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École doctorale : SPI

présentée par :

ARFA Essosnam

Wear and contact modelling of heterogeneous
material using multi-scale method

Modélisation de l’usure et contact matériaux
hétérogènes par une méthode multi-échelle
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Ce travail de thèse a été réalisé au sein de l’équipe µFrein du Laboratoire de Mécanique Multiphysique
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Abstract

Mobility has become a societal, environmental and economic issue. This translates into the

development of means of transport that must be safer, faster for public transport and cleaner.

Brake components are therefore an integral part of these new developments. Indeed, braking

devices ensure that the vehicle stops (for example, the brake linings of a high-speed train can take

up to twenty Megajoules) and are known to be a source of pollution (debris, noise). Moreover, for

the railway sector, this is the first item of expenditure for consumables. In an attempt to have a

high-performance brake system, brake linings are composite materials whose composition makes

the issue of increased competition between different manufacturers. Nevertheless, the approach

remains empirical and the understanding of the phenomenon remains relatively poor.

The difficulties lie in a better understanding of what happens within the contact interface, which

is an area where different interactions occur: mechanical interactions, thermal exchanges, heat

dissipation, etc. These interactions in return, lead to wear of contacting bodies which may impact

material integrity and involves particles generation and emission. Subsequently, this affects the

whole performance of the braking system and some environmental issues.

The current approach used by manufacturers to resolve these issues is the empirical feedback

test. This approach is not only expensive but also do not respect technical and environmental

requirements. Due to the complexity of contact interface which is multi-physics and multi-scale,

in spite of the progress made in instrumentation and measuring techniques, it is still difficult,

from an experimental point of view, to obtain precise measures of contact interface data. Clearly

there is a need of theoretical modelling and numerical simulations to supply experimentations.

Therefore, the objective of this work is to propose a numerical strategy of modelling contact of

friction material taking into account the material and surface heterogeneity as well as surface

evolution aspects due to wear. The challenge here is to consider at the same time the system

and the material scales. A new multi-scale homogenization-based method is adopted. Unlike

the classical homogenization methods, the proposed homogenization method has the advantage

of considering contact constraints at the micro-scale and thus offers a macro to micro contact

stresses relocation. The homogenization is done numerically by finite element method and only

mechanical aspects are considered.

At micro-scale, homogenized parameters traducing material heterogeneity and surface effects

have been computed and enriched at macro-scale. After macro-scale calculation is performed,

mechanical fields obtained are reinjected at the micro-scale via the numerical homogenization

technique. As a consequence, local mechanical parameters induced by material and surface

heterogeneity are obtained. Furthermore, wear source flow modelling has been carried out at

micro-scale through the multi-scale strategy implemented. Archard’s law has been used for this

purpose. Thanks to the numerical homogenization, material properties’ evolution with wear was

obtained. These new developments have been validated by comparison with reference models.

The advantage of these new developments lies in the reduction of CPU time, which makes it

possible to enrich the models in the future.

Key words: Contact homogenization, multi-scale finite element method, material heterogeneities,

surface heterogeneities, wear source flow.
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Résumé

La mobilité est devenue un enjeu sociétal, environnemental et économique. Cela implique

le développement des moyens de transport qui doivent être plus sûrs, rapides et propres. Les

composants de frein font donc partie intégrante de ces nouveaux développements. En effet, les

dispositifs de freinage assurent l’arrêt d’un véhicule (par exemple, les garnitures de frein d’un

train à grande vitesse peuvent supporter jusqu’à vingt mégajoules) et sont connus pour être

source de pollution (débris, bruit). De plus, dans le secteur ferroviaire, il s’agit du premier poste

de dépenses pour les consommables. Dans l’optique d’avoir un système de freinage de haute

performance, la composition des garnitures de frein, qui sont des matériaux composites, est l’un

des facteurs concurrentiels entre les différents fabricants. Néanmoins, l’approche reste empirique

et la compréhension des phénomènes demeure relativement médiocre.

Les difficultés résident dans une meilleure compréhension des phénomènes qui se déroulent à

l’interface de contact, qui est le lieu de différentes interactions : les interactions mécaniques,

les échanges thermiques, la dissipation de la chaleur, etc. Ces interactions en retour, entrâınent

l’usure des corps en contact, ce qui peut avoir une incidence sur l’intégrité des matériaux et

entrâıner la production et l’émission de particules. Cela affectera l’ensemble des performances du

système de freinage et posera certaines questions environnementales.

Les essais expérimentaux empiriques sur les matériaux de friction demeurent l’approche actuelle

utilisée par les fabricants pour résoudre ces problèmes. Cette approche est non seulement coûteuse,

mais ne respecte pas non plus les exigences techniques et environnementales. En raison de la

complexité de l’interface de contact qui est multi-physique et multi-échelle et malgré les progrès

réalisés dans l’instrumentation et les techniques de mesure, il est encore difficile d’un point de vue

expérimental, d’obtenir des mesures précises des données de l’interface de contact. Il est clair qu’il

faut une modélisation théorique et des simulations numériques pour supporter l’expérimental.

Par conséquent, l’objectif de ce travail est de proposer une stratégie numérique de modélisation

du contact du matériau de friction, en tenant compte de l’hétérogénéité matériau et de surface

ainsi que des aspects évolutifs de la surface dus à l’usure. Le défi majeur est de considérer à la

fois les échelles du système, de l’hétérogénéité matériau et de surface. Une nouvelle méthode

multi-échelle basée sur un schéma d’homogénéisation numérique est adoptée. Contrairement aux

méthodes classiques d’homogénéisation, celle proposée a l’avantage de prendre en compte les

contraintes de contact à l’échelle micro offrant ainsi une relocalisation des contraintes du modèle

macro au micro. L’homogénéisation se fait numériquement par la méthode des éléments finis et

seuls les aspects mécaniques sont pris en compte.

A l’échelle micro, des paramètres homogénéisés tenant en compte de l’hétérogénéité matériau

et de surface ont été calculés et enrichis à l’échelle macro. Après ce calcul effectué, les champs

mécaniques obtenus sont réinjectés à l’échelle micro via la technique d’homogénéisation numérique.

En conséquence, les paramètres mécaniques locaux, induits par l’hétérogénéité des matériaux et

des surfaces sont obtenus. En outre, une modélisation du débit source d’usure a été réalisée à

l’échelle micro grâce à la stratégie multi-échelle mise en œuvre. La loi d’Archard a été utilisée

à cette fin. Grâce à l’homogénéisation numérique, une évolution des propriétés matériaux avec

l’usure a été obtenue. Ces nouveaux développements ont été validés par comparaison avec des

modèles de référence. L’avantage de ces nouveaux modèles réside dans la réduction du temps de

calcul, ce qui permet d’enrichir les modèles futurs.
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Mots-clés: Homogénéisation avec contact, Méthode des éléments finis, Hétérogénéités matériau,

Hétérogénéités surface, débit source d’usure.
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General introduction

Context of the study

Contact mechanics is omnipresent in mechanical engineering and in everyday life. It

has many and varied domains of applications such as the interaction of wheel and rail,

bearings, tyres, clutches, electrical systems, brakes, walking, human being and animals’

joint behaviour, etc. Generally, contact is very difficult to master since the interaction of

the bodies depends strongly on different aspects related to on one hand, physics, and on

the other hand, to the scales involved. Therefore, the objective of tribology is to try to

understand these different interactions. Thus, it is necessary to consider the dimension

of the third body (an intermediate film composed of particles detached from contacted

bodies) where wear, source flows, different interface mechanisms etc. play an essential role.

Nevertheless, contact may be necessary and indispensable to master in different industrial

sectors such as braking systems, where the search for better performance is an objective

for companies.

In the last decade, many contributions have been done in the transport domain. The

vehicle and the TGV have reached new levels in terms of speed, inducing new challenges

which have to be overcome such as the maintenance and operating costs of transport and

the environmental requirements (noise, pollution, particle emissions, etc). These challenges

go hand in hand with the redesign of new braking systems and new friction materials

that will make it possible to reduce maintenance costs and comply with environmental

requirements.

A major problem in transport is the durability of components subjected to rubbing

contacts, mainly wear and its consequences in terms of generation and emission of particles.

Whether it is rail, aeronautical or automotive, the ejection and emission of particles

remains a common problem. These particles, by their very fine sizes, represent a potential

danger for the population. Several industrial systems are responsible for this problem. The

main systems are therefore, engines and disc brakes. In recent years, the use of particle

filters in engines has led to a very significant reduction of particles emission in nature.

Moreover, braking systems are also a very important source of particles emission and

represent a major environmental challenge. Another common problem related in general

to transport domain and in particular to braking system is friction-induced vibrations and

waves between solids in contact. These vibrations frequently lead to radiation of sounds

which are sources of disturbance of the surrounding media. Among many existing sounds,

brake noise is the extreme in automotive domain particularly. Therefore, it seems relevant

to study the braking system particularly the brake pads which are mostly responsible for

the particles generation, emission, due to its constitution and the noise pollution.

From an industrial point of view, to improve the design of contact materials so that

they meet environmental requirements, empirical tests and trial-and-error methods are

13



General introduction

used. Another difficulty hindering the design of contact materials is at the experimental

level. Indeed, even though there have been improvements in instrumentation in recent

years, it is still very difficult to have accurate information within a contact interface.

Another difficulty in understanding the phenomena for highly dissipative contacts lies

in the use of highly heterogeneous materials. This heterogeneity is essential to combine

different objectives. Nevertheless the role of these heterogeneities on contact is a still open

question today.

Therefore, it is not only the contact interface but also the friction material contributes

largely in the braking systems performance, as well as on the whole performances of

transport systems.

Manufacturers invest a lot of money to overcome these issues by doing experimentations

on the friction materials. However, these are not an easy task and most of the time do not

respect the environmental requirements.

Due to the multi-physical aspect of contact, from an experimental point of view, it

is very complicated to access all the useful information needed (contact pressure, area,

temperature, etc) despite the progress made in instrumentation and measuring techniques.

Another strategy to better understand the phenomena would be the use of numerical tools.

Then, there will be a need for theoretical and numerical simulations which is of great

interest to supply experimentation.

Many numerical models covering various aspects of physics have been widely widespread

in literature for braking systems simulation. Usually these models separately consider

either multi-physical, specifically thermo-mechanical, or multi-scales aspects. The coupling

between the different scales is also ignored in most of the case.

Few models, in the recent year, propose the coupling between system scale, thermal and

roughness aspects but still neglect the heterogeneities scale and the damage mechanisms

associated. Subsequently this leads to a lack of efficient models allowing understanding of

tribological phenomena. The major difficulty is to consider at the same time the contact

and the system scale.

Objectives of the study

This thesis topic aims at the development of a strategy leading to contact modelling

of heterogeneous material especially for large scale models. The material and surface

heterogeneities have been considered into in a complete braking system for the application

purpose. In addition, a fine-scale wear management is proposed. This approach is based

on a proposition of a new multi-scale method: heterogeneities are considered at the system

scale and wear is taken into account at both the system and heterogeneity scales. The

proposed strategy is a first step that will allow the development of more realistic models

while reducing CPU time. This approach is therefore of great industrial interest in the

choice of material design processes.

14



General introduction

Reading guide

This manuscript is divided into three chapters:

Chapter I presents a literature review quite large in the contact mechanics field. However,

this is non-exhaustive. A special interest is dedicated to the multi-physical and multi-scales

aspect of contact.

At the end of this chapter, the present work is positioned, in regard of the bibliography

review, by specifying the objectives and the methodology used.

Chapter II is dedicated for the proposed multi-scale strategy for contact modelling

considering the scale of heterogeneity. The numerical strategy is a multi-scale homogeniza-

tion based on a micro to macro embedding and a macro to micro relocalization, where the

effects of heterogeneities are highlighted. A large variety of heterogeneities cases have been

presented and validated to the reference solutions.

Chapter III deals, firstly, with a strategy leading to contact modelling considering

simultaneously material heterogeneity and surface defects and which is based on gap

introduction in the contact law. This strategy is an extension of the numerical strategy

established in chapter I. Secondly, based on the proposed multi-scale strategy where gap is

introduced in the contact law, wear source flow modelling has been proposed.

In conclusion, a synthesis of the results obtained has been presented illustrating the

originality of this work. Thereafter, some prospects have been proposed for improving the

present work.

15
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I.1 Contact: a multi-physics problem

I.1 Contact: a multi-physics problem

Contact interface phenomena are determined by the atomics interactions within and

between contacted solids and those between atoms of the particles which are present at

the interface [Vakis et al., 2018]. These interactions give birth to a multitude of physics

described by different theories and models, making contact a multi-physical problem

synthesized in the Figure I.1.

Figure I.1 – multi-physics problem associated to contact [Vakis et al., 2018].

Among the different physics near contact interface, we can distinguish: mechanical,

thermal, physico-chemical, electro-magnetic, metallurgical, quantum and others types of

physics.

Mechanical phenomena refer to solids mechanical deformations and their contact

interactions. Surface degradation (micro-cracking, plastic deformations, abrasion and

adhesion) or material removal process is associated to mechanical phenomena types.

Thermal phenomena are related to heat transfer from one solid to another, heat

generation due to friction at contact interface and dissipation in the material volume.

Thermo-mechanical aspects of contact are discussed in detail later.

Metallurgical phenomena generally occur at near interface layers and induce various

microstructural transformations due to changes in temperature (for instance caused by

joule effect or frictional heating) or by severe deformations. These microstructural changes

include dynamic recrystallization and various phase transformations; an example is the

formation of a fine-grained and rather brittle martensitic layer called ”white layer” [Ramesh

and Melkote, 2008]. Local rise in temperature can be critical for mechanical performance

of materials experiencing glass transition [Ward and Hine, 2004]: in most cases, mechanical

properties are strongly linked to the temperature the making thermo-mechanical aspect a

strongly and natural coupled multiphysical problems in tribology.

Chemical phenomena can occur between materials in contact subjected, or not, to

environmental influences. Atoms and molecules can then react between themselves to

exhibit chemical decomposition. For example, corrosion which is the result of chemical

reaction with an oxidant. Furthermore, there is a coupling between chemical, thermal

and mechanical phenomenon’s arising during contact; especially for composite materials.
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I.1 Contact: a multi-physics problem

Thermal investigation of a friction composite material degradation was carried out by

combining thermo-gravimetry and mass spectroscopic analysis. The results show that H2O

and CO2 emissions can be indicators of the degradation process [Cristol-Bulthé et al.,

2008].

Besides chemical reactions, more complicated physics emerge especially from composite and

porous materials. For example rocks experiencing chemical decomposition, pressurization,

water evaporation etc. (refer to [Dieterich, 1972; Collettini et al., 2013]).

The interplay between these different physics makes contact a multi-physics problem

and exhibits generally instabilities phenomena in the contact. A special subsection is

dedicated for studying instabilities mechanisms later.

In the following, thermo-mechanical aspects of contact are discussed in more detail.

I.1.1 Thermo-mechanical

Solids in contact, submitted to mechanical loads, experience deformations due to their

contact interaction. In sliding contact, friction forces are considered as a resistance to

the sliding motion and typically most of the frictional energy is transformed into thermal

energy through atomic and molecular interactions, plastic deformations, etc. Therefore,

through contact surfaces, there is not only heat exchange from one solid to another but

also heat generation due to interfacial friction. Thermal phenomena can be also related to

the dissipation in the material volume through several mechanisms (damage accumulation,

micro-crack, viscoelasticity, and viscoplasticity, etc): heat exchange can be either ballistic

or diffusive according to the size of the contact spots [Chen, 2002; Anciaux and Molinari,

2013] whereas radiative and convective heat exchange contribute considerably to the overall

heat conductance [Madhusudana and Madhusudana, 1996]. Generally, real surfaces are

non-smooth. Therefore, the real area of contact is smaller than the apparent one. Then

contact is performed through this non-smooth surface and mechanical and thermal loads

are transmitted through these micro zones which can be represented by surface asperities.

As a consequence, and since these micro zones are very small, high elevation of contact

stresses and temperature occur around and within contact micro zones. The stresses and

temperature around these micro zones could be extremely severe and could damage the

materials, accelerate wear process and alter materials properties by overheating [Archard,

1959; Furey, 1964; Kennedy Jr, 1984]. Moreover, the contact pressure distribution and the

heat generation through the surface will be non-uniform and the solids will be distorted

by thermal expansion known as thermoelastic instability [Barber, 1969]. On the other

hand, the local heating of contacting asperities up to the point of local melting [Bowden

et al., 2001] and generally known as flash-heating, has important implications for friction

especially in dry contact [Goldsby and Tullis, 2011]. Melting in return can lead to wear

with sliding.

This brief and non-exhaustive above discussion does not consider all the thermo-mechanical

aspects of contact. The aim being to show the complexity of multi-physics aspects of

contact in order to propose an efficient strategy of modelling later.

20



I.1 Contact: a multi-physics problem

Furthermore, there are instabilities phenomena which occur during contact and certainly do

not influence the mechanical integrity of the rubbing systems but generates an important

discomfort for the surrounding population. Therefore, it seems relevant to give some insights

about this source of instabilities known as friction-induced vibrations in the following.

I.1.2 Friction-induced vibrations

Friction, resulting from the sliding contact, often gives birth to diverse forms of waves

and oscillations within solids which frequently lead to radiation of sound to the surrounding

media. Among diverse examples of friction sounds, violin music and brake noise are the

most significant in terms of the sounds produced and the mechanisms by which they

are generated [Akay, 2002]. Basically, these instabilities generated by friction are called

friction-induced vibrations.

Friction induced vibrations in brakes are a major topic of interest principally for the

automotive industry. Due to friction, structural vibrations may occur as well as the audible

noise that can be related to these vibrations. Diverse consequences may occur, for example

safety issues, driver discomfort and maintenance requirements. In fact, brakes are one of

the most important components in terms of performances and safety in transport domain.

Therefore, it is of great importance for automotive manufacturers to seek improvements in

the braking system design in order to increase its power, efficiency and durability. [Kinkaid

et al., 2003] noticed, in their bibliography review, that the refinement of vehicle acoustics

and comfort through improvement in other aspects of vehicle design has enormously

increased brake noise relative contribution to these aesthetic and environmental concerns.

Consumers are very irritated because of brake noise and many of them believe that the

brake system has functioning problems.

In this subsection we shall focus principally on brake noise because of the above reasons

mentioned. A lot of information about brake noises in the literature exist. Here a quick

summary of different types of brake noises is given, then followed by the predominant

mechanisms responsible for them.

I.1.2.1 Different types of brake noises

In the literature, a wide array of brake noises and vibrations phenomena are described

by a wide range of terminology: squeal, groan, chatter, judder, moan, hum, and squeak.

According to the papers of [Rhee et al., 1989; Akay, 2002], they are classified in two types

of brake noises according to their distribution in the frequency spectrum (Figure I.2).

In the following, some of the noises often dealt in the brake industry are presented:

Low frequency rigid body vibration

About 100 to 1000 Hz, they are summarized in Figure I.2 and some of them are described

in the following:

The judder

The brake roughness or judder is a low frequency oscillation around 100 Hz which can
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I.1 Contact: a multi-physics problem

Figure I.2 – Different brake noises and their approximate spectral contents [Akay, 2002].

be detected by the driver’s foot, during braking manipulation, or hands. The main cause

is the geometrical defects of brake components. For example, thickness variation of the

disc(rotor) due to thermal effects or massive friction material transfer.

The moan

It is also a low frequency phenomenon occurring at around 150 to 400 Hz. It is caused by

rigid body oscillation of the caliper and its mount.

The groan

Groan (100 - 400 Hz) is an audible vibration which generally occurs at a speed of 20

km/h. This type of brake noise is the result of the stick-slip, described later, phenomena

happening in the contact.

Medium and high frequency vibrations

About 1000 to 18000 Hz up to the limit of human hearing. They are self-excited vibrations

mostly due to the contact interface. They are described in the following:

Squeak

It is a short-lived squeal, a high-pitched sound and is similar to a clean window rubbing.

Squeal

It is a kind of sharp noise from 1 to 10 kHz and is generally observed at the end of a stop.

Wire brush

It describes a randomly modulated squeal and it appears when there are some irregularities

on one of the parts in contact. From 10 to 11 kHz or 10 to 14 kHz.

From there, brake noise is referenced as squeal noise, because it is the most widespread

and covers the largest bandwidth. Therefore, mechanisms responsible for squeal generation

will be discussed in the following.

I.1.2.2 Squeal noise generation mechanisms

In this subsection, principal mechanisms developed in the literature concerning friction-

induced noise and vibration are presented. Most of these mechanisms are inspired from

experimental investigations like in [Wells, 1929], where stick-slip phenomena is observed

during measurements of the kinetic friction coefficient. [Fieldhouse and Newcomb, 1993]
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using holographic interferometry prove that the disc present purely diametral modes and

the pad, a variety of modes such as bending, torsion and sometimes a combination of both.

At noise start, disc deformation is closed to its own modes. A reconstructed hologram of a

squealing disc brake system is shown in the Figure I.3.

Figure I.3 – Fieldhouse and Newcomb’s reconstructed hologram of a squealing disc brake

system [Fieldhouse and Newcomb, 1993].

Several mechanisms can explain self-excited vibrations in frictional systems [Popp and

Stelter, 1990; Ibrahim, 1994; Kinkaid et al., 2003]. Among them, four possible mechanisms

have been proposed to be responsible of friction-induced vibration:

Surface phenomena origin

Below, the occurrence of friction-induced vibrations is related to surface phenomena. Two

mechanisms are therefore presented in the following:

Stick-slip phenomena

There exist a lot of information about stick-slip mechanism in the literature. A synthesis

inspired from [Popp and Stelter, 1990; Ibrahim, 1994; Kinkaid et al., 2003] is proposed

here. Usually, one degree of freedom (DOF) model, presented in Figure I.4, is used for this

purpose.

The system is composed of a mass (m), a conveyor belt, a linear spring of stiffness k

and a damper with damping coefficient c. A constant vertical force N is applied against

the mass m and the conveyor belt which is in rotation with constant velocity v. Rn = −N
stands for the normal reaction force of the conveyor belt on m and Tf is the friction

force. Let ux denote the displacement of the mass. ∆vx = u̇x − V represents the relative

tangential velocity between conveyor belt and the mass. Where u̇x is the time partial

derivative.
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Figure I.4 – 1 DOF model.

The equation of motion is written as in (I.1):

müx + cu̇x + kux = Tf (∆vx). (I.1)

Friction conditions can be described by Coulomb’s friction law in (I.2):

Tf ≤ µsRn, (I.2)

where µs stands for the static friction coefficient which depends on materials in contact.

According to equation (I.2), friction forces cannot exceed a certain limit (stick state). If

the limit is reached, the mass will start to slide with a relative velocity. This interference

between stick and sliding state of the mechanical system can be the possible friction-

induced vibrations known as stick-slip mechanisms. When the relative velocity equals to

zero, the system is in adhesion state. Otherwise, the mass slides over the conveyor with

frictional force Tf = −µdRnsign(∆vx), where µd is the dynamic friction coefficient which

is considered here to be constant whenever the relative velocity and sign(∆vx) is the sign

of ∆vx.

Negative friction-velocity slope

Here, the system presented in Figure I.4 is still used for our purpose. Let consider a friction

coefficient decreasing with relative velocity. Friction force is then described by equation

(I.3):

µd = −µs(1− aV )Rnsign(∆vx), (I.3)

where a is positive. Then, the equation of motion (I.1) linearized around quasi-static

equilibrium state of the 1 DOF system is given by equation (I.4):

müx + (c− aµsRn)u̇x + kux = 0. (I.4)

According to equation (I.4), if aµsRn > c, the system damping is negative and leads to

exponentially increasing of vibrations. Therefore, this negative damping coefficient can be

associated to self-sustained vibrations. In conclusion, the decrease of friction coefficient in

respect to the relative tangential velocity can introduce instabilities in frictional system.

As noticed on [Murakami et al., 1984], the squeal occurrence is higher when the friction

coefficient was a decreasing function of the relative velocity than a constant function. The
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stick-slip itself and the negative damping theory are not sufficient to explain squeal noise.

Other theories of geometrical origin can be one of the possible brake squeal mechanism.

These theories are going to be explained in the following.

Geometrical origin of squeal noise

Below, geometrical phenomena in the occurrence of friction-induced vibrations of mechani-

cal systems is studied:

Sprag-slip phenomenon

[Spurr, 1961] announced a theory of brake squeal named sprag-slip which applies even

when the friction coefficient is not a function of the relative tangential velocity. Sprag-splip

theory is introduced through the mechanical system, illustrated in Figure I.5:

Figure I.5 – Spragging model.

The system is composed of two rigid struts AO and OP, pivoted at point O. The first

rigid AO strut is clamped at point A. The rigid strut OP is loaded against a moving

surface, with a constant velocity V, by a vertical force N and at angle θ. Friction coefficient

was supposed to be constant. Taking moments about the pivot point O, one can show

easily that the friction force is obtained from equation (I.5):

F = µN

1− µ tan θ . (I.5)

In equation (I.5), when θ reaches arctan(1/µ), the friction force tend through high values

and the strut can sprag leading to impossible motion. This theory demonstrate that the

system unstable oscillation can occur even with constant friction coefficient. Moreover, the

geometrical orientation of the contacted geometries leads to normal contact force variation

playing then a key role in self friction-induced vibrations. However, the interaction between

normal and tangential force is not highlighted in the mechanism exciting the squeal. Squeal

theory based on modal coupling is described next.

Mode coupling

Modal coupling results in friction force changing necessary to induce self-excited vibration.

There is a lot of works dealing about mode coupling theory known also as binary flutter

and non-conservative displacement dependent forces (refer to [North, 1972; Kinkaid et al.,

2003]). [Oden and Martins, 1985] first introduced mode coupling theory observing that

a coupling exists between normal and tangential forces. Many models tried to elucidate

these mechanisms in the literature. Among these works, the two DOF model, in Figure

I.6, of [Hoffmann et al., 2002] is very demonstrative.
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Figure I.6 – Two DOF model of [Hoffmann et al., 2002].

The model is composed of a conveyor belt in rotation with constant velocity V and

pushed against a block, modelled with a point mass m, with a constant normal force

Rn. The block is maintained in position by two linear springs of rigidity k1 and k2. The

normal contact stiffness, between the block and the moving conveyor belt, is represented

by a linear spring k3. Sliding friction force F is considered through a Coulomb friction

law assuming a constant friction coefficient µ. This model is a generalization of the one

DOF model used to described the precedent squeal theories. The only difference between

stick-slip model comes from the fact that this model allows displacements normal to the

sliding surface. The equations of the motion are obtained from (I.6):[
m 0
0 m

] [
ẍ

ÿ

]
+

[
k11 k12

k21 k22

] [
x

y

]
=

[
F

Rn

]
, (I.6)

where the coefficients of the stiffness matrix are obtained from elementary considerations as:


k11 = k1 cos2 α1 + k2 cos2 α2,

k12 = k21 = k1 sinα1 cosα1 + k2 sinα2 cosα2,

k22 = k1 sin2 α1 + k2 sin2 α2 + k3.

(I.7)

Considering small perturbations around the steady sliding state and assuming that the

friction force equals F = µk3y, the resulting system of equations leads to a non-symmetric

eigenvalues problem.

Equation (I.6) gives birth to (I.8):[
m 0
0 m

] [
ẍ

ÿ

]
+

[
k11 k12 − µk3

k21 k22

] [
x

y

]
=

[
0
0

]
. (I.8)

Because of the non-linearities induced by the friction force, the stiffness matrix becomes non-

symmetric. Therefore, an eigenvalue analysis can be performed to find complex eigenvalues

defined as: λ = D + iw, where D and w are the real and imaginary part of λ. D and w
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stand for damping and pulsation of the perturbation respectively. It is important to notice

that if the real part D is positive, the system becomes unstable. Considering a system with

a mass m = 1, α1 = 150 deg, α2 = 30 deg, k1 = 2
3(2 −

√
3), k2 = 2

3(2 +
√

3) and k3 = 4
3 ,

the evolution of w and D in function of the friction coefficient is shown in Figure I.4.

Figure I.7 presents two normal undamped modes with different frequencies which tend to

coalesce when the friction coefficient reaches 0.5. When friction coefficient is is above 0.5,

the real part becomes positive leading to unstable mode in the system.

Figure I.7 – Evolution of the pulsation and the damping, in function of the friction

coefficient, of the minimal mode coupling model of [Hoffmann et al., 2002].

Modal coupling is nowadays one of the most accepted theories as a necessary condition

for squeal generation and therefore is considered in this work. Sprag-slip theory is a

particular case for low frequency squeal and results from system components dynamic.

Squeal can appear even for constant friction coefficient.

Squeal prediction based on modal coupling has been investigated for multi DOF model

by the mean of Finite element analysis. Two methods exist for squeal prediction using

Finite Element Method (FEM): Complex Eigenvalue Analysis and Transient ana-

lysis.

Complex Eigenvalue Analysis (CEA)

Here, the stability analysis consists in computing the eigenvalues of the whole system, after

its linearization around the equilibrium. After a quasi-static equilibrium of the system

is performed, an extraction of complex eigen-frequencies of the system state is followed.

These complex eigen-frequencies allow system stability analysis. The system is unstable if

the real part of the eigenvalue is positive and the associated eigen-frequency is considered

as squeal noise frequency. Stability study by the means of FEM through CEA has been

performed in the work of [Liles, 1989]. For instance authors like [Nagy et al., 1994; Bae

and Wickert, 2000; Baba et al., 2001; Massi et al., 2007] can be cited also, but this list is

not exhaustive.

Transient analysis (TA)

TA results in the computation of the dynamic response in time domain. Squeal is supposed

to occur if the system responses diverge in time [Des Roches, 2011]. The system is then said
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to be unstable. The major advantage of TA results in the consideration of non-linearities

induced by contact and the ability to simulate the real behaviour of the system. However,

this approach is computationally expensive and time consuming.

The CEA is the most suitable for this work: working on the whole brake structure,

considering material and surfaces heterogeneity and also surface evolution is a lot of time

consuming with TA.

In this subsection, four instabilities mechanisms have been presented and can be catego-

rized in two groups. The first one is from tribological origin where it has been demonstrated

that friction forces play a key role in squeal noise generation even with constant or de-

creasing friction coefficient with tangential velocity. The second class of mechanisms is

from geometrical origin and mode coupling between normal and tangential directions.

Nowadays, mode coupling theory is unanimously accepted by most of the scientific com-

munity as predominant condition for squeal generation. However, it is important to know

that mode can coalesce without generated squeal noise as noticed by [Murakami et al., 1984].

Conclusion of the section

In definitive, in this section, multi-physics aspects of contact have been em-

phasized through several notions and examples. Since these physics are mostly

coupled, it is necessary to understand that a detailed description of contact

pass through the consideration of its multi-physics aspects. Then the strategy

proposed later for contact modelling has been built in a way that several physics

may be considered. Moreover, contact is a not only a matter of physics but also

has a multi-scale nature. Recent works such as [Wang et al., 2018], show that

surface roughness and wear of asperities played a key role in squeal evolution. In

fact contact is multi-scale by nature. It is then necessary to consider multi-scale

behaviours in the contact modelling in order to understand its effects on squeal

generation which is a special issue in the transport domain. Therefore, in the

next section, multi-scale aspects of contact are discussed in details.

I.2 Contact: a multi-scale problem

Previously, multi-physical aspects of contact have been highlighted. Here the multi-scale

aspects of contact are discussed.

[Vakis et al., 2018] identified five different scales involving in contact problem which are

illustrated in Figure I.8. Contact is multi-scale by nature since it involves the atomic

scale up to the system scale. The highest scale is related to macro-scale models where the

physical quantities are influenced by small scales.

The smallest scale is associated to the different components of the global system and their
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Figure I.8 – Time versus length scales associated to contact problem [Vakis et al., 2018].

surfaces topography (roughness, plateaus, etc). Another scale is related to the wear debris

present between contacted first bodies which is the third body scale.

First, in the following subsection, the system scale is illustrated before going down the

scales.

I.2.1 System scale

I.2.1.1 Braking system

Many braking systems exist and have different performances. However, two types of

friction brakes: drum brakes and disc brakes, are commonly used especially disc brakes

because of its efficiency compared to drum brakes. Disc brake system involves several

components such as rotor (disc), brake pads, caliper, piston, brake fluid, and chassis. The

disc can withstand temperatures from 600 oC to 800 oC.

Usually, in the numerical simulation, a braking model consists of a pair of pads in

contact with a rotating disc using specifics boundaries conditions. In reality, these types

of models are very simplified; the geometry of each components and the way they are

assembled will influence the dynamical response of the system. In fact, each component

has several exchanges between themselves (mechanical, vibratory and thermal exchange).

Therefore, for a realistic braking modelling, reduce the whole braking model into brake

rotor and brake pads only is not enough. The whole braking model should be considered

because of the dynamical aspects of the other components. The whole braking system has

influence on the performances and should be considered in numerical simulations. Thus,

robust numerical systems are required in order to consider entirely braking system. That

is the aim of the next subsection.
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I.2.1.2 Numerical aspects associated

Analytical, numerical and semi-analytical methods are available in the literature for

the contact problem resolution and these kind of methods have their advantages and

inconveniences. The first class of methods is very good in terms of computation time

but are restricted to simple systems. The second class of methods, the numerical one, is

adapted for a large range of geometry but is very expensive in computation time. The last

class combines the advantages of analytical and numerical method and is more and more

used.

For macro-scale brake dynamic modelling, two kinds of models exist in the literature.

Minimal models and complete models.

Minimal models, based on analytical methods, are the simplified macro-scale brake

dynamic using mass and springs. Only a small number of degrees of freedom are necessary

to understand the brake dynamic in these models. An example of minimal model describing

the brake dynamic is illustrated in Figure I.9 [von Wagner et al., 2007].

Figure I.9 – Disc brake model with wobbling disk [von Wagner et al., 2007].

There exists a quite varied literature of minimal models. Without being exhaustive,

readers must refer to [Hoffmann et al., 2002; Magnier et al., 2014; Shin et al., 2002; Popp

et al., 2002] for basics.

The interest of minimal models is obvious: on the one hand, they reduce the complexity of

commercial braking system, represent predictive tools and can be used to explain physical

phenomena obtained by experimental braking system. On the other hand, minimal models

allow a great amount of computation time reduction. Moreover, most of the advances

towards some physical mechanisms understanding, for example brake squeal, has been

due to minimal models. However, these types of models are not useful when considering

multi-physics and multi-scale aspects of contact, especially when there is a need to account

for all the system complexity; complete models are then required to fill the gap.

Complete models refer to models considering the braking system in its whole complexity.

Usually FEM is mostly used to solve these issues leading to a high number of DOF models.

Figure I.10 presents the common braking system used mostly in academic and industrial

domains.
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(a)

Figure I.10 – Complete FEM disc brake model [Renaud et al., 2012].

For instance, complex eigenvalue analysis method has been used in [Bajer et al., 2004;

Bakar et al., 2005] for wear modelling and squeal prediction. The authors developed a

three-dimensional FEM brake pads model and simulated the wear displacement process,

using adaptive meshing and a wear subroutine file to adjust automatically the nodes at

the disc and pads interface. These authors reported that wear could affect the appearance

and disappearance of unstable frequencies. Otherwise the predicted unstable frequencies

were close to the experimental values. However, they did not consider material and surface

heterogeneities in the braking modelling. The real surface topography of brake pads is later

considered, in the FE model, in [Abu Bakar et al., 2008]. Furthermore, in [Sinou, 2010], a

non-linear model of a disc brake system was developed to study transient and stationary

non-linear self-excited vibrations. The authors conclude that non-linear transient and

stationary self-excited vibrations can become very complex and more unstable modes, than

those predicted by a linearized stability analysis around a non-linear equilibrium point

(complex eigenvalue analysis), appear. Many contributions have been done in the context

of large-scale braking models. These works, even though not exhaustive, can be cited in

the context of large scales braking modelling [Naidoo Ramasami, 2014; AbuBakar and

Ouyang, 2008; Chung and Donley, 2003; Bajer et al., 2003; Blaschke et al., 2000]. However,

there is a lack of multi-physics and multi-scale aspects consideration in these works. For

example, although friction materials are heterogeneous, homogeneous hypotheses have

been considered in most of the previous cited works. The scale of material heterogeneity

must be incorporated for better predictions. Therefore, the scale of material heterogeneity

is investigated in the next subsection.
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I.2.2 Materials heterogeneity scale

I.2.2.1 Physical aspects

At a lower scale than the system one previously studied, there is friction material scale.

Friction material plays a key role in the braking by dissipating the mechanical energy

into heat in order to inhibit the motion of the system. Friction pads are submitted to

high pressures and temperatures due to sliding with the disc (up to 800 oC). Therefore,

they must have good thermo-mechanical properties, a high friction coefficient with the

brake rotor and provide a relatively stable and consistent friction coefficient whatever

the temperature, wear, corrosion, etc. Moreover, friction pads must have certain technical

qualities: low wear rate of the disc and friction material itself, long life cycle, smooth

braking without vibrations and noises, respect environmental process and finally the cost

must be low. Thus, friction material selection process is not an easy task. To fulfil the

performances required, friction materials are made from multi components (up to 25

components). For this reason, the term composites is attributed to them. However, in

order to obtain a good friction material, which fulfil the required performances, the friction

materials components must be selected carefully. Moreover, a knowledge of the fabrication

process must be mastered. Then, a particular attention is dedicated to the selection of their

components. The main difficulties lie in the multi-scale’s aspects of the final composition of

the friction material. In the following, a brief description of the friction materials is given:

their different types, their composition and their mechanical behaviour which participate

the most in the system vibration and set up the tribology mechanisms.

Different types of friction materials and their composition

[Chan and Stachowiak, 2004], in their bibliographic review, summarize the currents com-

ponents used in automotive brake friction material for wet and dry braking. In general, 3

types of brake pads are used in the dry braking industry:

• metallic matrix,

• semi-metallic matrix,

• organic matrix.

Many components are required in part of friction material fabrication process because of

exigences related to the performances of braking system. Typically brake pads contain the

following components: reinforcing fibers, binders, fillers, and frictional additives. All these

components have their specificities which have to be kept in the final composition. In the

following, the specificities of all these components are illustrated.

The reinforcing fibers

The reinforcing fibers provide good mechanical strength to the friction material and can be

categorized in 3 families: mineral, organic or metallic fibers. As an example we have glass
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fibers, metallic fibers, Aramid fibers, potassium titanite fibers, sepiolite fibers, ceramic

fibers. For details about the composition of the examples given above, the reader must

refer to the paper of [Chan and Stachowiak, 2004].

The binders

They are generally called matrix and they allow keeping the brake pads components inte-

grity under mechanical and thermal load; so, the choice of binders is of great importance.

Different binders exist like: phenolic resin, condensed polynuclear aromatic (COPNA)

resin, cyanate ester resin, epoxy modified resin, thermoplastic polyimide resin [Chan and

Stachowiak, 2004].

The fillers

They have no impact on the mechanical behaviour of the frictional material and help

in reducing the overall cost of the brake pad. They are in large proportion in the brake

friction material. [Chan and Stachowiak, 2004] distinguished two main classes of fillers:

organic and inorganic fillers. Barium, sulphate, mica, vermiculite and calcium carbonate

are examples of inorganic fillers. Organic fillers commonly used are cashew dust and rubber.

The frictional additives

These types of components contribute in the modification of wear rate and the friction

coefficient. They are typically categorized into two groups: solid lubricants and abrasives.

Solid lubricants decrease the friction coefficient and the wear rate while the abrasives

increase them. As examples of solid lubricants, we have graphite and metal sulphides.

Zirconium oxide, zirconium silicate, aluminium and chromium oxides are commonly used

as abrasives. The above talk mentioned different components of brake pad used in the

friction material process where the frictional contact surfaces are used to be dry most of

the time. In fact for wet environment only, wet friction materials are typically used. [Chan

and Stachowiak, 2004] classed the wet friction material in three different types:

• paper type,

• sintered materials,

• fabric type.

The most important property of the wet friction material is its high porosity allowing great

fluid permeation capacity. It must be able to not crumble under large compressive forces

and to be able to withstand high thermal energy. The material should provide consistent

and stable friction coefficient.

Ruddy Mann, during his phd thesis, worked on an industrial formulation of a sintered

material for railway applications. This material is obtained by compacting powders of

components, before being sintered at high temperature [Mann, 2017]. As shown in the

Figure I.11 this material is multi components of large range of type and size. Furthermore,

the presence of porosities was confirmed within the graphite particles. Through a series of
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compression tests under different loads levels, the sintered material exhibited a complex

behaviour because of its complex microstructure. That raises the question about the mecha-

nical behaviour of friction material, knowing their complexity in terms of microstructure.

The next subsection is dedicated to this purpose.

(a) Basic composition (b) Microstructure

Figure I.11 – Microstructure of the sintered material [Mann, 2017].

Other works attempt to introduce new component in part of the friction material

fabrication process in order to study its influences on friction and wear rate [Gurunath

and Bijwe, 2007].

Mechanical behaviour of friction materials

The mechanical behaviour of friction material is not obvious since it is a mixture of

many components. It has been shown earlier that the frictional material components have

influences on the final composition. For example, shape, quantity and size of reinforcing

fibers affect the material properties. However, in a macroscopic point of view what will be

the overall behaviour of the frictional material?

[Kamat et al., 1989] evaluated Al2024/ Al2O3 composite mechanical properties and

observed that yield and ultimate tensile strength of the composite increased with Al2O3

particles volume fraction. [Kok, 2005] studied the mechanical properties of Al2024/ Al2O3p

composite and revealed that the hardness and tensile strength of the composite increased

with the percentage of the reinforcing fibers. In [Mann et al., 2017; Serrano-Munoz et al.,

2019], through compression tests on different samples, extracted from sintered friction

material obtained from a realistic braking test (before and after), it has been shown that

non-linear behaviour like plasticity and damage occur. The authors attribute plasticity

phenomenon to a localization of strains in bands which are associated to graphite particles.

Moreover, damage effects were related to the decrease in elastic modulus when increasing

loading. Therefore, the material exhibits a loading history effect. This damage behaviour is

related to some initial porosities inside components and porosities at components interface.

Furthermore, in [Bousselham et al., 2020], it has been shown that the overall behaviour of

the sintered friction material is isotropic transversal.

In conclusion, friction material has a complex mechanical behaviour which is directly

related to its microstructure.
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I.2.2.2 Numerical aspects associated

The mechanical description of heterogeneous material is very complex to take into

consideration in numerical modelling. The complexity is much higher when we consider

large scale model. At small scale, usually micro-mechanical homogenization methods are

used to compute the overall behaviour of heterogeneous material. However, for large scale

model there is a need of multi-scale methods in order to overcome the time consuming of

direct computation. It is very important to consider material heterogeneities in complete

models such as braking modelling because it plays a key role for example in the squeal

generation mechanisms [Magnier et al., 2017].

In literature, there are few multi-scale methods considering material heterogeneities at

the system scale. Also, tribological phenomena associated at the heterogeneity scale are

most of the time ignored in numerical simulations. [Magnier et al., 2014] developed a

complex eigenvalue analysis of a pin-on-disc system including frictional contact. They took

into account heterogeneous distribution of material properties to analyse the effects of

contact distribution on mode coupling theory. In numerical point of view most of the work

dealing with friction material use homogenization techniques which gives good results

when there is no contact in the models. Each components of the friction material play

an important role in the local behaviour when contact is considered. These localisations

can have more impact on the tribological behaviour of the brake pad system, for example

wear computation. Therefore, the use of classical homogenization theory without taking

into consideration contact constraints in the homogenization procedure is not sufficient; at

least when it is about the wear modelling process.

For example, some works like the ones develop by [Peillex et al., 2008; Mbodj et al., 2010],

studied the mechanical behaviour of a composite material, under non linear dynamical

loading, whose equivalent properties have been determined through a classical homogeni-

zation technique. Using a relocalization process, results obtained from the homogeneous

model are very close to those obtained by a classical dynamical analysis of a heterogeneous

model through the direct computation. However, because there is no contact law in the

relocalization process, stresses are overestimated especially at the contact surface [Peillex

et al., 2008]. Since the classical homogenization is made under the assumption of a repre-

sentative volume element, the relocalization of contact stresses will not be well estimated

because the contact stresses distribution depend strongly to the location of heterogeneities

in the structure.

In general, through the classical homogenization procedure, the relocalization of contact

pressure at the scale of the heterogeneity is not possible. In fact, it is well known that

heterogeneities disrupt contact pressure distribution which in turn influences tribological

phenomena. It is then important to propose a strategy allowing material heterogeneities

consideration in high scale models.

In the following lines, we will give some existing techniques used to account for material

heterogeneities in a numerical modelling.

Homogenization methods
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Homogenization aims to compute the overall behaviour of a complete heterogeneous media.

A relation between the macro strain and stress imposed to the overall structure has to be

calculated using the classical homogenization theory [Hill, 1963]. The computation becomes

more harder according to the type of material behaviour (linear elasticity, elastoplasticity, vi-

scoplasticity, elastoviscoplasticity, etc). Many approaches exist to deal with homogenization:

Mean fields theory

Many authors made hypothesis allowing to obtain upper and lower bounds of real behaviour

of heterogeneous material. The upper bound corresponds to Voigt bound and the lower

is for Reuss [Paul, 1959]. Other bounds which are more precise exist in the literature,

one of the most used is based on the stress polarization tensor [Hashin and Shtrikman,

1963]. Other methods also exist: Mori-Tanaka method, based on the Eshelby solution

[Eshelby, 1957, 1959], and the self-consistency homogenization model. For more details

about mean fields theory, see the work of [Bornert et al., 2001]. Mean fields methods are

very restricted. They do not give any local information and any spatial repartition. Other

particular methods exist which overcome these limitations.

Transformation Field Analysis (TFA) and Non-uniform Transformation

Field Analysis (NTFA)

Let consider a representative volume V of a composite material. The volume V is sub-

divided into several local volumes. The idea of the transformation field analysis is to

approximate internal local variables fields by piecewise uniform distribution within a given

subdomain ([Dvorak, 1992]). These internal variables describe irreversible phenomena

(plasticity, viscoplasticity, damage...). Then, using the equilibrium and state equations, it is

possible to compute the average strain in each subdomain. The average stress is therefore

deduced using the appropriate material constitutive laws.

In order to obtain good results, the numbers of subdomain must be large enough. Even in

this condition, the overall behaviour of the composite material using TFA is too stiff. To

solve this issue, [Michel et al., 2000] propose NTFA based on the TFA idea but the internal

variables are no longer piecewise uniform within each subdomain. They are supposed to

follow a non-uniform distribution using plastic modes which corresponds to the slip system

in the terminology of crystal plasticity (reader must refer to [Michel et al., 2000] for details).

In the context of contact modelling, NTFA method, even interesting, remains very

complicated to use because of non-linearities induced by contact and will not be adopted

in this work.

Direct computation

Here, the complexity of the overall heterogeneous structure is considered. All the hete-

rogeneities are explicitly meshed and the problem is solved using FEM. All the stresses

and strain distribution induced by heterogeneities are computed directly. However, di-

rect computation is time consuming and cannot fit industrial requirements. Therefore,
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multi-scale methods are required. They give good results and save a lot of computation time.

Multi-scale methods

Subdomain decomposition Method

In this method: the whole heterogeneous material is decomposed in a set of subdomains

linked by interface laws. This method aims principally to the parallel computing. It is an

intelligent utilization of direct computation. Therefore, this method is less time consuming

than the direction computation thanks to the parallel computing.

However, The non-linearities induced firstly by contact interface and secondly by material

heterogeneities may cause technical problems for domain decomposition methods. All the

details about subdomain decomposition method can be found here ([Farhat and Roux,

1991],[Mandel, 1993]).

Arlequin Method

Arlequin method is a multi-scale based method which allows the superposition of different

mechanical models using coupling operators. Also, the energy distribution between the

coupling zones must be consistent. As an example, 1D and 2D mechanical problems can

be coupled together using the Arlequin method. This method can be very interesting for

a mechanical problem where there is a localized zone within the structure. For example:

cracking, impact problem, etc. For details, one may refer to the paper of [Dhia, 1998].

In the context of friction materials which are highly heterogeneous and submitted to

tribological loadings, the Arlequin method would be very complicated to set up with

computation time which may be more important than the direct computation.

Method FE2

FE2 method is type of multi-scale method where two FEM problems are solved simulta-

neously. The macroscopic structure is discretized in finite elements and at each Gauss point

a microscopic problem is associated to a corresponding Representative Volume Element

(RVE) of the whole macroscopic heterogeneous structure. At a microscopic level, a nume-

rical homogenization is performed which bypass the classical homogenization described

above. In fact, there is any restriction on the material behaviour law. This method has

been used in [Feyel and Chaboche, 2000; Mbodj et al., 2010; Nhu, 2013] (Figure I.12).

In this work, for contact modelling of heterogeneous material, a multi-scale strategy

inspired from the work of [Feyel and Chaboche, 2000; Mbodj et al., 2010;

Nhu, 2013] will be used . This kind of strategy is adopted because of its flexibility. It

allows coupling between many scales and is based on numerical homogenization allowing

then computation time reduction. The parallel computation is also possible.

In this subsection, material heterogeneity has been investigated: physical and numerical

aspects. However, there is another finer scale related to the surface irregularities, which is

the aim of the next subsection.
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(a)

Figure I.12 – FE2 strategy description [Feyel and Chaboche, 2000].

I.2.3 Surface scale

I.2.3.1 Physical aspects

As previously mentioned, surface influences contact systems performances. Therefore,

knowledge about contact surfaces is of great interest in numerical modelling. [Akay, 2002]

summarized the contributions to friction at different scales in Figure I.13. The first one is

the engineering scale where the geometry of the first bodies are supposed to be parallel

and their contact surfaces are smooth. At continuum scale, due to manufacturing defects,

the heat generation and wear, contact surfaces are no longer flat. Going down the scales,

there is roughness scale which is represented by a set of asperities in the contact surfaces.

True contact arises on the surface of asperities and some particles trapped between them.

Computational resources are very expensive in order to reproduce phenomena happening at

this scale. Another subsection is dedicated to talk about the numerical strategies available

to solve contact at this scale (roughness).

It is well known that the true contact area is much smaller than the one computed in

the case of perfectly smooth surfaces. In fact, two mechanical surfaces brought into contact

touch only over some zones known as surfaces asperities. Surface roughness affects not

only many mechanical quantities (the stress state near the contact interface, the friction,

wear, etc) but also heat and electrical conductivity [Cooper et al., 1969; Barber, 2003].

Since the beginning of contact modelling of rough surfaces, the realistic representation of

roughness remains a key problem. This problem is due to the multi-scale aspect associated

with roughness. In fact, the latter go down to the nanoscale [Solhjoo and Vakis, 2017].

Then, surfaces characterization whether experimentally or created via numerical methods,

using statistical approaches or fractal techniques, remains a universal problem [Suh et al.,

2003; Sayles and Thomas, 1978; Deltombe et al., 2014]. Even numerical surfaces generated

using the spectral density or the auto-correlation function has some lacks in roughness

representation [Persson et al., 2004] (Figure I.14).
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(a)

Figure I.13 – Length and time scales associated with contact surfaces [Akay, 2002].

(a)

Figure I.14 – Rough fractal surface generated numerically by the power spectral density

[Persson et al., 2004].

Finally, it is important to know that brake discs and pads surfaces contain wear debris

(third body scale [Godet, 1984] described later) growing within time and become plateaus

as noticed in the work of [Eriksson and Jacobson, 2000] (Figure I.15). In this work, surface

defects modelling is included in our multi-scale strategy, which is the topic of the second

chapter, in the way of plateaus.

I.2.3.2 Numerical aspects associated

Here, the numerical models associated with roughness scale are presented. On surface

heterogeneities, a contact model between rough surfaces was first proposed by [Greenwood

and Williamson, 1966]. This model is based on the pioneering Hertzian theory, which solves

the problem of two non-conformal elastic bodies under frictionless contact [Hertz, 1882].
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(a)

Figure I.15 – The contact situation between an organic brake pad and a brake disc,

involving wear debris and contact plateaus [Eriksson and Jacobson, 2000].

Greenwood and Williamson predict a link between contact force and true contact area when

considering rough surfaces. Another interesting theory after Greenwood and Williamson

model is the one of [Majumdar and Bhushan, 1991] where Korcak’s law was used to define

a power law distribution of contact spots. These models consider surfaces roughness as

a set of spherical or parabolic asperities and are ranged within statistical rough surfaces

models. In the same vein, subsequent improvements have been made in the work of [Nayak,

1971; Bush et al., 1975]; where the authors presented more generalized models. Many

authors like one’s cited here studied also the effects of roughness in mechanical quantities

but neglect all the dependence of statistical roughness parameters on the sampling length,

the interaction effect between asperities and their geometrical approximation. Authors

like [Ciavarella et al., 2006] improve these models by incorporating interaction between

asperities.

Furthermore, rough surfaces can be generated numerically from surface parameters obtained

from experimental measurements using the spectral density

All the methods listed above are analytical ones and are not designed for large scale

models which are more complex. To account for roughness in a large-scale model, FEM

based methods are used. Using the direct FEM computation requires a lot of computation

like in [Pei et al., 2005]. Rough contact requires a highly refined mesh in order to capture

precisely the contact evolution.

However, there are several methods allowing to account for roughness into large scale

models. These approaches are based on homogenization or analytical methods, at the

microlevel, allowing to get some contact laws or some homogenized coefficients traducing

the heterogeneities (surface ones principally) and introduced into the large system model

studied [De Lorenzis and Wriggers, 2013; Bandeira et al., 2004; Zavarise et al., 1992].

Basically, the contact surface is discretized in a set of patches and each patch are enriched

with the contact evolution laws or the homogenized coefficient. The good thing here is

that, the surface is still flat and does not require a refined mesh, allowing then reduction

of computation time.

Recently, some authors proposed an analytical solution to take into account the interactions
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between the different roughness’s [Waddad et al., 2016]. In the latter, Waddad also proposed

a thermomechanical multi-scale method to incorporate not only these surface defects into a

large-scale problem but also wear evolution associated. This strategy was used to highlight

the size effect of roughness on vibration instabilities in a complete brake system [Dufrenoy

et al., 2016].

In the majority of these works, the material is considered to be homogeneous, which is not

true for friction material. They did not consider the effects of material heterogeneities and

tribological mechanisms such as wear at the macro-scale.

The material and surface scales lead to a finer scale called third body [Godet, 1984] which

is located between contacted surfaces. Therefore, the third body scale is investigated in

the next subsection.

I.2.4 Third body scale

I.2.4.1 Physical aspects

In addition to the different scales presented above, there is the third body scale. One

must ask what is the third body concept? The benchmark work [Godet, 1984] was the first

to introduce the third body concept and developed by [Berthier, 1996]. The third body

concept is a qualitative description of wear and is related to the mode and mechanism of

speed accommodation. It helps understanding better the wear phenomenon. According to

Berthier, third body has three principal’s functions: load carrying, speed accommodation

and first bodies separation. These functions are summarized in Figure I.16.

During braking, there are particle detachment which grow within time, compact to

form plates and present load carrying properties. These particles represent third body scale.

The particle detachment is from the first bodies scale. The mechanism, the first bodies and

the third body are summarised under the name of the tribological triplet [Berthier, 1996].

Basically, there is fives possible speed accommodation sites induced by third body

(refer to the Figure I.16) between the first bodies. S1 and S5 represent the skin of the first

bodies, S2 and S4 represent screens. Screen is the zone between first and third bodies.

Finally, S3 represents the volumetric zone of third body. Each site can contain 4 modes of

accommodation. The elastic mode M1, the normal breaking M2, the shearing mode M3

during sliding of first bodies and the rolling mode M4. During contact, first bodies, under

mechanical and thermal loading conditions, undergo damage and as consequence lead to

particle detachment which is trapped into the contact (internal source flow). Due to speed

accommodation, these particles circulate (internal flow). A certain amount of third body

can be ejected from contact (wear flow) and another part can be recycled in the contact

(recirculation flow). The sum of the wear flow and the recirculation flow constitute the

external flow. This group of flows represent the tribological circuit [Berthier, 1996] (refer

to Figure I.16). It is possible for external particles, which are not from the first bodies,

to be trapped into the contact (external source flow). In the next section, the modelling

solutions associated to the physics detailed in this section will be presented.

41



I.2 Contact: a multi-scale problem

(a) load carrying (b) speed accommodation

(c) tribological circuit

Figure I.16 – Third body functions and the tribological circuit [Berthier, 1996].

I.2.4.2 Numerical aspects associated

Wear source flow modelling

The idea for this modelling is that all the particles detached from the first bodies are

completely ejected from contact. In fact, the consideration of all the flows present in the

tribological circuit is very difficult. To overcome these difficulties, the modelling process of

material removal is done by the use of some specific wear laws.

There are many wear models in the literature. [Meng and Ludema, 1995] after reading

many articles make a conclusion that there are more than 300 equations which describe

wear kinetic and some of them are specific to experimental measurements. Nowadays

there is not a universal wear law. The benchmark work [Archard, 1953] considered that

worn volume depends on two structural parameters (the normal load F and the sliding

distance s) and is inversely proportional to material Hardness H. Mathematically, this law

is written as:

V = k

H
∗ F ∗ s, (I.9)
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where k is the dimensionless wear coefficient, which depends on experimental measurement,

relating to the probability of two asperities in contact to create a wear particle. It is

important to know that this law was initially related to adhesive wear and cannot describe

all degradations phenomena induced by contact. Other laws taking into account more

physics exist but is difficult to set up numerically because of the lack of experimental

parameters to feed them; for details the reader must refer to the works of [Quinn, 1971;

Suh, 1973; Sarkar, 1980].

In the litterature, most of analytical and FEM models are based on Archard’s law for wear

source flow modelling. In the context of FEM, wear height at each node is calculated by

dividing equation I.9 by the contact area. This technique is used by authors like [Chmiel,

2008]. However, this kind of model suffers from the fact that there are no re-meshing

techniques during the process of wear removal and the wear computation is not included

during the finite element analysis. Therefore, to avoid these limitations, [Hegadekatte et al.,

2004] using Archard’s wear law creates two dimensional and three-dimensional models to

simulate wear between steel and brass contact. After every wear cycle, the geometry is

re-meshed to correct the deformed mesh due to wear. Even though, the latter approach

is better than the first one, for large wear cycles, convergence is not guaranteed due to

excessive mesh distortion.

Continuum approach of third body modelling

As describe before, the third body concept is a physical based approach of wear description.

It remains very difficult for numerical modelling. The difficulty arises from the different

scale between tribological triplet. Some researchers did many efforts to take into account

wear particles in their numerical modelling in a continuum way: [Yue and Abdel Wahab,

2016], using a FEM studied the effects of wear particles in their simulations. After a certain

wear cycle, they import in their simulation a debris layer which has the profile of the

wear scar caused by the previous simulation. They found that wear debris can protect

first bodies in contact and they can also be harmful. [Basseville et al., 2011] studied the

effects of wear particles included in a fretting wear model. The third body is explicitly

modelled by several rectangular particles with sizes 5 µm ∗ 1 µm, spaced by 2.5 µm. They

also studied the coupling between wear and crack in gross sliding conditions.

Recently, [Ghosh et al., 2016] investigated the effects of material properties, elastic plastic

deformation and number of wear debris in fretting wear simulation. As conclusion of their

work, wear particles are found to carry out an amount of the load applied in contact and

these particles deform plastically. However, material heterogeneities are still neglected.

Discrete approach of third body modelling

Appropriate and robust approaches are required in order to simulate the rheology of

the third body, which is a dynamic problem. Discrete approaches, for example Discrete

Element Method (DEM), which is naturally designed for discontinuous medium [Cundall,

1971] can be a useful tool for the third body flows modelling. In [Cundall, 1971], DEM

was used to simulate rock systems and was later extended to the simulation of granular

media [Cundall and Strack, 1979]. Furthermore, DEM has been used in [Fortin, 2000], for
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the dynamic modelling of granular media under contact loadings, using the bipotential

method of [De Saxcé and Feng, 1998].

Then, DEM was initially used in [Elrod and Brewe, 1992] for third the body flows modelling

followed by several authors, for instance [Ghaouti et al., 1996; Fillot et al., 2004]. Moreover,

another concurrent DEM approach, based on a different formalism, the Non-Smooth

Contact Dynamics (NSCD) [Jean, 1999] which is an extension of Contact Dynamics

approach [Moreau, 1988], was also used in the modelling of third body flows [Renouf

et al., 2011; Champagne et al., 2014]. However, the NSCD approach allows not only the

consideration of rigid particles but also deformable ones. Another class of discrete methods

used for third body flows studies are the cellular automaton and the movable cellular

automaton methods in [Müller and Ostermeyer, 2007; Dmitriev et al., 2010]. A cellular

automaton is composed of a set of cells, with different states in function of neighbouring

cells, linked to each other by some laws of evolution allowing description of phenomenon’s

arising at contact interface.

The majority of the discrete approaches available for third body modelling are computatio-

nally expensive and most of the time are restricted to bi-dimensional problems. Therefore,

the discrete approach is not considered in this work.

In this subsection three modelling strategies have been presented in the purpose of

third body scale modelling. The first one concerns wear source flow modelling. This

model considers that all wear particles are ejected from contact and do not consider the

tribological circuit. The second one tries to incorporate third body particles in the contact

in continuum way. In other words, third body particles are assumed to form a compacted

layer with known dimensions. However, hypotheses about third body geometry are too

strong. The third numerical model is a discrete approach of third body and can give a

good description of third body (source flow, recirculation flow). As mentioned earlier, large

scale model is our interest. This model is too complex to set up for large scale model. In

the purpose of this work, for surface evolution consideration, the first numerical model

based (wear source flow modelling) is considered. Even Archard’s wear law (I.9) is very

simple, it will be used later as a physical model to describe wear source flow (adhesive

wear). The main objective being to set up a multi-scale strategy capable to consider more

wear mechanisms, the use of Archard’s law is only for validation purpose.
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Conclusion of the section

In this section, multi-scale aspects of contact have been investigated: from

system scale to third body scale. Not only system scale influences perfor-

mances but also the lowest scales, especially material heterogeneity, impact

seriously performances. Due to the lack of experimental studies to understand

mechanisms happening at fine scales, it is therefore important to build strong

numerical models considering the coupling between scales in order to supply

experimentations. In this work, a special interest is dedicated to the friction

material heterogeneity and surface scales. Numerical models must be able to

consider also multi-physics aspects.

I.3 Scope of the present work

The present literature review has displayed the multi-scale and multi-physics aspects

of contact problem and the existing numerical methods available in the literature for

consideration of such complexity. In regard of literature, it has been shown that there

is a lack of multi-scale models for contact modelling, especially for large scale models.

This is important in the research of performances (durability, squeal, etc), for instance

in braking applications. Brake components, especially brake pad, play a key role on

the system performances. As mentioned in the bibliographic review, friction material

is highly heterogeneous. Two majors’ heterogeneities have been distinguished: material

and surface heterogeneities. Besides, the applied solicitations can lead to the formation

of a third body layer at the contact interface. Developments exist for large scale model

modelling considering surface heterogeneity but at least only few models deal with material

heterogeneity and surface evolution through wear, in the large-scale models. In regard

of this complexity, a better strategy of modelling is still needed for braking system in

particular. Therefore this PhD aims to a strategy leading to contact modelling

with friction considering material heterogeneity, surface heterogeneity and

surface evolution through a multi-scale approach .

On material heterogeneity, the strategy must be able to consider all the heterogeneity and

can deal with complex material behaviour laws.

On surface heterogeneity, the strategy must be able to consider surface roughness and

plateaux (meso and micro-scale).

On surface evolution, an application of wear source flow modelling is considered in this

work. Archard’s wear model is used to compute the wear source flow from contacted

bodies. However, the strategy can incorporate other types of damage mechanisms at the

micro-scale.

On physical aspects, mechanical loadings are considered. The key contribution here lies in

the development of modelling strategy taking into account material heterogeneities in a

large-scale model with gain of computation time.
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The strategy proposed in this work is a multi-scale strategy based on a new homogenization

method. The proposed multi-scale method allows taking into consideration, for instance

adhesive wear at local scale, and later complex damage mechanisms at the micro-scale

and their embedding at the macro-scale via the new homogenization method. The main

aspects of the multi-scale strategy is illustrated in the following:

1. The development of a new homogenization method considering contact interface at

micro-scale

2. An embedding strategy at macro-scale

3. A macro to micro strategy taking into account effects of heterogeneities on macro

contact pressure distribution

4. A strategy leading to modelling of surface defects and surface evolution through wear

for heterogeneous material based on contact normal gap technique described later

The strategy implemented here is useful for introducing material damage mechanisms at

the micro-scale and can save a lot of computation time. Therefore, it can be very useful

for industrial process.

Two main parts compose this manuscript which is organized as follow:

The first part is devoted for contact modelling considering heterogeneous material

for large scale models. A new numerical homogenization method considering contact

interface is developed and used in multi-scale strategy process. This development has

been carried out considering linear elasticity. Thereafter, the multi-scale strategy developed

is extended for transversely isotropic material behaviour. Simple numerical examples are

proposed to validate the strategy.

Finally, a real microstructure example is considered to consolidate the multi-scale strategy

developed.

The second part concern surface defects, for instance plateaux, and surface evolution

modelling based on the homogenization model build in the first part.

Firstly, a strategy incorporating surface defects, into the material heterogeneity multi-scale

strategy is proposed and validated with simple academic examples. Secondly, in the same

spirit, surface evolution at the level of heterogeneities is introduced and validated through

a simple case. Thereafter a real microstructure is considered. A link between surface

evolution and material mechanical parameters, therefore, can be obtained.

The developments realized in this work are new and therefore results are compared with a

reference example.

Finally, wear modelling is carried out at the level of a complete brake model where squeal

is performed through the complex eigenvalue analysis.

The whole strategy is summarized in Figure I.17

The multi-scale strategy described in I.17 is composed on three main steps:

The first step proposes to evaluate the overall behaviour of a heterogeneous material by

the mean of homogenization method. This is possible after a numerical discretization of
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Figure I.17 – Global strategy.

the whole heterogeneous material into a set of cubical patches.

The second step is where the computation is done at a large scale using the previously

homogenized computed in Step 1.

Finally, at step three, surface evolution is considered and injected in the homogenization

box to account for material degradation due to wear. However, it is possible to consider

other degradations mechanisms.
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II
Multi-scale approach with friction:

application to material heterogeneity

T
his chapter will describe the multi-scale strategy developed in the case of a complete

system considering a friction material which is highly heterogeneous. The studied

structures will be braking applications with either simplified systems (pin-on-disc

configurations) or real automotive brake system configurations. A strategy including the

complexity of the material in a multi-scale modelling is proposed. This is based on a

numerical homogenization in which the boundary conditions with contact are considered.

This method is quite general and allows working on any type of material.

The strategy is therefore established at two different scales (system and microscopic) that

communicate in a one-to-one manner. The interest is to relocate the macro mechanical

state to the scale of the components allowing the possibility of introducing new mechanisms

into the contact.

An example is proposed comparing the new model with a reference one allowing the

verification of the hypotheses formulated in the strategy.
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II.1 Multi-scale approach for contact modelling consi-
dering material heterogeneity

As mentioned earlier, heterogeneous friction material modelling is the aim of this work.

As shown in the previous chapter, material heterogeneity scale is very relevant and affects

braking performances. Therefore, a consistent modelling is proposed in order to consider

all the material complexity. A homogenization multi-scale-based method is chosen for this

purpose, like in [Feyel and Chaboche, 2000; Peillex et al., 2008; Mbodj et al., 2010; Nhu,

2013].

The strategy adopted for material heterogeneity modelling is illustrated in Figure II.1.

Thus, the multi-scale approach, which is described on the Figure II.1, is based on 3 steps:

Figure II.1 – Multiscale strategy for contact modelling based on classical homogenization:

macro to micro embedding.

Firstly, a discretization of the whole heterogeneous material into a set of cubical heteroge-

neous patches is done. By discretizing the whole heterogeneous structure, the choice of a

Representative Volume Element (RVE) is no longer a necessity. Therefore, the notion of

RVE is not discussed in this work.

Secondly, an overall behaviour of each heterogeneous patch is obtained by the means of

the classical homogenization method described later.

Thirdly, the effective property, of each heterogeneous patch, obtained by the classical homo-

genization is enriched at the macroscale level in terms of behaviour. Then a computation

is performed to determine the macroscopic mechanical fields.

The enrichment homogenization method is based on the numerical homogenization used

in the work of [Lejeunes and Bourgeois, 2011; Peillex et al., 2008; Mbodj et al., 2010;

Nhu, 2013], which consists in modelling RVE and extracting its effective properties. Ho-

wever, in this work, instead of RVE, the equivalent properties of each discretized patch

is extracted. There are many boundary conditions: the Kinematic Uniform Boundary

Conditions (KUBC), the Stress Uniform Boundary Conditions (SUBC) and the Periodic

Boundary Conditions (PBC), etc. The classical homogenization theories are presented in

the following section.
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II.1.1 Classical homogenization theories

After choosing a Representative Volume Element (RVE) which is representative of

the whole heterogeneous material, the effective behaviour is determined. We denote V

the domain, ∂V the boundary and | V | the volume of the RVE. Once the exact micro

fields in the patch, σij and εij, under the applied boundary conditions, are obtained, the

averaged stresses and strains are computed from (II.1) and (II.2):

σ̄ij = 1
| V |

∫
V
σijdV, (II.1)

ε̄ij = 1
| V |

∫
V
εijdV. (II.2)

Considering linear elasticity, using the generalized Hooke’s law, the effective stiffness(Cijkl)

and the effective compliance(Sijkl) for the homogenized heterogeneous material are deter-

mined from (II.3) and (II.4):

σ̄ij = Cijklε̄kl, (II.3)

ε̄ij = Sijklσ̄kl. (II.4)

With regard to the equations (II.3) and (II.4), computation of the effective behaviour

of the heterogeneous material seems simple. However, the boundary conditions and the

model geometry are important factors, when using analytical methods, in order to obtain

good approximations of the stress and strain fields σij and εij respectively. Nevertheless,

the use of numerical methods such as FEM bypass these restrictions. In the following,

three boundary conditions are presented.

1. Kinematic Uniform Boundary Conditions

The Kinematic Uniform Boundary Conditions (KUBC) is a numerical technique

which ensures in the boundary of a RVE a uniform strain, and the solutions of the

stress and strain fields in the RVE are computed by the means of finite element

method. No restriction is imposed on the material behaviour law. The KUBC

problem is presented in (II.5):
divσ(x) = 0 in V,

u(x)− ε̄.x = 0 in ∂V,
ε̄ = ε̄d

(II.5)

where ε̄d is the imposed mean strain.

The total strain energy U stored in the volume V of the effective heterogeneous

material is computed from (II.6):

U = 1
2 σ̄ε̄| V |. (II.6)
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The total strain energy U
′

stored in the volume V of the heterogeneous material is

shown in (II.7):

U
′ = 1

2

∫
V
σεdV. (II.7)

Using the equilibrium equation, we show that the strain energy U = U
′
. Therefore,

the KUBC problem is computed from (II.8):

∀u, ∀ε̄ | u(x)− ε̄.x = 0 in ∂V,
∫

V
σε(u)dV = σ̄ε̄| V |. (II.8)

2. Stress Uniform Boundary Conditions

The Stress Uniform Boundary Conditions (SUBC) ensures a uniform stress in the

boundary of RVE. The SUBC problem is solved from (II.9):
divσ(x) = 0 in V,
σ(x)− σ̄ = 0 in ∂V,

σ̄ = σ̄d,

(II.9)

where σ̄d is the imposed mean stress.

Using the same principle described for the KUBC, we show that the equation (II.9)

can be described as in (II.10):

∀u, ∀ε̄ | σ(x)− σ̄ = 0 in ∂V,
∫

V
σεdV = σ̄ε̄| V |. (II.10)

3. Periodic Boundary Conditions

The Periodic Boundary Conditions (PBC) is devoted for periodic microstructure.

PBC enforces in REV boundary a periodic displacement field illustrated in (II.11):

u+ − u− = ε̄(x+ − x−) (II.11)

where u is the micro-scale displacement field, the exponents + and − are associated

with node indices on opposite sides of the REV. The PBC problem is summarized in

(II.12):

∀ u, ∀ε̄ | u+ − u− = ε̄(x+ − x−) in ∂V,
∫

V
σε(u)dV = σ̄ε̄| V |. (II.12)

The use of periodic boundary conditions requires the same mesh between two oppo-

sites sides of the REV.

In the following, our enrichment method proposed in this work, is illustrated. The pro-

posed strategy is based on the KUBC boundary conditions because of its easiness and

convergence facility.
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II.1.2 Equivalent quantities computation using KUBC

The KUBC problem was presented in (II.5). Isotropic linear elastic material is consi-

dered for this purpose. FEM is used for numerical resolution. Two types of boundary

conditions can be distinguished for effective properties computation: the traction (in the

three directions) and the shear (in the three dimensions) boundary conditions referenced

respectively as bulk and shear boundary conditions.

Therefore, macro strain (EXX , EY Y , EZZ) are applied as boundary conditions of the

patch for bulk computation. Then, the displacements (UX , UY , UZ) field of the heteroge-

neous patch is computed from (II.13):
UX

UY

UZ

 =


EXX 0 0

0 EY Y 0
0 0 EZZ



X

Y

Z

 , (II.13)

with


X

Y

Z

 a vector of nodal coordinates.

Subsequently, macro shear strain (EXY , EXZ , EY Z) are applied as boundary conditions of

the heterogeneous patch. The displacements (UX , UY , UZ) field are computed from (II.14):
UX

UY

UZ

 =


0 EXY EXZ

EXY 0 EY Z

EXZ EY Z 0



X

Y

Z

 . (II.14)

Once the exact micro fields in the patch, σij and εij , under the applied boundary conditions,

are obtained, the averaged stresses and strains are computed over the patch from (II.15)

and (II.16):

σ̄ij = 1
| V |

∫
V
σijdV, (II.15)

ε̄ij = 1
| V |

∫
V
εijdV. (II.16)

In order to determine the effective modulus, equations (II.15) and (II.16) are used for the

bulk and shear modulus computation.

The bulk modulus K is described in equation (II.17):

K = (σ̄11 + σ̄22 + σ̄33)/3(ε̄11 + ε̄22 + ε̄33), (II.17)

The shear modulus G is obtained from equation (II.18):

G = (σ̄12 + σ̄13 + σ̄23)/(ε̄12 + ε̄13 + ε̄23). (II.18)
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Using equations (II.17) and (II.18), Young’s modulus (Ē) and Poisson’s ratio (ν̄) are

deduced from (II.19) and (II.20) respectively:

Ē = (9KG)/(3K +G), (II.19)

ν̄ = (3K − 2G)/(6K + 2G). (II.20)

In the following subsection, multi-scale approach based on KUBC is implemented and

compared to explicit results, considering a complete brake model.

II.1.3 Numerical example: Multi-scale problem

In this subsection, a multi-scale problem is investigated considering a numerical ap-

proach. A 3D FEM model is insprired by the experimental pin-on-disc system developed

in [Duboc, 2013]. The numerical model, shown in Figure II.2, is composed of a steel disc,

a friction pin, two steel pin-housing and a steel thin plate. The outer and inner radius of

the disc are 107.5 mm and 12.5 mm respectively.

Figure II.2 – Pin-on-disc numerical model representation and its boundary conditions.

A prescribed displacement of 0.2 mm is applied at the extremities of the thin plate

which enforces contact between the pin and the disc at a time period of t = 1s. The lateral

displacements of the plateau’s extremities are fixed. Moreover, the disc is rotating with a

constant velocity of 0.1 rad/s. The contact surface of the pin is flat with 20 ∗ 20 mm2 of

dimensions. In this work, the friction pin contains one inclusion near the inner side of the

leading edge of the contact surface. The model is illustrated in the Figure II.3.

Figure II.3 shows a heterogeneous patch, containing a spherical inclusion located at the

leading edge of the friction pad. In fact, the leading edge is generally submitted to high

stresses and therefore heterogeneity effects will be more highlighted there. This justify the

location of the inclusion.

55



II.1 Multi-scale approach for contact modelling considering material heterogeneity

Figure II.3 – Heterogeneous pin including a spherical inclusion at the inner side of the

leading edge: the inclusion is shown in cubical patch which is a part of the pin.

Furthermore, a spherical inclusion is chosen for simplicity. In first approach, it is better

to choose a simple case in order to test the proposed multi-scale strategy. The spherical

inclusion, of radius 0.35 mm is positioned at 0.5 mm from its centre to the contact surface

and is made of steel.

Tie elements are used between inclusion and the pin, the pin and the plate, and the

pin-housing and the plate in order to ensure continuity between all these components.

Material properties of all the components are reported in Table III.13. Inclusion is chosen

to be stiffer (200000 MPa) because some friction material particles are very stiff like

fibbers or ceramics. Moreover, Young modulus of the matrix is obtained from [Magnier

et al., 2014].

Table II.1 – Elastic properties for the materials: large scale model.

Young’s modulus (MPa) Poisson’s ratio

Friction pin 3000 0.3

Inclusion 200000 0.3

Disc and other components 220000 0.3

All simulations are performed by the commercial Finite element code ABAQUS with

10 CPU cores. Two types of models are proposed here:

• The first, called later ”explicit method”, is based on the conventional method where

the inclusion is explicitly meshed. This will be the reference solution in this work.

For contact constraints resolution, in this work, we shall focus on regularization

methods currently utilized in Finite element codes. Three methods are often used:

penalty method [Kikuchi and Song, 1981], Lagrange multipliers [Chaudhary and

Bathe, 1986] and augmented Lagrangian method [Hestenes, 1969; Powell, 1978;
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Simo and Laursen, 1992]. Even if the penalty method allows a penetration between

contacted bodies, it is chosen in this work because of its multi-scale embedded nature

[Waddad et al., 2016]. Indeed, it will allow to enrich large scale numerical model

with some contact laws traducing micro contact evolution as roughness or surface

plateaux [Waddad et al., 2016]. Therefore, in this work, frictional contact is solved by

the penalty method. Friction coefficient is set to 0.3. The complete model is meshed

with 155447 hexahedrons elements and 175859 nodes. The inclusion is meshed with

13440 hexahedrons elements with 0.033 mm of mesh size. The heterogeneous patch

is meshed with 48120 hexahedrons elements with a mesh size of 0.033 mm.

• The second model is based on the KUBC homogenization method presented in the

previous section. The heterogeneous problem, where spherical inclusion is centred

within the square of 1 mm3 volume, is replaced by a homogeneous problem. In other

words, the heterogeneous patch is replaced by a homogeneous cube enriched by an

effective module obtained from KUBC homogenization method (see Figure II.4). The

homogeneous enriched patch is meshed with 27000 hexahedrons elements with 0.033
mm of mesh size.

Figure II.4 – Macroscale embedding strategy based on KUBC homogenization method:

heterogeneous patch is replaced by homogeneous one in the embedded model.

II.1.3.1 Explicit method results

Explicit model results are illustrated in this subsection. Contact between the disc and

the pin is our main interest. Therefore in this work, the contact pressure distribution over

the contact surface of the pin is presented. Two cases are distinguished and discussed:

Heterogeneous compared to homogeneous cases where the inclusion material property is

the same as the matrix, making then the whole frictionnal material homogeneous. Results

are shown, for time period t = 1s, in Figure II.5.
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(a) Homogeneous case (maximum pres-

sure: 23.103 MPa)

(b) Heterogeneous case (maximum

pressure: 23.24 MPa)

Figure II.5 – Contact pressure distribution at the contact surface of the frictional pin for

two cases: homogeneous and heterogeneous explicit models.

Figure II.6 shows a zoom of the contact pressure distribution in the heterogeneous

patch area.

Figure II.6 – Zoom of the contact pressure distribution in the patch area: explicit model

X and Z represent respectively the sliding and the transverse directions.

Contact pressure distribution, for all contact surface, in the presence of the inclusion is

represented in Figure II.5 (b). Facing each other on the Figure II.5 (a) is presented a case

where the patch inclusion has a property of 3000 MPa, thus making the friction material

completely homogeneous. Figure II.5 (a) shows a conventional pressure distribution where

the maximum value is reached on the leading edge of the pin and decreases with the sliding

direction. At the back of the pin, contact separation is observed. The maximum contact

pressure between the two models is almost the same and is reached at the leading edge.

In Figure II.5 (a), in the patch area, the contact pressure evolution is uniform. However,

Figure II.5 (b) shows a contact pressure localization at the centre of the patch due to the

spherical rigid inclusion. The introduction of an inclusion disrupts the pressure distribution

which is concentrated on the area where the spherical inclusion is placed. Logically, there

is a spherical pressure distribution which is related to the inclusion geometry.

Next, the explicit method and the multi-scale strategy, based on KUBC, results are

confronted.
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II.1.3.2 KUBC versus explicit method

Two results are compared here: the explicit method, presented in the previous subsection,

and the multi-scale strategy described in Figure II.1. As mentioned earlier, the core of this

strategy is the homogenization method based on KUBC. In the following, the numerical

complete brake model of the Figure II.2, is implemented through multi-scale homogenization

approach:

1. KUBC homogenization results

Figure II.7 shows the actual step which is implemented here.

Figure II.7 – Multiscale strategy: homogenization step.

The heterogeneous frictional pin considered in Figure II.2, is composed of a hetero-

geneous patch which is used in part of the homogenization process.

As mentioned earlier, the heterogeneous patch is composed of an elastic isotropic

cubic patch, of 1 mm3 of size, with a centred inclusion of radius 0.35 mm at 0.15
mm from the contact surface. The constitutive law of the inclusion material is

elastic isotropic. The material properties of the heterogeneous two phases patch are

summarized in Table III.12:

Table II.2 – Elastic properties for the materials

Matrix Inclusion

Young’s modulus (MPa) 3000 200000

Poisson’s ratio 0.3 0.3

The matrix and the inclusion are meshed with 8-node linear brick elements. Moreover,

the complete model is meshed with 49528 hexahedrons elements and 53761 nodes.

The KUBC model is illustrated in Figure II.8.
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Figure II.8 – KUBC model: spherical inclusion centred in the cubical part.

Macro hydrostatic strains (0.01, 0.01, 0.01) are applied as boundary conditions of

the patch for bulk computation. The applied displacement field (UX , UY , UZ) in the

boundaries of the heterogeneous patch is computed from equation (II.13).

Macro shear strains (0.005, 0.005, 0.005) are applied as boundary conditions of the

heterogeneous patch. In the latter case, the displacement field (UX , UY , UZ) in the

boundaries of the patch is computed from (II.14).

KUBC boundary conditions have been applied, at each node of the boundary of the

heterogeneous patch, through a set of python routines.

From equation (II.15) to (II.20), bulk modulus, shear modulus, Young’s modulus

and Poisson’s ratio are computed.

Before presenting the equivalent quantities, stresses resulting from bulk and shear

computation are shown in Figure II.9.

+5.858e−05
+8.423e+00
+1.685e+01
+2.527e+01
+3.369e+01
+4.212e+01
+5.054e+01
+5.896e+01
+6.739e+01
+7.581e+01
+8.423e+01
+9.266e+01
+1.011e+02

(a) Von Mises stresses (MPa): bulk

computation

+2.243e+01
+2.989e+01
+3.734e+01
+4.479e+01
+5.224e+01
+5.969e+01
+6.714e+01
+7.459e+01
+8.204e+01
+8.950e+01
+9.695e+01
+1.044e+02
+1.118e+02

(b) Von Mises stresses (MPa): shear

computation

Figure II.9 – Stresses distribution for bulk and shear computation : KUBC homogenization

method

In Figure II.9 (a), the linear distribution of equation (II.13) implies symmetrical

stress distribution over the entire patch. Stress distribution of Figure II.9 (b) is

the result of simple shear apply, in equation (II.14), as boundary conditions. Once
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bulk and shear stresses are obtained, effective quantities are deduced from equations

(II.15) to (II.20).

Mesh convergence study has been carried out. Different mesh size has been used

from coarse to fine mesh. Young’s modulus evolution is plotted against total number

of elements of the heterogeneous patch. Results are illustrated in Figure II.10:

Figure II.10 – Mesh density convergence study.

Figure II.10 presents Young’s modulus evolution in terms of mesh density in the

heterogeneous patch volume. The curve converges from 49528 finite elements. There-

fore, this mesh configuration is kept for all homogenization procedure in this work.

Homogenization quantities results are summarized in Table II.3. These properties

Table II.3 – Effective properties computation through KUBC homogenization.

Bulk modulus shear modulus Young’s modulus Poisson’s ratio

KUBC 3387 MPa 1760 MPa 4501 MPa 0.28

(Table II.3) are reinjected into the macroscopic calculation in order to compute the

macro mechanical fields.

2. The macroscale embedded result

Figure II.11 shows the actual step of the multi-scale strategy and is explained in the

following.

Effective modulus obtained in Table II.3 is used to enrich the macro patch according

to Figure II.4. The same model configuration as described in Figure II.2 is used. The

heterogeneous patch containing the spherical inclusion is replaced by a homogeneous

patch of the same volume. The complete model is meshed with 134971 hexahedrons
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Figure II.11 – Multiscale strategy: micro to macro embedding.

elements and 154092 nodes (the embedded macro patch is the more refined: 900

hexahedrons elements and 961 nodes). Results are presented in Figure II.12.

Figure II.12 – Contact pressure distribution of the macro embedded model.

Contact pressure distribution is conventional, the maximum contact pressure is

reached at the leading edge of the contact surface and decreases with the sliding

direction. However, the maximum contact pressure in the patch area is higher due

to its higher rigidity in comparison to the rest of the material.

KUBC embedding result is compared to explicit model one in Figure II.13.

Contact pressure evolution, in the patch area, of both enriched and explicit models

does not have the same evolution because the inclusion is not physically present.

Moreover, in the enriched patch area, maximum contact pressure is higher than

explicit pressure. However, the average contact pressure in the patch area of the

explicit and enriched models is very close, 6.930 MPa and 7.06 MPa respectively, as

shown by the relative error which is 1.87%
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Figure II.13 – Contact pressure distribution: explicit (left) and embedded (right) models.

In this subsection, multi-scale approach based on KUBC homogenization me-

thod is presented and compared to the explicit results. The contact pressure

distribution in the patch area is not well estimated. The problem is associated

to KUBC homogenization method which does not consider the presence of

contact constraints in the model. Since contact induces some localizations due

to the presence of material heterogeneity, it is necessary to consider contact

non linearities in KUBC homogenization method. Therefore, a relocalization of

contact stresses can be possible and then better estimations can be expected.

II.1.4 New approach, the homogenization with contact: KUBC-Contact

A multi-scale strategy for contact modelling of heterogeneous material was proposed

through a classical homogenization method. It has been shown that, although average

mechanical quantities are well estimated, the multi-scale approach based on classical KUBC

method cannot estimate mechanical field evolution in the presence of contact constraints.

However, in this part, a modified multi-scale approach, inspired from [Feyel and Chaboche,

2000; Peillex et al., 2008; Mbodj et al., 2010; Nhu, 2013], based on new homogenization

method (presence of contact interface in each heterogeneous patch) considering contact in

the scale of heterogeneities is proposed in Figure II.14:

This multi-scale approach is based on 4 steps: Firstly, a discretization of the whole

heterogeneous material into a set of cubical patches is done.

Secondly, an overall behaviour of each patch is obtained by means of a new homogenization

method later called KUBC-Contact. In this work, an interface of the heterogeneous

material is in contact with another material, so one of the faces of each heterogeneous

patch is supposed to be in contact with a flat disc in order to consider the non-linearities

effects of contact, giving birth to the KUBC-Contact method.

Thirdly, the effective property, of each heterogeneous patch, obtained by KUBC-Contact

method is enriched at the macroscale level in terms of behaviour. Then a computation is

performed to determine the macroscopic mechanical fields.
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Figure II.14 – Multi-scale strategy for contact modelling of heterogeneous material based

on contact homogenization.

Finally, after the macroscopic mechanical fields computation, a macro to micro computation

of the mechanicals fields is performed using macro contact forces and displacements at the

heterogeneous micro patch level.

Compared to [Feyel and Chaboche, 2000; Peillex et al., 2008; Mbodj et al., 2010; Nhu,

2013], the KUBC-Contact homogenization method take into consideration local contact

conditions in the effective properties computation.

II.1.4.1 Contact homogenization: KUBC-Contact

Earlier, three boundary conditions (KUBC, SUBC, PBC), which have largely been

used in the literature, were described in the context of heterogeneous material effective

properties computation. Nevertheless, these boundary conditions have very different

apparent properties, which raise the question of the representativeness of the samples,

particularly when an interface of this sample is in contact with another material. Especially

if we take the conditions at the known limits, the relocalization of the stresses does not

allow us to take into account the engagement effect of the contact, the presence of the

friction coefficient, etc. Thus, we propose to take the KUBC boundary conditions on 5

sides of the heterogeneous patch and to introduce on the 6th side a boundary condition

with contact. In other words, contact constraints will be imposed on the contact side of

the heterogeneous patch. This method will later be called KUBC-Contact. We denote V

the domain, ∂V the free boundary, ∂Vc the constraint boundary and | V | the volume of

the patch. The KUBC-Contact problem is presented in Figure II.15.

The equations governing the KUBC-Contact method are presented in (II.21):

divσ(x) = 0 in V,
u(x)− ε̄.x = 0 in ∂V,
u1(x)− ε̄.x = 0 in ∂Vc,

u3(x)− ε̄.x = 0 in ∂Vc,

u2(x) = Uc(x) in ∂Vc,

ε̄ = ε̄d.

, (II.21)
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Figure II.15 – KUBC-Contact problem.

where x is a point of the volume of the patch, ε̄d is the imposed mean strain, and Uc is

determined by the contact conditions. In fact, the flat rigid surface displacements are fixed.

The subscript 1 and 3 represent the transverse direction and the subscript 2 represents the

normal direction. Once the exact micro fields in the patch, σij and εij, under the applied

boundary conditions, are obtained, the average stresses and strains are computed from

(II.15) and (II.16).

In the context of linear elasticity, bulk and shear modulus are obtained from (II.17)

and (II.18) respectively; subsequently leading to Young’s modulus (Ē) and Poisson’s ratio

(ν̄) computation from (II.19) and (II.20) respectively.

These properties will be reinjected into the macroscopic calculation. Once the latter is

performed, it will be possible to relocate from macro to micro in order to have a state of

local mechanical fields.

In the following, effective properties are estimated using KUBC-Contact and compared to

KUBC method.

II.1.4.2 KUBC-Contact versus KUBC

Figure II.16 shows the actual step of the multi-scale strategy implemented in this

subsection.

1. KUBC-Contact FEM model description

A flat rigid surface is rubbing on an elastic isotropic cubic patch of 1 mm3 with

a centred inclusion of radius 0.35 mm at 0.15 mm from the contact surface. The

constitutive law of the two phases is elastic isotropic. Same material properties, as in
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Figure II.16 – Multiscale strategy: homogenization step based on KUBC-Contact.

Table III.12, are considered. The matrix and the inclusion are meshed with 8-node

linear brick elements. The disc is meshed with 4-node 3-D bilinear rigid quadrilateral

elements. The complete model is meshed with 54090 hexahedrons elements and

59405 nodes. Contact is frictional and penalty contact is used for contact constraints

resolution with a friction coefficient of 0.3. The KUBC and KUBC-Contact models

are presented in Figure II.17.

(a) KUBC (b) KUBC-Contact

Figure II.17 – KUBC and KUBC-Contact numerical models.

In the following, KUBC-Contact and KUBC results are compared each other.

2. Results

Firstly bulk computation results for both KUBC and KUBC-Contact are illustrated

in Figure II.18.

Figure II.18 shows displacements and Von Mises stresses field distribution, compared

between KUBC and KUBC-Contact models.

A linear evolution of displacements field for both KUBC and KUBC-Contact models

is observed. The applied boundary conditions of (II.13) justifies this evolution.
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(a) U (mm) (KUBC) (b) U (mm) (KUBC-Contact)

(c) U2 (mm) (KUBC) (d) U2 (mm) (KUBC-Contact)

(e) U1 (mm) (KUBC) (f) U1 (mm) (KUBC-Contact)

(g) S Mises (MPa) (KUBC) (h) S Mises (MPa) (KUBC-Contact)

Figure II.18 – Bulk modulus computation: comparison of magnitude of displacements U

(mm), normal direction displacements U2 (mm), sliding direction displacements U1 (mm)

and Von Mises stresses S Mises (MPa) fields between KUBC and KUBC-Contact models.

Figures II.18 (a) ans (b) represent a magnitude of displacements field. Between

the two models, a similar distribution is obtained. Indeed, the displacements in all

faces are prescribed except the normal direction displacement (U2) at the contact

face. This justify the small difference of the magnitude of displacement obtained in

that face, between both KUBC and KUBC-Contact models. However, even if the

magnitude of displacements is similar, the normal direction displacements (U2) field

for both models are not equivalent. In that direction, a traction is applied for KUBC
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(U2 > 0) while a compression is applied for KUBC-Contact (U2 < 0) as seen in

Figures II.18 (c) ans (d).

For Von Mises stresses, a symmetrical distribution is obtained for KUBC while

results are asymmetrical for KUBC-Contact. This is a consequence of the contact

interface which disrupts stresses distribution. In fact, as the normal displacements in

the contact interface is not prescribed for KUBC-Contact and due to the compression

in that direction, the normal strain distribution will be different between the two

configurations as shown in Figures II.19 (a) ans (b). Consequently, the stresses

computation will be different. This justify the differences obtained in Von Mises

stresses distribution. Furthermore, one can noticed that, the Von Mises stresses

intensity for KUBC-Contact model is higher than KUBC. This is the consequence

of the compressive normal direction strain applied for KUBC-Contact. Then, the

KUBC-Contact normal direction stresses will be smaller than KUBC. As result,

using the Von Mises criterion, the KUBC-Contact Von Mises stresses will be higher

than the KUBC ones.

(a) E22 (KUBC) (b) E22 (MPa) (KUBC-Contact)

Figure II.19 – Bulk modulus computation: strain in the normal direction (E22) comparison

between KUBC and KUBC-Contact models.

Maximum stresses are observed at the matrix-inclusion interface and at the inclusion

volume for KUBC-Contact. While, for KUBC model, the stress localization is observed

at the matrix-inclusion interface only. In fact, the stresses in the inclusion volume

are few (see Figure II.20). The compressive stresses of the KUBC-Contact model

justify the obtained differences.

Secondly, shear computation results for both KUBC and KUBC-Contact are illustra-

ted in Figure II.21.

Figure II.21 shows stresses field distribution for shear modulus computation. KUBC-

Contact and KUBC results are compared to each other and the same scale is

used. Maximum and minimum Von Mises stresses, for KUBC-Contact model, are

670.3 MPa and 18.16 MPa respectively. Figure II.21 (a) show simple shear stresses

involving symmetrical distribution while Figure II.21 (b) is a general shear exhibiting

asymmetrical evolution. Moreover, in Figure II.21 (b), stresses are localized near

contact interface due to shear displacements at this face.
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Figure II.20 – Bulk modulus computation: In plane Von Mises stresses (S Mises) field

comparison between KUBC and KUBC-Contact models.
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(b) S Mises (MPa) (KUBC-Contact)

Figure II.21 – Shear modulus computation: Von Mises stresses (S Mises) field comparison

between KUBC and KUBC-Contact models.

Once bulk and shear modulus obtained, Effective properties are computed. Results

are presented in Table II.4. KUBC-Contact results are in a good agreement with the

classical KUBC method. Equivalent Young’s modulus obtained from KUBC-Contact

is higher than KUBC one. The difference comes from the contact constraints added

to the patch surface. Therefore, the new homogenization method has the advantage

to account for contact localizations induced by heterogeneities.

Table II.4 – Effective properties computation: KUBC-Contact compared to KUBC homo-

genization models

Bulk modulus Shear modulus Young’s modulus Poisson’s ratio

KUBC 3387 MPa 1760 MPa 4501 MPa 0.28

KUBC-Contact 3387 MPa 1932 MPa 4870 MPa 0.26
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In this part, a new homogenization method having the advantage of considering

contact localizations induced by heterogeneities is presented and compared to

the classical KUBC method. It allows for the consideration of the engagement

effect of contact in the presence of heterogeneities, using the multi-scale approach

described in Figure II.14.

In the next subsection, KUBC-Contact is compared to explicit case presen-

ted earlier which was the reference results of the numerical complete system

considering heterogeneous material (refer to Figure II.2)

II.1.4.3 KUBC-contact versus explicit method

Figure II.22 – Multiscale strategy: micro to macro and macro to micro (thanks to KUBC-

Contact) steps where mechanicals field relocalization are performed.

Figure II.22 shows the last steps of the multi-scale strategy, based on KUBC-Contact

method, implemented in this subsection.

The 3D FEM model inspired from the experimental pin-on disc system is still considered

in this subsection. The same model configuration, as in Figure II.3, is considered. Same

material properties (see Table III.13) and boundary conditions are kept. Two models

configuration are compared here:

• The reference solution based on the conventional method where the inclusion is

explicitly meshed. Contact is frictional and the penalty method is used for contact

constraints resolution. Friction coefficient is set to 0.3. The complete model is meshed

with 155447 hexahedrons and 175859 nodes.

• The second model is based on the multi-scale strategy presented in Figure II.14. The

heterogeneous patch, in the complete model, is replaced by a homogeneous cubic

part of the same volume. The effective behaviour of the cubic part is obtained using

the KUBC-Contact method (see Figure II.23). The pin-on-disc model is meshed with

134971 hexahedrons and 154092 nodes. Penalty contact with a friction coefficient
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of 0.3 is still used for contact constraints resolution. Effective modulus is obtained

from Table II.4 and enriched at the macro patch, followed by a macro computation

in order to get mechanical fields (refer to Figure II.23).

Figure II.23 – Macroscale embedding strategy based on KUBC-Contact.

As previously seen in Figure II.13, contact pressure distribution between explicit and

integrated results is different. In all homogenization-based works, this relocalization step

(macro to micro) is almost forgotten. However, contact pressure distribution is not well

estimated considering just the micro to macro embedding in contact problem. Although

the average pressure is the same, a macro to micro strategy, based on the KUBC-Contact

model and boundary conditions previously explained, is proposed here in order to obtain

a good approximation of the mechanical fields.

After the macroscopic calculation, a relocalization of the mechanical fields is performed.

In this relocalization step, macro contact pressure and displacements are reapplied at the

microscopic scale. In other words, the macroscopically determined contact pressure and

displacements (from macro embedded cubic part) are reinjected at the patch scale where

heterogeneity is explicitly represented. This specific boundary conditions and its loadings

are shown in Figure II.24.

This relocalization step is very important and makes a big difference between the

previous multi-scale approach based on KUBC and the actual strategy based on KUBC-

Contact.

Macro to micro strategy, based on macro embedding model boundary conditions and its

contact pressure, will refer to the following as micro model.

In the following, two results are illustrated: displacements field and contact pressure

evolution in the micro patch area.

Firstly, normal displacements, of the heterogeneous patch boundary, are plotted in

Figure II.25.

As seen in Figure II.25, the normal displacement field are negative due to compression

between the friction pin and the disc. In fact, there are prescribed boundary conditions
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II.1 Multi-scale approach for contact modelling considering material heterogeneity

Figure II.24 – 2D representation of the macro to micro boundary conditions: the boundary

conditions are obtained from macro embedded model.

Figure II.25 – Displacement field illustration in the contact normal direction: micro model.

applied at the thin plate extremities in order to enforce contact between the rotating disc

and the frictional pin (refer to Figure II.3). Therefore a quite similar distribution of the

normal displacement, at the contact face, is obtained.

Secondly, micro model contact pressure result is compared to the explicit contact

pressure distribution of the Figure II.6. This result is shown in Figure II.26.

Figure II.26 (a) and Figure II.26 (b) represent contact pressure evolution of explicit

and micro models respectively. Figure II.26 (c) shows the relative error between results.

Relative error is obtained by computing the ratio between pressure fields difference over

explicit pressure. In the central part of the patch and especially at the point where the

heterogeneity is located, good approximations are obtained. However, some important

errors are found on the edges.

The errors obtained at edges are related to boundary and edges effects which are illustrated

in Figure II.27.
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(a) Explicit case (b) Micro model (max and min pres-

sures: 26.937 MPa and 5.255 MPa)

(c) Relative error

Figure II.26 – Explicit versus macro to micro model contact pressure distribution over the

contact surface of the patch: macro to micro model is a part of the multi-scale strategy

based on KUBC-Contact.

Figure II.27 – Edges effects illustration between the two model configuration: explicit

versus multi-scale models.

In the explicit model, the heterogeneous patch is a part of an entire domain. In other

words, the heterogeneous patch is surrounded by neighbouring structures as shown in

Figure II.27. However, at the micro model level, these surrounded elements, which are

present in macro model, do not exist. Moreover, at micro scale, contact is enforced using

macro contact force and displacements from macro embedded patch. The problem is that,

these macro displacements, may be, do not respect KUBC boundary conditions (five sides

of the heterogeneous patch are submitted to KUBC boundary conditions as explained in

section II.1.4.1). Hence, the important errors obtained at the edges, in Figure II.26.

In the following, it is proposed to verify the KUBC boundary conditions (II.5), at the

boundaries of the micro patch.

Let denote K = u(x)− ε̄.x. After computation of K, if KUBC boundary conditions are

verified, K = 0. Else, K should be different to 0. Results have been presented, in Figure

II.28. Figures II.28 (b) and II.28 (c) show K distribution over the face 1 and face 2 of

the micro heterogeneous patch (Figure II.26 (a)). According to the KUBC hypothesis,

this condition should be reduced to zero. However, this hypothesis is not verified. Then,

KUBC boundary conditions of the fives sides of the micro patch level, is not verified. The

maximum errors are found at contact edges (Figures II.28 (b) and II.28 (c)). This can be
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(a) Micro model (b) KUBC condition at face 1 (c) KUBC condition at face 2

Figure II.28 – KUBC boundary conditions verification in the micro model level.

justified by the errors obtained at the edges, in Figure II.26 (c). Therefore, it is necessary

to include boundary effects in the micro model proposed in Figure II.24, in order to have

good approximations.

To overcome boundary effects issues, a new micro model boundary is proposed in Figure

II.29).

Figure II.29 – New relocalization model and its 2D boundary conditions representation:

multi-scale strategy based on KUBC-Contact

The idea is to replace the macro neighbouring elements surrounding the heterogeneous

explicit patch by a thin layer at the micro model. The boundary conditions of this model are

still the same as the ones previously presented in Figure II.24. The thin layer has the same

material properties as the homogeneous structure surrounding the explicit heterogeneous

patch highlighted in Figure II.27. In this example, the layer size equals to the element

mesh size.

Pressure field evolution between explicit and new micro model, incorporating boundary

effects, is shown in Figure II.30.

Figures II.30 (a) and (b) show contact pressure distribution for both explicit and new

micro model. Figure II.30 (c) shows relative error between the results. As the first micro

model, contact pressure obtained via the proposed strategy is in good agreement with
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(a) Explicit case (max and min pres-

sures: 23.24 MPa and 3.688 MPa)

(b) Micro model (max and min pres-

sures: 24.13 MPa and 4.57 MPa)

(c) Relative error

Figure II.30 – Explicit versus multi-scale contact pressure distribution over the patch

contact area: micro model with layer incorporating boundaries effects.

the explicit pressure distribution in the central part of the patch (errors are less than 4%
in the central part). The most significant errors are located on the edges of the patch.

However, compared to the first micro model where edge effects are not considered (Figure

II.26), results obtained by the present micro model are better. Errors are very reduced.

An illustration is presented, at the leading edge in the Figure II.31:

Figure II.31 – Contact pressure distribution between explicit and micro models at the

leading edge (X=0.0): micro layer with one element mesh size.

Figure II.31 (b) shows contact pressure distribution over the patch contact area, at

different nodes of the leading edge, for explicit, micro without layer and micro with layer

models. At the leading edges extremities, some jumps in pressure (highlighted in red)

are observed for all models. In fact this is due to surrounding macro elements near the

heterogeneous patch (Figure II.31 (a)). Results are clear enough: the new micro model

with layer, considering boundary effects, shows a good approximation compared to the

first micro model where boundary effects are not considered. Compared to the explicit

model, results are very satisfying. Edge errors are less than the first micro model.

Using the micro model with a layer, it is possible to improve edges results accuracy by

increasing the layer size. Another simulation has been conducted with a layer size higher
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than 1 element mesh size. After computation, the contact pressure distribution at different

nodes of the leading edge is compared to the explicit results in Figure II.32:

Figure II.32 – Contact pressure distribution between explicit and micro models at the

leading edge: micro layer model with one and two elements mesh size.

In Figure II.32, micro models denoted layer 1 and 2 represent respectively the micro

model with one element mesh size and two elements mesh size. The micro model with layer

2 reduces enormously edges effects. At the extremities nodes (Z=92.0 mm and Z=93.0

mm), contact pressure decreases significantly compared to the explicit results because of

the increase of the layer area. However, this result is better than the first micro model one.

A full 3D illustration is given in the Figure II.33.

(a) Explicit case (max and min pres-

sures: 23.24 and 3.688 MPa)

(b) Micro model (max and min pres-

sures: 23.05 and 3.670 MPa)

(c) Relative error

Figure II.33 – Explicit versus micro model contact pressure distribution over the patch

contact surface: micro layer model with two elements mesh size.

Figure II.33 shows a contact pressure comparison between the micro model (size equals

to 2 element mesh size) and the explicit model. Good agreement in results is obtained as
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illustrated in Figure II.30 (c). Edge errors are very reduced. However, in any case, the

important thing is that in the central part, estimations are good, irrespective of layer

presence.

The proposed strategy therefore seems relevant to address contact problems in the presence

of heterogeneities.

Conclusion of the section

In this section, a multi-scale approach based on the homogenization method

having the advantage of considering contact localizations induced by heteroge-

neities is presented and validated to reference results where inclusion is explicitly

meshed. Thanks to the new homogenization boundary conditions, macro to

micro contact stresses relocalization is then possible. Two micro models have

been presented: the first micro model does not consider macro boundary effects

and therefore leads to some important errors at the edges. The second micro

model with a layer, contributes in edge errors reduction then allowing for good

approximations between micro model and reference. Therefore, considering a

layer in the micro model, helps in reducing edge errors. However, the common

point between the two micro models is that solution in the central part are well

estimated: the relative error is less than 4% in the contact surface of the patch

except patch edges.

In the next section, the robustness of KUBC-Contact method through the

micro model with a layer, previously introduced, is investigated through a

parametrical study where various friction coefficients are considered.
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II.1.5 Parametric study on the friction coefficient

In this subsection, in order to show the robustness of the KUBC-Contact method

(Figure II.14) proposed in this work, a parametric study on the friction coefficient, µ, is

conducted. Micro model with a layer (1 element mesh size) which is employed to obtain

results presented in Figure II.30, where friction coefficient is set to 0.3, is used in this

section to perform parametric studies. The above results are established for a friction

coefficient set at 0.3. Here, µ is varied from 0.1 to 0.8 and results between explicit method

and multi-scale strategy are compared. Micro model, allowing micro mechanical field

computation, is based on boundary conditions illustrated in Figure II.29). Results are

shown in Figure II.34.

For each friction coefficient, results are presented on the same scale. Maximum pressure

distribution is achieved on the leading edge of the pin. As the coefficient of friction increases,

the maximum pressure also increases due to the greater tilting of the pad. This can be

seen in particular by the increasing extent of the area where the pressure is zero. In fact,

when the friction coefficient is small, 0.1 for example, the resistance to the disc motion

is not high, leading then to a single instability regime (pure sliding). However, when the

friction coefficient is higher, 0.8 for example, the resistance to the disc motion is very high

then leading to different instabilities regimes: sliding and contact separation. For friction

coefficient 0.8, in Figure II.34 (j), the contact pressure tends to zero (0.136 MPa) at the

trailing edge of the heterogeneous patch (contact separation).

Between explicit and multi-scale methods, it appears that there is a good agreement of

the results, particularly on the central part of the patch, whatever the friction coefficient.

The most significant errors (in the order of a few %) are found on the edge of the patch

and especially on the leading edge (Figure II.34). In Figure II.34) (l), near the trailing edge

of the heterogeneous patch, there is a significant relative error. The latter is numerical. In

fact, at this zone (Figure II.34) (j)), contact pressure is almost zero (0.136 MPa). This

induces a numerical error in the relative error calculation. Moreover, as contact pressure is

very low at this zone, there is no significant impact on the global solution. The important

thing relies on the fact that the high-pressure zone is well estimated.

With regard to the results obtained here, it is shown that not only small but high friction

coefficients can be considered with the proposed multi-scale strategy and therefore represent

an improvement compared to few contact homogenization-based works which exist in the

literature like in [Alart and Lebon, 1998].

This parametric study then makes it possible to consolidate the strategy implemented.
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(a) Explicit model: µ = 0.1 (b) Micro model (max and min pres-

sures = 11.581 MPa and 3.030 MPa):

µ = 0.1

(c) Relative error

(d) Explicit model: µ = 0.4 (e) Micro model (max and min pres-

sures = 39.672 MPa and 4.852 MPa):

µ = 0.4

(f) Relative error

(g) Explicit model: µ = 0.6 (h) Micro model (max and min pres-

sures = 97.723 MPa and 4.221 MPa):

µ = 0.6

(i) Relative error

(j) Explicit model: µ = 0.8 (k) Micro model (max and min pres-

sures = 219.219 MPa and 1.856 MPa):

µ = 0.8

(l) Relative error

Figure II.34 – Parametric study of friction coefficient: Explicit versus micro model contact

pressure distribution and relative error.
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II.2 Extension of the proposed strategy to other cases

In the precedent sections, a multi-scale homogenization strategy has been proposed for

contact modelling of heterogeneous material, especially for braking applications. Previously,

the strategy has been validated with a simple case considering only one heterogeneous

patch located at the leading edge of a frictional pin. The inclusion is centred within

the patch. The aim of this subsection is to validate the strategy through extreme cases.

For example, when the heterogeneity is directly located at the contact surface. Can this

strategy still be working for this extreme case ? This section will give an answer to this

question through several examples.

In this subsection, a cubical heterogeneity is used. The position of the heterogeneity is

varied around the contact surface of the patch.

The numerical model, shown in Figure II.2, is still used here for validation purpose. The

heterogeneous patch containing a spherical inclusion is replaced by a patch containing a

cubical heterogeneity, 0.4 mm of size, located directly on the contact surface. Material

properties of cubical inclusion and matrix are presented in Table III.14. 27000 hexa elements

have been used to mesh the heterogeneous patch. Penalty method has been used for contact

constraint resolution with a friction coefficient of 0.3. 4 cases are presented in Figure II.35

and a simulation is conducted for each case. In the following, results are presented and

discussed.

Table II.5 – Elastic properties for heterogeneous patch

Young’s modulus(MPa) Poisson’s ratio

Inclusion 2000 0.3

Matrix 3000 0.3

II.2.1 Homogenization results

Effective behaviour (Young’s modulus and Poisson’s ratio) obtained from KUBC-

Contact homogenization are presented, in Table II.6 and II.7, for the different configura-

tions shown in Figure II.35. KUBC-Contact results are compared to the classical KUBC

Method.

Table II.6 – Equivalent modulus computed from KUBC-Contact and compared to KUBC

homogenization models: cubical inclusion varied at different positions from the contact

surface.

Young’s modulus (MPa) Case 1 Case 2 Case 3 Case 4

KUBC 2925 2931 2931 2931

KUBC-Contact 2925 2936 2931 2925
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Figure II.35 – Large scale numerical model with cubical heterogeneity at the leading edge:

different positions of the cubical heterogeneity, in the contact surface of the heterogeneous

patch which belongs to the frictional pin.

Table II.7 – Poisson’s ratio computed from KUBC-Contact and compared to KUBC

homogenization models: cubical inclusion varied at different positions from the contact

surface.

Poisson’s ratio Case 1 Case 2 Case 3 Case 4

KUBC 0.299 0.299 0.299 0.299

KUBC-Contact 0.299 0.299 0.299 0.300

Table II.6 shows Young’s modulus obtained from KUBC-Contact and KUBC homogeniza-

tion models for each inclusion position presented in Figure II.35. KUBC-Contact results

are in good agreement with those of KUBC. Case 1 is the case where cubical inclusion

is centred at the middle of the patch directly in the contact surface. Case 2, case 3 and

case 4 correspond respectively to the cases where the cubical inclusion is placed at the

extremities of the patch. KUBC results show a constant behaviour when inclusion is at the

patch extremities. The linearity of the boundary conditions in equations II.13 and II.14)

explained these results. KUBC-Contact method results are close enough to the KUBC

one. The small difference come from the fact that contact is added, making differences

in stresses evolution. However, differences are not significant because the inclusion is less

rigid and its volume fraction is smaller than the matrix.

Table II.7 shows Poisson’s ratio for each studied case for the two models. Whatever the

inclusion position, results are not affected. Results obtained from KUBC-Contact is in a

good agreement with KUBC results for each case.
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II.2.2 KUBC-contact versus explicit method results

A simulation with friction contact is performed considering the multi-scale strategy

presented in Figure II.14. The pin-on-disc model is considered (Figure II.35) for computa-

tion. In the context of multi-scale strategy, micro model with a layer (1 element mesh size)

is still used for simulation in this subsection.

Multi-scale results are then compared to the explicit method (where inclusion is meshed).

Results are presented in Figure II.36.

Figure II.36 presents contact pressure evolution, in the patch area, between explicit

and multi-scale strategy. Except cases where inclusion is located at the leading edge, there

is an overpressure which decreases with the sliding direction because the matrix is more

rigid than inclusion. For each simulation, at the zones where inclusion is located, contact

pressure is very low and decreases also with sliding direction.

The multi-scale strategy shows a good agreement with explicit results regarding pressure

evolution. The difference between contact pressure is almost null everywhere in the contact

area, except some minor localization at the edges of the patch. The multi-scale strategy

gives good approximations irrespective of the inclusion location. However, to confirm

the robustness of the multi-scale strategy adopted, in order to extend it to complex

microstructure, a parametric study is still needed. This is performed in the next subsection.
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(a) Explicit model: case 1 (b) Micro model case 1 (max and min

= 23.209 and 4.066 MPa)

(c) Relative error

(d) Explicit model: case 2 (e) Micro model case 2 (max and min

= 23.869 and 3.437 MPa)

(f) Relative error

(g) Explicit model: case 3 (h) Micro model case 3 (max and min

= 23.848 and 3.385 MPa)

(i) Relative error

(j) Explicit model: case 4 (k) Micro model case 4 (max and min

= 24.457 and 3.456 MPa)

(l) Relative error

Figure II.36 – Explicit versus multi-scale contact pressure distribution: cubical inclusion

located at different positions of the heterogeneous patch.
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II.2.3 Parametric study on Young’s modulus evolution

In the previous subsection, we consolidate the multi-scale strategy developed in this

work using a cubical inclusion placed directly in the contact surface. Four different extreme

cases have been presented and validated. Is our model still valid if the inclusion is harder

than the matrix? How far can our model go in the context of contact modelling of

heterogeneous material? Through a parametric study, an answer is given to this question.

Young’s modulus of the inclusion is varied from 2000 MPa to 100000 MPa and compared

to the explicit method. Case 1 (where cubical inclusion is centred at the contact interface)

of the numerical model used in the precedent subsection is considered for this study.

Two results are shown: homogenization results and contact pressure distribution which is

compared to explicit method where inclusion is explicitly meshed.

Multi-scale model results, varying inclusion rigidity is presented in the following:

Table II.8 shows homogenized effective properties evolution in function of inclusion rigidity.

As expected, in Table II.8, the equivalent Young’s modulus is increasing when the local

Table II.8 – Effective properties computation in the context of cubical inclusion centred at

middle of the patch (case1): KUBC-Contact compared to KUBC homogenization results

for different inclusion rigidity.

Case 1 2000 MPa 20000 MPa 50000 MPa 100000 MPa

Young’s modulus: KUBC (MPa) 2931 3773 4931 6794

Young’s modulus: KUBC-Contact (MPa) 2937 3730 4828 6588

Poisson’s ratio: KUBC 0.3 0.293 0.286 0.282

Poisson’s ratio: KUBC-Contact 0.3 0.293 0.287 0.284

inclusion rigidity becomes higher than the matrix. However, the equivalent Poisson’s ratio

is decreasing while the local inclusion Poisson’s ratio increases. This could be explained

by the fact that, when the inclusion rigidity is increasing, the strain in the transverse

direction decreases; subsequently leading to a decrease of Poisson’s ratio.

Next, contact pressure distribution is investigated for case 1 numerical model. Recall

that case 1 stands for numerical model where cubical inclusion is located at the contact

interface. Contact pressure distribution of the latter model is compared to the explicit

results and illustrated in Figure II.37

Two cases have to be distinguished:

Firstly, when the inclusion is softer than matrix, the contact pressure approximation is very

good as shown by the relative error in Figure II.37 (c). Secondly, when the inclusion is stiffer

than the matrix, the contact pressure approximation is not well estimated at the inclusion

area, especially at the interface between the inclusion and the matrix, which corresponds

to discontinuity zones. This discontinuity is particularly observed in Figure II.37 (f). When

the inclusion Young’s modulus belongs to the interval 2000 MPa to 20000 MPa included,

good approximations are obtained. Above 20000 MPa, the relative error is increased almost

throughout the inclusion contact area. Such errors are related to KUBC-Contact boundary
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(a) Explicit model case 1: 2000 MPa(b) Micro model case 1 (max and min

= 23.209 and 4.066 MPa): 2000 MPa

(c) Relative error

(d) Explicit model case 1: 20000 MPa(e) Micro model case 1 (max and min

= 40.651 and 0.482 MPa): 20000 MPa

(f) Relative error

(g) Explicit model case 1: 50000 MPa(h) Micro model case 1 (max and min

= 81.353 and 0.0 MPa): 50000 MPa

(i) Relative error

(j) Explicit model case 1: 100000 MPa(k) Micro model case 1 (max and min

= 128.981 and 0.0 MPa): 100000 MPa

(l) Relative error

Figure II.37 – Explicit versus multi-scale contact pressure distribution: parametric studies,

where inclusion rigidity is varied from 2000 MPa to 100000 MPa: .
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conditions shown in Figure II.29. In fact, as macro displacements are applied at each node

of the patch, especially at contact interface where the cubical inclusion is located, contact

constraints resolution become very difficult for high inclusion stiffness. Therefore, it is

essential to apply other boundary conditions, in the relocalization model, in order to have

better approximations for high inclusion rigidity.

To improve results, new macro to micro boundary conditions, of the multi-scale strategy,

are proposed in the following subsection.

II.2.4 Mesh dependence from embedding to relocalization

Since the macro to micro strategy proposed in Figures II.24 and II.29 gives satisfying

results when the inclusion is located at the contact interface for low rigidity, it has been

shown in the previous subsection that it causes difficulties in contact resolution when the

inclusion is very stiff and located at the surface. In this subsection a new boundary condition

is proposed not only to improve mechanical fields approximation when the inclusion is

located at the contact interface, but also to overcome mesh dependence between macro

and micro mesh.

The mesh dependence problem is explained in the following: in order to apply macro

displacements at the level of the heterogeneous patch, the same mesh is required at the

contact face of the homogenized macro patch and heterogeneous patch. This increases

computation time in the macro model. Moreover, the micro heterogeneous patch is limited

in terms of mesh elements. In other words, a mesh refinement at the micro-scale is not

possible without increasing the number of macro-scale elements. The mesh dependence

problem is summarized in Figure II.38:

The new boundary condition proposed in this subsection can allow more computation

time saving because it is mesh dependent from macro to micro. The use of one element at

the level of each homogenized macro patch is sufficient for relocalization through average

data from macro patch.

The new boundary condition allowing macro to micro mechanical fields computation at

the level of heterogeneities, through average macro data, is illustrated in Figure II.39.

This new strategy is based on two ingredients:

• First, a uniform pressure is computed at the contact surface of the embedded patch

and is used to enforce contact constraints between the flat disc and the heterogeneous

patch.

• Secondly, mean displacements obtained, from embedded homogenized patch, at the

contact face and bottom face are computed. Therefore, displacements computed at

the bottom face of the macro patch are applied to the bottom face of the micro

model with a layer. Three displacements are distinguished at the bottom face: UmoyN ,

UmoyG and UmoyT . These are displacements applied respectively in the normal, sliding
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II.2 Extension of the proposed strategy to other cases

Figure II.38 – (a) fine mesh: macro embedded model is very refined. (b) coarse mesh: macro

embedded model is meshed with 1 element, however the macro to micro relocalization is

possible.

Figure II.39 – Evolution of the boundary conditions from each node, of the heterogeneous

patch and disc, to average boundary conditions applied to the disc and at the bottom of

micro patch.
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and tangential directions. Next, in order to reproduce total sliding of the macro disc

in rotation, another displacement UG is applied to the rigid surface, in the sliding

direction. In fact as the contact problem considered in this work is in total sliding,

UG has to be chosen in such a way to obtain total sliding condition at the micro-scale.

To do so, in this work, UG is computed from equation (II.22):

UG = aUmoycs, (II.22)

where Umoycs is the average displacement computed at the contact surface of the

macro embedded patch. Umoycs represents the displacement necessary to reach sliding

limit. Then, Umoycs is multiplied by an arbitrary factor a necessary to reach the full

sliding condition. in this work, a = 2. This value is sufficient to achieve full sliding

condition. If our problem were not under full sliding condition, a should be equal to

1. One could choose a factor of 3 or 4 or high factor, and however, will still achieve

the same results which will remain unchanged under full sliding conditions.

The parametric study presented in Figure II.37, where the cubical inclusion, located at

contact interface, rigidity has been varied from 2000 MPa to 100000 MPa, is performed

again using new boundary conditions illustrated in Figure II.39. At the macro embedded

model only 1 element is used for the patch. Same mesh is conserved for the heterogeneous

micro patch, like in the previous subsections. Let’s recall that, the macro to micro boundary

conditions, proposed in Figure II.29, needs same elements in the embedded and micro

patch level and therefore is time consuming.

Results are presented in Figure II.40:

Figure II.40 shows the contact pressure distribution in the patch area for different

inclusion Young’s modulus. Results obtained from micro model through this new boundary

condition fit very well explicit ones whatever the inclusion rigidity. Relative error, for each

simulation, is almost zero everywhere in the patch area except at the zones where pressure

is very low, therefore, the quality of results are not impacted. The results obtained in

Figure II.40 are better than those obtained in Figure II.37.

Furthermore, micro model, based on average boundary conditions (Figure II.39), has the

advantage to reduce computation time over the micro model based on distributed boundary

conditions at each node of the patch boundary (Figure II.29). Let’s recall that the latter

boundary conditions necessitate a refined mesh while the average ones require only 1

element mesh in the macro embedded patch. Although computation time has been reduced

more through the average boundary conditions, the precision in results is also improved.

Table II.9 shows computation time comparison between the three models configuration

(explicit model, multi-scale model with distributed boundary conditions and multi-scale

model with average boundary conditions). 10 CPU cores have been used to run calculation.
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II.2 Extension of the proposed strategy to other cases

(a) Explicit model case 1: 2000 MPa(b) Micro model case 1 (max and min

= 22.41 and 4.225 MPa): 2000 MPa

(c) Relative error

(d) Explicit model case 1: 20000 MPa(e) Micro model case 1 (max and min

= 38.50 and 1.402 MPa): 20000 MPa

(f) Relative error

(g) Explicit model case 1: 50000 MPa(h) Micro model case 1 (max and min

= 68.43 and 0.045 MPa): 50000 MPa

(i) Relative error

(j) Explicit model case 1: 100000 MPa(k) Micro model case 1 (max and min

= 96.48 and 0.0 MPa): 100000 MPa

(l) Relative error

Figure II.40 – Explicit versus multi-scale contact pressure distribution over the patch

contact surface: micro model based on average boundary conditions and load.
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Table II.9 – CPU time comparison between both explicit and multi-scale models: distributed

(fine mesh) and average (coarse mesh) boundary conditions.

CPU time

Explicit model 124 min

Multi-scale macro model (fine mesh) 136 min

Multi-scale micro model (distributed boundary conditions) 8 min

Multi-scale macro model (coarse mesh) 21 min

Multi-scale micro model (average boundary conditions) 16 min

Conclusion of the section

In this section, the multi-scale strategy illustrated in Figure II.14, has been

extended to other cases: a cubical inclusion located at contact interface has been

investigated for 4 different cases. Mainly, two boundaries conditions have been

proposed and compared to explicit results. The first one needs a refined mesh at

macro-scale and the second one, which is based on average boundary conditions,

necessitates a coarse mesh. For the latter, only one element is necessary at

macro-scale in order to perform mechanical fields relocalization. Consequently,

leading to computation time reduction.

Through parametric studies, the robustness of the average boundary conditions

has been shown. The results obtained fit very well with explicit ones.

Therefore, in the following sections and chapters, these average boundary

conditions and load, presented in Figure II.39, are considered.

90



II.3 Extension to complex material behaviour laws

II.3 Extension to complex material behaviour laws

In the bibliographical review, it has been shown that friction material exhibits a

complex behaviour. Previously, a multi-scale strategy has been developed for contact

modelling considering material heterogeneity under the assumption of linear elasticity. Is

this multi-scale strategy transposable for complex behaviour laws?

In this section, the multi-scale strategy previously introduced is extended for a complex

material behaviour: an isotropic transverse material behaviour is implemented through

a simple numerical example. KUBC-Contact formulation is modified to fit this class of

material. Other complex material behaviour (elastic-plastic, elastovisco-plastic, etc ) can

also be introduced in the multi-scale strategy but will not be studied in this work.

Next section focuses on a transversely isotropic material behaviour law.

II.3.1 Transversely isotropic material

A material having a plane in which its properties are identical is transversely isotropic

(see Figure II.41). The plane is the so called isotropic plane. This material is characterized

by 5 independents elastic constants (Ex, Ey, νxz, νxy and Gxy). y is considered as the

revolution axis.

Figure II.41 – Transversely isotropic material: 3D representation.

The Hooke’s law expressed in terms of compliance matrix is obtained from II.23:

ε̂ = Ŝσ̂. (II.23)

Equation II.23 is expressed in terms of matrix as in II.24:
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

εxx

εyy

εzz√
2εyx√
2εxz√
2εyz


=



1/Ex −νxy/Ex −νxz/Ex 0 0 0
−νyx/Ey 1/Ey −νyx/Ey 0 0 0
−νxz/Ex −νxy/Ex 1/Ex 0 0 0

0 0 0 1/Gxy 0 0
0 0 0 0 1/Gxz 0
0 0 0 0 0 1/Gxy





σxx

σyy

σzz√
2σyx√
2σxz√
2σyz


, (II.24)

where Gxz is obtained from II.25:

Gxz = Ex/2(1 + νxz). (II.25)

The quantities νxy and νyx are not equal and are obtained from II.26:

νxy/Ex = νyx/Ey. (II.26)

The next section is dedicated to the strategy leading to contact modelling of transversely

isotropic material.

II.3.2 Transversely elastic isotropic: strategy and effective quan-
tities computation

Previously, the components of heterogeneous material were supposed to be elastic

isotropic. In reality, components can have a different behaviour. In this subsection, a

strategy is set up for effective properties computation.

The main question is about the overall behaviour computation. If inclusions and the matrix

are supposed to have transversely isotropic elastic behaviour, what will be the behaviour of

the equivalent media ? it is probable that the homogenized behaviour will be transversely

isotropic, but we can not be certain one hundred percent. It depends on the geometry

of the particles, their orientations, etc. Moreover, what happens if the components of a

heterogeneous material are assumed to have different material behaviour? For example

the inclusions being elastic isotropic and the matrix being transversely isotropic? That

raises many questions, in particular if the homogenized behaviour will be elastic isotropic,

transversely isotropic or another behaviour?

In this work, it is assumed, as in [Peillex et al., 2008], that the overall behaviour, of a

heterogeneous media containing elastic isotropic and transversely isotropic particles, is

transversely isotropic.

The proposed strategy is illustrated in Figure II.42.

Once this assumption is made, the effective quantities computation of transversely

isotropic material should be discussed because boundary conditions applied in the case of

isotropic elasticity are no longer valid in this case. In the context of isotropic elasticity,

only two independent elastic constants are needed. Therefore, bulk and shear modulus
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Figure II.42 – Multi-scale approach: embedding of the transversely isotropic material via

KUBC-Contact homogenization model.

were necessary to calculate these two coefficients. To do so, boundary conditions were

applied in the three directions. In the context of transversely isotropy, it has been said that

5 independent elastic constants are required. Therefore, the boundary conditions applied

in equations (II.13) and (II.14) are no longer sufficient for the 5 equivalent coefficients

determination.

Another boundary condition is, therefore, required.

For Young’s modulus and Poisson’s ratio (Ex, Ey, νxz, νxy) determination, the following

boundary conditions, in each directions (X, Y and Z), are proposed in equations (II.27),

(II.28) and (II.29): 
UX

UY

UZ

 =


EXX 0 0

0 0 0
0 0 0



X

Y

Z

 , (II.27)


UX

UY

UZ

 =


0 0 0
0 EY Y 0
0 0 0



X

Y

Z

 , (II.28)


UX

UY

UZ

 =


0 0 0
0 0 0
0 0 EZZ



X

Y

Z

 , (II.29)

with


X

Y

Z

 a vector of nodal coordinates.

(UX , UY , UZ) and (EXX , EY Y , EZZ) are respectively displacement field and macro strains.

The displacements are then uniform in each direction. Given a direction, the displacements,

normal to this direction, are reduced to zero.

For shear modulus (Gxy, Gxz and Gyz) determination, the following boundary conditions

are proposed in equations II.30), (II.31) and (II.32):
UX

UY

UZ

 =


0 EXY EXZ

0 0 0
0 0 0



X

Y

Z

 , (II.30)
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
UX

UY

UZ

 =


0 0 0

EXY 0 EY Z

0 0 0



X

Y

Z

 , (II.31)


UX

UY

UZ

 =


0 0 0
0 0 0

EXZ EY Z 0



X

Y

Z

 . (II.32)

Once the micro fields in the patch, σij and εij , under the applied boundary conditions, are

obtained, the averaged stresses and strains are computed over the patch from (II.15) and

(II.16).

Young’s modulus and Poisson’s ratio (Ex, νxy and νxz) are obtained resolving the system

of equation presented in (II.33):

σ̄x
xx

Ex

−
σ̄x

yy.νxy

Ex

− σ̄x
zz.νxz

Ex

= ε̄x
xx

σ̄y
xx

Ex

−
σ̄y

yy.νxy

Ex

− σ̄y
zz.νxz

Ex

= ε̄y
xx

σ̄z
xx

Ex

−
σ̄z

yy.νxy

Ex

− σ̄z
zz.νxz

Ex

= ε̄z
xx

, (II.33)

where ε̄x
xx, ε̄y

xx, and ε̄z
xx represent average strains obtained from boundary conditions II.27,

II.28 and II.29 respectively.

(σ̄x
xx, σ̄y

xx, σ̄z
xx), (σ̄x

yy, σ̄y
yy, σ̄z

yy) and (σ̄x
zz, σ̄y

zz, σ̄z
zz) represent average stresses computed from

boundary conditions II.27, II.28 and II.29 respectively.

Once Ex, νxy and νxz are obtained, Ey and Ez are deduced from equations (II.34) and

(II.35)

σ̄y
yy

Ey

− σ̄y
xx.νyx

Ey

− σ̄y
zz.νyx

Ey

= ε̄y
yy, (II.34)

σ̄z
zz

Ez

− σ̄z
xx.νxz

Ez

−
σ̄z

yy.νxy

Ez

= ε̄z
zz, (II.35)

where ε̄y
yy and ε̄z

zz represent average strains obtained from boundary conditions II.28 and

II.29 respectively.

The determination of the shear modulus is very easy. Gxy, Gxz and Gyz are obtained using

average stresses and strains from shear boundary conditions (II.30), (II.31) and (II.32))

respectively. Gxy, Gxz and Gyz then read equations (II.36), (II.37) and (II.38) respectively:

Gxy = (σ̄xy)/(ε̄xy), (II.36)

Gxz = (σ̄xz)/(ε̄xz), (II.37)

Gyz = (σ̄yz)/(ε̄yz). (II.38)

In the following, a simple numerical example of a transversely isotropic problem is

illustrated and results are discussed.
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II.3.3 Numerical example:

II.3.3.1 Model description

In this subsection, the 3D numerical FEM pin-on-disc model, shown in Figure II.2, is

considered. A heterogeneous patch is placed at the leading edge of the frictional material.

The patch contains a cubical inclusion of size 0.4 mm and is centred at the contact surface.

The inclusion is considered to be elastic isotropic and the frictional material is transversely

elastic isotropic. Material properties of a heterogeneous frictional material, inspired from

laboratory experimental works, are shown in Table II.10.

Table II.10 – Mechanical properties of the heterogeneous patch: Young’s modulus (MPa),

shear modulus (MPa) and Poisson’s ratio

E1 E2 E3 ν12 ν13 ν23 G12 G13 G23

inclusion 2000 2000 2000 0.3 0.3 0.3 769 769 769

frictional pin and matrix 10000 3000 10000 0.1 0.3 0.03 1456 3846 1456

Two models are distinguished here: the explicit model where the inclusion is meshed

and the multi-scale model where the inclusion is not physically present. The whole explicit

friction heterogeneous pin is meshed with 104550 hexaedric elements. Multi-scale model is

meshed with 7980 hexaedric elements. Because the inclusion is not present in the multi-scale

model, there is no need to refine mesh for accuracy of results. The load and boundary

conditions, of the whole numerical model, are kept the same as in chapter II. 10 CPU

cores are used, for computation, for both models. The numerical model, with transversely

elastic isotropic behaviour, is presented in Figure II.43:

Figure II.43 – Large scale numerical model under the assumption of transversely isotropic

material: heterogeneous patch is located at the leading edge, where inclusion is placed at

the contact surface.
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Results, between the reference model and the multi-scale model, are compared in the

next subsection.

II.3.3.2 Results

Multi-scale results are presented in the following:

Figure II.44 – Multiscale strategy for contact modelling in the context of transversely

isotropic material: KUBC-Contact homogenization step.

Figure II.44 shows the first steps of the multi-scale strategy leading to effective properties

computation by the means of KUBC-Contact homogenization method. Homogenized

quantities are obtained from equations II.33 to II.38. Results, based on KUBC-Contact,

are presented in Table II.11.

Table II.11 – Homogenization results: Effective elastic constants (Young’s modulus (MPa),

shear modulus (MPa) and Poisson’s ratio)

E1 E2 E3 ν12 ν13 ν23 G12 G13 G23

inclusion 2000 2000 2000 0.3 0.3 0.3 769 769 769

matrix 10000 3000 10000 0.1 0.3 0.03 1456 3846 1456

KUBC-Contact 9211 2960 9211 0.119 0.293 0.038 1379 3579 1402

With regards to the results obtained in Table III.14, the homogenized media is trans-

versely isotropic according to the assumption made in Section II.4.2. In the isotropic plane

(1-3), Young’s modulus (9211 MPa) is the same and is less than the matrix one (10000

MPa). In the normal direction (2) the equivalent rigidity (2960 MPa) is also inferior to

the matrix rigidity (3000 MPa). This is justified by the small rigidity of the inclusion

(2000 MPa) compared to the matrix. Furthermore, Poisson’s ratio in the isotropic plane

decreases slightly, possibly due to the decrease of rigidity in this plane. It can be noticed

also that Poisson’s ratio in other directions increases. The reason may be the increase in
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rigidity of the equivalent material, in the revolution axis direction.

The volume fraction of the inclusion and the matrix is 0.064 and 0.936 respectively. With

respect to Table III.14 results, and considering the law of mixture, homogenized quantities

obtained by the means of KUBC-Contact seems to be reasonable in regard of inclusion

and matrix material properties and volume fraction.

The second step of the multi-scale strategy consists in the macro-scale embedding

followed by a macro to micro relocalization as illustrated in Figure II.45:

Figure II.45 – Multiscale strategy for contact modeling in the context of transversely

isotropic material: embedding and relocalization steps.

Thereby, the quantities computed in Table II.11 are used to enrich macro-scale numerical

model in terms of behaviour in the patch zone. After computation, contact forces and

displacements are obtained and reinforced in the micro model. Then a local mechanical

field is obtained and compared to the explicit results later.

Mean contact force of the multi-scale model compared to explicit contact force, in the

patch area, is shown in Table II.12.

Table II.12 – Contact force from embedded homogenized patch

contact force

contact force (Strategy ) 18.598 N

contact force (Explicit) 18.428 N

The contact force is in good agreement between the two models. The contact forces are

equivalent. In order to confirm our approach, contact pressure evolution between explicit

and multi-scale models is illustrated in Figure II.46.

In Figures II.46 (a) and (b), there is an overpressure at the leading edge of the contact

surface, which decreases with sliding direction. Moreover, contact pressure intensity is

smaller at the zone where inclusion is located because it is less stiff than matrix. At first

sight, contact pressure fields between the two models are in a good agreement. However, a

look at the Figure II.46 (c) shows some errors at the one interface between inclusion and
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(a) Explicit model (b) Micro model (max and min = 21.05

and 4.075 MPa)

(c) Relative error

Figure II.46 – Explicit versus multi-scale model contact pressure distribution over the

heterogeneous patch contact surface: transversely elastic isotropic assumptions.

matrix. In most of the patch contact area, errors are few. The assumption made for effective

properties computation is then relevant to address contact modelling of transversely elastic

isotropic material containing elastic particles.

In this section, a multi-scale approach based on KUBC-Contact is extended for

transversely isotropic material. The strategy has been validated with reference

results where the inclusion is explicitly meshed. Good approximations are

obtained. It is then possible to extend this multi-scale approach through other

complex material behaviour laws.

Until now, the multi-scale strategy has been validated through a simple micro-

structure. However, friction material microstructure is more complex unlike

all the cases previously presented. The next section will consider a complex

microstructure and the computation is performed through KUBC-Contact

multi-scale method.

II.4 Application considering complex microstructure

Considering the scale of heterogeneity in a complete brake model is not obvious. In

this section, the robustness of the multi-scale strategy through a complex microstructure

from tomography is investigated.

II.4.1 Numerical model

The numerical model presented in Figure II.2 is used for implementation. For this

application, frictional pad is considered as highly heterogeneous and is discretised into

a set of cubical patches of 1 mm3 of volume. Each set of patches, at the microscale, is

constituted of a complex microstructure. Then, a 3D cubical microstructure of 1 mm3 of

volume is extracted from a tomographic image of 20 ∗ 20 ∗ 20 mm3 of volume. The latter is
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obtained from LaMcube laboratory braking applications. The 3D cubical micro-structure

is illustrated in Figure II.47:

Figure II.47 – Microstructure extracted from tomographic image.

The cubical microstructure of the Figure II.47 is composed of graphite particles, a

matrix and some porosities. The volume fraction of matrix, graphite and porosities is 63%,

36% and 1% respectively. However, this cubical microstructure is not representative of the

whole tomographic sample (20*20*20 mm3 of volume). In fact, the cubical microstructure

is extracted near contact interface of the tomographic sample. In order to give an example

of application of the proposed multi-scale strategy considering complex microstructure

in the numerical model, it is considered that the frictional pad is periodical. Therefore,

numerically, the cubical 3D micro-structure extracted from tomography is embedded

on the whole frictional material. In other words, each patch (1 mesh element) of the

frictional material, of the numerical model presented in Figure II.2, is embedded with the

cubical microstructure. The consequence of this choice results in the material continuity: at

microscale, the frictional pin is no longer continuous when considering the 3D microstructure

at the whole material. The contact surface of the frictional material is 20*20 mm2 of area,

meaning that 400 patches are directly in contact with the rotational disc, is illustrated in

Figure II.48:

Figure II.48 – Discretized contact surface of the frictional pin: each macro element, is

represented, at finer scale, by the biphasic microstructure.
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The characteristic mesh size of the 3D cubical microstructure is 22.676e− 3 mm and

its material properties are presented in Table II.13.

Table II.13 – Elastic properties for the materials: biphasic microstructure.

Real microstructure Matrix Graphite

Young’s modulus (MPa) 10000 2000

Poisson’s ratio 0.1 0.1

After discretization of the whole frictional material into a set of patches, which at

microscale is represented by the microstructure presented in Figure II.47, the overall

behaviour of the complex microstructure is computed and embedded at each macro patch

in terms of behaviour. Finally, a macro to micro computation, based on average boundary

conditions presented in Figure II.39, is performed over the microstructure according to its

position. One macro element per patch is used.

The whole multi-scale strategy is presented in Figure II.49:

Figure II.49 – Multi-scale method for complex micro-structure application: micro-to-macro

and macro-to-micro steps.

Micro model is shown in Figure II.50: All the computation has been done using 10

Figure II.50 – Micro model for mechanical field relocalization: complex micro-structure

consideration.

CPU cores. Results are presented and discussed in the next subsection.
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II.4.2 Results: isotropic elasticity assumption

In this subsection, multi-scale results are presented in the context of linear isotro-

pic elasticity. In other words, homogenized quantities are computed assuming that the

homogenized media is linear isotropic.

Two results are presented here:

Firstly, the homogenization results are computed from KUBC-Contact model. Then,

equivalent quantities are obtained from equations (II.19) and (II.20) and summarized in

Table II.14.

Table II.14 – Equivalent quantities computation under isotropic elasticity hypothesis:

biphasic microstructure

Matrix Graphite KUBC-Contact

Young’s modulus (MPa) 10000 2000 7017

Poisson’s ratio 0.1 0.1 0.1

A simple calculation through the mixture law gives an equivalent modulus of 7020 which

is similar to the one obtained by KUBC-Contact homogenization method. Furthermore,

experimental results performed in our lab, using different samples from this frictional

material, give a similar homogenized quantity.

Secondly, the equivalent modulus obtained is embedded at the macro-scale model, in each

patch, and a simulation is performed. After macroscopic computation, mean displacements

and pressure in each macro patch are used in the micro model to get mechanical field induced

by material heterogeneities. Micro contact pressure distribution of the heterogeneous

microstructure, located at different positions (refer to Figure II.51) in frictional material

contact surface, is presented in Figure II.52:

From patch 1 to 5, maximum pressure is obtained at the leading edge of the frictional

material and decreases with sliding direction. This is confirmed by contact pressure dis-

tribution in patch 5 which is mostly reduce to zero. Results are very clear, in fact mean

pressure used to enforce contact in the micro model becomes smaller from patch 1 to patch

5 (refer to Table II.15).

Table II.15 – Mean pressure comparison from patches 1 to 5.

Bi-phasic microstructure Patch 1 Patch 2 Patch 3 Patch 4 Patch 5

Mean pressure (MPa) 7.24 1.70 1.56 1.33 0.35

Moreover, contact pressure repartition is higher in the matrix area than graphite because

of matrix high rigidity compared to graphite which is softer. On the other hand, there is no

pressure distribution on the zone where porosities are located but some localizations are

observed at their boundaries. Furthermore, some contact separation is observed in patch 5
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Figure II.51 – Studied macro patches.

(a)

Figure II.52 – Frictional material contact pressure (MPa) distribution in the scale of

heterogeneity using relocalization model: gray color refers to zero pressure.

contact area. In fact, contact pressure is almost reduced to zero at this zone, consequently

leading to separation at some zones.

These results confirm then the robustness of the multi-scale method, based on KUBC-

Contact homogenization method introduced in this work, to address contact problem in

the presence of heterogeneities.
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II.4.3 Results: transversely isotropic elasticity assumption

Transversely isotropic elasticity assumptions are considered here. The equivalent media,

after homogenization of the biphasic microstructure, is supposed to be transversely isotropic.

Therefore, equivalent quantities are computed from equations II.33 to II.38.

Firstly, homogenization results are illustrated in Table II.16. KUBC-Contact method

is used for computation.

Table II.16 – Homogenization under transversely isotropic elasticity hypothesis by the

means of KUBC-Contact: Equivalent constants (Young’s modulus (MPa), shear modulus

(MPa) and Poisson’s ratio).

E1 E2 E3 ν12 ν13 ν23 G12 G13 G23

Graphite 2000 2000 2000 0.1 0.1 0.1 909 909 909

Matrix 10000 10000 10000 0.1 0.1 0.1 4545 4545 4545

KUBC-Contact 6217 6460 5897 0.099 0.105 0.105 2910 2740 2784

As first observation, the equivalent quantities obtained in Table II.16 seem to be in good

agreement with transversely isotropic hypothesis. In fact Young’s modulus in directions

1 and 2 are in the same order. Moreover, shear modulus G13 and G23 are approximately

equivalents. Therefore, it can be supposed that the equivalent behaviour of the biphasic

microstructure is transversely isotropic.

Secondly, it can be observed that Poisson’s ratio are approximately the same. Especially,

in the isotropic plan (1-2), ν12 tends to 0.1. The latter seems to be well estimated.

As a final observation, Young’s modulus obtained with transversely isotropic assumptions

are inferior to the one obtained with linear elastic assumptions (7017 MPa).

Then, equivalent quantities obtained in Table II.16 are enriched at the macro-scale model,

in each patch, and a simulation is performed. Here, only patch 1 results are considered

and compared to isotropic case. Results are presented in Figure II.53.

Figure II.53 presents contact pressure distribution, between isotropic and transversely

isotropic micro models, over the patch 1 contact area. Patch 1 refers to the patch located at

the leading edge of the frictional material as shown in Figure II.52. Contact pressure is higher

in the matrix area because of its rigidity and decreases with the sliding direction. Same

pressure distribution is obtained between the two models. However, maximum pressure

is slightly different because, Young’s modulus obtained with the isotropic assumption is

greater than the one obtained with transversely isotropic hypothesis. There is no great

differences because of the weak anisotropy of this microstructure.
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(a) Micro model: isotropic (b) Micro model: transversely isotropic (max and min

pressures: 76.67 and 0.0 MPa)

Figure II.53 – Micro contact pressure distribution over patch 1: gray color refers to zero

pressure

II.5 Conclusions

In this work, a strategy leading to contact modelling of heterogeneous materials was

presented.

Firstly, a simple heterogeneous configuration is considered for the numerical strategy

implementation. This numerical strategy is a multi-scale homogenization-based method

where contact constraints were added in one face of a heterogeneous patch, allowing

then for macro to micro mechanical stresses relocalization. The homogenization method

including contact constraints, KUBC-Contact, is first validated with the classical KUBC

homogenization method. Then, KUBC and KUBC-Contact multi-scale strategies are

compared to a reference solution where heterogeneity was explicitly meshed. KUBC multi-

scale solution is far from explicit results. Even though the average contact stresses are

similar, the prediction in terms of contact stresses distribution is not good for KUBC

multi-scale based method. However, the multi-scale strategy, based on KUBC-Contact,

not only shows a similar average contact stresses with reference solution but also a similar

contact stresses evolution is obtained.

Since the solution at edges is not well estimated, it was proposed a micro model with a

layer in order to decrease edge errors. The important thing is the fact that the central part

of the micro model, results are very well estimated.

Furthermore, KUBC-Contact multi-scale strategy has the advantage of considering high

friction coefficient value from macro to micro scale. Results have been compared to reference

solution and good agreements have been found.

Secondly, some complex cases have been investigated through a cubical inclusion located

at contact interface. Good agreements in results have been found for small inclusion rigidity

(edge errors are about 16% and 6% in patch central part). However, accuracy is lost in

inclusion contact surface when its rigidity increases.

In order to improve results, another boundary condition, based on average macro to micro
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contact force and displacements relocalization (Figure II.39), is proposed. Compared to

the first KUBC-Contact distributed boundary relocalization, at each nodes of the heteroge-

neous patch boundaries, results were improved. In the case of cubical inclusion located at

contact interface, the micro model gives satisfying results even for high inclusion rigidity.

Therefore, average boundary conditions of Figure II.39 are used later in the following

chapter.

Moreover, not only the average boundary conditions improve results, but they also allow

computation time reduction. This is because these boundary conditions are not mesh

dependent. The first boundary condition allows 50% computation time reduction. The

average one allows 80% of computation saving. The strategy proposed here can be paralle-

lized. Then, it is possible to generalize for highly heterogeneous materials and to save a lot

of computation time.

For instance, it was possible to consider a complex microstructure from tomography image

which was embedded at the large scale through the KUBC-Contact homogenization method.

Good results have been obtained and discussed.

Finally, the proposed multi-scale strategy is updated in the case of transversely elastic

isotropic material.

This strategy was first implemented and validated through a simple heterogeneous example.

Satisfying results are obtained compared to reference model.

Then, the transversely elastic isotropic hypotheses have been considered in the case of a

complex microstructure, from tomography, previously enumerated. Results were compared

to the elastic isotropic model and were not so different in terms of contact pressure distri-

bution because of the weak anisotropy of this microstructure.

The main advantage of the macro to micro strategy is a computation time reduction

compared to the brute method where all heterogeneities are explicitly meshed. Another

advantage of the proposed strategy is a better estimation of the contact pressure evolution

compared to the classical KUBC multi-scale based homogenization; thus allowing precision

in tribological phenomena consideration, such as wear. Since wear depends on the distribu-

tion of contact pressure [Archard, 1953], the location of heterogeneities due to contact forces

is important in computing the loss of wear volume. Our strategy allows not only to consider

wear modelling, but also other mechanisms can be introduced (decohesion, cracking, etc).

Another chapter is dedicated later to address wear modelling at the heterogeneities scale.
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III
Modelling of non-smooth surface and
evolution through wear by multi-scale

approach with contact

T
he literature review exhibits the importance of surface scale consideration in the

performances of braking systems. From the experimental point of view, it is well

known that real surfaces are non-smooth and under contact solicitations present a

complex evolution through wear. Therefore, a particular attention is devoted to surface

irregularities and their evolution. Then this chapter is divided into two important parts:

non-smooth surface modelling and surface evolution through wear.

Firstly, in the context of non-smooth surface modelling, only surface plateaux are considered

through the multi-scale strategy. Two academic examples are investigated and validated

with a reference solution. This strategy can deal with surface asperities, however, these

aspects are not developed in this work and are restricted to surface plateaux (refer to

[Waddad et al., 2016] for surfaces asperities consideration in a global brake system).

The multi-scale strategy is based on KUBC-Contact homogenization method and a gap

introduction in the contact law. The strategy is described in details later.

Secondly, a strategy leading to surface evolution (wear source flow) is introduced by

temporal updating of contact gap. Results obtained have been compared with wear

modelling strategies available in the literature. The wear modelling strategy based on

contact gap is adopted and transposed to a large scale model. At the large scale, a simple

heterogeneous case, where the matrix contains a spherical inclusion, is considered and

results are compared to a reference solution.

Finally, a biphasic microstructure from tomography image is embedded at the large scale

and wear is introduced at micro-scale through the multi-scale strategy. At the level of

the biphasic heterogeneous material, different wear rate can be considered. Therefore,

different wear evolution is observed and discussed. The introduction of local wear within

the homogenization technique shows a variation of the macroscopic properties (Young’s

modulus and Poisson’s ratio).

KUBC-Contact is still the main ingredient of the whole wear modelling strategy.
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III.1 Surface defects

III.1 Surface defects

Previously, material heterogeneity has been considered through a multi-scale approach

considering linear isotropic elasticity. Moreover, this strategy was extended to a transversely

elastic isotropic case. However, the contacted material surfaces are still perfect. In reality,

material surfaces are not regular. In fact, at various scales, roughness is present on the

surfaces. Under mechanical loading, for example braking applications, surfaces tend to

worn and every wear particles trapped in the contact tend to form plateaux as noticed by

[Eriksson and Jacobson, 2000]. Therefore, the consideration of this surface heterogeneity is

important to estimate contact stresses evolution. In the context of numerical simulation,

surface defects (roughness) modelling have been considered in complete brake system by

the means of multi-scale methods for example in [Dufrenoy et al., 2016]. However, material

heterogeneity is not considered in these works. Furthermore, roughness has been considered

through a semi-analytical approach and therefore has many limitations in terms of defect

geometry and their behaviour.

In this part, a multi-scale approach based on KUBC-Contact is proposed for surface defect

incorporation in the presence of material heterogeneity. This strategy aims to be more

general in the context of surface defect modelling. An example of surface plateaux is

presented and validated with reference results.

The following subsection presents the strategy in which the surface defects modelling is

based.

III.1.1 Strategy

A multi-scale strategy based on KUBC-Contact, previously introduced in Figure II.14,

is adopted. The difference comes from the fact that the surface of the heterogeneous

patch, obtained after the discretization of the whole friction material, is no longer smooth.

Effective properties computation, material heterogeneity and surface defects, are still

obtained by the KUBC-Contact homogenization method. However, the micro to macro

embedding is modified to take into consideration surface defects. The whole strategy is

summarized in Figure III.2:

Figure III.2 illustrates the strategy leading to contact modelling of heterogeneous

material in the presence of surface defects and is based on 3 ingredients:

1. Computing the overall behaviour

As said before, this strategy is an extension of the multi-scale method presented in

chapter II.

Firstly, a discretization of the entire surface of the heterogeneous material is done

into a set of cubical patches containing material heterogeneity and surface defects.

Secondly each patch, incorporating surface defects and material heterogeneities, is

homogenized using KUBC-contact method; allowing then to obtain a behaviour

which will be used in the following step.
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Figure III.1 – Material heterogeneity and surface defects: modelling strategy based on

KUBC-Contact homogenization method.

2. Macro scale embedding

The macro-scale embedding problem is illustrated in the Figure III.2:

Figure III.2 – Macro-scale embedding problem: surface defect illustration

Figure III.2 shows an equivalent patch with surface defects represented by contact gap.

Three boundary conditions have been identified: Neumann and Dirichlet boundary

conditions (∂Vn and ∂Vu) and contact boundary condition represented by ∂Vc.

At the macro-scale, each patch is enriched with the behaviour obtained in the

previous step and therefore becomes an equivalent patch. Let denote by E the

Young’s modulus computed from KUBC-Contact method. The stiffness kpatch of the

overall patch can be deduced from equation (III.1):

kpatch = ES

L
, (III.1)

110



III.1 Surface defects

where S is the patch contact area and L the patch height.

Surface defects are represented, at the macro-scale, by a normal gap and a stiffness

according to its location. In other words, at the zone where each surface defect

is located, a normal gap gn, which corresponds to the maximal defect height, is

introduced. gn is computed from equation (III.2):

gn = δ − U(x,y), (III.2)

where δ is the rigid body displacement and U the displacement of each surface defects

due to the rigid body displacement.

The local stiffness of the defect, at the macro-scale, is obtained through equation

(III.3):

kdefect = ES

Ldefect

, (III.3)

where S is the patch contact area and Ldefect the defect height.

The contact condition is therefore defined by Kuhn–Tucker condition for frictionless

contact problems. These constraints lead to the following set of inequation (III.4):

gn ≥ 0, pn ≥ 0, pngn = 0, (III.4)

where pn stands for the normal contact force.

Moreover, in the presence of friction forces, two states can be distinguished at the

contact interface:

The stick state where the relative tangential velocity is zero according to (III.5):

ġt = 0 (III.5)

The slip state where there is a relative velocity in the contact interface. Classically,

sliding is described by Coulomb friction model as in equation (III.6):

tt = −µ | pn |
Vt

|| Vt ||
if || tt ||> µ | pn |, (III.6)

where gt stands for the relative tangential slip, tt the tangential force, Vt the relative

velocity and µ the friction coefficient.

Considering an elastic isotropic media (Figure III.2), embedded with stiffness com-

puted in equation (III.1) and having surface irregularities represented by a normal

gap (equation (III.2)), subjected to a rigid body displacement and in the absence of

body forces, the static equilibrium of the solid can be written as in equation (III.7):
divσ = 0 in V,
σn = tn in ∂Vn,

u = u0 in ∂Vu

, (III.7)
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where σn and u are the boundary conditions for the stress and the displacement

fields; with tn and u0 the prescribed quantities. Furthermore contact condition of the

equation (III.4) has to be considered. Therefore we define the following condition on

the contact boundary ∂Vc from equation (III.8):

gn ≥ 0 in ∂Vc. (III.8)

FEM is used for the numerical resolution of the non-linear boundary value problem

summarized above. Thus a weak form of equations (III.7) to (III.8) is needed. The

weak form including contact constraints is written in equation (III.9):∫
V
σGrad(δu)dV +

∫
∂Vn

tnδudγ + C = 0, (III.9)

where C represents the contact contributions to the weak form equation. Several

methods exist for the term C computation. Here we shall focus on a regularization

method and more specifically on the penalty method [Kikuchi and Song, 1981]. The

term C is expressed as in the following equation (III.10):

C =
∫

∂Vc

(kngnδgn + ktgtδgt)dΓ, kn > 0, kt > 0, (III.10)

where kn and kt represent the penalty coefficients in the normal and tangential

directions respectively.

The penalty method leads to a violation of the contact constraints in equation

(III.4). Therefore, a penalty coefficient can be chosen large enough to avoid large

penetrations. In the latter case, an ill-conditioning of the global matrix can occur.

Finally, in the context of finite element formulation, a Newton–Raphson iteration is

often used to solve the global set of equations. For details, refer to [Wriggers, 1995].

After the macro global computation, a relocalization is performed to find macroscopic

mechanical fields induced by surface and material heterogeneity.

3. Macro to micro relocalization

After the macro computation is done, macro contact forces and displacements are

obtained and a relocalization is performed at the micro model where material

and surface heterogeneity are explicitly meshed. This step is largely explained in

chapter II. However, in the following, the boundary conditions used for the micro

model incorporating surface defects are briefly presented.

These boundary conditions are inspired from Figure II.39 boundary conditions

detailed in Figure II.39 (chapter II). Without further discussions, these boundary

conditions are presented in Figure III.3.

Compared to the average boundary conditions under perfect contact, where surface

defects were not considered, the exterior faces of the layer is submitted to average

displacement to prevent excessive patch deformation during contact enforced between

surface rigid disc and defects.
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Figure III.3 – Modified average boundary conditions: additionally average displacements

are applied to the exterior faces of the layer, in order to prevent excessive deformation of

the heterogeneous patch due to contact between rigid surface and defects.

III.1.2 Global brake system with one surface plateau

III.1.2.1 Model description

The 3D numerical FEM model inspired by the experimental pin-on disc system shown

in Figure II.2 is still used for our purpose. Figure III.4 shows a heterogeneous patch,

containing a centred spherical inclusion, placed at the leading edge of the friction material.

Moreover, a defect of height 0.033 mm and surface area 0.16 mm2 is present in the

heterogeneous patch surface. This choice is arbitrary. The total area of the patch is 1 mm2.

The inclusion of radius 0.35 mm is placed at 0.15 mm from the contact surface and centred

within the patch. The constitutive law of the whole material is elastic isotropic. The

surface defect has the same material property as the whole patch. Material properties are

presented in Table III.1.

Table III.1 – Elastic properties for numerical model different components: presence of the

material and surface heterogeneities.

Young’s modulus (MPa) Poisson’s ratio

Friction pin and defect 3000 0.3

Inclusion 200000 0.3

Disc and other components 220000 0.3

Same boundary conditions as in chapter 2 are used: a prescribed displacement of 0.2

mm is applied to enforce contact between the frictional material and the disc at a time

period of t = 1 s. The disc is still rotating with a constant velocity of 0.1 rad/s. Penalty

method is used, as previously explained, for contact constraints resolution with a friction
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Figure III.4 – Material heterogeneity associated to surface defects strategy: surface de-

fect is located at the heterogeneous patch surface containing a spherical inclusion; the

heterogeneous being located at the leading edge of the frictional pin.

coefficient of 0.3. The complete model is meshed with 141065 hexahedrons elements and

162469 nodes.

III.1.2.2 Explicit results

In order to put in evidence, the influence of material heterogeneity, two results are

investigated in this subsection: a heterogeneous case where the inclusion is very rigid and a

homogeneous case where the inclusion properties are set to be equal to those of the matrix.

Results are illustrated in the Figure III.5:

(a) Heterogeneous case (b) Homogeneous case: max and min

pressures: 911.5 and 0.0 MPa

Figure III.5 – Explicit model in the presence of inclusion and surface plateau: heterogeneous

versus homogeneous contact pressure distribution

Figure III.5 presents explicit model contact pressure distribution between heterogeneous

(in the presence of inclusion and surface plateaux) and homogeneous (in the presence of

surface plateaux only) cases. Results have been put on the same scale.

An overpressure is observed at the leading edge of the defect and it decreases with sliding
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direction. Moreover, the defect carries out mostly the contact constraints. The maximum

contact pressure of the heterogeneous case is 1038 MPa whereas the maximum pressure of

the homogeneous case is 911.5 MPa. Furthermore, in Figure III.5 (b), the contact area is

more extended outside the area of the surface defect while in III.5 (a), there is no contact

outside the defect area. Then, material heterogeneity influences contact surface evolution

in the presence of the surface plateau.

In the next subsection, a multi-scale strategy is implemented and compared to heterogeneous

explicit results.

III.1.2.3 Explicit versus multi-scale results

Firstly, using KUBC-Contact, an equivalent modulus is obtained from the heteroge-

neous patch composed of a spherical centred inclusion and a surface defect. The whole

homogenization model is meshed mostly with 42924 hexahedrons elements and 49552

nodes. Homogenized quantities are presented in Table III.2.

Table III.2 – Equivalent modulus computation through KUBC-Contact homogenization

method: presence of both material and surface heterogeneities.

Young’s modulus Poisson’s ratio

Matrix with defect 3000 MPa 0.3

Inclusion 200000 MPa 0.3

KUBC-Contact 4493 MPa 0.28

Secondly, the equivalent modulus, obtained in Table III.2, is enriched at macro-scale model

according to the strategy summarized in Figure III.2. The complete model is meshed with

54406 hexahedrons elements and 68154 nodes.

After macro computation, contact forces and displacements are obtained in the patch

contact area. Macro mean contact force, from an equivalent model, is compared to the

explicit model mean contact force and presented in Table III.3.

Table III.3 – Contact force between explicit and multi-scale models: heterogeneous patch

containing spherical inclusion and one surface plateau.

Contact force Explicit Multi-scale model

Case 1 71.8 N 71.7 N

As we can see in Table III.3, contact force between explicit and multi-scale model is

equivalent. To validate our strategy, a micro computation is still needed.

Therefore, contact pressure distribution between explicit and micro models is compared in

Figure III.6.

Results have been put on the same scale. At the leading edge, where the defect is located,

an overpressure is obtained which decreases with sliding direction. A good agreement, in

contact pressure distribution, is observed between the two models. There is no contact
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(a) Explicit model (b) Micro model (max and min pres-

sures: 992.9 and 0.0 MPa)

(c) Relative error

Figure III.6 – Explicit versus relocalization contact pressure distribution in the presence of

inclusion and surface defect.

pressure outside defect contact area. As mentioned earlier, contact load is carried by the

defect which is considered as surface plateau. This aspect is well estimated by the proposed

multi-scale model. Relative errors are shown in Figure III.6 (c). Maximum errors are

observed at some points and are less than 5%. However, in most of the plateau area, errors

tend to zero.

Moreover, overclosure, normal displacement and contact stiffness, between multi-scale and

explicit models, are compared to each other and are shown in Table III.4.

Table III.4 – Contact stiffness: multi-scale versus explicit models

Plateau Overclosure Normal displacement Contact stiffness

Multi-scale model -3.72e−3 mm -10.40e−3 mm 477.719 N/mm

Explicit model -3.73e−3 mm -9.45e−3 mm 477.621 N/mm

Contact stiffness is obtained by computing the ratio between contact force and gap through

the plateau surface. As shown in Table III.4, the contact stiffness, the overclosure and the

normal displacement between both explicit and multi-scale models are in a good agreement.

From the foregoing, it appears that the proposed multi-scale strategy can then be extended

to complex cases.

A more complex case, where more defects are placed directly near the edges of the

heterogeneous patch, is investigated in the next section.

III.1.3 Global brake system with three surface plateaux

III.1.3.1 Model description

This section aims to an investigation of a more complex case through the numerical

strategy. As seen before, the multi-scale strategy is based on frictional material discretiza-

tion. So, the complicated situation we can imagine is when defects are located near edges.
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This limit case is considered here to show the efficiency or the limits of our multi-scale

method to such cases. Therefore, a numerical model is proposed in Figure III.7:

Figure III.7 – Large scale numerical model with three plateaux: plateaux are located at

the heterogeneous patch surface containing a spherical inclusion; the heterogeneous being

located at the leading edge of the frictional pin.

Figure III.7 shows the numerical model where a heterogeneous patch, with three surfaces

defects located at the edges, is placed at the leading edge of the frictional material. The

three defects have the same surface and height, 0.16 mm2 and 0.033 mm respectively. The

area of the overall patch, where the defects are located, is 1 mm2. The dimensions of the

surface plateaux are chosen arbitrary. The three defects have the same material properties

as the matrix. Moreover, the inclusion is centred within the matrix. Material properties of

this new numerical model are the same as the first model presented in Table III.1. Penalty

method is used for contact constraints resolution with a friction coefficient of 0.3. The

complete model is meshed with 141616 hexahedron elements and 163333 nodes.

III.1.3.2 Results

Two models configuration are compared here: reference model and multi-scale model

results. Firstly, we shall focus on KUBC-Contact homogenization results which is the first

step of the multi-scale strategy. KUBC-Contact model is meshed with 43095 hexahedrons

elements with 49656 nodes. After computation, results obtained are shown in Table III.5.

Then, these homogenized quantities are enriched in the macro-scale embedded model. The

complete embedded model is meshed with 122042 hexahedrons elements and 147030 nodes.

The heterogeneous patch is, therefore, replaced by a homogeneous macro patch having the

behaviour computed by KUBC-Contact. Moreover, appropriate gap is used in the contact

law where defects are located. Therefore, a macro computation is performed followed by a

macro to micro mechanical field relocalization.

Contact force, between explicit and multi-scale model, is compared in Table III.6.

Before going to the final step where we compare contact pressure distribution between
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Table III.5 – Equivalent modulus computation using KUBC-Contact: presence of material

heterogeneity and three surface plateaux.

Young’s modulus Poisson’s ratio

KUBC-Contact 4476 MPa 0.28

Table III.6 – Contact force between explicit and multi-scale models: heterogeneous patch

containing spherical inclusion and three surface plateaux.

Contact force Explicit Multi-scale model

Case 2 126.6 N 126.4 N

explicit and micro relocalization model, it is worthy to remark, in Table III.6, that macro

mean contact forces is well estimated between explicit and multi-scale models.

Contact pressure evolution between explicit and multi-scale models is illustrated in Figure

III.8.

(a) Explicit model (b) Micro model (max and min pres-

sures: 731.6 and 0.0 MPa)

(c) Relative error

Figure III.8 – Explicit versus relocalization contact pressure distribution: heterogeneous

patch containing inclusion and 3 surfaces defects

Results have been put on the same scale. Figure III.8 (a) presents explicit contact

pressure evolution in the heterogeneous patch surface composed of three defects located

near patch edges. Figure III.8 (b) shows micro model contact pressure distribution. Outside

of defects contact surface, the pressure intensity is zero for both models. At each defect

contact zone, micro model contact pressure gives good estimations. There is a similar

pressure evolution between both micro and explicit models. However, some differences

exist and are very highlighted especially at plateaux 2 and 3 edges. This is confirmed

by relative errors shown in Figure III.6 (c). The zones which are not well estimated are

surrounded in red in Figure III.8 (b). These errors are possibly due to the fact, in the

present configuration, surface plateaux are placed near heterogeneous patch edges causing

then edges effects. But, the important thing is that, in almost all the area of the 3 surface

plateaux, contact pressure is well estimated.

Moreover, displacements, in sliding direction, of both explicit and micro models are
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illustrated in Figure III.9.

(a) Explicit model (b) Micro model: (max and min displacements: 2.422e-

2 and 9.165e-3 mm)

Figure III.9 – Displacements distribution in the sliding direction: micro model composed

of heterogeneous patch; containing inclusion and 3 surfaces defects.

These displacements shown in Figure III.9 (b) are very well estimated.

On the other hand, average contact force, overclosure, normal displacements and contact

stiffness have been computed at each plateau contact surface. Results have been compared

between micro and explicit models and illustrated in Tables III.7, III.8, III.9 and III.10.

Table III.7 – Average force per plateau: multi-scale versus explicit models (three surface

plateaux)

Average force plateau 1 plateau 2 plateau 3

Multi-scale model 41.9 N 49.5 N 34.9 N

Explicit model 35.3 N 47.1 N 44.1 N

Table III.8 – Overclosure per plateau: multi-scale versus explicit models (three surface

plateaux).

Overclosure Plateau 1 Plateau 2 Plateau 3

Multi-scale model -1.90e−3 mm -2.39e−3 mm -2.27e−3 mm

Explicit model -1.83e−3 mm -2.45e−3 mm -2.29e−3 mm

As seen in Table III.7, plateau 2 average force is approximately equivalent between the

two models. Plateaux 1 and 3 average forces are a little bit different, especially at plateau
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Table III.9 – Normal displacement per plateau: multi-scale versus explicit models (three

surface plateaux).

Normal displacement plateau 1 plateau 2 plateau 3

Multi-scale model -9.01e−3 mm -9.15e−3 mm -9.12e−3 mm

Explicit model -9.05e−3 mm -9.10e−3 mm -9.19e−3 mm

Table III.10 – Contact stiffness per plateau: multi-scale versus explicit models (three

surface plateaux).

Contact stiffness Plateau 1 Plateau 2 Plateau 3

Multi-scale model 474.5 N/mm 472.1 N/mm 470.8 N/mm

Explicit model 474.2 N/mm 471.5 N/mm 469.4 N/mm

3. This can be justified by the errors observed at the edge of this plateau in Figure III.6

(c). However, the sum of average forces of the three plateaux are equivalent between both

multi-scale and explicit models.

Next, overclosures and normal displacements of the 3 surface plateaux are compared

to explicit ones. Results are illustrated in Tables III.8 and III.9. Good agreements are

obtained.

Finally, as seen in Table III.10, the contact stiffness between the two models configuration

is approximately the same.

Regarding all the quantities compared, efficiency of the numerical strategy proposed for

surface defects modelling is proven and can be used for all cases.

III.1.3.3 Computation time

One of the advantages of the multi-scale strategy we propose in this work is the

computation time reduction for large scale models. In fact, as the heterogeneity and surface

defects in each patch are not physically present in the large-scale model, this leads to a

gain of computation time.

Presented in Table III.11, is the computation time between explicit and multi-scale surface

defects models. The simulation is conducted using 10 CPU cores.

Table III.11 – CPU time comparison between both explicit and multi-scale models: surface

defects modelling

time Model with one plateau Model with three plateaux

Explicit model 242 min 296 min

Multi-scale macro model 43 min 122 min

Multi-scale micro model 17 min 17 min

There is a significant reduction in computation time with the proposed multi-scale strategy.

However, it is possible to gain more computation time in the multi-scale macro model by
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working more on its development.

Moreover, if material heterogeneity and surface defects are considered over the whole

frictional material, there will be a tremendous gain in computation time. Because, in that

configuration, only explicit model will be very expensive.

Conclusion of the section

In this section, a strategy leading to material and surface heterogeneities model-

ling, is implemented and compared to a reference solution where heterogeneity

and defects are meshed explicitly. Surface plateaux are considered for our

purpose and good agreements in results are obtained. In this work, even if

only surface plateaux cases are investigated, other types of surface defects, for

example surface asperities, can be considered also.

The strategy implemented is mainly based on contact gap introduction at

the defects location. In the next section, this strategy is extended to surface

evolution through wear source flow. In the following sections, the new proposed

strategy for wear source flow modelling is explained in details and is compared

to some concurrent wear modelling strategies available in the literature.
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III.2 Wear source flow modelling strategies

III.2.1 Nodes displacement method

In many works in literature [Podra and Andersson, 1999; Hegadekatte et al., 2004;

de Saracibar and Chiumenti, 1999], wear modelling is based on nodes displacement method.

The strategy is quite simple and consists in shifting contact surface nodes in the contact

forces direction. Wear volume is computed through specific wear law which will be described

in next subsection. Nodes displacement strategy is presented in Figure III.10.

Figure III.10 – Wear modelling based on contact surface nodes displacement.

This method has some limitations. In fact, obtaining good results depends on mesh

size in the contact zone. Also, as the nodes are displaced, elements can be submitted to

excessive distortions causing convergence difficulties. Additionally, when wear depth is

greater than element size, surface elements become excessively distorted and computation

is no longer possible. To overcome these issues, it is possible to move not only surface

nodes but also sub-surface nodes through a linear law for example. In other words, all

displaced nodes will follow a linear distribution. An example of the latter configuration is

shown in Figure III.11:

In Figure III.11, a case where only surface nodes are displaced is compared to a case

where all nodes follow a linear distribution. It is then possible to reduce elements distortion

by doing so. However, this method is also limited.

Mesh distortions due to the nodes displacements constitute a principal limitation of the

present strategy. Another limitation which is attributed to the nodes displacement strategy

is the wear introduction at the end of each calculation. Then it is not possible to introduce

wear effects directly in the analysis. In the next subsection, a subroutine, dealing with

wear modelling, developed in the calculation code ABAQUS, is introduced.
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(a) Surfaces nodes moved (b) linear displacement of all nodes

Figure III.11 – Contact surface nodes displacements versus linear distribution of all nodes.

III.2.2 Wear modelling using the subroutine Umeshmotion

III.2.2.1 Adaptive Meshing

In finite element analysis, when deformation takes place, some elements become distorted

and may not produce good results. Adaptive meshing consists in, principally, two tasks:

new mesh creation through a process called mesh sweeping, and a remapping solution

variables from old to new mesh through a process called advection (refer to ABAQUS

6.13 [LeVeque et al., 2002]).

1. Mesh sweeping

After convergence of the structural equilibrium equations, adaptive meshing will

require wear displacement at each node of the contact surface, computed through

Fortran subroutine umeshmotion. Then, mesh sweeping is performed over adaptive

mesh domain, where nodes have to be relocated. Relocalization of each node in the

domain is based on the positions of neighboring nodes. The new position, xk+1, of a

node is obtained through equation (III.11):

xk+1 = X + uk+1 = Nnxn
k (III.11)

Where X is the original position of the node, uk+1 the nodal displacement, xn
k are

the neighboring nodal positions, Nn are weight functions obtained from least square

minimization method which minimizes node displacement in a projection to the

original mesh configuration. Also, weight functions can be obtained from volume

smoothing by computing volume-weighted average of the element centre positions

surrounding a node. Mesh sweeping allows for a smooth mesh and also reduces

element distortion.

2. Advection

In [LeVeque et al., 2002], advection process refers to a substance being carried along

with fluid motion. In adaptive meshing, advection is the process in which the solution

variables are re-mapped from the old mesh to the new mesh by integrating the
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advection equation (refer to [LeVeque et al., 2002]) by the means of the Lax-Wendroff

numerical method which is second-order accurate in both space and time (refer to

[Lax and Wendroff, 1960]).

Let’s consider a linear advection equation from (III.12):

∂q

∂t
+ a

∂q

∂x
= 0. (III.12)

Equation III.12, when we apply Lax-Wendroff numerical method, gives birth to

III.13.

qn+1
j = qn

j −
a∆t
2∆x(qn

j+1 − qn
j−1) + (a∆t)2

2∆x2 (qn
j+1 − 2qn

j + qn
j−1), (III.13)

where n is the time increment, j the node number in the adaptive mesh domain, q is

the solution variable being advected (contact pressure, stresses, displacement etc.), a

is advection velocity, ∆t and ∆x are increments in time and space respectively.

In the next subsection, a wear modelling methodology based on adaptive meshing is

described.

III.2.2.2 Wear source flow modelling strategy based on adaptive meshing

Here, adaptive meshing is used in conjunction with a FORTRAN subroutine called

UMESHMOTION in which a wear model is developed. In this work, the wear model

adopted is derived from Archard’s wear law:

V

s
= k

H
∗ FN , (III.14)

where V is the volume of the removed material, k is the dimensionless wear coefficient,

s is the sliding distance, H is the hardness of the softer material and FN is the applied

normal load.

By dividing both sides of equation (III.14) by the real area of contact, we get the wear

depth expression in (III.15):

h

s
= k

H
∗ p, (III.15)

where p is the contact pressure. The discretized form of equation (III.15) with respect to s

is obtained from (III.16):

dh

ds
= k

H
∗ p. (III.16)

By integrating equation (III.16) over the sliding distance, the total wear depth is computed

as in (III.17):

hi+1 = hi + kpids, (III.17)
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where hi+1 is the total wear depth up to the (i + 1)th wear increment, hi is total wear

depth up to the ith wear increment, pi is the contact pressure during ith wear increment

and kpids is the wear depth for the current wear increment.

The modified form of Archard law is then embedded into ABAQUS/Standard with

FORTRAN subroutine UMESHMOTION. The link between ABAQUS and UMESH-

MOTION is summarized in Figure III.12:

Figure III.12 – Flowchart of the link between ABAQUS and UMESHMOTION.

Where Ninc is the current increment number and Nmax is the maximum increment

number. After the equilibrium equations, have converged, ABAQUS makes request to

the adaptive meshing algorithm, previously explained, which in turn call the user

defined subroutine UMESHMOTION. Then, nodal coordinates, nodal displacements
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and respective contact pressures are accessed. Wear depth in this time increment is

computed, using equation (III.16), for all surface nodes in the subroutine. Thereby, wear

depth for all surface nodes are returned to the adaptive meshing algorithm. The surface

nodes are then swept in two steps. First, the surface nodes are swept in the inward

normal direction using Eulerian analysis and then the geometry is updated. In the last

step, material quantities are re-mapped to the new mesh positions by advection using a

Lax-Wendroff method (second order numerical method explained before). The contact

pressure and all other material quantities are then updated.

In the next subsection, another wear modelling strategy, which is a continuation of the

defects modelling strategy introduced previously, is investigated.

III.2.3 Strategy of gap : introduction of gap into the contact law
in terms of wear depth

This strategy is very simple and consists in contact law modification in a way to

account for wear. Penalty contact algorithm is still used in this chapter to enforce contact

constraints.

The strategy introduced here is a wise use of penalty contact to simulate wear. Contact

constraint is imposed at the level of each element of the contact surface followed by an

initial gap introduction in the contact law which in return is updated temporally. The

initial gap corresponds to wear depth computed from equation (III.15) and introduced in

the penalty contact law at each element. Thus, the modified contact law, accounting for

wear in terms of gap, is illustrated in Figure III.13:

(a) (b)

Figure III.13 – Graphical representation of contact laws: In penalty method, the initial

gap is reduced to zero (a). In order to consider wear, initial gap corresponds to wear depth

in the penalty method (b)

.

gn is the normal gap distance of the interface, Pn is the normal contact pressure and

wi is the initial normal gap corresponding to wear depth of element i.

Moreover, a flowchart of the complete strategy is presented in Figure III.14:
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Figure III.14 – Wear modelling strategy: gap updating in the contact law after each wear

cycle (transient process).

The strategy presented in Figure III.14 is very simple: at the beginning of the simulation,

the surface is not subjected to wear, therefore the initial gap is reduced to zero. At the

end of each simulation, the gap is updated in the contact law in terms of the wear depth

computed from Archard’s wear model until the total wear cycle is reached.

In this subsection, three wear modelling strategies were presented. The robustness

of these strategies is investigated in the next subsection through a simple numerical

simulation.
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III.3 Numerical example illustrating different wear stra-
tegies modelling

The different wear strategies of the previous section are confronted here. Therefore, we

shall present a numerical model for the investigation.

A flat rigid surface in contact with an elastic isotropic cubical material of 1 mm3, under

sliding conditions, is considered. No rigid surface rotation is allowed. Moreover, the cubical

part is homogeneous. The material properties of the cubical part are summarized in Table

III.12:

Table III.12 – Material properties of the numerical model.

Cubical part

Young’s modulus 3000 MPa

Poisson’s ratio 0.3

A normal and tangential displacements of 0.01 mm and 0.2 mm respectively have been

applied to the flat rigid surface. The bottom face of the cubical part has been fixed. 27000

and 900 hexahedrons elements have been used to mesh the cubical part and the flat surface

respectively. The mesh size of each contacted element is 0.033 mm. Moreover, penalty

contact is used to enforce contact constraints with a constant friction coefficient set to 0.3.

The whole model, its boundary conditions and its mesh, is shown in Figure III.15.

Figure III.15 – Numerical model: a rigid flat surface rubbing on a cubical part.

A simulation is performed with the above statements and results are presented in the

next subsection

III.3.1 Results : Contact pressure evolution without wear

With the model described in Figure III.15, a simulation is performed under the

consideration of perfect surface. Results are shown in Figure III.16.

Figure III.16 shows contact pressure evolution through the contact surface of the

homogeneous patch. Pressure distribution is conventional, there is an overpressure at the
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Figure III.16 – Numerical model: contact pressure evolution without wear.

leading edge which decreases with sliding direction (direction X). As expected, the pressure

is uniformly distributed through the whole surface.

III.3.2 Results : contact pressure distribution considering sur-
face evolution

The model illustrated in Figure III.15 is extended to wear (source flow) modelling

considering the three wear strategies previously described. Therefore, three simulations

are performed. These correspond to wear source flow modelling from nodes displacement,

subroutine umeshmotion with adaptive meshing, and gap methods respectively. Archard’s

wear model (III.15) is considered. The term k
H

, the wear rate, has been chosen arbitrarily

and equals to 1e−6 mm2/N . 100 wear cycles, which is represented by 100 contact updates,

are considered. However, for subroutine Umeshmotion, the computation is performed

iteratively. Results are shown in Figure III.17:

Figure III.17 (a) shows contact pressure evolution under the assumption of perfect

contact during the whole analysis. Pressure distribution is conventional, there is over-

pressure at the leading edge which decreases with sliding direction. Figures III.17 (b),

(c) and (d) show contact pressure distribution for 100 wear cycles obtained from nodes

displacements, subroutine umeshmotion and gap techniques respectively.

In Figure III.17 (b), the leading edge contact pressure is overestimated. In fact, the

maximum pressure is about 130 MPa greater than the contact pressure of the perfect

contact case (117 MPa). This is not logical since a decrease of contact pressure with wear

is expected. This overestimation can be attributed to mesh distortion especially at the

leading edge where contact pressure is higher initially. Hence contact constraints resolution

become very difficult at the leading edge. Moreover, contact pressure is not uniformly

distributed; confirmed by the zone surrounded in red (see the blue band of the Figure III.17

(b)). In the latter, there is a surprising decrease of pressure. This may be the consequence
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(a) Surface not subjected to wear (b) Nodes displacement wear model-

ling

(c) Subroutine umeshmotion with

adaptive meshing wear modelling

(max and min pressures: 95.452 and

0.828 MPa)

(d) Gap method wear modelling

Figure III.17 – Contact pressure evolution with wear through different strategies.

of mesh distortion at the leading edge. It is well known that wear decreases the maximum

of contact pressure and tends to uniform it. As a linear wear law is used, this behaviour was

expected here. Therefore wear simulation based on nodes displacement method illustrated

in Figure III.17 (b) is not consistent for our purpose, because of the inaccurate results

obtained.

Next, wear modelling based on umeshmotion and gap method is discussed. As there is a

new mesh creation, through adaptive meshing at each iteration, in the umeshmotion wear

modelling strategy, the contact stiffness is fixed in order to compare results between the gap

strategy. Figure III.17 (c) and (d) shows a decreasing contact pressure with wear. Contact

pressure is well distributed and tends to be uniform through all the contacted face. Mostly,

the pressure evolution obtained is the same between the gap and umeshmotion strategies.

However, in Figure III.17 (c), at the zones surrounded in red, non-physical evolution is

obtained. Surprisingly enough, this inconsistency is at the edges. In fact, umeshmotion

technique use adaptive meshing to obtain a good mesh during analysis. However, it is not

guaranteed that at the edges, mesh is well rearranged. This is possibly the cause of the

inconsistency evolution observed in the surrounded zones of the Figure III.17 (c). But,

umeshmotion and gap method results seem mostly consistent.
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For the purpose of our work, we shall discuss on the best wear strategy for future

investigations. This is discussed in the following.

III.3.3 Choice of best wear strategy method

Firstly, due to the inconsistency in contact pressure distribution of the nodes displace-

ments method, we must eliminate this technique without further discussion.

Secondly, as seen in the previous section, wear strategy based on Fortran subroutine umesh-

motion and gap strategy give mostly similar pressure distribution. However, how can we

choose the best strategy? As we know, wear simulation based on subroutine umeshmotion

is based on adaptive meshing aiming to mesh rearrangement and is widely used in the

literature: [Molinari et al., 2001; Hegadekatte et al., 2008; Martinez et al., 2012]. Therefore,

this technique can be used as reference of the wear modelling method based on temporal

gap updating technique. In regards to the results obtained in Figure III.17 (c) and (d),

there is a similar evolution of contact pressure except at edges. Physically, results obtained

by umeshmotion at edges are not possible. Then the choice of umeshmotion as reference is

no longer possible. The choice of wear modelling strategy seems then evident: gap strategy.

Furthermore, the latter is chosen for three main reasons:

The first reason relies on the fact that with regards to results previously presented, gap

strategy is the most convenient.

The second reason is the question of coherence with regards to the strategy adopted in this

work. In fact, our strategy is mostly based on gap technique and therefore seems consistent

for future investigations.

The third reason is also important: although mesh modelling based on Umeshmotion avoids

high mesh distortions, this technique is not guaranteed for more wear cycles. However, gap

strategy can be very useful in the investigation of more wear cycles. To prove this, other

simulations have been conducted for 1000 wear cycles by the means of gap technique. The

numerical model, illustrated in Figure III.15, is used. Then contact pressure evolution, for

1000 wear cycles, is presented in the Figure III.18. Results are quite predictive. In fact,

a uniformity of contact pressure through the whole surface is observed with time. The

maximum pressure goes from 117.883 MPa to 29.747 MPa. Furthermore, contact area is

increasing with wear. At the beginning of the simulation, contact pressure is almost zero at

the trailing edge; but with wear and due to the increasing of contact area, contact pressure

is increased from 0.079 MPa to 5.626 MPa. In fact, the leading edge is submitted to high

pressure due to the sliding friction and consequently is highly worn than the trailing edge.

Therefore, the latter is more loaded with wear. Then with wear, the contact load is better

distributed around the contact surface.

To illustrate better the decreasing effect of contact pressure with wear, contact pressure

evolution along the X axis (sliding direction) in the middle of the Z axis (transverse

direction) is plotted on Figure III.19:

According to the Figure III.19, the decreasing aspect of contact pressure when the

surface is submitted to wear is well highlighted. With time, the pressure tends to increase
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(a) Surface not subjected to wear (b) 100 wear cycles

(c) 500 wear cycles (d) 1000 wear cycles

Figure III.18 – Contact pressure evolution for 1000 wear cycles using gap technique: model

of disc rubbing on a cubical part.

Figure III.19 – Contact pressure evolution with wear along X axis at Z = 0; 4 cases

considered: from the initial state to 100, 500 and 1000 wear cycles.
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at the zones where pressure was small initially due to the increase of contact load. In fact,

at these zones, wear is very low as confirmed in the following.

These results are confirmed by the evolution of the cumulative wear depth on the

contact surface in Figure III.20. With time, the contact surface is increasingly submitted to

wear. A uniform distribution of wear depth is observed through the whole surface because

of the contact pressure evolution. As the contact surface undergoes wear, the trailing edge

of the cubical part is more and more loaded, then allowing a pressure uniformity through

the whole surface.

(a) Surface not subjected to wear (b) 100 wear cycles

(c) 500 wear cycles (d) 1000 wear cycles

Figure III.20 – Cumulative wear depth evolution through the gap technique: model of disc

rubbing on a cubical part.

Furthermore, to obtain a better view of the wear depth increasing with time and its

uniformization through the whole contact surface, the total cumulative wear depth along

the X axis, in the middle of the Z axis, for 100, 500 and 1000 wear cycles is illustrated in

Figure III.21:

As shown in Figure III.21, the wear depth is uniformly increasing, with time, through

the whole surface. The zones where wear depth is small enough correspond to the zones

where contact pressure is small initially. At these zones, contact pressure will increase with

time as wear increases from X = 0 to X = 1

With these reasons mentioned above, gap technique seems very relevant to address wear

source flow modelling for either homogeneous or heterogeneous material investigated later.
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Figure III.21 – Cumulative wear depth evolution along X axis at position Z = 0, from

initial state to 100, 500 and 1000 wear cycles.

This technique is used to conduct simulations in the following sections of this chapter.

III.4 Wear modelling considering a large scale model:
homogeneous material

III.4.1 Numerical model

Three strategies were detailed in the last sections and one of them was chosen for wear

modelling. This strategy is based on initial gap introduction in contact law at the level

of each element of the contact surface of the part subjected to wear. The strategy was

validated through a simple case, where a disc is rubbing on a cubical elastic part.

In this section, a large-scale model is considered. Gap strategy is used for wear modelling

of a large-scale model under real braking conditions. The 3D FEM model inspired by the

experimental pin-on disc system is used for implementation. As mentioned before, the

disc is rotating with a constant velocity of 0.1 rad/s and a prescribed displacement of

0.2 mm is applied at the extremities of the thin plate which enforces contact between

frictional material and the disc. The complete model is meshed with 34630 hexahedrons

elements and 46472 nodes. Contact is frictional and contact constraints have been solved

by the penalty method with a friction coefficient set to 0.3. Archard law (III.15) is used for

wear depth computation where the wear rate is set to 1e− 6 mm2/N . Furthermore, the

frictional material is considered to be homogeneous in this section. The complete numerical

model is illustrated in Figure III.22:
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Figure III.22 – Large scale numerical model: Homogeneous frictional material under wear

which is introduced through the gap strategy (400 elements in the pad surface).

Results of this simulation are discussed in the following subsection.

III.4.2 Results

In this subsection, Friction material is submitted to adhesive wear using Archard law.

Several wear cycles are considered: 100, 200, 400, 700 and 1000 wear cycles. Two results

are presented: contact pressure evolution with wear, and cumulative wear depth associated

at different wear cycles.

III.4.2.1 Contact pressure evolution with wear

Contact pressure evolution is illustrated in Figure III.23:

Figure III.23 shows contact pressure evolution as a function of wear depth for several

wear cycles. Step zero corresponds to the initial braking where the geometry is not subjected

to wear. As a function of time, the contact area increases until it reaches the trailing edge

of the friction material. Consequently, contact pressure decreases uniformly through the

whole surface of the friction material and is progressively increasing at the back of the

pad. This is due to the increasing of wear depth at each wear cycle.

Moreover, at the bottom left corner, the pressure intensity is higher than the top left

corner of the pad. This behaviour can be associated to the high tilting of the pad. In fact,

initially, even when the contact surface is not subjected to wear, the pressure intensity is

higher at the bottom left corner because of the tilting of the friction pad from inner to

outer radius. The left bottom corner is in the side of the disc inner radius and the top left

corner is in the outer radius side.

Globally, with wear, a uniform pressure is observed through the whole contact surface.

As pressure tends to uniformize through the whole contact surface, some pressure discon-

tinuities are observed at the back of the pin highlighted especially from wear cycles 700

to 1000. These discontinuities are the consequences of the wear strategy adopted. As it
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(a) Step zero (b) Step 100 (c) Step 200

(d) Step 400 (e) Step 700 (f) Step 1000

Figure III.23 – Contact pressure evolution with wear in a large scale model: gap strategy

is explained before, contact is done element by element at the level of the frictional pin.

Then, a gap is inserted into the contact law at each element of the pad and is updated at

each wear cycle. In fact, as the maximum pressure is initially located at the leading edge

which decreases to the trailing edge, the leading edge is submitted to wear more than the

trailing edge. As wear increases progressively at the leading edge and becomes higher and

higher, the contact pressure tends to get more and more higher from the trailing to the

leading edge elements. This then leads to discontinuities between each element especially

at the elements located at the back of the frictional pin. In fact, the wear depth is small at

these zones. It is obvious to notice that this behaviour is observed only when the pressure

tends to be uniform through the whole surface.

Next, the cumulative wear through all simulations is illustrated.

III.4.2.2 Total cumulative wear depth

The total cumulative wear depth is shown in Figure III.24:

Figure III.24 shows the cumulative wear depth evolution as a function of time. At

step zero, the wear depth is null through the whole contact surface because wear was not

considered initially. With time, a progression of wear depth is observed. Most of the contact

surface, especially the leading edge is very much worn. The back of the pad, especially the

trailing edge is not too much worn. When the surface is subjected increasingly to wear,
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(a) Step zero (b) Step 100 (c) Step 200

(d) Step 400 (e) Step 700 (f) Step 1000

Figure III.24 – Cumulative wear depth as a function of time: gap strategy

contact pressure decreases and contact area increases (Figure III.23). The evolution of the

wear depth is uniform through the whole simulation because it is cumulative wear depth.

That’s why the discontinuities especially highlighted at the back of the pin, from step 700

to 1000, do not effect the wear depth evolution.

In this section, wear modelling of a large-scale model, reproducing braking conditions,

has been investigated through the introduction of initial gap into the contact law at each

contact surface elements. However, material is considered as homogeneous; which is not

true for friction material. In the following section, a strategy leading to wear modelling at

the local scale will be implemented.
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III.5 Multi-scale strategy for wear modelling of the he-
terogeneous material

Friction material is highly heterogeneous. Direct computation cannot be possible wi-

thout a multi-scale method because of excessive computation time it will induce; a fine

mesh is necessary in order to capture finely heterogeneities. In the following a strategy

based on the KUBC-Contact homogenization method is proposed.

As previously seen, KUBC-Contact allows a macro to micro contact pressure computation.

In other words, it is possible, from a macroscopic variable, to obtain an associated micro-

scopic one. It is proposed a wear modelling at local scale knowing the macro mechanical

field at a given macro patch. The whole wear modelling strategy is illustrated in Figure

III.25:

Figure III.25 – Global strategy showing wear modelling considering heterogeneous friction

material for large scale models.

In Figure III.25, step 1 corresponds to the homogenization with contact named KUBC-

Contact from which equivalent behaviour is obtained at the level of each patch. In step

2, the equivalent behaviour obtained from step 1 is replaced at the macro scale and a

computation is performed to obtain contact information which will be serve in step 3. In

step 3, contact pressure at the heterogeneities scale is obtained and wear modelling is

performed at this scale. Therefore, at the local scale, wear modelling is introduced using

the gap technique previously described. At every wear cycle, the cumulative wear depth is

introduced in step 1 and new equivalent behaviour induced by heterogeneities is computed

using KUBC-Contact homogenization method. In fact, the role of KUBC-Contact resides

there. Without this homogenization technique, a computation of equivalent behaviour

induced by wear evolution is not possible. Then at each wear cycle, the equivalent behaviour

obtained through KUBC-Contact, is embedded at the macro-scale to account for material
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properties evolution with wear.

In the next subsection, the strategy proposed in Figure III.25 is validated through a simple

heterogeneous case.

III.5.1 Numerical example considering heterogeneous patch into
the large scale model

III.5.1.1 Numerical model

The 3D FEM model inspired by the experimental pin-on disc system, introduced in

chapter 2, where a heterogeneous patch, composed of a rigid spherical inclusion centred

within the matrix, is placed at the leading edge of the frictional material is used here for

wear modelling in large scale. The model is reproduced in Figure III.26:

Figure III.26 – Large scale numerical model with heterogeneous patch, containing a

spherical inclusion, placed at the leading edge: wear is introduced directly at this scale

through the gap strategy described before.

Material properties, loads, boundary conditions are the same as in chapter 2. Contact is

frictional and the penalty method is used for contact constraints solving. Friction coefficient

is set to 0.3. The step 3 of the strategy introduces in Figure III.25 is implemented for

validation purpose. Two models have to be distinguished:

1. Explicit method where inclusion is explicitly meshed.

Inclusion is explicitly meshed and wear is introduced directly at the macro-scale

via initial gap introduction in the contact law. The complete model is meshed with

411962 hexahedrons elements and 474256 nodes.

2. Multi-scale model.

The multi-scale model is composed of three models interacting together:

the KUBC-Contact model aiming at the computation of the equivalent modulus.

These results have been presented in chapter 2 (Table II.4).

The embedded model which is a macro model where the heterogeneous patch is not
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physically present and is replaced by a homogeneous patch enriched with KUBC-

Contact homogenized properties. Complete embedded model is meshed with 34630

hexahedrons elements and 46472 nodes. To observe what happens at fine scale, one

has to use the micro relocalization model.

Micro relocalization model based on average boundary conditions illustrated in

Figure II.39 is used for wear modelling at local scale. The complete micro model is

meshed with 76577 hexahedrons elements and 91292 nodes. Cumulative initial gap

is introduced in the contact law, at each contact surface elements, to simulate wear.

All the wear cycles are performed at local scale.

Therefore, two simulations have been conducted in order to validate our local wear

strategy. 10 CPU cores are used for simulations under the computation code Abaqus

through a python script. Results are presented in the following.

III.5.1.2 Results

Archard wear law (III.15) is used for wear depth computation. The wear rate, in wear

depth equation, is set to 1e− 6 mm2/N . The rotation speed of the disc is 0.1 rad/s. After

20 wear cycle, micro model contact pressure distribution is compared to the explicit model

in Figure III.27.

Figure III.27 shows contact pressure evolution with wear in the heterogeneity scale,

where the spherical inclusion is centred within the cubical patch, for both explicit and

micro models:

Figure III.27 (a) shows an overpressure at the leading edge and at the zone where

the inclusion is located due to its rigidity. Moreover, contact pressure is decreasing with

sliding direction. Globally, an increasing contact area and decreasing contact pressure,

with time, are observed. For large wear cycles, the inclusion effect diminishes with wear

as shown in Figure III.27 (g). Furthermore, micro model results are in a good agreement

with explicit results. This then confirms our approach for wear modelling, in the presence

of heterogeneities, at local scale. Moreover, our micro model has the advantage to reduce

enormously computation time in the context of wear simulation. For one simulation,

computation time between both explicit and multi-scale models is shown in Table III.13.

Table III.13 – Average CPU time per simulation comparison between explicit and micro

models

Explicit model Multi-scale macro model Multi-scale micro model

time 2j 8h 31 min 1h 50 min

A gain of computation time is obtained through the multi-scale model. However, by

working more on the micro model mesh and other aspects, the computation time could be

reduced even further.
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(a) Explicit model: Step zero (b) Micro model: Step zero (max and

min pressures: 21.465 MPa and 3.934

MPa)

(c) Relative error

(d) Explicit model: Step 5 (e) Micro model: Step 5 (max and

min pressures: 15.598 MPa and 4.505

MPa)

(f) Relative error

(g) Explicit model: Step 10 (h) Micro model: Step 10 (max and

min pressures: 12.597 MPa and 4.842

MPa)

(i) Relative error

(j) Explicit model: Step 20 (k) Micro model: Step 20 (max and

min pressures: 9.686 MPa and 5.347

MPa)

(l) Relative error

Figure III.27 – Heterogeneous contact pressure evolution, with wear, at local scale through

the gap strategy. Both explicit and multi-scale models contact pressure distribution are

compared each other (explicit heterogeneous patch compared to micro model contact

pressure distribution).
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The aim of this section was the validation of the proposed wear modelling strategy,

through a simple heterogeneous case, with explicit results. Satisfying results are obtai-

ned. Therefore, in the next section, the wear modelling strategy is extended to complex

microstructure.
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III.5.2 Numerical example considering microstructure from tomo-
graphy image

III.5.2.1 Numerical model

In this section, microstructure from tomography image, described in chapter 2, is

considered in the large scale model described previously in Figure III.26.

The biphasic heterogeneous material is composed of matrix, graphite and porosity. As

discussed before, the friction material is supposed to have a periodical microstructure.

Therefore, the whole friction material is embedded with the biphasic microstructure

homogenized properties obtained from KUBC-Contact method. Wear modelling strategy

is introduced at the large-scale model previously used. All the patches (represented

by each macro element) in the friction material are heterogeneous at micro-scale. The

heterogeneities are represented by the biphasic microstructure.

In this section, a patch located at the leading edge is considered and studied as in Figure

III.26.

As said in chapter 2, the volume fraction of matrix and graphite is 63% and 36%

respectively. Only the linear elasticity is considered. Then, elastic material properties of

the two phases are presented in Table III.14.

Table III.14 – Elastic properties for the materials: biphasic microstructure

Real microstructure Matrix Graphite

Young’s modulus 10000 MPa 2000 MPa

Poisson’s ratio 0.1 0.1

The penalty method is used for contact constraints resolution with a constant friction

coefficient of 0.3. Adhesive wear is considered and introduced at local scale to count for

heterogeneities influence. Moreover, Archard’s wear law is considered. The whole numerical

model is shown in Figure III.28.

III.5.2.2 Wear modelling considering same wear rate at the heterogeneous ma-
terial phases

The heterogeneous patch, placed at the leading edge of the frictional material and

represented by the biphasic microstructure is considered here, as stated previously in

Figure III.28. All the results will be presented in the local scale directly.

As mentioned before, the heterogeneous microstructure is composed of two phases:

matrix, and graphite. The matrix is more rigid than graphite. Do the graphite and matrix

phases have the same likelihood of wear? Here we suppose that these two phases have

the same probability to wear. Therefore, in Archard wear law (III.15), the wear rate, in

wear depth equation, is set to 1e− 6 mm2/N for both phases. 100 wear cycles have been
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Figure III.28 – Large scale numerical model considering complex microstructure at the

leading edge near contact interface: wear is introduced at local scale, where all the

complexity of this microstructure is highlighted.

performed at local scale. In the following, the cumulative wear depth evolution resulting

from the wear simulations is presented in Figure III.29:

(a) Step zero (b) Step 2 (c) Step 7

(d) Step 29 (e) Step 70 (f) Step 100

Figure III.29 – Cumulative wear depth evolution as a function of time at local scale:

complex microstructure considered.

Figure III.29 presents wear depth evolution, as a function of time, in the heterogeneous

biphasic material located at the leading edge of the frictional material. Wear modelling

144



III.5 Multi-scale strategy for wear modelling of the heterogeneous material

is performed at local scale. Figure III.29 (a) shows the wear depth corresponding to the

first braking. At first braking, the matrix is worn more than graphite because of its higher

rigidity (refer to Figure III.30).

Figure III.30 – Initial braking wear depth evolution.

From step 2 to step 29 which correspond respectively to the second and 29 braking,

cumulative wear depth is increasing progressively not only at the matrix but also at the

graphite contact areas. From step 29 to step 100, wear in the contact area of the two

phases is increasing and tends to be uniform. Maximum cumulative wear depth is observed

near porosities. In fact, edges near porosities induce some contact pressure localizations,

consequently leading to high wear depth near porosities. Globally, considering the fact

that the two phases have the same likelihood of wear, leads to uniform wear distribution

with time.

Contact pressure, under the assumption of uniform wear modelling through the two

phases, is investigated in the following:

Figure III.31 shows contact pressure evolution with different wear cycles. Results have

been put on the same scale in order to obtain a better view of contact pressure evolution in

the two phases. At initial braking (Step zero), contact pressure intensity in matrix area is

higher because of its rigidity compared to graphite. Moreover, maximum contact pressure

is observed at the leading edge and decreases in the sliding direction, except for some

localizations near porosities edges. When the material started to wear, contact pressure

decreases at the leading edge while increasing at the trailing edge. With time, contact

pressure is increasing in the graphite contact area while decreasing in the matrix contact

area. In fact, the matrix is rubbing faster than graphite, leading therefore, to an increase

in the contact area of the graphite phase. This is quite well observed from step 29 to step

100.

Furthermore, there is some localization bands growing with time and leading to non-

uniform pressure distribution in the contact area of the matrix. This can be explained

by the fact that contact is done element by element. As the pressure distribution is not

uniform from one element to another, this leads to a non-uniform pressure distribution,
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when wear depth increases.

(a) Step zero (b) Step 2 (c) Step 7

(d) Step 29 (e) Step 70 (f) Step 100

Figure III.31 – Contact pressure evolution with wear under considering that the two phases

are submitted to same wear rate: wear is introduced at local scale using the complex

microstructure

In reality, as the matrix is stiffer than the graphite, the latter contact surface is not

much subjected to wear according to the wear mechanism considered here (adhesive wear).

The latter assumption is dealt in the next subsection.

III.5.2.3 Wear modelling considering different wear rate at the heterogeneous
material phases

Previously, same wear rate has been considered, in the wear modelling process, for the

two material phases. Here a new assumption is made about the two phases degradation

probability: the graphite contact surface is supposed to wear just a little. Therefore,

the wear rate is reduced to zero for this phase. In reality, graphite is used as a dry

lubricant during contact process. However, according to the wear mechanisms taken into

consideration, in this case adhesive wear, therefore it seems reasonable to reduce the wear

rate at zero in graphite contact area. In reality, under other wear mechanisms, for example

cracking or decohesion, there can be graphite particles fragmentation and ejection.

Same wear rate, previously used, is kept for the matrix phase. Based on this new assumption,

new simulations are run and results are presented in the following.

The cumulative wear depth of 100 wear cycles simulations is computed. Results are plotted

on the Figure III.32:
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(a) Step zero (b) Step 2 (c) Step 7

(d) Step 29 (e) Step 70 (f) Step 100

Figure III.32 – Cumulative wear depth as a function of time: non uniform wear distribution

Firstly, the graphite contact area is not subjected to wear. Therefore, wear depth for

all wear cycles is reduced to zero on the graphite contact surface. Secondly, at the start of

the simulation, wear depth is distributed on whole matrix contact area and localizations

are found near porosities edges. From step 1 to step 100, two observations are made: firstly,

the cumulative wear depth is increasing in the whole matrix contact surface; secondly it is

principally concentrated at the interface between matrix and graphite. In fact, the second

observation is very interesting. The interface between matrix and graphite undergoes a lot

of wear because of shear stresses which are very discontinuous, consequently, leading to the

graphite particle decohesion. These particles can contribute in the tribological phenomenon

of the whole system.

In the same vein, contact pressure evolution with wear, is investigated in order to

consolidate wear evolution previously obtained: Figure III.33 presents contact pressure

evolution over the contact area of the biphasic material with wear. At the first braking,

contact pressure is more concentrated on the matrix contact area than graphite because

of its high rigidity compared to graphite phase. When wear increases, contact pressure

decreases and tends to zero pressure at the whole contact area of the matrix. In fact, the

latter is decreasing with time. Meanwhile, contact pressure increases in the graphite contact

area and tends to stabilize when matrix contact pressure is disappearing. Especially, in the

interface matrix-graphite, the pressure intensity is very high. As the matrix is submitted to
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wear, with time, these localizations in the matrix-graphite interface are expected. Therefore,

mechanisms such as particles decohesion and/or cracking can be expected around these

zones.

(a) Step zero (b) Step 2 (c) Step 7

(d) Step 29 (e) Step 70 (f) Step 100

Figure III.33 – Contact pressure evolution with wear: non uniform wear distribution

III.5.2.4 Evolution of the homogenized microstructure elastic properties with
wear

Previously, wear modelling has been performed at local scale considering heterogeneous

biphasic material. Wear and contact pressure evolution have been computed with time by

the means of the multi-scale micro model. In this subsection, an evolution of the elastic

constants, through wear, is performed through KUBC-Contact homogenization method.

This step is necessary for the simple reason that, when wear is computed at the macro-scale,

considering material heterogeneity, the elastic properties will no longer be linear. We shall

believe that wear influences material behaviour law. This is presented and discussed next.

To illustrate our purpose, wear evolution over the microstructure considering the same

probability of the two phases to wear, obtained in Figure III.29, is considered. Using the

latter configuration, wear is introduced in the KUBC-Contact model through the gap

technique and then computation has been done.

The procedure, allowing elastic properties computation under wear, is highlighted in

orange color in the multi-scale strategy summarized in Figure III.34.

Regarding the Figure III.34, results obtained in Figure III.29 represent the actual step

3. Step 3 represents the wear generation box at local scale. From step 3 to step 1, which
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Figure III.34 – Strategy of computing the elastic properties of the heterogeneous micro-

structure under wear evolution: wear depth obtained at local scale (step 3) is updated in

the homogenization box for microstructure elastic properties computation over different

wear cycles performed.

represents the homogenization box by the means of the KUBC-Contact.

Then at each wear cycle, the resulting wear depth computed, in Figure III.29, is updated

in the KUBC-Contact model in order to compute the associated microstructure elastic

properties evolution through wear. Computation is performed for 100 wear cycles and

results are illustrated in Figure III.35:

(a) Young’s modulus (b) Poisson’s ratio

Figure III.35 – Young’s modulus and Poisson’s ratio evolution with wear: 100 wear cycles

performed.

Figure III.35 (a) presents Young’s modulus evolution as a function of the cumulative

wear depth computed at each wear cycle. For Young’s modulus evolution, non-linear

behaviour is observed. At each wear cycle, equivalent Young’s modulus of the heterogeneous

biphasic material is decreasing. This is due to the loss of volume of the heterogeneous

material, consequently leading to a loss of material rigidity. Moreover, a non-linear behaviour

evolution is also observed for Poisson’s ratio in Figure III.35 (b). Poisson’s ratio is increasing
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with wear. That means, the transverse deformation of the heterogeneous patch is increasing

with material degradation.

III.5.2.5 Macro contact pressure evolution with wear

Before presenting and discussing results of this subsection, it is necessary to recall the

different steps of our multi-scale strategy proposed, in Figure III.25, for wear modelling of

heterogeneous material. Step 1 allows through homogenization method to embed macro

model with an equivalent quantity obtained from micro computation. This approach allows

only to obtain macro mechanical quantities which is not really what happens at a local

scale. However, mean mechanical quantities are very well estimated. In step 2 of our

strategy we propose a macro to micro computation which is important for tribological

phenomena computation like wear. This step has been computed in the previous section

with a realistic microstructure. Based on step 2, elastic constants evolution with wear

has been computed through KUBC-Contact homogenization methods (step 3). In this

subsection, we proposed to introduce at the macro-scale wear modelling, the equiva-

lent behaviour evolution obtained in Figure III.35. This behaviour is only introduced at

the zone where the macro contact patch is located. Two different results are compared here:

1. Homogeneous wear modelling

The equivalent behaviour obtained by KUBC-Contact homogenization method is

supposed to be constant through the whole macro wear process.

2. Heterogeneous wear modelling

Here, the equivalent modulus obtained from the KUBC-Contact homogenization

method changes at every wear cycle. Then, the behaviour obtained in Figure III.35

is enriched at the macro contact patch level.

Two wear simulations are computed according to the above statements. Results are

presented in Figure III.36:

Figure III.36 presents mean contact pressure evolution as a function of wear between the

heterogeneous (red dashed curve) and homogeneous (green dashed curve) configurations

describe above. At first observation, mean contact pressure between the two configurations

decreases with wear. However, when micro behaviour evolution is considered, it impacts

mean contact pressure which decreases more than the homogeneous configuration (constant

equivalent behaviour). This difference can be more significant with time; even more, when

mechanisms as decohesion and/or cracking are considered at the local scale.

In the next section, the behaviour obtained, in Figure III.35, is used in the process of the

wear modelling considering a complete braking model.
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Figure III.36 – Macro mean contact pressure evolution with wear.

III.6 Application of the multi-scale strategy into a com-
plete brake system considering real microstruc-
ture

Until now, the experimental pin on disc system has been used for implementation. The

purpose of this section is to conduct a numerical investigation of the influence of wear

modelling on the dynamic behaviour of a complete disc brake system. To do so, a 3D finite

element analysis has been implemented taking into account wear and material behaviour

though the multi-scale approach presented in section 4. In the following, the numerical

model and the results are presented and discussed.

III.6.1 Numerical model and the global strategy

Many structural components are part of the brake system. Essentially, there is a calliper,

a piston, an anchor, a knuckle, a disc and two brake pads. The disc is rotating with a

constant velocity of ω = 5rad/s which correspond to low velocity braking. In order to

brake, a load of P = 10 bar is applied on the piston and calliper. This action allows

to maintain contact between the rotating disc and the two pads. Most of the system

components are made of steel and cast iron except the two brake pads. They are composite

materials.

For boundary conditions, the displacements of the disc inner annular face and the

knuckle extremities are fixed. The whole model is meshed with 243573 tetrahedral and

hexahedron elements and 401079 nodes. The contact is frictional and penalty contact is
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used for contact constraints resolution. The friction coefficient is set at 0.4.

The two pads composite material are embedded with the heterogeneous biphasic mi-

crostructure presented in Figure III.28. Thus, the material behaviour is integrated using

the multi-scale approach introduced in chapter 2. In the same vein, interface evolution

through wear is introduced in the numerical simulation by the means of the wear modelling

strategy introduced in Figure III.25. Moreover, material behaviour evolution through wear

is incorporated in this simulation, using the material behaviour law obtained in Figure

III.35. The latter is integrated at the whole contact elements of the pads. Even if this

behaviour does not represent the exact model condition here, therefore, it is used to

highlight the influence of material evolution, on brake dynamics, with wear.

The numerical analysis is composed of two steps:

1. The quasi static analysis

It consists in applying progressively the load P , while the disc is in rotation, until a

steady state braking is achieved.

2. The complex modal analysis

The second step consists in complex modal analysis under sliding contact conditions.

The complex eigenvalues and mode shapes of the entire system are then extracted.

Modal coupling theory, due to the contribution of friction, is used. And then, unstable

modes are studied.

The whole strategy is summarized in the Figure III.37:

A particular attention is, therefore, devoted to the influence of material and wear

evolution on the system’s stability. Results are presented and discussed in the following.

III.6.2 Results and discussion

Results issued from quasi-static and complex modal analysis are presented and discussed.

For quasi-static analysis, heterogeneous contact pressure evolution with wear, for both

inner and outer pad, is compared to a reference homogeneous case where no heterogeneity

is considered. Results are illustrated in Figures III.38 and III.39.

At first observation, in the two pads (inner and outer), there is an increase of contact

area and a decrease of contact pressure which is a consequence of wear evolution. For the

inner pad, the maximum pressure is obtained in the upper central zone, whereas, on the

outer pad, the maximum pressure is obtained in the upper right corner. With wear, the

intensity of pressure decreases for both inner and outer pads, even for both homogeneous

and heterogeneous configurations.

For homogeneous case, the pressure is uniformly distributed for all wear cycles. In terms
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Figure III.37 – Multi-scale modelling strategy of the complete braking system.

of intensity, it is remarked that, homogeneous maximum contact pressure is greater than

heterogeneous model for both inner and outer pads. However, in the heterogeneous model,

some contact pressure localizations are observed at upper central zone of inner pad and

upper right corner of outer pad. These localizations are the consequences of contact stiffness

which are non-uniformly distributed over the contact area of the heterogeneous model.

In fact, every contacted element has its own stiffness which represents the heterogeneity

inside. The heterogeneity comes from biphasic microstructure presented in Figure III.28.

As the contacted element does not have the same area and therefore the same volume,

the contact stiffness is different per element. Moreover, due to wear, the contact stiffness

decreases non-uniformly at each element. This non-uniformity of stiffness evolution is the

consequence of some localizations observed for both inner (principally) and outer pads in

the heterogeneous model especially at the zones of high gradient of pressure. Also, one can

then explain why the maximum pressure of the homogeneous model is greater than the

heterogeneous configuration: the decreasing contact stiffness, due to wear, in heterogeneous

configuration.

In order to explain better the presence of these localizations, an illustration is done in

Figure III.40.

The non-uniform initial gap distribution, influenced by the contact stiffness, leads to

discontinuities at the zones of high pressure. However, at the zones where initial gap is

uniformly distributed, the pressure distribution is uniform also.

Finally, for outer pad, the lower central zone seems to not be influenced by wear.

Moreover, for inner pad, the lower right corner is not subjected to wear. This may be a

consequence of pads geometry.

153



III.6 Application of the multi-scale strategy into a complete brake system considering
real microstructure

(a) Homogeneous case (inner pad): step zero (b) Heterogeneous case (inner pad): step zero

(c) Homogeneous case (inner pad): step 1 (d) Heterogeneous case (inner pad): step 1

(e) Homogeneous case (inner pad): step 4 (f) Heterogeneous case (inner pad): step 4

(g) Homogeneous case (inner pad): step 6 (h) Heterogeneous case (inner pad): step 6

Figure III.38 – Homogeneous versus heterogeneous contact pressure evolution with wear:

Braking model
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(a) Homogeneous case (outer pad): step zero (b) Heterogeneous case (outer pad): step zero

(c) Homogeneous case (outer pad): step 1 (d) Heterogeneous case (outer pad): step 1

(e) Homogeneous case (outer pad): step 4 (f) Heterogeneous case (outer pad: step 4

(g) Homogeneous case (outer pad): step 6 (h) Heterogeneous case (outer pad: step 6

Figure III.39 – Homogeneous versus heterogeneous contact pressure evolution with wear:

Braking model
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Figure III.40 – Origin of the localizations explained by initial gap illustration: Inner pad.

Next, complex modal analysis results is investigated. Results are illustrated in Figures

III.41 and III.42:

Figure III.41 – Eigenfrequency real part versus imaginary part: homogeneous configuration.

Figures III.41 and III.42 show the real part of complex frequencies against the imaginary

part for respectively homogeneous and heterogeneous configurations. All wear cycles are

represented. One can observe that eigenfrequencies are affected by the contact interface

evolution due to wear.
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Figure III.42 – Eigenfrequency real part versus imaginary part: heterogeneous configuration.

Moreover, modes characterized by a strictly positive eigenfrequency real part are unstable.

Additionally, predicted unstable modes differ at each wear cycles. Compared to homoge-

neous case, there is some additional eigenfrequencies, with positive real parts, at low and

high frequency for heterogeneous model.

The evolution of instability, for each wear cycle and for both models, is shown in Figures

III.43 and III.44:

The unstable modes, characterized by positive real parts, are represented by full bars in

Figures III.43 and III.44. When the surface is not subjected to wear evolution, there are 5

unstable modes (modes 17, 34, 50, 73 and 78) whether it is homogeneous or heterogeneous

model. Furthermore, these unstable modes remain for all wear cycles studied. However,

some eigenmodes have the same shape, like mode 73 illustrated in Figure III.45; and some

modes differ, like mode 50 illustrated in Figure III.46.

On the other hand, wear evolution influence on system instability can be illustrated by

unstable modes 54, 61 and 83. Mode 83, which is obtained at very high frequency close

to 9.4 KHz, remains for all wear cycles studied and, therefore, is a characteristic mode

related to wear evolution. Mode 83 is shown in Figure III.47. Even if this mode appears

different between wear cycles, therefore, its shape is different.

Furthermore, the instability of mode 61, close to 7.3 KHz, is strongly affected by surface

evolution due to wear and material heterogeneity.

As seen in Figure III.44, mode 61 is only present in step 1 (see Figure III.48).

In step 2, mode 61 disappears and mode 54 remains (see Figure III.49), which in return
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Figure III.43 – Unstable modes evolution versus eigenmodes for different wear cycles:

homogeneous configuration.

Figure III.44 – Unstable modes evolution versus eigenmodes for different wear cycles:

heterogeneous configuration.

will disappear in step 3. However this mode appear later in step 5 and 6 when considering

homogeneous configuration (Figure III.43). In the latter case, this mode is a little bit

different from heterogeneous configuration. (refer to III.50)
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(a) Mode 73: step zero (b) Mode 73: Step 6

Figure III.45 – Mode 73 comparison between step zero and 6.

(a) Mode 50: step zero (b) Mode 50: Step 6

Figure III.46 – Mode 50 comparison between step zero and 6.

(a) Mode 83: step 1 (b) Mode 83: Step 6

Figure III.47 – Mode 83 comparison between step 1 and 6.

Considering the heterogeneous model, it seems like there is appearance and disappea-

rance of unstable modes, from modes 61 to 54 and modes 54 to mode 27, due to wear.

Mode 27, obtained at frequency close to 3.2 KHz, appears at wear cycle 4 and remains

from cycle 4 to cycle 6 (see Figure III.51). So, as the wear increases, a disappearance and

appearance of unstable modes are observed. However, for the homogeneous model, only an

appearance of unstable modes is observed.

Moreover, these modes remain for all the wear cycles considered.
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(a) Mode 61: step 1

Figure III.48 – Mode 61 for step 1.

(a) Mode 54: step 1 (b) Mode 54: Step 2

Figure III.49 – Mode 54: heterogeneous model.

(a) Mode 54: step 5 (b) Mode 54: Step 6

Figure III.50 – Mode 54: homogeneous model.
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(a) Mode 27: step 4 (b) Mode 27: Step 5

Figure III.51 – Mode 27 comparison between step 4 and 5.

III.7 Chapter synthesis

This chapter was dedicated to a strategy leading to surface defects in the presence of

material heterogeneity modelling through a multi-scale method. Two examples have been

proposed: case 1 where surface defect was centred in the contact area of the heterogeneous

patch and case 2 where three surface defects were placed near patch edges. These examples

were validated with explicit results where heterogeneity and surface defects have been

meshed. Multi-scale strategy gives satisfying results.

Thereby, the surface defect strategy is extended for surface evolution, for instance wear

source flow modelling:

Firstly, three modelling examples have been studied and implemented on a simple model

in order to determine their accuracy. From this study, a wear modelling method based on

initial gap introduction in the contact law was chosen because of its accuracy and efficiency.

Furthermore, wear modelling of a large-scale model has been investigated considering a

homogeneous friction material. The numerical pin on disc model has been used for this

purpose. Accurate results have been obtained by the means of gap technique. Results

for this case were conventional. Contact pressure decreases with wear evolution while

the contact area increases. Moreover, for large wear cycles, it was found that contact is

localized on the upper right corner and the lower left corner of the pad.

Secondly, in the context of wear modelling of heterogeneous material, a strategy based

on KUBC-Contact and gap technique has been proposed and validated through a simple

heterogeneous case. A rigid spherical inclusion centred at the leading edge of the frictional

material is used for this purpose. Results obtained from our multi-scale method were in

a good agreement with explicit method, where inclusion is explicitly meshed. However,

our strategy has the advantage to save a lot of computational time. Additionally, the

multi-scale strategy proposed, allows wear modelling at local scale. Therefore, complex

phenomena as decohesion and cracking can be introduced at this scale.

Thereafter, a generalization of the multi-scale wear modelling strategy has been proposed
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considering a realistic biphasic microstructure over the whole friction material. A case

where the heterogeneous biphasic microstructure is located at the leading edge of the

frictional material has been considered and studied. Wear modelling has been performed

at the local scale considering then the influence of this biphasic material constituted of the

matrix and the graphite. In fact, good results have been obtained. With our strategy, it is

possible to introduce different wear behaviour at this scale. An example, where graphite

phase was supposed to wear just a little, shows interesting results. It has been shown that

decohesion of graphite particles can occur under the latter assumption. On the other hand,

based on KUBC-Contact homogenization method, a non-linear law of elastic constants

is obtained and embedded at the large scale, consequently leading to a contact pressure

decreasing with wear.

Finally, the biphasic microstructure has been considered in a complete braking system.

Wear modelling has been performed in this model by the means of the proposed multi-scale

method in order to study system instabilities. After, a quasi-static analysis, complex

modal analysis has been investigated using mode coupling theory. Instability study reveals

that wear, through material heterogeneity, can exhibit unstable modes appearance and

disappearance. Although, unstable modes due to system dynamics remains during wear

cycles performed, it has been shown that modes shape are influenced by wear.
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K. Kato. Classification of wear mechanisms/models. Proceedings of the Institution of

Mechanical Engineers, Part J: Journal of Engineering Tribology, 216(6):349–355, 2002.

F. E. Kennedy Jr. Thermal and thermomechanical effects in dry sliding. Wear, 100(1-3):

453–476, 1984.

N. Kikuchi and Y. J. Song. Penalty/finite-element approximations of a class of unilateral

problems in linear elasticity. Quarterly of Applied Mathematics, 39(1):1–22, 1981.

N. Kinkaid, O. M. O’Reilly, and P. Papadopoulos. Automotive disc brake squeal. Journal

of sound and vibration, 267(1):105–166, 2003.

M. Kok. Production and mechanical properties of al2o3 particle-reinforced 2024 aluminium

alloy composites. Journal of Materials Processing Technology, 161(3):381–387, 2005.

P. Lax and B. Wendroff. Systems of conservation laws. Communications on Pure and

Applied mathematics, 13(2):217–237, 1960.

S. Lejeunes and S. Bourgeois. Une toolbox abaqus pour le calcul de propriétés effectives de
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2011.

B. D. Leonard, A. Ghosh, F. Sadeghi, S. Shinde, and M. Mittelbach. Third body modeling

in fretting using the combined finite-discrete element method. International Journal of

Solids and Structures, 51(6):1375–1389, 2014.

J. Leroux, B. Fulleringer, and D. Nelias. Contact analysis in presence of spherical inhomo-

geneities within a half-space. International Journal of Solids and Structures, 47(22-23):

3034–3049, 2010.

R. J. LeVeque et al. Finite volume methods for hyperbolic problems, volume 31. Cambridge

university press, 2002.

168



Bibliographical references
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