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Résumeé

On présente dans cette these des techniques de preuve d’universalité pour les permutations aléa-
toires. La principale méthode utilise une marche aléatoire sur le groupe symétrique. Cette technique
nous permet de généraliser plusieurs résultats de convergence connus pour le cas uniforme, entre
autres, le résultat de Baik, Deift et Johansson sur les fluctuations de la longueur de la plus longue
sous-suite croissante. Cette technique n’est pas spécifique aux permutations aléatoires. On présente

ainsi une généralisation a d’autres groupes.

Une deuxieme partie de la these est consacrée a 'utilisation de la méthode des moments ; on étudie
la structure en cycle de produits de permutations indépendantes ayant une loi stable sous conjugaison.
On montre qu’un simple contréle des points fixes et des cycles de longueur 2 garantit une universalité

pour les lois jointes des petits cycles du produit.

Mots-clés : Permutations alétoires, marches aléatoires, universalité, distribution de Tracy-Widom.
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Abstract

We present, in this work, universality techniques for random permutations. The main method uses
arandom walk on the symmetric group. This technique allows us to generalize several results of known
convergences for the uniform case. We generalize for example the result of Baik, Deift and Johansson
on the fluctuations of the length of the longest increasing subsequence. This technique is not specific

to random permutations. We present then a generalization to other groups.

Using the method of moments, we study the cycle structure of the product of two independent
conjugation invariant random permutations. We show that a simple control of fixed points and cycles
of length 2 guarantees universality for the joint distribution of the small cycles of the product of the

two permutations.

Keywords: Random permutations, random walks, universality, Tracy-Widom distribution.
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Notations and abbreviations

+ Sets:

— N*: The set of positive natural integers (p.12).

Z: The set of integers (p.24).

R: The set of real numbers (p.24).

RY: The set of (1, T3, . . ., ¥q) such that x1, . . . , 74 are real numbers (p.24).

%°(R) the set of continuous real functions (p.24).

S,,: The symmetric group of size n (p.12).

G?: The set of permutation of &,, of order n (p.24).

G = Up>16,, (p-24).
— Y,,: The set of integer partitions of size n (p.42).
= Y = Up>0Y, (p.-42).

* Functions:
— card(A): The cardinal of the finite set A (p.33).

— #(0): The total number of cycles of o (p.13).
- #4(0): The number of cycles of o of length k (p.15).

tr(o): The number of fixed points of & (p.13).

5\(0): The cycle structure of o (p.42).
A(0): The shape of the RSK image of A (p.46).

X': The transpose of the partition A (p.42).

|A|: The size of the partition A (p.42).
— £()\): The length of the partition A (p.43).

© 2020 Tous droits réservés. pel lilliad.univ-lille.fr
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- LIS(0): The length of the longest increasing subsequence of & (p.14).

- LDS(0): The length of the longest decreasing subsequence of o (p.14).

- LCS(o, p): The length of the longest common subsequence between ¢ and p (p.1s).
- LICS(0): The length of the longest increasing circular subsequence of o (p.31).
_ LDCS(0): The length of the longest decreasing circular subsequence of o (p.31).
— LAS(0): The length of the longest alternating subsequence of o (p.32).

- Np(0): The number of peaks of o (p.34).

— Neae, (0): The number of j-exceedances of o (p.34).

- Np,(0): The number of j-descents of o (p.3s).

~ Np(o): The number of descents of o (p.3s).

_ K the number of j-clicks of graph of the permutation o (p.3s).

— D(0): The set of descents of o (p.35).

— Fy: The CDF of the Tracy-Widom distribution (p.14).

- F5 4 The CDF of the top k right particles of the Airy ensemble (p.69).

— K,in: The kernel of the sine process (p.68).

~ K asny: The kernel of the Airy ensemble (p.68).

— Kiin,o: The kernel of the discrete sine process (p.69).
* Other symbols and random variables:

- %inva HP HLP

mnu,o muv,o’

t L
Hinh o Classes of sequences of conjugation invariant random per-

inv,at

mutations (p.13).
_ 4 Equality in distribution (p.13).

- Convergence in probability (p.13).

n—oo

d e
- ———: Convergence in distribution (p.2s).

n—oo

Lr
— ——: Convergence in L? (p.13).
v 8 (p-13)
— Ounifn: Uniform random permutation on &,, (p.14).
— Opw,pn: Ewens random permutation on &,, with parameter 6 (p.119).

- Okigyp = (OKigun)n>1: Kingman virtual permutation with parameter y¢ (p.124).
* Abbreviations:

— TW: Tracy-Widom (p.14).
- KPZ: Kardar—Parisi-Zhang (p.69).
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GUE: Gaussian Unitary Ensemble (p.14).

GOE: Gaussian Orthogonal Ensemble (p.14).

GSE: Gaussian Symplectic Ensemble (p.14).

DPP: Determinantal Point Process (p.68).

RSK: Robinson-Schensted—Knuth (p.41).

CDF: Cumulative Distribution Function (p.14).

VKLS: Vershik-Kerov-Logan-Shepp (p.99).
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Résumé substantiel

Durant le XXe siecle, les théoremes limites en théorie des probabilités étaient principalement liés
indépendance ou a la faible dépendance. Par conséquent, la distribution gaussienne apparait comme
limite de nombreux modeles. A la fin du XXe siecle et au début du XXle siécle, de grands progrés ont
été réalisés dans la compréhension des modeles a forte dépendance. Plusieurs exemples intéressants
comme les modeles de croissance, les matrices aléatoires, les systemes de particules en interaction et les
permutations aléatoires ont été étudiés. Pour ces modeles, on remarque I'apparition, avec le bon scal-
ing, des mémes loi limites (Tracy-Widom, processus sinus, loi semi-circulaire, processus d’Airy). Néan-
moins, nous n’avons pas une image globale de cette classe d’universalité. Ceest pourquoi, de nombreux

mathématiciens s’intéressent aujourd’hui 4 la compréhension de cette classe.

Dans cette these, on s’intéresse, en particulier, aux phénomenes d’universalité pour des permuta-
tions aléatoires. Dans la littérature, ’étude de la plupart des fonctions de permutations n’est effectuée
que pour certaines lois, en particulier, pour la loi uniforme, certaines lois de Mallows, les lois d’Ewens,
etc. Dans cette these, on essaye de proposer des résultats d’'universalité pour les permutations ayant
une loi stable sous conjugaison. On montre entre-autre, sous un contrdle du nombre total de cycles,
que des fluctuations de type Tracy-Widom apparaissent pour la longueur de la plus longue sous-suite
croissante et de la plus longue sous-suite commune de deux copies indépendantes et identiquement
distribuées (i.i.d.). Sous un contrdle plus faible, on obtient la forme limite de Vershik-Kerov-Logan-
Shepp. Les mémes techniques de preuves donnent une réponse pour d’autres fonctions et aussi sont
utiles prouver des phénomenes d’universalité a d’autres groupes. On présente dans la suite nos princi-

paux résultats.

Plus longue sous-suite croissante

On note dans la suite par &, le groupe des permutations de {1, ..., n}. Pour o € &, une sous-
suite (0(41), ...,0(ix)) de o de longueur k est dite une sous-suite croissante (resp. décroissante) si

ip < - <idgeto(ip) < - < o(ig) (resp. o(iy) > -+ > o(ix)). Soit LIS(o) (resp. LDS(0)) la

© 2020 Tous droits réservés. 1 lilliad.univ-lille.fr
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longueur de la plus longue sous-suite croissante (resp. décroissante) de . Par exemple,

1 2 3 45
pour o = , LIS(0) = 2 et LDS(0) = 4.
5 3 2 1 4

L’étude du comportement asymptotique de la plus longue sous-suite croissante d’une permutation

uniforme est connue sous le nom de probleme d’Ulam. Ulam (1961) a conjecturé que la limite de

E(LIS(0unif.n))
\/ﬁ

existe. Ici, 0ypifn est une permutation choisie uniformément parmi les permutations de &,,. En util-

isant un argument de sous-additivité, Hammersley (1972) a résolu cette conjecture. En udilisant la
théorie des représentations, Vershik et Kerov (1977) et Logan et Shepp (1977) ont montré que cette
limite est égale a 2. On trouve dans la littérature une preuve alternative probabiliste dans (Aldous
and Diaconis, 1995). Cette preuve reprend I'argument de Hammersley (1972). Les fluctuations ont été

étudiées par Baik, Deift et Johansson qui ont montré le résultat suivant.
Théoréeme. (Baik, Deift, and Johansson, 1999) Pour tout s € R,

LIS(ounitn) — 2
P (o f’l) \/ﬁgs — Fy(s),

ns n—oo

ou F; est la fonction de répartition de la distribution de Tracy-Widom (pour 5 = 2).

Pour plus de détails historiques et pour les preuves de ces résultats, on recommande (Romik, 2015).
A partle cas uniforme, Mueller et Starr (2013) ont étudié le cas de la loi de Mallows. Le cas des involu-
tions aléatoires est étudié par Baik et Rains (2001) qui ont montré que la loi limite dépend du nombre
de points fixes et dans certains régimes, les lois de Tracy-Widom, pour 3 = 1 et 3 = 4, apparaissent.
Ils ont également montré I'apparition d’une famille de lois qui interpolent entre ces deux lois. Mueller
et Starr ont montré que pour la loi de Mallows avec la distance de Kendall tau, il y a une transition de

phase entre un régime gaussien et un régime de Tracy-Widom.

Dans cette these, on présente des résultats d’universalité pour les permutations aléatoires stables
sous conjugaison. Dans la suite, on considére une suite de permutations aléatoires (0, ),>1 tels que

oy, est supportée dans &,, pour tout n > 1. On dit qu’elle est stable sous conjugaison si pour tout

. . . _ d
entier strictement positif n > 1 et pour touto € &,,,onac lo,0 = 0,.

Définition. En notant #(0) le nombre de cycles de o et tr(o) le nombre de ses points fixes, pour
P

a > letp € [1,00], on dit que la suite (07,),>1 satisfait H;,,,, , i

P S (on) P
(Hinp.o) (0n)n>1 est stable sous conjugaison et T —= 0,

© 2020 Tous droits réservés. 2, lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

quelle satisfait HJ) . si
P . . # On LP
(Hipo.a) (0n)n>1 est stable sous conjugaison et (; ) —=0
N o
. . t .
et qulelle satisfait ;) , si
tl"(O' ) p
tr, . . n L
(Hinh o (0 )n>1 est stable sous conjugaison et S 0.
o tr,1 - 5
En particulier, (#;,,, ) est équivalent 2

(0 )n>1 est stable sous conjugaison et P(o,(1) = 1)710{771 — 0.

n—oo
On montre alors le résultat suivant.

Théoreme. Sous (H.,, ),

LS(.) ¢, - LDS(@.) =
\/ﬁ n—oo \/ﬁ n—o00

LP
inv,2/>

De plus, pour tout p € [1, 00), sous (H

LIS(O’H) LP LDS(O’n) LP
> 2 d
\/ﬁ n—oo an \/ﬁ n—o0

La convergence en probabilité est évoquée sans preuve dans (Kammoun, 2018) vu que celle-ci est

similaire a celle de (Kammoun, 2018, Theorem 1.2). On détaillera la preuve dans la Sous-section 2.2..1.

Pour les fluctuations, on a le résultat suivant.

Théoreme. Si (0y,)n>1 est stable sous conjugaison et

alors pour tout s € R,

(TW) P (LIS(””) —2Vn s> s Fy(s)etP (LDS("") —2Vn s) s By(s).

n—0o0 n n—oo

o=
=

Ce résultat généralise un résultat prouvé dans (Kammoun, 2018, Theorem 1.2) qui est le suivant.

Corollaire. (1, ¢) implique (TW).

inv,6
L’idée de la preuve, dans la Sous-section s.2.1, est de construire un couplage entre toute distribution
satisfaisant ces hypotheses et une permutation uniforme afin d’udiliser le résultat de Baik, Deift et

Johansson.
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Plus longue sous-suite commune

Etant donné o € &, (0(iy),...,0(ix)) est une sous-suite de o de longueur £ sii; < iy <

- < ). On note LCS(071, 02) la longueur de la plus longue sous-suite commune (LCS) de deux
permutations. La plus longue sous-suite commune de mots a d’abord été étudiée dans le contexte de
Iinformatique théorique (Maier, 1978). L'une des utilisations naturelles est de comprendre les mod-
ifications dans les différentes versions du méme ficher (Masek and Paterson, 1980). Dans la suite, on
suppose que 0, et p,, sont indépendantes et supportées dans &,,. L’étude du cas de permutations aléa-
toires indépendantes a été initiée par Houdré and Islak (2014). Récemment, Houdré et Xu (2018) ont

montré que pour les permutations aléatoires i.i.d.

W=

E(LCS(oy, pn)) > ns.
Il est conjecturé par Bukh and Zhou (2016) que pour les permutations aléatoires i.i.d.,

E(LCS(0y, pn)) > v/n.

Avant de donner une solution partielle de cette conjecture, on donne une borne inférieure asympto-
tique pour la plus longue sous-suite commune de deux permutations aléatoires indépendantes (pas

forcément de méme loi).

Théoreme. On suppose que n > 1, oy, et p,, sont indépendantes et leurs lois sont stables sous conju-

gaison. On a alors

n—00 \/ﬁ

Cette borne améliore la borne dans (Kammoun, 2020) qui est la suivante.

>2v13-6~121....

E(LCS(on, pn))

lim inf > 2v0 ~0.564 ...
0 i fgf =2 > 2v0 |
ou ¢ est 'unique solution de G (2y/x) = 2%36,
1
G=[0.2 > [0,]
1
(2) T (Q(s) —ls+2]— x) ds,
-1 2 2 +

et

2(sarcsin(s) +v1 —s?) sifs| <1

Q(s) := :
|s] sifs| >1

Sous un contrdle de nombre de points fixes, on obtient le résultat suivant.
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Proposition. On suppose que pour toutn > 1, oy, et p,, sont indépendantes et stables sous conjugai-

son

- Si (Un)nzl et (pn>n21 vérifient (H‘ZE;L,’L}J% alors

.. E(LCS(0n, pn))
1 f > 2.
(3) im in NG >

- Siliminf, o v/nP(o,(1) = 1)P(p,(1) = 1) > a pour un certain 0 < a < 2, alors

Ce qui donne une réponse partielle 4 la conjecture de départ.

Corollaire. On suppose que pour toutn > 1, 0, et p,, sont i.i.d. et stables sous conjugaison. On a

alors

lim inf E(LCS(0n, pn)) > 2.
n—00 \/ﬁ

En particulier, il existe ng € N tels que pour tout n > ny et pour tout couple de permutations

aléatoires i.i.d. et stables sous conjugaison supportées dans &,,, on a

E(LCS(0v, pn)) = V1.

On présente la preuve de ces deux derniers résultats dans la Sous-section 7.4.2.

Quand p,, n’est pas stable sous conjugaison, on peut quand méme donner une borne inférieure

]E(LCS(Un 7ﬂn))
de =

Théoreme. Supposons que pour tout n > 1, 0y, et p,, sont indépendantes et 0, est stable sous con-

jugaison. Alors

lim inf E(LCS(0, pn))

i I > G <lim inf E(#(%))> '

n—0o0 n

P

mvyl), alors

En particulier, si (0, ),,>1 vérifie (H

. E(LCS(om, pa)
>
il =" =

Sous un controle additionnel, on obtient un comportement similaire au cas uniforme.

Proposition. Supposons que pour toutn > 1, 0, et p,, sont indépendantes.
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- Si (0 )n>1 vérifie (Hy,, ,) alors

LCS(on, pn) P
\/ﬁ n—oo

> 2.

- Si (0,)n>1 vérifie (/Hg;imz) alors

LCS(on, pn) 1Lt
\/ﬁ n—oo

- Si (0 )n>1 vérifie (Hy,, ;) alors Vs € R,

LCS(oy, pn) — 24/

ne

P <3 n—r00 FZ(S)'

On prouve ce résultat dans la Sous-section 7.4.3.

Petits cycles

La structure en cycles d’'une permutation du groupe symétrique &,, choisie uniformément est bien
comprise (voir (Arratia, Barbour, and Tavaré, 2003) pour des résultats détaillés). En particulier, le ré-

sultat classique suivant est valable :

Théoreme. (Arratia, Barbour, and Tavaré, 2000, Théoreme 3.1) Pour tout k > 1,

(5) (#1(0unif,n)a s 7#k(0unif,n)) #) (517 527 cee agk)7
ol #, est le nombre de cycles de longueur &, ﬁ désigne la convergence en loi, &1, &, . . ., & sont

indépendants et la loi de £, est Poisson de parametre é.

En effet, dans (Arratia, Barbour, and Tavaré, 2000), il y a un contréle de la convergence lorsque
n, kvonttous les deux vers 'infini tel que % — 0. Mais nous limiterons notre étude au cas ou £ est fixe.
Dans ce travail conjoint avec Mylene Maida, nous nous sommes interrogés sur la classe d’universalité
de cette convergence. Nous montrons qu’un produit de permutations stables sous conjugaison qui
n’ont pas trop de points fixes ni de cycles de taille 2 appartient a cette classe. Plus précisément, nous

avons le résultat suivant.

Théoreme. (Kammoun and Maida, 2020) Soit m > 2. Pour 1 < ¢ < m, soit (0¢,,),>1 une suite
de permutations aléatoires telle que pour toutn > 1, 04, € &,,. Pour tout k& > 1, soit &} :=

#1,.(IT71 0¢n). Supposons que

(Hy) Pourtoutn > 1,(0q,,...,0mn,) sontindépendantes.

(H2) Pourtoutn > letl < ¢ < m, oy, est stable sous conjugaison sauf peut-étre pour un

te{l,...,m}.
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- Tlexiste 1 < ¢ < j < m tel que pour tout k > 1,

L. k

(Hs) Oin,Ojn vérifient (HE;’M),
L. 1

(Hy) Uzn, sz,n vérifient (Hf,rwl)

Alors pour tout k > 1,

(6) (?7 g?"'atZ)L(&hﬁ%ww&f)‘

n—o0

Mukherjee (2016) a obtenu des résultats similaires pour des permutations équicontinues et con-
vergentes en permuton. Dans le cas de deux permutations, une convergence plus forte (en variation
totale) a été établie par Chmutov et Pittel (2016) lorsque 'une des permutations a tous ses cycles de
longueur au moins 3 (voir aussi (Gamburd, 2006)). Aucun de ces résultats ne couvre par exemple le
produit de deux distributions d’Ewens. Il est facile de vérifier qu'’ils satisfont les convergences requises
dans (H3) et (H4) et notre résultat indique par conséquent que les petits cycles d’'un produit de (au
moins deux) permutations d’Ewens se comportent comme ceux d’une permutation uniforme. Dans
notre cadre, dans le cas de deux permutations, un résultat plus faible peut étre obtenu sans aucune

hypothese sur les cycles de taille 2. On présente une preuve de ce résultat dans le Chapitre 6.
Proposition. (Kammoun and Maida, 2020) Pour m = 2. Supposons que

(Hy) Pourtoutn > 1,0y, et p,, sont indépendantes.

(Hz2) Pourtoutn > 1,0, ou p, est stable sous conjugaison.

(H3) Pourtoutk > 1, 0, et p,, vérifient (7—[:252)
Alors pour toutv > 1,
: a1
Jim E(ty) = .

Notre motivation pour comprendre la structure en cycles des permutations aléatoires est la rela-
tion, dans le cas des permutations stables sous conjugaison, avec la plus longue sous-suite commune

de deux permutations. Par exemple, pour m = 2,sio,; Lo, est stable sous conjugaison et

#(Urjlpn) d

S S,

> 0

alors pour tout s € R,

LCS(0y, pn) — 24/n < Fy(s)

ns n—o0

P

Une autre motivation vient de la théorie des "trafic distributions”, une théorie des probabilités non-
commutatives introduite par Male (2011) pour comprendre les moments de matrices aléatoires invari-

antes par conjugaison par une matrice de permutation. Comme le montre Male (2011), la limite au sens
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de la convergence en "traffic distributions” pour les matrices de permutations est triviale. Il est donc
naturel de s’interroger sur les fluctuations limites pour un produit de plusieurs matrices de permuta-
tions, ce qui est un cas vraiment non commutatif. Ainsi en écrivant notre résultat comme suit, on peut

voir notre résultat comme Ianalyse de second ordre dans ce cadre :

m m k
tr (Hgl,n> peens tr (Hgf,n> ﬁ 517€1+2§27"'7Zd€d )
=1 =1

dlk

ou, nous rappelons que &1, &2, . . . sont indépendants et la distribution de &; est la loi de Poisson de

1
7

Cela signifie que dans ce cadre, les fluctuations ne sont régies que par une hypothese sur des points

parametre

fixes et des cycles de taille 2.

Technique du ping-pong

On présente ici une technique de preuve d’universalité pour les permutations aléatoires. Etant donné
n>1letkE CG,,ondéfinit

next(E) :={po(i,j);p € Eet#(po (i,j)) = #(p) — 1} U{p € E;#(p) = 1}

et
next”@1({a}) si#(o) >1
final(o) := .

{0} sinon

En d’autres termes, next(£) est l'ensemble des permutations obtenues en concaténant, si possible,
deux cycles d’'une certaine permutation 0 € E et final(o) est l'ensemble des permutations obtenues
en concaténant tous les cycles de o. En particulier, final(0) C &2 lensemble des permutations avec
un seul cycle. Soit Gg, le digraphe dont les arétes sont {(o, p) € &,, X &,,;p € next({c})}. On
représente Gg 3 dans la figure 1. Gg,, peut étre vu comme une version dirigée du graphe de Cayley de
S, généré par des transpositions o1 les arétes sont orientées vers la permutation avec moins de cycles
(la plus éloignée de I'identité pour la distance de graphe) pour lequel nous avons ajouté des boucles

pour les permutations de S2. On s’intéresse 2 la marche aléatoire uniforme sur ce graphe.

Soit f une fonction définie sur S, = U2 G,, et ayant des valeurs sur un espace métrique (F, dr),
par exemple 74, R ou €°(R). Pour 1 < k < n, on note

! = d
enl(f) = max - max dr(f(o), f(p))

enk(f) = max max dp(f(o), f(p))

0€Gy,#(0)=k pcnext({c})

en(f) = max g4, (f).

1<k<n
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Figure 1: Le graphe Gg,, pourn = 3

Notre principal résultat est le suivant.

Théoreme. Si (0,)n>1 €t (Oref,n)n>1 sont stables sous conjugaison et s’il existe un certain € F tel

que
P
f(Orepn) —— @,
P P
(7) Entones) () 752 0 et () 520

P
alors f(0,) —— .
n—0o0
La convergence en probabilité peut étre remplacée par une convergence dans IL” si les contrdles sont

vrais dans IL”.
Lorsque I = RY, on obtient également la convergence en loi.

Théoreme. Supposons que F' = R?, (0,,),>1 €t (0yefn)n>1 sont stables sous conjugaison. On sup-

pose quon a les convergences dans (7) et qu’il existe une variable aléatoire X supportée dans F telle

qU.C

[(Orern) —— X.
Alors
(8) flon) —2— X.

n—oo

La preuve utilise des techniques markoviennes généralisables facilement sur d’autres groupes. On
détaillera dans le Chapitre 2 quelques généralisations et quelques applications de ce résultat pour des

fonctions de permutations connues.
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Introduction and main results

"..que le but unique de la science, c’est honneur de Uesprit bumain
et que sous ce titre, une question de nombres vaut autant qu’une

question de systéme du monde”

Jacobi
Contents
1 Introduction . . . . ... st
1.2 Some functions on random permutations and our mainresules . . . .. ... L. 2
L2.I Monotonous subsequences . . . . ... 14
122 Thelongest common subsequence . . . . . ... ... ... ... ... 15
123 Smalleycles . . ... Lo Lo 18
3 Organization . . . ... .. ... ... ... . o 20

.1 Introduction

In the twentieth century, limit theorems in probability were mainly related to independence or
weak dependence. As a consequence, the Gaussian distribution appears as a limiting distribution for
many models. The case where the variables are strongly correlated is much more difficult since classical
techniques are not helpful. At the end of the twentieth century and the beginning of the twenty-first
century, there was great progress in the understanding of models with strong dependence. Several in-
teresting examples as random growth models, random matrices, interacting particle systems and ran-
dom permutations have been studied. Nevertheless, we do not have a global picture of this class of
universality. That is why many mathematicians are excited nowadays to understand this class. For ran-
dom permutations, in general, the study of most statistics is done only for some specific laws especially
for the uniform law, Mallows with Kendall tau distance, (generalized) Ewens. In this thesis, we are in-

terested in universality for conjugation invariant permutations. We show in particular that, under a
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Chapter 1 - Introduction and main results

Statistic Chapters | Uniform case

Vershik and Kerov (1977)

Longest increasing subsequence | 1,2,4,5,7 | Logan and Shepp (1977)

Baik, Deift, and Johansson (1999)

Borodin, Okounkov, and Olshanski (2000)
Johansson (200r1)

Vershik and Kerov (1977)

Logan and Shepp (1977)

Baik, Deift, and Johansson (1999)

Houdré and Islak (2014)

Edge of RSK 5

Limiting shape of RSK 7

Longest common subsequence | 1,7

Small cycles 6 Arratia, Barbour, and Tavaré (2000)
Descents 2,8,9 Borodin, Diaconis, and Fulman (2010)
Longuest alterning subsequence | 2 Stanley (2010) and Romik (2011)
Peaks, exceedences 2 Fulman, Kim, and Lee (2019)

Graph of the permutation 2 Grerk, Islak, and Yildiz (2019)

Table 1.1: Some examples

control on the total number of cycles, we have Tracy-Widom fluctuations for the length of the longest
increasing subsequence and of the longest common subsequence of two independent and identically
distributed (i.i.d.) copies. Under a weaker control, we have the Vershik-Kerov-Logan-Shepp limiting
shape. For general statistics, we give different techniques to prove universality. We summarize statistics
that we are interested in proving universality results in Table 1.1. We do not assume that the reader is

familiar with those statistics. They will be introduced progressively when needed.

1.2 Some functions on random permutations and our main results

We prove our universality results for conjugation invariant random permutations. To do so, we intro-

duce some notations. Givenn, m € N* = {1,2,... } such thatn > m, we denote by

e S, :thegroup of permutations of {1, .. ., n}, also known as the symmetric group. We will use
the two classic notations for permutation: the two vectors notation and the representation as a

disjoint cycles products. For example,

6_123 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
T\t 23/ 21 3/7\3 2 1) 132/ \231)\31 2
= {Ids, (1,2),(1,3),(2,3),(1,2,3),(1,3,2)}.
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1.2. Some functions on random permutations and our main results

We recall here that (71, i, . . . , ix) is the cyclic permutation of order k defined by

’ij+1 le:’lj, jgk—l

o(i) =44, ifi =iy
) otherwise
Here,1 < 41,19, ..., % < narepairwise distinctand & > 2. In particular, up to a permutation

of the cycles, any 0 € &,, admit a unique representation as a product of disjoint cycles. For

example, for

123456
(r1) Oez = ;

5 3 2146

Oex = (1,5,4)(2,3)

(2,3)(1,5,4)

are the two possible representations of 0., as a product of disjoint cycles.
e #(0): the number of cycles of 0. For example, #(0.,) = 3.
e tr(o): the number of fixed points of 0.

Definition 1.1. A sequence of random permutations (0,,),>1 is said to be conjugation invariant if
d _
(Hino) Vn>1,Voe&,, o,=0 'o,0.

Definitionr.2. Forae > landp € [1, 00|, we say that the sequences of random permutations (0, ), >1

satisfies HY =~ if

nu,q

o (on) _®
(Hino.a) (0 )n>1 is conjugation invariant and - ; ——0,

we say that it satisfies H;,, ,, if

(Hin

inv.o) (0 )n>1 is conjugation invariant and — —— 0,

and we say that it satisfies H,,» , if

iNnvU,o

tr(o P

t . L L

(Hinh o (0 )n>1 is conjugation invariant and ( ;) ——0
na
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Chapter 1 - Introduction and main results

: trl oy :
In particular, (#;,), ) is equivalent to

nu,o

(0n)n>1 s conjugation invariantand ~ P(0,(1) = l)naT_1 — 0.

n—oo
We will present in this chapter some of our key results.
1.2.1 Monotonous subsequences
Given o € G,, a subsequence (o(i1), ..., 0(ix)) is an increasing (resp. decreasing) subsequence

of o oflength kifi; < -+ < ipando(iy) < --- < o(ix) (resp. o(i1) > -+ > o(ix)). We denote
by LIS(o) (resp. LDS(0)) the length of the longest increasing (resp. decreasing) subsequence of o.
There is a language abuse here: a longest increasing subsequence may not be unique but its length is

always defined. For example,
1 2 3 45
it o= ( ) , LIS(¢) = 2 and LDS(0) = 4.

The study of the limiting behavior of LIS(0yn; .5 ), Wwhere 0y, is a uniform random permutation
on &,,, isknown as the Ulam’s problem (or the Ulam-Hammersley problem): Ulam (1961) conjectured

that the limit as n goes to infinity of
E(LIS(0unifn))

vn

exists. Using a subadditivity argument, Hammersley (1972) proved this conjecture. He also proved

that this convergence holds in probability. Vershik and Kerov (1977) and Logan and Shepp (1977)
proved that this limit is equal to 2. An alternative proof is given by Aldous and Diaconis (1995). The

asymptotic fluctuations were studied by Baik, Deift and Johansson. They proved the following result:

Theorem 1.3. (Baik, Deift, and Johansson, 1999) For all s € R,

]P) (LIS<Ounif,71L> — 2\/ﬁ S S)

ne

E— FQ(S),

n—oo
where F} is the cumulative distribution function (CDF) of the GUE Tracy-Widom distribution.

We will define F in (5.2). For historical details, full proofs and applications, we strongly recom-
mend (Romik, 2015). Apart from the uniform case, Mueller and Starr (2013) studied the longest in-
creasing subsequence for Mallows’ distribution. The case of random involutions is studied by Baik and
Rains (2001) who showed that the limiting distribution depends on the number of fixed points and in
some regimes, the GOE/GSE Tracy-Widom distributions appear. They also showed the appearance
of a family of probability distributions that interpolate between the GOE and the GSE Tracy-Widom

distribution. Mueller and Starr showed that for Mallows’ distribution, there is a phase transition be-

© 2020 Tous droits réservés. 14 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

1.2. Some functions on random permutations and our main results

tween the Gaussian and the Tracy-Widom regimes. In this thesis, we prove universality results for

conjugation invariant random permutations.
Theorem 1.4. Under (1}, 5)»

LIS(O’n) P LDS(O‘n) P
»2 and >
N N

Moreover, for any p € [1,00), under (Hy;,, ,),

LI P »
S(00) o g IDSlOW)
\/ﬁ n—r00 \/ﬁ n—00

The convergence in probability is stated without proof in (Kammoun, 2018) as it is similar to
the proof of (Kammoun, 2018, Theorem 1.2). We will give a full proof in Subsection 2.2.1. For the

fluctuations, we have the following result.

Theorem 1.5. Assume that (0,),>1 is conjugation invariant and

(1.2) L min ((Z#] O'n)-l— Z #; O'n) %0.

<3<
n6lln ]7,+1

Then forall s € R,

(TW) P (LIS(U”) —2vn < s) — Fy(s)and P (LDS(U”) —2vn < s) — Fy(s).

=

n n—00
Here, #; (o) is the number of cycles of o of length j.

The idea of the proof we give in Subsection s.2.1is to construct a coupling between any distribu-
tion satisfying these hypothesises and the uniform distribution in order to use Theorem 1.3 to obtain

first the lower bound then the upper bound. This theorem generalizes the following result.
Corollary 1.6. (Kammoun, 2018, Theorem 1.2) If (H,,,, 4) is satisfied then (T'W) holds.

We will prove Corollary 1.6 in Subsection 2.2.1.

1.2.2  Thelongest common subsequence

Giveno € &, (0(i1),...,0(ix)) is a subsequence of o of length k if 17 < 4o < -+ < 4. We
denote by LCS(074, 02) the length of the longest common subsequence (LCS) of two permutations.
The LCS is deeply related to the LIS since

(1.3) LCS(o,p) = LIS(g o p~ ).
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The understanding of the LCS of words was studied first in the context of theoretical computer sci-
ence (Maier, 1978). The LCS is related to the understanding of the modifications in the different ver-
sions of the same file (Masek and Paterson, 1980). In the sequel, we suppose that 0, and p,, are inde-
pendent random permutations on &,,. The study of the LCS of independent random permutations
was initiated by Houdré and Islak (2014). It is conjectured by Bukh and Zhou (2016) that for i.i.d.

random permutations,

E(LCS(0y, pn)) > v/n.

Recently, Houdré and Xu (2018) showed that for i.i.d. random permutations,

W=

E(LCS(0y, prn)) > ns.

We will show an asymptotic bound in the scale \/n in the case where the law of at least one of
the two permutations is conjugation invariant. In Theorem 1.7, we give an asymptotic lower bound
for the LCS of two independent random permutations. Under a good control of the number of fixed
points, we give a better bound in Proposition 1.8. Finally, as an application of Proposition 1.8, we
give an asymptotically optimal lower bound for conjugation invariant i.i.d. random permutations in

Corollary 1.9.

Theorem 1.7. Assume that for any n > 1, 0, and p,, are independent and their distributions are

conjugation invariant. Then

n—00 \/ﬁ

Note that this improves (Kammoun, 2020) where we proved that under the same hypothesis, we

>2v13-6~121....

have

. E(LCS(0,,pn))
(r.4) llyggglf NG

where 6 is the unique solution of G(2y/x) = 2%”,

> 2vV0 ~0.564. ..,

G =02~ o, ﬂ

(15) Y NCCE

x T
Z1-Z) d
s—|—2’ 2>+ S,

2(sarcsin(s) + V1 —s?) if[s| <1

B ifs| >1
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1.2. Some functions on random permutations and our main results

We will recall the proof of (1.4) in Subsection 7.4.3 and we will prove Theorem 1.7 in Section 7.5. The
function €2 appears as the Vershik-Kerov-Logan-Shepp limiting shape. For more details, one can see

Figure 7.1and Theorem 7.4.

Assuming an extra assumption on fixed points, we obtain a better bound.

Proposition 1.8. Assume that for any n > 1, 0,, and p,, are independent and their distributions are

conjugation invariant.

(1.6) If (0n)nz1 et (pn)nz1 satisfy (i, 1),

(L7) then  liminf E(LCS\%’“"O ) 5o

Moreover,

L8)  if  liminf ViP(o,(1) = DP(p,(1) = 1) > a  forsome0 < a <2,
(L.9) then  liminf SES@n ) o

n—o0 \/ﬁ

Consequently, we obtain the following result for i.i.d. random permutations.

Corollary 1.9. Assume that for any n > 1, 0,, and p,, are two i.i.d. conjugation invariant random

permutations. Then

lim inf ELCS(@n, on)) > 2.
n—oo \/ﬁ

We conjecture that we can get rid of (1.6) and (1.8); the conjugation invariance is sufficient to ob-
tain (1.7) which is equivalent to replace 2V/0 by 2 in Theorem 1.7. We will prove Proposition 1.8 and

Corollary 1.9 in Subsection 7.4.2. The idea of the proof is to understand the cycle structure of 7, L 0 p,,.

. . . . . . E(LCS(0n,pn)) »
When p, is not conjugation invariant, we give an asymptotic lower bound of % in The-

orem I.10.

Theorem r.10. Assume thatforanyn > 1,0, and p,, areindependentand o,, is conjugation invariant.

Then

n—00 \/ﬁ

We recall that G is defined in (1.5).

lim inf E<#<U">>> |

n—oo n
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In particular, if (0,,),>1 satisfies (H1,,, ), we have

lim inf E (LCS(on, pn)) > 2.
Nn—00 \/ﬁ

We prove in Proposition 1.11 that under a good control of the number of cycles of 0,,,

_ E(LCS(0y, pn))
1
v NG

and under a stronger control, we have Tracy-Widom fluctuations for LCS(a,,, py, ).

=2

Proposition r.11. Assume that for any n > 1, 0,, and p,, are independent.

- If (0,)n>1 satisfies (HE ) then

inv,2

LCS(O’n, pn) P
\/ﬁ n—oo

- If (0 )1 satisfies (H ) then

inv,2

LCS(O-’VH pn) Lt

\/ﬁ n—>c>o> 2.

- If (0,)n>1 satisfies (H},, ) then Vs € R,

inv,6

—_— FQ(S).

n—oo

p (LCS(Un,p?) —2y/n < 5>

ne

Note that in Theorem 1.10 and in Proposition 1.11, we do not make any assumption on the dis-
tribution of p,,. The proof in Subsection 7.4.3 is based on a coupling argument between o, and a

uniform permutation in order to use the result of Baik, Deift and Johansson.

1.2.3  Small cycles

The cycle structure of a permutation chosen uniformly on the symmetric group &,, is well understood
(see (Arratia, Barbour, and Tavaré, 2003) for detailed results). In particular, the following classical

result holds:

Theorem r.12. (Arratia, Barbour, and Tavaré, 2000, Theorem 3.1) For any £ > 1,

d
(r10) (#1(Uumf,n)a e >#k(aunif,n)) m (1,62, &),
where #) denotes the convergence in distribution, i, &s, . . ., & are independent and the distri-

bution of & is Poisson of parameter .

© 2020 Tous droits réservés. 18
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1.2. Some functions on random permutations and our main results

In fact, Arratia, Barbour, and Tavaré (2000) study the setting where both n and k go to infinity
k

such that - — 0. But, we will limit our study to the case where £ is fixed. In a joint work with
Myléne Maida, we questioned the universality class of this convergence. We show that a product of
conjugation invariant permutations that do not have too many fixed points and cycles of size 2 lies

within this class. More precisely, we have the following.

Theorem 1.13. (Kammoun and Maida, 2020) Let . > 2. For 1 < ¢ < m, let (0¢,,)n>1 be a sequence

of random permutations such that for any n > 1, 0y, is a random permutation on &,,. For any
k> 1,lecty := #,([T%, 0¢n). Assume that

(Hy) Foranyn > 1, (0, ..., 0m,) are independent.

(Hy) Foranyn > land 1 < ¢ < m, 0y, is conjugation invariant except maybe for one ¢ €

{1,...,m}.

- Thereexists 1 <7 < j < msuch thatforany k > 1,

. k

(Hg) Oin,Ojmn SatleY (Hzt';v,2)>
) 1

(Hy) azn, sz',n satisfy (Hf;vl)

Then forany k£ > 1,

(t0, 88, ) =S (E1,60, -, Ek).

n—oo

Similar results have been obtained by Mukherjee (2016) for permutations that are equicontinuous
and converging as a permuton (see definitions there) and a stronger convergence (in total variation
distance) was established by Chmutov and Pittel (2016) when one of the permutations has all its cycles
of length at least 3 (see also (Gamburd, 2006)). None of thesis results covers for example the product
of two Ewens distributions. They are known to satisfy the convergences required in (/3) and (/)
so that our result tells that the product of (at least two) Ewens distributions behaves like a uniform
permutation, as far as small cycles are concerned. In our framework, in the case of two permutations,

a weaker result can be obtained without any hypothesis on the cycles of size 2.
Proposition 1.14. (Kammoun and Maida, 2020) For m = 2. Assume that
(Hy) Foranyn > 1,0, and p, are independent.
(H2) Foranyn > 1,0, or p, is conjugation invariant.

e Foranyk > 1,

(Hs) O, pr satisfy (HIF ).

inv,2
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Then Vo > 1,
lim E(t)) = 1
n—oo v
Note that under the independence hypothesis and when one of the permutations oy, follows the
uniform distribution, the product also follows the uniform distribution and Theorem 1.13 is a direct
consequence of Theorem r.12.
Our motivation to understand the cycle structure of random permutations is the relation, in the
case of conjugation invariant permutations, to the longest common subsequence (LCS) of two per-

-1

mutations. For example, form = 2, if p,0,,

is conjugation invariant and

#(pnarjl) d

né n—oo

then by (1.3) and Corollary 1.6, for any s € R.

P (LCS(Ump?) —2y/n < s)

- —— Fy(s),
Another motivation comes from traffic distributions, a non-commutative probability theory intro-
duced by Male (2011) to understand the moments of permutation invariant random matrices. As
shown in (Male, 2011), the limit in trafhic distribution of uniform permutation matrices is trivial but
Theorem 1.12 can be seen as a second-order result in this framework. It is therefore natural to ask
about limiting joint fluctuations for the product of several permutation matrices, which is a really

non-commutative case. To emphasize this relation, we rewrite Theorem 1.13 as follows.

Corollary 1.15. Under the same hypothesis as in Theorem 1.13, for any k > 1,
m m k
d
tr (Haé,n> N ¢ (Haf,n) m 517€1+2§27"'7zd€d )
(=1 (=1 d|k

where, we recall that 1, {s, . . . are independent and the distribution of &, is Poisson of parameter é.

It means that in this framework, the fluctuations are only governed by a hypothesis on fixed points

and cycles of order two.

1.3 Organization

We presented in this chapter some of our key results. In Chapter 2, we give a Markov technique to
prove universality for random permutations. It uses a random walk on the Cayley graph of the sym-
metric group generated by transpositions. For a good choice of initial distribution, this walk converges
rapidly to the Ewens distribution with parameter 0. We will apply our results to various functions of

permutations. In Chapter 4, we will generalize this technique to other Cayley graphs of permutations
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1.3. Organization

and to other groups. The results in Chapters 2 and 4 are new even if we can recover some results al-
ready proved in our papers (Kammoun, 2018; Kammoun, 2020) as applications. In Chapter 3, we recall
some known results on the RSK correspondence and Schur measures. This chapter does not contain
any new result but gather many technical tools used in the sequel. We prove in Chapter 5 universal-
ity results related to the length of the longest increasing, decreasing and common subsequences. We
give also a more general convergence dealing with the first rows of the tableau obtained via the RSK
correspondence. This chapter contains already published results as well some improvements for some
bounds. Using different techniques, we show in Chapter 6 that the limiting joint moments of small cy-
cles of products of conjugation invariant random permutations depend only on the law of fixed points
and cycles of length 2. The proof uses a modified version of the Wigner’s moment method. This chap-
ter contains already published results in a joint work with Mylene Maida. In Chapter 7, we conjecture
that the shape of a typical Young diagram obtained by the RSK correspondence depends only on the
proportion of its fixed points. We prove this result in some particular cases. As an application, we ob-
tain lower bounds of the longest common subsequence of two independent random permutations
when at least one of the permutations is conjugation invariant. This chapter contains already pub-
lished results as well some improvements for some bounds. In Chapter 8, we give some examples of
known conjugation invariant random permutations. We will present in particular the Ewens distribu-
tion, some generalizations and the Kingman virtual permutations. We will apply the results obtained
in the previous chapters to those permutations. This chapter does not contain any new result. Finally,
in Chapter 9, we suggest some possible improvements of our results as well as some possible ways
to use the same techniques to tackle other problems. Here is the dependency graph for reading this

thesis.
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Random walks and universality for random

permutations

"En mathématiques, les noms sont arbitraires. Libre a chacun
dappeler un opératenr auto-adjoint un éléphant et une décompo-
sition spectrale une trompe. On peut alors démontrer un théoréme
suivant lequel tout éléphant a une trompe. Mais on na pas le droit
de laisser croire que ce résultat a quelque chose a voir avec de gros

animaux gris.”
Gerald Sussman
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Chapter 2 — Random walks and universality for random permutations

In this chapter, we present some Markovian approaches to prove universality results for some func-
tions on the symmetric group &,,. The main approach uses a coupling between conjugation invariant
random permutations and the uniform distribution, for which the functions were already studied.
Some of these functions are already studied in (Kammoun, 2018; Kammoun, 2020) but not the gen-

eral case.

2.1 First method: the ping-pong

2.1.1  Rebound on the Ewens zero distribution *

Givenn > land F C 6,,, we define

next(E) := {po (i,7);p € E, #(po (i) = #(p) — 1} U{p € E;#(p) = 1}

and
next”@"1({a}) if#(0) > 1

Y

final(o) :=
{0} otherwise
where we recall that # (o) is the number of cycles of . In other words, next(E) is the set of permu-
tations obtained by concatenating, if possible, two cycles of some 0 € FE, and final(o) is the set of

permutations obtained by concatenating all the cycles of 0. In particular,

final(o) C & := {0 € &,,; #(0) = 1}.

Let Gg,, be the directed graph with vertices &,, and edges { (o, p); 0 € &,,, p € next({o})}. We
represent Gg, in Figure 2.1. Gg,, can be seen as a directed version of the Cayley graph of &,, generated
by transpositions where the edges are oriented toward the permutations with fewer cycles (the further
from the identity according to the graph distance), for which we added loops at the permutations of

G?. In this first part of this section, we will examine the uniform random walk on G,

Let f be afunction defined on &, := U2, &,, and taking its values in some metric space (F, dr),
for example Z, R, R? or ¢°(R). It turns out that the uniform distribution on &2, also known as the
Ewens distribution with parameter 0, * is useful to obtain universality results for conjugation invariant
permutations if f does not change too much by merging two cycles. More precisely, we define for
1<k <n,

enp(f) = _max  max dp(f(0),f(p))-

€6, #(0)=k pefinal(c)

"The ping-pong table here is &Y and the ball is moving over &,,.
2See Definition 8.1 for more details.
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Figure 2.1: The directed graph G,

We present now the main result of this thesis.

Theorem 2.1. Assume that (0,,),>1 and (Gre s, )n>1 satisty (Hiny). Suppose that there exists € F

such that

P
(21) F(orern) 750 @
(2.2) gilv#(o'v'ef,n)(f) n—1>P>OO 0
(2.3) and that 6%’#@,”)(]0) —>n_]P;OO 0.
Then
(2-4) f(on) — .

n—oo

Moreover, if the assumptions (2.1)—(2.3) hold true for the IL” convergence for some p > 1 instead of

the convergence in probability, then so does (2.4).
When F = R?, we obtain also the convergence in distribution.

Theorem 2.2. Assume that F' = R? and that (0,,),,>1 and (0yefn)n>1 satisfy (Hiny). Suppose that

(2.2) and (2.3) hold true and that there exists a random variable X supported on F’ such that

F(Oresn) —— X.

n—o0

Then

(2:5) flon) —= X.

n—oo
The idea of the proof'is to compare both f(0,,) and f(0efn) with f(0gwon). In general, the
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. d .. L . . .
choice 0yefrn = Ounifn is interesting since, the convergence in (2.1) is known for many statistics.

Moreover, using Proposition 8.2, we have immediately the following result.

Corollary 2.3. If 0yefp, 4 Ounif,n» in both theorems 2.1 and 2.2, the hypothesis (2.2) can be replaced

by the existence of £ > 0 such that

P
max €, .(f) —— 0.
’ _k 1 ’ <K ’ n—oo
log(n)
We chose to give a very simple version that can be checked easily for many statistics. We will im-
prove some results in the remainder of this thesis. For almost sure convergence, one can obtain similar
results after defining properly the spaces. We will not discuss here this type of convergence. We will

give many applications using the following observation.

Remark 2.4. By the triangle inequality, we have

k
) < 3 euilf) € (5= Deah)
where

enk(f) = max max dp(f(0), f(p)) and e,(f) = max e, (f).

0€6,,#(0)=k pcnext({c}) 1<k<n

Consequently, if there exists some o < 1 such that

o) =0 (=)

na

then (H},, ) implies (2.3) and (H},, ) implies the equivalent hypothesis in LP. Moreover, if

nu,x nv,
Orefmn = Ounifn» then Proposition 8.5 implies (2.2). We will give some direct applications of this

observation in the next subsection.

2.1.2  Some applications
PP

In the next corollary, we will give some applications. The first column of Table 2.1 contains the function
to study. We apologize to the reader because some of these statistics are not defined yet. One can check

the corresponding result in the fifth column for more details.

P

N,

Corollary 2.5. For the functions f the distribution X and the real avin Table 2.1, if (#,,, ) is satisfied,

then

© 2020 Tous droits réservés. 26 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

2.1. First method: the ping-pong

except for the sixth example where the convergence holds in probability.’ For the first and the forth
LP

examples the convergence holds also in I” under (H;;,, ,)- For the fifth example please check the cor-

responding theorem for more details about the type of convergence.
Note that:

e We give in the third column the inequality we used to obtain our results. Except for the cases
where we study the RSK image of the permutation (see Section 3.1), the longest alternating sub-
sequence and the descent process, the inequality is trivial, but we will prove all the inequalities

in the sequel of this thesis.

e We want to emphasize that these results are just a direct application of theorems 2.1 and 2.2.
Using more sophisticated controls of the error, one could obtain larger classes of universality.

One can check Table 9.1 where we summarize our "best” results.

e For all our examples, the special case of Ewens distribution satisfies the hypothesis.

2.1.3 Proof of theorems 2.1 and 2.2

Let p,, be a conjugation invariant random permutation. To prove theorems 2.1 and 2.2, the idea is
to modify p,, to obtain a conjugation invariant random permutation supported on &Y. We define the
following Markov operator T associated to the uniform random walk over Gg,,. Another way to see

it is the following :*
e If the realization o of p,, has one cycle, o remains unchanged (7'(¢0') = o).

e Otherwise, we choose a couple (7, j) uniformly from the nonempty set
{(i,5);7 ¢ Ci(0)}

and we take T'(0) = 0 o (i, j). Here C;(0) is the cycle of o containing 7.

For example, for n = 3, transition probabilities of 7" are given in Figure 2.2.

We denote by 7% (p,,) the random permutation obtained after applying k times the operator T'. Itis
the random permutation obtained after k steps of the uniform random walk on Gg,, with initial state
Pn. Table 2.2 sums up the evolution of the random walk if we start from the uniform distribution on
GS3;. Remark that the condition j ¢ C;(0) guarantees that # (o o (4, j)) = #(0) — 1 since the cycles

containing 7 and j are merged and the remaining of cycles are the same for o and o o (4, j).

3In the space of continual diagrams i.e. the set of 1-Lipschitz real functions f such that outside one compact, f(z) =
| — a|. One can see (Kerov, 1993; Sodin, 2017) for more details for continual diagrams. We will use as distance, dp (f, ) =
sup,er | f(2) —g(x)| which is finite since both functions are continuous and outside one compact of R, f — g is constant.

+Slightly different Markov operators have already been studied in (Kammoun, 2018; Kammoun, 2020), we modify a
lictle the two operators presented in the cited papers to obtain a uniform random walk easy to generalize to other sets. The
three operators coincide whenn < 3.
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f(o) X Error Hypotheses | Theorem
LI\?%U)’ LD%O') 2 En S % EZ”LU 2 Theorem L4
inv,2
LI?%(”) LD\S/%(”) 2 en < % (M) Corollary 2.9
. Tracy-Wid < 2 I
LDS(0)—2/n racy-Widom en S T (HE 6) Corollary 1.6
1
né
’\\1}%) 2 €n % EZ”W 2) Proposition 5.9
inv,2
( (o) 12\%) Airy ensemble e, < 4 (HE . 6) Theorem 5.7
n 1<i<d né
5 — LA(”E/(Z% 2n) Q Enp < 2 jﬁ_l (HW} 1) Theorem 7.4
LC\S/%’"’) 2 en < % (Hm 9) Proposition 1.11
LCS(”’E)_W Tracy-Widom en <5 (H 6) Proposition .11
n6 n6
IC; (J-U) ]% en < U (Hin1) Corollary 2.19
K; (o) 4-2)_p(2j-1)? -

! )n“!)z N (0, (2’2‘(%3”12_(1){)2)> En < % (Hin ) Corollary 2.19
% % en < % (”Hmv 1) Corollary 2.19
% N(0, ) en < % (Hi s Corollary 2.19
Lp(oyca Ber(det([ko(j —4)]4)) | Proposition2.20 | (H;,,,) Corollary 2.22
The results below are fully understood in the conjugation invariant case.

N (o) 1 < 4 (HE ) Corollar

n 2 n—n inv,1l Y 2.19
Np(o)—2
NDE/% ’ N(0, le) En < % (Hmv 5) Corollary 2.19
“peak(o) 3 en < 8 (Hiw) Corollary 2.19
Npear (0)—Z

: f/(ﬁ) ’ N0, 4%) En < % (HWJ 5) Corollary 2.19
%(") 2 en < 8 (Hi Corollary 2.15
LAS(o) -5 N(0, &) e, < 5 (HY Corollary 2.1

NG 7 45 n = n inv,2 Y 2.15
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Figure 2.2: The transition probabilities of T for n = 3

Ounif,3 T(O-umff)) TQ(Uunif,S)
Id 1/6 |0 0
(1,2) [1/6 | 1/18 0
(1,3) |1/6 |1/18 0
(2,3) [1/6 | 1/18 0
(1,2,3) [ 1/6 | 5/12 1/2
(1,3,2) [1/6 | 5/12 1/2

Table 2.2: Transitions for the 0,7 3

In particular,

(2.6) #(T"(pn)) = max(#(pn) — i, 1).
The invariant measure of this walk (for conjugation invariant permutations) is trivial.

Lemma 2.6. If p, is a conjugation invariant random permutation of &,, then the law of T Ypp)

is the uniform distribution on &9 i.e.

Tn_l (pn) g UEw,O,n-

Proof. First, by construction, if pj, is conjugation invariant then 7'(p,,) is also conjugation invariant.
Indeed, one can see that T'(p,,) is conjugation invariant since the construction depends only on the

cycle structure of p,, and all the integers between 1 and n play a symmetric role. By iteration, 7 (p,,)

5After all, a drunk and lost man who is driving on a two-way road (the Cayley graph of &,,) needs nlog(n) steps to
be close to his destination and will never attend it but if he drives in a one-way road, he needs at most n step to be sure to
arrive to destination. In both cases, it is dangerous for a drunk man to drive.
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is conjugation invariant. Moreover, using (2.6),

(27) #(T" (04) = 1.

Knowing that all the elements of G? belong to the same conjugacy class, they are equally distributed

and Lemme 2.6 follows from (2.7). ]
We now prove theorems 2.1 and 2..2.
Proof of theorems 2.1 and 2.2. Equality (2.6) implies that
T (pa) & TH " (p,,).
Therefore, almost surely,

de(f(T"  (pn)), f(pn)) = dp(F(TFP " (p0)), f(pn) < s

Thus, if 8%7 2(pm) %) 0, then forany e > 0,

(28) P (dr (T (pa)). f(pn)) > €) =0 0.

n—00

According to Lemma 2.6, T Y(p,) does not depend on the law of p,,. By choosing at first p,, =
Orefns (2.2) then yields
F(OBwon) — .

n—oo

By choosing at a second step p,, = 0, we obtain (2.4) for any o, satisfying the hypothesis of Theo-

rem 2.1. One can prove Theorem 2.2 using the same argument. O]

2.2 Proof of Corollary 2.5

2.2.1 First application: Longest Increasing Subsequence

Direct applications of the previous universality result are Theorem 1.4 and Corollary 1.6. The key

argument of our proofs is the following lemma:

Lemma2.7. For any permutation o and for any transposition 7,
|LIS(o o 7) — LIS(0)| <2, |LDS(co7)—LDS(0)| <2.

Proof. Let o bea permutation. By definition of LIS(¢), there exists i < 4o < -+ - < i11S(c) Such that
o(i1) < -+ < 0(iLis())- Let 7 = (J, k) be a transposition and 7}, 45, . . . , 7, be the same sequence

as iy, la, . . ., iL1S(s) after removing j and & if needed. We have o(7}) < --- < (i}, ). In particular,
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LIS(o) —2 < m < LIS(0). Knowing that Vi ¢ {j, k}, 0 o 7(i) = 0(i), then
ogot(iy) <---<oor(i,).

Therefore,

(2.9) LIS(o) — LIS(ooT) < 2

We obtain the second inequality by replacing o by 0 o 7 in (2.9). For LDS(o) the proof is similar. [

Proof of Theorem 1.4 and Corollary 1.6. The main functions we want to study are

LI\S/%U) and fiige(0) = LIS@TLQQ\/H'

Using Lemma 2.7, we have for all n > 3,

fLIS1(U) =

en(fris1) = 2n and €, (fLis2) =

SV

and one can conclude using theorems2.1and 2.2 with 0y ., = Ounit,n since the uniform case s already

)

S
i D9

studied. Indeed, one can see (Vershik and Kerov, 1977; Logan and Shepp, 1977) for the convergence
of frisi in probability, (Baik, Deift, and Suidan, 2016) for the convergence in IL” of fi19; and (Baik,
Deift, and Johansson, 1999) for the convergence of f1,1g2 in probability. For the LDS(o), the proof'is

similar. O]

Definition 2.8. Given 0 € G, a subsequence is said to be increasing (resp. decreasing) circular if it
is increasing (resp. decreasing) up to a circular permutation. One can see (Albert et al., 2007) for rig-
orous definition and more details. We denote by LICS(0) (resp. LDCS(0)) the length of the longest

increasing (resp. decreasing) circular subsequence.
g (resp.d g lar subseq

Corollary 2.9. If (H},,, ,) is satisfied then

inv,2

LICS(o) ¢, . LDCS() &
\/ﬁ n—oo a \/ﬁ n—00

Proof. The uniform case is proved in (Albert et al., 2007, Theorem 1) for the LICS and the case of the

LDCS can be obtained by composition by the permutation ¢ — n — ¢ + 1. Moreover, using the same

argument as for the LIS in Lemma 2.7, we have
|ILICS(0 o) — LICS(0)] <2 and |LDCS(co7)—LDCS(0)| <2,

which concludes the proof using Theorem 2.1. OJ
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2.2.2 Second application: Longest Alternating Subsequence

A more tricky application is the length of the Longest Alternating Subsequence. This is a special

case of a large class of statistics we will present in the next subsection.

Definition 2.10. Given o € &,,, (0(i1),0(i2),...,0,(ix)) is said to be an alternating subsequence
of o oflength kif iy < iy < -+ < ipand o(iy) > o(i2) < o(iz) > ...0(ix). We denote by
LAS(0) the length of the longest alternating subsequence of o.

The uniform case is already studied in (Stanley, 2010; Romik, 2011). We have the two following

results.

Proposition 2.11. (Stanley, 2010, Page 17) Forn > 2,

2n 1
(LAS(0uiga)) = 0+ 2
and forn > 4,
8n 13
Var(LAS(0unig ) = o —

Proposition 2.12. (Romik, 2011, Proposition 4)

LAS(Ounifn) — 30 4 (0 8)

\/ﬁ n—)oo/ ’ g

Here, N (m, ) is the normal distribution. We also make use of the following result.

Proposition 2.13. (Romik, 2011, Corollary 2

LAS(o) =1+ nile(a),

i=1

where

Mi(0) = To(1)>o(2)

andforl < k < n,
My (0) = Lo(—1)>o(k)<o(k+1) T Lok—1)<o(k)>o(k+1)-
This yields the following.

Lemma2.14. Foranyo € G,and 1 < 4,5 <n,

|ILAS(0) — LAS(c o (4,7))]| <6.
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Proof. Letl < k < n.Ifmin(|k—i|, |k—j|) > 2, then M (c) = My(oo(i,7))and consequently,

ILAS(0) — LAS(0 0 (i,§))| = > My(o) — My (o o (i, 7))
ke({i—1,i,i+1}U{j—1,5,5+1})N{1,....n—1}
< > |Mi (o) — My(o o (i,7))]

ke({i—1,4,i+1}U{j—1,5,j+1)N{1,....n—1}

< > 1

ke({i—1,6,i+1}U{j—1,j,j+1})N{L,...n—1}
=card(({i — 1,5,i +1}U{j— 1,4, +1Hn{l,...,n—1})
< 6.

Consequently, we have the next corollary.

Corollary 2.15. e Under (H: ), we have

inv,l

LAS(Un) P . 2

(2.10) - o 3
and
(2.1r) E(LAS(0y,)) = in + o(n).

e Under (H} ), we have

mnuv,2

LAS(Un) - gn d 8
g N (0, 45> .

(2.12)

Proof of Corollary 2.15. Let fras1 and fras2 be the two functions defined on &, by:

Foro € G,, ,
LAS LAS(o) — 2n
(9) and  frass(o) = (\/% 3

frasi(o) ==

By Lemma 2.14, we obtain &, ( fras1) < % and e, (fras2) < %. Thus (2.10) and (2.12) follow from

. LAS(on A
theorems 2.1 and 2.2. Moreover, since % € (0, 1], (2.11) is a direct consequence of (2.10).

O
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2.3 Local statistics

2.3.1 Definition and examples

Definition 2.16. Given k > 1, we call a function f defined on &, alocal function of type k, and we
write f € Locy, if there exist a positive integer m > 1, a Boolean function ¢ defined on N (m+1)k

such that, foranyn > k+m — landanyo € G,

flo) = > g(i1, ... ig,0(ir),0(iy — 1),...,0(i; —m+1),0(ia),...,0(ix —m+1)).

1<ty < <ip<n
We used the convention 0(i) = 0 when i < 0.
Here are some examples of local statistics.

e The number of fixed points:
By choosing k = m = 1and g(x,y) = 1,—,, we obtain that tr € Loc;.

#. € Locy and o — tr(o*) € Locy.

The number of j-exceedances®:

For j € N fixed, we define for 0 € &,, and, we define

Neae, (0) := card({i, 07 > i+ j}).

We choose again k = m = 1 and g(x,y) = 1,,<, and we obtain again /\/'euj € Loc,.

Longest alternating subsequence (LAS):
LAS € Loc;. This is a direct application of Proposition 2.13. Here, k = 1, m = 3 and

0 ifi=20

, 1 ifi =1
g(layhy%y?)) - .

1y2>y1 ifZ =2

ILl<k:>j + 1y3>y2<y1 ifi > 2

e Number of peaks:
Foro € G,,, we define

Npear(0) == card({l <i<n,o(i —1) <o(i) >o(i +1)}).

We choose again k = 1,m = 3 and g(z,v1,92,¥3) = Lu>31y, <y,>y, and we obtain again

Npear € Locy.

®In the literature, j-exceedances is sometimes defined by the condition o; > i + j and othertimes by o; = i + j. In
both cases, the number j-exceedances is a local statistic but only the first case is in interest for our purpose.
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e Number of j-descents:

Forj > 1,0 € 6,,, we define

N,

J

(0):=card{l1 <i<n—1,0(+1)+j <o)}

We choose k = 1,m = 2and g(z, y1, y2) = Ly>21y,>y,+; and we obtain again./\fpj € Locy.

When j = 1, the 1—descents are known as the descents. We also set

Np(o):=card{l1 <i<n-—1,0(+1) <o(i)} = Np,(0).

e Number of inversions and m—clicks of the permutation graph:

Definition 2.17. Let o € &,,. Let (o) = (Vi(o), Fo(s))” be the permutation graph of o
defined by

Vo) =1{1,...,n} and Eg) = {(4,5) € {1,2,...,n}; (0(i) — o(j))(i — j) < 0}.

For example, E(,) = @ if and only if o = Id,, and for the permutation o : i > n — 1 + 1,

& (o) is the complete graph with n vertices.

Given j > 2, we denote by
IC]'(U) = C&rd({(il,ig,. .. ,ZJ), 1<y <o < ij < n,a(il) > > U(ZJ)})

the number of j-clicks of &(0)®. In particular, Cy() is the number of inversions of 0. One

can easily check that with C; € Loc;. Here,
9T, Ty Y1, Yy) = Lyisyo>esy;-

o Let di(o) = card({i; (i,k) € Eg)}) be the degree of the vertex k in & (o). We have
dip(o) € Loc,.

2.3.2 First universality results for local statistics

Proposition 2.18. Given k > 1, f € Locy, a random real variable X, k — 1 < v < kand
(@n)n>0 € RY such that

f(aunif,n) — Qp d X

n n—00

’

7Fun fact 1: the application o — &(o) is injective.
8Thisa special case of the number of occurrences of a pattern in a permutation. In general, the number of occurrences
of any pattern is a local statistic.
y
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if (HX ;) holds then

N, -5

f(an) — Qp d

ny n—00

Proof. By counting the number of possible choices of 1 < iy < iy, -+ < iy < nsuch that {7, j} N
{i1,...,i1 —m+ 1,i9,... i — m+ 1} # @, itis easy to see that for any permutation o € S,

and any transposition (7, j) we have

2km(n — 1)!

1, 7)) — < < 2kmnF~t,
Consequently for h = ! —42 en(h) < 2kn*7~'m and one can conclude using Remark 2..4. O

One can then easily apply this result combined with the discussion in the previous subsection to

our local statistics.

Corollary 2.19. Under (M}, ), we have for any j > 2,

inv,l

ND,(On> L1 1

J

n n%oof 5

Np(o,) 1w 1

ICj(O'n) Lt 1
nm  n—oo (ml)2’

-/\/’exc]- (On) Lt

1
n  nood 2
-/\[peak(an) L! 1
3"

n n—oo

P

Moreover, under (H;,,, 5

), we have for any j > 2,

12
Np(o,) — 2 1
p(0n) — 5 d/N<0’ )’
Ki(o,) — 2
i)~ Gp_a » N(0,v5),
ni—z Nn—00
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where

() —2(%)

2((2m — 1)!)2

Uj:

The uniform case for Np, Npear, ICj and Ny, has already been studied. One can find a proof
respectively in (Kim and Lee, 2020), (Fulman, Kim, and Lee, 2019), (Grerk, Islak, and Yildiz, 2019)
and (Féray, 2013). For the conjugation invariant case, as we explained before, Np and N,cqy, are fully
understood but, to the best knowledge of the author, it is not the case for K; and Neye, . For Moy,
the special case of the Ewens distribution is studied in (Féray, 2013). Moreover, the results for N, D;
and ./\femcj are direct consequences of respectively Np and N, since for any conjugation invariant
random permutation o,

< EWp(on) — Ay (o)) — G0 =i =D =Bl = 1) _

n—1

and

O S E(-/\/;:Bcl (Un) - -/\/‘excj (Un)> S ] - ]-

2.4  Further discussion and improved bounds

2.4.1  Universality for Loc

Also, we denote by Loc the set of local functions f of any type associated with a Boolean function g

such that

2.1 card({i € N*; max max ¢(/,i,J) =1 0.
(o) (G € N o mae g(11.)) = 1}) <
For this class, it is simple to obtain the convergence of the expectation. It can be seen as a macroscopic

universality resul.

Let A C N* be finite, n > max(A) and (0,),,>1 satisfying (H ). Using again the random walk
associated to 7" and seeing that
2#(oy)card(A)m

P(3i € {iy —ig;i1 € A,0 < iy <m — 1}, (T (0,)) (i) # 0,(i)) < - ,

we obtain the following.

P

inv,l) we

Proposition 2.20. Given f € Loc and assuming that (0, )n>1 and (Gpefn)n>1 satisfy (H

have

E(f(on)) = E(f(ovesn)) 7 0.

n—oo

Moreover, if f(0,fn) converges in distribution then f(o,,) does also converge to the same limit.
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We give now an application: Given n be a positive integer and o € &,,, we define
(2.14) D(o):={ie{l,...,n—1}; (i +1) <o(i)}.
When o is random, D(0) is known as a descent process.
Given A C N* finite, if we introduce
(2.15) DA(0) :=1acp(o),

then D4 € Locj4 N Loc. Here,

|A]|
/ /
9(931, Loy 5 T1AL YL Y15 Y2y - -5 YA y|A|) = lA:{xi71,1§i§|A|} H ﬂyi<y;-
i=1
We further investigate the descent process. First, the descent process is well understood in the uniform

case.

Theorem 2.21. (Borodin, Diaconis, and Fulman, 2010, Theorem s.1) For any positive integer n and
any A C {1,2,...,n—1},

P(A C D(0unign)) = det([ko(j — )i jea),

where,

, 1
Zk’o(i)zz = 1 — ez.

€7

We say that the descent process is determinantal with kernel K (4, j) := ko(j — 1).

In the non-uniform setting, the descent process is already studied for the Mallows law with Kendall
tau metric: it is also determinantal with different kernels, see (Borodin, Diaconis, and Fulman, 2010,
Proposition s.2). We showed in (Kammoun, 2018) that for a large class of random permutations, the
limiting descent process is determinantal with the same kernel as the uniform setting. We will detail

first a weaker result than (Kammoun, 2018).

Corollary 2.22. Under (HE ), for any finite set A C N¥,

inv,1

(DPP) nl1_>rr010 P(A C D(oy,)) = det([ko(j — 7)]ijeca)-
Proof. Just apply Proposition 2.20 for the statistic D defined in (2.15) ]

The same argument can be applied for other local statistics but not necessarily in Loc. For example,

we have similar results for the degree of vertices of the permutation graph.
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Proposition 2.23. Under (’H;Pm,l),

di(on) » 1 dz(on) » 1 dy(o,) p 1
—_— =, .
n n—oo 9 n n—oco 9 n n—oco 9

Moreover, under (ng}nv.Q)?

dk<0-n) — %
\/ﬁ n—00 \/ﬁ n—r00

where U is a uniform random variable on [0, 1].

Note that dj, is a local statistic for fixed k& but it is not the case for d,,. The uniform case is already
studied by Giirerk, Islak, and Yildiz (2019). The problem for d,, is that forany 2 < k < n,,(d,) =
n — 1since d,(Id,) = 0and d,((n,1)) = n — 1 and thus we cannot apply directly our previous

approach. The idea of the proof is the following. If we condition on the event
E,={T",T? ..., T" donot change 7, (n)},

then d; changes at most by 2 every time we apply 71" and one concludes easily since

E(#(70)

P(E,) >1-2
(E,) 2 .

2.4.2  Improved bounds

For some statistics, one can obtain a better lower bound by using a different way to go from 0 gy 0.
to 0,,. Unlike the previous examples, the control of the error may depend on the statistic. Our first
example is the longest increasing subsequence. We give a lower bound for the expectation for a con-

jugation invariant random permutation. Using this inverse walk one can obtain the following results.

Proposition 2.24. If (0,,),>1 is conjugation invariant then for any € > 0,

P (LiS(0,) > (2V13 - 6 —e)y/n) —— L.

n—00

This yields the following lower bound

.. E(LIS(0y,))
h,{&};lf \/ﬁ

We will prove this resultin Chapter 7. Moreover, under an addition assumption of cycle structure,

>2v13-6~121...

the uniform permutation minimizes asymptotically the LIS of invariant random permutations.
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Proposition 2.25. If (H}

mv,%

) is satisfied, then forany k > 1, forany s € R,

_2ﬁ<s

lim sup P

n—o0

Jun

(LIS(J,;) ) < Fy(s)

ol

We will define properly F5 in (5.1).

We will prove these results properly in Subsection s.3.3 as well as a generalization of Proposi-

tion 2.25

Finally, remark that:

e For some statistics, one can obtain better bound using the same technique with better control.
One of the possibilities is to control separately small and big cycles. We will apply this technique

to prove Theorem r.s.

e When the distribution has a large proportion of fixed points, it is sometimes more efficient
to apply the strategy on reference laws other than the uniform distribution. One can see for

example the proof of Proposition s.10.
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Schur measures and monotone subsequences

" May not music be described as the mathematics of the sense, math-

ematics as music of the reason? The soul of each is the same! Thus, the

”

musician feels mathematics, the mathematician thinks music . ..
James Joseph Sylvester

Contents
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Historically, the study of the length of the longest increasing subsequence of permutations has been

done through the Robinson-Schensted—Knuth map, aka the RSK (or RS) map, a one-to-one map

between the symmetric group and the set of couples of Young tableaux of the same shape. This map

has nice properties, in particular, the Greene’s Theorem. The shape of the image of 0 f,, by RSK is

a random partition distributed according to the Plancherel measure which is, up to Poissonization, a
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particular case of Schur measures which are a set of well-understood probability measures on Young
diagrams thanks to their so-called integrable properties. In this chapter, we will introduce the RSK
map and the Schur measures. We will not give any new results in this chapter but the concepts are nec-
essary to understand many proofs. Readers who are familiar with the representations of the symmetric

group may skip this chapter.

3.1 The Robinson—Schensted-Knuth map

Before presenting the RSK map, we recall the definitions of Young diagrams and Young Tableaux.

3.L.1  Young diagrams

We start with a few definitions and notations.
e )\ = {\;}i>1:a Young diagram of size n. A Young diagram is an integer partition of n i.e.
* Vi>1, )\ €N,
* Vi > 1, A <Ay,
* 22 AN =N,

We can represent a Young diagram by boxes of size 1 X 1 such that the row ¢ contains exactly

Ai boxes. For example, if A = (4, 2,1, 0), we have the diagram

)

WhCI‘CQ = (0)121-
e Y, the set of Young diagrams of size n. For example,
Yy = {(479)’ (37 179)? (27 27Q)7 (27 1, 1,Q), (17 1,1, 179)}

- l:\:\:\:" ) ) )

o || := ;5 A the size of the partition. For example, |(2,1,1,0)| = 4.
o Y := U,>0Y,: the set of Young diagrams'.

o )\ = (\);>1: the transpose of Aie. \} = card(j; \; > ). For example,

If)\ = ,then N = | ‘

‘also called Ferrers diagrams
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o /() := card{i; \; > 0} = A|: the length of the partition. For example, £((2, 1,1,0)) = 3.

o 5\(0) € Y,,: the cycle structure of o i.e. the integer partition obtained by ordering the lengths

~

of the cycles of o and by adding as many 1 as fixed points. For example, A(o.,) = (3,2,1,0).
We recall that

1 2 3 4 5 6
Oy i= = (1,5,4)(2,3).
5 3 2 1 4 6

In particular, we have #(0) := ((\(0)).

3.2 Young tableaux

Definition 3.1. Given an integer partition (a Young diagram) A € Y,,, a (standard) Young tableau of

shape A is a filling of the boxes of A using the entries {1,2,...,n} increasing in each row and each
column.

For example, standard Young tableaux of shape | ‘are 111 2[3 ‘, il’) 2[4 ‘, % 3[4 ‘
Letdim()) = card({ Young tableaux of shape A}). For example, dim < | ) = 3. We have the

following classic result.

Proposition 3.2. dim(y) is equal to the dimension of the irreducible representation of &,, indexed by

fti.e. the dimension of the irreducible representation associated to the conjugacy class
{o0 € G A0) = p}.

One can find a proof of this result in (Sagan, 2001).

Corollary 3.3. (Burnside identity )

> dim(\)? = card(&,) = nl.

AeY,
Definition 3.4. Given a Young diagram A € Y,, and a positive integer IV, a semi-standard Young
tableau of shape A is a filling of the boxes of A using the entries {1,2, ..., N'}, weakly increasing in

each row and increasing in each column.

For exemple,. for N = 2, semi-standard Young tableaux of shape ‘ ‘ are

L[af1][1[1]2][1]2]2]
2 12 ’ ‘

3.3 Viennot’s geometric construction

Corollary 3.3 guarantees the existence of a one-to-one map between the symmetric group &,, and

the set of couples of Young tableaux with same shape in Y,,. One of those maps is known as the
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Robinson-Schensted map (Robinson, 1938; Schensted, 1961) or the Robinson-Schensted-Knuth

map (Knuth, 1970). We will present the RSK map using the Viennot geometric construction (Vi-

ennot, 1977). For other equivalent constructions, we recommend (Sagan, 2001). For sake of simplicity,

we will apply every step directly on

(1 23456 7 8)
Oez,2 = .

38124756

e Step 1: We draw the points {(7,0(7)),1 <i < n}.

— N W s OOy I

12345678

e Step 2: Starting from the first point (1, o(1)), we shadow the top-right region i.e.

— N W s Ot O N

{(z,y);z > 1,y > o(1)}.

12345678

e Step 3: We continue shadowing the top right region of every point i.e. we shadow the region

U

il y)ie > i,y > 0(i)}

We draw the boundary of the shadowed region. We add a point with a different color (blue here)

in every corner of type I.

In the following example, we have one ' corner in (3,3) and two . corners in (1, 3) and (3, 1).
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— N W ks Ot O N 0o

12345678

o Step 4: We remove the shadowed region and we draw again the non-used points.

— N Wk Ot O N
°

12345678

o Step 5: We repeat steps 2-3-4 for unused points until using all original (red) points. The length
of the first row of both Young tableaux is then the number of times we repeated steps 2-3-4.
The entries of the first row of the first Young tableau are just the y-coordinate of the horizontal
lines going to infinity and those of the second Young tableau is the x-coordinate of the vertical

lines going to infinity.

8+ 8+ l—o
71 71
6| 6|
5 5| .
4| 4 e
3| 3|
2 | 2|
1 1
12345678 1 23456 78

(1]2[4]5[64[1]2]5]6]8]

© 2020 Tous droits réservés. 45 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

Chapter 3 — Schur measures and monotone subsequences

o Step 6: We repeat steps 2-3-4-5 for the previous points we added (blue points) to obtain the

second array of the two tableaux. We choose a different color for new "I corners (black here).

& + ° )

7+ °

6,,

5,,

4,,

3+ °

2,,

1,,
12345678

112/4]5]6][1]2]5]6]8]

307 '13]4

e Step 7: We continue till using all points i.e. we do not have any "I corner.

& + °
7,,

6,,

5,,

4,,

3,,

2,,

1,,

12345678

112/4]5]6][1]2]5]6]8]
317 13[4

8 7]

The two tableaux are obviously of the same shape and we denote by

M) ={Xi(o) i1

the shape of the image of o by this map.
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3.1.4 Greene’s Theorem

Greene’s theorem is a way to understand the A(0) in term of increasing subsequences of o. Let

o € 6,,. We denote by

Il
—
w
N
—
=
v[\.’)
3
—
<C

\.S
<
m
»
—~
. o~
|
<
N—
—
R)
—~
~
N—
|
)
—~
<
SN—
SN—
Vv
o
—

For example, for

1 2 3 - _
Oex,3 -— (2 3 1) ) Jl(gew,i’)) = {®7{1}7{2}7{3}7{1’2}}

and
32(0'%73) = 92(06.7773) = {@7 {1}7 {2}7 {3}7 {1’ 2}’ {17 3}7 {27 3}7 {17 2, 3}}

We have the following.

Proposition 3.5. (Greene, 1974) For any permutation o € &,

max_card(s) = > A(0), max card(s) =Y N, (0).
k=1 k=1

s€J;(0) s€D;(0)
In particular,

max card(s) = A\i(0) = LIS(0), max card(s) = \}(c) = LDS(0).
s€TJ1(o) s€D1(0)
This result is obtained first by Greene (1974) (see also (Sagan, 2001, Theorem 3.7.3)). The case where
i = 1,is attributed to Schensted (1961). An alternative and recent construction to understand increas-

ing subsequences is given by Houdré and Litherland (201m).

3.1.5  RSK for words

Let A = a; < ay < --- < ay beafinite alphabet and w = (w1, wo, . . ., wy,) be a finite word of
Aie V1 <i <n,w; € A Inthis case, the RSK map is a one-to-one map between words of length n
and couples of standard Young tableaux and semi-standard Young tableaux of same shape and using
the entries 1,2, ..., N . The RSK algorithm is similar to that we described before. For example, for
the word (1, 1,2, 1), we obtain

1[1]1] [1]2]3]

© 2020 Tous droits réservés. 47 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

Chapter 3 — Schur measures and monotone subsequences

as its image. We will not detail here an example, we recommend (Sagan, 2001) for more details.

Remark 3.6. Note that the Greene Theorem also holds for the RSK image of words. The only differ-

ence is that subsequences are weakly increasing (or decreasing).

3.2 Schur measures

This section is highly inspired by (Borodin and Gorin, 2016). Let A,, := Cyyp[21, . . ., 2] be the

ring of symmetric polynomials with n variables with coeflicients in C.

Definition 3.7. Given P € A,, such that
N n
ai7'
P(zy,...,xn) =Y ¢ [] ",
j=1 i=1

with ¢; # 0 and { (0 )ie(t,.n

, are pairwise different. We define,
je{1,....,N}

n

deg(P) := 11;1%)?\7;@@]-.

Here are some usual examples of symmetric polynomials of degree k.

e Complete homogeneous functions:

k
hk,n($1,$2,--~,$n) = Z szj

1<y <ig-<ig<n j=1

e Elementary homogeneous functions (of degree —oo when k > n):

k
€k,n(l’1,$27~-,$n) = Z HI%

1<iy <ig-+<ip<n j=1

e Power sums (Newton polynomials) :
pk,n(xhx% cee )xn> - Zx .

For example,

2 2 2
p2,3(T1, T2, v3) = 27 + 75 + 13
e23(21, T2, T3) = T129 + Tox3 + T371
hos(x1, T2, 23) = es(x1, Ta, x3) + Pa(X1, T2, T3).
We will use the conventions: €y, = ho,, = pon = landVz < 0,h, , =€, = p.n = 0.
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3.2.1  The ring of symmetric polynomials

The functions given above are compatible with projection in the following sense. Given n € N*,

we define

Tn - An — An,1

flzy, 29, .. ) = fa1,29,...,2,-1,0).

Definition 3.8. (The ring of symmetric polynomials)

The ring of symmetric polynomials A is defined as the projective limit of
A=Ay &AL S A,
i.e. A is the set of sequences ( f;);en such that
e VieN, f, €A,
o Vi>1,m(f:) = fi1

e max;ey deg(f;) < oc.

For example, for any k > 0, py, ex, hyy € A where

Pre(1, . Tn) = prep(T1, . 20),
er(T1, ..., Tn) = epn(T,. .. 2p),
hi (21, ..y 20) = hgn(z, ..o 2p).

Theorem 3.9.
A = C[{hi}i1] = C[{ei}i=1] = C[{pi}iz1]-

In other words, every symmetric polynomial can be written in a unique way as a sum of products
of complete (resp. elementary) homogeneous functions. One can find a rigorous proof of this classic

result in (Macdonald, 1995, Chapitre 1,Section 2.).

3.2.2  Schur polynomials

Definition 3.10. Given N > 1 and a Young diagram A such that £(A\) < N, the Schur polynomial s

is defined by:
Aj+N—j Aj+N—j
det {xij ]} det {xij ]}
s (l’ T T )_ 1<4,J<N 1<,4,j<N
AT, T, TN) = N = :
det[z; h<ij<n [Licj(@i — ;)
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When £(A\) > N, we use the convention s)(x1, T, ..., zx) = 0.

Proposition 3.11.
VA eY,s, €A

Thisis a direct application of the Jacubi-Trudi formula and the anti-symmetry of the determinant.

Proposition 3.12. (Jacobi-Trudi formula)

sx = det[hy,—iyj]i<i <o = detlex i jli<ij<on)-

Proposition 3.13.

For any, 1, xa, ..., 2, € C, s\(21,...,xy) is the sum over all semi-standard Young tableaux of

the number of entries equal to ¢

shape A using the entries 1,2, ...,k of e

1/2]2]
2

For example, the semi-standard Young tableau gives the polynomial {3 and

3 2 2 3
5(3,1,0) (X1, T2) = xiT9 + 275 + 2175,

3.2.3  Schur’s positive specializations

Definition 3.14. A specialization p is a map from A to C such that VA € C,Vf,g € A,

p(f +9) = p(f)+ plg),
p(f-9) = p(f)r(g)
and p(Af) = Ap(f).

In the sequel of this thesis, we will use the same notations as in (Borodin and Gorin, 2016); we
will denote by f(p) the quantity p(f). One can see the legitimacy of this notation because for all
(x1,22,...,2,) € C" the map

f'_>p(f) :f(xl,..-,l’n)
is a specialization.

Definition 3.15. A specialization p is said to be Schur positive if
VA e Y;sa(p) > 0.

for exemple, for any non-negative real numbers z1, . . . , ,, the specialization f — f(z1,...,2,)

is Schur positive. This is direct application of Proposition 3.13.
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Theorem 3.16. (Thoma’s theorem, Schoenberg-Edrei Theorem)
A specialization p is Schur positive if and only if there exists a tuple (v, 3, ) where 7y is a non-negative
real number and @ = (;)>1 and f = (f3;)>1 are two sequences of non-negative real numbers

satisfying
> i+ B < o0
i=1

such that

(p) =7+ i(ai + Bi),

vk > 2, pilp) = Zl(a — (=1)"8).
1=

This result is known in the literature as the Schoenberg-Edrei theorem (Edrei, 1952). But many
equivalent versions have been proved for this result. The best known is the Thoma’s theorem (Thoma,
1964). Simpler proofs are obtained in (Vershik and Kerov, 19815; Kerov, Okounkov, and Olshanski,
1997). Those specializations are related to the representations of the infinite symmetric group. For
more details, one can see for example (Kerov, 2003, Introduction, Page 27) and (Kerov, 2003, Chap-
ter 2,Section 2, Theorem 2).
Remark that using the fundamental theorem of symmetric functions, a specialization is totally charac-
terized by its evaluations on Newton polynomials (power sums). In particular, for Schur polynomials,

we have the following formula.
Theorem 3.17. (Frobenius’ Formula)
#k o

(3.1) = > X H e

O'EG‘M

where X7 is the character of the irreducible representation of the symmetric group indexed by A and

evaluated on 0. We recall that #, o is the number of cycles of o of length k.

In the sequel of this chapter, we will denote a Schur positive specialization by p = [« /3, 7]. We

have immediately the following result.

Proposition 3.18. (Frobenius’ Formula) (Ram, 1991)

Let p = [a, 3, 7] be a positive Schur specialization. Forany A € Y,

_ 2 (Y0ux + pr(a) + (=1)'pe(B))#+°
s/\(P) = UEEG:M 1;[ (#k a)‘k#W .

3.2.4 Some examples of Schur positive specializations

® p= [Qva’Y]
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Proposition 3.19.

If p = [0,0, 7] withy > 0 then

(3.2) YA eY,s\(p)

B dz’m()\)y"\‘
AL

Proof. Assume that p = [0, 0, 7]. One can see easily that V& > 1, py(p) = 0. Using Proposi-

tion 3.18, the only term of the sum that does not vanish is when o = 1 d@l N Consequently,

pi(p)™

SA(IO):XIdGIMWv

Since

one can conclude that

dim (M)
sa(p) = (7>7
O
e p=la,0,0]
sx(p) = sa(a) = lim sy(aq, ..., ap).
Indeed, (pr(cv, ..., @p))n>1 is monotonous and
pk(Ql, s 7an> S (pl(ala s uan>)k S (pl(a))k < 0
and then

pe(a) = lim pg(ay, ...

and one conclude by Frobenius Formula.

e p=1[0,53,0]

, Ol

sx(p) = sy ([5,0,0]) = sy (B) = lim sy (B .-, Bn)-

3.2.5 Schur measures

We denote by Z(Y) the set of subsets of Y .
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Definition 3.20. Let (p1,p2) be a couple of Schur positive specializations such that
(33) h(p1,p2) =Y sa(p1)sa(pa) < 0.

)
One can define a probability measure on (Y, #?(Y)) such that

, _ salp1)sa(p2)
(3.4) VA eY;S, ,(A) = W)

Theorem 3.21. (Cauchy equality)
h(p1,p2) =exp | D Pe(p1)pr(p2) '
k>0 k

In particular, if
(3-5) 3(r, ) €]0,1[xR; VE > 1, Vi € {1,2}, pr(ps) < Cr,

then h(py, p2) < oo.

3.2.6  Some examples of Schur measures

e DPoissonized Plancherel measure:
If p1 = py = [0,0, v/t]. The distribution of a random Young diagram according to the Schur
measure S, ,, is just the shape of the image by RSK correspondence of a random permutation
o obtained as follows. Let 1 be a random Poisson variable with size ¢. Conditionally on n, o is

a uniform permutation over &,,.

Proof. In this case, forany k& > 1,

pr(p1) = pr(p2) = 0.

Consequently,

h(p1, p2) = exp(p1(p1)p1(p2)) = exp(t)

and

sx(p)sa(pa) _ 1" Yaey, dim(N)?
Sp.0va00vg(Yn) = /\GZY:H h(pi,p2)  nlnlexp(t)
B t"n!
~ nlnlexp(t)
t" exp(—t)
n! '
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]

e Random uniform word with Poisson length: Let A be an ordered and finite alphabet of length
nand (w(t));>o be the random Markov word obtained as follows. At ¢ = 0, w = @. Ateach
step, after a random exponential time, we add to the existent word one letter chosen uniformly
from A. For fixed ¢ > 0, the shape of the RSK image of w(t) is distributed according to the
Schur measure

S

S|

1
) gy —,01,0,0 7[9797t]
n
—_——

n times

S|
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"Nx € Mathematician Iy € MathsProblems s.t. y causes x to cry”

Anonymous
Contents
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43 Infinitecase . . . . . . ... 64

4.1 General idea and main results

The same technique of proof we presented in Chapter 2 can be applied to other sets having a similar
structure to the symmetric group. We will give applications in the next subsection. In general, one can

apply the same techniques when there exists a "nice” sequence of undirected graphs' G := (G,, =

(Vi, En))n>1” such that .

(4.1) Vn > 1, G, islocally finite.

(42) ¥n > 1, there exists a countable set I, and finite sets (V,);cz, such that V,, = Uy, V!

.
Foranyn > 1,foranyi,j € I, forany oy, 09 € V,f,

(4.3) card({o’ € V?;(0,01) € E,}) = card({o’ € VZ: (¢',02) € E,,}) =: eji-

'"Unlike Chapter 2, we will start from an undirected graph.
*We use the usual notations i.e. V;, is the set of vertices and F, is the set of edges.
3We use L to denote disjoint union.
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/H}\

i -F =

\ e
Figure 4.1: The classes graph for the Cayley graph of &,, generated by transpositions for n = 4
i.e. the number of neighbors in V7 of any element of V! only depends on (i, j); we denote it by e; ;.

We denote by Evn = {(i,7) € I% e;; > 0} and by @; = (I, Evn) the classes graph. We need

moreover in the sequel of this chapter that

(4-4) Vn > 1, the classes graph G, is connected.

In the sequel of this chapter, we assume (4.1)— (4.4).

For example, if G, is the Cayley graph of the symmetric group generated by transpositions we have
L4 Vn - Gn
e B, = {(0.00(i,j))i0 €S, i # )

InZYna

o Vi={oe6,;\No) =i},

E,, the set of couples of Young tableaux such that one can obtain one from the other by con-

catenating two arrows. For example, for n = 4, we obtain the classes graph in Figure 4.1.

With analogy with Chapter 2, we will now construct a new directed graph for which we will con-
sider the uniform random walk. Let d¢;,, be the usual graph distance and for o € V,,, we denote by

Class(o) the unique i € I, such that j € V.

Let (iy )n>1 € [1,>1 I bea"nice” sequence of classes*. We denoteby d(o) := minpevij1 dg, (0, p).
The random walk we use to prove universality will be the uniform random walk on the directed graph

G, = (V,, E)) where
E, = {(01,02) € Ey;d(0) = d(01) = 1} U{(0,0),0 € "},

Back to the example of the Cayley graph of the symmetric group generated by transpositions we have

e Class(c) = o),

+We will give some possible choices in the remainder of this chapter
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e i} = (n,0) is the Young diagram with a unique row of length n,

L4 (Vna Eylz) = g6n5>

With analogy with the symmetric group, let T/ be the Markov operator associated to the uniform
random walk on G, Vo, := U,>1V,, and f be a function defined on V,, and having values on some

metric space (F, dp). With analogy with Chapter 2, for S C V,,and o € V,,, let
next(S) := {o2;01 € S and (01,02) € E} },

final(o) — "X (oD ifd(o) > 1

{0} otherwise

and fori € I, and p > 1, we define

(delf(0) £\’
Eninl ((g‘:ﬂ pEneth:({U})Card(VTf)card(next({a})))

Enpl(f) = sup Enip(f)

1€1n

Enico([) = max max  dp(f(o), f(p))

o€V, penext({c})

§n,oo<f) ‘= Ssup én,i,oo(f)

i€ln

Gty \’
mp (Z Z card(V’)Card(ﬁnal( )))

o€V} pefinal(o)

Enico(f) :=max max dp(f(a), f(p)).

o€V} pefinal(o)

Finally, let (0,,),,>1 be a sequence of random variables such that ,, is supported on V,,. We say that

0y, is Gy, invariant (with respect to the partition {V! };¢;,)° if forany i € I,,and any o, p € V!

and we say that (0,),,>1 is G-invariant if o,, is Gj,-invariant Vn > 1.

Definition 4.1. Fora > 0and p € [1, 00], we say that (07, )>1 satisfies He_p, o if

d(o
(HG’ inv a) (Un)n>1 is G-invariant and ( 1n) L} ()’
- na n—00

5Gg,, is defined in Chapter 2

®we omit this precision when it is clear from the context.
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we say that it satisfies H¢ o if

d(o
HE Oy )n>1 is G-invariant and d(on) o,
G—inv,a
- No n—oo

Interesting results can be obtained if the graph satisfies an additional symmetry property:

Forany oy € V,,,forany oy, 03 € final(oy), the number of pathsin G/, of length d(o) from o4

to 0 is equal to that from 0 to o3 i.e. A the adjacency matrix of G}, satisfies the following:

(4.5) Vo, € 6,,3¢,, € NsuchthatVp € G,,, A%(,:)(al, P) = Cor Lpctinal(o)-

In particular, we have the following:

Lemma 4.2. Under (4.1)—(4.5), for any (0,,),,>1 G-invariant, forany P € [1, oo,

E ((dF (f(O'n), f (T‘Gi’gfn)(o.n)))>p) - E((giz,Class(an),p)p>‘

Proof. For any random variable 0,,, we have

E((ar (£(0n). £ (167 (0)))") = E (B ((dr (f<<f ) (16 (@))) o))
=2 % Bl = ) ((dr (F(on). £ (TE (@) |on = ).

i€ly O’EVl

If (0,,)n>1 is G-invariang, then P(0,, = o) = WP(C’ZQSS(Un)Class(U)). Moreover,

under (4.5),

d(on P > petinal(e) (dr (f(0), f(p)))
E ((dF(f(U">’f (Tésn )(U”))) ‘0” - U) - card(ﬁnal(a)) : '

Consequently, one can conclude since

E((QLL,Class(an),p>p> =K (E((gln Class(on ‘OZGSS(O'R))
= Z P( Class(an) = z)(amp)p
i€l,
_ (f(o), f(p))?
%:np (Class(on) = J%; peﬁ%:al card V’)Card(ﬁnal( )

Similarly, one can prove the following.

Lemma 4.3. Under (4.1)—(4.4), (0 )n>1 is G-invariant, forn > 1, forany P € [1, oo,

E ((dr(f(on), f(Tey)(00)))") = E((Encrassion o))
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This gives as a universality result.

Theorem 4.4. Assume that (4.1)-(4.4) and that (0,,),>1 and (0, )n>1 are G-invariant. Suppose

that there exists some deterministicz € F and p € [1, 00| such that

P L
FOresn) @ (resp. f(Oresn) o @),

P Lr
(46) gn,Class(aref,n),oo(f) m 0 (resp' §n,Class(aref,n),oo<f) m 0)
and

P Lr
(47) gn,Class(on),oo(f) m 0 (reSP- éTL,C'lass(an),oo(f) m O)
Then

floy) —— = (resp. f(on) % x).

n—0o0

Moreover, under (4.5), (4.6) and (4.7) can be replaced by

P L?
é;L,C'latLes(c7re]cm),1(f) ——0 ( resp. §;L,Class(aref,n),p(f) — 0)

n—oo n—oo
and

L5 0).

n—oo

P
§;L,Class(on),1(f) —0 (resp' §;L,Class(on),p<f)

n—oo

Idea of the proof. The proof is identical to that of theorems 2.1 and 2.2. Indeed, (4.3) guarantees that

under the G-invariance, forany n > 1, T, (0,,) is Gy, invariant and by construction almost surely
d(Tgy (04)) = max(0,d(0n,) — 1).

. . d(on e . . o -
Consequently, by induction, 7¢,” )(an) is distributed according to the uniform distribution on V,;»

and almost surely

dr(f(TET(02)), F(00) < Enctassion) oo (f)-

!
n

]

Similarly to Remark 2.4, by the triangle inequality and using that the arithmetic mean is smaller

than the p-mean, we have 7

d(k)
(Enpp(NF <D max (ef;,(f)) < d(k)ep ().

— jid(j)=i

7There is here a notation abuse. Since d is constant in any class, we denote by d(k), d(o) for some o € k.
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Consequently, if there exists v > 0 such that

2, =0(=5),

na

then one can obtain (4.6) and (4.7) for the equivalent classes of (H%—inv,a) (resp(Hegr ))-

G—inv,a

4.2 Some examples of finite graphs

In general, Cayley graphs are good candidates. An interesting case is when there exists (i},),>1 €

[1,>1 In such that

1

_ min d ,’zo(ma d , ),

card(V,) J;/n a/exl/,ifl Ga(0,0") L max dg, (01,02)

in this case, the comparison with the uniform distribution can be done for reasonable statistics. The
first four examples we give are different ways to apply our results to the symmetric group. The other
four examples are different graphs. Our eight examples satisfy (4.1)— (4.5). In the first two examples we
will give in details the different objects, for the other we will give only G, I, V¥ and 4. The others

can be obtained easily by applying the definitions.

o The Cayley graph of symmetric group generated by transpositions: We recall that

*

(Vi E7) = Gens

% 1,=Y,,

« Vi={oe€&,;\o) =1},
x Class(c) = Mo),

* i} = (n,0) the Young diagram with a unique row of length n,

* d(o) = #(0) — 1,
We have then the following.
S wmin de, (0,0%) = B(#(Gunig) — 1)
card(V,,) /& a%%/g* Gn\T> TH) = Tunif;n
- k=2

=on—1)=o0 ( max dGn(fﬁ,Uz)) :

01,02€Vn

| =

e Even permutations: A permutation 0 € &, is said to be even if n — # (o) is even. Cycles of
length 3 are a generator of &,,. When n is odd, G is a subset of the set of even permutations.

One can choose for example.

* G, the Cayley graph of Gy, 41 generated by cycles of length 3
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« ={A € Yaur: (0) = 1 (mod 2)},
« Vi={0€ Sy, o) =i},

« Class(co) = Mo),

* if = (2n+1,0),

x d(o) = #(fo)—H.

e G, seen as a Coxeter group: Here we take the right (or the left) Cayley graph generated by
transpositions of type (2,7 + 1). ® In this case we have:
* (,, the right (or the left) Cayley graph of &,, generated by {(¢,7 + 1); 1 <i <n — 1}.
x I, = {0,1,..., 2y,

x V' ={0;Ky(0) = i}, where we recall that Ky (0) is the number of inversions of o.

x Class(o) = Ky(0),

4
n2
* d(0) = [ ] = Ka(0)]
For example, G is represented in Figure 4.2. Corollary 2.19 guarantees that i}, = f”;} isagood

candidate if we want to compare with the uniform distribution. But also it is possible to choose
iy, = 0 when looking for universality results for random permutations close to the identity. For
this graph, the Mallows law with Kendall tau distance is G,,-invariant and one can obtain a first
order universality for all local statistics we already studied in the previous chapter and for the

limiting shape®. The second order fails.

e Using the same previous graph (same G,,) but with only two classes even and odd permuta-
tions”® i.e. I,, = {even, odd} we obtain that, if f(c,,) converges in probability (or L') when

o, follows one of these three distributions
x Uniform law of G,,

* Uniform law of even permutations

* Uniform law of odd permutations

it converges also for the two others as soon as

min (ZUGGn,lgz(n dp(f(oo(i,i+1)), f(0)); Xoes,1<icn dr(f((,i + 1) 0 0), f(U))>
nl(n —1)
$Fun fact 2: depending on the choose of the right or the left composition, one can obtain a different universality the-
orem. The classes are the same but the graph (and consequently error controls) are different.

¥We apologize again to the reader because it is not defined yet.
*Here, the choice of 7} is not important but the reader can take 7}, = even.

=o(1).
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Ids Ids
(1,2) (2,3) (1,2) (2,3)
l l | l
(1,2,3) (1,3,2) (1,3,2) (1,2,3)

U U

Figure 4.2: G obtained by the transpositions (1, 2) and (2, 3)

e Another possible application is the hypercube (Z/27Z)?". In this case, we set

x G, = (Z)27)*"
x I, ={0,1,...,2n}

s V" is the set of edges of the graph such that the graph distance from (0, .. ., 0) is i.

In this case,

1 > min dg, (o, 0*)_Zi"0|<2£)(k_n)’
card(Vy,) 5 ey Gin B 4n

2 2n
n k—n)?

N $ k=0 (k )( n)

< n

_

e

=o(n)=o0 (Ulr’{‘lQaé(Vn dg, (o1, 02)> .

e (Z/ dZ)”d : Let R, be the equivalent relation defined as follows: For any
T = (2;)1<i<nds Y = (Yi)1<i<na € (Z/dZ)™, 2Ry & 0 € S,y = (To())1<i<nd-

R, define naturally the classes of the vertices. The central limit theorem guarantees that the

class ¢, where we have exactly n coordinates equal to k for any k in Z/dZ. is a good candidate™.

"Fun fact 3: by choosing fixed and different proportions of every element of Z/dZ for i}, one can obtain different
universality result.
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4.2. Some examples of finite graphs

o Let (H,),>1 be asequence of non-commutative and finite groups and (A,,),>1 such that 4,

is a conjugation invariant subset of H,,*.

* Gy, be the Cayley graph generated by H,,.
* I, is the set of conjugacy classes

* Vi=1i

In this case, G-invariant random variables are conjugation invariant variables. The choice of 7,

is specific to the choice of G,.

e Dihedral group Dy, ® with n > 3: The Dihedral group D, is defined via its representation
< o,plo?, p?, (po)™ >™. This representation shows that Dy, is a Coxeter group. For our

study, one can admit that

ID)Zn = {So, . 9Sp—1,T0, ... ,rn,l}

and

iy = Tiyj, Ii8; = Si+j, S5;Ij = Si—j, 5;8j = T'i—j.
Here, (i, 7) are in Z/nZ. One can choose either

* G,: the Cayley graph generated by {5;,0 <i <n},
x I, = {rs},

* V= {s;,0 < i < n}is the set of transpositions and V] = {r;,0 < i < n} is the set

of rotations,

or keep the same graph and choose conjugacy classes as classes (as in the previous examples)®.
In the second case, we require that f(0,,) convergences for any sequence of rotations and a

transposition does not change a lot the statistic.

e Colored permutations: A less trivial example is the set of signed permutations and more gen-
erally the set of colored permutations. Given two positive integers 7 and m, a colored permu-
tation is a map 7 = (0, ) such thato € &, and p € {1,...,n}{" A subsequence
m(z1), ..., m(xy) of 7 is called increasing of length m(k — 1) + pifo(z1) < o(xg) < -+ <
o(zg) and (1) = p(x2) = -+ = @(zx) = p. We denote by LIS(7) the length of a longest

increasing subsequence.

Zje.ifoc € A,, theno C H,.

BThis is a typical "bad" Cayley graph since its diameter is bounded (equal to 2) and consequently the universality result
is trivial.

"+This notation is classic to define groups. It means in our case that Dy, is isomorphic to the group generated by o and
psuch that 02 = p? = (uo)™ = 1

SThere are n + 1 or n + 2 depending on the parity of n.
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Theorem 4.5. Let (m, = (05, ¢n))n>1 be a sequence of random colored permutations and

assume that:

*

oy, is independent of ¢y,

*

¢y, is distributed according to the uniform distribution,

*

0y, is conjugation invariant,
* #—i” 5o.
noé6
then,
LIS(m,) — 2y/nm
(4.8) P 5 <
ms3/nm

Proof. The uniform case is proved by Borodin (1999). To apply our theorem, choose the graph

3) — FJ'(s).

where two colored permutations are related by an edge if only the first components differ by a

transposition i.e.

* By = {((07 90)’ (U © (i’j)vsp));i 3& ]}a

* I, = Yy,
* i, = (n,0).

]

For our examples, a trivial example of G —invariant elements is the uniform measure, or the uniform
measure on a given class. Since d is constant in classes, a natural way to generalize Ewens measures is

the following. Given ¢ € R4, the probability measure satisfying

g4

Blogan=0) = Y orev, ¢4
O'IE n 4

is G—invariant and for any statistic f such that f(p¢ 0,,) converges, one can obtain a non-empty

universality result around p¢ g ,, since

erry, i= q = E(dp(f(TY2) (g 4,), f(Paan))))

is continuous and err,(0) = 0. In fact, in the case of permutations, Ewens and Mallows measures
with Kendall tau distance are particular case of pg g 1.
4.3 Infinite case

We take now (,, = G an infinite graph. Example of "nice graphs":
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4.3. Infinite case

The infinite d-regular tree T.

The set of words of a finite alphabet of length d.

The free group F; with its natural Cayley graph.

The Cayley graph of By, the Artin Braid group.
o The Cayley graph of an infinite and finitely generated group H =< z1, 22, ..., 2, >.

The classes here are indexed by N according to the distance to the root (or the identity). Example of

universality: Let G’ be such that

0 < lim jnf 2B dimd) = nh) _ g, o logleard({z: d(x) = n}))

n—0o0 n n—o00 n

= log(\) < 0.

It is the case for the first three examples. Let f be a statistic such that f(0,,) convergences for the
uniform law on V" = V" and 3232 €7, ; . (f) < oo. We obtain then that f(0,,) converges for the
Mallows law when its parameter goes to A\. More generally, it converges for any distribution such that

Class(i) converges in probability to infinity.
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The goal of this chapter is to prove the results we have presented in the first two chapters that are

related to the point process obtained the RSK correspondence. we first present some known asymp-

totic results for the uniform permutation and recall how they are related to universality results. We

apply then our results to conjugation invariant random permutations.

5.1

Known results for the uniform permutation

Before stating the results, we need to introduce the notion of determinantal point processes.
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Determinantal point processes (DPP) were first introduced by Macchi (1975) to describe fermions
in quantum mechanics. They appear naturally in problems related to Random Matrix Theory. For
further reading, we refer for example to (Johansson, 2006). Let X € {{1,2,...,n},R% Z}. For

simplicity, we will restrict our study to those spaces but there is a general theory for Polish spaces.

Definition 5.1. A configuration is a locally compact subset of X. We denote by con f(X) the set of

configurations.

Definition s.2. A point process is a random configuration. Here, we will use the smallest o-algebra

containing

Uk compace Uien {X € conf(X);card(X N K) = i}.

Definition s5.3. A point process y defined on X is said to be determinantal for the measure p if there
exists K defined on X? with values on C such that, Vk > 0, f : X¥ — C continuous and compactly
supported,

El > Sl | = | o o) det((K (2 25)|h<igen)dua).dp(r)-
(11,...zk)€"/
Vi;éj,xﬁéa:j

In this case K, is called the kernel' and

pr(x1, T, - .y 2p) = det([K (2, 75)|1<i j<i)

are the k-correlation functions.

In our context, we will be interested to DPP on Z + % on some Schur measures introduced in
Chapter 3. Let p1, p2 be two Schur positive specializations satisfying (3.5). Let A = (););>1 be a ran-

dom Young diagram distributed according to the Schur measure S,, ,,.

Proposition s5.4. (Borodin and Gorin, 2016, Theorem 5.3)(Okounkov, 2001) The point process (\; —

i+ 3)i>1 is a determinantal point processes with kernel

. 1 H(p1;0) 7 (po;w™h) Vow  dvdw
K(i,j) = § FI%EPI )Hpaiw™)

(2im)? p1; v 1) (po; w) v — w vitlw—IH

where i
° z
H(p; 2) = exp (Z pk(p)k>
i=1

and I'; and I'; are two circular contours with respective radius Ry, Ry satisfyingr < Ry < Ry < %.2
In particular, the Poissonized Plancherel measure is determinantal. From there we can study the
asymptotic behavior in the bulk. Before stating the result we introduce the sine and the discrete sine

process.

"It is not unique!
*r in the same as in (3.5)
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The (continuous) sine process appears as a limit in the bulk for 3-ensembles. The case 3 = 2 is

determinantal and the associated kernel is

sin(x — y)‘

Ksm(%y) = T —y

For more details about the universality of the sine process one can see for example (Tao and Vu, 2014;
Erdhos and Yau, 2012). For the discrete case, a stationary determinantal point process can be defined
via the kernel .

Kiino(z,y) = S””fzgf;;:y))ﬂz¢y-+(yﬂm_y.
We have the following asymptotic in the bulk
Theorems.5. (Borodin, Okounkov, and Olshanski, 2000, Theorem 3)(Borodin and Gorin, 2016, The-

orem s.5)

For the Poissonized Plancherel measure, for any |u| < 2 and (z,y) € Z?,

I K(Lm+ L)+ +ﬁ . FE=Y K u(z)
1m U X - |Uu Yy == . = Bginu\T, Y ),
f—o0 2 2 731n7(rfx(f;)y)) otherwise

where 2cos(p) = u.

Note that since the space here is Z, this convergence implies the weak convergence. The de-Poissonization
also goes well in this case. One can see for example (Baik, Deift, and Suidan, 2016).
One can also study the asymptotic at the edge i.e. the first rows of the process. It involves the Airy

ensemble, a the determinantal point process associated to the kernel,
Koiry(a,) = [ Aile + X) Aiy + Nax,

where Ai is the Airy function, one can see for example (Quastel and Remenik, 2014) for rigorous def-
inition of the Airy function . The Airy process appears as a limiting distribution at the edge for many
models of the Kardar-Parisi-Zhang (KPZ) dimension 1+1 universality class. For examples, the limiting
joint distribution of the top eigenvalues of the Gaussian Unitary Ensemble (GUE) is the Airy Ensem-
ble. For universality results one can see for example (Tracy and Widom, 1994; Bowick and Brézin, 1991;

Forrester, 1993). In the remainder of this paper, we denote by
(5.1) F27k(81,82,...,8k> = ]P)(VZ S k, & S Si)
the CDF of the top right & particles of the Airy ensemble (&;);>1. In particular,

(52)  Fa(s) = Fpu(s) = det(1 — Kairy) Ly (s,00)

o (_1 i 00 0o
=1+ Z ( 0 ) / te / det[KAiry(xj, l‘k)]lgyj’kgidﬂﬁl ce dl‘l
=1 : s s

]
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is the CDF of the celebrated Tracy-Widom distribution. The Tracy-Widom distribution appears in
many problems of random growth, integrable probability and as the distribution of the rescaled largest
eigenvalue of many models of random matrices (Corwin, 2012; Borodin and Gorin, 2016). F can be
expressed in terms of the Hastings-McLeod solution of the Painlevé II equation (Tracy and Widom,

1994). A more general version of the result of Theorem 1.3 is the following.

Theorem 5.6. (Borodin, Okounkov, and Olshanski, 2000, Theorem 5)(Johansson, 2001, Theorem

1.4) For all real numbers s1, so, . . ., sp,

n—oo

lim P (‘v’i <k, Ai(Tuni 3 2vn < si) = Fy (51,52, ., Sk)-
ne

Indeed the Poissonized Plancherel processes converges at the edge’. It turns out that the de-Poissonization
works well in this case. For further details about de-Poissonization techniques, we strongly recom-

mend (Baik, Deift, and Suidan, 2016, Chapter 2) and (Johansson, 200r).

5.2 Statement of results for conjugation invariant random permuta-

tions

Itis natural to ask if what we see in previous section is specific to the uniform case. It turns out that
in the case of conjugation invariant random permutation with few cycles, the convergence will be the
same at the edge. We conjecture that it is also true for the bulk but we do not have any idea how to

prove it.

s.2.1  Main results

For the permutations satisfying the same assumptions as in Theorem 1.5, we have the same asymptotic

as in the uniform setting at the edge.

Theorem 5.7. Assume that (0,,),>1 is conjugation invariant and

53 - min ((Z #j<on) YIS ) 20
j=1

5 1<
neé 1_Z_TL _] 7,+1

Then for all positive integer k, for all real numbers sy, s, .. ., s,
limIP’(Vz<k i(n )1_2\/_<si>—limIP’<Vz<k i(on )1_2\/_<si>
n—oo ne n—oo ne
(Ai) = Iy (51,82, , Sk)-

3We will avoid to introduce the type of convergence, but it guarantees the convergence of top k-right particles to the
K-right particles of the Airy ensemble.
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Before proving this result, we will first prove a simple weaker version.
Proposition 5.8. If (H},,, ¢) is satisfied then (Ai) holds true.

Under weaker assumptions, we can still prove the first order convergence.

P
inv,2

Proposition s.9. If (H,,,, ) is satisfied then for any ¢ > 1

Nilon) p 5 and Ni(on) p

\/ﬁ n—r00 \/ﬁ n—r00

Moreover, for any p € [1, 00), under (HL ),

inv,2

A P A/ p
ilon) 1o g M@ v

\/ﬁ n—0o0 \/ﬁ n—00

Corollary 1.6 (resp. Theorem 1.4) is a direct application of Proposition 5.8 (resp. Proposition 5.9)

for k = 1 (resp. i = 1). The proof we provide is a generalization of the proof we gave in Chapter 2 of
Corollary 1.6 (resp. Theorem 1.4). We give separate proofs because the proof of Corollary 1.6 and (resp.

Theorem 1.4) is simpler and does not require any knowledge of the representations of the symmetric

group.

s.2.2  Extension to virtual permutations

In Chapter 8, we will study virtual permutations. To describe the behavior at their soft edge we will

need the following result.

Proposition s.10. Let (P,,),>1 be a sequence of conjugation invariant probability measures. Assume

that there exists a positive integer & such that for all real numbers sy, s, .. ., s,
Ni(o) —2
(5-4) lim P, ({U €6, V1 <i<k, M < 31}) = Foi(s1,. -, 81)-
n oo ng

Let0 < zy < 1,IPaprobability measure on &, and (0, ),,>1 be a sequence of random permutations

such that for all positive integer n, forall o € &,,,

53) B(o, = o) = 3" (l.)xéu o) B (o)

i=0 \J

where [ is the number of fixed points of o and o7 is the permutation obtained by removing j fixed

points of 0. Then for all real numbers s1, s9, . . ., s,

No(o,) — 24/(1 — zo)n
lim P (V1 <i<Fk, i(on) ( 1 0)
(1 —xg)ns

n—oo

< Si) = FQ,k(Sb .- '7Sk)'

Let we make some remarks:
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e We prove this result in Subsection s.3.2.

. . . 1

e Note that in Theorem 1.5 we require that the number of small cycles is smaller than n5. It may
not be the optimal scale. The best counterexample we found is when the number of small cycles
is of order /1 for the general case and of order n for virtual random permutations. Neverthe-

less, the bound condition on the number of cycles for & \/(i'") is sharp.

e For the bulk, we conjecture that the class of universality is larger. We think that we need only
a condition that n — tr(o) goes in probability to infinity to obtain the sine kernel. The scale

depends of course on n — tr(c) i.e. we conjecture that for any f compactly supported on Z.

nh_}rxolo Z E(f(N\iy(00) — 11 — [uy/n —tr(o)],..., N (0n) — ik — [uy/n — tr(o)]))

11 <t <-<ip

= > fUrdas---, k) det([Kainu (i, o)) 1<ie<n)-

J1>G2> > 5k

5.3 Proof of results

We will prove first propositions 5.8 and 5.9 as they are direct applications of Theorem 2.1. We prove
then a generalization to virtual permutations. Finally, we will prove Propositions 2.25, Theorems 1.5

and of Proposition 5.7 as they need the introduction of new Markov operators.

5.3.1  Proof of propositions 5.8 and 5.9

Lemma s.11. For any permutation ¢ and any transposition 7,

(5.6) Z)\k — X (ooT)| <2 — XN, (ooT)| <2
Moreover,
(5.7) Xi(0) = Ai(ooT)[ <4, [XN(o) =N (ooT) <4

Proof. Let o be a permutation and 7 = (I, m) be a transposition. We have then for all integer 7,

{s\{l,m},s€T;(0)} CTi(coT)

and similarly

{s\{l,m},s € Di(0)} CDi(0oT).

Consequently, by Lemma 3.5,

Z)‘k’ —M(ooT) > =2, Z)\' —N(ooT)> -2
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Using the same argument with o o 7 instead of 7, (5.6) follows. Moreover, since
i+1 i+1

Ai1 = ZM—Z% Nt = 2 = 2
k=1

the triangle inequality yields (5.7). O

Using (s.7), Propositions 5.8 and 5.9 are direct applications of Theorem 2.1.

5.3.2  Proof of Proposition s.10

Proof of Proposition s.10. An interpretation of the random permutation defined by equation (s.s) is
the following. Let n be a positive integer. We construct a subset A, of {1,2,...,n} as follows: for
every 1 < i < n, with probability zy, 7 € A,, independently of other points. The points of A,, are
then fixed points of 0,,. After that, we permute the elements of {1,2,...,n} \ A, according to the
probability distribution P,,_| 4,,|. In particular, A, is a subset of all fixed points of &,,. The main idea
is that a decreasing subsequence cannot have more than one element belonging to A,,. Moreover, a
decreasing subsequence of the restriction of o, on {1, 2, ...,n} \ A, isa decreasing subsequence of

0. In other words, for all real number s, forall 1 < j < n,

P;({c € 6;,LDS(0) < s —1}) < P(LDS(0,) < s||4,| =n —j)
<P;{o € 6;,LDS(0) < s}).

More generally, using Lemma 3.5, we have for all real numbers s, . . ., s,

P;({o € &;,Vi < k,N(0) < s, — 2i + 1}) S P(Vi < k, N(0) < s3] An| = n — j)
< Py({o € ,,Vi < k,X(0) < 5.}).

Consequently,

P;,({o € &;,Vi < k,Ni(0) < 8; — 2k +1}) < P(Vi < k, N(0,) < 54| An| =1 — j)
< ]Pj({O' S Gj,Vi < k, )\2(0') < Sz})

In the sequel of the proof, let sy, . . ., 55, be k real numbersand e > 0. As|A,, | isarandom binomial
variable with parameters n and ¢, and using the central limit theorem, there exist 19, & > 0 such

that, ng > o2 and Vn > ny,

(5-8) P(||A,] — nzo| < ay/n) > 1 —«.
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We denote by p! := P(|A,| = n — j), o : =1—gpand k := 2k — 1. As

P (w < , 2ilon) = 2VT0 ) =3P (\ﬁ S R LT [ —j) vy,
(nig)s =0 (ndo)s
we have
(5.9) P <Vi <k, Xilon) — - 21 o z) <
(nZo)s
| n@o+avn| / =
. — 24/
e+ Y., P <{a€6j,W§k, Ailo) - lmjo SSZ}> Py
j:l’nfofol\/ﬁ—l (TL.Z‘O)G
and
(s.0) P (w < i, Nilon) — 2Vt si> >
(nZo)®
| n@o+avm] —
> P'<{0€6J,Vz<k i(0) = 2vno +k })pj.
(nxo)

ji= (nico —a\/ﬁ—‘
Here, | ] and [x] are respectively the floor and the ceiling functions. If [j — nZo| < ay/n, then

ay/n o
I+ Vg = Vi

Vi

Thus,

IP’j({JEGj,ViS/{ (o) - 2W+k sl}>z

(Wo)
P, ({0 e, vi<h M ZWI ey 20‘1“;"})

jo Js
and
! — 2/nx
P, <{0 € &;,vi < k, M0 ~2VnZo s}) <
(Tl;%())g
Pj({O’EGJ,VZ<k (>_2\/_< h( Si, M )"—2?})
JG Js

where, h(s,n) = s(1 — %)é if s > 0and h(s,n) = s(1+ %)% otherwise.
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By the continuity and the monotony on each variable of F% j, there exists d > 0 such that:

FQ,k(517-~~75k) —e< F27k(81 —5,...,Sk—5) < F27k($1—|—6,...,8k+5)
< F27k($1,. . .,Sk) +e.

Moreover, there exists n1 > ng such that for all n > ny, forall j > nzo — ay/n, foralli < k,

) -
si— 0 < h(s;,n)— Oéj K
J
and 5
S; + o> —]'L(—SZ‘, TL) + 7?
jG

Consequently, if n > n, inequalities (5.9) and (5.10) become respectively:

)‘;<0n) _2\/”52'0 < 5) <

(2 —

(s1) P (Vi <k,
(7”LLAI§())6
| nZo+ayn] ' . -
P; ({O’ €6;,Vi <k, M <s; +5}> p;L

€+ Z
J

i=[nio—ay/n]

and

, _ _
Xi(o) 21\/nx0 < 5i> >

) P(V:<E,
(s.12) (Z_ (nFo)?

ML <o)

Lni0+a\/ﬁJ
Z Pj ({UESj,ViSk’, %

j:’rn:io—a\/ﬁ—‘ J

Under (5.4),
’ . -
]P)] ({O’ S Gj,Vi < k’, Z(O-> 1 \/j < s+ (5}) —_}——> F27k($1 + (5, o, Skt (5),
g6 J—r00
and
¢ —24/1
]P)] ({0’ c 6j7Vi S k),w S S; —5}) T—) F27k(31 —5,...,Sk —(5)
J6 J—00
75 lilliad.univ-lille.fr
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Therefore, since [nZy — ay/n| — 00, thereexistsny > ny such thatVn > ns,Vj > [nZg — ay/n|,

Ni(o) — 247
Fg’k<81—5,...,8k—5)—8<Pj ({UE@j,ViSk,M §82—6}>
j6
! — 2./1
< Pj ({O' c Gj,Vi < k,—)\l(o-)'l \/3 < SZ—F(S})
]6

<F2’k(81—6,...78k—5)+€.

Finally, if n > ns, using (5.8), inequalities (5.11) and (5.12) become

Ni(oy,) — 24/na
i(9) ; o < 5i> < Fop(st, ..., s6) + 3,
(n:io)é

(For(s1,.. . s0) —26)(1—¢) <P (w <k,

and the proof of the proposition is therefore complete. O

5.3.3 Proof of Propositions 2.25

We will prove a more general version of proposition 2.25.

Proposition s.12. If(?-[f ) is satisfied, then forany k > 1, forany s1,...,s; € R,

nv,%

Ai(on) — 2
hHlSIlpIED (Vz S k/, M S Si) S FQ(Sl,SQ, c. 7Sk)-

1
n—00 ne

To do so, we define a new Markov operator. Let o € G2, A € Y,,andi € {1,...,n}*. We define
Tirlo) = (cr)‘lﬂ(i), . ,JA1+’\2(Z')) . (02?1)_1&' (1), ... ,J"(i)) . Now let 0,, be a conjuga-
tion invariant random permutation and let 7, be the Markov operator defined on &Y as follows.
Starting from 0 € &, choose i uniformly in {1,...,n} and A randomly according to the dis-

tribution of A(¢,)5 and then Ty, (¢) returns %; 5(c).¢ For example, the transition probabilities of

T.

Ounif,3°

are shown in Figure s.1. By construction, A(T}, (0)) = A and thus, for any cyclic permuta-
tiono € &Y,
(T, (0)) £ Alon).
This yields,
M, (05w0.0)) £ M)
Finally, since the construction depends only on the cycle structure, T}, (05w,0.,) is conjugation in-

variant and

(5-13) Ton (UEw,O,n) i On-

4+ We recall that &Y is the set of cyclic permutations.
5A(0) is the cycle structure of 0.
Here we define a different Markov operator for every distribution.
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Figure s.1: The transition probabilities of 77,

if,3

Our main argument is the following lemma.

Lemma 5.13. For any permutation p € 6%, for any conjugation invariant random permutation o,

for any positive integer k, almost surely

E ((Z (T, (p)) — W)) ‘#(Tgn@))) < #Telb) 5~ )

I~
=
—~

Q

3

S~—
3/
S

Proof. Letiy <ip < --- < Z'Z such that {il,iQ, R ’L’Z(c

k
i1 Ni(p)
for any permutation p/,

{ivvia; o <isw b N10G) =00} € 3l

i=1

and then
k k
(5.14) (Z A (o) W)) < cand {5 < 3" Molsotiy) # 16}
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Consequently, almost surely

E ((Zl 2i(T5,(p) —Aj(p)) ’#(Tan(p))> < 2 ELgzeo)|#(T5.(0)

Proof of Proposition s.12. For any e > 0 there exists 1 such that

k
P (Z Ai(OBwon) < 9k\/ﬁ> >V1l—¢
i—1

and by hypothesis for any ¢’ > 0 there exist n; > such that for any n > n4

2
P #(0,) <o e
(#(U ) <e 9k> > €
Consequently,

E ((Sh AT (00m)) = Ai(omm0n) [#(T0, 00 )

J
/

1

6

P <eg|l>1-—c¢.

n
This yields

(S5 M (T (0p00m) = Ni(Om00a))

né n—oo

which concludes the proof since Ty, (0 gw,0.n) 4 On. O

5.3.4 Proof of Theorems 1.5 and of Proposition 5.7

Since Theorems 1.5 is the particular case k = 1 of Proposition 5.7, we will prove only Proposition s.7.
Moreover (7—[?%7% ) implies clearly (5.3) and consequently, the first bound of Proposition 5.7 is a direct
application of Proposition s.12. So it is sufficient to prove that under (H;,,,,) and (5.3), we have

; 2
(5.15) liggiorc}ﬂ[” (‘v’i <K, M < 32-) > F5(81,89, .., Sk).

n

o= |

Sketch of proof. We will notgo trough all the details since we have already presented similar techniques
many times. The idea is to modify the random walk associated to 7" as following. Given 1 < j < n—1,

we define T); the Markov operator as following. 7’ (o) is a permutation chosen uniformly at random
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among the permutations obtained by merging all cycles of length less than j to (one of) the biggest
cycles of o to obtain a permutation with cycles of length more than j. Since this construction depends
only on the cycle structure, under (Hin, ), T} () is conjugation invariant. Therefore T"(T (07, )) is

distributed according to Ew(0)7. Similarly to the proof in the previous subsection, we have

E ((Z M (B0 = M (T (o) |#@<an>>> < FEOD 5 (1,0,

i=1

Let (jn)n>1 be such that

o=

1<(§#k<an>)+ﬁ 3 #kwn)) iy

We have then (77, (04,))n>1 satisfies (H?nvﬁ)s

1 AT, (00))

n—oo

> 2k

B

and
E (ST Ee) - o) [#EiE))
n% n—>c>o/
This yields (s.15). [
7 T'is defined in Chapter 2
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"Do not worry about your difficulties in Mathematics. I can assure
you mine are still greater.”

Albert Einstein

Contents
6.1 DPreliminaryresules. . . . ... L L L oo 82
62 ProofofLemmaG.a . . . . . . .. .. ... 90
6.3 Proofof Propositionrig . .. .. ... ... ... ... ... 92
6.4 Proofof Theoremrizform =2 ... ... ... . ... ... ... ...... 94
6.5 Proofof Theoremrmzform >2 . .. .. . . . .. ... . . . ..., 96

In this chapter, we prove, using the method of moments that under a good control of fixed points,

the number of small cycles is well controlled. In particular, we prove that:

Lemma 6.1. For any k& > 2, there exists C, C" > 0 such that for any n > 1, for any independent

random permutations o,, and p,, with distributions invariant under conjugation,

P (o) 0 pu) = k) <+ C'(Blow(1) = 1) + Blpa(1) = 1)),

where ¢, (0) is the length of the cycle of o containing m.

This lemma has an interest to have a lower bound for the longest common subsequence. More-
over, in a joint work with Mylene Maida, we proved also that the joint distribution of the number of

small cycles of product of conjugation invariant permutations is asymptotically the same as the uni-
form case.

We begin with a few preliminary remarks and simplifications.
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First of all, the equivalence between Theorem 1.13 and Corollary 1.15 is due to the following classical

argument. Forany 0 € &, if ¢;(0) denotes the length of the cycle of o containing i,

n n

(6.1) (o) =3 Lokiymi = D ek = 2.2 Lesio)= = D J #40-
=1

i=1 jlk i=1 jlk

In the hypothesis 5, we assume that one of the permutations, say 0,,, may not have a conjugation
invariant distribution. In fact, it is enough to prove of Theorem 1.13 in the case where all permutations
are conjugation invariant. Indeed, if we choose 7,, uniform and independent of the o-algebra gener-

ated by (07,,)1<¢<m, the cycle structure of [}~ 0, is the same as

m m m
_ _ _ d _
- (H a) = (o) TL 0mm) 2 (7 01m) [ oo

and (7, '01,,,7,) is also conjugation invariant.

6.1 Preliminary results

To prove this result, we will introduce some new objects. To a couple of permutations, we will
associate a couple of graphs.
We denote by G} the set of oriented graphs with vertices [12] and having exactly k edges. We allow here

loops but not multiple edges. For example,
@;:{@“@,@“@, =OI0IO @D}

Given g € G}, we denote by I, the set of its edges and by A, := []l(i’j)eEg]lgi,an its adjacency
matrix. A connected component of g is called #ivial it it does not have any edge and a vertex ¢ of g
is called isolared if E; does not contain any edge of the form (4, j) or (j, 7). We say that two oriented
simple graphs g, and gy are isomorphic if one can obtain g, by changing the labels of the vertices of
g1. In particular, if g1, 9o € G}, then g1, g2 are isomorphic if and only if there exists a permutation
matrix o such that Ay, 0 = 0 A,,. Let g € G}, we denote by g the graph obtained from g after remov-
ing isolated vertices. Let R be the equivalence relation such that g1 R g2 if §1 and g, are isomorphic.

We denote by Gk = Upn>1GY /R the set of equivalence classes of U,,>1 G} for the relation R.For

example, @ @D Réamd Gl = O/NQ,& .

Let n be a positive integer and 0,p € &,. Let ky, 1= (07! 0 p), (i7" = m, i, ..., 4" )

e the cycle of 07" o p containing m and 7/ := p(¢]*). In particular, 2", 25", ..., 2}* are pairwise
be the cycle of o taining m and jj" 7). In particular, i7", iy, ..., ifl" are p

distinctand 51", 53", . . ., ji. are pairwise distinct. We denote by Gi* (0, p) € G}, = the graph such that

© 2020 Tous droits réservés. 82 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

6.1. Preliminary results

Eg{"(a,p) — {(271”7(7’27;)} U (Ufgl—l {(Z}il,jlm)}) We denote also by G5*(o, p) € G}, . the graph
such that Egp (o) = Uy A (i, 57} In particular, G7 (0, p) and G5 (a, p) have the same set of
non-isolated vertices. Fori € {1,2},let G™(a, p) be the equivalence class of G (a7, p).

1 2 3 45 1 2345
5 3 2 1 4 23514
we obtain Egi ) = {(1,5), (3,2)}, Egi(s,) = {(1,2),(3,5)},

OO RO

G =G ) (). den=Gr06) (D
O 0

oo}

Finally, given g € G}}, we denoteby &,, , := {0 € &,, : V(i,j) € E,, 0(i) = j}. Itis not difficule

For example, if

Gl(o,p) = Gi(0,p) =

to prove the two following results.

Lemma 6.2. If my € {i/” : 1 < 1 < ky,}, then G"'(0,p) = G{**(0,p) and G5"' (0, p) =
m2
2 (Uap)'

Proof. Ifmy € {i]"* : 1 <1 < ky,, }, then there exists 1 < [ < k,,, such that (o7 0 p)i(m,) =

my. Consequently, kp,, = kim,, (172,152, ..., U ) = ("0, VU 1T ,4"Y) and
(J17"%, 9972, ... ,j,?:fz) =" 0, ,j;::l,jl .-, g0y ) and we can check easily that i (o, p) =
G1* (0, p)and G3" (0, p) = G3"* (0, p). O

To obtain a combinatorial control, we prove first the following result.

Proposition 6.3. Let g1, go € GJ.. Assume that there exists p € &,, such that Ay, p = pA,, . If p has

a fixed point on any non-trivial connected component of g1, then &,y NS, 4, = Tor Ay = Ag,.

Proof. Let p € &,, be a permutation having a fixed point on any non-trivial connected component
of g1 such that Ay, p = pA,,. Assume that A;, # A,,. There exists necessarily (¢, j) € Ej, such that
p(i) = iand p(j) # jor p(j) = jand p(i) # i. This is true because if we choose any connected
component of g; having a non fixed point of p, this component contains by hypothesis at least one

fixed point of p. Since this component contains both fixed and non-fixed points of p, one can choose

two adjacent points one a fixed and the other a non-fixed point p. In the first case (p(i) = 7 and
p(j) # ), Gng NGpy C {0 € &, :0(i) = j,o(i) = p(j)} = 2. In the second case,
S NGy, C{o€6y:0(i) =j,0 (())= } =9 O

This yields the following.
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Corollary 6.4. For any graph g € G} having p non-trivial connected components and v non-isolated

vertices, for any conjugation invariant random permutation o,, on G,,,

( _
P(o, € 6,,,) < m

Proof. 1f there exist ¢, 7, [, with j # [ such that {(¢, ) U (¢,1)} C E,or{(j,7) U (l,7)} C E, then
S,y = 9. Therefore, if ,, ; # &, then non-trivial connected components of g having w vertices

are either cycles of length w or isomorphic to g, where A5 = [1j—i11]1<i j<w-

OO RORONO)

Letg € G} suchthat S, ;, # @. Fixpvertices x1, T2, . . . , 2, each belonging to a different non-trivial

For example,

connected components of . Let {x1, 22, ..., Zp, . . ., T, } be the set of non-isolated vertices of g. Let

F = {(vi)pr1<i<v; ¥i € [n] \ {z1,...,2,} pairwise distinct}.

Giveny = (¥i)pt1<i<v € F, we denote by g, € G} the graph isomorphic to ¢ obtained by fixing
thelabels of x1, 9, . . ., , and by changing the labels of x; by y; for p+1 < ¢ < v. Since non-trivial
connected components of g of length w are either cycles or isomorphic to g, if y # ' € F, then
gy # gy and by Proposition 6.3, &, 5 N 6n7gy, = . Since o, is conjugation invariant, we have
Plon € &,4,) =P(0, € G, y,) = P(0, € G g). Therefore,

]P(O-n S 677, g) = ZyGF P(Un < Gn,gy) = P(Un < UyEFGHyy) S ! = (n _ U)' .
’ card(F) card(F) card(F)  (n—p)!
O
We define now some new objects.
o Let] = (s1,52,...,5)asetof distinctindices of {1, ..., n}. We denote by
G'(0,p) = (G (0,0),G5' (0, 9),G1% (0, p), - .-, Gi' (0, p), G3' (0, p))
and
G'(o.p) = (G7'(0.0), G5 (0,), Gi*(0, ), - .. Gi' (0, p), G5' (0, p))-
e Fori € {1,2}, let gt k}(a, p) be the graph such that E12..., Diop) = U1 Egt (o) and
gAfl’Z""’k}(a, p) be the equivalence class ofgi{l’Q""’k}(a, 0).

Using the conjugation invariance and the relation (6.1), Theorem 1.13 is equivalent to the following:
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under the same hypothesis, for any vy, ve, v3, ..., v > 1,

(*) llm Z nkP (é{l’Q""’k} (O-na pn) == (§1, gia g27 cee f];g)) - Cvl,vg,...,vk7

n—00 K
96,8/, 1<i<k
where Cy, 4, 4, isa constantindependent of the laws of the permutations. Note that, forany v; > 1,
Gy, and therefore the number of terms of the sum is finite. Let us explain briefly why (*) implies

Theorem 1.13. First, for any ey, . . ., €y, we have

(62) P (cl(aglpn) =e1,...,co(0, pp) = 6@)
— Z P (G\{LZ’W’Z}(UTH pn) = (gla gi? g27 .. gé)) .

9i,9,€Ce;, 1<i<t

Moreover, using the relation (6.1), one can check that the joint moments of (¢7,. .., t}) can be ex-

pressed as follows : forany ¢4, ..., ¢, in {1, ..., k},

E(E?p e ,f?m) = gl (H Z ﬂczp (on Pn) Zp)

p=11ip=1

1
= 7@ Z P (Ci1 (0-1;11010 = 617 co oy Cip, (O-;lpn> = gm) .

m je{l,...,n}m

Fori := (i1,...,1n) € {1,...,n}™, denoteker(i) the partition of {1, .. ., m} such that pand g are
in the same block whenever i, = 7,. By conjugation invariance, forany i € {1,...,n}™, the quan-
tity P (¢i, (0, pn) = 01, . .., Ci,, (0,1 pn) = 1) depends only on ker(i) and is denoted P(ker(i)).
For any partition A of {1,...,m}, if |A| denotes the number of blocks of a partition A, there exist

€1, ..., e|y such that

P(A) =P (er(07 pn) = €1, (0" pn) = €py)) »

so that
1

E(t},...1 )= m;n(n —1)...(n =N+ DPN),

which together with (6.2) makes the link between (*) and Theorem 2. Indeed, let us look at the (joint)

moments. For example, if we take P(x) = x?, we have

£ (P (1)) =& (£ 100m)

= 3 B (Leotopmt) + 2B (Lot Loy 1)

i#£]
nlk (]]-01 (U*lop)zl) + (n2 - n>E (ﬂ‘61(0'710p):11]‘02(0'710[)):1)
m01+0171:1+1:2

.
—_
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Similarly, if we take P(x,y) = 2y, we obtain
E(P(f’f,fg)) ﬁ Cio=0 =1

Before getting into the proof of (*), let us gather some useful combinatorial and then probabilistic

results.

Lemma 6.5. Foranym < n, for any permutation o, p € S,.,

ki (p,0) = kn(0,p),

]gn(pv U) = km(O'p —f+1 ( P), V1 S ¢ m(gv p):
if'(p,o) = p—t42(0,p), V2 <L < k(0 ),
i’ (p, o) = ( o,p) =m,

Agm(ap = Agg(m)(p—lﬂ.—l)'

Lemma 6.6. Ifall non-trivial connected components of Gi"* (o, p) and G5 (0, p) have 2 vertices then

both G (0, p) and G5 (o, p) have no 2-cycles.

Proof. Using the symmetries of the problem (Lemmas 6.2 and 6.5), it suffices to prove that if all non-
trivial connected components of G; (o, p) and G3 (o, p) have 2 vertices then it is impossible to have at
the same time (1,2) € G3(o, p) and (2,1) € G3 (o, p). To simplify notations, let k; := ky (0, p) =
6(07 0 )i = id{o, p) and 41 == 110, ).

Let A = {n > 1;j; € {i},i3,...,4, 1 }oriy € {ji,J5,---,Jy_1}} Suppose that (1,2) €
Gy(o,p) and (2,1) € G3(o,p) then k; > 2 and there exists a unique 1 < [ < ky such that
it = 2and j} = 1 so that A is non-empty. Let ' := inf(A) > 2. Assume that ¢/ > 2. If
Jy € {i},i%,...,ip_1}, then there exists ¢/ < ' such that j;, = i}, and since the component
of G; (o, p) containing 4/, has two vertices and by definition (i}, j;;) and (i}, j3») are two edges of
Gy (0, p), then jg = ij. Since (ig, jp_1) = (Jo, jo—1) and (ifn 1, jj) are edges of Gj (0, p) and
since G (0, p) has only connected components of size 2, we have necessarily i/, ; = jji_;. One can
check easily that ¢ < ¢’ — 2 otherwise either G} (o, p) or G3 (0, p) hasaloop. Indeed, if ¢ = ¢' — 2,
then (ifry1, Jpri1) = (p_1sdbrsr) = (Jp—1, Jp—1) isanedge of Gy (0, p) and if " = ¢’ — 1, then
(igrirs Jir) = (Gb_1, i) = (G_1, Jir_1) isanedge of G1 (o, p). This implies that ¢’ —1 € A, which
isabsurd. iy € {ji, 73, .,Jp_1} can be treated using the same techniques and one can extend easily
tol' = 2. O

We now introduce the following notation : given g € G, we denote by
Sy ={0€6,;V(i,j) € E;,0(1) =j}.

In other words, G,, 4 is the set of permutations o such that g is a sub-graph of g, It is not difficult to

prove the two following lemmas.
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Lemma 6.7. Let g1, 4}, ga,---,9: € UG} and let g, ¢’ be such that E, = US_ | E, and E, =

U];:lEg{. Assume that there exists p, o such that

G2 (o, p) = (91,915 92, -+ )

Then for any random permutation p,,, 0,

k
. (ﬂ{an c Gn,gﬂpn S 6%9;}) =P (g{LZ’“-’k}(O-m p”) - (917937927 U ’g;“))

=1
:]P)( i[12 }(Unapn):ga 2{12 }(Umpn):gI)-

Proof. We will only prove the first equality. The second one can be obtained using the same argument.

Let o', p' be two permutations. We have seen that G5 (0”, p') is a subset of g/, so that
G5'(0' ') = G = 0" € Gy,

and that G" (0", p') is a subset of g,-, so that
G’ p) = gm =0 €8,y

Consequently,

k
P (g{1,2,...,k}<o_n’ pn) = (9179,17927 e ag]/g)> S P (ﬂ{an € 6n,gia Pn € 6n,g;}> .

i=1

Now suppose that there exists p’, o’ such that

G2 o! o) = (91, 915 920 - G1)-

Let o, psuch that 0 € N¥_|&,,,, and p € ﬂfz:lGn%. By definition and by iteration on /, one can
check that forany ¢ < k, i, (0", p') = i% (0, p) and j§i (o', p') = ji(o, p). Consequently,

GH2M (o, p) = (91,915 92, -+ 1)

Finally we obtain

k
P (g{1,2,...,k}(0mpn) = (91,91, 92, - - - ,g;)) >P (ﬂ{an € Gy Pn € Gn,g;}> )

=1

Lemma 6.8. For any graph g € G} having f loops, p non-trivial connected components and v non-
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isolated vertices, for any random permutation o, with conjugation invariant distribution on &,,,

Plo.()=1,....00) = f) _ 1 |
(22p) (0 —p)! T () -p)

P(o, € 6,,) <

Proof. By conjugation invariance, one can suppose without loss of generality that the loops of ¢ are
(1,1),(2,2),...(f, f) and the set of non isolated vertices of g are {1,2,...,v}.

If there exist ¢, j, [, with j # [ such that {(4,5) U (4,{)} C E,or {(j,7) U (I,i)} C E, then
S,y = 9. Therefore, if &,, ; # &, then non-trivial connected components of g having w vertices
are either cycles of length w or isomorphic to G,,,, where A5 = [1;—;11]1<i j<uw-

Letg € G} suchthat G, , # @. Fixpverticesxy = 1,29 = 2,...,2¢ = f,2f41,...,7, cach
belonging to a different non-trivial connected components of g. Let 2,11 < Zpo < -+ < x, be

such that {zp+1, ..., 2.} = {1,2,...,v} \ {x1,...x,} be the other non-isolated vertices. Let
F = {(yi)erlSigv; Y; € {1, 2, . ,n} \ {513'1, . .I'p} pairwise diStiI’lCt}.

Giveny = (Yi)p+1<i<v € F, we denote by g, € G} the graph isomorphic to g obtained by fixing
thelabels of x1, 9, . . ., 2, and by changing the labels of x; by y; for p +1 < ¢ < v. Since non-trivial
connected components of g of length w are either cycles or isomorphic to g, if y # 3" € F, then
gy # 9y and by Proposition 6.3, &,,4, N &, , = . Since 0, is conjugation invariant, we have
P(o, € &,4,) = Plon € 6,4,) = P(0, € Gy). Remark also that for any y € [ and any
i < f,(i,4)isaloop of g,. Thus, &, ,, C {0 € &,;Vi < f,0,(i) =i} and thus

ZyGF ]P)(O_n & 6n,gy) _ P(Un & UyGFGn,gy)
card(F) card(F")

P(o,(1)=1,...,0.,(f) = f)
(222) (v —p)!

Plo, € 6,,) = <

]

Lemma 6.9. Let 0, be a random permutation with conjugation invariant distribution on &,, such

k
that, forany £ > 1, lim,,_, E ((#\%") > = 0. Then, forany f > 1,

P(JrlL(l) = 17""071L(f) = f) = O(TL_

Lemma 6.10. Forany p > 1, let g be a graph with p non-trivial components each having 2 vertices.
Assume that at least one of these components is a cycle. Then for any random permutation o, with

conjugation invariant distribution on &,,,

P(o, € 6,,) <
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Proof. Remark that by conjugation invariance, one can suppose without loss of generality that the set
of nonisolated verticesof gare {1, 2, ..., 2p}and that (1, 2), (2, 1) € E,. Using the same definitions
as the previous proof with f = 0and v = 2p and by choosing #; = 1, we have &,,,, C {0 €
Gy;ci(o) = 2}. Thus,

Yyer P(on € Gry,)  Plo, € UyerG,,,)
card(F") B card(F)
_ Plei(on) =2
card(F)
P(ci(on) = 2)

()t

P(o, € 6,,) =

By the previous combinatorial lemmas, we get that the main contribution will come from the fol-
lowing subset of graphs. Let 7, C G}, be the set of graphs ¢ having exactly k non-trivial component

each having one edge and two vertices.
Forexample, 7> = {@@, @@, @@, @@, @@, @@} .Let

Tk be the equivalence class of the graphs of U, T;".

Their contribution is as follows.

Lemma 6.11. Foranyp > 1,n > 2p and any graph g € 7", for any random permutation 7, with

conjugation invariant distribution on &,,,

1 p’—p
(n;p>p! (1 — — pP(o,(1) = 1)) <P(o, € 6,,) < W.

Proof. The upper bound is due to Lemma 6.8 with v = 2p. Using the conjugation invariance, one
can suppose without loss of generality that £, = {(1,41), (2,42),..., (p, i)} wherei; > pareall
distinct. Let

St ={0e6,,Vi<p,o(i)>p}

Remark that P(o,, € &, 4|0, € &, \ 62) = 0.IfP(0,, € &) = 0, then necessarily by

conjugation invariance, 1 — ’i%lp —pP(o,(1) =1) <0.

Suppose now that P(c,, € &P) # 0. We obtain

P(o, € 6,,) =P(o, € 8, 4|0, € &)P(0, € &).
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Using again the conjugation invariance, we obtain

P(o, € &, 4l0, € &) = —<—

and
P(o, € 6?) =1—P(0, € &, \ &)

> 1 -3 Plon(i) < p)

:1_p(MmﬁJ:D+x1—PwAQ;1»@—1n
>1- pQ:f — pP(o,(1) = 1).

6.2 Proof of Lemma 6.1

Proof of Lemma 6.1. Note that Gy, is finite. Therefore, it is sufficient to prove that for any g1, g2 €

Gy, having the same number of vertices, there exist two constants Cj, 5, and C',

1.0 such that for any

integer n,

5 C@h@z

P((G1(0n: pn): G3 (0 o)) = (91, 82))) <

o + O 5 (Plon(1) = 1) +P(pu(1) = 1)).
Let g1, 02 € @k be two unlabeled graphs having respectively p; and py connected component and
v < 2k vertices. Let Bf, ,, be the set of couples (g1, 92) € (G)* having the same non-isolated
vertices such that 1 is a non-isolated vertex of both graphs and, for i € {1, 2}, the equivalence class of

gi is G;.

- Suppose that §; and o do not contain any loop i.e. no edges of type (i, 7). Then p; < § and
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p2 < 5. Consequently,

P((G1 (0, pn), G3(0ns pn)) = (91, 02)))
= Z P((gll(anapn)>gzl(0nvpn)> = (91, 92))

91,92
< Z P(on, € Gy Pn € Cnyg,)
(91,92)€By, o
— Z P(o, € G g)P(pn € &1 yy)
(91792)6B217§2
1 1
S n—pi n—psz
(91.92)€BY, . (=) w =)t (127 (v — po)!
card(thgQ)

(Z:g)(“ - pl)!(f,’:fjj)(v — pa)!
("21)vr
<
(0w =p)! (1) (0 = o)
C

v—1—(v—p1+v—p2) __ p1t+p2—v—1 91,92
<Cyy g7 = Cy, 9.1 < n

- Suppose that §; contains a loop. By Lemma 6.2, if (j’{” (01, 09) = Gy, then there exists j, a fixed

point of oy, such that k; = kand j € {i}",1 <1 < k}. Thus, almost surely,
2 L6 (g pm)=is = kcard({i € fix(o,); ki = k}) < k#1(0,),

where fiz(o) := {i,0(i) = i} is the set of fixed points of 0. Consequently, since o, is conju-
gation invariant,

P ((gAll(Umpn)v gAzl(Um pn)) = (§1,§2)> <P (gAll(Umpn) = gl)
e P (QA{'(JM Pn) = §1)

Similarly, if g, contains a loop, then

P ((G1(n: pa): G3(0ns pn)) = (91,92)) < kB(pa(1) = 1).

O
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6.3 Proof of Proposition 1.14

We will prove in full details first the case m = 2 and extend the proof to a larger number of permuta-

tions in a second step. In the sequel, ,, and p,, will be denoted respectively by o, and p,,.

Proof. We will adapt the proof in the previous subsection. Let v; > 1 be fixed. In the case & = 1,
since C'; = 1, (*) holds if we have:

V41,92 € Gon B ((G1 (0 ) G3 (0 pa)) = (91,52)) = 0” ‘o (1)

n

and

Z C§17§2 =Cr =1

91,02€Go,

Let 1,02 € le be two unlabeled graphs having respectively p; and ps connected components and

v < 2v; vertices. We denote by
pn(gh §2) = ]P)((gAll (Um pn)a gA% (Una pn)) = (glv 92))

Let By, be the set of couples (g1, g2) € (G}, )? having the same non-isolated vertices such that

e 1isanon-isolated vertex of both graphs.
e Fori € {1,2}, the equivalence class of g; is §;.
o There exists 0, p such that G (0, p) = g1 and G, (0, p) = go.

By Lemma 6.7 and H, we have

Pn(01,02) = Z P((gll(ampn)a gé(anapn)) = (91,92))

n
(91792)63‘@1,@2

= Z ]P)(O_n € 6n,g17 pn € 6”,92)

n
(glygz)EBlegQ

(6.3) = P(Un S 6n,g1)P(pn S 67%92)

n
(91792)€Bg1’g2

Starting from (6.3), we now distinguish different cases, depending on the structure of §; and go.

e Case 1: §; and g have respectively f; and f; loops i.e. edges of type (7,7) with f1 + fo > 0.
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Then 2p; — f1 < wvand 2p; — fo < v. Consequently, by Lemmas 6.8 and 6.9,

—fi—fo 1 1

Pu(drB2) = o (n/ 2 ) 2529192 (=) = p0)! (1272) (v = p2)!

(91,92)€BY v—p1

B card(By, ;) n
_(Tgﬂ“_m)cﬁﬁ@—pﬁooz )
(Z_i)U!QO (n I f2>

B (n m) v—p1) (Z:gi)(v — p2)!

v—p1

f1 f2
— p—l-(v=pito— p2)0 <n )

=o(n™ ).

e Case 2: §; and §» do not contain any loop, so that p; < 7 and po < 7. Then, again by

Lemma 6.8,
o 1 1
”@“”)‘@ME%MQ@jgw—pn%$ﬁﬂv—mﬂ
B card(By, ;,)
()= ((2) 0 = p2)!
<Zj)v!2 _0 (nv—l—(v—p1+v—p2)) ‘

<
T ()@ -0 () (0 o)

Therefore, if py < 5,asp; < %1 we have

3

pn(gla 92) = O(n_§)'

The same holds if p, < 7 and the only remaining terms are the cases when p; = § = v;
and po = § = v;. In this case, both graphs have necessarily connected components having

two vertices. By Lemma 6.6, we obtain that the only non-trivial contribution comes from §; =

= '7;,1 . By Lemma 6.11, we obtain

card(BA ~ ) 1 o
A (1-0(5)) <7 To)
(”—Pl)(v_pl)'(v—m)(U_p2)‘ n
card (Bﬂ1 7 )
< 7= - .
()@ =Pl (32 (0 = po)
Moreover, each element of BA ~ can be characterized by a choice of i3, 3, . . . 7. iy It j;l
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pairwise distinctin {2, 3, ..., n}, so that

n—1

o) = —1)!
card (BTU1 7 ) <2v1 1) (2v; — 1)l
Since v = 2p; = 2p, = 2v;, we get that

1+0(1)‘

Summarizing all cases, we get that C, 5, = O unless §; = §o = 7, , in which case

Crdn =L

6.4 Proof of Theorem 1.13 for m = 2

The proof of Theorem 1.13 is similar to that of Proposition 1.14. Instead of studying Qil, we study

gj L2k We will prove using the same argument that only the event
{0,V € 1,2}, 655 (0, p) € Up T}
will contribute to the limit.

Proof of Theorem 1.13 in the case m = 2. Let v=(vy, va, ... vy) be fixed. If Vi < k,¢;(c71p) = v;,

then
1,2,...k 1,2,....k A
L2 ), 8 e pye | G,

pSZle Uk

Since U, < Gy is finite, it is sufficient to prove that for any pair g1, g € U, < Gy, having
the same number of non-isolated vertices, there exists a constant Cy, 4, v such that under the assump-

tions of Theorem .13,

5 5 A A CA ,32,V
P (G 0 ). G (@0 p)) = (31,52) N AL) = “222 0 ().

where Ay := {Vi <k, c;i(0, pn) = v;}.
Let 91,92 € U, < G, be two unlabeled graphs having respectively p; and p, connected

. n,v . . .
components and v vertices. Let B G110 be the set of couples (g1, g2) with n vertices, having the same

non-isolated vertices such that

- 1,2,..., k are non-isolated vertices of both graphs,
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- fori € {1,2}, the equivalence class of g; is g,
- there exists o, p such that fori € {1, 2}, gi{l’Q""’“}(a, p) = giand ¢;(c71p) = v;.

As before, we denote by
A A 5{1,2,...k 5{1,2,....k A A
Do (G1,2) =P (G120, pa), G52 (00, p0)) = (91, 52) N Ay )

and we have

A A 1,2,....k 2,k
Pav(@, ) = S PUGE M 0, 00), 3P (00, 00) = (91, 92))

(g1 792)€Bgl,g2

= Z ]:P)(O-n € 6n,g17pn € 6”,92)
(91792)63;}1’:‘12
= ]P)(O-n E 6n7gl)P(p’n e 6n,g2)'

n,v
(gl ,92)€Bg1’g2

Starting from there, we distinguish different cases:

e Case 1: §; and g have respectively f1 and f; loops i.e. edges of type (7, 7) with f; + fo > 0.
Then 2p; — f1 < wvand 2p; — fo < v. Consequently, by Lemmas 6.8 and 6.9,

card(B;". ) —f1=f
Pav(91:G2) = 7— o~ 0 (n 2 )
(o) @ =0l 0 = pa)!

—f1—f
(”_k)v!20 (n B 2)
v—k

<
- (Z:gi)(“ - Pl)!(ff:,fj) (v—p2)!

ke (v— _ —fi-fa _
— pu—k—(=p1tv—p2) (n z ) = o(n™").

e Case 2: §; and g do not contain any loop. Then p; < § and py < 5. Consequently,

card(B}Y, )

91,92
") (w— p) (272 (0 — )]
(Z:g)v!Q
T () = p)!(027) (v = o)
< C’]’L’U—k_(v_pl‘f"u—pg).

pmV(Ql, §2) < (

Therefore, if p1 < § orpy < § then ppyv(91,92) = o(n=F). The only remaining terms
are the cases when p; = 3 and p; = 7. In this case, both graphs have necessarily only con-

nected components having two vertices. Assume that one of the two graphs has a cycle. Then,
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by Lemma 6.10, we have

Z (P(ci(oy) =2) + Plei(pn) = 2))
ey, (o) 0=l (050) (0 = p2)!

< C(P(er(0n) = 2) + Plci(pn) = 2))n7".

pn,v(gla §2) S

Under Hy, we have P(cy(0,,) = 2) + P(c1(pn) = 2)) = o(1) so that p,, v (G1, §2) = o(n ")

as soon as one of the graph has a cycle.

As before, the only non-trivial contributions come from the cases when §; = §» = 7, for some

p < 3F | v; and by Lemma 6.11, we obtain

card( E’VA) .
it e (0 (G)) S (5 7)

v—p1 v—p2
card (BE’ ~ )
T

ps/p

< .
T ()@ -0 () (0 o)

One can conclude since, for any n > 2p,
card(B’i’VA ) = card( Y ) n—k
707 77 \2p — k

and consequently, forany p < 3% v,

card (BQAP’VA>

~ ~ — p’p

Ty (2p— k)

and Cy, 5, v = 0, as soon as (g1, §2) ¢ {('7;, 7;),]) <yk, Ui} . As the constants Cy, 4, v do not
depend on the distributions of o, and p,,, this concludes the proof of Theorem 1.13 in the case of two

permutations. O

6.5 Proof of Theorem 1.13 form > 2

To extend to m > 2, we will proceed by induction on the number m of permutations. Our main

argument is the following lemma.

Lemma 6.2. Let (0} )u>1,(02),>1 be two sequences of random permutations such that

foranyn > 1,0, 02 € G,,. Assume that

- Foranyn > 1, ol and o2 are independent.

- Foranyn > land/ € {1,2},foranyo € &,,,0 'olo 4 ot.
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- Forany k > 1,

1 E 1
#1%% —>Lk 0 and lim 7(#2 %n) =0.
\/ﬁ n—o0 n—o0 n
Then,
1.9 E 1.2
(6.4) #1000%0) 1,0 g g B0

\/ﬁ n—00 n—00 n

Sketch of proof. We will only give a sketch of the proof. The idea is to repeat the same study as in the

case m = 2 in the two particular quantities.

e Takek > landv; = vy = - -+ = vy = 1. One can show that, under the hypothesis of Lemma

6.12,

: EmyA{1,2, 0k} 1 2\ (A Al A N
nh_>r20 Z n2P(g <0n7an) - (g17gl7927 - gk)) =0.

9:,91€G1,1<i<k
This leads to the first limit in (6.4).

e Take k = 1and v; = 2. One can show that, under the hypothesis of Lemma 6.12,
V1,92 € Go. lim P((G} (03, 07),G3 (03, 02)) = (91:§2))) = 0.

This leads to the second limit in (6.4).
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Global convergence for RSK and longest common

subsequence

"Tout mathématicien digne de ce nom a connu, parfois seulement
a de rares intervalles, ces érats d’exaltation lucide on les pensées
s'enchainent comme par miracle, et on linconscient (quel que soit
le sens qu'on attache a ce mot) parait aussi avoir sa part. [...] A
la différence du plaisir sexuel, celui-la peut durer plusienrs beures,
voire plusieurs jours ; qui la connu en désire le renonvellement mais
est impuissant a le provoguer, sinon tout au plus par un travail
opinidtre dont il apparait alors comme la récompense ; il est vrai
que le plaisir qu'on en ressent est sans rapport avec la valeur des dé-

convertes auxquelles il s associe.”

André Weil
Contents
71 Uniformecase . . . . . .. ... e 100
7.2 Invariant random permutations: a conjecture and some proofs . . . . . .. . .. 101
73  Proofof Theorem7.4 . . . . . . . . . . . . . . .. 102
7.4 Longestcommon subsequence . . . . ... ... L L 105
Generaltools . . . . . . . . .. e 106
Proof of Proposition 1.8 and Corollaryr.g . . . . . ... .. ... ... 109
Proof of (1.4), Theorem r.10 and Propositionrar. . . . . ... ... .. 2
7.5 Proofof Theorem1y . . . . . . . . . . . ... . . ... 17

In this chapter, we recall the Vershik-Kerov-Logan-Shepp convergence. We generalize this result

to conjugation invariant random permutations with few number of cycles. For a general conjugation

invariant random permutation, we conjecture that the limiting shape depends only on the distribution

© 2020 Tous droits réservés.

99 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

Chapter 7 — Global convergence for RSK and longest common subsequence

of fixed points. The four first sections of this chapter contain already known results as well as proofs

in (Kammoun, 2018; Kammoun, 2020). The proof in Section 7.5 is new.

7.1 Uniform case

The typical shape under the Plancherel measure was studied separately by Logan and Shepp (1977)
and Vershik and Kerov (1977). Stronger results are proved by Vershik and Kerov (1985). In 1993, Kerov
studied the limiting fluctuations but did not publish his results. See Ivanov and Olshanski (2002) for
further details. Let L (o) be the height function of A(0) rotated by ‘%r and extended by the function
x — |z| to obtain a function defined on R. For example, if A(0) = (7,5,2,1,1,0) the associated

function L), is represented by Figure 7.1. For the Plancherel measure we have the following result.

—7—6-5-4-3-2-1 1234567

Figure 7.1 L(7’5’271’17Q)

Theorem 7.1. (Vershik and Kerov, 1985, Theorem 4)

1 P
sup |[——~Lx. . sv22n) —Q(s)| —— 0,
SEIE \/% ’\( unzf,n) ( ) ( ) N—00
where
a(s) 2(sarcsin(s) + V1 —s?) if[s| <1
s) =

B ifs| >1

Under weaker conditions than those of Theorem 5.7, we show a similar result. For the remainder
of this paper, we will refer to this limiting shape as the Vershik-Kerov-Logan-Shepp shape. This con-
vergence is closely related to the Wigner’s semi-circular law. For further details, we recommend (Sodin,

2017) and (Kerov, 2003, Chapter 4 Section 2).
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80 A

70 1

60 -

50 1

40 -

30 A

20 A

10 A

-80 -60 -40 -20 0 20 40 60 80

Figure 7.2: A simulation for shape of a random Young tableau uniformly chosen according to the
Plancherel measure.

7.2 Invariant random permutations: a conjecture and some proofs

We conjecture the following.

Conjecture 7.2. Let (0,,)n>1 be a sequence of conjugation invariant random permutations. We have

(7.1) sup 2\1/510\(0”) (23\/%) -

seR

a(s) 2(sarcsin(s) + V1 —s?) if|s| <1
s) = :
|s] if |s| > 1

Conjecture 7.2 is equivalent to the following conjecture.

Conjecture 7.3. Let (0,,),>1 be a sequence of conjugation invariant random permutations. Assume

that
n n—oo
Then

1 P
sup |—7Lx,.) [sV2n) — Q(s)| —— 0.
se]g \/% Alon) ( ) ( ) n—o0

This result is proved in the case of the uniform distribution on involutions by Méliot (2011). We
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prove the particular case of (Hmv 1

Theorem 74 Under (Hznv 1)

1 P
VKLS sup |[——>~Lxw) (sV2n) — Q(s)| —— 0,
( ) SE]E m Alon) ( ) ( ) n—00

Consequently we obtain the following

Proposition 7.5. Assume that the sequence (07, ),,>1 of random permutations is conjugation invariant

and

(7.3) o) _n#l(gn) n—[z)oo/ 0

Then

(7.4) Sup 2\/_ (28m> —\1- #ISH)Q(S) n—E:oo 0,

Using the same technique, the result of Méliot (2011) implies this corollary.

Proposition 7.6. Assume that the sequence (0,,),,>1 of conjugation invariant random permutations

and
(7:5) 1— #1(7) ——0
n n—o00
Then
(7.6) sup |—=1L (25\/71—# (o ))— 1—#1((7")(2(5) L0
7 se[g 2\/_ Alom) 1\¥n n n—oo

We will not prove the equivalence between Theorem 7.4 and propositions 7.5 and between the
result of Méliot (2011) and Proposition 7.6 since they can be obtained by the same technique as the

proof in Section 8.s.

7.3 Proof of Theorem 7.4

The statement is the same as in (Kammoun, 2018) and the proof is almost the same. Let (O, 7, /) be
the canonical frame of the Euclidean plane and @ := g (Z+7), 0 := g (—Z).Let A € Y,,. Using
the convention \g = 00, let 6 be the curve obtained by connecting the points with coordinates
(0,0), (0, A1), (1, A1), (L, A2), ..., (4, A\i), (4, Aix1), - - . in the axes system (O, #, U) as in Figure

7.3. By construction %) is the curve of L. This yields the following.
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—
Lemma7.7. Letar, B € Nand A the point such that OA = ol + BU. If A € €, then

(77) )\aJrl S 6 S )\or

Figure 7.3: €5 for A = (7,5,2,1,1,0)

We have also the following result.

Lemma 7.8. Foralli € 7Z,
(7.8) — L

s
Proof. Let M be such that OM = s;U+ s90. By construction, if M € €, then sy, s, > 0 and either
51 € Nor sy € N.If we apply this observation to M defined by

OM = ?aﬂ L, <\f@> 7= (?LA (é%) + ;) 7 + (?LA (é%) _ ;) 7

we obtain (7.8). ]
To prove Theorem 7.4, our main lemma is the following.
Lemma 7.9. Let n,mec N*, A= ()\i)izl S Yn,,u = (,ui)izl < Ym Then,

Z()‘k — )

k=1

(7.9) sgﬂg (La(s) — Lu(s))* < 41512215(

S

Proof. Note thatforanyi € Z, s — Ly(s)and s — L,,(s) are affine functions on {?2, 2 (i + 1)}

and thus (7.9) is equivalent to

P (LA (z’ “hulg)) s Amax
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8 «
74
6|
5 |
k4 = —1 W k=2
9 |
L
€I,

6 -5 -4-3-2-19°9 1 2 3 4 5 6

Figure 7.4: An example where A = (7,5,2,1,1,0) and o = (4,4, 3,3,3,1,0)

Let i € Z. It follows from Lemma 7.8 that there exists k; € Z such that,

L, (?) — Ly <ﬂ> = V2.

2!

To simplify notations, we denote

&I

ji=+/2L, (22@> eN.

Let A and B be the points such that

itj i
9 U+ 5 U,

2, , W g +2k ., g—i+ 2k
O?:\g_(zx%—(j%—%i)y): ‘72 i+ 5 v.

— 2
OA := \é_(if+j§) =

Clearly, A € €\ and B € 6),. By Lemma 7.8, %, j2;’ € N. We can then apply Lemma 7.7. In the

case where k; > 0, we have
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Using the fact that (\;);>1 and (44;);>1 are decreasing, we have,

l HrTJ-H% Hj +k;
2n;1>alx M=) > Y wm—-N> Z Pt g, — /\#Jrl > k2.
- k=1 =141 =541

Similarly, in the case where k; < 0,
l 2 2 )
—Zmax — — i+j — iy < —k7.
Z (Ak = ) _ Z =A< Z fridi g — Aika < K

k=1 l:%+1+ki 1= 414k
This yields

)

> (e — )

k=1

4 max
i>1

> max (\/ikz)z = sup (Lx(s) — Lyu(s))”.

seR

Proof of Theorem 7.4. Using Lemma s.11, forany o € &,,, forany p € final(o)’,

i

S (n(0) = A <p>>‘ < 2(#() - ).

k=1

(7.10) max

We wan to apply Theorem 2.1. Let now F be the set of continual diagrams i.e the set of 1-Lipschitz

real functions g from R to R such that Ja,b > 0s.t. Vo ¢ [—b,b],g(z) = |x — a|.Forg,h € F,
Ly (sv20)

A

we denote by dp(g, h) = supg |h — g|. Foro € &, f(o) is the function s — = —. So that
[ is afunction from &, taking values in the metric space (F, dr). If we choose 0y = Tunifn and
 to be the function 7, we have by Theorem 7.1 that
P

f(Orepn) =2 .

By Lemma 7.9, forany 1 < k <n
k—1
(7.11) eni(f) <2 -
n

So that Theorem 2.1 gives the conclusion. ]

7.4 Longest common subsequence

We will recall here the proofs in (Kammoun, 2020). In particular, we prove (1.4), propositions 1.8 and r.11,

Corollary 1.9 and Theorem 1.10.

' final(o) is defined in Chapter 2
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7.4.1 General tools

We will present in this subsection some control results related to the longestincreasing subsequences.
Those controls will be the main tools to prove the results presented in Chapter 1. The study of the
longest common subsequence is strongly related to the notion of the longest increasing subsequence.

More precisely, we have the following classical result. Forany o, p € &,,,

(7.12)
LCS(a,p) = LCS(c ™t oo,07 o p) = LCS(Id,, 0 o p) = LIS(c ' 0 p) = LIS(p 0 o).

To prove our results, we will use the Markov operator 7" defined on &,, and associated to the

14, (p)

where
card(As) } 0,0EGn

stochastic matrix [

{o} if #(0) = 1

A, = .
{p€Gn 07t op={(ir,iz) 0 (ir,43) -+ 0 (i1, ip()) and #(p) = 1} if#(0) > 1

T" is then the Markov operator mapping a permutation o to a permutation uniformly chosen at ran-
dom among the permutations obtained by merging the cycles of o using transpositions having all a
common point. Note that A, is not empty since any choice of one point in each cycle gives a possible

(41,12, ..., 1#(s)) and a resulting permutation p. We obtain then the following control.

Lemma 7.10. For any permutation 0 € &,,, almost surely,

(7.13) max > (Ai(0) = X (T'(0))| < #(0).

=1

In particular, almost surely,

(7.14) ILIS(T"(0)) — LIS(0)| < #(0o).
Moreover, for any conjugation invariant random permutation 0, on &, the law of 7"(o,,) is Ew(0).
Note that using Theorem 7.4,

\/12_nL)‘(UE“”O’") (s Qn) —Q(s)

LO.

n—o0

(7.15) sup
seR

Proof of Lemma 7.10. Let The Markov operator is not exactly the same but the proof is similar to
that of Theorem 2.1. Let 0 € &,, be a permutation. Let p € final(o). By definition of LIS(0), there
exists i1 < ip < -+ < ipgg(e) such that o(iy) < -+ < o(inig(e)). Let p = 0 0 (j1,72) © (J1,J3) ©
-+ 0 (J1, j#(o)) be a permutation with a unique cycle and 47,4, ..., 4/, be the same sequence as

i1,12, . . ., iLIS(0) after removing ji, j2, ..., jz(o) if needed. We have LIS(0) —#(0) < mando (i) <
e < o(i,). AsYi & {71, 92,5 Jwe) b p(i) = 0(i), so that p(i}) < --- < p(ir,). Therefore,
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m < LIS(p) and LIS(0) — LIS(p) < #(0). We can obtain the reverse inequality in (7.14) using the

same techniques. Now let k > 1and {’il, i2, ey Z } € Ji(0). Greene’s theorem guarantees
the existence of such integers. Let ¢, 45, . .., ., be the same sequence as iy, %z, . . . , iZL ) after
removing ji, jo, ..., j#(o) if needed. We have {21, i, ..., € Jr(p) and we conclude as in the

proof of (7.14). To prove the last part of this result, one can check that the law of 7"(0,,) is clearly

conjugation invariant. Indeed, let o, p € G,,.

P(T'(0,) = 0) = L)1 &ezen 1”%%
z e
= Li(pooop1)=1 &EZG" 1p000pleAaW

=P(T"(0,) =pocopt).

Moreover, by construction, almostsurely, #(7"(0,,)) = 1. Consequently, the law of 7" (¢, ) is Ew(0).
0

The key control lemma will be the following.

Lemma 7.11. For any permutation 0 € &, for any o > 0, almost surely,

(716) iww —av/), - iuﬂ'(a)) — av/i)| < #(0),
(7.17) sup {k eN, i(Ai(T'(a)) } <L
(7.18) and sup {k e N, Z } <L

Proof. We prove first that

>~ (lo) — avi)s — S Ou(T'(0)) — avi): < #(o).

If A\ (o) < ay/n, the inequality is trivial as the right-hand side is non-negative and the left-hand side
is non-positive. Otherwise, let k := max{j > 1, \;(c) > ay/n}. We have

i:w(a) ~ i) = 3(o) ~ v, + ; () =i, = X ((0) v
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and
i(ki(T’(U)) —ayn); > ;(/\i(T'(U)) —ay/n)y > ; (N(T'(0)) — /).

We obtain then

iww /) — i(W'm) ~ Vi) 3 Ao) = M(T'(@)) < #(o).

The reverse inequality in (7.16) is obtained by exchanging the role of o and 7"(¢). Finally, Using the
equivalence between {LIS(0) > k} and {32, (Xi(0) — k)1 > 0}, (7.17) and (7.18) are a direct
application of (7.16). O

Lemma 7.11 implies the following asymptotic control.

Lemma 7.12. Forany 0 < v < 2, foranye > 0,

(7.19) P <Z?:1<)\i(aEw’0’n) mlAVADR > 2G(7y) — 8) — 1,

n

where we recall that G is defined in (1.5). Consequently, for any o < 2, there exist 3 > 0 and n, > 0
such thatforanyn > n,, for any conjugation invariant random permutation o,, satistying E(#0,,) <
nf, we have
E(LIS(0)) > av/n.
S (ile) V)
2n

Proof. Thisis a direct application of (7.15). One can see that is the area of the region

delimited by the curves of the functions  — |z|,z — v+ zand z — %ﬁ, see Figure 7.5.

By construction, this area is equal to

L (B p3)

By (7.15),

/1 (LA<awa/%8\/%)_‘ 7‘ 7>+ P

-1

We can conclude then that

Z?:l()\i(o-Ew,O,n) — ’7\/5)+ o o0 LA(UEw,o,n)(SV 2n) ¥ ¥
=2 —s+=|—=] ds
n —00 V2n 2 2 N
U (La@puo.n) (5V20) sl P
> 2/ Ew,0,n o ’ ’ ! d 2
=) ( NeT tolmg) IS0

This yields (7.19).
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Figure 7.5: A =(7,2,2,1,1,0)andy =1

Note that it is not difficult to prove that

n— )\z n) —
L) =W e oo
n n—oo
We skip the proof here as we only need (7.19) in the sequel.
Nowletar < v < 2, > 0and 8 > O such that 1 — % —&> % Using (7.19), we obtain the

existence of 1, such that for any n > ng,

nO(T _
p(CRTED 0 o),
Since {LIS(0) > k}isequivalentto {}>_7°,(\;(0) — k)+ > 0} and by Markov inequality, we obtain

E(LIS()) > 7VrP(LIS(,) > 7/7)
2 i (BT ) =0V, ) #00) )

)
n n

zvﬁ<1—(fw—a>za¢ﬁ.

7.4.2 Proof of Proposition 1.8 and Corollary 1.9

The key Lemma to prove Proposition 1.8 and Corollary 1.9 is the following.
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Lemma 7.13. Forany k& > 2, there exists C, C" > 0 such that for any n > 1, for any independent

random permutations o,, and p,, with conjugation invariant distributions,

C
P (c1 ((0a) " 0 pa) =k) < = + C'(B(on(1) = 1) + Ppa(1) = 1)),
where ¢,,(0) is the length of the cycle of o containing m.

Proof. Wewill use in this proof the graphs we have defined in Chapter 6. Note that Gy is finite. There-
fore, it is sufficient to prove that for any g, g2 € (@k having the same number of vertices, there exist

! .
two constants Cy, 5, and C - such that for any integer n,

A

P«gll(ampn)a gAQI(Umpn)) = @17@2))) < Cg;bm + Cél,gg(lp)(gn(l) = 1) + P(pn(l) = 1))

Let g1, 02 € @k be two unlabeled graphs having respectively p; and p, connected components and
v < 2k vertices. Let Bf, ,, be the set of couples (g1, 92) € (Gf)* having the same non-isolated

vertices such that 1 is a non-isolated vertex of both graphs and, fori € {1, 2}, the equivalence class of

gi s g;.

- Suppose that §; and o do not contain any loop i.e. no edges of type (i, 7). Then p; < § and

p2 < 3. Consequently,

PGl (00, pn): G3(0n pn)) = (§1,02))) = > P((G1(0n. pn), Ga(0n, ) = (91, 92))

n
(91792)€Bg1,g2

< Z P(o, € SpgisPn € GH’QQ)
(91,92)€B], .
— P(o, € G g,)P(pn € &1 yy)
(91,92)€B, o
(n—v)! (n—uv)!
(91.92)€BY 4 (n —pi)! (n — p2)!
(n—2v)! (n—uv)!
(n—p)! (n —py)!
_ _ | . ]
< <n 1>v'2 (n=v)! (n—v)

v—1)" (n—p)!(n—py)!

v—1—(v—p1+v—p2) _
<Cy, g1 = Cy

<

=card(BY ;)

91,92

Cgl )92

n

p1t+p2—v—1
1,92T <

- Suppose that §; contains a loop. By Lemma 6.2, if G7*(0, p) = §1, then there exists j a fixed
pointof o such that k; = kand j € {i}",1 <1 < k}. Thus, almost surely,

n

> Lgi (o pmy—in < Kk card({i € fix(on) : kj = k}) < k #1(0n),
i=1
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where fix (o) is the set of fixed points of 0. Consequently, since 0, is conjugation invariant,

P ((G1(n: pa): G3(0ns pn)) = (91,92)) <P (Gl (0w, pa) = 1)
i1 P (gAi (Ons pn) = gl)

n

E(#1(0n))

Similarly, if g2 contains a loop, then

P (G} (s pn), G3 (s pn)) = (91, 52) ) < KP(pn(1) = 1),

This concludes the proof.

We will now prove Proposition 1.8.

Proof of Proposition 1.8. Suppose that for any n > 1, 0,, and p,, are independent and that they are

both conjugation invariant.

- Assume that
lim inf VnP(o,(1) = 1)P(pa(1) = 1) > a.

In this case,

lim inf E(LCS(on, o)) > lim inf
> lim inf v/nP(0,(1) = 1)P(p,(1) = 1) > a.

n—oo

- Assume that
lim max(P(c,(1) =1),P(p,(1) =1)) =0.

n—0o0
In this case,

= P(o,(1) = DP(pa(1) = 1)
(1= Pon(1) = )(1 = Bp,(1) = 1))

n—1

=o(1).
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For any conjugation invariant random permutation 0, on G,

o) =E (3 s ) = 28 (s ) =2 ().

and forng 1= L%J + 1, with the same [ as in Lemma 7.12,

D) - S L p(er(o) = 4
< P(ci(on) =1) + f: P(ci(o,) = k) + 1+ 1 i P(ci(0,) = k)
k=2 e k=ng+1
<Plo,(1)=1)+ ];zp(cl(an) =k)+ "y

Consequently, under (7.2), by Lemma 7.13, we have

E(#(onop,) o1
n T ng+ 1

+o(1) < B+o0(1).

Hence, we obtain Proposition 1.8 thanks to Lemma 7.12.

O
Proof of Corollary 1.9. This is a direct application of Proposition 1.8. In fact, if
V2
P(o,(1) = 1 ,
(o) =1) 2 32
then
lim inf VnP(o,(1) = 1)P(p,(1) = 1) > 2.
Otherwise,
Jim max(P(0,(1) = 1),P(p,(1) = 1)) = 0.
O

7.4.3 Proof of (1.4), Theorem 1.10 and Proposition r.11.

By observing that if ¢,, and p,, are independent random permutations with conjugation invariant

.. . -1 . . . . . . . . .
distributions then o, * o p,, is conjugation invariant, proving (1.4) is equivalent to prove the following.

Theorem 7.14. For any sequence of conjugation invariant random permutations {0y, },>1,

L E(UIS(0,)
héll)g)lf Tn _2\/5

© 2020 Tous droits réservés. 112 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

7.4. Longest common subsequence

The argument will be by comparison with the uniform measure on &,, and the uniform measure
on the set of involutions. We will use the uniform permutation on &,, if we have few cycles. Otherwise,
we will use the uniform measure on the set of involutions since it has approximately 7 cycles with high
probability. In this section, we denote by &2 := {0 € &,,,0 0 0 = Id,} the set of involutions of
S, and 0y, 2 uniform random permutation on &2. The distribution of A(¢y,.,) on the set of
Young diagrams Y, is known as the Gelfand distribution. For our purpose we recall that (Méliot,

2011, Theorem 1) guarantees that

1 P
sup |——L (o, sv22n) — Q(s)] —— 0
se]l}g \/% >\( 7,nv,n) ( ) ( ) Nn—00

and one can find of prove that

E(#1(0n))

lim ————~ =1

n— 00 \/ﬁ

in (Flajolet and Sedgewick, 2009, Page 692, Proposition IX.19) which yields the following result.

Lemma 7.15. If 0, is conjugation invariant and supported on &2 then

oo i ELIS(0))
1 f———= > 2.
N T

Idea of the proof. If E(#li\/(g")) > 2 the result is trivial. Otherwise, the technique of proof is identical

to that of Lemma 7.12. Going back to Lemma 7.10, we replace A, by
A:; = {P S Gny 0 =po (7:17 Z2> 0--+0 (i#l(a))—hi#ﬂa)))’ #l(p) = 0}
if n is even and by

Ay ={p € &n0=pol(iriz) o0 (ig ()2 igi(0)-1): #1(p) = 1}

1Ag (p)
card(Ag)

ifnis odd. We denote by 7" the Markov operator on &2 associated to the stochastic matrix [ ] .
0,pE62

It means that we merge couples of fixed points to obtain the uniform distribution on permutations
having only cycles of length 2 when n is even and having a unique fixed point when n is odd. Similarly

to that we did in Lemma 7.10, for any permutation o, we have the following.

- Almost surely,

ILIS(T" (o)) — LIS(0)| < #1(0).

- More generally, almost surely,
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Moreover, if 0, is conjugation invariant, the law of 7" (¢,,) does not depend on the law of ,,. Con-

sequently, Lemma 7.15 follows using the same techniques as in the proof of Lemma 7.12. O
For our purpose, one can obtain then a lower asymptotic bound.

Proposition 7.16. Let {0, },>1 be a sequence of random permutations each one being conjugation

invariant. Assume that there exists a sequence ([3,,),,>1 such that

35, P = F00,

and forany n > 1,

P(#1(02) > Ba) = 1.
Then

.. E(LIS(0y,))
hm lnf _— L > D,
n—00 R /571 -

Proof. Giving A C N finite, we denote by & 4 (resp. G?) the set of permutations (resp. involutions)
of A. A random permutation o 4 supported on & 4 is called conjugation invariant if forany o € & 4,

1

o004 00 " isequal in distribution to 0 4.

Fix ¢ > 0. By Lemma 7.15, there exists ng such that forany A C N with ny < card(A) < +o0, for

any random permutation & 4 supported on G?A conjugation invariant,
B(LIS(5,))

\/card(A)

Let 0,, be a conjugation invariant random permutation and o7, be the restriction of o, on fiz(c?2).

>2—c.

In particular, almost surely LIS(07,) < LIS(0,,). One can see that for any A C [n] such that
P(fix(o2) = A) > 0, forany 61,69 € S,

(7.20) P(o! = 61|fiz(02) = A) =P(0], = 65061065 " |fiz(c?) = A).

Consequently, if 5, > ny,

_ y EWSElfied) =4
\/E |Al>Bn \/E

P(fiz(o2)=A)>0

P(fiz(oy) = A)

card(A )
> Y ooy R - 4)
|Al>Bn n
P(fiz(02)=A)>0

> Y (2—e)P(fiz(cr) =A)=2—c¢.

|A|>Bn
P(fiz(02)=A)>0

This yields Proposition 7.16. U

© 2020 Tous droits réservés. 114 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

7.4. Longest common subsequence

We will now prove Theorem 7.14.

Proof. In this proof, we use the following convention. Let A, B C &,,and f : &,, = R.If P(0,, €
A) =0, weassign P(0,, € Blo, € A) = 0andE(f(0,)|0, € A) =0.

We have*

E(LIS(0,)) = E (LIS(an)

#(on) < Chs 9)n> P <#(0n) < (2+9)">

s s - £ i 250)

Since the condition on the number of cycles is conjugation invariant, it is sufficient to prove Theo-

rem 7.14 in the two particular cases.

(2+0)n
6

- Assume that almost surely #(0,,) <

P <L1§/(gn) - ,y) > P( ?;KMT(U;)) SMAVAOESN 229> '

. By Lemma 7.11, forany 0 < v < 2,

AsT(0,) is distributed according to the Fw(0), by choosing ¥ = 2v/8 — ¢ for some & > 0in

Lemma 7.12, we can conclude that the right-hand side goes to 1 as n goes to infinity.

(240)n

- Assume that almost surely #(0,) > =5

. We can write,

E(LIS(0,)) = E(LIS(0,,)|#1(0) = 2Vn0)P(#1(0,) > 2Vn)

E(LIS(0,)|#1(0,) < 2Vn0)P(#1(0,) < 2vnb).

+

Clearly, if P(#1(c,,) > 2v/nf) > 0, then
E(LIS(0,)|#1(0,) = 2v/nf) > 2v/né.
One can check easily thatforany o € G,
#1(0%) > 64(0) — 344(0)) — 2n.
Consequently, under the condition #1(0,,) < 2v/n8,, almost surely,

#1(02) > On — 6V0n.

*We recall that 6 is the same as in (1.4).
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We can then conclude by Proposition 7.16 that if P(#; (0,,) < 2v/nf) > 0, then

lim inf E (LIS(0,)|[#1(0%) < 2V0n)

> 2.
e nb — 6vnb

Thus, if P(#1(0,) < 2vnd) > 0, then

B (LIS(ow)|#1(0n) < 2v/nb)
h}{gg’lf NG > 2V/0.

The proofs of Theorem 1.10 and Proposition 111 are based on the following observation.
Lemma 7.r7. For any permutations o, p, almost surely,
ILCS(0, p) — LCS(T'(0), p)| < #(0).

The proof is identical to that of Lemma 7.10. This guarantees the convergence when one of the

permutations follows the Ew(0) distribution.

Lemma 7.18. Assume that 0 gy, 0., and p,, are independent. Then

L —9
lim IP( CS(08w0m Pn) =2V _ s) = Fy(s),
n—oo ,n,g

lim E (LCS(O’Ew’O’n, pn)) —9 and LCS(UEw,O,nv pn) P

Proof. Note that if 0, is distributed according the uniform distribution, one can see that the inde-

> 2.

pendence between 7, and p,, implies that o, * o p,, follows also the uniform distribution. In this case,

[

(721)  lim P (LCS(""”)Q‘) —2n s> — lim P <LIS(U") —2vn s> = Fy(s),

ol

(7.22) lim

and

(7.23) LCS(0n, pn) a LIS(0n) B 5
723 NG T /n now
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The second equality of (7.21) is due to Baik, Deift, and Johansson, 1999 and the second equality of
(7.22) and the convergence of (7.23) are due to (Vershik and Kerov, 1977). Hence, one can conclude

by Lemma 7.17 since

E(#(0n)) = log(n) + O(1)
and LCS(0 w01, Pn) is equal in distribution to LCS(T” (), pn)- O

Using again Lemma 7.17, Lemma 7.18 implies Proposition r.11 since 7" (0, ) is distributed according

to Ew(0). Finally we give a sketch of proof of Theorem 1.10.

Sketch of proof of Theorem 1.10. Using the same technique as in Lemma 7.12, we can prove that for

any € > 0,
L
IP) CS<Umpn) > G—l #(Un) +€ —¢ 1
\/ﬁ mn n—00
Consequently,
E(L

lim inf Z2C5 (0 p0)) o <G‘1 (hm in 7 (n) )) .

Since G~ is convex, we can conclude using Jensen’s inequality. O

7.5 Proof of Theorem 1.7

Theorem 1.7 is clearly a direct application of Proposition 2.24. Moreover, since this proof combines

the techniques we already used we will give only a sketch of the proof.

Sketch of the proof of Proposition 2.24. Before we start, let
0 :=4—+13 and 0" :=2(1—0) =260 —2=2V13-6=121....

Asin the previous subsection one can examine only the case where almost surely #1 (0,,) < 6”+/n.

We distinguish two cases.

e Ifalmost surely #(o,,) > né'.
We recall that

#1(0”) = 67£(0) — 34£1(0) — 2n.

Consequently, under the condition #1(0,,) < 6”\/n, almost surely,

#1(02) > n(60' —2) — 30'/n.
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We can then conclude by Proposition 7.16 that

lim inf E (L1S(00))
e In(60" — 2) - 30'y/n

> 2.

Thus,

lim inf E (L15(ev)) (L1S(on))

> 260 —2=10".
n—00 \/ﬁ -

e Ifalmost surely #(0,,) < n#'. Using Lemma 5.13 for k = 1, we obtain that forany ¢,¢’ > 0
there exists g such that for any n > ny, for any conjugation invariant random permutation

0, such that almost surely #(0,,) < n#’,
P(LIS(0,) > 2v/n(1 =0 —¢)) > 1 —¢.

Consequently,
lim inf E (LIS(o))

>2(1—0)=46"

This concludes the proof.
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"En mathématiques, on ne comprend pas les choses, on s’habitue

seulement a elles.”

John von Neumann
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We give in this chapter some examples of conjugation invariant random permutation that satisfies

(H?nv,a) for some choices of parameters. In particular, one can apply Corollary 2.s.

8.1 Ewens

Definition 8.1. Let ¢ be a non-negative real number. We say that a random permutation o gy, ¢, fol-

lows the Ewens distribution with parameter  if forall o € G,,,

g#(o)-1

8. P w,0,n — = Fn—1/n0 . \°
( I) (UE ,0, J) ;1:11(9_’_1)

Note that when 6 = 1, the Ewens distribution is just the uniform distribution on &,,, whereas
when 6 = 0 we have the uniform distribution on permutations having a unique cycle. For general 0,

the Ewens distribution is clearly conjugation invariant since it only involves the cycle structure of 6.

We want to recall the interpretation of the Ewens distribution via a nice stochastic process known

as "the Chinese restaurant process". Suppose that there are an infinite number of circular tables with
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infinite capacity.
e Att = 0, all tables are empty.

o Att = 1, the person "1” comes and sits in the first table.

1

O

o Att = 2, the person ”72” comes and sits in the table near person 1 with probability 1—J1ﬂ9

()

and sits alone in a new table with probability %.

1 2

e Att = n, the person "n”

n” comes, she/he chooses to sit alone in a new table with probability
57n—1 and inan occupied table ¢ with probability

51> Where B is the number of persons at
the table . In this case, she/he chooses her/his position uniformly in gaps between two persons.

For example, if we have the following configuration’,

4 3
(O O
att = 5, the probability to switch to each of the following configurations

0O 0O O C
‘ol

.1 .1 .
is 572 and the probability to switch to

'we omitted empty tables
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O O O

To obtain the associated permutation to a configuration one reads the elements on each non-

empty circle counterclockwise to get a cycle. For example, to the configuration

is equal to 4i 7

Ioxe

we associate the permutation (1,4, 2)(3, 5).

Using the Chinese restaurant process description of the Ewens distribution, it is obvious to see that

the number of cycles # (0 guw 9.n) is the sum of n independent Bernoulli random variables with pa-

rameters { 9«9H }0< . For further reading, we recommend (Aldous, 1985; McCullagh, 2011; Chafai

Doumerc, and Malrieu, 2013). In particular, we have the following classic resul.

Proposition 8.2.

nb

E(#l(O—Ew797n)) = m and E(#(O’Ewﬂn = Z — 1 < 2 —|‘ Qlog(n)

In particular, for uniform distribution, we have

#(Uunif,n) P
(8.2) log(n)  mo

> 1.

Proof. Since the number of cycles of the uniform law is the sum of 7 independent random Bernoulli

variables of parameters 1,3 55+ -+, o and using Chebyshev’s inequality, we obtain
Z:; i;21
<‘# Uumf, 1l > a) < log(ln)2 -0 ( 1 )
1 - no1\?2 1 '
og(n <a L1 Zlégi/) og(n)

]

Remark 8.3. This convergence holds almost surely. The proof uses martingale techniques. One can
find a proof of this result in (Chafai, Doumerc, and Malrieu, 2013).

One can now apply our results using the following two results.
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Corollary 8.4. Let (6,,)n>1 be a sequence of non-negative real numbers such that:

1
lim L O%(n) =0

n—oo

(8.3)

na

Then (0w 6, n)n>1 satisfies (Hy,, )

1NV,

LP )

N,

Proposition 8.5. Forany # > 0, > 0and p > [1, 00, (0guw.0,n)n>1 satisfies (H

Proof. Using Bernstein inequality, if 6 > 1,

P(#(0gwon) > (3p+ 1)0log(n) +2) < P(#(0rwen) > E( #(0pwen)) + 3pflog(n))
o)
- var(#(0pwen)) + 220 log(n)

—20%p? log(n)? 922 op
< 2 — ( ‘49;71) — -3 .
= &P ((p +1)flog(n) + 2) on 0 (n )

Consequently,
E(#(0pwon)?) < ((3p+1)f8log(n) +2)F + npO(n_%p) = O(log?(n)).

When 6 < 1, one can conclude since E(#(0pw0.n)?) < E(#(0gw.1.0)")- O]

8.2 Generalized Ewens

Definition 8.6. Let § = (éz)zz 1 be a sequence of positive real numbers, we say that o, 4, follows
the generalized Ewens distribution on &,, with parameter Oifforallo € S,

[Tsq 077
ZO’EGn HiZl Hz#l(a)

P(UGEw,é,n = U) =

This generalization was studied in some cases in details by Ercolani and Ueltschi (2014). In the gen-
eral case, it is not obvious to have a good control on the number of cycles. Nevertheless, by using some
results of Ercolani and Ueltschi, we can conclude in some cases. In particular, we use the following

results:
Lemma 8.7. Let§ = (6;);>1.

e Ifd; = ¢ withy > 1, then #(0GBwin) 1 (Ercolani and Ueltschi, 2014, Theorem 3.1).

n—o0

e If0; — 0,then mE(#(UG Pwdn)) — 1 (Ercolani and Ueltschi, 2014, Theorem 6.1).

e If0; = i withy > 1, then #(06500n) 4 1+ Y, Poisson{6;} (Ercolani and Ueltschi,

2014, Theorem 7.1).
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o IFy L % %’;‘k — 0, then #(0 ¢y 6.0) % (Ercolani and Ueltschi, 2014, Theorem 3.1).

) _ 1
o Iff—;’ — 1 withy > 0, then lim,,_,« nﬁlE(#(UcEw,é,n)) — (%) T (Ercolani and

Ueltschi, 2014, Theorem s.1).

8.3 Pitman-Ewens

Pitman and Yor (1997) introduced a two-parameters generalization of the Ewens distribution. We will
not detail here the definition but one can see Pitman and Yor (1997) for more details. We chose to give
this exemple since it is an example of conjugation invariant random permutations where the expec-
tation of the nombre of cycles is polynomial. Using the same notations as in (Pitman and Yor, 1997),

for fixed 0 < a < 1and 6 > 0, the Pitman-Ewens random permutations satisfies (HE

inv, ) for any
1
/6 < o

8.4 Kingman Virtual permutations

Virtual permutations are introduced by Kerov, Olshanski, and Vershik (1993) as the projective limit
of &,,. We are interested in this chapter only in conjugation invariant random virtual permutations
also known as central measures as defined and totally characterized by Tsilevich (1998). Those mea-
sures are the counterpart for random permutations of the Kingman exchangeable random partitions

(Kingman et al., 1975; Kingman, 1978).

Let . be a positive integer and 7, be the projection of &,, 4 on &,, obtained by removing n + 1

from the cycles’ structure of the permutation. For example,
m3((1,3) (2, 4)) = m((1, 4, 3) (2)) = m((1, 3) (2) (4)) = (1, 3) (2).
We define the space of virtual permutations & as the projective limit of &,, as n goes to infinity:
&% :={(6n)nz1; Vn = 1, m(Ony1) = 6n} =lim G,,.

Therefore, arandom virtual permutation * isa sequence (07, ), >1 of random permutations such that
a.s . . . . . . . . . . . . .
Tp(Ont1) = 0p. We say that it is conjugation invariant if for all positive integer n, o, is conjugation
invariant.
According to (Tsilevich, 1998, Section 2) there exists a one-to-one correspondence between the set
of conjugation invariant probability distributions on &° and the set of Borel probability distribu-

tions on

Y= {(fﬂz‘)z‘zl; Ty >ap > >0, Y @ < 1}.

*We will use the same o —algebra as in (Tsilevich, 1998). For more details, one strongly recommend (Kerov, 2003). We
will not assume that the reader is familiar with this discussion : we give a detailed description of those measures.
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Let 0 < a < 1. We denote
Y= {(901‘)1‘21; Ty > x> >0, > 3= a}.

Let v be a probability measure on ¥. We denote by (0kig1.n)n>1 @ Kingman random virtual per-
mutation such that the associated distribution on ¥ is v. We will study this correspondence in three

parts:

o Letx = (2;);>1 € ¥q.If v = ¢, then for all positive integer n, forallo € &,

#:(0)! -
(8.4) f(n,a,0) = P(okigs,n = 0) =[] -J(,)#.((,) B I E
j>1 ((] - 1)) / m §>1
Here, the sum is over all sequences of non-negative integers m = (m;);>1 such that Vj >

1, card({7;m; = j}) = #;(0). For more details, see (Tsilevich, 1998, Section 2).

o Ifv(X;) = 1,viscalled a I-measure. In this case, the distribution of (0'f¢jg,yn)n>1 is 2 mixture

of the previous distributions i.e. for all positive integer n, forall o € &,,,
(85) P(O-Kig,y,n = 0-) = /ez f(n, xZ, O')dV([E)

Corollary 8.8. Assume that v/ isa 1-measure then (0 g, )n>1 satisfies (HE ). Moreover, for

inv,l

any 0 < o < 1,if

o0

[, 20— () dutz) = o (nF)

then (0 fcigun)n>1 satisfies (1, )-

inv,a

Corollary 8.9. If z,, = o(n™?) with 8 > «, then (0xig.n)n>1 satisfies (KL, )-

v,

To explain the relation with the Ewens distributions, we need first to introduce the Poisson-
Dirichlet distributions. Let @ > O andlet1 > x; > x5 > - -+ > 0 be a Poisson point process
on (0, 1] with intensity A(t) = Ge%(_t). We define the random variable S := ;5 ;. Itis
proved that the sum S is almost surely finite. We can find a proof for example in Holst (2001).

The point process £ := (

%) o defines a measure on >; known as the Poisson-Dirichlet dis-
tribution with parameter 6. It was introduced by Kingman et al. (1975) and it is a useful tool to
study some problems of combinatorics, analytic number theory, statistics and population ge-
netics. See (Kingman, 1980; Donnelly and Grimmett, 1993; Arratia, Barbour, and Tavaré, 2003;

Tenenbaum, 1995).

The Poisson-Dirichlet distribution with parameter § > 0 represents also the limiting dis-

tribution of normalized cycles’ lengths of the Ewens distribution with the same parameter, see
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Arratia, Barbour, and Tavaré (2003). As a consequence, using the description of these measures
in (Tsilevich, 1998, Section 2), if  follows the Poisson-Dirichlet distribution with parameter 6,

OKigvn follows the Ewens measure with same parameter 6.

e In the general case, the correspondence is given by the formula:

Plokigyn =0) = /xGE f(n,z,0)dv(x),

where
o1 2% o S iy 2 if 5 () = 1
j>1 ((jfl)!)#J'(J) m 11i>1 %4 i=1\"1
8.6) f(n,x,0):= é‘:o (;)x‘é(l —xo)" I f(n—j,y,07) ifO<IX (z;)<1-
Lo—ra, if 32521 (i) =0
Here, again the sum is over all sequences of non-negative integers m = (m;);>1 such that

Vi > 1,card{i;m; = j} = #;(0),y = Z%, xo := 1 — 3, x;, [ is the number of
fixed points of o, 07 is the permutation obtained by removing j fixed points of o and Id,, is
the identity of &,,. For more details, we recommend (Tsilevich, 1998, Section 2). We can have
a combinatorial interpretation of (8.6). Let # = (z;);>1 € X. At the beginning, we have
an infinite number of circles {C), },ez. At each step n > 1 we choose an integer pos,, with
probability distribution }*,~1 ;0; 4 (1 — X251 7;)dg independently from the past. We insert
then the number n uniformly on the circle Cy,s,, if pos,, > 0and on thecircle C_,, if pos,, = 0.
At each step, one reads the elements on each non-empty circle counterclockwise to get a cycle.
For example, if pos; = 4, posy = 1, poss = 4, posy, = 0and pos; = 0, we obtain the
permutation (1, 3)(2)(4)(5). We use the notation (0,,)>1 = (Ay, Tn)n>1 with 4, = {1 <
i < n;Vi > 1,0,(i) = i} with the previous description, almost surely, A := U,>14, =

{i > 1;pos; = 0} and (7;,) ¢ 4 is a virtual permutation over N* \ A.

With this description, we have

E (# (0kigo,n)) =N (1 — glxz) + Zl(l — (L —a)").
In the general case, we do not expect the Tracy-Widom fluctuations neither for LIS nor for LDS. We
limit then our study to the case where there exists 0 < z¢ < 1 such that v(¥;_,,) = 1. Unlike
all previous examples when LIS(0,,) and LDS(0,,) have the same asymptotic fluctuations, in this
case, the expected length of the longest increasing subsequence is larger than (1 — z)n and we will
show that there exist some cases where the expected length of the longest decreasing subsequence is
asymptotically proportional to v/n with Tracy-Widom fluctuations.

Corollary 8.10. Let 0 < zy < 1 and v be a probability measure on ¥ satisfying v (£1_,,) = 1. Let

T
1—xg

v be the 1-measure such that do(z) = dv ( ) If there exists a positive integer & such that for all

© 2020 Tous droits réservés. 125 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

Chapter 8 — Some conjugation invariant random permutations

real numbers $1, Sa, . . ., Sk,

)\,‘ ig,0,n -2
lim P <\V/1 S 1 S k, Z(O-K g 71) \/ﬁ S 3i> = F27k(817 ey Sk),

n— oo ng
then for all real numbers s1, s, . . ., S,

Ni(OKigun) — 24/(1 — xo)n
(1= zo)n)s

n—o0

lim P (Vl <i<k, < si> = Fyi(s1, ..., Sk).

In particular, for all real s,

lim P
n—oo

(LDS(UKz‘g,u,n) - QW < 5) = Fy(s)
(1 — zo)n)s - o

This corollary is a direct application of Proposition s.10. Here are some examples of measures v

that meet the assumptions of the previous corollary:

e Whenv = d,and z; = o(iGL).

e Whendv(z) = dPD(5)(2),5 > 0,0 < a < 1and PD(p) is Poisson-Dirichlet distribution

z
a

with parameter 3.

As a consequence, recalling (8.6), if there exists 0 < x¢ < 1 such that v (X;_,,) = 1, then the
number of fixed points of 0., is larger than a binomial random variable with parameters y and

n. Consequently,

E(LIS(UKig,V,n)> Z E(#l (UKig,u,n)) Z nxgp.

In this case, we conjecture that the fluctuations are Gaussian.

Conjecture 8.11. Let 0 < zp < 1, v be a probability measure on ¥ satisfying v(X;_,,) = 1. Then
Vs € R,

LI ) - s 1 —12
lim P S(0xcigyn) — Ton <s| = / ez dx.
oo zo(1 — zo)n J—oo /21

One bound is simple to prove by the remark above.

For the descent process, we have the following result:
Theorem 8.12. If there exists 0 < xy < 1such thatv(X;_,,) = 1, then for all finite set A C N¥,

nhﬁlglo P(A cD (O'Kz‘g,u,n)) = det([km(] - i)]iJGA)’
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with
1 —1
8- kx l ! - = ,
( 7) ZGZZ 0( )Z 1 — (1 + xoz)e(lfxo)z z + Z?il &l(xO)ZlJrl
where
R L (1 — l‘o)l+1 $0(1 — $0)l
and D is defined by (2.14).

The proof of this result we give in Section 9.1 consists in studying in a first step the case where the
corresponding measure v is concentrated on ¥;. We prove that the limiting point process is determi-

nantal with kernel (7, j) +— ko(j — ¢). In a second step, we prove that the kernel depends only on

Zizl Zi.

Theorem 8.12 implies that for a general random virtual permutation stable under conjugation, we

have the following result.

Corollary 8.13. For any probability measure v on 3,

(8.9) Jim P(A € D (xigain)) = [ det ({kl_zi W= 9)] MGA) dv(z).
For the total number of descents we have

Proposition 8.14. For any probability measure v on %,

i BOb0Rin)) _ 1 (1 -/ (1 ) Zx) dy($)) |

n

We will prove Corollary 8.13 and Proposition 8.14 in Section 9.1.

8.5  Shape of RSK for Kingman Virtual permutations

Corollary 8.15. Let (0,),>1 be a Kingman virtual permutation. Then for all e > 0,

2\1/HLA(U”) (23\/71 — #1(0n)) —4/1 - #17(2071)9 (s)] < 5) = 1.

We will now prove those results. Note that for 1-measures i.e. when v(X;) = 1, we have the

8.10 lim P | su
( ) n—00 (SE]E

following.
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Lemma 8.16. (Kammoun, 2018) Assume that #(3;) = 1. Then, foralle > 0,

-1

(8.11) lim P (Sup

n—o0 seR

L)\(Un) (S\/ﬁ) — Q(S) <

1
\V2n

Corollary 8.17. If v(¥£;) = 1, then foralle > 0,

2\1/5[1)\(0") (28\/71 - #1(0'n)> —¢/1— #lflan)Q (8)

Proof. Fix0 < e < 1. By Markov’s inequality, we obtain

limIP’( p_talen) 1 ):1.

(8.12) 7}1—{20 P (sup

seR

<5):1.

n—oo

Let ng such that Vn > ng,

1 € €
(813) P <§1€1]11§ EL)\(O—R) (S 2n> — Q(S) < 2) >1—=
and
#1(op) ( 1 € > €
8. P 1— 1— 1—-—.
(8.14) ( n o T T a7 T e

If 1—M>1Jr andsupseR‘r (U)(s 2n> Q(s)‘<%thenforany|s]21+e,

/1 . #lflan>|3‘ -0 ( 1 #17(10'71) S) ’

and consequently by replacing s by /1 — wg we obtain, forany |s| > 1 +¢,

2\/_ (23«/77, — #1(%)) —/1 - #1£LU")Q (s)

Consequently for all e > 0, for all n > ny,

2\/_ Aom) <25\/n - #1(%)) —y/1- #17(1(7”)9 (s)

To conclude we will now prove that Vn > ny,

2\1/511,\(0") (28\/” — #1(0n)) —1/1- #17(1071)9 (s)

<€<
—<e.
2

<5) >1—e.
<€) >1—e.
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By triangle inequality, we have

1 1\0n
st (2o ta) - 1= )
Lo, (2sm> — L) (23\/5)‘ + |\/12_nLA(U") (s Qn) —Q(s)
+ (1 —y/1- #1("")) Q(s).

n

1
<
~ 2vn

Since the Lipschitz constant for L), is 1 then

Lo (23\/71 —~ #1(an)> — Loy (23\/5)‘ <1—4/1- #1:’").

1

2vn

If
#l(an) > 1 €

1— _
n 44 2¢

and sup,cp ‘ﬁljk(gn) (s Zn) - Q(s)‘ < ethenforany |s| < 1+¢,

€ €

1 #1(0n)
—L 2sy/n — n) ) —1/1— Q = 1 =ec.
NG “““(S n- o )> w S e Ty Tt =
We have than (8.16) which concludes the proof. 0

We will now prove the result for the probability measures v on ¥ such that v almost surely zo = 0.
Using the previous description of those measure 0 g, has almost surely at most one cycle having
more than 1 element. This yields thatif (0 g pn)n>1 = (A, (Tn))n>1 thencard(A,,) < #4 (o)) <
card(A,) +landforany A C {1,2,...,n} conditionally to that A,, = A, 7,, is distributed accord-

ing to the uniform measure on permutations with one cycleon {1,2,...,n} \ A,.
Lemma 8.18. Let (0y,)n>1 = (Ay, T )n>1 a virtual permutation. We have
e Foralln > 1

(8.17) card(A4,) < A\i(0,) < card(A,) + A\ (7).

e Foralln > 1,foralli > 2,

(8.18) card(A,) + Zi (1) < ‘i Aj(on) < card(A,) + XZ: Aj(Tn)-
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e Foralln >1

m

(8.19) max Z()\k(an) — (7)) < Ai(7(n)).

>0
=5 =2

Proof. Those inequalities are an application of Greene’s theorem.

e Thepointsof A, are fixed points of 0,, and then A,, C J;(0,,) which implies the first inequality
of (8.17).

o Leti; <ip < --+ < 1ips(s,) is an increasing subsequence of o, of maximal length. We have

{’il, iz, .. .’iLls(gn)} = ({il, ig, e iLIS(Un)} N An) U ({il,ig, e iLIS(on)} N ({1, 2, . ,n} \ An)),
({il, 19, ... Z-LIS(crn)} N An) C An,
({il,iQ, e iLIS(O'n)} N ({1, 27 . ,n} \ An)) C 31(7'”).

This yields the second inequality of (8.17)

e Assume ] C J;_1(7,) C Ji—1(0,). Then (I U A,) C TJ;(0,,). This yields the first inequality
of (8.18).

o Let/ C J;(0,) of maximal length. Then

I=(INnA,)Uu(lIn{L,2,....,n}\ A,)),
(INA,) CA,,
(IN({1,2,...,n}\ A4,)) C Ji(7).

This yields the second inequality of (8.18).

e By subtracting (8.17) from (8.18). We obtain

—A(7(n) < =Ai(7(n)) < 3_(Ajlon) = A(7(n) < Au(7(n)).

=2

This yields (8.18).

We have the following.

Lemma 8.19. Assume thatv({z € X;29 = 0}) = 1. Then foralle > 0,

T}grgloP (Sslel]g \/12_n ‘L)\(Un) (s@) — Lz (s@)’ < 5> = 1.
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Proof. Using Lemma 7.9 we obtain

(8.20) sup ’L)\(an)<5) — Lx(m)
seER

< 2\] max
m>2

By Lemma 8.18, we obtain

(8.21) SUP | Lo, (5) = Lara)
seR

Since A\y(7,) is equal in distribution to LIS(Gy,—card(a,)), Where &, is distributed according to the

uniform distribution of Ewens of parameter 6 = 0, then foralle > 0,

(8.22) lim P <)\1(Tn) > €> = 0.

n—oo n

This yields Lemma 8.19. [

We can then conclude if v({z € ¥; 25 = 0}) = 1.

Proposition 8.20. If v({x € ¥; 29 = 0}) = 1, thenforalle > 0

2\1/514(0”) <23\/n — #1(‘%)) —1/1 - #1(Jn)Q (s)

n

(8.23) nllj& P (sup

seR

Proof. Using Lemma 8.19. This result is equivalent to that foralle > 0

bty (2oyfn = card(a) - 1 - Xl

lim P
p? (e

Fixe, e’ > 0,
! card(A,)
g (Sslelﬂg 3 i (259 - card(4,)) — /1= 5 (5)] < e)
= prneP(card(A,) =n — k),
k=0
with
! d(A,

Prpe =P (i‘éﬂg m[»\(m) (23 n — card(An)> — /1 - Carn()Q ()] < elcard(A,) =n — k:) .
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Remark that

Uk)(2s\/—) ﬁ()

Pkne = P Sup
seR

)

=P (sstelg Lx(m (25Vk) = Q(s)| < 5)
>P (ilel]g ) (23\/%) —Q(s)] < 6)

where the law of &, is Ew(0). Lemma 7.4 applied to (6 )>1 guarantee the existence of ng such that
forallk > i "S, foralln > 1

pkz,n,ezl_e/-
Moreover,
1 1
sup |——= Ly, (25VE) — Q(8)] < sup | ——=Lys, (25VE) — ||| + sup [Q(s) — |s]|.
selllg 2\/% A(k)< ) ()_se]llg 2\/E A(k)( ) i se]E’ (s) = Isll

Since |s| = Ly(s) = ﬁL@(%\/E), by 7.9, we obtain

1
sup |—=Lyes. (2sVE) — |s]| < 1
seﬂlg 2\/E )\( k) ( ) ’ ‘
and consequently
1 2
su & 25V'k <1+ -—.
seﬂg 2\/E 2 ( ) ( ) ™

Hence, forallm > ny, forall k < i ”g,
pk,n,s =1 Z 1— 8/.

This yields Proposition 8.20

For the general case. Let (0,)n>1 = (An, Ty )n>1 be a virtual permutation. For fixed n, we define
the following Markov operator T. Let o = (a, 7) be a realization of ¢,,. If 7 has one cycle, o remains
unchanged (T'(0) = o). Otherwise, we choose with uniform probability C; and C5 two different
cycles of 7, and then independently two elements ¢ € C and j € C5 uniformly within each cycle. In

this case, T'(0) = o o (i, 5). In the reminder of the proof we denote by 77 the restriction of T%(c,,)
on{l,2,....,n}\ A,.
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Lemma 8.21.
(8.24)
1 1
lim P (ilel]g m[&(an) (28\/n - #1(%)) - mLA(TnA(on)) <25\/n - #1(%)) < 6) =1,

Proof. Similarly to Lemma s.11, we obtain the following. For any positive integers ¢ and n, we have

almost surely

(8.25) S Mk(0w) = M (TN (o) )| < 2#(7).
k=1
Moreover,
E (1 — ;)" d
n—00 n n—00 n
Theorem 7.4 yields Lemma 8.21. ]

Lemma 8.22. For any integer n, for any subset B,, of {1, 2, ..., n} satisfying | B,,| < nand P(4, =
B,,) # 0, we have

1
—7 L) =1 Lsupp(r)={1,2,....0}\Bn -
(Ap) — 1!

F (T’?il = 7l = Bn) - (n — card

Sketch of proof. Note that by construction for all positive integer 7 < n,
(827) #(73,) & max(#(7,) — i, 1).

In particular,

(8.28) #(r1) E1.

Since for a fixed value of A,, the modification of the cycles of ¢,, does not depend on the "label” of the
elements, the distribution of 7" !(c,,) is stable under conjugation, the same result holds for 7,. We
recall that the only distribution of probability on permutations verifying (8.28) and stable under con-
jugation is the uniform distribution for the permutations with a unique cycle. We can give a rigorous
proof of the stability under conjugation by a direct computation using the same technique as in the

proof of (Kammoun, 2018, Lemma 29). 0
Lemma 8.23. Foranye > 0,

2\1/ELA(T”_1(UTL)) (25 V- #l(an)) —/1- #I,ELO-H)Q(S) < 5) =1

Proof. Lemma 8.22impliesin particular that 7" (0 ¢, ., ) is equal in distribution to 0 x4 5., where

seR

(8.29) JI_{EOP (sup
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D is given by the formula 2(A) = v(II7*(A)) and

m:»—Xx
(%1,%2,2?3,...) — (Z.CEZ,O,O,)
i>1

By Proposition 8.20, we have for any € > 0,

] 1 T (g,
lim P (igﬂg mL)\(Tn—l(o-n)) (23\/n - #1(T”1(Jn))> —1/1 = al - ( >>Q(3) < 5) =1
We replace s by sh, where
L RSy T (o) <n
I i 442 (T (0)) =

we obtain the following convergence for any ¢ > 0.

. 1 #1(T"*(on))
lim P (Sslég mL)\(Tn—l(a-n)) (23\/71 — #1(0n)) —1/1— TQ (sh)

Consequently we need to prove that for any ¢ > 0,

n—1
lim P (sup 1- MQ (s) —1/1— MQ(Sh} < 5) = 1.
n—o0 s€ER n n
Let
n—1 . .
E,.:=sup|{/1— (T <0Kzg’y’n))§2 (s) —4/1— MQ(@%) <e.
seR n n

Fixe, e’ > 0. We will prove now that there exists ng > 0, such thatforalln > ng, P(E, ) < (1—¢')2.
Since lim,_,1- v(a < g < 1) = 0 there exists 0 < « < 1such that v(zg € [0,a) U {1}) >
1 — ¢’. Under the condition zp = 1 (when it is defined), we have almost surely o,, = Id,, and then

P(E,|zo = 1) = 1 and consequently :

e P(zg < @) =0and P(zg = 1) > 0 then
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e P(zyp <a)>0andP(zy = 1) = 0 then

(Enelro < a)P(zp < @)
(Enclro < a)(1—=¢).

o IfP(xy < o) > 0and P(zp = 1) > 0, then

(Enelro=1)P(xg =1) + P(E, |z0 < o)P(z9 < @)
(Bnelzo=1)+P(E, |z < @)P(xg < o) > P(E, |z0 < a)(1 —¢€).

Since P (#1 (OKigun) < n%ﬂ) — 1, there exists ng such that for all n > ny,
P (#1 (OKigwn) < naTH) > 1 — ¢’. Which concludes the proof. O
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Further discussion

"The art of doing mathematics consists in finding that special case

which contains all the germs of generality.”

David Hilbert
Contents
9.1 Descentprocess . . . . ... 138
9.2 Optimal transport formulation . . . . ... ... ... .. . L oL 145
General Case . . . . . . . .. . e 145
Back to the conjugation invariantcase . . . . . ... ... ... L. 146
9.3 Cydclestructure . . . . ... L 146
General discussion . . . . . . . ... 146
w-random non-uniform permutations . . . . . . ... ... ... . 147
9.4 Adifferentwalk . . . ... 148
9.5 Colored permutations . . . . . . ... ... L L L 149

In this chapter, we give some additional results and we give some possible ways to continue this

work. In Section 9.1, we improve Corollary 2.22. We chose to present the result here as it does not use

Markov techniques. We give in Section 9.2 a different point of view on our Markov processes using

an optimal transport formulation. We chose not to detail this section since we did not find any nice

application. In Section 9.3, we present a possible extension to the study of cycle structure of product

of permutations. In Section 9.4, we suggest a way to improve the results we presented in Chapter 4.

Finally, in Section 9.5, we give a generalization of Theorem 4.5.
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9.1 Descent process

tr,1

We now give an improvement of Proposition 2.20; If f € Loc', one can replace (7—[?%71) by (Hipp 1

in Proposition 2.20. We will prove this result only for the decent process but the generalization to Loc

is immediate.

Theorem 9.1. Assume that the sequence of random permutations (0, ),,>1 satisfies (/Hf;il) Then for
all finiteset A C N* := {1,2,...},

(DPP) lim P(A C D(0y)) = det([ko(j — 9)ijea)-

We prove also results of convergence for virtual permutations (Theorem 8.12, Corollary 8.13 and

Proposition 8.14).

Let A be a finite subset of N* and m := max(A). The idea of the proof of Theorem 9.1 is to study
the descent process under the condition {0,,({1,2,...,m+1})N{1,2,...,m+1} = @}andto

show that it does not depend on the law of o,.

Lemma 9.2. Let E,, ,,, :== {0 € &,,,0({1,2,...,m+1})N{1,2,...,m + 1} = &}. Assume
that the law of 7, is conjugation invariant and P(0,, € E,,,,,) > 0. Then for any by, b, ..., bypq

distinct elements of {1, ..., n},

:H-min- i) >m
P(0(1) = bi,...,00(m+1) = b1 |Epm) = #
(")

Proof. The event E,, ,,, reads as the disjoint union of the events {o(1) = by,...,0(m~+1) = by1}
where by, ba, ..., by, are distinct elements of {m + 2,m + 3,... ,n}. Let by, by, ..., byyq and
C1,C2, . .., Cpy verify the previous condition. Let & € &,, be a permutation such that for any 1 <
i <m+1,6(¢;) =bjand6(j) = jif j ¢ ({bi}i<ms1 U {¢i}i<ms1)- By conjugation invariance,

we have

P(0u(1) = bry ., 0l +1) = bss) = P(600,, 067 (1) = by, .., 500,067 (m+ 1) = i)
= P(Un(l) =C1y. .. 7Un(m+ 1) = cm+1)

and thus
P(o,(1) =b1,...,on(m~+1) = bpi1|Enm) =Plon(1) =c1,...,on(m + 1) = i1 | Enm)

and the lemma follows. L]

"W recall that Loc is defined in 2.4
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Proof of Theorem 9.1. Under (Hi50 1),

inv,1

P(anGEnm)>1—mz+:chrn ) <m-+1)
—1—(m+1) (P(an(l) =1)+ m(l - E;(‘f(ll) — 1))) —— 1.

Similarly, P(0unif.n € Enm) — 1. Therefore, since the law of 7, is conjugation invariant we can
n o0

use Lemma 9.2 for n large enough to get

P(A C D(0y)|Enm) =P(A C D(0unifn) | Enm)-

Thus,
nh_)rrc}o (P(A C D(0y)) —P(A C D(Gunifn))) = 0.
Since 0y, satisfies (DPP) by Theorem 2.21, this concludes the proof. O

Before proving Theorem 8.12, we need to recall that a point process X on a discrete space X is fully
characterized by its correlation function p. Moreover, a point process defined on N* is 1-dependent if
forall A and B finite subsets of N* such that the distance between A and Bislarger than 1, p(ANB) =
p(A)p(B). It is called stationary on N* if for all positive integer k, for all finite subset A C N*,
p(A) = p(A+ ).

To prove Theorem 8.12, we will use the following result.

Theorem 9.3. Borodin, Diaconis, and Fulman (2010) A stationary 1-dependent simple point process

X on N* is determinantal with kernel K given by K (7, j) = k(j — i) and

~ —1
k(1)z' = ,
Z (1)z PR S

1EZ

where a; :==P({1,2,...,i} C X).

Proof of Theorem 8.12. If vy = 1, the theorem is obvious since D(0figpn) = 0. Next we split the

proof into two steps depending on whether xy = 0 or not.

Step 1: We assume ¢ = 0 so that v(2;) = 1. Using equalities (8.4) and (8.5) we obtain:

P(okigun() =1) = 3 P(0kigwm =0) = Z / (n, z,0)dv(z)
0€G,,0(1)=1 0€GH,0( !

= /21 GZ - f(n,z,0)dv(x)
= | P(origsn() = 1 dv(a).
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Using Beppo Levi theorem, it is thus enough to prove

]P)(O-Kig,éz,n(]-) = 1) — 0.

n—oo

Using the same combinatorial interpretation as in the beginning of Subsection s.3.2, we have for any

1'621,

P(okigo,n(l) =1) = Z]P)(amgy(;mn(l) = 1|pos; = i)P(pos; = i) = sz(l — xi)"_l.

i>1 i>1

Lete > 0. Since >5; x; = 1, there exists ng such that (3., z;) < § and

_ o nei . €
P (OKig,éz,n(l) = 1) = Z.ﬁﬁz(l — .Clﬁl)n 1 S Z.ﬁlﬁl(l — l’l) ! + 5
i=1

i>1

Asforalli < ng, z;(1 — z;)"? converges to 0 when n goes to infinity, there exists 11 such that for

n>mny >0 (1 — ;)" < £ and therefore
P(okigs,m(1) =1) = 0.

Theorem 8.12 follows from Theorem 9.1 when g = 0.

Step 2: we now assume that 0 < zy < land v(31_;,) = 1. We have

P(okigun(l) =1) =20 +/ sz(l — )" tdv(z) > 29 > 0,
b

1>1

which prevents the use of Theorem 9.1. The strategy is instead to use Theorem 9.3, namely to prove

that the limiting process is stationary, 1-dependent and its correlation function is such that V& > 1,

1—$ok+1 xol_x()k
p({l,z,...,k})z((k+1))g + (k! )

T
1—x¢

To do so we need to prove this result in the particular case dv; (x) = dPD(1)( ) since for any

finite subset B,

(9.1) lim (P(B C D (0kigun)) —P(B C D(0kigum,n))) = 0.

n—0o0

Indeed, let B be a finite subset of N* and B’ := B U (B + 1). We use the same interpretation of
the random virtual permutations in this case as in the proof of Proposition s5.10. We choose a random
subset A,, of {1,2,...,n} of fixed points where each point belongs to A,, with probability z( inde-

pendently from the others. After that, we permute the elements according to P,,_| 4,,|, where (P, ) ,>1

is the probability distribution on &> associated to © where d¥(z) = dv(+~-).Let C,, := A, N B’

1—xg
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and

E,:={0 € &,,Vie B\ C,, o(i) > max(B’)}.

We have

P (B C D (0kigyn)|En) = Z P (B C D (0kigwyn)|En, Crn = X)P(C,, = X).

XCB'

With similar arguments as in the proof of Lemma 9.2, it is not difficult to show that the quantity
P(B C D (0kigun) | En, Cn, = X) is defined for n > | B’| + max(B’) and does not depend on v.
Moreover, P(C,, = X) = x‘OX|(1 — 20)/B=X Thus P (B C D (0kigwn)|En) does not depend

on v. We have

P(okigun € En) = Z P(okigun € En|Cr = X)P(C,, = X)

XCB'

>1— > Y P(okigwn(j) < max(B)|C, = X)P(C, = X).

XCB' jeB\X

Moreover, using the notation py, := P(0kigs,(1) = 1) and observing that p, — 0ask — oo

thanks to Step 1, we have

IP(O'Kig,V,n(j) S maX(B/)|Cn = X)
n—|B'|
§3pa&wn ) < max(B)|Cy = X, |A,] = [X| +n— |B| ~ k)

P(|An| = [X] +n —|B'| = k|Cn = X)

n—|B’| /
n—|B'|— n—|B

k=0
P(aKigyn<j) <max(B)|C, = X, |A,| = |X|+n—|B'|—k)
sy PN — ) (n - | BY))

n1B : ,
||k k(= 1B max(B’)
+ Z — o) ( g ) \ P B

— 0.

n—oo

This yields

lim P(okigun € E,) =1

n—oo

and therefore the convergence (9.1) is proven.

We compute now
JL%OP(B C D(a,t)).
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The finite subset B can be decomposed as B = |J\_, B; where each B; consists in consecutive ele-

ments of N* and the distance between B; and B is larger than one if ¢ # j. For example,
B =1{1,2,3,5,6,8, 11,12} = {1,2,3} U {5,6} U {8} U {11, 12}.

Note that every finite subset has a such decomposition. Let B} := B; U (B; +1). We have B’ := BU
(B+1) = Ui, Bandifi # j,then BN B} = &. From now we assume thatn > | B'|+max(B’).
‘We have

(9.2) P(B C D(0kigun)|En) = Y P(B C D(0kigun)|Cn =X, E,)P(C, = X).

Xcp’

IfBNX # @, then P(B C D(0kigun)|Crn = X, E,) = 0. Indeed, conditionally on E,,, if
i € BNX,thenokig,, n(1) =iand 0kigu, n(i + 1) is either equal to i + 1 or larger than max(B’)

and in both cases, there is no descent on ¢. Consequently, (9.2) becomes

P(B C D(0kigmn)lEn) = 3. P(BC D(0kigun)|Cn =X, E,)P(Cp = X)

XCB\B
— Z P (B C D(O-Kig,ul,n) Cn = U (Bz, \ B@), En)
Uc{1,.2,..1} €y
ieU

The second equality comes from the fact that B} \ B; contains exactly one element. We denote by
UvC = {1, 2, Ce ,l} \ U and by W(U) = U(UiEU BZ UiGUC B,:) We haVC

P <B - D(UKig,ul,n)

c, = U<B;\Bi>,En) _ &

el

where ¢ = {(ek)kew(U),‘v’k eW(U), max(B') < e <n,i £ j= e # ej}

l
and ¢y = {(ek)kew((]) € Qfl,Vk < U BZ\ U {maX(Bi)}, Crr1 < €k} .

i=1 €U
Therefore,

(n — max(B’))!
(n —max(B)" — [W(U)])!

€] =
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and

(n — max(B))!
(n —max(B') = Eicy |Bi)! [licv | Bil!
(n —max(B’) — Yicr | Bi])!
(n —max(B’) — Yier | Bil = Xicve |Bi|)! TLieve | Bil!
(n — max(B’))!
(n — max(B’) — [W(U))!' TLev | Bl [Leve | B!

|&,| =

Asa consequence,

P (B - D(O-Kig,ul,n>

&) |
UGB €~ Thoo 1B oo

BV
Then

‘U‘(l _ :L,O)|B|+lf|U|

X
P(‘B - D(UKl N7 ,n)‘En> - 0
o Uc{1z,2:,...,1} [Liev | Bil TLicv- | B!

(1 — z)IBil <x0+ 1—930)

I
EN

i=1 | Bi! |Bi| + 1
!
= H d\Bi|(x0)a
i=1

where we recall that

(1 — l’(])kJrl i J]()(]_ — ZL'())k
(k+1)! k! '

&k<l’0> =

This implies that the limiting process is stationary and 1-dependent. Consequently, by Theorem 9.3

it is determinantal and the kernel satisfies (8.7). [
Corollary 8.13 is at the same time a generalization and a direct application of Theorem 8.12.

Proof of Corollary 8.13. We denote by f(n,z,0) := P (0kigs,n = 0) (see (8.6)), by p(n, z,.) the
correlation function of the descent process of 0 ig.s,.n and by pim (o, .) the correlation function

of the determinantal process with kernel K (¢, j) := ky,(j — 7). Let A be a finite subset of N*. We

have
]P)(A C D(OKig,V,n)) - Z P(UKig,V,n = U)
0€6,,ACD(0)
= > / f(n,z,0)dv(z / > f(na1’70)d’/($)
ceG,, ACD oeG, ACD

= /Ep(n, z, A)dv(x).

Using the convergence of p(n, z, A) to piim(1 — 351 74, A) and the dominated convergence theo-
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rem, we obtain:

i>1

]P)(A C D(UKig,Vn oo / Plim (1 - lev )

Using this corollary, we can now prove Proposition 8.14.

Lemma 9.4. For any random permutation o, stable under conjugation, P(: € D(o,)) does not

depend on i.

Proof. Let1 < ¢ < n. We have

=
<
m
S
Q
"
Il
=

€ D(o,)|on(i) =1, an(i +1) =i+ 1)P(0,(i) =d,0,(i +1) =i+ 1)
+P(i € D(oy)|on(t) =4,0,(i + 1) # i+ 1)P(0,(i) =i,0,(i + 1) #i+ 1)
+P(i € D(0,)|0n(7) #z an(z—i—l) =i+ 1)P(0,(i) #i,0,(i +1) =i+ 1)
+P(i € D(oy)|on(i) & {iyi+ 1}, 0n(i+ 1) & {i,i+ })
X P(on(i) ¢ {i,i+ 1}, 000+ 1) & {i,i+ 1})
+P(i € D(oy)|on(i) =i+ 1,0,(i + 1) #19)
X P(o,(i) =i+ 1,0,(i + 1) # 1)
+P(i € D(0y)|0n(i) #i+ 1,0, + 1) = 1)
X P(o,(i) #i+ 1,0,(i +1) =1
+P(i € D(oy)|on(i) =i+ 1,0,(i +1) =1)P(0,(i) =i+ 1,0,(i + 1) = i).

Using the conjugation invariance, we obtain,

© 2020 Tous droits réservés.

P(i € D(0y)|on(i) =i,0,(i +1)=i+1)=0

P(i € D(on)lon(t) =d,00(i + 1) #i+1) = ;:12

Pli € Dlow)lon(i) #ironli+ 1) =i+ 1) =" L
P(i € D(oy)lon(i) & {ivi+1}, 00 +1) € {i,i+1}) = 5
P(i € D(oy)lon(i) =i+ 1 00(i +1) #4) = ;:12

P(i € D(o)lon(i) # i+ Low(i+1) =) = "1

P(i € D(0,)|0n(i) =i+ 1,00(i + 1) =) = 1.
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We have then, using again the conjugation invariance,

P(i € D(0,)) = P(o,(1) = 1,00(2) # 2)
Y P(on(1) = 2,00(2) = 1)
(0, (1) £ 2,00(2) = 1)
+5P(on(1) ¢ {1.2},04(2) ¢ {1,2)
and the lemma follows. [

Proof of Proposition 8.14. Let v be a probability measure on . By Lemma 9.4 and by using (8.8) and
(8.9) for A = {1}, we obtain

n n i>1

_ ; (1 —/E (1 —Zi::ci>2d1/($)) :

E(Np(oKigum)) _ 1 — 1@(1 € D(0xigun)) — /Z by (1 ~ in) dv(x)

9.2 Optimal transport formulation

9.2.1 General Case

Given a positive integer 1, we denote by M,,1(R ) the set of square matrices of size n! indexed by the
symmetric group &,, and having values on the set of non-negative real numbers. For f : 0, — R

Let Cy,(f) € My(Ry) be the cost matrix defined by the formula

Cn(f) = Hf(a) - f(P)HmpeSn-

Given 1y = (T10)see, and Ty = (72,4 ) e, , we denote by

Copt,n(fa 1, 7T2) = min H’/TI(P © Cn(f))Hl = min Z 7r1,a7 Pa,pcn(f)a,p'

Pstochastic ;1 P=m2 Pstochastic ;1 P=m2 o.p
b

Here, ® is the Hadamard product for matrices. It is not difficult to see that if

lim Copt,n(fa (]P)(Un - U))066n7 (P(Uref,n - U))066n> = 07

n—oo

. d
then the exists p, = 0y, such that

E(|f(on) = f(pn)]) —= 0.

n—oo

© 2020 Tous droits réservés. 145 lilliad.univ-lille.fr



Thése de Mohamed Slim Kammoun, Université de Lille, 2020

Chapter 9 — Further discussion

In particular, if
) ConvType X

n—o0

f(aref,n

Y

. d
then there exists Y = X such that
ConvT
f(o‘n) onvliype Y,

n—oo

where ConvType € {d,P,LL'}.

9.2.2  Back to the conjugation invariant case

Ifo, is conjugation invariant then

Copt,n(f7 (P(Un = U))O’ESHa (]P(UEw,U,n = 0))066n) (‘f(T(UTL)) - f(o—ﬂ)‘)

<E
<E (en (o) (1))

and then we obtain a weaker version of our universality results. But in general, this upper bound is
much larger than the optimal cost. For example, for the longest increasing subsequence, the typical
entries of the matrix C,,(LIS) are of order /n but this upper bound is equivalent to study the case

where the entries are equal to 2(n — #(0 o p~1)) which is typically of order n — log(n).

9.3 Cycle structure

9.3.1  General discussion

We make a few remarks on the optimality of the assumptions H3 and H, in Theorem 1.13. We assume

hereafter that 1, and H> hold true and consider for the sake of clarity the case m = 2.

e The assumption H3 is optimal in the sense that if

lim inf ™% min(E((#1 0,)"), E((#1 pn)")) = &k > 0,

then
lim inf E((#1(0,00))") > E(&]) + 7.

Indeed, going back to the equation (*), one can see thatin the case vy = vy = -+ = v, = 1,

if g is the class of the graph with adjacency matrix Idy, the event

{(G1* (00, pa), G2 (00, pn)) = (3.9)}

will contribute to the limit, leading to the term Ei.
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o Similarly H, is optimal in the sense that

if Jim inf (mln(E(#2 o), Btz p”)>> = &' >0, then liminf E ((#1(0npn))?) > 2+¢".
n—00 n n—00

Indeed, as above, in the case v; = vy = 1, if §’ is the class of the graph with adjacency matrix

(91), the event {(G1> "™ (0n, pn), G2 F(0ms ) = (&, §')} will contribute to the limit.

e Assume now that one of the bounds in H3 is not satisfied. More precisely, assume that there

exists k > 1 such that

E
lim inf n_%E((#lan)k) = ¢ > 0, or liminf (#;Un) =& >0.

n—00 n—oo

Then, by similar arguments, one can check that the convergences

E
k> 1, lim 0 fE((#1p,)") =0 and  lim EGR2pm) _

n—oo n

are a necessary condition to obtain (1.10) and that the convergences

Vk > 1, lim 0" 2E((#1 p)*) = 0, limsupn™SE((#1 0,)") < oo

n—o0

]E(#Z Pn)
n

and lim,,_, o = () are a sufficient condition to obtain (1.10).

One can see also that the condition /; can be replaced by the following condition.

H, :Forany ky, ky > 1, forany € > 0, there exists ng such that for any n > ny, forany g; € Gy,
g2 € Gi,,

(1 —-¢)P(o, € Gmgl)P(pn S 6n,gz) <P(o, € GngisPn € Gn,gz)
< (1+¢)P(o, € 6%,91>P(pn € 671792)‘

When both permutations are conjugation invariant, we don’t need a uniform bound.

9.3.2 w-random non-uniform permutations

A possible extension to our work is to study w-random permutation. One can see (Puder, 2014; Puder
and Parzanchevski, 2015) for rigorous definitions and results in the uniform case . Let F}, be the free

group of rank k and let 21, @9, . . ., 2, be a basis of F},.

Definition 9.5. w € Fj, is primitive if there exist y2, y3, . . ., Yr € F}, such that

< W, Y2, Y3, - - -, Yp >= F.

Here, < y1, 4, . . ., Y, > is the smallest group in the sense of inclusion containing {y;, 1 < i < k}.
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/E\
1D

~

-

Figure 9.1: The directed classes graph for G4

i -

Definition 9.6. Given w € Fj, let m(w) € N U {+00} be the minimal rank of a subgroup of Fj,

containing w as a non primitive word.

The function 7 plays a central role to understand the expectation of fixed points of an w-random
uniform permutations. Given a word w € F, =< 21,3 .., %, > and m random permutations

Olns 02 -+ > O 00 &y, We define 0, as the random permutation obtained by replacing z; by o; ,,

in w. For example, if w = x2z; %23 then 0, = Jinaggag”n.

Theorem 9.7. (Puder, 2014; Puder and Parzanchevski, 2015) For any w € Fj, it 015,02, - - -, O

are 1.1.d. uniform permutations than
Eu(ir(0)) = 14+ (n 7))

We conjecture the following
Conjecture 9.8. Letw € F},, be a non primitive word. Assume that
(Hy) Foranyn > 1,(01,,...,0m,) are independent.

(Hy) Foranyn > land1 < ¢ < m, 0y, is conjugation invariant except maybe for one ¢ €

{1,...,m}.

- There exists 1 < ¢ < m such thatforany & > 1,

(Hs) 0 satisfies (Hiy! o),
(H,) Ve < 7r(w), Uf,n satisfies (7-[:;;1)
We have then

E,(tr(0)) =146 (n' ™).

9.4 A different walk

When the graph satisfies the hypothesis presented in Chapter 4, the walk can be seen as a walk

on the a directed version of the classes graph. Let denote it by G,,. For example, for &4 we obtain
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Figure 9.1. Any walk on this graph will arrive to 7). And from any random (or deterministic) walk on
G, and any initial distribution constant on the classes of G, we can define a random walk that arrives
to the uniform distribution on V= after a finite time and by staying 7,,-invariant on every step. It
is then possible to choose the deterministic walk that minimize the error in every step. For sake of
simplicity, we will give only an example for to the symmetric group and the convergence in L. The
other groups and the other types of convergence can be studied in a similar way. Let f be a statistic as
in Chapter 4 and let &, (f) := MaX,ey; MAX ey exi(o) A7 (f(0), f(p)) (with the convention
max (@) = 00).
Let Gy = (Vo o Eer, ,f) the graph such that Ver =V, and

—

Eg . = Ea, ;N (Uier,{(0,p);0 € Vi, p € Vo= (f)1),

One can consider the uniform random walk on that graph. In this case one can replace &,, , by the new

control.

—_~—

(9:3) Eni(f) == min &,5(f)
i’ €next ()

For the example of &4, depending on the statistic f the graph of classes will be one of those of Fig-

ure 9.2.

9.5 Colored permutations
A possible improvement of Theorem 4.5 is the following.

Proposition 9.9. Let (7, = (0, fn))n>1 be a sequence of random colored permutations and assume

that:
e 0, isindependent of f,,.
e Foralll < p <m,

E(card{s, f.(i) = j})

n

=

and
mjaxVar(card({i, fa@) =3})) = O(n).

® 0, is conjugation invariant.

° #—Gf L 0,
né
then
LIS(m,) — 2m+\/An .
(9.4) ]P’( ( >6 — B <s>—>F27(s),
m~/n¥y
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Ifgn,(Q,l,l,Q),(Zi,l,Q)(f) < gn,(Q,l,l,Q),(2,2,Q)(f)> we obtain

N

- o

~
-

If €0.21,1,0),31.0 () > &n(2,1,1,0),2,2,0) (f), we obtain

/'H}\

8 -F” o

i

If €, 2,110,310 (f) = En2,1,1,0),220) (f), we obtain

Figure 9.2: The possible new graph classes of &4
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where 4 = max;{m;,1 <14, < m}and¥ = card({s,v; = ¥}).

The idea of the proof is that as soon as max; Var(card({s, f,(i) = j})) = O(n), one can prove
that the error between considering the real random proportions and considering fixed proportions is
o(n%)in probability. When Var(card({z, f,(¢) = j})) = 0,and with high probability, only colors ¢
such thatv; = 4 can maximize the longest increasing subsequence and the fluctuations of LIS behave

asymptotically as the maximum of Tracy-Widom distributions.
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f(o) X Hypotheses | Theorem
LIS(s) LDS(o) 9 (HIZEHUQ) Theorem 1
vio (M) N
LISCn(") , LD\S/%(") 2 (Hin2) Corollary 2.9
LIS(0)—2vn
T 5
Los (s 35_2 Jn Tracy-Widom (1.2) Theorem 1.5
LDS(o)=2vn
noé
P
/\i/(%) 9 EZZL’E}}Z; Proposition 5.9
<>\¢(o)12\/ﬁ > Airy ensemble (1.2) Theorem 5.7
nt 1<i<d
s Dl g (Hin1) | Theoremy.4
LC\S/(%T’P) 2 (anvz) Proposition 1.11
LCS(@.n)—vn Tracy-Widom (12) Theorem 1.5
noé
’sz (jff) % (Hg)nw) Corollary 2.19
K;(0)— 22 1-2) (1)
Lo (0. S (o | oty
Neznc(o) % (H?nv’l) Corollary 2.19
% N0, 5) (M) Corollary 2.19
]1D(a)cA Ber(det([kO(j - Z)]A)) (ngﬁ,l) Theorem 9.1
NL;L (o) % (7—[57/7}71) Corollary 2.19
NDE;%_E N(0, Tl2> (H?nvz) Corollary 2.19
N, PEZHU) % (’HEWJ) Corollary 2.19
% N(0, 4%) (Hg)an) Corollary 2.19
%(0) 3 (”HEL,UJ) Corollary 2.15
—Zn
% N(0, %) (HE,2) Corollary 2.15
Table 9.1: Recap of universality results
{ I(S(?) i X Hyp?theses
7, 2 (Hin,2)
Jn ’  Jn inv,2
LIS(U)I—Q\/ﬁJ LDS(J)1—2\/77 Tracy-Widom (H]P’ 2)
s s inv,
Ly (sv2n) r,
% Q (Hgﬁ;,l)
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Table 9.2: Our conjectures.
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