
HABILITATION A DIRIGER DES RECHERCHES
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Résumé

La simulation physique temps réel est un domaine de recherche très actif. La question de la
réalisation de simulateurs temps réel touche de manière directe ou non à pas mal de problèmes,
par exemple de fidélité mécanique et visuelle, ou de temps de calculs. Pour pouvoir proposer,
dans un cadre temps réel, des applications offrant à la fois un bon niveau d’interaction ainsi
qu’un niveau correct de simulation, on est souvent contraint à des compromis entre ces divers
aspects. La simulation physique est un domaine encore neuf en réalité virtuelle: il n’y a, à
notre connaissance, pas de réponse convaincante sur la question de savoir comment proposer des
protocoles de manipulation complexes, comprenant, dans un même ensemble, des opérations
physiques sophistiquées, telles que la gestion dynamique de liaisons entre systèmes mécaniques,
la découpe, la suture d’objets, etc... La littérature propose des solutions pour chaque opération
élémentaire, mais la réalisation d’un ensemble complet et souple reste pour le moment très diffi-
cile. Pour espérer arriver à un tel résultat, nous pensons qu’une voie intéressante est d’envisager
un système mécanique à un niveau conceptuel se plaçant au dessus du modèle, pour, à terme,
envisager les systèmes mécaniques comme des ”boites noires”, aussi indépendantes que pos-
sible les une des autres, munis d’une interface leur permettant d’interagir l’un avec l’autre,
quand nécessaire. Ces systèmes seraient, avec suffisamment d’indépendance, de surcrôıt capa-
ble d’adapter leur représentation (tant visuelle que mécanique) au contexte d’utilisation, ainsi
qu’aux contraintes externes (ex: temps de calcul). Il s’agit de tels objets que nous nommons
”multi-modèles”. Ce document donne une vue (arbitraire) de la bibliographie traitant de la
simulation physique temps réel, et présente nos contributions principales (en les re-situant vis-
à-vis de la problématique globale), pour les trois grandes questions que soulève la thématique
multi-modèle: premièrement, la mâıtrise des modèles et représentations impliqués (pour fournir
des simulations aussi précises et rapides que possible), ensuite l’ajout d’adaptivité à ces modèles
(permettant d’adapter la compléxité d’un objet), et pour terminer, la question de la co-existence
de plusieurs algorithmiques au sein d’un même objet de simulation (pour esperer pallier aux lim-
ites inhérentes à chaque modèle).

mots-clefs: réalité virtuelle, simulation physique, temps réel, multirésolution, multi-modèle.
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Resume

Real-time physical simulation is, so far, a very active research field. Many different topics are
of interest in that field, among which problems dealing with mechanical and visual accuracy,
or computation efficiency. Physical simulation remains a very difficult field, where one hardly
knows how to propose to users complex manipulation protocols, involving sophisticated physical
operations, such as dynamic linking, cutting, using thread for suturing, etc... to the best of the
community knowledge, it is possible, for each small part, to propose solutions, but it remains
very difficult to propose a whole, global, software solution. In order to try to provide such tools,
it is necessary to try to comprehend the problem from higher level than physical model, that is
currently, to our knowledge, most of practical research activity in the field: we’d have to find
solutions for manipulating, from software point of view, mechanical systems as ”black boxes”,
as independant as possible one from each other, that would provide ways to interact together
(e.g. collide). In addition to that, such a view opens the way to a whole new field of non-
studied problems, among which the question to know how to provide systems with the ability to
dynamically change their representation (either visual or mechanical), depending on the context
of use, and external constraints (e.g.: CPU consumption). This is what we call ”multi-model”
objects. This document presents a (personnal) review of the litterature involved in the field,
related to that question, as well as our main contributions, for the main three points involved
in the global multi-model question: first, model handling (in order to be able to produce both
visually and mechanically accurate objects), second, adaptive models (in a more general way,
models that can adapt their complexity for potential automatic tuning), and third, multi-model
specific aspects.

keywords: virtual reality, physical simulation, real-time, multiresolution, multi-model.
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années (ainsi que celles à venir, souhaitons-le). Je veux qu’il sache, par ces lignes, que je lui suis
durablement reconnaissant.

D’une manière plus personnelle, merci également à mes parents, pour m’avoir fait tel que
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2.2 Modèles géométriques adaptatifs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
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2.2.2 modèles surfaciques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
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Research Statement (thesis resume,
english version)

Real-time physical simulation has known these last years a growing number of applications. The
main original field was scientific calculus; it is now about fields as different as CAD, video games,
medical simulation. Each field has its own requirements: CAD demands mechanical correctness,
while most video games mostly need plausibility of simulation, i.e. visual mechanical ”look
alike”. Medical simulation tries to reproduce virtually (mostly, so far, for teaching purposes)
the behaviour of involved mechanical systems (i.e. organs, muscles, bones, articulations, etc...).
The latter field of application is extremely rich, and raises numerous very difficult problems;
current solution that are very far from reality. Interaction between organs, the high number of
different tissues and topologies, omnipresence of fluids in evolved organism, make the simulation
of the whole human system totally unreachable so far. The very best scientific results manage
to simulate in real-time one specific organ, along with quite simple interactions (sligh pressure
application, simple point catching, simple cut).

The research work presented in this document targets (without any applicative limitations for
models involved) medical physical simulation. The ideas presented here are not specific for
medical simulation, and we consider them relevant for general real-time physical simulation.
Yet, this field provides a very attractive application domain, potentially highly useful to human.
The global view of the presented work lies within the decay one can state when, on the one
hand, considering the perception human has of the world, and on the other hand, the meaning
and limits one can give to the notion of ” model ”, that is what computer handles for creating
animated virtual version of real world. The idea that the perception of an object, in terms of
geometry, is hierarchical is quite natural. Such a hierarchy, in the physical simulation context,
has to be extended to other domains than geometry in order to gain realism.

A practical example, considered in a natural vocabulary, then re-expressed in the field of virtual
reality, makes it possible to apprehend the technological and theoretical problems in which we
are interested. Let us consider the case of a tennis ball. Such a ball is made of several layers
of rubbery materials, and comprises on its surface thousands of narrowly overlapping fibres.
Let us consider this ball as static, at first. Visualizing this ball at very short distance implies
to dissociate fibres from/to each other, whereas, while moving a bit away, one has simply the
impression of some roughness on the ball; this roughness will turn into a uniform color as one
moves away. Let us animate the ball now. Dropping a ball from a low height on the ground
generally does not imply, at the scale of human perception, any deformation of the ball. However,
the fibres on its surface are actually deformed. When seen from close (and slow) enough, these

7
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deformations will actually appear. If one more strongly pushes on the tennis ball, then the
deformation becomes perceptible at average distance. The speed to which the ball moves also
influences perception: if the ball is almost motionless and is seen from close, then the details
of the ball appear; when visualized at the same distance, but with high speed, the ball will be
simply perceived as a yellow sphere.

This small, very simple example ressembles all the key points our research project seeks to
analyze: from a computer science point of view, the way one will represent an object, and
model it, most of the time very strongly depends on the context in which it will be handled,
and visualized. This context of use influences, several point of the object modelling: First, the
geometric representation should be able to adapt to the context of visualization (e.g. the ball
surface has sometimes to be considered according to the fibre overlap, or simply as a smooth
surface). Then, some aspects of the geometry of the object can, according to the context of
visualization, to influence on optical modeling (e.g. the fibres induce a rough visual aspect for
the ball, saw at intermediate distance, without modifying the spherical geometry). Physical
modelling should be able, depending on the context of use, to follow such or such calculation
of force, such or such differential equation, use deformable or rigid representation, etc... Each
mechanical model having its own domain of application, and its field of validity.

This document presents some results that go towards obtaining adaptive objects, in all the
possible meanings of that expression, for physical real-time simulation. At a large scale, these
problems imply to carry out in parallel several acquisitions of competence:

• The first thing is to evaluate, as accurately as possible, the various models (either geomet-
ric, mechanical, collision, interaction) implied in a simulation, for perceiving their limits
in regard of physical simulation. Such a point also implies, from a research point of view,
to try to push away, as much as possible, the representation limits, hence improve models.

• Among the potentially useful models, it is necessary to be able to distinguish those that are
able to be associated to multiresolution/adaptive methods (from research point of view,
it is also interesting, for those that already have this feature, to improve/extend it). This
can extend model flexibility, e.g. for tuning memory/computation cost of a given object.

• Third, in order to overcome the intrinsic limits of each representation, and allow practical
use of multi-representation objects, one needs to intellectually get one step beyond models,
and semantically consider each mechanical system as a whole, closed system: each objet
conceptually becomes independent from models, and provides functionalities, instead of
representations. This can be seen as a mechanical extension of the notion of level-of-detail,
that has been poorly studied in the field of mechanical simulation: yet, we think the major
difference lies in the fact that classical LOD considers mostly different data, all together
linked to a given functionality (classically display). Here we consider LOD for algorithmes
as well. In order to provide convincing solutions, one needs to provide software tools for
combining objects in the described way (i.e. with enough functional encapsulation). One
also needs to know how to go from a representation to another (e.g. relates to conversion
between geometric models), and when (i.e. which elements to extract from context of use,
for decision making).

For each of those three points, we proposed first results, which are included in this document as
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published article (Appendix 3).

First part: what is the part of reality that models can represent? Such a field, considering it
includes geometry, mechanical, collision and interaction, is extremely large, and the existing
literature, huge. We present here two contributions to the field, the first one dealing with
geometric representation, the second one dealing with mechanical model:

• [TG03] (work achieved with Frédéric Triquet and Philippe Meseure) This work presents a
solution for controlling blending for implicits. It describes an efficient way to encode and
treat the blending graph, that is necessary to handle when, as in the practical case we
were interested in, deforming a squeleton-based implicit: blending is useful for combining
narrow primitives together, but has to be prevented when deforming the object again itself.

• [LG04] (work achieved with J. Lenoir during his PhD) This article main contribution is
a set of constraints for B-spline based deformable 1D model, but also gives summary of
a spline mechanical model we proposed, and published elsewhere [7]. The targeted appli-
cation is surgical thread: for handling dynamic suture, such constraints as sliding point,
i.e. the ability to slide a 1D object through some pre-defined space point, is a mandatory
tool. The presented article describes the energy terms that were used,. Lagrangian multi-
pliers are used for constraints solving, that provides more accurate constraint gestion than
classical penalty-based correction.

Second part : which models can tune their complexity ? The second part of our work stud-
ies which model (either geometric, mechanical, collision management, or interaction) can pro-
vide multiresolution, or adaptivity, and aims at proposing efficient and flexible multiresolu-
tion/adaptive models. We present here three contributions:

• [GM03] ( work achieved with Damien Marchal) This contribution deals with adaptivity
of geometrical model, proving high-performance display for generalized cylinders. Apart
from the new display technique (that provides smoother extrusion of the section, while
drastically improving display performances), it is our very first attempt to provide to
some model a functionnal control box, that automatically adapts the model (in that case
the display process) to some external performance requirements

• [LM05] (work achieved with J. Lenoir during his PhD) This work extends [LG04] by
providing some adaptive version of the spline deformable model. This is associated to
dynamic rules, that take both mechanical and geometrical aspect into account, in order
to provide adaptivity. This model allows, among others, for knot tying, at arbitrary
parameter value, while maintaining the thread resolution almost constant.

• [DM05] (work achieved with Jérémie Dequidt during his PhD, and Damien Marchal) we
proposed an adaptive, deformable model, based on finite elements. Both collision and
mechanical model are made adaptive. Use of hierarchical structures in both of these
models is achieved when possible. The reader may note that the same feature present
in [GM03] has been associated to this object, i.e. a tuning algorithm that dynamically
adapts the model resolution (both on collision and mechanic) to the external performance
requirements. Such tuning tools (both on geometry and simulation) are potentially good

9



Research Statement (thesis resume, english version)

candidates for true guaranteed framerate physical simulation applications (i.e. application
that, without any specific knowledge of the calculation power available, can provide some
pre-defined framerate, by adapting the model costs when needed).

Third part : how to define multi-model objects in real-time physical simulation ? how to
go from a model to another if needed, and when ? This last part deals with the general
question to know how to think beyond the model, and only consider each mechanical system
as a set of functionnalities. This implies to get enough freedom from models to be able to
change from one to another, and decide when appropriate to change. We present here our
contribution to that field: a software architecture that encapsulates each mechanical system
within an autonomous set (an agent) [DG04] (work achieved with Jérémie Dequidt during his
PhD) this work explored in which measure one can provide freedom to mechanical systems
within real-time simulation, and provide a software framework for such. Simple cases, illustrating
flexibility of the architecture are exhibited, and the potential advantages are discussed.
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Introduction

Contexte général

Nous présentons ici une synthèse des travaux menés depuis notre arrivée, en septembre 2000 en
tant que mâıtre de conférences attaché pour les activités d’enseignement à l’ecole d’ingénieur
Polytech’Lille, dans l’équipe GRAPHIX (aujourd’hui projet INRIA ALCOVE) du LIFL, équipe
dirigée par le Pr. Christophe Chaillou. Lors de ma thèse, effectuée à l’université de Bordeaux
I sous la direction de Christophe Schlick, j’avais eu l’occasion de m’interesser, dans le contexte
de la seule modélisation géométrique, aux représentations splines et implicites, entre autres aux
aspects multirésolution par ondelettes sur ces modèles. l’équipe Graphix, à mon arrivée, avait
alors deux thématiques centrales: d’une part la simulation physique temps réel, et d’autre part
le travail collaborative 3D distant. Assez rapidement mon activité de recherche s’est orientée
vers la première thématique, dans laquelle se situe la synthèse ici présentée. J’ai eu la chance
de bénéficier, de septembre 2003 à aout 2005, d’une délégation INRIA, qui m’a permis de mûrir
le travail présenté dans ce document. Le travail que je présente ici se base entre autres sur les
activités d’encadrement de recherche ci-dessous:

• Thèse de Julien Lenoir (soutenue le 23 novembre 2004), Université de Lille 1, Modèle
déformable 1D pour la simulation physique temps réel : cette thèse a permit de définir un
premier modèle spline déformable 1D temps réel disposant d’un ensemble de contraintes
lagrangiennes (notamment la contrainte de point glissant), et bénéficiant de propriétés
adaptatives, permettant entres autres le serrage d’un noeud à complexité de modèle quasi-
constante;

• Thèse de Jérémie Dequidt (date prévue de soutenance: 9 décembre 2005), démarrée en
septembre 2003, Université de Lille 1: Objets autonomes en simulation physique temps
réel : cette thèse rassemble les premiers pas de notre thématique de recherche concernant
le multi-modèle proprement dit. Elle s’interesse d’une part au contexte logiciel dont il
est souhaitable de disposer pour envisager sereinement de tels objets, et ensuite propose
quelques premiers exemples d’objet pouvant adapter leur représentation à des contraintes
extérieures.

• Mémoire de DEA de Jérémie Dequidt,Détection de collision entre objets physiques au-
tonomes, Université de Lille 1, juillet 2002: ce mémoire de DEA, préambule à la thèse
du même étudiant, a posé les bases de l’architecture, en proposant un pipeline de colli-
sion suffisament modulaire pour donner une bonne autonomie aux systèmes mécaniques
simulés.
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Introduction

Le lecteur pourra se référer à l’annexe 1 pour une liste exhaustive de nos encadrements de
recherche (ainsi que de nos diverses activités liées à la recherche).

Sujet de recherche et organisation du document

L’utilisation de l’animation à base physique connait ces dernières années un nombre d’application
de plus en plus important: à l’origine reservé au calcul scientifique, la simulation physique con-
cerne maintenant des domaines aussi divers que la CAO, le jeu vidéo, ou la simulation médicale.
Ces trois domaines n’ont pas le même rapport à la simulation: le jeu vidéo se contente souvent
de plausibilité de la simulation vis-à-vis de la réalité; la CAO necessite une réelle adéquation de
la simulation avec la réalité; la simulation physique médicale, qui vise à reproduire de manière
virtuelle le comportement des tissus organiques, tente, elle de coller, dans la mesure du possible,
avec la réalité. Ce dernier domaine d’application est d’ailleurs un domaine extrèmement riche,
de par le nombre de problèmes concrets actuellement tres incompletement résolus, et l’extreme
complexité mécanique des tissus vivants. L’interaction mécanique entre les organes, le nombre
important de tissus et de topologies différents, l’omniprésence des fluides dans un organisme
evolué, rendent la simulation physique d’un organisme humain par exemple totalement utopique
à l’heure actuelle. Les meilleurs résultats scientifiques arrivent pour le moment à simuler tel
ou tel type d’organe, avec, en terme d’interaction, certaines opérations simple (tel l’application
d’une legere pression sur cet organe, une préhension simple, ou une découpe primitive).

Le travail présenté dans ce document a pour vocation essentielle la simulation physique médicale,
sans pour autant que la philosophie de fond en soit dépendante: les modèles présentés, ainsi
que l’idée de fond de ce document sont incontestablement utilisables dans d’autres contextes
que la simulation médicale. Toutefois, ce contexte, de par sa complexité, constitue un terrain
d’exploration tout à fait propice à l’illustration des quelques principes que ce document ébauche.

Le fil conducteur de ce document repose sur l’examen du décalage que l’on constate en analysant
d’une part la vision que l’être humain peut avoir du monde et des objets qui l’entoure, et d’autre
part le sens que l’on peut donner à la notion de ”modèle”, qui est ce que la machine manipule
pour créer une image. L’idée que la perception d’un objet, au sens géométrique du terme, se fasse
de manière hiérarchique, est assez naturelle. Toutefois, cette hiérarchie doit, dans le contexte
de l’animation, être étendue à d’autres domaines que la géométrie pour gagner en réalisme.

Un exemple concret, considéré dans un vocabulaire naturel, puis ensuite recadré dans le con-
texte de modélisation en réalité virtuelle, permet d’appréhender les verrous technologiques et
théoriques auxquels nous nous intéressons ici. Considérons le cas d’une balle de tennis. Celle-ci
est constituée de plusieurs couches de matériaux caoutchouteux, et comporte sur sa surface un
ensemble de fibres étroitement imbriquées. Considérons la tout d’abord immobile. Visualiser
cette balle de prés implique de dissocier les fibres les unes des autres, alors que, en s’éloignant
un peu, on aura simplement l’impression d’une certaine rugosité sur la balle, laquelle rugosité
disparâıtra pour laisser place à une couleur uniforme au fur et à mesure que l’on s’éloigne. An-
imons maintenant notre balle. Lancer une balle depuis une faible hauteur sur le sol n’implique
généralement pas, à la perception humaine, de déformation de la balle. Pourtant, les fibres à sa
surface le sont. Visualisée de prés, ces déformations apparâıtront. Si l’on presse plus fortement
sur cette même balle, alors celle-ci se déformera. La vitesse à laquelle évolue la balle influe
également sur la perception que nous en avons : si celle-ci est quasiment immobile et visualisée
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de prés, alors les détails de la balle apparâıtront, alors que si, visualisée à la même distance, sa
vitesse est grande, celle-ci sera simplement perçue par l’œuil humain comme une tâche jaune.

Ce petit exemple simple, aussi basique puisse-t-il être, recèle en lui les points clefs que notre
projet de recherche cherche à analyser, à savoir que, du point de vue informatique, la manière
dont on va représenter un objet, le modéliser, dépend très fortement du contexte dans lequel il
est manipulé, et visualisé. Il influe, du point de vue de la modélisation de l’objet, sur plusieurs
facteurs: d’une part, la modélisation géométrique d’un objet doit pouvoir s’adapter au contexte
de visualisation (la surface de la balle doit parfois être envisagée selon l’imbrication de fibre,
ou simplement une surface lisse). Ensuite, certains aspects de la géométrie de l’objet peuvent,
selon le contexte de visualisation, influencer sur la modélisation optique (les fibres introduisent
un aspect rugueux pour la balle, vue d’une distance intermédiaire, sans modifier la géométrie
sphérique). Quant à la modélisation physique, elle pourra, suivant le type de contraintes, suivre
tel ou tel bilan de force, telle ou telle équation différentielle, se déformer ou non, etc... Chaque
modèle mécanique ayant son cadre d’application, et son domaine de validité. La co-existence
pour un même objet de diverses représentations, et de divers niveaux de représentation au sein
d’une même modélisation, est donc une propriété potentiellement attirante. Cette propriété de
multirésolution permet d’envisager un objet sous forme de plusieurs ”versions”, allant des plus
grossières aux plus fines. La mise en place de tels outils nécessite toutefois un investissement
(notamment logiciel) important. Ce dernier aspect nous amène ainsi à envisager un autre point,
nécessaire quant à la mise en place d’objets multirésolution/multireprésentation.

Ce document présente quelques résultats qui vont vers l’obtention d’objets adaptatifs, dans
tous les sens du terme, pour la simulation physique temps réel. D’une manière globale, cette
problématique implique de mener en parallèle plusieurs acquisitions de compétence: il s’agit
tout d’abord de suffisamment mâıtriser les divers modèles (tant au niveau géométrique que
mécanique, ou pour la détection de collision) impliqués dans une simulation à base physique
pour être capable d’en percevoir (éventuellement d’en repousser) les limites. Ensuite, dans les
divers modèles utilisables, il faut pouvoir distinguer ceux pouvant être associés à des propriétés
multirésolution (éventuellement de les améliorer, ou d’en proposer de nouvelles), ce qui peut
donner une certaine souplesse, pour éventuellement adapter la complexité calculatoire d’un
objet à un contexte d’utilisation. Enfin, pour dépasser les limites de chaque représentation,
et permettre une réelle utilisation d’objets multi-représentation, l’on a besoin de techniques
permettant, de manière totalement transparente pour l’application globale, à un objet de changer
de représentation (pour telle ou telle partie algorithmique, entre la détection de collision, la
mécanique, l’affichage, etc...): précisément parlant, cela implique d’une part la proposition d’un
cadre logiciel permettant effectivement une telle séparation suivant les systèmes mécaniques
envisagés, et d’autre part l’existence de règles de décision permettant à l’objet, de manière
dynamique, d’adapter sa représentation à son contexte d’interaction.

Ce document est donc organisé en trois parties: le premier chapitre traite des modèles (tant
géométrique que pour la collision et la mécanique), en tentant (car le domaine est extrêmement
large) un tour d’horizon des techniques qui sont utilisées pour les trois classes de représentation
étudiées ici. Nos contributions sur ce point sont également résumées:

• Une technique rapide de contrôle de mélange pour représentation implicite (travail réalisé
en collaboration avec F. Triquet et P. Meseure);

13



Introduction

• Un modèle de fil B-spline déformable en temps réel, associée à un ensemble de contraintes
résolues par multiplicateur de Lagrange (travail réalisé avec J. Lenoir dans le cadre de sa
thèse).

Le deuxième chapitre de ce mémoire traite plus spécifiquement des modèles, parmi ceux cités
dans le premier chapitre, qui peuvent être associés à des techniques adaptatives, afin par ex-
emple de respecter des contraintes externes (occupation mémoire, coût de calcul, etc...). Nos
contributions sur ce point sont également replacées dans le contexte bibliographique, elles sont,
pour ce chapitre, au nombre de trois:

• Une technique adaptative de rendu de cylindre généralisé, permettant à la fois un rendu
de qualité et des performances bien plus hautes que les techniques classiques, pouvant
notamment s’adapter à une contrainte de temps d’affichage imposée extérieurement (travail
réalisé en collaboration avec D. Marchal);

• Une version adaptative du modèle de B-spline 1D déformable, permettant entre autre le
serrage, en temps réel, d’un noeud à un endroit arbitraire de la spline (travail réalisé avec
J. Lenoir dans le cadre de sa thèse);

• Un modèle volumique déformable ayant toutes les propriétés adaptatives lui permettant
d’adapter (moyennant une certaine tolérance) son temps de calcul d’animation (colli-
sion+intégration mécanique) à un temps imposé de manière externe (travail réalisé avec
J. Dequidt, dans le cadre de sa thèse, et D. Marchal).

Pour terminer, la troisième et dernière partie de ce mémoire discute de manière plus globale
du multi-modèle, pour, au delà des techniques liées aux représentation, ou même au delà du
coté multirésolution/adaptatif de certaines, pouvoir s’abstraire d’elles, et permettre à un objet,
à un système animé, d’en changer dynamiquement. Après une étude des quelques travaux
pouvant être reliés à cette problématique, notre contribution principale à cette problématique
est introduite: une architecture logicielle qui permet à un objet de changer une partie de sa
représentation sans que cela n’ait de conséquences sur les autres systèmes physiques impliqués
dans la simulation (travail réalisé avec J. Dequidt, dans le cadre de sa thèse).
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Chapitre 1

Les modèles en simulation physique
temps réel

La simulation physique temps réel est un domaine très vaste, où la recherche est à l’heure actuelle
très active. Donner une vue d’ensemble exhaustive est une tâche très difficile (le lecteur peut
par exemple se référer à [Mes02] pour un excellent survol de ce domaine). La littérature liée au
domaine est très large, et des algorithmes, adressant des problématiques très différentes, doivent
co-exister au sein d’une application de simulation physique. Nous tentons ici une classification
rapide des familles d’outils nécessaires pour créer un simulateur physique, en les regroupant par
intérêt fonctionnel, suivant quatre groupes: modèle géométrique (pour l’affichage), détection et
gestion des collisions, modèle mécanique proprement dit, interaction utilisateur. Il est à noter
que certaines des techniques présentées ici peuvent être modifiée pour manipuler des modèles
de manière adaptative: ceci sera traité en détail au prochain chapitre, et par conséquent, aucun
aspect multirésolution ou adaptatif ne sera traité ici.

La notion de ”modèle”, telle qu’utilisée dans ce document, est assez floue: on parlera souvent,
indifférent, de ”modèle” pour l’affichage, où l’on considère souvent uniquement la géométrie
et les différentes représentations que l’on peut en faire, et de ”modèles” (par exemple pour la
mécanique) qui sont plutôt relatifs à une algorithmique (ex: modèle d’intégration numérique).
Dans les cas ambigüs, le terme ”modèle” sera dans ce document prioritairement utilisé pour
désigner un modèle algorithmique: on utilisera l’expression ”géométrie support” pour désigner
la représentation géométrique sur laquelle l’algorithmique s’exécute.

1.1 Modèle géométrique

La modélisation géométrique est un domaine très riche, et toutes les problématiques de celle-ci
n’ont pas de lien immédiat avec la problématique étudiée dans ce document. Nous donnons
ici une vue des outils et modèles, que l’on peut considérer comme venant du monde de la
modélisation géométriques, qui sont soit déjà couramment utilisés, soit dont le potentiel, dans
le cadre de l’affichage pour la simulation physique temps-réel, nous semble important. Tous les
arguments développés ici se font dans ce cadre précis, et dans ce cadre uniquement. Il motive
notamment les choix de présentation faits, dans la mesure où les modèles cités ici sont soit en
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lien direct avec les représentation couramment utilisées pour la simulation mécanique, soit parce
que l’on dispose de techniques de conversion rapides depuis les modèles utilisés par la mécanique,
vers ces modèles.

La description que nous avons choisie de développer ici s’organise suivant la dimension des
objets représentés. Ceci peut sembler arbitraire, et, comme nous le verrons, certains modèles
sont d’ailleurs utilisables pour plusieurs dimensions différentes d’objets (ex: les splines pour les
objets 1D, 2D et certains objets 3D): Dans le cadre de la simulation physique, cette classification
nous a semblé la plus naturelle, dans la mesure où les arguments de contrôles topologiques
(cruciaux pour des opérations comme la découpe ou la déchirure par exemple) sont souvent
déterminants dans les choix effectués, et lourdement dépendants, pour un modèle géométrique
donné, de la dimension de l’objet à simuler.

1.1.1 objets linéiques

Cette classe de modèle rassemble toutes les simulations d’objet 1D, du fil textile au cheveu, en
passant dans le contexte de la simulation chirurgicale par le fil de suture, qui reste à l’heure
actuelle un réel challenge du point de vue mécanique (nous aurons l’occasion d’y revenir dans
la section 1.5.2. On assimile assez simplement une courbe 1D à une courbe paramétrée, par le
biais de deux grandes familles de modèles:

• Les splines: il s’agit de la famille de modèle la plus ancienne, dont les premières formes
sont venues en solution à l’interpolation polynomiale par morceaux d’un nombre fini de
points [Sch46]. Le cas de la ligne brisée (suite de points reliés entre eux par des segments
de droite, le cas le plus basique de formulation linéique continue) peut-être vu comme un
cas particulier de B-spline uniforme, de degré 1 (voir ci-dessous). Ces modèles donnent de
manière naturelle une paramétrisation de la courbe. Il existe plusieurs modèles de splines
[Gri99], mais tous peuvent se définir de la façon suivante: on considère comme courbe
spline toute courbe pouvant s’écrire comme combinaison linéaire de fonctions prédéfinies:

C(t) =
n

∑

k=0

PkFk(t) (1.1)

Les familles de splines les plus utilisées à l’heure actuelle, comme les NURBS [PT95] ou les
B-splines [Far92] intègrent des propriétés sophistiquées, comme par exemple le contrôle du
niveau de continuité paramétrique de la courbe, un contrôle fin de la paramétrisation, via
le vecteur de noeud. Un vecteur de noeud est, dans la terminologie B-spline, une séquence
croissante de valeur:

T =
(

t0, t1, . . . , tM
)

avec t0 ≤ t1 ≤ . . . ≤ tM

A partir de ce vecteur nodal et d’un degré polynomial, on peut construire les fonction
d’influence B-splines à l’aide d’une définition récursive, présentée par Cox [Cox72] et De
Boor [dB72] :

Ni,0(t) =

{

1 si ti ≤ t ≤ ti+1

0 sinon

et

∀ p ∈ IN∗, Ni,p(t) = t−ti
ti+p−ti

Ni,p−1(t) +
ti+p+1−t

ti+p+1−ti+1
Ni+1,p−1(t)

(1.2)
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Les NURBS peuvent, elle, s’envisager comme une extension rationnelle des courbes B-
splines, et beaucoup de leur propriétés découlent directement de celles des B-splines.

• Les courbes à subdivision: celles-ci ont fait leur apparition en informatique graphique il
y a environ 15 ans[DZ00]. Ces courbes sont construites itérativement, comme point fixe
d’une suite de transformation. En formalisant la subdivision sous la forme d’un produit
matriciel, on peut, moyennant l’étude spectrale de la matrice de subdivision impliquée,
dégager des méthodes d’evaluation directe des courbes (et surfaces) à subdivision. Cette
technique est à la base de la manipulation de la parametrisation de tels objets. Il est à
noter toutefois qu’elle nécessite un investissement théorique élevé, et n’est de surcroit pas,
du moins à notre connaissance des résultats actuels, manipulable pour tous les schémas
de subdivision (la linéarité est en effet au moins nécessaire, ce qui rend par exemple cette
technique non-disponible pour des schémas tels [AEV03] ou [HSB05]) .

Bien souvent, l’affichage des modèles 1D nécessite l’association d’une ”épaisseur” à la courbe.
Ceci se fait la plupart du temps par le biais de deux classes de techniques.

• objets implicites: les objets implicites sont des représentations intrinsèquement volu-
miques, et définissent la surface d’un objet comme l’ensemble des points solution d’une
certaine équation:

S = {P ∈ IR
3 | F (P ) − T = 0} (1.3)

Dans le cas des courbes 1D, les représentations implicites les plus intéressantes sont les ob-
jets implicites à squelette: les représentations par convolution [She99], et les représentation
equipotentielles. Les deux constructions utilisent pour définir la surface une expression
permettant de calculer une valeur scalaire à partir du point de l’espace, et du squelette.
Les surfaces de convolution utilisent comme expression une grandeur pouvant etre vue
comme l’integrale, sur le domaine du squelette V , d’une expression dépendant d’un noyau
analytique (le paramètre s contrôle la zone d’influence du noyau):

F (P ) =

∫

V
h(P − r)dr (1.4)

le noyau h a le plus souvent la structure d’une gaussienne isotrope. Certaines expressions
ont l’avantage, dans le cas de primitives de squelettes simples, de permettre une évaluation
symbolique du terme intégral. Par exemple, le noyau de Cauchy[She99] fourni une expres-
sion symbolique de F sur un squelette formé de points isolés, de segments de droite, d’arcs
de cercle, ou de triangles, rendant ainsi accessible une gamme trés large de squelette:

h(r) =
1

(1 + s2r2)2
(1.5)

Le paramètre étant un facteur de contrôle du comportement géométrique de l’objet résultant.
Les objets dit équipotentiels sont d’une définition analytique plus simple: on les définis
généralement par le biais de l’application d’une fonction de mélange (en tout point sem-
blable aux noyaux de convolution cités plus haut) sur la distance entre le point considéré
de l’espace, et le squelette:

F (P ) = h(d(P, V )) (1.6)
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Ces représentations présentent, dans le cadre de l’affichage, la propriété intéressante de
garantir une bonne continuité de surface, quelque soit la courbure locale du squelette sous-
jacent: de ce point ils sont plus attractifs que les cylindres généralisés (cf point suivant).
Toutefois, ces derniers sont généralement moins coûteux à afficher, dans la mesure ou les
objets implicites doivent, de manière générale, passer par une tesselation avant de pouvoir
être visualisée [HAC03].

• cylindres généralisés: ils sont une construction classique en modélisation géométrique, et
considèrent une surface comme étant générée par extrusion d’une courbe (le plus souvent
fermée) le long d’un axe. Cette approche est particulièrement adaptée à la modélisation de
tous les objets pour lesquels on peut facilement dégager un axe principal. Cette approche
permet de définir facilement le long d’un axe paramétré, par le biais de transformations
affines dans le repère courant local, des surfaces relativement sophistiquées. Dans le cas
de la simulation d’objet filaires, cette modélisation permet trés facilement d’ajouter une
épaisseur, par extrusion de section. Le problème principal de ces modèles, à propos duquel
aucune solution ne fait pour le moment l’unanimité, est la question de la gestion des points
de fortes courbures sur l’axe: ceci peut, si la tesselation n’est pas adaptée, générer des
maillages de mauvaises qualités (cf Figure 1.1), voire même des maillages auto-intersectant
(CF. figure 1.2).

b)a)

Figure 1.1: a) tesselation incorrecte du cylindre généralisé; b) tesselation correcte.

a) b)

Figure 1.2: Le cylindre maillé en a), dans le cadre de déformation, génère un maillage auto-
intersectant en b).
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1.1.2 objets surfaciques

La simulation physique utilise ces objets pour afficher des surfaces ouvertes (ex: tissus), mais
aussi fermées, représentant des volumes: il est en effet courant, dans le cas de simulations ne
manipulant pas de changements topologiques de type découpe ou déchirure, d’utiliser une surface
comme ”peau” d’affichage d’un volume animé. Les différents modèles classiques que l’on trouve
pour la manipulation géométrique de surface sont:

• Les maillages polygonaux: ces modèles sont les plus utilisés à l’heure actuelle, de par leur
simplicité, et le fait qu’ils collent de trés prés aux modélisation mécaniques surfaciques
courantes (voir section 1.3). Leur manipulation, en tant que modèle géométrique, s’énonce
assez simplement, et les cartes graphiques actuelles en font leur outil d’affichage privilégié.
Suivant les tâches algorithmiques à effectuer, la structure de données utilisée est toutefois
une question sensible: d’une manière générale, la plupart des manipulations topologiques
requierent, pour être accomplies dans de bonnes conditions, de disposer efficacement des
informations de voisinage. On doit souvent, si l’on veut éviter une structure de donnée trop
redondante, circonscrire les modifications qui seront effectuées [BBCK03]. Notamment, la
question de savoir comment séparer un objet en deux parties non-connexes, et manipuler
une structure de donnée qui permette de détecter ce découpage de manière efficace pour le
contexte de la simulation temps réel, est une question encore à notre connaissance ouverte.

• Les splines: les surfaces splines sont le plus souvent construites par produit tensoriel
[Gri99]. Ces objets sont de fait paramétrés; ils bénéficient de plus, comme les splines
1D, de certaines propriétés mathématiques, comme par exemple la propriété d’insertion
de point, qui rendent le modèle attractif pour les aspects adaptif/multirésolution (cf sec-
tion 2.2.1). Toutefois, il est à noter que l’aspect tensoriel de la construction induit un
certain nombre de difficultés pratiques: cette construction implique de fortes contraintes
topologique, rendant par exemple impossible tout autre découpe que complète suivant une
direction paramétrique principale[Gri99]. Il est de plus à noter que l’assimilation des lignes
brisées à un cas particulier de spline (ce qui était le cas pour la description des modèles 1D)
n’a pas été faite, dans le cas des surfaces: la topologie d’un maillage, dans la littérature,
est le plus souvent arbitraire, et nous considérerions comme abusif d’assimiler de tels ob-
jets à des cas particuliers de splines comme nous les envisageons ici, i.e. définie, pour les
surfaces, par produit tensoriel. Il est à noter que certaines modèles spline sont constru-
its pour fonctionner sur un maillage triangulaire [Man03], et d’autres, telles les T-splines
[SZBN03] définies récemment, proposent une technique de construction de ”patch” spline
associée à des méthodes efficaces de recollement, qui permettent de manipuler des objets
de topologie arbitraire. Ces techniques sont toutefois encore trés récente, et l’utilisation
de splines surfaciques sans l’utilisation de construction tensorielle est, à notre perception,
encore isolée.

• surfaces à subdivision: elles sont construites de manière itératives, d’une manière trés
semblable aux courbes à subdivision, en adaptant cette fois le schéma de subdivision à
des objets polygonaux. La paramétrisation de ces surfaces est disponible via les mêmes
outils que pour les courbes à subdivision, moyennant les même restrictions sur le schéma
de subdivision. Dans le cas des surfaces, la topologie du maillage de départ est, là aussi,
un élément limitant: la structure de la matrice de subdivision est dépendante de la valence
des points du maillage initiale. La structure spectrale en est, de fait, elle aussi dépendante.
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Ceci impose, meme si la théorie ne le fait pas, une certaine régularité sur la topologie du
maillage, pour pouvoir être paramétrée (relativement) simplement.

• surfaces définies par nuage de points: l’idée fédératrice de ces techniques est que, sous
couvert de disposer d’un échantillonnage suffisamment dense d’une surface, on peut la
reconstruire. Ainsi, des techniques de reconstructions locales (telles les Moving Least
Square [MACOF+03]) ou globales (fonctions de Green[VSK95], RBF[CBC+01]) permet-
tent d’approximer la surface. Ces techniques, quand elles envisagent l’objet dans sa glob-
alité, sont généralement assez couteuses (dans le cas des RBF, le système à résoudre est
par exemple assez mal conditionné, rendant à priori délicat l’utilisation d’une eventuelle
cohérence temporelle, dans le cadre d’une reconstruction interactive). Pour finir, la topolo-
gie résultante de l’objet reconstruit est assez délicate à contrôler finement (voir section 2.2.2
pour plus de détails).

1.1.3 objets volumiques

en terme d’affichage, la frontière entre modèles surfaciques et volumiques est assez délicate à
préciser. Nous considérons que la modélisation géométrique devient volumique dans deux cas:
lorsqu’on associe à un objet la possibilité d’être découpé ou fracturé, et ensuite, lorsque la
modélisation est celle d’un champ de densité (ex: gaz). Dans ce dernier cas, il est important
de garder en tête que ce qui est décrit ici est uniquement orienté vers l’affichage: on pourra par
exemple retrouver les maillages 3D comme discrétisation de la mécaniques (pour éléments finis
ou autre) mais ceci sera traité dans la section 1.3

• représentations implicites : les représentations implicites sont, comme décrit pour le cas
1D, un moyen générique d’associer un volume à un squelette de dimension quelconque.
Ceci est trés utile pour les objets volumiques déformables[FLA+05] (voire de simula-
tion d’objets trés déformables [DC95]), mais aussi pour la reconstruction géométrique
de certains phénomènes type surface de fluides. La gestion topologique simple de ces
représentations est, dans le cas de la simulation de fluide, clairement un avantage, dans la
mesure où elle permet notamment de gérer de manière systématique le caractère partielle-
ment continu du milieu (on peut par exemple voir [GSLF05] pour des simulations, non
interactives, de fluide ou le caractère partiellement continu du milieu est mis en évidence).

• représentations par maillages 3D : la plus courante est la représentation par tétrahèdres.
Celles-ci peuvent indifférement jouer le rôle de cellules d’echantillonage pour un champ
de densité (pour les modélisations de type gaz [AN] en modélisation lagrangienne par
exemple, voir section 1.3), où d’éléments de volumes pour des objets déformables. Dans
ce cas, on peut alors par exemple associer l’objet à une opération de découpe [For03] ou
de fracture[MTG04].

• représentations par points: ce type de représentation est utile pour la simulation des gaz
(cette fois dans une approche eulérienne, cf section 1.3): on obtient alors un système par-
ticulaire, qui peut pour l’affichage, être mis en correspondance avec un champ de densité,
et affiché par rendu volumique [Sta99].

La géométrie utilisée pour l’affichage dans le cadre des simulateurs physique pose, de manière
générale, des problèmes qui ne sont pas ceux de la modélisation géométrique dans sa version la
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plus classique. La question essentielle, dans le cadre de la simulation physique, est surtout de
garder des procédures d’affichages rapides. Les cartes 3D font que cette tâche n’est clairement
pas le bloc fonctionnel limitant: on se limite le plus souvent à des configurations géométriques
simples. Toutefois, certains cas de figure donnent tout de même des problèmes intéressants
(voir la contribution sur l’affichage temps réel des cylindres généralisés, section 2.5.1), parce
que l’on souhaite idéalement obtenir un affichage qui puisse autant que possible pallier aux
approximations souvent nécessaire sur le modèle mécanique, pour conserver un objet qui puisse
être manipulé en temps interactif. Dans cette optique, on peut penser que la conception de
simulateurs physiques, assez paradoxalement, pourra durablement alimenter une activité de
recherche sur la géometrie de manière perenne.

1.2 Modèle de collision

la question de savoir comment modéliser l’interaction entre objets est une question cruciale, car
souvent très coûteuse, en simulation physique. A la différence des autres classes de modèles
envisagées dans ce document, un modèle de collision est partagé par un groupe d’objet, et
n’appartient de fait pas ”strictement” à un système mécanique donné. Cette particularité rend
difficile le fait d’espérer un jour obtenir un modèle de collision universel (nous reviendrons sur
ce point dans la section 3.1.3. Comme nous le verrons, il est difficile de dissocier la détection de
collision proprement dite, de la réponse à celle-ci, i.e. de la manière dont cette collision influe
sur les équations mécaniques. C’est pour cette raison que nous traitons les deux points au sein
d’une même partie.

1.2.1 Detection de collision

on distingue deux grandes classes de techniques [Boy79]: d’une part, les techniques qui considére
le mouvement comme une suite discrète de dates, en cherchant ensuite les ”collisions” (i.e.
intersections) à chaque date (elles sont classiquement appellées méthodes de collisions à temps
discret. D’autre part, les techniques qui vont tenir compte de la continuité du mouvement, en
cherchant, sur la base de la ligne de temps discrète, les dates de simulation où les objets entrent
en contact. Ces méthodes sont dites à temps continu. Ces dernières techniques sont souvent
plus coûteuses, mais plus précises [Red04]. Nous tentons ici un rapide survol des techniques
modernes de détection de collision[JTT01, TKH+05, Mes02]. On peut citer:

• primitives sphériques: il s’agit trés probablement de la primitive de collision la plus sim-
ple, le test d’intersection de ramenant ici a une simple distance entre deux points. Ces
primitives sont adaptés à des modèles type matériaux granulaire [BYM05], mais, dans la
mesure où un ensemble peut de sphère peut approximer de manière arbitraire n’importe
quel objet, ces primitives peuvent aussi être utilisée pour un ensemble plus divers d’objets
[Mes02].

• détection entre polyèdres: les objets sont ici considérés comme un ensemble de polyèdres,
ce qui ramène la question de l’intersection entre les objets, à un ensemble de paires po-
tentielles de polyèdres. La plupart du temps on se ramène à des polyèdres convexes.
L’algorithme GJK [EGK88, Cam97], basé sur l’utilisation de la distance de Minkowski
entre deux polyèdres, évalue de manière itérative la distance d’interpénétration. Cet algo-
rithme est de complexité linéaire par rapport au nombre de sommets des deux polyèdres,

21
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mais dans certains cas il génère certaines instabilités (ex: un cube quasiment au repos sur
un plan). Dans le cas où l’on cherche une évaluation du volume d’intersection, l’utilisation
de cette primitive peut être, pour obtenir un traitement rigoureux de l’intersection, assez
coûteuse et nécessiter pas mal de cas particulier [Mes02]. Dans la mesure ou ces primi-
tives peuvent servir de base de définition à une mécanique déformable, ils peuvent, dans
l’absolu, servir de primitive de collision pour les objets déformable, mais leur utilisation
pratique reste, à notre connaissance, assez coûteuse, et délicate pour le temps réel.

• utilisation des cartes de distances: ces algorithmes se basent sur une approximation discrète
de la fonction qui, en tout point de l’espace, donne la distance entre le point et l’objet
considéré[MAC04]. A partir de cette carte discrète, on dispose d’un moyen simple pour
connaitre le positionnement intérieur/extérieur d’un point donné de l’autre objet, et on
peut aussi avoir une estimation de la distance d’inter-pénétration. Ces cartes, trés efficaces
dans le cas d’objets rigides, sont pour le moment encore relativement difficiles à utiliser
dans le cas d’objets déformables.

• utilisation de représentations implicites: ce type d’approche est assez proche, philosophique-
ment, de la technique précédente. Une représentation implicite fourni un moyen, souvent
peu coûteux, pour évaluer l’aspect booléen intérieur/extérieur d’un point de l’espace par
rapport à l’objet considéré. Par recherche d’extréma, cette approche permet aussi de
déterminer la distance entre deux objets, ou la distance d’interpénétration si les deux
objets sont en intersection [SP95]. Pour évaluer le volume d’intersection (si nécessaire,
voir section 1.2.2), on peut, par une tesselation locale, évaluer ce volume [DC94], pour en
déduire une réponse ad-hoc.

• collision entre volumes extrudés: ce type de problématique survient essentiellement quand
on veut, pour la détection de collision, prendre en compte l’aspect continu du mouvement.
Chaque primitive de collision intervient donc non pas directement, mais par le biais d’une
extrusion, et l’on se ramène par ce biais à la détermination de l’intersection de deux
primitives géométriques: au travers de la détermination d’une intersection, une question
majeure est de trouver le point d’extrusion, i.e. la date de simulation, à laquelle les objets
entrent en collision [RKC01, RKC02a].

• méthodes non-géometriques: une famille de méthode a récemment été proposée, tirant
parti des architectures matérielles 3D récentes [GRLM03, Man05]. Ces techniques ne
manipulent pas à proprement parler de primitives géométriques, mais utilisent d’une part
l’extrème optimisation des cartes graphiques pour discrétiser la géometrie, et d’autre part
la capacité des cartes les plus récentes pour signaler qu’une partie de la géometrie est
tracée derriere la caméra openGL. De la sorte, le positionnement de la caméra sur un
triangle d’un objet A, orienté dans la direction de la normale à ce triangle, peut fournir
simplement une information d’intersection avec un objet B: simplement en effectuant un
rendu de l’objet B. En associant de plus à chaque primitive (ou groupe de primitive) une
coloration spécifique, différente de ses voisins [BEH02], on peut également par ce biais
détecter efficacement les auto-collisions dans le cas d’objets déformables.

1.2.2 La réponse à la collision

La réponse à la collision est la partie algorithmique qui, en fonction de l’examen géométrique
décrit à la section précédente, permet d’en déduire une ”correction”, par le biais des lois
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mécaniques, de l’état de l’objet.

• méthodes à pénalité: il s’agit de la classe de méthode la plus simple à mettre en place. Elle
s’appuie la plupart du temps sur le vecteur d’inter-pénétration (le vecteur de translation
minimale permettant de séparer les deux objets) entre deux objets, et génère une force
de répulsion calculée en fonction de ce vecteur (de manière simple, linéaire[MW88] ou
non-linéaire, simulant des forces autorisant moins d’interpénétration).

• méthodes à contact exact: ces méthodes tentent de fournir une simulation qui, au long
des différents temps de simulation, donne à chaque date une configuration géométrique
valide (i.e. sans interpénétration). Ceci, dans le cas de point de contact unique entre
objets rigides, peut se faire selon des règles relativement bien mâıtrisées [Hah88, MW88].
Toutefois, dans le cas de contact multiples, le problème devient plus complexe, et l’on
se ramène souvent à une résolution itérative [Bar94, RKC02b]. Dans le cas des objets
déformables, une correction géométrique est appliquée aux objets [Gas93] et la cinématique
locale des objets adaptées en fonction du type de contact[PPG04].

• gestion des frottements: dans le cas d’objets en contact, il est possible, pour certains cas
simples, d’utiliser les lois de Coulomb pour modéliser le frottement. Ceci donne de bon
résultats dans le cas de contact ponctuel. Dans le cas où il y a plus d’un point de contact,
ou une zone continue de contact, la résolution de ces frottements devient un problème
NP-complet [Bar91]: la solution envisagée alors est souvent de gérer le contact par une
approche autorisant de (trés faibles) interpénétrations, ce qui permet de gérer des contacts
avec frottements bien plus complexes [Dur04a, KEP05].

• gestion de contacts entre plusieurs objets: ce cas est assez particulier, dans la mesure ou les
techniques décrites dans les points précédents est relative à la gestion du contact entre deux
objets: dans le cas de contact entre plusieurs objets, le système est soumis a un nombre
plus élevé de contrainte, et pour trouver une réponse satisfaisante, le système mécanique
contraint doit alors être envisagé dans sa globalité. Certaines approches [Fau96] résolvent le
problème par itération, pour tenter de converger vers une solution physiquement plausible.

La détection de collision est un domaine extrèmement actif en recherche, et aucune solution ne
fait pour le moment l’unanimité de la communauté. L’essentiel de la recherche dans ce domaine
vise à proposer des modèles qui soient aussi génériques (et aussi rapides) que possible. Il semble
pour le moment inaccessible d’obtenir un jour un modèle ”universel”, qui soit capable de gérer de
manière rigoureuse un nombre suffisant de types d’objets pour que la question de la collision soit
considérée comme résolue. En revanche, les modèles de collisions de la littérature sont souvent
assez complémentaires (ex: primitives sphériques rapides mais grossières, primitives polyédrales
précises mais coûteuses; détection discrète rapide mais dépendante de la discrétisation du temps,
détection continue fiable, mais plus complexe à mettre en place). Cette constatation laisse
à penser qu’au delà d’un hypothétique modèle de collision universel, un système mécanique
pourrait d’ores et déjà bénéficier d’un traitement à la fois souple, peu coûteux, et robuste, s’il
disposait non plus d’un seul mode de gestion de la collision, mais par la cohabitation de plusieurs
algorithmiques. Cette idée rentre directement dans l’optique visée par la notion de multi-modèle,
nous y reviendrons section 3.1.3.
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1.3 Modèle mécanique

Cette section regroupe la partie d’algorithmique nécessaire à la simulation qui, à partir du
bilan de force s’appliquant sur un objet, permet d’en déduire les lois de modifications (le plus
souvent, une équation différentielle) des variables décrivant le système: ces variables sont ce
que l’on appelle classiquement les variables d’états. Que l’on soit en temps discret ou en temps
continu, la tâche est ici, étant donnée les variables d’états à une date de simulation donnée ti,
d’arriver à évaluer les variables d’états à la date de simulation suivante ti + δti (δti pouvant
être, suivant la sophistiquation de la simulation, constant ou variable, voir ). les techniques
d’intégration numériques des équations différentielles contraignent souvent, pour être stables, δti
à être de l’ordre de quelques centièmes de secondes, dans le meilleur des cas, pour la plupart des
simulations adressées en simulation chirurgicale. Il est à noter que d’une manière générale, il est
bien souvent, en tenant compte des technologies actuelles (autant matérielles qu’algorithmiques),
impossible d’obtenir un temps de calcul pour une boucle de simulation (i.e. phase de collision
+ phase mécanique) qui soit inférieur ou égal au pas de temps δti. C’est pour cette raison
que l’on appelle généralement simulation temps réel une simulation garantissant un niveau
d’interaction suffisant, généralement une trentaine de boucle de simulation par secondes (hors
retour d’effort). Ce taux de rafrâıchissement est pour le moment, hormis des cas de simulation
trés simples, impossible à garantir, et l’on est souvent limité par le temps de calcul de la phase
de détection de collision, et la stabilité des méthodes d’intégration numériques (induisant alors
pour être stables une algorithmique coûteuse): bien souvent, le taux de rafrâıchissement doit
être revu à la baisse. Il en résulte un décalage entre le temps de simulation perçu par l’usager, et
le temps de simulation effectivement utilisé: ceci induit une ”dilatation” du temps entre l’homme
et la machine. Cette dilatation a le premier inconvénient de fausser la perception d’un modèle
mécanique (même rigoureux d’un point de vue théorique), dans la mesure ou les mouvements
calculés sont ralentis, vu par l’humain. De manière duale, vu de la simulation mécanique, cette
dilatation du temps induit une augmentation de l’influence des interactions de l’utilisateur (ex:
un interacteur bougé à une certain vitesse par l’utilisateur aura une vitesse amplifiée pour la
simulation), faussant ainsi les forces appliquées, et rendant souvent incertaine la stabilité des
méthodes d’intégration numériques.

Si l’on se base sur la bibliographie, il semble difficile, à l’heure actuelle, de dissocier, au sein
de la ”mécanique”, trois aspects: d’une part la question de savoir comment, à partir des forces
appliquées sur un système, en déduire l’equation différentielle qui va régir le mouvement (ce
que nous appellerons ici lois mécanique), la manière dont on va utiliser ces équations pour
déterminer le mouvement (l’intégration numérique), et comment on va pouvoir pallier aux limites
des équations différentielles, pour simuler des contraintes fortes entre objets. Ces trois aspects
sont en effet intimement liés (ex: le cout d’une méthode d’intégration numérique, et sa stabilité,
sont liés au type de système qu’il intègre, i.e. à la loi mécanique utilisée). C’est pourquoi nous
avons choisi de les traiter au sein d’une même partie mécanique.

1.3.1 lois mécaniques

Les différents modèles mécaniques que l’on trouve dans la littérature peuvent être catégorisés
de manière naturelle par le biais du degré de déformabilité du corps modélisé [Hab97]:

• rigide: On considère souvent que la mécanique des corps rigide est globalement mieux
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Les modèles en simulation physique temps réel 1.3 Modèle mécanique

résolue que celle des autres classes de modèles de cette section [GBF03]. C’est pour cette
raison qu’au delà de la mécanique classique, on peut trouver pour ces modèles des travaux
tentant certains apports non-purement physiques, tels une parallélisation de la simulation,
avec gestion rigoureuse des collisions[Mir00].

• solides déformables: on considère ici les objets déformable ayant toutefois une certaine
rigidité. Ces objets ont la particularité d’être, s’ils sont considérés comme des objets
déformables classiques, soumis à des termes energétiques importants: ceci résulte souvent
en une intégration numérique délicate. La théorie des poutres [Cou80] défini de manière
mécaniquement rigoureuse le comportement infinitésimal d’un modèle dont l’une des di-
mensions est largement supérieure aux autres (rendant ainsi l’objet assimilable à un objet
1D). Il est à noter que c’est par le biais de la section, donc d’aspect intrinsèquement vo-
lumiques, que les propriétés mécaniques d’une poutre sont calculées. Les frères Cosserat
[EC09] ont complété le modèle, en associant aux éléments de torsion et flexion (déjà présent
dans la théorie des poutres) des paramètres de cisaillement et d’élongation. Cette théorie
a récemment été reprise, dans un cadre simplifié, pour modéliser en temps réel un fil
relativement rigide[Pai02].

• déformables structurés : ce cadre est celui que l’on adresse le plus souvent lorsqu’on parle
de simulation physique d’objets déformables. La littérature est ici extrêmement large,
mais l’on peut dégager les familles de techniques suivantes:

– systèmes masses-ressort: l’objet est ici discrétisé en un ensemble de particules, les-
quelles particules sont reliées (pour certaines) par un ressort, i.e. une liaison imp-
rimant une force de rappel, fonction de l’élongation par rapport à une longueur au
repos. Les forces internes au modèles sont ainsi approximées, sous couvert d’un po-
sitionnement correct des ressorts. Dans la plupart des cas, les ressorts utilisés sont
linéaires. Il est à noter que l’on peut utiliser des liaisons similaires pour mettre en
place des forces de rappel en courbure, et/ou en torsion. De tels systèmes mécaniques
permettent de mettre en place des modèles mécaniques déformables relativement so-
phistiqués [Pro95]

– éléments finis: ces méthodes utilisent des primitives volumiques, et modélisent les
déformations de ces structures élémentaires, en fonction des efforts qui leur sont
appliquées[DCA99, PDA00]. Ces méthodes sont le plus souvent non-invariante en
rotation, a contrario des méthodes masses-ressort: de fait, pour gérer de grands de-
placement, des méthodes à base d’extraction corotationnelles doivent être employées
[THMG04]. Ces méthodes s’adapte bien aux opérations de découpe [For03].

– analyse modale: cette classe d’approche pré-suppose que les déformations possible
pour un objet sont limitées, et précalculables[JP02]. Il est à noter que, dans le cas
d’éléments finis linéaires, un certain nombre de précalcul sont possibles, rendant ainsi
la technique assez proche de la classe d’analyse modale[Cot97], quand bien même ces
dernières techniques ne sont classiquement pas mises dans cette classe de techniques.

– meshless: ces techniques sont apparues il y a peu en informatique graphique [MKN+04].
Elles utilisent, pour représenter mécaniquement un objet, une nuage de point, sur
lequel aucune structure n’est pré-imposée: seul un calcul basé sur les distances de
voisinage permet d’effectuer le bilan de force sur chaque élément. Il est à noter que, si
ces techniques peuvent potentiellement gérer des opérations de découpes [PKA+05],
on ne sait pas, à notre connaissance, effectuer de telles manipulation de manière
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précise en temps réel (le principal frein étant l’intime liaison de ces techniques avec la
reconstruction géométrique de la surface visualisée, délicate à contrôler topologique-
ment dans le cas d’une découpe).

Il est à priori délicat de parler ici de méthodes continues et de méthodes discrètes: toutes
les méthodes décrites se ramènent effectivement à un ensemble discret, fini, de degrés de lib-
ertés. Toutefois, Il est, pour certaines méthodes parmi celles citées, plus facile d’appliquer
un effort en un point quelconque de la structure (et non nécessairement directement sur
les degrés de libertés. A partir de ce critère (arbitraire), on pourra parfois, dans ces
techniques, séparer les techniques de mécanique dites continues (éléments finis, meshless,
splines dynamiques) des méthodes discrètes (masses-ressort, analyse modale).

• corps non-structurés: cette classe de modèles englobe les modèles tels les fluides, fumées,
tas de sables.

– approche lagrangienne: pour ces méthodes, des particules sont utilisées pour discrétiser
l’objet, et l’animation de ces particules génère, par reconstruction, celle de l’objet.
Ceci est particulièrement adapté pour l’animation de tas de sables [BYM05], ou
l’interaction fluide-solide [Fed02]. Il est à noter que cette classe d’approche englobe
également les modèles structurés: on utilise toutefois assez peu la terminologie, dans
la mesure ou l’approche eulérienne, décrite ci-dessous, n’a, elle, pas de transposition
simple dans le cas d’objets déformables structurés.

– approche eulérienne: cette famille d’approche utilise un partitionnement de l’espace,
en chaque point duquel on défini l’évolution, au cours du temps, des paramètres
cinématiques qui définissent le mouvement. Le contexte d’application le plus propice
est celui de l’évolution d’un flux dans un espace clos [Sta99].

1.3.2 modèles de résolution des équations mécaniques

A partir de l’équation différentielle définissant le mouvement, les modèles décrits ici vont pro-
poser des solutions calculer les nouvelles valeurs du vecteur d’état. La question de la résolution
numérique d’équation différentielle est une question trés abondamment traitée en mathématiques
appliquées: toutefois, une spécificité du domaine réduit le nombre de techniques utilisables:
le bilan de force appliqué sur un système évolue en fonction du temps, et de fait l’équation
différentielle à résoudre n’est jamais complétement connue. Cette spécificité rend par exem-
ple inaccessible pour le moment les (nombreux) résultats de résolution hiérarchique d’équations
différentielle [Coh00], utilisant entre autres les travaux de Galerkin sur l’utilisation de bases
d’ondelettes pour la décomposition d’opérateurs linéaires[Coh00]. On est de fait la plupart du
temps ramené à des techniques classiques pour cette classe de problèmes.

• résolution statique: ces classes de méthode ne résolvent pas à proprement parler l’équation
différentielle obtenue, mais recherchent uniquement un état d’équilibre [BNC96, NS00]: les
vitesses et accélérations des degrés de liberté du système sont donc ignorés. Sous couvert
d’approximation linéaire, on se ramène de fait à un système simple à résoudre. Dans le
cas de mouvement simples, pour lesquels les états transitoires n’ont pas d’importance, ces
méthodes peuvent donner de bon résultats: en assimilant chaque date à un état d’équilibre,
on peut ainsi simuler un mouvement (approche quasi-statique). Toutefois, les phénomènes
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type propagation d’onde de déformation, chute de corps, phénomènes pendulaires, etc...
sont totalement inaccessibles par ce type de méthodes, ce qui peut être un inconvénient
important suivant le type de phénomène que l’on cherche à reproduire. Certains travaux
tentent de pallier à cet inconvénient [D’A01] en utilisant un processus de résolution itératif
de l’état d’équilibre, et en utilisant (de manière approximative) les résultats des itérations
comme état transitoire. Ces techniques peuvent être considérée comme assez grossières,
moins rigoureuse physiquement, en comparaison des techniques dynamiques décrites ci-
dessous. Elles sont toutefois souvent plus simples à gérer, et donnent, dans le cas d’objets
fixes déformables, de bon résultats.

• résolution dynamique: ces méthodes résolvent de manière complète l’equation différentielle
régissant le mouvement du système mécanique considéré.

– méthodes explicites: ce sont les méthodes les plus simples, les plus célèbres étant
la méthode d’Euler explicite, et les méthodes de Runge-Kutta. Ces méthodes, peu
coûteuses, souffrent souvent d’une faible stabilité numérique. Cette instabilité, dans
le cadre de la simulation temps réel, cause des problèmes sévères si elle n’est pas
maitrisée [Pro95, Jou95] (provoquant typiquement un comportement irréaliste, le
plus souvent de trés forte cinématique et complètement incontrôlable, des systèmes
mécaniques). La stabilité des techniques explicite est dépendante du pas de temps
utilisé, et l’on est souvent limité à des pas de temps assez faibles.

– méthodes implicites: ces méthodes ont en commun de chercher le nouveau vecteur
d’état en manipulant le bilan de force à la prochaine date du système: dans la
mesure où ces forces dépendent clairement de la configuration des variables d’états,
ces dernières deviennent solution d’un système d’équation (non linéaire). Toutefois,
le résultat obtenu est clairement meilleur que pour les techniques implicites dans
la mesure ou le vecteur d’état est calculé à partir des forces qu’il va générer dans
sa nouvelle version. Ces techniques sont plus stables que les techniques explicites,
et autorisent des pas de temps plus larges, ce qui les rend particulièrement attrac-
tives en simulation temps réel pour les objets déformables complexes (ex: tissus)
[BW98, BWK03].

1.3.3 Contraintes

un bilan de force est la seule dont on devrait, pour mener à bien une simulation, avoir besoin,
dans la mesure ou la relation entre système mécanique s’exprime, dans la réalité, uniquement
par ce biais. Toutefois, dans certains cas, les relations mécaniques se présentent plus comme des
conditions externe (ex: point d’un objet contraint à rester en un point donné de l’espace, relation
de pivot, point pouvant glisser le long d’une barre, etc...): ces situations ont ceci de particulier
que le bilan de force n’est pas ce qui est le plus facile à évaluer. Dans ces configurations: il est
souvent aisé de spécifier, avant même l’intégration, une partie des degrés de libertés: on connait
déjà, avant intégration, une partie du résultats que l’on souhaite obtenir pour la configuration.
La gestion de ces contraintes est donc souvent gérée à part, par des techniques différentes de
celles liées à la collision, et au calcul de réponse:

• projection: ces méthodes tentent, aprés la phase d’intégration numérique, de corriger (de
manière directe, ou bien encore par exemple par moindre carré) les positions, vitesse et
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accélération pour garantir le respect des contraintes. Ces techniques donnent de bon
résultats dans le cas de contraintes simples. Toutefois, les corrections ont quelques in-
convénients: d’une part, les corrections doivent être faites de manière à ne pas rendre le
système d’intégration instable à l’étape suivante. D’autre part, dans le cas de certains
contraintes sophistiquées (ex: cycles), la question des corrections est une question délicate
à résoudre. Cette classe de méthode est la plus générale parmi celles mentionnées ici: les
autres techniques mentionnées (pénalité et multiplicateurs de Lagrange) peuvent être vus
comme des cas particulier, utilisant uniquement des termes correctifs en force.

• méthodes à pénalité: il s’agit de la méthode de gestion la plus simple. Elle revient à utiliser,
pour chaque contrainte, un ressort [MW88], tentant de manière lâche de faire respecter
la contrainte. Ces techniques sont faciles à mettre en place, mais créent des contraintes
”molles”: les raideurs des ressorts doivent souvent rester faible, sous peine d’introduire
des termes energétiques trop importants, et de rendre la phase d’intégration numérique
délicate.

• multiplicateur de Lagrange: ces méthodes déterminent les forces à insérer dans le système
en les gérant comme des inconnues, ajoutées aux degrés de libertés du système. Ces
nouvelles inconnues sont ainsi intégrée en même temps que l’equation du mouvement. La
contrainte, pour être intégrée de manière souple (i.e. pour optimiser la convergence, en
ménageant la stabilité du système) est le plus souvent intégré au système dynamique par le
biais du schèma de Baumgarte [Bau72], reliant entre autre l’expression de la contrainte au
pas de temps utilisé pour l’intégration numérique. Ces techniques envisagent un système
de manière globale, et les structures de cycles sont par exemples correctement gérées
[LF04]. Il est à noter que ces techniques peuvent être vues comme un calcul particulier
de corrections [Fau98] et que, de fait, ces techniques peuvent être vues comme un cas
particulier des techniques de projection citées plus haut.

La mécanique est, avec la détection de collision, le domaine de publication privilégié de la
simulation physique temps réel. L’essentiel de la problématique est, ici, de fournir au temps réel
des modèles mécaniques aussi rigoureux et stables que possibles. Cette thématique, très riche,
comporte encore de bien beaux jours devant elle, car on est encore très loin d’une simulation
physique collant (par exemple pour les fluides ou les corps déformables) à la perception que nous
avons du réel.

1.4 Modèle d’interaction

l’interaction est un aspect de la simulation physique pour le moment encore émergeant (si l’on ex-
amine le ratio d’études sur la question, dans le volume de publication sur la simulation physique
temps réel). Par modèles d’interaction, on peut désigner ici l’interface homme-machine, que
certains travaux adressent encore embryonnairement [MLFC04]. L’essentiel des résultats pro-
duits ici regroupent, à notre perception la question du contrôle des périphériques à retour
d’effort [OL05, Dur04b]. La difficulté principale pour ce contrôle, dans le cadre de la simu-
lation physique, est le besoin de performance importante: pour être correctement contrôlé, on
considère généralement que la fréquence de mise à jour du périphérique doit être supérieure à
300 Hz, ce qui est bien au delà de ce que peut pour le moment générer la simulation physique
temps réel. Pour ce faire, on utilise souvent la technique suivante: à coté de la simulation, un
thread autonome contrôle le système haptique, découplant ainsi la fréquence de contrôle de celle
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de simulation: un système d’interpolation peut alors être utilisé pour envoyer au périphérique
les informations. Ceci introduit un (léger) décalage temporel entre la simulation et le contrôle
haptique, mais garanti un contrôle stable et haute fréquence du périphérique.

les modèles d’interaction, s’ils ont été cité dans ce chapitre, sont l’objet d’une étude encore
émergeante dans le domaine de la simulation physique. Ce point est clairement multidisci-
plinaire, et la question de la mise en correspondance du virtuel avec les sens humains réel est
une question difficile, encore peu traitée. Nous ne reprendrons pas, dans les prochains chapitres,
cette partie des modèles nécessaires à la simulation, dans la mesure où d’une part notre activité
ne s’y est pas pour le moment intéressé, et d’autre part parce que nous ne connaissons pas, dans
la bibliographie existante, de travaux pouvant être percus comme une quelconque adjonction
d’adaptivité, à forciori de multi-modèle, à ces techniques.

1.5 Contributions

1.5.1 Une technique rapide de contrôle de mélange pour représentation im-
plicite [TGMC03]

Comme mentionné dans la section 1.1.1, les représentations implicites sont un outil géométrique
permettant de générer, par le biais de squelettes une surface associée à un certain volume.
La propriété de mélange est, dans le contexte de l’habillage de modèle 1D, un avantage clair
de la représentation implicite, dans la mesure où elle garantit, quelque soit la déformation du
squelette sous-jacent, une continuité élevée de la surface reconstruite. Pour pouvoir contrôler
cette propriété, l’approche standard est d’utiliser un graphe de mélange, pour lequel les som-
mets sont les primitives, et les aretes les relations de mélange autorisées [GW95]. La gestion
de groupes de mélange classique pose toutefois quelques problèmes: d’une part, elle ne gère pas
les cas de relation de mélange partielles, où la propriété de mélange de deux groupes dépend
de la localisation (ex: pour la reconstruction d’un humanöıde, le bras et le cors doivent se
mélanger au niveau de l’epaule, mais pas au niveau de la hanche, si le bras est placé le long du
corps). D’autre part, une des techniques réputées les plus rapides d’affichage d’objets implicite,
le marching cube [LC87], ne peux pas, dans sa formulation classique, tenir compte de primitives
ne se mélangeant pas (il est d’ailleurs une observation classique que de constater que le marching
cube ne garanti pas, dans sa version de base, une adéquation topologique fine avec l’isosurface à
reconstruire). [TGMC03] propose une solution à ces deux problèmes, en ramenant la manipula-
tion du graphe de mélange au cube de tesselation. Ceci résoud d’une part le premier problème
(de gestion des relations de mélange partielles), et permet une adaptation de l’algorithme de
marching cube, proposé dans la deuxième partie de l’article. Cet article propose également une
astuce de codage qui peut être, dans certains autres cas, intéressante: le codage classiquement
utilisé pour coder un graphe de mélange (de manière générale n’importe quel graphe non-valué)
est une matrice (creuse) contenant uniquement des valeurs booléennes. La technique décrite
dans [TGMC03] utilise des mots binaires pour stocker cette matrice, et ramène les opération
nécessaire sur cette matrice (existence d’une relation de mélange; insertion; suppression) à des
opérations logiques bit-à-bit sur ces mots binaires, accélérant ainsi de manière significative le
traitement de ces opérations au niveau du processeur. Nous pensons que cette technique pourrait
être avantageusement utilisée dans d’autre contextes que celui présenté. Il est par exemple prob-
able qu’une telle technique puisse permettre d’étendre les techniques de détection de collision
stochastiques [RGF+04] pour permettre un marquage des primitives déjà traitées, et garantir
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une gestion rigoureuse et complète des collisions en n pas de temps.

1.5.2 Un modèle de fil B-spline déformable en temps réel[LGM+04]

L’activité portant sur la simulation temps réel de fil chirurgical est une activité initiée par le
travail de thèse de J. Lenoir. Nous avons choisi, parmi les publications déjà générées par ce tra-
vail, d’inclure dans ce rapport d’habilitation la publication portant sur les contraintes glissantes,
dans la mesure où nous considérons que celle-ci donne (même si pour certains points, notam-
ment la définition des énergies, de manière trés compacte) un bon aperçu de ce qui a été produit
jusqu’à présent sur ce modèle. Ce modèle utilise comme support de la mécanique les splines dy-
namiques, défini par Rémion [RNG99]. Leur avantage principal, par rapport au classique système
masse-ressort, et de pouvoir (ce qui est une propriété classique des splines) représenter avec un
nombre faible de degrés de liberté des configurations géométriques sophistiquées: les fonctions
de bases associées aux points de contôle étant de degré polynomial supérieur à celles utilisées
par les systèmes masses-ressort, l’approximation générée est meilleure. Qui plus est, ce modèle
intègre la possibilité, étant un point d’application de force quelconque, de répartir l’effort exercé
sur les points de contrôle environnant: Cette fonctionnalité fait que ce modèle est un modèle
mécanique continu. A ce modèle ont été associés des termes d’évaluation d’énergie cinétique
interne (élongation et flexion) qui permettent de simuler en temps réel un objet déformable
1D. Un jeu de contraintes, résolues par multiplicateur de Lagrange, a été proposé: contraintes
d’un point de la courbe sur un plan (éventuellement avec gestion de friction [7]), un segment
de droite, contraintes en tangentes et courbures, et pour finir, contraintes de point glissant:
ces contraintes sont cruciales pour espérer modéliser l’opération de suture. Cette contrainte
de point glissant présente la particularité, contrairement aux autres contraintes présentées, plus
classiques, d’imposer une contrainte sur un point dont l’abscisse paramétrique n’est pas spécifiée,
et qui fait donc partie des inconnues. Cette contrainte permet de simuler le passage d’un fil au
travers d’un point d’une surface donnée, et rend de fait potentiellement accessible la simulation
d’une suture. Nous pensons que la mécanique spline continue est un candidat particulièrement
attractif, dans la mesure où le niveau de continuité, et donc la souplesse apparente, du fil, est
d’un niveau suffisamment élevé pour un nombre de degré de liberté réduit, et donc permet des
temps de calcul raisonnable combiné à une représentation lisse du modèle. Qui plus est, comme
nous le verrons au prochain chapitre, les splines bénéficiant de propriétés intéressantes pour
l’insertion/suppression de points, ce modèle est tout à fait adapté à la proposition d’un modèle
mécanique adaptatif.

1.6 Conclusion sur les modèles

Comme ce chapitre a proposé une vue rapide de ce que la simulation physique implique, et
des références pour les techniques principales. Le nombre de techniques impliquées dans la
simulation physique est clairement très large. Mâıtriser chacun des domaines est une chose
difficile, et requiert un investissement bibliographique important. Il est clair que chaque modèle
comporte ses avantages pour un contexte d’utilisation donné, mais aussi certains inconvénients
pour d’autre. La question de savoir précisément quantifier ces avantages et limites, est en soi
une question difficile. La question du coût de calcul de chaque modèle est souvent plus aisée
à évaluer, et constitue souvent un frein à leur utilisation dans un contexte temps réel. Pour
pallier à ce problème, certaines classes de modèles parmi ceux mentionnés dans ce chapitre sont
associés dans la littérature à des techniques permettant d’adapter leur compléxité.
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La problématique de ce chapitre, à savoir les modèles que la simulation physique temps réel
utilise, a été assez artificiellement séparée de celle du prochain chapitre (ex: cas des objets à
subdivision en modélisation géometrique, qui sont intrinsèquement multirésolution). Les deux
chapitres, en effet, traitent des modèles que la simulation physique manipule, et de leur algo-
rithmique. La raison de cette séparation est simple: l’adaptativité, comme on le verra dans le
prochain chapitre, n’est pas présente dans la même proportion d’une classe de modèles à l’autre
(ex: trés présente en modélisation, relativement peu en mécanique), et ils nous semble important,
dans la problématique dont ce document traite, d’examiner cette question de manière separée.
Le second chapitre de ce document a été préférentiellement, et de manière synthétique, orienté
vers les modèles (dans les groupes que manipule la simulation physique, parmi l’affichage, la
collision, la mécanique) dont on peut ”adapter” la complexité, afin de coller de plus prés, au
sein d’un même modèle à la perception hiérarchique que nous avons du monde, comme illustré
dans l’introduction. Nous avons séparé cette argumentation sur les modèles adaptatifs, afin de
les mettre en exergue, parmi les modèles que l’on manipule, de manière générale, en simulation.
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Chapitre 2

Modèles adaptatifs pour la
simulation physique temps réel

Le chapitre précédent a donné une vue d’ensemble des classes de modèles et d’algorithmique
qui interviennent en simulation physique temps réel. Parmi ces modèles, certains bénéficient
de techniques et propriétés leur permettant d’adapter leur complexité, que ce soit au niveau de
la finesse de représentation, ou au niveau algorithmique. Ceci, dans le cadre général qui guide
ce document, procure une optique tout-à-fait séduisante, car de telles propriétés permettent
potentiellement d’adapter le temps de calcul ou le coût mémoire d’un objet.

2.1 Un mot sur la terminologie

Le titre de ce chapitre, ainsi que l’utilisation quie sera parfois faite dans le reste de ce doc-
ument du terme ”adaptatif”, pourrait parâıtre impropre à certains, par rapport à quelques
travaux mentionnés: les travaux sur les surfaces à subdivision, et leur gros bagage théorique,
tous les outils de multirésolution par ondelettes sur les courbes et surfaces splines ne relèvent
pas de la même sophistication, ni exactement des mêmes propriétés, que des techniques simples
d’adaptation dynamiques de la résolution d’un modèle. cet usage du terme ”adaptatif” a été
fait par souci d’uniformité, et en l’absence de terme réellement unificateur: il existe clairement
un flou autour de la définition de ce terme. Il n’existe en effet pas, à notre connaissance, de
consensus sur la terminologie concernant les modèles à complexité variable: on parle souvent
assez indifféremment d’objets adaptatifs, multirésolution, hiérarchiques. Les objets à ”niveau de
détail”, sont parfois même inclus dans la même ambigüıté. Nous donnons ici quelques réflexions
sur la question, et proposons de fait une classification (clairement subjective, se basant sur notre
vision de la bibliographie du domaine) de ces termes, pour tenter d’éviter les confusions.

• modèles adaptatifs: il s’agit ici d’un terme regroupant des algorithmiques capable de
réduire localement la résolution de la géométrie support, et à d’autre endroits, de l’augmenter,
quand nécessaire. Il s’agit d’un terme très général. Les critères de simplification/raffinement
peut être quelconques, et sans rapport direct avec une quelconque structure multirésolution
de la géométrie support. L’algorithmique (quelle qu’elle soit) ne tire pas partie de la
hiérarchie crée pour optimiser ses calculs, et considère toujours l’objet dans sa résolution
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Modèles adaptatifs pour la simulation physique temps réel2.2 Modèles géométriques adaptatifs

(non-uniforme) effective.

• modèles multirésolution: de notre point de vue, ce terme impose deux types de conditions:
d’une part, une structure hiérarchique sur le modèle support, et d’autre part une algorith-
mique qui tire effectivement parti de la hiérarchie de la géométrie support pour optimiser
un processus de calcul. Ce terme devrait rester associé à des algorithmiques tirant parti
de structures hiérarchiques, semblables à ce que fourni la décomposition en ondelettes,
ou les surfaces à subdivision (voir ci-dessous), i.e. des algorithmes se basant sur des
géométries définies soit directement de manière hiérarchique, ou réorganisées par un mode
de calcul plus ou moins complexe, sans augmentation de la quantité globale de donnée, de
manière hiérarchique. Ce terme a été historiquement associé à des techniques utilisant une
représentation hiérarchique de la géométrie pour optimiser un calcul donné: les courbes
à multirésolution [FS94] proposent des solution pour éditer une courbe à divers niveau
d’influence, en définissant des outils pour re-projeter sur une courbe modifiée à un certain
niveau de résolution les ”détails” (éléments des niveaux plus fins). De la même manière,
les techniques dites de multiresolution image querying [JFS95] utilisent une décomposition
par ondelettes des images pour accélérer la mise en correspondance.

• modèles hiérarchiques: ce terme semble associé aux géométries construites itérativement,
telles les B-splines hiérarchiques [FB88], ou les surfaces à subdivision, ou bien encore
aux structures crées, par utilisation de décomposition ondelette [Dau92], ou simplification
hiérarchique, tel les normal meshes [GVSS00]. qui définissent de manière naturelle, pour
un objet donné, un certain nombre de niveaux de représentations, ordonnés du plus grossier
au plus fin. Cette terminologie n’est pas, à notre sens, associée comme les deux précédente
à une algorithmique de traitement particulière; elle se distingue de plus de la notion de
”niveau de détail” par le fait qu’on dispose d’une relation numérique entre les niveaux de
représentations, et que l’obtention d’un niveau n de la hiérarchie se fait par la combinaison
de la représentation à un niveau n−1 avec un certain nombre d’informations additionnelles.

• modèles à niveau de détail: les LOD sont aujourd’hui relativement courants dans les
applications temps réel. Ils sont souvent une collection d’approximation plus ou moins fines
pour une géométrie donnée. Il n’y a aucun prérequis de relation numérique quelconque
entre les différentes approximations, ni, le plus souvent, d’algorithmique complexe (en
dehors d’un simple affichage, où le niveau de détail choisi est sélectionné le plus souvent
en fonction d’un critère de distance de visualisation).

Dans la mesure où les techniques dites à ”niveau de détail” n’imposent pas d’homogénéité de
représentation, nous les classons dans les techniques à multi-modèles (voir prochain chapitre).
Nous traiterons ici des modèles ”adaptatifs” au sens large, à défaut de terme unificateur.

2.2 Modèles géométriques adaptatifs

Nous classifions les quelques classes de résultats mentionnés ici de la même manière que nous
l’avions fait dans le chapitre précédent, i.e. suivant la dimension des objets représentés.
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2.2.1 objets linéiques

• splines: les B-splines possèdent une propriété les rendant particulièrement attractives pour
l’adaptativité. L’insertion de noeud est le processus qui, partant d’un vecteur nodal donné,
permet de calculer la manière dont on peut “raffiner” une courbe existante, c’est-à-dire
la subdiviser de manière exacte, pour ainsi bénéficier de plus de points de contrôle que
sur la courbe originale. Ce processus repose sur le résultat théorique concernant le fait
que deux vecteurs nodaux, dont l’un est créé à partir de l’autre par insertion de noeuds,
génèrent, pour un degré polynomial donné, deux espaces vectoriels B-splines imbriqués
l’un dans l’autre [Pra85, Sch81] : une courbe générée à partir du vecteur nodal le plus
“grossier”pourra être exactement exprimée dans l’espace B-spline correspondant au vecteur
nodal le plus ”fin”.

Formellement, considérons donc un premier espace de représentation B-spline, construit à
partir d’un vecteur nodal (u0, · · · , un), dont les fonctions d’influences, de degré polynomial
k, sont notées ici F 0

j . Considérons ensuite un deuxième espace vectoriel B-spline construit
à partir d’un vecteur nodal (w0, · · · , wN ) englobant le vecteur précédent :

N > n et ∀i ∈ {0, · · · , n}, ∃j ∈ {0, · · · , N} / ui = wj

Les fonctions d’influences de degré k générées sont notées F 1
i . Le résultat théorique sus-cité

correspond à l’existence de coefficients αk
i,j tels que :

∀i ∈ {0, · · · , n}, ∀t, F 0
i (t) =

N
∑

i=0

αk
i,jF

1
j (t) (2.1)

Un algorithme célèbre, l’algorithme d’Oslo, permet d’évaluer ces coefficients αk
i,j : ceux-ci

peuvent facilement s’évaluer via une formule de récurrence assez semblable à l’équation
(1.2) définissant les fonctions d’influence B-splines :

α0
i,j =

{

1 si ui ≤ wj < ui+1

0 sinon

et

∀r = 0, · · · , k − 1, αr+1

i,j =
wj+r − ui

wi+r − ui

αr
i,j +

ui+r+1 − wj+r

ui+r+1 − ui+1

αr
i+1,j

(2.2)

De la même manière que pour la définition des B-splines, les termes impliqués sont con-
sidérés comme nuls si leurs dénominateurs le sont. Certains résultats existent [BBB87] sur
ces coefficients αk

i,j :

∀j,
∑

i

αk
i,j = 1

∀(i, j), αk
i,j ≥ 0

∀h /∈ {i − k, · · · , i}, αk
h,j = 0 avec i / ui ≤ wj < ui+1

La dernière de ces trois propriétés est probablement la plus intéressante car elle nous
garantie que le processus d’insertion de noeud ne modifiera que localement les points
de contrôle de la courbe considérée. L’expression donnant les points de contrôle raffinés
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en fonctions des plus grossiers découle naturellement de (2.1) et de la définition (1.1),
en égalisant les deux expressions analytiques d’une même courbe, dans chacun des deux
espaces vectoriels.

• subdivision: les courbes à subdivision donnent, de manière immédiate, une vision hiérarchique
du modèle. L’utilisation hiérarchique est en fait l’utilisation la plus fréquente de ces
modèles: trés rares sont les applications qui, comme décrit au premier chapitre, con-
sidèrent uniquement l’objet continu sous-jacent: l’intéret pratique de ces modèles et de
créer une hiérarchie d’objet simples (linéaires par morceaux), et donc facilement manipu-
lables. La subdivision garanti que le raffinement de la courbe produit une version lissée
de celle-ci.

• courbes multirésolution à base d’ondelettes: ces outils, servant à construire, à partir
d’une courbe, une représentation hiérarchique, ont fait l’objet d’une étude approfondie en
géométrie, en compression et en analyse d’image depuis une quinzaine d’année [SDS96].
Par le biais de projection de l’objet initial sur un espace fonctionnel, on crée la hiérarchie
de représentation par le biais de projection successives, sur une suite d’espaces fonctionnels
imbriqués[Mal88]. Ces outils ont l’avantage de procurer de manière relativement simple
une structure hiérarchique à partir d’un objet donné. Elles sont, à notre connaissance, le
meilleur point d’entrée pour les algorithmes multirésolution, tirant parti de la hiérarchie
d’un modèle pour optimiser leur calcul. Toutefois, dans le cadre du temps réel, leur util-
isation est pour le moment assez délicate, dans la mesure où l’on doit en pratique choisir
entre des fonctions de représentation pour lesquelles on dispose d’expression paramétrique,
et de filtre à réponse impulsionelle finie (notamment pour la phase d’analyse [Gri99]):
l’un comme l’autre sont utiles pour manipuler simplement la représentation continue sous-
jacente, et, en cas d’absence, limitent fortement l’efficacité d’un algorithme potentiellement
applicable sur les courbes.

2.2.2 modèles surfaciques

• splines: ces outils, de par la propriété des splines 1D, et le fait que la plupart des sur-
faces splines sont construites par produit tensoriel, bénéficient de manière naturelle de
construction hiérarchique: toutefois, l’approche simple, à cause de la construction ten-
sorielle, augmente de manière non-optimale la quantité de donnée: les raffinements, en
modélisation géometrique sont souvent des éléments de construction locale, non-tensoriels.
Pour pallier ce problème, les splines hiérarchiques [FB88] fournissent un moyen accessible
pour le temps réel de manipuler un modèle spline hiérarchique. Les T-splines disposent
également de technique adaptatives [SCF+04].

• subdivision: les surfaces à subdivision constituent, à l’heure actuelle, le domaine de
prédilection pour la manipulation de modèles surfaciques hiérarchiques. Leur manipu-
lation pour l’affichage est ces dernières années en pleine expansion [SJP05].

• ondelettes construites sur des topologies arbitraires: ces techniques permettent, à partir de
maillages quelconques, de définir une hiérarchie de représentation. Ces techniques [SS95] se
basent sur un couplage entre la subdivision (ce qui implique au passage, pour un maillage
donné, de passer par une étape de remaillage, pour mettre la topologie du maillage en
conformité avec ce que donne la subdivision) et une famille d’ondelettes biorthogonales
construites par factorisation (théorème du Lifting Scheme[Swe95])
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2.3 Modèles de collision adaptatifsModèles adaptatifs pour la simulation physique temps réel

• surfaces reconstruites par nuage de points: les techniques de reconstruction de surfaces
tirent aussi, depuis peu de temps, parti des structures hiérarchiques. l’utilisation de par-
titionnement spatial adaptatif (typiquement octree) permet de reconstruire localement
les aretes vives [OBA+03], en utilisant un critère local pour détecter ses structures: une
combinaison de type ”partition of unity” est ensuite utilisée pour assembler les diverses
reconstructions locales avec un niveau de continuité satisfaisant. Il est à noter que cer-
taines techniques utilisent la structure hiérarchique pour reconstruire la surface de manière,
elle aussi, hiérarchique, se rapprochant alors, dans la terminologie proposée, d’une réelle
reconstruction multirésolution [AA03].

2.2.3 modèles volumiques

Il y a relativement peu de travaux portant sur les représentations volumiques hiérarchiques,
pour la classe utile dans le cadre de la simulation physique. On peut toutefois noter [LH91],
qui propose une estimation adaptative de la densité locale, pour en déduire une procédure
d’affichage, par une technique de combinaison de gaussiennes 2D. La structure d’octree fournit
également un moyen simple, couramment utilisée, pour définir une hiérarchie volumique.

2.3 Modèles de collision adaptatifs

Comme décrit dans le premier chapitre, la détection de collision est encore, dans le cas général
et au meilleur des techniques actuelles, un calcul très coûteux. On trouve, dans la littérature
sur la question, quantité de travaux pouvant se ramener à une vision adaptative de la détection
de collision:

• utilisation de volumes englobants: il s’agit d’une méthode trés classique en détection de
collision. Ces volumes englobants (k-DOP ou autres) peuvent être facilement organisés en
hiérarchie [KHM+98], permettant ainsi d’obtenir un modèle de collision pouvant être plus
ou moins précis. La difficulté principale est que, dans le cas déformable, la hiérarchie doit
être mise à jour. Les objets peu déformables bénéficient toutefois de techniques de mise à
jour efficaces [JP04].

• collision interruptible: [OD01a] propose une méthode de détection de collision, basée sur
une hiérarchie de sphères [Hub95], qui permet une détection de collision pouvant être
interrompue. Une étude a, dans le cadre de son travail, été menée sur l’impact perceptuel
d’une dégradation volontaire du niveau de réponse à la collision.

2.4 Modèles mécaniques adaptatifs

L’adaptivité intervient de manière inégale sur la mécanique: de manière forte sur les lois
mécaniques proprement dites, de manière assez faible sur l’intégration numérique, et, à notre
connaissance, de manière inexistante sur les gestions de contraintes (nous n’abordons d’ailleurs
pas la question des contraintes adaptatives).
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2.4.1 modèle mécanique

On peut dégager quelques classes de méthodes adaptatives, même si la bibliographie, dans ce
domaine, est à notre perception encore relativement réduite

• modèle masse-ressort adaptatifs: [HPH96] propose une version primitive de mécanique
adaptative, par le biais du raffinement local d’un système masse-ressort. Le critère de
division est basé sur une estimation discrète de la courbure locale de la surface, et, dans
le cas de raffinement, une nouvelle masse est insérée, en remplacant les ressorts concernés
par deux ressorts, de raideur deux fois plus grande: la masse globale du système n’est pas
conservée, et le système, si le raffinement est reproduit récursivement, tends rapidement
vers un système raide, causant des difficultés d’intégration.

• Gilles Debunnes, dans sa thèse [Deb00] propose deux méthodes de méchaniques adapta-
tives, une première basée sur un octree (combiné à un système de particule, permettant de
s’affranchir du problème de T-jonction, voir [DMG05]), la deuxième basée sur un système
tétrahédrique, ou plusieurs niveau de résolution sont dynamiquement combinés, pour pro-
poser un modèle mécanique adaptatif.

• certains travaux utilisent le cadre théorique de la subdivision pour proposer des résultats
de mécanique adaptative: [GKS02] défini une approche élément fini adaptative d’ordre
supérieur; [JP03] défini un cadre rigoureux pour la simulation d’objet déformable, se basant
sur une version multirésolution du processur de reconstruction de surface à base de fonction
de Green. Ces techniques sont potentiellement celles qui permettront la mécanique la plus
rigoureuse, car se basant sur la structure théorique la plus fiable. Elles sont toutefois assez
délicate à mettre en oeuvre, et nécessite un investissement théorique important.

• [RGL05] propose une technique de simulation adaptative de corps rigide articulé: la tech-
nique décrite, en fonction des effort exercés sur le système, sélectionne les degrés de libertés
significatifs, en interpolant les autres.

2.4.2 méthodes d’intégration

Il existe, à notre connaissance, relativement peu de méthodes pouvant être qualifiées d’adaptatives
pour l’intégration numérique. Toutefois, les méthodes à pas de temps variables proposent des
méthodes proches de cette philosophie: comme mentionné dans le premier chapitre, le problème
essentiel que l’intégration numérique doit gérer est l’instabilité, qui implique généralement de
réduire le pas de temps d’intégration. Certaines méthodes [DDCB01] proposent des outils pour
subdiviser un pas de temps en sous-pas, et effectuer, au sein d’un pas de temps donné, une
intégration en plusieurs étapes.

2.5 Contributions

2.5.1 rendu haute performance de cylindre généralisé [GM03]

Ce travail s’est inscrit dans le cadre de l’ARC SCI, en collaboration avec le projet EVASION
(responsable Marie-Paule Cani) et l’IRCAD (Institut de recherche sur le Cancer de l’Appareil
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Digestif, Strasbourg). Le problème initial était de savoir comment afficher efficacement l’appareil
intestinal, sachant que géometriquement parlant, il s’agit d’un modèle 1D hautement déformable.
A partir de cette réflexion s’est dégagé la technique présentée dans cet article, géneralisée à un
sous-ensemble de la classe des cylindres généralisés [AB76]. Cette technique utilise une exten-
sion récente des cartes 3D du marché, en réduisant significativement la quantité d’information
transitant par le bus vidéo: Les informations nécessaire à la carte pour mener l’affichage à bien
est uniquement composées d’une suite de matrices de transformations. Cette technique est com-
binée à un critère d’évaluation de la courbure splines, utilisant la propriété de régularité de ces
dernières, et ramenant l’estimation de la courbure sur un segment à une évaluation angulaire
sur la configuration de point de contrôle locale. La carte vidéo interpole ensuite les matrices
de transformations pour effectuer une déformation de la primitive d’affichage, créant ainsi un
résultat visuel d’une bien meilleure continuité, en améliorant de manière très importante les
performances. Les performances graphiques étant largement au dessus de ce que dont nous
avions besoin dans le simulateur, s’est posé de manière très naturelle la question de savoir com-
ment régler le modèle, pour obtenir un affichage de la meilleure qualité possible, en gardant
un nombre d’image par seconde raisonnable. Cette question est assez proche de celle à laque-
lle répond la notion de fonction de coût [FS93], utilisée depuis quelques années déjà pour les
techniques d’affichage à base de niveau de détail. Nous avons proposé, associé à ce modèle, un
module de contrôle externe qui, dynamiquement, est capable d’adapter la résolution du modèle
d’affichage à une contrainte de performance d’affichage pre-imposée. Ce module de contrôle
présente l’avantage important de pouvoir s’adapter à des contraintes d’affichages variables, no-
tamment de pouvoir réduire la complexité du modèle, si d’aventure, d’autre routines d’affichage
devaient être combinées.

2.5.2 Modèle déformable spline 1D adaptatif[LGMC05]

Ce travail étend les résultats de [7, 8, 11] et propose une dérivation du modèle capable d’adapter
dynamiquement sa configuration géométrique à l’utilisation qui en est faite. Ce résultat a été
motivé par le fait que, pour mener à bien une opération de serrage de noeud, on doit bénéficier
localement d’une bonne résolution, sinon le modèle mécanique est assez vite limité dans la phase
de serrage. Un critère simple d’évaluation de courbure locale (le même que celui utilisé dans
[GM03]) a été utilisé pour, combiné à l’algorithme d’insertion de points d’Oslo (voir section
2.2.1), pouvoir raffiner localement, là où nécessaire, la configuration géométrique de la courbe
B-spline. Les termes énergétiques, exprimés dans le cadre B-spline non-uniforme, sont recalculés
dynamiquement pour assurer la continuité de la simulation mécanique. Des techniques sophis-
tiquées de simplifications de courbes B-splines existent [LM87], mais, dans le cadre du temps
réel, nous nous sommes dans ce travail limité au même évaluateur de courbure, cette fois utilisé
pour évaluer les zones de courbure faible. Ce critère est très rapide à évaluer et permet, comme
illustré dans la vidéo associée à l’article, de serrer correctement un noeud, d’obtenir à la fin une
configuration géométrique de noeud serré correcte, en gardant une complexité géométrique quasi-
constante. Il est à noter un effet de bord extrêmement intéressant de la technique nécessaire à
l’insertion de noeud dans un fil spline dynamique: un résultat B-spline classique est que, sous
couvert d’augmenter suffisament la multiplicité d’un noeud, on peut descendre à une continuité
géométrique C−1. Ceci, transposé au monde de la simulation mécanique, et sous couvert (ce
qui est le cas avec les travaux décrit dans cet article) de disposer des règles d’adaptation de la
mécanique à une insertion de noeud, signifie que l’on peut, en ayant une procédure d’affichage
adaptée, couper le fil spline à une valeur de paramètre totalement arbitraire, et créer en fait
autant de morceaux que l’on souhaite.
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2.5.3 Un modèle volumique déformable à temps constant [DMG05]

Ce travail fourni un modèle volumique déformable générique, pouvant adapter totalement son
temps de calcul de simulation (collision + mécanique) à une contrainte de temps de calcul
pré-imposée. La technique utilisée pour la simulation est une simulation type éléments fini
hexaédrique (utilisés ensuite comme grille FFD pour la déformation du modèle proprement dit),
adaptée sur une structure de type octree. L’octree est rendu linéaire par une numérotation
particulière, le codage de Morton [LS00]. Tant pour la collision [OD01b] que pour la mécanique
[DDCB01], des résultats existent qui proposent déjà de l’adaptatif. La contribution essentielle
de cet article est d’avoir intégré de l’adaptivité dans toutes les étapes ou cela est possible, et de
proposer une boucle de contrôle globale qui permette d’optimiser la résolution (tant en collision
qu’en mécanique, de manière indépendante) pour essayer de respecter, moyennant une certaine
tolérance, un temps de calcul. L’approche pour la définition de la boucle de contrôle est différente
de celle utilisée pour [GM03]: ici, des tests de simplification/raffinement sont effectués à la volée
pour estimer le coût de ces opérations, le nombre et la nature de ces opérations étant ensuite
déterminé à parti de ces mesures. Ce type de boucle de contrôle est à priori plus proche d’une
(pour le moment) hypothétique boucle de contrôle générique, dans la mesure où elle tire bien
moins parti d’une connaissance fine du modèle qu’elle contrôle: par comparaison, le système
de contrôle proposé dans [GM03] est, lui, trés intimement basé sur une bonne connaissance des
paramètres du modèle controlé, et de leur influence sur la rapidité d’affichage.

2.6 Conclusion

Ce chapitre a proposé une vue des différents modèles et techniques adaptatives (ou multirésolution)
qui emergent en simulation physique temps réel. Ces techniques permettent, dans une certaine
mesure, d’adapter le cout d’un modèle en changeant sa complexite, dynamiquement. Dans cer-
tains cas (comme le petit exemple d’une balle animée, cité dans l’introduction de ce document)
les limites du modèle lui-meme devront être repousée: on pourra alors chercher a changer dy-
namiquement de modèle et de domaine de validité, pour avoir un comportement dde l’objet
simulé plus souple, et une réelle adaptation dynamique au contexte d’utilisation. Le prochain
chapitre traite de cette problématique, la plus générale de ce document, d’objets multi-modèle.
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Chapitre 3

Multi-modèle pour l’animation
physique temps réel

Il est à noter, dans le chapitre précédent, que deux des trois contributions présentées pro-
posent une fonctionnalité externe au modèle, qui permet d’enrichir ce dernier en lui permettant
de garantir, dans une certaine mesure, le respect de contraintes de performances imposées de
manière externe au modèle. Ceci peut être vu comme un exemple, certes encore primitif, d’objet
physique ”intelligent”, capable de proposer à la simulation globale des garanties de performances.
Dans cette optique, le centre d’intérêt principal ne devient plus le modèle lui-même, mais les
fonctionnalités que l’objet va proposer: on dépasse donc le niveau du modèle, pour considérer
un objet simulé comme une entité complexe, pouvant de manière ultime gérer sa représentation,
comme c’était le cas dans le chapitre précédent en changeant la complexité des modèles impliqués,
ou bien encore, en adaptant dynamiquement les modèles eux-meme au contexte d’utilisation.
Ce chapitre traite des techniques pouvant être associée à cette dernière idée.

3.1 Etat de l’art sur le multi-modèle

La bibliographie pouvant être reliée à la thématique de ce chapitre est clairement plus réduite que
pour les chapitres précédents: nous citons ici les quelques travaux portés à notre connaissance,
qui peuvent être reliés à la thématique décrite dans ce chapitre.

3.1.1 LOD pour l’animation

Jessica Hodgins a étendu la notion de niveau de détail à l’animation (non-nécessairement
physique) [CH97]: Dans cet article, est proposé un modèle d’animation simple proposant trois
représentations, à partir duquel une évaluation du gain potentiel en temps de calcul est présenté.
Les critères de choix de représentation se basent sur une évaluation du type de représentation
à utiliser (certaines peuvent gérer une collision, d’autre non) combiné à des critères de visi-
bilité/distance, classiques depuis les travaux de Funkhauser et Sequin [FS93] sur la notion de
fonction de coût pour les niveaux de détails géométriques. Il est à noter que ce travail n’a pas été,
à notre connaissance étendu à des simulations plus sophistiquées, et n’apporte pas d’éléments
de réponses sur la conservation des critèrés dynamique lors du passage d’un niveau à l’autre.
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3.1.2 multi-modèle mécanique

Quelques travaux, s’il sont moins généraux que le travail d’Hodgins, mixent déjà plusieurs types
de représentations mécaniques:

• utilisation du corotationnel pour les éléments finis: comme mentionné au premier chapitre,
on peut associer, pour ne pas avoir à fixer un point de l’objet, à la simulation déformable
une composante corotationnelle [THMG04], qui est une composante intrinsèquement rigide
du mouvement. Cette technique fait, de manière implicite, cohabiter deux représentations:
une représentation déformable pour les déformations internes, et une représentation rigide,
pour le mouvement global de l’objet.

• une approche mixte entre déformable et rigide: [MHTG05] présente une méthode originale
de simulation d’objet déformable, tirant encore plus partie de la dualité rigide/déformable:
un objet est défini à partir d’un ensemble de particules. A partir d’une intégration simple
du mouvement de ces particules, une position du cadre rigide de référence est évaluée. A
partir de cette nouvelle position du cadre de référence rigide, les positions des particules
sont corrigées pour tenir compte à la fois de la position donnée par la simulation mécanique,
et de la position si l’objet était totalement rigide. Cette technique évite ainsi de gérer une
vraie mécanique déformable, gagnant ainsi en rapidité. La rigueur mécanique est difficile
à atteindre, mais la plausibilité est là.

• Dans le cas de la simulation de l’explosion d’objets [MTG04] utilise une simulation rigide,
et, au moment de l’impact, pour un pas de temps, utilise une mécanique déformable pour
déterminer les points de fracture.

• [JJ03] présente une technique, permettant de faire de l’adaptatif pour les modèles peu
déformables: une structure mixte couplant déformable et rigide, liés entre eux (ex: en une
châıne pour l’exemple de la poutre) est utilisée pour approximer un objet. Cette technique
est un cas intéressant d’objet multi-représentation de manière interne au modèle, couplant,
à une date donnée, plusieurs modèles mécaniques.

3.1.3 multi-modèle pour la collision

La notion de pipeline de collision [Zac01] est une notion trés proche de la philosophie du multi-
modèle: une suite d’algorithmique, allant des plus rapides (et moins précises), aux plus com-
plexes (et précises) est construite. Pour gérer les auto-collisions d’un objet déformable, le pipeline
continue la hiérarchie au sein de l’objet, pour construire des groupes de primitives [GKJ+05],
ce qui entre tout à fait dans l’optique multi-modèle.

3.2 contributions: une proposition d’architecture adaptée au
multi-modèle [DGC04]

Dans la mesure où l’on souhaite permettre que les systèmes mécaniques que l’on considère pour
une simulation donnée puisse bénéficier de règles de décision leur permettant de changer dy-
namiquement de résolution, ou d’une manière plus générale changer de modèle de représentation,
la question de savoir comment combiner entre eux des systèmes mécaniques simulés, en tentant
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de minimiser les hypothèses concernant l’algorithmique de chaque système, se pose de manière
naturelle. Dans sa thèse, J. Dequidt a proposé une architecture allant, autant que possible,
vers une indépendance des systèmes mécaniques qui constituent une simulation: [DGC04] pro-
pose une architecture où chaque système mécanique est considéré comme un agent indépendant.
Afin de permettre a chaque objet de potentiellement adapter librement son pas de temps de
calcul, l’architecture a été testée sans imposer de contraintes de synchronisation forte entre les
objets: les tests effectués montrent qu’une telle relaxation est possible, sans introduire d’erreur
significative, dans un certains nombres de cas. Il est à noter que les quelques exemples d’objets
”intelligents” illustré dans l’article (objet adaptant dynamiquement leur pas de temps de cal-
cul au contexte d’interaction, et objets interagissant, disposant chacun de leur propre méthode
d’intégration numérique) ne sont pas, en soi, des méthodes sophistiquées, ni délicates à met-
tre en place: toutefois, le fait d’envisager les systèmes mécaniques comme étant des systèmes
”clos”, autonomes, permet de les associer facilement (tant intellectuellement que logiciellement)
à des fonctionnalités qui ne sont pas au coeur de la recherche en simulation classique, mais qui
ajoutent de la sophistication aux objets simulés. C’est cet aspect que nous considérons comme
avant tout intéressant dans cette approche. Il est à noter que ce travail a eu une dérivation
intéressante: dans la mesure où cette architecture nous a permis de valider le fait que dans
certains cas, l’interaction entre systèmes mécanique tolère un relatif décalage dans les dates de
simulation, nous avons pu proposer un système qui permet de réaliser des manipulations de
simulation physique de manière collaborative [15], via le réseau: cette architecture ne repose pas
sur un classique système client/serveur, mais sur un système de synchronisation lâche qui, de
manière asynchrone et suivant les performances du réseau, tente de corriger les simulations des
divers postes pour réduire le décalage constaté entre les simulations. Ainsi, chaque utilisateur
conserve une interactivité forte, indépendant des performances réseau, avec la scène. Dans le cas
de bonnes performances réseau, on arrive avec cette architecture à effectuer des manipulation
réellement collaborative (ex: relever à deux utilisateurs un tissu).

3.3 Conclusion

La notion de multi-modèle est encore une thématique très jeune en simulation physique, et
n’apparâıt encore que de manière embryonnaire dans la bibliographie. La conclusion globale de
ce document présente quelques pistes, à moyen et long terme.
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Chapitre 4

Conclusion et axes de recherches

Ce document a tenté de donner un aperçu de mon activité de recherche, en mettant en exergue
le fil conducteur de celle-ci: aller vers une simulation physique temps réel multi-modèle, ou
chaque système mécanique impliqué pourrait, suivant son contexte d’utilisation, adapter ses
représentations géométrique et mécanique. Il a également tenté de mettre en lumière les points
où l’activité de recherche est la plus active, parmi les problèmes que la simulation physique
temps réel adresse; la même description tente de mettre l’accent également, de manière duale,
sur certains aspects pour lesquels il existe encore peu de résultats, et les problèmes encore délicats
à gérer en temps réel. Pour évaluer les axes de recherches que la problématique présentée peut
générer, on peut, de manière immédiate, livrer les éléments de réflexion suivants:

• à propos de la recherche sur les modèles en général:

– Un effort important à porter est, selon nous, sur la gestion en temps réel de modèles
mécaniquement rigoureux, pour coller de prés, dans la gamme d’objets simulés pour le
moment accessibles en temps réel, pouvoir proposer des simulations réellement fidèles
à la réalité, ou du moins aussi fidèles que possible à celle-ci.

– certaines gammes de simulation (ex fluides, interaction fluide-solide) sont, à notre
connaissance, non-gérables en temps réel. Leur gestion en temps réel constitue de
manière évidente un challenge considérable.

– Il est à noter que l’on ne tire probablement pas suffisamment parti d’artifices d’affichage
3D, pour pallier aux limites de calcul actuelles que la mécanique rencontre (les
résultats de mécanique meshless temps réel, ou de déformation volumique générique
par FFD en sont toutefois de premiers exemples): ceci constitue également une base
de réflexion.

– Les cartes 3D sont de plus en plus complexes, et offrent une unité de calcul de plus en
plus attrayante (le moteur de simulation physique Havoc a d’ailleurs très récemment
annoncer supporter, dans sa prochaine version, de la simulation physique sur GPU).
La question de savoir si l’utilisation du GPU pour autre chose que de l’affichage est une
activité de recherche proprement dite est une question sensible dans la communauté
scientifique, mais il reste néanmoins que cette acquisition de compétence technique,
si elle ne relève pas d’un apport théorique pérènne, permet semble-t-il d’alimenter
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une activité de publication de bon niveau [BFGS03, SJP05, BS05], et permettra
de manière incontestable de tirer au mieux parti des architectures modernes, pour
améliorer les simulations physiques temps réel accessibles sur les machines actuelles.

• à propos de la recherche sur les modèles adaptatifs:

– Les travaux sur le fil, peuvent à eux seuls, amener une réflexion de fond sur cet aspect:
il reste encore beaucoup de travail, tant théorique que sur la structure logicielle, pour
disposer d’un module de fil chirurgical qui soit réellement intégrable aisément dans
un simulateur, et compatible, par le biais de gestion dynamique de contrainte, avec
des opérations de sutures, de découpe de fil, etc...

– les opérations de découpes peuvent, elles aussi, alimenter la recherche sur ce domaine,
dans la mesure où le contrôle précis de la trace de découpe est une question difficile
à résoudre, dans un contexte temps réel.

– Il serait intéressant de proposer une généralisation du processus de contrôle présent
dans [GM03], ainsi que la version, un peu plus générique, de [DMG05]: un tel outil
permettrait alors, à partir du moment où un modèle est ”réglable”, de disposer, sans
aucune connaissance spécifique du modèle en question, d’un module lui permettant
d’intégrer des applications à performances garanties.

• à propos de la recherche sur le multi-modèle proprement dit:

– le cadre logiciel: le projet SOFA est un projet assez ambitieux d’architecture dédiée
à la simulation physique temps réel, pour le moment collaboration entre l’INRIA
(projets EPIDAURE, EVASION et ALCOVE), et le Simulation Group du CIMIT
(MIT/Harvard Hospital, Boston, USA). Cette plateforme est destinée aux labora-
toires de recherche sur ce thème, pour tenter de fournir une plateforme d’accueil
aux algorithmes les plus sophistiqués, et fournir ausi quand nécessaire une base de
développement. La première version de cette plateforme devrait être rendue publique
courant Janvier 2006, lors de la conférence MMVR. La question de réussir à pro-
poser une plateforme suffisamment fonctionnelle pour être utilisable, et suffisamment
fédératrice pour ne pas rester stérile, est une question extrêmement difficile. Toute-
fois, SOFA a, dans sa version actuelle, su trouver l’intersection d’intérêt de 4 équipes
de recherches, chacune venant avec sa sensibilité et son expérience propre. Le fait
d’avoir la chance d’être au coeur de la naissance d’un projet d’une telle ampleur
est une aventure humaine extrêmement enrichissante, et nous sommes pour le mo-
ment optimiste dans le devenir de ce projet: à titre personnel, je suis intimement
convaincu que cette plateforme sera une plateforme d’accueil idéale pour les objets
multi-modèles à venir, dans la mesure où beaucoup des concepts d’encapsulation fonc-
tionnels, issus de la thèse de J. Dequidt, ont été repris dans l’architecture de base de
cette plateforme.

– la question de la conversion entre modèles est une question cruciale, pour espérer dis-
poser de tels objets. Tant dans le domaine géométrique, que celui de la collision, ou
de la mécanique, la question de la conversion d’un modèle à l’autre alimente depuis
de nombreuses années, et alimentera encore, l’activité de publication de recherche;
certaines conversions, dans le domaine mécanique notamment, où peu de chose exis-
tent sur la question, semblent accessibles assez rapidement. D’autres se heurteront
certainement au limites de chaque modèle, et donneront sans nul doute nombre de
problèmes aussi difficiles qu’intéressants.
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Conclusion et axes de recherches

– Au delà de la question de savoir comment passer d’un modèle à l’autre, la question
de savoir quand le faire est, elle aussi, une question importante, et mériterait une
étude plus approfondie que ce à quoi elle a eu droit jusqu’à présent [OHM+04]. Il est
toutefois nécessaire de bénéficier d’une petite base de travail stable pour étudier cette
question (i.e. disposer déjà d’un ensemble de modèles facilement ”interchangeables”).

– Certains aspects, simplement descriptibles, alimenteront eux aussi la recherche sur le
multi-modèle. Dans le cadre de la découpe, le changement de connexité d’un objet
est encore trés mal géré par les simulateurs actuels: on ne sait pas detecter, en temps
réel, cette séparation complète d’un objet en deux partie. Vue de l’optique multi-
modèle, cette opération peut être vue comme un système mécanique qui, à la suite
de l’opération de découpe, se scinde en deux système autonomes: leurs simulations
(sous couvert qu’il n’y ait pas d’interaction entre les deux) n’ont plus alors de raison
d’être dépendantes l’une de l’autre, sous couvert que l’on sache comment gérer cette
question de manière souple logiciellement, et efficace algorithmiquement.

– Un autre type de manipulation inspire la réflexion inverse: un cylindre, embôıté
dans un autre, peut certes être simulé par la physique, mais la contrainte est telle
que les deux objets sont immobiles l’un pour l’autre, et ne constituent de fait plus,
pour la simulation, qu’un seul système mécanique. La question de la co-existence
de la simulation physique avec l’assemblage, et les optimisations qui pourraient en
découler, est, elle aussi, une question intéressante.

– Dans la simulation existent un certain nombres de phénomènes que l’on sait simuler,
mais que l’on pourrait tout à fait émuler, dans un contexte ou le besoin de précision, ou
d’interaction, est moindre. La question de savoir comment passer de l’un à l’autre, et
là aussi, dans quel type de contexte, est une question à notre connaissance totalement
ouverte.
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Université des Sciences et Technologies de Lille
LIFL - UMR CNRS 8022- Bâtiment M3
59655 Villeneuve d’Ascq Cédex - FRANCE
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Abstract

This article presents an extension of classical marching cubes
for implicit objects associated with blending control. In the
framework of classical blend graph[Guy and Wyvill 1995],
a technique for handling blending is presented, based on
mostly boolean operations, and hence allowing efficient im-
plementation. What is more, the resulting tesselation is
topologically closer to the theoretical topology of the mathe-
matical object considered than classical marching cubes tes-
selations. We also propose an optimization, that we call
partial time stamping, that significantly diminishes the
amount of redundant field values evaluation during marching
cubes tesselation, and has the advantage of being compati-
ble with blending control. This technique can be seen as the
extension of an optimization technique described in [Triquet
et al. 2001], that was not designed for blending control. Our
technique is finally compared to classical marching cubes im-
plementations, as a reference. In this final section it is shown
that our technique permits high performance visualization of
implicits objects combined with blending control.

1 Introduction

Implicit objects appeared to be very useful in several com-
puter graphics fields, including for example soft object mod-
eling[Wyvill et al. 1986; Bloomental et al. 1997; Bloomen-
thal 1995], and skinning animated models, especially for
physically-based animation [Gascuel 1993; Cani 1998]. Such
a modeling tool provides nice properties, including auto-
matic blending, compact representation, and no topologi-
cal constraints. Yet, some special cases suffer from those
properties. Among them, blending is a property that has
sometimes to be controlled. Figure 1 illustrates this prob-
lem. This object is an example of an implicit skinning: body
skeleton, using implicit skin, provides a soft approximation
of the resulting object. However, the blending between the
arm and the hip is not desirable.

As a result, it appears useful to be able to control such a
blending property. For that purpose, several techniques ex-
ist. Most of them rely on the notion of group between prim-
itives: primitives from a given group can blend together,

whereas no blending is allowed between primitives from dif-
ferent groups. Some techniques can also be combined with
blending control: in order to simulate the natural behav-
ior of soft and deformable objects touching each other, local
deformations due to collisions may be added.

Figure 1: Typical blending problem

For real-time tesselation of implicit objects, two main
classes of algorithms can be found: seed-based al-
gorithms[Witkin and Heckbert 1994; Heckbert 1998;
de Figueiredo et al. 1992; Desbrun et al. 1995] and space par-
titioning techniques[Wyvill et al. 1986; Lorensen and Cline
1987; Bloomenthal 1988; Bloomenthal 1994]. Those two
classes of methods directly provide triangles used by graphics
hardware. Seed-based techniques often handle topology us-
ing differential analysis techniques, and hence involve quite
heavy computations, which make them difficult to use for
high-performance tesselation. Beside, when handling dy-
namic implicit objects (i.e. objects composed of animated
primitives), topological changes within the theoretical iso-
surfaces make the tesselation problem even more compli-
cated. On the other hand, marching cubes based techniques
are simpler to implement, and thanks to systematic treat-
ments of space (at least in the basic definition of the algo-
rithm [Lorensen and Cline 1987]), do not need any particular
structuration of the object.

This paper proposes a tesselation technique combined
with blending control that does not add any topological in-
consistencies in regard to the theoretical result. The algo-
rithm is presented, as well as the proposition of an adapta-
tion of marching cubes optimizations previously published
in [Triquet et al. 2001] to the problem of blending control,
introducing what we called partial time-stamping.

The paper is organized as follows: the next section
presents a rapid overview of previous techniques, both for
blending control and deformation around contact areas. We
also discuss them in the framework of real-time visualiza-
tion. This section also points out the problems that occur
for those techniques. Section 3 presents important points of
a previously published paper dealing with high speed march-
ing cubes. Starting from the problems raised in 2, we then
propose our method in section 4, and show some experimen-
tal results in section 5.



2 Previous works

This section describes some previously published techniques
that were proposed for controlling the blending between soft
objects, as well as deforming the contact area, in order to
simulate contact between deformable objects. We first enu-
merate techniques for those two problems, and then, dis-
cuss some technical issues about them in regard to marching
cubes.

2.1 Blending control

Brian and Geoff Wyvill first pointed out the importance of
blending control [Wyvill and Wyvill 1989]. They suggested
to create primitive groups, within which blending is allowed,
and with no interaction between primitives from different
groups.

The idea consisting in distributing primitives among
disjoined groups, works well for objects that have well-
distinguished parts. Yet, in some special cases, this tech-
nique becomes quite involving: refer to the character of fig-
ure 1. It cannot be correctly represented in this way: his
arms, legs and trunk have to belong to the same group in
order to obtain correct blending of the surfaces at the shoul-
ders and the hips, and as a consequence, arms and legs still
blend together. Nevertheless, even if some group subdivision
tricks could be used in this special case, the problem in the
general case remains.

Wyvill’s idea has been further improved in [Opalach and
Maddock 1993; Guy and Wyvill 1995], where an adjacency
graph describes the object structure. Each vertex of the
graph stands for a primitive (that, by definition here, cannot
be self-intersecting) and the edges represent a blend relation
between primitives. In [Desbrun et al. 1995], the calcula-
tion of the potential at a given point P takes benefit of this
structure by keeping only the maximal contribution of the
non-blending involved skeletons. This contribution is calcu-
lated using classical summing. The four following steps sum
the technique up [Desbrun et al. 1995]:

1. compute all the field contributions at point P ,

2. select the field fi that is preponderant,

3. add the maximal contribution from groups of skeleton
that blend together and are all neighbors to Si in the
graph,

4. return the resulting value.

2.2 Local deformations

Cani-Gascuel[Gascuel 1993] describes a technique that con-
trols blending between implicit primitives, and also simu-
lates the contact between soft objects, by creating local de-
formations near the contact area.

The deformation of a surface a by another surface b is
obtained by modifying the field function as follows:

Ga,b(x, y, z) = Fa(x, y, z) − Fb(x, y, z) + isovalue (1)

where Fa (respectively Fb) is the field function associated
with surface a (resp. b) and Ga the one associated with the
new deformed surface a (deformed by b). The idea to use
a negative field function in order to compress such surfaces
was formerly proposed by Blinn in [Blinn 1982].

When an inter-penetration is detected, each surface is de-
formed according to all the concerned objects. Within the

inter-penetration zone, the contact area is determined by
taking equation 1 and the symmetric expression (swapping
a and b). As a result, the points lying on the contact area sat-
isfy Fa = Fb (see figure 2b). Around this inter-penetration
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(a) Initial surfaces

Surface B

Fa = Fb

Surface A

(b) Deformed surfaces

Figure 2: Contact and deformations between two implicit
surfaces

zone, a given quantity is added to the field values. This
quantity depends on the thickness w of the zone where de-
formations are propagated, a given parameter α character-
izing the size of the created bulge and the distance between
the point we consider and the inter-penetration zone. As
shown on figure 3, the typical shape of this function (de-
fined on [0, w]) keeps C1 continuity at the exterior limit of
the deformation area (see figure 2b).

k

w0 x=dist(P,Po)

Figure 3: Shape of function used for field value deformation
in [Gascuel 1993].

Opalach and Cani[Opalach and Cani 1997] simplify the
problem: they build their deformation term using the field
values associated with the surface causing the deformation
(for example, surface B in figure 2). The shape of this func-
tion is shown in figure 4. In the deformation zone, the field

0 c c1

h

m
x=field value

Figure 4: Shape of function D used in Equation 2 [Opalach
and Cani 1997]

function for surface A becomes:

FA2
(p) = FA(p) + D(FB(p)) (2)

where function deform, defined on [c1, c] satisfies the follow-
ing properties:

deform(c) = 0 surface C0 continuity
deform′(c) = −1 deformation around contact area
deform(c1) = 0 C0 continuity of the surface
deform′(c1) = 0 C1 continuity of the surface at the

border of deformed zone



2.3 Discussion

Some special tesselation technique has to be derived when
handling blending control and contact deformation. In other
words, controlling the blending of implicit surfaces closely
depends on the display scheme. The previously described
methods for blend control give good results when used in a
ray-tracing context or with a seed-based tesselation. How-
ever, they do not work well with a marching cubes algorithm.
As a result, a specific visualization method is required.

For the tesselation computation, a problem occurs during
the combination of marching cubes with classical deforma-
tion techniques. In order to illustrate this problem, let us
focus on the results we get when applying, for example, Des-
brun’s field value computation[Desbrun et al. 1995] to the
marching cubes algorithm.

Figure 5 shows the real implicit surface that should be
approximated with triangles and the field values at the ver-
tices of the grid. These field values result in the tesselation
shown in figure 6a, which is slightly different to the one that
should be built (figure 6b).

Figure 5: Initial configuration. The exact isosurface is
drawn, as well as the marching cube grid. Black points are
marked as being inside the surface whereas white points are
considered as being outside the surface)

(a) (b)

Figure 6: Comparison between ideal tesselation (a) and con-
structed one (b) using classical marching cube

The tesselation we build is incorrect within the cubes con-
taining both surfaces. For the considered configuration of
those cubes, it is not possible to obtain a correct tesselation.
Indeed, since we remember the field value of the preponder-
ant primitive, the nodes lying on the left (respectively right)
half of the grid correspond to the left-hand (resp. right-
hand) primitive (figure 5). Thus, the two lower nodes of the
figure 6 are considered to be inside the surface, while the
two upper nodes are considered to be outside. Therefore,
there is no reason for the marching cubes algorithm to build

an intersection point along the lower edge (see figure 6b). It
appears natural, at this step, to allow the marching cubes
to do several partial tesselations whithin such a cube and to
superimpose them in the final rendering..

When using a graph for controlling primitives blending,
one generally tesselates separately each group of blending
primitives. Such a method ensures topological consistency
in regard to contact. Yet, for reasons described in [Guy and
Wyvill 1995], it is not possible, in the general case, to keep
the idea of grouping primitives in order to handle the case of
self-colliding objects in such a manner. As a result, one has
either to subdivide groups, or (and this is our choice here)
to consider that the notion of group does not hold. Each
primitive is considered separately. Such an assumption does
not solve the classical problem of self-colliding object, since
we consider that no primitive can be self-colliding. This is
always true in the case of discrete skeletons. The generic
problem is encountered when controlling the blending of a
self-colliding, one piece object (and which topology has to
be preserved, as for the character on figure 1). See for ex-
ample the snake presented in figure 8, made using blobs. A
“by group” decomposition, as previously presented, is not
possible. On the other hand, seeing this snake as the union
of small, simple, not self-intersecting nor self-colliding (i.e.
blobs), primitives, makes the use of blending graph possible,
and handling of auto-colliding snake, conceivable.

The notion of primitive group does not hold under the
assumptions defined above. The question hence remains to
know how to use the partial tesselation idea presented by
Wyvill. In the framework of marching cubes tesselation, the
notion of “group” within which all the primitives blend, can
actually be found, locally to a tesselation cube. Indeed, for
a cube several primitives have a non-null contribution to the
global potential field. Among this list, it is theoretically
possible, using the blend graph, to retrieve some sub-lists
of primitives such that all the primitives of a sub-list blend
together, and that no blending relation between primitives
of different sub-lists does exist. For the considered cube,
those local sub-lists are the groups that can be used for par-
tial tesselation. Tesselating a cube does not involve a single
classical tesselation, but the amount of sub-lists for a given
cube defines the number of tesselations that are necessary
for this cube.

3 Fast marching cubes

An implementation, in the ”always blending” case, has been
presented in detail in [Triquet et al. 2001]. In this article, a
collection of algorithmic techniques is used in order to reach
small tesselation times even for quite complex iso-surfaces
(about 200 primitives in 25 ms on a high-end consumer PC).
We sum up here important parts of this article in regard to
the problem addressed (i.e. adaptation to implicit objects
combined with blending control), so that the present paper is
somewhat self-contained, and that the arguments that makes
the proposed algorithm derivation important, quite natural.

In this algorithm[Triquet et al. 2001], the sources of opti-
mizations to take into account are:

• First, space partitioning, well-known for improving
ray-tracing[Cazals et al. 1995], collision detection,
radiosity[Cohen-Or et al. 1998], is used for primitives
sorting: the tesselation space is partitionned using sim-
ple cubes. For non-ambiguous description, we will, in
the remainder of this paper, call cube the space par-
titioning unit used during marching cubes tesselation,



and voxel the space partitioning unit used for primitive
grouping. For each voxel, a list of primitives is built,
made of primitives which influence area intersects the
considered voxel. This ensures that, for any point of a
voxel, including the points of the frontier, the primi-
tives that have non-null influence on the point are all
among the voxel primitive list (although some of this
list might have null influence). See figure 7 for an ex-
ample of list construction. It can be seen that for a
given voxel, it might happen that the overall potential
evaluation does not involve all the primitives belonging
to the voxel list.

1 2

5 4

[ 1, 2, 3]

empty list

[4]

3

[5]

[ 3, 4]

Figure 7: Example of voxel partitioning, combined with 5
primitives. Each primitive belongs to all the voxel lists its
influence area intersects.

• For each cube, an unsigned integer value is stored, rep-
resenting the frame number at which the cube has been
treated. This number, called time-stamp identifies the
current tesselation. At the end of a given tesselation, all
the processed cubes have the same time-stamp value.
Checking if a cube has already been treated during the
current tesselation is equivalent to comparing the cur-
rent time-stamp with the cube time-stamp. Such mark-
ing permits fast tesselation. It is likely that temporal
coherency might be used for further optimizations. Yet,
since our main framework is that of highly deformable
objects (see section 5), such coherency had only but
few chances to achieve real improvement (indeed, even
small deformations induce new tesselation), and hence,
was not the priority of our work.

• In order to combine both multipart objects handling
and the minimization of treated cubes amount, a pre-
processing of the global primitive list stacks a cube lay-
ing on the isosurface for each primitive. Time-stamping
ensures that no cube can be stacked twice.

• A cube is then popped from the stack. This cube is used
as a seed, and cubes are propagated on the isosurface,
in quite a classical manner[Bloomenthal 1995]. Time-
stamping value checking prevents multiple treatments.

• We store the vertices field values of each treated cube.
Using time-stamping, it is quite easy to avoid redun-
dant field evaluation, using previously calculated val-
ues: for a given cube, considering the neighbors the
cube shares vertices with, and their time-stamp, one
can easily decide whether the neighbor field values can
be reused for the shared vertices: if the neighbor time-
stamp value equals the current time-stamp value, then
the field values are consistent for the current tessela-
tion.

The next section describes in a more detailled manner
our technique of tesselation, based on marching cubes. We
describe a technique for extraction of primitive sub-lists for
a cube, using only bitwise logical operations, and therefore
allowing optimal implementation. We also describe some
specific optimizations.

4 Implementation of the Blending Control

The framework we are interested in here is the tesselation of
an object composed of simple, non-self-colliding primitives
(see section 2 for discussion). Apart from the primitives, a
blend graph is built, defining the way the primitives blend
all together.

4.1 Global tesselation algorithm overview

The algorithm we propose here is derived from the one de-
scribed in section 3. The main steps of this algorithm are:

• the same notion of cube and voxel is present here, re-
spectively for tesselation cube, and space partitioning;

• the tesselation of a given frame F implies (same as sec-
tion 3, but more precise, and with specific notations):

– calculation of the new current time-stamp tF ,
which only involves an integer addition.

– Let us call N the total number of primitives P ,
all stored in a list L = {P0, · · · , PN−1}. For each
primitive Pi, a cube of the isosurface is calculated,
using simple propagation in a particularized direc-
tion, and is stacked for further treatment.

– Each cube of the stack is used as an original seed
for tesselation: until the stack is empty, a cube c
is popped off the stack, treated, then marked as
treated using the time-stamp value tF , and the
cubes among c neighbors that have older time-
stamp value are stacked for treatment. See section
4.3 for details about the time-stamp value, and its
precise use. Due to previous stack creation from
primitives list, it could happen that a cube might
be treated twice: A simple time-stamp value check
prevents this.

• The treatment of a cube c for a frame F implies:

– Just like for technique described in section 3, a
list Lc of primitives is built. Lc can be rewrit-
ten as the set {Pσ(0,c), · · · , Pσ(nc−1,c)}, where σ
stands for a function that maps the nc primitives
that have non-null influence on c to their original
indices in L. See section 4.2 for further details.

– Lc is partitioned into sub-lists Lc,0, · · · , Lc,α[c]−1.
Those sub-lists are such that they represent, lo-
cally, the classical blend graph: Let define Pa ∈
Lc,i and Pb ∈ Lc,j . Then Pa and Pb blend to-
gether if and only if i = j (i.e. do not blend if
i 6= j). See section 4.2 for details about the tech-
nique used for partitioning Lc. Note that when
the blending relation is not transitive within a
cube, then blend is not an equivalence relation,
and no partitioning is possible. The solution we
adopt in this case is to duplicate “pivot” primi-
tives between non blending groups: for example,
if Pi blends with Pj , Pj with Pk, but Pk does



not blend with Pi, then there will be two groups,
{Pi, Pj} and {Pj , Pk}.

– c is tesselated α[c] times in a marching cube like
manner, the i-th tesselation corresponding to the
primitive sub-list Lc,i. Each tesselation involves
field evaluation using deformation techniques de-
scribed in section 2.2.

Let us examine the critical case of the snake (Figure 8):
here, the blending relation are composed of the groups
{Pi, Pi+1}. In other words, the matrix representing the
blending graph is a band matrix, with band width equal
to 3, all elements of it being equal to 1. The duplication
process we use entails that all primitives appear in two
groups. Several groups will hence be computed, causing
as many tesselations of the cube. However, such a case
tends to be really rare since it only occurs when several
(non blending) primitives lie within the same cube.

4.2 Efficient primitives sorting

We describe here a technique for manipulating the blend
graph and creating the sub-lists needed by the global tes-
selation algorithm. The blend graph is represented by a
two dimensional binary matrix M such that M(i, j) = 1 if
Pi and Pj blend together, and 0 otherwise. In our C++
implementation, M is stored as a matrix of long long un-
signed int, which has the drawback to constrain the number
of primitives manipulated to be a multiple of the size of this
datatype, but presents the important advantage to be very
compact in regard to further manipulation, as we will see
in this section. As a result, and without loss of generality,
we can consider that the line v(i) of matrix M is composed
of an unsigned binary value, which j-th bit expresses if Pi

blends with Pj or not.
Our framework here is that of a cube c for which we have

built the list Lc. The very first step of the manipulation
is the correspondance to be done between the list and a
binary word (that we will abusively note using the same
notation) where the i-th bit value is 1 if Pi ∈ Lc, and 0
otherwise. It is very practical to see all the involved lists as
binary words of that kind, as, for example, testing if Pi ∈ Lc

can be written in a C-like syntax using bitwise operations,
Lc&(1 << i). Merging two primitive lists A and B (e.g. for
building the list LC from the voxel lists) is simply evaluating
A|B. In the result, Pi is present if the i-th bit equals 1. On
most common nowadays architecture, we thus take benefit of
merging lists of 64 primitives using one single bitwise logical
operation. Using this idea, the operations we manipulate
for extracting the sub-lists Lc,0, · · · , Lc,α[c]−1 from Lc are all
part of a simple loop:

1. α[c] = 0;

2. while Lc is not null:

• calculate i as the first non-null bit in Lc /*this
can be done using iterative shifting combined with
AND masking*/;

• retrieve v(i) from M ;

• Lc,α[c] = Lc&v(i);

• Lc = Lc ∧ Lc,α[c] /*the sub-list Lc,α[c] is with-
drawn from current list Lc. This, because in our
special case we have Lc,α[c] ⊂ Lc, that corre-
sponds to a bitwise logical XOR operation */;

• α[c] = α[c] + 1;

For the sake of simplicity, we did not include in this al-
gorithm the special case of non-transitive blending relation
within a cube list. Yet, it is quite simple to use bitwise
logical operations for detecting the primitives that have to
be shared by groups, and use this information for creating
correct sub-lists. Such an algorithm description presents the
immediate advantage to be both of a very high description
level, and easily implemented in a very simple and efficient
code, fully optimized by most common compilers.

4.3 Partial time stamping

Classical time stamping[Jevans et al. 1988], within the
framework of blending controlled implicit object tesselation,
is not fully usable: Its main goal was to prevent redundant
potential evaluation by assigning a tesselation time to each
cube. When treating a cube, the neighbor concerned by
a given shared face is first checked, and, if its time-stamp
value corresponds to the current value, then this means that
the potential value stored can be used. When controlling
blending, several tesselations per cube are possible, and as a
result it is useless to know if the cube has the correct time-
stamp, since several potentials would be present. Therefore,
the question would remain, to know which value is correct
for the primitives we consider.

Yet, such a philosophy can be reused under some slightly
stronger assumptions: Within an implicit object having non-
blending primitives, a high percentage of cubes does not in-
volve any number of sub-lists greater than 1, i.e. do not
have non-blending local groups. As a result, those cubes,
under the condition that the neighbor does not need sev-
eral treatments either, could take benefit of time-stamping
anyway.

This is why we defined what we called partial time-
stamping, which is a binary word made of the concatenation
of classical time-stamp value, and a boolean information,
expressing if the α[c] value, calculated by the algorithm pre-
sented in section 4.2, equals 1 or not. This simply allows for
determining if we can re-use the previously calculated field
values or not. The value stored as time-stamp per cube c,
instead of value tF for classical time-stamping, is now (in
C-like syntax) (tF << 1)|(α[c] == 1).

5 Experimental results and measures

This work takes place in a more complex software environ-
ment, being devoted to physical-based simulation. In figure
8 is presented a surface made of 100 primitives where the
group technique cannot be applied, as the object is “contin-
uously” defined, and self colliding.

Figure 8: One hundred primitives with blending control

Figure 9 displays the wire version of the tesselation of 3
interacting blobs. One can see that the deformations ap-
plied to the surfaces are realistic, and that the topology of



the result matches the intuitive topology of the theoretical
isosurface.

Figure 9: Wireframe display of 3 primitives (blobs)

Figure 10 shows the time required to tesselate a surface,
depending on the number of primitives. Those measures
have been performed on various versions of the object shown
on figure 8, being deformed periodically like a spring along
its axis.

A comparison is made in figure 10 between the tesselation
times required by different implementation techniques: Our
initial tesselator (without blending control), the technique
presented in this paper (with blending control), and Bloo-
menthal’s implementation[Bloomenthal 1995] (which, in its
initial formulation, cannot consider blending control). Bloo-
menthal’s code, since it has been written to be easily under-
stood, was not very optimized. However, the space parti-
tioning technique can speed up a lot the tesselation process,
as shown in figure 10.

Note that in those measures, only the tesselation time is
given, not the time needed for visualizing the resulting object
(which is graphics hardware dependant, and independant
from the algorithm described in this paper).
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Figure 10: Tesselation time using several techniques

The tesselation method presented in this paper is used in
a simulator of laparoscopic surgery which, for accurate sim-
ulation reasons, has to be an application with high frame-
rate performances. In this simulator, intestines are modeled
using 165 primitives. Its tesselation, made of about 40000
triangles, is entirely constructed at each frame. Due to the
high deformability of the model, and the context of physical
simulation that introduces small, yet existing, oscillations,

no time coherency is used. The overall application, using
our tesselation technique combined with real-time physical
manipulation of the intestines, based on physical simulation,
runs approximatively at 7 images per second on a Pentium
IV at 1.7GHz using a Quadro II graphic card (although we
can reach 23 images per second in the same context when
desactivating the blending control). Figure 11 shows a la-
paroscopic tool manipulating these intestines. As it can be
seen, our technique allows us to control the blending and the
deformations of the surfaces built around complex skeletons.

Figure 11: Manipulating implicit intestines in laparoscopic
surgery simulation

6 Conclusion and future work

This paper presented a framework for high-performance tes-
selation of implicit objects, that provides blending control.
The proposed tesselation technique does not introduce fur-
ther topological inconsistencies, in regard to classical ambi-
guities introduced by marching cubes. The blend graph pro-
posed implementation allows for treatment using only bit-
wise logical operations, hence simply enables optimal results.
We also presented an optimization technique called partial
time stamping that significantly diminishes redundant field
value evaluation.

An interesting question, above all in regard to the op-
timizations proposed for for marching cubes, would be to
study the applicability of this technique to other tessela-
tion algorithms, such as marching tetrahedrons [Bloomental
et al. 1997]. Another direction of research would also be
to see in which measure the work presented here can be
adapted to the case of continuous skeletons, such as con-
volution surfaces based on subdivision skeletons [Cani and
Hornus 2001]. In this new framework, the assumption stat-
ing that the primitives used are not self-colliding no longer
holds, and we think that multiresolution-based tesselation
techniques [Grisoni et al. 1999] would be a way to take this
problem into account.
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Abstract

This article introduces a new class of constraints for spline varia-
tional modeling, which allows more flexible user specification, as a
constrained point can ”slide” along a spline curve. Such constraints
can, for example, be used to preserve correct parameterization of
the spline curve. The spline surface case is also studied. Efficient
numerical schemes are discussed for real-time solving, as well as
interactive visualization during the energy minimization process.
Examples are shown, and numerical results discussed.

CR Categories: I.3.5 [COMPUTER GRAPHICS]: Computational
Geometry and Object Modeling—Physically based modeling; I.3.5
[COMPUTER GRAPHICS]: Computational Geometry and Object
Modeling—Splines; J.6 [COMPUTER-AIDED ENGINEERING]:
Computer-aided design; I.6.5 [SIMULATION AND MODELING]:
Model Development—Modeling methodologies; I.6.0 [SIMULA-
TION AND MODELING]: Model Development—General
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1 Introduction

Among the important properties often appreciated in geometric
modeling, stands the ability for a given model to be easily edited.
This property partially explains the popularity of models such as
splines [Piegl and Tiller 1997] and subdivision surfaces [Zorin and
Schroder 2000]. Yet, in some special cases, many degrees of free-
dom for a geometric model can be quite a drawback to design sim-
ple, natural shapes, for example. Such a manipulation can be quite
long and difficult for the user, making the model not suitable for
such a goal. In order to solve this problem, deformation tools [Co-
quillart 1990; Barr 1984] are often used in order to provide simple
edition for models with many degrees of freedom. Some mod-
els also have multiresolution features [Forsey and Bartels 1988;
Grisoni et al. 1999] that provide a control of the number of de-
grees of freedom used during manipulation. This way, the user only
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manipulates the model at the desired resolution, and can precisely
control the influence of the modifications.

Another possible solution is to use variational modeling [Welch
and Witkin 1992; Gortler and Cohen 1995; Witkin et al. 1987],
which principle is to combine initial condition to be respected, and
a physical solver that determines the shape fitting the conditions
and minimizing some energy criterion (classically, the global cur-
vature). Constraints can thus be defined dynamically on the model
to help the designer during the manipulation. The most popular
constraints are those which affect a specific point of a curve or a sur-
face (for instance, a fixed point, tangent, normal, etc...). Other con-
straints show themselves useful for direct manipulation like con-
straining a curve or surface to pass through a specific point (in free
space or on an object). This has been already proposed in the past
for particular objects.

It can be useful to easily define some sliding points on a shape,
i.e. ensure that some point of the shape is at a specified location
in space, whatever the corresponding parameter value of the point.
For example, some applications in direct edition process, by fix-
ing enough sliding points on the curve, we can entirely define its
shape by specifying a kind of path. Such a constraint ensures that
parameterization will also be taken into account during the energy
minimization step. Apart from the parameterization point discussed
above, such a constraint would offer additional degrees of freedom
to variational modeling. This article presents a method for handling
such constraints.

We use Lagrange formalism to describe our technique, and intro-
duce what we call smooth constraints 1. Classically in variational
modeling, a static resolution process is used during the energy mini-
mization step. This ensures a proper system resolution, but presents
the drawback that the user does not have any control during the res-
olution process. We propose another approach, that uses dynamic
resolution, and allows the user both to interact with the model dur-
ing energy minimization, and control the numerical evolution of the
system. In order to allow an efficient solving, we propose a modifi-
cation of the constraint equations.

The paper is organized as follows: Section 2 consists in an
overview of the previous work followed by section 3 presenting the
principle of variational modeling, including notations and general
equations. The spline case is especially developed in a sub-section.
The next two sections present the theory for smooth spline curve
constraints and the equations modifications needed to achieve high
performance real-time resolution. A set of smooth constraints for a
spline curve is then exposed in a section 6. Section 7 generalizes the
theory to spline surfaces. Finally, numerical results, and examples,
are presented in section 8 before concluding.

1It is to note that the term ’smooth constraint’ is used in [Robinson

2003], associated to a different meaning. In our context, ’smooth constraint’

refers to constraints specified without explicit parameter value (e.g. spline

curve that slides through static space point).



2 Previous Work

In a general way, variational modeling searches the ideal emplace-
ment of a model by minimizing an energy criterion (for example,
the thin plate energy employed by Pottmann et al. [2002] for an
active contour application). This approach can be done statically
[Witkin et al. 1987] or dynamically [Qin and Terzopoulos 1996].
The employed energy can be seen in term of constraints that can be
solved by a physical simulation. The interest in variational model-
ing resides in the possible constraints that can be applied to a model
to ease its manipulation by the end-user. But creating constraints
dynamically can yield some problems like discontinuity or an un-
solvable system due to the resolution process. In this perspective,
Gleicher [1992] proposed among others a direct edition method for
constraints definition.

Welch and Witkin [1992] characterize a surface with a spline
formulation and define an energy criterion based on a simplified
expression from Terzopoulos et al. [1987]. Then, they define ge-
ometric constraints, finite-dimensional constraints and also transfi-
nite constraints dealing with the entire surface (global energy). The
resolution process is static and such proposed constraints do not al-
low a specific point of one object to be locked on another object
surface (global consideration of the surface with evolving localiza-
tion).

Among convenient constraints, Witkin et al. [1987] proposed
higher levels tools. One of them obliges an object surface to pass
through a specific point without specifying the actual object point.
Their object can be defined by different ways, set of discrete points,
iso-surface of implicit functions. By this way, a specific point of an
object can easily be locked on the surface of another object defined
by its implicit form. This is a pioneering work and a fundamental
solution to the smooth constraint problem. The solution proposed a
very interesting form of constraint but it has the drawback that the
object defined by its implicit form is known by its surface. Nev-
ertheless, it is in no way a trivial purpose to define a curve by an
implicit form because it is not a natural way to create a 1D model
especially for a deformable model. Even the use of a distance map
brings computation time issues. Moreover, the static process of res-
olution needs energy local minima and thus the object configuration
can jump from a solution to another one discontinuously.

Qin and Terzopoulors [1996] proposed a dynamic NURBS to
simulate a curve and adapted it for geometric modeling by exploit-
ing force reaction to bring local deformation and gravity to help de-
signers. By a tensor product, they extend their tool to surface. They
enforce their constraint by the way of Lagrange multipliers and
Baumgarte stabilization scheme. They use augmented Lagrange
technique but constraints which are not localized on the model can
not be simulated by such method combination. The dynamic for-
malism proposed by Qin is interesting because it offers a temporal
coherence of the behavior and thus avoid jumps which occur in a
static process. We propose to complete this dynamic formalism in
order to take into account a new class of constraints.

3 Dynamic Variational Modeling

3.1 Generalities

Traditionally, variational modeling consists in considering an ob-
jective function to be minimized, along with some specific con-
straints [Welch and Witkin 1992]. The objective function is gener-
ally based on an energy expression of the curve, surface or volume.

All these considerations can be simulated thanks to the la-
grangian theory, that aims at minimizing the energy of a system
in a dynamic process. Moreover, it can be directly extended to
take into account some specific constraints, as in the classic way

of variational modeling, by use of the Lagrange multipliers. In or-
der to animate a curve, we consider this object as a set of degrees
of freedom introduced in a mechanical system. With these degrees
of freedom, we explain the mechanical law thanks to the lagrangian
equations [Lenoir et al. 2002; Rémion et al. 1999]:

{

∀i,
d ∂ K

∂ q̇i

dt + ∂ K
∂ qi

= Qi +LT .λ

φ(qi, q̇i) = 0
(1)

where K is the kinetic energy of the system, qi the degrees of free-
dom, Qi the power of the different potential forces. L is a matrix
defined using the different constraints (φ ) relatively to all degrees
of freedom [Rémion 2000]. λ are the Lagrange multipliers, each of
them is related to the force intensity needed to preserve an associ-
ated constraint.

Classically, equations (1) are derived into a linear system:

(

Mg LT

L 0

)(

A
−λ

)

=

(

B
E

)

(2)

where Mg is the generalized mass matrix of the system ones con-
siders (resulting from the kinetic energy term), L the constraints
matrix, A the acceleration of the degrees of freedom, B a vector that
sums the different contributions of all external and inertial forces
and finally E a vector coding the intensity of the violation of the
different constraints.

By this way, we can fix a constraint directly on the degrees of
freedom or anywhere on the object (degrees of freedom are not nec-
essarily on the object as in the BSpline case) or between different
objects present on the same dynamic system (like two patches with
a common edge).

3.2 Spline Variational Modeling

The chosen model is a spline geometry on which we apply the me-
chanical laws. For a 1D spline, the position of a point on the curve
is defined as a function of s (its parametric abscissa):

P(s,t) =
n

∑
i=1

qi(t).bi(s) (3)

where qi are the control points, n the number of control points, bi

the basis functions linked to the spline type, s the parametric ab-
scissa of the point and t the time (for our test, we used Catmull-Rom
spline, cubic uniform BSpline and non uniform BSpline).

To simulate a spline, we define the three coordinates qα
i of each

of its control points as the degrees of freedom2 of the dynamic sys-
tem which thus has a size of 3n. After some computations, we
obtain:

∀i,
d ∂ K

∂ q̇α
i

dt
= m.

n

∑
j=1

∫ 1

0
bi(s).b j(s).ds.q̈α

j (4)

∀i,
∂K

∂qα
i

= 0

where m is the mass of the object. We thus obtain a diagonal block
generalized mass matrix with the same block for each axis:

Mg =





M 0 0
0 M 0
0 0 M



 (5)

2thus, their accelerations are noted q̈α
i , which is equivalent to

d2qα
i

dt2



thanks to the equations (4), we easily define the components of M
by:

Mi j = m.
∫ 1

0
bi(s).b j(s).ds (6)

What we desire here is both the global and local modification
of the curve when the end user changes the configuration. We can
obtain a local modification by a direct edition of a point but the
global shape of the curve does not change. We need here an internal
energy permitting the propagation of the local modification to the
entire curve. Since, we are interested in doing variational modeling,
gravity is not involved. Qi represents the influence of some springs
that are associated to the curve for the internal energy [Lenoir et al.
2002], and the forces due to the interaction with the user. Those
equations can also add forces given by a scene collision detection
or self-collision process when needed.

The constraints are taken into account via the Lagrange multipli-
ers λ . They allow to constrain a system, by the way of its degrees
of freedom. We can thus constrain directly the degrees of freedom
or any point of the object (for a BSpline, the degrees of freedom are
the control points which do not belong to the curve). For example
we can fix coordinates of any point on the curve by applying:

FixedPointConstraint(s0,t) = P(s0,t)−A

which declines in three simpler constraints, one for each axis. By
the same way, constraints for fixing one or two coordinates are pos-
sible.

According to existing literature, such constraints can only be rel-
ative to a specific point of the curve (or more basically on the de-
grees of freedom themselves). We are thus not able to consider a
constraint onto the entire curve. With such constraints, it is not pos-
sible to constrain the curve to pass through a point in space without
specifying which constant point of the curve should be placed there.
The next section presents a solution to this problem.

4 Smooth spline constraints

We wish to give more flexibility to the constraints by making them
non localized on the curve. So that the effective point where the
constraint is applied depends on the dynamics itself.

One example, is the sliding point constraint, where some point
of the object must be at a specific location, but this curve point is
not always the same step after step, depending on the dynamics. In
this example, we just have to fix a point of the curve, considering
the fact that it is not always the same point that is fixed during the
process stabilization. As a curve point is defined by a parametric
abscissa s, the specific s parameter of the fixed point constraint must
be dynamic and thus depends on time : s(t).

Clearly, our constraint is a fixed point constraint based on a dy-
namic abscissa parameter. Such a constraint g is written:

g(q, q̇,t,s(t)) = P(s(t),t)−P0 (7)

This equation imposes that some point of the spline must be at the
position P0. But it is a dynamic system so, the s(t) will change over
time in order to find the right point of the curve that minimizes the
energy of the constrained system.

A problem occurs: The g equation demands to the system to
verify a condition but the system ensures that the constraint will
be fulfilled at a stable state but not necessarily immediately. This
introduces a numerical drift on the constraint over time. To take
into account this feature , we use the equation of g to formulate
a second order differential equation that gives us a damp solution

with a critical damping [Rémion et al. 1999; Baumgarte 1972]. This
leads to the constraint equation:

g̈+
2

δ t
ġ+

1

δ t2
g = 0 (8)

where δ t is the time step used during the simulation.

By considering the equation (7), we obtain the suitable constraint
equation:

d2P

dt2
+

2

δ t

dP

dt
+

1

δ t2
(P−P0) = 0 (9)

In the development of this equation (using expression of P given
by equation (3), new terms appear that do not exist for a simple
fixed point constraint:

n

∑
i=1

(q̈i(t).bi(s(t))+qi(t).b
′
i(s(t)).s̈(t)) = (10)

−
n

∑
i=1

(2.q̇i(t).b
′
i(s(t)).ṡ(t)+qi(t).b

′′
i (s(t)).ṡ(t)2)

−
2

δ t

n

∑
i=1

(q̇i(t).bi(s(t))+qi(t).b
′
i(s(t)).ṡ(t))

−
1

δ t2
(

n

∑
i=1

qi(t).bi(s(t))−P0)

In fact, we can see that the constraint equation needs the dynam-
ics of the s parameter. We thus have to consider it as an unknown
of our system. It will be numerically integrated step by step like all
other unknowns in order to determine its new position and veloc-
ity. This is a particular use of the lagrangian formulation because
we just define a new unknown that is neither a degree of freedom
nor a Lagrange multiplier. Because of this new unknown we have
to find an additional equation in order to entirely define the system
equation. This equation can give us an idea of the evolution of the s
parameter or explain a constraint, linking s to the physical system.

If we consider a perfect constraint without friction, the la-
grangian theory imposes that the virtual power of the strain due to
this link must be equal to zero. In other words, the force generated
by the Lagrange multipliers must not work in mechanical terms.
For that, the Lagrange multipliers λ of this constraint must verify
the equation:

λ .
∂g

∂ s
= 0 (11)

This theoretical framework is explained in more details in [Rémion
2003].

We obtain a global system:











M 0 0 0 LxT

0 M 0 0 LyT

0 0 M 0 LzT

0 0 0 0 LsT

Lx Ly Lz Ls 0





















Ax

Ay

Az

s̈
−λ











=











Bx

By

Bz

0
E











(12)

the new matrix Ls describes the different constraints according to
the new unknowns s̈. In other words, it introduces the sliding point
constraint into the system. Ls is composed by the terms of the con-
straint equations (10) where s̈ appears. For a single sliding point
constraint, Ls is a (3× 1) matrix composed by the column vector
∂ g
∂ s

.



5 Resolution

The equation system (12) is quite complex to solve because we do
not have a direct relation that gives the new value of s̈. For an inter-
active application, such a resolution can degrade the performance
and thus make the manipulation difficult because of the latency of
the animation. Consequently, we choose to consider equation (11)
in a different way.

We accept that the effective work of the force generated by the
Lagrange multipliers is not null and we represent it as an error. This
error is due to an incorrect value of s and is applied to correct the
dynamics of this parameter. This approach gives us an equation
slightly different from equation (11):

ε.s̈−λ .
∂g

∂ s
= 0 (13)

In order to stay close to the theoretical framework, we multiply the
acceleration of s by a factor ε close to zero. This little modification
of the equation gives this new system of equations:











M 0 0 0 LxT

0 M 0 0 LyT

0 0 M 0 LzT

0 0 0 ε LsT

Lx Ly Lz Ls 0





















Ax

Ay

Az

s̈
−λ











=











Bx

By

Bz

0
E











In this system, the matrix L is defined by its components: (LxLyLz).
Ls is an extension of L which permits to explain constraints on the
s̈ unknowns.

The equation (13) gives us a direct relation to find the value of
the s̈ unknown and thus accelerates the resolution process.

We decide to solve the system by decomposing the acceleration
in two parts, one of tendency and one of correction: A = At + Ac

[Rémion 2000]. The acceleration of tendency represents the ac-
celeration without any constraint and the other acceleration is the
correction due to the constraints. This leads us to this new equation
system:



























M.Ax
t = Bx

M.Ay
t = By

M.Az
t = Bz

Mg.Ac = LT .λ
ε.s̈ = LsT .λ
L.(At +Ac)+Ls.s̈ = E

We replace the terms Ac and s̈ in the sixth equation by their ex-
pression respectively in the fourth equation and the fifth equation.
These replacements yield an equation for λ :































M.Ax
t = Bx

M.A
y
t = By

M.Az
t = Bz

Ac = M−1
g .LT .λ

ε.s̈ = LsT .λ

L.M−1
g .LT .λ + Ls.LsT

ε .λ = E −L.At

We called n the number of control points of the spline so we have
M(n× n) and Mg(3n× 3n). c is the number of constraints in the
system, and thus is the height of L and Ls. And cg is the number of
new unknowns in the system, and thus is the width of Ls.

M is both constant over time and symmetric band matrix (cf.
equation (6)) due to the spline locality property, we thus pre-
compute an LU decomposition where L and U are two band ma-
trices too. The computation time of At is then linear (thus in O(n)).

We also can pre-compute the inverse matrix of M and use it to com-
pute M−1

g .LT then the matrix R = L.M−1
g .LT , this computation is

in O(c.n2 + c2.n). We complete R by the integration of the sliding

constraints part: Ls.LsT

ε . This completion is done in O(cg.c
2).

Finally, we solve the matrix equation R.λ = E−L.At which takes
a complexity of O(n.c + c) for the right term computation, O(c2)
for R decomposition and O(c2) for the final resolution. This gives
us the values of the Lagrange multipliers and permits us to compute
the correction accelerations Ac = M−1.LT .λ (resolution in O(n.c))
and the new value of the supplementary unknowns: ε.s̈ = LsT .λ
(resolution in O(c.cg)).

The trick employed in (13) permits to resolve the system in
O(c.n2 +c2.n+cg.c2).

For comparison, a direct resolution gives a complexity of O((n+
cg + c)3). By applying the same technique of acceleration decom-
position on the unmodified system (12), this yields three different
accelerations by dissociating the c constraints into c1 usual con-
straints and c2 smooth constraints (c = c1 + c2) [Rémion 2003].
This decomposition allows a resolution in the same order of com-
plexity as the above resolution, but takes more computation stages.
So the theoretical framework would be more time consuming.

6 Set of Smooth Constraints

Thanks to this free variables technique, a running knot can be easily
defined using the constraint equation:

g(q, q̇,t,s(t),s0) = P(s(t),t)−P(s0,t)

Such a constraint defines knot on a curve and also gives us the pos-
sibility to manipulate it easily, and change its position on the curve.

In the same way, a double sliding point constraint can be defined
on a spline by the equation:

g(q, q̇,t,s1(t),s2(t)) = P(s1(t),t)−P(s2(t),t)

This last constraint equation allows to manipulate a knot with the
desired piece of spline. This gives us much more freedom on the
manipulation but requires a second unknown.

Another application of this technique, is the reusing of the new
free variables in others constraints equations. For example, we can
imagine a sliding point constraint representing a surgical thread
during a suture. At the contact point, the curve tangent can be con-
strained perpendicularly to the organ surface. This can be done by
a tangent sliding point constraint equation:

g(q, q̇,t,s(t),s0) =
dP(s(t),t)

ds
−T (s0,t)

where T (s0,t) is the tangent vector wanted at the s(t) abscissa pa-
rameter.

We can imagine by the same way, a constraint on the normal
vector:

g(q, q̇,t,s(t),s0) =
d2P(s(t),t)

ds2
−C(s0,t)

with C(s0,t) is the curvature vector wanted at the s(t) abscissa pa-
rameter.

Many constraint equations can be created by this way and new
experimentation must be explored. Furthermore, this technique is
practicable in the 2D case.



7 Generalization to surface

This formulation can be easily generalized to a 2D object, we just
have a constraint based on the degrees of freedom. In this case,
we would have two free variables for defining a sliding constraint.
In terms of internal energies, we can apply some springs [Provot
1995] or trying a continuous energy [Terzopoulos et al. 1987; No-
cent and Rémion 2001]. For a 2D spline (of size n× n), we have
the expression:

P(u,v,t) =
n

∑
i=1

n

∑
j=1

qi j(t).bi(u).b j(v)

Then, the K term in the lagrangian equation gives us a much
more complex mass matrix than the 1D case:

∂K

∂ q̇i j
= (m.

n

∑
i1=1

n

∑
j1=1

∫ 1

0

∫ 1

0
bi(u)bi1 (u)b j(v)b j1(v)dudv)q̇i1 j1

As a result, M is composed of terms:

M(i1 j1),(i2 j2) = m.

∫ 1

0

∫ 1

0
bi1(u).bi2 (u).b j1(v).b j2(v).du.dv

by adopting the coding line/column, a point of index i is the
q(i/n)(i%n) point, it gives a more precise formulation:

Mi j = m.

∫ 1

0

∫ 1

0
bi/n(u).b j/n(u).bi%n(v).b j%n(v).du.dv

Such a matrix has a n2 × n2 size (for a patch of size n× n) and
a band structure thanks to the spline locality that localizes the in-
teractions between the control points in the 2D structure. A point
interacts with some neighbors that are on the same line or on the
neighbors line. These lines are localized in the matrix structure
closely to the current one. In conclusion, we obtain a band matrix
much larger than the 1D case.

Algorithms such as Cuthill Mckee also permit to re-organize the
structure of the matrix by giving a different numeration of the knot3.
It may enhance the resolution process by giving a more interesting
structure to the M matrix.

A sliding point constraint for a surface is defined by the equation:

g(u(t),v(t),t) = P(u(t),v(t),t)−A

this constraint needs two free variables u and v to define a single
sliding constraint. The computation will be more fastidious than
the 1D case but the process is very similar.

Such constraint permits to define a point on the tissue through
which the surface may slide while the user pulls it by an extremity.
In a manner similar to a tissue that would slide on a stake if a person
pulls it by one of its corner.

In term of complexity, the mass matrix grows to a n2 × n2 size
and always has a band property but with a larger band width. This
remark set apart, the complexity is the same as in the 1D case.

8 Results

All the tests have been performed on a Pentium IV, 2.4GHz and
512Mb.

We first show that our method is effective with this animation
example: A shoelace is pulled from one extremity (figure 1). The

3Boost Graph Library, Cuthill McKee Ordering.

http://www.boost.org/libs/graph/doc/cuthill mckee ordering.html

first image represents the initial situation where the shoelace is cor-
rectly put on the shoe, the holes are modeled using white spheres.
The second picture shows what happens when we just pull it slowly.
The shoelace slides along the sliding point constraints. The last
picture represents the state of the dynamic process later when the
shoelace passes through the two first holes. This last picture brings
up the interesting property that each constraint can be activated or
deactivated dynamically and automatically when the constraint be-
comes outside the curve, and can no longer be valid. The apparent
rigidity of the shoelace is due to the discretization we chose for the
spline (we could have a better movement by taking a much more
subdivided spline, at the cost of a longer computation). In this ex-
ample, the dynamic resolution process takes about 12ms for each
computation step.

The second result shows the advantage of this method in regard
of the distribution of the energy along the spline (figure 2). On
the picture, the user manipulates the curve thanks to a probe which
can be linked to a control point (which one can see in the second
and third images). The crosses symbolize the control points of the
spline in order to show their distribution. The first image is the ini-
tial situation where we take a spline on which we fix the extremities.
Starting from this, we either fix its middle point (second picture) or
define it as a sliding point (third picture). The result shows that
the manipulation changes the modeling of the spline but the fixed
point can be seen as two splines with constraint on the joining point,
which localize the manipulation on one of the two sub-splines and
some modification on the neighbor sub-spline due to the links con-
straint. For a sliding constraint, the spline is considered as a unique
spline that we ask to pass through a specific point. The sliding
process enables the spline to distribute its energy onto the entirely
curve by passing the sliding point. This allows the control points to
be evenly distributed along the curve.

The next example shows a slipknot constraint (figure 3). With
such a constraint, we can make a knot with a spline and manipulate
the spline in order to clamp the knot or on the contrary make it
wider.

A useful application of this proposition is the direct manipulation
of the sliding point constraint location. By this way, the model is
accessible by its control points and also by its sliding points. Thus
we impose that the curve passes through a point whose position is
interactively set by the end-user(figure 4).

In figure 5, snapshots of sliding point constraints simulations on
2D spline are shown. The first image shows a 7×7 patch with three
sliding points and one fixed point. The resolution process takes
about 20ms for each computation step. The second image shows
another configuration with the same patch but with only one sliding
point constraint. For this example, the computation time is about
14ms.

In the different pictures, a green sphere represents a fixed point
constraint and a white sphere represents a sliding point constraint.

9 Conclusion and Prospect

This article proposed a dynamic approach for the variational mod-
eling and shared a specific constraint on a point without specifying
explicitly the parameter of this point. With this type of constraint,
we are able to make a direct edition and then offer a new way of
modeling a spline.

This technique can be easily used in animation and could give
interesting results for simulating all sorts of threads, ropes, etc.

It would be interesting to adapt the resolution of the spline curve
depending on the constraints the user applies. Using multiresolu-
tion splines [Finkelstein and Salesin 1994] combined with auto-
matic decision criteria, would be a valuable tool. Such a work is
currently in progress.



Figure 1: A shoelace sliding on some shoe hole (white spheres)

Figure 2: Left: Initial spline - Middle: Tension created with a fixed point
right: Correct re parameterization with a sliding point - (Control points are shown by the red crosses)
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03-02-01, LERI, Feb.

ROBINSON, S. M. 2003. Variational conditions with smooth constraints: Structure

and analysis. In International Symposium on Mathematical Programming,

245–265.

TERZOPOULOS, D., PLATT, J., BARR, A., AND FLEISHER, K. 1987. Elas-

tically deformable models. In Computer Graphics (Proceedings of ACM

SIGGRAPH 87), 21, 4, ACM, 205–214.

WELCH, W., AND WITKIN, A. 1992. Variational surface modeling. In Com-

puter Graphics (Proceedings of ACM SIGGRAPH 92), 26, 2, ACM, 157–

166.

WITKIN, A., FLEISCHER, K., AND BARR, A. 1987. Energy constraints on

parameterized models. In Computer Graphics (Proceedings of ACM SIG-

GRAPH 87), 21, 4, ACM, 225–232.

ZORIN, D., AND SCHRODER, P. 2000. Subdivision for modeling and animation.

ACM SIGGRAPH 2000, course notes 23 (July).



Figure 3: A rope for hang: a rope with a sliding point constraint linked to another point of the curve

Figure 4: Direct Edition with an interactive sliding point constraint

Figure 5: Application to 2D splines
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Abstract

This paper studies the problem of highly deformable
generalized cylinders real-time rendering. Some efficient
schemes for high axis curvature detection are presented,
as well as an incremental non-uniform sampling process.
We also show how the recent 3D card ”skinning” feature,
classical in character animation, can be derived in order to
allow for very high frame-rate when rendering such gener-
alized cylinders. Finally, an algorithm is presented, that
permits the object to dynamically adapt its display pro-
cess, for guaranteed frame-rate purposes. This algorithm
dynamically modifies the different sampling parameters in
order to achieve optimal quality visualization for a given
pre-imposed frame-rate.

1. Introduction

Widely used in computer graphics modeling, generalized
cylinders are now quite commonly used. Since their origi-
nal definition [3], several declinations of the original model
have been presented, and extensively studied [8, 9, 14, 19].
One major advantage of such a model is that a 3D shape
is conceptually simplified into several 1d-curves, and the
process of such a shape design, simplified to several 1d-
function definition [8]. This allows for efficient design of
topologically simple objects. One of the major problems
often encountered with such models is that of conversion
to polygonal approximation (this process is calledtessel-
lation), e.g. for further real-time visualization. It is well
known that simple poly-line extrusion raises tessellation
problems for high-curvature points (see Figure 1 for an ex-
ample of it).

This comes from two main problems when handling
high-curvature points on the cylinder axis: first, it may oc-
cur that the sharp angle is simply missed in the sampling.
The second problem is the fact that tessellated sections
can overlap, hence providing the user with self-intersecting

Figure 1. classical uniform tessellation of a
simple generalized cylinder. Top-left: zoom
on axis high-curvature area.

mesh (see figure 2 for illustration of those two problems).
This paper presents three contributions to the problem

of high-performance visualization of such objects: first, we
present an incremental technique for non-uniform sampling
of the cylinder axis. Second, we introduce another way of
constructing the polygonal approximation used for fast vi-
sualization. Last, we present an algorithm that allows for
the rendering process to adapt itself to a specific frame rate,
which can be quite useful when designing graphically com-
plex applications that might possibly be executed on a com-
puter with limited rendering possibilities.

The paper is organized as follows: section 2 defines the
notation used in this paper, as well as classical techniques
for high-curvature detection along the axis, and general-
ized cylinder rendering. Section 3 presents our incremen-
tal solution for adaptive sampling of the axis. Section 4
shows how hardware-based skinning can be extended to a
subclass of generalized cylinders, and significantly reduce
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Figure 2. classical tessellation problems on
generalized cylinders. Top line: inadequate
sweep tessellation (left) and correct one
(right). Bottom line: mesh self-intersection
when deforming initial sweep.

the software-side computation, to the benefit of hardware-
side, in the global rendering process. Section 5 discusses the
guaranteed frame rate constraint, and presents a technique
to automatically adapt the different parameters of the dis-
play process so that rendering respects a given frame rate.
Finally, in section 6, some results, along with measures, are
presented.

2. Generalized Cylinders

We do not plan to completely define sweeps, as they
are quite a classical graphics modeling tool. We refer the
reader to [8] for a classification, and extensive terms defi-
nition. In this section, we first simply set the notations we
will use in this article, and give the limitation of the tech-
niques described in this article. Second, we present classi-
cal techniques of sweep tessellation, including non-uniform
axis sampling, and multiresolution techniques.

2.1. Definition and limitations

A generalized cylinderG is primarily defined by two
simple analytic objects: an axisC(u) (an arbitrary param-

eterized curve, e.g. a spline, or subdivision curve) and a
cross section functionS(u), a planar shape the definition
of which depends on theu value. For each value ofu, the
intersection ofG with the plane orthogonal to curveC is
exactly the cross sectionS(u). We will refer to rotational
primitives as the special objects whereS(u) is isotropic,
i.e. equivalent to a circle of radiusr(u) (which is called
profile function). Twists defineG using a rotation of angle
θ(u) (this function is the twisting function) around the first
derivative vectorC ′(u) direction, that is applied to an initial
cross section curveS to giveS(u) (see e.g. [10] for simple
examples). Interpolational cross-section objects are objects
for which cross-sections are defined using key sections de-
fined for key parameter values. Intermediate sections are
generated as interpolation between the key cross sections
[10].

Our work is primarily devoted to the (somewhat classi-
cal) case whereS(u) can be seen as the image of an orig-
inal sectionS, combined with a profile curver(u), and a
twisting functionθ(u). Sampling technique can be general-
ized to interpolational objects, but hardware based render-
ing technique as described in this article is not correct any-
more for such generalized cylinders (see section 4 for pre-
cise explanation of such a limitation). For the remainder of
this article, we hence consider that our sweep is constructed
using an axisC(u), a cross-sectionS, a profile curver(u),
and a twisting functionθ(u) .

2.2. Classical tessellation process and axis sampling
techniques

Classical sweep tessellation process involves an itera-
tive treatment. Some polygonal approximations of cross-
sectionsS(u) are created for several keyu values, and two
consecutive sections generate a stripset mesh information,
that locally approximates the sweep. The core point of such
a process is the question of the positioning of the key frames
along the axis. Bloomenthal [6] presents efficient numeri-
cal techniques for calculating the reference points, and get
rid of hypothetical twists of Frenet basis around the axis,
that could introduce undesired and uncontrolled twists on
the resulting object. The other point, about key frames
positioning, is the selection of adequate parameteru val-
ues, in order to position the sampling points along the axis.
Typically, it involves studying the analytic structure of axis
C(u), in order to isolate maximal curvature points, and give
proper tessellation of the sweep. Spline curves are quite
a common way to achieve axis definition [19]. For such
analytic structures, many different tools exist in regard of
high-curvature point isolation: interval analysis [22, 17, 4],
symbolic root-isolation [11], wavelet decomposition using
semi-orthogonal or biorthogonal B-spline multiresolution
analysis [18, 16]. Apart from simple oversampling, inter-



val analysis provides quite an efficient way for fast parti-
tioning of curve into parts of different interests in regard
of curvature [4]. Symbolic root finding is also efficient in
spline context: in most cases, spline basis functions are
low degree piece-wise polynomials, or rational polynomi-
als, and are good candidates for such numerical techniques.
Wavelets provide a good theoretical framework for curve
analysis, they are very flexible, and are a good way to de-
tect high-curvature points. Yet, they are quite computation
expensive, and not affordable in a high-performance render-
ing framework. Moreover, only B-splines and NURBS are
provided with such tools, what makes it not available for all
spline models. Some heuristic techniques have to be found
for determining which point can be ignored when willing
to simplify a curve, and the determination of such heuristic
is more or less simple, depending on the B-spline structure
one uses (we refer the reader to [16, 15] for a more detailed
explanation of this technical point).

It is to note that curves defined using subdivision pro-
cesses can somewhat take advantage of the same tools as
splines, as it is possible, using theoretical impulse response
of the subdivision filters, to consider subdivision curves in
a formalism quite similar to that of splines.

Next section discusses the algorithm we used for ef-
ficient spline high-curvature detection, and the associated
axis sampling process.

3. High curvature detection and adaptive sam-
pling

The underlying idea behind the sampling process we dis-
cuss here is somewhat fairly simple. Most interesting spline
models have the regularity property [21]. This analytic
property has among its consequences that no undesired os-
cillation appears in a given spline segment. In other words,
a curve overall shape can somewhat be pre-determined by
studying the spline control points configuration. In this sec-
tion, we consider a spline axisC. In our tests, we used
uniform cubic B-spline axis, but most of the technique can
be easily generalized to many other spline cases, as most
of the spline properties used remain available for most of
classical models.

3.1. Algorithm description

the sampling process uses the control points sequence
(P0, P1, . . . , Pn) of C, the corresponding key parameter
values (u0, u1, . . . , un) (e.g. knot vector for B-splines
model), and some threshold valueε, as entry variables. The
sampling algorithm is split into two steps:

• A sequence of scalar values{ci}i=0...n is defined using
(in the following equation the notation. stands for the

standard euclidian scalar vector product):

ci = −−−−→
Pi−1Pi.

−−−−→
PiPi+1

This sequence is then normalized:

∀i, ci ←− ci

maxk=0...n(|ck|)
.

Extremal indexi values are treated using ghost points
defined using Bessel technique [12]. Each spline seg-
ment connection is hence associated to a numerical
valueci that measures the local control point ”pertur-
bation”. It is to note that, depending on the spline
model one uses, extremal indices for the{ci}i=0...n

sequence might have to be slightly modified (e.g. ex-
tremal B-splines): such possible modifications can be
easily done without loss of generality. Figure 3 shows
a visual evaluation of this step, associating different
color to each segment, depending on the numerical val-
ues obtained for scalar product.

Figure 3. An example of spline segment col-
oration using our curvature isolation process,
during interactive sweep deformation. Darker
segments correspond to those that the algo-
rithm selects as high curvature ones.

• For all the parameter segments[ui, ui+1], if |ci| < ε
and |ci+1| < ε, then the spline segment[ui, ui+1] is
treated as a whole axis sample by display (see section
4.2 for details about this treatment). In any other case,
a symbolic root extraction is performed. In the case
of uniform cubic B-splines, the maximal curvature pa-
rameter point on a segment satisfies to a linear equa-
tion. For all piecewise polynomial splines, such an



equation can be written; in most practical cases, the
polynomial spline degree is low enough so that such
equation can be solved symbolically. Once this max-
imal curvaturemi parameter point is calculated, then
the parameter segments[ui,mi] and[mi, ui+1] are dis-
played, according to the technique described in section
4.2.

3.2. Comments

The regularity property ensures that high curvature seg-
ments are detected within the first pass of the process. It
only involves simple and fast computation, and fits require-
ment for real-time computation. The second pass posi-
tions sampling points where necessary, in order to solve the
problems mentioned on Figure 2. This sampling process
is somewhat quite similar to that described in [11]. The
main difference lies in the simplification done in order to
have high-performance, relaxing theoretical validations of
the sampling scheme: in particular, our scheme does not
guarantee the minimality of the sample number in regard of
any error criteria. It simply ensures that no high curvature
point will be missed. This process makes that a spline is
turned into a set of particularized points along the curve: all
the parameter values corresponding to segment extremities,
and additional parameter valuesmi where high-curvature
has been isolated. the resulting parameter segments are
displayed using hardware-based technique, described in the
next section.

4. Hardware based rendering using skinning

The tessellation technique we use is based on the skin-
ning extension of most recent 3D cards [2].

4.1. Skinning principle

This OpenGL extension (sometimes calledvertex blend-
ing) is classically devoted to character deformation, and is
presented by classical documentation as a tool that allows
for continuous deformation of a mesh defined as a skin over
an animated skeleton. The principle of this extension is the
following: it is classical to define a simple geometric trans-
formation, using some 4x4 matrix, that defines a composi-
tion of rotation, translation, and scale, and allows for an ini-
tial mesh to be positioned anywhere within a given scene,
along with simple deformations. Skinning uses, for an ob-
ject, two matrices (i.e. two different positions of the object),
and for all the vertices of the object, a scalar value (called
weight) that is used to interpolate the vertex position. Pre-
cisely speaking, given an initial vertexν0, of weightω(ν0),
and two transformationsM1 andM2, the resulting position

ν of the vertex that is used for display is given by :

ν = ω(ν0)M1ν
0 + [1− ω(ν0)]M2ν

0

.
Such transformation is done by hardware, given the two

matrices for a given mesh, and the weights for the mesh ver-
tices. No CPU computation is involved in this process. Set-
ting optimal weights for a given deformation is, in general, a
difficult question. Bloomenthal presents a technique for au-
tomatically setting weights when skinning is used to charac-
ter animation [7]. Such a transformation process allows for
simple deformation of initial mesh. Figure 4 shows a simple
2D example of what is obtained using initial rectangle de-
formation, using weights that only depend on the positionz
along the rectangle axis. On this figure, the weight function
has the same structure as blending functions described for
other purposes in [5]. Controlling the weight distribution
curve gives control on the way the 3D card will interpolate
from the first transformation to the other.

Figure 4. Simple skinning application to a
simple polygonal primitive. Combination of
M1 and M2 geometric transformations on
the object on top-left, using the weights of
bottom-left side, gives the result drawn in
bold (right).

4.2. Adaptation to generalized cylinders visualiza-
tion

Such a definition gives quite powerful tessellation ele-
mentary cell: as we are interested in generalized cylinders
defined using a constant profile (see section 2.1), we can
use a more complex tessellation primitive than traditional
polygon. Figure 5 shows a 3D example of tessellation el-
ementary cell: those deformed cylinders are generated us-
ing a constant, linear, cylinder, and weight function similar
to that of figure 4; onlyM2 transformation matrix varies
throughout the deformations. It is important to note that



Figure 5. Example of tessellation primitive
(simple rectilinear cylinder) combined with
different M2 transformations using vertex
blending. Picture extracted from [2].

all those deformations are generated using exactly the same
initial cylinder.

In the general case, when the profile is not a circle, we
use as display primitive a linear extrusion of the initial pro-
file. Combining this simple, precalculated, shape with the
deformation process described above allows us to signifi-
cantly reduce the software side of the tessellation process,
and reduce it to transformation matrices computation. This
is the key point in our tessellation process, described in de-
tails below. The overall tessellation algorithm can be seen
as follows:

• the sampling process (see section 3) gives a set of pa-
rameter intervals.

• for each of the intervals generated by algorithm de-
scribed in section 3, two frames (one for each segment
extremity) are calculated along the axisC, using tools
given in [6]. Each frame gives local orientation of the
sweep cross-section. Combined with profile function
valuer(ui), and twist functionθ(ui), we have local ro-
tation, translation, and scale necessary to position our
tessellation primitive, and generateM1 andM2 for the
considered parameter interval.

Figure 6 shows an example of tessellation achieved us-
ing this technique, using circular section (hence, the display
primitive is a deformed cylinder). One can see that high-
curvature points are handled in a much better way, and that
the overall tessellation is somewhat better than that of fig-
ure 1. The software part of this tessellation only involves
calculus of geometric transformations, and no vertex posi-
tion is explicitly evaluated and transmitted to the 3D card
during the display process. Since the tessellation primitive
is constant throughout the time (only matrix changes from

Figure 6. High quality rendering using vertex
weight. Top-left: close-up on high curvature
points. To be compared with tessellation cre-
ated in Figure 1.

a parameter interval to another), it can be stored in adis-
playlist, usingvertexArraytechnology [2], in order to take
full advantage of graphical data transmission optimizations.

4.3. Comments

A few points are necessary to comment. First, the use of
skinning explains the limitation mentioned in section 2.1,
about the type of generalized cylinders this visualization
technique can handle. It is mentioned above that the tes-
sellation primitive is combined with axial deformations. In
order to achieve this, it is necessary that the cross section did
not change continuously throughout the generalized cylin-
der.

Second, it is also to note that there is no mathematical
proof available that such a deformation tool can properly
handle the classical tessellation problems shown on figure
2. Yet, as one can see on figure 6, the visual results are
significantly improved by this technique.

It is also to note that raising the number of vertices on
the tessellation primitive provides smoother deformation of
it (which is quite natural). Yet, this smoothing involves only
small computation overhead, as such deformation process
is totally performed by hardware. The only overhead is the
one needed by transmission of the tessellation primitive to
the graphic card. This is one of the key points of the next
section.



5. Guaranteed frame-rate

The whole visualization process described above in-
volves two parameters, that makes the visualization more
or less accurate. Naturally, the faster the process, the less
accurate it is. Threshold valueε (see section 3) determines
how many parameter intervals will be used (this number is
at least the number of spline segments on the axisC). The
complexity of the primitive mesh used for tessellation also
determines the quality of the overall shape: the coarser the
primitive is, the coarser the deformation performed by the
3D card is. This complexity can be defined using an integer
n. In our implementation, we actually use several versions
of the same tessellation primitive (in our example, a cylin-
der). The number of polygons on each version is aO(2i)
for i = 0, . . . , n. For a given parameter interval, raising the
number of vertices on the tessellation primitive produces
smoother interpolation, with only a little measured compu-
tation overhead.

The tessellation system is combined with an algorithm
that compares the current framerate to a reference framer-
ate, and adapts automatically theε value, and complexityn
of the primitive used. The global process uses several repre-
sentations of the tessellation primitives, from coarser one to
finest. The principle of the algorithm is fairly simple. Ac-
tually it can be seen as a geometric version of iterative en-
ergy minimization processes [1]: considering the distance
between measured framerate and needed one, tuning func-
tions are applied toε andn. Figure 7 illustrates this.

Figure 7. low quality tessellation (left) and
high quality tessellation (right) obtained us-
ing our automatic frame-rate adaptation sys-
tem. Respectively 900 and 460 frames/sec,
on a GeForce4 based system.

Precisely speaking, the iterations from one display con-
figuration (εk, nk) to the next one(εk+1, nk+1) uses the
following relations:

εk+1 = εk + α.(f0 − fk)
mk+1 = mk + β(εk+1 − εk)

nk+1 = bmk+1c
Wheremk is a floating point version of the integer vari-

ablenk, α andβ are two arbitrary constants,fk is the cur-
rent measured framerate, andf0 the desired one.

In our implementation, we usedα = 10−4 and β =
5. The tessellation process stabilizes itself at the desired
framerate in less than a second.

6. Tests and results

Our test code belongs to a surgical simulator [20]. The
generalized cylinder rendering technique described in this
paper is used for visualizing a virtual intestine, within la-
paroscopic surgery simulation system [13]. For our tests,
we used the simulation scene presented on figure 3, where
the axis shape of the cylinder is determined by physical
simulation, influenced by a virtual small sphere, controlled
by the user. The weight function we used is a piecewise-
polynomial function defined in [5]. Two different configu-
rations have been tested: computer 1 is bi-athlon 2000 using
GeForce4, computer 2 is bi-athlon 1600 using GeForce2mx.
Hardware based technique appears to run significantly bet-
ter on machine 1 (actually 5 times faster according to
our measures), where high quality rendering provides 460
frames per second, and adaptive sampling combined with
automatic frame-rate adaptation allows for a rendering pass
that takes less than a millisecond, providing the user with a
quality similar to that shown on left side of Fig. 6.

7. Conclusion

In this article we presented a global technique for high-
quality, high-performance rendering of highly deformable
generalized cylinders, using both efficient axis sampling
incremental algorithm, and hardware based visualization
technique. We also introduced a self-parameterizing algo-
rithm, that allows a static code to guarantee a given render-
ing speed on any machine, degrading the rendering quality
when needed.
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Figure 1: Knot tying and cutting

Abstract

This article presents an adaptive approach to B-spline curve
physical simulation. We combine geometric refinement and
coarsening techniques with an appropriate continuous me-
chanical model. We thus deal with the (temporal and geo-
metric) continuity issues implied when mechanical adaptive
resolution is used. To achieve real-time local adaptation of
spline curves, some criteria and optimizations are shown.
Among application examples, real-time knot tying is pre-
sented, and curve cutting is also pointed out as a nice side-
effect of the adaptive resolution animation framework.
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1 Introduction

Real thready objects have a spatial masses distribution but
mostly located along a skeleton. Usually, thready model is
defined as a 1D model representing the skeleton of the real
object, showing most common behavior of the real object.
Real time simulation implies to limit the computation time
of the model. But a model also has to have a certain number
of degree of freedom to be able to exhibit complex behavior.
One way to deal with both limitations is to use an adaptive
model that changes locally and dynamically its own resolu-
tion.

In this paper, we propose a new approach to simulate adap-
tive B-splines with respect to physical properties and conti-
nuity during the simulation. Our main idea is to benefit from
the huge literature concerning spline’s subdivisions [Finkel-
stein and Salesin 1994] and adapt selected methods to me-
chanical purposes. Our main problem is thus to properly
define a mechanical model which can naturally endure both
refinement and coarsening operations. We will see that this
implies to define the physical properties such as mass, damp-
ing or elasticity in a continuous way. Deformations of the
model are not the main issue of this paper so that we only



deal with the stretching deformation introducing a physical
structure into the model. A Typical problem of adaptive 1D
model is to tie a knot. We show as a result that our propo-
sition permits to handle such a problem. We also point out
that our technique can be use to dynamically cut a curve at
any location.

This paper is organized in the following way. After the
presentation of related work in section (2), we expose the
spline subdivision technique and the physical simulation of
splines in section (3). In section (4), we show how we com-
bine these two techniques to get a mechanical adaptive sim-
ulation of curves. Section (5) shows results and some appli-
cations of our work before concluding the paper.

2 Related Work

Adaptive techniques are useful for 1D physical model in case
of extreme deformations like knot tightening. This special
manipulation of knot tying has been studied this last years.
For example, [Wang et al. 2005] propose a discrete model
based on punctual masses linked by a set of springs provid-
ing stretching, bending and twisting deformations. Unfor-
tunately, the model is not adaptive, so that a random tying
needs a very strong discretised thread. Another way to deal
with knot tying is to use a non physics based model, like
[Brown et al. 2004]. Their model is defined by a set of punc-
tual points moving by a "follow the leader" rules. Unfortu-
nately, this technique does not permit to take into account all
physical behavior like [Wang et al. 2005] pointed out. More-
over, this model is not adaptive so that it is also subjected to
a strong discretisation.

The mechanical multi-resolution technique has been stud-
ied for a few years to overcome the cost of computing the
behaviour of a huge amount of points of a physical model.
A coarse model is progressively refined in order to increase
the number of points only where a high precision is needed,
generally where interactions occur. Two main kinds of ap-
proaches have been proposed depending on whether an ideal
continuous model exists or not.

The first methods do not rely on a continuous model and
describe only how the resolution of a discrete model can
be refined or coarsened. This process is applied depending
on the needed spatial or temporal frequencies of an interac-
tion [Luciani et al. 1995]. Such approaches have focused on
spring/mass nets [Hutchinson et al. 1996; Ganovelli et al.
1999]. They consist in adding or removing points of the
net, and connecting them with the points of the lower res-
olution. However, springs have drawbacks. Indeed, splitting
a spring into several implies higher elasticity constants (and
a less stable integration of the dynamics equations). In prac-
tice, a spring is usually split at its middle, and the elastic-
ity constants are doubled. This technique keeps the resolu-
tion away from an exact adaptation, leading to an iterative
process. Moreover, the distribution of masses between the
implied points is not straightforward. To avoid such distrib-

ution, Eberhardt et al. propose to use virtual particles [Etz-
muss et al. 2000]. [Phillips et al. 2002] used a similar model
to simulate a knot tying. When the resolution change, new
nodes are inserted or removed and the total mass and mo-
ment are kept. But, as springs are placed on the nodes, the
configuration changes during a changing resolution so as to
the behaviour.

The second family of approaches rely on a continuous
"ideal" model which is discretised at different resolutions.
Finite-element or finite-difference methods are used [Astley
and Hayward 1997; Wu et al. 2001; Debunne et al. 2001].
Compared to the previous family, theses methods guaran-
tee that the physical laws do not depend on the discretisation
level, since they refer to the continuous model. Nevertheless,
the finer the discretisation is, the more precise the behaviour
becomes (levels appear as low-band filters). To allow the
use of different levels depending on where the interaction
occurs, the different resolution levels must be linked. Thus,
these are defined by splitting elements or using higher order
basis functions [Grinspun et al. 2002], which allow to con-
trol geometric continuity between elements of different lev-
els. Debunne et al. proposed a method to link independently-
built discretisation levels together [Debunne et al. 2001]. An-
other way to build the different discretisation levels is to
use multi-resolution Free-Form Deformation [Nocent et al.
2001; Capell et al. 2002]. One of the major concerns of all
these methods is to ensure continuity when a switch occurs
between levels. What is more, all of these techniques usu-
ally involve some pre-computation on regular, pre-set, sub-
divisions of the initial model. Providing point insertion at
any location on the object usually involves dense refinement
around point location, and only provides approximate adap-
tivity. In other words, the adaptation is surely local, but not
enough precisely localised.

Our approach falls into the second family. Yet, in our
model, we do not have to deal with the continuity problems
between elements of different levels or during a level switch-
ing. The main idea is to rely on a continuous object which
is discretised by a variable number of degrees of freedom.
All the physical degrees of freedom are only based on the
geometry. By using methods which guarantee the geomet-
ric invariance when adding or removing degrees of freedom,
we naturally ensure the temporal continuity of the shape and
its behaviour. What it more, no pre-computation needs to
be achieved, and as is shown in this article, B-spline multi-
resolution straightforwardly provides insertion at any loca-
tion. It can be point out that our technique is not a multi-
resolution one as it does not deal with multiple resolutions at
the same time. Our model is based on one adaptive resolu-
tion.

3 B-spline curve physical simulation

In this section we first define the notation used in the remain-
der of this article, and recall some of the B-spline’s proper-



ties used to adapt the resolution. We then describe classi-
cal process for B-splines physical animation, and the general
framework we use.

3.1 B-spline curve definition and properties

A B-spline curve is defined using classical spline definition:

C(s) =
N

∑
i=0

qibi,d(s) (1)

In the above equation, qi are the control points of the curve
C. The functions bi,d are piecewise polynomials of degree d,
defined using a knot vector, sorted list of scalar values:

T = (s0,s1, . . . ,sM) with s0 ≤ s1 ≤ . . .≤ sM

From such a knot vector, classical Cox-DeBoor recursive de-
finition[Cox 1972; de Boor 1972] is used either to evaluate,
or symbolically calculate, B-spline basis functions.

B-splines have many numerical and geometrical prop-
erties [Farin 1990], among which exact knot insertion
[Prautzsch 1984; Schumaker 1981]. Precisely speaking, we
consider a first B-spline representation space, constructed us-
ing the known vector U = (u0, · · · ,un): the generated basis
functions of degree d, are written here F0

j,d . We also consider
a second B-spline space constructed using some knot vector
W = (w0, · · · ,wn+k) created from U inserting k knots, that
is, we suppose that there exists some injection σ, that maps
{0, · · · ,n} into {0, · · · ,n+ k}, such that:

∀i ∈ {0, · · · ,n},
{

i≤ σ(i)
ui = wσ(i)

(2)

Basis functions generated from W of degree d are written
F1

i,d . Theoretical knot insertion properties corresponds to the
existence of coefficients βd

i, j such that:

∀ j ∈ {0, · · · ,n−d}, ∀s, F0
j,d(s) =

n+k−d

∑
i=0

β
d
i, jF

1
i,d(s) (3)

The Oslo algorithm defines βd
i, j coefficients, using recur-

sive formula [Prautzsch 1984]:

β0
i, j =

{
1 if ui ≤ w j < ui+1
0 otherwise

and, for r = 0, · · · ,k−1:

β
r+1
i, j =

w j+r−ui

wi+r−ui
β

r
i, j +

ui+r+1−w j+r

ui+r+1−ui+1
β

r
i+1, j

(4)

Such an insertion process will be later in this article used in
its global matrix form:

F0 = β
T F1 (5)

where F0 is the vector composed of the functions F0
j,d , F1

the vector composed of the functions F1
i,d , and βT the trans-

pose of matrix β, matrix composed of the coefficients βd
i, j,

evaluated using eq. (3). It is to note that, in order to make
notation more readable, indexes representing spline degree d
will be removed from notation in the remainder of the arti-
cle (i.e bi,d becomes bi, etc...), as the spline degree is always
considered as constant. Among other classical consequences
of knot insertion property, a curve, represented by a control
point sequence q0 on the knot vector U , will be represented
on the knot vector W using control point sequence q1 = βq0.
It is important to understand that knot insertion automati-
cally entails control point insertion, and that the first can not
be achieved without the second.

It is to note that in the cubic case, that is, without any
loss of generality about the presented results, the B-spline
example case we used, the insertion of a single knot value
only involves two non-zero values, i.e. in case of knot at
index i, βi,i and βi,i−1 = 1− βi,i. In that specific case, the
new control points are given by the simple relation:

q1
i = βi,iq0

i +(1−βi,i)q0
i−1

With such an insertion property, B-splines functions are said
to be refinable, which is the basic property for wavelet based
multi-resolution availability [Finkelstein and Salesin 1994;
Kazinnik and Elber 1997]. As B-spline functions are lo-
cal, insertion process is guaranteed to be in linear complex-
ity in term of spline degree, and independent on the number
of control points. The question to know which points can
be removed, or, on the contrary, to calculate parametric val-
ues where knot should be inserted, typically involves study-
ing the analytic structure of C(t), in order to isolate maxi-
mal and minimal curvature points. Many different tools ex-
ist for B-splines in regard of high-curvature point isolation:
interval analysis [Snyder 1992; Hart et al. 1998; Berchtold
et al. 2000], symbolic root-isolation [Elber and Cohen 1993],
wavelet decomposition using semi-orthogonal or biorthogo-
nal B-spline multi-resolution analysis [Kazinnik and Elber
1997]. Interval analysis provides quite an efficient way for
fast partitioning of curve into parts of different interests in re-
gard of curvature [Berchtold et al. 2000]. Symbolic root find-
ing is also efficient in spline context: B-spline basis functions
are piecewise polynomials, most of the time of accessible
degree. Wavelets provide a good theoretical framework for
curve analysis. Yet, they are quite computation expensive,
and hardly affordable in a high-performance framework.

From a theoretical point of view, several results and tech-
niques exist for B-spline knot removal [Eck and Hadenfeld
1995; Tiller 1992]. B-spline curve allow for exact knot re-
moval when such operation can be inverted, i.e. shape is
not modified and re-insertion of the removed knot provides
exactly the original curve configuration. Since the Oslo algo-
rithm changes existing control points location, it is natural to
also expect modification of neighbour control points during
knot removal. [Eck and Hadenfeld 1995; Tiller 1992] pro-
vide general algorithm for B-spline knot removal. We detail
here the case we used for our tests, i.e. simple cubic case,
that is simple application of these algorithms. The removal



process must be the inverse function of the insertion (see eq.
(3)). We consider for the explanation a spline defined by a
set of control points q? and a knot vector t?. We also consider
a refined version of this curve, defined using control point q
and knot vector t, that only has one inserted point at abscissa
t j+d +δ.(t j+d+1− t j+d), with 0≤ δ≤ 1.

The insertion algorithm gives the following equations:
∀k < j, qk = q?

k
q j = β j, jq?

j +(1−β j, j)q?
j−1

q j+1 = β j+1, j+1q?
j+1 +(1−β j+1, j+1)q?

j
q j+2 = β j+2, j+2q?

j+2 +(1−β j+2, j+2)q?
j+1

∀k > j +2, qk = q?
k−1

(6)

During knot removal, q j+1 is suppressed and points q j and
q j+2 points are respectively changed into points q?

j and q?
j+1.

Equation (6) easily provides:
q?

j =
q j− (1−β j)q?

j−1

β j

q?
j+1 =

q j+2−β j+2q?
j+2

1−β j+2

(7)

3.2 Global animation process

The following algorithm presents the general algorithm used
to simulate the material B-spline curve.
MECHANICAL LOOP()
1 while 1
2 do
3 COLLISIONSDETECTION()
4 COLLISIONSRESPONSE()
5 for (All objects o)
6 do O->COMPUTEACCELERATION()
7 NUMERICALINTEGRATION()
8 UPDATEDATA()

Functions about collisions handling (i.e. collisionsDetec-
tion() and collisionsResponse()) contain very classical algo-
rithms and are not within the scope of this section, as they
will no further be discussed in the remainder of the arti-
cle. We refer the reader to [van den Bergen 2003] for pos-
sible techniques. For numericalIntegration() function, many
techniques are also available in literature [Witkin and Baraff
1997]. The main idea of this function is to determine the
new positions and velocities of the spline’s control points
from their acceleration. Each model just has to compute its
accelerations and update its data at the end of the mechanical
iteration. Only content of computeAcceleration() function is
discussed in this section.

To be able to animate the curve realistically, a physical
simulation is applied to it, which aim at computing the suc-
cessive positions of all the control points. To allow multi-
resolution, it is desirable to exploit the continuous property
inherent to the curve. So we avoid using a mass/spring
model, but choose a Lagrangian approach instead. This
method only requires the model to define a finite set of de-
grees of freedom and express its energies as a function of

them. Our curve is based on equation (1), thus the degrees
of freedom are the control point coordinates. The lagrangian
equation of the system can be derived into a linear system
[Lenoir et al. November 2002]: M 0 0

0 M 0
0 0 M

 Ax

Ay

Az

 =

 Bx

By

Bz

 (8)

with

Mg =

 M 0 0
0 M 0
0 0 M

 (9)

where A the degrees of freedom’s accelerations, B a vector
that sums the different contributions of all forces and internal
energies, and finally Mg the generalised mass matrix (result-
ing from the kinetic energy term) defined via the sub-matrix
M of size n×n:

∀(i, j) ∈ {1..n}×{1..n}, Mi j = m.
Z

R
bi(s).b j(s)ds (10)

with m the mass of the spline.
The resulting system size is 3n×3n where n is the number

of control points. For reasonable value of n, the simulation
can be done in real time thanks to a LU decomposition of the
M matrix [Lenoir et al. November 2002].

All interaction forces are inserted into the system by the
way of B. Moreover, the gravity is also taken into account
by this vector via the formula: Bα

i = Bα
i + m.gα

R 1
0 bi(s)ds

with α ∈ {x,y,z}. Also an internal energy of deformation E,
which quantifies the amount of energy needed to deform the
body, must be added in the vector B. This is done by com-
puting the variation of this energy relatively to each degree
of freedom: Bα

i = Bα
i −

∂E
∂qα

i
. In other words, this energy tends

to make the model behave in a homogenous way.
This energy can be, for example, defined thanks to springs

placed along the curve and giving it some elasticity in
stretching or bending. Yet, such a discrete approach is not
well suited to a changing resolution stage. A more conve-
nient way is to define a continuous energy, which is based
on the shape of the curve and not a finite set of points. This
type of energy takes advantage of the natural model’s conti-
nuity to be independent of the B-spline resolution. On a 1D
model, three types of deformation are interesting: stretch-
ing, bending and twisting [Terzopoulos et al. july 1987]. As
an example, the stretching deformation part is considered in
this paper as it provides consistency to the model. The main
idea is just to show how the adaptive process interacts with a
deformation process.

3.3 Continuous stretching energy definition

Deformation energy is classically expressed by the way of
a tensor product between a strain tensor and a stress tensor.



The strain tensor measures the deformation of the body while
the stress tensor computes the generated forces.

In the case of linear elasticity, Nocent and Remion [No-
cent and Remion 2001] propose the application of the Green-
Lagrange strain tensor to the spline curve simulation for high
deformation. By developing the equations, we obtain the re-
sulting energy term:

E(t) =
Y.r
8

Z end

begin
(γ(s, t)2−1)2.

∂l0(s)
∂s

ds (11)

with t the time, Y the Young modulus of the material, r
the area of a curve’s section (considered as constant), begin
and end the valid boundaries of the parametric abscissae (for
more readability, we suppose that this boundaries are respec-
tively 0 and 1), l0 the length of the curve in rest state and
finally γ(s, t) = ∂l(s,t)

∂s / ∂l0(s)
∂s with l(s, t) the current length of

the curve (so that γ(s, t) express the local dilatation factor in
stretching).

To introduce this energy in the system, its first derivative
with respect to the each degree of freedom qα

i has to be com-
puted [Nocent and Remion 2001]:

W α
i (t) =

Y.r
2

n

∑
m=1

qα
m(t)[Bim−

n

∑
p,q=1

Bimpq(qp.qq)] (12)

where

Bim =
Z 1

0
b′i(s)b

′
m(s)/

∂l0(s)
∂s

ds

Bimpq =
Z 1

0
b′i(s)b

′
m(s)b′p(s)b

′
q(s)/

∂l0(s)
∂s

3

ds

We state that such an energy can be used in a real-time
context. Indeed, even if these terms can not be formally
computed, they can however be accurately evaluated since
they are constant over time for a given spline configuration.
Moreover, the locality of the spline model permits to elim-
inate some computation in equation (12). All sum terms in
the equation are controlled and constant (linked to the local-
ity parameter) boundaries. In consequence, the complexity
of this continuous energy computation is O(n).

4 Adaptive model

Our main idea is to apply the subdivision principles detailed
in section (3.1) to the spline animation of section (3.2). In
this section, we are interested in how the model is altered
when adding or removing a control point and when such op-
erations must be applied. Global adaptive process is first
described, and then energy factors update, as well as knot
insertion/removal criteria, are discussed.

4.1 Global animation algorithm description

The adaptive aspects are treated in the mechanical process
just after the numerical integration stage in order not to dis-

turb the numerical integration which calls the acceleration
computation of all objects:
ADAPTIVE MECHANICAL LOOP()
1 while 1
2 do
3 ...
4 NUMERICALINTEGRATION()
5 ADAPTATION()
6 UPDATEDATA()

the function adaptation() is organised as followed:
ADAPTATION()

1 while mustWeInsertPoint()
2 do insert knot and control point
3 modify control points positions and velocities
4 update matrices and vectors
5 update energy structure
6
7 while mustWeRemovePoint()
8 do remove knot
9 modify control points positions and velocities

10 remove control point
11 update matrices and vectors
12 update energy structure

After each numerical integration step, adaptive criteria
(see section (4.3)) are tested on the curve: curve resolution
is changed accordingly, and corresponding terms (especially
regarding mass matrix M, and energy expression) are recal-
culated.

The generalised mass matrix M (cf. equation (10)) is mod-
ified as well as its LU decomposition. As B-spline have lo-
cality property, most of the coefficient stay unchanged, and
matrix M is still a band structure of width 2d +1. The multi-
resolution process, for one knot insertion/removal, affects
d +2 basis functions and for each of them, 2d +1 basis func-
tions have a non null intersection support with it. Using the
fact that M is symmetrical, knot insertion/removal involves
(d + 2)(2d + 1) re-computation of terms within matrix M,
and the cost of such an operation is thus independent from
the spline curve complexity. Yet, LU decomposition of this
matrix needs to be recomputed. We presently do not update
the LU decomposition but compute it completely. In prac-
tice, it is not a real drawback, since the number of points is
rather small and adaptation provides a good means to keep
this number small. However, if an application should need a
high number of degrees of freedom, an update of the LU de-
composition should be proposed. Besides, it is important to
understand that the computation of a new mass matrix does
not imply a physical change of the model, since it is always
related to the same continuous mass distribution along the
curve.

The gravitation is also re-computed using relation Bα
i =

m.gα.
R 1

0 bi(s)ds. Again, thanks to the B-spline locality, only
the d + 2 basis functions affected by knot insertion/removal
are recomputed by this formula. This update is done once



again in O(1) in regard of number of control points. Defor-
mation energy must be also re-computed. As this term deals
with the behavior of the model, we focus on this computation
in the next section.

4.2 Adaptation of the stretching energy

The insertion at a specific abscissa affects the basis functions
which supports contain this abscissa. For spline degree equal
to d, this affects d +2 basis functions.

Changing resolution affects the stretching energy (cf equa-
tion (12)) via the terms Bim and Bimpq. In these two terms,
the factor ∂l0(s)

∂s only depends on the original spline resolu-
tion. As a result, only the basis functions first derivative af-
fect the two terms during a resolution change (either knot
insertion, or removal) stage. The two addressed terms are
updated slightly differently:

• As the expression of Bim is symmetrical in regard of in-
dexes i and m, we only store Bim for i and m such that
i ≥ m. For a given value of i, there are 2d + 1 consec-
utive values of m for which Bim is non-null, because of
the spline locality property. Using the commutativity
property, useful value for m only involves d +1 values.
And, as there are d + 2 basis functions affected by the
insertion, the total number elements to be recomputed
is (d + 2)(d + 1). As a result, the update cost of terms
Bim is independent from spline complexity for a given
knot insertion/removal.

• Again, as the expression of Bimpq is symmetrical in
regard of indexes i, m, p and q, we only store Bimpq for
i, m, p and q such that i ≥ m ≥ p ≥ q. The recomputed
elements on knot insertion/removal are these which
have at least one index (between i, m, p and q) matching
an affected basis functions’s index. Once again, it is
easy to see that B-spline locality entails modification
cost that is only dependant on the spline degree that is
used. In order to minimize coefficients storage cost,
we describe here indexing technique we used, that
stores exactly the needed coefficients. Indeed, Bimpq
coefficients are included in a collection that collects
many null values, and heavily symmetrical (all permu-
tations of indexes i,m, p,q provide the same value):
storing such coefficients with a n4 sized array would be
wasteful. The choice we made is to use the following
value indexing process: we first use, for indexing Bimpq
(with i ≥ m ≥ p ≥ q), the integers q, p− q, m− p,
i−m. This, because of spline locality, provides, for
non-null Bimpq values, a set of four integers that belong
to {0, · · · ,n}×{0, · · · ,d}3, and that can quite easily be
enumerated: as a result, coefficients are stored in an
array, which size is linear in regard of the number of
control points.

Since our continuous stretching energy only de-
pends on the shape of the curve and since the insertion
or removal of a point does not imply any shape
alteration (see section (3.1)), we are assured that
deformations are continuous relatively to the time.

4.3 Adaptation criteria

There are two different cases when point should be inserted
on the spline curve during interactive manipulation:

• The first case is purely geometric. High curvature
points on B-splines curve naturally involve mechanical
limitation due to spline resolution. As a result, an in-
sertion is needed. [Grisoni and Marchal 2003] presents
a curvature evaluator adapted to high-performance, that
we need here. The i-th spline segment is assigned the
following value:

ci =
1
2
(

−−−→qi−1qi.−−−→qiqi+1

‖−−−→qi−1qi‖‖−−−→qiqi+1‖
+1) (13)

Such an expression practically appears to provide fast
criterion for B-spline segment maximal curvature eval-
uation: each spline segment connection can be, when
needed, associated with ci that measures the local con-
trol point disturbance. The curvature criterion of equa-
tion (13) is used for isolating high-curvature segments:
a knot value (hence, a control point on the spline curve)
is inserted at the middle of the i-th segment if and only
if ci and ci+1 are greater than some pre-set threshold
value.

• The second case is more mechanically involved. In
practice, for a spline curve with a constant, coarse, reso-
lution, it is not possible to plausibly replicate action one
would have on real physical model, simply because of
resolution limitations. For example, acting on an elastic
model at any point would intuitively entails local de-
formation. Such a deformation on a coarse resolution
curve is not possible to simulate, because local degrees
of freedom density is not high enough. As a result, we
chose to insert some point each time user interacts di-
rectly on the spline curve, the new knot value being
inserted at the parameter value where the action is lo-
cated.

The removal of a control point is more simple. In practice,
the curvature criterion defined in equation (13) is once again
used, but this time in order to detect low-curvature segment.
A point is removed when local curvature is low enough. Pre-
cisely speaking, control point qi is removed when ci is below
some pre-set threshold.

It can be pointed out that the insertion process can occur
anywhere without any condition. But the removal process as
to verify a geometric condition to be an exact algorithm[Eck
and Hadenfeld 1995]. We approximate this condition by the



low curvature criterion. By this way, we are able to tune
the exactitude of the removal process. For an exact process,
points are removed only when the curve is straight, which
happens essentially at an equilibrium state of the simulation.

5 Applications

All the presented tests have been performed on a PIV 2.4Ghz
512MB using fast implicit Euler integration scheme and a
virtual time step fixed to 1ms. Times announced in the differ-
ent sub-sections are the mechanical computation times and
thus only take into account the mechanical computation (in-
cluding the collision process and the numerical integration
stage), independently from visualisation time.

5.1 Application: B-spline curve cutting

It is known that B-spline continuity at a given knot value
equals the difference between polynomial degree and knot
multiplicity. This explains, among other, that cubic B-spline
are the B-spline of lower degree that allow C2 continuity.
It also has as a consequence that creating knot multiplicity
equal to d + 1 for a spline of polynomial degree d creates
C−1 discontinuity, which means that the spline curve, even
when defined as a whole, will practically exist as two sepa-
rate pieces. As shown here, this property directly extends to
adaptive physical B-spline simulation. Knot insertion is used
to simulate curve cutting.

This operation is presented by figure (2) where an initial
spline of 12 control points is left hanging from its extremities
(figure (2(a))). Figure ((2(b))) shows the consequence, on the
simulation, of multiple knots insertion at arbitrary parametric
abscissa. Figure (2(c)) shows mechanical independence of
the two created pieces, a manipulation on the first piece, does
not affect the simulation of the second one. This simulation
takes about 4ms for each simulation step at the beginning of
the simulation (12 control points and 6 constraints to fix the
two extremities). At the end, the simulation step takes about
8ms with 16 control points and still 6 constraints.

Figure (3) points out the possibility to create multiple in-
dependent pieces. A curve is simulated with 10 control
points and 3 different cuttings are applied during the simula-
tion. The computation time begins at 1ms and finish around
20-30ms depending on collisions (for 22 control points).
Each piece interacts independently as shown in figure (3(d)).

We stress that this cutting procedure is only a direct appli-
cation of the adaptive animation technique, and involves no
other special treatment (such as re-meshing) in the contrary
of other cutting techniques. This simple example illustrates
that the use of adaptive physically-based splines can be a
powerful tool.

(a) Initial configuration

(b) Arbitrary cutting

(c) Interaction on one piece

Figure 2: Example of curve cutting using mechanical B-
spline multi-resolution.

5.2 Application: knot tying

The second result demonstrates efficiency of adaptive B-
spline physical simulation on the classical case of knot ty-
ing. The initial spline configuration is composed with a pre-
formed knot and the two extremities are fixed. The spline is
then animated using simple gravity, in order to let the knot tie
under simple action of curve weight. Figure (4(a)) shows the
result of such animation with a fixed resolution and figure
(4(b)) shows the result with an adaptive resolution. Figure
(4(c)) zoom in the knot to be able to see the different inser-
tions in the knot area. On each left figure, spline segments
color have been alternatively changed, so that knot reparti-
tion (and implicitly knot insertion/removal) could be visible
on such pictures. On each right figure, control points are
shown.

On figure (4(a)), one can easily see uniform sampling lim-
its. The curve encounters a barrier due to the lack of control
implied by the limited number of degrees of freedom. This
spline requires 2.27ms computing time per mechanical iter-
ation. For the knot to be tightened, one would need a much
higher number of regularly distributed control points, in or-
der to get a sufficient control wherever the knot is tightened
on the curve. In practice, this leads to prohibitive compu-
tation time for real-time purposes (several seconds or even
minutes per simulation step).

On figures (4(b)) and (4(c)), the same simulation is done



(a) Initial configuration (b) Arbitrary cuttings

(c) 4 independent pieces (d) Evolution of each pieces

Figure 3: Example of curve cutting in multiple piece.

using an adaptive resolution. One can see that both knot re-
moval (see low curvature areas of the curve) and knot inser-
tion have been used for providing the shown result. The non
adaptive spline involves 11 control points, and the adaptive
one involves, at the end of the animation, 16 points. A me-
chanical iteration takes about 9.89ms.

The modifications, involving by the adaptive process, af-
fect the B-spline parametrization by the way of its knot vec-
tor. At the beginning of the simulation, this vector is:

T = { 0 1 2 3 4 5 6 7 8 9
10 11 12 13 14 }

During the simulation, 9 control points are inserted (at the
parametric abscissae 8.5, 5.5, 6.5, 7.5, 6.75, 7.75, 6.875,
7.25 and 7.625) followed by 4 control points removed (at the
parametric abscissae 4, 5.5, 9 and 10). The removal process
usually occurs when the simulation is stable and some spline
segments are quite aligned. These adaptive modifications re-
sult in the following knot vector at the equilibrium state:

T =
{ 0 1 2 3 5 6 6.5 6.75

6.875 7 7.25 7.5 7.625 7.75 8 8.5
11 12 13 14 }

The spline knot vector shows the locality of the process.
It presents large parametric segments on low curvature lo-
cations (before and after the knot) and smaller one on high
curvature case (in the knot area).

6 Conclusion and future work

We have presented in this paper an adaptive model of B-
spline physical simulation with continuous deformation en-
ergy allowing a continuity in physical movement during the
resolution changing. This method refines the model locally
around any arbitrary point on the curve and allows a finer
geometric adaptation, by the way of a higher number of de-
grees of freedom. This model presents interesting results for

(a) Knot at fixed resolution

(b) Knot with adaptive resolution

(c) Zoom in the knot with adaptive resolution

Figure 4: Example of knot tying.

some applications like simulation of curve cutting (for ex-
ample during a surgical simulation) or knot tying.

This work could be improved by studying new terms like
bending and twisting (continuous) energies permitting to
treat specific curves as surgical threads. Another related
work is the treatment of self collision by robust methods as
Lagrange multipliers instead of penalty methods thanks to
dedicated constraints.

It is also interesting to point the fact that, in order to pro-
vide efficient adaptive physical simulation, both geometric
and mechanical aspects need to be taken into account. How-
ever, the link between geometric adaptation and the need for
a mechanical refinement is obviously less simple than one
could expect at first, and would also deserve closer study.
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Abstract
This article presents a model for handling multi-
resolution animation of complex deformable
models. An octree-based animation method
is described, along with the set of algorithmic
tools, that allow for real-time interaction on
complex objects. Some efficient collision de-
tection scheme is also described for deformable
objects. A method is presented for time-
guaranteed mechanical simulation, that allows
for automatic tuning of the octree definition to
match some external performance constraints,
such as adaptation to some pre-defined CPU
consumption limitation.

1 Introduction

Real-time physical simulation, especially phys-
ical simulation of deformable objects, has been,
since about a decade, a very active domain of re-
search, and is still a domain where a lot remains
to be done in order to provide real-time simu-
lations involving complex deformable objects.
Among the current research open questions is
the point to know how to combine the classi-
cal need for complexity and model richness, and
real-time interaction, which demands fast sim-
ulation. In order to provide satisfactory solu-
tions to this problem, many adaptive[1, 2], or
multi-resolution [3, 4] solutions have been pro-
posed. For all these sophisticated models, the
key point for interactive deformable object sim-
ulation is to find the optimal trade-off between
real-time computation and simulation complex-
ity. More precisely, this can be seen as the
problem to know how much complexity the de-
formable model can handle, while maintaining

the time needed by CPU to achieve the simula-
tion loop (referenced in the remainder of this ar-
ticle assimulation cost) under some pre-defined
maximal value. Such a compromise, for criti-
cal applications domains such as surgical sim-
ulation, is probably one of the most difficult
compromise to find. Such tuning often goes
through time consuming, human made, experi-
ences. This process is all the more rough as
changing architecture calculation power com-
pletely changes the reachable model definition,
for some given average computation time.

This article proposes a multi-resolution de-
formable model that can provide time-critical
computation, i.e. that can automatically adapt
its resolution to some pre-defined computation
time, that is matched at some given tolerance.
This model, based on octree deformable struc-
ture, can handle large deformations. Mechanical
rules are presented in order to dynamically adapt
the model definition, without pre-computation
that would limit the maximum resolution the oc-
tree can reach. As the mechanical simulation is
the main bottleneck in the described algorithm,
dynamic mechanical simulation cost measure is
used for octree resolution adaptation. This oc-
tree is then used both for collision detection (us-
ing efficient, stop-at-will algorithm that we will
describe below) and mechanical simulation.

The contribution of this article is derived into
three parts, each presenting contributions, all to-
gether targeted toward the main purpose of this
article (time-critical simulation): first is octree
mechanical animation, second is collision detec-
tion on deformable octree, third is dynamic tun-
ing rules for time-critical simulation.

The remainder of the article is organized as
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follows: Section 2 describes related work, re-
ferring to adaptive physical animation methods,
collision detection process, and time-critical
physical simulation. Section 3 presents a novel
method for octree mechanical animation, stat-
ing the octree configuration is arbitrary, and
constant. Section 4 presents a collision tech-
nique that can be fit to time-critical context
while permitting precise collision detection,
once again for a given octree configuration. Sec-
tion 5 presents time-critical solution for auto-
matic adaptation of the simulation cost, pre-
cisely the solution we propose for refining the
model definition, or at contrary, to coarsen it,
dynamically.

2 Related works

Many research works have been published in the
field of adaptive physical simulation. Debunne
used octree combined with a mass-spring sys-
tem, for simulating deformable models in real-
time [5], and further presented a solution for
introducing more general adaptivity (both time
and space [1]) in deformable models. [2] pre-
sented a method for adaptive , non-linear finite
elements. The CHARMS paper [3] presents a
theoretical framework for multi-resolution phys-
ical simulation, inspired from subdivision the-
ory, involving higher degree basis function for
object representation.

Guaranteed frame-rate has also received quite
an attention in recent animation work. [6] in-
troduced the notion of level-of-detail for general
purpose animation, potentially allowing for an-
imated model adaptation to guaranteed frame-
rate. Few works have been published about
guaranteed frame-rate in general-purpose com-
puter graphics. [7] introduced a impostor-based
automatic calculation and placement for guar-
anteed frame-rate during visualization of large
scenes. [8] presented a system that dynamically
adapts the model resolution to some pre-defined
performance, usingcost functionprediction and
evaluation. This method has also been improved
in [9].

Time-critical constraints is more present in
the collision detection literature. In [10] authors
introduced a collision detection algorithm that
can be stopped at any time. Once interrupted,

this algorithm can return an approximated pen-
etrating distance used to prevent the collision.
This algorithm is based on the use of a Bounding
Volume Hierarchy (BVH) composed of sphere
(SphereTree) where each hierarchy level give a
better approximation of the object shape while
providing a more precise penetrating distance.
This work has been extended in [11] and in
[12]. Bradshaw [13] explores different Sphere-
Tree building algorithm and shows that Medial
Axis based algorithm is the most efficient so-
lution for rigid bodies collision detection. He
also notice that medial axis algorithm are clearly
not design to deformable object simulation and
stated that some octree based SphereTree build-
ing would be a good candidate to a deformable
object critical-time collision system. A recent
survey about collision detection for deformable
objects [14] points out the fact that efficiency
of BVH applied to deformable objects is clearly
depending on the BVH update efficiency, dur-
ing deformation. First attempt to use BVH with
deformable objects [15] shows that a bottom-up
update lead to better performances than com-
plete top-down hierarchy rebuilding. Yet, even
if the bottom-up algorithm performs well in up-
dating a BVH it implies a full hierarchy traver-
sal that is clearly non-optimal. When objects
are not in constant collision, too much time has
to be spend in just updating the collision model
to detect that no collision occurs. In order to
avoid the systematic hierarchy update an hybrid
algorithm has been purposed in [16]. This hy-
brid algorithm updates the top-half of the hi-
erarchy in a top-down manner, check collision,
and updates the bottom-half of the hierarchy us-
ing a bottom-up hierarchy only if a collision oc-
curs. This work showed that deformable colli-
sion benefits in using update algorithm that mix
collision checks and a local BVH update of the
minimal information need to perform the cur-
rent collision check. In a recent paper, James
[17] introduced a new kind of SphereTree dedi-
cated to deformable object, they called BD-Tree.
In this BD-Tree each sphere is associated to a
reduced number of mechanical samples. From
those samples that approximates the deforma-
tion field the new sphere position and radius can
be efficiently updated in a constant time and in-
dependently of sphere location in the hierarchy.
These two properties makes a pure top-down al-
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gorithm possible with on demand update func-
tion mixed within hierarchy traversal.

3 Octree mechanical simulation

This section presents the mechanical method we
used for octree animation. Unlike classical use
of octree structure, in this article we use oc-
tree as a deformable structure. This section first
recalls principle of linear finite elements, and
then details the mechanical model we propose
for simulating octree cell deformations, includ-
ing details on octree geometry handling, which
are necessary for mechanical simulation consis-
tency.

3.1 Linear Finite Element Method

Finite Element Method (FEM for short) pro-
vides a continuous deformation field using a de-
composition of an object into small elements.
This deformation field is linked to internal elas-
tic forces by: felastic = f(∆x), where ∆x
represents the displacement vector of the nodes
(difference of a positionx from an initial po-
sition x0). Using first-order approximation of
the f function, the previous equation becomes
linear: felastic = K.∆x, whereK is called
the stiffness matrix. The stiffness matrix de-
pends on material properties and element geom-
etry. Compared to other FEM approaches, lin-
ear FEM is fast (since the stiffness matrix can
be precomputed) and stable (because the stiff-
ness matrix is well conditioned). We use hex-
ahedral elements whose stiffness matrix is de-
scribed in [18] to compute dynamic deformation
forces. The system solved at each iteration is
[19]:

M.
∂2x

∂t2
+ C.

∂x

∂t
+ K.∆x = fext

Despite its stability and swiftness, linear FEM
suffers from a lack of precision under large dis-
placements and especially when rotations oc-
cur. Indeed, linear elastic forces are not in-
variant under rotations. Some studies based on
corotational formulation (CR) [20] try to ex-
tract the rotational part of the movement to keep
linear elasticity compatible with large deforma-
tions. Two approaches are based on CR : the

first works on nodes [19] and the second on ele-
ments [21, 22]. Estimating a local, non rotated,
coordinate frame for each node does not guaran-
tee that the sum of elastic forces is null (whereas
the element based approach does), thus it leads
to ghost forces. Theseghost forcesprovide non-
satisfying behavior for free floating objects.

3.2 Octree simulation

Figure 1: Octree simulation : hexahedral ele-
ments of different sizes coexist in the
same simulation.

FEM with hexahedral elements usually works
on a regular grid. Our aim it to work on a hi-
erarchical structure to locally refine or coarsen
some parts of the object. Octree data structure is
a common approach for dealing with hierarchi-
cal hexahedral elements (see figure 1). Provided
with a bounding box of the object we want to
simulate, it is quite simple to build the whole
hierarchy with a recursive subdivision of an ele-
ment into eight smaller cubic elements.

However, octree structure classically induces
T-junction. T-junction appears when a corner of
an element is also strictly inside an edge (or a
face) of a bigger element. We call such cor-
ner,virtual nodeand the nodes that compose the
edge or faceparent nodes. The figure 2 shows
an example of virtual nodes: virtual nodes are
circled and white/brighter (resp. blue/darker)
nodes are nodes that belong to a face (resp. an
edge). These virtual nodes are to be particu-
larized: their movement is not totally free be-
cause their position depends on their parent po-
sition (see figure 3). Thus, after numerical in-
tegration, post-correction is done using projec-
tion constraints to insure thatvirtual nodesbe-
long to the right position on the edge (or face).
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Figure 2: T-junctions: the two kind of virtual
nodes are circled.

This approach, by comparison to classical ap-
proach for T-nodes (i.e. not simulate them, and
use linear interpolation for position calculation),
presents the drawback to introduce unnecessary
simulation. Yet, first, the simulation on T-knots
is fully compensated by the post-correction pro-
cess, and second, it presents the immediate ad-
vantage to make the octree simulation process
easy to implement. This solution provides sys-
tematic treatment of octree nodes during simu-
lation loop, as well as allowing for stable simu-
lation.

(b)(a)

Figure 3: Constraints on virtual nodes : holes
appears without constraints (a) and not
with constraints (b) .

3.3 Detecting virtual nodes

The main issue is to quickly detect T-junctions
among the elements we simulate. The T-
junction detection is in fact about neighbor find-
ing because they appear when there are adjoin-
ing elements of different sizes. To find adjoin-
ing elements of a given cell, we can neither use
hierarchy traversal nor adjacent table because
of their cost (time/memory). Schrack [23] pro-
poses an algorithm for same level (= distance
to the root) neighbor finding based on Morton
Code [24].

The Morton Code [24] consists in a specific
indexing of elements from a regular grid. In two
dimensions, a element is represented by its co-
ordinates (x, y) computed from a arbitrary cho-
sen corner of the grid. The binary representation
of x = xn−1...x2x1x0 and y = yn−1y2y1y0

are then interleaved to form the Morton code
m = yn−1xn−1...y1x1y0x0 (see figure 4 for ex-
ample). The right neighbor of equal level is ob-

y

3

0

0 4 x

Figure 4: Morton code : coordinates of the dark-
ened cell is (4, 3). The corresponding
Morton code is0110102 = 2610.

tained by incrementing thex coordinate in the
Morton code. The addition starts atx0 bit and is
propagated if a carry is generated. This method
induces some problems : carries are propagated
one bit at a time and the bits corresponding to
the binary representation ofy must be passed.
In order to overcome such a problem, and make
the neighbor isolation closer to simple binary
integer addition, some solution have been pro-
posed in the literature. Schrack [23] achieves
the neighbor finding in constant time. The prop-
agation of the carries is done in few binary op-
erations. First, the bits corresponding to they
coordinates are saved using a bit-mask. They
are then replaced with 1. The addition is then
performed and finally they bits are restored :
the result is the Morton code of the right neigh-
bor of equal level. This constant-time search al-
gorithm is trivially extensible to every direction
and to higher dimensions (in our case, we obvi-
ously use it in 3D).

The weak point of this algorithm is that it only
performs well for adjoining elements of same
level. As mentioned before, T-junction detection
involves different size neighbor algorithm. As a
result we would have to complete the neighbor
finding using hierarchy traversal. As the cost of
hierarchy traversal would be clearly prohibitive
in our context, we simplify the T-junction de-
tection problem by imposing the maximal level
difference between two adjoining elements to be
lower or equal to 1.

This obviously entails some loss of general-
ity for the virtual nodes detection. In practice,
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this restriction doest not block the need of multi-
resolution in the simulation. Moreover it gives a
progressive crossing from coarsened parts of the
object to refined parts.

3.4 Optimization : matrix assembly

A common approach in FEM resolution is to
loop on every element and to compute elastic
forces on the nodes of this element. This pre-
vents from building the global stiffness matrix
K (whose dimension is3n × 3n wheren is the
number of nodes). However this implies redun-
dant computation : the displacement of a given
node will be computed at most eight times (in
case of hexahedral elements). A faster operation
consists in a loop on nodes instead of elements.
For each nodei, its elastic forces is given by :

f i
elastic =

∑

j∈nbor(i)

Kj
e .∆xj

whereKj
e is an elementary matrix which rep-

resents the force contribution of neighborj on
nodei, andnbor(i) is the index set of neighbors
of vertexi. Obviously, this formulation is equiv-
alent to the resolution of global matrix compu-
tation, without building the stiffness matrix.

The two approaches have been implemented.
The per node approach is clearly faster than the
element based approach : the speed-up mea-
sured factor is about 4. However when adding
corotational approach, the speed-up decreases
and the per node approach is less stable due to
ghost forces.

4 Collision detection

In the previous section were presented an octree
based framework for adaptive simulation. In this
section we will present the corresponding colli-
sion model that have the following properties:

• time critical interruptible algorithm;

• hybrid collision detection algorithm that
beneficiate from the fact that the object is
simulated through a FFD.

4.1 Overview of the Collision Pipeline

Our collision pipeline is composed of three
successive steps (fig.5). During the first step

(broad phase) the non overlapping objects can
be quickly eliminated using the sweep and prune
algorithm [25]. During the second step(narrow
phase) a SphereTree traversal detects colliding
object. During this tree traversal parts of the ob-
jects that intersects are located and fires the third
step: response computation. This response com-
putation step prevents farther collision using a
penalty base method.

Tree Node
updates

tests
Primitive 

tests
Tree node 

Narrow
phase

Broad Phase

ResponseSimulation

Figure 5: Collision organization within the sim-
ulation loop. (from [16])

4.2 Broad phase algorithm

The broad phase algorithm we used is based
on SphereTree traversal down to a given depth
where a collision response is computed. The
depth of the traversal can be adapted intepen-
dently of the mechanical resolution through a
dedicated Oracle like [10]. The update of
spheres position and radius update has been
mixed with the checkCollision function in order
to only perform the needed updates.

4.3 Update algorithms

We used three differents algorithm to update the
sphere positions and radius. Each of them is
used to update one subset of the Octree parti-
tioned as the following:

• the AC set: the cells that have been me-
chanically simulated;

• the UP set: the set of cells upward simu-
lated cells;

• the DOWN set: the set of cells downward
simulated cells.

Updating the AC set is straighforward using
the simulated cube. Updating the UP set is based
on the hybrid algorithm presented in [16]. Fi-
nally Updating the DOWN set is based on the
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fact that the object’s surface is recomputed from
the simulated cells through a FFD method [26].
This FFD associate to each points inside of a
cell three parametersu, s, t. During the Sphere-
Tree traversal each sphere receives a set ofu, s, t
parameters expressing its position relative to its
simulated cell. This simulated cell come from
his (grand)-parent and is find during tree traver-
sal. From these parameters sphere positionp
and radiusr can be directly computed as:

p = computeFFD(u, s, t, cell)

r = sphereParent.r/2

4.4 Collision response

A collision response can be computed for any
level of the hierarchy using the penalty formula:

f = −k ∗ dist

wherek is the collision stiffness anddist is the
penetrating distance measured from the collid-
ing spheres. Once computed the penalty forces
have to be transmitted to the height mechanical
nodes associated to the simulated sphere. This is
done by reusing the three FFD parametersu, s, t
of the collinding sphere to weight the force ap-
plied to the mechanical nodes.

4.5 Results and Performances

In order to evaluate the robustness of the pro-
posed algorithm, the performances of the pre-
sented algorithm has been tested in three simu-
lation situations, ranking from sparse collision
context, to a much more densily colliding scene.
Fig. 6 counts the number of collisions that have
been detected on each sequence. Those test se-
quences were composed of 500 frames where
the presented algorithm is applied. The test has
been achieved with different levels of simulated
cells. The results are presented in figure 7: in
this figure, the snapshot is a ray-traced version
from the more complex configuration.

We can notice (fig. 7) that update of the UP
set is the main expensive part of the collision
detection: on each graph the collision time is
clearly linked to the time needed to update the
UP set.

Scene 1 Scene 2 Scene 3

Collis. count 0 11500 1224000
Intersect. test 10500 1598500 4310500

Figure 6: Three collision tests situations with in-
creasing collision count.
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Figure 7: collision performances evaluation (cu-
mulative time in sec). Bottom-right:
ray-traced snapshot of the test scene.

5 Time-critical simulation

This section present a method to handle oc-
tree resolution changes. During each occur-
rence of the simulation loop, the algorithm
described here is inserted, introducing small
changes within octree topology. The overall
principle is as follows: someoracle predicts,
provided with the current simulation cost, and
the targeted one, one many topological changes
(simplifications, or subdivisions) are needed for
the considered simulation step. One the number
of simplifications or subdivisions have been de-
termined, the cells to be subdivided/coarsened
are then chosen according to the deformation
configuration, and the changes are then accom-

Figure 8: Different step of a falling dragon sim-
ulation. Each of the lowest colliding
sphere are drawn demonstrating which
part of the hierarchy is updated.
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plished on the octree structure. In this section,
we first present the Oracle algorithm. We then
present the method we used for dynamic choice
of suitable cells for subdivision/simplification.
We finally describe the practical method for han-
dling dynamic changes within the octree.

5.1 Octree resolution changing Oracle

The prediction technique we present here is in-
spired from the notion of cost function, derived
in [8]. The main principle is to iteratively tune
the model, so that it asymptotically fits some
super-imposed simulation cost.

At the beginning of the simulation, costs for
subdividing, as well as simplifying, a cell are
estimated, using on-the-fly subdivision and sim-
plification of sample cells, in order to have cost
reference on the host computer. Then, during
the simulation, when a mechanical iteration is
done, the current simulation cost (tcur) is com-
pared to the desired one (tdes). If the error,
which ise = ‖tdes−tcur‖/tdes, is above a given
threshold then some multi-resolution operations
are allowed. The type of operation (subdivision,
or simplification) depends on the sign of(tdes

- tcur) and the number of operations permitted
depends on the difference(tdes - tcur) and the
estimated cost of a single operation.

Moreover, two sorted queues are built :
mergeQueueand subdivideQueuewhich con-
tains elements that can be modified. The sort
function is based on the laplacian. The ele-
ments with high laplacian (resp. low laplacian)
are inserted intosubdivideQueue(resp. merge-
Queue). Thus high deformed elements are sub-
divided first as well as low deformed elements
are merged first.

To prevent the object from switching too of-
ten due to punctual loads of system resources,
the cost measure that is used for decision is an
average simulation cost, based on a fixed-size
history. This average simulation cost is used as
tdes. Such an averaging process significantly re-
duces the oscillations during the tuning dynamic
process.

5.2 Multiresolution criterion

At each simulation loop, the above-
described oracle provides how many sub-

divisions/simplifications are needed. Once this
number of octree resolution changes have been
evaluated, elements to be refined or coarsened
need to be chosen, in order to maintain, as
much as possible, model plausibility. The
choice is made accordingly to the fact that
octree hierarchy needs to be changed so that
constraints on hierarchy level differences on
T-junction was respected (see section 3.3). The
main (classical) idea is to refine high deformed
parts of the object and to simplify low deformed
parts. Debunne [1] shows that the laplacian
operator gives a good indication of the non-
linear feature of the displacement field. Indeed
linear variation of the displacement field will be
handled correctly because of first-order approx-
imation of linear finite elements. Laplacian is
the sum of the second order partial derivatives:
close-to-zero laplacian values indicate almost
linear deformation field whereas high defor-
mation values show non-linear displacement
field and a need of subdivision (see figure 9).
Some discrete approximation of laplacian of a
function f on a vertexi is computed in in [1] as:

(∆f)i =
2∑

j∈nbor(i) lij

∑

j∈nbor(i)

f j − f i

lij

where lij is the distance between vertexi and
vertexj, andnbor(i) symbolically stands for the
integer set of neighbor indexes of vertexi.

Figure 9: Laplacian as multi-resolution crite-
rion: high laplacian appears on re-
gions with high deformations (thermic
scale : colder colors show low values
and warmer colors point out higher
values).

5.3 Subdivisions and Simplifications

In order to provide efficient handling of topolog-
ical changes, we need adapted data structure, es-
pecially regarding T-structure detection (see sec-
tion 3). We maintain several arrays during the
simulation:
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• activeCellsArray contains every el-
ement which is simulated. This array is
used to compute deformation forces when
we used element-based approach.

• activeNodesArray contains the nodes
of the active elements. This array is used to
compute external forces such as gravity or
collisions and also for deformation forces
when we use per node approach.

• virtualNodeArray contains nodes
from T-junctions. Post correction is
applied on nodes that belong to this array.

Subdivision and simplification of elements in-
volves some operations on these arrays. When
transformations(e.g. subdivisions and/or sim-
plifications) occur, inactive elements and nodes
must be removed and new active elements and
nodes must be inserted in the two first arrays.
New constraints (due to T-junctions) need to
be added so T-junctions detection is performed.
This detection is local since parts of the objects
where there is no transformation will not bring
new constraints. For the per node approach (sec-
tion 3.4), neighbors and their corresponding ma-
trix must be updated for each simulated node.

Some other operations are specific to subdi-
vision or simplification. For example, when a
parent element is subdivided into its eight chil-
dren, some children nodes position need to be
updated. This is simply done using linear inter-
polation of parent nodes position. Furthermore,
when an element may be simplified, a test is per-
formed to check that the other seven elements of
the parent cell may also be merged.

6 Tests and applications

All the tests and interaction examples have been
achieved on a P4 system, using 2.4 GHz CPU,
512 Mo, using Quadro 4 video card. Figure
10 shows a result of an object (the dragon we
used for all the snapshots) trying to match some
constraints. We imposed, for that test, a de-
sired time of 100 milliseconds and the error al-
lowed is 15%. During the first iterations, the
error is very important because we start from
an initial configuration where only the root ele-
ment is simulated and thus many operations are

needed to tend to the desired computation time.
Then the error is always below the threshold
we impose except for some few peaks. These
peaks are unavoidable consequence of modern,
non real-time, operating systems. As the simula-
tion can only control and measure its own com-
putation time, assumption of low system con-
sumption is always done, which is of course
wrong. Yet, as one can see on figure 10, the
model globally maintains the pre-required com-
putation cost, providing optimal complexity for
the available computation time. Using an av-
erage measure of computation time, instead of
current measured one, may avoid these peeks,
however it would of course introduce damp-
ing, and decrease the reactivity of the decision
schemes.
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Figure 10: Error measured when imposing time
constraint : computation time about
100 milliseconds and0.15 (15%) of
error allowed.

The companion video illustrates the features
presented in this article, including the dynamic
adaptation to pre-defined computation time. We
also included some non real-time simulation, in
order to exhibit the fact that our model can also
handle stiff systems: in the ”eye-candy” video
example, all the small dragons are simulated us-
ing stiff, deformable, model.

7 Conclusion

In this article we presented a deformable multi-
resolution model that can handle large deforma-
tion. It can dynamically adapt its resolution, and
can also fit some critical-time computation con-
straints. Such dynamic adaptation to external
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constraint could be strenghtened: our algorithm
does not, so far, take into account any perceptual
aspects. Taking advantage of parameters such
as viewing distance, animation speed (if high
enough for any simplification to be worth being
achieved), and providing links between classi-
cal geometric level-of-detail and physical sim-
ulation, in a global tuning algorithm, would be
quite challenging.
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|;Z,µ���kmz�cfVXZ2�dv��£giVp��g �;�po�j�¢fz�c��dZ,grZ$vrY)o�nXZ�o�s�gx ¡kL��k;z�cfVXZP�dv��£�mviZ]j,k;z�z�o{�do�npl£k;vBnXk�g�/���kfkmz�Z2�mn"�mnpeh ¡Z$v�C�¤
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 ]o�z�zFs�kmv]�XvrZ2j$o�eio�kmn�o�npj$viZP�meiZ(1 ^�U§~��F�;��Aª¤
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5.
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Y��m¢mZ£giVXZLlmz�km����zKeho�Y��Xz{�}gro�k;n�vrZ2�mz�o{exgro�jm¤�[%kmnpeio�ehgiZ2npj,c�j2��nXnpk�g���Z-�mj�Vpo�Z2|mZ2�� ]oqgrV�Z$µd�Xz�o{j,o�gDehcfnpj�Vpvikm�
npo�¶P�}gio�kmn� ]oqgrVXo�n�km�Xv¡j,k;n;grZ,µfg2¤ .�npehgiZP�m��kms�o�Y)��k;eio�npl�j,k;npehgiv���o�n;g�eBgrk���l;Z$n1gre2©m ¡Z£j�Vpk1k1ehZDgik�j$kmn1givrkmz
grVXZ���Z2Vp�Q|fo�k;v�k�s#�mn��mlmZ$n1g��fc��dZ��pnXo�nXl�z�kdj$�mz��dZPj,o{eho�kmn�vi�Xz�Z2e2©;giVp��g¡z�Z,g�Z2�;j�V���l;Z$n1g%�mj,gre%kmn�oqg�e%eio�Y"�
�pz���gio�kmn�¤H.�n)kmv��dZ$v�grk��pvikd�d�pj$Z]Z���j,o�Z$n1gP©;��n���vrZ2�;j�gro�|;Z%Z2nXkm�Xl;V�ehcdehgiZ$Y²©� ¡ZDj�VXk1ehZ¡gik-�p�Xo�z�gNkm�pvNk} ]n
erj�VXZP�d�Xz�Z$v¡giVp��gDj,kfkmv��do�np�}grZ2e�gr�mei¢de�/t�dcfnp�mY"o{j£km�dwxZPj�gre
C�¤NU�Vpo�e�erj�VXZ2�d�pz�Z2v�/�giVp��gDo�e¡�X�po�z{��o�n²� �1�Xo�giZ
j$z��;eieio{j$��z�Y)�mnXnXZ2v
C�o�npei�XvrZ2e����dgrkmnXk;Y�c«kms§��l;Z$n1gre Q� ]VpZ$n5�mn5��l;Z$n1g�o{e��Xvrk}|fo��dZP�± ]oqgrV­Z,µdZPj,�dgro�k;n
gro�Y)Z;©�giVpZ)�mlmZ2n;g-��npo�Y��}gro�k;n@z�kfkm�@oqgrZ$v��}gio�kmn¨o{e-j$��z�z�Z2�F©#�mnp�¨eh�pj�V¨�²j$��z�zBo{eLnXk�g-o�n;grZ$vrvi�p�dgiZP�«�Xn1gro�z
grVXZ"s��Xnpj,gio�kmn´j$�mz�z
giZ2viY)o�np�}grZ2e2¤(I(o�giVpo�n¨giVpo�e-j2��z�zT©�ZP�mj�V¨��lmZ2n1g�Vp�;e�giVXZ��m�Xo�z�o�gxc �pv�exgLgik9j2��z{j,�Xz{�}grZ
o�greDnXZ,µfgDeho�Y��pz���gio�kmn²exg��}giZ;©X�X�dg§�mz�eik�gik�eiZ$np��gik)grVXZ�eij�VpZ2�d�Xz�Z$v�o�gre]�pvio�kmvroqgxc�j�V���nXl;Z� ]o{eiV�¤

�(��� 	 ��� G/
9�������=�>�6�
\£�pv�erj�VXZ2�d�pz�Z2v�o{e��H�Xvio�kmvro�gxc@�p�;ehZP�F©!?H. ?
\ erj�VXZ2�X�Xz�Z2v�grVp�}g)eij�VXZP�d�Xz�Z2e�gr�;eh¢de /toT¤ Zm¤±���XgikmnpkmY)km�pe
�mlmZ2n;g�e C
���meiZ2�)kmn"grVXZ$o�v��Xvro�kmvroqgro�ZPe$¤�y eiZ,g�kms

N +1
o�n1giZ$l;Z$vN�pvio�kmvroqgro�ZPeBo{e��dZ��pnXZ2�) ]o�giVpo�n�grVXZ§eio�Y��d�

z{�}gro�k;nWQ#ZP�mj�V���l;Z$n1g
a
o{e��mereio�l;nXZ2�"ehk;Y)Z]o�nXo�gio{��zp�Xvio�kmvro�gxc

p(a) ∈ {0, 1, · · · , N}
/�Vpo�l;V"�pvio�kmvroqgxc�|Q�mz��pZ

j$kmvrviZPeh��kmn��Xe$©Bo�n¬km�Xv)nXkmgr��gio�kmn�©�gik±o�n1grZ$npeio�|;Z9j,kmY)�X�Xgr�}gro�k;n5k;�dwxZ2j,gre
C�¤(U�VXZ² ¡�Qc´k;�Xv�eij�VpZ2�d�Xz�Z$v
 ¡kmvr¢deDo{eLj,z�k;eiZ�s�vrkmY j,z{�mereho{j$�mz�eicdexgrZ$Y erj�VXZ2�d�pz�Z2v QD� �1�XZ$�XZ

Qi

o�eL�;eieikdj,o{�}giZP�² ]oqgrV«ZP�mj�VH�Xvro�kmvroqgxc
i
©��)gr�;eh¢

a
o{eDo�npj$z��p�XZ2�9o�n �1�XZ$�XZ

Qp(a)
¤]®%�mj�V²gio�Y)Z��mnH��lmZ2n1g§o�e£�mj,gio�|Q��giZP�F©�o�g�j2��nH�dcfnp�mY)o�j2��z�z�c

j�V���nXl;Z%o�greB�pvio�kmvroqgxc�z�Z2|mZ$z7©�o�n) ]VXo�j�V)j$�;ehZ�o�gNo�eBgiVXZ2n��1�XZ2�XZ2�"o�n)oqg�eBnXZ$ °�Xvro�k;vio�gxc �1�XZ$�pZ /teiZ$Z]ehZPj�gro�k;n
�X¤ �X¤���s�k;v§�dZ,g���o�z�e
C�¤§\£nXZ��;�X�do�gio�kmnp�mz#��vrv��Qcm©

S
©�exgrkmvrZ2e�km�XwxZ2j�g�e�giV��}gDgrZ$Y)��k;vr�mvio�z�c��dvrkm�X��Z2��k8L¨��n��

�Xk�nXk�g£nXZ$ZP�9ehcdehgiZ$Y vrZ2eikm�Xv�j,ZPe¡s�kmv£�)Y)k;Y"Z2n1g /teiZ$Z�ehZPj�gio�kmnH�X¤ �X¤ ��s�k;v£�dZ$gr��o�z{e§����km�XgDgiVXo{e
C�¤]®��;j�V
�1�XZ2�XZ

Qi, i ∈ {0, · · · , N}
o{e��merehkdj,o{�}grZ2�´ ]o�giV¬��n¯Z,µdZ2j$�dgio�kmn°o�n;grZ$l;Z$v

ni

©NgiV��}g�j$�mn5nXZ2|mZ$v"Z,µf�
j$Z$ZP��eikmY)Z£�pviZ$�ª�dZ��pnXZP��|}��z��XZ

max 
 exec
Q
giVpZ

ni

��vrZ£�peiZ2��gik)j,k;n;grvik;zpgrVXZLZ,µdZ2j$�dgio�kmn�s�viZ �1�XZ$npj$cm©
�mnp���Q|mk;o��"Z$µfZPj,�dgro�k;n�exg���vr|1o�nXl-�Xvrkm�pz�Z2Y)e2¤H.�n��peiZ$�p�dkm�ªj$kd�dZD�dZ2erj,vro��dgio�kmn�©mgiVXZ�eij�VpZ2�d�Xz�Z$v%��z�lmkmvro�giVXY
j$km�Xz{����Z��dZPeij$vio���Z2���me¡s�kmz�z�k} De�Q

���_��� /
S
©
Q0
©
· · ·
©
QN

C��
prioCurrent � N

�

ZXZ\[�]_^�`�`�a
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�dk"s�kmvrZ$|;Z$vKQ
nprioCurrent = nprioCurrent + 1

�
o�s5/

nprioCurrent � � max 
 exec
C%giVXZ2n

nprioCurrent = 0
�

prioCurrent = (prioCurrent − 1)mod(N + 1)
�

Z2z�eiZ
a � .���� � �_���_��� �
� � / QprioCurrent

C �
�
��$�$ �T����' ���*�#
��V%���� � /

a
C��

���_���_� /
a
©
Qp(a)

C �
prioCurrent = N

�

.ªg�o�e�o�Y)��kmvigr�mn;g%gik��Xnp�dZ2vrehgr�mnp�"giVp��g �
��$�$ �T�_��'-�����#
��V%���� � kmn��mlmZ$n1g
a
j$�mn�j�Vp��nplmZDo�gre%�Xvro�k;vio�gxcm©

�;j$j$kmv��do�npl§grk�vr�Xz�Z2eB�dZ��pnXZP��o�n�ehZPj�gro�k;n��X¤ �X¤��;©���np�"VXZ2npj,Z;©}giV��}gBgiVpZ �;�pZ$�XZDehgik;vr�mlmZ¡Y"o�lmV1gBnXkmg�exgrkmvrZ
�mlmZ2n;g

a
o�n²giVXZ �;�pZ$�XZ�o�g§ ��me]o�nXo�gio{��z�z�c²o�npeho{�dZ;¤�U�VpZ ���_���_� s��Xnpj�gro�k;n«j$�mn²Z$o�giVXZ2v£ehgikmvrZ���l;Z$n1g

a
o�n

o�gre�nXZ$ °grviZP�}giY)Z2n;g �1�XZ2�XZm©1kmvNehgik;viZ]o�g�o�n���vrvr�Qc
S
o�s�nXZPj,Z2erer��vrc /teiZ$ZDeiZ2j,gio�kmn��d¤ �d¤ �8C,¤�U�VXZ§�Xvik;��k1ehZP�

erj�VXZP�d�Xz�o�nXl)��z�lmk;vio�giVpY�©deio�Y)�Xz�Z£gik)o�Y)�Xz�Z$Y)Z2n;gP©XZ$n�eh�XvrZ2e�giV��}gD��l;Z$n1g¡kms��Xvro�kmvroqgxc
k
�mviZLehgr�}gro�ehgio{j$�mz�z�c

�;j�gro�|}�}grZ2�­s�kmv���nXo�Y��}gro�k;n
max 
 exec

gio�Y)Z2e)Y)kmvrZ�kms giZ2n­giV���n¬��lmZ2n1gre�k�s£�pvio�kmvroqgxc
k − 1

Q��me)�
vrZ2ei�Xz�g2©fs�vrZ��1�XZ2npj,c�j2��z�zT©X�;e]��s��Xnpj�gro�k;n9k�s
�Xvio�kmvro�gxcm©fo�e§��n�Z,µd��k;nXZ$n1gro��mzFvi�Xz�Zm¤
U
�mei¢deNexgrkmvrZ2�"o�n

S
�mviZDehgik;viZP�)��z�kmnXl- ]o�giV��LvrZ��1�XZPexgrZ2�" ¡�m¢mZ$�7�X��gio�Y)Z8Q

S
o�e%j,k;npexg���n1giz�c�eikmvigiZP�

�;j$j$kmv��do�npl«grk´giVXo{e� ���¢;Z,�ª�X�5gro�Y)Z;©]o�n¬kmv��dZ2v)gik­¢;Z$Z$�°Z���j$o�Z2n;g�givrZ2�}grY)Z$n1g2¤ yDlmZ2n1gre��mviZ² ¡km¢mZ2n
�p�@�peio�nXl²Z$|mZ2n1gL�pvik;�p��l1�}gio�kmnH�mviZ)vrZ$o�npeiZ$vigiZ2�«o�n±�m�d�7VXkdj��Xvro�k;vio�gxc �1�XZ$�XZ) ]VXZ2n@vrZ��1�XZPexgrZ2�F¤"®��;j�V
�m�dgik;nXkmY)k;�pe���lmZ2n1g¡Y��Qc�j$kmY)�Xz�Z,giZ2z�c�exgrkm��oqg�eDeho�Y��pz���gio�kmn�s�kmvD�"��Z2vio�kd��kms#gro�Y)Z- ]o�giV�giVXo{e �1�XZ2�XZ8Q
c;Z,gP©���n´�mlmZ$n1g-nXZ2|mZ$v�ehgik;�pe�gr�m¢fo�nXlH�XZ2j,o{eio�k;npe-eh��j�V±�;eL�Xvro�k;vio�gxc«j�Vp�mnXlmZ;©�kmv�eiz�Z2Z$�¨gio�Y)Z��d�Xv��}gro�k;n
Y)kd�do���j$��gio�kmn�¤�U�VXo{e�Z$npei�XvrZ2e�giV��}gNnXk-��vigio���j$o��mzT©�npkmnd�ªviZPj,k}|;Z$v����Xz�ZN�dZ2j2�Qc� ¡km�Xz{����Z�o�n�ehZ2vhgrZ2�� ]oqgrVXo�n
eio�Y��Xz{�}gro�k;n�©d ]oqgrVXkm�XgD¢1npk} ]z�ZP�dlmZ�k�s�giVXZ�j$kmnpj$Z$vrnXZ2����l;Z$n1gre2¤
U�VXo{e]erj�VXZ2�d�pz�Z2v%o{e��dZ2eio�l;nXZ2��ehk�giV��}gD��j$kmnpeio�ehgiZ2n1g�eio�Y��Xz{�}gio�kmn�j$�mn�kmnpz�c���Z-�mj�VXo�Z$|;Z2�� ]o�giV�giVXZ

j$kfkm��Z$v��}gio�kmn�k�sBZ2|mZ$vrc��mlmZ$n1gP©�eik)giVXZ�Y��mo�n�giVpo�nXl�s�kmvDgrVXZ��mlmZ$n1gDo{e�giV��}g£�mz�z#giVXZ��Xc1n���Y)o�jLk;�dwxZ2j,gre
j$kmn1givrkmz�z�Z2�¯�1c¯giVpZ«��l;Z$n1gre�eiVXkm�pz��¬��Z«�}g�grVXZ«er��Y)Z«eio�Y��Xz{�}gio�kmn°gro�Y)ZY/�giVXo{e�o{e�grVXZ«j,k;npeio�ehgiZ2npj,c
j$vio�giZ2vio�kmn�s�k;v]giVXZ�lmz�km�p�mz#eho�Y��pz���gio�kmn�C�Q�Z2�;j�V9��lmZ2n1gDVp�me2©p������vig]s�vik;Y�grVXZ-gr�;eh¢�gik��;j�VXo�Z$|mZ-o�gre§k} ]n
eio�Y��Xz{�}gro�k;n�©Xgrk��dcfnp�mY"o{j$�mz�z�c��;�X���Xg§oqg�e£j$kmY)�X�dg��}gro�k;n9o�n1giZ2npeioqgxc�gik�giVXZ�lmz�km�p�mz#eho�Y��pz���gio�kmnHei��Z2Z2�F¤
U�VpZ£s�k;z�z�k} ]o�nXl�eh�X��ehZPj�gio�kmn²�dZPeij$vio���ZPe¡giVXZ-�pvik;��k1ehZP��giZPj�VXnXo��1�XZm¤

�(�21 �(��8 �=�> E!�>����
�����E �!���
y§z�zXgiVXZDj$kmn1givrkmzfo{eBlmo�|mZ2n�grkL�mlmZ2n;g�e
giVXZ2Y�ehZ2z�|;Z2eB����km�Xg
grVXZ$o�v�eio�Y��Xz{�}gio�kmn#¤�y§eNZ,µd�Xz{��o�nXZ2�"����k}|mZ;©}giVXZ
erj�VXZP�d�Xz�Z$v]��z�z�k} De¡ZP�mj�V²��lmZ2n1g%grk�j�Vp��nXl;Z§grVXZ- ��Qc�oqgDo{e]j,k;Y"�p�dgiZP�F©dgiVpvik;�XlmV�gx %k)Y)Z2�mnpe�Q��Xvro�kmvroqgxc
V���np�dz�o�nXl5��n�� ehz�Z$Z2��¤ .�n k;vr�XZ$v�grk­lmv���n1g�eio�Y��Xz{�}gio�kmn j$kmnpeio{exgrZ$npj$cm©]Z���j$o�Z2n;g²�dZ2j$o�eio�kmn erj�VXZ$Y)Z2e
 ]o�giVpo�n±��l;Z$n1greL��vrZ�npZ$Z2�XZ2�@kmnHgrVXZ2eiZ"gx %k²�mei��Z2j�g�e$©Ks�k;v-�dZ��pnpo�nXl�grVXZ)��Z2Vp�Q|fo�k;v£kms¡��n¨��l;Z$n1g2¤ ?Xkmv
ei�pj�V¨���X�pvi��k;eiZm©��mn¨�mlmZ$n1gLkm�f|fo�k;�peiz�c²nXZ2Z2�Xe£gik²l;Z,gLo�nds�k;viY���gio�kmn@�m��k;�dg-oqg�eLZ$nf|fo�vrkmnpY"Z2n1g2¤�y£e��
vrZ2ei�Xz�g2©
giVpZ �
��$�$ �T����' ���*�#
��V%���� � s��pnpj�gro�k;n�©B�peiZ2�´o�n´giVpZ�����k}|mZ��mz�l;kmvroqgrVXY²©B��z{ehk²grvr�mnpehY)o�gre"ehk;Y)Z
o�nds�k;viY��}gro�k;n�grk���l;Z$n1g

a
Q�grVXZ�eio�Y��Xz���gio�kmn�gio�Y)Z-k�s
giVXZLst�;exgrZ2ehg§��lmZ2n1g]�mnp��giVXZ�eio�Y��Xz{�}gro�k;n�gro�Y)Z-kms

grVXZ£eiz�k} %ZPexg�k;nXZm¤H.ªg�o�e�o�Y)��kmvigr��n1g%gik�npk�giZ§giVp��g2©f�me%nXk�j$kmY)Y)kmn��do{erj,vrZ,giZDgio�Y"Z$�7z�o�nXZ§o{e�o�Y)��k1ehZP�)gik
k;�dwxZ2j,gre2©XgrVXZ�kmnpz�c�j,kmY)Y)kmn²gro�Y)Z$�7z�o�npZ�o�e]giVXZ"j,kmn1gro�nf�Xk;�pe]eho�Y��pz���gio�kmn²gio�Y)Zm¤]³£Z$��Z$np�do�nXl�k;n9 ]Vp�}g

���HZ����
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 ¡Z� ]o�z�z�j2��z�z#s�vrkmY�nXk} !k;n9giVpZ"j$�XvivrZ$n1g �
��' �"$)���*�#
��2�*��'-� � ��� ��
 � ©�vr�Xz�Z2e���vrZ��peiZ2�H�fc9��l;Z$n1greDs�kmv
�pvio�kmvroqgxcLj�Vp�mnXlmZ¡�dZ2j$o�eio�k;n�©}kmvP©}o�n�j$�;ehZ%k�spo�Y)��k;vhg���n1gB�dZ2j2�Qcm©}ehz�Z$Z2��s�k;v
�£lmo�|mZ2n�eho�Y��pz���gio�kmn��X�Xvr��gio�kmn�¤

��������� � �	� ¼ �
�t� ¹ 	 ¼ ½��
���m�X��� ¼��
U�VpZ"�mz�l;kmvroqgrVXY��pehZP�Hs�k;vL�Xvio�kmvro�gxc�Y)kd�do���j$��gio�kmn@o�e�|mZ2vic9eio�Y)�Xz�Z8Q� ]VXZ2n¨�mn@��l;Z$n1g£o{eLkmn@Y)o�nXo�Y���z
/tviZPeh��Z2j,gio�|mZ2z�c�Y���µfo�Y���z�C�gio�Y)ZDeho�Y��Xz{�}gro�k;n0/tlmo�|mZ2n"�fc-grVXZ§erj�VXZ2�X�Xz�Z2vN�}g��;j�gio�|}�}gro�k;n�C�©m�mlmZ2n;gB�Xvro�kmvroqgxc
o{e�o�npj,vrZ2�;ehZP���fc

1
/�vrZ2ei��Z2j�gro�|;Z$z�c��dZPj,vrZ2�meiZ2���fc

1
C�©ms�kmvBnXZ$µfgB�;j�gro�|}�}gro�k;n�©�g���¢;Z$n�o�n1gik��;j$j,k;�Xn1g
�fc�giVXZ

erj�VXZP�d�Xz�Z$vB�mj2j,kmv��do�nXl]grkL�mz�l;kmvroqgrVXY!�dZ2erj,vro���Z�o�n�eiZ2j�gro�k;n)�X¤��;¤X=¡c��dcfnp�mY"o{j$�mz�z�c�j�Vp�mnXlmo�nXl§�pvio�kmvroqgro�ZPe$©
grVXZ]l;�m����Z,gx ¡Z$Z2n"giVXZ�st�;exgrZ2ehg���lmZ2n1gB�mnp��giVXZ§eiz�k} %ZPexg�kmnXZ¡grZ$np�XeNgik-�dZPj,vrZ2�meiZm¤
y§eBZ2|mZ2vic��mlmZ2n;gB�mj,gre
o�n�giVXZ�er��Y)ZLY���nXnXZ2v2©d�mlmZ$n1g�e�grZ$np��grk)j$kmnf|mZ2vil;ZDgrk�grVXZ�er��Y)Z-eho�Y��Xz{�}gro�k;n �$eh��Z$ZP� � /�kmn�giVpZLeio�Y��d�
z{�}gro�k;n9gio�Y)Z,�ªz�o�nXZ�C�¤�.�nHkmv��dZ2vDgik�Y���¢mZ�giVXZ)eicfehgiZ2Y\DpZ,µdo��Xz�Z;©Kz�o�ghgrz�Z)�dZ$z{�Qc²��Z$gx %Z2Z$n9grVXZ)eho�Y��Xz{�}gro�k;n
gro�Y)Z�kms�giVpZ)st�mehgiZ2ehg���l;Z$n1g-��np�@giVpZ�ehz�k} %ZPexgLkmnpZ"o{eL��Z$vrY"o�ghgrZ2�F¤�y]j�gi����z�z�c;©�giZ2Y)��k;vr�mzNeho�Y��Xz{�}gro�k;n
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