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RESUME

On étudie le probléme de 1l'optimisation de structures du type
arc ispstatique avec comme inconnues la forme de la ligne moyenne, la
distribution de 1'épaisseur et la pente du support. Les structures sup-
portent une pression uniforme. La condition de comportement imposée

est soit la raideur, spoit 1'état des contraintes.

On utilise la théorie de la commande optimale pour obtenir
les conditions d'optimalité. Les solutions des systémes d'é&quations
différentielles aux conditions limites sont obtenues numériquement

3 l'aide de la méthode dy '"Parallel shooting'".

L'inclusion de la contribution de l'effort tranchant dans la
définition des conditions de comportement a été suffisante pour assurer

l'existence des solutions.
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I - INTRODUCTION.

L'application des méthodes d'optimisation & la conception des
structures a pour but de déterminer la "meilleure'" solution possible.
Dans des sociétés 3 orientation &conomique, on voudrait pouvoir minimiser
le prix de revient global des compstructions. Si 1l'on tient compte & la
fois du prix des matériaux et aussi des colits indirects résultant de leur
poids, par exemple les dépenses en carburant pour le transport des struc-
tures aérospatiales, la minimisation duy yolume de§ matériaux utilisés
est souvent choisie comme objectif primordial. Lorsque le projeteur
utilise la m@thode traditionnelle d'&tudes, basée sur une procédure d'es-
sais success@fs, son expérience lui permet de réduire le nombre de cycles
de conception et de vérification infructueux. Dans des domaines ol cette
expérience n'a pu &tre acquise, les résultats d'études d'optimisation
peuvent guider 1l'ingépieyr pendant la phase de conception et lui fournir

les moyens d'évaluer 1'efficacité de la solution retenue,

De rapides développements sont intervenuys dans le domaine de
1'optimisation des structures depuis le début des années 60. Une analyse
des publications, réalisée en 1963 par Wasiuntynski et Brandt [l] présente
1'historique de ce domaine dont Galilée fut un précurseur. Barnett [2]
en 1966 a exposé les techniques et les principes importants de conception
ainsi qu'un grand nombre de résultats. L'analyse effectuée par Sheir et
Prager [3] relate les progrés réalisés entre 1963 et 1968. Une liste des
orientations actuelles de la recherche est contenue dans 1l'article par

Niordson et Pedersen [4].

On peut expliquer, en partie, l'ampleur des travaux effectués
durant les quinze derniéres années dans le domaine de l'optimisation des

structures d l'aide des deux faits suivants. Les programmes spatiaux ont
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posé aux ingénieurs des problémes nouveaux dans lesquels le poids des
éléments de structure jouait un r6le beaucoup plus important que celui
de leur prix de revient. Le développement de calculateurs & grande capa-
cité a permis 1l'automatisation des méthodes de conception. On pensait
que les techniques d'optimisation permettraient d'obtenir la meilleure
structure possible dans des domaines oi 1l'expérience était limitée,

Mais le jour ol des 'boites noires' vont concevoir automatiquement des

structures est encore i venir.

Un probléme d'optimisation consiste A trouver la meilleure
solution posgible dans un ensemble de structures admissibles. Une ou
plusieurs conditions imposées sur le comportement caractérisent en
partie cet ensemble. Prager et Taylor [5] ont présenté une méthode
générale de formulation deé problémes d'optimisation de structures
ayant des sections du type "sandwich", soumises a4 une condition de
raideur, de fréquence propre minimale ou de charge de flambement.
Huang [6] a traité le probléme d’une plaque circulaire supportant
une pression uniforme et soumise A une condition de raideur. Niordson
[7] a analysé la conception optimale de poutres de fréquence propre
minimale donnée. Des problémes dans lesquels la charge de flambement
est imposée ont &té résolus respectivement par Frauenthal [9] pour des
plaques circulaires et par Taylor [10] pour des colonnes & section du
type "sandwich". Une formulation générale pour minimiser la masse de
structures soumises 3 une condition sur 1'état des contraintes a été
effectuée par Giraudbit [l]]. Stroud [12] a présenté une analyse de

1'état d'avancement des recherches pour 1'optimisation de structures

soumises 3 des conditions du type aéroélastique.

Aprés la présentation des différents types de conditions

pouvant €tre utilisées pour caract&riser le comportement admissible
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d'une structure, les méthodes de résolution sont exposées. Quand les
inconnues du probléme sont des fonctions, les conditions d'optimalité
sont obtenues & partir du calcul des variations. A cause du caractére
hautement non linéaire des systémes d'équations différentielles aux
conditions limites obtenues, seuls des éléments simples d'une structure
peuvent €tre ainsi analysés. Pour des réalisations plus complexes, un
ensemble de param@tres est choisi a priori, Ces inconnues peuvent &tre
alors déterminées directement 3 1'aide des techniques de la programma-
tion mathématique (Ré&f. [13]) ou indirectement en utilisant des cri~
téres d'optimalité (Réf. [14]). Une amélioration de l'efficacité des
mgthodes de la programmation mathématique peut &tre obtenue en utilisant
des techniques d'approximation (R&f. [15]) ou le concept de dualité de

la programmation géométrique (RéEf. [lﬁ]). Une combinaison des techniques
de programmation mathématique et des critéres d'optimalité a &té utilisée
pour le dimensionnement de structures complexes dans la Réf. [17]. Une
différence fondamentale existe entre la formulation analytique et la
formulation disﬁréte des problémes. Les méthodes variationnelles ont

pour but de déterminer la meilleure structure, alors que les techniques
de programmation mathématique améliorent des solutions admissibles. Quand
la solution optimale n'existe pas, une méthode de résolution utilisant
la deuxiéme approche pourra améliorer une approximation initiale de 1la
solution. On doit par conséquent utiliser la formulation variationnelle

en vue de déterminer si un probléme donné est ou n'est pas résoluble.

Dans cette thése, on considére des problémes avec deux fonc-
tions inconnues. Un de nos objectifs est de définir une formulation as-
surant 1‘existencg de solutions pour les cas considérés. On impose soit
une condition sur 1'état de contrainte, soit une condition sur la rai-

deur de la structure. Une définition générale de ces deux types de pro-
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blémes est exposée dans le chapitre II. La théorie de la commande opti-
male et les méthodes numériques, décrites dans le chapitre III, sont
utilisées respectivement pour obtenir les &quations d'optimalité et

pour résoudre les systémes d'équations différentielles aux conditions
limites obtenues. L'étude de structures isostatiques du type arc ayant
comme inconnues la forme de la ligne moyenne, la distribution de 1'é-

paisseur et la pente du support est exposée au chapitre IV.

En considérant les résultats obtenus, il est nécessaire de se
souvenir du jugement exprimé par Niordson et Pedersen sur 1'approche
variationnelle : "Puisque les équations différentielles obtenues sont

vhautement non linéaires et n'admettent en général aucune solution régu-—
liére (des singularités apparaissent trés souvent aux bornes de 1'inter-
valle) ces problémes sont en général trés difficiles & résoudre et le

domaine semble plutdt obscur".



IT - DEFINITION DES PROBLEMES.

On peut définir le probléme de la détermination de structures
ayant un volume de matériaux minimal de la maniédre suivante :
"Dans un ensemble donné de structures admissibles, trouver

celle ayant un volume de matériaux minimal".

Nous ne saurions insister suffisamment sur le fait que seule
la définition de 1'ensemble de structures admissibles détermine la solu-
tipn optimale. Les techniques de minimisation ne sont que les moyens

de les trouver.

La définition de 1'ensemble des structures admissibles doit
incluye 3
a) le type de structure et la th@orie approchée utilisée

pour obtenir ses &quations de comportement,

b) les conditions géométriques,

¢) les charges supportées par la structure,

d) les conditions aux limites imposées,

e) les conditions imposées sur le comportement de la structure
qui limitent les variables caractérisant 1l'ouvrage.

Les inconnues devant &tre déterminées par les méthodes de mini~
misation constituent un ensemble de paramétres et de fonctions.

On ne considére ici que deux types de conditions de comportement

- la condition de contrainte, si on impose i 1'état des con-

traintes dans la structure d'€tre admissible.

- la cgndition de raideur, si le travail effectué, pendant la

déformation par les forces appliquées & la structure doit prendre une
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valeur imposée.

Une présentation générale de ces deux types de problémes est
incluse dans ce chapitre dans le but de déterminer les outils de mini-~

misation nécessaire i leur résolution.

2.1, - Definitions.

On considére des structures pouvant étre décrites a 1'aide
d'une coordonnée x seulement. Soit s(x) le vecteur des inconnues
i déterminer. On représente respectivement par u(x) et g(x) 1le
champ des déplacements et le champ des contraintes dans la structure.,
Soiént respectivement {F(x)} et p(x) 1'ensemble des forces concen-

trées et la charge linéique appliquées sur la structure.

Les équations de comportement de la structure fournissent

les deux opérateurs suivants :

a) les équations d'équilibre :
L, (s,u,{F},p) = 0 (2.1.)
b) les relations entre les contraintes et les déplacements :
Lz(g,g,g) = 0. ' (2.2.)

On inclut les conditions aux limites dans 1'opérateur L Quand on

i
emploie la théorie linfaire de 1'élasticité, ou ses approximations,

les opérateurs L, et L, sont lingaires par rapport & u,d,

{F} et p mais sont en général non linéaires par rapport a g.

Le volume des matériaux de la structure est :
V= Jv(g)dx (2.3.)

ol 1'intégrale doit &tre &valuée sur la structure compléte.
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2.2, - Condition de contrainte.

On suppose l'existence d'une fonction £(¢) qui décrit 1'état
des contraintes & chaque point de la structure. Un &tat de contrainte

est par définition admissible si :
f(g) <0 (2.4.)

Le probléme de la détermination de structures ayant un volume

de matériaux minimal peut €tre formulé de la maniére suivante :

min V = jv(g)dx (2,5.)
s
avec les conditions :
L, (s,u,{E},p) =0 (2.6.)
L2(§,g,g) = 0 (2.7.)
£(g) 50 (2.8.)

Pour résoudre un tel probléme, des équations d'optimalité pre-

nant en compte des conditions du type inégalité sont nécessaires.

2.3. - Condition de rnaideur.

Au lieu d'exiger que 1'état des contraintes soit admissible,
on peut imposer une borne supérieure sur la valeur des déplacements que
subit la structure durant sa déformation. Ceci peut &tre réalisé en
imposant la valeur du travail effectué par les charges appliquées 3 la
structure pendant sa déformation. Dans cette deuxiéme formulation, on
impose une valeur moyenne des déplacements, en utilisant les charges
comme fopction de pondération. Soit U(§,{§},g) le travail effectué

par les forces appliquées. Sa valeur est donnée par :
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U(s,{F},p) =~ {Z F.u + Jg.g dx} | (2.9.)

1
2
od la sommation doit €tre effectuée pour toutesles forces concentrées
et 1'intégrale est évaluée sur la structure compléte. Le champ des

déplacements u est obtenu a partir de l'opérateur d'équilibre LI'

Comme il a &té démontré par Wasiuntisky DS],le probléme
de la minimisation du volume de matiére utilisé pour une condition de
raideur est équivalent & celui de la minimisation du travail des forces
extérieures avec un volume de matériaux imposé. Dans ces deux problémes,

les équations d'équilibre doivent 8tre satisfaites.

Par conséquent, le probléme de la minimisation du volume des
matériaux, pour une condition de raideur, peut &tre formulé de la manpiére

alternative suivante ;

Min U = L {Z Fou + JB'B dx} (2.10.)

s 2 -

avec les conditions

L](§’1}9{€},E) =0 (2.11.)

J v(s)dx = Vo. (2.12.)

Pour résoudre ce probléme, des conditions d'optimalité prenant

en compte des conditions intégrales sont requises.

On remarque que dans le contexte de la théorie linéaire de
1'élasticité, ou de ses approximations, la valeur du travail effectué
par les charges externes U est égale 3 celle de l'énergie de défor-
mation de la structure W calculée dans la configuration d'équilibre.

Ceci fournit une méthode de formulation particuliérement attractive
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pour des struyctures isostatiques. Dans ce cas particulier, le calcul de
1'énergie de déformation qui nécessite la détermination du champ des
contraintes ¢ peut 8tre effectué sans évaluer le champ des déplacements

u, Les &quations d'équilibre d'un systéme isostatique peuvent s'écrire
L3(s,0,{F},p) = Q, (2,13.)

Le probléme de la minimisation du volume des matériauyx utilisés
peut étre formulé dans ce cas particulier de la maniére suivante !

Min J = [W(g)dx (2,14.)
S

avec les conditions

L,(s,0,{F},p) = 0O (2.15.)

2.4. - Résume.

On a montré que le probléme de la minimisation du volume des
matériaux d'une structure fait intervenir des conditions du type iné-
galité, pour une condition de contrainte, et du type intégral pour une
condition de raideur. Les méthodes d'obtention des équations 4'optima-
1ité et les méthodes numériques utilisées pour les résoudre sont décrites

dans le chapitre suivant.



111 - CONDITIONS P'OPTIMALITE

ET
METHODES NUMERTQUES.

Quand les inconnues devant &tre déterminées sont des fonctions,
et non des paramétres, on obtient les équations d'optimalité en ytilisant
le calcyl des variations. A cause du caractére hautement non linéaire
des systémes d'équations différentielles obtenues, une résolution numé-

rique est en général nécessaire,

La théorie de la commande optimale est utilisée pouyr obtepnir
les conditions d'optimalité du premier ordre. On a préféré ce formalisme
d celui du calcul des variations classique car il fournit directement
un systéme d'équations différentielles du premier ordre, bien adapté
pour une résolution numérique, Les systémes d'équations différentielles
aﬁx conditions limites ainsi obtenus sont résolus en utilisant la
méthode du "Parallel shooting'", Un programme trés général a &té développé
pour la résolution de familles de problémes dépendant d'un paramétre
et dans lesquels des conditions sont imposées en n points de l'inter-

valle d'intégration.

On rappelle d'abord les conditions d'optimalité du premier
ordre. Une présentation détaillée de la méthode de la commande optimale
est contenue dans la Réf. [19]. La méthode dy "Parallel shooting" et
les possibilités du programme réalisé sont décrites dans la deuxiéme
partie de ce chapitre. Une analyse des différentes méthodes de résolution
numérique des systémes d'équations différentielles aux conditions limites

est contenue dans la Réf. [20].
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3.1. - Conditions d'optimalite.

Le probléme de minimisation, sans condition imposée, est
d'abord défini et les conditions d'optimalité du premier ordre sont
obtenues. On &tablit ensuite les conditions d'optimalité relatives

i des variantes du premier probléme.

3.1.1. - Minimisation sand condition.

Les équations de comportement d'un systéme physique peuvent

s'écrire :

1

= f£(x,y(x),u(x)) (3.1,)

oi y(x) est le vecteur des variables d'état avee m composantes.
u(x) est le vecteur des variables de contrSle avec n composantes.
Les équations (3.1.) sont appelées gquations d'état du systéme.

On considére le probléme suivant :

X
1
Min J = ﬁ(y(xo),y(xl)) + L(x,y(x),u(x))dx (3.2.)
u(x) - - X - -
~ 0
avec ies conditions
dy
— = f(X,Y(X),U(X)) (3'3-)
dx - "
y(xo) donné (a)
- } (3.4.)
y(x]) arbitraire (b)

L'pbjectif du probléme est J, son Lagrangien est L,
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On obtient les conditions nécessaires d'optimalité du premier
ordre en imposant que J soit stationnaire par rapport 4 des variations

arbitrajres des variables de contrdle u(x). On définit

- ! T - dy
J=J+ X7, Lg(x,y,g) - —;~] dx (3.5,)
X dx

H=1L+A .f | (3.6.)

a) XT

est le transposé d'un vecteur de m multiplicateurs
de Lagrange qui seront choisis de maniére telle que le coefficient

des variations dy(x) dans 6J soit nul.

b) H est 1'Hamiltonien du systéme.

Les variations &J de J sont

6J = L) + AT dy(x,) + __iﬁ__ -7 Sy(x,)
ay(x)  |x=x 0 ay(x,) xex,
AR 1% %0 ! JETE)
+ {L + 2 £ )sux)+{L_+2r . f +—138y(x)dx
u u” - y = ty z
X = ~ 4 < dx
0~
(3,7.)
oi L = Ek(x,y,u) .
u
o 81;\
En choisissant les multiplicateurs de Lagrange de la maniére
suivante :

—— = [Ly + Z\.f] , (3.8.)
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les variations 8J de J s'annulent si ;

L +A . £ =0 o (3,9.)

o) - ' (3.10.)
~ 8y (%)

Aucune condition n'est imposée sur la valeur des multiplicateurs de
Lagrange 4 X = %, puisque y(xo) est prescrit. On doit remarquer
‘que ces conditions ne sont que suffisantes pour que J soit station-

naire, puisque 1l'on a supposé 1l'existence des multiplicateurs de

Lagrange A.
On résume les résultats précédents

a) Probléme

X
1
Min J = ﬁ(y(xo),y(xl)) + { L(x,y(x),u(x))dx (3.11.)
u (x) - ~ P - -
~ 0
avec les conditions
dy
— = £(x,y(x),u(x)) (3.12.)
dx ”
y(xo) donné (3,13.)

b) Conditions d'optimalité du premier ordre :

H=L+ ) .f (3.14.)
H =0 (3.15.)
v
)t
— = - H ‘ 3.16.
y ( )
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dy o
- g(xsy’g) (3.17,)
dx
y(x,) donné ()

(3,18.)
Fixy = —28 (b)J

Les variables de contrdle u sont calculées & partir du systéme de n
équations algéhriques (3.15.). Les équations différentielles (3.16.)
et (3.17.) forment un syst&me dont les conditions limites sont données

par (3.,18.).

A cause de leur caractére hautement non linédire, il n'est
en gépéral pas possible de résoudre directement les équations (3.15.).
Cependant, elles peuvent €tre utilis@es pour obtenir un systéme
d'équations différentielles pour les variables de contrdle u, Puisque

(3.15.) doit 8tre satisfait pour tout x, X € [%Q'Xl] alors

dH

u
— =0 (3,19.)
dx
H =0, o X e [x,x,]. (3.20.)
u X—'—X* ’ 0’71 ‘

a~

Les équations (3.19.) se réduisent i :

du
— + - 21,
Huu |:Hux Huyg Hux Hy] (3.212)
<~ dx ~ ~% -~
du
Les &quations (3.21.) déterminent — d'une maniére unique quand :
dx
ng n'est pas singulier, c'est-a-dire quand

dét[n ] # 0 (3.22,)
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On peut écrire, quand la condition (3.22.) est satisfaite,

1'ensemble II des conditions d'aptimalité de la manifre suivante :

du
—= - ][HUX+H £-H
dx uu uy uA
ax’
—— H

dx b4

dy
— = f£(x,y,u)

dx

H =0

9|x=x*

Y(XO) prescrit

T 3

ay(x])

N~

(a)

()

(c)

(a)

(b)

(c)

(3.23.)

(3.24.)

Les équations (3.23.) définissent un systéme d'équations différentielles

dont les conditions limites, spécifiées 3 des valeurs différentes de x,

sont données par

(3.24.).

5.1.2. - Probleme dépendant d'un parametre inconnu.

Egobléme :

— - oy —

min J

B(X) s O

!

= L(x,y(x),g(x),u)dx

*o0

avec les conditions

dy

(3.23)

(3.26.)
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On peut appliquer les résultats précédents en considé@rant le nouveau

vecteur des variables d'état

- Y
y= | (3.27.)
o
L'équation d'état assocife avec Va1 €St
dy
-+
mloo (3.28.)
dx

(x,) n'est pas imposée, les variations

Puisque la valeur de Yor1 Fo

admissibles 5ym+l(x0) ne sont pas nulles. Les conditions d'optimalité

sont données par (3.23.) et (3.24.) ol 1l'Hamiltonien est :

_ T
H=1L+ 2" . f+ km+l x (0) (3.29.)
Les conditipns limites pour Am+l sont
Am+l(xo) = xm+1(xl) = Q (3.30.)

3.1.3. - Cas ol centaines variables d'état sont prescrites a

X = Xl .
1
Probleme :
)
Min J = ﬂ(y(xo),y(xl)) * L(x,y,u)dx (3.31.)
u(x) - X, o

avec les conditions
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yi(xo) donné, i e I
yj(xl) donné, j e J .
Les conditions d'optimalité (3.15.) & (3.17.) restent applicables 3

condition que le systéme soit contrdlable. Les conditions limites

sont dans ce cas :

yi(xo) donné, i e I (3.32.)
W) = - = kg (3.33.)
y, (x4)
yj(xl) donné, j € J ‘ (3.34.)
A () = 2 L éJ (3.35.)
ayg(xl)

Remangue : 8i les variables d'état doivent satisfaire une condition
du type W(Y(xo),y(xl)) = 0, les conditions gux limites sont obtenues

en ajoutant ¥ 4 ¥ avec le multiplicateur de Lagrange v :

]J)=1ﬂ+\)w (3'360)

Les conditions aux limites sont :

yi(xo) prescrit, 1 ¢ I (3.37.)
A(x) = - »NJ + v —_3.“5,.—.,. ké1l (3.38.)
k0 3y, (x.) 3y, (x )

k0 ko

yj(xl) prescrit, j e I (3.39.)
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A, () = =~ . ——33’-——} 24 | (3.40.)
ayz(xl) Syz(xo)
W(z(xo),g(x])) =0 (3.51.)

5.1.4. - Probleme avec une condition du Zype {ntégral.

Probléme
*
Min J = ﬁ(x(xo),z(xl)) + L(x,y,u)dx (3.42.)
u(x) X T
~ 0
avec les conditions :
dy
— = g(x,y’u) (3.43.)
dx T
x
g(x,y,u)dx = C (3.44.)
X T

Les résyltats précédents peuvent €tre appliqués en prenant comme vecteur

d'état :

- y
y = - (3.45.)
Tt 1 ]
L'@quation d'état assocife & A est :
dy
+1
-..—EL_.: g(x,y’u) (3,46.,)
dx - i
Les conditions aux limites sur sont :

ym+l



XIX

ym+1(x0) = 0, ym+1(x1) = C , : (3.47.)

L'Hamiltonien du systéme devient :

H=L+2a" . £+ Am+1 g(x,y,g) . (3.43.)

Puisque le Lagrangien L et les équations d'état (3.43,) ne sont pas

. ‘s . e .
fonction de Vo1 1'équation différentielle pour Xm+l est
dA
+1
—— =0 (3.49.)
dx
Les conditions aux limites sur Am+l sont inconnues puisque les valeurs
de Yt 1 sont données 3 Xy et x.. Le multiplicateur de Lagrapge
Am+1 est une constante inconnue dopnt la valeur est déterminée par

la satisfaction de la condition (3.44.).

3.1.5. - Prgbleme avec une condition du type dnégalite.

Probléme :

——
X

1
Min J = L(X,X,%)dx (3.50.)
B(X) X,

avec les conditions

dy

— = f(x,y,v) (3,51.)
dx v

C(x,}:,u) 0 (3.52.)

. * P
Soit H défini par

H =L+ .f (3.53.)
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Les variations de J données par (3,7.) sont :

8T = | H . su)dx (3.54.)

La condition (3.52.) est dite "effective'" sur un arc de solution si
C(x,y,u) = O (3.55.)

Quand 1'inégalité stricte est satisfaite, la condition est dite
g

ineffective.

Pour que J soit minimum, il faut que &J spit positif

ou nul pour toute variation admissible des variables de contrdle,

Quand la condition est effective, les variations admissibles

de u doivent 8tre telles que

C .oucgo0, H: . Su dx 3 0 (3,56.)

Une condition suffisante est obtenue en introduisant un mul-

tiplicateur de Lagrange non négatif tel que ;

H +nC =20 (3.537.)

Quand la condition n'est pas effective, les variations
admissibles du ne sont pas restreintes par la condition (3.52,).
Dans ce cas, les conditipns d'optimalité (3.153,) sont applicables.

Un ensemble de conditions d'optimalité semblable & (3,15.)
et (3.16.) peut E€tre obtenu en transformant la condition du type

inégalité par une condition du type &galité & l'aide d'une variable

de contrble additionnelle u telle que :



2
C(x,y,g) +u =0 : " (3.58.)

L'Hamiltonien H est obtenu en ajoutant & (3.53.) la condition (3.58.)

d 1'aide d'un multiplicateur de Lagrange non négatif n

H=1L+ éT £+ n[CGx,y,u) + uz] (3.59.)

3.1.6. - Résumé.

Les conditions d'optimalité du premier ordre exposées dans
cette section ne sont que des conditions suffisantes pulisqu'on a sup-
posé 1l'existence des divers multiplicateurs de Lagrange. Cependant
les conditions du premier ordre ne sont que nécegsalres pour qu'une
solution soit un optimum local. Pour déterminer si une splytion parti-
culiére correspond, ou non, a4 un minimum laocal, on utilisera une can-
dition suffisante du second ordre : nous gppliquerons la condition

de convexité&, De plus des perturbations des solutions seront effectuées.

5.2, - Méthodes Numériques.

La technique du "shooting" est une méthode générale de réso-
lution de systémes d'équations différentjelles du premier ordre aux
conditipns limites. On décrit d'abord la méthode pour le casld'un
systéme d'équations différéntielles dont les conditions limites sont
spécifiées en deux points. Les possibilités du programme général réalisé

sont ensuite exposées.

3.2.1. - Méthode.
Frobléme | :

Trouver les solutions de :
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dzf ~
— = £(x,y(x)) n équations | (a)
dx - I

|
avec les conditions limites ;

(3.60.)

yi(xo) =a;, ie I (q conditipns) (b)
yj(xl) = bj’ jeJ (n-gq conditions) (c)

/

Ce n'est pas un probléme classique aux valeurs initiales car
les valeurs de certaines composantes de y mne sont pas spécififes &

~

x = X -
0

En effet
yk(xo) est inconnu, k ¢ I (3.61.)

Cependant la solution du probléme ! peut &tre obtenue en

étudiant le probléme 2 aux valeurs initiales défini ci-dessous.

Probléme 2 :

i ey e et e

Trouver la solution de :

dy
_—= f(X,}’(X)) (3062-)
dx

avec les conditions initiales

yi(xo) = a; i1 el
(3.63,)
¥ (%) = s, jéI

Soit u(x,sk) la solution du probléme 2. Elle sera une solution du

probléme | si :
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Qj(sk) = uj(xl,sk) - bj = 0 jed, k¢l (3.64,)

On appelle fonction d'erreur la fonction ¢ des valeurs
initiales 8\ ci-dessus définie. Le probléme | a été transformé en
un probléme aux conditions initiales gii les valeurs initiales sk

doivent Etre déterminées pour satisfaire aux n - p équations

algébriques (3.64.).

Ces équations algébriques sont résolues a l'aide de la
méthode de Newton [20], ce qui nécessite la résolution d'uyne séquence

de problémes aux valeurs initiales du type 2 oii

v
yk(xo) =t Kk £ 1 (3,65.)
L'approximation t;+1 de la solution sk est obtepue A partir de
la précédente, tﬁ, d 1'aide de :
3.
-1 (tz+l St =-et) jed, kEI (3.66.)
ask tk
0%, Iy, (x,)
S Qe R S MR AP (3.67.)
Bsk Byk(xo)

On obtient le gradient des valeurs finales yj(xl) par rapport aux
conditions initiales inconnues yk(xo) par intégration du systéme

variationnel de (3.62.)

a4 ayj _ 3f, 3y, j

dx ayk(xo) Byz ayk(xo)

(a)

avec les valeurs initiales
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= y (b) (3.68.)
si k = 2

La répétition de 1'indice muet £ dans (3.38.) implique une sommation
3%,
de 2 =1 a3 % n, Par conséquent, 1'évalution de —~—3L nécessite

BSk

1'intégration de (n-p) * n équations différentielles linéaires,

On obtient la solution du probléme } aux conditions limites
en résolvant une séquence de problémes 2 aux valeurs initiales. Le
nombre total d'équations différentielles devant 8tre intégrées i
chaque itération est n + n x (n-p). La méthode itérative, décrite

des valeurs

, ~ . , , e 0
ci~dessus, nécessite upe approximation initiale £

inconnues,

Remarques :

a) Le choix de l'approximation initiale doit 8tre effectué

judicieusement surtout quand la solution du probléme 1 n'est pas unique.
J ] . P q

b) On divise en général 1'intervalle d'intégration [xo,x]]
en plysieurs sous intervalles. Ceci a le double avantage de réduire la
propagation des erreurs numériques d'intégration et d'éviter les dif-
ficultés pratiques causées par la croissance exponentielle des solutions
du systéme variationnel. Des conditions initiales sont données & 1'ori-
gine de chaque sous intervalle. La continuité des solutions est obtenue
d 1'extrémité de chaque intervalle. Cette modification de la méthode
exposée ci-dessus est appelée méthode du "parallel shooting". La figure

sulvante i1llustre la méthode.



- |
v v B L2
X
%0 *3 *2 4 !
Les points
T Xgs Xy, Xy sont les origines des sous intervalles,
- Xy, X, sont les extrémités des sous intervalles.

Les sous intervalles sont
EXO’XSJ’ Exz,x3], [kZ’XA‘ et [xa,x]] .

3.2.2. - Programme géngrak.

Quand on utilise la méthode du 'parallel shooting", la plus
grande partie du temps de programmation est utilisée pour gonstruire
la matrice variationnelle (3.64.). Pour pallier 3 cet inconvénient
d'ordre pratique, un programme général a été développé. Il utilise la

méthode du "parallel shooting" pour résoudre le probléme :

dy
— = £(x,y,09,7) n équations W (a)
dx v
du
— = 8(X,¥,Q,Q,Y) m équations (b)
dx
X
@(x,y,g,y) = a q intégrales (c)
*0
avec les conditions limites
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ymk(xk) imposé - (d)
yjk(xk) inconnu (e)
ynz(zl) imposé # (£) (3.69.)
yiz(zl) inconnu (g)
N(yjk(xk), yiz(zg)) =0 (h)

J

ou L3
X, k=1, ..., K sont les origines des sous intervalles
20 £=1, ..., L sont les extrémités des sous intervalles
o est un vecteur de coefficients inconpus
Y est un param@tre par rapport auquel une
famille de problémes est définie.

u est un vecteur devant étre calculé sur la
solution.
N(y. (x,),y. (2,)) = 0 est un ensemble de conditipns non
I k i, L :

linéaires devant &tre satisfaites,

Le systéme d'équations différentielles (3.69. a), (3.69 b)
et les intégrales sont définies par l'utilisateur dans un sous-programme.
Les conditions non linéaires (3.69.c¢) sont aussi définies dans un sous-
programme. Les conditions aux limites et les caractéristiques des pri-
gines et des extrémités des sous intervalles sont définies par cartes
de données. On a trouvé le programme trés utile car le nombre de sous
intervalles peut &tre modifié sans que cela entraine un travail

excessif.
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3.3, - Résuméd.

On distingue trois phases dans les problémes d'optimisation

présentés dans le chapitre suivant :

- définition duy probléme

- obtention d'un systéme d'équations différentielles aux
conditions limites.

- résolution du systéme obtenu en utilisant, d'une maniére

générale, la méthode du "shooting".

Nous insistons de nouveau sur le fait que seule la premiére

phase, c'est-3-dire la définition du probléme dé&termine la solution.
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V - CONCLUSION.

On a étudié le probléme de l'optimisation de structures du type
arc isostatique soumis & une condition de raideur ou 4 une conditiopn de
contrainte. Les équations d'optimalité ont €té obtenues & l'aide de la
théorie de la commande optimale. Un programme général a été réalisé pour

résoudre des systémes d'équations différentielles aux conditions limites.

L'inclusion de la contribution de l'effort tranchant dans la
définition de 1'énergie de déformation et de l'état des contraintes a

gté suffisante pour agsurer l'existence de solutions.

Lorsqu'on impose une condition de raideur, une structure en
dtat de membrane, c'est—3-dire un arc sur lequel le moment fléchissant
est nul, ne satisfait pas les équations d'optimalité. Cependant, la

meilleyre solution de membrane est une trés bonne approximation de la

gsolution pour des applications pratiques

Lorsqu'on impose une condition de contrainte définie a 1'aide
du critére du cisaillement maximal, la meilleure solution de membrane
est la solution optimale pour des valeurs courantes du coefficient de
charge. Cependant, le nombre et le caractére des solutions des équations

d'optimalité du premier ordre sont fonctions de ce paramétre.

Nous avons donc mis en évidence que certaines hypothéses sim-
plificatrices, justifiées pour l'analyse des structures, ne pouvaient

2tre adoptées pour des études d'optimisation,
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I. INTRODUCTION

The purpose of structural optimization is to provide system-
atic ways of obtaining '"better'’ structures. In economically oriented
societies, one would like to minimize the cost likely to be associated
with the structure during its lifetime. Considering the price of the
material and the indirect cost associated with the weight of a struc-
ture, as for example the fuel needed for the transportation of
aerospace structures, the minimization of the material volume can
often be chosen as the primary objective. Furthermore the tradi-
tional design procedure of trial and error relies heavily on previous
experience in order to maintain the number of design and analysis
cycles as small as possible. In areas for which previous knowledge
is not readily available the structural optimization techniques pro-
vide the engineer with guidelines for the conception of the structures
and with a reference to evaluate the merits of the final design.

Since the early 60's the field of structural optimization under-
went a rapid development. A review article published in 1963 by
Wasiuntynski [1] describes the history of the field, starting with
Galileo. Barnett [2] in 1966 presented a survey of the important
design techniques and principles together with a number of significant
results, The review by Sheu and Prager [3] covers the progress
made between 1963 and 1968. An extensive reference list of the
recent areas of research is contained in the article by Niordson
and Pedersen [4]

Two reasons can be found for the extensive work for the

past 15 years in the field of structural optimization, The space
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programs provided the designers with new challenges in which the
structural weight was much more critical than the construction cost.
Also the development of large computers made it feasible to automate
the design process. It was felt that the optimization procedures
would provide means of finding the best possible structures in those
domains for which previous experience was limited. But the day
where '"black boxes' will design structural systems is still to come.

A structural optimization problem consists of finding the
""best'' possible element in a given class of admissible designs.
One or several behavioral constraints characterize, in part, the
feasibility of a given design. Prager and Taylor [5] presented a
uniform method of treating problems of optimal design of sandwich
structures subjected to constraint on the stiffness, on the fundamen-
tal frequency or on the buckling load. Huang [6] treated the problem
of a solid circular plate supporting a uniform pressure with a stiff-
ness constraint. Niordson [7] analyzed the optimal elastic design
of solid beams with a prescribed natural frequency. Cases where
the buckling load is imposed have been treated by Budiansky and
Frauenthal [8] for arches, by Frauenthal [9] for circular plates,
and by Taylor and Liu [10] for sandwich columns. A general formu-
lation of the mass minimization of structures subjected to stress
constraints has been given by Giraudbit [11]. A review and an
assessment of the state of the art in optimal aeroelastic design
has been presented by Stroud [12].

Having discussed some of the behavioral constraints entering

in the formulation of a structural optimization problem, let us
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review the methods of solution. An analytical formulation, using
the Calculus of Variations to obtain the optimality conditions, can be
made when unknown design functions are chosen. Optimization of
simple structural elements only can be treated in this fashion due

to the highly non-linear character of the resulting differential equa-
tions. For large structural systems, an a priori discretization is
performed. The unknown design variables are reduced into a set of
parameters. They can be determined directly using the mathemati-
cal programming techniques of Ref. [13] , or indirectly by means

of optimality criteria, cf. Ref. [14]. An increase of the efficiency
of the mathematical programming techniques can be achieved by
using approximative concepts, cf. Ref. [15], or by utilizing the
geometric programming methods, cf. Ref. [16]. To size complex
structures a combination of the mathematical programming and the
optimality criteria approach is used in Ref. [17]. An important
difference exists between the analytical and the '"discretized" for-
mulations. The variational approach is concerned with finding the
optimal solution as the mathematical programming techniques
improve feasible designs. When the optimal solution does not

exist, a solution technique based on the second approach may

yield a ""better' design even when there is no '"best' design. In-
vestigations using the analytical method are therefore necessary

to determine which classes of problems are, or are not, well posed.
The aim of this thesis is to investigate optimization problems in
which two design functions are unknown. One of our objectives

is to determine formulations of the investigated cases, leading to



..4..

well-posed problems. The behavioral constraint is eitimr the state
of stress or the stiffness of the structure. A definition of the prob-
lems is given in Chapter II. The Optimal Control Theory and the
Shooting Techniques, described in Chapter III, are used respectively
to derive the optimality conditions and to solve the resulting two
points boundary value problems, Statically determinant arches of
unknown middle line shape, unknown thickness distribution and
unknown slope of the support are investigated in Chapter IV.In eval-
uating the following work, one has to remember the assessment
mad'e on the analytipal approach by Niordson and Pedersen [4]:

"Due to the fact that the differential equations are often
highly non-linear and have no regular sélution (singularities very
often appear at the boundaries) such problems may be rather cum-
bersome and tricky to solve and the whole field seems rather

unclarified. "
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II. DEFINITION OF THE PROBLEMS

The problem of determining structures of minimum material
volume can be defined as:

"In a given class of admissible structures, find the one

of minimum material volume, "
It is to be understood that only the definition of the class of admissible
structures will determine the optimal design. The minimization tech-
niques are only means of finding the solution.

The definition of the class of admissible structures should
specify:

a) the type of structures and the approximative theory used
to derive their governing equations

b) the geometrical constraints

c) the loading case

d) the imposed boundary conditions

e) the design requirements which constrain the design
variables,

The design variables constitute a set of parameters and of
functions with respect to which the minimization procedure is to be
performed.

In the present analysis, two types of design requirements
are taken into consideration. When the state of stress in the struc-
ture is constrained to be admissible, the problem will be referred
to as ""stress case.' The work done by the prescribed external

forces on the structure is constrained for the ''stiffness case,"
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A general discussion of those two problems is included in
this chapter, for the purpose of defining the minimization tools
needed to find their solutions,
2-1, Definitions

Let us consider only structures which can be described using
one coordinate x only. Let g (x) be the set of design parameters.
Let u(x) and g (x) represent respectively the field of displacement
and the field of stress in the structure. Let F(x) and p (x) be
respectively the set of concentrated forces and the pressure
applied on the structure.

The governing equations of the structure provide the follow-
ing two operators:

a) the equilibrium equations

~

L(s, 2, E, p) =0 (2. 1)
b) the stress displacement relations
Lz(ﬁ,’ u, g) = (2. 2)

The boundary conditions are included in the operator L Let us

1‘
remark that, using approximations of the linear theory of elasticity,

the operators L1 and L, are linear with respecttoyu, g, F and p,

2

but in general they are non-linear with respect to g,.

The material volume of the structure can be written as:
VvV = fv(i‘) dx (2. 3)

where the integral is to be evaluated on the entire structure.



2-2, Stress Case
Let us assume the existence of a function f(g) which de-
scribes the state of stress at each point of the structure. An

admissible state of stress is defined as being such that:
f(g) < 0 (2. 4)

The problem of minimizing the material volume of a struc-

ture can be formulated as:

min V= [v(g) dx (2.5)
S

~

subjected to:

Li(grw, E,p)=0 (2. 6)
L,(g,u, g)=0 (2.7)
flg) < 0 (2.8)

To solve the present problem, optimality conditions which include
inequality constraints are needed.
2-3, Stiffness Case

Rather than requiring the state of stress in the structure to
be admissible, a limit on the displacements occurring during the
deformation of the structure can be imposed. This can be achieved
by requiring the work done by the external forces, during the defor-
mation process, to be equal to a given amount. In the previous
formulation, the average displacement of the sfructure, using the

applied loads as weighting functions, is prescribed. Let U(s,F,p)
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be the work done by the external forces. Its value is given by

U, B p) =3 {ZE-n+ fp . nax} (2. 9)

where the summation is to be made for all the concentrated external
forces, and the integral is to be evaluated over the entire structure.
The field of displacement u is obtained from the equilibrium oper-
ator Ll'

As it has been shown by Wasiutynski [18], the problem of
minimizing the material volume of the structure subjected to a
stiffness constraint is equivalent to the problem of minimizing the
work done by the external forces in which the material volume is
imposed as a constraint. For both problems the equilibrium equa-
tions have to be enforced.

The problem of minimizing the material volume of a struc-
ture can therefore be formulated in an alternate way as:

MinU =3{ZE.n+[p.ygax} (2. 10)

S

subjected to:
L, g, E, p)=0 (2.11)
[vi(g) ax = v, (2. 12)

To solve the present problem, optimality conditions which include
integral constraints are needed.
It is to be noted that, in the context of linear elasticity

theory, or of its approximations, the work done by the external
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forces is equal to the strain energy of the structure in its equilibrium
configuration. This provides an alternate formulation found to be
convenient for statically determinant structures, In this particular
case the computation of the strain energy density which requires the
evaluation of the stress field g can be made without considering the
field of displacement u. The equilibrium equations for statically

determinant structures can be expressed as:
L3(,S\,9 ,Q: E: P) =0 (2. 13)

The problem of minimizing the material volume of a statically deter-

minant structure can therefore be formulated in an alternate way as:
Min J = [ W (g)dx (2. 14)
subjected to:
L3(s~, g, K,p)=0 (2. 15)
[vig)ax =V (2. 16)

2-4. Summary

We have shown that the problem of minimizing the material
volume of a structure will involve inequality constraints for the
stress case and integral constraints for the stiffness case. The
method of deriving the optimality conditions and the numerical
techniques used to find their solutions are described in the following

chapter.
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II1I., OPTIMALITY CONDITIONS AND METHOD OF SOLUTION

When the design variables consist of unknown functions,
rather than a set of parameters, the optimality conditions are ob-
tained by means of the Calculus of Variations. Due to the highly
non-linear character of the resulting system of differential equations,
the solution is generally obtained by numerical integration,

The Optimal Control Theory is used to derive the necessary
first order optimality conditions. This formalism was preferred to
the classical Calculus of Variations since it provides directly a
system of first order differential equations, well suited for numeri-
cal integration, The resulting Two Point Boundary Value Problems
are solved using the parallel shooting technique. A general purpose
computer code which can solve a one parameter family of n-point
boundary value problems was developed.

In order to define the terminology used in the sequel, the
first order optimality conditions are recalled. A detailed derivation
of them can be found in Ref. [19]. The parallel shooting technique
and the computer code capabilities are described in the second part
of this chapter. A general analysis of the numerical methods avail-
able for solving two points boundary value problems is given in
Ref. [20].

3-1. Optimality Conditions

The unconstrained minimization problem is first defined
and the corresponding set of first order conditions is derived. Opti-
mality conditions for different variations of the simplest problem

are then obtained.
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3-1-1. Unconstrained Minimization

Let the governing equations of a physical system be:

Q.

Y
= =Ly, gx) (3.1)
where:
y is the state variables vector with m components

u is the control variables vector with n components.
The equations (3. 1) are called the state equations of the system.

Let us consider the following problem:

x
1
Min T = oy (xg), y(x )+ [ Lix,y(x), uix) dx
g(x) - " *0 -

(3.2)
subjected to
dx
= =6y, 1) (3.3)
y(xo) prescribed (a)
(3. 4)
v (xl) not prescribed (b)

The objective function is J and L is the Lagrangian of the problem.
The first order necessary conditions for J to be a minimum
are obtained by requiring J to be stationary with respect to arbitrary

variations of the control variables u(x). Let us define



x d

T=3+ [\ =y w -d—i] dx (3. 5)
X
0

H=L+p. £ (3. 6)

where: a) LT is a vector of m Lagrange multipliers which will
be chosen such that the coefficient of &y (x) in 8J vanishes.
b) H is the Hamiltonian of the system.

The variations 63\' of 'f are:

oy O T o1 T
= | =——L— + \ 6 + | ="\
oJ [SY(XO) N]x:x XJ(XO) [BY(XI) ~ ]X:X1 SZ(XI)

0
T
+fx1 {L T } su(x) + L +2T. g +—‘-1-KN——}5 (x) d
AN L “u y TRty TE VR0 e
0 ~ ~
(3.7)
oL(x,y,u)
where L}&J= _511:
Choosing the Lagrange's multipliers }\\JT such that
dLT
= - [Lo AT L £ ] (3.8)
dx Z ~ ! N}L .
the variation 6J will vanish if:
T
T _ 0@

The Lagrange's multipliers are not specified at x = Xq since y(xo)
is specified. It is to be noted that the previous conditions are only
sufficient conditions for J to be stationary because we assumed that

the defined Lagrange's multipliers do exist.
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Let us summarize the previous results:

a) Problem

Min J = ¢(y (X)YX))+r>(1 Lix, y(x), g (x))dx (3.11)
u(x) X

subjected to

dy

i = f(x,}\r}'&) (3.12)
X(XO) specified (3.13)

b) First order optimality conditions are

T

H=L+\. £ (3. 14)
HR =0 (3. 15)
d—g =-Hy (3. 16)
dy

ax Ay (3. 17)
X(xo) prescribed (3. 18a)
T ¢

(3. 18b)

The equations (3. 15) define a set of n algebraic equations to compute
the control variables u. The equations (3.16), (3.17) along with the
boundary conditions (3. 18) define a two point boundary value problem.
Due to their highly non-linear character, it is often not pos-
sible to solve directly the equations (3. 15). However, they can be

used to generate a system of differential equations for the control
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variables u. Since (3.15) is satisfied for all x in [xo,xl] then

u P2
% s

ot
3

=0, x* € [Xo,xl]

The equations (3. 19) reduce to:

H 9’

The equations (3. 21) determine dg/dx uniquely when:

uy o= =-[H

ux

PH L -H,

u
NN

H is not singular, i,e.:

uy
A~~~

det [H

The set II of optimality conditions for the problem under

tion, provided (3. 22) holds, can be written as:

du

— T H\?Llu

dx &~
art

= "

dy

= “i=y.9
H . =0
E’,X:X

v (XO) specified
T 0

N(x) =

uu
~N o~

]#0

H_ ]

(2)

(b)

(c)

(a)

(b)
(c)

(3, 19)

(3. 20)

(3. 21)

(3. 22)

considera-

(3.23)

(3.24)
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The equations (3. 23) define a system of differential equations for
which the boundary conditions (3, 24) are specified at different values
of x.

3-1-2. Problem Depending on an Unknown Coefficient

Problem:
*1
min J= [ "L(xy®), ux), a) dx (3. 25)
u(x), a X0 ~
dy
subjected to: C-l—’—-; =f(x,y,u,a) (3.26)

The previous results can be applied by considering the extended

state vector y ;
P

4
y = (3.27)

The state equation associated with Yt 1 is:

Clym+ 1

= =0 (3. 28)

Since the value of y (xo) is not specified, the admissible

m+1

6ym+1(xo) is not zero., The optimality conditions are given

by (3.23) and (3. 24) where the Hamiltonian H is given by:

H=L+X . f+X x (0) (3. 29)

The boundary conditions on )\m+1

N (xo) =

m+1 Mr1lEp) =0 (3. 30)
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3-1-3. Some State Variables Prescribed at x = x4

Problem:
*1
Min T = o(y(xy), v, )+ [ P Lix,y,0) dx (3. 31)
u(x) ~ ~ Xq ~

subjected to:

dy
a"x‘ = f(x: Z; ,Ll,)

yi( 0) prescribed , iel

yj(xl) prescribed , je J

The optimality conditions (3. 15) to (3, 17) hold, provided the system

is controllable., The boundary conditions are in this case:

v; (xo) prescribed iel (3.32)
_ . _0Op |

)\k(xo) = W k¢ I (3. 33)

Yj(xl) prescribed jed (3. 34)
_ 9¢

Note: If the state variables must also satisfy a constraint
Yly (xo), X(Xl)) = 0, the boundary conditions can be obtained by

adjoining { to ¢ with a Lagrange's multiplier v
¢ =9+ v | (3. 36)

The boundary conditions become
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Yi(XO) prescribed iel

- . ¢ oy
Nelxg) = [a}’k(i‘o) + v Wk(xo)] kg{'l

yj(xl) prescribed je J

_ 99 el
)\ﬂ(xl) = [W+ v BYI(XI)] { ¢J

Wy (x5)s ¥(%;)) =0

3-1-4, Problem with an Integral Constraint
Problem:

X

Min T = oly (), y6 ) + [ T Lixy,w) dx

ufx) Xg

subjected to:
d

<

- = {(x,y,u)

t

o

1g(x,y,lNl) dx =c¢

M ——

0

(3. 37)

(3. 40)

(3.41)

(3. 43)

(3. 44)

The previous result can be applied by considering the extended

state vector

~— -
4

2 =
Ym+1
.

(3. 45)



-18-

The state equation associated with Ve 48

dy '
m+l
= - 8xy.u) (3. 46)

The boundary conditions on Vin+1 2F€

Y1) =0 Y1) = ¢ (3. 47)

The Hamiltonian of the problem becomes

T
H=L+2"E+ N 8xy,1) (3. 48)

Since the state variable Vel does not appear in the Lagrangian L

and the state equations (3.43), the governing equation for )\m+1 is:

ax
T m+tl :
— T 0 (3. 49)

The boundary conditions on \ are unspecified since the values of

m+l

Y1 2F€ given, The Lagrange's multiplier M\ appears as an

m+]
unknown constant, Its value is to be determined from the satisfaction

of the integral constraint (3, 44),

3-1-5, Problem with Inequality Constraint

Problem
*1
Min T = [ ' Lix,y,0 dx (3. 50)
1 (x) Xq ~

subjected to:
dy
a—}; :f(x’z‘,‘g) ’ (3~ 51)

Cx,y,u) =0 ' (3, 52)
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Let H* be defined as:

H =L+ . § - (3.53)

~

The variations of J given by (3.7) are:

57 = [ ! H. 6y x) dx (3. 54)

The constraint (3.52) is said to be ''effective'’ on an arc of the solu-

tion if:
Cx,y,u) =0 (3.,55)

When the strict inequality is satisfied the constraint is said to be
""not effective. '’

In order for T to be a minimum, we must have § T = 0 for all
admissible variations of the control variable.

When the constraint is effective, the admissible 6u are such

that:

Cy-bp <0, [ 'H .owdx >0 (3.56)

~

A sufficient condition of optimality is obtained by introducing a non-

negative Lagrange multiplier n such that

oo
bd

Hy +nC, =0 (3.57)

~

When the constraint is not effective the class of admissible
du is not restricted by the constraint. The optimality conditions

(3. 15) hold.
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A set of optimality conditions analogous to the equations (3, 15)

and (3. 16) can be obtained by a transformation of the inequality con-

straint (3. 52) into an equality constraint using an additional control

variable p such that:

Cixt,y,u) + pl =0 (3. 58)

The Hamiltonian H is obtained by adjoining to (3. 53) the equality con-

straint (3. 57) using a non-negative Lagrange's multiplier n

H=L+r . £+n[cxy.a)+ ] (3. 59)

3-1-6. Summary

The first order optimality conditions recalled in this section
are only sufficient conditions. However, the first order conditions
are nothing but necessary conditions for a solution to be optimal,
To determine whether or not a solution corresponds to a local mini~
mum a secpnd order suifficiency condition, the convexity condition,
will be used, In addition a restricted perturbation of the solutions
will be performed in some cases.
3-2. Shooting Technique

The shooting technique is a general method to solve systems
of first order ordinary differential equations for which the boundary
conditions are specified at several points, The teéhnique is first
illustrated for the simplest case of a two points boundary value prob-
lem. The capabilities of the general shooting program are then

described.
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3-2-1. Method

Problem 1:

Find the solution of

dy
-

dx

I,y (x) (n equations)

with the boundary conditions

yi(XO) =2, i eI (p conditions) (
Y (Xl) = bj j € J (n-p conditions)

(a)

b)

(3, 60)

(c)J

The present problem is not an initial value problem since

some of the initjal conditions are not specified, i.e.,

yk(xo) unspecified k¢ I (n-p values)

(3.61)

However the solution of problem 1 can be obtained from the following

initial value problem,

Problem 2

Find the solution of

dy

= - ,i(x,}i(X)) (a)
with the initial values

Yi(XO) =a; iel (b)

Vlxg) =5, kg1 (c)

where the initial values s, are such that

} (3.62)
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yi(x,) = b, jed (3. 63)

Let u(x, Sk) be the solution of problem 2. It will be a solution of

problem 1 iff
3,(s,) = uilep,8) ~b =0 jel, kg 1 (3. 64)

The function & of the unknown initial values Sy is called the ''mis-
match'' function, Problem 1 is reduced into an initial value prob-
lem, where the initial values 81 must be determined from the
solution of the n~-p algebraic equations (3, 64).

The algebraic equations are solved with the Newt_on-rRalphson's
method, which requires the solution of a sequence of initial value

problems 2 where:
Vieg) =ty kg1 (3. 65)

The approximation t‘;:l of the solution 8y is obtained from the

. . v .
previous iterate tk using:

% IR I R 1134 jeJ, kg1 (3. 66
Be, 'k K = "By Jed, - 66)
where:
93, dy. (%)
I e ieJ, k€I 3, 67
ask 8yk(x0) J € ¢ (3. 67)

The gradient of the final values yj (xl) with respect to the unknown
initial values yk(xo) is obtained by integration of the variational

system of (3. 62a):



a - afj, ay 2 (@) N
dx By (ko) Byy Byl
with the initial values: > (3. 68)
0 if k#1{
A (b)
= )
9y (x4)
1 if k=14
0®.
Therefore the evaluation of —a—s—l requires the integration of (n-p) X n
k

linear differential equations,

The solution of the two points boundary value problem 1 is
obtained by solving a sequence of initial value problems 2. The
total number of differential equations to be solved for each iteration
is n + n (n-p). The iterative process requires an initial guess tlc()
of the unknown initial values,

Remarks:

a) The choice of the initial guess of the unknown initjal
values should be made carefully, especially when the solution of
problem 1 is not unique.

b) Due to the exponential character of the solutions of the
variational system (3. 68), and to reduce the numerical errors, the
integration interval [XO’XI] is divided into subintervals called
shooting intervals. Initial values are guessed at each starting point
of the shooting intervals. The solutions are matched at each final
point of the shooting intervals. This variation of the previous

method is called parallel shooting technique, The following
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diagram illustrates the methaod.

! ¥ } T "

%0 *3 *2 *4 *1
where: Xqr X5 ¥ are the shooting points
X35 Xy are the matching points

[XO’X3]’ [XZ’X3]’ [XZ’X4] and [x4,xl] are the

shooting intervals,

3-2-2, General Shooting Program

When using the shooting method, most of the programming

effort is spent to construct the variational matrix (3, 64) for each

particular problem. To alleviate this practical problem, a general

computer program was realized. It utilizes the parallel shooting

technique to solve the following problem:

d}L -
= i, Y Qs Y) n equations (a)
dy
= “8xy,u.e, Y) m equations (b)
*1
f hi(x,y,2,Y) =3 q integrals (c)
- IR
0
with the boundary conditions:
ymk(xk) prescribed (d)
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y. (%, ) not prescribed (e) (3. 69)
ik K
ynl(zﬂ) prescribed (f)
y. (z,) not prescribed (g)
i, £
Ny, (%), v. (z,)) =0 (h)
Iy k i, 4 o
where:
X k =1, ...K are the shooting points
Zys £ =1, ...L are the matching points
a is a vector of unknown coefficients
Y is a parameter with respect to which a one parameter
family of problems is defined
u a vector to be evaluated on the solution

N(yjk(xk), Yiz (Zﬁ)) = 0 is a set of non-linear equations to be
satisfied by the solutions.

The set of differential equations (3. 69a), (3. 69b), the integrals

(3. 69c), as well as their variational system, are specified by a
user's written subroutine. The non-linear conditions (3. 69¢) are
also defined by a subroutine, The boundary conditions and the
characteristics of the different shooting and matching points are
specified by data cards. The program was found to be very con-
venient since the number of shooting and matching points could he

modified as needed with a minimum amount of work.
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3-3. Summary

The optimization problems of the following sections will
consist of these three steps:

a) definition of the problem

b) derivation of a set of differential equations with boundary
values prescribed at several points

c) resolution of the resulting n-points boundary value prob-
lems using, in general, the shooting technique. It is to be noted
again that only the first step, i, e., the definition of the problem,

will determine the solutions.
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IV. ARCH STRUCTURES

The problem of determining the optimal thickness distribution
only of beams or arches of known geometry has been studied exten-
sively in the past. Huang and Sheu [21] treated the case of circular
sandwich beams for the stiffness case. For sandwich sections, the
bending and the extensional rigidities of the cross section are linear
functions of the face sheet thickness. Giraudbit [11] investigated
the case of a clamped circular arch with a solid ¢ross section sub-
jected to a stress constraint,

In this chapter the problem of determining the thickness dis-
tribution, the shape of the middle line and the slope of the support
of statically determinant arches of minimum material volume, satis-
fying either a stress or a stiffness constraint, is treated. The
applied load is a uniform pressure normal to the middle line of
the structures, One of the objectives is to determine whether or
not the best geometry is such that the bending mgment vanishes
everywhere for the optimal structure.

A formal problem definition is first given. The optimality
problem for a stiffness constraint is then investigated. The shear
force contribution is included in the strain energy definition. The
same problem is then treated for the stress constraint case. The
shear force contribution is also taken into account in the failure

criterion,
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4-1, Problem Definition

Let 5 be the set of arches such that:

a) their governing equations include the effects of the shear
stress.

b) they are subjected to a uniform pressure normal to their
middle line and have simple support type of boundary conditions.

c) they satisfy either a given stress or a given stiffness con-
straint,

d) their length is 2L, their shape is such that y(o) = y(2L) =0
and they have a constant unit width,

We seek the middle line shape y(x), the thickness distribution

t(x) and the slope of the support s of the element in S of minimum

material volume.

s =tan ¢

4-2, Equilibrium Equations
Since the arches are simply supported, the normal force N,
the bending moment M and the shear force T can be computed

directly from the three equilibrium equations of a plane structure.



s = tan ¢

For symmetric arches with respect to x = L:

_—

= pL — X _ - _]; z N

N = _z[y,;g(i; D -+l (a)
Vl""y,-}z

=~ _ _pL x _ = _ 1.3y

T = ..li__..?: [ -D+y, -+ F)] (b)? (4.1)
V‘l'f'y’,;{-

—_ v x.2 =%

M- pL? [30)% L+ 382 - (c))

Note that the solution (4. 1) satisfies the simply supported boundary

conditions since

:Hl =0 (4. 2)

(4. 3)

the equilibrium equations (4, 1) reduce to:



N= —— [z,(x-1) - (~+2))] (a) )
1+z2 3
2
T = 1 [(x-1) + z, (;1-+ z))] (b) ' (4. 4)
2 3
dl%—z
2
2. 2
M= 3z7+—+%x"x (c)
2 3 a J

A shape on which M = 0 everywhere, hereafter referred to as

""membrane design,'' is a circular arch defined by:

1 1 x°
3 23

when —1— > 0.
%3

On such a design, the shear force T vanishes and the normal trac-
tion N is constant

N=- N1+ (* (4, 5b)

3
4-3, Optimal Arches with a Stiffness Constraint
Since the structure is statically determinant, the strain
energy of the structure, in its equilibrium configuration, is used

as the objective function J.

J

2L [ <2, 22m2 152
N“p“T* ™ =2 -
= ( & *"ﬁ) 1+ ¥ R (4.6)
where:

E,.... material Young's modulus

A =t..... cross section area
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I= %—z «sse. Cross section moment of inertia
pz = %—k ... where G is the material shear modulus and k

is a coefficient to take into account the real
distribution of the shear stress in the cross
section,
Note that the Wi,dth of the structure does not enter in the previous
expressions since it is assumed to be constant and unity.

The material volume VO is used as a constraint
2L '
vo=f avi+7% ax (4.7)
0
Upon introduction of the previpusly defined dimensionless
Variablesv(‘l. 3) and of:

t:?é% (4. 8)

the dimensionless objective function J and the volume gonstraint

reduce respectively to:

2 2. .22 2, .2
J :%f (N +ﬁ T ¥ 12@3M ')‘h + zg dx (4' 9)

0 t t
2 z
[t l+zy dx =2 (4. 10)
0
212
where: a = <7 characterizes the length to the thickness ratio of
0

a straight beam of uniform thickness satisfying the volume con-
straint:

i
i

aJ (4, 11)
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4-3-1. Formulation
Because of the symmetry in the imposed boundary conditions
the problem can be formulated as:

1 2. 2ml
MinJ:f <N P +12M )V dx (4, 12)

0

subjected to:
i) the material volume constraint

1

J e Vel ax =1 (4. 13)
0

ii) the state equations

dz1
= T %2 (2)
(4. 14)
dz3
T -0 (b)
iii) the equilibrium equations (4. 4)
iv) the boundary conditions:
zl(O) =0 zl(l)unknown
(4, 15)
z 3(0) unknown Z 3(1) unknown

1

Note: a) the unknown parameter zy is treated as a state variable
bounded to be constant by (4. 14b). b) the symmetry condition 22(1):O
cannot be inforced directly since z, is not a state variable. It will be
a consequence of the boundary conditions since the symmetry infor-
mation is contained in the equilibrium equations (4, 4).

The Hamiltonian H of the system is obtained by adjoining to

its Lagrangian the material volume constraint (4, 13), the state
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equations (4. 14) by means of the Lagrange's multipliers 14, DLI, and

7(3. The gtate variables are z and Z3 and the control variables are

z., and t.

2
2 .22 2 2
H = <N tpT , 12Mg +k4t)v1+2‘2

t t3 2

+ Xyz, + A5X(0) (4, 16)

4-3-2, Optimality Conditions

The first order optimality conditions are:

2. 2.2 2 2
{,  N%BAT%  36M% ) Y
Ht—(x4 ) 1 ) 1+22 20 (a)
2 2 2, .27.2 z
H_ - (121‘21 e’ N Tf T, )\4t) -2 ? (4.17)
2 t v1+zz
2 J1iZ [ 2N, g2p BT ).
+ Al + T 1+Z2 (N 'S'Z"g + ﬁ T azz> =0 (b) J
ar 2 ‘
1. _ 24Ma 1. 2
T - Hz1 = 3 (zy + z3) Itz;
N 2 T \
+25 - 2p%, ¢ (a)
(4. 18)
an
3 2 2
—— T - H ]_ a 2
dx 2= — [241"13 zy Ntz f
Z t
3
2N 2 T
Tl () )

The material volume constraint (4. 13) and the state equation (4, 14)
are also part of the optimality conditions., The previous conditions

define the set I of optimality conditions.
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The boundary conditions are:

atx =0
ZI(O) =0 A 1(0) unknown (a) h
z3(0) unknown )\3(0) =0 (b)

atx =1 ) (4.19)
zl(l)unknown xl(l) =0 (c)
z3(1)unknown x3(1)=:0 (d)J

Note that the condition (4. 19¢) is implied by (4. 17b) when Z’Z(l) =0,
To avoid the difficulty of splving (4. 17a) and (4. 17b) for the
control variables z, and t the following set of equations is used to

generate a differential equation for z

2’
dHt ) A
= =0 ,  H =0 x, xe¢[0,1]
? (4. 20)

dH

2

=0 , H =0 atx=1
Ex ZZ J

dz

Solving (4. 20) for —d'x_z and t, keeping only the positive root for the

thickness, one obtains:

T

B+ VE% 14;1M2a2)\4
t = ‘ - — (a)
2\,
(4. 21)
2
dz T"B.+B
2 2.3/2 27 P3
qFx (1+ZZ) N o (b)
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where B = N&iplT? (@) )
12M-a® .2 2
B, = —7&(45 -3) + B () ? (4. 22)
¢
2 2 2
_ {12Ma 2\ (72M% AN
C = M2C1+[32C2 (a))
2 2 2
C. - 24 [”M a N2(1+362)+T2(3+[32)] (b) (4, 23)
17 T T2
. 2 2.2
C, = (NT?) (c)

The equivalence between the systems of equations (4. 17) and
(4. 22) hold only when the Jacobian of (4, 17), which is proportional to

C, does not vanish, i.e.,

C~HyH, o T ‘thz) # 0 (4. 24)

Theorem 4-1

- If the effects of the shear forces are not taken into account
in the strain energy density, i.e., ﬁz = 0, then C = 0 whenever M = 0,

Proof

2 2 2
(4.23) and B2 =0 = C = 3%1——1\/12[721\42 @ 4 N%3T?]
¢ ¢

q.e,d.

This case is undesirable since the Hamiltonian H becpmes locally

linear in the control variable z,. Under these conditions it can be
z

shown that in order for 'EEE% to remain finite (i. e., the radius of

curvature of the middle line to be non-zero) the traction N has to
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vanish. A physical interpretation could be found from the fact that
when f =0, a penalty on the system is set for only N and M but not
for the shear force T. When M = 0, the condition N = 0 implies that
all the force is transmitted to the structure as a shear force. This
difficulty was alleviated here by including the contribution of the
shear force into the strain energy density,

Since A\, does not appear in (4. 22) and because the boundary

1

condition (4. 19c) is satisfied setting z_,(1) = 0, the optimality condi-

2
tions reduce to the equations (4. 21), (4.18b), along with the material
volume constraint (4. 13). In the boundary conditions (4. 19), (4. 19¢)
is replaced by zz(l) = 0. This defines the set II of optimality con-
ditions.

4-3-3., Straight Design

Theorem 4-2

The straight design defined by:
2y (%) =0, ;13— =0
satisfies all the optimality conditions,
Since z,(x) =0 Vxe [0,1], z,(x) =0
By virtue of (4.4), N = 0.

Furthermore (4. 18b), (4.19b) imply that A, = 0 which satisfies (4. 19c).

3

The thickness distribution is obtained from (4. 22a) and )\4 is com-

puted from the material volume constraint (4. 13) which reduces to:

1 > VA
J Yo, +\p?+x o’p, ax=y2x, (4. 25)
A 2

where D1 :Bz(x-l)z, D2 = 144(’.;_-}()

2
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The integral equation (4. 25) can be solved easily by taking an arbi-

trary value of >\4a2 and then deducing, from the evaluation of the

integral, the values of )\4 and az.

4-3-4, Membrane Design

Theorem 4-3

The membrane design defined by (4. 5) does not satisfy the
optimality conditions,
Proof

It is most convenient to use, for the present proof, the
original set of optimality conditions. If zy as defined by (4. 5) were
a solution then

z

(4.17) = N + 2\t —% . =0 (4. 26)

4
! Vl+z2

2

dh; on

(4. 183) é —'d—x"-“ = T— (4. 27)

Since 7z, (x) 2 0 Vx, x € [0,1], (4.26) implies that Ay () < 0
Vx, x ¢ [0,1]. But (4.5b) implies that N< 0 Vx, x ¢ [0,1] there-
fore according to (4. 27) -a-:z—l < 0. This is a contradiction since
)\1(1) = 0. q.e.d.
It is to be noted that the derivatives of S given respectively
by (4. 27), and the derivative of (4. 26) differ only by their sign.
The membrane designs are a one parameter family of designs
with respect to the slope of their support. Liet us seek in that sub-
class of admissible designs the ''best'' element according to our

stiffness criterion. We consider t and z, to be respectively an un-

3

known function and an unknown parameter. The shape z; and its
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derivative z, are two known functions of Z3 defined by (4.5). The

optimality condition (4. 17a) remains valid, and a direct minimiza-

tion of the strain energy with respect to z3 is performed.

N2
(4. 17a) = —5 = Ny (4, 28)
t
The volume constraint and the objective function become respectively
1 )
S In| 14z, dx =)fx, (4. 29)
(4. 30)

1..2
_ [N Z 4 .
J = .!;) —E— 1+Z2 dX = )\.4
Therefore X4 has to he minimized with respect to Z3e The evaluation
of the integral (4, 29), after substitution of the value of N defined in

(4. 5b) yields:

M, = a sin”! (1) (4, 31)
a
where a =1 + (-«L)2
Z
3
Noting that: sin (L) = tan”! (25) (4. 32)
Ya
one obtains:
d )’)\4 1 2 tan—1z3
B A ! (4.33)
3 z3 3

here 2 minimum, of )’)\4 is obtained for the posi-

A stationa ry value,

3 3! 3 . )

# 0
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The minimum was found to be:

Y)\4 = 11,3800, )\421.9044

(4. 35)

at —— =0, 4290

23

4-3-5, Results

Since no clpsed form solutions beside the straight design
were found, a numerical solution of the two point houndary value
problem defined by the set II of optimality conditions was performed,
The integration was performed up to az = 8, the value at which
numerical difficulties occurred dug to the sensitivity of the solution
with respect to the unknown initial slope zZ(O). The results for the
middle line shapé, the thickness distribution, and the slope of the
support as well as the initial slope of the structures are plotted
respectively in figure 1 through 3 for different values of a and [32 =
2.5. The value of the objective function corresponding to the straight
designs, the optimal designs and the ''best'' membrane design are
plotted on figure 4,
4-3-6., Conclusion

For the shape and the thickness optimization of simply sup-
ported arches, subjected to a uniform pressure, satisfying a Stiff—
ness constraint, it has been found necessary to include the effects
of the shear force contribution in the strain energy definition. Two
families of local optimal solutions have been found. The straight
design which satisfies all the necessary optimality conditions was
not found to be a global minimum for the achieved numerical solu-

tions, A one parameter family of optimal designs, with respect to
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an average thickness to length ratio (é) was generated. Although
the ''best'' membrane design does not satisfy the aoptimality condi-
tions, it represents for practical values of a(a > 5) a very good
approximation to the ''best'' design.

4-4, Optimal Arches with a Stress Constraint

The approximative two-dimensional state of stress used for
the present analysis is defined as follows:

a) On an element normal to the middle line of the arch the
stress vector is composed of a normal stress Et’ due to the normal
force N and the hending moment M, and of a shear stress T due to
the shear force T.

b) On an element parallel to the middle line, the normal
stress is zero and the shear stress is - 7.

The normal stress O't is a linear function of the distance v

from the middle line

- Mv , N t =t
(D't = T + —A—’ - i SV s'i (4: 36)
=3

t . . .
where I = 13 : cross section moment of inertia

A =%t : cross section area
Note: the width of the section dpes not appear in those formulas
since it was assumed to be a unit constant,

Although theoretically this is not true, the shear stress T

is assumed to be a constant on the cross section.

o 1
T =3P

>+
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where %6 is a coefficient which can be used to study the influence
of the shear stress on the solution,

The maximum shear failure criterion defines the admissible
state of stress, At each point of the cross section, there exists a
direction for which the shear stress is maximum. The state of
stress is said to be admissible if the magnitude of the maximum
shear is less than or equal to a given limit value :r—adm' Given our

approximative state of stress:

T (v)

max (4. 38)

‘/ot2 ) + 47°
= T 2

Since the magnitude of the tensile stress, in a given cross section,
is maximum at the top or bottom fiber, the stress criterion can be

formulated as:

= 2 =2
1 6M = 2T =2
(4, 39)
N2 2 2 ‘
1 6M 2 T —2
;2.(? N) +8 —tz S4T 4m (b)

Qur assumption on the shear stress distribution 7 in the cross sec-
tion was made in order to avoid the search of the location of the
fiber in a cross section for which the shear has its largest value,

The material volume is the objective function J.

2L
7=/ F \/1+37,§ 4% (4. 40)
0
Upon introduction of the dimensionless variables defined by

(4. 3) and of
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ot adm
t = T __.I.).._.._ (4. 41)

the objective function (4, 40) and the stress constraint (4. 39) reduce

respectively to

2
2
I :%fo t Vitz) dx (4. 42)
2 2.2
_}_. (EM.Z_ + N) + E_I,_ -1=<90
tZ t t2
(4. 43)
2 2.2
1 6My BT
(- N) + -1<0
2t £
where
— LZ
7=F J (a)
adm (4. 44)
2T
adm
= = b
Y o (b)

For large values of v, referred to as the load coefficient, the
applied pressure is small with respect to the admissible maximum
shear,

Bince the result cannot depend on the sign of the pressure,
it will bé taken as positive, Therefore we will limit our investi-

gationg to the case Y>> 0, and —Z-l—— =2 0,

3
4-4-1, Formulation

Because of the symmetry in the imposed houndary condi-

tions, the problem can be formulated as:

1
MinJ = [t Vl+zl dx (4. 45)
0

subjected to:
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i) the state equations

dz1
= %2 (2)
(4, 46)
dz
3 _
= -0 (b)
ji) the stress canstraints:
1 (6MV+N)2+ﬁ2T2_1+ 2 o
= "3 by =
(4. 47)
. 2
1 ,6My 2 2T 2 _
7(T‘N)+ﬁ*‘2"1+h&2-0 (b)
t t
iii) the equilibrium equations (4, 4)
iv) the boundary conditions
zl(O) =0 zl(l)unknown
(4. 48)
z 3(O) unknown 23(1) unknown

Note. a) the unknown slope of the support is treated as a state
variable bounded to be a constant by (4, 46b),

b) the inequality constraints (4. 43) have been transformed
into the equality constraints (4. 47) by introducing two additipnal
control variables My and Hoos A stress constraint (4, 46) will be
said to be "effective' when its corresponding by (i=1,2)is zero.

The Hamiltonian H of the system is obtained by adjoining
to its Lagrangian the state equations (4. 46) and the stress constraint
(4. 47) by means of the La‘grange's multipliers )\1, )\3, n and UPY

The state variables are z; and Z e The contral variables are t,
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Zys By and Mo

H :1:\/14—22 + )\122+x3x(0)
2
1 (6My 2 27 2
+n [-—-—( +N>+[3 ,-1+p]
11752 t “t'Z 1

2

T

- [1_2(63/1v _N) +ﬁ2_7-1+923] (4. 49)
t t v

4-4-2, Optimality Conditions

The first order optimality conditions are:

HMi = Zplnl =0 i=1,2 ()N
2n
H:V1+z -————1- 1+§—W(§—I\£—Z+N) |J.2]
t 2 t t3 1
2n
2 . 6My 6My 2
tz 2n
H, =2 21 [(6£’AY+N)~————+pT E]
2 Vl+z§ _ t 2
i [— My A T—"’:ll]m =0 (c)J
t2 t z, d 2 1
dX, 27
i_ _ 1 },6My 6y oM N
T Mg T —t-z-[u NG B2, )

2n
PTG G Ly g2y ]
1 1

i=lor3 (4.51)

The stress constraints (4, 47) are also part of the optimality
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conditions, Since they result from the transformation of the inequality
constraints (4. 43), their associated Lagrange's multipliers must be

non-negative on an optimal solution. The houndary conditions are:

atx =0
zl(O) =0 )\1(0) unknown ()N
z3(0) unknown )\3(0) =0 (b)
at x =1 f(4. 52)
zl(l)unknown (1) =0 (c)
2.,(0) unknown Ay(1) =0 | (d)J

As for the stiffness case, the condition (4. 52c) is implied by the

symmetry condition:
zz(l) =0 (4.53)

Two constraints enter into the problem, therefore three
cases should be considered:

a) case where no constraint is effective

b) case where one constraint is effective

c) case where two constraints are effective

Theorem 4-4

At every point of the optimal structure, at least one stress
constraint has to be effective,

Proof

Let us suppose that no stress constraint is effective, i, e.,

that p.# 0 and p, # 0. Then (4.50a) implies that n, = n,, which
1 2 1 2
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cantradicts (4. 50b).

The previous theorem rules out the first possibility, as ex-
pected from physical considerations. Since the structure is statically
determinant, a change of thickness at a point does not affect the
values of M, N and T at the other locations, Therefore if the value
of the thickness at a point was higher than the one required to satisfy
the stress constraints, it could be reduced until one constraint

becomes effective.

Theorem 4-5
A feasible state of stress for which the stress constraint

(4. 47a) is effective is such that

NM = 0
Proof
Let us suppose NM < 0. Then the constraint (4. 47h) is

violated. q. e.d.

Theorem 4-6

When two constraints are effective, then either N = 0 or

M =0,
Prqof

When the two constraints are effective, then p; = py = 0.
The two constraints (4. 49) imply that NM = 0, A segment of arch
on which N = 0 everywhere is, from (4, 4a), a straight line. Using
(4. 4b), M is found to be non-zero on such an arc, except at x = 0.

q. e.d.
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When two con‘straints‘ are effective, the shape and the thickness dis-
tribution are fully determined by the stress conditions. However
the optimality conditions will determine whether or not such struc-
tures are optimal,

4-4-3., Membrane Design

Theorem 4-7

The '"best'" membrane design, i,e., the membrane design

with - = 0. 429 satisfies all the optimality conditions provided
; ]
vy 2 1/3.

Proof.

We will first show that any membrane design satisfies all

the optimality conditions, except the boundary condition on A For

3.
a membrane design M =0 Yx,x ¢ [0,1]. Therefore the two stress
constraints are effective and T = 0.

Let us compute the two Lagrange's multipliers n and n,

from the optimality conditions,

dx

N2
(4.4 = B2 (4.54)
t |
(4.5) = t=V1+ ()? (4. 55)
3
2n 2
(4.50b) = —++ -P-§ . l+z§ (4. 56)
tz
(4.50c) and (4.52) => N, = —2— = (x-1) (4.57)
Vl+z§
dn
(4.57) = —2 =1 (4. 58)
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Using (4.51) with i = 1, (4.56) and (4, 58) one obtains:

21]1 - —212- = -—1-- 1+Z

5 T 3y (4. 59)

Do N

(4. 59) and (4. 56) define a system of two linear equations for ny and

n, which has the following solution:

t Jl+z§ 1

ny = e (1t 5 (a)
(4, 60)
t vl-l—zz
=2 1-4 (b)
My =771 3y

when 0< vy < % then uP < 0 which indicates that the membrane design
1 .

3

the membrane design of minimum material volume, i.e., satisfying

is not optimal. When v > = then n >0 and n, > 0. In this case
also the boundary conditions on L is a local optimum. This solu-
tion corresponds to the '"best' membrane defined in section 4-3-4.
The slope of the support is given by -21—3— = 0. 429 and the material
volume is 1. 3800.

4-4-4, Straight Design

Theorem 4-8

The straight design Zl(x) =0, L. 0 satisfies all the opti-

Z
mality conditions for all values of V. ’
For the straight design N = 0, the two constraints (4. 47) are
effective,

2.2 A3 72
(4. 47) => t:‘/‘3 Y +\l‘32T tlaa My (4.61)
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where T and M are given by the equilibrium equation (4, 4):

2
T=x1, M=3% -x o (4, 62)
2n 2n 2,2
(4.50b) => (= + —2%) 1+ MY, - (4, 63)
t

Using (4.51) with i = 1 angd the boundary condition xz(l) = 0 one obtains:

dn ‘
o= =0 = M& =0 (4, 64)
(4.500) = 2{n, - nHEMY 1] =0 (4. 65)
- |

Since M and T are not identically zero for all x in the interval [0, 1];

t

‘(4.63) and (4.65) = My My = 36}\}12 2 (4. 66) BUS
4(1 + ——-—-21-1—) uffi)
t - o

A direct computation of )\3 from (4.51) with i = 3 shows that )y.3(x) = 0.

Therefore the straight design satisfies all the optimality conditions,
The material volume of the straight design VS can be com-

puted by quadratures using (4.61) and (4, 62), A lower bound of the

material volume is obtained when B =0.

(4.67)

[Vs]ﬁ—O = )‘37

iy

The straight design correspaonds to a local optimum, but it
cannot be a global optimum for all values of v, since the material
yvolume associated with the ''best'' memhbrane design is independent

of Y.
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4-4-5, Designs with One Effective Constraint

The membrane design ceased to be a local optimum for y < 1

3
because upy the Lagrange's multiplier associated with the stress con-
straint (4. 47b), became negative, This gives an indication that better
designs, on which the constraint (4. 47b) is not effective, might be

found. Let us give a physical interpretation of the previous argu-

ment. On a membrane design:
z,() = [2,)],, M=0, N<O
A direct substitution in (4. 4¢) for the case -21— > 0 shows that:

3

a) if z,(x) > [2,(x)], thenM>0
b) if z,(x) < [zl(x)]M then M < 0

Therefore the length of the middle line of an arch, on which M > 0
everywhere, cannot be shorter than the one of the membrane design
having the same initial slope. A study of the one parameter family

of designs:
2 (x) = [z,(%) ], + € x2(-2x+3)
1 1 M

showed that the '"best'' membrane design was improved for ¢ < 0
and v < YE < —:1-3- . The decrease of the material volume was obtained
even though there was an increase of the average thickness of the
arch, due to the bending moment. However the decrease in the
middle line length more than compensated for the increase of the

average thickness. For the investigated family of designs, M x N
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is positive when € < 0, These were the defermining factors for

investigating the case where only the constraint (4. 47a) is effective,
When the constraint (4. 47a) only is effective, the optimality

conditions are obtained from the ones defined in the section 4-4-2

setting
By =1, =0 (4. 68)
an Vl+z§
(4.50b) = —— = - (4. 69)
1+ —~—————61\§y 61:” + N)
t

When the state of stress constrained by (4, 47a) only is feasible,
2n ‘

theorem 4-5 and (4. 69) imply that — > 0.

To avoid the difficulty of solving the constraint (4. 472) and
the equation (4, 50c) for z, and t, total derivatives of those equa-
tions with respect to x are used to generate a system of two linear

dz ‘
equations for %}1—; and dxz . The total derivative of the stress con-

straint (4. 47a) with respect to x can be written as:

at 2 \

B, 3.8, 2-8, (4. 70)
Whére

B, - 4t3-26(B%T%N%) - 12 MNy @) )

2t% 2. 6My
B, = - T [N(1-%) + 22X ] (b) ) (4.71)
2 1422 t
Z2
B, = 2T \/1+z§ [B%% + 6ytN + 36v°M] ()




-52-

The conditions (4. 50) can be expressed as:

tz

= —2 +DC+r =0 (@) )
Z2 2
l+z2
2n
where D = __t_%. (b) > (4, 72)
cs = > [61,:’”’ + N(1-8%)] (c) J
t(l+z2)

The total derivatives with respect to x of D and C are respectively:

dz
apD _ . dt 2 \
= Pizx "Pra TP (@)
D%  18My 8My |
where: Dl = 7 ( T * N) (b)
ot
Vitz) } (4.73)
Z
b, - DZ( z2 _,61\3/IVD aa;\;) ()
t
\,1+z2 \,I-kzz
2. 6y 12My
D3-DT;-3—(t ¥ N) (@ J
dz ’
dc . at 25 N
a;{._cld—;{-nhc?‘-(-i—}z—+c3 (a)
where C, = - o~ [12MY 4 n(1-p3)] (b)
1 7. 7 LT
t (1+ZZ)
C, = s [(- EMY (Ny2Ts ) ¢
27 205 t 2
2 (4. 74)
(1-p%) (T%-N%-2TNz )] (c)
Cy = ——— [& (%M + N(1-pB) (d)

\ll+z§ ~
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The total derivative with respect to x of the condition (4. 50c) can be

written as
dH
Z dz
2 dt 2 B
= ‘Fld_x+F2?1'>:_ F3-0 (4, 75)
where
z2 N
F, = + DC, + ch (a)
d1+z2 ‘
2
~ t
F, = zl:—Z-Z_)_gﬁ+-Dc2+132c (b) ? (4.76)
2
F——d)\l-DC - D.C ( J
3~ " dx 3~ Y3 - (e
dx
1 __D{[6MY oY 11 _ 1
o - T‘D MYy Ny (B ey + =} )

t Z3 r———l+z§

V4
¢ peT 2 ] (4.77)

q1+zg

The relation (4. 77) is derived from the condition (4.51) with i = 1.

The conditions (4.70) and (4. 75) define a linear system of equations
dz

for = and %t; which has a unique solution when
G= BlFZ—B2F1¢O (4. 78)

The solution is given by:

dz2 B1F3-B3F1
dx = G (a)
(4, 79)
B.,F,-B,F
dt 372 7273
— = == = T (b)

dx G
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Theorem 4-9

Proof

If B =0 then G = 0 whenever M =0,

The thickness can be computed directly from (4. 47a)

t" =N

(4. 80)

A direct evaluation of the variables defined by (4,71) through (4.77)

gives:

Zz
D :V1+Z§, DI::O, DZ:" 2

. _ _NT c -. __NT
t(l+zzz) 1 t2(1+z§)

1

2 2
C. - - {T% 27Nz, -N4}
2 t(1+z22)2 “2

%2 NT

= —_—
1+z§ 1:2 dl+z§

t

1 2 2
Fz— ————2—375 [1+7 (T "TNZZ"N )]

1+25) tf

Using (4. 78) to evaluate G, one {inds:

ZNZ

2
G = t -N
(1+ZZ)3;2 [

2

2

2002 (1 - N
t

Therefore by virtue of (4.80): G =0

q. e.d,
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The shear force contribution was introduced intq the stress

dz
criterion to insure that (%—{— and ax ©an be uniquely determined from

the equations (4. 70) and (4. 75).

The system of equations (4.79), along with equation (4.51)
with i =3, define the set II of optimality field equations. The bounaary
conditions are given by (4. 52), where (4. 52c) is replaced by (4, 53).
The initial value of the thickness is given by the stress constraint
(4. 47a) evaluated at x = 0. This defines the set II of optimality con-
ditions,

Numerical solution of the set II of optimality conditions was
first performed for ¥ =.3 using a direct shooting technique as de-
scribed in Chapter III. The unknown initial values were z2(0) and

-—1— . The matching conditions were zz(l) = )\3(1) =0, Due to the

Z

pgculigr changes in the unknown initial conditions from one iteration
to the next one, this search method was abandoned, A direct com-
putation of Zz(l) and k3(1) as a function of zZ(O) and -Z}— was performed
for different values of ¥ and B = 2. Figuré 6 shows the loci of the |
points 1in the (ZZ(O)’ —Zl;) plane for which either zz(l) =0 or x3(1) = 0.
A solution of our problem, which must satisfy both conditions, is an
intersection point of the two loci, For vy =.25 the figure 6a

shows that no intersection point exists. When v =, 3 there exist

two intersection points A and B as shown on figure 6b, The point

A corresponds to a local minimum of the material volume, hut the
point B is neither a minimum nor a maximum, As Y was increased

up to the value 1/3, the point A moved toward point C which repre-

sents the best membrane design., For ¥ = 0, 35 only one intersection
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point B of the two loci was found as shown on figure 6¢c., The prob-
lems encountered during the iterative search can be explained by
the fact that the solutions correspond to the intersection points of
two curves which are almost tangent when v =. 3,

When one constraint only is effective, the number and the
character of the solutions to the optimality conditions depend on ¥
in the following manner:

b3

a) Y<7Y : no solution, It was found that Y* = 0,27 for B = 2,

b) 'y* <y < % : two solutions, only one of which corresponds
to a local minimum of the material volume,

c) ¥ > —;’— : one solution which is not a local minimum.

To verify these surprising results, the problem of determin-
ing the '"best'" parabolic arch satisfying the stress constraints (4, 47)
was investigated. The thickness t(x) is considered as an unknown
function, The initial slope of the structure zZ(O) and the slope of
the support are two unknown parameters, The dependence of the
solutions on the parameter Y, when one stress constraint only is
effective, was found to be similar to the one of the general problem.

Remark: In the previous analysis we considered the cases
where the same set of constraints was effective on the entire struc-
ture. Theoretically, solutions on which .several sets of constraints
are effective on different arcs of the solution should be investigated.
Two types of switching points could exist;

a) switching point between an arc on which the two con-
straints are effective and an arc on which only one constraint is

effective,
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b) switching point between an arc on which one of the two
stress constraints is effective and an arc on which the other stress
constraint is effective,

A detailed analysis of those cases was not performed, since they can
be ruled out on physical considerations. When one constraint is
effective, its associated Lagrange's multiplier is positive. It indi-
cates that no branching to another type of arc will be locally improv-
ing as long as the other constraint is of c;ourse not violated. This
was found to be verified during our numerical computations.

4-4-6. Results

Figure 5 shows the value of the material volume as a function
of Y for the different types of solutions., The numerical computa-
tions were made for the case f§ = 2.0,

The straight design is a local optimum for any valye of v,
and corresponds to the global minimum for y < }/+. The ''best’’
membrane design is a local optimum for ¥ > é— and corresponds to
the global minimum for vy > y+. When one stress cqonstraint only is
effective, solutions to the optimality conditions exist when v > y*,
The local minimum found for V* <y < %did not appear to be a global
minimum. The values of y+ and V* obtained in our computations
are respectively Y* = 0. 27 and 'y+ = 0. 44, These values are functions
of the coefficient f.

4-4-7, Conclusion

The influence of the shear force was introduced in the defini-

tion of the admissible state of stress. The maximum shear was used

as the failure criterion, introducing two stress constraints,



-58 -

For the considered cases the global optimum was obtained
when the two stress constraints were effective. It was either the
""best'' membrane design, when the load coefficient ¥ is larger than
'y+, or the straight design when v < 'Y+. Furthermore the ''best'’
membrane design ceased ta be a local optimum for vy < é—

When only one stress constraint was effective, two solutions

1

of the optimality conditions were shown to exist for ‘)/* <v £ 3 One

of these only was a local minimum. Wheny > V* one solution of

this type did exist, but it was neither a maximum nor a minimﬁm,
Although for practical applications the ''best'' membrane

design corresponds to the minimal material volume design, it has

been shown that other solutions to the optimality conditions do exist,
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V. CONCLUSION

The material volume minimization with respect to the shape
and the thickness has been investigated for a type of structures .
subjected to either a stress or a stiffness constraint. The optimality
conditions have been derived using the Optimal Control Theory, and
a general purpose computer program solving n-points boundary value
problems with the parallel shooting techniques has been developed.

The inclusion of the contribution of the shear force in the
strain energy density or in the failuie criterion was found suffiéient
to obtain well-posed problems when dealing with statically determi-
nant arches. For the stiffness‘problem, a.. membrane design, i.e.,
a stfucture on which the bending moment is identically zero, does
not correspond to the optimal structure. quever it was found to
be a very good approximation of the ;'best” design for practical
cases. When the maximum shear failure criterion is imposed, the
'best'" membrane design corresponds to the true optimum for prac-
tical values of the load coefficient., However, the number of sqlutions
of the first order optimality conditions was foupd to depend on the

- value of the load coefficient.

Evidence has been shown that a modification of the governing
equations of the structures to include some of the effects judged
insignificant in structural analysis may transform an ill-posed

optimization problem into a well-posed problem.
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Fig.6a vy = 025

Fig.6b y=0.3

OPTIMAL ARCH STRESS CONSTRAINT
FIG.6 LOCI OF Z5(1)=0, h5(1)=0
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Fig.6¢c 7y = 0.35

OPTIMAL ARCH STRESS CONSTRAINT
FIG.6 LOCI OF Z,(=0,A4(1)= 0




