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UNE CONDITION D'OPTIMALITE 
EN PROGRAMMATION EN NOMBRES ENTIERS 

par Monique GUIGNARD ( l )  

Rksumt. - On dkmontre une condition nkcessaire d'optimalirk pour un probl2me de 
maximisation en variables enti2res d'une fonction convexe sur un domaine non linhaire. On 
trouvait dd'd cette condition dans [l] pour le cas lindaire et dans [2] pour le cas non linkaire, 
mais une dy thLse de rdgularith du cBne lindarisant les contraintes d l'optimum avait htd 
faire. Cette cpothèse n'est pas nkcessaire. 

Je tiens d remercier M. Huard qui m'a suggkrk I'idèe de cette dkmonstration. 

Définitions et notations 

Si C est un convexe de Rn, et si p : C + R, p est quasi-convexe sur C 
si { x E C : cp(x) h ) est convexe, VA E R. 

Si C C  Rn, Co(C) ddsignera l'enveloppe convexe de C. 

Q dksignc l'ensemble des rationnels et M{ est 1'Cldment (i, j) de la matrice M. 

Soit C un convexe de Rn, K C Rn, p : R" -+ R une fonction quasi- 
convexe sur C. 

Si X 6 C Il K maximise p sur C il K, alors X maximise p sur Co(C Il K). 

Soit P = Co(C n K).  V x E P, 

- ou x E C il K et p(x) G p(X). 

- ou x 0 C fI K et d'après le théorème de Carathéodory ((4), p. 4-2) 

( 1 )  Maltre-Assistante, Laboratoire de Calcul, CUSLA, M3. Lille. 

Revue Française d'Informatique et de Recherche opérorionnelie 



PRûûRAMMAnON EN NOMBRES ENllWS 

su~posons que ?(XI > m. 
cp étant quasiconvexe sur C, 

et il existerait au moins un point de C n K, B savoir xJ, tel que 

cp(xJ) 2 ?(x) > 
ce qui est impossible. 

Il faut donc que 
? ( X I  ~(2). 

TbCdme 2 

Soit un cône I' défini comme { x E Rn : Bx < b ) , avec rang ( B )  = r. 
Soit X un point tel que BX = 6. Alors 

ou I' est l'enveloppe convexe de ses génératrices extrêmes. 

- s i r < n , I ' = r o + A  

où A = { x E Rn : Bx = b ) est une variétt linéaire de dimension 
n - r, 
et où r, = { x E Rn il A* : Bx f 0 ) est un cône de dimension r, 
si A* est wi souscspace vectoriel suppltmentaire dela variété iineaire A. 
I', dans R' est un cône polytdrique régulier, égal h l'enveloppe 
convexe de ses génératrices extrêmes. 

r = n Le cône polyèdrique I' a un sommet X ((3), p. 388)' il est saillant ((4), 
p. 12-4), alors 

- ou il ne contient pas de génbratrice : I' = { X ) , 
- ou il contient au moins une génératrice et il est l'enveloppe convexe de 

ses génératrices extrêmes ((4), p. 12-15) qui sont des facettes d'ordre 1 
((3), P. 388). 

r < n I' n'a pas de sommet. 

A = { x E Rn : Bx = b ) est une variCtC linéaire de dimension n - r. 
Soit A* un souscspace vectoriel supplémentaire. 

Rn = A $ A*, où $ représente la somme directe dans Rn, donc V x E Rn, 
3 y € A , 3 z € A * 3 x = y + z .  

S i x E r :  Bx 6 b, 
~ E A :  B x = b ,  
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Soit r0 = { z  E A* : Bz < O ). r0 est un cône de dimension égale à r, 
(dim (A*) = r, rang (B) = r), c'est donc un cône régulier qui dans R est 
l'enveloppe convexe de ses génératrices extrêmes. 

Théorème 3 

Si I' est un cône polyédnque d'équation Bx a b, où 

B i ~ Q e t b , c ~ , v , , v , ,  

alors, si X E Zn tel que BX = b, 

r = co(r n zn) 

ou r = { X )  si Xvérifie BX = b, 

et r = c o ( r  nz 
ou I' = Co(@ où G est l'ensemble des genératrices extrêmes G, de r. Une 
génératrice extrême est une facette d'ordre 1, i.e. vérifie un système d'équations 
du type 

B,x = b,, où rang (BI) = n - 1. 

Ce système d'équations admet une infinité de solutions entiéres de la forme 
O x = x + a y , a E Z ,  

où est une solution entitre particulière, par exemple 5, et où y, composantes 
entiéres, vérifie Bly = O (cf. résolution d'un systéme linéaire en entiers). 

Donc VG, génératrice extreme, G, il Zn = { x € Rn : x = X + ay, a € N )  
et G, = Co(G, n Zn) = { x € R n  : x =.f+ ay, a €  R+ ) .  

1. rang (B) = r < n =+ V x E A fi Zn, x = X + Vt,  t E 2: 

où $ est une solution entitre particulitre, par exemple El et oh V, matrice 
(n, n - r), est A cafficients entiers, de rang n - r, et vérifie BV - 0, 

V E Ker (B).  
V x ~ A , x = x +  Vt,tERn, 
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puisque V  E Ker (B)  et rang ( V )  + dim ( B )  = n, et 

Donc 

2. Pour prouver que ro est l'enveloppe convexe de ses points entiers, il 
suffit de montrer que l'on peut se ramener au thborème 3.1. Or 

r o = { x E R n : x ~ A * , B x <  0 ) .  

A* Ctant un sousespace vectoriel de dimension r, il existe une application 
linkaire F : R -+ Rn-' telle que 

A*= ( x € R n :  Fx = O ) ,  et rang (F) = n - r .  

Pour que l'on se trouve dans un cas d'application de la première partie, 
i l  sutfit que 

1 .  rang ( A )  = n, 

2. A i €  Q, v i,j, 
il existe en effet 2 = O veriflant ~i = 0. 

Soit I un ensemble d'indices tel que 

111 = r et rang (B,) = r .  

FI, ..., Fp ayant CtC determines, p = O, ..., n - 1, on peut determiner F,+, 
tel que 

1. 'B,*Fp+, =O,Vj€I ,  et ' F , . F , + ,  = O , i = l ,  ..., p. 

2. < + , ~ Q , k = l ,  ..., n. 

Dans ces conditions, 



car CNA) + CNB) = CNA + B) ((41, P. 4-81 
et ï' est convexe, donc Co(r n K) c r, V K C R", 
donc 

Théorème 4 

Soient cp : Rn + R, a : Rn -t R", X E Zn tel que a(X) 6 0. 

On suppose a et q difftnotiables en i, et [Va(Z)# E Q, V,, VI. 
SoientA ={x:a(x) < 0 ) e t  T(X) = { x E R " : V ~ X ) * ( X - X )  6 O). 

1 Si cp est quasi-convexe sur TG) et si T e )  C A, alors 

a(x) 6 0 3 u ) O  

v cp(X) = u *  v fi). 

Soit P = CO(T@) n Zn). 
Alors 

1. X maximise cp sur A n Zn X maximise p zmaximistp 
=. sur T@) n Zn 

5 E T(X) C A (thtoréme 1) 

2. [ v a(X)X E Q 
Z€Znvtrifie Va(X)*(X-X) = O  ) TG) = P. 
(thtorème 3). 

'* le } * X maximise q sur T(X). 
2. 

4. Les conditions de Kuhn et Tucker sur T(X) s'écrivent 

3 u 2  O:Vcp(X)=uVa@). 

WQUB 
Si a est pseudoconcave et difftrentiable en X, l'hypothèse : qX) C A est 

vtrifiéc, car 
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-i , I n t r o d u c t i o n  

The S t a t e  Enumera t ion  Method was f i r s t  o u t l i n e d  i n  [II. I t  a p p e a r s  to 

t o  be  t h e  n a t u r a l  g e n e r a l i z a t i o n  of  enu rne ra t ive  methods .  s u c h  a s  d e s c r i b e d  i n  - 
[2-1. 131, [4]  and [5]. f o r  mixed zero-one  programrning p rob lems  : 

min 5 = 6 1 5 + X .  ri 

T t  may be  assumed t h a t  n e i t h e r  t h e  s e t  o f  c o n t i n u o u s  componenta 5 n o r  t h a t  o f  
J * 

S i v a L e n t  components  n ( o r  K I  i s  v o i d ,  
k 

" S t a t e  Enumera t ion"  p r o c e e d s  v i a  a t r e e  s e a r c h  of  c o n s i d e r a b l e  f l e x i b i -  

lity l a  h i g h l y  d e s i r a b l e  f e a t u r e  i n  view of t h e  n u m e r i c a l  r e s u l t s  r e p o r t e d  i n  

~ ~ i h i c h  i s  e s s e n t i a l l y  gu ided  by l i n e a r  i n e q u a l i t i e s  o b t a i n e d  f r o m  a  s equence  o f  
Pl ) 

p r a b i e m s  s e p l a c i n g  P o  

I r 1  t h i s  n o t e  we s h a l l  d e s c r i b e  a  p a r t i c u l a r  r e a l i z a t i o n  o f  t h e  method, b o t h  f o r  

t h e  genera l  and f o r  a v e r y  s p e c i a l  p roblem ( t h e  Knapsack p r o b l e m l ,  Numer ica l  

examples  and r e s u l t s  w i l l  i l l u s t r a t e  t h e  d i f f i c u l t i e s  S n h e r e n t  i n  and  t h e  po ten -  

t i a l  of çuch an a l g o r i t h m ,  



2  , Tree  S e a r c h ,  S t a t e  

The s t r u c t u r e  of t h e  a l g o r i t h m  i s  i l l u s t r a t e d  b e s t ,  though not  ve ry  

p r e c i s e l y ,  by t h e  s imple  s k e t c h  of F ig .1 ,  &I e x p l i c i t  s t e p  ( i t e r a t i o n l  of t h e  

a l g o r i t h m  i n v o l v e s  e i t h e r  

( i l  moving f rom a  g iven  " l e v e l "  1 of t h e  s e a r c h  t r e e  t o  a  s u c c e s s o r  l e v e l  1' 

[ f i x i n g  a  v a r i a b l e  nk* a t  O o r  1 a t  1'. depending on t h e  " s t a t e '  a t  

1 1 ,  o r  

( i i l  moving f rom 1 t o  t h e  p r e d e c e s s o r  l e v e l  1- (backupl  , t h e r e b y  f i x i n g  0  - 
a t  1 t o  t h e  v a l u e  complementary t o  t h e  one i t  had a t  1. 

k* 

The pseudo- leve l  O s e r v e s  a s  a  forma1 p r e d e c e s s o r  t o  l e v e l  1. The s e a r c h  

t e r m i n a t e s  when a l 1  p o s s i b i l i t i e s  have been exp lo red  a t  l e v e l  1, i , e . ,  when - 
a  backup t o  I = O would be i n d i c a t e d ,  

x 
The v a r i o u s  "branches"  a t  1 o t h e r  than  k i n d i c a t e  o t h e r  " f r e e "  

v a r i a b l e s ,  i , e ,  v a r i a b l e s  which can y e t  be f i x e d  a t  e i t h e r  O o r  4. A major 

o b j e c t i v e  of  t h e  a l g o r i t h m  i s  t o  r u l e  o u t  o r  "cance l "  o t h e r w i s e  f e a s i b l e  

b ranches  by means of v a r i o u s  t e s t s ,  a g a i n  u s u a l l y  dependent  on t h e  i n e q u a l i t y  

c o n s t r a i n t s ,  

The * s t a t e  a t  1 is  a  decomposi t ion of t h e  i n t e g e r  v a r i a b l e s  kE K : 

1 KI  = (E. Z. FI, FZ, F31 (21 

I t  s e r v e s  p r i m a r i l y  t o  de te rmine  t h e  p r e c i s e  meaning of b ranch ing  (forward s t e p s l  
1 

and of a  b a ~ i c  s,t.a,tc problem SPI . SP i s  P  wi th  t h e  v a l u e s  : 

Fixed  v a r i a b l e s  : 

F r e e  v a r i a b l e s  
1 

k c ~ 1  : 1 . ~ E F Z ' :  n k  = O 



On f o r w a r d  s t e p s ,  v a r i a b l e s  i n  F 1  a r e  f i x e d  a t  0, t h o s e  i n  F2 a t  1, 

V a r i a b l e s  i n  F 3  a r e  u s u a l l y ,  a t  l e a s t  a s  l o n g  a s  p o s s i b l e ,  n o t  chosen  a s  b r a n c h  

v a r i a b l e s .  

The e n u m e r a t i v e  a l g o r i t h m  d i f f e r s  f rom a  s i n g l e - b r a n c h  b ranch -  

bound a l g o r i t h m  p r i m a r i l y  i n  t h e  f a c t  t h a t  t h e  s t a t e  p rob lems  a r e  more 

r e s t r i c t e d  t h a n  P i n  t h e  v a r i a b l e s  of FI and F2, The branch-bound p ro -  

b lems a r e  i n  c o n t r a s t  a lways  r e l a x e d  i n  a l 1  f r e e  v a r i a b l e s ,  

Note  t h e  f o l l o w i n g  b a s i c  f a î t s  ( s e e  e i g .  [il and [5] f o r  d e t a i l s l  : 

1 
( i l  The t o t a l i t y  of al .1  SP y i e l d s a l l  f e a s i b l e  s o l u t i o n s  t o  ( 4 ) .  

[ i i l  Each s t a t e  problem can  be  u sed  t o  y i e l d  i n e q u a l i t i e s  which  a r e  g l o b a l  

c o n d i t i o n s  on t h e  i n t e g e r  v a r i a b l e s  rik, and must e i t h e r  b e  s a t i s f i e d  by 

a l 1  f e a s i b l e  s o l u t i o n s  : 

b =  0 i p  (41  

o r  by t h o s e  which  a r e  t o  g i v e  o b j e c t i v e  f u n c t i o n s  Z b e t t e r  t h a n  a known 

bound Z' 

For  example ,  t h e s e  may be  i n e q u a l i t i e s  of t h e  t y p e  i n t r o d u c e d  by 

Bende r s  [7 ]  . w i t h  t h e  c o e f f i c i e n t s  a. b ,  p  o b t a i n e d  f rom t h e  r e d u c e d  
1 

c o s t s  of  t h e  f i n a l  t a b l e a u  of  SP ; ( 4 1  b e i n g  o b t a i n e d  f o r  i n f e a s i b l e ,  151 
1 

f o r  f e a s i b l e  SP , 

O r  141 may r e p r e s e n t  i n e q u a l i t i e s  o b t a i n e d  f rom t h e  g roup  p r o b l e m s  c o n s i -  

d e r e d  by Gomory and Johnson  ( 8 ) , e t c , ,  [ 1 
Such i n e q u a l i t i e s  may a l s o  be  d e r i v e d  f rom t h e  o c c a s i o n a l  s o l u t i o n  

1 of  t h e  a u v i l i a r y  p rob lem AP'. which  i s  t h e  r e l a x e d  v e r s i o n  o f  SV , i n  which 
1 a l 1  O 1 k 1 k L  FI^ + ~ 2 ~  + F3 . 



3 , The b a s i c  A l g o r i t h m  

- 
1 , Given a t  1 : 

- 
a  s o l u t i o n  t o  SPI and t h e  a s s o c i a t e d  i n e q u a l i t y ,  o r  a  s e t  o f  i n e q u a l i t i e s  

s 
A a i7 PA + Z i e  ( 6 )  

B e n  c PB 
T 

(whe re  e  = ( 4 ,  1, , 6 , 1 1  of  a p p r o p r i a t e  s i z e  1 ,  

1 2 , Dete rmine  t h e  S t a t e  S  by e i t h e r  - 
- 

( i l  d e r i v a t i o n  f r o m  t h e  s t a t e  a t  1 

( f o r  1- = O one  may impose  an i n i t i a l  s t a t e ) ,  o r  : 

I i i l  an " e d u c a t e d "  g u e s s ,  f o r  example  : 

s o l u t i o n  o f  an a u x i l i a r y  problem + round ing ,  l i m i t e d  a p p l i c a t i o n  o f  o t h e r  

mixed i n t e g e r  methods : c u t t i n g  p l a n e  p i v o t  s t e p s  IGomory1,CBV method 

[Huardl , e t c , .  

A "good" s t a t e  may l e a d  t o  new i n t e g e r  s o l u t i o n s  and u s u a l l y  y i e l d s  r e l a t i v a l y  

s t r o n g  i n e q u a l i t i e s ,  

3 , S o l v e  SP 
1 

- 
Record  i n t e g e r  s o l u t i o n ,  i f  a n y s  

C o n s t r u c t  and  Save  t h e  a s s o c i a t e d  i n e q u a l i t i e s ,  

4 , E x p l o i t  t h e  a s s o c i a t e d  i n e q u a l i t i e s  o r  accumula t ed  se t  of i n e q u a l i t i e s  by - 
" c o m p l e t e  r e d u c t i o n "  [ f o r  an  earlier v e r s i o n  of t h i s ,  see f41 
By t h i s  we mean t h e  f o l l o w i n g  s i m p l e  p r o c e d u r e s  f o r  combining  t h e  g i v e n  

i n e q u a l i t i e s  w i t h  t h e  hyper -cube  c o n s t r a i n t s  

(il F o r  p u r p o s e s  o f  f i x i n g  v a r i a b l e s  o r  f i n d i n g  backup c o n d i t i o n s  ( a l 1  

v a r i a b l e s  f i x e d  o r  i n e q u a l i t y  i n f e a s i b l e l  : 

Change a l 1  c o e f f i c i e n t s  t o  n o n - n e g a t i v e  form by meanç of  complemen ta t ion  
- 

( t r a n s f o r m a t i o n  : 
'lk + n k  

= 1 -  n k l 4 i x  a  v a r i a b l e  a t  z e r o  i f  

i t s  c o e f f i c i e n t  e x c e e d s  t h e  r i g h t  hand s i d e ,  



Example n - 5 9  + 3n2 - 4n3 + 2n4 É - 7  

5Fq + 3n2 + 4'i3 + Zn4 'c 2 

+ = n 3 = Z ,  n2 = O, 

I i i l  F o r  p u r p o s e s  o f  f i n d i n g  a  b ranch  v a r i a b l e  kY : 

With e a c h  row i of ( 6 1  d e t e r m i n e  a  p r e f e r r e d  s e t  n l i l  o f  i n d i c e s  

c o r r e s p o n d i n g  t o  a  d e r i v e d  i n e q u a l i t y  

% - 
where  n i s  e i t h e r  n o r  n (which  i n  t h e  examples  w i l l  b e  i n d i c a t e d  by 

j j j 

a  + o r  - s i g n  a s s o c i a t e d  w i t h  t h e  i n d e x ) ,  

T h i s  d e t e r m i n a t i o n  can  be  done  

a l  i n d e p e n d e n t  o f  t h e  s t a t e  l i t  might  even  be  u sed  a s  one  means o f  d e t e r -  

m i ~ i n g  i t l  , o r  - 

b l  d e p e n d e n t  on t h e  c u r r e n t  o r  some imposed  s t a t e ,  

)i 

I n  e i t h e r  c a s e ,  s u b s t i t u t e  t h e  v a l u e s  of  t h e  f i x e d  v a r i a b l e s  ( and  o f  Z 1, 

Then r e n d e r  a l 1  c o e f f i c i e n t s  of  F 1  + F2 + F 3  f o r  c a s e  a ,  t h o s e  o f  F 3  o n l y  

f o r  c a s e  b,  n e g a t i v e .  T h i s  t r a n s f o r m a t i o n  [ and  t h e  s t a t e  i n  c a s e  b l  d e t e r m i n e s  
.Tl4 

t h e  n a t u r e  of t h e  7) , I f  t h e  r e s u l t a n t  r i g h t  hand s i d e  i s  n o n - n e g a t i v e ,  a  
j ?x 

r e l a t i v e l y  r a r e  and u n i m p o r t a n t  c a s e ,  s k i p  i, I f  i t  i s  n e g a t i v e  and  t h e r e  a r e  

no n e g a t i v e  l e f t  hand s i d e  c o e f f i c i e n t s ,  t h e  i n e q u a l i t y  can  n o t  be  s a t i s f i e d  

[+ bac-kup i n  t h e  t r e e  s e a r c h l .  I f . n o  n e g a t i v e  l e f t  hand s i d e  c o e f f i c i e n t  i s  

l a r g e r  t h a n  t h e  r i g h t  hand s i d e ,  t h e n  t h e  s e t  of i n d i c e s  c o r r e s p o n d i n g  t o  nega-  

t i v e  c o e f f i c i e n t s  c o n s t i t u t e s  n [ i l .  

O t h e r w i s e ,  d e l e t e  t h e  l a r g e s t  n e g a t i v e  c o e f f i c i e n t  and  s u b t r a c t  i t  f r o m  t h e  

r i g h t  hand s i d e  ( i m p o s i n g  t h e  hypsr -cube  c o n s t r a i n t l ,  

T h i s  l e a v e s  t h e  r i g h t  hand s i d e  n e g a t i v e  and  p e r m i t s  a  c o n t i n u a t i o n  o f  t h e  
X 

p r o c e d u r e  a t  above ,  



I n  t h i s  s i m p l e  f a s h i o n  one  d e r i v e s  r e l a t i v e l y  s t r o n g  c o n s t r a i n t s  (71 

( few I s r m s j .  The minimal  n [ i 1  o v e r  i , i d e n t i f i e s  t h e  " s t r o n g e s t "  c o n s t r a i n t ,  
m x 

o r  a s  we may s a y  t n e  " p r e f e r r e d  row" i and a  " p r e f e r r e d  s e t "  n [ i  1 ,  e x c e p t  f o r  

t h e  c a s e  t h a t  no  row y i e l d s  a  p r e f e r r e d  s e t  [which  i s  r a r e  enough t o  b e  unimpor- 

t a n t  and can be  t r e a t e d  by ad  hoc h e u r i s t i c  m e t h o d s l ,  

X 
A t  l e v e l  1 o n l y  v a r i a b l e s  i n  n ( i  1 ,  an o f t e n  r e l a t i v e l y  s m a l l  sub-  

s e t  o f  a l 1  f r e e  v a r i a b l e s ,  need e v e r  b e  c o n s i d e r e d ,  s o  t h a t  one  may have  i d e n t i f i e d  
m 

an i m p o r t a n t  r e d u c t i o n  o f  t h e  r e g i o n  t o  b e  s e a r c h e d ,  k may t h e n  e h  g.  b e  chosen  

a s  t h e  v a r i a b l e  w i t h  s m a l l e s t  n e g a t i v e  c o e f f i c i e n t ,  o r  by some o t h e r  c r i t e r i o n ,  

a c c o r d i n g  t o  t h e  e f f e c t  o f  t h e  c h o i c e  on t h e  i n e q u a l i t i e s ,  

Examples : 

-5n4 + 3n - 4n3 + Z n 4  + 7n5 s - 1 
2 

Case  a  [no  i m ~ o s e d  s t a t e l  - - 
- 5 9  - 30* - 4~~ - 2q4 - 7n5 s -13 

5 - 3n2 - 47-1~ - 7 -11. e t c .  , 

- 5 na -7% $ - 4  

n + 5" 1 : e i t h e r  o1 = 4 o r  q5 = O 

Case  b  z impoçed s t a t e  F 1  = { 1 , 4  1, F2  = {  2 1  , F3 = { 3 , 5 1  

I n t r o d u c e  q f o r  j e ~ q  , t h e n  p r o c e e d  a s  above  i n  r e g a r d  t o  v a r i a b l e s  
j 

i n  f-3 o n l y ,  



I n  t h e  f i r s t  c a s e  one  migh t  d e c i d e  t o  b r a n c h  on kY = l. ( s e t t i n g  

"4 = 1 on a  f o r w a r d  s t e p l ,  p r e f e r r i n g  t o  keep v a r i a b l e s  i n  F3  a s  l o n g  8s t h e y  show 

no t e n d e n c y  t o  become f r a c t i o n a l  ( a s  o n e  d o e s  i n  branch-bound m e t h o d s l s  

Y m 
5 L7 If t h e s e  e x i s t s  k , s e l e c t e d  f rom among t h e  k k r  [ i  1 o r  among - X< 

t h e  k e  F i f  n [ i  1 i s  n o n - e x i s t e n t *  b r a n c h  on ka frorn 1- t o  1, r e p l a c e  
1 

A 

m 
1- by 1. sl- by S . k* by k  . e t c i  . and resume a t  1 , 

?% 
6 O If n o t ,  i , e ,  i f  n l i  1 ( o r  F I  ha s  been e x h a u s t e d ,  t h e n  e x p l o i t  - 

t h e  a c c u m u l a t e d  i n e q u a l i t i e s  a t  l e v e l  1- i n  e x a c t l y  t h e  some f a s h i o n  a s  

d e t a i l e d  i n  4 t o  e f f e c t  c a n c e l l a t i o n s  a t  1" and t o  d i s c o v e r  t h e  pos- -- 
s l b i l i t y  of aWbackup f rom 1- t o  1 

- 
I n  c a s e  of  a backup,  one  r e p l a c e s  1 by 1 , 1- by 1--, r ecompu tes  t h e  

1 - 
new SI by s i m p l e  c o m p u t a t i o n s  and  r e f e r e n c e  t o  a few items s t o r e d  i n  memary 

( s u c h  a s  kx  , t h e  b r a n c h  f rom 1- t o  11 ,  and resumes  a t  1 [ u n l e s s  1- = 0 ,  - 
h h i c h  i n d i c a t e s  t e r m i n a t i o n l ,  

If t h e r e  i s  no backup.  o n e  cornputes a  new k* i n  a manner exactly 

a n a l o g o u s  t o  . t h a t o f  4 ,  and  r e sumes  a t  a n  - - 



4 , Tmplernentat ion . An Examplei 

The b a s i c  s t a t e  enumera t ion  a l g o r i t h m  l e a v e s  open t h e  q u e s t i o n  o f  

s t r a t e g y ,  i . e .  t h e  e x e r c i c e  o f  p a r t i c u l a r  c h o i c e s  among v a r i o u s  o p t i o n s  l e . g .  
% 

i n  t h e  s e l e c t i o n  of  kt and k  , e t c .  1 .  An i m p l e m e n t a t i o n  of t h e  a l g o r i t h m  w i t h  a  

s e t  o f  s t r a t e g i e s  e a s i l y  a v a i l a b l e  t o  t h e  u s e r  i s  a  n o n - t r i v i a l  t a s k ,  

We have  some e x p e r i e n c e  w i t h  an e x p e r i m e n t a l  a l l - F o r t r a n  c o d e  deve-  

l o p e d  w i t h  t h e  s u p p o r t  o f  IBM F r a n c e  ( J ,  M , G a u t h i e r l ,  and more r e c e n t l y  and i m -  

p o r t a n t l y  w i t h  an e x p e r i m e n t a l  s y s t e m  deve loped  by t h e  P h i l a d e l p h i a  S c i e n t i f i c  

C e n t e r  ( f o r m e r l y  t h e  New York S c i e n t i f i c  C e n t e r l  o f  IBM, 

T h i s  sys t em,  NYLPS/MIPIS, i s  a  s e t  of F o r t r a n  s u b r o u t i n e s  which  

u t i l i z e s  an 0s v e r s i o n  o f  t h e  l i n e a r  programming s y s t e m  LPS and i s  i t s e l f  d e s i -  

gned t o  e x e c u t e  c e r t a i n  s t a n d a r d  t a s k s  o f  mixed i n t e g e r  programming, s u c h  a s  t h e  

f i x i n g  of  bounds o r  v a r i a b l e s ,  t h e  s t o r a g e  and r e t r i e v a l  o f  d a t a  f o r  t r e e - s e a r c h  

o r  o t h e r  methods,  e t c , ,  

Wi th in  t h i s  s y s t e m  it  was r a t h e r  e a s y  t o  implement  a  number o f  

branch-bound a l g o r i t h m s  (Dakin  a l g o r i t h m ,  Land-Doig a l g o r i t h m  ; b o t h  f o r  

" s i n g l e  b r a n c h "  a s  w e l l  a s  " m u l t i - b r a n c h "  t r e e s  ( s e .  [5] o r  [9 ]  f o r  t h i s  t e r -  

m i n o l o g y l l ,  The c o d i n g  o f  an e f f i c i e n t  s t a t e  e n u m e r a t i o n  a l g o r i t h m  i s  c o n s i d e r a b l y  

more c o m p l i c a t e d  and we s t i l l  have  an  i n a d e q u a t e  u n d e r s t a n d i n g  o f  what  c o n s t i t u t e s  

an a p p r o p r i a t e  s e t  of s t r a t e g i e s ,  e s p e c i a l l y  f o r  l a r g e  problemç [ t h e  l a r g e s t  p roblem 

which  we have  t r i e d  t o  s o l v e ,  w i t h  p a r t i a l  s u c c e s s  , had 368 rows and  397  v a r i a b l e s ,  

w i t h  25 i n t e g e r  v a r i a b l e s 8  a  problem which h a s  been  s o l v e d  by a  mixed i n t e g e r  c o d e  

d e s c r i b e d  i n  BO] 1 .  

A w e l l  known t e s t  p roblem o f  s i z e  ( 6 , 1 2 1 ,  i - e n  w i t h  6 rows and  12 

v a r i a b l e s  ( a l 1  z e r o - o n e ) .  g i v e n  i n  [ z ]  , was s o l v e d  by t h e  r e s o l u t i o n  o f  11 l i n e a r  

programs w i t h  a  t o t a l  o f  57  p i v o t  s t e p s .  It i s  c l e a r  t h a t  t h e  s e t  of i n e q u a l i t i e s  

g e n e r a t e d  depends  on t h e  p a r t i c u l a r  s t r a t e g y  c h o s e n ,  I n  t h i s  p a r t i c u l a r  c a s e  t h e  8 

f o l l o w i n g  i n e q u a l i t i e s  were  g e n e r a t e d ,  a f t e r  o m i s s i o n  of  d u p l i c a t e  i n e q u a l i t i e s  

lwhich i s  c a s y l  , The o p t i m a l  o b j e c t i v e  f u n c t i o n  f o r  t h e  c o n t i n u a u s  p rob lem was 

6 , 0 5 ,  t h a t  f o r  t h e  ze ro -one  problem was 13, 



@ 3,514 $,a2 9.73 6.74 7.33 4.62 3 . 2 2  i zX-6,85 

@ 5 6 12 7 3 4 -8 5 ~ 8  

@ 6,92 8,94 -33.42 -43.55 3,77 47,77 -9 ,02  40 .18  $ Z -35.49 
X 

@ -1 - 4,36 - 1,46  4 -8.64 4,27-4,36 3,82 4 5,73 -7 <-9.55 

0 ,667 -12 ,333 4 7 -1 3 -5 -1 <-5.67 

@ -4,67 - 3.35 4  -3 -5 - 1 4 4 <-3.33 

@ 5  !l 3 2  6 4 7 2  4 4 
X 

4 5 ' Z - O  

@ 5,67 -6 ,333 4 3  4 4  -1 3 4 -5 - 5 4  $ 2.33 

l h e s e  i n e q u a l i t i e s  a r e  of c o u r s e  g e n e r a t e d  d u r i n g  t h e  s o l u t i o n  

p r o c e s s ,  i n  t h e  o r d e r  g i v e n  above .  N e v e r t h e l e s s  i t  i s  i n s t r u c t i v e  t o  a s k  one- 

s e l f  what  t o  do w i t h  them, The s i m p l e  p r o c e d u r e s  of t h e  g i v e n  a l g o r i t h m  ("corn- 

p l e t e  r e d u c t i o n " )  need  n o t ,  o f  c o u r s e ,  b e  e f f e c t i v e  enough t o  y i e l d  immed ia t e  

r e s u l t s ,  I n  t h e  exarnple above ,  one  r e q u i r e s  knowledge of  some v a l u e  f o r  z', 
o r  f i x e d  v a l u e s  f o r  some v a r i a b l e s ,  a s  a r e  i n t r o d u c e d  d u r i n g  t h e  s e a r c h  . 

x  
Suppose  t h e  v a l u e  of Z i s  known t o  be  13,  a s  became m a n i f e s t  i n  

i t e r a t i o n  6. Then. f o r  example.  i n e q u a l i t y  @ i m p l i e s  - 
5 - "7 = "9 

= O. 

A f t e r  t h a t  one  migh t  compute t h e  p r e f e r r e d  s e t s .  E ,  g,  : 

X 
Thus,  t h e r e  a r e  s e v e r a l  p o s s i b i l i t i e s  f o r  t h e  p r e f e r r e d  set  n ( i  1 ,  among which - 
one  rnay choose  a c c o r d i n g  t o  a  s e c o n d a r y  c r i t e r i o n .  A t  any r a t e ,  i t  i s  c l e a r  t h a t  

one  need  n o t  e x p l o r e  more t h a n  two p o s s i b i l i t i e s ,  s u c h  a s  (na = O o r  O1 o r  

t1)3 = 1 o r  = 01 e t c , ,  a t  l e v e l  4. 

I n  t h e  a c t u a l  program t h e  f i r s t  b r a n c h  was ?') = 4 ( t h e  above  i n f o r -  4 O 
mat ion  was n o t  a v a i l a b l e ,  o f  c o u r s e l ,  

C o n s i d e r  now t h e  s i t u a t i o n  a f t e r  t h i s  p o s s i b i l i t y  h a s  been e x p l o r e d .  The s e a r c h  

h a s  r e t u r n e d  t o  l e v e l  4 and = O. When Tg4 = O was t r i e d ,  t h e  a u x i l i a r y  l i n e a r  
40 

program became i n f e a s i b l e .  which  proved  = 4 .  With t h i s  i n f o r m a t i o n ,  t h e  s e a r c h  

t e r m i n a t e s  ; f o r  : 



One now has : nq = n2 = " = n7 = n9 = = 0 ,  r i6  = = I 

I d e a s  ç i m i l a r  t o  " c o m p l e t e  r e d u c t i o n "  have  r e c e n t l y  a l s o  been  

p r o p o s e d  i n  Pl 



5 S e l e c t e d  R e s u l t s  - D i s c u s s i o n  

d t  is sleas t h ê t  sorne of t h e  e l e rnen t s  o f  t h e  s t a t e  enurnera t ion  scherne 

Fan b e  a p p l i e d  a l s o  t o  branch-bound rnethods. I n  p a r t i c u l a r  one  rnay a t t e m p t  

t o  u t j l l z e  i n e q u a l i t i e s  f o r  t h e  f i x i n g  of v a r i a b l e s ,  e x a c t l y  as o u t l i n e d  i n  

3, 4, 

I n  T a b l e  4 we g i v e  r e s u l t s  f o r k h r e e  s rna l l  p rob lems ,  of s i z e s  

[5,423 and 126,351 w i t h  a 1 1  1 2  and  35 v a r i a b l e s  b i v a l e n t ,  and size (28,891 

wf t i  t h e  f i r s t  3'l of t h e  89 v a r i a b l e s  b i v a l e n t .  

The rnethodçused were  : 

4 Branch-bound s i n g l e - b r a n c h  

2 . Branch-bound m u l t i - b r a n c h  

3 . 4s 1 , p l u s  Bende r s  i n e q u a l i t i e s  

4 - As 2 , p l u s  Bende r s  i n e q u a l i t i e s  

5'  S t a t e  enu rne ra t ion .  

b ~ t r i e s  - mean t n a t  t h e  c o r r e s p o n d i n g  prqblem was n o t  r u n ,  O t h e r w i s e ,  t h e  f i r s t  

ntirnber l n d i c a t e s  how rnany l i n e a r  programs had t o  be  r e s o l v e d  b e f o r e  t e r m i n a t i o n ,  

The  s e c o n d  r~umber  is t h e  t o t a l  nurnber o f  p i v o t  s t e p s .  

TABLE ZERO-ONE MIXED INTEGER PROBLEMS 



The r e s u l t s  f o r  t h e  s t a t e  enumerat ion method a r e  s t i l l  d i s a p p o i n t i n g ,  

we b e l i e v e  due t o  i n a d e q u a t e  s t r a t e g y ,  b u t  o u r  u s e  of  i n e q u a l i t i e s  i s  e v i d e n t l y  

b e n e f i c i a l .  I n  c o n s i d e r i n g  such p r e l i m i n a r y  r e s u l t s ,  one must keep a number o f  

i t e m s  and p o s s i b i l i t i e s  i n  mind, 

1 . Our programs have s o  f a r  no t  e x p l o i t e d  t h e  o p t i o n  of impregs ing  an i n i t i a l  

s t a t e .  The p o t e n t i e l  b e n e f i t s  of such an approach were demons t ra ted  i n  [ 6 ]  

and [12]. Also.  i n  t h e  c a s e  of very l a r g e  problems one may be  f o r c e d  t o  

r e s o r t  t o  h e u r i s t i c  e x p l o r a t i o n  schemes, 
8 

One n a t u r a l  way of do ing  t h i s ,  i s  t o  s e l e c t  " s e a r c h  o r i g i n s "  ( impressed  

s t a t e s " )  a t  random, o r  i n  some pseudo-random f a s h i o n ,  and e k p l o r e  t h e  v i c i -  

n i t y  o f  such  o r i g i n s  ( e , g ,  by l i m i t i n g  t h e  l e v e l  1 of  t h e  s e a r c h l .  Branch- 

bound approaches  do n o t  appear  t o  be  w e l l  s u i t e d  f o r  such  a  t a s k ,  

2 , .  There  a r e  obv ious  p o s s i b i l i t i e s  fo 'r  e x t r a c t i n g  more i n f o r m a t i o n  f rom t h e  

c o l l e c t e d  s e t s  of i n e q u a l i t i e s .  Arnong t h e s e  one  may mention : 

( i l  Deducing new i n e q u a l i t i e s  by methods o t h e r  (and p o s s i b l y  çtrongerl 

than  comple te  r e d u c t i o n ,  Cf,  [14], 

[ i i l  Ranking, r e p l a c i n g  and u s i n g  i n e q u a l i t i e s  i n  accordance  w i t h  c e r t a i n  

" f i g u r e s  df m e r i t "  which may be  d e s i g n e d  t o  g i v e  an approx imate  n o t i o n  

of t h e  s t r e n g t h  of an i n e q u a l i t y .  

[ i i i l  A l l - i n t e g e r  programming o v e r  a  g i v e n  s e t  of i n e q u a l i t i e s  ( p o s s i b l y  

t o  be  i n t e r r u p t e d  a f t e r  a  p r e s p e c i f i e d  no. o f  p i v o t  s t e p s l ,  

( i i i i l  L i n e a r  programming o v e r  t h e  i n e q u a l i t i e s ,  (may be  n e c e s s a r y  i n s t e a d  
C 1 

of iii when t h e  i n e q u a l i t i e s  of i n t r o d u c e  con t inuous  s l a c k  v a r i a -  

b l e s  1. 

E v i d e n t l y  t h i s  l i s t  can be  e n l a r g e d  f u r t h e r .  The s o l u t i o n  o f  l a r g e  

mixed i n t e g e r  programming problems w i l l  r e q u i r e  c o n s i d e r a b l e  i n g e n u i t y  i n  such 

d i r e c t i o n s .  



6 . The Knapsack Problem 
- .  . . - - .  . . . - . - . - - - . -  

An i m p o r t a n t  problem, bo th  i n  i t s e l f  and a s  an example of  what ç a n  

bs done w i t h  problems of s p e c i a l  s k r u c t u r e ,  i s  t h e  Knapsack p r o b l m .  

min 
C k  llk = z 

C 

The c  and b may be t aken  t o  be p o s i t i v e ,  and t h e  r a t i o s  
k k k/ a r e  aççumsd 

b k  
o r d e r e d  : 

The s o l u t i o n  p rocedure  is somewhat d i f f e r e n t  f rom t h a t  g i v e n  f u r  - 

t h e  g e n e r a l  problem, A t  a  g iven  l e v e l  1 we f i r s t  r e s o l v e  t h e  l i n e a r  program 
1 1 1 

( a u x i l i a r y  problem AP 1, i , e ,  we c o n s i d e r  K p a r t i t i o n e d  i n t o  (E, Z ,  F I  . 
We may assume t h a t  t h i s  problem is f e a s i b l e  î i n f e a s i b i l i t y  would p e r m i t  a 

c a n c e l l a t i o n  of branch kx from 1 O 1 The s o l u t i o n  i s  a lways  t r i v i a l  

and de te rmined  by t h e  index  f G  F of t h e  one v a r i a b l e  which becomes f r a c -  

t i o n a l .  [ I f ,  by chance,  t h i s  v a r i a b l e  t a k e s  on an i n t e g r a l  v a l u e ,  t h e n  one 
X 

may have a  new s o l u t i o n ,  and one c e r t a i n l y  may d i s c a r d  k  1. F i s  p a r t i t i o -  

ned i n t o  t h e  s e t s  L [ i n d i c e s  k < f l ,  if) and R [ i n d i c e s  k > f l .  I n  

t h e  l i n e a r  programming s o l u t i o n ,  t h e  v a r i a b l e s  q , j E L ,  have v a l u e  4.. 
5 

t h o s e  w i t h  j E. R have v a l u e  0 ,  



Example : C s -  (150  27 ,  10, 15) 18; 1 0 ,  41,  32 ,  62 ,  7 0 )  

r = 7 4  b = Ill, 25,  1 0 ,  S 5 :  20; Q2,  50, 40, 80, 1001 

LP s o l u t i o n  : f  = 5 ,  L = (4, 2, 3, 4 1 ,  R = 16, 7 ,  8,  9 , 1 0 1 ,  E = Z = 0 

Of c o u r s e ,  one  may o b t a i n  an i n t e g r a l  s o l u t i o n  by r e p l a c i n g  t h e  f r a c t i o n a l  v a r i a -  

b l e  by z e r o  ( [ i l V f i r s t  approx imat ion"18  One may c o n s i d e r  two more s i m p l e  a p p r o x i -  

m a t i o n s )  a s  f o l l o w s  : 

( i i l  round 1 t o  z e r o ,  Then scan r i g h t  and t r y  t o  r e f i l l  t h e  Knapsack ( a s  c h e a p l y  f  
a s  p o s s i b l e ,  a s  u s u a l l ,  

[ iii 1 round q f  t o  one,  T h i s  r e n d e r s  t h e  s o l u t i o n  i n f e a s i b l e .  Scan l e f t  and s e t ,  

c o n s e c u t i v e l y ,  a l 1  v a r i a b l e s  P, j & L, one  a t  a  t i m e  on ly ,  t o  z e r o .  
j " 

I f  L i s  vo id ,  of  c o u r s e ,  t h e r e  i s  no f e a s i b l e  s o l u t l o n  of t h i s  t y p e .  

Otherwise ,  one u s u a l l y  f i n d s  f e a s i b l e  s o l u t i o n s a n d  t a k e s  t h e  b e s t ,  O r ,  

d ropp ing  any one v a r i a b l e  l e a v e s  t h e  s o l u t i o n  i n f e a s i b l e ,  f o r  any je L.  

I n  t h a t  c a s e  one s e t s  ?) = O f o r  t h e  r i g h t  most index  i n  L and resumes 
j 

t h e  scan f rom t h i s  p o i n t ,  A f t e r  one has found a good f e a s i b l e  s o l u t i o n ,  

one may a l s o  e x h i b i t  t h e  a s s o c i a t e d  l i n e a s  programming s o l u t i o n  by l e t t f n g  

t h e  rounded down v a r i a b l e  ( i n d e x  f 3 1  assume t h e  f r a c t i o n a l  v a l u e  which 

r e n d e r s  S = O .  

I n  t h e  c a s e  of t h e  above example one e x h i b i t s  t h r e e  LP s o l u t i o n s  



The o b j e c t i v e  f u n c t i o r  v a l u e s  21, Z2, Z a r e  t h o s e  o f  t h e  c o r -  
3 

r e s p o n d i n g  f e a ç i b l e  i n t e g e r  s o l u t i o n s ,  o b t a i n e d  Dy s e t t i n g t h e  f r a c t i o n a l  compo- 

n e n t s  "40 ""fr 
and  " 3  

e q u a l  t o  z e r o ,  s e s p e c r i v e l y ,  Note t h a t  i n  c a s e  ( i i l  

one  h a s  a d j o i n e d  f t o  Z, i n  c a s e  ( i i i l  one  a d j o i ~ s  f t o  E, 

One rnay a s s o c i a t e  a  Benderç t y p e  i n e q u a l i t y  w i t h  e a c h  c a s e ,  

b t  h a s  t h e  form 

I n  t h e  above  Z is t h e  o b j e c t i v e  l u n c t , l o n  o f  t h e  l i n e a r  program 
X 

4 [ i , e ,  w i t h  v a r i a b l e  q = 3 
5 

f o r  (il, , = - f o r  [ i i l  and q3 = - f o r  ( i i i i  
' 2 0  a rO 1 O 

L i s  t h e  i n d e x  set  of t h e  f ree  v a r i a b l e s  t u  t h e  l e P t  of f - 5. f 2  = 7 ,  f = 3 ,  
."p 3 

r e s p e c t i v e l y ,  

b and  R, i n  a  c e r t a i n  s e n s e n  p l a y  t h e  r o î e  o f  F 1  and F2 i n  t h e  g e n e r a l  
m 

c a s e ,  F 3  i ç  c o n s i d e r e d  v o i d ,  Note t h a t  o n e  haâ a lhayç  a  v a l u e  f o r  Z l u n l e s s  t h e  

i n i t i a l l y  posed  p rob lem i s  i n f e a s i b l e l ,  

The Knapsack problem i s  a l ç o  an d e a l  v ~ h i c u l e  f o r  t e s t i n g  çome of  

t h e  i m p o r t a n t  i d e a s  of Gornory ar,d Llohnson [e l  - he  a r a  g r a t e f u i  'co them f o r  ma kir,^; - - 

t h i s  r n a t e r i a l  a v a i l a b l e  t o  us b e f o r e  i t s  g e n e r a i  d i s ç e m i n a t i o n ,  We a l s o  want  t o  

a c ~ n o w l e d g e t h e  g e p e r o u ç  a d v i e s  of E l l i s  J o h n s o n ,  g j v e n  f r e e l y  i n  many d i s c u s s i o n s ,  

S t a s t f n g  w i t h  a  l i n e a r  pragramming s o l u t i o n  w i t h  f r a c t i o n a l  v a r i a b l e  

'if 
and c o r r e s p o n d i n g  i n d e x  s e t s  E, Z, L, R, { f  1 . we may m i t e  t h e  well known 

g roup  problem a s  f o l l o w s  : 

- 
min - I h k  lk * 1 hk qk 

L-lJE RUZ 
(11 1 

a - "I 
- { -  L b k  qk + 1 b k n  1 ' -  S f vf I m o d l ) ,  4 
bf LUE R U  Z bf 

n k e  O K.;I.,uR, 2 3 5  

i n  wh ich  t h e  cornplementasy v a r i a b l e s  T = 3 - 
k qk 

have  been i n t a ~ d u c e d  f a s  



k t  LUE , and vf i s  the  co r respond ing l y  mod i f ied  r i g h t  hand s i d e  o f  the c o n s t r a i n t ,  

Gomory and Johnson show ( i n  [8 1) how one may o o t a i n  v a l i d  and r e l a t i v e -  - 
l y  s t r o n g  i n e q u a l i t i e s  o f  t h e  f o rm  

k c  LUE k é  ?L;Z 

by t a k i n g  t h e  faces of tabu la ted  co rne r  po lyhedra f o r  c y c l i c  groups [see PI l 
and S n t e r p o l a t i n g "  i n  va r i ous  waysl The numer ica l  r e s u l t s  below were ob ta ined  

f o r  t h e  s i m p l e s t  p o s s i b l e  case invo1v:ing t h e  twn faces  o f  a  c y c l i c  group o f  o r d e r  

two. One rnay w e l l  expect t h a t  t h e  u t i l i z a t i o n  o f  n i g h e r  o r d e r  groups, no t  i n  

p r i n c i p l e  ve r y  niuch mort? compl icated,  cou ld l ecd  t o  s u b s t a n t i a l l y  s u p e r i o r  r e s u l t s ,  

+ - 
A f t e r  t h e  n and r have been obta ined,  one rnay i n  t h e  case o f  

t h e  Knapsack Prablem e l i r , i n a t e  t h e  s l a c k  v a r i a b l e  S between ( 8 1  and (121, t o  

a r r i v e  a t  an ~ n e q u a l i t y  of t h e  form (41 .  We a l s o  use t h e  obv ious i n e q u a l i t y  

which i s  o f  t h e  f o r m  151. 

To g e t  an i dea  as t o  t h e  comparat ive m e r i t  o f  a l g o r i t h m s  and t h e  

u t i l i t y  o f  approx imat ions and i n e q u a l i t i e s ,  we implemented e i g h t  a l go r i t hms  

w i t h i n  a  modular system o f  subrou t ines ,  

1 . A branch-bound a l g o r i t h m  of mu l t i - b ranch  t ype  I l e e , ,  w i t h  as many pending 

modes as a r e  generated s t o r e d  and r e t r i e v e d  acço rd i ng  t o  o b j e c t i v e  fonc- 

t i o n  va lue,  Approx imat ion [ i l  used. No " p e n a l t y "  computat ion [as  i s  cus- 

tomary i n  branch-bound codes!. 

2 . The same as I.ibov~ p l u s  "group p e n a l t i e s " ,  co - 'pu ted  f r o m  a  c y c l i c  group o f  

o r d e r  seven a t  t he  suggest ion o f  E.Johnson, Customary p e n a l t i e s  cou ld  be 

expected t o  be weaker, so t h a t  any reasonable  branch-bound code would have 

an e f f i c i e n c y  samewhere between 4 and 2, 

3 . The s t a t e  enumeration a l g o r i t h m  w i t h  approx imat ion c i l  and c o r r ~ s p o n d i n g  

Benders i n e q u a l i t i e s ,  



4 . S t a t e  e n u m e r a t i o n  w i t h  a p p r o x i m a t i o n  ( i l  and  Gomory-Johnson i n e q u a l i t i e s  

(computed f r o m  t h e  c y c l i c  g roup  of o r d e r  21 as  d e s c r i b e d  e a r l i e r .  

5 . S t a t e  enumera t ion  w i t h  a p p r o x i m a t i o n  ( i l  and  Bende r s  a s  w e l l  a s  Gomory-Johnson 

i n e q u a l i t i e s  6 ,  7 ,  8.  Same a s  3, 4, 5 e x c e p t  w i t h  a l 1  a p p r o x i m a t i o n s  ( i l ,  

( i i l  and l i i i ) .  

I n  t a b l e  2 we g i v e ,  f o r  e a c h  method,  r e s u l t s  f o r 1 2  Knapsack p rob lems  o f  sma l l  

s i z e  (10 ze ro -one  v a r i a b l e s  o n l y l .  A number o f  75 and 1 0 0  v a r i a b l e  p rob lems  

w e r e  a l s o  r u n  and  do n o t  c a u s e  any  p a r t i c u l a r  d i f f i c u l t y .  

The 1 2  p rob lems  c o n s i s t  of 3 d i f f e r e n t  s e t s  o f  c o n s t r a f n t  d a t a ,  e a c h  o f  which was 

r u n  with the 4 right hand sides 74, 80, 4 3 9  and  250, 

When t h e r e  i s  one  e n t r y  i n  a p l a c e  o f  t h e  t a b l e ,  i t  d e n o t e s  t h e  no o f  

l i n e a r  programs which  were  e x e c u t e d  d u r i n g  t h e  s o l u t i o n  p r o c e s s .  

The s e c o n d  e n t r y ,  below t h e  f i r s t ,  g i v e s  t h e  nos o f  i n e q u a l i t i e s  which were 

g e n e r a t e d  and u t i l i z z d ,  Where t h e r e  a r e  two numbers below t h e  f i r s t  e n t r y .  t h e y  

g i v e  t h e  number o f  Bende r s  i n e q u a l i t i e s  and t h e  number o f  Gomory-Johnsnn inequa -  

l i t i e s ,  r e s p e c t i v e l y ,  

- ... number of  L P ' s  o r  i n e q u a l i t i e s  was n o t  r e c o r d e d  

L ... l a r g e  nurnber. 

A s  can  b e  s e e n ,  t h e  s t a t e  e n u m e r a t i o n  a l g o r i t h m  p e r f o r m s  c r e d i t a b l y .  The  u s e  

o f  i n e q u a l i t i e s  s u b s t a n t i a l l y  r e d u c e s  t h e  no. o f  r e q u i r e d  l i n e a r  programç.  

Some nf  t h e  b e s t  r e s u l t s ,  r e s o l u t i o n  o f  p rob lems  w i t h i n  e x e c u t i o n  o f  1 o r  

2 o r  3 l i n e a r  p rog rams ,  depend on t h e  s t r u c t u r e  of t h e  prnblem ( a s  e x p l o i t e d  

i n  t h e  a p p r o x i m a t i o n s l .  

N e v e r t h e l e s s ,  t h e r e  a p p e a r  t o  b e  good p r o s p e c t s  f o r  t h e  i n t e l l i g e n t  u s e  o f  

t e c h n i q u e s  s i r n i l a r  t o  t h o s e  u t i l i z e d  i n  t h i s  s tudyn  
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Problem 

Ahstract: An enumerative scheme is presented for the (0.1) knapsach problern as a specialization of the state enurneration rnethod 
Techniques are expiored for rendering srarch procedures more efficient by systematic use of information generated during execution of 
the algorithm. The inequalities o f  Benders and Gomory-Johnson are exploited to yield implicit enumeration tests in the special case of 
the knapsack problem. In a comparative study of eight algorithms and.of the utility of certain approximations and inequalities. cornputa- 
tional results arc given for twelve knapsack problems. each having ten (0.1 i variables. The effectiveneïs of rhrse enumerative al- 
gorithms are thus tested in a relatively simple framework. 

Introduction 
The knapsack problem is concemed with filling some al- 
located space. e.g., a knapsack, of volume r with vanous 
items X (taken once only. or not at all) of volume h, and 
having associated "profit" p, selected from a set of p 
items, so as to maximize the overall profit: 

max C p,t, = 2 ,  

b,t, + s = r. s Z O ,  r ,  E { O ,  1 1 ,  

k E K = ( I , Z ; . . , p ) .  (1) 

The optimal solution will not, in general, completely fiIl 
the space r but will leave a "slack" portion s unfilled. 

We shall assume that al1 b, and p, are positive and that 
the ratios p,lb, are in decreasing order from lcft to right: 

The knapsack problem is an im~ortant  zero-one in- 
teger or  mixed-integer problem, both in its own right and 
as a possible aid in the solution of general mixed zero- 
one problems. We give in this paper an enumeration pro- 
cedure which may be viewed as a specialization of the 
state enumeration method [ l  , 21. However, the particu- 
lar nature of the problem suggests a number of devia- 
tions and modifications of the enumerative scheme, e.g.. 
the use of three states denved from easily obtained ap- 
proximating solutions, and the incorporation of inequali- 

424 ties from the Gomory asymptotic problem. 

Our primary objective is to demonstrate how well 
suited is the state enumeration technique. or a variant of 
it. for a problem of special structure. We believe that 
elements of the method could be incorporated advan- 
tageously in other algorithms for the knapsack problem 
(see, e.g.. Refs. 3 and 4). We suggest also that other 
special problems which can he solved readily as linear 
programs and can be altered easily to give intege- 
feasible solutions, may be particularly amenable to soiu- 
tion by techniques such as those advocated here. The 
set covering problem and the plant location problem are 
two examples [ 5  , 61. 

A secondary objective is to explore methods for ren- 
dering search procedures more efficient by the systematic 
use of information generated during execution of the al- 
gorithm. In particular we have exploited to this end the 
inequalities of Benders and the asymptotic problem of 
Gomory. For the all-integer (0.1) knapsack problem, 
the Gomory-Johnson inequalities [ 7 ,  81. which are in 
general over al1 variables. including the slacks. can be 
transformed to inequalities over the zero-one variables 
only and can then be used in exactly the same manner as 
the Benders inequalities. Hence, we were able to test the 
effectiveness of these new ideas within a relatively sim- 
ple framework. 

We can thus use the zero-one inequalities to yield ef- 
ficient implicit enumeration tests. leading to the fixing of 
variables or to the establishment of infeabibiiity ( 1 , 2  . Y] .  
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For the mixed (0,l)  knapsack problem and for general 
rnixed (0 , l )  problems, one would have to use somewhat 
more complicated devices, e.g., linear programming over 
the inequalities. For such methods see Ref. 8. The actual 
c.;-~-i~tiit:::nal results of this paper are for the pure (0,l) 
case. 

This paper first points out some of the differences be- 
tween branch-and-bound and enumerative programming 
and then shows how modifications of the state enumera- 
tion method can be applied to the solution of the given 
knapsack problem. Various forms of heuristic devices are 
next discussed, including the use of the linear pro- 
gramming solution, of three different integer solutions, 
and of Benders and Gomory-Johnson inequalities. Nu- 
rnerical results for these various algorithms are then com- 
piirta with brancn-and-bound techniques for the solution 
of twelve knapsack problems. 

Branch-and-bound and enumeration procedures 
There is a good deal of confusion in the literature as to 
the difference between (implicit) enumeration and branch- 
and-bound (BB) programming, especially "single branch" 
BB programming, in which one branch of the search 
tree is pursued to the end, with backtracking, before an- 
other is taken up. The reader may wish to consult Ref. 9 
on such matters, e.g., on the terminology (a fairly obvious 
one) of single-branch and multibranch trees. Reference 9 
should also be consulted for further references to the 
basic papers on BB and enumerative programming. 

The e'ssential difference lies in the nature of the prob- 
lems that are actually solved: relaxed problems (Le., 
problems in .which the constraints t ,  E {O , 1) are re- 
laxed to O 5 t ,  4 1 in the case of BB programming) and 
constrained problems, in which specific integer values 
are substituted for al1 or a part of the t,, in the case of 
enumeration. 

This distinction can become somewhat blurred by the 

available in the choice of the state furnishes the essentl~il 
flexibility of the state enumeration method. Of course. it 
may not be easy to assign a state (to partition) intelli- 
gently. See Refs. 1 and 2 for details. The usefulness of a 
flexible procedure was, we believe, sufficiently demon- 
strated by the computational results of Ref. S. 

It ought to be emphasized that, in general, linear p r o  
gramming need not necessarily be used. Linear program- 
ming can be used intermittently only. e.g., only at the 
start. The state can be defined by means of some other 
method. Moreover, even the state problems need not be 
solved at al1 nodes, but only at the "terminal" nodes at 
which al1 zero-one variables have been fixed. In contrast 
to this, BB programming is intrinsically based on the 
resolution of two linear programs (or, more generally, 
two relaxed programs) at each node of the search tree. 

For the knapsack problem the situation is quite special, 
in that any linear programming solution of ( l ) ,  with some 
variables possibly fixed at O(kEZ) and some at 1 (k 
E E )  , can be made to have the property that no more 
than one component in the solution, say t f ,  has a frac- 
tional value. 

A BB algorithrn, then, will always round variable t f  to O 
for one branch and to 1 for the other. It will then pro- 
ceed from one of the pending nodes in the same fashion. 
The computational results in this paper will always refer 
to this true "multibranch" BB method with, in general, 
many pending nodes, as opposed to the single-branch 
approach. 

The more interesting approach for us, however, is that 
of state enumeration, modified so as to take into account 
the special nature of the problem. For such an enumera- 
tion algorithm the inequalities become the motive force. 
Since the inequalities are almost solely responsible for 
the curtailment of the search process, the manner in 
which they are generated (e.g., by correct choices of 
state) becornes a factor of ovemding importance. 

fact that an enumeration algorithm may also employ re- 
laxed auxiliary problems intermittently. In the enumera- State enumeration foi the knapsack problem 

tion scheme of this paper, relaxed auxiliary problems are Consider problem (1) as given initially, i.e., with al1 
always used, even when al1 t ,  are (0 ,  1) variables. In variablesfree: 
strict enumeration one could avoid al1 linear programs 
but usuaily only at the expense of losing valuable in- = * = @ = @. (3) 

formation. 
All variables are free, Le., none are fixed at O or I .  No  

In the state enumeration algorithm [ l  , 2 ] ,  an auxiliary 
distinction has yet been made among the free variables. 

linear prograrn may suggest (e.g., by rounding) a "state", 
In general, the state enumeration algorithm has the fol- 

which is a determination as to which of the "free" vari- 
lowing raw structure: 

ables (kEF)-the set of variables t ,  which have not 
been explicitly fixed at O or 1 -are to be set to 1 (kE F 1) , 1) Define 1 ,  the "level", to be (in a sense) the distance 
O(k E F 2) , or  be left free (k E F 3) in the solution of cer- from the origin of the search, i.e., let it be the number 
tain basic constrained "state problems." of variables that have been fixed explicitly in the last 

The manner in which F is partitioned into F 1 , F 2  , F 3  , sequence of "forward steps" from the origin (level O). 
determines the order in which the enumeration proceeds Initially, the level is set to O. It is increased in for- 

and the inequaiities that are generated. The arbitrariness ward steps, decreased in "backups". 
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2) If there are free variables left, go to 3). Otherwise, 
solve a terminal state problem, i.e., solve the original 
problem with the integer variables fixed as specified 
by E and Z. G o  to 4). 

3) Forward step 
a) Determine a state, Le., partition F into the three 
sets F I ,  F2,  F3. In other words partition K: 

This state can be determined trivially, from the pre- 
vious state, or by means of auxiliary computations. 
Pick a branch variable k* in F. 
b) lncrease 1 by one. 
Set t ,  = 1 if k* is in F2  or  F3, r,. = O if k*  is in F i ;  
Le., adjoin k* to E if it was in F2  or F3 and adjoin k* 
to Z if it was in F I .  Of course, modify F I ,  F2, F 3  
correspondingly. Store k* for later use in backups. 
Go to 2). 

4 )  Backtrp 
Retrieve the value of k* which led to the current node 
(level). 
Complement the variable, i.e., if t,, is currently l(0) fix 
it now at O(1). 
Reduce 1 by one. If 1 = -1, terminate. Otherwise, go 
to 2). 

This description, of course, lacks motivation and d l  
those details and additional features which âre neces- 
sary to make the procedure effective, such as: 

In 3a) one must decide on a method of determining th.e 
state. Frequently, one may decide to solve a non- 
terminal-state problem, obtained from the original 
problem by substitution of t, = 1 for k in F 1 and tk = O 
for k in F 2 ,  t, being left to Vary between O and 1 for 
k in F 3 . In the initial phases of the computation one 
would, of course, like to get a solution to the original 
problem. In general, however, computational evidence 
indicates that, wherever possible, it is desirable to 
choose the state close to a hypothesized good solu- 
tion [SI. 

When a state problem or an auxiliary problem has been 
solved, one can always obtain a Benders inequality 
[9 ,  I O ]  over the integer variables. From the auxiliary 
problem one usually is able to obtain Gomory-Johnson 
inequalities [7 , 81. All of those are necessary condi- 
tions for obtaining integer solutions. The Benders in- 
equalities may involve z* (a given or already computed 
bound on the objective function) in which case they 
are conditions for obtaining integer solutions with ob- 
jective functions better than, or equal to, z*. 

These inequalities can be utilized systematically in 
a search for the possibility of fixing ("cancelling") var- 
iables at the current level 1. On a backup to a previous 

level, al1 cancellations at the current level must be 
rescinded. 
In the general case, the inequalities may aRord the 
best way of choosing k * .  One will choose k* such thûa 
the forward step alters the state so that the new statc 
problem at the successor state differs from the pre- 
vious one. 

For detaiis, the reader is referred to Ref. 2 or 8, al- 
though we realize that those descriptions may be too 
concise to be sufficiently clear. It is in fact difficult to 
define any general mles for selecting effective computa- 
tional features. It is up to the analyst to decide on such 
matters in relationship to the particular problem at hand. 
In this paper we have tried to do this to some extent for 
the knapsack problem. 

Approaches to solving the knapsack problem 
The linear programming solution for (1) is obtained 
rather easily. We therefore made the natural decision to 
solve it, as an auxiliary problem, in every iteration. From 
the linear programming solution we then constmct heuris- 
tically three different solutions, if possible, to the original 
problem. With each such integer solution we may, if we 
wish, associate a state and also a corresponding linear 
programming solution and tableau. We shall give details 
presently, including examples. 

From each linear programming (LP) tableau we may, 
by inspection, deduce a linear inequality after Benders. 
(The Benders inequalities derived from the integer solu- 
tions are only integral multiples of the original constraints 
and are of no interest here). Also, we can in general de- 
rive an asymptotic problem after Gomory and constmct 
a Gomory-Johnson inequality over the tk and S. Compu- 
tationally this will generally require the constmction of 
a row in an updated L P  tableau and a table look-up with 
interpolation. 

It so happens that s can be eliminated between (1) 
and the Gomory-Johnson inequality, so that one again 
arrives at a final inequality involving the t, alone. 

There are, then, actually three states at level 1. Each 
yields, from the associated linear programming tableau, 
one or more inequalities. The branch variable k * ,  then, 
could be chosen with reference to any of these three 
different states and is in fact chosen from the first state. 

In our computationai work we have, because of time 
limitations, refrained from some of these options. For 
example, we constmct Gomory-Johnson inequalities 
only from the first L P  tableau at level 1, i.e., from the 
tableau determining the first state. See the next two sec- 
tions for a description of the three LP  solutions. The 
associated LP  tableaux can be visualized easily. 

We choose the branch variable, trivially, as the first 
fractional variable, characterized by the index f. This 
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makes the algorithm somewhat similar to a single-branch 
BB algorithm. But the other options do exist and may 
very well be worth explonng further. 

Linear programming solution 
At a particular node of the search, let the state be given 
by ( E ,  Z , F ) .  For the time being, F is not yet parti- 
tioned further, nor does the further partitioning play a 
determining role as in the general case of state enumera- 
tion. We may assume that the problem is feasible and 
nonintegral. (If the program is not feasible a backup in 
the search is indicated.) The solution is then uniquely 
determined by the index f E F of the one vanable that 
becomes fractional. 

As a matter of fact, F is partitioned into the sets L 
(consisting of al1 indices in F that are to the left o f f ) ,  
{ f )  , and R (al1 indices of F to the right off): 

In the LP solution, the variables t,, k E L ,  have value 
one and those with k E R have value zero. 

Example (Note that the p,/b, are ordered): 

p = ( 1 5 , 2 7 ,  I O ,  1 5 ,  1 8 ,  1 0 , 4 1 ,  3 2 , 6 2 , 7 0 ) ,  

LP solution : f = 5  , L = (1 , 2 ,  3  , 4 1 ,  
R = { 6 , 7 , 8 , 9 ,  IO), 

Three integer solution approximations 
Not al1 solutions need exist, in general. The solution of 
i) may be good, and ii) and iii) may occasionally not give 
an improvement. But usually the simple heuristics of ii) 
and iii) will be found effective. 

i )  A trivial solution is obtained by rounding down t,. 
ii) Round tf to zero. Then scan right and try to refill the 

knapsack at unit levels from variables in R. 
iii) Round r, to one. This renders the solution infeasible. 

1 .  S e t j = f ,  J = L .  
2. If J is void, abandon the search without solution. 

Otherwise, scan left (from j) and set, consecu- 
tively, al1 t, , k E J , one at a time, to zero. If there 
are feasible solutions, take the best one and stop. 

3. If there are no feasible solutions, set t, to O for the 
' 

rightmost index in J. Drop this rightmost index 
from J and set j to the new rightmost index of J 
(if possible). G o  to 2. 

With each of the three integer solution approximations 
one can associate a linear programming solution by giv- 

ing the first variable from the left in F a fractional value, 
which ensures that the knapsack is full. 

Example: In the case of the example given above, one 
has three LP solutions, z,  being the objective function 
for an LP solution and z that for an integer solution): 

The rhree integer approximations are the same with t, = O 
for t' , t, = O for t 2 ,  and t, = O for t" . The integer objec- 
tive functions are z' = 6 7 ,  z2 = 7 7 ,  z" 7 5 .  The 
second solution happens to be optimal. 

It would probably not be very difficult to devise some- 
what more elaborate heuristic niles. 

Benders inequalities 
Instead of giving a general discussion of Benders in- 
equalities and their use in enumerative programming 
we refer the reader to Refs. 9 or 10. It should suffice to 
note that, for any optimal LP tableau, one may look at 
the top row which expresses z as a linear combination 
of the nonbasic variables ( k E N ) .  Among these vari- 
ables are, in general, some integer variables y,, 

The summation is over the nonbasic variables only. The 
5, are essentiaily the reduced costs. At optimality, al1 
A, are nonnegative for k E F,  but not necessarily for 
k € E  or k E Z .  The j, stand for y,(k E R + Z) and 
for j, = 1 - y,(k E L + E )  . If z* is the best-known value 
for an integer solution, then an improvement can be found 
only for values of the 9, such that 

Therefore, rewriting (7) in terms of the original variables 
y,, or rather t, for the knapsack problem, one has a 
linear inequality over the t,. Fortunately, the knapsack 
problem affords the rare opportunity of writing the in- 
equality in the closed form: 

The summation is over al1 nonbasic variables that are 
either fixed at one, or are at one in the first LP solution, 
i.e., are to the left of the index F that determines the first 
LP solution. 427 
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Table 1 Twelve knapsack problems, resolved by methods 1 to 8 (See text for explanation and interpretation of column entries). 

Prohlem 

2. Branch-and-bound + 
group penalties 

3. State enumeration, (i) 
Benders 

4. State enumeration, (i) 
Gornory-Johnson 

5. State enumeration. (i) 
Benders, Gomory- 
Johnson 

6. State enumeration. 
(i) (ii) (iii) 
Benders 

7. State enumeration, 
(i) (ii) (iii) 
Gomory-Johnson 

8. State enumeration, 
(i) (ii) (iii) 
Benders, Gomory- 
Johnson 

feature of state enumeration, just as the use of a tree with 
pending nodes stored in a table and the selection of a best 
pending node for further processing is characteristic of 
branch-and-bound programming. 

The relative expenditure of computational effort is 
difficult to assess, depending on the weight that one 
wishes to give to storage requirement versus purely 
computational requirement. Row 2 represents a rather 
good BB scheme. The results of Ref. 8 seem to suggest 
that inequalities, especially of the Benders type, are only 
modestly useful in BB programming if used as they are 
in state enumeration. (Used differently, in auxiliary linear 
programs over a set of inequalities, they can be quite 
effective). As a consequence we believe that the results 
of the table are not biased and that the good performance 
exhibited in row 5 is indicative of a considerable poten- 
tial for state enumeration. 

The rows 6 to 8 represent what can be done when one 
exploits the specific structure of a problem. In the present 
case, this exploitation is effected by construction of ap- 
proximating integer solutions. The effect is drastic, even 
though no particular ingenuity was expended on this. 

est additional computational cost. The lesson is (and this 
is reinforced by similar expenences with special struc- 
tures in other areas) that it is essential to take prohlem 
structure into account as much as is at al1 possible. Ex- 
amples of these experiences may be found in studies of 
set covering and plant location [9], where additional 
references may be found. 

Problem structure c m ,  of course, be accounted for in 
many ways, and much expertise can be brought to bear 
upon it. Within the enumerative framework presented 
here, very simple devices were employed, and effectively 
so, as the last entries of the table indicate. In our opinion, 
the state enumeration approach with inequalities, once 
established in a program, makes the exploitation of spe- 
cial structures easier than might otherwise be the case. 
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can be ad jo ined t o  the Benders inequal i t i e s  and used f o r  

reduct.ion. i n  a l 1  cases, the r e s u l t i n g  inequal i t i e s  have the 

forin 

This i inpl ies t ha t  any value o f  z  has to  s a t i s f y  

The weakest way i n  whlch t h l s  l nequa l i t y  can be s a t i s f i e d  i s  

t ha t  o f  s e t t i a g  t o  1 ( 0 )  the componepts o f  y  w i t h  negat ive 

I f  a f t e r  having generated the Gomory-Johnson cu ts  fo r  a 

relaxed LP, one reopt imizes over the augmented tableau, the 

opt imal so l u t l on  w i l l  most l i k e l y  not  be i n t eg ra l  yet. One 

can choose t o  reopt  imi ze several  times, and eventual 1  y  branch 

on the var iab le  which turns ou t  t o  be the most d i f f i c u l t  t o  

render i n t eg ra l  i n  t ha t  fashion, namely the one which most 

Persi  s t e n t l  y  has a  non- in tegra l  value dur ing  the 

reopt imizat ions.  i n  t ies,  one may choose the branch va r i ab l e  

froin a  prefer red se t  o f  small size, so t ha t  s e t t i n g  i t  a t  i t s  

(non negat ive) c o e f f i c i e n t s  4 so tha t  a  lower bound f o r  z 
J 

pre fe r red  value now, o r  on the way back, w i l l  a l l ow  the f i x i n g  

of o ther  va r iab les  a t  some p o i n t  (sec <6>) .  
l 

where E i s  the se t  o f  va r iab les  d e f i n i t i v e l y  se t  a t  1. 



- A 
Q I.l 
L rl 
al v 
> 
a l .  
ln A 

N 
u 4 
al v 
> - .  
O A 
ln rl 

rl 
O v 
3 

A 
7 
4 
V 



Normal B B Adaptive State Enumeration 
b inarv  w i  thout w i  t h  
programming reduct ion <6> 
DZLP <15> 

I n  the (6x12) problem o f  Bouvier and Messounian, one can 

immediately f l x  y1 a t  O. The minimal number o f  p re fe r red  

var iab les generated by reduc t ion  i s  then 2. W i  t h  y1  =O, 

the re laxed problem ( O s y s 1) has an opt imal  o b j e c t i v e  

func t ion  value o f  5.85, 5  in teger  i n f e a s i b l e  rous i n  the 

opt imal  tableau g i  ve 5 cuts, reop t im iza t ion  Ii f t s  the 

optimum t o  8.94, and a second reop t im iza t ion  wi t h  neu cuts  

added gives a lower bound f o r  z o f  9.72. The s t a t e  problem 

obtained by rounding f r a c t i o n a l  components o f  y  i s  

i n f e a s i b l e  and y i e l ds  a Benders inequa l i  t y  which i s  no th lng  

bu t  one of the i so l a t ed  cons t r a i n t s .  Three var iab les  y6, y8 

and y10 appeared repeatedly i n  the bas is  i n  t ha t  process, y6 

and y8 moreover appear twice i n  prefer re t i  i nequa l i  t i cs .  One 

chooses to  b r  anch on y6, round i ng i t down f rom -09 t o  O. 

Node 2 a t  l e ve l  1 w i t h  two var iab les f ixed, y l d e f i n i t i v e l y  

a t  O and y6 l o c a l l y  a t  O, sees f i r s t  of a l 1  three o ther  

var iab les f ixed, y11 and y5 a t  0, and y3 a t  1. The relaxed 

ob jec t i ve  f unc t i on  value, through the add i t i on  o f  cuts  i s  

sd:cessively 8.1, 11.6 and 11.8. Four va r iab les  are bas i c  

a t  the end, b u t  o n l y  one, yl2, i s  f r ac t i ona l .  One generates 

a Benders i n e q u a l i t y  and the s t a t e  problem obtained by 

rounding y12 up from .76 t o  1 i s  feas ib le ,  w i t h  an in teger  

so l u t i on  and an ob j ec t i ve  f unc t i on  va lue of 13. One can f i x  

For each entry,  the numbers represent: No. o f  LP's, No. of 

pivots,  Node e t  which opt.  so l .  found ( i n  t ha t  sequence). 
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v a r i a b l e s  g l o b a l l y  f r om the i n e q u a l i  t i e s ,  YS, y7, y9, y11 a t  O, 

y3 and y4 a t  1. L o c a l l y  the  p r o b l m  becomes i n f e a s l b l e  

( t h i s  r e s u l t  i s  ob ta ined  through reduc t i on ) .  Backup leads 

t o  l e v e l O a t w h i c h 8 v a r i a b l e s a r e f i x e d  ( a m o n g t h e m y 6  

complemented a t  1). T h i s  y i e l d s  an empty c o n s t r a i n t  set ,  

which i s checked easi  l y  by  reduc t l on .  A l  together,  two LP's 

have been necessary, i n c l u d i  ng  pos top t im l  z a t l o n  and an 

i n t e n s i v e  use o f  r e d u c t i o n  has cons ide rab l y  c u r t a i  l e d  the  

search. 

PROBLEM N.' 6 12 

M I I ( S 1 3 2 6 4 7 2 4 1 1 5 )  x Y  

SUB JBCT TO 

( - 1 3 - 1 2 0 - 1 7 - 1 0 0 3 - 5 - 1 )  x Y S - 6  

( 3 - 7 0 1 6 0 0 0 0 0 0 0 ) ~ Y S 1  

( 1 1 0 1 - 7 0 - 1 2 1 - s 0 9 0 ) x Y S - ' '  

( 0 5 6 0 1 2 7 0 3 1 - 8 0 5 ) x Y i 8  

( - 7 - 1 - 5 3 1 - 8 0 - 2 7 1 0 - 7 )  x Y s - 7  

( - 2 0 0 - 4 0 0 - 3 - 5 - 1 0 1 1 ) x Y i - 4  
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ZERO-ONE ZERO-ONE PROCRAIiMINC AND ENUMERATION 

bY 
-nique Guignard 1 

Kurt S p i e l b e r g  2 

1. I n t r o d u c t i o n  

It  i s  p o s s i b l e  t o  d e v i s e  a s p e c i a l  v e r s i o n  of  
t h e  Gomory a l l - i n t e g e r  i n t e g e r  a lgor i thm s o  t h a t :  
t h e  in t roduced  c u t s  a r e  e s p e c i a l l y  t i g h t ,  t h e  m a t r i x  
of added c u t s  c a n  be c a r r i m i  i n  l o g i c a l  form ( h a s  

e n t r i e s  -1, +1, O )  and t h e . c u r r e n t  s o l u t i o n  is on a 
v e r t e x  of t h e  hypercube. The a lgor i thm can  always 
star': and is l i k e l y  t o  f a i l  a f t e r  a nuaiber of 
i t e r a t i o n s .  The c i rcumstances 'under  which f a i l u r e  
occurs  can  be c h a r a c t e r i z e d  t o  saaie e x t e n t ,  and one 
can u s e  h e u r i s t i c  and l i n e a r  prograaming d e v i c e s  t o  
d e l a y  f a i l u r e  . 

Aside from r a i s i n g  q u e s t i o n s  of i n t r i n s i c  

i n t e r c s t ,  t h e  a lgor i thm may have sons  use  i n  branch 

and bound acd enurnerative programming. When f a i l u r e  
occurs ,  t h e  e x i s t i n g  t a b l e a u  c a n  Se t aken  as s t a r t i n g  
p o i n t  f o r  r e s o l u t i o n  of  a l i n e a r  program, and t h e  

r e s u l t a n t  o v e r a l l  procedure q u a l i f i e s  f o r  p rov id ing  
b c ~ n d c  i n  a branch and bound sea rch .  I n  t h i s  paper ,  
ho ïever ,  w e  e x p l o r e  an  e n m e r a t i v e  proceCure i n  
. *;.icn .- t h e  f i n a l  t a b l e a u  ( a f t e r  f a i l u r e )  is taken t o  

Cefine a sé t  of a u x i l i a r y  z u t s  t o  De used i n  t h e  

e ? ~ ~ . e r a t i o n .  
1) Dept. OF S t a t i s t i c s  and O.R., Univ. o f  Pennsylvania  
2 )  F h i l a C e l ~ n i a  S c i e n t i t i c  Cen te r ,  I E M  
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2 A l l - i n t e g e r  zero-one progranmin%. 

Consider t h e  zero-one program: 

min c0 y 

CO . y r b0 

i n  which CO i s  a m a t r i x  of m r o v s  and n columns. 

arid b0 and c0 a r e  cor rasponding ly  dimensioned 
v e c t o r s .  The c o e f f i c i e n t s  need n o t  n e c e s s a r i l y  be 

i n t e g r a l ,  bu t  computer tests of t h e  proposed 
a lgor i thms  have k e n  performed' on i n t e g e r  d a t a  only .  

Le t  (2.1) be r e w r i t t e n  i n  t h e  form 

min z - O + ( -col- ( -y)  
s = b O + CO. (-y) 

and y = O + (-1) (-y) - 
y = e +'"1.(-y),  

a s  suggested by R. E. Goaiory i n  c l >  (excep t  f o r  t h e  
lrst, reàundant ,  c o n s t r s i n t  se t ) .  

1 is  an (n ,n )  i d e n t i t y  m a t r i x  and l a V e C t O r  

of n e n t r i e s  1 . j; is t h e  v o c t o r  of  complcmented 

s t r u c t u r a l  v a r i a b l e s :  

(2.2) and (2.3) l i n k  t h e  o b j e c t i v e  functaon z 

and t h e  'dependent v a r i a b l e s m  ( s , y , f )  v i t h  t h e  . 
.independent v a r i a b l e s "  ( - y )  i n  terms of  t h e  mat r ix  
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During an a l l - i n t e g e r  zero-one algor i thin ,  a t  a 
g e n e r a l  i t e r a t i o n ,  one has  a mat r ix  r e l a t i o n  of t h e  
f o r a  ( T  denot ing t r a n s p o s i t i o n )  : 

with 

The v e c t o r  t has  a s  e lements  t h e  set of 
' c w r e n t '  independent v a r i a b l e s ,  c o n s i s t i n g  of scme 

i composite of t h e  structurais y i j )  and c e r t a i n  s lack-  

v a r i a b l e s  r (k)  which a r e  l i n e a r  combinations o f  t h e  

o r i g i n a l  y ( j )  . A r e p r e s e n t a t i o n  of t h e  r (k)  i n  
terns of t h e  o r i g i n a l  y ( j )  can be c a r r i e d  a l o q  

1 .  

e a s i l y :  

Gaaory's well-known a l l - i n t e g e r  i n t e g e r  

a l g o r i t h  main ta ins  d u a l  f e a s i b i l i t y  ( c (  j )  2 0) 
and i n t c g r a l i t y  of  t h e  ' l o g i c a l  p a r t "  o f  A ( t h e  

r e l a t i o n s  involving Q )  . With s u i t a b l e  p recau t ions  
i n  t n e  s e l e c t i o n  of p i v o t  rows and columns it has  

f i n i t e ,  a l b c i t  u s u a l l y  poor,  convergence. U n t i l  

o p t h l i t y ,  t h e  ' cu r ren t  so lu t ion '  ( d e t e m i n c d  Dy 
t - O )  has saae  nega t ive  caaponents.  A s  explained i n  

<1>, one =y d e r i v e  f r a  each corresponding row an  
*lied p i v o t  row 

w i t h  h ( i )  > O and g ( i , j )  2 O , determine t h e  p i v o t  ; 
column j t o  be t h e  l e x i c o g r a p h i c a l l y  gnrllest 

column wi th  g ( i , j )  > O , p i v o t  r ( i )  i n t o  t h e  

non-basis and d i s c a r d  t h e  updated p i v o t  row. 

(r (i) , h ( i )  a r e  s c a l a r s ,  g (i) is a n  n-vector w i t h  

e n t r i e s  g ( i ,  j )  ) . I n  t h e  c a s e  of a zero-one program 

it is  n a t u r a l  t o  t a k e  t h e  parameter A o f  GoPory, 
which determines  t h e  v a l u e s  of th. p i v o t  rou coef-  

f i c i e n t s ,  l a r g e  enough t o  render  h i i )  one  and t h e  

g ( i , j )  ze ro  o r  one. The p i v o t  s t e p  then  b e c œ e s  
p a r t i c u l a r l y  simple,  c o n s i s t i n g  i n  s u b t r a c t i o n  of t h e  

p i v o t  column f r o r  a l 1  o t h e r  columns w i t h  a a i n u s  

one e n t r y  i n  t h e  p i v o t  row. 

To o b t a i n  a s t r o n g e r  a l g o r i t h  w sugges t  t h e  
u s e  o f  t h e  reduc t ion  procedures  of <2>,  a s  f o l l o v s :  

( a )  Drop t h e  o b j e c t i v e  f u n c t i o n  row and al1 f e a s i b l e  

I .  
rows ( t h o s e  y i t h  nonnegrt ive  c o n s t a n t  terri). 

(b) Drop a11  p o s i t i v e  tems i n  t h e  r e s u l t i n g  mat r ix  
and n u l t i p l y  each column w i t h  t h e  range (bound 

i n t e r v a l )  of t h e  corresponding v a r i a ~ l e  

( i n i t i a l l y  1). 

(c) Reduce t h e  r e s u l t i n g  mat r ix  a s  i n  <2>,  t o  
o b t a i n  a set of minimal p r e f e r r e d  i n e q u a l i t i e s .  

These i n e q u a l i t i e s  have t h e  f o r n  ( 2 . 9 )  

w i t h  a l 1  coef f i c i e n t s  ( - h ( i )  ,-g (i, j 1 )  w u a l  t o  

O o r  -1, and it i s  c l e a r  t h a t  f o r  any Comory 

i n e q u a l i t y  a s  desc r ibed  above t h e r e  e x i s t s  a 

minimal p r e f e r r e d  i n e q u a l i t y  which is  e i t h e r  

equa l  t o  it o r  b a t t e r ,  i n  t h e  sense  o f  having 
fewer c m f f i c i e n t s .  



To have f ewer  c o e f f i c i e n t s  i n  t h e  p i v o t  rows t h a n  

u s u a l  is i m p o r t a n t  i n  t h a t  it o b v i o u s l y  d e l a y s  t h e  

o n s e t  o f  t h e  well-known degene racy  s i t u a t i o n s  which 

Fmpede t h e  Gomory a l l - i n t e g e r  a l g o r i t h m  i n  p r a c t i c e .  

A s imple  example may be u s e f u l .  L e t  a l 1  t ( j )  

have r ange  1 and l e t  a n  i n f e a s i b l e  i n r q u a l i t y  o f  

(2.7) be: 

Then t h e  Gomory c u t  w i t h  A l a r g e  is: 

tl + t 2  + t 4  1 1 

and a  minimal p r e f e r r e d  i n e q u a l i t y  is: 
t 2  2 1 

3. (Pseudo) zero-one zero-one r e p r e s e n t a t i o n .  

The r e p r e s e n t a t i o n  o f  t h e  dependent  v a r i a b l e s  

i n  t e rms  o f  t h e  independen t  v a r i a b l e s  w i l l  be s a i d  
t o  be  "zero-one zero-oneL a s  long a s  Q has  e n t r i e s  
1, -1, O and y h a s  v a l u e s  O and 1 on ly .  A 

cornputer code  c o u l d  t h e n  keep t h e  l o g i c a l  p a r t  o f  

A i n  t h e  form o f  two b i t  m a t r i c e s  (one  f o r  t h e  non- 

n e g a t i v e  and one  f o r  t h e  n o n p o s i t i v e  e n t r i e s )  o f  
d imension (2n,  l + n )  . 

L e t  A '  c o n s i s t  of  t h e  f i r s t  (l+m+n) rows o f  

A , a f t t r  r ep lacemen t  o f  any row i n  t h e  (y ,Q)  p o r t i o n  
of A w i t h  y ( i l  = 1 by t h e  co r re spond ing  row 

i n  t h e  (;,-QI sukmat r ix  of A . The l a s t  n  rows 
of A '  t h u s  h a v e c o n s t a n t  t e n n s  O . Hence one  h a s  
a  r e p r e s e n t a t i o n  o f  t h e  fonn  

A g i v e n  row i o f  ( O ,  L) r e p r e s e n t s  e i t h e r  

; ( i l  = y ( i i  o r  G i i )  = 1 - y ( i )  i n  ternis o f  t h e  

c u t r e n t  non-basic v a r i a b l e s  t . 
It  w i l l  ba n e c e s s a r y  t o  c o n s i d e r  L p a r t i t i o n a d  

( a f t e r  r ea r r angemen t  o f  columns) i n t o :  

L  (P,Z,N) r (3.3) . .  I 
P having a t  l e a s t  one  +1 i n  e a c h  co lunn  and Z and 
X having o n l y  non-pos i t i ve  e n t r i e s .  The columns i n  
Z a r e  t h o s e  w i t h  z e r o  reduced c o s t s  ( o r  w i t h  un- 
a c c e p t a b l y  m a l 1  r educe3  c o s t s )  . Within  P  , and 

a l s o  w i t n i n  (Z ,N)  , l e t  t h e  columns b e  o r d e r e d  i n  

t e n a s  o f  i n c r e a s i n g  r e d ï c e d  c o s t s .  

A s  d i s c u s s e d  i n  s e c t i o n  two, a p i v o t  row i s  

g e n e r a t e d  from a  row of (b,C) w i t h  b i i )  < O . I t  ha8 
a  -1 i n  t h e  c o n s t a n t  cclumn and O o r  -1 coe f -  
f i c i e n t s  e lsewhere .  The p i v o t  s t e p  a l t e r s  A '  by 

s u b t r a c t i n q  t h e  p i v o t  column from a 1 1  o t h a r  columns 
w i t h  co r re spond ing  -1 e n t r i e s  i n  t h e  p i v o t  row. 
The p i v o t  row i t s e l f  i s  a u x i l i a r y  and is n o t  r e t a i n a d  

The f o l l o w i n g  p r o p e r t i e s  a r e  worth n o t i n g :  

( a s s u n e  t h a t  c>O) 

1. The i n i t i a l  t a b l e a u ,  co r re spond ing  t o  (2.2) 
and (2 .31 ,  i s  a  zero-one zero-one r e p r e s e n t a t i o n ,  
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I f  necessa ry ,  r educ t ion  may then be us& t o  
g i v e  a  new p i v o t  row which i s  guaranteed no t  t o  

have a -1 e n t r y  i n  t h e  i n i t i a l l y  o f fend ing  

column .j . 
O f  c o u r s e  t h i s  does  n o t  p reven t  t h e  presence o r  c rea -  

t i o n  o f , a n o t h e r  nega t ive  p i v o t  row e n t r y  i n  a  column 

of P . What i s  needed i s  a  sys temat ic  procedure 

f o r  e l i m i n a t i o n  of  a l 1  such e n t r i e s .  

Such q procedure w i l l  i nvo lve  t h e  c r e a t i o n  of 

a  l i n e a r  combination of  g iven  rows t o  be,  e v e n t u a l l y ,  
added t o  a  p i v o t  row w i t h  u n d e s i r a b l e  e n t r i e s  of -1. 

I f  t h e  l i n e a r  combination can  be made t o  have a  

nega t ive  c o n s t a n t  term and p o s i t i v e  c o e f f i c i e n t s  

everywhere e l s e ,  o r  wherever needed, then  t h e  r e s u l t -  

ing  f i n a l  p i v o t  row w i l l  have no undes i rab le  e n t r i e s .  

We s h a l l  d e s c r i b e  two procedures .  One can n o t  
expect  them t o  be f u l l y  s u c c e s s f u l .  Typ ica l ly ,  

f a i l u r e  occurs  when P ( o r  sone t ransformed v e r s i o n  

of P) c o n t a i n s  a "cyc le*  such a s :  

The zero-one zero-one a lgor i thm w i l l  be s i m i l a r  
t o  t h e  a i l - i n t e g e r  zero-one a lgor i thm g iven  i n  
s e c t i o n  2. What d i s t i n g u i s h e s  i t  i s  an a t t empt  a t  
c o n s t r u c t i n g  a  p i v o t  row wi th  no -1 e n t r y  i n  a  

column of P ( o r  of P and 2 ) .  

Consid3r two " t rans format ion"  procedures  wi th  

four  t y p i c a l  s t e p s :  

1. S e l e c t  a s u h a t r i x  T o f  D - 
w i t h  rows indexed by 1 (T) : 

e i t h e r  (i) t h e  i n f e a s i b l e  rows of  C and a l 1  

rows of L 

o r  i i i )  a l 1  rows of D . 
and w i t h  columns indexed by J (T) : 

a i t h e r  (i) a11 columns of P , 
o r  (ii) a l 1  columns of (P,Z) . 

2. Order t h e  columns of T , columns of  P always 
preceding a l 1  o t h e r  columns. 

3. I f  p o s s i b l e ,  c o n s t r u c t  an ( a t  l e a s t  p a r t i a l )  

non-negative l i n e a r  combination of t h e  rows of 

T , s a y  u . T .  

4 .  üs ing t h e  r e s u l t  of 3 , add u . Cd (1 (Tl ) , 
D(I (T)  ) 1 t o  t h e  p i v o t  row s o  as t o  produce a  
new p i v o t  row w i t h  no u n d e s i r a b l e  -1 c o e f f i c i e n t s  

Procedure 1: 

Use l i n e a r  programming. Determine a non- 

n e g a t i v e  m u l t i p l i e r  u s u b j e c t  to :  

u a T 2 e  (4.1) 
u . d ( ~ ( T ) )  r o  . 

Procedure 2: 

use  a  h e u r i s t i c  procedure i n  which a  sequence 

of s a t r i c e s  

T(0)  = T , T ( ~ ) = X ( ~ ) T ( O )  ,T(2)  ,..., 
T(k)=M(k)T(k-1) (4 .2 )  



- i s  c o n s t r u c t e d  by nonnega t ive  l i n e a r  t r a n s f o r m a t i o n s  

M ( j ) ,  j < k , s u c h  t h a t  T (k )  ha. a l 1  e n t r i e s  i n  

columns 1 th rough  k  p o s i t i v e .  

T h i s  c a n  c e r t a i n l y  lm done f o r  k = 1 , r i n c e  
column 1 of  T  c o n t a i n s  a  p l u s  1 e n t r y  from P . 
The p rocedure  c a n  b. c o n t i n u e d  u n t i l  a  column k  
i n  T ( k )  (k  s no. o f  columns o f  T) c o n t a i n s  no  
p o s i t i v e  e n t r y .  

D e t a i l s  and p o s s i b l e  m o d i f i c a t i o n s .  

The above ha. been k e p t  .omewhat vague r i n c e  it 
i s  n o t  c a n p l e t e l y  c l e a r  what c o n s t i t u t e s  a  b e s t  

approach . 
F i r s t  o f  a l l ,  it is n o t  o b v i o u r  i n  what o r d e r  

one  should:  
( i l  t r a n s f o r m  
(ii) g e n e r a t e  p o s s i b l e  p i v o t  rowr by r e d u c t i o n  ( i n  

t h e  s e n s e  o f  < 2 > ) .  

I n  o u r  implementa t ion  w e  f i r s t  execu ted  t h e  
h e u r i s t i c  t r a n s f o r m a t i o n  p rocedure  on  T  = ( P , Z )  

w i t h  a l 1  rows o f  L and t h e  i n f e a s i b l e  rows o f  C , 
fo l lowed by r e â u c t i o n  o f  t h e  m a t r i x  p roduc t  o f  M ( k )  

by t h e  I ( T )  rows o f  (d ,D) .  When t h e  r e s u l t i n g  p i v o t  
rows were a l 1  u n s u i t a b l e ,  w e  made a n o t h e r  a t t e n p t  

( r a r e l y  s u c c e r s f u l )  a t  removing -1 e n t r i e s  i n  a  g i v e n  

row r ( i )  by a d d i t i o n  of s u i t a b l e  rows i n  P . 
W e  o r d e r e d  TiO) o n l y ,  keeping t h e  columns of P 

co r re spond inq  t o  nonbas i c  r i i )  l e f t m o s t ,  fo l lowed  
by t h e  nonbas i c  y  (i) and t h e n  by t h e  r ( i)  and 
y i i )  o f  Z . 

A p o s s i b l y  better p rocedure  migh t  ba': 

(i) Genera t e  a .  number o f  minimal p r e f  erred 
i n e q u a l i t i e s ,  i.e. a  number o f  p o s s i b l e  p i v o t  

rows r i  = h i  + g i .  t . For  e v e r y  
r u c h  c a n d i d a t e :  

(ii) Form T  a s  above,  b u t  w i t h  t h e  c o r r e s p o n d i n g  

e n t r i e s  o f  g ( i )  a d j o i n a d  as a n  a d d i t i o n a l ,  
Say l a s t ,  row. 

(iii) At s t e p  j i n  t h e  t r a n s f o r m a t i o n  l e a d i n g  t o  

t h e  sequence  ( 4 . 2 ) ,  r e o r d e r  T ( j )  a c c o r d i n g  

t o  t h e  l a s t  raw, keeping e r r e n t i a l l y  t h e  

n e g a t i v e  e n t r i e r  a t  t h e  l e f t .  

~ h e  g e n e r a t i o n  of t h e  sequence  c o u l d  t h e n  

p o s r i b l y  t e r m i n a t e  r u c c e s r f u l l y  w i t h  k  < n  when 

no  r -egat ive  e n t r i e s  remain  i n  t h e  l a s t  row of T(k). 

Note t h a t  t h e  p rocedure  1 can  a l s o  be improved 

by a  weakening o f  t h e  c o n s t r a i n t s .  I.e., i f  (4 .1)  

i s  i n f e a s i b l e ,  one  c a n  r e l a x  t h e  problem by chang ing  

t o  O e n t r i e s  o f  1 i n  e c o r r e s p o n d i n g  t o  columns 
y of  T w i t h  no n e g a t i v e  c o e f f i c i e n t  ( -ç(i ,  j)) = -1 

i n  t h e  p i v o t  rov .  F i n a l l y ,  f o r  e a c h  r ( i )  i n  t h e  

mod i f i ed  p roceda re ,  w i t h  p i v o t  column j n o t  i n  P ,  

one  nay  check whether  a  p i v o t  s t e p  t o  a n o t h e r  zero-  
one zero-one r e p r e s e n t a t i o n  i s  a f t e r  a l 1  p o s s i b l e  
( s e e  t h e  r e m a r k s c o n c e r n i n g t h e  n e c e s s i t y  o f  t h e  

c o n d i t i o n s  i n  s e c t i o n  3 ) .  

5. A p p l i c a t i o n s ,  E c u r e r a t i o n .  

I n  t h e  f o l l o w i n g ,  w e  assume t h a t  t h e  zero-one 
a'çoritiun canno t  be o r  i s  purpose ly  n o t  con t inue& 
( t e r a i n a t e s )  a t  i t e r a t i o n  p . 
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The u t ' i l i t y  o f  t h e  a l g o r i t h m  depends  a lmos t  

e n t i r e l y  on t h e  v a l u e  of t h e  o b j e c t i v e  f u n c t i o n  bound 

v  a t  t e r m i n a t i o n .  I f  i t  i s  r e a s o n a b l y  l a r g e  com- 

pared  w i t h  t h e  o b j e c t i v e  f u n c t i o n  o f  t h e  l i n e a r  

p r o g r a m i n g  r e l a x a t i o n  f o r  (2.11,  t h e n  a  number o f  

a p p l i c a t i o n s  a r e  p o s s i b l e  and a t t r a c t i v e .  

Such a p p l i c a t i o n s  would rest upon t h e  f a c t  t h a t  

t h e  s o l u t i o n  ( z , ~ ) '  a t  t e r m i n a t i o n  s t e p  p  c o u l d  

be  c o n s i d e r e d  a  s o l u t i o n  o f  a  d i f f e r e n t  r e l a x e d  

v e r s i o n  o f  ( 2 . 1 ) .  A s  such ,  i t  c o u l d  f o r  example 

b e  used i n  b ranch  and bound (BB) schemes. 
l 
l At e a c h  node of t h e  BB p rocedure  one  c o u l d  
f : t a k e  zP a s  t h e  o b j e c t i v e  f u n c t i o n  boünt and c o u l d  
1 

! u t i l i z e  t h e  t a b l e a u  f o r  gu idance  i n  b ranch ing .  The 
1 i n t e g r a l i t y  and zero-one zero-one n a t u r e  would be 

impor t an t  ( c e r t a i n l y  o n  machines w i t h  l a r g e  

F a t i o s  o f  f l o a t i n g  p o i n t  t o  f i x e d  p o i n t  e x e c u t i o n  

t M e s )  . 
Another  p o s s i b i l i t y  a t  t e r m i n a t i o n  i s  t h e  

d ropp ing  o f  rows i n  P which l e a d  t o  d i f f i c u l t i e s .  

T h i s  h a s  t h e  e f f e c t  o f  r e l a x i n g  t h e  problem f u r t h e r ,  

w i t h  t h e  c m p e n s a t i n g  advan tage  o f  p e r m i t t i n g  t h e  

zero-one zero-one a l g o r i t h m  t o  proceed.  Fo r  t h e  6 

by 12 tes t  problem we c a n  a t t a i n  t h e  i n t e g e r  problem 

o b j e c t i v e  f u n c t i o n  v a l u e  ( z  = 1 3 )  i n  such  a  f a s h i o n .  

I n  t h i s  s e c t i o n  we s h a l l  b r i e f l y  c o n c e n t r a t e  on 

e n m e r a t i v e  p rocedures  u s i n g  o n e t e r n i n a t i o n  t a b l e a u  

on ly .  W e  u s e  three sets o f  d a t a :  

1) The i n i t i a l  t a b l e a u :  Y - r e p r e s e n t a t i o n .  

2 )  The zero-one zero-one r e p r e s e n t a t i o n  a t  

t e r m i n a t i o n :  YR - r e p r e s e n t a t i o n .  

( t h e  independent  v a r i a b l e s  t a r e  a  known m i x t u r e  

o f  y i j )  and r ( k ) ) .  

3) The r e l a t i o n  between t h e  i n t r o d u c e d  v e c t o r  

r = ( r ( k ) )  o f  s l a c k  v a r i a b l e s  and t h e  s t r u c t u r a l  

v a r i a b l e s  y (  j) . 
Y: m i n c O .  y  YR: m i n c  t (5 .1)  

CO y  5 bO C - t r b  

L - t r O  

t . . g iven  v e c t o r  of 

y ( j )  and rik) 

To r e n d e r  t h e  enumerat ion  more e f f e c t i v e ,  we 

1 .  
a l s o  s o l v e  t h e  o r i g i n a l  problem a s  a l i n e a r  proçram 

fol lowed by i m p o s i t i o n  of Gomory-Johnson c u t s  

(sec e.g.  < 3 > , < 4 > )  and t e t a i n  t h e  togrow o f  t h e  f i n a l  

t a b l e a u .  I t  is used th roughou t  t h e  enurneration i n  

" c e i l i n g  tests', i .e.  compar isons  w i t h  a n  i n c u r b e n t  

o b j e c t i v e  f u n c t i o n  bound z *  f o r  t h e  purpose  o f  

f i x i n g  v a r i a b l e s  o r  s n r i n k i n g  bouud sets. Âne u s e  

of t h i s  s i i i p l e  p rocedure  i s  p robab ly  n o t  s u f f i c i e n t l y  

widespread.  I t  p r o v i d e s  a n  e x c e l l e n t  and i n e x p e n s i v e  

v e h i c l e  f o r  t a k i n g  a d v a n t a ç e  o f  c u t t i n g  p l a n e  

t e c h n i q u e s .  

W e  implemented t w o  t y p e s  o f  enumerat ion:  

(i) Enunera t ion  o v e r  y  ( d i r e c t  u s e  o f  t h e  Y- tableau,  

t h e  YR - t a b l e a u  be ing  used a s  a w i l i a r y  t a n l e a u  

o f  c u t s  (similar t o  t h e  c u t s  o f  Benders  c 5 > ) ) ,  
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However, i t  shou ld  b e  mentioned t h a t  expe r imen t s  

w i thou t  t r a n s f o r m a t i o n s  4 . 2  y i e l d e d  r e s u l t s  which 

w e r e  much worse.  The t r a n s f o r m a t i o n  p r o c e d u r e s  do 

pe rmi t  a  s u b s t a n t i a l  i n c r e a s e  i n  t h e  f i g u r e s  o f  

columns 7 and 9. 

To improve m a t t e r s ,  one  would have t o  implement 

some o f  t h e  s u g g e s t i o n s  o f  c h a p t e r  4 .  W e  d o  n o t  

b e l i e v e  t h a t  one  w i l l  be  a b l e  t o  go  v e r y  much f u r t h e r ,  

b u t  we d o  n o t  r e a l l y  know. Among o t h e r  t h i n g s  

t h e r e  i s  a lways  t h e  d i f f i c u l t y  of e r r a t i c  behav io r  

o f  t h e  b e s t  p lanned a l g o r i t h m s .  The l a s t  t u o  

rows o f  t h e  TABLE, e . g . ,  show i n  column 7 ,  t h a t  t h e  

u s e  of s t r o n g e r  c u t s  (more Gomory-Johnson c u t s  ough t  

t o  l e a d  t o  a  s t r o n g e r  Benders i n e q u a l i t y )  can  

i n f l u e n c e  t h e  zero-one zero-one p rocedure  un favorab ly .  

One c a n  a lways  o b s e r v e  i s o l a t e d  i n s t a n c e s  o f  such 

behav io r  and must  t r u s t  t h a t  t h e  r a t i o n a l  p rocedure  

i s  t h e  good one  i n  t h e  l a r g e  m a j o r i t y  o f  c a s e s .  

The m a t r i c e s  R c o n s i s t  i n i t i a i l y  o f  ( 0 , l )  rows. 

But t h e  a l g o r i t h m  e v e n t u a l l y  g e n e r a t e s  rows w i t h  

l a r g e  i n t e g e r  c o e f f i c i e n t s .  The b u i l d u p  i n  upper 

bound v a l u e s  f o r  t h e  r ( i )  i s  e x t r a o r d i n a r i l y  r a p i d .  

Large  bounds a r e  c l e a r l y  a  d e t e r m i n i n g  f a c t o r  i n  t h e  

bad convergence  o f  t h e  d u a l  a l l - i n t e g e r  a l g o r i t > - .  

Convergence o f  t h a t  a l g o r i t h m  r e q u i r e s  t h a t  f e a s i b l e  

v a l u e s  o f  t h e  t ( j )  be  found,  and t h e s e  v a l u e s  w i l l  

o f t e n  be v e r y  l a r g e .  From t h i s  p o i n t  o f  v iew,  t h e  

v e r y  f a c t  o f  f i n i t e  convergence  i s  remarkable .  

YR - enumerat ion  w i l l  d e t e r i o r a t e  w i t h  i n -  

c r e a s i n g  bounds. Ex9e rLnen ta t ion  shows t h i s  be- 

h a v i o r  q u i t e  c l e a r l y .  Even s m a l l  v a i u e s  o f  p  may 

a l r e a d y  be t o o  l a r g e .  For  some problems we found 

t h a t  t h e  e f f i c i e n c y  o f  t h e  YR - a l g o r i t h m  v e r s u s  p  

was rough ly  a  be l l -shaped f u n c t i o n  w i t h  a n  optimum 

below t h e  maximal v a l u e  w e  were a b l e  t o  o b t a i n  

(column 7 )  . 
For Y - enumera t ion ,  on  t h e  o t h e r  hand, it ap- 

peared  t h a t  t h e  m o t  impor t an t  f a c t o r  was t h e  

a t t a i n e d  o b j e c t i v e  f u n c t i o n  v a l u e  i n  column 9. 

Our main r e s u l t  is t h e  comparison i n  t h e  l a s t  

two columns,  t h e  f i r s t  d e a l i n g  w i t h  Y - enumerat ion  

w i t h o u t  a u x i l i a r y  c u t s ,  t h e  second w i t h  Y - 
enumerat ion  i n  which r e d u c t i o n  p rocedures  were ap- 
p l i e d  t o  a w i l i a r y  c u t s  r e p r e s e n t e d  by t h e  l a s t  

zero-one zero-one r e p r e s e n t a t i o n  t a b l e a u .  A s  c a n  

be  s e e n ,  t h e  improvernent i n  t e r m s  o f  nodes  t o  be 

, e v a l u a t e d  c a n  be  s u b s t a n t i a l .  

7. Appendix : 

1. Reduct ion  p rocedures  f o r  bounCcd v a r i a b l e  

i n e q u a l i t i e s .  

Consider  t h e  i n e q u a l i t y :  

E c ( i , j )  . t ( j )  s b ( i ) ,  
J 

w i t h  L i j )  s t ( j )  s U ( j ) .  

The t r a n s f o r m a t i o n :  

~ ( j )  = ( t ( j ) - L ( j ) ) / ( U ( j ) - L ( j ) )  (A31 

l e a d s  t o  v a r i a b l e s  i n  t h e  hypercube:  

O s t ( j )  s 1 (At )  . 
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I f  1 f O ,  set 3 = { j l q ( i , j )  = -1, i c ~ } .  

GO t o  3 .4 .  

I f  1 i s  v o i d ,  d rop  a l 1  p o s i t i v e  coef-  
f i c i e n t s  i n  A . Go t o  3.2 .  

(The purpose of  t h i s  s t e p  i s  t o  f o r c e  a 

m t r i x  Q w i t h  1 n o t  vo id  above, s o  t h a t  
t h e  p r e f e r r e d  v a r i a b l e  i n e q u a l i t i e s  sugges t  

a  "Fomard  S tep"  corresponding t o  a  r a i s i n g  

of i lower bound. o f  course ,  t h e  

a l g o r i t h m  could ber and probably should be l  

g e n e r a l i z e d  t o  a l l o w  forward s t e p s  which 

c o n s i s t  of t h e  lowering of some upper 

bounds) . 
3.4 For  a 1 1  j c J compute t h e  new r i g h t  hand 

s i d e  (of  t h e  Y t a b l e a u  o r  t h e  YR - t a b l e a u ) .  
Choose t h e  branch v a r i a b l e  j *  s o  a s  t o  

miniraize o v e r a l l  i n f e a s i b i l i t y .  

3.5 Record t h e  forward s t e p :  

Add * t o  a n  index l i s t ,  record  L i j * ) ,  

t h e  lowar bound of  x ( j * )  be fore  t h e  

forward s t e p ,  i n  a  bound l ist .  I n c r e a s e  

t h e  l e v e l  L by one. 

Go t o  2 .  

4. Backward s t e p .  

Re t r i eve  j * ( t )  and L ( j +  ( L I )  f r o n  t h e  index 

and bound lists. P i x  t h e  upper bound of  

x ! j * ( n ) )  a t  L ( j f ( L ) l .  

Replace L by t - 1. Terminate i f  t < O . 
Otherwise,  g o  t o  2 , 

Subrou t ines  : 

1. A f t e r  a  forward s t e p ,  go t o  3 . 
2. Reconstruct  bounds f r a n  t h e  c u r r e n t  index and 

bound l is t .  

3. When x = t , s p e c i a l  ' s t a t e "  v e c t o r s  f o r  y  
a r e  maintaincd by t h e  program ( g i v i n g  f o r  each 

f i x e d  y ( j )  i t s  va lue  and t h e  l e v e l  a t  which 

it v a s  f i x e d ) .  

Th i s  in fo rmat ion  is uscd t o g e t h e r  w i t h  equa t ion  

(2 .8 )  t o  compute bounds on t h o s e  t (j) which a r e  

s l a c k s  r ( k )  of t h e  pseudo zero-one zero-one 

procedure.  

4 .  Compute t h e  r i g h t  hand s i d e s  of both  t a b l e a u x  
( Y  and Y R ) ,  as w e l l  a s  of t h e  saved t o p  r o ï  of 

t h e  i n i t i a l  l i n e a r  program ( + c u t s ) ,  by s u b s t i t u t -  

i n g t h e  l o v e r  bounds o f  y  and t , r e s p e c t i v e l y .  

It one of t h e  t a b l e a u x  y i e l d s  a  f e a s i b l e  -lu- 

t i o n ,  compare i t  t o  t h e  incumbent ( c u r r e n t l y  

h o t )  s o l u t i o n ,  and r e c o r d  it i f  it i s  an 

improvement. 

REDUCE : 

Given a  set of working bounds on y  and x  , t h e r e  

e x i s t  s imple  procedures  (e.g. < 9 >  o r  < 2 > )  f o r  de- 
r i v i n g  p o s s i b l e  f u r t h e r  r e s & i c t i o n s  on t h e  bounds. 

Using t h e s e  procedures ,  REOUCL a l t e r d  boÿnds and 

f i x e s  v a r i a b l e s  when p o s s i b l e .  It s u s t  be enphasized 

t h a t  REDUCE u s e s  bo th  t a b l e a u x ,  as v e l l  a s  t h e  

r e l a t i o n s  4.2;  r e g a r d l e s r  o f  the  type  of e n m e r a t i o n .  
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The t o p  row o f  t h e  i n i t i a l  l i n e a r  prooram ( + c u t s )  i s  
o f  t h e  form z = zO + a . a , w i t h  a 2 O , a a 

v e c t o r  o f  i n t c g e r  and s l a c k  v a r i a b l e s ,  and zO t h -  

o b j e c t i v e  f u n c t i o n  v a l u e  g i v e n  i n  column 4 of t h e  

TABLE. Given a n  upper bound z* on t h e  i n t e g e r  

o b j e c t i v e  f u n c t i o n  and bounds on a , t h e  c o n d i t i o n  

z i z *  may p e r m i t  t h e  computatfon o f  improved 

bounds on t h e  components of  a and y . 
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U n l v e r s l t y  a f  ? ~ n n s v l v a n l a  

Ku r t  Spia l  hera 

IRI :  S c l e n t i f l c  lrarkctincr 

The p a w r  d e s c r l b o  an erpar1mr!ntal 
i n t e r d e t  i v e  systcm f o r  the  s o l u t l o n  o*  
I n t t i l e r  p r o g r a m l n h  prohlems ( p r l i i u r l l  y  o f  
0-1 nature, b u t  no t  e r c l u s i v t l y  r o )  

The svstcm Inc ludes m s t  techniques whlch 
rpnear  t o  o t f e r  ho in  o f  overcomln: the  
c a h i n r t o r l a l  I l f f l c u l  t l e s  o f  a l 1  I n t ege r  
p r o s r r m l n ~  a l g o r l  thmr: l n  p a r t t c u l a r  L ?  
w l t h  cuts, 88 w l t h  prooagr t lon,  S t r t e  
enumeratlon, l n t e r v a l  reductfan, P re te r r e l l  
v a r i a b l e  reduct lon,  E x p l o l t a t l a n  o f  
8enderr l nesua l  1 t  les, Local search, 
Heu r l s t  les, etc. .  

There 1s amphails on l n t e r a c t l o n  by  the 
ana l ys t  a t  the terminal. An example 
Il l u r t r r t s s  the use o f  var tous t oo l s .  A 
t a b l e  summr lzas  r e r u l t r  obta lned bv  a  
nunber of  d l f f e r e n t  apprarches t a  a  
problein o f  moderate d l f f i c u l  ty .  

\la cksc r lbe  an expar imenta l  
Interactive r y r t m  f o r  0-1 p r o ~ r a m l n q .  
The programs a re  w r l t t e n  l n  APL. 
Various techniques have hesn o r  are 
plannad t o  be Incorparutet!  l n  t h l s  
svsttm. They are ln tended t o  be c a l l e d  
by the user, fn&oendcnt ly  frm cach 
o the r  ( suh jec t  CO r e r t r l c t l o n s  whlch ni, 

would 1  l k e  t o  mrke as 1  l t t l c  p . In tu1  as 
possible) , or s e ~ u ~ n t l a l  ly,  dependlng 
on the r e s u l t s  o f  the  e x m r l m n t a t l o n .  

Ho s i n g l e  technique can be 
exprc ted  t o  so lve  a l 1  types OP l n t e ~ e r  
prohlems. Dut aur p r e l  lm lnarv  
exper lmcnta l  r e s u l t s  a re  e n c o u r r ~ l n q  
and sugl lest chat a tru1.y f l e x l h l e  
l n t e r a c t l v r  r y s t m  has pa ten t l a1  f o r  
a l d l n t  I n  the understandlnn and 
s o l u t  ton o f  I n t ege r  orohrams, beyand 
what can ba r x o e c t r d  from a  s tandard  
oreset  progrrm, 

Th. parier Ir n e t  Intanded t a  g l v e  
a l 1  a l go r l t hm tc  c k t a l l s .  l n  s e c t l a n  2 
r n  3vervIew o f  technlquer  and t ea tu res  
1s glven, w l t h  r r f e r r n c e s  t o  e x p o r l t o r y  
-pers. For coovenlence, c e r t a l n  key 
concepts a n  b r l e f l  y sunmrr l ted  In an 

aonandlx. 
Vlhat counts  herc? I s  Chat thera 

c e r t a i n  technlquas fo r  " look lng"  
a t  the  problem, c leanlnq more 
InflarmrtLon from I t  i n  s lmple form 
( * . g r  I n  tsrms o f  s l m ~ l e  l o a l c r l  
relations amnR va r l r b l es ,  s l m ~ l e  
I nequa l l t l e s ,  s t r onye r  hounds, e t c . )  bv 

uc A t A -  
yuIde4 )iy th*  p r i n t o u t  o f  the 

18 " s t a t e  o f  the s o l u t l o n  
The user may f i n *  s o n  ha lo  

frm the axamnla o resen te l  I n  sec t  Ion 
3 .  

Can l n t e r a c t l v l t y  o l r y  a  n r j o r  
rolc? l n  r o l v l n r :  d l f f l c u l  t problems? \la 
i n c r e a s l n ~ l y  be l  l eve  t h a t  the r n s m r  1s 
vas I f  the user o f  the system 1s u e l l  
v-rse4 I n  I n t cqe r  nroqrrmln:.  Vhether 
one s h a l l  he a b l e  e v e n t u a l l v  t o  
cons t r uc t  u s e f u l  l n t e r a e t  I ve  svstem fo r  
the non-spac l a1  1 s t  1s somewhrt 
d l f f l c u l  t t o  p r e d l c t  now. He are 
o o t l m l r t ~ c ,  bu t  much work r ~ f w f n s  t o  5e 
dona. 

A t  p resent  the f o l  l o w l n ~  f e a t u r e r  
an4 t e c h n l q ~ s  have bern  I n c o r ~ o r a t e d  : 

w l t h  ~ o s s l h l e  addl t I on  of 
Gmry - Johnson  cut) and Our1 
~ o o t  l w  u n t l l  e l t h e r  no  r e r l  
procrres=de an* more ( I n  t e m  
o f  chancr ln~  obJec t l ve  funct lor i ) ,  o r  
u n t l l  the number o f  r eop t lm l za t l an r  
o r  c u t s  reaches uDnar houndr Im~oser l  
hv the user.  <1,2,3,2> 

w l t h  m t l o ~  on nonbaslc 
( o a s s i b i y  -) v a r l r b l e s .  A 
s l n q l e  LP 1s so lved  d t  the  eu r ren t  
a r l g t n  ( o r  nods) o f  the search Cree 
and Mn.ltla. a re  comnutert. A branch 
on a  nonhaslc v a r l i b l e  s e t  e t  I t s  
o p t l m r l  LP va lue Ir c a l l e d  -. One w l l l  -n t  tt 
oropaeate as l enq  as th*  "Ilt.rnlrl. 



whlch i r e  generated r t  the end o f  an 
executed LP. They are Intended t o  he 
u t e n  e  I t her 
( 1 )  r f t e r  s o l u t l o n  of a  p rob len  

w l t h l n  r RB o r  Enunerat lon 
schem~ ( u s u a l l y  w l t h  sone a l d  
from c u t t i n ?  planes),  o r  

( I I )  a f t e r  rucsrcs a t  p a r t i a l  
I n t e t e r  s o l u t  ions have been 
en te rcd  by the user I n  o r d r r  t a  
cet  l o e i c a l  cond i t  i o - s  which 
m lbh t  cha rac te r i z c  the prob lcn.  
A f t e r  a  gucss 1s entered, the 
remainine l l n e a r  proRram I s  
r eso l  ved and the Randers 
I n e a u a l l t y  1s taken f r o n  the 
f . Inal  LP tab leau (whethcr 
f e a s i h l e  or  I n f e a s i b l e ) .  

Note: i t  may no t  he ~ e r m i s s i h ~ e  
t o  use cu t s  i n  such an Instance. 

I n  tenera l ,  Renders i n e ~ u a l  t t les  a re  
c o l  l e c t e d  and = t a i n p i  f o r  
exploitation i n  terms of w c t l o q  
(sec 2 . b ,  2.5 be lou) .  l n  con t ras t ,  
Gmry-Johnson  c u t s  (and \.rt be l  ieve 
o the r  cu t s  o f  s l m i l a r  genesis as 
w e l l )  are ml1 s u i t e d  f o r  
reduct  Ion ( i  .e., they lead t o  l o ~ i c a l  
I n e q u a l i t i e s  o f  l a rge  degrec). A f t e r  
use I n  an LP, they are the re fo re  
usual l y  discarded. < 8 , 9 >  

Rcduct ton Proceduren, 

are lnvoked throunhout t o  
( 1 )  s h r l n k  bound I n t e r v a l s  , an4 
( 1 1 )  t o  generate l o g l c a l  Inesua: l t l e s  

The I n t e r v a l  r educ t l on  Procedure 1s 
used I t e r a t  Ive1 y, screenlne a l  l 
c o n s t r a l n t s  so as t o  ccmpute the 
t l g h t e s t  p o s s i b l e  hounds on 
s t r u c t u r a l  s l ack  va r i ab l es .  Great 
care musc he t a k t n  t o  avo l d  round-of f  
d l f f i c u l t i e s ;  l.e., one musc use 
app rop r l a t e  sca l  l n ~  and to lerances 
(as I n  LP), e s p c c i a l l y  when Renders 
I n e q u a l t t l e r  a re  u s t d  f o r  reduc t lon .  
<9,10,11,12,13> 

Glven r n y  l n e s u a l l t y  I n  (0 , l )  o r  
l n t ece r  v r r l r b l e r ,  one c r n  de r l ve  
from l t  l set  ( o o r r l h l y  empty, bu t  

vrrlrblc 
r m a l l e r t  Inesual  l t  les; the decree o t  
an I n e s u a l l t y  1 w l l l . h e  c a l l c d  P l ( l )  
I n  the p r l n t o u t r )  Ir a  iiood mersure 
o f  the t l g h t n e r s  o f  the prob lcn.  t he  
bound I n t e r v a l  o f  one o f  the 
p r e f e r r e d  v a r l r b l e s ,  r t  l a r r t ,  murt 
be shrunk by one u n l t .  

These l o f f l c a l  Inr?surl  l t  les  a re  amone 
the maln t o a l s  #o r  gu i d l ng  ho t+  the ' 
88 scham an4 the  e h u t w r r t l o n  (sea 
a l r o  "ocnr 1  t Y Improvcment"), 
<9,10,14,15> 

As the re fe rea  m l n t s  out, t h r r e  
e x l s t  l o r , l c r l  l n e a u r l  l t  les 
( "~oo lean" ,  "Canon l c r l "  Inequal  1 t lesr  
e . . ,  sec <16,17>1 whlch a r c  mare 
r ene ra l  t h r n  m.o.1. '~ .  They are 
e s m c l a l l  y  Impor tant  I n  the camplete 
c h a r a c t e r l z r t l o n  of the under1 y in*  
p rob l  cm. Mowavrr, the  l r overahundrncr 
r n y  oresent 'CORIDU t a  t I o n r l  
r l l f f l c u l t l e s .  Ide be l  leve m! have eood 
reasons f o r  p r e f e r r l n ~  t o  work w l t h  , 
t he  more s o c c l r l  p r o m r t l e s  o f  
m . ~ .  1 . 's ( U S L A  c m ~ u t a t l o n r l l y  
a l r e r d y  I n  < 9 > ) .  

1s base4 an the s 4 d l t  l v t  .Irnrlthm o f  
Balas <la>, n d l f l e d  I n  r numher o f  
ways, w l t h  the search s t r r t i n ~  a t  the 
o r l g l n  0 0  . O .  Rrrnchss are 
r e s t r l c t e d  t a  ~ r a f e r r a d  
variable m. The a c t u a l  s e t  t o  he 
usad i s  the af those ~ r e f e r r e d  
va r l ah l es  ( I n  rnlnlmsl o re fe r r e4  s e t s )  
wh 1 ch have S O O ~  G a u u u L M  
braDcrrlrz: 
1 s t  p r l o r l t y :  double c o n t r a c t l o n  
2 n4 o r l o r l t y :  s l n r l e  c o n t r a c t i o n  
3 r d  p r l o r l t y  (de*au l t ) :  a l 1  f r e t  
va r l ah l es .  
(a b r rnch  1s " c o n t t a c t l n ~ "  when the 
I e t r e e  o f  the svstam Ir r u r r a n t c e i  
t a  be decrarsed rr 8 ?c ru \  t. 
C o n t r r c t I o n  can be determlned froor 
the s e t  o f  mlnlmal o re fe r r e4  
Inecrualit les). W l t h l n  the f l n a l l y  
chascn set ,  the  r c t u r l  hranch 
v a r l a h l e  Ir se l ec ted  so as t o  l e r d  t o  
mlnlmal ( n a r l m r l  1  o v e r r l l  
l n f e a s l h l l l t y  o f  t he  problem a t  the 
naxt node I n  phase 1 ( p h i s r  2 )  o f  the 
e n u m r r t l o n .  <10) 

I n  the ahave con tex t ,  phase 1 1s 
m a n t  t o  be the p r r l o d  r lu r lnq  whlch 
the se r r ch  I s  d l r e e t c d  towrrds 
f l n d l n ~  Imoroved f e r s  l h l e  s o l u t  Ions, 
whereas Phase 2 1s t a  der9 w l t h  the 
t s t r h l l s h w n t  of  o ~ t l m a l l t y  ( ~ o r s l b l y  
w l t h l n  c c r t r l n  t o l e r r n c c s  1  once n 
good I n  tezer  s o l u t  Ion h r r  bren 
aenerrtcr l .  

Note: These b ranch ln r  c r l t e r l r  can 
b r  renrtered l n o o c r r t  I v e  whrn 
the  " l oca l  vearch" (sec 1.10) 
1 dent 1 f les  r n  improv l n $  
d l r e c t l o n .  



s o l u t l o n ) .  I t  Ir e s s e r . t l r l l y  a  
~ s r t l c u l r r  velue fqr the i n t e g s r  
vec to r  Y, Say y, be l  leved t o  be 
c l o r e  t o  f e a s  l b l e  l n t e c e r  s o l u t  Ions. 
I n  the zero-one case, the sa r rch  
v a r l r b l e s  f o r  an enumeratlon such as 
chat o f  2.6, a re  then taken t o  he 
~ ( j )  I f  g ~ j ) - O  and l - y ( J )  I f  
~ ( j )  - 1 (See < 1 2 >  f o r  the 
general  l z r t l o n  t o  the I n t eee r  case 
w i t h  smal l  hound I n t e r v a l s ) .  

I .e., the f l n a l  enumeratlon 1s 
c a r r l e d  out w l t h  t r a n s f o r m d  
v a r i a b l e s  y ( j )  s e t  a t  O l n l t l a l l y  
and 'ncreased on fo rward  steps o f  t h?  
a l ~ o r l t h m  (as I n  < l a > ) .  I n  AunÀmlr 
Sta te  Enumcratlon, m c r n  e n v l s r ~ e  
t h r t  the  search v a r l a h l e s  ~ ( j )  may 
be rede f ined  over the f ree va r l ah l es  
a t  each node, prov lded chat 
reasonahly eood in fo rmat ion  Ir 
a v a l l a b l e  f o r  doln5 so, 

\Je have f oun l  S t a t t  Enumerrtlon, w l t h  
s t r a t e ~ f e s  r o u t h l y  a  out1 lned  l n  
2.6, 2.7 ( the re  are many o t h t r  
p o s s I b l l l t l e s  o f  s w t f m e s  h l g h l y  
complex nature), h l ~ ~ h l  y  e f f e c t i v e  I n  
f l n d l n g  gmd  f e a s l h l e  I n t e ~ e r  
s o l u t i o n s  fast ,  esoccifi,l l y  whan 
au~mented  hy a  s f m ~ ! ~ e  - - l r v r l 1 '  
l o c a l  search and hy a  r - l l h  trit" 
(see <2.8,2.9>). <3,b,14> 

f!ost enurnerat Ion schemes have t e s t s  
l n v o l v l n g  the o b j e c t l v e  f unc t l on  of 
the  l n l t l a l  t ab l eau  ( o f t e n  w l t h  
n o n - n e ~ a t l v e  cost  c o c f f l c l e n t s ) .  I n  
s t a t e  enumra t ion ,  the o r l g t n a l  
o b j e c t l v e  funct  Ion becomes less 
l n t e r e s t l n a  and can he taken care  of, 
anvway, as a  spcc l a l  Renders 
I n e q u a l l t y .  l ns tead  o f  the o r l g l n a l  
o b j e c t l v e  funct lon,  we have found l t  
u s e f u l  t o  concentrate on t h e  f l n a l  
o h j e c t l v t  f u n c t l o n  row frm the 
op t fma l  tableau o f  an l n l t l a l  LP 
prohlem ( w i t h  cu t s  added when deemad 
des I rab le ) .  The row Ir re ta l ned  
( c o e f f  t c i e n t s  and a l  1 necessr ry  
I n f o r n a t i o n  about the  na tu re  o f  the 
nonbas l c  v r r l a b l e s  and perml t s  the 
f l n l n g  o f  va r lab les  and/or s h r l n k l n e  
o f  bound l n t e r v a l s  f o r  the nonbaslc 
var lab les,  amont them o r l g l n a l  s lack  
v a r l a h l e s  as n t11  as s t r u c t u r a l  
va r lab les .  
I t  should he noted t h a t  the s h r l n k l n ~  
o f  s l ack  hound l n t e r v a l s  can he used 
as I npu t  t o  the  va r lous  reduc t ion  
procedures and can  lead t o  f u r t h e r  
Information about a1 1  the va r l ab l es  
there.  

Our 1  Inear p rog ramfng  system and a1 1 
r e  1  a  t ed  I n t ege r  ~ rogramn lny :  

procedures m r m l t  the Imoos i t ton  o t  
upper an4 l oue r  hountir on the s lacks.  
Equr l  1 t y  c o n s t r r l n t s ,  f o r  enamole, 
are handled h, I m ~ v ~ l t I o n  o f  zero 
houn4s above an4 b e l w .  Themlnl,..al 
lnercurl 1 t Y re4uct  Ion Droceduris work 
w l t h  l n e ~ u r l i t l e s  only,  and m 
Rencrace two such I n c a u a l l t l e s  as 
Inpu t  tu re4uc t l on  whenever we know 1 
( o r  be l  l a ve )  thr: the u w e r  hounds on 
the s l acks  are t r ue "  (1 e .  t r u l r  , 

r e s t r l c t l v e )  bounds. 

S m  o f  our  srmple problems are k n m  
t o  have two Incqual 1 t les  represent  lng  
ac tua l  l v  on l y  one eau r l  1 t v  
c m s t r a l n t .  The system t h t i c f o r e  hrs 
a  "compressU f u n c t l o n  de tec t l ng  such 
situations and ( r e ) c r c r t l n g  the 
( o r l g l n a l )  c q u r l l t y  c o n s t r r l n t s .  

Any 8R o r  Enumra t l on  i l ~ o r 1 , t h m  cruy 
benef l t  t ram a search around the 
" c u r r r n t "  p o l n t  under cons i d e r r t  lon. 
I n  the prasent system, the "depth" o f  
the l o c a l  search 1s c o n t r o l l e d  by one 
parameter ( L E V ,  o r  X ). The va l ue  8 
corrtsponr(s t o  no ser rch  ( j u s t  one , 
the cur ren t ,  p o i n t  consldered),  the 
va 1  ue 1 c o r r e s ~ o n d ~  t o  the 
a l t c r a t l o n  o f  a l 1  f f ree"  ( no t  
f l x c d )  va r l ab l es  by one u n l t  a t  a  
t lme. I n  ?encra?, one enumcrates the 
( f  l ) / ( f - a ) !  ad jacent  ~ o l n t s .  I n  vlew 
o f  the cxponen t la l  Increase I n  the 
number o f  such po ints ,  o n l y  the 
values 1 and 2 and canceivahly  3 
appear t o  he reasanahle f o r  Â . 

Several  h e u r l s t I c  methods have been 
progra-cd whlch t r y  t o  cenerate 
f eas fh l e  solutions t o  a  system o f  
1 l near  tnequal l t l e s  I n  O-! var lab les .  
One o f  them s t a r t s  w l t h  r q l ven  0-1 
vec to r  and m d l f l e s  the comoonent 
which maxlmal ly rtecreases the sum o f  
the i n f e a s l h l l  1ti.s o r  the number o f  
In feasIb11 I h s .  Such s t e m  a re  
repcated as o f t e n  as spec l f l ed .  One 
way o f  us In% such .mod l f l ca t lons  1s t o  
have a  ccnn~ le te  " forward DISI" Over 
a l 1  the I lvarlables, fo l lowed by a  
ccnnplete backward s s ,  1.e. a l 1  
va r i ab l es  are a l  t e red  I n  a  pars, the 
sequence b e i n ~  determlned by one o f  
the c r l t e r l r  mentloned above, <19>. 

Another h e u r l s t l c  concentrates ai the 
l o ~ l c a l  I n e a u a l l t l e s  o f  smal l  dsgree 
and t r i e s  t o  eenerate a  f e a s l b l e  
s o l u t l o n  t o  the c u r r e n t  system o f  
m ln lm r l  p r e f r r r e d  Ineaur l  l t i e s ,  whlch 
can then be use4 as r s t a r t l n g  p o i n t  
fo r  t h e  f i r s t  h e u r l s t l c ,  ' o r  f o r  8 
l o c a l  serrch, o r  as a  s t a t e  f o r  the  
s t a t e  e n u m r a t l o n  r l g o r l t h m .  <3,b,14> 



I t  has been known f o r  a  lon: w h i l e  
t h a t  l l n a a r  c m h l n a t i o n s  o f  r w s  mry 
he more l n t e r c s t l n n  t h a n  t h e  rons  
thcnse lves ,  b u t  t h e r e  Ir 1  1 t t l c  
I n s l ~ h t  l n t o  bow the l n e q u a l l t k s  a r c  
t o  ha g c n e r a t c d  ( p o s s i  b l e  cxcep t  I ons  
a r e  r e f e r c n c e s  < 2 0 >  and <21>). 
C o n s i s t e n t  w l t h  the main emphrs ls  o f  
t h i r  paner, m have chosen t o  t a t e  
t h e  rier.rec? o f  an I n r s u a l l t y  as i t s  
ba r  l c  measure o f  s t r e n x t h .  Hcnce \*c! 
a l  low f o r  " v l s i i a l "  c o n b i n a t i o n  o f  

- ( k )  i n e ~ u a l l t i e s  (a.g., s o a s  t o  
have -  c o e f f l c l e n t s  o f  o p p o s l t e  s l g n  
conb lne  t a  produce sma l l  r e s u l  t s  l n  
m a ~ n i t u d e  on t h e  l e f t  an4 l a r ~ e  
n a a a t i v e  r l g h t  han4 s ldes ,  I f  
p o s s l h l c ) ,  and we t e s t  t he  r e s u l  t a n t  
l n c q u a l  i t y  hy  r e d u c t  Ion .  
A l  t e r r i a t i v e l y ,  \e a l s o  hava h e u r l s t l c  
a l e o r i  thiris o f  modest c a p a b i l  l t y  wh lch  
u t i l  i z c  ril in l r ~ 1  p r e f e r r c r l  
i n e q u a l i t l e s  t o  g i v e  a u t o m a t i c  row 

comhlnat lons ,  w l t h  r e d u c t l o n  uncd 
a ~ a l n  t o  check o u t  t he  r e s u l  t s  an4 
t e r m f n a t e  the  process .  

P a n a l t i r s  can  ha l m p r ~ v a d  b y  t a i l n q  
l n t o  account  l o ~ f c a l  c o n 4 i  t I o n s  a* 
t h e  I n t e e c r  v a r i a b l e s ,  such r s  t h e  
m ln lma l  o r e f a r r a 4  i nequa t  i t  l es .  I f .  
senri nonbas i c  v a r i a b l e  must be  
mad l f i eA  , l t  mry b r  t h e  case t h a t  r t  
l e a s t  sorte o f  a  s e t  OC o t h e r  nonbas l c  
v a r l a b l e r  must a l s o  be a l t e t r ? d  t o  
a c h l e v r  f e a s l h l l  l t y ,  T h i s  u s u a l l y  
l eads  t o  t h e  a c c r u a i  o f  a n  a d d l t l o n a l  
~ e n a l  t y .  Dnc m i y  u t i l l z e  I n ~ p r o v c d  
pcna l  t l e s  A l n  a  ~ r e p r o c r s s l n g  
O *  t h e  p e n a l t y  t a b l e  f o r  ER 
~ r o r a l n ,  o r  t o  s t o r e  
nodes w l t h  I nc reasad  a l t e r n a t e  
p e n a l t i e s  i n  89 w l t h  propagation. 
<6, ? >  

BH15i5 1s a  ( 1 6  by 1 6 )  tab leau,  o f  
t h e  f o r m  

c o r r e s p o n d i n g  t o  t he  m i n i m l z a t l o n  o f  
z CO C . Y, s u b j e c t  t o :  

S T A R T l  
EWTBR # , N  
7 : 

1 5  1 5  
ENTER TA8 LEA U ,  EXPAW DRD FOR C: 
J : 

CbRM1515 
0 7 4 1 3 4 2  

- 3 6 2 6 1 0 3 3  
2 2  - 6  5  8 - 3  O  -1 

3  5  - 6  -5 - 3  - 0  8  
- 1  -9 -5 O 9  - 1  8 

- 1 0  8 - 7  4  5 9 - 1  
- 1 2 7 5 2 0 6 6  

I t  r e p r e s e n t s  a  15 v a r i a b l e  p r o b l r m  
o f  modera te  d i + f l c u l t y ,  w l t h  15 
c o n s t r a l n t s  and a  dense c o n s t r a l n t  
m a t r l x  ( t r k e n  frm < 2 2 > ,  prob lem 
4k3). 



Ha v a r l r h l e c a n  be C i re4  hy 
teduc t Ion l n  t ha l n l t l r l  
preprocess lng. The cont lnous LP  
optimum 1s 14.96 and 5 v r r l r b l e s  
o u t  o f  15 arc f r a c t l o n a l .  A Dendcrs 
Ineoual  I t y  I s  c m o u t e d  fron the 
op t lma l  LP tab leau d n d  o r i n t e d  out .  
( Z S T A R  stands f o r  the best o b j e c t  I ve  

f unc t l on  value found, o r  fo r  an 
uppar bound suppl l ed  by the user.  \le 
use a  l a r q a  va lue as i h e  de fau l t ) .  

One en t c r s  a  $ t a t e "  STl. 
u s l n ~  a  rounded L ?  s o l u t l m  w l t h  
roundlng Darameter p .5 , ( a n t r i e s  
l..keen y(J),  e n t r l e s  O..use 
cmplementc4 variables 1 - y( ) ) )  , 

n K 3 D F R S  I N E Q U A L I T I  O F  T Y P E  1 
( 5 . 8 * 2  O -6.122 6 . 7 U l  3.03 O O -1.121 0.0 0.7512 2 . 1 6 2  8 . 0 5 6  
1.963 0.7163 ) . Y < -22.32 t 2 S T d R  

One 1s promotcd f o r  .Tuesses. 
Ont en te rs  I n d l c t s  and c o r r e s ~ o n d l n r .  
values fo r  a  subset o f  t he  l n t e ~ e r  
v a r l a h l e s  ( unspec i f i ed  v a r l a h l e s  
be i ng l e f t  unconst r a i  ned) an4 
r cso l ves  r e s u l  t l n g  LP. 

The f i n a l  LP tab leau y l e l d s  a  
Bender, I n e ~ u a l l t y  o f  t y m  1 I f  
f eas i b l e ,  o f  type  2 I f  t n f eas l b l e .  

The f unc t l on  GUESS i.corks w l t h  the 
l a s t  Rcnders l n e q u a l l t y .  

2 chooses the  f r e e  v a r l a b l t s  
w l  t h  c o e f f l c l e n t s  and se ts  
them t o  0, The ~ u e s s  1s then l l k a l y  
t o  he l n f e a s l b l e  and a  nen 
f e a s l b l l l t ~  condi  t ton w l i  1  ba 
generated ( 6 . 1 ,  o f  tyw 2 ) .  

1 chooses the f r e e  v r r l a h l o  
w l t h  p o s l t l v e  c o e f f  l c l en t s ,  and one 
s e t s  these v a r i a b l e s  t o  1. I n  t h l s  
case a l s o  one cons t ra lns  t he  eur ron t  
8.1. and t r i e s  t o  ob ta l n  t l g h t t r  
f e a s i b l l l t y  cond i t i ons  on a  subset 
o f  the  v r r l r b l e s .  

Any g lven  guess l e r d s  t o  the 
r e s o l u t l o n  o f  one l l n e a r  program. 
Whi le the  Renders I n e ~ u a l i t y  i S  
r e t a l n e d  f o r  f u r t h e r  ~ r o c e s s l n g  
( poss i b l y  a f t e r  r check as t o  
whether l t  i s  s t r ons  t n o u ~ h ,  1.e. 
has I eg ree  low enough). For l a r g e  
problems, the ~ u e s s t s  w l l  1  W S t  
l l k e l y  be seneratad au toma t l ca l l v  . 
aceord ing t o  a  schem whlch the user  
w y  have developed f o r  a  smal l e r  
prohlem o f  s i m l l a r  s t r uc tu re .  

Havlnc some f a m l l l a r l t y  w l t h  a  
g lven  prohlem (and hy t h a t  m do no t  
mean knowinc 1 t s  so l u t l on ) .  one ean 
u s u a l l y  t h l n k  o f  a number o f  o t h e r  
oromis in% ~uesses .  Eu. ,  one -Y 
want t o  se t  t o  one r o m  v a r i a h l e i s )  
w l t h  l a r p c  p o s l t l v e  c o a f f l e n t ( s )  or 
a t  ze ro  some v a r l a h l e ( s )  w l t h  l a r g e  
neEat ive c o e f f l c l e n t s ;  o r  one makes 
guesses i n  consonance wl t h  one's 
knowledge o f  any poss l h l e  SPCCI~I 
s t r u c t u r e .  

WAnT TO C U E S S  AT S O L U T I O N ?  
Y C S  
EiiTER C U E S S  FOR Z.  F I R S T  INDICES,  T H r f l  V A L U E S  

A 

ACTUAL NUIIBER OP R O U S  FOR M T  : 18 
PRORLRU BOT F E A S I B L E  
D E T P R N I N A N T *  1.00*i?6 
BENDERS I N E Q U A L I T Y  O? T Y P E  2 
( 36 -1.56) -10.11 O 11.02 5.7r O O - 6 . 7 5 3  ? s . ~ J  O 6.ic0 O O O 
* Y  6 12.12 



YART r"O CUESS AT SOLUTION? 
Y t S  
ENTER CUESS ?OR Y .  P I R S T  I R D I C R S .  TilEll  VALUES 
0 : 

7 
0 : 

O 

1 1 . 7  SEC 
OBJECTIVE ?UICTIOl l  8 15.12 
10.  OF PIVOT S T E P S  8 2 9  
DETERMINART= 1 . 0 4 5 I 6  
S T R U C T U R A L S :  0.01126 0 .7627 1 O O 0 .0874 O I 0.3813 0 . 2 ~ 1 3  0 .1164 

O O O 1 
BENDER2 INEQUALITY O? T Y P E  1 
( - 0  O 9 . 6 7 1  8 .708  2 .266  O 3.909 -0.6645 O O O 3 .872  11 .21  2.857 

6.548 ) * Y s -32 + Z S T A R  

4) A f t e r  a l1  guerres have been entered, 
and the co r respond ln~  LP'r have been 
solved, w l t h  r f l n r l  Randers 
Inequ.1 l t y  always rd jo lned  t o  the 
tableau, PREPROC checks f o r  i n t e r v r l  

reduct Ion and f l x l n ~  o f  va r l ab le r .  
I n  t h l r  orohlem v r r l a b l e r  yl ,  y9 and 
y15 can be f l x e 4  a O, 1 and 1 , 
r e s i n c t l v e l  y. 

1 .  V A R S .  I I X E D  3 

5) The s t r r t l n g  LP f o r  the B I  (o r  an bual r e o o t ~ n l z a t l o ~  a f t e r  the 
Enumrat ion procedure 1 s then xcnerat lon and t m ~ r a r y  r d d l t l o n  o f  
so l  ved wl t h  there v r l u e r  Gomary-Johnson eut r  f I na l  l y  b r l n i r  
subr t t tu ted ,  and the I n l t l a l  the l n l t l r l  88 o b j e c t l v ~  funet ton t o  
objective func t lon  value Ir thus 18.59 . 
ra l sed  t o  15.7 , 

OEJECTIKE PURCTION 8 15.7  
NO. O? PIVOT S T R P S  8 25 
DETERNINA NT 8 b . O  6 7E5 
STRUCTURALS; O O . 8 r 5 1  1 O O 0 .1926  0 ,1758  0 .3951  1 0.2186 O O O O 

A 

DENOERS I l E Q U A L f T Y  O? T Y P E  1 
( 7.362 O '1.89s 5 .721  1 . 5 1 s  O O O 3,orm O O 1 . r ~ )  8 .021  a . o r ?  
1.6b5 ) a Y s -15 .1  + Z S T A R  
5 CUY' (S )  CINERATED 

O B J I C T I V E  PUNCTION 8 1 8 . 3  9  
NO. OP PIVOT STEPS 8 0 7  
BCNDERS IREOUALITY O? T Y P E  1 
( 1 0 . 2 5  O -3.911 3 . ~ 3 ~  0 .09996 0 .06115  O O r.arr O O O s.384 
o . o o c t 9 r  1.39 ) rn Y s '16.~7 ~ Z S T A R  
STRUCTURALSt  O 0.1975 1 O O O 0,6106 O.r+17 1 0 . 1 0 6  0 , 1 0 1  O.58b9 

O O 1 



6 ) U  .t.rt.. The svr tem cmoutes  
penal t les  (added t o  the cu r ren t  
ohJec t l ve  f unc t l on  va lue t o  clvc, a  
maximal l oue r  bound oir the  f l n a l  
o b j e c t i v e  func t lon  va lue) .  

I n  the normal BB mode, t he  
generated node (I..., the c u r r e n t  
bounds and z penalty) 1s s t o red  l n  
the nade tab le ,  and the n e r t  node 
wauld be hrought  In. 

I n  the ' one look, 
f o r  varla- f l r e d  a t  t h e l r  
c u r r e n t  value, w l t h  an .Itcrnatc 

s to red  I n  the tab le ,  and the 
currcnt ppPL belng processed 
f u r t he r .  

I n  t h l s  example a  ~ r o p a g a t t n ~  
v r r l a b l e  ~ ( 1 3 )  1s l d e n t l f t e d  and 

the a l  t e r n a t e  (y(13)-11 o f t e n  o the r  
c a n i l t l o n s  can ba Imoosed frm the 
mln lmal p re fe r r ed  I neau r l  1 t les 1 1s 
s to re4  w l t h  oena l t v  5.581. 

The user 1s asked whether he acceots 
the pronauat lon. I f  the a n s m r  I s  
ves, the p ropagr t  I o n  proceeds; 1  f 
not, the  user  has the cholce o f  
p r o c e e d l n ~  l n  t he  Nltm.l M Ipp91: o r  
o f  t r y l n g  t o  f l n l s h  the cu r ren t  
prohlem ( I n  c o r e l  bv s t a t e  
enumeratlon. I n  th. vresent  case w 
accept t he  f l r s t  p r o ~ a c a t I o n  
( r t o r t n ~  an a l t e r n a t e  node w f t h  
pena l t y  5.311) and r eJec t  the second 
p o s s l b l l J t y  w l t h  r l t e r n r t e  pena l t y  
3.911 ( t he  svstem, o f  courre, 
genera tas  the  pena l t i e s  I n  
descendlng o rder  o f  maitnl tude). 

P R P , P I f I . C T R  1 3  S .  3 8 4  O  (CTR i O  c, no CONTIIAC~ON) 

C PRPr 1s - P n o ~ ~ q 4 t r  vit) 
A C C E P T  w c P E ~ .  s . a o  ,-, \J mri FILTIRAI A tt 
YLS P~MALTY r g d )  

O U T :  CSW N O M )  ...................... 
1  2 3 . 7 7  5 . 3 8 r  '13 ( N O D F  & ~ w a 8 r C , o . J . F . v & o ~ , ? c ~ ~ l ~ )  

ACCEPT ? 
NO 
FOR A LTERNATR C A L L  S T R A T .  n p .  R R P  ~ E . Q C  
S A V E  R O Y ,  BEFORE E n U f 4 .  

rtrrtr (frm the s t a t e  
7 ) m a b l e  13 II a t  O ( v i a  

propagat ion),  and v l ,  v9, v13 have 
baen - f l aed  g l o b a l l y .  One branches on 

. - 

y8-1, and a  f e a r l b l e  s o l u t l o n  Ir 
foun4 lmmedlatel v  ( undwb ted l  v  due 
t o  the I m ~ s l t t o n  o f  the s ta te ) ,  
w l t h  obJ funct  I on  2-26. 

PI u r 4 2  2  4  3 2  3  1 0  5  3 b  3 r 1 0  r 2 2 2 1 0  1 0  2 1 0  3  2  1 0  5 (w dTrrsq;t 
X I S  1  \*=al sa*& i-1) 
Z 2 6  

P E A S I B L E  S O L U T I O l  2 6  
Z O L U T I O l l  POUflD AT NODE 2 L E V C L  1 P R A S E  1 
8 8 8 8 8 8 8 8 S 8 8 8 8 8 8 8 S 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 0 S 8 ~ 8 8 8 8 8 S 8 8 8 8 8 8 8 8  

O B J E C T I V E  FUWCTIOR 2 6  
NEY Z S T A R  a 2 6  
S O L U T I O R O l l O O O l l l O O l  O 0 1  
I N T .  S O L .  P E A S I B L R  . Z =  2 6  

1) Enumeratlon Ir a f t e r  e r rm lna t l on  o f  a  t o t a l  o f  17 nodes. 

L / B W D *  -1 I R ? .  I N  BOUllDRD ( I N  WN, ~rwct r tw )  
RRD O? EWUNERATIOR .................. 
O P T I M A L  S O L U T I O N  O  1  1  O  O O  1  1  1  O  O  1  O  O  1  
O P T .  O B J .  PUWCTION 2 6  



The s to re4  a l  t e r n a t e  node 1s brouyht 
 bai^ from the t r e e  l n t o  h l gh  smed  
storane. A f t e r  Impos i t i on  o f  the 
hounds, the lncqual  i t y system 
( I n c l u d i n g  Randers Inequal i t  i e s )  

w l t 4  z f z*&l*  26-1  25, II now m. End o f  B R .  

o f  l n t e r e r  ororram. 

I I I  Of 11031: 1 ...... ........... 
1 2 3 . 7 7  5 . 3 8 b  - 1 3  ( N O D E  P)uMBM o ~ J . F . ~ ~ ~ L u ~  , ? @ ~ . , ~ ~ c i r )  

RCD ( R r D u C T i o M )  

IVOPV O (n or s r b r i w )  
o P L I I J  ? O  1 5  
I I I F C A 2 I D L I : ;  .70F'/ O 

7he.e 3re a  numher o f  problems 
whlch can ne e n t l r e l y  reso lved  b y  the 
use o f  one o r  the o the r  technique. For 
example, a  (28,351 prohlem of the 
tanker  schedul lng v a r l e t y  (sec < 9 > )  
y i e l d s  an In teder  s o l u t l o n  a f t e r  
impos l t l on  o f  a  t o t a l  o f  6 
Gmory-  Johnson c u t s  I n  2 
reopt  lmlza t Ions. 

The same problem y i e l l s  we11 t o  
s t a t e  enurneratton techniques (11  9R 

- nodls  of the p ropa ta t  i on  type, 1.e. 
w l t h - o n l y  one t r u c  l i n e a r  proKram 
resolved, f o l  loned by hetween 9 and 3 3  
enumera t Ion nodes depend1 ng on the 
I n i t i a l  s ta te ;  a t  the end none o f  the 
a l t e r n a t e  BR nodes need t o  be proces ied 
f u r t h e r ) .  

On the o the r  hand i t r equ i r cs  a  
l a rge  number o f  LP op t im i za t i ons  i n  r 
s t r a l g h t f o r w a r d  BR o p t i m l z a t l o n  run 
( b e t m e n  40 and 109 1 l near  progrrms 
dependine on s t r a t e t y ) .  

I n  the fo l low lnp ,  t a b l e  we descr ibe 
v r r l o u s  approaches, t o  the (15 hy 15)  
prohlem used as example l n  the t ex t .  I n  
gome respects  I t  Ir r a t h e r  d l f f i c u l t :  
the  fia0 between LP o b j .  f u n c t l o n  an4 
I n t e t e r  s o l u t i o n  o b j e c t l v e  f unc t  Ion i s  
l a r t e ;  the pena l t i e s  a re  r a t he r  smal l  ; 
the response t o  Gomory-Johnson cu t s  1s 
o n l y  moderate; the degrce o f  the 
l n i t l r l  system 1s 3. I t  behaves much 
b e t t e r  when Renders I n e q u a l l t i e s  a re  
added, parrn l t t ln r .  the reduc t lon  of the 
deurce t o  1 ( f i x i n ?  of th ree  
va r i ab l es  ); e tc . .  

I n  the t a b l e  m sumnarlzc r nunber 
o f  runs u s l n ~  some or  a11 o f  the 

a v a l l a b l e  t oo l s .  One does o r  does not  
sdd Cmory-Johnson cu ts .  One does o r  
does no t  enumerate a t  r r e l e c t e l  
p e n d l n ~  node o f  the BR t ree.  The r t a t e  
f o r  enumeratlon can be choscn 
a r h l t r a r l l y :  we r a n . t h e . p r o e r a o w l t h  
the  s t a t e  Ie te rmlned  'from the rounded 
LP so l u t i on ,  w i t h  a l  f r r c t l o n a l  
va r i ah l es  lass  than o r  aqu r l  t o  ..5 
f i x a d  r t  O, and a l 1  va r l ah l es  I r r g e r  
t+an  . 5  f i x e d  a t  1. 

I l  en te rcd  some guasses a t  a  
s o l u t  Ion and a~pen4cd  the r e s u l  t i ng  
Renders Inequr l  ltlo t o  the o r l g l n a l  
tahleau. 

14hIch o f  the r e r u l t s  i r e  
cons ldered t o  be bes t  w l l l  deptnd on 
t he  r e l a t i v e  c m o u t a t i o n a l  e f f o r t s ,  and 
t he re fo re  on the conputer and on the 
system used (APL l n  our case). I n  
~ e n e r a l ,  we t e e l  It most e s s a n t l r l  t o  
reduce t he  number o f  l l n e r r  proKrans, 
b u t  even more fundamentcilly, t o  r v o i d  
l a r g e  t r ees  (many BB nodes, l a r g e  
enunerat lon leve ls ) ,  1.a. s i t u a t l o n s  i n  
whlch the  comblnator lcs  overwhelms the 
problem so l ve r .  

The i n t e r r c t l v e  system roDcars t o  
g l v t  the  l n s l ~ h t  and a f t e n  the  t o o l s  
f o r  avo i d i nc  e x n o n a n t l r l l y  I n t r r c t r b l e  
s l t u a t l o n s ;  l e . ,  even fo r  more 
d l f f i c u l t  problems (e.g., the  (37 bv  74 
prohlem o f  <9>), whlch m d l d  n o t  run 
t o  conclusion hecause o f  s low APL 
response a t  the te rm ina l ,  l t  was c l e a r  
t h a t  the  search was ::wcll-behaved", the 
t r e e  r t n a i n i n y  a  l m - l e v e l  t r e e " ,  
w l t h  steady Droltress h e l n r  made . 



l n l t l a l  LP va lue  '14.96 14.36 _ - . - - - - - _ - -  .. - l I 

use t \ -37 
N. o f  nodes qcncràtad ........... c a l l e d  
O~~ t i i nu r~ i  foi ind a t  node - _ _ . - - .. - .. - . . . . . .  
Use onumsra t 1 on? 
S t a t r  f o r  enuncrat i on  

f r o n  L ? ?  
l? 

yes yes Y ~ S  yes 
2 2 2 : 
2 2 2 z 

yas yes yes y rs  

Y C S  Y Q S  Y C S  yes 

-- .................. --- --- .. 
Use ~ u o s e s ?  n O n O 
Type o f  ~ u c s s e s  
N. o f  guLSJt!S 
N .  o f  Benders Ineq. 
N. o f  va r i ab l es  f l x e d  
, - -  - -  ._.-.-a--- - - - - - -  - -  

N. o f  LP s o l v c d  O 2 5 

U S  37 13 17 
3 1  ? S  1 3  2 

I 

no yes yes yes 
random 

1 O 6 10 

S i x  Approactirs t o  Solv in: t1.r. (15,15) S.*-."lc Prc.blcn 

A i n e q u a l l t y  l n  h l v a l e n t  
v a r l r h l e s  i s  ncan t  t o  be r n  I n e a u a l i t ~  
w l t h  O. 1, -1 coefficients only .  

. A a r l a h k  I n e q u a I I t y  
(ahbrev ia ted  p.l.1 Ir a l o s l c r l  
ineauai I t y  o f  t h e  form &G(j a 1 . 
LI 
y ( j  be lna e l t h e r  y ( j )  o r  1 - ~ ( j ) .  
which expresses thedcondl t lon t h a t  a t  
l t a s t  one o f  the  y ( j ) *  j e  J, must he 
one. 

LI . The values y ( j )  1 (1.e.. e i t h a r  
y ( j  ) - O  o r  y ( j  1'1,- depandlnr. on th *  
na tu re  o f  the y ( j ) )  a re  termed the 

o r  J n d t u  values of the 
~ r e f e r r e d  v a r l a b l o .  

. Civen r m c  procedura f o r  ~ e n a r r t l n r  a 
se t  of p r e f c r r e d  I n e ~ ~ a l i t l e s ,  WR ca l 1  
m i n  i n d  ( r e l a  t i v r  t o  the procedure) 
t+ose p. 1 .  s wi t h  mlnlmal numher o f  
non-zero c o e f f i c i e n t s .  

. The d o f  r m.p.1. system (and by 
extension thf d a ~ r e e  o f  the i n i t i a l  
i n s q u a l l t y  o r  systsm o f  l n e q u a l l t l r r  
f rom which the m . p .  l .  system was 
de r l v cd )  1s the  number o f  non-zero 
c o c f f l c l e n t s  o f  one o f  the mfnlmal 
p r c f e r r e d  Incqual  1 t tes. 
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In the example at had, one might consider sll h e  columns listed below! 

E- with the example has no solution f& ~ ( r ) r  13, - 
- M m  i n m h  is the coxsidaaho d o d ~ f r ~ ~  x(i, t): - 

1 

. . z(i, r)=c 
* Jl(f,t+l)=l-~ 

Ifuerptatial: 
Maintenance starts in pcriod 6. e umts from the end of the pcriod. (cg.: 5 day 

week, 52 waks, r= 2 . .servicc st8rt.s on Friday of wœk r). 
We$mpose.uniform Glues R= R(I)= . . . = R(t). Roblem PZ then has many solu. + witô R~8.125. Two qreuntative solutiong arc: 

Rz8.5 
41,4)=1, x(2 1)=1. x(3.3)=.45813, r(3,4)=.!&67. r(4.4)=), 
x(4,5)= .75. 45.7)= 5. 45. %)= 5 

. . \ 

3 2 . ~ h 1 b i m  ' 
..> 

We ûrst implcmmted the adjaant fradonal value formulation (S2 sets) by in- 
d&g a msct d integer variables Hi. t), dcsignatiog the Ai. t )  as spccial ZcTOone 

uinables (set -y below), byhlaxing the di, t )  to ôc wntinuous. a d  by Mpos- 
, ~ t h t o o ~ t s :  - :'- * ' 8  -.- 

--' A .. -3, *- : 
' > . Y-Famulorian , 

di, l)sHi, l )s[di ,  Z')Hdi, l)+di.2) - 
Ni, Z)ay(i. 2 ) s  dd, 1) +di. 2)+x(2,3)' 

A- :. . . . . . . . . . . . . . . . . . . . . . ,. - < 

Mf, T- l)Sy(i, T- l)sx(i, T-2)+di. T- 1)+ 4 6  2') - 
dl, ' s i ,  sdi, T- l)+ x(i, f i  = +fx(l. 111 - . . 

,- 
. . .  

1. . * - "  Y -. . 

n . m d ~ ~ - ~ r ,  .., ' ., . 49l 
', . . */ . i, . 

m e  square brackers are applicable to the o s e  with wraparound. 

Properry. n e  Hi. r) have exactly two 1's in adjacent positions. 

Exmple. (1.1. O. . . .. O), (4 1, 1. O. . . .. O). . . .. (O, . . .. O. 1. 1). 

Also: The constraints have the (advant;lgcous) form typical of ' w d l y  linkcd" 
problems (sec (1 I )), or of 'gencralid variable upper bauds" (12). 

Ana dcveloping the y-formulation. wc faund the following, simplcr z-formulation 
b (1 ). 

- z-F#mulalion ' 
Ni. I)+iI(i. Tll+z(i. 1) 
* f ,  2)s di, Q +di, 2) 

.-.-...--...- 
di. * S N ~ ,  T- f)+di, T) 

a Z,z(f. i)= 1 for d i  t (muitipk choia) 

x(f. t).. continuaus. r(l. r)..(O, 1) iotqm 
We uscd both forrnulatianc with MPSX-MIPl370. and found k m  of similar 

u&y tM relatively smaU probkms. 

3-1. A anoll Sampk Roblan 
- 

@nlldcr rn p r o k  P3 for ,maximi&# rsewc. 4th tbc da?: 

~ = 4 .  T=8 
&9=2 4 1 2 
A(f)=200 200 90 î00 
R(r)=541 225 514 511 234 483 386 4% 

In Fig. 1 y i v e  the i11ochW outpu;(of an crperincrital APL program; k next 
.mctbn). Its value (maximal value for minimal m e )  is 34. 

BE~~POSS.SIA~~.BESTSLACX.(XIRR.SU<XWWW 
m E D U L E D  NO. OF MACHDES IS 4 OUT OF 4 
-U OUTAGL RESERVE-SLACX. RESERVE 

- . -  



The printout gives a plot of the schedules for the 4 machines, with the time-axh 
pointinp downward and the machine-axis pointinp to the right. For cxample, the 
second column represciits the outage of machine 2 in the periods 3.4 ,  5 and 6, witu 
its capacity of 200 removed in each of these periods. 

The first numerical column represents the sum of the capacitics removed for the 
printed schedule. The second numerical column is the diaerekx between the R(r) and 
the first column. The iast wlumn. finally, gives the rernaining reserves for cacb r, the 
minimal value correspondinp to the objective function of the problem. ' 

Jt iS clear that this problein has many degres  of frecdom. One could find many 
alternative, equivalent solutions. The defaults of the program have beeii set such as 
to move the schedules as much as possible to the end of the time-horizon, and this is 
rcfiected in the fact that the printed solution has the first two time pcriods frce (whicb 
may bc an advantage: i.e., the slackeness of the system can be exploitcd for ycondary 
benefits). 

ln  Fig. 2 wc givc an optimal schedule correspondinp. to  relaxation via wraparoiind. 
It a n  be seen that the sdiedules for the first two machioes m p y  the first and last 
periods of the overall interval. The objective funaion value is drastically incrrased. 
It is, of course, inadvisable to extrapolate such a fayorable result to larger problems. 
But for rcaiistic problems, cven small improvements in thc minimal reserve may b 
significant. 

BFST POSS. SUCK, BEST SWCK, CURR. SWCK 186 85 85 
XHEDULED NO. OF MACNlNES IS 4 OUT OF 4 
SCHEDULE OUTACE, &ER=-SUCK:RESUIVE 

* 1 . , , ? ,:'- 
FinaUy, we prcsent tfie re&lts for integrality rekxatidns, abtainèd witb MPSX- 

MIPi370, in Fig. 3. There is anoùier substantial improVmcnt in objective function 
value. It may well justify the inconvenicnce of having togo  to split-schcduks (repres- 
cnted by the e). 

- 
/ /  

4. AN ENUMERATWE SCHEDUL1NG;SCHEME 

It maintenancc scheduiing prdb lm sudi as P3, and m e  mrnplex Yariants of it. 
<Jin t&y be solved with prieral purpose rnid-in- ds. An induslrial user is 
f iohbly  well advixd t o  go that route, t o  awld the rieassiry of rcdesigning his & 
nhtnévd the mode1 changes. But the problcms beanm roilm large. A 40 madùat, 
52 tïiihicpcriod problern expandF into an intcpa p r o p m  witb M81 intcgcr vaziablcs 
and more bian 100 comtraints. WC have thercforc dcvcloped an csumcr~tive pma- 
d m  which handks rooderatdy si& poMcms vcry w l l  a d  muid bc uscd as m 
effective heuristic aid f b d t  intoen all-purpose axk rc an idd-on; e.& mto MPSX- 
MIPf370 via the ex- , control language): h iarper modck. 

4.1. rfXc Emomaliwl \ 

WC have i n  cx#&mntii APL &-tan p a ~ m  (m svaikbk outskk of 
~ B M )  aith the foilowlig featinis: 

1. All constrain6 a n  treatcd implin'tly. ie. arc genrrted ES &cd fmm tbt h: 
M. T. A(i). D(i), R(r), and a P by M cm&t &x which rrpmots P conflicu. 
one pa row. 

1, The metha is a madificd addmvc dg* ((13). alsb (14)h startin$ a! 
' b origio id rchcduling outage one by one. 'lnc machinos MC a ptordncd . . 
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REDUCTION METHODS FOR STATE ENUMERATION INTEGER 
I'ROGRAMMING 

Monique GUIGNARD 
Dcpdrlmcnr of Srarisrics, Wharton School, Uniwrrity of Pcnnsylvania, Philadclphia, PA 19174. 
U.S.A. 

of time solving linear programs. A promising alternative, then, is to  solve only one 
linear program (ai level O of the search), o r  conccivably a linear program whenci, r 
the hearch returns to  level 0, and to  finish by state enumeration. 

MPSX/MIP 370 has a control language which would allow the writing of an 
enumeration program (using procedures of MPSX) in PL/]. Knowledge about . 
special structure can probably be  incorporated best in such an enumerative code. 

Another area of interest for the techniques of this paper is to  be  found wirhin a 
, 

production mixed-integer code, especially for problems with a large number of 
continuous variables. The reduction and state enumeration procedures over 
Benders inequalities would be  executed entirely in core storage and would consume 
negligible effort compared t o  the other 110-bound solution procedures. 

Kurt SPIELBERG 
Scicnrific Marketing, IBM. White Plains, NY 10604, U.S.A 

2. State enumeration 

Integer programs with small bound intervals can often be dealt with effectively. by a 
state-enumeration procedure with reduction methods. Our approach features the consistent use 
of logical inequalities, derived during the computation, especially for influencing the choice of 
appropriate directions for the search effort. 

1. Introduction 

In spite of much good research and a host of proposed algorithms, the all-integer 
program P 

min c . y  = z  

y (j) . . . integer, 

is far from being solved successfully even for small problems. 
Both branch-and-bound (BB) programming (see (41 for a recent survey) and 

enumerative programming meet success for some problems (usually those with 
which the analyst is familiar) and fail badly elsewhcre. 

There is a need for a flexible integer programming system, possibly with user 
intervention on some kind of interactive level. In this paper we discuss an 
experimental enli~neriitive system which is meant to incorporate a family of 
techniques which we have shown, o r  which we believe, to have substantial promise. 

Among the practical problems which may require such techniques, we cite large 
scale integer problems with siihstantial logical structure. Many of these are 
scheduling problems with time-dcpendent (0 , l )  decision variables, say y ( i ,  1). (E.g., 
y(i, t )  might be 1 (O) if a certain choice is made (not made) in time period 1.) 

A production code of the DB type (such as MPSX/MIP of IBM) takes a good deal 

2.1 Scherne of search 

The search is organized as follows. It starts at "level 1 = 0" and "node v = l", 
with al1 components "free", i.e., with al1 romponents y ( i)  only constrained by the 
initial bounds LU) '  and U(j)'. 

At  a general iteration, one  is at  lewl  1 which measures the number of explicit 
bound changes ("forward branches") which have been irnposed from the last time 
the search was at  level O. 

At  level 1 (and node v ;  v is a running counter, increased by one  at  each 
iteration), one  basically takes one  of two actions: 

(i) A Forward Slep from level 1 to  level 1 + 1 (setting the bound of a branch 
variable to  a new value). 

(ii) A Backward Siep from level 1 to  level 1 - 1 (with the search terminating 
wben 1 - l is - 1). 
The explicit forward steps [rom level O t o  level 1 are recorded in two lists of 1 
numbers: 

List 1 consists of signed component indices, the sign of an index reserved for 
indicaring whether the associated variable was constrained by a raising (lowering) 
of its lower (upper) bound. 

List 2 contains the value to  which the upper (lower) bound of the related 
component from list 1 is to  be  lowered (raised) on  rerurn t o  a level. 

It is clear :Lat sueh a scheme suffices to  record the history of the search and t o  
control the searcli on backward steps. Further details can be  skipped. 

2.2 The sraie . 

At node v (level 1) one eas~ly  computes a set of "Working Bounds", 
(L(j), UU))", i.e., a set of bounds determined by the explicit branches of the  search, 
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.a.. well as by sut)zequent applications of the reduction procedures. (We shall usually 
drop the superscript v on the working bounds.) 

The Srare S "  is esscntially meant to be a corijecrured value y', for which we 
pcrrnit (to keep the search simple) the choice of setting a given y'(j) either to its 
lower boiind L ( j )  or to its iipper houiid U G ) .  

Ir is the state value y "  which is substituted as a trial solution. Forward branches 
are iaken so as to lead away from the siate, and are chosen among some index set J 
(see Section 4.2) so as to reduce total infeasibility. 

In the numcrical experimentation we determined an initial state at node v = 1 
from the initial L P  solution y A :  

(r  being an arbitrary rounding parameter). At subsequenct levels the state is carried 
along, i.e. one uses the transformed state given by: 

y V ( j )  = L ( j )  if yl(j) was L(j)' 

= V u )  if y ' u )  was UV)'. 

Alternatively, we also considered the options of setting y '(j) always to the lower 
working bound (in the tables indicated by "ALWL") o r  always to the upper 
working bound (in the tables: "ALWU"). 

3. Techniques for integer state enumeration 

No one technique can be expected to solve al1 problems. A modular collection of 
techniqiies, possibly controlled in an interactive fashion, may eventually prove to 
be the hest vchicle for stiidying and resolving gcneral and special integer programs. 

In Section 3.1 below, we outline those techniques which will be stressed in this 
paper, aiid for which some numerical results will be given. In Section 3.2 we outline 
other methods which we have tried and for which results have been given 
clscwhcrc. Sonie of thcse methods nced to be generalized from the 0-1 to the 
integcr programming case. 

The results of thih paper demonstrate (for small problems; but we believe that 
thcrc is no rcason to assurne drastically differcnt bcliavior for larger problems) the 
importance of sfaie enunleraiion (good starting points for the enumeration) and of 
some form of reducrion (Le., systematic tightening of bounds). 

Thc gcncration of logical ("preferred") inequalities does not yield, in these 
experimerits, much additional improvement. We believe that this shows the 
necessity of combining such techniques with the use of penalties and propagation 
(see Section 3.2, items 7 and 8). 

270 M. Guignard, K. Spicikrg 

3.1 Techniques used in curreni experimenration 

( 1 )  Solutionof only one linearprograrn at the start (possibly followed hy judicious 
use of cutting planes to ger optimal but non-integral tableaux with a relatively good 
value for z, i.e. a large valiie lor the objective function of the relaxed problem). 

(2) Reretifion of rhe top row (or the related Benders inequality, [2]) for purposes of 
bound reduction or  fixing of variables. For some purposcs one may wish to retain 
the entirc tableau. Suitably updated they are referred to as "currenr" top row or  
tableau. 

(3) Definition and use of a srafe, i.e.. a suitable origin for the search (see [U] or  
[9]) (either permanently after solution of the initial LP, or  dynamically according to  
some (heuristic) criterion at each leuel of the search). 

(4) "Reducrion" of sysrem (1.1) at euery leuel of the search. 
(a) Reduction of the bound intervals for the y(j) and the slacks s ( i )  (as 

proposed by Zionts 117)). 
(b) Consrrucrion of logical relaiions ("minimal preferred inequalities") which 

are to guide the search so as to: (i) find feasible solutions, (ii) "minimize" 
the search effort. 

Each preferred inequality specifies d (degree) prcferred or  indicated bound 
changes. One  indicated bound change. at least. must be implemented if the 
problem is to have a solution. 

The main emphasis is on "conrraction", i.e.. on  guiding the search into (locally) 
increasingly constrained directions [6, 14. 161. 

(5) Local search of lattice points close to a given point y. A simple procedure 
for looking at al1 points which differ from y in exactly "lev" (level: 1-level. 2-level 
search) components by exactly one unit. The search is also used as a strategic 
device. to select branches for getting to new points with decreased overall 
infeasibility. As  can be seen, there is some overlap and conflict between (4) and (5) 
(see also Section 5). 

3.2 Techniques io be incorporatcd in a full system 

(6) Citrri~ig plane techniques. O u r  expr imenta l  system includes the ahility of 
adding cuts, followed by reoptimization (see [ 5 ,  10. 111). The (O, 1) test problems of 
this paper can be solved by such cutting plane methods, with only little enumera- 
tion. More difficult problems (with larger gap between LP and IP  objective 
function) may prove intractable. . 

(7) Penirlfies and preferred variable inequalities. Preferred variable inequalities 
(as this paper shows in conjunction with [7. 15, 161) are best invoked together with 
penalties. O n e  rules out ccrtain branches of a suitable preferred inequality due to 
large associated penalties and pursues alternatives when they are favorable from a 
"contraction" point of view. 



Rcduction mcrhods for inleger progromming 277 

(8) Propogntion. An "icdicated branch (bound change)" of a minirrlal prrferred 
inequality (see Section 4.2) may often be implemented by "propagation", tan- 
tamount to fixing a variable (or altering a bound) at its current values, i.e. at 
insignificant computational cost. See [15] for some excellent computational results. 

(9) Mixed integer problems. For a mixed problem, one may work with Benders 
inequalities generated during the search. Techniques (1)-(8) can than be applied to 
a system of Benders inequalities in the integer variables, which in our experience 
lend themselves well to reduction. 

4. Reduction for integer variables 

4.1 Reduciion of bound intervals 1171 

Consider the constraint set of problem (1.1) in equality form: 

A . i = b  (4.1) 

L(j)sr(j)=sU(j), j = 1 , 2  ,..., n + m  

with i a composite of the structural variables y (j) (j = 1,2,. . . , n) and the slacks 
s( i )  (i = 1,2 ,..., m). 

From (4.1) a new set of bounds can be computed in accordance with the 
formulas: 

1 for i : a ( i , j )<O;  

U(j)' = min 1 for i :  a(i , j)>O, 
L(j) + (b(i)la(i, 1))- (l/a(i, j))(APU(i)+ AML(i)) 

APL(i) = 2 a'(i, j) .L(j) 

AM U(i) = 2 a-(i, j )  - U ( j )  

AML(i) = 2 a-(i, j ) .  L( j ) .  

a ' (i, j)  = müx(0. d (i, 1 ) ) .  
a ( i ,  j)  = min(0. a (i, 1)). 

These formulas are easily derived. They are slightly altered from some of the 
forinulas found in [17]. 

At any node of the enumerntion one applies (4.2) iteratively until there is no 
more alteration of bounds. It appears to us (after some cxperimentation) that this 
procedure is somewhat preferahle to the equivalent one of Section 4.2 below (which 
gives the same results by iterative application of minimal inequalities of degree 1). 

In the numerical experiments which we conducted. little use was made of the 
resulting bounds on the slacks. They could be exploited. for example, in Section 4.2. 

4.2. Logical inequalities for integer variables 

(i) 77te (0.1) case [ l ,  6, 14, 161. Let (1.1) be a system in zero-one variables. Oiie 
can then associate with it a "minimal preferred variable" system 

of degree d. (The unusual case that (4.5) is empty, i.e. that (1.1) does not imply any 
logical relations for the y (i), can be taken care of by simple default procedures. In 
the following it is always assumed that (4.5) is not empty.) 

Each row k of Q has d non-zero entries and row k of (4.5) represents one logicai 
condition implied by the system and the zero-one conditions. Let q(k, j )  bc the 
entries in row k of Q. 

q(k ,  j )  = - 1 (+ 1) implies that the possibility y(j) = 1 (respectively y ( j )  = O) 
should be considered as a logical alternative (i.e.. as prcfcrred or indicated value) in 
an either-or partitioning. E.g.. d = 3, and q(k, j l )  = - 1, q(k, j2)= 1, q(k,j3)= 
- 1, q (k)  = O, represents the logical implication: 

either y ( j l )=  1. or y(j2)=O. or y(j3)= 1. 

(ii) The integer case 
(a) Reduciion. Starting with (1.1). one multiplies the columns of C by the bound 

intervals U0)-Lu), and correspondingly -subtracts ç c(i, j) L(j) from b(i), for 
each i. In this fashion one effectively changes to a system with variables t u )  in the 
unit hypercube, i.e. to 

Summation is from 1 to n + m. 
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The proccdurcs for ge~ierating al1 mininial preferred inequalities for zero-one 
variables 1161 are then applied to (4.6)' as i f  (4.6) were a system in (O, 1) variables. 

When the IO') are true zcro-one variables, then an inequality such as 

- 2 . t ( j 1 ) - 3 .  i(j2)a - 1  

(with T G )  = I - tu))  is interpreted as 

IO'])+ T ( j 2 ) 3 1 ,  

i.e., either /(j 1) = 1, or 10'2) = 0. 
In the case of (4.6). however, al1 one can imp$ is that either the lower bound of 

y(j1) must be raised, or the upper bound of y(j2) mus1 be lowered. 
The minimal preferred inequalities (obtained by exactly the same procedures as 

for zero-one variables) are best written as: 

The degree d is equal to / T I ,  the cardinality of the preferred set under 
consideration. 

It should be noted that a partitioning relation such as (4.7) is usually much 
stronger than conventional branch-bound dichotomies. In a branch-bound code, 
the partitioning of the above example, for instance, could be exploited by the 
successive solution of the two problems P[t(jl) = 11 and ~ [ t ( j 2 )  = O and 10'1) =O]. 
Clearly, analogous conjunctive conditions are imposed in integer branch-bound 
programming. See [15, revised] for some details. 

In enumerative programming, such conjunctive conditions are taken care of 
automatically by the book-keeping. 

One may summarize the situation more generally. Let 

o u ) =  L(j) if Lu)= t u )  

U ( j )  if i(j)= 1 -i(j), ail j € W. 

Theorem 1. In order ihat y be an integer solurion of (1.1), it is necessary thar 
I (T )  # O, i.e. that y (r) # o(v). 

Let j ( j )  = y (j)- L(j) (resp. U ( j )  - y (j)) if i(j) = 10) (resp. 1 - t ( j ) ) .  

Corollary 1. y can be an inreger solution of (1.1) only if Y(a)# O. 

Corollary 2. If a = 0, the condition i s  oacuous. If d = 1, one rnay reduce the bound 
interval of y ( a )  by 1. If d > 1, one rnay reduce one of the d bound intervals of y ( ~ )  
by 1. 

2m M. Guignard, K. Spiclbrrg 

Wlicn tlie reduction proccdures of this section are preceded by those of Section 
4.1, however, one acsures that d #  1. 

Al1 techniques based on contraction, penalties, propagation, etc., clearly remain 
valid in some modified form. 

(b) Implemen~aiion. In the experimentation for this paper we only implemented 
simple procedures based on contraction. as are Eescribed in what follows. 

The entries of Q give information about the effect of an enumeration branch 
from a node v to its successor node v + 1. Let 

It is clear that: 
m 1(j) > 0 implies d'*' < d'  if o n t  brancha with y (j) = 0. 
m 20') > 0 implies d "' < d'  if one branches with y (j) = 1. 
Such branches are called confracting branches, for they lead the search to a 

successor point in the integer iattice at which the problem is more constraincd than 
before the branch. 

The most favorable case is that of double-conrraciian, which arises for branch j 
whcn: 

ml( j)>O and rn2ÿ)>D. 

The enumerative code describcd here isolates a set, I ,  of candidates for 
branching according to the prioriries: 

(il 
(ii) 

(iii) 

J = { j  ( m 10') > O and m 20) >O) - . . double contraction, 
J = u.1 m 10') or m2(j8) > 1 and equal to(max, (rn 10'). m2(j))} (4.9) 
J = {al] j : L u ) #  Wu)} - . . "free" variables. 

In al1 cases. a branch with variable j is chosen such that y "'(j) = 1 (O) if y '(j) = O 
(1). 

As explained in [16], this requirement may necessitate a replacement of (4.5) 
(which represents "free" reduction with no state imposed) by a reduction after 
imposition of a state on (1.1). if the original preferred inequality system has no row 
for which al1 indicated branches lead away from the state. 

Whether a procedure which ensures branching away from the state is indeed 
desirable. is not entirely ckar. Some of Our results in [IO] seem to go against such a 
conjecture. 

Our experimental system has been designed to admit the use of a truly "dynamic 
siare", i.e. a state which can be recomputed (most likely so as to satisfy as closely as , 
possible, in some sense. a set of minimal preferred inequalities) at each itcration. 
Such a feature. however. has not yet been tested. 



Red~dcfion rnerhods for infrgcr programming 

5. Experirnents 

5.1 The experimental algorithm 

Thc expcritnentnl algorithm was tliat of Section 2 with the techniques of Sections 
3 and 4, stressed as follows: 
one linear program was resolved and retained as per Sections 3.1 and 3.2; 
the reduction procedures of Section 3.4 were used after any bound change, for 
wliatever reason (possibly leading to some redundant work), in the order a and b ;  
states were determined as per Section 2.2 (see below for details); 
3 local search was conducted at every iteration (see Section 3.5), except for 
LEV = O (see below); 
forward branches in that enumeration were chosen so as to lead to a successor with 
improved feasibility. Preferred inequalities were invoked for branching only if no 
improved feasibility was attained in the local search. 

5.2 Experimental results 

In Table 1 we describe a few test problems for which experimental results are 
described in Tables 2, 3, 4 and 5. The LP (Linear Programming) Objective 
Functions given are those obtained after an initial preprocessing reduction phase. 

Tablc 1 .  Description of test problcms 

(m. n) Source LP solutions lntcgcr solutions 
in (O, 1) in (O. 2 )  in (O. 1) in (O. 1.2) 

Tahk 2 .  Probkm (i..l21 

-. - 

BND STA LEV NR RI 0 1 Q2 

LP. 5 
LP. 5 
LP, s 
LP. 5 

ALWL 
ALWL 
ALWL 
ALWL 
ALWU 
A L W U  
A L W U  
A L W U  

- stands for "no< ~ n " .  
... stands for '"no< NO. belicvcd to be a b d  srratcgy". 

Tabk 3. Probkm (1020) 

BND STA LEV NR R 1 0 1  0 2  

LP. .5 
W. .5 
LP. 1 
W. 1 

ALWL 
ALWL 
ALWL 
ALWL 
A L W U  
A L W U  

Problem differs rlightly from source problem. 
Seems to have originated as test problem in IBM Paris Tabk 4. Prohkm (28.35) 

Tlie problerns are small. They are from either [3] or [12] (with some coefficicnts 
possibly altercd bv transcription errors), and arc for the most part easily resolved as 
(0, 1) problems. However, we solved some of them also as (0,1,2) problems. Our 
expcrimental work wns on an API., system time-shared with some 100 users. Ilence 

. even sinall problems require subsiantial on-line time, and in a sense Our environ- 
ment was not much different from :hat of a user with larger problems and greater 
computing power via o dedicatetj machine. 

END STA LEV NR R 1 0 1 0 2  

(1) 1 LI'. .5 1 - 1 9  1 9  1 I I  
(2) 1 LP .5 2 - 1 15 1 1 5  1 11 
3 2 LP. 1 1 - 47 67 6 23 675 (35) 
(4) 2 LP, 1 2 - 5 25 5 23 ... ... ... (5) 1 ALWL 1 1075 (43) 
(9) 1 ALWU 1 - .- M 45 - 

... .... ... ( I I )  2 ALWU 1 1MO (57) 
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Ihe paper is concerned with a number of approaches to the important simple plant location 
problcm. In addition to dexribing several decomposition approaches, the papcr focuses on 
modificd simplcx meihods which exploit triangular bases. 

1. Introduction 

Simple (Uncapacitated) Plant Location Problems (we shall abbreviate Simple 
Plant !-ocation by SPL, and SPL problem by SPLP) are of great significance both 
practically and theoreticaliy. There exist telecommunication network problems 
which could use algorithms handling problems with thousands of "plants" and 
"destinations". These can only be tackled by heuristics at present. 

The SPLP is one of :hc simplest mixed integer problems which exhibit al1 the 
typical combinatorial difficulties of mixed (O, 1) programming and at the same time 
have a structure that invites the application of various specialized techniques. 

1.1. Brief survey 

The referee's comrnents about the iiterature on SPL and related problems, for 
which we express our appreciation, indicate that a brief survey of some of the 
literature is necessary, inconiplzte as it must be for such a big subject. 

Exact forniiilations nppear to .qo back to Balinski [4) .  A first enumerative 
algorithm of tne branch-boiind type, based on the "aggregaied" constraints 
2 x ( i .  j )  S tn ( i ) .  y (i),  was developed by Efroyrnson, Ray in [13]. It was later 
refincd by n iiuinbc: of :,uthors. 

But the ciirrent state of the ait must almost certainly rest scitiarely on the 
resolutiori of the SPLP with "disaggregated" constraints x t i , , ' )  S y (  ,), because the 
"relaxed" problem with O +: y (i) '- 1 is very strong fr:r the disaggrc jated antl very 
weak for the aggregated form. This notion appears to have beer- obsewed and 
explbi,ed independently b j  three ~ r o u p s  of resear-1 c ICI'S. 

Bild: and Krarup, in a paper publislied in Danish (in 1967). and tliciefore 
unfortunately largely unread (available now in [7]), devised excellent ticuris:.c 
techniques for producing strong lnwer bounds on the objective funcrion of the 
strong relaxed problem, exploited with good effect in a branch and bound 
algorithm. 

A class of enumerative algorithrns by Spielberg (24, 251, based on widely 
distribiited IAM reports of 1067 and 1968. exploited the disaggregated forin in 
terms of dual variable analysis leading to strong Benders inequalities and "gain 

functions". The work was extended to more general problems in Guignard, 
Spielberg [20]. A recent paper by Cornuejols. Fischer, Nemhauser [IO] analyzes 
nicely a "greedy algorithm" which is based on one of the algorithms of 1251 and has 
the additional merit of establishing clearly (by way of Lagrangean Techniques, due 
to Held and Karp and extended and summarized by Geoflrion (151) that the 
disaggregated form of the constraints is indeed fully exploited in this fashion. 

The third important approach (expressed in terms of the capacitated problern) is 
due to Davis, Ray [12], who solved the linear program by decomposition in 1967. 
This work established the practicability and desirability of solving the disaggre- 
gated LP directly. 

What lends special interest to the above is that there has been steadily increasing 
recognition of the importance of disaggregation for large scale problems in the 
entire class of location and distribution problems, an area whose practical 
importance can hardly be overstated. 

Without being in any sense complete, we can cite work on the M-Median Plant 
Location Problem by Gafinkel, Neebe, Rao [18], a successful application of 
Benders' algorithm to a large distribution problem by Geoffrion, Graves [16], and a 
general account of formulation techniques by Williams [26]. 

Finally we have recently seen the resolution of quite large distribution problems, 
with several thousand integer varables, by the general purpose code MPSX-MIP of 
IBM, after suitable introduction of disaggregated constraints (e.g.. E.L. Johnson, 
private communication). 

1.2. Approach of currcnt paper 

'The following paper focuses first on decomposition and then on new 
possibiliiies for exploitation of tlie fully disaggregated linear program. In the latter 
area one might also consult the work of Marsten 122) and Graves, McBride (10J on 
specialized Simplcx Methods. 

Recent papcrs of Schrage [23] on irnplicit representation of generalized 1 ariahle 
upper bounds, and Glover [17] on compact LP bases provide general t e c h n i c ~ i ~ ~ , ~  for 
probleiris which we callcd "weakly linked" in [5] snd [20], a class of problerr Lh 

. encompasses location and more generiil fixed charge problems. 
Finally, it may be of interest that there is a link to the Russian literatbL ' r  

two references Frieze [14] and nabayev [l]. 



Algmthms for the plan1 location pioMrm 249 

17ie first paper demonstrates a property for the gain functions of [24,25], and the 
second relates this property to a "method of successive calculation" of Cherenin 

191. 

It is always enticing to start by decomposition techniques in ordcr to get good 
bounds on the objective function. Equally interesting is the construction of 
specialized simplex algorithms which attempt to adhere to the great abundance of 
a11-integer vertices as much as is at al1 possible. We have been able to solve a 
(20, 35) SPLP by a linear programming triangularization method, carefully bypas- 
sing al1 fractional vertices which would naturally lie in the path of an unmodified 
prima1 algorithm. 

Such attempts have been given new impetus by the results of Balas and Padberg, 
given in [2,3], to the effect that there is always a path of integer vertica leading to 
the integer optimum of a SPLP. This is a nice result, but an algorithm such as 

1 suggested in [3] mns into formidable difficulties which appear to  be very much of an 

1 enurnerative nature. 
As opposed to the "usual" set-packing problem treated in [2, 31. the SPLP is 

unusual in the sense that as lincar programming (LP) probkm it is enormously large 
for problems which must be considered small in practice. 

To  tackle.the SPLP successfully. then, one must bave highly specialûed tools for 
treating everything within the LP problem implicitly. In Section 3 we dixuss a 
certain special basis representation. which we believe must play a role (possibly in a 
yet somewhat more modified form) in any efficient direct linear programming 
treatment of the SPLP. 

Actually, we believe that Section 3 is important in several reskcts. The 
possibility of constmcting triangulrr bases which kad  to easily obtainable updated 
tableaux can be exploited for writing computationally efficient codes for problem 
sizes which wouid othewise be intractable. What may be just as important, the 
latitude in constmcting such bases can apparently be exploited to render-them 
"good", in the sense of minimizing the number of negative reduced costs (related to 
gain functions which have been found to be important elsewhere). - 

Finally, these triangulariz&tion procedures are such that they can be applied to 
any integcr feasible solution, no matter how it was found. This opens the way to a 
cbss of algorithms, dependent on the actual triangulsrization proctss adopted, 
consisring of stcps such as: 

(1) Heuristics, enurneration. etc., to give a feasible integer solution. 
(2) Constmction of a "good" tnangutnr basis, and therefore a simply sttuctured 

(impiicit) updated tableau. 
(3) Exploration of neighbor vertic&. Pivot or block pivot to neighbor vertex. 
(4) Return to (1). 
Le., depending on the actual basis choices, one has a class of tme hybrid 

algorithrns, which are LP intemiittently, but then also permit jumps from one 
httice point to completely different httice point, without 10% in efliciency of LP 
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computation (cg., given a solution point (x, y)  arrived at by a LP step. it  is possible 
that x can be improved for given y by inspection, o r  the jump might correspond to 
one of the simple heuristia which are easily available for SPLP). Notice that 
tableaux are never updated, since bases and inverses are easily constmcted from 
the solution. 

There are many possibilities of decomposition and partitioning. On balance they 
are by now quite well known. We believe that the "reurnc pcrriitioning" of 2.2.3 is 
new, sornewhat unusual, and therefore interesting. 

What is most important, however, is the potential utilization of the special 
problem characteristics. It is clear that the difference between suecess and failure 
lies here, and we have tricd to prescnt ideas which might form a start for a real 
algorithm (stand-alone or auxiliary algorithm within enumcration). 

minz = f(i).  y(i) + 2 c(i, j).x(i, j), 

y(i) O or 1, x(i, ] ) * O .  
l' 

The indices i and j range from 1 to m, and 1 to n, respectively. We admit only 
f(i) 3 O  and c(4 j) * 0. Whether we consider (2.1) or its relaxcd LP form (al1 y (i) 
between O and 1) will usually be ckar  from the context. 

2.1. Dantzig and Wolfe decompaarion [I l ]  

Consider the relaxcd probkm: 

min fy + cx ( = gr) 

set. 7 xq = 1 (= At), 

where g = (f,c) r = (3. Let. t', t'. . . . . tk, . . . . be the extreme points of S = 

{ t  E R"-1 Bt *O) (a compact set). and let K be the set of their indices. Then, for 
aII t E 9, there exista A = (A,. . . . , A,. . . ) such that 
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A * O ,  

c A h  - 1, 
I E K  

Then the decomposition algorithm will consider the following two probkms: 
@-Pl 

where K' is the index set of currently known vertices of S. with the dual 

(A -D) 

and the problem 

In fact, (A-P) and (8-P) can be rewnttcn 

A, = 1, A, * O  al1 k €Kr. 
LET' 

(B-P) 

d = min = Y  ( ? f i y i + s  c ~ - ~ u ' ( ? * ) - v - d )  

o c y ,  C l .  
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The continuous objective function of SPLP is in the bracket: 

f +driaf. 

It is well known 18) that the aigonthm converges cven when (B-P) is nat optimized, 
but suboptimized, i.e. as long as the solution t = (y,x) is c h w n  so as to render d 
negative and to be an extreme point of S. Also, as long as there are feasible integer 
solutions to SPLP whose objective function values are between z and the current 
best value z' = min z, every such solution is not yet included in the set of 
generaton of P and would yield an improvement over the current Z k t k ,  i.e. yield 
a negative value for d. If the optimal solution is not integral, the integer optimuni is 
among those feasible solutions that rcnder the last d negative. 

Also, if an improving (d <O) feasible solution to SLPL is the only generator 
added at that iteration, it will be the optimum of the next (A-P) probkm. Yet it 
might be better to add both the optimum and a feasible solution of SPLP 
simultaneously. 

Rtmirk 1. Every timc a (A-P) problem is solved, its solution yields a new feasibk 
solution to the original LP. It is of the form (y,*). Keeping in mind the original 
problem, one may be able to  find a better solution by taking y' &fincd by 

Y Yi) = yx x(i, j), 

the new cost f .  y' + c.  x k i n g  no larger than f.  y  + c.  x. This is important. since 
f .  y  + c .  x (or f .  y ' +  c.  x )  is an upper bound for the optimal value of the original 
problem. If (y', x)  is an extreme point of S. one u n  aàd it to  the current set of 
generators. 

Rtmsrk 2. The constraints of a (B-P) probkm are such that the problern is 
separable, as the consiraints which enforce the pruence of exactly one x(i, j) = 1 
per column have disappeared from its formuiation. Each (BLP) yields rn subprob- 
lenis of the form 

min $yi + 2 (cg - 4 1 ~ ~ .  - vlm. 
1 

whose solution is obvious: if c(i, j ) -  u(j)rO, set x(i, j) to O. Then, if there are 
some c(i, 1)- u ÿ )  < O, set x(i, j) equal to, say, a. Thus, y(i) musi be at kast equal 
to a. The objective function is then equal to  ( f ( i )  + z,,,c(i. j) - u(j)). a. If the 
coefficient of a is negotive. set a = 1. othemise set a = O. One c m  follow this by an 
attempt to  find a suboptimal, fcasible solution to SPLP such that d < 0 .  

. R e m &  3. An initial set of extrcmc points of 3 should be carefully chosen to 
rllow generation of meaningful points from the outset. For instance, one rnight 
choose: 



such that there is one 1 in column k of x, corresponding to the smallest c ( i  j ) ,  the 
corresponding y ( i )  being set equal to 1, ail others to O. 

Exampk. The following data 

1 10 

10 1 

yield a continuous optimal solution 

and several integer optimal solutions among them: 

Choosing 

f 
z 0 = 0 ,  z1=39,  = 2, Z' = 2, Z* = 2, 

one solves four linear programs of type (A-P), arriving at a last (B-P) problem of 
the form: 

1 1- t  1-4 10-i 

1 10-1 1-1 1-4 

No solution yields d <O. Hence the last solution of (A-P) is optimal: 

The integer optimum satisfies: 

Conclusion. Instead of solving a LP with 12 rows and 21 variables. one solves 4 LP's 
with 4 rows and between 5 and 9 columns, each of them being identical with the 
previous one with one new column added (so that relatively few pivot steps are 
required). A condition (C) has been found which the integer solution must satisfy, 
and a bracket for the optimal value has been obtained: 

2.2.1. n i e  genrrai scheme 
Consider the problem P: 

min{z = ~ T + ~ ~ ( ~ ) T + c x < & ~ * o . x E S } .  

It can be rewntten as 

min X - s  r x + M n { ~ ( l k ~ B - ~ x . r * O l ]  

or 

min [yx + { u ( - ~ + ~ x ) I u ~ + & * o . u * ~ l  I 
Let R be {u l u . D + & r O ,  u *O}. R ir independent of X. If R =fi. P has no 

solution. 
Othemise, if for some x there exisis uk, an extreme riy of R. uich that 

U ' . . ( - B + C . ~ ) > O ,  D = m ü x M r r u . ( - @ + C . x )  is unbounded a d  L I  
min,,{& c B - C. x, r >O} has no solution. 

P can therefore be solvod as G: 

min X E S  1 z 1 z r yx + ~ 2 :  { -  u(B - c . x ) ~  u either extreme point of R 

or extreme ray of R utisfying u(p  - c.x)Io)}. 

An algorithm wouM proceed as follows: 
Step O. Set k = 0. 
Step 1. Replace k by k + 1. Form Q, the set of indica of known extreme points 

u' and extreme rays u h  of R. For k = 1, choose any S, go to 3. 

Sicp 2. Solve G k  over Q. If G k  has no feasible solution. the same is truc for P. III 
that case terminate. Othemise, let xk, z k  be an optimal solution of Gk. 

Step 3. Solve Lk and DL with X =  xk. Let f(A ') be their optimal values. If f k k )  
is - w, terminate with no feasible solution. If fCyk) is +a, there is no feasible T 

, associateci with xk ;  let unk be the optimal extreme n y  of DL. GO to 1. If f h ' )  is 
finite. let ( rk,  u') be the optimal pair. It n r f w i b k  solution for P. If 
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then ( x k ,  t k ,  2') is optimal for P; terminate. Otherwise go to 1 with a new extreme 
point u k  of R. 

We shall cal1 the "normal" case, in which one identifies x with y, "direct 
partitioning". By contrast we shall use the term "reverse partioning" for the 
identification ,y = x. (It is interesting that onecan, at kast for some problems, bring 
back the integrality conditions, which in the direct case are taken care of (formally) 
by ,y E S, in an indirect fashion.) 

2.2.2. Direct partioning 
Starting with an arbitrary y (often y ' =  (1, 1,. . . ,1), al1 plants open), one solves 

alternatively the following two problems. Fintly Lk 

and its dual DL 

with solutions x (i, j), v (j), w k  (i, j); and secondly Gk" 

and (wh, 0') extreme point of R ; 

and ( w h ,  vk)  extreme ray of R . 1 
Eximple. The 3 by 3 problem used before yields the following sequence of 
problems: 

L: z = 6, inequality for G: y (i) + 3 r z ; 
G: z = 3 ,  3 4 Z d 6 ,  y =(0,0,0); 
L: infeasible. inequality for G: Z, y(i) r 1; 
G: z = 4 ,  4 s I d 6 ,  y =(1,0,0); 
L: z = 13, inequality for G: (1, -8, - 8)y + 1 2 s  z ;  
G: z = 4 ,  y =(0 ,1 ,0) ,4GzC6;  
L: z = 13, inequality for G: ( -  8,1, - 8)y + 12 G z;  
G: z =4,  y =(0,0.1), 4 s z S 6 ;  
L: z = 13, inequality for G: (- 8, - 8,l)y + 12 z ;  
G: z = 4.5, y = (.5,.5,.5); 
L: z = 4.5, optimal. 

. We have run bigger problems and have exprienced the normal difficulties 
ts-vards the end, as the number of constraints in G increases. We have tried two 
versions of the algorithm, the one described above, and another one in which some 

heuristics are used to render y integer if it tums out fractional. In the second case 
we noticed much faster convergence. E.g., a 20 by 35 problem shows the following 
behavior: after 20 iterations, the fint algorithm gives the interval 209.0 z =G 344.8, 
whereas the second has arrived at 235.7s z 6 245. The optimal value is 243. 

2.2.3. Reverse partitioning 
One now has to solve, for S = {x 12, x(i, j) = 1, al1 j}. 

i.e., Lk is min, f .  y 

y(i)*xk(lj), V l j  

y(i) >O, Vi 

whose solution is clearly y(i)= maxpk(i, j), al1 i. DL is 

and G' is 

t  extreme point of the set { t  *O. t(i, j )<  f(i)))) 
i 

whose dual reads 

with c, = c + tp Let d(i. j) = x, wpc,(i, j)- v(j). Sum p from 1 to k. Given w, one 
can determine v and d via 

u(j) = min wp. c,(i, j) and d ( i  j) = wpcP(i, j)- v(j)*O. 
t l l 

(1) The reduced cost of a d(i, j) is - x(i, j). 0 6 x(i,j) 1, so that the only 
candidates to enter the basis are the w'r. 
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(2) If w ' 8  cornes in and W* goes out, the pivot row is x, wC = 1. 
(3) If wC1 cornes in and d(i, j )  goes out, the "pivot row" is 

v(j)- wPcp(i.j)+d(i,j)=O. 
P 

(4) Consider the constraint 

(a) Eiiher v (j) < C w 'c,(i, j), then d( i ,  j )  > O is basic and the constraint g iva  the 
d(i, 11,  or  

(b) v(j) = C w pcp(i, j), then 
(i) either d(i, j)  = O nonbasic . . . row gives v or basic W. 

(ii) or d(i, j )  = O basic . . . row gives d(i, j). 
For the 3 by 3 problem we obtain the continuous optimum after 10 iterations, i.e. 
10 LP's with 10 rows and between 4 and 10 variables (exclusive of the slacks) of type 
GD. In fact one does not really need to use an LP code to solve GD, but rather one 
uses a specialized technique involving much less computation. 

The optimal value is immediately in the interval (3,5), then at the 2nd iteration in 
(4,5), then (4th iteration) (4.167,4.83), finally in (4.5.4.83) at the 5th iteration. The 
next iterations leave the bracket unchanged. until the 10th itention g iva  the 
optimum 4.5. 

3.1. Simple plant location and ihc simpkx mcihod 

The SPLP lends itself rather well to solution by LP techniques, in the sense that 
the LP solutions are often integral. There are many bases which are unimodular 
(vertices which are integral). A standard simplex algorithm, however, will en- 
counter fractional vertices. 

Also, the LP tableau of the SPLP is large. E.g., a 10 plant, 20 customer problem 
corresponds to a LP with 20 + 10.20 = 220 rows and 10.20.2 + 10 = 410 variables, 
including slacks. 

An efficient implementation of the simplex method, then, requires that: 
(i) The structure of the LP be carried along implicitly, al1 relevant elements of 

the updated tableau being generated as needed, and 
(ii) efforts be made to avoid fractional vertices. 

We have implemented a simple "triangufarization" algorithm, which t r i a  to 
accomplish these objectives. In outline, it functions as follows. 

25R 'M. Guigniud K. Spieiiua 

(1) Consider (2.1) as an equality system with slacks s(i, j), i.e. with the 
const raints: 

x ( i , j )+s ( i , j )=y( i ) ,  alli,j. 

Commcnts. (i) In our code ail array representations are kept in binary form. We do 
not generate p(i) which are other than O, 1, - 1, but carry along a fourth type 
(represented by a code of two bits) which we designate as "polluted". Linear 
combinations of polluted entries' are also designated as polluted. 'We abandon 
incoming variables (candidate edges) which lead to a polluted p(i**). This means 
that Our code is somewhat too restrictive (persimistic). 

(ii) The code will foi1 in hvo cases: 
(a) There are no candidate edges leading to a unimoduhr n m  basis. 

l 
An initial triangular basis is easily found. To simplify matters, we always included 

i (and maintained) the y(i) in the basis. (In retrospect, we believe that this may be 
too restrictive.) 

(2) At a typical iteration, given the triangularity of the basis, we can compute the 
I dual variables by recursive scanning of the dual constraints and substitution. If the 

problem is not optimal (dually feasible) we select an incoming variable i(i*, j*), * 

which represents either ~ ( i * ,  j*) or ~ ( i * ,  j*). 
(3) We generate the pivot column by scanning the prima1 constraints and 

expressing the basic variables y '(i) and xB(i, j)  in terms of i(i *, j*). This is possible 
on account of triangularity, and the scanning can be used to exhibit the sequence of 
variabks which shows the triangularity of the basis explicitly. It is clear, that the 
basic sB(i, j)can be generated afterwards from the constraints (2.1). so that only the 
xa, y' computations rcquire iterative scanning. 

(4) Given the constant column (the values of the basic variables) and the pivot 
column developed in (3). we can perform the standard ratio tests and decide on 
an outgoing variable. Let ta  = b + i . p + . (p.. . pivot column) represent the basic 
variabk vector f a  in terms of its current value b and the incoming variable t*. The 
b(i) are either O or 1, but the pivot column may. in genenl, contain integer entries 
other than O, 1, - 1. 

In the ratio test one scarches for an outgoing variable t(i**, j**) which 
corresponds to  a maximal b(i)/p(i), over p(i) < O. When the maximal ratio is zero. 
the pivot step is dcgcncraie (does not change the value of the solution; one remains 

1 at the same vertex of the polytope). It can be seen that one can then find an eligible 
I i*' for which the p(i) is - 1. so that the new basis remains unimodular. When the 

maximal ratio is - 1, we have a non-degenerate pivot step which leads to a new 
unimodular basis. When the maximal ratio is fractional. i.e., when the p(i) is 
negative other than - 1, WC abandon the incoming variable t* because the new 
basis wouid have to be non-triangular. In effect. one abandons motion along one 
edge of the polytope from the current vertex to  what would most likely (apparently 
there are exceptions) be a fractional neighbor. 
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(b) A new unimodular basis has been found and is yet non-triangular. 
(iii) For very small problems (we have run a large number of problems with 

m = 4 and n = 6) we have not been able to get one of the two conditions mentioned 
above, no matter what data we tried. 

Failure (a) apparently is unlikely for "easy" fixed charges. It can be "induced" 
most readily by using uniformly large fixed charges (rendering the problem almost 
fully combinatorial). 

We have only one example for failure (b), for a fairly large problem of 20 plants 
and 35 customers. The unimodular basis which appean to be non-triangular is of 
size (735 by 735). 

(iv) The real flaw of the method, however, lies in two other circumstances. One is 
the well-known problem of degeneracy, which leads to large numbers of apparently 
useless pivot steps. The other is that a method which treats the x(i, j )  and s ( i  j )  as 
the important variables is probably doomed to failure because of dimensionolity. 
We are now convinced that a direct LP technique will have to concontrate on the 
y(i), just as is donc by enurnerative methods. Our choice of taking al1 y(i) always 
basic and preventing them from leaving the basis was probably unwise, and the 
methods of the next section are probably more appropriate. 

Table 1 exhibits selected computational results for small problems. The code 
permits slight changes in initialization and selection of incoming variables. We do 
not attnbute any significance to such changes and only use an asterisk to distinguish 
between two simihr yet different runs. 

3.3. Soma special iriangular basas 

The SPLP can be (as was discussed among A. Hoffman, E.L. Johnson and M. 
Padberg, and suggested to us by A. Hdfman) reformuiated as follows in terms of 
variables Y(i) = 1 - y (i): 

(3.2) is a highly structurcd and generally very large ut prtitioning problem. 
Thereforc, the interesting results of [2] and [3] apply, even though their practical 
applicability is uncertain in view of the large problem size. 

Note that: 
(1) a given x(i, j )  appears in exactly two explicit equations. one of which 

(z,x(i,~) = 1) we shall term the 2 j (sigma j )  equation, while the other (x( i  j ) +  
s(i, j )  + Y(i) = 1) shall be referred to as ij (cross ij) equation; 

(2) a given i ( i )  appears in n equations i 1,. . . , * in; 
(3) a slack s(i. j )  appears only in one ij equation. These observations are 

important in pointing out how basic variables can be computed. One may establish 
a number of useful propertia: 

Dimensions 

4 x 6  

i o x  10 

20x35 

Property 1. A basic s(i, j )  can be determined only from * ij, so that when the 
involved x(i, j) and y(i) have been determined, the basic s(i, j )  is known. Le., once 

I 

the basic x(i, j)  and v ( i )  have been computed, the basic s ( i  j )  can be dztermined in 

i triangular fashion (one at a time). Therefore, one need only be concemcd with the 
subbasis B..', the subbasis whose columns c o m p o r l d  to x and ÿ. 

Numbcr of 
frutiond 
venica 

dirard.d 

O 
O 
4 
1 

O 
O 

37 
O 

43 
iargc 

modente 

Property 2. Given j, there must be at h s t  one x(i, j)  basic exprewd from Lj. Ail 
: other basic x ( i  j )  mus1 corne from ij. 

Probkm + 

( I ) ( h p l @ )  
(1) Vi smii) 
( 2 )  (f, = 10.) 
(2) V, small) 
(1.) = 10.) 
(1') Us ~~ l la~ i l )  
(1) srnail) 
(2)  ÿ. large) 
(1') 
(2.) 
(1) 
(1') 

VJuc a1 
tenniiution 

id - 
- 
- 
- 

80 
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80 
30058 

. 252 
243 

Opiinul 
value 

N u d u  of 
iteratiair 

11 
6 

16 
'- I I  . 

6 

cornpkted 

h i . ,  

200U 
. 4 4  
10026 

25 

44 

Y a  

d 
d 
4 
d 
4 
4 

Cont. 

id 
- 
- 
- 
- 

- 
* 

rcason for 
failum 

4 

L/ 

d .  

4 . 1  $ L/ 8 

d b  54 
84 

80 ? 

? 1 ? 
80 
? 

243 
243 

243 
343 
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Property 3. Given i. a basic i ( i )  must be determincd from one of the ij. 
Therefore, if al1 x(i, j )  are basic, at least one of them must corne from a xj. so that 
i ( i )  can be computed. 

Property 4 . ' ~ h e  subbasis corresponding to basic i ( i )  and r(i, j )  equal to 1 can be 
rearranged so as to be triangular. 

The constraint matrix has only coefficients O and 1, the right hand side contains 
only 1's; there must therefore be exactly one 1-per row in thesubmatrix. There is no 
zero column. Hence there must exist a permutation of the rows and columns which 
brings an identity matrix to the upper pan of the submatrix. 

Property 5. It is always possible to complete the basis in a tnangular fashion by 
choice of basis columns which correspond to variables at zero. 

Let A  be the constraint r ~ t r i x ;  let P be the set of indices of variables at 1 and let 
n and fi be suitabk index sets. Then the subbasis of Property 4 is 

(a subscript is used for row indexing, a superscript for column indexing). 
Consider A :. It also has exactly one 1 per row. Consider row i, i E n: It has one 1 

in column j(i), which can correspond to an x, a y oran S. We shall give one possible 
way of completing the basis: 

(1) if the entry corresponds to an x, say x(k, r ) ,  x(k. r) = 1 in the current solution, 
so that i ( k )  and s(k, r) are O and not yet in A Since s(k, r) occurs only in one 
equation (* kr), one can append column s(k, r) to A'. 

(2) if the entry corresponds to a 9, say Y(k), Y(k) = 1 means x(k, j )  = O Vj, and 
s(k. j)  = O Vj.  The columns x(k, j)  contain two 1's and one of these might be above 
the main diagonal, whereas the columns s(k, j)  contain only one 1 and (n - 1) of 
them are adjoined to A with their 1's on the diagonal. One of the s(k, r) will be 
nonbasic (its choice is arbitrary). 

(3) the entry can not correspond to an s(k, j )  at 1, since an s(k,  j)  column has 
only one 1 which is in A:. 

Property 6. The b a i s  thus constructed (whkh we shall cal1 the s-canonical basis, 
since only s columns were added), hm the anti-inoolufiw property: 

Pmpcrty 7. The top r o m  ü of the updaicd tablrou are unchanged. whercas the 
"bottom" rows n are equal to  the original rom minus one of the t o p  rom. 

Let T = B - ' . A ,  then 

and since Ai: has only one nonzero eltment pcr row. one subtmcts one row of the 
top from one row of the bottom. 
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More precisely, let us use the following notation: 
(a) in each column j, let i(j) be the route on which x is 1: 

x(i(j), j)  = 1. 

(b) if i ( i )  = 1, (n  - 1) of the s(i, j)  are basic. Let ijo be the index of the nonbasic s 
(notice that x(i, j )  is alsononbasic); we shall refer to (x(i,jo), s(i, je)) as the nonbarie 
pair associated with a i ( i )  at 1 (i.e., with a closed plant). then 

T!; = 1, 

Ta** = 1 ,  T;:.=l, T L * = - 1 ,  T*4.=-1, jfj,,, 
"U~. 

T:zJM=l, T 4 = l ,  TG.,=-1 ifs,,EB, 

G p = l ,  Ta*= -1, j l = j e  

are the nonzero nonbasic entries of the updated tableau. 
In the s-canonical basis no j ( i )  or x(i,j) at O is basic. 

Property 8. The reduced costs of the nonbasic variabks are: 

in particular 

where 

Every nonbasic Y(&) is therefore a candidate for entering the basis; a nonbasic 
x(i, j )  is a candidate if its cost plus possibly the ith fixed charge is smaller than the 
cost of the route currently used in column j. All these pivot steps are degenerate, 
since the bottom part of the right hand side consists of O's, and each candidate 
column has positive entries in the bottom part. Any move to a better neighbor 
integer vertex therefore involves a block pivot (sec (21 and [3]). 

Exampk. Take f an,d c as in 2.1. Consider the solution 

The cost is 13. One can construct the s-canonical basis displayed in Table 2, 
making s(2,2) and s(3, l )  nonbasic on account of the large associated costs of x. 

Tabk 2. s-cmonicil buis: (B. Tm) 

The negative entries in the nonbasic tableau belong to the upated tabkau, the 
positive ones are the original entries which are preserved in the transformation to 
the updated tableau. x(2,3), x(3,3), i(1) are candidates to enter the basis, but al1 
yield degenerate steps if taken alone. 

Block pivot [3]. One looks for a set K of nonbasic columns t o  bring into the basis at 
level 1, such that: 

(giving the !th basic variable value 1 or O), 

(rendering the lih basic variable O or 1). 
For instance, bringiiig in x(2,3) at level 1 saves 9, renders s(2.3) infeasible 

( =  - l), which has to be corrected by bringing in at 1 either ~ ( 2 . 2 )  (cosls 
10 - 9 = 1) or ~(2 .2)  (saws 9- 1 = 8). Both changes render the problem feasibk. 

' therefore yield neighbor vertices. Choosing the improving vertex, we get ~ ( 2 . 3 ) -  
~ ( 2 . 2 )  = 1 and 
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with a cost of 1 3 - 8 = 5 .  

Property 9. Given the set P of variables at 1, one can also complete the basis by 
first adding columns corresponding to j ( i )  at zero, then only adding s colurnns as 
needed. 

We shall can this basis the y - s canonical basis. Essentially, the procedure is the 
following: bring the identitiy rnatrix to the top of the basis as before, which 
corresponds to placing first the rows x i , .  . . , C, then for each j ( i )  at 1 (y (i) = O, 
x(i, j )  = s(i, j )  = O Vj) choose a nonbasic pair ( i ,  jdi)) (or ijo when not ambiguous) as 
before. Then. for each j ( i )  at O (y (i) = 1, the plant is open) some x(i, j )  must be 1 in 
a basic solution since not al1 s(i, j)  can be simultaneously positive and thus basic, as 
Y(i) also must corne from one * ij. Choose one index j for which x(i, j )  is 1 and 
render s(i, j)  nonbasic. Then complete with columns corresponding to s(i, j )  = 1 
(possible only with i ( i )  = O basic and x(i, j )  nonbasic). This is still a triangular 
procedure. Finally complete with s(i, j )  = O. 

Tabk 3: (B. TM). 

Example (cont.). The starred entries in Table 3 belong to the updated tableau. 

d N = [ 9 1  1 1 8  - 1 9 0  -11. 

Two columns are candidates to enter the basis: x21 and x33 (in slightly simplified 
notation) at a saving of 1, but both pivot steps would be degenerate. 

If one brings in x21 at level 1, s12 becomes - 1, which can be corrected by 
bringing in at 1: 

266 M. Guignard, K. Spielberg 

s l l  at no improvement, but this is a feasible neighbor vertex. 
x22 at a cost of 9 - 1 = 8, which is also feasible, so that there is no need to pursue 

this combination further. 
x32 at a saving of 1, but this renders s32 infeasible. which can be corrected by 

setting x31 or s31 at 1, with no improvement left. s31 would yield a feasible point, 
x31 would create an infeasibility which could not be corrected at a saving. 

If one brings x33 in at 1, s33 becomes - 1, s31 would completely correct i t  at no 
saving, x31 would cost 9- 1 = 8 and no further saving is possible. The solution is 
therefore optimal in integer variables. % 

Property 10. Given an integer feasible solution to SPLP, one can also define a 
triangular basis (so-called y - x - y - s canonical basis) having the following 
columns: al1 j(i)'sat 1 ,  some x(i, j)'s at O for closed plants, al1 x(i, j)'sat 1, al1 i(i)'s 
at O, al1 s(i, j)'s at 1, some s(i, j)'s at O. 

We suggest that constructing such a basis as follows, one may achieve the goal of 
arriving at a relatively small number of negative reduced costs (i.e., to position 
oneself in a sense close to an optimal solution, in order to finish via relatively few 
and simple block pivots). 

(1) Place first the colurnns corresponding to y(;) = 1 (x(i, j )  = s(i, j )  = O Vj) and 
associate with each i a row *(i, j,), where (x(i,jo(i), s(i, jo(i)) will be a nonbasic pair 
such that f ( i )+  c(i, j ) -  f(i(j))- c(i(j), j)  is maximal for j = jo(i). 

(2) For each i with Y(i) = 1, for each pair (x(i, j), s(i, j)). j = jo, if c(i, j)  
f(i(j))+ c(i(j),j) make x(i,j) nonbasic, otherwise make s(i, j )  nonbasic and add 
row * ij and column x(i, j)  to the subbasis. 

(3) add rows C j  and columns x(i(j), j). 
(4) For i ( i )  = O (y(i) = 1, one x(i, j) at least is l), choose one j,(i) such that (a) 

x(i, j,) = 1 and (b) the increase in cost for shipping from another plant is maximal 
over { j  1 ~ ( i ,  j )  = 1) for j = ji. Note that for different i, we'll get different j,(i) as 
there is only one x(i. j)  at 1 per column. We can therefore talk of j;'(j) with the 
convention that f(j;'(j)) is f ( i )  if j = j,(i) and is O if there is no i such that j = ji(i). 
Then add row * ij(i) and column Y(i) to the submatnx. 

(5) Complete with the slacks at 1, and then some slacks at O. Then, if we cal1 
Bo(i) = O' (x(i, j )  is basic. x(i,j) = O}, we have the following properties: 

for j E Bo(i), d(%) = fi?',,,+ cv - CU,, 

for x(i, j )  nonbasic with. s(i, j )  = 1, d(xii) = cy - [ciU)t,+ fiUJ, 

d (s *,,,,) = fr (al1 other s(i, j)  are basic). 
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The SPLP behaves relatively well under enumeration. Enumerative codes often 
start with al1 plants open, so that a "fonvard step" in the search consists of closing a 
plant. (E.g., see 1241.) More generally, one starts at a point with some plants fixed 
open (i E E, y (i) = l), some fixed closed (i E C, y (i) = O), some free but tentatively 
open (i E FI. y (i) = 1). some free but tentatively closed (i E F2, y (i) = O). 

4.1. State enurneration [20] 

By the "state" at node v, we mean a partitioning of the index set into 
E, C, FI, F2. With the state one associater 8 solution (z ', y ', x ' )  by: 

yW(i)=O f o r i E C + F 2 ,  

z '  = C c(io'),j), 

x( i ( j ) , j )= 1, 

x(i,j)=O, i#i(j),  

i(j): c(i(j), j) = min{c(i, jB over E + F I .  

Consider the problem SPLPD dual to  (2.1): 

rnax z, = - 2 w(i ,  j ) +  ç v(j), 

c(i, j ) +  w(i, 1)- u(j)>O, 

w(i  1). u(j)*O, 

i over E ' a n d  FIv,  j over / = 1 , 2  ,..., n 

In terms of z and z (a known upper bound on z), one has the Benders incquality: 

In [20,24], the coefficients of the y (i) (multiplied by - 1) were called "global gain 
functions", g(i), and play a central role in curtailing and guiding the search. 

4.2. Strengthening the gain functions 

It is important to have the g(i) as small as posible. E.g., g ( i ) S  O permits the 
fixing of y (i). 

It is interesting that there is a great latitude in choosing the w(i, j )  of (4.2), and 
with them the g(i). One good and not completely obvious choice of the dual 
variables is: Let 

c( î ( j ) , j )  if c(i(j),i)* c(i(j), j)  
v ' o ' )  = 

c(i(j), j)  othemise, 

Then one has, correspondingly: 

g(i) = f(i) - I: 4 - I U )  max{O, c( i ( j ) ,  j ) ~  c(i(j), j)}, i E F I ,  

(4.5) 
g ( i ) =  -f( i )  + 5: maxIO,c(l(j), 1)- c(i, j)), i E m. 

As in [24], one can also define "local" gain functions to aid in both curtailment of 
search and strategy. 

Now, it is quite clear that the reduced costs of any LP tableau associated with the 
variables of a state problem at node v have the properties of gain functions. There 
is then substantial interest in generating the vanous bases of Section 3 for node v, 
and utilizing the reduced costs in the enumeration. 

More fundamentally, it is clear that the gain functions as used in the past only 
exploit a limited portion of the updated LP tableau. Having the entire updated 
tableau at one's disposai, at a cost which is relatively rnodest given the nice 
properties of "canonical bases", should permit substantial improvements. 

In a sense, it provides a grasp of the LP polytope. e.g. by defining the e d g a  
leading away from the state point. With some ingenuity, an improvement of 
enumerative procedures should be attainable. 

[II Dj.A., Babayev, Comments on a Note of Friezc, Math. Programming, 7 (1974) 249-252. 
(21 E. Balas and M.W. Padberg. On the v l s w e r i n g  problem, 1. ORSA, 20. (1972) 1152-1161. 
131 E. Balas and M.W. Padberg. On the ret-ewering problem II. an algorithm. Mgmt. Sciences 

Rcvarch Rep. 295. Carnegie Mellon Univ., 1972. 
[4] M.L. Balinski, Fixed cos< innsportation probkm, Navd R a .  Logistics Ouarterly, 8 (1961) 

41-54. 
[SI M.L. Balinski and K. Spielberg, Methods for integer programming: Algebnic. eombinrtorial and 

enumerative. in 1. Arondsky. ed., Progreu in Operation R a . .  V d .  3. (Wiley. New York. 1969) pp. 
195-292. 

16) J.F. k n d c n ,  Paritioning procedures for solving mixed-variabks prognmming probkms, Num. 
Math., 4 (1962) 238-252. 

[7] 0 .  Bilde and 1. Kramp, Sharp lover boundi and cllmeni aigorithm for the simple phnt location 
probkm, Rucarch Report #7-15, l a .  of Dudogy, Univ. d Copcnbqen. 1975 (bucd on report 
in Danish d 1967). 

[a] P. Broisc. P. Huud and 1. Scntuir ,  DeMlpositiam dcr Programma MaiheMtiquer (Dunod. 
P u i s  1968). 







The 'alternat.. node ( a l t e r n a t i v e  t o  t h e  propagat ion 
on v a r i a b l e  yi)  w i l l  t h e r e f o r e  c o n t a i n  t h e  fol lowing informationz 

s i n c e  y  w i l l  n o t  bc! zero ,  e i t h e r  y  should be  1 o r  y 3  should 
be O. d e  can t h e r o f o r e  s t o r e  t h e  a l t e r n a t e  cho ice  a s  a  
p a i r  of branches: y 2 = l  and y3= O .  The p e n a l t y  o f  t h i s  " a l t e r n a t e  
node" is  thus  t o  be computed i n  terme o f  pi on t h e  one hand, 
and of  t h e  p e n a l t i e s  a s s o c i a t e d  w i t h  y 2  and y 3  on t h e  o t h e r .  

F igure  1 i l l u s t r a t e s  t h i s  scheme comparcti wi th  normal 
BD bookkeeping (assuming t h a t  branching on nonbasic a s  w e l l  
a s  b a s i c  v a r i a b l e s  is a l lowed) .  

Normal DD Minimal I n e q u a l i t y  

i n f e a s i b l e  I 
A l t e r n a t e  Node 

(process  from l e f t  t o  r i g h t )  

I f  no i n e q u a l i t y  s u i t a b l e  f o r  propagat ion should be 
a v a i l a b l e ,  a  n a t u r a l  d e f a u l t  w u l d  be t o  use t h e  t r i v i a l  
i n c q u a l i t y  

a s  a  "degenerate"  minimal p r e f e ~ r e d  v a r i a b l e  i n e q u a l i t y ,  
and to s t o r e  t h e  a l t e r n a t e  node y  =l w i t h  t h e  p e n a l t y  p  . 

1 1 
D e f i n i t i o n  

A v a r i a b l e  y ( i )  is s û i d  t o  be ( p o t e n t i a l l y )  a r o ~ a s a t i n q  
v a r i a b l e  i f  i ts  va luc  i n  t h e  op t imal  s o l u t i o n  t o  t h e  
c u r r e n t  LP is i n t e g r a l .  

I n  t h a t  c a s e ,  indecd, adding t h e  c o n n t r a i n t  y ( i i  = i(i) 
t o  t h e  c u r r e n t  LP c o n s t r a i n t s  would no t  chùngc i ts  optiinal 
va lue .  One o f t e n  has a  v i d e  cho ice  among propagat ion candi- 
d a t e s ,  u s u a l l y  making t h e  s e l e c t i o n  s o  a s  t o  have t h e  h i g h e s t  
p o s s i b l e  pena l ty  f o r  t h e  a l t e r n a t e  node. 

Notice t h a t  a  propayat inq v a r i a b l e  can bc b a s i c  a s  
w e l l  a s  nonbasic. I n  e i t h e r  c a s e  t h e  p e n a l t y  f o r  tlie propaga- 
t i o n  is O and one can con~pute t h e  pena l ty  f o r  t h e  a l t e r n a t e  
branch i n  t h e  u s u a l  ways o r  a s  descr ibed  i n  sec t io i i  3. 

?or c e r t a i n  p r o b l a u ,  s y s t h n u t i c  propagat ion on 
nonbasic  v a r i a b l e s  w i t h  l a r g e  rcduceâ costs ( o r  l i n k e d  to 
o t h e r  v a r i a b l e s  v i t h  l a r g e  p e n a l t i e s  v i a  m i n i m a ï ~ a E t i e s )  
seeau t o  k a  very promising approach. Knapsack problmis, 
i n  p a r t i c u l a r ,  seem t o  lend  themselves w e l l  t o  propagat ion.  
Conaider a  r e l a t i v e l y  d i f f i c u l t  4 0  v a r i a b l e  knapsack p r o b l e a  
taken from t h e  l i t e r a t u r e  < 2 > .  Table 1 g i v e s  comparative 
d a t a  f o r  a  norna l  BB aproach (branching on b a s i c  v a r i a b l e s  
on ly)  and f o r  Our minimal i n e q u a l i t y  BB code. 

TABLE 1 

i 

A. a  second e x u p l e  f o r  Ba propagat ion.  we c o n s i d e r  
a  (28,35) problem taken from <3>.  S o l r i n g  t h e  init ial  LP, 
one o b t a i n s  a  f r a c t i o n a l  s o l u t i o n  w i t h  o b j e c t i v e  f u n c t i o n  
z - 521.6. Our s y s t e a  could r e s o l v e  t h e  problem by means 
of Gonory-Johnson c u t s  < 4 > .  A normal BB algori thm, such 

. a s  implemented i n  s tandard  product ion codes, would r c q u i r e  
about  30 to 50  nodes f o r  t h e  BB r e s o l u t i o n .  By c o n t r a s t ,  w 
can  r e s o l v e  t h e  prob lea  with o n l y  one LP i n  a  number o f  vays. 
I n  Pig.  2  we o u t l i n e  t h e  i n i t i a l  phase of  a  propagat ion phase: 

Nurbar of  

S t o r e  11 a l t e r n a t e  nodes wi th  o b j e c t i v e  f u a c t i o a  v a l u e s  
decreas ing  f r o a  967.1 t o  551.3 . 

Then employ S t a t e  Enuneration f o r  a l 1  pending nodes, <SB . 
I n  Ph. 2,  a  c i r c l e  on a  branch denotes  propagat ion,  a  
t r i a n g l e  denotes  c o n t r a c t i o n .  (A c o n t r a c t i n g  branch is one 

N u i k r  of  T o t a l  
Nimiber 

LP's f Propagat ions o f  Nodes 

I N o m l  BB 

l Min. 1neq.m 
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f o r  which one may p r e d i c t ,  i n  advance, t h a t  t h e  degree d of  
t h e  system, i . e .  t h e  s i z e  of i ts  minimal i n e q u a l i t y  
system, w i l l  be decreased by t h e  branch) . In  t h e  example, 
t h e  degree  i s  always two, i . e .  t h e  i n e q u a l i t i e s  a r e  always 
s t r o n g  ( c h a r a c t e r i z i n g  t h e  problem a s  "easy")  . A 
c o n t r a c t i n g  branch, t h e r e f o r e ,  l e a d s  t o . t h e  f i x i n g  of 
a t  l e a s t  one v a r i a b l e  (by " reduc t ion* ,  1.e. f a i r l y  
obvious t e s t s  on t h e  i n e q u a l i t i e s ) .  ~ h e  f i x e d  v a r i a b l e s  
and t h e  branches and p e n a l t i e s  a r e  i n d i c a t e d  i n  t h e  diagram. 

The propagat ion phase is c a r r i e d  on, i n t e r a c t i v e l y  
f o r  example, u n t i l  t h e  lower bounds on t h e  o b j .  func t ion  
va lues  s t o r e d  wi th  the  a l t e r n a t e  nodes appear t o  become amr\l,i.c. 
u n i n t e r e s t i n g .  Then one can complete t h e  s o l u t i o n  
process  by e i t h e r :  

(i) e n t e r i n g  a normal BB mode (wi th in  which one may s t i l l  
cont inue  t o  employ propagat ion procedures whenever new 

nodes a r e  btought  i n t o  s t o r a g e  from t h e  BB t r e e )  

( i f )  e n t e r i n g  a ( s t a t e )  enumeration phase, i . e .  an 
mumera t ion  procedure employing p r e f e r r e d  v a r i a b l e s  
and s t a r t i n g  from a good s t a r t i n g  p o i n t  ( " s t a t e " ) .  

The (28,35) problem can be f i n i s h e d  wi th  t h e  opt imal  
s o l u t i o n  z-550, and o p t i m a l i t y  proved, a f t e r  processing of  . 
33 enumeration nodes (no LP used) i f  t h e  enurneration 
s t a r t s  from a O o r i g i n  ( t h e  Lixed v a r i a b l e s  of Fig.  2 
taken i n t o  account ,  of c o u r s e ) ,  o r  a f t e r  9 nodes of 
enumeration (with a 1 - leve l  look-ahead) i f  t h e  s e a r c h  
s t a r t s  from a p o i n t  determined by rounding of  t h e  i n i t i a l  
LP s o l u t i o n  (every th ing  above . 5  t o  1, every th ing  below 
.5  t o  O ) .  

A l t e r n a t i v e l y ,  a l s o ,  one may proceed wi th  normal BB 
programming. I n  t h a t  c a s e ,  i f  one employs reduc t ion  
procedures and cont inues  t o  use propagat ion,  one can a l s o  
r e s o l v e  t h e  ~ r o b l e m  without so lv ing  another  LP. 
( s e e  <1>). 

Examples @ Finimal P r e f e r r e d  Variab?-e I n e q u a l i t i e s  

Minimal p r e f e r r e d  i n e q u a l i t i e s  (m.p. i . ' s )  a r e  b a s i c  
i n  much of t h e  paper. This  may be a good p lace  t o  g i v e  
examples f o r  some n o n t r i v i a l  problems.  

A s  f i r s t  example we cons ider  a (37,741 problem 
from < 3 > ,  which is d i f f i c u l t  f o r  any algori thm. The 
p r i n t o u t  f i r s t  l is ts  t h e  degrees (named PI  i n  t h e  l i s t i n g )  
of t h e  37 o r i g i n a l  rows, augmented by 9 Benders inequa l i -  
t i e s  ( s e e  s e c t i o n  2 ) .  The problem is d i f f i c u l t  enough, 
b u t  t h e  f a c t  t h a t  most of t h e  degrees ,  e s p e c i a l l y  those  
of t h e  o r i g i n a l  c o n s t r a i n t  s e t ,  a r e  two, is an encouraging 
s i g n e f o r  using t h e  methods of t h i s  paper. The s e t  of  
m.p.l. 's i s  l i s t e d  nex t ,  and is a l80  encouraging. 

( 3  4 )  s t a n d s  f o r  y j  + y4 2 1, (-3'  - 66)-for -Y31 -Y66 5 -1 

(39 -63) f o r  y39 -yG3 > O e t c . .  . 
There a r e  c o e f f i c i e n t s  of o p p o s i t e  s i g n ,  which is  u s u a l l y  
b e n e f i c i a l  i n  i t s e l f ,  and t h e r e  a r e  sone double c o n t r a c t i n g  
i n d i c e s ,  e .g .  31 ( i t  appears  both +31 and a s  -31; a 
branch on v a r i a b l e  31 v i l 1  reduce t h e  degree by ohe,  
both on t h e  forward s t e p  and on t h e  even tua l  backvard s t e p  
of a search  a l g o r i t h ) .  

PREPVARS 
P Z 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 4 2 2 3 2 3 2 3 2 3 6  
2 5 3 3 2 2 1 3 2 2 3 7 6 0 2 4 1 3 1 3 6 6 2  

The second example is a (20,281 problem (from < l 2 > ,  
b u t  i n a d v e r t e n t l y  modif ied) .  I t  is i n o r d i n a t e l y  d i f f i c u l t  
f o r  its s i z e ,  and i t s  r e s o l u t i o n  can e a s i l y  t a k e  from 
100 t o  s e v e r a l  hundred LP1s. even w i t h  c u t t i n q p l a n e s  .nd 
reduc t ion .  The p e n a l t i e s  a r e  s r a l l ,  t h e  gap between 
LP o b j e c t i v e  f u n c t i o n  and i n t e g e r  o b j e c t i v e  f u n c t i o n  
( f o r  o p t i m a l i t y )  ii q u i t e  l a r g e  and the degree  is  5 ,  
iomewhat l a r g e .  

P R S F .  V A R S .  
( 1  7  1  2  2  )(  2  7  10 -20 28 ) (  ii -17 23 24 '28 ) . . . ... 



To improve the situation we addcd Benders Inequalities. 
The second set of m.p.i.'s is better and it will aid 
considerably in the resolution of the problem. We have 
not pressed for a iinal solution with the present code, but we 
have found the solution and ascertained optimality in the past 
in about 80 LP's, using a state enumeration algorithm and cutting 
planes. 

PREP. VA.?S 
( 7 19 ) (  Q 7 )(  7 '17 )(il9 21 )(  a - 2 0  ) 
( 8 -17 ) (  7 21 )(-17 19 ) (  5 7 ) (  1 -20 ) 
( 18 ' 2 0  ) (  7 -20 ) (  7 18 )(-17 21 ) (  7 28 ) 
(120 28 ) (  7 -19 ) (  -3 -20 ) (  7 -26 ) (  1 7 ) 
( 20 21 )(-17 20 )(-17 -26 ) 

2. Gener-tion of Stron9 Preferred Ineoualities (see<6,7>) - --- 
Logical inequalities contain potentially useful 

information about the structure of the original problem. 
In a sense, they can be used as diagnostic tools for 
determining the problem characteristics, especially when 
interactivity permits the user to apply the tool in a 
systematic, yet flexible, manner. 

Aside from giving insight into the structure of the 
problem, thoy can help in the branching choices, in 
penalty computation, in the fixing of variables, in heuriatic 
searches for feasible solutions, etc.. 

There are ways in which one may facilitate the genera- . 
ting of meaningful logical inequalities if the original 
system of constraints is relatively intractable for 
reduction, i.e. if its degree (the degree of the minimal 
inequality system which can be derived from it) is large. 

Such methods of improving the degree of a given 
system are almost always related to the generation of 
new inequalities. We have implemented two approaches: 

2.1 Benders Inequalities via Guesses (see <10> for B.I.'s) -- 
We provide the terminal user with the opportunity of 

entering (partial) guesses at solutions. The corres~onding I 

LP is solved with those variables fixed and Benders 
Inequalities of type 1 (LP feasible) or type 2 (LP infeasible) 

I 

are generated. We have found them to be usually of l 

low degres. - 

Instead of generating B.I.'s as one processes the 
tree of solutions, one can make an attempt at finding such 
inequalities a priori, i.e. at the onset, and derive 
useful information about the problem before entering into 
the enumeration or BB phase. Minimal preferred inequai- 
ities are then generated in the usual manner. 

We have found this very useful for certain difficult 
problems. It allows us, e.g., to fix 15 variables in 
the difficult (37,74) problem of <3>, 6 variables in the 
(5,39) problem of <Il> , and 3 variables in the troublesome 
(20,28) problem modified from <12>. 

2.2 Combination g Constraints - 
Minimal inequalities are generated £rom individual 

constraints, and information that is contained in the 
totality of constraints is more difficult to obtain. Some 
attempts at combining constraints have been reported, e.g. 
<14>. We made some attempts, aided by interactivity, 
at coabining constraints and B.I.'s. 

For instance, suppose we deal with the knapsack 
problem 

min zc(j) . y(j) = z  

al1 k(j), c (j) and L positive. 

As soon as a feasible solution y* has been found 
(with z=z*), one can of course add the constraint z 5 z', 
but its coefficients would also be positive. B.I.'s 
of type 1, on the other hand, usually have mixed signs, 
+ for variables at 1 in the optimal solution, - for variables 
at O. The variables with negative coefficients can then 
often be eliminated by suitable linear combinations 
of the B.I. and the problem constraint. 

Some scheduling problems have constraints with 
al1 coefficients negative in c form (certain requirements 
must be met). It is then fairly easy to form useful 
combinations with the constraint c . y 5 z*. 

One can also combine logical inequalities (here preferred 
inequalities) among themselves, or with the original constraint 
set, possibly augmented by B.I.'s. This does not necessarily mean 
using only positive combinations of p.i.'s. Suppose, e:g., that 
several (different) constraints :lield the following logical 
inequalities: 



Y - Y  1 O 
1 2  

y - y >  O 
-Y 2 +  y3; O 

1 3 
Adding t h e s e  i n c c : u a l i t i c s  y i e l d s  no in to r rna t ion  what- 

e v e r .  Not ic? ,  howcver , t l i a t  t hey  imply t h e  f o l l o w i n g :  

Y I L Y #  2 Y 2 ' Y J I  Y 3 1 Y 1  

1. e., t h e y  i r p l y  y  1  = y  = y 3. i J h i l c  t l i i s  does  n o t  p e r m i t  
t h e  f i x i n q  of  v o r i o l , l c s ,  'it r c p r f s e n t s  a  rec luct ion i n  
problem s i z e  which i s  p robab ly  e q u a l l y  i m p o r t a n t .  

C o n s i d e r a t i o n s  such  a s  t h e s e  do n o t  dcpcncl an  e q u a l  de-  
g r e e  f o r  t h e  l w i c a l  i r i e q i ~ a l i t i e s  and t h e r e f o r e  l r a d  u s  t o  
q u e s t i o n s  r e l a t e d  t o  b u t  o u t s i d e  t h e  r ea lm of  minimal 
p r e f e r r e d  i n e q u a l i t i e s .  

W e  can  g i v c  h c r c  an  i n i t i a l  n i io lys i s  of what can  
p robab ly  b e  ù c c o m p l i s h ~ l .  h p r c f e r r e ù  i n c q u a l i t y  ( p - i . )  
o f  d e g r e e  d  e x c l u d e s  orle combinat ion o f  v a l u e s  foi: t',c 
v a r i a b l . 2 ~  of  t h e  p r e f e r r c d  set, i . e .  i t  c u t s  o f f  2n-d vcrtices 
o f  t h e  hypercubc.  If k p . i . ' s  remove 2"-l v e r t i c e s  i n  one 
f a c e  o f  t h e  hypcrcube,  oiic v a r i a b l e  c a n  bc f i x c d ,  i .e .  one  
w i l l  now c o n c e n t r a t e  on  t h e  o t l i c r  2n-1 p o i i i t s  o f  t h e  
o p p o s i t e  f a c e .  

Y 1 
> 1 + Y 3  - ( P l )  

e l h i n a t e s  23-2= 2  p o i n t s ,  namely ( O  O 0 )  and (O 1 O ) ,  
i.e. a l 1  p o i n t s  w i t h  y  and y  a t  O ,  w h i l o  

1 3 

-Yl  + Y 2  + Y 3  , 0 (P2 

e l i m i n a t c î  23-3 = 2O = 1 p o i n t ,  namely (1 O O ) ,  and 

'Y, -y2 +Y3  ' -1 (P3)  

e l h i n a t e s  î3-3 = 2O = 1  oint, (1 1 9). Çee F i g .  3: 

2 oir 

~ l l t h r e e  i n e q u a l i t i e s  comhined imply t h a t  y3 s h o u l d  
b e  one ,  t h e  lower h o r i z o n t a l  f a c e  o f  t h e  cube  hav ing  
been e l i n i n a t e d .  No t i ce  t h a t  i n  s u c h  a  c a s e  a l 1  c o e f f i c i e n t s  
of  t h e  v a r i a b l e s  t o  be  f i x e d  ( h e r e  y3)  have t o  be of  the 
same s i g n ,  t h e  e l i m i n a t e d  v a l u e  b e i n g  o f  c o u r s e  t h e  sanie. 

A f t e r  hav inq  checked t h a t  t h e r e  is no redundancy 
( such  a s  y1 + y2 > 1 and y 1  + y2 + y 3  > 1, where  some 
i n f o r m a t i o n  is d u p l i c a t e d ,  t h e  l s t i n e < u a l i t y  e l i m i n a t i n g  t h e  
two p o i n t s  (O O 1) and ( O  O O ) ,  t h e  second o n l y  e l i m i n a t i n g  
one  p o i n t  ( O  O 0 ) ; i f  b o t h  were  g e n e r a t e d ,  t h e  second 
c o u l d  b e  d r o p p e d ) ,  and having d i s c o u n t e d  t h e  p o i n t s  e l i m i n a -  
t e d  s e v e r a l  t i m e s  ( e - g . ,  ( O  O O O )  is e l i m i n a t e d  by b o t h  
y 1  + y2 + y3  > 1 and y 1  + y2 + y4 ' 1) b u t  n e i t h e r  
i n e q u a l i t y  e l h i n a t e s  t h e  o t h e r ) ,  t h e n  i f  2n-1 d i f f e r e n t  
p o i n t s  have been e l i m i n a t e d  w i t h  t h e  same v a l u e  f o r  o n e  
v a r i a b l e ,  t h a t  v a r i a b l e  can  b e  f ixe r i  a t  t h e  other v a l u e .  

The d i f f i c u l t y  o f  c o u r s e  c o n s i s t s  i n  a v o i d i n g  d u p l i -  
c a t i o n s  i n  t h e  c o u n t i n g .  Bu t  c o n s i d e r  t h e  p r e v i o u s  example 
a s  a n  i l l u s t r a t i o n  o f  hou t h i s  c a n  be done,  a t  l e a s t  
sometimes: y3 a p p e a r s  w i t h  t h e  same s i g n ,  namely +, i n  
a l 1  t h r e e  i n e q u a l i t i e s .  Its s u g g e s t e d  v a l u e  t h u s  is 1. Can 
O b e  f e a s i b l e ?  The s i q n s  o f  the c o e f f i c i e n t s  o f  y1 and 
y2 tell  u s  t h a t  t h e  i n e q u a l i t i e s  elininate d i f f e r e n t  p o i n t s .  
A s i n g l e  c o u n t  (2+1+1=4=22) te l ls  u s  C3at  y3  cmmt be 3, 
and t h u s  uug:it t o  b e  f i x d  a t  1. 

Whether o n e  b ranches  o n  b a s i c  o r n o n b a s i c  v a r i a b l e s ,  
it is  o b v i o u s l y  e s s e n t i a l  t o  have  p e n a l t i e s  a s  a c c u r a t e  
and r e s t r i c t i v e  a s  p o s s i b l e .  W e  p ropose  e s s e n t i a l l y  tvo 
ways f o r  improving t h e  u s u a l  p e n a l t y  a m p u t a t i o n s .  

3 .1  P e n a l t y  Improvement v i a  Minimal I n e q u a l i t y  - 
Suppose t h a t  having chosen  a a .p . i .  of -sise d 

d  - 
i&l ~ ( i )  > 1, where  y i i ) = y ( i l  or = 1 - y ( i )  , 

we choose  t h e  b r a n c h e s  

t h e  f i r s t  b ranch  y i l )  be ing  p ropaga t ing .  

Ji 7 Fig .  3 



Asslune t h a t  t h e  p e n a l t r e s  p ( " ,  p ( 1 )  ', p ( 2 ) , p ( 2 )  ' ,  ..., 
p ( d )  , p ( d )  ' have been c a l c u l a t e d  i.. t h e  u s u a l  manner,  f o r  f i x i n g  
y ( ? ; ,  . . . , y  (d l  a t  v a l u e s  c ( i )  and 1 - c ( i ) .  I f  t h e s e  p e n a l t i e s  a r e  
a r i d i t ~ v e  (which w i l l  be  t h e  c a s e ,  f o r  i n s t a n c e ,  i f  t h e y  a r e  a l 1  
reduced c o s t s  f o r  nonbas lc  v a r i a b l e s ) ,  t hen  one  i n c u r s  i n c r e a s i n g l y  
s t r o n g  o v e r a l l  p e n a l t i e s  a s  one p roceeds  i n  t h e  e x e c u t i o n  o f  t h e  
b ranches  from l e f t  t o  r i g h t  (see F i g .  4 ) , t h e  l e f t  v a r i a b l e s  t a k i n g  
on t h e i r  ' 1 0 7 - s ~ g g e s t e d "  v a l u e s  when one  p roceeds  t o  v a r i a b l e s  on 
t h e i r  r i g h t .  The o rde r i i i g  o f  e x e c u t i o n  v i l 1  i n f l u e n c e  t h e  n e c e s s i t y  
o f  p roceed ing  w i t h  t h e  r i g h t m o s t  b r a n c h e s ,  and one hopes  to a v o i d  
a  l a r g e  number o f  t h e  mcre c o n s t r a i n e d  c a s e s .  

F i g .  4  

3.2 P e n a l t y  Improvement V I  M . p . 1 . ' ~  

3.2.1. Suppose a  m.p.i .  i n d i c a t e s  t h a t  i f  y ( i ) ,  whose nonbas ic  
v a l u e s  is y ( i )  i n  t h e  c u r r e n t  LP s o l u t i o n  $, is  changed t o  
1 - + ( i l ,  a t  l e a s t  o n e  o f  t h e  set P o f  n o n b a s i c  v a r i a b l e s  would 
have  t o  change f rom ( j ) t o  1-9 ( j) , t h u s  i n c u r r i n g  t h e  
p e n a l t y  p ( j ) ,  t h e n  t h e  t r u e  p e n a l t y  f o r  modffying 
t h e  v a l u e  o f  y ( i )  is a c t u a l l y :  

3.2.2. Suppose a  m.p. i .  s u g g e s t  t h a t  a t  l e a s t  one  of  a  
s e t  P o f  NONBASIC v a r i a b l e s  h a s  t o  b e  complemented 
from its c u r r e n t  v a l u e  y i i )  i n  t h e  LP bptimum t o  
1 - $ ( i l ,  i n c u r r i n s  a  p e n a l t y  p ( i ) ,  t hen  t h e  p e n a l t y  
f o r  any branch is a t  l e a s t  min. p ( i ) .  

1CP 

3 . 2 . 3  Suppose one wants  t o  compute t h e  p e n a l t y  f o r  rounding 
up o r  down a b a s i c  f r a c t i o n a l  v a r i a b l e  y ( i ) . I n s t e a d  
of s i m u l a t i n q  a  p i v o t  s t e p  r e l a t i v e  t o  t h e  t o p  
row of  t h e  c u r r e n t  LP t a b l e a u ,  one  can  s i m u l a t e  a 
p i v o t  s t e p  w i t h  r e s p e c t  t o  t h e  row 

4 .  I n t e r a c t i v i t y  - 

I n t e r a c t i v i t y  can p l a y  a n  in ipo r t an t  r o l e  i n  t h e  
r e s o l u t i o n  of d i f f i c u l t  LP problems. Bcing a b l e ,  e .g . ,  t o  
prompt t h e  systera f o r  m . p . i . ' s ,  t o  e n t e r  g u e s s e s  i n  accordance  
w i t h  them, t o  t r y  t h e  g e n e r a t i o n  of  f e a s i b l e  s o l u t i o n s  
v i a  h e u r i s t i c s  a f t e r  some p r o g r e s s  h a s  been made i n  t h e  
f i x i n g  of  v a r i a b l e s ,  be ing  a b l e  t o  s w i t c h  from BB 
programming to  enumerat ion and back,  be ing  a b l e  t o  r e f u s e  
s t o r i n g  a l t e r n a t e  nodes w i t h  poor  p e n a l t i e s ,  be ing  a b l e  
to combine i n e q u a l i t i e s  i n t e l l i g e n t l y  when i t  would n o t  
be  p o s s i b l e  t o  do  s o  i n  a  s y s t e m a t i c  f a s h i o n ,  be ing  a b l e  
t o  o r i e n t  t h e  s e a r c h  when one  h a s  ga ined  some i n s i g h t  i n t o  
t h e  problem and i t s  s t r u c t u r e ,  h a s  enab led  u s  t o  s o l v e  some 
d i f f i c u l t  problems w i t h  s u r p r i s i n g l y  l i t t l e  work. 

Enumeration nodes c o s t  v e r y  l i t t l e  compared w i t h  
s o l v i n g  LP's .  Reduct ion is modera te ly  time-consuming, b u t  i S  

e s s e n t i a l  i f  t h e  c o m b i n a t o r i c  d i f f i c u l t i e s  a r e  t o  b e  mod- 
e r a t e d .  

I t  is q u i t e  d i f f i c u l t  t o  rend% a  computer code 
s e n s i t i v e  enough t o  d o  a l 1  t h e  t h i n g s  which can  be  done 
i n t e r a c t i v e l y  i n  a u t o m a t i c  f a s h i o n ,  a t  any r a t e  w i t h o u t  
ove rburden iny  it w i t h  a  mass o f  pa ramete r s .  The i n t e r a c t i v e  
approach seems t o  be  a  v a l i d  one.  One o f  its i m p o r t a n t  
a s p e c t s  f o r  t h e  mode1 b u i l d e r  is t h a t  t h e  i n t e r a c t i v e  pro-  
c e s s  t u r n s  i n t o  a  l e a r n i n g  p r o c e s s .  140 t t w  problems 
behave i n  q u i t e  t h e  same manner. Some respond t o  c u t s ,  
o t h e r s  to r e d u c t i o n .  l i e u r i s t i c  s e a r c h e s  sometimes d o  
v e r y  w e l l ,  a t  o t h e r  t i m e s  y i e l d  l i t t l e .  C l e v e r  g u e s s e s  
c a n  y i e l d  ve ry  s t r o n g  B . I . ' ~  f o r  o t h e r w i s e  l o o s e l y  c o n s t r a i n e d  
problems. The i n t e r a c t i v e  p rocedure  shows promise  of 
remedying, a t  l e a s t  p a r t l y ,  some o f  t h e  bad c h a r a c t e r i s t i c s  
o f  d i f f i c u l t  mixed i n t e g e r  p r o g r a m i n g  probl-S. 

5 . C o n p u t a t i o n a l  R e s u l t s  - 
: ,  

We g i v e  a  t a b l e  o f  r o s u l t s  f o r  s even  problems o f  
m d e r a t e  d i f f i c u l t y  ( a t  l e a s t  i n  a  r e l a t i v e l y  s low i n t e r -  
p r e t i v e  APL env i ronmen t ) .  

The r e s u l t s  above t h e  c e n t r a l  h o r i z o n t a l  l i n e  a r e  
e s s e n t i a l l y  t aken  from <13>, which r e p r e s e n t s  a  r a t h e r  go0d 
enumera t ive  a l g o r i t h m  w i t h  l i n e a r  programaing a u x i l i a r y  
problems,  e x c e p t  f o r  t h e  99 L P ' s  i n  t h e  c a s e  o f  t h e  
knapsack problem which a r e  o u r s . .  The e n t r i e s  below the 
l i n e  a r e  f o r  o u r  expe r imen t s .  

where p W i s  t h e  improved p e n a l t y  i n c u r r e d  f o r  
complementing y(*) . 
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3 t  
A t h i r d  run was d e s c r l h e d  i n  s e c t i o n  1. 

We have taken t h e  number of  l i n e a r  programs a s  
measur ing s t i c k  s i n c e  r e l i a b l e  t imings  a r e  n o t  easy  to 
o b t a i n  i n  t h e  i n t e r a c t i v e  t ime  s h a r i n g  environment .  I t  
is c l e a r  t h a t  t h e  a d d i t i o n a l  computa t iona l  e f f o r t  must 
be  t aken  i n t o  accoun t  a s  w e l l .  But i t  a p p e a r s  t h a t  t h e  
r e s o l u t i o n  o f  a  l i n e a r  program r e q u i r e s  a n  e f f o r t  which is 
an o r d e r  of  magnitude l a r g e r  t h a n  t h e  r e s t .  And t h i s  c a n  
o n l y  be  more s o  i n  t h e  environment  o f  p r o d u c t i o n  l i n e a r  
programs, when most o f  t h e  d a t a  a r e  o n  a u x i l i a r y  s t o r a g e ,  
whereas  a t  l e a s t  p a r t  o f  t h e  r e d u c t i o n  e f f o r t s ,  f o r  e x a n p l c ,  
cou ld  be c a r r i e d  on o v e r  l o g i c a l  i n e q u a l i t i e s  and Benders  
I n e q u a l i t i e s  i n  h igh  speed s t o r a g e .  

I n  t e r m s  o f  r e d u c t i o n  o f  e f f o r t  a s  measured by 
l i n e a r  programs, t h e  r e s u l t s  o f  t h e  t a b l e  a r e  c e r t a i n l y  
promis ing.  

6. Appendix: D e f i n i t i o n  o f  Some Terms 

. A l y i c a l  i n e q u a l i t y  i n  b i v a l e n t  v a r i a b l e s  is meant  to be 
a n  i n e q u a l i t y  w i t h  O ,  1, -1 c o e f f i c i e n t s  o n l y .  

. A r e f e r r e d  v a r i a b l e  i n e q u a l i t y  ( a b b r e v i a t e d  p.i .1 is a 
i o g i c a l  i n e q u a l i t y  o f  t h e  form ~ . ; ( j ) 2  1, g ( j )  b e i n g  
e i t h e r  y i j) o r  1 - y i j) , which e 4 p r e s s e s  t h e  c o n d i t i o n  that 
a t  l e a s t  one  o f  t h e  y ( j ) ,  j c J , m u s t  be  one.  

. The v a l u e s  y ( j )  = 1 f i - e . ,  y i j )  = O o r  y ( j )  = 1, depcnd ing  
on  t h e  n a t u r e  o f  t h e  y ( j ) )  a r e  ternied t h e  s u g g e s t e d  or 
i n d i c a t e d .  v a l u e s  o f  t h e  p r e f  e r r e d  v a r i a b l e s .  

. Given some p rocedure  f o r  g e n e r a t i n g  a  set o f  p r e f e r r e d  
i n e q u a l i t i e s ,  we c a l 1  minimal ( r e l a t i v e  t o  the procedure )  
t h o s e  p . i . ' s  w i t h  minimal number o f  non-zero c o e f f i c i e n t s .  

. The d  ree d o f  a  ni.p.i. sys t em (and by e x t e n s i o n  the d e g r e e  
o f  t h t h 1  i n e q u a l i t y  or sys t em o f  i n e q u a l i t i r r  f r a i  
which t h e  m.p.i. sys tem uas d e r i v e d )  is the number o f  
non-zero c o e f f i c i e n t s  o f  o n e  o f  t h e  minimal p r e f e r r e d  i n e q i u l i t i e s .  

H A  h e u r l s t l c  search,,whlch y l e l d r .  a f e a s l b l e  s o l u t l o n  1s 
c r l l e d  " s u c c e s s f u l  , 
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xi, i rPl ,  (resp.  i r P d i s  1 (resp.  0) and a t  l e a s t  one va r iab le  

i n  P must be equal  t o  i t s  suggested value i n  an in teger  f e a s i b l e  

solut ion.  

C o q a r i n g  suggested values  of nonbasic preferred va r iab les  and 

t h e i r  cu r ren t  values,  one may be ab le  t o  improve t h e  penalty com- 

putat ion f o r  b a s i c  a s  w e l l  a s  nonbasic va r iab les .  

Essen t i a l ly  t h e  idea  is t h e  following: 

1. I f  a va r iab le  is c u r r e n t l y  nonbasic a t  its suggested value,  

complementing it w i l l  fo rce  another va r iab le  t o  become equal t o  

its preferred value. If t h i s  changes the  currer. t  nonbasic va'-ues, 

a t  l e a s t  another penal ty  w i l l  be incurred. 

2. I f  a11 p re fe r red  v a r i a b l e s  a r e  nonbasic and d i f f e r e n t  from 

t h e i r  suggested values ,  t h e r e  is an o v e r a l l  penal ty  equal t o  the  

smal les t  of the  p e n a l t i e s  of these  preferred va r iab les  s ince a t  

least one of  them must change. 

3. I f  a b a s i c  f r a c t i o n a l  va r iab le  must become i n t e g r a l ,  a sim- 

ula ted p ivo t  s t e p  on any express ion bounding the  ob jec t ive  funct ion 

from balow w i l l  provide a corresponding penalty.  

Le t  PrS be t h e  set of p re fe r red  va r iab les  with suggested value î 

and cur ren t  value s , I- , I E {O , 11. 

Assumption 1: No pre fe r red  v a r i a b l e  i n  ( 0  ) is bas ic ,  i . e .  i f  B is I t h e  optimal b a s i s ,  PT\ B = P. 

o r  t r ans la ted  i n t o  the  same coordinate  system.as t h e  nonbasis 

where 2 = 1 - 
j j 

I I .  Improved Pena l t i e s  

Theorem 1. 

7 
~f pOOC/ Pll = (k ) ,  and i f  P 0 B = % 

! 
l 

C I 
Pen (xk) = dk + Min(d 1 (cPl0 U Pol) - 

Proof: - 
POO U Pli = ( k l  = > ( P ~ ~ (  + ( ~ ~ ~ 1  L 1 - 

1 
L e t  1cPlO lj Pol be t h e  index o f  t h e  minimum d . 

1 M d  d t h e s  (0 ' )  t o  (o): 

Theorem 2. 

i f  pOOw = 2,  ~d i f  P n B = u, 



C c -  
a - 

Y 

? - 
9 



, 
2. Suppose t h e r e  i s  a system of p r e f e r r e d  i n e q u a l i t i e s  

s a t i s f y i n g  t h e  assumptions of theorem 2. 

I f  two p r e f e r r e d  sets (4 and are d i s  j o i n t ,  then 

e Ukc(P),, Pen (x,) = dk+ Min(d ] t e  (pO1 u Plo) h ,  1 

where h = 1 o r  2 and h l  = 2 o r  1 r e s p e c t i v e l y .  

If two pre fe r r ed  s e t s ( p 1  a n d ( ~ 4  a r e  n o t  d i s j o i n t ,  then  many 

d i f f e r e n t  s i t u a t i o n s  can a r i s e ,  and t h e  s i m p l e s t  ( i f  no t  

always b e s t )  way t o  compute p e n a l t i e s  is  

k 9 YkrN - ( P $ ~ ( P ) ; ,  Pen(xk) = d + Max Min(d I ~ E  ~ P ~ ~ ~ P ~ ~ )  h:. 
h=1,2 

Y L C I P ) ~ ~  ( P ) ~ ,  Pen(xk) = dk 

where h = 1 o r  2 and h '  is 2 o r  1 r e s p e c t i v e l y .  

N Example 

Consider t h e  6x12 problem of [ l  1 .  Var iab le  x l  can immediately 

be f ixed  a t  zero .  The r e s u l t i n g  svstem of c o n s t r a i n t s  

y i e l d s  i n e q u a l i t i e s  of s i z e  a t  l e a s t  2 ( i . e .  coh ta in ing  a t  

l e a s t  two v a r i a b l e s ) .  The r e l axed  LP has  an optimal va lue  of 

6-05 and the determinant  o f  the opt imal  b a s i s  is  34,868. F ive  

v a r i a b l e s  a r e  f r a c t i o n a l  ( o u t  o f  12 ) .  One can g e n e r a t e  £ ive  

inequa l i t i e s  o f  S ~ Z C  tVO, and two o f  them vi l1 y i e l d  improved 

pena l t i e s :  

X5 - x2 > O 

xl1- X9 o. 

The o r i g i n a l  p e n a l t i e s  are 

I n  the opt imal  ( f r a c t i o n a l )  s o l u t i o n ,  the p r e f e r r e d  

va r i ab fes  a r e  a l 1  zero.  S e t t i n q  x2 or x 9 a t  1 w u l d  f o r c e  

x S  and xll a t  1 too.  The re fo re  t h e  p e n a l t i e s  can  b e  improved 

f o r  x5 and xll: 

Pen(x5) = 1.8 + 9.7 = 11.5 

Pui(xll)= 7.1 + 4.6 = 11.7 

Also x6 is b a s i c  and is equa l  t o  0.54. Using now t h e  

fmproved nonbasic p e n a l t i e s ,  one  can  o b t a i n  the s t r o n g e r  up 

pena l ty  UPen(x6) = 3.7 ( v s -  3 - 5 )  



V Conclusion 

The t e c h n i q u e s  d e s c r i b e d  i n  t h i s  p a p e r  have  been  i n c o r -  

pora ted  i n  an experiment.31 i n t e r a c t i v e  s y s t e m  f o r  0-1 prograrming 

[4 1. ~ i n i m a l  p r e f e r r e d  i n e q u a l i t i e s  a r e  o n e  of  t h e  b a s i c  t o o l s  

o f  t h i s  system and  a r e  g e n e r a t e d  f o r  a  number of  r e a s o n s .  

S t reng then ing  of  t h e  p e n a l t i e s  c a n  be viewed a s  a  f u r t h e r  bonus 

o b t a i n e d  a t  very  l i t t l e  e x t r a  c o m p u t a t i o n a l  c o s t .  P r e p r o c e s s i n g  

o f  t h e  c o n s t r a i n t s  is done a t  s e l e c t e d  nodes.  P e n a l t i e s  a r e  

used f o r  b ranching  ( s t o r e  nodes  w i t h  l a r g e  p e n a l t i e s )  o r  f o r  

f i x i n g  of  v a r i a b l e s  o n c e  a  good upper  bound on t h e  o b j e c t i v e  f u n c t i o n  

h a s  been found. P e n a l t y  improvement c a n  be  s u b s t a n t i a l ,  evel. f o r  

l a r g e r  problems which f r e q u e n t l y  y i e l d  " s t r o n g "  minimal p r e f e r r e ?  

i n e q u a l i t i e s .  F o r  i n s t a n c e  a  28x35 t a n k e r  s c h e d u l i n g  problem [ 51 

w i t h  a  con t inuous  optimum o f  521.45 s e e s  6 o f  t h e  i n i t i a l  19 

nonbas ic  p e n a l t i e s  r a n g i n g  between O and 50 i n c r e a s e d  on  t h e  

a v e r a g e  by 175. The i n t e q e r  optimum is 550. S i m i l a r  b e h a v i o r s  

have been-observed  w i t h  l a r g e r  problems,  s u c h  a s  t h e  37x74 

problem of [ 5 1 ,  e s p e c i a l l y  i f  o n e  r e o p t i m i z e s  a f t e r  hav ing  

added Gomry-Johnson c u t s  t o  t h e  o p t i m a l  t a b l e a u [ 2 , 3 ] .  I n  q e n e r a l  

it seems t h a t  t h e s e  p e n a l t y  improvements o f t e n  a l l o w  e a r l y  

f i x i n g  of  v a r i a b L e s  and t h e r e f o r e  r e d u c e  t h e  s i z e  o f  t h e  s e a r c h  

t r e e .  

(11 B. Bouvier ,  G. Messoumian, 
progranunes l i n é a i r e s  e n  V a r i a b l e s  b i v a l e n t e s ,  
t h e s i s ,  F a c u l t é  d e s  S c i e n c e s ,  Univ. o f  Grenoble,  F r a n c e ,  1965.  

[ 2 ]  R. E. Gomory, E. L. Johnson,  
Some Cont inuous  F u n c t i o n s  R e l a t e d  t o  Corner  Po lyhedra .  
Math. P r o g r m i n g  3 (1972) 23-86, 3  (1972) 359-389. 

1 3 1  M. Guignard, 1971  
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. ~ h e  I n i t i a l  v e c t o r  yf 1s rounded t o  g t v e  a  s t a r e i n g  s t a t e  f o r  
enumera t i vc phase. 

one then b r a n ~ h e s  away f rom t h e  s t a r t i n g  : ta te  i n  ~ c c o r d a n c e  
a  f e a s i b i l i  t~ rTorovemeny, c r i t e r i o n .  A t  each node *)ne executes 

jcgree O and degree i t es t s ,  checks f o r  i n t e z r a l i t y ,  an3 o b j e c t i v e  
f u n c t i o n  value, and a t  s e l e c t e d  nodes one reao l ves  an a i r x i l i a r y  
pclaxed problem. Again the  emphasis 1s o n  e f f i c i e n t  s t o r a g e  and node 
zrocess ing. j- 

SON erpe r imen ta l  r e s u l t s  a r e  s u m a r t z e d  I n  t a b l e s  1 and 2. The 
--narisons a r e  w i t h  s tandard  runs  o f  MPSX-MlP/370. As ~ictl they  a r e  --..r- - 
i ~ n ~ h i s t  u n f a i r  t o  the  p r o d u c t i o n  code, i n  as  much as n d t temp ts  were 
nade t o  improve i t s  performance v i a  f i n e r  t u n i n g  o f  M I F ,  Moraover, the  
IYBQID system i t s e l f  i s  ccded i n  t h e  Extended Con t ro l  1 mguage o f  
4PSX/370 and c a l  1s the  o p t i m i z a t i o n  r o u t i n e s  o f  MPSX13: O f o r  
r c s o l u t i o n  o f  i t s  r e l a x e d  aux i  1  i a r y  prob lern ,  as i l e l  1  ds f o r  a d d i t i o n  
~f c u t s  and r e o p t i n i z a t i o n s .  Also, t h e  t i a e s  a s s o c i a t e l  w i t h  
tenera t  i ng  and add ing the  Gomory-Johnson c u t s  were d i  s-areed. They a r e  
a i -h  h igher  i n  t he  Extended C o n t r o l  Language than  would bo r e q u l r e d  i f  
L I , *  cu ts  were addcd ni t h i n  the  system. 

Nevertheless, the e x p e r i x z n t s  i n d i c a t e  t h a t  enurneratton can be 
t l g h l y  e f f e c t i v e  f o r  c e r t a i n  prODle3S. Fo r  problems 1, 2 and 5, t h e  
t v r e  rnumerat ion  code was alarost s u f f i c i e n t  on  i t s  own, phase 2 a i d i n g  
z r l n c l p a l l y  i n  t h e  c iean-up phase ( t h e  p r o o f  o f  o p t i m a l i t y :  a 
r o t o r i o u s l  y  d i f f  i c u l  t task, sonet  lmes c o n s i d e r c d  impor tant ,  sornetimes 
r o t  necessary i n  p r a c t i  ce) .  

Tab le  41: P r o b l e v  Data 

*roblem Problem no. o f  no. o f  denst  t y  zc r 1 
number o r i g i n  rows c o l s  

2 8H 24 2 O 2 II .88b 2b.57 3 1 

3 BM 25 2 0  3 O .a15 21.03 5 3  

i, LS E . 2 a a s  .124 831.68 1120 

5 10 1 157 78 .O64 -1990197.89 -1786000A 

6 I B  2 225 1994 .O4 3478.31 -- 3534 

411 ~ r o b l e n s  a r e  pure 0 - 1  p r o b l e ~ s .  The B!l problems a r e  s n a l l ,  b u t  
4 u t t e  d i f f i c u i t  ~ r o b l e ~ s  f r o ~  <SM>.  LS E  i s  t he  n o s t  d l f f i c u l t  probiern 
Crm reference <LS>. T - r  two 13 prob lens  a re  3 r a c t i c a l  p r o b l e ~ s  made 
~ r a l l a b e  t o  us b y  18" Par i s .  Ttey a r e  n o t  G v a i l s b l e  o u t s i d e  16:l. 

ZC and z i  s tand f o r  oùcimal  coq t i nuous  ob; ? c t %  le f u n c t l o n  t a l u e   th 
CIJts a d d e d )  a ~ d  o p t i  - a l  i n t e g e r  o s j e c t  i v e  fun< t i o n  value, 
reSPect;vely.  

{ F f r s t e n t r y  i n c o l u m n :  s t a n c ! a r d r u n r r i t h  312SX-tltP 
! Second e n t r y :  HYR!?lD, an e n u n c r a t i v c  code u s i n ?  MPSX/370 

f o r  r e s o f u t i o n  o f  t h e  r e l a x e 8  problems 

; , 
)b. Optlmal  I n t e z e r  Sol. Found 1 Opt imal  i t y  A s c e r t a i n e d  

+nodes I L P  i t e r s  CP-tlme 

f. (secs  

! 
I 
3. Sta te  Enunera t ion  w i t h  L o c i c a l  I n e q u a l l :  faf 

We now cons ide r  the i n p o r t a n t  t a s k  o f  p u i d i n g  an e n u n e r a t i o n  
a l g o r i t h m  l o g i c a l l y ,  i n  a  f a s h i o n  r i h i c h  i s  de temi ined b y  t h e  da ta  
themselves. T h i s  can, i n  sone neasure, he accoinpl ished b y  t h e  
gene ra t i on  and s y s t e n a t i c  e x p l o i t a t i o n  o f  l o g i c a l  i n e q v a l i t i e s  of  t h e  
fo rm (1.2) d u r i n g  the enunera t i on  ( p o s s i b l ;  a l s o  w i t l ~ i n  BS a l ~ a r i t h ~ n s ,  
b u t  perhaps n o t  as n a t u r a l l y  i n  t h a t  c o n t e x t ) .  
I 
3.1 Jhe Assoc ia ted ( A u x l l i a r y )  I n e r l u a l i t i e ç  

I The d e r t v a t l o n  o f  l o y i c a l  I n e q u a l i t i e s  a l a a y s  proceeds f rom an 
l n i t i a l l y  a v a i l a b i e  s e t  o f  i n t e s e r  inequa l  i t i c s .  T h i s  :..IY be t h e  
o r l g l n a l  sys ten  o f  c o n s t r a l n t s  (0.1). Sut  .note i n t e r e s t l n x  i s  t h e  
case when the  s e t  o f  i n t 5 z c r  i n c q u a l i t i a s  i s  d e r i v e d  fro1.1 I i n e a r  
Prograinmin3 tabler iux d u r i n g  the enutnerat i v e  proccss.  :le s h a l l  ca! 1  
such I n e q u a l i t i e s  the  "assoc ia te4 i n c a u a l i  t i c s " ,  an4 w r i t e  them in  the  
form: 

The n o t a t i o n  i n d i c ~ t e s  t h a t  t he  assoc ia ter1  ( a l s o  "a i lx i  1  i a r y " )  
fnequal i t l e s  m y  o r  Clay n o t  depen i  on  t-c: c u r r c n t  upper bound o n  t h c  







3,5 Examples o f  Problnq 

We I l l u s t r a t e  the concePts o f  sec t ion  3.4 oy d e m n s t r a t l n g  t h e i r  
use I n  the s o l u t i o n  o f  three t e s t  problems ( t h e  l a s t  two a re  taken 
Fmin <LS>). 

3.5-1 a l u t i o n  o f  the  examolr o f  sec t ion  3.2 

We annotate the APL p r i n t o u t  s e l e c t i v e l y :  ( t he  i o g i c a l  ma t r i x  Q 
l u  t ha t  o f  sec t ion  3.2 I n  the f l r s t  ca l 1  t o  PROBE; s e t  * )  

S T A T R I S 1 1 1 1 1 1 1 1 1 1 1 1  
SEARCH LZVEL I S  1 
PC0.PCF 0 .9  3.01 

MI#;  PI  2 
SETTIi'IG VAR. 11 TO O. RESULTS 1.7 
5 i l  
3 
SETTIIIC VAR. 1 1  2'0 1 REÇULTS Y I  
2 1 6 7 8 1 0  
9 6 9 1 1  
VA.?. i l  FIXED ?O O 
ZTB.JRT.47F O - 2 1  1 0  
ZTB.SIlT.YF 3 - 1 1  8 
EfIR.  P I  2 
SETTIRG . VAR. 6 TO O 3ESULTS I J  
6 

S E T T I Z C  VAR. 6 T 0  1 RESULTS IiV 
2 1 0  1 2  
6 1 0  
VAR. 6 FIXRD TO 0 
ZTR,S;JT.!7P 3 - 1 1  7 
ZTB.SNT.JF 3 - 1 1  7 
:41'9. P I  2 
SETTIhrC VAR. 9 TO O RXSULTS I i I  
9 7 8 9  
9 1 2  
VAR. 4 FIXED TO 1 

# I N .  P I  2 
ZETTIUG V A X .  9 TO O 3 E S Y L T S  I:l 
8 
7 
cnnnI;Jc VA.?. FI 3'0 1 R a s u L î s  r:l 
2 7 
8 
S'TTI: 'C V A R .  7 TC O SXSULTJ . T l  
2 7 
8 

s t a r t  search w i t h  a l 1  vars a t  O 
l o c a l  search one l e v e l  detp 

f f n f e a s i b l l .  -21, 12 f r e e  vars  
11 f r e e  vars  by degree 1 reduc t ion  
mfnlmal degree i s  2  
PROBE over f ou r  va r i ab l es  ( * )  
y(5) and y ( l 1 )  a t  O 

. y(3) a t  1 

~ ( 6 )  can no t  be both O and 1 

8 f r e e  vars  a f t e r  degrce 1 
reduct  Ion  

~ ( 1 0 )  can n o t  be bo th  O and 1 

~ ( 9 1  n 

Jvar iab les  a f t e r  reduc t ion  

. I l . ~ x . . ~ = t l ~ = 0 . . ~ ~ ~ ~ ~ f I ~ x ~ a I a x I x ~ I  

VEL O PRASE 1 

~ ~ t t ~ a x ~ x ~ ~ ~ = ~ ~ x ~ = t ~ t a t ~ x z x x x ~ x ~ x ~ ~  

t T. SOL. FEASIBLE-  . Z =  1 3  
c Ia SEARCH 1 

MX. no. o f  cance l la t lons  1s 2 
on branch y(8)=1 
s i n g l e  l e v e l  search no t  f eas l b l e  
f o r  ~ ( 2 1 ~ 1  
f e a s i b l e  f o r  y(7)=l ,  w i t h  ob j .  
f u n c t l o n  18 

f e a s l b l e  ' for  y(8)=1, w i t h  obj. 
f u n c t i o n  13 

branch on ~ ( 8 ) - 1  - ~- 

B.Si7T.RF 1 3  O 2 
B m S I T s M F 1 3  0 0  . .  2 more va r i ab l es  f ixed..as p red i c t ed  

by PROBE ' ' 

B.SIT.XF 1 1  -1 2 backup, no t  f eas i b l e  
D OP ENU!.fEA?A2'I0 i7 
t*t*t t t t t t tatt t t  r e s u l t l n g  prob le3 no t  f eas i b l e  
TIhtAL S0LuTIO:J 3 O 1 1 O O O 1 O 1 O 1 
T .  OBJ .  FUXCTIOB 1 3  
'U T I X E  8.1 SEC 
'IIBER OF NODES 3 
:{RER OF L P ' S  O 

AUX. IBE?US ARE S A T I S F I E D  BX sXSR 
D 



3.5.2 So lu t ion  o f  a  28 row, 35 va - fab le  t e s t  problem 

For a  r e l a t i v e l y  easy 28 row, 35 v a r i a b l e  t r s f  problem, the 
enumeration can be sumnarized as fol lows: 

Level O, Node 1 

. Solve the i n i t i a l  re laxed l l n e a r  program 
r = 52L.053 
two var iab les  a re  f r a c t l o n a l  

. The degree 1  S .  2  
PROBE g ives : Gaxi.ml count o f  5, I n  case y(30) 1s f t x e d  a t  O 

. The s ta te  1s det tnn ined by roundlng the  values o f  the f r a c t i o n a l  
so l u t i on  up I f  y  1 -5, down i f  y  L .5 

. The l oca l  search produces an l n t e f e r  s o l u t i o n  by a  change o f  y(1) 
t o  1 i n  the s t a t e  . 
z = 550 
cbnponents of y a t  1 a re  : 
~ , ~ , ~ , ~ , i o , i ~ , i ~ , ~ ~ , ~ ~ , i ~ . ~ ~ ~  ?o.23,ii02s,28,3i03z,3s 
( there e x i s t  several  o t he r  ln teger  so l u t i ons  a t  z-550) 

. Branch on ~(1)-1 froai f e a s i b l l i t y  cons i de ra t i on i  

Level 1, Nodi 2  

, 25 var iab les  are f i x e d  from d = l  t e s t s  
9 f r ee  va r iab les  a re  l e f t  

. Maximum count i s  8, w t t h  y ( l l l = O  
(!.e., a l 1  va r iab les  can be f i x e d  a f t e r  t he  branch y ( l l )=O)  

Level 2, Node 3  

, Al1  var iab les  are f l x e d  
Problem i s  no t  f eas i b l e  ( a t  an Improvement) 
Return t o  l e ve l  1 

. 8 var iab les f r ee  a f t e r  backup 
7 var iab les f r ee  (1 va r i ab l e  i s  f i x c d  by d-1) 

. 5 var lab les  can 'be f l xed  upon branch y(Ç)=O 

. Branch on ~ ( 4 ) - 0  

Level 2, t4ode 5 

. 811 var lab les  a re  f ixed, no lmproved so lu t ion,  backup 

~ e v e l  1, Node 6 

. 5 var tab les  f r e e  

. 811 f r e e  va r i aJ l es  are f i x e d  by d-1 
problem n o t  f eas i  b l e t  backup 

Level O, Node 7 

. 34 var tab les  f ree ( ~ ( 2 )  f l xed  t o  3 on backuo) 
14 var iab les  f ree  a f t e r  20 c a n c e l l a t f o n  <&=Il 

. PE3BE f i x e s  
yC11)=~(4)=~(15)=1,  y(lS)=O 
811 o ther  va r iab les  a re  f i x e d  from d = l  

. the  r e s u l t i n g  vec to r  i s  feas ib le ,  b u t  w l t h  2-575 

Therefore the enumeration i s  tenn ina ted  

8 f t e r  1 Linear  Program 
and 7 Nodes 

w l t h  opt imal s o l u t i o n  z* - 550 . 

. var iab le  2 i s  f I x e d  by PROBE 
6 va r iab les  f r e e  



3.5.3 S o l u t i o r ~  o f  a  1aro;er t e s t  oroblem 

The d i f f i c u l t  37 row, 74 coluinn problem o f  <LS> a l so  lends 
i t s e l f  t o  l o e i c a l  probing, b u t  requ i res  more e f f o r t .  One APL 
. test  run requi red r e s o l u t i o n  o f  125 l i n e a r  programs and 
development of  175 nodes. 

An upper bound o f  -521 was imposed on the o b j e c t i v e  f u n c t i o n  
t o  tncrease the ef fect iveness of the  l o g i c a l  tests .  Tne i n i t i a l  
LP ob jec t i ve  f unc t i on  va lue i s  -573.11, the opt imal  ia teger  0.f. 
va lue i s  - 5 b 0 .  An i n t ege r  s o l u t i o n  of z = -533 was found a t  node 
2, bu t  the opt imal  s o l u t i o n  was a t t a i n e i  o n i y  a t  node 153. klhat 

. 1s most important, i s  t h a t  the l e v e l  of the search stayed as low 
as 2 t o  3 throuzh most of  the search. The f u n c t i o n  PROBE resu l ted  
l n  t yp i ca i  forecasts  of  from 5 t o  1 0  cance l l a t i ons  on some 
pro jec ted  branch. 

The o v e r a l l  resu l  t s  a re  comparable w i t h  the best  r e s u l t s  
obtalned i n  <SAS> and <PI>. Ne be l l eve  t h a t  a  'cur rent  ve rs ion  o f  
ou r  program could do soaenhat be t te r ,  bu t  more impor tan t l y  we 
be l ieve  tha t  incorpora t ion  o f  "oropagation" (sec <SP.3>, <CS>)  
would permit  the saving o f  a  s t r e a b l e  f r a c t i o n  (perhaps 1/3 t o  
1 /21  o f  the requi  ted  LP prograr:is. 

1. Camparison w l t h  Branch and Bound Llethods 

In  t ab l e  r3 we reproduce a  sumary  of d i s t i n c t i o n s  between 
BBP and EP. Some of these p o i n t s  have a l ready been discussed i n  
t h l s  paper. For a  f u l l e r  po in t -by -po in t  d i scuss ion  we r e f e r  t o  
.cm ..\ 

W U , :  Ilranch-&und vr--us Enune r n t l a n  

1. In teber  prohlem r e ~ l a c c d  1. In tcger  problem replaced 

by requence o f  r e l i x c d  ~ r o b l - s '  by sequence o f  c o n s t r r l n e d ~ r ~ l ~  

2. re laxcd problcm r rso lved  2. f u l l  s t r t e  p r o h l e r  o f t r n  solved 

a t  each node on ly  a t  subsct o f  nodes- 

S. examlned I a t t l c e  p o l n t s  S. cxamlned I a t t l c e  m l n t s  

"close" t o  each o ther  can he f a r  r p a r t  

I . s i i r r 0 ~ s t s a n d 8 e n d e r s I n c g u a l ~ t ~ ~ ~  b . g e n e r a t e d I n e q u a l l t l e s t + n d t ~ b .  

tend t o  bc wesk ,tronc (crp. I n  a " l o c l c a l  senrem) 
t 

S. s t r u c t u r a l  l o g l c a l  cons t ra ln ts .  S. s t r u c t u r a l  c n n s t r a l n t s  can C .. I 
a r c d l f f l c u l t  toacconnodats he handlcd t o  advantasa 

6. mlxed-Intef ier p r o b l c r r  b n d l e d  6. r l r e d - l n t e g r r  ~ r o b l m  reuu l re  

c a s l l v  and automatlcal l y  r c n e r a t l o n  and use o f  Bendors l ~ t u l l c f . ~  

7. rpeclal-purpose coder d l f f l c u l  t 7. rpeclal-purpose codes 

t o  code c i i l  l y  c o i r t r u c t e d  - 
. (whcn rohust  L?-cod. n8ad.d) - . 

8 .  r e l  a8ed 'probler o f  tan &gonarate 8. stat. p r o b l r  o f t e n  rot dow50rati 
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Problcm" ( n i t h  f i x e d  charges) f o l l o n s  the well-known pa t te rn  fron 

1 inear programnins, the mixed fnteger programninz nature o f  ou t  

probl  am appears t o  nake cer ta  l n  spec i a l  t ranssh i m e n t  node constra i n t s  
- - 

essent ia l  f o r  any e f f i c i e n t  so l u t i on  method. I n  par t fcu lar ,  we d e v e l o ~  

, special const ra ln ts  over the slacks between I n t e n e d i a t e  netnork node 

capac i t ies  and the shipnents through these nodes. The assoelated dur1 

var iab les have t o  be taken i n t o  account i n  the d i r e c t  dual method. 

S imf la r l  y, we can der ive l o g i c a l  const ra fn ts  over the CO,l )  var tab les 

a t  the source- and transshtpment points.  We can der ive a l  1 o f  these 

const ra in ts  mort eas i l y  f o r  a special  c lass o f  netnork p r o b l a s  which 

we sha l l  t e n  "ml t l - l a y e r  nenvork problms", f o r  which sh iments  are 

penni t ted ont): from one layer  t o  the next. 

I n  t h i s  paper, then, we coneentrate on ml t l - l a y o r  netuork 

p rob lms  w i t h  f l x e d  charges lntroduced by means o f  C0,l) var iab les on 

a l  1 nodes except l n  the l a s t  l a y e r  ( the  layer  o f  demand points) .  The 

n u l t i - l a y e r  set  o f  p rob lms  can probably be enlarred eas f l y  t o  a l low 

a lso shipments frm the I n i t i a l  l a ye r  t o  any layer, and frm any l aye r  

t o  the l a s t  layer. Eventually, we expact tha t  completely aeneral 

netrcorks can a lso  be handled (probably more d i r e c t l y )  a t  on ly  a 

mdera te  loss o f  a l so r l t hn f c  ef f lc lency.  

2. Mu1 tf-Layer F!etworks w i  t h  Fixed Charges, 

?le sha l l  i l l u s t r a t a  the type o f  nztwork nhich we i d e n t i f y  as 

"nrult i- layer" v i a  ar. exanple (see F i g .  I l .  The layers  o f  nodes arc 



numbered f rom l e f t  t o  r i g h t ,  I n  ou r  exanple there  a r e  f o u r  layers, a 

source layer, t ua  t ranssh ipnent  l a y e r s  and a demand layer .  The 

~ l o t a t f o n  MLN(MS;NN;HO) connotes the  numbers o f  nodes pe r  l a y e r  ( t h e  
. 

example i s o f  t h e  f o n n  HLNCZ; b,S;S)) : 

NS . .. no, o f  sources 

( i n  o u r  examule the re  a r e  2 sources i n  the  f i  r s t  Iayer) 

MO ,.. number o f  danand p o t n t s  

(here: f i v e  demand p o t n t s  i n  l a y e r  f o u r )  

NN . . . v e c t o r  c o n t a i  n fnf the numbers o f  po f n t s  i n  success f va 

t ransshipment l a y e r s  (we al1or.r an a r b i t r a r y  number o f  

transshipment l a y r r s )  . 
( i n  o u r  e x a m l e  NH = (4,s); there  a r e  !, nodes i n  l a y e r  2 and 5 

nodes i n  l a y e r  3) 

2.1 indexfng o f  t he  Nodés. 

:Je number (conceptual l y )  t he  nodes i n  two ways: 

1) the nodes i n  each l a y e r  are nunbered consecut ive1 Y f rom top  t o  

bottom, o r  

2)  f i r s t ,  assoc ia ta  the  Index se t  T = (1,2,...,MT) w l t h  the  !lT 

t ransshipment nodes, counted from top  t o  bottom w i t h f n  a layer ,  t h e  

l aye rs  taken i n  o r d e r  froc l e f t  t o  r i g h t .  

Then, c o n s t r u c t  two !ndex sets 1 and J: 

. 1, the index s e t  ? o r  transshipment p o i n t s  p lus  source nodes: 

1 = (7,  t:T+l, :.iT+Z, . . . , f!T + number o f  sourcz nodes) . 

. J, the Index s e t  f o r  transshipment po in ts  p lus  denand nodes: 

J = (T, MT+f, MT+2, ... , BIT + number of denand nodes). 

The resul  t l n g  two index sets prov ide  the indices f o r  the 

t ranspo r ta t i on  ~ r o b l a n  I n  sec t i on  3. I n  Flg. 1, the two nmbers  i n  

parentheses, next  t o  a node, g l ve  the indices under the above tvm 

systms.  

2.2 >Ietwork Prot?cm Data. 

The source nodes have at tached "avai l ab  7 1 i t les1', p e r t a i n i n g   ta^ a  

s i ng le  c o . m d i t y  which 1s t o  be shipped through the networh. I n  Our 

example, the two a v a i l a b i l i t i e s  are a(1)=3218, a(2)=2248. S i rn i l a r l y  . 
there are "requirements" d(1)-417, d(2)=349,..., d(5)=270, a t  the  

l a s t  (demandl layer ,  

Flows of the conmodi t y  are per;nitt,+ on1 y f r o n  .one l aye r  t o  the 

next, and on ly  between nodes which are cunnected by an arc  l n  the 

n e  twork. I n  Fig. 1, we show the u n i t  cos t  o f  shipment attached t o  the 

arc  ir.g., c(11,2)=27; 1.e.. the  cos t  o f  shipping cne u n i t  o f  

comnodity frm source 2 to  the second transshipment p o i n t  i s  27). 

Eaeh transshipment po în t  has a capaci ty  l i m i t a t i o n  on the florv 

through it, such 2: 783 f o r  node 9 ( t he  f i f t h  transshipnent p o i n t  i n  

l aye r  3 ) .  If there i s  no such r e s t r i c t i o n ,  then i t  i s  poss ib le  and 

des i rab le  to  compute such a number f ron  the data (e.g., the f l ow  

rhrough any transshipnent p o i n t  w f l l  be no l a r z e r  than the  su3 o f  a l  1 

resu i  rements; i n  Our case no l a r z e r  tkan 1671). 



There a r e  aven t l g h t e r  r e s t r l c t l o n s ;  e.g., the  capac l t y  a t  node 5 

should be replaced by 1036. Such a " t l gh ten lng "  o f  t he  problem data  . 
a t t h e r  frm a knowledge o f  t he  ac tua l  data, o r  frm a c a r e f u l  

Inspection of the  suppl l e d  data, t s  known t o  be impor tan t  f o r  a l 1  

mixed l n t e t e r  p r o t r n m l n t  p rob lcns  (e.t., see 17,8,10.1111. l t  avpears 

t o  be o f  an espec la l  1 y pronounced importance f o r  the  p r o b l r n s  (and * 

a l g o r f t h m s l  whlch we d lcuss  here. trle sh.11 t h e r e f o r o  r e t u r n  t o  t h I r  

m a t t e r  l n  s e c t l o n  5. 

The obvlous problem assoc la ted  w l t h  FIg. 1 l a  t h a t  o f  sh lpp lng  

the  reuuf  r m e n t s  through the  n e t w r k  t o  the  demand p o i n t s  a t  m ln lna l  

o v e r a l l  cost .  He can e a s l l y  add the  f u r t h e r  parameter (1.j 1 (no t  P 
shom In F i t .  1) t o  any a r c  ( 1  ,j 1 . t o  prasent  an imposed upper bound 

o f  t h e  flow. Again, I f  such bounds a re  n o t  supo l fed  ( o r  If they  a n  

t a o  loose) they con be computed ( o r  recomguted) t o  some e x t e n t  o f  

t l gh tness  from t he  data  , thcnselves. 

2.3 F lxed Charxes, 

Up t o  t h l s  polnt ,  the problem 1s a sfmplc n e m o r k  p r o b l m  and 

tha re  e x i s t  extremely e f f l c l a n t  a lgo r i t hms  f o r  i t s  r e s o l u t i o n .  Vhat 

r e a l  IY I n t e r a r t s  us 1s the  ve ry  much ha rda r  p rob len  i n  whlch t he  

"existence" ( o r  usage) of a l  1 nodes o t h e r  than the  denand nodes 1s p u t  

i n  suest ion.  B Y  t h i s  r.re n h a l l  mean t h a t  a ( l a r g e )  f l x e d  cos t  f ( i )  i s  

associated w l t h  each noGe I o f  a t  1 la:*ers exceet the l as t ,  so t h a t  I t 

1s meaningful t o  ask what subset û f  such nodes should Se chosen so 

t h a t  the requi r e m n t s  can be met a: min ina l  o v e r a l l  cost  ( i n c l u d i n o  

the f ixed charges). 

The problem then i s  a mixed (0,l) problem o f  the general f o r - :  

ml' f.y + c.x = z 

tfe sh.11 . -  - wr i te ,  down a complete fonnu la t lon  o f  the problem i n  

sec t ion  5, no t  i n  terms o f  Fig.1, bu t  I n  t e m s  o f  an euu lva len t  

bipartite transshipmant probleiir. 'lie have n o t  r ~ a c i f i e d  any f i x e d  

charges f ( 1 )  w i t h  nodes i i n  F is .  1. For a u n i f o m  set  of such 

f i x e d  charges, o f  Say $ 1000.- on a l 1  nodes exccpt the denand noder, 

na g i ve  a so lu t i on  t o  the,p i  obl& ( r i t h i n  1.0 t. o f  the optimum) i n  F l r .  

2. I t s  cost  1s the sum o f  the f i x e d  charges ( $  5000.- f ~ r  the 5 nodes 

o f  the so tu t ion)  and the t ranspo r ta t i on  cos ts  (whlch add up t o  5 

XkS545.-) f o r  a t o t a l  o f  t 151946.- . 

3. The B l p a r t i t e  Transshipment Prablem w i t h  Fixed Charzcs. 

The transformation of the netvrork p r o b l m  t o  a b i p a r t  i t e  aroblem 

( 1  .e., a problem represented by a' b i g a r t i t e  networx ( o r  araph))  i s  

ne11 known i n  the f i e l d  o f  l i n e a r  prozramning. :le s imply l i s t  a l 1  

nodes other  than those o f  the l a s t  l aye r  as the source nodes of a 

t ranspor ta t ion  problem, w i t h  a v a i l a b i l i t i e s  a ( [ )  equal t o  the aiBten 

capac i t ies  ( f o r  transshipnent po in t s )  o r  t o  the y iven a v a i l a b i l i t e s  

( f o r  the source nodes). Then ire l i s t  a l 1  nodes o the r  than the so"rcs 
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c o n s t r u c t  I o n  o f  feas i b l  e  s o l  u t  i ans  and t h e  i inprovegent o f  such 6. O u t l i n e  o f  a  J i r e c t  Dual A l g o r i t h n .  . -  - 
so l u t l ons ,  when t h e  co r respond ins  t asks  f o r  t h e  p r l a a l  s y s t e n  n c u l d  be .  

.;rich more f o m l d a b l e .  We now proceed i n  the s p i r l t  o f  re fe rence  131. I n  a  d i r e c t  dual  

- a l g o r i t h  one executes a number o f  a l g o r i t h m i c  steps, i t e r a t i v e l y ,  

Ob j e c t  i v e  Func t  i o n  (max ln l  zt : _ _ _ _  -____-.. ont11 no more "lm;?rovement" 1s a t t a i ned .  In -each-o f -  t h e  a l g o r i t h m i c  

- ZD - + r b ( j ) . v ( j )  + Z b ( t ) a t )  + ro((i).g(l) - steps one s t a r t s  w i t h  a  dual  f e a s i b l e  s o l u t l o n  and cornputes increments 

- - - .  Z . ( i ) - p ( 1 )  - Z$(0.u2) ~ b ( t ) . i ~ < t , t )  - t o  a ' sùbsë t  o f  the  dual  va r iab les ,  so as to: 

2 f([).t(l) - L r ( k l . ~ ( k )  1. r e t a i n  dual  f e a s i b i l i t y ,  and 

The s u m a t i o n s  ex tend  o v e r  a l 1  i n d i c e s  f o r  r h i c h  t h e  dua l  v a r i a b l e s  2. increase t he  dual  o b j e c t i v e  func t ion ,  o r  

a r e  de f ined .  3. lncrease the  "resourcesl' vrhich a re  1 i k e l  y  t o  permi t a success fu l  

accomplishment o f  2 )  i n  a  f u t u r e  s t ep  o f  t h e  d i r e c t  dual  nethod. 

Dual c o n s t r a l n t s :  The bas i c  ldea o f  such an a l g o r i t h m  stems from-0. - B t l d e  and J. Krarup, 

I n  connect ion w i t h  the  "Simple P l a n t  Loca t i on  Problm",  sec r e f .  l i t .  

Di - D9 : n o n n e a a t i v i t ~  f o r  u ( i > .  / ~ ( l ) r  f ( b r  v ( j ) ,  w ( i , j ) ,Q ( t j ,  These au thors  n o t i c e d  t h a t  f o r  t h e  s imp le  c o n s t r a i n t s :  

:(Il, p ti:) . c( i . j )  + w(1.j) - v ( j )  & O. and g < i )  = f t i )  -Z,w<i,j) 

D l :  j )  = ( j )  +p(i) + rü) - j + ,(i,j) a, i C I , j t ~ ( i )  One cou ld  o b t a i n  a  good (i.e., l a r g e )  va l ue  o f  t he  dual  o b j e c t i v e  

911: e ( t , t )  - ) ~ ( t )  + al) - ,,ct) -a(:) + ,..J(t,t) 2 ,  f u n c t l o n  .i =lJ b ( j ) . v ( j ) ,  by  ( v e r y  rough ly )  the  f o l l o w i n r  " V - l  Dual 

013: g ( i 1  = f ( i )  - a ( i l . u ( i )  - rJ n<i,j):;~(i,j) Ascent" procedure: -. 

+ t ( i )  + Z iL(k.i).P(k) 5 9, les 1. i n l t i a l i z e  v ( j )  = m ln  c ( l , j ) ,  and then: 
1 .  

D l j :  i(i) = f ( t )  - a ( t ) . u ( t )  - &,?(t,j)..~(t.j) - b ( t ) . .Q ( f )  2. t r y  t o  increase v ( j )  i n  column j t o  the  n e x t  l a r g e r  va lue  c ( i , j ) ,  

+ t ( t )  + C P.(k,t). (k) P 
i f  poss ib le ,  by i nc raas i ng  n(i,j) i n  row i, ahenever t h e  1'2, tGT . 
"resource" g ( i )  i s  l a r g e  enough t o  pe rm i t  i t .  

Repeat the  a t tempt  over  a l 1  j u n t l l  t he re  i s  no l onge r  any i nc r t ase  Vote: t ( t 1  p l a y s  an e s s e n t i a l  r o l e  i n  p l a c e  o f  c ( t , t )  !-riiich Is 
f o r  any j. a lways O. I t p reven t s  t h e  S l o c k i n o  o f  t h e  düal  ascen: 9rûczdri rr? 

One nay say, i n t u ; t i v e l y ,  t h a t  the i n i t i a l  g ( i )  , nanely  f( i), by t h e  ? c o s t  e n t r y .  
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1s d i s t r i b u t c d  wiong the w(1,j) w i t h  the purpose o f  penn i t t l ng  the 

ob jec t i ve  func t ion  t o  be lncreased, O f  course, there are a r b l t r a r y  

cholces t o  be made, 8.g. the order  I n  wnich the co lmns  j a re  

processed. But the a l g o r l  thm appears ta be q u i t e  good , even 

Independent o f  the order, f o r  most data, And It 1s atways ~ s s l b l e  t o  

re f  lne such an apvroach further,  as was shann by O. E r lenko t te r  who 

a d d e d - a n - a l g o r i t h i c  steps i n  which ce r t a i n  v ( j )  p a f r s  are chosen - 

so tha t  the-decrease i n  one 1s o f f s e t  by an incraase I n  the o ther  w i t h  

a r esu l t i ng  improvtment o f  the ob jec t i ve  function, re f .  [21, 

Our work on the more d l f f l c u l t  capacl tated p l a n t  l oca t i on  pnb lem 

consisted o f  dev is ing several more a l g o r i t h i c  $teps. I n  l a i e  o f  them 

the dual objective func t lon  was Increased, i n  others one obtain+d an 

incraase I n  the gCf), which subsesuently could be used as new l n i t l a l  

values ( n m  taresourcesn) f o r  another application o f  the V-# dual 

ascent procedure. He a lso  added one a l g o r i t h i c  step, ALP: the 

t 'auxi l lary l i n e a r  progrqm", l n  whfch a I i n e a r  program rvas resolved 

over a subset o f  ttie dual var iab les , l n  p a r t i c u l a r  inc lud ins those 

which are assoclated w i t h  the e x p l i c i t l y  present in tegar  constraints.  

Durlng t h f s  work l t  becane c l e a r  t o  us, tha t  f r u i t f u l  a l g o r l t h i c  

steps could be found e l  ther: 

(1) by lnspectlon, o r  by 

( i i )  formulation and reso lu t ion  o f  a I i n e a r  prorram ( i f  i t s  dimension 

made t h l s  appear wisel, o r  by examinatfon o f  the varlous p i v 6 t  

steps which are l o c a l l y  poss ib le  and t h e i r  t rans la t ion  fn to  

heu r i s t i c  rules. 

i n  t h l s  paper we shal l  no t  go i n t o  the d e t a l l s  o f  the a lgor i thmic  

steps whfch ne fntroduced ln[3], even i f  sane a i g o r i t t n l c  

. modlf lcat ions were requlred f o r  the mu l t i - l ayer  network. We shall, 

lnstead descrlbe one imwr tan t  new a lzor t thmic  steo (called, f o r  want 

of a s-lm~ler.name, the TNVM step, that  i s  ' t r a n s s h i m n t  node var iab le  

m o d l f i c a t l o ~ ' ~  step) i n  constderable de ta l l .  

r : -He 'tso: lntraduce a b i u e r  aux i l  f a r y  1 inear program, XALP, even 

though ' l t  turns out t o  be somcwhat more expensive than the ALP o f  

O). It seems t o  us one m y  have t o  extend the size of the aux i l  i a r y  

LP even fu r ther  (o f  course, nwhere near the s ize of the overa l l  LP) 

I f the s t ructure of the. network f s t o  be captured I n  the a1gor: th.  

One should not be deterred by the f a c t  t ha t  l n  the l n t e r ~ r c ~ f v e  

language APL (the medlum of Our e x ~ e r l n e n t a l  work) the execut Ion o f  a 

1 fnear vrorram 1s re l a t l ve l y  d l f f  f cu l t .  

6.1 Skeleton o f  the a l g o r i t h ,  - - - 

We f f r s t  give the basic s t r ~ c t u r e  o f  Our current a l g o r i t h ,  w l th  

on ly  a fetr remarks. It should perhaos be mohaslred tha t  these 

eom~utat lonal  s:eps are m a n t  t o  be executed a t  every node o f  a 

branch-bound o r  (preferably) enmerat fve code. I n  general, therefore, 

thera are free variables ~ ( 1 1 ,  and variables y ( l 1  which are f l xed  a t  O 

(node removedl and f lxed a t  one (node "opent'). The f i r s t  case presents 

no d l f f l cu l t i es ,  the second 1s best t reated as that  of a free var iable 





subset o f  the var iab les (keeping those nh lch rmuld b l w  up the 
6 . 2 . 1  I n t t l a l  izat lon.  . . . - -. - . 

One can cas i l  y construct a dual ly  feas ib le  so lu t ion  uhich 
vmb lan  Intolerably,  i n  p a r t i c u l o r  the var iab les w( i , j  and e( i, j), 

general l  y produces a good approxfnation t o  the f i na l  dual ob ject ive 
f l xed )  and resolves the r e s u l t i n s  1 inear program compietely. This 

funct ion, Note that  preprocessing i s  a prcrequis i  t e  f o r  example t o  
step 1s the on ly  one (so fa r )  whicfr'takes I n t o  account the dual 

avoid t k a t  a ( f  1 i s  O f o r  101.  
va r iab les  ru assoclated w i t h  the s ide const ra ln ts  on the in teger  

. . u( I1  = f ( i ) / a ( i )  
varfables. Also, t h l s  step ( s t a r t i n s  ou t  w t t h  many var iab les l n  the - - .  - -  

8 t e l  

- - - /gr.) = 0 - 
I e t e r t o t -  of t h e I r  bound I n t e r va l s )  u t 1  1 place a t  l e a s t  a subset o f  . -  - - 

v ( j >  = min. k ( 1 . j )  + f ( i ) / a < l l  
b b  

, i 6  J 
var fab les  a t  the boundary of the feas ib le  region. Thls appean t o  

v < t >  = min.&(i,t) + f < i ) / a ( t J  
L , t 6 f  

be qu f t e  important i f  the o;thosonal i t y  cond i t fon t  are t o  be used 
n(i,j) = O . le? ,  j 4 J(i) 

f o r  f f nd i n f  prima1 solut ions.  
t c l ) .  = minTo ~ ( t .  te L 

Go t o  4. 
nCt,t) = vCt) - x!O , t o f ( 6  

Note: We can tennfnate the com~u ta t i on  w i t h l n  XALP ( f o r  which we have - e(t,t) = 3 t b  T 
s e t  up a s w c l a l  prima1 alsorithrnl, should the computatfonal 

e f f o r t  be exctsslve. 
6.2.2 The fFlVEl Ctransshipment node var lable m d t f l c a t i o n )  Step. 

. . - . - - - - -  -- 
The above a re  e e r t a l n l y  no t  a11 conceivable interchange ~ t e p s .  

We have exper imentd w i t h  some others. But t h f s  f a  a mat ter  i n  
A. i!e consi-der the Cual variables which appear i n  911, as u e l l  as the  

whfch one m s t  procecd w i t h  some caut ion i f  the a lso r l thm i s  t o  
slacks g(t1. ?!e e x p l i c f t l y  focus on the possible increments AS(:), 

be manageable and fast. \Jc a l  lode t o  some fu r t he r  inprovements 
but ) ,  dv r ( t , t ) ,b~( t )  and b t ( t ) ,  keeping a i l  other dual var iables 

l a t e r  on. 
and the slacks e(t,t), not necessarl ly the e(l,j), i C j  , mnstant .  

6.2 Som. Deta l led Algorlthrnic Steos. 

I n  t h i s  sect ion we gfve d e t a i l s  fo r  the steps 1 ( i n i t l a l i z a t i o n ,  

3 and 5 (TNVM), and XALP. 

:le intend t o  increase the ob ject ive fÿnction, i .e., t a  

maxiraire a 1 inear fr inction 13 :Ne i n c r c ~ n t s .  This fi inc;i~n i s  

separable I n  , so that  one can consider the case f o r  a pa r t i ca l s r  
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t o  now were a l t e r e d  o n l y  i n  t he  XALP step. One can o b t a i n  

n o t  i ceab le  lmprovements I n  t h e  dual  o b j e c t i v e  ' f unc t i on  r r i  t h o u t  2.  

tmploylng the  f u l l  LP f o n a l  lm o f  XALP, 

3 , 

- l n  sumnary one-may say, a f t e r  sone p r e l  im inary  computatlons, t h a t  
- 

( 1 )  and ( 1  1 )  t o g r t h e r  have rouzhl; t h e  same a f f e c t  as XALP, b u t  a re  
i 

: m c h  t as te r .  Overa l l  , thare  1s a s l  i g h t  ' lmprovanent i n  t he  dual  9. 

objective funct ion,  b u t  n o t  as much as one n o u l d  1 i k e  t o  see. 

One f u r t h e r  improvcment would be t o  use L dual  incre3cnts  {(Zl 5 .  

Ins taad o f  one incranent  s i n  the  a u x i l i a r y  LP. The r e s u l t l n g  

r e l a x a t i o n  should be benef i c l a l .  

#e a t r o  consldc'r s o î v i n g  one Lagrangean probïan p e r  i t e r a t i o n ,  1 t 6,  

i s  known t h a t - t h e  co reswnd ing  ZP(ZRL1 a r e  n o t  monotonie (as I s  ZD), sa 

t h a t  one mtght  g e t  good prima1 solutions a long the  rray, Ue f i n d  t h a t  we 7. 

can i n i t i a l t z e  the  Lagrangean problcms e f f l c i e n t l y  so t h a t  the  

f o r  the simple p l a n t  l oca t l on  problem", (based on a Technical Report 

I n  Danlsh, of 19671, Annals o f  D iscre te  t4athematfcs 1 (19771. 

O. Erlenkot ter ,  "A dual-based procedure f o r  the uncapacl t a t e d  p l a n t  

l o c a t  ion  problem", Operat ions Research 25 (1978 1. 

H. Gulgnard, K. Spielberg, "A d i r e c t  dual method f o r  the mixed p l a n t  
. - - -  - . 

-1oakfon problem w i t h  some s lde  constraints",  Mathematlcal 

~ r o g r a k i n g  17 (1979). 
- - 
M.-~" l tnard,  K. Spielberg, U. Suhl, "Survey o f  enumeratlvé mcthods 

f o i - i n t e g e r  ~ r o g r m i n g " ,  Proceedings, SHARE 51, Aug. 1978. 

M. Gulgnard, K. Spielberg, "Search techniques w i t h  adapt ive fea tu res  

f o r  c e r t a l n  l n tege r  and mixed-integer p rog raminz  problems", 

Proceedlngs, IFlPS Congrers, Edlnburgh, North Holland, 1968. 

M. Guignard, K. Spielberg, "The s t a t e  enumeration method f o r  mixe4 

zero-one programing", I BM Phi la .  Sc1 . Rep. 320-3025, 1977. 

E.L. Johnson, U. Suhl, "Experiments i n  i n tege r  programing", i S:.t 

Research Report, subn i t ted  t o  Appl ied D iscre te  t4athematics 1979. 

r a s a l u t i o n  o f  the re laxed p r o b l m  ( t h e  t r a n s p o r t a t i o n  problcm w i  t h  3 ,  K. Spielberg, "Logical reduct ion  methods In  zero-one p rog raming  

modlf i e d  cos ts )  1s fa1  rl y I n e x ~ e n s i v e .  (Minimal p re fer red  variables)", based on IBM Phl la.  Sci. Rep. 

F ina l l y ,  o f  course , one needs t o  z e n e r a l l r e  t he  mode1 i t s e l f .  A 320-3013, 19721, accepted f o r  pub1 . by Operat ions Research. 

f i r s t  s tep mlght  be t o  permi t  shipnents f rom the  f i r s t  (source) l a y e r  to 9- K. Spielberg, "Enunerative nethods l n  ln teger  programine", Annals 

any laver, and frm any l a y e r  t o  the  dcmand layer .  Then, one c i ight  wish o f  D iscre te  Mathematics 3 (1979). 

t o  t r e a t  completc ly  gencral  nc txorks .  t?ost  I i k e l y ,  t he  n a j o r  d i f f i c u l t y  10- K. Spfelberg, U. Suhl, " ~ n  e f f i c l e n t  experimental enmera t i on  

w i l l  be t o  ge t  good bounds on t h e  sun o f  t he  shipments x ( t , t1  over program f o r  0-1 problens w l t h l n  MPSX/370n, t o  appear as 1st: Research 

c e r t a i n  subsets o f  1 as suggested by the netr fork s t r u c t u r e .  Report, RC.., , 1979. 

11. H.P. 9111 iams, "Experlnents l n  the fo rmula t ion  o f  in teger  

8. Ref erences . programming problems", t.1athcnatical Programing Study 3 ( 1 9 7 % ) .  

1. O. a i lde,  J. Krarup, "Sharp l o a e r  bounds and e f f i c l e n t  a l s o r i t k a s  
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L o ~ i  c a l  Reduct i o n  tle thods i n  Zero-One Programmin,? 

( t l in i i i ia l  P r e f e r r e d  Va r iab les )  

I lon 1 que Gu i pna r d  

a I n  t he  f l r s t  p a r t  o f  the paper, the  concept o f  l o g i c ~ l  r e d i i z t i o n  i s  

presented.  I l i n i m a l  p r e f e r r e d  v a r i a b l e  i n e q u a l i t i e s  a re  int roduced, and 

a l g o r i t h m s  a re  g i v e n  f o r  t h e i r  c a l c u l a t l o n .  A  s imple  i l l u s t r a t i v e  

example 1s c a r r i e d  a long  from the  s t a r t ,  f u r t h e r  examples a r e  p r o v i d e d  

l a t c r .  The second p a r t  o f  the paper descr lbes  c e r t a i n  p r o p e r t i e s  o f  
/ 

t h e  generated l o r i c a l  i n e q u a l t t i e s .  I t  then e x p l a i n s  some o f  the  

decreases Qf computa t iona l  e f f o r t  r rh ich  may be ach ieved by the  cise o f  

a l n i m a l  p r e f e r r e d  i n e q u a l i t i e s  and o u t l i n e s  a  number o f  concre te  

a p ~ l ' i c a t i o n s  w i t h  some nur,r;lcal r e s u l t s .  F i n a l l y ,  a  nueber o f  n o r e  

recen t  concepts and r e s u l t s  a re  discussed, among them the n o t i o n  o f  

"probing" and a  r e l a t e d  zero-one enurneration code f o r  l a r g e  sca l  e  

pvroblems under the extended c o n t r o l  lanpuage o f  !lPSX/370. 

K u r t  Sp ie lbe rg  

1814 Corpo ra t i on  

H h i t c  P l a i n s  
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I 

' broad and Important a ~ ~ I l c a b 1 l i t y  (sec sec t ion  3 f o r  f u r t h c r  d e t a l l s ) :  

' a )  10w deeree Incqua l l t i cs ,  dc r l vcd  a u t o m a t l c ~ l l y  from the cons t r a i n t  

set  ( Inc lud lnc  tenerated Benders cons t r a l n t s )  al lovr the f i x i n g  o f  

. msny 0-1 var iab les o u t r l t h t  (espcc la l  l y  by "probing" as suzgestcd 

i n  Guignard, Spielberg, Suhl [lii] 1. 

b)  i n  add l t f on  t o  a)  the i n e q u a l l t l e s  can be used t o  guide the search; 

m r e o v e r  the l o ~ l c a l  procedures can be employed i n  l a rge  sca le  

enrrncratlon codes, us ine e f f l c l e n t  data s t ruc tu res  w l t h l n  the 

e n v l r o d e n t  o f  a  production LP system, as I n  Spie lberg , Suiil [ZG] 

( a l  so Jqhnson, Suhl [18], who e x r i o l  t more t enc ra l  Gamry-Johnson 

c u t t l n g p l a n e s  C7]). LIkbL,N 

c )  ~ ~ s i l v e l y  large t r a v e l l  i ng  problcrns '(up t o  more than 300 c i t l e s )  
A 

have been resolved completel y  by a  branch-and-boond code a f  t e r  

s u i t a b l y  chosen logIca1 l n e q u a l i t i e s  (more complex t l ian the oncs 

descr lbed here) have l+.n generated and added t o  an o r i g i n a l  

formulation o f  the prOL1.m; see Crowder, Padbers [SJ. 

d )  l a rge  mixed In teger  problams, w i t h  thousands o f  contlnuous and 

hundreds o f  0-1 variables, a re  c l e a r l y  prime candldatcs f o r  l o g i c a l  

reduct lon (over Benders i nequa l i t c s  (sec [z]), f o r  cxanple), s ince 

the  logIca1 rcduct lon work w i l l  be n e g l i g i b l e  comparcd t o  thc o the r  

. data-processinz chorcs vthtch are nccessary; I n  sme  scnse, the 

o x c e l l t n t  r e s u l t s  o f  ttalrs, Uakefield, Johnson, Spielberg 1213 can 

be vlerted l n  t h l s  manner (another way o f  v lcwing t h m  1s as an 

example o f  successful  d l  sa~erega t ion ) .  

e) the a d d l t l o n  o f  l o g i c a l  i nequa l l t l e s  t o  the glven cons t r a i n t  se t  

( a f t e r  f u l l  logIca1 e x p l o i t a t i o n  as under a ) )  can render la rge  

general p r o b l m s  cary (o r  eas le r )  f o r  product ion branch-bound 

codes. 1 

f )  normal penal ty  (espec ia l l y  reduced cos t )  In format ion can o f t e n  be 
1 

comblned; w l t h  l o g l c a l  ln format lon t o  lead t o  subs tan t i a l l y  

strengthened pena l t i es  and bounds (sec the not lons o f  

"propagst Ion", "add 1  t 1  v'l ty"  and "pers i stcnce" 1. 

Def l n i t l o n .  

Conslder a  l i n c a r  s y s t m  of a I n c s u a l i t i e s  i n  n  0-1 variables 

y(l),...,y(n): 

A .  y 4 b  (1 
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COnslrler ror: 1  of (11, I C  l . L e t  i I ( i )  Iaa t l in saf or  j sucil tli,ir a ( l , j j ~ a .  ( 3 )  I f  h ( l ) J c ( l , j r ) ,  te r * - inn t r .  

zTci1 a( i , ; ) .y ( j>  +&Qp< i , j ) . y ( j )  C b ( l )  (3) Othcrtrisc, s c t  h ( i )  to  h ( l  ) -c . ( i , j * )  rnc' r(i,j*) tc. O. 

**rc r ( 1 )  [ j ~ ~ ~ l ~ ( l . j ) ~ O ~  rn-! ) i ( l )  . fitJIpti,j)40(i , ( l n  c f f e c t  onc rclds t a  t 1 . r  cu r ren t  ( 6 )  tlv m u l t l p l c  

CurrCnt nc+clc, the y( j nust  s a t i s f y  

L n ( i , j ) . ~ ( j )  4  CI) 
MO 

and tbc c  tkrcspondinc n i n i r i a l  p r r : r r r r c  se t  E(i  l r e r  :- c t v r n  f 
lncsual i t i e  o f  rucl: a typc, nrmcly for :  

' z ~( ; ,q ( l , i ?  . N Y ( J )  =/?JI) ( 5 )  

p ( I )  < 0, cS( i , j )  < O f o r  n i 1  J E J ~ I )  , 

1 )  Thc condi t l o n s  w i t l ;  l n rqua l  i t y  ( 5 )  cr,r.i!rr! the cx l s tcncr  of n 

p r c f c r r c d  set.  Thc d e ~ r e c  d ( i )  i s  r t  1:;s: c r . ~ " !  to I.l(i! 1.  TI-@ 

~ p c c l s l  cr t r  o f  t.oirbty J( f ) ,  d ( i )  - PI i s  i n t r r - r r t - r !  ;is 

lnfcas11:ll l t y .  

This alf:orithiii y l r . l8 f$  e rnir.ia;r>l "lac;.l" (o r  "r*r,-~:u)  cor..^- t!cr f i  4 ( 2 )  of the o l ~ o r i  t l r i  ûi:munts tr sn or<!- .r fn? and fil ~ P : ; R ~ I ' ~ < ~ P  0: 

z ~ r ~ - o r l r i n  P n ~ r . ~ r l t i ~ ~ r t ,  .i!l?ec one srt. ~ ( 1 ) .  q( 1, j ), (>,( 1) R 1) nl ln lnn:rs i . ~ ~ ~ i m , - ~  r~i?niFcr PT %(i,i) f o r  2 ~ i \ . ~ i - l  p ( l ) .  

t o  N(i) ,  a f l t j ) ,  b ( i )  and ~ ( j ) ,  r~spcc t i v c : l y .  AS r r l l l  ! c -+}.,nr:ri I n  tlic zc rc..-r.:. . ip cnipnr r ; - t l r , r  i-rccr.d~irc (.roi- 1 < drrl in d ( i )  ) 

In ter ,  i t  f ! f . 2 ! ~  ~ ~ l t l :  t1.e mnrr ~ c . n r ' r ~ l  ~ 2 s ~  <,f mrr ic rn l  V S ~ ~ ~ , I . ~ I ~ S  r cs t  r l c t r  farwsrd l - . r~ncbrs  t o  i! mir in ia l  rrc -5  < : r r c !  se t cP tl r ~ ) ~ s t r r . :  

(o r  " S t r o n ~ " )  çn.,r!!tic-mr f o r  t l ic  iflrcu:.l l t : .  ( f i ) ,  i c i  ~ ( i  ), ,.,,( 1, ), ( J . ) ,  iipc!nprd fo r  t h e  : ; t ~ t r r r  o: t i  r  cni!::~ r; t l r w  r;r,rï,-h, P i  (1: 
N 

Q(i) ET,<: ~ ( i )  ?I.P d c f i p ~ i :  < l i f f ' r r cn t l j . ,  . sui. :. 1i . r . t .  1 a l  cct.~i<..ciit.:; <\v-.r t icri IZ 1 i x l * l  i t -  i t  CIII;~.::'~ .-': 111::. 

Exaclpl o: (t.!EC) 

14EC doas i i o t  y l c l d  a  ni.p.1. a t  the o r i c i n ,  as p( i )=a .  
The cons t r a i n t  bcconics c f f c c t l v c  a f t c r  a brancli on y l :  y l t l .  

There a rc  tlion .--- fou r  degrcc 1 incqual i t les, nainel y  y 2 = ~ 3 = ~ 4 = ~ 4 ~ 1 .  - - . -- - - - - 
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l n e ~ ~ i i n l l t l r - s  et) f rcst tcnt ly  y l c l d  l t w  vnlui?s o f  d. Ilciicc, ndtllr,p. 
( ~ ~ c : ~ ? ~ ~ ~ ! ~ ~ ~ ~ ; . I I ! ~ , ) .  I f  I t  1s c lcnr  that  f l x ln r :  y ( j )  n t  1 ( O )  r r l l l .  

Uenders I t i cqun l l l I c !~  t a  tl ic orleInn1 canstrr lni-  set can t rnn r fo rn  lcad t o  nii ui>~laLi~rl n ~ 1 t r . 1 ~  Q' wtth (1' t l  - 1. ' 
4 

on w s u l t n h l c  prabtcm l n t o  3 sul tahle ona. Glvoii n rnaronal~lc 
' SOH(U~~W hQ( l ( f~+ 

boiind an t l ic o i ~ j e c t  Ive fttiicllon, t lm dccrao 1s e n  foiincl t o  bc y ( j )  l a  O-contrnctlfia I f  air q(l,J) 0 -1 

2 over trios: o f  a brsnch and bound t ree ( f o r  oxx : :~ lo  f o r  the 5 7  rrmr, y ( j )  I s  1-contrnctlnit I f  3 1 2  n(1,j) = +l. 
7S vartabla prohlen o f  m] 1. 

J I n  t h l s  c nnectIon I t  should ha noted that  the r td i i c t lon  
l 

procedurc ' tmrk e r s c n t l a l l y  ron-by-rm. They ck, net, I h  'l 
thcnrc Ives, capturc t h  l n tc rnc t ibn  o f  ttia constralnts. Rut thnr 

Ilri sny that  y t j )  1s W l ' e - w t r n z t f i r c !  I f  1 t I s  bat11 O- and 

1-mi t rac t in r . .  -- For ttie ~ a r t  - - c x m ï c ,  - y ( ~ ) ,  ~ ( 3 1 ,  y(6) ,  "(10) 

an y < l l l  are double-contraetIn(. Double-contraction ImplIes. P 
s h A l d  be noted, that  the n.p.1.'~ derive from a t  leas t  hio 

1 1  I t I a.1 4 a  Hi+efi~ q L i r $ i ~ i f ; c ( i t  

a u t ~ t l c a l l y  focus on the nost  tonstrntnlnr. t i tequal l ty  (c)r 1s . (II the m e c l a l  case r1=2* 

dos l r rb lc )  end they aira. I n  a sans=, capture t h r  I n t c t r - l r t l o n  Quadrl l a te ra l  Patterns: - bettvaen n r ta ina l  I n e q ~ l l l  t les, the ttypcrrcube constrn Ints, and tl:e 
Qiiatlrl t a t c rn l  non-tqrn m t t c r n s  o f  Q w r n 1  t the d l  r c c t  

xora-one condttIons. 
c l  Imfnntftit i o f  var lnh ler r  

For s u l t a l ~ l a  problsms, we'dIscuss g) useful i - m t r l x  propertles, 

b) r i a o i e  il0 SCIIMO(?S, C )  otlier, more congllcatod, cnpl lct, t toi~s. 

( 1  1 COII~ i . ,~c t Io t~  Vi.ci!~-ri 1 ~ : ; ~  

kltion d>R, considt?r tlte c f  fcc t  of "brnnchln~" an' n vnr l  al~lc? 

y ( j )  I n  an eniritibrii: Ive srl~nim. Hc ssy th i i t  v i i r l i i l ~ l c  y( j ) ,  o r  

Inofex j, or the I ~ r n t ~ c l i  l ;self 1s f - ~ ~ ~ n t r i ~ i J ~ ~  

') : *, -' > y(1) = Y ( ; )  

I n  t h l s  fashfon , on. i:hiy C i x  nlnr: o f  Ltec ibwlvo varl;rl,lt*r f<:r 

S i t v  !.tScoiitl rit i: irrlcnl cret.~plc, a I i ipl ;~ l'y rt.ciiicL ion aivl Llic i t : . ~  

o f  O For d 1. nii*I t l  2. 



4 

' & - cycles ( f o r  d-2) and detect lon 'of  the 3-cycle. 
i 

I k r e  colp l lcated patterns of Q are alsa of In terar t .  l y  a cycle m 1 k-cycles n l t h  a l te rnat ing  slrns, k)2 

mnn a pat tern of k rows and c o l m s  o f  the forma '! z m t t y  encounters patterns suctt as 
-8 t4 

For k-2. t h l s  was case 4) o f  contract ion 

p r o # r t y  S. The'smo l l p l l c a t l o n  Ir v a l l d  .... 
, wh.n a stands f o i  + l  o r  -1 . f o r  811 k>2. 

a i l  x i -  +t 'cwli na> + ~ ( 2 1  + ... + Y ( ~ I  4 

I I' 
a11 x - -1 1-W. MX) + ~ ( 2 )  + ... + v ( ~ ) A  m m  . 

These a r a  Ml ooc#tralnts. Uh l le  not  o f  the n.p. 1. 

t~m,   the^ der l#  -, m.).l.*r by 'addition and d f v l s l o n  by 2. The 

derlvatloci r(l bL If It ames f r a  f r a m _ i o n l v  constralnt.  

~ u n p l e :  SYI ~L;C+WS 4 6 II~DII.S YI + y2 + YS 4 1 . 
-8tm &os. rl*~.â=l, vl+v3i l ,  y2+y]lil8 and addt t ton 

of the- o w ~ n l n t s  I d s  to  Z.(yl+y2+y3) 3 and t o  

the conclusion. 

lram th. nature o f  Q I t  f a l l w s  Out the rlfht b n d  slde 1s the 

zero vector. ibnce one hasr. 

The der ivat ton 1s more valuable I f  the Implication fo l lmts  from 

=ara1 o r l s i n a l  i n c ~ u a l I t t e r  onb .  

ExUPle: 

0 Syl + 7y2 + 3y3 6 C 

@ 611 + 3y2 + 4y3 4 7 together lmoly y 1  + y2 y3 4 1. 

Nefther o f  these i n e q u a l i t ~ l s  s u f f l c i c n t  alonci nor &CS thotr  

suni helv. 

l lut @ I m ~ l l o  y l+y2c l  and y2+~351, and @ I w l t r r  yl+y341. 

Hence, as above , onc has the conclusion v i n  ceneration o f  the 

v(k) A v(1) a ~ ( 2 )  & ... y(k-1) A v(k) 
I 

80 that  a l 1  y(f 1 are equal, J 1,2....,k . Hote ara ln  tha t  these 

ia.p.t.*i c i n  net'have artsen f ra  a slnr). o r i ~ i r a l  constrs lnts ' 
I 

(oth.n;l'e a l 1  ent r les  I n  a cohnn w w l d  have t o  be o f  epual slrn), 

.r> that  these Imol I u t l m s  are bv no m s  t r l v l a l .  

~ l r d  eau: k-cycle w l th  a l t e r n a t t i y  slgn except f o r  one c o l m .  

We glve Just o m  case, ruch a r  i n  th. w t t e r n  

n l t h  the l a s t  col rnn not a l t e f ~ t l n a ~  Th8 

r l g h t  hand slde vector 1s (1,Oe@*...-,@). 

Addina a11 constra lnts '.ther than th. f l r s t  

g. obtalns: y ( l )  + y(k) 4 1 

ad 1 + k 4 0 ,  l e .  v(k)=O by u s e  1 ef  the 

contract ion property 2. There are c lea r l y  ether uatterns uhlch n i I I  

d u c i !  t o  other cases dlscuased under contract lon prooerty 2. 

' f i l l e  suck special cases are o f  in teres t  i n  pr inc lp lc,  t t  Ir not  

cer ta in  that  one w t l l  n ish  to  exp lo l t  t h m  cmnwtational ly. The reason 

f o r  t h l s  doubt i s  tha t  the teclmique o f  p r o l i i n ~ ~  d l~cusscd  la t c r ,  w l l l  

au tonr t lca l ly  lead t o  the e f fec t i ve  exp lo l ta t lon  o f  such structures 

of derree 2. 
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sha l l  here dlscuss Important speclal cases whlch are qu l te  cocmnn. Let 
U 

8 

si~hprcl~lrmr> r c t ~ i i l  r c  t l w  salcct Ion o f  r 1 111rrar prnrr; tm. 

I t  I s  c lcar  tha t  rrnr k o f  9 rcprn.sants nnnthcr type n f  . 
dlshotmy nhlch may Iw more 1ntcrr:stlnr.. I f  J(k)  Ir tltc s c t  of  

thout- lndlccs f o r  whlcla q<kO j )  f 6, f h w  one mst Ibc cnncerl~rd 

w l t h  the 4 pre fe r re l  p o r s l l ~ i l l t l c s :  y ( j )  = 1 f o r  j 6ri(k) 

a(k,j) = -1, and y ( j )  .I @ f o r  j (LJ(k )  nnd q(k,j) = 1. 

W s w c l a l  I n te res t  4- w a f w r e d  brnnchcs wh lc l~  rc:qulrr- rm 

work. E.I., diqrtnr. tlrc enlmfrttcm MI ~ s u d l l y  has a "currvnt 

tableaiin I n  whtcb #a ~ r l a b l a s  ÉnLo oi, t u r r e n t  values. I f  the 

currdnt valu<! o f  a -&le. 1s t J b c  u# as the pr8ferr .d v;tluc? 

orno rot8 k), cm C~ROCJF C&ke t a r c  o f  that  

1 t v  by & 4 ~  f l * lmg thc L ned s t o r l  n,: t ! ;e  a t h ! r  

poss lh l l  1 t l c r  I* 8 W.? t ab le  (- ta -1 I n  hranch-and-IICLI~<I 

p r o s r r m l n ~ ) .  W. & t l  ' ~ 1 s  sracrd.re afawuz.t,.ixu and the  

respcct lve vortabte - y ( l )  r n-riSrrisr r.wJebk. 
--- - - -- - - 

Propagation 1s o f  par t teu lar  I n t e r e u  when the variables can be chosen 

such that the penalty d the '*n)ll)-teN (s tored l  node 1s larde, so 

tht l t  mal never ne8d.w bo orplored by the RS method. !!InIrna1 

preferred var lable lnequa l l t les  can be used t o  make such cholces 

(of ten so as to  generate, a t  almost no cost, a sequence of alternat. 

nodes w l th  large penal-tles. Below ne sha l l  * Ive s ~ e c l a l  cases 

(frequently o c c u r r l n ~ )  whlch are pa r t l cu la r  favorable fo r  such a 

procedure: see a 1 so [13] . 

( I V )  A d d l t l v l t y  -. and Persfstcncr o f  l a m e  Pcnalt les. 

I n  rom of  Our work WC 11ave concentrated on exp lo l t l nn  l a r ~ e  reduced 

costs and m.p.l.'s v l o  propag~t lon .  lnstead o f  the cencral case, W. 

6 - l0  and l e t  there be a m.o.1. w l th  r p r o p a g r t l n ~  varfable, sey y!j)r 
N 
y(j)+T(hl&l ( I n  row k o f  Q, say), 1.e. l e t  3j)-1 mrrespoml t o  the - 
value whlch y ( j )  has i n  the current optlml tableau of the relaxed 

prob1.n. 

J 
Then the a l  ternate nocie har Y( j ).IO and therefore a lso  ?(L)-I. Let kb 
be th. o v e r r l l  p e ~ l t y  o f  th. al ternat8 node. I t  u n  freguently be 

stmm t o  ôe th.-OC the p .n r i t l es  f o r  ?O)-@ emj Y(h)-1. 

@*tidl t1.1 th f ( =  Y ( ~ J ) - ~ I  +.l(kh)-~) . 
We ca l1  a ro* k o f  (I w l th  t h l r  )rap.rty. and o f  W e e  2'(addl t l v l t y  l 
tus rwantnr fo r  d>2, too), e r i a c t  ~PIL ~ d a c t  v w s  cirisa ooamonîy 

f r a  trro.nonbaslc varlablas y t j )  and y(h)* I lhked by th. n r l n i w l  0.1.: 
N ' 

v ( j  1-y(hl40; 1 .e., y ( j  1-1-YCJ) and ?(h)-y(h). . . 

3 Of course, the s l t u a t l o n  Ds adv~ tagoous  rilrm 1s tiny, but  

e s p c t a l l y  so when the r- cost of y4b) 1s awmi.) lv  la rzor  

than tha t  o f  y( j) ,  so thaZ t h  lrrw # i ~ l t y  n#rsIsts". 

Perslstence o f  ( large)  pwml t lesr  

Hhen (K(y(h)= l )>>f (y ( j  )=O),  then ~ r o p r s a t l o n  not  only r r r u l t s  I n  an 

a l te rnate  node w l t h  large penalty, but var lable y(h) r s r l n s  a f ree  

vartable (y() )  gets f lxed), and the larue penalty pers ls t  ( r m l n s  

avallabe f o r  the oossible zeneratlon o f  othcr favorable i l t e r n a t e  

nodes v ia  the m.p.l.'s, a l te red or  not). 

Example: 1 
3 

For our (6,121 example, the penalties are: ,, 
The m m... 1.'. k=2 and k-6 are perfect: 

'-l 

Y 
4 
IO 
II 

14 



k-6: ~(11) - ~ ( 9 )  &O . 
A l  1 va r lab les  are nonbabtc, end y ( 5 )  and y ( l 1 )  

can he chosen as propagat lng va r lab les  ( a t  O ) .  
(r, 

k=Z: = W(y5-1) *Y(y2-1)-1.8166+3.7'i43=11.55 

k=C, p6 = ?( y l l = l )  +r(v*-1)-b.(178+7.1268=11 .7iik6. 

The.second case 1s better,  f o r  the  l a rge  pena l t y  1s ~t assoclated 

w l t h  the p r o p a g a t f ~  vn r l ab l e  bui w l t h  the v a r l a b l e  l l n k c d  t o  It, so 

tha t  the arger  m l t y  ( o f  7.1268) can be used f u r t h e r  on I n  t l ie 

t ree. 
1 

These pena l t l es  UII b# added t e  h J e c t l v e  f u n c t l o n  value v f  the 

ra laxed 'prob laa (t. ~ 6 . 2 8 ' f o r  th. -le), 80 t h a t  one may s t r r t  as 

fo l lows:  

6.28 y11-0 

y l l - 1  , e t  cetera. 

z)17.71 z)17.83 . 
As one can r e a d l l y  f t n d  In teger  m l u t l o n s  w l t h  z = 15  o r  13  

( the  optimum), the a l t e r n a t e  nodes v l l l  never have t o  be processed, so 

tha t  var lab les y11 and y5 have e f f e c t l v e l y  been f l x e d  a t  O by the 

propagat ion procedu re. 

Caltnw 3: PIII. d 1 u:.cd f o i  f l w l i i r ,  v.iri.i:~lcs 

~ o l ~ m n  1: Siinle as nl>ovti. Rranclics salactc?c! frm C1 hy rlcscciirllnr: 

o rder  o f  coliinm coiints f o r  non-zero c n t r  1 cs 

Colutnn -5: nranches se lac ted  Ity a set sf ~ r l o r l t l e s :  

(1)  F l r r t  c b c !  d o u l ~ l c  ~ o n t r e e t l n r :  va r l ab l cs  

(11) A f t n r  exhnustfon o f  (11, c h s c  t l w  branch 

var ln l> le  tn t c r m  o f  marlnal cntuon count o f  Q 
l ,(Ill Use staidard penal t l e s  t o  IBr6al: t1r.s. . 

~ o i .  the  f b r s t  thrce ~rohtrns t h e  r c s u f t r  arc f a t r î y  ~ m d .  f l i c  
I 

(28,fS) ~~robirtrn, E.G., \*as found t o  r cqu l r a  &lit 17 l l i i e n r  

p r o ~ r m s  ultli a c w 8 ~ ~ w r c l m l  code. The (12,411 p r o h l m  har s(~wr!hnt 

sccn frem Table 2, tlil ri p r o h l m  1s ro1v.d r ~ d i  l y  n k n  Oocpry-Jolinson 

c i i t s  (sce [6,9] ' , arc  iismi. 

TABLE r:. W W  AüR ~~ 

7' :yx 1 t 4 { ~ ~ ~ ~ l  UA; 
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3. Sitmnary; Recent klork. 

Swmiarv. 

I n  the I n t r oduc t l on  ne have sumnarized var iaus recent and 

possfb le  uses f o r  l o u i c a l  rRductIon and logIca1 I n e q u a l i t i e s  ( i n  Items 

a) t o  f 11, in t h i s  sec t lon  a- shal.1- e laborate on these po i n t s  

someuhat, drawlnr ln mrt on th. recent papers [14,18,21,251. 

There * x l s t s  e-1 evidwtce t o  sii&gest t ha t  a l 1  o f  the above 

I Items ara Imoortant in  oonr contest and f o r  some problems. A l a rze  

s c r l e  sysiem f o r  ( U , l ) . m d  n i xed  (0.1) p rogramin f i  should the re fo re  

prov lde the c o r r e s z m d l i i l  capabl l i t ies,  t o  be invoked by the itser as 

thœ s i tu .a t ion MY s-mat. Thus the svstun should con ta in  prograrns 

fo r :  

1) Fast l o g l c a l  tbbtic o f  d e ~ r e e  O and 1 ( I n f e a s i b i l i t y  and f i x i n g  o f  

var iab les) ;  such t es t s  have b.ccn Incorporatcd i n  p r a c t i c a l l y  a l 1  

known enumeration codas, bu t  thay have no t  been exp lo i t ed  i n  

Branch-and-Bound codes'. 

2) Fast cons t ruc t ion  o f  lm desree (s t rong)  inequa l i t i es ,  espec la l l y  

those of detree 2 f o r  probina. Such procedures have apparent ly o n l y  

been lmplevented I n  the c i t e d  references, except poss i b l y  i n  a 

rudimentary fashion as "look-ahead" t es t s  i n  sonie enumcrat i ve  

codes. 

3 )  Construct lon of pure (0,l) I n c q u o l i t i e s  durinr! exccut ion o f  t l ic 

a l go r i t hm ic  procedurc, usua l l y  Rendcrs I nequa l l t i c s .  Iimrevcr, 

sometimes o ther  s imple i n e q u a l i t i e s  suggest themsclves r ead i l y  and 

from the s t a r t ,  such as "s ide conditions" (as e.g. i n  (241, al;o 

, 1123); wh l l e  t h o e  may appcar t r i v i a l  on inspection, thcy are o f t e n  

q u l t e  Important I n  un ion w i t h  the o ther  cons t ra ln ts .  

Th is  Ita 1s abso lu te ly  necessary If l oa i ca l  reduct ion 1s t o  be 

employed a t  a l 1  f o r  n l xed  (0.1) Droblans. i t  1s essen t ia l  f o r  pure 

, groblems from a p r a c t l c a l  mlnt o f  v l m  when the i t iven cons t r a i n t s  

a ra  n o t  themselves o f  lw der- ( k n d t r s  I ~ u o l i t l e s  tend to  be 

o f  lw ,degrec 1 f ~ o ~ d  u w e r  liounds, on z ara  knovin o r  can be 

conj ec t u  red 1. 

0 ProcedJres f o r  " I g ~ ~ v i n ~ "  a gtr" .it of pure i n t ece r  c o ~ i ~ t r a l n t s .  

There ex 1 s t  a number o f  pass 1 b i  1 1 t les. e r e n c e  01 pursues one 

approach. Another s p p t o Y h  1s t ha t  o f  t r y l m  t o  tenera te  "strong" 

Benders i n e q u a l i t i e s  from th. s t a r t .  One may e x p l o l t  the (c isual ly )  

g rea t  w l t l p l  I c i t y  o f  dual so l u t l a#  t o  the re laxcd l i n e a r  program 

t o  choose dual va r iab les  wh l th  y l d 4  s t rang  I nequa l l t i e s  ( o r  

'coeff i c l qn t s :  sec [211 where an a t m t  Ir made t o  ob ta i n  maxlmal l y  

e f f e c t i v e  "gain-funct ions" which are, de f a c t ~ ,  improved 

c o e f f i c i e n t s  o f  Benders inequa l i t i es ) .  

5 )  Add i t ion  o f  a l 1  ( o r  o f  selected) l o g l c a l  inequal' i  t i e s  t o  the 

eons t r a l n t  ma t r i x  f o r  the  purpose o f  strenfithenlnr. the a u x i l  l a r y  

l lnear programs (o f  e l  the r  the Branch-and-Round o r  Enuncrat Ion 

method employed). One rnay rr ish t o  add on ly  a subset o f  t l lc  

~ e n e r a t e d  l o e i c a l  inequal i t ics ,  f o r  exanpla those r l l ~ i c i i  v i o l a t c  

some cond l t  ions (such as a "current ly"  ava i l ab l e  LP cons t r a i n t  set; 

one secs hera a connect ion t a  the w e l l  knum c u t t i n ~  plane methods 

of Gomery and o t l ~ e r s )  . 



6 )  Computation of pena l t l c s  ( o r  a t  l e a s t  o f  reduced costs, i.e. o f  

pena l t i es  f o r  the nonbasic var iab les) .  

Computat ion of s t rent thened 'condi t ional "  penal t les, zuided by the 

l o g i c a l  const ra in ts .  l n  a d d i t i o n  t o  u t i l i z l n ( .  t h i s  in format ion f o r  

the  p o ~ s i b l e  f i x l n ~  ( o r  "r lmostw f Ix in.7:  see propagat ion) o f  
1 

one mer take the  I m v e d  pena l t l c s  as a  c r i t e r i o n  f o r  

---- - - - - 

.It I s  c l ea r  t t a t  the l l s t  tr net exhaustive, and tba t  therc i s  

much r o m  f o r  va r i a t i on .  Sut It sugxests somc important d i r ec t i ons  I n  

vrhich product ion codes skould be enhanced. 
- - ----_- - - - -- -- - 

Recent large scale work. 

Ne f i r s t  descr ibe somc features o f  the (pure ly  exoerinicntal)  code 

"ENUM" o f  referenCe (251. I t I s  desCgnod so as t o  lmplament po i n t s  1 )  

t o  3 )  i n  a  h i&h l y  o f f i c i e n t  mn+r, and . bdwrses  p o i n t  61 t o  some 

extent.  The main fea tu res  o f  WlJH are: 

. use o f  a  f a s t  and r o b u l t  t l pea r  ~ r o s r g m l n &  system ( l n  t h l s  

instance, iBM1s M P S S / ~ ' ~ U ,  w l t h  I n t e r f m o s  provided by t t s  "cxtended 
I 

cont r o l  language") . 
. data-s ructures and r e l a t ed  p l o c e d u r e ~  whlch assure the c f  f i c i e n t  1 

lmplcmcntatlon o f  l og i ca t  t e s t s  ( e s ~ # l a l l y  o f  probinl;) featured i n  . 
l t h i s  paper. 

The idopted data s t r uc tu re  cons4qtS o f  a  r im-n ise s torase o f  the 

nonzero coefficients i n  d e c r e a s i n ~  orbi r  o f  t h e i r  absolute vali ies. I n  

add i t i on  to  the ossaciated row and calun ind ices , one requi  res a 

c o l w n - l i n k  and n  column pointers .  

Logical  tes ts  can then be 1  im i ted  t o  those rows whlch have 

recen t l y  been updated, and , r i th in  a  row they a re  no t  on l y  I i ~ l t e d  t o  

the nonzeros bu t  can a lso  be stopped as soon as a  c e r t a i n  cond i t i on  

a r i r es .  Thus, there are no redundant operat ions. I!oreover, the 

s t r uc tu re  permits the rcady add i t i on  o f  dcr ived in tencr  inequa l l t l es ,  

such as Benders i n c q u a l i t i c s  o r  l o t i c a l  cons t ra in ts .  

I n  a  f i r s t  phase, s t rong h e u r i s t i c s  are enployed , based on the 

cur ren t  l i n e a r  programning so lu t ion,  i t s  reduced costs  and an o rder ing  

o f  the var iab les which has some s i m i l a r i t y  t o  t h a t  o f  propagation. For 
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This paper investigates the structure of the Integer 

Progrunaing Polytopa of an uncapacitated (simple) plant 

location problcm. One can describa families of fractional 

vertices and darive from them valid inequalities for the 

integer problem. soma of these vil1 actually k shovn to 

be faceta of the integer polytopa. Also sonc families of 

SPLP with l u g e  duality gaps will im described, together 

with facets which bridge these gaps. Uuch of the ~otivation 

stcp. fraa algorithaic work in which the exploitation of 

'good" cutting pluras within a direct' dual a1go:i thm hava 

b e n  shown to be of crucial importance. 
1 



O. IUTRODUCT ION 

This paper inves t iga tes  the  s t r uc tu r e  of the  LP polytope of 

an uncapacitated locat ion problemr 

SPLP (m,nl : l i n  I 1 cijxij +i:I f i ~ i  
%,y i c 1  jcJ 

vhera 1 is r set of m possible  p lan t  locat ions,  J a set 

of n des t ina t ion  points ,  xi,. the r a t i o  of the  requircment 

of j cJ  s a t i s f i e d  from loca t ion  ic1, and yi, a 0-1 var iab le ,  i s  

1 i f  and bnly i f  locat ion i c i  is open. ci, is a nonnalized 

c0.t of shipment from i to j ,  and f i  1s a f ixed charge 

associated with opening p l an t  (or location) i c l .  

W e  assume n L m L 3. 

We w i l ? .  f i r s t  construct  famil ier  of f r a c t i ona l  ve r t i c e s  of 

the  LP polytope, and generate from than val id  cu t s .  He w i l l  then 

prove t h a t  wme of these c u t s  a r e  face t s .  

Pract ional  ve r t i c e s  have been characterized i n  Theorem 8 

of [ 2 ] ,  where ce r t a i n  cu ts  a r e  proposed without proof. I n  

t h i s  paper we construct  s im i l a r . i nequa l i t i e s  and der ive  from thcm 

cu ts  which a r e  shown t o  be f a ce t s  of the  in teger  polyhedron. 

W e  have shown elsewhere, [ I l ,  how such cu t s  can be (and indeed 

must be) exploited v i a  t h e i r  associated dual var iab les  within a 

d i r e c t  dual  algorithm ( fo r  t h e  more d i f f i c u l t  capaci ta ted p l an t  

locat ion problem and f o r  pure in teger  cuts l  and expect t h a t  a 

s imi la r  approach may be aven more e f f ec t i ve  when s u i t a b l e  f a ce t s  

a r e  constructed and u t i l i z e d  during the  calculations: 

In a second par t ,  w e  w i l l  study famil ies  of SPLP with l a rge  

dua l i t y  gaps, and show t h a t  f o r  thase one spec i f i c  f a c e t  bridges 

the gap. 











1s a pos i t ive  i n t o g u .  

Corollary 11.3 

1  ru,^,^ 1s a v a l i d  i n r q u a l i t y  which e l h i n a t e s  X (a,'); , T ,pl . 

Consider again the o x u p l e  of soc t ion  1. Suppose q-O. 

Wo must 'f ind a . , n, , p o s i t l v a  i n t w o r s  such that 

1t is c l e a n  t h a t  nl = n2 = n3 + n7 = n4 + n5 + n6 

Thus a = nl + n3 + 4 * n 3 + 5  

= nl +2n3 +In7 

= n1 +2n3 +Zn7 

=2nl + n3 + n7 

=Znl + n j  + n7 

and f i n a l l y  a = 3nl . 

and a = 18. 

m o n  I 

?or X(o,f . , t .p)  th. l e f t - h n d  s i d o  is 7 + 4=2/3 = 9 2/3 

and Fa is v1olat.d. 
P, Q 

j 

n j  

III. S m  FACETS OF SPLP(i,n) . 

1 2 3 4 5 6 7 

6/1=6 6/1 O 6 6/2 O 3 6/3 I 2 6/3 O 2 6/3 I 2 6/2 = )' 

Consider now p = O, q = n - i a n â  J = X . 
q 

r u r ~ , q  b0cm.i 

t t < t y i + m - 2  
j c ~  i + o ( j )  Xi j  - ('a, r) 

Rather than h i n g  derived from the  previously t r s a t e d  v a l i d  

inequa l i t i e s ,  these  face ta  could a l80 be generated more d i r e c t l y  

w i t h n j  - 1  . Bowever, t h e  simple form of the  v a l i d  



i n e q u a l i t i e s ,  and t h e i r  d i r e c t  r e l a t i o n s h i p  wi th  f r a c t i o n a l  v e r t i c e s ,  

may rnake than impor tant  i n  their own r i g h t s ,  f o r  exunple i n  a 

s h p l u - b a s e d  algori thm. 

P ropos i t i on  II 1.1 

I 
?a, K is a f a c e t  o f  SPLP (m,n) . 

Proof: - 
We a u s t  show tht Pa c o n t a i n s  mn + m - n l i n e a r l y  independent 

r K  
i n t e g e r  v e r t i c e s  .of SPLP(i ,n) ,  and t h a t  t h e r e  e x i s t s  a t  l e a s t  one i n t c g e r  
v e c t o r  s a t i s f y i n g  F u r f  a s  a strict i n ~ a l i f y .  

i 
a )  (1) L e t  X be def inad  by x,, = 1, y j ,  yi - 1 , yk - O ,  Y k f i .  

1 
There a r e  a n.ch v a r t i c e s  X . 

h (2)  Consider j0 * j' * j2 * ... * j , 

O such that $ k *  j0 v i t h  a ( I l  - O ( j  ) 

h and a ( jO)  - a ( j 5  = ... = o ( j  . 
ut i z a ( jO)  . Then 

1 and f o r  a l 1  Xi , L - O ,  ..., h ,  a l 1  o t h e r  shipmentr a r e  made i n  

O 
row a ( j  ) .  x 

1 - 1 v j  + , O , j  ,...,j ' a n d  yi=l;  

Y 
j i a. There a r e  n(m-1) such Xi . 

a ( j O )  
i 

j ( 3 )  W e  = n t  t o  prove t h a t  { X I  ic1 ,  ( Xi 1 jcJ, i Z  a ( j )  

u e  l i n e a r l y  independent by showing that  

- 
kt u s  fonn a m r t r i x  wbo8e rows a r a  L a d ~ d  by . -, Y" , 

i 
Xll, " ' 8  x,,, , and ~h0.0 c o l u r i u  UO ( t  ), i o 1 ,  and 

i 
The rows x -1 h i v a  only  OM 1 i n  ~ 6 1 -  X , .O t h ~ t  

* , e n  ( i l  
a i = 0 ,  Y i  . 
W i t h  t h e  s u e  n o t a t i o n  a s  above, ve o b t a i n  

s o t h a t  I 0 = O  1 m . . .  - 0  
ijh'l 

- 0  . 
i j i j 

h h The only  runain ing col-s a r e  X! wi th  i + a ( j  ) , 



n 
FI  O 

2 5 5  v  4 
a a v  - C G 3  

>i U - 4 4  
3 t E S  . 2 . u  

- ;  O 
B 

' ? I 
n 

K 4 - ,y Ir, 



I n  the  (x,y) apace, by varying p, K , and a, one ob ta ins  q u i t e  a 

nuaber of v e r t i c e i  of t h e  forin X(u,  K,  r,p). 

For ins tancer  f o r  a-3, n=4, 980 has 36 f r a c t i o n a l  v e r t i c e s  

of the  forni X(o,K, r , p )  9s. 81  i n t q e r  v e r t i c e s .  

S i m i l u l y ,  on. ob ta ins  (2) .ml f a c e t s  ' a , ~  

For example, with a-3 and n-4, one ha. 24 f a c e t s .  

blotice t h a t  ioii~. f r a c t i o n a l  po in t s  a r e  eliminated by 

soveral faceta .  ?or ins tu ioo ,  th0 f r i c t i o n a l  so lu t ion  

On the  o the r  hand, each f a c e t  e l imina tes  mn'm f r a c t i o ~ l  

v e r t i c e s  with p = 0, and many more with p > O . 

IV. DUALITY CAPS AND FXETS. 

We s h a l l  now condider a apec ia l  f rmily  of SPLP(m,n) 's, f o r  

which th0 s t r u c t u r e  of th0 c o s t  matrix is such t h a t  the  continuous 

an& the  in teger  optimal m l u t i o n s  a r e  known e x p l i c i t l y  and th0 

d u a l i t y  gaps u e  very l u g o .  For th080 prob1.m~ wo s h a l l  show 

t h a t  a f a c e t  of t h e  f o m  
Fa, 

bridges  the  d u a l i t y  gap. 

~ o t o  be a s u r j e c t i o n  from J i n t o  1. L e t  C a c j ) , j  

be inf  i n i t e ,  and l e t  c = c , Y i  # a i j . I n  o the r  words, 
i j  

t h e  shipment c o s t s  a r e  e i t h o r  i n f i n i t o  o r  m a l  t o  cons tan t  c. 

L e t  f i  = L , YicI  . Wo s h a l l  denoto t h i r  problun by SPLPio,L). 

Proposit ion IV. 1 

The r e l a t i v e  d u a l i t y  gap f o r  SPLPip,L) cannot exceod 1/2. 

Proof t 

A continuous optimal so lu t ion  w i l l  b. d e t o m i n r d  by: 

YjcJ: x . a ( j ) j  = O *  
V i c I ,  i + a ( j )  , x*, -U(i-1) 

and YicI, .yi = l/ (a-1) . 
The c o s t  of this so lu t ion  is 

pn in teger  so lu t ion  w i l l  correspond t o  tw open p l a n t s  

(given t h a t  a t  l e a s t  one route  is  prohibitcd from an 

open p l a n t  by means of an i n f i n i t e  c o s t ) ,  and an optimal 

so lu t ion  w i l l ,  f o r  ins tance,  be defined by: 



with a tou co.t of 

SI - 2 L + i r C  . 
Tàui th. reiatfvm duality gap a will be 

Take n = 23. Then L should be q u a 1  to 

L = ((10/21) (22)nc)/(23(1-(20/21))+2((10/21)-1 = 220 nc. 

If n - 30 and c = 1 , for instance, we obtain L = 6600. 

Then, zI = 2. 6600 + 30 = 13230, and 

zC = 30 + (23/22) 6600 = 6930, .o Chat indeed the gap is 

a =  (zI - zc)/zI 0 (13230 - 6930)/13230 = 10/21 . 

In o r d u  to gonerata a problom with a given relative 

duality 9.p a , On0 mUSt ch008. 

The cost mtrix looks as f o l l a i  

- 

This makes sense only if a (1 - 20) + 2 (a - l! > O, i.e. if 

since we know that a c 1/2 . 
Ibcample: 

For a = 10/21 (very close to 1/2), we must have 

Proposition IV. 2 

i~ivcn a subset K C J  such thata(l~ = 1, 1 11 1 
1 I 

K bridges tha gap for SPLP ( a  ,LI . 
1 

Proof : - 
'a, K to the conrtraintr of SPLP(a,L) and write 

the corresponding dual problemi 



n i n  L. fi.yi 
i + = j = i Cij .xfj  

Y i :  
Yi 

. O - - 
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Wij  - O Y i ,  Y j  
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