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Introduction 

This report contains the synthesis of my works published or to appear and 

which are listed in the bibliography. 

These different researches deal with the problem of the approximation of 

a function f of the complex variable t whose coefficients of the Taylor 

expansion around t = O are given. This problem is often dealt with and has many 

applications in Physics. 

Generally, one try to approximate f by a rational fraction in t whose 

coefficients depend on those of f .  If we know, about f ,  only the value of a 

finite number of coefficients ( C ~ ) ~ = ~ , . . . , N ,  a useful method is the Padé rational 

approximation : it consists to built a rational fraction whose Taylor expansion 

around t = O agrees with f as far as possible that is, at least, up to the term 

whose degree equals the sum of the degrees of the numerator and the denominator 

of the rational fraction. 

The importance of this theory can be explained by many convergence proper- 

ties for some classes of functions (Stieltjes, Polya, meromorphic). Generally , these 

results proceed from the knowledge of the location of poles of the Padé approxi- 

mant which are actually the inverses of the zeros of orthogonal polynomials. For 

the above classes, the poles of Padé approximants converge to those of f .  

However, Padé approximation does not permit to use some additional informa- 

tions about f ,  as for example, the location of some poles or zeros, or the domain 

of holomorphy. It is the justification of the Padé-Type Approximants (P.T.A.) 

(whose poles are fixed), Partial Padé Approximants (with zeros and poles pre- 

assigned) or Cauchy-Type Approximants (whose denominator is a function), al1 

three introduced by C. BREZINSKI ([Brez 11, [Brez 31, [Brez 41). 

The section 1 contains, mainly : 

- some approximation results for P.T.A. of Markov-Stieltjes functions ([Prev 

11, [Prev O]). 

-a determinantal expression for Partial Padé approximants. 

- a convergence theorem for the Padé approximation to  the product of two 

Markov-Stieltjes functions whose cuts are respectively included in W- and W+. 
([Prev 71). 



For function which can be written as following : 

where I is a compact interval of W and cr a bounded variation function, another 

way to approach f consists, from the knowledge of a finite number of coefficients 

,...,N, in approximating the distribut ion d o  on 1, t his approximation allowing 

to continue the sequence of Padé Approximants ( P.A.) by what we have called 

"Approached Padé Approzimants ". ([Prev 51). 

This method is effective if d a  is absolutely continuous with respect to the 

Lebesgue measure on 1, and is directly related to P.T.A. studied in [Prev O], 

[Prev 11. 

The section 2 contains some results about Dirac masses detection and accel- 

eration of convergence of some sequences : 

If the function a has some jumps, that is if da contains Dirac masses Ai at 

the points ai, we have built a method using modified moments in order to detect 

and calculate the jurnp of cr ([Prev 61, [Prev 81). 

In [Prev 101, we have applied these results to accelerate the logarithmic 
1 

sequences of moments ( c ~ ) ~ ~ ~  (i.e : c, = x n d o ( x ) )  because the limit of (c,) is 

the jump of o a t  the point 1. 

At last, the experience gained about the moment sequences has been useful 

for proving an acceleration theorem for the columns of E-algorithm regarding a set 

of sequences with an asymptotic expansion on a scale of comparison ([MaPr 111). 



This report contains two sections : 

* Padé-type approximants 

* Modified moments 

in which we have especially stressed the applications, the theorems being stated 

wit hout proof. 

Section 1. 

1 : Introduction 

2 : Function with integral representation 

3 : Meromorphic functions 

4 : Markov-Stieltjes functions 

5 : Partial Padé Approximation 

6 : Stieltjes- and Geronimus-type polynomials. 

Section 2. 

1 : Introduction 

2 : c adrnits an integral representation. 

3 : c equals the surn of another functional and Dirac distributions. 

3.1 : General case. 

3.2 : Dirac masses detection in a density on [-1, +Il. 

3.3 : Extension to an infinite interval. 

3.4 : Application to singularities of a function from its moments. 

3.5 : Convergence acceleration of sequences of moments. 

4 : Acceleration property for the E-algorithm. 
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Présentation 

L'objectif de ce mémoire est de faire la synthèse de mes travaux parus ou à 

paraître et dont la liste figure dans la bibliographie. 

Le fil conducteur de ces différentes recherches est le problème de l'approxi- 

mation d'une fonction f de la variable complexe t dont on connaît les coefficients 

du développement en série de Taylor au voisinage de l'origine. Ce problème 

est une question souvent abordée et dont l'importance en physique n'est plus à 

démontrer. En général on cherchera à approximer f par une fraction rationnelle 

de la variable t dont les coefficients dépendent de ceux de f .  Si on ne dispose 

sur f d'aucun autre renseignement que la valeur d'un nombre fini de coefficients 

( c~)~=~, . , . ,N ,  alors la méthode généralement utilisée est l'approximation rationnelle 

dont le développement en série de Taylor au voisinage de l'origine coïncide avec 

celui de la fonction f jusque l'ordre maximum. 

L'importance prise par cette théorie des approximants de Padé est justifiée 

par de nombreux théorèmes de convergence pour certaines classes de fonctions 

(fonctions de Stieltjes, de Polya, méromorphes). En général, ces résultats de con- 

vergence passent par la connaissance du comportement des pôles des approximants 

de Padé, qui sont en fait les inverses des racines de polynômes orthogonaux. 

Pour les classes de fonctions indiquées ci-dessus, les pôles des approximants 

se rapprochent de ceux de la fonction f .  

L'approximation rationnelle de Padé ne permet pas, cependant, d'utiliser 

des informations supplémentaires sur f ,  comme par exemple la connaissance de 

certains pôles ou zéros, ou le domaine d'holomorphie. C'est la raison d'être des 

approximants rationnels de type Padé (dont les pôles sont fixés), de Padé partiels 

(avec des pôles et des zéros imposés) ou de type Cauchy (dont le dénominateur 

est en fait une fonction) tous trois introduits par C. BREZINSKI [Brez 1, Brez 3, 

Brez 41. 

La section 1 contient principalement : 

- pour l'approximation de type Padé des résultats d'approximation pour des 

fonctions de Markov-Stieltjes [Prev 1, Prev O]. 



- I'expression sous forme d'un rapport de deux déterminants pour les approx- 

imants de Padé-Partiels [Prev 41. 

- pour l'approximation de Padé un théorème de convergence vers le produit de 

deux fonctions de Stieltjes dont les coupures sont respectivement incluses dans W- 
et W+ [Prev 71 ainsi que l'utilisation et l'accélération d'algorithmes déjà existants 

pour le calcul des pôles des fonctions méromorphes [Prev 31. 

Pour les fonctions qui admettent une représentation intégrale sur un intervalle 

compact de W 

où a est une fonction à variation bornée, une autre façon d'aborder le problème 

de l'approximation de f consiste, toujours en supposant connus un certain nombre 

de coefficients ( c ~ ) ~ = ~ , ~ ,  à approcher la distribution da sur l'intervalle 1, cette 

approximation de da permettant de prolonger la suite des approximants par ce 

que l'on a appelé "approximants de Padé  approchésn ([Prev 51). Cette méthode 

est efficace si da est absolument continue par rapport à la mesure de Lebesgue sur 

1, et est directement liée aux approximants de type Padé étudiés dans [Prev O, 

Prev 11 (section 2, paragraphe 2). 

La section 2 traite aussi de la détection de dist,ributions de Dirac dans une 

densité ainsi que 1' accélération de la convergence de suites de moments. 

Dans le cas où la fonction û. comporte des sauts, c'est à dire quand da contient 

des masses de Dira.c Ai en des points a,, nous avons établi une technique utilisant 

les moments modifiés et permettant de détecter ([Prev 61) et de calculer ([ Prev 81) 

les sauts de da 

Dans [Prev 101 on a appliqué les résultats précédents pour accélérer des suites 

logarithmiques de moments ( c , ) , ~ ~ ,  c'est à dire vérifiant : 

la limite de (c,) étant le saut de la fonction cr au point 1. 

Enfin 1' expérience acquise à propos des suites de moments a permis de 

démontrer un théorème d'accération pour les colonnes du E-algorithme concernant 



un ensemble de suites admettant un développement asymptotique selon une échelle 

de fonctions [MaPr 111. 

Cette synthèse se divise en deux sections : 

- approximants de type Padé 

- moments modifiés 

dans lesquelles on a surtout insisté sur les applications, les théorèmes étant donnés 

sans démonstration. 

La section 1 : "Approzimants de t y p e  Padé" se divise en 6 paragraphes : 

1 : Introduction 

2 : Fonctions avec représentation intégrale 

3 : Fonctions méromorphes 

4 : Fonctions de Markov-Stieltjes 

5 : Approximants de Padé Partiels 

6 : Polynôme de type-Stieltjes et -Geronimus. 

La section 2 "Moments modifiés " contient 4 parties 

1 : Introduction 

2 : c admet une représentation intégrale 

3 : c est la somme d'une autre fonctionnelle et de distributions de Dirac . 

3.1 : Cas général. 

3.2 : Détection et calcul des masses de Dirac dans une densité sur 

[-1, +il. 

3.3 : Extension à un intervalle infini. 

3.4 : Applications au calcul des singularités d'une fonction à partir de 

ses moments. 

3.5 : Accélération des suites de moments. 

4 : Propriété d'accélération pour le Ealgorithme. 
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Section 1 

Approximants de type Padé 

1. Introduction 

Rappelons en premier lieu le formalisme introduit et utilisé par C. BREZIN- 

SKI dans son ouvrage UPadé-Type Approximants and General Orthogonal Poly- 

nomials" [Brez 11. 

Soit f une série formelle de puissances de la variable t 

On définit une fonctionnelle linéaire c agissant sur l'ensemble des polyômes P c'est 

à dire un élément de Pt, dual algébrique de P (on dira. aussi distribution sur P) 

Les (ci) sont appelés les moments de la fonctionnelle c. En appliquant formellement 

la fonctionnelle linéaire c aux deux membres de l'égalité ci-dessous : 

on obtient : 

où c agit sur la variable x. 

Bien entendu, l'égalité (3) n'est que formelle car c étant un élément de Pt, la 
1 

quantité < c, - > n'a pas de signification. 
1 - xt 

Donc sans autre hypothèse sur c, on ne pourra calculer que l'image par c d'un 

polynôme en x. Selon le polynôme choisi, on obtiendra un approximant de Padé 

ou de type Padé, les théorèmes de convergence des approximants ne s'appliquant 

que si certaines informations supplémentaires sur f (donc sur c) sont connues. 



Soit donc v un polynôme arbitraire de degré k : 

v(x) = bo + blx +.  . . + bkx k 

et soit 

où c agit sur x, t étant un paramètre. w est un polynôme de degré k - 1 en t .  

Si l'on pose : 

on obtient 
7- w(t) 

f (t) = O(tk) 
G(t) 

Un tel approximant rationnel est appelé u A p p ~ o z i m a n t  d e  f i p e  P a d é "  (A.T.P.) et 

est noté : 

G(t)/C(t) = (k - l / k )  f (t) 

C. BREZINSKI a montré que si P est le polynôme d'interpolation d'Hermite de 

la fonction x -+ (1 - xt)-' en k points arbitraires ti E C alors 

< c, P >= (k - l / k )  (t). 

Dans ce cas, P s'exprime par : 

et donc 

Dans l'expression formelle (3) la fonction x -+ (1 - xt)-' a été remplacée par 

le polynôme P. 

Les A.T.P. sont donc une généralisation des Approximants de Padé (A.P.) car 

dans ces derniers le dénominateur n'est pas arbitraire mais doit vérifier : 
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En contrepartie l'ordre d'approximation est plus élevé : 

et C(t)/G(t) est noté [k - l/kIf(t). 

2, Fonctions avec représentation intégrale 

Pour obtenir des résultats de convergence des A.T.P. il faut donner des 

informations sur f .  

Dans [Prev. 11 on suppose que f est une fonction admettant une représentation 

intégrale sur un intervalle compact de W qui peut sans perte de généralité être 

supposé [-1, 11. 

, cr fonction à variation bornée 
-1 1 - xt 

Pour espérer approcher f avec des A.T.P., on constate qu'il est préférable 

d'interpoler x -r (1 - xt)-' en des points de l'intervalle [-1,1]. Cette condition 

sera automatiquement satisfaite si ces points sont les racines de polynômes Rn 

orthogonaux par rapport à un pc:ii 1s quelconque dp positif sur [-l'Il. De plus le 

comportement connu des polynômes orthogonaux par rapport à un poids positif, 

à l'intérieur et à l'extérieur de [-1,1] a permis de montrer le théorème suivant : 

Theorème 1 Soi t  f définie par (6), t-l E @- [-1'11. Soit  (Rn)nEN u n e  suite 

de polynômes orthogonaux par rapport à une  distribution dp dont le support est 

[-1,1] et telle que p' > O presque partout dans [-1,1] (cette dernière condition - 
peut être remplacée par limn4,1~n(x)111n < 1 Vx E [-1,1]) 

Soit  P,(x) = l-Rn(~)/Rn(i-l) 
1-zt 

Alors la suite d'A.T.P. (< c, Pn >), = (c(Pn)), converge uni formément  vers 

f sur  tout compact inclus dans @-] - oo, -11 u [I, +oo[ et  de plus 

avec p = It-' z i  d-1 ( O n  choisit la détermination de la racine carrée gui est 

positive si l'argument est positif) rn 



Dans le cas particulier où dp = da (si a est non décroissante), c(Pn) devient 

1'A.P. [n - I ln ]  pour la fonction f et on retrouve ainsi la formule d'erreur des 

A.P. : 
- 
lim,,, I[n - i /nlf - f (t)llln < p2 < 1 (8) 

qui a été obtenue par G. BAKER ([Bak] p. 220.) mais d'une autre façon. 

A l'aide du théorème de Perron-Knopp, le théorème 1 se généralise irnrnédia- 

tement de la manière suivante : 

Theorème 2. La conclu~ion du théorène 1 e ~ t  maintenue si  f est seulement 

holomorphe dans C-] - oo, -11 U [l, +m[. 

Remarque. Le théorème 2 a été étendu à un domaine d'holomorphie quelconque 

par M. EIERMANN ([Eir]). 

Exemples : les hypothèses du théorème 1 concernant Rn (donc Pn) sont notam- 

ment satisfaites dans les cas suivants 

a)  Pn meilleur approximant dans LP([- 1,1]) de la fonction x -+ (1 -xt)-l pour 

p = 1,2, oo. Dans ces 3 cas S. PASKOIVSKI a donné explicitement la distribution 

dp par rapport à la,quelle les polynômes Rn sont orthogonaux. (voir [Pas 11) 

b) Pn = développement tronqué à l'ordre n de la fonction x + (1 - xt)-' en 

série de polynômes de Chebychev de première ou seconde espèce (ce dernier cas 

redonne la transformation Ea,B de W. NIETHAMMER [Niet ] qui est elle même 

une généralisation du procédé de sommation d'Euler). 

Conclusion : Dans les théorèmes 1 et 2 les A.T.P. ont permis de tenir compte 

du domaine d'holomorphie de f ce que ne font pas les A.P. sauf si f a la 

représentation intégrale (6) avec une fonction a bornée et non décroissante car 

dans ce cas les pôles (et les zéros) des A.P. se placent automatiquement sur la 

coupure de f .  

3. Fonctions méromorphes. 

La classe des fonction méromorphes vérifie une propriété similaire précisée 

par le 



Theorème 3. (Montessus de Ballore [MdB], [Sail ' ]) Si f est  une  fonction 

méromorphe dans D(0, R) O < R 5 +CO dont les pôles w l ,  . . . , w,  sont ordonnés 

par module croissant, chaque pôle étant compté avec sa multiplicité. 

Alors la m i t e  d'approzimants de Padé ([m/n] f(t))mEN converge vers f uni-  

formément  sur  tout compact de D(0, R) - Uzl { x i )  

Ce théorème a permis à Henrici et Rutishauser ([Hen], [Rut]) d'obtenir une 

approximation des pôles d'une fonction méromorphe de la façon suivante : 

les déterminants de Hankel reliés à la série f (t) = xzo c,t i .  Si le kZeme a un 

module strictement inférieur à celui du suivant alors : 

Soit 

et donc si 1 x k - l l  < l ~ k l  < l x k + ~  1 on a : 

cn c n +  1  . .. C n + k - 1  

C n + k - 1  C n + k  . . . C n + 2 k - 2  

( n + l )  

lim 
H P )  H k v 1  

(.> 
= K k  

n  H:"+') ' 
H k - 1  

7220 
k 2 1 

L~ kteme pôle d'une fonction méromorphe peut donc être approximé par 

une suite de rapports de déterminants de Hankel. Cette suite peut être calculée 

récursivement par l'algorithme Q-D de Rutihauser. 

Dans [Prev 31 j'ai montré que deux autres algorithmes déjà existants R - S 

[PyAt] et E [Wynn] permettent également de calculer les pôles x k .  

Si de plus les pôles vérifient : 

utilisant un récent résultat démontré simultanément et indépendamment par J.P. 

DELAHAYE [Del] et J. WIMP [Wimp 21 et concernant le rapport des différences 

successives des termes d'une suite à convergence linéaire, j'ai pu montrer que la 



convergence des Q - D, R - S et E algorithmes se fait vers .rrk de façon linéaire ce 

qui permet de les accélérer à l'aide par exemple du A2-d'Aitken. 

4. Fonctions de Markov-Stieltjes 

Pour certaines classes de fonctions, des théorèmes de convergence pour la suite 

des A.P. existent. (Pour une mise à jour récente sur ce sujet on pourra consulter 

[Br Va]). Ces théorèmes concernent la classe : 

a) des fonctions de Markov-Stieltjes, c'est à dire qui s'écrivent 

I intervalle compa.ct de W, cu fonction bornée non décroissante sur I avec le 

théorème de A.A. MARKOV ([Sze] théorème 3.5.4 ). 

b) des fonctions méromorphes avec le théorème de Montessus de Ballore. 

c) des fonctions qui s'écrivent comme le produit ou la somme d'une fonction de 

Markov-Stieltjes avec une fraction rationnelle sans pôle sur la coupure de celle-ci 

[Gon] . 

Utilisant le produit de fonctionnelles linéaires défini par P. MARONI de la 

façon suivante (voir [Mar]) : 

c, d E P r ,  le produit cd est défini par 

et en l'appliquant à des fonctionnelles définies positives c'est à dire vérifiant 

< c,p >= hp(x)da(x)  a bornée, non décroissante sur IR, j'ai pu prouver un 

théorème de convergence de la suite des A.P. vers le produit de deux fonctions de 

Markov-Stieltjes dont les coupures sont respectivement incluses dans HPS et W-. 

[Prev 71. 

Theorème 4 Soit  f ( t )  = JO &da(x) a E R+, a fini et a n o n  décroissante 

9 ( t )  = t' &d@(x)  b E R-, b fini et /3 n o n  décroissante. 

Alors la suite paradiagonale des A.P. : 



converge, quand M tend vers l'infini, vers f (t)g(t) uniformément sur tout compact 

de @-] - oo, b-'1 u [a-', +oo[. 

La preuve de ce théorème passe par la détermination explicite de la fonction 

non décroissante y vérifiant 

5. Approximants de Padé partiels 

L'approximation de type Padé permet de choisir les pôles des approximants 

rationnels (notés N(t)/D(t)) de la fonction f. On peut généraliser de la façon 

suivante en imposant des valeurs à N(t)/D(t) en des points donnés. 

Soit donc les conditions : 

N polynôme de degré m + p 

D polynôme de degré n + p 

et vérifiant 

( hT(t) - D(t) f (t) = O(trn+"+~+' ) 

N(%) -P i  i = 1, . . . , p  cri E @ - {O), distincts 
D(a i )  I -- pi E c (pi peut valoir l'infini) 

N(t)/D(t) s'exprime sous forme d'un rapport de deux déterminants [Prev 41 

de taille p + 1 et dont les éléments dépendent des approximants de Padé 

et de leurs valeurs en QI, - , ap. 

Noter que la taille p + 1 des déterminants peut compromettre tout calcul 

numérique mais leur structure particulière permet d'utiliser le E-algori thme pour 

leur calcul. 

Si pi E {O, oo) pour i = 1 à p, cela revient à imposer pôles et zéros de 

l'approximant N(t)/D(t) qui porte alors le nom de Approximant de Padé Partiel 

(Voir [Brez 41). 
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6. Polynômes d e  type-Stieltjes e t  -Geronimus 

Dans l'approximation de Padé, une écriture plus précise du reste est : 

où Pn est le nieme polynôme orthogonal par rapport à c : 

Posons 

. Les premiers moments de la fonctionnelle transformée Pnc sont nuls car : 

On considère donc le polyôme vérifiant : 

En+1 apparaît alors  c o m m e  é ian t  le po lynôme de degré (n + 1) orthogonal  par 

rapport  à la fonc t ionne l le  Pnc. 

Dans le cas particulier où c est une fonctionnelle définie positive sur [-1,1], 

ces polynômes ont été étudiés par G. MONEGATO [Mon] et portent le nom de 

polynômes de type-Stieltjes. 

Le système (10) est triangulaire et de diagonale c(P:), l'existence et l'unicité 

de En+1 sont donc résolues par le théorème suivant [Prev 21. 

Théorème 5. En+i es t  u n i q u e m e n t  d é t e r m i n é  par (10) s i  e t  s eu l emen t  s i  la 

fonc t ionne l le  c es t  définie (c 'es t  à dire s i  c(P:) # O Vn E IV) 

Le polynôme associé à En+1 (supposé unitaire) pour la fonctionnelle Pnc est : 

< Pnc, 
- 

>=< pnc, Pn >= ,-(P:) := hn 
x - t  

Par suite 



où Én+1 ( t )  = tn+' En+1 (t-' ) et le reste de l'approximation de Padé pour gn est : 

On en déduit : 

L9A.T.P. de dénominateur PnÉn+l est égal à : 

La relation (11) contient donc une estimation du reste de l'approximation de 

Padé (Voir [Brez 21). 

Le polynôme En+l peut servir à construire un A.T.P. d'une autre fonction de 

la façon suivante : 

Soit 
1 

1) g(t) = CE, &di = < C, - > o ù &  : = < c , x ' >  i E N. 
1 - xt 

2) En+1 polynôme de degré n + 1 défini par : 

3) Sn( t )  =< 2, 
En+] ( x )  - En+i ( t )  > le polynôme de degré n associé à En+1 

x - t  
pour la fonctionnelle C. 

Le polynôme Sn possède la propriété fondamentale suivante : 

Propriété : Soit C une fonctionnelle définie (w Ho(ën) # O V n  E N )  et 

(Gk)kEN la famille d e  polynômes orthogonauz (unitaires) par rapport à ë. 

Si la fonctionnelle c est définie alors : 

où Pn est la suite de  polynômes orthogonauz par rapport à c 



Le cas particulier g ( t )  = (1 - t2)-I l2 a été traité par GERONIMUS [Ger] 

et étudié par G. MONEGATO [Mon], aussi on a appelé Sn, dans le cas général, 

polynôme de type- Geronimus. 

Comme remarqué par P. MARONI, on peut définir le polynôme Sn en 

prenant pour Gk non plus une suite de polynômes orthogonaux par rapport à 

une fonctionnelle i3 mais une suite quelconque de polynômes de degré k.  

Cette extension reste 8 faire. 
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Section 2 

Moments modifiés. 

1. Introduction 

Cette section traite de l'utilisation de la suite des moments modifié dans le 

but d'approcher la fonctionnelle c pour certaines classes. 

Définition : S o i t  c un é l émen t  de P' d u a l  algébrique d e  P espace vectoriel  

d e s  po lynômes .  

S o i t  ( r n ) n E W  u n e  su i te  arbitraire de po l ynômes  de degré n. 

La  su i t e  < c, .rrn > no tée  aus s i  c(.rrn) est  appelée su i te  des  m o m e n t s  modif iés .  

Remarque 1 : Dans le cas où (T,) est une suite de polynômes orthogonaux 

par rapport à une autre fonctionnelle, la suite des moments modifiés permet de 

stabiliser le calcul des coefficients de la relation de récurrence à 3 termes des 

polynômes orthogonaux par rapport à c. Voir [Gau 11, [WPB], [Whe]. 

Remarque 2 : Si c n'est constituée que d'une combinaison linéaire finie 

de distributions de Dirac et de ses dérivées, alors à partir d'un nombre fini de 

moments de c, l'approximation de Padé permet de trouver c de la façon suivante : 

Soit 

ai complexes distincts; j = O, ... ri - 1. 

La distribution de Dirac et sa. dérivée d'ordre m étant définies par : 



En termes de fonctions génératrices la relation (14) peut être réécrite de la façon 

suivante : 

1 
f ( t )  =< c,  - >:= C cita 

1 - xt 
i=O 

et P(t)/Q(t) est une fraction rationnelle de degré (M, q) où M = q - I n  f { r i ,  i = 
-1 . 1,. . . ,m) et dont les pôles sont a ,  , a = 1,. . . ,m. Par suite f est une fraction 

rationnelle de degré (M, q) et donc l'approximant de Padé [M1/q] ( t )  est identique 

à f pour tout M' supérieur ou égal à M. 

2. c admet une représentation intégrale 

On suppose dans ce paragraphe que c est définie par : 

où I est un intervalle compact de IR (on peut supposer I = [-1, Il), w est une 

fonction de L2(dp) et p(x) une fonction non décroissante sur [-1,1]. Soit xk(dp, x )  

la suite de polynômes orthonormés par rapport à dp i.e : 

Une méthode classique pour approcher c donc w consiste à développer w sur 

la base TO, T I , . .  . 
w 

w<-) = ~(~k(d.7 ~ ) ) - r k ( d ~ ,  .) 
k=O 

puis à tronquer cette série à l'ordre N 

W N  se trouve donc être la projection dans L2(dp) de la fonction w sur l'espace 

vectoriel engendré par xo, T I , .  . . , TN (voir [WPB]). 



Il existe un lien entre cette méthode de projection dans L2(dp) et les 

A.T.P. obtenus en remplaçant la fonction x -, (1 - xt)-l par son polynôme 

d'interpolation aux racines de polynômes orthogonaux par rapport à dp (voir 

Section 1, paragraphe 2). 

> s'écrit : En &et si c vérifie (15) alors la fonction f (t) =< c, 

f (t) = /' L w ( ~ ) d p ( x ) .  
-1 1 - xt 

f est holomorphe sur @-] - oo, - 11 U [l, +CO[ et change de détermination quand 

la variable complexe t traverse la coupure ] - w , - 11 U [l , +w [. 

Par la formule d'inversion de Stieltjes ([Chi] p. go), wdp est interprété comme 

le changement de détermination de F(t)  = t -l f (t -l) quand t traverse [-1,1]. 

Ainsi une bonne approxi:.;ktion de f donc de F dans le plan coupé 

@-] - oo, - l] U [l , +oo[ et ;> 1-: il-!ïlièrement près de la coupure fournira une 

bonne approximation de W. Plus précisément, soit 

le développement de (1 - xt)-' en série de polynômes orthonormés r 0 ,  rl, . . . 

La troncature de la série de polynômes orthogonaux (19) à l'ordre N donne 

l'approximant suivant de f : 

dont le changement de détermination pour t traversant la coupure est précisément 

wN.dp (voir [Prev 51). 



3. c est la somme d'une autre fonctionnelle et de distributions de Dirac 

(Voir [Prev 61 et [Prev 81) 

3.1 Cas général 

Supposons que c est définie par : 

et posons 

En termes de fonction généra.trice la relation (21) devient : 

où f ( t )  =< c, >= xo ~ i t ' , ~ ( t )  =< w, & >= x a w i t i  et P(t)/Q(t) est 

une fraction rationnelle de degré (M, q) avec M = q - In f {ri, i = 1,. . . , m) et 

dont les pôles sont en a:' e ' =  l , . - . , r n  . 

Par conséquent le théorème de Montessus de Ballore peut être réécrit de la 

manière suivante : 

Théorème (Montessus de Ballore) Si c et w vérifient (21) et si 

lim wn/al = O i = l , . . . , m  
n d o o  

alors la suite des A .  P .  ([PIq] f)pEN converge vers f uniformément sur tout compact 

inclus dans D (O, Maxl<;<,,, - - la;' 1 )  - Uzl {af l )  quand p tend vers l'infini. 

Les points a; ,  i = 1, - - - , m, peuvent alors être approximés par les pôles de 

Iplq] que 1,011 peut calculer avec le Q - D, le R - S ou l'é-algorit hme (Voir Section 

1, paragraphe 3). L'hypothèse (23) est équivalente à : 

g holomorphe dans D(0, - la;' 1 )  

ou encore à : 
- 1 

ai E domaine d'holomorphie de g, pour i = 1, . . ,m. 



Le théorème de Montessus de Ballore et le Q - D algorithme ne sont donc pas 

utilisables si g n'est pas holomorphe en a:', i = 1,. - , m. C'est le cas notamment 

si g est holomorphe dans C sauf sur une coupure, et que les points a;' sont 

précisément sur cet te coupure. 

J'ai donc été amené à transformer la relation ( 2 3 )  en une autre relation 

asymptotique concernant w et n'incluant pas les points a l , .  . . , a, (*). 

On suppose que w satisfait : 

lim < w, xjxk >= O i = 0,. . . , q 
k+oo 

( 2 4 )  

où (xk)kEPi est une suite arbitraire de polynômes unit aires de degré exact k. 

La multiplication des 2  membres de (21)  par le polynôme 

donne : 

P.c = P.w 

L'égalité (25 )  est équivalente à 

Pour trouver les points a l ,  - , am, on développe le polynôme P sur la base 

7r0 , - - - ,7rq  : 
9 

P ( r )  = C b i a i ( z )  avec bq = 1 
i=O 

et on obtient l'équivalence : 

Les (bi) i=O,q sont donc les solutions d'un système dont le second membre tend vers 

O grâce à (24 ) .  

(*) Je remercie P. MARONI de m'avoir indiqué cet aspect des choses. 



Sous des hypothèses concernant les polynômes on a montré dans 

[Prev 61 que si la solution (@AN), - , piN)) du système : 

converge, c'est vers la solution (bo, bl , . . . , b,) de l'identité (27). 

De plus, si TO, Tl , .  . . vérifient des conditions supplémentaires, alors on 

peut montrer que la suite (@ON), . . . , piN)) admet (bo, b l , .  . . , b,) comme point 

d'accumulation. 

3.2 Détection et calcul des masses de Dirac dans une densité sur [-1,1] 

La question qui se pose alors est de déterminer les fonctionnelles w et les 

polynômes (7rk)kEPJ qui vérifient (24). La réponse est apportée en prenant pour w 

une distribution absolument continue par rapport à la mesure de Lebesgue sur un 

intervalle compact (par exemple [-1,1]) et nk = Tk polynômes de Chebyshev de 

première espèce. 

Soit donc w définie par : 

Le lemme de Riemann-Lebesgue ([Rud] p. 99) et la règle très simple de 

multiplication des polynômes Tk assurent la validité de l'hypothèse (24) et donc 

le théorème suivant : 

Théorème 6 : ([Prev 61)Soit c et w reliés par (21) et w absolument continue 

par rapport à da: dans [-1, 11. Soit le système (T) 

Alors 

( N I  1) la suite (aN), . . . ,Bq ) admet (bo, . . . , b,) comme point d'accumulation. 



2 )  sauf pour une position particulière des points a l , .  . . , ag, la l imite de la 
(N) solution (piN), . . . ,& ) si elle eziste est égale à (bo, bi).  . . , bg) o ù  les coef i -  

cients bo, . . . , bg sont  les coeficients d u  développement nE"=,x - ai)" sur  la base 

To, ..., Tg. 

Remarque 1 : En termes de fonction génératrice les relations (21) et (29) 

s'écrivent : 

t = J1 -2- W ( X ) ~ X  + - p( t>  
-1 1 - x t  Q(t> 

P ( t  )/Q(t ) est une fraction rationnelle dont les pôles sont a;', . . . , a;'. Si ces pôles 

sont à l'intérieur du disque unité, le théorème de Montessus de Ballore et le Q - D 

algorithme permettent de les calculer.Par contre, si ces pôles sont à l'extérieur de 

ce disque, ou pire sur la coupure de f qui est ] - oo, -11 U [l, +m[, le théorème 

ci-dessus permet de les approcher. Voir les applications numériques dans [Prev 61, 

Remarque 2 : La solution du système (7) ci-dessus est liée à I'approxi- 

mation de Padé-Chebychev (appelée aussi approximation de Maehly) de la fonction 

w dans (16). Le théorème 6 dans le cas particulier où q = O fournit un critère de 

détection d'une distribution de Dirac dans une densité. 

Critère de détection : Soit c et w reliés par (21). Soit w une distribution 

de densité w(x) dans [- 1,1], ui E L1 alors : 

lim c(Tk) = O * q = O (pas de masse de Dirac) 
k+oo 

Une fois la position des points (a;);=] ,... ,, déterminée, il reste à calculer la 

valeur des coefficients Aij dans (21). Ce fut l'objet de l'article [Prev 81 dans le cas 

particulier où c ne comporte pas de dérivée de distribution de Dirac. 

Thérème 7 : Soit w définie par 

So i t  
9 

c = + C Aibai, ai E [-1,1] distincts Ai E C - {O) 

Alors : 

Ai = lim c(~,(x, ai)) 2 = 1,.  . . , q 
n-roo 



k, désignant le noyau reproduisant des polynômes de Chebyshev de première 

espèce Tn : 

Preuve : Les polynômes l,(z, a)  pour a E [-1,1] ont la propriété remar- 

quable suivante : 

lirn 1, (2, y) = O 
n-rao 

De plus les propriétés de Tn permettent d'appliquer le théorème de Lebesgue 

de la convergence dominée. 

La relation (31) donne ; 

et en faisant tendre n vers l'infini, on trouve : 

Ak = lim c(ln(x, ak)).  
n-rm 

Le polynôme ln(x, a i )  agit comme un filtre ne laissant passer que la distribution 

bai, les autres masses de Dirac ainsi que la densité devenant négligeables dans la 

suite des moments modifiés (< c,l,(x,ai) >), 

Remarque 1 : Il est possible, en utilisant une primitive de ln(x, a) de calculer 

les coefficients Aij dans le cas où c contient des dérivées de distributions de Dirac. 

Remarque 2 : Un autre critère de détection de distribution de Dirac dans 

une distribution de la forme (21) est le suivant : on représente le graphe de la 

fonction a + c(ln(x, a))  pour a parcourant [-1,1]. Si c a une masse de Dira.c en 

a0 E [-1,1] alors lirn,,, c(ln(x, ao)) # O (O sinon) et cette courbe présentera 

alors un "pic " au point a0 (voir exemples dans [Prev 81). 



3.3 Extension à un intervalle infini 

On suppose maintenant que w est définie positive sur W, 

< w,p >= p(x)da(x)  cr bornée, non décroissante L 
et que la donnée de h r i d a ( x )  pour i E N détermine o de manière unique. 

Si c  ne diffère de w que par l'adjonction d'une masse de Dirac A en a  E W, 

alors cette masse A peut être calculée en utilisant le 

Théorème 8 : Si w vérifie (33) et c  = w + Ab, 

Sa a ( x )  continue en a  alors 

1 

lim 
I 

= A  
n-m z;=o P,'(a) 

(34)  

où (Pk)kEPJ est la suite de polynôme3 orthonormés par rapport à c (c (PkPl )  = ski). 

La preuve repose dans une large mesure sur la théorie des moments ([Fr. ] 

chap.2) 

Le calcul des quantités P,'(a) dans (34)  est facilité par l'utilisation de 

1 ' ~  - algorithme : En effet, si l'on pose : 

avec 

on obtient : 

(0) - pour a  # O [n /nI f (a - ' )  = = 
1 

où EZ est obtenu en x;=o p,'<a> 
appliquant l'&-algorithme à la suite des sommes partielles de f en a-' c'est-à- 

dire à Sn = c,a-". 



- pour a = O, on peut calculer Pi(0)  avec le w-algorithm de Wynn qui 

permet de calculer le valeur d'un A.P. à l'infini ou avec l'&-algorithme appliqué à 

la suite (Sn), définie par : 

Des exemples numériques sont proposés dans [Prev 81. 

3.4 Applications au calcul des singularités de fonctions à partir de ses 

moments 

Une application (*) possible de ce qui précède concerne la détection de 

singularités d'une fonction à partir de ses moments. 

Soit donc une fonction w(x) réelle de la variable réelle dont les moments 

sont supposés connus. Supposons que w ait un nombre fini q de discontinuités en 

ai d'amplitude Ai, alors dérivant w au sens des distributions, ces sauts vont faire 

apparaître des masses de Dirac Ai aux points ai 

où {w) '  représente la dérivée usuelle si elle existe. 

Les moments CL de w' peuvent être calculés à partir des moments c, de w 

par : 

Les points ai et les masses Ai peuvent donc être détectés puis calculés avec les 

méthodes précédentes. Voir des exemples dans [Prev 61, [Prev 81. 

(*) Je remercie D. BESSIS de m'avoir indiqué cette application possible. 



3.5 Accélération des suites d e  moments. 

Puisque l'on dispose désormais de méthodes permettant de calculer les sauts 

d'une fonction à partir de ses moments, on peut envisager d'accélérer certaines 

suites logarithmiques de moments à l'aide de la suite des moments modifiés. 

En effet, si une suite (cn)nEN de réels peut s'écrire 

1 

cn = Jl znda(x) avec o à variat,ion bornée (34) 

on sait que la limite 1 de la suite (c,) est la valeur du saut de o au point 1 

En choisissant une suite convenable de polynômes T, on peut calculer plus 

rapidement le saut de cr en 1 donc la valeur de 1. 

Soit donc (c,) définie par : 

ou bien 

La suite des moments modifiés s'écrit alors : 

(on suppose T, normalisé par ~ ~ ( 1 )  = 1). 

On sait que la vitsesse de convergence de la suite (c,) vers 1 dépend de l'allure 

de la fonction au voisinage de 1-. Il faudra donc en tenir compte pour le choix de 

la suite 7, de la façon suivante : 

Théorème 9 : Soit c définie par (35) avec w(x) - K(1- x)P s -+ 1 et 

w E L2[0, 11 alors la suite des moments  modifiés : 

converge plus vite pue (c,) vers 1, où l$)(x) e s t  le polynôme de Jocobi normalisé 

e t  ramené à [ O ,  11 : 

I ~ ( X )  = P?.O)(~~ - I)/P:P~o)(~) 



On dispose de critères simples permettant de vérifier les hypothèses de ce 

théorème : 

* s i w v é r i f i e w ( x ) - K ( ~ - X ) ~  x + 1 - , K ~ R a l o r s c , - l + C n - ~ - ~ , C ~ R  

(Voir [Wid 11 chap V). (La réciproque est vraie si w > 0) 

* de plus on dispose également d'une condition nécessaire et suffisante portant 

sur les moments c, pour que w E LZ[O, 11 (Voir [Wid 11 p. 110). 

Dans le cas particulier où w admet une représentation intégrale du type : 

avec p fonction à variation bornée dans [-1,1], (c'est le cas si par exemple (c,) est 

la nieme somme partielle de certaines séries) alors la suite des moments modifiés 

d'abord converge plus vite que la suite (c,) vers 1 mais de plus est elle même 

une suite de moments avec une représentation intégrale sur [-1'11 qui se réduit 

à [-1, O] si a = -1 et b = 1, ce qui permet, en utilisant les méthodes de [Prev 11 

d'accélérer cette nouvelle suite en une suite à convergence au moins géométrique 

et de raison 3 - 2 f i  0'17. Pour les détails voir [Prev 101. 

3.6 Propriété  d'accélération pour  le E-algorit hme 

Comme on l'a vu dans le théorème 9, l'accélération de la suite (c,) par la suite 

des moments modifiés passe par l'utilisation d'une suite auxiliaire de polynômes 

dépendant eux mêmes de l'allure du poids w(x) au voisinage de 1-. 

Par exemple, si w admet un développement asymptotique 

sur une échelle de fonction ( 9 i ) i E ~  vérifiant 

alors le remplacement formel de w(x) dans (35) fournit : 

b0 



C'est précisément ce développement asymptotique (38) qui a donné naissance 

au E-algorithme simultanément découvert en 1980 par C. BREZINSKI et H ~ I E  

(voir [Brez 51 ) et que l'on rappelle ci-dessous : 

Soit (c,) une suite de réels vérifiant : 

où les ai sont inconnus, gi(n) étant des fonctions de n arbitraires. 

Le E-algorithme est un procédé récursif permettant de calculer la valeur de 1 

si le développement (39) ne contient qu'un nombre fini de termes. 

On pose 

où Icn, gi (n), g2 (n), . , gk (n) 1 désigne le déterminant 

Si l'on pose 
11 gi(n) gk(n) 1 

(n) l k  (x) est un polynôme de degré k en x donc la suite ( E F ) ) ~ ~ ~  est une suite de 

moments modifiés pour la fonctionnelle c(") : 

où c(") est la fonctionnelle définie par : 



On place les quantités EP)  dans un tableau à double entrée : 

C. BREZINSKI a montré dans [Brez 51 que chaque colonne du E-algorithme 

converge plus vite que la précédente, dans le cas où les suites auxiliaires g i (n )  sont 

à convergence linéaire : 

si(. + l ) / g i ( n )  + bi # 1 bi # bj pour i # j 

et si elles forment une échelle de comparaison c'est-à-dire si 

Ce résultat d'accélération n'existe plus si les suites g i ( n )  sont toutes à convergence 

logarithmique car dans ce cas tous les bi valent 1 .  

Cependant avec des hypothèses supplémentaires concernant les suites g i (n )  

dans leur ensemble on a pu montrer le théorème suivant : 

Théorème 10 : Soit ( c , )  une suite de réels vérifiant : 

alors chaque colonne du E-algorithme converge plus vite que la précédente 

ELY)' - 1 
lim = O, 

n-m - 1 



L'hypothèse (H) est satisfaite notamment dans les cas suivants : 

a) gi(n) suite à convergence linéaire vérifiant : 

b )  gi (n) = g(n) totalement monotone et gi(n) = ( - l ) ' ~ ' ~ ( n )  

C) gi(n) = ,ni 1 2 x 1  > ~ 2  ... > O e t  0 L a 1  < a 2  <a3 ... < O O  

d ) g i ( n ) = p l  1 2 p i > p 2 >  ... > O  

et plus généralement 

gi(n) = K(xn, a i )  

avec (5,) ,EN suite réelle décroissante et (ai)iEN croissante et K fonction totale- 

ment positive (voir [ K a ] )  

L'hypothèse gi+i(n) = o(gi(n)) est réalisée dans les cas a), c) et d) et si g(n) 

est logarithmique dans le cas b). 



Coiiclusioii 

Après avoir permis d'approximer certaines fonctions holomorphes à partir de 

leur développement en série de Taylor, l'Approximation de Type Padé a servi 

également à l'examen des singularités des fonctions connaissant leurs moments, 

ainsi qu'à l'accélération de suites de moments à convergence logarithmique.0n 

peut supposer qu'au vu des résultats déjà obtenus, ce dernier sujet va donner lieu 

à des extensions int,éressantes. 
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Abs;ro<r: The inrerpo!siicn of the funci ion .Y -.1/(1 - .\r) geiierriinc rhe series j ( i )  = I<,,c,r' ai  the zeros of 2n or ihosonj l  
pol!noniiiil u i i h  resi?rci I O  a dicrribuiion d a  zi!isf>ine corne condiiions \\il1 @\-e  us  a pr,xe:s for acceleratine ihe  con\ergence o f  
I,(i) = ~ : _ . c , I ' .  Then. l ie  sh,?11 ree i t c r  ihe pol>ncn?ial of bci l  3 ~ ~ r o x i n ? r i i o n  o f s  -. 1/ , (1  - . X I )  c \ e r  'orne inier\.al o r  ils d e \ e ! c ~ n i e n t  
in Cheb!sl,cv pcl;rion:i,ls T, c: Li are  only pzriicu!sr crccs of rhs n x i n  ihrorem.  

Ai  :asi. u s  s?#rli shnu. i h j i  211 ih=se p roceses  rccelerrie li-czr cc::1t.inaiicr.s n i i h  pcciii\c. coefficienrs of io i r l ly  nicnoionic a n d  
osslllîiir,g seqcrncec. 

It+,a o r h :  P ~ d 2 . : > p e  zpFrc,xirnz?is. Siie1r;es-series. iciaiiy nioiioinr,ic requence. 

1. Introduction 

Let us first recall the definition and main properties of Padé-type approximants [3, p. 9-11]. 
Let f be a forma1 poa,er series in one variable 

Let us define the linear functional c  acting on the space of real polynomials by: 

c ( s l )  = c ,  f o r i =  0, 1 :... 
The number c, is called the moment of order i of the functional c. We get immediately 

The function x -, 1/(1 - xr )  is called the generating function of the series f. 
Let r: be an arbitrary polynomial of degree k 

and let us define iv by: 

where c acts on .Y, r  being a parameter. \v is a polgnomial of degree k - 1. 
Let us  no\ir define \'; and ü by i i .(r)= t A - ' \ r . ( r - ' )  and E ( r ) =  r k u ( r - ' ) .  We have: 

. - 
, c ( r ) / ü ( r )  -j(l) = O(lk),  14 o. 

0377-0427/83/S3.00 8 1963, Elsevier Science Publishers B.V. (Xorih-Holland) 



Such a rational approximant to f  is called a Padé-type npproxiiiiant and  it is denotcd 

( k  - l / k ) , ( I ) .  

v is called ilie geiierating polynoiiiial of the approsimant. Breziiiski 13. p. 21) pro\.ed the follo\\,iiig re5ulis: 
- I f  P is the Lagrange interpolation of the generating fiinctioii o f f  at k arbitrary points .Y, in ille c o i n ~ l e s  
plane, then 

4 p ) =  ( k  - l / k ) , ( r )  

\vherr the generating polynoniial v of the approximant is 

c ( s ) = ( s - s , ) ( x - . Y - ) . .  . ( s - x , ) .  

If  sonie of the interpolation points .Y, coïncide, \ve still have: 

c ( P )  = ( k  - l / k ) , ( ~ ) .  

P being the general Hermite interpolation pol>noniial of the generaiing furtction off .  This property uill be 
s~steinaticallg uced in the sequel. 
- Pointnisr con\ergence. Let I E D. domain of con\ergeiice o f j .  if for al1 k. tlie zeros .Y, of  c are ruch that 
I .V,  E 1 - 0 .  O ] .  nith a > O. rhen the sequelice ( k  - l / k ) ,  ( r )  c o n i q e s  to / ( r )  \I heii k -, x .  

111 this paper. 5 2  'hall on]? consider the particular car? 

whcre a is bounded and non decreasing in [a. b]. 
Let us now begin n i th  the main theorem. 

2. Approximation of series 

We consider a real-\.alued non decreasing bounded function p ~vhjch takes infinitely many different 
\~alues. By a ueight function \ ï (x )=  p l (x )  will be rneant the derivative of the absoluiely continuous 
distribution p. The support of dp ,  i.e. the set of the points of increase of p ( x )  is noted Br(dp) 

Lemnia 2.1. [9,  p. 1171. If Br(dp) [ -  1 %  11, rheri 

~ 6 e r e  R,, is rl~e oribogotialpo~~rior~iial of degree I I  ~t- i ib respecr IO rlie disrribuiiori d p  aird it.liere {z~ is ,ho 
brorich ~r.liich ~okes  reol posirice values jor : > 1. 

Lernrna 2.2. [9, p. 123-1 241. If Br(dp) = [ - 1, 11 and p l (x )  > O /or altnosr oll x E [ - 1 ,  11, the11 

Let 7 be defined on C by: 

Set X =  r (x ) ,  A = s ( r - ' )  for x E ê, r E ê*. 7 maps the real interval [ a ,  b ]  one-to-one onto [ -  1. 11 



Main Theorerii: Ler f (r  ) = /,hdn(.u)/(l - .YI) ,  r - '  E ê - [O, b] .  n boirriderl utid r1otirlecre(~siiig. Ler RI(.\.) = 

Rn(7( . x ) )  = R,,( ,Y) jor .Y E [o .  hl. ~t.lloe R n  is rl~e orrhogotlul po~ .~ io t~ i iu l  of degt.ee I I  ~t,irli respetr IO so111e 
disrributioti d p  sucli rl~ar Br(dp)  = [ -  1. ] ]  ntid pl(,!') > O jor ahJiost ull X E [ -  1 .  I ]  (rhis lr~st corldirict~ I I I - ) .  
be replaced b). 

be r/!e po!~~tlot~iio/ it~~erpolariiig .Y + 1/(1  - X I )  a/  rl~e rhe :eros of Rn. Lhder rilese cotidirions, 1t.e 1iai.e 
- 
iim [IC(P,,) - j ( r ) ~ ] ~ ' " '  G I B I  < 1 

Il - * Y- 
,c,irh B = ,4 - Jn. (111 rI!e cul platle. we i1ai.e IBI < I .  t/ .4 € - [ - I .  I ] . )  

Proof. Let c . ,  = c(P, ,  j - ! ( I )  be the error 

\vit12 d p ( S )  = d a ( 7 - ' ( X ) ) .  I t  follo\\.s that 

(1-1 E [ a ,  b ]  = A E [ - 1 ,  1 1 ) .  
Using Lemma 2.2, we get 

- 1 - 
lim len 1"" G = l m  e n B  (Lemma2.1).  

n - x  ~ i m  I R , , ( A ) I " ~  1 3  4 x - 
n 

B = A  - \ /A ' -  1 such that IBI< 1. 0 

As we shall see now, this theorem has many applications. Indeed, many summation processes satisfy the 
conditions of the main theorem (Sections 2.1 to  2.6). 

2.1. Padé opproxinionts 

Theorem 2.3. The Podé-opproxin~ant [ I I  - l / n ] , ( t )  to tlie ser i e s f ( t )  = ~ ~ - , c n r n  n.irlt 

en = fxnda(x),  r - '  e [ a ,  b ] .  

a bourtded and nondecreasitlg in [ a ,  b ]  sarisfies 

~.ir11 B defines os oboce. 

Proof. We know that the generating polynomial of the Pade-approximant [ I I  - I / r i ] , ( t )  is orthogonal w.ith 



respect to the distribulion defining (c,,),,,. We have 

h d e ( x )  2 11 d w  
f ( 1 ) = /  y=- 

-sr  b - a  - 1  A - X  

where d/3(.Y) = da(7-'(,Y)) = da (x ) .  
I f  \ve consider the sequence of polynomials Rn  \\*hich arc orthogoiial \i.ith respect Io the distribution dB. 

we obtain: 

We have I ~ , _ , ~ R , , ( A ) / " *  2 I A  + > 1 (Lenima 2.1). 
Usin2 the developnierit of the function X -, ]/(A - X )  in Tm, Chebyshev polynomials of the first kind 

[13, p. 153: 161: 

Now. for al1 X E  [ -  1, 11 I c ( X ) l <  1 by construction of Tn. Thus 

and 

4181 IBI" 
I J ; ~ ~ ~ ~ ( X ) I  

- . - . M .  
A - X  1 - )BI' 1 - \BI 

We obtain 
- 
lin1 1enl1'" < I B i  = I B I ' E ~ .  O 

n - x  I A + J Z ~  

This result has been obtained by Baker [2, p. 2201, but in a different way. 

2.2. Besr approximarion of rhe generaring funcrion 

The polynomial of best approximation of X +  1/(X- A )  for X E  [ -  1, 11 is given by 112, p. 33-34]: 

1 
P,(x>=--- B n  cosin++ 6)  

X-A ~ 2 - 1  

w h e r e B = A - s i g n ( ~ ) - d z ,  c o s + =  Xand (AX-  l ) / (X-A)=cos8 ;  A E R ,  IAl> 1. 

Theorem 2.4. fi,,_ Ir( P.) -/(1)1''~ < 181 < 1 ~ h e r e  Pn is defiined as  aboi:e. 



Proof. P,(X) interpolaies X +  1 / ( X -  A )  a1 the zeros of coc(ii+ IS): let us set: 

R , , , , ( X )  = ( . Y - ~ ) c o s ( i i +  + 6).  

R,, ,  , is a pol\,nornial of degree ( n  + 1). We ha\.e: 

Using the recurrence relation bet\veen the Cheb~~shev  polynonlials T,,: 

\Ve get 
(1) R, ,_? ( .Y )=  2 X R n , , ( X ) -  R,,(X).  V r i  2 1: 
(2) P ,,-, ( X ' ) = Z B , Y P , ( S ) - B ' P , - , ( X ) - ~ B .  V I I >  1. 
Since the coefficient of R n  in the relation (1) is poc i t i \~ .  ii follo~vs. from a recult due io Fa\*arJ [Ï]. thut 

( R , :  ),:. , is o r th0~~11a1  \\.ith respect I O  soine diciributio1.i dp. From the alternance theorem of Chebyshe\,. \\ e 
kiîo\v th31 R,,  h h s  211 ils zer0.r in [ -1 .  11. 

Ti?? srquence ( R , , ) , : E 4 ;  esticfies the conditions of the mairi theoren) and thui:  

Since R,, is explicitly kn0n.n. u.e ha\,e a inore precise expression of le,,l 

Remarli 2.5. If I E W .  P,,(X) js n o  nmre the polynomial of best approsinlation but i t  is still the interpolation 
po l~ .non~ ia l  of X -. 1/( X - A )  at some si E C. 

Theorern 2.6. Il/liei~ tl tends to irijitiir>l c (Pn)  tends ro / ( r )  uni/or-~~i~)- i r t  1 oti ecerj. coivpocr K subset of 
ê - [ a - ' ,  b-'1. 

Proof. 

l / ( ~ t l l ~ ~  - 11) is bounded on K and sup,,,lBIn -, O when n -+ ccc;. O 

Let us give an example 

For Log 2 = / ( -  1) \ive have r = - 1, [a ,  b ]  = [O, 11 

t - y  - + b)  
A = = -3 and B = A ~  JE., 1 B J < I ,  B =  - 3 + J 8 ,  

12(b - 0 )  



\j1e get 

Ij(- 1) - c (P , , ) /=  le,,] 4 f 1 - 3 + 1%)" = f (0.172)". 

This jniplies lc,,l ,< 10- "; in practice \ve lin\-e le161 = 10- If'. 

lnstcsd of ieplacing ]/(,Y- A )  by its polyiion~ial of best approximation. \ve shall replace i t  by ils 
de\,elopnient il] Chebyshev pol!~iiomials of the first kiiid: 

tvhere B is defined as in Section 2.2 and Zf;',,uA = ;II, + u, + i l 2  + . . . . See [14. p. 153, 161. 
Lei us set 

Remarii 2.7. P,, uccd in ihis paragrapli is different froin that in theorcm 2.4. The sanie for A,,. 

illeoreni 2.8. Et, - [ j ( ~ )  - c (  P,, ) /"" < 1 BI < 1 1t.i111 Pn dcjii:cd c i ~ r e  

Proof. The relation 

p n ( x >  = 
1 - R n + l ( X ) / R n + l ( A )  

X - A  

We set: 

From the relation between (T,),,,, we gel: 

As in Section 2.2, the sequence mif ies :  



and 
l,4ii+ 1 )  

1 t 8 J - I )  
I R , , * I ( . ~ ) l  G i i n i j i - i  =1.  

1 1 -  -X J I -  % 21Bl, 

If  -4 E R. tlie pol).iioniials (R, , ) , ,  2 , are orthogonal \ \ i l I l  respect to soine distribution d p .  
Let us pro\,e tliat B r ( d p ) c  [ -  1. 11 or ihat R , , _ ,  lias al1 ils zeros in [ -  1,  11. Because of the relatioii 

R,,- ,(,Y) = 2 XR,,(,Y) - R,_ ,( ,Y). R n - ,  lias a11 its zeros in soine inter\,al of W .  Let .Y be 3 zero of R , , - , :  

R , , + I ( S ) = O  1 7 l J - i ( ~ ~ ) I = ~ B l . 1 7 , , ( ~ ) I  

e I T l T 1 ( . Y ) I  <ITJ(,Y)I 

\vhich is iinpossible i f  ,Y 1 -  1. 1). So (R,,- ,) , , , ,  saticfies the assuinptions of the main theorem and  \ \ e  
obtzin: 

For Lag 2. : = - 1. .1 = - 3. . I l  = 1. B = - 11.1 72 3ild 1i.e h a \  e 

This error bound is slightly greater than the one us i i~g the polynomial of best approximation. 

2.4. Derelopi77e17c of 11ie geilera~iiig jiriiclio,l i i i  a series of Cheb~.shec poi~.iioi~iials of 1he secoiid kùid 

u.e replace l / ( X  - A )  by jts expansion iii a series of Chebyschev pol~.i.iornials of the second kind: 

1 X 

-- 
X - A  

- - 2 B  C B ~ U , ( X ) .  
k - O 

The sequence (Un),,, verifies [14, p. 49, 161 

V,,+,(.x) = 2xV,,(x) - Un-,(.Y) Uo = 1, U,(x.) = 2 s  

sup Iu,(.Y)~ = Un(]) = ( 1 2  + 1 ) .  
.Y€[-1.11 

Let us set P , ( X ) =  - ~ B X ; , , B ~ U , ( X ) .  

Theorem 2.9. G,, ,l f ( r )  - c( Pn)ll'" G IBI < 1 ir.irh P, defiiled oboce. 

Proof. Pn interpolates X -, 1/( X - A )  at the zeros of R n + ,  \s.ith 
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The sequeiice (R,,),, ,  , satisfies 

R , , + l ( X )  = 2 d y R , , ( d y )  - R , , - l ( x ) .  

and so. ( R , , , ) , , ,  are orthogoiial \\.;th respect to some distribution dp o\*er some interval of R: as in 
Section 2.7. ~ h i s  i11ter\.a1 is 1 - 1 .  1 1 .  (R , , ) , , , , ,  satisfies the assuniptions of the niain theoreni and \\.e ha\.e: 

This summaticii process is esactl). the sanie \\.liich lias hren studied by Sieihan-imer [13 ] :  this \ \ i l 1  tir 
pro\eJ  in []SI. 

>fore prrcicely: 

For Log 2 \i.e gct lenl g (0.172)".  0 . 7 .  (0.82811 + 1 ) .  This error bound is grcater than that of Sections 2 .2  and 
2.3. 

After having approxinlated 1 / ( X  - A )  on [ -  l 1  31 by its best approsimation polynomial, viz. approxi- 
mation in L x ,  

L = = ( P : R + R ~  sup I ' I > ( X ) ~ < + ~ ) ,  
- 1 4 x 1  + 1  

\ire shall use the approximation of 1 / (A-  A )  in L1 and L* norms (see Section 2.6). \!le chall see that the 
points of interpolation of 1 / ( X -  A )  corresponding IO the t\vo different approximations are the zeros of 
orthogonal polynomials \\:hich satisfy the assumptions of the main theorem. 

Akhiezer (11 has proved that the polynoniial P,"(X)  avhich minimizes: 

is the interpolation polynomial of X -+ l / ( X  - A )  at the zeros of Un+ , ( X ) .  We are precisely in the 
hypothesis of main theorem nith: 

R n + l ( X )  = U n + l ( X )  and P , * ( x )  = P , * ( ~ - ' ( x ) )  = Pm( . ) .  

Theorem 2.10. 

Tini lenlVn = G ~ / ( r )  - c(P,,)~"" <  BI < 1 .  
n - + m  n -  x 

wkere Pn is rhe best L'-opprotiraiion of rlie funciioir X -, 1 / ( X  - A )  on [ a , ' b ] .  



In [ l  11 Jurkatt and SJi;i\\.yrr gi\.e llic brsi ~ ' - : i ~ ~ r n s i n i 3 i i o n  pol>.i~on.iinl of 1 /(*Y - .,I) \\.ilIl .4 > 1 O\ er 
the inter\,sl [ -  1. 11 

\ \ .hue  p,,(,Y) is the Legreiidrr pol!~i~omial of degrze II 2nd q,:(,Y) is the associated Legendre funcrioi~. 

\\ here the integral is a Cauch) principal \.alue. \\heil .Y E [ -  1 .  1). P,:( A') interpolates 1/(.1'- .4 )  ai t l ~ c .  
zeros of p , , - i (X)g , , (A) - ,~ , , ( .Y)q , , - i ( / l ) .  Let U S  set 

- , l ,  8 1  

Theoreni 2.11. !iinn- ,/J(I) - c ( P,;); < /BI < 1 \,.li~t.e P,, is 1;;e besr ~ ~ - u ~ ~ ~ ~ c ~ . ~ i ~ ~ i a ~ i o ~ ~  ~j l / (  S - . 4 )  oi ' ir  

[ a .  b] .  

Proof. Let us sho\\ that the polgnomial R,,-,(,Y) satisfies the assumptions of the main theorem. \.iz. 
l / , l  

R n , , ( X )  is orthogonal \vith respect to d p .  B r ( d p ) c  [-1. 11 and lim,l-,jR,,(X)I d 1. 
Jurkatt and Shauyer pro\.ed [ I l ] :  

/1,'c-1 
B is defined as abo1.e: A = !(B i l /B) .  B = '4 - J A ?  ssvh that IB/ c 1. Thus fi,,_ x / ~ , , - l ( X ) ,  

1 /. 
1 i n c e 1 i n n p ( X )  = I . V X € [ - 1 . 1 ] . [ 1 7 . p . 1 9 5 ] .  

T o  show that R , + , ( X )  is orthogonal \vith respect to some distribution d p  o\.er [ - 1. 11, n e  muct find ils 
three terms recurrence relationship. The recurrence relation bet\veen p,,-,. pn and p,], , is: 

Replacing in the definition of R n + ,  and elinlinating p,]- ,, \ve find: 

with A,+, = (2n + I)/(rt + 1) and Cm+,  = II/(II + 1). 
q n +  , (A)  has the same sien as A"+ ' ,  thus 

and  the R n ,  ,'s are orthogonal wiih respect to some distribution d p  



Let us sho\v ilo\tr tliai Br (dp)c  [ -  1, 11 vit. R , , + , ( S ) +  O. V Xe [ -  1. 1). \ire kiio\v 11int 

uthile the sanle holds for p,. p,-,, pn+  ,. 
\!Je shall sho\v by induction tliat 

This is true for rt = 1 

.A simple calculation choivs ihat: 

we have 

qn+l(A)/qn(A) has the same sien as A, thus it is strictly positive and ive deduce: 

It follou.s thatp ,+,(X)>p,(X).  qn+,(A)/qn(A) sincep,,+,(X)> O for  X >  1. Thus R n + , ( X ) >  0, V X >  1, 
If now X < - 1, uve have: 

p n ( X )  <O V X <  -1 and qn+i (A)  , O  
p n + A X )  qn(A) 

Thus R n + , ( X )  and p n ( X )  have different signs and 

R n + , ( X ) + O  f o r X <  -1. 

( R n ) n o N  obey a three term recurrence with a positive coefficient for Rn-, ,  and are nonzero for X > 1, 
X c  -1. Therefore, (R,+,),,, are orthogonal u'ith respect to d p  suçh that B r ( d p ) c  [-1, 11 [7) and - 
l i m n - o c l ~ n + l ( ~ ) ~ ' / n  G 1. 



The maiil theorem gi\,eç: 

A n  cpen prob!ein \ \ . l ie ih~r  the bect approsiination of X -t ]/(,Y - A )  o\.er [ -  1 .  11 in the Lp norm is ;I 

pal\-noinial \\.hich interpolates 1/( ,Y - A )  sr the zi-ros cf sonle ortlioyonal pcl)ilon~ial o\.er [ -  1. 11 or liai: 
the recült is trse for p = 1. 2 si13 K .  

Reniark 2.12. From the recurrei~ce rc!ztjoii bet?;.ti-n R , : (  .Y) and  from P , , ( S )  = (1 - R,,( .Y)/R, ,( . - f)) , ' (  .Y - 
A ) .  \\.e cal1 deciuse a r e l a t i ~ n  ;i\.ine ((P,,- , )  in tCrlii5 01 c ( P , , ) .  c ( P , , -  ,) aiid ( ( s P , , ) .  Tlius the cz!culation of 
c ( P , , -  ,) is \.Cr!. cirnple: 

T o  end this section? let us gi\.e a numerical esarnple, 
For  Log 2 ive get the follo\ving results (see Table 1): 
( 1 )  errors tvith the best approximation in L x :  
( 2 )  (0.112)"; 
( 3 )  errors uith Padé-approximants. 

3. Con1,ergence acceleration of cequences 

In this section. we shall study the sequences accelerated by the \farious processes described in Section 2. 
Let ( S n ) , , , ,  be a real sequence \\.hich converges to S .  \ire may chanse Sn into the partial sums of series 

bg sctting. 

n z 

= Sn = clri and S  = 1 clri  if if exists. 
1 - 0  i - O  

Let f ( r ) = E E , c , r ' ;  we have j ( r ) =  S. 
Let us choose an arbitrary sequence of poIynomials R n  satisfying the conditions of the main theoren]. 

We  obtain a process denoted Ta T: ( S n ) , , ,  -. ( c ( P , ) ) , , , ,  and we set T ( S n )  = c ( P n ) .  
The  sequence ( S n )  is said to be rorolly t~toi~orot~ic if: 

where d is defined as dosn = Sn and A'"s,, = d ( d k S n )  = A'S,,, - A",, for n, k = 0, 1 , .  . . \ire shall \\.rite 
( S n )  E TM. 

We shall say that ( S n )  is rorally oscillori~ig and \ve shall \\.rite ( S n )  E T O  i f  ((- l )"Sn)  E T M .  A comTergent 
TO sequence converges to zero. .. 



Breziiiski [4] proved tliat 

rheri T( S,, ) conrerge ro S orld 1c.e hare 

Proof. I f  ( J S  ,;-,, / I ' )  E TYI. then ( c , ; )  ,,,, E T l 1  and j ( r )  is a Stieltjes seriez 

\{le h a \ e  l / r  E [O. 11 i, [O. 1/R] because R >, 1 [ A .  p. 177) 

We apply the main theorem nith [a.  b] = [O, 1/R] and n e  get Theorem 3.1. O 

ïheorem 3.2. Soine ojrhe processes T accelerate al1 concergeilt (Sn) E T O  1r.Aich sorisjy lim,,, ,S,/Sn-, = - 1. 

Proof. Because (Sn)  is convergent and lim,,, ,Sn/Sn-, = - 1, \ve ha\.e Iim,,_ p_ASn/iiSn-l = - 1 ivhich 
leads to R = l / 6 l J  s,/.~s,-, 1 = 1. Thercfore application of Theorenl 3.1 a i t h  7 = - 1. R = 1 (ihus 
A = - 7, IBI = 3 - fi) leads to: 

- 
iim ~ T ( S , ~ ) - S , , I ' / ' ~ Ç ~ - J ~ ,  

n -  x 

l i ~ n  ISn - SI'/" = lirn IS,I'/" = 1 (since Sn -, 0, n -+ cc). 
n -0 x n -  x 

Before proving that T accelerates al1 :he convergent TO sequences, we need: 

Lemma 3.3. If (Sn)  E TM, rhen (-ASn- ,/pn) E Th4 ir.here 

p = lirn Sn+, - s 
n-%= Sn-s  ' PEIO,~I 

Proof. II is based on the remark that the product of an MS sequence and a T M  sequence is an 31s 
sequence. (MS = the set of sequences of Stieltjes moments) and on the fact that a converging h4S sequence 
is a TM sequence [6]. O 



Tiieorerii 3.4. Soi)ie of pr0cesse.f T ncce/erure al1 rhr coricergelir T O  seqirelices 

p = lin1 S,I + 1 - S StI + 1 
= lin1 - $  . - , Sn - s t1- , s,, 

\ve kno\v ~ h a t  P E I - 1 .  O[ and Ive ha\?e 

J X I  + 1 p = lim - E TI1  (Lemma 3.3) .  
,l - % 3 S,, 

- , I / ! I  - 
lirn iT (S , : )  - 51 = I i~n ~ T ( s , : ) ] ~ " '  G \BI 

II - .z II - x 

/--=--- \r here B = .4 - ; il' - 1  and .-i = 2,!p - 1 < O. (The R in Theorem 3.1 is no\\. I ~ ! / l p l  = 1.) This. cornparcd 
\vi111 lin],,-, IS, - S/"" = Iinlr1- xlS,,i'.'" = 1 0 1  1110\r-s that: 

- / T ( s ~ ) - - s I  lim = O  
n - T .  Sn - s 

because 

V P E [ - I , O [ , I B I =  - ( 2 / p - 1 ) - \ 1 ( 2 / p - 1 ) 2 - 1  < /p l .  O 

\J1e obtain easily: 

Corollary 3.5. If (Sn),,,, coiIrerges ro S a ~ i d  ifric.0 coitsraiits a # O a i ~ d  b exisr such rhar (as ,  + b) E TO, rhen 
?-(Sn) coiicerges ro S fasrer rhou (Sn). 

We also have, for Th4 sequences: 

Definition 3.6. The sequence (Sn)  is said to be logarithmic if: 

p = lirn S n + ,  - s 
= 1  .-, Sn-s 

Theorem 3.7. If (Sn) E Thl  and p = limn, ,(S,,, , - S)/(Sn - S) # 1 ,  the11 T accelerares (Sn). 

Proof. We have (-ASn- ,/pn) E TM (Lemma 3.3). 
Theorem 3.1 gives, with f = p 

- 2 
iim I T ( S , , ) - S I ~ / ~ < ~ B I  where B = A - J = ,  A = - - 1 z 0 .  

n -  P P 

This, compared uith lim,,,,lSn - SI'/" = p shows that T accelerates Sn (because 
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Ensinple 3.8. I f  S,, = (0.9)"/(n + l),  (S,,) E Th4 and p = 0.9 

Corollaq 3.9. lf(S,,) cor~uerges 10 S o r ~ d  ijrhere e.uist t14.o co~rsrartrs a + O und I> such rhnl (as, ,  + b )  E TL1 utrd 
p = lin],,, ,(S,,+, - S)/(S, - S) # 1. 11ier1 T occelerates (S,,). 

And \ve have. ai  least: 

Theoreni 3.10. If (Sn) = (oir, + b ~ , , )  \<.here 
(i) (11, ) sotisfies ike condit io~~s of T/leorenl 3.7;  

(ji) ( q I )  E TO corluerges: 
(iii) O ,  b E R -. 

1her1 7 rcce/erores (S , , ) .  

Proof. \!le only need I O  applg ihe  mai,^ theorein of the second seclic11 \\l.iere [ a .  b]  = [ -  pl/p,. 11 ( p ,  and p: 
n- 17 - 

are. respecti\.ely. lin1 ),'un 2nd lin1 :'i:, ) and to observe ihat a li11~3r c o n ~ b i ~ ~ i i ~ i o l ~  with pociti1.e coeificienis 
of non decreasing bounded functjons is stjll a non decreasing bounded funclion. O 

Theorem 3.10 can easily be generalized to finite linear c o m b i ~ ~ a i i o n s  \vith posiri\.e coefficients of non 
logarithrnic Thf sequences or  con\.ergent TO sequences. 
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Al>c:rocr: Tliis u-crk is i n  exre:icioii IO the forma1 cas2 o i  a pre\,ious \vork by llonegaio [SI. 
,A Sijelijes-type poi>nc,;nizl is a p@l!ii@nii3f of dtgree (ti i 1). E,,-:. orihcgonal u.iih respect Io the fur,c~icnzl 

{F, = ~(P , ( .Y) .Y '  !. i = fi. 1. 2 . .  .. ). uhere c is a f ÿ i i i i i ~ ~ n ~ l  dsfined by ihe ceries f ( r )  = T,?-',,r,r'. E n - ,  ic of i?:;.c.riani 
use j,i 111s ecrinxrio!l cf ihc srrc,r in Prde rp~roxiins:ion. ,411 iier.?iian cf the consrruciicn of E n - ,  is i ! ~ t n : i l c d .  
(Secticîiis 1. 2 .  3. 3 1. 

In the !3si sectjc:~. ;;e c:~'d!. the propzrtiec of the pol!.nc.n:jrl S,, acsociried wiih En, ,  \viih rsspêci io anoihe; 
funciion~l F. S, is cdled a Geroninius-iypc pol>.nonCzl. II is cho\vn ihat S.: \.erifies ihe sycieni c(P,S,G,) = O for 
k = 1 . .  . . . I I .  ~ l ~ r r c  the Gi's are orihogonsl \vjih rezpeci I O  T. 

1. Introduction 

In [ 5 ] ,  h4onegato defines the Stieltjes polynontials E,+, (s )  associated \vith a nonnegative 
weight function p ( x )  on an interval ( a ,  b), 

where P , , ( s )  is the 11th-degree polynomial orthogonal on ( a ,  b)  \vith respect to p ( s ) .  This class 
of polyriomials plays an important role in the estimation of the error of Gaussian rules (see [4,5]). 
In the same paper: 34onegato considers another special class of polynornials { S , ( X ) ) ,  intro- 
duced by Geronimus [?], 

~ p ( x ) ~ n ( x ) ~ n ( x ) c o s ( k ~ a r c o s ( . ~ ) ) d . ~ = O ,  k = 1 , 2 ;  . . . , >  i ,  

where P n ( s )  is the 11th-degree polynomial orthogonal on (a,  b) \vith respect to p ( x ) .  
In this paper \4.e consider the case of orthogonal polynomials defined by a linear functional c 

(see 111) and define the corresponding Stieltjes and Geronimus polynomials. In particular u.e 
present properties of these latter polynomials and introduce some generalizations. The generali- 
zation of Stieltjes polynomials wqe consider, has been recently introduced by Brezinski in 121 to 
estimate the error in Padé approximation. 

In this preliminary section, \{le recall some definitions and properties about Padé approsi- 
mants and Padé-type approximants \vhich can be found in [l,Ch. 11. 

Let f be a forma1 po\h7er senes in one variable 
x 

j ( l ) =  C C , ~ ' ,  C , E R .  
1 = 0  

0377-0427/87/53.50 i" 1987, Else\,ier Science Publjshers B.V. (North-Holland) 



Let c  be a linear fui-ictional acting on the space of real polynoinials, defined by 

c ( s i )  = c i ,  i = O ,  1,  2 ,...; 

the number ci is called the moment of order i of the functional c. We fori-iially have [l], 

I f  u is son-ie polynoi-iiial, theil 

P(.Y) := (1 - U ( x ) / ~ ( l - ~ ) ) / ( l  - Xl) 

is the Herniite interpolation polynomial of the function s -, 1/(1 - .ut) a t  the zeros of v and \ve 
get 

~vhere 17 = degree of L: and .. t(r) = rVc(r-'). 
I n  the follou.ing. the oil top of a polynoinial p ( r )  of degree d \vil1 have the meaning 

p(r) = ~ % ( t - ' ) .  Sotice that c ( P )  is a ratioiial fui-iction of degree ( I I  - 1/,1) lvhich coincides \vith 
the series Zc,r' up to the terin cl,-,ln-'. Indeed \ve have 

c ( P )  = G(l)/C(t): 

where 

~ ( 1 )  = c  , deg Ir: = 17 - 1, 

is the associated polynomial to u with respect to c. \!le denote c(P) := (17 - 1/11),(r). 
(11 - l/il), is called a Padé-type approximant (PTA) with v as generating polynomial. 

TO obtain an approximant with a higher order of approximation, we take v such that 

c ( u ( x ) x i )  = O for i = 0,. . . , 11 - 1  

In this case, if the Hankel determinant 

is different from O, then u is the orthogonal polynomial of degree 11 -4th respect to  the functional 
c  and is denoted by Pn. 

The relation (1) becomes: 



of degree ( i i  - 1) is the associated polynomial to P,,. The ratioiial functioil Q , , / ~ ,  is denoted bl. 
II - 1/11 , ( t )  called a Padé approximaiit to f .  

Ili this section n.e \vil1 consider knon.11 result about Stieltjes polynomials defined by nonriega- 
ti1.e ~veight functions, and estelid them to tlie case of ortliogoiial polynomials defiiled by the 
linear functional c (acting ori the space of real pol!,nomials) \ve 1iaj.e iiitroduced in Sectjoil 1. 

Definition The pol~.nomial E,,-, of degr?e (11 -+ 1): orthosonal 1i.itli respect to the fuiictionsl ê 
dcfined by ê, = c(P , ( s ) s l ) .  i E N. is called Stieltjes-t>.pe polyilomnial. (See 3lonegato [ 5 ]  srld 
Stieltjes [6]j. 

If \ve set ê, = c(P, , (x)xl) i  = 0. 1. 2.. . . . E ,,,, satisfies 

i ( ~ , + , ( x ) x ' )  = O,  k = 0. 1.. . . , 11 o c(E,+,(.Y)P,(-y).xk) = O, 

k = O ,  1,  2 :..., 11. 

Theorem 1. Enil is wiiquely deteriili~led b j  (2) if a ~ d  olily if c( P:) + 0. 

Proof. En+, is assumed to be monic: Le., En+ ,  = x n + '  + e~"+').xr' + . . . + eOn+'). The system (2) 
is tnangular and the diagonal terni is c(xnPn(x))  = C(P:(X)). 

The associated polynomial to En +, xith respect to 

Fk = c ( p n ( x ) x k )  

i s 

= c ( P n ( x ) x n )  = c(P:) := A,. 

So, 1rnr "/En+ , ( t)  is the Padé Approximant of q,(r) := c(Pn(x)/( l  - xt)) 

[11/11 + l ]q , ( l )  = 1 1 ~ l " / E ~ + ~ ( l ) .  

kolds. T11us ( l / hn )  En+ ,(t  ) is the entire par1 of the jullciioit [c( P,,(.u)/(r - x))]-' 
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Proof. Since l n r 1 / Ë 1 + , ( r )  = I I  + l ) ,  \ve have n l / Ë l + l ( l )  - q = ( r l  and 
I I ~ / E ~ , + ~ ( I )  - r- 'qn(t- l)  = 0 ( 1 - ~ ~ - ~ ) .  SO, 

l / t - lq, :( t- l)  - ( ~ / ~ J , , ) E l l + 1 ( ~ )  = o ( t - l )  
\vh.ich is (3): sirice r - '  q,,(r-l) = c(  P,(s)/(r - s)). Cl 

Uiifortuiiat~lg. the sequeilce (E,,,,), , , does not satisfy a tl~ree-terrn recurrei1ce relation [ 5 ] .  
So \ve must calculate En,, by solvinp the trialigular system (2) 

C(P,,(.Y) E, , , (x) .x~) = O, k = O, .  . . . I I .  

If we set 

~ , , : ( . y )  = .y"-'  + eJll'-l)sn + + . . . + C r - 1 )  

111en (2)  is equi\ alent to 
( P l )  - -a,,-1. 

( K - : ,  ( 1 : - > )  ( l ! )  - 11 ) 
: , O e . , ,  a,;- ,  - -a;,,-. 

- 1 l a  j," J ( ~ 1 + 1 )  ( n J  + . . . ( + e l  anTl  + y n  = ,J1+l : 

\vhere a:,") = c ( . Y " P ~ ( ~ ) ) ,  = O if k < II. 
The quantities a f )  may be calculated recursively (see [1,2].) 

Integral represeirrariorr of En + , 
ïheorem 2. If.u/qn(.u-') is ltolor?torpl~ic il? rlte exrerior ofa path C, excepr a l  i~tfir~iry, and r in rhe 
interior of C, ~ h e i ~  

1 X 
EnTl(/) = ~ ' 1 ~  d x .  

Proof. Using 

1/r-lqn(t-') = (l/l~,,)E,,+,(r) + ~ ( z - l ) ,  
we get 

Derer~~tirianial expiession of En+, 
(1) Since En-, is a n  orthogolial polynomjal of degree (II + 1) with respect to c', \ve have 



( 2 )  We have also 

Proof. blultiplyiilg E,, , , (s)  by s",,(.w), and applying the functional c chorss that tivo rorvs are 
ideiltical for k = 0, 1,. . . ; 1 1 .  

3. Padé-npe approsimant (2n / 2 n  + l), with Pn En + as generating pol!.nornial 

Recently, Brezinski [2] used a method due to Kronrod [4] to estimate the error f ( t )  - [ I I  - 
l / n ] , ( r )  in Padé approximation. More details about this method can be found in [2]. Here \i7e 
recall the main idea. 

If we take 

U ( X )  = P n ( x ) E n + i ( x )  
in relation ( l ) ,  then 

c ( v ( x ) x k )  = O for k = O , .  . . , I I  

and 
2 n + l  v ( x )  

! 3 n + 2  v ( x ) x n + l  
f ( 1 )  - (211/217 + l ) , ( t )  = - - - - ( t )  1 - r -  ( 1 )  ( 1 - x t  ).  

The associated polynornial to  u, of degree 217, is 

which can be  put in the following form: 

~ ( t )  = c ( ~ , Z ( x ) )  + E n + l ( l ) Q n ( l ) .  

Thus we have 



From this expression we obtaii-i 

(21?/21I+ 1 ) f  ( 1 )  - [ I I  - 1 / 1 1 ]  f ( t )  

and 

Thus (211/211 + 1 ) , ( r )  can be used to estimate the error j ( t )  - [ I I  - 1 / 1 1 ] ~ ( l )  in Padé ap- 
proxiniation. 

In  thjs part. u.2 t n  to iterate the method of Section 3. 
Let us \\.rite the rrror in the Padé Approximation (PX) 

and replace c ( P n ( x ) / ( l  - sr)) := q n ( z )  by its PA 

[ 1 1 / 1 1  + 11 q , ( t )  = h , ~ " / Ë ~ + ~ ( l ) .  

We obtain 

and 

The idea for iterating the process of construction of E n + ,  consists in replacing 

c ( E ~ + , ( ~ x ) P , , ( x ) / ~  - x r )  := q,!,')(r) 

by its PA [(n + ~ ) / ( I I  + 2)] , :1,(r)  if it exists. 
We are lead to find some polynomial E,':), such that 

Exisreilce and ul~iciry of 
Let us write E,':), = x " + ~  + f n + i  xn+' + - - . + fo. (Each j,, i = O,. . . , it + 1 ,  depends upon I I . )  

System (4) is triangular with diagonal terms 

Hence we can state the following theorem. 
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C ( E ~ + ~ ( . Y ) P ~ ( . Y ) E , ' : ) ~ ( X ) X ~ )  = O, k = O,.. ., ir  + 1 

Itas a unique soluriorl of degree (II + 2) ij cilid oltly ij 

Calcularioi~ of ,5ny2 
The ji's, i = 0,. . . : ( I I  + l), satisfy the triangular system 

Bj")l, * 1 + Bi'"' = O, 

~ i ' ~ ) r ,+ ,  -+ BO(")fn + B:") = O,  

~,':)~j,~, +- B,!")A -t . . . +B~'l>fO + B,I:\ = 0: 

If the quantities a ln)  are known in (3), then the above formulas allow us to calculate the 
B!")'s. From 

ive deduce 



140 

hence 

Padé-rpe approsii~lunr (311 + 2) / (3 i1  + 3) 11-irk P,, En+,E;!,!, as gellerariitg po!).no!i~ial 
If Ive take, in (1) 

U ( S )  = P , ( x )  E , , + l ( . ~ ) ~ i ? 2 ( s ) .  degree v = 3n + 3, 
then c ( c ( . u ) s k )  = O for k = O, ir + 1 and 

The associated polynonlial to L: is 

~ n ( y ~ ( x )  - ~ : ? ~ ( t )  
+ Pn(-x)E;?2(1) 

E n + l ( x )  - En+, ( I )  
= c ( P n ( x ) E n + l ( x )  x - t  x - I  

+En+1(1)En(?2(r) 
pn(x )  - Pn(I) 

x - t  

w ( r )  = p i n ) +  i~.E,':',(r) + ~ , + ~ ( t ) E i : ' 2 ( t ) Q , < ~ >  E P 3 n + 2 .  

We deduce 

and the error in the Padé approximation becomes 

5. Geronimus-type polgnomials 

Consider the Stieltjes polynomial E n + ,  defined, for example, by 

c ( P , ( x ) E , + , ( x ) x ~ )  = O ,  k = O, 1,. .., 1 1 .  



Let SI, be the polynoinial of degree ,t associated \vith El,+, \\.itl-i respect to a funciional C ~vith 
r. 

g ( t )  = ~ ( ( 1  - = Z l l l  
i - O  

and defiiled by the relation 

S I 1 ( t )  = c E n + l ( x )  - E l , + l ( f )  . ( x - t  1 ,  
we have 

~ n ( ~ ) / J G + , ( ~ )  = 0 1 / 0 1  + l ) ) , ( 4 .  
Since the case g ( t )  = (1 - was treated by Geror-iimus [3], follo\vii-ig Moilegato n e  cal1 S,, 
a Geronimus-type polynornial. 

Propem 1.  I j  rlie julictio~ial c is dejiuire ( i . e .  Ho(?,,) + O: V ) i )  alid { G ,  rhe fal?ii/j. of ~no~i ic  
orthogo~ial po!\.~iol,~ials ir?rli jvspecr ro (.: rhe~r 

c ( P n ( . u ) S n ( . u ) G , ( s ) )  = O for k = 1 io 11. 

Proof. Since E ,,-, E P,,, and G, E Px! Ive can \vritc 
En+,  = Gn+l + y1,G, i- Y,,-~G,, + . . +y1Gl + yoG0 for some Y, .  

So, Sn = H,,, + ynHn + . . +y,H, where 

H k ( t )  = c  G k b )  - G k ( f )  ( x - r  
, C acts on x; 

deg H , = k - 1 ,  Ho=O. 

T o  prove the property i t  is sufficient to evaluate the quantity 

c(PnSnGk) - ~ ( ~ n ~ n + l ~ k )  

= C ( P , ( G ~ H , , + ~  + + G k ~ l H l )  - Pn(H,Gn+l + . .. + Y ~ G , H ,  + YOH,))  

= c ( P n ( G k H n + i  - ~ k G , + l ) )  + ~ n ~ ( ~ n ( ~ k ~ n  - 
+ . . .  + n c ( ~ n ( ~ , H ,  - H,G,)) - y o ~ ( P n G o H k ) = O .  

Indeed, since deg(G,h, - HkG,) = 1 i - k - 11 < ( 1 1  - k )  < 11 for k = 1,  17, Ive have 
c(PnSnGk)  = c(PnE,+,Hk)  = O for k = 1, 11.  

where 

q n ( t )  = c ( P n ( x ) / ( 1  - x r ) ) ,  g ( r )  = ~ ( ( 1  - x r ) - l ) .  

(ii) ~f ~ ( X - ' ) / ~ , ( X - ' )  is holomorphic in the exterior of a path C ,  excepr ar it~fi~tit)),  lr'irh r in rlie 
inrerior of C. Tl~en 

S n ( f )  = - d x .  - r )  



Proof. Sn is the associated polynonial to El,+, with respect to C, so Ive have 

< ( r )  - g ( r ) E n + l ( r )  = O ( r n ) .  
By property 1 (3) 

By computing a recidue, we get (ii). 

Proof. Multiplying the last row by PnG,, k = 1, .  . . , n, and applying the functional c, we get 

c ( P , ( x ) s , ( x ) G ~ ( x ) ) = ~  f o r k = l ,  ..., 11 

since t\vo rows of the determinant are identical. 

hToitexiste~zce of a rliree-lenu recurrence relurio11 for (Sn ), , , 
Theorern. Let ( Pn ) ,  , , be an orrhogo~ial poIyiloritial sysretn (OPS) wirh respect ro c, 

pn+,(x) = ( x  + Bn+,)Pn(x) - Cn+lPn-,(x), 
P o = l ,  P - ,=o .  

Let ( S n )  be a fanliiy ofpo&rio?nials sarisfving sonie rhree-terti~ recurrence relation 

( Sn+l(x )  = ( x +  11n+1)Sn -6n+îSn+i, '1E N, 

So= 1 ,  S - ,  = o .  
Then, if G, is sonle po&r~oriiial of degree k ,  

c(P,SnG,)=O f o r k = 1 , 2 , 3 , 4 ,  
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iiiiplies 

P , ,=B ,+~ ,  1 1 2 2 ;  Bl ,=Bl ,+2,  11 2 3 ;  

6n=C,,+2,  1 1 2 3 ;  Cn+,=Cl,+, ,  1 1 2 5 .  

Proof. By taking 
k = 1, we get p ,  = BI,+,: I r  Z 2;  
k = 2, C n + 2  = 6),: 11 2 3 ;  
k = 3, B, = B,,, r1 2 3; and for 
k = 4,  Cn+, = Cl,+ j: Il Z 5. 

So. in the general case: the { S n ) , , ,  do not satisfy a tliree-term recurrence relation. Let us i.io\~~ 
examine some particular cases. 

Firsr porricirlar case 

Theoreni. Le1 (P,), . , ail OPS \r.illt respecr 10 c. asstcr7ied ro be defiltire. 
Let ( S I , ) ,  . be rlie uiiique fa~~iii): of r~iotiic po!\~17or7iials sticli rltar c( Pl,SnGk) = O: k = 1: . . . , 1 1 ,  

\i,ltere tlte G,'s ore 11ie orrhogor7al pol).i;or,iials \t.irl~ respecr ro C defiriire, rlteit 

G,+,(x)  = ( a  + B ) G , ( x )  - yG,,-,(x) V n  2 1 ,  

Go = 2, G, = x  + B o r ~ d  

Sn=P,  V I I E N  - P n + , ( x ) = ( x + / 3 ) P n ( x ) - y P n - , ( . u )  V r l ~ 1 ,  

Po=C/y ,  P i = x + B ,  
B  and C beirlg orbirrory coristaizrs of W .  

Proof. lire have P,+,(x) = (.u + Bn+,) Pn (x )  - C,,+,P,-,(x), 

Cn+, # O Vn >, 1 ,  P-, = O ,  Po = 1 

and 

Gn+,(x)  = ( X  + Bn+,)Gn(x) - Y , + I ' ~ - I ( x ) ,  11 0  

y,+, # O V I I  >, 1,  Go= 1 ,  G-l = 0 .  

Sn=Pn V ~ E N  c ( P : G ~ ) = o  V k = l ,  ..., I I .  

By induction, we prove that 

B n + l = / 3 n + i = ~ l : = / 3  V l l 2 1  

and 

Cn+, = y,+, = y3 = ;y2 := y  vr1 z 2, 

C2 and B,  taking arbitrary values. O 

Secoiid porriculor case: c  = Z 
If the two functionals c  and Z are identical, then by using. the deterrninantal expression of 



hl. Precost / Stielrjes- and Geroni~irw-rJpe polJ.noiiriols 

E,,,) alid Sn \ve get the identity 

is the associated polynornial of Pi (notice that Q, = 0). 
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Calculation of poles of meromorphc 
functions with q-d, r-s and E-algorithms. 
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Ahciraci: \5:e study (Sections 1 and 2 )  ihe rpeed of con\.eryence of the q-d algoriihm to poles of a mcronoryhc 
functicn in order io accelerate it. 

Jn Section 3 and 4, Ive show that the quotient of t\vo cuccessi\~e \.eriical ierms of tu-O u.ell knoivn algcrithms (r-s 
and c )  a~proaches  rlso thece poles. At lasi. a iheoreni of acceleration is given. 

Kejwords: q -d ,  r-s and c-algorithm, meromorphic function, acceleration. 

Introduction 

The calculation of poles of a meromorphic function is based on the fact that the quotient of 
two successive Hankel deterrninants of order k converges to the product of the first k poles of 
this function. 

With Lemma 1, we will show that this convergence is linear (see Definition 1) and so, Aitken's 
6 2  will accelerate this sequence. 

Lemma 1 [4, p. 2181. L.et ( u n ) ,  E N  a sequeltce ofcol?~plex nuntbers suc11 rhat: 
u n + , # u n  'dn>  N .  

Let X E C,  I X  1 + 1, tlten: 

3 u  E C suc11 fhat 'un+ I lim - = A  
n'ce  Au, 

lim U n + ]  - = X I  w ~ l t e r e A ~ ~ = u ~ + ~ - u ~ ,  k = O , l ,  ... 
n + m  U n - U  

Definition 1. If l i m , , , ~ ,  = u  and l im, , , (un+l  - u ) / ( u ,  - u )  = A, X # O and X # 1 then the 
sequence ( u , ) , , ,  is said to be linearly convergent and X is the speed of convergence of 
( u n ) n E N '  

0377-0427/87/S3.50 O 1987, Elsevier Science Publishers B.V. (Xorth-Holland) 



Leinnia 2 (Product of t\vo linear sequrnces). I/ ( u,,),, ,. a11d ( u,,),, ore r\t.o lirtear seqirelices 
artd 

- 1 A l m  ( i i , l + l v l l + l - ) ( t l l ~ , l - i t v )  = A .  
n - x  

Leninia 3 (Iiiverse of a linear sequence). If ( ~ r , ) , ,  , , is a linear srqiterice colicergeitt to u + O rheii 
( u n ' ) ,  , , is a li~teur sequertce. Jloreocer, 

1. The speed of con1,ergence of the q-d algoritlm1 

Theorem 1 is an improvement of Gragg's result o n  the speed of convergence of the quotient of 
t\vo consecuti~.e Hankel deternlinants, to the poles of a meromorphic function. 

Theorem 1. Let f be a 177er017torphic fu17cti01t for 1 z 1 < R, O < R < + m. For sujjicieittly srttall z 

Let f hoce poles r, ordered: 

O <  Ia,I < lr2;zl < - . -  C R ,  

eacll pole being coitnted icsirk proper 171ultiplicir)~. Let N rhe rtu~nber of poles O < h' < + cc. If 
k < N - 1 and 1 rk 1 < 1 rk + , 1 ( it:kere vo := O) rlte17 

Hin) 
lim - = rlr2 - . - rk (see [5,6,8]), 

r i - 2  HL"+]) 

wl~ere Hln) is rhe classical H a ~ ~ k e l  dererrni~tont. 
Moreouer, if 

l < k d N - 2  and lnk-,I < lrkl < ) T ~ + ~ I  < 17k+21 

(.;;, := O ) ,  the17 the co,7cergeitce of rlte sequeme 
(H:")/H("+ x 1 )  10 v1r2 . . 

is./irteur. I.e., 
C H ~ ~ ) / H : : " + ~ )  - vlr2 i2 Vk 44k 

lim -- - 
J-j,'"-')/HLn) - nlr2 . rk r k +  1 



Reniark. Since f is meromorpliic, the three sequences (Hj!),),, , ,. ( Hin)), ,,, ( H::),), . are 
1101 zero from a certain rank [6, p. 6051. 

Proof. By using Lenlma 1, ive only need to prove 
1 

lim A(H:")/H:"+~))[A(H:'-"/H:"')] - = p, 1 p 1 # 1, 
I l - .  cc 

where A acts on the index n.  
With Jacobi's identity betn.een Hankel dstern~inarits, ive obtain 

~(H;/H;+') = - (H::;". H'"' !i+ 1 )/(H*"+". Hl"+"), 

and 

A ( H ~ H ~ ~ + ~ )  [A(H;-~/H;)] - l  

= (H;:;/H;:;)(H;/H;:-l) ( H;:-~/H;-~)(H~!~~/H[:; ) .  
By applying (1) tn.ice. ive gel: 

Iini 1 (H;/H[") [I (H:-I/H; j] -' = (7, . . . - , t k - ]  ) - I F  " 1 . . . - , /Ai 1 )-y- . . . TA)' 
Il + Y- 

" I 

= ~ ; A / T ~ ~ ]  and / l .  D 

Corollary 2. IIlik Itypothesis of Tlteore)?~ 1, the cour'ergeitce of rhe sequeitce (H,"/H,"+'),,, to 
T1T2 -r, . . rk can be accelerated by Aiike~t 's 6 2.  

Rernark. Calculation of the sequence 

a?):= ~l")/~j"+]) a i t h  Hln) # O, k = 1, 2,. . . , I I  = 0, 1,. . . . 
Using Jacobi's identity, Lve get 

n-"[l/a2"+"- l/ ] = [.y"- ay']/ay-+l" 4+1 ap' 
with initial conditions 

2. Acceleration of the q-d algorithni 

Since the sequence (ap)), , , converges to a,r2 T, . - rk, the pole rk can be  obtained as the 
liniit of (ay)/aY?i)n, ,. This last sequence can be calculated recursively with the q-d algorithn1 
[6,81. 

\Ve set 

4$n)  := (HZ+' . H;-~)/(H;. H;::). 
We know that, if Ink-, 1 < Irk ?, < lnk+, ( and k < N - 1 (61, 

lim g i n )  = r; '. 
n - r r  



If, in addition. k < hr - 2 and 1 .;;,-, 1 < 1 V k - ]  1 < 1 1 < 1 zk+ , 1 < 1 1 ,  then the sequeilce 
i n + ] )  ( H ~ " ) / H ~ " + ~ ) ) ,  and ( H : ~ ) , / H , _ ,  are liiiear. O 

So, by Lenima 2, i1.e obtail-i the follo\vi~ig theorein. 

Theoreni 2. Ler f satisfj: 111e saille I~~porhesis as iii Tl~eoreill 1. If k < N - 2, 

) r r - 2 1 <  lrk-,l < lzkI < I T , + ~ I  < l r k + ~ I  U I I ~  I r I ; / r I ; + , \ Z  I T ~ - ] / ' ~ T ~ / .  
Tl7er1, rhe coilcergeilce of (q:.")),  ,, ro l/si, is liiiear, i.e., 

lim ( q ~ n - l j  - < ' ) / ( q : " )  - 6') = 9, 
I l  - z 

Proof. Conditioii (3) aiid Theore111 1 lead to ille folloiiiiig result: (a : ' ) ) ,  E N  and (a:.'?,), ;., are 
linear sequsnces. \iith respecti\.e speeds, n,/.;k+l and 7,- , / c A .  

So, by Lemrnas 1 and 2, we obtain Theorem 2 silice: 
4k"' = " p l / a p ' .  

Corollary 3. Wirli li~porlieris of Tl~eorein 2, the coiiuergeiice of rhe seque~~ce e N  to 7;' caii 
be accelerared by Airkerz ' s  S 2 .  

3. r-s algorithm and acceleration 

Let (c.),,., a sequence of complex numbers. The r-s algorithm is a recursive method of 
calculation of the tu.0 quantilies 

ri")  = ~ ~ " ) / f l ~ ~ ) ,  and = R : " ) / H ~ " )  

ivhere Hin) := H,(Ac,). 
The rules are [7]: 

sj")/~:"_'~) + 1 = rin+l)/rk("), 
( n + l ) / S j . n )  = Ij(:)l/r;"+l) + 1. 1 Sk  

With initial conditions 
s h " ) = l ,  r:n)= c,, n = O ,  1 , 2 ,  ... . 

Theorem 3. LPI f sorisfy the saine 1i)-porhesis as i i ~  Theoreni 1. If k < N - 1, 1 711 - 1 < 1 1 < 
Ivk+] 1, aiid 7, st 1 tli  = 0, 1 ,..., k - 1. Tl~ert 



If, il? (~fkfiti017 

h ] ~ k l n n k + l k .  k<1\'-2 

urrd 
1 r l /nA+]  ] * ] Z ; i k - ] / ~ ~  1 

tlreir rlre colrcergerrce of the seqirclice (rkl')/r:" + ' ) )  ,, , is lirieni.. IVirlr 

]ji]1 [ > i~-"/>*"+~)) - ,, ] [,.rrl)/r;'"') - = 6, 
11 + Y- 

-k / h 

)r.lrer.e OA is dejii~ed as irr Tlieorerir 2. 

Proof. I f  1 is not a pole of j. the functioil 
Y- 

~ ( t )  = ( A c , ) r l  
{ = l j  

hris ille s31ne poles as j. in (: ( < 17, 1 .  Indeed. g ( r )  = r - ' ( (1  - r )  f ( r )  - col. sii-ice tl~ese 1\i.o !ZSI 

functioiîs are I ~ o l o n ~ o r ~ h i c  - in a i-iejghbourhood of zero and ha\-e the same Ta!.!or esp~l is io i~ .  
So. lin],, , ,( Hi'; ' l /H)."; 'J) = 7 ,  . . . .r;,-, (see Theorem 1). \ire deduce 

The second part of Theoreni 3 results from Lemmas 2 and 3 since the t\vo sequences 

( H " / H ~ + ) ,  and ( ~ L ~ ) l / f l k ( ~ ~ l ) ) n E N  

are linear \vith respectivelp speeds 

5ih/nkt1 and n k k  O 

Corollan 4. IlritIr rlie lr~porhesis of Tlreor.ei~t 3: lire sequeilce ( l , ! n ) / r , (n+l ) )n , ,  car? be accelerated 
by Airkeit's a2 .  

4. Use of c-algorithm to evaluate poles of a nieromorphic function. Acceleration 

Let (c,), , ,  a sequence of comples numbers. c-algorithni is a recursi\.e scheme for the 
calculation of the quantilies 191: 

e k ( c n )  = ~ k + ] ( ~ n ) / ~ k ( ~ n )  

where H k ( c n )  = Hk(A2c,)  by the rules 

where c i?  = e k ( c n )  and = ek(Ac , ) .  
By Theorem 4, \ve show how to calculate the poles of a meromorpliic function by applyiiis 

c-algorithm to the sequence of the coefficients of the Taylor e+paiision of f. 



Tlieorciii 4. Ler f be u ~,tero~liorpliic fir~tctio~t irt L)(O: R ) .  O < R < + m. Let f ( z )  = ~ i , , c l r l  hncé 
p o l ~ ~  i~, orriered O < 1 n, 1 < 1 ir2 1 g . . < R ,  each pole beirt~ coirrtrered 1t.irh proper ~~~trlripliciries. 
Ler ilT rhe ~iin~lber. of poles O < N d m. I f  k  < Ar - 1 urld 1 7iP- , 1 < 1 ak 1 < 1 iik+ , 1 a~i ( i  7, -t 1 .  
V i = O ,  1 ,.... k - 1 .  

TII el t 
( l l + l )  - (a) lin1 ,,,, cyi ) -2 /c2k-2  - ak, a ~ l d  

n )  i n + l )  = (b) l i n ~ l 1 4 ~ ~ $ k - ~ / ~ 2 k - l  l/rh. 
Illor.eocer. if k < A T - 2  alid 17P-21 < 17ik-] 1 < Iakl < Iir,,.+] 1 < 17h+21 a d  )%-]/i;kJ f 

1 ,/a,+, 1 1he11, rhe concer~e~ice of rlie r\cso seqite~tces ( ~ ~ ) - , / c ~ ~ + _ \ ) ) ~ .  , artd (ci;.) , / ~ \ % " - i ) ) ~  E 

ure lirteor, 1i.irh speed O, defirled as il1 TIteore171 3. 

Proof. The fu11ciio1.i 

This leads to 
HL"' g,!"_:" 

( n + l )  - 7Ïk y lim = lin1 = X - - 
n - r œ  , ,+=~k(l)~ Hini1) 

which is (a) of the theorem. The proof for (b) is analogous. O 

For the second part of Theorem 4,  Ive must notice that ( cc2 /c ' ; , 2 \ ) ) , , ,  is the quotient of 
two linear sequences ( H , " ' ) / H ~ ~ + ' ) ) ~  , , and ( f i~ '~)~ /E?j~f ' ) ) , ,  , with respective speeds 

nh/a,+l and ?-]/irk. 

So, Lem~nas 2  and 3 permit to conclude. 

Reniark. If 1 is a simple pole of j, then only (b)  holds, for sr, + 1. 

Corollary 5. If f sarisfies the coiidirioris of Tl~eorerii 4 ,  rhen rhe r)c-o sequeIlces 
( n + l )  ( c $ ~ ) - 2 / c 2 k - l ) n C I *  ( c \ ~ ) - ] / e \ ~ ~ \ ) ) n ~ ~  

can he accelerated by Airken's S2 process. 

4.1. Calculurio~t of zeros ar~d poles of a meron~orphic funcrion. Accelerariorl 

Let g ( t )  = E ~ o d l r i  a meromorphic function, d o  f 0, and 
OS 

f ( t )  = I I g ( t )  = c1ri. 
i - O  



The poles 7?, of f are the zeros l,, o f  g. T o  calculate zeros of g. \\.e miist use the progressi\.e form 
of c-algorithm. See [2]. 

U1e display the cin) 's  in ail array. The loiver index denotes a column and the upper iiidex 
denotes a diagonal. The  index k is an elenlent of { -2,  - 1, 0, 1, 2:  . . . ) and ir € Z', 11 >, - ( $ k ]  
- 1. We progress from top to bottom \vit11 the rhoi-i-ibus rule: 

€ y + ] )  = ( ( n )  ,( + [€in!] -cy!! l l )]- l .  

With initial conditions 
- -  = 0 k 2 0 2 k 

for the first Ijne. 

for th? secoild Iine. and 

c o i '  - 1 = 0: 11 >/ O 

for the first co lun~n.  The  quantifies (ci;!),), ,, may be  calculated by mean of the recursiw 
computation 

We know that the second colurnn is 

Al1 these abo\*e quantifies are related with Padé approximants by the relation 

cc = [ I I  + k/k]  ,(1) = [ k / ~ r  + k ]  ,(l) 

with 

The result of Theorem 4 becomes: 

The convergence is linear, with the speed 8, if: 

isk-,i < il,-, I < I L I  < lak+,  I < is,+,i 
and 

I l k - I / l k  I # I l k / l k + I  1 9  

where 

e k = l k - l / l k  i f  1 l k - l / l k I '  I lk / lk+l I ,  

0 = + otherwise. 



So, the coiiverpeiice of (c$;)-  ,/<$i_\)) to tlie inverse of the k th zero of g is liiiear aiid tlius can be 
accelerated by Aiiksn's S . 

Tlie function 
k k k 

G ( i ) =  w.hereT,= and V k =  C d ,  

has the sanie poles of y and the pole 1 .  
So, using the came table as abo\-e Ive can ~vrite: If the poles of G are Iy: and / 1 < 1 II", 1 

< 1 Ti/,+, 1 :  then 
]ilil c ~ - ~ ~ - ~ : - 2 ) / c ~ - l l - k - l )  = 

- 7 - 1  2 1 ; - 1  i f  1 Ti/, 1 < 1 
1; - % 

(quotient of 1ii.0 E U C C C S S ~ \ . ~  terrils of an odd line) and 

hloreo~.er, i f  1 1 ; ; ;  -: 1 < 1 I i i - l  1 < 1 IV, 1 < 1 l I / L - l  1 < 1 1 alid 1 1 iTk-]/1vA 1 = 1 JVL/ l i 'L- l  1. 
tlien the t ~ i o  con\errencrs a b o ~ e  are linear and can be accelerated by Aitken's S2.  

So, we obtain a similar result to the one obtained with q-d algorithm for the si~i~ultaneous 
calculation of poles and zeros of a n~eron~orphic function with a unique table. 

4.3. Parricular case 

Let PA(z) = E ~ . o ~ d , i i ,  d o  + O, d i  F O, be a polynomial of degree k. Its zeros can be found as 
above, with É-algonthm. The quotient of tivo consecutive vertical terms of each odd column 
converges to a zero of P,. 1.e. 

n + l )  - lim c i : L l / c $ i - l  - l / l i  if 1 < Il, 1 < Ili+] 1 
for i  = 1, 2 , .  . . , k ( lo := O and { k + l  := a). 

We remark ihat this particular case is sinlilar to the one obtained by Brezinski in [3] since the 
a- c ( - ~ + ' )  are linked by a linear combination, precised under, by relation numbers ( u j k ) ) ,  _ ,,,-, .- Z k  - 

( 5 ) .  
Let d ,  = O for i  = k + 1, k + 2 , .  . . . Let us write 

U ; k )  := €(-,il) 2 k - l  = [ k  - l / i ]  I V ( t ) ( l ) ,  i  = O ,  1 , 2 , .  . . 
where IY(2) = E ~ o < r i .  The11 

d O u"')+d 1 I I + ]  u ' ~ )  + d  2 1 + 2  u ( ~ )  + - - -  + d k u ; $ k = 0  V I = O ,  1 ,  2, ... . 
Proof of relation (5) .  

ujk )  = [ k  - i / i ]  J Y ( l ) ( l )  = ~ ; i i + ~ - ' ( T , )  
where 



The determinants D , , , , ,  satisfy the relation: 

D k , , , , = d k - , D k . ; - j , ~ - d k D k , ; ~ j + ~ ,  ~ = l , + - - , k -  

Let us rnultiply Dk , .  ,. , by ( - d k ) j - '  and sum the k equations obtained. 

D k , i , l  = d k - l D k . i - l , l  - d k D k , i . 2  3 

- d k D k , ; , 2 =  - d k d k - l D k , i - 2 . 1  + d : D k q i . ) >  

( - d k ) k - l ~ k , i , k - ]  = ( - d k ) k - 2 d , D k , i - k + l , l  + ( - d k ) k - l ~ k . i . k .  

k - 1  
( - d k ) k - l ~ k , ; , k  = d O D k , i - k , l (  - d k )  

D k S i ,  = d k - l D k , ; - l , l  - d k d k - 2 D k , i - 2 , 1  + . . . + ( - d k ) k - 2 d , ~ , . ; - r + i . i  + ( - d k ) k - ' d o ~ k , , - k . l  

( - d k ) j u ! k ) =  d k - I  ( - d k ) ' - l u ! k )  1 - 1  + ( - d k ) ' - '  U i - ,  + . - . + ( - d k ) ' - l d , ~ ] ~ \ + l  

+ ( - d , ) ' - ' d , ~ j S ) ~  Vi> ,  k .  

Which is the relation (5). 
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Receii!!!.. Brczinski [ I l  iniroduced the no:io;i of pariial Pade approxin~aiitc (PP.4) \vkich contirts  in findine 3 
rs:ior;-l fur,ciicii \\ . iri i  pieassigned ztrcs 2nd poles and  ah ich  coincidrc \\il11 ihe expznsion of a funciion j up 
iiie m2Uc:îl dsgree. H u e .  \ \ e  cbizin 3 r~iic!:r,l fii~ictic~il \\.iih pre2scjglied \,slces ( e \ en  x )  \ \hich ccinci2er \\-iih 
the r.\pzncic.n of ikis fuiiciioii j 2s f:r 3s pos'ib!s a n d  i k s  leads us. iii ihe pariicular czce i ihen iheie \c!uec ore 
O c r  x .  10 3 deierrnir.antz1 e\presic,n of i h r  PP.4. 

1. Introduction 

The purpose of this work is to find a rational function R ( t )  = P ( t ) / Q ( t )  with degree 
P = I I I  + p and degree Q = n + p such that 

P ( t )  - Q ( t )  f (1) = ~ ( i ~ ' + " + ~ + '  1, 
R (a,) = Bi ,  (Y, E ê * :  (Y, distincts (BI possibly oo)? i = 1,.  . .: p .  

(1) 

In Section 2 Lve give the expression of R ( I )  as the quotient of t\vo determinants. Section 3 is 
de\foted to the study of the particular case 

O for i = l ,  .... k ,  
P, = ( w for i = k +  1: . . . , p .  

(partial Padé approximants are recovered). Finally, \ve sho\v how to calculate R ( t )  \vith the 
E-algorithm. 

2. Espression of R 

Notation 2.1. Let ,'?nl(t)/bl,(t) be the Padé approximant of a function j. K,( t ) / f i , ( t )  = 

[~it/rt],(t) is supposed to exist. Then, we have 

B n ( t ) f ( r )  - ,Y,,(t) = o ( I " ' + ~ + ~ ) .  

0168-9274/90/53.50 O 1990, Elsevier Science Publishers B.V. (North-Holland) 



,!f. Prerosr / Partial Padé opprosi~)~riiirs 

Tlieorerri 2.2 .  If s).stei?l (1) has a urlique solirtioii, tliell 

a - [ , ; ( , )  p - v l l ( a , ) ]  pi + cc; 
e r i - i . n ~ - ~ ( ~ l )  = 1 a;-kfin+k(ai)> p i =  cc, 

i =  ] : . . . , p .  

Proof. R ( a , )  = B, is obtained by subtractiiig the first column from the i th  in the numerator and 
in the denorninator. Moreover 

Remark 2.3. If pl = f ( a i )  for i = 1 , .  . . , p ;  then R ( t )  is the multipoint Padé approximant at zero 
(order i n  + 11 S p )  and at a, ( i  = 1,. . . , p).  Let us set 

three vectors in R P+l. From the expression of R ( r )  we obtain: 

d e t ( ~ ( l ) ~ ( t )  - N ( l ) ,  f ( a ~ ) D ( a ~ )  - N ( a ~ ) , . . . , f ( a ~ ) D ( a ~ )  -N(a , ) )  = 0. 

The vectors in R P" depending on r, f ( r )  D(1) - N(r),  are known for r = a,, . . . , a,. We want 
to approximate the value f ( t ) .  So, R ( t )  is such tliat the erior R ( r ) D ( t )  - N ( t )  is in the 
hyperplane determined by the errors committed at a , ,  . . . , a,. 



3. Particular case: Partial Padé approsiniants 

Let us ilow exanline the case: 
/3,=/3,= . . .  = p  -0 '  

k - 

B k + ,  = = . . . = pp = 92. 

Let 1. := p - k .  \'rle set 

E A ( r )  = n (1 - a,) (degree k ) , 
i - 1  

P 

G r ( r )  = n ( r  - a,) (degree r.). 
i - k + l  

Then R ( t )  can be ivritten as 

ahere  j7,, and q', are some polynornials u-ith de; p,, := p = 171 + p - k = I I I  -t r and deg q', := v = 11 

+ p  - r = 11 + k. We have 

Thus &(r)/q',,(r) is the Padé approximant [p/v] of G r ( l )  f ( r ) /CA(l )  for p z r. and p 2 k .  Thus R 
is a partial Padé approximant as defined in 111. 

Remark 3.1. The expression for I I  z k of the I I  th orthogonal polynomial with respect to the linear 
functional (supposed to be definite) is defined by the coefficients of the series G r  f/u',: 

q,,(z) = rVq,,(r-'), 



~vhere 11 = v - k ,  111 = p - r ,  and Dl,, . . . , D,,, are the orthogonal polynoniials Ivith respect to 
C ( m - n + ~ )  , where c'" is the functional defined by C'')(.Y,) = 

4. Calculation of R \fith E-algorithni 

By dividing the j th  row of the numerator and of the denoniinator by ~ , , , , - l ( t ) i P A J - i :  \ve 
obtain R ( r )  as a ratio of deterniinants, the first column of the denorninator being 1. 

We set 

and 

This shows that R can be computed usin; the E-algorithm with the initializations: 

By applying E-algorithm of Brezinski [2], \ve obtain: 
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Abstract: We discuss the orthogonal expansion of a distribution d +  whose support [ -  1,1] and first N + 1 moments 
c,, c, ,  . . . , c, are given. The truncated orthogonal expansion d?, gives rise to approached orthogonal polynomials and 
so to approached Padé approximants of the Stieltjes function with the distribution d+. 

Keywordr: Padé approximants, orthogonal expansion, weight function. 

1. Introduction 

Here we recall the formalism introduced by Brezinski [2]. Let f  be a forma1 power series in 
one variable: 

00 

f ( 1 )  = C c l t l ,  Ci E R .  
;=O 

Let us define a linear functional acting on the space of real polynomials by 

c ( x i ) = c ,  for i = 0 ,  1 ,... . 
cl is called the moment of order i of the functional c .  By expanding the function x  + (1 - x t ) - '  
in a power series we formally get 

we replace the function x -, ( 1  - x t ) - '  by an appropnate function g , ( x ) ,  we may hope that 
g , ( x ) ) ,  if it exists, will be an approximation of f ( t ) .  
We suppose that the first N + 1 moments are known. In order to calculate c ( g , ( x ) ) ,  g , ( x )  

needs to be a polynomial in the variable x, and the degree of g , ( x )  must be less than or equal to 
N: 

N 

g , ( x )  = C a , ( t ) x k .  
k-O 

(Note that the functions a, may depend on c , , .  . ., c,.) 

0377-0427/90/$03.50 O 1990 - Elsevier Science Publishers B.V. (North-Holland) 



M. Preoost / Approached Padé approximanrs 

Many cases of g,(x) as a polynomial approximant of the function x + (1 - x t ) - '  have been 
studied in [13] (see [14] for a sumrnary). 

In this paper, we study the approximation d?, of the distribution d+,  provided by g,(x) in 
the following cases: 
- g, as orthogonal polynomial with respect to the linear functional c (Section 2), 
- g, as interpolation polynomial of the generating function x + (1 - xt)- '  or g, as the truncated 
orthogonal expansion of this generating function (Section 3). 

The convergence of dSN to d +  is studied in Section 4 and the orthogonal polynomial with 
respect to d$, will be called approached orthogonal polynomial and studied in Section 5 .  These 
approached orthogonal polynomials lead us to the construction of the approached Padé ap- 
proximant (Section 6). Section 7 deals with the construction of the Padé-Chebyshev approxi- 
mant of the weight function w(x) when d +  = w(x) dx. 

2. Padé approximants 

If only N + 1 moments of the function f are given, we can use a Padé approximant of f ,  
[ p / q ]  / with p + q  + 1 < N .  [ p / q ]  / is the rational fraction whose Taylor series coincides with 
that of f up to the maximal order. 

In the genenc case, we have 

where Pq is the polynomial of degree q  belonging to the family of orthogonal polynomials with 
respect to the functional c ( ~ - ~ + ' )  defined by 

We now suppose that 

where + is a real function of bounded variation on [ -  1, 11. If + is nondecreasing, then f is 
called a Stieltjes function. 

The Gaussian quadrature method applied to the integral corresponds exactly to this Padé 
approximation of f ,  

and provides an approximation of d +  by 

(d8a is the Dirac distribution on the point a ,  i.e., lh (x)  d6a = h(a )  and \C., is a step function 
with jumps of magnitude AIM) at points xlM), i = 1, .  . . , M, (zeros of PM). 
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If # is a nondecreasing function, it is well known that the points xiM), the zeros of the 
orthogonal polynomial P,, with respect to c, belong to 1-1, 11 and that the weights A ! ~ )  are 
positive. 

Reniark 1. If # is a nondecreasing function, with infinitely many points of increase, Van Assche 
has used Turan determinants to approximate d\C/ [16]. 

3. Orthogonal expansion 

Our aim is still to replace in (A) the integrand x -, (1 - XI)-' by a polynomial g,(x) of degree 
N in the variable x. 

Let dp be a known positive distribution and { P,(dp, x), k E N) the sequence of orthonormal 
polynomials with respect to dp. We suppose that the support of d p  is [-1, 11. It is well known 
that P,(dp, x)  has degree k, has al1 its zeros in [ -  1, + l] and satisfies a three-term recurrence 
relationship. 

The expansion of g, in the basis Po(dp, x), . . . , PN(dp, x)  is: 

where the Bk's satisfy 

because of the relation l ' ,~,(dp,  x)P,(dp, x)  dp(x) = ôkl. SO, an approximation of j is: 
N 

r ( t >  - C Bk(f)c(Pk(dp,  4). 
k - O 

The terms 

are the modified moments of the distribution d\C/ (see [8]). 
The Stieltjes inversion formula [4, p.901 allows us to express d#  in terms of F ( z )  = z-'j(i- '): 

1 441) - + ( S I  = - - * y + o +  iim ~ ' I ~ { F ( x  + i y ) )  dx.  

4 is supposed to be normalized by setting, if necessary, #(x) = i[\C/(x + 0) - +(x  - O)] at the 
points of discontinuity. By (2) + appears as the change of determination of the analytic function 
f through its cut ] - m, - 1[U]1, + m[. 

If we replace in (2) the function f by the approximation given by (l), we obtain an 
approximation JN of # as the change of determination of the 8,'s through R.  This method fails 
because it needs two approximations, the first given by (1) and the second given by "li~n,,~+ 9 9 

in (2). 
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If, moreover, we suppose that for each k a function a, exists such that 

then we obtain an approximation d $ ,  af d I) by 

where u is some polynomial of degree N + 1. Then, g ,  is the polynomial interpolant of 
1/(1 - xt) at the zeros of o. Now the Bk(t)'s are rational fractions with poles at the inverse of 
the zeros x,, i = O,. . . , N, of u. So pk has no change of deterrnination, except at the points xi-', 
i = O, .. ., N, and SN is a step function with jumps at x ~ ' .  

Example 3. Let g, be given by (B) with 

i.e., let g, be the truncation of the orthogonal expansion of the function x + (1 - xt)- '  in 
Pk(dp, x)  [18]. Then the function a, in (3) is da,(x)  = Pk(dp, x)  dp(x )  and 

N 

dJN( t )  = d d O  C P k ( d ~ ,  f ) c ( P k ( d ~ ,  4). 
k-O 

Remark 4. If d+(x)  = w(x) dp(x)  with w E ~ ~ ( d p ) ,  then 

lim c (pk (dp ,  x ) )  = 0. 
k -4 CO 

Proof. Just recall that the quantities c(Pk(dp, x)) are just the coefficients in the orthogonal 
expansion of w in terms of { Pk(dp, x))  : 

and limk ,,c(Pk(dp, x)) = 0. O 

The result of Remark 4 no longer holds if d +  is not absolutely continuous with respect to 
dI-4~). 
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Example 5. d +  = da, (Dirac function), j ' ,  ~ , ( d p ,  x) dao = P,(dp, 0) and lim, , ,P,(dp, O), in 
general, does not exist. 

This remark will provide us a mean to detect a Dirac mass (and its derivatives) in a 
distribution (see [15]). 

Example 6. Let g, be the polynomial in x of best approximation of the function x -t (1 - XI)-' 
on [-1, 11. Different expressions of g, exist [ I l ,  p.33, 341. Hornecker [9] has obtained an 
expression of g, in terms of Chebyshev polynomials of the first kind T,, orthogonal with respect 
to d x / \ m :  

where 
N 

C ' a ,  = t a ,  + a, + . - - + a N  (Paszkowski's notation [12]) 
O 

and p = t-' + iir'-l, the sign before the square root being chosen such that 1 p 1 < 1. Note that 
the orthogonal expansion of (1 - xt)-' over the basis T,, . . . , TN is 

After having calculated the change of determination of c(g,(x)), we obtain 

- 2di [ ( C )  - io,;(t)C(T,) , 
/ ( = O  1 

where c(T,) = j l ,T,(x)  d+(x).  

4. Convergence 

In t h s  section, we are interested by the convergence of dT, to d+.  

4.1. Gauss quadrature 

Let J /  be nondecreasing with bounded variation on [ -  1, 11. We have 

(see Section 2); d T, satisfies 
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Let 1,: C([-1, 11, W) -, W: 

N N 

11 iN 11 = C 1 A:,)I = C A! , )=  co, A!,) > O Vi. 
i =  1 i -  1 

So, i, -, c on 9, the space of polynomials and { i, ), , , is uniformly bounded. Then, by 
applying the Banach-Steinhaus theorem, 

d $, -, d S, (weak convergence), N -, oo . 
W 

4.2. Ortkogonal expansion 

Let iC, be of bounded variation on [ -  1, 11, not necessarily nondecreasing. The approximation 
d$, of d S, is (see (4)) 

N 

d $ N ( t ) = d ~ ( t )  C P k ( d ~ ,  r ) c ( P k ( d ~ ,  x)) ,  
k-O 

with 

where P,(dp, x)  is the orthonormal polynomial with respect to dp. d q N  satisfies: 

1 1 

1- 1 
P k ( d ~ ,  d3N(x)  = c ( p k ( d ~ ,  x ) )  =/  P k ( d ~ ,  x )  d $ ( x )  

- 1 

for k = O,. . . , N, and then 
1 

C I $ ~ ( X )  = /  x k  CIJI (X)  =c*, k = 0  ,..., N. 
- 1 

because deg P,(dp, x )  = k. 
Let IN : C([ - 1, 11, R) -t R : 

1 
b - t l N ( i > ) = l  h ( x )  dqh>(x ) ,  i N ( P ) = p  VPEP, ,  

- 1 

II 1, Ij = sup 1 i, ( h )  1 < 11 h 11, var(JN, [ - 1,  11) (total variation). 
Ilhll,Cl 

Theorem 7. Let ( Pk(dp, x)) be the sequence of orthonormal polynomiais with respect to dp, where 
p is a nondecreasing function of bounded variation, whose support is [ -  1, 11, with infinilei)) many 

N 

11 11 = j1 1 C C ( ~ ~ ( ~ C L ,  x ) ) P k ( d ~ ,  t ,  
- 1  k-O 

d ~ ( t ) .  

By the Banach-Steinhaus theorem we obtain the next theorem. 
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points of increase. Let J, be a function of bounded variation on [ -  1, 11. Suppose tlzat c, := 

d\C/(x) are known jor i = 0, 1, 2, .  . . . Let 

Suppose that 

wlzere M is sonîe constant independent of N. Then 

d q, + d J, (weak convergence), N -+ m. 
W 

Let us now examine the particular case where diC/ is absolutely continuous with respect to dp 
(given distribution). Let us set 

and 
N 

6.40 := C c(P,(dp, x ) ) ~ A - ( d p ,  1 ) .  
k = O  

- 
In (6) ,  wl, appears as the best L2(dp)-polynomial approximation of W .  We can, then, apply the 
classical theorems. 

- 
Theorem 8 (Cheney [ 3 ,  p.1101). I f  drC/ = w d p ,  witlz w continuous on [ -  1, 11, the11 w - wF has at 
leart N + 1 zeros in [ -  1, 11. 

ïlieorein 9 (Freud [7 ] ) .  If 14) E L2(dP), then F,,,+ ,,, ,'-r o o ~ j  in ~ ' ( d ~ ) ,  

Theorem 10 (Freud [7]). If d p  is absoluleiy continuous with respect ro dx  and p'(x) < M ( l  - 
- 1 < x < 1, if w is continuous 011 [ - 1, 11 and of bounded variation, then i7, converges 
on every set of points xo for wlzich 

is satisfied with a fixed L. 
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and so 
ci N 

converges unijormly on [ -  1, 11 to m > f l ( x )  .'(x) >fl  is continuous and of bouirded uariarioti on 
I - l , l l .  

This result holds if we use the best approximation for g, as in Example 6. See the numerical 
examples in the Appendix. 

5. Approached orthogonal polynomials 

Let f be the function 

with \C, a function of bounded variation (not necessarily nondecreasing) and where c, = 

,xi  d\C,(x), i = O,. . . , N, are supposed to be given. 
We use an approximation in ~ ~ ( d p ) :  

N 

d$N(t) = d ~ ( t )  C c ( P k ( d ~ ,  x ) ) ' ~ ( ~ c L ,  t ,  
k-O 

and calculate the orthogonal polynomials with respect to d & , ,  denoted by Pk(dTN, x). Because 
of 

we obtain 

P,(dqN, x )  = P,(d+, x ) ,  k = O,.. . , [il\']. 
The moments of d$, will be denoted by 

So Z;,=c, for i=O ,..., N. 
In order to calculate the other coefficients Z;,, i 2 N + 1, we can remark that 

Z;(p,(dp, x ) )  =O, j d N + 1. 

We have 

é ( ~ , ( d p .  4) 

N 1 
= c(Pk(dP,  x ) ) /  P,(dp, x ) p k ( d p ,  x )  d p ( x )  = O  for j >  N +  1.  

k-O - 1 
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So, from the expression of P,(dp, x )  in the basis 1, x,  . . . , xJ, Z(P,(dp, x)) = O gives CJ in terms 
of co, . . . , c, and T,,,, . . . , CJ-,. The difference 

c(pJ(dp,  x ) )  - C(<.(dp, x ) )  is equal to c(PJ(dP,  x ) )  for j > N + 1 ,  

and then tends to zero when j tends to infinity, if d+b = +bf(x) d x  with r ~ / '  E ~ ~ ( d p )  (see Remark 
4). 

5.1. Definition 

The polynomials PJ(dTN, x )  orthogonal with respect to d q N  will be called approaclied 
orlhogonal polynomials with respect to d\C/ at order IV. 

3.2. Expressio~t O/ P,(d $,, x) in terms of PJ(dp, x) 

where C( P )  = 11, ~ ( x )  dTN(x)  and DJ a coefficient of normalization. 
Formula (8) allows us to calculate the orthogonal polynomial pJ(d$,, x), which gives a 

continuation of the sequence P,(d \C/, x )  for j 2 [ $NI  + 1, if only the N + 1 first moments of d 4 
are .given. (Sinlilar ideas have been used: in [17], it consisted in calculating Pk(d\C/, x )  with the 
three-term recurrence relationship up to k = [ ; N I ,  and for a greater index k ,  in calculating al1 
the sequences of Pk by taking the coefficients in the recurrence relation constant and equal to 
their last computed value. In [IO], the method involves interpolation between compu ted and 
terminator coefficients in the continued fraction.) 

Remart 12. We can obtain another expression of P,(d$,, x )  because dTN is the product of d p  
with a polynomial. See [12]. 

5.3. Particular case d p = d x  / 

In t h s  case 

T, is the Chebyshev polynomial of the first kind. Note that 

qT= +(q+,+ T I , - , , ) .  
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So, the expressions 

and 

hold. The above determinant can be simplified since 

f(T,) = c ( q ) ,  j < N, 

? ( q )  = O, j > , N + l .  

cl - cl = O ifi < N ( A  is a consfaitr: A = j l ,  Id+(x)  1).  

Proof. For i >, N + 1, 

But 

dx 1: ,x'T, ( x )  dx 
!F7 

An upper bound for c(T,) is 
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d\C, = d x ,  

Calculation of 2,: 

4 - 1  Formula (11) gives 1 c, - C, 1 < (n . 2  ) = 0.02 (note that c, = 0.2857); ë(T7) = ?(Ta) = O gives 
C, = 0, C8 = 0.2260.. . (compare with c, = 0.222.. .), (11) gives 1 c, - C, 1 < 0.045. 

Let us take N = 5. From C(T,) = O, C, = O. From C(T,) = 0, C, = 0.2229 (compare with c, = 

0.2222) and 

6. Approached Padé approximants 

6.1. Introduction 

We only study approached Padé approximants for the function 

where + is a function of bounded variation on [ -  1, 11. We suppose that co, . . . , c, are known: 

Let us approximate d \C, by 
N 

d\CI,(t) = d ~ ( t )  C c ( P k ( d ~ ,  x ) ) P k ( d ~ ,  O, 
k = O  

and Search the Padé approximant for 

Theorem 14. 

fN ( 1 )  - f ( t )  = 0 ( t N + ' ) ,  
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Proof. 

where 
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q,(dp, t) is holomorphic in ê \ ]  - oo, - l [U] l ,  + CO[ (associated function), and qk(dp, r )  = 

O( t k )  since 

by the orthogonality - of Pk(dp, u) .  This proof uses, in fact, the property that the first AT + I 
moments of d+, are c,, . . . , c,. (See Section 4.2.) O 

Definition 15. Let c,, . . . , c, be given and CA,+,, FR+,, . . . be estimated as explained in Section 5; 
we can construct a Padé approximant for the function f,(t). M1e shall cal1 it an approached Padé 
appt.oxinzattt of 1. 

6.2. Cortuergetlce of approaclîed Padé approxinzants 

ln [13], we proved tliat, under some conditions about the distribution dp ,  (a) jN converges to f 
uniformly on every compact set of the con~plex plane cut along ] - m, - 11 U [l, + m[; (b)  the 
factor of convergence is such that 

Note that assertions (a) and (b) remain true if f is only analytic on C \ ]  - oo, 11 u [ l ,  + cc[. 
For the other terms of Table 1, the problem is more complicated since the Padé approximant 

of a function f does not generally converge to f. Nevertheless, if \C/ is nondecreasing on [ -  1, 11, 

Table 1 

Exact Padé 
approximants of f 

Approached Padé 
approximants off 

ch> [ O / N ] ,  

C N + I  [O/N +Ili,. 
? N + Z  

C ( P , ( d p ,  x ) )  =O, k 2 N + 1 ,  gives Z ,,,, C N + 2  ,... . 
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it is well known that the Padé approximants [ N / N ]  converge to f. So, if the function SA, is 
nondecreasing ', the same is true for the Padé approximant of 1, and then for the approached 
Padé approximant of f. 

7. Padé-Chebyshev approximant of the weight function 

In this section, we restnct ourselves to the particular case 

Formula (9) gives an approximation of the weight function w: 

Instead of using the approximation iÿ,, we can try to construct a Padé-Chebyshev approsimant 
of w in the following way: find a,, a,,. . . , a,, b,, . . ., bq such that 

The product on the left-hand side of (12) gives terms from T, up to TN+, with the very simple 
rule of multiplication 

Equation (12) gives rise to the system (see [Il) 

From the definition of Padé-Chebyshev approximants, we immediately obtain the following 
theorem. 

1 If  d$(x) = W ( X )  d x  with w >, O on [ -  1,1], it is possible to use an approximation of w using Legendre polynornials 
which is positive on [ -  1,1]. These approximants were introduced by Durmeyer [6] and studied by Deriennic [ 5 ] .  
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Theorem 16. 1f rhe weighr junciio,~ w is the produci of 1/ by a rntional jracfioi~ of degree 

where (p/q] denotes the Padé-Chebj~slzeu approximant of the series X~*c(T,)T,(x). 

Note that the construction of [p/q] needs the coefficients c(To), c(Tl), . . . , C(T,+,,+~). 

Remarli 17. This kind of rational approximant is called a Maehly approximant. See [l, II, p.581. 

Remark 18. It can be proved that the poles of the Padé-Chebyshev approximant approach the 
points where the distribution d #  has Dirac masses [15]. 
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Appendix 

Figure 1 shows approximations of d+(x )  = w(x) dx  for different values of W .  w is in dotted 
line, its approximation EN in solid line. 

N - 2  1 d \~ / ,  = F ~ ( ~ )  dx,  w,= - E/C(TJT =m O 

for Chebyshev polynomials of the first h n d :  

7]+,(x) = 2xT,(x) - T,-,(x), To = 1,  T,(x) = x 

for Chebyshev polynomials of the second kind: 

Pi a Legendre orthogonal polynomial: 
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~ - l l l l l l l l l l o ~ l l l l l l , l l l ~  

Chebushev of the f i r s t  kind 

I Legendre 
The degree i s  N-40 I I 

- 1 O 
I I I I I I ~ I I  

Chebyshev of the second kind 
'The degree i s  N=20 ' 1 

w(x)=AbsIf*x*x*x-x] on 1- 1 ,* 1 1  

- - 
- 
- 1 

I I I I I I ~ ~ I  

Fig. 1. 

Chebyshev of the f i r s t  kind 
The degree i s  N-40 
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A B S T R A C T .  
Let us consider a distribution c which is the sum of another one (with an asymptotic property on a 

given sequence of orthogonal pdynomials) and a linear combination of Dirac distributions (and their 
derivatives) a t  the points a l , .  . . ,aq.  

In the section 3 we present a method t o  compute tlie points a l , .  . . ,aq from the moments of c. In 
order t o  detect the singularities of afunction f ,  we dikrent iatc  j in tlic sensc of the distributions. Tlic 
jumps of f appears as Dirac masses in the derivatives. The jumps of j' will appcar as Dirac masses 
in f" and so on. The singularities of f can therefore be computed by meam of a metliod explaincd in 
section 4. 

1 Introduction and notations. 2 Padé Approximation - QD algorithin. 

The space of linear functiond (distributions) defined on P, T h e o r e m  1 ([dl) 
space of polynomids, will be denoted by Pt. I /  c = w + c ~ " = , ~ ~ ~ ( - ~ ) ~ A ~ ~ D J ~ , ,  , a, distinct points o j  
The Dirac distribution 6,, and its derivative of order m,  C and 

Dm6,, are defined as follows : < w , z n  >=O, Vn E N thcn 

(mtional fmction o j  degrec (M, q) ) 
Let c and w be two elements of P. We assume that the wherr c, := c(zn) :=< c,zn >, q = Cgl r I ,  
moments c, :=< c, z n  > for n = 0,1,. . . are given and that M = 9 - Mini r i ,  i = l,..., m}, and the Pad i  approtirnant 
c and w are linked by the following relation : of cntn is 

w 

[PIQ] = C cntn for p 2 M 

Aij E R,i = l , m  
ai distinct, j = 0,r; - 1 Note that the poles of the Padé approimant [ p l g ] ,  p 2 hl 

437,-i # O,Q := CZl ri are the points a;',: = 1,.  . . , m  with order t, ; the latter one 
can be computed with the QD algorithm of Rutishauscr [8]. 

Relation (1) shows that  c is equd t o  w apart from a linear In some particular case, the convergence of the P.A. to the 
combination of Dirac distributions and their derivatives a t  function j can be established: 
the points a l , .  -. ,a,,,. 
If the distribution w is such that wn :=< w,zn >+ O when T h e o r e m  2 (Montessus de Ballorr) 

n -r IXI faster than max,,l,, laiIn, then the ai's can be com- If c and w satisfy (1) and lim,,, % = O i = 
puted by the Q-D aigorithm (Section 2). a: 1 I , . . . ,m  

The aim of this papcr is to compute the a,'s when the then the Padé approzimant [plq] tends to 
distribution w satisfies w 

f ( t )  = C %ln 
lim < w,PkPl >= O,i = O,...,q n=O 

k d 0 0  

for some sequence of polynomials Pj .  



unijornily on cticry coiiipncl iiicludcd i ~ i  

tulren flic drgrce p o j  tlic i~riiiicrntor leiids 10 irijiiiily. Tlie 
polcs o j  [ p l q ]  tu id  to aT1 , i  = ~ , . . . , I I I  rüilh tlrc ordcr v ,  
wlicn p tcnds io injinily. 

. . .  P r o o f .  Sec 131 for r; = 1, i = 1 , .  m and also the clegaiit 
proof of Saff [O] for tlie gerieral case. Tlie ai's cnii be al)- 
proxiniated by the columns of the QD algoritlirn. I i i  geiieral 
the  convergence of tliese coluniiis to a l 1  is linear [5].Tlie 0;'s 
can also be approxiiiiated by llie .c aiid v - s algoritliiiis, tlie 
coiivcrgciice being also lincar [5] and so  caii be accelerat.ed. 

3 Extractioil of Dirac distributioil. 

In tliis part ,  we assume another kiiid of asyii-iptotic condition 
on w. Let ( P k ) k E ~  be a sequeiice of inoiiic polyiioiiiials of 
exact. degrce k. \IL nlakc tlie followiiig assuiiip(ioii oii w : 

. .  (2) lim w(P,&) = O for i = 0 , .  , q  k--- 

Aftcr n1ultiplication of the Iwo Ilandsides of equality (1) by 
tlie polynoniial P ( t )  = n E J z  - a,)'' of degrce q ,  we get : 

(3) P.c = P.w 

T h e  equality (3)  is equivaleiit t o  

c ( p ( z ) z k )  = w(P( I ) . z~ )  Vk E N 

or c(P(Z)pk( t ) )  = w(P( t )Pk(z ) )  Vk E N 

In ordcr to find the points ai's, let us expand I.lie polyiioniial 
P ( z )  in terrns of Po, P l , .  S . .  Pq 

Tlie coefficients b; will Le coinpiitcd by solviiig tlie follo~viiig 
lincar system : 

and applying t.he followiiig tlicorcni 3. 

T l i c o r e m  3 Lcl c n r ~ d  w Ir dcfincd a s  in (1) .  H'c assirrllc 
tlrnl flic srqrrrncc (PL)icN lins lllc j>1.oj>rrlirc {i) r ; . ~ ( l  ( 1 ; )  

r,-1 
( i )  k-00 l i i i i  C C a,, I ~ ' ) ( o ~ )  = O - a ; j  = O, 

t = i  j = O  

. . (rm-1)  
P I )  ( a )  : : prm-l (arn) 

. . . . . . 
... P9-l("",) . . . . . .  p('"-l)(al) 

9-1 
d~l7rrciil Jroi11 o. 

o'q .. Ij tlrc solution (bkh'),. , bq ) of the systcrn (Sl.) contcrljcs 
.. to (Io,. , l q )  wlrcil Ar tends lo ir~jinity, tlicrl, this lirllil sot -  

.. isJcs /, = 6, i = O , .  y Q. 

P r o o f .  Lct us set A = xzl x>-: ~ ; ~ ( - l  jjDjfiO,, 
Q = CEl t; and 

(A.) (s:,) bbeconies A ~ C ( ~ ' )  = O wliere Oh') = ( b r ) , . . . , b q  ), 
b(") = 1. T h c  b;'s satisfy the  sgstem A,,!; = fl,vC ulierc 9 ... 6 = (bo,. bp), oq = 1. 

From liniN,, 6(.) = ï= (lo, - , l q )  i t  arises 

li1TlN+,(AN - R N ) ( ~ -  i) = 0 and 
limk+= CI=,(b, - 1,) A(PaPk) = 0. 

By applying Leibniz formula for the derivation of thc prod- 
uct Pa Pk, we gct : 

witli 

The  property (i) of  lie sequcnce ( P h )  implics 

. - , (b  Io,... bq-.] Iq-l) satisfics the above systcm (S) ~ ~ l i o s c  
dctcrmjnant is non zcro (propcrty (ii)) and so b, = l,, i = 
O , - . . , q .  a 



R e m a r k  1. Properties (i) and (ii) seern to be very con- 
strained. In the appendix, we show that a large dass  of 
orthogond polynomials satisfies (i). The property (ii) is a 
condition on the location of the points a l ,  - .  . ,am- 

R e m a r k  2. With the same proof as in, theorem 3, it  is 
possible to  prove that  the solution of (Sk) cannot have a 
limit for d f q. 
The above theorem 3 admits a reuprocai precised by 

T h e o r e m  4 Let c and w & defined as in (1). We assume 
that the sequence (Pk)kEN has the properties (iii) (and (ii)) 
(iii) Dn = 

daesn't converge 10 O. 
Then (hl.  . . , bq) is a cluster point of the sequence : 

(N) ((br), - , bq ))NEN of solutions of the syslern (SA). 

Proof .  
We have :  AN^= RNb 

A N ~ ( N )  = O 

and so : 

iim c ( b i N )  - b 8 ) A ( P 8 P ~ )  = 0 
N-oo 

*=O 

and 

converges to  O when N converge to  W. 

A sequence (Nk)kEN can be choosen such that the deter- 
minant DN, involved in (iii) has an absolute value greater 
than a given strictly positive reai number independant of k 
(or equivaiently the matrix of (iii) is uniformly inversible). 
Sol the sequence ~~,,(î)~,~~~(b~~*'-b,)f$")(ai) con- 

verges to O when k goes to  infinity, for each i = 1,. . . m. 
Rom property (ii), we can conclude that Lmkdw b p '  = bj 
foreach j = O , ~ ~ ~ , q - l .  

a 

4 Applications 

In this section, we assume that the support of the distri- 
bution w is included in [-Il  11 and is absolutely continuous 
witli respect to the Lebesgue measure on [- l , l ] .  

c and w are assumed to be iiniied with relation (1). 
Assurnption (2) wiU be satisfied by the Chebyshev polyno- 

miais on [-1,1] as follows : the Riemann-Lebesgue leninia 
([7] page 99), and the very simple multiplication rule 

insure that 

and /imkdww(TiTk) = O for eacli fixed i E N. 
The hypothesis (i) of theorem 3 wiU procced from the fol- 

lowing lernrna 

Lemma 1 Le1 {a; , , i= l , . - . , r n ; j  = O , - . . , r , - 1 )  bcson~c 
sel of complez n u m k r s  and let a l , .  . . , am k m distitzct 
points of C, then 

m r,-1 

"1. x E a , j ~ p ) ( a , ) =  a,, = 0, ' 

1 = 1  , . . . l m ,  
k-m 

1=1 ,=O j = O,. . . , r i  - 1 

Proof .  If ai,,,-l is non zero, let us consider the polynomid 
of degree q - 1 

wlicre q = Cgl ri and C E o 1 u i  := f uo + u;. 
By expanding P.Tk in terrns of TL-,+], Tk-q+î,. . .  ,Tk+q-l 

limk-wa~,r,-l~k(al)F(rl-l)(al) = O 

# 0 and limk,,Tk(al) f 0 leads to a contradic- 
tion. A 

With Cliebycliev polynomiais, the systcm (Sh) and tlico- 
rem 3 can be rewritten in the following a a y  : 



Tl ieorem 5 Let c aiid w k dcjincd as  in (1). If'c ossuinc 
lhat w snli.$cs (5). IJ tlic points a i , .  . - ,nm orc PIICII tlirit 
tlic dcicri~iirlatii 

is dflcrcnt Jmm O and iJ tlie solution (biN), . - .  , biN)) of the iVitli Clicbychcv polynomids, thcorcm 4 bccomcs: 

systeiii (q) 
Tlieorein 7 Lcl c niid (2 k dcJncd as iii (1). I/ tlic ;,oit,ts . ,  - 

... ... Co, 6jN)(c(~,+,)  + c(?;-~,)) = O, k = A', ,Ar  + q - 1 ri,,. n,, nrc sucli thrit tlic dctcrniirinrit A* OJ t11corci;i 5 is 
ilon zcro, tlicri ( b u , .  .. ,4) is 0 clu.sicr poiilt oJ ilic scc;iic~;cc 

6:") = 1 
(hiN), . . , ,bbn:)),\rEN OJ solutions oJ thc systci,~ (G) 

.. coi~vcrges to a liniif (lo,ll , .  ,l,) u-hcn N gocs to injinily, TIie proof is only based on the fact that 
thcn 

... ,.. ... l i = b ,  i = O  , " ' r Q  1 T n ( a i )  $'-''(ol) Tn(o,) C"- l ) (o , , , )  1 
uhcre flic 6,'s are dcjincd 6y 

m a 

can't coiivcrgc to O, \r.liicli wiU Le an easy coiiscqucr;cc of 
lcmina 3 (Scc Appciidix). 

The theorem 5, in the particular case q = O , provides a 
criterion to detect Dirac ninsscs in a density as follows. 5 Appendix. 

Theoren i  6 D t  c and w be dcjîncd as in (1). ll'e assume M'e s l i d  sliow tliat a large class of ortliogond polynornids 

ihat w salisfies (5) tlicn (Pk)kEN satisfy tlie propcrty (i) : 

m ru-1  
lim c(Tn) = O P q = O (no Dimc mass) a = l  

iini o , , ~ ? ) ( n , )  = O P a,, = O, ' 
, . . . ,m, 

n-m k-m J = O,. . . , r ,  - 1 
i=1 ]=O 

P r o o f .  Let us assume q = O tlien c is equd to w and 
for ul , - . . , a ,  distinct points of C. It  is wcll linown tliat, 

c(Tn) = w(Tn) -+ O n + os i f  (Pk)kEN is a sequciice of orthogonal polgnoiiunls with re- 
spect to a liiiear funclional, then the product P,Pk can be 

Conversely, wc assume tliat lim,,, c(T,) = O and q # O. expanded in terms of Pli-kl+l,. .., P i + k  
Then, m points a i , . - .  , a m ,  m intcgcrs r i  ,..., r,, and q co- 
efficients Aij, i = l , .  . s , m  , j = O,. - , r i  - l ,  a i s 1  such i+ k 

that  pi(z)pk(z) = x aikjPj(z) 
j=li- kl 

m 7,-1 SO, if i t  exils soine red Af such that 
c - u = x  x ~ i ~ ( - l y ' ~ j 6 , , , ,  A;,.,-, # O  i =  l , . . - , m  

i=l j = O  l a i , k j l < h 4 , V k ~ N  V j = l k - i l , . . . , k + i ,  

From lim,,, u(Tn) = 0, (6) and lim,,, c(T,), wc dcduce and i f  (Pk(a))kEN doesn't converge to O whatevcr a E C 
n r,-I (that is true for Jacobi polgnomjds) then the sequencc 

lim x A ; ~ T ? ) ( ~ ; )  = O, 
n-oo 

( f i ) k E ~  satisfy (i). (Same proof as in lemma 1). 
i=l j ro  Let us now show tliat under some conditions, the scquciicc 

whjcli is impossible unless Aij = O i = 1,a.e ,m , (Pk)kEN can also satisfy (iii). 

j = 0 , - . - , r i  - 1 by lcmma 1. 



Lemma 2 Let d and e be Iwo linear junclionals belonging 
to V linked by the relation : 

where n is m m e  polynomial oj  degree q ,  n ( z )  = n L l ( z  - a i )  
îhen 

(Pn)nEN is orthogonal sequence w.r.t e 
is orthogonal sequence w.r.t d 

( Q n ) , , € ~  associated with jn 
(Qn)nEN associated with Pn 
Ak cwf ic ienk  of the mcumnce relation oj  the Pk 's and 
An = e(P2).  
In the case o j  a zen, ak , o j  multiplicity rk > 1, WC replace 
the wmsponding columns oj (7) by the derivatives oj  order 
0,1, . - .  , t k  - 1 oj  the polynomials Pn+i(z) ,  Pn+2(z),, . .  , 
Pn+,(z) ai z = ak. 

Proof .  
For seak of simpiicity, we only write the prooi with r,  = 1, 

i = 1,.  a . ,  ni. The sequence (Pn) , ,€~  satisfies: 

e(PnPm) = O if n d m. 
We have ( [ I l ,  p. 301) 

The  associated polynomid Qn is defined by 

(d acts on the variable z )  and with ( 8 )  is equal to : 

The  left handside,of equdity (7) is 

(by Sylvester identity). 
From the recurrence relationships 

Formula (7) will allow us to write some conditions about 
the given linear functiond e in order to obtain a sequence 
of polynomials ( P k )  satisfying the relation (iii). 

i t arises 
Qn(t)Fn(l)  - Qn-i( t) jn+i(t)  = 

Lemma 3 The notations are the sarne as in lcmnaa 2. Let 
us assume that e is dcjinite 

(-1)qAn+2 An+q+i 

and (Pn)nEN satisjy c(PnPm) = bnm. ~ j ( ~ n j ' ( a , ) ) ~ ~ ~  docsn't 
converge toOjori  = l , . . . , rn , j  = O,.-.,r,-I , i j (Qn(ai)) ,EN 
and (Pn(ai))nEN am bounded jor i = 1 , .  - .  ,ni and i j (An),6N 
doesn't converge lo O then the sequence satkjics 
(iii) 

Pn+i(ai) .. . Pn+i(aq) 

Pn+p (ai ) . . . Pn+q (aq ) 

Proof. As in lemma 2, we display the proof for r, = 1, 
i = l,.. . ,m. Let us rewrite (7)  for ~ ( 2 )  = ( z  - a l )  

x(Qn-1 (t)Pn+i ( 2 )  - Qn(t)Pn(t)  

wlucli is relation (7) since 

1 1 Pn(t) Pn(ai) 1 Pn(t)  = - 
t - ai Pn+i ( 1 )  Pn+i (ai ) 

&(t )  = 1 Qn(t )  pn+l(al) 1 - jJn+](!)e(l) 
Q n t i  ( 1 )  Pn+2(al) 

Frorn hypothesis, we deduce that Qn(a2)  and (in-1(az) are 
bounded and 

can't converge to  O .  The complete proof follows by induc- 
tion. A 



Reinark .  The assuri~ptioii (Qn(n,))nEN boundcd for i = 
l , . . .  ,171 can bc rcplaccd by (11(n,)(2,(n;)),~~ boundcd witli 
h (a , )#Ofor  i =  i , . . . , r n  . 
Example .  If e is tlic lincar fiinclionai dclincd by 

the corrcsponding orthonoriiid polynomjals arc the Clicby- 
chcv polynomjals T,, uqliicli arc boundcd on [-1,1] and are 
such that the scqucncc (Tn(a))nEN docsn't converge to 0 for 
cach a E [-1,1]. The associatcd polynomids are Un and 
satisfy ~ m ~ , ( z ) l  5 1 Vz E [-1,1]. 
So, by lcmma 3, the scqucncc 

can't converge to  O n'lien n gocs to infinity for n, E [-1,1] 
i = 1,.  . . ,q.(But it can bc provcd that a sobscquence can 
converge to O ) .  
Numerical  example .  Let us now explaiii the mctliod of 

detcction of Dirac niasscs in a dcnsity and the approxiina- 
tion of tlie location of thcse masses. \ile suppose that a 
distribution c is tlic sum of a deiisity ovcr a compact iiitcr- 
val (HIUCII without los: of gcncrality can be supposcd to be 
1-1, I I )  and a firute suni of Dirac distributions as follou's : 

ai distinct points of C ,  q = CEl ri and 

witli tc E Li and 1) E P. 
Only the momeiits c, :=< c,zn > and the compact con- 

taining the support of w are supposed to bc givcn. Thc 
difiicult point is whcii the points a, belong to the support 
of w because in thjs cose the function f dcfined by the for- 
mal expansion c(&) = ~ z ~ c , t ~  is the sum of a Sticltjes 
iunction andytic in C-] - CG,-11 U [l,tc*s[ and a ratio- 
nal fraction whose poles a:' i = 1,.  . . ,m are on the cut 
1-ce,-l]U[l,+CG[. 

F i r s t  exainple. 

c = w + 3~50.~ where un = w(zn) = $'1 zndz.  The moments 
l - ( - i ) n t i  

c,, = ,+] +3(0,5)", n E N are supposed to be given. 
The difficulty is to extract the geometric sequence (0,5)" 
from the sequcnce (c,) becausc the two sequences un and 
(0,5)" both converge 10 O. 
Thcorems 5 and 6 provide us a tool to detect Dirac masses 
and thcir places. From the vdues of c(T,), (see table 1, 
coluiiin 2) wherc T,, is tlic ni* Chebysliev polynoiiiid of 
the first kind, we can conclude that c(T,) docsn't converge 
t o  O and then there arc Dirac niasses in the distribution c 
(theorem 6).The system (q) witli q = 1 is 

witli 6;"' = 1. U thc scqiicncc (bp ' )nEN cori\.crgCs to bo tlicn 
1)s Llicorcrn 5 tlic l i i l i i t  satisfirs 

and so ni = 0.5. Thc cocficicnt /il0 = 3 will IN coi~ipiitcd 
by anotlicr mctliod cxplaiiicd in a furtlicr papcr [G]. 
Secoiid exninple.  
Lct thc distributioii c bc defincd as follo~vs : 

whcrc w(z) = z + 0.5 on [-0.5,0.5] 

The cocficicnts 

c,, = 0.5"+'/(n $ 2 )  n evcn 

c, = 0.5"+'/(ii + 1) n odd 

are supposed to be givcii. The god is, herc, to deiccl tlic 
junip of the functioii W. In ~ i e \ r  of tablc 2, coliimii 2.  the 
scqucnce ( C ( T , ) ) , ~ ~  converges !O O aiid so, by t1,corciii 6, 
tlicre is no Dirac nlass. 
TIie jumps of w will appcar iii the derivati\c ( i n  tlic sciisc of 
distribution [IO]) of W. If w lias a finitc nuiiibcr of juiiips of 
finitc magnitude A, at  points a l , .  . . , aq  thcn the dcri\aii\c 
of u: salisfies : 

W' = {w)' t A,&, 

Ivlicrc {uJ)' is the dcrivative of w in tlic u s u d  sense i f  i t  
cxists. 

Thc momciits of w' ca.n bc computed as follows : 

witli an intcgratioii by pa.rt. (Or < c',p >= - < c,pl > 
witli the notation of Scliwartz [IO]) and so 

Tlic scquence c'(Tri) (scc column (4),  table 2) docsn't con- 
verge to O. So, we can conclude that thcre are somc Dirac 
n~hsscs in the distribution c' and tlicrcforc sonic junips in 
tlic function W .  The syslcm (7;) for c' is: 

2bF)c ' (~n)  + b ~ ) ( c f ( ~ , + l )  t c'(Tm-1)) = O with bln) = 1. 

The sequcnce b p ) ,  (colurnii 5) sccins to coiivcrgc to -.S. Bg 
theorcm 5, the iimit satisfics 

and so tlic fuiiction w lias surrcly onc jump al ~ h c  point 
al = 0.5. 
T h i r d  example .  
Lcl tlie distributioii Le dcfincd as follows 



where ~ ( z )  = (z  + 1)' on [-1, O], -22 + 1 on [O, 0.5) 

The moments c, are 

% = (-2 + 0.5"+'.(n + 3))/((n + l ) (n + 2)(n $3) )  n odd 

The sequence c(Tn) seems to converge to O, then there is no 
Dirac mass. (Table 3, Column 2). The sequence c'(Tri) = 
-c(Tnl) = - ~ C ( U , - ~ )  converges t o  O and therefore there is 
no jump in the function W. 

Let us examine the sequence Z1(Tn) = -c'(TA) = +c(T:). 
This sequence doesn't converge to  O, thus we are led to  solve 
the system ('IQN) with q = 1,2,.  . . (7i) provides a solution 

(biN)) which doesn't converge (See table 3,column 7). The 
system (2) is : 

with b l )  = 1 and uk := C"(Tk). The vector solution (cl, b\n))(columns (8) and (9),table 3) seems to converge to 
( b , b l )  = (1,-1). The points al = O, a2 = f singularities of 
w will be obtained by solving 
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for the convergence of Padé approximants to a product of Stieltjes functions whose 

supports are respectively included in the positive and negative real half lines and 

for the acceleration of convergence of some particular sequences. 



2 

1 - PRODUCT OF FORMS ([6]). 

Let P be the space of polynomials with coefficients in C .  The set of the linear 

forms on P (i.e. : L(P, C ) )  will be denoted by PI. 

An element of P' is determined by the sequence (cn)néN which are called the 

moments of the form c. 

Let us now r e c d  the definition of the tensor product of two forms. 

Definition 1. L e t  c and d be t w o  e lements  of P'. c @ d i s  t h e  f o r m  whose  

m o m e n t s  are g i ven  by  : 

o r  equivalently : 

We can now, define the product of two forms. 

Definition 2. Let  c and  d be two  e lements  of P'. T h e  product of c a n d  d i s  

t h e  f o r m  e defined by  : 

e wi l l  be denoted by  cd. 

Remark 1 : the moments of cd are 

and thus are the coefficients of the Cauchy product of the corresponding two formal 

C cit' and C dit' 



Remark 2 : The definition 2 is equivalent to : 

II - G E N E R A L  P R O P E R T E S  OF T H E  P R O D U C T  OF FORMS.  

Proposition 1 : 

The following assertions (i) to (vi) hold, for c, d, e E P' 

(i) cd = dc 

(ii) c(d + e) = cd + ce 

(iii) c(de) = (cd)e 

(iv) sass = &(aba - b6*) for a # b 

where6, isdefined by : <6, ,xn > = a n  n E N , a f  C .  

and X.c, X E  C ,  C E  Pt by : < X.c,xn >:= A. < c,xn >. 

(v) 6,c = c 

(vi) baba = -16: 

where 6, and r .c  are defined as following : 

Proof. 

(ii) 

xn+l - yn+l 
< c(d + e), zn >=< c 8 (d + e), >= 

x-Y 
xn+l  , yn+l xn+l - yn+l  

<c@.d, > + < c @ e ,  > (property of tensor product ) 
2 - Y  x-Y 



(iii) 

n k n n-k 

n - bn+l - a - (iv) = x a n - k b k  - 
b 

a - b  
- . _b (ba )n  - =(bb)n. - 

k=O 

The relation between the distributions c, d and cd is precised by the following 

theorem 1. 

Definition 3 : If c E P', y : C -+ C .  The product y(z)c is defined by : 

p E P,y E P, < p(z)c,p(z) >:=< c, p(r)p(z) > if it ezists. 

Theorem 1 : Let f (t) = CEo titi and g(t) = xzO diti- 

~f f(z-I)d and g(z-l)c ezist, then : 

cd = f (z-')d + g ( ~ - l ) ~  

Proof. 

The function f (2-l)  is formally defined by : 



where c acts on x, and the distribution f(z-')d defined by : 

may exist, if for instance, d has an integral representation and f(z-') is an 

integrable function for all z belonging to the support of d. 

z z C, acts on x 
f (2-')dz + g ( 2 - l ) ~  = cz(-)dz + ~ J ( = ) C Z  dy acts on y 

z - 5 

and 

Remark 3 : The product of distributions can be defined in the same way as 

above by : 

c cd, p >=< c, 8 dy, x<p(x) - YV(Y) > 
x-Y 

in the space D of al1 functions p indefinetely differentiable with compact support 

( Sec 181 > 

c,d E D' and ,$ E D 

Rom supp(c @ d) = supp(c) x supp(d), we deduce : 



Examples of product of two forms. 

Example 1. 

Relation (4) gives 
1 

= Izlln(1 + -)x[-l,l] 
Izl 

and so the following relation 

holds. 

In fact 

and f (z-l)Xi-l,ol is integrable on [-1, O]. The same result holds for g(z-l)X[o,ll 

because 

This example is in fact the starting point of the paper : dunng a talk, M. 

Huttner who uses Padé approximation in order to prove the irrationality of 

certain real numbers (for example ln2.1n3) wondered whether the sequence of 

Padé approximants to the product t-'ln(1- t )  and t- 'ln(l+ bt)(b > O) converges 

to this function. The above example 1 gives a positive answer to this question and 

moreover provides the explicit weight function (which is positive on [- 1,1]) (see 

theorem 5). 

Example 2 : c = x [ ~ , ~ I  

cc = 2 z l n ( ~ ) ~ ~ ~ , ~ ~  which is integrable on [O, 11 but non positive 



2zln(&) < O for z E [O, 0.51 
> Ofor z E [0.5,1] 

In terrns of generating function : 

ExampIe 3 : Generalization of examples 1 and 2. 

z2 z - b  
O < b <  a X [ 0 , a ] X [ 0 , b ]  =%ln(  ( z  - a)(% - b) ) x [ o , ~ ]  - zln(-)x[b,a] % 

z 
a = b > O x [ o , ~ ] x [ o , ~ ]  = 2zEn(-)~[o,a] a - z  

z - a  z - b 
< 0 < a X [ o , a ] X [ b , O ]  = - z l n ( - ) x [ ~ , o ]  Z + zln(-)x[o,a] Z 

(it is a positive weight on [b ,  a ] )  

a 
a = -b  > O X [ O , ~ I X [ - ~ , O ]  = (zl ln(l  + - )x [ -a ,a ] ( z )  2 O 14 

Example 4. 

If -"c 0-2 is defined in P' and f (a-' ) exists then 

L 
Sac = -C + f (a-')&. 

a - z  

where f (a - ' )  = c,(&). 

So, the product of a form with a Dirac form appears as a sum of another form 

and a Dirac form. 

I f  c = x [ ~ , ~ I ,  then we get : 

z a 
6 , ~ [ o , i ]  = - X [ O , I ]  + aln(-)6, a - z a - 1  

for a E C - [O, 11 and 

(which can be easily checked by another way ). 



Example 5. 

In the same way, the relation 

1 1 1 - X[0,1] - Jr m X I - ~ , O ]  = 2 Ardan(-)~[-~,l]  holds 
Ji;i 

Example 6. 

III - APPLICATIONS TO PADE APPROXIMANTS. 

The main result of this section is the convergence of the paradiagonal sequence 

Padé approximants to the product of two Stieltjes functions whose supports are 

respectively included in RS and R-.  (The same result also holds for the product 

of a Stieltjes function with a rational fraction whose poles are on R-). At first, 

let us recall the definition of a positive distribution. 

Definition ([4] or [2] page 115) 

a) The distribution c f P' is said to be positive if 

b) c is said to be positive definite if 

c(p) > O Vp E P,p(x) 2 O and p(x) # O, Vx E R 

The following results are well known. 

Theorem 2. 

A necessary and sufficient condition that there should exist a non decreasing 

function a such that : 

is that the distribution c should be positive. 

In this case the sequence (c,), is called a Hamburger moment sequence. 



Theorem 3 : 

A necessary and sfficient condition that there should exist a nondecreasing 

function cr such that : 

C ,  =< C ,  xn >= x n d a ( x )  n = 0,1,. . . 4" 
is that the distribution c  and 2.c should be positive. 

In this case the sequence ( c , ) ,  is called a Stieltjes moment sequence. 

Let us now rewrite the theorem 1 in the particular case where c  and d are 

positive with support respectively included in Rf and R- . 

Theorem 4. 

If c and d  have the representation : 

< C , P  >= J: p ( x ) d a ( ~ )  a € R + o r a = + m  
cr nondecreasing with no jump at O 

< d,  P >= J: P ( x ) ~ P ( x )  b c R - o r b = - m  
,8 nondecreasing wit h no jump at O 

then cd is a positive distribution with support [b, a] and thus has the integral 

represent ation 

where y is a nondecreasing function : 

Proof. 

At first, we prove that the distributions f ( z - ' )d  and g ( z - l ) c  are well defined. 

So, f ( z - ' )d  is well defined since : 



and f ( z - ' )d@(z)  is integrable on ] - oo, O] because &dcr(x)d@(z) is integrable on 

[O, +oo[x] - oo, O]. We can now write : 

Moreover f (z-' )d is a positive distribution because 

and 
00 

Z 
f ( z - ' ) =  J -do(x) 2 O vz CE] - m,O[. 

0 z - x  

The same result holds for < g(z - l )c ,p ( z )  >= Jo g(z- ' )p(z)da(z) .  Thus the 

product cd is positive and the support of cd is supp(c) U supp(d). The relation ( 4 )  

gives, in t ems  of weight functions : 

We are now able to prove a result of convergence for a paradiagonal sequence 

of Padé approximants to a product of two Markov-Stieltjes functions. A general 

result on the convergence of paradiagonal Padé approximants was given by A.A. 

Markov (see Szeg6 [9], theorem 3.5.4) who proved that if f ( t )  = J' dao l - r t  , where 

cr is a bounded nondecreasing function, with compact support, then the sequence 

of Padé approximants [M + JIM], J 2 -1 to the function f converges uniformely 

on evexy compact set of C \ A-' when M tends to infinity, (A-' is the inverse of 

A, compact support of cr ). From Markov's theorem and theorem 4 we deduce : 

Theorem 5 : 

f ( t )  = J: i -L;da(x)  a E R+, a finite, 
o nondecreasing f und ion  with n o  jump ut O 

g ( t )  = J: &dP(x) b E R-, b finite 
@ nondecreasing f unction wit h no  jump ut O 



then the sequence of Padé approximants 

converges uniformely on every compact set of C -1 - ca , b- ' [u] a- ' , +w [ . 

Remark 4 : If the supports of dcr and dB do not satisfy supp(dcr) C R+ and 

supp(dp) c R-, for example, in the case where supp(dcr) intersect supp(dp), then 

the "weight function" dy underlying f ( t ) g ( t )  may change its sign in supp(dcr) n 
supp(dp) and therefore Markov's theorem cannot be used. 

Remark 5 : In (51, Goncar proved a similar result for the product of a Markov- 

Stieltjes function with a rational fraction whose poles ar not on the cut. 

Remark 6 : Theorem 5 can be a first step in order to prove the convergence of 

Cauchy type approximants defined in [3]. 

IV - APPLICATIONS TO CONVERGENCE ACCELERATION. 

In this section, we prove that the Cauchy product of a totally monotonic 

sequence (TM sequence) by a convergent totally oscillating (TO) sequence is 

accelerated by &-algori t hm (or some related algori t hm). 

At first, we establish a result about &-algorithm when applied to the sequences 

(en), such that 
fa 

where y is a nondecreasing function and [b, a] c [-1,1[ and y has no jump in -1 . 

Theorem 6 : Let en = I: xndy(x) + 1 dejined as above. The E -algorithm 

accelerates the convergence of (en), to 1. More precisely : 

e z ;  -1 
limk-w e z M ,  + J ,  -1  = O  for J k  2 -1 

limk-roo Mk = +w 

Proof. 

lim,,, en = 1 because 7 has no jump at the point -1 and a < 1. It is well 

known that the E-algorithm is linked with Padé approximants by the following 

relation [2, p. 1591 

&$$!<en> = [ ~ k  + ~ k / ~ k l ~ < l >  



where f (t) = Cz=, Aen-itn = $: &da(x), e-1 := O 

Remark that f (1) = lim,,, en = 1. 

At first, we have to evaluate the error of Padé approximation ([l], page 191). 

Next, the factor of convergence of the sequence (en), is : 

The quotient r r  = ( l ) - f ( l )  satides : 
e 2 h f k  +yk -' 

1 - - a - b  
lim Irk] - < lim 1- 1 2 ~ k : ~ k  ./ 

k - r m  k + m  1 - b 

Therefore, the convergence of ~ k ! ( e , )  is faster than that of (en), to 1, the 

acceleration factor being p. 

Definition. a )  A seguence (c,), is  said t o  be totally monotonie ((c.) E T M )  

if 

(- l )*akcn > O for n, k = O, 1,. . . 

o r  equivalently there ezists  a nondecreasing funct ion  a ~ u c h  that  

c, = $; r n d a ( t )  n = 0,1,.  . . . 

b)  A sequence (d,), i s  said to  be totally oscillating 

Theorem 4 and 6 applied to this particular case immediately give : 



Theorem 7 : 

If (c,) E TM, dn E TO and converging, then the sequence en = cn-kdk 

has the following integral representation (where 7 is a nondecreasing function) : 

'" '-' = a < 1) then the Moreover, if (c,) is non logarithmic ( lim,,, ,:-, 
convergence of (en), can be accelerated by &-algorithm (in the sense of theorem 

6). 

Proof : By theorem 4, we have : 

with 
O x 1 x 

= da(x) 1 -d@(y) + d@(x) / -da(y) 2 0 
- l x - Y  O 2 - Y  

Moreover, if (en) is non logarithmic, then (en), has the representation 

and therefore the sequence 
a 

can be accelerated by e-algorithm (by theorem 6) 

Remark 6 : A similar result has been established for linear combination of 

TM and TO sequences with positive coefficients and for a general process based 

on orthogonal polynomials. [7] 
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Let us consider a distribution c with is the sum of another distribution, w, and a linear 

combination of Dirac distribution with masses A l , .  . . , Aq at the points a l , .  . . ,ap. In [4], 

we have proposed a method to wmpute the points a l , .  . . , aq when w has an asymptotic 

property when applied to a given sequence of orthogonal polynornials. This paper is de- 

voted to the comput ation of the masses A i , .  . . , Aq with the aid of Chebpshev polynomials 

and E-algorithm açcording to the distribution w. An application to finding the limit of 

totally monotonic sequence is also given. 



1 - INTRODUCTION AND NOTATIONS. 

The space of linear functionals (distributions) dehed  on P, space of polynornials, will 
be denoted by Pl. The Dirac distribution 6,, is defined as follows : 

Let c and w be two elements of Pt.  We assume that the moments 

are given and that c and w are related by the following relation : 

9 

(1) c = w + C ai E [-1, 11, ai distincts, Ai  E C - {O} 
i= 1 

If w has an integral representation whose support is a compact interval of R, then 

a general convergence theorem of Goncar [3] for the Padé approximants to the sum of a 

Markov-Stieltjes function h(t) and a rational fraction r(t)  permits to compute the points 

a l , .  . . , a, (which are the inverse of the poles of r(t))and the residues Al, .  . . , A, in the case 

where ai, .  . . , aq do not lie on the cut of h(t). 

. Here, we present a method for computing the residues Al, . . . , A, when points a l ,  . . . , aq 

are known (or computed by the method described in [4]) when w is absolutely continuous 

(w non necessarily positive) with respect to the Lebesgue mesure on a compact interval 

of R (section II) or when w is a positive distribution on R (section III). 

II - CHEBYSHEV POLYNOMIALS. 

Let c and w be two distribution defined on P and which satisfy relation (1). 

Moreover, we suppose that w has an integrai representation on a compact in tend of 

R which can be assumed to be [-1,1]. 



in  order to get the m u s  Al at the point al, the idea is to apply both sides of equdity 

(1) to the charactersitic function x { ~ , ) .  This formally gives 

since w is absolutely continuous with respect do dz. Thus, Al appearç as the moment 

of X{aI) by the distribution c. Since only the polynomial moments cn are known, it is 

realistic to approximate the characteristic function by a sequence of polynomials 1, E P, 
in a way such that the equaljty 

Al = lim < c, 1, > 
n-oo 

holds. 

A convenient mean to construct such polynomials ln is the kernel polynomial for the 

weight dz/J=. Let us firt rrcall mme properties of Chebyshev polynomials of the 

f i s t  kind Tn : 

Three- t erms recurrence relat ionship : 

Orthogonali ty relation : 

2 +l dz 
k E N, 1 E N*, ; LI ~ k ( z ) ~ i ( + )  J- - = 6kr (Kronecker symbol) 

The sequence h T o ,  @' (z), . , @n(z) is the system of orthogond poljmomials ai th 

respect to the weight function -k9 - 1 < x < 1. 

Let us consider, now, the reproducing kernel polynornial : 

(which is orthogonal w.r.t .(z - a)**i') 



which, due to Christoffel identity can be rewritten as: 

rn where Ci=, ui := l u o  + ul + . . . + un.  

Rom the definition of Tn, it follows immediately that 

The value of kn(x, a) at x = a is : 

An identity between Tn and Un, Chebyshev polynomjal of second kind gives also : 

The polj?iomial 
t 

satisfies the following properties : ([2] p. 102) 

(i) Zn(a, a) = 1 

( )  n a )  n 2 3 , z > a E  [-l,l] 

(iii) Iln(x, a)l 5 4 n 2 3, z, a E [-1,1]. 

See Appendix for graphical example (Figure 1). 

The Lebesgue theorem insures that 



and so 

9 

r n  l n ,  a ) )  = ln(=, a ) w ( l ) d x  + C ~ i l n ( a i ,  a )  
ndw i= 1 

= lirn C ~ i l n ( a i , a )  
ndoo 

If a  = ai and a; distincts E [-1,1] then 

and thus we get : 

Ai = iim c [ l n ( z , a i ) ]  
n-oo 

and the 

Theorem 1. t 

Let c and w be two distributions satisfying ( 1 ) .  If w satisfy 

1sIsq Ai=  lim c:=o c(Tk)Tk(a~) = lim X;"=O c ( T k ) T k ( ~ l )  
n-oo CF=, Ti ( a l )  i ( U , n ( ~ i )  + Z n  + 1) 

See section TV for numerical examples. 

Rcrnark 1 : If two of the ai 's are equal then relation ( 1 )  b&es 



and the mass A at the point a E [-1,1] can be obtained by 

A = lirn -c(L,+, (x, a)) 
n+oo 

Remark 2. If we do not know that the distribution has Dirac masses, a convenient way 

is to plot the function 

~ ( 1 ,  (3, a)) for a E [-l,1]. 
- 

If c has a Dirac mass at the point a then lirn,,, c(l,(x, a)) # O (O othenvise). See 

Appendix for a graphical example (Figure 2). 

nr - PADE APPROXIMANTS AND THE E-ALGORITHM. 

We assume now that c and w are related by (5) 

and that w satisfies 

c u, p > = P(z)da(x) a bounded, nondccreasing function. 

Relation (5) is equivalent to : 

k t  US set 



the moments Z n  and W n  satisfy : 

The orthogonal polynomials with nspect to E = 3 will be denoted by Pk(E, z )  or P k ( I ,  x), 

Rom the Christoffel Darbow identity, it arises : 

where Pk(d, z) are orthonormal with respect to the functional d : 

Let us now consider the sequence of polynomials : 

the moment c(ln(z ,  a ) )  sat isfy 

c)=o 9 (c, 2)Pk (c, 0 )  1  ln ( 5 )  a ) )  = c  c;=o p: (c9 a )  1 = CL, Pc'(c9 a )  

Rom relation (S), the moments c(ln(z,  a ) )  can also be expressed as : 

c(ln ( 2 ,  a ) )  = w ( l n ( t ,  a ) )  + Aln (al a )  
.I - 1 - + A (From (8)). CL=, p,' ( w ,  ") 



A condition which insures that 

lim C P:(u, a )  = O 
n-m 

is that cr be continuous at the point a  and the distribution da belongs to the set E of 

distributions uniquely detennined by their moments [2, p. 621. 

Theorem 2. 

If c and w satisfy the relation (5). If w satisfies (6) with da E E and cr continuous at 

the point a E R. 

A = lim c[l,(x, a)] = lim 
1 

n d o ~  n+oD C ; = O  P~(c, Q) 

Remark. 

If a(x) has some jumps at the points al,. . . ,a, of magnitude Ai,. . . , Aq E RS 
then the relation (5) becomes 

which is equivalent to the relation (1). 

We are now interested by the computation of the quantities involved in (10). Let f (t ) 
be the power series 

00 

f ( t )  = C i i t i  with ii = ci - aci-1 i = O,I,. . . C-1 := O 
i=O 

whose nth partial sum is : 
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It is well knom that Padé approximants and the E algorithm are related by : [l, p. 1591 

where the &-algorithm is applied to the sequence of partial mm ( f n ( t ) ) .  On another 

hand, Padé approximants are al= related to orthogonal polynomials by :Il, p. 1281 

( 1 3 )  where R ( e , t )  = t " ~ ~ ( c ' , t - ' )  

(14) and 
Pn(é z -P., (E,f) 

Q n - l u )  = é( Y 1-i ) c'acts on x 

( 1 5 )  Q n - l ( t )  = t n - ' ~ . - l ( t - l )  

If we take t  = a-l in ( 1 2 )  : 

-1 -Qn-1 ( a - ' )  = Co + Qn-i(a)  
[ n / n I j ( a - ' )  = CO + a p m ~ ~ ~ ~ ~ , a - i ~  pn( i ( l ) ,a )  
41) - - en - cn+l = C,+I - UCn n > O + d l )  = ' (x  - Q)C  

Q n V l ( a )  = E( ' ) (  P , ( E ( ' ) , C ) -  P . , ( E ( ~ ) , ~ )  
L - O  

) = c(pn(él', Z) - P ~ ( E ( ' ) , u ) )  

Qn- ] (a )  = c(x;SO Pk(c, z ) P k ( f ,  a)) - CO P:(c> 0) = 1 - CO - P:(c, a )  

t herefore 

For a # O we get : 



where r?,) is obtained by the E-algorithm when applied to the sequence of partial sums 

If a = O then the E -algorithm can no more be used but it is possible to compute the 

value of [n/n] f(oo) by using the quotient of the coefficients of the highest degree term as 

follows : [1, p. 361 

and the value of [n/n] (t) at t = oo is : 

= Hn+] (&)/Hn(C2) (Hankel determinants) 

Since Ei = c, -ac;,l i = 0,1, ... and a = O weget t 

The above quantity can be computed recursively with the w-algorithm of FVj-nn [l, 

p. 168) or by the ê-algorithm as follows: 

After manipulations on the rows of the determinants, 

with S n  = (1 + E)"co = C:C~ and the quotient Hn+l(So)/Hn(A2So) can be corn- 
puted by E-algorithm. 



So, if a = O the quantity involved in (10) c m  be computed by applying the €-algorithm to 

the sequence Sn = ( I $  E ) " q .  

IV - Numerical examples. 

Example  1. c = dz on [-1,1]. Only the moments and the support of c are assumed 

to be  given. Since the distribution dz is positive, e-algorithm can be used as well as the 

Chebyshev polynomials. The mass at  the point a = 0.5 is A = 1. 

(c(T,) (colurnn (3)) does not converge to O which c o ~ s  the presence of Dirac masses ; 

[41). 

We can see that both c(ln(z, a ) )  and Er?(n)(c,a-") converge to A = 1 and that the 

convergence of the &st one is fast,er than that of the second one (See table 1). 

Example 2. c = w + 467.s where < w,p >= ~ o w p ( z ) e - z d x .  Here, the method of II 

cannot be used, since the intenal is infinite. By applying the €-algorithm to the sequence 

c, 7.5-", the ümit of L Z ~ )  is A = 4. 

(See table 2). 

Example 3. k t  the distribution be defined as follows : 

c = w with w(zn) = xnw(z)dx L 
where 

The coefficients 



cn = - + n even 
n + 2  ( n + l ) ( n + 2 )  

cn = 0.5"" /(n + 2) n odd 

are supposed to be given. The goal is, here, to compute the jump of w at the point a = 0.5 

(whidi can be approximated by the method explained in (41). 

The jumps of w wili appear in the derivative (in the sense of distributions) of uy. If w 

has a finite number of jumps of finite magnitude Ai at points a l ,  . ,aq then the derivative 

of w satisfies : 

where {w)' is the derivative of w in the usual sense, if it exists. 

The moments of w' can be computed as follows : 

by integration by part, and so : 

c' is not a positive distribution, so the E-algorithm is uneffective. We can oniy use 

the Chebyshev kernel (See table 3). The sequence cl(Tn) does not converge to O, which 

indicates that the distribution c' bas Dirac masses. The point a = 0.5 can be calculated 

with 

a = n-azj lim [cl(Tn+i) + cf(Tn-1)]/2c1(Tn) (-[4]) 

and the mass A = -1 satisfies 



A = lim cl(ln(x, a)) 
n-rai  

V - Limit of totally monotonic sequences. 

An important application of the previous sections is the calcdation of the limit of 

totally monotonic sequences. 

Deflnition. A sequence ( c , ) , ~ ~  Ls said to be totally monotonic (c ,  E T M )  if 

( - 1 ) " ~ ~ c .  2 O for n, k = 0,1, . 

or equivalently if there ezists a nondecreasing finction a such that : 

It is well known that a TM sequence is always convergent and that the limit 1 satidies 

Since a is nondecreasing, we can apply theorem 2 and thus the lirnit of the sequence 

(c,), can be found by the é-algorithm [l, p. 1651. It is possible to generalize the result of 

the section two for Jacobi polynomials on [O, 1). 

In the particular case where a = 1, it is possible to  extend the properties of the 

Chebyshev reproducing kernel 1, (z, a )  of section II to Jacobi polynomials on [O, 1 ] (Shifted 

Jacobi polynomials). 

Lemma Let P;(~")(Z) be the shifled Jacobi polynomial d t h  > -1, > -1 

Let ln(z) = P ~ ~ " ' ~ ) ( Z ) / P ~ ~ ~ ' ~ ) ( ~ )  thcn 

( i )  ln(1) = 1 

( i i )  @ < e,a > -4 3 lirnn,,ln(z) = 0,Vz E [0,1[' 

( )  1 )  1 VX E [O, 1) 
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See appendix for graphical examples (Figure 3). 

Proof. 

The Jacobi polynomials pPvP)(z )  satisfy [5, p. 581 

The normalization of PP") is taken such that : 

The shifted Jacobi polynomials are defined by : 

1 Moreover, if /3 < ru, cu > - 5  

and 

Thus 

I P ; ( " * ~ ) ( ~ ) I  = ~(n-t ), z E [O, I[ 



* ( O . ~ ) ( ~ ) ~ ~ , ' ( O . P ) ( ~ )  = 1 (i) ln(1) = P n  

(iii) iln(z)l =fi n + a  -+ Otuhen n-  CS f o r a  > 4 , V z  E [O , i [ .  

The Lebesgue theorem insures that : 

Km c(~,(x)) = iim In (z )d~(x)  = 1 
n+oo n-oo 

Theorem 3. If the sequence ( c ~ ) ~ ~ ~  E TM and a > -3, a  > @ then : 

iim 
c( ~ ; ' " ' ~ ' ( t ) )  = lim c, p l  n-oo 

The computation of c(P,'("")(x)) ie very easy with the following expression of 

~ ~ ' " " ' ( z )  [5, p. 681 

and 

Numerical examples: c, = C;,i[l - (1 - f )'] n 2 1. 

The sequence (c,), is totally monotonic and the convergence is logarithmic. 
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Colurnn (3) contains the diagonal of the E-array, for the sequence (c,) , .  Coliimn (4) 

contains c(l,(z)) for a = 1, p = O. Using exact arithmetic,we saw that c(1,) is totally 

oscillating up to 50 that is ((-l)"c(l,(z))) E TM, and applying the e-algorithm to it gives 

colurnn (5). The limit seems to be : 0.62231122649. (See table 4). 

APPENDIX 

The kernel polynomial l,(z, a )  = c m  ir plotted in figure 1 n i ih  a = 0.5 
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Figure 2 represents c(l,.,(+, a ) )  ( c  icts on z), for a  E [-1,1], c = x [ - ~ , ~ ~ d x  + 60.5 and n = 20. 

1.21 

Figure 2 

Figure 3 represents l , ( x )  (see V) for cu = 1 @ = O n = 15 

Figure 3 



Table 1 



Table 2 

Table 3 (1>(2) (3) (4) 

n c'n cY(Tn) cY(1n(z, a)) 

(1) (2) (3) (4) 

n cn c'(Tri) cY(ln(z, a)) 



Table 4 
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Aitken's A2 a n d  Lubkin's tu processes a s  Padé- type  approximants .  
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Abs t r ac t  :In this paper we show that. Aitken's A2 and Lubkin's w processes can be interpreted as 
Padé-type approximants wit,h generating polynomials depending on the sequence to  be accelerated. This 
remark will allow us to generalize the first algorithm. 

1 - In t roduct ion .  See [l]. 
Let (Sn)nEN be a sequence of complex numbers. \$le transform it into the partial sums of a series by 

setting : 

where ASi-1 = S, - Si-1 and t o  E C,to # O .  
We get : 

- -  

Sn = ci& and S = eit<,  = lim Sn if it exists 
i-m 

Let us set : 

- - 
f ( t )  = C c i t a  

i=O 

and P,(x) = I - R , , + ~ ~ Z ) / R , , + ~ ( . ~ - ~  1 
1-+t where hti is an arbitrary polynomial of degree (n + 1). Pn is the 

interpolation polynomial of the generating functional : x -r (1 - xt)-' a t  the zeros of &+l .  

If we define the linear functional c by : 

i t  formally arises : 

and 



c(Pn(x)) is a rational fraction, in the variable t ,  of type (n/n + 1). I t  is called a Padé-type approximant 
to f and satisfies: 

If we write : 

&+i(z> = Ca!"")r i  (.In) can depend on to  and Sn) .  
i = O  

The ith term of the sequence (Sn)nEN can be written as : 

and c(Pn(z)) becomes 

which can be expressed by : 

We set : 

A general theorem of convergence can be established [3]. 

Theorem 1 : I f t h e  sequence i s  such i h a i  t h e  zeros of &+l belong t o  t h e  i n t e m a l  [-6,0],6 > O 
and if t he  sequeiice (Sn)  i s  coniiergenf fherl 

lim T(Sn) = lim S n  
n-m n-w 

II - Aitken's A2 process  a s  Padé- type  a p p r o x h a n t .  
Aitken's A2 process is an algoritlim which accelerates the convergence of linear sequences : 

62(Sn) appears as a linear combination of Snt1 and Sn+2 with coefficients depending on S n ,  Sn+i ,  Sn+2. 
If we set : 



Then Pn+2 interpolates the generating function x -, ( 1  - x)-' a t  the zeros of %+3, that is a t  O with 
multipiicity ( n  + 2 )  and a t  C , . , + ~ / C ~ + ~  with multiplicity 1. 

It is a weil h o w n  result that Aitken's A2 process is the first row of Padé table : 

O t h e r  in te rpre ta t ion .  
We can try t o  interpolate generating function a t  O with multiplicity ( n  + 1) a n d  a t  C , + ~ / C , + ~  with 

multipiicity 2. 

with the notations of the introduction : 

By using cn+2 = AS,+l, c,+l = AS,, c, = ASn-'  and after simplification, we get another form of 
c ( P n + ~ ( x ) )  

So we have 
T h e o r e m  2 : 
Aitken's A2 process is equal f o  C ( P , + ~ ( Z ) )  where Pn+2 is the interpolation polynomial of the function 

z + ( 1  - x)-' ut O with muliiplicity (11 + 2 )  and at ( C , + ~ / C , + ~ )  with muliiplicify 1 or at O with multiplicity 
( n  + 1 )  and ai ( C , + ~ / C ~ + ~ )  wilh m,ultiplicify 2. 

III - Genera l iza t ion  of Aitkeii's process 
We can try to  generalize the precedent results as following. Let 

O is a zero of RnS3 with multiplicit,y n + 3 - k, cnt2/cntl is a zero of Rnt3 with muitiplicit,y k. 
We obtain a process denoted by A r )  : 

which can be simply writ,ten (symbolic notation) 

where E(Si) = Sitl and I ( S , )  = S i .  



particulas case : 
k = 1 or k = 2 gives A?' = b2(Sn). See II 
k = 3, gives, after simplification : A?) = Sn+2 - (Asn+i) 3 m. A*S,-I 

or A$") = A?) +  AS.)^ ASn~l.ASn+l) 

Numerical application. 



2) A?) and ~ 3 )  applied to Sn = l j n ,  S = lim,,, Sn = O. We have 

(") - SI < il4p) - SI but A?' doesn't accelerate A?). 
3) S n  = An/(n + 1) A E [-Il 1[ 

Algebrically we can prove that (A?)), converges faster than (Sn), but not faster than ( A r )  = b2(Sn)), 

Properties of Ak 
Pmperty 1 : Let A k  the sequence transformation 

then AL. accelerates the set of linear converging sequences (Sn), 
(e limn-m ~w = A € [-1, l[.) 
Proof. 

S n +  -S = p - k  = 0 and We have limn-, S n A : P - ~  
.. . .. 

We can also prove the 
Property 2 :  IfSn =S+cwXn i h e n 4 p ) = S .  V n =  1 ,..., k = 0 , 1 , 2  , . . .  

N - Interprétation of Lubkii:' 1'17 process. 
T h e  W-process is the sequence transformation given by : 

with notations of Il u7e have 

1-Rn+3(x) Z " + ~ ( A S , + ~ A ~ S , , ~  ) - z " + ~ ( A s , - ~ A ~ s , )  where PnS2(t)  = 1-2 a n d h + 3 ( x ) =  A S , + , A ~ S , - ~ - A S . - ~ . A ~ S ~  

Thus Pntz interpolater x - (1 - 2)-1 a t  O rit11 multiplicity (n + 2) and a t  Cn = Aliflt::;T1 with 
.. - 

multiplicity 1. 

Application to totally rnonotonic sequences. 
Definition : A sequence (c,), is said i o  be totally rnonotonic ((c,) E TM) if ( - I ) ~ A ~ C ,  2 O for 

1 n, k = 0 ,1 , .  . . or  equivalently there exisls a nondecreasing function a such ihat cn = JO xnda(x)  n = 0 ,1 , .  . . 

If limn+, -fL = 1 
c. 

P thcn cn = J," xnda(x)  and lim,,, Sn = Kmn-, C:=o ci = Ji e. 
Let Rn+3 be arbitrary polynomial of degree n + 3 and PnS2 defined as in 1. 



* &+3(x) - 
gives T(Sn) = A?) = 62(Sn)Aitken's process 

gives T(s,) = A)), n > k - 3 

* &+3(x) = p + 2  (AS~+IA'S.-I-~AS.-IA'S. Asn+ln~sn-,-asn-ln~~ ) gives T(Sn) = Lubkin's Pr0c-s. 

We can also take Rn+3 as the best approximant of 1/(1- x) on [O, l lp ]  with respect to some norm (see 
t21). 

For Lubkin's process, if (Sn) is a totally monotonic (TM) sequence, then : 

ASn+l 1 lim - - - - €]O,1] 
n-w ASn p 

1 1 
and lim tn < - witli Cn < - 

n- w P P 

because < E . R e m a r k =  < tn < $. So <, is a better approximation of $ than C , , + ~ / C ~ + ~  (for 

A?)). That fact explains that W gives better results that A2 on TM sequences. 
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Abstract 

In [5], the authors have proved that the set of logarithmic sequences (LOG) is not accelerable .Neverthe- 
leasgome subsets of LOG can be accelerated [6,7,11,12].Most of aigorithms are based on the asymptotic 
expansion of the sequence to be acce1erated.h this paper the point of view is quite diRerent,since an 
anaiytic property of the whole sequence is used.If (cn),m is a sequence of moments with an integral 
representation in the interval [O,l],then we will prove that the (Jacobi) modified moments accelerate 

(Section 2).In a particular case (Section 3) the modified sequence has an integral representation 
in [-1,0] and so can be also accelerated. 

1 Introduction 
Let (c, , ) ,~ be a sequence of real numbers with limit 1 .  (cn)nW is said to be logarithrnic E 
LOG) if : 

cn+i - 1  lim = 1  
n+m cn - 1  (1) 

Moreover we assume that (C,),~N has an integral representation in [0,1]: 

where a is a function with bounded variation. Since ( c , ) , ~  is assumed to be logarithmic,l is the upper 
bound of the support of a and it can be proved that the limit of ( c , ) , ~  is the jump of a at the point 
1 ([l]p.l19,[14]p.107): 

1 = a(1) - a(1-) 

If (cn)naI satisfies (2),then the number 

where Pn is a polynomiai of degree n,is c d e d  modified moment [3]. 
In [8] the modified moments,where Pn  is some suitable kernel polynomiai,are used to compute the jurnp 
of a at  some point a E [O, 11. 
In the particular case where a = 1, that is to approxirnate the limit of ( ~ ) , m  ,we proved the foliowing 
resd t :([8]) 

Theor- 1 Let P$~'') be the shijïed Jacobi polynomial wiih /3 > -1 and a > -1 ihen: 
for n > +,a > /3, 

lim 
C(P~(~>')) = lim c n = l  

n p l  n-ca 



In this paper,we suppose that the distribution d a  is the sum of an absolutely continuous distribution 
with respect to the Lebesgue measure and the Dirac distribution of magnitude 1 at  the point 1. 

da(z) = w(z)dz + Id61 (3) 

So the sequence ( c , ) , ~  satisfies the foliowing relation: 

r l  

Ln Section 2,we assume that there exist a real constant p > -1 such that : 

w(z) - K ( l -  when z + 1 , K  ER. 

We shall eee that the eequence of modified moments accelerates the convergence of t o  1. 
In Section 3 ,w is assumed to have an integral representation. We shall prove that,in this case ,the sequence 

of modified moments accelerates and moreover can be accelerated in a sequence with a geometric 
convergence factor (3 - 2&) - 0.17 ... 

2 w(x) N K ( 1 - x ) P , x  + 1 , p  > -1,K E B.. 

In this case ,it can be proved that the sequence en := c, - 1 converges to O with order p + 1: 

en - ~ n - ~ - ' / r ( ~  + 2) 

(The converse is true if w is positive in [0,1] ,[14],chap.V) So,if the constant p is not known,it can be 
deduced from the sequence (en) or from (Ac,) := cn+i - c, since Ac, = zn( l  - z)w(z)dz. 

We obtain the following result: 

Theorem 2 If the sequence ( c , ) , ~ ~  of real numbers safisfies: 

whem w(z) K ( l -  z)P,z + 1- and w E L2[0, 11 then the sequence: 

converges faster than ( c , , ) , ~  to 1 ,i.e.: 

Pmof: The Jacobi polynornials Pia")(z) satisfy ([13] p.58): 

The norrnalization of P?") is taken such that: 



The shifted Jacobi polynomials are defined by: 

Let us set 
c(":P)(z) = p; ("*~) (Z) /~; '" '@)( l )  

and 
:= c(l;(p*O)). 

Since w  E Lz and w ( z )  - K ( l -  2 ) P  when z + 1-  then w  E LZ(( l  - z ) P )  and the following expansion 

holds. 
The coefficients a ,  of (8 )  are: 

where 

oo w ( z ) ( l -  z ) - ~  E L2((1 - z ) ~ )  =+ af: < ca and so 

lim a ,  = O 
n-oo 

Therefore 

un - 1 - The quotient: - - an2P+l 
.O(nPtl) = a , .O( l )  

c n - 1  ( 2 n + p + l ) ( " ; p )  



Table 1 : m-rn-s for c,,+i = 1 + log(+) 

un - 1 - 0 since lim an = 0. lim - - 
n d m  C, - 1 n-m 

Remark: If w does not belong to L2[0, 11 but only zqw(z) E L2[0, 11 for some q EIN,then by the same way 
it can be proved that the sequence un) := ~(q)(l;("~)(z)) := ~ ( z q l ~ ' ~ ) ( z ) )  accelerates the convergence of 
(cn+q)nEN and so accelerates ( c , ) , ~  because ( c , ) , ~ ~  is a logarithmic sequence. 

Numerical examples 

In the following numerical examples,the quantities ~( l$~")(z))  can be computed by rnean of the expres- 
sion of Jacobi polynornials ([13]p.68): 

n - v  
v=O 

which leads to: 
n 

n - v  

where A ) + ' ~  := Akci+l - ALG, AOci := ci. 

a) Let us consider the sequence : 

which is a logarithmic sequence converging to 1 = 1.1 don't know if ( c , ) , ~  is a moment sequence 
but it can be proved that c,, = 1 + O(l/n)([ll]).So we cm use the modified moment sequence (m-rn-s) 
~( l$~~ ' ) (z) )  with p = O.See Table 1. 



Table 2: m-m-s for cn = log(1 + (n + 1)'f2) 

b) The sequence : 

is totally monotonic and logarithmic ([l],p 121).1t converges to O as l/Jn.So we have to compute the 
modified moment c(l$''O)) with p = -1/2.See Table 2. 

3 Case where w is a Markov-Stieltjes function 
In this section,we assume that the sequence ( c , ) , ~ ~  satisfies (4) with a weight w(x) having an integral 
representation as following: 

where p is a function with bounded variation ( b 5 1 and a + b 5 1). 
If a + b = 1 or b = 1 then we assume that p(1) - p(1-) = O (this last assumption makes w to be 

integrable on [O,l]). 
We will show that the modified moment c(Pn) where P,S is the Legendre polynomial shifted on [0,1] has 

an integral representation on an interval depending on a and b. 

Calculation of c(P,') 

The Rodrigues formula for the shifted Legendre polynomial is: 

(zn( l  - z)")w(z)dz + lP;(l). 
n! dzn 

By n inkgrations by parts,we obtain: 



z(1 - z)t 
After the change of variab1e:t - v = 

1 - (az + b)l 
we obtain: 

and 

where z l ( v )  and r i (v)  are the mots of the quadratic equation ei = v belonging to  [0,1]. 
I f a =  1 and b =  O then z l ( v )  = v  and zz (v )= 1. 
I f  a  = -1 and b = 1 then z l ( v )  = O and t 2 ( v )  = 1 - V .  

I f  we set : 
G ( z )  = P i ( z ) / P i ( l )  

then the sequence ( ~ ( 1 : ) ) ~  satisfies: 

c(C ( z ) )  = 1 + an vn d7(.) 

where 

z (1 -  z )  + v(az + b )  v  
z ( i  - z )  dp ( ~ ( 1 -  Z )  + v(az + b )  

) dz.  

1) If a = 1 and b = O then 

In this case the sequence ' ( ln)  is still logarithrnic but the result of section 2 shows that the sequence 
( ~ ( l ~ ) ) , ~ ~ a c c e l e r a t e s  the convergence of (cn)"rn to 1. 

2) If a = -1 and b = 1 then : 

and 

Thus the sequence (c(l:))neN cari be accelerated by a generd summation process ( [ I O ] ) :  If we set 
- 

un := c(ln),the sequence ~ ( 1 : )  = 1 + l :(z)f i(v)  where C ( z )  = Pn(22 + 1)/Pn(3) satisfies: L- 
O 

u ( i ; n ) = r + / _ l  pn(2z+1)dii(z)=l+ 2 /' Pn ( z )  f i  (F) 
Pn(3) 2Pn(3) -1 



lim sup 1 u (F)  - 1 Illn= limsup 1 Pn(3) l- ' Jn=  3 - J8 ([13], p.194) 
n-m n-cn 

since 1 Pm(%) 15 1 V z E [-l,1]. 

Remark 1: If the function p in (11) is non decreasing,then the function 7 defined by (13) is non decreasing 
too and thus the sequence ( ~ ( 1 : ) ) ~ ~  of (12) is totally monotonie if a 2 O and totally ogcilating around 1 
if o 5 O.In the latter case ,the sequence ~(1:) can be accelerated by the c-aigorithm (with the same factor 
of convergence if b = 1 and a = -1 as before.For details see [9]). 

Remark 2: The result of this section remains valid if z'p(1 - Z)-~W(X)  satisfies (11).In that case,we 
have to compute the m-rn-s un = C ( ~ $ ~ B ~ ) )  and after the sequence u(c ) .  

Numericd examples: 

a)Let us consider the series: 

O0 1 
The sequence ( G ) . ~  converges to x 

(k + 1)2 
= 7r2/6 and the Riemann Formula gives:([l4] p.232) 

k=O 

So cn has the following integral representation: 

The weight !%@ has an integral representation : 
1-2 

l -1 
dz. 

So,it satisfies the conditions of (11) of section 3 and thus the modified moments c(P,') have an integral 
representation : 

-210g 1 v 1 
I t  can be proved,£rom the value of around v = 1 that 

1 - v 



Table 3: error sequence for example a) 

-210g 1 v 1 
So the sequence c(P,') converges faster than (cn),,rn . Since 2 O, Vz E [- 1, O],the sequence 

1 - v  

c(P,') is totally oscilating around its limit n2/6 and so can be accelerated,for example by the 6-algorithm 
or by the following modified moment sequence:([lO]) 

- 
~(1;) := u where un = c(Pn). 

The error sequence en = u ( c )  - n2/6 satisfies (See Table 3) 

b)The sequence 

has the following integral representation:[4] 

where 1 is the limit of the series c,, and 

From the definition of the series e,,the relation 

holds. So,we have to compute the m-ms 4, := C(Z~(~" ) )  with p = -112. 1 don% know if (1-z)'12z-Pw(z) 
satisfies (11) with j? = 112 but with exact arithmetics,it can be remarked that (u,,), is a totally oscilating 
sequence around its limit(computed and accelerated by mean of E-algorithm with exact arithmetics) 

So,we can apply the r-algorithm to un := c ( ~ $ - " ~ ' ~ ~ ~ ) ) . ( ~ e e  Table 4) 



Table 4: sequence of example b) 
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Abstract 

A convergence result for the Ealgori thm is proved for sequences such that  the er- 
ror has an asymptotic expansion on a scale of comparison for which a determinantal 
relation holds. 

1 E-algorithm (see [Il) 

1.1 Introduction 

Let (Sn)nEN be a sequence of complex numbers and suppose that (Sn)nEN is extrapolated 
as following: 

S n  = S + aigi (n) + a2g2(n) + . . . + akgk(n) (1) 

where the sequences g; are given . 
The problem of extrapolation is to compute the value of S (which is the limit of (Sn) 

if it converges or its antilimit if it diverges).To compute the value of S let us write the 
relation (1) for the index n to n + k 

Sn+; = S + a l g l ( n  + i ) + a ~ g 2 ( n + i ) + . . . + a k g k ( n + i )  i = O,..-,k (2) 

If the above system (2) is nonsingular then the solution S can be computed by the 



relation 

which can be written as: 

if the determinants are only denoted by their first row. If the sequence ( S n )  has not the 
exact form ( 1 )  then the value of S  given by (3) depends on the indexes n and k.It  is 
denoted by Ek(Sn):  

The Ealgorithm is a recursive algorithm which permjts to compute the numbers Ek(Sn) 
for al1 k  and n without computing the determinants occurring in ( 4 ) .  
It is as following: 

for k =  1 , 2 , . . - ,  n = 0 , 1 , . . .  and i = k + l , k + 2 , . . . :  

BREZINSKI proved that : 

Theorem 1 [l] 

EP) = Ek(Sn)  k , n  = 0 , 1 , . . .  



The quantities EP) are placed in a double entry array: 

1.2 Convergence result 

If the sequences g; are linear and form a scale of comparison then BREZINSKI showed 
that each row of the E-array converges faster than the preceding one: 

Theorem 2 [1] Suppose that Sn = S + algl(n) + a2g2(n) + - .. 
If 

lim g;(n + 1) 
= b; # 1,Vi = 1,2, - . -wi th  b; # bj i # j 

n-+oo gi ( n )  

Moreover if 
g;+l(n) = ~ ~ - + ~ ( g ; ( n ) )  Vi = 1,2, .  . 

then 
Ek(Sn) - S = o ~ - . ~ ( E ~ - ~ ( S ~ )  - S )  Vk = O, 1, ' ' 

2 Acceleration property of the E-algorit hm 

The above theorem 2 cannot be applied if two of the bis are equal or if one of the bis equals 
1,by example for sequences that have an asymptotic expansion on the following scale of 
functions:l/n, 1 l n2 ,  l/n3, because in this case al1 the bis equal 1. In this section ,we 
have obtained the same acceleration property by replacing the condition of theorem 2 by 
a deterrninantal property on the gis. 
Let us first prove a result which can be useful in a general situation: 

Theorem 3 . Let . {(g;(n)),, i = 0,1,. a )  be a set of sequences satisfying 



V k € N , t / l 2 k + l , W ~ ~  lim 
1 gi+r+l (n) gi+k (n) . . gi (n) 1 

ndoo = O  1 i n )  g;+k(n) . - g,(n) 1 
For the proof, we need the following lemrna: 

Lemma 1 [.] Let (un) and (v,) be two convergent sequences of real or complex numbers. 
If the sequence (v,)is rnonotonic for n > N then: 

AU, un - u un - u 
lim - = p E R + lim - exists and lim - 

n+= Av, n+oo v n - V  n+o3 v n - V  
= P  

where u = lim,,,, un,v = lirn,+, vn. 

Proof of theorem 3 
From a theorem of KARLIN (see [3],~.58),the property (ii) implies that al1 minors in (ii) 

are positive. 
So the following determinant : 

is positive. 
Sylvester's identity applied to this determinant gives: 

s i n e  the determinant 1 g,+*(n + 1) . . . g,(n + 1) 1 is positive (by (ii)). 
By moving the row g;+l or g , + ~ + ~  and after dividing each member of the above inequality 

by the product : 

which is positive (because of (ii)) 
we obtain : 

and thus the sequence : 

which is a positive and decreasing sequence (for n > N) converges to some limit a 2 O. 

4 



Let us show now that the limit a equals O. For that,let us write Qn as the quotient of the 
differences of two sequences as in lemma 1.It is possible by applying Sylvester's identity 
to the numerator and denominator of Q, after having moved the row g;+k 

and so the quotient 

Q n  = 

where A acts on the index n,converges to o when n tends to infinity. 
Let us first prove that a = O for k = O and 1 2 1. If k = O the quotient Qn reduces to : 

converges to a when n tends to infinity,for k = O. Since lim g;+l+l(n) = O and lim,,, g,+l(n) 

T L ,  g; (n) 91(n) 

O VI 2 1, lemma 1 and condition ( i )  imply that 

a = lim gi+i+l ( n )  lgi (n) = lim gi+[+i (n) = O. 
n+oo gi+i (n)/gi(n) n-roo g;+i(n) 

The complete proof for al1 k follows by induction by using the relation (5). 

We can now prove an acceleration property for the E- algorithm applied to a sequence 
Sn which has an asymptotic expansion on some scale of comparison. 



Theorem 4 Let (Sn) ,  be a sequence wnverging to S such that: 

If 
(i) lim g i+ i (n )  = O  fori=0,1,2,..., wherego(n) := 1 

n4w s i  (n )  
( i i ) V p ~ N , t F i ~ N , 3 N ~ N s u c h t h a t n  Z N *  

(n)  s 
lim Ek+l - = O  k=O,l,... . 

n-m Ep)  - s 

Pmof: 
With the expansion of EP) given by 4 ,  

With theorem 3 , the second quotient is equivalent to the quotient of its first terms and 

By substracting . . each row from the preceding one: 
In) 

lim Ek+l - s - - 
n+w - s 

ak+2 - lim 
a k + l  n--+oî 

1 Agl(n) ..- Agk<n) 1 

gk+2(n) oi(n) ... gk+l(n) 
Agk+2(n) A91(n) Agk+i(n) 

Agk+2(n + 1)  A91(n + 1) ..- Agk+l(n + 1 )  

... 
Agk+î(n + k )  Agr ( n  + k )  ... & ? k t 1  (n  + k )  

( Agi (n)  ... Agk+~(n) 1 ' gk+l (n )  ol (n)  ... gk(n) 
(n)  Agi (n)  . Agk (n)  

Agk+i(n+ 1 )  Agl(n+ 1) S . .  Agk(n + 1 )  

. . . 
Agk+~(n+k-1)  Agi (n+k-1)  -.. Agk(n+k-1) 



With Sylvester's identity applied to its numerator,(ô) becomes: 

lim ~ 1 : ) l - S  =- ak+2  X 

n'w EP) - s Uk+l 

1 I 

lim ' 1 gk+2(.) g l ( n )  . . . g k ( n )  1 x 1 Agl(n) . . A ~ ~ + ~ ( ~ )  ] 
n+oo - - 

) +  1 1 )  . . . sk+i(n) 1 x 1 Agl(n) . . . A ~ ~ + ~  (n)  1 

But lim,,, l ~ g ~ ( ~ )  " '  A g k + 2 ( n ) t  = 1lmn4, . 1 1  g l ( n )  ::: g k ( n )  g k + z ( n ) l  - - 
A g l ( n )  . . . A g k + l ( n )  1 g l ( n )  g k b )  g k + l ( n )  

O by theorem 3 
and 

li m = O by theorem 3 
"'" 1 g1(.) ' .  . g k ( n )  ~ k + i ( n )  1 

E g - s  
lim = O ,  k = O , l , . - .  . 
n-m Ep)  - s 

91 (n> ' . ' g k  ( n )  gk+2(n) 

91(n> . . . g k ( n )  gk+l (n )  

Agi ( n )  ' ' ' A g k ( n )  Agk+2(n)  

Ag1 (4 - . Agk  (n )  Agk+l ( n )  

O 
Remark 
In the E-algorithm the sequence gk,; (n)  can be expressed by the quotient of two deter- 

rninants as following (see ([Il)): 

. - .. 

which can be rewritten as: 

Thus the condition (ii) of the theorem 4 implies that 

( - ~ ) ~ ~ k , ; ( n )  2 O Vi E N, Vk E N Vn 2 N 

and this last condition is easily checked during the computation of the Ealgorithm. 



3 Applications 

Let us now give some examples for which the sequences g;(n) satisfy ( i i ) .  

Example 1 
Al1 the gi9s,i > 1 are linear and are such that g;(n) positive sequence and 

li m gi(n + 1) = b,, ,b, < bjfor i > j 
n-*ca si(n> 

In fact, the deterrninant of (ii) is asymptotically the following Vandermonde determinant: 

which is positive. 
This first example is a consequence of the theorem 2 of BREZINSKI. 
Example 2 
The first sequence gl(n) := c, is a Stieltjes moment sequence (c, := S,' xnda(x), suppott(a) = 

[O, 11) and g,(n) = (-l)'A1cn. In this case the set (1,  c,, -Ac,, A2c,, -A3%, - - -) satisfies 
(ii) because : 

( - A  . - Acn cn 1 1 = 1 1 c. Acn . . - A'c, 1 = 

â + 1  Acn+i A 2 4 + i  . . . A1&+ï 1 = 1 cn+i ~ n + 2  ~ + 3  . . . ~ + i + l  1 2 0. 
If (c,,) is a logarithmic convergent sequence then the set (1 ,  c,, -Ac,, A2c,, -A3&, . .) 

satisfies also ( i )  of theorem 4 because the sequence ((-l)iAiG+l)n also has an integral 
representation on the same support [0,1] than the sequence (c,), and so is logarithmic. 

Example 3 
Let us take 

gi (n ) := I{(an 9 h)  
where an and ,û; are decreasing sequences of real numbers: 

and where K is a totally positive function defined as following (see [3]chap.l). 
K satisfies : 



and so the set (1, gl (n), g2 (n), . . .) satisfies (ii). 
For example if K (2, y)  = XY t hen 

g;(n) = a) 

satisfy (ii) for (a,), positive increasing sequence of real numbers and (P;); decreasing 
sequence. Moreover if 

lim a, = O and p; > p;+i, Vi 
n-oo 

then the set (1, gl (n), g2(n), . .) satisfies also (i)  of theorem 4. This includes the particular 
case : 

g;(n) = nPi, O > pi > > - .  . 
which does not satisfy the conditions of the theorem (2)of BREZINSKI as remarked at  
the beginning of section 2 

Example 4 
Let us consider the set of functions: 

B g;(n) := na' log ' n 

with crl > a2 > ag > - . - , P i  E R  
or if some of the a's are equal:~;, = a;,+l for some io ,Pi, > 
By computing the Wronskien of the functions 

it is possible,using a theorem of KARLIN (see [3] p.52),to prove that the set 
{l,gl (n), g2(n), . . .) satisfies ( i )  and (ii) of theorem 4. 

References 

[l] BREZINSKI, C.[19SO] : A general extrapolation algorithm, Numer. Math. 35, 175- 
187. 

[2] BREZINSKI, C. [1991] : The Asymptotic behaviour of sequences and new series 
transformations based on the Cauchy product, Rocky Mt. J. Math. 21. 

[3] KARLIN, S. [1962]: Total positivit y.Vol 1,Stanford U.Press,Stanford. 



Abstract 

The advantage of the rational Padé-type approximant s (P.T. A .) ,,*+ , F T  .A,+ 

in mmpariaon aith the Padé-approximants is the freee choice of the(~:. .~i-~~ 

poles. This work first consists to take advantage of this peculiarity to 

improve the approximation to some analytic functions in incorporat- 
ing in the P.T.A. the known informations about these functions. For , 

the class of Markov-Stieltjes functions, an other way consists, from 

the knowledge of a finite number of the Taylor coefficients, in approx- 

imating the weight function ; some results of convergence are then 

proved. The second part deals with the use of modified moments in 

order to detect Dirac masses in a density from its classical moments. 

These methods are also used to compute the jumps of a distribution 

and to accelerate the convergence of some logarithmic sequences. 
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Résumé 
"'j 

I r  4 
1 
ii : 

L'avantage de l'approximation rationnelle de type-Padé (A&.P.) 

par rapport à l'approximation rationnelle de Padé est le libreib9& 

des pôles des apprmllmants.Le travail a d'abord consisté à tw 1 

iter de cette particularité pour améliorer l'approximation dé 
+-/,, . ., 

taines fonctions malytiques en incorporant dans les A.T.P. 1- rk 

seignements connus sur ces fonctions .Pour les fonctions de Markov- 

Stieltjes, une autre façon d' aborder le problème est d'approximer 

d'abord leur fonction poids pour ensuite obtenir une approximation 

de la fonction elle-même.Des théoremes de convergence sont alors 

lémont rés.La seconde partie traite de l'utilisation des moments mod- 

fiés pour la détection des masses de Dirac dans une densité à partir 

de ses moments classiques.Les méthodes obtenues ont également per- 

mis la détection et le calcul des sauts d'une distribution ainsi que 

I'accéîérat ion de la: convergence de certaines suites logarithmiques. 
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Approximants de type-Padé 

Pol ynomes orthogonaux 
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Accélération de la convergence 
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