pressure sensitive plastic model based on the Drucker-Prager criterion.

As input data to the incremental variational model, both elastic and plastic parameters
of the solid matrix should be identified. Unfortunately, direct measurements of those
parameters are not available. We have then used an indirect calibration method. As for
the mortar studied above, the elastic coefficients of the solid matrix are obtained from the
inverse Mori-Tanaka homogenization scheme. The plastic parameters are obtained from
an iterative numerical fitting of experimental stress-strain curves. The obtained values of

parameters are listed in Table IT .4.

Table II .4: Parameters of solid matrix for porous Vosges sandstone

E™ (GPa) v™ Ko Km c(MPa) by

40 0.25 1075 0467 45 800
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Figure IT .10: Comparisons between experimental data and model numerical results for

triaxial compression tests on Vosges sandstone

In Figure I .10, one shows the comparisons of macroscopic stress-strain curves between
the incremental variational model and experimental data, for four values of confining stress.
Generally, there is a good agreement. The main features of the mechanical behavior of
sandstone are well reproduced, for instances, the influence of confining stress, plastic strain
hardening and peak strength. However, as for the mortar, some scatters are obtained.
The lateral strain is still overestimated by the micro-mechanical model. The use of a
non-associated flow rule for the solid matrix would improve these results. Furthermore,
the peak strength of sandstone is also overestimated for the test with low confining stress,
i.e., 5MPa. This is due to the fact that the linear Drucker-Prager criterion used for the
solid matrix is maybe not well adapted in the zones of low mean stress and tensile stress.
The use of a curved yield surface, for example the Mises-Schleicher yield criterion, for the

solid matrix would improve numerical results.

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Concluding remarks 55

8 Concluding remarks

In this paper, we have proposed a new micro-mechanical model based on the incremen-
tal variational principle for describing the elastic-plastic behavior of rock-like materials.
The microstructure of materials is composed of a pressure sensitive Drucker-Prager solid
matrix in which elastic inclusions or pores are embedded. The effective incremental vari-
ational (EIV) principle proposed by Lahellec and Suquet (2007b) has been extended in
order to account for the volumetric plastic strain and pressure-dependency of plastic de-
formation in the solid matrix. The proposed model is able to account for the non-uniform

local plastic strain field in the solid matrix.

The proposed model has been formulated in two steps. At the first step, by assuming an
elastic-perfectly plastic behavior for the solid matrix, the incremental variational model has
been properly formulated. The local dissipation potential and incremental potential have
been constructed for the pressure sensitive plastic matrix. An appropriate linearization
procedure has been introduced for the local incremental potential and for reducing the
complexity of local variation procedure. The accuracy of the proposed micro-mechanical
model has well been demonstrated through the comparisons with direct field finite element

simulations for both inclusion-reinforced and porous materials without plastic hardening.

At the second step, a heuristic extension of the micro-mechanical model has been pro-
posed in view of estimating effective behaviors of rock-like materials with an isotropic
plastic hardening law. This has been done by assuming that the general incremental vari-
ational formulation obtained from perfectly plastic solid matrix remains applicable for
materials with isotropic hardening. The plastic hardening has been simply taken into
account by updating the value of international frictional coefficient at each loading incre-
ment. The accuracy of the heuristic extended model has been well verified by comparing
the model’s predictions with finite element results also for both inclusion-reinforced and
porous materials. Furthermore, the proposed model has been applied to describe the me-
chanical behaviors of cement mortar and sandstone under triaxial compression tests. The
numerical results obtained were generally in good agreement with experimental data. The
main features of their responses have been correctly reproduced. Due to the fact that an
associated plastic flow rule was adopted for the solid matrix, the volumetric strain was
not well reproduced. This aspect will be improved in our ongoing work by considering
a non-associated plastic flow rule for the plastic matrix. This will be done by using the
concept of bi-potential theory proposed by Saxcé and Bousshine (1998) to deal with the

non-associated plastic potential function.
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Appendix A: Linearization of local free energy function (11 .17)

Inspired by Boudet et al. (2016), the volumetric plastic strain field 3 and the internal
variable field 4P are taken as uniform in the solid matrix, by using their average values re-

spectively denoted as (3),, and (7?), . By taking into account Eq.(II .16), their evolutions

are determined as follows:

where (3,),, and (7%),. are the volume

step n, and

(Bn),, + CAtrS
(V) + GAL

(11 .69)
(11 .70)

average values of fields 3 and v over matrix at

1 /2
= aV3

Q-

a—oy): (a—ay)),

1
—a—ay,

N

(11 .71)

Accordingly, the free energy denstiy is approximated by

w™ (e, a, B) =~ wyy (e, ) = %
(IT .72)

Appendix B: Effective behavior and field statistics for RVE

The effective energy Il (&) is written as

Hg(é)z%é:@:é—f—ﬁ:é—i—& (I1 .73)
where
N . . .
C=fmCq:A™+ ) forCr: A (IT .74a)
r=1
p=f"py: A™ (I .74b)
C= 1" (G + Py a™) (I .74c)

The average of the local strain filed in the matrix can be related to the macroscopic
(Willis, 1981)

m

strain by two strain concentration tensors A™,a™, i.e.,

(€),,=A":g+a™ (IT .75)

Similarly, the average of the local strain filed in the inclusion phase r can also be expressed
as

(€)i, =A &+ a’"

1

(11 .76)
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One notices that the fourth-order tensors A” and A#r can be identified to those com-
puted for composites in the purely elastic case. However, the expressions of second-order
tensor @™ and a®” are necessary to compute the phase averages of stress and strain.

The second-order moment of the strain filed € in the matrix phase can be obtained
from the effective free energy Ilj (£) by the relations given in (Lahellec and Suquet, 2007b;

Ponte Castaneda, 2002)
2 0l

= Fracy
Note that Cf* can be expressed by two effective moduli as C* = 3k™ J+2u7" K. Then

(e®e),, (IT .77)

the deviatoric part of the second-order moment leads to(Huang et al., 2015; Lahellec and

Suquet, 2007a)
1 0l

~Jmoug

In order to take advantage of the explicit expressions of the tensors A™ | A®", @™ and

K:(e®e¢), (IT .78)

a’r, a two-phase material, one phase of elastic inclusion (r = N = 1) and one phase of
elastic-plastic matrix, is considered for the validation and application. In this case, the
fourth order concentration tensors associated to the Hashin and Shtrikman (HS) estimates
are adopted (Hashin, 1962)

A = I+ fl (cr—cp) T (C—- @) (IT .79b)
a® = (Cp—-C") T 1—AnT:pp (IT .79¢)
" = (€7 ) (I Aiy)T (I179d)

where (C) = fmCp + for CH".
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Chapter II1

Homogenization of rock-like
materials with a non-associated
and strain-hardening plastic
matrix by a bi-potential based

incremental variational approach”

In this paper, we shall develop a new bi-potential based incremental variational (BIV)
approach for estimation of elastic-plastic behavior of rock-like materials. The studied
materials are assumed composed of a non-associated plastic matrix. Elastic inclusions or
voids are embedded in the plastic matrix. This class of materials does not belong to gener-
alized standard materials investigated in previous studies. For simplicity, the behavior of
solid matrix is first assumed to be elastic-perfectly plastic at each loading increment. The
emphasis of the present study is firstly put on the treatment of non-associated plastic flow.
This is done by using a bi-potential theory based method, allowing the determination of
the incremental potential of plastic matrix. The effective incremental potential and macro-
scopic stress tensor are then estimated through an extension of the incremental variational
principle established by Lahellec and Suquet (2007b). The accuracy of the BIV model is
verified by comparing the model simulations with with reference results obtained from
direct finite element simulations. In order to consider the solid matrix exhibits isotropic

hardening, we assume that the general form of BIV model remains valid, and the model

*Submitted to International Journal of Engineering Science
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is extended simply by updating the value of frictional coefficient and dilatancy coefficient
of solid matrix at each loading increment. The accuracy of BIV model in this case is
validated by a series of comparisons with reference solutions obtained from full-field finite
element simulations respectively for inclusion-reinforced materials and porous materials.
Both local and macroscopic responses are compared. As an example of application, the
heuristic extended BIV model is used to estimate mechanical responses of typical clay-
stone and sandstone under different loading paths, showing the BIV approach could well
reproduce the specific properties of rock-like materials such as the influence of mean stress,

strain hardening and volumetric compressibility-dilatancy transition.

1 Introduction

Soils, rocks and concretes are largely used in civil engineering. These materials con-
tain different kinds of heterogeneities at different scales. Pores and inclusions are two
main families of heterogeneities. Furthermore, these materials are composed of several
mineral phases of different properties. The mineral compositions may significantly vary
in space, for instance with geological depth. Laboratory studies have shown that macro-
scopic physical and mechanical properties of these materials are affected by heterogeneities
and mineral compositions. So far, different kinds of macroscopic models, mainly elastic-
plastic and damage models have been developed for modeling mechanical properties of
rock-like materials. Fitted from a large number of laboratory tests, these models are able
to correctly reproduce main features of mechanical behavior of studied materials. How-
ever, they are not able to properly consider the effect of heterogeneities and mineralogical
compositions on macroscopic mechanical responses.

Based on linear homogenization techniques, micro-mechanical models have first been
developed during the last decades for modeling of induced damage in brittle rock-like
materials (Zhao et al., 2018; Zhu et al., 2008a, 2016). Important advances have also been
obtained on micro-mechanical modeling of plastic deformation in rock-like materials using
nonlinear homogenization methods. For instance, clayey rocks have been characterized
as a matrix-inclusion composite material at the mesoscopic scale, constituted of a plastic
clay matrix in which calcite and quartz grains are embedded (Guéry et al., 2008; Jiang
et al., 2009). The microstructure of clayey rocks has further been enriched by considering
the clay matrix as a porous material with pores at the microscopic scale (Shen et al.,
2012). The nonlinear behavior of the plastic clay matrix has been handled by using the
Hill incremental method (Hill, 1965b). This method has also been largely used in various
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composite materials. It is found that the use of simple Hill’s incremental method generally
leads to a too stiff mechanical strength of heterogeneous materials (Chaboche et al., 2005;
Suquet, 1996). The main reason of such results is the fact that uniform strain fields are
assumed in constituents in the Hill’s model. In order to improve the numerical performance
of this model, artificial techniques, such as isotropization of tangent elastic-plastic stiffness
tensor, have been proposed. This correction technique has been applied to clayey rocks
(Guéry et al., 2008; Jiang and Shao, 2009; Shen et al., 2012). However, the isotropization

procedure is not based on any physical background.

Meanwhile, advanced nonlinear homogenization techniques have been developed for
composite materials considering non-uniform local fields in constituents(Boudet et al.,
2016; Brassart et al., 2011, 2012; Castaneda, 1991, 1992, 2002b; Danas and Castaneda,
2012; Lahellec and Suquet, 2007a,b, 2013), just to mention a few. Variational principles
based on the use of a ”linear comparison composite” (LCC) were proposed for the mean
field homogenization of nonlinear elastic composites (Castaneda, 1991, 1992, 2002b), and
used to generate improved bounds and more generate estimates for the nonlinear elasto-
plastic composites (Castaneda and Suquet, 1997; Danas and Castaneda, 2012). Motivated
by the previous work (Castaneda, 1991), Lahellec and Suquet (2007a,b) proposed their
new incremental variational method for nonlinear viscoelasticity composites without local
threshold or hardening. In this method, equivalent interval variables (EIV) are defined
to capture the non-uniform local plastic strain field. Recently, the same authors (Lahel-
lec and Suquet, 2013) proposed a rate variational model (RVP)considering a non-uniform
field of plastic strain rate. The RVP model is able to deal with elastic-viscoplastic com-
posites with local threshold, isotropic and linear kinematic hardening. More recently,
the work of Lahellec and Suquet (2007b) has been extended in Boudet et al. (2016) for
elastic-(visco)plastic composites with local threshold and isotropic and/or linear kinematic
hardening. On the other hand, based on the variational principle established by Ortiz and
Stainier (1999), alternative incremental variational models have been proposed in (Bras-
sart et al., 2011, 2012) for elastic-(visco)plastic composites with local isotropic hardening.
However, all these previous models have been developed in the scope of Generalized Stan-

dard Materials (GSM) (Halphen and Nguyen, 1975) with an associated plastic flow rule.

The contribution of the present work is to develop a new incremental variational model
for rock-like materials which do not verify the assumptions of generalized standard materi-
als. Indeed, for most rock-like materials, the transition from volumetric compressibility to
dilatancy is an essential issue. It is generally related to a non-associated plastic flow rule.

The plastic behavior is described by two distinct functions, the plastic yield criterion and
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the plastic potential. However, according to innovative studies on the bi-potential theory
(De Saxcé, 1995; De Saxcé and Feng, 1991; Saxcé and Bousshine, 1998), rock-like materials
can be attributed to a class of implicit standard materials (ISM). This concept has been
successfully used for various soil and rock-like materials (Bodovillé, 2001b; Bodovillé and
De Saxcé, 2001; Hjiaj et al., 2003). The use of a bi-potential function allows simultaneously

to define the yield locus and the flow rule, although they are not associated.

In this study, we shall consider a class of rock-like materials composed of a non-
associated Drucker-Prager type plastic matrix, elastic mineral inclusions and(or) pores.
A new bi-potential based incremental variational model (BIV) is proposed to consider
non-uniform stress and plastic strain fields in the matrix. It is worth pointing out that
most rock-like materials generally exhibit plastic hardening. In the case of an isotropic
plastic hardening is considered, the hardening of rock-like materials is generally represented
by the variation of internal frictional coefficient rather than the evolution of cohesion.
However, this kind of plastic hardening renders the analytical formulation of BIV model
very complex. To this end, we propose here a simplified approach. As the whole loading
history is divided into a limit number of increments, the behavior of solid matrix is first
assumed to be elastic-perfectly plastic for each loading increment. The general formulation
of BIV model is obtained for this particular case. The proposed model is validated through
comparisons with reference results obtained from direct finite element simulations for
materials without plastic hardening. Then, we assume that the obtained formulation
remains valid when the solid matrix exhibit an isotropic plastic hardening. The model
is extended simply by updating the value of frictional coefficient of solid matrix at each
loading increment with a specific law. The proposed extended model is validated against
FEM results both for local and macroscopic responses. Finally, the proposed extended
model is applied to to study mechanical behaviors of a typical clayey rock and porous

sandstone in various loading paths.

2 Bi-potential of non-associated Drucker-Prager plasticity

model

We consider here a class of rock-like materials with a perfectly plastic matrix described
by a non-associated plastic model. As those materials are not generalized standard ma-
terials (GSM), we shall here propose an extension of the incremental variational method

previously developed for GSM by using a bi-potential theory.
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2.1 The non-associated model for plastic matrix

We adopt here a non-associated plastic model without strain hardening for the matrix
phase with the assumption of small strain. The model is based on a Drucker-Prager

criterion and the local yield function is written as:
f(O) = 0eq + 36 (0 — ) <0 (I1I .1)

where 0.y = \/%s : s is the equivalent stress (with s = o : K), and o,, = %0' :  the mean
stress. The parameter ¢ and k respectively represent the hydrostatic tensile strength and
friction coefficient of the matrix.

The non-associated plastic flow rule is defined by the following plastic potential:
9(0,X) = Oeq + 3xOm (111 .2)

Further, for any stress state situated on the regular part of the yield surface, it is
assumed that the plastic dilatancy coefficient y is equal or less than the friction coefficient,
i.e., x < k (Hjiaj et al., 2003). The corresponding rate form of plastic strain e? is expressed

as follows:

0 3
&P — 7p% — 4P (2; T xé) (11 .3)
eq

where 4P is an internal variable. For convenience, the plastic strain tensor is decomposed

into a spherical part and a deviatoric part:
1
e=a+06, a=¢€":K, ﬂ:sp:J:§trsp6:ﬁ(5 (11T .4)
One thus obtains:

2 . 1
Wp:\lgd:d:o'zeq, a=K:éeP, ﬁ:§trépzxdeq (I1T .5)

It is noted that the apex point on the Drucker-Prager yield surface is not taken into
account here. More discussions about this issue are given in the previous work by Hjiaj
et al. (2003).

2.2 Bi-potential function for the non-associated plastic model

According to Hjiaj et al. (2003), the bi-potential formulation of a non-associated

Drucker-Prager model without strain hardening takes the form

) 3cB+3(x — k) (Om —¢)deg if f(o) <0
b, (o,€P) = (I1I .6)

+o00 otherwise
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The proof that the function (III .6) is a bi-potential has been given is given in Hjiaj et al.
(2003).With the help of Eq.(IIT .5), the function (III .6) can be rewritten as

[Bom (X — K) + 3ck]beq = oybeq if f(o) <0
by (o, ) = iy (I .7)

400 otherwise

Remark 3
The second part of the first line in the right hand side of Eq. (111 .7) contains a mixed
term of stress and plastic strain rate. When x = k, the mixed term disappears and

the bi-potential reduces to the plastic dissipation potential for GSM.

3ckdeg if f(o) <0
by (o,6&) = (&) = (111 .8)

400 otherwise

3 Bi-potential based incremental variational principle for

rock-like materials with a non-associated plastic matrix

In this section, we shall propose a bi-potential theory based incremental variational
model (BIV). The incremental variational principle proposed by (Lahellec and Suquet,

2007b) for GSM is extended to rock-like materials with a non-associated plastic matrix.

3.1 Representative Volume Element (RVE) and constituents properties

At the microscopic scale, rock-like materials are characterized by an isotropic solid
matrix in which mineral grains and pores are randomly embedded. The Representative
Volume Element (RVE) is shown in Figure II .1, occupying the domain 2 C R™im (ng;, =
1,2,3) and having a boundary  C R™im~!  The solid matrix occupies the sub-domain
Q™ C R"™im, [t is characterized by an isotropic elastic tensor C™ and the non-associated
plastic model presented above. The r*" phase of inclusion (solid grains or pores) occupies
the sub-domain Q%" C R™im =1, ..., N, and characterized by the elastic stiffness tensor
C%". The phase of pores is here treated as a special inclusion phase with a vanished elastic
stiffness.

For the convenience of the subsequent formulation, the total volume of the RVE is

denoted as Vo, the volume of matrix as Vm, the volume occupied by the 7 inclusion
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phase as Vqir. Accordingly, the volume fractions of the constituents are defined as

m Vom ir
o= Yo g o

Lir
; |
Va

VQ ) VR

N; (I11 .9)

Further, the operator (-) denotes a volume average over the whole RVE, (:), is a volume
average over the matrix, and <>” is a volume average over the rt" inclusion phase. That

is

) —1/ () dVa = " () +§:f” (-) (TIT .10)
= VQ v 0= m 2 i .
with 1 )
O = Vor Jvorn () dVam; (), = Vo /VQ (-) dViyirr (II .11)

3.1.1 Incremental potential of the elastic-plastic matrix

From the viewpoint of bi-potential theory, the non-associated perfectly plastic matrix
can be seen as an implicit standard material (ISM) (De Saxcé and Bousshine, 2002; Hjiaj
et al., 2003). In this context, at any point z € Q™ the local mechanical behavior can be
described by two thermodynamic potentials. The first one is the free energy w", which is
convex of strain field € and plastic strain fields eP. The second one is the aforementioned
bi-potential b, (o, €P) instead of the dissipation potential for GSM. In fact, a GSM can
be seen as a special case of ISM. In this context, the bi-potential is equivalent to the
dissipation potential as it is noted in Remark 3. Consequently, the classical EIV principle
for GSM is here treated as a special case of the BIV principle for ISM that is developed in
this study. By assuming that the elastic behavior is independent of irreversible process,

the free energy function w™ (e, eP) yields
1
wm(e,sp):i(s—a—ﬁ):Cm:(e—a—ﬁ) (I1I .12)

where the isotropic elastic stiffness tensor is expressed as C™ = 3k™J + 2u™K, with &™
and p" being the bulk modulus and shear modulus of the matrix respectively.
By making the standard derivation of free energy function, the conjugated thermody-

namic forces associated with € and &P are determined:

o= 8505 (e,&)=C":(e—a—-p) (I1I .13a)
ow™ 0b
= — Py — p 2p
o 5ep (e,eP) 9ep (o, €P) (III .13b)

As in the incremental variational method developed for GSM Lahellec and Suquet

(2007b) and based on the work by Ortiz and Stainier (1999), the time derivative &P is
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approximated by a difference quotient after use of an implicit Eular-Scheme. The time
interval (loading history) of study [0, 7] is accordingly discretized into the time (loading)
steps to = 0,t1, ..., tn, tnt1, ..., ty = T. The time increment between ¢, and t,4+1 (loading
step) is denoted by At. For the sake of simplicity, its dependence on n is omitted. By using
this time-discretization scheme, the system of differential equations (I1I .13) is transformed

to the following discretized system:

=0
(I11 .14)

The values of local fields at time t,+1 (€pt1,0n11,€L +1) are unknown, while their values

ow™ » ow™ » obP e .1 —€n
On+1 = e (€n+17€n+1) " e (€n+17€n+1) + Der On+1, AL

at time t, (€n,0n,€h) are assumed to be all known. We introduce here the following

incremental potential J™, function of local variables €, o and &P:

el — el
J" (e,0,eP) =wm(e,e?) + Atb | o, A7 (IIT .15)
For the sake of clarity, the subscripts n+ 1 are omitted. Notice that the second relation in
(I1T .14) is the Euler-Lagrange equation of the variational problem for the minimization of
the local incremental potential with respect to €P. This leads to the following condensed

local incremental potential:
A (e,0) = inf J™ (e,0,€P) (III .16)
1>

After that, the local stress field o in the solid matrix can be derived from this sole potential

_omg

3.1.2 Behavior of elastic inclusion

At any point inside the elastic inclusion phase, i.e., z € Q%", the free energy func-
tion w"” is the sole convex potential of inclusion strain field e. Accordingly, the local

incremental potential ﬂiA’r of the elastic inclusion phase r reads

. . 1 :
ﬂ_’LA,T =" () = 55 :CY e (I1T .18)

The local stress field o in the inclusion phase r is determined by:

@,T
AN

o= aé_(f-s)zC’:z-s (IIT .19)
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3.2 Effective behavior of heterogeneous rock-like materials

We consider that the RVE of heterogeneous rock-like materials is subjected to a macro-
scopic strain € (t), and for definiteness, periodic boundary conditions are prescribed on
its boundary 0f2 at time t,41. Due to the time-discretization scheme adopted, the local
problem to be solved is formulated as follows:
¢

divop+1 =0

Opil = ;’%ﬁl (Ens1, Ong1) for (z,t) € Q x [0,T] (III .20)

(e (t)) =& (t) + BC' on 89

/

The condensed incremental potential 7a (z,€,0) is here defined as

T ifxe Q™
TA = (I1T .21)

LT i,r
w ifxefl

Finally, the macroscopic stress & can be derived from the effective incremental potential

of the RVE: 5
11
Ont1 = TEA (En+1, (On+1)s) (IIT .22)

The effective incremental potential Il can be determined by using the variational principle

A (E_n—i-l, <Un+1>m) = inf <7TA> = inf
(e)=€n+1 (e)=€n+1

N
fm <i£)f J™ (g, €P, 0')>m + Z o (wh" (€)>i,r
= 23)
The effective incremental potential of the RVE is not only related to the macroscopic
strain £, but also to the average value of local stress filed o in the matrix. With this single
effective potential in hand, according to Eq.(III .22), the macroscopic stress is the conju-
gated force associated with the macroscopic strain, which is consistent with the classical
thermodynamic framework. Moreover, the macroscopic stress defined here also coincides
with the average of the local stress field over the RVE. Accordingly, the problem of com-
puting the overall response of the rock-like composite comes to solving the variational
problem (IIT .23) at each time step, which itself involves a local optimization problem
(ITT .16) with respect to the internal variables (plastic strain) e? at every position x € .
Instead of searching a computationally-costly full-field numerical solution, an approximate
variational procedure based on the previous study in Lahellec and Suquet (2007b) will be

developed in Section 4 .
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4 Optimization of the effective incremental potential

The main steps for the estimation of the effective incremental potential through a

variational procedure are presented in this section.

4.1 Linearization of local incremental potential of plastic matrix

The first step is to linearize the local incremental potential J™ given in (III .15).
Compared with the free energy used in Lahellec and Suquet (2007b), the free energy
function for the perfectly plastic matrix given in (III .12) includes the plastic volumetric
strain 8. However, in order to take advantage of the main results obtained in Lahellec
and Suquet (2007b), both the free energy function (III .12) and bi-potential (III .7) are

linearized as follows.

e Linearization of local free energy w™ (e, eP) (see detailed process in Appendix A)

w™ (e, eP) ~wph (e, a) = 1 <s —a—(Bn),, — a—:anxd> :C™: (s —a—(Bn),, — a—:an)(5>

2
(111 .24)

e The bi-potential ¥ (o, &) Here we use the same variational linearization procedure
and take the same quadratic form as those used by Lahellec and Suquet (2007b) and
Boudet et al. (2016), i.e. X (a—éy) @ (o —&y). In this expression, the scalar

variable 7y and second-order tensor ¢, are uniform in the elastic-plastic matrix.

With these two linearization procedures in hand, the local incremental potential J"*

in (IIT .15) can be approximated as
J" (e,0,8) 2 J" (e,a) + AJ™ (0, )
Jrea) =5 (e a— (B, — a—amd)  C": (e~ a— (B, - @ and)
+ 5 (a—ay,): (a—ay)
0

AJM (o, a) =0y (a—ay),, — A7 (@ —an) : (a— &)

\

(111 .25)

where Jj" is the linearized local incremental potential in the matrix phase.

4.2 Estimation of the effective incremental potential IlA (&, ( 0),)

Now as the local incremental potential is expressed as the sum of two terms (Eq.(IIT .25)),

the effective incremental potential of matrix is determined by calculating the volumetric
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average:

I (&, <a>m)=<g§1:f€, [fm <igf(J0 (e,0) + AJ™ (0, cx) > +wa i (

(IH 26)
The secant function 7. (¢ieq, ) of the matrix phase is defined as (Lahellec and Suquet,
2007b)
1 ObP oy
) = = IIT .27
nSCt (ae(I? U) 3d€q adeq (0-7 a) 3deq ( )

and Eq.(IIT .26) satisfies

IIx (&, (a),,) < inf {fm [<inf Jy" (e,a)> + <supAJm o, > ] + wa i }
(&)= o m
(IIT .28)
Note that the local optimization problem in Eq. (III .28) is proceeded with respect to
the internal variable a only instead of the set of variables (a, 3) as defined in Eq.(II .7)
at every position x C £2,,. This procedure largely deduces the complexity of the local
optimization problem. The estimate (III .28) of the effective potential IIa (£) with the
non-associated perfectly plastic matrix had the similar form as that pertained to nonlinear
viscoleastic composites without hardening in Lahellec and Suquet (2007b).
According to previous studies (Lahellec and Suquet, 2007b; Ponte Castaneda, 2002;
Ponte Castaneda and Willis, 1999), sharper estimates of IIa (&, (o),,) can be obtained
by requiring only the stationarity of AJ™ instead of its supremum with respect to a.

Therefore, one gets:

IIa (€, (o),,) ~ ( 1r>1f {fm [<inf Jy" (e,a)> + <statAJm (o, > } + Zf” {(w"" (e }
€ o m
(11T .29)
It is worth noting that the difference function of increment potential AJ™ is generally non-

quadratic. In order to determine the stationarity of AJ" with respect to a, we rewrite

the bi-potential in the following form:

(a - an)gq
At? )
The concavity of Y ensures that (Y (o,a)),, <Y ((g,a)),, for any field a (). One then

obtains the following order relation:

(AT™ (0, @), < <Ajm (U,a)>m = AtY <<o' (O‘_Ag")Qq> >—<Z(; (o — G) : (o — dn)>m
" (11 .31)

Wi(o,&)=Y(o, (I1T .30)
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The stationarity of <Aj ™ (o, a)> with respect to a yields
m

(a — ay)
At

(. — &)

X (11 .32)

2771) = 2no

The coefficient 7, is the secant viscosity associated with the plastic material without

hardening and reads

fry = 2
b= (S00),) = P it E e,
(87

Notice that (IT .39) can be rewritten in the following form

_ 0"
a=n "% ihg="1 (II1 .34)
1-146 Mp

With this relation, the last term in (III .29) can be evaluated and IIa (&) can be further

estimated as follows

IIa (&, (0),,) ~ 1y (&) + fMAI™ ((7),,) (IIT .35)
with
N . .
I (&) = <51:f€ [fm <igf Jy (e, a)>m + Z o {wt” (f—:)>”] (I1I .36a)
r=1
AII™ (o), ) = <At(”9p€_1) (0t — @) © (Qn — dn)> (I1T .36b)

By using the stationarity condition of (III .35) over &,, and 6, one obtains:

_ ((an — @) : (o — @),
9‘1i¢<mam (o= &), -0
dn _ <an>m + ( 6 — 1) <a>m (IH 38)

0
With the help of minimization of J§" (e, &) with respect to e, one finally obtains (the

detailed calculation given in Appendix B):

20n_\ " 201 - -
o= (@m + AZK) : [K LC™ e+ AZan} = dK : € + edn (II1 .30a)
LG fr—
where d = —, e = %. 1 denotes the uniform total secant viscosity taken at & of
et AL

the non-associated plastic matrix with isotropic hardening

n (E, (0'>m> __rlomy =0) (III .40)

&
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4.3 Estimation of the effective potential of homogenized material

The estimation of the effective potential of heterogeneous rock-like materials is based
on the choice of a thermoelastic linear comparison composite (LCC). Substituting the
result found in (III .39a) into the expression of Ji*(e, ) in (III .25) and combining with
Eq.(I1I .34), one defines the local increment potential 7" (€) of the thermoelastic LCC as
follows:

7 (&) = inf Jg'(e,a0) = %s:c$:e+pg”;s+gy (IT1 .41)

The tensors C* and pg* as well as the scalar coefficient (" are all uniform in the matrix

phase and given by:
o= 3km] + 2upK,  with pt = (1 —d)? pm + S d?

p =2 [%’d(e 1) (l—d)} Bup — 3™ <<5n>m +a—:an><5> (IIT .42)

2

= [e%m + % (e - 1)2} &yt Gy + I (<ﬁn>m +a_:an><)

\
The quantities 6, &, and 1 are defined in Eqgs.(III .37), (III .38) and (III .40), respectively.
Further, the effective free energy Il (€) defined in Eq. (III .36a) can be written as

1 -

Hg(é):§é:C:§+ﬁ:§—|—6 (I1I .43)

The effective tensors of C, p and scale ¢ are expressed in Appendix C.
By using the expression of Il (€) (Eq. (III .43)) in (III .36a), the the macroscopic
stress & of the RVE as that defined in Eq. (IIT .22) can be approximated by the following

differentiation procedure:

N
o= 8;1; (& (o)m) = % (&) =" (o) + Zl o), (I11 .44)
with
(@) = CF" = (&), + PO (111 .45a)

(), =C"": (e) (ITT .45b)

@,Tr

5 Fluctuations of local fields and computational aspects

5.1 Fluctuations of local fields in matrix

In order to assess the accuracy of the BIV model, not only macroscopic responses of

the RVE but also representative fluctuations of local fields are generally investigated. In
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this study, we shall evaluate fluctuations of local stress and plastic strain fields in the
elastic-plastic matrix. The fluctuations of interest correspond to the first- and second-
order moments of the these fields. Following Idiart and Castaneda (2007) the quadratic

fluctuation of the local stress in the matrix is defined as
FI = (0 — (@),), @ (0 = (@)), = (00 0), — (@), @ o), (UL 46)

where (o), and (o ® o), represent the first and second-order moment of local stress field
over the matrix. (o),, can be obtained from the relation (III .45a). However it is generally
difficult to calculate (o ® o),,. In order to amend this issue, here we adopt the following

expression proposed in (Agoras et al., 2016)
o 2 (= N2
ME,xK:¢@:@m—«gm;@%f:¢3(a-@w)) (III .47)

with O‘eq =4/3(s mand & = /3 (s:s), for the evaluation of (s),, and (s : s),,

Together with Eq.( III 73) one further obtains

T = 3nd (I11 .48)

The calculation of the denominator ¢ is given in Section 5.3. One can notice that it is
easy to obtain the fluctuation of local stress field (III .47) with the help of Egs. (III .45a)
and (IIT .48).

Similarly, the fluctuation of the local plastic strain field in the matrix is defined as
Fer = (e — (€P),),, ® (P —(eP) ), = (P ®eP),, — (&), ® (&), (TIT .49)

where (e”),, and (e” ® €P), represent the first and second-order moment of local plastic
strain field over the matrix. For the ease of calculation, we provide the result for the

standard derivation of the plastic strain filed in the matrix phase, which reads
VL K=y /(a: : — /2 (@~ (am)? 111 .50
noK=\/(a: o), — (o), : (), = s e - (aeq) (III .50)
with agy = = /2(a),,: (a),, and @ = /% (a: c),,, being the first- and second-order

moment of .

5.2 Computation of the first and second-order moment of «

The calculation of 6, &, and /FZ} :: K from Eqs.(I1I .37), (III .38) and (III .50) needs
the determination of the first- and second-order moment of « in the plastic matrix. The

first moment is given by:
(a),, = (dK : e + eay,),, (I1T .51)
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Since the quantities d, e and &, are uniform in the matrix phase, one thus obtains
(a),, =dK: (e),, +e:ay, (I1T .52)
Similarly, the second-order moment of « is calculated by:
(a:a), =d°K: (e®¢), +2ded, : (€),, + &, : ay, (I1I .53)

The first term and the second term at the right hand side of Eq.(III .53) are related to
the second- and first-order moment of € in the matrix phase and can be obtained from
Egs.(II .78) and (II .75), respectively.

5.3 Computation of the second-order moment of &

To calculate n from Eq.(III .40), the denominator & related to the second-order mo-

ment of & should be first determined by

a:,/i(a:mm:Alt\/gqa—an):(a—an))m (IIT .54)

It is noted that it is generally difficult to calculate ((a¢ — atp) : (v — @), due to inac-

cessibility of the term (a : a,),,,. However, thanks to Eq.(III .38), & can be alternatively

calculated by the following relation when 6 # 1

-l
|

[At(lg—ﬁ)] \/g {(Qtn — Gin) : (Gt — &), (ITI .55)

where the first- and second-order moment of ¢ are already determined from (III .52) and

(III .53) respectively.

6 Implementation and numerical validation of the model

6.1 Numerical implementation algorithm

The numerical implantation algorithm of the proposed BIV model is now presented.
This algorithm is developed as a user-defined subroutine for the determination of me-
chanical behavior of a macroscopic material point in a standard computation code. The
material point is subjected to a macroscopic strain increment A& (A& = £At) such that
€ni1 = En + AE at t, 1. The numerical algorithm is here used to calculate the macro-
scopic stress increment using the proposed BIV model. The flowchart of the computational

procedure is summarized in Algorithm 2:
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Algorithm 2: Flowchart of the local implementation algorithm of BIV

Input: é_v At, &y, Ep, <an>m s </6n>m s <an : an>ma On, Tin
Output: On+1,Entl, <an+l>m ) </6n+1>m ) <an+1 : an+1>mu 9n+17 TIn+1

1 E,41 = &, + EAL,
2 Initialize 1p41 = 1y, Opy1 = 0
3 Calculate A7?, A;:l’ s a’n+17 Colnr1r Pons1s
4 Calculate first order moment of strain field (g,41)7" = A | : €+ al, 4,
<€n+1>§7al AZ:l £+ a:{':lv ‘
5 Elastic prediction: (,41)7" = C™ : ((enr1) ™ — (an),, — (Bu),)
6 if f((ons1)7"™) < 0 then
jal jal
7 (€nt1), = (Ent1 >ma ; <€n+1>i,r = <€n+1>§,7:a (@n+1) = 03 (Bn+1),, =

0; <an+1 an+1> =0

8 else

(For clarity, the subscript n+1 will be omitted in the for loop)
10 for j =1...mer, do

11 Calculate Cg;, pg‘], s and C; with Eqs. (111 .42) and (II .74a)
12 Calculate A", Al " al, ;-’T (with Eq.(II .79) for two-phases composite).
13 Calculate ﬁrst moment of strain field (e),, ; = A" : £+ a]" and

(€);,; =AY 1 &+ a}" with Eqs.(II .75) and (II .76) ;

14 Calculate (o), ; and (o), . ; by using Eq.(III .45);

15 Calculate effective internal variable &, ; and (cv),, ; with Eqgs.(III .38) and
(III .52);

16 Calculate second moment of strain field K:: (e ® €),, ; and (a: @),
with Eqs.(IT .78) and (IIT .53);

17 Calculate &; and (B); with Egs.(II .55) and (III .61)

18 Calculate 6; and n; with Egs.(III .37) and (III .40);

19 if |59 | <€ and |5"J| < ¢, then

20 ‘ Return,

21 else

22 ‘ j=7+1

23 end

24 end

25 Fn1 = (Ont1) = [ (Ont1)y, + Zivzl for (Oni1);,5

26 end

6.2 Comparisons with direct FEM simulations

The purpose of this section is to verify the accuracy of the BIV model by comparing

its prediction with the reference solutions obtained by direct finite element simulations on

the unit cell for two kinds of materials. The first one is a composite material with a non-

associated Drucker-Prager plastic matrix and elastic inclusions (Figure 1T .2(b)), while the

© 2019 Tous droits réservés.

lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Implementation and numerical validation of the model 75

second one is a porous material with non-associated Drucker-Prager matrix and pores . In
this section and section 7, the effective properties of the LCC as well as the field statistics
are evaluated by using the Hashinand Shtrikman bounds, i.e., the HS lower bound for
inclusion-reinforced material and upper bound for porous material, more details are given
in Appendix C in Chapter II. The microstructure of studied materials is represented by a
periodic assembly of 3D unit cells with spherical inclusion or pore. Taking advantage of
axial symmetry, the actual hexagonal unit cell is approximated by a cylinder one and only
half an axial symmetry plain is considered in the finite element calculations, as illustrated
in Figure II .2. The first- and second-order moments of the local fields under study are
computed from direct volume averaging of the local fields in the unit cell (Yan et al.,
2007).

For the inclusion-reinforced material, the solid matrix obeys non-associated Drucker-
Prager perfect plasticity. The model’s parameters for each constituent phase are listed
in Tables IIT .1 and III .2. Uniaxial and triaxial compression tests are investigated. The
unit cell is first subjected to a confining stress or hydrostatic stress and then a differential
stress by increasing the axial strain in the z direction. During the differential stress stage,
the lateral displacement Us is kept uniform along the boundary to satisfy the uniform
strain boundary condition. The boundary conditions are illustrated in Figure II .2(b) and

summarized as follows

Ug(T,H):Ug, O<r<L

Up(L,z)=U;, 0<z<H
(ITI .56)

Us(r,0)=0, 0<r<L

Uy (0,2)=0, 0<z<H

Table III .1: Parameters of solid matrix for composite

E™ (MPa) v™ &k c(MPa)  xm

3000 0.3 0.227 30 0.083

Similarly, the solid phase of porous material is described by a non-associated Drucker-
Prager type plastic matrix. The parameters for the matrix are listed in Table I1I .1. The

boundary conditions on the unit cell are given below and illustrated in Figure I .2(c).
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Table III .2: Parameters of elastic inclusion

E' (MPa) '

98000 0.15

U3(7",H)=U3, O<r<L
UQ(L,Z):UQ, O0<z< H

(I11 .57)
Us(r,0)=0, R<r<L

Uy(0,2) =0, R<z<H

451 Gy (MPa) — ,
2=10 MPa St MEe
322=5 MPa
G22=5 MPa
32=0 MPa
2=0 MPa
BIV
o FEM
BIV
o FEM
&33 (%)
4 5 3 3 4 5
(a) Inclusion-reinforced material (b) Porous material

Figure III .1: Macroscopic predictions for two kinds of composite material with non-
associated Drucker-Prager perfectly plastic matrix and inclusion/pores ( f* = 15%) under

triiaxial compressions with different confining stress

Figure I1I .1 shows the macroscopic stress-strain curves for both the inclusion-reinforced
material and porous material under uniaxial and triaxial compression tests with different
confining stresses, respectively obtained by the proposed BIV model and direct finite el-
ement simulations. One can observe that the model’s predictions coincide very well with

the FEM solutions both for the all cases considered.
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7 Extension to non-associated plastic matrix with isotropic

hardening

It is acknowledged that the isotropic plastic hardening of rock-like materials is usually
described by the evolution of internal frictional coefficient x. In this study, we consider

the following specific hardening law:
K(V") = Km — (Km — Ko) €7 (I .58)

where k¢ and k,, denote the initial threshold and the asymptotic value of the frictional
coeflicient respectively, while b; is a parameter controlling the plastic hardening rate.

Without loss of generality, we assume that y is also a function of +?

X(77) = xm(1 — e7»7") (IIT .59)

where Y., is the asymptotic value of the plastic dilatancy coefficient.

In order to account for this kind of plastic hardening in the BIV model and avoid
complex mathematical treatment, we shall here propose a heuristic extension of the model
formulated for materials without plastic hardening. According to the theoretical formu-
lation presented in Sections 3 and 4, when the values x and c are constant, the average
secant viscosity function of solid matrix 7 is given in Eq.(III .40). We here assume that
this result remains applicable for the solid matrix where the value of x is updated at each

loading increment. Therefore, the average secant viscosity function is written as:

£ () ((Om), = ©) (I1T .60)

&
In this expression, (vh), is the average value of equivalent plastic shear strain field in
the solid matrix 7P at step n, which is shown in Eq.(IIT .62). It is noted that when the
isotropic hardening is considered, the values of frictional coefficient & ((74),,) and plastic
dilatancy coefficient x ((7%),,,) are updated and keep constant at each loading increment,

implying an explicit calculation for x ((vh),,) and x ({(7h),,) are taken.

7.1 Comparisons with direct FEM simulations

Here the validations of the heuristic extended BIV model for rock-like materials with
an isotropic hardening are conducted by comparing the BIV predictions with direct FEM
simulations both for local and macroscopic scale responses. We here also consider two kinds
of rock-like materials: inclusion-reinforced material and porous material. Conventional

triaxial compression tests are studied. The boundary conditions for these two materials
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are same as those presented in Section 6.2. We here choose kg = 1 x 107°, x,, = 0.227,

b1 = 140, xm = 0.083 and by = 70 for the following numerical simulations.

7.1.1 Inclusion-reinforced material

Two volume fractions of elastic inclusion are considered: f' = 5% and f* = 15%.
In Figure III .2, we show the macroscopic stress-strain curves for the uniaxial compres-
sion test obtained by BIV and FEM. It can be seen that there is a good agreement
between these two results. In Figure III .3, we emphasize the volume strain evolution &,
as a function of axial strain £33 with different values of dilatancy coefficient x,, and for
ft = 15%. It is noticed that the proposed BIV model is able to well reproduce the volume
compressibility-dilatancy transition which is controlled by the parameter y,,. More pre-
cisely, the volumetric dilatancy is enhanced when the value of y,, increases. The results

due to the BIV model well coincident with the FEM simulations.

35 64y (MPa)

Figure III .2: Macroscopic stress-strain curves under uniaxial compression for an
inclusion-reinforced material with two volume fractions of inclusions (f* = 5% and

fi=15%)

Moreover, the proposed BIV model is also able to account for the influence of confining
stress on the macroscopic response of composite material. This is illustrated in Figure III
4. The stress-strain curves are presented for two triaxial compression tests respectively
with a different confining stress of 10MPa and 20MPa. Again, the BIV predictions coincide
with the FEM solutions very well.

In order to further assess the accuracy of the BIV model, the evolution of local stresses
during the loading history is also investigated for the case of uniaxial compression and

taking f’ = 15%. For instance, the evolution of average stress respectively in the inclusion
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Compressibility Zone Xm =0
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xial strain 33 (%)
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Volume strain
=

-1.51

BIV
o FEM Xm = 0.167

Figure III .3: Evolution of macroscopic volumetric strain for different values of plastic

dilatancy coefficient y in uniaxial compression for an inclusion-reinforced material with a

volume fraction of inclusions of f* = 15%

60 T (MPa)

Figure III .4: Macroscopic stress-strain curves under triaxial compression with two

different confining stresses two for an inclusion-reinforced material with ¢2) = 15%

and matrix is presented in Figure III .5(a). In Figure III .5(b), one finds the evolution
with respect to the macroscopic axial strain of the different denominators &g and o,
respectively related to first-order and second-order moment of the stress over the matrix.
Lastly, in Figure III .5(c), the evolution of the stress fluctuations \/m in the matrix
is presented. It is observed that the BIV model provides an accurate prediction for the
evolution of average stress within the matrix, while a less accurate prediction regarding the
average inclusion response (Figure III .5(a)). The BIV results are also in good agreement
with the FEM solutions for the stress moments o¢; and @ (Figure III .5(b)). Lastly,
although the BIV model overestimates the stress fluctuation within the matrix, it is still

able to reproduce the good evolution trend of FEM solutions (Figure III .5(c)).
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Figure III .5: Local stress responses under uniaxial compression in an inclusion-

reinforced material with 0 = 15%

On the other hand, the evolution of the local plastic strain is also studied. In Figure

IIT .6(a), one can find a quite good agreement between the BIV result and FEM solution

m
eq*

the BIV model underestimates the second-order moment of plastic strain in the matrix

@. The fluctuation of plastic strain field is shown in Figure III .6(b). The BIV model is

for the first-order moment of plastic strain over the matrix aZ. However, it seems that

able to capture the trend of the FEM solution although there exist some scatters between

them.

7.1.2 Porous material with non-associated plastic matrix

The macroscopic stress-strain curves uniaxial compression with two values of porosity

ft = 15% and 5% are presented in Figure III .7. There is a good agreement between the
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Figure III .6: Local plastic strain responses under uniaxial compression of an inclusion-

reinforced material with ¢ = 15%

BIV predictions and FEM results. Furthermore, the stress-strain curves under triaxial
compression with three different confining stresses are presented in Figure III .8 for a

porosity of f* = 15%. Once again, the BIV model correctly captures the effect of confining

stress and well reproduces the FEM solutions.

307 0eq (MPa)

Figure III .7: Macroscopic stress-strain curves in uniaxial compression for a porous

material with two different porosity (f* = 5% and f* = 15%)

As for the inclusion-reinforced composite materials, the local stress and strain responses
of porous material are investigated for the case of uniaxial compression and with a porosity
of f© = 15%. In Figure III .9(a), the evolution of the first and second-order moment of
local stress over the matrix, ¢y and 7, is depicted. The evolution of the stress fluctuations

is given in Figure I1I .9(b). One can find a similar trend as that already obtained in Figure
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307 oy (MPa)

Figure III .8: Macroscopic stress-strain curves in triaxial compression with three different

confining stresses for a porous material with a porosity of f* = 15%

1T .5 for the inclusion-reinforced material. The evolution of the moments and fluctuations
of local plastic strain field over the matrix is shown in Figure 11T .10. As shown in Figure
IIT .10(a), although the BIV model qualitatively reproduces the trend of the FEM solution,
it slightly underestimates the denominators ag; and a@. Compared with Figures 111 .10(b)
and IIT .6(b), the fluctuations of the plastic strain field are now better captured by the

BIV model for the porous material than for the inclusion-reinforced material.
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Figure IIT .9: Local stress responses under uniaxial compression of a porous material

with a porosity ' = 15%
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Figure III .10: Local plastic strain responses under uniaxial compression of a porous

material with a porosity of f! = 15%

7.2 Application examples

In this section, two application examples are presented to show the ability of the
proposed bi-potential based incremental variational model to reproduce experimental re-
sponses of two typical rock-like materials: Callovo-Oxfordian claystone and Vosges sand-

stone.

7.2.1 Application to Callovo-Oxfordian claystone

The Callovo-Oxfordian claystone is extensively investigated in France as a potential
geological barrier for the underground disposal of nuclear waste storage (Armand et al.,
2016). It is a sedimentary rock with complex multi-scale structures (Robinet, 2008). At
the mesoscopic scale (hundreds of micrometers), this clayey rock is composed of a quasi-
continuous clay matrix containing elastic inclusions, mainly quartz and calcite grains. As
a first approximation, the clay matrix can be characterized by an isotropic elastic-plastic
model. The plastic behavior is here described by a non-associated Drucker-Prager type
model (Guéry et al., 2008, 2010). On the other hand, for the range of stress considered in
the application, the mechanical behavior of the quartz and calcite grains can be reasonably
captured by a linear elastic model. Furthermore, as the elastic properties of calcite and
quartz are quite similar, for the sake of simplicity, they are seen a single phase of elastic
inclusions.

The BIV model contains 4 elastic coefficients and 6 plastic parameters for the clay

matrix. The elastic coeflicients of the elastic inclusion phase are taken as the volumetric
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average values of the quartz and calcite grains (Jiang et al., 2009). The Young’s modulus
and Poisson’s ratio are equal to £ = 98GPa and v* = 0.15. The elastic coefficients of the
clay matrix are not available from direct experimental measurement. They are calibrated
by an inverse homogenization procedure (Guéry et al., 2008), from the macroscopic elastic
coefficients obtained in triaxial compression tests on the samples with known mineralogical
compositions (Chiarelli, 2000). We obtain the typical values of Young’s modulus E™ =
3GPa and Poisson’s ratio v™ = 0.3. On the other hand, the values of plastic parameters of
clay matrix are fitted by a numerical optimization of macroscopic stress-strain curves for
a chosen mineralogical composition similar to that proposed in (Guéry et al., 2008; Shen
et al., 2012). The obtained values are then fixed and applied to samples with different

mineralogical compositions. The obtained values are given below:

e Matrix(clay): E™ = 3GPa, v™ = 0.3, kg = 107°, Kk, = 0.283, by = 250, X;,, = 0.05,
by = 50, ¢ = 20MPa

e Elastic inclusion(quartz + calcite): E¢ = 98GPa, v/* = 0.15.

The mechanical responde of the claystone is now studied using the proposed BIV model
under triaxial compression tests, proportional compression tests and lateral extension
tests. It is noteworthy that these tests were performed on samples coming from different
geological depths ranging from 415.4m to 482.4m, with different mineral compositions.
However, a sole set of parameters is used for the modeling of different tests on different
samples.

In Figure I1I .11, the stress-strain curves of claystone are presented for triaxial compres-
sion tests. One obtains a good agreement between model’s predictions and experimental
data. The BIV model is able to well reproduce main features of the claystone mechanical
behavior in this loading path, such as the volume dilatancy and confining stress sensitivity.
The impact of mineralogical compositions is also correctly taken into account. Further, in
Figure III .11(a), the numerical results respectively provided by the associated and non-
associated plastic model are compared. It is clear that the non-associated model gives a
better description than the associated one.

For providing a complementary validation of the BIV model, proportional compression
and lateral extension tests are also studied. In a proportional compression test, the axial
stress o33 and confining pressure ¢1; are simultaneously increased with a constant ratio
k= g—i’ In a lateral extension test, the sample is first subjected to a hydrostatic stress
state to a given value, and then the lateral stress 71; is progressively decreased while

the axial stress 33 is kept constant. The comparison of claystone mechanical response
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Figure IIT .11: Comparison of stress-strain curves between experimental data and nu-

merical results for triaxial compression tests on Callovo-Oxfordian claystone samples with

different mineralogical compositions

between numerical predictions and experimental data for these two kinds of tests are shown
in Figure III .12 and III .13, respectively. Again, one gets a good general agreement and
the BIV model correctly describes the main characteristics of mechanical response of the

claystone in these two loading paths.

7.2.2 Application to Vosges sandstone

The Vosges sandstone is here studied as a typical porous rock. Its microstructure and
macroscopic behaviors have been investigated in a number of previous studies, for instance

by (Bésuelle et al., 2000; Khazraei, 1996). The average porosity is about 20% and the solid
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Figure IIT .12: Comparisons of mechanical response between experimental data and

numerical results for proportional compression tests on Callovo-Oxfordian claystone with

different mineralogical compositions

matrix is composed of nearly 93% quartz grains with a few percent of feldspar and white
mica. As a first approximation, the sandstone can be considered as an isotropic material.
The mechanical strength of the sandstone strongly depends on confining pressure. In this
study, the solid matrix is described by a non-associated Drucker-Prager type plastic model.
The elastic and plastic parameters of solid matrix are not directly measured but indirectly
estimated. The elastic coefficients can be easily identified by an inverse homogenization
procedure from measured macroscopic data and porosity of sample. The plastic parameters
are again fitted from a numerical optimization of macroscopic stress-strain curves for a
given porosity. The obtained values of parameters are given in Table III .3.

In Figure III .14, we first present the stress-strain curves under conventional triaxial

compression tests with four different confining stresses from 5MPa to 40MPa. Like the
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Figure IIT .13: Comparisons of mechanical response between experimental data and
numerical results in lateral extension tests with initial confining pressure of 60MPa on

Callovo-Oxfordian claystone with different mineralogical compositions

Table III .3: Parameters of solid matrix for porous Vosges sandstone

E™ (GPa) v™ Ko Km c¢(MPa) by Xm bo

40 0.25 107° 0433 40 900 0.333 500

claystone, there is a good agreement between model’s predictions and experimental data.
The effect of confining stress on macroscopic response is well captured. However, the
mechanical strength of sandstone is slightly overestimated by the model for the test with

a low confining stress if 5MPa. This is due to the fact that a linear Drucker-Prager
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criterion used for the solid matrix is not well adopted in the zone of low mean stress
and tensile stress. The use of a curved yield surface for the solid matrix, for example
the Mises-Schleicher criterion, would improve numerical results. In Figure III .14(b), one
can see that the non-associated model provides a better description of lateral strain that
the associated model. However, unlike the result of claystone shown in Figure III .11(a),

the non-associated flow rule coefficient has no influence on the peak strength of porous

sandstone.
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Figure III .14: Comparisons of mechanical response between experimental data and

numerical results for triaxial compression tests on Vosges sandstone

The mechanical response of Vosges sandstone under proportional compression and lat-
eral extension are presented respectively in Figures III .15 and III .16. Once again, it is
found that the proposed BIV model well reproduce experimental data for these loading
paths. In particular, as shown in Figure III .15, the transition from volumetric compress-

ibility to dilatancy is well captured by the BIV model due to the non-associated plastic

© 2019 Tous droits réservés.

lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Concluding remarks 89

flow rule in the solid matrix.
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Figure III .15: Comparison of stress-strain curves between experimental data and nu-

merical results for proportional compression tests on Vosges sandstone
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Figure IIT .16: Comparison of mechanical response between experimental data and
numerical results for lateral extension test on Vosges sandstone with an initial confining

pressure of 60MPa and axial stress of 90MPa

8 Concluding remarks

In this paper, we have proposed a new bi-potential based incremental variational (BIV)
model for rock-like materials by making the extension of increment variational principle

proposed for generalized standard materials. The BIV model has been formulated for a
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class of rock-like materials with a non-associated plastic matrix described by a Drucker-

Prager type yield function and an isotropic hardening law in two steps.

At the first step, we assume an non-associated perfectly plastic behavior for the solid
matrix. With the help of the bi-potential theory, we have developed a new methodology
for the determination of the incremental potential of plastic matrix. By introducing ap-
propriate effective internal variables, the BIV model is able to account for non-uniform
local stress and plastic strain fields in the plastic matrix. We have also introduced an
appropriate optimization method for the estimation of the effective incremental potential
and macroscopic stress. The accuracy of BIV model has well been demonstrated through
the comparisons with direct field finite element simulations for both inclusion-reinforced

and porous materials without plastic hardening.

At the second step, a heuristic extension of the micro-mechanical model has been pro-
posed in view of estimating effective behaviors of rock-like materials with an isotropic
plastic hardening law. This has been done by assuming that the general incremental vari-
ational formulation obtained from perfectly plastic solid matrix remains applicable for
materials with isotropic hardening. The plastic hardening has been simply taken into
account by updating the value of international frictional coefficient at each loading incre-
ment. The efficiency of the heuristic extended BIV model has been well evaluated by the
comparison with a set of reference solutions provided by direct finite element simulation.
Two classes of materials, inclusion-reinforced composites and porous materials, have been
considered. It has been found that the BIV model was able to provide a good estimation of
both local and overall responses of these heterogeneous materials. However, the average
stress in the inclusion phase is underestimated for inclusion-reinforced composites, and
the stress fluctuation in the matrix is overestimated for both materials. Therefore, some
improvement remains needed, for example, by using a second-order comparison composite

for the estimation of incremental potential of the plastic matrix.

Finally, the BIV model has been used to study the mechanical behavior of two typ-
ical rock-like materials, the Callovo-Oxifordian claystone and Vosges sandstone, under
different loading paths. In a general way, the numerical results are in good agreement
with experimental data. The main features of mechanical behavior of two materials are
correctly reproduced by the BIV model, such as plastic hardening, influence of confining

stress as well as volume compressibility /dilatancy transition.

In this work, we have focused on the short-term mechanical behavior of dry rock-like
materials. In future, the BIV model is expected to be extended to the time-dependent

behavior and to saturated and unsaturated conditions.
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Appendix A: Linearization of the local free energy function
(I1T .12)

Inspired by Boudet et al. (2016), we assume that the volumetric plastic strain field 8

and the internal variable field 4? are constant values in the solid matrix, denoted by (3),,

and (y?), ., respectively, evolving as follows by taking into account Eq.(III .5)

By = (Bu)+ GAXS (IIL .61)
(W) = (A0) + GAL (I11 .62)

where (3,), and (v%), are the volume average values of fields 3 and ~ over matrix at

step n, and
a= /2 a—an) (@a-an) = ~a= (III .63)
a =/ zlla—an):(@—an)), = o—an .
Accordingly
wm (e, a, B) ~ wyn(e, ) = 3 <s —a—(B),, —a— anxé) :C™ <s —a—(By),, —a— anxé)

(I11 .64)

Appendix B: Minimization of J" (¢, @)

By making use of the minimization of Ji" (¢, &) w.r.t. «, and after taking into account

the form (II .32) of JJ*, one gets,

oJy" d(B) np0 ~
— =-K: C": (e —a— —C": (e —a— —m 2= (a— =
=L C" (e o= {B),) ~ €™ s (e~ — (B),) Tl 4 5™ (o ) =0
(I .65)
It is noted that Eq.(III .34) in its field form can be rewritten as
lla—ay) =(a—a,) Yrel, (IIT .66)
Considering the expression (III .61) and (II .47), one obtains
0 2x0
Bl _ 2 50 (o) (III .67)
doe 3ALG
then )
m OB _ oNept ~
-C":(e—a—(8),, o 2 AL (a— &) (IIT .68)
with
—3vom 1
= —XTm _Lem e (B) )5 (IT1 .69)
36 8
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For ease of calculation, we assume that 7., takes its average value in the matrix phase,

i.e.,

—3x (om
Tlep = X <i >m (IH 70)
3a
Substituting Eqgs. (III .66) and (III .68) into (III .65) leads to

Oy o om. no .
with () 3y (o)
(2 m - X Um m K Um m — C
N="np+Nep = 4 = = — (< i ) (III 72)
3 le"

or equivalently, the local deviatoric stress of matrix phase becomes

:K:Cm:(s—a—(,@)m):2£t(a—an):2%@!—&”) (III .73)

Finally, from (III .71), one gets

201
Al

20

-1
a= ((Cm + K) : [K :C™ e+ Ap On (III .74)
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Chapter IV

A micromechanics-based plastic
damage model for quasi-brittle

materials under a large range of

compressive stress *

In this chapter, a new micro-mechanics based plastic damage model is proposed for
quasi-brittle materials under a large range of compressive stress. The damage is due to
initiation and propagation of micro-cracks while the plastic deformation is directly related
to frictional sliding along micro-cracks. The two dissipation processes are then physically
coupled. With the Mori-Tanaka homogenization procedure and thermodynamics frame-
work, the macroscopic state equations are deduced and the local driving forces of damage
and plasticity are defined. New specific criteria are proposed for the description of dam-
age evolution and plastic flow. These criteria take into account the variation of material
resistance to damage with confining pressure and the degradation of surface asperity of
micro-cracks during the frictional sliding. An analytical analysis of macroscopic peak
strength and volumetric compressibility-dilatancy transition is provided. A specific cali-
bration procedure is further proposed for the determination of all model’s parameters from
conventional triaxial compression tests. The efficiency of the proposed model is verified
against experimental data on three different materials and for a very large range of stress.

All main features of mechanical behaviors of materials are well captured by the proposed

*Zhao, Lun-Yang, Qi-Zhi Zhu, and Jian-Fu Shao. ” A micro-mechanics based plastic damage model for
quasi-brittle materials under a large range of compressive stress.” International Journal of Plasticity 100
(2018): 156-176.
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model.

1 Introduction

Quasi-brittle materials are widely used in various engineering applications. In civil
engineering and underground structures, rock-like or cement-based materials are generally
subjected to compressive stresses. Damage and plasticity are two main inelastic processes
in those materials. The basic physical process of damage is the initiation and propagation
of micro-cracks. Under tensile stresses, open micro-cracks mainly propagate in tensile
mode and the plastic deformation can be neglected. Under compressive stresses, closed
micro-cracks propagate in a complex mode, such as wing cracks. The plastic deformation
is directly due to frictional sliding along closed micro-cracks. For instance, during a
triaxial compression test with a loading-unloading cycle on a rock-like material, irreversible
strains can be obtained and they are enhanced by the increase of confining pressure.
Such irreversible strains are considered as a consequence of plastic frictional sliding along
closed micro-cracks. Therefore, the physical origin of plastic deformation in this class
of materials is clearly different with that in metal materials or soil-like materials and
should be described by a physically consistent approach Furthermore, as the propagation
of frictional sliding along micro-cracks is driven by the normal and shear stresses locally
applied onto micro-cracks, macroscopic mechanical behaviors of quasi-brittle materials are
strongly sensitive to compressive mean stress or confining pressure. With the increase of
confining pressure, there is a transition from brittle to ductile behavior. Further, the
normal aperture of micro-cracks due to frictional sliding induces macroscopic volumetric

dilatancy. The occurrence of dilatancy also depends on the level of confining pressure.

During the last decades, a large number of phenomenological models have been de-
veloped for modeling damage and plasticity in quasi-brittle materials. Without giving an
exhaustive list of all models, only some representative studies are mentioned here. Most
models have been developed in the framework of irreversible thermodynamics (Hansen
and Schreyer, 1994b) with internal variables for plastic strains and damage. The dam-
age has been either characterized by a scalar variable for isotropic distribution of micro-
cracks (Chen et al., 2015; Salari et al., 2004; Shao et al., 2006) or by a tensorial vari-
able for anisotropic distribution of micro-cracks (Chiarelli et al., 2003; Halm and Dragon,
1998).Some studies have been devoted to localization and bifurcation investigation us-
ing plastic damage models (He et al., 2015; Xotta et al., 2016). Mechanical behaviors

of porous materials have also been described by plastic damage models (Kweon et al.,

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Introduction 95

2016). In other phenomenological damage models or plastic damage models (Barretta
and de Sciarra, 2015; Barretta et al., 2014; De Sciarra, 2008; de Sciarra, 2008), strain
softening and size effects have been investigated by using nonlocal or second gradient ap-
proaches. Convergence and stability properties in nonlocal models have been discussed.
Some studies have been devoted to thermo-mechanical response and large deformation
gradient theory for plastic materials (Aldakheel and Miehe, 2017; Anand et al., 2012). In
these models, the coupling between damage and plasticity is generally taken into account
through the definition of a macroscopic free energy function. Plastic strain tensor and
damage variable are not physically connected. The physical origin of plastic deformation,

the frictional sliding along micro-cracks, has not been clearly explained.

In order to complete phenomenological models and provide an alternative modeling,
a significant progress has been achieved on the development of micro-mechanical models
using different homogenization techniques. However, most studies have been devoted to
damage modeling considering micro-cracks in elastic solid (Chaboche et al., 2001; Chow
and Wang, 1987; Kachanov, 1982; Nemat-Nasser and Obata, 1988; Pensée et al., 2002; Zhu
et al., 2008a, 2011). Only few studies have been performed on micro-mechanical model-
ing of coupled plastic-damage in quasi-brittle materials (Jefferson and Bennett, 2007; Zhu
et al., 2008b; Zhu and Shao, 2015; Zhu et al., 2016). In particular, in some recent studies,
the coupling between crack propagation and frictional sliding has been properly investi-
gated in micro-mechanics based approaches (Zhu and Shao, 2015; Zhu et al., 2016). A
micro-mechanics based thermodynamics formulation has been proposed for isotropic dam-
age with unilateral and friction effects (Zhu et al., 2011). Some analytical and numerical
analyses of frictional damage have been performed for specific loading paths (Zhu et al.,
2016). Some micro-mechanics based models have been extended to initially anisotropic
materials (Qi et al., 2016), and to time-dependent behavior analysis related to sub-critical

propagation of micro-cracks (Bikong et al., 2015; Zhao et al., 2016).

In spite of the significant progress made so far, there are still some open issues to be
investigated. In most micro-mechanical models recently developed, the effect of confin-
ing pressure on propagation kinetics of micro-cracks was neglected. The corresponding
macroscopic strength envelop is described by a linear function. These models are not able
to properly capture the transition from brittle to ductile behavior with the increase of
confining pressure neither the nonlinear strength surface. On the other hand, the pro-
gressive degradation of surface asperity of micro-cracks has also not been considered. As
a consequence, post-peak behavior and residual strength of materials are not correctly
described.
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In this chapter, a new micro-mechanics based model is developed for modeling plastic
deformation and damage evolution of a wide class of quasi-brittle materials under a very
large range of compressive stress. The new model will take into account the effect of con-
fining pressure on material resistance to micro-cracks propagation and the degradation of
surface asperity of micro-cracks due to frictional sliding. The efficiency of the proposed
model will be verified on three different materials and for a large range of stresses. Com-
pared with existing models, the new model will significantly improve the description of
peak and residual strengths, volumetric compressibility - dilatancy transition, brittle to

ductility transition and complex post-peak response.

2 Formulation of a micro-mechanics based plastic damage

model

One considers a quasi-brittle material constituted of an isotropic elastic solid matrix
which is weakened by a randomly distributed set of penny shaped micro-cracks. For the
purpose of homogenization, one defines a representative volume element(RVE) occupying
a geometric domain Q C R3 with its external boundary surface 9Q C R2.

For most quasi-brittle materials, the distribution of micro-cracks is generally anisotropic
due to the oriented propagation of micro-cracks in some preferential directions. However,
for the sake of computational simplicity but without losing generality, we will assume in
the present paper an isotropic distribution of micro-cracks. As mentioned above, several
aspects still need to be investigated for a proper modeling of friction-damage coupling
even in the isotropic case. Moreover, the general framework developed in the present
study can be easily extended to anisotropic cases by considering different kinds of spatial
distribution functions of micro-cracks. But the computational algorithm for anisotropic
cases becomes significantly more complicated than the isotropic case. Anisotropic cases
will be investigated as an extension of the present paper in our ongoing studies. With the
isotropic assumption, each penny-shaped micro-crack is characterized by its unit normal
vector n and the aspect ratio € = ¢/a with a and ¢ being the average radius and the half
opening, respectively. The volume fraction ¢ of a family of micro-cracks is then defined
as ¢ = %WCLQCN = %ﬂGd where N denotes the micro-crack density (i.e., the number of
micro-cracks per unit volume). In the present study, the emphasis is put on the friction-
damage coupling in closed micro-cracks under compression-dominated stresses. In such
a case, it is reasonable to assume that the aspect ratio of micro-cracks is very small and

can mathematically considered as vanished. As a consequence, the volume fraction of
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micro-cracks also vanishes and cannot be used as a physical variable to characterize the
state of micro-cracks because the effect of closed micro-cracks on mechanical behavior is
not cancellated due to possible sliding along crack surfaces. Therefore, a physically perti-
nent internal variable should be defined. According to (Budiansky and O’connell, 1976),
the following damage density variable is here used: d = ANa?. Furthermore, as shown
in previous studies (Eshelby, 1957b; Zhu et al., 2011), with a vanished aspect ratio, it is
possible to obtain an analytical solution of Eshelby’s tensor for a penny-shaped crack in
an isotropic elastic solid matrix.

In the present study, one focuses on modeling of plastic deformation and damage
evolution under compressive stresses. All micro-cracks are assumed to be closed and
elastically glued. There are no elastic displacement discontinuities along crack surfaces.
Further, each micro-crack is a rough surface characterized by a local frictional coefficient.
Frictional sliding occurs only when local stresses applied on the crack surfaces verify a
specific friction criterion. The frictional sliding at the local scale is entirely at the origin of
plastic strains at the macroscopic scale. On the other hand, the damage evolution is related
to the propagation of micro-cracks (increase of length). Further, the crack propagation
is inherently coupled with the frictional sliding. As a consequence, with the assumption
of isothermal conditions and small strains, the total strain tensor is decomposed into two
parts: an elastic part ¢ attributed to deformation of the solid matrix and a plastic part

eP due to the frictional sliding along closed micro-cracks:

e =¢e+¢€’. (IvV .1)

2.1 Free energy and state equations

Due to the decomposition of strain tensor and making use of the results obtained in
previous studies (Pensée et al., 2002; Zhu and Shao, 2015), the free energy of cracked
material takes the form:

1 1
WClosezﬁ(s—sp):(Cm:(E—Ep)—l—?dep:(Cd:Ep. IV .2)

The first part of the right-hand side represents the elastic free energy of the solid matrix
while the second part is the stored energy due to the frictional sliding along micro-cracks.
C™ = 2u™K + 3k™J is the elastic stiffness tensor of solid matrix, with £ and " being
the bulk and shear moduli of the matrix, respectively. The coupling tensor C¢ can be
determined from a homogenization procedure based on Eshelby solution (Eshelby, 1957b)

by considering the cracked material as a matrix-inclusion system. As mentioned above,
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in order to obtain an analytical expression of C? micro-cracks are seen as spheroidal

inclusions with a vanished aspect ratio (Zhu et al., 2016). One gets:
-1
Cl = (Sd) , §% = (aJ + BK) : S™ (IV .3)

S™ = (C™)~! is the elastic compliance tensor of the solid matrix. Two coefficients a and
[ are obtained from the Mori-Tanaka homogenization procedure and they are functions of

m\2
Poisson’s ratio of the solid matrix v™ only (Zhu et al., 2011, 2016). One gets a = 1@6 111(;,72

and B = %7(1_’/;_)1(;_”).

One then derives the macroscopic stress-strain relations from the free energy function

as follows:
awclose

Oe

One can also deduce the thermodynamic forces respectively associated with the plastic

o =C":(e—¢P), (IV .4)

strain P and the damage variable d:

Wclose 1
UC:—%:U—dCdisp (IV5)
awclose 1
Yd:—T:ﬁEp:CdZEp, (IVG)

It is interesting to note that o is the local stress tensor applied to micro-cracks and it
is the driving force of frictional sliding. Further, the local stress tensor is different to the
macroscopic one and explicitly depends on the damage variable d. Therefore, the plastic
deformation due to frictional sliding is inherently influenced by the damage evolution.
Due to this coupling, the local stress and then the macroscopic stress are affected by
the damage growth. This can lead to a material softening when the damage density
becomes high. On the hand, the damage conjugated thermodynamic force Y, explicitly
depends on the plastic strain tensor €. As a consequence, the damage evolution is directly
driven by the plastic deformation due to frictional sliding. It is worth noticing that in
the present study, it is assumed that all micro-cracks are elastically glued due to the
roughness of asperities on crack surfaces. The plastic frictional sliding is the unique cause

of displacement discontinuity along micro-cracks and driving force of crack propagation.

2.2 Damage criterion

The damage evolution is related to the growth of micro-cracks. It is determined by a
specific local damage criterion which is a function of the thermodynamic damage force.
Inspired by previous studies (Zhu and Shao, 2015), the following general form of damage
criterion is here adopted:

fa(Yg,d) =Yy —R(d) <0, (IV.7)
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Figure IV .1: Curves of ¢ (<) for different values of n

In this criterion, the function R (d) represents the current resistance to damage evolution
(micro-crack propagation) of the material. It is physically equivalent to R-curve used in
linear fracture mechanics. It is generally observed that when the density of micro-cracks
is small, the material resistance R (d) is an increasing function of damage density variable
d, due to material hardening effect, similar to plastic hardening in ductile materials. The
propagation of micro-cracks is then stable. When the density of micro-cracks becomes high
enough, for instance reaches some critical value, the material resistance starts to decrease
due to interactions between micro-cracks. The function R (d) should then decrease with d.
This leads to an unstable propagation of micro-cracks occurs. At the macroscopic scale,
the evolution of the function R (d) should allow the description of the transition from
material hardening to softening around peak strength. Based on this physical analysis

and inspired by Zhu and Shao (2015), the following specific form is proposed:

ng d
S O IV .8
S rn—1'° " dy (IV.8)

R(d) =7rg (<), g(c)
The parameter n > 1 controls the damage evolution rate. dy represents the critical value
of damage density variable when the peak strength is obtained; 7y is thus the maximal
value of R (d) when d = dy. In Figure IV .1, one shows the evolution of ¢ (¢) with the
relative damage density ¢ for different values of n. One can notice that ¢(<),,,. = 1
when ¢ = 1 for all values of n. The g (<) curve is significantly influenced by the value of
n in the post-peak regime. The impact of the parameter n on the macroscopic response
will be discussed in detail later in this paper.

After the damage criterion is defined, the damage evolution rate is determined using
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the following normality rule:

dfq
Ad=\1E1L _ \ v .
d=Xg = (IV .9)

where A% is the damage multiplier which can be discussed by the consistency conditions

discussed later in the paper.

2.3 Friction criterion with an associated plastic flow rule

Like in the macroscopic plastic theory, the plastic deformation due to local frictional
sliding is also determined by a yield criterion and flow rule. Due to the fact that the
frictional sliding is driven by the local stress tensor ¢, the classical Coulomb-type friction

criterion is here generalized to the local scale:
fp (@) =[] = np° <0, (IV .10)

with s¢ =K : ¢ and p© = %o": : & being the local deviatoric stress and mean stress. The
parameter 7 is the local friction coefficient of crack surfaces. From a physical point of view,
the friction coefficient is related to the roughness of crack surfaces due to the existence of
asperities. With the progress of sliding, asperities of crack surfaces are progressively de-
stroyed. As a consequence, the friction coefficient 7 should decrease with the accumulated
plastic deformation. On the other hand, the damage evolution is also driven by the fric-
tional sliding process. Therefore, it is also possible to establish a relationship between the
damage state and degradation of crack surfaces asperities. For convenience, it is assumed
that the degradation of crack surface asperity is negligible when the damage density d is
less than the critical value dy. Therefore, the local friction coefficient remains constant
when d < dy. After this critical state, the degradation of crack surface asperitiy becomes
significant and leads to a decrease of the friction coefficient. Based on this analysis, the
following relation is proposed to follow the evolution of the local friction coefficient 7 as a

function of damage:
n =g — (ny —ny) tanh (b (¢ — 1>2) , IV .11)

where 77 and 7, are, respectively, the friction coefficient corresponding to the peak strength
state (¢ = 1 or d = dy)and the residual strength state (¢ — 00); b is a parameter controlling
the friction coefficient degradation rate in the post-peak region.

By adopting an associated local plastic flow rule, the rate of plastic strain due to

frictional sliding is determined by the following normality rule:

of
AP = N3 L = XD, (IV .12)
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with AP being the the plastic multiplier to be determined from the consistency conditions
discussed later. The plastic flow direction D is defined by the following second order
tensor:

s n

D=——239§. IV .13
N (1V.13)

3 Strength and deformation analysis at macroscopic scale

Before discussing numerical results given by the proposed micro-mechanics based plas-
tic damage model, it is interesting to perform an analytical analysis of some specific
features of mechanical behaviors of quasi-brittle materials. Without losing the generality,
this is done on a radial loading path without rotation of principal stress frame. As an

example, a triaxial compression test is considered.

3.1 Macroscopic failure strength

The stress state in a conventional triaxial compression test is such that

cp 0 O
o= 0 o3 0 (IV .14)
0 0 o3

with the algebra sequence o1 > g2 = 03 > 0. The corresponding deviatoric part s is given

by: ) )
2 0 0
s:algaé‘ 0 -1 0 (IV .15)
0 0 -1

According to (IV .13) and after making some mathematical calculations, the direction of

plastic flow rate D in this radial loading path can be expressed as follows:

2 0 0
D— L s (IV .16)
=710 -1 0 3 :
0 0 -1
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As the friction coefficient 7 is constant and equal to n = n; before the peak strength
state, the direction of plastic flow D is also constant until the peak strength. Therefore,
the current values of plastic strain and damage in the pre-peak strength region can be

measured respectively by their accumulated multipliers such that:
e? = APD, d = /)\d, with AP = /Ap. IV .17)

m km 2
By taking 7 = ny and setting the constant x = %D :C4: D= B+ an’ the friction
criterion can be rewritten as
p

A
fo= sl =np = —x=0. (IV .18)

On the other hand, the damage criterion is cast into the form

APN?
faYa.d) = (d) X~ R(d) =0, (v .19)
from which one can derive the following relation
AP R (d)
— =4 —=. IV .20
g ., ( )

Its insertion into the friction criterion (IV .18) gives

fo=1sll=np— R (d)x =0. (IV .21)

Under the sign convention of stress adopted here, one has ||s| = 1/2 (o1 — 03) and p =

% (01 + 203), the axial stress component oy is finally expressed in terms of o3 and d

\/€+2nf0 61/R (d) x
= 3 .
V6 —ny V6 —ny

The peak compression strength is attained once the damage variable reaches its critical

(IV .22)

01

value d = dy. Combining Egs. (IV .8) and (IV .22), one can obtain the following analytical

expression of failure criterion for a triaxial compression test.

6+ 2 6./
of = Yooy 6V (IV .23)
V6 — 1y V6 — 1y

where a{ is the axial peak stress which is composed of two terms. The first term on

the right side of (IV .23) is related to the frictional effect and then depends on confining
pressure o3, and the second term represents the uniaxial compression strength for o3 =0

and is related to the cohesive strength of micro-cracks.
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3.2 Volume compressibility /dilatancy (C/D) transition

In quasi-brittle rock-like materials, the transition from volumetric compressibility to
dilatancy is a common character and an important feature to be taken into account (Mar-
tin, 1994, 1997; Szczepanik et al., 2003). In the present study, we have considered a
simplified representative volume element of quasi-brittle materials, which is composed of
an elastic solid matrix containing closed micro-cracks with rough surfaces. In this case,
the macroscopic dilatancy is directly related to the local normal opening of micro-cracks
during the frictional sliding due to the roughness of micro-cracks. The dilatancy is then
dependent on the local friction coefficient or the roughness of crack surfaces. Further the
frictional sliding and normal opening are controlled by local normal stress level which is
related to macroscopic confining pressure. Therefore, at the macroscopic scale, the tran-
sition from compressibility to dilatancy is dependent on confining pressure. With the
present micro-mechanics based model, the prediction of such a transition stress is here
discussed for a conventional triaxial compression path. For this purpose, let denote o4 as
the volume compressibility - dilatancy (C/D) transition stress.

Inspired by the strength prediction, one assumes that there exists a critical damage
value d.q corresponds to o.q. For the sake of convenience, one denotes g (s.q) = k, with
Sed = deq/dy. Then one gets the following relation according to Eq. (IV .8)

NSed

g (gcd) =

Following Eq. (IV .22), the C/D transition o.4 can be expressed as

_ \/6—1—277f 6+/T KX
Oed = o3 + . IV .25)
\/E—T]f \/6—7’}f

On the other hand, the volume strain ¢, is composed of the elastic volume strain &,

and the plastic volume strain eb:

gy =¢€p +€b. (IV .26)

By ignoring the inelastic strain caused by the initial crack closure and the volumetric
strain generated by confining pressure and by making use of Eqgs. (IV .17) and (IV .26),
one can rewrite the volume strain generated in the axial loading phase into the following

form:

v =0:8": (o —030) — APny. (IV .27)

And more precisely, one gets:

o= 3k1m ((2\?}%t7\7/f€1> 03+6\/6R_(d77)fx> *§df Rf(d)nf. (IV .28)
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The increment of volume strain can be computed as:

Oey Og
pu— —_— I .2
dey = 52 5dd, (IV .29)
where
De, 1 Cdyny\ VX9 (S) gy 9 _ 1
_ _ —d : = . (IV .30
8 (km (V6-mns)  2x o Vo aa A

It is noted that the volume C/D transition point corresponds to de, = 0 . By analyzing
Egs. (IV .29) and (IV .30), it is easily to depict that %LCU = 0 and ¢ = ¢4 at this transition
point. After a series of mathematical translations, given in Appendix, one can obtain the

following characteristic equation:

2d
< o df> Sed® + (kg + 209) Goq — 2609 = 0. (IV .31)

n—1
The combination of Egs. (IV .24) and (IV .31) allows the calibration of the parameter n

and characteristic damage value ¢.q . After the parameter n is determined, the volume

C/D transition point can be exactly predicted for different values of confining pressure.

3.3 Strain softening and residual strength

In most macroscopic plastic models, the softening behavior of materials is usually
described by some negative hardening law. The physical significance of such a mathematic
description is not always clearly explained. In the present micro-mechanics based model,
the material softening is explicitly related to two physical processes. The first one is due
to the coalescence effect of micro-cracks when the damage density becomes high (d >
dy). This is described by Eq. (IV .8) as the diminution of material resistance to crack-
propagation. The second process is the progressive degradation of crack surface asperity,
leading to the decrease of friction coefficient of crack surfaces, as expressed in Eq. (IV .11).
However, due to the variation of friction coefficient, it is no more possible to obtain
the analytical solution of stress-strain curves as for the pre-peak regime. The numerical

analysis of material responses in the post-peak regime will be depicted in Section 6.1.

4 Parameters calibration and influence of confining pressure

The proposed micro-mechanics based model contains 8 parameters. Each parameter
has a clear physical meaning can be related to corresponding macroscopic mechanical re-
sponses. The calibration method of the parameters from macroscopic conventional triaxial

compression tests is here discussed.

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Parameters calibration and influence of confining pressure 105

4.1 Elastic parameters of solid matrix

The elastic behavior of solid matrix is characterized by Young’s modulus E™ and
Poisson’s ratio ™. With the assumption that all micro-cracks are closed and the sliding
is possible only when the friction criterion is reached, the elastic parameters of solid matrix
can be directly determined from the linear part of stress-strain curves in a conventional
compression test. For most rock-like materials, the elastic parameters vary with confining
pressure. However, it seems that this variation is not significant for the granite rocks
studied in this work. The average values obtained from triaxial compression tests with
different values of confining pressure are then adopted. In the case of Kuru granite (Tkalich
et al., 2016), one gets E™ = 78000MPa and v™=0.27.

According to Tkalich et al., 2016, the uniaxial (unconfined) compression strength of

Kuru granite is about o, = 232MPa.

4.2 Parameters related to peak strength

In the proposed micro-mechanics base model, three parameters dy, 7y and 7y are
related to the stress and deformation at peak strength state. In Figure V .6, one gives the
interpretation of axial strain - deviatoric stress curves obtained on Kuru granite (Tkalich
et al., 2016) for different values of confining pressure, in terms of three micro-mechanical
parameters. The black vertical arrows in Figure V .6 represent the relationships between
each sub-figures. Firstly the peak axial stress o; and the corresponding total axial strain
€1 for each value of confining pressure are extracted from Figure V .6a. The obtained
values are then reported respectively in the diagrams (o3 versus o1) and (o3 versus /),
as shown in Figures V .6b,c. Note that the total plastic axial strain is given by:
01— 03

IV .32
— (IV .32)

p_

In Figure V .6b, it is found that the failure envelope exhibits a strong nonlinearity at
low values of confining pressure but it is defined by a quasi linear line at high values of
confining pressure. The following linear function is identified by the optimal fitting of

peak stress points in the high confining pressure zone:
ol = 6.1103 + 391.16 IV .33)

By comparing Egs. (IV .23) and (IV .33), one can easily calculate the values of parameters
ny and 77 for the range of high confining pressure by assuming a linear strength envelop.
However, as shown in Figure V .6b, the strength envelop cannot be described by

a linear function in the range of low confining pressure. By assuming that the value
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of 1y is constant, one can still calculate individually the value of 7 for each confining
pressure. The obtained values are presented in Figure V .6d. It is found that the peak
damage resistance 7'y is an increasing function with confining pressure and evolves towards
a asymptotic value when the confining pressure becomes high enough. Based on this result,

the following function is proposed for the variation of 7; with confining pressure:

7y =1+ (ry — ) tanh (i;) ; IV .34)
I3

where r; and 7. are the value of 7y under high confining pressure and uniaxial compres-

T is a reference stress separating the low and high confining zones. It

sion, respectively, o5°
is generally difficult to identify the O'gef due to the lack of relevant experimental data. For
the sake of simplicity and following previous studies Diederichs (2003); Hoek and Bieni-
awski (1965), it is proposed to take agef = 0./10, with o, being the uniaxial compressive

strength. Accordingly, Eq. (IV .34) can be rewritten as:

10

e -y (122, w
Oc

The value of o, is easily obtained from an uniaxial compression test. Then the values of r

and 7. can be easily determined by the optimal fitting of 7y versus o3. In Figure IV .3, the

prediction given by the semi-empirical relation (IV .35) is compared with the calculated

values of 7; from experimental data. One can see that a good agreement is obtained.

The parameter d; is the critical damage value corresponding to the peak strength state.
With this in mind and by combining Eqgs. (IV .17) and (IV .20), d¢ can be expressed as

follows:
deEZl)fDn”TX, (IV .36)
i frf

where 5{’, ¥ is the axial plastic strain at the peak strength state, and D1y = % — %f With
this equation in hand, it is possible to calculate d; for different values of confining pressure
as shown in Figure V .Ge. For the sake of clarity, the values of 7y and dy are also given
in Table IV .1. From which one can see that dy varies from 1.02 to 2.95 and basically
increases with confining pressure. This is consistent with previous studies by Lockner
(1998). However, for the sake of simplicity and due to the fact that a significant variation
of dy is observed only for very low values of confining pressure, it is taken as constant in
this work. In Figure IV .4, one can find a good agreement of peak strength between the

numerical prediction and experimental data for Kuru granite.
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Figure IV .2: Illustration of identification procedure of strength parameters from triaxial

compression tests with experimental data extracted from Tkalich et al. (2016): from sub-

Figure 2(a), one takes the values of peak stresses and corresponding axial strains for

different levels of confining pressure; these values are reported into sub-Figure 2(b) and

2(c); the values of 7¢ given in sub-Figure 2(d) are obtained by using Eq.(IV .23) and the

data given in sub-Figure 2(b); finally the critical damage density d; given in sub-Figure

2(e) is calculated by using Eq.(IV .36) together with the data given in sub-Figures 2(c)
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Table IV .1: Variation of strength parameters with confining pressure

o3(MPa) 0 5 10 20 30 50 75

or (MPa) 232 304 372 483 574 693 852

6’177]0(%) 0.0378 0.0932 0.1229 0.1234 0.1436 0.1604 0.1838

Ty 0.03 0.041 0.054 0.073 0.086 0.086 0.086
dy 1.02 2.15 2.49 2.15 2.31 2.58 2.95
0.1
T — — - —— — — — e
0.08 -

Ff=rc+ (ry —re) tanh (%)
0.06 [-

s

0.04 |- o Test data (calculate)
E— Eq. (35)
Te
0.02 -
0 . . . . . . )
0 10 20 30 40 50 60 70 80

Confining stress o3 (MPa)

Figure IV .3: Comparison between empirical relation (IV .35) and calculated values of

rf

4.3 Parameters related to dilatancy and residual strength

As mentioned above, the parameter n can be determined by solving Egs. (IV .24)
and (IV .31) on the C/D transition points. In this process, the intermediate variable x
must first be identified from experimental tests. For the case of Kuru granite, with the
help of linear approximation of C/D transition line in Figure IV .5 and by comparing Eqs
(IV .23) and (IV .25), one gets k = (%)2 = 0.36. From that, one obtains n = 1.472
by making the numerical fitting of data as shown in Figure IV .6. In Figure IV .4, a good
agreement is obtained for the C/D transition stress o.q between the numerical prediction
and experimental data for Kuru granite.

The residual friction coefficient 7, can be determined from the slope of residual strength

envelope. Using the residual strength data for Kuru granite from Tkalich et al. (2016),
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Figure IV .4: Peak strength oy and C/D transition stress o.q predictions of Kuru granite
(data extracted from Tkalich et al. (2016))
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Figure IV .5: Linear fitting of the peak stress and C/D transition stress in high confining

zone on (o3, 01) plane (data extracted from (Tkalich et al., 2016))

one obtains 7. = 1.2. Finally, the parameter b controls the degradation rate of friction

coefficient,b = 0.2 is obtained for Kuru granite.
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Figure IV .6: Determination of parameter n by using mapping method

5 Computational aspects
In view of engineering applications, the micro-mechanics based plastic damage model

is implemented into the standard finite element software Abaqus using the provided user
subroutine development process UM AT. Due to material non-linearities, the loading path
is divided into a limit number of increments. For each loading increment, it is convenient
to use the rate form of macroscopic stress-strain relations defined by a tangent operator.

5.1 Consistent tangent operator
In the case of time-independent process, the relation between stress increment Ao and

strain increment Ae can be obtained by differentiating Eq.(IV .4) and can be written in
(IV .37)

the form:
Ao = CH . Ag.

The fourth order tensor C'" is the tangent operator which is determined by making use

of the damage and friction consistency conditions.
The loading/unloading conditions of plasticity are expressed in the so-called Kuhn-

Tucker form, such that
(IV .38)

AP >0, f,(6°) <0, \Pf, (6°) = 0.

It follows the condition in rate form:
(IV .39)

NAS, = 0.
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Hence, under plastic loading, one has ¥ # 0 and Af, = 0, leading to:

N N
Af, = 9 'A€+65P'A€ + 8dAd—O. (IV .40)

On the other hand, the damage consistency condition is written as:

_Ofa ap Oan,_
Afa= 5 Ae?+ 5 IAd=0. (IV .41)

By combining Eq.(IV .40) and Eq.(IV .41) and recalling that Ae? = A?D and Ad = )¢,

the non-negative multipliers ()\p , Ad) are given by:

_ 1 0fp .
AP—ET; .AE
, IV .42)
9.1
d _ _ 20D 0fp .
A 5T i1, O i Ae

where Hi = %ggﬁ : D/% — % : D is the hardening modulus.

By substituting Eq.(IV .42) for the differentiated form of Eq.(IV .4), one obtains the

following tangent operator C!a®

cm, if f, (o) <0
cter = : (IV .43)

C"— 4 (C™:D)® (D:C™), if f,(0°) =0

Note that the symmetry of the tangent operator C'**" provides an useful convenience for

numerical implementation.

5.2 Local implementation algorithm

The implicit return mapping algorithm (Simo and Taylor, 1985) is widely used for
the numerical implementation of elastic-plastic models. However, due to plastic-damage
coupling, it was found that an explicit return mapping method was more efficient than the
implicit one (Zhu et al., 2016). Therefore, the explicit mapping algorithm proposed in Zhu
et al. (2016) is here adopted. For the reason of completeness, the main steps of algorithm
are here summarized. At each Gauss integration point, given a strain increment Ae;q,
the current strain tensor is updated as €;41 = €; + Aeg;11. The objective is to fund the
corresponding stress tensor after updating the plastic strains and damage variable using

the proposed constitutive model.
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The first step is to calculate an elastic prediction of stress. Considering d;+1 = d; and

el = &7, the elastic trial stress tensor is calculated by:
ol = C™ : (gi41 — €h) (IV .44)
Accordingly, the local trial stress tensor is given by:
Uff{mz = olrial i(Cd : el (IV 45)

Next, one checks the plastic and damage criteria. However, in the present model, as
the thermodynamic damage force is entirely dependent on plastic strain (see (IV .6)), the

check of damage criterion is directly combined with that of plastic criterion f,, (afﬂial)

i+1
damage correction is performed. In this work, the superscript j (j = 1,..., M with

If f, (o'(-:’mal> < 0, then Ae?, ; = 0 and Ad;y1 = 0. Otherwise an iterative plasticity-

miter = 100) is used to denote the inter iterations related to the plastic-damage correction.
And for the sake of clarity, the loading subscript ¢ + 1 will be omitted during the next
steps.

One first determines the plastic multiplier with the frozen damage value d;. For a
plastic loading, one gets f;g (sp’j ) > 0 with the elastic prediction and one should have
fg“ (sp’j + e ) = 0 after the plastic correction. The yield function can then be lin-
earized using the first-order Taylor expansion as follows:

.
OeP:J
It follows by using the normality flow rule (IV .12)

=+ : 0eP7 ~ 0. (IV .46)
[ = fﬂ+wﬂ fp DI~ (IV .47)

Thus the change to the plastic multiplier is given by:

b . Di

OebsJ *

The plastic strain is accordingly updated
ePITl = Pl 4 SAPI DI, (IV .49)

The damage criterion can be now checked. If fg (Ep’jﬂ,dj ) < 0, one has &/t! = &/,
Otherwise, a damage increment should be calculated so that fg (ep’j+1,dj + 0d’ ) = 0.
Similar to the plastic correction, the damage criterion is linearized as follows:

0f3

j+1 J jdd
[ =g S (IV .50)
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The change to the damage multiplier is given by:

J
P (IV .51)

Bfgl

adi

The damage state is then updated
AT =@ 4 5N IV .52)
At the third step, the macroscopic stress tensor is updated:

oIt =C": (e — el (IV .53)
The inner iteration process is ended if ‘ fg“‘ < €locals €local being a chosen convergence

tolerance value.
For the sake of clarity, the flowchart for the local numerical integration with explicit

return mapping algorithm is arranged in Algorithm 3.

Algorithm 3: Flowchart of the local numerical integration

Input: Ae;y1,0,€;,d;, €’

Output: Oi+1,€i+1, di+1, €f+1, (Ctan
1 Elastic prediction Ei+1 — &4 + AE@'Jrl; O’fffl =Cm: (E?i+1 — E?)
2 if fi11 (o) <0 then

3 Ael’ | =0 and Ad;y1 = 0;

4 | dipn=disel, =€l Cp =C"

5 else

6 for j =1... M, do

7 Calculate the plastic multiplier 6APY = — > fjf J'Dj;

Update eP = ePd + §API D7 -

9 if ¢/ (P!, d7) > 0 then

10 ‘ The increment of the damage multiplier A% = —g¢7 %
11 else

12 | A% = 0.

13 end

14 Update d?t! = d7 4 §A%J | pit1 and DIt

15 if ‘fjH’ < €Jpcql then

16 ‘ Return;

17 else

18 ‘ j=7+1

19 end
20 end
21 W =C™— 4 (C™: D)® (D : C™);
22 | oIl =Cm: (e —elIth);
23 end
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6 Experimental validation on granites

In this section, the performance of the proposed model is checked against laboratory
tests obtained on three granites, respectively from Kuru in Finland, Beishan in China and

Lac du Bonnet in Canada.

6.1 Validation on Kuru granite

Using the experimental data found in Tkalich et al. (2016) and the calibration proce-

dure presented above, the model’s parameter for Kuru granite is given in Table IV .2.

Table IV .2: Parameter values for Kuru granite

Parameters E™(MPa) v™ o.(MPa) d; rf Te n ng  nr b

Values 78000 0.27 232 25 008 0.03 1472 154 12 0.2

In Figures IV .7 and IV .8, the stress-strain curves of Kuru granite in conventional
triaxial compression tests with low (0 to 20MPa) and high (30MPa to 75MPa) confining
pressures are shown. Omne can see a good agreement between model’s predictions and
experimental data. The basic features of Kuru granite behaviors are reproduced, such
as inelastic deformation, pressure sensitivity, volumetric dilatancy, material softening and
residual strength.

In Figure IV .9, one shows the numerical prediction of deviatoric stress evolutions
versus damage density for a confining pressure of 50MPa, respectively considering friction
coefficient degradation (1, = 1.2) and without degradation (7, = 1¢). One can clearly see
that the material softening is jointly attributed to damage evolution (crack propagation)
and degradation of friction coefficient of crack surfaces.

The post-peak behavior of material is further investigated using the proposed model.
As mentioned in Section 3.3, the post-peak behavior is mainly controlled by the parameters
n, n, and b. Therefore, a sensitivity study is here performed respectively with respect to
these three parameters in a conventional triaxial compression test with a confining pressure
of 50MPa.

The value of n varies from 1.2 to 2.5. In Figure IV .10(a), one can see that the
parameter n has a significant influence on the post-peak stress-strain curve and on the
residual strength. With the increase of n, the residual strength is decreasing. And more

interestingly, the post-peak behavior can be transformed from a stable softening (Class
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Figure IV .7: Comparisons between numerical results and experimental data on Kuru
granite for triaxial compression test under low confining pressure (data extracted from
Tkalich et al. (2016))

I behavior) to a snap-back softening (Class II behavior). For the Class I behavior, the
stress decreases with increasing strain after the peak strength, implying that plastic strain
increases faster than elastic strain decreases. For the Class II behavior, on the contrary,
both the stress and strain decrease after the peak strength. However, the peak strength
remains constant for all values of n. It is worth noting that the parameter n also has a
significant influence on volume C/D transition point, ie., the C/D transition stress o.4.

More precisely, 0.4 increases with the decrease of n, as shown in Figure IV .10(b).

In Figure IV .11, the evolutions of the crack friction coefficient 7 are presented by

varying 7, from 0.8 to 1.54. The influences of 7, on macroscopic stress-strain curves are
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Figure IV .8: Comparisons between numerical results and experimental data on Kuru

granite for triaxial compression test under high confining pressure (data extracted from
Tkalich et al. (2016))

shown in Figure IV .11(a). One can see that 7, plays a controlling role of the residual
strength. Logically, the residual strength decreases as the value of 7, decreases. On the

other hand, the snap-back softening can also appear with the gradual decrease of 7, .

As for the parameter b, the sensitivity analysis is performed by varying b from 0.01 to
0.2, as illustrated in Figure IV .12. This parameters mainly influences the strain softening
rate (see Figure IV .12(a)) and more precisely the rate of friction coefficient degradation
as shown in Figure IV .12(b)). Bigger this parameter is, more rapidly the stress drops and
the friction coefficient decreases. The choice of parameter b can also lead to both class I

and class II behaviors. However, unlike the parameters n and 7,, the parameter b has no
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effect on the residual strength. It only affects the shape of post-peak stress-strain curve.

6.2 Validation on Beishan granite

For a further validation of the model, a series of conventional triaxial compression tests

on another brittle rock, Beishan granite are here investigated. By following the parameter

determination procedure presented in the section 4, the model’s parameters for Beishan

granite have been determined and given in Table IV .3. Experimental data used here are
extracted from Chen et al. (2014).
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Figure IV .10: Sensitivity analyses on the parameter n using triaxial compression tests
with o3 = 50MPa
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Figure IV .12: Sensitivity analyses on the parameter b using triaxial compression tests
with o3 = 50MPa

In Figures IV .13, one shown the comparisons of peak strength and volumetric C/D
transition threshold between model’s predictions and experimental values. A very good
agreement is found for all the range of confining pressure. The comparisons of stress-
strain curves in triaxial compression tests are presented in Figures IV .14 for five levels
of confining pressure, say 0, 5MPa, 10MPa, 20MPa and 30MPa. Again, all features of
mechanical responses of material under different confining pressures are well reproduced

by the proposed micro-mechanics based model.

In Figure IV .15, one shows the numerical prediction of damage density evolution of
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Table IV .3: Parameter values for Beishan granite

Parameters E™(MPa) v™ o.(MPa) dy Tf Te n ng My b

Values 70000 0.2 167 3.5 0.034 0.016 1.22 1.585 0.8 0.05
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Figure IV .13: Description of peak strength oy and C/D transition stress o.q in Beishan
granite (data extracted from Chen et al. (2014))

Beishan granite during the triaxial compression test with a confining pressure of 10MPa,
together with the curve of accumulated acoustic emission counts. One can observe a clear
correlation between the damage density evolution and the cumulative acoustic emission
counts. During the first stage of deviatoric loading (before the point A), the damage
evolution is neglected. This stage can be considered as the initial elastic phase and the
corresponding stress o; acts as the damage initiation threshold. Then, a steady increasing
phase of damage (between A and B) is observed with the increase of deviatoric stress, cor-
responding to the initiation and propagation of micro-cracks. When the deviatoric stress
approaches 0.4, the damage density rapidly increases. At the same time, one observes a
clear acceleration of acoustic emission counts (see the point C) as a consequence of surface
energy generation in micro-cracks. On the other hand, the accelerated frictional sliding
along micro-cracks leads to the transition from volumetric compressibility to dilatancy.
Thus, the stress at this point o.4) is defined as the volumetric C/D transition threshold.

In the post-peak region, the increasing rate of cumulative AE counts is reduced (after the
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Figure I'V .14: Comparisons between numerical results and experimental data on Beishan

granite for triaxial compression tests with different confining pressures (continuous lines

are numerical simulations)
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Figure IV .15: Numerical prediction of the microscopic damage evolution during the

loading process in Beichan granite ( 03 = 10 MPa, data extracted from Chen et al. (2015)

)

point D) while the damage density continues to rapidly increase after the point E. This
difference of evolution can be explained by the fact that the AE events are mainly related
to the creation of new surface areas and the new cracks. In another word, the accumula-
tive AE counts are mainly related to the total number of micro-cracks A'. On the other
hand, the damage density variable d = Na? is also dependent on the average crack length
a (radius of penny-shaped cracks). According to the results obtained on Beishan granite,
it seems that in the post-peak regime, the creation of new cracks is slowed down while the

frictional sliding along existing closed cracks is still an active process.

6.3 Validation on Lac du Bonnet granite

The Lac du Bonnet granite has been widely investigated in the framework of geological
disposal of radioactive waste in Canada (Aubertin and Li, 2004; Martin and Chandler,
1994; Martin, 1997). The experimental data from Martin (1997) are here used. Unfor-
tunately, no experimental data on lateral or volumetric strains are available. It is then
impossible to identify the volumetric C/D transition stress o.4 and to determine the pa-
rameter n. Based on the sensitivity study on n in Section 6.1, one takes n = 1.4. On
the other hand, it seems that the Lac du Bonnet granite exhibits a snap-back behavior in

the post-peak regime for a wide range of confining pressure up to 60MPa. In connection
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Table IV .4: Model’s parameters for Lac du Bonnet granite

Parameters E™(MPa) v™ o.(MPa) df 1y Te nong n b

Values 72000 0.2 184 25 01 0031 14 14 06 2
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Figure IV .16: Peak strength oy and C/D transition stress o.q predictions of Lac du
Bonnet (data extracted from Martin (1997))

with this, b = 2 is chosen for this brittle material. The model’s parameters for the Lac
du Bonnet granite are listed in Table IV .4. In Figure IV .16, one shows the numerical
predictions of peak strength o and volumetric C/D transition stress o.q of the Lac du
Bonnet granite. Again, the nonlinear strength envelope is well depicted with respect to
the experimental data. In Figure IV .17, stress-strain curves in conventional triaxial com-
pression tests under different confining pressures are shown. Once more, one can see that
the proposed model is able to correctly predict the basic features of mechanical behaviors,
such as the inelastic axial and lateral strains, the material hardening and softening with

snap-back, the peak and residual strength.

7 Concluding remarks

In this work, a micro-mechanics based plastic damage model has been developed for
quasi-brittle materials under compressive stresses. The damage evolution of related to the

initiation and growth of micro-cracks while the plastic deformation is due to the frictional
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Figure IV .17: Comparisons between numerical results and experimental data on Lac du
Bonnet granite for triaxial compression tests with different confining pressure(continuous

lines are numerical simulations, data extracted from Martin (1997))

sliding along cracks. In the framework of thermodynamics and a linear homogenization
scheme, the macroscopic stress-strain relations and the thermodynamics forces for micro-
scopic frictional sliding and damage evolution have been deduced. The frictional sliding
is driven by the local stress tensor applied to micro-cracks, which is affected by the dam-
age state. The damage evolution is controlled by the frictional sliding along micro-cracks.
Therefore, two inelastic processes are inherently coupled. In particular, the effect of confin-
ing pressure on the material resistance to crack propagation has been taken into account.
The proposed model has also considered the progressive degradation of surface asperity of
micro-cracks due to frictional sliding.

The proposed model contains a relatively small number of parameters which are phys-
ically related to specific features of macroscopic responses. An identification procedure of
parameters from macroscopic conventional triaxial compression tests has been proposed.

The performance of the model has been verified through a wide campaign of experi-
mental comparisons on three different materials in triaxial compression tests with a large
range of confining pressure. All main features of mechanical responses have been well re-

produced such as inelastic strains, volumetric compressibility - dilatancy, peak and residual

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

A micromechanics-based plastic damage model for quasi-brittle materials under a
124 large range of compressive stress

strength. The proposed model is able to provide different kinds of post-peak behaviors
observed in brittle materials including snap-back softening. Furthermore, the microscopic
damage density evolution is consistent with the variation of cumulative acoustic emission
counts. It was found that the post-peak behavior was mainly driven by the frictional
sliding and propagation along existing micro-cracks.

It is known that the material softening in quasi-brittle and cohesive materials is gen-
erally related to the coalescence of micro-cracks and to the transition from diffuse micro-
cracks to localized macroscopic cracks. The macroscopic responses of sample after the
localization are progressively controlled by those of localized cracks or fractures. This
phenomenon is similar to the force chain buckling in granular materials. Different theo-
retical models and numerical methods have been developed for dealing with the transition
from diffuse damage and plasticity to localized cracking and failure. The proposed micro-
mechanics based model can be easily integrated in the analysis of localized cracking and
failure through the definition of some critical value of damage density. This interesting

aspect is investigated in Chapter V .

Appendix: Derivation of Eq (IV .31)

With the condition of %—‘? = 0 at the volumetric C/D transition point and by combining
Eq. (IV .30), one can get

( o \/éx_ T g?) 79 (s) —dsipg (s) =0 (IV .54)

For the sake of simplicity, note that ¥ = . Since 75 # 0, Eq. (IV .54) is

X
km (V6= )ng
equivalent to

(20— <dy) g (<) — 279 (<) = 0 IV 55)

Taking ¢ derivatives of g (¢) in Eq. (IV .8) one can write

/ n n?¢2¢n—2 g (<)

9(6)= (" +n—1) (" +n—1)> T RACK. (IV.56)

Substituting Eq. (IV .56) for Eq. (IV .55) one arrives at

20— ) (1 2 ~ 24706 =0 v 57
It is noted that since g (s) # 0, then both sides of Eq. (IV .57) are divided by g (<)
one gets
29 —<d -
(cf)_g(<)<” 2(20 —dy) —2d; =0 IV .58)
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Considering ¢ = ¢.,q and g (¢.q) = K, and substituting them for Eq. (IV .58), and after

some straightforward computations, one gets the following equation
Kspg (20 = ead) + 3d g — 20 = 0 IV .59)

Obviously, Eq. (IV .24) can be rearranged as follows:

kTl =mn—(n—1) % (IV .60)

By substituting Eq. (V .69) for Eq. (IV .59), one arrives at

(38dy —dn) 2+ (k(n—1)dy +29n — 20) 6eg — 26 (n — 1) 9 =0 (IV .61)

and divided by n — 1, one can obtain

2d
(n —fl — df> Ccd2 + (Iidf +29) g — 269 =0 (IV .62)

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

A micromechanics-based plastic damage model for quasi-brittle materials under a
126 large range of compressive stress

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Chapter V

Analysis of localized cracking in
quasi-brittle materials with a
micro-mechanics based

friction-damage approach®

This chapter is devoted to the study of transition from diffuse damage to localized
cracking in quasi-brittle materials. A micro-mechanics based friction-damage model is
first formulated with a rigorous homogenization procedure. The plastic deformation is
related to the frictional sliding along diffuse micro-cracks while the damage is induced by
the growth of micro-cracks. The localized cracking is considered as a consequence of coa-
lescence of diffuse micro-cracks. The onset of localized crack is then defined by introducing
a critical value of diffuse damage density parameter. The orientation of localized crack is
determined from the Mohr’s maximization postulate. After the onset of a localized crack,
the energy dissipation of material is entirely related to the frictional sliding and propaga-
tion of the localized crack. In this context, a localized friction damage model is developed
in the framework of thermodynamics to describe the frictional sliding of the localized crack
which acts as the driving force for its propagation. As an example, analytical results of
localized crack angle are determined for some specific loading paths including plane stress,
plane strain and conventional triaxial compression. Moreover, analytical solutions of com-

plete stress-strain curves with the transition from diffuse damage to localized cracking are

*Zhao, Lun-Yang, Jian-Fu Shao, and Qi-Zhi Zhu. ”Analysis of localized cracking in quasi-brittle
materials with a micro-mechanics based friction-damage approach.” Journal of the Mechanics and Physics
of Solids 119 (2018): 163-187.
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also obtained for conventional triaxial compression tests and compared with experimental
data.

1 Introduction

In quasi brittle materials such as concrete, rocks and ceramics, the nucleation, propaga-
tion and coalescence of micro-cracks are the main physical process of inelastic deformation
and failure. The macroscopic failure is generally induced by the onset of localized cracks
which are originated from the coalescence of diffuse micro-cracks. Unlike shear bands in
ductile materials like soils, the localized cracks or fractures in rock-like materials are gen-
erally surfaces of very small thickness but with strong displacement discontinuities. After
the localization, the macroscopic stress-strain relations of cracked material are essentially
governed by the behavior of localized cracks. The objective of the present study is to
develop a micro-mechanics based approach to describe the plastic damage of quasi-brittle
materials before localization, the onset condition of localized cracking, and the mechanical
behavior of cracked material after localization.

The concept of localized failure in quasi brittle materials was first introduced in the
landmark papers of Ngo and Scordelis (1967) and of Rashid (1968). After that, a great
diversity of approaches have been developed to deal with this issue, ranging from contin-
uum mechanics-based models (stress-based models) to fracture mechanics-based models
(traction-based models). In the computational context, these approaches have respectively
generated smeared crack models (Cervera and Chiumenti, 2006; Ingraffea and Saouma,
1985; Oliver et al., 2002, 2004) and discontinuous crack models (Armero and Garikipati,
1996; Oliver, 2000; Oliver et al., 1999; Wu and Cervera, 2015, 2016). An extended FE
strategy for transition from continuum damage to mode I cohesive crack propagation has
been proposed in Comi et al. (2007). The material was described by a non-local damage
model. An extended finite element approach was used after the localization to follow the
propagation path. Jirdsek and Zimmermann have developed an embedded crack model
(Jirdsek and Zimmermann (2001a)) and its combination with smeared cracks (Jirdsek
and Zimmermann (2001b)). They have proposed a triangular element with an embedded
displacement discontinuity that represents a crack.

More specially, in the stress-based models, regularized constitutive relations are gen-
erally formulated to study mechanical responses in the post-localization regime. Various
regularization techniques have been developed including non-local damage mechanics and

higher order plasticity theory. A great number of damage models (Jirdsek, 1998; Peerlings
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et al., 1998), plastic models (Chambon et al., 2001; Pamin, 1994) and coupled plastic-
damage models (Grassl and Jirdsek, 2006a; Haddag et al., 2009; Lee and Fenves, 1998;
Lubliner et al., 1989) have been employed to investigate the localized failure in different
kinds of materials. However, in these models, localized cracks with strong discontinuities

are replaced by highly concentrated strain bands or damage zones.

On the other hand, in traction-based models (Bazant and Planas, 1997; Carol et al.,
1997; Oliver, 1996), the strain/displacement discontinuities are directly taken into account
by embedding discontinuity interfaces inside an elastic continuum along preferred orien-
tations. A crucial step in this kind of models is to determine the onset condition and
orientation of localized cracks. The bifurcation theory has been widely adopted for the
analysis of strain localization with weak (strain) discontinuities (Rice and Rudnicki, 1980;
Rudnicki and Rice, 1975) in soil-like materials. However, this theory is not suitable for the
study of localized cracks with strong (displacement) discontinuities (Oliver et al., 1999;
Wu and Cervera, 2015).

Therefore, during the last two decades, important efforts have been made on modeling
of localized cracks with strong discontinuities. In particular, various criteria for the onset of
localized cracking and traction-based models for studying mechanical behaviors of localised
cracks have been proposed (Cervera et al., 2012; Cervera and Wu, 2015; Oliver, 1996, 2000;
Oliver et al., 2012; Wu and Cervera, 2016). In these models, the authors tried to establish
the traction-based model for the localized crack in consistency with the constitutive model
used before localization. To the knowledge of the authors, only simple isotropic damage
models (Huespe et al., 2006; Oliver et al., 1999) and plastic models (Oliver, 2000) have
been so far considered. Moreover, in most previous studies, the emphasis has been put
on the study of localized failure after the onset of localization. The crucial issue of the
transition from the diffuse damage or plastic deformation to the localized cracking has not

been systematically investigated.

In the present chapter, we shall propose a new micro-mechanics based framework
for dealing with this crucial issue. The emphasis will be put on closed cracks under
compression-dominated stresses. The general methodology is illustrated in Figure 1. Be-
fore localization, the material is characterized by a solid matrix weakened by randomly
distributed micro-cracks. The diffuse damage evolution is related to the growth of micro-
cracks while the frictional sliding along micro-cracks is at the origin of macroscopic plastic
strains. The propagation of micro-cracks is driven by the frictional sliding. A micro-
mechanics based friction-damage model will be developed for the description of mechanical

behavior of micro-cracked material before localization. Based on this model, the onset of
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Figure V .1: Schematic representation of the transition from diffuse micro-cracking to

localized cracking

localized crack is defined through a critical value of damage (micro-cracks) density param-
eter, and the orientation of localized crack is determined using the Mohr’s maximization
postulate. After the localization, the mechanical behavior of cracked material is controlled
by the localized crack and a new traction-based friction-damage model will be established
for the localized crack. Analytical results in terms of localized crack orientation will be
determined for some particular loading paths without rotation of principal stresses includ-
ing plane stress, plane strain and conventional triaxial compression. Analytical solutions
of complete stress-strain curves will also be obtained for conventional triaxial compression

tests and compared with experimental data.

2 Micro-mechanics based isotropic friction-damage model

In this section, a micro-mechanics based isotropic friction-damage model is presented
to describe the mechanical behavior of material before the onset of localized cracks. This
model is used here as the starting point for studying the transition from diffuse damage

and localized cracking. The formulation of the model is based on our previous studies
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(Zhu and Shao, 2015; Zhu et al., 2016) and only the main features are presented here.

The micro-mechanical frictional damage model is formulated with a linear homogeniza-
tion procedure and within the irreversible thermodynamics framework. We shall consider
quasi-brittle materials as an elastic solid weakened by micro-cracks. To this end, a Rep-
resentative Volume Element (RV E), as shown in Figure V .2, is selected to represent a
macroscopic material point. The RV E occupies the domain  C R™im (ng,, =1,2,3,
being the geometrical dimension of the domain) and it is limited by its external boundary
surface 99 C R™im~1  Limiting our study to isotropic materials, the RV E is composed
of an elastic isotropic solid matrix €2, C R™im and randomly distributed micro-cracks €2,
C R™im, Each micro-crack is considered as a spheroidal inclusion embedded in the solid
matrix. Before the onset of localization, the size of diffuse micro-cracks is much smaller
than that of the RV E. The elastic stiffness tensor of the solid matrix is denoted as C™,

and that of inclusions (micro-cracks) as C°.

Each micro-crack is characterized by its unit normal vector n and the aspect ratio ¢ =
¢/a with a and ¢ being the average radius and half opening of the micro-crack respectively
(see Figure V .2). The volume fraction of micro-cracks is defined by ¢ = %7‘(’@2&/\/ = %Wed,
with A/ denoting the number of micro-cracks per unit volume, and d = Ma3. Due to the
fact that the aspect ratio of micro-cracks is generally very small and is equal to zero for
closed micro-cracks, the volume fraction ¢ is not a suitable state variable to characterize
the effect of micro-cracks on mechanical properties of materials. Therefore, due to the
definition initially given by (Budiansky and O’connell, 1976), the crack density parameter

d is here used as the internal variable to characterize the damage state of materials.

The macroscopic strain of cracked materials E is due to the deformation of solid matrix

E™ and to the discontinuities of micro-cracks E¢. That is:
E=FE"+ E° (V.1)

Elastic solid matrix Q™

= REV: Q = Q™ U Q¢

Q:u(z)=E- -z

/
Microcracks Q€

Figure V .2: Representative Volume Element of quasi-brittle materials with diffuse dam-

age

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Analysis of localized cracking in quasi-brittle materials with a micro-mechanics
132 based friction-damage approach

The strain of solid matrix is determined by the elastic compliance tensor of solid matrix:
E™ = S™ : 3, with S® = (C™)~! and ¥ being the macroscopic stress tensor. The
crack-induced strain E°€ is related to the displacement discontinuities of micro-cracks. For
open micro-cracks, the elastic stiffness C¢ and the local stress field applied onto surfaces of
micro-cracks vanish. According to previous studies (Zhu et al., 2008a, 2011), the effective
elastic stiffness tensor of the equivalent homogenized medium can be explicitly determined
using a linear homogenization procedure based on the Eshelby’s solution (Eshelby, 1957b)

by considering micro-cracks as inclusions. One gets the following general relation:
E¢=(I—(C™)~t:Clm™): E (V.2)

The effective elastic stiffness tensor C"™ is dependent on the homogenization scheme
used. As an example, for a matrix-inclusion system, the Mori-Tanaka homogenization
scheme (Benveniste, 1987; Mori and Tanaka, 1973c) is generally adopted. For isotropic
materials, the effective elastic tensor is given by:

Em m

hom __ 1%
b T4 Bd (V3)

Chom _ 3]{3h0mJ + 2MhomK with khom — 7
14+ ad

« and ( are two constants which are only functions of the Poisson’s ratio v™ of the solid

my2 _.,m _,,m
matrix, i.e. o = 12 11__(;,7)1 and = %% k™ and pu™ are respectively the bulk

and shear moduli of the solid matrix. Moreover, the effective elastic compliance tensor

Shom can be expressed as the sum of the elastic compliance of the solid matrix S™ and the

additional compliance induced by micro-cracks S%:

ad Bd
= — —K 4
3ka + o (V .4)

shom — ((Chom)_l =sm+s? ;s

However, in the present study, the emphasis is put on the study of quasi-brittle ma-
terials with closed frictional micro-cracks under compressive stresses. In that case, the
crack-induced strain E°¢ cannot be determined from the linear homogenization procedure
only. It is related to the frictional sliding along closed micro-cracks. The frictional slid-
ing is at the physical origin at the microscopic scale of the macroscopic plastic strains of
quasi-brittle materials. Therefore it is needed to define a specific friction criterion and a

flow rule to determine the frictional sliding induced strain E€. This is here achieved by

the combination of homogenization procedure and irreversible thermodynamics.

2.1 Free energy and state equations

With the decomposition of strain given in Eq.(V .1), the free energy function of cracked

materials can be expressed in the following general form (Zhao et al., 2016; Zhu et al.,
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2016):
== (E E°): (Cm:(E—EC)—ir%EC:(Cd:EC (V .5)
The first term corresponds to the elastic strain energy of the solid matrix and the second
one represents the stored energy related to the frictional sliding related strain. C? is
a fourth order tensor accounting for the coupling between the frictional sliding and the
growth of micro-cracks (damage evolution). The expression of C? can be obtained from
the continuity condition of free energy between open and closed micro-cracks and by
invoking the equivalence between the definition given in (V .5) and the alternative one
¢ = 3E : C"™ : E and one obtains (Zhu, 2016; Zhu and Shao, 2015):
L 3kK™ 2
cl = (Sd) ==—J+ ﬁK (V .6)
One can see that the coupling tensor is a function of damage density parameter d. There-
fore, E¢ and d act as two internal variables to characterize the states of frictional sliding

and damage. The positiveness of the intrinsic dissipation leads to:

> = gg C":.(E—E°, E=S":%+E° (V .7a)
oy .
— : B¢ > )
e B >0 (V .7b)
oy
——d > .
8dd 0 (V .7¢)

where & represents the rate with respect to time. Eq.(V .7a) is the state law giving the
macroscopic stress-strain relations; Egs.(V .7b) and (V .7c¢) denote the energy dissipation
due to frictional sliding and that due to damage evolution, respectively. The thermody-
namic conjugate force associated with the frictional-sliding induced strain E°¢ is deduced

as follows:

o
0Ec¢
3¢ physically represents the local stress field applied onto closed micro-cracks. This local

= — = —-C: E° (V .8)

stress field is different to the macroscopic stress 3 and explicitly depends on the damage

variable d through the coupling tensor C?. Similarly, the thermodynamic conjugate force

associated with damage variable d can also be defined as:

o 1 ocd
d _ — Il 7S c
e = 2d _2E'8d - E (V.9

2.2 Friction sliding law

The frictional sliding along closed micro-cracks is here described by a generalized

Coulomb criterion in terms of the local stress field 3¢ applied onto micro-cracks. It is
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known that for frictional materials, the sliding is driven by the shear stress vector along
the crack surface. The material strength to sliding depends not only on the local friction
coefficient of crack surface but also on the normal compressive stress applied onto the
crack surface. Therefore, it is convenient to decompose the local stress field 3¢ into a

spherical part and a deviatoric part (Zhu et al., 2011):
1
EC:J:EC—FK:EC:g(EC:&)&—&—K:EC (V .10)

The friction criterion is then formulated in terms of the local spherical stress P¢ = %EC 10

and deviatoric stress S¢ = K : 3¢ as follows:
F(5) = |8 4¢P <0, (v .11)

cy denotes the local friction coefficient of crack surface. It is noted that the local spherical
stress P¢ and deviatoric stress S¢ are respectively related to the normal stress and shear
stress applied onto the crack surface (Zhu et al., 2011). The evolution rate of the frictional
sliding related strain E° can be given by using the normality rule:

oOF Y oF
[9)> 0x¢

E°=)° = \°D, (V .12)

where ¢ is a non-negative multiplier. The flow direction is defined by:

C

1
+ *Cf(s (V .13)
Accordingly, the friction criterion (V .11) can be rewritten into a compacted form:
F(X,d,E)=%°:D=%:D—D:C%: E° (V .14)

For the sake of simplicity, an associated flow rule is here used to describe the frictional-
sliding related strain. However, a non-associated flow rule can be introduced for instance
to better evaluate the normal opening of micro-cracks and consequently the macroscopic

volumetric strain.

2.3 Damage evolution law

The propagation of micro-cracks occurs when the damage driving force V¢ reaches
the material resistance. Therefore, the damage criterion can be written in the following
general form:

g (¥'d)=y'-R(@) <0, (V .15)

The function R (d) defines the current material resistance (toughness) to micro-crack

growth. It plays a similar role as the critical stress intensity factor in linear fracture
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mechanics for propagation of macroscopic fracture. The material toughness may evolve
with the crack density due to material hardening and interactions between micro-cracks.
In general, the material resistance first increases when the crack density is small and then
decreases when the crack density becomes high enough. It is then convenient to express
the material toughness as a function of the damage density parameter d. Based on experi-
mental data for different kinds of rock-like materials, the following form has been proposed
in Zhao et al. (2018):

_ e
b—1+¢

R (d) =R (d.)
& = d/d. is a dimensionless variable defining the damage level. The parameter d. defines
a critical value of damage so that when d = d., R (d) reaches its maximal value R (d.).
The material parameter b > 1 controls the material resistance evolution rate. It shall
take different values for different materials. In the present study, the proposed model is
applied to granite for which the specific value of b = 2 is retained. Therefore, one gets the

following simplified form:

28

R (d) =R (dc) ng?

(V .16)

For the sake of simplicity, the evolution rate of damage is also given by the normality

rule:

009

d Ty = P (V .17)

where A% is a non-negative multiplier.

The rate form of the effective stress-stress relations of the homogenized medium can

be obtained as follows:

S=Cw:E, E=S":3 (V .18)
Ctan and S*" are the consistent tangent operators with Cf2 : S0 = . 33 and F respec-
tively denote the macroscopic stress and strain increments. The expressions of tangent

operators can be determined by making use of the damage and friction consistency con-

ditions. By using the flow rules for frictional sliding and damage and after making some
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mathematical operations (Zhu et al., 2016), one obtains:

cm, if F (X <0
ctr = (V .19a)

C" — 4-C7 (D@ D):C", if F(5) =0

sm, if (%) <0
Stan = (V .19b)

S™+ 4D ® D, if F(X°) =0

where H; = %—g% : D/g—g — % : D is the hardening modulus. Note that thanks to
the associated frictional and damage evolution laws considered here, the consistent tan-
gent operators C'** and S'*" are symmetric, providing a sound convenience for numerical

implementation.

2.4 Analytical stress-based yield criterion

With the micro-mechanics based friction-damage model proposed here, the frictional
sliding criterion is defined in terms of the local stress field applied onto micro-cracks. For
general loading paths, the macroscopic stresses at the frictional sliding state should be cal-
culated by the integration of the micro-mechanics model along the corresponding loading
history. However, for loading paths without the rotation of principal stress directions, it is
possible to obtain an analytical plastic yield criterion in terms of macroscopic stresses, and
moreover to get analytical stress-strain relations for these simple loading paths (Zhu et al.,
2016). Indeed, for those loading paths, the frictional flow direction given in Eq.(V .13) is
simplified to:

S 1

D= — + —c¢d. V .20
GRS (V20

with § = K : ¥ being the deviatoric part of macroscopic stress tensor.

Accordingly, the yield criterion (V .14) can be rewritten into a form similar to the

classical Drucker-Prager criterion as follows:
F(Z,Ed)=%:D-D:C*: E°=|S| +c¢;P-D:C%: E°<0. (V .21)

where P :%6 : X2 is the spherical part of macroscopic stress tensor. Furthermore, due to
the fixed principal stress directions, the frictional flow direction does not change. There-

fore, the frictional sliding induced strains can be given by:

EC:/EC:AD, with A://\C (V .22)
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Substituting (V .22) for (V .21), one gets:
F(Z,A,d) =S| +c¢;P~AD:C*: D <0. (V .23)

On the other hand, in the proposed micro-mechanics based model, the frictional sliding
is inherently coupled with the damage evolution. Accordingly, by substituting (V .22) for
(V .9), the damage criterion (V .15) becomes:

G (v.4) _;@)2;(_72(61) _o, (V .24)

with x/d = D : C¢: D. One can notice that from (V .24)

2R (d)
X

A=d (V .25)
Combining (V .23) and (V .24), we finally obtain the macroscopic yield criterion as a

function of macroscopic stresses and damage density parameter:

F(S,d) = ||S]| + ¢, P—/2R (d) x < 0. (V .26)

From Egs.(V .22), (V .24) and (V .26), one can see that given any damage value, the
corresponding frictional sliding strain E¢ and macroscopic stress ¥ can be analytically
calculated for some stress paths (e.g, plane stress, conventional triaxial compression, pro-
portional compression, lateral extension, etc.), and then the macroscopic total strain E
can also be calculated using Eq.(V .7a). More details on the analytical calculation process
can be found in (Zhu et al., 2016).

3 Analysis for localized cracks

The mechanical behavior of material before localization is described by the micro-
mechanics based friction damage model presented above. With the growth of micro-
cracks and when the crack density reaches some critical value, there is the coalescence of
micro-cracks leading to the onset of localized cracks in some preferential orientations. As
a fundamental difference with shear bands in soil-like materials, the localized cracks or
fractures in rock-like materials are characterized by strong displacement discontinuities.
Further, the thickness of localized cracks is generally very small so that each crack can be
seen an a discontinuity interface. Based on some previous studies (Oliver et al., 2012; Wu

and Cervera, 2015, 2016), a traction-based strong discontinuity method is here adopted.
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To this end, we consider the representative volume element (RV E) of localized cracked
material shown in Figure V .3. The RVE (2 C R"im) exhibits a displacement disconti-
nuity jump g on the interface & — R™im=1  The interface S denotes the localized crack

with the unit normal n pointing to Q7.

3.1 Kinematic description of localized cracked material

Based on the representation given in Figure V .3 and introducing the Heaviside function
Hs (z) so that Hs (z) = 1 if z € QF and Hs (z) = 0 otherwise, the displacement field

u (z) in the localized RV E can be expressed as follows:

u(z)=  uw () + Hs@u(@ , [u@=u" (2)-u () (V.27
—_—

regular (continuous)  singular (discontinuous)

The symbol [-] = (-)& — (-)5 denotes the jump of the specific variable (-) across S. u~ (z)
and u™ (z) are the displacement fields respectively in the sub-domains Q= and Q7, and
the former also represents the continuous displacement field in Q. [u] (z) : © — R"dim
satisfying the property [u] (z € S) = g, stands for the relative displacement field of the
part QT with respect to the other one Q.

The strain field e (x) can be obtained by calculating the symmetric part of the dis-

sym
9] N (g ® ) ds
vsym£+ (E)
VR [u] ()
VI¥RuT (z) z
},
Q- S ot

Figure V .3: Kinematics of strong discontinuity in RVE with localized cracks
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placement gradient, i.e.

e(z) = VYu(z)=V¥"[u (z)+ Hs (z) [u] ()] (V.28)
= V() + VI [u] () Hs (2) + 05 (2) (g @ n)™"
bOunC?erd part unboun‘c;ed part

The bounded part V¥™u~ (2)+ V™ [u] (z) Hs (x) represents the strain field in the intact
part of RV E. As shown in Figure V .3, s () (g ® @)Sym denotes the unbounded part of
strain discontinuity, which is associated with the localized deformation along the interface,
emerging from the gradient of the Heaviside function Hg (z) appearing in Eq. (V .27),
ds (z) being the Dirac-Delta function.

In the approach pursued here the discontinuity is embedded in the constitutive law
by averaging the localized deformation over the considered RV E. Accordingly, by mak-
ing the volume average of Eq.(V .28) (Haghighat and Pietruszczak, 2015; Moallemi and

Pietruszczak, 2017), one can obtain the macroscopic strain:

! 1 Symg, = sym l sym
E:V/VE($)dQ:V/VV u” (2)+ V7 [u] (2) Hs (2) A2+ /AS (gn)*™ds

%

(V .29)

where Ag represents the surface area of the localized crack within the considered reference

volume V. Ignoring the variation of (g ® @)Sym within a small enough V', by defining
l=V/As, and ¢ = Vo+/V , Eq. (V .29) approximately satisfies

E~ VY (u (z) +([u] (z)) + (e®n)™™, with e= g/l (V .30)

Em4 Ec Ec

where ¢ denotes the volume fraction. [ represents a characteristic length, which will play
an essential role in the numerical analysis of localized problems. It is known that the
boundary values problem becomes ill-posed due to localization and suffers the inherent
mesh sensitivity. The use of such a characteristic length will allow to regularize the local-
ized problem and avoid the mesh sensitivity (Haghighat and Pietruszczak, 2015; Moallemi
and Pietruszczak, 2017; Nguyen et al., 2017). For instance, in the context of finite element
method, the characteristic length [ can be calculated as the ratio between the volume of
cracked element and the surface area of crack. With the homogenization method followed
here, the total macroscopic strain of RV E is calculated as the sum of two parts. The
first part is the strain E"+ E¢ = V™ (u™ (z) + ([u] (z)), where E™ is the intact solid
matrix strain and E° stems from diffuse micro-cracks before localization, and the second
one is E¢ = (e @ n)™™ that results from the discontinuous motion along the localized

crack averaged over the RV E. Finally, Eq. (V .30) can be rewritten as

E~E™+ E°+E° (V .31)
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It is noted that, the last term E€ vanishes before the localized crack appears, and the
inelastic strain E° can be calculated by the micro-mechanical model presented in Section
2.

3.2 Omnset criterion of localized crack

After the onset of a localized crack, the frictional sliding may occur along the localized
crack and the damage process is related to the propagation of the localized crack. All
the energy dissipation is then attributed to the frictional sliding and the propagation of
localized crack. We discuss here the onset criterion for the localized crack in relation with
the micro-mechanics based friction-damage model proposed above.

In most previous studies (Wu and Cervera, 2015, 2016), the onset of localized cracking
was defined in terms of macroscopic stresses by neglecting the transition from diffuse
damage (micro-cracking) to localized cracking (failure). In this study, the diffuse damage
of material is described by a micro-mechanics based friction-damage model with a damage
density coefficient d physically representing the density of micro-cracks. We consider that
the onset of localized cracking is a consequence of coalescence of micro-cracks when the
micro-cracks density is high enough. As shown above, when the damage density parameter
reaches the critical value d., the material toughness to micro-crack propagation reaches
its maximal value R (d.) leading to a material softening. Therefore, it seems physically
sound to assume that the onset of a localized crack occurs when the damage density
coefficient d reaches a critical value d.. At the macroscopic scale, for brittle rock-like
materials, experimental data in laboratory tests have shown that the onset of localized
cracking generally occurs around the peak stress point (Fredrich et al., 1989; Wong, 1982).
Therefore, the value of d. can be identified from the peak stress in a triaxial compression

test. The onset criterion of localized crack is thus simply defined as:
d=d. (V .32)

At the same time, the thermodynamics conjugate force associated with the damage
evolution V¢ is directly dependent on the frictional sliding induced strain E° as shown in
Eq. (V .9). Therefore, it is also convenient to define the localization onset criterion by
the fact that the frictional sliding induced strain reaches its critical value E. One can

obtain in the following integral form:
de
EY = / XD (V .33)
0

After the onset of the localized crack, the inelastic strain E° keeps constant, i.e., E¢ = E°
for d > d..
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Remark 4

] For loading paths without the rotation of principal stresses, the critical strain for the
onset of localized cracks E® can be explicitly obtained by substituting d = d, for
Eq.(V .24) and together using Eqgs. (V .22) and (V .16):

R (d,)
X

E'= A'D=d,

D (V .34)

It is useful to point out that the validity of the onset criterion of localized cracking
proposed in this paper should be verified by further experimental investigations. Further-
more, the ont onset of localization has been largely been investigated in various engineering
materials by different approaches such as the bifurcation theory and second order work cri-

terion. It will be also interesting to compare the proposed criterion with other approaches.

3.3 Identification of the localized crack orientation

Another crucial step is to determine the orientation of the localized crack. This is
studied in this section. Let us consider the spectral decomposition of the macroscopic

stress tensor

3
2= T e (V .35)
=1

¥J; denote the three principal stresses with the corresponding principal vectors v; satisfying
the orthogonal property v; - v; = d;; for 4,5 =1,2,3,, as shown in Figure V .4(a).

For a localized penny-shaped crack in a general 3D configuration (see Figure V .4(a)), a

(a) 3D cases (b) 2D cases

Figure V .4: Illustration of a localized penny-shaped crack (discontinuity) in 3D and 2D

cases
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local orthogonal frame (n, m, p) is introduced, with n being the normal vector of the local-
ized crack. The vectors m and p are perpendicular to n and tangent to the localized crack
surface. In the coordinate system of principal stresses, for the convenience of calculation
of localized crack orientation in three dimensional situation, the base vectors (n,m, p) are
here expressed in terms of a set of four characteristic angles 8 = [01, 62,11, Y2], as shown
in Figure V .4(a):

n(@) = [cosb,sinb; cosV,sin by sin ] (V .36a)
m(0) = [cosba,sin s cosJa,sin O sin Vg] (V .36D)
p(6) = n(0) xm(0) (V .36¢)

The traction ¢ acting on the localized crack can be expressed in the local coordinate system:

t:=3n=tan+ tmm + tpp (V .37)

Three components t,, ¢, and t, respectively along the base vectors n, m,p can be related

to the macroscopic stress tensor:

tn = Ypm =N -2 -m (V .38Db)
tp=Ypp=n-3-p (V .38c¢)

3.3.1 Mohr’s maximization postulate

In the framework of bifurcation theory for weak discontinuities, the orientation of strain
localization band is determined from the characteristic equation of acoustic tensor (Mosler,
2005; Oliver et al., 1999; Ottosen and Runesson, 1991; Rice and Rudnicki, 1980; Rudnicki
and Rice, 1975; Runesson et al., 1991). Recently, for the approach of strong discontinuities,
Wu and Cervera (2015, 2016) have proposed a novel method for the determination of
localized cracks by using the Mohr’s maximization postulate in the case of a macroscopic
plastic damage model. In this study, the Mohr’s maximization postulate is also adopted.

Within the context of the Mohr’s maximization framework, at the onset of a localized
crack, the traction-based failure friction criterion F (¢) < 0 can be deduced by projecting
the corresponding macroscopic stress-based failure friction criterion F (X) < 0 (Eq.(V .14)
with the condition of d = d.) onto the orientation of localized crack

F(t(@)=t-y—D:C: E<0. (V .39)
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where the dissipative flow vector v satisfying (1 ® @)Sym = D, C% is the value of C, at
d = d.. Note that, without rotation of principal stresses, (V .39) can be further rewritten

as

F((O) =t-7— 2R (de)x < 0. (V .40)

Mohr’s maximization postulate assumes that cracks are localized on the orientation
n(6.r) upon which the traction maximizes the failure friction criterion F (¢ (0)) (Eq.(V .39)).

The characteristic angle 6., is then given by:
0., = argmaxF (£ (0)) (V 41)
Mathematically, the following stationarity conditions holds
OF 0Ot ot Oty Otm, ot
= = = = = = — — —= =0 (V 42
o <at aa)g (’V ae)g ('V" 90 "m0 Tae), ~0 VA

with the following negative definite Hessian matrix:

or
20

~ O°F

6. 5oz -0<0.v0 (V .43)

Ocr

The dissipative flow vector v satisfies (Oliver, 2000)
Y=2n-D —nDpy, = v+ Ymm + P (V .44)

The components v, v, and v, of the dissipative flow vector in the local orthogonal system

(@, m,p) are expressed as
Yo =7 1= Dppy, Ym =7 - m = 2Dpm, Vp:=7-p=2Dy, (V .45)

The stationary condition (V .42) results in a set of nonlinear equations in terms of the
traction components given in (V .38), from which the characteristic angles 6. can be
determined. Note that, if the solution exists, the crack localization can occur.

Remark 5

N Under general 3D conditions, the numerical results of the characteristic angles ., of
the localized crack can be obtained by using any known optimization technique, such
as the augmented Lagrangian method. Although, the analytical solutions of O, for

general cases are hardly obtained, some analytical solutions for special cases can be

obtained and examples will be given in Section 5.
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4 Formulation of localized friction-damage model

In this section, a new traction-based friction-damage model is established to describe
the mechanical behavior of material after the onset of localized crack in the framework
of irreversible thermodynamics. As mentioned above, the localization corresponds to the
coalescence of micro-cracks and to the formation of localized macroscopic cracks in the
RVE. According to experimental investigations on rock-like materials (Labuz et al., 1996;
Lockner et al., 1992), the macroscopic failure is a progressive fracturing process. Sev-
eral localized cracks may be created in a fracture process zone. In order to formulate a
frictional-damage model for the post-localization behavior in the same esprit of the micro-
mechanical model before localization. We shall use the same damage density parameter

d > d. to represent the overall density evolution of cracks in the RVE after localization.

4.1 Free energy and thermodynamic forces

Inspired by the previous study in Zhu and Shao (2015), after the onset of localized
crack, the free energy function of the RV E in Figure V .3 can be expressed in the following

form:

1 ~ 1~ -
¢:52:Sm;2+2:(EC+E01)—§EC;©”;EC+¢IJ (V .46)

where C" = d%dc(an—i—ctT), d — d. represents the damage evolution caused by the growth
of the localized crack, the constants ¢, and ¢; are related to the elastic modulus E™ and
Poisson’s ratio v™ of the intact solid matrix, i.e., ¢, = % and ¢, = ¢, (2 — V™)
(Kachanov, 1992) . Fourth order tensors N and T are both functions of the unit normal

vector n determined in Section
N=N&®N, T=NT+TIN (V .47)

with N =n®n and T = § — N. For an arbitrary second-order tensor A, the operations
N: A and T : A, respectively lead to the normal and tangential part of the tensor A.

Further, the following conditions are verified:
N:N=N, N:T=0, T:T=T, T:-N=0

It is noted that the free energy Eq.(V .5) should be equivalent to Eq.(V .46) at the onset

of localized crack, thus one can obtain the explicit expression of 1)°

1
Y= ECL: B (V .48)
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The thermodynamic force >¢ and V¢ respectively associated with the inelastic strain

E° and damage variable d are given by

IS aagc - —C":E° (V .49a)

I P
=57 = 3B 5 E (V .49D)

:)}d

4.2 Frictional-sliding criterion and damage criterion of localized crack

Given the local stress X¢ acting on the localized crack, a simple linear Coulomb-type

criterion is formulated to describe the frictional sliding along the localized crack

F (&) = Il + % <0 (V .50)

where ¢y is the friction coefficient of the localized crack. 7¢ and X, are respectively the
shear and normal components of 3¢ | which can be obtained by projecting the stress vector

3¢ n into the normal direction and localized crack plane. With the help of (V .49a), one

obtains:

where the vector 7 is the shear component of macroscopic stress 3, i.e., 7 =% -n - T.
Taking the advantage of results of Zhu (2017), the flow direction inside the localized

crack plane located in the plane (vy,v5), denoted by ¢, is defined as

vy — (v n)n
VI—v;-n

Then the norm ||7¢|| can be reformulated in terms of norm ||z |

0= sign (21 —22) (V .53)
=€)l :IC-Q:z-Q—Q-T~C”:E~C-Q:||IH—(Q®Q)Sym-T-(C":E~C (V .54)

Combining Egs. (V .52) and (V .54), the frictional sliding criterion of localized crack
(Eq.(V .50)) can be reformulated as

F (z, E°, d) =|lz| +épt, —V:Cr: B <0. (V .55)
where V is the second order flow direction tensor, defined as

V=_(on)""+N (V .56)
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this expression thanks to the properity (o ® n) ym o — (o®mn) sym

Similarly, the strain energy release rate-based damage criterion for describing the lo-

calized damage evolution is adopted here

ocr

o EC-R(@)=0, d>d. (V .57)

G (d,EC) — Y R(d) = —%EC:

It is noted that after localization, the frictional sliding along localized cracks becomes
a dominating dissipation process. This generally leads to a material softening at the
macroscopic scale. This mechanism is here described by the progressive decrease of the
material resistance R with the increase of overall crack density d. For the sake of simplicity,
the same function as that given in Eq.(V .16) in the model for the diffused damage is here
adopted:

. . 2
d)=R(d.) ——, d>d., V.
R =R g > (v 58)

with R (d.) being the maximum value of R (d).

For a given admissible state (E, E’C, d) , constrained by the friction and damage criteria

(V .50) and (V .57), the real friction and damage evolution rates (E ,d) are given by the

following normality rules:

E =), 5; % (V .59a)
d= Ad(%fd =\, (V .59b)

where the A\, and A% are respectively the plastic and damage multipliers of the localized

crack. Moreover, ). satisfies the following Kuhn-Tucker loading/unloading conditions:
X >0 .F(E Ee d) <0, AF (2,E0,d) —0. (V .60)

When the frictional sliding of localized crack is inactive, i.e., F (2, E’C, d) < 0, one has
Ae = A% = 0. On the other hand, when the frictional sliding occurs, i.e., e > 0and A4 > 0,
it follows that F <E,Ec,d) =0and G (d, EC> = 0, and the consistency conditions of
Egs.(V .50) and (V .57) are written as

B -\ _OF .  OF aﬁ.zc_
f(Z,E,d)_ﬁ.EJradd o5 B =0 (V .61a)
: ) oG e
G(de) = ai‘”aggc E =0 (V .61b)
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The non-negative multipliers (5\‘3,5\‘1> are determined by solving the set of equations
(V .61) and by using Eq.(V .59):

MN= L3V
e (V .62)

Nd _ _~CQQ~/QE .
AP ==X 9G0d %

where H, = %—gaagc : V/g—g — aaﬁlj‘:c : V is the hardening modulus.

4.3 Analytical traction-based yield criterion for localized crack

In the case of loading paths without the rotation of principal stresses, the flow direction
tensor V isindependent on the stress level, the inelastic strain of localized crack E¢ canbe
directly calculated as E¢ = A°V with the cumulation A¢ = i \¢ operated after the onset

of localized crack. In this case, the localized friction criterion (V .55) can be rewritten as

o Ac
¢ d) = Gt — <. .
F (E,A ,d) Izl + st — ;=g n <0 (V .63)
1 Ae )’
=y 1 s
g(d,E) 2<d_dc> k—R(d) <0, d>de (V .64)
with K =V : (d — d.) C" : V, one obtains from Eq.(V .64)
. 2R (d
A= (d—d) ﬁ() (V .65)

Substituting Eq.(V .65) for (V .63), we finally obtain the analytical macroscopic traction-
based friction criterion for the localized crack
F(t,d) =7 +ét, —\/2R(d) k<0, d>d. (V .66)

Remark 6
N According to Eq.(V .31), the rate form of localized inelastic strain becomes:
B = (an)™™ (v .67)
Combining Eqs.(V .56) and (V .59a), one obtains
5 = \° (0+ésn) (V .68)

In the case of without rotation of the principal stresses, one gets

e=A°(o+ém) (V .69)
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5 Analytical analysis of some specific cases

In this section, we first consider the crack localization in a 2D cracked solid  C R? in
the plane stress and strain conditions, and then we extend it to the conventional triaxial
loading condition (X; = 33 < 0 ). The in-plane principal stresses are denoted by ¥; and
Yo (X1 > ¥9) respectively, with the principal vectors v; and vy. X3 is orthogonal to the
plane defined by vy and vs. In these cases the crack orientation can be characterized by
the inclination angle 6 € [—g, g] between the normal vector n of the localized crack and
the the principal vector v; (see in Figure V .4(b)). Accordingly, the base vectors of local

coordinate system (n,m, p) are given by:
n = [cosf,sin6,0], m = [sinf, —cos0,0], p=[0,0,—1] (V .70)

The traction components (t,,t,,) in the plane are obtained from Eq. (V .38)

Yi4+Yy ¥ -X
t =%, = 1-; 2, 12 2

_Eim g (26) (V .71b)

cos (20) (V .71a)
tm = Ynm

As the dissipative flow tensor D is coaxial to the stress (Itskov, 2007), the dissipative flow

vector components (Y, ¥m) in the plane can be given by considering Eq.(V .45):

Di+D Dy —-D
’Vn:Dnn: 12 2+ ! 2

Y = 2Dy = (D1 — Do) sin (26) (V .72b)

cos (20) (V .72a)

where Dy, Dy are the in-plane principal values of D. Applying the Mohr’s maximization
postulate to the 2D conditions, the localized crack angle 6., is identified (Cervera and Wu,
2015) as follows:

D2 Dl

.9 2
- ___Te = Dy > Dy < .
sin® 0., Dy Dy’ cos” 0., D — Dy 1>0, Dy <0 (V .73a)
Gcr =0 Dy > Dy >0 (V 73b)
I Dy < Dy <0 (V .73¢)

2

For the loading paths without rotation of principal stresses, the dissipative flow tensor
D has been expressed in terms of macroscopic stresses in Eq.(V .20). Accordingly, for
the case of D; > 0 and Dy < 0 given in Eq.(V .73a), the crack angle 6., is explicitly
computed as follows:

_S2+1/3¢, |||
S1 — S

S1+1/3¢; S]]
S1— 95

sin? 6, = , cos® 0., = (V.74)
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where S7 and S5 denote the two principal values of macroscopic deviatoric stress tensor
S in the plane. Note that in this case, the analytical macroscopic stress-based yield cri-
terion (V .26) and the traction-based yield criterion (V .40) are both satisfied. Therefore,
the following analytical studies for plane stress, plane strain and conventional triaxial
compression conditions will be performed in terms of both macroscopic stresses and local
traction. Moreover, the analytical results of complete stress-strain curves with the transi-
tion from diffuse damage to localized cracking in conventional triaxial compression loading

are presented and compared with the experimental results.

5.1 Analytical analysis for plane stress

In the case of plane stress (X3 = 0), the results (V .74) become

(25 — 51) + ¢p/2 (57 + 53 — 51%)

) _

sin® 0., = 35— %) (V .75a)

L, e cf\/g (22 4+ 32 — 5, %,) —
oo 3(31 — X9) '

The conditions D1 > 0 and Do < 0 result in X1 > ¥o/m and 3y > 1939 where the

parameters 7; and 7o are given by
L 2 L 2
m=s|1-¢ 3/(6—cf) =3 14 3/(6—cf) (V .75¢)

Together with Eq.(V .73), the macroscopic principal stress-based failure criterion defined
in (V .26) when d = d. becomes:

F(2)=3,/6 (57 + 53— $1%s) + dey (%1 + 52) — IR (@)X <0 D1 >0, Dy <0
(V .76)
With the crack angle given in (V .73a), the traction-based failure criterion consistent with
(V .76) is given by (see Appendix A.1):

3 —2¢3 V2R () x
F(t) =1 + I 2, Y R( C)th_6R(dc)X§0 (V .77)

i 2(6—(;})” 2(6—0?) (6—(;})

It is noted that although it is not easy to identify the geometrical type of the macro-

scopic stress-based failure criterion given in (V .76), the traction-based criterion given in
(V .77) indicates a standard conic section. Therefore the following three cases can be

depicted regrading the value of friction coefficient ¢y € [0, \/5)
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3
e ¢c;>0and 3 — 20? >0&0<c¢s< \/; : The traction based criterion (V .77) gives
an ellipse on the (t,,t,,) plane, the macroscopic stress-based counterpart also gives
an ellipse on the (31, X3) plane, as shown in Figure V .5, in which we take ¢ = 0.8

as an example.

o~

.
oA Dty — AR (d) x =0 Dit,, — 2ZR(d)x =0
Oer = 0.00°

>

170

B = 19.88°

=33.92°

O = 42.07°

~1/-3
0 = 47.26°

.
L /
5 1) A2

B = 90°

(a) Marcostress-based (b) Traction-based

Figure V .5: Deduced failure criterion in plane stress condition:elliptic type (c; = 0.8)

3
o 3— 26? =0&cp = \/; : The traction based criterion (V .77) is a parabolic form
on the (t,,tn) plane (see Figure V .6(b)), while the macroscopic stress-based one is

also a parabolic form on the (X1, X3) plane (see Figure V .6(a)).

3
o cf < V6 and 3 — 20? <0 \/; <cp < V6 : The traction based criterion (V .77) is
a hyperbolic form on the (t,,t,) plane, and the macroscopic stress-based criterion
is also a hyperbolic form on the (31, X3) plane, as shown in Figure V .5 with c¢; =2

as an example.

For completeness, the forms of both the macroscopic stress-based and traction based
criteria for the particular cases of D1 > Dy > 0 and Dy < Dy < 0 are also studied and
indicated by the red solid lines in Figures V .5-V .7. The detailed calculations are given
in Appendix B.

The angles of localized cracks 0. in the plane stress conditions are summarized in
Table V' .1 and illustrated in Figure V .8 with the different values of friction coefficient ¢
and macroscopic stress ratio.

Remark 7

—_
As shown in Figures V .6 and V .7, for the fictional coefficient cy € { %, \/6> the
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s
s
s

{10 %

s 1

(a) Marcostress-based

0 = 0.00°
/-1
= 27.37°

/-3
0., = 32.13°

Ocr = 35.26°

tm

Dyt —/2ZR(d)x =0

(b) Traction-based

Figure V .6: Deduced failure criterion in plane stress condition:parabolic type ( ¢y =

3
5)

5,

, 1/-10

0/ - 14

(a) Marcostress-based

1/-0.725
—
0., = 0.00°

==
O, = 9.74°

-3
0., = 17.72°

0, = 19.83°

0., = 20.47°

tm

Dit,, — /2R (d)x =0

L/

(b) Traction-based

Figure V .7: Deduced failure criterion in plane stress condition:hyperbolic type (cy = 2)
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deduced criterion (V .26) has an open locus in the principal stress plane (X1, %3). As
a consequence, there must exist a limit value of 0... In order to determine 0., it is
first needed to know the slant asymptotic functions of the yield surface, or at least

the slope of asymptotic function in compression-compression region (i.e., ¥1 < 0 and
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Table V .1: Localized crack angle 6., in plane stress condition
cy Macroscopic stress ratio Xi/X2
-1:-1 -1:-12 -1:-3 -1:-5 0:-1 1:-10 1:-3 1:—1 1:-0.725 1:0 1:0.2
0.8 90° 90° 47.26° 45.66 42.07°  40.85° 38.47°  33.92° 32.21° 19.88°  0.00°
3/2  45° 43.42° 38.78° 37.35° 35.26°  34.27° 32.13°  27.37° 25.37° 0.00° 0.00°
2 - - - - 20.47°  19.83° 17.72°  9.74° 0.00° 0.00° 0.00°
90 e I AT 45 e R
(1.25,90°) —— Elliptic type (¢ = 0.8) [ _ — Elliptic type (¢, = 0.8)
8ol - = ~Parabolic type ( ey = \/3) | 40 4207 - = ~Parabolic type ( ey = \/3) 7
----- Hyperbolic type (c; = 2) == Hyperbolic type (c; = 2)
) SN T S~
570F S N
= S %
%C 60 - %025 L
E g looar 19.88°
550t BT R T . X
E (LN E 15 ~\‘\‘ S
g40F T~o_ 42.07% < 3 i
30| B s |
» (6.85,20.91°) 2047 . ‘ | '- (20.725,000°), ==~ __ 0.00°
10° 10’ 102 108 10* 10° -0t -10% 102 -10' <10 -0 -102 108 0% -10°
Stress ratio %’(El <0) Stress ratio %(El >0)
(a) Compression-compression quadrant (b) Tension-compression quadrant
Figure V .8: Localized crack angle 6., in plane stress condition
Y9 < 0). Here by solving
2
1 Yo Yo 1 Yo 2R (dc) x
lim —,|6[(1+(=) - =|+-crl|ll+=—)]—"FF"==0 V .78
Ti——00 3 21 21 3 ! 21 21 ( )
one obtains the slope of the asymptotic function:
5, CFt+3+3y/2¢3-3
k=—=—= 5 (V.79)
El 6 — Cf
Then the limit crack angle satisfies
2 2 2
o ' (25 — 51) +epy/2 (53 + 53— 51%)
lim sinf,. = lim — (V .80)
Yo—k21<0 Yo—kS1 <0 3 (X1 — X9)
S 3 . .
e For the parabolic criterion (cy = 5), one can obtain k = 1. Accordingly, the
limit crack angle is limy, <o 0q = 45°.
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e For the hyperbolic criterion (cy € ( %,\/6)), as an example, for the friction

7+3v5
2

coefficient cy = 2,k = ~ 6.85, one obtains limy, ,xx, <0 0 = 20.91°.

5.2 Analytical analysis for plane strain
In the case of plane strain, the classical discontinuous bifurcation analysis gives (Runes-
son et al., 1991):

DQ —+ I/ng
Dy — Dy

D1 + I/ng

.81
) (V .81)

sin?6,, = — , cos® 0, =

which coincidence with Maxwell’s compatibility condition (V .72a), requiring that

S5 1
D3=0= ——+-c; =0 (V .82)
TR

As it is noted in Wu and Cervera (2016), this extra condition (Eq.(V .82)) is not taken
into account in the classical discontinuous bifurcation analysis. Accordingly, the results
in the case of plane strain derived from Maxwell’s compatibility condition are not only
consistent with, but more demanding than, the classical ones.

For completeness, the extra condition (Eq.(V .82)) is equivalent to

3+ c} 3cs/2R (d,
g = — (D1 + %) - V0% _(2 X (V.83)

6 s 6 c§

As trS = 0, one obtains
1

S1+ Sy =—953 = §cf IIS]| >0 (V .84)

or equivalently
, 18 —2c )
—2c

Accordingly, the crack angle defined in (V .74) is determined by

CSp+1/3¢h IS 284S 2+

1 2 HCT pr— pr— pr— \/ .
S S1— 95 S1— 5% ¢—1 (V.86a)
Sl+1/3c HSH 251+52 2c+1
2 001” = f = = \/ . b
cos 51—52 51—52 C—l ( 86 )

The ratio ¢ := S1/Ss is given from the relation (V .85)

¢t —9—cp /18 = 3¢5 v s

2
9—20f

¢ =
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Table V .2: Localized crack angle ., in plane strain condition

Frictional coeflicient c; 0 0.2 0.4 0.6 0.8 1.0

[NV

Crack angle 0., 45°  40.92° 36.67° 32.02° 26.62° 19.62° 0°

20

Localized crack angle 6,,(°)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Friction coefficient ¢y

Figure V .9: Localized crack angle 6., in plane strain condition

Since the following condition must be satisfied
259 +51 <0, 251 +85, >0, S1+5,>0 (V.SS)

One obtains:

3
cse[-2,—-1] < cr € [O, -

. (V .89)

One can notice from Eqs.(V .86) and (V .87) that the crack angle 6., only depends on
the frictional coefficient ¢y € [O, \/g} . For instance, the values of crack angle are presented

in Table V .2 and Figure V .9 for some values of frictional coefficient.

Using the crack angle given in (V .86), the traction-based failure criterion in the con-

dition of plane strain can be derived as follows (see Appendix A.2):

F(t) =t

2
D=tn =512 (Cftn — V2R (de) X) <0 (V.90)
f

The left branch of interest can be expressed as
[tm| +tane - t, —c <0 (V .91)

where the frictional angle ¢ and cohesion ¢ are given by:

3c2 d
tan p = ! 5, C= M (V.92)
6 — 4cy 6 — 4dcy

© 2019 Tous droits réservés. lilliad.univ-lille.fr



Thése de Lunyang Zhao, Université de Lille, 2019

Analytical analysis of some specific cases 155

Table V .3: Localized crack angle 6., in conventional triaxial compression condition

Frictional coefficient ¢y 0 0.3 0.6 0.9 1.2 1.5 1.8

Crack angle 0., 54.73° 48.83° 43.09° 37.27° 31.10° 24.10° 14.96°

60

a
o
T

I

40t 1

30 q

20 1

Localized crack angle 6,.(°)

=

o
T

I

0 0.5 1 1.5 2
Friction coefficient ¢y

Figure V .10: Localized crack angle 0., in conventional triaxial compression condition

One can see that in the case of plane strain, the deduced criterion (V .40) turns into
a Mohr-Coulomb type. The macroscopic parameters involved can de directly calibrated

from microscopic parameters cy and R(d).

5.3 Analytical analysis of conventional triaxial compression
5.3.1 Analytical results of localized crack angle

In the case of conventioal triaxial compression (0 > X; = 33 > ¥5), [|S|| =X; — X9,
P :% (2% + X2), here X1 = X3 denotes the confining pressure, while Yo represents the
axial stress. With this loading condition, the results (V .74) become

sin? 0, = % — %f
¢r € [0,2] (V .93)

1 c

cos? O = 5 +

One can also notice from Eqgs.(V .93) that the crack angle 6., in this loading condition
only depends on the frictional coefficient ¢y € [0,2]. The values of localized crack angles

are presented in Table V .3 and Figure V .10 for some values of frictional coefficient.
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5.3.2 Analytical results of complete stress-strain curves

As indicated in the previous sections, the deformation process involves two stages, one
deals with a homogeneous deformation that is governed by the micro-mechanics based
diffuse friction-damage model before the onset of localized cracks in Section 2 and the
other one is associated with the localized deformation controlled by the localized friction-
damage model. It is worth noting that, both the diffuse and localized friction-damage
models can provide the analytical yield criteria (Eqgs.(V .26) and (V .66)) without the
rotation of principal stresses. In this context, once the localized crack angle is determined,
it is easy to obtain the analytical complete stress-strain curves considering the damage
from diffused to localized state.

The macroscopic stress-based yield criterion defined in (V .26) in the conventional

triaxial compression becomes:

2 6
F(X,d) =39 — ﬂ21+3\/272 (d)x<0 d<d. (V .94)

V6 —cf
One the other hand, the analytical traction-based yield criterion (V .66) for localized
crack can be rewritten in the principal stresses form in the conventional triaxial compres-

sion loading condition (Zhu, 2017)

~ sin 6 cos O + Cf sin? 6., 1 =
3,d) =Yo— 2R(d)k <0  d>d.
F(®.d) 2 Sin 0 cos O — Cf cos? Oy 1 sin 0,y cos O — ¢ cos? O, (d)r < -
(V .95)
At the onset of localization, one has:
F(B,d.) =lim, .+ F(X,d)=0
o (V .96)

o |yt > Do (d=dc)

In a monotonic conventional triaxial compression test, 31 = X3 is constant and equals
to the prescribed confining pressure. In addition, the damage variable will monotonically
increase. Therefore, the analytical complete stress-strain relations can be obtained by the

following procedure:

1. Given a damage variable d, if d < d,, calculate R(d) and A with Egs. (V .16) and
(V .25), else calculate R(d) and A with Eqs. (V .58) and (V .65).

2. Calculate 39 by using (V .94) and (V .95) with the prescribed confining pressure ¥;

and damage variable d.
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Table V .4: Values of parameters used in the diffuse friction-damage model for Lac du

Bonnet granite

Parameters E™(MPa) v™ d. ¢y R(d.)

Values 72000 0.2 2.8 1.45 0.1

3. Calculate the macroscopic strain by using

E=S":X+ AD+AV, (V .97)

In order to show the efficiency of the proposed model, the analytical solutions are
now compared with the experimental data on the Lac du Bonnet granite in conventional
triaxial compression tests. It is important to point out that due to localization, the
tested specimen cannot be seen as a material point but as a small structure submitted
to boundary conditions. Therefore, a suitable boundary values problem should be solved
by using for instance the finite element method. The proposed frictional-damage model
should be implemented in a computer code and used inside each element which is seen
as a representative volume element. The characteristic length for the cracked element is
the ratio between the element volume and the localized crack surface. However, as a first
approximation and in order to use the analytical solution, a simplified approach is here
proposed. The tested sample is seen as a single element with the onset of an oriented
localized crack according to the criteria proposed above. Then the macroscopic strains
and stresses are determined by the analytical solutions and compared with experimental
data. The presented model contains 7 parameters that can be determined from a series of
conventional triaxial compression tests. Here as an example, the experimental data with
three confining pressures of ¥; = -30, -40 and -60MPa extracted from Martin (1997) are
used for the determination of parameters and the comparisons with the analytical results.
The calibration procedure of the diffuse friction damage model parameters (5 parameters)
has been introduced in detail in Zhao et al. (2018); Zhu et al. (2016). By using that
procedure, we have obtained the parameters listed in Table V .4. The localized crack
angle 0., = 25.29° can be obtained by using Eq.(V .93). The two parameters involved in
the localized friction-damage model are easy to be determined with Eq.(V .96) (¢; < 0.37
and R(d.) < 0.032). Here we take é; = 0.37 and R(d.) = 0.032 for study the mechanical
behavior of the Lac du Bonnet granite.

In Figure V .11, one shows the analytical relations between applied traction ||z|| and
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Figure V .11: Analytical traction-sliding curves for Lac du Bonnet granite under two

conventional triaxial compression with different confining pressures

frictional sliding ||e, || under two different confining pressures. Here |le.| = ||e- T'||, with

e can be calculated by using Eq.(V .69).

Furthermore, the analytical stress-strain curves with and without considering the onset
of localization for the conventional triaxial compression tests with two confining pressures
of ¥1 = —30 and —40MPa are presented and compared with experimental data in Figure
V .12. The critical value of damage density parameter d. corresponds to the peak devia-
toric stress. It is seen that both the analytical results with and without considering the
localized crack can correctly capture the general features of mechanical behavior of Lac
du Bonnet granite, such as the non-linear strain, confining pressure effect and volumetric
dilatation, strain hardening and softening. However, in a quantitative way, there is a large
discrepancy between the solutions provided by the model without considering localized
crack and experimental data in the post-peak regime. This is due to the fact that the
mechanical response of the granite in the post-peak regime is essentially governed by the
localized crack and not by the diffuse micro-cracks. The diffuse friction-damage model is
not able to capture this physical mechanism. As a comparison, the friction-damage model
with considering the localized crack is in a very good agreement with experimental data.
Furthermore, the mechanical response in the post-localization regime is controlled by the

mechanical properties and orientation of the localized crack.

In Figure V .13, we present the analytical stress-strain curves with different values
of the parameters ¢; (Figure V .13(a)) and R(d.) (Figure V .13(b)) in the conventional
triaxial compression test with a confining pressure of 31 = —40MPa. It is found that when

¢y <0.37or 7~2(dc) < 0.032, there exists a sharp stress drop just after the onset of localized
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Figure V .12: Analytical stress-strain curves of triaxial compression test on Lac du
Bonnet granite with and without considering localized crack (experimental data extracted

from Martin (1997))

crack. The magnitude of stress drop increases with the decrease of ¢y and 7~€(dc). From
the end of the stress drop, the cracked material will exhibit the strain softening behavior
controlled by the yield function of the localized crack (V .95).

In Figure V .14, the stress-strain curves with the different values of the localized crack
angle 0, in the range from § to § are presented and compared with the curve provided by
the diffuse model without considering the localized crack. One can see that the localized
crack angle 6., has a significant influence on the post-peak stress-strain curve and on the
residual strength. More interestingly, the post-peak behavior can be transformed from a
snap-back softening (Class II behavior) to a stable softening (Class I behavior). For the
Class II behavior, both the stress and strain decrease after the peak strength. For the Class
I behavior, on the contrary, the stress decreases with the increasing strain after the peak

strength, implying that plastic strain increases faster than the elastic strain decreases.

6 Concluding remarks

In this chapter, we have developed a micro-mechanics based approach for studying the
transition from diffuse damage to localized cracking in quasi-brittle materials. The empha-
sis was put on closed cracks under compressive stresses. For the description of mechanical
behavior of material with randomly distributed micro-cracks before localization, a coupled
friction-damage model has been formulated using a rigorous homogenization scheme. The
damage is related to the growth of micro-cracks while the frictional sliding induces the

macroscopic plastic strain. The damage evolution is driven by the frictional sliding while
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Figure V .13: Sensitivity analyses on the localized friction damage model parameters

(¢; and R(d.)) using triaxial compression tests with ¥; = -40MPa
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Figure V .14: Sensitivity analyses on the localized angle 6., using triaxial compression
tests with X7 = -40MPa

the latter is enhanced by the damage growth. The onset of a localized crack occurs when
the damage density parameter (density of micro-cracks) reaches a critical value which cor-
responds to the maximal value of material resistance to the propagation of micro-cracks.
After the onset of a localized crack, the energy dissipation of material is entirely related to
the frictional sliding and propagation of the localized crack. A traction-based model has
been developed to describe the frictional sliding of the localized crack which acts as the
driving force for its propagation. The overall deformation of material is then attributed
to the frictional sliding induced displacement discontinuity in the localized crack and the
elastic deformation of matrix. The continuity conditions and kinematic constraints on

the localized crack have been discussed. The orientation of localized crack has been in-
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vestigated using the Mohr’s maximization postulate. Analytical results of the localized
crack angle have been obtained for plane stress, plane strain and conventional triaxial
compression conditions. It is found that the crack orientation is essentially controlled by
the local frictional coefficient along micro-cracks. For loading paths without rotation of
principal stresses, the proposed approach has allowed to obtain an analytical stress-based
and traction-based criterion for both the frictional sliding of diffuse micro-cracks and that
of the localized crack. Moreover, the analytical solutions of complete stress-strain curves
with and without considering localized crack have been obtained for conventional triaxial
compression tests, and compared with experimental results. It is found that the friction-
damage model with localized crack is able to well capture the mechanical response of
material in the post-peak regime. However, in the present study, only a single localized
crack has been considered in the cracked material volume. In future studies, the proposed
friction-damage model with localization will be implemented into a finite element code
and applied to investigate the whole failure process with progressive growth of localized

cracks in both sample and structure scales.

Appendix A: Traction-based failure criterion for some cases
A.1: Case of plane stress
In the case of plane stress, by the substitution (V .75) for (V .71), we arrive at
2 g cf
ty = G (X1 +39) + ) 2R (d.) x (V .98a)
ty = — (S1+1/3¢s |[S]) (S2 +1/3¢; [|S])) (V' .98b)

Similarly, substituting (V .75) for (V .72), one obtains

1 —203&5,1 + 3ty + 3cp\/2R (de) X
Tn = P (V .99&)
ISl 6 — cj
2t
Vi = e (V .99b)
1Sl
The norm ||S]| can be evaluated from (V .26) and (V .98a)
1 3cit, — c2\/2R (de) x
HSH - _gcf (21 +22)+ QR(dc)X: - ! 6f CQ ( ) + 2R(dc>x > 0
s
(V .100)
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The substitution of (V .98) and (V .99) for (V .40) leads to the following traction-based

failure criterion:

3—2c2 VOR (A v
FH)= 2 |+ T gz 4 UVIR e x, ORUx) (V .101)
1S]] 2 (6—c§) 2 (6—c§> (6—(;;)

A.2: Case of plane strain

For the plane strain condition, using the crack angle given in (V .86) and recalling

(V .83), the normal traction can be given by

3 —2c2 3cey/2R (d
rf T f

This yields the following relations

(6= 3) tn = 3¢,y /2R (de)

b Yo = V .103
1+ 22 3_ 26? ( a)
(3 + cg) tn — 3cp/2R (do) X
S5 = . (V .103b)
3 —2ct
The square of the tangential traction ¢2, is also obtained
t?n = Z%m = — (251 + SQ) (Sl + 2S2) (V .104)
By substituting (V .86) for (V .72) and recalling (V .84), one gets
S1+Sy 2
Yn=D1+ Dy = Lr 24 Zep=¢f (V .105a)
s 3
2tm 2ctm
m =2 (D1 — Dy)sinb,, cosb,, = = V .105b
= 2D ) EREICEED (v A050)
with the following relation
S + Xy — 2% 2R (dc) xey — ity
S1+ 52 = L S — ( )X]; ! (V .106)
3 3 — 20f
Further by the substitution of (V .106) for (V .105b), one obtains
2 (—3 + 2c§) tm
Tm (V .107)

" Bcpty — 3v/2R (do)
Finally, by substituting (V .105a) and (V .107) for (V .40), the traction-based failure

criterion is written as follows:

2
FO)=th- 12 <cftn — V2R (d,) x) <0 (V .108)
1
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Figure V .15: Values of D; and D versus frictional coefficient cy

Appendix B: Particular 2D cases

It is noted that the crack angles given in (V .73b) and (V .73c) correspond to the
particular values of Dy = 0 and D; = 0 in (V .73a). As a consequence, the macroscopic

stress-based criterion given in Eq.(V .26) can be rewritten as

D13 — 2R (d)x <0 Dy > Dy >0
F(Z) = (V .109)

Dy¥lo — 2R(dC)X§0 Dy <Dy <0

Similarly, the corresponding traction-based failure criterion F (t) is expressed by

Dqt,, — QR(dC)XSO Dy >Dy >0
Ft)= (V .110)

Dot,, — \/2R(dc)x <0 Dy< D1 <0
The aim here is the determination of D; and Ds in (V .109) and (V .110). Note that the
two particular cases respectively correspond to the conditions ¥1 < X9 /m; and X1 < 179X,

with n; and 7y given in (V .75¢). By respectively taking Yo — 71X and X1 — 12X in
(V .76), one obtains D; and Dj as follows:

6 (L+nf —m)+cp (14+m)

Dy = . >0 (V .111a)
—/6 (1 4n3 —n2) +c (1 +n2)
Dy = S ; ) <0 (V .111b)
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As depicted in (V .111) and (V .75¢), the values of Dy and D2 only depend on the friction
coefficient ¢y € [0,/6). It is worth noticing that if the inequality condition in (V .111)
is not satisfied, the corresponding particular case does not exist. In Figure V .15, we
show the values of D1 and D> in all range of friction coefficient c;. One can see that, for
¢ € [y/3,V6), Dy > 0. This implies that only one particular case exists in this region, as
also shown in Figures V .6 and V .7.
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Conclusions and perspectives

1 Conclusions

This thesis aims to propose a series of homogenization methods for modeling the effec-

tive (overall) behaviors of ductile and brittle rock-like materials via incremental variational

and micro-mechanics based friction-damage approaches. For this purpose, we consider

that the ductile and brittle rock-like materials have different micro-structures. The duc-

tile rock-like materials are composed of plastic solid matrix and in which mineral inclusions

and (or) pores are embedded, while the brittle ones are composed of elastic solid matrix

weakened by micro-cracks. In this context, different homogenization approaches have been

introduced. The main conclusions of this thesis are following

© 2019 Tous droits réservés.

e An incremental variational homogenization model have been proposed for describing

the elastic-plastic behavior of ductile rock-like material with an associated Drucker-
Prager plastic matrix. The non-uniform local plastic strain field is taken into ac-
count in the model. The approach have been validated from comparison with direct
finite element simulations for inclusion-reinforced and porous materials, together
with comparison with experimental tests carried out on a cement mortar and a

typical porous sandstone.

A new bi-potential based incremental variational (BIV) homogenization approach for
ductile rock-like materials with a non-associated Drucker-Prager plastic matrix have
been established. The bi-potential theory and the incremental variational principle
was well combined. The accuracy of the proposed model have been assessed by a
series of comparisons with reference solutions obtained from full-field finite element

simulations respectively for inclusion-reinforced materials and porous materials. The
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model have been also used to simulate the mechanical behavior of claystone and

sandstone under different loading paths.

For describing the effective behavior of brittle rock-like materials under a larger
range of compressive stress, a micro-mechanics friction damage coupled model have
been proposed in the frame-work of thermodynamics combined with Mori-Tanaka
homogenization scheme. An analytical analysis of macroscopic peak strength and
volumetric compressibility-dilatancy transition have been provided. The efficiency
of the proposed model have been verified against experimental data on three typical

brittle granites and for a very large range of stress.

The transition from diffuse damage to localized cracking in brittle materials have
been envisaged with a micro-mechanics based friction-damage. The localized crack-
ing is considered as a consequence of coalescence of diffuse micro-cracks approach.
The orientation of localized crack is determined from the Mohr’s maximization pos-
tulate and the frictional sliding of the localized crack was described by a localized
friction damage model. Analytical solutions have been derived for some specific

loading paths.

2 Perspectives

This thesis opened up new dictions for the development of homogenization approaches

for rock-like materials. However, there still a lot of work to do to capture the complex

mechanical behaviors of these materials with complex microstructure. In the future, we

may improve the presented models in the following directions:

e All these models focused on the short-term mechanical behavior of dry rock-like

materials, we will extended the models to describe the time-dependent behaviors
and to consider saturated and unsaturated conditions as well as thermo-mechanical

coupling.

Considering the plastic matrix obeys to a nonlinear yield criterion in the incremen-
tal variational homogenization model, for instances, Mises—Schleicher yield criterion,
and other analytical nonlinear yield criterion derived for porous Drucker-Prager ma-
trix (Guo et al., 2008b; Maghous et al., 2009a). This could be useful for instance to

capture influence of intra-particle pores.

e Proposing a more sophisticated definition of the LCC, such as second-order procedure

© 2019 Tous droits réservés.

(Castaneda, 2002a), to consider the fluctuations in the variational framework.
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e Proposing a unified homogenization approach to consider the inclusions, pores and

cracks in same scale and describing ductile-brittle transition phenomenon.

To conclude, developing homogenization approaches for complex behavior of rock-like
materials, such as elastoplasticity and plastic damage, requires a compromise between
accuracy, theoretical rigor, and numerical cost. The final goal, not achieved yet, is to

propose a model which has the virtue of the three.
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